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Abstract

Fractional factorial (FF) designs can often identify which factor effects are significant

by running a fraction (subset) of a full factorial experiment (Wu and Hamada, 2000;

Box, Hunter and Hunter, 2005; Montgomery, 2005; Ryan,2007). However, there will

be aliasing of effects in a FF design, which may lead to ambiguities in interpreting the

results of an experiment.

One method for de-aliasing low-order effects is to run a follow-up experiment using

the foldover approach. The foldover approach reverses the signs of one or more factors

of the initial design to produce a follow-up design of equal size. When using the foldover

approach, one attempts to minimize undesirable aliasing in the "combined" design (the

initial design together with the foldover design).

The primary objective of this thesis is to select optimal foldover plans, given an

initial 2ß-p design. Two criteria for selecting the optimal combined design are the

minimum aberration (MA) criterion and the SMCE criterion, in which we sequentially

maximize the number of clear effects.

In this thesis, we use the SMCE criterion to produce tables of optimal foldover

plans. We then compare these to the tables of Li and Lin (2003), who used the MA

criterion.

Our research concludes that there exists some noteworthy differences between the

optimal combined designs selected according to the MA and the S\¿ICE criteria. The

SÌ\4CE criterion leads to the selection of combined designs that possess at least a"s many

clear low-order effects than that obtained using the MA criterion.
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Chapter 1

Introduction and Summary

Factorial designs are used for determining which factors comprising an industrial or

agricultural process have a significant influence on the response(s) of interest. As the

number of factors increases, the number of runs required increases rapidly. Flactional

factorial (FF) designs can identify which factor effects are significant by running a

fraction (subset) of a full factorial experiment (Wu and Hamada, 2000; Box, Hunter

and Hunter, 2005; Montgomery, 2005; Ryan, 2007). Therefore, FF designs are widely

used in screening experiments for process design and for process improvement.

Consider 8 factors, each va¡ied at 2 levels. A full factorial would require 28 : 256

runs. In order to reduce the number of runs, consider a 16-run 28-4 FF design, with

generators E: ABC, F : ABD, G: ACD and f/ : BCD. Here, factors E, F, G

and 11 are called "added" factors and are generated from the "basic" factors, A, 8,,

C and, D. To construct this design, we first write down a basic design consisting of

16 runs for a full 2a f.actoúal in,4, B, C and D. We then add the 5'h,6tn,7th and

B¿À factors (8, F, G and H) bV identifying their low and high levels with the plus and

minus signs of their generators ABC, ABD, ACD and BCD, respectively. The list

of runs for the 28-a design is shown in Table 1.1. Since E : ABC, if both sides are
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Table 1.1: A 28-a design

Run

multiplied l>y E, we obtain

ExE:ABCxE,

E2 : ABCE,

I : ABCE.

Note that any factor squared is equal to the identity, 1, a column of +'s (or 1's).

Inaddition to I: ABCE, wehave I: ABDF, I: ACDGand I: BCD-ËI, ftom

F : ABD, G: ACD and Il : BCD. Note that, since I : ABDF and 1 : ACDG,

it follows that 1 -- 12 : ABDF x ACDG : A2BCD2FG : BCFG. If we multiply

the four words ABCE, ABDF, ACDG and BCDH together two at a time, three at

a time, and four at a time, then we have the complete defining relation:

HGFEDCB
7

2

J

4

5

6

7

8

9

10

11

12

13

14

15

16



CHAPTER 1. INTRODUCTION AND SUNiMARY

I : ABCE: ABDF: ABGH : ACDG: ACFH : ADEH

: AEFG: BCDH : BCFG: BDEG: BEFH

: CDEF: CEGH : DFGH : ABCDEFGH,

The exponents in the products are formed by using modulus 2 arithmetic, so that any

even power of a factor is equal to 1, and any odd powel is equal to the factor itself.

There â,re a total of 16 elements, including the identity 1, in the complete defining

relation, and each element is referred to as a word. The resolution of a two-level FF

design is defined to be the length of the shortest word, excluding ,I, in the defining

relation. Based on this definition, we conclude that this 28-a design has resolution IV.

If each word in the complete defining relation is multiplied by A, we can determine

which effects are aliased with,4 (or indistinguishable from A) in the subsequent data

analysis. The "alias chain" associated with A is given by

A : BCE: BDF : BGH : CDG: CFH : DEH

EFG : ABCDH : ABCFG : ABDEG : ABEFH

ACDEF : ACEGH : ADFGH : BCDEFGH.

We can similarly obtain alias chains for other factor effects. The alias chains form

what is known as the alias structure of the design. We usually omit words of length

four or higher because they ale negligible. Using this convention, the following is the

alias structure for the 28-a design:

A: BCE: BDF: BGH : CDG: CFH : DEH : EFG

B: ACE: ADF: AGH: CDH : CFG: DEG: EFH

C : ABE : ADG : AFH : BDH : BFG: DEF : EGH
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D: ABF: ACG: AEH: BCH: BEG: CEF: FGH

D - ^BC: ADH: AFG: BDG: BFT],BC : ADH : AFG: BDG: BFH : CDF: CGH

F: ABD: ACH: AEG: BCG: BEH: CDE: DGH

G: ABH: ACD: AEF: BCF: BDE: CEH _ DFH

H : ABG: ACF: ADE: BCD: BEF: CEG: DFG

AB:CE:DF:GH

AC:BE:DG:FH

AD:BF:CG:EH

AE:BC:DH:FG

AF:BD:CH:EG

AG:BH:CD:EF

AH : BG: CF : DE.

We define a main effect (factor) to be clear when it is neither aliased with other main

effects nor with two-factor interactions. Similarly, \Me call a two-factor interaction clear

if it is not aliased with main effects or other two-factor interactions. From the atias

stmctures of the preceding 28-a design) we see that all main effects are clear; however,

ali of the two-factor interactions are aliased with other two-factor interactions.

Definition 1.1. Let tu¿ denote the number of words of length i in the defining relation

of a design d. The vector W(d) : (wr,rnz,...,'u¡) is called the word length pattern

(WLP) of the design.

Definition 1.2. For any two 2È-p designs d1 and d2, let r be the smallest integer

suclr that A,(dù+A,(dr), where A¿ denotes the number of words of length e in its

complete defining lelation, 7 < ¿ < k. Then d1 is said to have less aberration than
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d2 lf A,(dr)<A,(dr). If there is no design with less aberration than d1, then d1 has

minimum aberration.

Minimum aberration (MA) is a commonly used criterion for ranking FF designs.

The MA criterion is used to seiect FF designs with as few short words as possible in

the WLP.

The "number of clear effects criterion" is another criterion for ranking FF designs.

This criterion sequentially assesses a given FF design with respect to the number

of clear main effects and two-factor interactions that it possesses. An FF design that

sequentially maximizes clear effects (SMCE) is then optimal according to this criterion.

An MA FF design may not be necessarily be the best design, when assessed by

another criterion. Wu and Hamada (2000) provide the following example. Consider a

resolutionMFA design. PlanA,havinggenerators F: ABC,G: ABD, H: ABE

and J: ACDE, is the optimal plan under the MA criterion, whereas plan B, having

generators F: ABC, G: ABD, H : ACD, md J: BCD-Ð, is the optimal plan

under the SMCE criterion. These plans have the following defining relations:

Pian A:

T-
f- ABCF: ABDG: ABEH: CDFG: CEFH : DEGH

ACDEJ : ACGHJ : ADFHJ : AEFGJ : BCDHJ

BCEGJ : BDEFJ : BFGHJ : ABCDEFGH

Plan B:

T-
f- ABCF: ABDG: ACDH: AFGH _ BCGH: BDFH

CDFG : ABEHJ : ACEGJ : ADEFJ : BCDEJ

BEFGJ : CEFHJ -- DEGHJ : ABCDEFGHJ
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We can see that pian A has 6 words of length of four-, and plan B has 7 words

of length of four. Obviously, plan A is better than plan B using the MA criterion;

however, if we count the number of clear low-order effects, we come to a different

conclusion. Tabie 1.2 shows the number of clear low-order effects for both designs.

In the third column of Table 1.2, plan A has values *gfg,8f36'. This implies that

the NIA design has 9 out of 9 clear main effects and 8 out of 36 clear two-factor

interactions. Similarly, plan B has 9 out of 9 clea¡ main effects and 15 out of 36 clear

two-factor interactions. Compared to plan A, plan B obtains 7 additional clear two-

factor interactions. Therefore, using the SMCE criterion, plan B is superior to plan A.

Table 1.2: Two 2e-4 FF designs: A comparison of lViA and SMCE

Criteria I Optimal plan I Number of clear low-order effects

]\,{A Plan A 919,8136

SMCE Plan B 919,75136

Recall the previous 28-a design (Tabte 1.1). From the alias structure, we observed

that none of the two-factor interactions are clear. Thus, after the 16-run experiment

has been run and analyzed, we may be in a difficult situation. If, for example, AB

appears to be significant, we will not know whether it is really AB or CE or DF or GH.

If we wish to distinguish between these two-factor interactions, we may need to run a

second (follow-up) experiment to "de-alias" these two-factor interactions. One method

for de-a.liasing low-order effects is via the foldover approach. The foldover approach

reverses the signs of one or more factors of the initial design to produce a follow-up

design of equal size. A number of low-order effects will be de-aliased, depending upon

which factors are sign reversed and the resolution of the initial 2Ë-p design. There are
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two different situations in which we may want to use the foldover approach: (1) when

we want to minimize the amount of overall aliasing in the "combined" design (the

initial design together with the foidover design), which is the subject of this thesis,

or (2) when we want to de-alias a few low-order effects in which we are interested.

Many books (for example, Wu and Hamada, 2000; Box, Hunter and Hunter, 2005;

Montgomery, 2005) describe the foldover approach in detail.

We now wish to fold the N4A 28-4 design, and determine the optimal foldover plans

under both the IVIA and SMCE criteria. Firstly, let us look at the optimal foldover

plans under the MA criterion. Li and Lin (2003) determined the optimal foldover plans

for both 16-run and 32-run initial MA FF designs using the MA criterion. They first

showed that only "core" foldover plans need be considered. These are plans in which

only the signs of the added factors are reversed. There are 2a : 16 core foldover plans in

this 28-a example. (This includes the trivial foldover plan in which none of the added

factors are sign-reversed, corresponding to replicating the initial design.) Of these,

according to Li and Lin (2003), seven plans are optimal with respect to MA. Folding

on factors E and -F is one of the 7 optimal foldover plans. Using this foldover plan we

obtain a follow-up experiment with 16 runs. Fbom the complete defining relation for

the initial 28-a design) we see that, by reversing the signs of -Ð and F, the complete

defining relation for the foldover design is given

I : -ABCE: -ABDF: ABGH : ACDG: -ACFH
: -ADEH : AEFG: BCDH : -BCFG: -BDEG

: BEFH : CDEF : -CEGH : -DFGH : ABCDEFGH.

It follows that the complete defining relation for the optimal combined design is
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Table 1.3: Optimal foldover design for an initial MA 28-4 design using the MA criterion

Run G HFEDCB

+
+
+
+

+
+

+
+

+

+
+

+

+

+

+

+

+
+

+

+

+
+

+

+
+

+
+

+

+
+

+

+

+
+
+
+
+
+
+
+

+
+
+
+

+
+
+
+

+
+

+
I

I

+
+

+
+

+

+

+

+

+

+

+

+

1

2
q
,)

4

5

6

7

8

9

10

11

t2
13

74

15

16

Run HB C D -E _F G

+
+
+
+

+
+

+
-.L

I

+

+
+

+

+

+

+

+

+

+
-LI

+

+

+
+

+
+

+

+

+

+

+

+
+

+
+
+
+
+
+
+
+

+
+
+
+

+
+
+
+

+
+

+
+

+
+

+
+

+

+

+

+

+

I
I

+

+

T7

18

19

20

27

22

23

24

25

26

27
28

29

30

31
ÐôòZ

I : ABGH : ACDG: AEFG: BCDH

: BEFH : CDEF : ABCDEFGH.

given by:
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Combining these two 16-run experiments (initial plus foldover) yields our optimal com-

bined design. This 32-run design is shown in Table 1.3. Ignoring four-factor and higher

interactions, the combined design has alias structure,

A: BGH : CDG : EFG

B:AGH:CDH:EFH

C : ADG: BDH : DEF

D:ACG:BCH:CEF

E:AFG:BFH:CDF

F : AEG: BEH : CDE

G: ABH: ACD: AEF

H : ABG: BCD : BEF

AB:GH

AC:DG

AD: CG

AE: FG

AF:EG

AG:BH:CD:EF

AH:BG

BC:DH

BD: CH

BE:FH

BF:EH

CE:DF
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CF : DE.

From the complete defining relation, we see that the WLP of this design is (0,6,0,0,0,1).

There a¡e a total of 8 clea.r' Iow-order effects, of which all are main effects. None of the

two-factor interactions are clear. We also see that the WLP is better than the initial

design, which had a WLP of (0,14,0,0,0,1). However, the initial and combined designs

possess the same number of clear low-order effects.

Secondly, consider the optimal foldover plans for the initiat MA 28-4 design using

the SN{CE criterion. Here, we have 8 foldover plans that are optimal with respect to

our sequential ranking scheme. For example, consider the foldover plan obtained by

folding on E. The combined design is shown in Table 1.4. The combined design has

complete defining relation

I - ABDF: ABGH : ACDG: ACFH

: BCDH : BCFG: DFGH,

with corresponding alias structure

A: BDF : BGH : CDG : CFH

B:ADF:AGH:CDH:CFG

C:ADG:AFH:BDH:BFG

D: ABF : ACG: BCH : FGH

F : ABD : ACH : BCG: DGH

G:ABH:ACD:BCF:DFH

H:ABG:ACF:BCD:DFG

10
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AB:DF:GH

AC : DG: FH

AD:BF:CG

AE: AE

AF:BD:CH

AG: BH : CD

AH : BG: CF

BC : DH :'FG

BE: BE

CE : CE

DE: DE

EF:EF

EG: EG

EH : EH.

The combined design has WLP (0,7,0,0,0,0). All of the main effects and 7 two-factor

interactions (AE, BE, CE, DE, EF, EG and EH) arc clear. Therefore, compared to

the initial design, the combined design possesses 7 additional clear low-order effects.

Both 28-a experiments use the same initia,l design. The difference is the manner

in which we select the optimal foldover plans. Table 1.5 shows that compa.red with

the optimal foldover plan selected via the MA criterion, we obtain 7 additional clear

effects by selecting the optimal foldover pian via the SMCE criterion. Therefore, for

those primarily interested. in dealiasing as many low-order effects as possible, using the

SN4CE criterion will lead to a superior result.

There are two objectives \Me have met in this thesis. First, given an initial l\44 2¡'-p

11
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Table 1.4: Optimal folclover design for an initial MA 28-4 design using the SMCE
criterion

Run GC

+
+
+
+

+
+

+
+

+

+
+

+

+

+

+

+

+
+

+

+

+
+

--LI

+
+

I
I

+

+

+
+

+

+

+
+
+
+

+
+
+
+

+
I

j

+
+

+
+

+
+

+

+

I
I

+

+

+

+

+

1

2

,)

4
5

6

7

8

I
10

11

72

13

14

15

16

Run C _E HGD

+

+

+

+

+

+

+

+

design, we select the optimal combined design according to the SMCE criterion. We

subsequently compare these combined designs with those ranked according to the MA

criterion in Li and Lin (2003). Second, we rank the initial FF designs according to the

17

18

19

20

2t
22
23

24

25

26

27
28

29

30

31

32

+
+
+
+

+
+

+
+

+

+
+

+

+

I
I

+

+

+
+
+
+

+
+
I

¡

+

I
I

+

+
+

+
+

+
+

12
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Table 1.5: Two 28-a optimal foldover plans: A comparison of MA and SMCE

Criteria SMCE of initial design SMCE of combined design

MA 818,0128 818,0128

SMCE 818,0128 818,7128

SMCE criterion, and then we rank the combined design also using the SMCE criterion.

Our research (see Tables 4.1 and A.2 in the appendix) concludes that there exists

some noteworthy differences between the optimal combined designs selected according

to the MA and the SMCE criteria. Using the SMCE criterion leads to the selection

of combined designs that possess at least as many clear low-order effects than that

obtained using the i\44 criterion.

13



Chapter 2

Flactional Factorial l)esigns

2.L Background

In physical experiments, we may wish to examine the effects of different factors, each

varied at several levels. For example, suppose an engineer's goal is to determine how

the yield of an adhesive application process cafl. be irnproved by adjusting three process

pa,r'ameters: mixture ratio of the chemical constituents of the adhesive, curing temper-

ature, and curing time. Suppose that each of these three parameters will be varied

at two levels, (a "low" and a "high" value). Questions to address include: What are

the effects of the individual factors and their interactions on the response? How do

we choose the levels for the three process parameters to get maximum possible yieid?

Factorial designs can provide ans\Mers to questions such as these.

Factorial designs are useful for determining which factors (variables) comprising

an industrial process have a significant impact on the response(s) of interest. This is

achieved by varying each of the, say k, factors at a pre-determined number of levels. In

many such "screening" designs all k factors are va¡ied at only two levels-a "low" and a

"high" value. Factorial designs give the user the ability to consider interactions amongst

the A factors without having an exorbitant design run-size. With such designs, low-

74
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order interaction effects, such as two-factor interactions, can be assessed. Three-factor

and higher interactions are typically considered negligible (Fligon and Mathews 1997,

pg163; Wu and Harnada 2000, pg156; Box et. al. 2005, pg303). Without considering

low-order interaction effects, incorrect conclusions may be obtained in subsequent data

analysis.

As mentioned in the preceding paragraph, a common type of factorial design is a

k-factor design which only involves two levels per factor. Such designs are referred to

as "2k factoriai designs" . A 2k factorial design is particularly useful in the early stage

of experimental work because it requires a smaller number of runs than a factorial

design with several levels per factor.

As the number of factors in a 2k factorial design increases, more ïuns a,re required

for a complete replicate of the design. For example, a complete replicate of a 27 design

requires 128 runs, and 256 runs are required if we add an 8th factor. For a 2fr design,

there is a total of 2k-I effects, including k main effects, (!) two-factor interactions, (!)

three-factor interactions and so on. Each effect has one degree of freedom; however,

many of the degrees of freedom are associated with three-factor and higher interactions

which are assumed negligible here. So, in 2k factoúal designs our emphasis is upon

screening for significant main effects and two-factor interactions (that is, low-order

effects).

Because of the large number of runs required for a 2k factorial design when k is

large, and also because high-order interactions are generally considered to be negligible,

statisticians often conduct FF designs. A FF design can identify which low-order effects

are signiflcant by running only a fraction (subset) of the runs of a full 2È experiment.

For example, a27-2 design requires 32 runs compared to 128 rurs necessitated by a27

design.

15



CHAPTER 2. FRACTIONAL FACTORIAL DESIGNS

2.2 The One-Half Fraction of the 2k Design

The one-half fraction of the 2È design is referred to as a u2k-7n design. To construct

a one-half fraction of the 2k design, we fi.rst write down a full factorial design for k-1

factors, then add the kth factor by assigning its levels according to the plus and minus

signs of its corresponding generator. The one-half flaction of the 2È design contains

2k-1 runs since the kth factor is generated by one oï more of the columns of the k-1

"basic" factors.

2.2.I 2a-r FYactional Factorial Designs

The eight-run 2a-i FF design is a one-half fraction of the 24 füI factorial design. This

design has 4 main effects (including the added factor D) and 6 two-factor interactions,

but only 8 - 1 : 7 available degrees of freedom for estimation purposes.

Example 2.1. Consider the 2a-1 design having generator D : ABC. The complete

defining relation is .I : ABCD. Using the defining relation, we can determine which

low-order effects are clea,r'.

We say that a main effect is clear when it is not aliased with other main effects or

any two-factor interactions. Similarl¡ we say a two-factor interaction is clear if it is

not aiiased any main effects or other two-factor interactions.

From Table 2.7, it is observed that this 24-L FF design is constructed by writing

down a full 23 factorial.and then adding the 4th factor D by identifying its plus and

minus signs (levels) using the sign of ABC. Since D : ABC, if both sides are multiplied

by D, then the left-hand side becomes D2 : I. We see that the exponents in the

products are formed by using modulus 2 arithmetic, so that any even power of a

factor, is equal to I, and any odd power is equal to the factor itself. The right-hand

side becomes ABCD. Therefore, the 2a-1 design has the complete defining relation

16
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Table 2.1: A 2a-1 design

Run A B C D:ABC Label

+

+

+

+

+

+

+
+
+
+

+

+

+

(1)

ad

bd

ab

cd

ac

bc

abcd

+
+ +

I : ABCD.

If both sides of the above equation are multiplied by A, we obtain

Ax I: Ax ABCD

A: A2 x BCD

A:IXBCD

A: BCD.

Factor A is aliased that is, indistinguishable from, the interaclion BC D. Using this

approach, the a.lias structure is given by

A: BCD

B: ACD

C:ABD

D: ABC

L7
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AB:

AC:

AD:

This design has resolution IV since ABC D is a four-letter word. Flom the pre-

ceding alias structure, it is obvious that all main effects are clear; however, two-factor

interactions are aliased with other two-factor interactions.

2.3 The One-Quarter Fraction of the 2k Design

When the number of runs in a FF design becomes very la,rge, we might consider further

reducing the number of runs. For example, conducting a one-quarter fraction of the

2k design is even more run-parsimonious than a 2k-L design. A one-quarter fraction of

the 2k design is constructed by writing down a fisll2k-2 factorial and then adding the

Æ-1¿ä and k¿à factors by assigning their levels according to the plus and minus signs of

their corresponding generators.

2.3.L 25-2 FYactional Factorial Designs

A 25-2 design is a one-quarter fraction of the 25 design, in which eight runs are required.

The two added factors may be labeled as D and E.

Example 2.2. Consider a25-2 FF design having added factors D : AB and .Ð : AC.

Table 2.2 displays the 25-2 FF design. It is obtained by first writing down a 23 full

factorial design, and then by adding the 4th and 5th factors. These factors, D and. E,

are determined by assigning their levels according to the plus and minus signs of their

CD

BD

BC.

18
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Table 2.2: A 25-2 design

corresponding generators. We obtain the following complete defining relation

I:ABD:ACE:BCDE,

where BCDE: ABDxACE. The alias structure of this resolution III design is given

by

A:BD:CE

B : AD: CDE

C:AE:BDE

D:AB:BCE

E: AC: BCD

BC : DE: ACD : ABE

BE:CD:ABC:ADE.

Ignoring three-factor and higher interactions, we observe that all of the main effects

ale alia,sed with two-factor interactions, and all two-factor interactions are aliased with

Run
:

1

2

,)

4

5'
o

7

8

A B

+
+

+

+

C D: AB E:AC
+

+

+

+

Label

de

a

be

abd

cd

ace

bc

abcde

+

+

+

+

+
+
+
+

+

+

+

+

19
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main effects and/or other two-factor interactions. Therefore) none of the main effects

and two-factor interactions a,r-e clear. Note that the shortest word in the compiete

defining relation is of length of 3. Thus, this is a resolution III design.

2.4 The One-Eighth Fraction of the 2k Design

The one-eighth fraction of the 2Æ design may be used when we consider further reducing

the number of runs. Similar to one-half and one-quarter fractions, we construct a one-

eighth fraction of the 2È design by writing down a full factorial design in k - 3 factors,

then add the k-2th , k-7th and k¿å factors by assigning their levels according to the plus

and minus signs of their corresponding generators.

2.4.1 27-3 Fractional Factorial Designs

The eight-run 27-3 FF design is a one-eighth fraction of the 27 fuli factorial design.

This design has 7 main effects (including the added factors E, F and G) and 21 two-

factor interactions with only 16 - 1 - 15 available degrees of freedom for estimation

purposes.

Example 2.3. Consider a 27-3 design having generators E: ABC, F: ABD and

G: ACD.
The design is shown in Table 2.3, and the complete defi.nition relation is given by

I : ABCE: ABDF : ACDG

: CDEF : BDEG : BCFG : AEFG.

The defining relation is obtained by

and ACDG together two at a time and

multiplying the three words ABCE, ABDF

three at a time in all possible combinations.

20
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Table 2.3: A 27-3 design

Run A B C D E:ABC F:ABD G:ACD Label

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

(1)

aefg

bef

abg

ceg

acf

bcfg

abce

dfs

ade

bdeg

abdf

cdef

acdg

bcd

abcdefg

The alias structure is given by

A: BCE : BDF : CDG : EFG

B:ACE:ADF:CFG:DEG

C : ABE : ADG -- BFG: DEF

D:ABF:ACG:BEG:CEF

E:ABC:AFG:BDG:CDF

F:ABD:AEG:BCG:CDE

G:ACD:AEF:BCF:BDE

2I
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AB:CE:DF

AC : BE: DG

AD:BF:CG

AE:BC:FG

AF : BD: EG

AG:CD:EF

BG:CF:DE,

AII of the main effects are clear. However, two-factor interactions are aliased with

each other.

2.5 2k-p Fractional Factorial Designs

For a 2À-p FF design, we have a total of k factors where p of the factors are generated

via the k - p basic factors. The construction of a 2k-p FF design is similar to that

described f.or 2k-7,2k-2 and 2È-3 FF designs. First, we write down a design consisting

of the runs for a full factorial in k - p factors. Then we add the p factors by assigning

their levels according to the plus and minus signs of their corresponding generators.

The total number of words in the complete definition relation is 2p, including the

identity ,L

2.6 Selecting Optimal FF Designs

Recall that the resolution of a two-level FF design is equal to the length of the shortest

word, excluding 1, in the complete defining relation. Designs of resolution III, IV, and

V have the following properties (Montgomery, 1997, pp. 561):

1. Resolution III designs: These are designs, in which no main effects are
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aliased with any other main effect, but main effects are aliased with two-

factor interactions and some two-factor interactions may be aliased with

each other.

2. Resolution IV designs: These are designs in which no main effect is

aliased with any other main effect or with any two-factor interaction, but

two-factor interactions are aliased with each other.

3. Resolution V designs: These are designs in which no main effect or

two-factor interaction is aliased with any other main effect or two-factor

interactions, but two-factor interactions are aliased with three-factor inter-

actions.

In practice we typically conduct designs having resolution III, IV or V. Obviously,

designs with higher resolution are more attractive to an experimenter. However, due

to constraints on resources (money, time, etc.) we often have to condtict a smaller,

lower-resolution FF design.

It is important to select tihe p generators lor a 2k-p FF design in such a way that

we obtain the "best possible" alias structure. An intuitive is to select the generators

such that the 2k-p FF design has the highest possible resolution.

Consider the two 27-2 FF designs in Table 2.4. We can obtain a higher resolution

design choosing generators F : ABCD and G : ABDE instead of F : AB and

G : BCDE.

There are occasions when two or more 2k-p designs have the same resolution. In

this scenario, the resolution criterion is insufficient to distinguish between the designs.

The MA criterion is commonly used for distinguishing between FF designs having

the same resolution. The MA criterion sequentially minimizes the number of words of

shorter length in the WLP (Flies and Hunter, 1980; Wu and Hamada, 2000).

Definition 2.1. For any two 2fr-p designs dr and d,2, Iet r be the smallest integer
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Table 2.4: Two Choices f.or a lhe 27-2

Complete defin-
ing relation

I:ABC DF:ABDEG
:CEFG

I:ABF:BC DEG
:AC DEFG

Resolution Resolution IV Resolution III

such that A,(dr)+A,(d2), where A¿ denotes the number of words of length z in its

complete defining relation, I < i < k. Then d1 is said to have less aberration than

d2 lf A,(dt)<A,(dr). If there is no design with less aberration than d1, then d1 has

minimum aberration (MA)

Suppose we have two 27-2 FF designs, where "design A" has generators F:ACD

and G:ABDE, and "design B" has generators F:ABC and G:BCD. Table 2.5

shows that the WLP for design A is (0,1,2) and that the WLP for design B is (0,3,0).

There is only one four-letter word in design A, whereas design B has three four-letter

words. Therefore, compared to design B, design A has less aberration.

Sometimes, both designs have the same number of minimum length words. If this

is the case, the MA criterion sequentially compa,res the number of words of successively

greater length.

For example, suppose we have two 28-2 FF designs, where "design A" has generators

G:ACD and H:ABEF, and "design B" has generators G:ABC and H:ABEF. In

Table 2.6, we see that there is only one five-letter word in the WLP of design A,

whereas there are two in the VVLP of design B. Therefore, design A will be a better

choice compared to design B, with respect to the MA criterion.

F:AB, G:BCDEF:ABCD, G:ABDE
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2.5: Another Two Choi for 27

Table 2.6: T Choi 28-2wo ces lor a ¿" ' uesrgn

Design A B

Generators G:ACD, H:ABEF G:ABC, H:ABEF

Complete defining
relation

I:ACDG:ABEFH
:BC DEFGH

I:ABCG:ABEFH
:C EFGH

WLP (1,1,0,1) (1,2,0,0)

The number of clear low-order effects that a design possesses is another possible

criterion for ranking FF designs. This criterion sequentially assesses a given FF design

with respect to the number of clear main effects and two-factor interactions that it

possesses. An FF design that sequentially maximizes clear effects (SMCE) is then

optimal according to this criterion.

Suppose that we have two 27-2 FF designs, "Design A" has generators F:ABC D

and G:ABDE, and "design B" has generators F:ABC and G:ADE. Table 2.7

Tabl Desi

Desi

ces lor a

Design A B

Generators F:ACD, G:ABDE F:ABC, G:BC D

Complete defining
relation

I:AC DF:ABDEG
:BC EFG

T:ABC F:BC DG
:AD.FG

WLP (0,1,2) (0,3,0)

Resolution ry IV

25
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states that 6 additional clear two-factor interactions are obtained via design A. There-

fore, using the SMCE criterion, design A is superior to design B.

Table 2.7: Two Choices f 27-2 Desiorâ

Design A B

Generators F:ABC D,
G:ABDE

F:ABC,
G:ADE

Complete defining
relation

T:ABC D F
:AB DEG:C EFG

I:ABC F:ADEG
:BC DEFG

Resolution Resolution IV Resolution IV

SMCE 717, L5l2r 7 l7, 9l2r

2.7 Analyzing 2k-P Designs

FF experiments can be analyzed using the analysis of variance (ANOVA) approach

(Box and Draper, 1969; Montogmery, 2005). In this section we very briefly examine

analysis issues by considering an example from Montgomery (2005, pp. 290-293).

Example 2.4. Five factors in a manufacturing process for an integrated circuit were

investigated in a 25-1 design with the objective of improving the process yield. The

five factors were A : aperture setting (small, large), B : exposure time (20 percent

below nominal, 20 percent above nominal), C : develop time (30 s, 45 s), D : mask

dimension (small, large), and E: etch time (14.5 min, 15.5 min).

The 25-1 design is shown, along with the response, in Figure 2.8. The complete

defining relation is ,[: ABCDE, so all low-order effects are clea¡.
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Table 2.8: A 25-1 Design for the Integrated Circuit Experiment

Run A B C D E:ABCD Yield

1

2

tJ

4

5

o

7

8

q

10

11

72

13

I4

15

i6

+

+

+

+

+

+

+

+

+

+

+
+

+

+

+
+

+
+

+
+

+

+
+

+

+

+

+

+

+

+

+
+

+

+

+
+

+
+

+

+

8

I
34

52

16

22

45

60

6

10

30

50

15

27

44

63

The effect estimates of A and AB are calculated as follows:

A : Contrastf (n2k-n-t) : (-g + 9 - J4 + bZ - 16 + 22- 4b + 60

- 6 + 10 - 30 + 50 - 15 +2r - 44+63)/8 : 8918 : 7r.r25

AB : Contrastf (nZk-n-r¡ : (8 - I - 34 + 52 + L6 - 22 - 45 +60 + 6

- 10 - 30 + 50 + 15 - 21 - 44+ 63)/8: 55/8 :6.875.

In this case, 7¿ -- 1, k: 5 and P : 7, where n is the number of replicates. Similariy,
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the sum of squares for A arrd AB are obtained as follows:

SSA: (Contrast)" f n2*-o : (89)2116 : 495.0625

SS¿.n : (Contrast)2 f n2k-n : 6Ð21ß: 189.0625.

Table 2.9: Estimated Effects and Sums of Squares for Example 2.4

Va¡iable Estimated Effect Sum of Squa.res

A

B

C

D

E

AB

AC

AD

AE

BC

BD

BE

CD

CE

DE

17.125

33.875

10.875

-0.875
0.625

6.875

0.375

T.125

I.125

0.625

-0.125

-0.125
0.875

0.375

-1.375

495.062

4590.062

473.062

3.063

1.563

189.063

0.563

5.063

5.063

1.563

0.063

0.063

3.063

0.563

7.563

AII of the effect estimates, as well as their corresponding sum of squares, are shown

in Table 2.9. F\om Table 2.9, we can see that effects A, B, C and AB are large, relative

to the remaining effects. This implies that aperture, exposure time and develop time,

as well as the aperture by exposure time interaction, have signifi.cant effects on process

yield. \{ask dimension and etch time appear to have little influence. The,4B (apertule

by exposule time) interaction plot is shown in Figure 2.1. This plot confirms that the
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DESIGN-EXPERT Plot

Response I

X= A:A
Y=B:B
r B- -1.OOO
a B+ 1.OOû
Acfual Factors
C: C = O.OO
D: D = O.OO
E: E = O.OO

A:A

Figure 2.7: A PIot of due AB Interaction for Example 2.4

yields are higher when both A and B are at their high levels. Also, since the effect

estimâte of C is positive, we infer that C should be run at 45 s to ensure higher yields.

Table 2.10: Analysis of Variance for Example 2.4

lnteraction

Source of Variation Sum of Degrees of Mean Fo

Squares Fleedom Square
P-Value

A (Aperture)

B (Exposure time)

C (Develop time)

AB

Error

TotaI

495.062

4590.062

473.062

189.0625

28.1875

5775.4375

1

1

1

1

11

15

495.0625 193.20

4590.0625 1797.24

473.0625 184.61

189.0625 73.78

2.5625

<0.0001

<0.0001

<0.000i

<0.0001

Table 2.10 summarizes the ANOVA table for this experiment. Since we believe that

effects other than ,4, B, C and AB are negligible, we can estimate the error sum of
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squaxe and the process variance by

SSn,,o,: SSroto: -,SS¿ - SSp - SSc - SS,q,B:28.7875

M SE,,o, : S S n,,o, I df : 28.1875 I 11 : 2.5625.

From Table 2.10, we also notice that the pvalues f.or A, B, C and AB are highly

significant (< 0.0001).
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Chapter 3

Foldover Designs

We may combine a second FF of equal size with that of an original (initial) FF design

to estimate additional main effects and two-factor interactions. This is known as the

foldover approach and it is achieved by reversing the signs of one or more factors

(columns) of the initial design (Box and Wilson, 1951). It always produces a follow-up

design of equaÌ size. Using half of the runs from a foldover design is referred to as

semifolding (Mee and Peralta, 2000 and references therein). In this thesis, we focus

solely upon the foldover approach.

According to Brewster and Mcleod (2008), there are two different situations in

which \Me may want to use the foldover approach: (1) when we want to minimize the

amount of overall aliasing in the "combined" design (the initial design together with

the foldover design), which is the subject of this thesis, or (2) when we want to de-alias

a few low-order effects in which we are interested.

3.1 The Single-factor Foldover Design

By reversing the signs of one factor in a resolution III or IV initial FF design, \Me may

de-alias its main effect and all k - I two factor interactions involving that factor.
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Example 3.1. Consider a 25-2 FF design with added factors D : AB and E : AC.

The design is shown in Table 3.1.

Table 3.1: A 25-2 Design

Run:
1

2

,)

4

5

b

7

8

+

+

+

+

B C D:AB:
+

E: AC:
+

+

Label:
de

a

be

abd

cd

ace

bc

abcde

+
+ +

+

+I
I

+

+

+

+

+
+

+

+

The complete defining relation is.I: ABD: ACE: BCDE. The alias structure

(ignoring four-factor and higher order interactions),

A:BD:CE

B:AD:CDE

C:CE:BDE

D:AB:BCE

E: AC : BCD

BC : DE: ACD : ABE

BE:CD:ABC:ADE.

If we wish to de-alias D, æ well as the four two-factor interactions involving D, we

can r-un a follow-up experiment by folding over on factor D only. Table 3.2 shows the
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foldover design. The complete defining relation of the design is the following:

I:-ABD:ACE:-BCDE.

Table 3.2: Ã Foldover of the Initial 25-2 Design, Obtained by Folding on D

Run:
9

10

11

t2

13

74

15

16

+

+

+

+

+

+

+
+

+
+

g

+

+
+

+

D: -AB E:AC
-L

I

+

+

+

!4el
e

ad

bde

ad

c

acde

bcd

abce

+
+

+
+

Combining the S-run initial and foldover experiments, we obtain a 16-run, resolution

III,25-1 "combined" design. The combined design is shown in Table 3.3. It follows

that the complete defining relation for the combined design is given by 1: ACE.

This combined design has alias structure:

A: CE

C:AE

E: AC

AB : BCE

AD: CDE

BC : ABE

BE: ABC

JÓ
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Table 3.3: A 25-1 Combined Design Obtained by Folding on D

CD: ADE

DE: ACD.

It is easy to see that main effects B and D are clear, as well as seven two-factor inter-

actions (AB, AD, BC, BD, BE, CD and DE). Note that any two-factor interaction

involving factor D is clear. This example illustrates the general result that by mnning

a single-factor foldover of a resolution III or IV FF design, we caTr. de-alias the main

effect of that factor upon which we folded, as well as all of its two-factor interactions.

However, if our goal is to obtain a,s many clear effects as possible, then a single-factor

foldover design might not be the best choice.

RunABCDELabel
1

2

tJ

4

5

6

7

8

+

+

+

+

+

+

+
+

+

+

+
+

+

+

+

+

+

+

+

+

de

a

be

abd

cd

ace

bc

abcde

Rulr A B C -D E Label

I
10

11

T2

13

14

15

16

+

+

+

+

+

+

+

+

+

+
+

+

+ e

ad

bde

ad

c

acde

bcd

abce

+
+

+

+

+

+

+
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From the preceding alias structure of a initial 25-2 design, we can see that none of

the main effects and two-factor interactions are clear. One could argue that conducting

a resolution V 25-1 design would be more advisable in the context, rather than folding

a 25-2 design. However, here we are just trying to illustrate the foldover approach.

3.2 The Fbll Foldover Design

From section 3.1, we know that we can run a single-factor foldover as a follow-up

experiment if we are interested in a specific factor only. Now suppose that we are

interested in all of the factors. Shall we run a full foldover experiment? A full foldover

is the approach whereby we sign-reverse all factors (columns) in the initial design.

Consider the same initial 25-2 design in section 3.1, but now we reverse the signs of

all the factors in the original experiment. The initial and foldover designs are displayed

in Table 3.4.

The complete defining relation of the full foidover designis 1: -ABD : -ACE :

BCDE. Combining the two eight-run designs, we obtain I : BCD.E as the new

defining relation. The alias structure of the 16-run resolution IV combined design is

B: CDE

C:BDE

D: BCE

E: BCD

AD: DCE

BC:DE

BD:CE

BE: CD.
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Table 3.4: A F\rll Foldover of the 25-2 Design

RuwABCDELabel
1

2

.)
J

4

5

6

7

8

+

+

+

+

+

+

+
+

+

+
+

+

+

+

+

+

+

+

de

a

be

abd

cd

ace

bc

abcde

+

+

Run -A -B -C -D -E Label

I
10

11

T2

13

74

15

16

+

+

+

+
+

+

+

+

+

+

+

+

+

e

ad

bde

ad

c

acde

bcd

abce

+

+
+

+
+

I
I

+

All five main effects are clear, as well as the two-factor interactions AB, AC, AD

and AE. This example illustrates the general purpose of a full foldover design. If

a full foldover experiment is conducted on a resolution III design, all main effects

will become clear. Note that only a few two-factor interactions will be de-aliased.

Therefore, compared to singie-factor foldover designs, the full foldover design yields

more clear main effects. This may be appealing since low-order effects typically are of

most interest to practitioners.
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3.3 Core Foldover Plans

In sections 3.1 and 3.2, we illustrated single-factor and fuli foldover designs. There are

many other possibilities for selecting a foldover "plan", where a foldover plan is the

set of factors which we sign-reverse. For example, we have 32 possible foldover plans

when considering folding over a 25-2 design. How do we enumerate all possible foldover

plans?

Table 3.5: The 32 Foldover Plans for a 25-2 DesiUV€I TIAIIS l(JI- ¿:1, II

Number of factors to be reversed Number of foldover plans

Reverse a single factor (Ð:s

Reverse two factors (i) : ro

Reverse three factors (å) : ro

Reverse foru factors (:):5

Reverse five factors (3):r

Replicate the initial design (å):r

Total 25:32

Definition 3.1. If a foldover plan consists only of the added (generated) factors, then

we call this foldover pian a "core foldover plan" (Li and Lin, 2003).

A core foldover plan consists of reversing the signs of one or more of the added

factors only. Consider a 25-2 design. Here there are 22 : 4 core foldover plans obtained
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CHAPTER 3. FOLDOVER DESIGNS

by folding on either D, E, D and E, or neither .D nor E. Ingeneral, there are 2k foldover

plans and 2p core foldover plans for a 2k-p design. For instance, for u 270-6 design, we

have 210 : I,024 foldover pians and 26: 64 core foldover plans.

3.4 Equivalent Foldover Plans

There are a total of 2k ways to foldover the original 2k-p experiment. Some of these

plans are "equivalent" to one another. For instance, for the25-2 design in section 3.1,

where reversing the signs of factors A and B yields the identical (that is, equivalent)

foldover design as obtained by reversing the sign of factor E.

Result (Li and Lin, 2003) 3.1. For a 2k-p design with p generators, there are 2p

core foldover design, and any foldover plan is equivalent to a core foldover plan.

Result 3.1 tells us that, although we have a total of 2È ways to fold an initial design,

only 2e plans provide distinct foldover designs. Therefore, we only need to consider

core foldover plans when searching for optimal plans. This result can yield considerable

time savings in the search process.

Example 3.2. Consider a 25-2 design, where D : BC and E : ABC. There a¡e 22

core foldover plans.

Table 3.6 displays those foldover plans that are equivalent to a given core foldover

plan. The preceding table also illustrates the following result:

Result (Li and Lin, 2003) 3.2. Each core foldover plan has Zk-p - l foldover plans

that are equivalent to it.

We see that all of the foldover plans a,re equivalent to one of the core foldover
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CHAPTER 3. FOLDOVER DESIGNS

able 3.6: Core Foldover Plans for a 25-z Design

Core foldover plans Equivalent foldover plans

Neither D nor E AE, BC, ABD, ACD, BDE, CDE,
ABC E

D AB, AC, BE, CE, ADE, BCD,
ABC DE

E A, BD, CD, ABC, BCE, ABDE,
AC DE

Both D and -Ð B, C, AD, ABE, ACE, ABCD,
BC DE

plans. Therefore, in order to choose an optimal plan, we only need to assess core

foldover plans.

3.5 Selecting an Optimal Foldover Plan

In section 3.4, we realized that we need only to consider the 2p core foldover plans in

order to choose an optimal foldover plan for a 2k-p design. For instance, in order to

choose an optimal foldover plan for a 27-2 design, we need only to consider the 4 core

foldover pla.ns instead of the 27 : 728 possible foldover plans. This reduction in the

number of foldover plans to consider is especially advantageous when k is iarge.

Example 3.3. Using the SMCE criterion, find all optimal foldover plans for a 27-2

design, where F : ABC and G : ABDE. The complete defining relation is 1 :

ABCF:ABDEG:CDEFG.

Again, there are only four core foldover plans to consider such that the optimal

2s
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CHAPTER 3. FOLDOVER DESIGNS

foldover plan(s) will be selected amongst them. For core foldover pJ.an "1" (fold on F),

the complete defining relation and alias structure are given by

I : ABDEG

AB: DEG

AD: BEG

AE: BDG

AG: BDE

BD -- AEG

BE: ADG

BG: ADE

DE: ABG

DG: ABE

EG: ABD.

AII main effects and two-factor interactions are clear. Therefore, according to the

SNICE criterion, we immediately conclude that this an optimal core foldover pian.

For core foldover plan "2" (fold on G), we have the following complete defining

relation and alias structure,

I : ABCF

A: BCF

B: ACF

C:ABF

F:ABC
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CHAPTER 3. FOLDOVER DESIGNS

AB : CF

AC:BF

AF : BC.

Alt main effects are clear; however, some of the two-factor interactions are aliased with

each other. Obviously, this is not an optimal foldover plan.

For core foldover plan "3" (fold on F and G), the complete defining relation and

alias structure are given by

I : CDEFG

CE : DFG

CF : DEG

CG: DEF

DE: CFG

DF : CEG

DG: CEF

EF : CDG

EG : CDF

FG: CDE.

All main effects and two-factor interactions are clear. Therefore, folding on F and G

is also an optimal core foldover plan.

Finaliy, for core foldover plan "4" (replicate the initial design), the complete defining

relation and alias structure are

I:ABCF:ABDEG:CDEFG
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CHAPTER 3. FOLDOVER DESIGNS

A: BCF

B: ACF

C:ABF

F:ABC

AB : CF

AC:BF

AD: BEG

AE: BDG

AF:BC

AG: BDE

BD: AEG

BE: ADG

BG: ADE

CD : EFG

CE : DFG

CG: DEF

DE : ABG: CFG

DF : CEG

DG:ABE:CEF

EF : CDG

EG:ABD:CDF

FG : CDE.

AIt main effects are clear, but a number of two-factor interactions are aliased with each
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CHAPTER 3. FOLDOVER DESIGNS

other. It is clearly not an optimal core foldover plan. In fact, it is not reaJly a foldover

plan at all.It would only be considered if "replication" wa,s of particuiar important.

After assessing all 4 core foldover plans, we conclude that plans 1 and 3 are the

optimal foldover plans with respect to the SMCE criterion.
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Chapter 4

Selecting Optimal Designs LJsing

the SMCE Criterron

The number of low-order clear effects was proposed by Chen, Sun, and Wu (1993) as a

criterion for selecting)k-n designs. The advantage of the SN4CE criterion is that it is

an arguably more intuitive design selection criterion than is the MA approach. Since

practitioners typically conduct 2fr-p designs with the intent of screening for significant

low-order effects, designs that are "good" in this context will have obvious appeal. In

this chapter, we use the SMCE criterion to (1) select optimal foldover plans, given an

MA initial 2k-p design and (2) select both optimal initiat and foldover designs.

4.L Selecting Optimal Initial Designs Using the SMCE

Criterion

In chapter 1, we showed an example of how to compare two designs using the SNICE

criterion. From Table 2.6, we discovered that design A, having generators F : ABCD

and G : ABDE, is better than design B, having generators F : ABC and G : ADE.

It turns out that design A is the best initial design according to the SMCE criterion.
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CRITERION

Example 4.1. Consider 3 initial 27-3 designs, design t has generators E: ABC,

F : ABD and G : ACD (see design 7-3.1 in Table A..1). Design 2 has generators

E : AB, F : AC and G : BCD (see design 7-3.2 in Table 4.1). Design 3 has

generators E: AB, F: AC and G: BD (see design 7-3.3 in Table 4.1). Find the

optimal initia.l design.

Design t has SÌ\4CE entries 717,0127, whereas designs 2 and 3 have SMCE entries

217,2121 and}fT,4f2Irespectively. Because design t has all main effects clear, it is

superior to designs 2 and 3. According to the SMCE criterion, design 2 is superior to

design 3 although both designs have the same total number of clear low-order effects.

For a given FF design, choosing the generators so as to sequentially maximize the

number of clear effects is an important computing task. The majority of the computing

in this thesis was accomplished using the statistical software, R. Tables 4.1 and 4.2 (in

the Appendix) summarize the optimal initial 16- and 32-run FF designs, for 6 < k < 10,

using the SMCE criterion.

4.2 Folding the SMCE Optimal Initial Designs I-Is-

ing the SMCE Criterion

In section 4.1, we considered ranking the initial designs using the SMCE criterion. After

we obtain the optimal initial designs, we use the foldover approach, in conjunction with

the SN4CE criterion, to run a follow-up experiment of equal size with the objective of

sequentially de-aliasing as many low-order effects as possible.

Example 4.2. Consider the SN4CE optimal initial 27-2 design, having generators F :

ABC and G : ABDE (see design 7-2.7 in Table A..2). Find the optimal foldover

plan(s) using this initial design.
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Table 4.1: Choosing the Optimal Foldover Plan(s) for the SMCE Optimal Inttial2T-2
Design U the SMCE Criteri on

Core Foldover Plans SMCE Optimal Foldover Plans

F 717, 2712r Yes

G 7 17, 21127 Yes

FG 717, 15l2r No

Fbom Table 4.1, it is obvious that folding -F or G are the optimal foldover pians

according to the SMCE criterion.

For each SMCE optimal initial design, there are 2fr possible foldover plans to assess.

Ranking the number of clear effects sequentially, we select the optimal foldover plan(s)

for each one (see Tables 4.1 and 4.2 in the Appendix).

4.3 Comparison of the Optimal Foldover Plans IJs-

ing the MA and SMCE Criteria

In Table 4.1 and A,.2,Li and Lin (2003) select the optimal foldover plans for 16- and

32-run initia.l FF designs using the MA criterion, where 5 < k ( 11 and 7 < k < 11,

respectively. These initial FF designs are non-isomorphic to each other. For a given

2fr-p designs, the first initial design given is the MA design.

We also investigate the optimal foldover plans for 16-run and 32-run initial MA FF

designs, for6 ( k < 10, and 7 <k< 10, respectively. SeeTablesA.l andA.2.

In chapter 1 (Table 1.3), we saw the different optimal foldover plans suggested by

the MA and SNICE criteria when folding an initial 28-4 FF design. Are there other

initial 2È-p designs for which the optimal foldover plans differ, when considering both
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the MA and SMCE criteria?

We found a total of 8 occurrences for which the optimal combined designs suggested

by the MA and SMCE approaches differ. These designs are marked a"s 
(( * " in Tables

4.1 and 4.2. In chapter 1, we provided such an example using an initial 28-4 FF design

(see Table 1.3). In this sectior'r., we consider an addítional example.

Example 4.3. Consider a 2e-4 FF design with added factors F: ABC, G: ABD,

H : ACD and J : BCD. This design is denoted by "9-4.5" in Table 4.2.

Table 4.2 shows the number of clea,r effects and WLP for both plans. In the third

column of Table 4.4, tlne MA optimal design has values "9f9, 8f 36". This implies

that the MA design has 9 out of 9 clear main effects, 8 out of 36 clear two-factor

interactions. Simila.r'ly, the SMCE optimal design has 9 out of 9 clea¡ main effects,

15out of 36 clear two-factor interactions. Table 4.2 shows that the optimal foldover

plan using the SMCE criterion obtains 7 additional clear two-factor interactions when

compared to the optimal foldover plan using the MA criterion.

Differences between some of the optimal combined designs, suggested by the MA

and SMCE criteria, may only be observed when sequentially comparing the number of

strongly clear low-order effects that they possess.

Definition 4.1. We call a main effect or two-factor interaction strongly clear if it is

not aliased with main effects, two-factor interactions, or three-factor interactions.

Example 4.4. Consider a 2e-5 FF design with added factors E: ABC, F: ABD,

G: ACD, H: BCD and J : ABCD. This desing is denoted by "9-5.1" in Table

,A.1.

The number of clear effects (including the strongiy clear effects) and WLP for
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both plans are shown in Table 4.1. In the seventh column of Table 4.1, the MA

optimal design has values "919, 8136, Il9, 0136". This implies that the MA design

has 9 out of 9 clear main effects, 8 out of 36 clear two-factor interactions, 1 out of

9 strongly clear main effects and no strongly clear two-factor interactions. Similarly,

the SMCE optimal design has g out of 9 clear main effects, 8 out of 36 clear two-

factor interactions, 1 out of 9 strongly clear main effects and 8 out of 36 strongly clear

two-factor interactions. Both plans have the same number of clear low-order effects.

The only difference is that the design selected by the SMCE criterion has 8 strongly

clear two-factor interactions, whereas the design selected by the MA criterion has no

strongly clear two-factor interactions.

In our search process we also fould that, in order to get the greatest number of

clear effects after folding, it is not necessary that the initial design be either an 1\{A

design or an optimal SMCE design. Consider the following example.

Example 4.5. Consider 3 initial 2e-4 FF designs: design A with F: BCDE, G:
ACDE, H : ABDE and J : ABC.Ð; design B with F: ABC, G: ABD, H :

ACD and J : BCDE;design C with F : AB, G : ACD, H : ACEand J : BDE.

Table 4.2 shows that design C is not the optimal initial design according to either

the MA or the SMCE criteria, but its SMCE optimal foldover plan obtains the largest

total number of clear effects. Such occurrences are denoted by a "5" in Tables 4.1 and

4.2.

Ftrthermore, our search discovered there exists a design whose optimal foldover

plans are different according to the MA and SMCE criteria, but the number of clear

effects are exactly the same. Consider the following example.

Example 4.6. Consider a initial 210-5 desigp having generators F : ABCD, G:
ABCE, H : ABDE, J : ACDE and K : BCDE. This design is denoted by
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Table 4.2: ThLlee Possible Initial 2e-4 FF Desi.Z: Iru'EE i-OSSIDIE lN

Design Design A Design B Design C

WLP (o68oo) (o77oo) (15621)

SMCE 919,8136 919, 15136 619,9136

MA initial design Yes

SMCE of Optimal initial design Yes

SMCE of Combined Designs 919,24136 919,21136 919,30136

"10-5.1" in Table 4.2.

This design has 20 different optimal foldover plans under the SMCE criterion and

19 different optimal foldover plans according to the MA criterion (Li and Lin, 2003).

Howevet, both foldover plans have the same number of clear effects. This design is

marked as "t" in Table 4.2.
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Conclusion

Box and Wilson (1951) first introduced the foidover approach as a sequential method

for de-aliasing 1ow-order effects in 2k-p experiments. Foldover designs are constructed

by running an equally-sized follow-up experiment with one or more of the k columns

(factors) sign-reversed. The foldover approach can be used to minimize the amount of

aliasing in the combined design, or simply to de-alias only several effects in which \¡/e are

most interested. For a given 2k-p design, there aïe many foldover plans to consider, and

choosing an optimal design from among them may be of interest. The SMCE criterion

is one approach for selecting an optimal foldover plan. This criterion sequentially

assesses the number of clear low-order effects that a given FF design possesses.

Using the SMCE criterion, we select optimal foldover plans for 32-run and 64-run

combinedFFdesignsfor6 <k< 10andT <k < 10, respectively. Ourapproachin

this thesis has been to: (1) take an MA initial design (Li and Lin, 2003), and obtain

the optimal foldover plan using the SMCE criterion, (2) select both the initial and

combined designs using the SMCE criterion. Our research demonstrates that, in order

to sequentially yield as many (strongly) clear low-order effects as possible, the SMCE

criterion is superior to the MA criterion on a number of occasions. As such, our catalog

of SMCE optimal combined designs will aid practitioners in selecting the most suitable
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initial and foldover designs for screening for low-order effects.
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Appendix A

Optimal 32-Run and 64-Run

Combined Designs Ranked

According to the SMCE Criterion
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k-
6-2.r

$t6-2.2 E: AB, F: ACD

$t6-2.3 E: AB, F : CD

: ABC, F:

fT7-3.1 E:ABC, F:ABD,
G:ACD

g7-3.2 E: AB, F: AC,
G: BCD

7-3.3 E: AB, F : AC,
G: BD

7-3.4 E: AB, F : AC,
G: AD

T7-3.5 E: AB, F: AC,
G: BC

Table 4.1: Optimal 32-run Combined Designs

CJtÀ
llT*8-4.1 b:ABC, þ':ABD,

G:ACD, H:BCD

$8-4.2 E: AB, F : AC,
G:AD,H:BCD

8-4.3 E: AB, F: AC,
G:BD,H:CD

$8-4.4 E: AB, F: AC,
G:BC,H:ABCD

8-4.5 E: AB, F: AC,
G: BC, H : AD

t8-4.6 E: AB, F: AC,
G:BC,H:ABC

(1 1100)

(20010)

(07000)

(23200)

(32110)

(33001)

(43ooo)

316,6175

ol6, elr5

7 l7, 0l2r

217,2l2r

o17,4l2r

ol7, 0l2r

L/7,6/2t

Optimal Foldover Plan

EF

EF

(014000)

(37401)

(45420)

(46400)

(55221)

(77001)

*9-5.1

J: ABCD
9-5.2 E: AB, F : AC,

G:BD,H:CD,
J: ABCD

9-5.3 E: AB, F: AC,

7:"-1,;" - AD'

E, F, G, EF, EG, FG,
EFG

EFG

EFG

EFG

EFG

E:ABC,F:ABD,
G:ACD,H:BCD,

8/8,0/28

rl8,7128

(0 1000

(00100)

(00010)

ol8, ol28

218,0128

018,2128

1/8,7 /28

(o3ooo)

(0 1200)

(02010)

(o3ooo)

(03000)

6/6,9/t5

616, r5175

6/6, r51ß

E, F, G, H, EFG,
EFH, EGH, FGH

EFGH

EFGH

EFG

EFGH

EFG

(414804)

(6ee6o)

(610842)

7 17, 6127

7 17, t5127

7 17, e l21

7 17, 6127

7 17, 6121.

0/9,0/36

ols, o136

019,0/36

(07000)
[o6ooo] "

(03400)

(o5o2o)

(03400)

(05020)

(07ooo)

J

EFGHJ

EFGH

818,7128 t'

[818,0128]

818, 13128

818,4128

818,73128

818,4128

818,7128

(06800)
[0 14000]

(0e060)

(010040)

919,8136, t19,8136
1919,8136, 7/9, o136l d

s19,2136

s19,2136



9-5.4
G:BC,H:AD,
J: BD

9-5.5 E: AB, F: AC,
G:BC,H:ABC,
J: AD

E: AB, F: AC,
lerators

10-6.1 E: ABC, F: ABD,
G:ACD,H:BCD,
J:ABCD,K:CD

10-6.2 E: AB, F: AC,
G:BC,H:AD,
J:BD,I{:ACD

10-6.3 E: AB, F: AC,
G: BC, H: AD,
J:BD,K:CD

10-6.4 E: AB, F: AC,
G: BC, H: ABC,
J: AD, K: BD

Initial Desi

Ct(
C'l

(7e663)

(810444)

Table 4.1 (continued

(8 18 16 8 8) 0/10,0/45

(e 16 15 12 7) 0lß,0145

(10 15 12 15 10) 01rc,0145

(10 16 t2 L210) 01rc,0145

NOTE:
a. CME denotes the number of clear main effects, CTI denotes the nurnber of cleat' two-factol

interactions.
b. 8 main effects and none of two-factor intelaction are clear fol the optimal foldover plans

with respect to the MA initial design.
c. [ ] denotes the WLP or SMCE for the optimal combined designs given an initial MA design.
d. Given tlie initial MA design, thele is 1 stlongly CME and 0 strongly CTIs.
*. Implies that there exists differences between optimal combined designs selected accolding to

the MA and the SMCE criteria.
t. Implies that the design has the max. numbel of clear effects among the non-isomorphic

initial designs.

fl. ImpÌies that the design sequentially naximizes clear effects among the non-isomolphic initial
designs.

$. Implies that the design is not an optimal initial design acco-rding to either the MA and
SMCE, but its SMCE optirnal foldover plan(s) obtain(s) the largest total nurnber of clear effects.

ME, CTI
019,0/36

019,0/36

EFGHJ

EFGJ

rnal ¡oldoveÌ rlan

JI{

EFGHJ

EFGHJK

EFG.]T{

(0e060) e19,0136

(0 10 0 4 0) ele,2/36

mbined Desi

(0 18 0 8 0) 6170,0145

(0 16 0 12 0) 61r0,0145

(0 15 0 15 0) 61t0,0145

(016 012 0) 6/10,0145



nï7-2.7 F:ABCD,G:ABDE

7-2.2 F : ABC, G: ADE

7-2.3 F: ABC, G: ABD

t7-2.4 F:AB,G:ACDE
7-2.5 F:AB,G:CDE
7-2.6 F : AB, G: ACD

7-2.7 F:AB,G:CD
7-2.8 F:AB,G:AD

enerators
Initial Design

Table 4.2: Optimal 64-run Combined Designs

WLP

llfS-3.i t': ABC, G: ABD,
H: BCDB

8-3.2 F : ABC, G: ABD,
H: ACE

8-3.3 F : ABC, G: ABD,
H:ABE

8-3.4 F : ABC, G: ABD,
H: ACD

$8-3.5 F:AB,G:ACD,
H: BCE

t8-3.6 F : AB, G: AC,
H : BCDE

8-3.7 F:AB,G:ACD,
H: ACE

$8-3.8 F : AB, G: CD,
H: ACE

8-3.9 F : AB, G: AC,
H: BDE

8-3.10 F : AB, G: AC,
H:ADE

CtI
o)

(0 1200)

(02010)

(o3o1o)

(10110)

(11001)

(11100)

(20010)

(2 1000)

CME, CTI
7 /7, 15/21

7 /7, 9121.

717, 6121

417,78121

417,72121

417,72121

r17,75121

217, r7121

(03400)

(05020)

(o6ooo)

(07000)

(i2310)

(212 2 0)

(1320i)

(21220)

(22ttt)

(22200)

F,G

FG

F, G, FG

FG

FG

FG

FG

FG

8/8, t3/28

8/8,4128

818,0128

818,7128

518, 13128

318,18128

518, rol28

218,16128

318,72128

318,72128

9-4.t
H: ABDE, J: ABCE

ft*9-4.2 F: ABC, G: ABD, (0 7 7 0 0)
H : ACD, J: BCDE

!': BCDE, G: ACDE, (0 6 8 0 0)

(00100)

(ooo1o)

(0 looo)
(00010)

(o o o o 1)

(oo1oo)

(00010)

(0 1000)

bined Design

F, G, FG, FH, GH,
FGH

GH

FG, FH, GH

F, G, H, FG, FH, GH,
FGH

FGH

FGH

FG, FH

FGH

FGH

FGH

717, 27121

7 17, 27127

717,15127

717, 27127

717, 2tl2t

717, 2712r

7 17, 2712t

7 17, t5l2t

(0 1200)

(0 1020)

(02ooo)

(03000)

(00210)

(o1020)

(0 1101)

(00210)

(01101)

(0i200)

9/9,8/36

919, 15/36

818,22128

818,22128

818,76128

818,73128

818,28128

818,22128

818,22128

818,28128

818,22128

8/8,22/28

FG, FH, FJ, GH, GJ,
HJ
F, G, H, FGH, FGJ,
FHJ, GHJ

(o24oo)

(o34oo)
[03300] "

919,24136

919,21136,319,8/36

19le,2r 136,319,01361



9-4.3
H: ACE, J: ADE

9-4.4 F : ABC, G: ABD,
H: ACD, J: ABE

*9-4.5 F : ABC, G: ABD,
H: ACD, J: BCD

$9-4.6 F : AB, G: ACD,
H: ACE, J: BDE

9-4.7 F : AB, G: ACD,
H: ACE, J: ADE

$9-4.8 F:AB,G:CD,
H: ACE, J: BDE

9-4.9 F:AB,G:AC,
H: AD, J: BCDE

9-4.10 F: AB, G: AC,
H:BD,J:CDE

:ABC,G:ABD,

nitia

c¡
_.1

(010040)

(014000)

(15621)

(1 7403)

(23640)

(33441)

(33441)

Table 4.2

Tl10-5.i

10-5.2

10-5.3

x10-5.4

t*10-5.5

10-5.6

*i0-5.7

continued

F : ABCD, G: ABCE,
H: ABDE, J: ACDE,
I{ : BCDE
F : ABC, G: ABD,
H: ACE, J: ADE,
K : ABCDE
F: ABC, G: ABD,
H: ACD, J: ABE,
K:ACE
F: ABC, G: ABD,
H: ACD, J: BCD,
K: ABE

F: AB, G: ACD,
H: ACE, J: ADE,
I{ : CDE
F : AB, G: ACD,
H: ACE, J: ADE,
K: BCDE
F:AB,G:CD,
H: ACE, J: BDE,
K: ABCDE

9/9,2/36

919,8136

6|e,9136

619, 12136

319, 12136

219, 15/36

2/9, 13/36

FHJ, GHJ

HJ

F, G, H, J, FGH, FGJ,
FHJ, GHJ

FGHJ

FG, FH, FJ, FGH,
FGJ, FH,I
FGH, FGJ, FGHJ

FGHJ

FGHJ

over Plan

(0101600)

(0150150)

(0160120)

(o18o8o)

(r 147 o 7)

(1101143)

(271272)

WLP
(03040

(o3o4o)

(o7ooo)
[o6ooo]
(o1420)

(03202)

(0 1420)

(03040)

(02311)

10/rc,0/45

rclß,0145

70lro, ol45

10l10,0145

71r0, 14145

7110,8145

4110,6145

CNIE. CTI
9/9,18/36

919,27136

919, r5136

lele,8136l

9le,30136

919,21136

919,30/36

919,21.136

919,24136

FG, FH, FJ, GH, GJ...b

FGH, FGJ, FHJ, FJK,
GHJ, GHK

GI(, HJ, GHJ, GHK,
GJK, HJI{

FI(, GK, HI{, JI{,
FGH, FGJ, FHJK,
GHJK

FGHJ

FGHJK

FGHJ, FGHI{, FGJK

(04800)

(o5o10o)

(o6o8o)

(08040)
[o6o8o]

(07700)
[06404]

(06404)

(03830)
[03642]

r01r0,24145

t0lß, r5145

rclrc, ß145

10{]0, ß145
[10/10, 17145]

701r0,24145

[iol10, t6145]

r0170,30145

t0170,30/45

[10/10,27145]



$10-5.8 F: AB, G: AC,
H:BCD,J:BCE,
K:ADE

x10-5.9 F:AB,G:AC,
H : AD, J: BCD,
K:BDE

10-5.10 F: AB, G: AC,
H: AD, J: BCD,
K : ABCDE

eneÌatoIS

NOTE:
a. [ ] denotes the WLP or SMCE for the optimal combined designs given an initial MA criterion.
b. The complete set is.t'G, FH, FJ, FI{, GH, GJ, GK, HJ, HK, JK, FGH, FGJ, FGK,

FHJ, FHI{, FJK, GHJ, GHK, GJK àîd HJK.
*. Implies there exists differences between optimal combined designs selected accot'ding to the

MA and the SMCE criteria.
t. Implies that the design has the max. number of clear effects among the non-isomorphic

initial designs.

!f . Implies that the design sequentially maximizes clear effects among the non-isomorphic initial
designs.

{. Implies that there exists diffelences between the optimal foldover plans selected according
to the MA and SMCE criteria.

$. Implies that the design is not an optimal initial design according to either the MA and
SMCE, but its SMCE optimal foldovel plan(s) obtain(s) the largest total number of clear effects.

esrgn

CtI
co

(281242)

(2ee64)

(381141)

Table 4.2 (continued

CIVIE, CTI
5/r0, 4/45

70110,0145

s/to, L2/45

FGHJK

FGHK

FGH.I

(02840)

(07304)
lo3642l

(03740)

Combined Desi

tolto,33l45

rc110,24145,3/r0
f1o/10, 24145, Llrol

r01r0,30145



Appendix B

Codes

8.1 R code shows the optimal foldover plan for a

26-2 FF design with E : AB, F : AC D
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##The original version of thís program was r.rritten by Ben Chen, in the summer of 2007,

when Mr. Chen v¡as a holder of an NSERC undergrade aliard.

## this fu¡ction can be used only as a continuation on the conpleteDR functions

## The OFP function will condiser all possible foldover plans and pick the

optinal foldover design according to the clear effect criterion

## The inputs of this fr¡nction are

##n: the mrmber of factors

##f : the nr:mber of generators

## f1:f6 are generators, enter only I'Err if the generator is E=AB

##again this fu¡ction only alIor.is a maximum of 6 generators

##if there is less tha¡ 6 generators, only enter as mâny as needed. (note,

please be consistent with r.ihat the inputs are for the completeDR function)

## for example, if there is 7 factors :nd only 3 generators, the the generators

are E=AB, F=BC, G=ACD

## to execute the prograrn you would enter as follows

##0FP(7, 3, "E", "F", "G")

OFPCE<-function(n, f, f1='a), t2='b' ¡ f3=¡c', fQ='d', f5='e', f6='g'){

## The following if statenents will take the input and determine how many generators

there are and what they are

FP<-list o
if (f==1) {AG<-c (f 1) }

if (f==2) {AG<-c (f1, f2) }
j_f (f ==3) {AG<-c (f 1 ,f2,fB)}
if (f ==a) {AG<-c (f 1,f2,f3,f4)}

if (f==5) {AG<-c (f 1,f2,f3, f4,f5) }

if (f==6) {AG<-c (f 1,f2,f.3,f4,f5,f6) }
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## The following for-loop will generator all possible sets of foldover p1ans,

generally, if there is f generators, there are 2^f-1 possible sets of generators

## Since a foldover plan can be done by just folding over one generators, or a¡y

combinations of generators, I use the if-statements to generates all possible sets

of foldover pla-ns

## each foldover plan is store as a lj-st, the nams of the list is FP

^-l4-L

for(h in 1:f){

if (h==1) {

for(i in 1:f){

FP [ [a] I <-c (AG [i] )

a=a+1

]

]
it(h==2 e, f>=2){

for(i in 1: (f-1) ){
for(j in (i+r): (f)){

FP [[a]l <-c(AG[i], AG[j] )

a=a+1

]

Ì

Ì

if(h==3 & f>=3){

for(i in 1: (f-2)){

for(j in (i+1): (f-1)){

for(k in (3+1):f){

FP[[a]l<-c(AG[i], Ac[j], AG[k])

a=a+1

Ì

]
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Ì

Ì
if(h==4 & f>=4){

for(i in 1: (f-3)){

f or(j in (i+1): (f.-2)){

for(k in (j+1): (f-1)){

for(1 in (k+1):f){

FP [ [a] I <-c (AG [i] , Ac [j] , Ac [k] , Ac [1] )

a=a*1

]

]

)

]

]
if(h==5 & f>=5){

for(i in 1: (f-a)){

for(j in (i+t): (f-3)){

for(k in (j+1): (f-2)){

for(1 j-n (k+1): (f-1)){

f or(rn in (1+1) : (f ) ) {

FP[[a]l<-c(AG[i], Ac[j], AG[k], AG[1], AG[m])

a=a+1

Ì

]

]

]
]

Ì
if(h==6 & f>=6){

for(i ín 1: (f-5)){

for(j in (i+1): (f-4)){

for(k in (j+1): (f-3)){

for(1 in (k+t): (f-2)){
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for(m in (1+1): (f-1)){

for(n in (m+1): (f)){

FP[[a]l<-c(AG[i], Ac[j], AG[k], Acl1l, AG[ml, AG[n])

d-dfa

]
]
Ì
]
]
]
]
Ì

##CDRFP is a Iist, ald each component of the list is the same a¡d it is the conplete

defining relation of the original fractional factorial design

CDRFP <-listo

for(h in 1: (2^f-1)){

CDRFP [ [hJ J <-wlpCDR t t4] l

]

##The following roultiple for-loops will either a negative sign in front of th word,

or get rid of the negative sign if there is already a negative sign in front of

the v¡ord

##Tbe nethod used here is using substrings, trimming a:rd replacing

for(x in 1:length(FP)){

for(h in 1: length(FP I tx] I ) ) {

for(i in 1: length(wlpCDR I t4] I ) ) {

if(substring(CDRFPttxll til, 1, 1) != c("-")){

63



for (j in 1 : nchar (wlpCDR [ [4] I til ) ) {

if(substring(wlpcDRIt4]l til , j, j)==(FPttxll tnl )){
CDRFP t txl I til <-c ("fhjkfdfddhkhsdjkfhs")

cDRFpttxll til<-strtrim(CDRFP[[x]l Ii], ((wlpcDRItt13 ¡i1 )+1))

substring (CDRFP I tx] I Ii] , 2, nchar (CDRFP t txl I til ) )

<-substring(wlpcDRIt4]l til, 1, wlpcDRtt3ll til )

substring(CDRFPltxll til, 1,. 1)<-c("-")

Ì
Ì
Ì
else{

f or(j in 1:nchar(r,¡lpCDRIt4]l til )){
if (substring(wlpCDRlt4ll til, j, j)==(FP[[x]l thl )){
substring(CDRFP[[x]l til, 1, wlpcDRtt3ll til)
<-substring(wlpcDRIt4]l trl, 1, wlpCDRtt3ll til)
cDRFpttxll til<-strtriro(coRFP[[x]l [i], wlpcDRtt3ll til )

## the following for-loop is used to check out the common terms between CDRFPIIu]I[z]

a¡.d r,¡loCDR I 1411 lz1

## when there j-s a common term, the loop wil-l- find out the nr:mber of chars for each

commoD. term

## a¡d store it in CI'JLFP, then WLFFP

WLFFP<-1ist o

for(u in 1: (2^f-1)){

w=1

]
]
]
]
]
]
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CI^/LFP <-c (0)

for(z in 1: length(CDRFP t tull )){
if (CDRFP t [u] I tzl ==r{lpcDR t tal I tzl ) {

CWLFP [w] =nchar(CDRFP [ [u] I [z] )

r.¡=w+1 ]

Ì

l,lLFFP[[u]l=C!'ILFP

]

##The following for-loop is used to find out the Cornbined coroplete defining relations

##Basical-1y, it only keeps the common terms and gets rid of the non-co¡nmon terms beti,Ieen

the originaL CDR ald foldover CDR

CCDRList<-1ist o

for(y in 1: (2^f-1)){

u=1

CCDR<- rep("djksnjfksdkfjhskfnd", times=length(WLFFPilyll ) )

for(v in 1 :length(wlpCDRlt4ll )){
j-f (CDRFP t tyl I tvl ==wlpCDR I ta] I tvl ) {
substring(CCDR[u] , 1, nchar(CDRFPttyll tvl ))<-substring(CDRFPttyll lvl , 1, nchar(CDRFP[[y]l [v

CCDR[u] <-st¡trj-m(CCDR[u], nchar(CDRFpt tyl I tvl ) )

u=u*1

Ì
ccDRlist[[yJi=CCDR

]

Ì

##this assumes that all factors are to be enter by alphabetical order

â(-c(tt¡tt, ttBtt, llcll , llDrl , ttEtt, llFlr, rlGlr, 
"Htt, 

rrJll , llKll , ttl", ltMrr, rrNll , tt0", ttPt"
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rQrr, ÍR[, ttsr,, rTil, rurr, ttvt,, rhlr, rxrt, r,y,t, ,tZtr)

##generates all single factors

fac<-1ist o

for(h in 1:n){

fac[[h]l<-c(a[h])

]

##generates all two factor interactions

##in this progrâm, the order of the interactions matters AB is not the same as BA

##but later, i.¡e wiLl- only keep one of (AB, or BA) if AB is clear

twofac<-list o

b=1

for(h in 1: (n-1)){

for(i in (h+1):n){

tr¡ofac [ [b]l <-c(a[h], aIi] )

b=b+1

Ì

]

for(h in 1: (u-1)){

for(i in (h+1):n){

twofac [[b]l <-c(a[i], a[h] )

b=b+1

]

Ì

##the following for loops will check for cLear main effects as viell as tno factor

interactions

##the idea is basically takes any r¡ords with length 3 or 4, and deternine all

possible clear main effects as $Iell as thlo factor interactions

bb



]
]

##for example,

CE<-1ist o

NoCE<-1ist o

f or(y i.n 1: (2^f -1) ) {

CME<-fac

for(h in 1: (2^f-1)){

if (nchar (CCDRList t tyl I tll ) ==3) {

for(i in 1:nchar(CCDRList t tyl I tnl )){
for(j in 1:n){

if (substring(CCDRListttyll [h], i, Í)==factijll){

CMEttjll<-c('t 't)Ì
l-
J

Ì

CTFI<-tr¡ofac

temp<-1ist o

temp2<-1ist o

for(h in 1: (2^f-1)){

if (nchar(CCDRListttyll tnl )<5 & nchar(CCDRList ttyll tnl )>=3 ){

if (nchar(CCDRList t tvl I tnl ) ==4) {
e=1

aa<-c(substring(CCDRListIty]l tnl, 1, 1), substring(CCDRListttyll t¡l , 2, 2),

substring(CCDRlistttyll tnl, 3, 3), substring(CCDRlistttyll t¡l , 4, 4))

for(i in 1:3){

for(j in (i+1):4){

temp[[e]l <-c(aaIiJ, aa[ji )

e=e+1

tenp [[e]l <-c(aatjJ, aa[i] )

e=e+1Ì

o(



Ì
for(l in 1: (e-1)){

for(n in 1:length(twofac)){

if (identical (tr,¡of ac [ [n] I , temp I t1] I ) ==TRUE) {

CTFI [[m]I <-c(" ")

Ì

]

]

]
else{

g=1

bb<-c(substring(ccDRlistIty]lt¡], 1, 1),substring(ccDRlistttylltnl,2,2),

substring(CCDRlíst tlyll tnl , 3, 3))

for(i in 1:2){

for(j in (i+1):3){

ternp2 [ [g] I <-c (bb [i] , bb [j] )

o=o*1oo-

temp2 [ [g] I <-c (bb [j] , bb [i] )

,=g+1Ì

]
for(I in 1: (g-1)){

f or(m in 1: length(tr,rofac) ) {
if (identical(ti"rofac [[ro] l, temp2 ttll I )==TRUE){

CTFI[[m]l<-c(" ")

]
ì-
J

Ì
]
Ì

Ì

SCME<-CME
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for(h in 1: (2^f-1) ){
if (nchar (CCDRList t tyl I tnl ) ==4) {

for(i in 1:nchar(CCDRList t tyl I tnl ) ) {

f or(j in 1:n) {

if (substring(CCDRLIst ttyll [h], i, i)==CMEttjll ){

SCME[[jJJ<-c(" ")]
]
Ì
Ì
Ì

SCTFI<-CTFI

for(h in 1: (2^f-1)){

if (nchar (CCDRList t tyl I ttrl ) ==5) {

v=1

temp3<-1ist o

cc<-c(substring(CCDRListIty]l tnl , 1, 1), substring(CCDRListttyll tnl , 2, 2) ,

substring(ccDRlistttyll lnl , 3, 3), substring(ccDRlistttyll t¡l , 4, 4),

substring(CCDRListttyll tnl, 5, 5))

for(i in 1:4){

for(j in (i+1):5){

temp3[[v]l<-c(ccIiJ, cc [jJ )

temp3 [ [v] I <-c (cc [j] , cc [i] )

v=v+1Ì

Ì
for(1 in 1: (v-1) ){

for(n in 1:length(tvrofac)){

if (identical (CTFI [ [m] I , tenp3 [ tl] I ) ==TRUE) {

SCTPI[[m]I<-c(" ")

Ì

)
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]
]
]

ME<- listo

u=1

for(h in 1:n){

j-f(CME[[h]l t= ç(rt tt¡¡1

ME [ [u] I =CME t thl l

u=u+1 ]

Ì

TFI<-1ist o

w=1

f or(i in 1: (n* (n-1,) /2)){
if (identical (CTFI [ [i] I ,

TFI [ [r¡] I =CTFI t til l

t¡=lr.|1

]

]

SME<- listo

r=1

for(h in 1:n){

if(SCME[[h]l != c(" ")){
SME [ [r] I =SCME t thl l

r=r+1 Ì

]

STFI<-list ( )

s=1

for(i in 1: (n*(n-1)72¡¡1

if (identical (SCTFI [ [i] I ,

c ( rr ') ) !=TRUE) {

70
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STFI [ [s] I =SCTFI I ti] l

s=s+1

]

Ì

NoCE[[y]l <-c(length(ME), length(TFI), length(SME), length(STFI))

cEttvll<-1ist(ME, TFI, SI"IE, STFI)

]

MCE<-NoCE [ [1] l

for(d in 2: (2^f-1)){

r=!

for(e in 1:4){

if (r==1) {

if (McE [e] ! =NoCE I td] I tel ) {

if (McE Ie] <NoCE t tal I tel ){
MCE<-NoCE [ [d] l
r=r+1Ì

eLse{

r=r+1]

]
else{

r=1)

]

]

]

for(d in 1: (2^f-1)){

if (identical (NoCE [ [d] l, MCE) ==TRUE) {
cat("i'Ihen Maximizing the no. of clear effects, the optimal foldover design is ",

FP[[d]1, "\n")
cat("The combined conplete defining relation is ", CCDRList[[d]], "\n")

print (cE t tdl I )
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cat("The clear effect patterns are r', NoCEI[d]], "\n")
l-
J

Ì

return (CE)

]

## this fu¡ction c:n be used onl-y as a continuation on the conpleteDR functions

## The OFP function vri11 condiser all possible foLdover plals a:od pick the optinal

foldover design according to the Minimr:m abberation

## The inputs of this function are

##f: the mrmber of generators

## f1:f6 are generators, enter only 'rE" if the generator j-s E=AB

##again this function only alloi¿s a maximum of 6 generators

##if there is less thal 6 generators, only enter as many as needed. (note, please

be consistent r,¡íth what the inputs are for the conpleteDR function)

## for example, if there is only 3 generators, the the generators are E=AB, F=BC, G=ACD

## to execute the program you would enter as follows

##oFP(3, rrEr, rF., "G")

0FP<-function(f, f1='a', f2='b' r f3=¡c', f4=)d', f5='e), f6='g'){

## The following if statements will take the input and determine how many generators

there are a:rd what they are

FP<-list o

if (f==1) {AG<-c (f 1) }

if (f==2) {AG<-c (f1, f2) }
i-f (f==3) {AG<-c (f1, f2, f3) }

if (f==a) {AG<-c (f 1 ,f2,f3 ,f4)}

72



if (f==5) {AG<-c (f 1,f2,f3,f4,f5)}

if (f==6) {AG<-c (f 1,f2,f3,f4,f.5, f6) }

## The following for-1oop will generator all possible sets of foldover p1ans, generally,

if there is f generators, there are 2^f-1 possible sets of generators

## Since a foldover plan can be done by just folding over one generators, or a:ny

combinations of generators, I use the if-statements to generates aIl- possible sets of

foldover plaas

## each foldover plan is store as a 1ist, tbe name of the list is FP

^-l4-f

for(h in 1:f){

if (h==1) {

for(i in 1:f){

FP [ [a] I <-c (AG [i] )

a=a+1

I)

Ì
if(h==2 k, f>=2){

for(i in 1: (f-1) ){
for(j in (i+r): (f)){

FP[[a]l<-c(AGtil, AG[j] )

a=a+1

]

]

]

if(h==3 & f>=3){

for(i in 1: (f-2)){

for(j in (i+1): (f-1)){

for(k in (j+1):f){

FP[[a]l<-c(AG[i], AG[j], Ac[k] )

t-7 Ð
IJ



a=a+1

]
]
Ì
Ì
if (h==4 U f.>=+){

for(i in 1: (f-3) ){
for(j in (i+1): (f-2)){

for(k in (j+1): (f-1)){

for(l in (k+1):f){

FPI[a]l<-c(AGtil, AG[j], Ac[k], AG[1])

a=a+1

]

]

Ì

]

]
if(h==5 & f>=5){

for(i in 1: (f-a)){

for(j in (i+1): (f-3)){

for(k in (j+1): (f-2)){

for(1 in (k+1): (f-1)){

for(ra in (1+1): (f)){

FP[[a]l<-c(Ac[i], Ac[j], AG[k], AG[1], AG[ra])

a=a+1

]

Ì

Ì

]

]

]
if(h==6 & f>=6){

for(i in 1: (f-5)){
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for(j in (i+1): (f-4)){

for(k in (j+1): (f-3)){

for(1 in (k+t): (f-2)){

for(rn in (1+1): (f-1)){

for(n in (m+1): (f)){

FP[[a]l<-c(AG[i], AG[j], Ac[k], Ac[1], AG[mJ, AG[n])

a=a+1

]
]
Ì
]
)

Ì
Ì
Ì

##CDRFP is a list, and each component of the list is the same a¡d j-t is the complete

defining relation of the original fractional factorial design

CDRFP <-listo

for(h in 1: (2^f-1)){

CDRFP [ [h] I <-wlpCDR t t4l l

)

##The following nultiple for-loops v¡il1 either a negative sign in front of th word, or

get rid of the negative sign if there is already a negative sign in front of the v¡ord

##The method used here is using substrings, trimming a-nd replacing

for(x in 1:length(FP)){

for(h in 1:length(FPttxll )){

for(i in 1 : length(wlpCDRIt4] I )){
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if(substring(CDRFPttxll til, 1, 1) != c("-")){
for (j in 1 : nchar (wlpCDR I 14] I til ) ) {

if (substring(wlpCDRIt4]l iil, j, j)==(Fpttxll t¡l)){
CDRFP t txl I til <-c ("fhjkfdfddhkhsdjkfhs" )

CDRFPttxll til<-strtrin(CDRFPttxll trl, ((wlpCDRItr11 ¡i¡ )+1))

substring(CDRFPttxll til, 2, nchar(CDRFPltxll til ))<-substring(wlpCDR[[4]l Ii] , 1,

wlpCDR t t3l I til )

substring(CDRFPttxll til, 1, 1)(-c("-")

)

Ì
Ì
else{

for(j in 1:ncha¡(wlpCDRIt4]l til )){
if (substring(wlpCDRIt4]l til, j, j)==(rpttxll tnl )){
substring(CDRFPttxll til, 1, wlpCDRtt3ll til)<-substring(wlpCDR[[4]l Ii], 1,

wlpCDR t t3l I til )

CDRFPItx]l til<-strtrim(CDRFPttxll til, wlpCDRIt3]l til )

Ì
Ì
Ì

## the following for-loop is used to check out the common terns betrieen CDRFPIIu]l [z]

a¡d wlpCDRll4lllzl

## when there is a com.non term, the loop will find out the number of chars for each

common term

## and store it in C!'/LFP, then trrlLFFP

]

]

]
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I'JLFFP<-list o

for(u in 1: (2^f-1)){

v¡= 1

CV/LFP <-c (0)

for(z in 1: length(CDRFP t tul l ) ) {

if (CDRFP [ [u] I [z] ==v¡lpCDR t tal I tzl ) {

CI^/LFP [w] =nchar (CDRFP [ [u] I [z] )

w=u¡+1 Ì

]

hTLFFP[[u]l=CblLFP

Ì

##The following for-1oop is used to find out the Corobined cornplete defining relations

##Basically, it only keeps the conmon terms and gets rid of the noD-common terms between

the original CDR and foldover CDR

CCDRList<-list o

for(y in 1: (2^f-1)){

u=1

CCDR<- rep("djksnjfksdkfjhskfnd", tines=length(WLFFP t iyl I ) )

for(v in 1: length(wlpCDRIt4]l )){
if (CDRFP t tyl I tvl ==wlpCDR I i+] I tvl ) {

substring(CCDR[u], 1, nchar(CDRFPIty]l tvl ))<-substring(CDRFP[[y]l lvl , 1,

nchar(CDRFP t tyl I tvl ) )

CCDR [u] <-strtriro (CCDR [u] , nchar (CDRFP t [y] I lvl ) )

u=u+1

]
CcDRList[[y]l=CCDn
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## the following for loop will get the word length pattern sorted out. n.ote, it starts

with a word length of 3, if there is a wor with length one, the for loop will not count it

ALLI,/LP<-1ist o

for(t in 1: (2^f-1)){

cwlp<- rep(0, tir"s=(max(!'ILFFPt ttll )-2))

for(h in 3:nax(IùLFFPt ttl I ) ){
for( i in 1 :length(l'ilFFPtttll )){
i-f (viLFFP t ttl I til ==h) {

cwlp [h-2i =clllp [h-2] +1

Ì

Ì

]
ALLI'JLP[[t]l=cwlp

]

## for the r,rord length pattern, where is stops is not fixed, sone night

have a maximirm word length of 5, others might have a maxinr¡m word length

of 7,

## therefore, the word length pattern will not roatch in terms of numbers

of components

## this for-loops will find out th.e maximr¡m word length, and adjust the

word length patterns by adding 0 at the end of the vector, so that al_L

## vrord length pattern will have the same nr¡mber of components before

conparing

Mi'JL<-c (0)
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for(a in 1: (2^f-1)){

MIJL [a] =length(ALLWLP [ [a] I )

Ì
zero<- listo
Maxlength<-ALLWLP

for(b in 1: (2^f-1)){

if (length(ALLI^ILP tiblI ) < max(Mt/L)){

zerol[b] I <- rep(0, tiroes=(nax(MI'JL)-length(ALLI^ILP t tbl I ) ) )

Maxlensth[[b]l <-c(ALLIJLP [[b]1, zerotibll )

]

Ì

##the following for loop'will find out the optiroal word length pattern according to the MA

criterion

MA<-Maxlength[ [1J J

for(d in 2: (2^f-1)){

r=1

f or(e in 1:nax(Ml^/L) ) {

if (r==1) {

if (MA [e] | =Maxlengtht tdl I tel ) {

if (MA [e] >Maxlength t tal I tel ) {

MA<-Maxlengthl [dJ J

r=r+1]

else{

r=r+1]

]
eLse{

r=1]

)

]

]
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## there could be more than one optimal foldover plan, the for-loop belor.r lri1l search for

al-L the possible foldover p1ans.

for(d in 1: (2^f-1) ){

if (identical (Maxlength [ [d] l,MA) ==TRUE) {

cat("The optinal foldover design is rr, FP[[d]1, "\n")

cat("The new cornplete defining relation is ", CDRFPttdll, "\n")

cat("The conbined complete defining relation is ", CCDRList[[d]1, "\n")

cat("The word length of the combined complete defining re]atj-on is ",

ALLi'JLP[[dJ], "10"¡

Ì
]

cat("According the MA criterion, the optimal foldover plans word length pattern is ",
MA, "\n")

foldover(-list(wlpCDRtt2ll, wlpCDR[[4]l,CÐRFP, i,¡LFFP, CCDRList, ALLI4ILP, Maxlength, MA)

return (foldover)

]
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8.2 Design Eæpert output for u 210-5 design (F -
AB, G - ACD, H : ACD, J - ADE, K - CDE)

with folding on FGH J
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10 Factors: A, B, C, D, E, F, G, H, J, K

Design Matrix Evaluation for Factorial Reduced 3FI Model

Factorial Effects Aliases

[Est. Terns] Aliased Terms

[InterceptJ = Intercept

[Btockl]=Block1+ABF

lBlock2] =Block2-ABF

iAl =[

iBl =s

tcl = c + DEK + DHJ + EGJ + cHK

TD] = D + CEK + CHJ + EGH + GJK

tEl = E + CDK + CGJ + DGH + HJK

tFl =P

tcl = G + CEJ + CHK + DEH + DJK

tHl = H + CDJ + CGK + DEG + EJK

tJl = J + CDH + CEG + DGK + EHK

iKl = K + CDE + CGH + ¡ç¡ + EHJ

tABl = AB

tACl = AC

tADl = AD

tAEl = AE

tAFl = AF

tAGl = AG

tAHl = AH

[AJ] = AJ
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tAKl = AK

tBCl =BC+DFG+EFH+FJK

tBDl =BD+CFG+EFJ+FHK

[BE] =BE+CFH+DFJ+FGK

tBF] = BF + CDG + CEH + CJK + DEJ + DHK + EGK + GHJ

tBGl =BG+CDF+EFK+FHJ

tBHl =BH+CEF+DFK+FGJ

TBJ] =BJ+CFK+DEF+FGH

tBKl =BK+CFJ+DFH+EFc

tcDl =cD+EK+HJ+BFG

tCE] =CE+DK+GJ+BFH

tCF] =CF+BDG+BEH+BJK

tccl =cG+g¡+HK+BDF

tCH] =CH+DJ+GK+BEF

tCJl =CJ+DH+EG+BFK

tCKl =CK+DE+ç¡¡+BFJ

tDFl =DF+BCG+BEJ+BHK

tDGl =DG+EH+JK+BCF

tEFl =EF+BCH+BDJ+BGK

tFGl =FG+BCD+BEK+BHJ

tFHl =FH+BCE+BDK+BGJ

TFJ] =FJ+BCK+BDE+BGH

tFKl =FK+BCJ+BDH+BEG

[ABC] = ABC

[ABD] = ABD

[ABE] = ABE

[ABc] = ABG
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[ABH] = ABH

[ABJ] = ABJ

[ABK] = ABK

[ACD] =ACD+AEK+AHJ

IACEI =ACE+ADK+AGJ

[ACF] = ACF

[ACG] =ACG+AEJ+AHK

IACHI =ACH+ADJ+AGK

[ACJ] =ACJ+ADH+AEG

[ACK] =ACK+ADE+AGH

IADFI = ADF

[ADc] =ADG+AEH+AJK

[AEF] = AEF

IAFGI = AFG

[AFH] = AFH

[AFJ] = AFJ

IAFKI = AFK

Design Matrix Evaluation Perforned Omitting Aliased Terms

Factorial Effects Defining Contrast

I = CDEK = CDHJ = CEGJ = CGHK = DEGH = DGJK = EHJK = BCDFG

= BCEFH = BCFJK = BDEFJ = BDFHK = BEFGK = BFGHJ = BCDEFGHJK

Defining Contrast lr/ord Lengths

72
00
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0

45678

77000

910
10
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