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Abstract

Estimating time-varying signals becomes particularly challenging under non Gaussian

innovation processes such as sparse and rapidly time-varying noise dynamics. In this

thesis, by building upon the recent progress in the approximate message passing (AMP)

algorithms, the vector AMP (VAMP) algorithm is unified with the Kalman filter (KF)

into a common message passing framework that we coin VAMP-KF. The advantage of

VAMP-KF is that it does not restrict the innovation dynamics to have a specific struc-

ture (e.g., same support over time when the innovation is sparse), thereby accounting

for uncorrelated noise dynamics without the need of explicit innovation correlation mod-

elling. For the sake of theoretical performance prediction, we conduct a state evolution

(SE) analysis of the proposed algorithm and show its consistency with the asymptotic

empirical mean-squared error (MSE). Numerical results on various rapidly time-varying

innovation dynamics (e.g., with different sparsity rates) demonstrate unambiguously the

effectiveness of the proposed VAMP-KF algorithm and its superiority over state of-the-

art algorithms both in terms of reconstruction accuracy and computational complexity.
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Chapter 1

Introduction

1.1 Background and motivation

We consider the problem of estimating a collection of T state vectors {xt}t=T
t=1 from their

noisy observation vectors {yt}t=T
t=1 . As shown in Fig. 1.1, each measurement vector yt

at time step t is obtained as

yt = Ht xt +wt. (1.1)

Here, Ht ∈ CM×N is the measurement matrix and wt ∈ CM is an additive white

Gaussian noise vector whose entries are assumed to be independent and identically dis-

tributed (i.i.d.) with mean zero and variance γ−1
w , i.e., wij ∼ CN (wij; 0, γ

−1
w ). Moreover,

each state vector xt ∈ CN evolves from time step t− 1 to time step t according to the

state process equation:

xt = αFt xt−1 +
√
1− α2 vt. (1.2)

In (1.2), Ft ∈ CN×N is the state transition matrix, and α ∈ [0, 1] is a memory factor

balancing the noise and signal contributions in the state evolution process. Moreover,

vt ∈ CM is an additive noise vector that represents the error in the state evolution
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x0 x1 xt xT

y1 yt yT

. . . . . .
F1, α Ft, α FT , α

H1 Ht HT

Figure 1.1: State-space model representation of the process and state equations given
in (1.1) and (1.2).

dynamics which is commonly referred to as an innovation. Here, we assume that i) the

signal and innovation vectors, xt and vt, have the same average component-wise power

for all t ∈ {0, . . . ,T}, and ii) the transition matrix Ft evolves the signal xt−1 without

altering the signal power. That is to say:

1
N
∥xt∥22 =

1
N
∥vt∥22 , ∀ t ∈ {0, . . . ,T}, (1.3a)

1
N
∥Ft xt−1∥22 =

1
N
∥xt−1∥22 , ∀ t ∈ {1, . . . ,T}. (1.3b)

The assumptions in (1.3) are needed to avoid having the power of the signal xt in (1.2)

accumulate and dominate the innovation vt with time.

When the initial state, x0, the measurement noise, wt, and the innovation, vt, are

Gaussian distributed, the standard Kalman filter (KF) provides the optimal recursive

linear minimum mean-square error (LMMSE) estimator to the state xt for all t ∈

{1, . . . ,T} [1]. However, for non-Gaussian (e.g., heavy-tailed or sparse) noise vectors,

the degradation in the performance of the KF is rather severe. Since the introduction

of the KF in [2], a plethora of filtering techniques have been developed to improve the

performance of the KF for state estimation in the presence of non-Gaussiance noise.

In general, there are two distinct (yet possibly overlapping) scenarios accounting for

non-Gaussian noise processes:

• non-Gaussian measurement noise wt: some natural phenomena (e.g., atmospheric

noise, lightning spikes and ice cracking) as well as engineering applications (e.g.,

3



Chapter 1. Introduction

electronic devices, lasers, relay switching) can be more accurately characterized by

heavy-tailed non-Gaussian measurement noise models [3].

• non-Gaussian innovation vt: realistic target tracking scenarios in radar and robotics

rely on accurate target motion models. The latter must therefore accurately cap-

ture the uncertainty in the target maneuvers with non-Gaussian innovation distri-

butions [4]. The innovation can also be sparse in many applications such as parallel

magnetic resonance imaging [5] and direction-of-arrival estimation [6] in wireless com-

munication1.

1.2 Prior work

Previous studies have addressed the aforementioned non-Gaussianity of either the in-

novation vt or the measurement noise wt, or both of them combined. Here, we only

consider the innovation vt to be a non-Gaussian vector and assume that the measure-

ment noise wt in (1.1) is an additive white Gaussian noise (AWGN). This assumption

follows the widely used AWGN model in most engineering systems in signal processing,

control, and communication.

To put our method for solving the state estimation problem with non-Gaussian in-

novations in proper perspective, we classify in Fig. 1.2 the existing algorithmic solutions

in the open literature into three distinct categories:

• Monte-Carlo methods which resort to sequential Monte-Carlo sampling to approxi-

mate intractable probability distributions [19] at the cost of high computational com-

plexity. Specifically, particle filters (PFs) can sample and evolve multiple instances of

the time-varying signal, called “particles”, through the process and observation equa-

1These applications assume a sparse state xt in (1.2) which can be obtained only under the assump-
tion of a sparse process noise vt with a fixed support.
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Linear
filtering with
non Gaussian
innovations

Bayesian
estimation

Non sparse
innovations

Kalman
filter [2]

VAMP-KF
(this work)

Sparse
innovations Uncorrelated

innovations

VAMP-KF
(this work)

Correlated
innovations

DWL1-DF
[7]

GSw-AMP
[8]

HB-KF
[9]

AMP-SI
[10]

AMP-MMV
[11]

Gradient-based
optimization

CF [12]

MCC-KF

[13]

MEE-KF

[14]

Monte-
Carlo

methods

Particle
filter
[15]

EnKF
[16]

GSPF
[17]

MPF
[18]

Figure 1.2: Prior work taxonomy of the algorithmic solutions for the linear filtering
problem with non-Gaussian innovations. Our proposed algorithm VAMP-KF is high-
lighted in purple twice as it can handle both non-sparse innovations as well as sparse
uncorrelated ones.
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tions (1.1)–(1.2) [15]. Multiple PF variants were developed to approximate the poste-

rior distribution of each particle as a mixture of Gaussian distributions [17]. The num-

ber of particles, however, grows exponentially with the dimension of the state-space

model, thereby limiting their use even for medium dimensions (e.g., N ,M ∼ 10) [20].

• Gradient-based optimization which formulates the optimal filtering as a weighted-

least-square problem [21] regardless of the innovation distribution. A cross-correntropy

cost function was used in [12–14] to reduce the uncertainty induced by i) the mea-

surement noise wt between the yt and H xt, and ii) the innovation vt between xt and

F xt−1. However, this approach does not fully exploit the noise structure especially

when the latter leads to non-convex cost functions. In this case, these algorithms

converge to sub-optimal first-order stationary points.

• Bayesian estimation: this probabilistic approach to optimal filtering captures the

uncertainty about the signal xt, the measurement noise wt, and the innovation vt by

assuming their prior distributions families to be known [22]. Research efforts within

the compressed sensing (CS) framework [23] have introduced an elegant approach

for recovering sparse signals from compressed measurements. To ensure that the sig-

nal xt is sparse, existing studies assume that the innovation vt is also sparse. To

promote sparsity, Bayesian estimation is possible when the CS problem is relaxed

using ℓ1-regularization [7] or extended to optimize the element-wise variances of the

innovations, vi,t, using sparse bayesian learning (SBL) [9]. More recently, the ap-

proximate message passing (AMP) algorithm [24] has been adopted and extended to

handle sparse innovations [8,10,11]. These algorithms exclusively focus on correlated

innovations over time by restricting the innovation process to have a fixed innovation

support and (possibly) a slow time-varying non-zero coefficients.

A major shortcoming of linear filtering methods with sparse innovations is its fragility

with respect to the i.i.d. assumption of the innovation dynamics. In response, this thesis

6



Chapter 1. Introduction

addresses two limitations evident in the available Bayesian estimation literature:

• binding the innovation sparsity with the signal sparsity : existing methods consider

sparse innovations vt because the goal is to track sparse signals xt. In other words,

the innovation sparsity is not studied for its own merit but rather as a constraint to

ensure sparse signal evolution. This is done by enforcing the same support for vt and

xt in (1.2).

• inability to address uncorrelated innovations : existing models for correlated inno-

vations confine their evolution to a fixed support and focus on slowly time-varying

non-zero coefficients. However, many applications such as mmWave communication

are unfit to these assumptions where the sparse innovation contribution in the an-

gular domain is not deterministic. In such cases, opportunities to model correlation

patterns across time-varying innovations are rather limited and not available in prac-

tice.

To overcome all the aforementioned limitations, we devise a new algorithm, coined

VAMP-KF, along with its state evolution analysis to solve the state-space model de-

picted in Fig. 1.1 under rapidly time-varying sparse innovations. Here, we use the

adjective “rapidly” to emphasize the ability of VAMP-KF to estimate the signal while

allowing both the support and the amplitude of the non-zero innovation elements to

independently change from one time step to another.

1.3 Contributions

This thesis builds upon both Kalman filter (KF) [2] and vector approximate message

passing (VAMP) [25] algorithms to estimate a time-varying signal measured through

an AWGN process according to (1.1) while evolving under rapidly time-varying sparse

innovations according to (1.2). VAMP-KF offers the best of the two worlds, combining

7



Chapter 1. Introduction

the sparse recovery performance of VAMP with the optimal signal tracking of KF under

Gaussian message passing. In doing so, we turn Gaussian messages passing (a.k.a.,

expectation propagation) in VAMP from a foe to a friend of KF, thereby combining

their advantages into a unified algorithmic framework.

VAMP-KF relies entirely on message passing starting from the combined factor

graphs of KF and VAMP. Different from existing algorithms for sparse innovations,

VAMP-KF enjoys the following keys features and benefits:

• It decouples the signal sparsity from the innovation sparsity so as to properly exploit

the prior information about the innovation process.

• It handles uncorrelated innovation processes which are a broader class of practical

applications beyond sparse innovation processes.

• It strikes a proper balance between reconstruction performance and computational

complexity by sidestepping the matrix inverse operation in KF by virtue of a scalar

expectation propagation approximation, i.e., covariance matrices are reduced to iden-

tity matrices scaled by the average of the diagonal elements of the full covariances

matrices.

• It comes with theoretical performance guarantees based on the state evolution anal-

ysis, established in Chapter 4, that validates its superiority over state-of-the-art al-

gorithms.

1.4 Organization and Notations

The rest of the thesis is organized as follows. We introduce the relevant preliminaries

of the Kalman filter and the VAMP algorithm in Chapter 2. In Chapter 3, we combine

8



Chapter 1. Introduction

VAMP with Kalman filter by establishing the messages exchanged between their re-

spective factor graphs to obtain the algorithmic steps of VAMP-KF. Chapter 4 derives

the state evolution equations that predict the empirical asymptotic MSE of VAMP-KF.

Exhaustive numerical results are presented in Chapter 5, from which we draw out some

concluding remarks regarding possible extensions of the proposed algorithm.

Notations: We use Sans Serif fonts (e.g., x) for random variables and Serif fonts (e.g.,

x) for their realizations. We use boldface lowercase letters for random vectors and their

realizations (e.g., x and x) and boldface uppercase letters for random matrices and their

realizations (e.g., X and X). Vectors are in column-wise orientation by default. For

k = kmin, . . . , kmax, we denote by xkmin:kmax the set of vectors {xk}kmin
k=kmin

.

Given any matrix X, we use xi and xij to denote its ith column and ijth entry,

respectively. We also denote the ith component of a vector x as [x]i or xi. We denote

the kth canonical basis vector in RN as ek = [0, · · · , 0, 1, 0, · · · , 0]T, which has a single

1 in position k. The operator diag(X) stacks the diagonal elements of X in a vector

while Diag(x) returns the diagonal matrix created from the vector x. The operation

x2 returns a vector whose components are the square those of x. We use IN and 1N

to denote the N × N identity and all-ones matrix, respectively. We also use px(x;θ),

px(x;θ), and pX(X;θ) to denote the probability density function (pdf) of random vari-

ables/vectors/matrices; as being parameterized by a parameter vector θ. Moreover,

CN (x; x̂,R) stands for the complex multi-variate Gaussian pdf of any random vector

x with mean x̂ and covariance matrix R. The Bernoulli distribution with probability

p is denoted as B(p). We use ∼ and ∝ as short-hand notations for “distributed ac-

cording to” and “proportional to”, respectively. We also use E[x|d(x)] and Cov[x|d(x)]

to denote the expectation and the covariance matrix of x ∼ d(x), respectively, and

δ(x) denotes the Dirac delta distribution. In addition, ⟨x⟩ and ⟨X⟩ return the (em-

pirical) mean of vectors and matrices, i.e., ⟨x⟩ ≜ 1
N

∑N
i=1 xi for x ∈ RN and ⟨X⟩ ≜

1
NM

∑N
i=1

∑M
j=1 xij for X ∈ RN×M . The symbol ⊙ denotes the Hadamard (i.e., elemen-

9



Chapter 1. Introduction

twise) product between any two vectors/matrices and we refer to the Frobenius norm

of any matrix X by ∥X∥F. Finally, for any multi-variate function f(x1, . . . ,xM), we

denote by f ′(x1, . . . ,xM) a vector constituted by the diagonal elements of the partial

derivative of the function f with respect to its first parameter x1, i.e:

f ′(x1, . . . ,xM) = diag

(
∂f(x1, . . . ,xM)

∂x1

)
.

10



Chapter 2

Preliminaries

In this chapter, we introduce factor graphs and the sum-product algorithm in Section

2.1, and then present Kalman filter and VAMP algorithms in Section 2.2 and Sections

2.3, respectively. We then unify VAMP and Kalman filter in Chapter 3 to infer signals

evolving under rapidly time-varying sparse noise dynamics.

2.1 Factor Graphs and the Sum-Product Algorithm

A factor graph is a bipartite graph that represents the factorization of a “global” func-

tion into a product of “local” functions [26]. The term “bipartite” refers to the fact that

the graph involves two types of nodes only, namely variable nodes and factor nodes. For

example, a global function f(x1,x2,x3) which factorizes as

f(x1,x2,x3) = f1(x1)f2(x1,x2)f3(x2,x3) (2.1)

can be represented by the factor graph given in Fig. 2.1. There, the variable nodes

{x1, x2, x3} and the factor nodes {f1, f2, f3} are connected by the so-called “edges”

based on the relationship expressed in (2.1). The factor graph in Fig. 2.1 has a “tree”

11



Chapter 2. Preliminaries

x1 x2 x3

f1 f2 f3

Figure 2.1: A factor graph example.

structure because it has no cycles. The nodes f1 and x3 are the so-called “leaf” nodes

because each of them is connected to only one edge.

When the global function is a joint probability density function of some random vari-

ables, the factor graph representation is a useful tool for inferring the marginal densities

of subsets of those random variables. This can be achieved by the sum-product algo-

rithm, which propagates messages along the edges of the graph. With the denotations

in Fig. 2.1, the message that propagates along the edge between fi and xj is denoted

either by µfi→xj
or µxj→fi depending on the direction of propagating. The message

updating rules of the sum-product algorithm are summarized based on the illustrative

factor graphs in Fig. 2.2 as the following:

µf→x(x) ∝
∫ ∞

−∞
· · ·
∫ ∞

−∞
f(x,x1, . . . ,xn)

n∏
i=1

µxi→f (xi) dx1 . . . dxn, (2.2a)

µx→f (x) ∝
n∏

i=1

µfi→x(x), (2.2b)

µfleaf→x(x) = fleaf(x), (2.2c)

µxleaf→f = 1, (2.2d)

in which (2.2a)-(2.2d) evaluate messages that depart from an arbitrary factor node, an

arbitrary variable node, a leaf factor node, and a leaf variable node, and correspond to

Figs. 2.2a-2.2d, respectively. Following the rules, the marginal of any variable node x

12
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x

x1

xn

f

. . .

. . .

. . .

...

µf→x

(a)

x f

f1

fn

. . .

. . .

. . .

...

µx→f

(b)

xfleaf

. . .

µfleaf→x

(c)

xleaf f

. . .

µxleaf→f

(d)

Figure 2.2: Messages that depart from (a) an arbitrary factor node, (b) an arbitrary
variable node, (c) a leaf factor node, and (d) a leaf variable node, which correspond to
(2.2a)-(2.2d), respectively.

can be computed as

p(x) ∝
∏

i∈E(x)

µfi→x(x), (2.3)

where E(x) denotes the set of indices of all the factor nodes that are neighbours of

x–this means that the marginal x is equal to the product of all incoming messages from

its neighbouring factor nodes.

2.2 Kalman filtering

We consider the discrete-time linear stochastic system that evolves with every time

index t ∈ {1, . . . ,T} according to the following state-space model:

xt = Ft xt−1 +Bt ut + vt, (process equation) (2.4a)

yt = Ht xt +wt, (measurement equation) (2.4b)

13
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where xt ∈ CN is the state vector to be estimated, ut ∈ CN is an input control

vector, yt ∈ CM is the measurement vector, Ft ∈ CN×N is the state transition matrix,

Bt ∈ CN×N is an input transition matrix, and Ht ∈ CM×N is the measurement matrix.

Moreover, vt ∈ CN and wt ∈ CM are the innovation process and measurement noise

vectors with zero-mean and covariance matrices Qt and Rt, respectively, i.e., vt ∼

CN (vt;0,Qt) and wt ∼ CN (wt;0,Rt).

Using the process and measurement equations in (2.4), the joint density of all states

x0:T and measurements y1:T factorizes as a Markov chain model as depicted in Fig. 2.3.

Given the set of observations y1:t, the Kalman filter generates an optimal estimate of

the state xt, which we denote x̂t, that minimises the mean square error (MSE), i.e.,

x̂t = argmin
x̂t

E
[
∥xt − x̂t∥22

]
. (2.5)

When both vt andwt are Gaussian, the Kalman filter solves (2.5) recursively by means of

an exact Bayesian recursive procedure [27]. The latter is a forward-only message passing

algorithm (i.e., messages flow from top to bottom in the factor graph of Fig. 2.3): that

is to say Kalman filter does not pass messages backward to the previous states [27].

The Kalman filter alternates between the following two update steps [1]:

• measurement update (prediction step): it consists in performing a one-step-ahead-

prediction based on the observations y1:t−1 by computing the posterior mean and

covariance of the state vector at time index t as follows:

x̂t|t−1 = E
[
xt

∣∣ pxt|y1:t−1
(xt|y1:t−1)

]
= Ft x̂t−1|t−1 +Bt ut, (2.6a)

Σ̂t|t−1 = E
[
(xt − x̂t|t−1) (xt − x̂t|t−1)

H
∣∣ pxt|y1:t−1

(xt|y1:t−1)
]

= Ft Σ̂t−1|t−1 F
H
t +Qt. (2.6b)

14



Chapter 2. Preliminaries

px0(x0)

x0

pxt|xt−1
(x1|x0)

x1

pyt|xt(y1|x1)

y1

pxt|xt−1
(x2|x1)

xt

pyt|xt(yt|xt)

yt

pxt|xt−1
(xT−1|xT−2)

xT−1

pyt|xt(yT−1|xT−1)

yT−1

pxt|xt−1
(xT |xT−1)

xT

pyt|xt(yT |xT )

yT

...
...

Figure 2.3: Factor graph of Kalman filter as a Markov chain model: starting with an
initial state x0 with a prior density px0(x0), the state evolves over time according to
the transition density pxt|xt−1(xt|xt−1) = CN (xt;Ft xt−1 + Bt ut,Qt). At every time
step t > 0, the state xt is observed through the measurement yt under the joint density
pyt|xt(yt|xt) = CN (yt;Ht xt,Rt).
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• time update (estimation step): this updates the mean and covariance of the state

using the predicted mean and covariance in (2.6) as well as the new measurement

observation yt as follows:

x̂t|t = x̂t|t−1 +Kt

(
yt −Ht x̂t|t−1

)
, (2.7a)

Σ̂t|t = Σ̂t|t−1 −KtHt Σ̂t|t−1, (2.7b)

in which the Kalman gain matrix Kt is given by

Kt = Σ̂t|t−1H
H
t

(
Ht Σ̂t|t−1H

H
t +Rt

)−1

. (2.8)

Given a density px0(x0) = CN (x0; x̂0|0, Σ̂0|0) of the initial state x0, Kalman filter alter-

nates between (2.6) and (2.7) to find the optimal linear minimum MSE estimate given

in (2.5).

2.3 Vector Approximate Message Passing

Consider recovering an unknown vector, x ∈ CN , from its noisy observation:

y = Hx+w, (2.9)

where H ∈ CM×N is the measurement matrix and w ∈ CM is an additive white

Gaussian noise vector whose entries are assumed to be independent and identically

distributed (i.i.d.) with mean zero and variance γ−1
w , i.e., wij ∼ CN (wij; 0, γ

−1
w ).
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2.3.1 The VAMP algorithm

Given a prior distribution px(x) on the signal x in (2.9), VAMP resorts to an approxima-

tion of the belief propagation algorithm, namely expectation propagation (EP) [28,29].

The latter is derived according to a factor graph with vector-valued variable nodes as

shown in Fig. 2.4. There, after splitting x into two separate variables x+ and x−, the

joint density of x and y is factorized as follows:

px,y(x,y) = px(x
+) δ(x+ − x−) CN (y;Hx−, γ−1

w IM). (2.10)

x+ x− y

px(x
+) δ(x+ − x−) CN (y;Hx−, γ−1

w IM )︸ ︷︷ ︸
≜ fy|x

Figure 2.4: Factor graph of the VAMP algorithm.

The expectation propagation of messages between the variables nodes, x+ and x−, and

the factor nodes, px(x
+) and fy|x, is based on the two following rules:

i) EP approximation: given the factor node px(x
+) and the incoming extrinsic Gaus-

sian belief µδ→x+(x+) = CN
(
x+; x̂−

e , γ
−1

x−
e
IN
)
from the factor node δ(x+ − x−),

the posterior sum-product (SP) belief is expressed as

bsp(x
+) ∝ px(x

+) CN
(
x+; x̂−

e , γ
−1

x−
e
IN
)

and is approximated by EP as the Gaussian belief CN
(
x+; x̂+

p , γ
−1

x+
p
IN
)
. The pos-

17
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terior mean x̂+
p and precision γ−1

x+
p
are given by

x̂+
p = E

[
x+
∣∣ bsp(x+)

]
, (2.11a)

γ−1

x+
p
=
〈
diag

(
Cov

[
x+
∣∣ bsp(x+)

] )〉
, (2.11b)

Due to the approximation of the covariance matrix with a scaled identity matrix,

the EP belief approximation in (2.11) is a special variant of the EP algorithm [28],

namely scalar EP [30].

ii) Extrinsic belief computation: Given µδ→x+ = CN
(
x+; x̂−

e , γ
−1

x−
e
IN
)
as the incom-

ing Gaussian belief from the factor node δ(x+ − x−) and CN
(
x+; x̂+

p , γ
−1

x+
p
IN
)
as

the posterior Gaussian belief computed in (2.11), the mean and precision of the

outgoing extrinsic Gaussian belief µx+→δ = CN
(
x+; x̂+

e , γ
−1

x+
e
IN
)
are given by [25]:

γx+
e
= γx+

p
− γx−

e
, (2.12a)

x̂+
e = γ−1

x+
e

(
γx+

p
x̂+
p − γx−

e
x̂−
e

)
, (2.12b)

which correspond to lines 7–8 of Algorithm 1.

Note that the same computations in (2.11)–(2.12) are also carried out for the messages

exchanged between the variable node x− and the variable node fy|x. In this case, one

would simply substitute in (2.11)–(2.12) the variable node x+ with x−, and the factor

node px(x
+) with fy|x.

By employing the aforementioned rules, VAMP runs iteratively according to the

algorithmic steps outlined in Algorithm 1 by alternating between the minimum-MSE

(MMSE) estimation of x+ and the linear MMSE (LMMSE) estimation of x−.
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Algorithm 1 VAMP (SVD form)

Require : measurement matrix H ∈ CM×N , measurement vector y ∈ CM , MMSE de-

noising function gx+(·), noise precision γw, and the maximum number of iterations K.

1: Compute economic SVD H = UH Diag(sH)V
H
H with U

H
H UH = IR, V

H
H V H = IR,

sH ∈ RR
+, and R = rank(H).

2: Compute ỹ = Diag(sH)−1U
H
H y.

3: Initialize x̂−
e,0 and γx−

e ,0 ≥ 0.

4: for k = 0, 1, . . . ,K do

▷ MMSE estimation of x+

5: x̂+
p,k = gx+

(
x̂−
e,k, γx−

e ,k

)
6: γx+

p ,k = γx−
e ,k

/〈
g′
x+

(
x̂−
e,k, γx−

e ,k

)〉
7: γx+

e ,k = γx+
p ,k − γx−

e ,k

8: x̂+
e,k = γ−1

x+
e ,k

(
γx+

p ,k x̂
+
p,k − γx−

e ,k x̂
−
e,k

)
▷ LMMSE estimation of x−

9: dk = γw Diag
(
γw s2H + γx+

e ,k 1R

)−1
s2H

10: γx−
e ,k+1 = γx+

e ,k ⟨dk⟩/
(
N
R − ⟨dk⟩

)
11: x̂−

e,k+1 = x̂+
e,k +

N
R V H Diag

(
dk
⟨dk⟩

) (
ỹ − V

H
H x̂+

e,k

)
12: end for

13: return x̂+
p,K

MMSE estimation of x+

Given µδ→x+ = CN
(
x+; x̂−

e , γ
−1

x−
e
IN
)
being the extrinsic Gaussian belief and under a

separable prior px(x
+) =

∏N
j=1 pxj(x

+
j ), the MMSE denoiser, gx+(·, ·) in line 5, along

with its divergence, g′
x(·, ·) in line 6, are given by

gx+
(
x̂−
e , γx−

e

)
=

∫
x+ px (x

+) CN
(
x+; x̂−

e , γ
−1

x−
e
IN

)
dx+∫

px (x+) CN
(
x+; x̂−

e , γ
−1

x−
e
IN

)
dx+

, (2.13a)

g′
x+

(
x̂−
e , γx−

e

)
= diag

(
∂gx+(x̂

−
e , γx−

e
)

∂x̂−
e

)
. (2.13b)
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LMMSE estimation of x−

Given µδ→x−(x−) = CN
(
x−; x̂+

e , γ
−1

x+
e
IN
)
as the extrinsic Gaussian belief, and y as the

measurement vector accordingly in the AWGN model (2.9), the LMMSE estimator,

gx−(·, ·), is obtained in closed form, along with its posterior variance as follows:

x̂−
p,k =

(
γw H

HH + γx+
e ,k IN

)−1(
γw H

H y + γx+
e ,k x̂

+
e,k

)
≜ gx−

(
x̂+
e,k, γx+

e ,k

)
(2.14a)

γ−1

x−
p ,k

=
1

N
Tr
[(
γw H

HH + γx+
e ,k IN

)−1
]
.

≜
〈
g′
x−

(
x̂+
e,k, γx+

e ,k

) 〉
(2.14b)

To mitigate the high computational cost stemming from the matrix inversion in (2.14),

the singular value decomposition (SVD) of the matrix H = UH Diag(sH)V
H

H can be

used in (2.14) to reduce the complexity of each VAMP iteration from O(N3) to O(NR),

with R being the rank of H . After further algebraic manipulations, the LMMSE esti-

mation of x− simplifies as stated in lines 9–11. We refer the reader to [25] for further

details about the derivation of this step.

2.3.2 State evolution update equations of VAMP

We denote the true vector observed through the linear observation model in (2.9) as

x(0) ∈ CN , i.e.,

y = H x(0) +w, w ∼ CN (w;0, γ−1
w IM). (2.15)

State evolution assumptions

In (2.15), the sensing matrix H is assumed to have a full SVD of the form

H = ŨH S̃H Ṽ H
H , diag(S̃H) = s̃H , (2.16)
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where ŨH and ṼH are orthogonal matrices, and s̃H is a vector containing the singular

values of H . To treat both skinny and fat matrices in a unified manner in (2.16), it

is important to pad ŨH , ṼH , and s̃H so as they all have the same dimension. For

instance, let H be a fat M × N matrix (i.e. M < N). Its padded SVD of the form

UH Diag (sH) V H
H can be expressed as function of its full SVD in (2.16) as follows:

UH =

 ŨH 0

0 IN−M

 , sH =

 s̃H

0

 , VH = Ṽ H
H . (2.17)

The padded square matrix H = UH Diag (sH) V H
H is assumed to be right-rotationally

invariant: that is to say the distribution of H is identical to that of HQ for any orthog-

onal matrix Q. Moreover, it is assumed that the components of sH , the extrinsic mean

vector x̂−
e,k, and the true signal x(0) converge empirically with second-order moments

according to

lim
N→∞

{(
sH,n,x

(0)
n , x̂−

e,k,n

)}N

n=1

PL(2)
=

(
sH , x(0), x̂−e,k

)
, (2.18)

for some random variables sH , x(0), and x̂−e,k, with density functions psH (sH), px(0)(x
(0)),

and px̂−e,k
(x̂−

e,k), respectively. In (2.18), the notation “LP (2)” refers the empirical conver-

gence with second-order moments (see Appendix B in [25]). Finally, the derivation of

the state evolution equations at every iteration k is based on the following concentration

of measure for the precision variables in the asymptotic regime:

lim
N→∞

(
γv+

p ,k, γx+
e ,k

)
=
(
γx+

p ,k, γx+
e ,k

)
, (2.19a)

lim
N→∞

(
γx−

p ,k, γx−
e ,k

)
=
(
γx−

p ,k, γx−
e ,k

)
. (2.19b)
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State evolution equations

Based on the aforementioned state evolution assumptions and under the Bayes-optimal

setting1, the predicted MSE of the VAMP algorithm at iteration k is defined recursively

through the so-called state evolution (SE) update equations:

γx+
p ,k =

1

Ex+
(
γx−

e ,k

) , γx+
e ,k = γx+

p ,k − γx−
e ,k, (2.20a)

γx−
p ,k =

1

Ex−
(
γx+

e ,k

) , γx−
e ,k+1 = γx−

p ,k − γx+
e ,k. (2.20b)

In (2.20), the function Ex+
(
γx−

e

)
stands for the component-wise MSE of the estimate

gx+
(
x̂−e , γx−

e

)
from the “true” x(0), where the random variable x̂−e is equal to x(0) cor-

rupted by a zero-mean Gaussian noise of precision γx−
e
, i.e., x̂−e = x(0) + p− with

p− ∼ CN (p−; 0, γ−1

x−
e
). Here, gx+

(
x̂−e , γx−

e

)
is the component-wise denoiser of the separa-

ble MMSE vector denoiser gx+
(
x̂−e , γx−

e

)
. On this account, it follows that [25]

Ex+
(
γx−

e

)
= E

[∣∣∣gx+ (x̂−e , γx−
e

)
− x(0)

∣∣∣2 ∣∣∣∣ px(0),p−(x(0), p−)

]
. (2.21)

Given the fact that x(0) and p− are independent, (2.21) becomes

Ex+
(
γx−

e

)
=

∫ ∞

−∞

∫ ∞

−∞

∣∣∣gx+ (x(0) + p−, γx−
e

)
− x(0)

∣∣∣2
× px(0)(x

(0)) CN
(
p−; 0, γ−1

x−
e

)
dx(0) dp−. (2.22)

1This setting is commonly assumed in state evolution analysis and it holds true if the algorithm
at hand is optimum. That is to say the noise precision γw is known, and the elements of the MMSE
estimation error x̂+

p −x(0) (resp., x̂−
p −x(0)) have averaged variance equal to the one predicted by the

algorithm, i.e., γ−1

x+
p
(resp., γ−1

x−
p
).
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For the LMMSE estimator, the function Ex−
(
γx+

e

)
in (2.20) represents the component-

wise average MSE defined as [25]:

Ex−
(
γx+

e

)
= lim

N→∞
1
N
E
[∥∥gx−(x̂

+
e , γx+

e
)− x(0)

∥∥2 ∣∣∣ pp+,w(p
+,w)

]
(2.23)

where

x̂+e = x(0) + p+, p+ ∼ CN (p+;0, γ−1

x+
e
IN), (2.24a)

y = H x(0) +w, w ∼ CN (w;0, γ−1
w IN). (2.24b)

Note that the random vectors in (2.24b) are of size N instead of M due to the padded

SVD described in (2.17). Finally, it was shown in [25] that (2.23) can be expressed as

Ex−
(
γx+

e

)
= E

[
1

γw |sH |2 + γx+
e

∣∣∣∣∣ psH (sH)

]
. (2.25)
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The VAMP-KF Algorithm

Before delving into the derivation details, we first recall the state-space model given in

(1.1)–(1.2):

xt = αFt xt−1 +
√
1− α2 vt, (process equation) (3.1a)

yt = Ht xt +wt. (measurement equation) (3.1b)

The VAMP-KF algorithm estimates the signal vector xt in (3.1) at every time step

t. Its algorithmic steps are outlined in Algorithm 2. Its factor graph is depicted in

Fig. 3.1. For better illustration, the block diagram of Algorithm 2 is depicted in Fig. 3.2

whereby we show its different constituent blocks associated with the VAMP and Kalman

filter modules, namely the MMSE and LMMSE denoisers as they interact through the

extrinsic information (cf. Section 2.3.1).
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Algorithm 2 VAMP-KF

Require: Number of time steps T , process memory factor α, process matrix Ft ∈ CN×N , measure-

ment matrix Ht ∈ CM×N , measurement vector yt ∈ CM , MMSE denoising function gv+,t(·), noise
precision γw, mean x̂0|0 and precision γx0|0 for the initial state x0, and the number of iterations K.

1: for t = 1, 2, . . . ,T do

2: Compute economic SVD Ht = UH Diag(sH)V
H

H with U
H

H UH = IR, V
H

H V H = IR,

sH ∈ RR
+, and R = rank(H).

3: s =
√
1− α2 sH ; z̃ = Diag(s)−1 U

H

H

(
yt − αHtFt x̂t−1|t−1

)
4: ỹ = Diag(sH)−1 U

H

H yt; γz =
〈
diag

(
α2 γ−1

xt−1|t−1
HtFtF

H
t HH

t + γ−1
w IM

)〉−1

▷ VAMP module

5: Initialize v̂−
e,0 and γv−

e ,0 ≥ 0.

6: for k = 0, 1, . . . ,K do

MMSE step

7: v̂+
p,k = gv+,t

(
v̂−
e,k, γv−

e ,k

)
8: γv+

p ,k = γv−
e ,k

/〈
g′
v+,t

(
v̂−
e,k, γv−

e ,k

)〉
9: γv+

e ,k = γv+
p ,k − γv−

e ,k

10: v̂+
e,k = γ−1

v+
e ,k

(
γv+

p ,k v̂
+
p,k − γv−

e ,k v̂
−
e,k

)
LMMSE step

11: dk = γz Diag
(
γz s

2 + γv+
e ,k 1R

)−1

s2

12: γv−
e ,k+1 = γv+

e ,k ⟨dk⟩
/(

N
R − ⟨dk⟩

)
13: v̂−

e,k+1 = v̂+
e,k + N

R V H Diag
(

dk

⟨dk⟩

) (
z̃ − V

H

H v̂+
e,k

)
14: end for

▷ Kalman filter module

Prediction step

15: x̂t|t−1 = αFt x̂t−1|t−1 +
√
1− α2 v̂+

e,K

16: γxt|t−1
=
(
α2 γ−1

xt−1|t−1

〈
diag

(
FtF

H
t

)〉
+ (1− α2) γ−1

v+
e ,K

)−1

Estimation step

17: dt|t = γw Diag
(
γw s2H + γxt|t−1

1R

)−1
s2H

18: x̂t|t = x̂t|t−1 +
N
R V H Diag

(
dt|t
⟨dt|t⟩

) (
ỹ − V

H

H x̂t|t−1

)
19: γxt|t = γxt|t−1

⟨dt|t⟩
/(

N
R − ⟨dt|t⟩

)
20: end for

21: return
{
x̂1|1, . . . , x̂T |T

}
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px0(x0)

x0

pxt|vt,xt−1
(xt|v−

1 ,x0)

v−
1

δ(v+
1 − v−

1 )

v+
1

pv(v
+
1 )

x1

pyt|xt(y1|x1)

y1

pxt|vt,xt−1
(xt|v−

t ,xt−1)

v−
t

δ(v+
t − v−

t )

v+
t

pv(v
+
t )

xt

pyt|xt(yt|xt)

yt

pxt|vt,xt−1
(xT |v−

T ,xT−1)

v−
T

δ(v+
T − v−

T )

v+
T

pv(v
+
T )

xT

pyt|xt(yT |xT )

yT

...
...

a1

b1

c1

at

bt

ct

aT

bT

cT

Factor graph of Kalman filter

Factor graph of VAMP

at time step 1

Factor graph of VAMP

at time step t

Factor graph of VAMP

at time step t

Figure 3.1: The factor graph of VAMP-KF representating the decomposition of the
joint density given in (3.4).
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3.1 Factor graph: where VAMP meets Kalman fil-

ter

The factor graph of the Kalman filter in Fig 2.3 presumes Gaussian innovations vt in

the process equation given in (2.4), i.e., vt ∼ CN (vt;0,Qt). This assumption gives rise

to a Gaussian factor node representing the following transition density from xt to xt−1

(cf. Section 2.2):

pxt|xt−1(xt|xt−1) = CN (xt;Ft xt−1 +Bt ut,Qt). (3.2)

One of our key ideas in this thesis is to substitute the conventional Gaussian innovation

prior vt ∼ CN (vt;0,Qt) with a Gaussian prior arising from running scalar EP using

the VAMP algorithm. The latter inherently captures the rapidly time-varying sparse

evolution of innovations. We start by factoring the joint pdf of all the observed and

Prior

pv(v
+
t )

LMMSE

zt = At v
−
t + pz,t

Kalman filter

xt = αFtxt−1 +
√
1− α2 v−

t

yt = Htxt +wt
ext

ext

v̂+
p

γv+
p

v̂+
e

γv+
e

v̂−
p

γv−
p

v̂−
e

γv−
e

v̂+
e

γv+
e

x̂t−1

γxt−1

x̂t−1, γxt−1

x̂t, γxt

Innovation estimation using VAMP

Figure 3.2: Block diagram of VAMP-KF at each time step t > 0 with its three modules:
the innovation denoising module incorporating the prior information, pv(·), the LMMSE
module, and the Kalman filter module. The denoising and LMMSE modules exchange
extrinsic messages through the ext blocks. The color of each module matches the color
of its algorithmic steps in Algorithm 2.
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unobserved variables in (3.1) at each time step t as follows:

pyt,xt,vt,xt−1(yt,xt,vt,xt−1) = pyt|xt(yt|xt) pxt|vt,xt−1(xt|vt,xt−1) pxt−1(xt−1) pvt(vt).

(3.3)

Then, we split the innovation variable v into two auxiliary variables, i.e., v+ and v−,

thereby leading to the equivalent factorization:

pyt,xt,v−t ,v+t ,xt−1
(yt,xt,v

−
t ,v

+
t ,xt−1)

= pyt|xt(yt|xt) pxt|v−t ,xt−1
(xt|v−

t ,xt−1) pxt−1(xt−1) δ(v
−
t − v+

t ) pv+t (v
+
t ). (3.4)

In (3.4), the factor nodes pertaining to the conditional densities pxt|v−t ,xt−1
(xt|v−

t ,xt−1)

and pyt|xt(yt|xt) are specified according to the state-space model in (3.1) as

pxt|v−t ,xt−1
(xt|v−

t ,xt−1) = δ
(
xt − αFt xt−1 −

√
1− α2 v−

t

)
,

pyt|xt(yt|xt) = CN (yt;Ht xt, γ
−1
w IM).

To lighten the notation, we will refer to the factor node pertaining to the density

pxt|v−t ,xt−1
(xt|v−

t ,xt−1) as ft|t−1. To combine VAMP with the Kalman filter into a unified

message passing framework, the factor graph of VAMP-KF in Fig. 3.1 illustrates the

three key messages to be determined at every time step t ∈ {1, . . . ,T}:

• The message µft|t−1→v−
t
from the factor node ft|t−1 to the variable node v−

t is repre-

sented by at . This message is involved in the LMMSE step of the VAMP module

stated in lines 11–13 of Algorithm 2 to estimate v−
t after incorporating the message

ct .

• The message bt from the factor node ft|t−1 to the variable node xt represents the

prediction step of the Kalman filter given in (2.6). This step must account for the

message coming from the variable node v−
t .
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• The message ct from the factor node pyt|xt(yt|xt) to the variable node xt pertains to

the time update step of the Kalman filter in (2.7). The step is carried out with also

the involvement of bt .

To fully characterize the EP derivation of the proposed VAMP-KF algorithm, one must

establish the analytical expressions of the aforementioned messages, which we do in the

next section.

3.2 EP derivation of VAMP-KF

In this section, we detail the derivation of the messages exchanged between the VAMP

module and the Kalman filter. Towards this goal, we depict in Fig. 3.3 the factor graph

of VAMP-KF at time step t. Specifically, we focus on the derivation of the messages

3 , 6 , and 7 , which correspond to the aforementioned messages at , bt , and ct in

Fig. 3.1.

3.2.1 Derivation of the LMMSE estimate of the innovation

We now detail the derivation of the message µft|t−1→v−
t
which is denoted as message 3

in Fig. 3.3. The latter is obtained as the marginal of the density resulting from the

product of messages 5 and 7 , and the factor node ft|t−1, i.e.,

µft|t−1→v−
t
∝
∫ ∞

−∞
pxt−1(xt−1)︸ ︷︷ ︸

5

∫ ∞

−∞
pyt|xt(yt|xt)︸ ︷︷ ︸

7

pxt|vt,xt−1
(xt|v−

t ,xt−1)︸ ︷︷ ︸
ft|t−1

dxt dxt−1.

Equivalently, we have

µft|t−1→v−
t
∝
∫ ∞

−∞
CN

(
xt−1; x̂t−1|t−1, γ

−1
xt−1|t−1

IN

) ∫ ∞

−∞
CN

(
yt;Ht xt, γ

−1
w IM

)
× δ

(
xt − αFt xt−1 −

√
1− α2 v−

t

)
dxt dxt−1. (3.6)
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pxt−1
(xt−1)

xt−1

ft|t−1

v−
t

δ(v+
t − v−

t )

v+
t

pv(v
+
t )

xt

pyt|xt(yt|xt)

yt

1

2

345 6

7

µv+
t → δ 1 CN (v+

t ; v̂
+
e,k, γ

−1

v+
e ,k

IN)

µv−
t → δ 2 CN (v−

t ; v̂
−
e,k, γ

−1

v−
e ,k

IN)

µft|t−1 →v−
t

3 CN (zt;Atv
−
t , γ

−1
z,t IM)

µv−
t →ft|t−1

4 CN (v−
t ; v̂

+
e,K , γ

−1

v+
e ,K

IN)

µxt−1→ft|t−1
5 CN (xt−1; x̂t−1|t−1, γ

−1
xt−1|t−1

IN)

µft|t−1 →xt
6 CN (xt; x̂t|t−1, γ

−1
xt|t−1

IN)

µpyt|xt →xt
7 CN (yt;Ht xt, γ

−1
w IM)

Figure 3.3: Factor graph of VAMP-KF at time step t.

Using standard manipulations, the inner integral is expressed in a closed form and (3.6)

becomes

µft|t−1→v−
t
∝
∫ ∞

−∞
CN

(
xt−1; x̂t−1|t−1, γ

−1
xt−1|t−1

IN

)
× CN

(
αHt Ft xt−1;yt −At v

−
t , γ

−1
w IM

)
dxt−1, (3.7)
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with At ≜
√
1− α2Ht. Here, the first belief of the integrand function is in the signal

dynamic space CN while the second belief is in the measurement space CM . To find

the integral in (3.7), we transform the signal xt−1 to the projected signal αHt Ft xt−1,

thereby yielding

µft|t−1→v−
t

∝∼
∫ ∞

−∞
CN
(
αHt Ft xt−1;αHt Ft x̂t−1|t−1,α

2 γ−1
xt−1|t−1

Ht Ft F
H
t HH

t

)
× CN (αHt Ft xt−1;yt −At v

−
t , γ

−1
w IM) dxt−1. (3.8)

Using to the scaled covariance approximation from scalar EP, we combine the two beliefs

of the integrand function in (3.8) based on the multiplication rule of Gaussian densities

to obtain the message µft|t−1→v− (represented by 3 in Fig. 3.3) as

µft|t−1→v−
t

∝ CN
(
zt;At v

−
t , γ

−1
z,t IM

)
, (3.9)

with

zt = yt − αHtFt x̂t−1|t−1, (3.10a)

γz,t =
〈
diag

(
α2 γ−1

xt−1|t−1
HtFtF

H
t H

H
t + γ−1

w IM

)〉−1

. (3.10b)

The posterior message of v−
t is given by the product of the message µδ→v− =

CN
(
v−; v̂+

e , γ
−1

v+
e
IN
)
(represented by 1 in Fig. 3.3) with message 3 in (3.9). Us-

ing standard manipulations (as shown in Appendix A of [25]), the posterior mean and
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precision of the LMMSE estimator of v−
t are obtained as

v̂−
p,k =

(
γz,t A

H
t At + γv+

e ,k IN
)−1 (

γz,t A
H
t zt + γv+

e ,k v̂
+
e,k

)
,

≜ gv−,t

(
v̂+
e,k, γv+

e ,k, zt, γz,t
)

(3.11a)

γv−
p ,k = γv+

e ,k/⟨g
′
v−,t(v̂

+
e,k, γv+

e ,k, zt, γz,t)⟩

= N/Tr
[(
γz,t A

H
t At + γv+

e ,k IN
)−1
]
. (3.11b)

Note here the high similarity between the obtained LMMSE estimate of v−
t in (3.11)

with the one of VAMP in (2.14). Finally, the extrinsic message represented by 2 in

Fig. 3.3 can be obtained based on the extrinsic belief computation rule (cf. Section 2.3)

as follows:

γv−
e ,k+1 = γv−

p ,k − γv+
e ,k, (3.12a)

v̂−
e,k+1 = γ−1

v−
e ,k+1

(
γv−

p ,k v̂
−
p,k − γv+

e ,k v̂
+
e,k

)
. (3.12b)

Similarly to VAMP, to mitigate the high computational cost of the matrix inversion in

(3.11) and (3.12), we compute the SVD of At to obtain the steps outlined in lines 11–13

of Algorithm 2, which are similar to lines 9–11 of Algorithm 1.

3.2.2 Derivation of the VAMP-KF prediction step

Once the innovation vector vt has been estimated through VAMP, the prediction step of

the Kalman filter combines the incoming message from the variable node v−
t

(
represented

by 4 in Fig. 3.3
)
with both the prior message pxt−1(xt−1) (represented by message 5 )
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and the factor node ft|t−1 using the sum product rule:

µft|t−1→xt︸ ︷︷ ︸
6

∝
∫ ∞

−∞

∫ ∞

−∞
µv−

t →ft|t−1︸ ︷︷ ︸
4

pxt−1(xt−1)︸ ︷︷ ︸
5

pxt|v−t ,xt−1
(xt|v−

t ,xt−1)︸ ︷︷ ︸
ft|t−1

dv−
t dxt−1

=

∫ ∞

−∞
CN

(
xt−1; x̂t−1|t−1, γ

−1
xt−1|t−1

IN

) ∫ ∞

−∞
CN

(
v−
t ; v̂

+
e,K , γ

−1

v+
e ,K

IN

)
× δ

(
xt − αFt xt−1 −

√
1− α2 v−

t

)
dv−

t dxt−1.

(3.13)

Explicitly expressing the inner integral in (3.13) yields

µft|t−1→xt ∝
∫ ∞

−∞
CN

(
xt−1; x̂t−1|t−1, γ

−1
xt−1|t−1

IN

)
× CN

(
αFt xt−1;xt −

√
1− α2 v̂+

e,K , (1− α2) γ−1

v+
e ,K

IN

)
dxt−1. (3.14)

Here, we follow the same argument we used to proceed from (3.7) to (3.8). In (3.14),

we transform the signal xt−1 in the first belief to the projected signal αFt xt−1, thereby

yielding

µft|t−1→xt
∝∼

∫ ∞

−∞
CN

(
αFt xt−1;αFt x̂t−1|t−1,α

2 γ−1
xt−1|t−1

Ft F
H
t

)
× CN

(
αFt xt−1;xt −

√
1− α2 v̂+

e,K , (1− α2) γ−1

v+
e ,K

IN

)
dxt−1. (3.15)

By combining the two beliefs of the integrand function in (3.15) and then finding the

integral, we obtain the expression of the message µft|t−1→xt

(
represented by 6 in Fig.

3.3
)
as

µft|t−1→xt ∝ CN
(
xt; x̂t|t−1, γ

−1
xt|t−1

IN

)
, (3.16)
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with

x̂t|t−1 = αFt x̂t−1|t−1 +
√
1− α2 v̂+

e,K ,

≜ gxt|t−1

(
x̂t−1|t−1, v̂

+
e,K

)
(3.17a)

γxt|t−1
=
(
α2 γ−1

xt−1|t−1

〈
diag

(
FtF

H
t

)〉
+ (1− α2) γ−1

v+
e ,K

)−1

, (3.17b)

which correspond to lines 15-16 of Algorithm 2. Note that (3.17) could also be de-

rived using the standard prediction step of the Kalman filter given in (2.6) by setting

Σ̂t−1|t−1 = γ−1
xt−1|t−1

IN , Qt = (1 − α2) γ−1

v+
e ,K

IN , Bt = IN , and ut =
√
1− α2 v̂+

e,K , with

the state transition matrix being αFt.

3.2.3 Derivation of the VAMP-KF time update step

In this step, the Kalman filter calibrates the prediction estimate in (3.16) with the

measurement vector yt. It does so by multiplying the message 6 in (3.16) with the

density pyt|xt(yt|xt) pertaining to the factor node fy|x
(
represented by 7 in Fig. 3.3

)
,

i.e.,

pxt(xt) ∝ CN (xt; x̂t|t−1, γ
−1
xt|t−1

IN)︸ ︷︷ ︸
6

CN (yt;Ht xt, γ
−1
w IN)︸ ︷︷ ︸

7

. (3.18)

Based on the multiplication rule of Gaussian densities, (3.18) simplifies to

pxt(xt) = CN
(
xt; x̂t|t, γ

−1
xt|t

IN

)
, (3.19)

where x̂t|t and γxt|t are given by

x̂t|t = x̂t|t−1 +Kt (yt −Ht x̂t|t−1), (3.20a)

γt|t =
〈
diag

(
γ−1
xt|t−1

IN − γ−1
xt|t−1

KtHt

)〉−1

(3.20b)
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with the Kalman gain matrix being

Kt = γ−1
xt|t−1

HH
t

(
γ−1
xt|t−1

Ht H
H
t + γ−1

w IM

)−1

.

Note how the time updated mean and precision in (3.20) coincide with the Kalman

filter update step given in (2.7) by setting Σ̂t|t−1 = γ−1
xt|t−1

IN and Rt = γ−1
w IM . This

comes with no surprise since the Kalman filter in VAMP-KF is used under the scalar EP

approximation. The time updated estimate in (3.20) can be rewritten as (see Appendix

I)

x̂t|t =
(
γw H

H
t Ht + γxt|t−1

IN

)−1 (
γw H

H
t yt + γxt|t−1

x̂t|t−1

)
≜ gxt|t(x̂t|t−1, γxt|t−1

), (3.21a)

γxt|t = γxt|t−1
/⟨g′

xt|t
(x̂t|t−1, γxt|t−1

)⟩

= N/Tr

[(
γw H

H
t Ht + γxt|t−1

IN

)−1
]
. (3.21b)

It worth mentioning that, under the scalar EP approximation, the time updated estima-

tion in (3.21) has the same form as the LMMSE estimation steps in (3.11) of VAMP-KF

as well as (2.14) of VAMP.

Similarly to the LMMSE step of VAMP in (2.14) and the prediction step in Section

3.2.1, we sidestep the high computational cost of the matrix inversion in (3.21) by

relying on the SVD of Ht, thereby leading to lines 17-19 in Algorithm 2.

3.3 Complexity

The computational cost per time step t of VAMP-KF is dominated by the SVD in

line 2 in Algorithm 2 and is of order O(NMR) with R = min(N ,M). This can be

further decreased to O(NM log(R)) by modern approaches [31]. The computation of
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the extrinsic statistics from the posterior statistics only involves arithmetic operations

which take O(1) per entry under the assumption of “bounded values” according to the

uniform cost criterion [32]. Note that VAMP-KF involves scalar inverses only as shown

in lines 4, 11, 16, and 17. It is also notable how the SVD offers more than just a fast

algorithmic implementation. It connects VAMP to Kalman filter by using the same

SVD in their LMMSE steps. Further, it removes the need for inversing the Kalman

gain matrix in (2.8) due to the scalar EP approximation.

36



Chapter 4

State Evolution

To understand the behavior of the proposed VAMP-Kalman algorithm in the asymptotic

regime, we derive its state evolution (SE) equations which recursively track its asymp-

totic empirical MSE. We first start by stating the necessary assumptions in connections

to those of VAMP described in Section 2.3.2. We then provide close-form expressions

of the MSE associated to the MMSE and LMMSE steps of VAMP-KF.

4.1 State evolution assumptions

At every time step t ∈ [1, . . . ,T ], we denote the true vectors, which satisfy the state

space model given in (1.1)–(1.2), as v
(0)
t , x

(0)
t , and x

(0)
t−1, i.e.,

x
(0)
t = αFt x

(0)
t−1 +

√
1− α2 v

(0)
t , (4.1a)

yt = Ht x
(0)
t +wt. (4.1b)

We suppose that the true signal x
(0)
t−1 in (4.1a) has already been estimated at time

step t − 1 with mean x̂t−1|t−1 and precision γxt−1|t−1
. It is common practice in the

approximate message passing literature to assume that the estimate x̂t−1|t−1 behaves
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like an AWGN-corrupted version of the true signal x
(0)
t−1 with precision γ−1

xt−1|t−1
. That

is to say:

x̂t−1|t−1 = x
(0)
t−1 + ext−1|t−1

. (4.2)

with ext−1|t−1
∼ CN (ext−1|t−1

;0, γ−1
xt−1|t−1

IN). By injecting (4.2) into (4.1) and after some

algebraic manipulations we obtain

yt − αHt Ft x̂t−1|t−1︸ ︷︷ ︸
zt

=
√
1− α2Ht︸ ︷︷ ︸

At

v
(0)
t + αHt Ft ext−1|t−1

+wt︸ ︷︷ ︸
pz,t

. (4.3)

In (4.3), pz,t is a realization of a Gaussian random variable with the density pz,t ∼

CN
(
pz,t;0,α

2 γ−1
xt−1|t−1

HtFtF
H
t H

H
t + γ−1

w

)
. Using the scalar EP approximation, its co-

variance is reduced to an identity scaled by the the average of the diagonal elements

γz,t, i.e., pz,t ∼ CN (pz,t;0, γ
−1
z,t IN) with

γz,t =
(
α2 γ−1

xt−1|t−1
⟨diag

(
HtFtF

H
t H

H
t

)
⟩+ γ−1

w

)−1

. (4.4)

Similarly to the assumptions presented in Section 2.3.2, Ft, Ht and Ht Ft are modeled

as large right-rotationally invariant random matrices with full SVD of the forms:

Ft = ŨF ,t S̃F ,t Ṽ
H
F ,t, diag

(
S̃F ,t

)
= s̃F ,t,

Ht = ŨH,t S̃H,t Ṽ
H
H,t, diag

(
S̃H,t

)
= s̃H,t,

Ht Ft = ŨHF ,t S̃HF ,t Ṽ
H
HF ,t, diag

(
S̃HF ,t

)
= s̃HF ,t,
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and are padded as in (2.17), thereby leading to the following padded SVDs:

UF ,t Diag (sF ,t) V
H
F ,t, (4.6a)

UH,tDiag (sH,t) V
H
H,t, (4.6b)

UHF ,tDiag (sHF ,t) V
H
HF ,t. (4.6c)

As a result, all the matrices involved in (4.6) are square matrices of the same size

denoted as N ×N in the rest of this section.

Besides, it is assumed that the components of the vectors of singular values sF ,t,

sH,t, sHF ,t, the true signal v
(0)
t , and the extrinsic mean v̂−

e,k converge empirically with

second-order moments as

lim
N→∞

{
sF ,t,n

}N
n=1

PL(2)
= sF ,t, (4.7a)

lim
N→∞

{
sH,t,n

}N
n=1

PL(2)
= sH,t, (4.7b)

lim
N→∞

{
sHF ,t,n

}N
n=1

PL(2)
= sHF ,t, (4.7c)

lim
N→∞

{(
v
(0)
t,n , v̂

−
e,k,n

)}N

n=1

PL(2)
=

(
v
(0)
t , v̂−e,k

)
, (4.7d)

for some random variables sF ,t, sH,t, sHF ,t, v
(0)
t , and v̂−e,k with corresponding densities

psF ,t
(sF ), psH,t

(sH), psHF ,t
(sHF ), pv(0)t

(v(0)), and pv̂−e,k
(v̂−e ).

Finally, the derivation of the state evolution equations at every iteration k and time

step t is based on the following concentration of measure for the precision variables in
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the asymptotic regime:

lim
N→∞

(
γv+

p ,k, γv+
e ,k

)
=
(
γv+

p ,k, γv+
e ,k

)
, (4.8a)

lim
N→∞

(
γv−

p ,k, γv−
e ,k

)
=
(
γv−

p ,k, γv−
e ,k

)
, (4.8b)

lim
N→∞

(
γxt|t−1

, γxt|t

)
=
(
γxt|t−1

, γxt|t

)
. (4.8c)

4.2 State evolution equations

Based on the aforementioned assumptions in Section 4.1 and under the Bayes-optimal

setting 1, the predicted MSE of VAMP-KF in Algorithm 2 is defined recursively in

the asymptotic regime (i.e., as N → ∞) through the state evolution (SE) equations

presented in Algorithm 3.

4.2.1 Asymptotic MSE for the MMSE estimation step of v+
t

Due to the i.i.d. assumption on the components of the innovation vector v+
t , its MMSE

estimate in lines 7-10 of Algorithm 2 is obtained by following the same derivation steps

used in the VAMP algorithm and reviewed in (2.21) and (2.22). In other words, the

MSE on v+
t is given by the function

Ev+,t

(
γv−

e

)
= E

[∣∣∣gv+,t

(
v̂−e , γv−

e

)
− v

(0)
t

∣∣∣2 ∣∣∣∣ pv(0)t ,p−

(
v(0), p−

)]
=

∫ ∞

−∞

∫ ∞

−∞

∣∣∣gv+,t

(
v(0) + p−, γv−

e

)
− v(0)

∣∣∣2 pv(0)t

(
v(0)
)
CN

(
p−; 0, γ−1

v−
e

)
× dv(0) dp−, (4.9)

1This means that the noise precision γw is known, and the estimation errors of v̂+
e , v̂

−
e , and x̂t|t are

equal to the predicted values γ−1

v+
p
, γ−1

v−
p
, and γ−1

xt|t
, respectively.
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Algorithm 3 VAMP-Kalman State Evolution

Require : Noise precision γw, precision γ0|0, error functions Ev+,t

(
γv−

e

)
, Ev−,t

(
γv+

e
, γz
)
,

Ext|t−1

(
γxt−1|t−1

, γve+

)
, and Ext|t

(
γxt|t−1

)
, and the number of iterations K.

1: for t = 1, . . . ,T do

2: Initialize γv−
e ,0

3: Compute γz,t =
1

α2 γ−1
xt−1|t−1

E
[
|sHF ,t|2

∣∣psHF ,t
(sHF )

]
+γ−1

w

4: for k = 1, . . . ,K do

▷ compute the analytical posterior and extrinsic precision of v+

5: γv+
p ,k = 1

Ev+,t

(
γ
v−e ,k

)
6: γv+

e ,k = γv+
p ,k − γv−

e ,k

▷ compute the analytical posterior and extrinsic precision of v−

7: γv−
p ,k = 1

Ev−,t

(
γ
v+e ,k

,γz,t

)
8: γv−

e ,k+1 = γv−
p ,k − γv+

e ,k

9: end for

▷ compute the analytical precision of xt|t−1

10: γxt|t−1
= 1

Ext|t−1

(
γxt−1|t−1

,γv
e+,K

)
▷ compute the analytical precision of xt|t

11: γxt|t
= 1

Ext|t
(
γxt|t−1

)
12: end for

13: return
{
γx1|1

, . . . , γxT |T

}

which is involved in line 5 of Algorithm 3. In (4.9), gv+,t

(
v̂−e , γv−

e

)
represents the

component-wise denoiser of the separable MMSE vector denoiser gv+,t

(
v̂−e , γv−

e

)
as in line

7 of Algorithm 2, given the random variable v̂−e = v
(0)
t + p− with p− ∼ CN

(
p−; 0, γ−1

v−
e

)
being independent of v

(0)
t .
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4.2.2 Asymptotic MSE for the LMMSE estimation step of v−
t

The LMMSE estimate of v−
t in VAMP-KF is given in lines 11-13 of Algorithm 2. There,

the LMMSE denoiser gv−,t

(
v̂+
e , γv+

e
, z, γz

)
given in (3.11a) has a similar expression as

the LMMSE denoiser gx−
(
x̂+
e,k, γx+

e ,k

)
of VAMP given in (2.14a). As a result, similarly

to (2.25), in the large system limit the component-wise MSE of the LMMSE step is

given by

Ev−,t

(
γv+

e
, γz
)
= E

[
1

γz (1− α2) |sF ,t|2 + γv+
e

∣∣∣∣∣psF ,t
(sF )

]
, (4.10)

which is used in line 7 of Algorithm 3. In (4.10), the precision γz defined in (4.4)

converges in the asymptotic regime to the variable γz,t given by

γz,t = lim
N→∞

γz,t

= lim
N→∞

1

α2 γ−1
xt−1|t−1

1
N
Tr
[
Ht Ft F H

t HH
t

]
+ γ−1

w

(a)
= lim

N→∞

1

α2 γ−1
xt−1|t−1

1
N
Tr
[
SHF ,t SH

HF ,t

]
+ γ−1

w

(b)
=

1

α2 γ−1
xt−1|t−1

E
[
|sHF ,t|2

∣∣ psHF ,t
(sHF )

]
+ γ−1

w

. (4.11)

In (4.11), (a) follows from the SVD in (4.6), while (b) results from the empirical con-

vergence given in (4.7).

4.2.3 Asymptotic MSE for the VAMP-KF prediction step

Here, we consider the MSE pertaining to the prediction step of VAMP-Kalman stated

in lines 15-16 of Algorithm 2. We first use the state-space model in (1.1) and (1.2) as
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well as the prediction step of VAMP-KF in (3.17) to write x̂t|t−1 and x
(0)
t as follows:

x̂t|t−1 = αFt x̂t−1|t−1 +
√
1− α2 v̂+

e ,

= gxt|t−1
(x̂t−1|t−1, v̂

+
e ) (4.12a)

x
(0)
t = αFt x

(0)
t−1 +

√
1− α2 v

(0)
t . (4.12b)

In the large system limit, we consider the MSE between the predicted signal x̂t|t−1

provided by the denoiser gxt|t−1
(x̂t−1|t−1, v̂

+
e ) given in (3.17a), and the true vector x

(0)
t .

That is to say

Ext|t−1

(
γxt−1|t−1

, γve+

)
= lim

N→∞

1

N
E
[∥∥gxt|t−1

(x̂t−1|t−1, v̂
+
e )− x

(0)
t

∥∥2 ∣∣∣ pp+,q(p
+, q)

]
, (4.13)

where the random vectors v̂+e and x̂t−1|t−1 are given by

v̂+e = v
(0)
t + p+, p+ ∼ CN (p+;0, γ−1

v+
e
IN),

x̂t−1|t−1 = x
(0)
t−1 + q, q ∼ CN (q;0, γ−1

xt−1|t−1
IN),

with p+ and q being independent. By injecting (4.12) into (4.13), it follows:

Ext|t−1

(
γxt−1|t−1

, γve+

)
= lim

N→∞

1

N
E
[∥∥αFt q+

√
1− α2 p+

∥∥2 ∣∣∣ pp+,q(p
+, q)

]
(c)
= lim

N→∞

1

N
E
[∥∥αFt q

∥∥2 ∣∣∣ pq(q)]+ lim
N→∞

1

N
E
[∥∥√1− α2 p+

∥∥2 ∣∣∣ pp+(p+)
]

(d)
= lim

N→∞

α2

N
γ−1
xt−1|t−1

Tr
[
Ft F

H
t

]
+ (1− α2) γ−1

v+
e

(e)
= lim

N→∞

α2

N
γ−1
xt−1|t−1

Tr
[
SF ,t S

H
F ,t

]
+ (1− α2) γ−1

v+
e

(f)
= α2 γ−1

xt−1|t−1
E
[
|sF ,t|2

∣∣ psF ,t
(sF )

]
+ (1− α2) γ−1

v+
e
. (4.15)
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In (4.15), (c) follows from the fact that both p+ and q are zero-mean and independent;

(e) results from the use of the SVD in (4.6); (f) stems from the empirical convergence

stated in (4.7). The MSE function established in (4.15) is in line 10 of Algorithm 3.

4.2.4 Asymptotic MSE for the VAMP-KF time update step

The time update step in lines 17-19 of Algorithm 2 corresponds to the LMMSE estima-

tion of xt|t from xt|t−1. For this reason, its asymptotic MSE induced by the denoiser

gxt|t(·, ·) in (3.21) has the same form as the LMMSE denoiser gx−
(
x̂+
e , γx+

e

)
of VAMP

given in (2.14). Similarly to the asymptotic MSE in (2.25), the MSE of the time update

step computed in line 11 of Algorithm 3 is given by

Ext|t
(
γxt|t−1

)
= E

[
1

γw |sH,t|2 + γxt|t−1

∣∣∣∣∣ psH,t
(sH)

]
. (4.16)

4.3 Pseudo-code

Under all the aforementioned assumptions and derived MSEs, we now describe in Algo-

rithm 2 our main result, which is the recursive update equations for the SE of VAMP-

KF. Note here that at convergence one must have equality between the posterior vari-

ances γv+
p ,∞ and γv−

p ,∞ of the innovation variables in lines 5 and 7, respectively, i.e.,

γ−1

v+
p ,∞ = γ−1

v−
p ,∞.

At each time step t, we run the state evolution of VAMP stated in lines 5–8 for K

iterations to obtain the MSE of the innovation estimation, i.e. γ̄−1

v+
p ,K

= γ̄−1

v−
p ,K

. We then

use the latter to compute the MSE of the prediction and estimation, γxt|t−1
and γxt|t

, in

lines 10 and 11, respectively. Finally the MSE of the time update step γ−1
xt|t

is used in

the next time step t+1 to compute the precision zt, γz,t of the variable in line 3 before

running VAMP SE.
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Numerical Results

In this section, we assess the performance behavior of the proposed VAMP-KF algorithm

and benchmark it against the standard Kalman filter [2], as well as EnKF [16] and

MCC-KF [13] that were developed specifically to cope with non-Gaussian innovations.

In all simulations, we fix the state transition matrix Ft and the measurement matrix Ht

during the entire simulation, i.e., for all t ∈ {1, . . . ,T}. We also set the number of time

steps to T = 20, the number of VAMP iterations to K = 500, and perform NMC = 100

Monte-Carlo trials for different values of the SNR:

SNR = 10 log10

(
∥Ht xt∥22
∥w∥22

)
. (5.1)

The performance metric considered throughout our tests is the time-averaged normal-

ized root MSE (TNRMSE) between the true signals {xt}t=T
t=1 and their estimates {x̂t}t=T

t=1 .

The TNRMSE metric is defined as follows:

TNRMSE
(
{xt}t=T

t=1 , {x̂t}t=T
t=1

)
≜

1

T

T∑
t=1

√
∥xt − x̂t∥22

∥xt∥22
.
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We examine the TNRMSE by varying one of the variables of the state-space model

given in (1.1) and (1.2) at a time:

• the SNR in (5.1) by appropriately varying the precision γw of the measurement noise

wt.

• the sparsity rate ρ (i.e., the percentage of the non-zero components) of the innovation

vector vt. Specifically, we consider innovation vectors as realizations generated from

a Bernoulli-Gaussian density:

pvt(vt) = ρ δ(vt) + (1− ρ) CN (vt;0, IN) . (5.2)

• the memory factor α of the process equation given in (1.2) which controls the amount

by which the time evolution of the signal xt−1 contributes to the signal xt.

• the system dimension determined as the ratio M/N between the measurement dimen-

sion M and the signal dimension N . The measurement equation given in (1.1) can

be underdetermined or overdetermined, i.e., M < N or M > N , respectively. Note

that the measurement equation remains solvable even when it is underdetermined

due to the sparsity of xt. The latter can be controlled by properly adjusting both the

memory factor α and the sparsity rate ρ of the innovation vector vt.

5.1 Benchmark Algorithms

In this section, we describe a number of existing signal reconstruction approaches that

we will benchmark against VAMP-KF.

• Standard Kalman filter [2] : the standard Kalman filter (standard KF) is the optimal

LMMSE estimator under time-varying Gaussian innovations. While our experiments
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center around non-Gaussian innovations, we kept the standard KF as a mismatched

benchmark for convenience reasons which will become apparent later in this section.

• EnKF [16] : the ensemble KF (EnKF) is a Monte Carlo variant of the standard KF

that exploits the higher-order statistics of xt. This is to be opposed to the standard

KF which uses second-order signal statistics only under non-Gaussian innovations.

By exploiting the correlation over time between the observation noise wt and the

signal estimate, EnKF approximates the signal using a finite set of randomly selected

samples. However, EnKF suffers from high computational cost that is inherent to

most of the statistical sampling methods, thereby making it unpractical for real-time

and/or mission-critical applications.

• MCC-KF [13] : the maximum correntropy criterion KF (MCC-KF) is a gradient-

based optimization method that improves the robustness of the standard KF against

non-Gaussian innovations in linear dynamical systems. Unlike the standard KF that

minimizes the MSE, MCC-KF maximizes the correntropy as the optimality criterion.

By doing so, it also exploits the higher-order statistics of xt as opposed to the standard

KF which uses second-order signal statistics only under non-Gaussian innovations.

Since the proposed VAMP-KF algorithm is geared towards uncorrelated innovation

processes, we do not benchmark with the Bayesian estimation methods that cope with

correlated sparse innovations presented in Fig. 1.2. Because these methods focus on

correlated innovations over time by restricting the innovation process to have a fixed

innovation support and (possibly) a slow time-varying non-zero coefficients, they are

inappropriate benchmarks unless VAMP-KF algorithm incorporates the correlation of

innovations as a side information in the derivation of its messages. Such scenario will

be pursued in a future work.
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5.2 Performance versus sparsity rate ρ

We examine the performance of VAMP-KF as a function of the sparsity rate ρ in the

Bernoulli-Gaussian prior of the innovation vector given in (5.2). We vary the sparsity

rate ρ from 0 to 0.9 and set the memory factor α to 0.7.

Figs. 5.1a-5.1b show the TNRSME as a function of the sparsity rate ρ for the SNR

values 5 dB and 20 dB, respectively, with M = 100 and N = 200. There, it is seen that

at lower sparsity rate values (i.e., innovations are almost Gaussian), the performance of

VAMP-KF coincides with that of the standard KF. Specifically, when the time-varying

innovation vectors are exactly Gaussian (i.e., ρ = 0), VAMP-KF behaves identically as

the standard Kalman filter. However, as we increase the sparsity rate ρ, the innovation

vectors deviate from the Gaussian case and a significant performance improvement of

VAMP-KF is observed as compared to other algorithms.
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Figure 5.1: TNRMSE of VAMP-KF, standard KF, EnKF, and MCC-KF vs. the sparsity
rate ρ of the Bernoulli-Gaussian prior of the innovation with N = 200, M = 100, and
α = 0.7 at (a) SNR = 5 [dB] and (b) SNR = 20 [dB].
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Similar results can also be observed in Figs. 5.2a-5.2b, where the same experiment

is repeated for an overdetermined measurement system, i.e., M > N .
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Figure 5.2: TNRMSE of VAMP-KF, standard KF, EnKF, and MCC-KF vs. the sparsity
rate ρ of the Bernoulli-Gaussian prior of the innovation with N = 100, M = 200, and
α = 0.7 at (a) SNR = 5 [dB] and (b) SNR = 20 [dB].

5.3 Performance Versus SNR

We now investigate how VAMP-KF performs at SNR levels between 5 dB and 30 dB.

The memory factor α and the sparsity rate ρ are fixed to 0.7 and 0.9, respectively.

The results are presented in Figs. 5.3a and 5.3b for the underdetermined and overde-

termined cases, respectively. There, it is observed that VAMP-KF outperforms all

benchmark algorithms at every SNR value. Moreover, it is seen that the empirical

TNRMSE of VAMP-KF is accurately predicted by the analytical state evolution recur-

sion thereby corroborating the theoretical analysis we conducted in Chapter 4. This

endows the proposed algorithm with offline design guidelines when applied to different
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engineering problems in practice.
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Figure 5.3: TNRMSE of VAMP-KF, standard KF, EnKF, and MCC-KF vs. the SNR
with α = 0.7, and sparsity rate ρ = 0.9 of the Bernoulli-Gaussian prior of the innovation
when (a) N = 200, M = 100 and (b) N = 100, M = 200.

The small gap between the empirical TNRMSE of VAMP-KF and the one predicted

by its state evolution analysis, at lower SNR values, is due to two reasons. The first

one is the approximation of the state evolution equation using Monte-Carlo averaging

because the integral in (4.9) under the Bernoulli-Gaussian prior in (5.2) cannot be

evaluated by closed-form expressions. The second reason is due to the finite size effects

as confirmed in [25] in the low-SNR regime.

5.4 Performance Versus memory factor α

To study how VAMP-KF performs as a function of the memory factor α, we vary the

latter from 0.1 to 0.9 and fix the sparsity rate ρ at 0.9. We also consider low-SNR (i.e. 5

dB) and high-SNR (i.e., 20 dB) regimes as well as underdetermined and overdetermined
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measurement systems. The results are presented in Figs. 5.4a-5.5b.
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Figure 5.4: TNRMSE of VAMP-KF, standard KF, EnKF, and MCC-KF vs. the mem-
ory factor α withN = 200,M = 100, and sparsity rate ρ = 0.9 of the Bernoulli-Gaussian
prior of the innovation at (a) SNR = 5 [dB] and (b) SNR = 20 [dB].

For the underdetermined case, Figs. 5.4a-5.4b show the performance for low and

high SNR values, respectively. Given SNR = 5dB in Fig. 5.4a, for high values of α,

the temporal evolution of the system signal xt is heavily determined by the previous

signal xt−1 and has little dependency on the innovation vt. In this case, all algorithms

exhibit comparable performance. As α becomes smaller, the evolution of the signal xt

mainly depends on the innovation vt and hence the sparsity of the innovation can be

better exploited. In this scenario, VAMP-KF outperforms by far En-KF and MCC-

KF which are deemed to be able to deal with non-Gaussian innovation processes in the

state-space model. This observation is justified by the fact that the Bayesian estimation

of the innovation by VAMP-KF is tailored to handle sparse estimation problems, which

are known to be highly non-convex problems. Given SNR = 20dB in Fig. 5.4b, similar

results can be observed except that VAMP-KF outperforms all the other algorithms for
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the whole range of α. For the overdetermined case in Figs. 5.5a-5.5b, similar results are

obtained, thereby confirming the superiority of VAMP-KF over existing state-of-the-art

algorithms.
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Figure 5.5: TNRMSE of VAMP-KF, standard KF, EnKF, and MCC-KF vs. the mem-
ory factor α withN = 100,M = 200, and sparsity rate ρ = 0.9 of the Bernoulli-Gaussian
prior of the innovation at (a) SNR = 5 [dB] and (b) SNR = 20 [dB].

5.5 Performance Versus sampling rate M/N

We finally investigate how the ratio of the number of measurement over the signal

dimension, namely the sampling rate M/N , affects the performance of VAMP-KF. For

this reason, we sweep the sampling rateM/N from 0.1 to 2 with a step size of 0.1. We set

the memory factor α and the sparsity rate ρ to 0.7 and 0.9, respectively. Figs. 5.6a and

5.6b illustrate the performance for low and high SNR values, respectively. Starting from

M/N = 0.1, when little measurement is provided to recover the signal, all algorithms

exhibit the same performance. As M/N becomes larger and hence more measurements
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are provided, VAMP-KF shows a significant advantage in the TNRMSE performance.

While VAMP-KF outperforms EnKF and MCC-KF under both low-SNR and high-

SNR regimes, the gap between them is not inherently related to the SNR value, but

rather to the inability of the EnKF and MCC-KF to solve highly non-convex estimation

problems with gradient-based optimization or sampling strategies, respectively. This is

to be opposed to VAMP-KF which exploits the prior knowledge about the innovation

process by employing VAMP for estimation under sparsity constraints.
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Figure 5.6: TNRMSE of VAMP-KF, standard KF, EnKF, and MCC-KF vs. the sam-
pling rate M/N with α = 0.7, and sparsity rate ρ = 0.9 of the Bernoulli-Gaussian prior
of the innovation at (a) SNR = 5 [dB] and (b) SNR = 20 [dB].
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Conclusion and Future Directions

In this work, we introduced a new algorithm, dubbed VAMP-KF, to estimate a time

varying signal under rapidly time-varying unstructured innovation dynamics based on

the approximate message passing paradigm. We do so by combining the VAMP and the

standard Kalman filter algorithms in a unified Bayesian framework. After recalling the

factor graph of each one of them, we determined the messages to be established to merge

them into a fully message passing approach that incorporates the separable prior of the

innovation within the estimation procedure. Our numerical results demonstrated that

VAMP-KF exhibits the best reconstruction performance under non Gaussian innovation

processes as compared to existing state-of-the-art algorithms. Additionally, we derived

the state evolution update equations of VAMP-KF which theoretically predict its mean-

square error.

This work can be extended towards many research directions to either improve the

performance or cope with a wider range of problems, including but not limited to the

following:

• As illustrated in Chapter 2, the standard Kalman filter that we incorporate is a

forward-only algorithm, in which messages only propagate to the “future” with
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respect to time t. However, if the estimation result is not required instantly at

each time step t, efforts can be dedicated to propagate messages back to the “past”

so as to further diminish the estimation error.

• The state-space model given in (1.1)–(1.2) is linear. Extending the proposed al-

gorithm to handle non-linearity is an important step. In this case, we would

consider the benchmark algorithms that handle non-linear cases such as the ex-

tended Kalman filter (EKF) [33].

• As discussed in Chapter 5, when the innovations are correlated with a known

correlation model, research efforts can be devoted to exploit this correlation as a

side information to tailor the proposed algorithm to those correlated scenarios.
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Appendix A

Derivation of the time updated

estimate

In this appendix, we show how to derive (3.21) starting from (3.20). We first state the

well-known matrix inversion lemma (a.k.a., Woodbury matrix identity):

Lemma 1. Given three arbitrary complex matrices, P , B, and R, of suitable sizes, we

have

PBH
(
BPBH +R

)−1
=
(
P−1 +BHR−1B

)−1
BHR−1. (A.1)

Using Lemma 1 with P = γ−1
xt|t−1

IN , B = Ht, and R = γ−1
w IN , the Kalman gain matrix

Kt in (3.20) becomes

Kt = γw

(
γxt|t−1

IN + γw H
H
t Ht

)−1

HH
t . (A.2)

By injecting (A.2) back into (3.20a), we obtain

x̂t|t = x̂t|t−1 + γw

(
γxt|t−1

IN + γw H
H
t Ht

)−1

HH
t

(
yt −Ht x̂t|t−1

)
=
(
γxt|t−1

IN + γw H
H
t Ht

)−1 (
γw H

H
t yt + γxt|t−1

x̂t|t−1

)
, (A.3)
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Appendix A. Derivation of the time updated estimate

which corresponds to (3.21a). Finally, by taking the derivative of (A.3) w.r.t. x̂t|t−1

and applying the scalar EP approximation, we obtain the expression of the precision of

the time update step given in (3.21b).
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