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ABSTRACT

The matched feed concept is used to determine the electrical characteristics of a
line source feed for conical reflector antennas. A linearly polarized plane wave incident
on the reflector is used to determine the field distribution along and in the vicinity of
the focal axis of the reflector. The co-polar, cross-polar and axial field components are
determined and their dependence on the reflector size, the cone angle and the radial
distance is studied. The results indicate that for a line source of finite diameter, its sur-
face field distribution must contain other field components to generate a linearly polar-
ized far field. Based on the matched feed concept, line sources in the form of simple
dipole arrays are proposed and the conical reflector radiation patterns are computed.
The dependence of the pattern characteristics, such as the polarization, efficiency and

side lobe levels, on the dipole excitations is studied and discussed.

For the wide angle cone case, a microstrip comb line array feed is proposed and
studied. A compact design is also presented. In the design an optimization technique is
used to obtain the physical dimensions on one side of the substrate for the traveling
wave array. Correction formulas are used to compensate for the effect of discontinui-
ties in the structure and further correction is introduced to provide a proper impedance

match by the use of an admittance transformation.
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CHAPTER 1

Introduction

The widespread use of large reflector antennas, capable of high power transmis-
sion and low noise reception in satellite communication and radio astronomy, has
greatly stimulated research in this particular field. The main reason for this is the
requirement of a system with high gain, low side lobe level and low cross polarization

for point to point communication.

At UHF frequencies and above, where pencil beams become practical, reflector
antennas may be compared with other systems. The end-fire or Yagi, antennas produce
relatively high gain but suffer from a narrow frequency band. Phased array antennas
can be used to produce gains equal to those of reflector antennas, however, they are
not universally useful, since, they have complicated structures and are costly to pro-
duce [1]. On the other hand, reflector systems have simple geometries and are usually
inexpensive to fabricate. They can also be serviced mechanically with far less sophisti-
cation than phased arrays. As a single monolithic unit on a mechanically scanning
assembly, a reflector is relatively inexpensive to scan. A phased array, on the other
hand, requires a phase shifter for each element or at least for each subarray. Therefore,
the reflecting systems are the appropriate choice for most point to point communication

systems.

In reflecting systems, the reflectors are mainly used to modify the radiation from
a radiating element or feed . The reflectors that are of most interest in the antenna
field, can have a variety of contours like a circle, ellipse , parabola, hyperbola, etc, or
can have the shaped contour designed for some specific purpose [2]. The feed for the
reflecting system can either be helices, spirals, horns, etc, [3,4] or a feed consisting of

one or more secondary reflectors|[5,6,7,8].
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The plane reflector, because of simplicity, was one of the first reflectors to be
used in practice [2]. A plane reflector when placed near the radiating element reduces
backward radiation and provides gain in the forward direction. To better collimate the
energy in the forward direction, the geometrical shape of the plane reflector itself must
be changed so as to prohibit radiation in the back and side directions. One arrangement
which accomplishes this, consists of two plane reflectors joined so as to form a corner.
Successful corner reflectors have produced gain as high as 14 dB with a single feed

element [3].

The most useful of the high gain reflector antennas utilizes a paraboloidal surface.
The parabolic reflector has the property of transforming the wave originating from a
source at the focus into a pencil beam [9]. A parabolic reflector can take two different
forms. One configuration is that of the parabolic right cylinder, whose energy is col-
limated at a line that is parallel to the axis of the cylinder through the focal point of
the reflector [4]. The most widely used feed for this type is a linear dipole, a linear
array, or a slotted waveguide. The other configuration of a parabolic reflector is formed
by rotating the parabola around its axis, and is referred to as a paraboloid (parabola of
revolution). With this reflector, a pencil beam is generated by using a point source
feed. A corrugated conical horn has been widely utilized as a feed for this arrange-
ment [9].

The generation of pencil-shaped antenna beam by use of a point source feed and
paraboloidal reflector has reached a state of refinement such that extremely narrow
beam widths, low side lobe levels and broad band operation are relatively easy to
achieve. However, the beam axis coincides with the geometric axis of the paraboloidal
surface so that in order to scan the beam it becomes necessary to move the entire
reflector. To overcome this fundamental disadvantage, a portion of spherical reflecting
surface may be used as a reflector [10]. This antenna is obtained by the rotation of a
circular arc about an axis containing the center. The beam axis then coincides with the
radius of the sphere upon which the feed happens to lie. Scanning is achieved by a
simple rotation of the feed about the center of the sphere. However, a source located at

the focus of this sphere does not provide a perfect plane wave since a paraboloidal
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surface is necessary to create a plane wave.

The departure of the wavefront from a plane wave is known as spherical aberra-
tion. Due to spherical aberration, however, a point source feed cannot be used unless
the primary illumination of the reflector is confined to a relatively small zone of the
spherical surface [11]. The aperture efficiency is then small and total reflector size
becomes enormous relative to an equivalent paraboloid. In order to minimize the effect
of spherical aberration, two general approaches have been used. The first approach
involves the use of a restricted aperture and a reflector of a sufficiently large radius
[10]. This approach permits a simple design and is suitable for applications requiring
very wide scan angles . The second approach uses methods of compensation for spher-
ical aberration. These methods include the use of phased line-source feeds [12],
multiple-source feeds [13,14], auxiliary reflectors [15,16], or correcting lenses [17].
With these methods of compensation a larger aperture can be effectively utilized.
However, this is achieved at the expense of some complexity in design and at a reduc-

tion in the useful angle of scan.

There are a great variety of modern microwave feeds. Reflector antennas, how-
ever, are used from the ultraviolet optical region of the spectrum to the high-frequency
radio region. Thus, microwave feeds constitute a spectrally limited range of structures,
being special cases of more general antenna feeds. In general, a feed has a specific
electromagnetic purpose independent of a particular wavelength region. Implementation
of the feed system may be characteristic of a particular wavelength region, but many
feed techniques are not so limited, thus it is just as profitable to classify feeds by func-
tion as by type. The most common of the microwave feeds is the horn feed. The sim-
plicity of design along with its excellent impedance, polarization, and power handling
capabilities has led to wide usage of this type of feed [18]. It can be used in the
pyramidal, sectoral, or conical configurations and can provide a variety of polarization
by suitable design. A multiple horn feed system can be used to give beam shaping,

scanning, or aberration correction [19].




A helix is an example of a simple feed that can be used to give circular polariza-
tion [20]. For receiving applications where power handling capability is not a factor, a
helix can be used over an octave band with good impedance performance. In addition,

it does not require a special feeding arrangement to give the polarization properties.

The class of frequency-independent structures such as the planar spiral, the coni-
cal spiral, and log-periodic configurations have also been used as feeds [21,22,23].
These types have extremely wide-band characteristics and as with the helix, the spiral
configurations do not require special feeding arrangements to give circular polarization.
However, the log-periodic and the conical spiral configurations suffer from the fact
that the phase center is frequency dependent. Thus, the pattern properties of a

reflecting system will suffer defocusing effects if operated over a large frequency band.

In the case of a reflector that requires a line source feed, dipole and horn arrays
as well as slotted waveguides can be used [24,25,26]. The microstrip array, due its

small size and light weight, has been used as a feed for parabolic reflector [27].

The widespread use of paraboloidal reflectors has stimulated interest in the
development of feeds to improve the aperture efficiency and to provide greater
discrimination against noise radiation from the ground. This can be accomplished by
developing design techniques that permit the synthesis of feed patterns with any
desired distribution over the bounds of the reflector, rapid cutoff at its edges and very
low minor lobes in all other space. In recent years, the two main problems that con-

cerned feed designers were aperture efficiency and low cross-polarization [28].

In the receiving mode, an ideal feed and a matched load would be one that
absorbs all the energy intercepted by the aperture when uniform and linearly polarized
plane waves are normally incident upon it. The feed field distribution should be made
to match the focal region field structure formed by the reflecting, scattering, and
diffracting characteristics of the reflector [29]. By reciprocity, an ideal feed in the
transmitting mode would be one that radiates only within the solid angle of the pattern
and establishes within it an identical outward traveling wave. For this ideal feed sys-

tem, the transmitting and receiving mode field distributions within the focal region are
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identical with only the direction of the propagation reversed.

In the above single reflector system, the feed is usually placed in the path of the
main beam, thus blocking the main aperture and making it difficult to be reached for
servicing purposes. The aperture blockage by the primary feed with its supporting
struts leads to scattered radiation which results in decreased antenna gain and increased

side lobe and cross polarized radiation levels [30].

To improve the performance of large ground based microwave reflector antennas
for satellite tracking and communication, a two-reflector system was proposed [5].
The suggested arrangement is the Cassegrain dual-reflector system, which is often util-
ized in the design of optical telescopes. For an accurate description of its performance,
diffraction techniques should be used to take into account diffraction from the edges of
the subreflector, especially when its diameter is small [31]. In general, the Cassegrain
arrangement provides a variety of benefits, including: (1) the ability to place the feed
in a convenient location, (2) the reduction of spillover and minor lobe radiation, (3) the
ability to obtain an accurate equivalent focal length much greater than the physical
length, and (4) the capability for scanning or broadening of the beam by moving one

of the reflecting surfaces [2].

Suitable modifications to the geometrical shape of the reflecting surfaces have
been suggested, to improve the aperture efficiency [32,33,34]. The reshaping of the
reflecting surfaces is used to generate desirable amplitude and phase distributions over
one or both of the reflectors. The resultant system is usually referred to as a shaped

dual-reflector.

The classical Cassegrain system may be easily extended to include a variety of
forms by varying the curvatures of the two reflectors. The common variety of
Cassegrain system is the Gregorian system. The Gregorian system is similar to the
Cassegrain system in that a parabolic reflector is used, however the subreflector is
elliptic in shape rather than hyperbolic. As in the Cassegrain the performance of the
system can be evaluated in terms of an equivalent parabola [9]. The Gregorian system

is commonly used in radio astronomy with simultaneous multiple frequency feeds.
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The aperture blockage in the rotationally symmetric systems mentioned above
can be removed by either using an offset system [30,35] or supporting the main
reflector or the subreflector with a dielectric cone [36,37]. The offset fed reflector
antenna has become increasingly attractive for satellite communications where low side
lobe levels are essential to achieve good isolation between adjacent high gain beams
operated over the same frequency band. To meet these requirements, the use of offset
reflectors is becoming desirable since the severe limiting effects of aperture blockage
on front fed paraboloidal reflectors can be entirely removed [38]. The offset system
has the advantage of reducing the mutual reaction between the reflector and the pri-
mary feed. It also makes it possible to use a larger focal length to diameter ( f/d ) ratio
while maintaining acceptable structural rigidity. As a result, offset reflector primary
feeds employ a larger radiating aperture, which in certain cases can improve the shap-
ing of the primary pattern and give a better suppression of the cross polarized radiation

emanating from the feed [30].

A conical reflector has a simple geometry and focuses a point at infinity, to a line
along its axis [39]. For finite reflectors, the size and axial location of the line depends
on the cone angle and size. It falls between the cone apex and the aperture when the
contained cone angle becomes 900 [40]. Because the line source is large in size, and is
difficult to design, conical reflectors have not found a wide spread application in com-
munications. However, they provide certain advantages in the simplicity of the
geometry and mechanical alignment. A large, high precision, furlable surface can be
obtained at relatively low cost. Their performance has not been studied systematically,
but a few studies have been reported in the literature to address their performance. The
most extensive work on these reflectors is reported by Ludwig [41,42], who has stu-
died their performance experimentally using a line source feed and a Gregorian sub-
reflector. Aperture efficiencies in the order of 60% are achieved. With a Gregorian
sub-reflector having a paraboloidal profile as shown in Fig. 1.1, the structure can be
illuminated by a point source using a corrugated conical horn via a subreflector (gen-
erated by a parabolic arc). However, the subreflector size is normally large and causes

excessive aperture blockage, resulting in loss of efficiency and high side lobes.
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The conical-quadreflex design [43] was conceived to reduce the subreflector size. The
conical reflector in this design as shown in Fig. 1.2, is illuminated by a corrugated
conical horn via two subreflectors, one elliptic-shaped and the other urn-shaped. The
reduced subreflector size (diameter) significantly decreases the blockage loss but also
degrades the capability for multiple operations. Since the design requires multiple
reflections on the conical surface, the surface losses are increased. Finally, the conical
reflector fed by a line source feed is shown in Fig. 1.3. The feed consists of a uniform
length of circular waveguide with radiating holes and fin phase correctors [44]. The
feed utilizes the radiation principles upon which a line feed constructed for the Arecibo
spherical reflector was based [26]. The conical-line-source design not only minimizes
the blockage and surface losses, but also reduces the antenna weight. This approach
has two short comings : narrow bandwidth, and excessive ohmic losses due to the
length of the waveguide. The line source feed must provide an appropriate reflector
illumination to generate the desirable far field patterns. The requirements of such a line
source can be determined from the focal region field analysis, which in turn can be
used in its design [45,46].

The purpose of this thesis is to investigate conical reflector antennas in a sys-
tematic way. This is accomplished by using the matched feed concept to determine the
electrical characteristics of a line source feed for conical reflector antennas. The perfor-
mance of conical reflectors with a line source feed in the form of an array of dipoles
of different configurations have been investigated. Also, The performance of conical

reflectors with a microstrip comb line array has been investigated.

In chapter II, the matched feed concept is used to determine the electrical charac-
teristics of a line source feed for conical reflector antennas. The performance of coni-
cal reflectors with a line source feed in the form of an array of dipoles of different
configurations are presented in chapter IIl. In chapter IV, the performance of conical
reflectors with a line source feed in the form of two microstrip comb line arrays are
presented. Finally, conclusions of the work presented herein are drawn and recom-

mendation for future work suggested in chapter V.
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CHAPTER II

The Field Distribution in the Focal
Plane of Conical Reflectors

2.1 Introduction

The matched feed concept is used to determine the electrical characteristics of a
line source feed for conical reflector antennas. In the matched feed approach, the
reflector is illuminated by the desired far field, as a receiving antenna, and its focal
region field is determined by computing the scattered field [28,29]. From reciprocity,
the ideal feed aperture distribution must match this focal region field. A linearly
polarized plane wave incident on the reflector is used to determine the field distribution
along and in the vicinity of the focal axis of the reflector. The co-polar, cross-polar
and the axial field components are determined and their dependence on the reflector

size, the cone angle and the radial distance is studied.

2.2 Formulation of the focal region field

The focal region field distribution depends on the type of incident field and the
reflector parameters. Here, we determine the focal region field, using a physical optics
current distribution method. Since the reflector geometry is symmetric, a linearly polar-
ized incident field provides adequate information on the focal region field [28,47]. We
therefore select the reflector of Fig. 2.1, and illuminate it axially with a linearly polar-
ized plane wave. The incident electric and magnetic fields from the plane wave have

only the x and y components respectively, which can be written as :

Eff=k Zyel @2.1)

~ 11—
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Fig. 2.1 : The geometry of the conical reflector.
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Hyinc = —f olk (2.2)
where £ and Z; are the wave number and the intrinsic impedance of free space. The
time dependence e/“' is suppressed throughout. The incident magnetic field H,
induces current distributions on the conducting cone.

The field radiated by the induced current distributions, J , can be written as [48] :

s _ "o ,
B = {Yg+y¢[1@]@}¢m (2.3)

in which &, is a unit vector from the source point M to the field point Q, and

1 1
Y =k*-— |jk+—
1 k - jk+r
3 1. 1
Yy=—k?>+= + = 24
2=-k " [Jk r} (2.4)
~jkr
o=2
-

r= { [p—p’]2+ {z—p'cotv]2+4pp’sin2 [¢;¢' H

In these equations (p,¢,z ) and (p’,¢",z") are the the position vectors of the field

and the source points, respectively.

The surface currents J can be determined using the physical optics approximation as :

J=2(f x H"™) 2.5)

where # is the outward unit normal to the reflector surface, which can be written as :
£ = —cosvcosq’ &, cosvsing’ &+ sinv &, (2.6)

in which &, &, and &, are unit vectors in the direction of the Cartesian coordinates

x.y,2).
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Substituting (2.2) and (2.6) into (2.5), one obtains, the components of the surface

current density as :

J, =2k sinv ekp’cow

J, =0.0 @.7)

J, =2k cosvcos¢’ ek oo

Substituting (2.7) into (2.3), we obtain the components of the scattered field as :

D22
—jZ
E, = ;no J j {Y1+Y2 ——1—2—] [pcos¢+ [z cotv—p’ [1+cot2v}]cos¢']
00 ’
: [p cos¢-—p’cos¢'} } @ 74P OV 5 " d ¢’ (2.8)
D2 2
—jZ
E, = ;.1:0 j J‘ {Yz Lz] [pcos¢+ [cotv-—p’ [1+cot2v] ]coscb’:l
00 r
: [psincp—p'simp'} }cpefkp’mw p'dp’de (2.9)
D2 2m
_jZO ’ 1 ’ ’
E, = . Y cotvcosd'+Y, -’—5 pcos¢+ | zcotv—p 1+cot?v | |cosd
0 0

. [z-—pcotv] } @ e*P N 5" dp” d ¢y (2.10)

which may be used to compute the focal region field. Idealy, one should compute these
field components on the cone axis, which is also the focal line. However, a practical
feed will have a finite radius and the field distribution must be computed on its sur-

face, which in most cases is a cylinder. In the following section, we provide the
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computed field components on the cone axis and its vicinity to investigate their depen-

dence on the cone parameters and the feed radius.

2.3 Numerical results for the focal region fields

The components of the scattered field, from equations (2.8) to (2.10), are com-
puted to determine the nature of the focal field distribution on and near the cone axis.
Figs. 2.2, 2.3, and 2.4 show the behavior of the normalized co-polar field component,
i.e. E,, for a reflector with an aperture diameter of 30.0 A, along the cone axis (p =0
) and on cylindrical surfaces, representing a line source of finite radius, for various
cone angles. The field distributions are similar, but their intensity decreases with
increasing p. On the cone axis, i.e. on the focal line, the cross-polar component E,,
and the axial field component E, are both zero. Thus only the co-polar component E,
has a non zero value. Similarly in the H-plane, (¢ = 90°,p =0.0), both E, and E,
components are zero, but E, has a non zero value. The field distributions on a cylinder
of radius 0.25 A, about the cone axis, are shown in Figs. 2.5, 2.6, and 2.7 which are
normalized with respect to the co-polar peak intensity on the cone axis shown in Figs.
2.2, 2.3, and 2.4, respectively. For the wide angle cone, in Fig. 2.5, both the cross-
polar E;, and axial component E, are small. However, when the cone angle reduces to
125° in Fig. 2.6, the cross-polar field component remains small, but the axial field
component E, becomes significant. Decreasing the cone angle further to 90° in Fig.
2.7, both cross- polar and axial components increase rapidly and the latter one
exceeds the co-polar component E,. Figs. 2.8, 2.9, and 2.10 show the phase distribu-
tions of the field components shown in Figs. 2.5, 2.6, and 2.7, respectively. For large
cone angles, the phase varies rapidly, but as the cone angle decreases to 90°, its rate
of change reduces to zero. In the latter case, the co-polar and cross-polar components

have similar phase distributions, but the axial component is in phase quadrature.

The variation of the focal region field distributions as a function of the radial dis-
tance for various cone angles of 150°, 125°, and 90° and for different locations along

the focal line are shown in Figs. 2.11, 2.12, and 2.13, respectively. Both E, and E,
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components are computed in the E-plane, (¢ = 0°), while the E, component is calcu-
lated in the ¢ = 45° plane, where they have maximum distributions. Their relative
magnitude and variation with the cone angle are similar to the previous cases discussed
above. These figures also show that near the axis the co-polar field component E,
decreases with p, but other field components increase. This indicates that in design of
practical line sources that have a finite radius, the cross-polar and axial field com-

ponents must be finite to cancel the reflector generated cross-polar fields.

Since the focal region fields have relatively complex distributions, with excessive
amount of oscillations, design of line sources with corresponding excitations would be
impractical. The line source designs would become considerably simpler by selecting
smoother distributions. Consequently, the original focal field distributions are also used
to generate, hypothetical, but smooth distributions, using a curve fitting approach [49].
Two such examples are shown in Figs. 2.14 and 2.15 that correspond to the focal field
distributions of Figs. 2.5 and 2.7. They are also used later in this study to investigate

the conical reflector performance.

In Fig. 2.16, the calculated co-polar field component, i.e. E,, for a reflector with
an aperture diameter of 30.0 A, along the cone axis ( p =0 ) is plotted. The results
obtained using the present work (PO) is compared with the numerical solution based
on the method of moments (MOM) [50].The agreement demonstrated in Fig. 2.16, is
found to be reasonable. For the phase distributions shown in Fig. 2.17, the (PO) and
(MOM) methods are in good agreement.
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Fig. 2.2 : The co—polar field component E_

on and near the focal line, ¢ = 0°
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Fig. 2.4 : The co—polar field component E_
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CHAPTER III

Radiation from Conical Reflectors
With Dipole Arrays

3.1 Introduction

The investigation of the focal region field in the previous chapter shows that for
large angle cones, both cross-polar and axial components are negligibly small near the
axis. Thus, for antennas with a moderate cross-polar radiation, a linearly polarized
array, such as a dipole array may be used as their line source. On the other hand for a
90° cone, the axial component is also significant in magnitude near the axis, and a
dual polarized array must be used. Using dipoles, such an array may be simulated by
two separate arrays, one polarized along the co-polar field and the other along the cone
axis. These arrays are selected because of the fact that, line sources using slotted
waveguides have already been studied [6,44], and dipole arrays can be designed and
fabricated readily using the microstrip technology.

In this work we have used the focal region field to determine the excitation of
each dipole, i.e. array elements, at their location. The selected array excitations are
then used to compute the line source field and subsequently the scattered field of the
reflector, to study the reflector performance.

In the following sections, the expressions for the radiation patterns of conical
reflectors with dipole arrays as feeds, are derived and used to compute the radiation
patterns. For selected cases numerical data for both co- and cross-polar patterns are

generated to examine the conical reflector performance with these simple feeds.
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3.2 Wide Angle Cone with Linearly Polarized Feeds

Consider a line source feed in the form of an array of linear dipoles oriented
parallel to the x-axis and located along the z-axis of the coordinate system of Fig. 3.1.
For a perfectly conducting cone, the far zone field radiated by the induced current dis-

tribution J may be computed from [51] :

—kZy . v
B = — 2R J [ - (38p) 8] e "% dis @3.1)

§

The incident magnetic field from the feed ( Appendix A ) on the conical reflector,

can be written in the rectangular coordinates as :

NJC
HZE, = 211;2 By [— [p’cotv—dsci] 8, + [p' sind)'} z}z] (32)
i=1
in which ;
I (i ) e—jkdm'coseo
Bsci = — sf 2 - 2 WSCi (3.3)
“p sind J + [p cotv—dsci] J
W = | e — 2cos[ > } e 4 e‘f"’ﬂf] 3.4)
i L) ,]12
Toui = p’cosq)’—Tx} + [p'sin¢’]2+ [p'cotv—dsc,-] }
" ( 2712
Tsei = kp'cos¢’]2+ [p'sin¢'}2+ [p’cotv—dsa-] :l / (3.5)

2 |2
+ [p'sin¢'}2+ [p’cotv—dsc,-} }

’ ’ Lx
Tai = | |PTCOSY+—-

and 6, is the direction of the array beam, which is equal to the contained cone angle
2v.
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Fig. 3.1 : Conical reflector having a line source
feed in the form of an array of linear dipoles,
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Using (3.2) and (2.6) in (2.5), one obtains the components of the surface current den-

sity as :

N,

Jy = -21? sinv Z B [p’ cotv Coszq),_dSCi:l
-
. NJC
J, = 5’1; sinv 2:4 By [p' cotv sin¢’ COS¢'] G.6)
1=
R NJ’C
J, = 5]1—{ sinv Z B, [p’ cot?vcosd’ — cotv cos¢’ dsci]

i=1
Substituting (3.6) in (3.1), one can write the contribution of the rays reflected from the

reflector in the far-zone as :

D2 2n

—jkZo .
E.r = il e /R { {cos@ cos¢J, + cosBsingJ, — sin6J, ] &g + [—sianx +

4nR
0 0

cosdJ,, J ﬁq, } ¢ kP (sinBoos(@—4) + cotv c0sB) o7 cysecy d p” d ¢ 3.7)

and following the same procedure as in [52], the contribution of the direct rays from

the feed in the far-zone as ;

kL kL
"7 N, cos | ——sinBcosd | — cos 5
E, = o e /KR ZI @) ejkd,d(cose—coseo) 2
! 4nR el ¥ 1 - sin0cos?¢
2 .
: [—]-C—] [cosecos¢ &g - sing (94,] (3.8)

where &y, &4 and &\‘q, are unit vectors along a spherical coordinate system (R ,0,0) ,

and ;
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dsci = Sos"'(i_l) dse

v is the cone half angle,

N, is the number of x-directed dipoles,

L, is the resonant length of the dipole,

S,s 18 the location of the first dipole from the apex,

d,. is the separation between adjacent dipoles, and,

ISC

(i) being the actual or the hypothetical x-component of current according to

the focal region distribution.

3.3 Narrow Angle Cone with Dual Polarized Feed

Consider a line source feed in the form of two orthogonal arrays of linear dipoles,

polarized along x and z directions as shown in Fig. 3.2. Following the same procedure

as in the previous section, and by making use of Appendices A and B we can write

the contribution of the reflected rays from the reflector in the far-zone as :

where ;

EGur =

D2 2x

e_ij (]) { {Eeur +E9cr +Eelr} &9+ {Eq)ur +E¢cr +E¢lr] &(b}
0 0

—JKZ o

ejk p’ (sinB cos(¢ — ") + cotv cos8) P' dp' d(b' (3.9)

3\

N

2u L
Z B, {cose cosd [ — p’cosd’ + Tw + cos0 sing [—p'sinq)' ]
i=1 P

— sin® [ — p’ cotv + cotv cos¢’ -L—;— } (3.10)

7
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Fig. 3.2 : Conical reflector having a line source
feed in the form of two orthogonal arrays of

linear dipoles, polarized along x and z directions.
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N,

Egy = Z B,.; { cos6 cos¢ [p’cotv cos?y’ — d; ] + cos0 sind [p'cotv sing’ cos¢’ ]
i=1

— sin@ [+p’ cot?v cosd” — cotv cosd’ d xi] } (3.11)

N, zl

’ ’ LW . ’ e
Eg, = Z B,; \cosBcosd | — p’cosd — + cos0 sin¢ [—p sind ]

i=1

LW
— sin@ |—p’cotv — cotv cos¢’ > (3.12)
Nzu L
E gy = B, {—sinq) [ - p'cos¢’+——21V— + cosd [—p’sinq)'] } (3.13)

Il
—

i

N

Eyer = ZB,C,- {—sind) [p'cotvcosch' — dy } +
i=1

cosd [p' cotv sin¢’ cos¢’ } } (3.14)

Ny
— - s ’ ’ Lw ’_: I]
Ey = ; B, {— sing [— p’cosd — + cosd [—p sin¢ } (3.15)
with ;
I : _jkq)xu
B m@)e %] Wi (3.16)

[ [p’cosq)’— —L—zw—

¢ [yrsm )2
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L, () e 0=
B, = X | 2| W (3.17)
llp'sin¢'J2+ [p’cotv—d,d}_' k
L;() e‘]'k% 5
By = 0 < W (3.18)
[ [p'cos¢'+—§i-’ + [p'sinq)']zJ
o kL o o
Wi = -;— [e Hrwi _ 2cos [ = ]e i g g IR } (3.19)
kL
Wi = % [e e _ 2008[ 2x }e i . g~k } (3.20)
o KL, | ., .
W =% [e i — 2cos [ > ]e i 4. g~k } (3.21)
and ;
’ ’Lw‘z o, ' L221/2
Tui = p’cosd — + [p'sing” [“+ |p cotv—d,; 5
r 12 ) .12
Fuci = [p’cosq)'——éw— + [p'sin¢']2+ p'cotv—dzi] jl (3.22)
L, 2 o, ’ L 27122
Tui = p’cosd — + |p'sing” [“+ |p cotv—dzi+7
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Feui

Teci

cli

i =

Fiei =

Ty;

3 I 2 ) 12
’ ’ X r s ari2 ’
] Lp cosd ——2—] + [p smq)] + [p cotv—dx,-] }
" [ ’ ’ 2 F 23 2 2 ’ 2 1/2
[P cosg” [“+ |p'sing” [“+ |p’cotv—d (3.23)

2 ) 172
+ [p'sin¢']2+ [p'cotv—d,a-] }

’ ’ Lx
[ [p coso +—2—

C( L )2 27172
p’cos¢’+——é—v— + [p'sinq>']2+ p’cotv—dz,--—;—]:,

J

T r L 12 ) ) 172
‘cosd’+—— | + |p’sing’ [2+ |p’cotv—d,; (3.24)
P P G

2 Py
ZJ 112

2 L

p, coty _dzi + “'iz—

+ [p' sin¢']2+

’ ’ LW
[ [p cosd +—2——

The contribution of the direct rays from the feed in the far-zone can be written as :

—JjkZy .
Edir = anR e JkR { [Eeud +Eecd +E91d] 5‘9 +E¢cd 6¢} (325)
where ;

N +j£ sinBcos®
Egu = Y L) e ¢ 2 ¢/ 059

i=1

kLZ kLZ
cos |——cosB | — cos
[ 2 } 2 2 [ ind ] (3.26)
= — sin .
k 1 - cos20
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N,
. —jk O jkd ,; cosO
Eecd=21xc(l)e’¢ e’

i=]

) e[
cos | ——sinfBcos¢ | — cos
. {%] 2 2 [cosﬂcos&b] 3.27)

1 — sin®6cosd

Na jkle sinBcosd
N i cos
Egy = lel(z) g kb o7 2 g OO

i=1
kL, o kL,
} cos | ——cosd | - cos | — {

' [ 1 - cos®0

N,
.\ —jkb, jkdyicosB
Egoa = D, Ly (i) e ¢/

i=]

|

dy = Set+(i-1) d,

— sin@ ] (3.28)

x|

~ sing } (3.29)

L)

[ -on [ 7
] cos —2—sm cosd [ — cos 2 [

1 - sin®Bcos?)

in which ;

dyi = So; +(i-1) d;

N,. is the number of x-directed dipoles,

N,, (=N,) is the number of z-directed dipoles,
L, resonant length of x-directed dipole,

L, resonant z-directed dipole,

L, is the separation between the z-directed dipole and its image,
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Sox  is the location of the first x-directed dipole from the apex,
S, 18 the location of the first z-directed dipole from the apex,
d, is the separation between adjacent x-directed dipoles,
d, is the separation between adjacent z-directed dipoles,

I, (i) is the actual or the hypothetical x-component of current according to the
focal region field distribution,

1,() (=1,;@)) is the actual or the hypothetical z-component of current
according to the focal region field distribution,

¢, is the phase of the x-component of current according to the focal region
field distribution, in the plane ¢ = 0° .

¢,, is the phase of the z-component of current according to the focal region
field distribution, in the plane ¢ = 0° , and ,

¢, 1is the phase of the z-component of current according to the focal region field

distribution, in the plane ¢ = 1807 .

The antenna gain in the boresight direction G , is given by [9,48,53] :

_POWmax _4ma _ wD,
G = P, =2 n= (T) n (3.30)
4n

where;
P (6,0) is the power radiated per unit solid angle in direction 0 , ¢,
P, is the total power radiated,

A is the aperture area, D is the aperture diameter,

(_7;2)2 is the gain of a uniformly illuminated constant phase aperture and,

1N is the gain factor.

The radiation characteristics of the conical reflector can now be determined from

these expressions.
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3.4 Numerical Results and Discussions for Far Field Patterns

In the examples to follow, both wide and narrow angles cones are investigated.
In each case an appropriate dipole array is selected and the reflector far field data is
computed. The number of elements in each array is selected such that, the array length
equals approximately the geometrical optics line source length [54,55]. Figs. 3.3 and
3.4 show the behavior of the co-polar and cross-polar field components for a wide
angle reflector with an aperture diameter of 30.0 A, having different array element
excitations. The Eg component is computed in the E-plane, (¢ = 0°), while the E,
component is computed in the H-plane, (¢ = 90?). The cross-polar component is com-
puted using Ludwig’s [56] third definition in the plane, ¢ = 45°, where it has max-
imum distribution. Fig. 3.3 shows the results for an array of half wave dipoles having
the current excitation given according to the exact focal region field (I =Igppr)
shown in Fig. 2.5, while Fig. 3.4 shows the results for the same array, but with the
current excitation given according to the hypothetical focal region field (/ =Igppr)
shown in Fig. 2.14. From Figs. 3.3 and 3.4 it is clear that the peak cross-polarization
is -32 dB and the first side lobe level in the H-plane is -13 dB, while in the E-plane it
is close to -16 dB. The results show that, the reflector performance is not comprom-
ized by selecting the simpler focal region field of Fig. 2.14, instead of the original

complex one in Fig. 2.5.

Figs. 3.5 and 3.6 show the behavior of the co-polar and the cross-polar field
components for a 90° conical reflector, having different array element excitations with
an aperture diameter of 30.0 A, having different array element excitations, for a dual
polarized array of half wave dipoles. Fig. 3.5 shows the results for dual polarized
array of half wave dipoles having the current excitation given according to the exact
focal region field (I =Ipppp) shown in Fig. 2.7, while Fig. 3.6 shows the
results for the same array, but with the current excitation given according to the
hypothetical focal region field (/ = Igrgpr) shown in Fig. 2.15. From Figs. 3.5 and
3.6 it is clear that the peak cross-polarization for dual polarized feeds drops to less
than -38 dB, and the first side lobe level in the E and H-plane is close to -12 dB,
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while in the E-plane it is close to -15 dB. Again, the use of simpler line source distri-

bution of Fig. 2.15, has not deteriorated the results significantly [57].

Fig. 3.7 shows the behavior of the co-polar and cross-polar field components for a
wide angle reflector with an aperture diameter of 30.0 A, having the current excitation
given according focal region field shown in Fig. 2.16. The results obtained using the
present work (PO) is compared with the numerical solution based on the method of
moments (MOM) [50].The agreement demonstrated in Fig. 3.7, is found to be excel-

lent.

The variation of the antenna gain with the number of array elements (V,.), and
the optimal location of the first array element from the apex (s,,) is shown in Fig. 3.8.
It is clear that, the antenna gain is increased initially by increasing the number of array
elements until it reaches maximum and drops thereafter. Also by increasing the
number of array elements, to reach the maximum gain, the optimal location of the

first array element from the apex is decreased.

In these examples, the use of dipole arrays provides far field patterns with satis-
factory gain factors of about 84 % and small cross-polarizations. The computed gain
factors include the feed spillover power but exclude the substrate and load losses. They
compare favorably with theoretical gain factors of paraboloidal reflectors, normally
around 82 %. In practice, however, the reflector gain factor will depend on the type of
array feed used. With an ideal resonant array the substrate is the only source of loss
and when neglected gives the above theoretical gain factor, but within a narrow fre-
quency band. With traveling line arrays, on the other hand, a small percentage of the
incident power is lost in the load which reduces the reflector gain factor, but the line

source bandwidth is inherently large.

In the above examples the side lobes of the reflector far field patterns are high,
and around -15 dB. This is due to the fact that the focal region fields were determined
using a uniform illumination of the reflector aperture by a plane wave. In practice, to
reduce the side lobes, one can determine the focal region field using a tapered aperture

field [58]. This is clear from both tables 3.1 and 3.2, where the variation of the
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calculated gains, first side lobe levels with the aperture distribution are demonstrated.
Table 3.1 shows the variation for the wide angle reflector case, while table 3.2 shows
the variation for the narrow angle reflector case. From tables 3.1 and 3.2, we can con-
clude that the variation of the calculated gains, first side levels with the aperture distri-

bution, are in good agreement with the aperture theory [48].

Figs. 3.9 (a&b), 3.10 (a&b), and 3.11 (a&b) show the behavior of the normalized
field components, E, and E, over the aperture plane (z=const) of a wide angle conical
reflector, at different locations from the apex, using the present work (PO). The current
excitation for the feed elements is given according to the exact focal region field

(I = IE.F.R.F) shown in Flg. 2.5.

The above results for both wide and narrow angle cones indicate that dipole
arrays can be used as feeds for conical reflectors. Traditionally, line sources were
designed using slotted wave guides, which are difficult to design and fabricate. The
performance of printed dipoles, on the other hand is easy to understand and techniques
for their designs is available [59]. Since their fabrication is relatively simple and low
cost, line sources using dipole arrays seem an attractive alternative to slotted wave

guides.
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Table 3.1
Variation of the calculated gains, first side lobe levels

with the aperture distribution.

D=300A Sy, =150A dy, =0.504
N, =61 v=750°

o ) First side lobe levels (dB)
Aperture distribution | Gain (dB) | Gain factor (%)
E-plane H-plane
A 38.75 84.48 -15.57 -12.73
B 37.55 64.06 -22.96 -18.23
C 35.91 43.98 -25.91 -20.49
D 38.70 83.49 -19.79 -15.90
E 38.55 80.79 -20.77 -16.60
0
A ... Uniform plane wave [ 1-r2 ]
1
B ... Taper plane wave [ 1-r? }
2
c ... Square taper plane wave [ 1 —r? ]
1
D ... Taper to 0.75 at the edges plane wave , 0.75+ { 1-7r2 ]
1
E ... Taper to 0.50 at the edges plane wave , 0.50 + { 1—r2 ]
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Table 3.2
- Variation of the calculated gains, first side lobe levels

with the aperture distribution.
D=300XA S, =190A S,, =2.15A

d, =050 A d, =050%\

2u

N, =21 N, =2 v=450°

o . First side lobe levels (dB)
Aperture distribution | Gain (dB) | Gain factor (%)
E-plane H-plane
A 3872 83.96 -15.62 -11.77
B 37.46 62.73 -21.62 -16.10
C 35.73 42.20 -22.93 -16.97
D 38.70 83.62 -19.31 -14.61
E 38.55 80.79 -20.11 -15.16
0
A ... Uniform plane wave [ 1-r2 ]
1
B ... Taper plane wave [1—1‘2 ]
2
C ... Square taper plane wave [ 1 —r? ]
; 1
D ... Taper to 0.75 at the edges plane wave , 0.75+ | 1 - r? )
. 11
E ... Taper to 0.50 at the edges plane wave , 0.50 + | 1-r? )
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CHAPTER 1V

The Performance Of Conical Reflectors
With A Microstrip Comb Line Array Feed

4.1 Introduction

The fields in the focal region of conical reflectors illuminated by a linearly polar-
ized plane wave have been considered in [46,58]. It was shown that for large angle
cones, both cross-polar and axial components are negligibly small near the axis. Thus,
for antenna with a moderate cross-polar radiation, a linearly polarized array such as

dipole array can be used as their line source [57,58].

For practical implementation of dipole arrays a microstrip configuration may be
used that facilitates the design and fabrication. For wide angle cones the linear array
can be implemented using comb line [60,61] radiating in both directions, Fig. 4.1 a.
Here, the radiation intensity is proportional to the dipole widths and the focal region
field along with the traveling line antenna properties can be used to determine their
location and width. For the 90° cone, the dual polarized dipole array can be designed
by a combination of comb line and the proximity coupled dipole arrays shown in Fig.
4.1 b. The coupling coefficients can be controlled by the dipole separation from the
feed line [59]. Alternative designs using undulated lines, with or without a conducting
ground plane is also possible [62,63,64] and can be designed using the traveling wave
antenna theory. In this work we have studied the performance of conical reflectors
with a line source feed which is made of an array of microstrip comb lines. In this
work we have used the focal region field to determine the excitation intensity of each
microstrip comb line stub, i.e. array elements, at their location. The selected array
excitations along with the traveling line antenna properties can be used to determine

the stub locations and their widths.
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transmission line

Fig. 4.1a : Geometry of comb line array.

transmission line

Fig. 4.1b : Geometry of a dual polarized array using a comb

line and proximity coupled diploe array.
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In the following section, The expression for the far field patterns of conical
reflectors with a line source feed in the form of two microstrip comb line arrays, are
derived and computed using a numerical integration of the physical optics currents. For
selected cases numerical data for both co- and cross-polar patterns are generated to

examine the conical reflector performance with these simple feed.

4.2 Wide Angle Cone with Linearly Polarized
Microstrip Comb Line Array Feed

Consider a line source feed in the form of two microstrip comb line arrays (Right
comb line and Left comb line), radiating in both directions, oriented parallel to the x
axis and located in both sides of the y axis of the coordinate system of Fig. 4.2. The
incident field from the feed induces current distributions on the reflector surface, which
is assumed to be perfectly conducting.

The direction of the array beam 0,, which is equal to the contained cone angle

2v can be write as [65] ;

A A
D e '1'
cos6, Ay s 4.1)

where;
A is free space wavelength for a given operating frequency f,, and,

ng is the guide wavelength of the feeder line, which are related for a given

microstrip material €, [66] as ;

Ay = — 4.2)

Ve,

Using (4.2) in (4.1), we can obtain s which is the separation between adjacent

stubs.

Having calculated the excitation coefficients according to the focal region field
[58], one can obtain ( Appendix C ) the electrical quantities, and the physical dimen-

sions of the microstrip comb line array.
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Fig. 4.2 : Conical reflector having a line source
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The incident magnetic field from the feed ( Appendix D ) on the conical reflector, can

be written in the rectangular coordinates as ;

. th 2 Ve
H* = Lo 53 A [(qwx)&x +(qwy)é, + (qwz)&z] (4.3)
nZ, j=li=1
in which ;
A gij = E yjwy e % 0% 4.4
gwx = AJJ | - sin€’;; cosd’;; cosd’;; ] + ARR [ — cos®’; ]
qwy = AlJ - Sine'ij Cosefij Sin¢,ij } + ARR { 0.0 ] (45)
gwz = AJ] | + sin(-)'zij ] + ARR [ + sin®’;; cos¢’;; ]
AT = j [sinA,.,-+ | T;; | sinBij] (4.6-2)
ARR =k (EEffij )1/2 |:COSA ij = l —fl] l cos B tj] (4.6-b)
A= k[+ in®’ ' 1/2:| Lif (4.7-a)
ij = SInG ;; cosd ij (eeffij ) T ./-a
1 L
B ij = A ij = 2k (Eeffij) 2 4.7-b)
_ sinY’ sinZ’ e T
Wscij - Y’ 7’ th r,ij (4'8)
Y’ = kh Sine'ij Sin¢,ij
o 1 ’
Z = —2—k WijCOSQ ij (49)

+j k ,:h sin®’;; sin¢’;; + %Wijcose’ij }
hwp = e
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— ’ ’ 2 2. , 2 , 2 12
r'i; = | (p'cosy” — x;; ) + (p’sing” — y;; )* + (p’cotv — dg;;; )
r ’ ’ 2 Y 5 12
P’ij = | (p'cosd” — x;; )" + (p'sing” — y;; ) (4.10-a)

. Y ’
smeij—pij/rij

Cose’ij = (p,COtV - dSCij )/r'ij
sing’;; = (p’sind” — y;;)/p’;; (4.10-b)
cos’y; = (p’cosd” — x;; )/ p’;

—~j k dgij cos®

with the term e ° being the array scanning factor.

Using (4.3) and (2.6) in (2.5), one obtains the components of the surface current den-

sity as ;
2%k hsinv 2 Ne i Y
in' = l——"é“— Z A scij - coWsmq) qwz — gqwy ]
L j=li=1 -
3 1 2 Ns:: [
J,; = LRSIV ’ésm" >3 Ay | +cotveosdqwz + qux ] 4.11)
"L, j=li= -
3 1 2 N.vc [
Juij = JX A SV 2/;hzsmv 22 Agij | —cotv cosd’gwy + cotv sing” gwx ]
0 ]:1 i= -

Substituting (4.11) in (3.1), we can write the contribution of the reflected rays from the
right half and the left half of the reflector in the far-zone as ;

_jk Zo ) Di2rn
Eger = IR e kR g g [ cosBcosf J;q + cosOsing Jy; 1 — sin® Jzil] &y

+ [—sinq) inl + COS(p in1:| 84) } (4.12-3)

e Jkp’ [sinecos((b—q)’) + cotvoose] pl cosecv d pl d ¢r
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Epef1 = iR e kR ‘(‘; f [ cosBcosd Jy;o + cosOsing Jy;, — sin JZ,-Z:I By
T

+ [—sinq) Tyia + cosd J; 2] &, } (4.12-b)

eJkp’ [sinecos(dl)—{b') + cotveose] 0’ cosecvdp’ d ¢’

Following the same procedure as in [10], we can write the contribution of the direct

rays (Fig. 4.2) from the feed (right and left comb line arrays) in the far-zone as ;

-jk Z, . 44 2 N ik de cosB
. — —]kR A E . .. J Scij cos Y, .
Dir = e IO yij Wij €

00;; { [BJJ (0.0) + BRR ( cosBsing ) ] &q

+ [BJJ (sin@ ) + BRR ( cos¢ ) ] &, } (4.13)
where;
sinYY sinZZ
= 4.14
QQ;; 7 77 WP SWp 4.14)

YY = k hsinOsind

ZzZ = —;—k w;jcos (4.15-a)
+jk [h sinf sind + %wijcose ]

vwp = e

swp = e+jk [x,j sinBcosd + y;; sinBsing + d,; cosO ] (4.15-b)

BJJ = J [ sin C ij + l f‘] l sin D l]] (416-3)
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BRR = k (g5 )2 [cosc,-j - | T;; | cosD ,-j] (4.16-b)

L..

Ciy=k [sinecos(p = (&pyij )1/2] —éj— (4.17-a)
L’

D = {C i = 2k (i) )1’27” J (4.17-b)

in which ;
dscij = Sos (1) dy
v  is the cone half angle,

0, is the array scanning angle,

o

N,. is the number of stubs in each comb line array,
L;; length of microstrip conductor and ’end effect’, respectively of the ijth

h  is the substrate thickness,
€frij 18 the effective dielectric constant of the ijth stub,

l T‘ij |, w;; are the reflection coefficient and the effective width respectively, of

the ijth stub, and,

E

,ij being the actual or the truncated focal region field distribution.

The radiation characteristics of the conical reflector can be determined from these

~ expressions.

4.3 Numerical Results and Discussions for Far Field Patterns

In the examples to follow, a wide angle cone is investigated. In each case an
appropriate comb line array is selected and the reflector far field data is computed. The
number of elements in each comb line array is selected such that, the array length

equals approximately the geometrical optics line source length [70]. The comb line
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array used as a line source feed, designed to operate at center frequency f, = 6 GHZ.
The substrate assumed to be of the type with relative permittivity €, =2.52 and thick-
ness £ = 1.585 mm. In these examples, we assume that the feed to the comb line array
is connected to the end far from the apex, while the matched load is connected to the

end near to the apex.

Figs. 4.3, 4.4 and 4.5 show the behavior of the actual and hypothetical normalized
field distribution along the aperture of comb line array feed, for various P; ( percen-
tage of the incident power dissipated on the matched feed located at the end of the
comb line ). Figs 4.6, 4.7 and 4.8 show the stub width and conductance corresponding
to the field distribution shown in Figs. 4.3, 4.4 and 4.5 , respectively. From these
figures. we can conclude that, the stub conductance and width are decreased with the

increase of P;.

For the designed operating frequency f, = 6 GHZ, and with the assumed sub-
strate relative permittivity €, =2.52 and thickness # = 1.585 mm, the separation
between adjacent stubs (s) is 21.35 mm. It is clear from Fig. 4.6 that, the maximum
stub widths for the A.FRF and HF.RF. are 16.82 mm and 17.85 mm, respectively,
which provide an inter stub separation of about 3.50 mm. Larger separation can be
obtained by decreasing the stub widths, this provides an adjacent separation between
adjacent stubs to minimize their mutual coupling. In Figs. 4.7 and 4.8, this is achieved
by increasing the percentage power loss in the matched load, where the stub widths are
15.0 mm and 10.0 mm, respectively. In the latter case, in Fig. 4.8, the stub widths of
10.0 mm increases the inter stub separation to about 12.00 mm ( A/4), which is an ade-

quate separation to eliminate mutual coupling.

Figs. 4.9 to 4.14 show the behavior of the co-polar and cross-polar field com-
ponents for a wide angle reflector with an aperture diameter of 30.0 A, having different
array element excitations, for various P;. The Egy component is computed in the E-
plane, (¢ = 90°), while the E o component is computed in the H-plane, (¢ = 0°). The
cross-polar component is computed using Ludwig’s [56] third definition in the plane,

¢ = 45°, where it has maximum distribution.
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Figs. 4.9, 4.11 and 4.13 show the results for an array of microstrip comb line
having the field excitation given according to the exact focal region field
(E = E,prr) shown in Figs. 4.3, 4.4 and 4.5, respectively. Figs. 4.10, 4.12 and 4.14
show the results for the same array, but with the field excitation given according to the
hypothetical focal region field (E = Eypp ) shown in Figs. 4.3, 4.4 and 4.5, respec-
tively.

From Figs. 4.13 and 4.14 it is clear that the peak cross-polarization is -18 dB
and the first side lobe level in the H-plane is -19 dB, while in the E-plane it is close to
-18 dB. The results show that, the reflector performance is not compromized by
selecting the simpler hypothetical focal region field of Fig. 4.5, instead of the original
complex focal region field in Fig. 4.5. Also, the reflector performance has not

deteriorated by increasing P; to decrease the stub widths of the comb line array.

In these examples, the use of microstrip comb line arrays provides far field pat-
terns with satisfactory gain factors of about 70 % and slight high cross-polarizations.
The computed gain factors include the feed spillover power and the load loss but

exclude the substrate losses.

The above results for wide angle cones indicate that microstrip comb line arrays

can be used as feeds for conical reflectors.
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reflector having a line source feed of two microstrip
comb line arrays oriented parallel to the x—axis, exc—
itation according to actual focal field distribution of
Fig. 4.3, P, is the percentage load power.
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Fig. 4.10 : The radiation patterns of a wide angle conical
reflector having a line source feed of two microstrip
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itation according to a hypothetical focal field distr—
Fig. 4.3, P, is the percentage load power.
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CHAPTER V

Discussion and Recommendations for Future Work

4.1 Discussion

The polarization nature of the field in the focal region of conical reflectors was
characterized. It was shown that, near the focal line both cross-polar and axial field
components are small and the required line source must be linearly polarized. How-
ever, over a cylindrical surface of a finite radius, the field distribution contained a
significant axial field component E,, especially when the total contained cone angle is
90°. These results indicated that for a line source of finite diameter, its surface field
distribution must contain other field components to generate a linearly polarized far-
field. Specifically, for wide angle cones, a linearly polarized array, such as a dipole
array can be used as their line source. For narrow angle cones (around 90°), on the
other hand, a dual polarized dipole must be used to provide both transverse and axial
components of the field. When dipole excitations correspond to the focal region field,
the reflector far field becomes linearly polarized with small cross-polarization field, to

provide a linearly polarized far field.

For the wide angle cone case, a microstrip comb line array feed was demon-
strated. A compact design was presented for a microstrip comb line array feed. An
optimization technique was used to obtain the physical dimensions on one side of the
substrate for the traveling wave array. Correction formulas were used to compensate
for the effect of discontinuities in the structure and further correction was introduced to
give a proper impedance match with the rest of the system by an admittance transfor-

mation.
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4.2 Recommendation for Future Research Work

A few valuable and interesting problems may be generated from this dissertation.

In the case of narrow angle cones, using the combination of comb line and prox-

imity coupled dipole arrays as a line source feed for the 90° cone, must be studied.

A practical implementation of dipole arrays as a microstrip configuration to facili-

tate the design and fabrication, should be made to evaluate the reflector performance.

Investigation of antenna performance over a practical bandwidth, must be con-

sidered.

—84 —




Appendix A.
Near Fields of a Finite Dipole oriented along the x-axis
and fed by a Sinusoidal Current Distribution

Referring to Fig. A.la and assuming a sinusoidal current distribution along the

element given as ;

- ,l -
&onSin k %—x, OSX'S+-I§—
L L J
Ie (X',}”,Z') = 1 i 'l 1T lx (A.l)
i x ’ -—<x'<0
&,.1,sin |k X J y X

The magnetic vector potential A can be written as ;

H r ot 0\ € Tk ’
Alx,y,z)= ) L (x"y"2") ——dl (A2)

c
where (x ,y ,z ) represent the observation point coordinates, (x’,y”,z”) represent the
coordinates of the source point, r is the distance from any point in the source to the

observation point, and path C is along the length of the source.

Substituting (A.1) into (A.2), the magnetic vector potential A can be written as ;

A=8 A,
0
_ ni, J‘ . L ’ e,
=4, e lsm{k —2——+ " dx
T2
[
T2
lx e_jkr g
+ sin |k |=— —x’ dx’ (A.3a)
2 r
0
J
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Fig. A.1 : Dipole geometry for near field analysis.
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where fory’=z"=0

1

r=[(x-—x')2+y2+22:|2 (A.3b)
The magnetic field intensity can be written in rectangular coordinates as ;

H=LlvxA
m

1 | 94, 0A,
My 2y | oo

Using (A.3) into (A.4), one obtains the components of the magnetic field intensity as ;

H =0 (A.5a)
I, doU
Y=t (A.5b)
I, au,
H, = - — A.
z 4 dy (A.5c)
where
L
0 T3
l —jkr l —jkr
U, = J‘sm[k l—f-+x’}}e dx’ + _"sin!:k [i—x’}}e dx’
2 r 2 r
_k 0
7
(A.5d)

Using Euler’s relation

. Ix , . Ix ,
+]k(-2—:tx) —jk(?:tx)

lx e - e
ink (= + x") =
sink ( > + x) 27 (A.6)

reduces (A.5d) to
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0
I I
+jk = —jk(r —x%) —jk =
T NS P O e B
2j r
_k _k
2 2
L Lk
L F L F
+jk = —jk(r +%%) —jk = —jk(r —x%)
+e 2 J————-————e ' —e 2 ) £
r r
0 0
Using (A.7) into (A.5b), we obtain ;
. % I
I +jk = —jk(r =x") —jk =
Hy=+—2—{+e 2 j——a—- i -e 2
8§mj oz r

Nl

! 2
s

o~

(8]

l

0

I

also using (A.7) into (A.5c), we obtain ;

2
]
+jk = - jk
y

|

0

r

e—jk(r +x%)

e_]k (I‘ "'-x’)

(r +x)

7
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0

|

e-—jk(r -x7)

|

e —Jjk(r —x9)

~
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(A.8a)
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The third term within the brackets of (A.8a) can expressed as ;

I L
+—- + =

2
1
+ﬂ—— J o=k (r +2) +jk = : , 1 1
L |dx’ = 2 J' —jk(r +x%) - — ik — ldx’
1 az,: r :l i g ¢ st
(A.9)
Consider now the differential of
e—-jk(r+x’) . , 1 1
d | 2 =ik +x) | _ 2 _ g L ’ A.10
l:r(r+x'—x)} ¢ [ r3 Tk r? & (410

which is an exact differential. With the aid of (A.10), (A.9) can be integrated and
expressed as

Lk L

—_ + =
3
i Il
T i %
2 J‘i e dx’ = +:/:e+Jk2 J.e_jk(r +*0 —L—J'kL dx’
dz 3 2
0 0
[
+jk—-2- —]k(r +x)
- {r(r+x —-x)}
i - jk(r +l") _ 1
+jk = ) k= —jkr.
=+ze 2 |—% —ze 2|t (A.11)
I r. (., —x)
r1(r1+——-—x)
2
where according to Fig. A.1b
- 1
L 2 2 |?
ry= (x——2—)+y +z (A.11a)
, 1
ro=lx2ey 24 22] (A.11b)
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l
Fo= [(x+—g—)2+ y 2+ 22}

(N

In a similar manner, the other terms of (A.8a) can be written as ;

0
I
k= —jk (r = x%)
+e 2 J‘—Q—I:e—;——————}dx’=

dz

L

| am— |
Q
I
&7&:
~| <
+
=
~
| DU |
i

—90 —

. L
—jk(ra+ ?)
e

L
Fo(ry+ > +x)

L
—jk(ra— =)
e P2
l
r2(r2—%—x)

_jkrc

.k
r, (r, +x)

(A.11c)

(A.114d)

(A.11le)

} (A.11f)




Using (A.11)---(A.11f) reduces (A.8a) to ;

Io 4 - 7k lx - jk — 7k
H, =+ KT _ 9 k— FRTe 4 g~ kT2 A.12
y 4nj(y2+z2)[e Cm[ 2 | ¢ ¢ (A.12)

In a similar manner, (A.8b) can be written as ;

Io y — ik lx -7k —jk
H, = - BT _2cos[k—|e I + 71772 A.13
. i) (2429 I:e cos[ S le ( )
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Appendix B.

Near Fields of a Finite Dipole oriented along the z-axis
and fed by a Sinusoidal Current Distribution

Referring to Fig. B.1a and assuming a sinusoidal current distribution along the

element given as ;

L (x",y",z") =

r

8,1, sin
P,

&, I, sin

L,
12
r lz
7

B.1)

Following the same procedure as in Appendix A, we can write the components of

the magnetic field intensity as ;

H

X

H,

<+

I, y

anj (x2+y?

Io X

Anj (x%+y?

e—lk"x

— ik
e JE T

where according to Fig. B.1b

r{=

-

l
x 2+ y2+(z———§—)2:|

xZ+y24 22]

(ST

1
2

1
l 2
x %+ y2+(z+—22—)2J

<

i L

— 2cos k7 e
p L ;

— 2cos k-—2— e

-9 —

AL

—jkrc + e-jkrz

—jkra (B.2)

(B.3)

-

(B.4)

(B.5a)

(B.5Db)

(B.5¢c)




: Dipole geometry for near field analysis.

Fig. B.1
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Appendix C.
Design and Analysis of Microstrip Comb Line
Linear Array Antenna
with known Excitation Distribution

A computer aided design procedure is presented for a series-fed arrangement of
microstrip comb line linear antenna in traveling wave mode. A microstrip comb line
array is shown in Fig. C.la. It is basically a traveling wave structure using a number
of open-circuit terminations as radiating elements. Each of these terminations is con-
nected to a common feeder line by a half wavelength resonant stub so that at reso-
nance the radiation admittance is transformed directly on to the feeder line and T-

junctions are formed at the place where the stub is attached to the feeder.

Typically the design procedure of any array antenna commences by choosing the
excitation current distribution and then calculating the element excitation coefficients
according to the required specifications. Having calculated the excitation coefficients
A; according to the focal region field [58], the second major step in the design process
is to proceed in evaluating the electrical quantities, ending by obtaining the physical
dimensions of the structure. It is evident that radiation conductances of the stubs give a
measure of their radiated power. Thus, the stub radiation conductances are essentially
proportional to the square of the excitation coefficients. For a traveling wave array, the
exact calculation of the values of the radiation conductance G, to produce a required
amplitude distribution, given the percentage power loss in the matched load, Pj,
requires an n-variable optimization procedure and is involved if losses in the line or
the susceptance loadings B, are significant. However, for long arrays, it is sufficiently
accurate to perform a reverse iteration procedure starting at the load [59]. The radia-

tion conductance of the ith element normalized to the line admittance ¥} , is
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Fig. C.1

(a) Array element geometry showing the ith stub

(b&c) T—junction and its equivalent circuit
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-1

v=n
G,i =Pi {PL+ D, Py (C.1)
v=1

where P; is the power radiated by the ith stub and the array has n stubs.

These normalized conductance values are transformed to actual values by consid-

ering the specified impedance level of system Z; typically used as ( 50 ohm ).

On the other hand, the radiation conductances of an open-circuit microstrip termi-
nation is to a good approximation, a simple function of the strip width, approximated

D.
to L3 and — << 1 to give the actual radiation conductance of the ith stub termination

A A
as [69] ;

D:
G,.=_£ZL£_' 1 (C.2)

where D;, Z, and €, are the effective width, characteristic impedance and the
effective dielectric constant of the ith stub respectively, and # is the substrate thick-

ness.

Basically, a comb line array uses half guide wavelength long microstrip radiators
open circuited at only one end, with the remaining ends excited directly by a feed
transmission line with one guide wavelength separation between consecutive stubs.
However, accurate or almost accurate implementation of such a microstrip design
requires the reduction of a cut and try process. This can be achieved easily by includ-

ing effects of microstrip discontinuities in the design process.

Generally, the discontinuities are represented by an equivalent circuit, defined
between reference planes at which semi-infinite lines terminate. In the comb line struc-
ture, T-junctions are formed at places where stubs are attached to the feeder line. Fig.
C.1(b & c) show such a junction and its equivalent circuit. The modeling of the T-
junction and its corresponding relationships are based upon [65]. The effective width

of the feeder line D, and of the ith stub D; are expressed by ;
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120 A

D, = <27 (C.3a)
s Zf V eef
D; h 1
— = 1208 — ———— (C.3b)
A A Zoi NV &
and the transformer turns ratio of the ith stub is ;
2D, Z
sin ( it S
. 2 ng Z, (C.30)
: T 2Dy Zf
2 ng Z,

where Z., €, and A, are the characteristic impedance, effective dielectric constant
fo Tef ef p

and guide wavelength of the feeder line, respectively.

D.
Substitute for Tt from (C.3b) in (C.2), we end with ;

1

z, e, = 41:—}-2—[ 10 }2 (C4)

Al G, ;

The characteristic impedance and the effective dielectric constant of the ith stub

are given by [66,68] as ;

Zy=— _mrst 10252 for 2L <<1 (C.Sa)
o1 o r————EEi W, . 7 h .
Zy = —2 [ 2L 11393+ 0.667In (= + 1414) T!  for == >>1  (C.5b)
o1 Sei h . . P . 7 .

where Z, = 120n
€r+1 8,.—'1 w; w;
&, = 5 + 5 F 1(—h—) for e <<l (C5c)
Wi h - Wi
Fi(5-)=(1+12--) 2 +004(1-—)2 (C.5d)
wW; h
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Wi
) for — >>1 (C.5¢)

& A

Wi h

using (C.5a)....(C.5¢) into (C.4), one can calculate the effective characteristic
impedance Z,;, the effective dielectric constant €,; and the effective width w; of the

ith stub.
The guide wavelength of the feeder line ng can be obtained from [68] as ;

A

A — (C.Ga)
R
where A is the free space wavelength for a given operating frequency f, and €y I
given as ;
g — €
Eof =€, — __* (C.6b)
1+G (folfp)2

G =(—2—")2+0004 Z, (C.6¢)

Z, :

Z C.6d

T (C.6d)

The equations for the displacement of the reference planes as shown in Fig. C.1a

are |

dli Zf
L =0.05 =L n, 2 (C.7)
Di Zoi !

and

dq; 2D Z Z Z
bLoo T 06l 1+ (L2 -2m(2E) 2L for oL <2 (CSa)
Df 2 )"gf Zoi Zoi Zoi

or

d, . 2D Z;  Z,; z
2Loo L oa61+ (L -2m(2L)12E g 2L 22 (C8b)
D 2 A Z Z Z
f of oi f 0i
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The shunt susceptance of the ith stub B ; is given by :

Br ;= y [-(1-—)] for <05 (C9a)
Zp Mgy Aer "7 Zy; oi
or
D 2D Z Z
f f f f
By, = [+(1- )(3 -2)] for 205 (C9b)
b Ze gy Aof Zy; Z,;

The other discontinuities in the comb line structure are the open-end of the stubs.
Such a discontinuity is represented by an excess capacitance which can be transformed
into an equivalent length of transmission line ( AL ; ) as shown in Fig. C.1b. An

i

empirical expression for ( ) is appeared in [66] and used here as ;

F

W‘
AL (&g +0.300)(—hL +0.264)
o =0412: T €.10)
w.
(€ — 0-258)(—]1‘— +0.800)

J

The correction factors resulting from discontinuity considerations (d ;) ,
(d, ;) and AL; modify the ith stub physical length (L ’;) and the inter stub
separation (S ’;,_; ;) into the electrical (effective) length (L ;) and separation

(S ;-1, ;) respectively as expressed in the following relationships :

, Wy
Li=Li—ALi —(—2"'—(12’1‘) (C.lla)
and
S'ia,i =8, vdyq+dy; (C.11b)

A traveling wave antenna is a structure having the properties of conveying energy
by guiding waves at the same time causing a coherent radiation into space. The radiat-
ing elements of the array are disposed along a transmission line which is excited at
one end and each of its elements couples a portion of the energy to the next one. After

the last element a remaining small portion of power is left to be dissipated in a match
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load terminating the array at the other end. Input admittance (impedance) of the array
is an important parameter in the design process. To calculate the input admittance for a
traveling wave array, consider the equivalent circuit for a typical stub and its associ-
ated T-junction shown in Fig. C.2a. Since the stub is essentially a half wavelength
long, hence its radiating admittance (G, ; +j B, ;) can be transformed directly
onto the feeder line after multiplying by the ( n; 2). Resulting in a parallel combination
with the shunt susceptance (j B p ;) of the junction, and a total admittance
(n;2[G, ; +j B, ;1+ j Br ;). To cancel out this imaginary part ie. the total
admittance should be ( »; 2G,,,- ), the electrical length of the stub is reduced in order
to force j n; 2 B r.i =—J B g ;. The new electrical length of the stub should be

Y
9 ), where q is a constant less than unity. By using the principles of transmis-

(

sion line theory, the total admittance (Y, ;) at the ith node due to the ith stub and its

associated junction may be written as ;

Gr,i +j(Br,i +Yo,i Bz)

c.12
(Y,i - B, Bi)+iG; Bs | (C12)

Y, ; =jBr;+mY,;

2n
A

gl

where (Y, ;) and B; = are the ith stub characteristic admittance and wave

number respectively. By equating the imaginary part in the right hand side of Eqn.
(C.12) to zero, we have :
tan> B; L; +bb tan B, L; +cc =0 (C.13a)
where

Yo,i = (G*,i+ B2, ;) - —%—

bb =Y, ;[ ] (C.13b)

B, ;
—"T(GZr,i + Bzr,i) —Yzo,i Br,i

n;
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| r Feeder Line

Gi —~—L—stw

JBr,x‘
(a)
s o
Yr,‘! Y_r,2 $ Yr,S@ Yr,N—T Yr,N YL v
Input
Yr.i = ith element radiation admittance
(b)

Fig. C.2 : (a) The equivalent circuit for a typical
stub and its associate T—junction, (b) The trave-
ling wave array with a registive matched load G,.
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B ;
r,i . 2t )
cc = ’ (C.13¢c)

Br,;
— (G, ;+ B2, ,)-Y%,, B, ;
i

As is clearly shown, Eqn. (C.13a) is a second order equation in (tan B; L ; ), solving
for (tan B; L ; ) and choosing the principle value of ( B; ) the electrical length (L ;)
which cancels the imaginary part of the ith stub input admittance can be calculated.
The traveling wave array with a resistive matched load ( G ;) at the end is shown in
Fig. C.2b. The overall input admittance of the array ( Y ;, ) may be calculated by an

iteration process starting at the Nth stub as ;

2 .
Y, ; +jY,tan S;
Y =G+ 3 1Y, i+ ¥y = i Py 5 (C.14)
s ’ Yf+]Y,,,-tan[3fS,-

where (Y ) and B f= 2n are the characteristic admittance and wave number in the

ng

feeder line, respectively.
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Appendix D.
Radiation Pattern of Open-Circuit Rectangular
Microstrip Patch Resonator

A conventional microstrip line of length 2/, conductor strip width w, substrate
thickness £, substrate relative permittivity and permeability of €,> 1 and p,= 1,
respectively, lies in the xz-plane as sketched in Fig. D.1. To simplify the calculation
the microstrip is offset to one side of the origin o, so that the conductor strip, of negli-
gible thickness, lies in the xz-plane at y= 2h: similarly, the conducting ground plane
and the image of the conductor strip in the ground plane also lie in the xz-plane but at
y= h and O, respectively. The ground plane and substrate extend along the *z-
direction and have an overall widths wy, but at x= +/ the microstrip structure is open-
circuit and radiating apertures 1 and 2 lie in yz -plane at x= +/ where the substrate ter-
minates. A good approximation to the waves guided by the microstrip is the transverse
electromagnetic wave [67] (TEM ) which is assumed to be concentrated under the strip
and incident on each aperture where some power is radiated and the remainder
reflected as a guided wave. Under these simplifying assumptions, the transverse field
(E, ,H,) in aperture 1, which is now restricted to the rectangular region bounded by

the conducting strip at y =2/ and its image in the ground-plane at y= 0, is given by
E, = +8&E exp(-jBI)(1+T)
H, = +&,H,exp(—-jB(1-T) (D.1)
E,=ZH,Z=Z,IB,B = k()" = 2m/h,

where €,r; is the effective permittivity of the microstrip substrate and a harmonic
time variation of exp(+jwt) is assumed and omitted throughout. The complex

reflection coefficient T = | T | exp(—j2Pi") where I’ is the end-effect, manifesting

itself as a capacitive loading across the end of the open-circuit termination.

The far-field (E, ;,H,,; ) corresponding to a field distribution (E,,H, ) in an aperture
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‘ P(R,6,p)

metal strip | ///3 ~ substrate
I
aperture 2 \ Y, P e

X

ground plane

Z

Fig. D.1 Sketch of microstrip line showing coordinate
system and rectangular apertures at
x= #l, 0 <<y <<2h, 0 <<z<<W
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S, is given by the far-field form of the vector Kirchoff formula as ;

E,, =K§1><J [(h‘an) —zok‘lx(ﬁxﬂ,,)] oxp (jkpy-R ) da
Sa (D.2)

H,, =K§1xj [(/z‘xHa) +Zoé\1x(h‘><Ea)] exp (jkpyR ) da

Sa

where the vector quantities follow [48] notation and are defined in Fig. D.1 together

with the co-ordinate system and K = 4_712 exp(—jkR).

On substituting for (E, ,H, ) from (D.1) in (D.2) and carrying out the appropriate

transformation of unit vectors, one can write the radiation far field as ;

E,.i =K£1xj —E, exp(—jBI) [—éxcosek(eeff)1/2(1 -T)-4[+(1+T)
Sa
~ sinBcos¢ k (er7)2(1-T') ]] exp (jkpyR ) da
(D.3)

H,, = —Zl——Klli\li‘ —E,exp(—jBD) [(9xsinesin¢(1 +f)+3y[+(1 +T)
S,

sinfcosd + & (€,pp)"2(1-T )]} exp(jkpl-ﬁl)da

Now p; =x’8, +y’8, + 2’8, is a vector from the origin o to a point (x",y",z") in
the aperture and R ; = sinBcosd &, + sind sing &, + cosB &;; thus, eqn. (D.3) simplifies

to ;

E,,; = exp (jk sinfcosd — B) I Ry x [&x cos k (e,;r )2 (1-T ) - &, [+ (1+T)

— sinBcosd & (eeff)llz(l -T )]:| 1(0,0)
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H,, = ZL exp ( jk sinB cos¢ — B)llé\lx [&x sin@sing (1 + T ) +(9y[+ (1+T)

sinfcos® + k (eeff)m(l -T )]:I 1(6,9)
(D.4)

y'=2h z'=w

1(0,0)= -E, K J' exp [jk (y’sin@sing + z’cosO)] dy’dz’
y'=0 z'=0

sinY sinZ
= —EszhW '—'Y— —"Z——\P

Y = k h sinOsing
V4 =lkwcose
2
VY = exp[jk(h sinO sing + %w cos0)]

On transforming the unit Cartesian co-ordinates the far-field radiation terms

corresponding to aperture 1 can be written as ;

Eqs =1<e,¢){ k)P Lep(+j8) - T ep(+jE)] -(+sinecos¢)}

Eyr =I(9,¢){ [exp(+j8) + T exp(+jE)]-(+sinb) +

k (€erf) 2L exp(+j8) ~ T exp(+7E) 1+ (+ cos)
(D.5)

H; = I(G,¢){[exp(+j§) +Tep(+jE) 1 [ﬁx(—sinecosecos¢)+

&, (- sinBcosOsing) + &, (+ stQ)] + k@) exp(+j8) - T ep(+jE) 1

[(&‘x (—cos®)+ &, (+ sinecosq))] } Zl

o

§ = k[sinBcosd ~ (e,rr)'211 , § = k[sinBcosd — (e,7¢)1 211 ~ 2B’
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Consider aperture 2 in Fig. D.1 situated at x= —/; the aperture fields correspond-
ing to eqn. (D.1), carrying the same assumptions and compatible with resonator action,

are

E, = +& E exp(+jB(1+T)
(D.6)

H, = -8 H,exp(+jBI(1-T)

and on repeating the calculation of egn. (D.6), based on eqn. (D.2) with A= - &, the

radiation far-fields of aperture 2 can be written as ;

Egopn =1(9,¢){ k (Eeff)1/2[ exp(—jC) —Texp(-j&)] -(+sin9cos¢)}
Eypr =1(9,¢){ [exp(=jC) + T exp(~j&)1-(—sinb) +
k)2l exp(=jL) - T exp(=j§)] -(+COS¢)} (D.7)

H; =1(9,9) { [exp(=jC) + T exp(-j&) 1 [ﬁx(+sin60089008¢)+

&, (+sinB cosBsing) + &, (—sinze)] + k€ )2l exp(-jL) ~Tep(=jE) 1

1
ZD

[(&x (—cosB) + &, (+sin6cosq))} }

with 1(8,¢), { and & as defined for eqn. (D.5). The assumed resonator action is that
the wave reflected from aperture 1 is the incident wave approaching aperture 2, and
vice versa, with energy losses due to aperture radiation replenished by the feeder
which is attached to some point on the resonator, with impedance properties compati-
ble with feed system. Under these assumptions, and neglecting radiation losses from
the feed point, losses in the substrate and radiation due surface irregularities and metal
inhomogeneity along the resonator length, the combined radiation far-fields of aperture
1 and 2 are obtained by adding eqns. (D.5) and (D.7) thus ;
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Egren = 21(9,¢){ k (g5 [cost + | T | cost] -(+sinecos¢)}

Egren =21(8,9)1 jsin{+ [T | sinf]-(+sin@) +
k(eeff)m[cos?; + [T | cost] -(+cos¢)} (D.8)

Hyp g = 21(9,¢){ jlsin{+ |T | sing] - [@ (—sin® cosB cosd ) +

&, (—sinb cosO sin¢) + &, (+sin29):| + k (aeff)l’z[cosl; + [T | cost] -

1
Zo

[ (ﬁx (=cos0) + ﬁz (+sin(~)cos¢)] }
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