Investigating the Dynamic Behaviour of Neurofilaments in

Zebrafish

Tijotop Ahmed Binjibon

A thesis submitted to the Faculty of Graduate Studies of
The University of Manitoba

in partial fulfillment of the requirements of the degree of

Master of Science

Department of Mathematics
University of Manitoba

Winnipeg

Copyright © 2025 by Tijotop Ahmed Binjibon



Abstract

Neurofilaments transport is essential for axonal integrity, yet its dynamics in zebrafish
remain largely unexplored. In this study, we applied mathematical modelling and
computational simulations to analyse neurofilaments transport in zebrafish, compar-
ing it with established findings in mammals. Using the pulse-spread model of Boyer
et. al [1], we estimated key transport parameters but found it insufficient to fully
capture pausing states and anterograde and retrograde velocities. To address this,
we developed a partial differential equation (PDE) model that incorporated bidirec-
tional transport, pausing, anterograde and retrograde dynamics. Additionally, we
derived pure exchange, pure transport, and transport-exchange sub-models, offering
deeper insights into the transport of neurofilaments. Using data from Bomont’s lab
pulse-spread experiments (NeuroMyoGeéne Institute, Lyon, France), our findings con-
firmed that the transport of neurofilaments is bidirectional, with an anterograde bias
that reverses with age. Increasing the central window length significantly extends the
quantified residence time of neurofilaments within the central region. Additionally,
when considering reversible pausing, we found that exchange dominates transport
and defined the steady state neurofilaments organization. This study advances our
understanding of neurofilaments transport in zebrafish and establishes a framework
for future investigations into axonal transport mechanisms across species, with po-

tential implications for neurodegenerative disease research.
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Introduction

This research studied axonal neurofilaments transport in zebrafish using mathemat-
ical modelling and computational simulations. This chapter provides a biological
background for the study of neurofilaments and highlights the motivation for this

research. It also outlines the framework and overall structure of the work.

1.1 The Composition of Cytoskeleton

The cytoskeleton is classified into microfilaments (actin), intermediate filaments, and
microtubules [5, 6] based on their respective diameters - 7nm, 10nm, and 25nm- and
protein composition. These proteins assemble in filaments that form interconnected
networks found in the cytoplasm of eukaryotic cells, which constantly reorganize
in response to their environment to be able to play their vital role in the struc-
ture and functions of cells [7]. Cytoskeletal proteins are responsible for cell shape
and motility as well as transport [§], providing mechanical support and organization
of intracellular components [9, [10]. The protein composition of microtubules and
microfilaments is highly conserved, whereas intermediate filaments are remarkably
diverse, with their composition varying depending on the cell type and differenti-

ation stage [I1]. For instance, keratins are present in epithelial cells, vimentin in



connective tissues and blood cells, and neurofilaments in nerve cells. The perception
of intermediate filaments as relatively static components within cells underwent a
profound shift when fluorescently labelled intermediate filaments were observed in
live cells, illuminating their remarkably dynamic characteristics [12, 13 14]. These
investigations have revealed that both keratin and vimentin filaments are transported
along microtubule tracks by motor proteins, just like neurofilaments. Several studies
(see, for instance, [15], [16]) suggested that such motions are general characteristics

of intermediate filaments.

1.1.1 Intracellular Transport of Intermediate Filaments

Intracellular transport of intermediate filaments is a critical dynamic process for
cellular architecture, mechanical resilience, and adaptive responses. Unlike micro-
tubules and actin filaments, intermediate filaments are nonpolar and do not in-
trinsically contribute to motor-driven motility [I7]. Instead, their transport relies
on interactions with microtubules, actin networks, and associated motor proteins,
enabling spatiotemporal regulation of intermediate filaments network organization
15, [18].

Microtubules serve as the primary highways for long-range intermediate filaments
transport [19]. Kinesin motors mediate anterograde movement (toward the cell pe-
riphery), whereas retrograde transport (toward the cell center) involves cytoplasmic
dynein. These motors bind intermediate filaments either directly or via adaptors
such as dynactin [20]. Microtubule-dependent transport enables rapid intermediate
filaments reorganization in response to mechanical cues, ensuring cellular adaptation
to shear stress or substrate stiffness [21, 22].

The actin cytoskeleton governs the short-range transport and spatial organiza-
tion of intermediate filaments, particularly near the cell periphery and during dy-

namic processes such as migration [19, 23]. Actin arcs—contractile bundles driven



by myosin—generate retrograde flow, exerting rearward tension on intermediate fil-
aments to align them with actin networks and integrate them into stress fibres [24].
This retrograde movement collaborates with myosin motors to fine-tune intermedi-
ate filaments positioning during polarization, wound healing, and force transmission
[25].

Microtubules and actin networks cooperate to balance long-range transport and
localized intermediate filaments dynamics. While microtubules disperse interme-
diate filaments globally via kinesin/dynein motors, actin fine-tunes their localiza-
tion at specific subcellular domains through retrograde flow and myosin activity
[19]. This spatial division of labour creates a mechanical "tug-of-war," where an-
terograde/retrograde microtubule transport balances actin-driven retrograde forces,
stabilizing intermediate filaments in mechanically active regions [26]. Together, this
cross-talk enables cells to maintain structural integrity while adapting to environ-
mental demands.

Neurons exhibit a highly polarized structure, with lengthy axons extending from
the cell body to distant synaptic terminals. This distinctive morphology poses a
considerable challenge for intracellular transport, necessitating efficient long-range
movement of organelles, proteins, and cytoskeletal components [27]. Unlike other
cell types, where transport occurs in a more compact space, neurons depend on
specialized transport mechanisms to maintain cellular homeostasis (maintaining a
stable internal environment in cells) and support synaptic function over extended
distances [27]. Axonal transport is a fundamental process that enables the movement
of molecular cargo along microtubules, powered by motor proteins such as kinesin
and dynein [28]. This transport system is essential for neuronal survival, ensuring
the delivery of organelles, vesicles, and cytoskeletal components to regions far from
the cell body (soma). Unlike cell body regions, where actin filaments influence

intracellular transport, axonal transport predominantly relies on microtubule-based



mechanisms [29], providing a more controlled environment to study microtubule-
driven transport without interference from actin networks.

Our objective in this study is to investigate the dynamic transport of neurofil-
aments in the axons of zebrafish and to compare our findings with similar studies
conducted in other organisms, such as mice [I], 30, B1]. We further aim to understand
what proportion of fluorescent neurofilaments is pausing in a short time of minutes

and the dynamics of switching between mobile and stationary populations.

1.2 The Neurofilaments

Neurofilaments are flexible protein polymers, with a diameter of approximately 10nm
[32] as mentioned above, and a length of up to at least 40um [33],34]. Neurofilaments
are numerous space-filling cytoskeleton protein polymers that are assembled within
neuronal cell body [35] and are then conveyed into axons and transported along
their length through the complex mechanisms of axonal transport [I, [36]. This
phenomenon of neurofilaments axonal transport, which was first revealed by using
radioisotopic pulse labelling techniques [37], is stochastic and in a "stop-and-go"
manner, characterized by short bursts of rapid motion followed by extended periods
of pauses, giving rise to a slow overall movement rate [2, [38]. The transport, which is
along microtubule tracks just like other intermediate filaments, is driven by kinesin
and dynein, which respectively enhance anterograde and retrograde motion along the
axon [39]. The anterograde moving state of neurofilaments refers to the movement of
these filaments from the cell body toward the periphery (axon terminal) of the cell
(Figure . This is facilitated by the interaction with kinesin along microtubules.
However, the retrograde moving state of neurofilaments refers to the movement of
these filaments from the periphery of the cell toward the cell body (Figure .

This is also facilitated by the interaction with dynein that moves the filaments along



microtubules in the opposite direction of anterograde flow.

The cross-sectional area of axons determines its conduction velocity and can ex-
pand by up to 50 times during the postnatal development of mammals [40, 41].
During this developmental period, the neurofilaments polymers assemble in myeli-
nated axons resulting in an enlargement of axon calibre, which is important for
facilitating rapid transmission of electrical impulse [2], 42]. Without neurofilaments,
the axons cannot increase in caliber [43], resulting in a reduction in conduction
velocity[2, 44], [45]. With advances in technology, fluorescence microscopy can now
be used to monitor the motion of neurofilaments in cultured nerve cells, in time units
of seconds or minutes [46].

Several studies have recently been conducted to try to understand the mode and
mechanism of this axonal transport (see, for example, [2],[T1,147]). These studies show
that neurofilaments undergo assembly or disassembly processes [48] during intracel-
lular transport. This interplay of phenomena, which determines the organization of

neurofilaments in neurons, is of interest to many researchers.

1.2.1 Neurofilaments and Related Diseases

Neurofilaments accumulation in neurodegenerative diseases—such as Charcot-Marie-
Tooth disease, dementia, diabetic neuropathy, and spinal muscular atrophy—differs
significantly from the patterns observed in healthy axons [49]. This phenomenon has
been attributed to several factors including defects in motor proteins, neurofilaments
mutations, defective axonal transport and several toxic agents [50]. It has been re-
ported that normal axons display a characteristic alignment of microtubules and
neurofilaments that runs along their length [51, [62]. Additionally, in cross-sectional
views of axons, these microtubules and neurofilaments are interspersed, with mi-
crotubules often clustering around membranous organelles [51], 52]. However, it has

been observed that the arrangement of polymers changes, resulting in the clustering
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Figure 1.1: A neuron and neurofilaments transport dynamics.(A) A neuron
is composed of an axon connecting cell body (soma) to the axon terminal. Directions
of axonal transport are indicated by coloured arrows. (B) An axonal segment, show-
ing the primary transport states of neurofilaments along microtubule tracks (black
dashed lines): anterograde transport (blue, directed toward the axon terminal with
velocity v,, mediated by kinesin motors) and retrograde transport (red, directed to-
ward the soma with velocity v,, mediated by dynein motors). Pausing states are
shown as on-track (orange, when neurofilaments are still attached to microtubules
via both antagonistic motor proteins) and off-track (orange, when neurofilaments
are detached from the microtubule tracks). Bidirectional black arrows indicate po-
tential transitions between these mobile and immobile states, reflecting the dynamic
exchange of neurofilaments.

of microtubules and membranous organelles towards the midpoint of the axon, while
neurofilaments are pushed toward the outer periphery in many neurodegenerative
diseases like Charcot-Marie-Tooth disease [53]. Hence, it is crucial to understand
the factors driving the organization and transport of the intermediate filaments in
cells and their effects on health and disease conditions. These can aid in finding new

directions for therapy for numerous generational neurodegenerative disorders.

1.3 Motivation

Mathematical modelling serves as a powerful tool for simplifying complex real-life

phenomena, facilitating detailed analysis and the derivation of meaningful insights



(see, for example, [54]). By breaking down intricate biological processes into man-
ageable components, modelling fosters a deeper understanding of underlying mecha-
nisms and aids in making informed predictions (see, for example, [55]). This approach
has addressed numerous challenges in biology and related fields, with the study of
neurofilaments transport being no exception. Blum and Reed [56] were the pioneers
in developing a mathematical model that describes the axonal transport of neuro-
filaments, laying the groundwork for subsequent research into this complex process.
Building on this foundation, Brown et al. [38,57] introduced stochastic "stop-and-go"
models, attributing slow axonal transport to alternating phases of rapid bidirectional
movement and pauses. Later, [2 [3] expanded these concepts with a six-state kinetic
model, categorizing neurofilaments motility into anterograde/retrograde movement,
short-term pausing, and long-term pausing states. Dallon et al. [58,[59] incorporated
motor competition by modelling intermediate filaments as flexible chains undergoing
dynein-kinesin "tug-of-war," while [60] developed a multiscale stochastic framework
to simulate microtubule-neurofilaments segregation in neurodegenerative contexts.
Probabilistic models have been developed to identify the necessary conditions for
axonal transport to produce uniform distributions of material within axons [61].
Collectively, these models form a foundation to interrogate neurofilaments transport
dynamics. Numerous studies to further understand the nature of neurofilaments
transport led to several key propositions: it is bidirectional [62], exhibits an an-
terograde bias [1], can switch between anterograde and retrograde directions, slows
with age, and constantly alternates between periods of immobility and motion [46].
Although these propositions have provided valuable insight, many aspects of neuro-
filaments transport remain under investigation. Recent studies [47] have challenged
the claim that a significant proportion of neurofilaments remain immobile for months
[63, 64]. Notably, much of the current understanding is based on research conducted

in organisms such as rats and mice. This thesis seeks to extend these investigations



by exploring whether similar dynamic behaviours occur in zebrafish. Zebrafish, a
tropical freshwater fish, has gained significant interest in scientific research and drug
development [65]. This is largely because it possesses organs that are anatomically
and functionally similar to those of mammals. Additionally, zebrafish reproduce
and grow rapidly, produce large quantities of offspring, and are relatively easy to
maintain [66], making them an ideal model organism for various studies.

To this end, Bomont’s laboratory (Neuromyogene Institute, Lyon, France) con-
ducted pulse-spread experiments on zebrafish axons at various developmental stages.
These experiments generated data that we analyse to gain insight into how neurofil-
aments movement evolves with age. Additionally, data were collected using different
central window lengths to evaluate their influence on transport characteristics. Full
details of the experimental setup and data are provided in Chapter [3] Through this
analysis, we aim to offer a broader perspective on neurofilaments transport across

species and contribute to a deeper understanding of its underlying mechanisms.

1.4 Thesis Outline

The subsequent part of this thesis consists of six chapters. In chapter [2| we present
the mathematical tools used in our work. In chapter [3, we analysed and presented
the results of Bomont’s lab pulse-spread data using the previous model developed by
Boyer et. al [I]. Chapter {4 presents a fully developed partial differential equations
model, from which four sub-models are derived: one that captures the dynamics of
switching between different compartments, another that focuses on pure transport
dynamics when switching is negligible and the last one that combines both transport
and exchange, where we refine the pure transport model by exploring two key scenar-
ios: (i) when neurofilaments transition off-track with diffusion and do not return to

the moving states, and (ii) when off-track neurofilaments return to the moving states,



but diffusion is neglected. In chapter [5 we present the mathematical analysis of our
models. In Chapter [6] we present numerical results and simulations of the proposed
models. Chapter [7] presents the discussion and conclusion, and the appendix brings

the work to an end.



Tools

This section highlights key mathematical tools employed in analyzing ordinary dif-
ferential equations (ODEs), partial differential equations (PDEs), and solving the
associated modelling challenges. In particular, we use the concept of stability to
assess the behaviour of equilibrium solutions in our ODE systems—an essential step
in understanding the long-term dynamics of neurofilaments distributions between
mobile and immobile states. For the PDE models, we employed the method of
characteristics that allows us to describe the spatiotemporal evolution of neurofila-
ments transport. Additionally, we apply optimization methods, specifically genetic
algorithms (GA) enable us to optimize model parameters by fitting the model to
experimental data. These tools form the core of our analytical and computational

approach.

2.1 Qualitative Tools for ODE Analysis

We consider a system of n interacting populations modelled by nonlinear ordinary
differential equations. For any time ¢t > 0, let 7(t) € D < R’} denote a non-negative

vector of population densities, where 7;(t) represents the density of the i-th popula-
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tion. The system’s dynamics is governed by:

=g(n(t),t), =w(t)eD, teRy, (2.1.1)

where g : D x R, — R"™ is a vector field defining the rate of change of 7(t). The
system (2.1.1)) is autonomous if g(n(t),t) = g(n(t)), meaning the dynamics depends

only on the state m(t), not explicitly on t; otherwise, it is non-autonomous.

Definition 2.1.1. A function g : D x R, — R" is continuous at a point 7 € D

if, for every € > 0, there exists a d(¢) > 0 such that for all m,m € D, if:

|y —m| <0 then |g(ma,t)—g(m,t)| <e forall teR,.

If this holds for all points in D, then g is continuous on D.

Definition 2.1.2. Let t5 € R, and mp € D. The system (2.1.1)) with the initial

condition m(tg) = g, written as:

dm(t)
dt

= g(x(t).4), mlto) = mo, (2.1.2)

is called an initial value problem (IVP).
Theorem 2.1.3. [67] Suppose the IVP (2.1.2) satisfies:
1. g(m(t),t) is continuous on D x R,.

2. The partial derivatives [Sgi

n
] exist and are continuous on D x R, , where
i 14 =1

gi and m; are the i-th and j-th components of g and 7, respectively.

Then there exists a unique solution w(t) to the IVP (2.1.2) on an interval T < Ry
containing to.
Definition 2.1.4. A point 7* € D < R" is an equilibrium of the system (2.1.2) if

g(n*,t) =0 for all t € R,. That is, 7* is a time-independent solution.

11



« For an autonomous system (i.e., g(7,t) = g(m)), this simplifies to g(7*) = 0.

« For a non-autonomous system, the condition g(7*,¢) = 0 must hold for all

t=0.

Definition 2.1.5. (For autonomous systems). The Jacobian matrix of the vector

field g in (2.1.2)) with respect to 7 is defined as:

s - |22

om; ij=1

where gﬁ; is the partial derivative of the i-th component of g with respect to the

j-th component of w. This matrix, used as the coefficient matrix of a linear system,

defines the linearization of the system (2.1.2)) around a point 7.

Definition 2.1.6. (For autonomous systems). An equilibrium 7* of the system
(2.1.2) is hyperbolic if none of the eigenvalues of the Jacobian matrix J(7*), eval-

uated at 7*, have a zero real part.

Theorem 2.1.7. [68] Let ©* € D be a hyperbolic equilibrium of the system (2.1.2]),
with the Jacobian matriz J(m*) as in Definition [2.1.5. For autonomous systems,

consider the linearized dynamics of a perturbation z(t) = w(t) — 7*, governed by:

d
d—j — J(1%)z. (2.1.3)
Then:

1. If all eigenvalues of J(7*) have negative real parts, the equilibrium 7 is locally

asymptotically stable, meaning perturbations z(t) decay to zero over time.

2. If at least one eigenvalue has a positive real part, the equilibrium 7 is unstable,

and perturbations grow [6Y].
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2.1.1 The Case of Linear Systems

In this subsection, we analyse the special case of linear systems within the framework
of autonomous ordinary differential equations. Consider the system (2.1.2)) where the

vector field g(m(t)) is linear, i.e., it can be expressed as:

g(rm(t)) = An(t) + b, (2.1.4)

where A is an n x n constant matrix, b € R} is a constant vector, and 7(t) € D < R}.

The system (22.1.2]) becomes:

dm(t)
dt

=An(t)+b, 7(ty) = m. (2.1.5)

Since g does not explicitly depend on ¢, the system is autonomous.

Equilibrium Points

An equilibrium point 7* of the system (2.1.5) satisfies g(7*) = 0, i.e.,

Ar* +b = 0. (2.1.6)

« Non-Homogeneous Systems (b # 0) [70]: Solving (2.1.6), we get:

™ = —A7'b,

provided A is invertible (i.e., det[A] # 0). In this case, the equilibrium is

unique.

« Homogeneous Systems (b = 0) [70]: If b = 0, the system reduces to:

dm(t)
dt

— An(t), (2.1.7)

13



and the equilibrium condition becomes An* = 0. The origin 7* = 0 is always

an equilibrium. If A is invertible, this is the only equilibrium.

Stability Analysis

For linear autonomous systems, the Jacobian matrix of g(7) = Am + b with respect

to 7 is:

J(m) = A,

which is independent of w. Thus, the stability of the equilibrium 7* is determined

globally (not just locally) by the eigenvalues of A, as stated in Theorem m

¢ Solution Form:

The unique solution to the initial value problem ([2.1.5)) is given by:

t
m(t) = ety 4 f eAt=9b ds.

to

In particular, when ¢y = 0, this simplifies to:

¢
7(t) = eMm(0) + J eAt=9p ds.
0

For homogeneous systems, b = 0, the solution simplifies to 7 (t) = etn(0),

and the behaviour of e4? is governed by the eigenvalues of A.

« Homogeneous Linear System: Consider the homogeneous system (2.1.7]).
Instead of directly computing e??, we seek n linearly independent solutions
m;i(t) to form a fundamental matrix. We assume that solutions take the form:
m;(t) = er'u;, where ); is an unknown scalar and u; is an unknown n x 1

vector. Substituting into (2.1.7) yields the eigenvalue problem:

Aui = )\Zuz
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- To find \; (for i = 1,...,n), solve the characteristic polynomial:

det[A — AL] = 0.

- To find w; (for i = 1,...,n), solve the system:

Theorem 2.1.8. If A has n distinct eigenvalues A1, ..., \,, with corresponding

eigenvectors uy, . .., U,, the general solution to (2.1.7) on R, 1is:

m(t) = cowpe™M + -+ cpupett
where ¢y, ..., c, are arbitrary constants determined by the initial condition 7(ty) =

70-

2.1.2 Routh-Hurwitz Stability Criterion

In this section, we introduce the Routh-Hurwitz stability criterion, a valuable method
for assessing the stability of linear systems. This criterion analyses the roots of the
characteristic polynomial derived from the Jacobian matrix J(7*) of the linearized
system (2.1.3). Consider the characteristic polynomial of an n x n matrix with real
entries:

PA) =X +e A" P deu 1+ e,

where the coefficients [e;]/; are real constants. We define the n Hurwitz matrices
using the coefficients e; of the characteristic polynomial and their determinants are

as follows
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Hy = detle,|, Hy = det

and in general,

H,, = det

where e¢; = 0 if ¢ > j.

€1

€3

€1

€3

€5

1

€2

€2

€4

Y

€1

(&) 1 0

ngdet €3 €y ey |-

€5 €4 €3

0 0
0 0
€9 0
0 en |

Theorem 2.1.9. [71] All roots of the polynomial P(\) have negative real parts (or

are negative if real) if and only if the determinants of all Hurwitz matrices are positive

(i.e. [H;]"_, > 0.)

j=1

Routh-Hurwitz Criteria for Small n

For specific values of n, the stability conditions reduce to:

e n=2:¢ >0andey;>0.

e n=23 e >0,e3>0, and eje; > e3.

e n=4:¢e >0,e3>0, e >0, and e;eges > e% + eey.

These conditions provide a practical way to assess stability without computing the

eigenvalues directly, especially for low-dimensional systems.

2.1.3 Resilience and Reactivity

Consider a system with a stable equilibrium point 7*, as derived from the linear

system (2.1.5). We focus on assessing how swiftly the system recovers after a minor

16



disturbance from this equilibrium. Pimm and Lawton (1977) introduced the concept
of the resilience of an equilibrium (e.g., 7*), which we denote as R(7*), to address this
question. Resilience quantifies the asymptotic rate at which a typical perturbation
diminishes - the quicker the decay, the more resilient the system. Mathematically,
resilience is calculated as:

R(7*) = —Re(\}) > 0, (2.1.8)

where A\ represents the eigenvalue with the largest (maximum) real part of the
coefficient matrix A of the linear system (2.1.5). The reciprocal, ﬁ, indicates the
average return time to the stable equilibrium.

Stability and resilience describe the long-term behaviour of the system after dis-
turbances but do not address the transient effects of perturbations or shocks. They
indicate whether the system will return to equilibrium (stable) and how quickly (re-
silient). However, a small perturbation can still cause notable short-term growth
even if the system is stable. To capture this short-term response, Neubert et al.
[72] proposed a measure called reactivity, which we denote as R(A). Reactivity rep-
resents the maximum instantaneous rate at which a small perturbation can grow

before returning to the stable equilibrium, considering all possible initial conditions.

This is computed as:

R(A) = AT, (2.1.9)

where )\f(A) is the largest (maximum) eigenvalue of H(A) defined as H(A) = A+TAT.
Here, AT is the transpose of A, and since H(A) is symmetric, all its eigenvalues are
real. If Af(A) > 0, the equilibrium is reactive, and the perturbation immediately

grows before decaying to the stable equilibrium; otherwise, it is non-reactive and

monotonically decays or grows to the stable equilibrium.

17



2.2 Solutions of PDEs

This section focuses on solving PDEs that arise in modelling neurofilaments trans-
port, a critical process in understanding neuronal dynamics. We consider PDEs that
describe the spatiotemporal evolution of population densities, such as those for neu-
rofilaments, which are influenced by both convective transport and linear reaction
terms. The method of characteristics is the tool used to derive explicit solutions for

these PDEs under given initial conditions.

2.2.1 Method of Characteristics

We explore the one-dimensional transport of an incompressible fluid (with constant
density) using the method of characteristics, which is well-suited for solving first-
order PDEs. This method is applied to PDEs that describe the evolution of particle
density u(x,t) over time ¢ and space x, driven by convective processes. We begin
with the homogeneous advection PDE and then extend the approach to include non-
homogeneous terms, such as linear reaction terms, to model more complex dynamics

like neurofilaments transport and exchange between motile states.

Homogeneous Advection PDE

Consider the pure advection PDE, which models the transport of a density without

reaction terms:
0 t 0 t
u(x, ) Y u(x, )

ot ox

=0, u(z,0)=uy(x), (2.2.1)

where v is a nonzero constant velocity and ug(z) is the initial condition. Implies,

along x(t) in (x,t)-plane, u changes as follows

du _ du  drdu
dt ot  dt oz’

Comparing (2.2.1)) and (2.2.2), we get % = 0, and characteristic curves % = v,

(2.2.2)
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along which u(x,t) is constant. Further, the characteristic curves are

z(t) =vt +xy and wu(x,t) =c.

Using the initial condition in (2.2.1)),

u(zo,0) = ¢ = up(zg) = up(x — vt).

Therefore, the solution to the PDE in (2.2.1)) is u(x,t) = uo(x — vt).

Non-Homogeneous Advection PDE with Reaction Term

We now extend the method to a non-homogeneous PDE that includes a linear reac-

tion term, modelling the density u(z,t) of a fluid with decay:

ou ou
at + Ve = —Au, u(x,0) = up(z), (2.2.3)

where v # 0 is the transport velocity, A > 0 is the decay rate, and ug(x) is the initial
condition. Using the method of characteristics, we apply the Lagrange—Charpit
equations (see details [73]) to the PDE (2.2.3)) gives:

dt dz du

1 v =A\u

@:

il ‘i—"‘”, the characteristic curves are:

- From

dx

E:v —  z(t) = vt + xo,

identical to the homogeneous case.
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- From % = j‘l—;‘u, we obtain the ODE along the characteristic curves:
du
— = —)\u.
dt

Solving this first-order linear ODE:

d
;u =Xt = Inful=-X+C = ut)=Ce™,

where C” is a constant. At t =0, x = xg, S0 u(zg,0) = ug(xg), and thus:

Therefore, along the characteristic curve:

u(z,t) = ug(ze)e .

Substituting zo = x — vt, the solution to (2.2.3) is:

u(z,t) = ug(z — vt)e ™.

This solution describes the density u(z,t) as it is transported with velocity v while

decaying exponentially at rate A.

2.3 Global vs. Local Optimization Methods

In the modelling of neurofilament transport, a key challenge is to accurately estimate

model parameters so that the resulting solutions match experimental data, ensuring

the model reliably captures the observed dynamics of neurofilaments populations.

Optimization methods are crucial for this task, as they allow us to systematically
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search the parameter space to minimize the error between model predictions and
experimental observations. Optimization is the process of selecting the best possible
solution from a set of feasible alternatives to efficiently achieve a desired objective
[74]. Optimization methods are broadly categorized into local and global approaches,
depending on their search strategy. We explore both global and local optimization
methods to achieve this goal, with a particular emphasis on global methods to avoid

local optima in our complex, nonlinear system.
e Local Optimization:
— Focuses on finding the nearest optimal solution within a small region of

the search space.

— Relies on gradient-based methods (e.g., Newton-Raphson, gradient de-

scent) and is computationally efficient.
— Prone to converging to local optima (suboptimal solutions) if the objective
function is nonlinear, multimodal, or noisy [74].
¢ Global Optimization:
— Explores the entire search space to identify the global optimum, the best
solution among all possible candidates.

— Suitable for complex, high-dimensional problems with multiple local op-

tima or non-differentiable functions.
— Examples include genetic algorithms (GAs), particle swarm optimization

(PSO), and simulated annealing [75, [76].

For this study, we employed a GA to solve the data-fitting problem. Unlike local
methods, GAs avoid premature convergence to local optima by leveraging stochastic

search mechanisms inspired by biological evolution [77, [7§].
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2.3.1 Genetic Algorithm Framework

The GA iteratively refines a population of candidate parameter sets through cycles
of selection, crossover, and mutation. Below, we outline its key components:

1. Population Initialization

The algorithm starts by generating an initial population of candidate solutions (pa-
rameter sets). Each individual in the population represents a unique combination of

parameters, analogous to a chromosome in biological systems.

2. Fitness Evaluation

A predefined fitness function quantifies how well the model output, generated using
a given parameter set, matches the observed data. Individuals that produce lower
error values (indicating better agreement with the data) are assigned higher fitness
scores and are prioritized for reproduction [79].

3. Selection

Selection mimics natural “survival of the fittest” by choosing parents to produce

offspring. Common strategies include:
¢ Roulette Wheel Selection: Probabilistic selection proportional to fitness.

e Tournament Selection: Randomly sampled subsets compete, with the fittest

advancing.

« Rank-Based Selection: Prioritizes individuals based on fitness rank [77].

4. Crossover

Crossover combines genetic material from two parents to create offspring. This pro-

motes exploration of the search space by merging promising parameter combinations.

22



For example, in uniform crossover, parameters are swapped at random positions [80].

5. Mutation

Mutation introduces random perturbations to individual parameters, preserving ge-
netic diversity and enabling escape from local optima. The mutation rate is typically

low to balance exploration and “exploitation” [79].

6. Termination

The algorithm ends once a predefined stopping condition is satisfied, such as:
e Reaching a maximum number of generations.
o Achieving a target fitness threshold.
« Observing no improvement in fitness over successive generations.

The best parameter set from the final population is returned as the solution [81].
The flowchart of this GA is as presented in Figure 2.1}

Parameter optimization of our model is conducted using the GA implemented in
R via the GA package [82]. This package offers a robust framework for evolutionary
computation, allowing for customizable selection, crossover, and mutation operators
tailored to our model’s parameter space. The implementation leveraged the GA
package’s optimization capabilities to calibrate the model against experimental data,

ensuring an efficient search for the best-fitting parameters.
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Figure 2.1: Flowchart of the Genetic Algorithm used for parameter optimization.
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Pulse-spread Analysis

To determine whether the observed transport dynamics of neurofilaments (including
bi-directionality, pausing, and anterograde bias) in mice is comparable to that in
zebrafish, Bomont’s lab at the NeuroMyoGene Institute (Lyon, France) replicated
the pulse-spread experiment previously conducted in Boyer et al. [I]. However, the
current experiment used a bundle of axons in nerves rather than a single axon as in
[1]. The pulse-spread method is a variation of the pulse-escape technique developed
in [46]. Unlike pulse-escape, which involves photoactivating a short segment of an
axon and studying the movement of activated neurofilaments away from that region
over time, pulse-spread monitors the amount of neurofilaments leaving at both ends
of the activated region. This is achieved by using flanking windows, known as distal
and proximal windows, at each end of the activated region (central window) as shown
in Figure|3.1|[I]. The dynamics of the neurofilaments in these flanking windows were

then analysed over time.

3.1 Pulse-spread model

To analyse pulse-spread experimental data, we use the approach developed in Boyer

et al. [I] (Figure 3.1)). For self-containment, we provide details of their approach.
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Figure 3.1: Pulse-spread experiment set-up. (A) Retrograde transport is di-
rected toward the soma, while anterograde transport is toward the axon terminal.
Their respective fluxes are given by j,. = —v,.p, and j, = v,p., Wwhere v, > 0 and
v, > 0 represent the speeds, and p, and p, denote the neurofilament quantities per
unit length in the retrograde and anterograde directions, respectively. The region be-
tween x, and x; (magenta) represents the central window. To the left of the central
window is the proximal window (dark red), extending from [, to x,, while to the right
is the distal window (sky blue), starting from x4 to l;. Note that [, < x, < x4 < l,.
The fluorescence of neurofilaments within the central window is activated; z, and
x4 are the spatial points where the activated neurofilaments exit the central win-
dow into the proximal and distal windows, respectively. The total fluorescence from
the photoactivated neurofilaments in all three windows is recorded over time. The
variables F,, Fi, and Fy denote the quantities of fluorescent neurofilaments in the
proximal, central, and distal windows, respectively. (B) The plots illustrate an ex-
ample of normalized fluorescence in the respective windows over time F,(t), F.(t)
and Fd<t).

We let x be the location (measured in pm) along the length of the axon at each time
t (measured in min), p,(z,t) and p.(z,t) be the quantity of fluorescent neurofila-
ments moving in anterograde (towards the axon terminal) and retrograde (towards
the soma) direction per unit length and their speed are v, > 0 and v, > 0, respec-
tively. The corresponding fluxes, which are the quantity of fluorescent neurofilaments
passing a point per unit time, are j, = p,(z,t)v, and j, = —p,(x,t)v,, respectively.

Then, the total flux, j(z,t) (measured in (fluorescence)min™!, where fluorescence
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represents the amount of photoactivated neurofilaments), is given by

j(.%’,t) :pa(x>t)va - pT(.f,t)v,, = p(l’,t)’l_), (3'1'1)

where p(z,t) (measured in (fluorescence)um=") is the quantity of all fluorescent
neurofilaments per unit length at time ¢ and o (measured in pm(min)~") is the

average velocity of neurofilaments at a particular location, which is defined as follows
_ pa(T,) _ pr(,t)

v(z,t) = o) Va (D) U = pa(z,t)vg — pr(z, )0, (3.1.2)

The variables p, and p, are the fractions of neurofilaments moving in anterograde
and retrograde direction, respectively.

After photoactivation of neurofilaments in the central window in a pulse-spread
experiment, the amount of fluorescent neurofilaments at time ¢ in the central, proxi-
mal and distal windows respectively are Fi.(t), F,(t) and Fy(t) (Figure 3.1B), respec-
tively.

At the early activation period, the fluorescent neurofilaments exiting the central
window are captured by the flanking windows. So, as the amount of fluorescence
F.(t) declines in the central window, the fluorescence, Fy(t) and F,(t), in the flank-
ing windows have a corresponding increase. The rate of change of photoactivated

neurofilaments in each window is given by

dF. ) .

dt = (ja(l‘da t) - ]T(xpa t)) = _<pa(Ida t)”a + pr(xpa t)vr>’

dF, )

7{0 = jr(xp7t> = pr(xpat)vﬂ

dF, )

d—td =Jo(24,t) = pa(T4,t)v,, (3.1.3)

where p,(z4,t) and p,(x,,t) are respectively, the quantity of fluorescent neurofila-

ments in anterograde and retrograde moving states at the distal and proximal ends
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(i.e. x4 and z,) of the central window as in Figure [3.1] These equations describe the
decrease of fluorescent neurofilaments in the central window per unit time and the
increase of fluorescent neurofilaments in the flanking windows per unit time. From

system ([3.1.3]),
dF, N dF, N dFy
dt dt dt

= 0;

hence, the total amount of fluorescent neurofilaments is conserved over time

Vt =0, F.(t)+ Fy(t)+ Fa(t) = F.(0) = ap(z,0), (3.1.4)

where F.(0) is the total fluorescence in the central window at the time of activa-
tion, a is the length of the central window and p is the quantity of photoactivated
neurofilaments per unit length. Furthermore , based on biological observations, we
assume that photoactivated neurofilaments are homogeneously distributed in space
in the central window; so p(z,0) = p.

Therefore, normalizing the content of each window at a given time by the initial

content in the central window

gives the following

ch . —(pa(a; t)va + pr(Tp, t)vr) _ (Pa(Ta, t)va + pr(Tp, t)Vr)

dt ap a )
de _ pT(‘Tp’t)UT _ pr(xpat)vr

dt ap a ’

dFy _ pa(xd,t)va _ pa(xd,t)va (3 X 5)
dt ap a ’ i

The equations in (3.1.5) are in the form %F with the solution F(¢). Approximating
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these solutions at the photoactivation time ¢ = 0 by a Taylor’s expansion gives,

F(t) ~ F(0) + diéo)t + Ci;g(())t? + . (3.1.6)

Truncating this expansion at the second term from the higher orders gives,

t, (3.1.7)

dF(0)
dt

which is linear in ¢ and the slope = 5. Therefore, S can be estimated from
data in a time frame in which the data follows a linear regime. Note from Figure
that a linear regime is exhibited in data at the early activation period where

there is a decrease in the amount of photoactivated neurofilaments in the central

window. At the same time, there is a corresponding linear increase in the amount

of neurofilaments in the flanking windows. Applying (3.1.5) on (3.1.7]), while noting

that at ¢ = 0 there are no fluorescent neurofilaments in flanking windows, all the

fluorescent neurofilaments are still in the central window. Hence, F,(0) = 1 and

F,(0) = F4(0) = 0, we obtain

) = (o) - ezt TRl D)

r(Tp, 0) 0y
1) ~ By(0) + 20y gy

t=1-S.t,

(e}

13
R

Fut) ~ F4(0) + Wt — Sqt, (3.1.8)

where S, is the slope estimated from the decrease of experimental fluorescence in
the central window, and S, and Sy are the slopes estimated from the increase in
experimental fluorescence in the proximal and distal windows, respectively (Figure
3.1B). Hence, this modelling framework assumes that during the short period fol-
lowing activation - when the estimation of S is performed - there is no change in

neurofilaments kinetics (i.e., no switching between directions of motion or transitions
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into pausing) such that p?(z4,0) = pi(z4) and pi(z,, 0) = pi(z,) where p; and p; are

time-independent values (steady state values) of p, and p, respectively and we have

Pa (Ta)va + pi(xp)vr

=5,
a
Py (p) vy _
a = 5p
pa(?)% = S, (3.1.9)

Then, combining (3.1.2)) and (3.1.9)) gives an estimate of the average velocity
v=a(Ss— Sp) (3.1.10)

and from (3.1.8) the ratio of the quantity of photoactivated neurofilaments moving

in an anterograde and retrograde direction

& _ pi(xd)va

S = pran (3.1.11)

If this ratio is greater than one then more filaments move in the anterograde direction
otherwise more moves in the retrograde direction.

Hence, the model framework developed by Boyer et al. [I] allows to estimate
the directional bias and mean velocity of neurofilaments based on the increase in
fluorescence in the adjacent windows of the photoactivated region. These estimates
are valid at the early time of activation and assumed that there is no change in
the dynamics of neurofilaments - no switching in direction nor between mobile and

pausing states.
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3.2 Data Analysis

3.2.1 Experimental Data

To investigate axonal neurofilaments transport, our collaborators (Bomont’s lab)
employed the pulse-spread method, a fluorescence photoactivation technique that
enables tracking of neurofilaments movement [Il 2, B0]. Neurofilaments were labeled
with a fluorescent marker within a defined central window, and their redistribution
into proximal and distal flanking windows was tracked via time-lapse fluorescence
microscopy. Fluorescence intensity changes in these windows were quantified at high
temporal resolution, with recordings taken every 0.5 minutes for the experiments
comparing central window length, while some datasets (e.g., those involving aging
effects) were recorded every 1 minute.

Due to inherent variability in neurofilaments content among individual axons
[46], fluorescence intensities varied across experiments. To enable consistent com-
parisons, we normalized the fluorescence intensities in each window relative to the
initial intensity of the central activation window at the start of the experiment.
This normalization ensures a standardized assessment of neurofilaments transport
dynamics across different axons [, [46].

We had access to pulse-spread measurements across all windows for 13 to 15
axons, depending on the conditions. We considered the data either individually or
as averaged values at each time point. Fitting can be performed on the averaged
data or separately for each bundle of axons in each fish for each experiment. For this
analysis, we opted for an averaged approach, summarizing the results in an error
bar plot (Figure . The fluorescence at each time point is represented as mean
values with confidence intervals (CI) to account for measurement variability. The
confidence intervals were computed as CI = mean + 1.96 x S—\/%, where SD is the

standard deviation of fluorescence at a given time point, and n is the number of data
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points contributing to the mean (e.g., n = 13). The factor 1.96 corresponds to a

95% confidence level, assuming normally distributed data.
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Figure 3.2: Fitting of averaged fluorescence data. The plot shows the mean
fluorescence intensity across 13 axons at each time point, with orange error bars

representing the 95% confidence interval (mean + 1.96 x %) Gray points are
individual data points, and the black dashed line represents the linear model ((3.1.8])

fitted to the mean data (orange points) to estimate the rate of fluorescence change
due to neurofilaments transport.

The experiment was conducted with varying window configurations to assess the
influence of window length on the quantification of neurofilaments movement, as il-
lustrated in Figure . The central window length (z, — z4 = a) was set to either 5
pm or 15 ym, while the flanking window lengths (I, — z, for proximal and x4 — I 4 for
distal) were varied at 2 pm, 5 pm, 10 gm, and 15 pm. This setup allowed us to eval-
uate how window size affects the capture of fluorescent neurofilaments. To determine
the optimal flanking window length for analysis, we fitted to the fluorescence
intensity data in each window. As the flanking window length increased, the rates of
fluorescence entry (S, and ;) into each window also increased, with the rates for 10

pm and 15 pm windows almost coinciding and fluorescence curves exhibiting a linear
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regime up to approximately 2 minutes, as shown in Figure A, B, D, E. Smaller
windows (2 um and 5 pm) captured less fluorescence, indicating that some activated
neurofilaments already exited flanking windows during the observation period. Using
these smaller windows leads to an underestimation of the neurofilaments transport
parameters [I]. Since the rates in the 10 ym and 15 um windows were equivalent,
we selected the 10 pm (Figure G, H) flanking window for our analysis to ensure

that we did not miss some of the activated neurofilaments from the central window.

3.2.2 Photobleaching Correction

In Bomont’s lab experimental data, addressing the challenge of photobleaching is cru-
cial, as highlighted in [30]. Photobleaching is an inherent limitation in fluorescence-
based imaging, where the fluorescent signal diminishes with time due to the loss
of fluorescence in proteins [83] or due to the reduction of the light intensity of the
microscope used for the experiment.

In our study, this phenomenon poses a specific obstacle: we expect the total
fluorescence of activated neurofilaments within the central window to equal the sum
across all windows at any given time, provided they remain within the central and
flanking windows. However, as time progresses, photobleaching causes a reduction in
observed fluorescence, disrupting this conservation, as shown in Figure [3.3A. Conse-
quently, this affects the reliability of our data, hindering our ability to fit the model
to the data and obtain accurate parameter estimates.

To address this issue, a photobleach correction was essential. We fitted the pulse-
spread data from Bomont’s lab to the photobleach decay equation, vy, = yoe “*,
where yo is the initial fluorescence intensity (at ¢ = 0) in the central window after
activation, w is the unknown bleaching rate, and ¢ is time (Figure[3.3B). This function
is fitted to the total fluorescence in the three windows during the time period in

which no fluorescence has left the flanking windows (blue points in Figure [3.3B,
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Figure 3.3: Photobleaching correction in fluorescence data. (A) Actual to-
tal fluorescence data from proximal, central, and distal windows before correction,
showing the decline due to photobleaching over time. (B) Photobleach fitting: blue
points represent total fluorescence within the first 5 minutes, when fluorescence re-
mains in the flanking windows; green points indicate time points when fluorescence
starts exiting the flanking windows; the red curve is the fitted photobleach decay
model y; = yoe " up to 20 minutes. (C) Corrected fluorescence data after applying
the photobleach correction factor e*!, restoring the expected fluorescence dynamics.

up to 5 minutes). The red curve represents the fitted photobleach decay model.
By fitting our actual data to this equation, we extracted the bleaching rate w and
subsequently applied a correction factor, e*, to the experimental data [T], [30]. This
adjustment effectively mitigates the influence of photobleaching, restoring a more
accurate representation of the fluorescent neurofilaments over time (Figure ,
upto 5 minutes). Beyond 4-5 minutes, it is observed in Figure that the sum
of fluorescent neurofilaments in all windows is less than one. This is because by
that point neurofilaments will have started exiting the flanking windows, so the
sum will be less than the initial amount that was photoactivated in the central
window. Using this corrected dataset, we proceeded with model fitting to estimate

parameter values, ensuring that our results more accurately reflect the dynamics of
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neurofilaments transport.

3.2.3 Estimation of Fluorescence Slopes

To estimate the rates of change—i.e., the slopes (5,, Sg and S.)—of fluorescent neu-
rofilaments content in the proximal, central and distal windows, we fitted the linear
models in to photobleaching-corrected data for individual axons (13 to 15
in total) for all windows, within the time range where the signal exhibited a linear
trend. Rather than presenting individual axon fits, which would be cumbersome,
we summarized the results using the mean and confidence intervals across axons, as
shown in Figurd3.2] This approach allows for a compact yet informative representa-
tion of early transport dynamics across multiple axons. The resulting slope estimates
from the individual axons for the central, proximal, and distal windows were then

extracted and analysed (e.g., Figure .

3.2.4 Results

Our work is a preliminary study aimed at identifying optimal parameters for the
experimental setup. We analysed the pulse-spread data to investigate the behaviour
of neurofilaments in zebrafish, effects of central window length on the quantifacation
of transport dynamics and the effect of age on axonal transport.

The analysis revealed that neurofilaments transport is bidirectional as fluores-
cent neurofilaments were recorded in both proximal and distal flanking windows, as
shown in Figure B. The rates of fluorescence increase in the proximal (S,) and
distal (Sy) flanking windows, along with the rate of decrease in the central window
(S.), were determined by fitting the to the data of 15 axons and presented
(as described in Section in Figure . These rates or slopes quantify the
movement of neurofilaments into and out of each window. Analysis of the 15 axon

bundles revealed that the rate of fluorescence increase in the distal window (S;) con-
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sistently exceeded that in the proximal window (S,), as depicted in the box plots of
slopes in Figure (first row: Sy, Sg, S¢). This indicates that more neurofilaments
move in the anterograde direction (distal) than in the retrograde direction (proxi-
mal). The positive net velocity, calculated using and shown in Figure
further supports this finding. Additionally, the average ratio, computed via ,
exceeds 1 (red horizontal line in Figure Sa/Sp), confirming the predominance of

anterograde movement.

(2]

Distal window Proximal window Central window (5pm)

A B

= =

2220 s £210.0 < 100

S 15.um 7 S 15.um _ -~ 2

o 2 10.ym 4 o 2 10.uym - S 90

w w

515 7 sum 1111 2 75 » sum PR £

w 2.um 5 L 2.um - | = s0

810 7 o 8 5.0 +7 1 | - £

c [ e 27T 4 [ -4 g 70

g t 411 g 7L 8

g s /r 8 25 ,,--+_'{¢l|l| g o

= = i H >

2 T R EEAREEE R,

2 9 2 0.0 L5

'S w

0 2 4 6 0 2 6 0 2 4 6

Time (min) Time (min) Time (min)

D  Distal window E Proximal window F Central window (15um)

=20 £10.0 100

B 15.um P 15.um =

S 2 10.um - o » 10.um g

w w 75

3% » sum -7 _s » 5um € 5

w 2.um - P © 5.0 2.um Y

10 - . o 5. e

e >3 T. To 00 o 2 @

S <27l g 28 )

§ s z;,f $ bbbt N . *5

HRPE | ERUEETTCEEER R & u ol

) 2 ) s - 0 3 ) 3 0 2 P! 3
Time (min) Time (min) Time (min)

Distal window Proximal window central window

100\e »# Central Window (5um)

G H
* BN o
B / ‘3 - = 9, .
g / 3 - S g 7 Central Wwindow (15um)
L5 Lo75 - S
g s 7 - fre $
- =2
It1o 5 5.0 1 g
@ @ 5 \
frites brittptt s Sy
25 +’ @ 25 4? ¢ w0 *
¢ g 4 H AR H
3 0 lf 3 0.0 & o o 0.9 e e E 50 A ~
Iy z v = = == . b
0 4 6 0 2 4 6 0 2 4 6
Tlme (min) Time (min) Time (min)

Figure 3.4: Fluorescence intensity fitting for 5um and 15pum central win-
dows. The plots illustrate the fluorescence intensity dynamics in different window
sizes. Panels A, B, and C correspond to the 5 um central window data fitting, while
panels D, E, and F represent the 15 ym central window data fitting. Panels A, B, D
and E are the data fitting of varying flanking window lengths 2um, 5 ym, 10 gm and
15 um. Panels G, H and I compare the fitting of 5 um and 15 um central window
length and 10 pm flanking window. The error bars indicate the mean fluorescence
intensity + 95% confidence interval from 15 axon bundles at each time point. The
dashed lines represent model fits through the mean fluorescence values.
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Figure 3.5: Pulse spread slopes analysis. This figure compares the slopes of
neurofilaments transport in the proximal (Sy), distal (S,), and central (S.) windows
for central window sizes of 15 um and 5 pum. The ratio of distal to proximal slopes
(Sa/Sp) and the mean neurofilaments transport velocity are also shown for both
conditions. Each black dot represents data from an individual axon. The box plots
indicate the upper and lower quartiles, the median, and the whiskers represent the
minimum and maximum values. The horizontal red line in the S;/S, plot marks a
ratio of 1, highlighting relative differences in transport between the two slopes.

1. Effects of Different Central Window Length

In comparing the effect of the different central window lengths, it can be observed
that the average rate of increase of fluorescent neurofilaments in the flanking windows
is always higher in 5um than in 15um central window length and the rate of decrease
in fluorescent neurofilaments in the central window is relatively higher in 5pum than
in 15um (Figure 3.5 and [B.4)). This confirmed what is alluded to in [I] that longer
central windows provide a greater opportunity for on-track filaments to reside longer

before exiting, resulting in the quantification of a slower departure rate.
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2. Slowing of Neurofilament Transport with Age

An intriguing phenomenon from numerous studies has been the gradual slowing down
of neurofilaments transport over time [I, 37, 84]. According to computational mod-
elling in [3], the slowing of neurofilaments transport in the mouse sciatic nerve may
result from longer pauses or a shift in the proportion of anterograde to retrograde
movement. Additionally, studies indicate that as an organism age, the density of the
microtubule on which neurofilaments are transported decreases, and neurofilaments
take a longer time to find their tract, lengthening the pausing period and decreasing
overall velocity [4]. To determine whether this observation is true for zebrafish, our
collaborator performed pulse-spread experiments on 13 bundles of axons of the fish
at different ages, i.e. 72, 96 and 120 hours post-fertilization (hpf). The amount
of fluorescent neurofilaments in the central window of size 15um and flanking win-
dows of size 10um was quantified and fitted to the respective (3.1.8]). The fitting
described in Section [3.2.3] was applied, and the data exhibited linear behaviour up
to approximately 4 — 5 minutes (Figure . The dashed lines in the figure repre-
sent the linear fits corresponding to the respective windows, based on . The
slopes (Sg, Sy, S.) were extracted and analysed. At 72 and 96 hpf, the distal rate Sy
appears higher than the proximal rate S,. However, within each slope group, there
is no significant difference between 72 and 96 hpf. Furthermore, there is a decrease
in the average distal rate from 1.40min~! to 0.64min~! between 72 and 120 hpf and
the average proximal rate increases from 0.50min~! to 1.45min~!. This has led to
the corresponding decrease in their mean velocities from O.23mm(day)71 to about
—0.20mm(day) " (Figure[3.7). It can also be observed from the central window that
the average rate at which fluorescent neurofilaments leave slows down over the same
period (Table[3.1)). These results confirm that the anterograde bias in neurofilament
transport in zebrafish decreases with age and, in this case, even reverses toward

retrograde dominance. This trend is evident from the average slope ratio (S4/S)),
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which remains above one at 72 and 96 hpf, but drops below one by 120 hpf, as shown
by the red line in Figure [3.7]
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Figure 3.6: Fluorescence intensity fitting at 72, 96, and 120 hpf. Each column
represents data for a specific age group, showing the fluorescence intensity changes
in the flanking windows (top row) and the corresponding central window (bottom
row) over time. The blue and brown markers in the top row represent the distal and
proximal flanking windows, respectively, while the magenta markers in the bottom
row represent the central window. The dashed lines indicate fitted equations. Error
bars represent 95% confidence interval around the mean. Data were collected from

13 bundles of axons, with dots indicating the mean fluorescence intensity at each
time point.
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Figure 3.7 Box plot of neurofilaments transport across developmental
stages. The upper row presents box plots of the slopes Sy, Sp, and S, at different
ages (72, 96, and 120 hours post-fertilization, hpf). Each black dot represents the
slope of an individual axon. The lower row illustrates the ratio of S; to .S, and the
mean velocity across ages. The results indicate that, on average, Sy decreases with
age, whereas S, increases. This trend is reflected in the decreasing S;/S, ratio and
the decline in mean velocity over time.

Table 3.1: The quantitative information collected from the data analysis.

Age (hpf) Sy(min~') S,(min~') S.(min~') S,/S, Mean velocity (mm(day)”")

72 1.40 0.50 241 2.20 0.23
96 1.39 0.32 1.10 1.50 0.26
120 0.64 1.45 1.18 0.4 -0.20
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Modelling Neurofilament

Transport Dynamics

Neurofilaments are cargos of axonal transport that move along microtubules, which
serve as tracks [2]. Neurofilaments can be in either an on-track or off-track state.
In the on-track state, they move in the anterograde (towards the axon terminal)
or retrograde (towards the soma) direction, as illustrated in Figure [I.1] In either
the anterograde or retrograde state, neurofilaments exhibit short bouts of movement
interspersed with brief pauses and can also switch direction. Conversely, in the off-
track state, neurofilaments detach from their track and pause for an extended period
(at least 60 minutes) before reattaching and resuming movement in either direction

21, 13, 46].

4.1 Models for Axonal Transport of Neurofilaments

In our models, we assume that neurofilaments can transition to the off-track state
from either the moving or short-pausing states, and vice versa. Additionally, we
assume that diffusion occurs only in the off-track state. Consequently, we categorize

neurofilaments in the axon into four classes: on-track populations, including the
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anterograde (A), retrograde (R), and short-pause (Ps) populations; and the off-

track population, consisting solely of the long-pause population (Pr), (see Figure

).

D

Ay Yz A Ve
A - “,uz " A Y1

L h e LN R =
a B !

General Model Simplified Model

Figure 4.1: Models of neurofilaments transport in the axon. In the general
model, the Ps compartment represents short on-track pauses lasting less than 30
seconds and is considered a normal part of the moving population. In the simplified
model, the sole pausing compartment P corresponds to the P; compartment related
to long off-track pauses in the general model. The transition rates are defined as
follows: a; and as govern switching between R and Pg; A; and Ay govern switching
between R and P, or P; uy and us govern switching between Ps and Pr; £ and s
govern switching between Ps and A; v, and 7, govern switching between A and P,
or P; /1 and ¢y govern direct switching between A and R; D is the diffusion rate;
and v, and v, are the retrograde and anterograde velocities, respectively.

In the general model of Figure [4.1] the variables P and Pg represent the long
and short pausing states, respectively, while A and R denote the anterograde and
retrograde moving states with velocities v, and v,. The diffusion constant D applies
to off-track neurofilaments. We assume that microtubules (tracks along which motor
proteins transport neurofilaments) are arranged in parallel, allowing the dynamics of
neurofilaments movement to be modelled in one dimension; hence, the general model
is considered on a one-dimensional spatial domain and x represents the position along
the axon, with z = 0 at the soma and x = L at the axon terminal, where L is the
axon length. All state variables have units of population (quantity of neurofilaments,
which is proportional to fluorescence), x is measured in pm, v, and v, in um(min)fl,

and D in pgm?(min) ™"
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Table 4.1: Variables and parameters used in the models. The table lists all
variables, parameters, their definitions, and units in the models.

Variables Definition Units
A Population of neurofilaments in anterograde motion Population
R Population of neurofilaments in retrograde motion Population
Ps Population of neurofilaments in short pausing state  Population
Py Population of neurofilaments in long pausing state Population
P Population of neurofilaments in pausing states Population

Parameters Definition Units
D Diffusion rate pm?(min) !
Vg Velocity of neurofilaments in anterograde motion ,u]rn(min)f1
Uy Velocity of neurofilaments in retrograde motion ,um(min)_1
o Rate of switching from R to Pg min !
Qo Rate of switching from Ps to R min !
Iost Rate of switching from Ps to A min !
Ba Rate of switching from A to Pg min~*
" Rate of switching from A to P, min~—*
Yo Rate of switching from P;, to A min~!
M Rate of switching from R to Py, min~!
Ao Rate of switching from Pj, to R min~!
L1 Rate of switching from Pg to Py, min~!
7P Rate of switching from P;, to Py min !

A Rate of direct switching from R to A min~!
Uy Rate of direct switching from A to R min !

The spatial transport dynamics are modelled using partial differential equations
that distinguish between diffusive and advective processes. We assume long pausing

neurofilaments undergo diffusion described by %—IZ = Da;T];, where D is the diffusion

constant. Mobile populations exhibit advective transport: anterograde neurofila-

ments follow % = —va% and retrograde neurofilaments follow % = vr%, where v,

and —uv, are the respective transport velocities along the spatial coordinate x. The

full equations of the general model from Figure 4.1] are:

0Ps

= = (ot Bt ) Ps + P+ ad R+ fhA,
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oP 0*P
LID L+M1PS—(72+)\2+MQ)PL+>\1R+’71A,

ot ox?

0A 0A

o = _Ua% + 51Ps + v P, — (B2 + M)A,

OoR OR

E = UT(}? + CYQPS + )\QPL — (a1 + )\1)R (411)

All variables and parameters are listed in Table and considered non-negative.
To achieve a manageable framework for analysis, we simplified the general model
by reducing the number of parameters and variables while preserving key dynamical
properties. Based on previous findings [46], 57, 85], which indicate that neurofila-
ments pause on-track (Pg) for an average of 30 seconds and off-track (Pp) for at
least one hour, we assume that short pauses (Ps) are an inherent aspect of the ac-
tively transported populations (A and R). Therefore, the anterograde and retrograde
short-pause states (Ps) are incorporated into the A and R populations, respectively,
while the long-pause state (Pp) is retained as a distinct pausing compartment (P)
representing off-track neurofilaments. This aggregation is reflected in the simplified

model shown in Figure [4.1] The equations of the simplified model are:

0P o*pP

E = DW — ()\2 + '72)P + AlR + '71147

0A 0A

5 = —Ua% + ’}/QP + glR — (62 + 71)14,

OR 0R

E = ’Uraix + )\QP — (/\1 + EI)R + EQA (412)

The spatial domain representing the axon is 0 < x < L. At the boundaries z = 0
(soma) and x = L (axon terminal), we assume zero flux of neurofilaments. The

boundary and initial conditions for the simplified model are defined as follows:

« Boundary Conditions: We assume that there is no flux of neurofilaments
at the boundaries. For the pausing population P, which undergoes diffusion,

and the moving populations A and R, which are advective, the homogeneous
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Neumann boundary condition (zero flux) is applied:

&j
ox

_oa
2=0,L ox

_0R

e ——)
2=0,L ox

z=0,L

o Initial Conditions: At ¢t = 0, the neurofilaments are distributed in the axon
according to a continuous function f(z). Hence, P(z,0) = Byf(z), A(z,0) =
Aof(z), and R(z,0) = Ry f(x), where Py, Ay and Ry are the initial amount of

P, A and R of total neurofilaments in its respective compartment.

After developing the simplified model, we derive four sub-models: one focusing on
pure transport of neurofilaments in the pulse-spread protocol, assuming negligible
exchange during this period [2], another focusing on pure exchange between compart-
ments and the last being a transport-exchange (reversible and irreversible pausing)
model. The pure transport model extends the classical Boyer’s pulse-spread model
[1], presented in Chapter , which describes movement in the linear phase without
accounting for changes in neurofilaments dynamics or a pausing population. Unlike
Boyer’s model, our formulation explicitly incorporates pauses and explores the fit of
the model beyond the linear phase. The pure exchange model isolates the switch-
ing dynamics between compartments, independent of spatial transport. Rather than
pulse-spread protocol, which explores the dynamics of photoactivated neurofilaments
out of a segment of the axon over a short period of time, the pure exchange model
considers fluorescent neurofilaments homogeneously distributed over the entire axon
and investigates the dynamics of their motile and non-motile states over a long time.
This is due to the fact that the impact of reversal between anterograde and retro-
grade states is felt over a long time [2] and off-tract pausing of neurofilaments takes
a long time to go on-tract. The separation of the pure exchange model enables us
to examine whether the exchange process exhibits stable repartition between the

motile and non-motile states, its resilience (time to recover from perturbations) and
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reactivity (whether perturbations are amplified before stabilizing). The transport-
exchange model examines the effect of transitions between on-track and off-track
states on the pure transport model, to determine whether incorporating exchange
dynamics impacts the model’s ability to capture neurofilaments dynamics. By so
doing, we aim to better understand the roles of transport and exchange in shaping

the distribution and dynamics of neurofilaments in axons.

4.2 Pure Transport

To extract information about neurofilaments dynamics over short timescales (seconds
to minutes), we analyse their early behaviour following photoactivation. During this
period—from the moment of photoactivation in the central window until the fluo-
rescent neurofilaments begin to exit the flanking windows—we assume no exchange
occurs between the anterograde (A), retrograde (R), and pausing (P) compartments.

This assumption is supported by experimental findings: the reversal rate between
A and R is extremely low over short timescales [86], 87, 88|, and neurofilaments that
pause off-track remain immobile for prolonged durations, often on the order of hours
[46, 57, 85]. Consequently, in the context of pulse-spread experiments, switching
between compartments is negligible. This implies that neurofilaments either undergo
directed transport (anterograde or retrograde) or remain in the pausing state.

Previous studies (e.g., [I]) have established that active transport is the dominant
mechanism responsible for the observed movement of fluorescent neurofilaments into
distal and proximal regions, while diffusion is negligible under these experimental
conditions.

To describe neurofilaments dynamics along the axon, we introduce a general
function f(z) representing the initial spatial distribution of neurofilaments across

different transport states in the entire axon. Thus, the system (4.1.2)) for the general

46



distribution case takes the form:

25)207 P(.T,O)Zpof(m),

0A 0A

E = _UQ%7 A(JI,O) = AOf(x)J

OR 0R

o = Ura R(z,0) = Rof(x). (4.2.1)

Here, P(x,0), A(z,0), and R(z,0) are the initial conditions representing the reparti-
tion of fluorescent neurofilaments in the pausing, anterograde, and retrograde states,
respectively. The constants Py, Ay, and Ry represent the "proportions" of fluorescent
neurofilaments in the pausing, anterograde, and retrograde states, respectively. For

generality, the dimensionless or normalized function f(x) satisfies:

Fw F@)do = 1.

Note that for the pure transport model, the spatial domain is assumed to be un-
bounded.

In the specific case of pulse-spread experiments, f(z) describes the initial distri-
bution of photoactivated neurofilaments in the central activation window and takes

the form of a smoothed step function to represent the photoactivation region:

1 1
flw) = <1 + exp (—h(z — xp)) 1+ exp (—h(x — xd))> ’ (4.2.2)

where z,, and x4 are fixed parameters defining the boundaries of the photoactivation
region (central window), as illustrated in Figure . Specifically, z, = 15 um and
xq = 30 um correspond to the proximal and distal edges of the central window, and

h controls the steepness of the transition.

47



At time t = 0, the total fluorescence in the central window is given by:

o0

Fe(0) = f [Pof(x) + Aof(2) + Rof ()] da (4.2.3)

—00

- f [P° (1 Foxp <—1h<x —2,))  L+exp <—1h<a: - xd»)

1 1
e (1 +oxp(—h(z—z,)) 1+ exp(~hlr - xd>>)

o <1 T oxp (—1h<x —2p))  1+exp <—1h<$ B fﬂd>>> ] "

Tq 1 1
- f (Fot Ao+ Bo) (1 Foxp(h(z 1)) 1+ exp(“h( xd») o
— (Py+ Ao + Ro) f Y b da. (4.2.4)

Thus, we define:

Py+ Ayg+ Ry =N,

where N = F%(O)
Tqg—Tp

represents the initial total quantity of fluorescent neurofilaments
per unit length in the central window at the time of activation.

This approach enables us to gain insights into the nature of transport in photoac-
tivated neurofilaments. Specifically, it allows us to estimate key parameters such as
the anterograde velocity (v, ), retrograde velocity (v,), and the “proportions” of pho-
toactivated neurofilaments that are pausing (F,), moving anterogradely (Ap), and

moving retrogradely (Ry). These estimates are crucial for determining whether the

proportion of pausing neurofilaments is significant.

4.3 Pure Exchange

Neurofilaments reversals between anterograde and retrograde states are rare over
short timescales, with estimated rates below 1 x 107*s™! [2 86| 88]. Additionally,

off-track neurofilaments often pause for extended periods, typically hours [46, 57, [85],
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Figure 4.2: Inmitial distribution of photoactivated neurofilaments in the
pulse-spread experiment. The plot shows the setup at the start of the exper-
iment, where the proximal window (0 — 15pum) and distal window (30 — 45 pm)
contain no photoactivated neurofilaments, while the central window (15 — 30 um)
contains all the fluorescent neurofilaments, as defined by the function f(x) (4.2.2)).

suggesting that switching events significantly influence neurofilaments organization
over long periods rather than short timescales (seconds to minutes). Consequently,
instead of relying on a pulse-spread protocol, which captures dynamics over brief
intervals, we focus on a pure exchange model across the entire axon over extended
timeframes.

The simplified model incorporates both spatial transport (via diffusion D
and velocities v,, v,) and state transitions (via rates A, Ao, 71, Ve, {1, ¢2). However,
this simultaneous consideration of transport and exchange complicates the analysis of
exchange dynamics in isolation. To address this, we consider the relative timescales:
by assuming that in extended time, transport rates (D, v,, v,) are significantly slower

than switching rates (\;, i, ¢;), the spatial transport terms become negligible. Under
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these assumptions, the following system describing pure exchange dynamics is:

dP

% = —()\2 + ")/Q)P + ’YlA + )\1R,

dA

a YoP — (by + 11)A+ (R,

d

d]: = MNP + A — (M +01)R, (4.3.1)

considered with initial conditions P(0) = 0, A(0) > 0, R(0) = 0.

Analysis of this system looks at how the steady state of neurofilaments is dis-
tributed among the three states and how variations in switching rates influence
dynamics. Key questions include: What is the steady-state distribution of neurofila-
ments across P, A, and R? How do changes in switching rates affect this distribution?
This approach provides insights into the long-term organization of neurofilaments,

complementing short-timescale transport studies.

4.4 The Transport-Exchange Models

Building on the insights from Section and the sensitivity analysis presented in
Figure m (b), we observe that the effects of exchange rates between anterograde
(A) and retrograde (R) compartments, ¢, and (s, are negligible under the conditions
studied (see light colour in Figure. This is further supported by the experimental
constraints of the pulse-spread experiment, which is limited to less than 20 minutes.
Within this timeframe, the off-track pausing population, requiring a minimum of 60
minutes to return on-track [46] 57, [85], remains stationary and does not contribute
to re-entry dynamics. Consequently, the return parameters v, and Ay can be ignored,
leading to two transport-exchange models that extend the pure transport model and

refine the simplified model (4.1.2)).

The first model, the transport-exchange model with irreversible pausing is for-
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mulated as follows, as illustrated in Figure 4.3}

oP 0’P

— =D +mA+ MR, P(x,0) = Rf(x).

0A 0A

=7 = s A A,0) = Aof(w),

OR oR

S =uss = MR, R(@,0) = Rof(a). (4.4.1)

Here, 79 and Ay are negligible (depicted in light colour in Figure , indicating no
return from the pausing state P to A or R.

Alternatively, we explore a second model, the transport-exchange model with
reversible pausing, where diffusion (D) is negligible, and 5 and A are small but non-
zero, acting as perturbative effects. This model, shown in Figure [4.3] incorporates

these transition terms and is given by:

oP

7at = *()\QJF”}/Q)P“F’YlAJF)\lRa P(ZL‘,O) =P0f(l'),

0A 0A

=7 = aa— TP —mA A,0) = Aof(),

oR oR

o = Ura t WP MR R(x,0) = Rof (). (4.4.2)

In this case, 75 and Ay in Figure represent minor returns from P to A and
R, respectively. The parameter definitions, initial, and boundary conditions of the
simplified model apply to both models.

These models enable us to investigate whether incorporating transition terms en-
hances their ability to capture neurofilament dynamics compared to the pure trans-
port approach, providing a foundation for evaluating their efficacy in representing

experimental observations.
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Figure 4.3: Transport-exchange Models. The diagram is derived from the sim-
plified model illustrating the flow between anterograde (A), retrograde (R),
and pausing (P) states, advection and diffusion. In the irreversible pausing, the light
colour transition (¢1, £, 2 and Ag) are assumed to be negligible, indicating no return
of pausing population to mobile states, resulting in . While in the reversible
pausing, ({1, {> and D) being negligible, which gives (4.4.2)).
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Mathematical Analysis

In this chapter, we present the analysis of the four models derived from the simplified

model (4.1.2)).

5.1 The Pure Transport Model

5.1.1 Solution

The pure transport model, as defined by , assumes no exchange between
the anterograde (A), retrograde (R), and pausing (P) compartments over short
timescales following photoactivation. The initial spatial distribution f(z) (4.2.2)
in this context, is modelled using a step function to represent the photoactivation
profile. Utilizing the method of characteristics (detailed in Section for the
advective states and direct integration for the pausing state, we derive the following
expressions for the spatial and temporal distribution of fluorescent neurofilaments

post-photoactivation:

1 1
Pt = P =) T e i)

53



1 1
Alet) = Ao <1 +oxp (—h(e — vt —,)) 1+ exp(~h(e —vat - xd>>> |

1 1
Rz, t) = Ry (1 +exp (—h(z + vt —x,)) 1+ exp(—h(z+ vt — J;d))> - (5:11)

Here, the unknowns to be estimated are the initial population partitions Fy, Ag, and
Ry, as well as the velocities v, and v,. The parameters h, z,, and x4, which define
the central photoactivation window (e.g., z, = 15um, x4 = 30 um, h = —50) as
illustrated in Figure |5.1] are fixed based on the initial conditions and experimental
setup. This formulation in describes the spatial distribution of neurofilaments

following activation, with the sigmoid terms reflecting the initial photoactivation

profile constrained within the central window.

P0+ AG +R.D=N
)

Figure 5.1: Schematic of Pure Transport in Photoactivation. The diagram
illustrates the initial distribution of photoactivated neurofilaments across the axon,
with the total population Py + Ay + Ry = N confined to the central window (z,
to x4, e.g., 15-30 um). Neurofilaments move anterogradely (M) and retrogradely
(M,) into the distal (z4 to l4, e.g., 30-45 pm) and proximal (I, to z,, e.g., 0-15 pum)
windows, respectively, while M. represents the remaining population in the central
window. Arrows indicate the direction of transport.

To estimate the free parameters P, Ag, Ry, v, and v,., we calibrate the model so-
lutions ([5.1.1)) against experimental data (Average, normalise and photbleaching cor-

rected) from Bomont’s lab pulse-spread experiments, which capture neurofilaments
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dynamics over time post-photoactivation. Since the data are limited to temporal
measurements, we focus on a time-dependent observable by minimizing the error
between predicted and observed distributions. This process involves initializing the
model with fixed parameters h, x,, and z4 from the photoactivation setup, then it-
eratively adjusting the parameters using a GA optimization technique to best match
the data. As illustrated in Figure post-photoactivation, neurofilaments disperse
into the proximal and distal windows due to retrograde and anterograde transport,
respectively. To quantify this dispersion over time, we integrate over the
respective spatial domains, defining M.(t), M,(t), and My(t) as the photoactivated
neurofilaments quantities in the central, proximal, and distal windows at time ¢,
respectively . This calibration, detailed in subsequent sections, ensures that
the model accurately captures the temporal dynamics observed in the experiment.
At the time of photoactivation, all neurofilaments—represented by P(x,t), A(x,t),
and R(x,t)—are initially confined to the central window (x, to x;) and contribute
to the photoactivated neurofilaments amount within the central window. As time
progresses, photoactivated neurofilaments in the anterograde state A(x,t) and ret-
rograde state R(z,t) redistribute and contribute to the fluorescence amount in the

distal and proximal windows, respectively. Thus,

(Td

M.(t) = | [P(z,t)+ A(z,t) + R(x,t)] dx,
Mot) = [ Al t) de.
M) = [ Bt de. (5.1.2)

These integrals, which involve complicated functions, lack explicit analytical solu-
tions, necessitating numerical methods. We employed the ‘integrate‘ function in R

[89], which efficiently computes definite integrals over specified ranges.
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This approach enable as to calculate the amount of neurofilaments in each win-
dow at a given time, and then fitting (5.1.2)) to the experimental data ensures the

estimation of model parameters.

5.1.2 Data Fitting

To estimate the free parameters v,, v, Py, Ag, and Ry of the model(4.2.1)), we fit

(5.1.2)) to our normalised and photobleaching-corrected experimental data as follows.

1. Objective Function

To establish a rigorous comparison between our model and experimental data, we
designed an objective (fitness) function that quantifies the fit quality. The model
quantifies the amount of activated neurofilaments in each window across time, as
described in (5.1.2)). To ensure good fit between the model and experimental data,
we define an error term based on fluorescence values obtained after photobleach
correction.

The objective function is the sum of squared errors (SSE) between the corrected
experimental data and model outputs. Specifically, if the experimental data at time
t; is denoted as F'(t;) = (Fy(t:), Fp(t;), Fe(t;)) and the corresponding model output
is M(t;) = (Ma(t;), My(t;), Mc(t;)) (e.g., as defined as in (5.1.2)), the error function

can be defined as:

Error = z": |F(t;) — M(t:)]?

i=1
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Minimizing this error optimizes the parameters, enhancing the model’s ability to

capture the temporal dynamics of neurofilaments distribution across windows.

2. Genetic Algorithm Optimization

We used a GA, as described in Section [2.3.1] to optimize the model parameters.
The GA iteratively generates new candidate solutions through crossover and muta-
tion, evolving the population toward an optimal parameter set that minimizes the
SSE (5.1.3). This method effectively navigates complex, multidimensional parameter

spaces, avoiding local minima and ensuring a robust fit to the experimental data.

5.2 The Pure Exchange Model

We analyse the pure exchange model (4.3.1]), which focuses on state transitions be-
tween pausing (P), anterograde (A), and retrograde (R) neurofilaments populations,

neglecting transport terms:

dP

E = —(/\2 + ’YQ)P + ’)/114 + /\1R,
dA

E = ")/ZP — (62 + ’Yl)A + glR,
dR

E = AQP + EQA - ()\1 + gl)R,

with non-negative initial conditions P(0) = 0, A(0) = 0, and R(0) > 0.

5.2.1 Conservation and System Reduction

The total population of neurofilaments remains constant over time (¢ > 0):

dP dA dR
) 2.1
at at a7 (5:2.1)
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Integrating with respect to time yields:

P(t)+ A(t)+ R(t) = K, t=0, (5.2.2)

where K is the total initial neurofilaments population. Substituting R(t) = K —
A(t) — P(t) into (4.3.1]), the system reduces to:

dP

P —(Ao+ 72 +FA)P+ (1 — M)A+ MK,

dA

— =(e—t)P—(bL+bL+n)A+ LK. (5.2.3)
dt

5.2.2 Non-Dimensionalization

To simplify analysis, we non-dimensionalize the system using a change of variables:

P(t) A(t)

p(1) = == alr) = =~ (5.2.4)

where T, = and 7, p, and a are dimensionless variables. Substituting into

1
Az+v2+A17

(5.2.3), the system becomes:

d

L —p +na+ b,

dr

da

= &p — pa + d, (5.2.5)

where the dimensionless parameters are:

At 4 M =M\ Yo —

Y L N R Lk H
)\24—’72-1—)\17 )\2+’72+)\17 g /\2-1-’72-1-)\1 )\Q+’72+)\1

b+t
s A+ 72+ A
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This linear system can be written in matrix form as:

!/

= + , (5.2.6)

where the coefficient matrix is:

B= . (5.2.7)

The system is linear, autonomous (with constant coefficients), and non-homogeneous,
ensuring a unique solution for any initial condition p(7y) = po, a(79) = ag, where

Do, ap € [0, 1], due to the continuity of the system and its derivatives.

5.2.3 Equilibrium, Reactivity, and Resilience

We assess the system’s dynamics by examining its equilibrium, resilience (rate of
return to equilibrium following a perturbation), and reactivity (potential for per-
turbation amplification). Understanding these properties is critical to evaluate the
model’s ability to maintain a stable distribution of neurofilaments states under bio-
logical variations, such as changes in switching rates, which are influenced by cellular

conditions.

1. Equilibrium and Stability

Theorem 5.2.1. The system (5.2.6) has a unique equilibrium 7* = (p*, a*) =

(’ﬁ)jgnd, %), which is (globally) asymptotically stable.
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Proof. The equilibrium is found by setting g—f =0 and % =0:

1 b
L T S B Y (5.2.8)

§ —ul|a d
The determinant of the coefficient matrix in ([5.2.8]) is:

Ml + 71 +72) + Al + Lo+ 71) +92(ly + b)) + 0y
()\1 + Aoy + ”)/2)2 '

p—E&n =

Since all transition rates (A1, A2, V1,72, £1,¢2) are positive, the denominator and
numerator are positive and det(B) = u — &n > 0. Hence, there exists a unique

equilibrium 7* = (p*, a*):

(v, a*) = <ub+nd §b+d)
’ pw—=&n p—=E&n

( (ly +71)M + b

Ml + 71+ 72) + Aol + by +71) + 2 (b + o) + b1y
YA + (A2 + Y2)l >

Ml + 71 4 72) + Xo(l + by +71) + 72 (b + o) + i )

(5.2.9)

This equilibrium is non-negative and 7* € [0, 1] x [0, 1].
To assess the stability of the equilibrium point defined by ((5.2.9), we analyse the
sign of roots of the characteristic polynomial of B (5.2.7)), given by:

N+ (T A+ (n—¢€n) = 0.

Using the Routh-Hurwitz criterion (see Section [2.1). Given that p > 0, we have
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1 4+ p > 0 and as established above p — &n > 0. With both coefficients positive,
the Routh-Hurwitz criterion states that all eigenvalues of the characteristic equation
have negative real parts. For a linear system with a unique equilibrium, this result

guarantees (global) asymptotic stability of the equilibrium ([5.2.9)) (see Section [2.1.1]).

]
The steady-state adimensionalized distribution of neurofilaments is (p*, a*, r* =
1 —p*—a*):
P = (la +71) M + mls
(M A+ 72) (G + Lo +71) = (v2 = ) (71— A1)
. _ T2A1+ (A2 +72)0
M+ A2 +72) (0 + b+ 1) — (2 — ) (n — M)
14 Ao+ 4
= (6 + 1) + b2 . (5.2.10)

AL+ +72) (b + Ll +71) — (72— ) (1 — A1)

Research data from the axons of newborn mice and rats, as analysed by Li et
al.[2] based on studies by Alami et al. [90] and Trivedi et al. [46], indicate that
approximately 60-80% of neurofilaments are in a pausing state, reflecting a significant
off-track population. This observation is further supported by Li et al.[46], that
neurofilaments spend approximately 92% of their time pausing. This suggests that
the extent of pausing is a key factor influencing their overall transport efficiency
and distribution along axons. To model this biological phenomenon, we assume a
steady-state dominant pausing population, where the pausing proportion p* exceeds
the combined proportions of the anterograde a* and retrograde r* states. This
assumption is imposed to align the mathematical model with empirical evidence.

This implies that for a higher pausing population (p* > a* +7*) to exist, the steady-

state from ([5.2.10]) yields (Al_ii\)l(%éz;%)i,(\?zl_wyl > 1, which imposes the following

constraints on the system parameters:

1. High transition rates into pausing (y1, A1 » 72, A2), reflecting biological preva-
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lence of pausing in neurofilaments.
2. Balanced anterograde-retrograde switching (¢;, f3 not dominant), ensuring pro-
longed pausing.
2. Resilience

Resilience is the rate at which the system returns to stable equilibrium after a pertur-
bation [91], is determined by the eigenvalue of B (5.2.7)) with the largest (maximum)

real part (see Section [2.1.3)). The eigenvalues of B are:

o~ ) £ /(4 p)? — A= &)
1,2 5

Since p—&n > 0, the discriminant (1+ )% —4(u—£&n) < (1+ u)?, and the eigenvalues
are real and negative (as proven in Theorem [5.2.3)). The eigenvalue with the largest

real part is:

o )+ /(4 p)? =4 —En)
L 2 .

Resilience is defined as R(7*) = —Re(A\P) = —\5:

R(ﬂ'*) _ (1 + :U’> — \/(1 —;M)Q — 4(“ — 577)

Substituting the dimensionless parameters:

()\1+/\2+€1+€2+’71+’72)2

M F+Xe+0+lb+v+7)— —4[(61 + by 4+ 71) (A1 + A2 + 72)

N e -]
2(A1 + A2 +72)

R(m*) =

This represents the neurofilaments system’s ability to rapidly restore its equilib-

rium through antagonistic processes: anterograde vs. retrograde switching rate, and
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off-track pausing vs. on-track rate processes. The higher the value, the shorter the
equilibrium restoration time.

The average return time to equilibrium is given by ;—%, which decreases with
higher resilience, reflecting faster recovery from perturbations such as cellular stress

or molecular changes in neurofilaments dynamics.

3. Reactivity

Reactivity measures the initial amplification rate of perturbations [72]. A system is
non-reactive if perturbations decay monotonically (see Chapter . Then matirx
H(B) is:
-1 n+&)/2
) - i
(n+8)/2  —n

with eigenvalues:

i _ —( ) /4 p)? = (e =+ )

1,2
’ 2

Reactivity is R(B) = )\f(B), where:

\HB) _ —(1+p) + /(L + p)? — (4 — (n +€)?)
L 2

The system is reactive if /\f(B) >0, i.e.

VI 2 ==+ >1+p = 4dp<(n+)>
Substituting pu, 7, and &:

A0 +b+y) M+ X +7) < (2=l +71— M)
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We let,

A = 4(61 + 62 + ")/1)()\1 + )\2 + '}/2) — ('}/1 + vo — 61 — )\1)27
= 2’}/1’}/2 + 471)\2 + 461)\2 + 462)\1 + 4€2A2 + 4€2’)/2 + 261)\1

hence,
o if A > 0, the inequality is false and the system is generally non-reactive,
o if A <0, the inequality is true and the system is generally reactive.

Given that the positive terms are typically large due to the factor of 4 or 2, while
the negative terms are squared and may be small under typical biological conditions,
this inequality is unlikely to hold. Thus, the system is most likely to be non-reactive,
with perturbations decaying monotonically.

The lack of reactivity indicates that the system is self-regulating and resistant to
disruption, protecting axonal integrity and preventing harmful buildup of neurofila-
ments. Moreover, the monotonic decay of perturbations means that any temporary
imbalances are quickly corrected through the coordinated action of anterograde, ret-

rograde and pausing exchange rates.

5.3 The Transport-Exchange Model

5.3.1 Solution of Irreversible Pausing Model

Just like in the pure transport model, we also need to solve and restructure the model
(4.4.1)) in order to fit it to our data. In that regard, to solve (4.4.1]), we assume that

diffusion in pulse-spread is negligible, D = 0, and apply the method of characteristics

from Section to the equations governing A and R, which are first-order linear

64



PDEs. We obtain solutions for A(x,t) and R(x,t), and then plug these solutions

into P(x,t) and integrate the results. The resulting solutions are

Az, t) = Aof (z — vat)e ™,

R(x,t) = Rof(z + v,t)e ™1,
¢

P(z,t) = P(z,0) + Jo (MmA(z, 7) + M R(x, 7)) dr, (5.3.1)

1 1
where f(x) - <1+eXp(—h(J¢_ﬂ?p)) B 1+exP(_h(x_Id))> '

These solutions describe the spatiotemporal evolution of the neurofilament pop-
ulations. To facilitate the model fitting to our data, we adapt by integrating
the solutions over a spatial window, as expressed in , reducing it to the depen-
dency on time alone. This temporal formulation allows us to estimate the unknown
parameters (Uq, Uy, 71, A1, Po, Ro, and Ap) through GA model fitting, utilizing the
error minimization approach outlined in .

5.3.2 Steady State of Irreversible Pausing Model

Having looked at the short-time dynamics of the model (4.4.1)), by fitting it to pulse-

spread data, we will also want to study its steady state behaviour. At equilibrium, the

time derivatives vanish. Therefore, we set %—f =0, % = 0, and % = 0. Substituting
into (4.4.1)), we obtain:
o*P
dA
0=—v,—— — 1Ay, 5.3.3
dR
0=uv, — MRy, 5.3.4
v dx 1o ( )

where Ay (), Ry(z), and Py(x) represent the steady-state populations.
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Solving (5.3.3) and (5.3.4)), we get:

dA _M,
Y (5:35)
dR A Mg,

TR = Ra(w) = G (5.3.6)

Recall the boundary conditions

dA.,
dx

x=0,L

and apply to Ay (x) = Cle*%x:

dAqy

% 201 =0 = AOO(.T)EO

=0

Similarly, ¥=| =, = 0= Ry(z) = 0.

Plug A, = Ry, = 0 into ((5.3.2))

d> P d’P,, d’P,,
OZDdO;2 +")/1AOO+)\1ROOZD d;c2 = daj‘z = 0.

So, the general solution is:

Py(x) = mx + c.
Apply our boundary conditions:

dP, dPy
- © —m=0 —2
dx z=0 z=L

= m = 0= P,(x) = ¢ = constant.

Hence, Ay (z) =0, Ry(z) = 0 and Py(x) = N.
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Under these assumptions, the steady-state solution reveals that the anterograde
(A) and retrograde (R) populations diminish to zero, while the pausing population
(P) reaches a value equal to the initial total neurofilaments amount per unit length

N across the domain, reflecting a complete halt of active transport in the axon.

5.3.3 Steady State of Reversible Pausing Model

On the other hand, assuming the case where only diffusion is negligible while 7,
and Ay are small but non-zero, instead of completely negligible, means that they
act as perturbative effects (see Figure . Therefore, the equations of the system
describing the equilibrium state of are

0= *()\2 + ’)/Q)Poo + ’Yleo + )\1R007

dA
0= —vaa—x‘” + 9P — V1 Ao, (5.3.7)
dR
0=0v,—2 4+ MNP, — \Ry.
or

Here, P, Ay, and R, are functions of z, and all parameters (A1, A2, V1, V2, V4, Uy) are
constants. The first-order spatial derivatives% and dg% represent the spatial rates
of change of the anterograde and retrograde populations along the axon, respectively
(5.3.7). Since there are no diffusion terms, the steady-state system reduces to a

boundary value problem with first-order spatial dependence. Hence, we solve it as

follows:

(A2 +72) Py = MR + 711 A, (5.3.8)
dA
UaT;O = Y2 Py — '7114007 (539)
d
A Ry - APy (5.3.10)
dx

From (5.3.8)), we can express P in terms of A, and Ry:
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_ MRy () + 1Axp(x)
A2 + Y2 .

Substitute P into (5.3.9) and (5.3.10) to eliminate P,, gives two coupled first-
order linear ODEs:

Py (z)

dA

Va(A2 + 72) d;o = YA Ry — 71 A2A
dR

v (A2 + 72) dxoo = M7 Ry — A1 As

This can be written in matrix form as:

d (A L [ e 4,
= = | e : 5.3.11
d,f Roo (Az + ’}/2) 72371 )\11)7:/2 ROO ( )

with the coefficient matrix M:

1 —Y1A2  Y2A1
M=—— Yo Y
(A2 +72) | 2em e
Uy Uy

To solve (5.3.11f), we need the eigenvalues and eigenvectors of M. The character-
istic equation of M is:

det[M — ulI] =0,

with

b= (e ) (oot ) () i)

The eigenvalues of M are

)\1721)a - 71/\2%
VaUr (A2 + 72)

lu1:07 Mo =

Y
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1 1
with the corresponding eigenvectors and

712 Va
Y21 vy

Hence, assuming :g—f\‘j # ¢, the general solution of ([5.3.11) (see Section [2.1.1]) is:

(see details in Appendix |A)).

A(2) =q ! el + ¢ ! eh?®.
A o
Reo(2) oA "

Substituting Ay (z) and Ry () into Py (z), the general steady-state solution is

A (x) = ¢1 + coet?®,

Y12 Vg
R = + cp—et*?,
o(T) = -y Co UTe
am <—§§ + 1) + 0 (Al—gi + ’yl> ezt
P (z) =

, 5.3.12
A2 + 72 ( )

where ¢; and ¢y are constants determined by boundary conditions:

dA,
dz

Tl —
: )
2=0,L dx

xz=0,L

This gives co = 0 and ([5.3.12)) becomes (see details in Appendix
Ay (x) = ¢,

Y1 A2
R fr—
OO(x) “ ’72)\1’

P 171 (% + 1)
(@) = A+

Since the total neurofilaments population is conserved over time, the sum of the

steady-state proportions Sé Py (z) + Ax(x) + Ry (z)dz must equal the total initial
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population (z4 — z,)N. Substituting the expressions, we get

A
am (7; T 1) A2 (T4 — )
A2 + 72 Yo A1 L

(xg—xp)Ny2 A1
[v1 (A1 +A2)+y2A1]L°

and solving for ¢, ¢; =
Hence, the steady state repartition of neurofilaments in axons assuming a re-

versible pausing is

(iEd - ifp)N%)\l

A =
OO(:E) [’}/1()\1 + /\2) + 72)\1][17
(g — xp)N71>\2
R —
OO(IE) [’}/1 ()\1 + )\2) + ")/2)\1]L7
— N
Poo(x) _ (xd xp) 71>‘1

[’}/1()\1 + )\2) + "}/2)\1][/7

under the condition '77;—:\\? #

These steady-state solutions are constant across the axon (independent of x),
indicating the anterograde (A), retrograde (R), and pausing (P) states maintain a
fixed proportion along the axon. Their independence from velocities v, and v, shows
that, over time, the equilibrium depends only on exchange rates (71, Y2, A1, Az2),
with transport effects become negligible, aligning with the pure exchange model’s
assumption that the impact of transport fades out in the long run.

The reversible pausing model’s steady state differs from the irreversible model,
where A, = 0, R, = 0, and P, = N, showing all neurofilaments eventually pause.

The reversible model allows non-zero A, and R, creating a balance of mobile and

Va
vy ?

pausing states with exchange dominating if Z;—:\\j # while irreversibility leads to

all pausing.
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Numerical Work

In this section, we show the numerical results for the pure transport model, the pure
exchange model and the transport-exchange model. The data used is the normalised,
photobleaching corrected and averaged fluorescence data after photoactivation as

explained in Section [3.2] All numerical work was done in R.

6.1 Results of the Pure Transport Model

6.1.1 Effect of Age on Neurofilament Transport

As indicated by our data analysis in Section [3.2 neurofilaments transport, among
others, is anterograde bias and reverses with age. To further extend our investigation
to gain insights about retrograde and anterograde speeds and proportions of mobile
and immobile states, we then performed more parameter estimation by calibrating
our pure transport model , using a GA optimization as detailed in Section
[2.3.1] Given the stochastic nature of GA, we conducted 300 independent runs opti-
mizing for each experimental condition (72 hpf, 96 hpf, and 120 hpf) to ensure
robustness. For each run, model outputs were computed using and fitted to

experimental data up to 5, 8 and 10 minutes. This multi-run approach allowed us
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to assess the consistency of the parameters (vq, v, Py, Ao, and Ry) estimates and
the quality of the fit across the proximal, central, and distal windows.

Figure presents the results of the multi-run fitting process up to 5 minutes.
The green dots represent the normalised-corrected fluorescence data obtained from
the pulse-spread experiment for the proximal, central, and distal windows at 72 hpf
(first row), 96 hpf (second row), and 120 hpf (third row). The coloured lines show
the model output for M. (t), My(t), and M,(t) from (5.1.2)) over time, with each line
corresponding to one of the 300 GA runs. The error scale on the right indicates the

range of fitting errors, with darker colours (lower errors) corresponding to better fits.
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Figure 6.1: Fitting of the pure transport model to experimental data
for 72, 96, and 120 hpf up to 5 minutes. The first row is 72 hpf, the second row
is 96 hpf and the third row is 120 hpf. While the first column is proximal, the second
column is central and the third column is distal windows. Green points represent
experimental data, while coloured lines show the model responses with the colour
gradient indicating error levels (darker shades denote lower errors).
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To explore the model beyond the linear regime, we extended the fitting to 8 and
10 minutes, because the data is conserved up to 10 minutes (Figure . Presented
in Figure [6.2], the left panel shows fittings of up to 8 minutes, and the right panel
extends to 10 minutes. The model continues to closely match the experimental data
as the time frame increases from 5 to 10 minutes, demonstrating its accuracy of
fit over a broader temporal range and beyond the linear regime. This progressive
extension, detailed in the next section through parameter analysis, confirms the

model’s robustness in capturing the underlying biological dynamics.
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Figure 6.2: Fitting of the pure transport model to experimental data
extended to 8 and 10 minutes. the left panel shows fittings up to 8 minutes and
the right panel extends to 10 minutes, with green points representing experimental
data and coloured lines indicating model predictions coloured by error (darker shades
indicate lower errors).
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6.1.2 Parameters Analysis

We extracted transport parameters values (v,, v,., Py, Ag, Rp) from 300 GA runs.
To assess parameter ranges and their dynamics across developmental stages (72,
96, and 120 hpf), we generated scatter plots (Figure . These plots enable us to
visualize the parameter value distributions over the different runs across three fitting
time intervals: 5, 8, and 10 minutes (i.e. rows A, B, and C, respectively). In these
plots, each estimated parameter value is represented by a coloured dot with colours
indicating fitting errors (lower error is black and highest is yellow). Columns 1 to 5
represent v,, v,., Py, Ag, and Ry, respectively. As the fitting interval extends from
5 to 10 minutes, the parameter estimates exhibit greater consistency and tighter
convergence. The shift from Ay dominance at 72 hpf to Ry at 120 hpf reflects a
developmental transition toward retrograde dominance. Table is the summary
of each parameter estimate from Figure 10 minutes, which shows that ~ 80% of

the neurofilament population is pausing.

Table 6.1: Parameter estimates for pure transport model (5.1.2)) across developmen-
tal stages (hpf) as derived from Figure - 10 minutes estimates.

| 72 hpf (lowest error) 96 hpf (lowest error) 120 hpf (lowest error) Units

ve | 1.22-1.54 (1.53) 1.36-1.49 (1.39) 1.08-1.87 (1.34)  pm(min) ™
v | 0.05-1.71 (1.05) 0.08-1.54 (1.54) 1.45-1.58 (1.55)  pm(min) "
) 80-86 (85.11) 80-85.5 (85.44) 80-82.3 (81.50) %
Ay | 10.7-12.2 (10.79) 11.1-11.8(11.45) 5.1-15.8 (5.63) %
Ry|  3.3-10.8 (4.10) 3.11-15.6 (3.11) 12.6-13.1 (12.86) %

6.1.3 Best Solution Analysis

To evaluate the performance of model (5.1.2), we selected the set of parameters —
estimated up to 5, 8 and 10 minutes - corresponding to the lowest error among the

300 runs shown in Figure [6.3. These parameters were then used to simulate the

model and compare its output with the experimental data (Figure and .
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Figure 6.3: Assessing uncertainty of pure transport model parame-
ters (vq, vry Py, Aoy, Ry) from GA runs across 72, 96 and 120 hpf and time
intervals 5, 8 and 10 minutes (rows A, B, and C, respectively). Columns
1-5 represent v,, v, Py, Ag, and Ry, respectively. The dotted points are parameter
values for different runs, with colours reflecting error (darker shades denote lower
errors).

Fluorescence Intensity Over Time

Figures [6.4] [6.5] and [6.6] present the experimental data conservation range and best
simulated fluorescence intensities using parameter values estimated from fitting up
to 5, 8 and 10 minutes, respectively. Columns 1 show that the initial amount of pho-
toactivated neurofilament in the central window is conserved (sum to 1: horizontal
line) up to 10 minutes (vertical dashed line). Columns 2-4 show the fluorescence
evolution for the proximal, central and distal compartments across 72, 96 and 120
hpf (rows 1-3). The model accurately predicts the experimental data up to
the respective fitting times—>5, 8, and 10 minutes in Figure [6.4] and [6.6] re-
spectively. This alignment holds particularly well in capturing key trends: gradual
increases in proximal fluorescence and steeper rises in distal fluorescence at 72 and

96 hpf, as well as a transition to a steeper increase in proximal fluorescence at 120
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hpf. However, beyond the fitted time points, the model diverges from the experimen-
tal data. In particular, simulated fluorescence in the central compartment tends to
plateau—where pausing becomes dominant (~ 80%)—while filament movement into
the flanking windows slows down, and outward transport from the flanking windows
persists. This deviation is likely due to the model’s simplifying assumption of no

exchange between the pausing, anterograde, and retrograde states.
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Best solution of 72 hpf from fitting up to 5 minutes
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Best solution of 96 hpf from fitting up to 5 minutes
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Best solution of 120 hpf from fitting up to 5 minutes
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Figure 6.4: Best solutions for the pure transport model at 72, 96, and
120 hpf when fitting is performed up to 5 minutes. Rows 1-3 correspond to
72, 96, and 120 hpf. Column 1 shows the conservation of photobleaching-corrected
normalized fluorescence over time. The solid horizontal yellow line marks the ex-
pected conservation of photoactivated neurofilaments (total normalized fluorescence
across all windows sums to 1), and the vertical dashed line indicates the end of con-
servation (10 minutes). Columns 2-5 show the results of parameters with the lowest
error obtained from fitting up to 5 minutes. Columns 2-4 show fluorescence intensity
over time for proximal (B, G, L), central (C, H, M), and distal windows (D, I, N),
with green points representing experimental data and solid lines indicating model
predictions. Column 5 (E, J, O) displays space-time dynamics of fluorescence, where
colour intensity of fluorescence ranges from blue (low fluorescence) to red (high flu-
orescence). Vertical red lines mark flanking window boundaries: distal (20-30 pm),
central (30-45 pm), and proximal (45-55 pm).
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Best solution of 72 hpf from fitting up to 8 minutes
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Figure 6.5: Best solutions for the pure transport model at 72, 96, and
120 hpf when fitting is performed up to 8 minutes. Rows 1-3 correspond to
72, 96, and 120 hpf. Column 1 shows the conservation of photobleaching-corrected
normalized fluorescence over time. The solid horizontal yellow line marks the ex-
pected conservation of photoactivated neurofilaments (total normalized fluorescence
across all windows sums to 1), and the vertical dashed line indicates the end of con-
servation (10 minutes). Columns 2-5 show the results of parameters with the lowest
error obtained from fitting up to 8 minutes. Columns 2-4 show fluorescence intensity
over time for proximal (B, G, L), central (C, H, M), and distal windows (D, I, N),
with green points representing experimental data and solid lines indicating model
predictions. Column 5 (E, J, O) displays space-time dynamics of fluorescence, where
colour intensity of fluorescence ranges from blue (low fluorescence) to red (high flu-
orescence). Vertical red lines mark flanking window boundaries: distal (20-30 pm),
central (30-45 pm), and proximal (45-55 pm).

Space-Time Dynamics

Panels E, J, and O in Figures and show solutions ([5.1.1]) that best repre-

sent data at 72, 96 and 120 hpf. These simulations visualize neurofilaments transport
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through the spatial and temporal evolution of activated fluorescence intensity across
the distal (20-30 pm), central (3045 pm), and proximal (45-55 um) windows. The
region to the left of the central window up to the vertical red line is the proximal
window and on the right up to the vertical red line marks the distal window.The
horizontal axis represents the spatial domain along the axon, and the vertical axis
represents time. The colour scale indicates fluorescence intensity, with dark red cor-
responding to higher neurofilaments concentrations. At the photoactivation time
(t = 0), all photoactivated fluorescence is located in the central window (dark red
region). Over time, fluorescence is transported bidirectionally - anterogradely to-
ward the distal window (right) and retrogradely toward the proximal window (left)
- driven by mobile neurofilaments transport. The slopes of these spreading regions
reflect the velocities of the mobile neurofilaments populations. The fluorescence in
the central region gradually decreases as mobile neurofilaments are transported out
over time leaving only pausing neurofilaments in the central window.

At 72 and 96 hpf, the central compartment retains the highest fluorescence inten-
sity (brown), with the distal region (light green) showing greater intensity than the
proximal region (sky blue), confirming predominant anterograde transport. By 120
hpf, the proximal region displays stronger fluorescence than the distal region, indicat-
ing a clear shift to retrograde dominance, while the central compartment maintains
elevated fluorescence due to sustained pausing.

This transition from anterograde dominance at earlier stages (72 and 96 hpf) to
retrograde dominance at a later stage (120 hpf) is consistent with the pulse-spread
analysis results presented in Section [3.2.4]

With this, our pure transport model , unlike the pulse-spread model, fits
not only the linear stage of the data but also the nonlinear stage, which still retains
the observations of linear fitting. So, our results, such as the amount of pausing

population is 80% (Table [6.1]), make sense.
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Best solution of 72 hpf from fitting up to 10 minutes
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Best solution of 120 hpf from fitting up to 10 minutes
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Figure 6.6: Best solutions for the pure transport model at 72, 96, and
120 hpf when fitting is performed up to 10 minutes. Rows 1-3 correspond to
72, 96, and 120 hpf. Column 1 shows the conservation of photobleaching-corrected
normalized fluorescence over time. The solid horizontal yellow line marks the ex-
pected conservation of photoactivated neurofilaments (total normalized fluorescence
across all windows sums to 1), and the vertical dashed line indicates the end of con-
servation (10 minutes). Columns 2-5 show the results of parameters with the lowest
error obtained from fitting up to 10 minutes. Columns 2-4 show fluorescence inten-
sity over time for proximal (B, G, L), central (C, H, M), and distal windows (D, I, N),
with green points representing experimental data and solid lines indicating model
predictions. Column 5 (E, J, O) displays space-time dynamics of fluorescence, where
colour intensity of fluorescence ranges from blue (low fluorescence) to red (high flu-
orescence). Vertical red lines mark flanking window boundaries: distal (20-30 pm),
central (30-45 pm), and proximal (45-55 pm).

6.1.4 Effect of Central Window Length

Studies suggest that the length of the central window influences the estimation of

departure rate of photoactivated neurofilaments, with longer windows increasing the
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likelihood of on-track pausing and reducing the exit rate [I}, 2]. To test this with our
pure transport model, we fitted the model to data from two central window sizes: 15

pm and 5 pm. Data were collected at 0.5-minute intervals, and fitting was performed

up to 2.5 minutes (Figure , as explained in Section m
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Figure 6.7: Fitting of the pure transport model (5.1.2) to experimental data
for central window sizes of 15 ym and 5 ym up to 2.5 minutes. Green points
represent experimental data for the proximal (first column), central (second column),
and distal (third column) windows, while the coloured lines represent model outputs,
with the colour gradient indicating fitting error levels (darker shades denote lower
errors and better fit).

1. Parameter Distributions

The GA parameters were analysed using scatter plots (Figure , revealing con-

verged values across time intervals for the central window lengths of 5 and 15um.
« For the 5 ym windows, estimated velocities are v, ~ 1.5 ym(min) " and v, ~
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1.7 pm(min) ", with proportions Ay ~ 16%, Ry ~ 4%, and Py ~ 80%.

« For the 15 ym window, velocities are v, ~ 2 ym(min)~" and v, ~ 6 gm(min) ",

with proportions Ay ~ 19%, Ry ~ 1%, and Py ~ 80%.
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Figure 6.8: Assessing uncertainty of pure transport model parame-
ters (vq, v;, Py, Ao, Ry) from GA runs for central window sizes of 5 ym
and 15 pym. The first row is 5 pm central window and second row is 15 pm with
colours indicating error (darker shades denote lower errors).

2. Best Solution and Dynamics

The best solution, based on the lowest error, was simulated to assess model perfor-
mance and is compared to experimental data (Figure . The distal window shows

a sharper fluorescence increase than the proximal window for both 5 ym (G) and 15
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pm (C), confirming an anterograde bias of neurofilaments transport as stated above,
unless reversed to retrograde bias only by age. Space-time plots of Figure [6.9 D, H,
(see details in Section support this, with light-green regions in the distal direc-
tion indicating higher fluorescence. The central window’s fluorescence declines faster
for 5 pm (F) than 15 ym (B), with all on-track filaments exiting the 5 ym window by
approximately 2 minutes (H) versus after 6 minutes for 15 pm (D). This prolonged
residence in the 15 pm window reflects a low exiting rate in a longer central window
length, probably due to pausing or switching. This observation is consistent with

our findings in Section

Best Fitting of 15um central window

A v_r=6.249,R;=0.006 B P0.787 C  v_a=1.903, A=0.208

S
0.05 2 T 0.05

Time Time Time

E  v_r=1.809, R;=0.048 F  P=0784 G v.a=1544,A.=0.168

So0s

000  0.050.10.1620

Figure 6.9: Best solution simulation for central window sizes of 15 ym and
5 pm of (5.1.2). The first row (A-D) corresponds to 15 um, and the second row
(E-H) corresponds to 5 pm. Columns 1-3 (A-C, E-G) show fluorescence intensity
over time for proximal, central, and distal windows, with green points as experimental
data and coloured lines as model output (darker shades for lower errors). Columns 4
(D, H) depict space-time dynamics, with colours from blue (low fluorescence) to red
(high fluorescence) and vertical red lines marking window boundaries (distal: 20-30
pm, central: 30-45 pm, proximal: 45-55 pum for D and distal: 20-30 pm, central:
30-35 pm, proximal: 35-45 pm for H).
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6.2 Sensitivity of Pure Exchange Equilibrium

For the pure exchange model , this section analysed the sensitivity of the
variations in parameters (A1, A2, 71, 72, ¢1, f2) on equilibrium distribution of neu-
rofilaments populations as defined in . Sensitivity analysis quantifies how
changes in these parameters affect the distribution of equilibrium values, offering in-
sights into the factors driving the steady-state value of neurofilaments states in the
pure exchange model. We employed Latin Hypercube Sampling (LHS) to conduct
the sensitivity analysis and then used Partial Rank Correlation Coefficients (PRCCs)
to assess the strength and direction of the relationship between parameters and equi-
librium values[92, 03]. A positive PRCC indicates that increasing a parameter leads
to an increase in the corresponding equilibrium value, while a negative PRCC implies
that increasing the parameter leads to a decrease in the equilibrium value [94} 95] 96].
The PRCC values span from —1 to +1, with values exceeding +0.5 or falling below
—0.5 indicating strong positive or negative correlations, respectively. Values around
zero imply a minimal effect of the parameter on the model outcome [96].

The sensitivity analysis evaluates how model parameters influence the steady-
state proportions of pausing, anterograde, and retrograde states using PRCCs. In
addition, we simultaneously quantifies the steady-state neurofilaments populations
(5.2.10) -p*, a*, and r* - that represent the long-term distribution across the pausing,

anterograde, and retrograde states, respectively.

6.2.1 Sensitivity with the Same Parameters Range

We first used the same range - 9x 1077571 to 5 x 107357 - for all parameter values to
systematically explore the parameter space (first row in Table . The sensitivity
analysis results are depicted in Figure [6.10)(a).

In panel A, the analysis focuses on the effect of parameters uncertainty on the
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steady-state pausing proportion, p*. Parameters v, and \; exhibit strong positive
PRCCs, indicating that increasing either parameter leads to an increase in p*. Con-
versely, 75 and Ay show strong negative PRCCs, meaning that increasing them sig-

nificantly reduces p*. The parameters ¢; and ¢, have only minor positive effects on

*

p*.

In panel B, the focus shifts to the steady-state anterograde proportion, a*. Here,
{1 and 7, display strong positive PRCCs, suggesting that their increase promotes a
higher a*. In contrast, ¢5 and v; show strong negative PRCCs, reducing a* when
increased. Parameters A\; and Ay contribute minimally to a*.

Panel C examines the influences on the steady-state retrograde proportion, r*.
Parameters ¢ and Ay exhibit strong positive PRCCs, meaning they significantly in-
crease r*, while £; and A\; have strong negative PRCCs, decreasing r* when increased.
The effects of v, and 5 on r* are relatively minor but still positive.

These results reveal that parameters directly governing the flow into or out of a
compartment—such as v, and A\ for p*—strongly affect the corresponding steady-
state proportion. In contrast, parameters with no direct influence on a compart-
ment’s inflow or outflow—Ilike ¢; and ¢, for p*—exert minimal influence.

The accompanying distribution box plot (Figure[6.10[(a)D) shows that the steady-
state proportions p*, a*, and r* are approximately uniformly distributed around 30%.
This prediction contrasts with experimental observations that suggest a dominant

pausing state.

6.2.2 Sensitivity Analysis Using Literature-Based Parame-

ter Ranges

To refine the analysis, we applied parameter ranges derived from experimental stud-
ies, as outlined in Table [6.2] These ranges are based on literature-reported values,

such as v; and \; ranging from 1.81 x 107* s7! to 4.5 x 1072 s}, and ¢; from
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3.7x 1077 57 t0 4.7 x 107° 571 [2, 13, 4].

This approach, illustrated in Figure[6.10|(b), shows that the reversal rates ¢; and
{5 have negligible effects on the steady-state proportions p*, a*, and r*, suggesting
their minimal role in shaping the equilibrium distribution.

While the sensitivity of the pausing proportion p* remains largely consistent
across both parameter sets—dominated by 71, 72, A1, and Ay—the sensitivity profiles
of a* and r* differ markedly. Under uniform parameter ranges, many parameters
appear influential, but only a few retain strong effects when literature-based ranges
are applied. This underscores how biologically informed parameter sets improve
model realism and clarify, which parameters truly govern system behaviour.

The distribution box plot (Figure [.10[b)D) reveals a steady-state configuration
dominated by p* at approximately 80%, while a* and r* each stabilize around 12.5%.
This outcome aligns more closely with experimental observations, which indicate a
predominantly pausing state in the system.

Hence, we conclude that ¢, and /5 can be reliably ignored in further modelling
due to their limited influence.

Table 6.2: Parameter Ranges Used in Sensitivity Analysis are from [2] 3], 4]

Parameter Minimum value (s7!) Maximum value (s™)

All 9x 1077 5x 1073
1, A1 1.81 x 10~* 4.5 x 1073
Yo, A2 3.17 x 107° 2.8 x 1074
0 3.7 x 1077 47 x 107°
I 9 x 10°8 1.9 x10°°
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Sensitivity Analysis: PRCC and Distribution
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Figure 6.10: Semnsitivity analysis of equilibrium proportions ([5.2.10) using
Partial Rank Correlation Coefficients (PRCCs) and their distributions.
(a): Panels A, B, and C show PRCCs for p*, a*, and r* respectively, with respect
to parameters {1, la, 1, Y2, A1, and Ay. Positive PRCCs (green bars above zero)
indicate an increase in the equilibrium value with parameter growth, while negative
PRCCs (green bars below zero) indicate a decrease. Panel D displays the distribution
of p*, a*, and r* values, with box plots reflecting average values stabilizing around
30% for all variables under the initial uniform parameter range (Table [6.2). (b):
Panels A, B, and C show PRCCs for p*, a*, and r* respectively, with respect to
parameters £1, fo, 71, Y2, A1, and Ag. Distribution of equilibrium proportions p*,
a*, and r* using literature-based parameter ranges, showing approximately 80%
pausing, 12.5% anterograde, and 12.5% retrograde states, as indicated by the box
plot medians and spreads.

6.3 The Transport-Exchange Model

To evaluate whether the inclusion of reaction terms improves the pure transport
model, we fit the transport-exchange model with irreversible pausing (5.3.1)) to ex-
perimental data collected at different developmental stages (72 hpf, 96 hpf and 120
hpf), as detailed in Section As previously, the fitting procedure used 300 in-
dependent GA runs, and the resulting model fits are presented in Figure [6.11] The
corresponding parameter distributions and summary estimates are shown in Figure
and Table The model fitting was performed using data up to 5 minutes,

corresponding to the duration of the linear regime identified in previous analyses.
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Multi-Run Fitting - 72 hpf
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Figure 6.11: Multi-run fitting of the neurofilaments transport-exchange
model to experimental data at 72 hpf (A-C), 96 hpf (D-F) and 120
hpf (G-I) across proximal (A, D, G), central (B, E, H) and distal (C, F,
I) windows. Green dots represent the normalized fluorescence intensity data from
the pulse-spread experiment, while the coloured lines depict the transport-exchange
model predictions for each of the 300 GA runs. The error scales indicate the range
of fitting errors, with lower values (darker colours) reflecting better fits.
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Figure 6.12: Parameter distributions from 300 GA runs corresponding to
Figure [6.11, shown for 72 hpf (A-D), 96 hpf (E-H) and 120 hpf (I-L).
Panels show: (A, E, I) velocities (v,, v.); (B, F, J) mobile parameters (Ag, Ryp);
(C, G, K) immobile parameter (Fp) and (D, H, L) exchange parameters (7, A1).
The width of each violin represents the density of parameter values and fit errors
indicated by colour scales (lower values in darker colours).
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Analysis for 72 hpf
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Figure 6.13: Best fit of the transport-exchange model at 72 hpf (A-
D), 96 hpf (E-H) and 120 hpf (I-L). (A, E, I) Proximal window fits with v,, Ry
and A values. (B, F, J) central window fits with P values. (C, G, K) distal window
fits with v,, Ag and ~; values. Black lines represent model fits and green dots are
experimental data. (D, H, L) spacetime plots simulating fluorescence dynamics over
space and time, with colour intensity reflecting fluorescence levels.

For validation, we selected parameter sets with the lowest fitting error from the
GA runs and simulated the model to compare with photobleaching-corrected fluo-
rescence intensity data. Figure [6.13] illustrates these fits: Panels A, E, and I show
proximal window fit; Panels B, F, and J depict central window fits; and Panels C, G,
and K display distal window fits. The black lines represent the model predictions,
which align well with the green experimental data points up to 5 minutes at all
stages, although the accuracy decreases thereafter. The spacetime plots (Panels D,
H, L) visualize the spread of fluorescence, with colour intensity indicating neurofila-

ment distribution. At 72 hpf and 96 hpf, fluorescence propagates outward from the
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central window, with a slight population bias toward the proximal side. This pattern
is consistent with the predictions of the pure transport model. At 120 hpf, the ret-
rograde movement dominates, consistent with the pure transport model, suggesting

age-dependent transport dynamics.

6.3.1 Comparing Models: Pulse-Spread vs. Pure Transport

vs. Transport-Exchange

To evaluate the performance of our neurofilaments transport models, we compared
the best-fit results of the pure transport model and transport-exchange model
with irreversible pausing ([4.4.1)), using fits obtained from the first 5 minutes of data
for both models. The pure transport model assumes no reaction terms (y; = A\; = 0),
focusing exclusively on advection, whereas the transport-exchange model includes
irreversible transitions from mobile to immobile states. Model predictions were com-

pared to experimental fluorescence intensity data at 72, 96 and 120 hpf.
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Figure 6.14: Comparison of best-fit models (pure transport vs. transport-
exchange) and conservation of photobleaching-corrected data at 72 hpf
(A-D), 96 hpf (E-H) and 120 hpf (I-L). Panels A, E, and I show the total
fluorescence (sum across all windows), while B, F, J correspond to the proximal win-
dow, C, G, K to the central window, and D, H, Lh to the distal window. The solid
horizontal yellow line marks the expected conservation of photoactivated neurofila-
ments (normalized to 1), and the vertical dashed line indicates the end of reliable
data (10 minutes). Green dots represent experimental data. Red lines correspond
to fits from the pure transport model , and black lines show the transport-

exchange model fits (5.3.1]).

Figure [6.14] illustrates their comparison. The solid horizontal yellow lines in
panels (A, E, I) indicate the conservation of photoactivated neurofilaments after
photobleaching correction across all windows, summing to one, while the vertical
dashed line marks the endpoint conservation of data at 10 minutes. Experimental
data beyond this point are not considered reliable.

In the proximal region (Panels B, F, J), both the pure transport model (red) and
the transport-exchange model (black) adequately capture the initial rise and early
plateau in fluorescence intensity within the fitting interval (0-5 minutes) at 72 hpf
but at 96 hpf transport-exchange predict the fluorescence far better. At 120 hpf,

however, both models begin to diverge more noticeably from the data after the 5
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minutes point, with the transport-exchange model overshooting the peak and failing
to capture the subsequent decline observed in the experimental data. However, the
pure transport model could only capture the plateau for about a minute and deviate
thereafter.

In the central region (Panels C, G, K), both models fit reasonably well up to 5
minutes but begin to deviate in their predictions beyond that point. Between 5-10
minutes, the data show a more gradual decline in intensity, which neither model fully
reproduces.

In the distal region (Panels D, H, L), both models struggle to reproduce the rising
fluorescence trend seen beyond 5 minutes. Although both models better track the
early rise at 72 hpf and 96 hpf, they fail to match the later plateau. The transport-
exchange model, on the other hand, underpredicts fluorescence intensities at 120 hpf,
even before 5 minutes.

Overall, both models exhibit similar performance within the fitting window (0-5
minutes), which is expected since they were calibrated using data from this interval.
However, they begin to diverge in the prediction window (5-10 minutes), reflecting
differences in their underlying mechanisms. The transport-exchange model produced
lower fitting errors (0.002144, 0.002767, 0.003613) compared to the pure transport
model (0.003128, 0.003147, 0.003764) at 72, 96, and 120 hpf, respectively. This
suggests that the transport-exchange model better captures the observed dynamics
during the calibration time. Beyond the 5-minute mark, both models deviate from
the data, indicating that the inclusion of exchange parameters (v, A1) offers limited
improvement in predictive accuracy within the short timescale of the pulse-spread
experiments. This supports the interpretation that exchange processes may play a
minor role in shaping neurofilaments distribution over this duration.

To compare the parameter estimates obtained with data up to 5 minutes across

models, we present Table [6.3] which summarizes the parameters from best fit plots
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for the transport-exchange, pure transport, and previously analyzed pulse-spread

models (3.1.9), (3.1.10) and (3.1.11). The table highlights distinct trends between

the models. The pulse-spread model, characterized by the values of Sy, S,, and v,
indicates a switch from anterograde bias to retrograde dominance with age. Consis-
tent with this, both the transport-exchange model and pure transport model exhibit
a shift from Ay dominance at 72 and 96 hpf, to Ry dominance at 120 hpf. This is
reflected in the directional bias (S4/S,, v), showing a developmental transition from
anterograde to retrograde dominance. Furthermore, the transport-exchange model
and the pure transport model maintain a consistent P, (70-80%) across all ages,
underscoring the dominance of pausing behaviour, a feature not captured by the
pulse-spread model. In contrast, the transport-exchange model, incorporating the
exchange parameters 7, and A\, displays increasing variability in mobile proportions
(Ao, Rp) as development progresses from 72 to 120 hpf, alongside a notable decrease
in the immobile proportion Py at 120 hpf. This suggests that exchange dynam-
ics diverge from the patterns observed in both the pulse-spread and pure transport

models, justifying their exclusion in both models.
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Table 6.3: Parameter estimates for pulse-spread, pure transport and transport-
exchange models across developmental stages (hpf).

The pure transport and
transport-exchange model directional bias was calculated as follows:

%4 vafo gpq

Sp vrRo
VR (UaAO — UTR()).
Model Parameter 72 hpf 96 hpf 120 hpf Units
Sy 140  1.39  0.64 min~"!
S, 0.50  0.32 145 min !
Pulse-Spread S, 2.41 1.10 1.18 min~!
%ff 220  1.50 0.40 -
v 023 026  -0.20 mm(day)”
Vq 2.668 2748  2.538  pm(min) '
v, 2.285 2972 1.7  pm(min)""
P, 88.77 91.95  83.89 %
Pure Transport Ay 8.33 7.4 3.72 %
Ry 29 065  12.39 %
wit(3l) 335 1053 045 -
v 022 027  -0.17 mm(day)”"
Vq 2.701 1575 0271  pm(min)""
v, 2.272 1210  1.050  pm(min) "'
P, 785 763 235 %
Ao 148 187 539 %
Transport-Exchange Ry 6.7 5 22.6 %
Y 0.373  0.297  1.075 min !
A 0.412  0.095  0.045 min !
wa(3) 263 487 055 -
v 0.36  0.34  -0.15 mm(day)”"
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Discussion and Conclusion

In this study, we investigated the transport dynamics of neurofilaments in zebrafish
through mathematical modelling and computational simulations (Figure , using
experimental pulse-spread data provided by Bomont’s lab. Our analysis began by
applying the pulse-spread modelling framework developed by Boyer et al. [I], which
describes neurofilaments dynamics within the initial linear regime and provides es-
timates of key transport parameters such as mean velocity and directionality (i.e.,
the rate of neurofilaments entering the flanking windows). This linear approxima-
tion, based on a Taylor expansion around t = 0, is strictly valid during the very
early phase following photoactivation. Consequently, this approach yields early-
time parameter estimates. Our results from pulse-spread analysis confirmed that
neurofilaments transport in zebrafish is bidirectional with anterograde bias, a trend
that reversed with age - a finding consistent with studies in mice [1, 2]. However, the
pulse-spread model lacked the capacity to describe essential features such as pausing,
the balance of anterograde versus retrograde transport, and the exchange dynamics
between states.

To address the limitations of the pulse-spread approach, we developed a reac-

tion—diffusion—advection modelling framework that incorporates key transport fea-
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New Models

Pulse-spread

Pure Transport ‘ ‘ Transport -Exchange ‘ ‘ Pure Exchange ‘

J

Figure 7.1: Summary of models developed and analysed in this research
work. The pulse-spread refers to the model previously developed by [1]. The new
models - the pure transport, pure exchange, and pure transport-exchange models -
were developed here to address specific questions.

tures as well as switching between mobile states and pausing, which missing in
previous analyses (Figure . Our framework is based on earlier neurofilaments
transport studies [I], 2, 3], explicitly accounting for bidirectional transport, pausing,
and interaction between anterograde and retrograde dynamics. From this general-
ized PDE system, we derived four sub-models: the pure exchange model, the pure
transport model, the transport—-exchange model with reversible pausing, and the
transport—exchange model with irreversible pausing. Each of these captures distinct
aspects of neurofilaments dynamics.

Applying the pure transport model, which neglects reaction and diffusion terms
and assumes no state switching, thus extending the pulse-spread approach, to ze-
brafish neurofilaments data, we investigated the effects of central window length and
age on transport dynamics. Our simulations revealed that pausing populations is
consistently the highest across different window lengths and ages, while anterograde
bias observed at early ages shifts toward retrograde dominance in later stages. We
also found that increasing the central window length prolonged the overall residence

time of neurofilaments, thereby increasing the likelihood of pausing.
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Analysis of the transport-exchange model with reversible pausing, which incor-
porates both state switching and active transport (but excludes diffusion of pausing
states), showed that exchange processes dominate transport at steady state.

Finally, investigation of the pure exchange model, which isolates reaction terms
by decoupling diffusion and advection, demonstrated that it possesses a unique and
stable equilibrium. This finding indicates robustness in maintaining neurofilaments
distributions under steady-state conditions. Importantly, switching rates between
anterograde and retrograde directions did not alter the equilibrium distribution,
suggesting that neurofilaments transport maintains a stable homeostatic balance.
Such stability may ensure consistent intracellular delivery of neurofilaments despite
variability in cellular conditions.

In summary, this study developed a general mathematical model and analysed
four sub-models to investigate specific features of neurofilament transport in zebrafish
(Figure . The main findings of these models are in Table 7.1} By integrating
experimental data with mathematical modelling, we gained valuable insights into
the underlying dynamics of this complex biological process. Our findings suggest
that the transport mechanisms observed in zebrafish share similarities with those in
other species [I, 2], such as mice, but also exhibit unique characteristics that warrant
further investigation.

These results open avenues for future research in a key directions: Exploring en-
vironmental and developmental influences - Investigating how factors such as stress,
injury, or genetic modifications affect neurofilaments transport could enhance our
knowledge of neurodegenerative diseases and axonal function.

Overall, our modelling approach provides a valuable framework for studying in-
tracellular transport mechanisms and offers a foundation for future experimental and

theoretical advancements in neurofilaments dynamics.
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Table 7.1: Main findings in the study.

Model

Key Finding

Pulse-spread

e Neurofilaments transport is anterogradely biased

e Neurofilaments anterograde bias reverses with age

Pure transport

e Neurofilaments anterograde bias reverses with age

e About 80% of Neurofilaments are pausing (<1h)

Transport-

exchange

e Switching mobile and immobile states dominates

transport at steady state

Pure exchange

e Switching between anterograde and retrograde direc-

tions does not affect the steady-state distribution
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Appendix A

Appendix

A.1 Eigenvalues and Eigenvectors

Eigenvalues:

To find the engenvalues of the coefficient matrix in (5.3.11)), we let

1 —v1d2  y2M
Va Va

()\2 + 72) =21 Aiye

Up Uy

be the matrix.

The characteristic equation of M (see, Section [2.1.1)) is:
det(M — puI) =0,

with

atoi—un = (ot =) (ot )~ (oesan) )
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( Vo1 ) ( —Aa 1 ) MM
—_— = .
Ua(/\g + ’72) UT()\Q + ’72) Ua’l}r()\g + ’}/2)2
Let’s define:

a = 717)\2 b= & Cc = M
va(Aa + )’ vr(A2 +72) VaUr (A2 + 72)?

The characteristic equation becomes:

(ma—p)(b—p)—(=c) =0,

1+ (a—b)u+ (—ab +c) = 0.

Compute the coefficients:

e a—b= A2 My _ mAvr—XMi7sve
va(A2+72)  vr(A2+92) vavr(M2+72)
e —ab=— 712 A17y2 — __mlMy
va(A2+72) vr(A2+72) vavr(A2+72)2?
— Moy
* = Vavr(A2+72)2?
A1
e So, —ab+c=— 11 A2A172 yzhdem ()

Vavr(A2+72)2 Var(A24+72)

Thus, the characteristic equation simplifies to:
p+ (a—b)pu =0,

The eigenvalues are:

=0, pp=>b—a= A1Y2Va — 11 A20;
) VU (A2 + 72)
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Eigenvectors:

e For gy = 0:
U1
M =0,

Vg

_ Y21

a va(A2+72) U1 -0
—Xom1
’UT‘()\2+72) b UQ

: . Y21 _
First row: —av; + oot V2 0,

avg(Ae + 72)2} _ Y12

Vo = 1 V1.
Y21 Y21
(%1 1

Figenvector: , so choose vy = 1:

2122, 112

Y2A1 1 Y21

o For po=0—a:
0
(M = (b—a)l) =0,
(]
_ YA
b va(A2+72) U1 -0
—Xoy
vr()\22+’1yz) a V2
. . Y2 —

First row: —bv; + Uu(/\zj,mvg =0,

bva (A2 + 72) A172 Va(A2 + 72) Va

Vo = v = . V1 = —1.
Y21 V(A2 + 72) Y21 Uy

(%] 1
FEigenvector: , so choose vy = 1:

Yagy, Va

Up Uy

We determined the arbitrarily constants ¢; and ¢y from the general solution
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(5.3.12)) using its boundary conditions. From the general solution, we have

A (x) = ¢1 + coet?™,

—_— H2x
dx Coll2€ )
Y1 A2 Vq
R = + cp—el,
OO(x> “ Y2 A1 “ U're
dR ¥
—2 — czv—uge”ﬂ.
dx Uy
For A,:
e« Atz =0:
dA
TOO = Coptae!? = copy = 0.
z =0
If puy # 0, then ¢ = 0.
e Atz =L:
dA
— = cguge‘”L = 0.
dr |,_,

Again, ¢y = 0, which is consistent.

For R:

e Atz =0:
dR(X)

dx

=0 r

This confirms ¢; = 0, consistent with the previous condition.

o« Atax=L:

Again, ¢y = 0, which is consistent under the condition that ;’;—if 7 o
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