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TOEPLITZ OPERATORS WITH BMO SYMBOLS
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We prove that the boundedness and compactness of the Toeplitz operator on the
Bergman space with a BMO! symbol is completely determined by the boundary
behaviour of its Berezin transform. This result extends the known results in the
cases when the symbol is either a positive L!-function or an L* function.
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1. Introduction. Toeplitz operators are one of the most widely studied
classes of concrete operators. The study of their behavior on the Hardy and
Bergman spaces has generated an extensive list of results in the operator the-
ory and in the theory of function spaces. One of the latest approaches in this
area is the use of the Berezin transform as a determining factor of the be-
haviour of the Toeplitz operator (see [1, 2, 6, 8, 10]). This method is motivated
by its connections with quantum physics and noncommutative geometry.

We start with a few of the basic definitions. For more details and references,
see [3, 9].

The Bergman space L2 (D) is the subspace of L?(D) consisting of functions
that are analytic on the unit disk D. Let P be the Bergman projection, that is,
the projection form L?(D) onto L2 (D) defined by

g(w)

(Po)2) = | L am(w) (L1

where dm denotes the normalized Lebesque area measure of D. For a function
f in L' (D), the Toeplitz operator Ty on L2 (D) is defined by

Trg=P(fg). (1.2)

Since the Bergman projection kernel function P can be extended to L} (D),
the operator Ty is well defined on H*, the space of bounded analytic functions
on D. Hence, Ty is always densely defined on L2 (D). Since P is not bounded
on LY(D), Ty can be unbounded in general.
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For z in D, the Bergman kernel function K, and the normalized Bergman
kernel function k, are functions in L2 (D), defined by

1 1-|z|?
K(w)=——, k(w)=—""3. 1.3
(w) 1 _z0)’ (w) (1 _zw)’ (1.3)
We have that, for any g in L2 (D),
(9,Kz) =g(2). (1.4)

Also, k, isin H* and ||k, ||>» = 1, where {-, -) denotes the inner product in L2 (D)
and | - ||» denotes the L?(D) norm.

For an operator A on L2 (D) that is well defined on H*, the Berezin transform
of A is the function A on D defined by

A(z) = (Akz, k). (1.5)

If A is bounded, then A is abounded function. Since the kernels k. converge
weakly to zero as z approaches the unit circle 0D, we have that if A is compact,
then K(z) — 0 as z — 0D. The converse (in both cases) is not necessarily true
and we will mention some counterexamples later on. For f in L' (D), we define
the Berezin transform of f to be the function Tf, that is,

F2) =Tz = j@f(w>|kz<w>|2dm<w). (1.6)

Our main result states that for f in the space BMO' (D) (to be defined later),
Ty is bounded if and only if f is bounded and Ty is compact if and only if
f(z) — 0 as z — 0D. The same result has been proven for positive L (D) sym-
bols f by Luecking and Zhu in [5, 8], and for L* (D) symbols f by Axler and
Zheng in [1]. We will see that both of these classes of symbols are contained
in BMO! (D) and so our result covers the above two cases.

We mention few more properties of the Berezin transform function (more
details can be found in [1, 3, 9]).

(1) The map A — A is one to one.

(2) The function ﬁ(z) isin C® (D). More precisely, ﬁ(z) is real analytic on
with a power series expansion

Az)=(1-1z1)° S (m+1)(n+1){Az",z")z"z". (1.7)

m,n=0

(3) For f in L' (D), f is harmonic on D if and only if f = f

While (1) and (2) are fairly easy to obtain, property (3) is a very deep result
that was an open conjecture for a number of years, until it was proved inde-
pendently by Ahern, Flores, and Rudin in 1993 and by English in 1994. For
detailed references, see [3].
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There are several examples in the literature of noncompact operators with
Berezin transform vanishing at the boundary (see, e.g., [1]). We mention one
of them and then give an example of an unbounded operator with a bounded
Berezin transform. Both of the operators will be radial operators, that is, op-
erators that are diagonal with respect to the standard basis {e,} of L2 (D),
where e,(z) = Vn+1z" (see [10] for more details on radial operators and
their Berezin transform).

EXAMPLE 1.1 (see [1, page 392]). Let A be the diagonal operator on L,Zl()
defined by

0, n=+2m,
Ae,, = (1.8)

where m € N.Then A(z) = (1—-[z|2)2 30 _, (2™ +1)(]z|2)2" - 0 as z — 3D, but
A is not compact since it is a projection on an infinite-dimensional subspace
of L2 (D).

EXAMPLE 1.2. Let A be the diagonal operator on L2 (D) defined by

Aep = { (1.9)

where m € N. The operator A is unbounded on L2 (D). We will show that

2

Az) = (1-1211)* Y m(@2m+1)(1z1?)*" (1.10)
m=1

is bounded on D.
Since 2M+1 <3.2m~Land 2m! = 37",,. 1,1 for all m in N, we have that

> m2m+1)(1z1?) 2 ZmZm L(1z|2)*"

m=1

Si Z m(lz12)*"

m=1 k=2m-141

© 2m
<3>3 (k+D(IzD)*

m=1g=2m-141
2|z|?

— .

(1-1z12)

(1.11)

Thus A(z) < 6/z|2 < 6 for all z in D.

Note that none of the operators in Examples 1.1 and 1.2 is a Toeplitz oper-
ator with symbol in L' (D) (see [10] for details).
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We will define the BMO'! (D) spaces for p > 1 in Section 2 and we will describe
some of the properties of the functions belonging to these spaces. The proof
of our main result will be presented in Section 3.

Throughout the paper, we will use the letter ¢ to denote a generic positive
constant that can change its value at each occurrence.

2. BMO? spaces. Let f € L'(D) and let ¢, denote the disk automorphism
defined by
zZ—w

Y (w) = e (2.1)

For p > 1, we say that f belongs to BMO” (D) whenever
supl|f oy~ f(2)], < o, 2.2)

where || - ||, denotes the L” (D) norm, and f is the Berezin transform of f. We
define

I1f lgmor = gggllfowz—ﬂzmp,
AN, = 1 lsmor + | F(0) |

(2.3)

Note that || - [[gmor does not distinguish constants, while || - |||, is a norm in
BMO” (D).

BMO” (D) spaces were introduced for p = 2 by Békollé et al. (see [2]) and for
general p > 1 (and general pseudoconvex domains) by Li and Luecking in [4].
There are several equivalent norms on BMO” (D) that appear in the literature.
We will mention another definition stemming from the traditional approach
to the BMO spaces on the unit circle. This definition gives a geometric view of
the BMO? (D) spaces by explicitly using the Bergman metric.

For z, w in D, let B(z,w) = (1/2)log((1 + Y- (w)|)/(1—|y-(w)]|)) be the
Bergman metric on D. Let D(z) = {w € D; B(z,w) < 1/2} be the Bergman
metric disk (also called hyperbolic disk) with center z and radius 1/2. The nor-
malized area of D(z), denoted by |D(z)|, is equivalent to 1/(1—|z|%)?. For
more details, see [3, 9].

For f in L'(D), the average of f over D(z) is defined by

f(Z) S fw)ydm(w). (2.4)
ID(2)| Jpiz)
Using properties of the Bergman metric and results from [4], it follows that
Il f lgmor is finite if and only if

o P )
sup |D(Z)| JD(Z) |f(w) f(Z)| dm(w) < . (2.5)

zeD
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Thus, functions in BMO” (D) have bounded mean oscillation in the Bergman
metric. Note that any other choice for the radius of the hyperbolic disk D(z)
gives the same set of functions. Since BMO? (D) functions are locally in L? (D),
the spaces are different for different p. It is not hard to see that

L*(D) c BMO¥ (D) c L¥ (D), forp =1,

) (2.6)
BMO%(D) c BMO? (D)  BMO' (D), for1<p <q.

Details regarding (2.6) could be found in [4, 7, 9].

Since the space BMO' (D) is the largest among the BMO? (D) spaces for p > 1,
from now on we will be mainly interested in functions belonging to this class.
We will also drop the reference to the unit disk and simply write BMO” instead
of BMO? (D).

The next proposition says more about the Berezin transform of BMO' func-
tions. Similar properties have been proven about BMO? functions (see [2]).

PROPOSITION 2.1. Let f be in BMO'. Then

@ sup.cp (If1(2) = 1f(2)]) < oo,

(b) f is Lipschitz with respect to the Bergman metric,
(©) Sup,ep(l-1z19)|VF(2)] < o,

—~

() sup,cp lf —f1(z) < 0.

PROOF. (a)For z in D, we have that

([Tl - 1F@1) = [ (@] - 1F@ ) ket dme)

SJ |f(w)—J7(Z){ IkZ(w)|2dm(w)
o (2.7)

= JD |f°lllz(v)—f(z)|dm(v)
=|Ifow.)-F@|l,,

where we have used the change of variablg w = Yz (v) in the third line g (2.7).
Since f € BMO', sup,cp IIlf o @z(v) = f(2)|l1 < o and so sup,cp (| f](z) -
1£(2)]) < = as well.
(b) We have to show that there exists a constant ¢ > 0 such that, for every
z,w €D,

|f(2)-F(w)| <cBz,w). (2.8)

Békollé et al. have established in [2] that the same property for f is true in the
case when f belongs to BMO?. We will explain the main idea of the proof and
the part where our proof differs from that in [2].

For z,w € D, let x(t) denote the geodesic from z = x(0) to w = «(1) in the
Bergman metric, and let s = s(t) denote the arc length of «(t) in the Bergman
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metric. Since

f2)-Fw)| < %(f((x(t))) dt, (2.9)

it suffices to estimate (d/dt)(f(«(t))), for £ in BMO.
The following inequality can be found in [3, page 48] and is a part of the
above-mentioned proof in [2] that we use here:

L Flaw))|

2.10)
(0] - att) (
4 Kt d
<4 [ 1@ - F@®)]| ko ()] apa dm@).
Since
()] _ds
1-|a(r)]® At 10
and since
lw—a(@®)| _
|17Ww| = |(po((t>(w)| <1, (2.12)
we get that
)] [w-a®)| _ @] 1-|xb)]’ o (@)]
1-awl’ 1—|a<t)|2 1-awl’ (2.13)
—dt|ko<(t)(w)<
Hence,
A (Fow)] 4% [ ] @) Flato) | e (@) | dmico)
d ~
S ewae = Fla)ll; @.14)
ds
—4al|f”BMO"
So,
1 F(2) - F)| <41 Fllgyor D%dt:wnmlﬁ(z,w, (2.15)

and the constant ¢ can be chosen to be equal to 4||fHBM01
(c) We w1ll show that IVf(z)l < c/(1—]|z|?), where Vf(z) is the complex
vector (af/ax,af/ay) for z = x+1iy and

|Vfz)|* = (2.16)

oy



TOEPLITZ OPERATORS WITH BMO SYMBOLS ... 2935

Using the fact that limy_o(B(z+h,z)/|h|) = 1/(1 —|z|?) and part (b), we get
that

‘if(z) i S h+ i) = fx+iy) |
0x h—0 [h| (2.17)
. Bx+h+iy,x+iy) ¢
=cjim il Tz
Similarly,
’ayf( )‘ 7|Z|2, (2.18)

and so |Vf(2)|2 <2(c?/(1-1z1%)2).
(d) Since |f —J?l > 0, by [8] we have that \f—fN\ is bounded if and only if

If—fNI is bounded. Using part (b) and the fact that for w in D(z), 1/|D(z)| -
Ik, (w)|%, we get that

— 1 o
| f=fl(z)= WJDQ) | f(w) = f(w)|dm(w)

1 o
< WJB@) | f(w)-f(z)]|dm(w)

— ~Flw)|d
D) D(Z)|f(2) f(w) |[dm(w) 10)

st |f(w)—f(z)| |kz(w)|2dm(w)
|D<z>|f B(z,w)dm(w)

1
<cllfoy.-Ff2I +5C <0,

since sup ep llf oy, — f(2) Il < co. 0

PROPOSITION 2.2. Let f bein L' (D).

(@) Letf be bounded in D. Then sup,.p |f|(z) - |f z)|) < o implies that f
is in BMO'.

(b) There exists ¢ > 0 such that (f(z) —f(z)) <cllfoy: —f(z) II1 for every z
in D.

PROOF. (a) Whenever f is bounded and supzem(m(z) - \f(z)l) < 00, we
have that | f| is also bounded. But, since

Ifowz=F @, <|lfow:ll + | f )| =1fl2)+ | f2)], (2.20)

we get that sup,cp || fo 2 —f(z) |1 < oo and thus f is in BMO!.
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(b) Using the fact that for w in D(z) we have that 1/|D(z)| < clk.(w)|?, it
follows that

1
|D(2)]

SCI | flw) = f(2)| k()] *dm(w) (2.21)
D(z)

1) -F@)| = jD( 1@ =@ | dm(w)

<c||fow-~Ff2)l. 0

As a consequence of the results in Propositions 2.1 and 2.2, we get the fol-
lowing corollary.

COROLLARY 2.3. Let f be in L1 (D).

(a) For f inBMO!, f being bounded implies that Ty is bounded on L2 (D).

(b) Every f in BMO! can be written as f = fi + f> with fi in the (real) Bloch
space and f> such that sup,cp Iffz/l(z) < 00,

() Iff=0o0nD and iff is bounded, then f belongs to BMO'.

(d) For f in BMO*, f is bounded if and only iff is bounded.

PROOF. (a) Using the fact that for every f in L' (D) we have

Forl = || rwlkPame)
v (2.22)

< ij<<»> k2 () | 2dm(w) = [F1(2),

it follows from Proposition 2.1(a) that whenever f isin BMO' and f is bounded,
we have that m is also bounded. Since | f| > 0, by results from [5, 8], m being
bounded implies that Tz is bounded. Then it is not hard to see that T has to
be bounded too.

(b) Take f} = fv and f> = f —f. Then the rest follows from Proposition 2.1(c)
and (d).

(c) For f > 0, we have m(z) = Ifl(z) = f(z). In case f is bounded, using
Proposition 2.2(a), we get that f belongs to BMO'.

(d) It follows directly from Proposition 2.2(b). ]

3. Proof of the main theorem. Our main theorem (Theorem 3.1) expands
the class of functions f for which it is known that fN(z) — 0, as z — 0D implies
that Ty is compact. It includes L® functions and positive L! functions with
bounded Berezin transform, and so the theorem is an extension of the results
of Axler and Zheng (see [1]) and Luecking and Zhu (see [5, 8]).

THEOREM 3.1. Let f belong to BMO'. Then f(z) — 0, as z — 9D implies that
Ty is compact on L2 (D).

Before we proceed with the proof, we state two lemmas that contain some
of the more technical parts used in the proof.
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LEMMA 3.2. Let f be in L' (D) and let Ty be bounded on L2(D). Then for
every z in D, the following is true:

(@) (TrKz)(u) =K (W)P(f o) (Y. (u)),

(b) [ITekzllz = 1Tfoy, 2,

(c) for f in BMO!, each Tfoy, 1s bounded on L2 (D).

PROOF. (a) We have the following equalities:
(Tsz)(u) = <P(sz)sKu>

= Jf(w)Kz(w)Ku(w)dm(w) 3.1)

- JDf(wzw))Kz(wz(v))Ku(wzw)) k- (v) | 2dm(v),

where we have used the change of variable w = . (v), and the fact that
Iy, (V)] = [kz(v)].
Using the equations

__
1-1z]* (3.2)
Ku(‘l/z(v))kz(v) = kz(v)KlIJz(u)(U)

Kz(q}z(v))kz(v)

(which can be checked directly from the definitions of the functions involved),
we get that

(TR W) = [ (Fow2) ) 1 zke W Kot Wl (v)

= Ko [ (Fows) Ky @)dm () G-
=K (WP(fow:)(pz(u)).

(b) We have that

1Tkl = 1P (Fk2)l2
- JD |P(fk) (@) |*dm(w) (3.4)

- [ 1P () [ Pam),

by the change of the variable w = . (u). Using the fact that

Klllz(u)(w)wlz(u) :kz(w)Ku((.Uz(w)), (3.5)
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we can continue with the following equations:

JD |P(fk2) (w-(w)|* | @lu) | *dm(u)

I 2
m JDf(w)kz(w)szm)(w)t,ll'z(u)dm(w) dm(u)

2
_ JD JDf(w)kz(w)kz(w) Koo @) dm(w)| dmw)

2

dm(u) (3.6)

= [ | [ £t ket Ralwzt@)dmic)
D D

2
dm(u)

=f Jf((pz(v))_Ku(v_)dm(v)
D D

~ [ 1P ewa) 0 Pama)
=1P(fow)lz = | Trop. 115,

where we have used the change of the variable v = . (w) in the fourth equa-
tion. Thus || Trkz113 = [ Troy, 1115.

(c) It follows from the definition of BMO! that, whenever f belongs to BMO!,
f oy, also belongs to BMO!, for all z in D.

Furthermore,

Fow(w) = JDfowz(u) | e (w) | 2dm (w)

= [ ) ko lwz) P g ) Famw)
v (3.7)

- Jf(’l}) <klllz(w)(v) |2dm(v)
:f(l/jz(w)),

(where we have used that |ks(v)|?> = |@:(v)|?> and that (@, o @) (V) =
Wy, (w) (V). Thus, f being bounded implies that f:///z is bounded indepen-
dently of z. By Corollary 2.3(a), it follows that for f in BMO! and f being
bounded, each Ty.. is bounded on L2 (D). O

LEMMA 3.3. Let p and € be positive numbers such thatp >3 and 1/p < € <
(1/2)(1-1/p). Then

J (1_‘v|2)*2pf/(l7*1)

|1,§v |2v<1—25)/(p—1)dm(v) (3.8)

is bounded in z.
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PROOF. Lett=-2pe/(p—1)andletc=-t-2+2p(1-2¢)/(p—1). Then,
2pe/(p—-1)<(1-1/p)p/(p—1) =1 and ¢ <0, since

2p¢e 2p(1-2¢) 2pe—-2p+2+2p—4pe
_2+ =
p-1 p-1 p-1
_2-2p¢ - 2-2p(/p) _
=1 o1 =

0.

By [9, Lemma 4.2.2], since t > —1 and ¢ < 0, we get that the integral is bounded
in z. O

The proof of the theorem will be done in several steps. The steps follow
the standard idea of finding a sequence of compact operators that converges
to the given operator. To establish the convergence, we will use the Schur’s
test. The same approach has also been implemented in [1, 6]. The core of our
extension is contained in the first step of the proof.

PROOF OF THEOREM 3.1
STEP 1. Let f € BMO! and let f be bounded. Then

sup||Trey, 1|, <o, Vp=1. (3.10)
zeb

PROOF OF STEP 1. For an analytic function g, its L” norm ||g||, is equiva-
lent to |g(0) |+ [[(1 — Izlz)g’(z)llp. For details, see, for example, [9].
The Bloch spaces B is defined by

B= {g analytic on D; sup (1-1z]%)|g’(z)| < oo}. (3.11)
zeD

For g, being a function in the Bloch space B, let |lgllzg = |g(0)] + [[(1 —
1212)19" (2)|ll . It follows that

lglly < C<|g(0)| +][(1- \zlz)g’(z)Hp)
<c(lg]+1-1z*)g ) (3.12)
=cliglls.

It has been proven by Li and Luecking in [4] that the Bergman projection P
is a bounded operator from BMO' into B, for all p > 1. Since, for f in BMO' we
have that f o, is in BMO! for all z in D, we get that P(f o) € B. Hence

[P(fow)ll, <cllP(few)llp<clllfew:lll,
= C(IJ?ZJZ(0>| +§gg||fowzoww—%(w>1ll)
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—c(IF@1+ sup lIfowpw - Fwat)l,)

Yz(w)eD
= C<If(z) | +sup||f°wu—f(u)||1).
ueb
(3.13)

So, for f in BMO' and j? being bounded, we get that

sup||Troy, 1||, = sup||P(foy:)||, <o, Vp=1. (3.14)
zeD zeD O

STEP 2. Let Ty be bounded on L2 (D) and let f(z) — 0 as z — 0D. Then
Tfoy,1 — 0 weakly as z — 0D.

PROOF OF STEP 2 (see [1, page 396]). The proof uses the explicit double-
series form of the Berezin transform of an operator in L2 (D).

We mention that, since the specific nature of the Toeplitz operator is not
used in the proof, a more general statement is true.

Let A be a bounded operator on L2 (D) and let U, be the unitary operator on
L2 (D), defined by

U.g = (gow2)ys. (3.15)

Then ﬁ(z) — 0, as z — 0D, implies that U,AU,1 — 0 weakly as z — oD. |

STEP 3. Let f € BMO'. Then f(z) — 0, as z — 0D, implies that | Tfoy. 1l —
0,as z — oD.

PROOF OF STEP 3. The method of the proof is similar to a part of the proof
in [1]. For the sake of completeness, we provide the details.

By Step 2, Tr.y,1 — 0 weakly and so it converges uniformly to zero on com-
pact subsets of D, such as ¥D, for 0 < » < 1. Since

1Ty 11 = | 1770 1() P dm @)

=J | Tpep, 1(w) | *dm(w) (3.16)
D\rD

+J7 | Tfap. 1(w) |“dm(w),
rD

we also need to estimate the first integral of the last line. We will do that by
using the Cauchy-Schwartz inequality and the result of Step 1:

2
Tfop.1 d
Jw@' Feus 1) |*dmicw)

= (JD | Trey. 1(w) !4dm(w))l/2(Jmmdm(w)>”2 (3.17)

\rD

2 1/2 1/2
< ||Tpep 1[5 =) < c(1 =127,
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We can make the integral over D\ 7D as small as we wish, independently of
z, by choosing r close enough to 1. Then, for the same v, take z close enough
to 0D such that the integral over ¥D is also as small as we wish. |

STEP4. Let £ € BMO!. Then f(z) — 0, as z — 9D, implies that I Tfop,1ll, — 0
as z — 0D, forall p > 1.

PROOF OF STEP 4. For p < 2, we have that [Ty, 1llp < [Ty, 1ll2 and the
rest follows from Step 3. For p > 2,

-1
1 Tpop Ul < 1 Tpop. LIl Troy. 113, (3.18)
by Holder’s inequality. The proof follows from Steps 3 and 1, since 2p —2 >

2=>1. O

STEP 5. Let f € BMO! and let f(z) —0asz—-0D.For0<r<1,let T/ be
the operator from L2 (D) into L?(D), defined by

! = My, Ty, (3.19)

where My, , is the multiplication operator on L2 (D) with x,p being the char-
acteristic function of ¥D. Let T/ denote the operator T as an operator from
L2 (D) into L?(D). Then 1! is compact and lim,_; || T/ - Tl =o0.

PROOF OF STEP 5. It is well known that the operator My, is compact on
L2(D) since x,p(z) = 0 for |z| = r. Thus, Tf is also compact, as a product of
a compact and a bounded operator. |

For g in L2 (D), we have that

(17-1/)g(2) = (1-x/0)T19) (2)
= Xp\p(2)(Trg,Kz) = Xp\ro(2)(g, T7Kz) (3.20)

- | gtoxous @ TRz dm .

So, TS — Tyf is an integral operator with kernel Kf(z,u) = XD\rD(Z)Tsz(M)- By
Schur’s test, whenever there exist a positive measurable function h on D and
constants ¢; and ¢, such that

J |k (z,w) |n(2)dm(2) <cih(w), VuinD,
o (3.21)
JD }K{(z,u)\h(u)dm(u) <coh(z), VzinD,

we have that | T/ - T/ |12 < ¢y co.
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Letp>3,1/p<e<(1/2)(1-1/p) and let h(z) = (K, (2))E =1/(1—|z|?)?.
We will show that the Schur’s test works with constants

= CilelgHTfoleHp, = C‘SZI‘JZBHTwaZal. (3.22)
We have that
[ 1K o I dmn = xoo(2) [ 115K 0] (K G0) dmw), 6.23)
which by Lemma 3.2(a) equals
xouo(2) | 1K) | |P(Fow) () | (Kuw) dma). (.24

By the change of variable ¢, (1) = v and by Holder’s inequality with p as above,
we get that

J & (2w | haydm(w)

- X[DJ\r[D)(Z)JD |P(Ffow,) )| |K:(w.(v))]
X (Ky, ) (W2(0))) | k2 (V) | 2dm(v)

— 1 1 1

~oun@ |, IPGFow) ) Tz T TEPREIC

1 o p 1/p

< xowo (@) =5z ([ 1PFewa) ) "dmw))

(17|v|2)*17/(17*1) 1-1/p

8 (Jﬂ) (1-|y.(v) |2)<Zs—1><n/<n—1>)dm(v) :
(3.25)

To get the last equality, we have used the equation
U212Y(1 — 112

[1-Zv|?

Using it one more time and then applying Lemma 3.3 in the last inequality, we
get that

J & (2w | dm ()
D

1 —
< XD\rD(Z)m||P(f°Wz)||p

— - - (p-D/p
% (J 1 |1—ZU|21’7(2€ 1/(p-1) ( ))
2 -1 2e-1 -1 dm(1
D (1-|vl|?) pellp=1) (1—|Z|2)( e Dw/p=1)
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1
= Xovo (2| Ty, U, ——
r || fow Hp(l_lz‘z)zg
—2pe/(p-1) (p-1)/p
(1-vl?)
) <ID [1-zv |2W<1—2e>/<p-1>dm(v)

<csup || Ty, 1l[,h(2) = c2h(2).

|z|=v

(3.27)

We get the first inequality of the Schur’s test in a similar way, noting that
J |Kf(z,u) |h(z)dm(z) = Xp\rp(2) J | TrKyu(2) | (K2(2))"dm(z). (3.28)
) )
By the same argument as above, the right-hand side is less than or equal to

c sup [[Troy, 1|, h(u) < Czlé”Tfozpualh(u) =c1h(u). (3.29)

lul=r

Thus, by Schur’s test, || T/ — Tf\l2 < cic2, where ¢; does not depend on 7,
and by Step4,c, - 0asr — 1. O

4. Comments and further generalizations. A general problem that moti-
vated the results of this paper is to determine the class of operators A on the
Bergman space for which AN(Z) — 0, as z— 0D, implies that A is compact. This
class of C* (D) functions, vanishing on the boundary, has to be an ideal of the
noncommutative algebra of Berezin transform functions on D.

Our result states that Toeplitz operators with BMO! symbols belong to this
ideal. The method of the proof actually yields a stronger result that we state
below as Theorem 4.2. The following lemma considers the main technical gen-
eralization.

LEMMA 4.1. Let f be in L' (D), let T be bounded in L2 (D), and Ietf(z) -0
as z — 0D. If there exists p > 3 such that sup,cp | Tf.y, 1l < o, then, for every
a<p,sub,cp I Troy,1llg <0 and | Tfoy,1llqg — 0 as z — oD.

PROOF. Since g < p, it follows that sup,cp | Tfoy. 1ll4 < . Let s = p/q and
let t be such that 1/t+1/s = 1. Then

Trega1lls= | 17701 @) [ dmico)
,

a 4.1)
+J[D\r | Tfop. 1(w) | *dm (w)

=1(z)+1(2).
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By the comment in the proof of Step 2 and since f(z) — 0 as z— 0D, it follows
that Tf.y,1 — 0 weakly as z — 0D, and so I; (z) — 0 as z — 0D. But

I(z) < (J\TD [ Troy.1(w) |q5dm(w))l/S<JD\rD 1dm(w))l/t 4.2)

1
< || Tpey. 15" (1=

which could be made arbitrarily small independently of z by taking » close
enough to 1. Thus || Tf.y.1ll4 — 0, as z — oD. 0

THEOREM 4.2. Let f be in L' (D), let T be bounded in L2 (D), and suppose
that there exists p > 3 such that

sup||Troy, 1||, < oo,  supl[Tf,,, 1], < co. (4.3)
zeb zeb

Then f(z) — 0, as z — 0D, implies that Ty is compact on Lﬁ().

PROOF. By Lemma 4.1, there exists g > 3 such that sup,cp [ Tfoy,1llg <
and || Tr.p,1llq4 — 0 as z — 0D. The same holds for || Tfonpz 14. Closer inspection

of the proof of Step 5 shows that this is sufficient to show that lim, _; ||T7f -
TF| = 0 (where Trf and T/ are defined in Step 5). Hence Ty is compact on
L2 (D). O

It is not known if for every bounded Toeplitz operator Ty, f(z) - 0 as
z — 0D, guarantees that T is compact. Note that T being bounded on L2 (D)
implies that sup,cp | Troy, 12 < co.

We ask the following question.

QUESTION. For f in L'(D) and T being bounded on L2 (D), and such that
SUP,ep 1 Trop, 1llp < 00 and sup,<p HT;szlllp < oo for some p > 2, does it fol-

low that f(z) — 0 as, z — 0D, implies that Ty is compact?
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