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ABSTRACT

This thesis presents a method for the solution of large,
sparse, symmetric sets of linear equations employing the In-
complete Cholesky Conjugate Gradient (ICCG) method.

The incomplete Cholesky preconditioning technique is pre-
sented and modified to be compatiblé with a sparse Zollen-
kopf linked-list storage scheme. A windowed preconditioning
technique was employed that resulted in a substantial reduc-
tion of the overall computational time.

A modification to the original algorithm makes it suita-
ble for handling Dirichlet boundary conditions arising from
a finite element discretization of electric field problems.
Also, the preconditioned conjugaté gradient method was able
to obtain a solution to the pure Neumann field problem (a

singular matrix problem).
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Chapter 1

INTRODUCTION

Numerical discretization of field problems using finite ele-
ment or finite difference methods yields a system of simul-
taneous linear equations, The set of eguations are usually
written in matrix form as S¢=b, where S is the system matrix
of order N, ¢ is a vector of N unknowns and b is the forcing
vector of N terms.

The matrices which generally result from the use of a Fi-
nite Element Method (FEM) or Finite Difference Method (FDM)
on field problems are usually:

1. symmetric, positive definite;

2. sparse; and

3. large (typically 500 to 10,000 Unknowns).

Iterative solution techﬁiques (e.g. successive over-re-
laxation), though storage conscious, are often "subjective"
in that they may require a few iterations before an optimum
acceleration parameter for acceptable solution times can be
determined. This thesis focuses on the Conjugate Gradient
(CG) method, a hybrid direct-iterative process used ﬁo solve
systems of linear equations. The CG method, discussed in
Chapter II, was first developed by Hestenes and Stiefel [1]

in 1952, The method, however, did not gain popularity due



to its excessive storage requirements as well as the limited
storage resources of earlier computers. The method was re-
cently recognized by Reid [2] as an effective equation sol-
ver for large sparse sets of linear equations. Chapter III
presents a modification of the CG algorithm, known as pre-
conditioning, which increases the efficiency of the CG meth-
od particularily in the case of ill-conditioned systems.

Chapter IV is a presentation of the sparsity technique
that is adapted to conjugate gradients. Much of the current
literature does not dwell on conjugate gradient sparsity
techniqgues. This thesis presents a sparsity method, an ad-
aptation of a Zollenkopf storage scheme, that appears to be
ideal. Moveover, this thesis presents a modified sparse
preconditioning technique which calculates no fill-ins.
Storage technigques and system matrix topologies, with re-
spect to solution convergence, are also discussed.

Chapters V and VI involve the FEM and FDM technigues used
for modelling field problems and their resulting solutions
with the preconditioned CG method. Some applications of the
method to non-symmetric systems of linear equations are dis-
cussed. Benefits arising from the application of the pre-
conditioned CG method to nonlinear iterative problems are
revealed. A comparison with another sparse solution techni-
que known as the Zollenkopf bi-factorisation method is pre-

sented in Chapter VI,



Chapter 11

THE CONJUGATE GRADIENT METHOD

The conjugate gradient algorithm is formulated in the func-
tional sense 1inveolving the minimization of a residual.® A
direction vector is specified and 1its magnitude 1is scaled
such that an error functional is minimized.

The solution is sought to the sYstem of linear equations

represented as

Sp=b (2.1)

where S 1is a sguare matrix of order N; ¢ is the unknown
vector of length N; and b is a vector of N coefficients.

An iterative process of degree one [3] is defined as
(k+1)_, (k k
¢ = )+akg( ) | (2.2)
where o, is a constant and p 1is a vector of length N. The

iterative process has converged when

o p =0 (2.3)

(In a practical computation, the right hand side of (2.3)

would be a small, but arbitrary vector, £ .) This implies

! The derivation of the method is purposely meant to be ex-
tensive since discussions on the subject of conjugate gra-
dients are scattered throughout much of the literature.

_3_



that

8= (2.4)
The kth residual vector is defined as
Eﬁk)=PfS@Fk) (2.5)
ﬁet h be the exact solution to (2.1), i.e.
h=s"'p (2.6)
The kth error vector is
_e.(k)ﬂ:sb;(k) (2.7)
or
Q(k)ﬂri(k) (2.8)
Substituting (2.8) into (2.5)
0 op-s e ) (2.9)
r)op-snese ™ (2.10)
NOMRE | (2.12)

|
|
|
|
£ ) op-pese ) (2.11)



and

(K) _o=1_(k)
e '=s"r (2.13)

At this point an error measure is defined so that it may be

minimized. Define
¥($)=<e,ke> (2.14)
where K is an arbitrary N by N matrix. From (2.13)
¥($)=<S 'r,KS 'r> (2.15)

Equation (2.14) 1is analagous to the square of the length of
the error vector. I1f K is chosen to be a positive aefinite
matrix, the guantity will be non-negative [3]. In this
case, h, the exarct solution, will be the minimum point of V.

Expanding (2.15)

T, =1 T, T~
Y(¢)=r (S ") K'S 'r (2.16)

A choice for K to simplify (2.16) is K = S. Equation (2.16)

reduces to
(2.17)
and more conveniently

¥(¢)=<r,S 'r> (2.18)

At ¢ = h, the gradient of V¥(¢9) = 0, i.e. the zero vector.

The negative gradient of ¥ is the direction of steepest



descent at ¢ (k) | Taking the gradient of (2.18) (Appendix

A) it !
d(s d
d¥() 46 M (2.19)
do. & T 4
T T
dy
@) =d(£)(s l)TNd(r >S . (2.20)
dé d¢ )
and since (s )T =§”!
ave)  dr
-2 —s7ir (2.21)
d¢ do

Substituting (2.5) into (2.21) for r gives

d¥(¢) d
=2 —~{ET—9?ST}S—1£' (2.22)
d¢ d¢

(see Appendix A). Equation (2.22) becomes

d¥ (9) T
=288 't (2.23)
d¢.
which reduces to
d¥(¢) )
= -2r
When ¢ = h , the exact solution, (2.24) reduces to
d¥(¢) ,
a6 =9 (2.25)
@ =h



or

(2.26)

which implies that r = 0 at ¢ = h. In the definition of an

iterative process (2.2), o was chosen to be a constant.
The next step is to minimize the error measure at ¢=¢+ap,
i.e. Y(¢) = ¥(¢+ap) . This may be done by taking the gra-
dient of W(g+a9) with respect to o , and eguating the gra-

dient to zero to find the optimum o to minimize Y (g+op)
Y(¢)=<r,s 'r> (2.27)
Substituting (2.5) into (2.27) results inl
Y($)=<(b-5¢),5™ " (b-5¢)> (2.28)

Replacing ¢ with ¢+oap in (2.28) gives

¥(¢+op)=<b-S(¢+ap),S” ' (b-S(¢+op))> (2.29)
¥(¢+op)=<b-5¢-asp,S™ ' (b-S¢-0Sp)> (é.30)
Y(¢+ap)=<r-aSp,S ' (r-aSp)> (2.31)
Y(¢+ap)=<r,S 'r>-<r,ap>-<aSp,S 'r>+<aSp,ap> (2.32)



‘i’(gbfcxp_)=<_1:, s~ 1£>-0L<_I_‘_, p>-a<Sp, S_1;_>+a2<SE,p>

(2.33)
Expanding the third term of (2.33)
<sp,sir>=rT(s7) Tsp (2.34)
“Sp.ST'rerisTisp (2.35)
-1 _ T
<Sp,5 "r>=r Ip (2.36)
<sp,§”'r>=<p,r> (2.37)
and from Appendix A,
<Sp,S 'r>=<r,p> (2.38)
Substituting (2.38) into (2.33) gives
¥(¢+ap)=<r,8™'r>-2a<r,p>+0’<sp,p> (2.39)
¥ 1is minimized when o 1is optimized. Taking the deriva-
tive of Y(¢+ap) with respect to a ,
d‘l/(9+ap_)
--—(;.___.._. =0 = -2<£’E>+2u<SR,E> (2.40)
o



and
<£’P_>

Qo =
<p,Sp> (2.41)

For the kth iteration, (2.41) becomes
<r(k),Eﬁk)>
= — (2.42)
TG00 60 |

The vectors that remain to be derived are the r (residual)
and p (direction) vectors.
The conjugate gradient method relies on the choice of the

direction vectors being S-orthogonal,?

@@ 55 =0 iz (2.43)

while the residual vectors remain orthogonal, i.e.
<£(i)’£(j)> = 0 , i#j (2.4‘4)

Since S is positive definite, then <E(i),SE(j)> > 0 for p#0.
As a result, the direction vectors, p(i) are linearly inde-
pendent and the solution, h, may be expressed as [3,45]
N-1 .
h= T u-EFl) (2.45)
- . 1
1=0
Choosing p such that it is S-orthogonal (2.43) and r such
that it is orthogonal (2.44) places a constraint on the num-
ber of iterations required for the CG method to converge.
Since the r and p vectors enforce two orthogonality condi-

tions simultaneously, it implies that they must both be zero

* Commonly referred to as "A-orthogonal" [3].

..9_



at the Nth iteration. Direction vectors constructed after
the Nth iteration cannot be linearly independent since the
system of equations is only of dimension N. Similarly, the

residual vectors are forced to be orthogonal and therefore,

~ linearly independent. The vector r{N) yould be orthogonal to

all the N previous residual vectors (5(0),r(1),...,5(N'1))

and therefore, E(N) is forced to be the zero vector. The
solution is obtained when E(N)=Q.

The solution of (2.1) is obtained in at most N iterations
due to the orthogonality relationships incorporated into the
algorithm. The algorithm is therefore a hybrid direct-iter-
ative process, meaning that the solution is attained in a
finite number of iterations like that of a direct solution
technique provided that no round-off errors occur [3].

(k+1)

The new residual,r may be derived as follows:

The kth residual, from (2.5) is

£ e p - osp®) (2.46)
and

E_(k+1) =b - Sgﬁk+l) (2.47)

Subtracting (2.46) from (2.47) results in

£(k+1) ) £(k) - _ukSE(k) (2.48)
and

k+1 k k
PIAEPRNILY '%SB() (2.49)

-10—



The new direction vector, p(k+1), is formed by the

S-orthogonalization of the residual vectors utilizing a suc-
cessive othogonalization process. The following orthogonal-
ization process is shown by [4,444] to be 1identical to the
Gram-Schmidt orthogonalization process. The direction vec-

tors have the form:

0
p(® = 2® (2.50)
1 1
pP = 2w g pt) (2.51)
2 2

p?) =) 4 gp) (2.52)

(k) _ (k) k-1
2 =T + Bk-lEF ) (2.83)
plrl) o p (D) g p () (2.54)

The p vectors must be S-orthogonal, i.e. <Ei,89j>=0, i#3,
while the residual vectors must remain orthogonal,
<£i,gj>=0, i#75. The p vectors represent (as nearly as pos-
sible) the directions of steepest descent of the error func-
tional (2.18) subject to the over-riding condition that they

are orthogonal with respect to S [5,142]. The constant, B,

_ll_



is determined such that p(¥) 1is S-orthogonal with p (kK*1),

For the kth direction vector

@® 5015 L g

(2.
From (2.54)
k
<P_( )’s}.—(k+1)+8kSR(k)> - 0 (2
<Eﬁk),S£ﬂk+1)> . 3k<2ﬁk)’sEfk)> -0 (2
<Eﬁk),52ﬂk+l)>
B [
k OGN (2
which is eguivalent to
. <SEFR),£FR+1)>
k=™ <RUO,SEUO> (2.
Substituting (2.48) into (2.59) gives
(k) _(k+1)
. r -T
<= .= ’r(k+l)>
o ol
B, = — k (2.
k <Efk),52fk)>
. ) <£ﬂk+1)_zﬁk),zﬁk+l)>
=z 2.
KT T O ‘

_12.'.
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(D) Le1) () (k)
— — - (2.62)

1 -
Bk "o MONPROR

and noting that the second term in the numerator of (2.62)

is zero

<) D),

o <p () gp (),

By = (2.63)

In order to obtain a form of the algorithm which minimizes
the storage requirements for digital computer calculation,
an additional orthogonality relationship must be obtained.

The numerator of (2.42)
&) 09, (2.64)

is sought to be expanded. From (2.53)

() o 0, g 0D

p T k-1 (2.65)
Substituting (2.65) into (2.64) results in

W) p 05 o 0 (g o1, (2.66)

a®) s o M) L0, g (0 D, (2.67)

The second term of (2.67) is zero since p{*~!) is not a
function of g(k) and therefore all inner products, <£i,£j>

with j #i, will vanish. Therefore

k) (K, o () (k) (2.68)

.—13_



Utilizing (2.68), (2.42) may be rewritten as

(K (KD
PO — (2.69)
k <Eﬁk)’SEﬁk)>
Thus, substituting this result into (2.62) gives
<£(k+1)»£(k+l)> (2.70)

B, =
k PCOIMEIN

Finally, the CG algorithm may be summed up by eguations

(2.2), (2.49), (2.54), (2.69) and (2.70) with p'® =r(®) ini-

tially,

FCOSRNCON
. E e (2.71)

Oy <P_(1)’SR(1)>
in+1) - gﬁi) + 0LiE(i) (2.72)
£(i+1) = Z‘.(i) - aiSR(i) (2.73)

PRCSIMON
B; = PREINEN (2.74)
pU*D) - () g (D) (2.75)

i=0,1,2,...
The iteration may be terminated when the residusl vector is
essentially the zero vector.
The conjugate gradient method can obtain the solution to

a system of N simultaneous linear equations, S¢=b (where S

_14._



is symmet:ic and positive definite), in at most N iterations
if no rounding errors exist. In practice, for large sparse
matrices, the solution 1is obtained in less than the N re-
quired amount of iterations. In this case, it is desirable
to check the residual vector to determine whether or not it
is less than a specified criterion, rather than iterating to

the Nth step.



Chapter III

THE PRECONDITIONED CONJUGATE GRADIENT METHOD

In the course of investigation, the CG method hasbexhibited
a slow convergence rate for some types of problems, although
some reports indicate that the method faired well in the so-
lution of some ill-conditioned finite difference problems

[6]. Kershaw [7,46] attributes the slow behavior to prob-

‘lems where the system matrix has no multiple eigenvalues and

contains an even spread of eigenvalues between the maximum
and minimum eigenvalue. Jennings [8,218] also states that.
slow convergence corresponds to a large number of small but
distinct eigenvalues., However, 1if the system matrix con-
tains only s<N distinct eigenvalues (N being the order of
the S-matrix), then the conjugate gradient method obtains
its solution in s-iterations [9,662].

In order to combat the slow convergence problem, one
method (as suggested by Irons [9,661]) is to precondition or
pre-multiply equation (2.1) on both sides by a matrix of the
same order as S. The preconditioned matrix has the charac-
teristic of approximating the inverse of the S-matrix which
may (hopefully) better condition the orginal system of equa-
tions [10,157]. It is desirable not to spend much computa-

tional time calculating the preconditioned matrix but rather

_16_



to find an economical approximation to the inverse of the

S-matrix.

3.1 PRECONDITIONING WITH AN INCOMPLETE CHOLESKY
DECOMPOSITION

A familiar procéss known as the Cholesky decomposition meth-
od decomposes a symmetric S-matrix into the product of an
upper and lower triangular matrix. In order to save time,
an incomplete decomposition is perfomed such that the decom-
position is approximate, i.e. the resulting inverse of the
triangular matrices is approximate.? The incomplete decompo-
sition has benefits both 1in hastening convergence of the
system andbcomplementing the sparse storage scheme of Chap-
ter IV, The idea behind an incomplete decomposition is as
follows:

1. Calculate an approximate inverse S-matrix by perform-
ing an incomplete Cholesky decomposition.

2. Pre-multiply (2.1) by this approximate inverse to the
system matrix and solve the resulting system using
the CG algorithm.

3. The resulting system will be "preconditioned", mean-
ing that convergence to the solution will depend on
the effectiveness of the approximate inverse matrix.
Preconditioning has the effect of introducing multi-

ple eigenvalues which speed up the convergence of the

3 Axelsson [11] states that an incomplete Cholesky factori-
zation is numerically stable.

._1'7...



CG process. To illustrate, 1if one preconditoned by

the exact inverse, the resulting system eigenvalues

would all be 1, 1i.e. convergence would be attained
(trivially) in one iteration.

The Cholesky decomposition approach is used because it is

one of the most efficient methods for solving a symmetric

system of linear equations [12]. The symmetric S-matrix is

decomposed to
S = LL (3.1)

where L is lower triangular. Therefore, the solution to the

problem may be written as
¢ = (LT)—lL—lh_ (3.2)

In order to avoid a complete Cholesky decompositon, the
sparsity patterh for L is chosen to be the same as that for
s [7]. In other words, if an S(i,j) is non-zero, then and
only then, is a corresponding L(i,j) calculated. Therefore,
an L matrix would only require the same amount of storage as
the S-matrix (the S-matrix 1is stored 1in lower triangular
form since S is symmetric). A major problem with sparse ma-
trix techniques is that one must determine the amount of
storage needed to hold the factorized form [13]. Since this
particular method has no fill-ins, 1its storage fequirements

can be easily determined. The decomposition may be explic-



itly written as

S=1LL +E (3.3)

where E is an error matrix corresponding to the "missing'
entries of L which are exempted from calculation. Perform-
ing this form of decomposition may be done efficiently with-
out requiring any significant amounts of storage since no
fill-ins are calculated or stored. The incomplete decompo-
sition may be interpreted as coupling a given region within
the S-matrix most strongly to its nearest neighbors as an
approximation to the inverse matrix of the system, namely
s .

Assuming that
s =1Ll | (3.4)
S¢=b may be rewritten as
nsah e’y = e (3.5)
Viewing the new system matrix as
S'=.y“s(ﬂ%‘1 (3.6)

S' may be viewed as an approximéte identity matrix which
should make the CG convergence more rapid. Substituting
(3.6) into equations (2.29) to (2.33) of the previous chap-
ter with 5(0)==§-SQ and E(O)==K£(O) [1], results in [7]:

@) @),

a. (3.7)

i
<

5 () 5 (),

..19..



g1 = g v g p) (3.8)

Eﬁi+1) = Eﬁi) - aiSEFi) (3.9)
<£(i+1),K£(i+1)>
B, = O s , (3.10)
.\ 11 .
plrh) = e D) Bizﬁl) (3.11)
where the matrix
K= ()™ (3.12)

In order to avoid the possiblity of negative sguare roots
which may appear in the LLT decomposition [7,46], an LDLT
decomposition may be performed, i.e.

(i-1)

Lji = sji - k§1 ijLikak (3.13)

j=i,i+1l,...,N
!
Dii'T (3.14)

11

Therefore, K in equations (3.7) to (3.12) may be replaced

with
K = (LpLT)™! (3.15)

The preconditioned matrix has the same sparsity as the S ma-
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trix, but the inverse of the preconditioned matrix is actu-
ally what is required for (3.15). In order to obtain
(LDLT)"1 , the L-matrix is treated as (N-1) stacked factor
matrices (Appendix B), and the inverse is the the product of
these factor matrices [14,22-24]. The stacked matrix form
is convenient for the sparsity technique discussed in Chap-
ter 1V, It is important to note, however, that since the
L-matrix is calculated with the omission of fill-ins, the
product of all the factor matrices (i.e. the inverse) will
be approximate.

In testing the preconditioned version of the CG algor-
ithm, an improvement in the rate of convergence has been ob-
served. Typically, the solution will converge within W
CG iterations, (as tested for problem sizes ranging up to
10,000 unknowns), as opposed to nearly N with the CG method
in its simplest form, The original CG algorithm is satis-
factory for problems in which the number of unknowns does

not exceed some interim value such as N=200 [15].
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Chapter IV

CONJUGATE GRADIENT SPARSITY TECHNIQUE

One of the main points of this thesis involves the applica-
tion of a conjugate gradient (symmetric) linear equation so-
lution technique to solve large, sparse sets of linear equa-

tions.

4,1 A MODIFIED ZOLLENKOPF STORAGE SCHEME

To complement the conjugate gradient process, a Zollenkopf
storage scheme was chosen for the following reasons:
1. The ability to randomly access and construct a system
matrix without storing zero coefficients;
2. the scheme structure allows it to be efficiently mod-
ified for sparse symmetric storage;
3. the same storage scheme may be used to access the el-
ements of both the preconditioned L. and S-matrices.
This feature provides an extremely economical (and
efficient) method of storage for the largest of ma-
trices incurred; and
4, computational efficiency 1is increased by performing
only non-trivial arithmetic operations, e.g. no mul-

tiplications by zero are performed.
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The Zollenkopf sparse storage method, based on a linked-
list scheme, explained thoroughly by Wexler [14,45-50], is
outlined in the example below. The Zollenkopf linked-lists
are modified to store the symmetric matrix of Fig. 1l in a
lower triangular form (Fig. 2), thus reducing the amount of

storage from N? to N(N+1)/2,

4 0 0 -2
0 2 -1 -1
0-1 3 0
-2 -1 0 2

Figure 1: An example of a typical symmetric matrix.

INDEX CE ITAG LNXT LCOL
1 4 1 5 1
2 2 2 3 2
3 -1 3 6 4
4 3 3 0 7
5 -2 4 0
6 -1 4 0
7 2 4 0

Figure 2: The example matrix stored (lower triangularly) in
a linked-list.

The vector CE contains the matrix of coefficients stored
columnwise; the parallel vector ITAG gives the row number of
the associated entry; the parallel vector LNXT gives the lo-

cation of the next position of the next column entry; and
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the vector LCOL (of length N) contains the location of the
start of each column. -An LNXT(i)=0 signifies that no more
entries exist in that column.

The above vectors contain the relevant information to re-
construct the above matrix without the storage of non-zero
matrix terms. Note too, that the ITAG, LNXT and LCOL vec-
tors are integer vectors, which require half the storage of
a floating point vector with the same length. When the num-
ber of unknowns becomes large, the matrix is sparsely popu-
lated with non-zero coefficients and the amount of storage
required by the auxiliary vectors ITAG, LNXT and LCOL would
be small by comparison. Note that since the matrix is sym-
metric, only the lower triangular portion of the matrix is
actually stored, thus reducing the amount of sparse storage
by approximately half.

The Zollenkopf storage scheme is quite flexible if an ad-
ditional entry is suddenly introduced. For example, consid-
er the element S(2,1) being replaced by a -1.1. The result
is depicted in Fig. 3.

Notice that the addition of a matrix entry corresponded to
changing a few pointers (*-above) without re-ordering the
lists., The random'accumulation of the system matrix is ex-
tremely beneficial to finite diff2rence and finite element
methods where it is usually convenient to construct the ma-

trix in an arbitrary fashion.
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INDEX CE ITAG LNXT LCOL

1 4 1 8 * 1
2 2 2 3 2
3 -1 3 6 4
4 3 3 0 7
5 -2 4 0

6 -1 4 0

7 2 4 0

8 -1.1 2 5 %

Figure 3: The linked-list after the introduction of a new
matrix entry.

4,2 PRECONDITIONING WITH ZOLLENKOPF SPARSITY

The preconditioning of the S-matrix is attained quite
easily since the sparsity of the Cholesky L-matrix was cho-
sen to have the same sparsity as the S-matrix. The choice
for this particular sparsity pattern was chosen by Kershaw
[7] and this thesis exploits this choice by conveniently us-
ing the linked-list vectors for a dual purpose: accessing
both the S and L matrices. The dual access feature results
in a storage saving -- no auxiliary linked-lists are re-
quired. The only drawback stems from the fact that the cal-
culation of a particular L(i,j) requires the search through
each column (k) to extract the correct row coefficient for
multiplication, for k=1 to (i-1) columns, (3.13) and (3.14).
This can be a serious problem since in practice, the amount
of time spent preconditioning rivals the time spent for the
CG method to iterate to the solution. This may be avoided

by employing yet a more crude approximation to the inverse.
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Variable Window Preconditioning

The use of a variable window method was implemented to re-
duce the searching times accompanying the calculation of the
preconditioned matrix. An incomplete factorization has the
édvantage that it may be made as accurate as wanted [13] and
the variable window is a method that makes the precohdi—
tioned matrix as accurate as required. The amount of time
required for preconditioning was found to be dependent upon
the topology of the S-matrix. Two types of matrix topolo-
gies which commonly arise from finite element field formula-
tions are the banded and arbitrary symmetric positive defi-

nite matrices.

Banded Positive Definite Symmetric System Matrix

Banded symmetric matrices often arise from finite difference
and finite element problems corresponding to special geome-
tries and tactical node-numbering schemes. An example of a
symmetric matrix is shown in Fig. 4 which is the result of a
linear 2-D finite element regular grid problem.

Reviewing equation (3.13), it was noted that the calcula-
tion of each L(j,i) corresponds to retrieving the previous
L(j,k) and L(i,k) terms for k spanning column 1 to column
(i-1). The matrix elements of interest in this calculation
are located in the row=i and row=j rows. Although precondi-
tioning poses no problem when the matrix is fully stored

(zero entries stored also), there are drawbacks to using a
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Figure 4: A banded sparse symmetric matrix.

sparsity linked-list scheme. The difficulty arises because
the linked-list vectors cannot access any S-matrix entry di-
rectly. One must scan down a chosen column, constantly
checking for the row location of a particular entry. Unfor-
tunately, a time consuming search down the column must be
performed to determine whether a particular entry lies in a
given row. However, a saving may be obtained by noting
that there are no contibutions to an L(j,i) preceding column
m (Fig. 4). Therefore, eqguation (3.13) may be modified to
be

(i-1)



j=i,i+1,...,N

with

D.. = ——
il (4.2)

1
ii
Experimentation with the new variable, g, led to some in-

teresting results. If g was chosen to be the value
q=1i-2¢ (4.3)

where BW is the bandwidth of the S-matrix, then an incom-
plete Cholesky decomposition would be performed identical to
Kershaw's method [7] (eguivalent to choosing g=(i-2) ).
However, g was varied to the extent where some contributory
entries were purposely omitted. Two important points arose
from this test:
1. preconditioning was speeded up immensely; and
2. omission of these terms did not adversely affect the
convergence rate of the conjugate gradient algorithm.
During testing, g was chosen to be small, e.g. from 1 to
3, for the calculation of the L-matrix, Although these val-
ues for g corresponded to a small window for the elimination
of roughly 90% of the matrix contributions into the summa-
tion of (4.1), the results were extremely favorable. The
resulting savings were due to minimizing the time spent pre-
conditioning. The variable window factor, g, enabled pre-
conditioning to be performed quickly by omitting contributo-

ry columns and thus eliminating costly searches. The reason



as to why the windowed preconditioned matrix is satisfactory
for CG convergence may be due to the nearest neighbor
coupling and/or the diagonal dominance of the S-matrix which

enables a satisfactory approximate inverse to be calculated.

Arbitrary Positive Definite Symmetric System Matrix

Field problems involving arbitrarily sparse (symmetric) ma-
trices, an example of which is depicted in Fig. 5, usually
arise when finite elements are applied to regions of irregu-
lar boundaries or when arbitrary element node-numbering

schemes are used.
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"Figure 5: An arbitrary sparse symmetric matrix.

At first glance, variable windbw preconditioning would
not appear to be applicable to an arbitrary sparse matrix
since "nearest" neighbor coupling might be degraded. How~-
ever, tests performed on arbitrary sparse matrices indicate

that the 1identical method to calculate a variable window



preconditioned matrix for banded matrices may be wused suc-
cessfully. This result may suggest that diagonal dominance
may play a greater role in the calculation of a suitable ap-
proximate inverse necessary for the CG process as opposed to
neighboring row and column coupling.

In summary, all tests indicate that the variable window
preconditioning technique produces a satisfactory approxi-
mate inverse matrix (for CG) quickly and efficiently. This
particular scheme is ideally tailored to the Zollenkopf
linked-list storage scheme and eliminates costly (sparsity)
searches with no visible deterioration of CG convergence.
The variable window factor, together with the Zollenkopf
sparse storage method, minimizes the amount of time required

to calculate preconditioned matrix.

4.3 STORAGE CONSIDERATIONS

The Zollenkopf storage scheme permits the solution of large
sparse sets of linear equations to be solved efficiently
while conserving‘the amount of computer storage due to
sparseness and symmetry. As an example, consider a typical
finite element system matrix of order N=500 with an average
of 9 entries per row. The amount of computer storage neces-
sary for the full storage of the S-matrix (including the
zero terms) would be approximately 1 MByte. With the Zol-
lenkopf scheme, the amount of storage required is épproxi—

mately 40 KBytes including storage for the preconditioned
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matrix and linked-list vectors. Although the full storage
mode is convenient, the sparsity scheme enables very large
(sparse) systems to be solved in a reasonable amount of com-
puter memory.

Zollenkopf sparsity storage also allows for the (conven-
ient) random accumulation of entries into the system matrix.
The linked-list vectors are adjusted automatically with the
addition or insertion of any matrix entry. Re-ordering of
the linked-list wvectors 1is unnecessary [16] since the
linked-list addressing scheme is easily built into the CG
algorithm.

The most important aspect of the application of a Zollen-
kopf sparsity scheme to conjugate gradients arises from the
fact that the preconditioned matrix retains exactly the same
sparsity as the system matrix. This immediately allows the
same set of linked-list Zollenkopf vectors used to access
S-matrix entries to be used to access the preconditioned ma-
trix entries as well. Kershaw's choice for the precondi-
tioned matrix to retain the identical sparsity as the S-ma-
trix [7] provided the impetus to implement a sparse
Zollenkopf preconditioned conjugate gradient process. The
later development of a variable win