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Abstract

Anderson localization, where quenched disorder leads to the localization of single-
particle wave functions, has been studied extensively. However, the effect of inter-
action and non-random potentials on many-body localization (MBL) has gained at-
tention recently. We investigate the dynamics of the interacting Aubry-André model
to assess the stability of the many-body localized (MBL) phase. Our motivation
to consider the Aubry—André potential as the disorder potential is to eliminate the
avalanche mechanism, which often destabilizes MBL in systems with quenched dis-
order. We analyze the time evolution and the system-size scaling across a range of
disorder strengths for the entanglement entropy, number entropy, and the Hartley
number entropy. In the non-interacting case, our results confirm an Anderson lo-
calization transition at a critical disorder strength D. = 2, which is consistent with
earlier studies. However, when interactions are introduced, the number entropy ap-
pears to grow unboundedly as Sy ~ Inlnt in the thermodynamic limit, even for
large disorder. Meanwhile, the entanglement entropy grows logarithmically, S ~ Int,
and both entropies saturate in a correlated manner at finite times t4 ~ e/, These
findings suggest that using a quasiperiodic potential to remove the avalanche mech-
anism does not stabilize true MBL behavior. Instead, the long-time dynamics are
qualitatively similar to those found in systems with random disorder. In this thesis,
we first introduce the fundamental concepts of thermalization, quantum quench, and
symmetry-resolved entropies, then provide a study of localization, specifically in the
Aubry-André model. Finally, we place our numerical results in the broader context

of the current debate on the stability of many-body localized phases.
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Chapter 1
Introduction

In quantum statistical mechanics, one important question we are interested in is
understanding how and when subsystems of an isolated quantum many-body system
reach thermal equilibrium. Closed systems that are initialized far from equilibrium
are generally expected to undergo thermalization in the sense that their subsystems
will behave as if they are in contact with a thermal bath, while the closed system as
a whole will remain in a pure state. Statistical mechanics then emerges from unitary
quantum evolution and a subsequent partial trace, and the memory of the initial state
is lost. However, not all quantum systems follow this expectation. Integrable systems
are one of these exceptions, and they fail to fully erase the memory of initial states.
Another exception is the phenomenon of localization that we are interested in. Lo-
calization, where quantum transport stops and the system avoids thermalizing, was
first introduced in 1958 by Anderson [1], who demonstrated that interference effects
in disordered systems can prevent single-particle wavefunctions from spreading across
the system. This is known as Anderson localization (AL) and results in the complete
suppression of transport, formation of spatially localized eigenstates, and the absence
of diffusion in non-interacting systems. It was believed that introducing interactions
to the system would restore ergodicity by dephasing and thermal fluctuations. Then,
in 2006, Basko, Aleiner, and Altshuler argued otherwise [2]. They expressed that
many-body eigenstates could remain localized even in the presence of interactions.
This gave rise to the concept of many-body localization (MBL), representing a break-

down of thermalization in interacting systems.

In the MBL phase after a quantum quench, a sudden change in the Hamiltonian of



the system, the system follows unitary time evolution, and unlike ergodic systems, it
retains the memory of the initial state and exhibits logarithmic entanglement growth,
S(t) ~ Int, rather than the linear growth of thermalizing phases. In the system with
conserved number of particles, number entropy, which captures the growth of particle-
number fluctuations between subsystems, is another observable and in the localized
phase it is expected to saturate quickly as the particles are confined to local regions.
However, recent numerical studies by Kiefer-Emmanouilidis and Sirker et al. [3],
demonstrated otherwise. Their findings show that number entropy continues to grow
slowly in time, following a double-logarithmic scaling Sy ~ Inlnt, and questioning
the stability of MBL in line with concerns previously expressed by Suntajs et al. [4]
in 2019. This existing growth raises the question whether there is a specific type
of potential disorder for which the MBL phase truly supports fully frozen particle
transport. In systems with random potentials, rare regions where the potential varies
slowly can form locally ergodic subsystems. These regions can eventually thermalize
their surroundings in a process known as the avalanche mechanism and destabilize
the MBL phase in the thermodynamic limit [5].

Quasiperiodic disorders have gained attention in recent studies since these models
prevent producing rare region fluctuations and avalanche mechanisms. The Aubry-
André (AA) potential has been used as a quasiperiodic disorder in experiments to
observe MBL in interacting ultracold atomic systems [6], and has been claimed to
show more stability of MBL compared to the random potential case in numerical
studies [7]. Our findings show that while in the absence of interaction, the AA model
experiences Anderson localization with a sharp transition at a critical disorder, a sys-
tem with interaction shows correlated von Neumann and number entropies behavior,
consistent with previous results in random systems. Even by our choice of the model
and the absence of avalanches, we observed that the number and Hartley number
entropies grow slowly in time. This indicates that the many-body system, even in a
quasiperiodic potential, seems to not exhibit true localization. The scaling behaviors
we extract closely match previous studies, suggesting that quasiperiodicity does not
fundamentally change the long-time dynamics. This thesis is organized as follows: In
Ch. 2, we focus on thermalization in quantum systems and introduce essential con-
cepts such as quantum quenches and symmetry-resolved entropies, which are the basis
for analyzing non-equilibrium dynamics. In Ch. 3, we explore the transition from

diffusion to localization, starting with Anderson localization and scaling theory, then



introducing many-body localization with various diagnostic tools, including entangle-
ment entropy and number entropy. Ch. 4 introduces the model and methodology
used in this study and discusses numerical techniques such as exact diagonalization
and Trotter-Suzuki decomposition. In Ch. 5 we present our main results, including
the time evolution of different entropies under different disorder strengths, and con-
trasts between interacting and non-interacting systems. Finally, Ch. 6 summarizes
our findings and discusses their implications in the ongoing debate about the stability

of the MBL phase in the thermodynamic limit.



Chapter 2

Thermalization in Quantum

Systems

Thermalization is a fundamental concept in the research of many-body quantum
dynamics. One of the main open questions is: How do isolated quantum systems
develop toward thermal equilibrium? [8] Or in other words, how does a closed quan-
tum system reach a state where the expectation values of local observables resemble
those of a thermal ensemble? While for classical systems, thermalization is very well
understood within the statistical mechanics framework, marked by a uniform tem-
perature and other macroscopic features achieved through ergodicity, it remains an
interesting challenge for quantum systems due to the interplay between the unitary
nature of their time evolution and the entanglement [9, 10, 11]. A quantum system in
thermal equilibrium is fully specified by a few parameters, such as temperature and
chemical potential, each of which corresponds to an extensive conserved quantity [12].
This would imply that thermalization is accompanied by losing the system’s memory
about its initial state. However, unitary time evolution cannot erase this informa-
tion, and in a closed system, all quantum information about the initial state is always
preserved [8]. In these quantum systems, the existence of entanglement in quantum
states makes the thermalization process different. Spreading quantum entanglement
renders information about the initial state locally inaccessible and requires global

measurements [13].

Quantum thermalization finds its grounds in the quantum ergodic theorem by von

Neumann which states that a generic quantum system explores all its accessible states
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within the same energy shell uniformly in time [14]. This theorem connects quantum
mechanics and statistical mechanics by explaining how quantum systems approach
thermal equilibrium. It points out the connection between time averages and ensemble
averages. The long-time average of an observable in an ergodic closed quantum system
mirrors its value predicted by a microcanonical ensemble. This insight provides a
statistical interpretation of quantum dynamics and explains how thermal equilibrium
emerges without requiring external reservoirs. Since von Neumann’s foundational
work, the field has been considerably influenced by developments in quantum chaos,

which is beyond the scope of this thesis.
The formulation of the Eigenstate Thermalization Hypothesis (ETH) is arguably

one of the significant advances in understanding quantum thermalization [9, 8]. How-
ever, ETH is not applicable to all systems and its validity remains an open question.
Alternative methodologies for comprehending thermalization do not depend on ETH
and focus on the role of conserved quantities and subsystem interactions in deter-
mining thermal behavior. These methods emphasize the significance of locality and
conserved charges in ascertaining thermal behavior [15, 16]. Comprehending ther-
malization in quantum systems holds potential applications in the advancement of
quantum memory and quantum information processing, particularly for the preserva-
tion of information over extended durations [8]. This section examines the mechanism
of quantum thermalization, quantum quench, and the criteria that determine whether

quantum systems may thermalize.

2.1 Fundamentals of Quantum Thermalization

To begin, it is necessary to distinguish between two types of quantum states,
known as pure and mized. Pure states, described by wavefunctions [¢), a vector in a
Hilbert space H, capture the complete quantum mechanical description of a system
at a given time. These states are critical for characterizing isolated quantum systems
where interactions with an external environment are absent. Unlike pure states,
mixed states, described by density matrices p, include the possibility of a statistical
mixture of quantum states due to the uncertainty in the state of the system induced by
interactions with the environment. Mixed states often represent systems in thermal

equilibrium, known as a thermal ensemble [9]. In this state, the subsystem attains
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maximum of entropy. The density matrix for a mixed state is represented as
p=">> pilt) (W,
i

where p; denotes the probability linked to the pure states |v¢;), according to the
stipulated requirements ) ©. p; = 1. It is important to recognize that a density matrix

can be defined even for a system in a pure state
p= 1)

This is especially pertinent when examining subsystems of a larger isolated sys-
tem. In contrast to the real world, quantum mechanics often assumes that systems are
closed or isolated, lacking interaction with an external environment. Consequently,
the overall state of the system remains pure throughout its temporal evolution [9].
We might once again inquire: how does an isolated quantum system achieve thermal-
ization while its overall state remains pure? The state of a subsystem typically seems
mixed because of its entanglement with the remainder of the system [8]. The sub-
system’s mixed state can attain thermal equilibrium, resulting in its thermalization
[10]. The process of thermalization in a quantum system fundamentally represents
the redistribution of quantum correlations among various components of the system,
resulting in memory loss within local observables in subsystems and eventually a state

of equilibrium [11]. This arises from quantum entanglement[17].

The density matrix formalism offers a concise method for computing expectation
values of quantum observables [18]. The expectation value of an observable O in the

state described by the density matrix p is expressed as

A

(0) = Tx(p0), (2.1)

where Tr signifies the trace, or the summation of the diagonal elements in the resultant
matrix. This approach emphasizes the significance of density matrices in representing
statistical mixtures, especially in isolated systems, where pure states inadequately

reflect thermodynamic behavior [18].

In the case of an isolated quantum system, where the external potential is constant,

we introduce the Hamiltonian, H , a Hermitian operator that represents the total



energy of the system [10] and the Schrodinger equation that delineates how a quantum

state changes over time [11]

L d 3
i () = HID(0). 22)

Here, /i denotes the reduced Planck constant, and [¢)(t)) represents the quantum
state at time t. This equation describes how the state evolves in time due to the
Hamiltonian H. The unitary evolution of states implies the conservation of energy
if H is time independent [9]. The concept of unitary time evolution requires a uni-
tary transformation that the evolution of a quantum system in time is governed by.

Mathematically, given a quantum state [¢)(¢)), its time evolution is given by

[(t)) = Ut to) 1 (to)), (2.3)

where U (t,to) is the time evolution operator. The unitary nature of this operator
ensures the conservation of probability. Unitary evolution preserves all initial in-
formation which presents a contradiction with what we mentioned earlier: thermal
equilibrium in a quantum system suggests that the system has lost memory of its
initial state. However, the paradox is resolved through decoherence which means
that the initial state’s local properties are not erased but become hidden within the
system’s entanglement structure. As entanglement spreads, retrieving the initial in-
formation requires measuring global operators, making it practically inaccessible [13].
This process results in the thermal behavior in subsystems while the overall system’s

information has remained the same.

We consider our closed system partitioned into two, a subsystem A and its en-
vironment B. As the system thermalizes, subsystem A appears to be in thermal
equilibrium with the rest of the system acting as a reservoir. To examine the local
observables and entanglement within the subsystem, calculating the reduced form of
the density matrix can be beneficial. The Hilbert space of this combined system, H,
can be obtained by the tensor product of the Hilbert spaces of A and B, H = HAQHp.
An arbitrary state of this system, |1)) € H, can be expressed as a superposition of

basis states from H 4 and Hp

) = cijli)ali) s, (2.4)

,J



where |i) 4 and |j)p are basis states of subsystems A and B, respectively, and ¢;; are
complex coefficients. To obtain the reduced density matrix of subsystem A, pa, one
must trace out the degrees of freedom of subsystem B from the density matrix of the

complete system p,

pa = Trp(p), (2.5)

where Trp represents the partial trace over subsystem B. p = |¢)(¢] is the density

matrix of the whole system. Then

pa = Trp([0) () = 3" cucslitalila (2.6)

?]?
Additionally, an observable O4 in subsystem A is represented by a Hermitian operator
acting on H 4 and the expectation value of O.4 in the state |1} can be calculated using

pa as follows

(O4) = Tr(Oap) = Tra(Oapa), (2.7)
where Tr, denotes the trace over subsystem A.

In quantum systems, the von Neumann entropy, defined as S(p) = —T'r(plog p),
serves as a measure of entanglement when applied to the reduced density matrix of a
subsystem. For a system in a pure state p = |U)(¥|, S(p) = 0, but for a subsystem,
it quantifies the non-local correlation between the subsystem and the rest of the
system [19]. Here, the reduced density matrix is key to understanding entanglement
phenomena [20]. The von Neumann entropy of subsystem A, S(pa) = —Tr(palogpa),
measures the entanglement between subsystems A and B, and S(p4) is maximal when
the state is maximally entangled [21]. This concept is very crucial to our research
topic and will be fully reviewed in the next chapter. Another aspect of quantum
systems that needs attention is the existence of conservation laws. Conservation
laws, including energy conservation and particle number conservation, restrict the
dynamics of the system and determine whether the system thermalizes or not [10].
Energy conservation arises from the time independence of the Hamiltonian. Thus, in
the context of closed quantum systems, this implies that the expectation value of the

Hamiltonian remains the same over time.



d -

—(H) = 0. 2.8

) (28)
We also often have a conservation of the particle number in many quantum systems.
The particle number operator N then commutes with the Hamiltonian, i.e., []:I , N | =

0, expressing that the particle number is conserved [10].

2.2 Quantum Quench

Quantum quench refers to a sudden change in the Hamiltonian of a system, often
achieved by abruptly changing some parameters of the system, such as interaction
strength or an external potential [10]. This sudden change initiates a complex process
of relaxation and thermalization. There are two typical scenarios of quench dynamics:
global quenches and local quenches. The simplest form of a quantum quench is a
global quench, where the change in the Hamiltonian parameters is uniform throughout
the system. This can be achieved, for example, by abruptly changing the strength
of an external field that couples to all the degrees of freedom in the system. In this
scenario, the system initially prepared in an eigenstate of the initial Hamiltonian H,
is suddenly subjected to a new Hamiltonian H at time t = 0 by suddenly changing a

control parameter A in the Hamiltonian to A" [10].

Hy fort<0
H(t) = (2.9)

H fort>0
Following a quantum quench, a system typically undergoes unitary time evolution
under the final Hamiltonian H and the state of the system at a later time t can be

described by the time-evolved wavefunction

() = e (0)) = Y e |n) (n] ¥(0)). (2.10)

n

Here, |n) and E,, are the eigenstates and eigenenergies of H , respectively. If the state
|¥(0)) is not an eigenstate of H, a complicated dynamics ensues, which investigates
the dynamics of quantum many-body systems far from equilibrium. However, for

many-particle systems, one often focuses on the time evolution of specific, typically



local, observables, since the full quantum state |¥(t¢)) is difficult to compute and

measurements are usually local.

(O(t)) = (T()|O¥(1) Ze =B m W (0)) (W (0) ) (n|Olm) (2.11)

The importance of quantum quenches lies in their ability to investigate the dy-
namics of observables, entanglement growth, and energy redistribution in the Hilbert
space. After a global quantum quench, energy is conserved for all ¢ > 0. However,
the energy density after a quench is in general larger than the ground-state energy
density of the system, Ey [10].

e — lim L(U(H)|H|U(E) > lim 20 (2.12)

L—oo L L—oo
This indicates the larger exploration of Hilbert space following a quench. One of the

following scenarios can occur:

Thermalization: The subsystem of the quantum system eventually reaches a
steady state described by a thermal Gibbs ensemble, which is characterized by a
temperature and other thermodynamic quantities. In this case, local observables

relax to their thermal equilibrium values.

Non-thermalization: In some cases, the system does not thermalize, but
rather relaxes to a stationary state that retains memory of the initial conditions.
In integrable systems, this case happens due to the presence of many conserved
quantities. These restrict the system’s dynamics, and lead to a steady state
described by a Generalized Gibbs Ensemble (GGE). In another type of systems,
ones with strong disorder, many-body localization (MBL), if it exists, could
prevent the spread of energy and entanglement, thus preventing a system from

being ergodic and from thermalizing.

As mentioned numerous times above, the presence of conserved quantities deter-
mines whether a system thermalizes. These laws apply constraints on the system’s
dynamics and govern the distribution of energy and other conserved quantities. Sys-
tems with a small number of conserved quantities, such as energy, often thermalize

because information about the initial state becomes effectively hidden in the many

10



degrees of freedom [8, 9]. In many-body systems, two broad categories of conserva-
tion laws can be identified: local and non-local conserved quantities. Local conserved
quantities, including energy and particle number, are associated with symmetries that
act within finite regions of the system and dictate the system’s relaxation properties.
For a closed quantum system, energy is always a conserved quantity. The energy

expectation value can be expressed as
(H) = Te(p(t) H) = Tr (e*mtpm)eimﬁ) = Te(p(0)H). (2.13)

This relation reflects that the energy of the system is encoded in the density matrix.
On the other hand, as mentioned before, in an isolated quantum system, subsystems
can act as baths for each other, causing thermalization. This system, with no other
conserved quantities, is expected to locally relax to thermal equilibrium. This mecha-
nism of internal thermalization is relevant to the thermodynamic limit, where the size
of B is much larger than A. The reduced density matrix of A then becomes locally

equivalent to a thermal Gibbs state,
e_ﬁHA

Ty (2.14)

PA = PA,Gibbs ~

where H 4 is the Hamiltonian of subsystem A, and f is the inverse temperature fixed

by the energy density e of the initial state 5(0) of the whole system

~

N TS R S
e= ngrolo ZTr(p(O)H) = ngrolo ZTr(pGibbSH). (2.15)

While f is calculated from the global energy density, it governs subsystem A to
thermalize through Eq. (2.14).

Systems with many conserved quantities or local integrals of motion, such as
integrable systems, fail to thermalize and instead reach a non-thermal steady state
[12]. These conserved quantities act globally across the entire system and significantly
constrain the dynamics, preventing complete thermalization. Instead of a thermal
Gibbs ensemble, integrable systems relax to a generalized Gibbs ensemble (GGE),

characterized by the extensive set of conserved quantities 7, which [H,7,] = 0 [8].
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The GGE is described by the density matrix

o= X Anin

where 1), are the conserved quantities, and A, are Lagrange multipliers determined

by the initial conditions. These are fixed by ensuring that

(V0[] (0)) = Tr(pacmin)- (2.16)

2.2.1 Symmetry-Resolved Entropies

Investigating various quantum phases and transitions in quantum systems re-
quires the measurement of entanglement, as it provides information about correlations
within the system. Entropy quantifies the information contained within quantum
states and correlations between subsystems. Thus, entanglement measurement is by
its very nature associated with entropy including von Neumann entropy and Rényi
entropies. These entropies provide beneficial scaling characteristics to distinguish
phases of matter and investigate dynamics within many-body systems [10, 22, 17].

Entropy is naturally linked to the formalism of the density matrix in quantum
mechanics. The von Neumann entropy of a subsystem A, which measures the entan-

glement between A and the rest of the system, is defined as [14]

Sa=—Tr(palogpa), (2.17)

where py = Trp(p) and B is the complement of A in the whole system. In an
isolated system that undergoes a unitary time evolution, the von Neumann entropy
of the entire system remains constant [23]. However, the local entropy, defined for
a subsystem, can increase [9]. Higher von Neumann entropy of the reduced density
matrix leads to a larger degree of entanglement, loss of accessible information about
the initial conditions, and more disorder in the subsystem. In other words, the higher
the entropy, the lower our knowledge about the state of the system is.

In a system with a conserved number of particles, the von Neumann entropy can

be broken down into two distinct terms, number entropy and configurational entropy

S =Sy + Se. (2.18)

12



This decomposition follows from the conservation of particle number in the system.
The total number operator N commutes with the Hamiltonian, [N H ] = 0, which
implies [N ,p] = 0. Consequently, the particle number operator in subsystem A, N A,
also commutes with the reduced density matrix, [N 4, pa] = 0. In the particle number

basis one has Na|n,a) = n|n, ), and thus

(n,a|[Na, pallm, 8) =0 (n#m). (2.19)

This implies that p4 is block diagonal in this basis,

po 0 0
0 pr 0 -
pa = R E (2.20)

0 0 P2

The reduced density matrix can be written using the projector Py -, onto the subspace

with N4 particles in A as

pa = ZpNAPAPNA = ZPNA, (2.21)
Na

Na

where py, = PNA pA]SNA, and the probability of finding N4 particles in A is Tr(py,) =

pa(Na4). Introducing the normalized block density matrices

(Na) _ __PNa Tr(p V4 = 1 2.22
Pa pA(NA)’ (pA ) ) ( )

the reduced density matrix takes the form

pa=3_ pa(Na)pi™. (2.23)

Ny

Substituting Eq. (2.23) into the von Neumann entropy of Eq. (2.17), one finds

Sa=— ZTr (pA(NA)p;NA) In [pA(NA)p(ANA)D : (2.24)

Na

This expands to

13



ZpA (Na)Inpa(Ny) — ZpA (Na) Tr(p(ANA) lnpgNA)> ) (2.25)

Na Na

The first term,

Sy == pa(Na)Inpa(Na), (2.26)

Ny
represents the number entropy, which captures the uncertainty in the particle number

distribution in subsystem A. The second term,

Sc = ZPA(NA)S(pEL‘NA)), with S(p, (NVa) )= —Tr<pf4NA) lnp(NA)> , (2.27)

Na

is the configurational entropy, which quantifies the entanglement within each particle
number sector. This decomposition can address the difficulties faced in measuring
the entanglement entropy in experiments despite advancements in areas such as cold
atomic gases and trapped-ion systems [24, 25, 26, 13, 27]. Number entropy is particu-
larly useful because it depends entirely on the particle distribution within the system
and therefore provides a direct probe of transport properties and how particles spread
through the system. It has been effectively used in theoretical studies of phases of
matter [28].
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Figure 2.1: Schematic representation of subsystem bipartitioning into regions A and
B, illustrating contributions to number entropy, Sy, from particle number fluctua-
tions and to configurational entropy, S¢, from distinct particle arrangements within
the same number sector.

Although the von Neumann entropy has been successfully used in studies on many-
body localization, a new set of entropies, Rényi entropies, has gained significant

attention in recent studies. The Rényi entropies provide entanglement measurements
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that generalize the von Neumann entropy. The Rényi entropy of order « is defined
as

1
S = o™ (Tr(p2)) , (2.28)

where @ > 0 and o # 1. In the limit @« — 1, the Rényi entropy reduces to the
von Neumann entropy. Different values of « refer to different features of quantum
states, such as the Hartley entropy (o — 0) and the second Rényi entropy (o = 2).
Decomposition of Rényi entropy into the number Rényi entropy and configurational
Rényi entropy is possible in the presence of a globally conserved particle number. We

can define the Rényi number entropy as

- i ~In (sza(NA)> : (2.29)

S =

Similarly, the limit &« — 1 corresponds to the number entropy Sy and a = 0 gives
the Hartley number entropy.

Investigating scaling characteristics to distinguish various quantum phases led us
to introduce the von Neumann entropy and its generalized form, Rényi entropies.
These entropies have sensitivity for correlation and formation of states. In Rényi
entropies, the a value also plays a role in the scaling. For instance, the Hartley
entropy, a = 0, is sensitive to configurations with low probability. The number
entropy, or the generalized form, Rényi number entropies are sensitive to particle
fluctuations between the subsystems. In our study, we highly benefit from studying
the scaling in the entropies framework to detect thermalization or its breakdown in

isolated quantum systems.
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Chapter 3
Diffusion to Localization

The post-quench dynamics in a closed quantum system depend on interactions
and disorder strength. In a clean system, a system with no disorder, particles and
excitations propagate through the system ballistically, and the entanglement entropy
S grows linearly in time ¢. Introducing disorder can alter this behavior and can lead
to diffusion, where the motion of particles and excitations becomes more random
and slower. Thermalization in such systems occurs when energy and information
are spread evenly throughout the system over time. This progression can slow down
for stronger disorder strength, leading to the prevention of particle or excitation
transport, failure of thermalization, and resulting in localization. Localization is a
topic of interest in disordered systems. One might ask how it is possible that, in
some cases, after applying disorder to the system, instead of diffusion, the system
experiences suppression of particle transport. Disorder manifests itself as random
variations in system parameters, such as the potential in tight-binding models and its
impact depends on whether the system is treated as a collection of particles or waves.
Applying disorder to a system disrupts the coherent propagation of particles or waves
and leads to scattering, interference, and, under certain conditions, localization. In
non-interacting systems, this phenomenon is known as Anderson localization. Many-
body localization is an extension of Anderson localization, also caused by the absence
of diffusion; however, as the term suggests, it refers to the localization of a system
with many interacting particles. Here, we explore the transition from diffusion to
localization after applying disorder. As mentioned above, one can analyze the effect of

disorder from two perspectives: particle picture and wave picture. For weak disorder,
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particle transport is often governed by Brownian motion and
(z%(t)) = 2Dt (3.1)

where D is the diffusion coefficient. As shown, the mean squared displacement of
a particle grows linearly with time and follows the classical diffusion law. In the
presence of disorder, particle experiences scattering from the random potential. This

behavior can be described by the diffusion equation

Op(z,1)
ot

= DV?p(z,1) (3.2)

where p(z,t) is the density function. The solution of Eq. (3.2) is a Gaussian distri-

bution

o, 1) = \/ﬁe—ﬁ/wt, (3.3)
which describes the symmetric spreading of the particle’s position over time. However,
as disorder increases, particle may go through regions of high potential, such as a
potential well. Then, the distribution deviates from this Gaussian form, showing
suppressed transport.

(* () ~t*, O0<a<l (3.4)

At even stronger disorder, the particle may become trapped in these regions of the
potential, leading to a complete breakdown of diffusion. In this localized regime,

(x2(t)) saturates entirely over time, corresponding to o = 0.

The effects described here are rooted in classical mechanics, where scattering
events dominate. Unlike classical particles, quantum particles can tunnel through
barriers and interact with the disordered potential through interference effects. In-
terference, a wave phenomenon, is fundamental to localization. In quantum systems,
particles are governed by wave mechanics and described by a wave function. Particle’s
wavefunction extends beyond the classically forbidden region due to the tunneling ef-
fect and in a periodic potential, it can be described by a plane wave that fulfills the

Bloch condition.
Up(z) = ékx%k(@a (3.5)

where wug(x) is a periodic function with the same periodicity as the lattice. How-

ever, when disorder is introduced into the system, the periodicity of the potential
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is disrupted and Bloch waves are no longer the eigenstates of the Hamiltonian of
the system, and interference effects appear. Here, the particle scatters at the ran-
dom disorder potential V(z) and is either transmitted or reflected. Each scattering
causes a phase shift in the particle’s wavefunction. The resulting wavefunction is a

superposition of multiple scattered waves
() = ZAjei‘z’fm. (3.6)
J

where A; and ¢; are the amplitude and phase of the j-th scattered wave, respec-
tively. After many scattering events, these waves interfere. The interference can be

constructive or destructive, depending on the relative phases of the waves.

The transition from diffusion to localization can be understood through the decay
of the wave function in space. In a localized regime, the particle’s wave function
¥ (x) no longer extends throughout the system but instead decays exponentially with

distance
[ (z)* ~ e I8, (3.7)

where ¢ is the localization length, characterizing the spatial extent of the wave func-
tion. The localization length depends inversely on the disorder strength; stronger
disorder results in a smaller £, indicating tighter confinement. This interplay be-
tween disorder and interference, where the wave function becomes localized and the

transport ceases, is known as Anderson localization.

3.1 Anderson Localization

Philip W. Anderson proposed in 1958 that electronic diffusion can vanish in a
sufficiently random potential, in the absence of any electron—electron interaction. In
quantum mechanics, Anderson localization refers to a single-particle phenomenon
where disorder in a system can cause the wave function of a particle to become
localized in certain regions of space [1]. However, this concept does not take into

account interactions between particles. Hamiltonian of such a system can be described
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by the tight-binding model

H= Z (0G0 + 1+ 1+ 10D + Vil Gl (3.8)

where j denotes the lattice site. V; and J; are the random disorder potential and
hopping amplitude at site j. Suppose the particle is localized at site jo at t = 0. The

state of the system for ¢ > 0 evolves according to Schrodinger equation
W(j,t) = (5le"™|jo)- (3.9)

Using the eigenstate decomposition of H, we get

V() =Y e e (5)r o), (3.10)

k=1

where ¢ (j) = (j]k) is the amplitude of the k-th eigenstate at site j. We can obtain
the probability density to find the particle at site j at long times by time averaging

T—o0 1’

o(j) = lim l/o W, )P dt. (3.11)

By substituting Eq. (3.10), we get

~ Jim & / S e IO ()G o) () e o)

T—>ooT
k,k'
T
— Z¢k )% (Go) bk () dwe (o) {1520?/0 e BBt dt] : (3.12)
kK’

We assume that energy levels are non-degenerate, E; # Ejy for k # k. The time

average of the oscillatory term satisfies

1 T ) 7’L'(Ek7Ek/)T _ 1
lim —/ e BBt gt — lim ¢ - = O,
T—o0 0 T—o0 —Z(Ek — Ek’) T
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so that only the diagonal terms, k = £/, survive in the long-time limit. Therefore,

Z|¢k )2 [w (o) > (3.13)

In an Anderson localized system, this density exhibits exponential decay with distance

from the initial site jo

p(j) ~ exp (—‘J;—]') | (3.14)

where, as introduced before, £ is the localization length. Each eigenstate of the system

) ~esp (22 (3.15)

is also localized and

&k

where & is the localization length specific to the eigenstate k. One way to study
localization, is to consider a system partitioned into two subsystems A and B, as in
chapter 2. We define the probability of the particle being in A, given that it was

initially localized at site 7o, as

@) =2 o) =YD lo(io)*1on (). (3.16)

JjEA JEA k=1

where N, is the number of sites in subsystem A. In a fully localized system, (Q™4)
approaches 1 if jy lies within A, i.e., at a distance much larger than the localization
length £ from the boundary (e.g., jo > ¢ if the boundary is at j = 0), and as long as
|A] > &. Conversely, if jy is out of A, (Q™4) tends to 0. As demonstrated, analyz-
ing such systems analytically is inherently challenging due to the random nature of
disorder, which requires statistical averaging over multiple realizations. It becomes
even more complex when studying the transition from localized to delocalized phases,
particularly in higher dimensions. However, in one dimension, the Anderson local-
ization problem can be solved rigorously. To address these challenges, scaling theory
provides a powerful framework. Rather than analyzing individual states or specific
disorder configurations, scaling theory focuses on how localization properties evolve

with system size and disorder strength.
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3.1.1 Scaling Theory

In the case of non-interacting systems, scaling theory can explain how the transi-
tion from diffusion to localization happens. As mentioned above, the effect of dimen-
sionality on Anderson localization is profound. In one- and two-dimensional systems,
any amount of disorder leads to localization. In three dimensions, a critical disorder
strength separates localized states from extended states. The scaling theory of local-
ization, first put forward by Abrahams et al. [29], offers a general framework that
explains this transition in disordered systems. In this study, the localization length
and system size are related to the dimensionless conductance g. The dimensionless

conductance g for electronic states in different dimensions is defined as

G

g= M, (3.17)

where G is the conductance of the system. Alternatively, in disordered systems, g

can also be expressed in terms of the transmission T,

T(L)

9(L) = ) (3.18)

Depending on the value of g, the system is either in a localized or extended phase.
e For g > 1, the system is a conductor and the states are extended.
e For g < 1, the system is an insulator and the states are localized.

The scaling hypothesis states that the function g as a function of the system size L

obeys a universal scaling law described by the beta function

dlng

B9) =T (3.19)

The function $(g) describes how ¢ behaves as the system size is changed, whether
the system is heading towards localization or delocalization when the thermodynamic
limit is reached. The scaling theory predicts the different behaviors of §(g) depending

on the system’s dimensionality d.

e d < 2: For all levels of disorder, f(g) < 0, meaning that g decreases with in-

creasing L. This suggests that even the slightest disorder results in localization,
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in agreement with the original predictions by Anderson.

e d = 3: There is a clear critical conductance g. such that, for g > g., it is shown
that B(g) > 0, implying the system exhibits extended states, and for g < g., it
holds that 3(g) < 0, resulting in localization.

The critical value g. marks the Anderson transition, separating localized from ex-
tended states. At the critical point, the localization length & diverges as the disorder
strength D approaches the critical value D,,

&~ |D—D]™, (3.20)

where v is the critical exponent. This exponent is a universal quantity that depends
only on the dimensionality of the system and its symmetry class. Experimental and
numerical studies suggest v &~ 1.57 for three-dimensional systems in the orthogonal
universality class [30]. The predictions of scaling theory have been confirmed in many
experimental studies. For example, experiments on ultracold atoms in optical lattices
have managed to observe the critical disorder strength relevant for the Anderson
transition. Similarly, measurements of electronic conductance in disordered semicon-
ductor systems have exhibited scaling behavior consistent with theoretical predictions
[31].

3.1.2 Scaling of Entanglement and Number Entropy

The studies of scaling behaviors of entanglement entropy and number entropy are
used as analytical tools to distinguish phases and transport in systems that manifest

Anderson localization. We can rewrite the Hamiltonian in Eq. (3.8) as

H==Y J(Eem+he)+) Vi, (3.21)

J J
where J is a uniform hopping amplitude and V; € [-D/2, D/2]. For a bipartition of
the system into subsystems A and B, the Rényi number entropy is described as Eq.
(2.29). Consider |A| = |B| = L/2. In a single-particle system, both the entanglement

and number entropies are equivalent, as they reflect the same distribution properties
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of the particle across the subsystems. Thus,

1

—

(5°) = (83) = T (@ + (1 - Q") (322)
where Q = QN4 is the probability to find a particle in the subsystem A when initially
placed at jp at t — oo. For an extended state, ) approaches % as the probability for a
single particle to be located either in subsystem A or B is the same. Thus, in the limit
of a — 1, (S%) = (Sn), and one can say that entropy grows to its maximum value,
In 2. On the other hand, for the localized state, () stays close to either O or 1, resulting
in a lower entropy close to 0. However, the entropy value never will be exactly zero
since quantum tunneling allows a small probability for particles to explore the cutoff
region. In one and two dimensions, all the states are spatially localized for any D > 0.
However, in 2D, the localization length £ can grow significantly for weak disorder and
() may deviate slightly from extremes, leading to slightly higher entropies compared
to 1D systems. In three-dimensional systems, the interplay between disorder strength
D and the critical disorder strength D, determines the phase and scaling behavior of
entropy. For D < D, the system is in the extended phase,and for D > D, the system
transitions into the localized phase. We can extend the idea of Anderson localization
in a single-particle system to a many-particle non-interacting system. Here, scaling
of the entanglement and number entropies become more useful for distinguishing
transition. Since there is no interaction, we can analyze the system as a collection of
evolving wavefunctions with disorder dictating the extent of localization. Consider

the Hamiltonian in Eq. (3.21) in three dimensions.
H=) [_J <éj'éj + h'c'>] +) Ving, {é,8) =6, (3.23)

For weak disorder, particles retain significant mobility, wavefunctions can spread

across the system, and entropies grow as
1
S ~\t, Sy ~ St (3.24)

This is known as the metallic regime in Anderson metal-insulator transition [32]. As

we increase the disorder, subdiffusive transport emerges and entropy scaling shifts
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toward a slower power law [32]
" H

When D approaches D., the system enters a critical state where many states exhibit
localization.
S ~1nt, Sy ~Inlnt. (3.26)

For D > D., we reach to the insulating regime, and entropies become constant which
indicates localization and transport suppression. As we can see, Eq. (3.24), (3.25),

and (3.26) are consistent with

1
Sy~ ZInS+e. (3.27)

Numerical simulations explicitly verify this relation in the context of quench dynamics

for free fermionic systems. In the free fermion case, it can also be proven analytically

33).

3.2 Many-Body Localization

The quest for the stability of Anderson localization in the presence of interactions
has been well explored since 1985 [2, 34, 35]. In many-body systems, interactions
between particles offer new mechanisms, such as dephasing, which could potentially
destabilize localization [2, 36, 37]. Thus, the challenge is to ask whether the localized
regime still remains robust in spite of these interactions. This led to the phenomenon
known as many-body localization (MBL). Dephasing is one of the processes that
impact the transition from localization to thermalization and it describes the loss of
quantum coherence due to interactions.

Strong and fast dephasing can occur in a regime where there is the rapid loss of
coherence leading to thermalization. In a many-body quantum system, local inter-
actions interfere with phase correlations between quantum states leading the system
to thermal equilibrium, where p4(t — o0) can be locally described by a Gibbs en-
semble. In regimes of high effective temperatures, the strong dephasing effects have
the tendency of suppressing quantum phenomena significantly. In contrast, weak and

slow dephasing can occur where interactions perturb localization in a more subtle
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manner, resulting in a gradual increase of entanglement. Consider a model with two
particles initially localized in separate subsystems and at a distance d of each other.

The interaction® part of the Hamiltonian of the system can be written as

Hy= Y Vi, (3.28)
ic€A,jeB
since one particle is localized in subsystem A and the other in subsystem B. To
ease the calculation, let us assume the system has four sites, the first two of them
contributed to subsystem A and the last two to B. Thus, by using
(@ el )fori=1,3,d = —=(¢l_, —é)fori=2,4, (3.29)

S T | R
N = €;C;, d; =

Sl
Sl

we can rewrite Eq. (3.28) as

. 1% s

Hy =7 > didd]dy. (3.30)
kk'={1,2}
LI'={3,4}

This basis transformation is adapted from the method presented in the Ph.D. thesis
of Kiefer-Emmanouilidis [38]. Here, the interactions described by H; assume that the
particles are very close. However, if they are separated by a large distance d, their
exponentially decaying wave function tails lead to a weaker interaction which can be

expressed as
V — Clee*d/fém/(Sl,l/, (331)

where C}; depends on the localization properties of the single-particle orbitals. The
localized nature of the eigenstates implies that in the absence of interactions, the
system exhibits only oscillatory dynamics within each subsystem, without entangle-
ment between them. The time-evolved state can be written as a superposition of
eigenstates,

W) =5 3 e L), (3.32)

k={1,2}
1={3,4}

In earlier sections, the symbol V was used to denote disorder strength. However, starting from
this section, V' denotes the interaction strength and D refers to the disorder strength.
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with energy
En =i +e+ 0By, (3.33)

where d E},; is the interaction-induced energy shift. By tracing out subsystem B, the

reduced density matrix of A takes the form

1 v Fope
PA=35 (F*(t)/Q 1 ) ’ (3.34)

where the off-diagonal elements oscillate as
F(t) = e (1 + ), (3.35)

with 0€) determined by energy differences due to interactions. Over time, the os-
cillations decay, leading to maximal mixing at times ¢ = (2n + 1)7/J€2, indicating
dephasing. Here, we examined a system with no disorder. In a more general setting
with disorder, the relaxation process gradually extends the wave functions, allowing
for increasing overlap between them. This causes a slow growth of the entanglement

region, which can be approximated as
z(t) ~ EIn(Ve). (3.36)

Thus, the entanglement entropy follows

S~ a(t) ~ EIn(V1), (3.37)

which differentiates many-body localization from Anderson localization, in which en-
tanglement remains constant. For clearer insights into the interplay between in-
teractions and disorder under many-body localization, we proceed to introduce the
short-range fermionic J-V model in one dimension. The model presents a convenient
starting point to argue about the role of interactions and disorder in the transition.

The Hamiltonian of the J-V model is given by

L
Hy_y = [=J(elej 0 + hc) + Vi + D). (3.38)

J=1

It must be mentioned that the symbol V' in the preceding chapter was utilized to
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indicate the random disorder potential. In the present instance, though, V' character-
izes the short-range interaction strength, and D; denotes a random on-site disorder
potential drawn from a uniform box distribution, D; € [-D/2, D/2]. This model can
be mapped to the spin-1/2 Heisenberg XXZ chain through a Jordan-Wigner transfor-
mation and S F=mn;—1 /2, making it ideally suited for the investigation of localization
phenomena in interacting spin systems.

Hyxz =Y 2J(57S7, +5YSY,, + AS:S: )+ > WS Wy € [-W, W] (3.39)

Ji+l
j J

By setting J = 1, parameters V' and D; in Eq. (3.38) are equivalent to 2A and %Wj,
parameters in Eq. (3.39), respectively. The system is initially prepared in a product
state, and disorder is introduced at ¢t = 0. The subsequent unitary evolution under
H J—v allows us to examine how entanglement and thermalization evolve over time.
Introducing interactions (V' # 0) is expected to enable dephasing processes. At weak
disorder, interactions induce rapid dephasing, allowing the system to relax towards
thermal equilibrium. However, it has been argued that as D increases, disorder
disrupts the transport of quantum information, leading to a phase where many-body
localization emerges, and the transition between thermal and MBL phases occurs at a
critical disorder strength D., which has been subject to extensive studies. Estimates
for the transition point vary, with values such as D, ~ 3.72 for V' = 2 [39], and some
studies suggesting that an ergodic phase persists even for disorder strengths up to
D, ~ 80 [40]. More radical perspectives propose that in certain models, D, — oo
[41, 4], implying that ergodicity might persist and the system never localizes.

3.2.1 Diagnostics of MBL

In this J-V model, the growth of the entanglement in the MBL phase is be-
lieved to be given by the equation derived previously, Eq. (3.37). Finite-size studies
[42, 43, 44] also confirmed that such logarithmically increasing disorder-induced en-
tanglement is accompanied by a point of saturation that scales with the length of the
subsystem. However, it is important to distinguish between the entanglement entropy
of eigenstates and that of states reached after a quench. The entanglement scaling of
eigenstates can be understood by considering a system divided into two subsystems,

A and B. If we turn off the coupling between these two subsystems, states are ten-
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sor product states, [)ap = |a)a ® |5)p. Introducing an interaction term between
subsystems and turning the coupling back on, which is localized near the boundary,
perturbs the eigenstates but only within £&. As a result, entanglement only develops
locally near the boundary and grows only with the volume of the boundary S ~ |0A|
[43]. In quench dynamics, in contrast to a single eigenstate satisfying the area law, a
superposition of eigenstates can give rise to a volume law of entanglement S(co) ~ |A|
[43, 44]. This is because entanglement entropy is a non-linear function in the state,

i.e., the superposition rule cannot be applied straightforwardly.

The presence of an area-law entanglement implies that the MBL eigenstates can be
linked to product states by a sequence of quasi-local unitary transformations [43]. The
unitary operators deform the system to a basis where the Hamiltonian is diagonalized
and comprises a set of local conserved quantities referred to as local integrals of motion
(LIOMs). These conserved quantities guarantee that transport is blocked, yet permit
weak interactions to facilitate slow phase shifts. To formalize this, consider the J-V
model Eq. (3.38) in limit J — 0. The Hamiltonian

L

Hysoy = Y _[Viig + Dyl (3.40)

j=1

commutes with n; in every site, and the eigenstates are product states in occupation
number basis |71, 79, ..., 711). Now, each site has an effective local conserved quantity
n;. When we turn on the weak interaction, J # 0, and assuming the system remains
in the MBL phase, the Hamiltonian is no longer diagonal in occupation number basis.
The above argument for the area-law entanglement implies that we can obtain new
eigenstates from the product states |y, ng,...,7) by a quasi-local unitary transfor-
mation, which diagonalizes the Hamiltonian. This transformation can be expressed
as a product of quasi-local unitary operators, denoted by U= IL U;. Thus, in the
new eigenbasis created, we have a new set of quasi-local integrals of motion labeled as
T = U Tﬁjf] . These operators 7; possess approximate spatial locality, i.e., each 7; is
localized primarily near site j, with exponentially decaying contributions from other
distant sites. Since 7; commutes with the full Hamiltonian Eq. (3.38), the system
cannot fully thermalize under unitary evolution and interaction between LIOMs in-

duce slow dephasing dynamic. We can rewrite the Hamiltonian Eq. (3.38) by using
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LIOMs and obtain the effective form

H=>Y e+ Jyfifi+ Y Vipfitife+ ... (3.41)
( i,J 1,5,k

Here, ¢; are local energy shifts, J;; describes interactions between localized operators,

exponentially decreasing with distance, and Vj, describes higher-order interactions.

=]
The weak couplings J;; ~ e~ € are responsible for the dephasing dynamics.

A diagnostic of the many-body localization transition, in addition to the study
of entanglement dynamics, can be the statistical properties of the energy spectrum.
In an ergodic thermalizing system, small perturbations cause strong mixing of eigen-
states, leading to level repulsion and Wigner-Dyson statistics. The probability dis-
tribution of level spacings p(s), where s, = FE,41 — E, is the difference between

consecutive eigenenergies, follows the Wigner-Dyson distribution

P(s) = Aﬁsﬁe_BﬁSQ, s> 0, (3.42)

where 8 = 1,2, 4 depends on the symmetry class of the Hamiltonian. For small s, this
gives P(s) oc 57, reflecting level repulsion, while for large s the distribution decays
approximately Gaussian. This behavior was observed in thermalizing many-body
lattice models, confirming their chaotic behavior and ergodicity [34]. In contrast, in
the MBL phase, an extensive set of quasi-local integrals of motion emerges, preventing

eigenstate mixing and leading to Poisson statistics

P(s)=¢e?, s >0, (3.43)

which describes a system with independent and uncorrelated energy levels [43]. Un-
like the Wigner—Dyson case, P(0) # 0, meaning there is no level repulsion. This
Wigner-Dyson to Poisson crossover has been observed numerically and experimen-
tally. Early numerical studies by Oganesyan and Huse [34] and Pal and Huse [45]
demonstrated that at weak disorder, level statistics are Wigner-Dyson statistics, while
for stronger disorder strength, level repulsion disappears, and the level statistics be-
come Poissonian. They established that in Eq. (3.39), the transition happens at a
critical disorder strength W, ~ 3.5 for J = 1/4, which marks the boundary between
the thermal and MBL phases. This spectral transition is a result of the emergent

integrability property of the MBL phase.
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Another diagnostic method for the distinction of many-body localized phases from
ergodic phases can be fidelity measurements, which are commonly explored through
the Loschmidt echo. Loschmidt echo quantifies how a quantum state is sensitive to
perturbations and its behavior depends on in what regime the systems is, localizing or
thermalizing. Loschmidt echo is a special case of time-dependant fidelity and finds the
overlap between a quantum state and its time-evolved counterpart under a perturbed

Hamiltonian and is expressed as
S(t) = (ho|e™ e Hotyhy), (3.44)

where Hj is initial Hamiltonian and H is the quench Hamiltonian. In ergodic phases,
the Loschmidt echo exhibits exponential decay, a hallmark of chaos and fast loss of in-
formation. However, many-body localized phases show power-law decay in Loschmidt
echo fluctuations, which ultimately saturates at a value that falls off exponentially
with system size. This slow decay is a consequence of local integrals of motion,
which preserve memory of the initial state and prevent full thermalization [46]. The
Loschmidt echo fluctuations in MBL systems are helpful in detecting dephasing dy-

namics due to interaction between localized orbitals [47].

3.2.2 Scaling of Number Entropy and the Debate

The number entropy has also been investigated under the framework of many-body
localization as a diagnostic to approximate localization and suppression of particle
transport. Initial numerical and analytical investigations focused on its evolution
behavior in systems predicted to exhibit MBL, particularly how it compares to en-
tanglement entropy and particle-number fluctuations. The first numerical studies of
entanglement entropy in the context of MBL were conducted by Znidaric et al. (2008)
48], where they identified logarithmic growth of entanglement entropy, as S = Int,
in suggested MBL systems. This was subsequently confirmed by a study conducted
by Bardarson et al. (2012) [22], where the analysis was furthered to particle-number
fluctuations, expressed as AN?, and found that these fluctuations tend to saturate,
in contrast to the unbounded logarithmic growth of entanglement entropy. These re-
sults provided numerical evidence for distinguishing localized from ergodic phases and

formed the foundation for interpreting slow entropy growth as a signature of MBL.
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The theoretical framework underlying these observations was formulated by Serbyn
et al. [44] and Huse et al. [49], who put forward the idea of local integrals of mo-
tion (LIOMs). In this framework, it was assumed that in the MBL phase, transport
of particles should be inhibited, resulting in restricted number fluctuations. Conse-
quently, the number entropy will remain approximately constant. This understanding
was used in the explanation of more numerical and experimental findings. Lukin et
al. (2019) [50] measured number entropy in a quasi-periodically disordered system of
interacting bosons. It was suggested that if number entropy saturates but entangle-
ment entropy continues to grow logarithmically with time, the system is in an MBL
phase. This argument was based on the idea that if particle-number fluctuations are
pinned down, then number entropy will also become saturated. Experimental results
kept open the possibility that number entropy could increase slowly, but without
bound. Another development in the investigation of number entropy was the work of
Kiefer-Emmanouilidis [33, 3, 28], a former student of Jesko Sirker, my supervisor on
this thesis. His studies, both numerical and analytical results, revealed that in the

putative MBL phase, number entropy follows a double logarithmic growth pattern
Sy ~InS ~Inln(t). (3.45)

This is a behavior that contradicts the expectation of the number entropy saturating
in the many-body localized phase, thus putting into question the long-time stability
of localization. The implication of the results of the study by Kiefer and co-authors
is that if this scaling persists indefinitely, then MBL does not represent a truly lo-
calized phase in the thermodynamic limit. This view aligns with the arguments by
Suntajs et al. (2020) [4], who also questioned the existence of MBL. While some
studies had justified scaling Sy ~ Inln(¢) as an inherent property of MBL, others
had pointed out the behavior to be transient. Luitz and Bar Lev argued that number
entropy should saturate at some point despite the entanglement entropy continuing
to increase. The conclusion was based on numerical results that at strong disorder,
system-size-independent values of number entropy saturation are reached. Kiefer’s
research also probed this aspect, demonstrating that for certain system sizes and
strengths of disorder, number entropy can exhibit fluctuations rather than strict sat-
uration. However, he found that the fluctuations can be accounted for by averaging

over initial conditions, a feature even in Anderson localized systems.
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The discussion on the stability of the many-body localized phase remains an open
question. This has led to a further study of many-body localization in other settings.
A specific model that has attracted significant attention in the study of many-body
localization is the Aubry-André model. In the following chapter, I will present the
Aubry-André model and its relevance to the study of many-body localization. This
will be a prelude to presenting my results, building on earlier works involving the use
of number entropy, Hartley entropy, and particlee-number fluctuations as diagnostic

tools in assessing the stability of MBL.
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Chapter 4

Model and Method

4.1 Aubry-André model

In this thesis, we want to compare the quenched disorder case with the Aubry-
André (AA) case. We will study the Hamiltonian Eq. (3.38) with D; being the
Aubry-André potential. The Aubry-André potential is periodic, however, it has a
long periodicity so locally it does look like a disorder potential. The onsite potential
is given by

D; = D cos(2r3j + ¢), (4.1)

where D is disorder strength, § is a Diophantine number!, typically chosen as the
golden ratio 8 = (1 ++/5)/2, and ¢ is a random phase offset, introduced to sample
different disorder realizations. In contrast to the quenched disorder case, this form of
Eq. (4.1) ensures that there will always be a potential difference between neighboring
sites. In the quenched random case, one can by chance get several sites that have
roughly the same potential and, therefore, act as thermalizing bubbles for the rest of
the system. These bubbles lead to what is often called avalanches. This mechanism
is crucial in distinguishing between true MBL and finite-size MBL effects [51].

The Aubry-André model is fully understood in the non-interacting case and is
mathematically equivalent to the almost Mathieu operator. The time-independent

Hamiltonian of this model is given by

LA number 3 is Diophantine if there exist constants ¢ > 0 and r > 1 such that |sin(27j3)| > G
for all j # 0. Liouville numbers, as irrational numbers, do not satisfy this condition. If 3 is Liouville,
meaning it is extremely well approximated by rationals, then the system does not undergo a sharp
transition, and the spectrum remains singular continuous rather than pure point.

33



H= Z[_J(U><j + 1]+ |5+ 1)(j]) + D cos(2mB5 + ¢)|7) (4. (4.2)

Having studied this model, it has been rigorously proven that there exists a phase
transition at a critical potential strength D. = 2J and for D > 2J, eigenstates
become localized [52]. However, a necessary condition for the sharp transition is that
[ must be a Diophantine number [52], and a typical choice for it is the golden ratio,
as mentioned above. We know that in the non-interacting case, the Aubry-André
potential is less effective in localizing particles than quenched disorder since it allows
for extended states at weak disorder D < 2J. Several reasons justify the choice of
the AA model in the study of interacting systems. The Aubry-André potential is
less studied theoretically in the interacting case; however, all the cold-atomic gas
experiments are using this potential since it is easier to realize and control compared
to random disorder [50]. On the theoretical side, a very recent paper by the das
Sarma group [51] claims that MBL in quasi-periodic potentials, including Aubry-
André, might be more stable than in the quenched disorder case. In a randomly
disordered system, large thermal bubbles can emerge statistically in a sufficiently large
system [5]. Once formed, these bubbles can grow indefinitely, destroying localization
across the system. This suggests that MBL in random systems is at best a finite-
size phenomenon, as increasing system size allows more thermal inclusions to form [5].
Unlike the random case, thermal bubbles in the AA model are constrained because the
quasiperiodic potential limits the size of thermal regions. As a result, the avalanche
mechanism is suppressed, making MBL in the AA model potentially more stable and
more likely to survive in the thermodynamic limit [51]. In our studies, we also fix the
potential difference between sites near the cut, ensuring that, regardless of system
size, there are no accidentally resonant sites near the cut, which could otherwise

mimic thermalizing bubbles.
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Figure 4.1: Sketch on reindexing sites to fix the potential difference across the cut.
(a) In the original ordering, the potential difference depends on the system size L. (b)
By reindexing, the cut always lies between 5 = 0 and 5 = 1, making it independent
of L.

4.2 Methodology

Exact diagonalization is a numerical method to solve quantum many-body systems
through direct computation of the eigenvalues and eigenvectors of the Hamiltonian
matrix. It gives exact solutions in a finite Hilbert space and has been broadly used in
studies of quantum thermalization and localization phenomena. However, there is a
limitation while using this method and that is its exponential growth in computational
complexity with system size. The Hilbert space for a quantum system with L sites
grows as 2% for spin—% or spinless fermionic systems, and even faster for larger local
Hilbert spaces. Trotter-Suzuki decomposition is a second method for studying larger

systems.

4.2.1 Exact Diagonalization

Consider a Hamiltonian operator H and a chosen orthonormal basis {|®;)}, which
may represent occupation number states in fermionic systems or spin configurations

in quantum spin models. The Hamiltonian matrix elements in this basis are given by
[Holij = (@i H|®;), (4.3)
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where H is a Hermitian operator, and

[Holji = [Ha; (4.4)

@5

ensures real eigenvalues. A general state in this basis can be expressed as a linear

combination

H|®;) = Cri| ). (4.5)
k
Thus, the corresponding matrix elements are

[Halji = Cri(®;|®x) = Cj; since (®;|®p) = i (4.6)
k

To represent the Hamiltonian more compactly, we can introduce a vector of basis
states,
iﬁ: [|q)1>7|q)2>77|q)N>]7N:2L7 (47)

then, the Hamiltonian matrix can be expressed as

(O H|D1) (D1|H| D)
He = OTHD = |(Do| H|®y) (Do H|Ds) ... | . (4.8)

To diagonalize the Hamiltonian, we introduce an eigenbasis {|¥;)} such that
H|W;) = E|0y). (4.9)

Since the eigenbasis is orthonormal, (V;|V;) = d;;, we obtain the diagonal matrix

YRl
representation

[(Hylji = Eidj;. (4.10)

Finding the eigenstates involves a basis transformation

T3) =) Vil B, (4.11)
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where V is a unitary matrix satisfying VIV = VVT = I. The transformation from

the original basis d to the eigenstate U can be expressed as
U=V =[|T),[Ts), ..., [ Tn)], (4.12)
and the Hamiltonian in the eigenbasis is given by the similarity transformation
Hy = VH VT (4.13)

If the system has a conserved quantity represented by an operator X that commutes

with H, [I:I X | = 0, then we can classify states by a quantum number z such that
Xz, i) = x|z, ). (4.14)

This allows us to define ® = [|z1: 1)|z1; 2)...|22; 1)|22; 2)...] and structure the Hamilto-

nian into block-diagonal form, where each block corresponds to a subspace of definite

X
H3* 0 0
. 0 HZ 0 ..
Hy = . (4.15)

0 0 HF
Each block Hg' can then be diagonalized separately,

HE = Ve gz (Ve (4.16)

Thus, exact diagonalization allows us to solve for the eigenvalues and eigenvectors of
large Hamiltonians by exploiting symmetries and block structures in the system. An
example of block diagonalization is the total particle number operator N = Zle n;.
If N commutes with H, i.e. [H, N] = 0, then the Hilbert space can be decomposed
into subspaces of fixed particle number N, with N|¥;) = N|¥,). This enables us to
restrict H to a subspace of fixed particle number N. For fermionic lattice models,
Hamiltonians can be constructed in the occupation number basis as described by Eq.

(3.38), and the fermionic annihilation (creation) operators fulfill the anti-commutation

{al &} =0, {eel} = ay (4.17)
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The corresponding number operator at each site is defined as n; = é;é] Each lattice
site can be treated as a two-level system, and the full Hilbert space is constructed
by taking tensor products over all sites. The total Hamiltonian Hgy can then be
built using matrix representations of these operators according to the chosen model,
hopping terms, interactions, and on-site potentials. To restrict the Hamiltonian to
the N-particle subspace, we define a projection matrix PV, whose rows are the basis
states ®; € Hy with N|®;) = N|®;). This selects only the configurations with exactly
N particles, and we get

HY = PV Hg(PV)T, (4.18)

L

N). Once the Hamiltonian is reduced,

which reduces the dimensionality from 2% to (

time evolution can be performed using

U(t) = exp (—z‘lfléN)Q . (4.19)

4.2.2 Trotter-Suzuki Decomposition

Trotter-Suzuki decomposition is an alternative method to approximate quantum
dynamics in larger quantum many-body systems, where exact diagonalization fails.
In Eq. (4.19), if the Hamiltonian consists of non-commuting terms, direct exponen-
tiation is not very feasible. This method provides the approximation by splitting the
Hamiltonian into two or more parts so that we can exponentiate them separately
53, 54]. For a Hamitonian composed of H = H* + H?, where H* and H? do not
necessarily commute, a second-order trotter expansion approximates time evolution

for a small time step dt as
U(&) _ o UHARAB)St _ —ilIA6t)2 —il Pt ,—iHA5t/2 4 (’)((5153), (4.20)

where the error O(5t?) for a sufficiently small time step can be ignored. H4 and 0P

could correspond to two parts of the Hamiltonian acting on even and odd sites of the

lattice.
L/2 L/2—1
HA =Y Hy 125, HP =Y Hyjojsr. (4.21)
j=1 j=1
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By using these even and odd Hamiltonians in Eq. (4.20), we get

L/2 A L/2—1 A L/2 )
U(Cst) — He_iHQj_l’Qj(St/Q H e—iHQj,2j+15t He_iH2j_l’2j6t/2 + O(6t3), (422)
j=1 j=1 j=1

which represents the second-order Trotter-Suzuki approximation for systems with

alternating two-site interactions.
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Figure 4.2: A simple illustration of the second-order Trotter-Suzuki decomposition.
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Chapter 5

Results

In this section, I present our results for a one-dimensional, half-filled lattice with
L sites. For the investigation of the Aubry-André model, we consider the standard
fermionic representation of the J-V model with J = 1 for the system constructed of
two equal subsystems, and we start from a Neel state with each subsystem containing
half of the particles. The total number of particles in the system is conserved. Our
study is mainly governed by analyzing the time evolution of the number entropy and
its relation to entanglement entropy. Additionally, we examine the Hartley number
entropy for the cases where the number entropy is not sufficiently sensitive to the
small fluctuations around the cutoff. All simulations are performed numerically using
Python®. In each simulation, we sample over 2000 disorder realizations, generated
by varying both ¢ and 3. We use 400 values of ¢ € [0, 7] and 5 Diophantine values

of 3, including the golden, silver, and bronze ratios, 7, and Euler’s number.

Our results for the time evolution of the number entropy are largely consistent
with those obtained in the quench disorder case studies. We find that the relationship
between entanglement entropy and number entropy follows Sy ~ In S, in agreement
with the previous studies [3, 55]. As shown in Fig. 5.1, the entanglement entropy
scales with S ~ Int, as expected, while the number entropy scales with Sy ~ Inlnt,
leading to relation Sy ~ InS. Similarly to the case of quenched disorder, we do
not observe a fast saturation of number entropy as expected for the localized regime,
where particle transport is suppressed. This indicates that number entropy continues
to grow until the entanglement entropy saturates and is in agreement with previous

studies claiming that the MBL phase may not persist in the thermodynamic limit
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[4]. In Fig. 5.1(c), the inset shows the deviation times t4 for both S and Sy. In
our representation, we plot the deviation time as the time that the data deviates
by a fixed threshold of 10% from fits. In a truly localized regime, we expect t; for
the number entropy to plateau with increasing system size while t; for entanglement
entropy increases with D. However, our results show that the deviation times for
both entropies remain nearly parallel across all disorder strengths and this correlated
behavior provides no clear sign of full localization. Instead, it suggests that both

entropies continue to evolve together and saturate eventually, due to finite-size effects.

(a) (b)

1751

1.50 4

1.00 4

0.75 1

0.50 4

0.25 1

0.00 1

Figure 5.1: Time evolution of entanglement and number entropy for a system size
L = 16, across various disorder strengths D. The initial state is a Néel state, and
results are averaged over 2000 realizations. (a) Entanglement entropy S exhibits
logarithmic growth over time, S ~ Int, with slower growth at higher strengths D,
followed by finite-size saturation at long times. (b) Time evolution of the number
entropy Sy scaling as Sy ~ Inlnt¢. The slower double-logarithmic growth compared
to S suggests that Sy always grows slower than S. The inset (¢) demonstrates the
deviation times t; for both S and Sy as a function of D.

The data in Fig. 5.1 are fitted with the functions S = pInt and Sy = 5 Inlnt,
where prefactors 1 and v are extracted as functions of disorder strength D for a system
size L = 16, as shown in Fig. 5.2. As the disorder strength increases, these prefactors
become smaller, indicating a suppression in the growth rates of entanglement and
number entropy. This behavior also demonstrates that the scaling of entanglement
entropy and number entropy are closely related and share a power-law dependence on

the disorder strength. The prefactors p and v, as well as ¢, in Fig. 5.1(c), were cal-
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culated over multiple time intervals. However, the extracted values remained almost

consistent across these variations, leading to error bars that are nearly invisible.
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Figure 5.2: Scaling of the fit parameters p and v as functions of the disorder strength
D. The parameter p quantifies the growth rate of the entanglement entropy S as it
scales as plInt, and v quantifies the growth rate of the number entropy Sy, scaling as
£InInt. Both parameters illustrate power-law scaling with respect to D). While this
indicates that although increasing disorder suppresses the dynamics of both entropies,
the scaling behavior remains correlated, following p and v ~ D™ with exponent
a ~ 3.06.

In our studies, within the number entropy, there are two different averages that
we can examine; one is to compute the entropy from the averaged particle number
distribution and the other is to compute the entropy for each separate realization
and then average over all realizations. We explain the relationship between the two
methods via Jensen’s inequality. Let {pgf)} denote the particle number distribution
for the i-th disorder realization, with ¢ = 1,..., R, where R is the total number of

disorder realizations which in our case is 2000. The averaged number entropy is given
by

= %ZSN(pn RZZ P Inp) (5.1)
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On the other hand, the number entropy computed from the averaged particle number

distribution p, = % ZZ ) pn is

SN(ﬁﬂ) = Z (_ﬁn lnﬁn) . (5.2)

n

To establish a relation between these two quantities, we use Jensen’s inequality for

the concave function f(z) = —xInz, by fixing n and defining z; = pff), with equal

weights w; = }%. Then,

MH:U

R R
1 ) 1 )
_ | = (@) — @) = _5 =
lnpn < (R E D > In (R E Dy ) = —p, Inp,. (5.3)

By summing over all n, we obtain

i Z Z Onp) <37 (~pulnga). (5.4)

z:l

or,

SN(pn) < Sn(Pn), (5.5)

demonstrating that the number entropy of the averaged particle number distribution
provides an upper bound on the averaged number entropy. Although one might
expect Sy (p,) to be smoother due to the averaging over realizations before applying
the entropy function, which suppresses rare events, this is not what we observe in
our data. In our numerical data, Sy(p,) exhibits more fluctuations than Sy (p,),
however, remains an upper bound and, as it may not capture the typical behavior of
the system, the averaged entropy Sy(p.), better reflects the scaling of the number
entropy, as shown in Fig. 5.3.
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Figure 5.3: Comparison between the averaged number entropy Sy (p,) (solid lines)
and the number entropy computed from the averaged distribution Sy (p,) (dashed
lines), for disorder strengths D = 7 (blue) and D = 10 (orange), for interacting
(a) V = 1 and non-interacting case (b) V' = 0. Jensen’s inequality guarantees that

SN(pn) < SN(ﬁn)

Another way to analyze our data is to compare how the saturation values of the
S and Sy scale with system size L for various disorder strengths, as shown in Fig.
5.4. In this figure, in the non-interacting case, we clearly observe that for weak
disorder D < 2, the saturation value of S increases with L following a power-law
trend, where all the single-particle states are delocalized and the system behaves
ergodically. However, for D > 2, this growth starts to flatten, suggesting a transition
to area-law scaling associated with Anderson localization at a critical value of D, = 2.
In contrast, the interacting case shows that the saturation values of both S and Sy
continue to grow with L even at large disorder strengths. It should be emphasized
that the low number of system sizes used in Fig. 5.4(b) and (c¢) might limit our
analysis. For example, the behavior in the saturation values of Sy for disorder values
D = 7,10 in the MBL case, where the entropy initially increases and then decreases,
might suggest a change in the power-law scaling. However, a similar trend appears
in the non-interacting case and is likely attributable to even-odd effects. When the
length of the subsystem L /2 is odd and such that one subsystem has an extra particle

when starting from the Neel state, the entropies can fluctuate.
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Figure 5.4: Time evolution of von Neumann and number entropy and saturation
values of these entropies as a function of system size L for different disorder strengths
D for both interacting and non-interacting cases. Columns (a) and (b) correspond to
the case V =0, and (c) to the case V = 1. In the non-interacting case, for D < 2,
the saturation value exhibits a clear power-law scaling with L, indicating extended
states and volume-law entanglement. However, for D > 2, this scaling behavior starts
to break down, indicating localization. This suggests a critical disorder strength of
D, = 2 for the transition to the Anderson localized phase. In contrast, the interacting
case still shows power-law scaling even for larger disorder values.

As discussed earlier, the Hartley number entropy S](\?EO) is also useful, as it cap-
tures rare events that may be too small to affect the number entropy Sy. It provides
a more sensitive measure of how particle configurations spread across the cut during
time evolution. In Fig. 5.5, which is for Anderson case, we observe a clear distinction
between regimes. For weak disorder D < 2, the entropy shows volume-law behavior,
growing with system size and exhibiting step-like features over time. These steps
correspond to the particle transfer across the cut. The saturation value for all weak
disorders below the transition is the same and corresponds to complete thermaliza-
tion with all particle number configurations explored. In our half-filled system, this
means every possible way of distributing M = L/2 particles between the two sub-
systems that occurs with non-zero probability. Then, the maximal Hartley number
entropy is S](\?ZO) = 1In(L/2+ 1). However, at the critical disorder strength D, = 2,
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the volume-law trend begins to break down, and for D > 2, only a limited range
of particle-number configurations is explored and the entropy saturates rapidly to a
value that does not scale with system size. This saturation is consistent with area-law
behavior in Anderson localization. In the interacting case, Fig. 5.6, however, volume-
law scaling persists even at higher disorder values, with S](\?:O) continuing to grow for
D = 3,4,7. Only at very large disorder (D = 10) the entropy stops showing volume-
law. Even then, instead of saturating fast, the curves show a slow growth, suggesting
a scaling of InIn ¢, similar to that observed in the number entropy Sy. In other words,
the system is not fully localized and there is ongoing but extremely slow transport
of particles between the subsystems, so that some new number configurations are

explored over time.
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Figure 5.5: Time evolution of the Hartley entropy for a non-interacting system at var-
ious disorder strengths D and system sizes L = 12,14, 16, 18. Each panel corresponds
to a fixed disorder value. For disorder strengths below the critical value D, = 2, the
Hartley entropy exhibits a volume-law behavior. The step-like structures observed in
this regime indicate changes in entropy, attributed to a single particle crossing the
cut. As the disorder strength increases (D > D.), the growth of entropy becomes
suppressed, and the curves saturate, indicating localization. It also demonstrates the
absence of volume-law scaling.
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Figure 5.6: Time evolution of the Hartley number entropy S](\?ZO) for the inter-
acting system at various disorder strengths D = 1,2,3,4,7,10, and system sizes
L =12,14,16, 18.

In Fig. 5.7(a), we observe that for disorder strengths D < D, the entropy sat-
urates at the value where all particle-number configurations are explored (S](\?EO) =
In9), indicating a thermal regime. The inset shows that in the presence of inter-
actions, this growth follows a Inlnt scaling for strong disorder (D = 7,8,9,10), as
mentioned above. By looking at the saturation value for the interacting case, we
observe a form of volume-law scaling even at strong disorder (for D = 10 not a
volume-law in the sense of linear growth with L, but at least a slow increase with L
rather than a flat line). An interacting system at D = 7 for instance, still shows larger
S, Fig. 5.4(c), and S](\?:O), Fig. 5.7(b), when L = 18 than when L = 14, indicating
that larger systems have broader particle-number distributions. This contrasts with

the non-interacting localized case.
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Figure 5.7:

Comparison of the time evolution of the Hartley number entropy for

L = 16 and saturation values of the Hartley number entropy as a function of L for
various disorder strengths in (a) non-interacting and (b) interacting systems. The
inset in the top right plot demonstrates a close-up picture of the Hartley number
entropy scaled over Inlnt for D =7,8,9, 10.
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Chapter 6
Conclusion

Our research was focused on quasiperiodic disordered systems instead of the ran-
domly disordered case, and our results provided us with important information for
the ongoing debate on the stability of the many-body localized phase in such systems.
Our motivation to consider the Aubry—André model was to benefit from the absence
of the avalanche mechanism to probe MBL stability since avalanches can spread and
ultimately destroy localization. Quasiperiodic potentials such as the AA model do
not feature the occurrence of large rare fluctuations which will eventually cause ther-
malizing bubbles, the primary driving force of avalanches. Thus, by introducing this
model, we effectively remove this scenario; nevertheless, we still find that the inter-
acting AA system shows no sign of true MBL dynamics. Although some work had
suggested that large disorder strengths can make the MBL phase persist in quasiperi-
odic potentials, our results are more in line with those of Kiefer-Emmanouilidis and
Sirker et al. [3], who had given very strong evidence that many-body localized phases

do not exhibit true localization at long times.

In the case of the non-interacting AA model, we observed a clear difference between
thermal and localized regimes. We confirmed Anderson localization transition at a
critical disorder strength D. = 2J. In the case of added interactions, our study
revealed that although the entanglement entropy grows logarithmically, the number
entropy exhibits unbounded growth, Sy ~ Inlnt, even in the presence of strong
disorder. As for quenched disorder, this is again consistent with the relation Sy ~ In S
between the two entropies. Additionally, by examining the deviation time for the

entanglement and number entropies, we made sure that both entropies evolve together

20



in time and there exists a correlated behavior; both of these entropies saturate at the
time tq ~ e” due to the finite Hilbert space. This is consistent with the hypothesis
that an MBL regime in finite systems might eventually thermalize if given sufficient
time. Our findings add to previous findings by extending them to the scenario of
quasiperiodic MBL, demonstrating that the lack of true randomness does not change
the intrinsic behavior of the MBL phase. Even more interestingly, the scaling behavior
we observed for the prefactors p and v Fig. 5.2 aligns remarkably well with previous
results [28], despite the fact that our model uses the Aubry-André potential instead

“ emerges in both cases,

of the random potential. This scaling relation p,v ~ D~
with an almost identical exponent. We found o =~ 3.06 for L = 16 in our system,

while Ref. [28] reported o =~ 3.0 for L = 14 for the random potential case.

(a) AL (b) True MBL Expectation (c) Our Result
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Figure 6.1: Comparison of entropy dynamics and saturation times across different
localization scenarios for finite-size systems. The top row shows schematic behavior
of entanglement and number entropies Sy over Int; the bottom row shows the corre-
sponding saturation times over disorder strength D.
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We also examined the Rényi number entropy for @ — 0. In the system without
interaction, for the ergodic phase where D < D,, the Hartley number entropy grows
with system size and when fully thermalized, it reaches all particle configurations with
non-zero probability. In the system with interactions, we observed that a volume-law
scaling remains even for D > D. with D, = 2 being the critical disorder value for
AL. Only at very large disorder strength D = 10, we begin to see that the behavior
of the Hartley number entropy starts deviating from volume-law. However, even for
this strong disorder (D = 10), the entropy did not saturate immediately and exhibits
a logarithmic growth in time, similar to the standard number entropy, rather than
a plateau. This finding, along with the above-mentioned ones, indicates that even
at large disorder D = 10, the system does not exhibit a true many-body localized

regime.
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