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Abstract

Tensors are defined as multidimensional arrays and therefore generalize matrices to
multiple dimensions. To put it simple, a 1-tensor is a vector. A 2-tensor is a matrix
and a 3-tensor is a cube. Similarly, we can imagine a tensor with a higher order.

A K-way tensor T is said to be rank-1 if it can be written as the out product of

K vectors, i.e.,
T'=0®d®: - Qdg,

where ® is the vector outer product. It means that each entry of the tensor is the

product of the corresponding vector entries:
Tiigeige = Q1,102,405 " - Qi forall 1 <i; < N, k=1,2,..., K.
The rank of a tensor T is defined by the smallest positive integer n such that
T=T+T+...+1T,

for some rank-1 tensors 71,75, ..., T,. That being said, the objective of rank deter-
mination is to answer the question, "How may rank-1 tensors are required to express
the given tensor?"

In this thesis, we give the maximal rank (the best possible upper bound) of
quaternionic tensors in the n; x ny x ng cases where 2 < n; < 3. Decomposition of a
quaternionic tensor 7" into simple tensors in the some of these cases are discussed. We
also give an example of a complex tensor that has different ranks over the complex
field and the real quaternion algebra.

Moreover, we give the maximal rank and canonical forms of m x 2 x n quaternion
tensors for any m,n € N*. We also discuss some upper bounds for general quaternion

tensors by using a block tensor approach.
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Chapter 1

Introduction

Tensors, as generalizations of matrices to higher dimensions, have many applica-
tions in various settings. They have many applications in various aspects, such as
aerospace engineering ([22]), signal processing (|11, [18, [17]), data mining ([62]), ma-
chine learning ([47]), computer vision (|54, 165, 166]), higher-order statistics (|10, [13]),
pattern recognition (]33, 152]), chemometrics (|12, 55]), graph analysis ([37]), numer-
ical linear algebra (|19, 20, 35]), numerical analysis (Part I in [43]), etc. They are
one of the most important algebraic structures in mathematics. There has been
active research on tensors for the decades with topics including tensor decomposi-
tions, tensor ranks, tensor determinant, tensor eigenvalue problems, and low-rank
approximation.

The concepts of tensor decompositions first appeared in Hitchcock’s book in 1927
(128, 29]), and later was developed to a multiway model by Cattell in 1944 |9, §].
These concepts got very little attention until Tucker’s work ([63]) in the 1960s and
Harshman’s work ([7]) in 1970, which appeared in psychometrics literature. In 1981,
tensor decompositions were first used in chemometrics by Appellof and Davidson
([1]). Since then, tensors have become fairly popular in that field (see [27, 156, 13]).

There was even a book written ([55]) in 2004. Along the side of the developments



in chemometrics and psychometrics, decompositions of bilinear forms also aroused
lots of interest in the field of algebraic complexity, such as [34, Section 4.6.4] by
Knuth and an interesting example by Strassen about matrix multiplication, which
describe 2x2 matrix multiplication by using a decomposition of a 4x4x4 tensor (see

57, 139, 42)).

1.1 Tensor Ranks and Tensor Decompositions

There have been extensive studies about tensor ranks and tensor decompositions
over the past few decades. They both start with the consideration of sum of rank-1
tensors which are closely related to outer product of vectors. To illustrate, given two
vectors @ = (U1, Us, ..., Up)T and 0 = (v, v, ...,v,)T, their outer product, denoted
by 4 ® v, is defined as the m x n matrix obtained by multiplying each element in @

by each element in ¢ in the following way:

U101 U1V2 ... ULVUp
. . U2V UV2 ... UUy
URU :=

UmUV1 UpUV2 ... UpUp

Similarly, A K-way tensor T' € FN1>*N2xxNk (F = R or C) is said to be rank-1

if it can be written as the out product of K vectors:

T'=a1®d® - Qdk,

where @, € FV¢, k = 1,2,..., K. That is, each entry of the tensor is the product of

the corresponding vector entries:

EliQ'“iK = A1,41A24, ** AK i for all 1 < ij < Nk, k= 1,2, ey K.



The rank of a tensor T is defined by the smallest positive integer n such that

T=T1+1T,+...+7T,

for some rank-1 tensors 71,75, ..., T,. That being said, the objective of determining
tensor rank is simply to answer the question, "To express the given tensor, how many
rank-1 tensors are required?"

Although the definition of tensor rank is similar to the definition of matrix rank,

their properties are pretty different (see [40]).

1. There are straight-forward algorithms to compute the rank of a matrix, but
there isn’t any algorithm for computing the rank of a given tensor. As a matter

of fact, the tensor rank problem is NP-hard (see [24]).

2. Matrix rank doesn’t depend on the base field, but tensor rank does. For a given
real tensor, its rank could be different over the real field R and the complex

field C. For example, the tensor



3. The maximal rank and typical rank is the same for a matrix, but can be
different for a tensor. The maximal rank is defined to be the largest rank that
is attainable, however, the typical rank is any possible rank that can occur with
probability greater than zero (see |36, Section 3.1]). For example, Kruskal ([40])
discusses the 2 x 2 x 2 case, where the tensors have typical ranks of 2 and 3
over the real field R. As a matter of fact, Monte Carlo experiments, which
randomly draw each of the entries of the tensor from a normal distribution
with standard deviation one and mean zero, show that the set of all 2 x 2 x 2
tensors with rank 2 fills about 79% of the space, while those with rank 3 fill

21%.

In general, it is usually extremely difficult to determine the rank of a given tensor.
There is an example of a particular 9 x 9 x 9 tensor cited by Kruskal, whose rank
is only known to be bounded between 18 and 23 (see [40]). In 2008, Comon et al.

conjectured that the rank is 19 or 20 (see [14]).

1.2 Maximal Ranks of Complex and Real Tensors

Although it is generally difficult to determine the rank of a given tensor, there
are extensive studies of upper bounds of ranks (maximal ranks) of tensors over
the real field R and the complex field C, which have been popular over the past
few decades. Let F denote the real number field R or the complex field C and
max.rankg(ny, ng, . ..,n,) denote the maximal rank of ny x ny x ... n, tensors over

F. For example, in the matrix case, it is well-known that
max.rankp(ni,ny) =  ma rank(A) = min(ny, n
X F(n1, n2) O (4) (n1,n2),

where F denotes the real number field R or the complex field C.

In the tensor case, however, even for 3-tensors, max.rankg(ny, ns,n3) is unknown



and difficult to determine. The following weak inequalities are known:
max{ni, ns, ng} < max.rankp(ny, ng, n3) < min{ning, nong, ngny},

where F denotes the real number field R or the complex field C.

As for better bounds for 3-tensors, Grigoryev [23] and Ja’ Ja’ [32] independently
determine the rank of any n; x ny x ngz tensor for ng < 2 in 1978 by using canonical
forms. They showed that

max.rankg(m,n,2) = min {n + [%J ,m + ng ,2m, Qn} ,

where ' denotes the real number field R or the complex field C. In 1979, Atkinson

and Stephens showed that

max.rankc(m, n,p) < m + ng n

if m < n (see [3]). In particular, when m = n, this becomes

1
(p+2)n if p is odd
max.ranke(n, n, p) <
p+2n . .
— if p is even.

Later in the same year, they improved the upper bound for the p even case (see

[2]), showing that
(p+1)n

max.rankc(n,n, p) < 5

for all p. Atkinson and Stephens also showed in [3, Theorem 2] that

max.ranke(m, n,mn — k) = mn — k? + max.ranke (k, k, k* — k).



As a result, the rank of all 3 x 3 x p tensor (except for p = 5) were obtained:

P 1234672809

max.ranke(3,3,p) [3 4 5 6 7 8 8 9

Atkinson and Stephens also asserted that any n x n x 3 complex tensors have rank
no more than 2n — 1 (see [3]). In 2010, Sumi et al. proved Atkinson and Stephens’
assertion and extended their result over the real number field for n odd case (see
[59]). They also improved some other results from [2,13]. In 2016, they summarized

their results in [60] as follow:
(1) max.rankc(n,n,3) < 2n — 1 and max.rankg(n,n,3) < 2n,
(2) If m < n, then max.rankg(m,n,3) < m+n —1,
(3) If n is not congruent to 0 modulo 4, then rankg(n,n,3) < 2n — 1.

(4) rankgp(m,n,p) < (e + 1)m + [WJ, where 3<m<n<pandp=2¢+¢

for an integer ¢ and ¢ = 0, 1,

where F denotes the real number field R or the complex field C. By extending
Atkinson and Stephens’ result in |3, Theorem 2] over the real numbers, they showed
that

max.rankg(m, n,mn — k) = m(n — k) + max.rankg(m, k, mk — k),

and

max.rankg(m, n, mn — k) = mn — k? + max.rankg (k, k, k* — k) ,

where F denotes the real number field R or the complex field C. As a result, the

rank of several types of tensors over the complex or reals were obtained:
(1) max.rankp(3,3,3) < 5;

(2) max.rankc(4,4,3) < T;



(3) max.rankp(5,5,3) < 9;
(4) max.ranke(6,6,3) < 11,

where F denotes the real number field R or the complex field C.

1.3 Canonical Forms

Apart from the maximal ranks, the canonical forms of 3-tensors with small sizes
were also studied. In 2008, Vin De Silva and Lek-Heng Lim showed in [21] that any
2 x 2 x 2 tensor over R can be reduced to one of the eight different canonical forms,
i.e., for any T € R?**?*2_ there exist nonsingular matrices A;, Ay, A3 € My(R) such
that (A; ® As ® A3) (T') is a canonical form, where A; ® A ® Aj is defined by

Al ®A2 ®A3 . R2><2><2 N R2><2><2

Y

U1 @ Uy ® U — A1U1 @ Agly @ AsUs.

Furthermore, each of the 2 x 2 x 2 tensor over R can be transformed to a unique
canonical form only, which gives a classification of all 2 x 2 x 2 tensor over R into

eight different orbits.

Orbit Canonical Form Rank
0 0|0 O
Dy 0
0 00 O
1 0/0 O
D, 1
0 0|0 O
1 0|0 O
D, 2
0 1/0 0




10/0 1

D, 2
0 0[0 0

) 1 0/0 0
0 0[1 0
1000

G, 2
0 0[0 1
1001

D; 3
0 10 0
100 -1

Gs 3
0110

Table 1.2: Canonical Forms of 2 x 2 x 2 Real Tensors

Later in 2009, Sumi et al. ([58,160]) gave the canonical forms for complex 3-tensors
with 2 frontal slices of arbitrary sizes: For any T' = (A; B), where A, B € M,;,x,(C),

T is equivalent to a tensor of block diagonal form

Diag ((51§ Tl) DI (ST; Tr))

where each (S;;7T;) is one of the following:
1. zero tensor (Opxi; Opxg) € CH2*U K1 >0, (k1) # (0,0);
2. (Jp(a); ) e CH2 g eC, k > 1;
3. (I Jk(0)) € C** ks = 1

4. ([Orx1, I] 5 [Ir, Opxa]) € Co*2x 4D e > 1,



5. O1xi : Iy c C(k+1)><2><k, k> 1,
I, O1xk,
where [, denotes the k x k identity matrix and Ji(a) denotes the k x k Jordan block

with eigenvalue a.

1.4 Quaternionic Tensors

In contrast to tensor decomposition and tensor rank problems over commutative
algebras where there are some known results for specific cases over the complex
and real numbers, the tensor decomposition and tensor rank problems over the real

quaternion algebra
H = {ag + aii + asj + askli* = j> = k* = ijk = —1;a9, a1, as, as € R}.

are at present far from fully developed and remain largely open questions.

Knowing how to check the rank of a given tensor and finding a minimal decom-
position into simple tensors is not just of theoretical importance, but has many real
life applications as well. Such results can be useful for questions arising in applied
mathematics, engineering, physics and computer science. For example, Sylvester-
type equations for tensors usually involves assumptions that depend on tensor ranks.
Not all problems are commutative in nature however, so understanding tensors in
the noncommutative case is also important.

There are very few results involving tensor decompositions over H, at least in
comparison to known results over C and R. In [58], upper bounds for the rank of
tensors with size 2 x - - - x 2 over R or C are studied. For instance, the maximal rank
of any real 2 x 2 x 2 x 2 tensor is 5, while the maximal rank for a complex tensor of the
same size is 4 (these bounds were shown earlier in |38] and [6] respectively). In some

recent work involving H, a simultaneous diagonalization result in [26] produces solu-

9



tions to a specific generalized Sylvester quaternion matrix equation, while expanded
work in [68] provides solutions for a two-sided coupled Sylvester-type equation in a
similar setting. These results however assume that the ranks of the tensors being
used are known. It is therefore essential to find ways of determining the ranks of
tensors over H if one hopes to utilize these results.

In the development of determining the ranks of other small real tensors, Kruskal
first stated in 1989 (]40]) without proof that 3 x 3 x 3 real tensors also have ranks
at most 5. In 2013, a formal self-contained proof was given by Murray R. Bremner
and Jiaxiong Hu ([4]). In 2016, a detailed simple proof, which mainly involves linear
transformation and matrix diagonalization, was given by Toshio Sakata, Toshio Sumi
and Mitsuhiro Miyazaki ([60]). In addition, they also used other simple evaluation
methods to show that 2 x 2 x 2 and 2 x 2 x 3 real tensors have maximal rank 3,
2 x 3 x 3 tensors have maximal rank 4 ([60]), and characterized the 2 x 2 x 2 tensors
having rank 3 by using the Cayley’s hyperdeterminant ([61]).

In this thesis, we will start with showing that 2 x 2 x 2 quaternion tensors have
ranks no greater than 3. After that, we will bound the ranks of some other small

sizes quaternionic tensors.
1. max.rankg(2,3,2) = 3;
2. max.rankg(3,2,2) = 3;
3. max.rankg(3,3,2) = 4;
4. max.ranky(3,2,3) = 4;
5. max.rankg(3,3,3) = 5.

In many of the results in this thesis, it is desirable to first simplify a tensor
T = (Ay;...; Ag) by first applying column and row operations to the matrices A;

which preserve rank. Since we are working over a noncommutative division ring, we

10



need to be careful with how H is acting in a column or row (see [70, Section 1.3.3]
for an exposition on the difficulties of defining tensors over the quaternions).

If we however only act by H on the left when using row operations (i.e. horizontal
slice operations), and by H on the right for column operations (i.e. lateral slice
operations), then one can check that the rank is preserved. In particular, we are
actually endowing H"'**"™ with a bimodule structure where multiplication takes
place on the left and right by nonsingular quaternionic matrices. Using real frontal
slice operations is also allowed since R is the center of H. We will call each of these
rank-preserving operations. In the latter case for example, let A; be an N; x M;

matrix with entries in R for ¢+ = 1, ..., p. Consider the multilinear map defined by

A®... ®Ap VX xNp IHIM1><...pr7

171@@171)'—)141271@@142,171)

This map is well-defined since the action is linear in each component. When we apply
A1®...®A, to T, we can bound the rank of the resulting image by rank(7"). However,
allowing all the A;’s to have entries in H would no longer define a multilinear map,
even though using row operations with left H multiplication (or column operations
with right H multiplication) coming from nonsingular matrices does preserve rank.

In the last chapter, we determine the maximal rank of m x 2 x n quaternion

tensors for any m,n € N* and their canonical forms (Theorems 3.7 and A.34]), and
then we generalize some results in the complex 3-tensor case to the the quaternion
tensor case with higher orders. For instance, in Theorem 4.4, we generalize the

equality

max.rankc(m, n, mn — k) = mn — k* + max.rankc(k, k, k* — k),

which was given by Atkinson and Stephens (|3, Theorem 2]) in 1979, and in Theo-

11



rem [L.2.3] we generalize a classical inequality by Frobenius about matrix ranks ([46,

Theorem 5.66))

rank(X) = rank(UX) + rank(XV) — rank(UXV),

A similar result was also given by Kruskal ([39, Theorem 1]) in 1977 for complex

3-tensors.

12



Chapter 2

Preliminaries

In this chapter, we introduce some basic properties of quaternionic tensors.

2.1 Real Quaternions

The real quaternions were discovered by Hamilton in 1843. Since then, they have
been widely used in many areas such as computer graphics, control theory, physics,
robotics, image and signal processing, electromechanics, quantum mechanics, etc.
We refer the readers to [44, [15, 41, 49, 51, 150, 153, 67, [69] for more information.
Denote the real field by R and the complex field by C. The real quaternion

algebra is defined by
H = {a0+a1i+a2j+a3k |2 =2 =k? =ijk = —1;a0,a1,a2,a36R}.

This is a 4-dimensional associative algebra over R with an ordered basis 1,7, 7 and &

13



with the multiplication table:

Table 2.1: Multiplication Table of the Real Quaternion Algebra

In other words, a real quaternion is a vector

T =g+ Tt + x9) + x3k € H

with coefficients xg, x1, x5, 3 € R. Hence it has the usual addition and the scalar
multiplication defined in the vector space H over R,. Besides, the product of any

two of the quaternions 1,4, j, k can be computed by using the table, i.e.

Z’2:j2:k2:_1

ij=—ji=k, jk=—kj=i, ki=—ik=]j.

Therefore, we can see that every element x € H be can uniquely written in the
form

r =g+ Tt + 197 + x3k

for some g, 1, 22,3 € R, and thus real numbers and complex numbers can be
thought of as quaternions in the natural way.

However, a major feature of quaternions is that multiplication of two quater-
nions is noncommutative. For example, in the given multiplication table, we have

already seen that 17 = k but ji = —k, which shows that ij = ji2. The following

14



example even shows us a surprising fact.
Example 2.1.1. The equation 22 + 1 = 0 has infinitely many solutions in H.

Proof. Consider quaternions of the form

x = cos i+ sinfj

Taking the square, we have

2% = (cos i + sin ) = cos® §i* + sin® 0% + cos O sin O(ij + ji).

The third term is zero, since ij = —ji. The first two terms sum to —1, so any number
of the given form is a solution to 2 + 1 = 0. Since there are uncountably many

cosf € [0, 1], there are uncountably many solutions. ]

2.2 Basics of Tensor Rank

Definition 2.2.1. A multiway array 7" = (7,4, 4, ) Where 1 < 43 < Np,...,1 <
ix < Nk is called a K-way tensor of size (N7, Na, ..., Ni). If each of the entries
T iy in are taken in R, then we call T" a real (or complex, quaternionic, respectively)

tensor, denoted by T € RN >Nex-xNi (op T g CNtxNaxxNi T g JN1xN2x-x Nk

respectively). We also say that T is an N7 x Ny X ... x Nk tensor.

When K = 3, we will use the convention that N, indicates the number of frontal
slices of the array, so that the array consists of No many N; x N3 matrices. Similarly,

it will have Ny horizontal slices and N3 lateral slices. For example a 3 x 2 x 3 tensor

15



has 18 entries, which can be denoted by

G111 A121 Aa131 ailz Adizz2 132
T= Q211 Q221 G231 | 5 | G212 Q229 G232
311 A321 a331 az12 dz22 4332

When K > 3, it is no longer convenient to use the same notation as above to describe
tensors.

Note: We should mention that this notation is different from the one used by some
authors cited in this thesis (for example, in [60], N5 indicates the number of frontal

slices).

Definition 2.2.2. A nonzero real tensor (or complex, quaternionic, respectively)
T = (Tj,i,..ir ) is called a simple tensor if there exist real (or complex, quaternionic,

respectively) vectors

a_i = (a'llaalQa' o aa'lN1)7
ay = (&21,(1227 e ,a2N2)>
ar = (ax1, K2, .-, QKN ),

such that T = (T}4,..ix) = (a14,09i, - . . ag,. ). We will also denote this by

I'=a1®d:® - Qdk.

Example 2.2.3. For the 2 x 3 x 2 tensor

2 3 -2 =3 4 6
T = .

8 12 -8 =12 16 24

16



there exist vectors

@ = (a1,as) = (1,4), b= (by,ba,b3) = (1,—1,2) and @ = (c1,¢3) = (2,3)

such that
arbic;  arbico ajbecy  ajbacy arbsc;  ajbscy
T= ; ;
asbic;  asbicy asbacy  asbacy asbzcy  asbscy
=ad®®b®-cC.
Therefore, T is a simple tensor. ]

Definition 2.2.4. Let T" be a nonzero real (or complex, quaternionic, respectively)

tensor. Then the rank of T" is the smallest positive integer n such that

T=Ti+To+...+T,,

where T3, Ty, ..., T, are simple real (or complex, quaternionic, respectively) tensors.
We will say that 7" has rank n and denote this by rankg(7") = n (or rankc(7T') = n,

ranky (7)) = n, respectively).

Note: We will use simply the notation rank(7") for general situations (including the
real, complex, and quaternion cases) when the underlying base doesn’t affect the
statement.

An immediate consequence of this definition is that rank(7" + S) < rank(7) +
rank(S). Any sum of simple tensors 77 + Ty + ... + T,, = T is called a tensor
decomposition for T, even if n is not minimal. We will highlight various nontrivial
tensor decompositions in Chapter 3 where n is always equal to the minimal known

bound on tensor rank. It should be noted that some authors refer to a tensor

17



decomposition in the singular value decomposition sense, and not as a sum of simple
tensors (see [25] for this type of tensor decomposition in the quaternion case).

P

For Az S MM¢><N,~<R)7 1= 2,...,p— 1 and Aj € MMixNi(H)a ] = 1,p, let ®Al =
i=1

A1 ®---® A, be the multilinear map from HN XX Np g0 HIM1x*Mp determined by

Al R ®Ap : HNlX"'XNp SN HMIX...XMP’

T

171 R ® f)'p — Alﬁl X AQUQ X Ap—lgp—l & (U_];TA;Z;)

Since A,, ..., A,—1 are real matrices and the action is linear in each component, this
map is well-defined by universal property.

For any T € HM>**Ne and m € {1,2, ..., p},
T X A= Iy @+ ® Iy, , ® A4 @ Iy, ., ® - @ 1y,) (T)

is called the m-mode product of A,, and T'.
In 45], it was mentioned that one can use multilinear maps formed by real ma-
trices as well as left and right module actions determined by quaternionic matrices

to bound the rank of a given tensor. We now summarize it in the following lemma.

Lemma 2.2.5. Let T' be an Ny x ... x N, quaternionic tensor and A1 ® ... ® A, a

multilinear map from HN > >No o HM1 ¥ *xMp defined as above. Then
rankg((4; ® ... ® A,)(T)) < ranky(T).
Furthermore, if A1 ®...® A, is invertible, then

rankg((4; ®...® A,)(T)) = ranky(T).

18



Proof. Suppose rankyg((T) = n, and write T as a sum of simple tensors

T —

n
Uh@...@vip.

=1
By multilinearity, we have

n

(A1®...@A)T) = D AT, ®...® AT, , ® (v7,TAT) "

i=1
which implies rankg(A; ® ... ® 4,)(T)) < n. O

A similar proof works if we replace H with C and meanwhile restrict all A;’s to be
complex matrices. However, allowing all the A;’s to have entries in H would no longer
define a multilinear map, even though using row operations with left H multiplication
(or column operations with right H multiplication) coming from nonsingular matrices
does preserve rank.

Now, we introduce the notation for the adjoint of a quaternion matrix. Given an
n x n matrix A with entries in H, we can uniquely write A = A; + Ayj, where A;
and A, are n x n matrices with entries in C. The complex adjoint matrix of A

(or simply the adjoint of A), is defined as the 2n x 2n complex block matrix

A A

The adjoint matrix is very useful in converting a diagonalization problem over H

into a diagonalization problem over C. The following result is well-known ([49]).

Lemma 2.2.6. An n x n matriz A with entries in H is diagonalizable if and only if

X(A) is diagonalizable.

Moving on, we introduce two auxiliary lemmas which are important in the next

chapter that follows.
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Lemma 2.2.7. Let T = (Ay; Ag; ... Ay) be an m xpxn tensor. Then ranky(T) <r
if and only if there are r x r diagonal matrices D;, an m x r matriz P, and anr xn

matriz () such that Ay, = PDyQ, fork=1,...,p.

Proof. The following argument is a slight alteration from the one found in [60, Propo-

sition 2.1]. First suppose that rankg(7") < r, and write T" as a sum of simple tensors

,
Let us write b; = (bi1, bi2, ..., b;p) for 1 < i < r, so that Ay, = ngbikc}T. We will
i=1

define P, Q) and D, by

-T
C1
Lo . &' .
P = [al,ag,...,ar], Q = y Dk = d1ag(b1k7b2k,...,brk).
-T
Cr
Then
—T
b1 C1
-T
- - bak C2 o T
PDkQ = [a17a2a"'7ar] = lblk’cz :Aka
=1
=T
brk Cr

as required.
Proceeding similarly for the other direction, assume that there are r x r diagonal
matrices Dy, an m x r matrix P, and an r x n matrix ¢ such that A, = PD.(Q, for

k=1,...,p. Then writing P, Q) and D, as above, we have:

Ap=PDQ =Y dibac’ =T =Y ;05 @,
i=1 i=1
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Hence ranky(7) < r, completing the proof. O

Lemma 2.2.8. Let T' = (Ay; As; ... Ay) be an n x p x n tensor, where Ay is non-
singular. Then ranky(T) = n if and only if {AjAl_l |j=2,3,... ,p} can be simul-

taneously diagonalized.

Proof. The following proof is similar to that found in [60, Proposition 2.5]. First
suppose that ranky(7") = n. Then by Lemma 227 there exists an n x r matrix P,

an r x n matrix () and r x r diagonal matrices Dy, Dy, ..., D, such that

Ay = PD\Q, Ay =PDyQ, ..., A, = PD,Q.

Since A; is non-singular, D; must have rank n and thus » = n. This implies that P,

() and D; are each invertible. Therefore

A;ATY = PD;Q(PDQ)™ ' = PD;QQ7'Dy' P~ = PD; Dy P!

for j =1,...n, and thus the A;A7" can be simultaneously diagonalized.

For the other direction, suppose that there exists an n x n matrix P where

D] ZPilAjAlilp, j=2,3,...,p

are diagonal matrices. Consider the tensor

T =P 'TA['P = (I,; Da; .. .; D,).

It is easy to check that rankg(7”) = n, and since multiplication by invertible matrices

is rank preserving, rankg(7") = n as required. ]
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Definition 2.2.9. Let R; be the H-homomorphism induced by

. N1 X...xN, No x...x N,
R; : H™ r— HM 3

171®...®17p'—>’U1i<?72®---®?7p)a

where vy; € H is the i-th coordinate of the vector ¥, € H™, i = 1,2,...,N;. The
left H-module generated by {R;(T) | i = 1,2,..., Ny} is denoted by R(T'). The
dimension of R(T) is denoted by dimyg R(T).

Definition 2.2.10. Let C; be the H-homomorphism induced by

. Nix...xN, Nix..xN,_1
Cj H r — H P

171@...@’(71)'—)(?71@...@17p_1)vpj,

where v,; € H is the j-th coordinate of the vector @, € HY, j = 1,2,..., N,. The
right H-module generated by {C;(T) | j = 1,2,...,N,} is denoted by C(T"). The
dimension of C(T) is denoted by dimy C(T').

Definition 2.2.11. Let T" be an N; x Ny x --- x N, tensor over the quaternions.
The conjugate transpose of 7" is an N, x Np_; x --- x N; tensor T* defined via

the (H, H)-bimodule anti-isomorphism induced by

. HN1><---><Np N HNPX---XNl’
W ®U— (3)® @ 0"

Therefore, for any 7' € HN > *Ne T has the same rank as 7. This gives us a useful

tool to bound the ranks of quaternionic tensors.

Proposition 2.2.12. The mazimal rank of Ny x Ny x - -- x N, quaternionic tensors

equals the maximal rank of N, x N,_1 x --- x Ny quaternionic tensors.
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Proof. Since the conjugate transpose = is a bijective multilinear map, by lemma [2.2.5

this is obvious. O
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Chapter 3

Small Quaternionic 3-Tensors

In this chapter, we give the ranks of some other small quaternionic tensors:
1. max.rankg(2,2,2) = 3;
2. max.rankg(2, 3,2) = 3;
3. max.rankg(3,2,2) = 3;
4. max.ranky(3,3,2) = 4;
5. max.rankg(3,2,3) = 4;

6. max.rankg(3,3,3) = 5.

3.1 The 2 x 2 x 2 case

We will show in this section that 2 x 2 x 2 quaternion tensors have a rank no greater

than 3.

Proposition 3.1.1. Let

All A12 Bll BlQ
T = ;
A21 A22 BQI B22
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be a 2 x 2 x 2 quaternion tensor. If Aj1B11 # 0, then T =T, + Ty + T where:

All All(Al_llAIQ) 00
Ty )
A21 Agl (Al_llAlg) 00
0 0 B BH(Bﬁle)
15 ;
0 0 By Bop (Bl_llBlg)
0 0 0 0
T3 = ;
0 Ay — Azl(AﬁlAlz) 0 DBy — 321(Bf11312)

One could ask whether this tensor decomposition is unique up to rescaling or
permutation indeterminacy (see [47] for details about uniqueness of tensor decom-
positions). While it is not difficult to find examples where a decomposition does
not appear to be unique, we will not consider uniqueness questions for the purposes
of this thesis. We can however bound the rank of any quaternion tensor 7' of size
2 x 2 x 2 using the explicit decomposition into at most 3 simple tensors from the
proposition. To ensure that we can apply this result, we first need to ensure that
we can write T in the desired form, and this requires us to use row and column

operations.
Theorem 3.1.2. Let T be a 2 x 2 x 2 quaternion tensor. Then ranky(T) < 3.

Proof. Let us write the tensor as

All A12 . Bll Bl2

A21 A22 B21 -822

T:

Since R is the center of H, by Lemma [Z.2.0 we can perform real elementary operations
on T (including frontal slice, horizontal slice and lateral slice operations). Except

for the trivial cases with too many zero entries (in which case the tensor rank is
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obvious), we may assume that A;; and By; are not zero. Then ranky(7) < 3 follows

from Proposition B.1.1] since the rank of each T} is no more than 1. [l

It is not difficult to show that the tensor

has rank 3. In fact, it follows immediately from Lemma 2.2.8 Therefore, the bound

on the rank for 2 x 2 x 2 quaternion tensors is the best possible.

3.2 The 2x2x3and 2 x 3 x 2 cases

When working over a commutative ring, there is no difference between the 2 x 2 x 3,
2 x 3 x 2, and 3 x 2 x 2 tensor cases. Over the quaternions however, the 2 x 3 x 2
tensor differs from the other two cases.

We will start our discussion by working over the complex numbers. While it is
known that the rank of a complex tensor of this size is bounded by 3, as far as we
are aware, an explicit decomposition like the one below has not been made readily

available.

Theorem 3.2.1. Let T be a complex 2 x 3 x 2 tensor

T Al AQ Bl BQ Cl CZ
Ag A4 Bg B4 C(3 04

such that the two matrices M and N are invertible:
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AQ Ag A4 Al AQ A4
M = B2 Bg B4 ’ N = Bl B2 B4
02 Cg 04 Cl CY2 C’4

Then T has a decomposition as the sum of the 3 simple tensors defined below.

Proof. Define Sy,S,,T) and T, by

Sy = A1 B;Cy — A1 B,Cy — Ay B1Cy + Ay B,C1 + AyBCy — A4B201,
Tl = AlBgc4 — A1B403 — A3B104 + A33401 + A4B103 — A4BgCl7
T2 = AlBQC;g — AlBgcg — AgBng + AQBgOl + AgBlcQ — AgBQCl.

We can check by inspection that

ATy — A1 Sy + AgTy = A3Ss,

ByT) — B1S1 + ByT, = B3Ss,
CyTy — C1S + CyTy = C35,.

Since S = det(M) # 0 and Sy = det(N) # 0, we can write T' = Ty + T + T3 where:

- AT ST Ay BT ST B, CoTi ST O,
1= ; ; )
0 0 0 0 0 0
0 0 0 0 0 0
Ty = ; ; )
ASy Ay B,T,S5' B, C,T,S,' C,y



15 = (51;52;53),

(A4: 8 — AT)STE 0 (B1S; — B,T1)S; 0

where 5] = , Sy =

—(A1S, — AT)Sy 0 —(B,S, — ByT1)S; 0

)

and S, — w@—@mxﬂo' .
—(C18; — C,11)S;1 0

If we try and generalize Theorem or Theorem B.2.1] to write an explicit
decomposition for the 2 x 2 x 3 quaternion case, we immediately run into problems
with the operations needed to write T in an appropriate form. In Theorem
for example, we only needed real row and column operations. As mentioned in
remark after Lemma 225 we cannot freely apply row and column operations using
quaternions, and can only use row operations where H is acting on the left, and
column operations where H is acting on the right (that is, horizontal and lateral
slice operations). Nonetheless, we can provide a basic bound on the rank even if

we cannot write down an explicit decomposition. Let us start with a motivational

example.

Example 3.2.2. Consider the quaternion 2 x 2 x 3 tensor

1 i 0 0 1+5 0

0 —j 1+d| |0 i+k 1+

T:

We can apply rank-preserving row and column operations:
(a) Co — Caj,

(b) O3 — C3 = Co(1 +14) + C1(j + k),

(c) Cy = 3Cy, — C3(—2+1i—k)

to reduce T' to a form that is easier to decompose into 3 simple tensors.
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1k 0 0 —1+5 0
using (a)

01 1+44| |0 —i+k 1+

1 kO] |0 —14j 14+i—j+k
o ; using (b)

010 0 —i+k 1 —k

1 3k 0 0 -1—73+2k 14+71—75+k
- ; using (c)

0 3 0 0 2—1+k 1 —k

Then the reduced tensor

1 3 0| |0 —1—j+2k 1+i—j+k
0 3 0| [0 2—i+k i—k

sk o] o k2—i+k) (—i—5)(i—k)

0 3 0 0 2—i+k 1 —k

can be decompose into 7" = T + T + T3 where:

TI_ ; )
0 00 0 00

0 00 00 (—i—j)t—k
- {00 Gimae-n])

0 0O 0 0 1—k

0 k-3 0| [0 k(2—i+k) 0O
T3 = )

0 3 0 0 2—i+k 0

Therefore, ranky(7") < 3.
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Theorem 3.2.3. Let T be a 2 x 2 x 3 or a 3 x 2 x 2 quaternion tensor. Then
ranky(7") < 3.

Proof. Let T'= (A; B) where
A=[a b 5], B=lJ’ ¢ f],

and d@, . . ., f are 2-dimensional column vectors. If either A or B has rank no greater

than 1, we have
ranky (7)) < rankg(A;0)) + rankg(0; B)) < 1+2 = 3.

Therefore, let us assume that rankg(A) = ranky(B) = 2. Without loss of generality,

-,

we can assume that rankg(d, b) = 2. Then, by a column operation, we have

(5 bl A) = (5 ol i< )

If ¢ =0, then ranky(7") < 3 by Theorem B.1.2l Let us assume then that g = 0, and
without loss of generality, that rankg(e, g) = 2 (since B has full rank). By further

column operations, we have

Since rankg/(h, b) = 2, we can write

é’:ﬁcl—i-l_;@, §’2503+gc4.

If c3 = 0, then
([ﬁ ; oHo . §D=([ﬁ ; oHo e + e, 503+564D
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—><lﬁ ; oHo e 503+5C4D,

which has rank at most 3 (we can write it as the sum of 3 simple tensors defined

using the 2 x 2 slices in the lateral direction). If ¢3 = 0, then ¢4, = 0 and we have

([ﬁ : oHo . g]):([ﬁ ; oHo e + Bes bD
—><[H heg + bey 0];[0 (5064—507)08 504]),

using the column operation Cy — Cs+ C1ky + Csks and choosing ky, k3 appropriately
(depending on whether ¢; = 0 or ¢o = 0 for example). Then the rank is at most 3
by the same argument as above.

Finally, the 3 x 2 x 2 case can be proven by using proposition 2.2.12] [
Theorem 3.2.4. Let T be a 2 x 3 x 2 quaternion tensor. Then ranky(T) < 3.

Proof. Let

aix Qaig bii big C11 C12

I )

T=(A;B;C) =

ag1 A22 ba1 Do Co1 C22

If either A, B or C is singular (and if so, we may assume that it’s A), then by

rank-preserving row and column operations, the tensor can be reduced to

L0 _ by by _ ¢y
0 0 by by 1 Ch
If by = ¢4y = 0, then T is the sum of 3 simple tensors defined using the 3 nonzero

vectors in the lateral direction (v = (1,b),¢};) is one such vector). Otherwise

if either b, # 0 or ¢h, # 0, then by adding a frontal slice to another we can
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assume that b),ch, # 0, and we have the following decomposition into simple tensors

T=T1+T2+T3Z

00
Tl = )

0 0

0 0
T2 = )

00

10
T3 = )

00

In both cases we see that

Therefore, we may assume that A, B and C are nonsingular. By performing row

bl (V) ™10, Bho |

Do (D)~ by

-1/
Co1

0 0

. Ca(Cho)
)
0/22(6/22>_1C/21

0 0

by — b (b)) 0y O

0 0

rankg(7") < 3.

and column operations, we can assume that

If either the second or the third frontal slice of T" is diagonalizable (without loss of

generality assume the second one is diagonalizable), then T" can be further reduced

to

which has the following decomposition S = S; + Sy + S5 with rankg(.S;)

bll bl2

I

1 b21 622

10| ¥, O

01 0

/
b22

32

0
0

Y

I

0
0

/
C12

/
Coo

/ / / —1
chy — C1a(chy) ey 0

C11

C21

/ /
11 G2

/ /
Co1 Co2




00 00 Cl
S = ;
00 00 &y ik
10 v, 0 dy—1 0
0

S2 = ) ) )
0 0 0 O 0
0 0 0 0 0 0

Sz = ; ;

Otherwise, neither of them is diagonalizable. Then by [71, Theorem 6.3] we can
apply unitary triangularization for the second frontal slice to reduce T' to
o 10'6’110'0’110’12
0 1 by by Chy Ch
Since the second frontal slice of S is not diagonalizable, b}, and b, must be
equivalent. So we can assume by similarity that b}, = b3, € C. By adding a
real multiple of the first frontal slice to the second, we can assume further that
b, = by = ai for some a € R. Since the second slice is not singular, we have a = 0.

Then we can assume by rescaling the second slice that

- / /
10 e 0 | G
S = ) )
/ - / /
01 by, i@ Cy  Coo

Denote b, = qo + q11 + 27 + g3k for some qq, q1, g2, g3 € R. We have

1 0 ¢t 0 1 0 ? 0

qsangk 1 b/21 i _%J;thk 1 QO+C]1i i
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Since the second slice is not diagonalizable by the assumption, gy + ¢12 = 0. So we

1 0 i Of 1 0 ¢t 0

Totqii qo+q1i ) 0 C]0+Q1i 1

If we apply the same operations as above to the tensor S, we get the resulting tensor
5 _ Lof |2 0f Ay s
01 1 i chy Chy
Similarly, since the third frontal slice is not diagonalizable by the assumption, it can
also be written as
s m 1
ch o Cho 0 m
for some invertible matrix P € M, (H) and some m € C. Therefore, by adding a
multiple of the first frontal slice to the third as well as multiplying the third frontal

by a real constant, S can be further reduced to

5@ _ 1 0 , 1 0 p 1 1 Pl
0 1 1 1 0 1
a
Denote P = and decompose P = P; ' P, according to the following situa-
c d
tions.
0 1 c d
(1) If a = 0, then define P, = and Py =
10 0 b
1 0 a b
(2) If a = 0, then define P, = and Py =
—ca™t 1 0 d—ca'h
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Then in either case, we have

SG) = pSPPpt = ; Py PP Pyt

For (1), we can easily see that both the second and the third frontal slices of S® are
upper triangular. So, S® is the sum of 3 simple tensors defined using the 3 nonzero
vectors in the lateral direction.

For (2), we can compute

0 1 011 O 1 0 1 0
Py Pt = =
1 i —ca™ 1| |1 | |cat 1 1—cabi+ica™ 1
and
i1 . a b i 1| et —a'b(d—ca tb)™!
0 ¢ 0 d—ca™b| |0 1 0 (d—ca™'b)™!

aia™t —aia”'b(d — ca™'b) ' + (a + bi)(d — ca”'b) !

0 (d — ca™b)i(d — ca™'b)!

Denote ¢; = 1 —ca™Yi + ica™, by = —aia™'b(d — ca™'b)™* + (a + bi)(d — ca™'b)!

and d; = (d — ca™'b). We can write
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10
Note that ¢; = 0 by the assumption. Let P; = and we have

001

. N .
S — P35(3)p3—1 _ Lo Y 0 | @a bic;
0 1 1 clicfl 0 (Cld1>i(cld1)_1

10 i 0 iy byt

01| |1 4 0 iy

where i; = cyici', is = aia™! and i3 = (cidy)i(cid;) ! are all equivalent to 7. Since
the second frontal slice of S is not diagonalizable, we have i; = —i. So there exists
0 = t € R such that

a = —(i + tiy) = (i1 + tig) := f.

Add the second frontal slice to ¢ times the third frontal slice, then S™ is equivalent

to
56 _ 1 0 ; i 0 ; 1+ tiy  thicg
0 1 1 1 11 + tig
10 1 0 -y
0 1 1 25 1 j

where v = thc;t. We will show that the third frontal slice of S©® is diagonalizable, so
that S©® reduces to the situation of Equality B2l Consider the following quaternion
equation

2? +ax + 2B —v=0.

Since a = 3, according to [31, Theorem 2.3.1] there exists a solution z with #(z) = 0.

Therefore, we have
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1 —z||-a ~v| |1 = - —x 0

0 1 1 B0 1 1 g+ x
Note that both a and [ are pure imaginary numbers and $(x) = 0, we have
R(—a—x) = R(B+ ),

which implies that —a — x and § 4+  must be non-equivalent. It follows that

—a— 0 —a
is diagonalizable, and thus so is by similarity.
1 B+ x 1 g

Since we can view a 2 X 2 x 2 quaternion tensor as a special case of the 2 x 2 x 3
case, it is clear that a bound of 3 is the best possible bound since there already exist

examples of such tensors that have rank 3.

3.3 The 2 x3x3and 3 x 2 x 3 cases

We wish to bound the rank of a quaternion tensor with size 2 x 3 x 3 (and hence the
3 x 3 x 2 case) using the results of the previous sections. In order to do this, we will

first need the following auxiliary lemma.

Lemma 3.3.1. Let A,B € M,(H) be n x n matrices with entries in H. If A is

invertible, then there exists an xo € H such that oA + B is singular.

Proof. By |71, Theorem 5.3], every n x n quaternion matrix has at least one left
eigenvalue in H, which means that we can always choose xy € H such that zol + BA™!

is singular. Therefore, xgA + B is also singular. m

Theorem 3.3.2. Let T be a 2 x 3 x 3 or a 3 x 3 x 2 quaternion tensor. Then

ranky(7") < 4.
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Proof. Let

T aix Qa2 Q13 Q21 QAg22 (23 a31 daz2 a33
= ) )

bll b12 b13 b21 bQ2 b23 b31 b32 b33

We can write T' = T + 15, where

T @11 Aaiz2 a3 Q21 Q22 Q23 a31 32 Q33
1 — ; ; )
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
T, = ; ;
bi1 bz bis ba1 oo bog bsi b3z bss

Consider the matrices

11 a1z 413 bi1 bio b13
A= Q21 Q22 Q23 | » B = bai  baa  bog
31 Aaz2 ass bsi  bsa  bss

Notice that ranky(77) = rankg(A) and ranky(73) = rankg(B). If both A and B

have rank at most 2, then

rankg(7") < ranky (7)) + rankg(7) <2+ 2 = 4.

Therefore, without loss of generality, let us assume that rankg(A) = 3. By Lemma

[3.3.1], there exists zy € H such that

11 C12 (13

C=20A+B=|cy cp co3

C31 C32 Cs3
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is singular. Therefore ranky C') < 2 and we can assume that

€11 C12 (13 cn ciz2 0
C= Co1 C22 C23 > [car c2 O
C31 C32 C33 c31 ¢z 0

By rank-preserving row and column operations, we can write

aix; aiz Az Q21 Ag22 A3 31 Aazz ass
T = ; ; ;
b1 bia b3 bai  baa  bog bsi b3y b33
a1; a2 i3 a1 Q22 G23 a31 daz2 G33
- 3 ) )
€11 C12 (13 C21 C22 (23 C31 C32 (33
/ / /
11 Q12 04ig G21 Q22 Go3 31 a3z G33
- ; ;
cii c2 0 co1 cp 0 c31 ez 0

If a5 = aby = a%y = 0, then we immediately have ranky(7") < 4. Otherwise, we may

that assume a}; = 0. By column operations, the tensor can be reduced to

/ / / / / / !/
0 0 ay (g1 Qg Qo3 | | d31 A3y d33

cn ciz2 O Co1 €22 0 C31 (32 0

If ¢11 = ¢1o = 0, then T is the sum of a 2 x 2 x 3 tensor and a simple tensor, so
we again have ranky(7T) < 4 by Theorem B.2.3] Therefore, by switching columns if
necessary, we can assume that c;o = 0. After performing further column operations

we can reduce 1" to

/ 4 / / 4 / /
0 0 ajz| [ay ayn day| |ay G as

/ /
0 C12 0 Co1 €22 0 C31 (€32 0
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If a%, = a3, = 0, then T is the sum of 4 simple tensors defined from the 4 nonzero
1 x 3 vectors in the lateral direction, and we immediately have rankg(7") < 4. We
can therefore assume that af,, a5, # 0 (by adding one matrix to the other if only one
was nonzero). Now the remaining tensor can be decomposed as the sum of 17, T, T}

and T} defined below, showing that ranky(7) < 4:

0 0 O 0 0 0 0 0 0
T = ; ; :
0 ca 0 0 con —cy(ag) " tag 0 0 ¢z —chy(ag) ag O
7 000 000 ah, asi(a) tahy, O
2 = ) ) )
000 000 Chy Chy(ah)tas, O
- 000 ah, ab(ah)tah, 0 000
3 — ) ) )
000 ¢y chy(ah)rah, 0 000
0 0 aj, 0 0 aby 0 0 ajy
Ty = ; 3
00 O 00 O 00 O
Finally, we can apply Proposition 2.2.12 for the 3 x 3 x 2 case. O

In order to show that the bound of 4 is the best possible for the 2 x 3 x 3 and

3 x 3 x 2 cases, we introduce the next theorem.

Theorem 3.3.3. Let T € HN M B = (B, | j = 1,2,...,m + 1} be a basis
of R(T) (or C(T) respectively), and M be the left (or right respectively) H-module
generated by By = B — {B1}. Then we have

ranky(T) > min ranky (B + A) + dimyg R(T) — 1 = dimyg R(T),
€
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(or respectively)
rankg(7T) > Ir4n1]\r41 ranky (B; + A) + dimyg C(T) — 1 = dimyg C(7T)).
€

Proof. Suppose ranky(7T) = r, then R(T') is contained in a left H-module M gen-
erated a set of r simple tensors S = {51, 5,...,5,}. Since B is a basis of R(T), we

have

Bc H}%CT3<< wM.

Denote m = dimyg R(T") — 1. By Replacement Theorem, we can select m elements
in B to replace some of those in & such that the resulting set is equivalent to S.

Without loss of generality, we may assume that
S ={S;|j=12,.,r—m}u{B;|j=2,...,m+1}.

is equivalent to S. Then we can express By as a left H-linear combination of elements

in §;. We have

r—m m+1

Bl = Z Cij + Z ijja
j=1 j=2
which implies
m+1 r—m
B1 — Z ijj = Z Cij.
j=2 j=1

m+1

Denote A; = — Z d;B;. Since Bi, By, ..., By, 41 are left H-linearly independent, we

j=2
have B + A; = 0. Therefore, we have

r—m = rankyg (B; + A1) = zmj\r} ranky (B + A4),
€
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which implies
ranky (7)) = %\I} ranky (B; + A) + (dimg R(T) — 1).
Noticing ggﬁ ranky (B; + A) is at least 1, we have
rankg(7T") > min ranky (B + A) + dimg R(T') — 1 = dimg R(T).

Proceeding in a similar manner, we also have
ranky (7T) > min ranky (B; + A) 4+ dimyg C(T) — 1 = dimy C(T).
€
O

Note that a similar proof still works even if we replace H with C or R in theo-

rem 3.3.3

Example 3.3.4. Let T be the 2 x 3 x 3 tensor determined by the horizontal slices:

100 01 0
Ri(T)=10 1 o|,R(T)=1{0 0 1
00 1 00 0

Since Ry(T') and Ry(T') are left H-linear independent, we have dimyg R(T) = 2.
Denote the left H-module generated by {Ry(7")} by M. Then by Theorem B33 we

have
ranky(7T) > min ranky (Ry(T) + A) +dimg R(T) —1=3+2—-1=4.
€

The proof of the 3 x 2 x 3 case however will require a more delicate argument

than the one used in the 2 x 3 x 3 case.

Theorem 3.3.5. Let T be a 3 x 2 x 3 quaternion tensor. Then ranky(7T) < 4.
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Proof. Let

11 aiz2 A3 bi1 bio b13
T=(A;B)= a1 Gz Qg3 |5 | bar baa Dog
31 Aazz ass bsi  bsa  bss

If either A or B is singular (and without loss of generality assume that it’s A), then

we can use row operations to reduce the tensor to

11 Q12 413 bii bio b13
a1 Gz Q23 |5 | D21 baa Do )

0 0 0 b31 b32 b33

which is the sum of a 2 x 2 x 3 tensor (using the first 2 horizontal slices) and
a simple tensor defined by the row vector (bsy,bsz,b33). Then by Theorem 323
rankg(7) < 3+ 1 < 4. For the same reason, if any horizontal or lateral slice of
the tensor does not have maximal rank, then ranky(7") < 4. For example, the first

lateral slice of 1" is the matrix

a; bn
az; by
as;  bs

If it has rank 1, then T" can be written as the sum of a 3 x 2 x 2 tensor and a simple

tensor, proving that ranky(7") < 4. The maximal rank of any horizontal or lateral
slice is 2.

Let us therefore assume that both A and B are nonsingular, and that any hor-
izontal and lateral slice has rank 2. This means that there is at least one nonzero
entry in every row and column of A and B. It also means that we cannot have more
than one row or column of zeros in any horizontal or lateral slice.

Start by performing rank-preserving row operations to simplify the first column.
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Note that we cannot have equal first column vectors for A and B since this would

contradict the rank assumption on the first lateral slice:

/ / / /
ai;r a1z Qi3 b1 bia bis L ajy ayg 0 by bis
— . ! ! . / /
T= a1 Gz Qg3 || bar baa bog 0 agy ang |3 |1 by Uhs
/ / / /
a3y Qg ass bgl b32 633 O a32 CL33 O b32 b33

Similarly let us perform rank-preserving column operations to simplify the third row.

We can also make a7, = 0 using the first column:

1 ay, ajs 0 by b 1 0 aj 0 by b
— 0 agy, ags | |1 bhy b — 0 agy, ags |3 |1 by b
0 0 1 0 1 O 0 0 1 0 1 O
Next we can use row operations to make ajy = by, = 0:
1 0 af 0 bfy, b, 1 0 df 0 0 b
— 10 a0 |1 b5 | [— |0 ab 0 |i|1 05 by
0 0 1 0 1 O 0 0 1 0 1 O

One final column operation can be used to make af; = 0. We can also scale the

second row since a3, # 0 (by the rank assumptions):

1 0 0| [0 0 o
— |0 af 0|51 05 by

0O o0 1 (0o 1 0

100 0 0 v,
— [0 1 0] (aly)" (aky) b5 (aky) bl
0 0 1 0 1 0
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Let us relabel the entries by w, x,y and z to write the resulting tensor as

100 0 0 w
01 03]z v =

0 01 01 0

Notice that if the second matrix (with entries w, z,y and z) were diagonalizable,
then the resulting tensor would have rank 3. This means that if we can find a vector

U = (e, f, g) such that the matrix

0 0 w
r+e y+f z+4yg

0 1 0

is diagonalizable, then the tensor

100 0 0 w
01 0|;|z+e y+f z+g
00 1 0 1 0

would have rank 3, and T could be written as the sum of a simple tensor (defined by
U) and a rank 3 tensor, showing again that rankg(7") < 4. Therefore, the problem

reduces to choosing quaternions z,y and z such that the matrix

0 0 w
M=z vy =z
010

(where w = 0 by the rank assumptions) is diagonalizable.

Set w = a + bi + ¢j + dk, and let us choose x = u + vi to be a nonzero complex
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number and y = z = 0. By Lemma [2.2.6] the resulting matrix M is diagonalizable

if and only if its complex adjoint x (M) is. The adjoint of M is the complex matrix

0 0 a+bi 0 0 c+di
u+uvi 0 0 0 0 0
0 1 0 0 0 0
X(M) =
0 0 —c+di 0 0 a—10bi

0 0 0 u—uvi 0 0

0 0 0 0 1 0

Its characteristic polynomial is

pu(A) = A% = 2(au — bu) N + (u? + v?)(a® + b* + & + d?).

Since w # 0, at least one of a,b,c or d is nonzero, and so a® + b*> + ¢ + d*> # 0.
Choose u,v # 0 in R such that au — bv = 0 (there are infinitely many choices here).

Then C = (u? + v?)(a® + b* + 2 + d*) > 0 and

pur(A) = A0+ (W +0?)(a® +0* + A + dP)

has distinct roots given by v/C(i for 1 < k < 6, where (s is a primitive sixth root

of unity. Therefore x(M) is diagonalizable, completing the proof. O

On the other hand, we can show that the tensor

100 010
T = 01 0fl;/]0 0 1
00 1 000

has rank 4 by Lemma [2.2.8, which shows that the bound of 4 is the best possible for
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the 3 x 2 x 3 case.

3.4 The 3 x 3 x 3 case

The proof for the 3 x 3 x 3 case is a lot more complicated. Thus, we first consider

some special cases.

Proposition 3.4.1. Let T be a 3x 3 x 3 quaternion tensor. If any horizontal (frontal

or lateral) slice of T has rank no more than 1, then ranky(T) < 5.

Proof. By [45, Theorem 4.2, 4.3], any 2 x 3 x 3 (3 x 2 x 3 or 3 x 3 x 2) quaternion
tensor has rank no more than 4. If 7" has a horizontal (frontal or lateral) slice with
rank no more than 1, then 7" can be written as the sum of a 2 x 3 x 3 (3 x2x 3

or 3 x 3 x 2) tensor and that horizontal (frontal or lateral) slice, which shows that

rankg(7T) <4+ 1=>5. O

Proposition 3.4.2. Let T = (A; B;C) be a 3 x 3 x 3 quaternion tensor. If A, B

and C' are all singular, then ranky(T") < 5.

Proof. Since C' is singular, by performing rank-preserving row and column opera-

tions, we can assume that

11 Q12 413 bi1 bio b13 ci ciz2 0
T= a1 Gz Qo3 |5 |bar baa bag|i|car ca O
as; asy as3 bsi  bsa  bss 0 0 O

If either ass or bsz is nonzero, then by adding one of the first two frontal slices to the
other, we can assume that both as3 and b33 are nonzero. Since ass, b33 = 0, we can
denote

—1 -1 —1 -1
ky = 13033, ky = 23033 ks = b13bg3 s ky = b23b33 .
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Then we can write T = 17 + T, + T3 where:

k1a31 k1a32 k‘lagg 0 0 0 0 0O
Tl = ]{?26131 kQCLgQ k2a33 ;10 0 01510 0 O )
asy aso ass3 0 00 000
000 k’gbgl k3b32 k3b33 0 00
T2 = 0 0 0]: k’4b31 k?4b32 k4b33 ;10 0 O )
000 b3y b3 b33 0 00
ain — kiazr a2 — kazy 0 bi1 — ksbzr bia — kzbsy 0 ci1 ci2 0O
15 = a1 — keasy  age — koase O |5 | bay — kabsy bag — kybsa 0|5 | ca1 co2 O
0 0 0 0 0 0 0O 0 0

By [45, Theorem 3.4], any 2 x 3 x 2 quaternion tensor has rank no more than 3, so

we have

ranky (7)) < ranky(77) + ranky(73) + rankg(73) <1+ 1+ 3 = 5.

Otherwise, we may assume that asz3 = b33 = 0. We then have

a2 a3 bii bz i3 cin ¢z 0O
T= a1 Qoo Qo3 |5 | bar baa bag |3 |cor ca O
as; as2 0 b31 632 0 0 0 0

By Proposition B4l we may assume that both the third horizontal slice (with entries
asi, ase, by and bs) and the third lateral slice (with entries ay3, ass, b13 and byz) have
rank greater than 1. By performing rank-preserving row and column operations
(switch rows and columns if necessary), we may assume further that az; = b3y = 1

and agy = b3; = 0. Similarly, we can also assume a3 = by3 = 1 and as3 = b3 = 0.
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Therefore, we have

app app 1 bi1 b1z O cin ¢z 0
T= as; aga 0|5 [bay bae 1[5]|ca a2 O

1 0 0 0 1 O 0 0 O

Using the 1’s in the first two frontal slices, we can use rank-preserving row and

column operations to make a9 = as; = bia = by; = 0. We can therefore assume that

a1 0 1 b11 0 0 C11 Ci12 0

T = 0 ag Of:| 0 boy 1|i|ca o2 O

1 0 0 0 1 O 0 0 O

Since the frontal slices A and B are singular by the assumption, we must have

as = by1 = 0. So, we have

a1 01 0 0 0 C11 C12 0
T = 0 0 0310 b22 11 Co1 C22 0
1 00 0O 1 0 0 0 0

If ¢11 = o1 = 0, then it is obvious that 7' can written as the sum of 5 column vectors
and thus have rank no more than 5. Otherwise, there exist 0 = z,y € R such that

xcy1 + yeor = 0. Define sq, s9 by

S1 1= xC11 + YCa1,

Sg = XC12 + YCa9.

We can check by inspection that

1 1
€11 = —% "Yc1 +T Sy,
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-1 -1
C2 = —Y ZTCi2 +Y ~S2.

Since s; = xcyy +ycoy = 0 and z,y = 0, we can then write T’ =Ty + T + T3+ Ty + T5

where:
aip+1 0 0 0 00 0 0O
T, = 0 O Of;1/0 O O]3510 O O )
1 00 000 0 0O

-1 0 1 00O x7ls; 0 —z7lsy

Ty = 0O 0 0510 0 0]: 0 0 0 )
0O 0 O 0 0O 0 0 0
000 000 —x Yyey C19 x by

&3
|
o
o
o
o
o
o

; (yilx)xilycm _(y71$)012 —(yflfL‘):E*lSl ,

o
(@)
(@)
[a)
o
(@)
(@)
(@)
(@)

000 |o 0 ol |o 0 0
Ti=110 0 0[;[0 1-s7tsy 1]35]0 ylsi(silss) ytsy| |
000 |o 0 ol |o 0 0

jen)
=}
o
jan)
o

0 0 00

&
I
o
o
o

;10 boy—s7'sy 053]0 0 0

o
(@]
(@]

0 1 0 000

Therefore, we have
rankg(T) < 30 jrankg 7)) =1+1+1+1+1=5.
O

Since the case in Proposition B.4.2 has been handled, we are left with those
3 x 3 x 3 quaternion tensors with at least one invertible frontal slice to deal with. By

performing rank-preserving row and column operations and switching frontal slices if
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necessary, we may assume further that the tensors we are left with to consider have
the identity matrix as their first frontal slices. Namely, they are of the form T =
(I3; B; C'). To tackle the remaining cases, we will need to introduce some auxiliary

lemmas.

Lemma 3.4.3. Let A,B € M,(H) be n x n matrices with entries in H. If A is

invertible, then there exists vo € R such that xgA + B is also invertible.

Proof. Since A is invertible, it suffices to show that xoI +BA~! is invertible. Consider
the 2n x 2n complex adjoint matrix x(BA™!). Its determinant is a degree 2n complex
polynomial, which only has finitely many roots in C. Therefore, there exists z( €
R such that det (zoly, + x(BA™!)) = 0, which implies that xol, + x(BA™!) is

invertible. Since xy € R and y is an R-algebra homomorphism, we have

X(zol + BA™Y) = x(20I) + x(BA™") = zolz, + x(BA™Y).

Therefore, x(xol +BA™1) is invertible, which shows that zol+ BA™! is also invertible.

]

Lemma 3.4.4. Let A € M,(H) be an n x n matriz with entries in H. Then there
exist a lower-triangular matriz L € M,(H) with unit pivots, an upper-triangular

matriz U € M, (H) with unit pivots, an invertible diagonal matriz D € M, (H) and a

permutation matriz P € M, (R) such that A= LPDU.
Proof. This is a direct result of |16, Proposition 1.3]. O

Lemma 3.4.5. Let T = (I,; B;C) be a n x 3 x n quaternion tensor. Then it can be
reduced to the form

S = (I;; By; PCy P,

where By, is an n x n invertible lower triangular quaternion matriz, Cy is ann X n

invertible upper triangular quaternion matrixz, and P is an n xn permutation matriz.
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Proof. By Lemma [B.4.3] we can make B invertible by replacing B with z¢I + B for
some xg € R. Similarly, C' can also be assume to be invertible. Then we consider the
Jordan Canonical Forms (see [49, [71]) of B and C, and denote them by Jg and J¢

respectively. Let Pg and P be invertible matrices such that
B = P3'J}Pg

and

C = P;'JoPe.

By Lemma [B.474] there exist a lower-triangular matrix L € M, (H) with unit pivots,
an upper-triangular matrix U € M, (H) with unit pivots, an invertible diagonal

matrix D € M, (H) and a permutation matrix P € M,(R) such that
PpP;' = LPDU
Since PgPg"' is invertible, so are L and U. We then have
L™ 'PgP;' = PDU.
and thus the tensor 7' can be reduced to

S:=(L7'Pp)T (L™ Pp)~"
= (L™'Pg) (Is; B; C)(L™'Pp)™"
= (L7'Pg) (Is ; Pg'JsPy 5 Pi'JcPe) (L7 ' Pg)~
= (Iss LU (L7 PpPe") Jo (L' PaPeY) )
= (I;; L7YJ3L ; (PDU) Jo (PDU)™Y)
=

Is; L' J5L; P (DUJcU DY) P7Y)
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Define By, = L' J%L and Cy = DUJU 1D~ Since L and J}; are lower-triangular,
so is By. Similarly, since U and Jo are upper-triangular and D is diagonal, we see

that DU JoU-'D~! is also upper-triangular. O
Now, we are ready to tackle the general cases.

Proposition 3.4.6. Let T = (I3; B;C) be a 3 x 3 x 3 quaternion tensor. Then

rankg (7)) < 5.

Proof. By Lemma [3.4.5] T can be reduced to

100 by 0 0 €11 C12 C13
S = (I3;BL;PCUP71) = 0 1 0|:|bar b O [P0 oo o3 P,
0 01 b31 b32 b33 0 0 C33

where P is a 3 x 3 permutation matrix and bq1, bas, b33, €11, Co2,c33 = 0. Then the
rest of the proof boils down to dealing with all possible forms of PCy P!, Because

P is a 3 x 3 permutation matrix, it has 6 possible patterns. Namely, we have

PE{P17P27P37P4,P5,P6} where:

100 100 010
P=f0o 10|, 2=]001|,B=|10 0],
00 1 010 00 1
010 00 1 00 1
Pr=10o 0 1|:B=|100|.%=|(0 10
100 010 100

In the following, we will show that ranky(S) < 5 in each case.
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Case 1: P = P;. We have

€11 C12 (13
PCyP' =10

Co2 C23 | >

0 0 C33

and thus
1 0 0 bll 0 0 C11 Ci12 C13

S = 01 0]: b21 622 0 ; 0 Coo Co3
0 01 b31 b32 b33 0 0 C33

Subcase 1-1: b3y, c;3 = 0. If so, we can immediately decompose S into the sum of

simple tensors S = S; + 95 + S3 + 54 + S5 where:

1 0 0 b11 0 0 C11 0 0
St:==110 0 o0[;[0 0 o0];]0 0 0]][
0 0 0 0O 00 0O 00
00 0| |o 0 of [0 0 0
Sy = 0 1 0[]0 bog—bauby'bss —coscizera 03[0 e O] |
00 0| |o 0 Of [0 0 0
000 00 0 00 O
Ss:=1{10 0 o|:{oo olsloo o]
0 0 1 0 0 b33 0 0 C33
0 0 00 0| [000
Sy = (Darbsi )bsy  (barbs)bsz 050 0 03[0 0 Of [
bas b 0| |00 0| |ooo
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000 000 0 cis(cge) cis
Ss:=110 0 0];]0 0 0];|0 coslcigcia) cos
000 [00O0f |O 0 0

Subcase 1-2: b33 = ¢;3 = 0. We first choose an x € R such that
(b1 + 2z)(c11 +2) =0

and
|barcra] _
|(b11 + ) (c11 + )|

)

which implies

1+ bgl(bu + ZL’)_l(CH + JZ)_lclg = 0.

Therefore, by adding x times the first frontal slice to the second and third, we may
just assume that

1+ bglbfllcfllclg = 0.

We then perform rank-preserving row and column operations to make by = ¢15 = 0:

1 O 0 bl 1 0 0 C11 C12 0
S = 01 01:; b21 622 0 ; 0 Cog  C23
0 0 1 0 b3y b33 0 0 ¢33

1 00| |bu 0O O 1 ¢z 0
- —bzlbil 1 0] 0 b22 0 ) * * Co3

0 0 1 0 b32 b33 0 0 C33
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1 —cii o 0 by * 0 cu 0 0
- —bglbl_ll 1+b21b1_1101_11612 051 0 byy O ; ® *  Cog

0 0 1 0 b3z b33 0 0 cs3

Let us denote agy = 1 + b21b1_11c1_11c12 and relabel the resulting tensor as

1 ai2 0 b11 b12 0 C11 0 0
S(l) = ao1 Q92 0f1:; 0 b22 0 s | e C/22 Co3

0 0 1 0 b32 b33 0 0 C33

Since ag = 0, we can then write S0 = Sy + Sy + S35 + Sy + S5 where:

000 0 b2 O 000
Sy = 00 0[;]10 by 0310 0 OF |-
000 0 by O 000

oo0o0f looofl |0 0o o
So:=110 0 0[:]0 0 0]:]cu cy

@)

23 )

000 000 0O 0 0

o

000 00 0 00
Sz 1= 00 0f;/0 0 013100

e}

001 00b33 00033

1-(&12@55)@21 0 0 b11 0 0 C11 0 0
Sy = 0 0 0510 00|50 0 O]
0 0 0 0 00 0 00
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(a12a2_21)a21 (a12a2_21)a,22 0 O O 0 O O 0
55 = a1 a99 Of;{0 O O350 O O
0 0 0 0 00 0 00

Subcase 1-3: b3; = 0 and ¢;3 = 0 or bg; = 0 and ¢13 = 0. If so, we may just assume
that b3; = 0 and c¢13 = 0, since otherwise we can interchange the second and the
third frontal slices and work with the transpose of matrices, or alternatively use the

similarity transformation on S via

bu 0 0 bss D32 b3
Ps|by by 0 |Fs' =10 by by
| a1 ba2 b3 | | 00 511_
and N _ _ _
€11 G2 C13 cs3 0 0
Ps| 0 ¢y cos| P = |cos cm O
I 0 0 €33 | | C13 C12 |

to reduce it to the case of b33 = 0 and ¢;3 = 0. So, in any case, we can have

1 0 0 bl 1 0 0 C11 Ci12 (13
S = 0 1 Of3])bayr bas O 3] O con co3
O 0 1 0 b32 b33 O O C33

By Proposition B.AT] we can assume that both the third horizontal slice (with en-
tries 1,b30,b33 and c33) and the first lateral slice (with entries 1,b11,b9; and c¢1)

have rank greater than 1, which implies b9, b30 = 0. By performing the similarity
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transformation via

-1

by 0 0 bu 0 0| |bsy 0 O barbiibyt 0 0
0 1 0 b21 b22 0 0 1 0 = 1 b22 0 )
0 0 b3_21 0 b32 b33 0 0 b§21 0 1 b521b3gb32

we may assume further that by, = b3y = 1. Therefore, we have

1 0 0 b11 0 0 Ci11 C12 C13
S = 01 0]: 1 b22 0 ) 0 coo Ca3
O O 1 O 1 b33 O O C33

We then decompose S into the sum of simple tensors according to the following

situations:

1-3-1: If ¢15 = 0, define

-1 -1
§ = Cog — bn ciibi — C23Cq3 C12-

Since by1, bao, ¢12, c13 = 0, we can then write S = S; + Sy + S5 + Sy + S5 where:

000 (00 O 00 0
Si=1{(]o o0 of;lo 0 o0 f;[0 0 0 :
00 1 0 0 bsg 0 0 33+ byysciscis
000|000 |0 e cra(cia ci3)
Sy = 00 0[;]/0 0 0];]0 cozcigerr cascigenn(cipcs) | |
000 000 0 —bys  —bys(cycis)
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0 0

Sz = | | =by (=bi)(=bn)
0 0

1 0

Sy bt -1 0

0 0

000

S5 = 000

000

e}

=}

o

0

0 0

0 00
;10 0 0] —b1_11€11 —(bl_llcn)(—bn) 0 3
0 00

by 0 0
;oo 0 0
0 00

0 0 0
0 by 0
0 bypbn O

0 0 0
C11 0 0
) bfll C11 0 0 )
0 0 0
0 0 0
0 s 0
0 bys 0

1-3-2: If ¢93 = 0, this reduces to 1-3-1 by transposing all the frontal slices across the

anti-diagonal (use the conjugate transpose and the similar transformation induced

1-3-3: If ¢15 = c93 = 0, then we choose an z € R\{—1,0, 1} such that

S =

.I‘Q + (b22 - bgg)l‘ +1=0.

Since s, x,2? — 1 = 0, we can then write S = S; + Sy + S5 + S4 + S5 where:

S =

o o O

bll

0

29

0 0 c11 — C13
0 0 0]: 0
0O 00 0
C13 O

0

0 0
0 0]
0 0

C13

) 1'871(633 — 622) 0 1'871(633 — 622)
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0 0 0 0 0 0 0 0 0
S — —1 —x 1—b33x 1—b33x —c33 —C33%
3 0 z2-1  x2-1 |’ 0 z(z2—1) z2—1 10 z2—1 z2-1 ’
O T 5!?2 O b33$—1 (b33$71)$ O C33% 033332
x2—1 22-1 x2—1 x2—1 x2—1 22-1
0 0 0 0 0 0 0 0 0
S, = x2 x . (bzz—zx) (bzz—zx) ¢33z c33%
4 0 z2—1  z2-1 |’ 0 r2—1 r2—1 10 x2—-1 x2-1 ’
—x —1 (93—1733)m r—bs3 —C33% —c33
0 z2—-1 z22-1 0 z2—1 r2—1 0 x2—-1  22-1
0 00 0 0 0 0 0 0

S5 = 00 0];]1

| &
—_

| ws (e — c33) Con — 33 w8 (con — C33)

0 00 0 0 0 0

o
o

Based on all the discussion above, if P = P;, we have

5
ranky (S) < ) ranky(S;) =1+ 1+1+1+1=5.

i=1
Case 2: P = P,. We have

€11 €13 C12

PC’UP_1 = 0 C33 0 ’
0 co3 coo

and thus
1 0 0 b11 0 0 C11 C13 C12

S: 01 0 ; b21 b22 0 ) 0 C33 0

0 01 bs1 b3y bs3 0 co3 coo

Subcase 2-1: b31,c13 = 0. we can immediately decompose S into the sum of simple

tensors S = S7 + Sy + S35+ S4 + S5 where:
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1 0 0 b11 0 0 cn 0 O
Si = 000510 O0O0|510 0O )
0 0O 0 0O 0O 00

0 0 O0f |0 0 of 10 0 O

52 = 01 01510 bQQ — bzlbgllbgg 010 C33 0
0 00 0 0 0 0 0 O
0 00 00 O 00 0
S3=110 0 0f;{0 0 0 [:[0 O 0
0 01 0 0 b33 00 Co2 — 02301_31012
000 0 0 0 0 0O
54 = 0 0 01: b21 bzl (bgllbgg) 010 0 O

000 bs1 bsi(b3bsa) O 000

000 000 0 13 C12
Sy = 00 0f;10 0 0of:]0 0 0

000 000 0 (coscis)cis  (casciz)cn

Subcase 2-2: b3y, c13 = 0. If so, then

1 0 0 b11 0 0 C11 0 C12
S = 0 1 0f: b21 bgg 0 ; 0 C33 0
0 0 1 0 b32 b33 0 Co3 (29
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We can then write S = S; + S5 + S3 + S4 + S5 where:

C11

0 0 0]

0
0

b33

0 0

0 00

C12

0

?

—Cg3 — C33 + C22

000
0 00
000

1 00 b;y 0 0
Si = 00 O0[;10 0 O0}f:
000 0 00
0 0 000 0 0
Sy = 010 00 0f;]0 0
000 000 00
000 0 0
53: 0 0 01: b21 —b33+b23+b22
001 0 0
0 0 0 0 0 0
542010;0633—b230
0 -1 0 0 —by3+byy O
000 0 0 0 0
S5 = 00 O0[:/0 0 o0f[:]o0
01 1 0 b3 bss 0

Subcase 2-3: b3; = 0 and c¢;3 = 0. If so, then

1 00 by 0 0O
S = 0 1 0f: b21 bgg 0 ;
0 01 0 b3 b3

By Proposition B.41], we can assume that first lateral slice (with entries 1, b1y, bay
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and c;7) has rank greater than 1, which imples by; = 0. Since by; = 0, we can assume

b1y = bay by performing the following similarity transformation:

0 10
0 01

Therefore, we have

S —

Define

bi; 0
ba1  bao

0 b3

1 00
010
0 01

0
0

b33

Y

-1

521511172_11

0

521b11bz_11 bao

0

borby 0 0

0 10

0 01
by 0 0 Ci1
bi1 b 0 || O
0 b3z b33 0

S = Cg3 — b32b2_21 (033 — 011).

C13

C33

C23

C12

0

C22

b32

Since ¢13, byy = 0, we can then write S = S + Sy + S3 + Sy + S5 where:

S; =

So

S3 =

000
000
001

0

(@]
o O

0
0

o

o

0

I

Y

00 O
00 0
0 0 bss

000
000

I

Y

00
00

0
0

-1
O O Coo — 8013 C12

0 a3 013(Cf31012)

0

0 0O

0 0

-1 10
0 00

9

000
0 00
000

63

0 0
0 s
0
; —C11
0

s(ci c12)

0 0

C11

0

0
0

b33



1 0 0 b1100 01100

S4: 100;[)1100;01100 )
000 0 00 0 00
000 0 0 0 0 0 0
S5 = 00 0f:]0 bas ol:]o C33 — C11 0

O 0 0 O <b32b2_21)b22 0 0 (b32b2_21)(033—011) 0

Subcase 2-4: b3; = 0 and ¢35 = 0 If so, we can perform the following rank-preserving

operations:

S = (I3; B; P,Cy Py ")
— (PyPs) ™" (I3; Bp; PyCy Py ) (PD)
— (I3; (P2Ps) ' BL(PyPg); PsCur Ps)

— (I3; PeCy Py s (PaPs) ' BL(PaF);)

1 00 c11 ¢ 0 bu 0 0
= 01 01:; PG 0 Co9 (23 Pﬁ_l; P4_1 b21 bgg 0 P4
00 1 0 0 c33 bs1 b3z bss

1 0 0 C33 0 0 522 0 b21

= 01 01; Coz Co9 0 ; bgg bgg b31

0 0 1 0 Ci12 C11 0 0 bll

By transposing all the frontal slices across the anti-diagonal (use the conjugate trans-
pose and the similar transformation induced by Ps), this reduces to Subcase 2-3.

Based on all the discussion above, if P = P, we have
5
rankg(S) < ZrankH(Si) =14+14+1+1+1=5.

=1
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Case 3: P = P;. We have

ce2 0 ca3

_1_
PCyP™ = C12 €11 C13 ] >

0 0 C33

and thus
1 0 0 bll 0 0 Co2 0 C23

S = 01 0]: b21 622 0 sl cla €11 Ci13
0 01 b31 632 b33 0 0 C33
By transposing all the frontal slices across the anti-diagonal (use the conjugate trans-

pose and the similar transformation induced by F), this reduces to Case 2.

Case 4: P = P,. We have

Cyp C23 0

PC’Upi1 = 0 C33 C13 | »

C12 €13 C11

and thus
1 00 b11 0 0 Co9 C23 0

S: 01 01; b21 b22 0 ; 0 C33 0

001 bs1 b3y bss C12 C13 C11

Since the third lateral slice of S has rank no more than 1, by Lemma [B.4.1] we have
ranky(S) < 5.
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Case 5: P = P5. We have

C33 0 0

—1 _
PCyP™ = 13 €11 Ci2 | >
ce3 0 ¢

and thus
1 0 0 b11 0 O C33 O 0

S = 01 0]: b21 622 0 1] C13 Ci1 Ci2

0 01 bs1  bsa  bss ce3 0 ¢

Since the first horizontal slice of S has rank no more than 1, by Lemma B.4.1] we

have rankg(S) < 5.

Case 6: P = F;. We have

C33 0 0
PC’Upi1 = | C32 Co9 0 )

C31 Ci2 C11

and thus
1 O O bll 0 O C33 O O

S: 01 01; b21 b22 0 ) C32 (22 0

001 b31 b3y bss C31 Ci2 Cn1

Since the first horizontal slice of S has rank no more than 1, by Lemma B.4.1] we

have ranky(S) < 5. O

By Proposition [3.4.2] and Proposition we have max.ranky(3, 3,3) < 5. Next,
we show that max.rankg(3,3,3) = 5. First we use Theorem B33 to obtain a lower

bound for n x n x n quaternion tensors, and the we apply the this bound for n = 3.

Proposition 3.4.7. For any n € N*, we have max.rankyg(n,n,n) = 2n — 1.
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Proof. Let E;; denote the n x n matrix that has 1 at the (i, j) entry and 0 elsewhere.
Then
S={L}u{E;|l<j<is<n}

is a left H-linearly independent set. Let T" be the tensor uniquely determined by
the horizontal slices: Ry(T) = I, and Ry(T),..., R,(T) being any n — 1 distinct
elements in S. Denote the left H-module generated by {Rs(T), R3(T), ..., Rn,(T)}
by M. Then we have dimyg R(T) = n. By Theorem B.3.3] we have

ranky(7") > mingep ranky (Ry(7) + A) +dimg R(T) —1=n+n—-1=2n—1.
[

Applying Proposition B:47] for n=3, we have max.ranky(3,3,3) > 5. Therefore, we

now have

Theorem 3.4.8. max.ranky(3,3,3) = 5.

3.5 The 2 x4 x 2 case (a counterexample)

It is well known that tensor rank is dependent on the underlying field. For example,
the maximal rank of any real 2 x 2 x 2 x 2 tensor is 5, while the maximal rank for
a complex tensor of the same size is 4 (these bounds were shown earlier in [38] and
[6] respectively). In this section, we give an example of a complex tensor that has a

strictly smaller rank over the quaternions than the complex field.

Theorem 3.5.1. Any complex 2 x n x 2 tensor has rank no more than 3 over the

quaternions.

Proof. Let T e C*>*™*2_ Tt suffices to show that there exist @;,¢; € H?, i = 1,2, 3,

such that the standard R-basis of M(C) is contained in

V :=spang {@; ®b®¢; | be H,1 =1,2,3}.
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We can check that for any x11, 12, 21, 22, Y11, Y12, Y21, Yoo € R, we have

b 0 Of 1 J
Tin Tiz | 1 1 1 —j +/3k
I B G s I R I i
21 T2 i
2 2 0 0 b3l |1 —J =3k
i 2
where
p, = YT To2 (T12 + 221)]
1= 3 )
by — 211 + T2 — V/3T221 + (212 + 21)j — V(212 — 221 )k
2 = )
6
b — 211 + T22 + V32221 + (212 + 21)j + V(212 — 221 )k
3= 6 :
and
) , , by 0 0f 1 J
Y Yz | —j 4+ 3k
. ) j_j_\/gk i+ 3k 0 b5 O 172
21 Y22 i
2 2 0 0 b| |1 I V3k
i 2
where
by — (Y11 + y22)i — (Y12 — Y21)k
4 = )
3
be —V/3yaz + (2y11 — Y22)i + V3(ya2 + 21)J + (y12 — y=n)k
5 — )
6
be — V3yas + 2y — y22)i — V3(y12 + y21) + (Y12 — Y21 )k
6 G :
Set
1 1 1
[Cbl (2 a3]= —i =3Bk —ji+3k |’
2 2
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and

al 1 J

T I —j +/3k
2 2

C—:;T 1 _] _2\/§k

3
Then, any T € H?*"*2 can be written as T = ZFLZ- ® b; ® ¢ for some b, € H”,
i1

i = 1,2,3, which shows that ranky(7") < 3. ]

Corollary 3.5.2. If gW < gH is a 2-dimensional R-subspace, then for any T €

HZ*"*2 with entries in W, we have rankg(T) < 3.

u— R(u)
[[u = R(w)]]

is a unit quaternion and thus equivalent to ¢, i.e., there exists p € H such that

Proof. Denote an R-basis of W by {x;,2,} < H. Set u = x7'x5. Then

- u—R(u)
P =R

Then for any x = r1x1 + roxg € W, where 71,75 € R, we have

praTtep = p ey (riwy + roxs)p
=7r+ rgp_lasl_lxgp
=7+ rgp_lup
=1y +7rop T (R(u) + u — R(u))p
=11 + roR(u) + rop~H(u — R(u))p

=11 4+ ra¥ft(u) + ro||u — R(u)||i € C.
Let f be a R-module isomorphism induced by

. 2Xnx2 2XnXx2
[ H — H

Y
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T — pta ' Tp.

By the previous discussion, for any 7' € H?*"*? with all entries in W, we have

f(T) e C**"*2 Hence, by Theorem B.5.1] we have
3 —
F(T) =008
i=1
for some a;, ¢; € C? and l_); € C", where 1 = 1,2,3. Thus, we have
3 . 3 .
T=ff)=r1" (Z@@@@@) = Zf_1(5i®bi®5¢)

implies that ranky(7") < 3. O

Example 3.5.3. The following tensor

has rank 4 over the complex field while it only has rank 3 over the quaternions.

Proof. Since all 4 frontal slices of T are C-linearly independent, by [39, Corollary
1], we have rankc(7) > 1+ 4 — 1 = 4. However, by Theorem B.5.1] we have that
rankg (7)) < 3. Therefore, T has different ranks over the complex field C and the

real quaternion algebra H. O]
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Chapter 4

Higher Quaternionic Tensors

In this chapter, we discuss some general properties of quaternionic tensors with

higher orders.

4.1 Definitions and Notations

Let’s first fix some notations:

1. For k,p e NT with & < p and Ny, Vs, ..., N, € NT, denote
[[Zx < pl] = {(ir, i, in) e NF[ 1< iy <y < -+ < g < pf,
and

[N, Noy ooy Ni] = {(i1, 42, .ovie) e N¥ | 1 < iy < Ny, j=1,2,.,k}.

2. For any matrix A € My, n,(H), denote AS™ to be the sub-matrix consisting
the first m rows of A and ™=<A to be the sub-matrix consisting the last Ny —m

rows of A, i.e.,

A= ::[Im O -m) ]A’ m<A::[O<N1—’”)”” IN“”‘]A'
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Similarly, we denote A, to be the sub-matrix consisting the first m columns

of A and ,,-A to be the sub-matrix consisting the last Ny — m columns of A,

ie.,
I O (Ny—
Ao, = A " Lo Aim A e
O(Nz—m)xm INZ*m
For integers ¢1,...,%, and j1,...,js with 1 <7; <--- <17, < Nyand 1 < j; <
.-+ < js < Ny, we denote the r x s matrix consisting of i;-th, is-th , ..., 7,.-th

rows and ji-th, ja-th , ..., ji-th columns of A by AZ .

3. For any n e N*, denote {é,; | i = 1,2,...,n} to be the set of standard basis of
anl.

Before our formal discussion, let me introduce the definition of tensor matrices

for sake of convenience. A similar definition for block tensors can be found in [48].

Definition 4.1.1. Let M, (HN>Ne) simply M, (H **Ne) when m = n, de-
note the collection of all m x n matrices with whose entries are Ny x - -- x N, quater-

nionic tensors. An m x n matrix A with N; x --- x N, quaternion tensor entries is

denoted by A = [A;;]g or

All A12 Aln
A _ A21 A22 A2n ’
Aml Am2 e Amn
L )

where A;; € HN Mo for ¢ = 1,2,...,m and j = 1,2,...,n. A is called a tensor
matrix. The transpose of A = [A;;]g is defined as AT = [A};]g, The multiplication
of two matrices with tensor entries is defined similarly to the usual multiplication of
matrices. That is, if A is an m x n matrix with Ny x --- x N, tensor entries and B

is an n x k matrix with M; x --- x M, tensor entries, then the matrix product C =
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[Cijle = Ax B is defined to be the m x k matrix with Ny x -+ x N, x My x --- x M,

tensor entries

Cij = ZAz'z@Bz]’,
=1
fori=1,...,mand j=1,...,1

Because the outer product ® is associative and distributive over addition, we can
sec that for A € Myn (Y% %), B € My (HM M), and € € My (HA*5),
we have

(AxB)xC =Ax(B~*C).

The left and right scalar multiplications are defined in a similar way as in the quater-
nion matrix case. That is, for A = [Ajj]y € Mypn(HY > Nr) and ¢ € HM X xMa,

we have

Similarly, the defined scalar product is associative. Also, it is compatible with the
matrix product, i.e., for A € M, (HN>*Ne) - B (HMx > Ma) e (EaxxLs)

and s € (HE > *Er) " we have
Lo(t-(s-A)=((t-s)-A);

2. (A-(s-1)) = ((A-s)-1);

3. (t-(AxB)) = ((t-A)*B);

4. (A% (B-t)) = (A*B)-1).

The addition A + B is defined entry-wise if A and B have the same sizes and their
entries of tensors are of the same order, ie., for A, B € My, (HY> ) with
A= [Aij]® and B = [Bij]®7 we have

A+ B:=[Ajlg + [Bijlg = [Aij + Bijlg -
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Since the outer operator ® is distributive over addition, it is easy to see that we have
1. (A+B)«C=AxC+ Bx«C;
2. Cx(A+B)=CxA+CxB;
3. (A+B)-t=A-t+B-t
4. t-(A+B)=t-A+t-B.

Since quaternion matrices can be viewed as matrices with entries of 1-tensors and
the multiplication product of two quaternions can be viewed as the tensor product
of two 1-tensors, we can see that the multiplication of quaternion matrices is a just
special case of the multiplication of matrices of tensors. That is, when N; = ... =

N, =1, we have
Mo (HNN) = Moy (HP) = Moy, (H),
and for any A € M,,»,, (H), B € M, (H), we have
AxB = AB.

Note: It is important to distinguish the notations of tensor matrix and partitioned

matrix. For example, let di, d3, d3, ay € H**!'. The notation
A= [a? o dj aZ]
denotes a 3 x 4 matrix with entries in H, i,e,. A € M3.4(H), while the notation

/ - - - -
A= [al az as Cl4]
®

denotes a 1 x 4 tensor matrix with entries of 3-dimensional vectors, ie., A" €
M4 (H?*1). Therefore, A = A’. Moreover, for a tensor T € HY N> T can not

be viewed as a 1 x 1 tensor matrix unless 7" is a quaternionic scalar , i.e., T = [T]g
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unless N; = -+ = N, = 1. For example, let ¢ € H**! be a 4-dimensional vector, we
have v = [17]®, because v is a 4 x 1 matrix with entries in H while [17]® isalxl

tensor matrix with a entry of a 4-dimensional vector.

Definition 4.1.2. For any m,i € N* with m < p and ¢ < N,,, define

Proj(m, i, ) . HN1><---><Np Hle---me,l ><Nm+1><---><Np,

H® QU (h® QUi ® - ®Tp),

where v,, ; € H is the i-th coordinate of the vector @, € H¥™. For any T' € HN**Np,
the image Proj(m,i,T) € HN > Nm-1xNmi1x-xNp ig called the i-th m-slice of the

tensor T'. For a given m,
Projg(m, -, T) := spang {Proj(m,i,T) |i=1,2,..., N,,}

is the R-space generated by the collection of all m-slices, called the space of m-
slices. The dimension of Proj(m,-,T) (as R-space) is denoted by dim,,(7"). When
m =1, Proj(1,i,T) is denoted by R;(T') for i = 1,2, ..., Ny, called the i-th row of T'.

R(T) :=spany {R;(T) | i = 1,2, ..., N1}

is the left H-module generated by all rows of T', called the row space of T. The
dimension of R(T) (as left H-module) is denoted by dimyg R(T"). Similarly, when
m = p, Proj(p,i,T) is denoted by C;(T") for i = 1,2, ..., N,, called the i-th column of
T.

C(T) :=spany {C;(T) | i = 1,2,..., N, }

is the right H-module generated by all columns of T, called the column space of

T. The dimension of C(T") (as right H-module) is denoted by dimg C(7).
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We can see Proj(m,i,-) defines an (H, H)-bimodule homomorphism. It fixes the
m-th component and maps a tensor to another tensor with a lower order. The
next definition introduces more complex projections by composing different simple

projections.
Definition 4.1.3. Let p € N*. For any 7 = (iy,....ix) € [[Zx < p]] and 0 =
(jl; ...,jk) € [[Nil, N2‘2, ceny le]], define

PI‘Oj(T, a, ) = Proj(ibjla ) © Proj(i%j% ) -0 Proj(ikujkn ‘)7
where o is the composition of functions, for example,

(Proj(iy, j1, ) o Proj(is, ja,-)) (T) := Proj (i1, j1, Proj(ia, j2, T)) .
The following lemma shows the relationship between multilinear maps and projection
maps.
Lemma 4.1.4. Let T € HYN**Ne " A, € My on,(R) fori =2,..,p—1, and A; €
Mg, xn;(H) for j =1,p. Then, we have when m < p

Proj(m,1,T x,, An) Proj(m,1,7T)

Proj (m,2,T x,, Anm) Proj(m,2,T)

= Ay : (4.1.1)

Proj (m, Ny, T X Ar) Proj(m, N, T)

40 - ®
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and when m = p

Proof. Denote P =

Proj (m,1,T x,, An)

Proj (m,2,T %, Ap)

Proj (m, Ny, T X Ai)

Proj(m,1,T)
Proj(m,2,T)

Proj(m, Ny, T)

4 ®

Proj(m,1,T)

Proj(m,2,T)

Proj(m, Ny, T)

4 ®

. When m < p, we have

Proj (m, j, T X Am) =T X Ay X, (€Nm,j)T

= Z e ® (é’vaj)TAmU;%(i) R ® U—];(i)
i—1

r

= <7f1“) ®: - ®17m_1> (Eny )T A, - (ﬁmH ®- - ®v_;,(i)>

=1

r

= Z(gNm,j)TAm * ((5’1 ® @ Upy_1) - U:n(i) (11 ® - ® gp))

i=1

= (Enpy) Am * Z (1@ @Tpr) U (Uit ® - @ T,)

T

i=1

= (gNm,j)TAm * Pv

where j = 1,2, ..., N,,,. This implies Equation (I1T]). When m = p, we have

Proj (p,j,T xp Ap) =T xp Ap %, (ng,j)T

=T x, ((ng,j>TAp)

7

* AT

(4.1.2)



= PT * (ATGNP ])

where j = 1,2, ..., N,,,. This implies Equation (ZT.2]). O

Lemma 4.1.5. Let T € HYN > No A, € My oy, (R) fori =2,...,p—1, and A; €
My, xn,(H) for j =1,p. For anym < p and j < Ny,
if Am = In,,, we have

Proj <m,j, <Q§ Ai> T) (@A) Proj (m,j,T).

Proof. Denote T' = Zvﬁ(i) Q- @Y, where 7} = (v17), ...,v(»i])\,]_)T e HYi, j =
i=1
1,2,...,p. If A, = I, , we have

P
Proj (m,j, <® Ai) T)
i=1
S@ne 47\
= Proj | m, J, A17J1 ® @Iy n"® - ® (( (l) A )
=1

_ ZAl 70 Q.. ® (évaj)T]nvm R ® <( )TAT>T
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[]

Corollary 4.1.6. Let T e HN > >*Ne - A, € My oy, (R) fori=2,...,p—1, and A; €

My, xn,(H) for j = 1,p. For any m < p and j < Ny, (not necessarily A,, = Iy,, ),

we have
| Proj(m. L (&A1) _ - (©A)Proj(m,1.T)
Proj< (éA) > . (iéAi)Proj(m,2,T)
Proj <m, N, (éAQT) . (é) A;)Proj(m, N,,, T')
B i=1 . L i=m )

when m = p, we have

_ ) ST e p ‘ T
Proj <m, 1, (®AZ)T> (&) A;)Proj(m,1,T)
i=1 i=m
p
Proj(m. 2, (RA)T) (® Ai)Proj(m, 2, T)
i=1 — i=m * Ag,
‘ p P
Proj <m7Nm7 (®A1)T> (& A;)Proj(m, Ny, T)
L 1=1 d® L i=m 1o

Proof. For j =1,2,..., N,,, we have by Lemma that

i=1 i=1 i=m+1

pro (.5, (@ 4) 7) = P (m J,(®A o & ) T x >)
(@A)Prq m, 7, (T Xpm Ap))
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which implies (when m < p)

| Proi(m 1 &ar) || (6 A)Proj (m. 1, (T % An))
PIOj( (éA ) ) _ <1§A2)Proj (ma 27 (T Xm Am))
Proj (1, Now, (QA)T) ) (® A))Proj (m, Ny, (T n Apy))
L i=1 i L i=m Je

- -®
and (when m = p)
| Proj (p, , (éA )T ) ] | (i@llAi)Proj (m,1,(T x, A,)) ]
Proj(p.2.(@A)T) | (@Ai)Proj (m, 2, (T %, A,))
i Proj (p, N, (éAi)T> I, | (%@iAﬁProj (my, Ny, (T %, Ap)) 1.
(IéAi)Proj(m, 1,7) |
_ (i:@)lAi)Proj(m, 2,T) oar
(@Ai)Proj(m, Ny, T)
L i1 g

[]

Corollary 4.1.7. Let T € HN>*Ne 7 = (i), ....4) € [[Zk < pl], 0 € [[Niy, Nigs s Ni 1],
Ai € Mysxn,(R) fori=2,....p—1, and Aj € My«n,(H) for j = 1,p. If A, = Iy,
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form =iq,19, ..., 1%, then we have

P P
Proj (T, o, <® Am) T) = ( ® Am> Proj (1,0,T) .
m=1 M=101,...,0k

.....

Proof. Use induction on k with Lemma [£.1.5] n

Remark 4.1.8. Denote ordered n-tuples
R(T) = (Rl(T)v R2(T) T ’RNI (T))

and

C(T) = (C1(T), Co(T), -+, C, (T))..

An immediately consequence is that 7" is uniquely determined by R(7T) or C(T). To

illustrate, any tensor 7' e HN***Ne can be written as

N1 NP
T = Z é’lei ® RZ(T) = Z Cz(T) ® ng,i-
=1 =1

Similarly, for any other given m = 2.3, ...,p — 1, we can denote
J

for i = 1,2,..., Ny, where A;; € HN > *Nm—1 and B,; € HN=+1>*Ne . Then we can

write

Nm
T = Z (Z Aij ®EN,,: ® Bij) .

=1 J

This shows that T is also uniquely determined by
{Proj(m,i,T) |i=1,2,..., Np,}.

Thus, for any given 7 = (i1, ..., i) € [[Zx < p|], we can use induction on k to show
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that T is uniquely determined by
{Proj(r,0,T) | 0 € [[Niy, .-, Ni, 1]} -

Therefore, we have the following lemma.

Lemma 4.1.9. Let Ty, Ty, € HM>>*No . Then the following are equivalent:
1T =Ty
2. R(Th) = R(T»);
3. C(Ty) = C(Ty),

4. There exists m € {1,2,...,p} such that Proj(m,i,Ty) = Proj(m,i,T3) for i =
1,2, ... N,,:

5. There exists T = (i1, ...,1x) € [[Zx < p]] such that Proj(r,0,T1) = Proj(r, 0, T3)

for all o € [[Nyy, ..., Ni |-

Y

4.2 General Properties

We start with giving some results for general quaternion tensors.
Theorem 4.2.1. Let T e HN**No . Then the following are equivalent:
1. ranky(T) < r;
2. R(T) is contained in a left H-module generated by r simple tensors;

3. C(T) is contained in a right H-module generated by r simple tensors;
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4. For somem e {1,2,...,p}, there exist r simple tensors Ay, ..., A, € HN <X Nm—a
and r simple tensors C4, ..., C, € HNm+1>*No gych that Proj(m, -, T) is con-

tained in the R-module generated by

{A,L@b@CZ | bEH,iZ 1,2,...,7”}.

Proof. (1) = (2) and (3): Suppose rankg(7") < r. Then T can be written as

Bl &]
B2 52
T=\|a ad ... a | * | ;
® . :
B, C,
s e L 7 e
where @; € HM* ¢ € HY»*! and B; € HN>*" M1 for j = 1,2,...,r, are all
T T
simple tensors. Denote @; = [aﬂ Qja .. aj’Nl] , Cj = [cﬂ Cja Cj,Np] for
J=1,2,...;r, and let
11 Q12 - Q1 C11 Ci2 - Cir
21 Qg -+ Qap Ca1 Cag -+ Cop
A= , C=
ani1 aAn2 0 ANgr CNy1 CNp2 " CNpr
so that we can write
l ap Gy ... Qp ] = l €Ni,1 ENy2 oo ENGNG ] * A
® ®
and
[ Ci G ... G ] = [ €N,1 €Np2 --- EN,N, ] * ('
® ®

where {e“Nm}ﬁ\;ll and {e“Np’i}Z].V:”l are the standard basis for HY* and H™». Therefore,
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we can write

T= [ €Nyl ENp 2

and

= [ a4 @By dy ® By

By definition, Equation (i) shows

84

B,
By
B,
B, ®c
By ® ¢
. Ax 2 & Co
BT®€T
R e
B,
B
2 * CT «
B,
-®
EN,.1
€
6T®BT] *CT* Np72
®
i €N,.N,
Bi®ad
By ® ¢
_ A, 2 ® Co
B’I"®é;'
e s e

ENp,1

6NP72

€N, N,




which implies that for ¢ = 1,2,..., Ny, R;(T) is an element in the left H-module
generated by
{Bl ® 51, BQ ® 52, cens Br ® 57.}

consisting of simple tensors. Similarly, Equation () shows

:|:(_I'1®Bl 62@32 67”®BT‘ *OTu

Ci(T) Co(T) ... CNP(T)]
®

®

which implies that for j = 1,2,...,N,, C;(T) is an element in the right H-module
generated by
{d1 ® B1,d> ® By, ...,d, ® B, }

consisting of simple tensors.

(2) = (4) and (3) = (4) are both obvious, because {a; @b ® ¢; | be H,i = 1,2,...,7}

becomes a left H-module when m = 1 and becomes a right H-module when m = p.

(4) = (1): Suppose there are simple tensors simple tensors Ay, ..., A, € HN > Nm-1
and Cy,...,C, € HNm+1X*Ne guch that Proj(m,-,T) is contained in the R-module
generated by {4, ®b®C; |beH,j=1,2,....r}. Then for i = 1,2,..., N,, we can

write

Proj(m, i, T) = Z Aj ® bij ® Cj
7j=1

for some b;; € H, i.e.,

bi 1 Cl

bz’Z C2
Proj(m,i,T)=| A, Ay, ... A, | * *

85



This implies

- N _
Z bileNm,i C,
=1
Cs
T= Al A2 Ar * *
®
N
Z biréNm,i B Cr Jg
L i=1 Jd®
Therefore, we have ranky(7T) < r. O

Corollary 4.2.2. For any T € HN > *Ne e have

1. ranky(T) > dimg R(7T); ranky(7T) = dim R(T) if and only if there exists a

basis of R(T) consisting of r simple tensors;

2. ranky(7) = dimyg C(T); ranky(7) = dim C(T) if and only if there exists a

basis of C(T') consisting of r simple tensors.

In 1977, Kruskal ([39]) generalized a matrix theorem of Frobenius. We now show

that this can also be generalized to quaternionic tensors of an arbitrary order.

Theorem 4.2.3. Let T € HYM >N A, € Myrun,(R) fori = 2,....p— 1, and

Aj € My «n,(H) for j = 1,p. Then we have

rankg (7)) > ranky ((@A ) ) + dimyg R(A,T) — dimyg R ((éA) T)

i=1

and

ranky (7)) > rankg <<®A ) ) + dimg C(TA]) — dimg C <(§A) T) :

Proof. Let ranky(7T) = r. By Theorem [Z271] there exists a set of r simple tensors
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{51, 53, ..., 5.} such that

Ry(T) S
Ry(T) A So
Ry, (T S,

| Nl( ) lg | lg

for some A € Mpy,«.(H). Without loss of generality, we may also assume that
S, ..., Sy are linear independent. Let yM be the left H-module generated by Sy, ..., S,.
Then

dimyg M = r = rank(T).

Noticing by Corollary that

[ RoAT) | [ R(1) |
Ry (AT) _ 4 Ry(T)
| B (AT) | | Bwn(TD) |

we have

HR(AlT) < HR(T) < HM < HHNQX’--XNP71 ><Np'

p
Let 0 := @Ai denote the left H-module homomorphism induced by
=2

. Nox--xXNy_1 XN, Mo X+ X My, _1 X M,
o:H p-1xNo 1My

@ @, — Ath @+ ® Ap 17,1 @ (v, AL

Noticing by Corollary E 1.7 that

(@) mam =r((€4)1)
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and

(@) 0= n((g2)7),

we have the following commutative diagram:

R(AT) R(T) M N2 Np1 Ny

Jtecain [t lalM l” |
g «@A) T) o ((@A) T) —— o(M) —— HPNxxNpmaxMa

p
Since R <(®Al> T) is contained in o(M) which is generated by a set of simple
i=2

tensors {o(S1),0(52),...,0(S;)}, by Theorem [L21] we have

p
ranky <(®A1> T) < dimg o (M).
i=2
Moreover,
dimy ker(o|ga, ) < dimg ker(o|ar)
implies

p

i=1

which suggests

) a4 e ( (D) ) — (4 7).

i=1

Proving in a similar fashion, we can also show

i=1

rankg(7) > ranky ((@A ) ) + dimyg C(TA]) — dimg C ((é}A) T) :
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By letting A; = Iy, for ¢ = 2,3,...,p — 1 in Theorem [£.2.3] we have the following
corollary, which is the classical inequality by Frobenius about matrix ranks ([46,

Theorem 5.66))
rank(X) > rank(UX) + rank(XV) — rank(UXV),

as well as the one by Kruskal ([39, Theorem 1]) in 1977 for complex 3-tensors.

Corollary 4.2.4. Let T € HN>Ne U € My xn, (H), V € My, xap,(H). Then we
have

rankg(7T") = dimyg R(UT) + ranky(TV') — dimyg R(UTV)

and

rankg(7") = ranky(UT) + dimyg C(TV) — dimyg C(UTV).

Before moving on to the next theorem, let’s introduce some notations. For any tensor
T € HN>*N2xxNo - denote TS™ to be the sub-tensor consisting the first m rows of

T and ™=T to be the sub-tensor consisting the last Ny — m rows of T, i.e.,

T=m:= l L, Omx(Nl—m) T, "= O(Nl_m)xm I ]T.
Similarly, we have

I, Omx(Np—m)
Tep =T , m<d =T
O(prm)xm INp—m

The next theorem is extremely useful for determining lower bounds of maximal

rank of quaternionic tensors.

Theorem 4.2.5. Let T € HN1*NexxNo - Then we have

ranky(7) >  min  ranky (75" + B(™<T)) + dimyg R(T) — m.

BeHm*(Ny—m)
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Proof. Denote ranky(T) = r. By Theorem E21] there exist A € HY*" and simple

tensors sy, S, .., s, € HV2* >N guch that

Ry(T) Sh
Ry(T) A, S

T r

| RN1( ) lg | S

Without loss of generality, we can assume dimyg R(7)

-®

= Ni. Then by Corollary [£.2.2]

we have ranky(A) > dimyg R(T) = N;. Let @1 be a product of some elementary

matrices P;;(k) and @2 be a product of some elementary matrices P, and P;; such

that
Q1 AQ2 = [ In, By, x(r—ny) ] :
Denote
M = [ In, Onixr—ny) ]le
and
_ 5 - _ 5 .
Sl T
| 5 ® | S ] ®
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Then we have

Ri(MT) Ry(T)
Ro(MT Ry (T
01) || R
Ry, (MT Ry, (T
| N1( ) lg | N1( ) lg ] )
St
—1 —1 Sé
= (MQ7)(Q1AQ2)Q5 " *
Sy
| - ® B B
Si
S
= { Iy Oms(Ni—m) ] [ In, Bn,x(r—nNy) ]*
Sy
B B = -®
S
S5
= |: Im Omel—m B;RX(T—Nl) :|* : )
Sy

which implies

rankg(MT) <r — (N; —m).

On the other hand, denote

Ql _ Qll QlQ ’

Q21 Q22

where Qll € mem’ ng € me(Nl—m)’ le € H(Nl—m)xm’ and Q22 € H(Nl—m)x(N1—m)_
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By the construction of ()1, we have that ()17 is invertible. Hence, we have

_ _ Qi Q2
inMT = in [ I, OmX(N1fm) ]
Qa1 Q22
[ Qu Q2
= Qil Omx(N1—m) ] T
- Q21 Q2

= | In Q1_11Q12]T

— TSm + QI11Q12 (m<T) 7

which implies

rankg (MT) = rankg(Q MT)

= ranky (T<™ + Q71! Q12 ("=T))

\%

min  ranky (I'<™ + B(™<T)).

BeHm*(N1xm)

Therefore, we have

ranky(7) >  min  ranky (5™ + B(™<T)) + dimyg R(T) — m.

BeHmX*(N1—m)

4.3 Normal Forms and maximal rank of m x 2 xn
quaternionic tensors

The maximal rank of m x 2 x n complex tensors was obtained in 2009 by Sumi et al.
(|58, Theorem 4.3]). They improved this result given by JaJa ([32]) by determining
the rank of such tensors in comparison with their Kronecker canonical forms over

the complex and real number fields. In this section, We give the maximal rank of
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m x 2 x n tensors over the quaternions as well as their canonical forms by using

Kronecker canonical forms over the quaternions.

Definition 4.3.1 ([49], Page 153). Let H(¢)™*" be the set of all m x n matrices with
entries in H, which will be called matrix polynomials with the standard operations
of addition, right and left multiplication by quaternions, and matrix multiplication:
If A(t) € H(t)™™ and B(t) € H(t)"*P, then A(t)B(t) € H(¢t)™*P. Two matrix
polynomials of degree at most one A; + tB; and Ay + tBs, where Ay, By, Ay, By €

H"™*™ are called matrix pencils.

Definition 4.3.2 ([49], Page 161). The matrix pencils A; +tB;,j = 1,2, are called
strictly equivalent if

Ay = PAyQ, By = PByQ
for some invertible matrices P € H™*™ and () € H"*".

Theorem 4.3.3 ([49], Page 161). Every pencil A+tB € H(t)™*" is strictly equivalent

to a matriz pencil with the block diagonal form:

Ouxw @ Leyx(e141) @+ @ Ly x (e +1) @ Ly ey +1) @ Ly my 1)
@ (Ix, +tJx, (0)) @ - - @ (Ix, + tJx,(0))

D (tly + Joy (1)) @ @ (tLy, + Jp, (),

where

LEX(E‘H)(t) = [ Os><1 Is :| +t|: [E Osxl :| € HaX(E-H)?

1 <<y, m <o <k < -0 < Ky, are positive integers, and ay, . .., o, € H,
and Ij, denotes the k x k identity matriz and Jy(c;) denotes the k x k Jordan block
with eigenvalue oy, 1 = 1,2, ..., 5.

Moreover, the integers u,v, and &;,1n;, ky, are uniquely determined by the pair
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A, B, and the part

(tley + Jo, (1)) @ - @ (te, + Jp, ()

is uniquely determined by A and B up to an arbitrary permutation of the diagonal

blocks and up to replacing a; with any quaternion similar to a; in each Jy, (o).

Applying Definition and Theorem 3.3, we obtain the canonical forms of

m x 2 x n quaternion tensors in the following theorem.

Theorem 4.3.4. LetT be a m x 2 xn quaternionic tensor. Then there exist matrices
P e M, (H) and Q € M,(H) such that T can be transformed into a block diagonal

form:
T" = PTQ = Diag ((S1;T1), ..., (S T.)),

where each (S;;T}) is one of the following:

~

. zero tensor (Opxy; Opxg) € HE*2XU k1> 0, (k1) # (0,0);
2. (Jpla); Iy) e ¥ qeC, k= 1;

3. (In; Ju(0)) € HP2XL | > 1

4. ([Okx1: L] s [k, Opxa]) € HE*2¥EHD | > 12

lek ) Ik
]k lek

c H(k+1)><2><k, k > 1

©

)

where I, denotes the k x k identity matriz and Jy(a) denotes the k x k Jordan

block with eigenvalue a.

Proof. Since all the Jordan Blocks in the Kronecker canonical given in Theorem [4.3.3]
can take standard eigenvalues (complex numbers with positive real parts), we see

that for any given m x 2 x n quaternionic tensor 7} = (Ay; By), there exist invertible

matrices P € M,,(H) and @ € M, (H) such that
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As = PA1Q € M4, (C)
and
By = PB1Q € Mp,«n(C).
Therefore, T} can be transformed into a m x 2 x n complex tensor:
PTiQ = P(Ay; B))Q = (PA1Q; PB1Q) = (Ag; By) € C™72x™,

According to the Kronecker canonical forms given in Theorem [£.3.3], we have obtained

the corresponding canonical forms above for m x 2 x n quaternionic tensors. O

Since each of the m x 2 x n quaternionic tensors has a canonical form as a complex
tensor, we also obtain an upper bound of the maximal rank of m x 2 x n quaternionic

tensors.

Corollary 4.3.5. Let m,n € N*. Then we have

max.rankg(m, 2, n) < min {n + [%J ,m + ng ,2m, Qn} )

Proof. Let T be any given m x 2 x n quaternionic tensor. By Theorem [£.34], there

exist invertible matrices P € M,,(H) and @) € M, (H) such that
T = PTQ

is a m x 2 x n complex tensor. By [60, Theorem 5.5, any m x 2 x n complex tensor

can be written as the sum of no more than

5 := min {n—i— l%J ,m + [%J ,2m,2n}

complex tensors. Hence, we can write

which implies

S

T — P_IT’Q_I _ p-1 (Z Ti) Q—l _ iPilTiQfl-
i=1

i=1
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n

Therefore, we have ranky(7) < s = min {n + l%J ,m + [ZJ ,2m,2n}, which

implies the desired inequality.

Next, we show that the upper bound we obtain in Corollary [£.3.5] is the best

possible for quaternion tensors.
Proposition 4.3.6. Let m,n € NT with m < n. Then we have

1. max.rankg(m,2,n) = m + {gJ, ifm<n<2m;

2. max.rankg(m,2,n) = 2m, if 2m < n.

Proof. 1. Since n < 2m, we have [gJ < m. Denote k = [SJ and let

Ok (n—k) I
T:= [ y . Omx(n—k) :| )
Otm—t)yx(n—k) O(m—k)xk

Then when n is odd, we have n = 2k + 1, and we can write T' = (A;; As), where

A — Tiqn Okxk
Otm—t—1)x(k+1)  L@kom1))S™H1
and
Ok 1)x (k+1) (L1) =
AQ = P

Om—t=1)x(k+1)  Om—k—1)x (2k—m+1)

which shows that for any B € M(m_k_l)x(2k+1)(H) all 2k + 1 columns of

T<k 4+ B (*!<T) are linearly independent (in the right-H module). So, we have

min dimy C (T<*' + B (**'<T)) = 2k + 1.

BeH(m—k—1)x(2k+1)

Noticing that dimg R(T') = m, by Theorem 25 we have

rankg(7T") > min ranky (<" + B(*"'<T)) + dimy R(T) — (k + 1)

BeH(m—k—1)x(2k+1)
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> min dimg C (T<F + B(**'=T)) + dimg R(T) — (k + 1)

BeH(m—k—1)x(2k+1)

>2k+1+m—(k+1)

=m+k=m+[gJ.

When n is even, we have n = 2k, and we can write

Ik kak kak Ik

Otm—tyxr  (Ip)SmF Otm—tyxk Om—k)xk

which shows that for any B € M)« (H) all 2k columns of Tk + B (’KT) are

linearly independent (in the right-H module). So, we have

min _ dimy C (T + B (*°T)) = 2k.

BeH(m—k)x2k

Noticing that dimg R(T') = m, by Theorem 21 we have

: <k k :
ranky (7)) > i ranky (7<° + B(*<T)) + dimy R(T) — k

> min _ dimg C (T + B(*<T)) + dimu R(T) — k
BeH(m—k)x2k

>2k+m—k

=m+k=m+{gJ.

Therefore, we have rankg(7") = m + {gJ in any case, which shows

max.rankg(m,2,n) = m + {gJ :
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2. Since 2m < n, we have m < {gJ Let

T := (|: [m Ome Omx(nfgm) ]a|: Omxm [m OmX(TL*QWL) ]) .

Since all 2m columns of Ty, are linearly independent (in the right-H module), we
have

ranky(7T") = ranky(T<om) = dimyg C(T<ay) = 2m,

which shows

max.rankg(m, 2,n) = 2m.

By Proposition [4.3.6] Proposition 2.2.12] and Corollary d.3.5] we have

Theorem 4.3.7. Let m,n € N*. Then

max.rankg(m,2,n) = min {n + l%J ,m + [gJ ,2m, Qn} :

4.4 Maximal Rank of Higher Quaternionic Ten-
Sors

For real and complex tensors with higher orders, some upper bounds were obtained
in the past few decades. We now show that some of the results can be extended to

the quaternion case. We start with introducing the following lemmas.

Lemma 4.4.1. Let A, B, X,Y € M,(H) be n x n matrices with entries in H. If
X is nonsingular and the eigenvalues of XYY are in different conjugacy classes of

quaternions, then there exists r € R such that

1. A+ rX is nonsingular;
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2. The eigenvalues of (A+rX)"Y(B +rY) are also in different conjugacy classes

of quaternions;
3. (A+rX) YB+rY) is diagonalizable.

Proof. Let A1,..., A\, € C be the standard eigenvalues (principle eigenvalues) of
XY that are in distinct conjugacy classes. By [71, Corollary 5.1], the eigenvalues

of x(X~'Y) appear in conjugate pairs (real roots appear twice). So we can denote

F(A) = det (Mo, — x(X7'Y))

Il
k:l:

@
Il
fu

(A=2)(A = A7)

(A= N)?

I
.:]:

@
Il
—

2n—1
=N+ > a
k=0
Let €9 > 0 be sufficiently small such that the open balls B(\;, €), ¢ = 1,2,...,n,

containing the roots \;’s are disjoint. By [64, Theorem 1], there exists 6 > 0 such

that any degree 2n polynomial,

2n—1
N Y b,
k=0
with |ax — bg| < 0, k =0,...,n — 1, has exactly the same numbers of roots (counting

multiplicities) in B (\;, &), ¢ = 1, ...,n. For sufficiently small €, eA+ X is nonsingular

and the coefficients of of the polynomial

ge(N) = det (AL, — x ((€A + X) ' (eB + Y))) =2+ 2”21 b AP

k=0

satisfy |ax — by| < 0. Therefore, ¢.(\) has exactly the same numbers of roots (count-

99



ing multiplicities) in B (\;, €9), ¢ = 1,...,n. Noticing
g(\) = det (A, — x ((eA+ X) "' (eB +Y)))
1
= det ()\Ign - X ((GA +X) ' e(B+ Y)))
€

:da(ﬂ%—x(m+1XrHB+1Y0)

1 1
we see that those roots are also eigenvalues of x ((A + =X)"YB + Y)) . For those
€ €
eigenvalues that are distinct, their associated eigenvectors are linearly independent.
For those real eigenvalue(s) that appear(s) twice, by |71, Corollary 6.3], each of them

1 1
has two linearly independent eigenvectors. Therefore, x ((A + =X)"Y(B + Y)) is
€ €

a | =

1 1
diagonalizable, and thus (A + ~X)~!(B+ =Y is also diagonalizable. Letting r =
€ €

Y

we see that (A + rX)~1(B + rY) satisfies (1),(2) and (3). O

Lemma 4.4.2. Let m,n € N* with m < n, and A, B € M,,(H). If A is invertible

and A7 B is diagonalizable, then we have

i (4 ][5 +])) =+

for any X,Y € My (n—m)(H).

Proof. Let P € M,,(H) be an invertible matrix such that D := P7'(A™'B)P is a

diagonal matrix. Then we have
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SN

P —A'X
= ranky P_lA_l([A X];[B YD
O [nfm

— ranky (q]m omx(nm)] ; lD PATY Y — BAlX)D>

<ranky (In; D) + ranky (Opmxnomy; PTTA™(Y — BAT'X))

<m+ (n—m) = n.

]

In 2010, Sumi, Miyazaki and Sakata gave some upper bounds for m x p x n
complex tensors (see [59, Theorem 1]). We now show that these bounds also work

for quaternion tensors.

Theorem 4.4.3. Let m,n,pe N with m <n. Then we have

-1
max.rankg(m,p,n) < VPQMJ +m

if p is even, and

max.rankg(m, p,n) < {
if p is odd.

Proof. For any T € H™*P*" denote T' = (Ay; Ay;...; A,), where A; € M,,x,,(H) for
i =1,2,...,p. Denote k = |n/2|. By Theorem .34}, there exist invertible matrices

P, € M,,,(H) and @, € M, (H) such that

(A/l7 A/Q) = Pl(Alg A2>Q1 € (me2><n.
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Then by [58, Corollary 4.9], there exists a tensor
C = (Cy,Cy) e Cmx2xn

with ranky(C') < k such that A} — Cy and A, — Cy are simultaneously equivalent to

diagonal matrices, i.e., there exists P, € M,,(H) and Q5 € M, (H) such that
PAAL = Ciidy = €0 = ([ Dy Oy |3 D Opvaoon )
where Dy, Dy € M,,(C) are diagonal matrices. This implies
(PA1Qs — [Dl Omx(n_m)] s Py AYQ, — [Dg Omx(n_m)]) = RCQ,

Let
S = nglTQng = (Bl,Bg, ,Bp)

If p is even, denote p = 2¢ for some ¢ € N*. Then for each i € {2,...,q} by

Lemma .Z.T] there exist diagonal matrices Dy;_1, Do; € M, (H) such that
((Bai—1)<m — D2z’—1)_1((32i)<m — Dy;)

is diagonalizable, and thus by Lemma we have

ranky <Bm‘—1 - [Dgi_l Omx(nm)] ; Boi — |:D2i OmX(nm)]) < n,

for ¢ = 2,...,q. Since we have

ranky <31 — lDl Omx(n_m)] : By — [Dl Omx(n_m)]) = ranky(P,CQs) < k,
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we can now bound the rank of the tensor 7" in the following

ranky (7)) = rankg(5)
= ranky (By; By; Bs; ...; By)
= rankH (Bl - [Dl Omx(n—m):| yeen BP - |:Dp Omx(n—m):|)

+ ranky ((D1;...; D,))

q

< ZrankH (BQi—l - [DZil Omx(n—m):| ’BQ'L - |:D2’L Omx(n—m)])

i=1

+ ranky ((Dy;...; D))

<k+(¢g—1)n+m

[#5e

If p is odd, we can use the same approach for the first p — 1 frontal slices of T. Then

we have

rankg(7") = ranky(A;;...; Ap)

< rankg(Ag;...; A,q) + ranky(A4,)

NICETEIT

-|E52 o

In 1979, Atkinson and Stephens ([3, Theorem 2]) showed that

max.rankc(m, n, mn — k) = mn — k* + max.rankc(k, k, k* — k),
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for complex 3-tensors. We now show that this result can be extended to the case of

complex and quaternionic tensors with higher orders.

p
Theorem 4.4.4. If k <n, m = H N; then

=1

max.rankg(mn — k, Ny, ..., Ny, n) = m(n — k) + max.rankyg(mk — k, Ny, ..., N, k).
Proof. First, we show that
max.rankg(mn — k, Ny, ..., Ny, n) < m(n — k) + max.rankyg(mk — k, Ny, ..., Np, k).

Let T e H(mn—k)xNixxNpxn he gany tensor. By Theorem ELZ 1] it suffices to show
that R(T) is contained in a left H-module generated by m(n — k) + max.ranky (mk —

k, N1, ..., Np, k) simple tensors. Without loss of generality, we may assume dimg R(7T) =
mn —k. Let 7 = (1,2,...,p) and denote I = [[Ny, ..., N,|]. For each o € I, define left
H-modules

uY, = spany {S € HN Mo | Proj(r, 07, 5) = 0, if o' € I with o’ = o}.

Then we have Vo € I, Y, only contains simple tensors, and dim (gY,) = n. Since

dim (g R(T) nuY,) = dim(gR(T)) + dim(gY,) — dim (g R(T) + nYs)
> (mn—k)+n—mn
=n—k,
we can find a set of n—k left H-linearly independent simple tensors in each R(T')NY,,
which we denote by
B, ={Tis,.... Thro}, Yoel.

Then | J,.; B, can be extended to a basis of R(T) by adding (mn —k) —m(n—k) =

(m — 1)k linearly independent tensors, i.e., there exist Ay, ..., Apm_1), € HN< > Noxn
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such that

wR(T) = spany (U B, u{As, .., A(m—l)kz}) .

oel

Define left H-submodules of xgH"*" by
uV, = spany {Proj(r,0,T;,) |i =1,...,n—k,} Vo e I.

Since for each 0 € I, By 5, ..., By_j, are left H-linearly independent, and
Proj(r,0', T, ,) = 0, Vo' eI with o’ = 0, Vie {1,2,....n — k},

we can see that Proj(r,0,T%,), ..., Proj(1,0, T, ) are also left H-linearly indepen-

dent, which implies
dimygV, =n—Fk,Voel.
Thus, there exists a k-dimensional left H-submodule xgU of H"*" such that
gU + 5V, = gH>*" Vo e I.
Therefore, for any o € I and j € {1,2, ..., (m — 1)k}, we can write
Proj(r,0,A;) = U, ; + Z a;; o Proj(r,0,T; ),
for some 1, ; € U and a;;, € H. For each j ; 1,2, ....(m— 1)k, let
A= Aj = a0 Tho.
Then we have -
Proj(r,0,A}) e U, Yo el ,Vje{l,2,..,(m— 1)k},

Since U < H"" and dim (gU) = k Then there exists n — k linearly independent

vectors wy, ..., W,_; such that

al -y =0, Vul e U, Vie {1,2,...,n — k},
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Let @ € H"™" be a non-singular matrix whose last n — k columns are h, ..., W, _g.

Then, by Corollary A.T.7 we have

Pl"Oj(T, g, A;Q) = PI‘Oj(T, g, A;)Q = l *1xk le(n—k) ] )

for any 0 € I and j € {1,2,...,(m — 1)k}. This implies
Ci (AQ) =0,Vje{l,...(m—1k}, Vie{k+1,.. n}

which means A%@Q can be viewed as (A;Q)

Copr AN N; x -+ x N, x k tensor, for

j=1,2,...,(m — 1)k. Therefore, we have

(m—1)k (m—1)k
ranky < Z @@A}) = rankpy (( Z é}-@A;) Q)
=1

J=1

(m—1)k
= rankpy ( 2 e ®A;Q>

j=1

(m—-1)k
= rankpy ( Z e ® (A;Q)Cgk)
j=1
< max.rankg ((m — 1)k, Ny, ..., N, k),

which implies that A], "'7A/(m71)k are contained in a left H-module generated by
max.ranky ((m — 1)k, Ny, ..., N,, k) simple tensors. Since we have, by the replace-

ment theorem, that

HR(T) = spanpy (U Ba v {A/h ) A/(m—l)k}> :

oel

and the fact that each B, is a set of n — k simple tensors. We see that R(T)

can be generated by m(n — k) + max.ranky ((m — 1)k, Ny, ..., N, k) simple tensors.
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Therefore, we have

rankg(7T") < m(n — k) + max.ranky ((m — 1)k, Ny, ..., N, k).

Next, we show that

max.rankg(mn — k, Ny, ..., Ny, n) = m(n — k) + max.rankg(mk — k, Ny, ..., Np, k).

Let T, S € Hmn—kNvexNom ho g tensor such that both T={""F e Hmk—hNixxNpk

and TETR<G e HmE-RNxNek attain the maximal rank with 7*7*<7 = 0 and
SE+k = 0. Therefore, we have

ranky (TS %) = max.rankg((m — 1)k, Ny, ..., Ny, k)

and

k<

rankpy (mk*kS) = max.rankg((m(n — k), Ny, ..., Ny,n — k),

which implies dimyg R(T") = (m—1)k and dimyg R(S) = m(n—k). Denote 7" = T'+ S.
Noticing dimyg R(7") = dimyg R(T) + dimg R(S), by Theorem 27 we have

rankg(7') >  min  ranky ((7)S"*7% + B (" (1))

BeHmX*(N1—m)

+ dimg R(T") — (mk — k)

= BeHgEi(E1—m) ranky (((T’)émk—k + B (mk—k< (T/)))émk;—k>

+ dimy R(T") — (mk — k)

“F 4 dimg R(T) + dimg R(S) — (mk — k)

= rankpy ((T’)Smk*k)gm
= ranky ((T)S™ %) + (m — 1)k + m(n — k) — (mk — k)

= max.rankg((m — 1)k, Ny, ..., Np, k) + m(n — k).
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[]

As a result of Theorem [£.4.4] we have the following corollary for the maximal rank

of quaternionic tensors with order 3.

Corollary 4.4.5. If k < n, then we have

max.rankg(mn — k,m,n) = m(n — k) + max.rankg(mk — k,m, k).

Meanwhile, we have also obtained a generalized version of |3, Theorem 2].

Corollary 4.4.6. If k < m; < my < ... <my, then we have

max.ranke(| | m; — k, my, ma,...,m,) = | | m; — kP + max.rankc (kP — k, k, ..., k).

s.
i ::]@
X

.

Il bS]
I :]

Proof. Noticing that replacing H with C doesn’t affect the proof of Theorem [4.4.4],

we can repeat using Theorem .44 p times to prove the desired equality above. []

Example 4.4.7. By letting k£ = 1,2 in Corollary [£.4.6, we have

p
max.rankc(l_[ m; — 1,my,ma,...,my) =
i=1

-
Il S|
— ::l

as well as

P
max.rank(c(l_[ mi — 2,Mq1, My, ..., My) =
i=1

m; — 2P + max.rankc (2P — 2,2, ..., 2).

~.
Il bS]
—

In 1978, Howell proved the following statements over a Principle Ideal Domain
(see [30, Theorems 7 and 8] and [60, Proposition 5.4 and Theorem 5.12 ]). We now

show that the result can also be extended to the quaternion case.
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Theorem 4.4.8. Let m,n, Ny,..., N, € N*. Then we have

max.rankg(m, Ny, Na, ..., Ny, n) < H N; + max.ranky (m — 1, Ny, Na, ., ,, .Np,n — 1)

p
=1

Proof. Let o9 = (2,3,4,....,p—1) € [[Z,-1 < p+1]]. For any T' € H»N>x->xNoxm and
7 € [[ N1, ..., N,]], we have Proj(og,7,T) € H™*™, which can be viewd as an m x n
quaternioinic matrix. Without loss of generality, we can assume its (m,n) entry is

non-zero for all 7 € [[Ny, ..., N,]], i.e,
Proj(oo, 7, T)mn = 0, V7 € [[Ny,..., Np]].
For each 7 € [[Ny, ..., N,]], define
W, = Proj(oo, 7, T),,} - R (Proj(cq, 7,T)) ® C,, (Proj(cq,7,T)),
and let S be the tensor uniquely determined by
(W, | 1€ [[Ny, ..., Np |}

Then we have
m*1<(T —-S)=0, ,1<(T—=S8)=0,

which implies
ranky (7 — S) < max.ranky (m — 1, Ny, N, .,,,.Ny,n —1).

Noticing
P
rankg(S) = HNZ-,

i=1

we have
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ranky (7)) < rankg(7T — S5) + ranky(.S)

< HN" + max.rankyg (m — 1, Ny, Na, .., , .Ny,n —1).

P
i=1
Now, we can bound the rank of n x n x n quaternionic tensors.

Corollary 4.4.9. max.rankg(n,n,n) < [3n?/4].
Proof. 1f we apply Theorem 4.8 [n/2] times for p = 1, then we have

max.rankg(n,n,n) < n|n/2] + max.rankg(|n/2],n, |n/2|)

< nln/2] + [n/2]* = [3n°/4].
[

In 1979, Atkinson and Stephens ([3]) stated without proof that any n x 3 x n
complex tensors have rank no more than 2n—1 . In 2010, Sumi et al. ([59, Theorem
5]) proved Atkinson and Stephens’ assertion and extended their result over the real
number field when n is odd . We now give a similar uppper bound for n x 3 x n

quaternion tensors.

Theorem 4.4.10. max.rankg(n,3,n) < 2n.

Proof. Let T = (A; B;C) € H"3*", Without loss of generality, we can assume
rankg(A) > rankg(B) > ranky(C).
There exist invertible matrices Py, P, € M,,(H) such that

PAP, = I,
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where r = rankg(A) < n. Then we have
Tl = PlTP2 = (PlApg,plBPQ, PQOPQ) = ([r, PlBPQ;Plcpg).

Let X = I, and Y = diag(y, ..., yn) where y1, ..., y, € R are distinct. By LemmaLZ.T]

there exists r € R such that (PyBP, + rX) is nonsingular and
(PLBPy + 1 X) Y (P.CP, +7Y)
is diagonalizable, i.e., there exist @) € M, (H) such that
Q' (PBP, + X) M (P,CP, + Y)Q = diag(A1, ..., \p).
Denote S = (I, X,Y), then we have

Ty :=Q (PBP, + rX) 1Ty — $)Q
:Q—l(PlBPQ + T‘X)_l (Onxn; (PABP, +1rX); (PLCPy + TY))Q
:Q_1 (Onxn; Ina (PlBPQ + TX)_I(PlCPQ + ’I"Y))Q

Onsni I QY (PBPy +1X) {(P,CP, + rY)Q)

~(
(Onxn, I,; dlag()\l,...,)\n)).

Therefore, we have rankg(S;) < n and rankg(7%) = n, which implies
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ranky (7) = ranky(77)

< rankH(Sl) + rankH(Tl — Sl>

< rankH(Sl) + rankH(Tg)

<n+n=2n.

[]

In [60], it is shown for 2 x 2 x 2 x 2 tensors that the maximal rank is 5 over the
real field R while the maximal rank is only 4 over the complex field C. Now, we
show that the maximal rank of 2 x 2 x 2 x 2 quaternionic tensors is bounded by 4

and 5.

Theorem 4.4.11. 4 < max.ranky(2,2,2,2) < 5.

Proof. For any A € H?*?*2*2_ denote

aj; aiz | bin aiz

A| B asr Qg | bar  ag

cii ciz | din die

Ca1 Co | doy da

and the action of (GL(2,H) x (GL(2,R) x (GL(2,R) x (GL(2,H)) be denoted by

A1AA, | AiBA,

(A17A27A37A4) : T = A2 *

*A3

A1CAy | AiDA,

If any of the sub-tensors

A B
lA B]?lc D]? ) Y
C D

112



has rank 2, then we have ranky(7") < 2 + 3 = 5. Otherwise, we can assume without
generality that rankg([A B]) = 3, rankg(A) = 2 and B is not diagonalizable. Let

P e My(H) be an invertible matrix such that

where J is the Jordan canonical form of A~'B. Then we have

Ty :=(P'A YL, I, P)- T

(PA"1)AP | (P-1A"Y)BP

*]2

:]2*

(PIC~YAP | (P-1A-Y)DP

P=\CT AP | PTYATIDP

1 0 X 1
0O 1,0 A

/ / U !
¢y Cp | dyy diy

i Chy Cyy | dy do )
and rankg(S) = rankg(7T"). Choose A\ € H with Re()\g) = Re(\) and denote

B A0 ' — A1 D dyy  dis

/ / U !
0 Ao Co1 Cog dy;  dy
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and

0 01]0 1
0 010 X=X
S| =
0 010 0
0 01]0 0
Then we have
I, | B
T, -5 =
'\ D

By Lemma[Z4T] there exists r € R such that (C"+rI,) "1 (D’+rB’) is diagonalizable.
Let @ € My(H) such that

1 ) A 0O
Q' (C"+rL) (D' +rB)Q =
0 X
Therefore, we have
I B’
S = Iy, Iy + 1B, I, ) - (11 = 51) =
C'+rly | D +rB
Since
10 A0
ranky (SS!) = ranky ([l B']) = ranky =2
01 0 o
and
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rankg ('=S) = ranky([C’ +rly, D' +1rB'])
= ranky([l; (C' +rly) "D +rB)
= ranky ([Q ' LQ Q™' (C' +rl) D' +rB'Q])

10 A0
= ranky =2
0 1 0 X

we have

rankH(T) < I'&IlkH(Sl> + rankH(Tl — Sl>
= ranky(S) + rankg(S)
< rankg(S1) + rankg (S<Y) + rankg ('<9)

—1+2+2="5
On the other hand, consider the 2 x 2 x 2 x 2 tensor T determined by the horizontal
slices:
10 01 00 10
01 00 00 01
Since Ry (T) and Ry(T') are linear independent, we have dimy R(T") = 2. For any

scalar ¢ € H, we know by Lemma [3.3.3] that the quaternionic tensor
10 qg 1

01 0 ¢q

has rank 3. Denote the left H-module generated by {Rs(T)} by M. Again, by
Lemma [3.3.3] we have

ranky (7)) = gnﬁ rankyg (R1(T) + A) + dimg R(T) —1=3+2—-1=4.
€

Therefore, we have 4 < max.ranky(2,2,2,2) < 5. [l
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Chapter 5

Future Work

Firstly, quaternionic 3-tensors with 3 frontal slices, namely m x 3 x n tensors over
the quaternions, would be a good direction for future work. In [58], the canonical
forms and maximal rank of m x 2 x n complex tensors were thoroughly studied.
Corresponding results for the m x 2 x n quaternion tensors were also obtained in my
recent research (Theorem [L37). However, the maximal rank and canonical forms
of m x 3 x n tensors still remain unknown. Sumi et al. (]|59]) showed that the
maximal rank of n x 3 x n complex tensor is no more than 2n — 1. In this thesis, it
is shown that the maximal rank of n x 3 x n quaternionic tensors is no more than

2n (Theorem ELZAT), a slightly weaker bound. Since we have
max.rankg(m, 3,n) = max.rankc(m, 3,n)
for any 2 < m,n < 3, and

max.rankg(m, 2,n) = max.rankc(m, 2, n)
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for any m,n € N*, it is natural to conjecture

max.rankg(m, p,n) = max.rankc(m, p, n)

for any m, n, p € N*. Therefore, the first step would be to study m x 3 xn quaternionic
tensors.

Moreover, it would be interesting to study how the underlying base can change
the tensor rank. We know that the maximal rank of any real 2 x 2 x 2 x 2 tensor is
5, while the maximal rank for a complex tensor of the same size is 4 (these bounds
were shown earlier in [38] and [6] respectively). In this thesis, there is an example
of a complex tensor that has a strictly smaller rank over the quaternions than the
complex field (example3.5.3]). This example shows that a complex tensor could have
smaller decomposition into quaternion tensors. Therefore, considering decomposition
of complex tensors into quaternion tensors is another research direction.

Last but not least, apart from quaternionic 3-tensors, the tensor rank and tensor
decomposition problems for higher quaternion tensors are also worth considering. For
example, it is known that max.rankg(2,2,2,2) = 5 and max.rankc(2,2,2,2) = 4.
In the quaternion case, however, the maximal rank of 2 x 2 x 2 x 2 tensors still
remains unknown. Although determining the rank of higher quaternion tensors is
considerably difficult, it is still a good idea to consider some upper bounds of the

maximal rank of those tensors.
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