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ABSTRACT

CENTRAL COLLINEATIONS OF RINITE PROJECTIVE PLANES

by Russell Grant Woods

It is well-known that the structure of the finite
projective plane is determined to & great extent by the
structure of the collineation group of the plane. In
this thesis certain assumptions are made concerning the
nature of the action of the collineation group considered
as & permutation group on the points and lines of the
plane. Assumptions are also made concerning the number
and nature of the central collineations that occur in
the collineation group, and the way in which these
assumptions determine the structure of the plane is
investigated. The approach used is that employed in
recent papers of Piper and Wagner. In order to carry
out this investigation, a development of the elementary
theory of the finite projective plane and of aspects of

the theory of permutation groups is also given.
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INTRODUCTION

The purpose of this thesis is to develop several
recent results concerning the structure of the projec-
tive plane. It is shown that the structure of the plane
can be deduced to a great extent from a knowledge of the
structure of the collineation group of the plane, and
more particularly from a knowledge of the properties of
the central collinestions of the plane.

The thesis is divided into five chapters. In the
first chapter a number of elementary properties of central
collineations are obtained. In the second chapter the
method of co-ordinatizing the projective plane by means
of & ternary ring is developed, and the important theorem
that a projective plane is alternative if and only if its
ternary ring is an alternative field is proved. The
third chapter is devoted to a study of finite alternative
fields, and it is shown that all finite alternative fields
are commutative fields. This, coupled with the result
of Chapter 2, yields the inmportant result that all finite
alternative planes are Desarguesian,

In the fourth chapter a number of combinatorial
theorems, many relying heavily on the theory of permu-~

tation groups, are proved., In addition, a purely group—




theoretic result (theorem 4.1l) is obtained. The
results of Chapter 4 are used repeatedly in Chapter 5.
Chapter 5 is essentially a synthesis of the
results of several recent papers of Wagner and Piper
(10), (), and (I13). GCertain conditions imposed on
the collineation group of the projective plane are
shown to be sufficient to ensure that the plane is
Desarguesian; conditions under which the plane is
a translation plane, or the dual of a translation
plane, are also found. Thus the structure of the
projective plane is shown to be determined to a great
extent by the properties of the collineation group of
the plane considered as a permutation group on the

points and lines of the plane.
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FOREWORD

In the body of this thesis it is assumed that
the reader is familiar with the terminoclogy and nota-
tion of projective geometry, and with the basic pro-
perties of the projective plane. The purpose of this
foreword is to summarigze these basic properties snd
to define notation not defined elsewhere. The results
quoted below can be found in Pickert (9 ) and in
Hall (5).

A projective plane = is a triple (,.£,e) con-
sisting of a set GD whose elements are called points,
& collection oL of distinguished subsets of (P, and
the set-theoretic membership relation € relating
elements of 67 and elements of Io The elements of i
are called lines., If /e is a line and P is a point,
then " Pel “ is defined to mesn that P is a member of
the distinguished subset /e of @. Geometrical
language is used throughout; hence “P is on ,Q ”,

'p belongs to ,e” ’ “JZ is a line through P”, “/E con-
tains PH, “P is incident with ﬂ“ sy and \\P is a point

i

17 B
of /E , are all phrases meaning Pe /2 o If Pl,-“,Pn

are all on the same line ,E s then the points Pl"”’Pn

are said to be collinear, and this is symbolized by

writing =" Py,+++,P,. Similarly, if lines E 1r°°*s Q n




all pass through the same point P, then the lines
’Q1!°"’“2n are said to be concurrent. On occasion
the symbol ¢ will be used in its more general sense
of denoting set membership. The use of the symbol
will always be clear from the context.

A projective plane n obeys the following axioms
of incidence :

(1) If Pleﬂj, 92867, By # P,, then there exists
exactly one line :Q ai such that Plef ' P2€/Qoo

(2) 1r { lel‘f, JZQa;P, L, #R ,, then there
exists exactly one PEGD gsuch that{PaJ&l, Pe,ez.

(3) There exist four distinct points of
no three of which are collinear,
It immediately follows that there exist four distinct
lines of‘Jz, no three concurrent, Since a knowledge

of two distinect points Pl and P2 on a line uniquely

determines the line, we shall often denote by P1P2

the (unique) line containing both P, and P,. Similarly,

if /Q 1 and /€2 are distinct lines, ,?anZQ will denote

the unique point incident with esach.

Suppose that the number of points of a projective

plane n is finite (such a plane is called a finite
projective plane). Then the following statements are

shown to be equivalent:
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(1) One line contains exactly (n+l) points.
(2) One point is on exactly (n+l) lines,.

(3) Every line contains exactly (n+l) points.
(4) Every point is on exactly (n+l) lines.
(5) There are exactly (n®+n+l) points in 67.

(6) There are exactly (n®+n+l) lines in ;E.

These equivalences ﬁill,be used repeatedly. The order
of a finite projective plane n will be said to be n if
some line of ® contains exactly (n+l) points.

Although the lines of © were defined to be
distinguished subsets of the points of n, it is evident
from the axioms of incidence that an equivalent charac-
terization of the plane can be obtained by considering
the lines to be the primitive elements and defining
the points of n to be distinguished subsets of the lines
of m; thus a point could be considered to be the set
of all lines passing through it. Consequently if the
triple n = (@ ,ﬁ?,s) is a projective plane, the triple
¥ = (j’,@’,?) is also a projective plane where the
binary relation € is defined by

ﬁ, &P Pef for all PS(P, ,zsi
Thet =¥ is indeed a projective plane can be verified
by noting that ¥ satisfies the axioms of incidence

for a projective plane. n*® is called the projective

'X)*___

plane dual to m. It is evident that (n . Thus



every statemenf about a projective plane m can be

“dualized” to a statement about =¥ by interchanging

the roles of points and lines and replacing e by e* .

It follows thet if an assertion A is true of a projec-
tive plane m, the "dual” assertion A% will be true of
n*¥, More generally, if all projective planes satis-—
fying hypotheses H have property K, then all projective
planes satisfying the dual hypotheses H¥ will have the
dual property Kaé. This “principle of duality” will
be used repeatedly throughout the thesis.

If = is a projective plane and ,E is a line of =,

then by the affine plane np, we shall mean the projec-
tive plane m with the line A and the points thereof
deleted. The line A will be called the “1line at
infinity”. Points not on £ and lines distinct from A
will be called affine points and lines, The concept
of the affine plane will be used chiefly to facilitate
notation and to aid in the co-ordinatization of the
projective plane (see chapter II).

Let C be a point of = and y & line of n. ILet
’BZL’EZP‘QB be three afbitrary distinct lines through
C (and # y) and let A; and B; be two distinct points
of ,Qi-ib} (i = 1,2,3). If, for all such Ay By, and
£,y (a0 BB )ey and (A)A,NBBy)ey together imply

that (A2A3(¥32B3)8y, then we shall say that Desarguesf
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(Cyy) theorem holds., If
Desargues (C,y) theorem holds
for 211 points C and lines

vy of =, then n will be

saild to be Desarguesian.

The fundamental problem of C &
this thesis will be to0 investigate what conditions
determine the number of point-line pairs (C,y) for
which Desargues’ (C,y) theorem holds in a given pro-
jective plane.

The theory of groups, and in particular the
theory of permutation groups, is used extensively
throughout the thesis. A self-contained development
of the theory of permutation groups appears in
chapter IV, and several abstract group theoretical
results are proved there as well. However, it is
assumed that the reader is familiar with elementary
abstract group theory, and with the standard notation
employed in that subject. The results used can be
found, for instance, in Hall (5§ ).

Lemmas and theorems are numbered independently.
Thus for example there is both a lemma 4.4 and a

theorem 4.4, and these are distinct.
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CHAPTER I

ELEMENTARY PROPERTIES OF COLLINEATIONS

In this chapter several elementary lemmas and
theorems about collineations will be proved. Con-
tinual reference to these will be made throughout

the rest of the paper.

Lemma 1.1 (1) The product of two collineations is
a collineation.
(ii) The inverse of a collineation is a
collineation.
Proof: (i) Tet ©n be a projective plane with a point
set # and a line set L . Iet o and T be two collin-
eations of me.
Define a mapping ot as follows:
Pe @ = p(9%) o (p9)7
led =3 J(o%) - () 97,
As é) (’__%ﬁ) ’ SE, Gh——% i are one-to-one onto map-
pings and as T is similarly one-to-one onto, ot is a
one-to—one onto mapping of §—> f and cf-———% L.
To demonstrate that the mapping or preserves
incidence, suppose that for Pef and ‘2533, PE/E.
Then P°¢ 1 % (as o is a collineation), and similarly
(PG)TE(/EG)T (as T is a collineation)., By definition
of o1, this implies that P(GT)EJQ(GT). Hence

pe ) ::}P(GT)EJE(GT);



thus ot preserves incidence and by definition is a

collineation.
(ii) ZILet o be a collineation of m projective
plane w.

-1 -1
Define a mapping P2 5 (P anafL—3 L vy

ot ” o _
P =Q & Q=P (P,Qc®P)

-1
2° m & =0 (f,mef).

1 is a one-to-one onto mapping, since ¢ is.

Then o

In addition, o'l preserves incidence; for suppose that

it did not. Then there exist Pe (P and ,E SSE such that
Pe f, but po~ig fo-1 |
But as o is a collineation, it preserves non-incidence;

hence
-1.0, -1.0
(B9 ) A(QL°)
P£ AL (from the definition of o~1).

This contradicts the assumption that Pe,ﬁ, and thus

c'l is an incidence-preserving mapping and hence a

collineation, It is the inverse of ¢ since by defin-

1 1 1

ition of ¢ —, the mappings oo — and ¢ ~¢ fix =

elenentwise.

Corollary: The set of all collineations of a projec-~

tive plane m forms a group.

Proof: This follows from the theorem and from the

associativity of mappings.



Definition: The trivial collineation (also called the

identity collineation) is the collineation that fixes

every peint and line of the plane,

Lemma l.2 Let = be a projective plane and ¢ a non-
trivial collineation of n, Let there exist a line
,Een such that o fixes every point on,e » Then there
exists a point Aem such that o fixes every line

through A.

Proof: Pick an arbitrary point Pen sueh that Pﬁ,ﬂ ’
and consider the point P°, Then Pcﬁ/Q ; for otherwise

1 gives PY = P, which

(P%)° = P9, and application of o~
implies that Pef, , contrary to hypothesis. There are
now two cases:
(1) P% P. Then PPN _ is & well-defined
point which we will denote as Q,
Now = »,p%,Q ;
thus (PQ)° = 29Q° = 9%Q (es Qe f )
= PQ
and thus the line PQ is fixed by o.
Pick an arbitrary point R, R{ L, REPQ, and consider
the line RR® (assuming that RZR®). It too is fixed
by o, by the above argument; <thus the point |
RRN PP® is also fixed by o.
Let rr°N pPY = c.

(ii) P9 =P (or R® = R). In this case sub-



stitute P (or R) in place of C in the following
argument,
Again there are two cases; either O @ or Cef .
(1) Suppose CEL. Let m
be an arbitrary line through

C. Then nnf #Z ¢, and we

have
m = (mn/ﬁ)c.
Thus
n° = [(mn.B )C]G = (mnf )%C°
nm
Case (1) ) = m.

Thus all lines through C are fixed by ¢, and C is the
desired point A.

(ii) Suppose CE,Q. Let m be an arbitrary line
through C and let S be a point onm (S #Z C)e Then $%m°,
and by the argument used above, 589 is fixed by o. Hence
if Scem, we have

m = 03
m® =0%8% =039 = m (as % =0, and if
m# 4, Sﬁ/ﬂ implies
59 9)
and m is fixed by o. If S%¢m, then SS° # m and S8%nC.

Thus
$8°n PP # s5s°n RRC  (see diagram)



.’ and so 88°NPr° and

58°N RRY are distinct
points £.l and fixed by
0. By the argument of
case (i), it follows that
all lines through each
point are fixed, and thus

¢ fixes all points and

lines of n. This contra-

dicts the assumption that o is non-trivial; hence
$%m is impossible and all lines through C are fixed.

The dual of this theorem is also true:

Corollary: If o is a collineation of m and P a point
of n such that o fixes all lines through P, then there

exists a line Jg of 7 such that ¢ fixes all points on ¢ .

Definition: A collineation ¢ that fixes all points on

the line_ﬂ and all lines through the point € is called
a (C,.l )-collineation, or a central collineation. A is
called the axis of the collineation, and C is called
its centre.

Iif Ceua, then ¢ is called a (C,lﬁ)—elation; if
¢, then o is called a (¢,d )=homology.

Lemma 1.3 A (G,f )-collineation ¢ that fixes a point
P, P # C and PEL, is the identity collineation.
Proof: Let m be an arbitrary line through P. Then m

is of the form PQ, where Q = mn.] and hence Q £ P. Thus



m® = (2Q)°% = P%QY = pq

since P and Q are both fixed points of g. The two
distinet points P and C then have the property that
a line through either of
them is fixed. ILet R be

a point not on CP. Then

R = PRNCR and

R = (PRNOR)® =PRACR=R. Y N/

Thus all points of the plane

not on CP are fixed by oc. A

similar argument in which P

is replaced by f, where / ' /
Pgop, Pe l, shows that all points on CP are fixed by o.
Hence o fixes all pdints of the plane, and as it pre-
serves incidence, it fixes a8ll lines of the plane.
Hence o= 1.

By the principle of duality, we have the
Gorollary A (C, L )-collineation o that fixes a line m,
m #L and Cfm, is the identity collineation.

Lemma l.4 A (0,1 )-collineation o is determined by
the image under o of a point P (or, by the principle
of duality, a line m) if P # C and PFL (dually, m #.U
and C¢m).

Proof: Let o3 and Gy e two (G,wﬁ)-collineations.

By lemma 1, 0102_1 is also a (0,/Q)—collineation.



c
Let P be a point such that pol = p?2 (P £C, PEJ.
Th
en 1

0702~
P 1 = P,

1=1.

and by the previous lemma, 0162'
A8 inverses are unique, this means that g, = 0oy which

proves the lemma.

Lemme 1.5 Let o, be a (Cl,..«e )=elation and g, &
(Cz,wg)-elationo Phen either one of the following occurs:
(i) 6; = G, and 040, is & (Gl,,ﬁ)-elation.
(ii) Cy # G, and 0,0, is a (03,12)-e1ation
for some point 03 with Gy # 03 # Cye

Proof: (i) If P is a point and m a line such that

Pe _{ and Cem, then

g g g g
P 1< P="7P 2, id} L m=m 2 $

4] 010
hence P 192 = P and m 172 =

(Cl,Ja)-elation.

m, Thus 6162 is a

(ii) As botn oy and Oy fix each point on,g,
0,0, does., Hence by lemma 2, there exists a point 03
such that G105 fixes all lines through 03, In order

to prove that 03&2 » it suffices o show that ojo, fixes

G0
no point of m~{fl. If P£L and P 172 P, then
-1

ol G2 1

P~ =P . But Oy

1

is evidently a (02,J2)-collinea-
g

lP and P 1

01 02'1

follows that P =P = P; thus both oy and G, are

o
tion, so P “eC sGZP. ‘thus as :;& 01,02,P, it
trivial (i.e. are the identity collineation) by lemmal.3,

contrary to hypothesis. Hence 0,0, fixes only points on




and is thus an elation,

If G5 = Gy, then o, = 0,7 (0y0,) is a (Cy, £ )-
elation (by case (i», contradicting the hypothesis
that Cl # 02. Thus Cl # 03 # 02.

Corollary I: The set of all (Gl},g)-elationa forms a

group, provided that the identity collineation is
counted as a (C,f )-elation for all point-line pairs
(c,2).

Corollary IX: The set of all elations with a given
axis,ﬂ forms a group, provided that the identity eolé

lineation is considered to be such an elation,

Definition: A projective plane n is said to be

(Cy £ )-transitive if, for arbitrary points P,Qf 0 such
that = P,Q,C, and P # C # Q there is a (¢, )=col-

lineation ¢ such that P° = Q.

Lemma 1,6 Let = be a projective plane that is
(Cy ¥ )=transitive, and let o be a (CyY )=collineation
and ¢ an arbitrary collineation. Then @'lo¢ is a

(6%, ¥ ?)~coliineation and & is (¢?, v ?)=transitive.

-1 -1
Proof: Let Pey’; then PP “ey, and P¥ %ey® = y

-1
(as o is a (C,y)-collineation), Hence PY Pey?.
But as P@'lﬁY’ p?77% = p? as ¢ fixes points on y,

-1 -1 -
Hence P¥ 9% = p? ? =Py, 1e€c ¢ 16¢ fixes points on y%.
The dual argument gives that ¢'1c@ fixes all lines through
¢?, and hence @"1c¢ is a (C@,Y¢)-collineation.

Pick distinet points A and B in the plane,




arbitrary except that = A,B,0%, 4 Z ¢?, B # ¢?, and
AB £ P as @'1 is a collineation, this means that
= A?_I,Bp'l,c. As the plane is (C, y )-transitive,
there exists a (0, Y )-collineation o such that
(A¢—l)° = pr—l-"ﬂ.q’_lccP = B9 - B, But ?-IGQ is a
(6%, v ?)=collineation; hence, as A and B were arbit-

rary,'the plane is (¢?¥, ¥ 9)~transitive.

Definition: (a) A projective plane & is said to be a

translation plane with respect to the line [ if & is

(¢, )-transitive for all points C on £ . S
(b) The projective plane = is said to be

the dual of a translation plane with respect to the

point P if = is (P, )-transitive for sll lines

through P.
(e) If m is a translation plane with

respect to a line £ y then the group of all elations

with axis £ is called the translation group of =.

Lemma 1.7 Let © be a projective plane containing a
line £ and distinct points C; and G, on £ . If m is
(615 )- and (C,y £ )-transitive, then it is a trans-

lation plane with respect to,z °

Proof: Let C be en arbitrary point on B, 0, # ¢ # C,.
Let P and Q be arbitrary points of m such that
= P,Q,C and P,Qf £ . 4s C; # C,, the point

C,PNCyQ is well-defined; denote it by R.
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As © is (Cl,}z,)-transitive and as ‘E-:: P,R,C‘l,

1

g
there exists a (Gl,ﬂ )-elation o, such that P = = R,

Similarly there exists a (02,2)—elatien o, such that

o 010
R2=Q. HencePl2

= Q. But by lemma 1.5, 019 is

a (0, /?,)-ela'bion, and evidently it maps P onto R. Hence
é.s C was arbitrary in =,
and as P and @ were ar-
bitrary points satisfying
= P,Q,C, it follows
that n is (C, L )~transi-

tive for all Ce Q. . Hence

n is a translation plane

- {)
with respect to X . | /<, C G

Lemnma 1.8 Let © be a translation plane with respect
to the line f » If a is a collineation then % is a

translation plane with respect to J?, x,

Proof: Let C be an arbitrary point of }Z %, Then there
exists a point 8e £ such that C* = G, As & is a trans—
lation plane with respect to £ , = is (E,E)-transitiveo
Then by lemma 1.6, n is (G% , £%)-transitive, i.e.
(G,Q,“ )-transitive. As C was arbitrary en,?,a, %t is a

translation plane with respeet to Ba.

Corollary: If m is a translation plane with respect to
two lines,@l :a.ncl',g2 intersecting at a point P, then it
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is a translation plane with respect to every line of

the plane that passes through P,

Proof: Iet m be anrarbitrary line through P (,Ql # m).
As n is a translation plane with respect %o ’Ql’ there

is a (C, lﬁl)-elatien o (C # P) such that ,820 = M.,

By lemma 1.8, since n is a translation plane with respect
to 122, it is also a translation plane with respect to m.
As m was arbitrary, n is a translation plane with res-

pect to all lines through P.

Definition: An slternative plane m is a projective

plane that is a translation plane with respect to every

line of the plane.

Lemma 1.9 If m is a translation plane with respect to
three non-coneurrent lines jal,,QQ,,QB, then it is an

alternative plane.

Proof: Iet [ be an arbitrary line of wm. If ,Q passes
through any of 21 (\22, 21023, £2 ﬁ,@3, then by
the corollary of lemma 1.8, ® is a franslation plane
with respect to /Q o If.}ipasses through none of these,
choese an arbitrary point Pe £, and without loss of
generality, ‘assume PED 1°
Then as above, © is a
translation plane with

respect to the distinect
lines LQlfWJLZ)P and
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(£yn ,9,3)2, Thus it is a translation plane with
respect to all lines through P, and in particular,@ .

As[/g was arbitrary, n must be an alternative plane.

Theorem 1,1 ILet n be a projective plane and let JZ be

a line of n. Let there exist non-trivial elations Gy
and 05 with axis,g and with centres Cl and 02, Gl 4 020
Then &(L ), the group of all elations with axis,ﬁ', ig

either infinite abelian or elementary abelian.

Proof: We first prove that G({,) is abelian, By
lemma|4, it suffices to show that for an arbitrary
point Af L, a°1°2 o 49201
Since oy fixes all lines through 02,

(a°%c,)°2 = 2%1¢

= A

2
2 e g1 C
But (4%1¢,) 2 = 4 172,
S0
and so = 41,4 172 0,

— ,%1
However, =" A ,A,Gl
s
and hence — A 1 2’:A-62,clo

4 o
Thus a8 A 201 £ A 102 (as

¢ # (:}2), it follows that

G o o - ;
2°1%2 2 6,492 ¢.4%1 =1c A
1 2 { Ca
6261 Gl : 02 .
Analogously A = Coh N C, A
= 40102

Thus: 010, = G50, Evidently by the same argument, any
two elations with distinct centres and the same axis

dJL will commute. Further, two distinet elations of
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@( L) with the same centre will commute; for let oy
and s{‘ be (01,,6)-elatiens. Then by lemma 5, 6{?6&
and 0195 have centres # 01,02; thus by the above
05(0107%) = (0107%)0, = 01 (07" 5,)
= (07 0,)0y = (0,077 )ay
= az(ci*cl).

Multiplying on the left by o, ",

claf = ci*cl.
Thus G¢(f ) is abelian as claimed.
If G(f ) has an element of finite order, then it
has an element oq with centre Gl of prime order p. If
o, is an arbitrary non-trivial element of G{,ﬁ) with
centre 02 # Gl, then
(6102)P = clpazp (as @( L) is abelian)
= dep.
As any power of an elation has the same centre as the
elation, (clcz)p has centre 02, as azp has, This contra-
dicts lemma|b5 unless (0102)p =1, i.e, unless
czp = 1,
Thus all elations of @(f ) with centre # C,, are of
order p. By extension of the above argument with Oy
playing the role of Oy all elations with centre Gl
are of order p as well. Hence G(f ) is an elementary
abelian group.

By the principle of duality we obtain the
fellowiﬁg
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Corollary: Let w be a projective plane and P a point
of n. Let there exist non-trivial elations oy and 05
with centre P and axes J?’l and _J2,2, ,21 # ,@2. Then
@(P), the group of all elations with centre P, is
either infinite abelian or elementary abelian,

Definition: An involution is a (C, L )-collineation o

such that o # 1 but 6% =1, If ¢ is an elation

(homology) of order 2, it is said to be an involutory

elation (homology).

Theorem 1.2 Let o be an involution of a projective
bplane © of order n. Then if n is even, o is an

elation; if n is odd, o is a homology.

Proof: Let o have axis A and centre C, and let m be
any line # J, sueh that Cem. Then ¢ interchanges points
of m- {GU (mn f )} in pairs; thus m- {GU(mﬂ,@)} R
considered as a point set, has an even number of points.,
If ¢ is an elation, then C = nnd  and m- {c U (mnﬁ, )}
contains n points; hence n is even., If ¢ is a homology,
then ¢ £ mnf and m- {GU (mn.t )} contains n~1 points,.

Thus n-l1 is even, i.e. n is odd.

Theorem 1.3 Desargues’ (C,Y ) theorem holds in a

projective plane if and only if the plane is (G, Y )=~

transitive.

Proof: Pirst suppose that for a particular line ¥ and

~point C the plane is (0, Y )-transitive. ILet
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C, Al, AZ” A3, Bi’ B?, B3 be seven distinct points such
that:E:c,Al,Bl,:E:' ,A2,B2, and :EEZ'G,Aa,Bs. Suppose
that 0., = A1A2(\BiBaey and that 013 = AlABf}BlBBey.
It must be shown that 023 = A2A3f]B?B3 also lies on ¥ .

From the above conditions it follows that y does
not pass through A; or By (i = 1,2,3), s0 as there exists
(C,y )-transitivity, there exists a (C,y )=-collineation
¢ such that 4,°% =3B,.

Thus A’z"‘ = (04,0 cA2)°‘

= 01,°4,%n 04,
= C),B1N 04, = B,

A gimilar argument shows

G—
that A3 = BB'

Thus

AyhgN Yy = (AyhgN v)% = A2°h.3°n Y = ByBsN Y o

Hence A2A3n ByBze v, and Desargues’ (C,y) theorem holds.

Conversely, assume that Desargues’ (C,y) theorem
holds for a particular point-line pair C and y. Let Al
and By be any pair of distinet points £ C and not on vy
such that = Al,Bl,C. Goﬁstruot 8 mapping o, défine&
on the affine plane (obtained by considering GAlBl t0
be the line at infinity) as follows:

Alc = Bi

¢ =¢
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Pey=>P% =P
Py, PEAC, =D 2% = 0PN ((4,;2NY)B,).
It will now be shown that the mapping ¢ preserves
incidence in the affine plane, i.e. that
PECA,, Pef, = P° P9 This will imply that o maps
parallel classes of lines into parallel classes of lines,
and hence that a point on GAI is mapped into another
point on GAl. Hence o will be shown to be an incidence-
preserving mapping, and in fact to be a (C,y)-collinea-
tion sending;Al——>Bélo Thus as Al and Bl were arbitrary
as described above, the plane will be shown to0 be (C,y)-
transitive. ')f
Let Pl and P2 be two
distinet points not in
fyvel . Iet & = RPNy,
If = GC,P,P, t:hemr

by definition of o both P,°
and PZG are on CR, i.e.

. o_ g

st C$P19P2 sR:

and thus

= BBy R = Pl".Pz",R.
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If f1\+— G,Pl,PQ, construct

Plc and P20 and apply

Desargues (C,y) theorem;

o O

as AP0 BP, "ey and

AP, N BP,%ey, it follows
0 5 O

that Py Po7n PyPoey,

i.e. that
= P_.L‘F"’,.PEG,R0

Hence in general
= Py,P,,R = = p,%,p,%RC,

Thus suppose that A,B,D are arbitrary distinet collinear

points not = C nor on y.

Let ABDNy = R.

Thus=A,B,R and = B,D,R. Hence by the above work,

= AG,BG,R and EBG,DG,R, 80 E"AG,BG,DG.‘ Hence o

breserves incidence and hence is a collineation; it

follows, as remarked earlier, that the plane is (C,y)-

transitive.

Lemme 1.10 (See Ostrom (6 ), lemma 6.) TLet  be a

projective plane and let oy and g, be two involutory
homologies of wn with centres 01 énd 02 respectively
and axes /@1 and ,9,2 respectively., If Cle_,€2 and

028 ,@1, then 010, is an involutory homology with centre

L0 L, and axis ¢ 0,.

Proof: As the points 01,02, and ,@ 1N 22 are fixed by
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both 0y and Ops they are fixed by G105 Similarly the
lines 21, _22, and Olﬂ (}2 are fixed Dby G130,y and 0y0,.
Let Al and By be two points of £ 1 interchanged by Oy

2
(as 5

= 1, points of n are either fixed by o, Or are
interchanged in pairs). Since o fixes all points on
-Y’l’ 016, also interchanges
Al and By . Similarly, if 0y
interchanges A, and B, onﬂz,
then 0105 interchanges these
also. Thus points on J‘Zl and
*22 (with the exception of
¢,,C,, and f,lﬂ _/@2) are

interchanged in pairs by 010ope

N X
Let Xl be any point not on the sides of the ’R‘

triangle C10,( .0 B,)e et 03X, N £, = A, and

- — _
Xy N L, = Ay TLet AT By and A, 7B, under 0,0,.
Then if C;B;N C,B, = X,, evidently Xl‘(_“_‘:‘}_ X, under
0105 Thus all points of n are either fixed or inter-

changed in pairs by 040,, so (0102)2 = 1.

Let X1X2ﬂ 0102 = R.

0102 _ 0102
Then (X1X2n (}102) = (X1X2)

n (0102)0162

= Xlen 0102 = R

as 0,0, fixes the line XX, (as it interchanges X, and

Xz) and the line C,C, (as both oy and o, do). Thus all
points on CG;C,, and duaelly all lines through ,Q,lﬂ Ez,
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are fixed by 0105 Hence 019, is an involutary homology

with centre /an }2,2 and axis 0,C,.

Lemma 1.11 (See Piper (10), result 5.) Let 7 be a

finite projective plane and let /8 be a line of n, Let
2 possess a point Q with the property that PE,Q(P £ Q)
implies that there exists a non-trivial (P,J?, )-elation.

Then there exists a non-trivial (Q, K )-elation.

Proof: Let m have order n and let the points ofJP be
labelled Pl, ree, Pn,Qo Let m be an arbitrary line
through Q@ (m # £ ). Let «; be a non-trivial (Pi,JZ, )-
elation, i = 1 to n.

Then
a-
mt # m, i=1ton(asmn£f‘?i,

i =1 to n).
Hence m has n images under the set {ai} y but no more
than (n-1) of these can be distinct, as m and /?, are
not possible images and there are (n+l) lines through

Q. Hence there exist j and k (L£j£n, 1£k<n) such

that o
a .
md =nm ¥, j# k.
P
Thus n?3% T = n  and ocjak"l A1 as j # k.
But by lemma 1.5, ajtxk-l is an elation with axis ,Q ,

and as it fixes m, its centre must be Q. Hence ajak_l

is a non-trivial (Q,.f )-elation.



CHAPTER IT

THE CO~ORDINATIZATION OF THE PROJECTIVE PLANE

The following treatment is patterned after that
of Pickert (8). However, the ternary ring introduced
by Hall (5) is also discussed, and its relation to

that of Pickert is treated in some detail.

THE ASSIGNING OF CO-ORDINATES

Let ® be an arbitrary projective plane, and let
UVOE be an arbitrarily chosen non-degenerate quadrangle
of ®. The line UV, henceforth ealled +the line at
infinity , together with its points, is now deleted
from %, and the resulting affine plane is denoted as T
The pointe of T are called affine points . Tet

R = {P|Peov, PeR}.

If & is & finite plane of order n, then R possesses n
distinct elements, which henceforth shall be denoted
by {o,l,a,b,-'-}. The special elements o and 1 are
identified with the points 0 and UEN OV respectivelyo.
Because % can be extended in one and only oné way
(apart from isomorphism) to & projective plane, diagrams
can without confusion be drawn in the affine plane,
Braces will indicate pencils of lines passing through
the same point on the line a%t infiniﬁyo

The points of n are now co-ordinatized as follows.

To each point P of W is assigned an ordered pair of
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elements of R. The members of this pair sre called the
"co-ordinates”of P, and are assigned as follows: P has
co~ordinates (x,y), where y is the element UPN OV of R
and x is the element (FVN OE)UN OV of R. |

It is customary to Al

identify a point of % with

P':: (769 f%)

its co-ordinate pair, as 7

there is & one-to-one

correspondence between the o ////
4

points of the affine plane
and the élements of BxR, E

Thus if Pe® has co-ordin-

> [+

ates (x,y), one writes P = (x,y). @)
The “points at infinity”, i.e. those on the line
UV, are assigned singleton co-ordinates as follows:
(1) V is given the co-ordinate (o)
(2) P £V is given the co-ordinate (m)
where OPNVE = (1,m),
It is easily verified that the singleton
co-ordinate (m) of (2) is well-defined and that

P, = (m), P, = (m) if and only if P, = P,

In co-ordinatizing Y}

lines of the affine plane,
a distinetion is masde be-
tween the pencil of lines

through V snd the remaining
m

P: (rm)

lines of the affine plane,

If £ e % and VEL , then A
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is assigned the singleton co—ordiﬁate [xj, where
L NoE = (x,x) defines the element xecR. As AN OE is
well-defined, x also is.

1f Le% anda V£{, [ is assigned the ordered pair
[m,bﬂ 88 its co-ordinates, where m is defined by
L0 UV = (n) and b is defined by ALn OV = (o,b). The
co-ordinate m of a line [m,b] is called the “slope” of
the line; affine lines passing through V are said to
have “infinite slope”.

Phe line UV is assigned the singleton co-ordinate
(s0]. This completes the ao-ordinatizétion.of the
points and lines of =w.

The following special eases are of interest; and
are easily verified:

(1) 0 = (0,0), E = (1,1)

If Pemn:
(2) PeOES P

(3) PeOU & P
(4) PeOVES P
of R identified with P,

(x,%x) for some xXeR

(x40) for some xcR

(0,y) where y is the element

(5) PeEVES P = (1l,y) for some yeR

(6) PeEBU &L P = (x,1) for some xeR

(7) ov = [o], EV = [1]

(8) V€L, oel & L= [m,a] for some meR

(9) UefL, K # (00) & L= [o,b] for some beR
(10) OU = [0,0].
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THE TERNARY RING OF =

Closely associsted with the co-ordinate set R of
& projective plane mn is the ternary ring of n. The
ternary ring is defined to be the ordered pair (R,T)
where R is the set defined previously and T is a ternary
function mapping RxRXR onto R and defined as follows:
if (m,x,b) is an arbitrary ordered triple of RxRxR,
then y = T(m,x,b) & (x,y)e my,b where we have identi-

fied points and lines with their co-ordinates.

Lemma 2.1 T is a well-defined mapping from RxRxR

onto Re

Proof: It must be shown that given (m,x,b)eRxRxR,
T(m,x,b) is uniquely determined. ILet P be an affine
point on [ﬁwbﬂ with first co-ordinate x. Then

PVN OE = (x,x), and so Pe[x]. Hence P = (x]N [m,b]
and as two lines inferseet in a unique point, P is
uniquely determined, Thus the point (x,y) that lies
on.[ﬁ?hﬂ is uniguely determined, and hence y is. In

fact it can easily be verified that

(0,5) = [((0,%)TN OE)V N (((0,m)TN EV)ON V) (0,b)] TN OV. ... (1)

As y is uniquely deter- L] txl

mined, the ternary (o, %) ////' Cd“?%a‘;i
operation T is well- (0y ) 1 3} E
defined. It is onto (0,) e/""‘ ?

because for any yeR, any

,E |
effine line [m,b] has /////ﬁiffwfszf,,f#”‘“ﬁfﬂlf’f

incident on it an affine (0""’“)&’//"’
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point with second co-ordinate y (this follows from the

axioms of incidence).

The function T will be called the “Pickert ternary
function” and the algebra (R, T) will be called the
“Pickert ternary ring», as this is Pickert’s version
of Hall’s ternary ring (see Pickert (9)).

Two binary operations mapping RxR onto R are now
defined in terms of the ternary function T, These are
addition (symbolized +) and multiplication (symbolized ),
and they are defined as follows:

(1) TPor any x,beR,
x+b = T(1l,x,b)
(2) PFor any m,xeR,
mex = T(m,x,0).
Lemma 2.2
(1) Addition amongst elements of R is a loop.
(2) Multiplication amongst elements of R—-{@}

is a loop.

Proof: (1) By the definition of addition and the
expression (in the proof of lemma 2.1) for (o,y) in
terms of m,x, and b, one obtains that

¥ = xb & (0,y) = ([x]n[1,8))Un oV,
By lemma 2.1, f,x, and b are specified, (x+b) is uniquely
determined. Purther, if = and b are specified, [x]| is

seen to be the line joining the points V and
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(0,7)UN (0,0)(1); by the incidence axioms, [x], and

therefore x, is uniquely defined. If y and x are

specified, (o,b) is seen to Eif////
be the point of intersee- 0, -
tion of (x,y)(1l) and OV;

(0,8) §
thus (o;b), and hence b,
are uniguely determined,
Hence addition is a loop. /////

O

(2) By the definition of maltiplication,
it is easily seen that
¥ = mx &> (0,7) = [((0,x)UNOE)VN ((o0,m)UN EV)0]UNov.

By lemma 2.1, y is uniquely determined if m and x are

specified., If y and x are L]
specified in R-f{o}, it is Lm0l
seen that

(0,m) {1, m)
(o,m) = OVN (BVN O(x,y))U ? /
and hence by the incidence (%39 ()
axioms, (o,m) is uniquely /ér

determined (note that the (o,2)

line O(x,y) is well-defined

as x £ 6 £y). o

If y and m are specified, it is seen that
[x) = ((o,y)Un (1,m)0)V

and so by the incidence axioms, Ex] and thus x are

uniguely determined.

Hence multiplication over R-{o} is a loop.
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Lemme 2.3 For all a,beR
(i) ab=0&a=o0oo0rbdb=o
(ii) o+a = a+0 = a

(1iii) 1l+a = a+l = a,

Proof (i) Pirst suppose that ab = o and that
a # oo Now ab = T(a,b,0), so

o = T(a,b,0).
Hence (b,o}s[ﬁ,é]. Now (by0)e0U while [a,0]is the line
joining (a) and 0. As a # o, [a,0] # OU. Hence

(b,0) = [2,0)N 0V = (0,0).
Hence b = o,
Conversely, consider the product o+a. Let y = o+aj

then y = T(0,a,0).
Consequently by egquation (1) in the proof of lemme 201,
[((0,8)UN0E)VN (((0,0)UNEV)ON UV)(0,0]] UN oV
[(a,a)Vn oU]unov

]

(0,¥)

ounov

i.e. (0,¥) = (0,0)s

Thus ¥ = 0 and o+a = o0,

Similarly, consider the product a+«o and let z = a0
then z = T(a,0,0).

Thus as above,

[((0,0)UNOE)VN (((0,8)UNEV)ON UV)(0,0)]UN OV
fovn (a)o]unov

(0,2)

ounov

i.ee (0,2) = (0,0).
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Thus z = 0 and a*0 = 0,
(i) Let y = o+a. Then y = T(1l,0,a).

Hence by equation (1) in the proof of lemmsa 2.1,

[((0,0)UN 0E)VN (((0,1)UNEV)ON TY)(0,2)] U NOV
fovn (1) (o,a)]UuNov
(0,2)UN OV

(0,y)

i.ese (0,¥) = (0,a).

Thus y = a and o+a = a.

Similarly, set z = a+o; then z = T(l,a,0).

Thus

[((0,2)Un 0B)V 0 (((0,1)UNEV)ON UV)(0,0)]UNOV

il

(0,2)

[(a,a)vn oE]Unov

(a,a)unov
i.e. (0,2) = (0,a).
Thus z = a and so g+0 = a.

(iii) Let y = lea, Then y = T(1l,a,0), and
by the last argument in (1i), it immediately follows
that y = a, i.e. that a = 1-+a,

Similarly, let z = a+*l. Then z = T(a,l,0).

Thus as above

[((0,1)UN 0E)V N (((0,8)UnEV)0 N UV)(0,0)] UNOV
[EVN ((1,2)0n UV)(0,0)] UNOV

(0,2)

i

(a,2)UN 0OV
iegs (0,2) = (0,2)-

Thus 5% = a and a+l = a.
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THE HALL TERNARY RING

Marshall Hall (Hall (5), chapter 20) co-ordinatizes
the projective plane in essentially the same way as
Pickert does, but defines a ternary function H mapping
RXRxR— R in a somewhat different{ manner. If
(myx,b)eRxRxR, then the element H(m,x,b) of R is
defined as follows:

y = H(m,x,b) & (m,y)e [x,5) .

Thus for any three elements m,x,beR, it follows that
T(m,x,b) = H(Z,m,b).

Hall defines the binary operation of addition,
mapping RxR—> R, as follows:

¥ = x+b & (x,y)e(l,b] 5

i.es & y = H(x,1,b).
Thus addition as defined by Hall is the same function
as addition as defined by Pickers.

Hall defines multiplication, & binary function
mapping RxR— R which we shall denote by i ag follows:

y = xzm &&= (x,y)elm,o0].

i.e. y = H(x,m,0) = T(m,x,0) = MHX
where h denotes the Pickert operation of multiplication.
Thus for arbitrary m,xeR,

mgx = xgm

and as multiplication is in general non-commutative, the
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Pickert and Hall multiplications are in general

distinet functions,

ALGEBRATC CONSEQUENCES OF (C, y)-TRANSITIVITY IN x

If UVOE is a non-degenerate quadrangle as above,
it follows from lemma 1.9  +that g is an alternative
plane if and only if it is a translation plane with
respect to the non-coneurrent lines UV, 0oV, and 0U,

By lemma 1.7 , this will oceur if and only if the
plane is (U,UV)-transitive, (V,UV)-transitive, (V,0V)-
transitive, (0,0V)-transitive, (0,0U)-transitive and
(U,0U)~transitive, The algebraic properties of the
ternary ring that are associated with the varioﬁs types
of transitivity mentioned above are now developed,

First two splitting laws (linearity conditions)
that ternary rings obey under certain circumstances
are mentioned. They are as follows:

Ll ¢ If, for all m,x,beR, the identity

T T(m;x;ﬁ) = m*X+b
i.e. T(myx,b) = T(1,7(myx,0),b) 5
holds, then R is said to obey the “first splitting lawq,
denoted by Ll.

L2-= If, for all m,x,beR the identity

T P(m,x,mb) = me(x+b),
iees (m,x,mb) = T(m,T(1,%,b),0)
holds, then R is said to obey the “second splitting
law?, denoted by Ly
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Theorem 2.1 A projective plane n is (V,UV)-transi-

tive if and only if Ll holds and if addition is asso-

ciative in the ternary ring of m=.

Proof: PFirst assume that = is (V,UV)-transitive,
PThen for arbitrary aeR there exists a collineation.aa
with axis UV and centre V such that (o,.o)Ga = (0y8)0
As points on UV and lines
through V are fixed by O,
it follows that for arbi-
trary meR,

[]°® = [n]

(m)°8 = (m)

()% = uy

]

and ()% = (o),

If P = (x,y) is an arbitrary affine point of =,
then Pefk]» Consequently as :E:P,Pca,v, it follows
that Pcae[xjo In partieular if x = o, then (o,y)dae[ﬁ]o
Hence the collineation.aa induces a permutation on the
affine points of [Q], and thus on the elements of R,
This permutation will be symbolized by writing

(0,7)% = (0,5%8) ;
thus: y — yca is a permutation of R, Note in
o

particular that from the definition of oa,<3 & = g,

It follows that

(X’y)aa = (x’:yca) s
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for = (0,¥),(x,y),0 = = (0,5 2),(x,y)%8,U
and all affine points of a given line through U have
the same y-co-ordinate.

The mapping © of elements of R is now defined
by

[m,ﬁ]ca = [m,bt] for all m,beR.
(Note that as (m)e[m,b] and as (m)%8 = (m), the image
of [m,b] under o, Will elso have slope m), However,
(x,y)e[h,ﬁ] if and only if (x,y)caa[h,hﬂca ; lo.e.
y = T(m,x,b) <:> yO'a = T(m,x,bT) ’
thus (P(m,x,5))°® = T(m,x,5") ceees (1)
for all m,x,beR. In particular, since T(m,0,b) = b
for all m,beR, setting x = o in equation (1) gives
5°® = b7 for all beR; thus @, = T and equation (1)
becomes
(2(m,x,5))°8 = 2(m,x,6°2) for all m,x,b,acR.
Setting m = 1, and using the fact that T(1l,x,b) = x+b,
one obtains that
(x+5) %2 = z4p%2 veees (2)

Setting b = o

o o
(x+0) & = x+0 =

i.e. xca = X+8 for all xeR.
Hence from equation (2) it follows thet
(x+b)+a = x+(b+a).
But as a,x, and b are arbitrary in R, it follows that

addition in R is associative.
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Also, to each xeR there exists a unique additive
inverse; for suppose that x+q = 0. Then T(1l,x,q) = o,
i.e. (x,0)e(l,q). It follows that

(0,q) = OVN (OEN UV)((UXNOE)VN OU)
which by the axioms of incidence is a well-defined
affine point of ®. As x40 = X for all xeR (lemma 2.3,
(ii)) and as (R,+) is a loop (lemma 2,2, (1)), it
follows that (R,+) is a group.

To derive the first splitting law, note that as
(P(m,x,5))°® = T(m,x,b°2), it follows that

*(m,x,b)+a = T(m,x,b+a) for all m,x,b,a8cR,
Setting b =

T(my,x,0)+a = T(m,x,8)

ice. mx+a

it

T(m,x,a)
and thus L, holds.,

Conversely, suppose that (R,+) is a group and
that L holds, and consider the mapping o, of points

and lines of n defined, for any given acR, as follows:

(XrY)ga' = (x,y+a) [_—m-,b;] %2 = fm,b:+a:]
()% = (m) [<]% = [e]
(00 )% = (c0) [e0]%® = [o0]

Obviously o, fixes all points on [co] and all
lines through V3 +thus to show that it is a (V,UV)-
collineation it suffices to show that o, Preserves
incidence. The verification that this occurs is

trivial except for the case in which it is shown that
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(x,¥5)e [m,bg] & (x.,_y)cae[m,hjca.
But by L1
(x,y)sEm;§J¢::> ¥y = mx+b
&> yta

(mx+b) +a

(mx+(b+a));

]

hence (x,y)e[m,b] &= y+a = P(m,x,b+a)
i.e. (x,¥)e[m,b] & (x,y)cae[ﬁ,ﬁaca.

Hence g, Preserves incidence and is thus a (V,UV)-

collineation. As ‘a” was arbitrary in R, it follows

that n is (V,UV)-transitive.

Theorem 2,2 A projective plane =n is (U,UV)-transitive

if and only if (R,+) is a group and Lo holds,

Proof: First assume that n is (U,UV);transitiveo
Then for arbitrary beR, there is a (U,UV)—elation,ch
such that (_o,o)ob = (b,0). Because oy, fixes the line
[b,é], it induces a permutation on the affine points
of [b,é], and thus on the elements of R, which will be
denoted by (x,o)gb = (xgb,o); thus x&——}x?b, where
x?b is defined as above, is the permutation induced
on R by op. In particular ocb = Te

From incidence considerations it immediately fol-
lows that

[0,a] o fo,,aj for all aeR;

(00)° = (0)
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(m)°° = (m)

and Bxﬂob = [o0] .

Further, as for arbitrary xeR (x,o)e[?], it
follows that (x,o)cbeExjob 3 i.e,

(xgb, o)sEﬁ]dh.
But (xgb,o)e['xcb], and so
(=] = [=°7].
Hence for an arbitrary affine point (x,y), since
:Ez:(x,y),(x,y)cb,U and since (x,y)gbeﬁk]cb, it
follows that (x,5)° = (xgb,y)-
Similarly, as (m)Jb = (m), an affine line {m,q] will
be mepped as follows:
Em1é]6b = [m’ewbj

where this defines the permutation ¢, Of elements of R,

As Oy, is a collinestion,

(x,5)e[m, 0] & (x,5) Pe[n, 6] P ;
iees ¥y = M{myx,e) & y = T(m,x?b,c¢b).
Thus for 211 m,x,b,ceR

T(m,x,e) = T(m,xcb,cwb) evoee (1),
Setting x = o,
c = T(m,b,e¢b)o

Hence equation (1) becomes

T(m,x, T(mub,e?b)) = T(mgx?b;c?b) oesee (2),
Setting m = 1 and recalling the definition of addition,

X+(b+cq}b) = xo'b'i'G«%b Cose e (3)
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b

Choosing ¢ such that c = 0 (this is possible as Py

is a permutation on R), equation (3) becomes
X+b = xGb for all x,beR.

Using this, equation (3) becomes, in general,
x+(b+c$b) = (x+b)+c@b for all x,bceR.

Hence addition is associative and (by the reasoning

used in theorem 2.1), (R,+) is a group.

Choosing ¢ so that ofb o o, equation {2) becomes
T(m,x,mb) = T(m,x+b,0)
= m(x+b)

and hence L2 holds.

Conversely, assume that L, holds and that (R, +)
is a group. For arbitrary ceR, define a mapping o, as
follows: :
()% = (co) (=1 = [=<]

@)% = (m) [x]% = [xed]
(x,y)gc— (x+c,¥) I}hb] [@,T(m,a,bﬂ

where a is defined by c+a = o.

]

!
it

Phe verification that o, preserves incidence,
and hence is 2 collineation, is trivial except for the
verification that

(x,y)ef@,ﬁj@:;é(x,y)ccs[@,é]gc ceeee (4),
But (x,y)s[@,§]¢:$>y = T(m,x,b)
while (x,y)cce[@,b]ccégzéy = T(m,x+c,T(mya,b))e
If b is defined by mb = b (and b is well~-defined as
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(R,*) is a loop), it follows that

T(m,x+c, T(m,a,b)) T(m,x+c, T(m,a,mﬁ))

n

i

T?(m,x+c,m T(1,a,b))

mT(l,x+c,a+£)(by successive
applications of Lz)
n( (x+e)+(a+b))

n( (x+(c+a) )+b)

]

m(x+b) (associativity of
addition)

T(m,x,mg)

i.é.'T(m,x+c,T(m,a,b0)= T{m,x,b).

Hence condition (4) holds and o, is a (U,UV)-collin-
eation (as it fixes all lines through U and all points
on UV), As ¢ was arbitrary in R, it follows that = is

(U,UV)=transitive.

Theorem 2.5 A projective plane 7 is a translation
plane with respect to the line UV if and only if:
(i) (R,+) is an abelian group,

(ii) L; and L, are valid.

Proof: By lemma 1.7, ® is a translation plane with
respect to UV if and only if = is (V,UV)- and (U,UV)-
transitive.

If © is (V,UV)=- and (U,UV)-transitive, by the
last two theorems, L, and L, both hold and (R,+) is

a group. Also, on the assumption that n is a trans-
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lation plane with respect to UV, by theorem 1.1 , the
group of all elations with axis UV is abelian. For
arbitrary a,beR, there exist (V,UV) elations o, and
0, such that(o,o)Oa = (0,a) and (o,o)cb = (0,B),
Then, as in the proof of theorem 201,
(0:0) 27 = (0,)% = (0,a4b).
Similarly (o,o)gbca = (o,b+a).
But-aacb = 0p0, § hence for all a,beR
a+b = b+a

and (R,+) is abelian,

Conversely, if L, and L, are valid and (R,+) is
& group, by the two previous theorems g is (U,0v)-
transitive and (V4UV)~transitive; hence it is a trans-

lation plane with respeect to UV,

Corollary: If x is a translation plane with respect %o
UV, then the left distributive law is valid in C;

i.e. for all a,b,ceR, a(b+e) = abtac.

Proof: If = is a translation plane with respect to UV,

then both Ll and L2 hold, Hence

T(a,b,ae) = ab+ac by Iy ;
but T(a,b,ac) = aT(l,b,c)
= a(b+e) by L, ;

hence abtac = a(b+e) as claimed.,



%8

Note that under the Hall definition of multipli-
cation, a right distributive law is obtained when n is
a translation plane with respect to UV; i.e. for all
a,b,ceR, ba+ca = (b+c)a.

Theorem 2.4 If a projeective plane n is (U,UV)- and

(V,0V)~transitive, then the right distributive law

holds; d.e. for all a,b,ceR, batca = (b+c)a.

Proof: As n is (V,0V)=transitive, for arbitrary meR
there exists a (V,OV)—elation~@m such 1;11&1?((:1)6m = {(m),
Then as [oo] is fixed by ¢,s O, permutes: the points of
{eo] -~ {koo)} amongst themselves, and hence induces a

o7
permutation a—— a % of the elements of R defined by

(a)Gm = (aom)o Hence in particular o™ - m., Incidence
congiderations immediately give that

[0 = [0 (0,2)"™ = (o0,b)

1™ = [x] ()% = ().

as (a) 0 [a,b]om and (o0,b) Me [a,b{jcm, it follows that
[a,hﬂom = [27%,b] and in particular [ﬁ,bﬂcm = [m,yp].
For an arbitrary affine point (x,y), since

(x4y)e[x], it follows that

(x,5) Pe[x] 7™ = [x].
As n is (U,UV)-transitive, by theorem 2,1 L, holds and
from this it follows that (x,y)s[o,j]; hence

(x,y) " [fésy]dm = [m,y].

om -
Thus (x,y) = = [x]N[m,y], and from I, it immediately
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follows that

(7)™ = (x,mx4y). ceees (1)

As (x,y)s[c,b]@:}(x,,y)cme[e,bjdm, it follows

from Ll that

¥ = ex+b &S mx+y = oomx+b,
i.e. that mx+(ex+b) = ¢ Mxaty
for all m,e¢,x, and beR. As (R,+) is a group (since &
is (U,UV)=-transitive), this can be rewritten as

o
(mx+ex)+b = ¢ Ux+b,

fl

i.e, mx+ex = ¢ fx ceees (2)
for all m,x,ceR. Setting x = 1 in equation (1) gives
(1,y)0m'= (1,m+y) for all m,yeR.
But by Iy, (l,c)slﬁ,d]; hence

(1,cz)6me leso] Gm,
ie, (1,m+e)e [ccm,o] .
Hence by L., mte = ccm. Substitution in equation (1)
gives

mx+ex = (mte)x for all m,c,xeR,

and hence the right distributive law holds.

Theorem 2.5 If w is a translastiom plane with respect

to the lines UV and OV, then for arbitrary ceR- {d}
there exists ¢ T eR such that for arbitrary beR,

(bc)c~l = bo

Proof: As 7 is (0,0V)-transitive, for esch csR—{B,-l}
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there exists an (0,0V)—elation o, such that (o)gC =
(~l=c,0), Since, for arbitrary beRr, 0, bermutes the
lines through (o,b+be) amongst themselves, it follows
that

[0,b+be] e _ [ b,b+be]
for some element b which will be in general s function
of b, Since (o)s[b,b+b§] it follows that

(o)ccs[b,h+bqjc° .
i.e, (—l—c,o)e[g,b+bq].
As m is s translation plane with respect to UV, by
theoren 2.3 Ll is valid and hence

0o = E(—l—c)+(b&bc)o

Using the easily verified fact that (-a)b = -(ab) = a(-b),
and the fact that by the hypotheses ang theorems 2,3
and 2.4 both distributive laws are valid, it followé

that
0 = (-E+h)(1+e).

As ¢ £ -1, it follows from lemms 243 that -b+b = o,
i.e. that b = b, Consequently

[o,b+bc)7C = [y b+be] for arbitrary beR,
Also, as (o,o)s[b+bc,@] for arbitrary beR, it follows
that [babe,o] °¢ = [b+be,o] for a1l ber. But by L,
for all beR, (lﬁb+bc)e[b+bc,d] and (1,b+bc)e[},h+bc],
Hence |

(l’;bq-bc_) % = [b-i-b‘ﬁ‘, OJ %c n [Osh-i'bicjcc
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= [b+be,o] N [b,0400].

If ¢ # o this is an affine point. On this assumption,
if (1,b+be)’® = (h,k), by L, one obteins

k = (b+be)h
and k = bh+(b+be).
Using the distributive laws, these equations give

bh+(be)h = bh+b+be
iee. (be)h = babe seees (1) for all beR,
However, for any beR, (1,b+be)e[i], S0 (1,b+bc)ccefijce,
and thus [1]00 = h. Hence h is a function of ¢ alone;
by setting b = 1 in equation (1) one obtains

ch = 1l+e

which specifies h uniquely as a function of e¢. Set
h = u+l (this uniguely determines u). Substitution
in equation (1) gives

(be) (u+l)

b+be

i.e. (be)u = h (using the left distribu-
tive law)

for all beR. As u is a function of ¢ zlone, it follows

that uw is the o™t

of the hypotheses, if ¢ # -1, If
¢ = -1, it is evident tha% (b(-1))(-1)=b for all beR.,
Hence for all ceR - {6}, there exists c-leR ~- {d} such

that (10{1)&-"1 = b for arbitrary beR.

< URVE hes
QW S0y
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Corollary T For all ceR , cel = 1.

Proof: Set b =1 in (be)e~! = b,

Coroliary I1  For all ceR R cle = 1.

Proof:  Setting b = ¢~ iy the above, one obtains
(c-le)e°l = o1, But 1.¢7t = o1 so by the loop
property of (R - {o} y* ), e = 1.

Theorem 2,6  If 7 is & translation plane with respect

to UV and OV, then the following algebraic laws hold:
(1) (R ,+) is en sbelian group.
(ii) L, and L, are valid,

(iii) (R~ {0} ,+) is a loop with g right inverse
that obeys the inverse condition (bc)c—l =b
for all eeR—-{o} where ¢”LeR- {o} is so
chosen that cc™t = 1.

(iv) Both distributive laws hold.

Proof: This follows immediately from theorems 2.3,

214, and 2.5.

Theorem 2,7 If a projective plane n obeys the alge—~

braic laws enuncisteg in theorem 2.6, it is a transls-

tion plane with respeet to all lines through v,

Proof: By theorenm 2.3, ® will be g translation plane
with respect to UV, Hence to show that g is a transla-
tion plane with respect to OV, it suffices by lemma 1%

to show that there is g collineation of g mapping UV into
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another line through V.

Consider the mapping ¢ of = defined by

(00)? = (00)

(m)? = (1,m)

(c,0)? = ((1+e™1)™, a(1+¢)L) for o # o,-1
(0,0)? = (0,d)

(-1,a)% = (-a)

wv)? = [1] [1]? = wv

e]? = [(l+c-l)'1]’ ¢ £ o0, -1 [w,0]% = [m-b,1]
[0]? = [o]

Bvidently ¢ fixes V. To show that ¢ is a col-
lineation of =n, it must be verified that ® preserves
incidence. This is trivial for all cases except for
showing that

(c,d)s[m,b](:} (c,d)(pa[m,b](p (¢ £ 0,-1}.

By Ly, (¢,d)e[m,b] if and only if 4 = me+b.
Similarly (c,d)®e[m,b]? if and only if

((1+c'1)_1,d(l+c)'1)e[m-b,b] ,
i.e. if and only if

d(l+c)"L = (m-b)(l+c‘1)-1+b.
Hence (c,d)e[m,b] & (c,d)$s[@,§]@(c £ o0,-1)
if and only if

(mo+b) (1+e)™L = (mb)(LeeH) ™40 ... (1)
is an identity for all m,b,ceR (¢ # o0,-1).

However, for all m,b,ceR (¢ # o0,-1)

m=nm
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]

[ﬁ(l+c‘1)-;3(l+c’l)
m(1+c“1)_l+{h(1+c“1)_%]c'l.
Eﬁ(l+c‘1)-%]c+m(1+c"l)~l
fm(l+c'1)_¥](c+l)

[m(1+c'1)—lj(l+c).

([m(1+e=1) "1 (14e)) (14e) L
m(1+c-1)"t ceee (2)

and thus mnm

it

Thus mne

]

i

Hence mc(1+c)'l

i.e. mc(l-t-c)"'l
and equation (2) is an idéntity for all m,ceR (¢ # o,-1).
Similarly o = =b+b

(-b)[k1+c-1)'1(1+c'1{]+b

[(=0) (14e=1) ] (14e"L) a0
(-bj(1+c'1)_1+[k—b)(1+c“1)_%]c'l+b.

li

Multiplying on the right by c,
[k-b)(1+c‘1)-;Jc+(-b)(1+c'1)—l+bc.

0 =
Thus b = [(—b)(l+c‘l)_%]c+(-b)(l+c*1)~l+bc+b
= [(—b)(1+c'1)—1j(c+1)+b(c+l).
Hence b(l+c)"1 = L-b)(1+c-1)_1+b: ceses (3)

is an identity for all b,ceR (¢ # o,-1).

But upon expanding (1) one obtains
(mc)(1+c'1)+b(l+c)"l = m(1+c'1)-l+(-b)(1+c‘1)-1+b

and from (2) and (3) it is seen that this is an

identity for all b,c,meR (¢ # o0,-1).

Hence ¢ is indeed a collineation and n is a transla-

tion plane with respect to all lines through V.

Note that if Hall multiplication is used in the
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co-ordinatization of n, then n is a translation plane
with respect to all lines through V if and only if the
algebraic laws cited in theorem 2.6 hold, with the
exception that the existence of a right inverse is

replaced by the existence of a left inverse; i.e. for

any ¢ # o, cek, there exists c =1 such that ¢ _l(cb) =b
o L L

fof any beR.

Theorem 2.8 A projective plane 7 is an alternative

plane 1if and only if it is co-ordinatized by an alter-

nagtive field in which Ll is wvalid,

Proof: The plane 7w will be an alternative plane if
and only if n is a translation plane with respect to
Uv, OV, and 0U, by lemma 1.9 « Hence, using the
results of theorems 2.6 and 2.7, it suffices to show:
(i) If = is a translation plane with respect
to all lines through V, and if there exists (0,0U)-
transitivity, then to each csR—.{o} there exists s
unigue cL-lsR- {o} such that cL—l(cb) = b for all
beR, and in fact CL-l is the ¢=1 of theorem 2.5.
This will prove that an alternative plane is co-ordina-
tized by an alternative field.
(ii) A plane co-ordinatized by an alternative
field in which Ll is valid possesses a collineation
moving V. Then by the fact that V is a translation

plane with respect to all lines through v, it follows
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by lemma 1.6 that n is a translation plane with
respect to three non-concurrent lines, and hence
by lemma 1.9, ©n is an alternative plane.

To prove (i), suppose m is alternative. Then =
is (0,0U)-transitive and there exists an (0,0U)-elation
o such that (<=)C = (0,-1). Evidently (a,0)° = (a,o0)
" for all aeR, and I@,Q}G = [@,q] for all meR. Now
[é] = (=) (a,0), and so

Eé]o = (2)%(a,0)Y = (0y=1)(a,0).
If a £ o, [é]a is evidently of the form [@,é] and by
Ll it is found that
[;]c = [é-l,-l;] (8 # o)

1 is as defined in theorem 2.5.

where a~
Since for all reR (o,o)eE},Q], it follows that
[r,0]% = [¥,0] for 811 reR. Thus for a £ o # b,
consider how the point (a,l-ba) maps under o. By I,
and the distributive laws it is found that
(a,l-ba)e[?"l-b,g]. Also (a,l—ba)a[é]; hence
(a,1-ba)’ [a'l-b,gjgrp[§jo
[av,0]nfat-1]. ...l )

As b # o, (2,1-ba)? is an affine point of 1 of the

i

]

form (h,k)., Applying L, and equation (1), one obtains

h=0v"1 x=alpla,
o _ -1 =1, -1
Consequently (e,l-ba)” = (b ™ ",a™" b "-1) esees (2)

for a £ o # b,



Next consider how the point (1,1-ab) maps under
o for a £ o £ b, By Ly, (1,1-ba)e[1-ba,o] .
Consequently

(1,1-ba) = [1]N [1-ba,0]
Hence (1,1-ba)’= fl]c n rl-ba,q]c
= [1,-1] n [1-ba,0].
As a £ o0 # b, (1,1-va)® is an affine point of the form
(h,kx). By L., the distributive laws, and the existence
of the right alternative law, it is found thsat
h = (ba)™d, x = (ba)~lo1,

Hence (1,1-ba)? = ((ba)_l,(ba)-l-l).

As o is an (0,0U)-elation, lines through U are
permuted amongst themselves by o. Hence for a o # b,

[o,l-bajc = [o,k] (assuming [o,1-ba] # UvV).

But (1,1-ba)efo,1-ba); hence

((va)™%, (ba)L-1)e[o,1-b4]°
and evidently [o,l—béJo is an affine line. Hence by
Ll’

(ba)~1-1 = x,

[o, (va)~l-1]. ceees (3)
Now (a,l-ba)a[b,l-ba] and hence (a,l-ba)cs[b,l-béjc;

Consequently [o,l-bé]c

consequently from equations (2) and (3)
(b'l,a'lb'l-l)sfo,(ba)'l-1] (a # 0 #1b).
Thus a™o™lo1 = (ba)~log,

i.e. a~lp=l - (ba.)"l

y & # 0 # b,

47
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However, from theorem 2.5 and the hypotheses,

- -1 - ~1.-1 - -1
L = (b 1, 1)(a l) , and as (a 1)(a"l) = 1 and

o la = 1, by the loop properties of (R—{p},o),
a = (a“l)-l; hence b1 = (b—la-l)ao

-1 1 .
Thus b= (b~1)7T = [Ib 1, l)qj 1

- a-l(brla—l)—l

a7 (") (=)™

]

gt (ab) (by several applications
of (ba)_l = a~lb_l)
for a £ 0 £b. If b = o then b = a~Y(ab) is trivially

true. Hence for any asR-{b}, &t nas the property
that b = a'l(ab) for any beR. Hence R is an alter-
native field.

To prove (ii), consider the mapping ¢ of =

defined as follows:

(2,0)¢ = (b,a) (c)? = fo,c]
()? = (w1l),m # o (1,01 = [m1,-m1b], n £ o
(0)? = (co) [0,5]% = [b]

(e=)? = (o) []® = [==]-
Evidently this mapping moves V; to show that ¢ is a
collineation it must be verified that ¢ is one-to-one
onto and preserves incidence. This is trivisgl, the
most complicated case being the following:
(a,b)a[@,ﬁj(m #Z 0) holds if and only if
b = ma+c; (b,a)s[m’l,—m~lé] holds if and only if
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penlc. But b = matc if and only if

1

a =n

1

a = m b-m ¢, since a = m'l(ma+c)—m'1c is an

identity as m—l(ma) = a. Thus
(a,0)e[m, o] & (a,0)%[m,0)°.
Hence ¢ is a collineation and it follows that

n is an alternative plane.




CHAPPTER IIIX

THE THEORY OF PINITE ALTERNATIVE RFIELDS

In Chapter II it was shown that an alternative
plane can be co-ordinatized by an alternative field.
In this chapter it will be proved that any finite alter-
native field is s commutative field. It is well-known
(Pickert (9), page 136) that the ternary ring of a
projective plane is a field if and only if the plane
is Pappian; it is also well-known (Ibid. page 144)
that all Pappian planes are Desarguesian. Hence it
follows that all finite alternative planes are Desar-

guesian.

DEFINITION OF AN ALTERNATIVE FIELD
Recall that an alternative field is a triple
(Ay+,+) (where A is a set with special elements O and I,
and + and - are binary operations defined on A) obeying
the following axioms:
l. Addition is an abelian group with neutral
element O.
2. The left and right distributive laws hold;
i.e. for all a,b,ceAh,
a(b+e) = ab+ac
(b+c)a = ba+ca
3, If x,y,zaﬂ—{o}, and if the values of any
two of x,y,z are known, then the equation

Xy=2z uniguely specifies the value of the
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third., (I.e, multiplication, excluding 0, is

a loop.)
4. To each asA--{d} there corresponds s unique
element a"leA--{d} such that a~la = aa~l - 1,

and for all bea,
(ba.)a."l = b
and a-l(ab) = b
2+ lea = a¢l = a for all acA,
Note that multiplieation need not be elther asso-

ciative or commutative,

Lemma 3.1 Por all aeA and beA:
(1) a<0 = 0+a = 0
(11) (~1)(a) = (a)(-1) = -a
(iii) ~(-a) = a
(iv) ah}=0:}eithera=00rb=0

. +
where -a”~ denotes the additive inverse of “a”,

Eroof: (i) By axiom 2 and the fact that 0 is the
neutral element for addition
a(l) = a(1+0) = a(l)+a(0).
Hence as addition ig g group,
a0 =0 .
Similarly O-a = 0
| (ii) Prom axiom 2,
(1+<1)+a = leat+(=l)ea .
Thus Oea = a+(~1)-a

i.e. 0 = a+(=~1)a
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Thus by definition of -é,
(=1l)a = -a
A similar argument yields a(-l) = -a
(ii1) By definition of -{-a),
~at+=(=a) = 0
But by definition of -a,
~2+8 = 0
Hence -(-a) = a as A is a group under addition.
(iv) Assume ab = 0 and that a#0. Then by
axiom 4 a-lsA~{d} exists such that
b =a"(ab) = a™t.0 = 0 (by (1))
Thus b = Q.
Theorem 3.1 For all a,bel,
(1) (va)a™ = b =>(ba)a
(i1) a~Y(ab) = =D a(ab) = a®b

ba®

Proof: (1) If a = 0, then
(ba)a = 0 = ba?

and if a = =1, then

(ba)a = =(=b) =1 (lemma 3.1)
while ba® = b[t-l)(-lﬂ =b (lemma 3.1)
80 ba® = (ba)a for a = 0, -1

Now assume that a#0, -1 and for arbitrary cea,
consider

(ea)(a™t=(a+1)™1)
(both a~L ang (a,+1)"'1 are defined as &#0, -1)
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By axiom 2,
(ca)(a'l—(a+l)"l) = (t’:a.)a.'l-(c:a.)(a+1)"l
c~(ca)(a+1)'l.

]

Hence

[kda)(a'l-(a+1)'li] (a+l)

[b—(ca)(a+l)'%](a+1)
c(a+l)-[tca)(a+l)°}](a+1)

c(a+l)-ca
= ca+c-ca
= C.,
Solving for ca, we obtain
ca = [c(a+1)';][a'1-(a+l)'%] -1 seses (1)
This holds for arbitrary ceA. Hence in particular it
is true if ¢ = 8+l. Substituting this in equation (1)
we obtain
(a+l)a =[ﬁ'1-(a+l)'1] -1 3
substituting this in eguation (1) gives
ca = [6(&+1)'%J[Ia+l)q] seees (2)
As ¢ is arbitrary, set ¢ = b(a+l) and substitute into

equation (2). This gives

[b(a+l)] a =[{b(a+l)} (a+1)']] [(a+1)a]
or (ba+b)a = ba*+ba
i.e. (va)a+ba = ba®+ba.

As addition is a group, this implies
(ba)a = baz. LRI I (3)
As ¢ was arbitrary in A, so is b, and thus equation

(3) holds for all b,acl.




4 completely analogous argument verifies (i1).

ASSOCTATORS AND COMMUTATORS

Let a,b,c be three arbitrary elements of A, The

associator [é,b,q] of the ordered triple (a,b,c) is

defined to be the element (aﬁ)c-a(bc)° The commutator

[2,0] of the ordered pair (a,b) is defined to be the

element ab-~ba, Thus the associator is a function map-

ping AxAxA->A, and the commutator is a function mapping

AxA-A,

Lemma 3.2 The associator funetion is linear in each
argument.,

Proofz For arbitrary a,a,b,ccA, consider the asso-

eciator [é+€,b,q]. By definition

[a+8,b,c] = ((a+d)b)e~(a+d) (be)
= (ab+ab)e~-a(be)-a(be)
= (ab)c~a(be)+(ab)e~a(be)

= [a,b,eJ+[€,b,c] .

Thus the associator is linear in its first argument,

Similar reasoning yields that it is linear in its second

and third arguments as well,
Lemma 3.3 If two arguments of an associator are the

same, the associator is zero.

Proof: Let a and b be arbitrary elements of 4,
Then [8,8,8] = (2®)b~a(ab) = 0 (theorem 3.1)

Similarly [b,a,a] = 0

24
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Thus 0 = [a,b-l-a,b-l-aj
= [a,b,b]+Ea,b,a]+[a,a,tﬂ+[a,a,a]
(by lemma 3,2);
Thus 0= [a,b,a]
and the lemma helds,
Corollary: For all a,beA, a(ba) = (ab)a; for
0 = [a,b,a] = (ab)a-a(ba).
Lemma 3,.,4: Interchanging two arguments of an asso-
clator changes its sign.
Proof: Let a,b,c be arbitrary in A. By lemmas 3.2
and 3.3,
0 = [a+b,a+b,c |
= [ a+b,b+a,c]
[a,b,c:]+[a,a,c]+[b,b,e]+[b,a,e]
= [a,bk,c‘=3+[b,a,c]°

Hence

[a,b,,c] = -[b,a,é] .

Similarly, by expanding [a,b+e, b+e_] one obtains

l:a,e,b] = -[a,b,e_]

and by expanding [a+e,b,a+c] one obtains

[e,b,2] = - [a,b,e]

Lemma 3,5: For all a,b,ceh,

[a,b,ca - [a,e,ba] +[c,a,h] = [ab,c]-a[b,c]-{-[a,e]b
Proof: Expanding the right-hand side of the above,
we ohtain

{ab,e]-a['b,cg+[a,c:]h

= (ab)e-c(ab)=-a(be)+a(ch)+(aec)b-(ca)b
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= [a,b,c]-[a,c,b]+[c.,a,b] = left-hand side.
Lemma 3.6 For all a,b,c,deh,
[ab,e,d]-[a,be,d]%-[a,b,cd] = a[b,e,d]+[a,b,c]d
Proof: Upon expanding, |
[ab,c,d]-[a,bc,d]+[a,b,ec1]
= ((ab)e)d-(ab)(cd)-(a(be))d+a((ve)d)+(ab)(cd)-a(b(cd))
a((be)d-b(cd))+ ((ab)ec-a(be))d
a[b,c,d]+ [a,b,e]éﬁ.

Theorem 3.2 Let A be an slternative field with commu=-

[

tative multiplication. Then if 1+1+1 £ 0, multiplication

in A is associative.

Proof: Let a,b,c be arbitrary in A. By lemma 3.5,

[ab,c] = a[b,e]+[a,e]b+[a,b,éj—[a,c,b]+[e,a,b]
Applying lemme 3.4, this becomes.
[ab,c] = a[b,c)+[a,c]b+3]a,b,c]

(where 3 = 1+1+1)

As A is commutative, all commutators are zero; hence
3fa,b,cj = 0

This implies, as 3% 0, that
[a,h:,é:l =0 ;

that is, (ab)e = a(be)

As a,b,c are arbitrary, A is associative.

The “f" Punetion: Define a function £: AxAxXAXA—3A

as follows: for arbitrary w,X,y.z€l,

f(wyx,y,3) = [Wsttz]" [xﬂhzj W'Xl:y’ZsW]

Several properties of the 'f” function follow.




Lemma 3,7 The function f is linear in each argunment,

Proof: Let WyW,X,y, and z be arbitrary in A, and
consider
f(w+w,x,y,2)

[(w+ﬁ)x,y,z]-[x,y, z) (wHH)=x [y, 2, wiW |

n

(by lemma 3,2)

i

f(wrst’Z)'*‘f(‘?:x’Y:z) .

[wx-a—x?x,y,z]- [=,5.2] W [X,y,4] G-x[y,z,t-{]-x[y,z,ﬁ]
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[wx,y,z] -[x,y,zj w-x[y,z,w] +[ﬁx,y,z]-[x,y,z]‘Tr-x[y,z,ﬁ]

Thus f is linear in its first argument, The verification

that it is linear in the other three arguments is similar,

Theorem 3.3 The f function is alternative; that is,

interchanging any two of the arguments of f(w,x,y,z)

changes the sign of f(w,x,y,z).

Proof: Define a function S:AXAXAXA— A as follows:
for arbitrary WyX,Y.Z€EA,
S(wyx,y,2) = f(w,x,.y,z)-f(x,y,z,w)+f(y,z,w,x)o
Upon expansion we obiain
S(WeX,y,2) = [wx,y,z]-[x,y,z] wex[y,z,w]

- [xy,z,w]+[y,z,_w]x+y[z,w,zg]

+ [yz,w,x]-Ez,w,x]y-z[’w,x,y] seees (1)
However, by application of lemma 3.4 and lemnma 3.5,
one obtains

[wx,y,z]-[_-xy,z,sw_]-i-[yz,w,x]

= w[x,y.,z]-n—[w,x,y] z



58

Hence equation (1) becomes
S(w,X,y,2) = w[x,y,2) +[w,x,y]z
[x,y,i]w—x[y,z,ﬁ]+ﬁy,z,w3x
+ y(z,w,x]-[z,w,x]y-2[w,%,5] .
Recalling the definition of the commutator, this becomes
S(Wyx,y,3) = [y,[z,w,x]] -[Jg[y,z,wﬂ
- [z,fw,x,_:y]] +[\g[x,,y,z]] .

Cyclic permutation of the arguments of S gives

S(WeX,¥92) = =S(X,¥42,W).
Hence by definition of S,
f{Xy732sW)=L£(F32,W,x)}+£(2,w,X,¥)
= =f(WyX,57,2)+E(Xy¥,2,w)=-£(y,2,W,X).
Thus £f(z,wyx,y) = =£(W,X,¥74%). eeess (2)
Also,
£(WyX,¥,2) = wa,y,é]-Ei,y,%]w-x[y,z,é]
= =[wx,z,y] +[x,2,y] wix[z,y,v] |
(using lemma 3.4);
f(WyX,¥42) = =£(W,X,2,¥). cesss (3)
It is easily seen that equations (2) and (3)
together imply that interchanging any two of the argu-

ments of f changes the sign of f; for example,

F£(WyXy¥42) = =L(Xy5,2,W)
= £(y,2,w,X)
= =f{Fy2,X,W)
= £(W,¥,2,X) 3;
i.e. f(wyx,y,2) = =£(W,¥,%X,2) by repeated use of

equations (2) and (3).
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Corollary I If two arguments of £ are equal, then
f =0, |
Corollary II (i) Since £f(x,x,y,z) = 0, it follows
that[xg,y,z]=[x,y,z]x+x[y,z,x].
(ii) Since £(z,x,y,2) = 0, it follows
that [éx,y,;] = fk,y,%}z&xﬁy,z,gj
i.e. sz,y,z] = [_'x,y,sz .
(iii) Since flw,x,y,x) = 0, it follows
that [wx,y,x] = x[&,x,ﬁ] = x[w,y,;]
(by lemma 344),
Theorem 3.4 For arbitrary a,b,ceh:
(1)  (ab)(ca) a((be)a)
(ii) ((ab)a)e = a(b(ac))

(iii) (a(be))a = (ab)(ca)

(iv) c(a(va)) = ((ca)b)a
Proof: (i) ‘(ab)(ca) = a(b(ea))+[é,b,c§]
= a(b(ca))-[ba,b,é]

a(b(ca))- a[b,b,é}(from theorem i
3.3, Corollary II, (iii)). fi
= a(b(ca)+[b,c,a] )
= a(b(ca)+(bec)a=b(ea))
i.e. (ab)(eca) = a((ve)a)
(i1) ((ab)a)e = [ab,a,q]+(ab)(ae)
= [b,a,e] a+(ab)(ac) (from

Corollary 1T, (iii) above)
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=[b,a,ac]+(ab)(ac)
(ab)(ac)-[a,b,ac]
(ab)(ac)=(ab)(ac)+a{b(ac))

il

i.es ((ab)a)e = a(b(ac))
(11i) (a(be))a = ((ab)e-[a,b,c])a
= ((ab)e)a=[a,b,cla

= ((ab)c)a-fab,c,é] (corollary II
(1i) above )

((ab)e)a-((ab)e)a+(ab)(ca)
i.e. (a(be))a = (ab)(ca)
(iv)  c(a(ba))= (ca)(ba)-[ec,a,ba]
(ea)(ba)-[ba,c,a]
(ca)(ba)-a[b,c,a] (corollary II (iii)

(ca)(ba)+[ca,b,a]

(ea)(va)+((ca)b)a-{ca)(ba)
({(ca)b)a .

i.e. c(a(bva))
These four identities are sometimes called the

Moufang identities , after Ruth Moufang (Hall (5),

page 424) who first enunciated then,

SOME ELEMENTARY PROPERTIES OF FIELDS

Some basic properties of finite fields are now
stated. Proofs of these results can be found in
van der Waer&enJI

(1) A finite field F can be regarded as a vector

space (of finite dimension, say n) over the additive

lVan der Waerden, Modern Algebra, Vol. I, Ungar
Publishing Company, 1953.
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group generated by the element 1. As all finite fields
have prime’characteristic p, the order of a finite field
F will be p=.

(2) If F is a finite field of order p?, then
F—{d}, which will be denoted by F*, is a multiplicative
group of order pn-l. »

(3) If K is a subfield of a finite field ¥, and
if P has order pn, then X has order pm where m divides n.

(4) The intersection of two subfields of a field
F is itself a subfield of F.

DEFINITION OF THE CENTRALIZER

For an arbitrary element xeF, define the centralizer

CF(x) of x in P as follows:
Cp(x) ={feF|xf = £x} .

Temma 3.8 Let F be a finite field. For arbitrary xel,

CF(X) is a subfield of ¥,

Proof: Trivially OsCF(x) and lsCF(x), for any xeF.

To show that CF(x) is a subfield of P it suffices
0 verify closure of addition and multiplication; the
associativity of addition and multiplication and the
commutativity of addition in GF(x) then follow from
the corresponding facts about F.

Tet y and z be arbitrary elements of Cp(x).

Then Xy = yX , Yz = ZX.
Thus (y+2)X = yx+zx
= Xy+X2

i.e. (y+z)x = x(y+2)
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and thus y+szF(x).

Hence CF(x) is closed under addition.

Similarly,
(yz)x = y(zx) = y(x3)
= (yx)z = (xy)z
i.e. (yz)x = x(yz)
and thus yzeCF(x).

Hence GF(x) is closed under multiplication,

For a given zscgi(x), the mapping

9,2y —> ¥z (2,yeCp(x))

is a one-to-one mapping of GF(x) onto CF(x).
Since leCF(x), there exists ESCF(X) such that EZ = 1;
hence z.‘ls(}; (x) if ze(};‘ (x).

Similarly (-z)sCF(x) if zeGF(x).
This completes the verification that CE(K) is a field,

Theorem 3.5

Wedderburn’s Theoren. Every finite field is a

commutative field.
Proof: Let F be a finite field of order pn, and let x
be arbitrary in P, Let
|GE(x)i = Pix
and let lz(r) | =" .
Then for all xeP, ix divides n and m divides ix'
FPor arbitrary xsF*, define CX, the eonﬁugate class

of the multiplicative group F¥%, as

C, = {g-lxglgeﬁﬁi
Then F* can be partitioned into disjoint conjugate classes,

as it is easily verified that being in a given conjugate
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class is an equivalence relation. Hence the order of F
can be written as the sum of the orders of the conjugate

classes of F*; this equality is called the class equa-

tion of F* .
Now
H
czl =1 & ze7 (F).
Hence there are (p"-1) singleton conjugate classes of F¥°
_ X
Also, chl = [F}(: CF(X-)ji

for let GF(x)gl and (’}F(x)g2 be two distinct cosets of

F(x) in *¥ , and let
'*
A €Ch (X)&ys N ,eCp (X)g,e

Then x
)\l'lx )\1 = (fgl)-lx.(fgl), feCyp' (x)
= gl'lf'legl
i.e. >\1_1x >\1 = gl'lxgl .

Thus conjugation of x by any element from a given coset

¥ . -1
Cp (x)g,‘l yields the same conjugate g, ~Xg;.

However, )\1-1::/\1 # A g-lx )\2; for if this were
not the case, then
g1-13551 = g2-lxgd.

-1)-1

. -1
i.e. (8,85 x(g8, ) =%

and thus glgz-l SCF (x) ,

contradicting the hypothesis that Cy (x)g1 and Cy (x)g2

were distinet cosets.

n_
Hence [F 'CF (x)] p 1
pix-1
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Thus the class equation for P is

n
pn—l = pm‘1+221;].— s s (1)
p -1

where the summation is over distinet conjugate classes
of order > 1,

As m divides n and n divides ix for all x, we can

write
m_ a
n = mr
i =m i 11 xeFY
i, = Jx’ or g Xer,
Then equation (1) becomes
r
qr.l = Q.“l"'z i__:];_ °ore e (2)

q'x-1
Define §r(q) by

¢.(a) = M-Iy,

where the product is taken over all the rth primitive
roots \fjef 1, Thén §r(q) divides g¥-1, Also, since
:jx< r for all xsF*(if we assume that Z*(It‘) # P*), (qjx-l)
contains no factors of the form q- N » where J is an rth
- root of unity. Consequently §r(q) divideszg;-;-}i o
Hence from equation ( 2), it follows that
§r(q) divides (g-1) sesns (3)

Set up an Argand diagram of the complex plane, aﬁd
consider the distribution of the rth primitive roots of
unity about the unit cirele. As q is a rositive integer,
it is seen that

‘q—j’l > g-1 for each root J .
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LY

N (\\ /(i <P
f/) /;>§§f\\\\\\\1::::f

-

\ (1,0) q
K ¢ q4-1—3

1

However, result (3) implies that
n(a-J ) divides (q=1),
from which it follows that r = 1. Thus n = m,
i.e. Z(F) = F, and as %(F) is commutative by
definition, F is commutative.

Theorem 3,6 Every finite alternative field X is a

commutative field.
Proof: The proof can be broken into four main
assertions:

(1) If a and b are arbitrary in X, then
D = {a,b,l} generates a finite subfield F of K.

(2} By theorem 3.5, ¥ is a commutative
field, and so ab = ba.

(3) 4s a and b were arbitrary in K, K
is commutative.

(4) A commutative alternative field is
associative, and hence K is a commutative field.

Assertion (2) follows from (1), and (3) follows

from (2), immediately. Hence it suffices to prove

assertions (1) and (4).
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~ To prove (1), some notation is first introduced.
If A,B, and C are subsets of K, then [A,B,G] is defined
by [4,8,¢] --{fa,b,e], ach, beB, ceC.)
By the statement“[h,B,G] = 0" we shall mean that
[a,b,c] = 0 , for all aeA, beB, ceC.
Define a subset X of K by
X = {x\[}),n,x] - 0, xeK} (where D is
{a,b,i} as above).
Then D& X; for let [dl,d2,d3]s[D,D,D].

Ifd, =d,, 1 #j (i,§ = 1,2,3) then by lemma 3.3,

i J

[4,,8,,35] = 0. If 4,d,,d5 are distinct, then as

D ={a,b,i} , one of dl’dz’dB is 1, and hence[ﬁl,dz,dilz 0
as any associator with 1 as one of its elements is zero.
Hence [ D,D,D] = O and thus DEX.

Secondly, DXS X; for let Edl,d2,63x]be arbitrary

in |[D,0,DXx] . If 4, = d,, then[d;,d,,d;5X|= O by lemma
3.5, If d; or d, = 1, then[d;,d,,d;x]= 0 as above. Hence
without loss of generality assume that dl = 8, d2 = bre

If d, = 1, then[d,,d,,d;x| = 0 by definition of X.

3
If d3 = a, then

[ay,850a5x] = [2,0,ax]
-{ax,b,8]
= _[?,b,éla (theorem 3.3, Corollary

il

II, part (ii)),
= [a,b,X]a
0

i.e. [a;,a,,a5%]
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as [a,0,x]e[D,0,x] =0
If d3 = b the proof is similar. Hence in general
[D,D,DX] =0 and so DXCX.
Define a subset ¥ of K by
Y = {y|yex, yxex, [2,%,5] = 0.}

Then D&Y. To verify this, suppose that [dl,x,dzj

is arbitrary in [D,X,D:]. Then

[a),%,a,] = -[dl,dz,x] =0
and thus [D,X,D] = 0, As DSX end DXCX, it follows
that D&Y,

Define a subset R of K by

R = {flrsY, [jK,Y,ﬁ] = O{}
Then D& R, as can be verified by the methods employed
above, It follows that

D& RSYE X,

In order to verify (1), it suffices to0 show that
R is a field. By definition of X,Y, and R, it follows
that OeR and 1leR.

Addition is closed in R; for if rleR, rzsR, then
r1+r2&:R by the linear property of associstors and the
definitions of X, Y, and R. |

Multiplication is closed in R, i.e. RR = R; for if
r, and r, are arbitrary in R, then as RC Y and RC X,
rleY and rst; thus

rir,eyX& X ,
and so ryr,eX; in general RRSX. Purther, as [X,Y,R] = 0,

we have
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(rlrz)X = rl(rzx).
As r,eY, er.QX and so

(ﬁ;ﬁXQﬁxQX MS;ﬁﬂ.
Also, rlrgeX, 80 in order to show that rlrzeY, it remains
to verify that [b,X,rlr2] = 0. However,

[}:),X,rlrzj = 0 if and only if

I?,D,rlré] =0 (by lemma 3.3)
and this will certainly be true if

[):(,Y,rlré] =0 as DcY.
For arbitrary xeX, yeY, consider

£(¥,x,1y,1,) = [yx,rl,rzj- [x,rl,rzjy-x[y,rl,r2].
As [X,Y,RJ = 0 and as R YCX, the last two associators
are zero; also yxeX, so by similar reasoning,
[yx,rl,rzj = 0. Hence
f(y,x,rl,rz) = 0,
By theorem 3.3, this implies that
0 = f(rl,r2,y,x)
= [r17507,x]- Erz'y"ﬁjrl“’*"z[y’x'ri?
and by the alternative property of associators and the
argument used above, one obtains
0 = [?lrz,y,;]

Hence [X,Y,RRJ

-[%,y,rlrzj.

0 so RR¢ Y.

By the definition of R it immediately follows that
BR = R, and so R is closed under multiplication.
Addition is associative and commutative in R, as

it is in K. Also,
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(®,r,2] & [x,1,R] =0
so multiplication in R is associstive.

Finally, reR” == r~ter™
and -reR =™ -reR
by the methods used to establish this in lemma 3.8,
Hence R is a field, and as D& R, D generates a subfield
of K.

This completes the proof of (1).

To prove (4), first note that by theorem 3,2, if
1+1+1 # 0 in K, then K is associative. Hence all that
need be considered now is the case in which 1+1+1 = 0
(i.ee 3 = 0)o

Tet u, v, and a be arbitrary in K. Consider the
element (uv)a®. As1l,uv,a) is a field, and hence
associative, it follows that

(uv)a® = (uv)((a®)a)
= ((uv)(a®))a
= (&% (uv))a
a? ((uv)a)
a(a((uv)a))
= a((au)(va)) (by theorem 3.4 (i))

i

= ((ua)(av))a
= u(a((av)a)) (by theorem 3,4 (iv))
u(va®) seose (1)

(es {1,v,a) is a field),

i

ice. (uv)a®

Choose a,b,c arbitrary in K*i Define 4 by



(ab)e = (a(be))d.
As any two elements of K, plus the identity, generate a

field, for arbitrary x,yeK :

x°y° = (xy)°,

Hence
(a®1%)c® = (ab)®e® = ((ab)e)®
= ((aee))a)®
= (a(be))®ad®
= (a®(bo)®)a®
ice. (a%p®)e® =>(a3(b§c§))&3.

By equation (1), expressions involving cubes as the

third term are associative; hence

(asbs )cs = ((aﬁbs )03 )d:s

and thus a =1,
iee, a®-1 = o.
As 14141 = o,' a®-1 = (&-1)3%, so
(d—i)3 =0, |
i.e. d-i = 0 or d = 1.

Hence by the definition of d, for arbitrary a,b,cck,
a(be) = (eb)e; i.e. K is associative.
Hence K is a commutative field, and therefore every

finite alternative field is a commutative field.



CHAPTER IV

GROUP THEORETICAL AND COMBINATORIAL THEOREMS

The Elementary Theory of Permutation Groups

In this section a brief outline of the basic ideas
of the theory of permutation groups will be given, with
particular reference to how the theory relates to col-
lineation groups of projective planes., In addition,
several specisl results that will be needed later are
proved. PFor a detailed treatment of this subject
reference should be made to Wielandt (14).

Let S be a finite set. The number of elements
in a subset T of § will be denoted by | T| and will be
called the order of T, A permutation of S is & one-to=-
one mepping of S onto itself, If g is a permutation of
S and if se8, then the image of s under the rermutation
g will be written as s®, If g and h are two permutations
of S, their product gh is defined as the mapping sending
s—~>(sg)h. Then gh is a permutation if g and h are,
and multiplication of permutations is associative.

A permutetion group @& on a set S is a group each
of whose elements is a permutation of S, The identity
permutation 1 fixes every element of S while the inverse

g-l of & permutation g is defined by writing
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-1
8& = t<t% = s for sll s,teS.

Obviously g-l is a permutation.

One subgroup of G deserves special mention. If
TC S, then Gp is defined by

Gp = {ge6 & = ¢t for &1l tel}.

Obviously GT is a subgroup of G and thus slso a permu-
tation group of S. If in particular T is the singleton
set {t}, then G_ is called the stabilizer of %.

The order of G will be denoted by |G| and will
always be assumed to be finite.

For arbitrary seS, the 'orbit" of s, dencted
Orb s, dis defined as follows:

Orb 8 = {sg|gsG}o

Orbits are sometimes called "transitive classes’ of §
under G, The set of orbits of S under G forms a par-
tition of S into disjoint sets. In general Orb (s)¢ S;
however, if for any seS Orb (s8) = S, then & is said to
be “transitive’on S. Bvidently G will be transitive
on S if and only if for arbitrary o,BeS, there exists
geG such that o8 = Bs

More generally, an action of an abstract group
G on a given set 8 1g defined as & function mapping
SxG onto S such that sl = s for all seS and such that
(s81)81 = 8182 for all seS and 8118586, A given
group G may have an action defined on more than one

set, and the structure of G considered as a permutation

group on one set may differ from the structure of G




considered aa a permutation group on another. As an
example, & collineation of a projective plane has an
action on two distinet sets, the set of points of the
plane and the set of lines of the plane. If a group
G has an action on a set S,_it can be regarded as g
permutation group of S.

Of basic importance is the " fundamental " theorem

of permutation groups:

Lemma 4.1 TLet a group G have an action on a set S
and let o be an arbitrary point of S. Then
[ ] lorb (a)| = ]&[.

Proof: For arbitrary gi,gsz, it is seen that
1

ol = o829 481827 o
. -1
i.e, «=8185 sGa
i.eo a8l = ag2¢:%gl and g, are in the same

right coset of Gy in G. Hence the number of images
of o under G equals the number of right cosets of Gy

in G, i.e.

ord (o)| = [B:6,] = iga:.

Hence IOrbs(a)iiGal = |&

Lemma 4,2 Let a group G have an action on a set S
and let Tl and T2 be two orbits of S under 6. If
|T1| and |T2| are relatively prime and if 518T1, then

G51 is transitive on T,
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Proof: Let 8,€T, and 8,eT,. Then Orb (61) = D, and

0rb:(62) = T,. Hence by lemma 4.1,

IT1||Gall = e |
and |T2|1962| = |@ |
Thus |Tl||G51| = |Tz|leﬁ2 . eeens (1)

As [Tli and|T2| are relatively prime, this implies that
integers kl and k2 exist such that
ko] Ty |

and [G52| = kllTl

| @]

L4

Substitution into equation (1) gives

21 |ka 1T = |2 kT |
i.e. ky, =k, = k (say).
But considering Gél as a permutation group on T2 and
using lemma 4.1, if the orbit of 62 under G51 is
denoted by Orb G51(52): it follows that

. ceees (2)

ot a5, (82| [(Gay)s, | = |05

Similarly IOrb Géz(gl)'|(G52)5l} = ,G52 v eeeel (3)

Noting that (G51)52 = (G52)51 and dividing equation (2)

by equation (3), one obtains

lorb’Gal(ég)lz les, | _ KT |2
|97 Gop(61) | Jas,| k|| |ny
i.e. || |orb G‘31(&2)|= szl’Orb 362(61)"

Thus as]Tll and | T,| are relatively prime, there

exists an integer n such that
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anZI = lorb; G61(62),

i.e. ’T2| lOrb G61(62”-

As Orb G61(62)£-T2’ n = 1 and thus Orb‘Gél(ég) =Ty

Hence by definition.Gél is transitive on T,.

Lemma 4.3 Let & group G have an action on a set S and
let H be a subgroup of G. ILet

T ={ ses|s™ = s for all nen}.
Then N(H), the normalizer of H in G, will permute the
members of S amongst themselves.
Proof: TLet n be arbitrary in Ny(H), let t be arbitrary

in T, and let h1 be arbitrary in H.

Then nh.lnfl = hoeH,
Thus gabin™l = ho =t by definition of T.
Hence (gn)hy = ¢n .

As hy was arbitrary in H, t%eT; as n was arbitrary in

Ng(H), Ng(H) permutes members of T amongst themselves.

Iemma 4.4 (see Gleason (4)) Let a group G have an
action on a set S, and let T< S be such that for any

tel, there exists geG of given prime order p such that

g fixes t but no other element of S, Then T is con~
tained in an orbit of S under G,

Proof: Choose telT and geG as specified in the hypotheses,
and let D be the orbit of S under G to which % belongs.
Then {g? , the group generated by g, is a permutation

group of order p on D and partitions it into disjoint
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“orbits., The orbit of + has order one and the orbits
of all other members of D, since none is fixed by g,
will have order p. Hence

,D| = 1l+np ’ eeees (1)
for some integer n.

If T#&D, then there exists teT N (S-D) and Ze6
such that T8 = % but all other elements of S are moved
by . Thus in particular all elements of D are moved-
by g, so the permutation group <§> pertitions D into
disjoint orbits each of order p. Hence ]Dl is divig-
ible by p, which contradicts equation (1). Hence the

assumption that such s t exists is false and TCD.

Definitions

(1) A permutation group G transitive on a set
S is said to be regular on S if |¢| = |s].
(2) A permutation group ¢ is said to be a

Frobenius group on & set S if:

a) G is transitive but not regular on S,
b) only the identity of G fixes two
distinct elements of S.
(3) The kernel K of a Frobenius group F on a
set S is defined as follows:
K = {?EF!SK # s for all ssﬁ}L){i}.
(4) Let G be a permutation group transitive on
g set S, Then G is said to be imprimitive if S ecan

be partitioned into a collection {Ti} of disjoint sets,
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each of the seme order t where 1<‘t<1|S[, such that
each element of G maps eny T4 either onto itself or
onto another of the sets. @ is said to be primitive
on S if it is not imprimitive on S.

(5) A permutation group G on a set § is said
to be doubly trensitive on S8 if for arbitrary aeS,

G 1s transitive on § and Gy is transitive on S-{a}.

Definition A fixed-point-free automorphism « of a

finite group G is an automorphism of G such that

g% = g&=g = 1 for all geg.

Lemma 4.5 If a finite group G has a fixed~-point~free

automorphism o of order 2, then G is abelian.

Proof: TFirst note that the mapping x —x—Llx0, xe@,

is one-to-one; for if x~Iix% = y‘lya for x,yeG then

yx~t = yo(x®)~L = (yx

yx'l = 1, i.e. ¥y = x and the mapping is one-to-—one

1% and o fixes yx~1. Thus
as claimed. Hence as ¢ is finite it is onto, so
¥1+Ype6= there exist X,,X,eG such thet ¥y = x7ix @
and yo = xg"lxza, and xj and Xp are unigue. But

2 - ;
1= T = = (g% % = () =y

consequently
-1l -
(72520 = 31%%,% = 57 hy, 7t
- -1 =1
But (319" = (yq7p) L. Yo ¥4 of
1

-1 - - -
hence y1 Yo = ¥o 1y1 1 and taking inverses gives




Y10 = Yo¥q-e
As Iy and o were arbitrary in G, G is abelian.
Lemma 4.6 (see Wagner (12)). ILet F be a Frobenius
group of order 2n on a set S of order n, where n is odd.
Then:
(1) If o and B are distinct elements of S, there

221 and of = Be

exists fel such that f
(2) The kernel K of F is a characteristic sub-
group of F and is regular on S.
(3) If H is a subgroup of F possessing r dis-

tinct elements of order 2, where r »>1, then [H\ = 2r,

Proof: Any element f of order 2 in F interchenges
elements of S in pairs, except for thdse elements that
it fixes. 4s |S| is odd, this implies that £ fixes at
least one element of S. As F is a Frobenius group,
f fixes no more than one element of S; hence f fixes
exactly one element of S, Thus to each element of
order 2 in F there corresponds exactly one point of S
fixed by it.

Conversely, for arbitrary aeS, by lemms 4,1

lorb (a)] [P, 1 = |®],

As P is transitive on S, fOrb(a)l = n; also |P| = 2n;
hence IFa] = 2, Thus there is, for each element asS,
exactly one element of F of order 2 fixing a. Hence

there is a one-to-one correspondence between points of

78
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5 and elements of F of order 2. The element of order
2 in F thet fixes aeS will be denoted oo

Assertion (1) is now proved. Iet a and B be
distinet points of S and let yeS—{d}. Then afY £ o
(as otherwise fY would fix both « and y, which contre-
dicts F being Frobenius). Now suppose that for some

fy _ fg fy fs

6eS, « = «"°, Then a = o, and

(afryEvfs - aff; fs _ oFs - ofY,
s0°f, £ fixes the distinct points o and ofY,

Thus foé =1, i.e. i‘Y = fé’ and by the one-to-one
correspondence established above, Yy = §., Hence

ofY = af5==>y = 8, and so as y ranges over the (n-1)
elements of S-{@}, afY also ranges over these (n-1)
elements; hence there must exist ysS-{d} such that
&Y = By and as fY2 = 1, assertion (1) holds.

To prove assertion (2), note that from the proéf
of (1) K consists of all elements of P that are not of
order 2; hence |K| = 2n-n = n. No two elements of
order 2 in F interchange the same two elements of S;
for suppose that x,yeP (and x and y are of order 2)
and that o and B are distinct elements of S such that
o = B, o = B Then ﬁx = o and ﬁy = o, and so
Bxy = o = B. Similarly Y = @, 80 Xy fixes B8 and
e: hence as F is Frobenius, Xy = 1, iceve x =y,

Let RystoaXy be the n elements of order 2 in F

and consider the set xlxl,xlxz,--o,xl n* These are
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n distinet elements of F and none but xlxl = 1 fixes

an element of S; for if XX fixed a, then both x and

p.
xp would interchange a and axl, in contradiction o
the previous paragraph. Hence X =.{iix1,o»-,xlxn} o
But similarly K =-{xix1,x2xl,---,xhxi}; thus if

k,skyeK then ky = x X, and k, = x,x, for 1< P<n,

Pl q

£q=n and kiky = €K by the characterization of K.

XXy
Hence K is closed under multiplication, and is thus a
group. Evidently K is normal in P, and as it consists
of all elements not of order 2 (plus the identity), it
is eharaeferistic in P, As no element of X (other then
1) fixes an element of S and K| = |S|, it follows that
X is regular on S.

To prove assertion (3), let fY be an element of
order 2 in H (as H is a subgroup of P, all elements of
order 2 in H will be of this form)., TLet T bBe the orbit
of S under H containing y, and let |T| = &, 4s £, fixes
veT and interchanges other elements of T in pairs, ¢ is
odd. Now |HY13'2 as Hy contains both 1 and y; however
|By|< |Py| = 2. Hemce |Hy| = 2. But by lemma 4.1,

|oxb v ||Ey| = |5|
and thus |H¢ = 2C.

Now consider the action of H on T, Only the iden-
tity of H fixes more than one point of T, as H is a

subgroup of a Frobenius group; also, H is transitive but




not regular on T, and |H| = 2¢ while ]Tl = ¢, where

¢ is odd. Hence the same hypotheses hold on H and T
as hold on I and S, Consequently there is a one-to-
one correspondence between elements of T and elements
of order 2 of H., Thus there are ¢ elements of order

2 in H, i.e. r = ¢, and thus |H| = 2r.

Lemma 4,7 (see Wagner (13)) Let G be a doubly trans-

itive permutation group on a set S consisting of (n+l)
elements, where n is odd. Let aeS be such that Ga
contains a subgroup ¥, of even order which is a
Frobenius group on.S-{a}o Then Ga is primitive on
S—-{a}.

Proof: TFor an arbitrary element BeS, since @ is
transitive on S there exists geG such that of = g,

1

Then g F,g, which will be denoted as Fﬁ, is a sub-—

group of gfl

Gag = GB' and is & Frobenius group on
S- {S} (since FB is isomorphic to P, and thus plays
the same role vis-s-vis B as P, pleys towards o).

Let K6 be the kernel of FB' Then by lemma 4.6
part (2) KB is a chavracteristic subgroup of Fﬁ and is
regular on S-{ﬁ}. Hence |K5| = [S-{ﬁ}] = n. As
]Fﬁl is even, FB contains an element b of order 2;
as iKBI is odd, bﬁKB and hence by definition of the
kernel, b fixes an element of S-{B}. :

Let ﬁﬁ be the group generated by K, and b. As

g

81
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KB is normal in Fﬁ (being charscteristic), a typical
element £ of FE is of the form f = b’k where keK6
and r = o or 1. Hence IFB| = 2|K3| = 2n. Also,
Eﬁ is transitive on S~ {B} » &8 1t contains KB, but
is not regular, as it contains b # 1 fixing an element
“of - {8} . oOnly the identity of Fg fixes two distinct
elements of S-{jﬁ} as fﬁ is a subgroup of the Frobenius
group FB; ‘henase ﬁﬁ is a Frobenius group on.S—-{ﬁ} °
Now assume that 6, is not primitive on.S-.(a} .
Then 8- {a} can be partitioned into sets of imprimi-
tivity Tl,ﬁlz,---,Tg, each of order t where 1< % <n.
Then st = n, and as n is odd, so are s and t. Iet
T =~f6i|i =1 %o 4} and let YeT,. As Fy is a
Frobenius group on a set S—.{{} of odd order n, as

o # vy and By #Y¥» 1 =1 to %, and as P, = 2n, the

Y
hypotheses of part (1) of lemma 4.5 hold and so there
exists a set of elements of ET' namely {ci‘i = 1 to t} N

such that aiz =1 and a®t = Biy i =1 to t.

3
Let BU{a} = V. Then Vi =V for i = 1 to t.

To prove this, note first that ol = ﬁisv for

i =1 %o t. Now suppose that there exist J and k,

1€j<% and 14k<t, such that g, J = & and 8¢¥, But

as ﬁa is a Frobenius group of order 2n on the set

S--{é} of order n (n o0dd), and as a,sj # & (since
8£V), by lemma 4.6, part (1), there exists dsﬁa such
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2 d

de
= 1 and o = Bj' Thus « = Bj = a, and
‘ ¢jd d .
hence cjdeGao But;ﬁj 3" = % = Bj’ 50 as Ga is

~that 4

imprimitive enuS--{a} by assumption and cjd fixes
ﬁjsTl, cjd should map Tl onto Tlo However, BksTl

id
and ﬁkea = &4

= §3 hence as 6¢T1, Gid does not map
Tl onto Tl‘ This contradiction implies that the
assumed j and k do not exist and hence Vci =V,
i=1t%0 t, as claimed.

Let H be the subgroup of ﬁY generated by the
{ei} o Also, H maps V onto itself by the above
remarks, and from the way in whieh the {c;} were
defined, H is transitive on V. Also, as ﬁY is a
Frobenius group on S- {y} sy €ach non-identity element
of H either fixes no point of S- {7 or has order 2
and fixes precisely one point of S- {y} (as recall
!S- {y}' = n and ’fY,= 2n). But |V] = t+1 and ss
t is odd, t+1 is even. Thus no element of order 2 in
H can fix any point of V. Hence 'Hﬁil = 1 and |Hd| = 1,
Thus by the fundamental theorem, |H| = t+l. But by
lemma 4.6, part (3), as H possesses at least t elements
of order 2, namely the {ci} s it follows that |H|2 2%.
Thus

t+1 2 2%, i.e. 12%

which contradicts the assumption that t+> 1., Hence the

assumption that Ga is imprimitive on S- {a} is false;
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i.e. Gy is primitive on S—{q}.

Lemma 4.8 Let G be a permutation group primitive on
a set S and let N be a non-trivial normal subgroup of

Gs Then N is transitive on S.

Proof: As N is a permutation group on S it partitions
5 into disjoint orbits. ILet a be arbitrary in S and
let g be arbitrary in G. Iet «® = B. If the orbit
of o under N is denoted Orbma, then (OrbNa)g = OrbNﬁ;
for let YaOrbNa. Then there exists neN such that
a =y, Thus o = y?&, But as ¥ is normal, there
exists neN such that ng = gh. Hence

B = a8 = Y€ = (y&)R
and thus YgEOTbNB. Hence (OrbNa)gg;OrbNB, and by
reversing the argument, (OrbNB)EE(OrbNa)go Thus
|orbyB| = [(Orbga)é| = iOrbNa}. Evidently each ge@
maps each orbit either onto itself or onto another
orbit. As orbits are disjoint, they form sets of
imprimitivity of G of order >1 (as | N|>1). Hence
as G is imprimitive, Orbﬂa = 8 and hence N is trans-—

itive on S.

Theorem 4.1 Let Gy, Fy, and Ky be a8 in lemma 4.7,

and in addition assume that Py is normal in G,. Then
Kg is an elementary abelian group and thus n is a
power of & prime. |

Proof: As K, is characteristic in ¥,, it is normal in
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Gyo As [P | is even and [ X, | = n and thus is odd, F,
contains an element £ of order 2 not in Ka‘ By defin-
ition of K, there exists pes-{a} such that g = p.
Phen k—> £ 1kf for all keK, is a fixed-point-free

automorphism of Ka; for if not then there exists ksKa,
1

]

k # 1, such that fk = kf (as

fk _ .kf
p

= B and so Bk = (Bk)f. Thus f fixes the distinct
points § and p* of S-{a} in contradiction to the

= f)o Then

faet that Fy is a FProbenius group on S—{a}o Hence
Kg has a fixed-point-free automorphism of order 2, so
by lemma 4.5 K, is abelian.

Now Ky has no proper non-trivial characteristic
subgroups; for let N be such a group. Then ]Nl(\Ka] = I,
Then as X, is normal in G,, ¥ is normal in Gye But as
Gg is primitive on S-{a}, by lemme 4.8 N is trans-
itive on S-{a}. This contradicts the fact that
|N|<'n, and so K, has no proper characteristic sub-
groups.

Assume that p is & prime > 1 dividing |Kq|o
Then |[Ky| = p¥; for if not, K, would have a p-Sylow
subgroup P properly contained in it. Ag K, is abelian,

P would be characteristic in K , contradicting the
result of the previous paragraph.

Lastly, all non-identity elements of K, have
order p; for as K, is abelian, the set KaP = kP]keKq}

is a proper characteristic subgroup of Kys and hence
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is the identity. Hence k" = 1 for all keK,, and
thus K, is elementary abelian of order n = p¥ for

some prime P.

The following lemmas and theorems are due to
Gleason (4). Proofs are also given in Pickert (8),

pages 26-28,

Lemma 4.9 Let,£ be a line and C be a point (ineci-
dent witth) of a finite projective plane m of order
ne Denote the group of all elations with centre C
and axis 4 as Gc’f and the group of all elations‘
with axis £ as Gy . Then:

(1) leg,p| divides n

(2) [Gi' divides n®

(3) IGII = n*¢&=n is a translation plane with

respect toqg o

Proof: (1) Let m be an arbitrary line through
¢ (m £#4). Then as each element of Gg, g fixes m,
Gc,ﬂ acts as a permutation group on the n points of
S = m—{@} (where m is thought of as a point set).
By lemma 1.4, if QeS and gch’f, then Q@ and Q8
uniquely determine the element g. Hence |Orb Q |= Gg, /e
By lemme 4.1, |Orb Q| divides | S| and hence |Gc,j‘
divides n.,
(2) The n® points ofﬂa—%{} = T (where<j is

taken as a point set) are permuted amongst themselves
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by elements of G£ sy and hence GE acts as a permutation

group on T. By the argument used in (1), if QeT then

jorv Q| = leé,| o By lemma 4.1, |Orb Q| divides |T|
and hence |& | divides n®.,

(3) Suppose that l@zl =n*, Then |Orb Q| = n?
for en arbitrary point QeT. Hence as |T| = n®, if @

and R are any two points of T there exists geG such
that Q® = R. But this clearly implies that T is

(Cy L )=transitive for allCel; i.e. that 7 is a trans-
lation plane with respeet to Q, .

Conversely, if n is a translation plane with
respect to L ana if Q and R are arbitrary in T, then
there exists an elation g in G 1 such that Q% = R,

Thus | Orb Q| = n*, but as |Orb Q| = leg, 1 it follews
that 1¢,| = n®,

Lemma 4,10 Let £ be a line of a projective Plane

% of order n., If for each point Cel +he elation
group G-‘c,p, has order m>1, then % is a translation

plane with respect to ﬂa °

:_ng_g_i:: Let |Gy| = ro By part (2) of the preceding
lemma, rk = n* for some integer k>0. By lemma 1.5
Corollary I1I, G12 =:CL6JR:C’2 s and evidently
|Grt-ci$£n G, o | =11f0 #0y, =

el = (n,+1)(|GCTQ|_ -1)+1
i.e. r = (n+1)(m=1)+1,
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As m>1l, r>n and hence k <n,

Since kr = n®, it follows that

n’-k = (r-1)k = (n+1)(m-1)k
i.e. k = n®=(m-1)(n+l)k
or k-1 = n?-1-(m-1)(n+l)k

(n+1) ((n-1)=(m-1)k).

Thus (n+l) divides (k-1). As k< n, this implies
that k=1 = 0, i.e. k = 1. Hence r = n® and by part
(3) of the preceding lemma, 7 is a trahslation plane

with respect to ﬁ .

Lemma 4,1l TLet ® be a projective plane possessing

a line.ﬂ with the following properties: for each
Gsz; (1) there exists a non-trivial (C,MQ)-elation,
(2) there exists a line m, Cem and m # .2 , such
that there exists a non-trivial (G,m)~
elation, |

Then n is & translation plane with respect toyg .

Yroof: By theorem 1.1 and hypothesis (1), every non-
 ¢rivial elation with ax13a2 has the same prime order
p. Por a fixed point Ced denote C%iGG,m’ the set of
all elations with centre C, by Gp. By the dual of
Corollary II of lemma 1.5, Gg is a group. By the
hypotheses and the dual of theorem 1.1, Gg will be an

elementary abelian p-group for each ced,
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Let H be the group generated by all non-trivial
(C,m)-elations, of the type described in hypothesis
(2), for each Cef o Then each element of H fixes the
line {, , and so H acts as & permutation group on the
points of £ . Also, for each Cecf there exists an
element of H of order p that fixes C but no other
point of £ (namely the mon-trivial (C,m)-elation for
that C); hence by lemma 4.4 H is transitive on the
points of £ . Thus if 01 and G2 are arbitrary dis-

tinet points of £ there exists heH such that Glh = 02.
: -1

By lemma 1.6, GC2,£ = h (GCI,E ). Thus

,GC2’E‘ = IGC1,2| > 1 and as G, and C, were arbitrary

on £ , it follows by lemms 4,10 that m is a translation
plane with respeet to L .

Definition Let © be a projective plane., Then the

collineation group generated by all elations of = is

called the little projective group of =.

Theorem 4,2 Let ©n be & finite préjeetive plane and
let G be a collineation group of =n such that for every
line £ and point C such that Ce £, G possesses a
‘non-trivial (G, R )-elation. Then . is Desarguesian
and G contains the little projective group of m as a

subgroup.




Proof: From the hypotheses, every line of n satisfies
the conditions imposed on the line,ﬂ in lemma 4,11.
Hence from lemma 4.11 7 is a translation plane with
respect to every line of =n, i.e. m is an alternative
plene. As 7w is finite, from the conclusions of
Chapter III it follows that m is Desarguesian, Evid-
ently the elations in G generate all possible elations

of n so G contains the little projective group of m.

The following result is due to Andre (1),

Theorem 4.3 Tet y be a line of a projective plane =

and let y be the axis of two non-trivial homologies
0q and gy with distinct centres:cl and 02 respectively.
Let G be the group generated by oy and Oyo Then:
(1) All elements of G are central collineations
with axis vy.
(2) & has an action on the points of ni- { X}
and the set of centres of the homologies in
G is contained in one orbit of G.

(3) There is an elation in @ mapping Gl into 62.

Proof: Result (1) follows immediately from the fact
that every element of G fixes y pointwise.

Let C,C, = ( and let F be the group of elations
of G with centre {n y. It is easily verified that F

is a normal subgroup of G. ILet |F| = t.

30
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Regarding G as a permutation group on the points
of n- Y1, let {Tili = 1 to n} be the orbits of n;{ﬁ}
under G. Regarding F as a permutation group on n-{ﬁ@ ’
it is seen that F fixes each Ti and hence-can be re-~
garded as a permutation group on,Ti. F thus splits
each.Ti into orbits, each of which has length t since

1 for

an element feF is uniquely determined by P and P
any point Pem- {8} .

Let ti be the number of orbits of T; under F.
Then tt; = |T;| and as there are N orbits of the n?
points of n-{X] wunder &, it follows that

n® = f% by veese (1)
i=1

Let Pl and P2 be two points in the same orbit of

n- {¥} under G. Then Ordb P, = Orb P, and by the funda-

mental theorem it immediately follows that IGP1| = IGP2

But Gpl, the set of elements that fix Pl’ is just the
set of homologies with centre Pl (plus the identity).
Thus the number of homologies with centre Pl equals the
number of homologies with centre P2, and hence without
ambiguity the number of homologies (including the identity)
whose centre is a given point in,Ti can be denoted 8

Let |G| = X As @ can be partitioned into
FU (G-F), where G-F is the set of all homologies in

G (excepting the identity), we can write
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16| = | Fl+|6-F|
ie. K = %mi(sfl) ceren (2)

where tti(si-l) is evidently the number of homologies
in G with centres in Ti’

et CeTi. Then applying the fundamental theorem,
cl = 1€
i.e, thys; =k ceess (3)

jorb ¢j |@

Substituting this in equation (2) gives

ko= t+ z_m k-}** % .
i=1

=1
Combining this with equation (1) gives

k = t+Nk-n®
i.e. E(N-1) = nf-%
g0 by equation (3),
tt,8,; (N-1) = n®-%
i.e. (N—l)(tisi) = n?t~-1-1.
Summing over the N orbits, this becomes

1
E ty =3¢

t‘l 1 i1 i

Using equation (1) this becones

w1\ (2 X 1
(nzt’1-1> \t } fgi ®1
) N-1 _ iy 1
i.e. %? =3 == cveee (4)

1-- i=1 Si



Now the left-hand side, and hence the right-hand side,

of equation (4) is greater than (¥-1),

N
ioe. : -i‘— > N—lo eP O e (5)
i=1 i

Suppose that s>i£ 2 for 1 = 1 to m and that s, =1
for i = (m+l) to No Then m2 1l as the number of homo-

logies with centre Gl iz > 2 as oy and the identity

are two such, Thus %i < % for 1 = 1 to m and so
m m
) L < > i . n (6)
izl ®i” =T 2 |

As s, =1 for i = (m+l) to N, it follows that

:f%: 1
_— = N=n .

i=m+1i ©°i

Consegquently

o

N N
B3 g S > 85

i=1 1 i=m+l
> (N-1) - (N-m) (using result (5))
i.e, —% > m-1 (using result (6)).

Thus m > 2m~-2, and 80 2> m. But as m>1, it follows
that m = 1. Hence only one orbit of z- {¥! under G,
namely Tl, is such that a point P of that orbit is the
centre of more than one homology. Hence the centres
of the non-trivial homologies are all contained in

one orbit P, of =~ {¥] under & and the second claim is
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true.
Setting i = 1 in equation (3) and substituting
in equation (2), we obtain
: _ ! Eft -1

ttlsl = t+%t — ti(si ).
As s4 = 1 for i> 1, this becomes

tlsl = 1+tlsl-tl
i.e. tl =1,
Hence recalling the definition of tl’ the orbit Tl
has only one suborbit under F; i.e. P is transitive

on Tl. Hence as Cl and G2£Tl, there is an elation

in F sending C, into C,. Hence result (3) holds.

Theorem 4.4 Let © be a finite projective plane and

let G be a collineation group of =u.
Thens

(1) If £ and m are distinct lines of n such
that for every point Cem (C #JBA m) there exists a
non-trivial (C,,B)-homology in G, then 7w is (ffwm,,g)
~transitive,

(2) 1f Jis a line such that CF.f=> there
exists a non-trivial (G,,Q)-homology, then = is a
translation plane with respect t0J2 .

(3) If for every point C and line,ﬁ-of Ty
Cﬂﬂﬁ, there exists a non-trivial (0,#9)-homology in
G then wn is Desarguesian and G contains the little

projective group of mx.




Proof: (1) Let Cl and Cy be arbitrary distinct
points of m--{Zn ﬁ} and let them be centres of non-
trivial homologies oy and Gz(respectively) of G. By

theorem 4.3 G containsg an

Dy elation ¢ such that
? =
Gl = 02. Let Dl and D2
be arbitrary points of
D, m
i~ {£} such that
o = Dl,Dg,En me
/f 1 Then let

(D,0; N R )D,Nn m = R,

There is an elation mapping 01—9 R and under this
D;—>D,. Hence = is (%, Lnm)-transitive.

(2) PFrom (1) it immediately follows that & is
(P, )=transitive for every Pef , and hence ¢ is a
-translation plane with respect to £ .

(3) Prom (2) it immediately follows that m is
a translation plane with respect to all lines of =,
and hence is a finite alternative plane, Hence by the
result of chapter 3, ® is Desarguesian and G contains
all possible elations of n and hence the little pro-

jective group.

bemma 4.12 Tet ¢ be a collineation of a finite projec-

tive plane n of order n. Let N¢ be the number of

points fixed by ¢ and N_ the number of lines fixed by

?

o Then N = I .
¢ o1 o = Yo

95
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Proof: Define

K = {(P,JZ) |P a point, f a line,

Pe f, Pe‘ﬁq’}.-:;
Two expressions for the order of K are now calculated.
Each point P fixed by ¢ has (n+l) lines through it,
and for each such line )Z ’ Pef and Pe .Z,q)o Each
point Q not fixed by ¢ (there are (n2+n+l);-Nc? of
these) has exactly one line A through it, namely
QQ‘P-]', such that Qe £ and Qe 9. Hence
|K| = Ncp(n+1)+(n2+n+1-1\T(P).

Phe dual argument gives
K| = ﬁ'cp(n+1)+(n2+n+l-ﬁcp)

and it immediately follows that N = ﬁcp.

Lemma 4,13 Let G be a permutation group on a set S,

and let k be the number of orbits of S under G,
Then k|¢|l =%_ rf,

‘where fr is the number of elements of G that fix r

elements of S, and summation is over r.

Proof: Let !|S] = n. Set up a matrix M = (mij) with
rows indexed by elements of G and columns indexed by
elenents of S Then M has |@| rows and n columns,

Asgsign elements of M as follows:
1 & ajgi = ay

0 {:}ajgi # oy

B
]

=i
i
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Let N be the total number of "1°s appearing
in Mo For r = 0,1,2,+++ the number of rows of M
containing r 178 is fr; hence as N is the sum over
all rows of M of the number of '1”s in each row, it

follows that

N = err ssroe (1)

However, the number of “lﬂs appearing in a
column of M indexed by aeS is the number of elements
of & fixing «, i.e. is |G |. Thus

> l&,| =N (as N is the sum over all columns
xesS

of the number of “1”s im each column),
Let the k orbits of S under ¢ be {T,|i = 1 to k}
Then

el = f(Z t%l) :

i=1 aeTi

But by the fundamental theorem

a €T, ,a,€T, =53 !Gall = |e+a2|
and hence Eo:e'.[‘i |G, = |orb afle,| = |G| .

k
Thus N = Z;lGal =2 16| = k|g}
Qe i=]

so by equation (1),
Y rfp=k|G
T

Theorem 4.5 Let G be a collineation group of a

finite projective plane m, Then the number k of

orbits of points of n under G equals the number k
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of orbits of lines of x under G,

Proof: By lemma 4,13,
ki =3 ri,
r
where fr is the number of elements in G that fix r
points of n. Similarly
k IG‘ =y rfr
r
where fr is the number of elements in G that fix r

lines of m. But by lemma 4,12, if 8eG then g fixes

r points of w if and only if g fixes r lines of 7.

Thus for all r, fr = Er' Gonsequently
i-Zrﬁf =5_; rEr and so0 k|G| = k|¢] ; hence k = k.

Definition: ILet n ={4‘P,§,e} be a projective plane

with point set & and line set L. Then a function P
mapping 0 onto X ana X onto 0° sueh that Pe f &

,2 Pep? is called a correlation of x,

As ¢ is one-~to-one onto, its inverse exists and
is a correlation, Evidently ¢® is a collineation of sz,

1f ¢ is correlation such that ¢® = 1, then @
is called a polarity of n. A point P is an absolute
point of ¢ if Pep?, |

Theorem 4.6 (see Baer (2)) Bvery polarity ¢ of s

finite projective plane 7 of order n PoSsesses absolute

points,



Proof: Define an m-cycle as an ordered m-tuplet of
points (Pl"°"Pm)’ not all necessarily distinet,
such that P,;ePy . for i = 1 to (m-1) and P _eP,%.
Let 2, be the number of ordered m-cycles of ¢. Evid-
ently the one point of a l-cycle is an absolute point.
Let p be a prime; then (Zp—Zl) is divisible by
Pe To prove this note that there are two types of
p-cycles. The first is of the form (P,+++,P) where
the same point P is repeated p times. ZEvidently such
a P is an absolute point and thus there are Zl such
p-cycles., The second type is the set of p-cycles in
which two or more distinet points oceur in the cycle;
there are (Zp-zl) p-cycles of this type.
Let (Pl,'-',Pp) be a p-cyele of the second type
and suppose that there exists an integer r, o(r.< Dy
such that Pi = P,

jepr 1 F
modulo p). As the set of integers modulo a prime p

1 to p, (subscripts are taken

forms a field, there exists an integer t such that
rt= 1 (mod p)o But for an arbitrary integer k2o
it is evident by applying Pi = Pi+r k times that

Pi = Pi+kr’ i =1 to p; thus in particular Pi = Pi+rt’

i=1 to p. As indices are modulo p, this says that

Pi = Pi+1 for i = 1 to p, i.e., that the given p=cycle

is a p-cycle of the first type. This contradicte the
assumption so no integer r as desceribed exists. Hence

p-cycles of the seaond type come in classes of p,

99
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where a typical class is
and each member of the class is distinct by the above
argument., Hence Zp-Zl is divisible by p.

There are now two cases, namely n even and n odd.

Gase (1). If n is even, let (Pl’P2) be a 2-cycle,
Then P,eP,? and fzeyl@; but as ¢® = 1,
Plstﬂ:é.Pl¢eP2@ = Py, s0 (Pl’PQ) is a 2-cycle if
and only if P,eP,?, i.e. if and only if P, is any of
the (n+l) points on P,?. Hence as there are (n® +n+1)
points of n, there are (n®+n+1)(n+l) distinct ordered
2-cycles., As n is even, (n®+n+41) (n+l) = Z, is 0dd so
Z225221 mod 2., But as 2 is a prime from the above
4,27, mod 2, s0 4=%1 mod 2. Hence Zq #© so there

exist one-cycles and hence absolute points,

Case (2 Suppose that n is odd. Then for m» 3
consider an ordered set of (m-1) points, namely
! s 00 | (P 1 e —
{Pl, ,Pm_l}o If PjeP;,," for i = 1 to m~2, such an
ordered set is called an (m-l)-~chain., There are
(0 +n+1) (n+1)™ 2 distinet ordered (m-1)-chains, as
P71 can be chosen in (n®+n+l) ways, Pm—Z can be chosen
: P

to be any of the (n+l) points on Pm-l , Pm-B can be
any of the (n+l) points on Pm—2¢’ and so on.

A distinction is made between two types of

(n-1)=-chains. The first type is that in which Phey = Py
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and the second type is all other (m-l)-chains. To

each (m-l)-chain of the first type there corresponds

(n+l) distinect m-cycles, as the m-cycle can be com-

pleted by choosing P, to be any of the (n+l) points
2

of P;%; Then P eP,?, so P,? R ¥, i.e. B _jeP ¢

and we indeed have an m-ocycle. To each (m-l1)-chain
of the second type there corresponds one m-cycle,
namely that for whiech Pm = Pl@n Pm—1¢° This exhasusts
the m-eycles of ¢.

However, the number of (m~1)=chains of the first
type is Z;_,» for the (m=~l)-chains of the form

{Pl"°”Pms2’Pi} can be put in one-to-one correspon-

dence with the set of (m-2)-cycles (P1’°"’Pm—2)
(since PmF2¢ePl). Hence the number of nm-cycles can
be written by noting that there are (n+l) m-cycles
for each (m-l)-chain of the first type and
((n?+n*l)(nﬁl)m’2-zm_2) other m~cycles, i.e. one for
each (m-l)=-chain of the second type. Thus

By = (n+1)3,_,+(nf+n4l) (n+1) "2z

m-2
. _ 2 _ M=2
ieee 2y = nzm_2+(n +n+1) (n+l) eeees (1)
Now for any integer k2o,
k
ZZK‘!']. = (n+l)2k+1+n (Zl-‘n"l) L N (2)

To prove this induect on ke If k = o it is
evidently true. Suppose that it holds for (2k-l).
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Then by equation (1),

i - 2 21{-‘1
52k+l = nzgk_1+(n +n+1) (n+1)

= n[(m-l)2k'l+nk'1(zl—n--1)]+(n2+n+l)(n+l)2k_l
(by the induction hypothesis)

= n(1r1-t-1)21‘:"1+nk(Zl—n--l)+(1f12-s-n+].)(n+l)2k-l

= (0+1) (+1) L4n (5. -1 ) 4n(ne1) (ne1 ) 21

. _ 2k+l, k..
i.e. 22k+l = (n+l) +10 (ﬁl-n—l)

and equation (2) evidently holds in general for all k.

As n is odd there exists an o0dd prime p, expres-
sible as 2k+1 for some k, such that p divides n. 1In
this case equation (2) becomes

Z (n+1)P4ps for some integer s

b

i

= np+pr+1+p for integers r and s.
Hence ZPE 1 mod p; but as Apﬁ":Zl mod. p, Zl=l mod p,

S0 Zl # 0 and hence there exist absolute points.

Definition: An involutory collineation of g projec-

tive plane 7 is a collineation of order 2.

Lemma 4.14 Tet © be a projective plane of order n

containing a projective subplane/W of order m., Let
incidence of points and lines in/M be the same as
that in n, and let all points of 1 be on eXtended lines

of M . Then n = n?,

Froof: Each line of M has (m+l) points and each

line of 7 has (n+l) points. Hence in extending a line
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of /1 to a line of 7 it is necessary to add
(n+l)=(m+l) = (n~-m) points to the line. This must
be done for each of the (m*+m+l) lines of /M ; hence
(m2+m+l)(n-m) new points are added to M in this way.
Ag all points of 7 are on extensions of lines of M,
these (m®+m+l)(n-m) points comprise all the points
of 7= M.

These new points are all distinet; for if nq
and m, are distinet lines of}/fand4P is a point of
= M lying on both the extension of ny and the exten-~
sion of m,, then m, and m, (thought of now as lines
of n) intersect both at a point of M and at Pen- A,
contradicting the axioms of incidence. Thus as % has
(n®+n+l) points and # has (m°+m+l) points, it fol-
lows that _

n®+n+l = (n®+m+1)Hn® +m+1) (n-m)
i.e. (0®-n® )+ (n-m) = (2®+m+l) (n-m)
(n-m}(n+m+l) = (w®+m+1) (n-m).

As n)m, this implies n = n%,

Theorem 4.7 (see Baer (3)) Let o be an involutory
collineation of a finite projective plane of order n.
Then either o is 8 central collineation or o fixes

pointwise a subplane of n of order Vn.

Proof: Ivery point of = lies on a line fixed by o;

for choose an arbitrary point Pex., If P is not



fixed by o then PPC is a well-defined line and

2 _
9% = P9p, Hence PP® is fixed by o

(pp%)% = %
and Pe(PP°), If P is fixed by o, choose any line
X such that P f and % # ¢ (such a line exists
as 6 £#1)s Then An f° # P and so P(,Qn/ec) is

a well-defined line through P fixed by o (as both
P and /ET)J&@ are), Thus P lies on a fixed line,

Let X be the set of all points and lines of
i fixed by o, Then two lines of K intersect at a
unique point of K and two points of K are joined
by a unique line of K, Hence if there are four
points of K of which no three are collinear, the
points and lines of K comprise a projective plane.
As every point of n is on a line of n fixed by o,
i.e. on an extension of a line of K, it follows by
lemma 4,13 that K has order Yn.

If there are not four points of K of which no
three are collinear, choose P such that PG‘# P and
let {fﬂi = 1 to n+1} e the (n+l) lines through
P, Then there exists, for i = 1 to n+l, a point Qi
such that Qie‘ﬁi and Qid = Q; (and thus Q; # P).

As Q ek, i = 1 to n+l, either all (n+1) points {Qi}
are collinear or else n of them (say Q to Q) are
collinear. In the first case o fixes a line point~

wise and hence is a central collineation; din the

104
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second case let S be the remaining point on the
line m = Q,Q,, . Then m% = m so S%m;  but
Qi° = Qi,i =1 ton, so 89 = g and o fixes m point-

wise and is thus a central collineation,



CHAPTER V
LOCALLY DESARGUESIAN PLANES

Let G be the collineation group of a finite
projective plane n. In this chapter various assump~
tions are made concerning the action of ¢ on the
points and lines of 1. Assumptions are also made
concerning the number of elations and homologies in
G. These assumptions are shown to imply in somne
cases that n is a translation plane or its dual, and
in other cases that n is Desarguesiaﬁ.

Two approaches are used; in the first, due to
Wagner (13), the collineation group of the projective
plane is regarded as a permutstion group on the points
and lines of the plane. Certain general assumptions
about the orbits of the group are shown to imply that
the projective plane in gquestion is a translation
plane, and a well-known theorem of Ostrom and Wagner (7,
namely that if G is a collineation group doubly trans-
itive on the points of # then n‘is Desarguesian, is
shown to follow immediately as a corollary. The
second approach, due to Wagner (|| ) and Piper (i0),
consists of postulating the existence of a certain number
of central collineations and from this deducing infor-
mation about the structure of the plane. The method is

essentially an extension of the work of Gleason ( 4),
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and Andre ({ ).

Flags in Projective Planes

A flag in a projective plane n is an incident
point-line pair. If the point is C and the line iSze ’
then the flag is symbolized (C,f'); C is called the
centre of the flag and «2 the axis of the flag. A
collineation ¢ is said to map the flag (01,121) onto
the flag (C,,J,) if and omly if 0;% = ¢, ana L, ° =l2.
Yhis is symbolized by writing (01”21)('0 = (G, d,).
Thus a collineation group G of a projective plane 7
has an action on the set F of flags of n. Hence the
usual concepts of permutation group theory will be

applicable to the collineation group G considered as

a permutation group on the set F.

In the following work a very general condition
on the collineation group of a finite projective plane
n is shown to be sufficient to ensure that 7 is a
translation plane. A number of preliminary lemmas

must first be proved.

2=Subplanes of Projective Planes

Let = be a finite projective plane and G & col-
lineation group of w. A 2=subgroup of G is defined to
be a subgroup of & of order 2% for some non-negative
integer a. A non-degenerate projective subplane p of

% will be called a 2-subplane of 7 with respect to G
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if there is a 2-subgroup H of G fixing every element
of p and no other element of =n.

More generally, let G be a collineation group of
a finite projective plane = eontaiﬁing a projective
subplane p, and suppose that G permutes the elements
of p amongst themselves., Then G has an action on u,
and induces a permutation group G on the elements of u.
It is easily seen that G will be a homomorphic image
of G, and that the kernel K of the homomorphism will

be the set of all elements of G that fix p elementwise.

Lemma 5.1 Let 1 be a finite projective plane of order
n and let y be a 2-subplane of # with respect to the
collineation group G of n. If p has order m, then

n = m?g for some non-negative integer g.

Proof: Let H be the 2-subgroup of G that fixes p,
and only u, elementwise. Then H = 2% for some

integer a«s If a = 0 then nt = p, g 0, and the theorem

i

holds. If a> 0 then |Z(H)|>1 (where Z(H) ={haﬁ]hk = kh
for all ksH} )+ Consequently there exists an element
9e4(H) of order 2. By theorem 4.7, ¢ is either a
central collineation or fixes a subplane Ty of ©n of
order Yn. As H fixes only elements of u, the first
alternative is impossible. Hence ¢ fixes a subplane
ny elementwise,

As ¢ez(H), then Ny( <¢>) = H if <¢> is the
cyclic group generated by ¢; hence by lemma 4.3 H

permutes the elements of T amongst themselves. Thus
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H has an action on Ty e Denote by Hl the permutation
group of Ty induced by H and let X be the subgroup of
H fixing ny elementwise. Then Hl is disomorphic to-%—,
as noted earlier. It follows that Hl is a 2-group and
& collineation group of L) that fixes only the elements
of p. If Hy =1, then T, = {and n = m®, If Hy # 1,
then the above argument is iterated with T playing
the role of 7 and H, playing the role of H (note that
all the requisite hypotheses hold). As n is finite,
after iterating the argument a finite number of times
(say g), the group corresponding to Hl (call it Hg) is

the identity. Then the plane corresponding to m, will

be W, and it follows that m2® = n,

1

Definition A projective plane 7 will be said to have

the homology property if =

contains a fixed line and

a fixed point 0, 0£.f, such fﬁ

that for any two distinct .
points A and B;onjz', there

exists an involutory homo-

logy of m with axis OA and

centre B, /Z

Lemma 5,2 Let n be a finite projective plane of order
n possessing the homology property. Then n = p% for

some prime p.
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Proof: Let U and 0 be the fixed line and point of

T respectively, and let G be the group of collineations
generated by all homologies with centre on.JZ and axis
through 0. Let A be an arbitrary point of 13, and
define KA to be the subgroup of G generated by all the
involutory homologies of n with centre on./B and axis
OA. DNote that Kﬂ is a proper subgroup of GA, as GA
includes homologies with centre A,

The group ¢ fixes /R and hence has an action on
the points mf/B; thus KA also has such an action.
Also, as m has the homology property, for any point
B of,ﬁ—{h} there is a (B,0A)-homology of order 2 in Ky
Thus by theorem 4.4, K, is (A,0A)=transitive, i.e. is
transitive on the points of ,Q—{A}. Further, all elements
of KA are, from its definition, central collinestions
with axis OA; hence by lemma 1.3 only the identity of
KA fixes two points of,E—{h} and KA is thus a PFrobenius
group on the points of E—{A}.

By the above reasoning, for any distinct points
Al and B1 on )Z, GAl is transitive on 2-{111} and G—Bl is
transitive on JZ —{BJ} § hence G is transitive on the
points ofJZ. Since, for an arbitrary Cejz, Gy is trans-
itive on,g'—{b}, it follows that G is doubly transitive
on the points ofja.

Finally, KA is normal in GA; for let o be a generator

of KA and ¢ a generator of G,. Then a« is a (C,0A)=-
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homology where USB*{AE; thus by lemnma 1.6, Yoo is

a (6% (04)%)-collineation, 4s G fixes O and G, fixes
A, (04)% = 04, so olac is an involutory homology with
axis OA and hence is in KA‘ It follows that K, is
normal in QA.

As KA is generated by involutory homologies it
has even order; by the definition of G, any generator
of G interchanges all but two of the points of /Q in
pairs, so (n-l) is even, i.e. n is odd (i.e. any finite
plane with the homology prOperty‘has odd order). Hence
all the hypotheses of theorem 4.1 are satisfied, with
S being the set of points on;ﬂ ’ Ga being GA’ and Fa
being K,. Thus by theorem 4.1 n is a power of some
prime. Consequently a finite plane with the homology

property has order pm for some prime p.

Lemma 5,3 Let n be a finite projective plane and let
G be a collineation group of = fixing a line JZ of =n.
Then the following three conditions are egquivalent:
(1) G is transitive on the affine lines of b
(where K is considered to be the " line at infinity” ).
(2) G is transitive on the points of /Q and on
the affine points of Ty
(3) G is transitive on affine flags of uﬂ(i.e.

on flags (C,y) with C£ U and v 0.
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Proof:

(1)= (2): COonsidered as a collineation group on the

set ;ﬁ of lines of n, G partitions 33 into two disjoint
orbits. By theorem 4.5, G will partition the points of
n into two disjoint orbits. As G cannot map points of
,Q onto points not on,E (since G fixes,g }, these two
orbits must be the points of 15 and the points of

7~ {f} . Hence (2) follows immediately.

(2):}(3): Let (Cl,ﬂl) and (02,22) be arbitrary
affine flags of n. Let f NJ = D, end /QQDJ?, =D
By hypothesis the points of /Q‘

20

- {Q} and the points of

are orbits, under the action
of G, of orders (n+l) and n®
respectively. But (n+l) and

n® are relatively prime, so

by two applications of —

D, D?_\ L

o
1.

lemma 4.2 there'exist

5
D. 1 =D

elements 0y and o, in G such that C 1 D 09

1
o o g, 0

and D, 2 = Dy, G 2 = C,. Thus (¢, B,)12= (02,)?2);

as (Cl,_El) and (02,22) were arbitrary affine flags of

ny, G is transitive on such flags.

(3)=—=(1): "This is trivially true.

Corollarye Let m be a finite projective plane of order
n and let G be a collineation group of = fixing ,Q and

transitive on the lines of n~ {f}. Iet Gy y denote the
?
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stabilizer in @ of the affine flag (C,v), let G, denote
the stabilizer in ¢ of C, and let GY denote the stabili-
zer in G of y. Then:

(1) IGC,Y|n2(n+l) = |¢|

(2) ‘GG’YIna = ‘ where G, is the stabilizer
in & of an arbltrary point AE!Q,

(3) eyl = ()| |

(4) 6ol = njag |

(5) lGA,Gl = lGC,Y} where G, . is the subgroup of

G fixing both C and a point Ae f.

Proof:

(1) There are n* affine points in Ty s and (n+l)
affine lines through each of these. As each incident
point-line pair with elements drawn from these points
and lines comprises an affine flag of 7m, there are
n® (n+l) affine flags in n. As G is transitive on affine
flags of Ty Dby lemma 5.3, |Orb (O,Y)I = n® (n+l). Thus
ch,Ylng(n+l) = |G| by lemma 4,1,

(2) As by lemma 5.3 ¢ is transitive on the points
of £ , it follows from lemma 4.1 that |6, | (n+l) = |a].
Combining this with (1) immediately gives |Gc’7]n2 = |, ]

(3) By hypothesis G is transitive on the (n®+n)
affine lines of m, so by lemma 4.1 IGYI(n2+n) = |6/
Combining this with (1) immediately gives IGY| = n|G

C,Y,'
; emma, . 1S ransicive on e 1 a ine
(4) By 1 5.3 G is ¢ 4 the n® affi
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points of my, . Thus by lemma 4.1, ,Gclna = |¢f. Com-
bining this with (1) immediately gives |GO| = (n+l)|GC Yl°
b
(5) It is evident that GA,C = GC,AC’ As G is
transitive on affine lines it follows from 1empa 4.1

that |Gy ol = |6g,y |+ Consequentiy |6s ¢l = &g,y |-

Lemma 5.4 Let 7t be a finite projeotive plane and let @
be a collineation group of w fixing a line ,Q of m. Then
G is transitive on points of 7~ {f} if and only if, for
an arbitrary point Ae,ﬁ, GA is transitive on affine lines

through A,

Broof: Let the action of G on the points of A splis
these points into s orbits.

Pirst assume that G is transitive on the points of
T {2}. Then there are (s+1) distinct orbits of points
of n under the action of &, By theorem 4.5 there are
(s+l) orbits of lines of 7 under the action of ¢, As Ja
is a fixed line, there are s orbits of affine lines of 1
under G. Let Tl and T2 be distinct orbits of points of
,@ under G, and let B,l‘and }22 be affine lines such that
‘,Qlﬂﬂ sTl and Qzﬂﬂ ET2. Then if there exists geG such
that 0.8 = ,32, it would follow that (£ nf )& ='_JZ2HJZ ,
contradicting the agsunption that Tl and T2 are distinet
orbits. Consequently the set of affine lines of 7 inter-
seeting,JZ in the points of a given orbit of points of

mist comprise an orbit of lines of jl. Thus G is trans-
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itive on affine lines through AEJB, and consequently
G, is also transitive on these lines (for arbitrary
As}a).
Conversely, suppose that for arbitrary Aajz,

GA is transitive on affine lines through A. Iet T be
an orbit of points of /E and let Pl,stT. Then there
exists geG such that Plg = P2. Hence 4if ny is an
arbitrary affine line through Pl’ mlg is an affine line
through PZ' But GPi is transitive on affine lines
through Pi(i = 1,2), and P; and P, were arbitrary in %,
so it follows that the set of affine lines intersecting
/2 in points of the same orbit T comprise an orbit of
the lines of n under G. There are g such orbits, plus
a singleton orbit iﬁi s and hence a total of (s+1)
orbits of lines under G. By theorem 4.5, there are
(s+1) orbits of points of = under Gy, of which s are

comprised entirely of points of,g 3 1t follows that G

is transitive on the affine points of mn.

Corollary Let n be a finite projective plane and G

a collineation group of n fixing the 1ine,E and trans-—
itive on the lines of x- {ﬁ} « If A and B are arbitrary
points of ;E and my and m, are two affine lines through

B, then |GA*B’ml‘ = ,GA,B,mgl;

Proof: By part (2) of the corollary to lemma 5.3,
G4, is transitive on the affine points of m. Thus by

lemma 5.4, GA B is transitive on affine lines through
’
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B. Thus as | Orb y 1t follows
4,8 A,Bm2,

from lemma 4.1 that 'GA,B,mll = ’GA,B,mZt'

my = Jorb

Theorem 5.1 ILet 7 be a finite projective plane of order

n and let ¢ be a collineation group of 7w fixing a line
a£ and transitive on the affine lines of x (where«z is
regarded as the dline at infinity ). Then if either
(1) n is even
or (2) n is a power of an odd prime,
T is a translation rlane with respect to vg and G con-

tains the group of elations with axislg .

Proof: By lemma 5¢3, @ is transitive on the points of
,Z + Hence if Cl and 02 are distinet points of,£ y the
elation groups Gcl’lz and Gczyz will be conjugate in @
by lemma 1.6, Hence, by lemma 4,10, in order to show
that n is a translation plane with respect to 48 it
suffices to show that G¢ contains a non-trivial elation
with axisag .

Let (C,m) be an affine flag of m, and suppose
’Gc,m | = k. By the notation plx (for a prime p and
integers u and x) we shall mean that p* divides x but

pu+l does not divide x. There are two cases:

Case (1): n is even. Suppose 2Y%| n ana 2v” ke Then

u) o. Let M be g Sylow 2-subgroup of G. By the corol~

lary of lemma 5.3, ]GC nl(0+1)0® =) ¢ | and hence M has
?

2u+v

order 2 + As M has a non-trivial centre, choose
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aeZ(M) of order 2. Let S denote the set of all points

of n- {E} fixed by o, and let ,Sl = 8. By theorem 4.7,
either o is a central collineation or o fixes elementwise
a projective subplane p of m of order Yn. If a is a
central collineation, since n is even o is an elation

by theorem l.2. If « has axisjﬂ,, we are finished; if

o has axis m (m %,B )s» then 8 consists of the points of
m, excepting mn,ﬁ y and 80 § = n, If o fixes the points
of a subplane p, then a fixes (n+yn+l) points of =, of
which Yn+l are an,g restricted to p; hence s = n in this
case as well,

By lemma 4.3, the normalizer in M of the group
generated by o permutes the members of S amongst them-
selves; as «ea(M), M is this normalizer, so M has an
action on the points of S, Let T be an orbit of S under
M and let P be an arbitrary element of T. Suppose
ITI = t. Now M? is a subgroup of GP’ and by the corollary
of lemma 5.3, IGPI = (n+l)k. Evidently 2v"(n+1)k (as
(n+l) is odd), i.e. 2v" IGPI, and hence IMPl divides 2V,
But by lemma 4.1, lM?lt = M| = 22u+v’ so it follows that
2u

2 divides t. But as T was an arbitrary orbit in 3,

divides :E:: t,

all orbits T

it follows that
22u

% Qivides n. As u>o, this contradicts the hypo-

i.e. 2
thesis that 2“" I, Consequently s = n is impossible, o
is an elation with axis,g y and © is a translation plane

with respect to,Q o
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Case (2 n = ps for an odd prime p and a positive
integer s.
BN 1
Let |65 | = k as before, let pP|| k, ana let A
be an arbitrary point of,E « By the corollary to
2 ‘ t+28
lemma 5.3, IGAII =n IGO,m“ Thus p IIIGAJ y 80 if
M is a Sylow p-subgroup of GAl, 'M‘ = p28+t; Let C be
an arbitrary point of u- {2}. Then by lemma 4,1, the

orbit of C under M will be

of order pu for some integer :
u; hence ,Mclpu = poStt, \Au Ae 1
iceo IMCI = p2BHU pig

Mg is a subgroup of GAl,C!
and by the corollary to
lemma 5.3,
IGA]_’G|= lGC,m{ = k.
Thus p?3*5 U Givides k. 4s pt” K, it follows that

p23+t"uépt, and as uf 2s from the definition of s and
u, it follows that u = 2s. Hence jorb ¢| = p% = p°S = p?

and M is transitive on the affine points of =,

Now M has an action on the points of ,E -{Alag y and
hence partitions these points into orbits. Let A2€,B
and let.A2 be a member of an orbit of minimal length
under M. Thus BSQ,-{A]_}@IMAA > |1y

itive on affine points of Ty by lemma 5.4 Mié is trans-

e A8 M is trans-

itive on affine lines through A2.

Evidently MAZ is a p-subgroup of GA2; consequently
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there is a Sylow p-subgroup (5
M of Gy such that My, & M.
As MAZ fixes A4, it further
follows that M, £ (M)a.. G -

By the corollary of // ‘\
lemma 5.3, it follows that ™M M
[G) = (n+l)fGA1], so M and M \\\\ _g///
are Sylow p-subgroups of G. [%Aizrqﬂ,

(See the Hasse diagram giving the group relationships.)

W o= M. Let 4,8 = B.

Hence there exists ge¢ such that g~
Then Bﬁwz. If Ay = B, then gaGAl, ﬁebylP(GAl), and
(M)Al = M. Similarly MﬂZ = M, and MA2 = (M)Al =M = M.

g = M. But

If Ay # B, it is seen that g"l(ﬁ)Algég—
evidently g'l(ﬁ)ﬂlgﬁ;mﬁ, 80 by the maximality of Mﬁz,
-1,= _ = . o =
|Mapl 2 le7 () 8] = (D, . Bus Jm, | £1G0, [, and
3 IVJ. = ITI .
° Mup = (Myy
Just as MA2 is transitive on affine lines through
Ao, S0 also is (lTi)Al transitive on affine lines through
A1. Hence MAZ is transitive on affine lines through 4,.
Let«{Ai’i = 2,-*-,q} be the set of points of
_‘ '] i A 4 i = P 3
,P {Ai} fixed by MAZ. Thus MA2”'MA1’ i 2, s Q3
thus by the maximality of Mﬂ2, MAZ =M, » 1 =2 toq,
i
80 as M, 1is transitive on affine lines through Ai,
i
i=2 to g, and as MAz has been shown to be transitive

on affine lines through Al, it follows that MAZ is
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transitive on the affine lines through Ai, i=1 %o q.

As p-groups have non-trivisl centres, we can find
aaZ(MAg) such that o is of order pe Then o fixes at least
two points of 1, namely Al and A2; hence by theorem 4.5, a
fixes at least two lines of iy, one of which is «Z. Let
one of the other lines be denoted by m. Then either
,gf)m = AJ for some 38{1 =-o,q] or ﬁn m # A for any

JS‘{E-’"‘:Q}

In the first case, let r be an arbitrary affine line

through Aj. As MA2 is transitive on lines through Aj,
there exists ¢5MA2 such that m® = r. Thus ne = %, and
as an(Mﬁg), r® = nfo o n?, Thus r% = p’e - r“2,

lees r = v%; i,e., o fixes every line through AJ. Thus «

is a central collineation with centre A To show that

e
its axis is,Z y 1t suffices to show that no point of
ﬁ—{jg is fixed by «. Suppose that Can-{ﬂ} and suppose
that C% = C. Then as o fixes Ag, se{l,--',q} and s #£ j,
(CAg )% = CAy and thus by the dual of lemma 1.3, a = 1,
contrary to hypothesis (note that as q¢-2, an Ay can
always be found). Hence « is g non-trivial elation with
axis l and we are finished,

The second case cannot arise; for supposeafr\m =D
where D # Aj, J =1 to g. Consider the orbit of m under
MAZ' As D is not fixed by MAZ’ there is a line
ra(Orbﬁﬂzm) such that rnm = & and E¢LB° By the argu-
ment used in the previous baragraph, as a fixes m it

also fixes r; hence E% _ (nNT)% = g,

Hence in all possible cases ® is a translation plane

with respect to«g.
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Lemma 5,5 Let nm be a finite projective plane of odd
order n, and G a collineation group of = fixing,ﬂ y the
“1ine at infinity», and transitive on the lines of Ty o
Let p be a minimal 2-subplane of n with respect to G;
l.es let it contain no non-degenerate 2-subplane of x
with respect to G. Let H be the subgroup of & consisting
of all elements of G that map u onto itself. Then, as

H has an action on M

(1) Por every affine flag of p there exists an
involutory homology in H fixing this flag.

(2) If_ﬁ and B are distinet points of /Q restricted
to p, and if_JZ is an affine line of p through B such
that theri exists an involutory homology in H fixing
A,B, and,ﬂ s then if m is any other affine line of p
through B there exists an involutory homology in H fixing

A,B, and m,

Proof of (1) Let K be a maximal (in that no 2-subgroup

of G containing X has the property) 2-subgroup of G
fixing u, and only U, elementwise. ILet U3WE) be an
arbitrary affine flag of p (and hence of T)s Let

'GC,El = k. From the corollary of lemma 563,

lal = x(n+l)n®. 1t u,v, and w are defined by 24/ n+l,

2V x, and |k | = 2%, then as n is odd, udo and 2u+v|||G|°
Evidently K is a subgroup of G(C,E ) and so w< v, Thus

as Sylow 2-subgroups of ¢ have order 2%V ki not a

Bylow 2-subgroup of G. Hence there exists, by the theory
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of groups of prime power order, a 2-subgroup K of G of
order 2w+l containing K. Then K is normal in K. As K
fixes p and only g elementwise, by lemma 4.3 K permnutes
the elements of u amongst themselves. Thus K has an
action on u, and induces a collineation group of p. By
the maximaiity of K, K is not the identity on p. Now K
is generated by K and k, where keX-K and k, considered
as a collineation of u, has order 2. The action of K
restricted to p is evidently isomorphic to E, which is
isomorphic to the group {1,E}. Thus K actsKon V) aé a
collineation group of order 2 generated by k. Thus by
theorem 4.7, k is either a central collineation of p or
else fixes a non~degenerate subplane of p. The latter
~alternative is impossible by the minimality of uj; hence
as 7 has odd order, by lemma 5.1 so has p, and hence by
theorem 1.2 k acts as an involutory homology of p. As
keg, it fixes £n p (where fLn p = {P|Pe£ s Pep ); hence
either X is the axis of k or the centre of k is ond .
In either case it is evident that k fixes some affine
flag, say (D,m), of p. Thus K% G(p,p) and as | K| = 2%+,
(w+l) divides |G(D,m)\ = k., Hence as 2v“ k, (w+l)< v,
i.ee W¢ Ve Thus K is not a Sylow 2-subgroup of G(G,E,)‘
It follows that G(C,E ) contains a 2-subgroup L of

order 2w+1

containing K as a normal subgroup of index 2.
By lemma 4.3, L permutes the elements of p amongst them-

selves and so L is a subgroup of H. By the argument used



123

for K, it follows that I contains an element which
acts on 4 as an involutory homology and fixes (0,,9).
This element will be in H, and as (C, L) was arbitrary,

assertion (1) holds.

Proof of (2) The group K as defined above is not a

Sylow 2-subgroup of I-IA B-ﬁ ; for let H be the subgroup
Ly
of H that fixes u elementwise. Then H is a normal sub-
group of H, as is easily verified, and X is a subgroup
of H. By hypothesis there is an element of H 0
A,B, £
that, considered as s collineation of u, is of order 2;

H -
consequently the factor group -éégig has even order, and
H

80 K cannot be a Sylow 2-subgroup of 3A B i » Conse=
ry

duently XK is not a Sylow 2=-subgroup of QAZB E +« By the

-y

corollary of lemma 5.4, GA,B,E ' = lgA,B,m’° Thus by

definition of K, K is a 2-subgroup of GA B but not a
p D,

Sylow 2-subgroup of GA B,p® Then by the argument used

| et
in case (1), there exists g 2-subgroup K of GA B
gDyl

inducing a permutation on My POSsessing XK as a normal

subgroup of index 2, and possessing an involutory homology

fixing A,B, and m, As K is a subgroup of H, H possesses

Such an involutory homology and assertion (2) holds,

Lemnma 5,6 Let u be a finite projective plane and H a
collineation group of p fixing a line JZ of u and pos-

Sessing the properties of H in lemms 5.5, i.e,
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Proof: There are severs] cases,

Case I: g contains no involutory homology With centre

homol.ogy %s Let a have
Centre A gng axis E ;
then As}Z, and let

Lol <s £ 4, Evidently,
A,B, and E s8tisfy the

Prerequisites of condition

/V, (2), so for any affine line

n through B, there exigts
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centre is B, then the axis m is an affine line through
A and by lemma 1.10, af is an involutory homology with
centre m ﬂ,ﬁ, whieh is not on,E ; this contradicts

the assumption. Hence B has centre A and, as it fixes
m, axis m. Thus for every affine line m through B there
is an involutory homology £ with centre A and axis m.

By the dual of theorem 4.4, part (1), p is (A,,Q)—transm
itive. "There are now two possibilities.

If H does not fix A, then as H fixeSzz y there
exists geH such that AY = &4 £ A, Es,ﬂo Then by lemma 1.6
i is both (4,4 )~ and (&, £ )-transitive, and by lemma 1.7
p is a translation plane with respect tofﬂ o

If H fixes A, let (P,q) be an arbitrary affine flag
of u such that C = 4N a4 # A. By condition (1) there
exists an involutory homology yeH such that y fixes
(P,q). Now y also fixes A by hypothesis. If, for every
affine line ¢ of m not through A the corresponding
involutory homology y has centre A, by the dual of part
(2) of theorem 4.4, u is the dual of a translation plane
with special point A, If there exists an affine line
a, AFq, such that A is not the centre of the corresponding

kinvolutory homology vy, then y has centre C and plays the
same role as B did earlier in the argument; and by using
the argument employed there, it is found that p is a

translation plane with respect to‘}b.
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Case II: Only one affine point of p is the centre of
an involutory homology in H.

Let this point be 0, and let o be the involutory
homology with centre 0. Then H fixes 0, for if there
exists heH such that OF = § # 0, then 0 is an affine
point (as H fizxes { ) and by lemma 1.6 is the centre
of the involutory homology h'lah, contrary to hypothesis.,
Let A and B be arbitrary distinct pbints of,R « Choose
PeOB, P # B, P # 0. Then by condition (1), there is an
involutory homology yeH such that Y fixes the affine
flag (P,AP). Thus y fixes
P, O, and thus also OPNK = B O
and APN Y = A. Thus y has
centre A and axis 0B. As A
and B were arbitrary on,ﬂ s

K has the homology property , A

B

(with respect to the point 0 \\ /R
and the line,g )e
Case III: There exist at least two affine points of U
that are centres of involutory homologies in H,

Let O be one of these points, and let & be an
involutory homology with
centre O, Let A and B be ja
arbitrary points on,R y and O
let,ﬁ be an arbitrary affine
line through B. As & fixes

2, OA, and OB it fixes A A B

and B. Thus by condition (2) / N /E
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there isr an involutory homology in H that fixes A,B, and 2 .

As H fixes £ » any homology in H with an affine
centre must have axis ,E 3 consequently as there are at
least two distinct affine centres of homologies in H with
axis s DYy theorem 4.3% there ig a non-trivial elation
with axis j& in H. There are now two subcases.,

Subcase III(a): Some affine line m does not contain an

affine point that is the centre of san involutory homology
in H,

Let En m=A and let Beﬂ-—fA} « As seen above,
there is an involutory homology wcH that fixes A,B, and n,
Either o has centre A and axis through B, or centre B and
axis m. In either case ¢ has an sction on the roints of
2-{.&8 » and fixes only B. There is such an « of order 2
for each Baﬂ-{A}, so. as 2 is a prime, by lemma 4.4 the
group generated by sll such involutory homologies a is
transitive on 2 -{AQS. But this group is evidently a
subgroup of HA,m’ S0 HA,m is transitive on the points of
AR

If H does not fix A, then H is transitive on the
points of 2 s and as it has been seen that H containg a
non-trivial elation with axis /Q s 1t follows from lemms
4,10 that p is g translation plane with respect to /8.

If H fixes A, let C be any affine point of m and
B any point of ﬂ-{ﬂ} « By condition (1) there exists an
involutory homology yeH fixing the flag (C,CB). Also,
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y fixes A and wnd = B,
so by applying the argument
above with y playing the
role of a (and noting that
B is arbitrary in Z -{a}),

it follows that HA,C is

transitive on the points of /ﬁ

A -{a}.

ror a given B and y, as C is by hypothesis not

A\ B

the centre of y, one of A and B is. If A is the centre,
then y is an (4,CB)-homology. If @SHA’O, then by

lemma 1.6 ¢~ Yy is an (A%,cPB?)-homology, i.e. an (A,CBY)-
homology. As H,  is transitive on J -{%} it follows

that for every line q through C (excepting CA) there is

a non-trivial (C,q)-homology. Hence by the dual of

part (1) of theorem 4.4, p is (A,AC)-transitive.

If y hes centre B (and thus axis AC), then y is a
(B,m)=-homology. Thus as HA,C is transitive on points
of,P -{A} and as HA,G fixes m, by lemma 1.6 there is a
non-trivial (P,m)-homology for every point Pa-ﬁ—{h}.
Hence by theorem 4.4, part (1), ¢ is (A,m)~transitive.

Thus in either case p is (A,m)-transitive; hence
as the involutory homology & with centre Oﬁ!g fixes A,
by lemma 1.6 p is (A,m6)~transitive, and m6 # m; hence
by the dual of lemma 1.7, U is the dual of a translation

plane with respect to the point A,
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Subcase III(b): Every affine line of u has on it an

affine point of p that is the centre of an involutory
homology in H.

Then let A be an arbitrary point of,e and let
m be an arbitrary affine line through A. ‘‘hen there
is an involutory homology aecH whose centre is an affine
point of m, and whose axis is J& . If SA denotes the
set of affine lines through A, then as o fixes A4 it
permutes the elements of SA amongst themselves and
fixes only m. As there is such an o of order 2 for
each msSA, it follows by lemma 4.3 that the group gen~
erated by all such a, and hence HA’ is transitive on
SA' As A was arbitrary on.Q', it follows by lemma 5.4
that H is transitive on the points of p- $0}. Hence
by lemma 1.6, there is a non-trivisl (G,,E)—homology
for every Csu—{ﬂg » and thus by theorem 4.4, part (3),
p is a translation plane with respect to,Q .

Lhis completes the proof of lemma 5.6.

‘theorem 5.2 Let © be a finite projective plane of

order n and let G be a collineation group of = fixing
a line §, (the ' line at infinity”) and transitive on
affine lines of m. Then % is a translation plane with

respect to_)l and G contains the group of elations with

ax:i.ssf2

Proof: If n is even the result is immediate by

theorem 5.1, If n is odd, let p be a minimal 2-subplane
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of m. Then by lemma 5.1 p has odd order, and by

lemmas 5.5 and 5.6 p is either a translation plane

with respect to,B y the dual of a translation plane,

or possesses the homology property. If p is a trans-—
lation plane with respect to ,Q then by theorem 1.1

the group of all elations with axis ,R has prime power
order. Hence if Ge,Q y the group Gc A of elations with
centre C and axis JZ has prime power order, and by
lemma 1.4 IGC,Q I = n. Hence n has prime power order.
If p is the dual of a translation plane, the dual argu-
ment gives the same result. If M possesses the homology
property, n is of prime power order by lemma 5.2,

Hence if n is odd, p has prime power order. By

lemma 5.1 this implies that w has prime power order;
hence by theorem 5.1 n is a translation plane with
respect to ja and G contains the group of all elations

of n with axis JZ.

Corollary Let m be a finite projective plane with a
collineation group ¢ doubly transitive on the lines of
o Then n is Desarguesian and G contains the little

projective group of .

Proof: As G is doubly transitive on the lines of =,
QE is transitive on the affine lines of the affine
plane Ty for any line _BE%. Thus n is a translation

plane with respect to every line of ny, and G contains
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all elations of n. Hence by the conclusions of
Chapter III, n is Desarguesian and G contains the

little projective group of =.

In the remaining theorems of this chapter we
study the extent to which the number of central col-
lineations in the collineation group of the projective

plane determines the structure of the plane.

Theorem 5,3 (Wagner (I} )). Let n be a finite projec—

tive plane possessing a point C and line,Q . 05,8, such
that C is the centre of an elation and ,Q is the axis
of an elation. Then there exists a non-trivial (G,}Z)-

elation in .

Proof: Suppose on the contrary that there is no non-
trivial (C,JZ)—elation. Let»{Di|i = 1 to s} be the set
of all centres of non-trivial
elations with axis ,2 and
{mj[j = 1 to t} be the set
of all axes of elations with
centre C. Then D, # C,

i

1 to s, and mj #,Q ’

J =1 to t. By the hypotheses m,
of the theorem s> 1 and +2 1. MLy
Let o, ve a (D, { )~elation and B, a (C,m,)-elation.
i i, 1 1
Then by lemma 1.6 ai'lﬁlai is g (C,mlai)—elation. Thus,

as o, does not fix m, as mln,ﬁ # Di, mlal = m, for sonme
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integer u such that 2<ugt. Further, if i £ j then

0 s . oo =1
my 1 £ my J ; for otherwise my d = my, and by lemma

1.5 aiaj'l is & non-trivial elation with axis .0 ; as

aiaj—l fixes ml; its centre is C, in contradiction to
the assumption that no (0,2 J-elation exists, Thus
14 §=3m" £ m ™), Thus to each of the s pointe
{Di,i = 1 to s} corresponds a distinct line of the set
: {mj'j = 2 %o ﬁ}. Hence s(¢ t. However, the dual argu-—
ment gives that t<s. This contradiction shows that

our assumption is false and that a non-trivial (C,«Q)—

elation exists,

Corollary: If mn is a finite projective planerand G

is a collineation group of m such that every point is
the centre of a non-trivisl elation in @ and every line
is the axis of a non-trivial elation in G, then = is

Desarguesian and ¢ contains the little projective group.

Proof: By theorem 5.3, for every point ¢ ang lineaz
such that Cel there is a non-trivial (C,ﬁ )-elation,
Hence by lemma 4,11 the bplane is Desarguesian.

The analogous case for homologies is now treated.

Theorem 5.4 (Wagner (Il )). Tet % be s finite pro-

Jective plane and let ¢ be a collineation group of =
with the following properties:
(1) ZEvery point of 1 is the centre of some

non-trivisl homology in G.
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(2) Every line of m is the axis of some non-
trivial homology in .

Then one of the following happens:

(a) G fixes a 1line 2 of w. Then 7 is a trans-
lation plane with respect to,g and G contains the
group of elations with axis.ﬂ .

(b) G fixes a point P of m. The conclusions
aré the duals of those of case (a).

(¢} G fixes no element of n. Then 7 is Desar-
guesian and G contains the group generated by the

elations of n as a subgroup.

Proof: Case (a): Let every element of G fix the line

/ec- Then if C is any point not on JZ, there is a homo~
logy ¢ in 4 with centre ¢, and P fixesae ; hence ¢ has
axis,g . Thus Cﬁfe implies that ¢ contains a (C,.0 )=
homology. By theorem 4.4, © is a translation plane with
respect to.ﬁ and G contains the group of elations with
axis ¢2 as a subgroup. As G also contains homologies,
this group is a proper subgroup.

By dualizing the argument of case (a), the results

of case (b) are obtained,

Case (c): 1In order to obtain the results of case (c)
three assertions are established:
(1) Bither some centre of # has more than one axis

or some axis of 7 has more than one centre.
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(2) If some line of T possesses more than one
centre but no line possesses three nonécollinear centres,
then some point of x has three non-concurrent axes.

(3) If some line of x possesses three non-
collinear centres then 1 is Desarguesian and ¢ contains
the little projective group of mw.

To prove (1), Suppose on the contrary that it is
false. Hence by the hypotheses every point of n has
one and only one axis (of g homology with that point as
centre), and every line of m has one ang only one centre.
Define a mapping ¢ of points of w onto lines of T and of
lines of 7 onto points of T as follows: if P is a point,
P? is the axis of the homology with centre P; 4if JZ is
a line, ,£¢ is the centre of the homology with axis /E.
By the uniqueness of centres and axes hypothesized above,
¢ is well-defined, and as it evidently is its own inverse,
it is onto. As centres (axes) of lines (points) are
unique, from the definition of ¢ it is evident that 9® = 1,

Then ¢ is a correlastion (and in fact a polarity);
to prove this it remains to show that CE,Q.@,Q.(PECCP for
an arbitrary point ¢ and line,g‘, As @2 = 1, it suffices
to show that Cel = f%0%; for then

LPec? = C@?s,@(i)z:} cell.
Let Ced and let o be a (C,C¢)-homology. By lemma 1.6,
since there exists an (,R¢,j2)-homology, there also exists

a (/E¢“,,Ea)-homology; thus by the hypotheses, any homology
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with axis ,Q ® has centre f %a, But o is g homology
with centre C, and Cs,g; hence /{)a =}2 y» and hence
AL the centre of any homology with axig ,Q But
there exists an (9, f)-—homology; consequently
L% = 09 and thus @ fixes L%, Thus by tne defini-
tion of o, either f9 = ¢ op £ %e0?, However, the
first alternative ig impossible Since ,ﬂq’ is the centre
of a homology with axis A » and hence f % .E, whereas
ce L, Hence Bcpsctp, i.e. Ce_,gﬁﬁq)sccp, and so ¢ is
& correlation of order 2, and thus a polarity, However,
by theorem 4.6, every polarity Y possesses an absolute
point P, i,e, g point P such that Pqu); however, this
does not ocecur for the bolarity defined above, as for
any point Q, Q% is the axis of the homology with centre
Q@ and hence Qﬁqu). This contradicts the hypothesis that
(1) is false; thus (1) holds.

To prove assertion (2), let 0y and o, be (01,,2)-
and (02,_JZ )=homologies respectively ((}l # Cy);
il.e, let /E be an axis with More than one centre, Let
0102 = m, and let mnﬂ = E, For an arbitrary point
DeB—{E}, let a be g homology with centre D (vy hypo-
thesis g exists). By
lemma 1.6, there exist
(6% 2%) ana (0,9, g o).
homologies; as De E,,
ﬁ,a = ,e 80 these are
(€% L) ana (0,94 )-

homologies, As /p, does
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not have three non-concurrent centres, it follows that
Claem and UZasm; hence (0102)a = clacza = C,0, and «
fixes m. Hence as D¢m, the axis of « is m. However,
D was arbitrary on412—{E}, so for any De f-{E} there
exists a non-trivial (D,m)—homology; consequently by
theorem 4.4, n is (B,m)-transitive.

Evidently there are homologies with distinct
centrescn1ze and with axis m, so by reversing the
roles of }Z and m in the above argument it follows that
n is (E, L )-transitive.

Hence by the dual of lemma 1.7y n is the dual of
a translation plane with respect to I, and thence ¢ is
transitive on lines not through E; hence, by lemma 1.6,
as there is one homology in ¢ with centre E, for any
line ¢ of m not through E there is an (E,q)-homology
in G. Hence E has three non-concurrent axes,

To prove assertion (3), suppose that the line
has three non-collinear centres Cl, 02, 03. Define
0203[\,? = D, and 010302 = D;. Then D, £ Dys By
theorem 4.3 the group generated by the (G, { ) (62,,Q)
and (03,,€)—homologies contain elations o; and o

2’

g g
each with axis A , such that 0 1 =65 and 0,72 = ¢

Bvidently oy is a (Dl,ia)—elation and o, is a
(Dz, 2 )=-elation,

3.

Let D be an arbitrary point of il distincet from
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D, and D,. It will be me C,
shown that there exists
a non-trivial (D,E )=

elation., By hypothesis

there exists a (D,m)-

homology in G for some /Q :
axis m. AS DE,Q y 1 ;‘42 \\ Da Ds

and hence not both Dl and 1)2 are on m, Without loss

of generality it can be assumed that Blp’m.

As there exists a (D,m)-homology, by lemma 1.5
there also exists a (Dgl,mol)—homologyo As De,ﬁ,
p°l = p and as Dlﬁ’m, m°L # m. Thus there are homolo-
gies in G with centre b and distinct axes m and mcl.
Hence by the dual of theorem 4.3 there exists an ela-
tion ¢ with centre D such that m® = mcl. As oq is an
elation with axis £ s {(mnN mdl)ez, ie.e, (mnmcp)aje.
Hence ¢ has axis /P, and there exists a non-trivial
(D,E y-elation for any De f (as D was arbitrary in
.B-{D:LU D2} and as there exist (Dl,,g )= and (D2,E =
elations).,

The collineation group G has an action on the
set 9?, of lines of n. Every orbit of i under G contains
three non~concurrent lines; for let hl’h2€ Sf) and
hlaC)rb h2, and define hlﬂ h, = P. As by the hypotheses
of case (c¢) no point of n is fixed by G, there exists

aeG such that P* # P, Thus h1%n hy® # P, Hence if
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Pehla, Pﬁhza and h,,h,, and h2Oc are three non-concurrent

lines in the same orbit “Rz R,

under G; if Peh,” then
o

hl,hg, and hl are the

desired non-concurrent

lines,

Hence in particular

there exist lines ,82 and
L35 both in 0xb £, such that £, A »» end ,23 are
non-concurrent. Thus there exists BeG such that

‘ﬁﬁ =£2, and as there exists a non-trivial (D, )-
elation for each Dajz, by lemma 1.6 there exists a non-
trivial (Dﬁz,aﬁ)—elation for every ﬁsﬂ + Thus for every
point Ee EQ there exists a non-trivial (E,Qz)-elation;
a similar result holds for 433.

From this it can be deduced that every line of =
is the axis of a non-trivial elation; obviously it
suffices té show that any line m distinet from
,Q, /82, and,Q 3 is such an axis. Such a line m is by
hypothesis the axis of s homology ¢ with centre C; as
/E, JZZ’ an.d.jz3 are non-concurrent, and as every point
on each of these three lines is the centre of an elation
with that line as axis, it can be assumed without loss

of generality that Cz’,Q.

Let mn. K = D; then there exists a (D,,,Q )-elation
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9o Then u® = m ana o? £ ¢, A

80 by lemma 1.6 there

exists a (C¢,m)~homology. /B
Thus by theorem 4.3 there D CLP

is an elation «a with axis
m such that ¢* = ¢?. But
= D,C,C¢; hence « has
centre D and there exists a non-~trivial (Dym)~elation.
As m was arbitrary, all lines of m are axes of non-
trivial elations.

Now define JZD.Q2 = E3’ ,20‘23 = By, ,{220}23 = B,
Let m be an arbitrary line through EZ‘ Then by hypo-
theses G contains a (Cym)-homology.. A4s (,@ﬂ,@ 3)31::1, ¢
is not on both /?, and ,23,
80 without loss of gener-
ality suppose Gi,@. As
'EZE’R there exists an
(Ez,.ﬂ }-elation o; as
Eyem, m® = m and as C£Y,

¢% £ ¢. Hence by lemma 1.6

G contains a (Gg,m)—homology. 2
Thus by theorem 4.3 there exists an elstion with centre
ccn m = E2 and axis m. But m was an arbitrary line
through E2, and the argument used for E2 can with equal
validity be applied to El and ES; consequently there

exists, for an arbitrary line m through Ei, a non-trivial
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(Ei,m)-elation (i = 1,2,5). thus as E;, E,, and E3

are non-collinear, they are points with the property
dual to that obtained for lines;e,,22,1e3. Hence by
dualizing the argument of the previous paragraph it
follows that all points of n are centres of non-trivial
elations.

Combining this with the fact that all lines of =
are asxes of non-trivial elations, it follows at once
from the corollary of theorem 5.3 that © is Desarguesian,
Hence assertion (3) holds.

The conclusion of case (¢) is proved as follows:
by assertion (1), either a point of n has more than one
axis or a line of n has more thanrone centre. If the
latter holds, suppose that a line of % has three non-
collinear centres. Then by assertion (3), n is Desar-
guesian. If no line of 1§ has three non-collinear centres,
by assertion (2) some point of m has three non-concurrent
axes and by the dual of assertion (3), = is again
Desarguesian.

If a line of n has more than one centre, then the
above argument can be dualized to obtain again that =
is Desarguesian. In all cases, by the corollary of
theorem 5.3 G contains the little projective group.

o show that the situation treated in case (a) of
theorem 5.4 can arise, let m be a projective plane and
G the group of all collineétions of n fixing a line

of . Co-ordinatize = by choosing ,€ to be the 1line at
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infinity , and pick any affine point to be the origin.
Further suppose that the ternary ring R of m turns out
to be a distributive quasifield ; i.e. addition in R
is an abelian group, multiplication in R—{o} is a loop,
and both distributive laws hold. ‘Yhen consider the

mapping o of points and lines of n defined as follows:

(X:Y)G = (=X,-y) Em,b]o = Em,—b]
(m)% = (m) x]° = (~x]
()% = () [oof” = (o7,

Then ¢ is a one-to-one mapping (as inverses are unique).
Uging lemmas 2.2 and 2.3 and the fact that R is a dist-
ributive quasifield, it can easily be verified that o
preserves incidence and hence is a collineation. A4s ¢
fixes/g y 0tG. But the origin O was arbitrary, and by
theorems 2.3 and 2.4 the fact that R is a distributive
quasifield is independent of what affine point has been
chosen to be the originj; hence an (0,2)-homology g can
be defined as above for every affine point 0. Thus every
affine point is the centre of a non-trivial homology
(assuming that R does not have characteristic 2),

Next consider the mapping t defined by

kst)T = (Xy=y) [ﬁ:b]T = [“m’-b]
(m)* = (-m) [x]" = (x]
(@)* = (00) [0]" = [eo] -

then v is a (V,0U)-homology (that t preserves incidence
is again easily verified by employing the algebraic laws

at our disposal), so G possesses a homology with centre V.
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Finally, consider the mapping o of n defined as

follows:
(%,3)% = (=x,¥) [m,0]% = [~m,v]
(m)® = (-m) (1% = [=]
(00)% = (c0) [0]® = [eo] .

It is easily verified that a is a (U,0V)-homology.
Since by theorem 2.4 n is (V,0V)-transitive with
respect to ¢ (as R is a distributive quasifield), for
every point Peloo] , P # V, there will be a non-trivial
(V,0V)-elation mapping U onto P. Thus by lemma 1.6
there will be a non-trivial homology with centre P.
Thus every point of n is the centre of some non-trivial
homology. As in general a finite distributive quasi-
field is not a field, = will be non=-Desarguesian and

yet satisfy the hypotheses of theorem 5.4, case (a).

Theorem 5.5 (Wagner (|| )) Let n be a finite projec-

tive plane. Let G be a collineation group of = which,
considered as a permutation group on the points of =,

is transitive. Then if G contains a non-trivial central
collineation o, ©n is Desarguesian and G contains the

little projective group of =.

Proof: It follows from the hypotheses and from theorenm
4.5 that G, considered as a permutation group on the
set of lines of mn, is transitive on these lines. ILet

¢ have centre C and axis,g » There are two cases.,

Case (1): If o is an elation, let D be an arbitrary
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point of m. As G is transitive on points, there exists
¢eG such that ¢ = D, Thus by lemma 1.6, ¢'lc¢ is a

(D, £ CP)—elation and hence every point of n is the

centre of an elation. As G is transitive on lines of

T, the dual argument gives that every line of . is the
axis of an elation. Thus by the corollary of theorem
5.3, n is Desarguesian and G contains the little projec—

tive group.

Qggg_iglz If o is a homology, an argument completely
analogous to that used in case (1) gives that every

point of © is the centre of a non-trivial homology in

G and every line is the axis of some non-trivial homology
in G. As G is transitive on points and lines it fixes

no point nor line of m; hence case (c¢) of theorem 5.4
applies and n is Desarguesian with @ containing the

little projective group of m.

Corollary Let m be a finite projective prlane of order
n and let G be a collineation group of & transitive on
the points of n. If n is not a square and if G has even
order, then n is Desarguesian and G contains the little

projective group of n as a subgroup.

Proof: As |Gl is even, it contains an element g of
order 2. As n is not a square, by theorem 4.7 o is a
central collineation. Thus the hypotheses of theorem 5.5

are satisfied and the conclusions follow immediately.
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The following theorem (theorem 5.6) is an exten-
sion of the result of the corollary to theorem 5.3, The

method is due to Piper.

Lemma 5,7 (Piper (o)) If every point of a finite pro-
Jective plane m is the centre of an elation of n, then

all elations of § have the same prime order,

Froof: Let C be an arbitrary point of w and let C be

the centre of an elation with axis,B e« Let D be an
arbitrary point not on Ja,

and let D be the centre of P /g
an elation with axis m, C
There are two possibili-

ties; either ¢ = zeﬂ m or

¢cAAn m.

If ¢ = £n m, then m
there is a (C,m)-eiation in © by theorem 5.3. Thus as
C # D, by the corollary of theorem 1.1, the (C,m) and
(G,Qf)-elations have the same prime order p, By
theorem 1.1 the (C,m) and (D,m)-elations have the same
prime order p; hence the (C,,Q)-elation and the (D,m)-
-elation have the sane prime order p.

It Knnm==8#og,
then by theorem 5.3, as
¥ is the centre of an

elation and /B is the axis

of one, there is a non-

trivial (B, L )=-elation,
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By theorem 1.1 the (E,,Q) and (G,,E)—elations have

the same prime order p. By theorem 5.3 there is a
non~trivial (E,m)=-elation; by theorem 1.1 and its
corollary this has the same prime order as the (E,.ﬂ )=
elation and the (D,m)-elation. Hence again the
(C,ia)-elation and the (D,m)-elation have the same
prime order, Consequently the (G,ii)—elation and the
(Dym)~elation have the same prime order.

If Def, then if there is a (D,m)-elation, by
theorem 5.3 there exists a (D,jZ)-elation and repeated
use of theorem 1.1l gives that the (C,,Q) and (D,m)-
elations have the same prime order. Hence as all

possible cases have been discussed, the lemma is proved.

Theorem 5.6 (Piper (10)) Let G be a collineation

group of a finite projective plane of order n. If

for every point of m there exists a non-trivial elation

in G with that point as centre, then one of the following

ocecurs:
(1) G fixes a point P of x; then m is the dual
of a translation plane with G containing the group of
all elations with centre P, Also G is transitive on
flags of 1 whose lines do not pass through P.
(2) G does not fix a point of m. Then T is
Desarguesian and ¢ contains the little projective

group as a subgroup.
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Proof: Let JZ be an arbitrary line of wn with the
property that for any point Pie,Q, there exists a
non~trivial (Pi,m)-elation

0ieG, where m # ,2 . As the

hypotheses of lemma 5.3 are P

satisfied, {oj|i = l,--",(n+l)} '

is a set of elations all of

which have the same prime : /8
order. They generate a oy
group which has an action on

the points of Q, and which satisfies the hypotheses of
lemma 4.4. Hence this group is transitive on the points
of,Q y and consequently G is also.

As every point of n is the centre of some non-trivial
elation, any line of 7 that is not an axis of some elation
in G will satisfy the hypotheses on AZ in the previous
paragraph; as non-axes intersect it follows that G is
transitive on the points on non-axes of =w.

Now suppose that the group G is not transitive on
the points of n. Then there exist distinct points Py and
Py of n such that no element of & maps Py onto Pp. Thus
G is not transitive on the points of PPy =,2 3 conse=-
quently from the above discussion it follows that there
must be a point Ea,2 such that any elation with centre P
has axis.g » Consequently all lines through P other than

,E are non-sxes, and so by the previous remarks, G is
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transitive on the points of all lines through P (except
/2). It follows that @ is transitive on the points of
= $ 4% -
Let Q be a point ofJE —fP} and suppose that there
eXists oel such that QG¢,Q. Then PQG is a non-axis,
and hence there exists ¢eG such that (Qc)qJ = P, Hence
o¢ maps @ into P; thus if all points of 12—{P§ could
be mapped into a point not on JZ by some element of G,
G would be transitive on the points ofJg, in eontra-
diction to the assumption. Thus there must exist a
point Oc £ such that 08¢ £ for all ge¢; i.e. Orb o S§A} ,
Let D be any point of zn~ {f} . Then by hypothesis
there exists a non-trivial elation aeG with centre D
and axis m, say. Then anOD, but an.ﬂ from the pre-
ceding paragraph, and hence 0% = 0D|1,€ = 0, Thus o
fixes O and hence m = 0D. Consequently any point D of
- {Q} is the centre of a non-trivial (D,0D)-elation,
and there exists no elation in G with centre Dﬁ,e and
axis # 0D. Tthus the point D and the line 0D have
precisely the properties ascribed to the point P and
the line,g respectively. LIt then follows by the line
of argument used above that G is transitive on the roints
of u—{pb}. As G is also transitive on the points of
n- {1, it is transitive on the points of m-{o}. By the
dual of theorem 5.2, it immediately follows that = is

the dual of a translation plane with respect to the point
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0, and that G contains the group of all elations with
centre 0.

The group G, considered as a permutation group
on the set i of lines of n, partitions ;ﬁ into two
orbits, namely the set T7 of lines through O and the
set Tp of lines not through 0. (This follows at once
from the fact that ¢ fixes 0 and is transitive on the
points of w-30}.) Now |T1] = n+l and |{T5] = n*, so
|Ty| and |To| are relatively prime. Iet (01,121) and
((}2,_,?,2) be flags with Of ,171, Opf,QQ. By lemma 4.2,
there exists g eG such that (GCl)gl = 0C1 and /ngl =B2.
Thus ¢,8 = (00y N£1)8 = 06N L ,. Similarly there
exists goeG such that
,P,2g2 =£2 and
(001)%2 = 00,. Then

818> _ £
0 152 = (00, 0 £ 5)%2 \ N\ Ca
= QCZQJZ o = 02. Hence & ; /?a
. C \
(Gl,ﬂl)gng = (02,22) \)1\/21 |

and G is transitive on flags with axes not through O.

Thus if G is not transitive on the points of =,
n is the dual of a translation plane, If G is transitive
on the points of #, since it also contains elations it
immediately follows by theorem 5.5 that n is Desarguesian

and that G contains the little projective group of m.
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Lemma 5.8 Let 7 be & finite projective plane of order
nand G a collineation group of m. Suppose that for any
flag in n there exists an elation in ¢ fixing that flag.

Tnen all elations in G have the same prime order,

Proof: If a flag (P,X) is fixed by an elation, then
either P is the centre of the elation or £ is the axis
of the elation. Hence if a line ,E is not an axis of
an elation in @, every point on./g is the centre of
some elation of G. The duszl situation of course also
holds.

Suppose that G contains elations of order Pystey Py
As conjugation does not affect the order of g group
element, by lemma 1.6 ¢ will have an action on the set
of centres of elations of given prime order Py
(L =1,¢¢4,k), and dually on the corresponding sets of
axes, Let/Q be a non-axis (1if there is no such ,Q the
theorem immediately holds by the dual of lemms 5¢7) 0
Then every point on(iz is a centre, so if there are ny
centres of elations of order pi (i = 1 %o k), it follows

that

Z:ini = n+l. seess (1)

Without loss of generality suppose that nlf ny, J =2 to k.,
Let m be an sxis through a centre Pl of an elation of
order p; (Iﬁﬁ;ﬁ). (Henceforth such a centre will be

referred to as a pl-centre.) Let m have kq Pp=centres




150

and k2 non-centres. By theorem l.1 all elations with
axis m will have order p;, so
kl+k2 = n+l. seeee (2)
Let Q be a non-centre on m. (Such a QF L must
exist; for otherwise every point of n is the centre of
a non-trivial elation and the conclusion follows from
lemma 5.7.) Then every line joining Q to a pl-centre
on J& ig a pl—ax1s, for every line through a non=centre
is an axis, and by theorems 5.3 and 1.1, any elation
with such an axis will be a pl-elationo No other line
through Q is a plaaxis, for it meeits /8 at a point that
is not a pl-centre and hence cannot be a pl—axis by
the above argunent. Hence there are n, pq-axes through
Q. Now each elation with axis m has an action on the
(nl~l) p,-axes through Q (exeluding m). Let jz be a
p;~axis through Q (,E #m). If a; and aj are elations
with axis m (i # j, ﬂ&ﬁqu'ﬂy then
/Eal = ,Qa'] = ﬂala —ﬁ i.e. the non-trivial
elation alaJ -1 with axis m fixes the line /e through
& non-centre of Q. This is a contradiction, and hence
= Q,aj = oy = @i, S0 there are at least as many

J
p,-axes through Q (excluding ,Q and m), and hence

<

pl-centres on./e y excluding two, as there are centres
of elations with axis m. “Thus

1{1<n1“10 * e e (3)
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Let R be the centre of a pj elation, re £ and
j22. By theorem 1.1 and the above remarks, the k,
lines joining R to non-
centres of m are p.-axes,

’ @

Let this set of p.—axes

J
be denoted
{mj-'i = l,.",kzggo By
theorem 5.% there exists P
i
an (R,m, )-elation s ,E
* | R
ai (i=1,ﬁ-",k2)o If m
_ : s

1,9e{l, 000k}, 4 # §, and 2% = P73, then

w0y -1 . .
Pl = Pl’ 80 as aiaj is an elation with centre

R it must have axis,ﬁ y contradicting the hypothesis
that /2 is a non-axis. Thus i £ j = Plai # Plaj, 80
as each oy has an action on pleoentres, the number of

pl—centres on,Q (exeluding Pl) is at least as>large as

k2;
i.e‘ nl"lzk20 LI ) (4)
Thus by equations (2), (3) and (4)
Il+l = k1+k2<2nl"lo * s s (5)
As n4y¢ ny, j=121,+4,k, it follows from (1) that
k

< ZIZ n: =
This contradicts equation (5). Hence the assumption
that there can exist elations with different prime

orders is false and the lemms holds.
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Theorem 5.7 Let n be a finite projective plane of

order n and let &G be a collineation group of m. Sup-
pose that for every flag of n there is an elation in
G fixing that flag. Then one of the following must
hold: |
(i) G fixes a point of m. Then = is the dual

of a translation plane and G contains the dual of the
translation group.

(ii) G fixes a line of ﬂ.. Then  is a transla-
tion plane and G contains the translation group.

(iii) G fixes neither a point nor a line of =.
Then n is Desarguesian, If n # 4, G contains the

group of all elations of =u.

Proof: As remarked in lemma 5.8, under the hypotheses
of the theorem any point on a line that is not an axis
of an elation in G is the centre of some elation in G.

Phere are now three cases.

Case I: G fixes a point of =.

Let the point be 0. Hence all gxes of elations
in G pass through O, ILet P be an arbitrary point of
n-{O}, and let ,E be any line through P (except O0P).
Then G possesses an elation fixing the flag (P, £).
As A is not the axis, P must be the centre. A4s all
axes pass through 0, OP is the axis. Hence any point
Pen-io} is the centre of a (P,0P)~elation., Thus for

any line m through 0 and any point Pem-{O}, there is a
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non-trivial (P,m)-elation; by lemma 1.11 there also
exists an (O,m)=-elation. Hence every point of = is
the centre of a non~trivial elation. Hence by
theorem 5.6, case (1), ® is the dual of a translation

plane, and G contains the dual of the translation group.

Case IT: G fixes a line of . The dual of the argu-

ment of case 1 gives the duals of its conclusions.

Case 1II1: G fixes neither a point nor a line of =.

If all points of © are centres of non-trivial
elations of &4, or if &ll lines of ® are axes of non-
trivial elations of G, then by theorem 5.6 or its dual
7 is Desarguesian and G contains the group of all ela-
tions of w. Hence assume that there exist both a point
of ©n that is not the centre of an elation in G and a
line of n that is not the axis of an elation in G.

Now G is transitive on the points of non-axes;
for if/e is a non-axis, all points of ,Q are centres
of elations with axis %,Q o By lemma 5.8 all such |
elations are of the same prime order p. Now the sub-
group of G fixinng(denoted Gp ) has an action on the
points of £ , and Pel = there exists oeGy, (o of
order p) such that P° = P and o fixes no other point
of,Jz. Hence by lemma 4.4 G£ y and hence G, is trans-
itive on points of,ﬂ « As non-axes intersect, G is
transitive on all points of # that lie on some non-axis.

Dually G is transitive on all lines of n that pass
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through some non-centre.

Secondly, every point P of n has at least two
axeé through it. This is obviously true if P is a
non-centre, as all lines through non-centres are axes;
hence suppose P is a centre with precisely one axis
through it. ‘‘hen by the previous paragraph G maps P
onto any point of 7~- {f}. If, for every Qa,@, there
exists aeG such that Qaﬁ}e, it immediately follows
that & is transitive on the points of n, which by
lemma 1.6 contradicts the fact that both centres and
non-centres of elations of ¢ exist in n. Thus there
exists QS/E such that Qas,g for all aeG, But if there
exist two such points Ql and Q2 on.ﬁ sy Lhen

& = (Qle)g =,@ for all get and G fixes £ , contrary
to the hypotheses of case III., If there exists only
one such QE,Q, it is evident that Q is fixed by G, again
in contradiction to the hypotheses of case III.
Thus every point of © has at least two axes through
it. Dually, every line of 5 has at least two centres
on it.

Thirdly, G is transitive on centres of m and on
axes of s; for let P and Q be distinct centres. If
the line PQ is a non-axis then previously used argu-
ments show that G is transitive on the points of PQ.
If however the line PQ =,2 is an axis, one may argue

as follows; by the preceding paragraph there is an
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axis m through P, m # JZ , and by theorem 5.3 there is
thus a (P,m)-elation ¢eG, Such a ¢ can be found for
every centre Pe f, and by lemma 5.8 all such elations ¢
are of the same prime order. The group H that they
generate has an action on the centres of /e (as centres
map into centres under collineations, and as H fixes,ﬁ),
80 as the hypotheses of lemma 4.4 have been verified,

H, and hence G, is transitive on the centres of 12. Thus
in any case there is a ¢e& such that P? = Q, and thus

G is transitive on centres of n. Dually G is trans-~
itive on axes of n.

Pourthly, G is transitive on non-centres of n and
on non-axes of n; for let_Jz be an axis and P s centre
on,ﬂ + ‘Then as seen earlier, there is an axis m through
P, m #”ﬂ , and by theorem 5.3 a (P,m)-elation a. Let
A be the group generated by «; then A has prime order
p, and the centres on /Q (excluding P) are permuted
amongst themselves by A. Thus the non-centres on
are partitioned into disjoint orbits each of length p
by the action of A, Hence there are kp non-centres on
‘/E for some integer k, and as G is transitive on axes,
kp non-centres on every axis of m. Let Q be an arbitrary
non-centre of mn; then every line through Q is an axis,
and every non-centre of m is on one of these (n+l) lines.
Hence the total number N of non-centres of 7 is

N = (n+l)(kp-1)+1 = (n+l)kp-n. veoee ()
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Assume that there exists more than one orbit of non-
centres in u under the action of G. Let Q@ and R lie
in distinect orbits of non-cenires, and let SQ be the
number of points in Orb Q that are also on QR. As
every line through K is an axis and as G is transitive
on axes, by lemma 1.6 the number of points in Orb Q of
any line through R is Sq. Thus as Rfg Orb Q,

lorp Q| = (n+l)SQ.
As Q was arbitrary, all orbits of non-centres are of
order divisible by (n+l); i.e. N = r(n+l) for some
integer r. fThus from eguation (¥),

r(n+l) = (n+l)kp-n.
The left-hand side is divisible by (n+l) but the right-
hand side is not. This contradiction implies that all
non-centres are in the same orbit under G, and so G is
transitive on non-centres of m. Dually G is transitive
on non-axes of mw.

Hence G splits the points of n into two orbits,
the centres and the non-~centres; dually it splits the
lines into two orbits, the axes and the non-axes. Thus
each axis has the same number of centres, and each centre
has the same number of axes,

If there are kp non-centres on an axis, then there
are %/kp non-axes through a centre; for let C be a centre
and let t be the number of axes through it. On each

such axis there are kp non-centres, and this accounts for
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8ll the non-centres of w3 hence % has tkp non-centres.
From equation (94), it follows that

tkp = {n+l)kp-n.
Thus ntl-t = E/&p.
As the number of non-axes through a centre is (n+l)-t,
it is evident that there are %/ﬁp non-axes through a
centre.

Now let ,E be an arbitrary axis and P an arbitrary
centre on.Ja. As @ is transitive on centres, the group
GP,R of elations with centre P and axis,ﬁ has the same
prime power order pa for every e ¥ (by theorem 1.1, as
there is more than one centre on an axis). Let r be the
number of axes through a centre and r the number of
centres on an axis. ''hen as seen before, an elation
with centre P and axis # /E partitions the centres of
JQ-ﬁﬂ into orbits each of length p. Hence

T = l+up
for some integer . Dually r = l+up for some integer u.
Without loss of generality assume that ¥ 2r. Hence & Zu.
Now let Hp denote the group of all elations with axis,f,
and HP,£ the group of all elations with centre P and
axis £ . Then Hg‘ = %g;.HP,j , and distinct groups
HPl’X. and HPg;)Z have only the identity in common;
hence |H£| = (1+0p) (p%=1)+1.
By theorem l.1, Hp is a p-group of order pB, says;

hence
pB = (ﬁp+1)(pa-l)+l. eoese (1)
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Tet m be an axis through P (m ,J._,Q )o Then as Hp has
an action on the axes through P (excepting f ) and as
the stabilizer of m is HP,ﬂ , by lemma 4.1,

| orbp H, m|‘H?,£| = |u,| . ceeee (2)
Evidently H£ splits the axes through P (distinct from
A) into s orbits of equal length, so equation (2)

becones

2P (p%) = (Tp+1)(p"-1)+1

. o+l
le.€. up = Gp(p®-1)+p® = pP. cesee (3)

As T 2u by assumption, it follows that

o+l
P 2 up(p*-1)+p%,

—— <
upa+1£ Supa+1—sup+spa,
up(p%+s)2 sp®(up+l).

Thus pa+s gspCZ

and so & = 1 since s21.

Bquation (3) becomes

| pB°a"1. ceess (4)

Tet HP be the group of all elations with centre P. Then

m =

by the dual of theorem 1.1, IHPI = PY, By the dual of
the above argument, the analogue of equation (2) is
obtained, namely

QY = (up+l) (p*=1)+1. ceees (5)
As fi2u, it follows by comparison with equation (1) that
Yy<B. Combining equations (4) and (5) gives

pY = (pF%1) (p%-1)+1,
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i.e. p§+pa-pﬁ_a = pf ceses {(6)

If g <20, dividing equation (6) by pﬁ_a gives

pa+p2a-ﬁ_l - py+a~ﬁ
and as y+2 2> 20 >3, p divides the right-hand side but
not the left-hand side, which is impossible.

If 8> 2a, dividing equation (6) by p% gives

pﬁ-a+1_PB-2a - py-a
and a8 y > a, p divides the right-hand side but not the
left-hand side, which is again impossible. Hence
g = 2a.

Now equation (2) applies in general whether m

is an axXis or not; hence

iOrb H m|pa = p2a,
and so | Orb Hﬁ,ml = pa.
Hence the n lines through P (excluding f ) can be
partitioned into v orbits of length pa; consequently
vpa = n for some integer v, As G is transitive on axes
and non-axes and as there exist both axes and noh—axes
amongst the n lines through P (excepting 2 Y, v£1
as otherwise Hﬁ would map axes into non-axes.

Agsuming as before that there are kp non-centres
on an axis, and thus %/kp non-axes through a centre, it
follows that T = n+l-kp. The assumption that r2r is
equivalent to the assumption that kp< Yn. Then

equation (1) can be rewritten as

pP = (n+1=kp) (p%-1)+1,
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Substituting vpa = n and pB = p2a, this becomes

p?% = (vp*+1-kp) (p%-1)+1
= vpza-vpa+pa-kpa+l+kp.
But kpSyn = Vap% and so

2
2% > vp “—VP“+p“-Vap% (p*-1)

o
ie. vp*(p*-1)-p%(p*~1)-Yap2 (p%-1) 0.
As pa—1>0, this implies that

a
vp¥-p®~Yap2 £0.

Let X2 = vp%, X>0. Then
2 X2
X°-= X £0
i X
1.80 X_'-‘}_- “1 0,
. “ v
lle. ){:5‘_\?:‘]? .

If v = 2, then X<2 and p* <2, i.e. p =2 and a = 1,
and thus n = vpa = 4, and planes of order 4 are Desar-
guesian. If v23, then Xﬁ%— y, but from the definition
of X, X g\Bp%}VS)% , and there is a contradiction.
Hence unless n = 4, the assumption that n possesses
both non-centres and non-axes is false, and by theorenm
5.4 or its duwal, ® is Desarguesian and G contains the
little projective group as a subgroup.

This completes the proof of the theorem.
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he case in which n = 4 will now be considered
briefly, and the results of Piper (l0) will be sum-
marized. There is but one projective plane Ty of
order 4 and it is Desarguesiaﬁ. There are two col-
lineation groups of Ty such that every flag of Ty is
fixed by an elation in the group; one is isomorphic
t0 A4 and the other to S6. There are six points of
Ty that are not centres of elations of the group

isomorphic %o A4, and no three of these are collinear.
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