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Abstract

Tensors are defined as multidimensional arrays and therefore generalize matrices to

multiple dimensions. To put it simple, a 1-tensor is a vector. A 2-tensor is a matrix

and a 3-tensor is a cube. Similarly, we can imagine a tensor with a higher order.

A K-way tensor T is said to be rank-1 if it can be written as the out product of

K vectors, i.e.,

T “ ~a1 b ~a2 b ¨ ¨ ¨ b ~aK ,

where b is the vector outer product. It means that each entry of the tensor is the

product of the corresponding vector entries:

Ti1i2¨¨¨iK
“ a1,i1

a2,i2
¨ ¨ ¨ aK,iK

for all 1 ď ij ď Nk, k “ 1, 2, ..., K.

The rank of a tensor T is defined by the smallest positive integer n such that

T “ T1 ` T2 ` . . . ` Tn

for some rank-1 tensors T1, T2, . . . , Tn. That being said, the objective of rank deter-

mination is to answer the question, "How may rank-1 tensors are required to express

the given tensor?"

In this thesis, we give the maximal rank (the best possible upper bound) of

quaternionic tensors in the n1 ˆ n2 ˆ n3 cases where 2 ď ni ď 3. Decomposition of a

quaternionic tensor T into simple tensors in the some of these cases are discussed. We

also give an example of a complex tensor that has different ranks over the complex

field and the real quaternion algebra.

Moreover, we give the maximal rank and canonical forms of mˆ2ˆn quaternion

tensors for any m, n P N
`. We also discuss some upper bounds for general quaternion

tensors by using a block tensor approach.
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Chapter 1

Introduction

Tensors, as generalizations of matrices to higher dimensions, have many applica-

tions in various settings. They have many applications in various aspects, such as

aerospace engineering ([22]), signal processing ([11, 18, 17]), data mining ([62]), ma-

chine learning ([47]), computer vision ([54, 65, 66]), higher-order statistics ([10, 13]),

pattern recognition ([33, 52]), chemometrics ([12, 55]), graph analysis ([37]), numer-

ical linear algebra ([19, 20, 35]), numerical analysis (Part I in [43]), etc. They are

one of the most important algebraic structures in mathematics. There has been

active research on tensors for the decades with topics including tensor decomposi-

tions, tensor ranks, tensor determinant, tensor eigenvalue problems, and low-rank

approximation.

The concepts of tensor decompositions first appeared in Hitchcock’s book in 1927

([28, 29]), and later was developed to a multiway model by Cattell in 1944 [9, 8].

These concepts got very little attention until Tucker’s work ([63]) in the 1960s and

Harshman’s work ([7]) in 1970, which appeared in psychometrics literature. In 1981,

tensor decompositions were first used in chemometrics by Appellof and Davidson

([1]). Since then, tensors have become fairly popular in that field (see [27, 56, 5]).

There was even a book written ([55]) in 2004. Along the side of the developments
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in chemometrics and psychometrics, decompositions of bilinear forms also aroused

lots of interest in the field of algebraic complexity, such as [34, Section 4.6.4] by

Knuth and an interesting example by Strassen about matrix multiplication, which

describe 2×2 matrix multiplication by using a decomposition of a 4×4×4 tensor (see

[57, 39, 42]).

1.1 Tensor Ranks and Tensor Decompositions

There have been extensive studies about tensor ranks and tensor decompositions

over the past few decades. They both start with the consideration of sum of rank-1

tensors which are closely related to outer product of vectors. To illustrate, given two

vectors ~u “ pu1, u2, . . . , umqT and ~v “ pv1, v2, . . . , vnqT , their outer product, denoted

by ~u b ~v, is defined as the m ˆ n matrix obtained by multiplying each element in ~u

by each element in ~v in the following way:

~u b ~v :“

»

—

—

—

—

—

—

—

–

u1v1 u1v2 . . . u1vn

u2v1 u2v2 . . . u2vn

...
...

. . .
...

umv1 umv2 . . . umvn

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

Similarly, A K-way tensor T P F
N1ˆN2ˆ¨¨¨ˆNK (F “ R or C) is said to be rank-1

if it can be written as the out product of K vectors:

T “ ~a1 b ~a2 b ¨ ¨ ¨ b ~aK ,

where ~ak P F
Nk , k “ 1, 2, ..., K. That is, each entry of the tensor is the product of

the corresponding vector entries:

Ti1i2¨¨¨iK
“ a1,i1

a2,i2
¨ ¨ ¨ aK,iK

for all 1 ď ij ď Nk, k “ 1, 2, ..., K.
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The rank of a tensor T is defined by the smallest positive integer n such that

T “ T1 ` T2 ` . . . ` Tn

for some rank-1 tensors T1, T2, . . . , Tn. That being said, the objective of determining

tensor rank is simply to answer the question, "To express the given tensor, how many

rank-1 tensors are required?"

Although the definition of tensor rank is similar to the definition of matrix rank,

their properties are pretty different (see [40]).

1. There are straight-forward algorithms to compute the rank of a matrix, but

there isn’t any algorithm for computing the rank of a given tensor. As a matter

of fact, the tensor rank problem is NP-hard (see [24]).

2. Matrix rank doesn’t depend on the base field, but tensor rank does. For a given

real tensor, its rank could be different over the real field R and the complex

field C. For example, the tensor

T “

¨

˚

˝

»

—

–

1 0

0 1

fi

ffi

fl
;

»

—

–

0 1

´1 0

fi

ffi

fl

˛

‹

‚

has rank 3 over R but only rank 2 over C. Its rank decomposition over R is

T “

¨

˚

˝

»

—

–

1 0

0 0

fi

ffi

fl
;

»

—

–

´1 0

0 0

fi

ffi

fl

˛

‹

‚
`

¨

˚

˝

»

—

–

0 0

0 1

fi

ffi

fl
;

»

—

–

0 0

0 1

fi

ffi

fl

˛

‹

‚
`

¨

˚

˝

»

—

–

0 0

0 0

fi

ffi

fl
;

»

—

–

1 1

´1 ´1

fi

ffi

fl

˛

‹

‚
,

while the rank decomposition over C is

T “ 1

2

¨

˚

˝

»

—

–

1 i

´i 1

fi

ffi

fl
;

»

—

–

´i 1

´1 i

fi

ffi

fl

˛

‹

‚
` 1

2

¨

˚

˝

»

—

–

1 ´i

i 1

fi

ffi

fl
;

»

—

–

i 1

´1 ´i

fi

ffi

fl

˛

‹

‚
.
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3. The maximal rank and typical rank is the same for a matrix, but can be

different for a tensor. The maximal rank is defined to be the largest rank that

is attainable, however, the typical rank is any possible rank that can occur with

probability greater than zero (see [36, Section 3.1]). For example, Kruskal ([40])

discusses the 2 ˆ 2 ˆ 2 case, where the tensors have typical ranks of 2 and 3

over the real field R. As a matter of fact, Monte Carlo experiments, which

randomly draw each of the entries of the tensor from a normal distribution

with standard deviation one and mean zero, show that the set of all 2 ˆ 2 ˆ 2

tensors with rank 2 fills about 79% of the space, while those with rank 3 fill

21%.

In general, it is usually extremely difficult to determine the rank of a given tensor.

There is an example of a particular 9 ˆ 9 ˆ 9 tensor cited by Kruskal, whose rank

is only known to be bounded between 18 and 23 (see [40]). In 2008, Comon et al.

conjectured that the rank is 19 or 20 (see [14]).

1.2 Maximal Ranks of Complex and Real Tensors

Although it is generally difficult to determine the rank of a given tensor, there

are extensive studies of upper bounds of ranks (maximal ranks) of tensors over

the real field R and the complex field C, which have been popular over the past

few decades. Let F denote the real number field R or the complex field C and

max.rankFpn1, n2, . . . , npq denote the maximal rank of n1 ˆ n2 ˆ . . . np tensors over

F. For example, in the matrix case, it is well-known that

max.rankFpn1, n2q “ max
APMn1ˆn2

pFq
rankpAq “ minpn1, n2q,

where F denotes the real number field R or the complex field C.

In the tensor case, however, even for 3-tensors, max.rankFpn1, n2, n3q is unknown
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and difficult to determine. The following weak inequalities are known:

maxtn1, n2, n3u ď max.rankFpn1, n2, n3q ď mintn1n2, n2n3, n3n1u,

where F denotes the real number field R or the complex field C.

As for better bounds for 3-tensors, Grigoryev [23] and Ja’ Ja’ [32] independently

determine the rank of any n1 ˆ n2 ˆ n3 tensor for n3 ď 2 in 1978 by using canonical

forms. They showed that

max.rankFpm, n, 2q “ min
!

n `
Ym

2

]

, m `
Yn

2

]

, 2m, 2n
)

,

where F denotes the real number field R or the complex field C. In 1979, Atkinson

and Stephens showed that

max.rankCpm, n, pq ď m `
Yp

2

]

n

if m ď n (see [3]). In particular, when m “ n, this becomes

max.rankCpn, n, pq ď

$

’

’

&

’

’

%

pp ` 1qn
2

if p is odd

pp ` 2qn
2

if p is even.

Later in the same year, they improved the upper bound for the p even case (see

[2]), showing that

max.rankCpn, n, pq ď pp ` 1qn
2

for all p. Atkinson and Stephens also showed in [3, Theorem 2] that

max.rankCpm, n, mn ´ kq “ mn ´ k2 ` max.rankCpk, k, k2 ´ kq.
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As a result, the rank of all 3 ˆ 3 ˆ p tensor (except for p “ 5) were obtained:

p 1 2 3 4 6 7 8 9

max.rankCp3, 3, pq 3 4 5 6 7 8 8 9
.

Atkinson and Stephens also asserted that any nˆnˆ3 complex tensors have rank

no more than 2n ´ 1 (see [3]). In 2010, Sumi et al. proved Atkinson and Stephens’

assertion and extended their result over the real number field for n odd case (see

[59]). They also improved some other results from [2, 3]. In 2016, they summarized

their results in [60] as follow:

(1) max.rankCpn, n, 3q ď 2n ´ 1 and max.rankRpn, n, 3q ď 2n,

(2) If m ă n, then max.rankFpm, n, 3q ď m ` n ´ 1,

(3) If n is not congruent to 0 modulo 4, then rankRpn, n, 3q ď 2n ´ 1.

(4) rankFpm, n, pq ď pε ` 1qm `
Y

npp´1´εq
2

]

, where 3 ď m ď n ď p and p “ 2q ` ε

for an integer q and ε “ 0, 1,

where F denotes the real number field R or the complex field C. By extending

Atkinson and Stephens’ result in [3, Theorem 2] over the real numbers, they showed

that

max.rankFpm, n, mn ´ kq “ mpn ´ kq ` max.rankFpm, k, mk ´ kq,

and

max.rankFpm, n, mn ´ kq “ mn ´ k2 ` max.rankF

`

k, k, k2 ´ k
˘

,

where F denotes the real number field R or the complex field C. As a result, the

rank of several types of tensors over the complex or reals were obtained:

(1) max.rankFp3, 3, 3q ď 5;

(2) max.rankCp4, 4, 3q ď 7;
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(3) max.rankFp5, 5, 3q ď 9;

(4) max.rankCp6, 6, 3q ď 11,

where F denotes the real number field R or the complex field C.

1.3 Canonical Forms

Apart from the maximal ranks, the canonical forms of 3-tensors with small sizes

were also studied. In 2008, Vin De Silva and Lek-Heng Lim showed in [21] that any

2 ˆ 2 ˆ 2 tensor over R can be reduced to one of the eight different canonical forms,

i.e., for any T P R
2ˆ2ˆ2, there exist nonsingular matrices A1, A2, A3 P M2pRq such

that pA1 b A2 b A3q pT q is a canonical form, where A1 b A2 b A3 is defined by

A1 b A2 b A3 : R2ˆ2ˆ2 ÝÑ R
2ˆ2ˆ2,

~v1 b ~v2 b ~v3 ÞÑ A1~v1 b A2~v2 b A3~v3.

Furthermore, each of the 2 ˆ 2 ˆ 2 tensor over R can be transformed to a unique

canonical form only, which gives a classification of all 2 ˆ 2 ˆ 2 tensor over R into

eight different orbits.

Orbit Canonical Form Rank

D0

»

—

–

0 0 0 0

0 0 0 0

fi

ffi

fl
0

D1

»

—

–

1 0 0 0

0 0 0 0

fi

ffi

fl
1

D2

»

—

–

1 0 0 0

0 1 0 0

fi

ffi

fl
2
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D1
2

»

—

–

1 0 0 1

0 0 0 0

fi

ffi

fl
2

D2
2

»

—

–

1 0 0 0

0 0 1 0

fi

ffi

fl
2

G2

»

—

–

1 0 0 0

0 0 0 1

fi

ffi

fl
2

D3

»

—

–

1 0 0 1

0 1 0 0

fi

ffi

fl
3

G3

»

—

–

1 0 0 ´1

0 1 1 0

fi

ffi

fl
3

Table 1.2: Canonical Forms of 2 ˆ 2 ˆ 2 Real Tensors

Later in 2009, Sumi et al. ([58, 60]) gave the canonical forms for complex 3-tensors

with 2 frontal slices of arbitrary sizes: For any T “ pA; Bq, where A, B P MmˆnpCq,

T is equivalent to a tensor of block diagonal form

Diag ppS1; T1q , . . . , pSr; Trqq

where each pSj; Tjq is one of the following:

1. zero tensor pOkˆl; Okˆlq P C
kˆ2ˆl, k, l ě 0, pk, lq ‰ p0, 0q;

2. pJkpaq; Ikq P C
kˆ2ˆl, a P C, k ě 1;

3. pIk; Jkp0qq P C
kˆ2ˆl, k ě 1;

4. prOkˆ1, Iks ; rIk, Okˆ1sq P C
kˆ2ˆpk`1q, k ě 1;
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5.

¨

˚

˝

»

—

–

O1ˆk

Ik

fi

ffi

fl
;

»

—

–

Ik

O1ˆk

fi

ffi

fl

˛

‹

‚
P C

pk`1qˆ2ˆk, k ě 1,

where Ik denotes the k ˆ k identity matrix and Jkpaq denotes the k ˆ k Jordan block

with eigenvalue a.

1.4 Quaternionic Tensors

In contrast to tensor decomposition and tensor rank problems over commutative

algebras where there are some known results for specific cases over the complex

and real numbers, the tensor decomposition and tensor rank problems over the real

quaternion algebra

H “ ta0 ` a1i ` a2j ` a3k|i2 “ j2 “ k2 “ ijk “ ´1; a0, a1, a2, a3 P Ru.

are at present far from fully developed and remain largely open questions.

Knowing how to check the rank of a given tensor and finding a minimal decom-

position into simple tensors is not just of theoretical importance, but has many real

life applications as well. Such results can be useful for questions arising in applied

mathematics, engineering, physics and computer science. For example, Sylvester-

type equations for tensors usually involves assumptions that depend on tensor ranks.

Not all problems are commutative in nature however, so understanding tensors in

the noncommutative case is also important.

There are very few results involving tensor decompositions over H, at least in

comparison to known results over C and R. In [58], upper bounds for the rank of

tensors with size 2 ˆ ¨ ¨ ¨ ˆ 2 over R or C are studied. For instance, the maximal rank

of any real 2ˆ2ˆ2ˆ2 tensor is 5, while the maximal rank for a complex tensor of the

same size is 4 (these bounds were shown earlier in [38] and [6] respectively). In some

recent work involving H, a simultaneous diagonalization result in [26] produces solu-
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tions to a specific generalized Sylvester quaternion matrix equation, while expanded

work in [68] provides solutions for a two-sided coupled Sylvester-type equation in a

similar setting. These results however assume that the ranks of the tensors being

used are known. It is therefore essential to find ways of determining the ranks of

tensors over H if one hopes to utilize these results.

In the development of determining the ranks of other small real tensors, Kruskal

first stated in 1989 ([40]) without proof that 3 ˆ 3 ˆ 3 real tensors also have ranks

at most 5. In 2013, a formal self-contained proof was given by Murray R. Bremner

and Jiaxiong Hu ([4]). In 2016, a detailed simple proof, which mainly involves linear

transformation and matrix diagonalization, was given by Toshio Sakata, Toshio Sumi

and Mitsuhiro Miyazaki ([60]). In addition, they also used other simple evaluation

methods to show that 2 ˆ 2 ˆ 2 and 2 ˆ 2 ˆ 3 real tensors have maximal rank 3,

2 ˆ 3 ˆ 3 tensors have maximal rank 4 ([60]), and characterized the 2 ˆ 2 ˆ 2 tensors

having rank 3 by using the Cayley’s hyperdeterminant ([61]).

In this thesis, we will start with showing that 2 ˆ 2 ˆ 2 quaternion tensors have

ranks no greater than 3. After that, we will bound the ranks of some other small

sizes quaternionic tensors.

1. max.rankHp2, 3, 2q “ 3;

2. max.rankHp3, 2, 2q “ 3;

3. max.rankHp3, 3, 2q “ 4;

4. max.rankHp3, 2, 3q “ 4;

5. max.rankHp3, 3, 3q “ 5.

In many of the results in this thesis, it is desirable to first simplify a tensor

T “ pA1; . . . ; Akq by first applying column and row operations to the matrices Ai

which preserve rank. Since we are working over a noncommutative division ring, we
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need to be careful with how H is acting in a column or row (see [70, Section 1.3.3]

for an exposition on the difficulties of defining tensors over the quaternions).

If we however only act by H on the left when using row operations (i.e. horizontal

slice operations), and by H on the right for column operations (i.e. lateral slice

operations), then one can check that the rank is preserved. In particular, we are

actually endowing H
n1ˆ...ˆnk with a bimodule structure where multiplication takes

place on the left and right by nonsingular quaternionic matrices. Using real frontal

slice operations is also allowed since R is the center of H. We will call each of these

rank-preserving operations. In the latter case for example, let Ai be an Ni ˆ Mi

matrix with entries in R for i “ 1, . . . , p. Consider the multilinear map defined by

A1 b . . . b Ap : HN1ˆ...ˆNp ÝÑ H
M1ˆ...ˆMp ,

~v1 b . . . b ~vp ÞÑ A1~v1 b . . . b Ap~vp.

This map is well-defined since the action is linear in each component. When we apply

A1b. . .bAp to T , we can bound the rank of the resulting image by rankpT q. However,

allowing all the Ai’s to have entries in H would no longer define a multilinear map,

even though using row operations with left H multiplication (or column operations

with right H multiplication) coming from nonsingular matrices does preserve rank.

In the last chapter, we determine the maximal rank of m ˆ 2 ˆ n quaternion

tensors for any m, n P N
` and their canonical forms (Theorems 4.3.7 and 4.3.4), and

then we generalize some results in the complex 3-tensor case to the the quaternion

tensor case with higher orders. For instance, in Theorem 4.4.4, we generalize the

equality

max.rankCpm, n, mn ´ kq “ mn ´ k2 ` max.rankCpk, k, k2 ´ kq,

which was given by Atkinson and Stephens ([3, Theorem 2]) in 1979, and in Theo-
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rem 4.2.3 we generalize a classical inequality by Frobenius about matrix ranks ([46,

Theorem 5.66])

rankpXq ě rankpUXq ` rankpXV q ´ rankpUXV q,

A similar result was also given by Kruskal ([39, Theorem 1]) in 1977 for complex

3-tensors.
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Chapter 2

Preliminaries

In this chapter, we introduce some basic properties of quaternionic tensors.

2.1 Real Quaternions

The real quaternions were discovered by Hamilton in 1843. Since then, they have

been widely used in many areas such as computer graphics, control theory, physics,

robotics, image and signal processing, electromechanics, quantum mechanics, etc.

We refer the readers to [44, 15, 41, 49, 51, 50, 53, 67, 69] for more information.

Denote the real field by R and the complex field by C. The real quaternion

algebra is defined by

H “
 

a0 ` a1i ` a2j ` a3k | i2 “ j2 “ k2 “ ijk “ ´1; a0, a1, a2, a3 P R
(

.

This is a 4-dimensional associative algebra over R with an ordered basis 1, i, j and k

13



with the multiplication table:

ˆ 1 i j k

1 1 i j k

i i -1 k ´j

j j ´k -1 i

k k j ´i -1

.

Table 2.1: Multiplication Table of the Real Quaternion Algebra

In other words, a real quaternion is a vector

x “ x0 ` xii ` x2j ` x3k P H

with coefficients x0, x1, x2, x3 P R. Hence it has the usual addition and the scalar

multiplication defined in the vector space H over R,. Besides, the product of any

two of the quaternions 1, i, j, k can be computed by using the table, i.e.

i2 “ j2 “ k2 “ ´1

ij “ ´ji “ k, jk “ ´kj “ i, ki “ ´ik “ j.

Therefore, we can see that every element x P H be can uniquely written in the

form

x “ x0 ` xii ` x2j ` x3k

for some x0, x1, x2, x3 P R, and thus real numbers and complex numbers can be

thought of as quaternions in the natural way.

However, a major feature of quaternions is that multiplication of two quater-

nions is noncommutative. For example, in the given multiplication table, we have

already seen that ij “ k but ji “ ´k, which shows that ij ­“ ji. The following
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example even shows us a surprising fact.

Example 2.1.1. The equation x2 ` 1 “ 0 has infinitely many solutions in H.

Proof. Consider quaternions of the form

x “ cos θi ` sin θj

Taking the square, we have

x2 “ pcos θi ` sin θjq2 “ cos2 θi2 ` sin2 θj2 ` cos θ sin θpij ` jiq.

The third term is zero, since ij “ ´ji. The first two terms sum to ´1, so any number

of the given form is a solution to x2 ` 1 “ 0. Since there are uncountably many

cos θ P r0, 1s, there are uncountably many solutions.

2.2 Basics of Tensor Rank

Definition 2.2.1. A multiway array T “ pTi1i2...iK
q where 1 ď i1 ď N1, . . . , 1 ď

iK ď NK is called a K-way tensor of size pN1, N2, . . . , NKq. If each of the entries

Ti1i2...iK
are taken in R, then we call T a real (or complex, quaternionic, respectively)

tensor, denoted by T P R
N1ˆN2ˆ¨¨¨ˆNK (or T P C

N1ˆN2ˆ¨¨¨ˆNK , T P H
N1ˆN2ˆ¨¨¨ˆNK ,

respectively). We also say that T is an N1 ˆ N2 ˆ . . . ˆ NK tensor.

When K “ 3, we will use the convention that N2 indicates the number of frontal

slices of the array, so that the array consists of N2 many N1 ˆN3 matrices. Similarly,

it will have N1 horizontal slices and N3 lateral slices. For example a 3 ˆ 2 ˆ 3 tensor
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has 18 entries, which can be denoted by

T “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

a111 a121 a131

a211 a221 a231

a311 a321 a331

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

a112 a122 a132

a212 a222 a232

a312 a322 a332

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

When K ą 3, it is no longer convenient to use the same notation as above to describe

tensors.

Note: We should mention that this notation is different from the one used by some

authors cited in this thesis (for example, in [60], N3 indicates the number of frontal

slices).

Definition 2.2.2. A nonzero real tensor (or complex, quaternionic, respectively)

T “ pTi1i2...iK
q is called a simple tensor if there exist real (or complex, quaternionic,

respectively) vectors

~a1 “ pa11, a12, . . . , a1N1
q,

~a2 “ pa21, a22, . . . , a2N2
q,

...

~aK “ paK1, aK2, . . . , aKNK
q,

such that T “ pTi1i2...iK
q “ pa1i1

a2i2
. . . aKiK

q. We will also denote this by

T “ ~a1 b ~a2 b ¨ ¨ ¨ b ~aK .

Example 2.2.3. For the 2 ˆ 3 ˆ 2 tensor

T “

¨

˚

˝

»

—

–

2 3

8 12

fi

ffi

fl
;

»

—

–

´2 ´3

´8 ´12

fi

ffi

fl
;

»

—

–

4 6

16 24

fi

ffi

fl

˛

‹

‚
,
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there exist vectors

~a “ pa1, a2q “ p1, 4q, ~b “ pb1, b2, b3q “ p1, ´1, 2q and ~c “ pc1, c2q “ p2, 3q

such that

T “

¨

˚

˝

»

—

–

a1b1c1 a1b1c2

a2b1c1 a2b1c2

fi

ffi

fl
;

»

—

–

a1b2c1 a1b2c2

a2b2c1 a2b2c2

fi

ffi

fl
;

»

—

–

a1b3c1 a1b3c2

a2b3c1 a2b3c2

fi

ffi

fl

˛

‹

‚

“ ~a b~b b ~c.

Therefore, T is a simple tensor. l

Definition 2.2.4. Let T be a nonzero real (or complex, quaternionic, respectively)

tensor. Then the rank of T is the smallest positive integer n such that

T “ T1 ` T2 ` . . . ` Tn,

where T1, T2, . . . , Tn are simple real (or complex, quaternionic, respectively) tensors.

We will say that T has rank n and denote this by rankRpT q “ n (or rankCpT q “ n,

rankHpT q “ n, respectively).

Note: We will use simply the notation rankpT q for general situations (including the

real, complex, and quaternion cases) when the underlying base doesn’t affect the

statement.

An immediate consequence of this definition is that rankpT ` Sq ď rankpT q `

rankpSq. Any sum of simple tensors T1 ` T2 ` . . . ` Tn “ T is called a tensor

decomposition for T , even if n is not minimal. We will highlight various nontrivial

tensor decompositions in Chapter 3 where n is always equal to the minimal known

bound on tensor rank. It should be noted that some authors refer to a tensor
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decomposition in the singular value decomposition sense, and not as a sum of simple

tensors (see [25] for this type of tensor decomposition in the quaternion case).

For Ai P MMiˆNi
pRq, i “ 2, ..., p ´ 1 and Aj P MMiˆNi

pHq, j “ 1, p, let
p
â

i“1

Ai “

A1 b ¨ ¨ ¨ b Ap be the multilinear map from H
N1ˆ¨¨¨ˆNp to H

M1ˆ¨¨¨ˆMp determined by

A1 b ¨ ¨ ¨ b Ap : HN1ˆ¨¨¨ˆNp ÝÑ H
M1ˆ¨¨¨ˆMp ,

~v1 b ¨ ¨ ¨ b ~vp ÞÑ A1~v1 b A2~v2 b ¨ ¨ ¨ b Ap´1~vp´1 b
`

~vp
T AT

p

˘T
.

Since A2, ..., Ap´1 are real matrices and the action is linear in each component, this

map is well-defined by universal property.

For any T P H
N1ˆ¨¨¨ˆNp and m P t1, 2, ..., pu,

T ˆm Am :“
`

IN1
b ¨ ¨ ¨ b INm´1

b Am b INm`1
b ¨ ¨ ¨ b INp

˘

pT q

is called the m-mode product of Am and T .

In [45], it was mentioned that one can use multilinear maps formed by real ma-

trices as well as left and right module actions determined by quaternionic matrices

to bound the rank of a given tensor. We now summarize it in the following lemma.

Lemma 2.2.5. Let T be an N1 ˆ . . . ˆ Np quaternionic tensor and A1 b . . . b Ap a

multilinear map from H
N1ˆ...ˆNp to H

M1ˆ...ˆMp defined as above. Then

rankHppA1 b . . . b ApqpT qq ď rankHpT q.

Furthermore, if A1 b . . . b Ap is invertible, then

rankHppA1 b . . . b ApqpT qq “ rankHpT q.
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Proof. Suppose rankHppT q “ n, and write T as a sum of simple tensors

T “
n
ÿ

i“1

vi1
b . . . b vip

.

By multilinearity, we have

pA1 b . . . b ApqpT q “
n
ÿ

i“1

A1~vi1
b . . . b Ap´1~vip´1

b
`

~vip

T AT
p

˘T
,

which implies rankHpA1 b . . . b ApqpT qq ď n.

A similar proof works if we replace H with C and meanwhile restrict all Ai’s to be

complex matrices. However, allowing all the Ai’s to have entries in H would no longer

define a multilinear map, even though using row operations with left H multiplication

(or column operations with right H multiplication) coming from nonsingular matrices

does preserve rank.

Now, we introduce the notation for the adjoint of a quaternion matrix. Given an

n ˆ n matrix A with entries in H, we can uniquely write A “ A1 ` A2j, where A1

and A2 are n ˆ n matrices with entries in C. The complex adjoint matrix of A

(or simply the adjoint of A), is defined as the 2n ˆ 2n complex block matrix

χpAq “

»

—

–

A1 A2

´A2 A1

fi

ffi

fl
.

The adjoint matrix is very useful in converting a diagonalization problem over H

into a diagonalization problem over C. The following result is well-known ([49]).

Lemma 2.2.6. An n ˆ n matrix A with entries in H is diagonalizable if and only if

χpAq is diagonalizable.

Moving on, we introduce two auxiliary lemmas which are important in the next

chapter that follows.

19



Lemma 2.2.7. Let T “ pA1; A2; . . . ; Apq be an mˆpˆn tensor. Then rankHpT q ď r

if and only if there are r ˆ r diagonal matrices Di, an m ˆ r matrix P , and an r ˆ n

matrix Q such that Ak “ PDkQ, for k “ 1, . . . , p.

Proof. The following argument is a slight alteration from the one found in [60, Propo-

sition 2.1]. First suppose that rankHpT q ď r, and write T as a sum of simple tensors

T “
r
ÿ

i“1

~ai b ~bi b ~ci.

Let us write ~bi “ pbi1, bi2, . . . , bipq for 1 ď i ď r, so that Ak “
r
ÿ

i“1

~aibik~ci
T . We will

define P, Q and Dk by

P “ r ~a1, ~a2, . . . , ~ars, Q “

»

—

—

—

—

—

—

—

–

~c1

T

~c2

T

...

~cr
T

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, Dk “ diagpb1k, b2k, . . . , brkq.

Then

PDkQ “ r ~a1, ~a2, . . . , ~ars

»

—

—

—

—

—

—

—

–

b1k

b2k

. . .

brk

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

—

—

–

~c1

T

~c2

T

...

~cr
T

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“
r
ÿ

i“1

~aibik~ci
T “ Ak,

as required.

Proceeding similarly for the other direction, assume that there are r ˆ r diagonal

matrices Dk, an m ˆ r matrix P , and an r ˆ n matrix Q such that Ak “ PDkQ, for

k “ 1, . . . , p. Then writing P , Q and Dk as above, we have:

Ak “ PDkQ “
r
ÿ

i“1

~aibik~ci
T ùñ T “

r
ÿ

i“1

~ai b ~bi b ~ci.
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Hence rankHpT q ď r, completing the proof.

Lemma 2.2.8. Let T “ pA1; A2; . . . ; Apq be an n ˆ p ˆ n tensor, where A1 is non-

singular. Then rankHpT q “ n if and only if
 

AjA
´1

1 | j “ 2, 3, . . . , p
(

can be simul-

taneously diagonalized.

Proof. The following proof is similar to that found in [60, Proposition 2.5]. First

suppose that rankHpT q “ n. Then by Lemma 2.2.7, there exists an n ˆ r matrix P ,

an r ˆ n matrix Q and r ˆ r diagonal matrices D1, D2, . . . , Dp such that

A1 “ PD1Q, A2 “ PD2Q, . . . , Ap “ PDpQ.

Since A1 is non-singular, D1 must have rank n and thus r “ n. This implies that P ,

Q and D1 are each invertible. Therefore

AjA
´1

1
“ PDjQpPD1Qq´1 “ PDjQQ´1D´1

1
P ´1 “ PDjD

´1

1
P ´1

for j “ 1, . . . n, and thus the AjA
´1

1 can be simultaneously diagonalized.

For the other direction, suppose that there exists an n ˆ n matrix P where

Dj “ P ´1AjA
´1

1
P, j “ 2, 3, . . . , p

are diagonal matrices. Consider the tensor

T 1 “ P ´1TA´1

1
P “ pIn; D2; . . . ; Dpq.

It is easy to check that rankHpT 1q “ n, and since multiplication by invertible matrices

is rank preserving, rankHpT q “ n as required.
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Definition 2.2.9. Let Ri be the H-homomorphism induced by

Ri : HN1ˆ...ˆNp ÝÑ H
N2ˆ...ˆNp ,

~v1 b . . . b ~vp ÞÑ v1i p~v2 b . . . b ~vpq ,

where v1i P H is the i-th coordinate of the vector ~v1 P H
N1 , i “ 1, 2, ..., N1. The

left H-module generated by tRipT q | i “ 1, 2, . . . , N1u is denoted by RpT q. The

dimension of RpT q is denoted by dimH RpT q.

Definition 2.2.10. Let Cj be the H-homomorphism induced by

Cj : HN1ˆ...ˆNp ÝÑ H
N1ˆ...ˆNp´1 ,

~v1 b . . . b ~vp ÞÑ p~v1 b . . . b ~vp´1q vpj,

where vpj P H is the j-th coordinate of the vector ~vp P H
Np , j “ 1, 2, ..., Np. The

right H-module generated by tCjpT q | j “ 1, 2, . . . , Npu is denoted by CpT q. The

dimension of CpT q is denoted by dimH CpT q.

Definition 2.2.11. Let T be an N1 ˆ N2 ˆ ¨ ¨ ¨ ˆ Np tensor over the quaternions.

The conjugate transpose of T is an Np ˆ Np´1 ˆ ¨ ¨ ¨ ˆ N1 tensor T ˚ defined via

the pH,Hq-bimodule anti-isomorphism induced by

˚ : HN1ˆ¨¨¨ˆNp ÝÑ H
Npˆ¨¨¨ˆN1 ,

~v1 b ¨ ¨ ¨ b ~vp ÞÑ p~vp
˚qT b ¨ ¨ ¨ b p~v1

˚qT .

Therefore, for any T P H
N1ˆ¨¨¨ˆNp , T has the same rank as T ˚. This gives us a useful

tool to bound the ranks of quaternionic tensors.

Proposition 2.2.12. The maximal rank of N1 ˆ N2 ˆ ¨ ¨ ¨ ˆ Np quaternionic tensors

equals the maximal rank of Np ˆ Np´1 ˆ ¨ ¨ ¨ ˆ N1 quaternionic tensors.
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Proof. Since the conjugate transpose ˚ is a bijective multilinear map, by lemma 2.2.5

this is obvious.
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Chapter 3

Small Quaternionic 3-Tensors

In this chapter, we give the ranks of some other small quaternionic tensors:

1. max.rankHp2, 2, 2q “ 3;

2. max.rankHp2, 3, 2q “ 3;

3. max.rankHp3, 2, 2q “ 3;

4. max.rankHp3, 3, 2q “ 4;

5. max.rankHp3, 2, 3q “ 4;

6. max.rankHp3, 3, 3q “ 5.

3.1 The 2 ˆ 2 ˆ 2 case

We will show in this section that 2 ˆ 2 ˆ 2 quaternion tensors have a rank no greater

than 3.

Proposition 3.1.1. Let

T “

¨

˚

˝

»

—

–

A11 A12

A21 A22

fi

ffi

fl
;

»

—

–

B11 B12

B21 B22

fi

ffi

fl

˛

‹

‚
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be a 2 ˆ 2 ˆ 2 quaternion tensor. If A11B11 ‰ 0, then T “ T1 ` T2 ` T3 where:

T1 “

¨

˚

˝

»

—

–

A11 A11pA´1

11 A12q

A21 A21pA´1

11 A12q

fi

ffi

fl
;

»

—

–

0 0

0 0

fi

ffi

fl

˛

‹

‚
,

T2 “

¨

˚

˝

»

—

–

0 0

0 0

fi

ffi

fl
;

»

—

–

B11 B11pB´1

11 B12q

B21 B21pB´1

11 B12q

fi

ffi

fl

˛

‹

‚
,

T3 “

¨

˚

˝

»

—

–

0 0

0 A22 ´ A21pA´1

11 A12q

fi

ffi

fl
;

»

—

–

0 0

0 B22 ´ B21pB´1

11 B12q

fi

ffi

fl

˛

‹

‚
.

One could ask whether this tensor decomposition is unique up to rescaling or

permutation indeterminacy (see [47] for details about uniqueness of tensor decom-

positions). While it is not difficult to find examples where a decomposition does

not appear to be unique, we will not consider uniqueness questions for the purposes

of this thesis. We can however bound the rank of any quaternion tensor T of size

2 ˆ 2 ˆ 2 using the explicit decomposition into at most 3 simple tensors from the

proposition. To ensure that we can apply this result, we first need to ensure that

we can write T in the desired form, and this requires us to use row and column

operations.

Theorem 3.1.2. Let T be a 2 ˆ 2 ˆ 2 quaternion tensor. Then rankHpT q ď 3.

Proof. Let us write the tensor as

T “

¨

˚

˝

»

—

–

A11 A12

A21 A22

fi

ffi

fl
;

»

—

–

B11 B12

B21 B22

fi

ffi

fl

˛

‹

‚
.

Since R is the center of H, by Lemma 2.2.5 we can perform real elementary operations

on T (including frontal slice, horizontal slice and lateral slice operations). Except

for the trivial cases with too many zero entries (in which case the tensor rank is

25



obvious), we may assume that A11 and B11 are not zero. Then rankHpT q ď 3 follows

from Proposition 3.1.1 since the rank of each Ti is no more than 1.

It is not difficult to show that the tensor

T “

¨

˚

˝

»

—

–

1 0

0 1

fi

ffi

fl
;

»

—

–

0 1

0 0

fi

ffi

fl

˛

‹

‚

has rank 3. In fact, it follows immediately from Lemma 2.2.8. Therefore, the bound

on the rank for 2 ˆ 2 ˆ 2 quaternion tensors is the best possible.

3.2 The 2 ˆ 2 ˆ 3 and 2 ˆ 3 ˆ 2 cases

When working over a commutative ring, there is no difference between the 2 ˆ 2 ˆ 3,

2 ˆ 3 ˆ 2, and 3 ˆ 2 ˆ 2 tensor cases. Over the quaternions however, the 2 ˆ 3 ˆ 2

tensor differs from the other two cases.

We will start our discussion by working over the complex numbers. While it is

known that the rank of a complex tensor of this size is bounded by 3, as far as we

are aware, an explicit decomposition like the one below has not been made readily

available.

Theorem 3.2.1. Let T be a complex 2 ˆ 3 ˆ 2 tensor

T “

¨

˚

˝

»

—

–

A1 A2

A3 A4

fi

ffi

fl
;

»

—

–

B1 B2

B3 B4

fi

ffi

fl
;

»

—

–

C1 C2

C3 C4

fi

ffi

fl

˛

‹

‚

such that the two matrices M and N are invertible:
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M “

»

—

—

—

—

–

A2 A3 A4

B2 B3 B4

C2 C3 C4

fi

ffi

ffi

ffi

ffi

fl

, N “

»

—

—

—

—

–

A1 A2 A4

B1 B2 B4

C1 C2 C4

fi

ffi

ffi

ffi

ffi

fl

.

Then T has a decomposition as the sum of the 3 simple tensors defined below.

Proof. Define S1, S2, T1 and T2 by

S1 “ A2B3C4 ´ A2B4C3 ´ A3B2C4 ` A3B4C2 ` A4B2C3 ´ A4B3C2,

S2 “ A1B2C4 ´ A1B4C2 ´ A2B1C4 ` A2B4C1 ` A4B1C2 ´ A4B2C1,

T1 “ A1B3C4 ´ A1B4C3 ´ A3B1C4 ` A3B4C1 ` A4B1C3 ´ A4B3C1,

T2 “ A1B2C3 ´ A1B3C2 ´ A2B1C3 ` A2B3C1 ` A3B1C2 ´ A3B2C1.

We can check by inspection that

A2T1 ´ A1S1 ` A4T2 “ A3S2,

B2T1 ´ B1S1 ` B4T2 “ B3S2,

C2T1 ´ C1S1 ` C4T2 “ C3S2.

Since S1 “ detpMq ‰ 0 and S2 “ detpNq ‰ 0, we can write T “ T1 ` T2 ` T3 where:

T1 “

¨

˚

˝

»

—

–

A2T1S
´1

1 A2

0 0

fi

ffi

fl
;

»

—

–

B2T1S
´1

1 B2

0 0

fi

ffi

fl
;

»

—

–

C2T1S
´1

1 C2

0 0

fi

ffi

fl

˛

‹

‚
,

T2 “

¨

˚

˝

»

—

–

0 0

A4T2S
´1

2 A4

fi

ffi

fl
;

»

—

–

0 0

B4T2S
´1

2 B4

fi

ffi

fl
;

»

—

–

0 0

C4T2S
´1

2 C4

fi

ffi

fl

˛

‹

‚
,
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T3 “ pS1; S2; S3q ,

where S1 “

»

—

–

pA1S1 ´ A2T1qS´1

1 0

´pA1S1 ´ A2T1qS´1

2 0

fi

ffi

fl
, S2 “

»

—

–

pB1S1 ´ B2T1qS´1

1 0

´pB1S1 ´ B2T1qS´1

2 0

fi

ffi

fl
,

and S3 “

»

—

–

pC1S1 ´ C2T1qS´1

1 0

´pC1S1 ´ C2T1qS´1

2 0

fi

ffi

fl
.

If we try and generalize Theorem 3.1.2 or Theorem 3.2.1 to write an explicit

decomposition for the 2 ˆ 2 ˆ 3 quaternion case, we immediately run into problems

with the operations needed to write T in an appropriate form. In Theorem 3.1.2

for example, we only needed real row and column operations. As mentioned in

remark after Lemma 2.2.5, we cannot freely apply row and column operations using

quaternions, and can only use row operations where H is acting on the left, and

column operations where H is acting on the right (that is, horizontal and lateral

slice operations). Nonetheless, we can provide a basic bound on the rank even if

we cannot write down an explicit decomposition. Let us start with a motivational

example.

Example 3.2.2. Consider the quaternion 2 ˆ 2 ˆ 3 tensor

T “

¨

˚

˝

»

—

–

1 i 0

0 ´j 1 ` i

fi

ffi

fl
;

»

—

–

0 1 ` j 0

0 i ` k 1 ` j

fi

ffi

fl

˛

‹

‚
.

We can apply rank-preserving row and column operations:

(a) C2 Ñ C2j,

(b) C3 Ñ C3 ´ C2p1 ` iq ` C1pj ` kq,

(c) C2 Ñ 3C2 ´ C3p´2 ` i ´ kq

to reduce T to a form that is easier to decompose into 3 simple tensors.
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T ÝÑ

¨

˚

˝

»

—

–

1 k 0

0 1 1 ` i

fi

ffi

fl
;

»

—

–

0 ´1 ` j 0

0 ´i ` k 1 ` j

fi

ffi

fl

˛

‹

‚
using (a)

ÝÑ

¨

˚

˝

»

—

–

1 k 0

0 1 0

fi

ffi

fl
;

»

—

–

0 ´1 ` j 1 ` i ´ j ` k

0 ´i ` k i ´ k

fi

ffi

fl

˛

‹

‚
using (b)

ÝÑ

¨

˚

˝

»

—

–

1 3k 0

0 3 0

fi

ffi

fl
;

»

—

–

0 ´1 ´ j ` 2k 1 ` i ´ j ` k

0 2 ´ i ` k i ´ k

fi

ffi

fl

˛

‹

‚
using (c)

Then the reduced tensor

T 1 : “

¨

˚

˝

»

—

–

1 3k 0

0 3 0

fi

ffi

fl
;

»

—

–

0 ´1 ´ j ` 2k 1 ` i ´ j ` k

0 2 ´ i ` k i ´ k

fi

ffi

fl

˛

‹

‚

“

¨

˚

˝

»

—

–

1 3k 0

0 3 0

fi

ffi

fl
;

»

—

–

0 kp2 ´ i ` kq p´i ´ jqpi ´ kq

0 2 ´ i ` k i ´ k

fi

ffi

fl

˛

‹

‚

can be decompose into T 1 “ T1 ` T2 ` T3 where:

T1 “

¨

˚

˝

»

—

–

1 0 0

0 0 0

fi

ffi

fl
;

»

—

–

0 0 0

0 0 0

fi

ffi

fl

˛

‹

‚
,

T2 “

¨

˚

˝

»

—

–

0 0 0

0 0 0

fi

ffi

fl
;

»

—

–

0 0 p´i ´ jqpi ´ kq

0 0 i ´ k

fi

ffi

fl

˛

‹

‚
,

T3 “

¨

˚

˝

»

—

–

0 k ¨ 3 0

0 3 0

fi

ffi

fl
;

»

—

–

0 kp2 ´ i ` kq 0

0 2 ´ i ` k 0

fi

ffi

fl

˛

‹

‚
.

Therefore, rankHpT q ď 3. l
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Theorem 3.2.3. Let T be a 2 ˆ 2 ˆ 3 or a 3 ˆ 2 ˆ 2 quaternion tensor. Then

rankHpT q ď 3.

Proof. Let T “ pA; Bq where

A “
„

~a ~b ~c



, B “
„

~d ~e ~f



,

and ~a, . . . , ~f are 2-dimensional column vectors. If either A or B has rank no greater

than 1, we have

rankHpT q ď rankHpA; 0qq ` rankHp0; Bqq ď 1 ` 2 “ 3.

Therefore, let us assume that rankHpAq “ rankHpBq “ 2. Without loss of generality,

we can assume that rankHp~a,~bq “ 2. Then, by a column operation, we have

T “
ˆ„

~a ~b ~c



;

„

~d ~e ~f

˙

ÝÑ
ˆ„

~a ~b 0



;

„

~d ~e ~g

˙

.

If ~g “ 0, then rankHpT q ď 3 by Theorem 3.1.2. Let us assume then that ~g ­“ 0, and

without loss of generality, that rankHp~e,~gq “ 2 (since B has full rank). By further

column operations, we have

ˆ„

~a ~b 0



;

„

~d ~e ~g

˙

ÝÑ
ˆ„

~h ~b 0



;

„

0 ~e ~g

˙

.

Since rankHp~h,~bq “ 2, we can write

~e “ ~hc1 `~bc2 , ~g “ ~hc3 `~bc4.

If c3 ­“ 0, then

ˆ„

~h ~b 0



;

„

0 ~e ~g

˙

“
ˆ„

~h ~b 0



;

„

0 ~hc1 `~bc2
~hc3 `~bc4

˙
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ÝÑ
ˆ„

~h ~b 0



;

„

0 ~bc5
~hc3 `~bc4

˙

,

which has rank at most 3 (we can write it as the sum of 3 simple tensors defined

using the 2 ˆ 2 slices in the lateral direction). If c3 “ 0, then c4 ­“ 0 and we have

ˆ„

~h ~b 0



;

„

0 ~e ~g

˙

“
ˆ„

~h ~b 0



;

„

0 ~hc1 `~bc2
~bc4

˙

ÝÑ
ˆ„

~h ~hc6 `~bc7 0



;

„

0 p~hc6 `~bc7qc8
~bc4

˙

,

using the column operation C2 Ñ C2 `C1k1 `C3k3 and choosing k1, k3 appropriately

(depending on whether c1 “ 0 or c2 “ 0 for example). Then the rank is at most 3

by the same argument as above.

Finally, the 3 ˆ 2 ˆ 2 case can be proven by using proposition 2.2.12.

Theorem 3.2.4. Let T be a 2 ˆ 3 ˆ 2 quaternion tensor. Then rankHpT q ď 3.

Proof. Let

T “ pA; B; Cq “

¨

˚

˝

»

—

–

a11 a12

a21 a22

fi

ffi

fl
;

»

—

–

b11 b12

b21 b22

fi

ffi

fl
;

»

—

–

c11 c12

c21 c22

fi

ffi

fl

˛

‹

‚
.

If either A, B or C is singular (and if so, we may assume that it’s A), then by

rank-preserving row and column operations, the tensor can be reduced to

T “

¨

˚

˝

»

—

–

1 0

0 0

fi

ffi

fl
;

»

—

–

b1
11

b1
12

b1
21

b1
22

fi

ffi

fl
;

»

—

–

c1
11

c1
12

c1
21

c1
22

fi

ffi

fl

˛

‹

‚
.

If b1
22

“ c1
22

“ 0, then T is the sum of 3 simple tensors defined using the 3 nonzero

vectors in the lateral direction (~v “ p1, b1
11

, c1
11

q is one such vector). Otherwise

if either b1
22

‰ 0 or c1
22

‰ 0, then by adding a frontal slice to another we can
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assume that b1
22

c1
22

‰ 0, and we have the following decomposition into simple tensors

T “ T1 ` T2 ` T3:

T1 “

¨

˚

˝

»

—

–

0 0

0 0

fi

ffi

fl
;

»

—

–

b1
12

pb1
22

q´1b1
21

b1
12

b1
22

pb1
22

q´1b1
21

b1
22

fi

ffi

fl
;

»

—

–

0 0

0 0

fi

ffi

fl

˛

‹

‚
,

T2 “

¨

˚

˝

»

—

–

0 0

0 0

fi

ffi

fl
;

»

—

–

0 0

0 0

fi

ffi

fl
;

»

—

–

c1
12

pc1
22

q´1c1
21

c1
12

c1
22

pc1
22

q´1c1
21

c1
22

fi

ffi

fl

˛

‹

‚
,

T3 “

¨

˚

˝

»

—

–

1 0

0 0

fi

ffi

fl
;

»

—

–

b1
11

´ b1
12

pb1
22

q´1b1
21

0

0 0

fi

ffi

fl
;

»

—

–

c1
11

´ c1
12

pc1
22

q´1c1
21

0

0 0

fi

ffi

fl

˛

‹

‚
.

In both cases we see that rankHpT q ď 3.

Therefore, we may assume that A, B and C are nonsingular. By performing row

and column operations, we can assume that

T “

¨

˚

˝

»

—

–

1 0

0 1

fi

ffi

fl
;

»

—

–

b11 b12

b21 b22

fi

ffi

fl
;

»

—

–

c11 c12

c21 c22

fi

ffi

fl

˛

‹

‚
.

If either the second or the third frontal slice of T is diagonalizable (without loss of

generality assume the second one is diagonalizable), then T can be further reduced

to

S “

¨

˚

˝

»

—

–

1 0

0 1

fi

ffi

fl
;

»

—

–

b1
11

0

0 b1
22

fi

ffi

fl
;

»

—

–

c1
11

c1
12

c1
21

c1
22

fi

ffi

fl

˛

‹

‚
, (3.2.1)

which has the following decomposition S “ S1 ` S2 ` S3 with rankHpSiq ď 1:
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S1 “

¨

˚

˚

˝

»

—

–

0 0

0 0

fi

ffi

fl
;

»

—

–

0 0

0 0

fi

ffi

fl
;

»

—

—

–

1 c1
12

c1
21

c1
21

c1
12

fi

ffi

ffi

fl

˛

‹

‹

‚

,

S2 “

¨

˚

˝

»

—

–

1 0

0 0

fi

ffi

fl
;

»

—

–

b1
11

0

0 0

fi

ffi

fl
;

»

—

–

c1
11

´ 1 0

0 0

fi

ffi

fl

˛

‹

‚
,

S3 “

¨

˚

˝

»

—

–

0 0

0 1

fi

ffi

fl
;

»

—

–

0 0

0 b1
22

fi

ffi

fl
;

»

—

–

0 0

0 c1
22

´ c1
21

c1
12

fi

ffi

fl

˛

‹

‚
.

Otherwise, neither of them is diagonalizable. Then by [71, Theorem 6.3] we can

apply unitary triangularization for the second frontal slice to reduce T to

S “

¨

˚

˝

»

—

–

1 0

0 1

fi

ffi

fl
;

»

—

–

b1
11

0

b1
21

b1
22

fi

ffi

fl
;

»

—

–

c1
11

c1
12

c1
21

c1
22

fi

ffi

fl

˛

‹

‚
.

Since the second frontal slice of S is not diagonalizable, b1
11

and b1
22

must be

equivalent. So we can assume by similarity that b1
11

“ b1
22

P C. By adding a

real multiple of the first frontal slice to the second, we can assume further that

b1
11

“ b1
22

“ ai for some a P R. Since the second slice is not singular, we have a ­“ 0.

Then we can assume by rescaling the second slice that

S “

¨

˚

˝

»

—

–

1 0

0 1

fi

ffi

fl
;

»

—

–

i 0

b1
21

i

fi

ffi

fl
;

»

—

–

c1
11

c1
12

c1
21

c1
22

fi

ffi

fl

˛

‹

‚
.

Denote b1
21

“ q0 ` q1i ` q2j ` q3k for some q0, q1, q2, q3 P R. We have

»

—

–

1 0

q3j´q2k

2
1

fi

ffi

fl

»

—

–

i 0

b1
21

i

fi

ffi

fl

»

—

–

1 0

´ q3j´q2k

2
1

fi

ffi

fl
“

»

—

–

i 0

q0 ` q1i i

fi

ffi

fl
.
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Since the second slice is not diagonalizable by the assumption, q0 ` q1i ­“ 0. So we

have
»

—

–

1 0

0 1

q0`q1i

fi

ffi

fl

»

—

–

i 0

q0 ` q1i i

fi

ffi

fl

»

—

–

1 0

0 q0 ` q1i

fi

ffi

fl
“

»

—

–

i 0

1 i

fi

ffi

fl
.

If we apply the same operations as above to the tensor S, we get the resulting tensor

Sp1q “

¨

˚

˝

»

—

–

1 0

0 1

fi

ffi

fl
;

»

—

–

i 0

1 i

fi

ffi

fl
;

»

—

–

c2
11

c2
12

c2
21

c2
22

fi

ffi

fl

˛

‹

‚
.

Similarly, since the third frontal slice is not diagonalizable by the assumption, it can

also be written as
»

—

–

c2
11

c2
12

c2
21

c2
22

fi

ffi

fl
“ P

»

—

–

m 1

0 m

fi

ffi

fl
P ´1

for some invertible matrix P P MnpHq and some m P C. Therefore, by adding a

multiple of the first frontal slice to the third as well as multiplying the third frontal

by a real constant, Sp1q can be further reduced to

Sp2q “

¨

˚

˝

»

—

–

1 0

0 1

fi

ffi

fl
;

»

—

–

i 0

1 i

fi

ffi

fl
; P

»

—

–

i 1

0 i

fi

ffi

fl
P ´1

˛

‹

‚
.

Denote P “

»

—

–

a b

c d

fi

ffi

fl
and decompose P “ P ´1

1 P2 according to the following situa-

tions.

(1) If a “ 0, then define P1 “

»

—

–

0 1

1 0

fi

ffi

fl
and P2 “

»

—

–

c d

0 b

fi

ffi

fl
.

(2) If a ­“ 0, then define P1 “

»

—

–

1 0

´ca´1 1

fi

ffi

fl
and P2 “

»

—

–

a b

0 d ´ ca´1b

fi

ffi

fl
.
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Then in either case, we have

Sp3q “ P1S
p2qP ´1

1
“

¨

˚

˝

»

—

–

1 0

0 1

fi

ffi

fl
; P1

»

—

–

i 0

1 i

fi

ffi

fl
P ´1

1
; P2

»

—

–

i 1

0 i

fi

ffi

fl
P ´1

2

˛

‹

‚
.

For (1), we can easily see that both the second and the third frontal slices of Sp3q are

upper triangular. So, Sp3q is the sum of 3 simple tensors defined using the 3 nonzero

vectors in the lateral direction.

For (2), we can compute

P1

»

—

–

i 0

1 i

fi

ffi

fl
P ´1

1
“

»

—

–

1 0

´ca´1 1

fi

ffi

fl

»

—

–

i 0

1 i

fi

ffi

fl

»

—

–

1 0

ca´1 1

fi

ffi

fl
“

»

—

–

1 0

1 ´ ca´1i ` ica´1 1

fi

ffi

fl

and

P2

»

—

–

i 1

0 i

fi

ffi

fl
P ´1

2
“

»

—

–

a b

0 d ´ ca´1b

fi

ffi

fl

»

—

–

i 1

0 i

fi

ffi

fl

»

—

–

a´1 ´a´1bpd ´ ca´1bq´1

0 pd ´ ca´1bq´1

fi

ffi

fl

“

»

—

–

aia´1 ´aia´1bpd ´ ca´1bq´1 ` pa ` biqpd ´ ca´1bq´1

0 pd ´ ca´1bqipd ´ ca´1bq´1

fi

ffi

fl
.

Denote c1 “ 1 ´ ca´1i ` ica´1, b1 “ ´aia´1bpd ´ ca´1bq´1 ` pa ` biqpd ´ ca´1bq´1

and d1 “ pd ´ ca´1bq. We can write

Sp3q “

¨

˚

˝

»

—

–

1 0

0 1

fi

ffi

fl
;

»

—

–

i 0

c1 i

fi

ffi

fl
;

»

—

–

aia´1 b1

0 d1id1
´1

fi

ffi

fl

˛

‹

‚
.
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Note that c1 ­“ 0 by the assumption. Let P3 “

»

—

–

1 0

0 c1

fi

ffi

fl
and we have

Sp4q “ P3S
p3qP ´1

3
“

¨

˚

˝

»

—

–

1 0

0 1

fi

ffi

fl
;

»

—

–

i 0

1 c1ic
´1

1

fi

ffi

fl
;

»

—

–

aia´1 b1c
´1

1

0 pc1d1qipc1d1q´1

fi

ffi

fl

˛

‹

‚

“

¨

˚

˝

»

—

–

1 0

0 1

fi

ffi

fl
;

»

—

–

i 0

1 i1

fi

ffi

fl
;

»

—

–

i2 b1c
´1

1

0 i3

fi

ffi

fl

˛

‹

‚
,

where i1 “ c1ic
´1

1 , i2 “ aia´1 and i3 “ pc1d1qipc1d1q´1 are all equivalent to i. Since

the second frontal slice of Sp4q is not diagonalizable, we have i1 ­“ ´i. So there exists

0 ­“ t P R such that

α :“ ´pi ` ti2q ­“ pi1 ` ti3q :“ β.

Add the second frontal slice to t times the third frontal slice, then Sp4q is equivalent

to

Sp5q “

¨

˚

˝

»

—

–

1 0

0 1

fi

ffi

fl
;

»

—

–

i 0

1 i1

fi

ffi

fl
;

»

—

–

i ` ti2 tb1c
´1

1

1 i1 ` ti3

fi

ffi

fl

˛

‹

‚

“

¨

˚

˝

»

—

–

1 0

0 1

fi

ffi

fl
;

»

—

–

i 0

1 i1

fi

ffi

fl
;

»

—

–

´α γ

1 β

fi

ffi

fl

˛

‹

‚
,

where γ “ tb1c
´1

1 . We will show that the third frontal slice of Sp5q is diagonalizable, so

that Sp5q reduces to the situation of Equality 3.2.1. Consider the following quaternion

equation

x2 ` αx ` xβ ´ γ “ 0.

Since α ­“ β, according to [31, Theorem 2.3.1] there exists a solution x with ℜpxq ­“ 0.

Therefore, we have
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»

—

–

1 ´x

0 1

fi

ffi

fl

»

—

–

´α γ

1 β

fi

ffi

fl

»

—

–

1 x

0 1

fi

ffi

fl
“

»

—

–

´α ´ x 0

1 β ` x

fi

ffi

fl
.

Note that both α and β are pure imaginary numbers and ℜpxq ­“ 0, we have

ℜp´α ´ xq ­“ ℜpβ ` xq,

which implies that ´α ´ x and β ` x must be non-equivalent. It follows that
»

—

–

´α ´ x 0

1 β ` x

fi

ffi

fl
is diagonalizable, and thus so is

»

—

–

´α γ

1 β

fi

ffi

fl
by similarity.

Since we can view a 2 ˆ 2 ˆ 2 quaternion tensor as a special case of the 2 ˆ 2 ˆ 3

case, it is clear that a bound of 3 is the best possible bound since there already exist

examples of such tensors that have rank 3.

3.3 The 2 ˆ 3 ˆ 3 and 3 ˆ 2 ˆ 3 cases

We wish to bound the rank of a quaternion tensor with size 2 ˆ 3 ˆ 3 (and hence the

3 ˆ 3 ˆ 2 case) using the results of the previous sections. In order to do this, we will

first need the following auxiliary lemma.

Lemma 3.3.1. Let A, B P MnpHq be n ˆ n matrices with entries in H. If A is

invertible, then there exists an x0 P H such that x0A ` B is singular.

Proof. By [71, Theorem 5.3], every n ˆ n quaternion matrix has at least one left

eigenvalue in H, which means that we can always choose x0 P H such that x0I`BA´1

is singular. Therefore, x0A ` B is also singular.

Theorem 3.3.2. Let T be a 2 ˆ 3 ˆ 3 or a 3 ˆ 3 ˆ 2 quaternion tensor. Then

rankHpT q ď 4.
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Proof. Let

T “

¨

˚

˝

»

—

–

a11 a12 a13

b11 b12 b13

fi

ffi

fl
;

»

—

–

a21 a22 a23

b21 b22 b23

fi

ffi

fl
;

»

—

–

a31 a32 a33

b31 b32 b33

fi

ffi

fl

˛

‹

‚
.

We can write T “ T1 ` T2, where

T1 “

¨

˚

˝

»

—

–

a11 a12 a13

0 0 0

fi

ffi

fl
;

»

—

–

a21 a22 a23

0 0 0

fi

ffi

fl
;

»

—

–

a31 a32 a33

0 0 0

fi

ffi

fl

˛

‹

‚
,

T2 “

¨

˚

˝

»

—

–

0 0 0

b11 b12 b13

fi

ffi

fl
;

»

—

–

0 0 0

b21 b22 b23

fi

ffi

fl
;

»

—

–

0 0 0

b31 b32 b33

fi

ffi

fl

˛

‹

‚
.

Consider the matrices

A “

»

—

—

—

—

–

a11 a12 a13

a21 a22 a23

a31 a32 a33

fi

ffi

ffi

ffi

ffi

fl

, B “

»

—

—

—

—

–

b11 b12 b13

b21 b22 b23

b31 b32 b33

fi

ffi

ffi

ffi

ffi

fl

.

Notice that rankHpT1q “ rankHpAq and rankHpT2q “ rankHpBq. If both A and B

have rank at most 2, then

rankHpT q ď rankHpT1q ` rankHpT2q ď 2 ` 2 “ 4.

Therefore, without loss of generality, let us assume that rankHpAq “ 3. By Lemma

3.3.1, there exists x0 P H such that

C “ x0A ` B “

»

—

—

—

—

–

c11 c12 c13

c21 c22 c23

c31 c32 c33

fi

ffi

ffi

ffi

ffi

fl
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is singular. Therefore rankH Cq ď 2 and we can assume that

C “

»

—

—

—

—

–

c11 c12 c13

c21 c22 c23

c31 c32 c33

fi

ffi

ffi

ffi

ffi

fl

ÝÑ

»

—

—

—

—

–

c11 c12 0

c21 c22 0

c31 c32 0

fi

ffi

ffi

ffi

ffi

fl

.

By rank-preserving row and column operations, we can write

T “

¨

˚

˝

»

—

–

a11 a12 a13

b11 b12 b13

fi

ffi

fl
;

»

—

–

a21 a22 a23

b21 b22 b23

fi

ffi

fl
;

»

—

–

a31 a32 a33

b31 b32 b33

fi

ffi

fl

˛

‹

‚
,

ÝÑ

¨

˚

˝

»

—

–

a11 a12 a13

c11 c12 c13

fi

ffi

fl
;

»

—

–

a21 a22 a23

c21 c22 c23

fi

ffi

fl
;

»

—

–

a31 a32 a33

c31 c32 c33

fi

ffi

fl

˛

‹

‚
,

ÝÑ

¨

˚

˝

»

—

–

a11 a12 a1
13

c11 c12 0

fi

ffi

fl
;

»

—

–

a21 a22 a1
23

c21 c22 0

fi

ffi

fl
;

»

—

–

a31 a32 a1
33

c31 c32 0

fi

ffi

fl

˛

‹

‚
.

If a1
13

“ a1
23

“ a1
33

“ 0, then we immediately have rankHpT q ď 4. Otherwise, we may

that assume a1
13

­“ 0. By column operations, the tensor can be reduced to

¨

˚

˝

»

—

–

0 0 a1
13

c11 c12 0

fi

ffi

fl
;

»

—

–

a1
21

a1
22

a1
23

c21 c22 0

fi

ffi

fl
;

»

—

–

a1
31

a1
32

a1
33

c31 c32 0

fi

ffi

fl

˛

‹

‚
.

If c11 “ c12 “ 0, then T is the sum of a 2 ˆ 2 ˆ 3 tensor and a simple tensor, so

we again have rankHpT q ď 4 by Theorem 3.2.3. Therefore, by switching columns if

necessary, we can assume that c12 ­“ 0. After performing further column operations

we can reduce T to

¨

˚

˝

»

—

–

0 0 a1
13

0 c12 0

fi

ffi

fl
;

»

—

–

a2
21

a1
22

a1
23

c1
21

c22 0

fi

ffi

fl
;

»

—

–

a2
31

a1
32

a1
33

c1
31

c32 0

fi

ffi

fl

˛

‹

‚
.
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If a2
31

“ a2
21

“ 0, then T is the sum of 4 simple tensors defined from the 4 nonzero

1 ˆ 3 vectors in the lateral direction, and we immediately have rankHpT q ď 4. We

can therefore assume that a2
31

, a2
21

‰ 0 (by adding one matrix to the other if only one

was nonzero). Now the remaining tensor can be decomposed as the sum of T1, T2, T3

and T4 defined below, showing that rankHpT q ď 4:

T1 “

¨

˚

˝

»

—

–

0 0 0

0 c12 0

fi

ffi

fl
;

»

—

–

0 0 0

0 c22 ´ c1
21

pa2
21

q´1a1
22

0

fi

ffi

fl
;

»

—

–

0 0 0

0 c32 ´ c1
31

pa2
31

q´1a1
32

0

fi

ffi

fl

˛

‹

‚
,

T2 “

¨

˚

˝

»

—

–

0 0 0

0 0 0

fi

ffi

fl
;

»

—

–

0 0 0

0 0 0

fi

ffi

fl
;

»

—

–

a2
31

a2
31

pa2
31

q´1a1
32

0

c1
31

c1
31

pa2
31

q´1a1
32

0

fi

ffi

fl

˛

‹

‚
,

T3 “

¨

˚

˝

»

—

–

0 0 0

0 0 0

fi

ffi

fl
;

»

—

–

a2
21

a2
21

pa2
21

q´1a1
22

0

c1
21

c1
21

pa2
21

q´1a1
22

0

fi

ffi

fl
;

»

—

–

0 0 0

0 0 0

fi

ffi

fl

˛

‹

‚
,

T4 “

¨

˚

˝

»

—

–

0 0 a1
13

0 0 0

fi

ffi

fl
;

»

—

–

0 0 a1
23

0 0 0

fi

ffi

fl
;

»

—

–

0 0 a1
33

0 0 0

fi

ffi

fl

˛

‹

‚
.

Finally, we can apply Proposition 2.2.12 for the 3 ˆ 3 ˆ 2 case.

In order to show that the bound of 4 is the best possible for the 2 ˆ 3 ˆ 3 and

3 ˆ 3 ˆ 2 cases, we introduce the next theorem.

Theorem 3.3.3. Let T P H
N1ˆ¨¨¨ˆNp, B “ tBj | j “ 1, 2, . . . , m ` 1u be a basis

of RpT q (or CpT q respectively), and M be the left (or right respectively) H-module

generated by B1 “ B ´ tB1u. Then we have

rankHpT q ě min
APM

rankH pB1 ` Aq ` dimH RpT q ´ 1 ě dimH RpT q,
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(or respectively)

rankHpT q ě min
APM

rankH pB1 ` Aq ` dimH CpT q ´ 1 ě dimH CpT q.

Proof. Suppose rankHpT q “ r, then RpT q is contained in a left H-module M gen-

erated a set of r simple tensors S “ tS1, S2, ..., Sru. Since B is a basis of RpT q, we

have

B Ď HRpT q ď HM.

Denote m “ dimH RpT q ´ 1. By Replacement Theorem, we can select m elements

in B to replace some of those in S such that the resulting set is equivalent to S.

Without loss of generality, we may assume that

S1 “ tSj | j “ 1, 2, ..., r ´ mu Y tBj | j “ 2, ..., m ` 1u .

is equivalent to S. Then we can express B1 as a left H-linear combination of elements

in S1. We have

B1 “
r´m
ÿ

j“1

cjSj `
m`1
ÿ

j“2

djBj,

which implies

B1 ´
m`1
ÿ

j“2

djBj “
r´m
ÿ

j“1

cjSj.

Denote A1 “ ´
m`1
ÿ

j“2

djBj. Since B1, B2, ..., Bm`1 are left H-linearly independent, we

have B ` A1 ­“ 0. Therefore, we have

r ´ m ě rankH pB1 ` A1q ě min
APM

rankH pB1 ` Aq ,
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which implies

rankHpT q ě min
APM

rankH pB1 ` Aq ` pdimH RpT q ´ 1q .

Noticing min
APM

rankH pB1 ` Aq is at least 1, we have

rankHpT q ě min
APM

rankH pB1 ` Aq ` dimH RpT q ´ 1 ě dimH RpT q.

Proceeding in a similar manner, we also have

rankHpT q ě min
APM

rankH pB1 ` Aq ` dimH CpT q ´ 1 ě dimH CpT q.

Note that a similar proof still works even if we replace H with C or R in theo-

rem 3.3.3.

Example 3.3.4. Let T be the 2 ˆ 3 ˆ 3 tensor determined by the horizontal slices:

R1pT q “

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

, R2pT q “

»

—

—

—

—

–

0 1 0

0 0 1

0 0 0

fi

ffi

ffi

ffi

ffi

fl

.

Since R1pT q and R2pT q are left H-linear independent, we have dimH RpT q “ 2.

Denote the left H-module generated by tR2pT qu by M . Then by Theorem 3.3.3, we

have

rankHpT q ě min
APM

rankH pR1pT q ` Aq ` dimH RpT q ´ 1 “ 3 ` 2 ´ 1 “ 4.

The proof of the 3 ˆ 2 ˆ 3 case however will require a more delicate argument

than the one used in the 2 ˆ 3 ˆ 3 case.

Theorem 3.3.5. Let T be a 3 ˆ 2 ˆ 3 quaternion tensor. Then rankHpT q ď 4.
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Proof. Let

T “ pA; Bq “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

a11 a12 a13

a21 a22 a23

a31 a32 a33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 b12 b13

b21 b22 b23

b31 b32 b33

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

If either A or B is singular (and without loss of generality assume that it’s A), then

we can use row operations to reduce the tensor to

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

a11 a12 a13

a21 a22 a23

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 b12 b13

b21 b22 b23

b31 b32 b33

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

which is the sum of a 2 ˆ 2 ˆ 3 tensor (using the first 2 horizontal slices) and

a simple tensor defined by the row vector pb31, b32, b33q. Then by Theorem 3.2.3,

rankHpT q ď 3 ` 1 ď 4. For the same reason, if any horizontal or lateral slice of

the tensor does not have maximal rank, then rankHpT q ď 4. For example, the first

lateral slice of T is the matrix
»

—

—

—

—

–

a11 b11

a21 b21

a31 b31

fi

ffi

ffi

ffi

ffi

fl

.

If it has rank 1, then T can be written as the sum of a 3 ˆ 2 ˆ 2 tensor and a simple

tensor, proving that rankHpT q ď 4. The maximal rank of any horizontal or lateral

slice is 2.

Let us therefore assume that both A and B are nonsingular, and that any hor-

izontal and lateral slice has rank 2. This means that there is at least one nonzero

entry in every row and column of A and B. It also means that we cannot have more

than one row or column of zeros in any horizontal or lateral slice.

Start by performing rank-preserving row operations to simplify the first column.
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Note that we cannot have equal first column vectors for A and B since this would

contradict the rank assumption on the first lateral slice:

T “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

a11 a12 a13

a21 a22 a23

a31 a32 a33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 b12 b13

b21 b22 b23

b31 b32 b33

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

ÝÑ

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 a1
12

a1
13

0 a1
22

a1
23

0 a1
32

a1
33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 b1
12

b1
13

1 b1
22

b1
23

0 b1
32

b1
33

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Similarly let us perform rank-preserving column operations to simplify the third row.

We can also make a1
12

“ 0 using the first column:

ÝÑ

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 a2
12

a2
13

0 a2
22

a2
23

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 b2
12

b2
13

1 b2
22

b2
23

0 1 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

ÝÑ

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 a2
13

0 a2
22

a2
23

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 b2
12

b2
13

1 b3
22

b2
23

0 1 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Next we can use row operations to make a2
23

“ b2
12

“ 0:

ÝÑ

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 a2
13

0 a2
22

0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 b2
12

b2
13

1 b
p4q
22 b2

23

0 1 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

ÝÑ

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 a3
13

0 a2
22

0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 b2
13

1 b
p4q
22 b2

23

0 1 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

One final column operation can be used to make a3
13

“ 0. We can also scale the

second row since a2
22

‰ 0 (by the rank assumptions):

ÝÑ

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 a2
22

0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 b2
13

1 b
p4q
22 b3

23

0 1 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

ÝÑ

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 b2
13

pa2
22

q´1 pa2
22

q´1b
p4q
22 pa2

22
q´1b3

23

0 1 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.
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Let us relabel the entries by w, x, y and z to write the resulting tensor as

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 w

x y z

0 1 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Notice that if the second matrix (with entries w, x, y and z) were diagonalizable,

then the resulting tensor would have rank 3. This means that if we can find a vector

~v “ pe, f, gq such that the matrix

»

—

—

—

—

–

0 0 w

x ` e y ` f z ` g

0 1 0

fi

ffi

ffi

ffi

ffi

fl

is diagonalizable, then the tensor

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 w

x ` e y ` f z ` g

0 1 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

would have rank 3, and T could be written as the sum of a simple tensor (defined by

~v) and a rank 3 tensor, showing again that rankHpT q ď 4. Therefore, the problem

reduces to choosing quaternions x, y and z such that the matrix

M “

»

—

—

—

—

–

0 0 w

x y z

0 1 0

fi

ffi

ffi

ffi

ffi

fl

(where w ­“ 0 by the rank assumptions) is diagonalizable.

Set w “ a ` bi ` cj ` dk, and let us choose x “ u ` vi to be a nonzero complex
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number and y “ z “ 0. By Lemma 2.2.6, the resulting matrix M is diagonalizable

if and only if its complex adjoint χpMq is. The adjoint of M is the complex matrix

χpMq “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

0 0 a ` bi 0 0 c ` di

u ` vi 0 0 0 0 0

0 1 0 0 0 0

0 0 ´c ` di 0 0 a ´ bi

0 0 0 u ´ vi 0 0

0 0 0 0 1 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

Its characteristic polynomial is

pM pλq “ λ6 ´ 2pau ´ bvqλ3 ` pu2 ` v2qpa2 ` b2 ` c2 ` d2q.

Since w ‰ 0, at least one of a, b, c or d is nonzero, and so a2 ` b2 ` c2 ` d2 ‰ 0.

Choose u, v ‰ 0 in R such that au ´ bv “ 0 (there are infinitely many choices here).

Then C “ pu2 ` v2qpa2 ` b2 ` c2 ` d2q ą 0 and

pM pλq “ λ6 ` pu2 ` v2qpa2 ` b2 ` c2 ` d2q

has distinct roots given by 6
?

Cζk
6
i for 1 ď k ď 6, where ζ6 is a primitive sixth root

of unity. Therefore χpMq is diagonalizable, completing the proof.

On the other hand, we can show that the tensor

T “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 1 0

0 0 1

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

has rank 4 by Lemma 2.2.8, which shows that the bound of 4 is the best possible for
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the 3 ˆ 2 ˆ 3 case.

3.4 The 3 ˆ 3 ˆ 3 case

The proof for the 3 ˆ 3 ˆ 3 case is a lot more complicated. Thus, we first consider

some special cases.

Proposition 3.4.1. Let T be a 3ˆ3ˆ3 quaternion tensor. If any horizontal (frontal

or lateral) slice of T has rank no more than 1, then rankHpT q ď 5.

Proof. By [45, Theorem 4.2, 4.3], any 2 ˆ 3 ˆ 3 (3 ˆ 2 ˆ 3 or 3 ˆ 3 ˆ 2) quaternion

tensor has rank no more than 4. If T has a horizontal (frontal or lateral) slice with

rank no more than 1, then T can be written as the sum of a 2 ˆ 3 ˆ 3 (3 ˆ 2 ˆ 3

or 3 ˆ 3 ˆ 2) tensor and that horizontal (frontal or lateral) slice, which shows that

rankHpT q ď 4 ` 1 “ 5.

Proposition 3.4.2. Let T “ pA; B; Cq be a 3 ˆ 3 ˆ 3 quaternion tensor. If A, B

and C are all singular, then rankHpT q ď 5.

Proof. Since C is singular, by performing rank-preserving row and column opera-

tions, we can assume that

T “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

a11 a12 a13

a21 a22 a23

a31 a32 a33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 b12 b13

b21 b22 b23

b31 b32 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 c12 0

c21 c22 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

If either a33 or b33 is nonzero, then by adding one of the first two frontal slices to the

other, we can assume that both a33 and b33 are nonzero. Since a33, b33 ­“ 0, we can

denote

k1 “ a13a
´1

33
, k2 “ a23a´1

33
, k3 “ b13b

´1

33
, k4 “ b23b

´1

33
.
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Then we can write T “ T1 ` T2 ` T3 where:

T1 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

k1a31 k1a32 k1a33

k2a31 k2a32 k2a33

a31 a32 a33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

T2 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

k3b31 k3b32 k3b33

k4b31 k4b32 k4b33

b31 b32 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

T3 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

a11 ´ k1a31 a12 ´ k1a32 0

a21 ´ k2a31 a22 ´ k2a32 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 ´ k3b31 b12 ´ k3b32 0

b21 ´ k4b31 b22 ´ k4b32 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 c12 0

c21 c22 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

By [45, Theorem 3.4], any 2 ˆ 3 ˆ 2 quaternion tensor has rank no more than 3, so

we have

rankHpT q ď rankHpT1q ` rankHpT2q ` rankHpT3q ď 1 ` 1 ` 3 “ 5.

Otherwise, we may assume that a33 “ b33 “ 0. We then have

T “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

a11 a12 a13

a21 a22 a23

a31 a32 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 b12 b13

b21 b22 b23

b31 b32 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 c12 0

c21 c22 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

By Proposition 3.4.1, we may assume that both the third horizontal slice (with entries

a31, a32, b31 and b32) and the third lateral slice (with entries a13, a23, b13 and b23) have

rank greater than 1. By performing rank-preserving row and column operations

(switch rows and columns if necessary), we may assume further that a31 “ b32 “ 1

and a32 “ b31 “ 0. Similarly, we can also assume a13 “ b23 “ 1 and a23 “ b13 “ 0.
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Therefore, we have

T “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

a11 a12 1

a21 a22 0

1 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 b12 0

b21 b22 1

0 1 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 c12 0

c21 c22 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Using the 1’s in the first two frontal slices, we can use rank-preserving row and

column operations to make a12 “ a21 “ b12 “ b21 “ 0. We can therefore assume that

T “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

a11 0 1

0 a22 0

1 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

0 b22 1

0 1 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 c12 0

c21 c22 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Since the frontal slices A and B are singular by the assumption, we must have

a22 “ b11 “ 0. So, we have

T “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

a11 0 1

0 0 0

1 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 b22 1

0 1 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 c12 0

c21 c22 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

If c11 “ c21 “ 0, then it is obvious that T can written as the sum of 5 column vectors

and thus have rank no more than 5. Otherwise, there exist 0 ­“ x, y P R such that

xc11 ` yc21 ­“ 0. Define s1, s2 by

s1 :“ xc11 ` yc21,

s2 :“ xc12 ` yc22.

We can check by inspection that

c11 “ ´x´1yc21 ` x´1s1,
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c22 “ ´y´1xc12 ` y´1s2.

Since s1 “ xc11 ` yc21 ­“ 0 and x, y ­“ 0, we can then write T “ T1 ` T2 ` T3 ` T4 ` T5

where:

T1 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

a11 ` 1 0 0

0 0 0

1 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

T2 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

´1 0 1

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

x´1s1 0 ´x´1s1

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

T3 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

´x´1yc21 c12 x´1s1

py´1xqx´1yc21 ´py´1xqc12 ´py´1xqx´1s1

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

T4 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 1 ¨ s´1

1 s2 1

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 y´1s1ps´1

1 s2q y´1s1

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

T5 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 b22 ´ s´1

1 s2 0

0 1 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Therefore, we have

rankHpT q ď ř

5

i“1
rankH Tiq “ 1 ` 1 ` 1 ` 1 ` 1 “ 5.

Since the case in Proposition 3.4.2 has been handled, we are left with those

3 ˆ 3 ˆ 3 quaternion tensors with at least one invertible frontal slice to deal with. By

performing rank-preserving row and column operations and switching frontal slices if
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necessary, we may assume further that the tensors we are left with to consider have

the identity matrix as their first frontal slices. Namely, they are of the form T “

pI3; B; Cq. To tackle the remaining cases, we will need to introduce some auxiliary

lemmas.

Lemma 3.4.3. Let A, B P MnpHq be n ˆ n matrices with entries in H. If A is

invertible, then there exists x0 P R such that x0A ` B is also invertible.

Proof. Since A is invertible, it suffices to show that x0I`BA´1 is invertible. Consider

the 2nˆ2n complex adjoint matrix χpBA´1q. Its determinant is a degree 2n complex

polynomial, which only has finitely many roots in C. Therefore, there exists x0 P

R such that det px0I2n ` χpBA´1qq ­“ 0, which implies that x0I2n ` χpBA´1q is

invertible. Since x0 P R and χ is an R-algebra homomorphism, we have

χpx0I ` BA´1q “ χpx0Iq ` χpBA´1q “ x0I2n ` χpBA´1q.

Therefore, χpx0I`BA´1q is invertible, which shows that x0I`BA´1 is also invertible.

Lemma 3.4.4. Let A P MnpHq be an n ˆ n matrix with entries in H. Then there

exist a lower-triangular matrix L P MnpHq with unit pivots, an upper-triangular

matrix U P MnpHq with unit pivots, an invertible diagonal matrix D P MnpHq and a

permutation matrix P P MnpRq such that A “ LPDU .

Proof. This is a direct result of [16, Proposition 1.3].

Lemma 3.4.5. Let T “ pIn; B; Cq be a n ˆ 3 ˆ n quaternion tensor. Then it can be

reduced to the form

S “
`

In; BL; PCUP ´1
˘

,

where BL is an n ˆ n invertible lower triangular quaternion matrix, CU is an n ˆ n

invertible upper triangular quaternion matrix, and P is an nˆn permutation matrix.
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Proof. By Lemma 3.4.3, we can make B invertible by replacing B with x0I ` B for

some x0 P R. Similarly, C can also be assume to be invertible. Then we consider the

Jordan Canonical Forms (see [49, 71]) of B and C, and denote them by JB and JC

respectively. Let PB and PC be invertible matrices such that

B “ P ´1

B J˚
BPB

and

C “ P ´1

C JCPC .

By Lemma 3.4.4, there exist a lower-triangular matrix L P MnpHq with unit pivots,

an upper-triangular matrix U P MnpHq with unit pivots, an invertible diagonal

matrix D P MnpHq and a permutation matrix P P MnpRq such that

PBP ´1

C “ LPDU

Since PBP ´1

C is invertible, so are L and U . We then have

L´1PBP ´1

C “ PDU.

and thus the tensor T can be reduced to

S : “ pL´1PBqT pL´1PBq´1

“ pL´1PBq pI3; B; Cq pL´1PBq´1

“ pL´1PBq
`

I3 ; P ´1

B J˚
BPB ; P ´1

C JCPC

˘

pL´1PBq´1

“
´

I3 ; L´1J˚
BL ;

`

L´1PBP ´1

C

˘

JC

`

L´1PBP ´1

C

˘´1
¯

“
`

I3 ; L´1J˚
BL ; pPDUq JC pPDUq´1

˘

“
`

I3; L´1J˚
BL; P

`

DUJCU´1D´1
˘

P ´1
˘

.
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Define BL “ L´1J˚
BL and CU “ DUJCU´1D´1. Since L and J˚

B are lower-triangular,

so is BL. Similarly, since U and JC are upper-triangular and D is diagonal, we see

that DUJCU´1D´1 is also upper-triangular.

Now, we are ready to tackle the general cases.

Proposition 3.4.6. Let T “ pI3; B; Cq be a 3 ˆ 3 ˆ 3 quaternion tensor. Then

rankHpT q ď 5.

Proof. By Lemma 3.4.5, T can be reduced to

S “
`

I3; BL; PCUP ´1
˘

“

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

b21 b22 0

b31 b32 b33

fi

ffi

ffi

ffi

ffi

fl

; P

»

—

—

—

—

–

c11 c12 c13

0 c22 c23

0 0 c33

fi

ffi

ffi

ffi

ffi

fl

P ´1

˛

‹

‹

‹

‹

‚

,

where P is a 3 ˆ 3 permutation matrix and b11, b22, b33, c11, c22, c33 ­“ 0. Then the

rest of the proof boils down to dealing with all possible forms of PCUP ´1. Because

P is a 3 ˆ 3 permutation matrix, it has 6 possible patterns. Namely, we have

P P tP1, P2, P3, P4, P5, P6u where:

P1 “

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

, P2 “

»

—

—

—

—

–

1 0 0

0 0 1

0 1 0

fi

ffi

ffi

ffi

ffi

fl

, P3 “

»

—

—

—

—

–

0 1 0

1 0 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

,

P4 “

»

—

—

—

—

–

0 1 0

0 0 1

1 0 0

fi

ffi

ffi

ffi

ffi

fl

, P5 “

»

—

—

—

—

–

0 0 1

1 0 0

0 1 0

fi

ffi

ffi

ffi

ffi

fl

, P6 “

»

—

—

—

—

–

0 0 1

0 1 0

1 0 0

fi

ffi

ffi

ffi

ffi

fl

.

In the following, we will show that rankHpSq ď 5 in each case.
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Case 1: P “ P1. We have

PCUP ´1 “

»

—

—

—

—

–

c11 c12 c13

0 c22 c23

0 0 c33

fi

ffi

ffi

ffi

ffi

fl

,

and thus

S “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

b21 b22 0

b31 b32 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 c12 c13

0 c22 c23

0 0 c33

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Subcase 1-1: b31, c13 ­“ 0. If so, we can immediately decompose S into the sum of

simple tensors S “ S1 ` S2 ` S3 ` S4 ` S5 where:

S1 :“

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S2 :“

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 1 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 b22 ´ b21b´1

31 b32 ´ c23c
´1

13 c12 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 c22 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S3 :“

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 c33

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S4 :“

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0

pb21b
´1

31 qb31 pb21b
´1

31 qb32 0

b31 b32 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,
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S5 :“

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 c13pc´1

13 c12q c13

0 c23pc´1

13 c12q c23

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Subcase 1-2: b33 “ c13 “ 0. We first choose an x P R such that

pb11 ` xqpc11 ` xq ­“ 0

and

}b21c12}
}pb11 ` xqpc11 ` xq} ­“ 1,

which implies

1 ` b21pb11 ` xq´1pc11 ` xq´1c12 ­“ 0.

Therefore, by adding x times the first frontal slice to the second and third, we may

just assume that

1 ` b21b´1

11
c´1

11
c12 ­“ 0.

We then perform rank-preserving row and column operations to make b21 “ c12 “ 0:

S “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

b21 b22 0

0 b32 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 c12 0

0 c22 c23

0 0 c33

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

ÝÑ

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

´b21b
´1

11 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

0 b22 0

0 b32 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 c12 0

˚ ˚ c23

0 0 c33

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚
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ÝÑ

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 ´c´1

11 c12 0

´b21b
´1

11 1 ` b21b
´1

11 c´1

11 c12 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 ˚ 0

0 b22 0

0 b32 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 0 0

˚ ˚ c23

0 0 c33

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Let us denote a22 “ 1 ` b21b´1

11 c´1

11 c12 and relabel the resulting tensor as

Sp1q :“

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 a12 0

a21 a22 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 b12 0

0 b22 0

0 b32 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 0 0

c21 c1
22

c23

0 0 c33

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Since a22 ­“ 0, we can then write Sp1q “ S1 ` S2 ` S3 ` S4 ` S5 where:

S1 :“

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 b12 0

0 b22 0

0 b32 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S2 :“

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

c21 c1
22

c23

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S3 :“

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 c33

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S4 :“

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 ´ pa12a
´1

22 qa21 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,
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S5 :“

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

pa12a
´1

22 qa21 pa12a
´1

22 qa22 0

a21 a22 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Subcase 1-3: b31 “ 0 and c13 ­“ 0 or b31 ­“ 0 and c13 “ 0. If so, we may just assume

that b31 “ 0 and c13 ­“ 0, since otherwise we can interchange the second and the

third frontal slices and work with the transpose of matrices, or alternatively use the

similarity transformation on S via

P6

»

—

—

—

—

–

b11 0 0

b21 b22 0

b31 b32 b33

fi

ffi

ffi

ffi

ffi

fl

P ´1

6
“

»

—

—

—

—

–

b33 b32 b31

0 b22 b21

0 0 b11

fi

ffi

ffi

ffi

ffi

fl

and

P6

»

—

—

—

—

–

c11 c12 c13

0 c22 c23

0 0 c33

fi

ffi

ffi

ffi

ffi

fl

P ´1

6
“

»

—

—

—

—

–

c33 0 0

c23 c22 0

c13 c12 c11

fi

ffi

ffi

ffi

ffi

fl

to reduce it to the case of b33 “ 0 and c13 ­“ 0. So, in any case, we can have

S “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

b21 b22 0

0 b32 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 c12 c13

0 c22 c23

0 0 c33

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

By Proposition 3.4.1, we can assume that both the third horizontal slice (with en-

tries 1, b32, b33 and c33) and the first lateral slice (with entries 1, b11, b21 and c11)

have rank greater than 1, which implies b21, b32 ­“ 0. By performing the similarity
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transformation via

»

—

—

—

—

–

b21 0 0

0 1 0

0 0 b´1

32

fi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

–

b11 0 0

b21 b22 0

0 b32 b33

fi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

–

b21 0 0

0 1 0

0 0 b´1

32

fi

ffi

ffi

ffi

ffi

fl

´1

“

»

—

—

—

—

–

b21b11b´1

21 0 0

1 b22 0

0 1 b´1

32 b33b32

fi

ffi

ffi

ffi

ffi

fl

,

we may assume further that b21 “ b32 “ 1. Therefore, we have

S “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

1 b22 0

0 1 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 c12 c13

0 c22 c23

0 0 c33

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

We then decompose S into the sum of simple tensors according to the following

situations:

1-3-1: If c12 ­“ 0, define

s “ c22 ´ b´1

11
c11b11 ´ c23c

´1

13
c12.

Since b11, b22, c12, c13 ­“ 0, we can then write S “ S1 ` S2 ` S3 ` S4 ` S5 where:

S1 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 c33 ` b´1

22 sc´1

12 c13

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S2 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 c12 c12pc´1

12 c13q

0 c23c
´1

13 c12 c23c
´1

13 c12pc´1

12 c13q

0 ´b´1

22 s ´b´1

22 spc´1

12 c13q

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,
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S3 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

´b´1

11 p´b´1

11 qp´b11q 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

´b´1

11 c11 ´pb´1

11 c11qp´b11q 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S4 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

b´1

11 ¨ 1 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

b´1

11 b11 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 0 0

b´1

11 c11 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S5 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 b22 0

0 b´1

22 b22 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 s 0

0 b´1

22 s 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

1-3-2: If c23 ­“ 0, this reduces to 1-3-1 by transposing all the frontal slices across the

anti-diagonal (use the conjugate transpose and the similar transformation induced

by P6).

1-3-3: If c12 “ c23 “ 0, then we choose an x P Rzt´1, 0, 1u such that

s :“ x2 ` pb22 ´ b33qx ` 1 ­“ 0.

Since s, x, x2 ´ 1 ­“ 0, we can then write S “ S1 ` S2 ` S3 ` S4 ` S5 where:

S1 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 ´ c13 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S2 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c13 0 c13

xs´1pc33 ´ c22q 0 xs´1pc33 ´ c22q

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.
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S3 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 ´1

x2´1

´x
x2´1

0 x
x2´1

x2

x2´1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 1´b33x
xpx2´1q

1´b33x
x2´1

0 b33x´1

x2´1

pb33x´1qx

x2´1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 ´c33

x2´1

´c33x
x2´1

0 c33x
x2´1

c33x2

x2´1

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S4 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 x2

x2´1

x
x2´1

0 ´x
x2´1

´1

x2´1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 pb33´xqx2

x2´1

pb33´xqx

x2´1

0 px´b33qx

x2´1

x´b33

x2´1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 c33x2

x2´1

c33x
x2´1

0 ´c33x
x2´1

´c33

x2´1

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S5 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

1 s
x

1

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

xs´1pc22 ´ c33q c22 ´ c33 xs´1pc22 ´ c33q

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Based on all the discussion above, if P “ P1, we have

rankHpSq ď
5
ÿ

i“1

rankHpSiq “ 1 ` 1 ` 1 ` 1 ` 1 “ 5.

Case 2: P “ P2. We have

PCUP ´1 “

»

—

—

—

—

–

c11 c13 c12

0 c33 0

0 c23 c22

fi

ffi

ffi

ffi

ffi

fl

,

and thus

S “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

b21 b22 0

b31 b32 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 c13 c12

0 c33 0

0 c23 c22

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Subcase 2-1: b31, c13 ­“ 0. we can immediately decompose S into the sum of simple

tensors S “ S1 ` S2 ` S3 ` S4 ` S5 where:
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S1 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S2 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 1 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 b22 ´ b21b´1

31 b32 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 c33 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S3 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 c22 ´ c23c
´1

13 c12

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S4 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

b21 b21pb´1

31 b32q 0

b31 b31pb´1

31 b32q 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S5 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 c13 c12

0 0 0

0 pc23c
´1

13 qc13 pc23c
´1

13 qc12

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Subcase 2-2: b31, c13 “ 0. If so, then

S “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

b21 b22 0

0 b32 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 0 c12

0 c33 0

0 c23 c22

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.
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We can then write S “ S1 ` S2 ` S3 ` S4 ` S5 where:

S1 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S2 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 1 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 c12

0 0 0

0 0 ´c23 ´ c33 ` c22

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S3 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

b21 ´b33 ` b23 ` b22 0

0 0 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S4 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 1 0

0 ´1 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 b33 ´ b23 0

0 ´b33 ` b23 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 c33 0

0 ´c33 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S5 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 1 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 b33 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 c23 ` c33 c23 ` c33

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Subcase 2-3: b31 “ 0 and c13 ­“ 0. If so, then

S “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

b21 b22 0

0 b32 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 c13 c12

0 c33 0

0 c23 c22

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

By Proposition 3.4.1, we can assume that first lateral slice (with entries 1, b11, b21
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and c11) has rank greater than 1, which imples b21 ­“ 0. Since b11 ­“ 0, we can assume

b11 “ b21 by performing the following similarity transformation:

»

—

—

—

—

–

b21b
´1

11 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

–

b11 0 0

b21 b22 0

0 b32 b33

fi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

–

b21b
´1

11 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

´1

“

»

—

—

—

—

–

b21b11b´1

21 0 0

b21b11b´1

21 b22 0

0 b32 b33

fi

ffi

ffi

ffi

ffi

fl

.

Therefore, we have

S “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

b11 b22 0

0 b32 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 c13 c12

0 c33 0

0 c23 c22

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Define

s :“ c23 ´ b32b
´1

22
pc33 ´ c11q.

Since c13, b22 ­“ 0, we can then write S “ S1 ` S2 ` S3 ` S4 ` S5 where:

S1 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 c22 ´ sc´1

13 c12

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S2 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 c13 c13pc´1

13 c12q

0 0 0

0 s spc´1

13 c12q

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S3 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

´1 1 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

´c11 c11 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,
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S4 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

1 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

b11 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c11 0 0

c11 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

,

S5 “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

0 0 0

0 0 0

0 0 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 b22 0

0 pb32b
´1

22 qb22 0

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

0 0 0

0 c33 ´ c11 0

0 pb32b
´1

22 qpc33 ´ c11q 0

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Subcase 2-4: b31 ­“ 0 and c13 “ 0 If so, we can perform the following rank-preserving

operations:

S “
`

I3; BL; P2CUP ´1

2

˘

ÝÑ pP2P6q´1
`

I3; BL; P2CUP ´1

2

˘

pP2P6q

ÝÑ
`

I3; pP2P6q´1BLpP2P6q; P6CUP6

˘

ÝÑ
`

I3; P6CUP ´1

6
; pP2P6q´1BLpP2P6q;

˘

“

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

; P6

»

—

—

—

—

–

c11 c12 0

0 c22 c23

0 0 c33

fi

ffi

ffi

ffi

ffi

fl

P ´1

6
; P ´1

4

»

—

—

—

—

–

b11 0 0

b21 b22 0

b31 b32 b33

fi

ffi

ffi

ffi

ffi

fl

P4

˛

‹

‹

‹

‹

‚

“

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c33 0 0

c23 c22 0

0 c12 c11

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b22 0 b21

b32 b22 b31

0 0 b11

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

By transposing all the frontal slices across the anti-diagonal (use the conjugate trans-

pose and the similar transformation induced by P6), this reduces to Subcase 2-3.

Based on all the discussion above, if P “ P2, we have

rankHpSq ď
5
ÿ

i“1

rankHpSiq “ 1 ` 1 ` 1 ` 1 ` 1 “ 5.
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Case 3: P “ P3. We have

PCUP ´1 “

»

—

—

—

—

–

c22 0 c23

c12 c11 c13

0 0 c33

fi

ffi

ffi

ffi

ffi

fl

,

and thus

S “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

b21 b22 0

b31 b32 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c22 0 c23

c12 c11 c13

0 0 c33

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

By transposing all the frontal slices across the anti-diagonal (use the conjugate trans-

pose and the similar transformation induced by P6), this reduces to Case 2.

Case 4: P “ P4. We have

PCUP ´1 “

»

—

—

—

—

–

c22 c23 0

0 c33 c13

c12 c13 c11

fi

ffi

ffi

ffi

ffi

fl

,

and thus

S “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

b21 b22 0

b31 b32 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c22 c23 0

0 c33 0

c12 c13 c11

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Since the third lateral slice of S has rank no more than 1, by Lemma 3.4.1, we have

rankHpSq ď 5.
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Case 5: P “ P5. We have

PCUP ´1 “

»

—

—

—

—

–

c33 0 0

c13 c11 c12

c23 0 c22

fi

ffi

ffi

ffi

ffi

fl

,

and thus

S “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

b21 b22 0

b31 b32 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c33 0 0

c13 c11 c12

c23 0 c22

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Since the first horizontal slice of S has rank no more than 1, by Lemma 3.4.1, we

have rankHpSq ď 5.

Case 6: P “ P6. We have

PCUP ´1 “

»

—

—

—

—

–

c33 0 0

c32 c22 0

c31 c12 c11

fi

ffi

ffi

ffi

ffi

fl

,

and thus

S “

¨

˚

˚

˚

˚

˝

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

b11 0 0

b21 b22 0

b31 b32 b33

fi

ffi

ffi

ffi

ffi

fl

;

»

—

—

—

—

–

c33 0 0

c32 c22 0

c31 c12 c11

fi

ffi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‹

‚

.

Since the first horizontal slice of S has rank no more than 1, by Lemma 3.4.1, we

have rankHpSq ď 5.

By Proposition 3.4.2 and Proposition 3.4.6 we have max.rankHp3, 3, 3q ď 5. Next,

we show that max.rankHp3, 3, 3q ě 5. First we use Theorem 3.3.3 to obtain a lower

bound for n ˆ n ˆ n quaternion tensors, and the we apply the this bound for n “ 3.

Proposition 3.4.7. For any n P N
`, we have max.rankHpn, n, nq ě 2n ´ 1.
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Proof. Let Eij denote the nˆn matrix that has 1 at the pi, jq entry and 0 elsewhere.

Then

S “ tInu Y tEij | 1 ď j ă i ď nu

is a left H-linearly independent set. Let T be the tensor uniquely determined by

the horizontal slices: R1pT q “ In and R2pT q, ..., RnpT q being any n ´ 1 distinct

elements in S. Denote the left H-module generated by tR2pT q, R3pT q, ..., RN1
pT qu

by M . Then we have dimH RpT q “ n. By Theorem 3.3.3, we have

rankHpT q ě minAPM rankH pR1pT q ` Aq ` dimH RpT q ´ 1 “ n ` n ´ 1 “ 2n ´ 1.

Applying Proposition 3.4.7 for n=3, we have max.rankHp3, 3, 3q ě 5. Therefore, we

now have

Theorem 3.4.8. max.rankHp3, 3, 3q “ 5.

3.5 The 2 ˆ 4 ˆ 2 case (a counterexample)

It is well known that tensor rank is dependent on the underlying field. For example,

the maximal rank of any real 2 ˆ 2 ˆ 2 ˆ 2 tensor is 5, while the maximal rank for

a complex tensor of the same size is 4 (these bounds were shown earlier in [38] and

[6] respectively). In this section, we give an example of a complex tensor that has a

strictly smaller rank over the quaternions than the complex field.

Theorem 3.5.1. Any complex 2 ˆ n ˆ 2 tensor has rank no more than 3 over the

quaternions.

Proof. Let T P C
2ˆnˆ2. It suffices to show that there exist ~ai,~ci P H

2, i “ 1, 2, 3,

such that the standard R-basis of M2pCq is contained in

V :“ spanR t~ai b b b ~ci | b P H, i “ 1, 2, 3u .
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We can check that for any x11, x12, x21, x22, y11, y12, y21, y22 P R, we have

»

—

–

x11 x12

x21 x22

fi

ffi

fl
“

»

—

–

1 1 1

j
´j ´

?
3k

2

´j `
?

3k

2

fi

ffi

fl

»

—

—

—

—

–

b1 0 0

0 b2 0

0 0 b3

fi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

–

1 j

1
´j `

?
3k

2

1
´j ´

?
3k

2

fi

ffi

ffi

ffi

ffi

ffi

fl

,

where

b1 “ x11 ´ x22 ´ px12 ` x21qj
3

,

b2 “ 2x11 ` x22 ´
?

3x22i ` px12 ` x21qj ´
?

3px12 ´ x21qk
6

,

b3 “ 2x11 ` x22 `
?

3x22i ` px12 ` x21qj `
?

3px12 ´ x21qk
6

.

and

»

—

–

y11 y12

y21 y22

fi

ffi

fl
i “

»

—

–

1 1 1

j
´j ´

?
3k

2

´j `
?

3k

2

fi

ffi

fl

»

—

—

—

—

–

b4 0 0

0 b5 0

0 0 b6

fi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

–

1 j

1
´j `

?
3k

2

1
´j ´

?
3k

2

fi

ffi

ffi

ffi

ffi

ffi

fl

,

where

b4 “ py11 ` y22qi ´ py12 ´ y21qk
3

,

b5 “ ´
?

3y22 ` p2y11 ´ y22qi `
?

3py12 ` y21qj ` py12 ´ y21qk
6

,

b6 “
?

3y22 ` p2y11 ´ y22qi ´
?

3py12 ` y21qj ` py12 ´ y21qk
6

.

Set

„

~a1 ~a2 ~a3



“

»

—

–

1 1 1

j
´j ´

?
3k

2

´j `
?

3k

2

fi

ffi

fl
,
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and

»

—

—

—

—

–

~c1

T

~c2

T

~c3

T

fi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

–

1 j

1
´j `

?
3k

2

1
´j ´

?
3k

2

fi

ffi

ffi

ffi

ffi

ffi

fl

.

Then, any T P H
2ˆnˆ2 can be written as T “

3
ÿ

i“1

~ai b ~bi b ~ci for some ~bi P H
n,

i “ 1, 2, 3, which shows that rankHpT q ď 3.

Corollary 3.5.2. If RW ď RH is a 2-dimensional R-subspace, then for any T P

H
2ˆnˆ2 with entries in W, we have rankHpT q ď 3.

Proof. Denote an R-basis of W by tx1, x2u Ă H. Set u “ x´1

1 x2. Then
u ´ ℜpuq

||u ´ ℜpuq||
is a unit quaternion and thus equivalent to i, i.e., there exists p P H such that

i “ p´1
u ´ ℜpuq

||u ´ ℜpuq||p.

Then for any x “ r1x1 ` r2x2 P W, where r1, r2 P R, we have

p´1x´1

1
xp “ p´1x´1

1
pr1x1 ` r2x2qp

“ r1 ` r2p
´1x´1

1
x2p

“ r1 ` r2p
´1up

“ r1 ` r2p
´1pℜpuq ` u ´ ℜpuqqp

“ r1 ` r2ℜpuq ` r2p
´1pu ´ ℜpuqqp

“ r1 ` r2ℜpuq ` r2||u ´ ℜpuq||i P C.

Let f be a R-module isomorphism induced by

f : H2ˆnˆ2 ÝÑ H
2ˆnˆ2,
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T ÞÑ p´1x´1

1
Tp.

By the previous discussion, for any T P H
2ˆnˆ2 with all entries in W, we have

fpT q P C
2ˆnˆ2. Hence, by Theorem 3.5.1 we have

fpT q “
3
ÿ

i“1

~ai b~bi b ~ci

for some ~ai,~ci P C
2 and ~bi P C

n, where i “ 1, 2, 3. Thus, we have

T “ f´1pfpT qq “ f´1

˜

3
ÿ

i“1

~ai b~bi b ~ci

¸

“
3
ÿ

i“1

f´1p~ai b~bi b ~ciq

implies that rankHpT q ď 3.

Example 3.5.3. The following tensor

T “

¨

˚

˝

»

—

–

1 0

0 0

fi

ffi

fl
;

»

—

–

0 1

0 0

fi

ffi

fl
;

»

—

–

0 0

1 0

fi

ffi

fl
;

»

—

–

0 0

0 1

fi

ffi

fl

˛

‹

‚

has rank 4 over the complex field while it only has rank 3 over the quaternions.

Proof. Since all 4 frontal slices of T are C-linearly independent, by [39, Corollary

1], we have rankCpT q ě 1 ` 4 ´ 1 “ 4. However, by Theorem 3.5.1 we have that

rankHpT q ď 3. Therefore, T has different ranks over the complex field C and the

real quaternion algebra H.

70



Chapter 4

Higher Quaternionic Tensors

In this chapter, we discuss some general properties of quaternionic tensors with

higher orders.

4.1 Definitions and Notations

Let’s first fix some notations:

1. For k, p P N
` with k ď p and N1, N2, ..., Nk P N

`, denote

rrIk ď pss “
 

pi1, i2, ..., ikq P N
k | 1 ď i1 ă i2 ă ¨ ¨ ¨ ă ik ď p

(

,

and

rrN1, N2, .., Nkss :“
 

pi1, i2, ..., ikq P N
k | 1 ď ij ď Nj, j “ 1, 2, ..., k

(

.

2. For any matrix A P MN1ˆN2
pHq, denote Aďm to be the sub-matrix consisting

the first m rows of A and măA to be the sub-matrix consisting the last N1 ´ m

rows of A, i.e.,

Aďm :“
„

Im OmˆpN1´mq



A, măA :“
„

OpN1´mqˆm IN1´m



A.
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Similarly, we denote Aďm to be the sub-matrix consisting the first m columns

of A and măA to be the sub-matrix consisting the last N2 ´ m columns of A,

i.e.,

Aďm :“ A

»

—

–

Im

OpN2´mqˆm

fi

ffi

fl
, măA :“ A

»

—

–

OmˆpN2´mq

IN2´m

fi

ffi

fl
.

For integers i1, . . . , ir and j1, . . . , js with 1 ď i1 ă ¨ ¨ ¨ ă ir ď N1 and 1 ď j1 ă

¨ ¨ ¨ ă js ď N2, we denote the r ˆ s matrix consisting of i1-th, i2-th , . . . , ir-th

rows and j1-th, j2-th , . . . , js-th columns of A by A
“ti1,...,iru
“tj1,...,jsu.

3. For any n P N
`, denote t~en,i | i “ 1, 2, ..., nu to be the set of standard basis of

H
nˆ1.

Before our formal discussion, let me introduce the definition of tensor matrices

for sake of convenience. A similar definition for block tensors can be found in [48].

Definition 4.1.1. Let MmˆnpHN1ˆ¨¨¨ˆNpq, simply MnpHN1ˆ¨¨¨ˆNpq when m “ n, de-

note the collection of all mˆn matrices with whose entries are N1 ˆ ¨ ¨ ¨ ˆ Np quater-

nionic tensors. An m ˆ n matrix A with N1 ˆ ¨ ¨ ¨ ˆ Np quaternion tensor entries is

denoted by A “ rAijsb or

A “

»

—

—

—

—

—

—

—

–

A11 A12 ¨ ¨ ¨ A1n

A21 A22 ¨ ¨ ¨ A2n

...
...

. . .
...

Am1 Am2 ¨ ¨ ¨ Amn

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

,

where Aij P H
N1ˆ¨¨¨ˆNp for i “ 1, 2, ..., m and j “ 1, 2, ..., n. A is called a tensor

matrix. The transpose of A “ rAijsb is defined as AT “ rAjisb, The multiplication

of two matrices with tensor entries is defined similarly to the usual multiplication of

matrices. That is, if A is an m ˆ n matrix with N1 ˆ ¨ ¨ ¨ ˆ Np tensor entries and B

is an n ˆ k matrix with M1 ˆ ¨ ¨ ¨ ˆ Mq tensor entries, then the matrix product C “
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rCijsb “ A‹B is defined to be the mˆk matrix with N1 ˆ ¨ ¨ ¨ ˆ Np ˆM1 ˆ ¨ ¨ ¨ ˆ Mq

tensor entries

Cij “
n
ÿ

l“1

Ail b Blj,

for i “ 1, . . . , m and j “ 1, . . . , l.

Because the outer product b is associative and distributive over addition, we can

see that for A P MmˆnpHN1ˆ¨¨¨ˆNpq, B P MnˆkpHM1ˆ¨¨¨ˆMq q, and C P MkˆlpHL1ˆ¨¨¨ˆLsq,

we have

pA ‹ Bq ‹ C “ A ‹ pB ‹ Cq.

The left and right scalar multiplications are defined in a similar way as in the quater-

nion matrix case. That is, for A “ rAijsb P MmˆnpHN1ˆ¨¨¨ˆNpq and t P H
M1ˆ¨¨¨ˆMq ,

we have

t ¨ A :“ rt b Aijsb and A ¨ t :“ rAij b tsb.

Similarly, the defined scalar product is associative. Also, it is compatible with the

matrix product, i.e., for A P MmˆnpHN1ˆ¨¨¨ˆNpq, BnˆkpHM1ˆ¨¨¨ˆMq q, t P pHL1ˆ¨¨¨ˆLsq

and s P pHK1ˆ¨¨¨ˆKr q, we have

1. pt ¨ ps ¨ Aqq “ ppt ¨ sq ¨ Aq;

2. pA ¨ ps ¨ tqq “ ppA ¨ sq ¨ tq;

3. pt ¨ pA ‹ Bqq “ ppt ¨ Aq ‹ Bq;

4. pA ‹ pB ¨ tqq “ ppA ‹ Bq ¨ tq.

The addition A ` B is defined entry-wise if A and B have the same sizes and their

entries of tensors are of the same order, i.e., for A, B P Mmˆn

`

H
N1ˆ¨¨¨ˆNp

˘

with

A “ rAijsb and B “ rBijsb, we have

A ` B :“ rAijsb ` rBijsb “ rAij ` Bijsb .
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Since the outer operator b is distributive over addition, it is easy to see that we have

1. pA ` Bq ‹ C “ A ‹ C ` B ‹ C;

2. C ‹ pA ` Bq “ C ‹ A ` C ‹ B;

3. pA ` Bq ¨ t “ A ¨ t ` B ¨ t;

4. t ¨ pA ` Bq “ t ¨ A ` t ¨ B.

Since quaternion matrices can be viewed as matrices with entries of 1-tensors and

the multiplication product of two quaternions can be viewed as the tensor product

of two 1-tensors, we can see that the multiplication of quaternion matrices is a just

special case of the multiplication of matrices of tensors. That is, when N1 “ ... “

Np “ 1, we have

Mmˆn

`

H
N1ˆ¨¨¨ˆNp

˘

“ Mmˆn

`

H
1ˆ¨¨¨ˆ1

˘

“ Mmˆn pHq ,

and for any A P Mmˆn pHq, B P Mnˆk pHq, we have

A ‹ B “ AB.

Note: It is important to distinguish the notations of tensor matrix and partitioned

matrix. For example, let ~a1, ~a2, ~a3, ~a4 P H
3ˆ1. The notation

A “
„

~a1 ~a2 ~a3 ~a4



denotes a 3 ˆ 4 matrix with entries in H, i,e,. A P M3ˆ4pHq, while the notation

A1 “
„

~a1 ~a2 ~a3 ~a4



b

denotes a 1 ˆ 4 tensor matrix with entries of 3-dimensional vectors, i.e., A1 P

M1ˆ4pH3ˆ1q. Therefore, A ­“ A1. Moreover, for a tensor T P H
N1ˆ¨¨¨ˆNp , T can not

be viewed as a 1 ˆ 1 tensor matrix unless T is a quaternionic scalar , i.e., T ­“ rT sb
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unless N1 “ ¨ ¨ ¨ “ Np “ 1. For example, let ~v P H
4ˆ1 be a 4-dimensional vector, we

have ~v ­“
“

~v
‰

b
, because ~v is a 4 ˆ 1 matrix with entries in H while

“

~v
‰

b
is a 1 ˆ 1

tensor matrix with a entry of a 4-dimensional vector.

Definition 4.1.2. For any m, i P N
` with m ď p and i ď Nm, define

Projpm, i, ¨q : HN1ˆ¨¨¨ˆNp ÝÑ H
N1ˆ¨¨¨ˆNm´1ˆNm`1ˆ¨¨¨ˆNp ,

~v1 b ¨ ¨ ¨ b ~vp ÞÑ p~v1 b ¨ ¨ ¨ b vm,i b ¨ ¨ ¨ b ~vpq ,

where vm,i P H is the i-th coordinate of the vector ~vm P H
Nm . For any T P H

N1ˆ¨¨¨ˆNp ,

the image Projpm, i, T q P H
N1ˆ¨¨¨ˆNm´1ˆNm`1ˆ¨¨¨ˆNp is called the i-th m-slice of the

tensor T . For a given m,

ProjRpm, ¨, T q :“ spanR tProjpm, i, T q | i “ 1, 2, ..., Nmu

is the R-space generated by the collection of all m-slices, called the space of m-

slices. The dimension of Projpm, ¨, T q (as R-space) is denoted by dimmpT q. When

m “ 1, Projp1, i, T q is denoted by RipT q for i “ 1, 2, ..., N1, called the i-th row of T .

RpT q :“ spanH tRipT q | i “ 1, 2, ..., N1u

is the left H-module generated by all rows of T , called the row space of T . The

dimension of RpT q (as left H-module) is denoted by dimH RpT q. Similarly, when

m “ p, Projpp, i, T q is denoted by CipT q for i “ 1, 2, ..., Np, called the i-th column of

T .

CpT q :“ spanH tCipT q | i “ 1, 2, ..., Npu

is the right H-module generated by all columns of T , called the column space of

T . The dimension of CpT q (as right H-module) is denoted by dimH CpT q.
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We can see Projpm, i, ¨q defines an pH,Hq-bimodule homomorphism. It fixes the

m-th component and maps a tensor to another tensor with a lower order. The

next definition introduces more complex projections by composing different simple

projections.

Definition 4.1.3. Let p P N
`. For any τ “ pi1, ..., ikq P rrIk ď pss and σ “

pj1, ..., jkq P rrNi1
, Ni2

, ..., Nik
ss, define

Projpτ, σ, ¨q “ Projpi1, j1, ¨q ˝ Projpi2, j2, ¨q ˝ ¨ ¨ ¨ ˝ Projpik, jk, ¨q,

where ˝ is the composition of functions, for example,

pProjpi1, j1, ¨q ˝ Projpi2, j2, ¨qq pT q :“ Proj pi1, j1, Projpi2, j2, T qq .

The following lemma shows the relationship between multilinear maps and projection

maps.

Lemma 4.1.4. Let T P H
N1ˆ¨¨¨ˆNp, Ai P MMiˆNi

pRq for i “ 2, ..., p ´ 1, and Aj P

MMjˆNj
pHq for j “ 1, p. Then, we have when m ă p

»

—

—

—

—

—

—

—

—

–

Proj pm, 1, T ˆm Amq

Proj pm, 2, T ˆm Amq
...

Proj pm, Nm, T ˆm Amq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

“ Am ‹

»

—

—

—

—

—

—

—

—

–

Projpm, 1, T q

Projpm, 2, T q
...

Projpm, Nm, T q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

; (4.1.1)
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and when m “ p

»

—

—

—

—

—

—

—

—

–

Proj pm, 1, T ˆm Amq

Proj pm, 2, T ˆm Amq
...

Proj pm, Nm, T ˆm Amq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

T

b

“

»

—

—

—

—

—

—

—

—

–

Projpm, 1, T q

Projpm, 2, T q
...

Projpm, Nm, T q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

T

b

‹ AT
p . (4.1.2)

Proof. Denote P “

»

—

—

—

—

—

—

—

–

Projpm, 1, T q

Projpm, 2, T q
...

Projpm, Nm, T q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

. When m ă p, we have

Proj pm, j, T ˆm Amq “ T ˆm Am ˆm p~eNm,jqT

“
r
ÿ

i“1

~v1

piq b ¨ ¨ ¨ b p~eNm,jqT Am ~vm
piq b ¨ ¨ ¨ b ~vp

piq

“
r
ÿ

i“1

´

~v1

piq b ¨ ¨ ¨ b ~vm´1

¯

¨ p~eNm,jqT Am ~vm
piq ¨

´

~vm`1 b ¨ ¨ ¨ b ~vp
piq
¯

“
r
ÿ

i“1

p~eNm,jqT Am ‹
´

p~v1 b ¨ ¨ ¨ b ~vm´1q ¨ ~vm
piq ¨ p~vm`11 b ¨ ¨ ¨ b ~vpq

¯

“ p~eNm,jqT Am ‹
r
ÿ

i“1

p~v1 b ¨ ¨ ¨ b ~vm´1q ¨ ~vm
piq ¨ p~vm`11 b ¨ ¨ ¨ b ~vpq

“ p~eNm,jqT Am ‹ P ,

where j “ 1, 2, ..., Nm. This implies Equation (4.1.1). When m “ p, we have

Proj pp, j, T ˆp Apq “ T ˆp Ap ˆp p~eNp,jqT

“ T ˆp

`

p~eNp,jqT Ap

˘
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“
r
ÿ

i“1

~v1

piq b ¨ ¨ ¨ b ~v
piq
p´1 b

´

p~vp
piqqT

`

p~eNp,jqT Ap

˘T
¯T

“
r
ÿ

i“1

~v1

piq b ¨ ¨ ¨ b ~v
piq
p´1 b

´

p~vp
piqqT AT

p ~eNp,j

¯T

“
r
ÿ

i“1

´

~v1

piq b ¨ ¨ ¨ b ~v
piq
p´1

¯

¨
´

p~vp
piqqT AT

p ~eNp,j

¯

“
r
ÿ

i“1

´´

~v1

piq b ¨ ¨ ¨ b ~v
piq
p´1

¯

¨ p~vp
piqqT

¯

‹
`

AT
p ~eNp,j

˘

“
˜

r
ÿ

i“1

´

~v1

piq b ¨ ¨ ¨ b ~v
piq
p´1

¯

¨ p~vp
piqqT

¸

‹
`

AT
p ~eNp,j

˘

“ P
T ‹

`

AT
p ~eNp,j

˘

,

where j “ 1, 2, ..., Nm. This implies Equation (4.1.2).

Lemma 4.1.5. Let T P H
N1ˆ¨¨¨ˆNp, Ai P MMiˆNi

pRq for i “ 2, ..., p ´ 1, and Aj P

MMjˆNj
pHq for j “ 1, p. For any m ď p and j ď Nm,

if Am “ INm
, we have

Proj

ˆ

m, j,

ˆ p
â

i“1

Ai

˙

T

˙

“
˜

p
â

i­“m

Ai

¸

Proj pm, j, T q.

Proof. Denote T “
r
ÿ

i“1

~v1

piq b ¨ ¨ ¨ b ~vp
piq, where ~vj

piq “ pvpiq
j,1, ..., v

piq
j,Nj

qT P H
Nj , j “

1, 2, ..., p. If Am “ INm
, we have

Proj

ˆ

m, j,

ˆ p
â

i“1

Ai

˙

T

˙

“ Proj

˜

m, j,

r
ÿ

i“1

A1 ~v1

piq b ¨ ¨ ¨ b INm
~vm

piq b ¨ ¨ ¨ b
´

p~vp
piqqT AT

p

¯T

¸

“
r
ÿ

i“1

A1 ~v1

piq b ¨ ¨ ¨ b p~eNm,jqT In ~vm
piq b ¨ ¨ ¨ b

´

p~vp
piqqT AT

p

¯T
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“
˜

p
â

i­“m

Ai

¸˜

r
ÿ

i“1

~v1

piq b ¨ ¨ ¨ b p~eNm,jqT In ~vm
piq b ¨ ¨ ¨ b ~vp

piq

¸

“
˜

p
â

i­“m

Ai

¸

Projpm, j, T q.

Corollary 4.1.6. Let T P H
N1ˆ¨¨¨ˆNp, Ai P MMiˆNi

pRq for i “ 2, ..., p ´ 1, and Aj P

MMjˆNj
pHq for j “ 1, p. For any m ď p and j ď Nm (not necessarily Am “ INm

),

we have

»

—

—

—

—

—

—

—

—

—

–

Proj
´

m, 1, p
p
Â

i“1

AiqT
¯

Proj
´

m, 2, p
p
Â

i“1

AiqT
¯

...

Proj
´

m, Nm, p
p
Â

i“1

AiqT
¯

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

“ Am ‹

»

—

—

—

—

—

—

—

—

—

–

p
p
Â

i­“m

AiqProjpm, 1, T q

p
p
Â

i­“m

AiqProjpm, 2, T q
...

p
p
Â

i­“m

AiqProjpm, Nm, T q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

.

when m “ p, we have

»

—

—

—

—

—

—

—

—

—

–

Proj
´

m, 1, p
p
Â

i“1

AiqT
¯

Proj
´

m, 2, p
p
Â

i“1

AiqT
¯

...

Proj
´

m, Nm, p
p
Â

i“1

AiqT
¯

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

T

b

“

»

—

—

—

—

—

—

—

—

—

–

p
p
Â

i­“m

AiqProjpm, 1, T q

p
p
Â

i­“m

AiqProjpm, 2, T q
...

p
p
Â

i­“m

AiqProjpm, Nm, T q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

T

b

‹ AT
p .

Proof. For j “ 1, 2, ..., Nm, we have by Lemma 4.1.5 that

Proj

ˆ

m, j,

ˆ p
â

i“1

Ai

˙

T

˙

“ Proj

˜

m, j,

˜

m´1
â

i“1

Ai b INm

p
â

i“m`1

Ai

¸

pT ˆm Amq
¸

“
˜

p
â

i­“m

Ai

¸

Proj pm, j, pT ˆm Amqq ,
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which implies (when m ă p)

»

—

—

—

—

—

—

—

—

—

–

Proj
´

m, 1, p
p
Â

i“1

AiqT
¯

Proj
´

m, 2, p
p
Â

i“1

AiqT
¯

...

Proj
´

m, Nm, p
p
Â

i“1

AiqT
¯

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

“

»

—

—

—

—

—

—

—

—

—

–

p
p
Â

i­“m

AiqProj pm, 1, pT ˆm Amqq

p
p
Â

i­“m

AiqProj pm, 2, pT ˆm Amqq
...

p
p
Â

i­“m

AiqProj pm, Nm, pT ˆm Amqq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

“ Am ‹

»

—

—

—

—

—

—

—

—

—

–

p
p
Â

i­“m

AiqProjpm, 1, T q

p
p
Â

i­“m

AiqProjpm, 2, T q
...

p
p
Â

i­“m

AiqProjpm, Nm, T q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

and (when m “ p)

»

—

—

—

—

—

—

—

—

—

–

Proj
´

p, 1, p
p
Â

i“1

AiqT
¯

Proj
´

p, 2, p
p
Â

i“1

AiqT
¯

...

Proj
´

p, Nm, p
p
Â

i“1

AiqT
¯

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

T

b

“

»

—

—

—

—

—

—

—

—

—

–

p
p´1
Â

i“1

AiqProj pm, 1, pT ˆp Apqq

p
p´1
Â

i“1

AiqProj pm, 2, pT ˆp Apqq
...

p
p´1
Â

i“1

AiqProj pm, Nm, pT ˆp Apqq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

T

b

“

»

—

—

—

—

—

—

—

—

—

–

p
p´1
Â

i“1

AiqProjpm, 1, T q

p
p´1
Â

i“1

AiqProjpm, 2, T q
...

p
p´1
Â

i“1

AiqProjpm, Nm, T q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

T

b

‹ AT
p .

Corollary 4.1.7. Let T P H
N1ˆ¨¨¨ˆNp, τ “ pi1, ..., ikq P rrIk ď pss, σ P rrNi1

, Ni2
, ..., Nik

ss,

Ai P MMiˆNi
pRq for i “ 2, ..., p ´ 1, and Aj P MMjˆNj

pHq for j “ 1, p. If Am “ INm
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for m “ i1, i2, ..., ik, then we have

Proj

ˆ

τ, σ,

ˆ p
â

m“1

Am

˙

T

˙

“
˜

p
â

m­“i1,...,ik

Am

¸

Proj pτ, σ, T q .

Proof. Use induction on k with Lemma 4.1.5.

Remark 4.1.8. Denote ordered n-tuples

RpT q “ pR1pT q, R2pT q ¨ ¨ ¨ , RN1
pT qq

and

CpT q “
`

C1pT q, C2pT q, ¨ ¨ ¨ , CNp
pT q

˘

.

An immediately consequence is that T is uniquely determined by RpT q or CpT q. To

illustrate, any tensor T P H
N1ˆ¨¨¨ˆNp can be written as

T “
N1
ÿ

i“1

~eN1,i b RipT q “
Np
ÿ

i“1

CipT q b ~eNp,i.

Similarly, for any other given m “ 2, 3, .., p ´ 1, we can denote

Projpm, i, T q “
ÿ

j

Aij b Bij

for i “ 1, 2, ..., Nm, where Aij P H
N1ˆ¨¨¨ˆNm´1 and Bij P H

Nm`1ˆ¨¨¨ˆNp . Then we can

write

T “
Nm
ÿ

i“1

˜

ÿ

j

Aij b ~eNm,i b Bij

¸

.

This shows that T is also uniquely determined by

tProjpm, i, T q | i “ 1, 2, ..., Nmu .

Thus, for any given τ “ pi1, ..., ikq P rrIk ď pss, we can use induction on k to show
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that T is uniquely determined by

tProjpτ, σ, T q | σ P rrNi1
, ..., Nik

ssu .

Therefore, we have the following lemma.

Lemma 4.1.9. Let T1, T2 P H
N1ˆ¨¨¨ˆNp. Then the following are equivalent:

1. T1 “ T2;

2. RpT1q “ RpT2q;

3. CpT1q “ CpT2q;

4. There exists m P t1, 2, ..., pu such that Projpm, i, T1q “ Projpm, i, T2q for i “

1, 2, ..., Nm;

5. There exists τ “ pi1, ..., ikq P rrIk ď pss such that Projpτ, σ, T1q “ Projpτ, σ, T2q

for all σ P rrNi1
, ..., Nik

ss.

4.2 General Properties

We start with giving some results for general quaternion tensors.

Theorem 4.2.1. Let T P H
N1ˆ¨¨¨ˆNp. Then the following are equivalent:

1. rankHpT q ď r;

2. RpT q is contained in a left H-module generated by r simple tensors;

3. CpT q is contained in a right H-module generated by r simple tensors;
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4. For some m P t1, 2, ..., pu, there exist r simple tensors A1, ..., Ar P H
N1ˆ¨¨¨ˆNm´1

and r simple tensors C1, ..., Cr P H
Nm`1ˆ¨¨¨ˆNp such that Projpm, ¨, T q is con-

tained in the R-module generated by

tAi b b b Ci | b P H, i “ 1, 2, ..., ru .

Proof. (1) ùñ (2) and (3): Suppose rankHpT q ď r. Then T can be written as

T “
„

~a1 ~a2 . . . ~ar



b

‹

»

—

—

—

—

—

—

—

–

B1

B2

. . .

Br

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

‹

»

—

—

—

—

—

—

—

–

~c1

~c2

...

~cr

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

,

where ~aj P H
N1ˆ1, ~cj P H

Npˆ1 and Bj P H
N2ˆ¨¨¨ˆNp´1 , for j “ 1, 2, ..., r, are all

simple tensors. Denote ~aj “
„

aj1 aj2 ... aj,N1

T

, ~cj “
„

cj1 cj2 ... cj,Np

T

for

j “ 1, 2, ..., r, and let

A “

»

—

—

—

—

—

—

—

–

a11 a12 ¨ ¨ ¨ a1r

a21 a22 ¨ ¨ ¨ a2r

...
...

. . .
...

aN11 aN12 ¨ ¨ ¨ aN1,r

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, C “

»

—

—

—

—

—

—

—

–

c11 c12 ¨ ¨ ¨ c1r

c21 c22 ¨ ¨ ¨ c2r

...
...

. . .
...

cNp1 cNp2 ¨ ¨ ¨ cNp,r

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

so that we can write

„

~a1 ~a2 . . . ~ar



b

“
„

~eN1,1 ~eN1,2 . . . ~eN1,N1



b

‹ A

and
„

~c1 ~c2 . . . ~cr



b

“
„

~eNp,1 ~eNp,2 . . . ~eNp,Np



b

‹ C

where t~eN1,iuN1

i“1
and

 

~eNp,i

(Np

i“1
are the standard basis for H

N1 and H
Np . Therefore,
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we can write

T “
„

~eN1,1 ~eN1,2 . . . ~eN1,N1



b

‹ A ‹

»

—

—

—

—

—

—

—

–

B1

B2

. . .

Br

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

‹

»

—

—

—

—

—

—

—

–

~c1

~c2

...

~cr

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

(i)

“
„

~eN1,1 ~eN1,2 . . . ~eN1,N1



b

‹ A ‹

»

—

—

—

—

—

—

—

–

B1 b ~c1

B2 b ~c2

...

Br b ~cr

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

and

T “
„

~a1 ~a2 . . . ~ar



b

‹

»

—

—

—

—

—

—

—

–

B1

B2

. . .

Br

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

‹ CT ‹

»

—

—

—

—

—

—

—

–

~eNp,1

~eNp,2

...

~eNp,Np

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

(ii)

“
„

~a1 b B1 ~a2 b B2 . . . ~ar b Br



b

‹ CT ‹

»

—

—

—

—

—

—

—

–

~eNp,1

~eNp,2

...

~eNp,Np

.

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

By definition, Equation (i) shows

»

—

—

—

—

—

—

—

–

R1pT q

R2pT q
...

RN1
pT q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

“ A ‹

»

—

—

—

—

—

—

—

–

B1 b ~c1

B2 b ~c2

...

Br b ~cr

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b
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which implies that for i “ 1, 2, ..., N1, RipT q is an element in the left H-module

generated by

tB1 b ~c1, B2 b ~c2, ..., Br b ~cru

consisting of simple tensors. Similarly, Equation (ii) shows

„

C1pT q C2pT q . . . CNp
pT q



b

“
„

~a1 b B1 ~a2 b B2 . . . ~ar b Br



b

‹ CT ,

which implies that for j “ 1, 2, ..., Np, CipT q is an element in the right H-module

generated by

t~a1 b B1,~a2 b B2, ...,~ar b Bru

consisting of simple tensors.

(2) ùñ (4) and (3) ùñ (4) are both obvious, because tai b b b ci | b P H, i “ 1, 2, ..., ru

becomes a left H-module when m “ 1 and becomes a right H-module when m “ p.

(4) ùñ (1): Suppose there are simple tensors simple tensors A1, ..., Ar P H
N1ˆ¨¨¨ˆNm´1

and C1, ..., Cr P H
Nm`1ˆ¨¨¨ˆNp such that Projpm, ¨, T q is contained in the R-module

generated by tAj b b b Cj | b P H, j “ 1, 2, ..., ru . Then for i “ 1, 2, ..., Nm we can

write

Projpm, i, T q “
r
ÿ

j“1

Aj b bij b Cj

for some bij P H, i.e.,

Projpm, i, T q “
„

A1 A2 . . . Ar



b

‹

»

—

—

—

—

—

—

—

–

bi1

bi2

. . .

bir

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

‹

»

—

—

—

—

—

—

—

–

C1

C2

...

Cr

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

.
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This implies

T “
„

A1 A2 . . . Ar



b

‹

»

—

—

—

—

—

—

—

—

—

—

–

Nm
ÿ

i“1

bi1~eNm,i

. . .

. . .
Nm
ÿ

i“1

bir~eNm,i

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

‹

»

—

—

—

—

—

—

—

–

C1

C2

...

Cr

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

.

Therefore, we have rankHpT q ď r.

Corollary 4.2.2. For any T P H
N1ˆ¨¨¨ˆNp, we have

1. rankHpT q ě dimH RpT q; rankHpT q “ dim RpT q if and only if there exists a

basis of RpT q consisting of r simple tensors;

2. rankHpT q ě dimH CpT q; rankHpT q “ dim CpT q if and only if there exists a

basis of CpT q consisting of r simple tensors.

In 1977, Kruskal ([39]) generalized a matrix theorem of Frobenius. We now show

that this can also be generalized to quaternionic tensors of an arbitrary order.

Theorem 4.2.3. Let T P H
N1ˆ¨¨¨ˆNp, Ai P MMiˆNi

pRq for i “ 2, ..., p ´ 1, and

Aj P MMjˆNj
pHq for j “ 1, p. Then we have

rankHpT q ě rankH

ˆˆ p
â

i“2

Ai

˙

T

˙

` dimH RpA1T q ´ dimH R

ˆˆ p
â

i“1

Ai

˙

T

˙

and

rankHpT q ě rankH

˜˜

p´1
â

i“1

Ai

¸

T

¸

` dimH CpTAT
p q ´ dimH C

ˆˆ p
â

i“1

Ai

˙

T

˙

.

Proof. Let rankHpT q “ r. By Theorem 4.2.1, there exists a set of r simple tensors
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tS1, S2, ..., Sru such that

»

—

—

—

—

—

—

—

–

R1pT q

R2pT q
...

RN1
pT q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

“ A ‹

»

—

—

—

—

—

—

—

–

S1

S2

...

Sr

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

for some A P MN1ˆrpHq. Without loss of generality, we may also assume that

S1, ..., Sr are linear independent. Let HM be the left H-module generated by S1, ..., Sr.

Then

dimH M “ r “ rankpT q.

Noticing by Corollary 4.1.6 that

»

—

—

—

—

—

—

—

–

R1 pA1T q

R2 pA1T q
...

RM1
pA1T q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

“ A1 ‹

»

—

—

—

—

—

—

—

–

R1pT q

R2pT q
...

RN1
pT q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

,

we have

HRpA1T q ď HRpT q ď HM ď HH
N2ˆ¨¨¨ˆNp´1ˆNp .

Let σ :“
p
â

i“2

Ai denote the left H-module homomorphism induced by

σ : HN2ˆ¨¨¨ˆNp´1ˆNp ÝÑ H
M2ˆ¨¨¨ˆMp´1ˆMp ,

~v2 b ¨ ¨ ¨ b ~vp ÞÑ A2~v2 b ¨ ¨ ¨ b Ap´1~vp´1 b p~vp
T AT

p qT .

Noticing by Corollary 4.1.7 that

ˆ p
â

i“2

Ai

˙

RpA1T q “ R

ˆˆ p
â

i“1

Ai

˙

T

˙
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and
ˆ p
â

i“2

Ai

˙

RpT q “ R

ˆˆ p
â

i“2

Ai

˙

T

˙

,

we have the following commutative diagram:

RpA1T q RpT q M H
N2ˆ¨¨¨ˆNp´1ˆNp

R

ˆˆ p
â

i“1

Ai

˙

T

˙

R

ˆˆ p
â

i“2

Ai

˙

T

˙

σpMq H
N2ˆ¨¨¨ˆNp´1ˆM2

σ|RpA1T q σ|RpT q σ|M σ .

Since R

ˆˆ p
â

i“2

Ai

˙

T

˙

is contained in σpMq which is generated by a set of simple

tensors tσpS1q, σpS2q, ..., σpSrqu, by Theorem 4.2.1, we have

rankH

ˆˆ p
â

i“2

Ai

˙

T

˙

ď dimH σpMq.

Moreover,

dimH kerpσ|RpA1T qq ď dimH kerpσ|M q

implies

dimH R pA1T q ´ dimH R

ˆˆ p
â

i“1

Ai

˙

T

˙

ď dimH M ´ dimH σpMq,

which suggests

rankHpT q ě dimH R pA1T q ` rankH

ˆˆ p
â

i“2

Ai

˙

T

˙

´ dimH R

ˆˆ p
â

i“1

Ai

˙

T

˙

.

Proving in a similar fashion, we can also show

rankHpT q ě rankH

˜˜

p´1
â

i“1

Ai

¸

T

¸

` dimH CpTAT
p q ´ dimH C

ˆˆ p
â

i“1

Ai

˙

T

˙

.
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By letting Ai “ INi
for i “ 2, 3, ..., p ´ 1 in Theorem 4.2.3, we have the following

corollary, which is the classical inequality by Frobenius about matrix ranks ([46,

Theorem 5.66])

rankpXq ě rankpUXq ` rankpXV q ´ rankpUXV q,

as well as the one by Kruskal ([39, Theorem 1]) in 1977 for complex 3-tensors.

Corollary 4.2.4. Let T P H
N1ˆ¨¨¨ˆNp, U P MM1ˆN1

pHq, V P MNpˆM2
pHq. Then we

have

rankHpT q ě dimH RpUT q ` rankHpTV q ´ dimH RpUTV q

and

rankHpT q ě rankHpUT q ` dimH CpTV q ´ dimH CpUTV q.

Before moving on to the next theorem, let’s introduce some notations. For any tensor

T P H
N1ˆN2ˆ¨¨¨ˆNp , denote T ďm to be the sub-tensor consisting the first m rows of

T and măT to be the sub-tensor consisting the last N1 ´ m rows of T , i.e.,

T ďm :“
„

Im OmˆpN1´mq



T , măT :“
„

OpN1´mqˆm IN1´m



T.

Similarly, we have

Tďm :“ T

»

—

–

Im

OpNp´mqˆm

fi

ffi

fl
, măT :“ T

»

—

–

OmˆpNp´mq

INp´m

fi

ffi

fl
.

The next theorem is extremely useful for determining lower bounds of maximal

rank of quaternionic tensors.

Theorem 4.2.5. Let T P H
N1ˆN2ˆ¨¨¨ˆNp. Then we have

rankHpT q ě min
BPHmˆpN1´mq

rankH

`

T ďm ` BpmăT q
˘

` dimH RpT q ´ m.
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Proof. Denote rankHpT q “ r. By Theorem 4.2.1, there exist A P H
N1ˆr and simple

tensors s1, s2, .., sr P H
N2ˆ¨¨¨ˆNp such that

»

—

—

—

—

—

—

—

–

R1pT q

R2pT q
...

RN1
pT q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

“ A ‹

»

—

—

—

—

—

—

—

–

S1

S2

...

Sr

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

.

Without loss of generality, we can assume dimH RpT q “ N1. Then by Corollary 4.2.2,

we have rankHpAq ě dimH RpT q “ N1. Let Q1 be a product of some elementary

matrices Pijpkq and Q2 be a product of some elementary matrices Pk and Pij such

that

Q1AQ2 “
„

IN1
BN1ˆpr´N1q



.

Denote

M “
„

IN1
ON1ˆpr´N1q



Q1,

and

»

—

—

—

—

—

—

—

–

S 1
1

S 1
2

...

S 1
r

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

“ Q´1

2
‹

»

—

—

—

—

—

—

—

–

S1

S2

...

Sr

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

.

90



Then we have

»

—

—

—

—

—

—

—

–

R1pMT q

R2pMT q
...

RN1
pMT q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

“ M ‹

»

—

—

—

—

—

—

—

–

R1pT q

R2pT q
...

RN1
pT q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

“ pMQ´1

1
qpQ1AQ2qQ´1

2
‹

»

—

—

—

—

—

—

—

–

S 1
1

S 1
2

...

S 1
r

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

“
„

Im OmˆpN1´mq

 „

IN1
BN1ˆpr´N1q



‹

»

—

—

—

—

—

—

—

–

S 1
1

S 1
2

...

S 1
r

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

“
„

Im OmˆN1´m B1
mˆpr´N1q



‹

»

—

—

—

—

—

—

—

–

S 1
1

S 1
2

...

S 1
r

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

,

which implies

rankHpMT q ď r ´ pN1 ´ mq.

On the other hand, denote

Q1 “

»

—

–

Q11 Q12

Q21 Q22

fi

ffi

fl
,

where Q11 P H
mˆm, Q12 P H

mˆpN1´mq, Q21 P H
pN1´mqˆm, and Q22 P H

pN1´mqˆpN1´mq.
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By the construction of Q1, we have that Q11 is invertible. Hence, we have

Q´1

11
MT “ Q´1

11

„

Im OmˆpN1´mq



»

—

–

Q11 Q12

Q21 Q22

fi

ffi

fl

“
„

Q´1

11 OmˆpN1´mq



»

—

–

Q11 Q12

Q21 Q22

fi

ffi

fl
T

“
„

Im Q´1

11 Q12



T

“ T ďm ` Q´1

11
Q12 pmăT q ,

which implies

rankHpMT q “ rankHpQ´1

11
MT q

“ rankH

`

T ďm ` Q´1

11
Q12 pmăT q

˘

ě min
BPHmˆpN1ˆmq

rankH

`

T ďm ` BpmăT q
˘

.

Therefore, we have

rankHpT q ě min
BPHmˆpN1´mq

rankH

`

T ďm ` BpmăT q
˘

` dimH RpT q ´ m.

4.3 Normal Forms and maximal rank of m ˆ 2 ˆ n

quaternionic tensors

The maximal rank of m ˆ 2 ˆ n complex tensors was obtained in 2009 by Sumi et al.

([58, Theorem 4.3]). They improved this result given by JaJa ([32]) by determining

the rank of such tensors in comparison with their Kronecker canonical forms over

the complex and real number fields. In this section, We give the maximal rank of
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m ˆ 2 ˆ n tensors over the quaternions as well as their canonical forms by using

Kronecker canonical forms over the quaternions.

Definition 4.3.1 ([49], Page 153). Let Hptqmˆn be the set of all mˆn matrices with

entries in H, which will be called matrix polynomials with the standard operations

of addition, right and left multiplication by quaternions, and matrix multiplication:

If Aptq P Hptqmˆn and Bptq P Hptqnˆp, then AptqBptq P Hptqmˆp. Two matrix

polynomials of degree at most one A1 ` tB1 and A2 ` tB2, where A1, B1, A2, B2 P

H
mˆn, are called matrix pencils.

Definition 4.3.2 ([49], Page 161). The matrix pencils Aj ` tBj, j “ 1, 2, are called

strictly equivalent if

A1 “ PA2Q, B1 “ PB2Q

for some invertible matrices P P H
mˆm and Q P H

nˆn.

Theorem 4.3.3 ([49], Page 161). Every pencil A`tB P Hptqmˆn is strictly equivalent

to a matrix pencil with the block diagonal form:

0uˆv ‘ Lε1ˆpε1`1q ‘ ¨ ¨ ¨ ‘ Lεpˆpεp`1q ‘ LT
η1ˆpη1`1q ‘ LT

ηqˆpηq`1q

‘ pIk1
` tJk1

p0qq ‘ ¨ ¨ ¨ ‘ pIkr
` tJkr

p0qq

‘ ptIℓ1
` Jℓ1

pα1qq ‘ ¨ ¨ ¨ ‘ ptIℓs
` Jℓs

pαsqq ,

where

Lεˆpε`1qptq :“
„

0εˆ1 Iε



` t

„

Iε 0εˆ1



P H
εˆpε`1q,

ε1 ď ¨ ¨ ¨ ď εp; η1 ď ¨ ¨ ¨ ď ηq; k1 ď ¨ ¨ ¨ ď kr, are positive integers, and α1, . . . , αs P H,

and Ik denotes the k ˆ k identity matrix and Jkpαiq denotes the k ˆ k Jordan block

with eigenvalue αi, i “ 1, 2, ..., s.

Moreover, the integers u, v, and εi, ηj, kw are uniquely determined by the pair
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A, B, and the part

ptIℓ1
` Jℓ1

pα1qq ‘ ¨ ¨ ¨ ‘ ptIℓs
` Jℓs

pαsqq

is uniquely determined by A and B up to an arbitrary permutation of the diagonal

blocks and up to replacing αj with any quaternion similar to αj in each Jℓj
pαjq.

Applying Definition 4.3.2 and Theorem 4.3.3, we obtain the canonical forms of

m ˆ 2 ˆ n quaternion tensors in the following theorem.

Theorem 4.3.4. Let T be a mˆ2ˆn quaternionic tensor. Then there exist matrices

P P MmpHq and Q P MnpHq such that T can be transformed into a block diagonal

form:

T 1 “ PTQ “ Diag ppS1; T1q , . . . , pSr; Trqq ,

where each pSj; Tjq is one of the following:

1. zero tensor pOkˆl; Okˆlq P H
kˆ2ˆl, k, l ě 0, pk, lq ‰ p0, 0q;

2. pJkpaq; Ikq P H
kˆ2ˆl, a P C, k ě 1;

3. pIk; Jkp0qq P H
kˆ2ˆl, k ě 1;

4. prOkˆ1, Iks ; rIk, Okˆ1sq P H
kˆ2ˆpk`1q, k ě 1;

5.

¨

˚

˝

»

—

–

O1ˆk

Ik

fi

ffi

fl
;

»

—

–

Ik

O1ˆk

fi

ffi

fl

˛

‹

‚
P H

pk`1qˆ2ˆk, k ě 1,

where Ik denotes the k ˆ k identity matrix and Jkpaq denotes the k ˆ k Jordan

block with eigenvalue a.

Proof. Since all the Jordan Blocks in the Kronecker canonical given in Theorem 4.3.3

can take standard eigenvalues (complex numbers with positive real parts), we see

that for any given m ˆ 2 ˆ n quaternionic tensor T1 “ pA1; B1q, there exist invertible

matrices P P MmpHq and Q P MnpHq such that
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A2 “ PA1Q P MmˆnpCq

and

B2 “ PB1Q P MmˆnpCq.

Therefore, T1 can be transformed into a m ˆ 2 ˆ n complex tensor:

PT1Q “ P pA1; B1qQ “ pPA1Q; PB1Qq “ pA2; B2q P C
mˆ2ˆn.

According to the Kronecker canonical forms given in Theorem 4.3.3, we have obtained

the corresponding canonical forms above for m ˆ 2 ˆ n quaternionic tensors.

Since each of the mˆ2ˆn quaternionic tensors has a canonical form as a complex

tensor, we also obtain an upper bound of the maximal rank of mˆ2ˆn quaternionic

tensors.

Corollary 4.3.5. Let m, n P N
`. Then we have

max.rankHpm, 2, nq ď min
!

n `
Ym

2

]

, m `
Yn

2

]

, 2m, 2n
)

.

Proof. Let T be any given m ˆ 2 ˆ n quaternionic tensor. By Theorem 4.3.4, there

exist invertible matrices P P MmpHq and Q P MnpHq such that

T 1 “ PTQ

is a m ˆ 2 ˆ n complex tensor. By [60, Theorem 5.5], any m ˆ 2 ˆ n complex tensor

can be written as the sum of no more than

s :“ min
!

n `
Ym

2

]

, m `
Yn

2

]

, 2m, 2n
)

complex tensors. Hence, we can write

T 1 “
s
ÿ

i“1

Ti,

which implies

T “ P ´1T 1Q´1 “ P ´1

˜

s
ÿ

i“1

Ti

¸

Q´1 “
s
ÿ

i“1

P ´1TiQ
´1.
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Therefore, we have rankHpT q ď s “ min
!

n `
Ym

2

]

, m `
Yn

2

]

, 2m, 2n
)

, which

implies the desired inequality.

Next, we show that the upper bound we obtain in Corollary 4.3.5 is the best

possible for quaternion tensors.

Proposition 4.3.6. Let m, n P N
` with m ď n. Then we have

1. max.rankHpm, 2, nq ě m `
Yn

2

]

, if m ď n ď 2m;

2. max.rankHpm, 2, nq ě 2m, if 2m ă n.

Proof. 1. Since n ď 2m, we have
Yn

2

]

ď m. Denote k “
Yn

2

]

and let

T :“

¨

˚

˝

„

Im Omˆpn´kq



;

»

—

–

Okˆpn´kq Ik

Opm´kqˆpn´kq Opm´kqˆk

fi

ffi

fl

˛

‹

‚
.

Then when n is odd, we have n “ 2k ` 1, and we can write T “ pA1; A2q, where

A1 “

»

—

–

Ik`1 Okˆk

Opm´k´1qˆpk`1q pIp2k´m`1qqďm´k´1

fi

ffi

fl

and

A2 “

»

—

–

Opk`1qˆpk`1q pIk`1qďk

Opm´k´1qˆpk`1q Opm´k´1qˆp2k´m`1q

fi

ffi

fl
,

which shows that for any B P Mpm´k´1qˆp2k`1qpHq all 2k ` 1 columns of

T ďk`1 ` B
`

k`1ăT
˘

are linearly independent (in the right-H module). So, we have

min
BPHpm´k´1qˆp2k`1q

dimH C
`

T ďk`1 ` B
`

k`1ăT
˘˘

“ 2k ` 1.

Noticing that dimH RpT q “ m, by Theorem 4.2.5, we have

rankHpT q ě min
BPHpm´k´1qˆp2k`1q

rankH

`

T ďk`1 ` Bpk`1ăT q
˘

` dimH RpT q ´ pk ` 1q
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ě min
BPHpm´k´1qˆp2k`1q

dimH C
`

T ďk`1 ` Bpk`1ăT q
˘

` dimH RpT q ´ pk ` 1q

ě 2k ` 1 ` m ´ pk ` 1q

“ m ` k “ m `
Yn

2

]

.

When n is even, we have n “ 2k, and we can write

T “

¨

˚

˝

»

—

–

Ik Okˆk

Opm´kqˆk pIkqďm´k

fi

ffi

fl
;

»

—

–

Okˆk Ik

Opm´kqˆk Opm´kqˆk

fi

ffi

fl

˛

‹

‚

which shows that for any B P Mpm´kqˆ2kpHq all 2k columns of T ďk ` B
`

kăT
˘

are

linearly independent (in the right-H module). So, we have

min
BPHpm´kqˆ2k

dimH C
`

T ďk ` B
`

kăT
˘˘

“ 2k.

Noticing that dimH RpT q “ m, by Theorem 4.2.5, we have

rankHpT q ě min
BPHpm´kqˆ2k

rankH

`

T ďk ` BpkăT q
˘

` dimH RpT q ´ k

ě min
BPHpm´kqˆ2k

dimH C
`

T ďk ` BpkăT q
˘

` dimH RpT q ´ k

ě 2k ` m ´ k

“ m ` k “ m `
Yn

2

]

.

Therefore, we have rankHpT q “ m `
Yn

2

]

in any case, which shows

max.rankHpm, 2, nq ě m `
Yn

2

]

.
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2. Since 2m ă n, we have m ď
Yn

2

]

. Let

T :“
ˆ„

Im Omˆm Omˆpn´2mq



;

„

Omˆm Im Omˆpn´2mq

˙

.

Since all 2m columns of Tď2m are linearly independent (in the right-H module), we

have

rankHpT q ě rankHpTď2mq ě dimH CpTď2mq “ 2m,

which shows

max.rankHpm, 2, nq ě 2m.

By Proposition 4.3.6, Proposition 2.2.12 and Corollary 4.3.5, we have

Theorem 4.3.7. Let m, n P N
`. Then

max.rankHpm, 2, nq “ min
!

n `
Ym

2

]

, m `
Yn

2

]

, 2m, 2n
)

.

4.4 Maximal Rank of Higher Quaternionic Ten-

sors

For real and complex tensors with higher orders, some upper bounds were obtained

in the past few decades. We now show that some of the results can be extended to

the quaternion case. We start with introducing the following lemmas.

Lemma 4.4.1. Let A, B, X, Y P MnpHq be n ˆ n matrices with entries in H. If

X is nonsingular and the eigenvalues of X´1Y are in different conjugacy classes of

quaternions, then there exists r P R such that

1. A ` rX is nonsingular;
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2. The eigenvalues of pA ` rXq´1pB ` rY q are also in different conjugacy classes

of quaternions;

3. pA ` rXq´1pB ` rY q is diagonalizable.

Proof. Let λ1, . . . , λn P C be the standard eigenvalues (principle eigenvalues) of

X´1Y that are in distinct conjugacy classes. By [71, Corollary 5.1], the eigenvalues

of χpX´1Y q appear in conjugate pairs (real roots appear twice). So we can denote

fpλq “ det
`

λI2n ´ χpX´1Y q
˘

“
n
ź

i“1

pλ ´ λiqpλ ´ λ˚
i q

“
n
ź

i“1

pλ ´ λiq2

“ λ2n `
2n´1
ÿ

k“0

akλk.

Let ǫ0 ą 0 be sufficiently small such that the open balls Bpλi, ǫ0q, i “ 1, 2, ..., n,

containing the roots λi’s are disjoint. By [64, Theorem 1], there exists δ ą 0 such

that any degree 2n polynomial,

λ2n `
2n´1
ÿ

k“0

bkλk,

with |ak ´ bk| ă δ, k “ 0, ..., n ´ 1, has exactly the same numbers of roots (counting

multiplicities) in B pλi, ǫ0q, i “ 1, ..., n. For sufficiently small ǫ, ǫA`X is nonsingular

and the coefficients of of the polynomial

qǫpλq “ det
`

λI2n ´ χ
`

pǫA ` Xq´1 pǫB ` Y q
˘˘

“ z2n `
2n´1
ÿ

k“0

bkλk

satisfy |ak ´ bk| ă δ. Therefore, qǫpλq has exactly the same numbers of roots (count-
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ing multiplicities) in B pλi, ǫ0q, i “ 1, ..., n. Noticing

qpλq “ det
`

λI2n ´ χ
`

pǫA ` Xq´1 pǫB ` Y q
˘˘

“ det

ˆ

λI2n ´ χ

ˆ

pǫA ` Xq´1
ǫpB ` 1

ǫ
Y q

˙˙

“ det

ˆ

λI2n ´ χ

ˆ

pA ` 1

ǫ
Xq´1pB ` 1

ǫ
Y q

˙˙

we see that those roots are also eigenvalues of χ

ˆ

pA ` 1

ǫ
Xq´1pB ` 1

ǫ
Y q

˙

. For those

eigenvalues that are distinct, their associated eigenvectors are linearly independent.

For those real eigenvalue(s) that appear(s) twice, by [71, Corollary 6.3], each of them

has two linearly independent eigenvectors. Therefore, χ

ˆ

pA ` 1

ǫ
Xq´1pB ` 1

ǫ
Y q

˙

is

diagonalizable, and thus pA ` 1

ǫ
Xq´1pB ` 1

ǫ
Y q is also diagonalizable. Letting r “ 1

ǫ
,

we see that pA ` rXq´1pB ` rY q satisfies (1),(2) and (3).

Lemma 4.4.2. Let m, n P N
` with m ď n, and A, B P MmpHq. If A is invertible

and A´1B is diagonalizable, then we have

rankH

ˆˆ„

A X



;

„

B Y

˙˙

ď n

for any X, Y P Mmˆpn´mqpHq.

Proof. Let P P MmpHq be an invertible matrix such that D :“ P ´1pA´1BqP is a

diagonal matrix. Then we have
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rankH

ˆ„

A X



;

„

B Y

˙

“ rankH

¨

˚

˝
P ´1A´1

ˆ„

A X



;

„

B Y

˙

»

—

–

P ´A´1X

O In´m

fi

ffi

fl

˛

‹

‚

“ rankH

ˆˆ„

Im Omˆpn´mq



;

„

D P ´1A´1pY ´ BA´1Xq
˙˙

ď rankH pIm; Dq ` rankH

`

Omˆpn´mq; P ´1A´1pY ´ BA´1Xq
˘

ďm ` pn ´ mq “ n.

In 2010, Sumi, Miyazaki and Sakata gave some upper bounds for m ˆ p ˆ n

complex tensors (see [59, Theorem 1]). We now show that these bounds also work

for quaternion tensors.

Theorem 4.4.3. Let m, n, p P N` with m ď n. Then we have

max.rankHpm, p, nq ď
Zpp ´ 1qn

2

^

` m

if p is even, and

max.rankHpm, p, nq ď
Zpp ´ 2qn

2

^

` 2m

if p is odd.

Proof. For any T P H
mˆpˆn, denote T “ pA1; A2; . . . ; Apq, where Ai P MmˆnpHq for

i “ 1, 2, ..., p. Denote k “ tn{2u. By Theorem 4.3.4, there exist invertible matrices

P1 P MmpHq and Q1 P MnpHq such that

pA1
1
; A1

2
q :“ P1pA1; A2qQ1 P C

mˆ2ˆn.
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Then by [58, Corollary 4.9], there exists a tensor

C :“ pC1, C2q P C
mˆ2ˆn

with rankHpCq ď k such that A1
1

´ C1 and A1
2

´ C2 are simultaneously equivalent to

diagonal matrices, i.e., there exists P2 P MmpHq and Q2 P MnpHq such that

P2pA1
1

´ C1; A1
2

´ C2qQ2 “ p
„

D1 Omˆpn´mq



;

„

D2 Omˆpn´mq



q,

where D1, D2 P MmpCq are diagonal matrices. This implies

pP2A
1
1
Q2 ´

„

D1 Omˆpn´mq



; P2A1
2
Q2 ´

„

D2 Omˆpn´mq



q “ P2CQ2

Let

S :“ P2P1TQ1Q2 “ pB1; B2; ...; Bpq.

If p is even, denote p “ 2q for some q P N
`. Then for each i P t2, ..., qu by

Lemma 4.4.1 there exist diagonal matrices D2i´1, D2i P MmpHq such that

ppB2i´1qďm ´ D2i´1q´1ppB2iqďm ´ D2iq

is diagonalizable, and thus by Lemma 4.4.2 we have

rankH

ˆ

B2i´1 ´
„

D2i´1 Omˆpn´mq



; B2i ´
„

D2i Omˆpn´mq

˙

ď n,

for i “ 2, ..., q. Since we have

rankH

ˆ

B1 ´
„

D1 Omˆpn´mq



; B2 ´
„

D1 Omˆpn´mq

˙

“ rankHpP2CQ2q ď k,
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we can now bound the rank of the tensor T in the following

rankHpT q “ rankHpSq

“ rankH pB1; B2; B3; ...; Bpq

“ rankH

ˆ

B1 ´
„

D1 Omˆpn´mq



; ...; Bp ´
„

Dp Omˆpn´mq

˙

` rankH ppD1; ...; Dpqq

ď
q
ÿ

i“1

rankH

ˆ

B2i´1 ´
„

D2i´1 Omˆpn´mq



; B2i ´
„

D2i Omˆpn´mq

˙

` rankH ppD1; ...; Dpqq

ď k ` pq ´ 1qn ` m

“
Zpp ´ 1qn

2

^

` m.

If p is odd, we can use the same approach for the first p ´ 1 frontal slices of T . Then

we have

rankHpT q “ rankHpA1; ...; Apq

ď rankHpA1; ...; Ap´1q ` rankHpApq

ď
Zppp ´ 1q ´ 1qn

2

^

` m ` m

“
Zpp ´ 2qn

2

^

` 2m.

In 1979, Atkinson and Stephens ([3, Theorem 2]) showed that

max.rankCpm, n, mn ´ kq “ mn ´ k2 ` max.rankCpk, k, k2 ´ kq,
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for complex 3-tensors. We now show that this result can be extended to the case of

complex and quaternionic tensors with higher orders.

Theorem 4.4.4. If k ď n, m “
p
ź

i“1

Ni then

max.rankHpmn ´ k, N1, ..., Np, nq “ mpn ´ kq ` max.rankHpmk ´ k, N1, ..., Np, kq.

Proof. First, we show that

max.rankHpmn ´ k, N1, ..., Np, nq ď mpn ´ kq ` max.rankHpmk ´ k, N1, ..., NP , kq.

Let T P H
pmn´kqˆN1ˆ¨¨¨ˆNpˆn be any tensor. By Theorem 4.2.1, it suffices to show

that RpT q is contained in a left H-module generated by mpn´kq `max.rankHpmk ´

k, N1, ..., NP , kq simple tensors. Without loss of generality, we may assume dimH RpT q “

mn ´ k. Let τ “ p1, 2, ..., pq and denote I “ rrN1, ..., Npss. For each σ P I, define left

H-modules

HYσ “ spanH

 

S P H
N1ˆ¨¨¨ˆNpˆn | Projpτ, σ1, Sq “ ~0, if σ1 P I with σ1 ­“ σ

(

.

Then we have @σ P I, Yσ only contains simple tensors, and dim pHYσq “ n. Since

dim pHRpT q X HYσq “ dimpHRpT qq ` dimpHYσq ´ dim pHRpT q ` HYσq

ě pmn ´ kq ` n ´ mn

“ n ´ k,

we can find a set of n´k left H-linearly independent simple tensors in each RpT qXYσ,

which we denote by

Bσ “ tT1,σ, ..., Tn´k,σu, @σ P I.

Then
Ť

σPI Bσ can be extended to a basis of RpT q by adding pmn ´ kq ´ mpn ´ kq “

pm ´ 1qk linearly independent tensors, i.e., there exist A1, ..., Apm´1qk P H
N1ˆ¨¨¨ˆNpˆn
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such that

HRpT q “ spanH

˜

ď

σPI

Bσ Y tA1, .., Apm´1qku
¸

.

Define left H-submodules of HH
1ˆn by

HVσ “ spanH tProjpτ, σ, Ti,σq | i “ 1, ..., n ´ k, u , @σ P I.

Since for each σ P I, B1,σ, ..., Bn´k,σ are left H-linearly independent, and

Projpτ, σ1, Ti,σq “ ~0, @σ1 P I with σ1 ­“ σ, @i P t1, 2, ..., n ´ ku,

we can see that Projpτ, σ, T1,σq, ..., Projpτ, σ, Tn´k,σq are also left H-linearly indepen-

dent, which implies

dim HVσ “ n ´ k, @σ P I.

Thus, there exists a k-dimensional left H-submodule HU of HH
1ˆn such that

HU ` HVσ “ HH
1ˆn, @σ P I.

Therefore, for any σ P I and j P t1, 2, ..., pm ´ 1qku, we can write

Projpτ, σ, Ajq “ ~uσ,j `
ÿ

i

aij,σProjpτ, σ, Ti,σq,

for some ~uσ,j P U and aij,σ P H. For each j “ 1, 2, ..., pm ´ 1qk, let

A1
j “ Aj ´

ÿ

i,σ

aij,σTi,σ.

Then we have

Projpτ, σ, A1
jq P U , @σ P I , @j P t1, 2, ..., pm ´ 1qku,

Since U ď H
1ˆn and dim pHUq “ k Then there exists n ´ k linearly independent

vectors ~w1, ..., ~wn´k such that

~uT ¨ ~wi “ 0, @~uT P U , @i P t1, 2, ..., n ´ ku,
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Let Q P H
nˆn be a non-singular matrix whose last n ´ k columns are ~w1, ..., ~wn´k.

Then, by Corollary 4.1.7 we have

Projpτ, σ, A1
jQq “ Projpτ, σ, A1

jqQ “
„

˚1ˆk O1ˆpn´kq



,

for any σ P I and j P t1, 2, ..., pm ´ 1qku. This implies

Ci

`

A1
jQ

˘

“ O, @j P t1, ..., pm ´ 1qku, @i P tk ` 1, ..., nu

which means A1
jQ can be viewed as

`

A1
jQ

˘

Cďk
, an N1 ˆ ¨ ¨ ¨ ˆ Np ˆ k tensor, for

j “ 1, 2, ..., pm ´ 1qk. Therefore, we have

rankH

˜

pm´1qk
ÿ

j“1

~ej b A1
j

¸

“ rankH

˜˜

pm´1qk
ÿ

j“1

~ej b A1
j

¸

Q

¸

“ rankH

˜

pm´1qk
ÿ

j“1

~ej b A1
jQ

¸

“ rankH

˜

pm´1qk
ÿ

j“1

~ej b
`

A1
jQ

˘

Cďk

¸

ď max.rankH ppm ´ 1qk, N1, ..., Np, kq ,

which implies that A1
1
, ..., A1

pm´1qk are contained in a left H-module generated by

max.rankH ppm ´ 1qk, N1, ..., Np, kq simple tensors. Since we have, by the replace-

ment theorem, that

HRpT q “ spanH

˜

ď

σPI

Bσ Y tA1
1
, .., A1

pm´1qku
¸

.

and the fact that each Bσ is a set of n ´ k simple tensors. We see that RpT q

can be generated by mpn ´ kq ` max.rankH ppm ´ 1qk, N1, ..., Np, kq simple tensors.
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Therefore, we have

rankHpT q ď mpn ´ kq ` max.rankH ppm ´ 1qk, N1, ..., Np, kq .

Next, we show that

max.rankHpmn ´ k, N1, ..., Np, nq ě mpn ´ kq ` max.rankHpmk ´ k, N1, ..., NP , kq.

Let T, S P H
mn´k,N1ˆ¨¨¨ˆNp,n be a tensor such that both T ďmk´k

ďk P H
mk´k,N1ˆ¨¨¨ˆNp,k

and mk´kă
kă S P H

mk´k,N1ˆ¨¨¨ˆNp,k attain the maximal rank with mk´kă
kă T “ 0 and

Sďmk´k
ďk “ 0. Therefore, we have

rankHpT ďmk´k
ďk q “ max.rankHppm ´ 1qk, N1, ..., Np, kq

and

rankH

`

mk´kă
kă S

˘

“ max.rankHppmpn ´ kq, N1, ..., Np, n ´ kq,

which implies dimH RpT q “ pm´1qk and dimH RpSq “ mpn´kq. Denote T 1 “ T `S.

Noticing dimH RpT 1q “ dimH RpT q ` dimH RpSq, by Theorem 4.2.5, we have

rankHpT 1q ě min
BPHmˆpN1´mq

rankH

`

pT 1qďmk´k ` B
`

mk´kăpT 1q
˘˘

` dimH RpT 1q ´ pmk ´ kq

ě min
BPHmˆpN1´mq

rankH

´

`

pT 1qďmk´k ` B
`

mk´kăpT 1q
˘˘ďmk´k

¯

` dimH RpT 1q ´ pmk ´ kq

“ rankH

`

pT 1qďmk´k
˘ďmk´k ` dimH RpT q ` dimH RpSq ´ pmk ´ kq

“ rankH

`

pT 1qďmk´k
˘

` pm ´ 1qk ` mpn ´ kq ´ pmk ´ kq

“ max.rankHppm ´ 1qk, N1, ..., Np, kq ` mpn ´ kq.
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As a result of Theorem 4.4.4, we have the following corollary for the maximal rank

of quaternionic tensors with order 3.

Corollary 4.4.5. If k ď n, then we have

max.rankHpmn ´ k, m, nq “ mpn ´ kq ` max.rankHpmk ´ k, m, kq.

Meanwhile, we have also obtained a generalized version of [3, Theorem 2].

Corollary 4.4.6. If k ď m1 ď m2 ď ... ď mp, then we have

max.rankCp
p
ź

i“1

mi ´ k, m1, m2, ..., mpq “
p
ź

i“1

mi ´ kp ` max.rankCpkp ´ k, k, ..., kq.

Proof. Noticing that replacing H with C doesn’t affect the proof of Theorem 4.4.4,

we can repeat using Theorem 4.4.4 p times to prove the desired equality above.

Example 4.4.7. By letting k “ 1, 2 in Corollary 4.4.6, we have

max.rankCp
p
ź

i“1

mi ´ 1, m1, m2, ..., mpq “
p
ź

i“1

mi ´ 1

as well as

max.rankCp
p
ź

i“1

mi ´ 2, m1, m2, ..., mpq “
p
ź

i“1

mi ´ 2p ` max.rankCp2p ´ 2, 2, ..., 2q.

In 1978, Howell proved the following statements over a Principle Ideal Domain

(see [30, Theorems 7 and 8] and [60, Proposition 5.4 and Theorem 5.12 ]). We now

show that the result can also be extended to the quaternion case.
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Theorem 4.4.8. Let m, n, N1, ..., Np P N
`. Then we have

max.rankHpm, N1, N2, ..., Np, nq ď
p
ź

i“1

Ni ` max.rankH pm ´ 1, N1, N2, ., , , .Np, n ´ 1q

Proof. Let σ0 “ p2, 3, 4, ..., p´1q P rrIp´1 ď p`1ss. For any T P H
nˆN1ˆ¨¨¨ˆNpˆm and

τ P rrN1, ..., Npss, we have Projpσ0, τ, T q P Hmˆn, which can be viewd as an m ˆ n

quaternioinic matrix. Without loss of generality, we can assume its pm, nq entry is

non-zero for all τ P rrN1, ..., Npss, i.e.,

Projpσ0, τ, T qmn ­“ 0, @τ P rrN1, ..., Npss.

For each τ P rrN1, ..., Npss, define

Wτ “ Projpσ0, τ, T q´1

mn ¨ Rm pProjpσ0, τ, T qq b Cn pProjpσ0, τ, T qq ,

and let S be the tensor uniquely determined by

tWτ | τ P rrN1, ..., Npssu.

Then we have

m´1ăpT ´ Sq “ 0, n´1ăpT ´ Sq “ 0,

which implies

rankHpT ´ Sq ď max.rankH pm ´ 1, N1, N2, ., , , .Np, n ´ 1q .

Noticing

rankHpSq “
p
ź

i“1

Ni,

we have
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rankHpT q ď rankHpT ´ Sq ` rankHpSq

ď
p
ź

i“1

Ni ` max.rankH pm ´ 1, N1, N2, ., , , .Np, n ´ 1q .

Now, we can bound the rank of n ˆ n ˆ n quaternionic tensors.

Corollary 4.4.9. max.rankHpn, n, nq ď r3n2{4s.

Proof. If we apply Theorem 4.4.8 rn{2s times for p “ 1, then we have

max.rankHpn, n, nq ď nrn{2s ` max.rankHptn{2u, n, tn{2uq

ď nrn{2s ` tn{2u2 “
P

3n2{4
T

.

In 1979, Atkinson and Stephens ([3]) stated without proof that any n ˆ 3 ˆ n

complex tensors have rank no more than 2n ´ 1 . In 2010, Sumi et al. ([59, Theorem

5]) proved Atkinson and Stephens’ assertion and extended their result over the real

number field when n is odd . We now give a similar uppper bound for n ˆ 3 ˆ n

quaternion tensors.

Theorem 4.4.10. max.rankHpn, 3, nq ď 2n.

Proof. Let T “ pA; B; Cq P H
nˆ3ˆn. Without loss of generality, we can assume

rankHpAq ě rankHpBq ě rankHpCq.

There exist invertible matrices P1, P2 P MnpHq such that

P1AP2 “ Ir,
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where r “ rankHpAq ď n. Then we have

T1 :“ P1TP2 “ pP1AP2; P1BP2; P2CP2q “ pIr; P1BP2; P1CP2q.

Let X “ In and Y “ diagpy1, ..., ynq where y1, ..., yn P R are distinct. By Lemma 4.4.1,

there exists r P R such that pP1BP2 ` rXq is nonsingular and

pP1BP2 ` rXq´1pP1CP2 ` rY q

is diagonalizable, i.e., there exist Q P MnpHq such that

Q´1pP1BP2 ` Xq´1pP1CP2 ` Y qQ “ diagpλ1, ..., λnq.

Denote S1 “ pIr, X, Y q, then we have

T2 :“Q´1pP1BP2 ` rXq´1pT1 ´ S1qQ

“Q´1pP1BP2 ` rXq´1

´

Onˆn; pP1BP2 ` rXq; pP1CP2 ` rY q
¯

Q

“Q´1

´

Onˆn; In; pP1BP2 ` rXq´1pP1CP2 ` rY q
¯

Q

“
´

Onˆn; In; Q´1pP1BP2 ` rXq´1pP1CP2 ` rY qQ
¯

“
´

Onˆn; In; diagpλ1, ..., λnq
¯

.

Therefore, we have rankHpS1q ď n and rankHpT2q “ n, which implies
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rankHpT q “ rankHpT1q

ď rankHpS1q ` rankHpT1 ´ S1q

ď rankHpS1q ` rankHpT2q

ď n ` n “ 2n.

In [60], it is shown for 2 ˆ 2 ˆ 2 ˆ 2 tensors that the maximal rank is 5 over the

real field R while the maximal rank is only 4 over the complex field C. Now, we

show that the maximal rank of 2 ˆ 2 ˆ 2 ˆ 2 quaternionic tensors is bounded by 4

and 5.

Theorem 4.4.11. 4 ď max.rankHp2, 2, 2, 2q ď 5.

Proof. For any A P H
2ˆ2ˆ2ˆ2, denote

T “

»

—

–

A B

C D

fi

ffi

fl
“

»

—

—

—

—

—

—

—

–

a11 a12 b11 a12

a21 a22 b21 a22

c11 c12 d11 d12

c21 c22 d21 d22

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

and the action of pGLp2,Hq ˆ pGLp2,Rq ˆ pGLp2,Rq ˆ pGLp2,Hqq be denoted by

pA1, A2, A3, A4q ¨ T “ A2 ‹

»

—

–

A1AA4 A1BA4

A1CA4 A1DA4

fi

ffi

fl
‹ A3

If any of the sub-tensors

„

A B



,

„

C D



,

»

—

–

A

C

fi

ffi

fl
,

»

—

–

B

D

fi

ffi

fl
,
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has rank 2, then we have rankHpT q ď 2 ` 3 “ 5. Otherwise, we can assume without

generality that rankHprA Bsq “ 3, rankHpAq “ 2 and B is not diagonalizable. Let

P P M2pHq be an invertible matrix such that

P ´1pA´1BqP “ J “

»

—

–

λ 1

0 λ

fi

ffi

fl
,

where J is the Jordan canonical form of A´1B. Then we have

T1 : “ pP ´1A´1, I2, I2, P q ¨ T

“ I2 ‹

»

—

–

pP ´1A´1qAP pP ´1A´1qBP

pP ´1C´1qAP pP ´1A´1qDP

fi

ffi

fl
‹ I2

“

»

—

–

I2 J

P ´1C´1AP P ´1A´1DP

fi

ffi

fl

“

»

—

—

—

—

—

—

—

–

1 0 λ 1

0 1 0 λ

c1
11

c1
12

d1
11

d1
12

c1
21

c1
22

d1
21

d1
22

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

and rankHpSq “ rankHpT q. Choose λ0 P H with Repλ0q ­“ Repλq and denote

B1 “

»

—

–

λ 0

0 λ0

fi

ffi

fl
, C 1 “

»

—

–

c1
11

c1
12

c1
21

c1
22

fi

ffi

fl
, D1 “

»

—

–

d1
11

d1
12

d1
21

d1
22

fi

ffi

fl
,
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and

S1 “

»

—

—

—

—

—

—

—

–

0 0 0 1

0 0 0 λ ´ λ0

0 0 0 0

0 0 0 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

Then we have

T1 ´ S1 “

»

—

–

I2 B1

C 1 D1

fi

ffi

fl
.

By Lemma 4.4.1, there exists r P R such that pC 1`rI2q´1pD1`rB1q is diagonalizable.

Let Q P M2pHq such that

Q´1pC 1 ` rI2q´1pD1 ` rB1qQ “

»

—

–

λ1 0

0 λ2

fi

ffi

fl
.

Therefore, we have

S :“ pI2, I2 ` rE21, I2, I2q ¨ pT1 ´ S1q “

»

—

–

I2 B1

C 1 ` rI2 D1 ` rB1

fi

ffi

fl
.

Since

rankHpSď1q “ rankHprI2 B1sq “ rankH

¨

˚

˝

»

—

–

1 0

0 1

fi

ffi

fl

»

—

–

λ 0

0 λ0

fi

ffi

fl

˛

‹

‚
“ 2

and
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rankHp1ăSq “ rankHprC 1 ` rI2 D1 ` rB1sq

“ rankHprI2 pC 1 ` rI2q´1D1 ` rB1sq

“ rankHprQ´1I2Q Q´1pC 1 ` rI2q´1D1 ` rB1Qsq

“ rankH

¨

˚

˝

»

—

–

1 0

0 1

fi

ffi

fl

»

—

–

λ1 0

0 λ2

fi

ffi

fl

˛

‹

‚
“ 2,

we have

rankHpT q ď rankHpS1q ` rankHpT1 ´ S1q

“ rankHpS1q ` rankHpSq

ď rankHpS1q ` rankHpSď1q ` rankHp1ăSq

“ 1 ` 2 ` 2 “ 5.

On the other hand, consider the 2 ˆ 2 ˆ 2 ˆ 2 tensor T determined by the horizontal

slices:

R1pT q “

¨

˚

˝

»

—

–

1 0

0 1

fi

ffi

fl
;

»

—

–

0 1

0 0

fi

ffi

fl

˛

‹

‚
, R2pT q “

¨

˚

˝

»

—

–

0 0

0 0

fi

ffi

fl
;

»

—

–

1 0

0 1

fi

ffi

fl

˛

‹

‚
.

Since R1pT q and R2pT q are linear independent, we have dimH RpT q “ 2. For any

scalar q P H, we know by Lemma 3.3.3 that the quaternionic tensor

R1pT q ` qR2pT q “

¨

˚

˝

»

—

–

1 0

0 1

fi

ffi

fl
;

»

—

–

q 1

0 q

fi

ffi

fl

˛

‹

‚

has rank 3. Denote the left H-module generated by tR2pT qu by M . Again, by

Lemma 3.3.3, we have

rankHpT q ě min
APM

rankH pR1pT q ` Aq ` dimH RpT q ´ 1 “ 3 ` 2 ´ 1 “ 4.

Therefore, we have 4 ď max.rankHp2, 2, 2, 2q ď 5.
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Chapter 5

Future Work

Firstly, quaternionic 3-tensors with 3 frontal slices, namely m ˆ 3 ˆ n tensors over

the quaternions, would be a good direction for future work. In [58], the canonical

forms and maximal rank of m ˆ 2 ˆ n complex tensors were thoroughly studied.

Corresponding results for the m ˆ 2 ˆ n quaternion tensors were also obtained in my

recent research (Theorem 4.3.7). However, the maximal rank and canonical forms

of m ˆ 3 ˆ n tensors still remain unknown. Sumi et al. ([59]) showed that the

maximal rank of n ˆ 3 ˆ n complex tensor is no more than 2n ´ 1. In this thesis, it

is shown that the maximal rank of n ˆ 3 ˆ n quaternionic tensors is no more than

2n (Theorem 4.4.10), a slightly weaker bound. Since we have

max.rankHpm, 3, nq “ max.rankCpm, 3, nq

for any 2 ď m, n ď 3, and

max.rankHpm, 2, nq “ max.rankCpm, 2, nq
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for any m, n P N
`, it is natural to conjecture

max.rankHpm, p, nq “ max.rankCpm, p, nq

for any m, n, p P N
`. Therefore, the first step would be to study mˆ3ˆn quaternionic

tensors.

Moreover, it would be interesting to study how the underlying base can change

the tensor rank. We know that the maximal rank of any real 2 ˆ 2 ˆ 2 ˆ 2 tensor is

5, while the maximal rank for a complex tensor of the same size is 4 (these bounds

were shown earlier in [38] and [6] respectively). In this thesis, there is an example

of a complex tensor that has a strictly smaller rank over the quaternions than the

complex field (example 3.5.3). This example shows that a complex tensor could have

smaller decomposition into quaternion tensors. Therefore, considering decomposition

of complex tensors into quaternion tensors is another research direction.

Last but not least, apart from quaternionic 3-tensors, the tensor rank and tensor

decomposition problems for higher quaternion tensors are also worth considering. For

example, it is known that max.rankRp2, 2, 2, 2q “ 5 and max.rankCp2, 2, 2, 2q “ 4.

In the quaternion case, however, the maximal rank of 2 ˆ 2 ˆ 2 ˆ 2 tensors still

remains unknown. Although determining the rank of higher quaternion tensors is

considerably difficult, it is still a good idea to consider some upper bounds of the

maximal rank of those tensors.
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