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Abstract

Multiple comparison test (MCT) strategies are widely used in psychological research
following an omnibus F test (aka analysis of variance; ANOVA). Traditional methods such as
Bonferroni, Tukey’s Honestly Significant Difference, and Dunnett’s test aim to control the
familywise error rate (FWER) but rely on assumption of homogeneity (i.e., variances of
residual scores are the same across the levels of an independent variable), which are often
violated in practice. To address these violations, robust alternatives—such as those
incorporating sandwich estimators or the Plug-In procedure—have been proposed. However,
due to differences (e.g., k setting, variance ratio (VR) setting, the sample size setting) in prior
simulation settings, it remains unclear which procedures perform best under realistic
conditions involving heteroscedasticity.

This study systematically evaluated the robustness of MCT strategies, including
classical MCT procedures (Bonferroni’s test, Tukey’s test and Dunnett’s test) and robust
procedures (sandwich estimator and plug-in procedure) via Monte Carlo simulations under 51
manipulated conditions, including 12 balanced conditions with the same sample size (3 levels
of group size * 3 levels of VR + 3 homogeneity conditions) as control group, 19 unbalanced
conditions with 3 different group sizes (6 levels of combinations between group sizes &
variances * 3 levels of VR + 1 condition where VR=1) , 10 unbalanced conditions with 1
extremely small group (3 levels of combinations between group sizes & variances * 3 levels
of VR + 1 condition where VR=1), and 10 unbalanced conditions with 1 extremely large
group (3 levels of combinations between group sizes & variances * 3 levels of VR + 1

condition where VR=1). Both classical and robust MCT methods were examined across four
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key metrics: Type I error rate, confidence interval (CI) exclusion criterion, width of CI, and
statistical power.

Results showed that classical methods (Tukey, Dunnett, and Bonferroni) performed
well in balanced conditions but exhibited inflated Type I error rate and reduced power under
variance heteroscedasticity or unequal sample sizes. In contrast, robust procedures
maintained more stable power and better control of Type I error rate across varied conditions.
The CI results further revealed that robust methods provided more flexible and accurate
adjustments for interval width associated with a better coverage rate of the true parameter
value, particularly in complex and unbalanced designs.

Among robust strategies, Tukey-HC2, Tukey-HC3, and Dunnett-PI consistently
demonstrated the best trade-off between power and control of Type I error rate control. Tukey
combined with Heteroscedasticity-Consistent (HC) estimators minimized Type I error rate,
while Dunnett paired with the PI procedure maximized power. Games-Howell effectively
limited false positives but at the cost of lower power, making it more suitable when flexibility
is prioritized.

Overall, the findings underscore the importance of selecting MCT procedures that are
both statistically powerful and robust to assumption violations. This study offers practical
recommendations for psychological researchers, highlighting the advantages of robust
methods in enhancing the accuracy and reliability of post hoc inference.

Keywords: Multiple Comparison Tests, Robust Procedures, Sandwich Estimator, Plug-In

Procedure, Heteroscedasticity, Monte-Carlo Simulation
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Chapter I: Introduction

According to a review of hundreds of empirical psychological studies published in all
issues of the four major Canadian psychology journals between 2013 and 2017 (Alyssa &
Harlow, 2017), between-subjects analysis of variance (ANOVA) is still the most widely
employed (over 25%) quantitative method in practice. If the null hypothesis of the ANOVA
that supports an overall significant mean difference between groups (when the numbers of
groups > 3) is rejected, a subsequent step of conducting multiple comparisons testing (MCT)
i1s recommended (Nanda, Mohapatra, & Mahapatra, 2021; Benjamini & Braun, 2002;
Neyman & Pearson, 1928). For most psychological studies that use ANOVA, MCT is widely
employed by researchers (Sauder, & DeMars, 2019) to further examine all possible pairwise
group comparisons and to specifically identify the differences between two treatments or
levels of the grouping variable. For comparing between two groups, an independent-samples
t test should not be directly used because of the inflation of the Type I error rate after
repeating independent-samples ¢ tests without adjusting for the individual Type I error rate
per comparison. A term, familywise error rate (FWER), is defined as the probability that a
Type I error (wrongly rejecting the null hypothesis and concluding the result is significant)
occurs at least once in a set of hypothesis tests in a study. When researchers conduct separate
t tests without adjusting for the individual Type I error rate per comparison, the familywise
Type I error rate will be inflated and become larger than the Type I error rate specified in
each of the individual ¢ tests (Ryan, Thomas, 1959).

Some strategies have been proposed to control the probability of the overall false

positive or familywise Type I error rate (e.g., Nanda, Mohapatra, & Mahapatra, 2021;
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Armstrong, 2014; Dunnett, 1980). These comparisons have different focuses (e.g.,
adjustments based on the sampling distribution and/or on inequality) and have been
incorporated into several conventional MCTs, such as Bonferroni’s adjustment (Dunn, &
Olive, 1961), Tukey’s Honestly Significant Difference (HSD) test (Tukey, 1949), and
Dunnett’s test (Dunnett, 1964). However, before these strategies can be applied to real-world
research, there are some important prerequisites or statistical data assumptions that need to
be met. The scores in a dataset need to be normally distributed, are independently observed
and the variances of the scores are identical across the levels of the grouping variables. All of
the widely used strategies for MCTs mentioned above were developed based on the
assumptions of normality and homogeneity, which are often violated in real-world
experimental datasets, especially in psychological studies (Alyssa & Harlow, 2017; Field &
Wilcox, 2017; Lix, Keselman, & Keselman, 1996). If the assumptions cannot be met, the
usefulness of those tests will become less-informative and questionable given that the Type |
error rate can no longer be controlled correctly and lead to misleading statistical inferences.

To cope with assumption violations, some mathematical procedures based on classical
MCT methods have been proposed and developed. Although their robustness has been tested
under different situations, it is hard to determine which procedure is better in varied realistic
data situations for MCTs, which are based on entirely different experimental settings in a
variety of fields apart from psychological studies. There are no clear guidelines for
researchers to choose the most robust procedure that is appropriate in different complex real-
world data situations.

Thus, in this study, we focus on examining the performance of several multiple
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comparisons tests and robust statistical procedures that have the potential to address
assumption violations in psychological research. To evaluate the robustness of these
procedures, we use a Monte Carlo simulation, a computer-based experiment that simulate
data and repeatedly apply the test procedures with known characteristics (Siepe et al., 2024)
considering factors in psychological studies such as group size, variance ratio, and
heteroscedasticity, which have been proven to influence test results separately in existing
studies across disciplines. The remainder of this thesis is structured as follows: Chapter I1
reviews assumption violations, existing multiple comparison methods, comparisons between
methods and their limitations. Chapter III describes the simulation design and methodology.
Chapter 1V illustrates the results, followed by a discussion in Chapter V and conclusion in

Chapter VL.
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Chapter II: Literature Review

2.1 Classical Multiple Comparison Test Techniques

The aim of most MCT techniques is to control the familywise error rate to be lower
than 0.05, if a researcher decides to control the overall Type I error rate as 0.05 in the entire
study. One popular technique is Bonferroni’s adjustment to ¢ test (Armstrong, 2014; Perneger,
1998; Neyman & Pearson, 1928). Bonferroni’s ¢ test adjusts for the Type I error rate (a) via a
formula: o’ (the familywise Type I error rate) divided by the number of comparisons (c).
Next, researchers check the critical ¢ value by a. Taking an independent variable with 3
groups or levels as an example. If the familywise error rate is set to 0.05, a more stringent
threshold for the Type I error rate per comparison is required. This can be achieved by
dividing the familywise error rate by the number of comparisons (e.g., 0.05/3 =0.0167),
which is then used as the significance level for each individual t-test. However, this method is
imperfect because the estimated familywise error rate is not exactly equal to 0.05, but slightly
smaller. As shown in the calculation below: FWER =1 — (1 —0.0167)° ~ 0.0498.
Bonferroni’s adjustment is more conservative and, accordingly, less powerful among the
strategies because it sets a stringent error rate per comparison (Armstrong, 2014; Shi, Pavey,
Carter, 2012). As one adaptation of the 7 test, Bonferroni’s test needs to meet three
assumptions: independence, normality and homoscedasticity.

Another common and popular test, Tukey’s Honestly Significant Difference (HSD),
controls the familywise error rate by recalculating the confidence level for all between-group
contrasts (Nanda et al., 2021; Benjamini & Braun, 2002; Keselman & Rogan, 1977). A

critical ¢ value is used in this technique to compare the means of groups in pairs. Tukey’s
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HSD is recommended when every pairwise comparison needs to be conducted, and its
significance results are less conservative compared to Bonferroni’s 7 test (Keselman &
Rogan, 1977). The strategy that compares the means of treatment groups with that of a
control group is Dunnett’s adjustment (Lee & Lee, 2018; Ludbrook, 1991; Dunnett, 1980;
Dunnett, 1955). Using a modified #-distribution, this procedure tests only whether an
experimental treatment yields significantly higher or lower results than the control group,
without comparing the differences between treatment groups. Regarding significance,
Dunnett’s test is relatively powerful and more likely to detect treatment effects, though it is
not as conservative in preventing familywise error (Lee & Lee, 2018; Kim, 2015). However,
it is less likely to inflate the familywise error rate compared to Tukey’s HSD and other
approaches, as it performs only specific contrasts between treatment groups and the control
group, thereby effectively reducing the number of comparisons (Hasler, 2014; Tamhane &

Logan, 2004; Dunnett, 1980).

2.2 Assumptions for Multiple Comparison Tests

In general, the above-mentioned MCT methods are based on adjustments to the original
t test for comparing two group means and are commonly applied as follow-up procedures
after ANOVA (Sauder, & DeMars, 2019 ). As a result, they inherit the fundamental
assumptions of the ¢ test and F test:

a) the observations must be independent;

b) the data should follow a normal distribution;

¢) the variances across groups must be equal (i.e., homogeneity of variances).
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The first assumption is that the tests being conducted are independent, meaning that the
outcome of one test does not influence the results of any others. In statistical applications, if
there is a correlation between observations due to multi-stage sampling (e.g., students nested
within classrooms and schools), adjustments such as Bonferroni’s correction may become
overly conservative, leading to an increased Type II error rate (Armstrong, 2014).

The second assumption is homogeneity of variances, which requires that the variance
within each group being compared is approximately equal. Homoscedasticity is essential for
the validity of parametric tests such as ANOVA, as it ensures the accuracy of pooled variance
estimates. Violations of the homogeneity assumption not only increase the Type I error rate
but also significantly reduce statistical power (Wang, Rodriguez, Chen, et al., 2017), thereby
weakening the test’s ability to detect true differences between group means.

The third assumption is that the data within each group should be normally distributed.
If this assumption is violated, p values and confidence intervals may be inaccurately
estimated, resulting in invalid conclusions from ANOVA and subsequent multiple comparison
tests with significant power loss (Lantz, 2013; Wilcox, 1995). To quantify the impact of three
assumptions against the robustness of statistical tests, Knief and Forstmeier (2021) compared
the p-value and power results when three assumptions were violated respectively based on a
linear regression model foundation. Results found that if homogeneity was met while non-
independent samples were also fixed by fitting an appropriate random effect structure, the
non-normality had little effect on the significance tests (Knief, & Forstmeier, 2021). Since
ANOVA can be mathematically represented as a form of linear model (Nelson, &

Zaichkowsky, 1979), the result from this study shows that the violation of normality may be
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less problematic and leads us to focus more on another violation: heteroscedasticity.

2.3 Assumptions Violations in Real-World Research

However, when conducting F' tests and subsequent multiple comparison tests (MCTs) in
real-world psychological studies, the underlying assumptions are rarely met (Alyssa &
Harlow, 2017; Field & Wilcox, 2017; Lix, Keselman, & Keselman, 1996). A landmark study
by Micceri (1989), which examined over 440 datasets from published psychological and
related studies, found that fewer than 7% of them even satisfied the assumption of normality.
Violations of homogeneity were also widespread. In many cases, the variance ratio (i.e., the
ratio of the largest variance to the smallest) reached as high as 16, whereas homogeneity
assumes this ratio should be close to 1. In a review of 10 studies from a leading clinical
psychology journal, Grissom (2010) reported that all datasets exhibited heteroscedasticity,
with VRs exceeding 3.2. Building on Micceri’s findings, Ruscio and Roche (2012) analyzed
455 newly published psychological studies and introduced a novel metric—standardized
variance heteroscedasticity (SVH)—to assess violations of the homogeneity assumption.
Their results showed that variance ratios in these studies ranged from 1 to as high as
20,264.36, with nearly one-quarter of the studies having a variance ratio greater than 3.
Furthermore, few studies employed adapted procedures to account for assumption violations.
A review of publications spanning over 40 years (Lix et al., 1996) revealed that 75% of the
studies applied traditional ANOVA on heteroscedastic datasets, and 46% ignored the non-
normality of their data. As can be inferred, a substantial number of psychological studies

likely violated the homogeneity assumption while still employing traditional F' tests and MCT
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procedures to detect group differences—potentially leading to inflated false positive rates.
This issue cannot be fully addressed by nonparametric tests either (Hollander & Wolfe,
1999). Although nonparametric methods do not require normality, they still assume that all

groups have the same distribution shape—an implicit form of the homogeneity assumption.

2.4 Robust Procedures for MCTs

To address this problem, statistics researchers have conducted simulations under
conditions of unequal variances to develop robust adaptations or techniques (Hothorn &
Hasler, 2023; Midway, Robertson, Flinn, & Kaller, 2020; Lee & Lee, 2018; Hasler, 2014;
Herberich, Sikorski, & Hothorn, 2010). In these studies, factors such as sample size, balanced
or unbalanced designs, number of groups, and variance structures were systematically
manipulated to simulate datasets that closely resemble real-world scenarios. The Type I error
rate (using a significance level of 0.05) and statistical power were the most common metrics
used to evaluate the robustness and effectiveness of the test techniques. Midway et al. (2020)
identified one approach, known as the Waller-Duncan -test, which can address
heteroscedasticity by adjusting for variance differences, although it has not been widely
adopted. Notably, this method does not rely on the same metrics as other normal MCT
procedures (p value) to determine significance (Waller & Duncan, 1969), which makes it
relatively difficult for statistics researchers to directly compare it with other procedures
(Midway et al., 2020).
2.4.1 Games-Howell Method

Based on Tukey’s HSD test, Games-Howell test was developed to cope with
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heteroscedasticity and unequal sample sizes (Games, Howell, 1976). It is more robust than
Tukey’s HSD except for really small samples (fewer than 5 samples) under heteroscedasticity,
but still needs to meet the assumption of normality and independence. Both the Games-
Howell and Tukey’s HSD tests utilize studentized range statistic (q-distribution) to calculate
significance. Compared with Tukey’s test, Games-Howell test uses variances of each group
and sample sizes of each group, instead of mean square within (MS wimin), to calculate the

standard error without reliance on homogeneity assumptions, which can be mathematically

written as:
sz S?
SEij = < + 4
n; Uz

2

where Si? is the standard deviation, #; is the group sample size. Besides, unlike the Tukey’s
HSD, which directly uses N — k as the degree of freedom, GH uses a Welch correction to
dynamically adjust the degree of freedom according to the change of sample variance and
sample size, weakening the impact of unequal variance and unbalanced sample size. Thus, the

df for each comparison will be different, which can be calculated by:

(87 /ni + 83 /n;)?
($2/n)  (S/m)?

nifl T’Lj*l

ar =

Compared with classical MCT methods, the GH method is particularly good at
handling Type I error rate and unequal groups or variances. It consistently narrows the width
of confidence intervals, which enhances precision, and helps maintain control over the
FWER. Besides, another key benefit is its robustness to violations of the normality
assumption (Day & Quinn, 1989). The GH is relatively conservative. However, when the

sample size is small, it can be overly permissive (Toothaker, 1991). Besides, while the GH



ROBUST MCT PROCEDURES UNDER HETEROSCEDASTICITY 16

provides a narrower confidence interval and higher power, there’ll be a risk of occasionally
increasing the FWER (Tamhane, 1979; Rafter et al., 2002; De Muth, 2006). Proven to be
more robust than some normal MCT methods (e.g. Tukey’s HSD and Bonferroni’s test), it
still requires further comparison with other robust procedures.

2.4.2 Sandwich Estimator

Some statistics researchers have focused on parameter-based approaches to develop
robust estimators that adjust for unequal variances (Hothorn & Hasler, 2023; Hasler, 2016;
Hothorn, 2008; Freedman, 2006; Huber, 1967). The sandwich estimator, also known as the
robust covariance matrix estimator, was developed to compute a robust variance by
constructing a parameter vector and reshaping the covariance matrix (Freedman, 2006).
Sandwich estimators are widely applied to various types of heteroscedastic data, such as
cross-sectional data—where it is referred to as the Heteroscedasticity Consistent (HC)
estimator—and time-series data—where it is known as the Heteroscedasticity and
Autocorrelation Consistent (HAC) estimator (Zeileis, 2004; Zeileis, 2006). In the context of
multiple comparison tests, the HC estimator is particularly useful as it corrects biased and
inconsistent variance estimates among treatment groups tested simultaneously.

The mathematical formulation of the sandwich estimator is outlined as follows. In a
parameter estimation with null-hypothesis test, 4 is denoted as the unknown parameter, a 1 x
p dimension vector for a population whose observations are X; (i =1, 2, ..., n), and observed
6

values are Vi (i =1, 2, ..., n), while Y is the estimate for it. Our goal is to infer the true value

of 9, which is denotes as 6o, to help estimate what the population looks like from the sample.

For a sample with observed values from Y; to Yu, let’s assume fi(y|0) is the function of
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probability density. Its likelihood (6) = ITi=1 fi(¥] 6)  Then the log likelihood function:

n

16) =) log (fi(3i16))
i=1

According to the Fisher Information Matrix which is defined as the expectation for the
negative second partial derivative of the log likelihood function in order to characterize the

loss, we could get a symmetric p x p dimension matrix,

n n
~Eg1'(6) = ~Es () loglFi(y16)])
=
" _ I T I
while ~Eo!l (6) = Eq (l (6)" x1 (9)) , which is larger than 0.
T stands for transposition. The inverse of this matrix can be used to calculate the

covariance matrix associated with maximum-likelihood estimates (e.g. Petz, 2002; Abt &
Welch, 1998). To make a MLE which is the foundation for a sandwich estimator, considering
that 1(6) isa quadratic, its maximum can be calculated by:
') =0, Expand [(6) ina Taylor series around the true value 90, we could infer that:
1'(8) = [180) +1'(B)(6 - 60) +5 (0 - BTV (B)(6 - B)2 + -1

~ [L(B) + U (80)(8 - 80) +5 (8~ 871" (B0)(6 - 6,)7)

=1'(6y) +%(9 - 8)T1"(8,) X 2

=1'(6p) + (8- 6)"1"(6,) = 0
Thus,

(6~ 60)" =—1"(60)[1" (60)]™*
From the multidimensional central limit theorem (Li, Tang, Charon & Priebe, 2020;

Durieu & Tusche, 2014; Roberts & Tweedie, 1996), an independent and identically

distributed (i.1.d.) vector 6 shows a convergent distribution of:

V(8 - 8)) S N(0,5(8))
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~

]

, where (f) is a covariance matrix for €. From the idea of sandwich estimator, the o is

directly inferred from g, SO
s(8) = covg, B = [-1"(80)]*[cove, ' (Bp)1[—1"(B)]
= [=1" ()1 [eoval' (OI[-1"(6)1

In this equation, [=1"(80)]™" 100ks like the bread for the sandwich, holding a piece of
‘meat’ between them. And the ‘meat’ could be calculated by a covariance transformation
(Freedman, 2006):

covgl'(8) = )" (g FiC16))" log fi(v16)

The sandwich estimator is aimed at providing a robust SE, which can be used to replace
the covariance estimate that is based on correct assumptions in classical procedures for linear
models (Zeileis, 2006), especially of small samples. Herberich et al., (2010) first examined it
in MCT, and verified its robustness related to a classical Tukey test when the
homoscedasticity assumption was violated. When utilizing it as an asymptotically unbiased
o 2, modified MCT also needs to adjust the distribution and degrees of freedom for it (see
Hasler, 2016). As a result, the individual HO test for each contrast shares a joint distribution

0

and the same degree of freedom, comparing the parameter ¥ with the same critical value.

After being applied in statistical methods across different subjects, sandwich estimator (with a
family of HC, HC1, HC2 and HC3) now is available in R packages called ‘multcomp’
(Hothorn, Bretz, Westfall, Heiberger, Schuetzenmeister, 2014) & ‘sandwich’ (Lumley &
Zeileis, 2014; Zeileis, 2006; Zeileis, 2004).

2.4.3 Plug-In Procedure

Another promising estimator for MCT is the plug-in (PI) procedure (Hasler, 2013;
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Hasler & Hothorn, 2008; Dunnett, 1980; Tamhane, 1979). It also uses an estimated variance
for test. However, different from sandwich estimator that only focus on adjusting the ¢ ? for
one joint distribution, PI procedure aims to build several multivariate ¢ distributions for the
contrasts, each of which has a separate degree of freedom. The idea from Games and Howell
(1976), which is the inspiration for PI procedure, was that a multiple comparison test hardly
had a perfect joint distribution, thus separate comparison-specific distribution would be a
better approach (Hasler, 2013). Plugging the estimated ¢ 2 into the correlation of # statistic
calculation, this method didn’t adopt a pooled variance for a joint ¢ test. As a result, for each
contrast from 1 to g, the different S i2 builds its own test statistic from a g-variate distribution

with correlation matrix R*, where the individual %:  played an important role. ~ Since PI

procedure can incur both conservative and liberal results when the difference of unequal
variances and sample allocation vary, several studies were conducted to detect its
characteristics. Hasler (2013) compared PI procedure with other three MCT plans: HOM, GH
and HTL procedure. The first one used the original unadjusted ¢ test statistic, assuming that
data are ideally homogeneity. The second one is developed by Games and Howell (1976),
now known as the predecessor of PI procedure. It also used separate recalculated ¢
distributions and compared them with their distinct quantile for the contrasts, but this lost the
step to further adjust the 7 and its df by correlation matrix R with & iz. The last one used
another way to adjust R for unbalanced groups, taking the average of correlation with control
group while using the average of df. Researchers considered four different scenarios for a 3-
group post hoc test using these three procedures: (a) balanced groups with gradually

increasing standard deviations (SD), where the last group had the largest SD; (b) two
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balanced groups with different SDs, and one small group sharing the smaller SD with one of
the balanced groups; (c) two balanced groups with the same SD, and one small group with an
extremely larger SD; and (d) three balanced groups with the same SD. After 100,000
simulations, results showed that the familywise error rate (FWER) of the HOM procedure
was notably volatile except in scenario (d), which met the ideal assumptions. In contrast, the
FWERSs of the GH and HTL procedures were either conservative or liberal across the
different scenarios. Meanwhile, the PI procedure consistently maintained the nominal a level
of significance. Thus, the PI procedure is highly recommended by statisticians. Similar
conclusions can be found in previous studies (Mondal, Sattler, Kumar, 2023; Tamhane, 2023;
Pallmann & Hothorn, 2016).
2.4.4 Max-t test: A new framework

Hothorn (2008) utilized simultaneous inference procedures combined with correlated
parameter estimates to test individual null hypotheses (HO) for each comparison among k
groups simultaneously. In this procedure, researchers only need to assume that the parameter
estimates follow asymptotic normality (inferred from equations), while the associated
covariance matrix can be consistently estimated. Since ANOVA is technically a linear model,
this procedure can unify group contrasts (i.e., uz - (1, us - i, ..., {k - iz) into a vector € and
infer its distribution from error terms, fitting well within this framework. Because the
estimates do not conflict with subsequent comparison procedures, this method can be
embedded with many classical multiple comparison tests, such as Tukey’s test and Dunnett’s
test, and combined with sandwich estimators to relax the classical assumptions of normality

and homoscedasticity.
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Based on this framework, several recent studies have examined its robustness across
different situations via simulations and real-world datasets (Herberich, Sikorski, & Hothorn,
2010). Herberich et al. (2010) generated datasets in which most assumptions were violated,
including non-normal data distribution (right skewness), unequal variances, and unbalanced
sample sizes. The number of groups was set to 4, resulting in 6 contrasts following ANOVA.
For the analysis, they combined the sandwich estimator (HC3) with this framework (termed
‘max-t’) and compared it with the Tukey-Kramer test (also known as Tukey HSD). Total
sample sizes (N) of 60, 120, 180, and 240 were considered in each trial to simulate small,
moderate, and large real-world sample sizes. Results showed that for datasets with equal
variance and balanced group sizes, the significance levels of both methods approximated the
nominal a-level of 0.05, although the false positive rate of max-¢ was slightly higher than that
of Tukey HSD. When variances were unequal, specifically when smaller groups had
relatively smaller variances, Tukey HSD was more conservative than the max-z test regardless
of sample size. However, when a larger group had a small sample size, the Tukey HSD test
exhibited a severely inflated familywise error rate, whereas the max-¢ test remained relatively
robust and close to the nominal 0.05 level. Moreover, this robustness improved as sample size
increased. Other relevant studies have confirmed these characteristics, concluding that the
max-t test combined with the sandwich estimator is robust under unbalanced sample sizes and
heteroscedasticity, especially when sample sizes and variances are negatively paired
(Pallmann & Hothorn, 2016; Konietschke, Bosiger, Brunner, & Hothorn, 2013; Hothorn &
Brunner, 2012). However, it should be noted that this method is not recommended when the

total sample size is small (e.g., 60 for 4 groups).
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2.5 Comparisons for Robust Procedures

Combining the aforementioned robust methods, several researchers have compared
existing robust procedures for multiple comparison tests (MCTs) to identify their suitable
application scenarios (Herberich, Sikorski, & Hothorn, 2010; Hasler & Mario, 2014; Hothorn
& Mario, 2023). Herberich, Sikorski, and Hothorn (2010) conducted a comparison between
the sandwich estimator (HC3) and the classical MCT method, Tukey’s HSD. Focusing on
post hoc contrasts following a one-way ANOVA with four levels (k = 4), they set the sample
sizes of the four groups as an arithmetic sequence defined by nx = n; + 0.2 x k % n1, with n;
taking values 10, 20, 30, or 40. Five variance scenarios were considered: one homogenous
variance condition and four heteroscedastic sequences. Two unequal variance sequences were
specified as (3, 5, 7, 9) and (0.14, 0.18, 0.29, 0.35), respectively, each positively paired with
the sample size sequence. Additionally, reversed versions of these variance sequences were
included, producing a negative pairing with the sample sizes. After 1,000 simulation runs, the
results demonstrated that the sandwich estimator consistently outperformed Tukey’s HSD in
all heteroscedastic scenarios, exhibiting lower familywise error rates and higher statistical
power.

Hasler and Mario (2014) compared HC3 and PI procedure for contrasts between groups
(k=3,4,5). The sample size was unbalanced and extremely small. The smallest group only
contained 2 observations, while nx followed an arithmetic sequence of nk = nrs + 2. There
were three variances settings for these groups. a. variances were homoscedastic; b. smallest

sample had the smallest SD; c. smallest sample had the largest SD. Since PI procedure and
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HC3 can all be embedded on classical MCT methods, this research covered 5 methods for
comparison: Dunnett test, Tukey HSD test, William’s test, Changepoint test and Average test.
The only one metric to be compared was familywise error rate under different tests. From the
result, a. the number of treatments (k value) had a stronger influence on HC3 than PI. The
FWE for PI was almost the same across different £ values, while that for HC3 would be
higher when k value increased. This gives evidence that for groups with extremely small
sample sizes, HC3 is more liberal when treatments increases. b. For samples with
homoscedasticity, both PI and HC3 performed worse than classical methods, while PI for
Dunnett test was relatively close to the o level. c. For samples whose sizes paired positively
with variances, the performance of robust procedures depended on the tests for MCTs. To be
specific, when using Dunnett or Tukey tests, PI procedure was robust and consistent at the o
level, while HC3 was more liberal only if n; = 2 (extremely small) and gradually become
robust when n; = 3. When using Williams, Changepoint and Average tests for MCTs, HC3
was particularly conservative for contrasts between 3 groups (k = 3) and more robust than PI
procedure no matter the sample size.

c. When sample sizes were negatively paired with variances, the results differed
notably. The HC3 procedure exhibited considerable liberality across methods under this
condition, particularly when the smallest group size n; was very small (e.g., n; =2 or 3).
Conversely, the PI procedure shared this liberality only for very small n;, but it demonstrated
robustness as #; increased. Furthermore, with increasing group sample sizes, the HC3
method’s robustness markedly improved, especially in the Changepoint test scenario.

In summary, this study examined the interaction between robust statistical procedures
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and sample size-variance pairings. It validated the PI procedure’s performance under
heteroscedasticity, with an emphasis on extremely small sample sizes. Additionally, the study
applied these findings to a biological dose-response dataset with small samples. The results
indicated that using the HC3 estimator could erroneously classify a dangerous dose of 75
mg/kg as safe, highlighting risks of false conclusions in small-sample contexts. However,
such extremely small sample sizes are uncommon in published psychological research, where
ANOVA with very small » is rarely preferred or reported formally. Therefore, for practical
psychological research, greater attention should be paid to more typical sample size and
variance scenarios when selecting robust procedures.

Hothorn and Mario (2023) further extended this line of research by conducting
simulations comparing multiple robust methods under heteroscedasticity, adding a
Bonferroni-adjusted Welch t-test for comparison with the PI procedure and the sandwich
estimator. Notably, the Bonferroni-Welch test is best suited for small numbers of groups (k)
because it ignores correlations between marginal tests. Simulations were conducted under
both the null hypothesis (H0, no group mean differences) and the alternative hypothesis (H1,
presence of mean differences). This dual approach allowed for assessment of both false
positive rates (familywise error rate) and false negative rates (power loss). Consequently, the
study’s evaluation metrics encompassed both familywise error rate and statistical power,
providing a comprehensive assessment of each method’s performance.

Focusing on the MCT between 4 treatment groups, this study considered two types of
sample size n: small (n; =6 or 9, nr = 6 or 5) and moderate (n; = nx = 20). The classical MCT

methods adopted in this study were Dunnett’s test, where all treatment groups were made



ROBUST MCT PROCEDURES UNDER HETEROSCEDASTICITY 25

contrasts with the control group (n:). For the variance setting, the variances for moderate
groups were all homoscedastic. In contrast, a significantly larger variance (s = 4) would be
given for one group in turn for small groups and others would be the same (s = 1). After 5000
simulations for HO and 2000 simulations for H1, results showed that: a. For tests conducted
for small sample size under HO, the original Dunnett’s test is unacceptably liberal with
inadequate power estimations; When variances were unequal, HC3 procedure was found
more conservative than the Dunnett’s test, but more liberal than the PI procedure and
Bonferroni-Welch test; b. For tests conducted for small sample size with heteroscedasticity,
the original Dunnett’s test will cause not only power loss due to variance increasing in exactly
the considered group (e.g. comparing x> and the control group while 72 had the largest
variance), but also power loss due to variance increasing in a different group (e.g. comparing
n2 and the control group while 7+ had the largest variance). For balanced small sizes under
H1, the HC3 procedure was more powerful than the other two procedures and would cause
less power loss due to variance increasing in the considered group. And when it comes to
unbalanced design, HC3 was also more powerful than the other two robust procedures. c. If
the sample sizes were moderate (n = 20), HC3 were found to exactly control the familywise
error rate (better than the PI procedure) under heteroscedastic situations for HO, while the
Bonferroni-Welch is a bit conservative. Meanwhile, the results under heteroscedastic
situations for H1 showed that HC3 brought less power loss than the other two robust
procedures without causing power loss due to a larger variance from a different group.
Combining all the simulation results, the Bonferroni-Welch-test and PI procedure were

recommended for small sample sizes, whereas the sandwich estimator was recommended for
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moderate or higher sample sizes.

To summarize these studies, there is no universal procedure that performs best for all
situations. The most important insight we can learn is that different sample sizes have
different preferences for procedures. For small or tiny small sample sizes, Mario (2014)
verified the PI procedure performed better than HC3, especially when the variances of groups
were large. While Hothorn & Mario (2023) concluded that the Bonferroni-Welch-test was
better than the PI procedure regarding the power loss. For moderate or medium sample sizes,
the HC3 procedure was considered more powerful than Tukey’s test and original Dunnett’s

test, but the discussion on heteroscedasticity of medium-size samples was rare.

2.6 Research Gap

Based on the review of the previous studies, it remains challenging for researchers to
determine which robust procedure is most suitable for specific real-world scenarios. This
difficulty arises because prior research has predominantly focused on isolated factors, such as
the number of groups (e.g., Hasler & Mario, 2014), different hypotheses (e.g., Hothorn &
Mario, 2023), or sample size relationships (e.g., Herberich, Sikorski, & Hothorn, 2010),
thereby lacking a unified framework for comparison. The heteroscedasticity in study designs,
particularly in the number of groups (k), sample sizes (n), and variance settings (SD),
impedes the derivation of comprehensive conclusions.

Firstly, the variability in the independent variables across studies is substantial. For
example, findings from MCTs conducted on three-group designs cannot be directly compared

with those involving five groups, as the properties of robust procedures can shift with the
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number of groups. Additionally, although all the aforementioned studies aimed to investigate
heteroscedasticity effects, their methods to impose unequal variances differed markedly. One
study employed extremely small variance values (e.g., 0.14), another combined equal
variances with a single extreme variance, and yet another did not specify variance values at
all. Similarly, the range of sample sizes explored varied considerably, offering limited insight
into the effective operational bounds of the procedures. Furthermore, many studies did not
include promising or commonly used alternative robust procedures, restricting meaningful
cross-method comparisons.

Moreover, these studies often overlooked critical factors such as variance ratio (VR),
sample size ratio, and the interplay between sample sizes and variances. The variance ratio—
defined as the ratio of the largest variance to the smallest—is a key metric for assessing
heteroscedasticity (Field & Wilcox, 2017; Ruscio & Roche, 2012; Grissom, 2000), yet it has
been rarely addressed in robust MCT literature. Notably, Blanca et al. (2018) demonstrated
that VR values exceeding 1.5 threaten the robustness of the F test in unbalanced designs,
whereas lower VRs have minimal impact. Without explicit consideration and quantification
of VR, it is difficult to formulate generalizable conclusions. Most prior robust MCT studies
set variance differences as fixed increments rather than ratios, and some arbitrarily selected
variance values spanning wide and irregular ranges. Given the fundamental role of VR in
classical F tests, incorporating it systematically is essential when evaluating and comparing
robust MCT procedures.

Besides, the patterns for sample sizes in previous studies were always set in a simple

way, (equal or monotonic increase). The sizes across studies varied largely, making it difficult
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to compare. Multiple studies on sample sizes found that equal group sizes would make
ANOVA more robust when affected by heteroscedasticity (Blanca, et al., 2018; Monder,
2010; Lee & Ahn, 2003). However, it’s hard to tell the exact where the line between equality
and inequality is. Hothorn and Mario (2023) considered a potential situation for real-world
studies, that one or two groups may be outstanding after the data cleaning while others shared
the same size. Due to the complex situations and the influence of sizes on robustness, the
setting of sample sizes should be considered. Blanca et al. (2018) utilized a new metric for
sample size, coefficient of sample size variation (An), to measure the amount of inequality in
sample sizes. It is calculated by dividing the SD of group size by its mean. According to their
definition, a range of [0.141, 0.178] is for a low An, a range of [0.316, 0.334] is for a medium
An, and a range of [0.491, 0.521] is for a large An. Thus, our study plans to take not only the
sample size values but also the variation into experimental design.

Meanwhile, the relationship between sample sizes and variances needs attention. Early
studies on classical F-test found that the F-test tended to be conservative when the pairing
was positive, and it tended to be liberal when the pairing was negative (Blanca et al., 2018;
Glass, Peckham & Sanders, 1972). Based on findings of Hasler and Mario (2014), the FWER
of three procedures under hetero I situation (where the pairing of sample sizes and variances
are positive) is quite different from the error rate under hetero II situation (where the pairing
of sample sizes and variances are negative). For extremely small sample sizes, HC3 was a
bad procedure for hetero II situation, but a robust tool for hetero I situation. We could
calculate the pairing by the correlation between group size and variance, range between |-

1,1]. In addition to the monotonic positive and negative pairing, a group with medium size in
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a real study is likely to have the smallest/largest variance. Thus, the effect of pairing should
be explored thoroughly, especially after introducing the measure of sample size deviation.
Lastly, for the dependent variables, FWER was the only one metric that were always
used in previous studies to measure the performance of procedures, while power was seldom
used. But for a real-world study, there are more metrics we need to concern. According to
Counsell and Lisa (2017) who calculated and reported important metrics from published
psychological research, effect size and p values were the most used metrics (91.4%, 92.7%,
respectively). Confidence interval and standard error would be included for some cases
(10.6%, 24.6%, respectively). To examine the procedures as comprehensive as possible, it’s

necessary to cover more metrics in further study, especially the effect size.

2.7 Goal of This Study

This study aims to compare and promote robust procedures for multiple comparison
tests (MCTs), with the goal of identifying the most appropriate methods across various
heteroscedastic conditions. Building on previous findings regarding the robustness of the PI
procedure and the sandwich estimator, the current research focuses on more realistic
experimental designs typical of psychological studies, excluding extremely small group sizes
(n < 5), which are seldom considered reliable for formal psychological analysis. The study
systematically varies key factors such as the number of groups, variance ratios, sample size
imbalances, and the pairing patterns between variances and group sizes to reflect practical
research scenarios. Through extensive simulation, this study aims to derive generalizable

conclusions regarding the optimal scope of application for each robust procedure under
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heteroscedasticity.

30
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Chapter I11: Methods

To comprehensively investigate multiple parameters affecting data distributions under
various conditions typical of psychological research, this study employs Monte Carlo
simulation, a computational technique that utilizes random sampling and statistical methods
to approximate numerical solutions to complex problems (Morris et al., 2019). It generates
large datasets by drawing pseudo-random samples—often from a specified distribution such
as the normal distribution—based on predefined parameters including mean, sample size, and
standard deviation. In this study, Monte Carlo simulation is used to create datasets reflecting
realistic psychological study conditions, such as unbalanced sample sizes and unequal
variances, which are typically beyond researchers' control. The aim is to compare different
multiple comparison test (MCT) methods, robust procedures, and their combinations to
determine which techniques yield the lowest familywise error rate (FWER) while maintaining
adequate statistical power.

Leveraging R Studio's mature computational environment, which supports intensive
simulations, enables the generation and analysis of all possible datasets under the designed
conditions, thus providing a robust framework for evaluating the performance of various
procedures (Burton, Altman, Royston, & Holder, 2006; Angelis & Young, 1998). To
specifically address violations of the homogeneity of variance assumption, the rnorm()
function in R is used to generate normally distributed data. Given that the precision and
accuracy of evaluating Monte Carlo simulation results improves with the number of
repetitions, each simulation scenario was replicated 5000 times.

Based on the literature review, the main parameters identified as critical—yet
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inconsistently addressed across previous studies—are summarized as follows: a. the number
of groups. In this study, we went through all combinations of data distribution and
parameters setting under one common condition of k = 3. b. the ratio of variances. The
manipulations cover the ideal case of equal variance to the extreme case where VR equals to
16. c. the group sample size. For each group of treatment, the small sample size (n = 10),
moderate sample size (n = 30), and large sample size (n = 50) were combined and put into
manipulations. d. the pairing between variance and group size. Apart from monotonically
positive and monotonically negative, other types of pairing were also taken into
consideration. For example, the smallest n has an intermediate variance, while the largest n
has a smallest variance.

Overall, the variables are manipulated as follows:
Table 3.1

Simulation Manipulations for 3 Level MCTs

design nl n2 n3 N nsize vl v2 v3 VR  pairing
30 30 30 90 1 1 1 1
30 30 30 90 mode- | 125 1.5 1.5
rate /
30 30 30 90 size 1 4 4
30 30 30 90 1 4 16 16
10 10 10 30 1 1 1 1
10 10 10 30 small 1 1.25 1.5 1.5
balanced ) /
10 10 10 30 S1z¢€ 1 2 4 4
10 10 10 30 1 4 16 16
50 50 50 150 1 1 1 1
50 50 50 150 large 1 1.25 1.5 1.5 )
50 50 50 150  size | 2 4 4
50 50 50 150 1 4 16 16
unbalan 10 30 50 150 1 1 1 1 /
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ced 10 30 50 90 1 125 15 15 minn+
10 30 50 90 Al ] 2 4 4 min SD;
max n +
10 30 50 90 | 4 16 16 max SD
10 30 50 90 | 15 125 15 minn+
min SD;
10 30 50 90 AD 1 4 2 4 middle n
+ max
10 30 50 90 ] 16 4 16 o
10 30 50 90 125 1 1.5 1.5 middlen
+ min
10 30 50 90 A3 2 1 4 4 SD:
10 30 50 90 4 1 16 16 maxn+
max SD
10 30 50 90 125 15 1 1.5 maxn+
min SD;
10 30 50 90 Ad 2 4 1 4 middle n
+ max
10 30 50 90 4 16 1 16 o
10 30 50 90 15 1 125 1.5 middlen
+ min
10 30 50 90 A5 4 1 2 4 SD:
10 30 50 90 6 1 4 16 |mnt
max SD
10 30 50 90 15 125 1 1.5 maxn-+
10 30 50 90 A6 4 2 ] 4 min SD;
minn -+
10 30 50 90 16 4 1 16  max SD
10 30 30 70 BO ] ] ] ] /
10 30 30 70 | 125 15 15 .
minn
10 30 30 70 Bl ] 2 4 4 has min
10 30 30 70 ] 4 16 16 P
10 30 30 70 125 1 15 1.5 minn
has
10 30 30 70 B2 2 1 4 4 e
unbalan 10 30 30 70 4 1 16 16 SD
ced 10 30 30 70 15 1 125 15 .
minn
10 30 30 70 B3 4 ] 2 4 has max
10 30 30 70 6 1 4 16 D
50 30 30 110  CO ] ] ] ] /
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50 30 30 110 125 1 15 15 maxn

has
50 30 30 10 2 2 1 4 4 %
50 30 30 110 4 1 16 16 SD
50 30 30 110 15 1 125 15

max n
50 30 30 110 C3 4 1 2 4 has max
50 30 30 110 6 1 4 16 D

Note: For all A conditions (A1 to A6), the 3 group sizes were different. The difference
between A1 to A6 was the sample-size-variance pairing.

The detailed design are shown as follows. Under unequal sample size (A) conditions,
most of the possible scenarios of variance heteroscedasticity have been simulated through
permutation and combination. The correlation between sample size and variance is calculated
as an evaluation metric under the corresponding conditions, as shown in Table 3.2.

Table 3.2

The Correlation between Sample Sizes and Variance under A Condition

Name Sample Size Ratio Order of Variance Correlation
Al 10: 30: 50 1:2: 4 0.982
A2 10: 30: 50 1:4:2 0.327
A3 10: 30: 50 2:1: 4 0.655
A4 10: 30: 50 2:4:1 -0.327
A5 10: 30: 50 4:1:2 -0.655
A6 10: 30: 50 4:2:1 -0.982

Note. In this table, take VR=4 as an example to illustrate the correlation.

Taking VR = 4 as an example, it can be seen that in Al, the ratio of sample size to
variance is approximately 1.0, while in A6, the ratio is approximately -1.0. Compared to A2
and A4, the correlation between sample size and variance in A3 and AS is relatively larger,
which may be due to the bias introduced by combining the highest variance with the
smallest/largest groups. Thus, the correlation ranking for the six scenarios is as follows:

-l <A6<AS<A4<0<A2<A3 <Al
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Specifically, in A1, the smallest group has the smallest variance, and the largest group
has the largest variance; in A2, the smallest group has the smallest variance, while the largest
group has a moderate variance; in A3, the smallest group has a moderate variance, and the
largest group has the largest variance; in A4, the smallest group has a moderate variance, and
the largest group has the smallest variance; in A5, the smallest group has the largest variance,
and the largest group has a moderate variance; in A6, the smallest group has the largest
variance, and the largest group has the smallest variance. Through this approach, we
simulated a comprehensive range of possible variance heteroscedasticity scenarios.

The same procedure happens for B & C conditions, where there are 2 equal groups and
1 extremely larger/smaller group. As shown in Table 3.3, the three combinations represent
groups with different sample sizes, having the smallest, medium, and largest variances. For
the B conditions, the correlation between sample size and variance is negative only when the
smallest group has the largest variance. For the C conditions, the correlation is positive only
when the largest group has the largest variance.

Table 3.3

The Correlation between Sample Sizes and Variance under B & C Condition

Name Sample Size Ratio Order of Variance Correlation
B1 10: 30: 30 1:2:4 0.756
B2 10: 30: 30 2:1: 4 0.189
B3 10: 30: 30 4:1:2 -0.945
Cl 50: 30: 30 1:2: 4 -0.756
C2 50: 30: 30 2:1: 4 -0.189
C3 50: 30: 30 4:1:2 0.945

Note. In this table, take VR=4 as an example to illustrate the correlation.
To ensure reliable results, each combination of the conditions described above was

simulated with 5,000 replications. The empirical Type I error rate (at a significance level of
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0.05), statistical power, Confidence Interval (CI) width, and CI exclusion rate were recorded
as evaluation metrics. For the metrics related to Type I error rate, CI exclusion rate, and
confidence interval width, the simulations were conducted under the null hypothesis H0,
where all group means are equal to zero. Conversely, for the evaluation of power, the
simulations were performed under the alternative hypothesis H1, in which specified mean
differences between groups exist.

Specifically, the mean differences between Group 1 and Group 2, as well as those
between Group 2 and Group 3, were set to ensure the alternative hypothesis was met. In this
design, mean differences were expressed in terms of effect size to mitigate the confounding
influence of varying variances across groups. This approach allows for an accurate
assessment of the multiple comparison methods’ performance across different variance
conditions while maintaining a relatively consistent level of statistical power for each group
comparison.

Table 3.4

Group Means Under the Assumption of a High Effect Size (Cohen's d = 0.80)

VR b () pwin @) w3 fé’i”z’id ;’é’;;’;d 5”’"”’ s
1: 1: 1 0 0.8 0.8 1 1 0.8
1: 1.25: 1.5 0 0.906 1.020 1.132 1.275 0.8
1:2: 4 0 1.265 2.332 1.581 2.915 0.8
1:4: 16 0 2.332 9.069 2915 11.336 0.8

Note: VR = variance ratio, x« (1) = mean of group 1, 1 (2) = mean of group 2, ¢ (3) = mean of
group 3, 0 pooted (C12) = the pooled SD between group 1 and group 2, ¢ pooted (C13) = the
pooled SD between group 1 and group 3, Cohen's d = effect size.

As shown in Table 3.4, statistical power was adjusted according to the predefined effect
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size, with the required mean difference for an effect size of 0.8 (considered a large effect)
being calculated accordingly. The primary focus of group comparisons was on Group 1
versus Group 2, where the mean of Group 1 was fixed at zero and the mean of Group 2 was
adjusted according to the variance ratio. In contrast, false significance was assessed by
comparing Group 1 with Group 3, both having means set to zero. This design enables
simultaneous evaluation of power and false positive rates under various experimental
conditions.

It is important to highlight that the power measurement design used in this study (i.e.,
Group 1 = Group 3 < Group 2) more accurately reflects real-world research scenarios, where
not all group comparisons reveal significant differences. By simulating false significance
between groups with no true mean differences, this approach reveals the susceptibility of
multiple comparison methods to false discoveries, thus indicating their stability and
robustness. In other words, this design provides a comprehensive framework for assessing
parameter adjustments in various multiple comparison procedures, identifying which methods
reliably maintain accuracy when the alternative hypothesis holds, while avoiding inflated
error rates when the null hypothesis is true.

Regarding the multiple comparison tests (MCTs) and robust procedures examined in
this study, both classical methods—Bonferroni’s test, Dunnett’s test, and Tukey’s HSD—and
robust procedures—including the Games-Howell test, the PI procedure, and the sandwich
estimator family—were evaluated. Additionally, combinations of classical tests with robust
estimators (e.g., Bonferroni’s test + PI procedure, Dunnett’s test + PI procedure) were also

considered. Within the sandwich estimator family, HCO, HC1, HC2, and HC3 variants were
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included in the simulation, whereas HC4, HC4m, and HC5 were excluded due to their
specific design for handling extreme values and high leverage points.

In summary, this study compares the performance of all these 14 MCT methods based
on 5000 replicated tests via Monte-Carlo Simulation to obtain as accurate and reliable result
as we can within our computing power. The 14 MCT methods are: Bonferroni’s test,
Dunnett’s test, Tukey’s HSD, Games-Howell test, Dunnett’s test + HCO, Dunnett’s test +
HC1, Dunnett’s test + HC2, Dunnett’s test + HC3, Dunnett’s test + PI, Tukey’s HSD + HCO,
Tukey’s HSD + HC1, Tukey’s HSD + HC2, Tukey’s HSD + HC3, Tukey’s HSD + PI. Except
for methods in the Dunnett’s family, which produce 2 contrasts between the control group and
two treatment groups, all other methods produced 3 pairwise contrasts: group 1 to group 2,
group 1 to group 3, and group 2 to group 3. The evaluation metrics for all these contrasts
include the p value, CI exclusion rate, confidence interval width, power, and effect size. In
order to ensure the reproducibility of the research findings, the seed for data simulation is set

as 76.
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Chapter 1V: Results

The results of the 5,000 Monte Carlo simulations are presented in this section,
organized into four subsections: Type I error rate, confidence interval width, CI exclusion
rate, and statistical power. The Type I error rate and CI exclusion rate were calculated based
on the proportion of false positives observed across the 5,000 simulation iterations.
Confidence interval width was computed as the average interval length over all simulations.
Statistical power was determined by the proportion of correctly detected significant effects
within the 5,000 replicates. Consequently, four distinct result sets were obtained, each
comprising a 51 x 36 matrix representing combinations of manipulated conditions and MCT
methods. In this chapter, the primary focus is on overarching patterns and general trends.
Detailed comparisons and nuanced performance analyses of individual robust methods and

their combinations are provided in Chapter V.

4.1 Type I error rate

The Type I error rates are presented below using faceted plots. Each plot displays
comparisons across different variance ratios (VR), sample sizes, and multiple comparison
methods. Separate plots were generated for the contrasts between Group 1 and Group 2 (G1-—
G2), Group 1 and Group 3 (G1-G3), and Group 2 and Group 3 (G2-G3), with additional
stratification based on the manipulated experimental conditions.

Results under balanced group conditions are illustrated from Figures 4.1 to 4.3. Since
the group means were set to 0 in the simulation, i.e., the null hypothesis (HO) is satisfied and

there are no significant differences between the means, a significant p value indicates a false
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positive, which should ideally be controlled below 0.05. If it exceeds this threshold, it
suggests an excessive false positive rate. We first went through each figure, then concluded
the performance of 14 MCT methods combining all contrasts from Figure 4.1 to Figure 4.3.
As shown in Figure 4.1, the false positive rates for all 14 methods comparing G1 and
G2 contrasts remained below 0.045, which is within the acceptable Type I error threshold of
0.05. Classical MCT methods, including Dunnett’s test, Bonferroni correction, and Tukey’s
HSD, exhibited a consistent decreasing trend in false positive rates as the variance ratio
increased across all sample size conditions. In contrast, robust procedures displayed a more
variable pattern, with fluctuations observed as VR increased. Notably, when the sample size
was extremely small (n = 10), all MCT methods showed the poorest performance, with Type I
error rates ranging from 0 to 0.045. However, when the sample size increased, the
performance of MCT methods turned more conservative, with error rates falling within the

narrower range of 0 to 0.030.
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Figure 4.1
The FWER Results of Different MCT Methods under Different VRs and Sample Sizes Between

G1 -G2 Contrasts (Balanced Group)
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As shown Figure 4.2, the false positive rates for classical and robust methods exhibited
distinct patterns in the G1-G3 contrasts. Specifically, the classical methods showed a marked
increase in false positive rates as the variance ratio (VR) rose from 1 to 16, surpassing the
nominal 0.05 significance threshold, with rates reaching as high as 0.075. In contrast, all
robust MCT methods effectively controlled the false positive rates, maintaining values below
the 0.05 threshold, thus adhering to the acceptable limit for Type I error. Notably, when the
sample size was extremely small (n = 10), the performance of robust methods demonstrated
greater variability and fluctuation compared to scenarios with medium (n = 30) and large (n =

50) sample sizes, where the error rates were more stable.
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Figure 4.2
The FWER Results of Different MCT Methods under Different VRs and Sample Sizes between

G1 -G3 Contrasts (Balanced Group)

Comparisons between group 1 and group 3
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As shown Figure 4.3, the familywise error rate (FWER) results for the G2-G3
contrasts revealed distinct patterns between classical and robust methods. For the classical
Tukey and Bonferroni tests, false positive rates increased notably as the variance ratio (VR)
escalated from 1 to 16, surpassing the nominal 0.05 threshold, albeit with a lower peak
around 0.065. Conversely, all robust MCT methods maintained strong control over false
positive rates, keeping them below the 0.05 significance level, thereby meeting the acceptable
criteria for Type I error control. When sample sizes were extremely small (n = 10), the robust
methods exhibited greater variability in performance compared to the more stable results
observed under moderate (n = 30) and large (n = 50) sample sizes. Under these latter

conditions, FWER values remained consistently between 0.015 and 0.030.
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Figure 4.3
The FWER Results of Different MCT Methods under Different VRs and Sample Sizes between

G2 — G3 Contrasts (Balanced Group)

Comparisons between group 2 and group 3
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In summary, all 14 methods maintained good robustness across the G1-G2 contrast,
keeping the false positive rate below 0.05. However, it was worth noting that for the classical
MCT methods, this relatively ideal performance was not maintained in the G1-G3 and G2—
G3 contrasts. As the VR increased, the false positive rates of the three classical MCT methods
surged, approaching or exceeding the acceptable threshold of 0.05 when VR equaled 4, with
the highest value even surpassing 0.07. Increasing the sample size did not mitigate the impact
of variance heteroscedasticity on these classical methods.

Across the three contrasts, most methods (such as the HC family, PI procedure, and
Games-Howell) were not strongly affected by heteroscedasticity and automatically adjusted
their false positive probabilities at VR =4 or VR = 16. Among these methods, the Games-
Howell method exhibited the smallest fluctuations, indicating greater sensitivity to variance

imbalance. For both the HC estimator and the PI procedure, the combination of HC-series/PI
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with Tukey consistently demonstrated better robustness than the combination of HC-series
with Dunnett. As for the performance within the HC family, HC3 performed the best, with a
relatively robust Type I error rate, especially when combined with Tukey. The results under
unbalanced group conditions (3 different sample sizes) are illustrated from Figure 4.4 to
Figure 4.6. From A1 to A6 condition, the sample sizes of the three group were: G1: n=10,
G2: n=30, G3: n=50. Among these conditions, the combinations of group sample size and
variance were different, as shown in Chapter I1I. We first went through each contrast figure
before comprehensively comparing performance across contrasts.

As shown Figure 4.4, the FWER results of classical methods (Tukey, Dunnett, and
Bonferroni) and robust methods exhibited distinct patterns in the G1-G2 contrasts,
particularly under conditions A5 and A6. While Dunnett, Tukey, and Bonferroni tests
maintained acceptable false positive rates under conditions A1 through A4, their rates became
unacceptably high (reaching up to 0.400) under A5 and A6, where small groups were paired
with large SD. In contrast, the robust MCT methods demonstrated more stable performance,
with false positive rates generally controlled below the 0.05 threshold across varying variance
ratios. However, some Dunnett-based robust procedures under conditions A3, AS, and A6
slightly exceeded this level regardless of the VR settings. Overall, increasing the VR did not

lead to inflation of false positive rates when applying robust procedures.
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Figure 4.4
The FWER Results of Different MCT Methods under Different VRs and Sample Sizes between

G1 -G2 Contrasts (Unbalanced Group & 3 Different Sizes)
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As shown in Figure 4.5, the FWER results of classical methods (Tukey, Dunnett, and
Bonferroni) and robust methods displayed different patterns in the G1-G3 contrasts. For
Dunnett, Tukey, and Bonferroni tests, false positive rates were very low under conditions A1l
to A4, outperforming all robust procedures, but became unacceptably high (exceeding 0.400)
under A5 and A6, where size-variance pairing was negative. Robust MCT methods
maintained false positive rates below 0.050 under A1 to A3, showing a decreasing trend as

VR changed. However, Dunnett-related methods exceeded 0.05 under A4, A5, and A6
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regardless of VR.

Figure 4.5

The FWER Results of Different MCT Methods under Different VRs and Sample Sizes between

G1 -G3 Contrasts (Unbalanced Group & 3 Different Sizes)
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As shown Figure 4.6, the FWER results of two classical methods (Tukey and
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as VR increased under A5 and A6, where the size-variance pairing was negative. In contrast,
all robust MCT methods maintained controllable false positive rates below 0.030 across
conditions A1l to A6, demonstrating greater stability.

Figure 4.6

The FWER Results of Different MCT Methods under Different VRs and Sample Sizes between

G2 -G3 Contrasts (Unbalanced Group & 3 Different Sizes)
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In summary, the three classical MCT methods tended to be much more conservative
across Al to A4 condition and shifted to liberal under AS and A6 conditions, showing a poor
performance when facing various situations of sample-size-variance pairing. As to the robust
procedures, the Dunnett-HC family showed an increase of approximately 0.02—0.03. Since

these combinations already exceeded 0.05 and became liberal when VR = 1.5 (except for



ROBUST MCT PROCEDURES UNDER HETEROSCEDASTICITY 48

Dunnett-HC3), they exhibited higher FWER. In contrast, Tukey-HC, Tukey-PI, and Dunnett-
PI were robust and controlled the increase within a smaller range, demonstrating stronger
control, while the Games-Howell method remained consistently robust and stable around
0.025.

Results under unbalanced group conditions (two balanced groups with one extremely
larger or smaller group) are shown in Figures 4.7 to 4.12. Conditions B1 to B3 had group
sizes of G1: n=10, G2: n=30, G3: n=30, with G1 being the smallest group. Conditions C1 to
C3 had group sizes of G1: n=50, G2: n=30, G3: n=30, with G1 being the largest group. All
combinations of group sample size and variance were examined within these conditions. We
first went through each contrast figure, then analyze the performance of all MCT methods
across contrasts.

As shown Figure 4.7, the FWER results of classical methods (Tukey, Dunnett, and
Bonferroni) and robust methods exhibited different patterns for the G1-G2 contrasts. For
Dunnett, Tukey, and Bonferroni tests, false positive rates were very low under conditions B1
and B2, outperforming all robust procedures, but rose to unacceptable levels—over 0.200—
under B3, where the smallest group had the largest SD. Robust MCT methods maintained
false positive rates below 0.050 under B1, with a decreasing trend as VR increased. However,
some Dunnett-related methods exceeded 0.05 under B2, and all did so under B3 as VR

increased.
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Figure 4.7
The FWER Results of Different MCT Methods under Different VRs and Sample Sizes between

G1 -G2 (u=0) Contrasts (Unbalanced Group & 1 Smaller Group: nci=10, nc2=ng3=30)
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As shown Figure 4.8, the FWER results of classical methods (Tukey, Dunnett, and
Bonferroni) and robust methods showed different patterns for the G1-G2 contrasts. For
Dunnett, Tukey, and Bonferroni tests, false positive rates were very low under conditions B1
and B2, outperforming all robust procedures, but rose to unacceptable levels—over 0.200—
under B3, where the smallest group had the largest SD. Robust MCT methods maintained
false positive rates below 0.050 under B1, with a decreasing trend as VR increased. However,
some Dunnett-related methods exceeded 0.05 under B2, and all did so under B3 as VR

increased.
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Figure 4.8
The FWER Results of Different MCT Methods under Different VRs and Sample Sizes between

G1 -G3 (Unbalanced Group & 1 Smaller Group: nci=10, nc2=ng3=30)
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As shown Figure 4.9, the FWER results of classical methods (Tukey and Bonferroni)
and robust methods showed similar patterns for the G2—G3 contrasts under conditions B1 and
B2, but they differed under condition B3. For Tukey and Bonferroni tests, false positive rates
ranged from 0.015 to 0.035 under B1 and B2, comparable to robust procedures and within
acceptable FWER limits, but dropped sharply as VR increased under B3. Robust MCT
methods maintained controllable false positive rates below 0.050 across B1, B2, and B3, with

a slight increase as VR grew.
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Figure 4.9
The FWER Results of Different MCT Methods under Different VRs and Sample Sizes between

G2 -G3 (Unbalanced Group & 1 Smaller Group: nci=10, nc2=ng3=30)
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The following figures illustrate performance in a more realistic scenario where two
groups are equal in size and one group is larger. All groups meet or exceed the minimum
sample size standard (n=30). This allows us to examine whether heteroscedasticity still
affects the results in such conditions.

As we can see from Figure 4.10, the false positive rates of all 14 methods for the G1-
G2 contrasts remained below 0.050, within the acceptable range. Classical MCT methods
(Dunnett, Bonferroni, and Tukey) showed a decreasing trend as VR increased across all
sample size conditions, while robust procedures exhibited stable or slightly increasing
patterns. Dunnett-related methods (red lines) and Tukey-related methods (blue lines)
followed similar patterns under C1 and C2 conditions, but diverged under C3, where
Dunnett-related methods increased with VR, unlike the stable trend seen in Tukey-related

methods.
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Figure 4.10

The FWER Results of Different MCT Methods under Different VRs and Sample Sizes between

G1 -G2 (u=0) Contrasts (Unbalanced Group & 1 Larger Group: nci=>50, nc2=ng3=30)
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As shown Figure 4.11, the FWER results of classical methods (Tukey, Dunnett, and
Bonferroni) and robust methods showed different patterns between the G1-G3 contrasts
under C1 and C2 conditions, and a similar pattern under the C3 condition. Specifically, for
classical MCT tests, the false positive rates increased significantly under conditions C1 and
C2, reaching a peak of over 0.130, which is clearly unacceptable. However, the false positive

rates of robust MCT methods under these two conditions remained between 0.015 and 0.025,
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showing a consistent and reliable trend as VR changed.
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Figure 4.11
The FWER Results of Different MCT Methods under Different VRs and Sample Sizes between

G1 -G3 Contrasts (Unbalanced Group & 1 Larger Group: nci=50, ng2=nag3=30)

Comparisons between group 1 and group 3
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As shown Figure 4.12, the FWER results of classical methods (Tukey, Dunnett, and
Bonferroni) and robust methods showed different patterns between the G1-G3 contrasts. For
the two classical MCT tests, Tukey and Bonferroni, the false positive rates increased
significantly under conditions C1 and C2, reaching an unacceptable peak of about 0.090,
while the rates decreased to 0 under condition C3. Meanwhile, the false positive rates of
robust MCT methods remained stable between 0.015 and 0.030 across all three conditions,

regardless of how VR changed.
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Figure 4.12
The FWER Results of Different MCT Methods under Different VRs and Sample Sizes between

G2 -G3 Contrasts (Unbalanced Group & 1 Larger Group: nci=50, ng2=nag3=30)

Comparisons between group 2 and group 3
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To summarize, when faced with unbalanced situations involving a small or large group,
the classical methods became extremely liberal, with a much higher Type I error rate (the
highest reaching up to 0.315), or extremely conservative down to 0, which was unacceptable
for significance testing. However, most of the other methods remained robust, with good
false positive rate control, consistently keeping the rate between 0.015 and 0.035, except for
the Dunnett-HC series. The Games-Howell method exhibited the strongest conservative

pattern, while the PI series and the Tukey-HC series were relatively robust.

4.2 CI Exclusion Rate

This section evaluates the occurrence of false positives in 5000 simulations based on
whether the confidence interval (CI) includes the true mean (0) and compares it to the false
positive rate based on p values from Chapter 4.1. For the three groups with the same mean of

0, all mean differences are supposed to be 0 for 3 contrasts. If the CI of mean difference
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contains 0, it indicates that the HO is successfully accepted. Otherwise, if the CI excludes 0, it
indicates that the inferred interval is biased, leading to a false positive conclusion. When
analyzing the CI exclusion results, we use the p value results from Chapter 4.1 as a
benchmark and observe the main differences.

The main difference is shown below in bar charts. A positive bar indicates that the CI
exclusion rate yielded more false positive results; a negative bar indicates that the p value
yielded more false positives; and a bar equal to zero means both calculation methods
produced the same results. The results are presented in Figures 4.13 to 4.27. Specifically,
Figures 4.13 to 4.15 show differences under three balanced conditions (n = 30, 10, 50).
Figures 4.16 to 4.21 show differences under unbalanced conditions with groups of three
different sizes (A1-A6). Figures 4.22 to 4.24 show differences under unbalanced conditions
with one smaller group (B1-B3). Figures 4.25 to 4.27 show differences under unbalanced
conditions with one larger group (C1-C3). We went through the four experimental
conditions, followed by a detailed evaluation of the CI exclusion performance of the 14
multiple comparison test (MCT) methods across conditions.

First, as seen in Figures 4.13 to 4.15, Dunnett’s test and robust Dunnett-related tests
exhibited bars of zero length, indicating these methods yielded identical results for both p
value and CI exclusion rate calculations. In contrast, a cluster of bars was observed for the
Games-Howell test, indicating a gap between the two calculation methods. The differences in
frequencies ranged from —0.0002 to 0.0008, with the highest bar corresponding to the Games-

Howell test, while other differences were small and around 0.0002.



ROBUST MCT PROCEDURES UNDER HETEROSCEDASTICITY

Figure 4.13

The Differences of Frequencies of Inconsistent Decisions between CI exclusion rate and P
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Figure 4.14

The Differences of Frequencies of Inconsistent Decisions between CI exclusion rate and P
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Figure 4.15

The Differences of Frequencies of Inconsistent Decisions between CI exclusion rate and P
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Secondly, as we can see from Figure 4.16 to Figure 4.21, Dunnett’s test and robust
Dunnett-related tests showed zero-length bars under conditions A1 and A4, indicating these
methods captured the same false positive rates from both p value and CI exclusion rate
calculations. A cluster of bars was also observed for the Games-Howell test, with the highest
bars of 0.0008 under condition A1 and 0.0010 under condition A3. Apart from the Games-
Howell test, the differences in frequencies ranged from —0.0004 to 0.0004. Notably, under
condition A6 (smallest group with largest SD vs. largest group with smallest SD), larger gaps
appeared between the false positive frequencies derived from CI exclusion rates and p values.
Figure 4.16
The Differences of Frequencies of Inconsistent Decisions between CI exclusion rate and P
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Figure 4.17

The Differences of Frequencies of Inconsistent Decisions between CI exclusion rate and P
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Figure 4.18

The Differences of Frequencies of Inconsistent Decisions between CI exclusion rate and P
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Figure 4.19

The Differences of Frequencies of Inconsistent Decisions between CI exclusion rate and P
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Figure 4.20

The Differences of Frequencies of Inconsistent Decisions between CI exclusion rate and P
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Figure 4.21

The Differences of Frequencies of Inconsistent Decisions between CI exclusion rate and P

Value under A6
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As we can see from Figure 4.22 to Figure 4.24, Dunnett’s test displayed a zero-length
bar, indicating that this method yielded the same results from both p value and CI exclusion
rate calculations. A cluster of bars was observed for the Games-Howell test, reflecting the gap
between the two calculation methods. The differences in frequencies ranged from —0.0004 to
0.0006, with the highest bar of 0.0006 belonging to the Games-Howell test, while other

differences were smaller, around 0.0004.
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Figure 4.22

The Differences of Frequencies of Inconsistent Decisions between CI exclusion rate and P
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Figure 4.23

The Differences of Frequencies of Inconsistent Decisions between CI exclusion rate and P
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Figure 4.24

The Differences of Frequencies of Inconsistent Decisions between CI exclusion rate and P
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As we can see from Figure 4.25 to Figure 4.27, Dunnett’s test displayed a zero-length
bar, indicating that it produced the same results from both p value and CI exclusion rate
calculations. Clusters of bars were observed for the Games-Howell test (across C1 to C3) and
Tukey-HCI (under C2), with a peak difference of 0.0008. Aside from these two clusters, the
differences in frequencies ranged from —0.0002 to 0.0004.

Figure 4.25

The Differences of Frequencies of Inconsistent Decisions between CI exclusion rate and P
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Figure 4.26

The Differences of Frequencies of Inconsistent Decisions between CI exclusion rate and P
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Figure 4.27
The Differences of Frequencies of Inconsistent Decisions between CI exclusion rate and P
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When interpreting statistical significance, it was also important to consider the stability
of the confidence interval for a comprehensive judgment. Overall, the two evaluation
standards aligned closely but showed some deviation under specific methods and conditions.
Under all conditions, the Games-Howell method showed the largest deviation from the p-
value results. In a total of 36 inter-group comparisons under balanced situations, 75.0%
exhibited under-adjustment. The misalignment rate was 70.4% under A1 to A6 conditions,
and 64.9% under B1 to C3 conditions.

As for other robust procedures, misalignment was less frequent than that of the Games-
Howell method. Under the balanced conditions, the Tukey-HC series showed more frequent
misalignment than the Dunnett-HC series (25.7% vs. 2.1%), while the Tukey-PI series
exhibited a similar pattern compared to the Dunnett-PI series (19.4% vs. 0.0%). Under
unbalanced conditions, for the Tukey-HC series methods, the difference between CI and p-
value significance levels was widespread (misalignment rate: 17.6%), which was larger than
that of the Dunnett-HC series (12.5%). The Tukey-PI series also showed more frequent CI

adjustment than the Dunnett-PI series (misalignment rate: 27.8% vs. 16.7%).
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Among the three classical methods, Dunnett's method had the smallest difference in
false positive rates between the CI and p-value (misalignment rate: 8.3%). Tukey showed a
higher proportion of misalignment (rate: 11.1%), but the differences were all around 0.0002,
which was very minor. The misalignment of Bonferroni’s method appeared greater

(misalignment rate: 18.5%), but the differences were also generally around 0.0002.

4.3 Confidence interval width

Considering that the confidence interval width varied as VR increased under different
manipulated conditions, the relative interval length was calculated by dividing the absolute
interval length by the overall average interval length for the corresponding manipulation
condition. Thus, if the relative confidence width is greater than 1, it means the confidence
width is larger than average; if it is less than 1, the confidence width is shorter than average.
Several heat maps are used to illustrate the width results. Relative widths larger than average
are colored in red, while smaller widths are colored in blue. The results are shown in Figures
4.28 to 4.31.

Figure 4.28 presents the results under all balanced-group conditions. It is clear that as
VR increased across all sample size types, the blue and red colors intensified, indicating that
deviations from the average grew larger. The confidence widths of the three classical methods
remained stable and close to the average, while the Games-Howell test showed the largest

adjustments in magnitude.
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Figure 4.28

The Relative CI Width under Balanced-Group Conditions (n=30, 10, 50)
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Multiple Comparison Methods

Figure 4.29 shows the result under A1-A6 conditions. As seen in the heatmap, the
widths under A1 to A4 shared a similar pattern, while those under A5 and A6 exhibited a
different pattern. Similar to the previous figure, as VR increased, the blue and red colors
intensified, indicating that deviations from the average became larger.

Under conditions A1 to A4, the classical methods adjusted the confidence intervals by
enlarging the widths to capture more variance, whereas the robust procedures slightly
enlarged or shrunk the intervals for the contrasts. Under conditions A5 and A6, the classical
methods adjusted the confidence intervals by shrinking the widths to obtain relatively
accurate ranges. Dunnett-related robust procedures enlarged the intervals to address
heteroscedasticity, while the Games-Howell test and Tukey-related robust procedures

adjusted the G1-G2 and G1-G3 contrasts differently.



ROBUST MCT PROCEDURES UNDER HETEROSCEDASTICITY

Figure 4.29

The Relative CI Width under Unbalanced-Group Conditions (A1-A6 Condition)
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Multiple Comparison Methods

Figure 4.30 shows the result under B1-B3 conditions. As shown in the heatmap, the
widths under B1 and B2 conditions shared a similar pattern, while those under the B3
condition showed a different pattern. Under B1 and B2, the classical methods adjusted the
confidence intervals by largely enlarging the widths, whereas the robust procedures either
slightly enlarged or sharply shrunk the intervals for the contrasts. Under B3, the classical
methods adjusted the confidence intervals by shrinking the widths; Dunnett-related robust
procedures enlarged the intervals to address heteroscedasticity, while the Games-Howell test
and Tukey-related robust procedures widened the intervals for the G1-G2 and G1-G3

contrasts but narrowed them for the G2-G3 contrasts.
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Figure 4.30

The Relative CI Width under Unbalanced-Group Conditions (BI1-B3 Condition)
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Figure 4.31 shows the result under C1-C3 conditions. For the three classical MCT
methods, the adjustments of confidence intervals showed a similar and stable pattern,
remaining close to the average width. For the robust procedures, the widths under C1 and C2
conditions shared a similar pattern, while the widths under the C3 condition showed a
different pattern. Under C1 and C2, all robust procedures narrowed the intervals for the G1-
G2 contrasts and widened the intervals for the G1-G3 and G2-G3 contrasts. Under the C3
condition, Dunnett-related robust procedures maintained widths close to the average across
contrasts, whereas the Games-Howell test and Tukey-related robust procedures slightly
widened the intervals for the G1-G2 and G1-G3 contrasts but greatly narrowed the intervals

for the G2-G3 contrasts.
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Figure 4.31

The Relative CI Width under Unbalanced-Group Conditions (C1-C3 Condition)

C3VR1 -

C3VR2 -
0.
C3VR3 - l l

a
N
=
=
=1
'
=)

Condition Name
[}
S
<
3
3

Normalized CI Length

=

ﬁﬁﬁﬁﬁﬁﬁ

¥ @

-HC3-G.

0
0
1-
1-
2.
2.
3.
3

I

a a a
xxxx

T

Tu
Tul
ferr
ferr
T

e © B 3

tt
ey-
ey
ey-
Toni
roni
i
I
well
well
CO-
ey-HCO-G
HCi
HC
HC:
HC.
HC:
HC:
HC
HC.
HC3:

H
ey-H

::::::::
33333333

Bol
Bo
Bo
Games-Howel
Games-H
Games
Tul
Tul
Tukey-
Tukey:
Tukey-
Tukey-
Tukey:-
Tukey.
Tukey-
Tukey-
Tukey.
Tukey-
t
D t-
D t-|
D t-
D t-
D t-|
D -
Di t-|
Tukey-
Tukey:-
Tukey-
Dunnett-PI-G.
Dunnett-PI-G3-G1 -

Multiple Comparison Methods

4.4 Power

The power results are presented below using faceted plots. In this study, to
simultaneously assess the probability of correctly accepting H1 (power) and incorrectly
rejecting HO (FWER) under complex variance and sample settings, the means of the three
groups are initially set as M1 = M3 # M2, with the difference between M1 and M2
calculated based on variance and power to achieve a balance across different designs.
Therefore, the plot for the comparison of G1-G2 reflects the magnitude of power (the
probability of correctly detecting a significant difference in 5000 simulations), while the plot
for the comparison of G1-G3 reflects the probability of false significance under designs that
are supposed to be significant in other group comparisons. Each plot compares VR, sample

size, and different methods. Results under balanced group conditions are illustrated in

Figures 4.32 and 4.33.
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As shown in Figure 4.32, for the classic methods, regardless of sample size, as VR
increases, the power of the three methods sharply decreases, dropping to zero when VR = 16,
indicating poor resistance to variance heteroscedasticity, which cannot be compensated for by
increasing sample size. In contrast, the power of robust methods remains relatively stable,
with minimal impact from variance heteroscedasticity, showing good adaptability to
heteroscedasticity. However, sample size also had a large influence on power. Smaller sample
sizes (e.g., n=10) corresponded to lower power values, ranging between 0.2 and 0.4. A power
above 0.6 is generally considered medium. Therefore, none of these methods met this
criterion with extremely small sample sizes.

Figure 4.32
The Power Results (GI1-G2 Contrasts) of Different MCT Methods under Different VRs and

Sample Sizes (Balanced Group)
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Comparing different robust methods, the test power at n = 30 and VR = 1.5 was as
follows: Dunnett-HCO (0.809), Dunnett-HC1 (0.800), Dunnett-HC2 (0.800), Dunnett-PI

(0.792), Dunnett-HC3 (0.789), Tukey-HCO (0.781), Tukey-HC1 (0.769), Tukey-HC2 (0.769),
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Tukey-PI (0.760), Games-Howell (0.758), Tukey-HC3 (0.757).

In Figure 4.33, the false positive results of classical and robust methods exhibited
different patterns. For classical methods, the false positive rates increased significantly as VR
rose from 1 to 16, slightly exceeding the 0.05 threshold, with the highest rate reaching 0.080.
In contrast, all robust MCT methods maintained false positive rates well below 0.050, staying
within the acceptable range for wrongly rejecting HO. When the sample size was extremely
small (n=10), the performance of robust methods showed greater fluctuation compared to
middle (n=30) and large (n=50) sample sizes.

Figure 4.33
The FWER Results (G1-G3 Contrasts) of Different MCT Methods under Different VRs and

Sample Sizes (Balanced Group)

Comparisons between group 1 and group 3

n = 30 (per group) n =10 (per group) n = 50 (per group)
0.080 0.080 0.080
0.070 0.070 0.070
0.060 | 0.060 0.060
0.050 | 0.050 0.050
0.040 + 0.040 0.040
A
0.030 4 . s A
.030 | yAaun 0.030 0.030 . p
0.020 | - x 0020 0.020 A —
x
0.010 0.010 0.010
1 1.5 4 16 1 1.5 4 16 1 1.5 4 16
Variance Ratio Variance Ratio Variance Ratio
-&- Dunnett-G3-G1 =+ Tukey-G3-G1 —— Bonferroni-G3-G1 % Games-Howell-G3-G1
4 Tukey-HCO-G3-G1 4 Tukey-HC1-G3-G1 4 Tukey-HC2-G3-G1 —— Tukey-HC3-G3-G1
4 Dunnett-HCO-G3-G1 a- Dunnett-HC1-G3-G1 - Dunnett-HC2-G3-G1 = Dunnett-HC3-G3-G1
—e— Tukey-PI-G3-G1 —e— Dunnett-PI-G3-G1

Considering the combination of the HC family and Dunnett and Tukey, we found that
while the Dunnett-HC series had the highest power, its false positive probability for HO was
unacceptable (exceeding 0.05 under various experimental conditions), and relatively

speaking, Tukey-HC2 and Tukey-HC3 were better choices.
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When comparing the combination of PI with Dunnett and Tukey, although Dunnett-PI
had a slightly higher false positive probability than Tukey-PI when HO is true, it remained
within an acceptable range (below 0.05 in most experimental conditions) while also achieving
higher power, so its overall performance was better than Tukey-PI.

As shown in Figure 4.34, the power of classical and robust methods varied
considerably. For classical methods, power decreased to zero as VR increased from 1.5 to 16
under Al and A3 conditions, increased to over 0.800 under A5 condition, and showed a
similar pattern to robust procedures under other conditions. For robust procedures, power
increased with VR under A1 and A2 conditions but decreased under A3 to A6 conditions. In
most cases, the power of robust procedures remained below 0.6, indicating they failed to
achieve medium power in complex situations. All methods performed worst under A6, where
the pairing between sample size and variance was most negatively aligned.

Among all robust methods, Dunnett-HC methods demonstrated the best statistical
power, outperforming the Tukey-HC series, Dunnett-PI, Tukey-PI, and Games-Howell
methods. The statistical power of the three classic methods was also the lowest, with Dunnett
being slightly higher than Tukey and Bonferroni. Overall, the methods' powers were ranked
from high to low as follows: Dunnett-HC, Tukey-HC, Dunnett-PI, Tukey-PI, Games-Howell,

Dunnett, Tukey/Bonferroni.



ROBUST MCT PROCEDURES UNDER HETEROSCEDASTICITY 71

Figure 4.34
The Power Results (GI1-G2 Contrasts) of Different MCT Methods under Different VRs and

Sample Sizes (Unbalanced Group & 3 Different Sizes)
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As shown in Figure 4.35, the false positive results of classical and robust methods
exhibited different patterns. For classical methods, the false positive rates decreased
significantly to zero as VR increased under A1 to A4 conditions but rose sharply to over
0.400 under A5 and A6 conditions. The performance of robust MCT procedures was much

more stable, fluctuating within a range of 0.030 across all conditions except A4. The FWER
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of all these procedures was controlled below 0.050 under A1 and A3 conditions, while some
Dunnett-related robust procedures exceeded 0.050 under A2, A4, A5, and A6 conditions.
Figure 4.35

The FWER Results (G1-G3 Contrasts) of Different MCT Methods under Different VRs and

Sample Sizes (Unbalanced Group & 3 Different Sizes)
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Although some methods can resist the impact of heteroscedasticity in terms of false
positives, from the perspective of test power, robust methods were significantly affected and

cannot be effectively controlled by the methods. For the HC family, the overall trend from
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HCO to HC3 was that as the HC value increases, the power decreases. The power of Dunnett-
HC2 was comparable to Tukey-HCO, and the power of Dunnett-HC3 was comparable to
Tukey-HCI. For PI, similarly, it performed better when combined with Dunnett, with
Dunnett-PI having power equivalent to Tukey-HC1, and Tukey-PI having power equivalent to
Tukey-HC3. Bonferroni and Tukey neither showed outstanding test power nor effective false
positive control in complex situations, and should not be considered.

As shown in Figure 4.36, the power of classical and robust methods displayed different
patterns. For classical methods, the power decreased to zero when VR sharply decreased to 0
under B1 and B2 conditions, but increased to nearly 0.800 under the B3 condition. For robust
procedures, power increased with VR under B1, decreased under B2, and remained stable
under B3 conditions.

Figure 4.36
The Power Results (GI1-G2 Contrasts) of Different MCT Methods under Different VRs and

Sample Sizes (Unbalanced Group & 1 Smaller Group)

Comparisons between group 1 and group 2
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Overall, most power results did not reach the medium power threshold of 0.600, except
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for the power under B1 when VR equaled 4 and 16, highlighting the significant negative
impact of comparing an extremely small group (n=10) with a normal-sized group (n=30).
As shown in Figure 4.37, the false positive results of classical and robust methods
exhibited different patterns. For classical methods, the false positive rates decreased as VR
increased under B1 and B2 conditions but rose sharply to over 0.300 under the B3 condition.
In contrast, the robust MCT procedures demonstrated much more stable performance,
controlling the FWER below the 0.050 criterion across B1 to B3 conditions. The exception
was some Dunnett-related robust procedures under the B3 condition, where the FWER
slightly exceeded 0.050 when VR reached 16.
Figure 4.37
The FWER Results (G1-G3 Contrasts) of Different MCT Methods under Different VRs and

Sample Sizes (Unbalanced Group & 1 Smaller Group)
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When comparing larger groups (n = 50 and 30), the conditions improved significantly.
As shown in Figure 4.38, the power results of all robust procedures followed a consistent

pattern, maintaining power levels at or above 0.800 regardless of the VR. In contrast, the
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power of classical MCT methods dropped sharply to 0 as VR increased under C1 and C2
conditions, while under the C3 condition, they exhibited a pattern similar to that of the robust
procedures. A power value above 0.800 is generally considered strong; thus, all robust
methods met this criterion under these conditions.

Figure 4.38

The Power Results (GI1-G2 Contrasts) of Different MCT Methods under Different VRs and

Sample Sizes (Unbalanced Group & 1 Larger Group)
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As shown in Figure 4.39, the FWER results for classical and robust methods exhibited
distinct patterns. For the classical methods, the false positive rates increased substantially
with higher VR under C1 and C2 conditions, whereas under the C3 condition, the rates
decreased, ranging between 0.020 and 0.030. In contrast, the performance of robust MCT
procedures was considerably more stable, maintaining FWER values below the 0.050

threshold across all conditions (C1 to C3).
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Figure 4.39
The FWER Results (G1-G3 Contrasts) of Different MCT Methods under Different VRs and

Sample Sizes (Unbalanced Group & 1 Larger Group)
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In these manipulated conditions, the power of robust methods still followed the ranking
from previous sections: Dunnett-HC showed higher power than Tukey-HC (comparable to
Dunnett-PI), which was higher than Tukey-PI, while Games-Howell showed the lowest
power. Within the two HC families, the more complex the HC adjustment (the higher the HC
value), the lower the power. In general, under designs where two groups had equal sample
sizes and one group was more extreme, considering the power results as well as the false
positive rates, the methods with the best overall performance were still Tukey-HC2, Tukey-

HC3, and Dunnett-PI.
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Chapter V: Discussion
This chapter systematically evaluates the performance of various multiple comparison
test (MCT) procedures across differing group structures and distributional assumptions.
Beyond reporting numerical trends, we aim to summarize the implications of these findings

for applied research settings involving unequal variances and unbalanced samples.

5.1 The Effect of Sample Size, VR and Their Pairing

An integrated analysis of the simulation results reveals that sample size alone
substantially influences both the Type I error control and statistical power. As sample size
increases from small (n = 10) to moderate (n = 30) and large (n = 50), robust procedures such
as HC3 and PI exhibit progressively improved performance. While PI maintains conservative
FWER control under small-sample conditions, it tends to sacrifice statistical power compared
to HC3 in larger samples, supporting prior findings that PI is more suitable for extremely
small designs, whereas HC3 becomes increasingly reliable with greater sample sizes. When n
= 30, HC3 consistently delivers both accurate FWER control and higher power, making it
preferable in most applied contexts.

Variance ratio (VR) is a second critical factor that modulates method performance.
Increasing VR values (from 1.5 to 16) lead to notable inflation in FWER among classical
methods, regardless of sample size. In contrast, robust methods like HC3 and PI retain Type I
error control even under high VR conditions. However, their relative power varies, with HC3
outperforming PI at moderate and large sample sizes. Games-Howell, while maintaining low

FWER, exhibits considerable variability in CI width and lower power under these same
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conditions. These patterns suggest that while HC3 is more adaptable to variance
heteroscedasticity, it still benefits from increased sample size, particularly under extreme VR.
The pairing between sample size and variance distribution also shapes the performance
of MCT procedures. In positively paired conditions—where larger groups are associated with
higher variances—most methods exhibit acceptable FWER and reasonable power. However,
in negatively paired conditions such as A5, A6, and B3, where the smallest group has the
largest variance, classical methods and lower-order HC procedures become notably liberal. In
these scenarios, only higher-order corrections such as HC3, as well as Games-Howell and
Dunnett-PI, maintain robust performance. Notably, HC3's performance under negative
pairing improves markedly when n = 30, reinforcing the idea that its robustness is
conditional on sufficient sample size. These findings confirm the need for careful
consideration of design features—including variance structure and group balance—when

selecting appropriate multiple comparison methods.

5.2 Comprehensive Performance of all MCT Methods

Based on the systematic evaluation of the MCT methods, we can draw the following
conclusions:

Firstly, under balanced group conditions, the classic methods (Bonferroni, Tukey,
Dunnett) demonstrate lower test power when handling variance heteroscedasticity, especially
when the sample size is small or there is significant variance difference, leading to a
significant decrease in their effectiveness. In contrast, robust methods (such as Games-

Howell, HC family, and PI methods) show better adaptability under conditions of variance
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heteroscedasticity, effectively resisting the impact of heteroscedasticity while maintaining
stable power. Specifically, the Games-Howell method, when facing unbalanced samples and
variance heteroscedasticity, shows greater flexibility but relatively lower power. As the
sample size increases, most robust methods show a noticeable improvement in power,
especially when the sample size exceeds 30, reaching high power levels (>0.8).

Secondly, under conditions of unequal sample sizes, as variance heteroscedasticity
increases, there is a noticeable difference in the power of the methods. Classic methods show
poor power under small sample sizes and large variance conditions, particularly in extreme
unbalanced group designs, where power significantly decreases. In contrast, robust methods
are less affected by variance heteroscedasticity, allowing them to better handle sample
imbalance and variance changes, showing more stable power.

In the analysis of confidence interval width, we observe differences in the performance
of confidence intervals under variance heteroscedasticity for different methods. The
confidence intervals for classic methods remain relatively stable and slightly expand as VR
increases. In contrast, robust methods show more flexibility in their confidence interval
widths, adjusting based on variance heteroscedasticity, especially under high VR conditions,
where they tend to maintain more compact confidence intervals, demonstrating better
accuracy. The Games-Howell method, under certain conditions, shows wider confidence
intervals, especially with small samples and large variance. This may be due to the method's
tendency to over-adjust confidence intervals to avoid false significance conclusions.
However, despite the wider intervals, Games-Howell still effectively controls the false

positive rate, showing strong adaptability. In comparison, the HC family and PI methods
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adjust their confidence intervals more precisely, especially in complex designs, improving
estimation accuracy by narrowing the interval widths.

Additionally, in extreme group imbalance designs (e.g., conditions B1 to C3), the
differences between robust and classic methods become more pronounced. Specifically,
under large sample and small variance conditions, robust methods perform better in
controlling the false positive rate, while classic methods struggle with false positive control.
In cases with larger variance, robust methods show better power and can maintain lower false
positive rates, demonstrating their advantage in handling heteroscedasticity.

When considering which classic method to combine with robust procedures,
comparison reveals that the Tukey strategy, as the underlying structure, shows better
adaptability and synergy when combined with PI or HC methods. This combination is
suitable for complex comparison structures and high-interference conditions, effectively
controlling the probability of false significance. On the other hand, the Dunnett strategy still
has value in experimental designs with clearly defined control groups, as it has strong power
and relatively precise confidence intervals, but care should be taken regarding potential error
accumulation when combined with methods that adjust for sensitivity.

Finally, combining power, false positive control, and confidence interval width, Tukey-
HC2, Tukey-HC3, and Dunnett-PI are the optimal robust method choices, balancing high test
power and good false positive control, while maintaining compact confidence intervals. In
more complex design conditions, although Games-Howell has good false positive control, it
has weaker power and is better suited for situations requiring high flexibility. Overall, under

conditions of unbalanced samples and complex variance heteroscedasticity, robust methods
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outperform classic methods, particularly when sample sizes are large and variance
heteroscedasticity is significant, as robust methods effectively improve test power and control

false positives while providing more precise confidence interval widths.

5.3 Comparison with Prior Studies

Integrating findings from our study with insights from prior relevant research, we can
better interpret our empirical results and validate our methodological choices. Previous
comparative work on robust procedures by Herberich et al. (2010), Hasler & Mario (2014),
and Hothorn & Mario (2023) provide a critical foundation for understanding the differential
behavior of HC3, PI, and other robust MCT methods across a range of variance
heteroscedasticity and sample size imbalance scenarios. Our experimental design focuses
more on practical psychological research conditions, providing a meaningful perspective.

In terms of methodology, our approach builds on and extends the simulation designs
used in earlier studies. Unlike Hasler & Mario (2014), who focused on extremely small
samples (e.g., n = 2), our design excludes such extremes, targeting more representative
sample sizes for formal psychological studies. Furthermore, we incorporate both balanced
and multiple forms of unbalanced group configurations (A1-A6, B1-B3, C1-C3) and
introduce gradations of variance heteroscedasticity (VR = 1.5, 4, 16), thus allowing for a
more nuanced and generalizable analysis.

Our findings reinforce and elaborate upon those of Herberich et al. (2010), who
identified the sandwich estimator (particularly HC3) as a superior alternative to classical

methods like Tukey's HSD in heteroscedastic settings. In our balanced conditions, HC3
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consistently controlled FWER below 0.05 across all VR levels, even when sample sizes were
small (n = 10). Moreover, unlike Herberich’s study that used four group levels and linear
variance/sample size scaling, our results showed that HC3 maintained robustness even in less
structured pairing designs, suggesting its effectiveness under realistic psychological research
conditions.

Additionally, our findings expand upon Hasler & Mario’s (2014) conclusion that PI
performs better than HC3 in extremely small sample settings, but that HC3 becomes
increasingly preferable as sample size increases. In our context—focused on small (n = 10),
medium (n = 30), and large (n = 50) samples—we observe that PI remains stable and
conservative under most heteroscedastic scenarios but begins to lose relative power in
moderate sample size settings compared to HC3. This supports Hothorn & Mario’s (2023)
recommendation of HC3 for moderate sample sizes and aligns with our conclusion that HC3
outperforms PI whenn = 30. Furthermore, while Hothorn & Mario introduced the
Bonferroni-Welch test as a competitor, our design excluded it to focus on methods more
frequently used or adapted in psychological analysis.

The role of sample-size-variance pairings—emphasized in both Hasler & Mario (2014)
and Hothorn & Mario (2023)—is further clarified in our results. For instance, in the A5 and
A6 conditions (negative pairings), we confirmed that methods like HCO and HC1 become
liberal, especially when combined with Dunnett, mirroring findings from earlier studies that
showed HC3 improves robustness only gradually whenn = 3. Our results show that while

HC3 handles negative pairing better than lower-order HC methods, Games-Howell and
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Dunnett-PI maintain the most stable performance under extreme conditions, corroborating
Hothorn & Mario’s observations.

Moreover, our power analysis supports the assertion made by Herberich et al. (2010)
that HC3 yields higher statistical power than Tukey’s HSD under heteroscedasticity. In fact,
across most of our design settings, HC3, Dunnett-PI, and Tukey-HC3 achieve power levels
above 0.80 when sample sizes are moderate or large—even under extreme VR conditions.
This extends Hothorn & Mario’s (2023) finding that HC3 brings less power loss than PI and
Bonferroni-Welch under unbalanced designs, particularly when the group with increased
variance is not the target of comparison.

We also contribute new insights into the role of confidence interval width as a
secondary robustness indicator. In our study, robust methods such as HC3 and PI produced
narrower and more consistent CIs across imbalance designs, unlike Games-Howell, which
exhibited greater width variability and higher CI exclusion misalignment rates. This further
validates the conclusions from Hothorn & Mario (2023) that although HC3 may be liberal at
small sample sizes, it provides more reliable confidence intervals at moderate sizes.

In summary, the convergent findings across studies reinforce the practical value of HC3
and PI, especially when combined with Tukey’s structure. Future research should continue to
explore robust estimation under even more realistic conditions, such as non-normal
distributions and mixed-design ANOVA. We suggest that the direct use of classical MCT
methods is no longer justified, and a move toward adaptive, robust alternatives should be

advocated in statistical guidelines and educational materials.
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5.4 Summary and Implications

Taken together, the findings underscore the inadequacy of classical multiple
comparison procedures when faced with realistic data conditions, particularly those involving
variance heteroscedasticity or unequal sample sizes. While classical methods such as Tukey’s
HSD and Dunnett’s test are straightforward to implement and have long-standing use in
statistical practice, their performance becomes unreliable in scenarios that violate
homoscedasticity or balance assumptions—conditions that are common in psychological,
biomedical, and social science research. Our simulations reveal that under such violations,
classical methods frequently inflate Type I error rates and suffer from substantial power loss,
leading to potentially misleading or non-replicable conclusions.

In contrast, robust procedures—particularly Games-Howell, HC3-based, and PI-based
methods—demonstrate greater adaptability across a wide range of conditions. These methods
offer superior control over familywise error rates and, in many cases, preserve statistical
power even under small sample sizes or substantial variance heterogeneity. Their ability to
adjust confidence intervals and test statistics in response to data irregularities reflects a
methodological flexibility that classical methods lack. This robustness becomes especially
critical in experimental designs where group sizes are unbalanced, or variance assumptions
are difficult to justify or test.

Our study highlights the need for researchers and practitioners to move beyond routine
reliance on classical MCTs and to adopt robust alternatives that better match the complexity
of empirical data. The choice of method should be driven not by tradition or software

defaults, but by the statistical characteristics of the data at hand. In light of these findings,
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future methodological guidelines, educational resources, and statistical software defaults

should prioritize robust procedures as the standard approach, especially in fields where small
sample sizes or unequal variances are the norm. By encouraging the use of statistically sound
and empirically validated methods, the research community can improve the reproducibility,

reliability, and interpretability of findings across disciplines.
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Chapter VI: Conclusion

This study systematically investigated the robustness of multiple comparisons test
(MCT) strategies under conditions of variance heteroscedasticity, using Monte Carlo
simulations. The research aimed to compare classical MCT methods with more robust
procedures, specifically focusing on their ability to control false positive rates (FWER) and
their statistical power under various real-world conditions. These conditions, including group
size, variance ratio, and sample size deviation, are commonly encountered in psychological
research but often violate the assumptions of normality and homogeneity that many classical
MCT methods are based upon.

Through the simulations, we found that classical methods, such as Bonferroni, Tukey,
and Dunnett, demonstrated good performance under balanced group conditions but suffered
significant power loss and inflated FWER when faced with variance heteroscedasticity or
unequal sample sizes. In particular, these methods exhibited substantial power reductions,
especially in extreme group imbalance scenarios or when large variances were present.
Conversely, robust methods such as Games-Howell, HC family, and PI procedures showed
superior adaptability to these violations, maintaining stable power and controlling false
positive rates more effectively.

The analysis of confidence interval (CI) widths revealed further insights into the
methods’ behavior. Classic methods maintained relatively inflexible CI widths, which
slightly expanded as variance heteroscedasticity increased. In contrast, robust methods
exhibited more flexible CI adjustments, with some methods, such as Games-Howell, showing

wider CIs in extreme conditions, though still effectively controlling false positives. The HC
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family and PI methods, on the other hand, provided more precise CI adjustments, especially
in complex designs, ensuring better estimation accuracy.

The Monte Carlo simulations confirmed that robust methods, particularly Tukey-HC?2,
Tukey-HC3, and Dunnett-PI, provided the best combination of power and false positive
control, especially under conditions of unbalanced samples and variance heteroscedasticity.
The better combination for HC procedure is Tukey’s test for lower FWER, while the better
combination for PI procedure is Dunnett’s test for higher power. These methods were found
to maintain compact Cls, offering good control over false positives while achieving high
power, particularly in larger sample sizes. Games-Howell, although excellent in controlling
false positives, had lower power and was best suited for situations where flexibility was
prioritized over power.

In conclusion, this study provides clear recommendations for the most appropriate
MCT procedures under various conditions of heteroscedasticity. Tukey-HC2, Tukey-HC3,
and Dunnett-PI emerge as the best robust methods for general use, offering a balance
between test power and the ability to control false positive rates. These findings highlight the
importance of considering both statistical power and robustness in psychological research,
particularly when dealing with complex, real-world experimental designs. The results suggest
that robust methods are not only more adaptable to assumption violations but also capable of

improving the reliability and accuracy of statistical inferences in psychological studies.
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