














































































































































































































































































































































CHAPTER 8 Summary and Future Works

In this thesis, based on a series of experiments conducted in the counter-rotating flume, a new

approach for the supercooling process and frazil evolution is proposed. It relates hydraulic conditions

with frazil size and the entrained frazil generating capacity of a flow. This yields a simple but clear

physical link between the supercooling process and frazil growth. The numerical model based on this

new approach, which has developed herein, provides predictions in good agreement with

observations.

8.1 Summary

8.1.1 Findings of Experiments

Frazil particles

The observed shape of a ftaztl ice crystal results from a complex interaction between the imposed

heat transfer conditions and the intrinsic crystallography of ice. Disk shaped frazil was typically

observed. The diameter to thickness ratio was difficult to measure since the fraztl particles rarely

travel exactly perpendicular to the flow with respect to either of their axes. As the amount of frazil

increases, the particles flocculate and sinter together. It was common at the end of an experiment to

have a few very large flocs with a low concentration of individual frazil particles.
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Supercooling process and Írazil evolution

The DIPS program counted the number of particles, the size of the particles, as well as their vertical

distribution in the flume. At the beginning of supercooling both the number and size of frazil

particles was quite small. The water became supercooled after frazil ice particles were detected.

Secondary nucleation of these particles then leads to a rapid proliferation of frazil ice that was

associated with a cornmensurate increase in the water temperature as a result of the release of the

latent heat of fusion. 'When equilibrium was attained (i.e., a residual temperature at the end of the

principal supercooling process), the number of frazil ice particles decreased rapidly as a result of
flocculation processes. Observations are consistent with the assumption that a frazil size distribution

with a fixed D5e was maintained and governed by the flow turbulence during the principal

supercooling process.

Factors affecting supercooling process and lrazil evolut¡on

For a given flume bed roughness and other environmental variables, the air temperature was the

primary factor governing the supercooling process and frazil evolution. As expected, a colder air

temperature caused a shorter supercooling process and a larger maximum supercooling value, and led

to mo¡e frazil ice production. The experiments with similar velocities but different cooling rates

yielded a simila¡ amount of frazil ice formed. This confirmed the concept of a predetermined frazil

generating capacity of a flow. The concept proposed states that for given air temperature and flow

turbulence, there is a maximum value of entrained frazll ice formed in a flow. When the air

temperahrre was kept constant, the length of supercooling was longer for lower velocities. As a

result, this yielded more frazil ice formation. However, the size of frazil got larger when the flow

turbulence got shonger.

8.1 .2 Theoretical development

Based on these experimental findings and previous research (Carstens, 1966; Daly and Colbeck,

1986), a ne\M approach for the supercooling process and frazil evolution was proposed. The approach

proposes that the principal supercooling process is a process whereby frazil formation reaches the

entrained frazil generating capacity of the flow, and the residual supercooling represents a two-layer

frazil ice stage with entrained and floating surface frazil ice. Two models were developed to describe
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the frazil size distribution and the vertical distribution of frazil ice in flows, respectively, based on

characteristics of the flow turbulence. Furthermore, in analogy to suspended sediment transport, an

equation estimating the entrained frazil generating capacity of a flow was proposed, which is
governed by air temperature and flow turbulence.

A numerical model for the supercooling process and frazil ice evolution in open channels was

developed based on the proposed approach to these issues. This model avoids the need to simulate

seeding, secondary nucleation, flocculation/break-up, and gravitational removal, which a¡e not well

understood. Only the overall heat balance was considered during the entire process. Therefore, fewer

assumptions and calibrated parameters are needed. The model successfully simulated the

characteristics of ftazil ice evolution and the supercooling process. Sensitivity analysis showed that

the cooling rate, the assumed initial ice concentration, and the bed friction factor are much more

sensitive than other hydraulic parameters. The coolin g rate and hydraulic parameters were

automatically obtained from the experimental variables. The initial ice concentration was calibrated

using an optimization scheme in order to best match the water temperature curves. The initial ice

concentration was found to be reasonably well predicted by the Reynolds number.

Ð

iÐ

iiÐ

8.2 Conclusions

The following conclusions can be drawn from the above summary of this research.

Disk shaped frazil ice is generally observed during the supercooling experiments

conducted in the counter-rotating flume. Larger flocs are the result of flocculation and

sintering together of several or many frazil disks.

Frazil formation initiates at or near the onset of supercooling. The bulk of fraztl ice

formations occur during the warming stage of the principal supercooling process. The

residual supercooling represents two-layer stage of frazil ice entrained frazil and surface

frazil.

Air temperature is the primary factor affecting the supercooling process. Colder air

increases the cooling rate, the maximum supercooling, and yields a shorter period of
supercooling. Warmer air decreases the cooling rate, the maximum supercooling, and

yields a longer period of supercooling. colder air generates more frazil ice.
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iv) The principal period of supercooling is a period of enfrained ftazil ice formation. There

exists an enfrained frazil generating capacity of a flow for a given thermo-hydraulic

conditions.

v) The flow turbulence influences the period of principal supercooling and the entrained

frazil generating capacity; higher turbulence produces more and larger frazil particles but

with a lesser amount of frazil particles per unit volume.

vi) In the principal supercooling stage, the relative frazil size distribution is constant and

governed primarily by flow turbulence.

vii) A model describing the frazil size distribution was developed based on the characteristics

of the flow.

viii) A model for the vertical distribution of frazil was developed, and verified by

experimental observations.

ix) Equations were developed to estimate the entrained frazil generating capacity of a flow.

x) A numerical model was developed that successfully stimulated the time-history of the

supercooling process, as well as the distribution and evolution of ftazil ice. The only

"free" parameter in the model is the initial ice concentration.

8.3 Future works

While high-resolution images of various frazil ice formations have been acquired, there are still

particles that cannot be detected by the cunent system. Daly and Colbeck (1986) were able to view

particles as small as 30 ¡rm. The ability to view particles as they just begin to form would help to

accurately determine the temperature at which nucleation occurs. This small field of view would

nevertheless limit the ability to have an overall view of what is happening in the flume. One possible

solution would be to have two or more cameras acquiring images simultaneously. This would allow

one camera to be acquiring a very small freld of view while the second should acquire images

covering the entire height of the flume. The ability to use two identical cameras with ¡wo identical

frame grabber boards acquiring simultaneous images has sparked the question as to whether

stereoscopic images of the frazil particles can be obt¿ined. This would help to resolve the third

dimension (width into the flume) and perhaps help solve the problem of overlapping particles

appearing as a single particle in two-dimensional images. It would also help to characterize the

diameter to thickness ratio of a frazil disk as well as any change during frazil evolution.
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An ADV (Acoustic Doppler Velocimeter) and hot film have been installed in the counter-rotating

flume. In later research, this system will be able to measure 3-D velocity fluctuations, from which the

flow turbulent characteristics can be obtained. These measu¡ements are expected to confirm two

assumptions invoked in the new approach proposed: that the vertical velocity fluctuation plays a

central role in the frazil size and its distribution; and the turbulence intensity follows a normal

distribution, which is expressed by a function of the bottom shear velocify. This system would focus

on measurements of the flow velocity profile, the vertical turbulent velocity distribution, and bottom

shear velocity. It can also provide information on the variation of the bottom roughness during

experiments. Hence, it would also indirectly monitor the roughness variation due to anchor ice growth

and the vertical mixing process of the frazil and flow.

Advanced DIPS and turbulence measurement techniques would allow the possibility to explore the

complicated interaction between flow turbulence and ftazil ice formation. The frazil geometry and

distribution could vary over the supercooling process. More measurement and observation of frazil

ice could provide some modifications of the new approach in order for a better understanding of this

complicated process.

The current research is strongly related to the management of hydraulic structures in cold climates. A

closely related problem is the anchor ice growth, which can be divided into: l) frazil ice formation; 2)

frazil ice distribution (specifically the concentration near the riverbed); and 3) frazil adhesion to the

bottom and anchor ice growth. The approach proposed in this thesis could be extended to explore the

mechanisms of anchor ice growth with the assistance of additional experimental research.
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APPENDIX A

Water Temp er atur e Measur ements

The data presented in this appendix shows the water temperature history for each of the experiments

carried out in the counter-rotating flume. A total of 42 experiments were divided into three groups

with three water depths: 10, 15, and 20 cm. In these experiments, the temperafures of the outer,

bottom and bed chambers, as well as bed and wall speeds were recorded, respectively. Mean values of

these variables during the last 60 minutes of these experiments are listed in the figures.
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Water Temperature Measurements
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Figure .4.1. Group 1. Exp.56. Tu: -10 oC, H:0.15 m, U:0.434 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements

o.12

0.1

0.08

0.06

0.04

(J
o)
L
:J

E
o)
o-
EoF
Lo
o
3

xp57: Tai10C H:0.'l5m U:0.435n/s

+

-+
+

Exp57 Tail0C H:0.15m Sb:8.31rpm Su6.81rpm U:0.435rl/s
Tmin:-0.054C dfl dt:{.0042CJmin lsp:24.5m¡n Tof {.01 72C
In:2.63C Tout:2.62C Tb:1.65C FE¡l lce:O.142%

-o.01

.4.02

4.03

25 30

Time (min)

Figure AL. Group 1. Exp.57. T": -10 oC, H: 0.15 m, U: 0.435 m/s

(a) Despiked water temperature vs. time, @) Characteristics of supercooling process
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Water Temperature Measurements
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FigureAl.Groupl. Exp.58. Tu:-10 "C, H:0.15m, U:0.517mls

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Figure ,4'1. Group 1. Exp. 59. T.: -10 oC, H : 0.15 m, U: 0.604 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process

Exp59 Tailoc H:0.15m Sb:ll.47rpm Swg.56rpm
Tmln;{.031C dvdt:-o.0032cym¡n tsp:26.omin Tof 0.01 16C
In:2.52C Tout:3.27c Tb:1.67C FE¡l ke:O.114./"
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Water Temperature Measurements
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FigureAl.Groupl. Exp.60. T":-10 "C, H:0.15m, U:0.424mls

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process

C)

E:,
õ
Lo
o-
E
o)F
Lo
(g

=

0.05

0.04

0.03

o.o2

0.01

0

{.ol

o
L
f
(It
Lo
o-
EoF
Lo
(!

=

xp60; Ta:-10C H:0.15m U:0.424mls

Exp60 Tai1oc H:0.15m Sb:8.11rpm Sw6.66rpm U:0.424rì./s
Tm¡n:4.038C düdt:4.0040C/min tsp:23.5min To1i0.0066C
'lin:2.88C Tout:2.69C Tb:1.66C FE¡l lcei0.129o/o

t-tt
sr\

1

+
*r¡

++

A Physical and Mathematícal Study of the Supercooling Process qnd Frazil Evolution



Water Temperature Measurements
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Figure ,4.1. Group 1. Exp. 61. Tu: -10 oC, H: 0.15 m, U :0.421mls

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Tm¡n:{.057C düdt:-0.0040Cì/mln tsp:21.0min ToÊ4.0171C
în:2.76C Twt;2.68C Tb:1.68C FE¡l lce:0.116%
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Water Temperature Measurements
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Figure ,4.1. Group 1. Exp. 62. Tu: -10 oC, H:0.15 m, U:0.584 m/s

(a) Despiked water temperafure vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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tr'igure ,4.1. Group 1. Exp. 63. Tu: -10 oC, H: 0.15 m, U: 0.612 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Figure 41. Group 1. Exp. 64. Tu: -10 oC, H :0.15 m, U: 0.382 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Figure A.1. Group 1. Exp. 65. T": -10 oC, H:0.15 m, U:0.391 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Figure A'1. Group 1. Exp. 66. Tu: -10 oC, H = 0.15 m, U:0.630 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Figure r{.1.. Group 1. Exp. 67. Tu: -10 oC, H:0.15 m, U:0.393 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Figure Ä1. Group 1. Exp. 68. T": -10 oC, H:0.15 m, U: 0.404 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Figure 41. Group 1. Exp.69. Tu: -10 oC, H:0.15 m, U:0.642mls

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Figure ,4'1. Group 1. Exp. 70. T^: -10 "C, H:0.15 m, U:0.521 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Water Temperature Measurements
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Water Temperature Measurements
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Figure .4.1, Group 1. Exp90: Tu: -15 oC, H: 0.15 m, U: 0.431 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Figure 41, Group 1. Exp91: Tu: -15 oC,Il:0.15 m, U:0.515 mis

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Figure ,4.1, Group 1. Exp93: Tu: -15 oC, H:0.15 m, U:0.632 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Figure A.1. Group 1. Exp. 94. T,: -6.5"C, H:0.15 m, U:0.427 mls

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Figure ;4.1. Group 1. Exp.95. Tu: -6.5 oC, H:0.15 m, U:0.428 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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tr'igure ,A'1. Group 1. Exp. 102. T": -10 oC, H: 0.15 m, U:0.428 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Figure Ä2. Group 2. Exp. 73. Tu: -10 oC, H:0.10 m, U:0.491 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements

- 
Exp74: Ta:-10C H:o.'lm U:0.351m/s
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Figure 42. Group 2. Exp. 74. Tu: -10 oC, H: 0.10 m, U:0.351 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process

+ Exp74 Ta:10C H:0.1m Sb:5.73rpm Sw5.56rpm U:0.35trI/s
Tmln:-0.043C dt/dt;4.00439min tsp:26.5min Tof 0.001 9C
Tin:3.32C Tout:3. 1 9C Tb: 1.66C FE¡t tce:O.1 57 !"
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Water Temperature Measurements

10C H:0.1m U:0.496m/s
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FigureÄ2. Group 2.8xp.75. Tu:-10 oC, H= 0.10 m, U: 0.496 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements

- 
Exp76: Ta:-loc H:0.1m U:0.695r/s
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Figure ,4'2. Group 2. Exp.76. T": -10 oC, H:0.10 m, U:0.695 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements

- 
Exp'l7i Tai1oc H:0.1m U:0.476r¡./s
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Figure .4,2. Group 2. Exp.77. Tu: -10 oC, H : 0.10 m, U :0.476 mls

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process

Expn Ta:l0C H:0.1m Sb:7.56rpm Sw7.75rpm U:0.476m/s
Tmln:{.039C dvdt:4.0047cr/min tsp:23.5m¡n Tot0.0044C
ïn:3.94C Tout;2.68C Tb:1.68C FH¡l lce:O.152o/o
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Water Temperature Measurements

- 
Exp97: Ta!15C H:0.'lm U;0.495m./s
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Figure 42. Group 2. Exp. 97. T^: -15 "C, H:0.10 m, U:0.495 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Figure 42. Group 2. Exp.99. Tu: -11 "C, H : 0.10 m, U: 0.482 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process

Ta:-l2C H:0.1m U:0.482m/s
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Water Temperature Measurements

- 
Exp101: Tâi10C H:0.1m U:0.492mls
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Tin:3.60C Toul3.15C Tb:1.64C F@it lce:0.138%
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Figure .4'2. Group 2. Exp. 101. T": -'7 oC, H : 0.10 m, IJ : 0.492 mls

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Figure 43. Group 3. Exp. 78. T": -10 "C, H:0.20 m, U:0.484 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements

- 
ExpTg Ta:-10C H:0.2m U;0.486m/s
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Figure Ä3. Group 3. Exp. 79. Tu: -10 oC, H:0.20 m, U:0.486 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements

- 
Exp80: Ta:-10C H:0.2m U;0.356m/s
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FigureA3.Group3. Exp.80. Tu:-10 "C, H:0.20m, U:0.356m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Figure 43. Group 3. Exp. 81. T": -10 "C, H:0.20 m, U:0.367 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Figure 43. Group 3. Exp. 82. T": -10 oC, H: 0.20 m, U: 0.357 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements

fai10C H:0.2m U:0.376m./s
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Figure 43. Group 3. Exp. 83. T": -10 oC, H: 0.20 m, U: 0.376 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Exp84: Ta:-locH:0.2m U:0.486m/s
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Figure ,4.3. Group 3. Exp. 84. T": -10 oC, H:0.20 m, U:0.486 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Exp85: Ta:-10C H:0.2m U:0.51orì./s
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Figure A'3. Group 3. Exp. 85. T": -10 oC, H:0.20 m, U:0.510 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process

Exp85 Taþ1oC H:0.2m Sb:11.21rpm Sw8.18rpm U:0.510m/s
Tmin:{.042C dr/ dt:4.0028Cymin tsp:25.5min Toli{.0059C
Tin:2.37C Tout:2.73C Tb:1.64C FÊil lce:0.099%
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Water Temperature Measurements
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Exp86: TailooH:0.2m U:0.483m/s
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FigureA3. Group 3. Exp. 86. Tu:-10 oC, H:0.20m, U:0.483 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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Water Temperature Measurements
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Figure A.3. Group 3. Exp. 87. T": -10 oC, H:0.20 m, U:0.485 m/s

(a) Despiked water temperature vs. time, (b) Characteristics of supercooling process
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APPENDIX B

Frazil Image Obs ervations

The data presented in this appendix shows the results of the digital image processing (DIPS) of the

experiments carried out in the counter-rotating flume. Due to uncertainties and technical problems

with the DIPS, only some of the experiments in Groups 1 and 3 were processed and presented here.

Group I has 15 tests and Group 3 has 8 tests.
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Frazil lmage Observations
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Figure 81. Groupl. Exp.56. T": -10 oC, H:0.i5 m, U:0.434 m/s

(a) 3D frazil distribution, (b) Frazil evolution during supercooling process
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Frazil lmage Observations
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tr'igure 81. Groupl. Exp. 57. T^: -10 oC, H:0.15 m, U:0.435 m/s

(a) 3D frazil distribution, (b) Frazil evolution during supercooling process
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Frazil lmage Observations
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Figure 81. Group L. Exp. 58. Tu: -10 oC, H:0.15 m, U:0.517 m/s

(a) 3D frazil distribution, (b) Frazil evolution during supercooling process
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Frazil lmage Observations
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Figure 81. Groupl. Exp. 60. Tu: -10 oC, H:0.15 m, U :0.424 mls

(a) 3D frazil distribution, (b) Frazil evolution during supercooling process
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Frazil lmage Observations
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Figure 81. Group 1. Exp. 61. Tu: -10 "C, H:0.15 m, U:0.421 m/s

(a) 3D frazil distribution, (b) Frazil evolution during supercooling process
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Frazil lmage Observations
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Figure 81. Group 1. Exp. 62. Tu: -10 "C, H:0.15 m, U:0.584 m/s

(a) 3D frazil distribution, (b) Frazil evolution during supercooling process
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Figure 81. Group 1. Exp. 63. Tu: -10 "C, H: 0.15 m, U:0.612 m/s

(a) 3D frazil dishibution, (b) Frazil evolution during supercooling process.
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Figure 81, Group 1. Exp. 64. T^: -10 oC, H:0.15 m, U:0.382 m/s

(a) 3D frazil distribution, (b) Frazil evolution during supercooling process
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Figure 81. Group 1. Exp. 65. T": -10 "C, H:0.15 m, U:0.391 m/s

(a) 3D frazil distribution, (b) Frazil evolution during supercooling process
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Figure 81. Group 1. Exp. 66. T": -10 oC, H: 0.15 m, U: 0.630 m/s

(a) 3D frazil distribution, (b) Frazil evolution during supercooling process
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Figure 81. Group 1. Exp. 67. T^: -10 oC, H:0.15 m, U:0.393 m/s

(a) 3D frazil distribution, (b) Frazil evolution during supercooling process
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Figure 81. Group 1. Exp. 68. T": -10 oC, H:0.15 m, U: 0.404 m/s

(a) 3D frazil distribution, (b) Frazil evoultion during supercooling process
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Figure 81. Group 1. Exp. 69. Tu: -10 oC, H: 0.15 m, IJ:0.642 mls

(a) 3D frazil dishibution, (b) Frazil evolution during supercooling process
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Figure 81. Group 1. Exp. 71. Tu: -10 oC, H:0.15 m, U:0.430 m/s

(a) 3D frazil distribution, @) Frazil evolution during supercooling process
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Figure 81. Group 1. Exp. 72. Tu: -10 "C, H:0.15 m, U:0.430 m/s

(a) 3D frazil dishibution, (b) Frazil evolution during supercooling process
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Figure 82. Group 3. Exp. 80. T": -10 "C, H : 0.20 m, U: 0.356 m/s

(a) 3D frazil distribution, (b) Frazil evolution during supercooling process
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Figure 82. Group 3. Exp. 81. T": -10 oC, H : 0.20 m, U: 0.367 m/s

(a) 3D frazil dishibution, (b) Frazil evolution during supercooling process
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Figure 82. Group 3. Exp. 82. Tu: -10 oC, H:0.20 m, U:0.357 m/s

(a) 3D frazil dishibution, (b) Frazil evolution during supercooling process
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F'igure 82. Group 3. Exp. 83. Tu:-10 oC, H:0.20m, lJ :0.376mls

(a) 3D frazil distribution, (b) Frazil evolution during supercooling process
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Figure 82. Group 3. Exp.84: T": -10 oC, H:0.20 m, U:0.486 m/s

(a) 3D frazil dishibution, (b) Frazil evolution during supercooling process

I - 
FEz¡r t*-l

o)
L
:J
õ
Lo
o.
EoF
L
(¡)
(úI

0

4.01

6

4

Øo
o)
(E

E
o
s
(U

E

o
E
Lñ
fL

A Physical and Mathematical Study of the Supercooling Process and Frqzil Evolution



Frazil lmage Observations

(a)

ll lExp85 |

a7
0)
õ6
E
(úe

Ol
Lí)
-o3
E
f,.

1

0

lgln.--;t
**r,

Time (Minutes)

f+ waËrmpætuæl l- F@¡r Ël

4

Ît)o
o,(!
.E
o
s
(tt
(I)
L

o
().E
Lo

o_

4.01

4.02

o)
Lf
G
(¡)
o.
E
o)
t--
L
q)

o

=

30
Time (Minutes)

FigureB2.Group3. Exp.85. T":-10 "C, H:0.20m, U:0.510m/s
(a) 3D frazil distribution, (b) Frazil evolution during supercooling process
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Figure 82. Group 3. Exp. 86. T": -10 "C, H:0.20 m, U:0.483 m/s

(a) 3D frazil distribution, (b) Frazil evolution during supercooling process
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tr'igure 82. Group 3. Exp. 87. T": -10 "C, H: 0.20 m, U: 0.485 m/s

(a) 3D frazil distribution, (b) Frazil evolution during supercooling process
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APPENDIX C

Integrals J1 and Jz

As deflrned in Chapter 6

and

l-zl

,,:l(l) at=l(!,)"ar
06

l'zl

(6. r 5)

J, is a beta functionif z <1,

Jt = B(l- z,I+ z) = B(l+ z,l- z) =l(l+ z)f(l - z) = -"o , (ct)
SLÍL Z7T

in which ,B is a beta function, and f is a gamma function.

To solve for J, the following transformation is introduced

(c2)

"=l(l) " "=l(&|"rot (616)

rnx= hÆ],.G'-ù
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lntegrals J1 and J2

Substituting (C2) into (6.16) and exchanging the integral and limit results in

By the derivative definition

Since f(2) = 1, then

(C3a)

(c3b)

(C3c)

(c3d)

(C3e)

(c3Ð

, and (c3e)

(c3h)

,,=\*ï'l&)'tto-,þ€,

',=\#i'ffþt-'{ft)'ae ,

t, =\#ïÞtr - z,I+ z + P)- B(r- z,I* òf,

l(l- z)l(l+ ztr=tt$ il
+p)
p)

f'(1 + z + x)l(2+ n) - l(I + z + x)l' (2 + x)rz =r(r- ò 
|

f (I- z)t(r+ z + þ)
t(2+ þ) r(2) '],*o

¿

+

f
J2 =f(l- rr^;l (1+

r(2
r(1+ z)l-(Ðl

],=,rz qz+ x)

f'(1+ z)l(2) -f(l+ z)l'(2)J, =l(I- z)
t'(2)
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lntegrals Jt and Jz

r z = r(r - z)t(r.,)[## - r' (r)]

since f'(2) =I-y, where 7 is Eulerconstant (0.577215669) then

, zn [r("),¿2- | -, . l¡=l+z
sLnzft L r (r) '

- (1- /)l

(caÐ

(c3i)

(c3k)

However, the derivative of the Gamma function could be approximated as (Spiegel, 1968)

ffir',.' =-v+(i +).(;-*). .(:-*-).
: -y +t" - UË(, + 1)(x + n))]
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Figure Cl: Numerical experiments of functionof f (z).
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lntegrals Jl and J2

Replacing (C3j) with (C3k), then

(c4)

Numerical experiments show that the first term in the square bracket tends to a constant when n is

chosen to be larger then 500 (Figure Cl). An approximation is obtained by using n = 500 .

Defining

5oo -1

.f (r): "Zl,;r +t)(z+ n + 1)]
n=0

then

J, = ,"o lf Ø-tl.
SLÍL ZlT

(c6)

,, = #l'Zn" +t)(z+ z + rl)li - r] .

(cs)
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