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Abstract

Estimators are critical to modern society and are present everywhere from automobile cruise
control systems to satellite attitude determination and control. Ensuring that estimators
produce reliable, trustworthy estimates is key to keeping users safe and systems functioning
correctly. While many systems and metrics have been proposed to ensure estimator reliability,
these come with disadvantages such as requiring time-consuming Monte Carlo simulations
or encapsulating poorly performing estimators rather than addressing core issues. This
dissertation examines the various factors that aledt estimator reliability, specifically for
Kalman Filter variants, and presents a new trustworthiness metric that quantifies a filter’s
reliability without requiring Monte Carlo simulations: the covariance trust ratio (CTR).

The reliability factors examined here include the type of Kalman filter used, whether
a filter incorporates elements of the measurement source’s state, the type of process noise
covariance model used, and the type of measurement sources used. To examine how these
factors aledt a Kalman filter’s reliability, this dissertation uses two existing methods from the
literature, Normalized Estimate Error Squared (NEES) and Normalized Innovation Squared
(NIS), in addition to the CTR.

The impact of these reliability factors on a Kalman filter’s trustworthiness are
demonstrated using a case study which explores how a spacecraft’s orbital state can be
estimated using relative angle and range measurements of Resident Space Objects (RSOs).
This case study shows that the CTR is an e [edtive method for quantifying an estimator’s
trustworthiness, highlights the eledts of the various reliability factors studied here, and
demonstrates that these factors can be quantitatively assessed to provide confidence in a
filter’s trustworthiness. In order for new estimation methods to become commercially viable,
they must demonstrate their reliability and trustworthiness to potential users. The estimator

reliability analysis and estimator trust quantification work presented in this dissertation



form an enabling technology that may aid in the more rapid adoption of state estimation

techniques.
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“The entire universe has been neatly divided into things to (a) mate with, (b) eat, (c) run
away from, and (d) rocks.”

Terry Pratchett, Equal Rites, 1987

Generally, Kalman Filtering falls into the third category. However, this thesis attempts

to tame the Kalman Filter and turn it into something that rocks.
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Chapter 1

Introduction

smulat o ,onis, f,,
l.a falsely assumed appearance, a false show, feigning, shamming, pretence, feint,

insincerity, deceit, hypocrisy, simulation, etc.

C. T. Lewis, and C. Short,A Latin Dictionary . Clarendon Press, 1879.

1.1 Motivation

e estimation is the process of predicting a system's current behaviour, typically using
gome combination of measurements, knowledge of the system's dynamics, and statistics.
Estimators are ubiquitous to modern society and are used everywhere from cruise control
[11] and battery state of charge estimation12], to spacecraft navigation 13]. Underpinning
these estimates are a myriad of assumed mathematical models including those describing
how the system behaves, how measurements are obtained, how external disturbances a ect
the system, and how uncertainties can be statistically described. Further, in addition to
uncertainties due to random variations such as measurement or process noises (known as
aleatoric uncertainties), systems can also be subject to systematic uncertainties due to faulty
assumptions or unknown information (collectively known as epistemic uncertainties)4. By
necessity, state estimation uses a simpli ed model of reality consisting of many individual
simpli ed models. These models must strike a careful balance between simulating real-world
behaviour with su cient accuracy to predict a system's behaviour but avoiding unnecessary
complexity and computational e ort. Striking this balance can be di cult and simulated

estimator performance can be deceiving. However, if a developer fails to adequately model



the system, the estimator may produce erroneous state estimates and, depending on the
severity of the estimator's error, the safety of reliant systems or users may su er.

For an estimator to be applied to real-world applications, its estimates must be su ciently
accurate and the user must have some trust in the estimator's state predictions. In
safety-critical tasks, accuracy on its own is insu cient; even if a Iter has reached a
precise steady-state estimate, operators may be reluctant to rely on these data if the
estimator's trustworthiness cannot be otherwise validated. For example, operators may
need to establish trust in a spacecraft's state estimate, whether using a video-feed or with
secondary measurement sources, before docking with another spacecraft. Even for every-day
tasks, measuring estimator trustworthiness can be highly bene cial. An example of this
appears in mapping software such as Google Maps, which provides uncertainty bubbles
surrounding location estimates based on the estimate's trustworthiness, as seen in Fig. 1.1.
Trustworthiness can be established by using external methods such as redundaric} ¢r
monitoring software [LO] to override poor estimates, or through experience using the estimator
for prolonged periods. However, it would be better if the estimator itself was inherently

trustworthy and if this trustworthiness could be quanti ed.

Fig. 1.1: Uncertainty bubble surrounding a position estimate in Google Maps.

There are existing reliability methods that use an estimator's intrinsic variables to
determine an estimate's trustworthiness16, 17, 18 19]. Generally, these methods create a
model of an estimator's performance and compare this model with an idealized value to create
a ratio of the idealized value. Some reliability metrics, including Normalized Innovation

Squared (NIS) P(], subjective logic tests 18], and residual tests 19] use the dierence



between incoming measurements and the estimator's expected measurement values, known
as the estimator's measurement innovation, to build covariance models of the estimator's
performance. Other metrics such as Normalized Estimate Error Squared (NEEQQ] use
truth data for building covariance models. Metrics developed for the Global Positioning
System (GPS), such as Geometric Dilution of Precision (GDOP), compare a Jacobian of a
GPS estimate's pseudorange matrix to the sum of the expected GPS error source standard
deviations [L7]. Despite their utility, existing reliability metrics are not perfect. Methods that
use a lter's measurement innovation to measure performance, such as NES|[ subjective
logic tests [L8], and residual tests 19] do not directly measure estimate reliability. Instead,
these metrics measure the reliability of incoming measurements and how well a lter predicts
these measurements. NEES and NIS require Monte Carlo simulations to build their statistical
models, which can become cumbersome. Finally GDOP and similar position dilution of
precision methods are limited to speci c observer-target geometries.

While these assessment methods can help measure an estimator's performance, the choice
of estimator is another key factor in ensuring a system is reliable. Some estimators, such as
the Kalman Filter! and its variants, include state and measurement innovation covariance
estimates in their calculations 21, 22, 23]. Even better, the Kalman Filter is an optimal lter,
meaning that if the Iter is used on a system with linear dynamics, linear measurements,
and white noise sourceés the lter's state covariance estimate exactly matches the true state
covariance 21]. Extensions of the Kalman Filter, such as the Extended Kalman Filter (EKF)
and the Unscented Kalman Filter (UKF), have been developed for systems that include
nonlinear dynamics or nonlinear measurements. The EKF and UKF are nonlinear lters,
in that they do not require linear dynamics or linear measurements, but retain the Kalman
Filter's linear Kalman Gain. These nonlinear Kalman lters are not optimal, unless used on a
linear system with white noise distributions. Despite their non-optimal natures, the covariance

estimates of these Kalman lIters can still be used to compare their performances to ideal

LIn this dissertation, | refer to the original Ilter developed by Rudolf Kalman [ 21] as the the Kalman
Filter and to the broader category of estimators based on this Iter as Kalman Iters or as a Kalman
Iter.

2Note that there is a common belief that the Kalman Filter requires zero-mean Gaussian measurement
and process noise distributions 24]. However, the Kalman Filter is optimal for any process and measurement
noise distributions so long as they are white noises [24, 20].



values. Due to their inbuilt covariance estimates and the Kalman Filter's optimality, reliability
methods are commonly used to assess the reliability of Kalman Iterd§, 19, 20, 16, 25).
However, research into the factors that a ect a Kalman lters' reliability are lacking.

This dissertation studies the various factors that can a ect an estimator's trustworthiness,
such as the estimator itself, the degree of nonlinearities present, how noise sources are
modelled, and if elements of the measurement sources are included in the Iter's dynamics
model. By conducting this study, this dissertation aids researchers and engineers in developing
estimators that are inherently more trustworthy, reducing implementation risks and improving
system performances. Additionally, this dissertation explores a new method for quantifying
an estimator's trustworthiness, without some of the limitations of previous metrics such as
the use of Monte Carlo simulations. Speci cally, the new covariance trust metric presented
in this work improves on the previous NEES metric by removing its dependency on Monte
Carlo simulations, which decreases the time it takes to develop and tune a Kalman lter.
The trust factor analysis and new trust metric are evaluated using Resident Space Object
(RSO) based navigation as a case study. The remainder of this chapter provides additional
background on the case study, presents this dissertation's research hypotheses, reviews the
research contributions made by this dissertation, and outlines of this dissertation's remaining

structure.

1.2 Case Study

Spacecraft state estimation, including the estimation of position, velocity, orientation, and
angular velocity, is critical to a wide range of space-missions, from Earth observation and
telecommunications to interplanetary exploration 26, 27, 28]. These estimates allow a
spacecraft to point cameras, antennas, solar arrays, and other components in their correct
orientations; enable communications between the spacecraft and ground stations; and ensure
that a myriad of other functions occur as intended. To perform these tasks, a given mission
may utilize a variety of sensors and methods of state estimation including Global Navigation
Satellite System (GNSS) receivers, ground-based tracking, and onboard sensors such as

star trackers, sun sensors, moon sensors, earth limb sensors, and magnetometers. However,



each method has its drawbacks. GNSS-based estimation is generally limited to satellites
in low orbits below GNSS constellations29. Ground-based tracking requires a series of
ground stations which increase mission cost and complexity. Onboard sensors can provide
information on a satellite's orientation or the direction of other bodies such as the sun or
Earth, but most cannot provide absolute position information. Magnetometers can be used
for attitude estimation and rough position estimation, but magnetometer-based position
estimates may include large errors due to shifts in the Earth's magnetic eld and cannot be
performed around other planets and celestial bodies [30].

While most onboard sensors are limited to attitude and relative position solutions, star
trackers have the potential to provide both position and attitude estimates. Traditionally, star
trackers estimate a spacecraft's attitude by taking images of stars and comparing these images
to an onboard star catalogue. Using this method, a star tracker can provide highly accurate
attitude estimates, with errors of less than 1 arc-secon@8]]. However, star trackers detect
other bodies including other spacecraft and orbital debri8f]. These sightings, analogous
to those made by other wide eld of view cameras, such as the one shown in Fig. 1.2, are
currently Itered out as false matches by the star tracker's software. But RSO sightings
have the potential to be used for navigation as well. As a case study for exploring estimator
trustworthiness, this research explores how RSO detections by commercial star trackers can
be used to improve a spacecraft's navigation (both attitude and orbital position) solution.
Expanding the capabilities of star trackers can reduce the cadre of sensors required for a
given mission; leading to decreases in spacecraft cost, shortening schedules, and reducing a
spacecraft's dependence on ground based tracking.

One of the challenges in developing an RSO-based optical navigation method, and ensuring
that the method is practical and commercially viable, is ensuring that estimates are reliable
and can be trusted. This need for trustworthiness is especially acute in the space industry,
where the Technology Readiness Levels (TRLs) of new technologies are rigorously tracked
and few are willing to use low-TRL technologies. This driving need for reliability makes
RSO-based optical navigation an excellent case study for exploring the factors that a ect

estimator reliability and how this reliability can be quanti ed.



Fig. 1.2: Image containing an unknown resident space object taken by CASSIOPE's Fast
Auroral Imager camera [9].

1.3 Hypotheses

This research explores the methods with which spacecraft, equipped with commercial star
trackers, can estimate their state using RSO detections. To determine the viability of such a
method, the following primary hypothesis is examined. This hypothesis forms the central
research question in developing the RSO-based optical navigation system:
Hypothesis 1: Estimator con dence can be determined and parameterized to
characterize the reliability of a state estimate and reject or adapt the estimate as
needed.
This primary hypothesis is supported by the following sub-hypothesis, which reinforces and
explores the primary research question.
Hypothesis 1.1: A state estimator's reliability is a function of a set number of
qguanti able in uencing-factors.
Additionally, the hypothesis for the RSO-based optical navigation case study explored in this
research is as follows:
Hypothesis 2: A spacecraft's state, including both attitude and position, can be

estimated using RSO detections from a commercial star tracker.
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1.4 Research Contributions

This dissertation makes several key contributions to the elds of estimation and space systems
reliability, as well as to spacecraft state estimation. The contributions from this research are

listed below:

Contribution 1:  Developed a covariance trust metric which can quantitatively
assess the reliability of a Kalman lter;

Contribution 2:  Explored and quanti ed the e ect of various factors that a ect
the performance and reliability of a Kalman lter;

Contribution 3: Developed an RSO-based optical navigation method that
demonstrates that RSO-based optical navigation is feasible for an Earth-orbiting
observing spacecraft detecting RSOs orbiting Earth. This feasibility is demonstrated

using the above-mentioned covariance trust metric.

1.5 Dissertation Outline

This dissertation presents the results of a research program designed to study the feasibility
of optical navigation using RSOs in Earth orbit for spacecraft state estimation, the factors
that a ect the trustworthiness of this navigation estimator, and how estimate trustworthiness

can be quanti ed. Chapter 2 provides the background and a review of relevant literature

to this study, while Ch. 3 and 4 examine the feasibility of estimating an observer's state
using optical RSO measurements and range-based RSO measurements respectively. Chapter
5 uses the navigation methods presented in the previous chapters to explore the factors that
a ect estimator reliability and how an estimator's reliability can be quanti ed. Finally, Ch. 6
summarizes and discusses the results of this research, its contributions, and potential future

research.



Chapter 2

Background and Literature

Review

Knowledge = power = energy = matter = mass; a good bookshop is just a genteel

Black Hole that knows how to read.
Terry Pratchett, Guards! Guards! 1989.

hapter 2 provides a literature review and background information in several relevant
C areas to this dissertation's research into estimator reliability and RSO-based optical
navigation. Section 2.1 provides background and literature related to my rst hypothesis,
including methods of measuring estimator reliability using the estimator's intrinsic parameters
and methods of ensuring estimator reliability using extrinsic factors such as design heritage
and software encapsulation. Section 2.2 provides a literature review for my second
hypothesis, investigating if a spacecraft's state can be estimated using RSO detections.
This section reviews various methods of spacecraft navigation using optical measurement
sources. Afterwards, Sec. 2.3 provides background information relevant to this dissertation,
including an overview of several estimators as well as the NEES and NIS reliability metrics.
This is followed by a review of various optical and range-based sensors that can be used
for RSO detection. The chapter concludes by summarizing how this dissertation relates to

previous works.



2.1 Estimators and Estimator Reliability

This section discusses the various methods for assessing and ensuring estimator reliability

present in the literature to help investigate Hypothesis 1 and Hypothesis 1.1:

Hypothesis 1 Estimator con dence can be determined and parameterized to
characterize the reliability of a state estimate and reject or adapt the estimate as

needed.

Hypothesis 1.1: A state estimator's reliability is a function of a set number of

guanti able in uencing-factors.

The section rst provides a review of intrinsic reliability methods that use an estimator's
internal variables to assess its performance. This is followed by a review of extrinsic reliability

methods that are separate from the estimator itself.

2.1.1 Intrinsic Methods for Directly Evaluating Estimator Reliability

When developing and implementing an estimator, such as the Kalman lters presented in Sec.
2.3.1, the estimator's accuracy and reliability are both key. Accuracy is fairly straightforward
to assess: it is the di erence between the estimator's prediction and the true state. While
more di cult to de ne, estimator reliability is often more important than accuracy, as passing
unreliable state estimates to other systems or users can have disastrous consequences. As
such, numerous methods have been developed to de ne and assess reliability, including
methods which use an estimator's own intrinsic parameters and extrinsic methods that are
independent from the system being evaluated. This subsection examines reliability methods
that use these intrinsic parameters, while Sec. 2.1.2 examines reliability methods that use
extrinsic such as technological maturity or software wrapping.

Evaluating a lter's performance directly can allow the lter to self-assess the reliability
of its estimates 8], allow a designer to select estimator parameters for optimal performance
[16], or directly detect anomalies rather than relying on external method<l§]. Fortunately,
the Kalman Filter and related estimators include an intrinsic parameter that is very useful for

reliability predictions: the state covariance estimatd?,. For an optimal Iter, this covariance



is exact, meaning thatPy is directly related to the di erence between the true statex®

and the lter's state estimate X £st:

Pk = E (X It(rue X kest)(x IErue X l((est)T (2.1)

While Eq. 2.1 is only true for optimal lters, such as the Kalman Filter when estimating
a system with linear dynamics, linear measurements, and white noises, this equation can still
be used by reliability metrics to provide insight into the performance of even non-optimal
Iters.

There are several established methods in the literature for evaluating an estimator's
reliability using the estimator variables themselves3B]. These metrics include the
Mahalanobis Distance, Normalized Estimate Error Squared (NEES) and Normalized
Innovation Squared (NIS) B4, 16, 18. The Mahalanobis Distance describes the normalized
distance between a state estimatX &' with an associated state covariance estimate, and

the true state X'"® with an associated covarianc®™® as follows [34]:

B = (XE XEN(Pe+ PIe) 2 X (22)

where P{¢ is often assumed to be zero for systems with known true states. In addition
to ltering applications [ 35, the Mahalnobis Distance is a common metric used in Space
Situational Awareness for covariance realism [36, 37].

NEES and NIS both build on the Mahalanobis Distance3f] by using a combination of
Monte Carlo Simulations and 2 tests [20] to reduce stochastic variations while analyzing a
Iter's performance. NEES compares a lter's state covariance estimates to the lter's true
state covariances. NEES provides a direct measure of a lter's optimality but, as NEES uses
a system's true state in developing the NEES statistics, this metric is limited to verifying
simulations or scenarios where high-accuracy truth data is available.

In contrast, NIS compares a lter's measurement innovation covariances to the lIter's
true measurement covariances and does not require truth data. However this disconnect
means that, while NIS can provide insight into the quality of measurements and the lter's

measurement model, NIS does not directly assess the optimality of a Iter's state estimates.
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Additionally, while NIS does not require truth data, NIS still requires Monte Carlo simulations,
making NIS impractical to run outside of simulations 20]. Both NEES and NIS require Monte
Carlo simulations to create su cient data at each timestep to perform their ? analyses.
These simulations can make both NEES and NIS unwieldy to use, especially when testing
multiple Iter con gurations or tuning parameters (such as this dissertation does in Ch. 5).
While the Mahalanobis Distance does not require Monte Carlo simulations, the Mahalanobis
Distance metric can vary due to process and measurement noises, which makes it more di cult
to use in stochastic systems. To further complicate their use, the Mahalanobis Distance,
NEES and NIS produce a single metric at each timestep. While this lack of granularity can
make it di cult for a designer to determine how individual state elements are performing,
these singular values can be used as cost functions. The lack of granularity and reliance on
Monte Carlo simulations motivated me to develop the covariance trust metric presented in
Ch. 5 of this dissertation.

In addition to their utility in assessing Iter reliability, both NEES and NIS can be used
to quantify Iter performance for optimization purposes. Chenet al. used NEES 16] and
NIS [25] to evaluate the performance of an Unscented Kalman Filter (UKF). While this
dissertation focuses on ensuring reliability, their focus was on using NEES and NIS as cost
functions for a Bayesian Optimizer. They used this optimizer to tune the UKF tuning
parameters of a line-following robot [16] and an aero-robotic Skycrane landing system [25].

Similar to this dissertation, Gibbs investigated the reliability of Kalman lIters [19] .
However, while this dissertation focuses on quantifying the reliability of the Iter's state
estimates, Gibbs focused on the reliability of the Iter's measurements, developing three
tests to detect observation outliers and Iter inconsistencies caused by modelling errors,
non-white measurement noises, and improperly sized measurement noid€k [Griebel et al.
also developed a method for evaluating Kalman lIters using the Iter's measurement4§.
Griebel et al. used subjective logic to compare the statistical distributions of measurements
and measurement innovations to a Kalman lter's statistical assumptions. Using this method,
Griebel et al. were able to assess a Kalman lIter's online performance [18].

Gamseet al. proposed a methodology for ensuring a Kalman Iter's reliability using several

existing assessment methods, including controllability, observability, the state transition
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matrix determinant, and the square roots of the state covariance estimat8d. | explored
several factors that Gamset al. do not examine while investigating Hypothesis 1.1, including
the e ects of Iter variants, estimating elements of the measurement-source state in the lter,

how the process noise is modelled, and measurement linearity.

2.1.2 Extrinsic Methods for Ensuring Estimator Reliability

This section examines extrinsic methods for determining an estimator's reliability. Unlike
intrinsic reliability methods, these extrinsic methods are not dependent on the estimator or
the estimator's intrinsic parameters like covariance or measurement innovation. Instead, these
extrinsic reliability methods examine factors such as the estimator's level of technological
development [] or establish mechanisms and procedures to identify when the estimator
produces poor results and to intercede before these poor estimates are used [10].

There are various methods for ensuring an estimator produces outputs that are robust
to external factors and will not harm their parent systems. These methods are especially
important in the space industry, which is highly reluctant to use any technology that does
not have signi cant ight heritage, due to the extreme costs associated with spacecraft
development B9. In the 1970s, NASA de ned the Technology Readiness Level (TRL)
method [1] for assessing the maturity of a given technology, including software and physical
hardware from the component to spacecraft level. The current NASA TRL scale, shown
in Table 2.1, allows managers and technology users to assess the risks associated with
incorporating a given technology in their prospective mission. NASA typically requires a
TRL of at least 6 before a technology can be integrated into a systems engineering process
[1]. The RSO-based navigation case study presented in this dissertation is an example of a
technology which is low on the TRL scale. Presently, this case study is somewhere between
TRL 2 and 3. Demonstrating the reliability of this method, and those like it, is critical for
the method to be advanced further up the TRL scale towards an eventual implementation
on an actual system.

Software containing complex functionality or being of uncertain origin, such as the RSO-
navigation method presented in later chapters, is referred to as SOUP: Software Of Unknown

Pedigree, or Software Of Uncertain Provenance 40]. In safety-related or high-reliability
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Table 2.1: NASA Technology Readiness Level (TRL) de nitions [1].

TRL Level Description

1 Basic principles observed and reported

2 Technology concept and/or application formulated

3 Analytical and experimental critical function and/or characteristic
proof-of-concept

4 Component and/or breadboard validation in laboratory environment

5 Component and/or breadboard validation in relevant environment

6 System/subsystem model or prototype demonstration in a
relevant environment (ground or space)

7 System prototype demonstration in a target/space environment

8 Actual system completed and " ight quali ed' through test and
demonstration (ground or ight)

9 Actual system " ight proven' through successful mission operations

applications, where the software development processes, methodologies, and safety-related
properties are paramount, ensuring the reliability of SOUP is critical. However, it remains

di cult to fully verify complex functions such as stochastic nonlinear Itering applications
using traditional test methods, which inhibit their use in mission-critical space systeméd]].
Several methods have been developed to ensure that this type of software is reliable in the
healthcare and unmanned aviation industries [40, 42, 43].

Many methods of increasing the reliability of SOUP are programmatic in nature; authors
such as Cooket al. and Oliveira et al. have proposed managerial frameworks including
planning, code reviews, training, and documentatiop, 43]. However, these methods cannot
anticipate all potential software failure modes for complex functions, which necessitates
monitoring software to encapsulate their code. Such encapsulation, also referred to as
wrapper software, isolates the high-risk function from the rest of the system to ensure that
unreliable outputs are caught before being propagated. NASA has recommended wrappers
as one method of risk mitigation, but has not provided speci ¢ standards on their use [44].

Fortunately, ASTM (formerly known as the American Society for Testing and Materials)
has developed a standard for safely using SOUP in safety-critical roleé8STM F3269-17:
Standard Practice for Methods to Safely Bound Flight Behavior of Unmanned Aircraft Systems

Containing Complex Functions[1(]. This standard proposes pairing high-risk software with a
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monitoring watchdog and a recovery control function. In this setup, as seen in Fig. 2.1, the
non-pedigreed complex function works in parallel to one or more recovery control functions
to carry out the same task. These recovery control functions perform the same tasks as
the complex function but are well understood, heavily tested, and are less risky than the
complex function. However, the increased reliability of the recovery control functions come
at the cost of reduced capabilities, poorer performance, or lower accuracy (hence the desire
to use the complex function). The safety monitor observes the system's state and, if the
complex function exceeds preset limits, the safety monitor commands the run-time assurance
architecture (RTA) switch to send the recovery control function output to the user. This
system allows the complex SOUP function to be utilized, while greatly reducing the risk of a

failure being passed on to other systems.

Fig. 2.1: Functional components of a system running an ASTM F3269-17 run-time
assurance architecture [10].

By implementing similar safety monitoring methods, space systems can more readily adopt
complex functions, such as nonlinear estimators, without adding undue risks to a project.
However, safety monitoring methods like ASTM F3269-17 require methods of measuring
the reliability of an estimate that an RTA switch can use to select between the complex
function and recovery control functions. Applications such as RTA switching are an excellent
example where intrinsic and extrinsic reliability methods can be paired to produce better,

more reliable estimators [45].
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2.1.3 Relation to Hypothesis 1

This subsection brie y summarizes the relationship between the literature described in Sec.

2.1 and Hypotheses 1 and 1.1.

Hypothesis 1  There are existing methods to determine and parameterize the reliability
of a state estimate. However these methods have weaknesses that can be improved upon.
Geometric reliability methods such as GDOP 17] are excellent for highly characterized
systems such as GPS but cannot be generalized for broader estimation applications. Metrics
that use an estimator's measurement innovation, such as NI&(], subjective logic L8], and
residual tests 19, can provide insight into the quality of measurements, detect measurement
outliers, and identify issues with a lter's measurement model. However, these measurement
innovation-based metrics do not directly assess the optimality of a lter's state estimates or
state covariance estimates. Methods that do directly evaluate the state covariance estimates,
namely NEES, require access to truth data. Additionally, NEES, NIS, and related methods
require Monte Carlo simulations which can be time consuming, especially when testing
multiple Iter con gurations and model parameters. This dissertation built on previous
reliability assessment metrics by developing a new reliability metric which can be used to
evaluate an estimator's state covariance estimate without requiring Monte Carlo simulations.
By removing the need for Monte Carlo simulations, researchers and engineers can test lters
more quickly, enabling more rapid testing, or more thorough testing in the same time-span

as the existing NEES test.

Hypothesis 1.1  There has not been much systematic research into the factors that a ect an
estimator's reliability. Gamseet al. [33] explored several parameters, including controllability,
observability, the state transition matrix determinant, and the square roots of the state
covariance estimate. This dissertation builds on Gamsat al.'s work by examining additional
factors including the e ects of Iter variants, estimating elements of the measurement-source's

state in the lIter, how the process noise is modelled, and measurement linearity.
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2.2 Spacecraft Navigation Using RSO Detections

Optical navigation refers to methods of using images of celestial bodies such as planets, moons,
and other landmarks to determine a spacecraft's orbital position. This section discusses the
various optical navigation methods for spacecraft present in the literature to help investigate

Hypothesis 2:

Hypothesis 2: A spacecraft's state, including both attitude and position, can be

estimated using RSO detections from a commercial star tracker.

Various forms of optical navigation have been used or proposed for many interplanetary
[46, 47], lunar [48, 49, 50|, and other b1, 52] exploratory missions since the Apollo program.
Other work [13, 53] has examined optical navigation techniques for rendezvous and docking
applications, where the observing spacecraft is in close proximity to an observed-object.
Optical navigation techniques have used various sensors, including custom designs such as
VISNAV [53], the mid-range optical state estimation camera proposed by Alfonsi al. [54],
or the Apollo space sextant$0]. Dual-purpose science cameras such as those on Voyager 2
[46] and New Horizons $1], as well as wide eld of view star trackers47], have also been
used or proposed for navigation as well. Enrighet al. [47] investigated using detections of
Mars and its moons to estimate the trajectory of a spacecraft performing an Earth-Mars
transfer.

Optical navigation is typically used for spacecraft outside of Earth orbit. However, Het
al. [55] explored the feasibility of using optical navigation for orbital estimation in Low Earth
Orbit (LEO): examining how an observing spacecraft could use optical sightings of a reference
satellite in geostationary orbit to estimate the observer's state using a batched least-squares
estimator. While Hu et al. [55] bring credence to the concept of RSO-based navigation
techniques, they did not examine potential imaging sensors, observations of multiple objects or
objects outside of Geostationary Earth Orbit (GEO), or the numerical sensitivities associated
with navigating using objects at varying distances. My own research, 57] has lled these
gaps in Hu's previous work and has investigated various other factors a ecting the feasibility
of RSO-based optical navigation, including observability, measurement precision, and RSO

brightness. This research will be described in detail in the following chapter.
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2.2.1 Relation to Hypothesis 2

As explored in Sec. 2.2, optical navigation methods are an active eld of research. While much
of this research focuses on close proximity navigatiohd 53, 54] some researchers such as
Enright et al. [3] and Hu et al. [55 have explored optical navigation using navigational targets
at greater distances. Huet al. speci cally examined using GEO spacecraft as navigational
targets. However, Huet al. did not examine the various factors that will a ect the feasibility

of RSO-based optical navigation. This dissertation builds on Hu's work by examining various
factors a ecting the feasibility of using RSOs as navigational targets, including measurement

observability, measurement precision, tracking errors, and RSO brightness.

2.3 Background

This section provides a brief overview of several topics relevant to this dissertation, including
the Kalman Filter [21], Extended Kalman Filter (EKF) [22], and Unscented Kalman Filter
(UKF) [ 23 as well as a review of the NEES and NIS reliability assessment metri&d][
Afterwards, this section provides background information on various optical and range-based

sensors that can be used for RSO detection.

2.3.1 Estimators

The Kalman Filter [21] and its variants are a widely used set of estimation methods, used
across industriesI1, 12, 13] to predict a system's state using measurements and knowledge
of the system's dynamics. The following paragraphs provide an overview of the discretized
versions of the Kalman Filter, Extended Kalman Filter, and Unscented Kalman Filter. Note
that continuous versions of these Iters have been develope8i8] 59, 60] but, for brevity,

these variants are not presented here.

The Kalman Filter  The Kalman Filter is used to predict the current stateX of a linear

system using linear measurementg at each timestepk such that

Xk= Xg 1+ Byug + wy (2.3)
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where is the system's discretized state transition modeBy is the discretized control input
model, ui is the control input, and wy is the process noise. The system's measurements are

made such that

Z = H X + v (24)

whereH, is the observation model ands, is the measurement noise.

The discrete Kalman Filter is typically separated into ana priori or predictive phase and
an a posteriori or update phase. During thea priori phase, the lter estimates the system's
state X kik 1 and state estimate covariancé‘}kjk 1 at the current timestep k. These estimates
are calculated using thea posteriori state estimate X 1jk 1 and state covariance estimate
Pk 1j« 1 from the previous timestepk 1 and propagated forward in time using the known

state dynamics of Eq. 2.3 [21]:

Xk 1= X 1k 1+ Bruy (2.5)

and

Pak 1= P gk 1 |+ Qk (2.6)

where Qx = E[w,w] ] is the process noise covariance.
Next, during the a posteriori phase, the lter incorporates measurement knowledge into
its estimate. First, the lter calculates the measurement innovationy: the di erence between

the measurementzy and the lter's prediction of the expected measurement [21].

Ve = zc  HiXuk 1 (2.7)

The Iter then calculates the measurement innovation covariance [21]:

Sk = Hklﬂkjk 1Hl—<r + Rk (28)

which is used to nd the Kalman gainK [21]:

Ki = Pk 1Hy S * (2.9)

18



whereRy = E[wV, ] is the measurement noise covariance. The lter then updates the state
estimate X j, and state covariance estimaté,;, using the Kalman gain and the lter's a

priori predictions [21]:

Xigk = Xigk 1+ Kk (2.10)

and

Puk = (1 KkHw)Piik 1 (2.11)

If the process noisevy and measurement noisg, are white noises, and if the state and
measurement dynamics are truly linear, per Eq. 2.3, then the Kalman Filter will be an
optimal Iter. This optimality means that the Kalman Filter's predicted state estimate

covariance should be the actual covariance of the estimator error [21].

Extended Kalman Filter =~ The Extended Kalman Filter [22] is a nonlinear extension of the
Kalman Filter?, designed to allow the lIter to estimate the states of systems with nonlinear
state or measurement dynamics. For these systems, the st&g dynamics can be expressed

as:

Xy = F(Xk 1;Uk) + Wi (2.12)

where the current stateXy is some functionf of the state at the previous timestepXy ;
and control input ug plus the process noisey. Similarly, the measurement dynamics are

expressed as:

Zy = h(Xk) + Vg (213)

where the current measuremeng, is some functionh of the system's stateXy plus the
measurement noise/,. The EKF uses the same equations as the Kalman Filter, shown
previously in Eq. 2.5-2.11. However, the EKF uses linear approximations of the state

transition matrix ~ and the observation modeH using the following Jacobians [22]:

INonlinear in the sense that the EKF does not require linear state or measurement dynamics. The EKF
retains the Kalman Filter's linear Kalman Gain function.
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of

(2.14)
@X(X\k 1jk 1:Uk)
and
_ @h

X\kjk 1
Note that if the EKF is used with nonlinear state and measurement dynamics, it is not

an optimal Iter [ 8]. This non-optimality means that the Iter's state covariance estimate

is not an exact match to the true state covariance. The extent of this mismatch will vary,
depending on how nonlinear the state and measurement dynamics are and how non-white
the process and measurement noises are. Additionally, the timestep size will also a ect the
degree of non-optimality. As the timestep size approaches zero, so will the di erence between
the true dynamics and their Jacobian-based approximations and the Iter will approach an

optimal solution.

Unscented Kalman Filter ~ The Unscented Kalman Filter [23] is another extension of the
Kalman Filter for nonlinear systems. Like the EKF, the UKF is used to estimate the states

of systems with nonlinear dynamics or nonlinear measurements, as previously described in
Eg. 2.12 and 2.13. However, unlike the EKF, the UKF does not linearize any part of the
system and is better suited to highly nonlinear model$]]. Instead of linearizing the system,
the UKF propagates a set of sample points, known as sigma points, and derives new mean
and covariance estimates from these propagated sigma points [62].

To use the UKF, the user rst calculates the following weights [62]:

Wr= =(L+ ) (2.16)
W= =(L+ )+@ 2+ ) (2.17)
Wr = We=(@(L+ ) (2.18)

2As with the EKF, the UKF is a nonlinear lter, as the UKF does not require linear state or measurement
dynamics. However, the UKF also retains the Kalman Filter's linear Kalman Gain function.

20



fori = 0,...2L, whereL is the number of elements in the state vectoX, = ?(L+ ) L,
and , , and are the UKF tuning parameters. The and parameters control the
spread of the sigma points around the mean sigma value whilecontrols the sigma point
distribution. Wan and van der Merwe recommend.O ° 1, =0, and, for Gaussian
distributions, =2 [62].

The sigma points ¢ ; are calculated using., , the previous state estimateX, 1, and
the previous state covariance estimat®y ; [62]:

" ; 4
k1= X1 X (L+ )P« 1 (2.19)
The sigma points are then propagated forward to the current timestep using the state

transition function f [62]:

kk 1= F( k1) (2.20)

and the meana priori state estimateX « IS calculated as [62]:

XL
%k = W™ ik 1 (2.21)
n=0
The meana priori state estimate)’<\k , propagated sigma points jx 1, and the process

noise covariance&)y are then used to calculate the priori state covariance estimate [62]:
XL h ih iT
P, = W ikik 1 %k ikjk 1 )Qk + Qx (2.22)

n=0
The measurement sigma point¥,;, 1 are then calculated as [62]:

Yiik 1= h( ik 1) (2.23)

Using the measurement sigma points and the measurement noise covariaRge the
measurement sigma meag, and measurement covarianc®y, y, are calculated as [62]:
XL

% = W™Yikjk 1 (2.24)
n=0

and
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Pyoy = WE Yikik 1 % Yikk 1 B+ Rk (2.25)
n=0

The cross covariancéy, ¢, is calculated as [62]:

XL h ih it
P%kw = W ikjk 1 %k Yikik 1 Y (2.26)
n=0
and then used to derive the Kalman gairK [62]:
K= P%kyk PVk%}k (2.27)

Finally, the Kalman gain Ky and measurementyy are used to update the state estimate

X and the state covariance estimat® [62]:

X=X + Kk %) (2.28)

and

Pc= P, KyPyy Ky (2.29)

While the UKF does not use the same linearizations as the EKF, the UKF is not an
optimal lter and so the lter's state covariance estimate is not an exact match to the true
state covariance. The UKF's non-optimality, and its performance compared to the EKF, will
vary depending on the state and measurement dynamics, timestep size, and the statistical
distributions of noises. | examine how these factors a ect the performance of both the EKF
and UKF in Ch. 5.

2.3.2 NEES and NIS

NEES and NIS are used later in this dissertation to compare against the new trust evaluation
method presented in Ch. 5, because they are considered to be the classical estimator reliability
assessment method4.§]. The Mahalanobis Distance metric is not used, as it is very similar
to NEES but is calculated using data from a single timestep, which makes the Mahalanobis

Distance signi cantly more variable than NEES.
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Both NEES and NIS function by running N independent Monte Carlo simulations of
an estimator, including the underlying dynamics and measurement models. Using these
simulations, three sets of test statistics are created: one for each timestep of each individual
Monte Carlo simulation, the average Monte Carlo statistic for each timestep, and an "average
of averages' statistic across all Monte Carlo simulations and all timesteps. These statistics
are then compared to expected two sided probability regions to determine if the results fall
within their expected bounds.

NEES compares a lter's state covariance estimat®, with the estimate error e, between

the estimated stateX £t and true state X /' at every timestepk.

ac, Xiue xest (2.30)

Note that NEES can only be conducted when the system's true staté'™e is known.
This generally restricts NEES to assessing simulation performances and laboratory tests
where high- delity truth data is available [16]. Using the estimate error and state covariance
estimate, the NEES parameter | is calculated for each Monte Carlo instance at each

timestep k as [20]:

K = elI;i Pk;ileK;i (2.31)
wheree; and Py are the estimate error and state covariance estimate at timestdpfor
Monte Carlo Simulationi. For a single Monte Carlo simulation, | is equivalent to the
Mahalanobis Distance. NIS compares a Iter's measurement innovation covariangg with

the Iter's measurement innovation y: the di erence between the measurementg, and the

lter's predicted measurementsH X .

Vi = 2z HXy (2.32)

As NIS does not rely on the true state, NIS can be performed on estimators implemented in
the real world. However, NIS still requires Monte Carlo simulations or multiple parallel lter

implementations, which can make the method di cult to implement outside of a laboratory
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environment. The NIS parameter ', is calculated for each Monte Carlo instanceat each

timestep k as [20]:

% = Y S Vi (2.33)
whereyy; and Sy, are the measurement innovation and measurement innovation covariance
at timestep k for Monte Carlo Simulationii.

For an ideal system, in whichPy, and S, perfectly model the state and measurement
uncertainties respectively (e. P = egl and Sy = wy'), L and ‘;k will be equal to the
number of state element$ix and the number of measurement sources respectively P0].
However, due to random variability in noise sources, individual and ', values may vary
signi cantly from these ideal values.

For a non-optimal system, the state covariance estimate will not be equal to the true
state estimate covariancei(e. Px 6 e€l) and so the NEES statistic | will not be equal to
the number of state elementsiy . Similarly, the NIS statistic ‘;k will not be equal to the
number of state elements),. If the estimator is overly conservative and produces a state
covariance estimatePy that is greater than the optimal value, the NEES statistic will be less
than ny . Conversely, if the estimator is overly-optimistic and produces a state covariance
estimate Py that is less than than the optimal value, the NEES statistic will be greater than
ny . The same relationship generally applies to the measurement innovation covariarfgend
the NIS statistic. However, because NIS uses measurements and the measurement innovation
to generate its test statistic, rather than measuring®c and g, directly, NIS is better suited
to detecting nonlinear measurement dynamics or non-white measurement noises [18, 19].

As previously mentioned, individual NIS and NEES statistics will naturally vary from
their ideal values due to random Gaussian noise, even for optimally behaving lters. As such,
Monte Carlo simulations are key for both NEES and NIS to account for the variability in
individual | and i;k values. By simulating both the underlying dynamic system and the

Iter N times, the average NEES statistic x can be calculated for each timestef [20]:

! (2.34)



where | is the NEES value for theith Monte Carlo run. If only a single Monte Carlo
run is performed, the average NEES statistic is equivalent to the Mahalanobis Distance.
These average NEES statistics are necessary to account for random variability in individual
NEES statistics. While an individual L may deviate from its optimal value ofny, if Py is
optimal and if each element ok is independent and Gaussian-distributed,x will be equal

to the number of state elementsy times the number of Monte Carlo simulationsN (i.e.

E( «) = Nny).

Similarly, the average NIS values ., for each timestepk are calculated as [20]:

.= led . (2.35)
as with , for an optimally behaving Iter, . will be equal to the number of measurement
sourcesn, times the number of Monte Carlo simulationdN (i.e. E( «) = Nn,).

Once ¢ and  have been calculated, they can be compared with two sided NEES and
NIS probability regions to determine if the Iter's results are near-optimal. The two sided
NEES probability region|[ 1; 2] is the region in whichl Q of all of the NEES estimates
should lie (.e. P(«2 [ 1; 2))=1 Q ), assuming that each of theNny degrees of freedom
are independent Gaussian-distributed variables. This probability region can be calculated

using the following 2 probabilities [20]:

1 Q
1=y Any > (2.36)
_ 1 Q
2= ﬁ,nx 1 - (2.37)

where ﬁ,nx (b) is a chi-square distribution with the subscriptNny denoting the degrees of
freedom and the variables within the brackets describing the distribution’s tail probability.
Ny is the number of state elementsN is the number of Monte Carlo simulations, andQ is
the upper tail probability (the likelihood that the distribution is greater than the expectation).
Note that the degrees of freedom for conducting? tests on individual | statistics is n,
while the degrees of freedom for conducting? tests on the time-average NEES statistic,,

is NKn x whereK is the total number of timesteps.
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Similarly, the two sided NIS probability region[ 1; »]is the region in whichl Q of
all NIS estimates  should lie G.e. P( « 2[ 1; 2))=1 Q ), again assuming that each
of the Nn, degrees of freedom are independent Gaussian-distributed variables. This region

can be calculated using the following ? probabilities [20]:

1 Q
1= 5 R (2.38)
1 Q
e (2.39)

wheren, is the number of measurement sources. As with the NEES tests, the degrees
of freedom for conducting 2 tests on individual ‘;k statistics is n,, while the degrees of
freedom for conducting 2 tests on the time-average NIS statistic 5, is NKn, whereK is
the total number of timesteps.

To evaluate a lter's overall performance across all timesteps, the average NEES value

av and the average NIS value ,, can be calculated over the total number of timestepK :

-1 X (2.40)
av K - I '
and
1 X

i=1
However, care should be taken when interpreting the average NEES and NIS values as, if

either statistic is non-stationary over the simulation, an average NEES or NIS statistic can
misrepresent an estimator's behaviour.

While NEES and NIS are e ective methods of measuring a lter's trust, these methods
have several drawbacks. Both metrics rely on Monte Carlo simulations for creating su ciently
large datasets for analysis20]. These Monte Carlo simulations can become burdensome,
especially if a designer wishes to evaluate multiple Iter con gurations. Additionally, both
metrics provide the user with a single metric at each timestep. This singular value can be
bene cial if the metric is being used as a cost functiorilp]. However, their lack of granularity

makes it di cult for a designer to determine how individual state elements are performing.
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Additionally, NEES requires knowledge of the true state which limits its use to only evaluation
and simulation applications. This is not the case for NIS, but the need for Monte Carlo

simulations makes using NIS impractical to run outside of simulations [20].

2.3.3 Navigation Sensors

Spacecraft use a variety of di erent attitude determination sensors to estimate orbital position,
attitude, and attitude rates. Table 2.2 summarizes the most common navigation sensors, the
data they provide, and their estimation errors. Typically, no single sensor can fully satisfy

a spacecraft's attitude determination needs and so a combination of sensors is used. This
section provides a background on various methods of spacecraft navigation using optical and
range-based sensors for spacecraft navigation and RSO-detection, including star trackers,
global navigation satellite systems, Radar, laser range nders, Light Detection and Ranging

(LIDAR) devices, and laser communication terminals.

2.3.3.1 Star Trackers

Star trackers are traditionally used to estimate a spacecraft's attitude. These sensors consist
of several hardware subsystems, typically separated into two segments: the camera head unit
(CHU) and the data processing unit (DPU). The CHU can be further segmented into the
lens assembly, imaging sensor, and ba e. These sensors estimate a spacecraft's attitude by
focusing star light through the lens assembly onto the imaging sensor to form a digital image.
The ba e reduces image blooming from stray light sources such as the sun or moon. The
DPU processes this image, Itering out background noise, stray light, and radiation e ects.
Stars with a brightness below a certain level, referred to as a cut-o visual magnitudé],

are also removed from the image. These stars are removed because using dim stars decreases
accuracy, requires more memory, increases the number of false star matches, and makes the
star tracker more susceptible to noise/[3]. After the DPU processes the image, the positions

of remaining potential guide stars are centroided and correlated to the star tracker's onboard
star catalogue [74].

During star correlation, di culties may arise due to false positives caused by RSOs, hot
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Table 2.2: Spacecraft navigation sensor summaries.

Sensor Data Provided Error Notes
Magnetometer Position Angle: 5 degrees $3 [63] Functional only near
and Angular Rate: 0.003 deg/s (8) [63] planets/bodies with a
attitude Position: 4-8 km [30] magnetic eld. Estimates

require a stable, well
mapped magnetic eld.

Star Tracker

Attitude only

5 Arcseconds (RMS) [64, 65]

Sun Sensor Attitude only 0.1 degrees (RMS) [64, 66] Functional only
in sunlight.

Earth Limb Attitude only  0.25 degrees [64] Functional only when facing
Sensor the Earth, in Earth orbit.
GPS Position 1.5 m (B) [67] Susceptible to jamming

and sSpoo ng attacks[68, 69]
Attitude
Ground Based Position only <1 cm (RMS) [70] Requires substantial
Laser Range ground-based infrastructure.
Finding
Ground Based Position only 1 km [71] Dependent on the satellite's

Optical Range
Finding

optical properties, orbit,
and size.

spots on the imaging sensor, or uncatalogued stars. Similarly, false negatives may be caused

by obstructed stars in the sensor's star eld image7p]. As such, star matching algorithms

must compensate for these factors to reliably match star eld images to the star catalogue.

As the RSO population increases, star trackers have been forced to implement increasingly

sophisticated RSO rejection algorithms. These algorithms attempt to identify and actively

reject non-star images prior to forwarding the star eld image to the guide star catalogue

correlator for identi cation [ 74]. Recent research by York University and Magellan Aerospace

[76] has made progress towards using these RSO identi cation algorithms for detecting and

cataloguing RSOs.

An accurate RSO catalogue, maintained through a combination of space and ground-based

assets, is key to preventing in-orbit collisions with spacecraft. In addition to custom-designed

optical and radio-frequency (RF) sensors, several authors have proposed utilizing satellite
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star-trackers to serve as RSO detectors in addition to state estimatorgq 77, 78. Using
these sensors, various tracking algorithms are used to estimate the RSOs' orbits and log them
into databases 79, 80]. However, these same sensors and methods could be used in reverse to
estimate the observer's position based on identifying previously characterized RSOs. Other
researchers, such as Enrigldt al. [3] have proposed using star trackers for optical navigation

as well: examining how star tracker detections of Mars and its moons can be used to estimate

a spacecraft's position during a hyperbolic Mars-approach.

2.3.3.2 Global Navigation Satellite Systems

Global Navigation Satellite Systems (GNSS), such as the Global Positioning System (GPS),
Galileo, and the Global Navigation Satellite System (GLONASS), have been developed to
provide accurate positional data for users. These systems consist of satellite constellations,
with each constituent satellite broadcasting a unique signal which details the satellite's orbital
data and the signal's time of transmission. Using these signals from multiple satellites, a
receiver calculates its own position by determining the time of ight for each signal.

While GNSS was originally developed for terrestrial applications, signals from GNSS
networks such as GPS can be received by spacecraft in LEO. Many LEO satellites include
GPS receivers as a part of their attitude and orbit determination systems3], 67]. Such
GPS-equipped satellites can estimate their orbital positions to accuracies of 1.5 67]]
However, GNSS signals are susceptible to malicious jamming and spoo ng attempts, which

may result in signal outages over a ected regions [68, 69].

2.3.3.3 Radar

Radar can be used to detect objects and estimate their cross sections, as well as their relative

distance and velocity from the observer, by transmitting radio frequency pulses and detecting

any signals re ected by objects in the radar's eld of view. Radar has been used for target

position estimation since its inception §2, 83], and numerous ground-basedf, 85 as well

as space-based [86] observatories have used radar to track space-based objects.
Space-based radar is not commonly used for RSO detection. However, radar and Synthetic

Aperture Radar (SAR) are widely used onboard satellites, such as the Radarsat Constellation
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Mission M], to provide high resolution Earth observation images for various scientic,
commercial, and military applications. These SAR images are constructed by moving
a SAR antenna over a target. Another variant, Inverse Synthetic Aperture Radar (ISAR)
works by moving an object in front of a stationary antenna. ISAR applications include
RSO tracking using ground-based observer87. Researchers have proposed using Earth

Observation SAR data to identify and track RSOs [88].

2.3.3.4 Laser Range nders and LIDAR Devices

Laser range nders and LIDAR devices transmit focused light beams and receive the re ected
signals in order to determine the range between the laser-emitter and re ecting object using
time of ight methods. While both laser range nders and LIDAR devices use this same
principle, LIDAR devices include a method (typically mechanical) to scan an area with
the laser beam to build a multi-dimensional image8f]. Conversely, laser range nders only
measure the distance between the range nder and the re ecting object.

High-power ground-based laser range nders can detect retrore ector-equipped spacecraft
at ranges of up to 36000 km9(]. Objects that are not equipped with retrore ectors, such as
defunct satellites and rocket bodies, can be detected to distances of up to 3000 km when
using these high-power ground-based lasers [90].

Nayak and Udrea p1] explored methods of using spacecraft-mounted laser range nders
and LIDAR systems to build three-dimensional images of RSOs. Using a 14486 287 m
elliptical asteroid, a 5 m cubic RSO, and a5 5 10 m RSO as candidate targets, Nayak
and Udrea investigated the feasibility of mapping each object using observing spacecraft.
The researchers were able to produce three-dimensional images of these objects at ranges of
750 m and 250 m for the asteroid and RSOs respectiveBA] with predicted estimate errors
of less than 1 m. This study used a laser range nder with a 3 km maximum range and a
Jenoptik scanning LIDAR unit with a 5 km maximum range [91, 92].

While LIDAR devices can scan large areas to sub-meter accuraci@$[these devices
typically require complex moving parts to function. These moving parts are a concern for
space missions, as they can fail due to the harsh environment and inability to perform

maintenance. However, Pollini§9 has demonstrated the use of ash imaging LIDAR devices
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for detecting RSOs 89| in space. Unlike conventional LIDAR units, ash imaging LIDAR
does not require moving parts and can image their surroundings. The device that Pollini
investigated is capable of imaging its surroundings to ranges of up to 1.1 k88|l This
limited range makes Pollini's ash imaging LIDAR device more suitable for applications
where an imaging spacecraft is closer to its target, such as rendezvous and docking operations.
However, as a technology, ash imaging LIDAR could become an e ective RSO-ranging

method.

2.3.3.5 Laser Communication Terminals

Laser communication terminals emit and receive focused beams of light that are encoded
with communications signals. These devices are becoming a promising means of spacecraft
communication, due to their lower mass, greater security, higher data rates, and reduced power
consumption when compared to traditional RF devices [93, 94]. Some laser communication
terminals, designed to communicate between geostationary and LEO spacecraft, have
communications ranges of 45000 kn®3|. While laser communication terminals are not
designed to act as object-ranging sensors, research has shown that these devices could be
used to sense RSOs as a secondary capability [95, 88].

This dissertation examines the feasibility of using several of these sensors for RSO-based
navigation. The use of star trackers is examined in Ch. 3 while the use of Radar, laser

range nders, LIDAR devices, and laser communications terminals are examined in Ch. 4.

2.4 Dissertation Research and Related Works

This section summarizes how the research presented in this dissertation relates to previous
works by other researchers. Table 2.3 summarizes how this dissertation relates to the work of
other estimator-reliability research while Table 2.4 summarizes how this dissertation relates

to other optical navigation research.
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2.4.1 Chapter Summary and Dissertation Structure

This chapter has reviewed the literature, background information, and context necessary for
this dissertation's research into estimator reliability and RSO-based optical navigation. The
literature review included examining methods for evaluating the reliability of an estimator,
existing optical navigation techniques for estimating an observing spacecraft's orbital state,
an overview of several Kalman lIters, and a review of the optical and range-based sensors
available for spacecraft navigation. Chapter 3 uses the information presented in Ch. 2 to
assess the feasibility of Research Hypothesis 2, investigating if a spacecraft's state, including
both attitude and position, can be estimated using RSO detections from a commercial
star tracker. Similarly, Ch. 4 examines the feasibility of using various existing sensors for
estimating an observing spacecraft's orbital state using range measurements. Lastly, Ch. 5
uses the estimator reliability research presented in this chapter to assess Hypothesis 1 by
examining the factors that a ect the reliability of the Kalman lters presented in Chapters 3

and 4.
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Chapter 3

Optical Navigation Using
Resident Space Objects

With the sextant he made obeisance to the sun-god, he consulted ancient tomes

tables of magic characters, muttered prayers in a strange tongue that sounded |
Indexerrorparallaxrefraction, made cabalistic signs on paper, added and carried o
and then, on a piece of holy script called the Grail | mean, the Chart he place
his nger on a certain space conspicuous for its blankness and said, Here we are.
When we looked at the blank space and asked, And where is that? he answered in
the cipher-code of the higher priesthood, 31 -15 47 north, 133 5 30 west. And

we said, Oh, and felt mighty small.

Jack London, The Cruise of the Snark1911.

3.1 Introduction

his chapter forms a feasibility study assessing Research Hypothesis 2, investigating
T if a spacecraft's state, including both attitude and position, can be estimated using
RSO detections from a commercial star tracker. The following section, 3.2, presents the
simpli ed two-dimensional geometry and measurement model used for this study. Afterwards,
Sec. 3.3 explores various error sources and limitations of this system, including numerical
precision, TLE/propagator accuracy, and RSO observability. Sec. 3.4 describes the design
and simulation results of an EKF and an UKF used to predict the spacecraft's state using

the models presented in Sec. 3.2. Sec. 3.5 discusses the results of these simulations and Sec.
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3.6 provides the chapter's summary.

The contents of this chapter have been published in Driedger, Matthew, Rososhansky,
Michael and Ferguson, Philip, Unscented Kalman Iter based method for spacecraft naviga-
tion using resident space objects,Aerospace Systemsvol. 3, pp. 197-205, 2020 as well as in
Driedger, Matthew and Ferguson, Philip, Feasibility Study of an Orbital Navigation Filter
Using Resident Space Object ObservationsJournal of Guidance, Control, and Dynamics
vol. 44, no. 3, pp. 622-628, 2021. Reproduced with permission from Springer Nature and the

American Institute of Aeronautics and Astronautics respectively.

3.2 Problem Formulation

To assess Research Hypothesis 2, | used a simpli ed two-dimensional model of an observing
satellite detecting various objects, representing RSOs and stars, with a goal of estimating its
pointing orientation and inertial position. As discussed in Ch. 2, star trackers are normally
used for only attitude (pointing) estimation. However, a star tracker observing nearby space
objects may be capable of estimating its position as well.

The observing spacecraft measures the relative angldetween its camera's bore axis
and the line of sight vector from the observing spacecraft's internal reference frame and the
observed object. The measurement angleis analogous to what we would obtain from a star
tracker. However, for simplicity, | have assumed that this angle has been derived from the
position of a centroided image on an imaging plane already. Using these measurements, the
observing spacecraft attempts to estimate its position, attitude, and rates. The geometry of
this observer-object relationship is shown in Fig. 3.1.

The observer has a position of = [x;y]" in an Earth-centric inertial Cartesian coordinate
system and a pointing angle between its body frame and inertial framex axes. The observer
uses a star tracker to measure the relative anglebetween the star tracker's bore axis and the
line of sight vector between the observing spacecraft's inertial reference frame and the observed

object. | assume that the observing spacecraft knows the position of the observed objects
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Fig. 3.1: An observing spacecraft (Observer) with a camera measuring the angleetween the
camera's bore axis and the line of sight vector [x, y]" between the observing spacecraft's
internal reference frame and an external observed Objeict

to a certain accuracy (discussed later in Sec. 3.3), by accessing a database of observable
objects. The global position of each observed objecis rj = [x;i;y:i] whileR=1[ x; y]'
denotes the relative position between the object and observer. The relationship between the

measured angle and observer-object geometry from Fig. 3.1 can be expressed as:

tan( + )= %: 3(’ i 3.1)
r

This can be rearranged as a function of the observed object and the observer's positions:

=tan * Y Y (3.2)
Xri X

Equation 3.2 is nonlinear, which means that the Kalman Filter cannot use this equation
to estimate the observer's state. As discussed in Ch. 2, there are extensions to the Kalman
Filter, including the Extended Kalman Filter and Unscented Kalman Filter, which can use

angular measurement equations such as Eq. 3.2. However, these extensions are not optimal
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Iters and so their state covariance estimates may not be an accurate representation of the
actual state covariance.

The feasibility study presented in this chapter does not examine the e ects of measurement
nonlinearities on estimator trust. Instead, this chapter focuses on error sources and
limitations of using angle-based RSO measurements for state estimation, including numerical
measurement precision, TLE/propagator accuracy, and RSO observability. While the
feasibility study presented in this chapter does not explore estimator reliability, this feasibility
study con rms that RSO-based optical navigation is a potentially viable method which is
worthy of further scrutiny. As such, Ch. 5 uses RSO-based optical navigation as a case study
to explore the trustworthiness of estimators using nonlinear measurements such as the one
shown in Eq. 3.2.

For this feasibility study, | have chosen to use two translational dimensions and one
rotational dimension. These simpli cations keep the Iter and underlying model clear
and understandable, while demonstrating the fundamental feasibility of RSO-based optical
navigation. Despite the reduced dimensionality presented here, this feasibility study provides

critical insights into the speci ¢ challenges of an RSO-based optical navigation method.

3.3 Observability Analysis

To assess the feasibility of estimating a spacecraft's orbital state using RSO detections
from a commercial star tracker, this section explores several factors a ecting this system's
measurement observability. These factors include instantaneous measurement observability,
numerical precision as a function of RSO-observer range, TLE/propagator accuracy, and

RSO brightness. The following subsections explore each of these factors in turn.

3.3.1 Measurement Observability and H Invertibility

It is well-understood in the eld of estimation that instantaneous measurement observability
can be described by the invertibility ofH TH [96]. To explore the measurement observability
of a combined position and attitude estimator, | rst examined a reduced state vector

X, comprised of the observing spacecraftis position and attitude, and the associated
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linearized observation matrixH using a collection of RSO and star measurements. | derived
H, using one star measurement and one RSO measurement, as:
2 3
" #
.8 @ g 1
@x @ a

(3.3)
where, for subscriptj = ri andj = star for the RSO and star observation respectively:

)/

3.4
XPH Y X2 y? o 26X 2y G4

aj =
Noting that jrjj* = x? + y? and jrj> = x*+ y? and dividing the numerator and denominator
by jrjj?

Y Y

ini?inge (35)
it XX LYy
s 25 25
L8y 1751 I75)
Note that the value of & varies depending on the units used for position. However,

a =
1+

this variability can be negated by normalizing the distances using the observer's distance

magnitude, r, as follows:

Yi=r y=r

8 = jri=nz =g
1+ 1 5 Xj X 5 Yy
jri=riz - or2jrp=r2 o r?jry=rg?

(3.6)

When the observed object is a star, the observer-object distanc;e2 =jrearj’ 1 andit
becomes immediately apparent thads,,, approaches zero. However, for RSOs at some nearby
distance from the observery; 6 y), a; is non-zero. This demonstrates that observations of
very distant objects such as stars do not provide observer position information and that a
kinematic position estimate requires observations of objects closer than in nity. Using this
information, we can approximateas,, in Eq. 3.3 as zero:

) 2 3 2
&i 1 &

(3.7)
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The instantaneous observability of our measurements can be described by the invertibility

of HTH. For our observation matrix, this is:

2 3
2
- ai
HTH = E % 'é
ai 2
By inspection, the above matrix is invertible for any non-zeray; of a reasonable magnitude.
This range whereH TH is invertible, and thus measurements are observable, is explored in

the following subsection.

3.3.2 Measurement Precision and RSO Distance

As discussed previously, when RSOs are at a su ciently far distance from the observay,
will also approach zero. The relative numerical error in computing the inverse bfTH also
increases as the RSO is moved further away until this error dominates the calculation. This
matrix inversion error is related to the unitless ratio between the maximum and minimum
singular values of the matrix, known as the matrix's condition number. For a positive de nite
matrix such asH "H, the singular values are the matrix's eigenvalues, and the matrix's

condition number » can be expressed as:

q
—  kmax _ %(arzl +2+ o afl +4) (3 8)
A= = 9 .
k;min %(aﬁ +2 at +4)
Using 4, the relative errorE of (HTH)T is [97]:
T UNT .
- UWHH) 1 e (3.9)

JI(HTH)T]]
Where f~is the numerical approximation of(HTH)T. The residual e in each element of
(HTH)T can be approximated as the machine epsilon the smallest oating point number
that a computer can store. As | performed this analysis in Matlab, the default double
precision machine epsilon is 2.22x10 [98]. However, many space-grade processo@§][are
limited to single precision oating point machine epsilons of 1.19x10[98].
To examine how inversion accuracy varies with RSO-observer distance, | developed a

simpli ed system of two observed objects: one representing a star and a second representing
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an RSO. | placed the star 100 light years from the observer, an e ectively in nite distance,
while | placed the RSO 1 m away from the observer. | normalized these distances by dividing
them by r and varied the RSQO's position to be increasingly far from the observer. Using
equations (3.8) and (3.9), | tracked the relative error ofH "H)T for both single and double
precision machine epsilons. Figure 3.2 shows that the relative inversion error has a global
minimum when the RSO's position is approximately 4,500 km away from the observer. When
a double precision is used, this error remains below 1% for distances under 280 km
and only exceeds 100% at 2.210'* km. However, the inversion error is much greater when a

single precision is used and exceeds 100% at distances under 23 km and over 9@ km.

Fig. 3.2: Relative inversion error vs RSO-observer distance for single and double precision
machine epsilons.

This analysis suggests using measurements from both near and far objects allows for
su cient position and attitude observability, as long as the observer can detect the objects.

This is true for both single and double precision oating point-capable processors. However,
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a double precision capable processor will avoid inversion issues for extremely close and far

objects.

3.3.3 Measurement Precision and RSO Propagation Uncertainty

The proposed navigation strategy | presented earlier in this chapter requires knowledge of
RSO positions. Space researchers and military organizations, such as US Space Surveillance
Network (SSN), measure and track orbital parameters of most RSOs larger than 5-10 cm in
diameter, with the SSN tracking, correlating, and cataloguing approximately 23,000 such
objects [L0J. Of these, approximately 24% are satellites, 18% are rocket bodies, and the
remaining 58% consist of orbital debris [101].

The orbits of trackable RSOs are published by the United States Space Force as Two-Line
Element sets (TLES), which consist of several orbital parameters including the RSO's identi er,
epoch, six orbital elements, and a B* term which describes the object's ballistic coe cient.
Using an RSO's TLE, its orbit can be propagated using methods such as the Simpli ed
General Perturbations 4 (SGP4) model. However, TLE-derived orbit propagations contain
errors, especially due to factors such as variable atmospheric drd@3. Perturbation-based
uncertainties have been mitigated to some extent by the SGP4-XP (eXtended Perturbations)
model, which builds on SGP4 by incorporating improved gravitational, solar radiation, and
atmospheric drag models amongst other improvement$(J3. While SGP4-XP provides
improved propagation errors compared to SGP4.04, TLEs for LEO objects are updated
several times per day whereas those in higher orbits are updated several times per week to
account for the increased uncertainty of objects in lower orbits [105].

For an RSO-based optical navigation method be viable, an observing spacecraft will need
to propagate the orbits of a number of reference RSOs and have periodic TLE updates for
these objects to correct for propagation errors. As such, selecting reference RSOs in stable
orbits is key to minimizing propagation errors. Over a thirty-day observation period, Riesing
and Cahoy [L0H found that CubeSats in sub-400 km orbits can experience mean in-track
position errors of 4.52 km, even with multiple TLE updates per day. This error is highest
in sub-300 km orbits where it can exceed 25 km within a single day0. Fortunately,

propagation error decreases with increasing altitude and Wargg al. [104 found that, over a
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three-month observation period, spacecraft in low-eccentricity orbits between 900 and 1000 km
had average single-day in-track position errors of approximately 200 m. As propagation
errors in LEO are primarily caused by atmospheric drag, RSOs in lower orbits will need more
frequent TLE updates and have larger propagation errors. This suggests that RSOs in higher

altitudes will work better as navigation aids for RSO-based optical navigation.

3.3.4 Measurement Precision and RSO Brightness

For an optical detector such as a star tracker to see an RSO, sunlight must be re ected o of
the RSO towards the detector. The intensity of this re ected light is referred to as the RSO's
apparent visual magnitude. Apparent visual magnitudev;; is a function of the magnitude of
the light source (:e:, the sun,Vs,, = 265 near the Earth), the distanceR = P X2+ y?

between the RSO and the detector, and the RSO's optical cross section (OCS)

v=~Acs F( phase) (3.10)

The OCS describes how e ectively the RSO is able to re ect light and is a function of
the RSO's cross sectional areAcs, re ectivity , and a shape-dependent functiofr ( phase)
which varies with the phase anglenase between the RSO-observer vectdR and the RSO-sun
vector [2]. This sun-RSO-observer geometry is shown in Fig. 3.3. An RSO's OCS can be

expressed by the following equation [2]:

y = R210 0:4(Vri Vsun ) (311)

To determine the maximum distance at which a commercial star tracker can detect RSOs,
| calculated the mean OCS of several spacecraft using their mean apparent visual magnitudes
taken from ground-based observations over a one year time-span by Gasd [Gasdia
took these values, summarized in Table 3.1, from a single xed observatory over multiple
orbits at various phase angles. As a result, the mean values presented here are representative
for these spacecraft. However, depending on the phase angle at the time of measurement,
these satellites may appear signi cantly brighter or dimmer. Ground-based visual magnitude

measurements are slightly dimmer than what an on-orbit detector could measure, as discussed
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Fig. 3.3: Geometry between the Sun, an RSO, and an Observer.

Table 3.1: Parameters for several spacecraft calculated using ground-based observations.
Note that the size of DMSP-5D2 F12 is unknown [2].

Spacecraft Length Orbit Mean Apparent Mean OCS ()
(m) (km) Visual Magnitude (m?=sr)
DMSP-5D2 F7 9.3 835 7 0.0278
DMSP-5D2 F12 Unknown 800 5 0.1608
OPAL 0.42 750 8 0.00892
SpinSat 0.56 (diameter) 345 9 0.00075

by Gow et al. [104, but are within one visual magnitude of on-orbit measurements for the
same radar cross section. As such, the mean apparent visual magnitudes and mean OCS
values presented in Table 3.1 are conservative compared to what an orbital observer would
see.

To establish the RSO-observer ranges at which RSOs can be reliably detected, | rearranged

Eq. (3.11) as a function of apparent visual magnitude:

Vi = 2:5Iog10R—"2 + Vaun (3.12)

As discussed in Ch. 2, star trackers use visual magnitude thresholds to remove objects
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below a threshold brightness from image3§|. The limiting magnitudes for other star trackers,

as well as other star tracker parameters, are shown in Table 3.2.

Table 3.2: Speci cations for various commercial star trackers. Note that unknown
speci cations are denoted by a dashed line.

Star Cross Boresight Boresight  Limiting Field
Tracker Accuracy Accuracy Magnitude of View
(arc-sec) (arc-sec) (deg)
Ball Aerospace 0.03 55 9.47
HAST [107, 32]
Jena Optronik 1 8 6 20
APS [32, 108]
Blue Canyon 6 40 7.5 10 12
NST [109]
Sinclair 7 70 5.75 15

Interplanetary
ST-16 [65, 110]
Moscow 15 5-6 18
Experimental
Design Bureau
"Mars'
AD-1 [31]

However, star trackers have the capacity to detect dimmer objects than what the star
tracker's cut-o magnitude would otherwise allow. If a dim RSO is detected with a su ciently
large signal to noise ratio (SNR), it will reliably appear above the background noise. The
relationship between SNR and the received signal is [111]:

SNR = g Nste (3.13)
Nste + Kp(Nbgte + Npte + NZ)
where Ng is the received signalf. is the exposure timek, is the number of pixels under

consideration for the SNR calculationNq is the total number of photons of background
illumination per pixel, Np is the dark current per pixel, andNg is the read noise. Using the

guadratic equation, this can be re-arranged to nd\g

q
~ SNR?+ SNR*+4kp(Npgte + Npte + N3)

N, = 3.14
s 2t (3.14)
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Following [31], | modelled the received signal from an RSO as

Ng = 70 D? (3.15)

where 4 is the star tracker's quantum e ciency, . is the optical transmittance lossD is the
star tracker's lens diameter, and is the RSO's illumination. | modelled the RSO's visual

magnitude m; as [31]

5
m; = éIog10 - (3.16)

whereP hig is the stellar ux from a reference star. Rearranging Eq. 3.16, this becomes

= 10 %4m (3.17)

Lastly, | modelled the number of pixels illuminated by an RSO moving a linear distance

d across the star tracker sensor as

2, 2fstan(!t ¢)
p
where is the star tracker's point spread function radiusf s is the star tracker's focal length,

k= 2+2d = (3.18)

I is the relative angular rate between the star tracker and RSO, and, is the star tracker's

pixel length. | combined Eqg. 3.14, 3.14,3.17, and 3.18, to nd the limiting visual magnitude

r
5 SNR?+ SNRé+4( 2+ Z=CLay(N tos Npt+ N2)©
éIog10 @2 A (3.19)

q tthe 0

As these parameters are highly dependent on the star tracker used, a general performance
increase beyond the stated limiting magnitude cannot be given. However, using values for
star tracker design 1 in [3] and a SNR threshold of 8 as suggested by, an illustrative
performance increase can be shown. Using Eg. 3.19, | recalculated the limiting visual

magnitude with the values summarized in Table 3.3.
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Table 3.3: Star tracker parameters used to calculate the limiting visual magnitude for the
star tracker 1" design described in [3]. Values are from [3] unless otherwise noted.

Parameter Value

Signal to noise ratio SNR) 8 [72]

Point spread function radius () 3 pixels

Focal length (fs) 1.44 mm

Relative angular rate () 1 deg/s

Exposure time () 0.1s

Pixel length ( p) 22 m

Background illumination per pixel (Spg) 21 mV arcsec? [112]
Dark Current (Np) 25 e-pixel s 1 [113]
Read Noise NR) 2.6 e-RMS [113]
Quantum e ciency ( ) 0.5

Optical transmittance loss (;) 0.9 [32]

Lens diameter D) 12 mm

Reference star stellar ux ( o) 1.8 10Y photons m 2s ! [114]

| converted the background illumination, based on the maximum zodiacal light, from mV
arcsec! to units of photons s 'm 2sr ! using the following equation [32]

. 1
Lp=5:6 101010 %45 180 3600 (3.20)

and then calculated the resulting background photons as [32]

Npg teLpD?(fs= p)? (3.21)

=g
Using these values, the expected limiting visual magnitude for the star tracker is 7.7.
If the background illumination is increased to 15 mV, the expected sunlit Earth shine 10
degrees from the Earth limb 112, and the relative angular rate is increased to 10 deg/s, the
limiting magnitude becomes 7.1. These limiting magnitudes are noticeably higher than the
star tracker's stated 5.75 mV detection limit B] and show that a commercial star tracker
can likely detect RSOs at greater distances than what their published visual magnitude
thresholds would suggest. This di erence is likely due to considerations other than the
limiting visual magnitude itself, such as additional computational requirements from larger
star catalogues, increased false-positives caused by the inclusion of low-brightness stars, and

higher centroiding errors in low-brightness stars. While these results show that star trackers
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can detect RSOs at greater distances than what their stated limiting magnitudes would
suggest, it must be stressed that the performance increase gained by using an SNR cut-o
approach may vary signi cantly between star trackers.

Using Eq. (3.12), | plotted the mean visual magnitude for each RSO in Table 3.1 as a
function of mean OCS and observer-satellite distances from 100 km to*¥n. | overlaid
these plots, seen in Fig. 3.4, with the limiting visual magnitudes of star tracker design 1
[3], including both the cut-o magnitude and the theoretical SNR-based cut-o threshold.
These two thresholds illustrate how a star tracker's RSO-detection capabilities could be
improved if the star tracker's cut-o magnitude was not used. The MOST Space Telescope
[31, 119, a 15 cm diameter Maksutov optical telescope, is included as well to illustrate the
capabilities of a larger, more sensitive optical camera. Note that MOST does not use a visual
magnitude cut-o and the visual magnitude limit shown represents the upper limit of the

MOST telescope's detection capabilities [116].

Fig. 3.4: Apparent Visual Magnitude (VM) vs object-observer distance for various RSOs.
Limiting VMs are shown for the MOST Space Telescope and a CubeSat star tracker (CST)
using its visual magnitude cut-o and its theoretical SNR-based detection limit.
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While the apparent visual magnitudes presented in Fig. 3.4 may vary considerably
depending on the RSQO's aspect and phase angles, the mean apparent visual magnitudes
presented here provide a guide to how each RSO can be from an observer while being
su ciently visible. Figure 3.4 shows that a CubeSat-type star tracker is theoretically capable
of regularly detecting larger spacecraft to distances up to 1000 km while the MOST space
telescope could detect spacecraft at distances beyond 3000 km. However, small satellites may
become undetectable to a commercial star tracker at distances of 200 km even when the star
tracker is pushed to its SNR cut-o0 .

The RSO detectability analysis presented here provides an upper bounds on the expected
RSO detectability range for a commercial star tracker. However, this analysis neglected
streaking e ects due to the angular rate at which RSOs move across the star tracker's eld
of view. Unless the star tracker sensor's pixels are large enough to fully contain the detected
RSO for the full image exposure period, some of the light received by the sensor from the
RSO will fall on neighbouring pixels and result in the RSO appearing to be dimmer than what
was shown in this analysis. This trailing loss error will be a function of the relative rotation
between the star tracker and RSO. Examining the e ect of relative RSO angular rates on
detectability is beyond the scope of this dissertation but an RSO's SNR, and therefore its
maximum detectable range, will be inversely proportional to the RSO's relative angular rate.
Such trailing loss errors will be non-negligible, especially for LEO RSOs. As such, caution
should be taken when applying Eq. 3.19 to RSOs with relative angular rates with respect to
a star tracker.

From this analysis, it is clear that a star tracker's ability to optically detect RSOs is one
of the key limiting factors that will determine if RSO-based optical navigation is feasible.
Comparatively, the limits imposed by numerical computation are minor. However, given
the sheer quantity of RSOs in orbit over 23,000 objects larger than 5-10 cm1/0J these
detection range limitations should not be severe enough to make RSO-based optical navigation

unfeasible.
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3.4 State Estimation using Optical Measurements

This section describes the simulations that | performed to evaluate Hypothesis 2, using the
simpli ed model presented in 3.2. Subsection 3.4.1 describes the navigation environment that
| developed to test estimator performances. This environment includes simpli ed dynamics
and measurement models of an observing spacecraft viewing various quantities of stars and
RSOs on a two-dimensional plane. Using this environment, | implemented and tested an EKF
and UKF to estimate the observing spacecraft's state using star and RSO measurements,

presented in Subsections 3.4.2 and 3.4.3 respectively.

3.4.1 Navigation Scenario

| developed a simpli ed two-dimensional model, consisting of an observing satellite measuring
the relative angle between itself and several other bodies. | made some of these other bodies,
representing RSOs, move in circular orbits while | placed others, representing stars, at xed
positions. The observing spacecraft's state vectof =[x y X Yy J" included the
observer's position and velocity inx and y as well as its attitude and angular rate —. |

based the measurement model on Eq. (3.2) and the geometry shown in Fig. 3.1:

z(t) = hIX (O] + v(t)

—tan YYD v (3.22)

Xii  X(t)
wherev is an additive Gaussian white noise and(t) are the measurements. | simulated the
observing spacecraft moving in a circular orbit, using Cartesian coordinates in an Earth-
centric inertial reference frame. This resulted in the following continuous linear system of

equations:

X(t) = AX (t) + B[u(t) + w(t)] (3.23)

wherew(t) is process noiseA is the continuous state transition model:
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(3.24)

o O o o o
o O O o O
o O o o Bk
o O o +— O

o O o o

00O0O0O0DO
B is the continuous control input model with observing spacecraft's inertid:

2 3
0 0

0
0 0 0
1=m O 0
(3.25)
0O I=m O
0 0 0
0 0 1=
and u(t) is the force and torque exerted on the spacecraft:
.
u(t) = Fu(t)  Fy(t) (t) (3.26)
where Fy(t) and Fy(t) are the gravitational forces exerted in thex and y axes. | applied

these forces as a special perturbation using Cowell's method

Fo(t) = rT:ZX(t) (3.27)

Fy(t) = %y(t) (3.28)

where is the Earth's standard gravitational parameter,r is the observer's orbital radius,
and m is the observing spacecraft's mass. For this analysis, | used a xed value foto
linearize the state dynamics. This approximation introduces an error when calculating the
EKF's state transition Jacobian but, as discussed in Sec. 3.5, this approximation did not

signi cantly a ect the Iter's performance.

IMultiplied by the observing spacecraft's mass to cancel out the mass term in Eq
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Additionally, | applied an arbitrary sinusoidal torque on the observing spacecraft with
a magnitudeM of 5 uNm and n = 1 oscillations per orbit.

.
(t)= M cos ?”t (3.29)

| calculated the process nois@y using the Q evaluation process described by van Loan
[117. Since | modelled the continuous process noigeas a Gaussian white noise with a

standard deviation, the continuous process noise covarianéé is equal to:

W = E[ww'] (3.30)

| calculated the discretized measurement noise covariance matRy from the measurement

noisevy as:

Rk = E[VkaT] (331)

| propagated the observing spacecraft's state vector using & 4order Runge Kutta
integrator. | chose to use 1 s time stepisto be slightly greater than the Sinclair Interplanetary
star tracker's 0.5 s maximum update rateq5], to account for other computational steps. |
based the massn and inertia J of the observing spacecraft, 84 kg and 2.8 kgmespectively,
o of a small spacecraft such as Sputnikl[1§. | applied the process nois& as a Gaussian
white noise with a standard deviation of one percent of the gravitational force and applied
torque. These noise standard deviations equated to 7.3 N and 0,08m respectively. Note
that the actual process noises that a spacecraft will experience are unlikely to be zero-mean
white noises. | chose to use Gaussian white process noise models because Kalman lters
require white noises for optimal estimates and | wished to examine other reliability factors. |
also propagated the near objects, representing RSOs, in circular orbits using the sarfie 4
order Runge Kutta integrator and 1 s time steps as the observing spacecraft. | placed the far
objects, representing stars, at xed locations. To represent the cross-boresight accuracy of a
commercially available nanosatellite star tracker, | applied a Gaussian white measurement

noisev with a standard deviation of 5 arc-seconds to the measurements [65].
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3.4.2 EKF for Optical Navigation Using RSO Measurements

To determine if an RSO-based optical navigation method can e ectively estimate a spacecraft's
position and attitude, | developed an EKF based on the methods described in Sec. 2.3.1.
| chose to use an EKF as this lIter is commonly used for nonlinear attitude and position
estimation [48, 47, 119 and my measurement function, shown in Eq. 3.22, is highly nonlinear.

| fed the sample measurements, as well as the RSO positions, generated using the
measurement and dynamic models presented in Sec. 3.4.1, to the EKF to estimate the
observing spacecraft's state at each time step. When assessing the lter's performance, |

used convergence criteria based on [8]. Namely:

1) Estimation errors should not increase to an apparently in nite value;
2) Estimation errors should approach an unbiased value with a mean of approximately

Zero.

Based on Gelb's§] de nitions of divergence, estimators that fail the rst convergence criteria
are said to exhibittrue divergencewhile those that fail the second criteria exhibitapparent
divergence

Unfortunately, because of the highly nonlinear measurement equation, the Iter exhibited
true divergence. Because of this, | had to supplement the EKF's process noise model for the
Iter to converge. | increased the process noise matriQ along its diagonal elements by adding
0.1 times an identity matrix to Q. This increased process noise arti cially increased the lter's
covariance estimate, preventing the covariance from becoming so low that measurements no
longer had any e ect on the estimate. This phenomenon is commonly referred to as falling
asleep in the estimation community and occurs if, at steady-state, the state covariance
estimate's time-derivative becomes zer@®]f With an arti cially increased Q, the Iter was
better-able to handle the highly nonlinear measurement relation and converged for most of
the tested scenarios.

| rst evaluated the EKF's performance using several scenarios to determine its feasibility
when observing various quantities of stars and RSOs. Initial scenarios included using only
stars, using a combination of stars and RSOs, and only RSOs. The purpose of these tests

was to evaluate the basic performance of the EKF and | did not include the observability
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constraints analyzed in Sec. 3.3. | examined these observability factors in Sec. 3.4.2.1.

All tests used 1 second time steps with the observing spacecraft in a 400 km circular
orbit and an initial estimate error of [500 km 500 km 1 km/s 1 km/s 0.52 rad 0.017 rad/§]
When RSO observations were included, | modelled the RSOs in equally-spaced 1000 km
circular orbits at 45°, 135, 225, and 315counter-clockwise from the x-axis. | modelled the
stars at xed e ectively in nite equally-spaced distances (100 light years) at 6, 9C°, 18C,
and 270counter-clockwise from the x-axis.

In order for both the EKF and UKF to converge, the initial state estimate must be
su ciently close to the true initial state. Based on a preliminary convergence study, the EKF
was able to converge for initial state estimate errors of less than [2,750 km 2,750 km 10 km/s
10 km/s 0.52 rad 0.017 rad/s], albeit with a longer convergence time than for the initial
estimate error used in this study. The UKF was able to converge for a larger maximum initial
estimate error of [4,000 km 4,000 km 10 km/s 10 km/s 0.52 rad 0.017 rad/shgain with
longer convergence times than when using the values used in this study. Both of these initial
maximum estimate errors are well within the range of a TLE propagated using SGP4, even
if the TLE is several days old 104. A spacecraft operator should be capable of uploading
an initial state estimate within these maximum error bounds, either based on a spacecraft's
planned insertion orbit or by uploading a TLE-derived state estimate to the spacecraft after
launch. As such, these maximum initial estimate error values support the overall feasibility
of RSO-based optical navigation.

To assess the performance of each scenario, | examined both the estimate errors and the
square roots of each of the diagonal elements of the Iter's covariance matix As discussed
in Sec. 2.1.1, these diagonal estimates correspond to the Iter's estimate of each state's
variance and form the predicted standard deviations of each element. These variances
would perfectly match the actual error variance of an optimal Iter, such as the Kalman
Filter, if given linear measurements, linear dynamics and white process and measurement
noises. While the EKF examined here is not an optimal lter, examining how well the lter's
predicted standard deviations bound the estimate errors provides insight into the Iter's

reliability.
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Test 1: In nitely Far Objects and Position Estimation | performed the rst test to verify
that the model functioned as expected when observing only four in nitely far objects. As
expected, based on the observability analysis, the lter was incapable of convergent position
estimates and exhibited true divergence but, the lter's predicted position error standard
deviations bounded the position error. However, the Iter quickly converged on an attitude
estimate with errors of approximately3 10 © radians as seen in Fig. 3.5 (a) and (b). Due to
the arti cially increased process noise covariand®, the Iter's predicted angle error standard
deviation was considerably larger than the actual angular error. While conservative, this
meant that the Iter considerably over-estimated the actual angle estimate error. This test

con rmed that star measurements alone are insu cient to estimate an observer's position.

Test 2: Position and Attitude Estimation with Both In nitely Far and Near Objects
Next, | added four equally spaced RSOs in 1,000 km circular orbits. Using this combination
of RSOs and stars, the Iter quickly converged on a full state estimate with a position error
of approximately 20 m and an average attitude error of approximately 10 ’ radians, as
seen in Fig. 3.5 (c) and (d). Again, the lIter's predicted angle error standard deviation was
considerably larger than the actual angular error, due to the arti cially increase®. The
Iter's predicted position error standard deviations over-estimated the actual estimate errors,
but not to as great of an extent as the predicted angle error standard deviation. As seen in
Fig. 3.5 (d), the predicted x-position error standard deviation responded dynamically with
the x-position error.

The periodic pattern seen in the Iter's predicted position standard deviation was caused
by the relative positions of the stars and RSOs with respect to the observer and the e ect

that these relative geometries had on the lIter's measurement Jacobidfy:
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where xs; and yg; are the i'!" star's Cartesian position andx,; andy, are thei™ RSO's
Cartesian position. Through visual inspection, it is apparent that as the observeris or

y position approaches a star or RSO'g or y position, elements ofHy will approach zero.
Similarly, when the di erence between the observer's position and the observed object reach
their maximum extent, elements ofH, will also reach their maximum extents. The peaks in
the lter's predicted position standard deviation seen in Fig. 3.5 (d) occur when elements of
Hy approach zero. Similarly, the valleys in the Iter's predicted position standard deviation
occur when elements oy approach their maximum values. This covariance phasing e ect

occurs in subsequent tests as well.

Test 3: Position and Attitude Estimation with Only Near Objects To determine how
well my RSO-based optical navigation Iter functioned using RSO observations alone, |
removed the stars from the model. Figure 3.5 (e) and (f) show that the position estimate
converged to an error of approximately 50 m, similar to the previous test, while the attitude
estimate converged to an error of 10 ° radians. The lIter's predicted standard deviations
bounded the estimate errors similarly to the previous test but were proportional to Test 3's

estimate errors.

3.4.2.1 EKF Simulation Results With Observability Constraints

While Tests 2 and 3 were able to converge on state estimates, these tests did not incorporate

the observability constraints analyzed in Sec. 3.3. Of these constraints, the two which will
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(a) Test 1 Angle Error (b) Test 1 x-Position Error

(c) Test 2 Angle Error (d) Test 2 x-Position Error

(e) Test 3 Angle Error (f) Test 3 x-Position Error

Fig. 3.5: Extended Kalman Filter x-Position and angular position errors with associated

predicted error standard deviations for observation tests 1-3. Test 1 estimated the observer's
position using in nitely far objects. Test 2 estimated the observer's position and attitude

using both in nitely far and nearby objects. Test 3 estimated the observer's position and
attitude using only nearby objects.

have the largest impact on an RSO-based optical estimator are TLE/propagator error and
RSO brightness.

Discrepancies between where an observing spacecraft believes an RSO is, from the
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observer's on-board TLE propagator, and the true measured position of the RSO will
introduce errors into the estimation Iter. To represent this error, | propagated two versions
of each RSO which represent the true and perceived RSO positions. The true RSO
propagation model, used to calculate observer measurements, included a constant 5% ©
m/s? deceleration to represent dynamics that were not captured by a propagator. This
deceleration roughly modelled the single-day in-track propagation error of 200 m for an
RSO in a 1000 km circular orbit L0F. | used the position of the second perceived RSO
propagation model fory,; andy, in Eq. (3.22) while running the Iter. This RSO model
did not include deceleration, but | initialized the perceived RSOs with a random Gaussian
in-track position error with a mean of zero and standard deviation of 5 km. As star positions
are known to a high accuracy, | modelled the objects in this simulation representing stars as
xed objects and did not include decelerations or position errors.

The second key constraint introduced in the following simulation is an RSO detection
range and eld of view. Under this constraint, | took measurements when the true position
of an RSO was within 3,000 km of the observing spacecraft, based on the detection limit of a
CubeSat-class star tracker using the SNR detection limit described in Sec. 3.3.4. | chose to
use a 315 eld of view, representing multiple cooperating star trackers, to provide the EKF
with su cient measurements without drastically increasing the number of simulated RSOs. |
limited the eld of view to 315 , rather than 360, due to angle wrapping issues as estimates
approached a full rotation. | centred the restricted eld of view on the observing spacecraft's
x axis. Additionally, to represent the cross-boresight accuracy of a commercially available
nanosatellite star tracker, | discretized sample measurements to 5 arc-seconds and then
applied a Gaussian white measurement noisewith a standard deviation of 5 arc-seconds
[65].

Using these new constraints, | simulated the EKF again under similar conditions to
the previous tests, using a combination of star and RSO measurements and only RSO
measurements. As | have already established that the Iter cannot estimate position with
only stars, | did not repeat the star-only test. | used thirty-six equally spaced RSOs in 1,000
km circular orbits to ensure that the observing spacecraft could detect some of these objects

at any given time. When used, | placed eight equally-spaced RSOs 100 light years away from
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the orbit centre.

Test 4. Position and Attitude Estimation with Both In nitely Far and Near Objects

Using these more rigorous constraints, the observing spacecraft detected between two and
eight stars and LEO objects at any time, with a mean of six detected objects. The lter
converged on a position estimate with a cyclic position error, with peaks of 5 km. The
Iter's estimated x-position error standard deviation was considerably smaller than the actual
estimate error, as the lIter did not model TLE-error. The lter's attitude estimate had

an apparent divergence, with an approximatd. 10 “ radian bias and an average attitude
error of approximately2 10 4 radians, as seen in Fig. 3.6 (a) and (b). While the lter's
predicted estimate error covariance was of an appropriate magnitude, it could not account
for the estimate bias and so the angle estimate error was unbounded. The signi cant error
spikes seen in the EKF's position estimate error occurred when stars, which were not subject
to TLE errors, left the EKF's eld of view. This occurred because the lter did not include a
TLE-error model, and the RSO and star measurement sources were processed with the same
5 arc-second measurement error. While the EKF's estimate errors remained bounded during
the simulation, the Iter's estimate errors increased over larger time scales as the simulated

TLE propagation error grew.

Test 5: Position and Attitude Estimation with Only Near Objects | then removed

the stars from the model. Using only RSOs, the Iter observed between one and ve
RSOs with a median of three over the simulation. Figure 3.6 (c) and (d) show that the
position estimate converged to a cyclical error similar to the previous test with peaks of
approximately 5 km. The attitude estimate had a slow true divergence, and the attitude
error grew from6:8 10 4 radians after 100 seconds t@:0 10 “ radians after two orbits
(11,000 seconds). As with Test 4, while the lter's position estimate errors were bounded for
the simulated timescales, these errors would increase over larger time scales as the simulated
TLE propagation error grew. As this test did not include star measurements, it did not
experience the same error spikes as the previous test. The angle and position covariance

estimates were very similar to the previous test.
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