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Abstract

Estimating time-varying signals becomes particularly challenging under non Gaussian
innovation processes such as sparse and rapidly time-varying noise dynamics. In this
thesis, by building upon the recent progress in the approximate message passing (AMP)
algorithms, the vector AMP (VAMP) algorithm is unified with the Kalman filter (KF)
into a common message passing framework that we coin VAMP-KF. The advantage of
VAMP-KF is that it does not restrict the innovation dynamics to have a specific struc-
ture (e.g., same support over time when the innovation is sparse), thereby accounting
for uncorrelated noise dynamics without the need of explicit innovation correlation mod-
elling. For the sake of theoretical performance prediction, we conduct a state evolution
(SE) analysis of the proposed algorithm and show its consistency with the asymptotic
empirical mean-squared error (MSE). Numerical results on various rapidly time-varying
innovation dynamics (e.g., with different sparsity rates) demonstrate unambiguously the
effectiveness of the proposed VAMP-KF algorithm and its superiority over state of-the-

art algorithms both in terms of reconstruction accuracy and computational complexity.
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Chapter 1

Introduction

1.1 Background and motivation

We consider the problem of estimating a collection of 1" state vectors {x; }!=1 from their
noisy observation vectors {y;}!=I. As shown in Fig. , each measurement vector y,
at time step t is obtained as

Yy = Hyx, + w,. (1.1)

Here, H, € CM*¥ is the measurement matrix and w;, € CM is an additive white
Gaussian noise vector whose entries are assumed to be independent and identically dis-
tributed (i.i.d.) with mean zero and variance 7', i.e., w;; ~ CN (w;;;0,75"). Moreover,
each state vector &, € CV evolves from time step t — 1 to time step ¢ according to the

state process equation:

Ty = OéEa:t_l + v 1-— Oé2 (R (12)

In (1.2), F; € CY*¥ is the state transition matrix, and o € [0,1] is a memory factor
balancing the noise and signal contributions in the state evolution process. Moreover,

v; € CM is an additive noise vector that represents the error in the state evolution
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Figure 1.1: State-space model representation of the process and state equations given

in and .

dynamics which is commonly referred to as an innovation. Here, we assume that i) the
signal and innovation vectors, x; and v;, have the same average component-wise power
for all t € {0,...,T}, and 4i) the transition matrix F; evolves the signal x;_; without

altering the signal power. That is to say:

Lz = L w2, Vte{o,... T}, (1.3a)

LNF x|y =2 ey, Yte{l,...,T} (1.3b)

The assumptions in (|1.3]) are needed to avoid having the power of the signal x; in (|1.2])
accumulate and dominate the innovation v; with time.

When the initial state, @y, the measurement noise, w;, and the innovation, v;, are
Gaussian distributed, the standard Kalman filter (KF) provides the optimal recursive
linear minimum mean-square error (LMMSE) estimator to the state x; for all ¢ €
{1,...,T} [1]. However, for non-Gaussian (e.g., heavy-tailed or sparse) noise vectors,
the degradation in the performance of the KF is rather severe. Since the introduction
of the KF in [2], a plethora of filtering techniques have been developed to improve the
performance of the KF for state estimation in the presence of non-Gaussiance noise.

In general, there are two distinct (yet possibly overlapping) scenarios accounting for

non-Gaussian noise processes:

e non-Gaussian measurement noise w;: some natural phenomena (e.g., atmospheric

noise, lightning spikes and ice cracking) as well as engineering applications (e.g.,

3
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electronic devices, lasers, relay switching) can be more accurately characterized by

heavy-tailed non-Gaussian measurement noise models [3].

e non-Gaussian innovation v,: realistic target tracking scenarios in radar and robotics
rely on accurate target motion models. The latter must therefore accurately cap-
ture the uncertainty in the target maneuvers with non-Gaussian innovation distri-
butions [4]. The innovation can also be sparse in many applications such as parallel
magnetic resonance imaging [5] and direction-of-arrival estimation [6] in wireless com-

municationlt.

1.2 Prior work

Previous studies have addressed the aforementioned non-Gaussianity of either the in-
novation v; or the measurement noise wy, or both of them combined. Here, we only
consider the innovation v; to be a non-Gaussian vector and assume that the measure-
ment noise w; in is an additive white Gaussian noise (AWGN). This assumption
follows the widely used AWGN model in most engineering systems in signal processing,
control, and communication.

To put our method for solving the state estimation problem with non-Gaussian in-
novations in proper perspective, we classify in Fig. the existing algorithmic solutions

in the open literature into three distinct categories:

e Monte-Carlo methods which resort to sequential Monte-Carlo sampling to approxi-
mate intractable probability distributions [19] at the cost of high computational com-
plexity. Specifically, particle filters (PFs) can sample and evolve multiple instances of

the time-varying signal, called “particles”, through the process and observation equa-

IThese applications assume a sparse state x; in 1] which can be obtained only under the assump-
tion of a sparse process noise v; with a fixed support.
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Figure 1.2: Prior work taxonomy of the algorithmic solutions for the linear filtering
problem with non-Gaussian innovations. Our proposed algorithm VAMP-KF is high-
lighted in purple twice as it can handle both non-sparse innovations as well as sparse
uncorrelated ones.
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tions (1.1))—(1.2)) [15]. Multiple PF variants were developed to approximate the poste-
rior distribution of each particle as a mixture of Gaussian distributions [17]. The num-
ber of particles, however, grows exponentially with the dimension of the state-space

model, thereby limiting their use even for medium dimensions (e.g., N, M ~ 10) [20].

e Gradient-based optimization which formulates the optimal filtering as a weighted-
least-square problem [21] regardless of the innovation distribution. A cross-correntropy
cost function was used in [12-14] to reduce the uncertainty induced by i) the mea-
surement noise w; between the y;, and H x;, and ii) the innovation v; between x; and
F x;, ;. However, this approach does not fully exploit the noise structure especially
when the latter leads to non-convex cost functions. In this case, these algorithms

converge to sub-optimal first-order stationary points.

e Bayesian estimation: this probabilistic approach to optimal filtering captures the
uncertainty about the signal x;, the measurement noise w;, and the innovation v; by
assuming their prior distributions families to be known [22]. Research efforts within
the compressed sensing (CS) framework [23] have introduced an elegant approach
for recovering sparse signals from compressed measurements. To ensure that the sig-
nal x; is sparse, existing studies assume that the innovation v, is also sparse. To
promote sparsity, Bayesian estimation is possible when the CS problem is relaxed
using ¢;-regularization [7] or extended to optimize the element-wise variances of the
innovations, v;,, using sparse bayesian learning (SBL) [9]. More recently, the ap-
proximate message passing (AMP) algorithm [24] has been adopted and extended to
handle sparse innovations [8,/10,11]. These algorithms exclusively focus on correlated
innovations over time by restricting the innovation process to have a fixed innovation

support and (possibly) a slow time-varying non-zero coefficients.

A major shortcoming of linear filtering methods with sparse innovations is its fragility

with respect to the i.i.d. assumption of the innovation dynamics. In response, this thesis
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addresses two limitations evident in the available Bayesian estimation literature:

e binding the innovation sparsity with the signal sparsity: existing methods consider
sparse innovations v; because the goal is to track sparse signals x;. In other words,
the innovation sparsity is not studied for its own merit but rather as a constraint to

ensure sparse signal evolution. This is done by enforcing the same support for v; and
x, in (1.2).

e inability to address uncorrelated innovations: existing models for correlated inno-
vations confine their evolution to a fixed support and focus on slowly time-varying
non-zero coefficients. However, many applications such as mmWave communication
are unfit to these assumptions where the sparse innovation contribution in the an-
gular domain is not deterministic. In such cases, opportunities to model correlation
patterns across time-varying innovations are rather limited and not available in prac-

tice.

To overcome all the aforementioned limitations, we devise a new algorithm, coined
VAMP-KF, along with its state evolution analysis to solve the state-space model de-
picted in Fig. under rapidly time-varying sparse innovations. Here, we use the
adjective “rapidly” to emphasize the ability of VAMP-KF to estimate the signal while
allowing both the support and the amplitude of the non-zero innovation elements to

independently change from one time step to another.

1.3 Contributions

This thesis builds upon both Kalman filter (KF) [2] and vector approximate message
passing (VAMP) [25] algorithms to estimate a time-varying signal measured through
an AWGN process according to (1.1)) while evolving under rapidly time-varying sparse

innovations according to (1.2). VAMP-KF offers the best of the two worlds, combining

7
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the sparse recovery performance of VAMP with the optimal signal tracking of KF under
Gaussian message passing. In doing so, we turn Gaussian messages passing (a.k.a.,
expectation propagation) in VAMP from a foe to a friend of KF, thereby combining
their advantages into a unified algorithmic framework.

VAMP-KF relies entirely on message passing starting from the combined factor
graphs of KF and VAMP. Different from existing algorithms for sparse innovations,

VAMP-KF enjoys the following keys features and benefits:

e [t decouples the signal sparsity from the innovation sparsity so as to properly exploit

the prior information about the innovation process.

e [t handles uncorrelated innovation processes which are a broader class of practical

applications beyond sparse innovation processes.

e [t strikes a proper balance between reconstruction performance and computational
complexity by sidestepping the matrix inverse operation in KF by virtue of a scalar
expectation propagation approximation, i.e., covariance matrices are reduced to iden-
tity matrices scaled by the average of the diagonal elements of the full covariances

matrices.

e [t comes with theoretical performance guarantees based on the state evolution anal-
ysis, established in Chapter [4 that validates its superiority over state-of-the-art al-

gorithms.

1.4 Organization and Notations

The rest of the thesis is organized as follows. We introduce the relevant preliminaries

of the Kalman filter and the VAMP algorithm in Chapter 2] In Chapter [3| we combine
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VAMP with Kalman filter by establishing the messages exchanged between their re-
spective factor graphs to obtain the algorithmic steps of VAMP-KF. Chapter {4] derives
the state evolution equations that predict the empirical asymptotic MSE of VAMP-KF'.
Exhaustive numerical results are presented in Chapter [, from which we draw out some
concluding remarks regarding possible extensions of the proposed algorithm.

Notations: We use Sans Serif fonts (e.g., x) for random variables and Serif fonts (e.g.,
x) for their realizations. We use boldface lowercase letters for random vectors and their
realizations (e.g., x and «) and boldface uppercase letters for random matrices and their
realizations (e.g., X and X). Vectors are in column-wise orientation by default. For

the set of vectors {a }ymi

kmin ’

k = Emin, - - -, Fmax, we denote by xx_. k...
Given any matrix X, we use x; and x;; to denote its ith column and ijth entry,
respectively. We also denote the ith component of a vector @ as [z]; or z;. We denote
the kth canonical basis vector in R as e, = [0,---,0,1,0,---,0]T, which has a single
1 in position k. The operator diag(X ) stacks the diagonal elements of X in a vector
while Diag(x) returns the diagonal matrix created from the vector . The operation
x? returns a vector whose components are the square those of . We use Iy and 1y
to denote the N x N identity and all-ones matrix, respectively. We also use py(z;8),
px(x;0), and px(X; 0) to denote the probability density function (pdf) of random vari-
ables/vectors/matrices; as being parameterized by a parameter vector 6. Moreover,
CN (z;x, R) stands for the complex multi-variate Gaussian pdf of any random vector
x with mean & and covariance matrix R. The Bernoulli distribution with probability
p is denoted as B(p). We use ~ and o as short-hand notations for “distributed ac-
cording to” and “proportional to”, respectively. We also use E[x|d(x)] and Cov[x|d(x)]
to denote the expectation and the covariance matrix of x ~ d(x), respectively, and
d(x) denotes the Dirac delta distribution. In addition, () and (X) return the (em-
A 1 A

pirical) mean of vectors and matrices, i.e., () = SV, z; for & € RY and (X) 2

Y Zj\il z;; for X € RV*M | The symbol ® denotes the Hadamard (i.e., elemen-

9
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twise) product between any two vectors/matrices and we refer to the Frobenius norm
of any matrix X by || X||p. Finally, for any multi-variate function f(zi,...,xu), we
denote by f'(x1,...,x)) a vector constituted by the diagonal elements of the partial

derivative of the function f with respect to its first parameter xq, i.e:

f’(ml, ... ,mM) — diag (af(w1éw1 ,a:M)> .

10



Chapter 2

Preliminaries

In this chapter, we introduce factor graphs and the sum-product algorithm in Section
2.1} and then present Kalman filter and VAMP algorithms in Section [2.2] and Sections
[2.3], respectively. We then unify VAMP and Kalman filter in Chapter [3] to infer signals

evolving under rapidly time-varying sparse noise dynamics.

2.1 Factor Graphs and the Sum-Product Algorithm

A factor graph is a bipartite graph that represents the factorization of a “global” func-
tion into a product of “local” functions [26]. The term “bipartite” refers to the fact that
the graph involves two types of nodes only, namely variable nodes and factor nodes. For

example, a global function f(x1,x9,z3) which factorizes as

f(x1, w2, 23) = fi(21) fow1, 22) f3(22, 23) (2.1)

can be represented by the factor graph given in Fig. 2.1l There, the variable nodes
{z1, 9, x3} and the factor nodes {fi1, fo, f3} are connected by the so-called “edges”
based on the relationship expressed in ((2.1). The factor graph in Fig. has a “tree”

11
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fi f2 I3

Ho] T2 €3

Figure 2.1: A factor graph example.

structure because it has no cycles. The nodes f; and x3 are the so-called “leat” nodes
because each of them is connected to only one edge.

When the global function is a joint probability density function of some random vari-
ables, the factor graph representation is a useful tool for inferring the marginal densities
of subsets of those random variables. This can be achieved by the sum-product algo-
rithm, which propagates messages along the edges of the graph. With the denotations
in Fig. , the message that propagates along the edge between f; and x; is denoted
either by fiy, e, Or i,y depending on the direction of propagating. The message
updating rules of the sum-product algorithm are summarized based on the illustrative

factor graphs in Fig. 2.2 as the following:

P () oc/ / flzyx,. .. xy) H,uxﬁf(fni) dry...dz,, (2.2a)

=1
oy (@) o< [ 5o, (2.2b)
=1
/’Lfleaf—xf(x) - fleaf('x>7 (22C)
N e 1, (2.2d)

in which (2.2a)-(2.2d)) evaluate messages that depart from an arbitrary factor node, an
arbitrary variable node, a leaf factor node, and a leaf variable node, and correspond to

Figs. 2.2d|, respectively. Following the rules, the marginal of any variable node x

12
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fi
[ | Na:Lf
| _>2Hf

In

(b)

M freat—a Hayoar— f

fleaf x Lleaf f
(c) (d)

Figure 2.2: Messages that depart from (a) an arbitrary factor node, (b) an arbitrary
variable node, (c) a leaf factor node, and (d) a leaf variable node, which correspond to

— (2.2d)), respectively.

can be computed as

p(@)oc IT wrmale), (2:3)

1€€(x)
where £(z) denotes the set of indices of all the factor nodes that are neighbours of
x—this means that the marginal z is equal to the product of all incoming messages from

its neighbouring factor nodes.

2.2 Kalman filtering

We consider the discrete-time linear stochastic system that evolves with every time

index ¢t € {1,...,T} according to the following state-space model:

x;, = F,xy_1 + Byu; + vy, (process equation) (2.4a)

v = Hyx, + wy, (measurement equation) (2.4b)

13
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where x, € CV is the state vector to be estimated, u, € C"V is an input control
vector, ¢y, € CM is the measurement vector, F, € CV*V is the state transition matrix,
B, € CY*¥ is an input transition matrix, and H; € CM*¥ is the measurement matrix.
Moreover, v; € CV and w; € CM are the innovation process and measurement noise
vectors with zero-mean and covariance matrices Q; and R, respectively, i.e., v; ~
CN (v4;0,Q;) and w; ~ CN (wy; 0, Ry).

Using the process and measurement equations in , the joint density of all states
xo.r and measurements y,.r factorizes as a Markov chain model as depicted in Fig. 2.3
Given the set of observations y;.;, the Kalman filter generates an optimal estimate of

the state x;, which we denote Z;, that minimises the mean square error (MSE), i.e.,

#* = argmin E[ e, — aat||§]. (2.5)

Tt

When both v; and w; are Gaussian, the Kalman filter solves recursively by means of
an exact Bayesian recursive procedure [27]. The latter is a forward-only message passing
algorithm (i.e., messages flow from top to bottom in the factor graph of Fig. [2.3)): that
is to say Kalman filter does not pass messages backward to the previous states [27].

The Kalman filter alternates between the following two update steps [1]:

e measurement update (prediction step): it consists in performing a one-step-ahead-
prediction based on the observations y;.;_1; by computing the posterior mean and

covariance of the state vector at time index ¢ as follows:

/w\t\t—l = E[%‘ pxz|y1:t71(wt|y1:t71)]
=F.z, 1,1 + B, uy, (2.6a)

Zt\t—l = E[(wt - C/Et|t—1) (wt - 53\t|t—1)H ’ pxt\y111_1($t|y1:t—1)]

= F; it—l\t—l FtH + Q. (2.6b)

14



Chapter 2. Preliminaries

Pxo (mU) .

20 ()

Pxelxe—: (®1]z0) W

Dy, |x¢ (y1|z1)
2 () u

Pxy |1 (5132|:151) [ |

Py, |x (ye |33t)
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Pxy|xe_q (:BTfl |wT72) ‘
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Pxlxe—: (@T|TT-1) W

Py, |x; (yrlxr)

:ETO B

Figure 2.3: Factor graph of Kalman filter as a Markov chain model: starting with an
initial state @y with a prior density py, (o), the state evolves over time according to
the transition density py,ix,_, (@|€i—1) = CN(z; Fy -1 + Bywy, Q). At every time
step t > 0, the state x; is observed through the measurement y; under the joint density
pyt|xt<yt|wt) = CN(ytJ H,x, R,).
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e time update (estimation step): this updates the mean and covariance of the state
using the predicted mean and covariance in (2.6) as well as the new measurement

observation y; as follows:

Ty = Top1 + Ky (yt — H; £t|t—1)7 (2.7a)

it\t = i\Im—l — K H, it\t—ly (2.7b)
in which the Kalman gain matrix K, is given by

~ ~ -1
K, =S, HY (Ht Sy H + Rt> . (2.8)

Given a density py, (o) = CN (x0; Zo|o, iom) of the initial state x(, Kalman filter alter-

nates between (22.6)) and (2.7 to find the optimal linear minimum MSE estimate given
in (Z35).

2.3 Vector Approximate Message Passing

Consider recovering an unknown vector, £ € CV, from its noisy observation:
y=Hz+ w, (2.9)

where H € CM*¥ is the measurement matrix and w € CM is an additive white
Gaussian noise vector whose entries are assumed to be independent and identically

distributed (i.i.d.) with mean zero and variance 7!, i.e., w;; ~ CN (w;;;0,7,,1).

16
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2.3.1 The VAMP algorithm

Given a prior distribution py(x) on the signal & in , VAMP resorts to an approxima-
tion of the belief propagation algorithm, namely expectation propagation (EP) [2829].
The latter is derived according to a factor graph with vector-valued variable nodes as
shown in Fig. 2.4 There, after splitting & into two separate variables * and ==, the

joint density of x and y is factorized as follows:

Pey(®,Yy) = px(x") 5(xt —27) CN (y; He™, 7, ') (2.10)
xzt T~
u O u O u
px(z) S(xt —z7) CN(y;Hx ™, v, 'Tn)
2 fy\x

Figure 2.4: Factor graph of the VAMP algorithm.

The expectation propagation of messages between the variables nodes, ™ and ™, and

the factor nodes, ps(x*) and fy, is based on the two following rules:

i) EP approximation: given the factor node p, (™) and the incoming extrinsic Gaus-

sian belief pi5 5+ (x") = CN (x*; 2,7 1y) from the factor node §(x* — x~),

the posterior sum-product (SP) belief is expressed as

bsp(x ") o< pe(x™) CN (227,71 1y)

and is approximated by EP as the Gaussian belief CN (w*; z;, v’iIN). The pos-
Tp

17
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terior mean :ﬁ;r and precision 'y;+1 are given by
P

=E [z |byp(x™)] (2.11a)
= (diag(Cov [z" | bsp(zT)] ), (2.11Db)

+
p
-1
W/w;
Due to the approximation of the covariance matrix with a scaled identity matrix,

the EP belief approximation in ({2.11)) is a special variant of the EP algorithm [28§],
namely scalar EP [30].

it) Extrinsic belief computation: Given pis o+ = CN(:U+ x ., IN) as the incom-

ing Gaussian belief from the factor node §(x™ — &™) and CN(a:+ xy, +IN)
the posterior Gaussian belief computed in (2.11]), the mean and precision of the

outgoing extrinsic Gaussian belief jiz+_,5 = CN (a:+; T,y +IN) are given by [25]:

e

&0 = 7, (g B~ 0 B2 ) (2.12b)

Vot = Yot — Var» (2.12a)

which correspond to lines of Algorithm [T}

Note that the same computations in — are also carried out for the messages
exchanged between the variable node = and the variable node fyx. In this case, one
would simply substitute in - ) the variable node & with ™, and the factor
node py(x*) with fy.

By employing the aforementioned rules, VAMP runs iteratively according to the
algorithmic steps outlined in Algorithm [I| by alternating between the minimum-MSE
(MMSE) estimation of @ and the linear MMSE (LMMSE) estimation of ™.

18
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Algorithm 1 VAMP (SVD form)

10:
11:
12:
13:

Require : measurement matrix H € CM*N_ measurement vector y € CM, MMSE de-

noising function g+ (-), noise precision vy, and the maximum number of iterations K.

. Compute economic SVD H = Ug Diag(§H)V:, with ﬁlHqﬁH = Ip, V?IVH = Ip,

su € RE, and R = rank(H).

. Compute y = Diag(sg)~! ﬁz Y.

: Initialize 2, and v,- , > 0.

for k=0,1,...,K do
> MMSE estimation of ™t

/\+ _ A~
Lok = 9x+ (%,ka%g,k)

Vo k= Vas k / <9;+ (ﬁ;k’%;,k)>

Ttk = Yotk ~ Voo k
T, = ’Y;gk (’Y:c;,k E )~ Yok 55&)
> LMMSE estimation of &~ .
d;, = . Diag (’yw 5o+ Yt 4 1 R) 32,
Vg k1 = Tzl k (di)/ (% - <dk>)
ie_,kﬂ = i:k + % V u Diag ((%)) (ﬂ - V?I {B\:k)
end for

~+
return T, i

MMSE estimation of =™

Given p5_ypr = CN (a:*;ie_ ,W;EIN) being the extrinsic Gaussian belief and under a

separable prior py(x™) = Hj.v:lpxj(a:j), the MMSE denoiser, gy+(-,-) in line , along

with its divergence, gi(-,-) in line[6] are given by

/a:+ px () CN (a:+; x,, ’y;_l IN) dx™

9+ (T2 7,7) = : (2.13a)
[oeterron (w5220, 1) dot
0Gx+ (To ) Vym
G (827, = diag (22 (213b)
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LMMSE estimation of x~

Given 5o (™) = CN (7 2], V;HN) as the extrinsic Gaussian belief, and y as the
measurement vector accordingly in the AWGN model (2.9), the LMMSE estimator,

gx-(+, ), is obtained in closed form, along with its posterior variance as follows:

~_

Fp = (W HUH + 7,0 1) (e HY y + 0, 32

£ 9 (B0t 1) (2.14a)
1 .
Yok = T (O HUH 4 )
2 (G (Bl Vot a) ) (2.14b)

To mitigate the high computational cost stemming from the matrix inversion in (2.14)),
the singular value decomposition (SVD) of the matrix H = U g Diag(5g) V:, can be
used in to reduce the complexity of each VAMP iteration from O(N?) to O(NR),
with R being the rank of H. After further algebraic manipulations, the LMMSE esti-
mation of = simplifies as stated in lines We refer the reader to [25] for further

details about the derivation of this step.

2.3.2 State evolution update equations of VAMP

We denote the true vector observed through the linear observation model in (2.9) as
@ e CV, e,
y=Hz" +w, w ~ CN(w; 0,7, Ty). (2.15)

State evolution assumptions

In (2.15)), the sensing matrix H is assumed to have a full SVD of the form
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where U 7 and ‘7H are orthogonal matrices, and Sy is a vector containing the singular

values of H. To treat both skinny and fat matrices in a unified manner in ([2.16), it

is important to pad U H, ‘7H, and Sg so as they all have the same dimension. For

instance, let H be a fat M x N matrix (i.e. M < N). Its padded SVD of the form

Upy Diag (sg) V4 can be expressed as function of its full SVD in as follows:
ﬁH 0 SH

UH: s SH — N VH:‘A}I__H[ (217)
0 Iyn_m 0

The padded square matrix H = Up Diag (sgr) V3] is assumed to be right-rotationally
invariant: that is to say the distribution of H is identical to that of HQ for any orthog-
onal matrix Q. Moreover, it is assumed that the components of sg, the extrinsic mean

vector z’c\;k, and the true signal () converge empirically with second-order moments

according to

lim {(sH,n,x;‘)),@;k’n)}N PL®) (sH,x(O),%:’k), (2.18)

N—oo n=1

for some random variables sg,x(?), and X_,, with density functions ps,, (sgr), Py (2@),

and pg— (Z 1), respectively. In (2.18), the notation “LP(2)” refers the empirical conver-

gence with second-order moments (see Appendix B in [25]). Finally, the derivation of
the state evolution equations at every iteration k is based on the following concentration

of measure for the precision variables in the asymptotic regime:

]\}L)H;O (’y'l];,kﬂ ’yil::Ji') — <7m;7k77$j7k>7 (219&)
]\}1_120 (%;,ka%;,k) = (%;,kﬁme—,k)- (2.19Db)
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State evolution equations

Based on the aforementioned state evolution assumptions and under the Bayes-optimal
settingﬂ, the predicted MSE of the VAMP algorithm at iteration k is defined recursively
through the so-called state evolution (SE) update equations:

Vmivk - g (— ) 7m;L,k = Ww;ﬂk- - Vm;,kﬁ (220&)

+ Pyz;,k)

1
~ o= T (2.20b)

Vag k= < _(7m+ k), Vag k1 = Ta;
In {} the function &+ (%;g) stands for the component-wise MSE of the estimate
g+ (Xe s Ve ) from the “true” x(©), where the random variable X, is equal to x(?) cor-
rupted by a zero-mean Gaussian noise of precision 7,-, ie., xo = x© 4+ p~ with
p~ ~CN(p;0, 7_ ) Here, gx+( Xe s Varr ) is the component-wise denoiser of the separa-
ble MMSE vector denoiser gy+ (X, ;7,- ). On this account, it follows that [25]

6 (1) = E| o

Gcr (%3 Yar) — Py - (rc(o),p)]. (2.21)

Given the fact that x©) and p~ are independent, (2.21)) becomes
[ [

IThis setting is commonly assumed in state evolution analysis and it holds true if the algorithm
at hand is optimum. That is to say the noise precision =, is known, and the elements of the MMSE
estimation error :ﬁ; — (resp., fc\; — :c(o)) have averaged variance equal to the one predicted by the

ger (2O +p7 7, )—x“‘

X pyo (20 CN (p‘;(),v;?) dz@ dp~. (2.22)

algorithm, i.e., 7;; (resp., 7;;)
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For the LMMSE estimator, the function &, (”yw;r) in (2.20) represents the component-
wise average MSE defined as [25]:

. - 2
E (Var) = ]}g%E[Ilgx— (% 7r) — 2O | ppr w(PF, w) (2.23)
where
xF=2@ +p*, pt~CN(pT;0, y;i Iy), (2.24a)
y=Hz" +w, w~CN(w;0,7, Iy). (2.24b)

Note that the random vectors in (2.24h)) are of size N instead of M due to the padded
SVD described in (2.17)). Finally, it was shown in [25] that (2.23)) can be expressed as

psH(SH)] : (2.25)

& (o) =E [ 1

’VW |SH|2 + fYa::'
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The VAMP-KF Algorithm

Before delving into the derivation details, we first recall the state-space model given in

CD-(L2):

rr=aF,x, 1 +V1—a?v, (process equation) (3.1a)

y, = Hy x, + w;. (measurement equation) (3.1b)

The VAMP-KF algorithm estimates the signal vector a; in at every time step
t. Tts algorithmic steps are outlined in Algorithm [2 Its factor graph is depicted in
Fig. For better illustration, the block diagram of Algorithm [2]is depicted in Fig.
whereby we show its different constituent blocks associated with the VAMP and Kalman
filter modules, namely the MMSE and LMMSE denoisers as they interact through the
extrinsic information (cf. Section [2.3.1).
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Algorithm 2 VAMP-KF

Require: Number of time steps 7', process memory factor «, process matrix F, € CV*N

CM><N

, measure-
ment matrix H; € , measurement vector y; € CM, MMSE denoising function gy+ ;(+), noise

precision 7, mean g, and precision Yaojo fOT the initial state xo, and the number of iterations K.

1: fort=1,2,...,7 do
2: Compute economic SVD H; = U gy Diag(3g) VH with UH Upg =15, VH V=1,
su € RY, and R = rank(H).
3 s=V1-a? SH; z= Diag(g)flﬁ:l (yt —aHF; :/it—1|t—1)
4 §=Diag(3s) ' Uprys; Ve = <diag (a2 Voryoy HeF FUHE 471 IM)>_1
> VAMP module
5: Initialize v, and 7, 4 > 0.
6: fork:O,l,...,Kdo
7 O = 0w (B0 Yo 1)
8: Yotk = Yok / <9\/,+,t ("A’;k’%g,k)>
9: Yo b = Yo ok~ Yook
10: A:k*’y+k(’)’+k Vok ™ Yok ek)
LMMSE step
11: dj, = v, Diag (’yzgz—i—vvj,k 1R)71 52
12 Yoo k1 = Vod k <dk>/ (% — (dn))
13: CAae zﬁzk—k%vHDiag((gi)) (z—VH'ue k)
14: end for
> Kalman filter module
Prediction step
15 Ty =aF 2 11 +V1I—-a?y A
16: Vorogp = (042 '7:;171”71 <diag(FtFt )> +(1—a?) ’Y;ij)il
Estimation step
17 dy; = yw Diag (,YW 52+ Vaoo s lR)f1 52,
18: Ty = Typ1 + 7 & Vi Diag (<dt|:>) (g - v;'-l {L'\t\tfl)
19: TYayye = Vg1 <dt|t>/ (E - <dt|t>)
20: end for
21: return {531‘1, ey §:\T‘T}
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Factor graph of Kalman filter

Factor graph of VAMP
at time step 1

roa
.J pxt‘vt’xt—l (CL‘t|’U;, wO)

Py, |x, (y1lx1)

Factor graph of VAMP 1 .
at time step t 3

Factor graph of VAMP
at time step t

Figure 3.1: The factor graph of VAMP-KF representating the decomposition of the
joint density given in ((3.4]).
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3.1 Factor graph: where VAMP meets Kalman fil-
ter

The factor graph of the Kalman filter in Fig presumes Gaussian innovations v; in
the process equation given in (2.4), i.e., v; ~ CN(v;;0,Q,). This assumption gives rise
to a Gaussian factor node representing the following transition density from x; to x;

(cf. Section [2.2)):
pxt|xt,1(wt|$t—1) = CN(wt; F,x, | + B;uy, Qt)' (3-2)

One of our key ideas in this thesis is to substitute the conventional Gaussian innovation
prior v; ~ CN(v;;0,Q;) with a Gaussian prior arising from running scalar EP using
the VAMP algorithm. The latter inherently captures the rapidly time-varying sparse

evolution of innovations. We start by factoring the joint pdf of all the observed and

Innovation estimation using VAMP Ty 1y Vays
: o V”; : Vi1 l
! O v, ' Z
: < I_Ie xt |<— :I
: T : Kalman filter
i | Prior LMMSE i
[} _ 2 —
i N Ao : o=aFx, 1 +vV1—a‘v
| pu(vy) 2t = AV + P i =
, A i Y = Ty +w
: t t Lt t
: — e)gl —> : —
; v, v CA
! ot ot P T l
L e e e e e e e it it i i m mtmmrmmmm————————— 1

Lty Va,

Figure 3.2: Block diagram of VAMP-KF at each time step ¢ > 0 with its three modules:
the innovation denoising module incorporating the prior information, p,(-), the LMMSE
module, and the Kalman filter module. The denoising and LMMSE modules exchange
extrinsic messages through the blocks. The color of each module matches the color
of its algorithmic steps in Algorithm [2}
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Chapter 3. The VAMP-KF Algorithm

unobserved variables in (3.1)) at each time step ¢ as follows:

pyt,xt,vt,xtfl (yt7 Ty, Uy, mt—l) - pytlxt (yt|wt) pxt\vt,xt_1 (wt|vta $t—1) pxt,1 (wt—l) pvt ('Ut).

(3.3)
Then, we split the innovation variable v into two auxiliary variables, i.e., v™ and v,

thereby leading to the equivalent factorization:

— o+
Dy, xi vy it xi—1 (Yt e, v, 0, T1)

= Pyule (Ye|0) Dy s,y (®2]0 Bo1) Py (®e-1) 00, — )y (v)7). (3.4)

In 1} the factor nodes pertaining to the conditional densities p, xi|v; T 1)

vy Xxe—1 (

and py,|x, (y¢|x:) are specified according to the state-space model in (3.1 as

pxt|v;,xt_1(mt|vt_vmt—1) = 5(51315 —aFx, 1 —V1—a? ’Ut_)a

pytIXt(yt|mt) = C./\f(yt; H, mt,%;l Iu).

To lighten the notation, we will refer to the factor node pertaining to the density
Py xis (¢|vy , 2i-1) as fys—1. To combine VAMP with the Kalman filter into a unified
message passing framework, the factor graph of VAMP-KF in Fig. 3.]] illustrates the

three key messages to be determined at every time step ¢ € {1,...,T}:

e The message Bfyyosop from the factor node fy;—; to the variable node v; is repre-
sented by . This message is involved in the LMMSE step of the VAMP module
stated in lines of Algorithm [2| to estimate v, after incorporating the message

e The message from the factor node f;;—; to the variable node x; represents the

prediction step of the Kalman filter given in (2.6). This step must account for the

message coming from the variable node v, .
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e The message @ from the factor node py,x, (y:|2:) to the variable node x; pertains to
the time update step of the Kalman filter in (2.7)). The step is carried out with also
the involvement of .

To fully characterize the EP derivation of the proposed VAMP-KF algorithm, one must
establish the analytical expressions of the aforementioned messages, which we do in the

next section.

3.2 EP derivation of VAMP-KF

In this section, we detail the derivation of the messages exchanged between the VAMP
module and the Kalman filter. Towards this goal, we depict in Fig. [3.3]the factor graph
of VAMP-KF at time step t. Specifically, we focus on the derivation of the messages

@, @, and @, which correspond to the aforementioned messages , , and @ in
Fig. 3.1}

3.2.1 Derivation of the LMMSE estimate of the innovation

We now detail the derivation of the message Fupeoa— which is denoted as message @

vy
in Fig. [3.3] The latter is obtained as the marginal of the density resulting from the
product of messages @ and @, and the factor node fy,_1, i.e.,

o) 00
Mft\t—l—mt_ 08 / pXt—l(wt—l) / pyt|xt (yt|wt) pxt\vt,xt_l (wt|'vt_7wt—1) dwt dmt—l‘

—00 o0

® @ D

Equivalently, we have

:Uthltil—mt_ OC/ CN (wt—l;{it—1|t—177;tl_1|t_1IN) / CN (yt;Ht th;%;l IM)

o0 -

) (mt —aFx, 1 —V1—a? v[) deydxy1.  (3.6)

29



Chapter 3.

The VAMP-KF Algorithm

D

o O
9@l

Tt—1
e O e
DPxi— 1\ Lt—1 tlt—1 T@
Py, Ix (Yelz:) A
Yt
p“'uj—)ﬁ @ CN(”:’ ek”yﬂLk N)
Ho =5 @ CN('Ut ?6@/{77;;7,61 )
’uft|t71 %U;@ CN(zt;At'vt_u,yz_tl IM)

M”t_ﬁft\tfl @
Mmt71—>ft|t—1@
Fofppq —a @

Fopy,jx, — @t @

CN (v, QAeK77 - KIN)
CN (13 Zy—1)t-1, %tl_l‘t_l Iy)
CN(wt; {B\th‘fl? %;1“,1 IN)
CN (yu; Hy g, 7, Ty)

Figure 3.3: Factor graph of VAMP-KF at time step ¢.

Using standard manipulations, the inner integral is expressed in a closed form and ((3.6])

becomes

oo
Mft\tq—"“; O(/
—0o0

XCN (aHy Fyae 1y, —

5 -1
CN (wt—l, Tt 1)t-15 Yoo,y IN)

30
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Chapter 3. The VAMP-KF Algorithm

with A; £ /1 — a2 H,. Here, the first belief of the integrand function is in the signal
dynamic space CV while the second belief is in the measurement space CM. To find
the integral in (3.7)), we transform the signal @, ; to the projected signal o« H; F, x; 1,

thereby yielding

:Uth‘t_l—mt_ X /_ CN(OK HtEwt—l;aHtE{it—l\t—lya2 W;tl_m_l HtEEH HtH)

o0

xCN(aH, Fx,_y;y, — Ao, vy, In)dy_y. (3.8)

Using to the scaled covariance approximation from scalar EP, we combine the two beliefs

of the integrand function in (3.8) based on the multiplication rule of Gaussian densities
to obtain the message fif,, | —v- (represented by @ in Fig. as

/Jlft\t—l—mt_ x CN(zt; A, v, ’yzjtl IM)7 (39)
with
zi =Y —a HiF, @ 1), (3.10a)
-1
Yzt = <diag (a2 7;3—1”_1 HtEEHHtH Aot IM>> . (3.10b)

The posterior message of v, is given by the product of the message jis_sp- =

C/\/'(v*;'?)e*,v;jIN) (represented by (1) in Fig. ) with message (3) in |} Us-

ing standard manipulations (as shown in Appendix A of [25]), the posterior mean and
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precision of the LMMSE estimator of v, are obtained as

Uy = (7t A A, + Tod k IN>71 (Ve Al z + Vo k ’A’:k) ,
2 Gut (Ud 4 Yo o 260 V2t) (3.11a)
Vg ke = %:,k/@\/ﬁ,t(?’:ka Vod k>t )
— N/Tr [(% AVA, 4, IN)”} . (3.11b)

Note here the high similarity between the obtained LMMSE estimate of v, in (3.11)
with the one of VAMP in (2.14)). Finally, the extrinsic message represented by @ in
Fig. can be obtained based on the extrinsic belief computation rule (cf. Section

as follows:

VYoe k1 = Yoy bk — Vo k> (3.12a)

o~ 1 o~ ~1
,ve,k‘+1 - ,Y'U;,k:-‘rl <7’U;,k ,Up,k - /Y’U;r,k ,Ue’k_> . (312b)

Similarly to VAMP, to mitigate the high computational cost of the matrix inversion in
(3.11)) and (3.12)), we compute the SVD of A, to obtain the steps outlined in lines
of Algorithm [2, which are similar to lines OH11] of Algorithm [}

3.2.2 Derivation of the VAMP-KF prediction step

Once the innovation vector v; has been estimated through VAMP, the prediction step of

the Kalman filter combines the incoming message from the variable node v, (represented

by (4) in Fig. with both the prior message py,_, (x;_1) (represented by message (5))
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and the factor node f;;—; using the sum product rule:

’uft\t 1w X / / uvt Hft‘t 1 pxt 1(1:15 1) pxt\v Xi— 1(mt|vt y Li— 1) dvt dax

-~

@ fje—1
:/ CN (wtq;fc\t—ut—lﬁ;j_w_l IN)/ CN (’U;EE:KfY;;’KIN>

[e.9] —00

X 0 <:ct —aFx, 1 —V1—a? v;) dv, dox;_;.
(3.13)

Explicitly expressing the inner integral in (3.13]) yields

o
Fofyo—1—e OC/ CN (%—1;5515—1\15—1;7;;_1“_1 IN)

oo

X CN(aF}mt_l; @y —V1—a?vl ., (1- a?) 7;;7[{ IN> de;—1. (3.14)

Here, we follow the same argument we used to proceed from (3.7) to (3.8). In (3.14)),
we transform the signal ;_; in the first belief to the projected signal o F; @;_1, thereby

yielding

o.]
= - H
Bty roar S / CN(aFowi o i@ aya,0’y,,, F )

[e.e]

x CN (a Foay i@ — V1= a2l (1- a®)y, ) y) oy (3.15)

By combining the two beliefs of the integrand function in (3.15) and then finding the

integral, we obtain the expression of the message fif,, |, (represented by @ in Fig.

53) s

luft\t—l_)wt (S8 CN (wt; /w\t\tfla ’)/m_tl‘t71 IN) 5 (316)
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with

o~ . o~ /\+
Ty =aFx a1+ V1 —a?v] g,

= Gy (Teo1i-1, 0 g ) (3.17a)

Vargooy = <a2 Pya_:tl—l\tfl <diag (EFtH)> + (1 —a?) ’y;:lK) , (3.17b)

which correspond to lines of Algorithm 2] Note that (3.17) could also be de-
rived using the standard prediction step of the Kalman filter given in ([2.6) by setting

31 = %;1_1\75_1 Iy, Q: = (1 —a?) fy;;K Iy, B, = Iy, and u; = V1 — 020, with

the state transition matrix being o F;.

3.2.3 Derivation of the VAMP-KF time update step

In this step, the Kalman filter calibrates the prediction estimate in (3.16)) with the
measurement vector y;. It does so by multiplying the message @ in 1’ with the
density py,x, (Y¢|2:) pertaining to the factor node fyx (represented by @ in Fig. ,

ie.,

Px (T) X \CN(zct; Tiji—1, 7:;1‘,5,1 INZ gN(yt; H, x;,~,* In). (3.18)
® @
Based on the multiplication rule of Gaussian densities, simplifies to
Px. (@) = CN (mt;{ﬁﬂta')/;tl‘t IN> ; (3.19)
where Z,; and Ya,, are given by
Ty = Ty + K (ye — Hi Zy—1), (3.20a)
Vele = <diag (7;jt,1 Iy = Ve, K Ht) >_1 (3.20Db)
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with the Kalman gain matrix being

1
K= H (va),  HH 5. Ty)

tlt—1

Note how the time updated mean and precision in (3.20) coincide with the Kalman
filter update step given in || by setting §t|t_1 = %thq Iy and R; = v,'I;. This
comes with no surprise since the Kalman filter in VAMP-KF is used under the scalar EP

approximation. The time updated estimate in (3.20)) can be rewritten as (see Appendix

1)

-1
Ec\t|t = (’Yw HtH H, + Vaeii s IN) <’Yw HtH Y + Vaeii_a C/'3\15|t—1>

2 gxt\t(/w\ﬂt—l? 73575@—1)7 (321&)
wat\t = th‘t,1/<g;tlt (£t|t—17 th‘t,1)>
-1
= N/Tr [(fyw I—It"' H; + Va,, IN) } ) (3.21b)

It worth mentioning that, under the scalar EP approximation, the time updated estima-

tion in (3.21)) has the same form as the LMMSE estimation steps in (3.11)) of VAMP-KF

as well as (2.14) of VAMP.
Similarly to the LMMSE step of VAMP in ([2.14) and the prediction step in Section

3.2.1, we sidestep the high computational cost of the matrix inversion in (3.21)) by
relying on the SVD of H;, thereby leading to lines in Algorithm

3.3 Complexity

The computational cost per time step ¢t of VAMP-KF is dominated by the SVD in
line [2 in Algorithm [2] and is of order O(NMR) with R = min(N,M). This can be
further decreased to O(NM log(R)) by modern approaches |31]. The computation of
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the extrinsic statistics from the posterior statistics only involves arithmetic operations
which take O(1) per entry under the assumption of “bounded values” according to the
uniform cost criterion [32]. Note that VAMP-KF involves scalar inverses only as shown
in lines [ [I1] [I6], and [I7 It is also notable how the SVD offers more than just a fast
algorithmic implementation. It connects VAMP to Kalman filter by using the same
SVD in their LMMSE steps. Further, it removes the need for inversing the Kalman
gain matrix in due to the scalar EP approximation.
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State Evolution

To understand the behavior of the proposed VAMP-Kalman algorithm in the asymptotic
regime, we derive its state evolution (SE) equations which recursively track its asymp-
totic empirical MSE. We first start by stating the necessary assumptions in connections
to those of VAMP described in Section [2.3.2l We then provide close-form expressions
of the MSE associated to the MMSE and LMMSE steps of VAMP-KF.

4.1 State evolution assumptions

At every time step t € [1,...,T], we denote the true vectors, which satisfy the state

space model given in 1)1} as 'vt(o), 331(50), and mgg)l, ie.,

2" = aFz” +vV1- a2, (4.1a)

y = Hyz” +w,. (4.1b)

We suppose that the true signal :1391 in |D has already been estimated at time
step t — 1 with mean Z, 1, and precision Ya,_y,_,- 1t 1 common practice in the

approximate message passing literature to assume that the estimate Z,_q;—; behaves
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like an AWGN-corrupted version of the true signal wgo)

: . 4
, with precision Varyrrs- That
is to say:

~ 0

Titji-1 = T+ €ay - (4.2)

with e, ,, , ~CN(ex, ,, ,;0, '79;171“71 Iy). By injecting 1) into 1) and after some

algebraic manipulations we obtain

y—oH, F,x, 1,1 =VvV1—-a?’H, vfo) +aH Feg ,  +w. (4.3)

In (4.3), p,; is a realization of a Gaussian random variable with the density p,, ~
CN (p.s; 0, 0 ”Ya:tl,m,l H,F,FFH!' + ~,'). Using the scalar EP approximation, its co-
variance is reduced to an identity scaled by the the average of the diagonal elements

Yzt i'e'7 pz,t ~ CN(pZ,t; Oa’yz_,tl IN) with
2 -1 . HzyH A
Vot = (oz Vo1 (diag (H FLF'H}")) + ~, ) : (4.4)

Similarly to the assumptions presented in Section F,, H, and H, F; are modeled

as large right-rotationally invariant random matrices with full SVD of the forms:

F, = ﬁF,t gF,t ‘71!"—'7t7 diag (gFt) = SF,
H, = ﬁH,t §H,t ‘N/}';,t’ diag <‘§H,t> = SHy,

H, F, = ﬁHF,t §HF,t ‘71?17,,57 diag <§HF,t) = SHF .t
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Chapter 4. State Evolution

and are padded as in (2.17)), thereby leading to the following padded SVDs:

Ur,.Diag (sp.) VI!j,m (4.6a)
Us, Diag (sm) Vit (4.6b)
UHF,t Dlag (SHF,t) VI—.HIF,t' (46C)

As a result, all the matrices involved in (4.6) are square matrices of the same size
denoted as NV x N in the rest of this section.

Besides, it is assumed that the components of the vectors of singular values sg,
SHt, SHF, the true signal 'vt(o), and the extrinsic mean '75; , converge empirically with

second-order moments as

N PL(2)

]\;Lngo {sF7t7n}n:1 = Spu, (4.7a)

Tim {spontn, 2 s (4.7h)

]\}LH;O {SHth’”}rljzl e SHFt (4.7¢c)
Jim {0050, } T .9, (4.7d)

for some random variables sg;, Sg ¢, SHF., vt(o), and v_, with corresponding densities
DPsg (SF)v Dsgr (SH)v Pstrr (SHF)> pvgo) (U(O))7 and pv;k (ae_)
Finally, the derivation of the state evolution equations at every iteration k£ and time

step t is based on the following concentration of measure for the precision variables in
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the asymptotic regime:

]\}1_1;20 (P)/'u;,lm P)/vj,k) = <7'Up+,k’ ijyk); (483)
J\}Enoo (%;;,k;a’%;,k) = (71,;,1@771,;7;4;), (4.8b)
]\}E}?)O (fymt\tfl ) ’ymt\t> = (Wa:ﬂt,l ) Wa:t‘t> : (48C)

4.2 State evolution equations

Based on the aforementioned assumptions in Section and under the Bayes-optimal
setting [[| the predicted MSE of VAMP-KF in Algorithm [2] is defined recursively in
the asymptotic regime (i.e., as N — o0o) through the state evolution (SE) equations

presented in Algorithm

4.2.1 Asymptotic MSE for the MMSE estimation step of v,

Due to the i.i.d. assumption on the components of the innovation vector v;", its MMSE
estimate in lines of Algorithm [2|is obtained by following the same derivation steps
used in the VAMP algorithm and reviewed in (2.21) and (2.22)). In other words, the

MSE on v, is given by the function

2

i) =2 G0

IThis means that the noise precision =, is known, and the estimation errors of ¥, ¥, , and 5:}“ are

PO p- ("(O),p‘)}

2
Guore (V@ +p7 7,2 ) —v“))‘ po (V) CN <P_;077;—1>

x dvo@dp~, (4.9)

equal to the predicted values 7;4}, 7;_1, and W;tl‘t, respectively.
P p
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Chapter 4. State Evolution

Algorithm 3 VAMP-Kalman State Evolution

Require : Noise precision 7y, precision gy, error functions &+ t(’7v7)7 E- t(’yv+,’yz),
4 e ’ e

Stht*l ('ymt—l\t—17,7ve+)7 and SXW (’yfct‘til), and the number of iterations K.

1: fort=1,...,T do

2: Initialize Yo .0
. =~ 1
3: Compute 7,; = ——— S —
255l Ellsmr|psgrp, () |+
: or = e o
4 fork=1,....Kd
> compute the analytical posterior and extrinsic precision of v+
= 1
o: Yot . = —F—
vy Lk —
) Et ot (%;,k)
6: Yok = fyv;r,k: — Yor k
D> compute the analytical posterior and extrinsic precision of v~
= 1
T Y- = —F—————~
vy Lk _ _
P gv—’t (7v:7k77z,t)
8: Vor k+1 = ryvp_,k — Yofk
9: end for
> compute the analytical precision of X¢|¢—1
100 Fg,,, = 1
A ,%e“()
> compute the analytical precision of x;;
= 1
11: 5y = ——
mt‘t —
g’(tlt (,Ya’ﬂt—l)
12: end for
13: return {fyzm, R 7$T|T}

which is involved in line |5 of Algorithm . In , Gyt t (Vg ,%;) represents the

component-wise denoiser of the separable MMSE vector denoiser g+ ; (V; , %;) as in line

of Algorithm given the random variable v, = v,go) +p~ with p~ ~CN (p_; 0, *y;_l)

being independent of vt(o).
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Chapter 4. State Evolution

4.2.2 Asymptotic MSE for the LMMSE estimation step of v,

The LMMSE estimate of v, in VAMP-KF is given in lines of Algorithm . There,
the LMMSE denoiser g,- ; (f)j s Yod s z,yz) given in has a similar expression as
the LMMSE denoiser g, (fc\:k, 'Ym:,k) of VAMP given in 1} As a result, similarly
to , in the large system limit the component-wise MSE of the LMMSE step is

given by
1
V2 (1= a?) [spal® + 7y

gv*,t (’Yv;r) ’Yz) =E

pSF,t(SF)] ’ (410)

which is used in line [7] of Algorithm [3} In (4.10), the precision 7, defined in (4.4)

converges in the asymptotic regime to the variable 7, , given by

Vot = nglgo Vet
1
= lim
Noooa2agl - STe [Hy F B HP |+ 95!
@ 1
= 1m

N—oo o2 7;t1,1|t—1 %Tl" [SHth S?IF,J + ,yvx_/l
(b) 1

a? 79;1,1‘,5,1 E [|SHF,t|2 ‘ pSHF,t(SHF)] + ’7\/\_/1 ‘

(4.11)

In (4.11)), (a) follows from the SVD in (4.6, while (b) results from the empirical con-

vergence given in ({4.7)).

4.2.3 Asymptotic MSE for the VAMP-KF prediction step

Here, we consider the MSE pertaining to the prediction step of VAMP-Kalman stated
in lines of Algorithm 2] We first use the state-space model in (L.1)) and (L.2) as
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well as the prediction step of VAMP-KF in (3.17) to write Z;;—; and mﬁo) as follows:

Ty =a by g1 +V1—av],

= gxt\t—l (','/B\t—lﬁ—la 6:) (412&)

2 = aFz” +v1I—a?o. (4.12b)

In the large system limit, we consider the MSE between the predicted signal X1

provided by the denoiser gxt|t—1(/)zt_1|t_17/‘;:—) given in (3.17a)), and the true vector mgo).

That is to say

. 1 ~ ~ 0)12
Exipr (Varrns Yo ) = ngr;oNE[ngm,l(xt_ut_l,ve*) —a| ‘pp+,q(p+,q)]7 (4.13)

where the random vectors V:_r and it_1|t_1 are given by

0)

Vi =" +pt, p" ~CN(p*; 0,7, In),

~ 0 _
Xi—1]t—1 = ml(t_)1 +q, q~CN(g;0, 7mt_1|t_1 In),

with p* and q being independent. By injecting (4.12)) into (4.13)), it follows:

Ext\t—l (f)/mt—l\t—l ) ’Vve+)
~ lim_ lE[Haﬂqu/l—a? | )p.ﬁ (p* ,q)}

< Jim - E[laFal [po@] + pim L E[VI=a o e )
o
(i)zvhi%oﬁ%zlm VT [FF + (1)
e a2 _
< Am =g, Te[See Se] + (1= a?) )
2ozt Ellsrl [P (s6)] + (1= a?) 7L (4.15)

€
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Chapter 4. State Evolution

In (4.15)), (c) follows from the fact that both p* and q are zero-mean and independent;
(e) results from the use of the SVD in (4.6)); (f) stems from the empirical convergence
stated in (4.7). The MSE function established in (4.15)) is in line [10] of Algorithm .

4.2.4 Asymptotic MSE for the VAMP-KF time update step

The time update step in lines of Algorithm [2 corresponds to the LMMSE estima-
tion of @, from x,,_;. For this reason, its asymptotic MSE induced by the denoiser
Gx,,(+ ) in has the same form as the LMMSE denoiser gy- (ZJ,7,+) of VAMP
given in ([2.14]). Similarly to the asymptotic MSE in , the MSE of the time update
step computed in line [11] of Algorithm [3|is given by

1
Voo [SEE? + Ve,

gxt|t (7wt‘t71) =E [

psH,t(SH)] : (4.16)

4.3 Pseudo-code

Under all the aforementioned assumptions and derived MSEs, we now describe in Algo-
rithm [2] our main result, which is the recursive update equations for the SE of VAMP-
KF. Note here that at convergence one must have equality between the posterior vari-

ances Yoyt o and Yoy 100 of the innovation variables in lines |5 and , respectively, i.e.,

—1 =1
ry'u;,oo o va_,oo'

At each time step ¢, we run the state evolution of VAMP stated in lines for K

iterations to obtain the MSE of the innovation estimation, i.e. ,71}1 K= ’_y;,l - We then
P p

use the latter to compute the MSE of the prediction and estimation, Vet and Vaeyyo in

lines |10] and , respectively. Finally the MSE of the time update step 7;3“ is used in

the next time step ¢ + 1 to compute the precision z;, 7,, of the variable in line {3 before

running VAMP SE.
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Numerical Results

In this section, we assess the performance behavior of the proposed VAMP-KF algorithm
and benchmark it against the standard Kalman filter [2], as well as EnKF [16] and
MCC-KF [13] that were developed specifically to cope with non-Gaussian innovations.
In all simulations, we fix the state transition matrix F; and the measurement matrix H;
during the entire simulation, i.e., for all t € {1,...,T}. We also set the number of time
steps to T' = 20, the number of VAMP iterations to K = 500, and perform Nyc = 100
Monte-Carlo trials for different values of the SNR:

H 2
SNR = 10 log,, w . (5.1)
[wll;

The performance metric considered throughout our tests is the time-averaged normal-
ized root MSE (TNRMSE) between the true signals {x; }!=T and their estimates {z;}{=
The TNRMSE metric is defined as follows:

[ — thz

T
TNRMSE({wt}iilT, {@}ii?) o T2

P [EAs
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Chapter 5. Numerical Results

We examine the TNRMSE by varying one of the variables of the state-space model

given in (|1.1)) and (1.2)) at a time:

e the SNR in (5.1]) by appropriately varying the precision ~,, of the measurement noise

Wy.

e the sparsity rate p (i.e., the percentage of the non-zero components) of the innovation
vector v;. Specifically, we consider innovation vectors as realizations generated from

a Bernoulli-Gaussian density:
P (00) = () + (1= p) CN (030, Ty). (5.2)

e the memory factor « of the process equation given in (1.2)) which controls the amount

by which the time evolution of the signal x; ; contributes to the signal a;.

e the system dimension determined as the ratio M /N between the measurement dimen-
sion M and the signal dimension N. The measurement equation given in can
be underdetermined or overdetermined, i.e., M < N or M > N, respectively. Note
that the measurement equation remains solvable even when it is underdetermined
due to the sparsity of @;. The latter can be controlled by properly adjusting both the

memory factor o and the sparsity rate p of the innovation vector v.

5.1 Benchmark Algorithms

In this section, we describe a number of existing signal reconstruction approaches that

we will benchmark against VAMP-KF'.

e Standard Kalman filter [2]: the standard Kalman filter (standard KF) is the optimal

LMMSE estimator under time-varying Gaussian innovations. While our experiments
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Chapter 5. Numerical Results

center around non-Gaussian innovations, we kept the standard KF as a mismatched

benchmark for convenience reasons which will become apparent later in this section.

e EnKF [10]: the ensemble KF (EnKF) is a Monte Carlo variant of the standard KF
that exploits the higher-order statistics of a;. This is to be opposed to the standard
KF which uses second-order signal statistics only under non-Gaussian innovations.
By exploiting the correlation over time between the observation noise w; and the
signal estimate, EnKF approximates the signal using a finite set of randomly selected
samples. However, EnKF suffers from high computational cost that is inherent to
most of the statistical sampling methods, thereby making it unpractical for real-time

and /or mission-critical applications.

e MCC-KF [15]: the maximum correntropy criterion KF (MCC-KF) is a gradient-
based optimization method that improves the robustness of the standard KF against
non-Gaussian innovations in linear dynamical systems. Unlike the standard KF that
minimizes the MSE, MCC-KF maximizes the correntropy as the optimality criterion.
By doing so, it also exploits the higher-order statistics of x; as opposed to the standard

KF which uses second-order signal statistics only under non-Gaussian innovations.

Since the proposed VAMP-KF algorithm is geared towards uncorrelated innovation
processes, we do not benchmark with the Bayesian estimation methods that cope with
correlated sparse innovations presented in Fig. [I.2] Because these methods focus on
correlated innovations over time by restricting the innovation process to have a fixed
innovation support and (possibly) a slow time-varying non-zero coefficients, they are
inappropriate benchmarks unless VAMP-KF algorithm incorporates the correlation of
innovations as a side information in the derivation of its messages. Such scenario will

be pursued in a future work.
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5.2 Performance versus sparsity rate p

We examine the performance of VAMP-KF as a function of the sparsity rate p in the
Bernoulli-Gaussian prior of the innovation vector given in . We vary the sparsity
rate p from 0 to 0.9 and set the memory factor o to 0.7.

Figs. |5.1a show the TNRSME as a function of the sparsity rate p for the SNR
values 5 dB and 20 dB, respectively, with M = 100 and N = 200. There, it is seen that
at lower sparsity rate values (i.e., innovations are almost Gaussian), the performance of
VAMP-KF coincides with that of the standard KF. Specifically, when the time-varying
innovation vectors are exactly Gaussian (i.e., p = 0), VAMP-KF behaves identically as
the standard Kalman filter. However, as we increase the sparsity rate p, the innovation
vectors deviate from the Gaussian case and a significant performance improvement of

VAMP-KF is observed as compared to other algorithms.

] 10°
0.75¢ &
P~ i k4 b4 F 4 . 3
07 AH\k — L L L] L
&2 0.65 g
= =
z z
= 06 &=
—standard KF —standard KF
0.55|—EnKF EnKF
—MCC-KF 10" —MCC-KF
057_VAMP-KF | —VAMP-KF
- 0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
Sparsity rate p Sparsity rate p
(a) SNR = 5 [dB] (b) SNR = 20 [dB]

Figure 5.1: TNRMSE of VAMP-KF, standard KF, EnKF, and MCC-KF vs. the sparsity
rate p of the Bernoulli-Gaussian prior of the innovation with N = 200, M = 100, and
a =0.7 at (a) SNR = 5 [dB] and (b) SNR = 20 [dB].
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Similar results can also be observed in Figs. |5.2al5.2bl where the same experiment

is repeated for an overdetermined measurement system, i.e., M > N.

0.45¢
0.1 E.g i _
0.09{
0.4}
0.08 |
0.35¢ 0.07 ¢
A & 0.06
E 0.3 E
& & 0.05r
0-25 /| —standard KF ] 0.04 |l—standard KF
EnKF EnKF
—MCC-KF —MCC-KF
02!l —VAMP-KF | | ] 0.03 " —VAMP-KF | | |
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
Sparsity rate p Sparsity rate p
(a) SNR = 5 [dB] (b) SNR = 20 [dB]

Figure 5.2: TNRMSE of VAMP-KF, standard KF, EnKF, and MCC-KF vs. the sparsity
rate p of the Bernoulli-Gaussian prior of the innovation with N = 100, M = 200, and
a = 0.7 at (a) SNR = 5 [dB] and (b) SNR = 20 [dB].

5.3 Performance Versus SNR

We now investigate how VAMP-KF performs at SNR levels between 5 dB and 30 dB.
The memory factor o and the sparsity rate p are fixed to 0.7 and 0.9, respectively.
The results are presented in Figs. and [5.3D] for the underdetermined and overde-
termined cases, respectively. There, it is observed that VAMP-KF outperforms all
benchmark algorithms at every SNR value. Moreover, it is seen that the empirical
TNRMSE of VAMP-KF is accurately predicted by the analytical state evolution recur-
sion thereby corroborating the theoretical analysis we conducted in Chapter @] This

endows the proposed algorithm with offline design guidelines when applied to different
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engineering problems in practice.

10% | ‘ ‘ ‘ 10° ‘ ‘
—standard KF
EnKF
! —MCC-KF
—VAMP-KF
{ —VAMP-KF SE
€3 =
g 2
= 107 = 10"
Z Z
= =
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EnKF 3
—MCC-KF
—VAMP-KF
—VAMP-KF SE 2
10-2 T T | | 10 L i i 1 i
5 10 15 20 25 30 5 10 15 20 25 30
SNR SNR
(a) N =200, M = 100 (b) N =100, M = 200

Figure 5.3: TNRMSE of VAMP-KF, standard KF, EnKF, and MCC-KF vs. the SNR
with o = 0.7, and sparsity rate p = 0.9 of the Bernoulli-Gaussian prior of the innovation
when (a) N =200, M = 100 and (b) N = 100, M = 200.

The small gap between the empirical TNRMSE of VAMP-KF and the one predicted
by its state evolution analysis, at lower SNR values, is due to two reasons. The first
one is the approximation of the state evolution equation using Monte-Carlo averaging
because the integral in (4.9) under the Bernoulli-Gaussian prior in cannot be
evaluated by closed-form expressions. The second reason is due to the finite size effects

as confirmed in [25] in the low-SNR regime.

5.4 Performance Versus memory factor o

To study how VAMP-KF performs as a function of the memory factor a, we vary the
latter from 0.1 to 0.9 and fix the sparsity rate p at 0.9. We also consider low-SNR (i.e. 5

dB) and high-SNR (i.e., 20 dB) regimes as well as underdetermined and overdetermined
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measurement systems. The results are presented in Figs. 5.5b

10°
0.8i .t
. h\\\’\
F
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& & —VAMP-KF
—standard KF 101t
0.4 EnKF
—MCC-KF
—VAMP-KF
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
Memory factor « Memory factor «
(a) SNR = 5 [dB] (b) SNR = 20 [dB]

Figure 5.4: TNRMSE of VAMP-KF, standard KF, EnKF, and MCC-KF vs. the mem-
ory factor a with N = 200, M = 100, and sparsity rate p = 0.9 of the Bernoulli-Gaussian
prior of the innovation at (a) SNR = 5 [dB] and (b) SNR = 20 [dB].

For the underdetermined case, Figs. [5.4a] show the performance for low and
high SNR values, respectively. Given SNR = 5dB in Fig. .44, for high values of «,
the temporal evolution of the system signal x; is heavily determined by the previous
signal ;_; and has little dependency on the innovation v;. In this case, all algorithms
exhibit comparable performance. As a becomes smaller, the evolution of the signal x,
mainly depends on the innovation v, and hence the sparsity of the innovation can be
better exploited. In this scenario, VAMP-KF outperforms by far En-KF and MCC-
KF which are deemed to be able to deal with non-Gaussian innovation processes in the
state-space model. This observation is justified by the fact that the Bayesian estimation
of the innovation by VAMP-KF is tailored to handle sparse estimation problems, which
are known to be highly non-convex problems. Given SNR = 20dB in Fig. |5.4b| similar
results can be observed except that VAMP-KF outperforms all the other algorithms for
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the whole range of a. For the overdetermined case in Figs. [5.5aH5.5b] similar results are

obtained, thereby confirming the superiority of VAMP-KF over existing state-of-the-art

algorithms.
r { T 0.1 1 ) S 1 T 1 T
0.45 T T oot ° | e e
0.4 r 3 008 L
0.35¢ ] 0.07 ¢
03l 0.06 |
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£ | —MCCKF £ | —MCCKF
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0.15}
: w w w 0.02k . . .
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
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(a) SNR = 5 [dB] (b) SNR = 20 [dB]

Figure 5.5: TNRMSE of VAMP-KF, standard KF, EnKF, and MCC-KF vs. the mem-
ory factor a with N = 100, M = 200, and sparsity rate p = 0.9 of the Bernoulli-Gaussian
prior of the innovation at (a) SNR = 5 [dB] and (b) SNR = 20 [dB].

5.5 Performance Versus sampling rate M/N

We finally investigate how the ratio of the number of measurement over the signal
dimension, namely the sampling rate M /N, affects the performance of VAMP-KF. For
this reason, we sweep the sampling rate M /N from 0.1 to 2 with a step size of 0.1. We set
the memory factor o and the sparsity rate p to 0.7 and 0.9, respectively. Figs. and
illustrate the performance for low and high SNR values, respectively. Starting from
M/N = 0.1, when little measurement is provided to recover the signal, all algorithms

exhibit the same performance. As M /N becomes larger and hence more measurements
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are provided, VAMP-KF shows a significant advantage in the TNRMSE performance.
While VAMP-KF outperforms EnKF and MCC-KF under both low-SNR and high-
SNR regimes, the gap between them is not inherently related to the SNR value, but
rather to the inability of the EnKF and MCC-KF to solve highly non-convex estimation
problems with gradient-based optimization or sampling strategies, respectively. This is
to be opposed to VAMP-KF which exploits the prior knowledge about the innovation

process by employing VAMP for estimation under sparsity constraints.

100' . . :
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0.8 N EnKF
0.7 —MCC-KF
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805 NG 2
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0t———— | | ‘
0.5 1 15 2 0.5 1 1.5 2
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(a) SNR = 5 [dB] (b) SNR = 20 [dB]

Figure 5.6: TNRMSE of VAMP-KF, standard KF, EnKF, and MCC-KF vs. the sam-
pling rate M /N with o« = 0.7, and sparsity rate p = 0.9 of the Bernoulli-Gaussian prior
of the innovation at (a) SNR = 5 [dB] and (b) SNR = 20 [dB].
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Chapter 6

Conclusion and Future Directions

In this work, we introduced a new algorithm, dubbed VAMP-KF, to estimate a time
varying signal under rapidly time-varying unstructured innovation dynamics based on
the approximate message passing paradigm. We do so by combining the VAMP and the
standard Kalman filter algorithms in a unified Bayesian framework. After recalling the
factor graph of each one of them, we determined the messages to be established to merge
them into a fully message passing approach that incorporates the separable prior of the
innovation within the estimation procedure. Our numerical results demonstrated that
VAMP-KF exhibits the best reconstruction performance under non Gaussian innovation
processes as compared to existing state-of-the-art algorithms. Additionally, we derived
the state evolution update equations of VAMP-KF which theoretically predict its mean-
square error.

This work can be extended towards many research directions to either improve the
performance or cope with a wider range of problems, including but not limited to the

following:

e As illustrated in Chapter 2 the standard Kalman filter that we incorporate is a

forward-only algorithm, in which messages only propagate to the “future” with
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respect to time t. However, if the estimation result is not required instantly at
each time step t, efforts can be dedicated to propagate messages back to the “past”

so as to further diminish the estimation error.

e The state-space model given in ([1.1)—(1.2) is linear. Extending the proposed al-
gorithm to handle non-linearity is an important step. In this case, we would

consider the benchmark algorithms that handle non-linear cases such as the ex-

tended Kalman filter (EKF) [33].

e As discussed in Chapter [5, when the innovations are correlated with a known
correlation model, research efforts can be devoted to exploit this correlation as a

side information to tailor the proposed algorithm to those correlated scenarios.
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Appendix A

Derivation of the time updated

estimate

In this appendix, we show how to derive (3.21)) starting from (3.20). We first state the
well-known matrix inversion lemma (a.k.a., Woodbury matrix identity):
Lemma 1. Given three arbitrary complex matrices, P, B, and R, of suitable sizes, we

have

PB" (BPB"+R) " = (P'+B"R'B) B"R". (A1)

Using Lemmawith P = %zjtq Iy, B = H;, and R = ~,;' Iy, the Kalman gain matrix

K, in (3.20) becomes

—1
K, = Tw <7mt|t_1 In + Yw HtH Ht) HtH' (AQ)

By injecting (A.2) back into ({3.20a)), we obtain

-1
C/U\t\t = :/it|t—1 + Tw (%cm_l Iy + 7w HtH Ht) HtH (yt — H, Ec\t\t—l)

-1
= <7wt‘t,1 IN + Tw HtH Ht) <’7w HtH Y + ’Yact‘t,l it\)&l) ) (AB)
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Appendiz A. Derivation of the time updated estimate

which corresponds to (3.21al). Finally, by taking the derivative of (A.3) w.r.t. 1

and applying the scalar EP approximation, we obtain the expression of the precision of

the time update step given in (3.21b)).
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