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ABSTRACT

The problem of rer-ativistic quantum evorution i_n

the Schwinger-Dewitt proÐer time formalism j-s examined.

for a system of particles which couple to arbitrary
external electrornagnetic and scarar fierds via the
schrödinger equation. A large mass singurar pertur-
bation expansion is obtained for the propaqator (the
kernel cf the proper time evolution operator) and is
shown to be asyrnptotic in the sense that the error
incurrecl. in truncatinq the series is of the same ord.er
in the inverse mass as the first neglected term. This
expansion is used to derive a similar expansion for the
Green's functions associated with the Klein-Gordon and

Dirac equations. consistency with relativistic causalj_ty
i-s examined. by projecting the evorution operator onto
states with a given rnass (Hamiltonian) spectru¡n and

considering the perturbation expansion for the kernel
of the resulting ooerator.
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TNTRODUCTTOI.T

This thesis is concerned v¡ith the probl_em of quantum

evolution in proper time .r of a relativistic systern of
particles. The pararneter t is separate from the geome_

trical time t = *0 which pravs the rore of a physicar
observable in contrast to nonrelativistic quantum rnechanics
where t is the evor-ution parameter. The physical inter-
pretation of this parameter r is discussed_ in iAHpl
and tHPl - The first chapter of the thesis outi_ines a

classical Lagrangian and Hamirtonian fornuration of the
refativistic dynamics of a particre interacting with
externar electromagnetic fietcr-s. Here t arises as a

parameter describing the cl-assicaf trajectory of the
particle and is a monotonic function of the qeometricar

time t. The Hamiltonian which qoverns this rnotion and

which, by the correspond.ence principre, governs the guanturn

evol-ution of the particle is given by

H (x,p) = (2M)- t (ou-ou (x) ) (pu_a, (x) ) (0.1)

rì f 2 3.rvhere x = (x" ,x* rx'rx') is the contravariant representation
of the space-time vector x and p = (pO,pI,p2,p3) is the
conjugate mornenturn. tr^Je use the standard convention

a =g u.uu "uv (o .2)
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!úhere repeated indices are summed. from 0 to 3 and the compo-

nents of the rnetric tensor guu : *l lvhen u : v : O,

9uu = -l where u: v / 0 and guu = 0 otherwise. Tn chapters
two through four the corresponding Hamiltonian operator is
generalized to one rvhich contains a matrix valued potential
v(x) as well as an added scalar potentiar v(x) ancl the space

tj-ine vector x is generalized to be a member of Rd instead of
AR-. The ¡netric tensor 9uu is assumed. to have the form

(0.3)

where m is some inteqer between r- and d-r. This qenerar-
ization of the Minkowski space-tíme (m = 1) makes it possible
for the formulation to describe svsterns with more than one
particle. Thus the rerevant Hamiltonian is given by

H - (2M)-11_ (n-o(x) )u(p-A(x) )., + v(x) I + v(x) (0.4)
u

and the quanturn evolution of the system is given by the
Schrodinger equation

l'*r u:v:0rm-1
I

9ru : 1-t u : v = mrd-l
I

|. 0 otherwise

i fr ,r,{t) : H,J,,(r) (o.s)

where the wave function ,, is an efement of 1,2(Rd) . u is an

operator on that Hil-bert space and d/dr represents the
strong derivative in the corresponcLing norm. The second
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chapter uses the theory of linear differential equations
in Banach spaces outlined in l_KRErNl alonq with some easily
satisfied assumptions (continuitv, differentiabÍlity) on

the form of the potentiars A!, vr v to show the existence
of unique solutions to (0.5) which satj-sfy the Ínitial
condition

,r(o) :,lo u r-2(nd-) (o.e)

The linear map \t (0) + ú(t) defines a bounded linear
operator u(t) on the Hilbert space r,2(nd) ancL can sometimes

be expressed as an integral operator

tu(t) ilo-l (x) = I a-v x(x,y¡r),t,0 (v) (0.7)

The kernel I((x,y;t) of this operator is caf led the
propagator of evolution and is the object of interest in
this thesis- The propogator gives us a convenient form

for the evol-ution operator u(t) as well- as provicling- some

insight into the space-ti-me geometry of the evol-ution
process- For example, we will- exarnine consistency with
relativistic causality by considering the extent of the
suÞport of the prooagator in the space like l. (*-y)2 . 0_l

and time-like I (x-y) 2 > 0 I regions of Rd. The nonrela-
tivistic form of this propogator (m = d) has recentry been

examined in tPoMl, Iopc] and t_SAKSENA] . rn Iopc_l the

Dyson series (see rDylI and I Dy2I) is used. to construct



¿.

the propogator for systems i-n:teracting with potentials
which can be represented as Fourier transforns of comprex
bounded measures. In TSAKSEI\iAl an apÞroxirnate evol-ution
operator is obtained by truncating a si_nqurar perturbation
seríes expansion in the inverse mass parameter (r"r-l) and
is shou¡nto be an asvmptotic aoproxirnation in the r,2(nd)
norm of the exact evolution u(r) (i.e., the error is of
the same order in M-. (as M * -) as the first neglected
term of the series) fn chapter three the method used in
ISAKSENAI is aopried to the relativistic case. rn
IscHhIrNGER] the refativistic propagator is determined. in
the specÍal case of er-ectromagnetic fields which are constant
and uniforrn (i.e., independ-ent of their space time argument).
The Green's function for the Dirac equation is then
obtained from this prop.agator via a Fourier_Laplace
transform- ThÍs anarysis is sum¡narized in chapter three.
The resurt is then generali-zed to the case of non-uniforrn
fiel-ds where the methoc-r. of r-sAKSENAT is applied in order
to obtain an approxirnate propagator for the evofution.
fn chapter four the aporoxirnate propaqator is used to
obtain an expansion for the Green's functions for the
Dirac and Klein-Gordon equations vi-a a Fourier-LapÌace
transforrn' rn the last section of chapter four the
evolution operator is projected onto states with a given
mass (Hamil-tonian) spectrurn and it is seen that a positive
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spectrum is associated wÍtl: time-rike correlation in the
propagator whir-e a negative spectrurn is asspciated with
space-like correration. rf the spectrum is strictly
positive the varue of the approxirnate propag-ator no,(" ¡yìt)
is seen to decay exponentially in the space_like reqion

1
( (x-y)' . 0) whire if the spectrum is strictry negative
it is
( (x-y¡

seen to d-ecav exponentially in the time-rike region
)

rvhich the propagiator gives insiqht into the space-time
geometry of the evolution as we]l as the preservation of
relativistic causalit.l in the oroJrl_em-



CHAPTER ONE

CLASSICAL RELAT]VTSTTC DYNAMTCS

1.1

rn undertaking a discussion reoarding the crassicar_
and quantum dlznamics of a sinqre rerativistic particle we

must begin with the classical equati-ons of motion. This
is somer,vhat unpedagoqical since in the end rve rvould f ike
to say that the entire treatment beqan from postulatinq a

particular forrn for the action, the rest being determined
from there. In the beginning, horn/ever, the onty guid.ance

we have in postulatinq such an action is the experirnentally
verified equations of motion. These are specificarly the
Lorentz force whích acts on a charged particle in the
presence of an external_ electromagnetic field, and povntings
Theorem, both gj_ven below.

a) Lorentz Force

-)++F=Ë+úxÉ,

Êttl = Force on pa

È (*, t) = e,l-ectric

È (*, t) : rnagnetic

üf tl = vel-ocitv of

c = speed of liqht

(1.1-)

, I 2 3.lv v I
\rr I z\ 

' 
z\ J

position of particle
0x = tlne

rticle

f iel-d

fiel-ci

particì-e
I
I

+

L-L_



b) Poyntinqi's Theorern

xL¿+_>
a; (e - 0) = v'E

e (t) = energy of particle

4,(i,t) : electric potentiat (Ê = --ùOl

These can be combined into a covariant form.

-u
Pl dS = FÞ'"'uOTV

7.

(L.2)

(1.3)

where

-+ dx
v-æ Ê(i,tl = Ê :i a

n_,A" = 6(>i,t)

ii+A- = a*(x,t) (i = 1,3)

')Ir = (t- lÇl')ut
-Uu clx'
OT

å = (uL,u2,-3) (i, t) ¡'!u (*,t) = S - #Uv
rn the absence of erectromac¡netic fier-crs the equation of
motion is given by

rl
a; (tttv¡11-lúl')'') = 0 (1.4)

suppose nov¡ we set M - I and attempt to postulate the
Lagrangian for which the Euler-Lagrang'e equations reduce
to exactly this form. Try

'+., r'L - - (1- lú l-)-'

âL -+,- ,-r,2.-r-ï = v(t_lvl-) '2

AV

(1.s)
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-=u.ðx

Then the Euler-Lagranqe equations are

rl + t-+,) t<

ãE (v/(t- lçl')'') = 0 (1.6)

exactly as in (1.4) . Now turn on the electromaqnetic
field by adding a verocitv dependent term to the Lagrang-ian

exactfv as we do in nonrelativistic mechanics.

)L
a I I L\'1 

-L - -(r- lvl )' ó * a.v (L.7)

Then the Euler-Lagrange equations give us exactly the Lorentz
Force.

Ä .rr-
ãE(tti/tt-lÇl'l-l:È+ü*Ë. (t.B)

I'Iith this rnuch success \.ve now proceed to use this Lagranqian
to develop an Hamil-tonian formulation and frorn there to
hopefully quantize the system from the Hamil-tonian point
of view. First we define the mornenta.

-) AL ,+,) LzÉ=ï=ütr-lÇl'lu *å. (t.e)
ðv

Now clefine the Hamiltonian

H(Ë,i) :Ë.iri,Ël L(*,üti,Ël 1,. (r.10)

Here it is understood that we must first invert (r.9) to
fi-nd:



o

ür*,Ël : rË-åt ( lË-å 12 * t)-', . (1- rr)

Then we have:

H : Ë. rö-il /(1 + ¡Ë-ål')4 *rr - lË-å1,/(r+ lË-å 12¡tL

++ 0 - a. (p-a) / (L + lp-ál').

=ir+lË-ål2lt+0.

Then Hamil_tods equations of motion become:

dp. aa,
# = - #: 

= 
(p-a)j(t* lË-a¡')-4*+ (r.13)

a dx äx-

dx.
L+1I.

ã. : (p-a) ,/ {t + lÉ-á l')'' .

(1. 12 )

(1.14)

Substitute aa, / ðt : (àa. / a*l ) ( axl ¡at¡ , recal_l_ tl-' t'

multiply both sides of (1.13) by ð,t/ð,r = d.*0 /d., .

d | -,râa; ða.. I;: (p-a) -_ : I te-") ' l+ - +lt t * lË-å l2råor - I 
L .dxa âxlj''-

. âó dxo
¿ J _

^a dt
dX

_i _0
:F-0X*o'd.xDv'ii d. - tio ãi- : oiut

+

0_x and

Ia0 ldr:-î ld,dx -l

(r.rs)

(Note that summation convention used here is that roman

l-etters are sumrned frorn l- to 3 and qreek l_etters from 0

to 3.) Clearly equatíon (1.15) is the last three components

of equation (1.3), the Lorentz Force. Now with a classical



Hamil-tonj-an formulation in place rrre can

the system by postulatinq an associated
If we take ?r : l- this becomes:

l_ (i ä-A) u {i a-a) u + 1.1!, : 0

10.

attenpt to quantize

Schrödinger equation.

"onú = | ((-iü-å)2 *t)4 * otü(x,t) (1.16)

rt is imme<liately apparent that there wifr- be some

difficulty in interpreting the square root in (I.16). 
"oOcould be interpreted, in the abstract sense of an operator

on the Hilbert space r-2(n3), via the spectral theorem.

Ho\^/ever' this witf not yierd a simpre differential operator
and thus can be difficult to work with in practice. I^Je can
perhaps get arounC. this d.ifficul_ty by squarinq (1.16) .

(1.17)

In covariant notati_on this becor:res:

. òtl)

OL

(r.18)

This is known as the Krein-Gord.on equation. squaring
equation (1"16) in this manner is sornewhat acl_-hoc and it
woul-d crearry be preferable to have a treatment of this
problem which is rnanifestl-v Lorentz covariant at every stage.
By beginning rvith a Lorentz invariant action \^/e can arrive
at the Kl-ein-Gordon equation in a much more systen:atic way

following the Dirac-Bergiman rnethod of quantization of con-
strained Hamil-tonian svstems (see tDIRÀCl). In order to do
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this we r¡ill require some preliminary discussion of con-
strained dynamics, but first we examine a somewhat different
covarÍant formulation of the problem.

L.2 Covaríant I'ormulation #I

In/e introduce nov/ a manifestly

the single relativistic particle.

expression for the actj-on which is

covariant approach to

i¡/e must begin with an

a Lorentz invariant

A- lra:. (r.re)

The Laqrangian L must be a Lorentz invarÍant. The simpì_est

Lorentz invariant which is a function of coordinates and

generari-zed velocities is simpl¡¿ the Lorentz "Length,' of
the velocity.

Uu'u (1.20)

The Eul-er-Laqranoe equations for this action are g,iven by:

_1t=z

This aqrees with equation (1.3) in
magnetic fields (Fuu : 0) . I^le can

an external electromagnetic fietd

adding a term to the Lagrangian

(L.2r)

the absence of electro-

incfude interaction with

in a mini-mal fashion bv

q lal'ì ^ - 
utu

dt l" ul " - dr
'iiLt' /

1Lr
; U'Uzl)L-> + uuA (r.22)
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The corresponding Euler-Lagrange equations are:

d
dT (uu+Au) = r,,r' (auAu) (1.23)

Substitute dAu/dt : (äuAv)uu. Then we have:

duv /ä.,A, - â.A.)uu : Fvuu (L.24)dttvlruvu

This agrees with (f.3). Now we proceed. rvith the Hamiltonian
formul-ation.

ALPu=:l:tu*Au- ðu-

H : pvu - L - p''(p -A ) -+ (pu-Au) (p -A ) - (pu-au)a- v ! \r:v vt 2 \r , ,_ ;., I - 
u

: + (p-A) u(p-a) 
u (L-2s)

Hamil-ton's equations become :

þ =--P: (p-A) u(aue,) rL.26)vu

dxt aH , -.v
ìì-= ðõ-= (p-A)

'v
(L .27 )

(L .28)

Substitute Au = dAv,/dr : (auAu) uu = (UrOu) (p-A) u. Then (L.26)
becomes:

* (p-A) u : (p-a) '' { aua, - auAv) = uuu (p-A) u

du
V_V-;- = ¡ u (since u : (p-A) ).cIT vU v - v

or
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Note rve have assumed that the vector potential Au has no

explicit t-dependence (i.e. , d.Au/d.-t : 0) . consider the
"0-th" conponent of equat-ion (I.28) 

"

* (e - Q) = ü.È (e = po : enerqy) (L-2e)

but dQldr = -üO.Aila. + (ðþ/ôr) ( a t/òr) . Subsriruring back
into (L.29 ) rve have

dr _ A0 _cit âe Aó
¿r-ôtd.. or at:TÈ

Thus the energy e is constant in timer or conserved., if the
scal-ar potential q is time independent. This agrees ivith the
nonrelatívistic resurt. rf we separate the space and

time components of (L.27) we get

(1.30)

?]r = constant : (E - O12 - lö-à: = (" - O)2 lü12 (1.3r)

3* : e - { : r2H + lil2t\ . (L.32)

consider this esuation in the instantaneous rest frame of
the particle (i.e.r X: u: 0). Then we can identify r
with the proper time of the particle if:

dr---rest 1/_ = (2H)', = ldt

.l)r.e.H=i=Mc'/2 (recal-f M-c=I) . tt-33)

dt
o.T
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Then we have:

dt : tt r ,+ ) t- I ta t ,2 -4di - r- ,- lu/cl'1'z

+ = r9! È + ñ/ct "Ér ga
dt. .dr ' \s/vl ^Ð'ãE

= È * å* * (È/ù (1.34)

L^Ie can novr use this Harniltonian formulation as a starting
point for quantization of this system. Ite postulate a

Schrodinger equation.

r # ú(x,'r) = fll tia - A) '(ia - ¿) uv(x,.,) - (I.3s)

The corresponding Ehrenfest rheorem. is given by the followinq.

dv
å .xu, = i.[g,xt]r - .(p-A)v, (1.36)

du
ì+ <p'>: i<[H,pult
OT

: rll . tn-a) u auA, + avA, (p-A) u,

d I -uv ,\)
ã; .rut = Z <I,'. ,u * ,u

Clear1y (1.37) is the quantum analos of equation (1.3).

one difficul-ty with this forrnulation of the probtern is that
if we replace r by some arbitrary function of r¡ say f(t),
\^/e obtain a different schrödincJer equation. .r is, however,

meant to be some parameter describing evolution of the system
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and it should not rnake any differen.e to the phvsics exactly
how we choose this parametrization. i,fe now investiqate
a formulation of the problem which is expticitly repara-
metrization invariant.

I " 3 Covariant Formul_ation #2

suppose that we are given some arbitrary Lagranqían

and we wish to put the corresponding action principle on

a covariant footinq. Beqin r,vith the foll0wincr.

A - I t,ti,t,$fl u.. (r.38)

Now treat the time, t, not as a parameter but as a fourth
generalized coordinate and supnose that the coord.inates and

velocities are functions of some parameter, 
^, 

a monotone

function of t. Denote differentiation with respect to À by

a "prime" symbol.

* r,^, = r,(À)

then

A - / r,(*u,x!/x[) xia^ (*n = r)

A - Í ¡fxr,x')dÀ (1. 3e )

where Â is norv homoqeneous in the first deqree with respect
to the qeneralized velocities X,, i.e.,
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A(x ,âX') = aÂ(x,,rxr) (1.40)u u u' u'

The action is parametrization invari-ant in the following
sense.

A - / i.("u,x, /xö) xidr

I dx. dx 't dx: i "|."u, aE# / ãE#j # dr(À)

fn other words, if we make the suJ¡stitution À _r f (À) (f
ls some arbitrarv function) trre action A does not change.
Itlow since Â is homogeneous of the f irst deqree we have:

.-1 â^

u dx'
u

(r.4r)

Oifferentiating with respect to x' l-eads to:
)

"l 
u /L

", ã"-ñ-: o ' 1.42)uv
This implies that the Jacobian determinant, J, rnust vanish.

T ^2^ rJ=derl#;il :0.
L u vJ

This in turn means that the momenta (p, : ¿¡/ax,r) are not
all independent. There must be at reast one reration
i:etween all- the pu. Thus the particre is not f ree to roam

about through arr of phase space but is constrained. to
remain on some submaniford of the phase space. Thus in
order to continue with this proced.ure \,{e require some
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discussion of the clynamics of constrained system. ive

present this discussion before returning to the relata-
vistic particle.

L. 4 Constraint Dynamics

consider a system with a Lagrranqian defined in such a

\4/ay that the momenta are not arl independent but satisfy
some constraint. For example (define i(.) = df(r)/dt for
any functj-on f (t) of the evolution parameter r) :

- I _ 3 .)
'=3.'"i+Pi=*;

l_

Then clearly alr the p. must be positive so that we can

"cover" only fll" or phase space (tne positive sector) witrr
the all-owed momenta. rt is important to realize that these
constraints arise directly from the definition of the
Lagrangian and not from any external assumptions. These

are called "primary constraints". suppose we have a nurnber

of such constraints rabeled. by the intesers m, in the
following form:

ô -0-,m

lVe def ine our Harniltonian:

V.H = p *u L.

Hor'vever' the Hamiltonian clefined. in this way is not uniquely
determined since we can add any rinear combrination of the
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constraints and will- only be adding zero. Thus the Hamil-
tonian H* below is "as qood. as" the oriqinal Hamiltonian.

H* - H + À ómñt' À e R.
m

Consider nov¡ a variation of the Hamil_tonian

.eËr _ _..v ^'^ ALcll: x oPu ax u*u -

V

Now rve cannot make arbitrary variations ðp and ix since
we must conform to the primarv constraints. usinq the
method of Lagrange murtipriers to rninimize the action
A : J P'x,, - H dr we arrive at the followinq:

.v aH ã¿fl
X : 

- 

* ) -Y
Ap ' "m âp (1.43)'v

_ aL _ ðH * ., ðöm
âx âx "m âxvvv

oYt substitutinq p : âL./ðxv:'- -v

aH ânftn : - 

- 

- 
1 -Y- v ax., "m ãE- (I - 44)VU

For any function g(p,x) of phase space its evolution is
given by:

. âcr . âcr
Ç : 

=¿ X * -f n- ìjX v äP !-v
V 'U

or substituting from (1.43) - (1.44) and rnakinqr use of the
poisson bracket If,çr] = (at¡axr)(açï,/apv) _ (af/ðp,)) (ag,/axr)

we get:



q : Ig,H] + À.tg,0*l 
"
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(1.4s)

since À* is an arbitrary function of the evol_ution pararneter

r but not a function of phase space:

ô: Ig,H+Àmóm] : [g,Hr] (r.46)

where

IJ : IJ -! ' 'mrT:t-f^lno

rt is important to realize at this staqe that we must

satisfy the constraínts ö* = 0 but we must onlv apply these
after we have carcul-ated the poisson brackets. Thus we

define a specific notation for equations which are to be

applied on]y at this later stage. They are calf ed "weak

equations" and are denoted. by the symbol ,rñ,, as in ó* = 0.

A weak equation is satisfied onry on the surface of con-

straint.

Besides the constraints themselves which rnust ]¡e

satisfied for all t the t-derivative of the constraints
must al-so be satisfied in order to maintain consistency.
Using (I.45) tfris gives us (I.47 ) betow.

(L.47 )

we assume that the equations (1.47) do not read to any

inconsistencies. This coutd happen, for example, if we

had a Lagrangian of the form L = x. Then the Euler-Laqranc¡e
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equations \./oulld inmecliately give us I - 0. Thus we cannot
i

¡

have anv arbitrary Lagrangian. There are three possibilities
for each of the equations (t-47).

a) Some of these equations may be identically satisfied,
i-e-, they would reduce to 0 = 0. These need not be considered
further.

b) rf one of the equations recluces to an equation
independ-ent of the À's it is of the form:

n(x,p) = 0.

These are call-ed secondary constraints. These give rise
again to further consistency conditions.

n = [n,H] + À ln,óml = 0
m

(1.48)

(L. 4e )

These in turn may be of type a or b (leadinq to further
secondary constraints) or of type c. Inie must continue this
process until we have "flushed. out" all_ the second.ary

constraints. Though this appears complicatecL, in practice
it usually only requires a few steps untir all of the

consistency conditions are determined.

c) If an equation does not fall- into category a) or
b) above, then it imposes a condition on the À's.

The above introduction to constrained dynamics wil_l
now provide the tools necessary to proceed r^¡ith the repara-
metrization invariant formul-ation of the refativistic
particle problem.



I.5 Covariant Formulation #2 (continued)

Begin with the action considered in section l.l and

use the method outlined in section 1.3 to express this in
a covariant fashion.

2r-

(r.50)

A- l- t1 ,#,'läat

= I ., i*ì,, u-*ulu-,
, I OTJ

* (ur/(outu)å) : o.

The momenta are defined by:

where

.)

ir : -i r l3Ël'-l, $: - -iì.,!,, r%

-Uu ox'ìì = 
-
OT

clearly the action is Lorentz invariant as welr as repara-
rnetrization (r -i f(t)) invariant. The Eul-er-Lagrange

equations are given by (I.51) below.

(r. sr)

pv : *l = ur/(ruru)å. (1.s2)
ôu

liow clearly the pu are of unit "Iength" (pupu = I) so that
the allorved mornenta are only those on the unit hyperbola
defineC by

Q:PtPu l:o (r.s3)

This is the orirnary constra-int. Also Ít is the only primary



constraint since any point n on this hlzperbola can be

expressed in the form (I.52) if we take ,,, : pu. Then

ounu = l Ímplies pu : uv/(uuu,,¡%.
u

Now since A is homogeneous in the first d.egree in
the velocities ru r" have:

-VdXV
II

de !-
op :n
d0

))

(1.ss)

r.,tu nl :l->H=r-ru âL -L-0^V^Vôu ðu"

so that the Ha¡riltonian vanishes identically. The only
consistency condition

ô = [ô,0-t : o

is satísfied identicatly so that there are no secondary

constraints and no conditions on the Lagrange multiplier À.

Thus our total Hamiltonian H, is given by:

(1.s4)

i.e., by the constraints alone. Hamil_ton's eguations become:

where e - tÀ(r) is an arbitrarv function of r. This demon-

strates explicrtly the reparametrization invariance in
the eguations of motion.

rf we noiv wish to quantize this svstem we follow the
procedure outlined in TDIRAC_l . iVe mal<e the dynamical
variable= 

"' and pv into operators on a Hill:ert space and



23"

repl-ace the poisson brackets of phase space functions with
the commutator of self adjoint operators associated with
these functions. Then we define the schrödinger equation

., dúr dr = rT : ¡ (t) (punu- l)

i u+ = (pupu r) (1.s6)

Note again the explicit reparametrization invariance inherent
in the arbitrarv function 0(t). i¡/e further impose a condition
on the i,,rave function.

ó.ú = 0l (0j : constraints).

rn thi-s case we have only one constraint so that the supple-
mentary condition becomes

(PuPu- 1)ú = o

This is the Ktein-Gordon equation. Now separate variables
in (1.56) by setting ú(x,0) : T(e)ú(x). Then we find

(1. s7)

(1.s8)

(1. se )

ir(x,o) = "itu0(")

{PuPu 1) q/ (x) = y

Now applyíng the condition (1.57) yielci.s y = 0. Substitutinq
this back into (1"58) - (1.59) rve have:
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(1.60)

(r.6r)

Thus we have no evolution and the system is governed. com-

pletely by the Krein-Gordon equation. By separating
variables and applying the constraint (1.57) in this manner
rde have lost al-l of the evorution described by (r.56) .

There is perhaps something to be learned., however, by

studying this evolution without immediatery imposinq the
form,r(x,0) = T(0)U(x) and the constraint (1.57). The

remaind-er of this thesis is devoted to the study of this
evolution as well as its rel_ationship to the Klein_Gordon

equation.
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CHAPTER TT/O i

SCHRöDTNGER EVOLUTTON

2.L The Schrödinger Equation

R schrödinger equation describing r^rorld time evolution
of a relativistÍc svstem can be written:

; d,,,:t d, tP : Hú (2.L)

trnie interpret (2.L) as an abstract equation describinq
evolution in the Hilbert space H - r-2 (RC,ck) of square

integrable functions defined on Rd. The inner product

for this Hilbert space is given by:

(0,,r) : I a" ôt(*),i,(*) (2.2)

v¡here öt represents the complex conjuoate transpose of the
col-umn vector ö. InIe interpret the derivative on the left
hand side of (2.L) as the strons derivative in the Hitbert
space H " The Hami-ltonian H is interÌ:reted as an operator
defined on H in the following way. i{e first define the

operator Iû.

D (r{) : cl { nd, ck)

^ -'lHA = {(2M) -'t(pu-au) (p -A ) +vl+vJcuu
-r d-1

={(2t4)-' guv[(p]'-Au) (pu-au) +vl+vja (2.3)
UrV=0

r¿here
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U = v = 0, m-l

u=v=flrd-l

vlv

ii) n(A!) : o(eu¡ : D(V) : D(v) = cfrtnd,ck)

iii) M € R\{0}

iv) (pu,þ) (x) = i +9 (x)
o^u

v) (au O ) (x) = Au (x) d, (x)

rvhere the function Au: Rd -+ R is continuously clif ferentiable

vi) (vc,)x = V(x) O(x)

_-L^_-^ -d ^kxkwnere v: R -: e l_s piecewise continuous and hermitian
(i.e., vt(*) = v(x) for every x . Rd where vt(x) denotes
the complex coniugate transpose of the kxk matrix V(x) )

vii) (vO) (x) = v(x) O (x)

where v: Rd -' R is píecer.,vise continuous.

Since Au, V, v are piecewise continuous and Au contin_
uously differentiable the operator H maps its domain cö

into the Hilbert space H = r.2 (nd,ck) . This is because H

does not disturb the compactness of support of the functi-ons in
c; so that ltç has compact support if þ does. The folrowj-nq
will show that H is also svmmetric.

i) 
i.]

9r.,,u

lo
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LEM 4^ 2.1: H í^ 
^qmm¿t.níc.

Proof:

a) The operators Pu (U = O, d-1) are symmetric.
Let f,9 . C;. Then:

(f,Pug) : i/ax rt(*) âug(x)

: ílld.4* au(tl'g) 1aÞrt¡gt
- /t l. ,,= / d=*(iaut) 'g = (puf ,g) (2.4)

The first terrn in (2.4) vanishes as a result of the d.ivergience

theorem ancl the compactness of support of f and q.

b) since the functions Au anc1 v are rear valued the
associated multiplication operators are symmetric.

c) The operator V is symmetric: Since V(x) is
herrnitian for all x . Rd,

(vt,g) : la"rt(x)vt(*) q(") : lun* r'i(*)v(x)g(x)

= (f ,vg) .

d) since the operators pu and Au are arr symmetric

then (ep-gu) and lru-¿u¡2 are arso syrnmetric for each

u : 0 , d-1. Thus the operator

(p-A)u(p-e), = 
*rt 

,nr-Ar)2 
u;t 

(p,-A;)2 is also symmerric.u i:0 r a jl* . I --j

H is a linear cornbination with real coerficients of the
symmetri-c operators l- (p-A) u(p-A) 

u-1 
, v and v and is therefore

symmetric. I
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since H is symmetric it is closable. (see tsrNHA;

p.51J. ) Define the operator H which appears in (Z I) to
be the closure of Ê as defined above. since H is the
closure of a symmetric operator it is both closed and

symmetric. The fotlowing analysis rvirr show that for
such an operator,eeuation (2.r) has a unique sol-ution for
given initial data (\, (. : 0) = !,0 e D(H)) .

11 Linear Differential Equations in Banach Space

Consider the fol_fowing eouation in a Banach space E

(2-5)
û

r c/ 
- 

nti¡
OT

where r!: [0,T] + E and A is a linear operator densely de_

fined on E.

0¿{tínitíon 2.2: A ¿ol-uÍ.ícsn o,() zclua.Í.ion (2.51 on Í.lt¿
.tegmznf l0 ,Tf i¿ a- duncÍ.íon ,sa_ti¿ {:qíng:

i) rþ(t) e D(A) (son ap-I_ r € [0,T].
ií) Ttrt¿n¿ ¿xi,sÍ.¿ a ,stnong d"¿niva,tiue $ U (.) aÍ. ¿ac[,t

¡tctínt r oó t0,Tl.

iíí) Ec¡uafíon (2.5) í¿ ,safí¿{1íød /oon a!,.(- r € [0,T].
-lh¿ ca,ucl'LLJ prLob.(-¿m ún | 0,Tl i¿ il'te- ,¡tnob[-øm o{1 [índ.íng

a, ¿ctLuÍ.ion oó (2.5) which.tati.t(lied th¿ ínífíaL conc\ítion:

û(0) = !,0 e D(A) (2-6)
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í¿ ,s aíd tct b ¿
D¿t¡inition 2.3: The- Cauchq ¡tnob!-øm

uni d o nm!- q co LtL¿ cf í r¿ :

í) Fon anq ú0 €

íi) Th¿ .to.Lufíon

dctftt in th¿ .5¿n^¿ fhaf

Lm'¡s.Líø,s fho"f úr, (t ) -' 0

D ( A) íf ha,s a- uníc1ue t o I-ufío n .

depznd.s confinuctu^.1,U c)n th¿ inítíaÎ-
a 

^Q,ctuQ-nce 
rJrn(0) -'0 (.!rr(0) e D(A))

uní[ctttrnLq ín r on ¿a,cl,L (yiníÍ.ø int¿nva.!-

u ( t ) i¿ uni[onm!-q bounded ín r

For a uniformry correct cauchy probrern the famiry of
operators u(r) defined bv

û(t) = u(.)rrO (2.7)

is well defined on D(A) and linear. Since D(A) is dense in
E, u(t) may be extended by continuity to a bounded linear
operator defined on arr of E d.enoted by u(-r) ,arso. u(r) is
called the evolution operator for the cauchy probrem (2.5) .

[0,T.] .

.LííI

THEOREM 2 .3:

CaucLLA prLo bL¿m

íI

íí)

u(r):

llu (i ) ll

ú(r) a"nd dV/ü cLrL¿ cctntínou¿ {son r € [0,T_l .

TLt¿ evoX-ution op¿/La.t.orL o(1 a unídonm[-q conn¿ct

ha¿ th¿ dot-l-owíng ptLafrØtLti¿^ :

D (A)

< M r € [0rT-].

) í¿ ¿ f no ngLq co nÍ.inuc) u^ in [ 0 , T:l

(2. B)

íií) u (-r
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ívl u(tr+tr) : u(r])u(.rZ) (O . .rl_, ,2.. r) (2.g)
1

u(0) = I

v ) 0n D(A) , u (t) í,s ¿fnonq.tLJ d_i{)()q-n¿nf.íctbLe ancl

d
; u(t) = Au(r)

(2.10)

(2.LL)

Breqf: See IKrein, p.195. ]

rn view of Theorem 2.3 it is usefur to knor^, under what

conditions the Cauchy proble¡r associatecl rvith (2 - L) is
uniformly correct. Here the Banach space E is the Hilbert
space H and the followincr theorem and proposition gíve

these conditions.

THE0REI\4 2.4: rn 0tLdQ-tL fhaf the, cctuchr:l pnobl_øn {c,n øc¡unf.íon

(2.51 wífh a, c!-ote-d oysøn.ctÍ.on a b¿ uní[onmLLJ corLnect ít í¿
nQ'c¿^^a'rLa and ¿u(dicíznÍ. ttnat f.tn¿ rLØ^0.(-v¿nÍ R(),) = tA-À l-t
(À € C) ,s[,tou.Ld ,sa"Í.í,s dq Í.h¿ c.ottcliÍ.íon:

¡¡nnrrl ll = M

(Re À- w) n
(Re tr ' w) (2. l-2)

(2.13)

don .som¿ w a"nd M and (son ct!,.|- inÍ.e-gznl n > 0. ll¿n¿ .(.on flte
colLlLe's yto ndíng .t ømígnou¡t L0¿ have- Í.h¿ inzc¡uct|,íÍ.q :

llu{') ll ' M ewr .

Proof: See I Krein; p. 51. J
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W. Iú tl,t¿ ofi¿lLaforL U í,s c.{-o¿¿d- a.¡td. ¿qmmzfníc
Ifhzn Í.h¿ Cctuchq ¡snobLzm 6on zc¡ua.tíott ( Z . t ) i,s unidonn\q

con¡tect cLnd th¿ cotLrLQ_Lponding .szmigrLoup u(t) .sa.fí,s(1íz,s Í.lt¿

ínzqua.X-íÍ.q llutt) ll < t.
Proof: a) Let ó e D(H) . Then

lloll .+-llriH+Àloll nu \t olRell

Let ö e D(H). Then 0 e D(iH+À) : D(H)

ll+ ll llriu + rt4, ll >. i (o,liH + À jc) 
i

= l(O,TH-Àitq) i- lr*((,,fs-ri_fO) I

lr-/¡.,.,(þ,-Àíq,) I = ln. rl lloll2

where r,ve have used- the foll_owincr:

H symmetric => (,¡,ltÓ) e R

a) follows immediatelv-

b) [iH+ À] is invertibte ror Re x I 0.

Let ö e D(H) and. suppose that t-iH - À]ó = 0. Then from a) :

lloll . -l , jlfiH+ Àtóll : o

ln. I I

Thus [iH+À]ö = Q -¡ 0 - 0 so that f+iH-À_l is invertible.

c) Define the resorvent R(-iH, À) = t-iH - À r-1. Then

R(-ili, r) is bounded and the fol-lowing inequalitv holds.

llnf -iH, À) il < lRe À l-1 Re 
^10
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Let u € D(R(-ig,À) ), Re 
^ I 

0. Then:

i) u : [:-iFI-À_]O for some ö e D(H)

ii) R(-iH,À)u: Þ e D(H)

iii) l-i¡r-ÀlR(-iH,À)u: t-iH-À.1ö = u.

Now using the resul_t of a) :

llnr-tH, r)u ll < 1 lIiH + À ]R(-iH, À)u ll
In" ÀI r¡.4¡¿

- 1 ll"llln. rl
c) foltows immediately.

since H is closed and R(-iH,À) satisfies the resolvent
estimate (2.L3) tne above proposition is proved by virtue
of Theorem 2-4. I

2.3 Spectral Decomposition of H

suppose that the operator H is not only symmetríc but
al-so self-adjoint. Then bv the spectral theorem (see

[srNHA; p.]-971) there exists a unique spectral famiry of
projections {EÀ} such that:

i) E.E - E

^ u mrn(À,u)

ii) s-lim E^ = O and s-lim E, = I
}+-- À_+*- A

*æ
iii) n= l_ À dEÀ
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*æ
i.e., (f ,Hg) : I ^a(f ,EÀg) for f e H, g { D(Il).

Then we can d"r;;",

*æ
u(t) =exp(-iHt¡ : /.*p(-iÀr)de^

*æ
i.e., (f,u(r)g) = / ."p(-irr)d(f,E.9) f e H, q e D(H)

^-

By proposition 5.11 in t,SINHA_l u(r) forms a stronqly
continuous one parameter unitary group whose infinitismal
generator is the sel-f acjoint operator H. Thus u( r) satisfies
the following.

i) strong continuity:

s-Iim (u(t+.) - u(t)) : 0 for every t e p.
'r-+0

ii) unitarity:

u*(.r) : u-l(.)

iii) group property:

u(t)u(s) - u(s)u(t) : u(t+s) for everv t,s e R

u(0) : r

iv) generator:

s-Iim i (u ( t) - t) /r - H on D(H)
t -+0
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v) commutation:

I{u(r) = u(r)H

vi)

i t) : Hu(r) D (H)

Since the Cauchy problem for equation (2.I

correct it has a unique solutj_on and thus

here is identical to u(t) as defined aÌ¡ove

sol-ution of (2 . I) ( section 2 .2) .

) is uniformly

u(t) as defined,

in terms of the

L]

2. 4 Relativistic Covariance

The wave functions r! which appear Ín (2.L) are assumed

to transform under the Lorentz transformation as follows.
(The term "Lorentz transformation" is used here in the
generarized sense of a representation of the Desitter group

so(n,m) (n+m = d) of transformations of Rd which feave the
product

.. m-l . d-I ô
*l'* = t *t ,- *2uu:ouu=*u

Schrodinger equation:

invariant for every x . Rd. )

frame 0 describes the state of
ÅL

r1r: R* * C'' (¡< is some positive

for spin zero particles and k

ticles), then an observer in a

on D (H)

ff an observer in a reference

a slistem by the function

integer; for example k = f

= 2 or 4 for spin hal-f par-

reference frame 0' rn¡oul-d_

d

-U(d'r
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describe the same state by the

il and ir' are related by (2"L4) 
"

!,t = S{,r

S is a unitary operator defined by

: xt : Âx(Srr) (x') : S(^)ú(x)

where A represents the Lorentz transformation from 0 to
and s(^) is a kxk unitary matrix representation of the
Lorentz group SO(n,m) .

s(^r)s(nr) = S(^t^2)

The folJ_owing establ_ishes

of equation (2.L) .

þo¡to¿ífion 2 .6: Le-f. Au

in (2.3) cL^

.E a.mQ, r,¡íz.Ld,s

díet-dl Í.na-n¿

ob¿¿ttv¿d ín

cL^ o b¿ ¿nv ¿d

(onm ín fhe

= v(x)

= 
^uvAv 

(x)

v' (x')

-t-u1ì (XJ

H¿n¿ Auv cL)L¿ flt¿

cL.E^ ú cícLÍ.¿d cuitlt

v' (x' ) = s (^) v(x) s-1( n)

c,anp0n¿nÍ,5 o ( Í.ln¿ d- dím¿n¿iona.l- ma_fttix

the- !-ín¿cttt Í.nan¿ [o n-ma-Í.io n A and t aÍ.í,s (1t7

function rl, ' : Rd * Ck where

(2 . L4)

(2.rs)

0r

(2 . 16)

the relativistic covariance

, V, v b¿ th¿ diøX-d,s and ¡toÍ.entio.{-.t

th¿ dname o and Au' , v,, v, b¿ Í.hz

[nom dna-m¿ 0' . A¿¿um¿ t.ha"Í. Í.h¿¿¿

doLLowing u)aA.

(2.L7)

(2.18)

(2.re)
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^uuÂup 
: qi. Ðzdíne- .tlt¿ o,¡t 

,'t.na-fon 
H, f.o b¿ Í.h¿ c.LoÁun¿ o I

H' wlte,n¿ ã' í¿ f.he- oytzno-fon de[¿n¿cl ín (?..3) wifh th¿ dunc_
+: - .. r U D t . ' tI'L,n A- , V, v nz|sLaczd bq Í.h¿ [uncf.íctn^ Au , V' , v' tL¿^13¿c_

tívøI-q. Th¿n

-'lí)H'=SHS-. (2.20)

ii) Ec¡uctfíon (2 .l ) í.s cava¡tíctnt in f.hz dctlLowíng 
^¿n^¿.

r * r!: Hrr,=> 1*,t,, : lr,ù,

Proof of i) :

la) [ (p-A') u (p-e'),tú l(x')

(. a: lr ^*, 
Ar" 1¡'¡'u

(¡l
li lì,- A'(x') lú' (x')
t ârP F )

]b) [v'Súì(x') : v'(x')S(A)U(x)

= s(A)v(x) ú(x) : s(^) lvrrl(x) : Isvr¡ì(x')

vts = Sv
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lc) tV'S{,I(x") : V'(x')S(Â) ,1,(x)

: s ( 
^) 

v(x)s-t ( n)r (^) {, (x)

= S (^) rVr¡ (x) = rSVlr _'ì (x')

' \zt c - c\7v I - uv .

From la) - lc) we find that

û's = ((2M)-1r(p-A,)u(p-a,)u + v, I + v) s

= s( (2¡,t)-Ir (p-A) u(p-A) 
,, * vl + v) = sÊ .

consider a sequence {urr} . c; which converges to the function
)r¡ in L- norm. since s is unitary it is bounded and con_

tinuous so that

ún+ü=>srlr.r*sú

Therefore we have the for-rowing convergence in the norm

topology on H.

SH,j, = S lim U\r_ : Iii'r SHrln 'nrì-iæ n_>6

= lim Ê'sü = H's¿,.
Iì*æ 

'n

_lTherefore H' : SHS ' .



Proof of íi) t

= i lim tS,l,(t+tr) Srl(.)l/h
h+0

= iSlim tr!(r+h) þ(r)l/h
h-+0

À= Si#,, = SHV,= (SHS-1)(tr)

= Ht\f t .

Example 2.7: Consider the case where rtr

the appropriate representation for spin
Then k : 4 and S (.{) satisfies (2.2L) .

38.

tl

is a spinor (i.e.,

half partrcles) .

(2 .2r)

(2 .22)

satj-sfy the anticommu-

use the representation
(1964) for which the

(2.23)

i I ¿'dT

uv f-u--;-
4

_'ls(Â)o s'(^)
ôÕ'

UV= 1\ A Õ',
UP ov

(yuyu yuyu)

4x4 rnatrices which

(2 .23 ) belor,v. (we

IBjorken and Drel]-.1

al-f hermitian. )

Yu (u = 0,3) are

tation relation

for yu given by

matrices ofu are

Consider the

where uuu (")

YuYt+yuyu=2g'u.

hermitian matrix potential V(x) = o"F. (x)
UV

represents the electomaqnetic field. tensor.

(x)
uv

(4,4. - a A )(x)U V V U.
(2 .24)
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The tensor uuu transforms under the action of the Lorentz
group as a second rank tensor according to (2.25).

F' (x') = A 
^ 

FOo(x)uv u0 vo (2 .25)

Therefore, V(x) transforms according to (2.Lg) above.

V' (x') : ouuF'u (x) =

-'l: tS(^)o ,S'(po

^- ^4.._ouupPo(*)up vo

n) lpP 
õ (x)

= s(A) r o^_Foo (*I s-l(n)po

: s(^)v(x)s-I(l) (2 .26)

¿.J

i{ith each observable quantitv of a guantum rnechanical

systern we associate a self -ad-joint operator. rf a measure-
¡nent of this quantity is performed on a larqe number of
identicar systems then the average measurement obtained is
given by the expectation varue of the associated operator.
The expectation value of a seff adjoint operator B for a

systern in the state described bv the function þ { D(B) is
defined as follows.

.ur,, = (r1r,B\r) (2 .26)

quantities b! which

vector under the Lorentz

Consider a set of observable

transform as the components of a

trans forrnation.

covariance of Expectation varues of observabres



bt : A bv .u uv

Let B be the associated self-acljoint operato:s and d_efineu

B' = 
^... 

(ssus-I)
U 'UV

40.

(2 .27 \

(2 " 28)

(2.2e)

(2.30)

Then the associated expectation val-ues are related covariantly
according to

'ul trr, : nuu (s{', IsBvs-t,t*,

= nru (ü rBtqr)

= A <Bur.r.
uv

similarly if B- are the operators associated with theuv

components of a second rank tensor we define

B'=^A(sePos-])uv up uo

Then the analog of (2.29) becomes

'B,1rtq,, = nuonuo'BÞotr. (2.3r)

This is easily generalized to tensors of any rank.
suppose the set of quantities ou transforrns as a tensor
of rank r. (Here ¡r represents a sequence of r positive
numbers ,. < d (i = 1,r).) thus b' is defined byt''u

b'= r Tvb ; Tv = ; nui-
u v.sd u v u i:l- u1 Q'32)

f
(i=1, r)
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Then if B are the associated operators we define
u

B' : r r:(se,,s-l¡ (2-33)u v..d u' v
l_

(i=1rr)

Then the expectation values transform covariantry.

<Rr > = r Tv<B-"u-,jr, - 
v.<d u v rf,

]-
(i=Irr)

Note that Since S is unitary and the operatorc Bu

are self-adjoint the operator= ul are also self adjoint.
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CHAPTER THREE

THE PROPAGATOR

3.1 Systems with Constant and Uniform Electromaqnetic Fie1ds

D¿(sínífíon 3.1: I

K(x,yrr): Rd * Rd

integnctb!-e atL Rd *

LuÍ.ictn {u('r); r €

0n¿ pa-rLa"me-Í.¿n dami.Lq od [uncf.ionl
-, ck*k Í.hat atL¿ m¿a^unabi.¿ ctnd. .{,oca\Lq

nd ¿¿ ca.L!,ed. Í.h¿ prLo pagaf ct n- (:a h Í.hc, e-v () -

R+Ì i(\ (son aI-[- r . c;(nc,ck)

Iu(t)f I (x) = I ay K(x,y;t)f (y)

/,30 n ct.Lmo,s f n.L!- x.

fn most circurnstances the propagator can

as the fundamental solution of

K(x,y;r) = Hor:K(x,y;t)

lim K(x,y;.) = 6(x-y)
r -+0

where H is theop

H^*K (x,y; t )op

.ðì-
dT

(3.r)

r.l

be obtained

l1 a\

(3.3)

3.4)

forIn ISCHI{I}[GER:] , S

constant and unif

K(x,y;r) to (3.2)

differential operator defined by

(.-.-r[t' 
^ lr n r

= j (zu) 'l li --- a. (xl i li #-- au ("1 j\ Jr axu v )t o*, ')

+ v(x)l * ,t*l )x(x,y;.) (J)
chwinger has developed a method whereby

orm electromagnetic fields the solution
( 3 . 3 ) can be cal_culated exactly .
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Consj-der the case where v(x) = V(x) = 0. On C:, H: HuOp
(see (2-L)) - Recall that Ê is symmetric and suppose that
its cl-osure H is self-ad-joint. then u(t) : exp(-igr)
is unitary and. strongly continuously differentiabfe and

satis fies

u(t) = Hu(t)
,l.u

l_-.dr

[H,u(r)l = Hu(r) -u(r) H:0

Define the fotlowing operators:

*u(r) = rt(.)xuu(r)

nu(.) = ot(t)nuu(t)

where xu and lTu are d.efined by

D(xu) : o(ûu) :

I*uOl (*) : xup (x) for 0 e C;

l-nuo r (*) = i' + - eu (x) ì *,*, ror o €I oxu ),'

and xu, IIU are the cl-osures of the operators
tivefy. The the Hiesenberg operators X!, nu

Ehrenfest rel_ations:

C;

(-
U

^ll :ll

satis fv

(3-s)

(3.6)

(3.7)

(3.8)

(3.e)

(3.r0)

respec-

the

d

-dt

d

-dt

U , - ìrx'(r) = rlH,x-l =

Itu(r) = i[H,nu-r =

lu
M

n'u o
-Ti
Mp

ia
-L__'M^Ê

dx

( 3. 11)

I a l1\
\J. LZI-up|.
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since ltiu,Ivl = i I v - -ul 
.iD-l_r*, ,"rl -'uu "

44"

(3.13)

(3.14)

(3.17)

(3.18)

-ìrvIt F-' is constant and uniform (i.e., âFur/a*, = 0) then
in matrix notati_on v/e can write:

d ../-\ Il
a. *ttl : t ("r)

ÀD

il (t)aa rr\L/ 
M

_l ^,o
F- r o [r = ó0 

ß/aet (r,)

where óoß is the dual electromagnetic field tensor

since F is constant and uniform we can d.efine the matrix

exp (pr/v) = tim i (vt/w)j (3.ts)
l').-+æ j:0

which converqes and has the property

* ""o Gr /14) = # "*n Gt /pt) . (3. 16 )

Also if we impose the condition det(F) I O then the inverse
of F exists

tdß - I oßyô-
J -- 2 t f..,5'

In four dimensions (d = 4) lve have
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0utuzE:
-El 0 -Bs Bz

-82 "3 
0 -"t

-E3 -82 
"1 

0

ñ-tDE = (El,E2,E3) = el_ectric field

* - /ñts = (Bl,B2,B3) = maginetic field

det(F) = 1o 1dß:r->J ¡,.R1) : E'B (3.I9)

Thus det(F) I 0 is a Lorentz invariant statement ((3.19)

indicates that det(F) is a Lorentz invariant) which

requires that the electric and maqnetic fields not be

perpendicul-ar. Now we can sor-ve rerations (3. 13) (3. 14) .

Ii(r) : exp (f'r,ZM) n(O)

x(t) x(0) : u-f[.*p (Ft/yt) t]lt(o)

We can nov¡ write II(r) as a function of x(t) and x(0).

(3. 20 )

(3.21)

II (t) : ] r'.*n Gpr/zt4) [sinh (F'r/2M) -r-lr*(r) - x(0) r (3.22)

and so by the antisymmetry of F

u _ n2(o) _ n2(r) _ tr__n : zil = --zì= : [x(.) - x(0) ]Af x(r) - x(c) I (3.25)

= x(r)ax(.) - 2x(r)Ax(0) +x(0)Ax(0)

i ttl Fcoth (rr /2tt) l ( 3 .26)

where A = (BM)-rr2rsinh (vr/2M)l-2 and where we have used the
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conmutator (3"27) below to arrive at (3.26) from (3.25).

T-. ¡/-\ -1I xu (r) ,xu (t) J : iIF '(exp (-Er/r4) - l) _],,,, . (3.27)

Let f ,g. c;- since u(t) is unitarv and x is symmetric v/e

have (denoting u(t) si_mpty by u) :

(f,Hug) : (f,uHq)

= (f,u[x(t)Ax(-r) - 2x(.r)exlr) +x(0)Ax(0)

ì
i Lt IFcoth (F r /2M) ] lq)

= (xAxf ,ug) - 2 (xAf ,ug) + (f ,uxAxq)

i
; trlFcoth(Er/2M).] (f,g) (3.28)

Now suppose that on ci u(t) is an integrar operator withU

kernel K(x, y¡r) . Cl (Rd * *d * R) such that

[u(t)f](x) : lav K(x,y;r)f(y) for f e C;. (3.2g)

Then from (3.28) we have:

(f ,Fiug) : / a*Ayft(x)x (x,y;r)l (x-y)A(x-y)

I
i Lt(Fcoth(Fr/2M) )tg(y) (3.30)

Now define ir,(x;t) : Iu(.r)g](x) I ay K(x,y;r)g(y) . Then

si-nce K(x,y;t) . cl(.) and q u Cl:

ô ,r,/,..-\ - 
ð / a--a,t-- -- \ . r 

^Tíâ, v\,(;r/ : âr / ¿vx(x,v;r)g(y) = í av # (x,y;r)g(y)

(3.31)
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This result follows from a theorem in anal_vsis which states
that (3"31) is vatid for all 'E € R provided the folrowing
conditions are satisfied:

i) For almost al] y . Rd, K(x,y;r)g(v) is c1(r).

ii) For every r € R, fr x(x,y;.)g(y) . r,rfn$)

iii) For everv closed, interval T € R, there exists a

function gT u r,1 f n$) such that for all (.,y) e T * Rd

âKlãi (x,Y¡.)q(y) I < sr(v)

Here, since q(y) has compact support we can simply take

ør(v) = sup l# (x,y;r)g(y) I e l1 fnSl
rcT ot - Y'

Define úU(t) : 
* [u(.+ô) - u(t) ]g, 6 > 0; rhen

d
aî "q : :-Iim r¡u .

Ò+[J

From the strongry convergent sequence ú5 (t) we can extract
a subsequence rli (t) which converges pointwise al-most every-

t r, v¡here in Rd [RUDTN; Theorem 3.L2). However, since
l

ú(r) e c'('r) this pointwise linit is simply the partial
derivative +g (-r) . Thus

dT

d ' t ð ., r-t ( :-, AK
¿. tl(tt : ¡. t!(t) : J .1y Ë (x,y;t)g(y) (3.32)

Now coml:ining equatj_ons (3.2) , (3.30 ) and (3.32) we f ind



À(f'(Ë-H)u(g) = o 
,

rn orcl.er to satisfy (3.33) it. is sufficient that K(x,y;r)
satis fy

j a vr-, -,--\ tr /-- --\ It a, -tt1x'y;-r) = t (x-y)A(x-y) - ; tr(Fcoth (pt/2v) ) lx(x ,yìt)
(3.34)

This may be integrated to yield

K(x,y;'r) : c(x,y)zvr-d/zexp{- * ,t ln r ( Er/2M)-lsinh (F-r/2M) )

l+ I (x-v) lFcorh (Er/2M) J (x_y¡ t (3.3s)

where c(x,y) can be determined as follows. Let f ,g. C;.
Then since K(x,y;r) u Ck(*l " *1 , *l we can use the anatog
of the above theorem reqardino an. interchanqe of integra-
tion with partial clifferentiation with respect to a parameter
in the integrand to show

(f ,llug) = (nf ,uq) = / ax r (i a-e¡ *f (x) J lugl (x)

= | ax tt (*) (i a-A) *tuvl (x)

: I a*tl-(*) (ia-A) * I av K(x,y;r)q(y)

: I axti (*) / dy(iâ-A)*x(x,y;-r) g{(y)

= lfa*ay ri(*) (iD-A) xK(xry;.r)o(y)

i

t 4- ( 1rt= J dxdvf (x) li r" - f(x-y)A(x-
I or

I- i tt(Fcorh (Fr/2yt) 
Jr*o,o,

v)

. (3.33)

Lj(t -

(3.36)



The third step involves integration by parts where
i

the surface term vanishes because of the cornpactness of
support of f. The fifth step uses the theorem referred
to above"

" I dxdv rJ (*) K (x, y; r) g(y) (x-y)

(f,u(t)]I(0)s)

= | n "*n 
(Fr/2M) rsinh (F^r/2M) l-r (r,u(r) f x(r) - x(0) -lq)

: I u "*n Gr /2M) tsinh (pr /zrrÐ l-L

" I dxdy rr(x)K(x,y;t)g(y) (x-y) (3.3e)

tulTg.l (x) = / ¿V *(x,y;r) (iâ-A)Ug(y)

AO

\J.J/l

(3.38)

The l-ast step involves integration bv parts where the sur-
faces term vanishes because of the comoactness of support
of g (y ) . Frorn re lation (3 .22) we derive :

(f,il(0)u(r) g) : (f,u(t) rr(t) çl)

: I r'.*n (-y.r/z.l,) [sinh (Fr/2M) i-1(r,uIx(r) - x(0) lg)

1_: I r exn (-Ft /2M) tsinh (Fr /2M) j-L

Thus comparing equations (3.36) to (3.38) and (3.37)

to (3.39) we have
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o - / axay rr (r) { (i a-A) x

F exp (-Fr /2M) Isinh (Er /2t4)

o - / axay rt(*) {(-ia-A)

{ (i

satisfied if:

I
n-e) x -;P exp(-Fr/2M) tsinh (Et/2M)

'l-t {*-y) lx (x,y; t ) g (y)

(3.40)

(3.44)

(3.4s)

(3.46)

1
2

1_
?,-

I

exp(Fr/2M)[sinh (rr/2\q) ]-1 ]x(x,y;t) q(y) (3.4r)

which is

{(-i a-A)

Now substituting (3.35) into (3.42) - (3.43) vietds

-l' -(x-v) lX(x,yir) = C

(3 - 42)

exp(Er/2M) [sinh (Fr/2M) t-t(*-y) ix(x,yì.r) = 0

(3.43)

I-2
I
2

This can be integrated to yier-d the foll-owinq sofution:

c(x,y) : c(x,*1.*n[-i i urure(6 ) *+ F(6-y) -lrl

t (i â-A)
X

f(*i a-A).Y

F(x-y) .lc(x,y) : o

F(x-y) Jc (x,y) = 0

lSince A(q) +i Ute-Vl has a vanishing curl the integrat is
independent of the path 6f intecfration and if rve integrate
along a straight path frorn y to x the second term d.oes not

contribute because of the antisymmetry of F (uru = -truu) -

Thus



c(x,y) : c(x,*1.*pl-i id6 Au(w(s))(x-y)u

x,Yi'r) is

5].

(3.41)

(3. s0 )

where\^/(g) =y+6(x-y)
Consider the special case Au = 0. Then K

given by

K(x,y;r) | ,, = c(x,*l r4)u/'"*o,iI (x-v)2.r -

lA":o 
\;i c'+Pr)l ra Jl 'r ' (3'48)

comparì-ng this to the wel-l known result for the free
propogator:

.7 /')

Ko (x,Yi'r) = tz*l"""*o(-, ä =nr,(nu,))exptls (*-y)21 (3.49)

where =gr(guu) = (nunrber of positive eiqenvalues of 9uu)

(number of neqative eigenvalues of g,,u)

tr{e mus t have

c(x,:r) : (+n¡-d/Zexp(-í ä =nr,(g..,))uv

Thus the candidate sorution for equations (3.2¡ (3.3) is
qiven by

M d/z
K(x,y;t) = (#) exp(-i i scrn(nu,r) )

rI
" ""n{-i I ds A, (vr ( s ) ) (x-y) r,

1 -- '* ' ( tr.r /2M)-lsinh (F¡ /2M) lz LrrtlL

Ììn q (*-y) Fcoranh(F1/2M),"-V)Ì. (3.5I)
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One can nov¡ verify that K(xry;r)
(3 - Z¡ and al-so that it satis f ies ( 3 . 3 )

SCNSC:

above satisfies

in the following

for S e C;, tim ÍaV K(x,y;r)p1u¡ = ö(x) (3.s2)
,o0*

The proof of (3.52) depends on the followinq stationary
phase asymptotic formula.

THETTRËM 3.2: L¿Í. h, Rd

i) f.h¿nø ¿xíl t¿ cL

co ttÍ.ctinó supp h(2, ),) {ton

Irtl

QTLe

' Rd -* C b¿ a-

co mfJact ,s ¿f
a

a,L{- À e R'.

{uncf.ío n ¿ atíl /¿,j íng

y € ad who,s ¿ ínf¿nío rt

o d Lzngflt

+ Ç ¿xí.tf ctnd

ií) 6c,n ¿v Q-lLq d- co myto nent muL-Í.i- índ¿x B

< d thø y:antia-L d.¿ttívaÍ.ívz¿ vßh, Rd * Rd

cu rL/_t_nu() u^ -

Fon O I À € R+ d-e(.ínz lh¿ ínf.zgnal-

r (À) : (nx¡d/zuxp(-iä 
=or'(øuu) ) I av exp{ *rn(2,),) ,

th¿n lim I(À) : h(0,0)
À+0

Proof: See [POM, Lemma 4i Fed] !

3-¿

magnetic fiefd F (x) is independent of the parameter r but
has some non triviar dependence on its space time argurnent x.

singufar Perturbation Expansion for Non uniform Fiefcls

consicer norv the more qeneral case rvhen the electro-
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Take for the Hamiltonian H trte most general form d.efined

Ì:¡z Q.3) where eu(x) , V(x), v(x) 10. As in the case of
the uni form electromagnetic fielcl the kerner (if it
exists) of the evolution operator u(r) for this more qeneral

system is often qiven by the sorution of equationss (3.2¡

(3- 3) - Taking a cue from the uniform field case we postu-
fate that the solution of (3.2) (3.3) can be expressed

in the foltowinq form:

K(x,y;r) : Koexpt-iJlT

where:

(3.s3)

i) Ko is the free propagator

Ko (x ,yìr) = tfrl 
u""*r-, 

ä =nr'(øuu))exnrfl '^-y)2 r (3.s4)

ii) J is a gauge carrying phase factor

I
J(x,y) = ldE(x-y)ue..(w(E))+v(w(E))r (3.ss)

0u

(w(g) = y + E(x-y¡¡

iii) T - T(x,v;t) is to be determined.

Then straicrhtforu/ard calculation shows that K (x,y; r )

satisfies the followinq relation:

(i aI- non)x(x,yìr) = Koexpt-Í;rl(oo +i.r-lor)r (3.s6)
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where the operator= 00 and 0t are defined by

oo = i(* * (xa¡) u 
,î) (3.s7)

(3.58)

(3.60 )

then K(x,y;t) satisfies (3.2). Also if T(x,y; r) satisfies

T(x,y;0) = I ( 3. 61)

then K(x,y;r) satisfies (3.3) . rn qenerar equation (3.60)
j-s as difficult to solve exactly as is the original prol:lem
(3.2); however, perturbation techniques can be used to
(at l-east formally) sol_ve ( 3. 60 ) - (3. 6I) in the timit of
very large mass ¡4. I{e suppose that T is qiven by

t = _t^ M n Tr,(xryì-r). (3.62)
-tr-tl

Substituting (3.62) into (3.60) - (3.6I) and comoarins

coefficients of simirar powers of M I viel-ds the following
recursion relations

I 2 .-l v t -2or =; az+ir"ri-+ (r'-iauru) *X
I

f = l¿r (x-y)up + (luv)r (w(6)) (3.59)v ó uv

where ðx = ð/ èxv | ð?. = axã-l : t2 7 òx" )x und. T2 ,, .f "-fUXUX!ì:
Thus if T(x,y;r) satisfies

_'t(00 + M'01)T : 0



T^:1
i.l

0^T : -0,7u n -L n-l
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(3.63)

(3.64)

Relations (3.63) (3.64) can be solved using the method

of characteristics. consider the follov¡inq partial
differential equation.

oof ( x,yìr) = t(* * (x-'-y) u 
a*) t = g(x ,yi.r). (3.65)

The resulting characteristic equations are (in syrnnetric
form)

u
d,r = d(x-y) _ df 

-f- -,,*y)% = T' (3'66)

Thus the base characteristics are given by (integrating

the first of equations (3.66) )

(x-y) u = ou. o! = arbitrary constants. (3.61)

Integrating the outside equation in (3.66) along the path

given in (3.67) yields

T

f (y,x-y,r) - -i I ge,(x-y) l,o)do + cfY) (3.68)
0rr

where c: Rd * c is some arbitrary function. rf we require
that c is a meromorphic function rvhich is finite as x

tends to y and zero in the l-imit as r tends to zero I

then because of the form of its arg-ument ((x->t) /t) c

can onÌy be identically zero. Then
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_'i
I : U^ cl.- "0 Y (3.69)

\^/here the operator 0nl is defined by

,1
oo-h(x,y;r) - -i, ld{ h(w(E),y¡rE)

0 ^(w(E),YirE) (3.70)

Thus the solutÍon of (3.63) - (3.64) is given by

To : I ,r_,. : t-onfot)tTo (n > 0) (3.71)

Note that the operator 0t definecì in (3.58) depen<ls only
on the electromagnetic fierd Fuu and not on the potentiars
Au. Thus since uru is gauge invariant (i.e., invariant
under the transformation au(") -* Au(x) + aul(x) ; r, Rd _, R)

all the coefficients T' are crauge invariant. All of the
gauge structure is contai-ned in the factor J defined in
(3-55) - rf we replace au by lau+aur¡ = Au', then (3.55)

becomes

I
J' (x,y) = [dq (x-yl uo;, (w({)) + v(w(6))r

¡t-

1
= ldE (x-y)uA,, (w(€)) + v(w(6))

0t
I

+ la¿ tx-y)ua r(vr(6))
0u

= J + tÀ(x) _ À(y) l

so that we must replace K(x,y;r) by

(3 .7 2)
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K' (x,yì r) = Knexpt-iJ' -rT = exprri (À (y) - À (x) rK(x,y; r)
' (3.73)

Define 
"ån 

to be no' as defined in (3.4) with Au replaced by
Au' = Au + auÀ. Then straiqhtforward cafcuration shoivs that

nånn'(x,y;r):exp(iAÀ)K(x,y;-t), AÀ = À(y) -r(x) (3.74)

Thus if K(x,y;t) satisfies iax/¿t = HooK then K' satisfies

f #: exp(ilÀ) # = exp(t¡r)Êx = H,K, , (3.75)

so that our Schrödinger eguation j-s manifestllz qauge

covariant" Noting that the expression (3.51) for the exact
propogator for the constant and uniform electromag,netic
fiel-d is gÍven in terms of a convergent pov/er series in
the parameter M-f, we cornpare the first few terms up to

_')order t0(M') as M -+ *] of this series with the perturbation
series obtained aJ¡ove. From the perturbation series
for uniform fiel-d Fuv and zero potential (v(x) = V(x) = 0)

we obtain:

To:l-

Tt : h r (x-y) ut¡'2 lr, (x-v)'

1)-2.
T : 1'lo t t--lçz\-2 2 'l Zã Lr(r ) ' (3.79)

This agrees with the first three terms of the exact kerner_

obtained in the previous section. Though the two series

(3 .7 6)

(3.78)
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begin the same, they do not necessarily coincide througihout.
rn fact, perturbation series obtained in this manner often
diverge anc1. serve as onry asymototic approxirnations.
However, A. saksena (see iSAKSENAI) has outlined a rnethod

where by truncating the perturbation series after a finite
number of terms we can obtain an approximate kernel. The

evolution or;erator qenerateC by this kerner in turn c¡enerates

a v/ave function which approximates the exact wave function
')r

in the l-'(Rt) norm topoloqy. An error bound is determined
for this approxination and is shown to be of the same order
in inverse rnass (¡¿-l as M -+ -) as the first neglected term.
The followincI summarizes these results and applies thern to
the rel-ativistic system \,ve are consid.ering here.

3.3 The Approximate propagator

consid,er the perturbation series o]¡tai_ned above. The

approximate propagator is defined- by truncating the series
and multiplying by a smooth cut-off function ((x¿*or) (x_y))

so that the approximate propaoator has comapct support in
(x-y) - This is justified by the presence of the oscil_latory
factor Kn : exp(iM(x-y)2/.r) which apÐears in the series.
Irrhen the mass ltf is }arge this factor oscillates rapidly
except near x : y so that the val_ue of the wave function
at the point x shoul-d receive onJ-y verv small contribution
from the initial data at the poi-nt v if l"-yl is rarge.
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fof l-ows :

xo (x)

oU (x) :

('t
tI_i=l
lo

i"l <D D>0

otherwise

(.12- l* I 
2) 

)

x>t,

otherr,vise

(r-;x ,t)-t) t-r

Io

{on"*n eL2 /

(3 .7e )

( 3 . eo )

(xo*p¿) (x) = | dy xD (x-y) o, (v)dv . (3 . 81)

The above function has the fol_lowincr properties :

1o: (xo,t'on) is infinÍtelv continuously dif ferentiar:re
and has cornpact support

where t- > 0 and. k, = | l-d I o" exp(-L-)- x<l-

(xo*o¿) . clfndl

20 z The support of (

ball of radius D*Z and has

a spherical baII of radius

xD*a.p_) lies within a spherical-

the numerical value l- inside

D-T.

l" I < D-I-

l" I > D+.1

(xo*or) (x)
It
i

1

In

3o: The derivatives of (xo*on¡ are bounded and. their
support lÍes within a spherical shelt of inner radius D_x-
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(3.82)

(3.8.1)

vß (xo*p¿) (x) I 0 only if D-L = l"I . D+L

lloßtXo*p¿, ll"r,*u, = c(B,D,L) < æ

,o4-; For any inteqer n > 0 define

I

x,-, (x) = :ïi lot'(xo*o¿) I1r 
lgltt-t 1)

then *j o r,1 (nd-) n r--(Rd)

Define the approxirnate propagator as follows.

K*(x,yit) - (ro op) (x-v)i^Ior(*,y;r)

where

N
Il*(x,yir) = K'exp(-iJ) t-ttrr. (3.83)

n=(J

some straightfor,¡¡ard calculation reveals that KM(g) (here

\^/e cl-efine the shorthand notation a - (x,y;r)) satisfies
the foffowing inhomoqeneous partial d.ifferential equati_on.

/l(i ai - u)xo,(Q)

^.- (N+I) ^0 3
- M \!'i'rl$,tol + r Fi(a)

i=l Lri = \(0)

where
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{tol = xo (Q)exp(-iJ(Q) )rOrr*(o) :l (xo*on) (*-y) (3. Bs)

{ rol = (2M) -tr nl(*n*o I G-y¡ rvilN (e)

4 -l(a) = M-'f al{xo*or)(x-y) la}v*fol

{rol =iMflou(x) ax(xo*olG-v)]r^r]r(e) (3.88)

I^/ith the function= {rol ( j : 0,3) and \(o) associate
the operators Ç ana \, which are integral operators
with kernels {f Ol and \(a) respecrively.

r(or (x; t )

r\,ol (x; t )

= lay {rf",y;r)ó(y) O € r,2(nd) (3.8e)

(3.86)

(3.87)

= lav \(",v;r)ó(v) o e r,2(nd) (3.90)

Tf the potentials A!, v, v falr into the class of poten-
tials defined bel-ow, then we can find an upper ]¡ound on

)11the L-(R*) norm of the ì-mage under \, "t certain suffi-
cientry smooth vúave functions q , L2 (nd). This allows
the establishment of an upper bound on the error associated
with using the approximate propagator K*(x,y;r).

D¿Áinítíon 3.3: Fc-tn ínÍ.eq¿¿ N > 0 w¿ datl thaf. Í.ltz poterÍ.ía.[,¿

Au, v, v be!-ong Í.0 Í.h¿ cl-a-¿,s A(lJ) i()

Ll Au, v, v u cN(nd')

íi) t6on ct.Ll, mu.(.tí-índ¿x ß wíÍ.h lß I < N



I vßau I {x)

I vßv | {*)

< c- (À)
ll

< c (ß)v'

lal
= t-t'la, < N"A
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(3.e1)

(3.e2)

(3.e3)

= olt3la < æ

loßvl (*) < cv(o) = Llßlcu

D¿Áínítíott 3.4: Fo,7 {,r € r.2(nd)

<æ

de(ine, fhe ,,LotLm

A-t¿ocíated wiÍ.h .tiL.i.t irc',rLt]i i.t cL cotn¡t(e,Íe. Scba.(¿v LltcLco_ s'
givøn bq

sr, : {o , 12(Rd) , lllolll" < -}

For potentiars in the cfass A(N) the coefficient
function= Trr(xry;t) and their derívatives satisfv the

folfowinq bounds.

lllolll" = :lq l,r6ç, ll
IÞ r\n

lgI = sup
xeR

(3.e4)

Au, v, Y an¿ ín flt¿ c.(,a,s,s

c¡uctntifie-.t

TEMMA 3.5: L¿t n > 1 a"nd.,tu,ttltú^Ø

A(2N+n) . úJ¿ rlz(íne. /,: o l,!- ct

I guut

îi a
^¿L_ J=z+ t

z

w/_nq

L

,, , 2.\ ''tl
)

fh¿

rcì- ft_l¿\þ=o
íl r d-1

/ l"l ' | ,, ::, lvuu l2
\

(3.es)

(3.e6)

ííi) z

Tlt¿n lvßr I' x n'

"i-l' "1 r

lsl r 2c" ,Æ (k lx-y j

A

íí) À.
t_

= z(lx-yj,r)

(x,y; t) ,sa"Í.it {ict Íh¿ bctund

+n) +rkc I'v"



1oßr,rl . r9,"klß l rrzlßl r, *Ànk +c,r) J'"-tlnl

63.

(3.e7)

Proof" The proof for g': J (quu = l- for u = v and gru = 0

otherwise) anc- v = 0 is qiven in ISAKSEIIA; Lemrna 3.1-'1.

The generalization to g / r is achieved bv using the
inequalitv (3.99) in place of (3.98) below.

r*..,r = ld;t..t.tl - tril.yt = l.r *-rrl = l"llvl (3.98)
'l-:(J I

xÞy. = 1g..,*uyul .lsll"llyl- u '-uv (3.ee)

The proof f.or y l0 forl-orvs analoqously with the inductive
proof in IsAJ(sENAl except for the add_ed matrix structure
(which is accounted for by reinterpretation of the norms

involved.; see the append.ix on notation) and the addition
of the term y/2 to the operator 0t (which is accounted

for b1z the addition to (3.97 ) of the term invorvi_ng cu) . l-l

LEMI\trA 3 .6: L¿Í- 6 b¿ an a.nbifnanq d,- cymrron¿,t nuLti-índzx
and a.^^um¿ t.hat 0 e Sn+lo 

l+f . Funth¿n a.^^umQ. t.l,ta-t Av,

v' v b¿I-ona to Í.h¿'¡sot.ønf.ia!- cTa,só A(2Nr*n*lol+r¡ . Thert

¡¡vð{o ll < const - tð'/2-n-rrn- ð'/2

.. r i* llx,r* lo l+z ll1 lll o lllr,+ lo l+r (3. r00)

Fc;n i - 1r3, th¿ cctn.6Í.anÍ. abov¿ cl¿¡tznd,s on.[-q 0r,L D, L,

and Í.h¿ con^fcLnta õo, õu, õv.
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Proof . The proof is analog'ous to the proof in I_sAKSENA;

Lemma 3. 3 -l with Lem¡na 3.5 replacing ISAKSENA; Lemma 3 . r l. il

LEM1,4A 3 .7: L¿Í. ô b¿ a-n anbiÍ.zanq ð.-compon¿nt mu.(,Í.í-índ¿x

a-nd cL^^um¿ Í.hnÍ 0 € sa+lo 
¡. Funf.høn a^^un¿ Í.hat t.h¿ pctÍ.e,n-

fíq.(-¿ Au, v, Y bø(-ong flt¿ c.(-a¿,s A(2N+d+ lo Il . Th¿n

llou{o ll < const. Mo .N " + '¡r rr''" llxu* lo ¡ llr llto lll¿* ¡5 ¡ (3.I0r)

Proof. The proof is analogous to that in LSAKSENA;

Lernma 3.41 with Lerrma 3.5 replacing ISAKSENA; Lemma 3.rl-
AIso the factor exp(-iÀ(*i-yi)2) replaces the factor

i i.2.exp (+rÀ (x -y-) -) which appears in ISAKSE]JAI where gii - _I.

This is accounted for by repracing tSAKSENA; eouations
(3.66) - (3.69) I by their complex conjugates. tj

Define the approximate evolution operator uor(r) by

[u*(t)o,l (x) = /dy*x(x,y¡t)ô(y) , ô . r,2(nd) (3.r02)

For potentials in the cl_ass A(2N+2) tfre operators u*(r)
are bounded and strongly continuously differentiabl_e with
respect to t (see ISAKSENA; proposition 3.3.1) . This

combined with the smoothness and compact support of Kt,

is used to show (see TSAKSENA; equation 3.62))

tti fr-ntu.,(t)o,r(x) = layfi +-H^^tK^,(e) 0(y) (3.103)dr op |J
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where d/dr represents the strong d-erivative and à/ðr the
pointwise partial derivative. Thus tu*ó.1 satisfies the
fof l-owing abstract inhomogeneous equation.

ti * - HJuor(t)ö = nrO.

Now the following theorem LKREIN; Theorem 3.I, 3.3I con_

cerning the solution of such inhomogeneous equations can

be used to compare to the sol-ution of the correspond.incr

homogeneous equation.

THE0P-E1,4 3.8' r ú fh¿ ca-uchq p)Lobr-¿m (1on Í.lt¿ hctìn0g¿r1LQ.ouL

e-c¡uaf.io n

(3.r04)

(3.10s)

(3. 10 6 )

c1 i!
'=-- - lllùclT r € [0't] ,t, (O) = ö

í,s uni(onnl,tl eo¡tn¿cf and i() f (r) ha¿ a. continuúu^ rl_¿nívcttíve,

f.he,n lh¿ zquctÍ.ictn

${: o + r(r)

ha,¿ a. uníclue ,s o I_uf.ío n gív en b q

ú(t) : u(r)ó + I "(t)f 
(t)c1r.

0

Proof . See IKREIN; Theorem 3 . l, 3 . 3:] . LI

Now applying the above theorem yields

llruir) u*(t)roll : lli u(r)\r.loa.,ll
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T'¡, I llu(t)ll llçt')olld,'l lln*r.)olld, (3.r07)
0 I '' o 'u

Thus an apprication of Lemmas 3.6 and 3.7 gives rise to
the following proposition.

Pnopct¿íÍ.íon 3.9: D¿(1ínø lIl = Nr(l.i,d) = max(3N+d/2+l,2lq+d) ,

t{2 = N, (N,d) = max (N+ d/2 +1,d) Le,t ó e S* and a-^^uffi¿ flt¿

¡cof.øntíaLd Au, v, V bøtlctng to f.lt¿ c.(-ct¿¿ a(Nr) . Tlte-n

s c(¡,r,c¡,cv,cv) r-(N+t) ,t'l+l llxi, *, ll,lll0lllnLl2tL r tn2

(3.r08)

!Proof . See ISA-KSEI\TA; Theorem 3.f1.

Thus for sufficiently srnooth potentials and initiat
data the error associated. with the approximate evolution
operator t*(r) is of the same ord.er as the first neglected
term of the perturbation expansion.

3. 4 Relativistic Covariance

Define the functj-ons xl, pl, as folfows:

xi(x') = xo(x) x' : 1rx (3.109)

o i (x' ) = oU (x) x' = ./rx (3. It' )

Define the approxirnate propagator Kif , Rd * Rd x R -+ Ck"k

to be the function oirtained from K* defined in (3.82) -
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(3"83) by replacingr the functions Au, v, v (which clefine

K* through (3.53) - (3.59) and (3.71)) wirh the functions
.,I

Ar' , v', V' defined in (2.I7) - (2.Ig) ancl ]ry replacÍng
the functions xO and oU with XD, o,n respectively. Then

by an argiument analogious to the proof of proposition 2.6

\^/e coul-d show that KN and Kfi are related by

rf we define ur(t) to be the inteq'rar operator with kernel-

KÑ (analog'ously to (3.102)), rhen ufi(.r) and u*(.r) are

related by

ufr(t) =Su*(t)S-1.

Define the operator u'(t) as follows.

( 3. 111)

(3.rr2)

(3.113)

(3.114)

(3.11s)

u'(r) = Su(-r) S-f .

Then one can show that u' (-r) satisfies

Äi =: u'(r) = H' u'(t)dT

lim u' (r) : I
'¡ +0

Thus u'(r) is the unique evolution operator for the Cauchy

problem associated with the Hamiltonian H'. Then since
S is unitary:



where O' = Só. Thus the inequality (3.fOB) in proposition
3 - 9 is covariant in the sense that it is equivalent to
the inequality

lltç(r) u' (r) lö' ll

< c(D ,{-,õA,õrr,õu)"- (t't+t)rN+l 
iir.o, +r ll. jl :, llln¿ - t "2

(3.r18)
llote also that the,rfunction ( xo*o¿¡ satisf ies properties
ro and 40 of the function (xo*ou) ancl arso satisfies
properties 20 and 30 if D and Z are replaced bv D, an¿ Z,

where

llIu{-(t) u'(.r)]O'll : lltu*(t) u(r)14, ll

lll o' Ill* : lll o lllo,

D, = D(ln-rl + l¡lllz

L, = .(,(ln-l1 + l¡lllz.

This can be seen f rom the folrov¡inq argiument. suppose

^that x e R"- satisfies the inequalitv

ct.l*1.c2.

Then x' : Âx satisfies the inequality

68.

(3.116)

( 3 .117)

(3.lle)

(3.120)

(\t < l*r l ¿ (-r-1 t,' I - "2 (3.121)



69-

\.'/here Ci : cr/l n-f I and Ci = c, I n I .

Proof:

lr'l : ln'l = lnl l*l . ¡nlc, = ci

cr . l*l = ln-1*'l < In-tl l*'l
(3.121) foÌIows immediatety. n

By a similar arqument \^/e could al_so show that if
A!, vt V are in the class A(irl) , thenthe potentials Au',
v', V' are also in the cl-ass A(N). Thus we could obtain
(3.118) in exactly the same v/ay as we obtained (3.108)

if we replace XD, eL, Au, vt V with Xò, oþ, Au', v, , V'.
This d.emonstrates the relativistic covariance of the treat-
ment in this chapter. tJote that in makinq a Lorentz

transformation the sphericar syrnmetrv of the function
(XO*on¡ is lost since the function (xi"p¿¡ will not have

this symmetry in general. This is the only aspect of the

above analysis which is not completely covariant. Holvever,

it is only the properties lo 40 of the function which

are important in the analysis and since these properties

are preserved we need not be concerned about the loss of
this slrmmetry. rn fact, rather than specifyíng the function
(X,-.,*or) exactly, âs we have done, we coul-d- simply haveDL

defined it to l:e some arbitrarv member of the cfass of
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functions which satisfy properties lo 40. Since we

have an example of such a function, this class is not
empty and since properties ro 40 are preserved under

Lorentz transformatíon, our descriptÍon would then be

completely covariant.
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CHAPTER FOUR

APPLICATIO}TS

4.r Green's Functions for Scalar and S Inor Va1ued Fields
The Green's function G

scalar fiel_C is d.efined bv

Ã¿.. D- .- D'.1\^f\+
SC

the equation

C for a free

(n'*-¡12) c=c(x,y) : ô (x-y)

rvhere P-u = í¿/ax and p2 : pþpx. Usincrx U -- -x -x- 
U

sentation \^/e have

(4.Ì)

the momentum repre-

dk exp (iku (x-y) 
u)õsc (k) (4.2)= eÐ-4 Ic=" (x, y)

where õ (k) :
SC

R4 + f is given b¡¡

k2 ¡r2)-1 (lr2 =kþk)

so that G_ _ (x,y) can besc

c=" (x,y) : tznl-4 |

u

expressed formally as

d.k exp (iku (x-y) ) (k2-M2)-I
u

(4.3)

(4.4)

Expression (4.4), however, is not wel-l-defined untilf we

specify the way in which we go around the poles at k2 : M2.

This is related to the fact that the solution of (4.r) is
not unique in that we can add to G"" (x,y) any solution of
the homogeneous equation

(n'* - tut2)n (x,y) : o (4.s)
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and still o]:tain a sorution to (4.1) . A particular sol_ution

to (4-L) can be obtainec by specifving boundary conditions
on G-^(x,y) Here we shall_ consider the causal Green'ssc'
function which describes the casual relationship between

the processes of creation and annihilation of particles at
different space time points. The causal Green's functj_on

is qiven by (see IBOGI)

cc"(x,v) = o(xo-yo; D (x-y) - 0(yo-x")o*(x-y) (4.6)

whe::e

and

o+(x-y) = (zn) 3 I axexp(ikrr("-y) 
u) 

o(L2-¡,i2) o(ro) (4.8)

Here ô represents the Dirac delta function and- 0 the heaviside
function. D (*-y) and n+(x-y) are the negative and positive
frequency parts (respectively) of the paul_i-Jord.an function
rvhich is a solution to the homoqeneous ecJuation (4.5) .

Thus for "o , yo, 
"3.(x,y) 

j-s proportional_ to D (x-y)

which is the matrix elernent describing the creation of a

scal-ar particle at the space-time point y and its subse-

quent annihil-ation at the poi nt x. conversefv for yo , xo

C!"(x,y) is proportíona1 to n+(*-y) which correspond.s to
creation at x and" annihilation at y. The causal Green's

D- (x-y) = i(2n)3 | dk exp(iku(x-v). )ô (kt-r\r(-ko) (4.7)
ìi
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function can al-s¡ be specified by choosing the path of
integration which is consistent with regarding the square

of the mass M which appears in the d,enominator of its
rnomentum representation as containing an infinitesimal

negatÍve imaqinary part (see tBOG; p.f43l).

( 4.10 )

where P = iyuax. (The matrices yu are defined- in example

2-7 -) rt can be derived from that of the scarar field
by the fol-lowinq argument.

G=n(x,y) = .*l (F-¡t)-t lO'

c!" (x,v) = lim (2n) n 
J uo exp (iku (x-y) 

,, ) &2-(M2-i. ) )-lJ-U
e *.t)

= lim I ¿.t exp (iku (x-y) . ) k2-z)-I')-U
z¿C>(M',O ) tq.g)

The Green's function 
"=o{r,u, 

for a spinor valued field
L¿.(n' -+ Q') satisfies

(F*-l'l) G.o (*,y) : ð (x-y)

= .x I (F+M) (F+M) -L (p-t) -t lo,

= .x I (F+M) (p2-v2 ) 
-t io'

: (F+M) c=" (x, y) (4.11)

Tn the presence of an external el-ectromagnetic field with
potential Au rve rnust rnake the repl_acement
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(4. L2)

(4.rs)

(4.l-1)

in accordance rvith the prescription for minirnal interaction.
Then ti-re Green's functions for the scarar and spinor fields
are qiven by

G="(*,Y) : .xl (n2-lt2)-IlV,

-'r ,2 M.-r= (2M) -.xl(h-'=jl ly' (4.13)

G=o (x,y) : (,f +M) .x I (¡+M) -t (,ø-r)-t iu'

= (2M) t(¡f*t).*t tÉ - I " -'i M' -r 
'.xl\2fr - Z o.,-,,F'-" -;) ly' (4.j-4)

The matrices ouu are given in example 2.7. Now define
H andH assc sp

H = n2/2,
SC

H-^ = n27zy. - o.,.,Fr'/2 (4.16)sP uv '-

Substituting this into (4.I3) - (4.L4) vields

c-- (x,y) = (¡+M) (2M) 1.* 
I (s^^ Tl 

-t 
lvr . (4.18)SP'SP¿'

Now just as in the case aicove, with no electromagnetic
field rve get the causal Green's function= G!"(x,y) and
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Cln{x,V) by consicl.erinq the rnass M to be complex and then

taking the limit as it approaches the reaf axis from below.

õC /-- --\ r : -l , -1,c-c(x,y) : lim (2M) -.xl (Hsc-z) -lyt (4.r9)
M

z_, (;,0 )

ccn (x,v) : 
1** _ (2M) l'* I {H.o -z)- t lu' . ( 4.20)

z* (;,0 )

Itiote that H - and i{_* are two speciat cases of the Hamil-sc sp
tonian H definecl in (2.3). H=" corresponds to the case

v: V = 0 and H=O corresponds to the case v = 0, V__orrrlvr/z
(see example 2.7) . Thus we will- have the causal Green's

functions in (4.L9) - (4.20) above if we can find. a kernel
for the resolvent

_l
R(H,z) = (H-z) r (4.2r\

where H is as in (2.3). This resolvent can Jre refated to
the evolution operator u(z) associated with u as folfows.

0
R(H,z) --i la-, u(r)exp(ízr) rm.z <0. (4.22)

To see how this arises forrnalry consider the operator
HR(It,z).

0
HR(H,z) : -iH I a, u(t)exp(ízr)

0

- -i J_ dr Hu(r)exp(izr)



tJ _( - du(t)

0_
: / U.f# [u(t)exp(íz"t)i-:_zexp(izt)u(r) ]

: lu(r)exp(i=r))o_* + zR(H,z)

76.

(4.23)

since lm z < 0 and u(r) is a bounded operator for al-l r,
the lower limit in the first terrn does not contribute
and- we have

(rl-z) R(H,z) = u(0) = I ( ¿ )L\

since u(t) = exp(-iHt) is a function of H it commutes with
H anc thus so does R(H,z) from (4.22). Thus we also have

R(H,z) (U-z¡ = I (4.25)

so that R(H,z) = (H-z)-1. Thus the kernel of the resol-vent

is given by

0
.xlR(H,z) ly' - -i I a, exp(izt) <xlu(r) ly'

0

- -i J* dt exp ( ízr)K(x,v; r ) ( 4.26)

Now consider the expansion for K(x,y;r) obtained in chapter
Three.

K(x,y;r)=K^exp(-J) r (oãtnl)tro, T0=r. (4.27)- {J 
n=o



7-7

From the form of 0;1 and. 0. it can be seen that theU1
coef ficients Tr, (x ,y i r ) must be polynomial_s in r of dec¡ree

3n, Then we can write

N3N
t-ttr-.,(xry;r) = L ,*n.,(x,y;M) (4.2g)

n=0 rr m:o li

where

m_m
tr*(x,yiM) =.,¡.0 u-nr.fftl Tr.,(x,yi-r)1.=0. (4.2g)

Define the functions Ç and Jn as fo_.t_l_ows.

t
; = l(x,y) = J ae v(w(q))

0

1
Jo = Jo (x,Y) = lo ut(x-v) uau (w (E) )

Recall ru(6) = y + 6(x-y) . Then J: tO+ü and

.xlnEl,z¡ly> = t2 æ

= 
;J 

exP(-i"o(x,y), 
*ln 

P*(x,y;14)

oi-m-2M)-x ) dt t-" .-exp(i 
Zf (*-y)' + i(z-v(x,y) )r)

(4. 30 )

(4- 31)

K(x,y;r) = K0 (x,y¡ r)exp(-iJo (x,y) )exp(-i;(x,y) )

,. ; r%*(x,y;¡.r) (4.32)
n=0

Now substituting (4.32) into (4.28) we arrive at an expan_

sion for the Green's function
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= exp (-iJO (x,y) ) ¡^ e*(x,y;M)
m=tl

_.m,cL.(d") Gn(xtyìz-v(x,y) ) (4.33)

where GO(x,yìz) is the free Green's function

Go(x,y;z) = .xl(nn-r)-f ¡vt ; (Hn = pilp 
v/2M)

: + j u. -t-2 exp (-i * ("-y) 2 + i=,) (4.34A)
4r- 0

M2 ?rurr 1= - .-Z G+) Kr(-itTxzy) (4.34F,)
4r' a

where À = (x-y)2 and K, is the modified Bessel function.-a
As we 1et z -+ (tr,/2,0 ) , this crives us the f amiriar f ree

causal- Green's function for the scalar field.

c!" (x,¡z) : (2M)- t tJ* _ Gn (x ,yiz)
z-(ï,0 )

iM= - --+- o (- r) K. (M,Æt ) r'Fx r

M 
o ( À) tJr (¡1/T ) - ilJ (M,rt )l ô ( À)

8n /). -L

(4.3s)
The term 6(x)/4r results frorn regularization (see Icnl;
chapter 3] ) of the Green's function and- has support on

the surface of the l-ight cone. The above derivatj-ves of
Gn (x ty i z) are oiven by



m
/u\\a") b0 (xtYìz)

m-l -L(-f ) "' - .Mr. 2
I 'ì 11

^ 2 ' 2zt ttm- 
]-z'tf

79

I¿I JOI

and for large s € c (see TARFKEN; p

(-í /2 ),Mz )

.s171)

Kv(s)

so that for large

K .(-ilTltm- -L

positive z

. '-i -'"

-> 
tll'rxzl

z->Ø
r le*p

I

l"*o

(í/^z) ¡ À > 0

t /----l-- ,1-r'-xz); À < 0

so that each terrn of the Green's function expansion is
oscil-latory in the time like reqion À > 0 while it decays

exponentially in the space like recrion À < 0 (outside

the light cone) where the points x and y are such that
they cannot be connected by a light signal. This is
consistent with the concept of causalitv in special theory
of relativity where we would expect no (or very l-ittre)
space l-ike correl-ations. Also note that if z is rarge

and negiative the Green's function decays exponentiarly
in the tíme like region instead. The folror^¿ing section
will examine this J¡ehaviour by projecting the evorution
operator u(r) onto states with a particular rnass spectrum.

4.2 Causalitll and the Mass Spectrum

Assume that the ooerator H d_efíned in Chapter two

is self adjoint. Then by the spectral theorem we can
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define the following operator

/ \ .-æ

u..('r) = / ¿ur x(k)exp(-ikr) (4.37)x __

where {n,- } is the spectral famity of projections associatedK

with H and X(k) : R -+ R is a smooth bounded function which

represents the mass spectrum \^/e wish to project the

evofution u(t) : exp(-iHr) onto. The support of this
function rvill determine the causar behaviour of the evo-

l-ution- Typically x(k) wif t be cut off smoothly above

some k: ô > 0 and have some ct_ecay as k -+ æ. We require
that the Fourier transtorm i(L) fatr off faster than
. - (¡l+2 )À '-' where N is the number of terms used in the asymp-

totÍc expansion of u(t) (see Chapter three). This will be

necessary in order to bound the error in the expansion of
u..(t). For example, \^re could take X(k) to be a Schwartzx - zr'--'

space function of rapid decav.

Pnopo¿ítíctn 4.1:

a-^ {1o.Ll,ow,s

Dødínz tlt¿ r¿uncÍ.ít, 
^#, 

Rd ,. Rd ' R *Ck*k

xfr{x,yìr) = - + exp(-iJ(x,y) ) 1^1"-(x,y;M)
m=tJ

*æx (xD p ù (*-y)'f dk rmtcfi{x ,yìk) -l (i #,*rx(k)exp(-ikt) l
(4.38)

wh¿n¿ (xn*p¿), J I P*, Go a-LL cle-t¿ín¿d ín Clta.pføn,s Í.h¡t¿¿



z-nd (outt a"nd G,., (x,y,ìk) í¿ given bU

cfr{x,Y;k) = ,*åî-, "; 
(x,y¡z) k e R. (4.3e)

Dø(1íne. Í.h¿ o¡tzttaÍ.oa. ñfrtrl brj

ñ$r.lo (x) : /avKN(x,y;r)ó(y) o. r_2(nd) (4.40)

A¿¿ um¿ Í.h¿ dunctío n x (i< ) ha¿ compact t up¡to'tt and ,5 cttí.s (1íø,s

-t- o

c. = (Tl I ¿rirr) lr¡r{-j . æ
JI

-æ

alr -

(4.4L)

u

when¿ itll í,s Í.lt¿ {loutti¿n t¡ta_n¿(ctnm o{ x(k¡
-*ø

irrl : (Zn¡-v' / arexp(-ikÀ) x(k) (4.42)

Th¿n Í.h¿ opønafon r,(.) ,saÍi,sdiød

u* (tl : ñ$trl + e*(t) (4.43)

wl,t¿n¿ e or(-r) .c.a d, damíLq o( opøttaÍ.on.6 0n r,2 (nd) whích .taÍ.í,s dq

ll.N(r)óll < (consranr)M (N+1) lllolll^, i .. l.lj (4.44)
'u2 j=o J

óon 0 e tor, a,nd Au, v, V ín tlt¿ c!-a¿,s a(Nt ) (¿¿¿ pno¡co,síf.íon

3.9 (son dzdínítíon 06 NI ancl Nr) .

Proof: See Section 4.3.

Now since Gn (x ,y,ìk) is causal (i.e. , d.ecavs exponen_

tially in the spece like reqion) for k > 0 and anticausal
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(i-e., decays exponentiarly in the time rike region) for
k < 0 we see tha'l (up to the order of the error term e (t))
if x (k) has support only where k > 0 the projected
evolution u*(t) is causal. Also if X(k) has support
only where k < 0 then the evoluti-on is anitcausal.

4.3 Proof of proposition 4.L

LEMI\4A 4-Z' Iú Í.he {1unctíon f .tcttí,sr¿íel

i r(t)dt < æ

0

t.h¿n

Iiq / "*p(-et)dt = I ttr)dr.
e*0'0 C

Proof: See ITfTCHMARCH, p.261.

LEMMA 4.3- I6 f.ttø (uncÍ.ion f ,sctÍ.í,s(1ie,s

I ttr)dt < @ o-nd. f tt-r) dr < æoó
Ln¿n

{æ {øtim / "*p(-ultllrttldr = í ttt)dt.
c->(J' -æ -æ

Proof:

fææ

J ttt)dr: I rtttl + f (-r) ldr
-@ 0

I

= lim, i exp (-e t) t f (t) + f (-t) tdr
e *0t o
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fæ: Ii*, I ttr)exp(-e ltllat.
i ¡->0Ì -*

I

LEMMA 4.4:

fæ {æ
lim / ¿rexp(-ulÀl)t(.-r) : ti*, / ¿rexp(-. IÀl)f(À)€+U -æ €*0- _-

Proof:

L.H.S. : litL /Al,exp(-e À) f-(:--^)+ ldÀexp(e À)f(r-À)
e-'0' 0 --

: l-im
I

€-t0'

0

I ao exp(-e(t-o))f(o)

+ /aoexp(-e(o-t))f(o)
0

0(-
./ doexp(eo)f(o)

+ / ao exp (-eo) f (o)
0

fæ: ti*, I ao exp(-ulol)r(o)
e -+0- --

LEMMA 4 .5 : L¿f I(O (x ,y i r) and c[ {x ,y ìk) b¿ a-^ d.zdined-

¡tn-zvío u,s.l,q . Th¿n

{æ

l;1 l*uo exp(-'I o | )"*p(iko) otoo (x'v;o)

: 1im
e-r0*

-n: - 4r"r (-i ftl rmt c; (x,y ¡k) I .
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Proof:

L.H.s. = (-i #,".l,rr1 l-uo exp(-.lol)exp(iko)Kn(x,y;o)

Let o : -o, t"|do [......t and use -^jt"l : K0(-o). Then
0

comparing to (4.34A) and the definition of KO(x,y;.) \^/e

get the desired result. t

PROPOSTTTON 4 .1 :

Proof:

-L 
*æ

x(k) = (2n) '2 i ¿r exp(ikÀ);(À)

,*-: (zn¡-z riq I axexp(ikt)exp(-elrllitrl. (4.4s)
. -ro * -'-

Substitute (4.45 ) into (4.38) .

-t- 
*æ {æ

u*(t) = (2Ð -2' / dEi. tiT* I ax exp(-e jr l)exp(ik(t_r) )it.)
-æ -- 

e +0t -æ
(4.46)

rnterchanging the spectral integral with the integration
over À and with the limiting process ( e * 0+) gives

-r *ø *øu (t) = (2n)-z 1i*, I a^exp(-.lr¡)x(r) ldEoexp(-it<1r-À))x €oo* -]-

-L 
{æ

= (2Tt)'2 ti*, J arexp(-. lrl)x(À)u(t-À) (4.47)
o -ro* l*

Substitute the asymptotic expansion for u(r) " Let
î^a
z t *l),

Q € L (}( ) .
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+ [E,, ( o) ó ](x) (4.48)

where

(4.4e)

Ar.(xry;M) = exp(-i.r(x,y)) (xD or) (x-v)prr(x,yiM) (4.50)

Then we have

tu(o) ôl(x) = lavo(vl {xnrot å 
o'o' 1*,o,r) 

}

x(À)tu*(t) ól(x) : (2il-'< tiq ïu^exp(-ulÀl)
e*0* -'-

tlI
' I / ¿v Þ (v) xn (x,y;.- À) r\ n=o

r3N
= te (r)Q-'l(x) + ldvo(v) { r- \n=o

-L 
*æx (2r,) -2 1íT- I ax exP (_ e

e+U' -æ

" K0 (xry;.-^, 
)

(t-À)nArr(x,y)

(5.41)

+ [Eor(t-À) Ol(x)

\ (*'Y)

lrtli(r) (r-r)n

where

e o,(r) = (2rr)-' 
-1:^t J- u^ exp(-e lÀi)ï11)Ei,r(t-À) ( 4.sz)
c-+O' -æ

Norv substiture itrl = (2n)-\ ïUOexp(ikÀ)x(k)
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r 3¡Itur(t)ol,"l =[e.,(t)ol(x) + I av o{vl {i'' arr(x,y)
In=o

* (2il)-l tim. ïu^exp(-.1Àl)e*o* --

rnterchange the integration over k with the integration
over À and the limitinq process. Then

-r *æ
x (2 il) . I d.k exp (_ikr ) x (k)

{ø
" lll I a^ exp(-u I À I )exp(ik(t-À) )e->U' -æ

" (t-l)nK^ (xry¡.-À)J .u)

liJow applying Lemma 4.4 v/e get

* (2r)-1 ï uo exp (-ikr ) x (k)

*o. 
.t_t1 _/_ 

dÀ exp(-e lr l)exp(ii<.r)rnxo (x,y;^,1 .

liov,¡ anplyino Lemma 4. 5 we get

*ø
" J* dk x (k)exp(-ikr) (t-r)nKo (x'v;t-^) ) 'vJ

lur(r)O](x) =[.N(r)ql(x) + I av O(y){1N A,.,(x,y)
ln:0

tu* (r) ól (x) : Ie o,(r) d,.] (x) + I av ó (y) 
{ ï ,, 

(*' Y)



tur(t)ót (x) = [en,(t) ol (x) ,# I uo o(y) {1N a,.,(x,y)
'n=u

*æ-rn

"J* dk exp(-ikr) x(k) (-i Sl"trrcfrtx ,yìk,r) .

Now si-nce x (k) has compact support we can integrate by
parts n times (dropping surface terrns ) to get

tu*(r)ol (x) : Ie ,',(-r)ól (x) T I dy 4,(y) {1N A,r(x,y)
'n=U

" I dk rrnl cfr (x,y;k) ] (t #ltr"*o (-ik.r i x f rl r]

ô?Õt-

(4.53)

(4.s4)

so that by (4.39)

r*(rl : ñ$t.l + en.,(t)

Error Borund:

er(r) = (2n¡=Li.î dÀi(r)e^,(t-À)
L\

-æ

From Chapter three we have for ó e ,*,

llnw(o)oil < const. M (N+r¡ 
lol*=1 lllolllo,, (4.ss)

Thus we have

ll.u(.) o ll < (2Ð-ri 
.î 

dr lx (r) I IiEN(,-À)4, ll

< (consr.)¡l-(Ir+1) lllolll^, 
.î 

dÀ iril lr-ÀlNI'j .)
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< (const. ) M (N+1) 
lll ó lll^, i" rîl t., lj 

.i 
ir rl ¡ À lN- 

j
N2 j=0 f :*

= (consr.)r"r-(N+1) lliolll*r 
rir.j l.lj < @. ¡
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CONCLUSTONS

Though the exact propagator for svsterns such as the
one considered here is difficult to obtain, it provides
gtood g'eometricar insight into the space-tirne structure
of the evolution- For this reason there is considerable
advantaqe j-n having an approximate propagator which,
though it does not give the exact evorution, approximates
ít in a controrred manner and contai-ns much of the infor_
mation necessary to provide thÍs insight. The method
used here, and in tSAKSENAI, provides a relativery straight_
forward way to determine this apÞroxímation and has the
advantag'e that it need. onJ-y consider the region near the
diagonal (x = y) of the propagator K(x,y;r) because of
rapid oscirr-ation and canceftations far off the diagonar.
The propagator provicles a good check of the consistency
of the evor-ution theory with the concept of refativistic
causali-ty in that it provides a crear and expricit description
of correfations between space-time points. The question
of causality is more difficult to ask at the r-ever of wave
functions, for example, since there is no obvious way to
separate the space-time manifold into tirne-1ike and
space-like regions as there is in the case of the propagator.
The standard i-nterpretation of the reratívistic Hamir-toni_an
used here is that it is rerated- to the mass of the particles
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in guestion. The Kl_ein-Gordon eguation il= the quantum
anolog of the classicaf relation p2 : 

^2 and can be
interpreted as fixing the mass of the particle at a parti-
cular value or on mass sher-r. rn chapter four the system
is all0wed to have a range of nasses with associated
probabilities determined by the spectrum X (k) . The free
propagator Ko (x,y;.) does not exhi.bit causar behaviour
in that it has su.bstantial space-rike correlation. This
might be vi-ewed as a fairure of consistencv of the proper
time evol-ution theory; however, section 4.2 shows that the
evol-ution is indeed causar for states which have strÍctly
positive mass spectra. This provides sone insight into
the nature of the spectrum of the Hamiltonian as werl
as answering the question of consistency with relativistic
causality- The use of the asymptotic expansion for the
propogator allows us to make similar statements about
interacting systems without having to sorve the evorution
problem exactly- This is of consicìerabr-e advantage since
exact solutions for interactinq systerns are elusive.
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)

A DDEAAI|ìT V IL\:- L UL'IULZ! i

NOTATTON

1" Summation Convention

a) I{here greek indices are repeated they are summed

from 0 to d-1"

b) With each contravariant vector (e.g., au) is
associated a covariant vector (ru) denoted by the same

symbol (a) with the upper index replaced by a rower index
of the same greek letter. These are related by

a=gu.uu " uv

where 9.... are the components of the metric tensor defined-uv

in c) below"

where rn and d are positlve integers and rn < d.

2. Norms

The symbot I'I denotes either the eucridean norm of
a cornplex vector or rnatrix or the norm of a multi-Índex
(see this appendix) .

_,da) rf x e C"., then l" I "i "r=1

c) l*r u = v = o,m-l
I

-1.9rru=1-r u=v=mrd-f
I

I o othenvise



q)

where d > 1 is an integer and'*rr denotes conplex conju-
gation.

b) rf A u ck*k, rhen lel = sup f4Il
*'ck I"l

3. Multi-rndex

The syr.ù:ol vß, where ß - (ut,u2,...,8n) and ßi are

all positive integers (i : lrn), denotes the partial
derivative

vß - an/t(axI)ßt(u*2)B laxn) utr

ß is cafled a multi-ind.ex and the norm lß I is defined by

nj
lsl = r ß'.

i:1

4. Sets of Functions

a) Cn d-enotes the class of functions which are n

times continuously differentiable.

b) cl{nd,ck) denotes the set of functions which map

Rd into Ck and which are infinitely continuousllz differen-
tiabl-e and have compact support. The svmbols C; and

ærl
c0 (R*) are sometimes used where the domain and/or range

of the functions can be understood from the context in
which they appear.

c) r-2(nd,ck) denotes the Hilbert space of functions
which map Rd into ck and which are square integrable in
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the sens 3 that

f: Rd o Ck € L2(Rd,ck)

-L

Jaxt'(x) f(x) < æ

where f+(*) denotes the complex conjugate transpose. The
_2 ? åsymbols L- and L'(R*) are al_so used where their meaníng

can be understood from the context in which they are used.

5. Dirac Notation

a) If f and s are elements of the Hitbert space

r-2 (nd,ck) and A is an operator defined on that Hilbert

space, then the symbol .f Ielgt denotes the j_nner product

.f lAlg'= (f,Ag)

where ( , ) is the inner product associated with the

Hilbert space.

b) If the or¡erator A can be expressed as an integral

operator

A+ (x) : / ¿y a(x,y) o (y)

where ó c r.2(nd,ck) and A(x,y) maps Rd * Rd into ck"k,

then the kernel A(x,y) is sometimes denoted by

.xlAly' = e(x,y)
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