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INTRODUCTION

Tn the latbter part of the last century it was discovered
that Desargues!s theorem could not be proved in the plane from
the axiome of incidence. Subsequently several non-Desarguesian
plane projective geometries have been constructed.,

It is the purpose of this report to investigate one
such geometry from the point of view of collineation theorye.
The report is in four partse. Part I deals with the more
important properties which distinguish Desarguesian from
non-Desarguesian geometries,. Part Il deals with the special
geometry discovered by Veblen and Wedderburn in [1] « Part IIT
is concerned with the finding of the collineation group of
this geometry and with some geometrical consequencess These
geometrical consequences are special cases of some unpublished
theorems of Ne Mendelsohne Part IV discusses the collineation

group from the point of view of its abstract propertiese.




PART T,

DISTINCTION BETWEEN DESARGUESIAN AND NON-DESARGUESTAN GEOMETRY

A projective plane geometry is a mathematical system
consisting of elements called points and lines respectively.
These elements which are finite or infinite in number are
connected by a relationship called "on" subject to the
followihg conditions,

1. There i1s one and only one line on any two
distinet pointse

2¢ There is one and only one point which is on
both of two distinct linese.

3. There are four points no three of which are on
one line,

In projective geometry it is customary to denote lines .
by small letters of the alphabet and the points by capital
letbers of the alphabete In cases where points P,Q,R are
all on the same line '"m" the expression 'P,Q,R are collinear!
may be used, Similarly, if lines p,q,Tr are all on the same
point P the expression 'p,q,r are concurrent! may be used.
Purthermore the statement 'the line p passes through the
point P' may be taken as a paraphrase of !'the point P is on
the line pte

Two point figures A4,B,C,..0 and A',B',C';... are said




to be centrally perspective from a point O (called the centre
of perspectivity ) if the lines AA',BB',CC',... are all on

the point 0s Two line figures a,b,C,see and aly,blyclyeee

are sald to be axially perspective on the line p (called

the axis of perspectivity ) if the points aal,bbt,cclseee

are all on De |

One of the most important theorems in projective
geometry is that of Desargues which states that if two triangles
are centrally perspective then they are axially perspectives
At this point it is very important to note that for a projective
geometry of two dimensions, Desafgues's theorem is not an
immediate consequence of the conditiohs of the first paragraphe.
In fact, there exist systems of points and lines for which all
these conditions hold but for which Desargues's theorem is not
generally truee Such a geometrical system is called
non-Desarguesiane There are many examples of non-Desarguesian
geometry, one of which, the special Veblen-Wedderburn system,
will be described in part II of this papere
It is a known fact thet Deéargues‘s theorem in the

plane is equivalent to its conversee. In other words, if
Desargues's theorem is true for all centrally perspective
pairs of triangles, its converse is true for all axially
perspective pairs, and if Desargues's theorem fails for one

pair of centrally perspective triangles, its converse fails




for at least one pair of axially perspective trianglese. A proof

that Desargues's theorem implies its converse will now be

givene

Q Consider the triangles
ABC and A'B!'C! which
are axially perspective
on the line ke 1.e. AB
meets A'BY' at C", BC

— % meets B!C! at A", CA
meets CYA' at B", and
A", B",C" are on k.

Let the line CC! and the

1line BB! intersect in O.

Apply Desargues's theorem
to the triangles BB!'C"™ and CC'B". The line BC® meets the line
CB" in the point Aes The line B'C" meets the line CG'B" in the
point Ate The line BB! meots the line CC' in the point O.
Hence, since Desargues's theorenm holds for the triangles
BB!C" and CC'BY, the poiants A,A', and O are collinear, Therefore
the triangles ABC and A'B'C!? ére centrally perspectivee.

Now, suppose that in the plane there exists a set of
points 4,B,C,... on a line m, 2a set of points A',B',C'50e.
on a line n distinet from m, and a point O not on m Or Ne

If the lines AA',BB',CC!,DD',... are all on the point 0, the




relationship between the
two figures 1s said to

be a central perspectivitye
This relationship can

be expressed symbolically

as follows:

m(A,B,C,ees) —2— n(A?,B1,0%,...).

The points of a line m are said to be projectively
related to those of a line n if the points of n are obtained

from those of m as a result of a finite sequence of perspectivities,

In other words
!

m(8,B,Csere) —Rm(A ,B, 0, 5une)ennnnenes. R0(AT,B1,01,.00)0
in this case we will say
M(A3B,Cre0e) ~~— n(A1,B',C',00s) o

Given any three points A4,B,C on a line and any other
three points A',B!',C! on the same line there always exists a
projective transformation ( in this case a sequence consisting
of two central perspectivities ) which sends A into A', B intbo
B!, and ¢ into C!'s¢ Further, if A,B,C,D are any four points on
a line k, there exists a projective transformation which sends

A into A, B into B, and C into De For this latter case the

following proof is gilvene.




Let pym be two

arbitrary lines

" concurrent with k
at the point Ae.
Let O be any other

,,point not on any of

the lines m,Pske

RILet OB and 0C meet
p at B" and C¥
respectiVelj, Let
0D meet m at Ct'1?
and OB meet m at Bl!'l,

Let C1!%,C" meet OB at Os Then |

k(A,B,C) %p(A,B“,C“) %*m(fl.,B‘“,C”‘) & %(4,B,D) »

Hence

%{A,B,0) ~ k(4,B,D) »

isce There exists a projective transformation which sends A&

into A, B into B, and C into D. By iteration of transformstions

of this type, any three distinct points on a liné may be mapped
into any other set of three points in the same lines

In the case of two distinect lines, a simpler proof can
be given of the fact that any three points of the first line

can be projectively related to any three points of the second

in the following waye




Let A,B,C and A',B',C!
be two sets of points
on the lines k and p
respectively, Let AA?
and BB! meet at the
point 0, and let BB!
and CC' meet in the’
point O!'e Let m be

the line A'C and let

BB! meet m in BY,

o

Then
@) R o' 1 Bt ._Ct
k(A,B,C)T“m(A ’B ,C)"“T— p(A ,B ,C ) [ ]
Hence
k{4,B,C) ~—~/ p(A',B',C!') .
""" j.6s There exists a projective transformation between the
lines k and p which sends the points A into A', B into Bty
and C into Cte

It is a known property of plane projective geometries




for which Desgargues's and Pappus’sj'theorems are true that

a projective transformation in a line reduces to the identity
if three points are fixed. It will now be shown that if
Desargues's theorem ( and hence its converse ) fails that
there exists a line and four points on it, together with a
projective transformation, which keeps three of these points

fixed but which does not keep the fourth fixed,

1., Pappusts theorem states:

If A,B,C are any three distinct points of a line m,
and A!',B!',C!' any three distincet points of another line mt, the
three points of intersection of pairs of lines AB'and AlB,

BC?' and B!'G, CA' and C'A are collinear.




For let PRS and P'R'S' be two triangles for which the converse
of Desarguest's theorem fails. Let the line PS and the line
P!1S?! meet at A; the line PR and the line P!'R! at E; the line
RS and the line R!'S!' at 0, The points 0,E,A are collinear.
Let the line RR' and the line PP' meet at Qe Since the converse
of Desarguests theorem fails, Q,S, and S' are not collineare.
Let QS meet OE at M and QS' meet OE at M! where M is not
equal to M!. Let R!'S',RS and OE meet PPY at T!',T and U
respectively., Then

OVAT —£-) TQPT —R3 0BEU —ROT1QR1T -RIOMIAT o
Hence

ONMAU —~— OM'ATU

Therefore there exists a projective transformation which sends
0 into 0, A into A, U inte U, but which sends M into M'.

A collineabtion of a plane 1s any one to one correspondence
between the points of a plane which has the following
propertiese

l. The transformation has an inverse,

2e Thé images of collinear points are collinear
vointse

3. Any three collinear points are the images of

three pointsg which are collinears

For geometries in which Desargues'!s theorem is true the

transformations g’ xt=5 a;; x; for which the determinant
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(aﬂj) is not equal to zero are all collineations called
projective collineationse In general, if the co=ordinate
field has an automorphism CP the transformation K’ xt = 2 .y CP(XE)
is also a collineations. For geometries in which Deéargues‘s
theorem fails, it is not always advantageous to distinguish
between projective and non=projective collineationse.

In non-Desarguesian geometries, it is useful to
distinguish various special cases of Desargues's theorem.
Tn the case where the centre of perspectivity is on the axis
of perspectivity the theoreﬁ ig usually referred to as the
1ittle Desargues's theorems Other cases are of interest but

these are not needed in the subsequent developmente
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PART TI.

THE SPECTAL VEBLEN=-WEDDERBURN NON-DESARGUESIAN GEOMETRY

This special geometry is defined in terms of a system
of co-ordinates. These co-ordinates form a "near-field" which
is a system of elements satisfying all the axioms of a field
excent Tor the commutative law df multiplication ané the
distributive law (b +c)a =ba+ca « A& special near-field can
be constructed as follows. Bach eleméﬁt is an expreésion of
the form a+bj where a and b are elements of the Galois
field of order threes, and where j = 2, If b = 0, then
for all a , a+bj is called a scalar elemente If b # O,
the element a+bj will be referred to as a non scalar elements
The right distributive law will be replaced by the law
(a + bj)j= =-jla +bj) provided a end b are both distinet
from zeroe Any scalar element commutes with any other element
under multiplication and hence also is distributive on the
righte In this particular near-field, although multiplication
is not commutative, it can be verified that either o(,ﬁzéol.or
a(,@:—@o('_. In what follows, the development will be
restricted to this special near-field since in this case ,

computation is relatively simple because of the laws which
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hold., The multiplication table for the elements of the near-

field (distinet from the elements zero and one) appears belows

2 3 23 14 1+2j 2+ 2 +23

2 1 23 3 2+2j 2+3 14+2] 1+3

j 23 2 1 2+ 3 1+3 2+2j  1+2j

23 j 1 2 1425 2+2) 1+ 3 243
1+3 2+2j 1425 2+j 2 23 j 1
1425 2+3 2+2j  1+j 3 2 1 23
2435 1+2j 1473 2423 23 1 2 5
2125  1+j 2+] 1+2j 1 j 23 2

A point of this geometry is defined as one of the

following systems of three co-ordinates:

( 0(-) (a:bsl)
(g) (25150)
(Y¥) (1,0,0)

where a snd b are arbitrary elements of the near-fielde

A 1ine is defined as all points which satisfy an equation

of one of the following forms:

(1) x+7ya+zb =0
(2) y + z¢c =0
(3) z =0

Since the left distributive law holds, a general point

(x,7,2) can be represented by (kx,ky,kz) where k:?écn In other
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words, if a set of numbers (xyy52) satisfies the equation of
a line, the set (kx,ky,kz) will satisfy the same equation of a
1ine, It is however, important to note that multiplication on
the right of the co-ordinates of a point by a non-zero constant
%k is, in general, not valids That this leads to a result which
is not valid is shown by the following example. Consider the
point with co-ordinates (1+35,351)e Multiplying this set of
co-ordinates on the right by 2+j, we get the co-ordinates
(j52+ 23,2 +3) and multiplying this last set on the left by
1-+2j, we getb (2+235,2j,1) which is not the same as the first
set of co-ordinates (1 +JsJs1l)e
In order to show that the points and lines of this
Veblen-Wedderburn geomebtry form a projective plane geometrys
it is necessary to prove that
1, Any two distinct lines have one and only one point
in conmone
2. Any two distinct points have one and only one line
in commone
3, There are four points A,B,C,D no three of which are

on a linee

Proof of 1.

Tn order to show that any two distinet lines have one
and only one point in common it is necessary to consider

several possibilities. Hence the proof will be divided up




into the following five casese
a) Two distinct lines of type (1)e
b) A line of type (1) and a line of type (2)e
¢) A line of type (1) and a line of type (3)e
d) Two distinct lines of type (2).
e) A line of type (2) and a line of type (3).

a) Two distinct lines of type (1)

X+ya,+ 2zb, =0

X+ya, tzby =0
Upon eliminating x, the equations reduce to the form

y(a, -a,) +z(b, =b,) =0
If b= b,=b, then 8~ a,, and hence y=0., Taking z=1,
x—=2be Therefore the point common to these lines has
co-ordinates of type (A ).
If a,= a,= a, then b,;(bz, and hence zz= 0. Therefore taking
yv=1, x =2a., The point common to these lines has co=-ordinates
of type ((3).
If a, a, and b,# b,, teke z=1. Then y= -(b,-b,)(a,~a,)"
and x={—(b,-bz)(a‘-azfx (a,+2a,)+(b,+ by)e Therefore the

point common to these lines has co-ordinates of type (cl)e

b) A line of type (1) and a line of type (2)e
x+ya,+zb,= 0

y + zb,=z0 erez#o.
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Take z=1, then y=-byg, and hence x=bya,~b,. Therefore the

point common to these two equations is of type (d )e

¢) A line of type (1) and a line of type (3).
X +ya, +2zb, =0
z =0
Since z =0, take y=1, and hence x =2a . The common point

then has co-ordinates of type (@).

d) Two lines of type (2)e
y t ze, =0
y +2zc, = O where c,?éci.
Solving for z, the equation becomes
z{c,-c,) =0 fe€e 2z =0
Hence y=0 and x=1. Therefore the point common to these lines

has co-ordinates of type (¥ ).

e) A line of type (2) and a line of type (3)e
v+ 2c =0
z = 0

The only solution is (1,0,0)s Therefore the point cormmon to

these lines has co-ordinates of type (¥ ).
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Proof of 2.
- To show that any two distinet points have one and only
‘one line in common, it is necessary to divide the proof into
the following five casese
a) Two points of type (o).
b) One point of type () and one point of type (@ Ye
¢) One point of type () and one point of type (X )e
d) Two points of type (B)e

e) One point of type ((5) and one point of type (¥ )e

a) Two points of type (ol)e
(a,5b151)
(a,,b251)
Consider the equation x+y& +zP =0, If this line is to be on
(al_,b,,l) and (a,,by,1) then
a,+ bl +3 =0
and  a,t bfL+(£>:O H
Upon eliminating @ the equations reduce bo
b ~bgo = a,-a; ¢ (11)
Since the right distributive law is not valid the left side of
(ii) can not be further simplifieds To establish whether

there exists an ol for which (ii) is valid, it is necessary

to prove the following lemmas
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Lerma+: If a.;!b then the equation ax-bx =c¢, where a,b,c are
elements of the Veblen=-Wedderburn near=field, has exactly one

solutione

Proof-
Consider the nine elements X,9Xy9%g90003X9 where
these x,; are the elements of the Veblen-Wedderburn near-
field Fo
Form ax,dbx,,aXZJbXZ,...,ax94bxq which are now shown to be
distincte.
For, suppose they are not distinct. Then for at least one palr
of elements x; and xj with i £ J
ax;=bxi = aXi4ij o

1.0 a(xy-x;) = b(xL-Xj).
Since XL7£ X then a =b which contradicts the hypothesis that
a # be Hence the quantities ax;-bx;, where i = 1,2,...,9 are
all distincte
Since there are nine elements of the form ax-bx in F, all the
latter elements appear amongst those of the form ax-bxX. Hence,
there will be some X, say X = %, such that aX-bX = c. This

completes the proof of the lemma.

Hence in eguation (ii) of section a) there exists an oL say

. =k such that b k=byk = a,-a,s
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Solving for @ in (1),
P =(a,+ay) +(bk+byk).
Therefore the line on these points has the equation
X+ vk +‘z%(a,+ a,) +(b,k+bzk)} ~o

which is an equation of type (1)

b) One point of type (o) and one point of type (@).
(a,sb,y1)
(a,,1,0)
Consider the equation x+yA +z B =0 If this line is to be
on the above points then
a,+ bl +(3 =0 (1)
and a,+ d =0 . (11)
Hence o =2a, and @ =2a,1% bag e
The line on these points has the equation
x +y(2a,) +z(2a,+ ba,) =0

i.6e An equation of type (1)

¢) One point of type (d.) and one point of type (¥ ).
(a,b,1)
(1,0,0)

It is immediately verified that these points lie on the line

v+ z(2b) =0. Therefore the line on these points has the

equation of %ype (2),
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d) Two points of type ((3).
(al:lso)
(a,,1,0)
It is immediately verified that thése points lie on the line

z = Oe Therefore the line on these points has an equation

of type (3)e

e) One point of type ((3) and one.point of type ( ¥V
(2,1,0)
(1,0,0)

It is immediately verified that these points lie on the line

7z — O Therefore the line on these points has an equation

of t}]’pe (3)0

Proof of 3.
The four points (1,0,0)5(0,1,0),(0,0,1), and (1,1,1)

satisfy the required conditione

This completes the proof that the points and lines of the

Veblen~Wedderburn geometry form a projective plane geometry
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That the geometry is non-Desarguesian is shown by the
following examples
Consider the two
triangles ABC and
A'B'C! which are
centrally perspective
from 0. Let O,A,A',
B,B',C,C! have

co-ordinates (1,3,1),

(j,l,l),(2+-2j,2-F2j,l),
(2j,2+27,1),(2+2],0,1),
(2+ Jsl +j,1), and

(1,350) respectivelye.

The line AC with
equation x+y(2+ j) +z(1+ 3) =0 and the line A'C' with
equation x+7yj+2z2=0 meet in the point B" which has
co-ordinates (2j,2+ j,1); the line BC with equation x+y2+22 =0
and the line B!'C! with equation x+yj +2(1+j) =0 meet in the
point A" which has co=ordinates (1+2j,2j,1); the line AB with
equation x+y(1+43)+z(2+J) =0 and the line A'B' with
equation x+z(l+j) =0 meet in the point C" which has co-
ordinates (2+2j,1+ j,1)e The line with equation =+y(2+2]) =0
is on the points A" and B", However, the co-ordinates of the
“point C" do not satisfy this equation. Hence Desarguesls
theorem does not always hold for this geometry. However, if

a so-called "sub-geometry is considered namely the one in which
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the co-ordinates of the points are the scalar elements only
then for this geometry Desargues's theorem is definitely valid.
That the little Desarguest!s theorem does not always
hold in the Veblen-Wedderburn geometry is shown by the following
example,
Consider the triangles
ABC and A'B'C! which
are centrally perspec-
tive from O Let the
points 0,A,AY',B,B',
C,C' have co=-ordinates
(1+3,3,1),(3,1,0),
(2+23,1,1),(3,1+25,1),
(1,2,1),(j,2+27,1),
and (1+25,1.0)
regspectivelys The line

AB with equation

%+ y(23) +z(2+ j) =0 and the line A'B!' with equation

x+7(1+23) +2(2j)=0 meet in the point C" which has co-ordinates
(0,2 +23, 1); the line BC with equation x +z(2]) =0 and the

line B'C! with equation =x+y(2+j) +z(l+J)=0 meet on the
point A" which has co-ordinates (j,1,1); the line AC with
equation x+y(2j)+2z2=0 and the line A'C' with equation

x+ y(2+ j) + 22 =0 meet on the point B" which has co-ordinates
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(1,0,1)s The line with equation x+1y(2 t2j) tz=0 1s on the
points A",0, and C"e However the co-ordinates ol the point B"
do not satisfy this equation. Hence the little Desarguests
theorem does not always hold for this geometry. It will later
be shown that the 1little Desargues!s theorem holds for all
triangles in central perspectivity Tfrom (1,0,0) and that (1,0,0)
is the only point with this propertye

In order to obtain the collineation group of the geometry
it is desirable to investigate whether or not the lines of this
geometry can be represented in any other forms save those of
types (1)s(2), and (3) previously mentionede With this in mind,
the following question is posed = Is xa +yb t+2¢ =0 an equation
of a line of this geometry when a is non scalar ? This question

is answered by the following lermma and theoremns

Lemmas: If, for all a,b,c With.a;%o, xa +yb + zc =0 is a line

then it is the line x +yba'l+ zea' =0,

Proof:

For xat yb+ zec=0 to be a straight line it must be
equivalent %o X+yo(,+z@ =0 for some oé and @ °
Suppose X +yol +z(3 =0e
Then xz= =yol =2 F .

Substituting for x in xa +yb tzc =0 we get
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xa +¥b +z¢ = =(yd t2z 3 Ya +yb + zce
Shmexa+ﬁw%c:oamix+y&+z@:mzweemﬁwﬁmw
-(yod +z p)a+yb +zc =0 whenever (x,y,z) are co=ordinates of a
point on xt yd +z  =0.
Take (=  51,0) as a point on x+yol +2 8 =0,
Then = ola+b =0,
Therefore A =ba' .
Take (- (3 ,0,1) as another point on x+yd +zB =0.
Then = (Ba+c =0
Therefore @ =ca's,
Hence if xa +yb +z¢ =0 is a line then it 1s the line

x+yba! +zca! =0,

Theorem: If "a" is non scalar xa+yb+zc=0 1is the equation

of a line if and only if bec =0.

Proof:
Only If: Suppose neither b nor ¢ is zeros From the lemma,
it follows thaf any point which satisfies
x +yba' +zca ' =0 must satisfy xa+yb +zc =0 if
the latter equation is to be a line of the
geometry.

Consider the equation




(

)

% +yba '+ zed ' = 0.
Now x= =yba '=zca™' o
Substitubing for x in xa tyb tzc =0 we get
(yba''+ zea')a =yb +zc.
Then vba''+ zea' = (yb +ze)a'
Let a"_—_p t+qj where p and g are scalarse
Then vb(p+qj)+ zelp +ai)=(yb+ ze)lp +aj)
and plyb+ zc) 4 alybj+zej) =z plyb+ ze) + alyb+ zc)js
Then for all y and 2

yoj tzci = (yb +2zc)je (i)
Take z=¢'y y=(11+3)0"
Substituting in (i)

j+i=1. Impossible.

ieee The point (o {[2+25]a ~aye(1+ 3)0",1)
satisfies x+ybd' 4 zca'=0 but not xat ybtzc =0e
The supposition is therefore contradicted and
hence if a is non sealar, and be #0,

xa +yb + ze =0 is not the equation of a linee

Suppose b=0 and c;!O, then xatyb+zc=0
becomes xatzec= 0. From the lemma, if xa+t+ zc =0
is a line, then it is the line xt zea' =0

It is now shown that these equations are equivalente




Suppose x+zca =0

Then x= -zca '

Therefore xa +2zc =(-zcd' )a+ zc= 0

is,ee For g non scalar and c?éO, xa+zc =0 is an
equation of a linee.

Similarly, for & non scalar, ¢—0, and b £ 0,
it follows that xa+yb =0 1s an equation of a

lines

(1) Suppose b=0 and ¢=C0., Then xa+yb+zc=0 becomes

Xx=0 which is an admissible line of the geometry.

In 2 similar manner, a more general result can be
obtained: vize. If xa+yb+ zet :E‘ (xa,+ ybi+ zc; )i = 0 is a
straight line for every o(,_‘ then two of a;,b;,c, must be zero
for all i. Hence the expression can be reduced toc the form
xh+ yB +2C =0 and the above theorem will again applye. Hence
the lines of this geometry can only be represented by equations

&.
which have forms similar to types (1),(2), and (3)e

2e Veblen and Wedderburn LI] state in a footnote that under
the particular transformation which they consider the points
(1,050)5(0,3551)5(jsj51) on the line yj+ z =0 are sent into the
points (1,2,0),(1,0,2123),(1+ j,2j,2 +23) of which the first
two but not the third lie on x(1+ j)+y(l+j)+ z=0 However
this is not a line, All three points lie on x+y+z(2+ 27)= 0.
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PART IIT.

DETERMINATION OF ALL ANALYTIC COLLINEATIONS

In the classical (Desarguesian) geometry it can be
shown that the most general Drojecgive collineation is a
transformation of the form Pxt = 23‘3 where the determinant
(aﬂ ) fO. However, the most general collineation is given by
¢ xt = zaLsQ(x ) where the mapping x into CP(X) is an
automorphlsm of the co-ordinate field.

In a general non-Desarguesian geometry 1t 1s not
generally worth while to attempt to distinguish a projective
collineation from a non projective one. In the case considered
here, it is easily seen that the mapping { x! =(Q(x) where
1 =21,2,3 is a collineation if x into (P(x) is an automorphism
of the near~fields, Furthermore, if the transformation
(’x‘L = %_‘XJ aLj where 1 =1,2,3 :;s a collineation then so also
is the %ransformation QX{ ==g‘Q(Xj)aLj. Hence we consider
only transformations of the fo-;m FX: = J;.x ajvmere 1=1,2,3
which will be termed analytic collineations when the mappings

actually are collineationse In this connection, it may be

stated that not all such mappings are collineations since the

mapping
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Pxt = x+2y +2
fyt=2x + 7y +z

{2 = x +y+z

is not a collineation. This can easily be verified.

The number e is always chosen so that the last non

zero co-ordinate of a point is onee.

The problem then is to determine the whole group of

analytic collineationse.

2
fx? =Zx a
j:\ J

In considering the transformation

! 3 (i=1,2,3), various cases must be considered

depending on the scalar or non scalar characteristics of the

azj'o It is not necessary to consider any cases in which the
matrix (aiJ') has a row or a column of zeros or in which a two
by two submatrix consists entirely of zeros since such
transformations do not have inverses. The problem will be

broken down into various subcases as given in the following

scheme =
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Case l.
Let a, = sl,a;\ =8,, and a, = s; wWhere 8 ,8,,8; are scalars,
Consider 3, 1
x s, a, ag x?!
G T {=| 8, aj. az ¥!
Z 81 azy 833 z!t

X +yd + z@ =0 maps into

)
0

xts +yta,+ zta g (x'stylastztayd + (x? sg+y‘a3l+ z'ags)ﬁ — Oe
For all d and (3 , necessary conditions for equatlon % to be
the equation of a line are that two of S3sa2 5823 must be
zero and two of 8;,8 32528 33 must be zero.
Suppose a,,= a,; = 0, then s, 1& 0. The following possibilities
oceur =

(2) s, =383 =0

a 33 =0

or (b) s,

(a) If Sa :agz ‘:'.O’ then 3.35 #O’ a.nd al:b fo.

Equation 3 becomes

3e When collineations are considered in this form it is
to be understood that the transformation equations are to
be written in the form

GX\ = X!' a4 + X‘ﬁ a",z._t- Xg ai3 for 111’2’3
and not in the form

ex; = ay, '+ oy, XY + a,xy  for 1z1,2,3.
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xt (s, ts,d) +yta, + 2zt (a,, tassp ) =0.
This is not an admissible line unless (i) s,+ s o
is a scalar, or, (ii) a;; +a3;p =0.
(i) If s, + s;4 is a scalar for all ol , then
8, =0, a contradiction.
(ii) If a,s + a33(3=0, then either (I) a,; = a3 =0,
or (1) a,, and azz are not zero.
(T) If a,; =a33=0, there is no collineation.
(T3) If a,; and ajz3 are not zero, then
B=2aj,a3e But it is possible to find

a (3 for which this is not truee

Therefore (a) does not lead to a collineatione

(b)

If s; =a;, =0, then a, #:0, and a%-rl: 0.
Equation % becomes
xt (s, + s, ) +y'(a, t 83, 3 ) +zta;z =0
This is not an admissible 1iné unless (i) s, 482
is a scalar, or (ii) a, T anf@ =0.
(1) If s, +sa¢ is a scalar, then s5=0, a
contradiction.
(ii) If a2 +ap =0s then either (TI) a,; = azz=0,
or, (IT) a,, and az, are not zero.
(T) If a,, =asz =0, no collineation existse

(1i) If a,, and ay are not zero, then
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-1
@ = 2a;,8a,, . But there exists a Fs for
which this does not hold.

Therefore (b) does not lead to a collineation.
Hence the supposition a,, = a3 =0 1is false. Therefore,

since a,, and a,3; cannot both be zero, sy 1s zero at least.

Now equation <% has the form
xVs, tylat zlag t(yla,tztass M + (xfsgtytast ztas )(8 =0, %
For all o and (3 s Anecessary conditions for % ’bo be a line
are that one of a,;,a,3 must be zero and that two of s3,
a4, sa 33 must be zeroe.
A. Suppose a,; =0, then a,; 1‘. 0. The following possibilities

oceur - |

(a) az;, =as3 =0

or (b) 82 =a3s =0

(a) If ay = az =0, then s3$0,a, F 06

Equation %% becounes

x' (s, ts,8) tyta, t z¥(az2d + a;3) =0e

For an admissible 1ine asd + a; =0 for all ol .
Since ay £ 0, a3 cannot be zero. Hence, since ajzz
and a,; cannot be zero for all o sl = Za;;a,g e But
there exists an O{, for which this will not hold,.

Therefore (a) does not lead to a collineation.
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(b) If ay=s3 =0, equation %% becomes
x's, tytle,+ a,, p) tzt(agt azsd ) =0.
| Multiplying through by s
2 +yis (apt asaf ) tzls) (as taasd) =0,
Hence the equations
- Px = xt +y‘aﬁ‘ + Z';g

'y = z‘;13
Pz = y'atL where ay, #05and 237 %O

determine a collineatione

Be Suppose a g3 =0 in equation #%e Using a similar
argument, the following collineation is obtained -

* +
¢x = xt +yta, +zla,

?y = y az:_
* ¥
(z = zla .3 where am%o, and a’f;g ?Z-O.
Case ll.
Let a,, = s, and ay =s. where s, and s, are scalars.

Suppose agj, 1is non scalare




Consider

x S, 2. a3 xt
e Y |=]8a @iz 823 y‘
7 a3 Q3. a33 z!

z =0 maps into x'aj +ylaz + z'asz; =0.
For an admissible line
(2) as; =0

or (p) a g3z =0

(a) If a,, =0, then

X S, a.. an x!
(J T IlZ182 &2 Qa3 y'
z ay 0 aszy \ zt

v+ 2z =0 maps into
xt (s, taz ) +ylai, + 2" (2 + 233) =0,
For an admissible line, since g +az 1s non scalar

either (i) a.2=0, or (ii) a;s + 21z =0

(1) If a,, =0, then a, io, and.
bid S, 8, a3 x!
6 Y|z 82 0 aa y!

Z ag O a 33 z!
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x4+ z =0 meps into
X‘(s, tag ) +y'an tzt(a, tey; ) =0.
Since s, +as 1s non scalar and a. # 0,
as tay =0, if the line is to be admissible.
Now, two cases will arise - (T) a3 =aszs =0,
or (Tf) a3 and a,; are not zero.
(£) If a;s =az; =0 then azs £ 0.

X+¥ +z =0 maps into

xt(ay +s, +8.) +tyta;, +z%a =0,

s,t s, +as 1is non scalar, a.y,-T‘ 0 and a.s 1L Os

The line is therefore not admissibles

(TT) 1If a3 #0 and az; #0, then
x +z2 =0 maps into
xt (s, +2a; )t yta,, +tz'(ap t+2a33) =0
where s, + 2az, 1s non scalar and a,; 7 O.
For an admissible line therefore a;z + 2azz =0
But, since a,; + a3 =0,then a,; + 2a33 = Oe
Hence
x? (s, + 2a; ) +ytan +zt (a3 +2a33) =0

$a not an admissible 1line.

(1ii) IFf a, + a3z =0, then either (T) az= a;3:0,
or (TII) az; and azs are not zero.

T) If a,, =az; =0 then agy %O and
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X S, &an agp x?
Q Y |=| 82 an O y!
Z az O 0 z!

Now x+y +2z =0 maps into
xt(s, + 8, ta, )+ytlay +a,) +ztag =0.
Since s, + Sz + 23 is non scalar and as 7&0,
then a,. + a,, must be zero if the line is
to be admissible, The only case to consider
is the one in which a,, and a .. are non zero.
Now, if a,, and a., are not zero then
x+y2 +z =0 maps into |
xt{s, +2s, tas, )tyt(a,+ 2a,,) +z%a,3 = Oe
Since s, + 2s, +a3 is non scalar and ag fO,
then a,, + 2a,, must be gero if the line is
to be admissible. But, since a,,+ 222 =0,
then a,, + 2a,. 7(0. Hence
xt (s, + 28, t an ) tyt{an + 2a,2) +2taz =0
is not an admissible line.

(TT) If a,, #0 and a3z #0, -
y+2z2=0 ma;és into
xt (s, 1 234, ) +ytas. +2zt (an + 2833) =0
where 8,t2a;, is non scalar and aq.z +2a33 %O.
[3.2_34- 2a33 £ 0 because the assumption is that

ay,t a33=0.] Hence for an admissible
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liney, a,2=0 and the argument is similar

to part (i) section (IT) of (a)e

Hence (a) does not lead to a collineation. By taking
a33 = 0 instead of az, =0, it is found, by a similar

argument,that (b) does not lead to a collineation,

Therefore Case 11 is not one which brings about a collineation.

Case 111l.

Let a, = s, and a3 =s, where s, and sz are scalare

Suppose a,, 1ls non scalare.

Consider
X S, a, a; x?
G T 13 8a1 G a3 bA
Z S3 8, &, zt

The argument is similar to that of Case 11, Hence Case 111

does not lead to a collineatione

Case 1Ve.

Let a,, = s, where s, 1is a scalar. Suppose a,, and a; are




non scalarse
Consgider
x 8, a. apg x3
() T | =j8n 8w &8, y!

Z &y 83, 833 z!

Then y = 0 maps into xtaa. + ylas +2ztazs =0
For an admissible line elther é.,_,\—_;O or azz = O
Also, z =0 maps into x%a,; +yla; t3zlaz; =0.
For an admissible line either a,, = 0 or ass = 0.
Four cases can occur =

(i) 822 = 832 =0

(i1) 8,y = &3 =0

(iii) a,. = asz; =0

or (iv) a,; =a;,=0 .

(i) If am': agz: Og then a2 %O’ arld
X S, 8, &8, x!
Q ylz-]lau O 8,3 Nk

z a; 0 az zt)

Now xt+y =0 maps into

Since s, + a&,, is non scalar and a,, #0, for an

admissible line a,t a3 =0. Now the only case to

36




be considered is the one in which a,,

non zeros If a, and a,, are non zero then x +y2 =0

maps into x!'{s, +2a, )+tyla,+ zt{(a,+ 2a,,) =0
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and a,, are both

where s, +2a,, is non scalar and a,zj 0. Hence for an

admissible line a,; +2a,; =0 Bubt a,+ a,; =0, and so

a,; t 2a,, 7-[0.

Therefore x'(s, +2a,, )+y'a, +zt(a, +2a,;) =0 is
not an admissible line,

Therefore (i) does not lead to a collineation.

Similarly by considering (ii) instead of (i) the same

result is obtained, namely that (ii) does not lead to |

a collineation if a,, and a; are non scalarse

If a'll = a33 :O, then

p:d 8, a, ag xt

1

(3 vylzl{a, 0 ag/|ly
t

4 a, &, 0] b4

v +2z =0 maps into =x'(a, +a, )+7yta,;, tzta;; =0
For an admissible line (a) a, =0, (b) a, =0, or
(c) a, +ay; is a scalare
(a) 1If a,, =0, then a, /l_ 0 and
x 8, &, & x!
Qy zjay 0 ag !

- Z a 0 0 z!
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X+y =0 maps into

x'(s, +a., ) ty'a,, +z'(a, +a,) =0 wvhere

8. #O and s, + a,, are non scalar., Hence, for an
admissible line, a,; ta,; =0 and the only
possibility to be considered is the one in which
a,; and a,, are non zero. Now, if a,, and a,; are
both non zero, x+y2 =0 maps into

xt(s, t2a, ) +y'ta, t2zt(a,t 2a,,) =0 where

a,@ #£0 and s, + 2a,, are non scalar. Hence for an
admissible line a,, + 2a,, =0. But since a; + a,3=0,
then a,;; t2a,, #O.

Therefore x!(s, +2a,, )+t yla, tzt(a, t2a,,) =0

is not an admissible line,

(b) If a,, =0, then a, #0 and

i 8 &, ap x!
{v)=lan 0 O v
t

Z a;, a3 O Z

x+7y =0 maps into x'(s, ta, ) +ty'a, +z'23 =0
where a, 74 0 and s, ta, 1is non scalar.r Hence
for an admissible line a, =0 and then a,, #0.
Now x+y +z =0 maps into

xt(s, ta, ta,)tylaz tzla; =0 where a, #O




end a,, £0. For an admissible line s, + a; +as
mist be scalare 1e8e &; +a, 18 scalare

Now x +y2 t+z =0 maps into

xt (s, +2a, +a,) +yla,, tz'a;; =0 where ay #£0
and a,; # 0. For an admissible line 8, t2a,, 1 ay
§s scalare 1.€e 2a, +a; is scalar. Since

2a, + a4 1s scalar and a,, t &y is scalar, a,,

is scalar contrary to suppositions

(¢) If a,, +a, is a scalar, then y2+z =0 maps
into =x'(2a,, + a, ) +y'as +2z'a,; =0 For an
admissible line (1) a,, =0, (2) a, =0, or
(3) 2a,, +2a; 1s scalare

(1) If a,, =0 the argument will be the
same as part (a) of (iii)e.
(2) If a,; =0 the argument will be the
same as part (b) of (iii)e
(3) If 2a, +aj; is scalar then since
a, +a, 1is scalar, ay is scalar contrary
to the suppositione
Hence case (iii) does not lead to a collineation.
Similarly by considering case (iv) instead of

case (1ii) the same result is arrived at namely that




if a, and a,, are non scalar (iv) does not lead to a

collineatione.
Hence case (iv) cannot be considered as a case which
brings about a collineation.

Therefore GCase 1V does not lead to a collineatione

Case Vo

Let a,, =s, and a; =s,; where s, and s, are scalars,

Suppose &, 1s non scalare

Consider
(X ay au aa x!
Q J =8y Qa1 84 y'
Z S; 8, as z!

x =0 maps into xta, +ty'a, tz'a, =0. For an admissible

line

or (b) a, =0

bd a, 0 ag x!

Q T =] 8. & 8y yt
4

z S, &,;, 8, \z

x +y =0 maps into x¥(a, + s,) ty'a,, tz'(a, t+ta,) =0




where a, + s, is non scalare For an admissible line

(1) a,, = 0, or (ii) a; ta,; =0

(1) If a,, =0 then a, $0 and then

X a, 0 ag x!
e J = {8a 0 &3 Y'
z S3 83, 8, z!

x+ z =0 maps into

xt(a, + 8,) ty'a, +2'(a,; ta,) =0 wvhere
a,, #0 and a, +s, is non scalar. For an
admissible line a,, + a,; =0« Two cases arise

(L) a, =a, =0, or (II) a,, and a,, are non zero.

(I) If a, =a, =0 then a, #0.

x+y t+tz =0 maps into

x'(s, +8, +a, ) tyla,, + z'a,s =0 vhere
a,, # 0, a,, # 0, and s, +s8; ta, Is non scalar.
Hence x!'(s, t+s, ta, ) +y'e,, tzta,; =0 is

not an admissible line,

(f1) If a, #£0 and 8 #05
x+ z2 =0 maps into
xt(a, + 2s,) +2y'a,, +2'(a, +2a,;) =0

where a_mf. 0 and a, + 2s, 1s non scalars

Hence for an admissible line a‘3+2a3350,
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but a, + a,;, =0, and so g, + 2a,, cannot
be zeros
Therefore x'(a, + 2s,)+ 2y'ay, +2'(a,; +2a,,)=0

is not an admissible linee.

(ii) Ir a3 + - B =03 then (T) a,a = Qg3 :0, or

-
(IT) a,, and a,, are not zero.

(I) If a; =a,; =0, then a,; #0 and

x a, 0 O x!
Cly|=]s. 2w © 3!
z S3 8y, & z!

X+y tz =0 maps into

xt(s,+s,+a, )tytlay, +8,5) t2%a =0
where 8;; #0 and s, t+ §; ta, 1s non scalare
For an admissible line a,, + a,, =0. The
only possibility occuring is the one in
which a,, and a;, are not Vzero. Hence, if
a,_,_;lo and ag, 7.{03 then x+y +22 =0 maps into
xt (s, t2s,+ta, )ty (a.t2az, )+ z2ta;=0
where s, +2s, ta, 1s non scalar and as3 F0e
For an admissible line a,,+ 28z, 1s zero
but a,, + a;, =0, and so a,,+ 2a;, cannot

be zeroe
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Eence
x'(s,+ 28, +a, ) +yt(a,, + 2a;, ) +2z%as; =0

is not an admissible line.

(i1) 1If a,, % 0 and aﬁ#o, then
x+y2 =0 maps into
x'(a,+ 28,)+ 2yta,, t2'(a,; t2a,3) = 0
where a, t 2s, is non scalar and ag,; + 2a,; #O.
[a,g + 2auf 0 because a,, + 83 = O.j
Hence for an admissible line a,, = 0, but
then the argument of (i) is repeated.
Hence case (a) does not lead to a collineatione.
Similarly by taking a,, =0 instead of a,, = 0 the
result is that (b) does not lead to a collineation.

Therefore Case V cannot bring about a collineatione

Case Vle

Let a,, = s, where s, is scalar. Suppose a, and a; are

non scalare

Consider




X =0 maps into xta,+ yla,+ zla,;s =0.
Por an admissible line a, =0 or a,; =0,
z =0 maps into x'g, + y'at z'a; = O.
For an admissible line a,, =0, or as; = 0.

Four cases occur:

(1) 8, = a3 =0

(i1) a,= a3 =0

(i1i) aw =12 =0
or (iv) a,= an=0 .

(3 32
x a, 0 a, xt
- t
Cly) =8, a. a,]] ¥
z a, 0 a, zt

X+y =0 nmaps into

x*(a, +s,) +y'a,,+ z'(a,; + a,,) =0 where a,, 7(—.0 and
a,+ s, is scalar. For an admissible line a,, + ay =0,
Two cases can occur - (1) a, = a,; =0, or (2) a,, and

a,, are not zeroe.

(1) If a,= &, =0, then a,, £ 0.
x+y+2z =0 maps into
xt(a, + s, +a, )+yla,+zla,, =0 where 8.2 # 0

and a; #0. For an admissible line a, + s, + ay
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is scalare l1e€e-a, + a, 18 scalare

Now, x+y t22 =0 maps into

(8, + s, +2a; ) tylant z'a; =0 where a, £0
and ag ;é O For an admissible line a, + s,t 2aj
is scalare. il.e. a, + 2a;, is scalare

Since a, + 2a, 1s scalar and a, + a; is scalar
ay 1s scalar which is contrary to the

suppositione.

(2) If a, 740 and a2, 740, then x+ y2 =0 maps into
xt{a, t 2s8,)+ 2yta,, tz'(a; + 22,,) =0 where

a,, % Osand a, + 2s, is non scalare. Since

8, + a, =0, then a,; + 2a,; {0. Hence the line

x+y+2z =0 does not have a line as its image,.

Hence (i) does not lead to a collineation.
Similarly by using (ii) instead of (i) the same result

is obtainede.

(iii) If B2 = 8y = O, then

X ay O a; xt
6 Y1 =182 8z &z y!
1

Z a; &, O Z

x+ z=0 maps into x'(a,+ a, ) +ytay t z%a;z = O.
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For an admissible line - (1) a, =0, (2) a,, =0, or

(3) a,+ a; is scalar.

(1) If a,,=0, then a,,# 0, and

bid a, O a4 x!
e T | = |82 @aa @ 7!

z a, O 0 zt

x+7 =0 maps into x'(a, + s,) +y'az + zt(a,;+ a,)=0
where a,, #0 and a, + s ,is non scalar. For an
admissible line a; + a;; = 0. Two cases can occur-
I) a,= a,, =0, or (IT) a,, and a,; =are non

gscalarse.

() If a, = a,;= 0, no collineation existse
(i) If a, % 0sand a,z %O, then x+y2 =0

maps into x'(a, + 2s,) tytas. t2'(az t 2a,, ) =0
where a,, £ O, and a, + 2s, is non scalaTe

Since a, + a,; =0, then a,5t 2893 740.

Hence the image is not a line.

(2) If a,, =0, then a,; 1‘-0, and
X a, 0 O x!
6 Y| ={S2 8n 32 7!

!
Z a; 28; O z
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x+y =0 maps into x'(a, + s,) +yta,, + z'a,;=0
where a, + 8, 1is non scalar and a,# O. For an
admissible line a,, = O énd hence aj, # O

X+y +2z =0 maps into

x¥(a, + s tay) tyta, + 2la,; =0 vwhere az, £0
and a13%=0. For an admissible line a, + s,+ ag
is scalar. i1.8. g, + a; 1is scalar.

Now, x+y +22 =0 maps into

x'(a, + SZ-FZa;,)~¥2y’a3;+ zla, = 0 where ap# O
and a,,# 0. For an admissible line a, t s,+2ay
is a scalare i.ee a, 1+ 2a; 1iIs scalar., Since
a, + a3 is scalar and a,t 28; 1is scalar, then

a3

, 1s scalar contrary to supposition.

(3) If ay+ ay is scalar, then x+z2 =0 maps
into =x'(a, t 2a,) t2y'ay,+ za,;;= O« For an
admissible line there are three possibilities =
(T) a5, = 0, (II) a, = 0, or (Iii) a, + 2a; is
scalare.

(T) If a,, =0, the argument is the same

as that of part (1) section (il).

(Ii) If a,;; =0, the argument is the same as

that of part (2) section (iii).

(iii) If a, + 2a, 1is scalar then since

a, + a,; 1is scalar, then ay 1is scalar
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contrary to the assumptione

Therefore (iii) does not lead to a collineation.
Similarly, by using (iv) instead of (iii) the same

result is obtained,

Therefore Case V1 does not lead to a collineation.

Case Vil
Let a, = s; where s, is a scalare. Suppose a, and a, are

non scalarse.

Consider
X a, @, a3 xt
Ply| = (aa 8n 22| |7
Z s, az &y z!

x =0 maps into x'a, + y'a, t+ zta,; =0 For an admissible
line &, =0, or a,; =0.

¥ =0 maps into xX'a,t y'a,,t z'az = 0. For an admissible
line a,, = Oy or a,; =0. Four cases occur =

(i) Q. = 8ax =0

~~
e
| naid
——r

3,3: 8.23 = O

(i11) an = a5, = 0
or (iv) a,= 2,,=0 o




Similar arguments hold for these four cases as held for
those of Case Vle Likewise, Case V11l does not lead to a

collinesatione

Case Vl1lle.

Suppose a, 2, s a3 are non scalarse Consider

X Qu &, 81 x!
Q T | = |8a Baz 223 y!
Z Q3 832 8a3 z!

x=0 maps into xta,+ yla,+ zla; = 0.
For an admissible line a,;, =0 or a,; = 0
y=0 maps into xta,, + yla,, + zlazs =0,
For an admissible line a,, =0 or a;; =0
z =0 maps into xta,;*+ yla,, + z'laz =0.
For an admissible line a4, =0 or a;; =0,

The following two cases can arise:

Case 1. a)  a,= an =8, =

b) Q2 = 85, T 8y =

o O O

or c) a,= a,T 8=
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i}

Case 2. a) ap= a, =4, =0
b) 8, = 85 = 84, =0

or c) a,= 85 = 2;,=0 .

Case 1,

a) If a,= a, = a; =0, then am;éo and

b4 a, O a,, x!
e Yi|=lay O 8,3 v!
1

z az & O Z

v+ z=0 maps into x'(a, + a; ) ty'ay,, tzta,: =0
where a,, %O. For an admissible line (T) a,,= O,

or (IT) a, + &, is scalar.

(T) If a,,= 0, then ayf 0 and

X aag O an x?
(lv|= s 0 0| |7
z as a3 O z!

x+ 7+ 2z=0 maps into

xt(a, + ant a,; ) +y'ay + zta,, = O vwhere 3.3;_# 0,
a, # Os For an admissible line a, + a,+ &, is
a scalar. Now X+ y2 t+2z =0 maps into

xt(a, + 22,1t a; )tyla;t z'a; = 0 where angé 0,
a, # 0. For an admissible line a, + 28, t a; is

a scalare Since a, + a,, + a,; 1s scalar and
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a, + 2a, +az; 1is scalar, then a, is scalar

contrary to assumptione.

(11) If a, + a, 1is scalar, y +2z2 =0 maps into
x'(a, +2a,, ) t2yla,, + zlay;= Os For an
admissible line (1) a,, = 0, or (2) a,, + 2a,,
is scalars
(1) If a,, = 0, the discussion of p;xrt a)
section (I) is repeated.
(2) If a,,t 2a,; is scalar, then, since
a, + aj; 1is scalar, a; 1is scalar contrary

to suppositione

b) If a,= a, =a2a; =0, then a, #0, and

b4 a, 0 a, x!
e Ti={a a 0 v!
z as &3 O z!

x+y7=0 maps into x'(a, + a, ) +7y'a,,+ 2'a; =0
where a,, # 0« For an admissible line either
() a,, =0, or {T1) a, +a, 1is scalar.

(T) If a,, =0, then a;, # 0.

x+ 2 =0 maps into x'(a, + a, )t yla;t zta; =0

where a,, fO, end a,; # 0.




For an admissible line a, + a; is scalar.

X2+ g =0 maps into

x'(2a; + a5 ) tytay, + 23'a,; =0 wvhere a32# 0,
and a,z ;ﬁ Os For an admissible line 2a, + a, 1is
a scalar, Since a, + a;, 1is scalar and 2a, + az;
is scalar, then a, 1is scalar contrary to

supposition.

(iiv) If a,+ a, is scalar, x2+ 3y =0 maps into
x'(a, + 2a,,)+y'a,, tz'a;; =0 vwhere a, /4.0,
For an admissible line either (1) a,, =0, or
(2) 2a, + a,, is scalar.
(1) If a,, =0, the discussion of part b)
section (I) is repeatede.
(2) If 2a, + a,, is scalar, then, since
a, + a, 1is scalar, a, 1s scalar contrary to

the supposition,

¢) If a,= a,,= a; =0, then a, fo and

b4 a, a; O x!t
e yi=|a, O 83 ¥t
z az a3 O z?

Xt y=0 maps into x'(a, + a, ) tyla, + ztay; = 0 where

8, -T} 0. For an admissible line either (I) a,; = 0, or
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(II) a,+ a. is scalar,
() 1Ir a.;z 0, then aj # O.
v+ z =0 maps into =x'(a, t a; )t yla;,t zlaz = 0,
where a, # 0, and a,, # O For an admissible line
a,+ a; 1is scalar. Now y2 +2z =0 maps into
x'(2a, + a, ) ty'a, T+ 2z'a, = 0 where a5, 3 0
and 8,, # 0. For an admissible line 2a, * a, 1is
a scalar. Since a, -+ a,; is scalar also, then

2., 1s scalar contrary to supposition.

(T1) If a,+ 2, is scalar, then x+y2 =0 maps
into x'(a, + 2a,, )t yla, + 2z%a,; = 0 where a13+ Oe
For an admissible line either (1) a, = 0, or

(2) a, + 2a, is a scalar.
(1) If a,, =0, the discussion of part ¢)
section (T) is repeated.
(2) 1If a, + 2a,, is scalar, then, since
a, +a, is scalar, a, 1s scalar contrary

to the supposition.

Hence Casgse 1. does not lead to a collineation.

Using a similar type of argument, it is found that Case 2.

yvields the same resulte.

Hence Case V111l does not lead to a collineations
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Therefore the analytic collineations have the following forms:

tx = xt +yta, +zta,
0y = T'asa
fz = zlag;
where a,, # 0, and a;; # Oe
fx = x¥ttyla,+ zlas
Yy = zta,,
¢z = Tiay,

where 2,5/ 0, and a;,’il Oe

There are thus 9 X 9 X 8 X 8 X 2 analytic collineations, and
combining these with the collineation f(x! = ®(x;) there are
9 X9 X8X8X2X6 collineations.
More general transformations of the type

x! = xa+vyb tze 4 %_(Xai* ¥b; + zc; Yol

y! = xat+ yb!t zet 4 %(xa} t yb! + zet )di

zt! = xat yb'+ ze" + 2(xa‘§+ yb? + zc'i- ) ole
are not considered since they do not lead to any new collineations
in view of the remark made at the end of PART 1II. There may
be other collineations of the geometry but any such other

collineations cannot be expressed in the given analytic form.




That in general a projective transformation on a line

cannot be extended to a collineation in a plane is shown in the

following examples

There exists a projective transformation which sends 0 into 0,
A& into A, U into U, but which sends M into M!'e(loce. cite PART I,
?age 8e) Suppose co=ordinates are assigned to these points.
Let 0,P,R,S,P!,R',S',Q,E,4,B,T,M, 1! be the points (2+ j,0,1),
(0,151)5(0,3,1)5(2+23,1,0)5(152,1),(2,1,1),(3>351)s

(14 352+ 351)5(0,0,1)5 (3 +1,0,1),(1+2§,0,1)5(2,0,1),(1,0,1)5
(23,0,1) respectively, Hence under the existing projective

transformation




-

[ (xtyyty2!) ——y (x,7,2)
(2+ 7,0,1) ——— (2% §,0,1)
ﬁ (1+3,0,1) — (14 j,0,1)
(2,0,1) ——(2,0,1)
\ (1,0,1) ————>(23,0,1)

Consider the analytic collineations

Pxt = x+yA+ 2B

eyt = yC
I
(zt = zD
px? = xtyA +zB
IT Pyt = %G

Pzt = yD

Upon substituting the co=ordinates of the points in (4) into

(I)y, the following equations are obtained

2+ j = D' (2+ j+B) (1)
1t j =Di(1+ j +B) (2)
2 = p'(2+ B) (3)
1 =D'"2j+B) (L)

Therefore from (3) and (L)
D=2+j, B=2+2j.,
For these values of D and B, is 1+ j+ B = D(1+ j) ?

Substituting for D and B in the latter equation, it is found

that
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1+jt2+25 = (2+3)(1+3) «

Hence there exists no transformation of type I, and by a similar
argument no transformation of type II which will extend a
projective transformation on a line to a collineation in the
plane.

It is conjectured here that there are no collineations

not of the forms

xt= Qx)*+ Q(y)a+ Q(z)B

y'= OlSle

7t = GP(Z)D
or

xt = Q(x)+ Q(y)at O(=2)B

<
"

(P(Z)C

zt = @)D

but a proof does not seem to be easy to obtain.
The relationship between the little Desargues's theorem

and collineations is given by the following theorem:

Theorem 1. Let P be any point on a line p and let A and At be
two points collinear with P but not on p». A necessary and
sufficient condition that there is a ccllineation which keeps
every line through P fixed and which keeps every point on p

fixed, and which maps A inbto A' is that if ABC and A'B!(C!
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are any two btriangles centrally perspective from P, and if two

pairs of corresponding sides of these triangles meet on p then

so does the third pair of corresponding sides.

Proof: Let AC meet A'C' at B" on p, and AB meet A'B!' at C" on p.

Necessity =

Suppose that BC meets B'C! at A" on p. It is now shown

that the collineation is well defined. Let the image of
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B in the collineation be BY, Since 4 maps Into A', and
B maps into B¥, the line AB maps into A'B'. Since C" is
on AB and C" is fixed, C" is on A'B¥, Furthermore, B'B
passes thfough P. Therefore B*—is on BP and on A'C",
Hence B* = B!, In the same ways using the mapping A into
A', it follows that C maps into C', and using the mapping
B into B! it also follows that C maps into C'e Hence the
image of C is uniquely debtermined by any pair of points
A At, That collinear points have collinear images is

obviouse

Sufficiency =
Assume that the collineation existses Let BC meet p at A",
From the mapping A into A', by the same argument as in the
case of necessity, B maps into B'e. From the mapping A into
Av', it again follows that C maps into C!'e But from the
mapping B into B! and the mapping C into C', it follows
that the line BC maps into the line B!'C', But A" is on

BC and is fixede Hence A" is on B!(C!,

An immediate corollary is

Theorem l.le Let P be any point in the plane. A necessary

and sufficient condition for the 1ittle Desargues's theorem

to hold for all pairs of triangles centrally perspective from
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P and for which two pairs of corresponding sides meet in points
collinear with P, is that for any line p through P and any points
B and B! collinear with P but not on p the collineation which
maps B into B! and which keeps every point on p fixed and

every line through P fixed existss

Theorem 2. The transformations
Cxt = x+ yd t zf8
AN ¥
(z? = z
are all possible collineations which satisfy the conditions of

the above theorem for the point P with co-ordinates (1,0,0)e

Proof:

Let P be the centre of the elation with axis p and

such thaf B maps into B's Consider the transformation

¢x' = x +yC +2zD

eyt = v

pzt = Z e
The most general line through P has the equation

v + z@:O.
Hence under the transformation

0=y tzp —( (y* + Z'F ) =0

and this transformation keeps every line through P fixed.
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The axis is y+ 2zDC™'=0 if C#£0, and if C=0 it is the line z= O
Let B have co-ordinates (1,1,1) and B have co-ordinates (o{s1,1)
wherec{.f le Hence B,B!', and P are on the line which has the
equation y+ 22=0s Since (1,1,1) maps into (a<,l,1), then
1+ C+D=d o Let DC' =¥ where & # 2, Then D= ¥ C, and
1tgtp= 1t gt ¥yo=o , Hence CT ¥C=ol -1 provided ¥ fZ.
Therefore any line with the equation y+z¥ =0 for 7!;! 2 can
be the axis and B can be made to map into any point B! simply
by choosing D= ¥ C and by btaking C+ ¥C= o =1e |
Nowy, if y+2z2 =0 is the axis of the elation then
DG =2,
isee D =2Ce.
Hence the transformation becomes
fxt = x t+ yC t z2C
(1) eyt = v

¢zt = z

Let N be any point not on y + 22 =0. Teke the co-ordinates
of N to be (0,1,0) and the co-ordinates of N! to be (k,1,0)e
It is now necessary to choose k in order that N map into N'e
Substitubting the co-ordinates of N and W' in (i)

fk =C

and e = 1le
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Hence k = C and (i) becomes
ext = x +yk +z(2k)
eyt =y
Pzt = z

This completes the proof of the theoreme

As a corollary we have

Theorem 2.1.‘ The 1ittle Desarguests theorem is true for all

pairs of triangles centrally in perspective from P with
co=-ordinates (1,0,0) and for which two pairs of corresponding

sides meet in points collinesr with P.

Theorem 3. If the little Desarguest!s theorem fails for a pair
of triangles, then it also fails for the images of these

triangles in any collineatione

Proof:

The proof is obvious from the definition of a collineatione

DEFINITION: Points A and B are said to be conjugate if there

is a collineation which maps & into Be:

Theorem g, Under the group of analytic cecllineations the
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following are the sets of conjugate points:
S, = (1,0,0)
S,= (o s1,0) and (B ,0,1) where d and ¢ are arbitrary

-

and S, = (¥sd sl) where ¥ is arbitrary and o is not zeros

Proof:

Consider the transformations
fxt = x + yA +zB

I byt = ye
Pzt = zD

and |

fxt = x +tyA +2B

II Py? = zC
in = vD »

Transformations I and II map (1,0,0) into (1,0,0).

Hence (1,0,0) is self conjugatee

Transformation I maps (0,1,0) into (¢'8,1,0)

Hence by choosing A= ol and G = 1, (0,1,0) maps into (of 3150)e
Transformation II maps (0,1,0) into (D'4,0,1)e

Also, by the choice A = B ,D = 1, (051,0) maps into (F s0s51)e
Hence points with co-ordinates (o ,1,0) and ( F,O,l) are |
conjugate points. There are eighteen such pointse.
Transformation T maps (1,1,1) into (D" {1+4& +B],D" C,1)

and transformation II maps (lyly1) into the same pointbe




By the choice D=1,C =d sB=0,4= ¥=l, (1,1,1) maps into

(¥ sd s1)e Hence points with co-ordinates (¥ ,d ,1) where
&f# 0 are conjugate. There are seventy-two such pointse The
elements of S, and S, do not form a single conjugate set since
there are ninety of them, and ninety does not divide the order
of the groupe. Hence S, and S; are distinct conjugate setse.

A more direct proof could be obtained by showing that neither

of the transformations I or II mep (0,1,0) into (1,1,1)e

Theorem 5. Theorem 2ole is false for any other point.

Proof:
That the theorem is false for a pointlof Sz was shown in a
previous examplee(loce cite PART II. page 20.)

For a point of S, , the transformation

Pxt = x
Pyt = vtz
ez' - Z

is not a collineation.h The transformation keeps every line
through (0,1,0) fixed, and every point on z = 0 fixede Also
it maps (1,1,1) into (1,2,1) which are collinéar with (0,1,0).
Hence there is no collineation which keeps every line through
(0,1,0) fixed and every point on z =0 fixed, and which maps

(1,1,1) into (1,2,1)e
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PART IV,

SOME PROPERTIES OF THE ANALYTIC COLLINEATION GROUP

Let G be the set of all fransfomations of the form
fxt—- x +yA + 2B
eyt = Y
Pzt = zD
and
Pxt= x + yA + 2B
Pyt = zD
@z; = yC .
| where CD7’:O, and, A and B are arbitrary.
Now, this group contains two subgroups H and K where H is the
set of all transformations of the form
Pxt = x +7vy4 + zB
eyt = v
Pzt = b
and K is the set of all transformations of either of the forms
Pxt= x
byt = JE

zt = zF 3




66

ext - x
¢yt = zF
fzt = vE
where EF# Oe
Clearly H and K are subgroups of order 81 and 128 respectivelye

The group G has the following properties:

le a) G:=KH, andy, b) H and K are normal subgroups of G.

2, a) H is an sbelian subgroup of G and b) E is the direct

product of four groups of order threee.

3e a) A group K is generated by four elements a,bycy,d subject

to these conditions

2

a — bg: dz

::I;

é
2*= b s 8ba = bg;

4 , 2
c' = b4, becb — aca, cac = b7, ¢*b =ac’;
ded = ¢, dad = a, dbd = b3

and b) these relationships uniquely determine K apart from

lsomorphismse
Proof of le
a) Take g, to be 1

o F’ “in Ge
0 ¥ 0
0o S

0
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Then 1 d 1 0 o)\ (1 & f
={o ¥ 0 0o 1 0 .
0 0 § 0 0 0o 0 . 1

4

Hence g, can be expressed as an element of K and an

element of He

Let g, be 1 4 B .
o 0 5
o ¥ o

Then [1 d, & 1 0 o\ f1 dy B\
0 0 &=/ 0 0 8. 0 1 0
o ¥ o o % 0 o o 1

Hence g ¢ can be expressed as an element of K and an element

of H.
Therefore it follows that G =KHe

e Analytically,collineations may be regarded as aspects of the
theory of matrices, The collineation .
)
xt= 2 ay x; (i = 1,2,3)
- j=t A

may be conveniently represented by the matrix A of the coefficients
2 i) e The product of two collineations &3z (acj ) and

B=(b,, ) is then given by the product of thelr matricess




68

b) Let gyh, and k be elements of Gy,H, and K respectivelye.

Take g, to be 1 4 P .
0O ¥ ©
0 o &
- -f .
Hence g“ is 1 24¥ 2@31 °
0 ¥ 0
o 0 g
Take g , to be 1 4 B o
0 0 ¥
o & o

- ol ra
Hence g is 1 2@3“ 2d § o

Let h be 1 A B ®

Let k, be 1 0 0
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and k¢ be 1 0 0 °
0 0 c,
0 d, O

Hence g hg, and g, hg, are elements of Hy and g]’k,g,,
gf kig8,» g; k,ga)g}ikzgi are elements of K. These follow
from a direct calculationes Therefore H and K are normal

subgroups of Ge

Proof of 2.

a) Let h, and h ,be elements of H,

Take h, to be 1 d @ R
o 1 0
o o 1
and h , to be R A AN
o 1 0
o o 1

Then h hyis [ 1 d%+d BY4p )
0 1 0
0 0 1
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and hah, is [ 1 A td* prf |

Hence H is an abelian subgroupe

b) Let h shhsshibe elements of He

Teke h, to be 1 1 0
0 1 0
0 0 1

e

2
then h' is/ 1 2 0!

0 1 0
0 0 1
h,tobe (1 j O then b7 is [1 25 0 ;
""" 0 1 0 0 1 0
0 o 1 0 0 1
h3 to be 1 0 1 then hi is 1 0 2 ! 3
o 1 0 o 1 0
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9, .
hytobe [1 0 ] then hy=[1 0 2] | &
o 1 o0 o 1 0
o o0 1 o o 1

Hence h?:: I where 1 = 1,253l
Teke H, to be a subgroup of H consisting of the elements
I,h,,hf ;s take H o to be a subgroup consisting of the
elements I,hi,hz ;s bake Ha4 to be a subgroup consisting of
the elements I,hg,ktg; teke H, to be a subgroup consisting
of the elements I,h,sh, o
Then if h= /1 atb] c+4dj

0 1 0

0 0 1
where a,bscsd are all either O,l,or 2, h= hfhﬁl’fghzl and.

this expression for h is uniquely determinede

Proof of 3.

To show that K is so generated it is easily verified

that the elements

a = (0 143 b=| 0O 1+j)
2¢5 0 1423 0
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satisfy these equations and that any element in K can be

expressed as a product using only the elements a,b,c,d.

b) Let H, be a group generated by b , then H,+Ha is
the group generated by a and be This follows by a direct
computation from the relationships

2% = B> = I, at= bé s aba_—_bs o

Furthermore H,+ H,a +H,c +Hac + Hc* +H ac” + Hea f

H,aca 1is the group generated by asb, and ce This follows

by a direct computation from the relationships

a¥f= p¥= I, a2: b{g, aba = bg, c%:: b‘/.,
becb = aca, cac = b' ,og‘b = ac 2‘.

Finally, the group generated by a,b,c, and d is

H+ Ha+Hec+Hac+H ¢ +Had+H cat+Haca +H,d +H ad +

HedtHacd +H c*d +H ac*d +H cad +Hacad « This follows

by a direct computation from the relationships

e~ b¥- a®= I, a’= b°, sba= b', o= b7,
beb = aéa, cac — b7, c*b = ac?‘, ded = cg, dad = a’?
dbd = b’

Hence the given relationships determine Ke
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Besides the analybtic collineations it is clear that the
transformations x!= Q(x), vy = CP(Y)’ zl= Cp(z) are
also collineations since the line x!' + y!'A + 2z'B =0 has as its
inage ( (x) + Q(y)a+t Q(z)B =0, Ifa=( (41) end B= () (B1)
this latter equation may be written as CP (x Q-yA' +2zBt) =0
and since Cp is an automorphism this implies X +'yA' + zB? =0
Hence lines of type x' + y'A +2z!'B = 0 map into linese. Sﬂimilarly
lines of types y' + z!B = 0, and z' = O map into liness

The grou'_;; of all automorphisms of the near-field is
now studieds Since the near-field is generated by the
automorphism is completely determined when the image of j 1is
givene Let C@ map j———)(p(j): ol -l-@j where 0< and (5 are
scalarse In the first plaoe(?z }EO since in that case the mapping
is not one to one. Ifo(:: 0y either of the mappings J—— J»
and j —2j yield automorphismse Ifo(yJ:O, then, since
P )=cl +435 1= Q(-1)=Q = PN Q ()= (& +fI (L +f1)
;—_Q<1+ @L. Now this equation is always satisfied whenever s
and é are scalarsy both distinet from zero. Hence the follow-

ing mappings are automorphisms

I: j—]
g j—23
T : §J —11+4]
Nz § —2+]
MU ] — 1+2]
Vi 5 — 2+2]
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These form a group of order six which is isomorphic to the

symnetric group on three elements under the mapping

_) I
— (22)

I

Y

M —(13)
N ——(23)

N —(123)

T —2(132)

These combined with the analytic collineations yield a group of

order (81 X 8 X 8 X2) X 6, It is verifiable by a direct

computation that the analytic collineations are a normal subgroup

of this larger collineation groupe
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