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Abstract
An equation or system of equations is called “partition regular in a set S” if and only
if for any finite colouring of S a solution to the system is guaranteed to be contained in
some colour class. This thesis is a survey of partition regular systems, starting with early
results in arithmetic Ramsey theory, including Hilbert’s cube lemma, Schur’s theorem,
and van der Waerden’s theorem. A proof is given of Rado’s characterization of all finite
partition regular systems of homogeneous linear equations, and results concerning infinite
and nonlinear partition regular systems are also proved. Several tools, including linear

algebra and topology, are used in the proofs in this thesis.
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Chapter 1

Introduction and organization of the

thesis
For a set S and a positive integer r, an r-colouring of S is a function A : S — {1,2,...,r}
and the integers 1,2, ..., r are called colours (in fact any r-set can be used for colourings,

for example, A : S — {red, blue} is a 2-colouring of S). For a colour 4, the i-th colour class
is the set C; = A71(7). If S is r-coloured, then a subset 7" C S is called monochromatic
if and only if T is contained in some colour class. Equivalently, an r-colouring is a
partition S = C; U --- U C, where the C;’s are the colour classes (some C;’s may be
empty). A system of equations Ax = b is called partition reqular in S if and only if for
every finite colouring of S there is a solution & = (x1, s, ..., z,)’ to the system so that
{x1, %9, ...,x,} is monochromatic.

As a first example, assign each of the elements of S = {1,2,3,4,5} one of two colours,
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say red or blue. A triple x,y, z, not necessarily all different, that satisfies t +y—2z = 0 is
called a Schur triple. The following partial 2-colouring of S avoids monochromatic Schur
triples 1,1,2; 2,2,4; and 1, 3, 4:

12345

If 5 is assigned the colour blue, then 1,4,5 is a blue Schur triple, and if 5 is assigned the
colour red, then 2, 3,5 is a red Schur triple. A monochromatic Schur triple is unavoidable
in any 2-colouring of {1,2,3,4,5}.

In fact, in 1916 Schur [112] proved that for any number of colours 7, there is a positive
integer n = S(r) so that any r-colouring of {1,2,...,n} contains a Schur triple in the
same colour class. Two proofs of this fact (known as Schur’s theorem) are presented in
Section 3.3

The pigeonhole principle can be stated in terms of colourings: let » and m be positive
integers and let S be a set with more than rm elements. Then for any r-colouring of
S there are m + 1 elements in the same colour class. In 1930, Ramsey [I01] proved a
generalization of the pigeonhole principle: for all positive integers k,m,r there exists
a least positive integer n = Ry(m;r) so that for every r-colouring of the k-subsets of
{1,2,...,n}, there exists an m-subset {i1,i2,...,0m} C {1,2,...,n} so that all of the
k-subsets of {iy,is,...,4,} are monochromatic. Much of Ramsey theory is devoted to
finding the “Ramsey number” Ry(m;r). A solution to the “party problem”, which is a
standard introduction to the topic of Ramsey theory, is given in Chapter [2 as well as a

proof of Ramsey’s theorem (Theorem [2.1.1)).
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Some early famous results of Hilbert, Schur, and van der Waerden are now seen
as “Ramsey-type” theorems. Hilbert’s cube lemma, which was proved by Hilbert [64]
in 1892, is considered to be the first result in Ramsey theory. For positive integers
g, @1, .. ., am, a Hilbert cube H(ag, ay, ..., a,,) contains for every subset {a;,, a,, ..., a;,}
of {a,as,...,ay} the sum ag+a; + as, + - - - +a;;. Hilbert showed that for any positive
integers r, m, there is a least positive integer n so that in any r-colouring of {1,2,...,n},
there is always a monochromatic Hilbert cube H(ag,ay,...,a,). A very well-studied
theorem is van der Warden’s theorem. For a positive integer k£ and positive integers a and
d, an arithmetic progression of length & is a set of the form {a, a+d, a+2d, . .., a+(k—1)d}.
In 1927, van der Waerden [123] proved that for any positive integers k,r there is a
least positive integer n = W(k;r) so that in any r-colouring of {1,2,...,n}, there
is a monochromatic arithmetic progression of length k. Hilbert’s cube lemma, Schur’s
theorem, and van der Waerden’s theorem are examined in Chapter [3] as well as other
results of what is called “arithmetic Ramsey theory”.

The results of Chapter |3 can be stated in terms of linear systems. For example,

consider the matrices

A=[1 1 —1} and B=|1 2

1 k-1
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Schur’s theorem guarantees that for every r-colouring of {1,2,...,5(r)}, there is a

monochromatic vector © = (x,y,z + y) so that
Ax = 0.

The matrix A is an example of what is called a partition reqular matriz (see Definition
[1.1.1)), Rado (a student of Schur’s) characterized such matrices as those having what is
called the columns property (see Definition Rado’s characterizations of partition
regular matrices are presented in Chapter [4]

Van der Waerden’s theorem (mentioned above) guarantees that for n = W (k;r) and

every r-colouring of {1,2,...,n}, there is a vector * = (a,d) € (Z")? and a vector
y € {1,2,...,n}* so that the entries of y have all the same colours and
Bx =1y.

The matrix B is an example of what is called an image partition regular matriz (see
Definition [5.1.1]), which were studied by Hindman and Leader [72] in 1993. Chapter
contains characterizations of image partition regular matrices.

If a subset of the positive integers contains a solution to every partition regular system,
this subset is called large. To characterize large sets, Deuber [23] introduced (m, p, ¢)-sets

in 1973. For positive integers m, p, ¢, let
[_pap] = {_p7 _(p - 1)7 SR _1707 17 Y Lp}a
and let xg,x1,...,x, be any positive integers so that for any ¢ = 0,1,...,m, the set

Ry = {cx; + Nip1@ipn + Aigaiva + -+ A 2 A1, Aigas - oo, A € [—p, pl}
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is contained in the set of positive integers. Each set R; contains multiple arithmetic
progressions. The set Ro U Ry U...U R, is an example of a (m, p,c)-set. Each \; is a
“parameter” that varies in P. Section [6.2]is a discussion of the Hales—Jewett theorem,
a result for the “Ramsey-type” properties of parameter words introduced by Hales and
Jewett [60] in 1963. Section |6.3|includes a proof of a partition regularity result of Deuber
using the Hales—Jewett theorem, that for any positive integers m, p, ¢, r, there are positive
integers n, q,d so that any r-colouring of any (n,q,d)-set produces a monochromatic
(m, p, ¢)-set. Using (m, p, ¢)-sets, Deuber proved a result (first conjectured to be true by
Rado) that for every finite colouring of a large set there is a monochromatic large set.

In Chapter [7] the focus is switched to infinite results in partition regularity. The
first of these is the “finite sums theorem”, first proved by Hindman in 1974 [65]. For a
set A, the finite sums set of A, denoted F'S(A), consists of all possible sums of finitely
many distinct elements of A. Hindman proved that under any finite colouring of the
positive integers, there is an infinite set A whose finite sum set F'S(A) is monochromatic.
A proof of Hindman’s theorem, first developed by Galvin and Glazer in 1975 (see [76])
using ultrafilters, is presented in Section In the last section of Chapter [7] a lack
of characterizations for infinite partition regular matrices analogous to those for finite
partition regular matrices is discussed.

Chapter [§ contains results of nonlinear partition regular systems. The first of these
results presented was proved independently by Sérkozy in 1978 [109] and Furstenberg in

1977 [42]. The Sarkozy—Furstenberg theorem guarantees that in any finite colouring of
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the positive integers two elements x, y whose difference is a square have the same colour.
The precise statement of the theorem is that for any 0 > 0 there is a positive integer
n large enough so that any set A with density |A| > dn contains two elements whose
difference is a square. Chapter [§] includes a proof of the Sarkozy—Furstenberg theorem,
and statements of other nonlinear partition regularity results.

The field of partition regularity has a long history arising from the broader field of
Ramsey theory. A wide range of tools are used to prove results of partition regular-
ity; including the pigeonhole principle, linear algebra, number theory, Fourier analysis,
probability, and topology.

The following notation is used throughout this thesis. For two sets A and B, the
notation A C B is used to denote “A is a subset of B”, and A C B denotes “A is a
strict subset of B”. Let Z, Q,R and C denote the sets of integers, rational numbers,
real numbers, and complex numbers respectively. The sets of positive integers, positive
rationals, and positive reals are denoted by Z*, QT, and R respectively.

For n € Z*, define [n] = {1,2,...,n}. For any set S and k € Z* define [S]* = {T C
S i |T| = k}, the set of all of the k- subsets of S (note that [S]* is not a Cartesian
product). The k-subsets of [n] are denoted by [n]* instead of using double brackets [[n]]*.
The set {a,a+1,a+2,...,b—1,b} C Z is denoted by [a, b].

A graph is a pair G = (V, E), where V is non-empty set and E C [V]2. The elements
of V' are called vertices of G and the elements of E are called edges of G. The definition

of a graph above does not allow for multiple edges or loops. The complete graph on n
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vertices V' is the graph K, = (V,[V]?).
Unless otherwise noted, vectors are assumed to be column vectors. Matrices are
denoted by capital letters, and the corresponding lower case letter is used to denote the

entries. For example, for an m x n matrix A = [a; ], the entry in the i-th row and the

J-th entry is a;;.



Chapter 2

Ramsey theory

2.1 Introduction

The study of partition regular systems is closely related to Ramsey theory, which gets

its name from Frank Plumpton Ramsey who proved the following theorem:

Theorem 2.1.1 (Ramsey, 1930 [101]). For every k, m,r € Z", there exists a least integer
n = Ry(m;r) such that for every r-colouring A : [n]* — [r], there exists a set M € [n]™

so that [M]* is monochromatic.

Notice that when k = 1, Ramsey’s theorem states that there is n € Z* large enough
so that whenever [n] is r-coloured, there are m points with the same colour. By the
pigeonhole principle, Ry(m;r) =r(m—1)+1

A standard example to illustrate Ramsey’s theorem is called the “party problem”;
what is the smallest number of people attending a party needed to guarantee that at

8
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least three people are all friends or three people are all strangers? The attendees can
be thought of as the n vertices of a graph and the pairs of people are the edges of the
complete graph K, which are coloured “blue” for friend and “red” for stranger. The
party problem asks for the smallest n so that for any 2-colouring of the edges of K,,
there is a monochromatic triangle K.

The answer to the party problem is n = 6. To see that n = 5 does not suffice,
consider the counterexample in Figure of a 2-colouring of the edges of K5 with no

monochromatic triangle.

Figure 2.1: K5 does not guarantee a monochromatic K3

Figure below is an example of a complete graph on 6 vertices. Choose any vertex,
say v1, which is incident with five edges. By the pigeonhole principle, three of the
edges, say {vi, v}, {v1,v3},{v1,v5}, have the same colour, say “red”. Then to avoid
a monochromatic triangle, the edges {vq,v3}, {ve,v5} and {vs,vs} have to be coloured
“blue”, which forces a monochromatic triangle.

The party problem is an example of a problem in graph Ramsey theory which, in
its simplest form, asks: given r,m € Z*, what is the smallest n € Z* so that for any

r-colouring of the edges of K, there is a monochromatic copy of K,,?7 This number n is
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Figure 2.2: Ky guarantees a monochromatic triangle

precisely the number Ry(m;r) from Ramsey’s theorem.

Ramsey proved his theorem while studying a problem in logic. Theorem [2.1.1] was
reproved by Erdds and Szekeres [36] by bounding the Ramsey number Ry(m;r) with a
recursive process. The Erdds-Szekeres recursion was established to prove a theorem in
combinatorial geometry: for any m € Z7, there is a least number n € Z* so that if n
points are in general position (no three collinear) in the plane, there is a convex m-gon.

In arithmetic Ramsey theory (see Section , given r € Z" and a specific arithmetic
structure (for example, an arithmetic progression of length three), the goal is to find a
smallest n € Z7, if it exists, so that every r-colouring of [n] has a monochromatic subset
with the desired arithmetic structure. For example Schur’s theorem (Theorem
asserts that for any r € Z* there is a smallest n = S(r) so that any r-colouring of [n]
contains x,y so that {z,y,z + y} is monochromatic. A proof of Schur’s theorem using
the graph Ramsey number for triangles Rs(3;r) is presented in Section

A standard reference for an overview of Ramsey theory is the book by Graham,

Rothschild and Spencer [4§], [49].
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2.2 Ramsey’s theorem

Ramsey proved an infinite version of Theorem and then proved the finite version as
a consequence. To go from the infinite version to the finite version, the proof here uses
Konig’s lemma. A tree is a graph that contains no cycles, and a rooted tree is a tree with
a vertex vy identified as the root. Every vertex adjacent to the root is called a child of
v, for every other vertex v # vy the vertex w adjacent to v along the path from vy to v
is called the parent of v, and all remaining vertices adjacent to v are called its children.

If every vertex in a tree has finite degree, then the tree is called locally finite.
Lemma 2.2.1 (Konig, 1927 [81]). Every infinite locally finite tree has an infinite path.

Proof. Let T' = (V, E) be an infinite tree with root vy and neighbours w1, ..., Won,-
Let To1,. .., Ton, be the components of T\ {vo}. For each i € [no], Tp, is a subtree of
T rooted at w;. Since V(T) = {vo} UV (Tp1) U--- UV (Thn,) and ng is finite, by the
infinite pigeonhole principle, one of the trees, say T, is infinite. Set T7 = Ty ,; with root
U1 = Wi

Let wy 1, ..., w1, be the children of vy and let {7} 1,...,T1, } be the components of
the subtree 77 \ {v1}. By a similar argument as above, one of the trees T} ; is infinite.
Set T, = T ; with root vy = wy ;.

Repeat the argument above, at every step k£ > 1 finding an infinite subtree T}, of T
with root vg. If the sequence of roots V' = {wg, v, vs,...,v,...} is finite, then there is

some [ < 0o so that for the infinite subtree 7}, the components of 7} \ {v;} are all finite,
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which contradicts the infinite pigeonhole principle. Therefore, the sequence of roots V
is infinite, and since each v; is the parent of v;,1, the sequence vy, v1,vo, ..., vk, ... is an

infinite path in 7. O]

Theorem 2.2.2 (Ramsey, 1930 [101]). Let A be a countably infinite set. Then for every
k,r € ZT, and every r-colouring A : [A]* — [r], there exists an infinite set M C A so

that [M]* is monochromatic.

Proof. Fix r > 1. The proof is by induction on k > 1.
BASE CASE: The base case when k = 1 is simply the infinite pigeonhole principle.
INDUCTIVE STEP: For a fixed & > 1, suppose the theorem holds for a fixed & > 1.
Let A : [A]*™ — [r] be any r-colouring. For any element a; € A, the colouring A
induces an r-colouring A; : [A\ {a;}]* — [r] defined for each K € [A\ {a;}]* by
A(K) = A(KU{ay}). By the induction hypothesis, there is an infinite set 4; C A\{a;}
so that [A;]* is monochromatic with respect to Ay, and therefore { KU{a,} : K € [A;]¥} is
monochromatic with respect to A, say with colour ;. Assign the colour r; to the element
ay. For any element ay € Aj, the colouring A induces an r-colouring A, : [A; \ {az}]* —
[r]. Then, again by the induction hypothesis, there is an infinite set Ay C Ay \ {as}
so that [A,]* is monochromatic with respect to Ay, and so {K U {ay} : K € [Ay]*} is
monochromatic with respect to A, say with colour ry (note, ro may or may not be the
same colour as r1). Assign the colour 75 to the element as.

Continue the argument above for j > 2: at each step choose a; € A;_; and, by the

induction hypothesis, let A; C A;_; \ {a;} be an infinite set for which {K U{q;}: K €
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[A;]*} is monochromatic with respect to A; say with colour r;. Assign the colour r; to
the element a;.

The infinite set {a1,as,...,a;,...} is r-coloured, and so by the infinite pigeonhole
principle, there is a monochromatic infinite subset M = {a;,, as,, ..., a;;,...}, say with
the colour s. For any K C [M]**1 let j; be the smallest index of the elements in K. Then
K\ {a;,} € Aj,, and so A(K) = r;;, = s. Therefore, the set [M]**! is monochromatic,
concluding the inductive step.

By the principle of mathematical induction, Ramsey’s theorem is proved. O]
The proof of the finite version of Ramsey’s theorem now follows by Konig’s lemma.

Proof of Theorem[2.1.1. Assume, in hopes of contradiction, that the theorem is false.
That is, for some k,m,r and every n € ZT, there is a colouring of [n]* for which there is
no set M € [n]™ so that [M]* is monochromatic. Call such a colouring a “bad” colouring.
For any ¢ € [n — 1], a “bad” colouring of [n] restricted to [n — i is a “bad” colouring
of [n —i]. Construct a tree T as follows: let 0 be the root with r children representing
all possible colours of 1. At every generation n, the children of each vertex represent
a different colour of the element n + 1 so that the colouring of [n + 1] represented by
the vertices along the path from the root to n 4+ 1 is a “bad” colouring. The tree T, by
assumption, is infinite. Each vertex has degree at most r, and so by Lemma there
is an infinite path. This infinite path represents a “bad” colouring for Z*, contradicting

Theorem 2.2.2] O



Chapter 3

Arithmetic Ramsey theory

3.1 Introduction

Although Ramsey published Theorem and Theorem in 1930, many “Ramsey-
type” results predate Ramsey’s theorem. These include what is known as “Hilbert’s cube
lemma” (Theorem published in 1892, Schur’s theorem (Theorem published
in 1916, van der Waerden’s theorem (Theorem published in 1927, and the Schur—
Brauer theorem (Theorem published in 1928.

These theorems guarantee a monochromatic set with a specific arithmetic structure
under every finite colouring of Z*. For example, Schur’s theorem guarantees a monochro-
matic set {x,y,x + y}, while van der Waerden’s theorem guarantees a monochromatic
arithmetic progression.

While today these theorems are often discussed in the context of Ramsey theory, they

14
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were often proved for other reasons; Hilbert proved his cube lemma while investigating the
irreducibility of rational functions with integer entries. Schur proved his lemma while
reproving a modular version of Fermat’s last theorem, first proved by Dickson [22] in
1909. Van der Waerden’s theorem and its extension to the Schur—Brauer theorem arose
from a conjecture of Schur (see Theorem that for every k € Z* and every prime p
large enough, there are k consecutive integers that are quadratic residues modulo p and
k consecutive integers that are non-quadratic residues. See [97] for more details on the

motivations of early results in arithmetic Ramsey theory.

3.2 Hilbert’s cube lemma

Hilbert’s cube lemma, which is the first “Ramsey-type” result, was published 38 years

before Ramsey’s theorem. The lemma is a Ramsey statement about the following sets:

Definition 3.2.1. Forag € Z (usually, ag € Z*) and ay, as, . .., ay € ZT, not necessarily

all different, define the m-dimensional Hilbert cube

H(ag,ay,...,a,) = {CH‘ZCM:]Q [m]}

The set H(ag,ay,...,ay) is sometimes called an affine m-cube

Theorem 3.2.2 (Hilbert, 1892 [64]). For every m,r € Z*, there exists a least integer
n = h(m;r) so that for every r-colouring A : [n] — [r], there is a monochromatic m-

dimensional Hilbert cube.
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The proof presented here is standard (see, for example, the solution to problem 12 in

Section 14 of [89)]).

Proof. Fix r € Z*. The proof is by induction on m > 1. For m € Z*, let P(m) be the
statement that there is a least h(m;r) € Z* satisfying the statement of the theorem for
m and r.

BAsE CASE: For m = 1, no matter how [r + 1] is r-coloured, the pigeonhole principle
guarantees that two elements a < b are the same colour. Then H(a,b —a) = {a,b} is
monochromatic, and so h(1;7) < r+ 1 satisfies P(1).

INDUCTIVE STEP: Let k > 1, assume P(k) is true, and set h = h(k;r). Let
A [(r" +1)h] — [r]

be any r-colouring. For i € [r" + 1], define the block B; = [(i — 1)h + 1,ih]. Then A
induces an 7"-colouring

A":{By, By, ..., By} = [r"]

of the blocks by
A'(B;) = (A((i = 1)h +1),A((i = 1)h + 2),...,A(ih)).

Since there are * 4+ 1 blocks and 7" colours, by the pigeonhole principle, two of these
blocks, say B;, B; with i < j, have the same colour pattern under A’. Since B; has h
elements, there is a k-dimensional Hilbert cube H(aq, aq,...,a;) C B; that is monochro-

matic. Since A'(B;) = A'(B;), then H(ag+ (j —i)h,a4,...,a;) C B, is also monochro-



Chapter 3. Arithmetic Ramsey theory 17

matic with the same colour. Therefore, the k + 1-dimensional Hilbert cube
H(a()yalv s aa'kaak‘-i-l) = H<a0’a1a s 7ak) U H(ao + Ag41,01, - - - 7ak‘)

is monochromatic, and so h(k + 1;7) < (7" + 1)h satisfies the statement of the theorem.

By the principle of mathematical induction, P(m) holds for all m € Z*. ]

Hilbert’s original proof [64], as pointed out by Brown et al. [16], made use of the

Fibonacci numbers I} =1, F, =1, F3 =2, Fy = 3,... to give an upper bound of
h(m;r) < (r + 1),

The original proof in German can be found in [97], while an English version of Hilbert’s
argument can be found in [I13]. Gunderson and Rédl [58] note that this implies that for
cp ~ 2.6,

h(m;r) < re’.
In 1998, Gunderson and Rédl [58] give the following bounds on hA(m;r) when m > 3 and
r> 2

2'm71

P =D/m < b () < (2r)

Y

where o(1) denotes a function f for which lim, @ =0.

3.3 Schur’s theorem

Theorem 3.3.1 (Schur, 1916 [112]). For any r € Z*, there exists a least positive integer

n = S(r) so that for any r-colouring A : [n] — [r], there exists a monochromatic set
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{z,y,z} so that x +y = z.

A set {x,y,z} that satisfies x +y = z is called a Schur triple. A Schur triple is
contained in a 2-dimensional Hilbert cube H(0,z,y). As discussed in [97], Schur’s main

goal in proving Theorem [3.3.1| was to reprove the following result in number theory;

Theorem 3.3.2 (Dickson, 1909 [22]). For all m € Z*, there is a number n so that for

every prime p > n, the equation

" +y"=2" (mod p)

has a non-trivial solution.

Schur’s proof of Dickson’s theorem can be found in [4§].
Two proofs of Theorem [3.3.1] are presented here. The first is Schur’s original proof

[112], which was written in German. An English translation is available in [97].

First proof of Theorem[3.3.1: Fix r € Z*. The goal of the proof is to show that if
for some n € Z* there is an r-colouring that is free of a monochromatic Schur triple
{z,y,z+y} then n < rle, where e is the base of the natural logarithm, and so S(r) < rle.

Let A : [n] — [r] be an r-colouring that is free of monochromatic Schur triples. Let
¢ be the colour most used, let C be all elements with colour ¢;, and ny = |C}|. Then

for every other colour, at most n; elements have that colour, and so

n < rng. (3.1)
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Let m; be the smallest element in C] and
N, = {m—m1 :m € Cl\{ml}}.

No element (m —m;) € N; is assigned the colour ¢, otherwise {my, (m —mq),m} is a
monochromatic Schur triple.

For k > 2, define recursively ¢, to be the colour most used in Ni_q, Cy to be all
elements of Ny_; assigned the colour ¢, and ny = |Ck|. Stop the recursion if ny = 1,

otherwise let m; be the smallest element in C}, and
Ny, = {m—mk:mECk\{mk}}.

If any element (m — my_1) € Ni_1 has the colour ¢;_q, then {my_1,(m — my_1), m}
is a monochromatic Schur triple. For ¢ < k£ — 1, suppose some element m € Nj_; is

assigned the colour ¢;. Then for some m/,m” € C;,
_ /
m=m —m; —Mj—1 — " — Mg_2 — Mk_1
and
N,
Me—1=mM — My —My—1 — - — Mi_2.
Therefore, since m’ and m” are assigned the colour ¢; and

m" +m = (mg_y +m;+ - +mp_g) +(m —m; — - —mp_y —my_y) =m/,

the set {m”, m, m'} is a monochromatic Schur triple. Therefore, at most r — k+ 1 colours

are used to colour the elements of NV,_1, and so C}, contains at least % of the elements
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of Nk—l‘ Since ‘Nk_1| = Np—1 — 1,
Ng—1 < (r—Fk+ 1)ng + 1. (3.2)

Note that if £ = r, then there are no longer any colours to colour the elements of N,.,
and so C,. contains a single element m,. Hence if it exists, n, = 1. In any case, n; = 1

for some t < r. Then by applying the inequalities (3.1)) and ({3.2]),

n < rny
<r((r—1ny+1)

r((r=1)((r=2)..r —t+2)((r—t+ng+1)+1)+---+1)+1)
)
(Hi )
1
:T!Z;ﬁ.

Since e = Y7 %, then n <1317 ) + < rle, which proves the theorem. O

A modern proof of Schur’s theorem published by Abbott and Moser [2] uses Ramsey’s
theorem, and such a proof provides a link between Theorem and graph Ramsey

numbers for monochromatic K3’s.

Second proof of Theorem [3.3.1. Let n, be the Ramsey number Ry(3,7) guaranteed to
exist by Theorem [2.1.1] and let A : [n, — 1] — [r] be an r-colouring. Colour the edges of

the complete graph K,,, = ([n,], [n.]?) by A({4,5}) = A(Ji—j|). By the choice of n,, there
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is a monochromatic K3, that is, there is i < j < k, so that A(j—i) = A(k—j) = A(k—1).

Lettingz =j—i,y=k—j,and 2=k —1t¢,thena+y=j—i+k—j=k—i=2 [

It is trivial that S(1) = 2, and as seen in Chapter |1} S(2) = 5. With a little more
work, it can be shown that S(3) = 14 (see [5]). The number S(4) = 45 was proved using
a computer search by Baumert and Golomb in 1965 [5]. Computer searches were also
used to show that S(5) > 161 [37], S(6) > 537 and S(7) > 1681 [41].

For general lower bounds, in 1979 Fredricksen [40] gave the following lower bound:

for an appropriate constant ¢ and for all » > 5,
S(r) > ¢(315)"7° > ¢(3.1598)".

Fredricksen improved Schur’s [112] bound S(r) > #52. A proof of Schur’s lower bound

is presented here (and can also be found in [84]).

Theorem 3.3.3 (Schur, 1916 [112]). Forr € Z*, S(r) > 5.

Proof. The proof is by induction on r > 1.

BASE CasSE: For r = 1, setting * = 1,y = 1 gives {z,y,x + y} monochromatic, so
_ 3+1

S(1)=2> %L

INDUCTIVE STEP: Let r € Z*, and suppose n = S(r) —1 > ¥ — 1. Let A : [n] — [r]

be an r-colouring that avoids a monochromatic set {x,y,x + y}. Define a new colouring
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A [3n4+1] — [r +1] by
A(i) i € [n]
AN =441 i€n+1,2n+1]

Ali—(2n+1)) 1€2n+2,3n+1].

Let x,y € [3n + 1] be elements with the same colour 7’ under A" and set z = x + y.
If x,y € [n], then z < 2n, and so either z € [n] and A'(z) = A(z) # 7’ by the induction
hypothesis, or z € [n+1,2n+1] and A'(2) = r+1 # r’. If both z,y € [2n+1,3n+1], then
z>4n+4 > 3n+1, and so z ¢ [3n+1]. Suppose either z or y is in [n+1, 2n+ 1], without
loss of generality « € [n+1,2n+1]. Ify € [n] or [2n+2,3n+1], then A'(y) # r+1 = A'(z).
If y € [n+1,2n+ 1], then z > 2n + 2, and so A'(z +y) # r + 1. The last case is when
one of z,y is in [n] and the other is in [2n + 2, 3n + 1]. Without loss of generality, = € [n]
and y € [2n + 2,3n + 1]. Since A'(z) = A'(y) = 1/, then A'(y — (2n + 1)) = 1'. But by
the induction hypothesis, A'(x +y — 2n+ 1)) = A(x +y — (2n + 1)) # 1/, therefore,
A(z)=A(x+y—(2n+1)) # . In all cases, there is no monochromatic {z,y,z + y}.

Therefore,

r 1 r+1 1
S(r—i—l)23n+2:3(5’(r)—1)+2=3<3 il )_1:3%,

which concludes the inductive step, and so the result follows from the principle of math-
ematic induction. O

In 1973, Irving [79] gave the upper bound

S(r) < r! (e - i) | (3.3)
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Irving gives credit for to Whitehead [125] who showed that 49 < Rs(3;4) < 65
and as a consequence that Ry(3;7) < r!(e — 5;) + 1. The bound is derived from
S(r) < Ry(3;7) — 1, which is the second proof of Theorem Whitehead credits
Folkman for part of the proof of the upper bound Rs(3;4) < 65; Folkman’s work was

posthumously published in 1974 [3§].

3.4 Van der Waerden’s theorem

3.4.1 Van der Waerden numbers

Schur conjectured (see [97]) the following about the distribution of quadratic residues

and non-quadratic residues modulo p, which was proved by Brauer:

Theorem 3.4.1 (Brauer 1928, [15]). For every k € Z*, there exists a positive integer
n = n(k) so that for every prime p > n, there are k consecutive integers that are quadratic

restdues modulo p, and k consecutive integers that are non-quadratic residues modulo p.

While working on this conjecture, Schur also conjectured what is now known as van

der Waerden’s theorem, which is a statement about arithmetic progressions.

Definition 3.4.2. For k € Z*, and any a,d € 7™, the set
{a,a+d,a+2d,....,a+ (k—1)d}

is called an arithmetic progression of length k, denoted AP.
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Remark 3.4.3. Note that when k =1, and AP; is a single element {a}, and when k = 2,

any pair of elements a,b with a < b forms an APy {a,a+ (b—a)}.

Theorem 3.4.4 (van der Waerden, 1927 [123]). For any k,r € Z™, there ezists a least
positive integer n = W (k;r) such that for any r-colouring A : [n] — [r], there is a

monochromatic AP,.

The first non-trivial case is when k = 3. It is a short exercise to see that W (3;2) =9
(see the introduction to [80] for example). Chvatal [18] showed that W (3;3) = 27. In
1979, Beeler and O’Neil [7] showed that W (3;4) = 76.

Bounds on W(3;7) can be achieved by density arguments (see Section [0.2). For
example, In 1946, Behrend [12] proved that there exists a constant ¢ so that for n suffi-
ciently large, there exists an APg-free set B C [n] with |B| > ne=*V™". Behrend’s proof
is reworked by Gunderson and Rodl [58] to give a lower bound rolnr < W(3;r). Up-
per bounds are also reached by using density results for AP3’s, namely Roth’s theorem

[102, 103], which states that there exists a constant ¢ so that for n sufficiently large, if

B C [n] has -{— elements, then B contains an AP3;. Roth’s theorem was improved by
Bourgain [I4], which then gives for an appropriate constant ¢, the upper bound for the

van der Waerden number

W(3:r) <.

See [55] for a discussion of bounds on W (k;r), as well as a slight improvement on a



Chapter 3. Arithmetic Ramsey theory 25

weaker upper bound of

W(3;r) < 227

achieved by combinatorial methods by Huang and Yang [7§].

Exact values for W (k;r) are known for only a few values of k£ and r. Chvatal [I§]
showed that W (4;2) = 35. Stevens and Shantaram [115] in 1978 showed that W (5;2) =
178, and Kouril [82] showed that W (4;3) = 293 in 2012. Many computer searches have
been performed to prove lower bounds of other van der Waerden numbers (see for example
[27], [83], [63], and [98]; note that some of the authors denote van der Waerden numbers
by W(r; k) instead of W (k;r)).

For lower bounds, Erdés and Rado proved the following in 1952:

Theorem 3.4.5 (Erdés and Rado, 1952 [35]). For any k,r € Z*,
Wk +1:7) > V2kr*.

Proof. For k,r € Z*, suppose n € Z" is a number so that for every r-colouring A : [n] —
[r], there is a monochromatic APy, ;. To count the number of APy, ;s in [n], there are at
most "T_l possible values for d, and with d chosen, n — kd possible values for a. Therefore

the total number of AP, ’s is at most

L(n—1)/k]
A= > (n—kd)
d=1
nin—1) (n—1)32
STk 2%k
n2
< _
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There are 1™ possible 7-colourings of [n]. For each AP, there are 7 - 7" +~1 = yn=k

colourings with that AP, ,; monochromatic. Since, by assumption, for every colouring
there is a monochromatic APy, then the number of colourings of [n] is less than the
number of AP;,’s times the number of colourings where a specific AP, is monochro-
matic, that is, 7 < Ar"~*. Solving for A,

n2

F< A< —.
m= 2%

Therefore, n > v/ 2krk. ]

For r = 2, the lower bound of Theorem has been improved. Szabé [117] proved
in 1990 that for every € > 0 and k large enough, W (k;2) > Z—k For any prime p, in 1968
Berlekamp [10] proved that W (p + 1;2) > p2P. For more colours, Schmidt showed that
there exists a constant ¢ so that W(k + 1;7) > r*=V*1k [TT1], which is improved by
Moser [94] when k is relatively small compared to r to W (k + 1;7) > kr¢i®* _ for another
constant ¢. Abbott and Liu [I] showed that for s € Z*, there is ¢ = ¢(s) so that for any
k such that 2° < k+1 < 2571 W(k + 1;7) > renn?®,

For upper bounds on W (k; ), the proof of Theorem m (see Section gives an
upper bound that is so large, it is not even primitive recursive (see [19] for a definition
of primitive recursive). In 1988, Shelah [IT4] was able to provide an upper bound that is

primitive recursive. In 2001, Gowers [45] proved that

k+9
22

Wk;r)<2® |
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which improves Shelah’s upper bound. Gowers’ bound was achieved by a density argu-

ment, see Section for a discussion on density results.

3.4.2 Proof of van der Waerden’s theorem

The proof of van der Waerden’s theorem (Theorem presented here follows a proof
given by Graham and Rothschild [47], which can also be found in [48] and [97]. Theorem
is also proved in Chapter [f] using the Hales—Jewett theorem (see Section [6.2)). For
a survey of several proofs as well as generalizations of van der Waerden’s theorem, see
[80].

To introduce how the proof below of van der Waerden’s theorem is achieved, a proof

that W (3;2) < 325 is given first.

Theorem 3.4.6 (Graham and Rothschild, 1980 [48]). For every 2-colouring A : [325] —

{red, blue}, there is a monochromatic APj.

Proof. Let A : [325] — {red,blue} be any 2-colouring. Consider the sets By, ..., Bgs
where B; = [5i — 4,5i]. Then A imposes a 32-colouring A’ on {Bj, Bs,..., Bg} by

colouring each block with a 5-tuple:
A'(B;) = (A(5i — 4), A(5i — 3), A(5i — 2), A(5i — 1), A(57)).

Then by the pigeonhole principle, there are 7, j so that i < j < 33 and A'(B;) = A'(B;).
Let d; = 5(j — 7). By the pigeonhole principle, two of the first three elements of B; are

assigned the same colour under A, say x and x + ds, where dy € {1,2}. If x + 2d, is also
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assigned the same colour, then {x,x + dy, x + 2ds} is a monochromatic AP3. Otherwise,
since B; and B;,4, are assigned the same colour under A’ then x and z + d; + dy are
assigned the same colour under A, say red, and = + 2ds and x + d; + 2dy are assigned

the other colour, blue. Consider y = x 4 2d; + 2dy < 325. If y is red, then
{z,x +dy + do, x + 2dy + 2ds}
is a monochromatic AP3, and if y is blue, then
{z +2dy, x + dy + 2ds, . + 2d; + 2ds}
is a monochromatic AP3, completing the proof. O

Before starting the general proof of van der Waerden’s theorem, some notation is
given. For fixed m,k € Z", define an equivalence relation ~ on the Cartesian product
[0, k"™ in the following way: let g = (g1, 92, -, 9m) and h = (hy, ha, ..., h,,) be any two
elements in [0, k™. Let iy = 0 if £ does not appear in g and set ig = max{i : g, = k}
otherwise; similarly define i,. Then g ~ h if and only if ¢y = 45 and for all i < i,

g; = h;. For example, here are all the equivalence classes [g]. when m =k = 2:

[(0,0)]~ = {(0,0),(0,1),(1,0), (1, 1)}
(2,0)]~ = {(2,0),(2,1)}

[(0,2)] = {(0,2)}

[(1,2)] = {(1,2)}

(2,2)]~ = {(2.2)}
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It is straightforward to see that ~ is reflexive, symmetric and transitive, and so is indeed
an equivalence relation.

To prove van der Waerden’s theorem, the following stronger theorem is proved.

Theorem 3.4.7 (Graham and Rothschild, 1974 [47]). For any k,m,r € Z*, there exists
a least integer n = S(k,m;r) so that for any r-colouring A : [n] — [r], there exists

a,di,...,dyn € ZT so thata+ k> ;" d; <n, and for any g,h € [0, k]™ with g ~ h,

=1 =1

Remark 3.4.8. When m = 1, one of the equivalence classes is the set

[(0)]~ = {(0), (1), (k = 1)},

and so Theorem [3.4.7] states that for any r-colouring of [S(k,1;7)], there exists a,d so
that a,a + d,a + 2d,...,a + (k — 1)d have the same colour and so is a monochromatic
APy. The other equivalence class is [(k)|~ = {(k)}, and {a + kd} is monochromatic.
Therefore, W (k;r) < S(k,1;r). The inequality is not necessarily an equality, since van

der Waerden’s theorem does not require a + k - d; < n.

Proof of Theorem[3.4.7 Fix r € Z*. The proof is by double induction on k and m. For
k=m =1, S(1,1;r) = 2 satisfies the theorem with a = d = 1, since both {1} and {2}
form APy’s. (S(1,1;7) = 2 is needed, since the condition that a +d < S(1,1;7) must be

satisfied.) This proves the base step.
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The inductive steps are achieved by applying the following two inequalities:
S(k,m+1;r) < S(k,m;r)-S(k,1; rs(k’m;r)), (3.4)
S(k+1,1;r) < S(k,r;r). (3.5)
To prove , set M = S(k,m;r) and N = S(k, 1;r5®mm)) and let
A:[MN]—r]
be any r-colouring. For i € [N], define the N blocks B; = [(i — 1)M + 1,iM]. Then A
imposes a r™-colouring
NS
on the indices of the blocks B; by
A'@) = (A= 1)M + 1), A(i—1)M +2),...,A(iM)).
By the choice of N, there is a monochromatic APy, in the colouring A’ of [IV]. Therefore,
there is b, d so that for every j € [M], the j-th entry of each of the blocks
By, Byya; - - - Byt (k—1)a

have the same colour under A. The block By, has M elements, and so by the choice of M,
there exists a,dq, ..., d,, satisfying the statement of the theorem for k& and m. Consider
any g,h € [0,k]™" with g ~ h. If k appears in the last entry of g and h, then g = h,
and so suppose this is not the case. Let g’ and h’ be the vectors g and h with the last

entry removed. Then again by choice of M,

A (a + Zm:gidi> =A (a + i hidi> , (3.6)



Chapter 3. Arithmetic Ramsey theory 31

and these sums are in the block By,. Let j be the index of a + 221 gid; as it appears in

By. Letting d,,+1 = dM, then

m—+1 m
a—+ Z gid; = a+ Z 9id; + Gmi1dM
i=1 i=1

is the j-th entry in the block By, anm. Since gpmq1 < k, both b and b + gp,1dM have

the same colouring under A’. Therefore,

m m+1
A (a%—Zgidi) =A (a+Zgidi> :
=1 i=1

By a similar argument,

m m+1
=1 =1

and so by (3.6]),
m+1 m+1
i=1 i=1
completing the proof of (3.4)).
To prove (3.5), set n = S(k,r;r), and let A : [n] — [r] be any r-colouring. By Remark
it suffices to show that [n] has a monochromatic APy ;. By the choice of n, there

exists a,dy, . ..,d, so that or every g, h € [0,k]" with g = (¢1,...,9:) ~ (h1,...,h.) = h,

=1 =1
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Look at the vectors

go = (0,0,....,0),

g1 = (k,(),...,()),

g, = (k. k... k).

There are r+ 1 of these vectors, and so by the pigeonhole principle there are two of them,

say g, and gg for which

o B
A <a+k2di) =A (adei) .
=1 i=1

For any j € [k — 1], let h; € [0,k|" be the vector with k in the first « entries, j in the

(a+ 1)-th to the f-th entry, and 0 afterwards. Then h; ~ g,, and so

a B «
A (a—kadﬂrj > d,-) :A<a+k’2di>.
=1 i=1

i=a+1

Leta' =a+kY" diandd= 3" . d;. Then

a,d +dad+2d,...,d+kd

forms a monochromatic APy,;. Therefore S(k + 1,1;r) < n, completing the proof of

B3). m

3.4.3 The Schur—Brauer theorem

The extension of van der Waerden’s theorem to include the difference d was published

by Brauer [15]. Brauer, however, credits Schur with its proof (see [97]), and so today
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Theorem [3.4.9] below is often called the Schur-Brauer theorem.

Theorem 3.4.9 (Brauer and Schur, 1928 [15]). For any k,r € Z*, there exists a least
positive integer n = SB(k;r) so that for any r-colouring A : [n] — [r], there exists

a,d € Z* so that {d,a,a+d,a+2d,...,a+ (k—1)d} is monochromatic.

Proof. Fix k € Z*. The proof is by induction on r > 1. For r € Z*, let Py(r) be the
statement of the theorem.

BASE CASE: When r = 1, n = k suffices, since 1,2,3,...,k is a monochromatic APy,
and the difference d = 1 has the same colour.

INDUCTIVE STEP: Let r > 1, and assume Py (r) is true. Let n = W(k-SB(k;r)+1;r+1)
and let A : [n] — [r 4+ 1] be any (r + 1)-colouring. By the choice of n, there is a

monochromatic APy.sB(k:r)+1

B={a,a+d,a+2d,...,a+ SB(k;r)-d}.

If for any j € [SB(k;r)] the element jd is assigned the same colour as B, then

{jd,a,a+ jd,a+2jd,...,a+ (k—1)jd}

is monochromatic. Otherwise, the set

{(d.2d,3d,....k-SB(k;r)-d}

is coloured with only r colours, and so by Py (r), there is a monochromatic AP, with the

difference having the same colour. In both cases, Py(r + 1) holds.
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Therefore, by mathematical induction, the statement of the theorem is true for all

rezr. [

Note that when k = 2, the Schur-Brauer theorem states that there exists a, d so that
{a,d,a + d} is monochromatic, and so Theorem m provides another proof of Schur’s
theorem (Theorem [3.3.1)).

With a similar proof, it can be proved that any multiple s of d can also be guaranteed
to be the same colour as the AP (see [48, Thm. 2, Section 3]).

Brauer [15] used Theorem to prove Theorem [3.4.1] (see [97]).

3.5 The Folkman—Rado—Sanders theorem

The Folkman—Rado—Sanders theorem (Theorem [3.5.2)) is a statement about a finite set

A along with all possible sums of distinct elements of A.

Definition 3.5.1. For any additive semigroup X and any subset A = {a; : i € I}, define

the finite sums set (also called a finite sum set)

FS(A):{Zai:JQI,J%(Z),|J\<oo}.

ieJ

For a set A = {ay,as,...,a,} CZ", the finite sums set F'S(A) is the m-dimensional
Hilbert cube H(0,aq,as,...,a,), and can be considered the “projective versions” of
Hilbert cubes. Also, the finite sums set F'S({z,y}) = {z,y,x + y} is a Schur triple.

The Folkman—Rado—Sanders theorem (Theorem below) can be proved using

Theorem from Chapter [ which is a result of Rado’s [99] from 1933. In 1968,
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Sanders [105] gave a direct proof of the Folkman-Rado—Sanders theorem. Folkman’s
proof was presented by Graham, Rothschild, and Spencer [4§]. Theorem is some-

times called Folkman’s theorem in honour of Jon Folkman who passed away in 1969.

Theorem 3.5.2 (Folkman (see [48]); Rado, 1933 [99]; Sanders, 1968 [105]). For every
m,r € Z*, there exists a least positive integer n so that for every r-colouring A : [n] — [r],

there exists A = {ay,...,am} C [n] so that FS(A) C [n] is monochromatic.

Proof. For a fixed r € Z" and any m € Z*, let P(m) be the following statement: there
exists a least positive integer n = n(m;r) so that for all r-colourings A : [n] — [r], there

exists A = {a1,...,a,} so that F.S(A) C [n] and for all I C [m],

A (Z ai> =A (I?ealx ai) )
i€l

The proof that for all m > 1, P(m) is true, is by induction on m.
BASE CASE: For m = 1, n(m; 1) = 1 suffices since F'S({1}) satisfies P(1).

INDUCTIVE STEP: Let m > 1, and suppose the claim is true for n(m;r). Let
n=2-Wn(m;r)+ 1;r),

where W (n(m,r) + 1;r) is the van der Waerden number guaranteed to exist by The-
orem [3.4.4) and let A : [n] — [r] be any r-colouring. By the choice of n, there is a

monochromatic AP, ()41

1
B = {ams1, ms1 +d, ..., 0pn1 +n(m;r)-d} C {5—1-1,”]-
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Since apq1 +n(m;r)d < n and anyq1 > 5, the difference d satisfies n(m;r)d < . Define

a new colouring A’ : [n(m;r)] — [r] by

By the induction hypothesis, there is A’ = {a,...,a,,} so that F.S(A’") C [n(m,r)] and

A ( E aé) = A’ (majx a;) .
1€
icl

Consider the set A = {ajd : a} € A’} U{ams1}. For any I C [m], if max;es a; # amy1,

for all I C [m],

then P(m + 1) follows by the definition of the colouring A’. So consider the case where

max;es G; = Gpy1. Then

Zai:amﬂ—i—d Z a;

iel iel
i#m+1
is an element of B, and so has the same colour as a,, ;. This concludes the inductive
step.

For any m € Z*, let n = n((m — 1)r 4+ 1;r), and let A : [n] — [r] be any r-colouring.

By P((m — 1)r+ 1), there exists S = {s1,..., S@m—1)r+1} so that FS(S) C [n] and for all

A (Z ai> =A <Irl;gx ai) )
i€l

By the pigeonhole principle, there are m elements of S that are monochromatic, call this

ICl(m—1r+1],

set A ={aq,...,a,}. Then any sum of these elements has the same colour as maximum

element in A, and so F'S(A) is monochromatic. O
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2m71

While the numbers h(m;r) of Hilbert’s cube lemma are bounded above by (2r)
[58], the best known upper bound for the number n that guarantees a monochromatic

FS({a,...,an}) under any r-colouring of [n], due to Taylor [121], is

3

e ey
n < .

Theorem has an analogous infinite version, that is, for every finite colouring of
Z*, there exist an infinite set A so that F\S(A) is monochromatic. This was proved by

Hindman in 1974 [65], and the proof of Hindman’s theorem is given in Section [7.4]



Chapter 4

Partition regular matrices

4.1 Introduction

The sets with arithmetic properties studied in Chapter (3| also form solutions to certain

homogeneous systems. For example, consider the matrices

38
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and

1

1

1 0 0 0 -1

Any solution to Sx = 0 satisfies x1 + x5 = x3. Any solution to Bax = 0 has the form

T1,Te

To = X1 + g

T3 = T +21}6

Ty = T +3ZE6

r5 = 1 + 4w,

and any solution to F'x = 0 consists of 1, x5, 3 along with all sums z; +z; for i, j € [3].

Therefore for any finite colouring of Z*, monochromatic solutions to Sz = 0, Bx = 0,

and F'x = 0 are guaranteed by Schur’s theorem, the Schur-Brauer theorem, and the

Folkman—-Rado—Sanders theorem respectively.

Definition 4.1.1. An m X n matriz A is called partition regular in Z*, denoted PR/Z™,

if and only if for every finite colouring of Z there is a monochromatic solution x to the

system Ax = 0.

The matrices S, B and F' are partition regular in Z*. To see that the matrix C' =

{ 1 1 -3 } is not partition regular, colour Z* in the following way: for each integer
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z € ZT let a,b and r = r(z) € {1,2,3,4} be nonnegative integers so that z = 5%(5b + r).
Define A : Z*T — [4] by A(z) = r(z). Since r +r # 3r (mod 5) for every r € {1,2,3,4},
there is no monochromatic solution to Cx = 0.

Rado characterized the matrices that are partition regular in 1933 [99] and 1939 [100]

as those having the following property:

Definition 4.1.2. Let A be a matrix with columns aq,...,a,. Then A satisfies the
columns property over Q, denoted CP(Q), if and only if there exists a partition [n] =
LU---Ul; so thatziehai =0and forallj=1,2,...,1—1 and everyi € [ U---U I,

there ewists a; j € Q so that

E oG Ay = E a;,

Z'EIlU--'.UI]‘ Z'/GIJ‘+1

that is, the sum of the vectors with indices in I, is a linear combination in Q of the

vectors with indices in Iy U --- U I;.

Theorem 4.1.3 (Rado, 1933 [99]). Let A be a matriz with integer entries. A is partition

reqular in 27" if and only if A satisfies the columns property over Q.

A matrix A with a single row satisfies the columns property if and only if there
is a nonempty subset of the entries A that sum to zero. For example, the matrix
S = [ 1 1 —1 } has its first and second entry sum to zero, while the matrix
C = [ 1 1 -3 } has no subset of its entries that sum to zero. The special case of
Rado’s characterization for these matrices, known as Rado’s single equation theorem, is

studied in Section [£.2] Rado’s full characterization is partially proved in Section [£.4] as
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well as proofs of equivalences between partition regularity in Z*,Z, and Q. One direc-
tion of the proof of Rado’s characterization is given in Chapter [6] where specific sets that
contain solutions to the system Ax = 0 for matrices A satisfying the columns property

are studied.

4.2 Rado’s single equation theorem

Rado’s single equation theorem is stated as follows:

Theorem 4.2.1 (Rado, 1933 [99]). Let

A: a a2 . e an

be a 1 x n matriz with nonzero integer entries. A is partition reqular in Z* if and only

if for some I C [n], Y .. a; = 0.

This special case of Rado’s characterization for partition regular matrices has received
considerable attention. By a compactness argument using Konig’s lemma (Lemmal[2.2.1)),
if A has a monochromatic solution in every r-colouring of Z*, then there is a least n € Z*
so for every r-colouring of [n] there is a monochromatic solution to Az = 0. Such a
number n is called the r-colour Rado number for A. The Rado numbers of several single
row partition regular matrices have been studied.

In 1982, Beutelspacher and Brestovansky [II] showed that for every m > 3, the

2-colour Rado number for the equation

T1+To+ -+ Tpyo1 =Ty,
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is m* —m — 1. In 2008, Schaal and Vestal [110] showed that for m > 6, the 2-colour

Rado number for the equation

x1+$2+"'+1’m71:21’m

Skt

and in the same year, Guo and Sun [59] proved the following: for m > 3 and positive

18

integers ay, ..., an_1, let a = min{ay,...,apm_1} and w = a; + -+ - + a;,—1. Then the 2-

colour Rado number for the equation
11 + Ao + -+ Qp—1Tim—1 = Ty

is aw? +w —a. For ay,...,a, € Z", m > 2 and m > a; + - - - + a;, Saracino in 2016 [108]

determined the 2-colour Rado number of the equation
aixry + asxe + - -+ + Ty = Tk+1 + Lky2 +---+ Lhtn-

For a,b € Z* with gcd(a,b) = 1, Harborth and Maasberg [61] [62] determined the

2-colour Rado number for all equations
a(x +y) = bz.

A result of Elsholtz and Gunderson from 2015 [30] states that for a,b,c € Z\ {0} so
that a+b+c¢ =0, if n = W(a,b,c) € Z" is the least integer so that every 2-colouring of

[n] has a monochromatic solution to az + by + cz = 0, then

W(a,b,c) < 32max{|al, |b],|c|} + 1.
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To prove Rado’s single equation theorem, first the necessity is proved, that is, A is
partition regular in Z* if A has a subset of its entries summing to zero. The proof, which

can be found in English in [84], uses van der Waerden’s theorem.

Proof of necessity of Theorem [{.2.1. Suppose without loss of generality that a; > 0,

a+as+---+a, =0,

and m is maximal in the sense that the sum of any m + 1 entries of A is nonzero. Let

Szam+l+am+l+"'+an'

Suppose that for every finite colouring of Z* there are monochromatic x;, x,,,z, € Z*
so that

ar(ry — Tp) + sz, = 0.

Then setting o =3 =+ = Ty, Tins1 = Tyl = *+* = Tp, and & = (1, To, ..., Ty),

Ax = a121 + asTa + -+ + AT + Qi1 Tms1 + -0+ ATy
= a1T1 — Ty + 1T + Q2T + -+ F AT + A 1Tp + - + ATy
= a1(21 — ) + Tpplay +ag + -+ am) + Tp(Qpgr + - + an)

=ay(zy — ) + sx, =0,

and so @ is a monochromatic solution to Ax = 0. Therefore, the result is proved if the

system a1(xq — x,,) + sx, is partition regular in Z7.
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For every r € Z*, let P(r) be the statement that there exists a least n, € Z* so that
for every r-colouring A : [n,| — [r], there are monochromatic 1, z,, x, € [n,] so that
ai(x1 — ) + sz, = 0. The proof of P(r) is by induction on r > 1.

BAstE CASE: Let ny = max{ay, s + 1}. Setting x,, = a; and choosing z; and z,, so that
T — 21 = 8, then ay(zy — x,,) + sz, = —a15 + sa; = 0, and so the base case is true.

INDUCTIVE STEP: Let r > 1 and suppose P(r) is true, that is, there is a least n, so that
for any r-colouring of [n,], there is a monochromatic solution to ay(z1 — x.,) + sz,. Set
Npy1 = |s|W(n, + ;7 + 1) and let A : [n, 1] — [r + 1] be any (r + 1)-colouring. Define

a new colouring A" : [W(n, + 1;7+1)] — [r + 1] by

A'(i) = A(]sld).
By van der Waerden’s theorem (Theorem [3.4.4)), there is an AP, 1 in [W(n, + 1;7+1)]
monochromatic with respect to A’; and so [n,,;] contains a monochromatic AP, 1 of

the form

B = {als],als| + d|s|, als| + 2d]s], .. als| + n,d|s},

with respect to A, say with colour r + 1. If for some j € [n,], A(jday) = r + 1,
then let xq,x,, be elements of B with z,, — x; = jd|s| and set z, = jda;. Then

Axy) = A(zp,) = A(z,) =r+ 1 and
ay(xy — o) + sT, = —ayjd|s| + sjda; = 0.
Otherwise, define the r-colouring A" : [n,] — [r] by

A"(j) = Ajday).
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By the induction hypothesis, there are zf,z”  x” monochromatic with respect to A”
so that ay(zf — 27) + sz = 0. Then z; = x{day,z,, = x/ da; and z,, = x/'da; are

monochromatic with respect to A, and
ar(z1 — xm) + sz, = dag(ar (2] — 2)) + szl) = 0.

Therefore, P(r + 1) holds.
By mathematical induction, the system aq(x; — z,,,) + sz, is partition regular in

7. [l

In the other direction a more general result is proved to include partition regularity

in sets other than Z*.

Definition 4.2.2. Let S be any one of Z*,7Z,Q",Q,RT,R or C. An m X n matriz A is
called partition regular in S, denoted PR/S, if and only if for every finite colouring of

S\ {0} there is a monochromatic solution x to the system Ax = 0.

Lemma 4.2.3 (Rado, 1939 [100]). Let

A: al a2 RPN an

be a 1 X n matriz with nonzero complex entries. If A is partition regqular in C, then for

some I C [n], > .. a; = 0.

Proof. Let A be partition regular in C and that in hopes of a contradiction, for all I C [n],

Y icr @i #0. Let a € RT be so that for all I C [n],

Z@i > 2 (Z ]aﬂ) , (4.1)

el i=1
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and choose ¢,0 € R so that ¢ > 1,8 > 0and a™! +1 — ¢'*? — 275 > 0. Let m € Z* be

so that

1 In(a'+1—¢'*° —276)
1+ - - . 4.2
me= ) dlng (42)

Every z € C has a unique representation as z = ¢"e?™ for some real numbers r = r(z) €
R and t = #(z) € R satisfying 0 < r —¢t < 1. Let A : C\ {0} — [0,m — 1] be the

m-colouring of C defined by

A(z) = H (mod m).

Since A is partition regular in C, there exists a monochromatic * = (x1,z9,...,2,) €

(C\ {0})™ so that Ax = 0. For each i € [n], let r; = r(z;) and ¢; = t(z;) be the values

defined above so that z; = ¢"e*"

i and let m; = [t;/d]. Then since & is monochromatic,

mi=mg=---=m, (modm).

Assume without loss of generality that m; = mg = -+ = my > mpy > -+ > m,, and

also that r{ <rg <. <rp. Since 0 <r; — t; < 1 for every 1,

Also,
t; t;
Putting (4.3]) and together,

m15§t1§7"1§7“2§§rk<tk—|—1<mk5+5+1:m15+5+1,
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and in particular, for any i € [k],
ri—ri<mo+d+1—t1<mid+0+1—mid=0+1, (4.5)
and since |t;/0| = m; =mq = [t1/],
[ti —t1] < 6. (4.6)
Therefore, using the fact that for any x,y € R, [e?™®| = 1 and |e*™* — ™| < 27|z — y,
for i € [k],

xT; — $1| — |q7‘2‘€27rit7; o que

2mity |
— |(qT‘1 e?ﬁiti o qu 627T'iti) + (qT‘l eQﬂ'iti o qT‘l e?ﬂ'itl )’

S (qn _ q’r‘l)‘BQﬂ"itz‘ + q7"1 ’627T’L'ti _ e?ﬂ'itl ’

<@ (" = 1) 4+ g 2wt — ],

and so by (4.5 and (4.6),
|z — a1 < ¢ (¢"T = 1) + ¢ 27t — 4]
<q" (¢ = 1)+ ¢"2716 (4.7)

= ¢" (¢' — 1+ 276).

For ¢ € [k + 1,n], since m; > m; and m; = m; (mod m), then m; < m; —m, and so

|$Z‘ — qT-L' < qti-i-l < qmié—&—é—i—l

< q(ml—m)5+6+1 < qtl—m(5+(5+1 (48)

< qu—(m—1)6+1 )
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Since x is a solution to Az = 0, the triangle inequality along with (4.7), (4.8]), and (4.1)

give
k k n
x| = Zazxz + Zai(xl — 1)+ Z a;T;
i=1 i=1 i=k+1
> |1 Zak - Z |a;l|w; — 21| — Z |a; ||
i=k+1
k n
q" Zak 1+5 1+ 271_5) Z |al’ _ qT1*(m—1)5+1 Z ’az|

i=1 i=k+1

Z la;| — ¢" (¢"° — 1 4 276) i la| — g~ (M=ot i |a;|.

i=1 =1

After dividing out ¢"* " , |a;| and rearranging,
q—(m—1)5+1 > a—l _ q1+5 + 1 _ 27_(_57

which after taking logarithms and rearranging gives

1 In(a '+ 1—¢'*° —276)
14 = —
m<its 5Ing !

a contradiction to the choice of m in (4.2)). O

4.3 Partition regularity implies the columns prop-

erty

The proof of one direction of Theorem is presented here (see Section for the

other direction), and can be found in [97].
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Theorem 4.3.1. Let A be a matriz with integer entries. If A is partition reqular in 7+

then A satisfies the columns property over Q.

Proof. Suppose A is an m x n matrix that is partition regular in Z* with columns
ay,...,a,. Forany I C[n]and any J C [n] with INJ =0, ifa; =), ;a, is not a
linear combination of the vectors {a; : i € I}, let P; ; be the set of all primes p for which
there is an m € Z* such that p™a; is a linear combination of the vectors {a; : i € I}
modulo p™*!, that is, there are x; € Q for which

Z ria; = p" Z a; (mod pm+1)-

iel ieJ
If a; is a linear combination of the vectors indexed by I, then define Py ; = ().

First to show that for every I,J C [n], INJ = 0, P;; is finite. Assume a, is not

a linear combination of the vectors indexed by I, otherwise Py ; = () is finite. Choose a
vector v ¢ span({a; : i € I}) so that (v-ay) # 0 and (v-a;) =0 for all i € I. Without
loss of generality, it can be assumed that v € Z™ (simply multiply v by a common
multiple of the denominators of the entries of v). Then for every p € P;;, there is an

m € Z7T so that

pra; = Z zia;  (mod p™*t),
i€l

and so

Prv-a) =3 (v-a) =0 (mod "),

m—+1

that is there is some ¢ € Z so that p™(v - ay) = tp™*'. Therefore, p|(v - a;), which is

only possible for finitely many primes p, and so F; ; is finite.
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Let p be a prime so that

pé¢ U Pr

1,JC[n]
InJ=0
and for every I C [n], if } .., a; # 0, p is not one of the finitely many primes for which

Y ic; @i =0 (mod p). Every integer x € Z" can be expressed uniquely as = = yp*, where

y Z0 (mod p). Let A : Z" — [p— 1] be the (p — 1)-colouring of Z* defined by
A(z) =y (mod p).

Since A is partition regular in Z*, there is a monochromatic vector @ = (x1,...,2,) S0
that Az = 0. Let @ be such a vector. Then there is an r € [p — 1] so that for every
x; = y;p”, y; can be expressed as y; = pk;+r. Say there are [ different values of z1, ..., z,,
call them m; < mg < --- <my. Fori=1,...,1, define the set I; = {k € [n] : zx = m;}.
With the partition [n] = I; U---U I, A satisfies the columns property over Q. To see

this, first look at I;. By the choice of @, Zie[n] x;a; = 0, and so in particular,

inai + Z r;a; =0 (mod p't™), (4.9)

i€l i€laU---Ul;

Forany i € LU+ Uy, 2z, > my + 1, and so x; = y;p* = 0 (mod p**™). Therefore, the

right summand in (4.9)) is congruent to 0 modulo p'*™. As for i € I, z; = my, and so
wi = (pki+1)p™ = p ki + p™r = p™r (mod p't™).
Therefore (4.9)) reduces to

p™ (T Z a,Z-) =0 (mod p't™),

el
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and so 7 ,.; a; = 0 (mod p). Since p was chosen so that ), ., a; Z 0 (mod p) if

> icr, @i # 0, this implies that ), ., a; = 0.

For any j =1,...,k — 1 assume, in hopes of a contradiction, that a; is not a

i€l
linear combination of the vectors indexed by I; U--- U I;. Again, by the choice of x,

Z Tia; + Z Tia; + Z r;a; =0 (mod p'tmitr). (4.10)

i€l U---UI; i€l i€ 14 9U--UI,
Fori € [;,oU---UIj, then z; > mjy 1+ 1, and so z; = y;p* = 0 (mod p'*™+1), and the
rightmost summand in (4.10)) is congruent to 0 modulo p*™™+1. For i € I; 1, z; = mj1,

and so
@i = (pki + r)p™t = p™ ey M = p"r (mod p!tT).
Therefore, (4.10]) reduces to

Z zia; + p"itt (r Z > =0 (mod p'tmitt), (4.11)

iellu---UIj i€1j+1
Let J; = Iy U... U I;. By the choice of p € Py, 1., then p™i+ia;, = p™i+t Zz‘ele a
is not a linear combination of the vectors indexed by I; U --- U I; modulo p'*™+ in

particular,

Z (pl+mj+1 - %)a’z ¢ pmj+1 Z a; (mod pl—‘rm]'.t,_l)’

iellLJ"'UIj 'iEIj+1

which contradicts (4.11]). Therefore > _a; must in fact be a linear combination of

iEIjJr
the vectors indexed by I; U---UI;. The second part of the columns property is therefore

satisfied, concluding the proof. O
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In Section 4.4} characterizations of partition regular matrices with entries in Q, R

and C are given and a more general definition of the columns property is needed.

Definition 4.3.2. Let S be any one of Q,R or C, and let A be a matriz with columns
ai,...,a,. Then A satisfies the columns property over S, denoted C'P(S) if and only if

there exists a partition [n] = [LU---UI; so that > .., a; =0 and forallj =1,2,...,1—1

el

and every 1 € Iy U --- U I, there exists o; j € S so that

E Qi Q5 = E ai,

iellLJ"'UIj i,61j+1

that is, the sum of the vectors with indices in I,y is a linear combination in S of the

vectors with indices in Iy U --- U I;.

The following results were proved by Rado in 1939 [100]. First, Rado proved the

following lemma, which he calls “geometrically obvious”.

Lemma 4.3.3 (Rado, 1939 [100]). Forr > 1 and s > 1, let ly,...,l,,mq,... my € C"
be vectors. Suppose that for allt € C", (I, -t) = --- = (I, - t) = 0 implies that for some

J €[n], (m;-t) =0. Then at least one of the m;’s is a linear combination of ly, ... 1,.

Remark 4.3.4. WhenS = Q orR, if m;,l;,...,l, € S" and m; is a linear combination

i C of ly, ..., 1., then it is also a linear combination in S.

One of Rado’s theorems [100, p.142, Thm 5] states that for any subfield S of C, if A
has entries in S and is partition regular in S then it satisfies the columns property over
S. Here S is restricted to Q,R or C, and with Remark in mind, it is shown that

partition regularity in C is enough.
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Theorem 4.3.5 (Rado, 1939 [100]). Let S be any one of Q,R, or C, and let A be a
matriz with entries in S. If A is partition reqular in C, then A satisfies the columns

property over S.

Proof. Suppose A is an m x n matrix with entries in S that is partition regular in C,

with columns aq, as, ..., a,. For every nonempty subset I C [n], define m; =), a;.
Let t = (t1,ts,...,t,) be any vector with complex entries. Then ¢-0 = 0, and any

solution to Az = 0 is also a solution to (a; - t)z; + - -- + (@, - t)z, = 0. Therefore,
(ap-t)zy + -+ (a, - t)x, =0

is a single equation that is partition regular in C, and so by Lemma [£.2.3] for some
nonempty I C [n], >°..;(a;-t) = m;-t = 0. This is true for every vector ¢, and so by
Lemma (4.3.3} some my, is a linear combination of 0, that is, m;, = »_,.; a; = 0. This
satisfies the first part of the columns property.

Let t be any vector so that for every i € Iy, (a; -t) = 0. Then since

i€n] i€n)\I1
is partition regular in C, again by Lemma [4.2.3] for some nonempty I C [n] \ Iy,
el
By Lemma there is a nonempty subset Iy C [n] \ [; so that my, is a linear combi-

nation (in S) of the vectors indexed by .
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Continue this process, at each step j, so long as [;U---UI; # [n]. Let t be any vector
so that for every i € Iy U---U I}, (@; - t) = 0. Then since

i€[n] i€[n]\(11U--VI;)

is partition regular in C, Lemma guarantees that there is some nonempty subset
I Cn]\ ([1U---UI;) for which

Z(ai-t) =m;-t=0.

iel
By Lemma[£.3.3] there is some nonempty subset [;11 € [n] \ ([} U---U ;) so that my,_,
is a linear combination (in S) of the columns indexed by I; U --- U I;.

Since A has finitely many columns, this process terminates with a partition [n] =

I; U --- U I that satisfies the second part of the columns property. Since each of the

linear combinations were in S, A satisfies the columns property over S. O

4.4 Characterizations of partition regular matrices

Rado’s characterization of partition regular matrices in terms of the columns property
gives a deterministic process to check if a matrix A is partition regular, in that an
algorithm that tests every partition of the columns to see if it satisfies the conditions of
the columns property will terminate. Rado [99] also showed that it is equivalent for a
matrix with integer entries to be partition regular in Z*,Z and Q. The first of these

equivalences is generalized in the following lemma:
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Lemma 4.4.1 (Rado, 1933 [99]). Let'S be any one of Z,Q or R. Then the m x n matriz

A is partition reqular in S if and only if A is partition reqular in ST .

Proof. Since ST C S\{0}, if A is partition regular in ST then A is also partition regular
in S.
In the other direction, assume A is partition regular in S, and let A : ST — [r] be

any r-colouring. Define a new colouring A’ : S\{0} — [2r] by

A(=s)+r s<0.
Since A is partition regular in S, there exists a monochromatic € (S '\ {0})" for
which Az = 0. If x is assigned a colour in [r], then the entries of ® are in ST. If x
is assigned a colour in [r 4 1,2r], then z = —x has entries in ST and Az = —Az = 0.

Therefore, A is partition regular in ST. O]

The equivalence between partition regularity in Z and partition regularity in Q can

be proved using Kénig’s lemma, an argument given in [97].

Lemma 4.4.2 (Rado, 1933 [99]). Let A be a m x n matriz with integer entries. Then A

is partition reqular in Z if and only if A is partition reqular in Q.

Proof. Since Z C Q, if A is partition regular in Z then A is also partition regular in Q.
In the other direction, suppose A is partition regular in Q and fix an ordering

q1,¢2,q3, ... on Q. The next step in the proof is to show that for every r € Z™, there
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is some i, for which every r-colouring of {q,q,...,q;} has a monochromatic vector
xe€{q,q,...,q,.}" sothat Ax = 0.

Suppose for some r € Z*, there is no such i,, that is, for every ¢ € Z*, there is
a colouring of {q1,¢,...,¢} with no monochromatic solution to Az = 0. Call such
a colouring a “bad” colouring. Such a “bad” colouring restricted to {qi,...,q—1} is
also a “bad” colouring. Construct a tree as follows: Let 0 be the root with r children
representing all possible colours for ¢;. At every generation ¢, the children of each vertex
at this generation represents a colour for i + 1 so that the colouring of {q,..., ¢, ¢iy1}
represented by the colours of each vertex along the path from the root to ¢;1; is a “bad”
colouring. This tree, by assumption, is infinite, and each vertex has finite degree. By
Lemma[2.2.1] there is an infinite path, but this infinite path represents a “bad” colouring
of @, which is a contradiction to A being partition regular over Q. Therefore, i, € Z*
exists.

Let ¢ be a common multiple of the denominators of ¢;,¢s,...,¢;,.. Then for €
{t1,92,---,¢,.}", Az = 0 if and only if cAz = 0, and so A is also partition regular over

{cqu,cqa, ..., cq;} C Z. Therefore, A is partition regular in Z. H
A characterization is given of integer-valued matrices that are partition regular in Z™.

Theorem 4.4.3 (Rado, 1933 [99]). For a setS, let PR/S denote partition reqularity in
S and CP(S) denote the columns property over S. For a matriz A with integer entries,

the following are equivalent:
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1. Ais PR/Z*;

2. Ais PR)Z;

3. Ais PR/Q;

4. A satisfies CP(Q).

The equivalences

Ais PR)Z* < Ais PR/Z <+ Ais PR/Q

are established by Lemmas [4.4.1{ and 4.4.2] The implication

Ais PR/Zt — A satisfies CP(Q)

is proved in Theorem [£.3.1] The missing implication

A satisfies CP(Q) — Ais PR/Z"

is proved in Section [6.4] (see Lemma [6.4.2])

Remark 4.4.4. Suppose that A is a matriz with rational entries that is partition reqular
in Q, and let ¢ be a common multiple of the denominators of the entries of A. Then
cA is a matriz with integer entries, and any x is a solution to Ax = 0 if and only
if  is also a solution to cAx = 0, and so cA is partition reqular in Q. By Theorem
[4.4.9, cA is partition reqular in Z*, and so A is also partition reqular in Z*. Therefore,
integer-valued matrices may be treated as matrices with rational entries for a more general

characterization.
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The statement of Theorem below is derived from the results of Rado [100].

Theorem 4.4.5 (Rado, 1939 [100]). Let S be any one of Q,R or C. Let PR/S denote

partition reqularity in S and CP(S) denote the columns property over S.
1. For a matrix A with entries in Q, the following are equivalent:
(a) Ais PR/ZY;
(b) A is PR/Z;
(¢) Ais PR/QT;
(d) Ais PR/Q;
(e) Ais PR/RT;
(f) Ais PR/R;
(9) A is PR/C;
(h) A satisfies CP(Q).
2. For a matrix A with entries in R, the following are equivalent:
(a) A is PR/RT;
(b) Ais PR/R;
(¢) A is PR/C;

(d) A satisfies CP(R).

3. For a matrix A with entries in C, the following are equivalent:
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(a) A is PR/C;

(b) A satisfies CP(C).

For a matrix A with entries in @, by Remark [£.4.4] the following implications are

true by Lemmas [4.4.1] and |4.4.2] and by set inclusion.

Ais PR/Z* —s Ais PR/Q* — Ais PR/R*

{ I {

Ais PR/Z <+— Ais PR/Q — Ais PR/IR — Ais PR/C

The implication
Ais PR/C — A satisfies CP(Q)

is established by Theorem |4.3.5|
If A has entries in R, then by Lemma Theorem [4.3.5], and set inclusion, the

following implications are true.
Ais PR/RY «+— Ais PR/R — Ais PR/C — A satisfies C P(R)

If A has entries in C, the implication

Ais PR/C — A satisfies CP(C)

is established by Theorem [4.3.5
The remaining implications CP(Q) — PR/Q for matrices with rational entries,
CP(R) — PR/R for matrices with real entries, and CP(C) — PR/C for matrices

with complex entries are proved in Section (see Lemma [6.4.3)).
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Although some implications are missing, Theorem [4.4.5|is assumed to be true for the
rest of this chapter and the next chapter.

In Rado’s 1939 paper [100], a slightly different definition of the columns property is
given. Letting S be any one of Z,Q,R or C, say that an m x n matrix A with columns
ai,as, ... ,a, satisfies CP*(S) if and only if there is a partition [n] = I U---U I; and
c€Ssothat Y ., a;=0andforall j=1,2,...,1—1and everyi € I[; U---UIj, there

exists 3; ; € S so that

Z ﬁi,ja@- =C Z a;.

iEIlu---UIj i€1j+1

Letting §; ; = ca; j, then C'P*(S) is equivalent to CP(S) for S being any of Q,R and
C. If A satisfies CP(Q) and c¢ is a common multiple of the denominators of all a; ;’s, then
A also satisfies CP*(7Z), and so these two notions are equivalent. With Remark in
mind, part 1 of Theorem applies to matrices with integer and rational entries, and
so a corollary would be that for S being any one of Z, Q, R or C, a matrix with entries in
S is PR/S if and only if it satisfies C'P*(S). In fact, even more can be said. Rado stated

the following as Theorem VII in 1939 [100].

Theorem 4.4.6 (Rado, 1939 [100]). Let S be any subring of C. Then a matriz with

entries in S is PR/S if and only if it satisfies C P*(S).

A corollary to Theorem VII of [100] states that a matrix A is PR/C if and only if A

is partition regular over the ring generated by the entries of A.
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4.5 Non-homogeneous partition regularity

4.5.1 Rado’s characterizations

Rado considered the partition regularity of non-homogeneous linear systems [99], [100].

The theorems in this section are given without proof.

Definition 4.5.1. Let S be any one of Z,Q,R, or C. Let A be an m X n matrix with
complez entries and b € C™\ {0}. The pair (A, b) is partition reqular in'S if and only if

for every finite colouring of S, there is a monochromatic vector x € S™ so that Ax = b.

Rado’s characterization from 1933 of non-homogeneous partition regular matrices and

its proof is translated from its original German to English by Hindman [71].

Theorem 4.5.2 (Rado, 1933 [99]). Let A be an m x n matriz with rational entries and
beQm\ {0}
1. The pair (A, b) is partition reqular in Z* if and only if either
(a) There exists k = (k,k, ..., k) € (ZT)™ so that Ak = b, or

(b) A satisfies the columns property over Q and there exists k = (k,k,... k) €

(Z*T)™ so that —Ak = b.

2. The pair (A, b) is partition reqular in Z if and only if there exists k = (k,k,... k) €

7™ so that Ak = b.
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3. The pair (A, b) is partition reqular in Q is and only if there exists k = (k,k,... k) €

Q™ so that Ak =b

In Rado’s paper from 1939 [I00], another similar result is given. Let A C C be the

set of all algebraic numbers.

Theorem 4.5.3 (Rado, 1939 [100]). Let A be an m x n matriz with entries in C and
b € C™\ {0}. The pair (A,b) is partition reqular in A if and only if there exists

k= (kk,....k)e A" so that Ak = b

Note that Theorem does not include non-homogeneous partition regularity in
R or C. This fact was proved later (see Corollary below). Rado presents a proof
in 1939 [100], using Lemma [4.3.3] that only the cases for single row matrices need to be

considered:

Lemma 4.5.4 (Rado, 1939 [100]). Let F be a field, M C F, A an m x n matriz with
entries in F and columns a, ..., a,, and b € F*\ {0}. If for every t € F™, there exists

k' € M so that

(t-a)k'+ (t-a)k' +---+ (t-a)k' = (t-b),

then there exists k € M so that for k = (k. k,... k)€ M™,
Ak =b.

Since any k = (k,k,..., k) always has monochromatic entries, as a consequence of

Theorems [4.5.2] and [£.5.3] Ramsey properties of sets with arithmetic structures cannot
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be extracted from proving the non-homogeneous partition regularity of a pais (4, b) in

the same way that Ramsey properties are extracted from partition regular matrices.

4.5.2 A result in Euclidean Ramsey theory

In Euclidean Ramsey theory, a geometric configuration H is given along with r € Z*, and
the question is asked whether there is a large enough metric space X so that whenever
the points of X are r-coloured there is a congruent, homothetic, similar, or translation
of a copy of H that is monochromatic. An extensive catalogue of results in Euclidean
Ramsey theory was researched by Erdos, Graham, Montgomery, Rothschild, Spencer and
Straus [31], [32], [33].

Erdés et al. [31] proved a strengthening of Theorem to then prove a result on

spherical sets (sets that can be embedded in a sphere) and Euclidean Ramsey theory.

Definition 4.5.5. Let E™ denote the n-dimensional FEuclidean space. A configuration of
points K = {wvg, v1,...,vx} C E" is spherical if and only if there exists r € R and € E"

so that for alli=0,1,...,k, ||v; — || = r, where || - || denotes the euclidean norm.

Two sets K, K’ € E" are congruent if and only if one can be transformed into the

other by a combination of translations, rotations and reflections.

Theorem 4.5.6 (Erdés et al., 1973 [31]). Let K = {vg,vy,...,v} C E™ be a non-
spherical set. Then for every n € Z*, there is a finite colouring of E" so that no set K’

congruent to K is monochromatic.
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As of yet, there is no proof of a converse of Theorem 4.5.6, A reward of $1000 dollars
is available for the proof of the converse (see [46]).
The idea of the proof of Theorem [4.5.6|is to first show that K is non-spherical if and

only if there exists b, cq, ..., ¢, € R not all zero so that Zle ¢i(v; — vg) = 0 and

> ci(loil* = [lwol?) =,

=1

and the same values of b, c1, . . ., ¢x also hold for any congruent copy K’ = {v, v} ..., v,

) nli:

For an r-colouring A : R — [r], define a new colouring A’ : E* — [r] by
A'(v) = A(|[vl]).

In hopes of a contradiction, if for every r € Z* and every r-colouring of A : R — [r], there
is K’ monochromatic with respect to A’, then letting xo = ||v}||?, z1 = [|v][%, ..., 2k =

||v|]? there is a monochromatic solution to
cl(xl — .ZC()) + CQ(Z’Q — iL‘o) 4+ -4 C(Q?k — .ZC()) =b. (412)

If there is a colouring R with no monochromatic solutions to (4.12)), then a contradiction

is reached.

Theorem 4.5.7 (Erdés et. al, 1973 [31]). Let F be a field and b,ay,...,a, € F with
b # 0. There exists a finite colouring A of F so that

ar(z1 — x}) + az(vy — 25) + -+ an(z, — 23) = b
has no solution xy,x',xe, 2, ... Ty, xl, with the property that for all i = 1,2,...,n,

A(z;) = A(zh).

1
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With zg = 2] = 2, = --- = 2}, there is a finite colouring of R with no monochromatic
solution to (4.12). In particular, if for any b, a4, ...,a, € F with a; +as + -+ a, =0,

then there is a finite colouring with no monochromatic solution to
a1y + asxo + -+ apry, = b+ xo(ay + -+ a,) = b, (4.13)

and so if a;x1 + asws + - -+ + a,x, = b is partition regular, then s = a; +--- + a,, # 0,
and in particular with k£ = g, then vy = k, 29 = k,..., 2z, = k is a solution to m By
using Lemma [4.5.4] the general characterization of non-homogeneous partition regularity

1s true:

Corollary 4.5.8. Let T be a field, A be an mxn matriz with entries in F and b € F™\{0}.
The pair (A,b) is non-homogeneous partition reqular in F if and only if there exists

k= (kk,....k) € F™ so that Ak = 0.
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Image partition regular matrices

5.1 Introduction

The matrices

and

are partition regular in Z* by Hilbert’s cube lemma and van der Waerden’s theorem
respectively, since any Hilbert cube H(ag, a1, az) is a solution to Hx = 0 and any AP; is
asolution to Wz = 0. However, these systems also have the solutions = (1,1,1,1)? and

(1,1,1,1,1)7 respectively, and so Hilbert’s cube lemma and van der Waerden’s theorem

Y B N}

66
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do not follow from the matrices H and W having the columns property. Any Hilbert
cube H(ag, a1, az) is a subset of F'S({a, ay,as}) and so the partition regularity of matrices
for finite sums set guarantee a non-constant monochromatic solution to Hx = 0. The
partition regularity of matrices for {a + rd : r € [k]} U {d} guarantee a non-constant
monochromatic solution to Wax = 0.

Hindman and Leader considered image partition reqular matrices in 1993 [72].

Definition 5.1.1. Let S be any one of Z7,Z,QT,Q,R*,R or C. An m x n matriz A is
image partition regular in S, denoted IPR/S, if and only if for every finite colouring of
S\ {0} there is a vector & € (S\ {0})" and a monochromatic vector y € (S\ {0})™ so

that Ax = y.

To differentiate image partition regular from the matrices of Chapter [4.4] partition
regular matrices are sometimes called kernel partition reqular matrices.

Consider the matrices

- . 10
1 00
11
110
H = and W' =11 9
1 01
1 3
11 1
B N 1 4

Then H'(ag, a1, az)T has H(ag, a1, ay) as its image, and W’(a,d)? has (a,a+d,a+2d,a+
3d,a + 4d), which is an APs, as its image, and so the image partition regularity of H’

and W’ imply Hilbert’s cube lemma and van der Waerden’s theorem respectively.
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Hindman and Leader first considered image partition regularity of matrices with ra-
tional entries in 1993 [72]. Since then, those characterizations have expanded to include
real-valued matrices by Hindman [70], and all the different notions mentioned above for
matrices with rational entries were explored in 2005 by Hindman and Strauss [75]. The
results presented in this chapter are proved in the three sources mentioned, although
some have been slightly reworked to include real-valued and complex-valued matrices.

Unlike partition regularity, image partition regularity in Z™ is not equivalent to image
partition regularity in Z (similarly for Q and R). In this chapter, characterizations
of image partition regular matrices are presented, but only results for image partition
regularity in Z,Q,R and C are proved. These are proved by first studying a weaker
condition on image partition regularity, where @ is allowed to have zero entries (not all
zero). The proofs of characterizations of image partition regularity in Z*, Q" and R

require more sophisticated tools.

5.2 Weakly image partition regular matrices

A formal definition of a weaker version of image partition regularity is given.

Definition 5.2.1. Let S be any one of Z7,Z,Qt,Q,RT* R or C. Let T=SU{-s:s€
S}. An m x n matriz A is weakly image partition regular in S, denoted WIPR/S, if
and only if for every finite colouring of S\ {0}, there is a vector x € T™ \ {0} and a

monochromatic vector y € (S\ {0})™ so that Az = y.
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When S is Z, Q or R, the definition of weakly image partition regular allows the case
when y has entries in ST and x has entries in S. This extra generalization, however, is

equivalent to allowing y to range over S\ {0}.

Lemma 5.2.2 (Hindman and Strauss, 2005 [75]). For S being any one of Z,Q or R, A is
weakly image partition reqular in' S (WIPR/S) if and only if A is weakly image partition

reqular in ST (WIPR/ST).

Proof. The proof is a similar argument to the proof of Lemma [4.4.1} Since ST C S, then
WIPR/ST — WIPR/S is immediate. In the other direction, suppose A is WIPR/S.

Then for any colouring A : St — [r], define a new colouring A’ : S\ {0} — [2r] by

A(s) s>0

Since A is WIPR/S, there is a monochromatic y with colour 7" and a vector « so that
Ax = y. If ¥/ < r, then y has positive entries. Otherwise, let ' = —x and y' = —y.
Then Ax’ = vy’ and y has monochromatic entries in St with colour v’ — r, and so A is

WIPR/S*. O

The goal of the next lemma is to establish an equivalence between weakly image

partition regularity of A and partition regularity of the following matrix:

Definition 5.2.3. Let S be any one of Q,R or C. For an m xn matrix A with entries in

S and rank(A) =1 < m, let Iy C [m] be the set of indices of | linearly independent rows
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of A, and relabel the rows of A so that Iy = {1,2,...,l}. Then for each t € [m]\Iy =
{l+1,...,m} and i € Iy, let v; €S be so that r, = ZZEIO Yei1i- Define the (m —1) x m

matriz D(A) as follows:

Yis11 Vist2 0 Mgy —1 0 o0

Vi+21 Y422 o Y42y 0 =1 -+ 0
D(A) =

Ym,1 Ym,2 Ymyl 0 o --- =1

Remark 5.2.4. Note that if A has integer entries, the matriz D(A) need not have integer

entries.
A first characterization of weakly image partition regular matrices is given.

Lemma 5.2.5 (Hindman and Leader, 1993 [72]; Hindman, 2003 [70]). Let S be any one
of Z,Q,R or C and A be an m x n matriz with entries in S. Then A is weakly image
partition reqular in S (WIPR/S) if and only if rank(A) = m or D = D(A) is partition

reqular in S.

Proof. In the first direction, suppose A is WIPR/S and rank(A) = [ < m. For a

finite colouring of S\ {0}, there is & = (z1,...,2,) € S*\ {0} and a monochromatic

Y= (y1,--,Ym) € (S\ {0})™ so that Ax = y.

By the definition of D, for any t € {I{ +1,...,m},

l
(Z %,m-) —7r =0,
i=1
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hence for any column j =1,...,n,

I
(Z %,i%j) —ay; =0.
i=1

Looking at the k-th entry of z = Dy,

!
Rk = E Vi+k,iYi — Yi+k

i=1

l n n

:E Vitksi E @i, 5 —E Al+k,jTj
i=1 j=1 j=1
n l

= E xj E Vitk,iGij — Qitky | =0,
j=1 i=1

and so Dy = 0. Since y is monochromatic, D is partition regular in S.

In the other direction, for any r € Z*, let A : S\ {0} — [r] be an r-colouring of
S\ {0}. There are two cases to look at: either rank(A) = m, or rank(A) < m.
CASE I: Let A" be an m x m submatrix of A with m linearly independent columns,
suppose without loss of generality that these columns are indexed from 1 to [ in A.
Since A’ is nonsingular, there is @’ = (x1,...,2,,) with entries in S (in Q if S = Z) so
that A'z’ = (1,1,...,1)T, which is always monochromatic. Define  with z; in the first
i =1,...,m entries, and 0 everywhere else. Then Az = (1,1,...,1)T. If S =7Z, Let d
be a common multiple of the denominators of xy,...,z,,. Then Adx = (d,d,...,d) is
monochromatic, and dx has integer entries.
CAsE I1I: Let A’ denote the nonsingular [ x [ submatrix of A consisting of the [ linearly
independent rows indexed by Iy used to make D = D(A) in Definition and [

linearly independent columns of these rows. Since D is partition regular in S, there is a
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monochromatic vector y = (yi, ..., yn) with entries in S\ {0} so that Dy = 0.

Since A’ is non-singular, there is ®’ = (z1,...,2;) with entries in S (in Q if S = Z) so
that 3 ) L
T hn
W T2 Y2
4y Y
Define the vector & whose first [ entries are x1,...,x;, and 0 for the rest of the entries.

All that is left is to show that Ax = y.

For any k = 1,...,[, along the k-th row of A,

n l

E :ak,jmj = E :ak,jxj = Yk-

P =1
For any k € [+ 1,...,m, then from the definition of D(A), 7y = Zi‘:l Vk.,iTi, and so for

aan = 17 sy Ny A = Zi:l Ve, ilij- Since Dy = 0’

l
0= (Z %zyz> — Yk,
i=1
and so

!
Yk = Z’Yk,iyi-
=1
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Along the k-th row of A,

n l l
E :a/tjxj = § : § :7k,iai7j Tj

j=1 j=1 i=1
! !
= E Vi E @i ;T
i=1 j=1

!
= Z%,iyz‘ = Yk-
i=1

Therefore, Ax = y.

For S = Z, let ¢ = |A’| # 0 be the determinant of A" and define a new colouring

A7 — [r] by

A'(z) = Alez)
Then repeat the argument to find a monochromatic y = (yi, ..., y,) with respect to A/
with integer entries and @’ = (x1,...,x;) with rational entries so that

AICB/ - (yla s 7yl)T7

and Ax = y, where « has z; in its first [ entries and 0 for the rest of its entries. Letting

adj(A’) denote the adjoint of A’, since A" is nonsingular,

1 o
ad](A )(yh o 7yl)T'

33, = (A,)_1<y1a cee 7?/l>T = W

Since adj(A’) has integer entries, so does |A'|x’ = c&’. Letting z = ca, then 2z has integer
entries, and Az = cy. By definition of A’, the vector cy is monochromatic with respect

to A with the same colour as y. O
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The introduction of the matrix D(A) allows for easy proofs of certain results, for

example a result similar to that of Lemma [£.4.2]

Lemma 5.2.6 (Hindman and Strauss, 2005 [75]). Let A be a m x n matriz with rational
entries. Then A is weakly image partition regular in Q if and only if A is weakly image

partition reqular in Z.

Proof. In the first direction, since Z C Q, then if A is WIPR/Z then it is WIPR/Q.

In the other direction, first suppose A has integer entries. Then by Lemma [5.2.5]
either rank(A) = m or D(A) is partition regular over Q. If rank(A) = m, then again
by Lemma[5.2.5] (since A has entries in Z), A is WIPR/Z. If instead rank(A) < m and
D(A) is partition regular Q, then by Lemma D(A) is partition regular in Z. Again
by Lemma[5.2.5, A is WIPR/Z.

If A has non-integer rational entries, let ¢ be a common multiple of the denominators
of the entries of A. Then cA has integer entries, and so by the previous argument it is
partition regular in Z (if Az = y, then cA(%) = y, and so cA is WIPR/Q). Then for
any r € Z* and any r-colouring A : Z \ {0} — [r], there is a vector € Z" \ {0} and a
monochromatic vector y € (Z \ {0})™, so that cAx = y. Of course z = cx has integer

entries, and Az =y, and so A is WIPR/Z. ]

The following lemma is useful for proving an equivalence between weakly image par-

tition regularity and certain cases of image partition regularity.



Chapter 5. Image partition regular matrices 75

Lemma 5.2.7 (Hindman and Leader, 1993 [72], Hindman, 2003 [70]). Let S be any one
of Q,R or C. Then A is weakly image partition reqular in S (WIPR/S) if and only if

for every p € S*\ {0}, there ezists b € S\ {0} so that

A
bp

18 weakly image partition reqular in S.

Proof. For p € S*\ {0} and b € S\ {0}, define the matrix

In the first direction, a weakly image partition regular matrix with a row removed is
also weakly image partition regular.

In the other direction, assume A with rows rq,...,r,, is WIPR/S. For any p €
S™\ {0}, the goal is to find b so that By, has rank m + 1 or D(By,) satisfies the columns
property over S, which by Theorem [4.4.5|is equivalent to partition regularity in S. If the
columns property is satisfied, then by Lemma m, By, is WIPRY/S.

First assume rank(A) = m. If p is not a linear combination of the rows of A, let
b= 1. Then B, has rank m + 1. If p is a linear combination of the rows of A, choose
By PBm € S so that p = Biry + -+ + Bry. Choose any ; # 0, and let b = 1/p;.

Then

D(Biw) =1 b8, b8y --- bB, —1
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has the columns property with Iy = {j,m + 1} and I, = [m]\ {j}, with o;;; = 0 and
Om+1,1 = — ZieIg bp;.

Now assume rank(A) = | < m. Then D(A) with columns dy,...,d,, is partition
regular in S and satisfies CP(S). Let [n] = I, U--- U I be a partition of the columns
of D(A) and for j =1,2,...,k—1land i € [ U--- U}, let a;; € S be guaranteed by
the columns property so that Zieh d; = 0 and Zz’ehumufj a; ;d; = Zigﬁl d;. Assume
r1,...,7; are the [ linearly independent rows of A used to make D(A) (and so I, =
{1,2,...,1}).

If p is not a linear combination of 1, ..., 7, let b = 1, and rearrange By, so that the
(I +1)-th row is p. Add [+ 1 to Iy, and let D(B,) be the matrix D(A) with an added
empty column ¢;41. Since D(A) satisfies the columns property over S, so does the matrix
D(B,) with [ + 1 added to 1.

If p is a linear combination of 74, ..., 7, choose (1, (2, ..., 3 so that p = Zie[o Bir.
For a nonzero b, let the matrix D(Bj,) be the matrix with D(A) in the m — I x [ upper

left corner, d; ;41 = 0 for i =1,2,...,m — [, and the m — [ 4 1 row being

(551 bBy -+ b3 O .-+ 0 _1).

All that is left to finish the proof is to find a value for b so that D(By,) satisfies CP(S).
The new (m + 1)-th column needs to be added to some I;.

I e, Bi #0let b=1/3",; Bi. The columns property is satisfied by adding m +1
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to I and for j = 1,2,..., k — 1 defining recursively

am+1,j = Z ai,jbﬁi — Z b/BZ

Z‘GIlU"'UIj iEIj+1

If > .c;, Bi=0and for some t =1,2,... k-1,

Z @, ;bB; # Z bBi,

iel1U---Ul 1€l

choose the least such ¢ and let b = 1/(> ;c; ..oy, @ii0Bi — Zieh“ bB;). The columns

property is satisfied by adding m+1 to [; and for j = ¢,t+1, ..., k—1 defining recursively

am—‘rl,j = Z ai,jbﬁi — Z b/BZ

ienU--UI; i€lj41

If no such t exists, then let b = 1, and let I;;; = {m + 1}. Choose s € {1,2,...,1}

so that 35 # 0. The columns property is satisfied by defining, o) = g—:, for 7 €
{1,2,...,1}\ {s} defining o;, =0, and for i € {{ +1,...,m} defining a; ), = —3==. O

Bs

5.3 Characterizations of image partition regular ma-

trices

Having proved several characterizations of matrices that are weakly image partition reg-
ular, the next lemma states that these are equivalent to image partition regularity when
Sis Z,Q,R or C. Note that for S # C image partition regularity over S is not equivalent
to image partition regularity over ST, even though the equivalence is true for weakly

image partition regularity.
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Lemma 5.3.1 (Hindman and Strauss, 2005 [75]). Let S be any one of Z, Q,R or C. The
m x n matriz A is weakly image partition regular in S (WIPR/S) if and only if A is

image partition reqular in S (IPR/S).

Proof. The implication IPR/S — WIPR/S is immediate, since (S\ {0})"” C S"\ {0}.

In the other direction, if A is WIPR/S, then by consecutively applying Lemma

with p; = (1,0,...,0,0), p» = (0,1,...,0,0), ..., p, = (0,0,...,0,1), there exists
nonzero by, ...,b, so that i )
A
by 0 0
B=1 0 b 0
0 0 b,

is WIPR/S. By the definition of WIPR/S, for every finite colouring of S\ {0}, there is
x = (r1,...,2,) € S"\ {0} and a monochromatic y € (S\ {0})"*" so that Bz = y. Let
y' € (S\{0})™ consist of the first m entries of y. Then Az = y’, and ¥’ is monochromatic.

Looking at the last n entries of y = (y1,. .., Ymin),

Ym+1 = by,

Ym+2 = bozs,

Ym4n = bnxn .
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Since none of by, ..., b, are zero and none of yy,...,y, are zero, then none of xy,...,xz,

are zero. Therefore, € (S\ {0})", and so A is [PR/S. O

Using Lemma [5.3.1| along with the characterizations of Section [5.2] a characterization
of image partition regular matrices in Q, R and C can be proved. Recall from Definition

the definition of the matrix D(A).

Theorem 5.3.2 (Hindman and Leader, 1993 [72]; Hindman, 2003 [70]; Hindman and
Strauss, 2005 [75]). Let S be any one of Q,R or C, let IPR/S denote image partition

reqularity in S and PR/S denote partition regular in S.

1. Let A be a matriz with entries in Q. Then the following are equivalent:
(a) A is IPR/Z;
(b) Ais IPR/Q;
(¢) Ais IPR/R;
(d) Ais IPR/C;
(e) rank(A) =m or D(A) is PR/Q;

(f) For every p € Q", there exists b € Q\ {0} so that

is IPR/Q.

2. Let A be a matriz with entries in R. Then the following are equivalent:
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(a) A is IPR/R;
(b) Ais IPR/C;
(¢) rank(A) =m or D(A) is PR/R;

(d) For every p € R", there exists b € R\ {0} so that

is IPR/R.
3. Let A be a matrix with entries in C. Then the following are equivalent:

(a) Ais IPR/C;

(b) rank(A) =m or D(A) is PR/C;

(¢) For every p € C", there exists b € C\ {0} so that
Byp =

bp

is IPR/C.

Proof. Let S be any one of Z,Q,R or C. By Lemma [5.3.1, A is IPR/S if and only if
Ais WIPR/S. Then by Lemma A is WIPR/S if and only if for every p € (S)",
there exists a nonzero b € S\ {0} so that By, is WIPR/S. Then again by Lemma [5.3.1}

By is WIPR/S if and only if By, is I[PR/S.
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The rest of the equivalences are achieved by applying Lemmas [5.3.1| and [5.2.5 and

the characterization theorem for partition regularity Theorem |4.4.5

If A has rational entries, then the following equivalencies hold:

Ais IPR/Z Ais IPR/Q Ais IPR/R Ais IPR/C
{ { ! !
Ais WIPR/Z Ais WIPR/Q Ais WIPR/R Ais WIPR/C

) ) ) 1
D(A)is PR/Z +— D(A)is PR/Q <— D(A)is PR/R «— D(A)is PR/C.

If A has real entries, then the following equivalencies hold:

Ais IPR/R Ais IPR/C
! !
Ais WIPR/R Ais WIPR/C

D(A)is PR/R «— D(A)is PR/C.
Finally, if A has complex entries, the following equivalencies hold:
Ais IPR/C +— AisWIPR/C «— D(A)is PR/C.

]

Characterizations of image partition regular matrices in Z*, Q" and RT are very
similar. A notable exception is the lack of partition regularity of D(A). If D(A) is

partition regular in Z* for example, then by Lemma [4.4.1] it is also partition regular in
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Z, and so only image partition regularity in Z can be guaranteed. In Section the
matrix D(A) was instrumental in many of the proofs of weakly image partition regularity,
and so many of the proofs of characterizations of image partition regularity in positive
sets do not follow from a simple reworking of the proof of the analogous statement for
weakly image partition regularity.

Only a short list of characterizations presented in [70],[72], and [75] are given here.
For example, the characterization of image partition regular matrices over the reals in

[70] has 13 equivalencies.

Theorem 5.3.3 (Hindman and Leader, 1993 [72]; Hindman, 2003 [70]; Hindman and
Strauss, 2005 [75]). Let S be any one of Q,R and let IPR/S denote image partition

reqularity in S.
1. Let A be a matriz with entries in Q. Then the following are equivalent:
(a) Ais IPRJZ™;
(b) Ais IPR/QT;
(¢) Ais IPR/RT;

(d) For every p € (Q\ {0})", there exists b € QT so that

is IPR/Q.



Chapter 5. Image partition regular matrices

2. Let A be a matriz with entries in R. Then the following are equivalent:

(a) Ais IPR/RT;

(b) For every p € (R\ {0})", there exists b € R so that

Byp =
bp

is IPR/R*.

83



Chapter 6

Deuber’s (m, p, c)-sets

6.1 Introduction

Rado conjectured that for every finite colouring of Z™, one of the colour classes contain

a solution to every partition regular system Ax = 0 in Z*.

Definition 6.1.1. The set X C Z* is large if and only if X contains a solution to every
partition reqular system. That is, for every m X n partition reqular matrix A, there is a

vector v € X™ for which Av = 0.

In 1973, Deuber [23] proved Rado’s conjecture, by proving that large sets are partition
regular using what are called (m, p, ¢)-sets, what are sometimes called Deuber sets (see,

for example, [57]). The proof is presented in Section

Definition 6.1.2. For m,p,c € Z*, the set M C Z* is an (m,p,c)-set if and only if

84
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there exists xg,xq ..., T, € Z1 and sets

RO(M) = {C$0+>\1x1 +)\2w2++)\m$m . )\17)\27"'?>\m S [_p’p]} g Z+

Rl(M) = {C!El +)\2x2++/\mxm : /\2>--'7>‘m € [_pap]} g Z+

R, (M) = {cxm} czt

such that M = U Ry (M). The set Ri(M) is called the k-th row of M and such an

(m,p,c)-set M is denoted M = (zg, 1, ..., Tm)p.ec-

The Hilbert cube H(ag,ay,...,a,) is a subset of the 0-th row of the (m,1,1)-set
(ag,a,...,a,)11. Any set {z,y,z + y} is a subset of the (1,1, 1)-set (z,y)11. An arith-
metic progression {a,a + d,a + 2d,...,a + (k — 1)d} is a subset of the 0-th row of the
(1,k—1,1)-set (a,d)g—11, and the difference {d} forms row 1 of (a,d)g_1,1. Finally, a finite
sums set F'S({a1,...,an}) is a subset of the (m — 1,1, 1)-set (ay, az, ..., amn)1,1. Deuber
[23] proved that (m,p,c)-sets are partition regular. In fact, he proved that for every
m,p,c € Z*, there exists n,q,d € Z* so that for every r-colouring of any (n,q,d)-set
there is a monochromatic (m, p, ¢)-set. The proof of Deuber’s result given here, Theorem
6.3.1} is due to Leeb [85] and uses the Hales—Jewett theorem. Section is devoted to
the Hales—Jewett theorem.

Section contains an exploration of the connection between (m, p, ¢)-sets and ma-
trices with the columns property, as well as the missing direction of the proof of Theorem

To complete the missing directions of the proof of Theorem [£.4.5] a new general-



Chapter 6. Deuber’s (m, p, ¢)-sets 86

ization of (m,p, c)-sets to Q, R and C is introduced:

Definition 6.1.3. Let S be any one of Q,R or C. Form € Z* and P C S with |P| < 0o
and 0 € P, the set M C S is a generalized Deuber set GD(m, P, 1) if and only if there

exists Tg, ..., Ty, € ZT and sets

RO(M):{x0+)\1m1+)\2x2+~~+)\mxm:Al,)\g,...,AmeP} cs

Rl(M):{:v1+)\2x2+~-~+)\mxm:)\2,...,)\mGP}QS

Rp(M) = {zn} CS
such that M = U* (Ri(M). The set Ri(M) is called the k-th row of M.

The idea of (m,p, c)-sets is generalized by Hindman and Leader [72] as the images
of what are called first entries matrices (see [70], [72], and [75]). Both (m, p, c)-sets and
GD(m, P, 1) are images of first entries matrices.

Deuber’s original proofs are in German, but English versions of the proofs were pub-

lished by Gunderson in 2002 [53].

6.2 The Hales—Jewett Theorem

It is well known that every game of Tic-Tac-Toe can end in a tie. If the game is played in
more dimensions, however, is there is a guarantee that someone wins, that is, there are

always three X’s or three O’s in a line? This is different from asking whether for some
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dimension n the first player has a strategy to always win (a strategy can be formulated
for 3-dimensional Tic-Tac-Toe, which is left as an exercise in [6]), but rather, if there
exists an n so that for any 2-coloring of the entries of an n-dimensional Tic-Tac-Toe grid
with O and X, there are 3 O’s or 3 X’s in a line.

Before continuing the example of Tic-Tac-Toe, a few definitions for parameter words

are introduced.
Definition 6.2.1. Let A = {ay,...,a;} be a finite alphabet, and A = {)\1,..., \n} be a
set of elements called parameters. Let
(AUAN)" ={f=((1),....f(n): F(1),..., f(n) € AUA},

and for f € (AUA) and j € [m], let f~1(\;) ={i € [n] : f(i) = \;}. Then define the set
of parameter words of length n over A to be

A1(1) = {0 € (AUAY 55 € [l 7 (0) £ and Vi < o

min{i € f~'(A;,)} < min{i € f7'(\;)}}

The set [A](7) is simply A™.

These parameter words have a composition similar to the composition of functions.

Definition 6.2.2. For f € [A](") and g € [A](}), define fog € [A](}) to be the

composition of f and g by
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Definition 6.2.3. For f € [A]("), define the space of f to be

n
m

Sp(f)z{fog:ge[f‘l](?g)}-

The space of f comprises all the ways of replacing the parameters of f with elements
of A, where the parameter ); is replaced with the same element of A wherever it appears
in f. Combinatorial lines are the spaces of parameter words with a single parameter.

The positions in the n-dimensional Tic-Tac-Toe grid can be identified by coordinates
in an n-dimensional space. For example, the classic Tic-Tac-Toe board has the following

identifications:

(1,3) | (2,3) | (3,3)

(1,2) | (2,2) | (3,2)

(L,1) | (2,1) | (3,1)

Then placing O’s and X’s in the grid is the same as a 2-colouring of

{(1,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3,1),(3,2),(3,3) }.

In the simple example for classic Tic-Tac-Toe the set

10.2:39](7) = {0020, 6.4 1. (02, (43,0 )

is the set of all parameter words of length two over {1,2,3}. For any f € [{1,2,3}] (?),
the set sp(f) is a combinatorial line. For example, if f = (2,\), then sp(f) is the
combinatorial line {(2,1), (2,2),(2,3)}. All such combinatorial lines are also geometric

lines. The only geometric line that is not a combinatorial line is

{(1,3),(2,2),(3,1)}.
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A special case of the Hales—Jewett theorem states that for dimensions n large enough,

and any two colouring of the coordinates of the n-dimensional Tic-Tac-Toe grid

{(al,ag,...,an) ca; € {1,2,3}}

as either O or X, there is a monochromatic combinatorial line. While the Hales—Jewett
theorem was proved in 1963, it was only in 2014 that Hindman and Tessler [77] proved
that for this specific case, n > 4 will do. Since every combinatorial line is also a geometric
line, as a consequence in every game of 4-dimensional Tic-Tac-Toe, there is always a
winner. The number of dimensions needed to guarantee a geometric line, however, is
not always the same as the number of dimensions needed to guarantee a combinatorial
line. In the case of 3-dimensional Tic-Tac-Toe for example, there is always a geometric
line (see [0], again given as an exercise), but Figure [6.1]is an example of a game with no

combinatorial lines and 9 geometric lines.

Figure 6.1: A game of 3-dimensional Tic-Tac-Toe with no combinatorial line

For two parameter words f and g, it is useful to ‘add’ g to the end of f. Formally,

this concatenation is defined below.
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Definition 6.2.4. For f € [A](") and g € [A](}), define f"g € [A](“TF) to be the

m+l

concatenation of f and g by

S (@) i € [n]

(f"9) )= gli—n) i€h+1ln+m] gli—n)ecA

Nj—m i€n+1,n+ml, g(i—n)=A\.
\
The general statement of the Hales—Jewett theorem allows for more than 2 colours to
be used, for A to have any number of symbols, and for spaces of words with more than

one parameter to be monochromatic.

Theorem 6.2.5 (Hales and Jewett, 1963 [60]). For every finite alphabet A and m,r € 77,
there exists a leastn = HJ(|Al,m,r) € Z* so that for every r-colouring A : [A](}) — [r],

there exists f € [A] (:;) for which sp(f) is monochromatic.
The proof given here can be found in [97].

Proof. For t,m,r € Z", the Hales—Jewett theorem is proved by double induction using

the following two inequalities:

(HI(t,1,r) )

HJt,m+1,r) < HJ(t,1,r)+ HJ(t,m,r : (6.1)

HJ(t+1,1,r+1) < HJt1+HIE+1,1,7),r+ 1), (6.2)

and the base case HJ(2,1,r) <.
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BAsE CASE: For any r-colouring of A : [{0,1}](}) — [r], look at the r + 1 words

fo=1(0,0,0,...,0,0)
f1=1(1,0,0,...,0,0)

fo=1(1,1,0,...,0,0)

fio1=(1,1,1,...,1,0)

fr=(1,1,1,...,1,1)

By the pigeonhole principle, two of these words have the same colour, say f; and f;
with @ < j. Then let f € [{0,1}](}) consist of 1 in the first ¢ coordinates, A in coordi-
nates i + 1,7 + 2,...,7, and 0 in the remaining coordinates. Then sp(f) = {fi, fo} is
monochromatic, completing the base case.

To prove (6.1)), let A be a set with |A| = t. Set M = HJ(t,1,7), N = HJ(t,m,r*"")

N

and fix an indexing ¢,...,gm on [A] (1\04) Notice that for every f € [A](,

)andge

[A4] (1\04)’ fhgelA (MBFN). Then for any r-colouring A : [4] (MgN) — [r], this colouring

imposes a 1" -colouring Ay : [A](Y) — [r*"'] defined by

An(f) = (Alg1" f), - Alge " ).

Then by the choice of N, there exists f/ € [A](") so that sp(f’) is monochromatic with

M

respect to Ay. That is, for any fixed g € [A] ( 0

), sp(g” f) is monochromatic with respect

to A, not necessarily the same colour for every g. See Figure for an illustration of

g™ f.
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m parameters

~o-s
7’ ~ -

Figure 6.2: For any fixed g, sp(¢g” f’) is monochromatic.

For any h € [A](7'), define an r-colouring Ay : [A](})) — [r] by

An(g) = Alg" (f' o h)).

The choice of h does not matter, since sp(f’) is monochromatic. Then by the choice of M,

there exists g’ € [A]()) so that sp(g’) is monochromatic. And so, with ¢’ f" € [A] (M 1Y),

m+1

sp(g’ ™ f') is monochromatic with respect to A, completing the proof of (6.1]). Figure

illustrates ¢’ f’.

m + 1 parameters

0(1) 9@ ML g(M) | F(1) £(2) s F(4) 75) Na F(T) - FN — D) A SN)
) ) ) 13 ’

Figure 6.3: sp(¢’" f’) is monochromatic.

To prove (6.2)), set M = HJ(t + 1,1,r) and N = HJ(t,1 + M,r +1). Let B be
an alphabet with |B| =t + 1. For any b € B, let A = B\ {b}. Fix an r-colouring

A [B](Y) = [r+1]. Define an r + 1-colouring



Chapter 6. Deuber’s (m, p, ¢)-sets 93

by restricting A to [A] (]g) By the choice of N, there exists f’ € [A] (p]rVM) so that sp(f’)
is monochromatic, say with colour r + 1.

Look at the following two cases:

CASE I: There exists ¢’ € [B] (]\04) so that for f'o (b"¢') € [B] (]g),

A(fro(b" ) =r+1.

Then define h € [B] (]Y) tobe h = f o (A" ¢'). Then for any a € A, the composition
hoa € sp(f'), and so has colour r + 1. For b, the composition hob = f"o (b"¢'), and

also has colour r + 1. And so sp(h) is monochromatic.

M),

CasE II: No such ¢ exists. Then for every g € [B](

A(f'o(bhg) #r+1.
Then define an r-colouring Ay : [B] (%) — [r] by

An(g) = A(f' o (b"g)).

By the choice of M, there exists ¢’ € [B] (]\14 ) so that sp(¢’) is monochromatic with respect

to Ay, say with colour 7. Define h € [B](}) to be h = f'o (b ¢'). Then for any = € B,
how=(fo(b"g)) o,
and since the parameter A appears in indices of A corresponding to ¢”,

(ffo(d™g))ox=fo(b" (g ox)).
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Therefore, for any = € B,
A(hoz) = A(f o (b" (¢ o)) = Ay(g 0 2) =,
and so sp(h) is monochromatic, completing the proof of (6.2)). O

The Hales—Jewett theorem gives a simple proof of van der Waerden’s theorem (The-
orem ; the proof presented here is from [48]. The result of Shelah’s that the van
der Waerden numbers W (k;r) are primitive recursive actually stems from proving that
the Hales—Jewett numbers H.J(k, m,r) are primitive recursive [114], then bounding the

van der Waerden numbers by a function of HJ(k,m,r).

Second proof of Theorem[3.4.4 For any k,r € Z*, let m = HJ(k — 1,1,r), and let
n = k™. Then every x € [n] can be written as 1 + z; + 22k + x3k* + -+ + T, k™1
where g, 21, ...,2Zm_1 € [0,k — 1] = A. For any r-colouring A : [n] — [r], define a new

r-colouring A" : [A](}) — [r] by

A(f) = A0+ (1) + [k + -+ f(m)E™ ).

By the choice of m, there exists f € [A]("7) so that sp(f) is monochromatic with respect

to A’. Then setting

and
a= > fHE
igf = (A1)
the APy {a,a+d,a+2d, ..., a+(k—1)d} is monochromatic. Therefore W (k;r) < k™. O



Chapter 6. Deuber’s (m, p, ¢)-sets 95

6.3 Partition regularity of (m,p, ¢)-sets

In the next theorem, the partition regularity of (m, p, ¢)-sets is proved.

Theorem 6.3.1 (Deuber, 1973 [23]). For every m,p,c,r € Z*, there exists n,q,d €
77 so that for every (n,q,d)-set N and every r-colouring A : N — [r], N contains a

monochromatic (m,p,c)-set M.

Proof. Without loss of generality, assume p > c¢. Otherwise, simply prove the theorem
for p" > ¢ > p, then notice that for any m, (xg,...,Zm)pe C (To, ..., Tm)p.c, and so any
n, q, d satisfying the theorem for m, p/, ¢ also suffices for m, p, c.

Let r € Z+, and for k= 0,1,...,rm, set gz = p* ", dp = """, and Qp = [—qu, g1
Note that dr = di,,, & = qiy1, and qu > dpy1@err. Let ny, = rm + 1, and for

k=rm—1,...,2,1,0, define recursively
ng = HJ2qe1 + 1,051 — k1) + k.

Let n = no,q = qo and d = dy. Let N = Ny be an (n, q,d)-set. Let A : Ny — [r] be any
r-colouring.

The idea of the proof is to find (ng, gk, dx)-sets Ny C N whose first k£ rows
Ro(Nk), R1(Ng), ..., Rp—1(Ng)

are monochromatic (not necessarily the same colour for each row). See Figure for an

illustration.
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row 0

row 1

row 2

row 3

row k — 1

Figure 6.4: The first k£ rows of Ny C N are monochromatic.

Suppose that for some k > 0, there is a (ng, qx, di)-set (Yo, Y1, - - -, Yny gy = Ne € N
whose first k rows are monochromatic (for & = 0, this is trivial, since Ny = N, and none
of its rows need be monochromatic). Look at the row Ry(Ny) of Ni. The colouring A

restricted to this row induces another colouring Ay, : [Qy] (™ k) — [r] defined by

Ap((flk+1),..., f(n)) = A(dkyr + disr [ (B 4+ Dypgr + -+ + dir 1. f (k) Yy )-

By the choice of ny, the Hales—Jewett theorem guarantees an h € [Qy] (n::i;fk) so that

sp(h) is monochromatic. Fix such an h = (h(k + 1),...,h(ng)). Define the set of

fixed coordinates by Cj = {i : h(i) € Qi} and for each j = [k + 1,nm441] the set

C; = {i : h(i) = N} By Definition [6.2.1 of h € [Qx](,"*%,), if j < j', then
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min{i € C;} < min{i € C;}. Since sp(h) is monochromatic with respect to Ay, the set

k= i+ dipr Y h(Dys + et Y diayi + -

1€Cl ieck+1

+)\nk+1 Z dk+1yi : Ak-l-lu ey A’flk+1 € Qk

i€Chy
= q di+1 (dk-i-lyk +> h(i)yz) +Aepr Y depyit
1€C) 1€CK+1
+)\nk+1 Z dk+1yi . Ak?"rl’ ctty )\nk+1 E Qk‘
i€Chy
is monochromatic with respect to A. Set zg = drp1y0, 21 = dir1y1, -+ 2k—1 = dpr1Yp—1,

set 2p = di1+ e, P()yi, and for j = k+1,... ngya, set z; = Zz‘ecj di+1y;. Consider

the (Nkt1, g1, drg1)-5et Niwr = (20, -+, Zngy ) asrdigs -
To verify that Ny,1 € N and its first £+ 1 rows are monochromatic, first look at any

j=0,....,k—1. Then

R;j(Ng+1) = {dk+12; + Njazja + - + A Zrigs S ALy - o5 Angyy € Qr+1}

= { ri1¥i F NjsdiYian o+ Meodi Y-t + A (dk+1 + Z h(i)yz')

1€Cl
k41
+ Z (/\i Z dk+1yu> PAjgs s Angy, € Qk—i—l}
i=k+1 ueC;

- {dkyj + Hi+1Y5+1 +---+ Mny Yy © g1y -5 My, € Qk} = R]<Nk)

Since R;(N)) is monochromatic, so is R;(Nj41).
For j = k, then Ry(Ngi1) = Sy € Ri(N), which is monochromatic, and so the first

k + 1 of Niiq are monochromatic.
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Finally, for j =k +1,...,n, let | = min{i € C;}. Then

Rj(Nis1) = {di12i + Ajprzipn + -+ Anpa s 2 At - Amyy € Qi }

Nk+1
=S > vt Y <)\i > dk—l—lyu) tA L A € Qrn

i€C, i=j+1 ueC;

CA{dwyr + ti1Yisr + - F g Yny, © Hig1s - - - fny, € Qi = Ri(Ng).

Therefore N1 C N C N.
The (rm, p, ¢)-set N,,,, € N has its first 7m rows monochromatic. The row R, (N )

is a single element, and so is trivially monochromatic. By the pigeonhole principle, there

are m + 1 rows R;y(Nym), Riy(Nym), -« - Ri,, (Npm) of Ny with the same colour. Then

M = (yio7yi17 s ayim)p,c g Nrm
is a monochromatic (m, p, ¢)-set. ]

To generalize Theorem recall GD(m, P, 1)-sets from Definition [6.1.3] where S
is any one of Q,R or C, and P C S. Set d;, =1 for £k =0,1,...,rm; let Q,,, = P and

Nym = rm + 1, and define recursively for k =rm —1,...,2,1,0

Qr = Qr1U{ab:a,b€ Qpir}

and

N = HJ(‘Qk+1|,7”Lk+1 — /{3,7") + l{

Then with n = ng and @ = @y, the proof of Theorem [6.3.1] gives that any r-colouring of

any GD(n,Q,1)-set N C S yields a monochromatic GD(m, P, 1)-set.
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6.4 Partition regular matrices and (m, p, ¢)-sets

In the introduction to this chapter, it is shown that the sought after sets of Chapter
are subsets of (m,p, ¢)-sets. The next theorem proves that every solution to a partition

regular system is a subset of a (m, p, ¢)-set.

Theorem 6.4.1 (Deuber, 1973 [23]). If a matriz A satisfies the columns property over
Q, then there exists m,p,c € Z* so that any (m,p,c)-set M C Z* contains a solution to

Ax = 0.

Proof. Let A be a matrix with n columns satisfying the columns property with partition

n]=LU---UI,, and for every j =1,2,...,m—1landie€ LHU--- Ul fix a; ; € Q so

E ozm-a,,- = E a;

i€]1U"'U]]' i61j+1

guaranteed to exist by the columns property. Let ¢ be a common multiple of the de-
nominators of all the «; ;’s and p = max;; |co, j|. The values of m,p, ¢ are the values
that satisfy the theorem. For every k = 1,2,...,m, let Ay be the submatrix of A with
columns indexed by I; U---U I, and let S(k) be the statement that every (k,p, c)-set
contains a solution to Ayv = 0. The proof that S(k) is true for all k =1,2,...,m is by
induction.

BASE CAsE: For k =1, S(1) holds since » ,_; a; = 0 by the columns property. So any
constant multiple of (1,1,...,1) is a solution to the system A;x = 0.

InpucTIVE STEP: Fix 1 < k < m — 1 and assume that S(k) is true. Let M =
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X0, T1, - .., Thel)pe bea (k+1,p,c)-set, and M’ be the (k, p, c)-set (xg, x1,...,2Tk)pe T M.
+1)p, P,

By the induction hypothesis, for every i € I; U - - - I, there is v; € M’ so that
Z v;,a; = 0.
i€I1U--Ul,,
For every i € I; U - Iy, define u; by
U — CO Ty €L U--- UL

U; =

CTh1 it € Ty

Of course cxy+1 € M. By the choice of p, —ca, , € [—p,p|, and so v; — co; pTp1 € M,

and so all i € Iy U--- I}, each u; is an element of M. By the columns property,

Z Q; Q; — Z a; = 0.

i€1U--UIy, €041

Multiplying equation ((6.4) by —cxr,; and adding Equation (6.3|) produces

0= E (v; — cay ki) a; + E CTy1Q; = E a;u;,

i€l U---Uly 1€l 41 1€l1U--Ul 1

and so A1« = 0 has a solution contained in the (k + 1, p, ¢)-set M.

By mathematical induction, m, p, ¢ satisfy the statement of the theorem.

The missing direction in the proof of Theorem {4.4.3|is presented.

Lemma 6.4.2. If A be a matriz with integer entries that satisfies the columns property

over Q, then A is partition reqular in Z7.

Proof. 1If A satisfies the columns property over Q, then by Theorem [6.4.1] there exists

m,p,c € ZT so that every (m,p,c)-set M C Z" has a solution to Az = 0. By Theorem
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for every r € ZT there exists n,q,d € Z* so that every r-colouring of an (n, g, d)-
set N yields a monochromatic (m,p,c)-set M. Every r-colouring of Z* induces an r-
colouring of N, and so there is a monochromatic (m, p, c)-set M that contains a solution

to Ax = 0. O]

Letting S be any one of Q,R or C, the proof of Theorem [6.4.1] can be reworked for
matrices with entries in S. Let A be a matrix with entries in S satisfying the columns
property over S with partition [n] = I U--- U I,,, and for every j = 1,2,...,m — 1 and
te 1 U---Ulj, fix a; ; €S to be the values guaranteed by the columns property. Then
setting P = {—a;; : j € [m—1],i € [;U---UI;}U{0}, the proof of Theorem[6.4.1]shows
that every GD(m, P,1)-set M C S contains a solution to Az = 0. The missing direction

in the proofs of Theorem is completed in the same manner as Lemma [6.4.2

Lemma 6.4.3. Let S be any one of Q,R or C, and A a matrix with entries in S. If A

satisfies CP(S), then A is PR/S.
Finally, the following theorem is needed to prove Rado’s conjecture.

Theorem 6.4.4 (Deuber, 1973 [23]). For every m,p,c € Z*, there exists a partition

reqular matriz A for which every solution to Ax = 0 contains an (m,p, c)-set.

Proof. For p,c € Z*, let s = 2p and [—p,p] \ {0} = {p1,p2,...,ps}, and for m > 0,
let S(m) be the statement of the theorem for m,p,c. The proof of the theorem is by

induction on m.



Chapter 6. Deuber’s (m, p, ¢)-sets 102

BAsSE CASE: For m = 0, the matrix A = l ¢ —c —1 } has the column property with
the partition I; = {1,2} and I, = {3}, and a;; = 0,a2; = 1/c. By Theorem , Als
partition regular. If y = (y1,¥2,y3) is a solution to Ax = 0, then cy; — cys — y3 = 0, so
ys3 = cxq for some xy. The set {cxo} is a (0, p, ¢)-set, concluding the base step.
INDUCTIVE STEP: Let £ > 0 and assume S(k), that is, there exists a matrix A with
the columns property so that every solution to Az = 0 contains an (k, p, ¢)-set. Suppose
Ais an 7 x n matrix. Let [n| = [; U---U [, with a;; € Q guaranteed by the columns
property, that is > .., a; = 0 and for j € [l — 1],

E ai,jai = E a;.

i€l U--UI; i€l
Let B be the (r+ sn) x (n+ sn+ 1) matrix in Figure |6.5| with columns (by, ..., by 1sni1)-
For each i € [n], let

Ci=[n+s(i—1)+1,n+ si.

Then a} =b;+ ), cC b; simply has the entries of a; for the first r entries, and 0 for the

rest of the entries (the ¢’s negate each other). For each 1 < j <1, let

I = L (Ve @)

and define I}, ; = {n + sn + 1}.
For j # [ and for each 7' € Cj, let 8y ; = «;;. Then the columns property for A

guarantees that

Z@/ZZ(bi—l—Zbi/) - a =0,

el i€l i'eC; IS
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Ch Cn
ayy ap e i O 0 --- 0 o 0 --- 0 0
Us1 U2y -+ Qi o 0 --- 0 o 0 --- 0 0
Upp Gpo +* Qpp o 0 --- 0 o 0 --- 0 0
c 0 0 — 0 0 0 0 0 D1
c 0 0 0 —c 0 0 0 0 Do
B =
c 0 0 0 0 —c 0 0 0 Ps
0 0 c 0O O 0 —c 0 0 D1
0 O c 0 0 0 0 —c 0 Do
0 O c 0 O 0 0O O —Cc P

Figure 6.5: The matrix B
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and for 1 < j <[ —1,

Z Bir jbir = Z Q. (bi + Z bi’)

i’e[{umuI;. icliU---Ul; i'eC;

/
= E . aia;

iGIlU"'U[j

and so the columns property is satisfied for 1 < 7 <1 — 1.

All that is left is to verify that the columns property holds when j = [. By the columns
property for A, ). cr, @i is a linear combination of the columns a; indexed by I1U- - -UI;_q;
that is, > .. ;, @ and the columns indexed by Iy U --- U Iy are linearly dependent.
Therefore, for i € [n|, B;; can be chosen so that the first r entries of Zie[n] Bib; are all
zero, which is exactly the first r entries of b, s,41. For every ¢ € [n], and every ' € C},
suppose the only non-zero entry of b} is in row t. Let py be the t-th entry in b, g1,

and define f;; = (B;,c — pi)/c. Then the t-th entry of Zke[{u---u]{ Br.iby 1s

Bigc — Birge = c(Biy + (Bigc — pir)/c) = pir,

which is indeed the ¢-th entry of b, s,+1. The columns property is satisfied for j = [.
The next step is to show that every solution to Bx = 0 contains a (k + 1, p, ¢)-set.

Let y be a solution, and let xx11 = Yp1sni1/c. Then the first n entries of y is a solution
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to Az = 0, and so by the induction hypothesis, there is a (k, p, ¢)-set Y contained in the
first n entries of y. Let ¢ € [r] and i’ € C;, and suppose the only non-zero entry of b, is

in row t. Then along the ¢-th row of B, By = 0 gives that

CYi — CYir = PirYn+sn+1 = Pi'CTr41,

where p; is the t-th entry in the last column of B. Divide by ¢ and rearrange to get

Yir = Yi + DirTps1-
Since p’ varies in [—p,p] \ {0}, this means that for every i € [n], and every A\ € [—p, p],
Yi + Arpyq is in y (y; + Oxpyq is in y since y; is in y.) Therefore,
X=YU{y+ g :yeY, A€ |[-ppl}

is contained in y. Adding the last entry of y to X, the (k + 1,p,¢)-set X U {cxg 1} is
contained in y.
Thus by mathematical induction, for every m, p, ¢, there exists a matrix A with the

columns property so that every solution to Az = 0 contains an (m, p, ¢)-set. O

6.5 Proof of Rado’s conjecture

Recall from Definition that a set is large if and only if it contains a solution to every

partition regular system.

Theorem 6.5.1 (Deuber, 1973 [23]). A set X C Z% is large if and only if for every

m,p,c € Z*, there is an (m, p, c)-set contained in X.
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Proof. Assume X C Z% is large. By Theorem [6.4.4] find a matrix A satisfying the
columns property so that every solution of Az = 0 contains an (m, p, ¢)-set. Then since
X is large and A is partition regular, there is a v € X” so that Av = 0. The entries of
v contain an (m, p, ¢)-set, and so X contains an (m, p, ¢)-set.

In the other direction, assume that for every m,p,c € Z* the set X C Z" contains
an (m,p,c)-set. Let A be any partition regular matrix. Since A satisfies the columns
property, fix by Theorem m',p, ¢ € ZT so that every (m/,p,c)-set contains a
solution to to Ax = 0. Then X contains a solution to the partition regular system.

Since this is true for every partition regular matrix, X is large. O]
The proof of Rado’s conjecture now follows from Theorem and Theorem |6.3.1]

Theorem 6.5.2 (Deuber, 1973 [23]). Let X C Z* be a large set finitely partitioned into

X=XyU---UX,. Then some X; is large.

Proof. The proof is by induction on r > 2.

BASE CASE: Let X C Z" be a large set and assume, contrary to the theorem, that
there is X = X; U X5 so that neither X; nor X, is large. By Theorem , there
exists mq,pi1,c; € ZT and ma,pe,co € ZT so that for every (mq,p1,ci)-set My and
every (mg,pa,c2)-set My, My € X1 and My € Xy, Let m = max{m,ma}, ¢ = c1c2
and p = max{pico, p2c1}. Every (m,p,c)-set contains both an (mq,p,c1)-set and an
(ma, p2, c2)-set. By Theorem , there exists n, ¢, d so that for every finite partition of

any (n, g, d)-set, some partition set contains an (m, p, ¢)-set. Since X is large, X contains
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an (n,q,d)-set, call it N. Let X{ = NN Xy, and X}, = NN X,. Then N = X] U X} is
a partition of N, and so one of X/ or X} contains an (m, p, ¢)-set, and so contains both
a (my,p1,c1)-set My and an (mag, pe, co)-set My. This is a contradiction to M; € X; and
My Z Xo.

INDUCTIVE STEP: Let r > 2 and assume that for any partition of a large set X C Z*

into r-sets, one of the sets is large. Consider a partition

X=X U UX)UX1 =Y UX,41.

By the base case, either Y or X, islarge. If Y is large, then by the induction hypothesis,

one of Xy, Xs,..., X, is large, concluding the inductive step. O]



Chapter 7

Infinite partition regular systems

7.1 Introduction

In 1974, Hindman proved what is called the finite sums theorem, or Hindman’s theorem,
which extends the Folkman-Rado-Sanders theorem (Theorem [3.5.2). Recall the defini-
tion of finite sums sets from Definition [3.5.1] For any semigroup additive X and any

subset A = {a; € X :i € I}, the finite sums set of A is

FS(A):{ZCLZ-:JQI,J%@,|J|<oo}.

ieJ

Hindman [65] proved that in any finite colouring of Z*, there is an infinite set A so
that F'S(A) is monochromatic. Hindman’s proof “was one of enormous complexity” [76),
p. vi], and is not presented here. The proof of the finite sums theorem given in Section
7.4 was introduced by Galvin and Glazer in 1975 [76, p. 123]. Galvin and Glazer never
published their proof, although it appears in several works (for example, see [20], [69],

108
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[76], and [122]).
For a set S, denote the power set of S by P(S) = {T : T C S}. Many proofs in this
chapter use filters and ultrafilters. A standard reference for ultrafilters is the book by

Comfort and Negrepontis [21].
Definition 7.1.1. For a set S, a filter on S is a collection F C P(S) satisfying
1. forall Ae F,if AC B C S then B € F (upward closed);
2. forall A,B € F, ANB € F (F is closed under intersections).
Since every filter F is upward closed, S € F.
Definition 7.1.2. A filter F on S is called a proper filter if and only if F # P(S).
Notice that by upward closure of filter, a filter F is a proper filter if and only if ) & F.

Definition 7.1.3. A filter F on S is an ultrafilter on S if and only if for every A C S,

either A€ F or S\ Ae F.

In Section [7.3] using ultrafilters, S is extended to a compact Hausdorff topological
space (S, called the Stone-Cech compactification of S. In Section an addition
operator on 35 is imposed, giving a topological semigroup. Hindman’s theorem (Theorem
for finite sums then follows from a known result of Ellis [29].

Recall that a set X C Z* is large if and only if X contains a solution to every finite
partition regular system (Definition . By Theorem , every finite colouring of

Z™" yields a monochromatic large set, which by Theorem [6.5.1, means that for every finite
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colouring of Z*, there is a colour class that contains for every m, p, ¢ € Z* an (m, p, ¢)-set
M. In 1987, Deuber and Hindman [25] proved that in fact some colour class contains

what is called an (M, P, C')-system. Throughout the rest of this chapter, fix an ordering

{(miupiyci>}i21 of (Z+)3-
Definition 7.1.4. The set S is an (M, P,C)-system if and only if for every i € Z* there
is an (my, p;, ¢;)-set M; so that the sets in {M;};>1 are pairwise disjoint, and for

S:{Xg UMZ foralli€Z+,|XﬂMi|§1},

1Y/

the set S = Jyes F'S(X).

An (M, P,C)-system S contains for every m,p,c € Z% an (m,p,c)-set, with all
(m, p, c)-sets disjoint, along with the finite sums set of any set X that intersects every
(m, p, ¢)-set contained in S in at most one element.

A proof of Deuber and Hindman’s theorem (Theorem is contained in Section
.ol

In Section [7.6] possible generalizations of characterizations of partition regular ma-
trices to infinite partition regular matrices are examined. In 1995, Deuber, Hindman,
Leader, and Lefmann [26] found two infinite partition regular matrices A and B and a fi-
nite colouring Z* so that no colour class contains a solution to both Az = 0 and Bx = 0.
In 2015, Barber, Hindman, Leader, and Strauss [4] considered an infinite columns prop-
erty, and showed that the infinite columns property is neither sufficient, nor necessary,

for infinite partition regularity.
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The four main references used for Sections [7.3] and [7.4] are [54], [69], [76], and [30].

The axiom of choice is assumed throughout this chapter in the form of Zorn’s lemma.

Lemma 7.1.5 (Zorn’s lemma, see [28]). Let (P, <) be a partially ordered set. If every

chain in P has an upper (lower) bound, then P contains a mazximal (minimal) element.

7.2 Topology review

Basic results in topology are used in many of the proofs of this chapter, and so a review
of topology is included. Theorems and lemmas in this section are included without proof.

The statements in this section are from Dugundji’s Topology [2§].
Definition 7.2.1. Let X be a set. A topology in X is a family T C P(X) that satisfies
1. 0,XeT;

2. for every collection {U;};c; C T, the union U U; is an element of T.
i€l

3. for every finite collection {U;}1—, C T, the intersection ﬂ Ui is an element of T.
i=1

Definition 7.2.2. For a set X and a topology T in X, the pair (X,T) is called a

topological space.
The elements of T are called the open sets of the topological space (X, T).

Definition 7.2.3. Let (X, T) be a topological space. A collection B C T is called a basis

for T if and only if every open set U € T is the union of elements of B.
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Lemma 7.2.4 (see [28, Thm. 2.3, Ch. 3]). Let (X,T) be a topological space, and B a
basis for T. Then U C X is open if and only if for every x € U there exists B € B so

that x € BCU.

Lemma 7.2.5 (see [28, Thm. 3.2, Ch. 3|). Let X be a set and B C P(X) a collection
of subsets of X with the condition that for every By, By € B and every x € By N By there
exists B € B so that v € B C By N By. Then BU {0, X} is a basis for some topology in

X.

Definition 7.2.6. Let (X,T) be a topological space. A set C' C X is closed if and only

if the complement X \ C of C is an open set.

By De Morgan’s law for sets, any intersection of closed sets is also closed, and any

finite union of closed sets is closed.

Definition 7.2.7. Let (X,T) be a topological space. For any set A C X, the set
A={zeX: forallU e T withz €U, UN A0}

is called the closure of A.

Definition 7.2.8. Let (X,7T) be a topological space. A set D C X is dense in X if and

only if D = X.

Lemma 7.2.9 (see [28, 4.13, Ch. 3]). Let (X, T) be a topological space, and let B be a
basis for T. Then D C X 1is dense in X if and only if for every nonempty B € B, the

intersection B N D is nonempty.
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Definition 7.2.10. Let (X,7T) be a topological space, and let Y C X. The induced

topology on Y is Ty ={YNU : U € T}. The pair (Y, Ty) is called a subspace of (X, T).
The induced topology Ty is a topology in Y, and (Y, 7y) is a topological space.

Definition 7.2.11. For two topological spaces (X, Tx) and (Y, Ty), the function f : X —

Y s continuous if and only if for every open set V € Ty, the preimage
fffWV)y={rc X :fx)eV}=U
is open in X, that is, U € Tx.

Lemma 7.2.12 (see [28, Thm. 8.3, Ch. 3|). Let (X, Tx) and (Y, Ty) be two topological

spaces, and f: X — Y a function from X toY.

1. The function f is continuous if and only if for all closed set C C'Y, the preimage

FHCO) is a closed set in X.
2. Let B be a basis for Ty. The function [ is continuous if and only if for all B € B,
the set f~1(B) is open in X.

Definition 7.2.13. A topological space (X, T) is Hausdorft if and only if for every dis-

tinct x,y € X, there are disjoint open sets U,V € T so that x € U and y € V.

Lemma 7.2.14 (see [28, Thm. 1.3, Ch. 7]). Let (X,T) be a Hausdorff space. Then for

any set Y C X, the topological space (Y, Ty) is also a Hausdorff space.

Lemma 7.2.15 (see [28, 1.4, Ch. 7]). Let (X,T) be a Hausdorff space. Then any finite

set C is a closed set.
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For a topological space (X, T), a collection A = {U; };e; C T is called an open covering
of X if and only if U U; = X. A subcover of Ais a collection B C A that is also an open

el
covering of X.

Definition 7.2.16. A Hausdorff space (X,T) is compact if and only if every open cov-

ering of X has a finite subcover.

Instead of using open coverings, another formulation of compact spaces using the

finite intersection property is used throughout this chapter.

Definition 7.2.17. For a set X, the collection F C P(X) has the finite intersection

property if and only if every finite subcollection {F;}*_, C F has nonempty intersection,
that is, m F; # 0.
i=1

Lemma 7.2.18 (see [28, Thm. 1.3, Ch. 11}). The topological space (X,T) is compact if

and only if for every collection F of closed sets of X with the finite intersection property,

() F#0.

FeF
Lemma 7.2.19 (see [28, Thm. 1.4, Ch. 11]). Let (X,T) be a compact Hausdorff space.

1. Any set Y C X is closed in X if and only if Y is compact.

2. Let (Z,Tz) be a topological space and f: X — Z a continuous function. If Y C X

is compact in X then f(Y') is compact in Z.

Definition 7.2.20. A continuous bijective function f : X — Y is a homeomorphism if

and only if f~1:Y — X is continuous.
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Definition 7.2.21. For a topological space (X, Tx), the pair (X', f) is a compactification
of X if and only if X' is compact and Hausdorff and there is a dense subset D C X' so

that f : X — D 1is a homeomorphism.

It is common to refer to X’ as the compactification of X.

7.3 Ultrafilters and the Stone—Cech compactification

The goal of this section is to introduce ultrafilters and the Stone-Cech compactification

of a discrete set.

Definition 7.3.1. A filter F is maximal if and only if F is a proper filter and whenever

F' D F is a filter, then F' = P(S).

Theorem 7.3.2. Let F be a filter on S. Then F is maximal if and only if F is an

ultrafilter.

Proof. Suppose F is an ultrafilter and F’ is a proper filter so that F C F'. Then for any
A e F'\ F,since A ¢ F, by definition of ultrafilters, S\ A € F C F'. Therefore, both
Aand S\ Aarein F',andso AN(S\ A) =0 € F and F' = P(S).

Let F be a maximal filter and suppose F is not an ultrafilter. For any A € S,
if both A and S\ A are contained in F, then so is their intersection ). Since F is
proper, ) € F and so if F is not an ultrafilter, there is some A for which A € F and

S\ A ¢& F. Then either F U {A} or FU{S \ A} has the finite intersection property:
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otherwise there is Cy,...,C,, € F and Dy,...,D,, € F sothat AnNC;N---NC,, =0
and (S\ A)NnD;N---ND,, = 0. Since F is closed under intersections, both C' =
Cin---NCy #0and D =Dy N---ND,, # 0 are elements of F. Since F is proper,
CND#0. Bt AnN(CND)=(S\A)N(CND) =10, which is impossible. Without loss

of generality, F U { A} has the finite intersection property. Then consider
F = {BQS: there exists By, ..., B, € F U{A} so that Bm~--mBngB}.

The set F' is upward closed, and also closed under intersections. The intersection of
any two elements of F' contains the intersection of finitely many elements of F U {A},
and so is nonempty. Therefore, F' is a proper filter and F C F’', contradicting F being

maximal. O

Lemma 7.3.3. Let F be an ultrafilter on a set S. For Ay, As,..., A, C S, if
AU---UA, € F
then there exists i € [r] so that A; € F.

Proof. Suppose for all i € [r] that A; € F. Since F is an ultrafilter, then for all i € [r],
S\ A; € F. Filters are closed under intersection, and so (S\ A4;)N(S\Az)N---N(S\A4,) =
) € F, which contradicts F is a proper filter. Therefore, there is some i € [r] so that

A e F. [l

Theorem 7.3.4. Every proper filter F can be extended to an ultrafilter.
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Proof. Let H be the set of all proper filters containing F along with the partial order by

the subset relation. For any chain C = {F;};cr in H, let
Fe = UierFi.

For any A € Fe, let F; be a filter with A € F;. For any A C B C § since F; is upward
closed, B € F; C Fe, and so F¢ is upward closed. For any A, B € F¢, let F; € C be so
that A € F; and F; € C so that B € F;. Since C is a chain, one filter is contained in the
other, say F; C F;. Then AN B € F;, and AN B € F¢, and so F¢ is a filter. Therefore
F is an upper bound of C.

By Zorn’s lemma, H has a maximal element F’. The filter F’ is a proper filter, and

so by Theorem [7.3.2] F’ is an ultrafilter that contains F. [

For a discrete space D, let D be the set of all ultrafilters on D. It is standard to

denote the elements of 5D as lower case letters. For A C D, let
A={pepD:Acyp}.

Notice that p € D\ A if and only if A ¢ p. Since p is an ultrafilter, A ¢ p if and only
if D\ A € p, and so 8D \ A= m For A, B C D and an ultrafilter p € SD, since
p is upward closed and closed under intersection, A N B € p if and only if A, B € p.

—

Therefore, ANnB=AnNB.

Theorem 7.3.5. The collection B = {A : A C D} U {0, 3D} is the basis for a compact

Hausdorff topology T on BD.
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Proof. For any ;1\171/4\2 € Band p € 21\1 N 171\2, the set Al/ﬁ\Ag € B contains p, and
Al/ﬂ\Az = ;1\1 N ﬁ\z By Lemma m, the collection B is the basis for a topology on SD.
To show that (8D, T) is Hausdorff, let p,q € BD be distinct, and let A € p\ q.
Since ¢ is an ultrafilter, D\ A € q. Therefore, p € A and q € 5\\14 = D\ ﬁ, and
AN(BD\ A) = 0.
To show that (8D, 7T) is a compact topological space, it is enough to show that any
collection of closed sets C = {C;}ie; with the finite intersection property has nonempty

intersection (by Lemma [7.2.18)). For such a collection C of closed sets, let
D= {AgD:(Jilm---mCin g?lforsomeil,...,inel}.

Then (;c; Ci € (aen A, but the other inclusion is also true. Recall that closed sets are

complements of open sets, and that open sets are unions of basis elements. Then for any

C € C, by De Morgan’s law for sets, there is a collection of basis elements {E;} chB
JE€J;

so that C; = N <ﬁD \ §]> . But each gD\ f?; is precisely D/\Ej and so letting

j€J;

AJZD\BJ'7

Ci= 4,

JjE€Ji

Each 1/4; contains C}, and so is an element of D. Therefore,
nien(na)-ne.
AeD iel \jeJ; iel

Since the intersection of any finite subcollection of elements of C is nonempty, the col-

lection D does not contain (). The collection D is upward closed, and also closed under
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intersections. Therefore, D is a proper filter, and can be extended to an ultrafilter p by

Theorem m Each A € D is an element of p, and so p € A. Therefore,

pE HEZHQ,

AeD iel

proving that C has nonempty intersection. The topological space (5D, T) is compact. [

For the rest of this chapter, set B = {4 : A C D} U {0,3D} and T the topology

generated by B.

Definition 7.3.6. For C C S,C # (), the principal filter generated by C' is Fo = {A C

S:CC A}

For d € D, let pg = {A C D : d € A} denote the principal filter generated by
{d}. Any filter F that contains p; contains a set A with d € A. Then by closure under
intersection, F also contains {d} N A = ), and so F = P(D). The proper filter p, is
maximal, and so by , pa is an ultrafilter. Let D = {pg : d € D} and define the

function e : D — D by e(d) = pqa.

Lemma 7.3.7. For a discrete set D, The pair (6D, e) is a compactification of the topo-

logical space (D, P(D)).

Proof. By Theorem [7.3.5, (8D, T) is compact. For any distinct ¢, d € D, the ultrafilters
pe and p, are distinct since {d} € pg and D \ {d} € p. because ¢ € D \ {d}. Therefore
e is a bijection. Since every set A € P(D) is open in D the preimage of any set U C D

is open, and so e is continuous. Any set A C D is mapped to e(A) = {p, € D : a €
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A} = An D, which is open in (D, Tp). Therefore ¢! : D — D is continuous, and e is a
homeomorphism.
To show that D is dense in 5D, let A€ Bbe any basis element of 7. For any a € A,

the ultrafilter p, contains A, and so p, € A. Therefore AN D # (), and so by Lemma

D is dense in SD. O

The set 8D is called the Stone-Cech compactification of D, which was developed by

Stone [I16] and Cech [I7] in 1937.

7.4 Hindman’s theorem

The goal of this section is to extend the operation '+’ from Z* to an operation on
BZT, then to use a result of Ellis concerning idempotents in right topological semigroups

(Definition below) to extract a proof of the finite sums theorem.

Definition 7.4.1. Let (X,T) be a topological space, and let x : X x X — X be a binary
operation on X. The operation * is called right continuous if and only if for every x € X,

the function p, : X — X defined by p,(y) =y * x is continuous.
Recall that a semigroup is a set along with a closed associative binary operation.

Definition 7.4.2. Let (X, %) be a semigroup. An element x € X is an idempotent if

and only if v x x = x.
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Definition 7.4.3. For a set X, T C P(X) and a binary operation x on X, the triple
(X,*,7T) is called a right topological semigroup if and only if (X,*) is a semigroup,

(X, T) is a topological space, and the operation * is right continuous.

Theorem 7.4.4 (Ellis, 1969 [29]). Let (X, *,T) be a compact Hausdorff right topological

semigroup. Then X contains an idempotent.

For a subset A C X, let Ax A = {a; xaz : a1,a0 € A}, and for x € X, let

Axz={axzx:a€ A}
Proof. Define the set
A={ACX:AxACA A=#(, and A is compact},

which is partially ordered by the subset relation. The set A is nonempty, since X is
compact and X * X C X. Let C = {Ci}ic; € A be any chain. Each C; is closed (by
(1) of Lemma and so C' = (,.; C; is also closed and compact (recall that any
intersection of closed sets is also closed). For any ¢ € C, since for all i € I, c¢x ¢ € C},
then ¢ ¢ € C. Therefore C € A, and C' is a minimal element of C. By Zorn’s lemma,
the set A has a minimal element, call it A.

For any x € A, since x is right continuous, the function p, is continous. By of
Lemma, Axx = p,(A) is also compact. Also, since A € A, then Axz C AxA C A,

and so by associativity of x,

(Axx)x (Axx) C(AxA)*x (Axz) C(AxA)xx C Axuz.
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Therefore, Az € A, but since A is minimal, Axz = A.

Define the set B = {y € A : y*ax = x}. It was just shown that A*xx = A,
and so © € B # (). The singleton {z} is a closed set (by Lemma [7.2.15)), and since
pz is continuous, the set p;'({z}) is a closed set. Therefore by of Lemma [7.2.12]
B = p;'({z}) N A is closed and compact. For any y, 2z € B, by associativity of *,

(yxz)xx=yx*(zxz)=y*x=u,
and soy*xz € B. Then Bx B C B, and so B € A. But B C A, and since A is minimal,

A = B. Therefore, x x x = x. n

The Stone-Cech compactification of Z* provides a topological space T that is compact
and Hausdorff. A right continuous associative binary operation @ is added to (8Z*,T)

to make a compact Hausdorff right topological semigroup.

Definition 7.4.5. For any set A CZ" and x € Z*, define
A—z={yeZ" y+zec A}
For ultrafilters p,q € BZ™, define
p®q={ACZ" :{xe€Z": A—x€q}€p}

Lemma 7.4.6. For any p,q € BZ", p®q € BZT, and so & : fZT x LT — ZT is a well

defined binary operation on SZ7.

Proof. For any x € Z*, Z* — x = Z". Both p and ¢ contain Z*, and so {z : Z* —z €

q} = Z" € p. Therefore, Z* € p@® q.
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Fixany A€ p®qgand any B C Z" with AC B. Forallz € ZT, A— 2 C B—x, and
soif A—x € q, then B — x € ¢ since ¢ is upward closed. Therefore, {r € ZT : A —x €
q} C{x €Z": B—ux € q}, and since p is upward closed, B € p® q.

Look at any A, B € p®dgand let C = ANB. Forallz € ZT, C—x = (A—z)N(B—x).
Therefore, if A —x € g and B — x € ¢, since ¢ is closed under intersections, C' — z € q.

Also,

{reZt:C—-—veqy={ze€Z":(A-2)N(B—1x) €q}

={ze€eZt:A—zeqgn{zeZ":B—xeq},

and since p is closed under intersections, C' € p @ q.

The collection p @ ¢ is a filter. To show that p @ ¢ is proper, notice for any = € Z*
that ) — 2 = () and so since ¢ is proper, ) —z & q. Then {z € Z* : ) — z € ¢} = () and
since p is proper, ) € p @ q.

The final step in the proof is to show that p @ ¢ is an ultrafilter. Fix any A & p ® q.
Notice that for any z € Z*, Z* \ (A —z) = (ZT \ A) — x. Since p is an ultrafilter and
{reZt:A—zxeq} &p, then {x € Z*: A—1x & q} € p. But since ¢ is an ultrafilter,
A—x & qif and only if ZT \ (A — ) € q. Therefore, {x € ZT : (ZT\ A) —z € ¢} € p,

andso ZT\A€pdq. ]
Lemma 7.4.7. The operation & is associative, and so (BZ*,®) is a semigroup.

Proof. Forany A C Z*, define X ={r € Z*: A—zerfandY ={y € Z" : X —y € ¢}.

Then A € (p®q)@®r if and only if X € pdq if and only if Y € p. Suppose A € (pDq)Dr.
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For any y € Y, by definition of Y, X —y € ¢. And so
X—y={2€Zt:2+yeX}={2€Z":(A-y)—z€r} €q,

therefore A—y € ¢@®r. Thisis true foreveryy € Y,andsoY ={y € ZT : A—y € ¢®r}.

Then Y € pifandonly if A€ p® (¢ r). O

Lemma 7.4.8. The operation & 1s right continuous.

Proof. For any q € SZ*, look at p, (defined by p,(p) =p® q). By of Lemma [7.2.12]

it is enough to show that the preimage under p, of any element of B is open. For any
Ac B, then

6971(121\) ={pepBZt:pdqc 121\}

q

By definition of 21\, pdq € A if and only if A € p ® ¢, and so for every p € g,

X={x€Z": A—z € q} € p. Therefore,

@71(11):{peﬂZ+:{er+:A—xeq}Gp}:{pEBZ+:Xep},

q
which is precisely X. The set X is a basis element, and so is open. O

The topological space (SZ*,T) is compact and Hausdorff, (8Z",®) is a semigroup,
and @ is right continuous. Therefore (6ZT, ®,T) is a compact Hausdorff right topological

semigroup and so Ellis’ theorem can be applied to find an idempotent.

Theorem 7.4.9 (Hindman, 1974 [65]). For every finite colouring of Z*, there is an

infinite set A = {ay,as,...} CZT so that FS(A) is monochromatic.
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Proof. Since (BZ*,®,T) is a compact Hausdorff right topological semigroup, by Theorem
BZ7 has an idempotent p. For any A € plet X = {x € ZT : A—x € p} € p. Since
p is closed under intersection, AN X € p, and since p is proper, AN X # 0.

The first part of the proof is to show that any set A € p contains a finite sums set.
Let Ay = Aand X; = {z € Z" : A} — z € p}, and choose any a; € A; N X;. For k > 1,
define recursively Ay = Ay 1N(Ax_1—ar_1) and X}, = {x € Z" : Ay, —x € p}, and choose
ap € AyNXy. For A,_1 € p, then X;_; € p, and since a,_; € Xp_1, then Ap_1—ap_1 € p.
Since p is closed under intersections Ay € p. Also, Ay C A1 C A, C---C A = A.

For k > 1, let S(k) be the following statement: for any I C Z* with |I| = k and
m = min{s € I}, then ) ., a; € A,,. The statement is proved by induction on k.

BAStE CASE: For k =1, then I = {m} and a,, € A,,.
INDUCTIVE STEP: Let [ > 1 and suppose S(I) holds. For any |I| =+ 1 with min{i €
It =m,let J =1\ {m} and min{j € J} = n. By the induction hypothesis, > ._;a; €

A,. Since n > m, then
An - Am+1 = Am N (Am - am) - Am = Om.

Then for any a € A,,, a + a,, € A,,. In particular,

Zai:&m—anj EAm,

il jed

concluding the inductive step. By mathematical induction, for every I C Z* with |I] <

o0,

Zai € A.
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To finish the proof, let A : Z* — [r| be an r-colouring of Z*. Let Ay, As,..., A, be
the colour classes of the colouring. By Lemma since A; U---A, = Z* € p, then
one of the colour classes A; is contained in p. Since every set of p contains a finite sum

set, the colour class A; € p also contains a finite sums set. O]

In the proof of Theorem it is shown that there is an ultrafilter p so that every
A € p contains a finite sums set. In fact, Hindman characterized all Ramsey statements

in a similar way.

Theorem 7.4.10 (Hindman, 1979 [67]). Let X be a set and H C P(X). Then the

following are equivalent.

1. For every r € Z* and every r-colouring of X, there exists H € H so that H is

monochromatic.

2. There is an ultrafilter F on X so that if A € F, then there exists an H € H so

that H C A.

Proof. In the first direction, suppose (1) is true. If ) € H, then any ultrafilter satisfies

(2) with H = (). Otherwise, suppose () € H. Let
A={ACX: forall He H,ANH # 0}.

The collection A has the finite intersection property. Assume otherwise, that for some
A Ay, A € A N A; = (0. Then by De Morgan’s law, X = UY_ (X \ 4;). Define

a k-colouring A : X — [k] as follows: A(x) =i if and only if z € (X \ A;) and for all
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Jj <ti,x ¢ Aj. Then by (1), there is a monochromatic H € H, that is, H C (X \ 4;) for
some 7, and so H N A; = (), which contradicts the definition of A. Therefore, A has the

finite intersection property. Let
./T"/:{Alﬂ"'ﬂAklAl,...,Ak EA}

Then F' is closed under intersections, and since A is upward closed so is F'. Also, O & F
since A has the finite intersections property. The collection F' is then a proper filter,
which can be extended to an ultrafilter F by Theorem [7.3.4] For any A € F, if it were
the case that for all H € H, HN (X \ A) # 0, then (X \ A) € A C F, which cannot
happen since F is an ultrafilter and so does not contain (X \ A). Therefore, there is some
H € H so that H C A.

In the other direction, suppose (2) is true for some ultrafilter 7. By Lemma ,
for every finite partition X = X; U XoU---U X,., some partition class X; is contained in

F. By (2), there is some H C X. O

7.5 (M,P,C)-systems

Throughout this section, set an ordering (my, p;, ¢;)iez+ on (Z7)3. Recall the definition

of (M, P,C)-systems:

Definition 7.5.1. The set S is an (M, P,C)-system if and only if for every i € Z* there
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is an (my, p;, ¢;)-set M; so that the sets in {M;};>1 are pairwise disjoint, and for

Sz{Xg U M

€Lt

foralli € Z", | X N M;| < 1},
the set S = Jyes F'S(X).

A similar technique to the proof of the finite sums theorem is used to show that
any finite colouring of Z* contains a monochromatic (M, P, C)-system. However the
idempotent ¢ has the property that every set A € ¢ contains an (M, P, C)-system. To
find such an idempotent, compact subspaces of (8Z",T) are studied. The proofs here

are from [25].

Definition 7.5.2. For alli € Z*, let
T(1) = {q € BZT : for all A € q, there exists an (mg, p;,c;)-set M; € A} )

Also, let

U= ()170).

1€ZT

Lemma 7.5.3 (Deuber and Hindman, 1987 [25]). For every i € Z", the subset T'(i) C

BZ7* is nonempty and closed.

Proof. For any i € Z%, then by Theorem [6.3.1, any finite colouring of Z* yields a
monochromatic (m;, p;, ¢;)-set. By Theorem [7.4.10] there is an ultrafilter ¢ so that every
A € q contains an (my, p;, ¢;)-set, and so T'(i) # (). The set T'(7) is closed if and only if

its complement is open. Choose any ¢ ¢ T'(i) and B € ¢ so that for all (m;, p;, ¢;)- sets



Chapter 7. Infinite partition regular systems 129

M;, M; ¢ B. Every ultrafilter in B is not in T'(3), and so ¢ € B C BZ*+\ T(i). Therefore,

T(7) is closed. O

Lemma 7.5.4 (Deuber and Hindman, 1987 [25]). The triple (U, ®, Ty) is a nonempty

compact Hausdorff right topological semigroup.

Proof. The first step is to show that U is non-empty. For any finite number of sets
T(i11),T(i2),...,T(in),

let m = max{m;,, m,,...,m;, }, ¢ = ¢ ¢, ¢, and p = max{cp;,, iy, ..., cp;, }. Then
every (m,p,c)-set contains for every iy = iy,...,4, an (m;,,p;,, ¢, )-set. Let i € Z* be
such that (m,p,c) = (m;, p;, i), then for any ¢ € T'(i) and every A € ¢, A contains an
(m, p, ¢)-set, and so
T(i) C ﬁ T(iy).
k=1

Therefore {T'(i)};cz+ has the finite intersection property, and since (8Z",T) is compact,
U = (V;ez+ T(i) is nonempty.

Since U is the intersection of closed sets, then U is also closed, and compact since
BZ7" is compact. The topological space (U, Ty;) is then compact by of Lemma
and Hausdorff by Lemma [7.2.14]

The next step is to show that (U, @) is a subsemigroup of (8Z", ®). For any ¢q,s € U,
look at any A € ¢@® s, and any ¢ € ZT. Then B={x € ZT : A—x € s} € ¢, and so B

contains an (mg, p;, ¢;)-set M; = (2o, 1, ..., T, )ps.c;- Let

C=()(A-u).

reM;
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Each A—x € s, and M; is a finite set, and so since s is closed under intersections, C' € s.
Therefore C' contains an (m;, p;, ¢;)-set N; = (Yo, Y1, - -, Yms )ps.ci- For j = 0,1,...,m;

define z; = x; + y;. Then for any

y=cyj+ Ayt Anm € N

and

T =Ccxj+ )\j+11‘j+1 + -+ )\ml.%ml € ]\41'7

since y € C, then

TH+Y=0czj +Np1zjp1 + o+ A Zm, € A

Therefore A contains the (m;,p;,¢;)-set L; = (20,21, -, Zm; )pic;- Lhis is true for any
i €Z" and any A € ¢@ s, and so ¢ B s € U. Therefore, (U, P) is a subsemigroup of
(BZT, ®).

Any continuous function restricted to a subspace topology is also continuous. There-
fore, ps : U x U — U defined by ps(q) = g ® s is continuous for any ¢, and so (U, D, Ty)

is a compact Hausdorff right topological semigroup. O]

Theorem 7.5.5 (Deuber and Hindman, 1987 [25]). For every r € Z* and every r-

colouring of Z*, there is monochromatic (M, P, C)-system.

Proof. By Theorem [7.4.4] the set U has an idempotent g. For any set A € p, let A1 = A
and X; = {xr € Z* : Ay —x € ¢} € q. Since q € T(1), there is an (my,p1, c1)-set

M, C X;. Recursively for k > 1, suppose Ax_; € g has been defined and M;_; C {z €
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Zt: A1 —x€q}eqisan (my_q1,pr_1,ck1)-set. Let
Av=Ar [ (Ao — o).
zEM_
Since My_, is finite and A,_1 — x € ¢ for every x € M;_1, and since ¢ is closed under
intersections, A, € ¢. Let ap = max {ZB € Uf;llMi}, and define Xy, = {z € Z* : z >
ap and Ay — x € q}. Since ¢ & ¢ = ¢, then {z € ZT : A—x € ¢q} € q. Also, the
set {1,2,...,ax} is finite, does not contain an (m, p, c)-set for every m,p,c € Z*, and
therefore is not an element of ¢. Since ¢ is an ultrafilter the complement {ay+1, ax+2, ...}

is an element of ¢, and since ¢ is closed under intersection,
Xpy={zeZt:A—zegn{u+la+2,...} €q

Choose an (my, p, cx)-set My C Xy, C{x € ZT : Ay — x € q}. Notice that Ay C Ay, C
. C A = A

Let {x;}icz+ € A be any sequence so that for every i € Z*, x; € M;. For k > 1 let
S(k) be the following statement: for any I C Z* with |I| = k and n = min{i € I}, then
Y ic1 Ti € A,. The statement is proved by induction on k > 1.
BASE CASE: For k=1, then I = {n} and so z, € M,, C X,, C A,.
INDUCTIVE STEP: Let [ > 1 and suppose S(I) holds. For any set [ with |I| =1+ 1 and
n =min{i € I}, let J =1\ {n} and ' = min{j € J}. By the induction hypothesis,
Zjej xj € Ay. Since n' > n, then z,, > z,, by the construction of X,,, and so

An’ g An+1 = An ﬂ (An - .ﬁE) g (An - xn)-

IEMn
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Therefore a + x,, € A, for any a € A, and in particular,

Z$Z:l’n+2$] GAn,

iel jed

concluding the inductive step. By mathematical induction, for every I C Z* with |I] <

o0,

Zl‘i c A

il

The same is true for any sequence {z;}icz+ with x; € M;, and so A contains an
(M, P,C)-system. This is true for any A € ¢, and so ¢ is an ultrafilter whose every
set contains an (M, P, C')-system. By Theorem [7.4.10 any finite colouring of Z* has a

monochromatic (M, P, C)-system. O

Hindman and Deuber point out in [25] that this theorem cannot be generalized to
include sums with more than one element from an (m, p, c)-set. For example, if m > 2
and p = 2, then for any X = (zo,%1,...,%m)pe, all of cxy + 29, cxy and cxy + 224 are
in X, but in any colouring for which z,2z are different colours for every z € Z*, then
cx1 + 25 and cz; are a different colour then (cxy + 2z5) + cxy = 2(cxq + x2).

In 1993, Hindman and Lefmann [74] showed that a monochromatic (M, P, C')-system

can be found in any finite colouring of any (M, P, C)-system.

7.6 A lack of characterizations

The finite sums sets and (M, P, C')-systems form solutions to certain infinite homogeneous

linear systems. For example, consider the matrix F' of Figure
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Figure 7.1: The matrix H.
Every (28 — k — 1) x (2F — 1) submatrix F}, of F consisting of the first 28 — k — 1
rows and 2¥ — 1 columns is a partition regular matrix whose solution to Fpz = 0 is a

finite sums set F'S({ay,as,...,ar}). Any solution to F'x = 0, where x and 0 are infinite

vectors, is a finite sums set F'S({ay,as,as,....}).

Definition 7.6.1. An infinite matriz A is infinite partition regular in Z* if and only

if for every finite colouring of Z*, there is a infinite monochromatic vector x so that
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Ax = 0.

Infinite partition regular matrices and variations of these matrices are studied in [3],
[4], [26], and [75]. A common theme of the results concerning infinite partition regular
matrices is that characterizations of finite partition regular matrices do not generalize
to the infinite case. The infinite matrices studied in the papers mentioned above are
restricted to those with a finite number of nonzero entries in each row.

The results of Chapter [6] show that every finite colouring of Z* admits a colour class
(a large set) which contains a solution to every partition regular system (Theorem .
This result is proved by characterizing large sets as those which contain an (m, p, ¢)-set for
every m, p,c € Z*. It was the hope of the authors of [26] that a similar characterization is
true for infinite partition regular systems, and suggested that (M, P, C')-systems would be
good candidates: every (M, P, C)-system contains for every m,p,c € Z* an (m, p, ¢)-set,
and so contain a solution to every finite partition regular system. Also, every (M, P, C')-
system contains the finite sums set of several infinite sets. Every finite colouring of
an (M, P,C)-system has a monochromatic (M, P,C)-system [74]. Also, Lefmann and
Kaddour [87] showed that (M, P, C')-systems are maximal in the following sense: let M
be an infinite partition regular matrix whose every solution to Ma = 0 contains an
(M, P,C)-system, then if adding a row = to M is still infinite partition regular, then r is
a linear combination of some rows of M.

However, it was discovered that such a characterization of “large” sets for infinite

partition regular matrices does not exist: in fact that it cannot be guaranteed that a
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colour class contains a solution to every infinite partition regular system.

Theorem 7.6.2 (Deuber, Hindman, Leader, and Lefmann, 1995 [20]). There exists in-
finite partition reqular matrices A and B and a finite colouring of Z™*, so that no colour

class contains a solution to both Ax =0 and By = 0.

The matrices used to prove Theorem were produced using systems based on
results of Milliken [92] and Taylor [120)].

Barber, Hindman, Leader and Strauss [4] studied an “infinite columns property”:

Definition 7.6.3. An infinite matriv A with columns {a;}icz+ satisfies the infinite
columns property if and only there is a partition partition of Z = I, U Is U I3 U - --
so that Zieh a; =0 and for all j > 1 and every ¢ € I U---U I; there exists a; ; € Q so

that

E Qi = E a;.

iEIlU"-UI]’ ie[j+1

Notice that the definition allows for Z™ to be partitioned into finitely or infinitely
many sets.

In [], the following matrix is considered:

l1 -1 -1.0 0 O 0 0 O
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This matrix satisfies the infinite columns property with I; = {1,3,5,...} and I, =
{2,4,6,...}. However, the system Axz = 0 has no solution in Z*; any solution & =
{z1,y1,22,Y0,...} satisfies x; — z;41 = y; and for y; > 0, the solution also satisfies
Ty > Xir1, implying 3 > x9 > --- > x; > ---, an impossibility for xy,zo,...,2;,... €
Z". Therefore, a matrix A having the infinite columns property does not imply infinite
partition regularity. The authors of [4] also gave an example of a matrix that is infinite
partition regular, but does not satisfy the infinite columns property. However, they note
that the first part of the columns property can be satisfied under an extra condition on

the entries of the matrix A.

Theorem 7.6.4 (Barber, Hindman, Leader, and Strauss [4]). Let A be an infinite par-
tition regqular with columns {a;}icz+. If A has the property that there exists an m € Z*
so that along every row r; of A, the sum of the absolute values of the entries along r; is

bounded by m, then there exists I CZ* so that > .. ,;a; = 0.

i€l



Chapter 8

Nonlinear partition regular systems

8.1 Introduction

In a straight forward manner, multiplicative results for partition regularity can be achieved
from the additive ones. For example, setting n = 2%), where S(r) denotes the Schur
number from Section [B.3] then any r-colouring of [2,n] yields z,y so that {z,y,zy} is

monochromatic: simply define a new colouring A’ : [log,(n)] — [r] by
A'(z) = A(27).

Then by Schur’s theorem, there exists z/, ¢’ so that {2/,y/, 2’4+ 4’} is monochromatic with
respect to A’. Then set z = 2° and y = 2¥', and so z,y and zy = 2*+¥" are assigned the
same colour with respect to A. Graham (see [66]) showed, using colourings of powers of 2

similar to the argument above, that a multiplicative Hindman’s theorem (recall Theorem

137
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is true: for an infinite set A C Z*, let
FP(A) = {Ha ICZYT#40,|I < oo}.
iel
Then in any finite colouring of Z*, there is an infinite set A so that F'P(A) is monochro-
matic.
In 1991, Lefmann [86] published the following result (recall the definition of the

columns property from Definition [4.1.2)):

Theorem 8.1.1 (Lefman, 1991 [86, Thm. 2.6]). Let A be an m X n matriz with rational

entries. The system

has a monochromatic solution (x1,xs,...,2,) under any finite colouring of Z* if and

only if A satisfies the columns property in Q.

Since S = { 1 1 —1 1 satisfies the columns property in @, Lefmann’s theorem
implies that the system

1 1
__|__:

&
<
ST

is partition regular in Z*.
Section [8.2| focuses on a result known as the Sarkozy—Furstenberg theorem [109], [42],

which can be interpreted to say that for r € Z*, there is a least n € Z" so that for any
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r-colouring A : [n] — [r], there exists z,y so that {x,z + y*} is monochromatic. The
theorem in fact states that for any ¢ > 0, there is n € Z" so that any set A with density
|A| > on contains two elements whose difference is a square. The proof presented in
Section [8.2is due to Green, Tao, and Ziegler (see [119]).

The Sarkozy—Furstenberg has been generalized to include the value y with the same
colour and also to specify different powers as the difference. In 1996, Bergelson and
Leibman [9] showed that for any polynomials py,ps, ..., pr with integer coefficients so
that p1(0) = p2(0) = - -+ = px(0), there is a least n so that for any r-colouring of [n] there
is z,y so that {x,y,x+ p1(y),x+p2(y), ..., 2+ pe(y)} is monochromatic. Bergelson and

Leibman’s result is known as the polynomial van der Waerden theorem.

8.2 The Sarkozy—Furstenberg theorem

Sarkozy in 1978 [109] and Furstenberg in 1977 [42] proved independently that for any
d > 0 and n large enough, if A C [n] has density at least 0 in [n], then A contains
two elements whose difference is a square. Sarkozy applied the Hardy-Littlewood cir-
cle method along with a density increment argument similar to Roth’s density result
for arithmetic progressions [102] [103], while Furstenberg used topological dynamics to

achieve this result.

Theorem 8.2.1 (Sarkozy, 1978 [109]; Furstenberg, 1977 [42]). For every 6 > 0, there is
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a N € Z* so that for every n > N and every A C [n] with

u>57
n

the set A contains x <y so that y — x is a square.

The result for Theorem is immediate for 6 > %: If n > 4 is even, then any set
A C [n] with density greater than  contains two elements z < y that are consecutive,
and soy —x = 1% If n > 4 is odd and a set A C [n] with density greater than % has
no consecutive elements, then A consists of all odd numbers in [n], and in particular,
1,5 € A.

To see that the Sarkozy—Furstenberg theorem implies a Ramsey result, the pigeonhole
principle guarantees some colour class contains at least * elements in any 7-colouring of
[n]. And so for § < %, Theorem m guarantees that some colour class contains two
elements whose difference is a square.

There are many proofs of Theorem using Fourier analysis (for example [50], [91],
and [95]). The proof presented here, which follows the one discovered by Green, Tao and
Ziegler and published on Tao’s blog [119], does not use any Fourier analysis and relies
instead on the Cauchy-Schwarz inequality to guarantee the density increment argument

can be applied.

Throughout, for any n € Z*, let M = [n], R = [|n'/?]], and H = [|n'/?*]]. For a set
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A C [n], the indicator function 14 : [n] — {0,1} is defined by

1 z€ A
La(r) =

0 z=&A.

For any finite set X and any function g : X — R, the ezpected value is denoted

The expected value gives the average value or g(z) over all x € X. Therefore, if
E.cxg(xz) = a, then there is some = € X so that g(x) > a and some 2z’ € X so that
g9(z') <a.

For a set A C [n| with density 0, define f : [n] — R as

f(x) = 1a(x) — 0L ps ().

Then

E f(z) = % (Z(]IA(x) _ MM(:C))) _ %(|A| —6n) = 0.

M
e zeX

If A does not contain elements whose difference is a square, then say A is square

difference free, or free of square differences.

Lemma 8.2.2. Let A C [n] have density

14]

n

=9
and be free of square differences. Then

E E E f(m)f(m+(r+h)*) <—0"+25(n""% 4 n 1212

meM reRheH
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Proof. Suppose A has density greater than § in [n], and A is free of elements with square
difference. For any m,r, h € [n], since A has no square differences, 1 4(m)Ls(m + (r +

h)?) = 0. Therefore,

E E E La(m)la(m+ (r+h)*) =0.
meM reR heH

The Lemma follows from the three inequalities:

E E E 8*Ly(m)Ly(m+ (r+h)?) <6 (8.1)
meM reR he H

E E E 6La(m)ly(m+ (r+h)?) > 6% —6(n~ Y0 4 n=t1/21)2 (8.2)
meM reR heH

E E E 6ly(m)la(m+ (r+h)?) > 62— 5(n~ Y6 4 n 7117242 (8.3)
neM reR heH

since by linearity of expectation

E E E [La(m)—0Ly(m)][La(m+ (r+h)*) — 6Ly (m+ (r+h)?)]

meM reR he H

= E E E Lum)lam+@r+h)2— E E E slam)ly(m+ (r+h)?)

meM reRheH meM reRheH

— E E E 0ly(m)lam+@r+h)H+ E E E 6*Ly(m)ly(m+ (r+ h)?).

meM reR heH meM reR heH

For r € Rand h € H, if m > n — (r + h)? then m + (r + h)?> € M, and so

Ta(n+ (r+ h)?) < 1. Therefore

E E E ly(m)iym+r+h?) < E E E 61y(m) =45,
meM reR heH meM reR he H

which proves (8.1)). Letting

T = [[n— (0 + 0t
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then for any r € R and h € H, if m € T, then m + (r + h)? € M. Also, |[ANT| >

|A| — (n'/3 + n'/?%)2 Therefore,

E E E 0lam)ly(m+(r+h)?)>E E E §la(m)lp(m)
meM reR he H reRheH meM

o
> FE E —

Al — (nM/3 1 pl/202) — §2 _ §5(n-V/6 1 p-11/280)2,
BB (1Al - (27 £ n/242) = 8 — (a0
which proves (8.2)). For any r € Rand h € H,let D ={m € M : m+ (r+ h)* € A}

Then |D| > |A| — (n/? +n'/?)2 and since 1,,(m) = 1 for every m € M,

E E E dlym)lgm+(r+h)?)=FE E E dlp(m)

meM reR he H reRheH meM

)
>E E —

reRheH N

which proves (8.3)).

(|A| i (n1/3 + n1/24)2) 52 5(n—1/6 + n_11/24)2,

Putting it all together,

E E E f(n)f(n+ (r+h)?

neM reR heH

— m[gM T[th[EEH [La(m) — 0Lp(m)] [La(m + (r + 1)) — 6Lp(m + (r + h)?)]

<0—2(0% = 3(n YO+ 2)2) 4 62 = —62 4 26(n 0 4 /22,

Lemma 8.2.3. Let 6 € (0,3]. For any n € Z" large enough so that
153 S 3, 1/24
4 )

if A C [n| is free of square differences and has density
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then there is an arithmetic progression
B={a,a+d* a+2d*a+3d ... a+ |n"*|d*} C [n],

so that

|AN B 14
§+ =6
] >0+

Proof. Suppose A has density 6; > § in [n], and A is free of square differences. The choice
of n guarantees (n='/¢ +n~1/2)2 < 1 =124 and that —6? +26(n~"/% +n~1/29)2 < 0. By

Lemma 8.2.2]

| E B E fm)f(m+(r+h)*)[" > | =0+ 201 (m™ /0 +m” 1222
meM reRheH

> 511 . 45%(m71/6 —|—m*11/24)2

53
> 0t — Eln_l/%.

By Cauchy-Schwarz,

(B, lr00P) (B B 1 & fns e 09P)

meM meM reR heH

~ (5, B lr00F) (B, B IE fnsenE) s

meM reR meM reR heH

(53
>| B E f(m) E f(m+(r+h)) >0 — 72

T meMreR heH

Since f(m) = 14(m) — 6;157(m), then for |A| values of m € M, |f(m)|* = (1 —6;)?, and

for the other n — |A| values of m € M, |f(m)|*> = 6?. Therefore,

S|

E 1f(m) =

me
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By dividing out Eear |f(n)[? from (8.4)),

3
54 _ _1n 1/24 1
! > 0% — —p

E E|E fm+(r+h)??> 5

2
meM reR | heH 01

By expanding | Ener f(m + (r + h)?)|? = Enen Ewen f(m + (r + R)?) f(m + (r + 1')?),

1
E E E E fim+@+hr)>fm+(r+hr)?) > —-n /2
meM reRheH W eH 2

The next is to remove all the instances of h = h'. Since |f(x)| <1,

E E Lgy(R)f(m+(r+h)?*)fm+(r+K)?*) < E E Lpy(h')=n"">,

heH h'eH heH heH

and so

1 h, h 2 h/ 2
mIngIERhIeEHh/IE’H my (W) f(m+ (r+h)%) f(m + (r + 1')%)

= E E E E fim+@+h)d)f(m+(r+n)?

meM reRheH h'eH

— E E E E LgyR)f(m+(r+h)?f(m+(r+h)%)

meM reRheH h'eH

>E E E E fm+@+h))f(m+ (r+h)?) —n /2
meM reRheH heH

3
S 53 2L/
1 2” ?

therefore there are h # h' so that

E E f(m + (T + h)Q)f(m + (T + h/)2) = 5:13 . ;n—1/24.

meM reR
Without loss of generality, assume b’ > h. Let a = (W' —h)(h'+h) > 0 and d = 2(h'—h) >

0. Then

m—(r+h)?+@r+n)Y=m+H —h)(2r+h+h)=m+a+dr
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For each r € R,

Do Fmt(r+ ) fm+ (r+ 1)) =Y f(m)f(m+a+dr))

meM meM

- Z f(m)f(m+a+dr)— Z f(m)f(m+a+dr).

men+1,n+(r+h)?] me((r+h)?]

If m > n, then f(m) = 14(m) — 611y (m) =0, and so

Z fm)f(m+a+dr)=0.

me[n+1,n+(r+h)?]

Since |f(z)| < 1 for any z, then

Y fm)fm+a+dr)y < > |f(m)l|f(m+a+dr)

me([(r+h)?] me([(r+h)?]

< (r+h)?

< (nl/3 —I—n1/24)2,
and so

E E f(m)f(m+a+dr)

meM reR

=E E f(m)f(m+a+dr)

reRmeM

Igl(Zf f(m+a+dr)— Z f(m)f(m—i—a—l—dr))

meM me[(r+h)?]

> E E f(m+@+h)2f(m+ (r+h)?) — (n Y6 4 n11/24)2

meM reR

3 _ 1 _ 13 _
>53 2 1/24 8n 1/24:(519’—§n 1/24
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Since |f(z)] < 1, by the triangle inequality

| E fim+atd)|= E [f(m)]| E f(m+a+dr)

mGM reR

> E E f(m)f(m+a+dr),

meM reR
and so
_ E —1/24
|Ef(m+a+d7“)|>6 )
mEM reR 8
With T = [n — (|n'/3] + [n'/#])?], then
1 d
E | E L(m)f(m+a-+dr)
> | E flm+a+dr)| - | E Tang(m)f(m+a+dr)
meM reR mEM reR

> E | E f(m+a+dr)| = (n7/04n 22
meM reR

and so

13 14
| E 1p(m)f(m+a+dr)| > 6 — gn_l/m — (nYO T2 S 53 gn_l/ﬂ.

meM reR

For any r € R, the expected value E,enr 17 (m) f(m + a+ dr) counts |T'| values of f(m).

Since Epen f(m) =0 and |f(m)] < 1,

E LIp(m)f(m+a+dr)< B f(m)+ (V0 4 n 122 = (n71/6 4 = 11/24)2,
meM meM

Looking at the positive instances of E.cg 17(m)f(m + a + dr),

1
]EMmaX{O ]E Lr(m)f(n+a+dr)} > 5 ( 1= —1/24) n-1/6 +n—11/24>2
me
1 7 1
N LWV TR Vo
2% " 8"

_ 15? /2
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and so there is some m € T so that

1
E f(m+a+dr)> =6 —n V2,
reER 2

For m € T and every r € R, m + a + dr € M. By definition, f(z) = L(z) — 61y (),

and so

1
E 1a(m+a+dr)> E 511M(m+a+dr)+§5f—n_l/24

reR reER

1
=yt g0
that is, A has density greater than §; on the arithmetic progression of length [n'/3|
B={m+a+dr:reR}.

The arithmetic progression B can be partitioned into arithmetic progressions By, B, . . .,
B;, ... of length |n'/*] and difference d? with at most dn'/* < 2n'/?4n!/* = 217/2* terms

in an error set F. Letting S = [|n'/*]], with

2n7/24

TIER]lAmE(m+a+dr)< 73 =2n

—1/24
)

there is some B; = {m/ + d?s : s € S} so that

1
E Ta(z) > 6 + =68 —n /2 —op~ /2
z€B,; 2

1
= 01+ 507 — 30/,

which by the choice of n, implies

AN B

1 1
>0+ -0° > 6+ =0°.
|B;| R
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Theorem 8.2.4. For § > 0 and

if |A| has density % > 0, then A contains two elements x,y whose difference is a square.

Proof. Let t = |25#2]. For each i € [t], let §; = § + £6° and n; = n'/*. Then for each 1,

0; € (07 %]7

1, 1 12\ 1o Mo o
3 3 4 —1/24

Therefore, for i € [t], if A C [n,] is free of square differences and has density greater than

d; in [n;], Lemma can be applied.

For any n € Z7,if |A| > %, then A contains two elements whose difference is a square.

Therefore assume in hopes of a contradiction that § € (0, 3] and for ng > (3

24.42/8°
5 )

Y

is a square difference free subset of [ng] and has density greater than ¢ in [ng]. Then by
Lemma [8.2.3] there is an arithmetic progression By = {a; +7d? : r € [ny]} so that AN B
has density greater than 6, = 0 + $6°. Let Ay = {r € ny : a +rd®> € A}. Then |A;| =
|ANB|, and if A; contains elements r < y with y—z = €2, then (a+yd?)—(a+zd?) = (ed)?.
Therefore A; is also square difference free.

Repeat the argument above for ¢ € [t]: Suppose A; C [n;] has density greater than ;.

Then there is an arithmetic progression Biy1 = {a;41 +rd7, : 7 € [ni41]} with

|A; N By

1 i 1
> 0; —53 >0 —(53 —53 = 0j4+1-
| Bi 1] g% T Ty +
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Then let A;1 = {r € ny1 : aiq + 7“d12Jrl € A;}. Again, if A; has no square-differences,
then neither does A; .

Since A is assumed to be square difference free, there is an arithmetic progression By
of length néMtH for which A; N Byy1 has density greater than d, + iéf’ > 0+ %(53 > %
in B;y;. Then the set Ay = {r € anﬁj D ap1 + rdi, € A} contains more than

half the elements in Lntl ﬁj, and so it contains 2 elements with a square difference. This

contradicts A containing no square differences. O
3 3\ 24-42/9°
For & € (0,1], then 22" > 12 and so for n > <221/5 ) any set A C [n] that is

free of square differences must have density less than §. Letting log denote the base 2

logarithm, rearranging for 0 this means that for n large enough, if A C [n] has density

Al 5
_ >
n loglogn — log 24’

then A contains square differences. Tao (see [119]) points out that the best known bound
for densities that guarantee square differences is due to Pintz, Steiger, and Szemeredi [95]

who, in 1988, showed that for some absolute constant C, any set with density at least

C

log log log log n

1

(logn)a
contains square differences. As for a lower bound, Ruzsa in 1984 [104] gave constructions
of sets with densities greater than g=n=020%2 free of square differences. The exponent
was improved to —0.266588 by Lewko [88] in 2015.

In 1985, Bergelson [8] was able to show that for any finite colouring of Z*, some
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colour class contains {z,y,z + y*} monochromatic, that is, some colour class contains

two elements who difference is a square, along with the square root of that difference.

8.3 The Polynomial van der Waerden theorem

Using topological dynamics and ergodic theory, Bergelson and Leibman prove in 1996

what is known as the polynomial van der Waerden theorem.

Theorem 8.3.1 (Bergelson and Leibman, 1996 [9]). Let p1, ps, - - ., pr be polynomials with
integer coefficients so that pi(0) = pa(0) = -+ = pr(0) = 0. Then for every r-colouring

of Z, there is x,y € Z* so that

{:E,.Z‘ +p1(y),x +p2(y)7 sy L +pk<y>}

18 monochromatic.

With p; = %2, the polynomial van der Waerden theorem implies the Sarkozy—
Furstenberg theorem. Setting p1 = y,p2 = 2y,...,pr = ky, then Theorem im-
plies van der Waerden’s theorem, but by setting p1 = %, p» = 2¢%,...,pr = ky?, the
difference of consecutive elements in a monochromatic AP, can be guaranteed to be
squares. Similarly, the difference between consecutive elements of a monochromatic APy
can be guaranteed to be any fixed power.

A combinatorial proof of the polynomial van der Waerden theorem was published in

2000 by Walters [124].



Chapter 9

Generalizations and open problems

9.1 Partition regular independent sets in graphs on

the integers

For a graph G = (V, E), an independent set is a subset Y C V' of the vertices so that
[Y]? N E = 0, that is, there are no edges between vertices in Y. Hajnal (see [34]) asked
whether every triangle-free graph G with vertex set Z* has an infinite set A C Z*
for which F'S(A) is an independent set. Hajnal’s question was later answered in the
negative (see [24]), but before it was answered Erdés “retaliated” (see [56]) by asking
whether every triangle-free graph with vertex set Z* contains an independent Schur triple

Y ={z,y,z +y}. A stronger statement was proved by Luczak, Rodl, and Schoen.

Theorem 9.1.1 (Luczak, Rodl, and Schoen, 1998 [90]). Let k,d € Z*. Then for any

152
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Ky-free graph with vertex set 7", there exists aj,as,...,aq so that FS({ay,aq,...,aq})

1s an independent set.

A few similar results have also been proved; see, for example, [56] for a proof that
an arithmetic progression of arbitrary length can be found in an independent set. The
work on independent partition regular sets on graphs culminated with the guarantee of

an (m, p, c)-set in an independent set.

Theorem 9.1.2 (Gunderson, Leader, Promel, and Rodl, 2003 [57]). Given k,m,p,c € Z*
with p < ¢, there exists n,q,d € Z* so that any Kj-free graph with vertices labelled by an

(n,q,d)-set contains an (m,p,c)-set as an independent set.

Theorem [6.3.1] states that for every m,p,c,7 € Z*, there exists n,q,d € Z* so that
every r-colouring of any (n,q,d)-set has a monochromatic (m,p,c)-set. To see that
Theorem m generalizes Theorem , choose k,m,p,c € Z" and let n,q,d € Z*
be guaranteed by Theorem Then for any (k — 1)-colouring of any (n, q,d)-set N,
create a (k — 1)-partite graph G(V; U --- U Vi_1, E), where each partite set V; consists
of the members of N with colour i, and draw an edge between v € V; and u € V; if and
only if 7 # j. Then the graph G is Ky-free (there are no k vertices in k different partite
sets). Then by Theorem [9.1.2] there is an independent (m, p, ¢)-set, which is contained

completely in one of the colour classes.
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9.2 Density results

Several results in partition regularity can be extracted from density results. In Section
B.2] it is discussed how the Sarkézy-Furstenberg theorem implies that for every r € Z7,
there is a least positive integer n so that every r-colouring of [n] yields two monochromatic
elements z < y so that y — z is a square.

The upper bound of h(m;r) < (2r)>""" in Section is achieved in [58] by first

2
showing that for m > 3 and any n > (211—’22) , then any set A with density

AL S s
n

contains a Hilbert cube of dimension m. Then for r € Z*, so long as n > (2r)%" ', then
in any r-colouring of [n], by the pigeonhole principle, one of the colour classes contains
at least 2 elements, and so has density large enough so that it contains a Hilbert cube
of dimension m. The upper bound on the density of sets A free of Hilbert cubes of
dimension m was improved by Sandor [107] to %' <pTET 4 2p T

Upper bounds for the van der Waerden number W (k;r) are also achieved through
density results. Let ri(n) denote the size of the largest set A C [n] so that A is free of
APy’s. Roth’s theorem [102] [103] gave the upper bound r3(k) < 2% The bound on
r3(n) has been improved several times (see for example [14] and [106]); to the best of my
knowledge the best known bound is by Bloom in 2016 [13], which is r3(n) < W For

AP,’s, the first density result is due to Szemereédi [118]. In 1998, Gowers [44] improved

the bound to r4(n) < m. Recently in 2017, Green and Tao [52] further improved
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the bound to r4(n) < m. For arithmetic progressions of length k, in 2001, Gowers

[45] proved that r(n) < Togy Togs )7

Density arguments cannot always be used to derive results in partition regularity, for
example, for any n € Z*, large subsets of [n] are free of Schur triples: let A consist of all
odd numbers in [n], which has density greater than % Then for any z,y € A, their sum
x + y is even and so is not in A. Also, this set A does not contain a set {x,y,x + y, zy}
(because A does not contain a Schur triple).

Most of the results mentioned so far use a form of discrete Fourier analysis. Another
useful tool in achieving density results is ergodic theory, which was used by Furstenberg
[42] to reprove Szemerédi’s density result on arithmetic progressions of length four and
to prove the Sarkozy—Furstenberg theorem. The use of ergodic theory, however, does
not usually give quantitative upper bounds for density results, but it does allow to prove

theorems like the polynomial van der Waerden theorem (Theorem|8.3.1). Another density

result achieved with ergodic theory is the density Hales—Jewett theorem:

Theorem 9.2.1 (Furstenberg and Katznelson, 1991 [43]). Let A be an alphabet with t
elements. For everye > 0 there exists a least R(e,t) € Z* so that for every positive integer

n> R(e,t), if S C [A](}) has at least et™ elements, then S contains a combinatorial line.

A combinatorial proof of the density Hales—Jewett theorem was achieved by the Poly-

math Project [96].
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9.3 Open problems

In 2003, Hindman, Leader, and Strauss [73] published a list of open problems in partition
regularity. A few of those problems are presented here.

For any prime p and every positive integer x € Z™", there are unique integers vy, z € Z*
with y # 0 (mod p) so that x = yp®. The colouring ¢, : Z™ — [p — 1] is defined by
¢p(x) = y. In the proof of Theorem , the columns property of a partition regular
matrix A was established by considering the colouring ¢, for a large enough prime p, and
so a consequence is the following: If a matrix A is partition regular with respect to every
colouring c¢,, then it satisfies the columns property. Thanks to Rado’s characterization

of partition regular matrices (or Lemma [6.4.2)), any matrix with the columns property is

partition regular with respect to every colouring.

Question 9.3.1 (see [73, Question 1, Section 1]). Is there a direct proof (without using
Rado’s characterization of partition regular matrices) that if for every prime p, A is
partition reqular with respect to c,, then A is partition reqular with respect to every finite

colouring of Z* ¢

If A is a finite matrix that is not partition regular, there may still be small numbers
r € Z" so that under any r-colouring A : Z* — [r], there is a monochromatic solution

to Az = 0. The following open problem was asked by Rado [99] (see [73]).

Question 9.3.2 (Rado’s boundedness conjecture, see [73], Question 2, Section 1]). Given

m and n, does there ezists a least positive integer k = k(m,n) so that if A is an m x n
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matriz with the property that there is a monochromatic solution to Ax = 0 under any

k-colouring of Z* then A is partition reqular under any finite colouring of Z+?

The case for m = 1 and n = 3 was solved by Fox and Kleitman [39]:

Theorem 9.3.3 (Fox and Kleitman, 2006 [39]). For every ai,as,a3 € Z7, if for every
24-colouring of Z™" there is a monochromatic solution to ayx + asy + asz = 0, then for

every finite colouring of Z* there is a monochromatic solution to ayx + asy + azz = 0.

In Section [7.6] it is shown that there is a lack of characterizations for infinite partition

regular matrices analogous to characterizations of finite partition regular matrices.

Question 9.3.4 (see [73, Question 4, Section 2]). Which infinite systems of equations

are partition reqular?

One of the major open problems in partition regularity is a proof that for every finite
colouring of Z*, there is x,y € Z*, not both 1, so that {x,y, x+vy, zy} is monochromatic.
Graham showed using computer assistance that every 2-colouring of [252] contains a
monochromatic set {x,y, x +y, zy} (see [66]). The problem is still open for more than 2

colours.

Question 9.3.5 (see [73] Question 3, Section 1]). If Z* is finitely coloured, is there

always x,y € Z* so that {x,y,x + y,xy} is monochromatic?

An analagous version of the question in finite fields has an affirmative answer, as

proved by Green and Sanders:
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Theorem 9.3.6 (Green and Sanders, 2016 [51]). For any r € Z*, there is P € Z*
so that for every prime p > P and any r-colouring of F,, there is x,y € F, so that

{z,y,x +y,zy} CF, is monochromatic.

Recently, Moreira was able to show the problem has an affirmative answer if y is

excluded;

Theorem 9.3.7 (Moreira, 2017 [93]). For any r € Z" and any r-colouring of Z*, there

isx,y € Z" so that {z,x + y,zy} is monochromatic.

To generalize the problem, for any & € Z' and any finite colouring of Z*, does
there exist a sequence x1,xs,..., 2 so that all of its pairwise sums and products are
monochromatic? This generalizes the problem in a similar way that the Folkman—Rado—
Sanders theorem generalizes Schur’s theorem. To take it a step further, is there always
an infinite sequence for which all of its finite sums and products are monochromatic?

For an infinite set A = {ay, aq,as, ...}, let

FP(A) = {Hai:]§Z+,]7é(7),|I| <oo}.

i€l

In 1979, Hindman proved the following:

Theorem 9.3.8 (Hindman, 1979, [66]). For every r € Z* and any r-colouring of 77,

there are infinite sets A, B C Z* so that F'S(A) U FS(B) is monochromatic.

However, in 1984, Hindman [68] showed that there is a 7-colouring of Z* with no
infinite set A C Z7 so that F'S(A)UF P(A) is monochromatic, proving that the analogous

version of partition regularity of {z,y,z + y, zy} in the infinite is false.
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