SINGULAR PERTURBATION EXPANSION FOR RELATIVISTIC
QUANTUM EVOLUTION IN THE SCHWINGER-DEWITT

PROPER TIME FORMALISM

by

Jeffrey E. Diamond, B.Sc.

A Thesis
Presented to the University of Manitoba
In Partial Fulfillment of the
Requirements for the Degree
Master of Science
in the

Department of Physics

Winnipeg, Manitoba

{?} Jeffrey E. Diamond, 1988



Permigsion has been granted
to the National Library of
Canada to microfilm this
thesis and to lend or sell
copies of the film.

The author (copyright owner)
has reserved other
publication rights, and
neither the thesis nor
extensive extracts from it
may be printed or otherwise
reproduced without his/her
written permission.

L’autorisation a été accordée
& la Bibliothéque nationale
du Canada de microfilmer
cette thése et de préter ou
de vendre des exemplaires du
film.

L'auteur (titulaire du droit
d’auteur) se réserve les
autres droits de publication:
ni 1la thése ni de 1longs
extraits de celle-ci ne
doivent &tre imprimés ou
autrement reproduits sans son
autorisation écrite.

ISBN 0-315-48055-6



SINGULAR PERTURBATION EXPANSION FOR RELATIVISTIC

QUANTUM EVOLUTION IN THE SCHWINGER-DEWITT PROPER TIME FORMALISM

BY

JEFFREY E. DIAMOND

A thesis submitted to the Faculty of Graduate Studies of
the University of Manitoba in partial fulfillment of the requirements

of the degree of

MASTER OF SCIENCE

© 1988

Permission has been granted to the LIBRARY OF THE UNIVER-
SITY OF MANITOBA to lend or sell copies of this thesis. to

the NATIONAL LIBRARY OF CANADA to microfilm this
thesis and to lend or sell copies of the film, and UNIVERSITY
MICROFILMS to publish an abstract of this thesis.

The author reserves other publication rights, and neither the
thesis nor extensive extracts from it may be printed or other-

wise reproduced without the author’s written permission.



ABSTRACT

The problem of relativistic quantum evolution in
the Schwinger-Dewitt proper time formalism is examined
for a system of particles which couple to arbitrary
external electromagnetic and scalar fields via the
Schrodinger equation. A large mass singular pertur-
bation expansion is obtained for the propagator (the
kernel of the proper time evolution operator) and is
shown to be asymptotic in the sense that the error
incurred in truncating the series is of the same order
in the inverse mass as the first neglected term. This
expansion is used to derive a similar expansion for the
Green's functions associated with the Klein-Gordon and
Dirac equations. Consistency with relativistic causality
is examined by projecting the evolution operator onto
states with a given mass (Hamiltonian) spectrum and
considering the perturbation expansion for the kernel

of the resulting operator.
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INTRODUCTION

This thesis is concerned with the problem of quantum
evolution in proper time v of a relativistic system of
particles. The parameter t is separate from the geome-
trical time t = xO which plays the role of a physical
observable in contrast to nonrelativistic quantum mechanics
where t is the evolution parameter. The physical inter-
pretation of this parameter t is discussed in [AHP]
and [HP]. The first chapter of the thesis outlines a
classical Lagrangian and Hamiltonian formulation of the
relativistic dynamics of a particle interacting with
external electromagnetic fields. Here 1 arises as a
parameter describing the classical trajectory of the
particle and is a monotonic function of the geometrical
time t. The Hamiltonian which governs this motion and
which, by the correspondence principle, governs the quantum

evolution of the particle is given by

H(x,p) = (2M>"1<p”—A“(x))(pU—AU<x)> (0.1)
_ 0 .1 2 3. . . .
where x = (x ,x ,x7,x") is the contravariant representation
of the space-time vector x and p = (po,pl,pz,pB) is the

conjugate momentum. We use the standard convention

a = g a {(0.2)
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where repeated indices are summed from 0 to 3 and the compo-
nents of the metric tensor guv = +1 when p = v =0,

guv = =1 where y = v ¥ 0 and guv = 0 otherwise. In chapters
two through four the corresponding Hamiltonian operator is
generalized to one which contains a matrix valued potential

V(x) as well as an added scalar potential v(x) and the space

time vector x is generalized to be a member of Rd instead of

R4. The metric tensor guv is assumed to have the form
(+1 n= v = 0,m-1
a = -1 U= v = m’d—-—l
uv
0 otherwise (0.3)

where m is some integer between 1 and d-1. This general-
ization of the Minkowski space-time (m = 1) makes it possible
for the formulation to describe svstems with more than one

particle. Thus the relevant Hamiltonian is given by
H = <2M)'l[<P—A<x)>”<P~A<x)>u V()T + v(x) (0.4)
and the quantum evolution of the system is given by the

Schrodinger equation

i yce) = (o) (0.5)

where the wave function Y is an element of L2(Rd), H is an
operator on that Hilbert space and d/d- represents the

strong derivative in the corresponding norm. The second
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chapter uses the theory of linear differential eqguations

in Banach spaces outlined in [KREIN] along with some easily
satisfied assumptions (continuity, differentiability) on
the form of the potentials AU, v, V to show the existence
of unique solutions to (0.5) which satisfy the initial

condition

p{0) = Ibo € L2(Rd) . (0.6)

The linear map ¢(0) -~ ¢ (1) defines a bounded linear
operator u(r) on the Hilbert space LZ(Rd) and can sometimes

be expressed as an integral operator
[O(c) g 1(x) = fdyK(X,y;r)wO(y) . (0.7)

The kernel K(x,y;t) of this operator is called the
propagator of evolution and is the object of interest in
this thesis. The propogator gives us a convenient form.
for the evolution operator u(r) as well as providing some
insight into the space-time geometry of the evolution
process. For example, we will examine consistency with
relativistic causality by considering the extent of the

support of the propagator in the space like [(x—y)2 < 0]

and time-like F(x—y)2 > 0] regions of Rd. The nonrela-
tivistic form of this propogator (m = d) has recently been

examined in [POM], [OPC] and [ SAKSENA]. In [OPC] the

Dyson series (see TDY1] and [DY21) is used to construct



the propogator for systems irteracting with potentials

!
which can be represented as Fourier transforms of complex
bounded measures. 1In [SAKSENAT an approximate evolution
operator is obtained by truncating a singular perturbation
series expansion in the inverse mass parameter (M—l) and
is shownto be an asymptotic approximation in the LZ(Rd)
norm of the exact evolution u(t) (i.e., the error is of

the same order in M_l

(as M -+ ») as the first neglected

term of the series). 1In chapter three the method used in
[SAKSENA] is applied to the relativistic case. In
[SCHWINGER] the relativistic propagator is determined in

the special case of electromagnetic fields which are constant
and uniform (i.e., independent of their space time argument).
The Green's function for the Dirac equation is then

obtained from this propagator via a Fourier-Laplace
transform. This analysis is summarized in chapter three.

The result is then generalized to the case of non-uniform
fields where the method of [SAKSENA] is applied in order

to obtain an approximate propagator for the evolution.

In chapter four the approximate pPropagator is used to

obtain an expansion for the Green's functions for the

Dirac and Klein-Gordon equations via a Fourier—-Laplace
transform. In the last section of chapter four the
evolution operator is projected onto states with a given

mass (Hamiltonian) spectrum and it is seen that a positive
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spectrum is associated witﬁ time-like correlation in the
propagator while a negativé spectrum is asspciated with
space-like correlation. If the spectrum is strictly
positive the value of the approximate propagator KN(X,Y;T)
is seen to decay exponentially in the space-like region
((x—-y)2 < 0) while if the spectrum is strictly negative
it is seen to decay exponentially in the time-like region
((x—y)2 > 0). This is an excellent example of the way in
which the propagator gives insight into the space-time

geometry of the evolution as well as the preservation of

relativistic causality in the problem.



CHAPTER ONE

CLASSICAL RELATIVISTIC DYNAMICS

1.1 Non-covariant Formulation

In undertaking a discussion regarding the classical
and quantum dyvnamics of a single relativistic particle we
must begin with the classical equations of motion. This
is somewhat unpedagogical since in the end we would like
to say that the entire treatment began from postulating a
particular form for the action, the rest being determined
from there. 1In the beginning, however, the only guidance
we have in postulating such an action is the experimentally
verified equations of mofion. These are specifically the
Lorentz force which acts on a charged particle in the
presence of an external electromagnetic field, and Poyntings
Theorem, both given below. |

a) Lorentz Force

F=8+7V x38 (1.1)

F(t) = Force on particle X = (xl,xz,x3)

E(x,t) = electric field = position of particle
(x,t) = magnetic field t = xO = time

V(t) = velocitv of particle

c = speed of light = 1



b) Poynting's Theorem
d >
a?- (E (1)) = v+E (1.2)

e(t) = energy of particle

¢(§,t) = electric potential (E = —3@)

These can be combined into a covariant form.

H Ay
M du — Fuvu (1.3)
drt v
where

- d_>

> > -
v—a—fé- B(X,t) = ¢ x a

J/ >
T = (1- l‘\ﬂ; 2)2t AO T oo(x,t)
u dx¥ 1 i
u = AT = a (x,t) (i =1,3)
drt
2= (at,a2,a3) (30 PPV (% ) = 2A7 _ aaP
a = (a ,a", X, X, = 5% axv
u

In the absence of electromaanetic fields the equation of

motion is given by
= L
L aw/a-191%% = 0. (1.4)

Suppose now we set M = 1 and attempt to postulate the
Lagrangian for which the Euler-Lagrange equations reduce

to exactly this form. Try

—>2)1/2

L = -(1-]|v] (1.5)

- -1
- V-3
EAY



Qo
-

@
bR

Then the Euler-Lagrange equations are

a - 2.5,

I (V/(@-|v]H)7? =0 (1.6)
exactly as in (1.4). ©Now turn on the electromagnetic
field by adding a velocity dependent term to the Lagrangian

exactly as we do in nonrelativistic mechanics.
5 L
L=-(1-[9]%7% - 4 + 3.9 (1.7)

Then the Euler-Lagrange equations give us exactly the Lorentgz

Force.

2.4

a - > = - o >
gz (Mv/(1-|v|5)?%) =E + v x B. (1.8)

With this much success we now proceed to use this Lagrangian
to develop an Hamiltonian formulation and from there to

hopefully quantize the system from the Hamiltonian point

of view. First we define the momenta.
. 1
b= ga-91%H% £ 3. (1.9)
oV

Now define the Hamiltonian
H(p,X) = B-v(X,D) - L(X,v(%,B)) . (1.10)

Here it is understood that we must first invert (1.9) to

find:



+ 1) . (1L.11)
Then we have:

H o= B (5-3)/(1+ [3-3|H) %+ 11~ |3-212/(1+ [3-3?) 1

N 1
+o-a-(B-a) /(1 + [B-3]1H "
> 1.
=71+ [P-3]°71% + 4. (1.12)

Then Hamilton's equations of motion become :

dp. da. .
i 3H 3 ] > +2.-% 3
=T = i - (p-a)- (1 + |p-a|”) +— (1.13)
1 00X X
dx NN
aF (P‘a)i/(l+ !p—al ) <. (1.14)
0

Substitute aai/at = (aai/axj)(axj/at), recall t = x and

multiply both sides of (1.13) by dt/dr = ax’/dr.

. roa. da.
a4 (pe - B s A > >2v5 8¢ |dt
e (p a), = {fp a) {——Iv ~—7]/(l-klp als)=+ T3,
X oxX 3X
3¢ dxo
+ -
1 dr
o0X
i 0
_ ax dx” _ v
h Fij dr + FiO dtr Fi\)u : (1.15)

(Note that summation convention used here is that roman
letters are summed from 1 to 3 and greek letters from 0
to 3.) Clearly equation (1.15) is the last three components

of equation (1.3), the Lorentz Force. Now with a classical
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Hamiltonian formulation in place we can attempt to quantize
the system by postulating an associated Schrodinger equation.

If we take h = 1 this becomes:

2

i 3¥ _ H ¢ = [ ((-iv-3a) '*l)%‘*¢]¢(xrt)- (1.16)

It is immediately apparent that there will be some
difficulty in interpreting the square root in (1.16). Hop
could be interpreted, in the abstract sense of an operator
on the Hilbert space L2(R3), via the spectral theorem.
However, this will not yield a simple differential operator
and thus can be difficult to work with in practice. We can

perhaps get around this difficulty by squaring (1.16).

(i gp- )%y = [ (=i=-2)2 + 17y . (1.17)

In covariant notation this becomes :
[(ié—A)“(ia-mU + 17y =0 . (1.18)

This is known as the Klein-Gordon equation. Squaring
equation (1.16) in this manner is somewhat ad-hoc and it
would clearly be preferable to have a treatment of this
problem which is manifestly Lorentz covariant at every stage.
By beginning with a Lorentz invariant action we can arrive
at the Klein-Gordon equation in a much more systematic way
following the Dirac-Bergman method of quantization of con-

strained Hamiltonian systems (see [DIRAC]). In order to do
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this we will require some preliminary discussion of con-
strained dynamics, but first we examine a somewhat different

covariant formulation of the problem.

1.2 Covariant Formulation #1

We introduce now a manifestly covariant approach to
the single relativistic particle. We must begin with an

expression for the action which is a Lorentz invariant
A= [ Lar. (1.19)

The Lagrangian L must be a Lorentz invariant. The simplest
Lorentz invariant which is a function of coordinates and
generalized velocities is simply the Lorentz "Length" of

the velocity.
L= u'u . (1.20)
The Euler-Lagrange equations for this action are given by:

3 du
J =0 = L (1.21)

o [m
dr sut
This agrees with equation (1.3) in the absence of electro-
magnetic fields (F"Y = 0). We can include interaction with
an external electromagnetic field in a minimal fashion by

adding a term to the Lagrangian

L > L ufu o+ ufa . (1.22)
2 1 u
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The corresponding Euler-Lagrange equations are:
2w +a) = V(s A (1.23)
drt v v vioul oo .

Substitute dAv/dr = (auAv)u“. Then we have:

du

Voo _ W pou
d: (8\)ALJ BUAv)u F uU . (1.24)
This agrees with (1.3). Now we proceed with the Hamiltonian
formulation.
oL
p\) = v = u\) * A\)
au
\ 1 ]
H=pu,~L=p(p-3a)-= ("2a"(E-a)-(p-aa
1 v
= 5 (p-A) " (p-A) (1.25)

= - = (e-m) ¥ "a) (1.26)

= = (p—-A)\) . (1-27)

Substitute A = dA /dt = (3 A )u” = (3 A ) (p-A)". Then (1.26)
Vv v v Hov

becomes :

A sA) = (e_ay M _ _ Y
P (p A)v (p-A) (aVAU BUAV) = F (p-A) (1.28)

or
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Note we have assumed that the vector potential A" has no
explicit t1-dependence (i.e., dAv/dr = 0). Consider the

"0-th" component of equation (1.28).

>

é% (e - ¢) = U-F (e = po = enerqy) (1.29)

but d¢/dt = T¢-dx/dc + (09/0t) (at/51) . Substituting back

into (1.29) we have

Qo

o)
t

de _ 2¢ dt 3e _
drt ot

Qo

Thus the energy ¢ is constant in time, or conserved, if the
scalar potential ¢ is time independent. This agrees with the
nonrelativistic result. If we separate the space and

time components of (1.27) we get

T T .

dt
E=c-y R (1:30)
2H = constant = (E-—¢)2-—]§F§]2 = (E-—¢)2 - ]312 (1.31)
%=e—¢=[2H+]E 29% (1.32)

Consider this equation in the instantaneous rest frame of
the particle (i.e., x = u = 0). Then we can identify ¢

with the proper time of the particle if:

dtrest -

drt

1
3

(20) * = 1

i.e. H = -21— = Mc?/2  (recall M= c = 1). (1.33)
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Then we have:

1 -
%% = [1-#[3/0]2]2 -~ 1 + % [G/clz + O(c 4) as ¢ - o
ax dt a
X _ at > - i =a __1
a‘E = [dT E + (U./C) x B 3t
> d; -
= E + IF ~ (B/c) . (1.34)

We can now use this Hamiltonian formulation as a starting
point for quantization of this system. We postulate a

Schrodinger equation.

NI

)ua—m“ua-mumxﬁ). (1.35)

i —c%_ KP(X,T) = {

The corresponding Ehrenfest Theorem is given by the following.

a(-i—%- <xV> = i<[H,xV]> = <(p—A)\)> (1.36)
d .
= <> = i<lH,p"1>
= Q) <~ VA + 2Va (p-a) "
L u
or
d _ 1 uv uv
T u,> = 5 <F u + qu > . (1.37)

Clearly (1.37) is the quantum analog of equation (1.3).

One difficulty with this formulation of the problem is that
if we replace 1 by some arbitrary function of 1, say f(t),
we obtain a different Schrddinger equation. ¢ is, however,

meant to be some parameter describing evolution of the system
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and it should not make any difference to the physics exactly
how we choose this parametrization. We now investigate
a formulation of the problem which is explicitly repara-

metrization invariant.

1.3 Covariant Formulation #2

Suppose that we are given some arbitrary Lagrangian
and we wish to put the corresponding action principle on

a covariant footing. Begin with the following.

dx

A = f L(;,t,a-g

)dt . (1.38)

Now treat the time, t, not as a parameter but as a fourth
generalized coordinate and suppose that the coordinates and
velocities are functions of some parameter, ), a monotone
function of t. Denote differentiation with respect to A by

a "prime" symbol.

d - £
ax £(x) = £7(0N) .
then
A = f L(xv,xi/xé)xédx (xO = t)
or
A= | A(x ,x')a: (1.39)
[V

where A is now homogeneous in the first degree with respect

to the generalized velocities xL, i.e.,
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AMx ,ax') = ah(x ,x") . (1.40)
u u [

The action is parametrization invariant in the following

sense.
— 1 ' '
A f L(Xu,xu/xo)xodk
dx. dx dx
_ i 0 0
=) M= FEey / aEoy| aFray SE0) -
In other words, if we make the substitution x» +~ f(x) (f

is some arbitrarv function) the action A does not change.

Now since A is homogeneous of the first degree we have:
X 7 = A. (1.41)

Differentiating with respect to xs leads to:

' 82A

y AR - 0 (1.42)
u v

This implies that the Jacobian determinant, J, must vanish.

X axv
This in turn means that the momenta (pv = aA/ax;) are not
all independent. There must be at least one relation
between all the pv. Thus the particle is not free to roam

about through all of phase space but is constrained to
remain on some submanifold of the phase space. Thus in

order to continue with this procedure we require some
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discussion of the dynamics of constrained system. We
present this discussion before returning to the relata-

vistic particle.

1.4 Constraint Dynamics

Consider a system with a Lagrangian defined in such a
way that the momenta are not all independent but satisfy
some constraint. For example (define f(z) = df (7)/dr for

any function f(r) of the evolution parameter ) :

L = % i Xi - pi = éi.
Then clearly all the Py must be positive so that we can
"cover" only (%&n of phase épace (the positive sector) with
the allowed momenta. It is important to realize that these
constraints arise directly from the definition of the
Lagrangian and not from any external assumptions. Thesé
are called "primary constraints". Suppose we have a number

of such constraints labeled by the integers m, in the

following form:

However, the Hamiltonian defined in this way is not uniquely

determined since we can add any linear combination of the
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constraints and will only be adding zero. Thus the Hamil-
tonian H* below is "as good as" the original Hamiltonian.

H* = H + A_¢" A € R.
m m

Consider now a variation of the Hamiltonian

AY) oL
§H = x 6pv BXV 6Xv.

Now we cannot make arbitrary variations ¢p and $x since
we must conform to the primary constraints. Using the
method of Lagrange multipliers to minimize the action
A = f pviv—I{dr we arrive at the following:

m

Y oH 3¢
x = + A (1.43)
apv m apv
_AL _ eH L T
ax ax m 9XxX
v v v

or, substituting P, ='8L/8xv:

P, =7 3% ‘% (1.44)

For any function g(p,x) of phase space its evolution is

given by:
< ag . ag .
g = X Xv * ap pv
% Y
or substituting from (1.43) - (1.44) and making use of the
Poisson bracket [f,q] = (af/axv)(ag/apv)-(af/apv)(ag/axv)

we get:
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g = [g,H] + xmrg,¢m1 . (1.45)

Since Am is an arbitrary function of the evolution parameter

T but not a function of phase space:

_ m. _
g = [g,H-+Am¢ ] = [g,HT] (1.46)
where

_ m
Hp = H + )¢ .

It is important to realize at this stage that we must
satisfy the constraints ¢m = 0 but we must only apply these
after we have calculated the Poisson brackets. Thus we
define a specific notation for equations which are to be
applied only at this later stage. They are called "weak
equations" and are denoted by the sympol "zx" as in ¢m = 0.
A weak equation is satisfied only on the surface of con-
straint.

Besides the constraints themselves which must be
satisfied for all t the t-derivative of the constraints

must also be satisfied in order to maintain consistency.

Using (1.45) this gives us (1.47) below.

m

b, = ,HT + A b ]~ 0. 1.47
65 = TogrHT + A Lo 0™ (1.47)

J

We assume that the equations (1.47) do not lead to any
inconsistencies. This could happen, for example, if we

had a Lagrangian of the form L = x. Then the Euler-Lagrange
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equations would immediately give us 1 = 0. Thus we cannot

have any arbitrary Lagrangian. There are three possibilities

for each of the equations (1.47).

a) Some of these equations may be identically satisfied,
i.e., they would reduce to 0 = 0. These need not be considered
further.

b) If one of the equations reduces to an equation

independent of the A's it is of the form:
n{x,p) = 0. (1.48)

These are called secondary constraints. These give rise

again to further consistency conditions.
. ) m .
n = [nH] + Amln,¢ l = 0. (1.49)

These in turn may be of type a or b (leading to further
secondary constraints) or of type ¢. We must continue this
process until we have "flushed out" all the secondary
constraints. Though this appears complicated, in practice
it usually only requires a few steps until all of the
consistency conditions are determined.

c) If an equation does not fall into category a) or
b) above, then it imposes a condition on the X's.

The above introduction to constrained dynamics will
now provide the tools necessary to proceed with the repara-
metrization invariant formulation of the relativistic

particle problem.
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1.5 Covariant Formulation #2 (continued)

Begin with the action considered in section 1.1 and
use the method outlined in section 1.3 to express this in

a covariant fashion.

A= -1 - (%%
= A{x”, i;f dr (1.50)
where
a? = %;f

Clearly the action is Lorentz invariant as well as repara-
metrization (r -~ £(t)) invariant. The Euler—Lagrange

equations are given by (1.51) below.
d Wy,
I (uv/(uuu ) %) = 0. (1.51)

The momenta are defined by:

P, = = uv/(uuu“)%. (1.52)

Now clearly the p, are of unit "length" (pvov = 1) so that

I

the allowed momenta are only those on the unit hyperbola

defined by
¢ =pp, - 1=0. (1.53)

This is the primary constraint. Also it is the only primary
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constraint since any point p on this hyperbocla can be
expressed in the form (1.52) if we take u, = p, - Then
pvpv = 1 implies pv = uv/(u”uu)%.

Now since A is homogeneous in the first degree in

. . V
the velocities u’ we have:

so that the Hamiltonian vanishes identically. The only

consistency condition
b= (6,01 =0

is satisfied identically so that there are no secondary
constraints and no conditions on the Lagrange multiplier i.

Thus our total Hamiltonian Ho, is given by:

Hp = H + 26 = (o) (p'p - 1) (1.54)

i.e., by the constraints alone. Hamilton's equations become:

dx” _ v dp -~ _
g5 = P 35 = 0 (1.55)
where 8 = tx(t) is an arbitrary function of t. This demon-

strates explicitly the reparametrization invariance in
the equations of motion.

If we now wish to quantize this system we follow the
procedure outlined in [DIRAC]. We make the dynamical

variables x° and pv into operators on a Hilbert space and
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replace the Poisson brackets of phase space functions with

the commutator of self adjoint operators associated with

these functions. Then we define the Schrodinger equation
. dv _ v
1g7 = Hp = al10)(p p,~ 1)
or
.ody v _
135 ° (p P 1) . (1.56)

Note again the explicit reparametrization invariance inherent
in the arbitrary function 6(r). We further impose a condition

on the wave function.

¢j¢ =0 (¢j = constraints).

In this case we have only one constraint so that the supple-

mentary condition becomes

(PP - Dy = 0. (1.57)
This is the Klein-Gordon equation. Now separate variables
in (1.56) by setting y(x,8) = T(8)y(x). Then we find

pix,0) = e %% (x) (1.58)

(PP, - Lv(x) = v. (1.59)

Now applying the condition (1.57) yields v = 0. Substituting

this back into (1.58) - (1.59) we have:
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P(x,0) = ¥(x) (1.60)
(p'p, - Dy(x) = 0. (1.61)

Thus we have no evolution and the system is governed com-
pletely by the Klein-Gordon equation. By separating
variables and applying the constraint (1.57) in this manner
we have lost all of the evolution described by (1.56).
There is perhaps something to be learned, however, by
studying this evolution without immediately imposing the
form y(x,0) = T(8)y(x) and the constraint (1.57) . The
remainder of this thesis is devoted to the study of this
evolution as well as its relationship to the Klein-Gordon

equation.
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CHAPTER TUWO

SCHRODINGER EVOLUTION

2.1 The Schrodinger Equation

A Schrodinger equation describing world time evolution

of a relativistic system can be written:
. d _
igr v = Hy . (2.1)

We interpret (2.1) as an abstract equation describing

evolution in the Hilbert space H = LZ(Rd,Ck) of sguare
integrable functions defined on Rd. The inner product
for this Hilbert space is given by:
_ +
(ory) = [ dx ¢ (x)v(x) (2.2)

where ¢+ represents the complex conjugate transpose of the
column vector ¢. We interpret the derivative on the left

hand side of (2.1) as the strong derivative in the Hilbert
space H. The Hamiltonian H is interpreted as an operator

defined on H in the following way. We first define the

operator ﬁ.

D(d) = Cg(Rd,Ck)
Ho = {(2M)_l[(Pu—A“)(PU—AU)-FV]-FV}¢
_1 d-1 :
= {(2M) ) gUpr“—A“)(pV—A“)-+v3-+v}¢ (2.3)
Wy V=0

where
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i) (+1 B =v =0, m1
[O u# v
ii) D(a") = p(P") = D(V) = D(v) = cg’(Rd,ck)

1ii) M e R\{0}

l_a_@_(x)

. M
iv) (P7¢) (x) e

Hi

v)  (A"8) (x) = AM(x) ¢ (x)

where the function AM: Rd + R is continuously differentiable

vi)  (Vé)x = V(x)¢(x)

k %1
where V: Rd - C <K

is piecewise continuous and hermitian
(i.e., VT(x) = V(x) for every x « Rd where V' (x) denotes

the complex conjugate transpose of the kxk matrix Vix))
vii)  (ve) (%) = v(x)¢(x)

d . . . .
where v: R - R is Piecewlse continuous.

Since aV, V, v are piecewise continuous and A" contin-
uously differentiable the operator H maps its domain Cg
into the Hilbert space H = LZ(Rd,Ck). This is because H
does not disturb the compactness of support of the functions in

Cg so that H¢ has compact support if ¢ does. The following

will show that H is also symmetric.
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LEMMA 2.7: H {8 symmetric.

Proof:
a) The operators P" (p = 0, d~1) are symmetric.
Let f,g9 ¢ Cg. Then:
(f,P“g) = i‘fdx ff(x) Bug(x)
= irf a*x Mgty - eh g
= [ a*x(ia¥e) Tqg = (p¥£,q) . (2.4)

The first term in (2.4) vanishes as a result of the divergence

theorem and the compactness of support of £ and g.

b) Since the functions A" and v are real valued the

associated multiplication operators are symmetric.

c) The operator V is symmetric: Since V(x) is
hermitian for all x « Rd:
_ + T _ 4 +
(VE,9) = [ dx £ (x)V (x)qg(x) = [ d"x £ (x)V(x)g(x)
= (f,Vg) .

d) Since the operators P" and A" are all symmetric
H_ AU LUy 2 .
then (P"-A") and (P"-A")“ are also symmetric for each

v =0, d-1. Thus the operator
m-1 5 a-1 5
(p-a)"*(p-p) = 3 (P.-A.)" - ¥ (P.-A.)% is also symmetric.
H i=0 ot j=m J

~

H is a linear combination with real coefficients of the
symmetric operators [(P—A)M(P—A)U], V and v and is therefore

symmetric. 0
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Since H is symmetric it is closable. (See [SINHA;
p.51].) Define the operator H which appears in (2 1) to
be the closure of H as defined above. Since H is the
closure of a symmetric operator it is both closed and
symmetric. The following analysis will show that for
such an operator, equation (2.1) has a unique solution for

given initial data (v (r = 0) = Vg € D(H)).

2.2 Linear Differential Equations in Banach Space

Consider the following equation in a Banach space E.

Ly = a (2.5)

where ¢: [0,T] - E and A is a linear operator densely de-

fined on E.

Definition 2.2: A solution of equation (2.5) on the
segment [0,T] (s a function satisfying:
4] w(t) ¢ D(A) for all v ¢ [0,T].
AL)  There exists a strong derivative é% v(t) at each
point t o4 F0,T].
ALL) Equation (2.5) is satisfied for all © ¢ [0,T].
The Cauchy problem on 0,71 is the problem of finding

a solution of (2.5) which satisfies the initial condition:

v(0) = e D(A) . (2.6)

|
VO
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Definition 2.3: The Cauchy problem on [0,T] is said #o be

unt formly cornect £i4:
L) Forn any Vg € D(A) LL has a unique solution.

LL) The solution depends continucusly on the initial
data in the sense fthat a sequence v, (0) ~ 0 (v, (0) e D(A))
implies that v (1) >0 uniformly in t© on each finite Antenval
ro,r7.

LLL) () and dAv/dAT are continous ton T e [0,T].

For a uniformly correct Cauchy problem the family of

operators u(t) defined by
p{t) = u(r)wo (2.7)

is well defined on D(A) and linear. Since D(A) is dense in
E, u(r) may be extended by continuity to a bounded linear
operator defined on all of E denoted by u(r) .also. u(r) is

called the evolution operator for the Cauchy problem (2.5).

THEOREM 2.3: The evolution operator o4 a unifoamly cornect

Cauchy problem has Zhe following propenties:
4} u(t): D(A) > D(A).

L) ult) 48 undformly bounded in T
Hu(t)]] <M T e [0,T]. (2.8)

ALL) ult) 4s strnongly continuous in [0,T].



Lv)  ul(ty+t,) = u(r,)ulr

1 2

AN
-3
—
N
.
o]
—

1

2) | (0 < ~ T

u(0) = 1. (2.10)
vl 0On D(A), ult) 48 strongly differentiable and

é% u(t) = Au(z) . (2.11)

Proof: See [Krein, p.195.7

In view of Theorem 2.3 it is useful to know under what
conditions the Cauchy problem associated with (2.1) is
uniformly correct. Here the Banach space E is the Hilbert
space H and the followina theorem and proposition give

these conditions.

THEOREM 2.4: 1In ondern that the Cauchy problem fon equation

(2.5) with a closed operatorn A be undformly cornhect it is

necessary and sufficient that the resolvent R()A) = FA—AJ—l
(A € C) should satisfy the condition:
I <« —H2— (Re & > w) (2.12)
(Re A\—w)
for some w oand M and for all integens n > 0. Hexe gorn the
connesponding semigroup we have zhe Anequalify:
Nu(t) || < me"". (2.13)

Proof: See [Krein; p.51.]
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Proposifion 2.5: 1§ the opernaton H is closed and symmetndic
i
then the Cauchy problem forn equation (72.1) is uniformly

correct and the connesponding semigroup u(r) satisfies The

inequality |lu(r)|] < 1.
Proof: a) Let ¢ ¢ D(H). Then
Holl s —2— |IriE +2 76 ]] Re A # 0 .
| Re ) |
Let ¢ ¢ D(H). Then ¢ ¢ D(iH+X) = D(H)
Holl ITAH+ 2701 = | (o, riE+ 214) |

| (o, TH=-210¢) | = |Im(¢,lH= Ailg) |

. 2
[Im(o,-21¢) | = |Re A |[o]]
where we have used the following:

H symmetric => (¢,H¢) ¢ R

a) follows immediately.
b) [iH+ X] is invertible for Re ) # 0.

Let ¢ ¢ D(H) and suppose that -iH- XJ¢ = 0. Then from a) :
1 : -
foll = —=— |lrim+ xg¢il = 0.
|Re |
Thus [1H+x]¢ = 0 => ¢ = 0 so that +iH - 2] is invertible.

c) Define the resolvent R(-iH,») = [—iH-—A]—l. Then

R(-1H, ) is bounded and the following inequality holds.

IR(-1i8,0) || < |Re 2|7t Re A # 0.
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Let u ¢ D(R(-iH,X)), Re X # 0. Then:
i) u = [+iH-)]¢ for some ¢ e D(H)
ii) R(-iH,X)u = ¢ e D(H)

iii) [=iH-AIR(-iH,2)u = [~iH-1]¢ = u .

Now using the result of a):

[[R(=iH, M u]| < 1 [iH + X IR(-1iH, 1) u|]
|Re 2|
= —— il -
|Re 1|

c) follows immediately.

Since H is closed and R(-1iH,)) satisfies the resolvent
estimate (2.13) the above pfoposition is proved by virtue

of Theorem 2.4. {J

2.3 Spectral Decomposition of H

Suppose that the operator H is not only symmetric but
also self-adjoint. Then by the spectral theorem (see
[SINHA; p.197]) there exists a unique spectral family of

projections {EA} such that:

i) E.E =E

A min (A, u)
ii) s—lim_EA = 0 and s-1lim E} = T
A > —-co A = +o '
+o0

iii) H = [ A dE
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4o
i.e., (£,Hg) = | rA(f,E,g) for £ ¢ H, g « D(H).

- CO

Then we can define:

+oo
u(t) = exp(-iHt) = | exp(—iAr)dEx
+ o
i.e., (f,u(t)g) = _f exp(—ixr)d(f,Ekg) f ¢ H, g ¢ D(H)

- 00

By proposition 5.11 in [SINHA] u(<) forms a strongly
continuous one parameter unitary group whose infinitismal
generator is the self adjoint operator H. Thus u(r) satisfies

the following.

i) strong continuity:
s—1lim (u(t+7t) -u(t)) = 0 for every t ¢ R
T > 0

1i)  unitarity:
u* (1) = u (o)

iii) group property:
u(t)u(s) = u(s)u(t) = u(t+s) for every t,s ¢ R
u(0) =1

1v) generator:

s-1lim i(u(t) -I)/t = H on D(H)
T > 0
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v) commutation:
Hu(r) = u(r)H on D(H)
vi) Schrodinger equation:

i -(% u(t) = Hu(t) on D(H) .

Since the Cauchy problem for equation (2.1) is uniformly
correct it has a unique solution and thus u(t) as defined
here is identical to u(r) as defined above in terms of the

|
.

Je—

solution of (2.1) (section 2.2).

2.4 Relativistic Covariance

The wave functions y which appear in (2.1) are assumed
to transform under the Lorentz transformation as follows.
(The term "Lorentz transformation" is used here in the
generalized sense of a representation of the Desitter group

SO0(n,m) (n+m = d) of transformations of Rd which leave the

product
m-1 d—~1
Px o= L X2 -z X2
u h=0 " p=m VY
invariant for every x ¢ Rd.) If an observer in a reference

frame 0 describes the state of a system by the function
v Rd > Ck (k is some positive integer; for example k = 1
for spin zero particles and k = 2 or 4 for spin half par-

ticles), then an observer in a reference frame 0' would
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describe the same state by the function ' Rd - Ck where

v and ' are related by (2.14).

v'o= Sy (2.14)
S is a unitary operator defined by

(Sy) (x') = S(A)y(x) : x' = Ax (2.15)

where A represents the Lorentz transformation from 0 to 0'
and S(A) is a kxk unitary matrix representation of the

Lorentz group SO(n,m).
S(Al)S(AZ) = S(A1A2) (2.16)

The following establishes the relativistic covariance

of equation (2.1).

Proposition 2.6: Let A, V, v be the fields and potentials

in (Z2.3) as obsenved in the frame 0 and A" | V' ' be the
sdame fields as obsenved from frame 0'. Assume that fhese

fLelds transform in the pollowing way.

vi(x') = v(x) (2.17)
A (%) = aMaaY (x) (2.18)
V' (x') = S(MV(x)S L(n) (2.19)

Hene A"y ane the components of the d-dimensional matrix

associated with the Linean transformation h and saxis by
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Vo o
AA = .
uv gu
H' where H'

Jefine the oprraton H' to be the closunre o4
L8 the operaton defined in (7.3) with the func-
.)|
tion A“, V, v neplaced by the funciions A" V', v' respec-

Lively. Then
. — -1
L]  H' = SHS . (2.20)
AL) Equaiion (2.1) 4is covariant in the following sense.
i ad? v = Hy => i a(—iT— w'o= H'y' .

Proof of i):

la) F(P-A'>“(P~A')USwJ(X')

( ' 3
- |4 - a0 <x'>J{i - ALGE) vt (x)
X! 55 M u
= AFpa i 2 _ AP )\(' e - a%¢ )\S(A) (x)
= p LlOl % XJ{l*g;{; XJ Pix

s<A>ngr(P—A)Q<P—A)°wj(x>

= fs(P—A>“(P—A)Uw1(x')

.. (P-A')“(P—A')us = s(P—A)“(P—A)U

1b) [v'Svl(x') = vi(x")S(A) v (x)

= S(Mv(x)yY(x) = S(A)[vel(x) = [Svyl(x')
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1c) rv'sw](x') = V' (x")S(A) ¢ (x)

1

= S(A)V(x)S “(A)S(A)v(x)
= S(M)ITVyl(x) = [SVylI(x")
.. V'S = sV
From la) - lc) we find that

H'S = ((2M)'lr(p—A')“(p—A')U + V'] + v)s

~

_lF(P—A)U(P—A)U + V] + v) = SH .

= 5((2M)

Consider a sequence {wn} € Cg which converges to the function
¥ in L2 norm. Since S is unitary it is bounded and con-

tinuous so that

= ! !
by, v => Sv, ~ Sy

Therefore we have the following convergence in the norm

topology on H.

SHY = S lim Hy_ = lim SHy
n n
n-e n-re
= lim H'Sy_ = H'Sy .
n-e n

Therefore H' = SHS_l.
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Proof of ii):

igs p' = 1 lim [Suv(t+h) - Sv(t) 1/h
T
h-0
= 181lim [y(t+h) - ¥ (1) 1/h
h-0
- Sia%— v = SHy = (sHS™ 1) (su)
— H'l,’)' . D

Example 2.7: Consider the case where ¢ is a spinor (i.e.,

the appropriate representation for spin half particles).

Then k = 4 and S(A) satisfies (2.21).

-1 _ IRV
S(A)Gpcs (p) = AupAGvO (2.21)
oMV = % (vPyY = Yy (2.22)
y“ (v = 0,3) are 4x4 matrices which satisfy the anticommu-

tation relation (2.23) below. (We use the representation

for v" given by [Bjorken and Drell] (1964) for which the

v

matrices o are all hermitian.)

Consider the hermitian matrix potential V(x) = oUvFuv(x)

where Fuv(x) represents the electomagnetic field tensor.

Fuv(x) = (auAv - avAu)(X)' (2.24)
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The tensor Fuv transforms under the action of the Lorentz

group as a second rank tensor according to (2.25).

' ' — P 0
Fuv(x ) = AupAch (x) (2.25)

Therefore, V(x) transforms according to (2.19) above.

Vi(x') = o"VF' (%) = & A oMVFPI(x)
IRy up Vo

-1

- po
= TS(A)OQOS (M) IF" 7 (%)

= s(0lo  FP%(x) s™1

1

= S(A)V(x)S “(A) . (2.26)

2.5 Covariance of Expectation Values of Observables

With each observable quantity of a gquantum mechanical
system we associate a self-adjoint operator. If a measure-—
ment of this quantity is performed on a large number of.
identical systems then the average measurement obtained is
given by the expectation value of the associated operator.
The expectation value of a self adjoint operator B for a
system in the state described by the function ¢y ¢ D(B) is

defined as follows.

<B>w = (v,By) . (2.26)

Consider a set of observable quantities b" which
transform as the components of a vector under the Lorentz

transformation.
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b' = A bpbY. (2.27)

Let Bu be the associated self-adjoint operators and define

B! = Auv(SBVS—l) ) (2.28)

Then the associated expectation values are related covariantly

according to

A

wy)
v
il

A (sw,rsBs Tisy)
uv

. v
= AM\)(EDIB L,U)

= Auv<Bv>¢ ; (2.29)

Similarly if Buv are the operators associated with the

components of a second rank tensor we define

B' =1 A (sB°%9s™) . (2.30)
[SY o uo

Then the analog of (2.29) becomes

po
<B' > = A A <B"Ys 2.31
ny P! up uo Y ( )

This is easily generalized to tensors of any rank.

Suppose the set of quantities b transforms as a tensor
H

of rank r. (Here y represents a sequence of r positive
numbers Hy < d (i = 1,r).) Thus bé is defined by
r Vs
b' = ) ™b ;Y= @ gt (2.32)
H v, <d HoY Podi=1 My
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Then if Bu are the associated operators we define

B' = 3z 1V(sB s %) . (2.33)
H v. <d H v
i
(i=1,xr)
Then the expectation values transform covariantly.
<B'> , = 5 T"<B > (2.34)
Hov v, <d beovow
(i=1,r)

Note that Since S is unitary and the operators Bv

are self-adjoint the operators BL are also self adjoint.



42.

CHAPTER THREE

THE PROPAGATOR

3.1 Systems with Constant and Uniform Electromagnetic Fields

Definition 3.1: A one parameten pamily o4 functions

K(x,y;1): Rd x Rd > Ckxk

that ane measunable and Locally
integrable on rY x g4 L4 called the propagator fon the evo-

Lution {u(x); = e R'} if fon akl £ ¢ c(r%,cK)

[u(0) £1(x) = [ dy K(x,yit1) £(y) (3.1)

porn almost all x.

In most circumstances the propagator can be obtained

as the fundamental solution of

oD 3 ]
i T K(x,y:;1) = HOpK(X,y,T) (3.2)
lim K(x,y;1) = § (x—~vy) (3.3)
=0

where HOp is the differential operator defined by

H K(x,y;t) = dm L[ 22 _a (x)\[i o _ a¥(x) |
op 1 YiT = \ L BXU I J axu J
+ V(x)} + V(X)}K(X,Y;T). (3.4)

In [SCHWINGER], Schwinger has developed a method whereby for
constant and uniform electromagnetic fields the solution

K(x,yit) to (3.2) - (3.3) can be calculated exactly.
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Consider the case where v(x) = V(x) = 0. On C;, H = HOp

(see (2.1)). Recall that H is symmetric and suppose that
its closure H is self-adjoint. Then u(rt) = exp(~iHrt)

is unitary and strongly continuously differentiable and

satisfies

i é% u(t) = Hu(q) (3.5)
[H,u(t)] = Hu(t) —u(c) B = 0 . (3.6)

Define the following operators:

" (0) = u (o xMun) (3.7)
(1) = ul(r) ntMuce) (3.8)
where x" and 1" are defined by

[oe]

D(x") = D(i%) = ¢

0
[x"$1(x) = x"¢(x) for o « C, (3.9)
A (5 b w
[T7¢1(x) = |i —-A"(x)|¢(x) Ffor ¢ € C (3.10)
BxU 0
and XU, m" are the closures of the operators %U, i respec—
tively. The the Hiesenberg operators <", n satisfyv the
Ehrenfest relations:
&My = irm,xby = LD (3.11)
dr o M
d u . Mo FHP 2__ 3 up
g | (t) = i[H,0I"] = T Hp+M——~—F (3.12)
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dA dA
since 1 U1 = vo_ S = iF
H / _axU oxX HY
1f F*Y is constant and uniform (i.e., aF“Q/axp = 0) then
in matrix notation we can write :
a o
ar X(1) = T (1) (3.13)
d F
It i = ¢
T m{t) M T(r) . (3.14)

Since F is constant and uniform we can define the matrix
n

exp (Ft/M) = lim =¥ (FT/M)j (3.15)
n-+e =0

which converges and has the property

é% exp (Ft/M) = - % exp (Ft/M) . V (3.16)

Also if we impose the condition det(F) # 0 then the inverse

of F exists

Fl %8 o B et (F) (3.17)
where 6a8 is the dual electromagnetic field tensor

0B - 1 aBys

4 =5« Fyé. (3.18)

In four dimensions (d = 4) we have



0 El E2 E3

-E 0 -B B
F o= 1 3 2

—-E2 B3 0 _Bl

-E; -B, By 0
B = (El’EZ’EB) = electric field
= . .
B = (Bl’BZ’B3) = magnetic field
det(F) = - = 7 4% - §.8 (3.19)

3 T aB

Thus det(F) # 0 is a Lorentz invariant statement ((3.19)
indicates that det(F) is a Lorentz invariant) which

requires that the electric and magnetic fields not be

perpendicular. Now we can solve relations (3.13) - (3.14).
T(t) = exp (Ft/M)T(0) (3.20)
x(7) - x(0) = F Tlexp (Fr/M) - 171(0) (3.21)

We can now write I (1) as a function of x(t) and x(0).

T(r) = %quxp<-FT/2M)rsinh(FT/2M)]'l[x<T)-x(O)J (3.22)

and so by the antisymmetry of F

2 2.
B o= Hzﬁ” = Hzgj = [x(1) = x(0) JATx (1) - x(0) ] (3.25)

= X(1)Ax (1) - 2x(1)Ax(0) +x(0)Ax(0)

—'% tr[ Fcoth (Fr/2M) ] (3.26)

where A = (8M)_1F2fsinh(FT/2M)]—2 and where we have used the
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commutator (3.27) below to arrive at (3.26) from (3.25).

[x () ,x (1)) = i[F T(exp(~Fr/M) - 1)1 . (3.27)
u v IRY

[ee)
-

Let £,g9 ¢ CO Since u(r) is unitary and x is symmetric we

have (denoting u(t) simply by u) :

I

(f,Huqg) (f,uHqg)

It

(f,UEX(T)AX(T)“2X(T>AX(T)'FX(O)AX(O)

- % trl Fcoth (Fr/2M) 11q)

l

(xAxf,uqg) - 2(xAf,uqg) + (f,uxAxq)

- % tr[ Fcoth(Ft/2M) 1(f,q) . (3.28)

fee]

Now suppose that on CO u(t) is an integral operator with

kernel K(x,v;t) «¢ Cl(Rd><Rd><R) such that

fu(t) £1(x) = [ Ay K(x,y;t) £(y) for £ « Cy - (3.29)

Then from (3.28) we have:

(£,Hug) = [ dxdyf (2)K(x,y:7)T (x-y)A(x-y)
- % tr (Fcoth (Fr/2M)) Ig(y) . (3.30)
Now define y(x;t) = lTu(r)gl(x) = [ dy K(x,v;t)g(y). Then

[ey)

since K(x,v;1) «¢ Cl(r) and g e CO

-

9 Loy = O ) - 9K .
37 Vi) = o= [ dyR(x,yit)gl(y) jody 5= (xyit)aly) .

(3.31)
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This result follows from a theorem in analysis which states
that (3.31) is valid for all 1 ¢ R provided the following
conditions are satisfied:

1) For almost all y e Rd, Kix,y:;t)g(v) is Cl(r).

ii) For every 1 ¢ R, é% K(x,vit)g(y) « Ll(Rd)

Yy
1ii) For every closed interval T ¢ R, there exists a
function g, « Ll(Rg) such that for all (7,y) e T x rd
3K .
37 (Xevitlaw) | = g (y) .

Here, since g(y) has compact support we can simply take

_ 3K ) 1,.4
Ip(y) = sup lor yinigw) | e THERD) .
Define wa(r) = % [u(t+68) —u(r)lg, 6 > 0; then

4 ug = s-lim vy
dr - s > 0 8

From the strongly convergent sequence wS(T) we can extract
a subsequence wé(r) which converges pointwise almost every-
where in Rd TRUDIN; Theorem 3.12]. However, since

v{t) € Cl(r) this pointwise limit is simply the partial
3y

derivative e (). Thus
d ) dK
I p(t) = 5T v(t) = [ dy 5T (x,v:;t)aly) . (3.32)

Now combining equations (3.2), (3.30) and (3.32) we find



(£, (F-Bulg) =0

{

= dxdyff(x)[i %§—~F(x—y)A(x—y)
- tr(Fcoth(FT/2M>]1Kq<y). (3.33)

In order to satisfy (3.33) it is sufficient that RK(x,y:1)

satisfy
i g% K(x,v;t) = F(x—y)A(x—y)-—% tr(Fcoth(Ft/2M)) IK(xX,v;T)
(3.34)
This may be integrated to vield
R(x,yi7) = c(x,v)2M Y Zexpi- % tr 1n [ (Fr/2M)  Lsinh (Fr/2M) 1
+ % (x=v) [Fcoth (Fr/2M) ] (x-y) } (3.35)
where c(x,y) can be determined as follows. Let f,g9 ¢ CS.

d

Then since K(x,y;1) « Ck(Ri><Rq><R) we can use the analog

of the above theorem regarding the interchange of integra-
tion with partial differentiation with respect to a parameter

in the integrand to show
(f,Tug) = (If,ug) = [dx F(ia—A)Xf(X)]qug](x)
= [ax £7(x) (12-2) lug](x)

= [dx:ff(x)(ia—A)X‘fdy Ki(x,y:1t)agl(y)

fax £ (x) [ ay(ia-n) K(x,y;0) aly)

il

[ Jaxay f*(x>(ia—A)XK(x,y;T>q(y) ) (3.36)
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The third step involves integration by parts where
the surface term vanishes because of the compactness of
support of f. The fifth step uses the theorem referred

to above.

[ulgl(x) = [(hIK(x,Y;T)(ia-A)Yg(V)

I

fdyﬂ(-ia—myx(x,y;r) laly) . (3.37)

The last step involves integration by parts where the sur-
faces term vanishes because of the compactness of support

of g(y). From relation (3.22) we derive:
(£,1(0)u(r)g) = (£,ul(x)n(1)q)

= %Fexp(—Fr/ZM) rsinh (Fr/2M) 171 (£, urx(1) - x(0) Iq)

= S Fexp(-Fr/2M) [sinh (Fr/2M) 1 1

X f dxdy ff(x)K(x,y;r)g(y)(x—y) (3.38)
(£,u(r)n(0)q)

= %&?exp(FT/2M)Fsinh(Fr/2M)]_l(f,u(T)Fx(T)-X(O)]g)

= 2 Fexp(Ft/2M) [sinh (Fr/2M) 17+

% [ dxdy fT(X)K(X,y;T)g(y)(x—y) . (3.39)

Thus comparing equations (3.36) to (3.38) and (3.37)

to (3.39) we have
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[
l

[ axay £'(x) {(is-2)

—-% Fexp(—FT/ZM)[sinh(Fr/ZM)Wnl(x~y)]K(x,y;r)g(y)

(3.40)

0 = { dxdy £'(x){(-ids - A)

—;'-Fexp(Fr/2M)Fsinh(Fr/ZM)1_l

5 JK(x,y51)g(y) (3.41)

which is satisfied if:

{(i9-2) - %Fexp(—Fr/ZM) [sinh (Fr/2M) * T (x-v) }R (x,yi1) = 0
(3.42)
{bia—A)V-—%&?exp(Fr/ZM)[sinh(FT/ZM)]—l(x~y)}K(x,y;T) = 0.
(3.43)
Now substituting (3.35) into (3.42) - (3.43) vields
. 1
f(lB—A)X——2— F(x-y) Jc(x,y) = 0 (3.44)
. 1 ‘
Fbia—A)y 5 F(x-y) lc(x,y) = 0. (3.45)
This can be integrated to yield the following solution:
. . o .
c(x,y) = c(x,x)explji f dg“[A(g)—+§-F(g—y)]u. (3.46)

y -

Since A(g)-%%—F(g—y) has a vanishing curl the integral is

independent of the path of inteqration and if we integrate
along a straight path from y to x the second term does not
contribute because of the antisymmetry of F (F = -F ).

v VU
Thus
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1
c(x,y) = c(x,x)exp|-i [ dg B (w(g)) (x=y)" (3.47)
0
where w(g) = yv + £(x-vy)
Consider the special case A" = 0. Then K(x,y5;1) 1is
given by
a/2 .
R(x,v:1) = C(X,X)(EM) expriM (x—y)2]. (3.48)
ab=0 ' 21

Comparing this to the well known result for the free
propogator:

d/2

KO(le;T) = ( U\\‘

where sgn(guv) (number of positive eigenvalues of quv)

= (number of negative eigenvalues of guv)

We must have

cl(x,x) = (41) Y 2exp(-1 %—Sgn(guv)) . (3.50)
Thus the candidate solution for equations (3.2) = (3.3) is
given by
M d/2 .
RK(x,y;1) = ( ) exp (-1 sgn(g ))

Hv

m
n
i 7 :
x exp\—l é dg Au(w(é))(x—y)

- % tr 1n [ (Fr/2M) Ysinh (Fr/2M) ]

(x—y)IFcotanh(FT/ZM)(x—y)}. (3.51)

FN

) exp (~i % sgn(a ))expl5— (x-v) ] (3.49)
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One can now verify that K(x,y;t) above satisfies
(3.2) and also that it satisfies (3.3) in the following

sense:

[ee)

for ¢ e Cp, lim [ dy K(x,y;1)é(y) = ¢(x) . (3.52)

+
>0

The proof of (3.52) depends on the following stationary

phase asymptotic formula.

THEQREM 3.2: Let h: rd x g9 - C be a function satisfuying

. . d . .
L) there exists a compact set v e RS whose interion

. +
contains supp h(z,1) for all A ¢ R .

LL) fon everny d-component muliti-index B8 of Length

B d d

8] = d the pantial denivatives v°h: rRY x R

- C exdst and

arne continuous .

+ . ,
For 0 # X ¢ R defdne the integral

a/2 LT i22
I(A) = (7A) exp(—lz Sgn(guv))_fdy exp{—7~}h(z,k),

then 1im I(A) = h(0,0)
A0

Proof: See [POM, Lemma 4; Fed]. B

3.2 Singular Perturbation Expansion for Non Uniform Fields

Consider now the more general case when the electro-
magnetic field F(x) is independent of the parameter t but

has some non trivial dependence on its space time argument x.
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Take for the Hamiltonian H the most general form defined

by (2.3) where aY(x), V(x), v(x) # 0. As in the case of

the uniform electromagnetic field the kernel (if it

exists) of the evolution operator u(r) for this more general
system is often given by the solution of equationss(3.2) -
(3.3). Taking a cue from the uniform field case we postu-
late that the solution of (3.2) - (3.3) can be expressed

in the following form:

K(x,v;t) = Koexp[—iJ]T (3.53)

where:

i) KO is the free propagator

d/2 T iM
) exp (-1 T sgn(qw))expfz—,f' (x-v)

_ M 2
KO(XIYIT) = (27TT }

ii) J is a gauge carrying phase factor

1
[ag <x—y>“Au<w<g>>+v(w<a>>T (3.55)
0

i

J(x,vy)

(w(g) =y + g(x-y))
11i) T = T(x,v:t) is to be determined.

Then straightforward calculation shows that K(x,y;:t)

satisfies the following relation:

K(x,y;1) = Koexp[—iJ](oOH(lo )T (3.56)

. 3
(i —-H 1

3T Op)

(3.54)
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where the operators OO and 0, are defined by

1
0. = i+ P x (3.57)
0 o1 T u
_1 .2 L=Vx 1,22 = v (3.58)
Ol = 5 BX-Flf BU 5 (f i3 fu) + =
£f = - .
£, édé G=y) PP+ (0 v (w(E)) (3.59)
X W 2 X U 2 1 _2 — M
where 37 = 8/08x", 85 = 873" = 3°/9x"sx and F = F F .
u X uoX U i
Thus if T(x,y:;1) satisfies
(0, + M 1o )T = o (3.60)
0 1
then K(x,y;t) satisfies (3.2). Also if T(x,y;7) satisfies
T(x,y:;0) =1 (3.61)
then K(x,y;t) satisfies (3.3). 1In general equation (3.60)

is as difficult to solve exactly as is the original problem
(3.2); however, perturbation technigues can be used to
(at least formally) solve (3.60) - (3.61) in the limit of

very large mass M. We suppose that T is given by
> -n
T= ¢ M Tn(x,y;T) . (3.62)

Substituting (3.62) into (3.60) - (3.61) and comparing
coefficients of similar powers of M—l vields the following

recursion relations
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T, =1 (3.63)

0., T = ~-0,T . (3.64)

Relations (3.63) - (3.64) can be solved using the method
of characteristics. Consider the following partial

differential equation.

2oy et oox g

T . . = g(x,v:1) . (3.65)

Oof(x,y;r) = if

The resulting characteristic equations are (in symmetric

form)

u
dr _ _d(xzy) _ df

: = ) (3.66)
* i(x-y)"/< g

Thus the base characteristics are given by (integrating

the first of equations (3.66))

(x—y)u = M1 | Aau = arbitrary constants. (3.67)

Integrating the outside equation in (3.66) along the path

given in (3.67) yields

T
fly,x~y,t) = -i [ gly, (x-y) Z,0)do + c<§§l> (3.68)
0

where c: Rd + C is some arbitrary function. If we require
that ¢ is a meromorphic function which is finite as x
tends to y and zero in the limit as t tends to zero,

then because of the form of its argument ((x-y)/t) ¢

can only be identically zero. Then
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-1

F = OO g f (3.69)
where the operator O;l is defined by

-7 l

Op hix,yit) = -it [de h(w(g),y;te) . (3.70)

0
Thus the solution of (3.63) - (3.64) is given by
_ - /a1 n
Ty = 1 Tn = { OO Ol) T (n > 0) (3.71)

Note that the operator 0, defined in (3.58) depends only

1
on the electromagnetic field Fuv and not on the potentials
AY. Thus since Fuv is gauge invariant (i.e., invariant
under the transformation AY(x) = a¥(x) + sPa(x); a: RG - R)
all the coefficients Tn are gauge invariant. All of the
gauge structure is contained in the factor J defined in

L}
(3.55). If we replace A by (AU+8UA) = A" , then (3.55)

becomes

1
J'(x,y) = [ag (x—y)“A; (W(E)) + v(w(E))t
0

1
[at (x—y)“Au<w(g)> + v(w(E))
0

Il

1
+ [de (x=y) "o x(w(g))
0 H

J + [x(x) = A(y)] (3.72)

so that we must replace K(x,y;rt) by
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K'(x,v;1) = Koexpf~iJ']T = expﬁi(k(y)—-%(x)jK(x,y;r).
/ (3.73)

Define Hép to be Hop as defined in (3.4) with A" replaced by

aY = ab 4+ oM. Then straightforward calculation shows that

HépK'(x,y;r) = exp(iaN)R(x,yit), &Xr = A(y) = A (x) . (3.74)

Thus if K(x,y;t) satisfies isK/atr = HODK then K' satisfies

i %% = exp(ial) %5 = exp(iA)\)EK = H'K' , (3.75)
L

so that our Schrédinqer equation is manifestly gauge
covariant. Noting that the expression (3.51) for the exact
propogator for the constant and uniform electromagnetic
field is given in terms of a convergent power series in

the parameter Mﬁl, we compare the first few terms up to
order fO(M~2) as M » «] of this series with the perturbation
series obtained above. From the perturbation series

fér uniform field F"' and zero potential (v(x) = V(x) = 0)

we obtain:

TO =1 (3.76)
I T I

Tl = 57 T{x~-y) [F ]uv(x V) (3.78)
1.2 ’['2 2

T2=§Tl—Z§tr(F). (3.79)

This agrees with the first three terms of the exact kernel

obtained in the previous section. Though the two series
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begin the same, they do not necessarily coincide throuchout.
In fact, perturbation series obtained in this manner often
diverge and serve as only asymptotic approximations.
However, A. Saksena (see [SAKSENA1) has outlined a method
where by truncating the perturbation series after a finite
number of terms we can obtain an approximate kernel. The
evolution operator generated by this kernel in turn generates
a wave function which approximates the exact wave function
in the LZ(Rd) norm topology. An error bound is determined
for this approximation and is shown to be of the same order
in inverse mass (M -~ as M - «) as the first neglected term.

The following summarizes these results and applies them to

the relativistic system we are considering here.

3.3 The Approximate Propagator

Consider the perturbation series obtained above. The
approximate propagator is defined by truncating the series
and multiplying by a smooth cut-off function ((Xd*pz)(x—y))
so that the approximate propagator has comapct support in
(x-y) . This is justified by the presence of the oscillatory
factor KO = exp(iM(x—y)z/T) which appears in the series.
When the mass M is large this factor oscillates rapidly
except near x = y so that the value of the wave function
at the point x should receive only very small contribution

from the initial data at the point y if ]x—yf is large.
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Define the smooth cut-off function mollifier as follows:

f1 x| < D D > 0
XD(X) =
0 otherwise (3.79)
0 x > £
p,(x) =
L 2 2 2
kﬁexp(—ﬁ /(L5=1x[7)) otherwise (3.80)
where £ > 0 and k, = red [ ax exp(—(l—}xiz)*l)]_l
x<1
(xp*p,) (x) = [ dy Xp (x=Y) o, (v)dy . (3.81)

The above function has the following properties:

O.

1 (Xkaz) is infinitely continuously differentiable

and has compact support

(xp*o,)  Cp(rRY) .

2°:  The support of (XD*QF) lies within a spherical

ball of radius D+£ and has the numerical value 1 inside

a spherical ball of radius D-#

jl x| < D-#
(XD*oz)(X) =
lo x| > D+e
3°: The derivatives of (XD*DZ) are bounded and their

support lies within a spherical shell of inner radius D-{
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and outer radius D+{, i.e., for every multi-index B # 0
VB(XD*DE) (x) # 0 only if D-£ < |x| < D+2

B -

For any integer n > 0 define

i

X (%) sup V7 (x %0,) |

|8]<n

+ o
then ' Y rY oo RY .

Define the approximate propagator as follows.

KN(X,Y7T) z (XD*OK)(X-Y)WN(X,Y7T) (3.82)

where
N -n
z

M ST . (3.83)

WN(X,Y;T) = K‘exp(—lJ) n

0 n=0

Some straightforward calculation reveals that KM(Q) (here
we define the shorthand notation 0O = (x,v;1)) satisfies

the following inhomogeneous partial differential equation.

. d -
3 .
- M~<N+1)R8(Q) + I Rg(9) = R(0Q) (3.84)
i=1

where
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Ry(0) = Ko (0)exp (~13(0)) [0, T (0) 1(xpo ) (x-y) (3.85)
1 _ -1..2
R (Q) = (2M) Loy (xp*ep) (x-y) W (Q) | (3.86)
Rﬁ(Q) = M—l[a;(xD*oﬂ)(x—y)]awa(Q) (3.87)
sl
R (@) = iR (50 0% (xpxe ) (o) W, (Q) (3.88)

With the functions R%(Q) {7 = 0,3) and RN(Q) associate
the operators ﬁ% and ﬁN’ which are integral operators

with kernels R%(Q) and RN(Q) respectively.

(Bo) (i) = [ay Rl G,vin o) ¢ e BP(RY) (3.89)
- i 2,4
(RN¢)(X;T) = fdy’RN(x,y;r)¢(y) b ¢ L°(R) . (3.90)

If the potentials A“, v, V fall into the class of poten-
tials defined below, then we can find an upper bound on
the LZ(Rd) norm of the image under ﬁN of certain suffi-

ciently smooth wave functions ¢ e L2(Rd

). This allows
the establishment of an upper bound on the error associated

with using the approximate propagator KN(x,y;T).

Definition 3.5: Forn integen N > 0 we say that the potentials

A", v, V belong to the class A(N) L
i aY, v, voe cNrY

LL) fon ald multi-index B with |B| < N



H :L—J' < oo
[vear | (x) < C,u (1) = Cp <
|
1vPv] (%) < C,(8) = k’B{CV < e
]VBV[(X) = Cy(B) = k!BICV < o,

Definition 3.4: For o < LZ(Rd) define the noam

elll, = sup It

62.

(3

Associated with this noam 45 a cemplete Scbolev space S,

given by

s, = 10 « L2RY s (gl < =} .

For potentials in the class A(N) the coefficient
functions Tn(x,y;T) and their derivatives satisfy the

following bounds.

.91)

.92)

.93)

.94)

LEMMA 3.5: Let n = 1 and suppose AY, v, V are in the class

A(2N+n) . We define the following quantities
a-1 % d-
. 2

4 gl =sup | T g vai ) /x| < l Z vl2

XeR ‘u=0 U U, v=

_.2i-3 1 . B
ALy =2 MR IS RS B

LLL) 202 2(|x-v],7) = ig;rch/a (k{x—y}<+n)-+rkcv]

Then ]viTn](x,y;r) satisfles The bound
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dr

B noel [8] 2n-1
]VxTn] < (%) k Z[ 2 (Z+2 k+C,) ] lg| . (3.97)
Proof. The proof for g = I (g“v = 1 for u = v and g"’ =0
otherwise) and V = 0 is given in [SAKSENA; Lemma 3.11.
The generalization to g # I is achieved by using the
inequality (3.99) in place of (3.98) below.
-l ig
|-y ]| = IoxTtT| = x|y (3.98)
i=0
by = AR | 3.99
xy, = o %y o< lgllx]ly] . ( )

The proof for V # 0 follows analogously with the inductive
proof in [SAKSENA] except for the added matrix structure
(which is accounted for by reinterpretation of the norms
involved; see the appendix on notation) and the addition
of the term V/2 to the operator Ol (which is accounted

for by the addition to (3.97) of the term involving CV). [

LEMMA 3.6: Let & be an anbitrany d-component muliti-index

and assume that ¢ ¢ S Funthern assume that A,

n+|s|+1"
v, V belong to the potential class A(2N+n+|6|+1). Then

HV6§§¢][ < const. Md/2—n—lTn—d/2

Mgy ps 4211 ol ey s 41 (3.100)

For 1 = 1,3, the constant above depends only on D, £,

and the constants CA’ Cv, CV‘
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Proof. The proof is analogous to the proof in [SAKSENA;

Lemma 3.3] with Lemma 3.5 replacing [SAKSENA; Lemma 3.11. []

LEMMA 3.7: Let 8 be an anbiftrary d-component muliti-index

and assume that ¢ ¢ S Furthen assume fthat the poten-

a+|¢ |-
tials AY, v, v belong the class A2N+dA+|8]|). Then

0 N

19°RY4]] < const. M« (3.101)

g sy I e lllgy s -

Proof. The proof is analogous to that in [SAKSENA;

Lerma 3.4] with Lemma 3.5 replacing [SAKSENA; Lemma 3.17.
Also the factor exp(—ik(xi—yi)z) replaces the factor
exp(+ix(xi—yi)2) which appears in [SAKSENA] where 9iy = -1.

This is accounted for by replacing [SAKSENA; equations

(3.66) - (3.69)1 by their complex conjugates. (]
Define the approximate evolution operator UN(T) by
_ ' ' 2.4
lug () el(x) = [ayKu(x,y50)o(y) » ¢ e LS(RY) . (3.102)

For potentials in the class A(2N+2) the operators uN(r)
are bounded and strongly continuously differentiable with
respect to 1 (see [SAKSENA; proposition 3.31). This
combined with the smoothness and compact support of KN
is used to show (see [SAKSENA; equation 3.627)

d

. a _ .
[T - Hlug(t) el (x) = [ayri —B—T-—HOP]KN(Q)q)(y) (3.103)
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where d/dt represents the strong derivative and 3/981 the
pointwise partial derivative. Thus ruN¢1 satisfies the

following abstract inhomogeneous equation.

ri <L - Hlu (1) 6 = B¢ (3.104)

Now the following theorem [KREIN; Theorem 3.1, 3.31 con-
cerning the solution of such inhomogeneous equations can
be used to compare to the solution of the corresponding

homogeneous equation.

THEOREM 3.8: 1§ %he Cauchy problem for the homogeneous

equation

%% = Ay T e [0,T] W(0) = o (3.105)

L5 undformly connect and if £(t)has a continuous derivative

then the equation
dt

has a unique solution given by
T
v(t) = u(t)¢ + [ u(r)f(r)dr .
0

Proof. See [KREIN; Theorem 3.1, 3.3]. {1

Now applying the above theorem vyields

T

[ u(r)ﬁN(T)qodr
0

ITult) = uy(0)Isf] =
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lu(x H?N(f Yol ar < HRN )oll dr (3.107)

O
O e

Thus an application of Lemmas 3.6 and 3.7 gives rise to

the following proposition.

Proposition 3.9: Define Nl = Nl(N,d) = max (3N+ d/2 +1,2N+d),

Ny = NZ(N,d) = max(N+d/2 +1,4). Let ¢ ¢ SN and assume The

potentials A", v, V belong to the class A(Ny) . Then

[Tu(r) = (o) Vo]l

M—(N+1)TN+1H T

v)
(3.108)

Proof. See [SAKSENA; Theorem 3.17. t

Thus for sufficiently smooth potentials and initial
data the error associated with the approximate evolution
operator UN(T) is of the same order as the first neglected

term of the perturbation expansion.

3.4 Relativistic Covariance

Define the functions Xb’ pé as follows:

Xp(x') = x5 (x) x' = Ax (3.109)

pk(x') = pﬁ(x) x' = Ax . (3.110)

Define the approximate propagator Kﬁ- Rd>:Rd><R > Ckxk

to be the function obtained from KN defined in (3.82) -
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(3.83) by replacing?the functions A", v, V (which define
/

KN through (3.53) - (3.59) and (3.71)) with the functions

A%, v', V' defined in (2.17) - (2.19) and by replacing
the functions Xp and Py with Xb’ pé respectively. Then
by an argument analogous to the proof of proposition 2.6

we could show that KN and K& are related by

Ky(x',y'sr) = S(/\)KN(X,y;T)S—l(/\.) ) (3.111)

If we define uﬁ(r) to be the integral operator with kernel

Kﬁ (analogously to (3.102)), then uﬁ(r) and uN(r) are

related by
w (1) = sSu.(r) st (3.112)
N N - .

Define the operator u'(:) as follows.

u' (1) Su(t) S . (3.113)

Then one can show that u'(r) satisfies

d

i I u' (1) = H" u' (1) (3.114)
T

lim u' () = 1. (3.115)

70

Thus u'(t) is the unique evolution operator for the Cauchy
problem associated with the Hamiltonian H'. Then since

S is unitary:
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IlEu&(T) -u'(1)le']] = zr[uN<T> - u(r) el (3.116)

el = ellly (3.117)

where ¢' = S¢. Thus the inequality (3.108) in proposition
3.9 is covariant in the sense that it is equivalent to

the inequality

P .
: N9+l 1 N2

(3.118)
Note also that the-function (Xb*pk) satisfies properties

o]

1° and 4° of the function (XD*QZ) and also satisfies

properties 2° and 3° if D and £ are replaced by D' and £'

where

D' = p(|aTl) + |apy /2 (3.119)

111

E'

il

eC[n7h o+ a2 (3.120)

This can be seen from the following argument. Suppose

that x ¢ Rd satisfies the inequality

c, < |x| < c, .

Then x' = Ax satisfies the inequality

C] < |x'] < cs (3.121)
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_.l )
where Cl] = Cl/]A | and c) = C2IA{.
Proof:
w1 = Il s In ] < Jale, = cy
cy < Ixl = [aTher | < aTh gk
(3.121) follows immediately. 0

By a similar argument we could also show that if
AU, v, V are in the class A(N), then the potentials Au',
v', V' are also in the class A(N). Thus we could obtain
(3.118) in exactly the same way as we obtained (3.108)
if we replace Xpr Ppr A“, v, V with Xb’ pk, A“', v', V'.
This demonstrates the relativistic covariance of the treat-
ment in this chapter. Note that in making a Lorentz
transformation the spherical symmetry of the function
(XD*QZ) is lost since the function Qé*pk) will not haveb
this symmetry in general. This is the only aspect of the
above analysis which is not completely covariant. However,

° of the function which

it is only the properties 1° - 4
are important in the analysis and since these properties
are preserved we need not be concerned about the loss of
this symmetry. 1In fact, rather than specifying the function

(XD*OZ) exactly, as we have done, we could simply have

defined it to be some arbitrary member of the class of
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functions which satisfy properties 1° - 4°. Since we
have an example of such a function, this class is not
empty and since properties 1° - 4° are preserved under

Lorentz transformation, our description would then be

completely covariant.
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CHAPTER FOUR

APPLICATIONS

4.1 Green's Functions for Scalar and Spinor Valued Fields

4
The Green's function Gsc: R‘><R4 -+ C for a free

scalar field is defined by the equation

2

De -
(X

MZ)GSC(x,y) = §(x-y) (4.1)

where P; = ia/axu and Pi = P;Pi. Using the momentum repre-

sentation we have
-4 . ~
G . (x,v) = (2Mm) fdkexp(lk“(x—y)u)GSC(k) (4.2)

where ésc(k): R4 + C 1is given by

& (k) = (x% - w3t (k2 = k"k ) (4.3)
sSC u

so that GSC(x,y) can be expressed formally as
G . (x,y) = (2m74 [ ax exp (ik" (x-y) ) Y et N VR

Expression (4.4), however, is not well-defined untill we
specify the way in which we go around the poles at k2 = M2.
This is related to the fact that the solution of (4.1) is

not unique in that we can add to Gsc(x,y) any solution of

the homogeneous equation

(*2 - M*)D(x,y) = 0 (4.5)
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and still obtain a solution to (4.1). A particular solution
to (4.1) can be obtainéd by specifving boundary conditions
on G_ (x,y). Here we shall consider the causal Green's
function which describes the casual relationship between

the processes of creation and annihilation of particles at
different space time points. The causal Green's function

is given by (see [BOGT)

Goo (x,v) = 8(x°-y®) D (x-y) - a(y°-x°) D' (x-vy) (4.6)
where

D (x-y) = i(2m> [ ax exp (ik"(x-v) )6 (*-198 (-k%)  (4.7)
and

D (x-y) = (2m3 [ ax exp (ik " (x-y) )6 (k*-M") 6 (k%) . (4.8)

Here § represents the Dirac delta function and ¢ the heaviside
function. D (x-y) and D+(x—y) are the negative and positive
frequency parts (respectively) of the Pauli-Jordan function
which is a solution to the homogeneous equation (4.5).
Thus for x° > y°, ch(x,y) is proportional to D (x-y)
which is the matrix element describing the creation of a
scalar particle at the space-time point y and its subse-
quent annihilation at the point x. Conversely for yo > x°

. . + .
ch(x,y) is proportional to D (x-v) which corresponds to

creation at x and annihilation at y. The causal Green's
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function can als> be specified by choosing the path of
integration which is consistent with regarding the square
of the mass M which appears in the denominator of its
momentum representation as containing an infinitesimal

negative imaginary part (see [BOG; p.1437).

S (x,y) = lin (2m)~* ]dkexp(iku(x—-y)u)(kz—(Mz—ie))_l
€~‘r0+
. . 2 -1
= lim [ dk exp (ik (x=y) ) (k%=z) .
2 -
zeC+(M",0 ) (4.9)
The Green's function Gsp(x,y) for a spinor valued field
(R4 - C4) satisfies
(PX—M)Gsp(x,y) = 8(x-y) (4.10)
where P = iy“ai. (The matrices y" are defined in example
2.7.) It can be derived from that of the scalar field
by the following argument.
G _(x,y) = <x](P—M)~l!V>
sp T’ *
_ -1 -1
= <x | (P+M) (P+M) ~(P-M) "~ |y>
2 —
= <x| (P4m) (P2-1?) Ly
= (P+M) G (x,v) . (4.11)

In the presence of an external electromagnetic field with

potential A" we must make the replacement
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(4.12)

in accordance with the prescription for minimal interaction.

Then the Green's functions for the scalar and spinor fields

are given by

Gyo(x,y) = x| (17=1) " ]y>
B 2 -1
= em Tt dn - B )y

-1 -1
Ggp (X/¥) = (F41M) <x [ (H+1) 7 (F-11) ~ |y>
2 -1
_ -1 nm— _ 1 pv M
= (20 () <x| (5 - 5 o F =)y
The matrices N are given in example 2.7. Now define

H and H _ as
sSC sp

_ 2
HSC = 17/2M

_ o2 _ uv
Hyp = 1 /2M o WF /2

Substituting this into (4.13) - (4.14) vyields

-1
-1 M
Cyo(xsy) = (2M) “<x[(H_ - 5) |y>
-1 m, "1
Cop (Xry) = (40 (2M) “ex[(H - 5 |v>

Now just as in the case above, with no electromagnetic

field we get the causal Green's functions ch(x,y) and

(4.13)

(4.14)

(4.17)

(4.18)
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Ggp(x,y) by considering the mass M to be complex and then

taking the limit as it approaches the real axis from below.

S (x,y) = Lin (2M)—l<x](HSC—z)_lly> (4.19)
2 (5,07)
GS_(x,y) =  lim  (2M) Tex|(H._-z) tly> (4.20)
sp ' M- ' sp :
Z+('§‘lo )

Note that HSC and Hsp are two special cases of the Hamil-
tonian H defined in (2.3). Hsc corresponds to the case

v =V =0 and HSp corresponds to the case v = 0, Vf=—oqu“v/2
(see example 2.7). Thus we will have the causal Green's

functions in (4.19) - (4.20) above if we can find a kernel

for the resolvent

R(H,z) = (H-z) + (4.21)

where H is as in (2.3). This resolvent can be related to
the evolution operator u(z) associated with H as follows.

0
R(H,z) = -i [ dt u(t)exp(izt) Im z < 0. (4.22)

To see how this arises formally consider the operator
HR(H,z) .

0
HR(H,z) = -1 H [ dt u(t)exp(izt)

-0

0
-i [ dt Hu(t)exp(izt)

— 00

il
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_ ? ar du(rt)

P exp(izT)

0
[ artd tu(r)exp(iz01-i z exp(izr)u(x) ]

- 00

fa(t)exp(izt) 1°_ + z R(H,z) . (4.23)

Since Im z < 0 and u(t) is a bounded operator for all r,
the lower limit in the first term does not contribute

and we have
(H-z)R(H,2z) = u(0) = 1. (4.24)

Since u(r) = exp(-iHt) is a function of H it commutes with

H and thus so does R(H,z) from (4.22). Thus we also have
R(H,z) (H~z) = T (4.25)

so that R(H,z) = (H—z)fl. Thus the kernel of the resolvent

is given by

0
<x|R(H,2) |[y> = -1 [ dr exp(izt)<x|u(1) |y>
0
= —i 'f dt exp(izt)K(x,v;T) . (4.26)

Now consider the expansion for K(x,v;t) obtained in Chapter

Three.

)
]

1. (4.27)

I~ g
S
jo]

K{x,y;T) = Koexp(—J)
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From the form of Ogl and Ol it can be seen that the
coefficients Tn(x,y;r) must be polynomials in 1 of degree

3n. Then we can write

N 3N
I M'T (x,y:7) = ¥ TP (x,y:M) (4.28)
n m
n=0 =()
where
m g D
- P — . A
P (X,yiM) oMU T (=i ], (4.29)
n=0
Define the functions v and J0 as follows.
_ _ 1
v = v(x,y) = [ dg v(w(g)) (4.30)
0
1
Jg = Jy(x,y) = [ de(x-y) A (w(z)) . (4.31)
0 0 0 u
Recall w(g) = y + g(x-y). Then J = JO+§ and
K(x,yit) = Ry (x,y5t)exp(-iJ,(x,v))exp (-iv(x,y))
S Tmpm(x,y;m). (4.32)

n=0

Now substituting (4.32) into (4.28) we arrive at an expan-
sion for the Green's function

2 o
<x|R(H,z) |y> = Dd2 exp(—iJO(x,y)) z Pm(x,y;M)

4 m=0

0
< f ar " Pexp(i At (x-y)? +1(z=V(x,v)) 1)
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| = exp(—iJO(x,y)) E Pm(x,y;M)
; m=0

a. ™ -
<EE) GO(x,y;z—V(x,y)) (4.33)

where Go(x,y;z) is the free Green's function

-1
G (x,viz) = <x[(Hy-2) “|y> ; (Hy = PUPU/ZM)
M2 -2 M 2
= — [dt v 7 exp(-i 5 (x-y)“+izq) (4.341)
477 0 E
M2 oM, ? —
= - ‘2 (—?—) Kl(—i 2xzM) (4.34B)
4
where ) = (x—y)2 and Kl is the modified Bessel function.

As we let z + (M/2,0 ), this gives us the familiar free

causal Green's function for the scalar field.

ch(x,y) = (2m7?t %}m_ Gy (x,v;2)
Z“*(?lo )
= - M sk (M/=T )
2 1
4™ /-

. e(x)rJl(M/X) - AIN(MY2 )1 - §(2A)

Swvn
(4.35)

The term 6(1)/4w results from regularization (see [GEL;
Chapter 31) of the Green's function and has support on
the surface of the light cone. The above derivatives of

Go(x,y;z) are given by
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a,m (-1)™ Ly TE —
(d_Z) GO(X,y7Z) = -——2—7T2— (-2—_Z~) Km_l(—l‘/2>\MZ) (4.36)

and for large s ¢ ¢ (see [ARFKEN; pP.5171)

1.
s "2
> (§§) exp(-s)
S >

KV(S)

so that for large positive z

. —%
K1 (C1/32) — (59 (hz)  x lexp(iv/3Z) : 2 > 0
: o
{exp(—V—Az) i A <0

so that each term of the Green's function expansion is
oscillatory in the time like region A > 0 while it decays
exponentially in the space like region ) < 0 (outside

the light cone) where the points % and v are such that
they cannot be connected by a light signal. This is
consistent with the concept of causality in special theory
of relativity where we would expect no (or very little)
space like correlations. Also note that if z is large
and negative the Green's function decays exponentially

in the time like region instead. The following section
will examine this behaviour by projecting the evolution

operator u(r) onto states with a particular mass spectrum.

4.2 Causality and the Mass Spectrum

Assume that the operator H defined in Chapter two

is self adjoint. Then by the spectral theorem we can
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define the following operator

4o
u (1) = f aE, x()exp(-ikt) (4.37)

where {Ek} is the spectral family of projections associated
with H and x(k): R + R is a smooth bounded function which
represents the mass spectrum we wish to project the
evolution u(r) = exp(-iHt) onto. The support of this
function will determine the causal behaviour of the evo-
lution. Typically x(k) will be cut off smoothly above

some k = § > 0 and have some decay as k »~ ». We require
that the Fourier transform ;(A) fall off faster than
x”(N+2> where N is the number of terms used in the asymp-—
totic expansion of u(r) (see Chapter three). This will be
necessary in order to bound the error in the expansion of

uX(T). For example, we could take y(k) to be a Schwartz

space function of rapid decay.

Proposition 4.1: Define the function K§: Rd><Rd><R L ek
as follLows
oM 3N
Ké(X,Y;T) =-—7? exp(-1J(x,y)) I P_(x,y;M)
m
m=0
+oo dm
c . .
x (XD*DE)(X—y);£<ﬁ<Im[GO(x,y;k)1(1 EEJ [x(k)exp(-ikt) ]

(4.38)

whene (XD*pﬂ), Jr Por Gy ane defdined in Chaptens three
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and foun and G (x,v:k) is given b
A} 0 g y

Gg(x,yik) =  lim_ Gg(x,y;z) k ¢ R. (4.39)
z=-(k,0 )

Dedine the operator ﬁﬁ(r) by
~y 2,.d
KN(T)¢ (x) = f‘thN(x,Y;T)¢(Y) ¢ ¢ L"(R7) . (4.40)

Assume the gfunction x(k) has compact supposrt and satis fLes

+oo .
c. = (27) farxoo a3 <. (4.41)

-0

where Y(X) 4s the fourien transform 0f x(k)

+oo
4 [ dk exp (-ik2) x (k) . (4.42)

- 0O

x() = (2m”
Then the openaton uX(T) satisfies

UX(T) = RX(7) + €N(T) (4.43)

X
N

wheneeN(T) L5 a family o4 operators on LZ(Rd) which satisfy

=

HeN(r)¢]]s (constant)Mf(N+l)|H¢]HN2 _ZO cj!T!j (4.44)
=

for ¢ e S and A", v, V in the class A(N]) lsee Proposition
2

3.9 fon definition of Ny and N, ).

Proof: See Section 4.3. ‘ {1

Now since GO(X,y;k) is causal (i.e., decays exponen-

tially in the spece like region) for k > 0 and anticausal
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(i.e., decays exponentially in the time like region) for
k < 0 we see tha£ (up to the order of the error term e{t))
if x(k) has support only where k > 0 the projected
evolution uX(T) is causal. Also if yx(k) has support

only where k < 0 then the evolution is anitcausal.

4.3 Proof of Proposition 4.1

LEMMA 4.7: T4 the function £ satisfies

[ £(t)dt < »
0
then
lim [ exp(-et)dt = [ f£(t)dt.
e+0F 0 0

Proof: See [TITCHMARCH, p.261].

LEMMA 4.3: 1§ the function £ satisfies

[ £(t)dt < »  and [ £(-t)dt < e
0 0
then
~+ oo +oo
lim [ exp(-¢|t])f(t)at = [ f£(t)dt.
€~>O+ -0 -0
Proof:
+oo o
J f(t)dt = [ [£(t) + £(-t)]dt
-0 ()

lim [ exp(-et)[£(t) + f£(-t)1dt
e=0T 0
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—+ oo
= lim | f(t)exp(-¢|t])dat .
| e+07 -
LEMMA 4.4:
~+c0 +oo
lim [ dxexp(-e[A[)£(t=-2) = 1lim [ dxexp(-c|A])E(A) .
0% o e+0T “o
Proof:
o 0
L.H.S. = lim [dxexp(-e)) f(1-2)+ [ diexp(er)£(r-2)
€ 0 -

0
= lim ![ do exp(-¢(1-0)) £ (o)
-0 }—w

+ fch;exp(—e(o—T))f(U)l
0

0]
= 1lim f do exp(eog) £(o)
-0t |-w
+ f(hjexp(—ec)f(o)’
0 |
—+co
= lim [ doexp(-c|o]|)f(o) .
0" —w

LEMMA 4.5: Let Ky(x,y;t) and Gj(x,y:k) be as defined

previously. Then

“+o
li%_ f dcexp(—e]o[)exp(iko)cnKO(X,y;c)
€+ =

d n o]
= —4M(-1i E}Z) IerO(x,y;kH .
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Proof:
a,n i
L.H.S. = (-1 EEJ 1i [ do exp (- elol) exp(lko)K (x,y:0) .
._>.O —
“ *
Let ¢ = -=¢' in [do [....] and use —Ko(c) = KO(—o). Then

0
comparing to (4.34A) and the definition of KO(X,Y;T) we

get the desired result. 0

PROPOSITION 4.1:

Proof:
_1 T ~
x(k) = (2m) * [ ax exp(iki)x(a)
~L Foo
= (2m) *° 1i [ dxexp(ik))exp (- elA)xn . (4.45)
._y() — 0

Substitute (4.45) into (4.38).

1 +o0 +oo
u (1) = (2m "? f @ 1im [ dxexp(- Elx;)exp(lk(T )X (r)
~o >0t —o

(4.46)
Interchanging the spectral integral with the integration

over X and with the limiting process (e - O+) gives

+o0 +oo
u (1) = (2177 1im f drexp(-c|[2])x(n) | dE, exp (-ik (1=21))
e >0 — — 0 .
-1 Feo
= (2m) 7 lim f drexp(~e|A])x(M)u(t-1) . (4.47)

0+ -

Substitute the asymptotic expansion for u(T). TLet

¢ € L2(Rd).
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3N
fu(o) ¢1(x) = fdyd)(y){KO(o) z onAn(x,y;M)}
n=0
+ [EN(O) ¢ 1(x) (4.48)
where
EN(G) = u(o) - uN(o) (4.49)
A (x,y;M) = eXp(—iJ<x,y))(xD*o£)(x-y)Pn(x,y;M) . (4.50)
Then we have
~L too
fu (1) ed(x) = (2m) 2 lim | drxexp(-c|nr])3 (1)
X €—>O+ —»

N n
i (1=2x) An(x,y)

x {IGY'¢(Y)KO(x,y:T~A)
0

n

+ [EN(T—X)¢3(X)

[3N
fe(t) 6 1(x) + [dyo(y)] £ A (x,y)
th=g B

It

+

x (2m) 7% lim [ diexp(-e|A[)F(1) (x-1)™
E_)'O —
x KO(X,Y7T~X)} (5.41)
where
~1 Feo
ey(t) = (2m ™7 li? / dxexp(-egxl)g(x)EN(T~A). (4.52)
€ —_ 0

+o
. ~ -1
Now substitute y(r) = (21) 2 f(ﬁcexp(ikx)x(k).

-0
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Eux(f)¢](Xf==[€N(T)¢](x) + [ ay ¢(Y){ LA (x,y)

i

-1 Foo
< (21) lim [ dxexp(-c|al)

€07 -
o0

x _[ dk X(k)exp(—ikk)(T~A)nKO(x,y;T—A)}.

Interchange the integration over k with the integration

over ) and the limiting process. Then

3N
[uX(T)¢](X)==[eN(T)®](x) + f dy ¢(y){nio An(x,y)
-1 Foo
x (21) [ dk exp(-ikt) y (k)
-+ co
< lim [ d) exp(~e¢|A[)exp (ik (t-1))
e-0t —
x (T—A)HKO(X,Y;T-K)j-
Now applying Lemma 4.4 we get
[3N
fu ()91(x) =Te (1) 61(x) + [ dy 4(y) lnio A (x,y)
-1 T
x (21) [ dk exp(-ikt) y (k)
+o }
x lim [ da exp(—e,A[)exp(ikA)AnKO(x,y;A)j.
e-0F —w

Now applyina Lemma 4.5 we get
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oM 3N
FuX(T)¢](X)=:(eN(T)¢](X) T [ ay ¢(y){nio A (x,y)

+co n
x‘[ dk exp(-ikt) x (k) (-i é%) Im[Gg(x,y;k)]}.
Now since y (k) has compact support we can integrate by

parts n times (dropping surface terms) to get

f 3N

z An(x,y)

2
fay (061(x) = Tey()o1(x) - 22 [ ay 4(y) L2

n
x [ dk Im[Gg(x,y;k)](i é%) Fexp(—ikT)x(k)]}
so that by (4.39)

uX(T) = §§(r) + ey (T) . (4.53)

Error Bound:

-1, —I-oo ~
en(T) = 2m™2 [ a X (M Eg (1=2) . (4.54)

- 00

From Chapter three we have for o € S

N>
HEN(O)¢” < const. M“(N+l)]g]N:l”]¢”l . (4.55)
N
Thus we have
y te .
ley(oroll < 2m ™2 ;L A [x () | 1B (=2 ¢ ]

(conse.yu W g
2

IN

+ oo
[ ar X0 =¥
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il

(const.)m (N+1) o]l
Ny

(const.)M (N+1) e i
2

N
L
3=0

N
z
3=0

88.

N j+oo N .
COl=? [ %o a3

oy [t]? <w. g
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CONCLUSIONS

Though the exact propagator for systems such as the
one considered here is difficult to obtain, it provides
good geometrical insight into the space—time structure
of the evolution. For this reason there is considerable
advantage in having an approximate propagator which,
though it does not give the exact evolution, approximates
it in a controlled manner and contains much of the infor-
mation necessary to provide this insight. The method
used here, and in [SAKSENA], provides a relatively straight-
forward way to determine this approximation and has the
advantage that it need only consider the region near the
diagonal (x = y) of the Propagator K(x,v;1) because of
rapid oscillation and cancellations far off the diagonal.
The propagator provides a good check of the consistency.
of the evolution theory with the concept of relativistic
causality in that it provides a clear and explicit description
of correlations between space-time points. The question
of causality is more difficult to ask at the level of wave
functions, for example, since there is no obvious way to
separate the space-time manifold into time-like and
space-like regions as there is in the case of the propagator.
The standard interpretation of the relativistic Hamiltonian

used here is that it is related to the mass of the particles
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in question. The Klein-Gordon equation ﬁs the quantum

!
i

anolog of the classical relation p2 = m and can be
interpreted as fixing the mass of the particle at a parti-
cular value or on mass shell. In chapter four the system
is allowed to have a range of masses with associated
probabilities determined by the spectrum y(k). The free
propagator Ko(x,y;r) does not exhibit causal behaviour

in that it has substantial space-like correlation. This
might be viewed as a failure of consistencv of the proper
time evolution theory; however, section 4.2 shows that the
evolution is indeed causal for states which have strictly
positive mass spectra. This provides some insight into
the nature of the spectrum of the Hamiltonian as well

as answering the question of consistency with relativistic
causality. The use of the asymptotic expansion for the
propogator allows us to make similar statements about
interacting systems without having to solve the evolution
problem exactly. This is of considerable advantage since

exact solutions for interacting systems are elusive.
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APPENDIX /

NOTATION

1. Summation Convention

a) Where greek indices are reveated they are summed
from 0 to 4-1.

b) With each contravariant vector (e.g., a%) is
associated a covariant vector (au) denoted by the same
symbol (a) with the upper index replaced by a lower index

of the same greek letter. These are related by

where guv are the components of the metric tensor defined

in c¢) below.

c) +1 v = v = 0,m1
guv = <=1 W =v =m,d-1
0 otherwise

where m and d are positive integers and m < d.

2. Norms

The symbol |:| denotes either the euclidean norm of
a complex vector or matrix or the norm of a multi-index

(see this appendix).

a) If x « Cd, then |x |

HH

e QO
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where d > 1 is an integer and "*" denotes complex coniju-

gation.
b) If A ¢ Ckxk, then |A] = sup lﬁj!
X
xXeC
3. Multi-Index
The symbol VB, where g = (81,82,...,8n) and Bl are
all positive integers (i = 1,n), denotes the partial
derivative
1 2 n
vP o= Bn/[(axl)B (axz)B ... (8xn)B 1.

8 1s called a multi-index and the norm || is defined by

4. Sets of Functions

a) Cn denotes the class of functions which are n

times continuously differentiable.

b) C;(Rd,ck) denotes the set of functions which map

Rd into Ck and which are infinitely continuously differen-—

[ee)

tiable and have compact support. The symbols C0 and

Cg(Rd) are sometimes used where the domain and/or range
of the functions can be understood from the context in
which they appear.

c) »LZ(Rd,Ck) denotes the Hilbert space of functions

which map Rd into Ck and which are square integrable in
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the sensé that

i
i

£ Rd - Ck € LZ(Rd,Ck)
if
[ax £ (x) £(x) < o
where f+(x) denotes the complex conjugate transpose. The

symbols L2 and LZ(Rd) are also used where their meaning

can be understood from the context in which they are used.

5. Dirac Notation

a) If f and g are elements of the Hilbert space
L2(Rd,Ck) and A is an operator defined on that Hilbert

space, then the symbol <f|A|g> denotes the inner product
<f ’A|g> = (£,Aq)

where ( , ) is the inner product associated with the
Hilbert space.
b) If the operator A can be expressed as an integral

operator

A¢ (%) = [dy A(x,y)¢(y)
where ¢ «¢ L2(Rd,Ck) and A(x,y) maps Rded into Ckxk,

then the kernel A(x,vy) is sometimes denoted by

<x|Aly> = A(x,y) .
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