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SYNOFS IS

Siinply srrpported deep br:anis ..."¡ith cÍ-rcular openi.ngs r.¡ere ¡-rivestigaied,

i:oi-h ana l.ytica l l-y airtl piroioclastica lly.

'l'he six beai¡s str"rcl-i-ed v¡ere rlivided i-nlo tr.ic series. Se:cies A ccrrìsisied

of tlrree bearnso lcade<i i,n pure bcr:rclirr.g, each v'iih deptìr¡"span r¿t-io ,:,8 2f3,

arrd cLrrÌLaiD j.ng a cii--culsr irole wii:h cli.ai,ietcr/cle1:th ra tio of Ll3. Iioir'ever,

the holes r^¡ere located along the cenl-ral r¿erti-caL axis at diffelent depths.

Tlre Lhree be¿iä'Ls of series B al-so had depth!spai'r :i:ai:r'-os of 2.{3 but

r{ere loacled in bending and shear r,¡itir a pori.nt l-oad at irid*sLaen. iìach

beain had a pair of ci-rcular hol-es, di,'rrrr:í:er;ldcpLh rat j-o t,/3, cenl-red on

i:hc ver-Li-cal rr:les aL quarter'-span Íi:e.,n ej-il:er supi)ort, alrd along í--ire same

ltorízontal line. Tlhe varyilLg iiai:ârìeter i-n this câse \i¡as the cli.stance of

ihe l-ine of centres of holes llíc;¡Lr tire top ecìge.

All si-x bearns \,Jere experínerrtaLly sttidjed, using tr,¡o.-cl i-nicnsional

photoelastic:r-ty. The mctirod used for' scpaijÍìtilrg p::j-l.ciiral s ti:esscs \Jas

the direct nti.meri-cal solu{:ion of Lhe L;lplace ecjrration for tire sr:rn of

pri.ncipal st::esses. Fo-r an analytical sol.utioir, an orí.gi-lral nirmerical

mal-lrn¿l nhilncnn'lrinsllv ciiril:r f-n flle côllrTrâ¡-íl¡í1jf-rz nrat-hná n{: SLI:UCtUj:Al, t,lr I

aLralysis, but usíng f i,.^.ite elenent techniques j r.Jes dcvclopcd. A relaLivcly

coarse discrel-Í-za tion \,ras then applied T-o crle beam of the B se-ries and

sLresses obLai-rec1 , r'irÍ-c1-r r¿ere thcn ccrnpared to tJre expcrineÌttal resul-ts.

tl'lrr.r¡ r.;ore qoan ;_^ a^r¡ ttc f F {'A¡;nr_qir'lr¡

-l_1-
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I" INTRCDUCTION

A <ìcep 1>carn iley be defincd as one r.:hosc clepth is co;,rparai>le to its

si).?n. Beams of this type, boih in steel and in reinfo¡.ced concrete, often

arise ir-L tÏre ccnstrì-lction of irins, hoppers or si-miLar si-r-uctures, as rvell

as in rrore orclinal:y consi-ructicn of foundation ivalls or in cases in which

r,¡a l-1s a r:e sl-lllllo:r,ied cn individua I colur¡ns or f ootl,ngs " Tlte r¡ertica I or

horl'-zontal rlia¡;h-r-agias used to i:ransnj-t wi.nd forces in LalL bui. ldings

It,'al ls or f I oors\ .'¿^ ç,-^^,,a'rf 1.' of such diue.sions as .¡:o be classified

irs cleep beams.

Tire irroblein of iro.l-es in bearns, cs1:ecialLy bcens lrrl'-i-h l-;rrge clepth/span

.ratios, í-s not uncoirlmon. In alinost all buiLdilngs and rcl-at-ed stTucLurese

o¡:c-ní.ngs of sc.ire sort are rcquirccl ej.tirer for acccss or for passi.ng piiring,

vcntilatj-on or el-ectricaL svstcrns to clj-ffecent coirì!).t¡:tlirents. Such i¡aterial

c'Lj-sconij-nuiLj-es caLrse stl:ess conccntrations :'-r-i st-rüci:L1raL rlleltbei:s arrrJ, if

ncgt,:cted, rÌ1ay endanger f:he othe¡:v¡'-se ..,;ell designed sL¡:ucí-ure. IL is,

f l¡r.r-r-1îrri-ê- ilrc rlrÍ'w rrf l-he sf-r-r¡r'l'rrf'al cnpincer f-^ anroFttl 1rz orrp l-uaie theSeL!¿ !" '¡- 
.-.L v.l ! 

,

stress ccncentra l:iclrs and pr:ope,:ly a lloi.¡ f or thei:n ín the overa ll design.

As is weLl 1',ncr,¡n¡ the ordi-rrary'rileory o1= bending, tire Berno'rrlli-

l.-"1ar ¡1.a.r,'.' ¡rrrnnl. 'laô âññl r'a.l ¡6 a 1¡can \,thosc rlr'rf-h i s sl-cai-ttr: thair al¡out

balf its span. The stress distriLrution in deep beartrs has.received the

af-ierrtion of matherriatici-ans and research r,¡orlters since the tu¡:n of the

cení-lrrv- Onê 1-a,,Im6n ,arrDf oacþ iS lr-- ^^1'-j'-^ ÈL^ lri '-1'er-rqnnr'I ãñ1\:4 EiOn f Ofuç!l LUlJ . V!Iç UV!1.:-!v!!

!L^ 
^ 

:.^-- ^*--^-- .G,,..¡nr. n¡ .,. ,r r-r,en ob{:aí¡i¡c tlre nOfmal and ShcAf StïeSSeSLIIE 5r!y ÞLLEùò IUrrLLrUlrg dLIU LIt --_ --__-__-__-Þ ___-

as second partial cle::ivatives of the stress function. Unforttlnatelye in

the case oi the deep beair, there are six boundary condiLions to be sarisfied
( rs)

irr the gcncra I I oadi.ng ca se and on.ly f our cons tants in the bi*ha rnonic



-2-

so Lhat no general solution rls possible. Ap¡:roximate solutions, ltcr{ever '

have be err obtâ ined f or cer ta in s irnp Le l oa ding ca s e s by cl-t oos ir-rg a

particular solution for the l>i-hariuonic arrd then iinding a polynoinial

rrhich, \fhen super-í-riposed on the particular solution, tntiLl satisfy

bcunclary conditions.

l:l cglecting bocÌy f orces, and assurning all boui'Ldary f orces to be given,

the stress clistril ution in t-çro-dimens iona L p-r:obLens ii'ivolving simply-

ccnnected borlies is inclepen<1ent of the rrLateriaI' I-lor¿ever, the presence

of o1;eníngs grcatly complicates ihe inatheitratj-ca1 soltition, si-nce in

multiply-connected l¡ocJies, the possibí, lity exists that strains inay be
( r0)

.¡.LuLti-vatued even r.;l-ien t.he stresses are single-valued . In such

probleras, not only i1lust the iÌ1at:her|laticaL solution satisfy the corrdi-tions

at the ltounclaries, lruÍ- in aciclition the erpressions f or dis1,:laccinent rnust

be e><anined to see that tirey a::e single-valued. The nathei¡atical solution

of deep bearns ,..¡ith openings thus becoi.nes a very teclious and involved ' and

very often irnPossible, task.

CLassj-cal maLhcLratics, clespite its ever-inc::easing sophi'-stication'

is basically capable'of solving only híg1"rly ic1ea1'i-zed situat'j-ons v;l-rile

demanding at the same time a grea t dea L oi skillecl ti¡ne, which could other-

çise be more LtsefrrLly employecl in the Process of clesign' Fortunately'

r^;ith Lire advent of digital compute::s rvhich perforin a-rithnetical operations

at an arirazirrg speed, mctho<1s of ntuner-ical analysi-s have been developed

i^¡hich are eas ily a claptable to e l-ectrooic corttputa Lions ' The f inite

rlifference and the up-comíng finite element methods are fine examples

of such techniques. Unlike solr:tions erLipLoyi'ng classical niathellatics '

nun.erical solutions erlcoullter no difficulty in satisfying boundary

coirditions. Nuinerical rnethods give approxirna {-e solutions, but so do
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!i.ltheiúatícaL analyses f.,ihich nake Llse of series coi-Ivergence. In ihe Latter

case ) only a series suíniled to inf in j-te ntinl:er of ierirrs rvill yield arr

ez,aci soLution. In the fl'-rrite clifference method, ihe approxi¡rlation lies

i-n the solrrtion of tire bi*hannonic, ivhe::eas j-n ûhe f inite element rncthod,

1-1ne Annr-nxir¡af j on is ir-r the assurirption of bchaviottr of indivj-cltral elements.

Be f=ore nurirerica L s olutíons of rea I problcrns dea ling t¡i ¡1-t complex

cont:'-nua can be performed, it is necessary to linj-t the n'.rnber of unknov'rts

involved --- a process knor,;in as disc-retiz¿rtion. Natur:aLJ-y, the finer the

c1j-scretizati-on, the closei: rvill be the solution obtained f o its exacË

val-ue. The cligí-tal ccnrputer, rví-th its Lrcnierrdous capacity and speed, is

ideally suited to soLve tire large;rtrrrber of Linear aLgeì-rraic equ-al-ions

resuliing f ro:n the nurner j-ca I alralys is .

Alterna tively, the colrplilcated probleius of siress di s tributi-on in

ir:ultipLy-connected cc;lrtinua m..ry be soLve<l experiirÌentalLy r'rith the relativeLy

siirple and yet very por,Je::ful photoeLastic rnethods. Photoel-astic methods

e:",cel in yielding a rthole-field rePrcscntati.on of st::ess tlisiribution and

concentra'¿ion.

ülhe science of photoeJ-a sticity f irst a ppeared in the cngineering

rrorld at the Lurn of the century, and iras since bccouic a pot"crful tool

for stress analysts. It is appl-icabLe to any sLate of strcss, but it can

be most conveniently applied in stuclies of tr^¡o-dimensional state of stress.

TIr,. nrosenl- i'rrol'rl r'm nlav 1¡e strrrlied as a plane-stlless case if it is assuinedrrrç lrr

tha t either the thicknes s of the beain is sina l1 cùrLlpâ red r.tif:h its other

di-¡nensions, or the load is applied unif o:rinly throtighout r:ts thickness.

Thi'rs only tr'¡o-.dimensionaI photoelastic equiL-iürent and techni-que are

reqriired.
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Photoclastic data i-ncLude p::í-ncipal stress directíons and clifferences

in prr'-ncipal stresses. Any standarrl r¡elhod of sepa-i:atio¡ of principal

stl:esses --- be it the inierferoinel-er, the Lateral extenso¡:eter, the

oblíque incidence or tire shear difference method, or the serni-.analyLicaI

method of nuirerical sol.ution of tlie Laplace equaiion for sums of prÍ-ncipal

sLresses -*- cc¡,pletes Ltre anaLysis for stÌlesses j-n a giveu conLinuum.
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2. LìEVIEtr{ OF LITERA:IURE

The departure of stresses in deep bearms l'roin süraight-l-ine distribution
(6)

j-s r.¡ell knorvn. In 1932 Disciringer used trigcnornclric series to cletermine
(s)

the stresses in continuous deel; bearns. the Portland Cement Association

prcparcd an cxpanclcd r¡crsion of Dischirrger'" lr"per and added soluti-on for
(3)

siirply supported spans. Conlvay, Ciror,r and lforgan , in 1951, proposed a

inethod of sol-ving probleäis of sírirply suppo::Led cleep beaürs by sati sfyirrg

1'rr-¡.-^f L^"-)ar-" ¡nrr,.líi-ínnq lrrz c ' ¡-L^ '---'--- -'- 
^ 

! ¿-, ¡{-F^^^IALeTAI DOunoal'y --.^-* iLlPer'-lillPosltlg on tnc Prrrùury l\r-ry sì:rcss

functi-on, â second sl-ress function obtained ruith a strain cncrgy inethod.
( r)

Later írt 195?-, Chor^r, Conr,;ay and I^linter Lrscd f :'-LriLe clif f erence equations

to deal r¿ith í-he same problems. l.fany cases of IcadLlng and clepth/span

raLios \,rere studied f or the simply su¡>ported clcep beam, but, ullf o-j:tLlLrately,

j-t r.¡as later brought out iir a discussion of the paper bhat a considerable

allount of error ex:'-sted because of the coarseness of Ehe net and inherent

i:ounding-of f of peak va lues.

An exhausLive com.pilati.on of solution to-¡rroìrlerns of pLates, r+ith or

rr'ithr¡i.rt opcnr'-r'rgs, loarlerl il--ansverseLy or in 1-1-reir pl.arr.es, vri-Lh va:ci-ous
(22) (20)

qrrnñôrf- nnndifir- --r t .,- -- ir-rs , \^res prepared by ldeinberg . T j,moshenko a ls o

onrrê solnl-inrrs to beams iviih circul¡r onerli¡rss- 1-"J- ^-1-- 1i..:L^d toüu vs ouLLrL!urrù LU UCdLLt> WILII ULI -f *."-,.U.- , uuL utrrJ !rlltrLç

openings that are s¡lall courpa red v,r j-th dimensions of the bean, and a
(r3)

further sirnpli-fj-cation of uniform stress field r,¡as urade. Ì''Iuslihelishvili

in hj-s book on problens in elasti-city, indicaied tl-re use of conforrnal

mapping i¡r solv:lng pi:oblems dealing rvith mu1-tiply-connected bodies.
( 20)

Rornrlarv corrdif-i -'-^ t-^--^---- --ârê asain irleai ized. Timoshenko!vurruq!J LrUt!Þ r llU\{sVs!, ì?u!s q¿;qrlr ruçurr

cler¡.oosLr¡ tcd the application of f j-nite dif f erence technÍques to problems

of rLrultiply-connected bodies, with special considerations to horv conditions

at secondar)¡ bound-arics could be satisfied. The r,¡orl< of Savin on stress
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üoncentration ¿rrounrl holes iras been
( r7)

in {:ire forn of a monograph It

ga t í, on of l:h c in f l-ucnce of va ¡i ous

ncn*unifol:m stl:ess field in a plane

tliat this influence is locali'-zed.

tr:ans la ted into English and published

í s an extens j-ve theoi:eiica 1 inr¡esti-

holes in Lhe sl-ate of stress in a

,'oased on oue i-nipot--tatÌt assurrrpticn ---

The diÊficuJ-iy of satí-sfyiLig bounclary condi.iions no lolLger ex¡i-sts

rviEh the recent clevclopinerrt of finite eleinent technl'-c1ues, rrihich consi<1er

the discret j-zed continuutn as an a sseniblage of elernents ri¡hose behaviour is

s Euclied l¡ith the basic rnethocls of structura I ana lysis, nainely the f orce

rrr¡l ,'li'--nlr I mcthods. T[e ]:rrøo nrrmlrnr n{t Lesul t j.¡ø I Íiroar algebraic. rr¡u lL¡róu u! Leuu!

equ:itioi-rs ale expeciienLly sol-v,:cl rvÍ-i:h high speed electronic compLlters.
(7-4) ancl( 2.5)

Clough and Zlenltj-ewicz have made irnportant contr¡l-butions to
(ii)

i-iris f icld, trhiLe Ga onltar expLores Lhe f eas il;i l-:'- ty of v¿l r j-olis ni-unerica l

irreiirods ir-r solving irroblems of j-nclusions.

Lite¡:aiure on pilotoelastic analysis of deep i¡eans or beams rvitir open-
(14)

Íngs nre rclatively scarce, saad and l-lendry investigatcd simply

su1'rported cleep beaors , depLl'r/span ratios of. 213, I and l-. 59, each carrying

a c.entral concentraied load. The concLtision ruas tliat the simple beam

Eheory \tas adequate in the case of beems whose spans exceeded 1.5 times
( r2)

iheir depths. Gi.bson and Jenkins photoelastically analysed a simply

supported shallot¿ bearn v¡ith a circular opening at the centre of the beam

and currying a concentrated load at'mid-s1:an. Iioles of different sizes

tiêr€ studied and it t-¡as f ound that i-he pa tte-!^n of local stress concentration

around the holes couLd not be predicLed by natheinatical lheory"

No literature on deep beam.s with openings have been located, even

lvith the help of the exhaustive Geodex Struciural lrrfo::mation Index.
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It j.s therefore ho¡red tl-rat i:his corrtributioir to the sLudy of the probleil

triLl piovj-de uscful inf or¡ra tion to desil-gners ancl serve f:o encolrr-age

further í-nvestigatioL-r of i-he p"r:oblem.
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3. A FLEXiBILITY COETFICIENT MTETIIOD

]-N PIANE Sl]R]lSS ANALYSIS

3. I Introduction

Any rnethod of a.alysis of i-ndeterminate structures 
'irust

câ l.i e i:rz i-lra

folLoving coirditions :

(1) Equilibri-um of the strLlcture is maintained.

(2) Stress-stl:aj-u relationshio of fJre e1¡s¡ic oraterial is obeyed.

(3) Coupatibii ity exists betrceen di-fferent parts of tl-re structure

l:e f ore f ra ciure.

ConsequentLlz, all rnetho<ìs are basically siinilar cxcept for the order in

r^rhj:ch the -above condiiions are satisfied. In partt'-cLr-l-ar, the flexibility

coeffi-cient urei--hod, also kr-ror¡n as the force or compatibility method,

j-nitially assulnes equil.ibrium of the str.-lcture. F.'rLher equations

aL:e 1-hen ob[ained by stipulating ccrrrl]atibility reqr-rircment betr..¡een parLs

of tl-re st-ructure. l1'le stress-strain r-elationship is inplí.ciily obeyed

in l-he process of deterr¡ini'g f lexíbi-lity coef f icients.

Ïhe same concepts nay be usecl in probleins of stress alra l.ysis, and

nost cont¡eniently in plane stress problerns. I,..4ren the body is dr'_scre tLzeð.

into a finite nurnber of eI-ements, it can be considered as an ordinary

indeterminate structure. h-r this particuLar method, the unknordns are

the normal and shear stress resultants, rr;rri.ch are assunied to be acti¡g
at the centres of the interfaces betrn¡een elernenl-s. Thus ihe dis cretLzeð,

sLructure is statically equival-ent io an assemblage of eLements connected

1-.' €i ^{-í {-.i ^,.^ l^-'Dy rrcLrrrous rìrnges at the centres of interfaces (i-ig. 3.1) 
"

Basically, the relation between the nethod presented here and the

usual f inite eleiuent method can be coriÌpared to the rela tion bctr¿een the

force and dj-splaceurent methods used in analysis of indeteritinate structures
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As r'¡i,i-I be seen later, i:he procedr:re used in soluti-orr of any plane stress

problem by flexibility coefficicnl-s closely parallels the steps used in

setti-i'rg up and solving i:he elastic equations of the force method.

As coiupared to the ¡-rsua I fin j-te elenent tecl'rnÌ-que, the f 1-e.<ibility

coefficient mel-hod o:1fers several advantages. Geoiireirical and stress

ccirdj-iions at i:he l¡oundaries are automatically satisficd, and:'-n most

cases the nurnber of ur-rlcno\1ir.rs is substantíally less than in the finite

eleirìent apllroach. One of {:he cutstanrling fea tures of Lhe inethod is its

::r:rnarkal¡l-e si-nplicity and the ease vriLh l.¡hicir it c¿ln be aclapted for the

coir.rputer by ilakÍ-i:g use of a feru si-inp1_e standai:d sub*routí.nes.

3" 2 lllhe Prinr=¡ cy Struci-r,ire and the Calculat.i on "f_It ?I_tbfl_ilyl oef f j-ci enrs

In the flexl'-bilj-ty cr:ef.rlicieni- apprroach, any elastic body in a sta1-e

of plane stl:ess can be consídered as an asst:inl)lage of inostly reci:angular

elei¡eilts taÍ-th Erapezoidal or t::uncated-rectangrrlar elemcnts at c-Lltvilirrear

boi:ircluries (I".'rg " 3 "2) " rn the subsequent deveLol:nenL, it is simpler to

concentrate oners attention on a ty¡rica1 rectangular elenent as is shov¡n

in lrig" 3"3a.

As siiining

o¡rrrrl-innc F^Y

(21) and
form

the body to be of unit thickness,

such an element can be r,¡ritten in
\/)

AS

the r'¡ell-kno'.çn equí. librium

a finite difference

(oî ,o*t - ,* 
r,¡) b _t- (-i-rx 

rn ,.1

(o-yonl-t - olor-,)u -,- (T*yr*r,

r'¡he-ce X and Y are body stresses. As

eqr.:.ations asslrine Lirat the variaticns

¿,rcl:oss the lengï_hs of the eleurent a-re

- T-,* ,.)a * abX = 0 (3"f)'J^rrl

- T*., -)b + aby = 0 (3.2)

can be seen frorn Fi-g" 3.3b, ihese

of tire srresses %, T*r, $, Tyx

linear. And by considering the
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s Cress resuLtants to act at the ccntres of interfâces, orie has ir-ihe r-cntly

assuned uniform stress clist:cibr-rtion over the:'-ní:er.Eaces l:etween the

finj-te e.l-enents" Further, it räay be noLed Í:hat since elements of finite

3.cirgi-hs are being considerecl , -f*o é'f,r*, sjncc equal-í.ty ap¡rLics oLrly to

¡.n.[j-nites j-na ]-l-y srL',¿lIL eIenenLs.

'-lr:+o such eqrrilibrium eq'-ra ti-ons can be r.¡-r-i-tterr or¡-L f or cach elernent,

so that i-f i:he body of Fig" 3.2- ruere divj-c1cd i.nto E e1-ernents, a total of

2-E equi,l-ibr j-un e{iu¿1 tic,!ls i,rould lte ar¡ailable. At each interface such as

in in l-Í-g " 3"2, nor:'rtal- ancl shr:ar:ing stres¡ies r.,,-ancl T arc actirrg. If F is

l:he rL-ulml:er of ii¡-tei:1:-eces, then the nu,¡ber of sLre sses to be ciel-ci:mj-ned is

2F " llhe asseiriblage of E eleinen'Ls constitlrting i-he bcciy is fhei:ef ore

incìeLeriLrin¿.,Le I tirnes r.+here

r=2(l--E) (3"3)

0f the 2l¡ stre-<scs to be f ouncl , I str:csses can be tre¿l Eed as rcrlundants

ar-id orÌ scütirrg Lhese as uero, a pi:i-i¡ary structr.ire rvj-ll be obi,ai-ne<1 vrh.i.ch

should be <lete::nj-nate and geonet-rically sl-ab1e. Bearj-ng this in i,nind, iL

is not dif f l'-cult to decide on r¡hi ch o[ i-he 2-F stres-ces can be treated as

rcdundan ts "

Ccnsiclei: no..¿ l.he p.rii¡ary stnlctuÌ:e. Under the action of the applied
'1 

^-J^ *--í-..' ^^^ -*1-i ^t- 1-^ l.- - -'-- I L-- O O!vd!rÞ, Ir!rr'cr-y >tt:esses r,;hicir caLr l>e denoied by o- , T are produced at

the interfaccs as sho'.,¡n in Fig. 3 "4a. Iirese can be evâ l-11¿rted by r.rriting

out eqlrâtion (3. l) and (3 "2> f or each eleinent and by considering the

equi-i-ibr:itrm of groLlps of such el-ernents taken as rigid bodies 
"

D¡,re to the defo:ruations of the individuaI elements" disconti.nuities

r"¡ j-Il be p::ocluced in the direct:lon of the reclundan'cs at t-1ie interfaces.

Tirese defo::¡lations rn,hich can be rlelrol.ed i-n gen.eral by Do e aîe evaluated by
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.rpplyiL-rg suj-table fictitious loads to Lhe prii'rary systen.
:

''.-i-g.3"4b si-ior.ns the effect of a uni-t fÍ-ctitious load bÏ-=1 applied
:

at the interface of tire elenents üra::ked 1, 3, r.¡liere -i" is a iictitious
j

s tress acLing j-n the clirecLicn of the rer1r-rnclar-rt X*. The ef f ect of tl-ris

fi-ctitious stress,:vil-I gerrerally be loc¿rLízed over a liinirecl nur,rber of

ele¡rrerlts , sirrce the stresses are self -equilibrating. 'Ihe s tress dis f ribu-

tion throrlghoul- these eLements wiLl also be mostly rectairgular or

trl.Langular, a fsr:t r.ihich furLhcr siinpl.if ies ca lculations.

'ïire clisccni j-ntiity D. 
o in the primary structllre along the tli¡:ection

l_

of -f' j-s f ound by applyi.ng Ì'fohrts c.-1ua[ion of vj.rtual r,¡ork to the tr¡o

l-o:a<1ing cases shoi¿n in Fig . 3 "1,-a and 3.4-b" 1he result is

(rr'r'i)Dio = ! ,;t €*o c,v -r ¡?'"i"i''¡o dv + / 5iero av (3.2+)

,,ovot¡',r,:re ë,:, tr 
- are the st:cains i.n thc pr-irna::y structure. Corrsider-ing or-rly

tlie case of plaLre stress rtnd putting

€*o = u! 
(%o - rr5 ); nro ,. * ,5. - p%o);

To =å <-'> =l (l-r-u)To =f tlJ-lr)(T*ro r Tr*o) (3"s)

si ves th e earra f:ion

oro = #f ,*'"-*o + o-ri5") dx <ry - # !f(%t5" + 5io;o) dx dy

dx cly + f,{r+rr) f¡r(r*)y*o u* u, (3"6)
'ri, r,,, , f î¿ '* o

l- ,-{ tJ,-trì I I t-,-- |' Þ\ - r' ¿J '^J 'Xy
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Since the priircipl-e of cc,äpleme:.rtary sirearing stresses does not

aPPly, it is neccssary to corrsicle:: the virttial .¡ork done by the shearing

stresses -1'____ and -l_ sepa cately in equation (3.6) . The integrations inxy yx
l:Ìeis cquation have to be pecfor-'ined over the entire region of tire body"

Sj-nce the variaLion of stresses over each eleinent is linear, the irrtegrals

can be readily eval-uated by us:'-ng tire s{-andard tables for Mohrrs
(18)

í"i'rtegrals , For i.nstance, referri-ng to Fig. 3.5 and coi-rsiderj-ng the

ele¡rent rnarked 1.

(3 "7)

Equation (3. 6) carl i:rolv be rvrit[en in a f orm suitable f or ccmÞutation

by replacr'-ng the integrals by suins of the type i-nclicated in equation (3. 7)

and exterrding the suirlnaí-ion over the e¡rtire assemblage of elelnents.

Deriva'¿icns of equation (3.7) and similar expressions for other integrals

indicated in ecluatÍ.on (3 " 6) are given ín z\.ppendix A, r.;hile Appendix B

d j-scusses the coiaputeriza tion of these opcratious.

The flexibility coeffj-cients are defíned as the di.splacenents

produced in the primary structure under no loads, r.rhen one of the

redundant forces is set equal to unity r,rhile tire other redundants are
1.

asstiiled zero" Fig. 3.6 shorvs the red.undant f orce a-i- ^=l acting at
xy

tlre interface of eleinents 2, 4. Applying Mohrrs equation to the two

loading cases of Figs. 3.4b and 3"6 gives

ff n*'o-'o dx dy = + ["i:* (2-*î* -r- o-*î,,.¡r )

-' oil,rrl-t (2-o-l*3'olr n -*;* 11
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L ¡¡ i k I. ff i k
+ f(r+u) ff T-v- th dx clv + E(1+ù "fJ ty" "Ç" dx dv (3.8)

The integi:als are ega:ln evaluated for each el-eu.ient and sunirucd up

to give the r¡alue of the integral taken over the ent:l-re region.

For coinpatibiiiCy of fire <lisplacellìents of the various eletîents to

occur, no discontinuities should exist in the dispLacemenEs of points

situaie,l on interfaces of tr^¡o ad jacenL eleineni:s. 'fhis Leads to ihe usual

corlrpa tibil-ity equations

dik = å //c"-"t*u o 5t5u, dx dv - i fft'çt5u -r- 5io;k) dx dv

¿,

IN

d2rt

L

^,

n

D
L

I)o

n
n

t of a stress and the lengih

= [o] (3.e)

dr-l d.,.} ,1-nrt

i
-"¡here any redundant such as X- is the ¡lrodu''c

of the elernent, that is

In Èratrix noiatíon, the above ccÌni)atibility equations can be r'¡ritten

in the usual fcrm as

[.] [x] + [o'] = [o]
(3.9a)
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S olution of ihese equa ticns gives the va lues of the redul-rdants , rvhich are

ihen rrsed to evall.late the reina ining unknot¡n stress resr-rltants by using

the eqrrilibr-ium equa tions (3. f ) and (3.2) and the principle of super-posití-on.

In cleali-ng r,ritl-r curvilinear bouncla-r-i-es, tl-re eLernents a'c such bounclaries

are lj-1<eLy to be non-!-.ectar.rguLar, altl'rough they are sllill bounded by

straight lines. The basic equilibríLlm equat j-ons t¡ould ho1-cl good even f or

such eLern,ents. llor.¡cver, tl're inûegrals inrtolved in tile viriual work

cquat1ons (3 " 6) and (3.B) nouLd have to bc moclif íed from Lheir r-rorinal

rrr:ner j-ca I f orm as in equa Eion (3, 7) " 
.IJlrese neces sa r-'y moclif ica tions are

¿iscussed .in Api:endix A. It rnay be i¡en[ioned tl-rat tire nul'nber of non-

rÈctangular elearenLs is gene::aJ-ly slna ll cotn¡:ared to the large irumber of

rectangular eletirents Lhat are present. Any approxiLiration inherent in

the er¡a luation of tÌre virtira I r¡ork ir-rtegra l-s or¡er such eLeilrents is

l:herefore not likely to $,¿ìteri-aLJy affect the final soLution.

3.3 NurnericaL Procedure

T'he iurne::ical proceclure involved in this rirethod is best iLlustrated

by considerr'-ng the ¿rnaLysis of the r.,ra1l-beaa of Fig . 3.7 subjecl-ed to

disl-ributed loa<1s a-ppLiecl to the upper edge. Tabulat-ed values of the sLress
(3 )

distri-bution in a sirnilar problem are available so thaL the solution

can be fruitfully compared to accepted values-

since the bea¡r is syrnmetrica lly io¿rded, onLy ha Lf of j-t need be

colls j-dered in its analysis, shearing stresses along the cenire..line

being zero. In order not to obscure the essence of the rne'chod r,¡ith an

undlrly lar:ge aihount of conpuia tions , a vely coaISe discretization is

here used. Ti-re elements and interfaces are nrrmbered as shown in Fig. 3.7.
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Si.r'rce the redúndant-s are the stress resultants, Ni and St rvill be used

to clet-ro{:e the norriral arrd shearing stïess resultants, repectively, vJhere

i represents the number of the j-nterface on rr,hich the resultant acts.

llhere are L4 Írrterfaces and, tÌreref ore, 28 r:nknoi¡ns oi -.^rhi-ch,

lrov;ever r-l-?-rT6, "fl' and TrO are zero. liight elerients give a total of

i 6 equitibriurn equations of the tyPcs occui:ring in equatÍ-on (3.1) and

(3r?-). Ilence eigl-rt,unknoitns have to be removed as redundants 1¡efore the

structure becomes sta Sically cleterininate. The rûost convenient way of

scl octins â øoor1 set of reck¡ndants is to cousidcr 1'ror" prospective

reduncl¿rnts r+oul-d react to applicd loads. Tlij-s can be summarized in the

f ollorvi-ng obs erva tions .

(f) It is found that less confusion results if onLy shearing stress

resultanLs are rrade redundai.rts r¡henever possible.

(2) For rather obvious reasons, rr.o eleùìent should be conipletely

severed f rorn the structure as a result of r. einoving redundants.

Adequate conr-rectj-ons must be maintaj-ned in i:he printary struct-Llre

to effcctively transmit external loads to Lhe suPports.

(3) Stability of the prin:ary structure prevents certain coinbinaLions

of redundants. For instance, í-rr Fig " 3.7, if all iour forces

of N2, N6, NrO and NrO rvere removed, tl-re beam would nol be

geometrically stable.

(4) Static determinacy of the prirnaly structure as a rÍ.gid body

.sornetimes recuires certain stresses to be removed as redundants.

li-re left half of the ruall-beam in Fíg. 3.7, f or exarnple, ís

equivalent to a beam resting on four rollers located at the

centïes of interfaces 2, 6s l0 and 14, respectively. Any tvlo
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of these rûLlst be Ïelnoved j-n order l-hat the priitraly stl.Llcture

maybeanalyseclrrs:'.ngtlrecquaLionsofequí.libritrma-I-one.

(5) \.J'nen the correct nunber of ::edirnclants are chosen, each self-

equiLibrating system, such as l'-r-rcLj-c.ated in !'ig. 3"8b, is tinique'

¡\s a rc:suli of rlhese cor-LsiclcrrLi-ons, Sl"3't5'S7'S9'SLI'N6

and Nlg aïe chosen as reclunclants ' Fí-gs ' 3 'Ba. and 3 ' Bb shorv the ef f ecLs

on tïre prinary stru.cture of applied loacls and of Sr= lÐ resPectively'

It shouLd be rroted that the sketching of self-e<luiLibrating sysl-ens Like

these is equivaLenl- to solví-ng ihe set of e<luilibr:-um equai:ions by setting'

irr Lu¡:n, aLl re'Jurrclants but one equa L Lo zero. The N. and s ' thus

gcirerated are then divicled by the appropriaEe lengi:hs to gÍ-ve the sllresses

r+hí-ch, together rqith the arca of each elemenf:, are ihen fed into the

comptrter to obf:a 1' the f l-ex j-bili 
'y 

coef f icients [d] and t1re load terrns

I nol Results f¡:cn the cor..¡;irtei: giveo assumiug PoÍ-s jùnts catio p = 0.167,
L" l'

r.1
Lol=

4.ú45 2"445 0.0

4.889 2.445 0.0

?-.445 2 "BB9 0. 0

0. 0 0.0 2. BB9

0.0 0.0 '-0"278

0.0 0.0 0.0

0.02-B--0.0r4 0.L76

0.056 0.014 0.268

[0. 
aar

l4"44s

12./+45
10.0
I

lo.o
I

lo'o

I 

o. 042

Lo" 
042

0.0

0.0

0.0

-0.278

2. BB9

*0.?-78

--0.027

o. oz7

0.0

0.0

0.0

0.0

-0.278

2.889

-0.268

-0" r-76

0.042

0. 028

-0.01-4

0.L76

-o .0?-7

-0.268

0.994

0.45r

0.a42

0. 056

0. 014

0.268

o. oz7

*0.L76

c. 45r

ô qg4

which is o of coulse, synmetric matrix'
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Also obtair-red is

L.625 0.268 0.389 0.310 0.030

Theref ore, r:ef erring r-^,rñrrâfi^ñ (? Qa\ :,rã nrrf-l.inoL U ç9Llo L LVrr \J . /q

Lo'] = [:.oir 2.625

[ "l - FL"J=Ltr

^^) ^^1--.í--anG soLvrng, one geLS

sg ss sz tg ttt N6

o. oi2]

*ro]

t r, s3 ss sz sg srL N6

*0.1_09 ".0.900 -0.1.58 ."0. 13 2 -0. L24 ^0.052

Tþcse values a::e t.hcn directLy substituIcd iLrto the cquilibritrm cqualions

to ol:taj-n the rest of the unknonns. 1'he st-r-esses, obtianed by dividing

ihe stress result:ants by the appropriate lengths, are listed ir-r Table 3.1

below.

]I{BLE 3.1 - Stresses at Interfaces

*tol

[-0. 
au o. or,.B]

Interface No"

2ú¡q

tt'iq

-0.109 -0.3r6

-0.4r9 0.0

-0.419 -0. 5Br

-0.109 -0.207

-0.049 -0.052 -0.509

-0.090 0.0 -0. r58

Interface No. L4]-JT2IIl0

UTA

't'ttlq

*0.49 t +0. 034 r-0 . 048

-0.2L0 -0.L32 0.0

-0.640 "0.359

-0.L24 -0.196

+0"L24 -r-0.318

*0.359 0.0
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Values of. o--_ a long cerÌtre'-line of the rv-a ll*beail are plolted in

r'r j + ? o rr1.a n¡¡vs cojrìi)ares very favorably rvÍ th results for a sirnilar' ró.

(3)
probj-cm obtaincd by Conr':ay et al s coilsidering the coarscncss of the

discretization used.
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4. ANALYTTCÄL SOLUTION TO PR.OBLE}ÍS OF

DEEP ]IE¡\IIS I,JI,I.H OPENINGS

Of the six beams pl'roIoelastically investigated, Fig" 5.1, only

B-?- ¡,tas analytical. ly studj.ed. IÌ: r.¡as felt that reascnabLe agreeiuent

beti¿een the experimentaL and theoreti-caL solutions vouLd serve to confirm

the correctness of both tccl-ini-ques.

4. L D:'-screti zaLíon

llhere is synrLììcIry in loacling and in Lhe gecnnetry of beam B-2, so

only half of it need be consiclered (Fig.4.f). The curviLinear boundary

of the circular opcning is ap¡rroxr'-n.rated by straight lines, thus ilakí-ng

Lhe elements bor:dering the opening trapezoida 1. Rectangular eleilrents are

used elser,;here. Finer strips of eleurenLs at the concentrated load and

¡t f lrp srrnnort nrê 'irrsf i Fíofi - l¡pna,tca r'hic nzrl-'í.CULaf inet|1Od aSSUIICS pOintoL LtlL lruPyu! JurLr-lrLut r*-"-

loads to be clistributed over the faces of the elcntents they act on. A

J:iner element, tireref or-e, uouLd recluce the magnitude of errors iniroduced

by this assunption.

Stress concentratiorr around the opening is most expediently studied

plrot-oelastically, hence no ur-rduly fine discretization is used in this

region. It should be pointed out that the amount of numerícal computations

is proportiona I to the square of the nulnl¡er of interf aces. Thus , ref ine-

üents of dis creli-zation r¡rhich do not result in appreciabl.e í-inprovement

in ¡nnrrraa\r A ïê nôl- -irrsf i f i e¿l!¡r augurq

Fíg. 4.1 shows the left hatf of Ehe beam dÍvided into 36 elements

',t:rt]n 64 interfaces. Applying equation (3.3) , it is seen tirat there are

?-(6r+ - 36) or 56 redundarrts, of rchich 56, Slg, SZg,540, S52 and SUO

:àTe ¿e'ro ilue to sy*t't etry" Thus the -.r:csulting siructura I sysl-ern is
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indeterinina te 50 times .

4.2 Selection of Redundants

To begin ruith, Ntg, N29, N40 and N 
52 

ur. consiclcr:ed redun,lant to

cnsure static clettlrininacy of Lhe primary strucir-li-ê s s S -- " S .-"59' " 60' "6L' "62

and S La ate retaj-ned in Lhe p::r':rLrary sLr:ucture for transrnission of forces
OJ

'{:rn'. n,. a c r-rí ^ ^f elelnefiLs tO AnoLher in tire vertiCa L di-reCl-iOn, and S, 
^ ,.LL

So¡, " S"", S,.. anð S.o ârc rct¿linccl f or the silnilar rcason) but in the¿+¿ J). +O )ö

horizonta1 direction.

Inlirerr.clcali,ng r,;iih nultiply-connected bodies, specíal care should be

Laken noL to rcmove shear resis tance oLt too Lnany i.ntcrf aces , or a porLion

of the botiy may be cornplcteLy severcd. For e::aiirple, it is obviotrs that

iìì\' r-r.:^ nf (^. S.ì, a¡d S, ^ ¡iuSt be reLained, ot[e¡_'tví_Se Cl_L]rr..f the Strip__,r ",," "_ " ¿L, +J

of elenent,s 3-9..15 or 4-10*16 rvill be ccr'rpleteLy separated l'':oin the rnain

lrr:rlv r'.lron f-he ol-her Shcilrs atje sct to zcro d$tiirq flre t)r-ôcoss of

^-.,^1--^t-:.^- t:1^.-;1.í1ir., ^nal:fi¡ic.^-^ 1-.^^^--.^.-,:ly, s^, and sr" are notuvdludLrLrg rIç,\.LrJr-LrLJ uvEr!-LUrtllLÞ. uuII¡g(iLrgrtt 
LL +J

corìsidered as reclundants. All shearing f or:ces, apârt f rom the ones

inerrtioi-Led above , are removed f roin the systern to f orm the statica lly

deternrina te prirnary stlucture. l.l.re self -cquiLiltr.¡ting systenì col:respond-

ing to S., = I is illtrstrated in Fig . l¡.2 as an exai¡ple of 5l srl ch systcms,

one f or each of tire 50 redundants set equa I to uní.ty and one f or tl're load

terms

4"3 Compulations

The prograrn speciaJ-ly t,rlitten for calculation of flexibility
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coefficients maLrix is Linked up '"oith a "simuLtarleous eqr-rationsttsub-

::oirLíne (!'ig" B" 3 , Appendix B) so tha t the output c1 ir:ectLy gives the

values of the 50 redundant stress resultants (Table 4.f). These are

sril¡stitr-rted into the equilibrir-im cquations of the type indicated by

equations (3"1) and (3.2) Lo obtain tlie rest of the stress resultants,

r.hich, r.:hen tl ivicled by appropli¡ Ee 1-engths, give tlte stresscs sought

(Iable 4.2).

TabLe 4.2 gt-ves stresses

extrene fibre stress in the beam

Lhen,

= (P!l/r)_
lo
ã t(H)'

-JJ={!.-

lr-t
/^ ,- \ter:ms or (r'l Lt) .

^r-al i ¡ .f- orl lrr¡ l-h o

Tf a- is the
S

ci¡rn'l o ha¡m f-he,r--rY¡

II
Uq

1,

for the loadi-ng of beam B-2,

P
- ? ?a/ -\

1

6

)r ')
t(-3-l

'I'hcref ore, by dividing cach s tre ss by a factor of 3.38, dirnens ionlcss

ratios are obtained rvhich are plottcd and cornpared to experiurenLal

results in Fig. 5.26
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TABLE 4.2 - SLresses in Bean B-2

Tn l-orfrca í

I

3

4

5

6

7

I

9

10

11

L2

13

L4

15

L7

1B

L9

20

2L

22

NtD"i,' óï, P/LrT ¡:nof-h
- !¡rr,/ Jo

sp"it' -fr, e/i.t

5.0 -0.012

5.0 -0.050

5.0 -0.130

5. 0 -0.254

5.0 -0.416

s.0 -0.450

r.0 -0.009

3. 0 -0. 016

5.0 -0.L29

5.0 -0.083

3. 0 -0.246

r.0 -0.017

4.0 -0.017

4.0 -0.082

?, .87 5 -0 .079

4.0 -0.054

4.0 -0.038

4.0 -0.004

t. 0 -0 -029

3.0 -0. 103

2.375 -0.115

?-.375 -0.056

-0.086

-0.360

-n q?q

-r.830

-3. 0

"3 .240

-0.324

-0. L92

-0.930

-0. s98

-2.9 50

-0.611

-ô I 5?

-0.738

-0.990

-0.486

-0.342

-0.036

-1. 040

-L.240

-'l 1/, 
^

-0.850

-0.009

*0.025

-0. r54

-0 .237

-u.4ðJ

0.0

-0. 012

-0. 038

-0.080

*0 . L24

-0 . L62

-0. 034

-0.020

-0. r07

-0.093

-0. c66

+0 .044

0.0

-0.029

-0.099

-0 .07 7

-0.095

".0. 065

-0.180

-1" lL0

-1.710

-3 .470

0.0

-0.423

-0. 455

-0.575

-0. 89 r

'L .9 /+O

-L.27-O

-0.180

-0.963

-1.160

-o. s94

1-O. t+06

0.0

-1.040

-1. 185

-1.160

-L.440
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'L\BLE 4.2 - Conrinued

o;, P,/Lr sÞ
L' Tr, P/r,r

2_3

¿4

26

11

28

)a

?rl

32

?/,

35

<^

3B

+r

42

/,2

3.0

trì

3.0

3.0

J.U

J.U

?n

ln

?n

1n

1rl

J.U

1n

{ tt

?n

J.U

J.U

J,U

ln

3.0

2.375

*0. 136

-0. 06r

*0.008

-0.046

-l-0. 0lr8

-0.0r9

."0.028

-0.043

-0. L62

-0.042

-0.042

-0.165

*0.046

+ 0. 004

+0. 041

*0.014

l-0. 01. I

+0.019

-u. uo¿

-0.139

"0. 046

-"0.105

-1.630

-2 . L90

-0.096

*0.551

-t-0 . 5 75

-0.228

^ 
a1r-U. JJ )

*1. 550

-1.930

-1.510

-1. 510

-r.980

-1. 660

J-0. 048

-+-0.49L

-0. r68

4-0 .1_32

+0.2?-B

-2.2_30

-T.670

*0.698

-1. 590

-0. L46

0.0

-0. 014

-0.073

-l-0 . 014

-0.015

0.0

"-0. 03 7

-0. r3 7

-0.031

-0 .047

-0. 2_ L3

-0.009

-0.019

r-0. 004

-0.063

-0.009

0.0

-0.033

-0.100

.-0.074

"0.061

-r. 730

0.0

-0. l68

*0.8 75

-j-0. 168

-0.180

0.0

-1.330

-1.630

..L. L20

-1..690

'?-. 560

-0.324

-0.2_28

r-0. 048

-u. /))

-0.109

0.0

-r. 190

-L .2_OO

-1. 120

-0.9r5
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]åBLE 4.2 - Continued

oi, Py'Lr Si, P fa, P/rtr_rtLsL!duç, t

45

+o

47

lr8

/,o

50

51

55

56

57

5B

60

6l

62

o¿+

T.en of h
I,T JO

3.0

1.0

4.0

4.0

4.0

4.0

4.t
LA

1.0

?^

5.0

qn

3.0

1.0

5.0

5.0

5.0

5.0

5.0

ì't D
L-

-0.lll

-0.037

ì-0.019

-t-0.060

i-0. 020

l-0. 058

t-o .07 6

-t-0.055

-0.018

-0 .2-45

^0.079

-0. 090

-0.053

-0.015

l-0.011+

+0. 073

r-0. tB7

+0 . 210

r-0. 380

-l-0.408

-L.220

-1.330

l-0. L7l

-r-0. 540

r-0.180

)"0,52_2

-t-0. 684

-'r0 . 49 5

"0. 648

-2.9trj

-0.570

.-o.649

-0.635

-0.540

-J-0. 101

-l-0. 525

-j-1 . B 50

+1.550

-'.2.740

r,-2.940

-0. rB8

-0.001

+0.044

-0.062

-0.095

*0.080

-0.022

0.0

-0.014

-0.059

-0. t-14

-0.023

-0.l-70

-0.020

-0.482

-ñ )?7

-0.158

-0.068

-0.015

0.0

-2.060

--0.036

+-0. 39 6

-0.558

-0. Bs5

-0.720

-0. r98

0.0

-0.503

-0.710

"0.820

-0. r56

-2.040

-0.720

-3 .470

-1. 710

*1.140

-0.1r90

"0. l0B

0.0
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5. TI{E PLiOTOELASTIC IIXPERII'IEN'I

5. I FunclarneotaL Principl-es

The basic propei-ty required in ¡rhotoelasticity is that of t-emporary

birefring(ìI.rcc, or cloubl.e refraction, r':irich certain trauspareitt rlaterials

exhjbit '¡hen subjected to stress and strain. IlThen i:he stutiy is cr¡n<1ucted

tl¡e loads are applied Eo the ürode1, and the resulti.ng optJ-caL eff ects in
*tlre morlel a re vierved in a f ie ld of circula rly pola xized light. hrith

a r'¡irite li-giri $ource, the optical effects are manifested in f-he fo¡:m of

coloured bands covering iire range of Ll're specirum. ìi,Jiih tnorrochromatic

ligirt source, the optical effects are seen as aLtei:nate d¿rk and light

bancls, -r:cllerred to as ísoch:rc:¡atic i'i:ir-rges. lill'rese fringes are orclered

accorciing to [ire darkoess bi:i-ghLness cycles {:hat [ake pLace al- a poi.nt

í-n ilte ¡LodeL as the l-cad is increased f roin zero to l'-ts f inal va lue. Tlhe

Íri,nge orders are coillrronly reLated to the stress-optic lav¡ '..¡hich statcs

that, in the case of tr.¡o*di-ine¡.s j-<¡rral stress f:',elds. the j-sochromatic

frrluges are the loci of points of coi-,sLarrt maxirauin sJrear sr:ress i¡r the

plane of {-he applied loads.

lìy the siurple process of cou¡rting fringcs anrl iuril l- j ol v jno Lhci r

maximum shear stressor-ders by the proper ca lil¡ra tion cons t;rnt, {:he

:k Photoelasl-ic

Definiti-ons of

J-hô^¡r7 h^h1ñ¡

Êl-^^-.'^^ ç^--LtIsu!IEÞ, IUL

ter:r-'-rs are f rcely used he¡:e v.'ithout explanations.

srich {-er-urs, togethcr ìviEl-r nore Cetailed rnat:hcnratical

pliotoelasticiLy, are availablc in any book oir ftirrdaercnl-al

cxainple, rcfcrences (4) and (8).
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I
clis tribution Lhrorrghor-rt the moclel can be obta ined. S ince "'f - - - / ¡'' -,x-\nlax 2 \"L vzt t

l-he di"r'fcLeirce bctv;eeLr thc trço principaL stresses at any point can also

J¡e deteririj-ned. In its mathemaLical form, the stress-optic law thus

becomes

afc
I\IÔJ

¡- - ¡'¡)v1 |) L

r,,here f = nâfêr1'â1 Fri¡ìôâ ì7âl're Obtairfed ffOm ¡nlilrrof ínnrp- ¡.:q
U

N = flinge order- at point of ínterest,

and t. = t-hickness oi model.

I.Il.ren vi.cr,,;cd in a ÍieLd of plane pola rizcd r.¡hii:e tight, airothcr fringe

ì)íli-rêrn cnrrsísi'-ilrq of rlark lrands is sccn Lo be suncl-.-irlnoser-l oìì the coloured

isochro¡natics. These are the isoclinics, Ioci of points rvith one of the

priiìcit)el stress di-rections paralleL to the axi-s of Llre polarizer.

llhe i-s ochroma tic and is oclinic f rinses are the bas ic rar,¡ c1a ta obtain-

:lr1 a Írn.n fhe nhr¡i'nr. lnsl-ic or-nerimani- âìì.1 rrrrr¡ lre r¡oi-,nr,r,:nl-lr¡ r-o¡¡r.la.] hr¡urru rt¡qj/ Lì¡r.-¡rrLLrLrj rsuu!uçu uJ

-1.^r-^^-^-*L..LrrruLwËrd Pr!J .

5.?- )l.a Le::ia ls f or Photoelastic l.loclels

Apart froiu basic requirernents of Lransparency and birefringence, a

good photoelastic material should exhibit lor^r optical and mechenical creep,

1-righ elasiic lirnit, good nrachinability, low time-cdge effect and, above

all lnt¡ rrtâfcri¡l 1=rinse vâlrre anrl hir'h Yoirnøts modulus. T'he measure for_ ¡!,

r-!'^ 1 ^ãF s.1^ '---rner-l-i os r's cvnrqgsed as the ríìtio Elf _: knor,¡n aS theLIrç I.1 ÞL LwU PrupL!Llgu C5>CLI dt' LlIe LctLl 
U

f igui:e of rirerit of the ma teria 1. Tn other \.Jords , a high f igtire of meriL

:-s des irable.
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Araldite belongs to the family of epoxí-es wl-rich are the rnost recent

adclition Lo the list of mat-erials used for the manufacture of phoLoelastic

models. It is mostly used j-n three-dirneirsiona I investigations, but its

lrigh serrsiûivity, lor+ creep and tirire-edge effccts are also icleally suited

f or tlo-dimensional studies. It is available in slleets and also in ihe

f orrn of pure resin ( liqui-d or granular) r,;hich has to be mixed r¡ith a

irardener to be polyrnerl'-zed. Casting r.rith liquid araLdite \,ras attempted

and sheets \{e r€ obtal'-ned rçhcih \iere practica lLy bubble-f ree and had

ô1ôec\7-<r,r^^{-1ô o".rfaces, Res.l'-drial thermal st¡:esses, }roruev€8, r¡rg¡g consl'_cler-

¿ible and, unfortunateLy, a proL)er photoclastic oven, which shouLd give

a close control over Lhe cooling rate during t-he annealing pr:ocess, \,Jas

not available in the Iaborat-ory r^;here these experí-ilents \{el:e r:onducLed.

i:ience sheet alaldile \r,as resorted to. pSM-5, supplied by pl-rotolastic

Incoritor*aLion of U. S.A. , \';as uscd in lraking inodels f or cleLerminí.ng

j-socil-romatic f ringes. Nevertheless ) a report orr the pror:edures f ollorved

j-n successf ully obtaiilir-rg sa tisfactory cas tings is included i.n A.ppendix C,

t':hich suLiuiarizes the experience ga ined by the aurlhor cluring the experimcnt.

To isolate the isoclinics frcm a mixed pattern of isochromatic and

isoclinic fringes, one mcthod used is to conLinuously varv ihe loac1s when

the pictules of isocl¡'-nics are taken, to blur the inrages of the iso-

chromatics. 0r-r l:he other hand, if a very insensitive material is used,

or-rly the is oclinic pattern v;il. I shor,,¡ up clearly in a f ield of plane

polarized lvhite 1ight, perhaps r,¿ith a few coloured isochrcmatic flinges

around points of load applicatíon or stress concentration which can be

readily distinguished. Perspex, of material frir-rge value approxirnately

700 i;sí/trltn, \,üas used in rnaking models for isoclinic cleLern.rinations.



-38 -

5. 3 E.Ipg4nienta L Procedures

Tr.;o series of bearü.s \tere investigaLcd, caclr consistiLig of three

bcar¡s. Fig. 5.1 iLlustrates i)crt j-nent clinensions and also loading

i:r:LterLrs of these bcams. All six bcc'rs had depth¡/span ratios of 2f3.

Bean'rs of series A r¡ere subjecteil to pure bencling by tt,ro point Loacls

,l.oca ted ai: equ¿ll dí.siances f rom either suppor:t. Beams of ser¡'-es B r,¡e¡e

Loaded in bending anci shear by a concerLtLated load at. mid-span.

Tt"¡o sets of models \r)ere nlade, each model being inscribed rvith a

3/8" sq,rare gricl . 'Iire set nade of PSìf-5 r,'as used for investigatíng

isocllrcL,tatics, and thc set iracle of pcr:spex for clef:cr':ninj.ng isocLj.nic

i)¿r:¡iì.teters. A 3"-diameter cilcular disk \r,as also inacle from the PSì'f-5

ar:a ldite f or ca Li-bration of the f rr-rrge va lue of that inateria l. Iiodels

'.'rc:ì--e tcsLed l-hc day Lhey i';cr-e nachí.r-ied. Loads \icre n¡plícd throu3ir flat

sLcel bars placed lreL\.ieen l¡¡4" steel rollers aqcl the loadi-ng l=¡¿¡1g. The

::ol-lers rvere Lr¿l clded.¡ith ttvo lapscs of maskiug tape. Tìite polariscope

rrsed r+as oi the d j,f fused li-ght [1rpe r,:ith l2'l- diarneter elements. Tl-re

p:,:eliruinary adjusLmerÌts of the polariscope have 1¡cen dj-scusscd by the
(e)

autlror in a previous report and r,qill not be ::epeated here. The

J-,)q'¡-inq innlrrjorl r-1.^ É^1 I ^"i'-^ ,-*__ rrlc rot-Lo\,i11rg stcps:

( f ) Ca l-ibra tion

Referring to the ol-'dinate systein shor^:n i"n Fig. 5.2a, ít is
(8)

\.Je11 known thet stresses in the circuLar dl'-sk uLrder rlialretral

añ,flnrêqqi nn :ra

'X
2P=--
li tl

- 7-P

'tr tD
4D-.-__^
na/

(D'1-4x')-

f ot't *t- 1 
-

t--t,
I n2¡-+*2 |LJ

-J-t
I

J'l= and uz=
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'I ia,rr'ôi-^_.Â¿!¡vL!-¿v!et

illLd \.Jhen

uh eÍ:e P =

rl
o"

n_

é!!u t\ =o

x2L - 4(n)- 1
I
I
I,)|

Ll
I

J'

,x,21tD/ ,l

O. - Uo =8P
li rD I

tr -i- 4

ü; - ú-^ = --BP = f 'NL ¿ T'tD o.o

applied d.j-ainei:r¿a I comiri_-ession,

model fringe value,

i.:hj-cknr:r; s of clisk,

rlíaitreir:r of disk,

ilríi.-rge r¡rder at cenire of ciisk.

'I::¿:¡:rs pos í-ng,

RP
- o- - lftDN o

ifi: err 1-ire ma teri.a I i;:i-r-rge \¡â I ue ,
uv

BP

iïrtl o
(s. 1)

Ï're clisk vi:rs plirced beti¿een tvio fl-at steel bars and load applied

r¡e¡--tically in its plane. Normal photoelastic pL:oceclrrrcs r:je.re fol_lor¡ed

to obiaj-n dark and ligtrt field patrerns at p = B0 lb and p = 400 lb.

Pictr¡res \,iere tai(en of a ll patterns. Pert j-nent ¡:hotog!-aphi'-c clata will

be l-j-sted in Table 5.1. I-oading cycle and photograpiry were rcpeated once.

Plate I shorvs the matchí-ng dark and light field pai:terns at each of the

tt"ro lcads, r.'dril e Fig. 5.2-a contaius sl.tetches of isochronatjcs plotted

i';iih ai¡erage valuc:s obtaínecl froin ihe ii,io sets of siililar phoiog
.t:" (. \)

n.ie Lc,r:-rt"¡e re*'
c>Í rÁ. ¡:'i]'. .-i.: iå

Fri'-nge val i¡sc et rraì:yl-ng disLances along the horiznntal
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pLotted (Fig. .5.2b) f or ì¡oth loaciings. The clif f erence in N,_., values f or

tire tr'ro lo¿lds r,¡as obLained froor this curve. lfhe plrrpose of \{orking nith

differences \.ras to eliminate arìy initial st-ress that might exisL in the

riiaterial.

Þ - Þ -- /,^^ - 80 = 320 lb.-f

(No)t - (No) o = 1+.5 fr., 3s obtained from Fig - 5.2b'

r'¡licre f arrd o deuote f iLral and ar-bj.L::a:ry zeto loads, rcs'pectively.

Sirbstituling irrto equatior-r (5. L),

- 8(320) .¡- ?.r^ = --:-- = ou. ¿ l)sr-/ rr1 rn." Tt(3)(4.s)

( 2 ) lsgc!ryga !_! cs and__B oundn ry__ya!gsq

Each araldi-te rnodel rtas l-oaded i-n turn, P" anri P^ being recorded'TO

Arrrl slrov'n in Fj-.5.1. The -[fi¡c'e orrlcrs 3f ç'ri'¡.-.-"^r-- -1^'-^ lrnr,¡/,1 rír"s.r.L. L Õ!:u PvrrILù o.LutrË Uvulluaf IEù,

t¿hich -.,¡ere direct i-ndi-catioLrs oi magní-tudes of tangcntial stresses at

i;hcse points, \'Jere sccurately determÍned to Lwo dcci-na 1. placcs using
(8)

Tardy's coLrlpcnsation nethod " The si-gns of tlìcse l:oun,lary strcsses \,rere

clronl<n.l hr¡ tho tlnAil LeSttt --- fçhCn D'ÍeSs¡re ís nitnlicri on a nail nl:cerl!r Prquçu

¡f l-lra horrn¡:rrr¡ nnínf nf ini-ol-oq+ . çf ^'- ^€ {:.-i.-^^- {-^.-^-l^ -!-a rrninl.oL Ltlç uvultUd!y PULTTL \JM!LçLçÐLT d IIUW UL LrIlIBgÞ LU\?d!U> LIIC pvrrrL

indicatcs cofùpr:cssion, rthile tension is indicated by the boundary fringe

1-ôj,a^ -,,cr"â.r i-cide.

The r¡odels \,iere observed in r¡hite ligirt as load rvas gradua lly in-

creased from zero to its final vaLtie, to note the o'::cler of each fringe

f ormed. The order of the colour bands shculcl be yelloir-red-blr,re-gree,

goi.ng from a loirer Lo a higher ordcr fringe. This fact r.:as parLicularly



-43-

helpful in deterniining Lhe orders of Eri'-ngcs a Louirrl the openinqs .

?lates 2 to 4 are pl-rotog::apTrs for the A series n.roclels i,:hile plate 5

shows B-l as an example of the models bei-ng stress-free befor:e load

application. Sketches of isoch::omatics aa Pf, together rvi-Lh f,he accu::ately

deternined bouirclary fringes, âre illustrated in Figs. 5.3 to 5.8. These

sketclies \,rel:e pr:epared f::om enlål:gernenf:s of pl'iotographs shorun ín plates

2to4and6toB.

(3) Isoclinics and Identifica

TÌ-ie polariscoire was adjusted to give a fieLd of plane itolarized
¡r-l-iite ligfit. Each i>e::spex moclel rlias loacìed in turn and ol¡served. Load

\ias varicd until a clear isoclinic pattern appeared. Pl-rotograplìs \,rere

taken at L0o parar-ûete-r:s, i" e. t1Ìe analyser \.¡as roiated l0o coLì.nierclock-

r'rise af ter each shot, starting f rom zero. plate l0 shows a serj_es of

such pi-rotogrc¡rhs for bcam B-2. By projecting the negaLirres of these

photograpìrs onto a sheet of paper placed on [he r:asel, a sketch of the

j-soclinic PatLerns in bean B-2 i,¡as pl:epared and shor¡¡n in l-l'-g. 5.9. During

this process, the 1i.ght arcas rìere tr:acerl instead of the dark areas since

the projection r¡as made frorn negatives.

Isoclinic paraireter at each grirl point rr'as obtaj-ned by rotati.ng the

analyser until an j-soclinic passed tilrough that poÍ-nt anrl noting the

reading c:n the scale.

Since isoclinics do not give í-nformation rvith i:egard to wiretirer o.,

ot d, is parallel to ihe polarizer, ihí-s must be cletei:mined separately.

A strip of very sensitive photoelastic material, psl{-r (fo-= 40 psi[fr/in),

\^ias super-Í-iirposed on the point of interest and compres sed in the direction

of one of the principal stresses, as indicated by the isocl:lnic parâri1€têr

previously o'biained. 'An increase in fringe order at the point r^¡ould

andtion of o-I
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indicatu oi being paralLel to the appried comirression. The converse
L

!.Jas true ¡rhen a decrease in fringe order rvas observed

I Ul lrhôf ôoT.1 ñhat\'/
since only portion of the beam betrçeen the supirorts was of

interest, bellotvs tvere used to obL¿:in close*ups rvith the span f iLlÍ-ng the

entire length of the negative frame. Irilm, filters and paper r^rere

selected on the basis of bringing out the hl'-gh contrast betr¡een dark and

light areas by suppr-essing intcrmediate tones.

0rdinary Ijght neters donot give depenclable exposLrre readings for

phctography roith polarized 1 ight, unless it is incìeirendently ca Iibrated.

Instead of calibrating the iLreter, exposure \^7as clirectly calibrated by

Laking si1 ots over a pre-<ìetcnninecl range of c:<posure-tir,res and judging

the der¡eLoped r-regatives. Photographic data are listecl in t'able 5.1

be I ow.

'IABLE 5. I - Pirotograpl:ic Data

Camera: l.{inolta SR-Tl0l, SLR

Lens: Tekumar t/4.0 f00 mm BeIIows

Filter: Kodak Wratten /É77 (Green) for isochromatics.

No filter required for isoclinics.

Filin: Kodak l{j-gh CorÌtrast Copy }-ilm, ASA 0.6

Exposure: fsochromatics - ff4 at 14 secs.

Isoclinics - fl4 ^t 2.5 secs.

Paper: Ilford lfultÍgrade ruith /É5 filter.
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5.4 Intcrpretation of Photoel-astic Data

Photoelastic data alone aïe adcquate in evaluating boundary stresses.

For exaLnple, at tl-Le boilr-rdarics of circular openi.ngs, radial stresses, dr,

âTe zero and only 1-angentí-a I s trcsses , ol , may have r,¡a Ltres . Theref ore ,
\J

í-lrr. Fr.ír¡oo ôrrlêr- ¡È ^ni-+¡ ^ 1^as thc.se l¡6¡111 ¡l¡¡í ac r.,1.^ra ñ,,1f ì ^---Þ éL IJUIIILò d LUr-o ,..*.- - --!uo, lirrlrr ilrurLLIrliCd by

l-lrp mnrlol f:ríno4 Value, tlireCtly give the valueS Of C/^.'--"-r "- -0.

Distribuiion of o"- around fl.o 1.n,',r,-lnr.' ,r1r the hole of beain A-1 r,¡as'o '-
obtained as a dirrtensionless plot of the ratios of frit'rge o-.!:ders åt

var-ious B to tl-re rna:<irnum f.rirge orrfer at the 1or¿er boundary of the l¡eam.

Tt is eoujvalent to plotting d {d, I,rilere c/ is the n'.aximum stress at the! ----^"o 0' m, ----- 
m

extreme bottom fibre of the beam. Figs. 5.ll to 5.15 are similar plots

for the other five beams. For beams of series B. the plots are for the

lcfc irolcs, the plots Íor the rigirt hoLes beÍ.ng thc nlirror irriages of

l-hose for [l-re left, since there is syinmetry about the cenLre-line in

ea,th beam.

The choice of o- as a basis of coinparison r,Jes Ì.iot a randonr one. It
m

\,ias designed to enable a direct estiinate of the amount of reinforcement

rCCrrÍrefi ar-o¡nrl ¡1-o I.al ac iñ fhe CaSe Of fe j.rf f OrCed COtlCI'Cte mcnrþers _LLs rtrLtLrusru t

as cornpared to the rnaximum amounf: of tension steel required elsev¡here.

.fhe discussion on the application of these results to reinforced ccncrete

will be elaborated in Chapter 6.

5- 5 Scn:rral-í on oF Pr-inci nal St'ressesvl/s!e-^",. 
"* 

l.'l..#

VJhen eva lua t ing s epa ra te va lues of. d1 and c/^ a t intenla I grid points
L'¿

ho'çever, photoelastic data nrust be suppler,rented by more infori¡ation, for

example, the value of (o] + ô;) aL each grid point. Tire separation
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rleiernined by equilil¡rium cc!Ìs idera tions . The vertica 1 section a t mid-

spen of each bcam \.Jas consr'-dered for equili.brium, syrnmetry dictated

ihaL there should be no shear stress along this section r^;hich r^ras,

therefore, a principal plane. Then o- = (cf, or o:) roas plotted for bothxL¿
soluLions aird ihe areas under the curves referred to as A- and êL '2t
respectively. since there \.ias no horizontal load ín any of tÌre cases

^^.^^i )^-^) !L^ ! ^1--,--'^- ^1 
t

consLdei:ed, tne true solution should give J o* dy = o. That is to say

Al l- cAZ = 0 (s.3)

From equation (5"3), the C values rnigl-iL be obtained. The C rzalues thr-lg

deterrnined for each beam are listed below:

Beaur Constant C

A-l

I\-L

¡\-J

B-1

ö-J

l. 560

1. 010

0. s90

0.L32

0.121

0. 119

Once these cotlstants r,¡ere determined, it r^ras a simple task to

linearly combine the tttro solutions and obtain the f iira I v-a Iues of. dI
and clt in terms of fringes. rn Figs. 5.16 to 5.2L, these resulcs are

nraconr-o'l r-naar'fior r.rì l-lr -rinni r13 I Stf eSS Clif eCtiOnS , AS fatiOS Of A- / O'r ùL!cùù Lrr!uuLLUjIÞ, db r¿iLI(Jb 
I S

and a2fdr, where o-" 1Ï t" the extreLte f ibre stresses as calculated irith



-70-

Ll-re simple beam theory. It r,.'as found to be more convenie't to convert

o-, i-nto fringes than to corlvert other siresses into psi. For insLance,

for Beam A-1,

If = eiÐ (Monient Arm)

= 200(0.75) = 150 lb-in.

z = [tuz = å r(3)2 = r"sr i,,3

Tlieref ore,

6'--Y- - 
IIt-."s-zr;.- zfo.

= 

=åT.=. 
= r.66 rringes

r.5r(60.2)

FroiLr restLits presen.ted in -Figs " 5, 16 co 5 .2-l- , the noräi¿: I and shear

stresses on any plane rnay be eva l.r:ated using the folloraing relationships
obta ined f r,on the }Ioirr' s Circle:

ú,-ls^ ui -dndn = --'' + (-f----1) cos2n
OôL¿

Õi-ú¡-f. = ( ") sin 2n-'2

( s.4)

(s.s)

r¡here ' is the angre macle by tlie norina l to the p]_ane roith the ma jor
pri.ncipal stress cli-rection. Equati ons (5.4) and (5.5) iieïe used to find
cç along the vertical sections at mid-span and et centre-Li'e of each

opening, and also o- along the irorizontal secticn at rnid-cle¡tth of each

beain. Resul-ts i,rere plotted as ratios to o- ar-rcl presented in Figs. 5"zzS

Lo 5.27 .
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