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Abstract

Compressed sensing is an exciting, quickly developing field, pulling in significant
consideration in electrical engineering, applied mathematics, statistics, and soft-
ware engineering. It can likewise serve computer vision, coding theory, signal
processing, image processing, and algorithms for efficient data processing. Com-
pressed sensing gives an exquisite framework for recuperating signals from com-
pressed measurements. In this regard, our main focus in this thesis is the problem
of bilinear factorization of sub-sampled matrices, also known as matrix factoriza-
tion (MF), which has different variations, such as unconstrained MF, integer MF
(IMF), non-negative MF (NMF), probabilistic MF (PMF), to cite a few. In this
thesis, we introduce a new Bayesian quantized MF solution based on the approx-
imate message passing (AMP) framework to solve the discrete matrix completion
(MC) problem. Specifically, we resort to the bilinear generalized vector AMP
(BiG-VAMP) algorithm along with a quantizer, and an expectation-maximization
(EM) learning procedure to optimize the quantization thresholds. This approach
enables our algorithm to jointly recover two matrices, denoted as U and V', as
well as their real-valued and quantized product matrices from an incomplete dis-
crete low-rank matrix Y, observed through a component-wise selection transfor-
mation. Extensive computer simulations, based on synthetic and real-world dis-
crete datasets, show that the proposed method outperforms the state-of-the-art
techniques for MF with discrete-valued factors in terms of reconstruction perfor-
mance. Moreover, we conduct a theoretical performance analysis of the proposed
method, based on the state evolution (SE) framework, and show its consistency

with the empirical MSE performance obtained by computer simulations.
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Notation

Throughout this report, the following notations will be used in mathematical equa-

tions unless otherwise stated:

e We use x, x, and X to denote random variables, vectors, and matrices while

x, , and X denote their realizations, respectively.

e Given any matrix X, we use «; and z;; to denote its ¢th column and ijth
entry, respectively. The operator diag(X) stacks the diagonal elements of
X in a vector while I stands for the identity matrix. The operator tr(X)

returns the trace of the matrix X.

e We use px(z) to denote the pdf of any random variable X. Moreover, N (x; T, 02)

(resp., N(X; 5(\, 3)) stands for the Gaussian pdf of a scalar (resp., multi-

—~

variate) random variable x (resp., X) with mean Z (resp., X ) and variance

2

o7 (resp., covariance matrix ). We write ~ and  to say “distributed

according to” and “proportional to”, respectively.

e We also use Ex{.} (resp., Exg{.}) to denote the statistical expectation of
X (resp., X as being parameterized by ) and 6(x) refers to the Dirac delta
distribution. We denote by (x) and (X) the empirical vector and matrix av-
erage value, i.e., (x) £ L 37 7, forx € RV, and (X) £ & SN Z]Mil Tij

for X € RVxM,
e The symbol ® stands for the Hadamard product between any two matrices.

2
e Finally, ®(z) £ \/%Tr ffoo e~z dt denotes the cumulative Gaussian distribu-

tion function.
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Introduction

The real-valued matrix completion (MC) problem considers a partially ob-
served low-rank matrix Y € R¥*M obtained from the following generalized bilin-

ear model:

Y =¢,(Z) with Z = UV, (1)

Here, U € RV*F and V € RM*E are the unknown row-factor and column-factor
matrices over a latent factor of size R, with R < N, M. Moreover, ¢,(-) is a
selection channel representing the process by which a subset €2 of the entries of Y’

is unknown (e.g., equal to 0). That is to say:
Y=0(Z2)=5S0Z, (2)
where S is selection matrix whose entry s;; is given by:

1, if w;; is known
Sij = o (3)
0, otherwise

Finding an efficient algorithm for recovering lost information of a full matrix
from only a known subset of its entries {2 is a recurring problem in a myriad
of practical applications such as recommendation systems (RSs) [50], [51], so-
cial /biological network analysis [47], [55], massive multiple-input multiple-output
(MIMO) in wireless communication [48], [49], internet of things (IoT) sensor net-

works [52], and system identification [53], to cite a few.

In these aforementioned applications, however, the entries of Y are not al-
ways real-valued but rather discrete-valued such as the case for recommendation
systems where the observed matrix has integers between 1 and 5 reflecting user
ratings of certain movies. It is also possible to impose discrete constraints on the
factors U and/or V so as to enforce prior knowledge about the process that gen-

erates the observed data. This can help to improve the ability to detect structures



in the observed data. For instance, in the RSs example, instead of using the widely
adopted Gaussian prior in the RSs applications, a binary prior on U may reflect
that a user either likes or dislikes a movie category. Similarly, binary-valued fac-
tors are the appropriate choice when exclusive choices are justified, such as in the
active/inactive pathway in genomics or the connected/disconnected device status

in wireless networks. [16].

To enforce discrete prior knowledge about Y, U, and/or V', the MC prob-
lem can be regarded as a special case of Bayesian bilinear recovery problems. In
this case, the matrix factorization (MF) problem involves two priors py(U) and
pv(V') of the latent factors U and V. The MF is then followed by a quantization
channel ¢,(-) and a selection channel ¢4(-) as depicted in Fig. 1b.

Quantization Y = #q(Z) Selection Y= ¢s(i}>
7z — > —
channel ¢q(+) channel @(+)

(a) Matrix completion

py(U)—> Marix Z=U VT Disore.te y = ¢q(%> Selection  |Y = ©S<?>
factorization g })IOJ(’(',UOH " | channel ¢(-)
pv(V)—> @q(-)

(b) Matrix completion through bilinear fac-
torization

Figure 1: The quantized MC transformation modeled as a cascade of a quanti-
zation channel ¢,(-) followed by a selection channel ¢4(-). The goal is to recover
in (a) a matrix Z or in (b) two matrices U and V through the explicit bilinear
factorization Z =U V.

The observation model of Y given in (1) is then expressed as:
Y =0, (Y) =0, (6,(UVT)) =806, (UV), (4)

where Y £ bq (U VT) is the quantized matrix before the selection channel, whose

entries belong to a [-discrete alphabet, e = {e1,es,..., ¢} with | < NM.

The quantizer ¢,(-) maps a real-valued input to a finite set of I-discrete val-
ues defined according to the quantization thresholds r = [r, 7, ... ,rl_l]T. By

defining rg = —oo and 1, = +o0o such that rop < 7 < ryg < --- < 1y < 1y



the quantization output is assigned to one of the [ discrete values determined as
follows: )
er, Zij € |ro, 1]

ex, Zij € |r1,79]

(5)

Yij = ¢q(2i5) =

(€1 Zij € [ri-1,m]

The MC formulation in (4) handles two types of discrete constraints: the dis-
creteness of Y induced by the quantization channel ¢4, and the discreteness of
U and V imposed by their respective priors py(U) and py(V). In this thesis,
we build upon the approximate message passing (AMP) paradigm and introduce
a new related algorithm along with its state evolution analysis to solve the two

types of discrete constraints involved in the MC problem.

The rest of this thesis is organized as follows: Chapter 1 reviews some of the
very well-known latest research studies on discrete MF/MC problems, pointing
out their limitations, highlighting the contribution of this research, and show-
casing the novel approach used to surpass existing techniques. Then, Chapter 2
introduces the probabilistic graphical modeling technique, and gives some math-
ematical preliminaries that were used in the report. Chapter 3 delves into the
AMP algorithms for linear compressed sensing applications. After that, Chapter
4 presents our proposed method for the quantized MF problem as also used to
solve the discrete MC problem. Finally, Chapter 5 discusses simulation results
of synthetic and real-world discrete datasets, demonstrating that our proposed

method outperforms current state-of-the-art techniques.



Chapter 1

Related Work & Contributions

1.1 Related work & limitations

Until recent years, MC solutions (e.g., see [17,18] and references therein) focused
on the reconstruction of real-valued matrices. Recent research studies, however,
have shown in some applications, that the reconstruction performance can be im-
proved by leveraging the discreteness (e.g., binary or counts) of the observations
as encountered in many real-world applications [19-21]. Given the voluminous
amount of research on real-valued MC methods, we review here the notable ap-
proaches to solve discrete-valued MC problems, i.e., when the entries of Y belong
to a finite discrete alphabet. In the sequel, we call the MC methods accounting for
the discrete nature of Y, U or V as “discreteness-aware” approaches, and those

ignoring it as “discreteness-blind” approaches.

1.1.1 Discreteness-blind methods

The observed matrix Y in (4) is sparse because it usually has a large unknown
set of entries 2 due to the selection channel ¢g(-). This sparsity constraint, along
with the cardinality variation of €2 makes the computation of distances between
row and/or column vectors of Y biased [27], [28], [26]. As a result, it becomes diffi-
cult to draw definitive conclusions on the missing entries based on the row/column
correlations in Y. In the context of movie recommendation systems [26], the zero-
elements were replaced with the users’ and items’ average rating scores before
applying the SVD to reduce the dimensionality of Y. Another line of work in [27]
has proposed an MF model, called LLORMA, based on SVD, assuming that Y
is locally low-rank and hence modeled as a weighted sum of low-rank matrices.

Meanwhile, Goldberg et al. in [28] addressed sparseness by ensuring that all users



rate a common set of k-items from Jester, an online joke-recommending system.
Their method uses a principal component analysis (PCA) approach which reduces
the dimensionality of Y by optimally projecting highly correlated data along a

smaller number of orthogonal dimensions.

The probabilistic ME (PMF) model was also proposed in [29] and demon-
strated better accuracy than other approaches, such as nearest-neighbor models
and restricted Boltzmann machines. The efficiency of training PMF models derives
from obtaining only point estimates of model parameters and hyper-parameters

rather than inferring the entire posterior distribution over them.

While traditional SVD and PCA methods ignore the possible non-linearity
inherent in data, nonlinear dimensionality reduction methods have been proposed
such as sparse spectral techniques (e.g., locally linear embedding (LLE) [30] and
Laplacian eigenmaps (LE) [31]). However, their formulations as eigenproblems
have high condition numbers, making the attempt to solve them, using state-of-
the-art eigensolvers, challenging. Traditional MF methods such as NMF |24, 32]
handle the data sparsity by preprocessing the sparse observed matrix Y. To obtain
a dense matrix Y, they impute appropriate values for missing entries before esti-
mating a suitable low-rank approximation to Y. While such an approach improves
the reconstruction performance over the standard SVD method, the data sparsity
is handled in a way that is not part of a well-studied mathematical framework

where the processing operations are theoretically justified.

1.1.2 Discreteness-aware methods

Recently, there has been a lot of attention on finding ways to solve equation
(1), when the observation matrix Y is discrete. The most efficient method for
doing so is through bilinear factorization [34,35|, which can directly deal with the
discrete optimization problem and thus reduce the quantization loss to a large
extent. Despite this achievement, discrete MF (DMF) is still limited by the dis-
torted modeling of the real-world data structure. Firstly, DMF mainly focuses
on modeling the observed entries but ignores the gathering structures that are
hidden in the row/column features. Several research studies focused on the one-
bit quantization scenario of the observation model (1), i.e., with ¢, () = sign(-).
In [56], a solution for one-bit MC was proposed using convex programming that
maximizes a log-likelihood function. Another one-bit MC solution was proposed

in [57] where the authors examined max-norm convex relaxation, introduced a
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max-norm constrained maximum likelihood estimate, and analyzed its conver-
gence rate. Using information-theoretical methods, they established a mini-max
lower bound, which resulted in an optimal Frobenius norm loss rate. The study
in [58] presented a rank-constrained maximum likelihood estimator and an effi-
cient greedy algorithm extending the conditional gradient descent for one-bit MC.
The algorithm converges linearly to the underlying low-rank matrix, achieving the
optimal statistical estimation error rate. Thus, while suffering from less generality
in the quantization levels, this method is not robust in dealing with generalized

quantized settings due to the priors on the latent factor matrices.

More recently, there have been other studies focused on extending one-bit
MC to the multi-level quantized MC, such as [59]. There, a new method was
introduced for quantized MC by relying on the approximate projected gradient
approach to minimize a log-likelihood function under an exact rank constraint.
To do this, the log-likelihood term is penalized with a log-barrier function. Bilin-
ear factorization is then applied using the gradient descent technique to solve the
resulting unconstrained problem. This method is robust and leads to noticeable
numerical results in matrix recovery. However, it is vulnerable to convergence is-
sues with local minima or saddle points and requires an accurate rank estimation
at the beginning. In a more recent study [60], a novel technique for quantized MC
was introduced. It employs a regularized convex cost function that combines a log-
likelihood term and a trace norm term, using the bilinear factorization approach
and the augmented Lagrangian method (ALM) to find the global minimizer and

recover the original data.

Newly, inspired by proximal gradient techniques used in non-convex problems,
Hiroki et al. [21] showed a good performance on the MovieLens dataset, They
utilized an additive discrete-aware low-rank regularizer to handle the partiality
of the observed data. To ensure that the real-valued entries of the matrix U V'
match with the discrete entries of Y, the low-rank regularizer approach employs
a mask operator (i.e., projection). By relaxing the original rank minimization
problem, a convex optimization problem is obtained, which minimizes the sum of
the singular values of the unknown matrix over the ¢;-norm using semi-definite
programming. Another significantly more general line of work was recently pro-
posed in [19] to handle both count and binary matrices in a unified manner via
Poisson /truncated Poisson factor models and allows incorporating arbitrary types

of row/column features via a regression model while maintaining robustness. An-



other proposal by Huo, Z et al. [20] presents a new optimal discrete-aware MC
algorithm. They introduce new threshold variables that integrate continuous MC
and threshold learning in the same loss function. Their work shows a low error
estimation loss for discrete MC, enabling optimal threshold learning. Recently,
in [61], the authors proposed a solution to the MC problem over finite fields of
any arbitrary size. Their proposed technique is based on belief propagation (BP)
and message passing (MP). While their solution is effective, AMP algorithms are
computationally less expensive than MP algorithms on complete graphs. Addi-
tionally, AMP algorithms can also be used when more sophisticated priors (e.g.,

plug-and-play priors [62]) are available on the latent factors.

While most of the novel discreteness-aware methods have shown improved
performance, they only treat the observation data matrix as discrete, but in some
cases, the discreetness can be extended to the factorized matrices for even better
results. To overcome all the aforementioned limitations, this work introduces a
new AMP-like algorithm inspired by the BiG-VAMP introduced in [1], along with
its SE analysis to solve the MC problem when U, V and Y are discrete.

1.2 Contributions

We build upon the bilinear generalized vector approximate message passing
(BiG-VAMP) framework [1] to devise a new algorithm coined BiG-VAMP-MC
tailored to solve discrete MC problems, along with its state evolution analysis.
While existing MC methods handle discrete-valued entries either in the observa-
tion matrix Y or latent factors U and V', BiG-VAMP-MC handles both cases

simultaneously by:

1. integrating an output quantization and selection transformations, ¢,(-) and
¢s(+), respectively to model discrete entries and handle missing observations
inY.

2. using adaptive quantization thresholds of ¢,(-) learned via the EM algorithm.

3. taking advantage of the discrete-valued i.i.d. priors on U and V which are
systematically handled by BiG-VAMP!.

!Note that a state-of-the-art competitor to BiG-VAMP, namely BiG-AMP [37], does not
converge under discrete priors as has been shown in [1].

7



Chapter 2

Graphical models

Introduction

In this chapter, we start by introducing some fundamentals and mathematical
tools that were used along with this research project, from graph theory to belief

propagation, and all the parts that are detailed in later sections.

2.1 Graphical modeling

Probabilistic graphical modeling is a part of artificial intelligence that reviews
how to utilize probability distributions to describe the world and to make helpful
predictions about it, there are many motivations to find out about probabilistic
modeling. For one, it is an interesting scientific field with an excellent theory
that spans in surprising ways two different branches of mathematics probability
and graph theory. Probabilistic modeling additionally has interesting associations
with philosophy, especially the topic of causality. At the same time, probabilistic
modeling is broadly utilized through machine learning and in many real-world
applications. These strategies can be used to solve problems in fields as diverse
as medicine, language processing, vision, and many others. This mix of elegant
theory and ground-breaking applications makes graphical models one of the most

intriguing themes in modern artificial intelligence and software engineering

When trying to solve a real-world problem using mathematics, it is excep-
tionally regular to characterize it with a mathematical model of the world in the
form of an equation. Perhaps the simplest model would be a linear equation of

the form:



y=8"x. (2.1)

where y is the variable that we want to predict, and x are known (given) variables
that affect the outcome. For example, y may be the compressed signal observed
via certain antennas, and x is the true signal that we want to recover, etc. Here

y is a linear function of this input (parameterized by 3 ).

Often, the real world that we want to model is very complicated, in particular,
it regularly represents a significant amount of uncertainty. It is in this way very
natural to deal with this problem by modeling the world as a probability distribu-
tion pyy(x,y) that represents the joint probability of the variables, which follow
a known distribution for the most of problems. To go deeper through the details
of this theory next subsections are divided into two major parts: representation

(how to specify a model) and inference (how to ask the model questions).

2.2 Describing probabilities with graphs

A perfect way to represent the mathematic model that represents the real-
world problem is to use the graph theory; probabilities are described by graphs
whose properties (e.g., connectivity, tree-width) will reveal probabilistic and algo-
rithmic features of the model (e.g., independence, complexity), in which the nodes

correspond to variables and the edges indicate dependency relationships.

2.2.1 Probabilistic modeling with Bayesian networks

The sorts of models that we see here are alluded to as Bayesian networks.
Bayesian networks (a.k.a. Directed graphical models) are a group of probability
distributions that admit a compact parametrization that can be normally de-
scribed using a directed graph. The main idea behind this parametrization is

simple, recall that by the chain rule, we can write any probability p as:

Dt xn (X1, T2, -0, Tn) = Dy (1) Dxolxa (2]T1) P xn1, 1 (T |Trm1, -0, T2, @1)
(2.2)

A compact Bayesian network is a distribution in which each factor on the

right-hand side depends only on a small number of ancestor variables x4, :

DPxifxi1 1 (TilTic1, - 01) = Dy, (TilTa,) - (2.3)



More formally, a Bayesian network is a directed graph G = (V, E) whose nodes
represent variables in the Bayesian sense: they may be observable quantities, la-
tent variables, unknown parameters or hypotheses. Edges represent conditional
dependencies; nodes that are not associated (no path interfaces one node to an-
other) represent variables that are conditionally independent of each other. Each
node is related to a probability function that takes, as input, a particular set of
values for the node’s parent variables and gives (as output) the probability (or
probability distribution, if applicable) of the variable represented by the node.

Figure 2.1 shows a Bayesian network over four variables

Figure 2.1: A fully connected Bayesian network over four variables

with :
e A random variable x; for each node ¢ € V.

e One conditional probability distribution pyx,, (xi]z4,) per node, specifying

the probability of x; conditioned on its parents values.

To sum up, Bayesian networks represent probability distributions that can be
formed via products of smaller, local conditional probability distributions (one for
each variable). By communicating a probability in this form, we are introducing

into our model assumptions that certain variables are independent.

This brings up the issue: which independence suppositions are we precisely
making by using a Bayesian network model? This question is important because
we should know definitely what model suppositions we are making (and whether
they are correct). Additionally, this information will help us design more proficient

inference algorithms later on.
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2.2.2 Factor graphs

Bayesian networks are a class of models that can moderately represent many
interesting probability distributions. However, some distributions may have inde-
pendence suppositions that cannot be perfectly represented by the structure of a

Bayesian network.

In such cases, unless we want to present fake independencies among the vari-
ables of our model, we must fall back to a less reduced representation (which can
be viewed as a graph with extra, superfluous edges). This leads to additional, un-
necessary parameters in the model, and makes it progressively hard to get familiar

with and to make predictions.

There exists, however, another method for compactly representing probabil-
ity distribution which is based on undirected graphs, a factor graph is one such
approach to this. A factor graph is a bipartite graph where one group is the
variables in the distribution being displayed, and the other group is the factors
defined by these variables. Edges go among factors and variables that those fac-

tors depend on.

N Xy
f2 fa

Figure 2.2: Example of a factor graph with three variables and four factors

The graph displayed in Fig. 2.2 represents the following joint probability dis-

tribution:

Dxixaxs (X1, T2, 3) = f1(21) fo (21, 22) f3 (21, 22) fa (22, 23) . (2.4)

This view permits us to more readily observe the factor dependencies between

variables, and later we will see it allows us to process some probability distributions

11



without any problem.

2.3 Inference in graphical models

Given a probabilistic model, the inference points out a way to obtain answers
to relevant questions about the real modeled world. Such questions frequently
reduce to querying the marginal or conditional probabilities of certain events of
interest. More concretely, it will be typically interested in asking the system two

types of questions:

e Marginal inference: how much is the probability of a given variable in the

model after summing everything else out?

Dx, (1) = Z Z e ZPM,---,M (X1, T2, ..., xp) . (2.5)

T2 T3

e Maximum a posteriori (MAP) inference asks for the most likely assignment
of variables.

ArgMAaX Py, . xpy (T15- -+, Tnyy = 1). (2.6)

L1y-eTn

The main difference between the two types of inference on graphs cited above is
that the marginal inference treats the estimation problems and recovering certain
distributions that model a real-life problem, and the MAP inference goes through
optimization problems when it works on the maximization of the joint probability

of specific phenomena under some existing constraints.

2.4 Belief propagation

Belief propagation (BP), also known as sum-product message passing, is an
algorithm treating inference on graphical models, such as Bayesian networks and
Factor graphs. It computes the marginal distribution for each unobserved vari-

able, conditional on any observed variables.

Variants of the BP algorithm exist for several types of graphs, we describe
here the one used in our main algorithm which treats estimation problems and
operates on a factor graph. The algorithm works by exchanging messages (real-
valued functions) between the hidden nodes alongside the edges. More precisely,

these messages contain the "impact" that one variable applies to another. The

12



messages are computed distinctively relying upon whether the node getting the
message is a variable node or a factor node, we have two types of messages: factor-
to-variable messages u and variable-to-factor messages v. Both messages require
taking a product, but only the factor-to-variable messages i require summing, the

calculation of these messages is given by the following formulas:

Vyar(i)— fac(s) (xz = H M fac(t)—var(i) (xz) )
teEN(i)\s
(2.7)
M fac(s)—var(i) Z fs xN(s H Vyar(§)— fac(s) ( )
TN(s)i JEN(s)\¢

I

Wi (x;)
s
I

u ui(-\‘i )

Ju

Figure 2.3: Factor graph messages

The notation N(i)\j refers to the set of nodes that are neighbors of i, excluding
J

If convergence happens, the estimated marginal distribution of each node x;
is proportional to the product of all messages from adjoining factors (where o

denotes the proportional operator as defined in Notation part)

Dx; (XZ) X H K fac(t)—var(i) (Xz) . (28)
teN(i)

Similarly, the estimated joint marginal distribution of the set of variables xyy)
related to one factor f, is proportional to the product of the factor and the messages

from the variables

pr(S) <XN( ) X fs XN (s H Vyar(j)— fac(s) ( ) (29)
JEN(s)

13



In the case of factor tree graphs, these estimated marginal distributions converge

to the true distributions in limited iterations.

2.5 Mathematical preliminaries

Pseudo-Lipschitz functions

For a given k > 1, a function g : R® — R" is called pseudo-Lipschitz of order k,

if there exists a positive constant C' > 0 such that for all x;,x, € R®
lg (1) — & (x2)|| < Cllx1 = xa| |1+ [l + [Ix2 "7 - (2.10)

In the case where k = 1, the pseudo-Lipschitz continuity becomes the standard

known Lipschitz continuity.

Empirical convergence

For a given dimension r > 0, and suppose that, for each N, y(N) is a vector of

the form
y(N) = [y1(N),...,yn(N)]

with vector sub-components y,(/N) € R". Thus, the dimension of y(N) is 7 x N. In
this case, y(IV) is called a block vector sequence. Now, we suppose that y = y(N)
is a block vector sequence that may be deterministic or random. For a fixed p > 1,
We say y = y(IV) converges empirically with p-th order moments if there exists a
random variable Y € R" such that

(i) E|Y'|? < oo; and

(ii) for any scalar-valued pseudo-Lipschitz continuous function g(-) of order p

N
lim %;g (¥n(NV)) = Elg(Y)] almost surely .

N—oo

Thus, the empirical mean of the components g (y,(N)) converges to the expecta-
tion E[g(Y')]. When y converges empirically with p-th order moments, it will be

written, with some abuse of notation,

. N PL(p)
dim Ay}, =Y

14



Central limit theorem (CLT)

Let (Y,),, be a sequence of real random variables i.i.d. of integrable square
of the same distribution as Y. We assume that Var(Y) > 0 and we let

thus, )
VN <mN_—Em> — N(0,1) in law,

ON

when N — oo.
In particular let a real ¢ > 0

iy — E[Y]

ON

P[\/ﬁ

‘<c} — 1 — a,

when N — o0,

where o, = P[|X]| < ¢] for X ~ N(0,1) so for N large,

Asymptotic theorem on random matrix theory

In the book "Random Matrix Theory and Wireless Communications" |[6],
the author proposed a tutorial overview that focuses on linear vector memory-
less channels. These channels have the form y = Hx + n, where H € RV*K|
x € RE y € RY, and n € RY is a circularly symmetric Gaussian noise. The the-
orem specifically considers the case of a zero-mean, independent, and identically
distributed (i.i.d.) channel matrix H with variance % in the high-dimensional
regime, where K, N — oo with % — (. For a given signal-to-noise ratio (SNR),
the tutorial shows that the following result holds:

F(SNR, )

43SNR (2.11)

%tr{(l—i—SNRHTH)l} 1

with:

Flz,2) = (\/:1:(1+\/E)2+1 — a1 - v 41 )2.
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Conclusion

In this chapter, we provided the fundamental tools of graphical models, and
some necessary mathematical preliminaries and background, that we used in this
work, especially, in the derivation of our proposed computational and theoretical

solutions.
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Chapter 3

Linear Approximate Message

Passing Algorithms

Introduction

In this chapter, we present a quick overview of compressed sensing applications in
the signal processing field. Furthermore, we briefly provide detailed techniques for
signal recovery using message passing algorithms, applied to linear vector memory-

less channel models.

3.1 Compressed sensing

Compressed sensing gives provides a framework for recuperating signals from
compressed measurements. For example, it can exploit the structure of natural
pictures and recover a picture from only a few random measurements. the received
measurements can be expressed linearly or non-linearly as a function of the signal
to be recovered with additive noise most of the time. For instance, in signal

processing, it treats the linear inverse problem models of the form:
y = Axy + W, (3.1)

where y is M-dimensional measurements that contain the received compressed
signal entries, xg is the N-dimensional true signal to recover, the M-dimensional
vector w represents the additive circularly symmetric Gaussian noise and the
matrix A is the M x N random channel matrix used for compression. To solve
this problem, it is generally assumed that the sensing matrix A is fat (More

unknowns than measurements N >> M) and that the true signal x, to recover

17



has a sparse structure.

3.2 Approximate message passing

There has been as of late much exertion on finding new algorithms for re-
cuperating sparse solutions from the measurements of the form (3.1), the AMP
algorithm was proposed as an iterative method to recover x, € R™ based on
BP inference technique, from the received values of y € RM, when A € RM*¥
is a large i.i.d. sub-Gaussian matrix with variance %, and the noise vector w ~
N (0,7,0I) € RM™. One approach to do that is by solving an optimization problem
of the form:

N 1
X = argmln§”y—AXHg—i—/\Hle, (3.2)
xeRN

where X is an estimate of xq, with A\ > 0 promotes the sparsity in X, in order
to introduce BP, we need to define a joint density distribution on the variables

s =(s1,...,5y) as follows:

(ds) = % Hexp (=BAlsil) [ [ exp {_g (Yo — (As)a)2} ds, (3.3)

where C' is the normalization constant, and [ is a positive parameter when it
goes to oo, the mass of this distribution converges for the solution of equation
(3.1). Here, we consider the factor graph G = (V, F, E) with variable nodes
V = [N] = {1,2,...,N}, factor nodes F' = [M] = {1,2,...,M} and edges
E = [N] x [n] = {(i,a) : i € [N],a € [M]}. Thusly G is a factor graph with
N variable nodes and M functional nodes. It is simple to deduce that the joint
distribution (3.3) is defined according to this factor graph. So, the messages
exchanged between nodes and factors in the sum-product algorithm will have the

following expressions:

Vfii (i) = exp (—=BAsi]) H Vli—)z‘ (si)
b#a

dhnto) = [ {5 = (a7 T vfou ).

JFi

(3.4)

Then, we can show, by applying the CLT, that in the large system limit when
N, M — oo with % = 0, the BP messages are well approximated by families
with two scalar parameters, after deriving the updated rules for these parameters

and taking  — oo (the entire mass of the distribution will concentrate around
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the mode) to get the appropriate rules for minimization. Finally, Taylor formulas
approximate the message passing rules for large systems with updates. We will

get the iterative algorithm shown below:

zp=n (v + A 25 A+ %), (3.5)
1
Zt41 =Y — Axt + th <7]/ (.ftil + A*Zt71)> s (36)
A+
Vit1 = ; n (N (Az + 257+ A)) (3.7)

with 7(, ) is the soft thresh-holding function defined as follows:

1
n(x;b) = argmin {\s\ + %(5 — x)Q} :

seR
r—0b ifb<ua (3.8)
=4 0 if —b<z<b

z+b ifz<-—b

where (-) is the empirical average operation as defined in the notation part.

Another approach to do that is by using the Bayesian inference. In this case,
one takes a prior density py(x) and likelihood function pyx(y|x) and then tries to
determine the posterior density:

py\x(Y‘X)px(X)

Py (XIY) = X (39)

or, in practice, the MAP estimate:
XMAP = arg max pyjy(x|y). (3.10)
X
or the minimum mean-squared error (MMSE) estimate:

XMMSE = argfnin/ |x — X|*pay (x]y)dx = Eyy {x]y}- (3.11)

N

using the posterior marginal densities {pxn|y (Jcn|y)}n:1 .

For this approach, we need a function called denoising function ¢ (-,7;) :

RY — RY parameterized by 7, and (g} (rs,7;)) is its divergence at r;. In par-
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ticular, g} (ry,v;) € RY is the diagonal of the Jacobian:

agl (rt7/7t):| ) (312)

g1 (ry,v) = diag [ or,

when A is a large i.i.d. sub-Gaussian matrix, w ~ N (0,7;(}1) , and gy (-, ) is

separable , i.e.:

&1 (re, 7)), = 91 (Tns ) 3 V2, (3.13)

with identical Lipschitz components g; (+,7;) : R — R, AMP shows a momentous
conduct, which is that r; behaves like a white-Gaussian-noise corrupted version of
the true signal xq:

r; = X9+ N (0,7]), (3.14)

for some variance 7; > 0, the expression of the denoising function is deduced
recording to the problem treated, supposing that x has an i.i.d. prior, which

means:
N

px(x) = [ pen () - (3.15)

n=1

For the MMSE problem cited above, AMP can be applied by choosing:

91 (Tins ve) = E [@0]rim, V] (3.16)

where the conditional density is given by:

Pratten @alrins 1) o€ exp | =2 11 — 2 4+ 10g (b, (2a))] . (3.17)

For later use in the AMP algorithm we note that the derivative of the MMSE

scalar denoiser (3.16) is calculated through the following expression:

91 (Tns Ye) = e var [T |7, 2] - (3.18)

In (3.17) 7, can be interpreted as an estimate of 7, the iteration- ¢ precision
of r; from (3.14). In the case that 7; is known, the "matched" condition is satisfied

when v, = 7,1

The AMP iterative method as shown in Algorithm 1, has a great convergence
performance for large Gaussian i.i.d. channel matrices and it can be analyzed
theoretically via state evolution framework which is introduced in the next parts,

However, in cases where the channel matrix is not just Gaussian i.i.d., the algo-

20



rithm diverges and might lose some key properties, so for a better way there is
an alternative algorithm that was recently proposed, which is defined in the later

section.

Algorithm 1 AMP

Require : Matrix A € RM*N  measurement vector y, denoiser g; (-,7), and
number of iterations 7,

Set v_; = 0 and select initial rg, v
fort=1,..., T, do

X = g1 (re, )

ar = (g} (rs, 1))
vi=y—Ax; + %at—th—l
r =X+ ATv

Select ;41

end for
Return x7,, .

3.3 Vector approximate message passing

The vector AMP algorithm (VAMP) was proposed as a better alternative to
AMP, which works perfectly and guarantees all the desirable properties of the orig-
inal AMP (i.e., low complexity, very fast convergence, ...), but for a much wider
general class of channel matrices A, those are called right orthogonally invariant
matrices: when the distribution of A is the same as AV for any fixed orthogonal

matrix V.

The main idea of its derivation is to split the variable x into two identical
variables x; and X, the first variable x; will be denoised by the MMSE bloc using
the function defined in (3.16), (3.18), and the second variable x5 will be estimated
using the LMMSE (Linear-MMSE) estimator bloc, after exchanging the approx-
imated messages with the MMSE bloc. Figure 3.1 shows the new factor graph

used in the VAMP construction, where its new joint distribution is given by:

py,XLXZ (Y7 X1, X2) = Pxq (Xl) 6 (Xl - X2) N <Y7 AX27 Vz;l]:) ) (319)
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p(x1) 01 —x2)  N(yiAxg,7,'T)

E O = O N
- N

X1 Xa

Figure 3.1: Vector approximate message passing factor graph

where §(-) is the Dirac delta distribution. Using the BP techniques for the two
sides of the graph, and by applying the above message passing rules to the new
factor graph, we will get the VAMP algorithmic steps shown in Algorithm 2.

Here is the expression of the LMMSE denoising function:

Algorithm 2 VAMP

Require : LMMSE estimator gy (ra, vo:) from (24), denoiser g; (-,71¢), and
number of iterations 7,,,..

Select initial rip and 19 > 0
fort=1,...,T,,., do

// Denoising

X1 = g1 (T, Y1)

a1 = (g (T1e; M)

e = Y1t/ 01

Yot = Tht — V1t

ror = (MeXie — YV1ele) /7o

// LMMSE estimation

Xo = g2 (1‘215, ’)/215)

Qigp = <g’2 (I'2t7 V2t)>

T2t = 7215/ Qot

Y,e+1 = T2t — V2t

it = (772t}22t - ’Y2t1'2t) /’Yl,t+1

end for
Return xi7,,,,,

-1
g2 (T2r, Y2r) i= (’YwATA + 721:1) (%;AT.Y + ’72t1'2t) . (3.20)

Analogously to the MMSE function (3.16), the above expression can be recognized
as the MMSE estimate of a random vector xs under likelihood N (y; Axa, v, '1)
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and prior xg ~ N (rgt, 72;11) . since this estimate is linear in ry, and it is easy to

deduce its derivative expression as:

(85 (rar, 721)) = % Tr [(%ATA - ’th:[)_l} : (3.21)

Conclusion

In this chapter, we presented an important application of signal processing in
wireless communication, linear compressed sensing, and we showed two important
algorithms that were recently developed to treat these linear problems efficiently,

with a superior performance.
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Chapter 4

Quantized BiG-VAMP for discrete
MC

Introduction

In this chapter, we start by formulating the bilinear problem recovery, and
then we take a look at the background of low-rank matrix reconstruction. To end
this chapter, we present our novel BiG-VAMP-MC algorithm, as a bilinear signal
recovery tool that solves the discrete MF/MC problems.

4.1 Bilinear generalized signal recovery problems

4.1.1 Problem formulation

RNXM

We consider an observation matrix, Y € , obtained from the following

generalized bilinear model:

N M
viz(Y12) = [[ IIpy. e Wislz) with Z2 =UVT, (4.1)

=1 j=1

where U and V' are two unknown matrices in RV*" and RM*"_ respectively. The
goal is to recover U and V based on the knowledge of Y and the model in (4.1).
The latter applies to a myriad of problems ranging from noisy dictionary learning
[41], matrix completion [42]|, and sparse PCA [43], to matrix factorization [44],
low-rank matrix reconstruction [36], and subgraph estimation [45], just to name a

few. A special relevant case of the generalized bilinear observation model in (4.1)
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1s:

Y =¢oUV + W), (4.2)

in which ¢(-) is a non-linear element-wise function and W € RV*M is an additive
white Gaussian noise matrix whose entries are assumed to be mutually indepen-

dent with mean zero and variance v, !, i.e., w;; ~ N(w;;;0,7v,1).

Consider the bilinear recovery of two random independent matrices U = [uy, ..., uy
€ RV and V = |vy,...,vy]" € RMX" from a linear noisy observation Y =
UV +W € RYV*M_ Given some common priors, p,(u;) and p,(v;), on the vec-
tors u; and vj, respectively, the goal of BP is to approximate their joint posterior

distribution:

pu,v|Y(ui7 'Uj|Y; '71;17 B) = pu,v|yi]~ (Ui, Uj’yij; ’7;17 B)

—1\8
X Py, luv (yijluwi, vji70)” pu(ui)® pu(v;)P. (4.3)

= fij (wiyvg)

4.1.2 Low-rank matrix reconstruction: Graphical models
and derivation
We consider the factor graph in Fig. 4.1 associated to (4.3) with variable nodes,

u; and v;, their prior factor nodes, p,(u;)? and p,(v;)?, and the labels, f;;, which

we use as a shorthand notations for the factor nodes:

fwi, ;) 2 pyu (Yig]wi, vja7;1)ﬁ7
=N (yijsulvj, 71" - (4.4)
wherein f is a temperature parameter introduced here to treat the MMSE (8 = 1)
and MAP (8 = +o0) inference problems in a unified framework. By taking f = 1
(i.e., MMSE estimation), pyyy(u;, v;|Y;7,", ) reduces to the true joint poste-
rior pyyy (u;, v;]Y;7,"). In the limit § — oo (i.e., MAP estimation), however,

Puyly (Wi, v;|Y; 7,1, B) concentrates on the maxima of pyyy (wi, v;]Y;7,1).

Using the message derivation rules of loopy BP, the four messages defined
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P,y (vl)ﬁ pVZ(UQ)ﬁ Dvas (’U]\J)ﬁ
[ ] [ ] | |

Pu, (ul)ﬂ
| | ] ||
( ?BGD\W- B Fo fim
Pu, (U
IQ—GK. r H
f21 f22 . fg]\,[
Pun (U'N)ﬁ
.—‘ :: E r H
- fai vz Inm

[hij)—it | message from node f;; to node u;
V(ij)—j¢ | message from node f;; to node v;
Mi—(ij): | message from node u; to node f;;
Vj(ij), | message from node v; to node fi;

Figure 4.1: Factor graph associated to (4.3). The circles represent variable nodes
and the squares represent factor nodes.

in Fig. 4.1, , are expressed as follows (where ¢ stands for the iteration index):

()i (W) X /f(uz‘,vj) Vis(ij)i—1 (v5) dvy, (4.5a)

Hies (i) 41 (Wi) O Pu (ui)BHM(i,Z)—n‘,t (ui) (4.5b)
4]

V(i,5)—j.t (Uj) X /f(uz'avj) Hi—(i,5),t—1 (u;) dug, (4.5¢)

Vios(ij)e+1 (Vf) o py (v;)° H V(k,j)—jt (V) - (4.5d)
kot

Assuming v; ~ v, 1)+ (v;) with mean ﬁH(“)’t and covariance matrix B*IR\,,H(MN,
it was shown in [36] by virtue of the CLT that the product of incoming messages,
Hl# [(i1)—it (i), to any variable node u; from all factor nodes { fi; }i; can be ap-
proximated by a Gaussian density with mean by ;_,(; ;) and precision SAy ;¢
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bu,H(z’,j),t = Yw Z Yil am(i,l),t, (4.6a)
I#j

Aisiigye = Yuw Y (@—m‘,o,t B + B Ryisiine — Y Vi Rv,l—>(i,l),t)- (4.6b)
1]
In other words, by dropping the normalization factor that does not depend on w;,

we have:

g
H H(i,l)—it (u;) oc exp (_gu;Au7i—>(i,j),tui + B Uinu,H(z‘,j),t . (4.7)
I#5

The inherent symmetry among the variable nodes u; and v; yields an equiva-
lent Gaussian approximation for [], i V(kg) =it (v;) under the density of uy ~

[k (k.j),¢ (Wr;) with mean @y, j)+ and covariance matrix 57 Ry (k) +-

B T T
T vy (05) o exp (—5% Avjs(ig) 05 + B0 by josiige | (4.8)
ki
with
Bujos (i)t = T D Yk Gk (k) (4.92)
ki
~ ~T _
Ay jatige = Tw Y (uka(k,j),t Upy gy + B Ruks (bt — Yoo Ui Ru,lﬁ(k,j),t)
ki
(4.9b)

Pictorially, the messages given in (4.7) and (4.8) are shown in Fig. 4.2 as messages
(D and (2). Note here that (1) is the aggregate message that is collectively sent by
all factor nodes { fij/}y:17j'7’5j to w;. Similarly (2) is the aggregate message that is
collectively sent by all factor nodes { fi/j}f,vzlyi,# to v;. Moreover, the mean values,
Ui (i) e+1 and Ui ) 141, as well as the covariance matrices, 7' Ry i—(;,j)++1 and
B8Ry j(i j)i+1, of messages (3) and (9, respectively, are given in (4.16a)—(4.16d).
To reduce the complexity in the number of computed messages, the (i, j) —dependent
quantities in (4.6) and (4.9), are replaced by the following (i, j) —independent (i.e.,
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broadcast) ones:

buit = Y Y Yid Dios(i) (4.10a)
l

Awit = Tw ) @H(u),t B uns + (87— v) va,t), (4.10D)
l

byjt = Y Z Y.k ak—>(k,j),t7 (4.11a)
k

AV,j,t = Yw Z(ak—)(k‘,j)ﬂf ﬁgﬁ(k,j),t + (5—1 — fywyzyj) Ruk,t)- (411b)
k

This follows from the approximation of the covariance matrices, 6‘1Ru7i_>(z~7j),t

- ij (vj)ﬂ

\B N M
W T Y
Pu ( z) @ H H ./\/-(yzlj/7u:|,—’l)j/”8 1,yw1)

i'=1j5=1

A1 _ —1
) N(ui’Au,i—)(i,j),tbuvi—’(ivj)at7B 1Au,i—>(i,j),t)
AL _ 1
® N@J’vAv,j—>(z’,j),tbv7j—>(i,j),tv5 1Av,j—>(i,j),t>

Figure 4.2: Explicit messages resulting from the CLT approximations shown here
for a single cell of the entire factor graph depicted in Fig. 4.1.

and 'Ry j_ i)+, involved in (4.6) and (4.9) by broadcast covariances, 371 Ry, ;
and SR, , respectively, with a vanishing error order O(M ") [36]. By recalling

(4.16a)-(4.16d), the underlying broadcast means and covariances are given by:

ai,t—l—l = f, (bu,z’,t7 A;zl*,t)a (4-12)
Rui1 = Ve, fulbuin, Ayl (4.13)
Ujrn = f(buje Ay, (4.14)
Ry i1 = Ve, fi(byn, A" (4.15)

The relationship between the (7,j) posterior means, U;_(; j); and V;_ jy+, and
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their broadcast versions, u;; and ¥+, through small Onsager correction terms
of order O(M~'/2) are given in (4.20) where the correction terms are taken into
account during the calculation of by ;; and by ;; only. For the computation of A, ;;
and A, ;;, however, one replaces U;_,(; j); by U;¢ and ¥;_,(; j)+ by v after ignoring

terms of vanishing order as M, N — oc.

4.1.3 From low-rank matrix reconstruction to BiG-VAMP

In this section, we review the main results of the prior work on low-rank ma-
trix reconstruction in [36] at the detail needed for a comprehensive exposition of
BiG-VAMP. We emphasize, however, the fact that borrowing those results does
not restrict the proposed BiG-VAMP algorithm to the bilinear low-rank matrix

recovery as is the case in [36].

The name temperature parameter of the variable g in Eq (4.3), is used in pure
analogy to the role 3 plays in statistical physics [46]. We assume the priors, py(U)
and py(V'), on the unknown matrices of U and V to be row-wise separable, i.e.,
p(U) = [1Y, pu(u;) and py(V) = HJM:1 pv(v;). The posterior mean, @, . ;.1
[resp. ;i j)+1], and covariance matrix, 5= Ry, .41 [T€SP. B Ry jy(ig)era] from
the variable node u; [resp. wv;| to the factor node f;;(u;,v;) are given by (see
4.1.2):

Uins(i )01 = fu(buinstiyes Ay isgig ) (4.16a)
Vi iyt = Bo(Bu oo Avjoie): (4.16b)
Ryivsij)irr = Vi, H(i,j),tfu(buw i) Ay, 3—>(w) )" (4.16¢)
Rv,j%( 41 = vaﬁ(i,j),tfv(b v,j— (i ,J)t7Av;~>( ,J)t)T> (4-16d)

Here, the quantities by ;i ), Auis(i)es Ov,isig)e and Ay ), are defined in
(4.10a),(4.10b),(4.11a), and (4.11b), respectively. Moreover, the denoising func-
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tions f,(.,.) and f,(.,.) are given by:

/upu (u)ﬁ./\/'(u; A7'b, f7AT ) du
f,(b,A™") = : (4.17)
/ (w)’ N (u; A=1b, LA du

/’vpv (v)° N (v; A1, B A dw
f,(b,A™") = , (4.18)
/pv (v)° N (v; A=1b, BT A1) dw

in which the nabla operator, V,, with respect to any n—dimensional vector, x =

[xlv'r% o 7xn]T7 is given by

o 0 01"
Oxy Oxy’ " 0x,|

Ve = { (4.19)
To reduce the complexity in the number of computed messages, the (i, j)—dependent
quantities involved in (4.16a)—(4.16d) are replaced by (i,j)—independent (i.e.,
broadcast) ones, namely by, Ay, by, and Ay, given in (4.10) and (4.11).
The (i, j) posterior means, 'TLH(,-J)J and '/U\j_>(i,j),t, are related to the their broadcast

versions, u;; and v;,, through small Onsager correction terms as follows:

WUis(ije = Wip — Yol Ru Vi1 (4.20a)
NG

Vv
Onsager correction term onwu;

Visige = Vip —  YwlijRe, Wi . (4.20b)
N TV
Onsager correction term on v j

Moreover, the algorithm in [36] also relies on the following low-SNR approxima-
tion:

yi,j ~ E[y}ij] R ’Yq;l, (4.21)

which is used to compute both by ;+ in (4.10a) and by ;; in (4.11a). We emphasize,
however, the fact that the low-SNR regime is mainly convenient in the presence

of very-low-rank structures with a fully observed matrix Y = UV T + W.

The limitation of this method, however, lies in the intractability of the multi-
dimensional integrals in (4.17) and (4.18). In fact, they can be computed only for
some specific priors, p,(-) and py(+), such as Gaussian and/or assignment priors.

It is impossible, for instance, to accommodate a binary prior on u; and/or v; since
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the underlying integrals become combinatorial sums over 2" terms. In this context,
the fundamental novelties brought by the proposed BiG-VAMP algorithm consist

of its combined abilities to handle:

e A broader class of practical applications which involve high-rank decom-
positions of structured matrices in addition to low-rank decompositions of

(possibly) unstructured matrices w.r.t. the prior information on U and/or

V.

e General priors on both U and V' matrices owing to appropriate Gaussian ap-
proximation of the extrinsic information exchanged between the algorithm’s

constituent blocks.

o General separable output distributions, py|z(Y'|Z), in (4.1).

4.2 Quantized BiG-VAMP for discrete MC

Before delving into the derivation details, it is important to remember that the
discrete MF/MC problem we are aiming to solve, which is given in the observa-
tion model (4), is a noiseless version of the generalized bilinear model formulated
in (4.2), wherein, the generalized function ¢(-), is a cascade of the selection and

quantization functions, ¢(-) = ¢5 0 P4(+).

We emphasize, however, the fact that a dedicated customization of BiG-VAMP
coined BiG-VAMP-MC, which runs iteratively according to the algorithmic steps
of Algorithm 3. For better illustration, the block diagram of BiG-VAMP-MC is
depicted in Fig. 4.3 whereby we show its different constituent blocks as they in-
teract with the so-called Bi-LMMSE module through the extrinsic information.

These modules are:

1. the two i.i.d. denoisers of U and V in red;

2. the approximate Bi-LMMSE module in purple, which relies on the Gaussian

message passing;

3. the output denoiser module in green, which accounts for both the selection

transformation ¢4(-) and the quantization transformation ¢,(-);

4. The EM learning module of the quantization thresholds is in yellow.

BiG-VAMP for MF with partially observed data runs iteratively according to the
four algorithmic steps described in Algorithm 3:
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Figure 4.3: Block diagram of BiG-VAMP-MC with its five main modules: two
denoising modules (MMSE or MAP) incorporating the prior information, py(-) and
pv(+), the bi-LMMSE module, the EM threshold learning module, and one output
denoising module (MMSE or MAP) handling the observation model pyz(Y'|Z).
The five modules exchange extrinsic information /messages calculated through the
blocks, and d(-) denotes the Dirac delta distribution.

4.2.1 Denoising step

Inspired by the variable split technique used in VAMP construction seen in
(3.3), and to remedy the intractable integrals during the evaluation of the densities
(3) and (4) in Fig. 4.2, we proceed as follows. We rewrite the original posterior

factorization in (4.3) by splitting u; (resp. v;) into two identical variables with

equality constraints in between, i.e., u} = u; (resp. v;r = vj’) as seen in the

factor graph depicted in Fig. 4.4. To handle the newly introduced equality con-
+ +

7 j7

nodes which exchange scalar messages/beliefs in the form of component-wise (i.e.,

straints, the new variables u;", u;, v{, and v; are rather regarded as processing

decoupled) Gaussian densities. The beliefs provided by u; and v; on u; and v;"

(and vice versa) are known as the extrinsic information and are modelled by the

Gaussian messages @, @, @ and in Fig. 4.4.

The decoupling in the messages on each side of the equality nodes results in two

simple types of denoising functions, namely f,(-, ) [resp. f,(-, )} and g, (-, ") [resp.

g.(,-)] to recover w; (resp. v;) and u; (resp. v}). Such decoupled message
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Algorithm 3 BiG-VAMP-MC

Require : Matrix Y € ]RNXM; EM stoping precision € gy
or number of EM iterations k gy; parameter precision tol-
erance (£ = 1076); maximum number of iterations (Tmax);

two denoisers gy (-) and gy (+); initial quantization thresholds 20:
=1 1 1 °
7o =[ry, - ri_q]

1: 1nitialize

2: 11
> posterior means, covariances and precisions 21
Upt: Vo Zous By o By o 0752
i+t ot Zt
Up» Vo Zp,1 Yoy Tvpw Tzia
> extrinsic means and precisions 22
Ug 1 Ve,l’Ze,l"yug,1”yv;,1"yzg,1 93
U::o’ V:,—ov ol V:,—v Z:,—l’ Tur v v Yz+a .

i e e e 24.
> means and precisions of the Bi-LMMSE step :
By,1, Au,1, Bvi, Ava

32 repeat 25:

I. Approximate Bi-LMMSE step :
Compute the approximated quantities related to the
Bi-LMMSE mcfn and covariances of U 4
4: By,= Yok (25 v, -m Vo Uptm1 Ry = (20,0
z/) %gz
. _ SG—T G — M .
51 Aug = ’Yzeﬁt(vp,t Vot + 5 R,—
5+ ot
Mo,y Ry (20, 0Z0)
Compute the approximated quantities related to the 28
Bi-LMMSE meim and covariances of V' "

6: By, = ’YZ:_t(Ze,t Uyt *N'Yzeﬁt Vit—1 RU;V,, (Ze+©
=+ .
z) 29:

. L N _ 30:

T Ay, = ’YZJTt(Up’t Upe + F Ry,

5+ o5+ )
Nvgs Ry (2L 0200
. Update the posterior statistics Upth RU_ + Up,t’ 31
R__
8. " Vp ot ( fia )_1 32
: — = (v :
Uy Lt ut .t Ut
- b _ 5+

9: Upit1 =Burtgy Ve RU;JJFI
. _ -1

10: RV,j,t+1 = ("/V:rth‘FAV,t) 23
. - _ o+ :

e Vo =By, toyp Ve By— 34:

II. Denoising step :
Update the extrinsic statistics U;t+1, 'yUe, g1 V;t+1r
’YV;,t+l
12: = (Lr(R -1
YUy 1 (5 Tx( U,,‘,t+1>) 35:

13: Tus+1 ™ Tug e+t T Tude
. 55— _ -1 7 _ (7T

14: Uepp1 = 'YU;,tJrl ('Yup_,t+1Up,t+1 WUQ’,tUe,t) )
. _ (1 -1

15: 'YVF,*,t,Jrl - (TTr(Rv;,t+1)) 37

16: = - :

6 v 41 ’YV;,t+1 Tvte
17: v =471t Vol — vt
7 Ve,t+1 ’YV;,H—l (WV;,t-FlVPaH’l ’YV:,tVeyt) 38
> Denoising the rows u;t+1 of ﬁe,t+1 39
182 compute 0:—,t+1 such that every row u:r,t+1 '
_ —1 .
u; s 3 8), Vi
8u( i t+1 ’YU;,t+1 B)
: — 1 N / — -1 . O"
19: Tuf e T Tug e (N Zi:“g“(ui*t“’wue‘,t+1’6>>45

> Denoising the columns v;t+1 of \A/;t+1

compute ‘7P+-t+1 such that every column v;rtJrl

_ 1 .
v s 3 B), V.
gv(vy iy Tyo e B), Vi

_ 1 M (™ —1 . -
Tt = e (SR BTG L 8)

update the extrinsic statistics IAJ:,Hd, Yyt s ‘A/:TtJrl,
e, t+1

>
Tvi 1

TuFrr T Tud T Tus

TvE et = v e T v e

Ol = 7;31“1 (O 41 Tud et
ﬁe—»”rl Wug,f,+1)

‘7:.—15+1 = 7‘_/},#%—1 (V;t+1 VV;,H—I
Ve A’vg,t+1)

III. Thresholds learning using EM algorithm:

repeat
The E-step: compute the expectation of
(4.42) over the posterior (4.52) using ?6 =
[rﬁ,“.,'rlt_l]-r

The M-step solve the maximization problem
seen in (4.53) by using the gradient descent
. =t
algorithm and update 7},
until |7}, — Phllp < eem or (k> kem)
update ?g+1 = ?}C

IV. the quantization denoiser

» Compute the posterior statistics ZP,H~1 and wzp, 1

-
Vo ot+1

St

Tyt
25— ST z S+
Zott1 =Uetp1 Verp1+t—F Zet Tr(RUijl
T+
Vo ot

U

)

MN p

7 B

Zy 41 = ’YZ:’,{F]V[N Tr(

+N RU

U;,t+1

[ S _1
e, t+1 Ue,t+1)

T o
e Vett1 Verp1tTM R —

p ot+1

> Compute the extrinsic statistics ZeytJrl and 'yze, 41

Yzo 41~ 7

e

— -
Zy 1 zdt

Z— -1
Zet41 =7

5 o+
Tttt (2, ’yZ;,t+1 Zeyt 'Yze*,f,)

z
Compute the posterior and extrinsic statistics Z;t+1’ ’YZ",",tJrl’
>
2:‘+1’ Tz t41
compute the discrete mean Z\::t+1 and
’YZ;’,t+1 element-wise using 9:)+1 like described in
(4.36),(4.37),(4.38a) and (4.38b)
’Yzj,tﬁ—l = ’YZ;,F,tﬁ—l - 'yze*,t+1
Z:t+1 = Yzd 141 (2;t+1 Tz 141

Ze,t+1 'YZQ,tJrl)
t—t+4+1

until (“ﬁ+

der1 —OF 2+ 1V = Vi L2)

< (IO 2 +ITEI2) or (&> Tina)

1 &+ o+
return Uy o +10 Vi, Traxc+1

passing is made possible by ignoring the off-

diagonal elements of the error covari-

ance matrices calculated on the side of u; and v; nodes. Although the integrals

of the denoising functions, f,(-,-) and f,(-, ),
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Figure 4.4: Factor graph and the associated messages under generalized priors
on U and V matrices along with the Gaussian approximations for the extrinsic
information (as reflected by the index e) that handles the equality constraints.

for Bi-VAMP, they are now evaluated in closed form after replacing the actual
priors, py(-) and py(-), with the extrinsic Gaussian messages @ and , respec-
tively. Not considering the off-diagonal elements of the covariance matrices is what
we call the Gaussian approximation of priors inspired by the turbo code princi-
ple. After computing the posterior estimates and the associated common precision
(i.e., Yoz 441 and Yy~ ;41), each processing node u;” (resp. v;) subtracts the con-
tribution of its incoming extrinsic message @ (resp. ) before returning the
extrinsic messages @ (resp. @) to the other side of the equality node. Formally

speaking, this amounts to approximating the posterior messages by Gaussian dis-

1,—1
IYU t+1I)

I )) and extracting the extrinsic messages as follows:

tributions with the same means and variances (1 e, N(uj;a; o1 BT

1,-1
and N (v} 505, 1,8~ Vo p1a

A~

N (vl v

J

i_,e,t—i-l? ﬂ

Jet+10 B

1.-1
’YU t+1

1. -1
7Ve t+1

I) x

I) x

Wipi+1r 5 /3 7U t+1I)

N(vl;v

N (uf
(u;

N

J

Y

+ ’\Jr
zet’ 137(]

’U] p,t+1> ﬂ/YV t

+1

D)

I)

N(v

.ot -1
Ui Vjets 67V+t

I)

9

Given this extrinsic information and under separable priors p,(-) and py(+), the

denoising functions, g,(-,-), and g,(-,-), used to estimate u; and v , along with
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their respective divergences, g/ (-,-) and g/(-,-) in lines 18-21 of Algorithm 3 are
given by:

~ /upu VN (u; @, B g T) du
g, g') = / , (4.23)

po ()’ N(w; @, B9 T) du

R /vpv (v)° N(v; B, 87195 T) do
gV (U’ "}/‘_/.1) = / Y (4'24)

v (0) N (v;8, 5717, ) do

0[gu(®, 5],

@Y, = T 0=1,...r (4.25)
dlg (0, %"
V4

+
In essence, u; pot+1 T gu< zet—l—l? 7U t+1> and v vj p,t+1 gV( ] et+1 ny t—i—l) are the
posterior means of u;” and v , respectively. In addition, their common posterior

precisions updated in lines 19 and 21 of Algorithm 3 are given by:

-1

N
1 —~ _
Toit+r = Tugt+ (NZ<gﬁ(ui,e,t+177[j:—’t+l)>>7 (4-27)
i=1

M —1
TWigrr = WVe,t+1( Z ]et+1a7U t+1)>> . (4-28)

Jj=1

4.2.2 Approximate Bi-LMMSE step

The goal of the Bi-LMMSE module is to reconstruct two random matrices
U= (uy,...,uy) e RY>*Band V = (vq,...,vy)" € R™*E from a noisy update
of Z, 2: = Z+N (Ze;O,fyZ+I ), which is provided by the discrete denoiser
from the previous iteration. Given some common priors, p,(w;) and py(v;), on the

vectors u,; and v, respectively, the goal is find the following posterior distribution:

S Y
pu,vlij (uia vj|Ze ;rnglmﬁ) X p/z\;.g.,e‘uy (2;7e|ui7 ’Uj;’YZgl»> pu(uz)ﬁpv('v])ﬁv (429)

To approximate (4.29), the message derivation rules of BP, along with the CLT.
Such approximation was introduced in [36] for specific priors, py(-) and py(-) such

as the assignment prior for clustering, and was recently generalized in [1] to treat
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arbitrary i.i.d. priors owing to the expectation propagation framework.

To that end, we split u; (and v, and z;;) into two identical variables with
+

equality constraints, i.e., uj” = u; (and v = v; and z;; = z;;). This allows us to

rewrite (4.3) and obtain the following equivalent factorization:

_ 5t _
puj,u;,vj,v;ﬁ: (ulﬂuz »Ujavj Z, 572}75) X Pz;rj,e\zj} (%JZ;) 5(2':; - Zij)
S~ _ _1\# _ _
X Do jus i (Z2]|uz U E’YZ;#) S(u; —u;) x pu(“j)ﬁ 5('%' - U;r)pV('Uj)ﬁa (4.30)

The factor graph associated to (4.30) is depicted in Fig. 4.5.

st [t
. Paf et (Zij7e|zij)5

Figure 4.5: Factor graph for the generalized bilinear signal recovery problem with
auxiliary variable nodes and equality constraints.

In contrast to BiG-AMP, which approximates each factor-to-variable scalar-
valued node messages (1) and (2) separately, BiG-VAMP approximates in lines 4-7
the product of all incoming messages (1) and (2) to any vector-valued variable node,
u; and v}, with a Gaussian density N(u;; Ay by, S71ALY) and M (v AL by, B7IALT),
respectively. Using the latter densities, the posterior densities of the unknown

matrices U and V with means U, and V', and posterior covariances RU; and

p°
RV; are computed in lines 8-11. Adopting the approximation of each message
in BiG-AMP would reduce the necessity for tracking the covariance matrices of
all incoming messages, but it leads to less accurate Bi-LMMSE estimation for

discrete-valued priors, as shown in Section 5.3.

4.2.3 The quantization denoiser

The factor graph in this case as shown in Fig. (4.5), has a new variable
node and a new factor node which corresponds to the new linear function exten-

sion. Once the quantization levels are learned and updated, We again resort to
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the expectation propagation (aka turbo) principle to approximate the posterior
messages in Fig. 4.5 by Gaussian distributions, N (Zi;;%7e7t+175_17;1_ . +1) and
N (z:;, A:;et, pt 72* ), respectively, whose means and variances are calculated in
the sequel. After that, this denoiser handles both element-wise output quanti-

zation and selection transformations, denoted respectively, ¢,(-) and ¢(-).

by defining z;; 2 u; Tv;, the quantized denoiser (the green module in Fig. 4.3)
computes the posterior mean and variance, /Z\i-;’p and VA + , of z £ u;Lij under

ij,p
the element-wise output likelihood channel scalar transformatlon, Dy o+ (yzj|z$)
171547

as follows:
Eizp,tﬂ = Uz (yZJ7 zg et+1> ’YZI t+1) (431)
dg (y'j » 773 )
-1 Z\J1> zget—f—l? Z5 41
YVx = Vg - : (4.32)
z] P’t+1 Ze ;41 82” ettl

with g,(y,Z,7. ") being the following scalar denoising function:

2 e N (22,8797 pya(y]2)? dz
72 N (22,879 pyialyl2)? dz

9.y, 2,7, = (4.33)

Given the density of message @ and under the linear constraint Z = UV " where
every row/column pair {ui,'va} of U and V respectively are independent, we
have shown in [1], that the posterior mean VA ;t +1 and precision 75 , ., have the

following expressions:

7 TR L
Zorr1 = Uepn Vet + 3 ZetTr <RU 1 By t+1) (4.34a)
M N T o~
Vzya+1 = Vzie T MN Tr 5 RU;,t+1 RV;,t+1 + N RU;,t+1 Vi1 Vit
~—T  ~— -1
+M RV;,t+1 Uy Up,t+1> ) (4.34b)

which correspond to lines 31-32 in Algorithm 3. The extrinsic values, Z; . ,,, and
Ve et for message @ in Fig. 4.5 are then easily evaluated. Finally, the extrinsic
e . /\+ 71
mean and variance, z;; ., and V2t a1 of message can be calculated from the
. /\+ . .
posterior mean, Z7; ;. ; and common precision, 7+

of Algorithm 3.

++1> as specified in lines 36-37

We refer the reader to the BiG-VAMP paper [1] for further details on this
derivation. To tailor the non-linear denoiser in (4.31) and (4.32), we first restrict

the prior on each entry y;; of Y as a quantization of each entry z;; of Z over the
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discrete set e to model the discrete support of the observed matrix. Moreover,
for a fixed realization s;; of s;;, we set the selection channel py, |, (vij]2i;) corre-
sponding to the transformation y;; = ¢s(¢4(2i;), po) to the data selection channel

given explicitly by:

Pyislz; Wiglzig) = 8ij 6(Yis — dg(zi5)) + (1 = i) 6 (ij)- (4.35)

then by plugging (4.35) into (4.31) and (4.32), we compute in (4.36), (4.39a), and
(4.37), (4.39b), the posterior mean Z'

i;,p and the posterior variance 7, - for both

Zijp
cases when s;; = 1 and s;; = 0, respectively. In the case of an observed entry (e.g.,
s;j = 1), we have y;; = ¢4(2;;) is satisfied when z;; € |ry,741], so the posterior

mean and variance will be computed as follows:

Tt4+1 A~ 2 2
f'rt 25 N (zij; 2 i, e77 ) dz; \/7 ;e e —e

22'-'—' = Tl = /ZTe - , (436)
P f N(ZU7 zg e7’y ) dzl] ” V2T (I)(n2) - (I)(nl)

_m2? _m? _m? _m? 2
N = (1_ 1 {7726 P oe ® 1 <e > ez ) }) (4.37)
e Zie V2 [ ®(2) —@(m) V21 \ (1) — ®(m) ’

M=/ 2, (7t — Zije)s (4.38a)
e = Ve (i = Z50). (4.38D)

And in the case where y;; = 0 (e.g., s;; = 0), the posterior mean and variance

remain the same as shown below:

%p = /Zij (439&)
Vi = (4.39b)

Z]p Zje

Finally, we implement this quantized denoiser upon the BiG-VAMP algorithmic
steps along with the iterative scheduling between the four steps, described above,
to obtain our proposed BiG-VAMP-MC shown in Algorithm 3.

4.2.4 Thresholds learning using EM algorithm

In some real-world applications (e.g., A movie or any type of RSs ... ), the

fully low-rank quantization dense matrix Y is unknown, unlike in the synthetic
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case where we create it and know it beforehand. Therefore, learning the thresh-
olds [ry, 7, ..., 1] and updating them at every iteration allows the algorithm to
estimate Y more accurately. This iterative thresholds learning process aims to
find the maximum likelihood (ML) estimate 7 of 7 £ [ry, 75, ...,7_1] " over all the

observed data of the matrix Y as follows:
= argmax log [ H pr” Yij; T) ] : (4.40)
i=1 j=1
where py,(yi;;7) is the pdf of y;; paramatrized by r given by:
e 1, -1
Py (Yig; ) o N (25 Zie B - I pyij\zij(yij|zij; ) dz;j. (4.41)
So the total log-likelihood or the objective function to be maximized will be:
N M
f r, Y Z é ZZf ylj? 7, e) (442)

=1 j=1

where the ij-th objective function component f;;(-) is defined as follows:

fi;(r £ (11,79, ... ,7‘1_1]T ayija/ZTj,e) 2
oz @ (P (7 ) = 25) ) = (s (7 ) —z;-;-,e>)]“ ol

(4.43)

with 71o% (y,;) and r"PP" (y,;) refer to the two consecutive thresholds where:

/Z'/Tj,e c :| lower (y”) ’ yupper (?ng) :|

The objective function in (4.42) is a nonlinear transformation of the param-
eters, so solving the maximization problem (4.40) analytically is mathematically
intractable. However, we can solve this optimization problem numerically by using
iterative methods. In this paper, we use the EM approach [40|, which is a com-
monly used tool for vector parameter estimation. Interestingly, the BiG-VAMP
method provides the necessary posterior probabilities required by the EM algo-
rithm to update its estimates accurately. To successfully use the EM algorithm,
it’s important to identify the incomplete and complete data sets that are relevant
to the estimation problem. In our case, the incomplete data set is represented by
Y, while the complete data set is represented by H 2 [Y, Z] € R*¥*M  Instead
of maximizing the actual log-likelihood function (LLF), which is log [py (Y; )], the
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EM algorithm maximizes log [py(H; r)]. The complete data set, H, is not entirely
available, so the EM algorithm uses the conditional expectation of log [pn(H ;)]

instead.
EH\Y{ log [pn(H;7)] | Y} = /Hlog [y (Y T)]pH\Y(H | Y;r)dH. (4.44)
Now, using the fact that:
pay(H | Y1) = pzv(Z [ Y1), (4.45)

and by plugging (4.45) back in (4.44), the expected LLF in (4.44) will have the

following expression:

Ez|y{log Iy (Y7 | Y} _ /Z log [py (Y;7)] pzy(Z | Yir) dZ. (4.46)

The EM algorithm is an iterative algorithm that starts with an initial guess,
denoted as 7 (0), for the unknown parameter vector r. At each iteration, the algo-
rithm computes a new estimate, 7y, of the maximum likelihood estimate (MLE)
of r. The EM algorithm alternates between two main steps: the E-step and the
M-step.

In the E-step, the algorithm computes the auxiliary function, @ (v, ), which
is the expected value of the log-likelihood function with respect to the conditional
distribution of the missing data given the observed data and the current £ esti-
mate of r; 7:

Q (ri7i) = Ezivan, { log [pv (Yi7)] |. (4.47)
or the elements of the observed matrix Y are i.i.d.:
N M
oy (Vir) = [T 11 pv. wisim)- (4.48)

i=1 j=1

Hence, we rewrite (4.47) as follows:

Q(r;7) x Z ZEZ‘Y;’%{ log [pyz.j(yij; r)} } (4.49)

i=1 j=1

Recall that the expectation in (4.49) is taken with respect to the posterior density
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pziv (Z | Y; 7)) which we further approximate by:

N M
pziv (Z | Y;7)) = Hszmyij (2i5 | YijsT) s (4.50)

i=1 j=1

7

where for a fixed realization z;; of Z,,

the conditional probability distribution
Pzlyi; (Zij | Yij; ) corresponding to the transformation y;; = ¢s(¢q(2i5), po) is ex-
plicitly given by:
Daislys; (Zig | Yigi ) o N(Ziﬁ%,eaﬁ*w;—;ef) Dyijlzi; (Yigl 2ij3 7). (4.51)
Using (4.51) and (4.50) in (4.49), it follows that:
N M
Q(rs7) % DY Eayym{ by (i) }-
i=1 j=1

N M
(S8 Z Z fij (Ira Yij /ZTj,e) Dzlyij;7y, (’Z ’ Yijs 7/'\16) dz.

i=1 j=1"Y%

(4.52)

In the M-step, the algorithm maximizes the auxiliary function, @ (r;7}) with

respect to the parameters of the model 7:
Tri1 = argmax Q (r;7y) . (4.53)
s

Then we perform the gradient descent steps to solve the maximization problem in
(4.53) and update the old model 7 to the new one 71, and return to the E-Step,
then keep iterating these steps till convergence. The algorithm stops when either
the user-specified convergence criterion H?kﬂ —?kHF < € gm is met or a predefined

maximum number of iterations k gy is reached.

4.3 State evolution

The goal of this section is to understand the asymptotic regime of the BiG-
VAMP-MC algorithm (i.e., as N, M — oo) for the i.i.d. class of matrices. The
corresponding asymptotic regime refers to the scenario where R, N, M — +o00 with
£ - B, =0(1) and £ — B, = O(1) for some fixed ratios 8, < 1 and 3, < 1.
Result 1 and Result 2 summarize the main analytical expressions we derived for
the customized MMSE and LMMSE estimators of U, V' and Z, respectively for
BiG-VAMP-MC. See [1] for the full derivation. For large enough M and N, we
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use of the approximation:
YOY) = 6252r + VM ’yZ+, (4.54)

which follows from the observation that o2 £ (U © U) ~ 72 = E[u?,|p,(u)] and

S(VoV) =~ ol 2 EV|p,(v)] Vi,j, €. Here, py(u) [resp., p,(v)] is a common
prior on the entries of the matrix U [resp., V|. In AMP practices, a SE ansatz
is based on the following concentration of measure for the intrinsic/extrinsic and

in/out precision variables in the asymptotic regime, i.e.:

M,lli\frgoo <7U+ 0 Uf ,t> <7U+ YUt (4.55a)

= <7U P (4.55b)

).
).
Vi Tvia) (4.55¢)
)
).

lim

S
(

VU K3 7U ,t
lim
M,N—oc0

7V+ ts V*,t) -

M}len_lmo (”YV;,tv Yot (4-55d)

M,l]i\flgoo (’yzrm, 72;%) = \Vzr 0 Vz 0 (4.55e)

lim (72;,t772;,t> = (72;@72;0 . (4.55f)

M,N—oc0

Result 1 The expressions of the customized MMSE estimators of U, V and Z,

given the threshold vector v = [ry, 7o, ... ,rl,l]T are:
| L Ny 1
rls) & o = e S (4.50
L1 1 K,
Erlva) & 2 = g ;<gv<vjmue>>, (457)
Er(Vgz,m) = W; Mszf ;Z;gz Yigs T Vg ) (458)

where the quantization denoising function g;(Yij, Zi;e, - T) in (4.58), is computed

throughout the steps described in Section 4.1.3 to obtain the theoretical posterior
variance y_, 1
Zij,p

In the large system limits, the empirical averages involved in (4.56),(4.57) and

(4.58) can be approximated by the following statistical average in which we use the
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fact that Yo — YUt Wi vy and Yzi — Vzs as M and N grow large:

1 o -
Et (o) & —E [gu(ue Age) |Pulw)pg -, (T IU)} : (4.59)
Tu; e
1 — o
Ev(vs) 2 —E 0570 |po)ps (5 10)] (4.60)
A% e

_ 1 ~— ~
ngr (fYZ;ar) £ ,_E [9;(97 Ze 77Z;’T) pz(z>py\z(y|za T>p”i;|z<ze ‘z)i| :

Tz,
(4.61)
In (4.59), (4.60) and (4.61), pg-,(ue |u) , pg-, (Ve [v) and p;-,(20'|2) correspond to
the scalar modelsu;, = u+w,, v, = v+w,andz;, = z+w,, respectively, where

under the matched conditions, we have w, ~ N (w,; 0, 7{]1_) , Wy ~ N (w,; 0, n_y;,l_)

and w, ~ N (w.;0,7,%).

Result 2 The expressions of the LMMSE estimators of U, V and Z are:

~ .1 [ Vzr -To-]"
Eu- ('YU;F) = Tlg& ;Tr <_7Uj I, + \/WVP Vp_ ), (462)
~ . 1 -~ fYZj P P -1
E-(hvy) = lm T v I, + \/WUP Up_ : (4.63)
— 1 1 ~—T o~ —
ng (7Z§> = <7Z: + MN |:TI‘ (_ RU;R; + MRU Vp VP+
1 T~ \17! !
NRV;Up UP)} ) ) (4.64)
where

~ _ 1 _ o o _9_
’}/U;r = ’YU;r + B\/ Bu/ﬁﬂzjvvé -V ﬁ“/ﬁzﬂ/zj'yvé (\/ 5u5v0303'723 + 1) a(465)
- _ 1 _ _ o o
Wt = e + E V ﬁ”/ﬁu’YZJ'YUé -V B“/ﬂu'VZ:F’YUé <\/ Buﬁvagagvzj + 1) (466)

For large enough M and N and given the concentration of measure for the intrin-

sic/extrinsic precisions variables defined in (4.55), the LMMSE estimators of U,
V and Z are given by ?:

2For a detailed derivation on how to use the asymptotic theorem on random matrix theorem
mentioned in section 2.5 to approximate the LMMSE estimators in the large system limit, we
refer the reader to check [1]. Specifically, the paper explains the derivation steps that transform
the equations (4.62) into (4.67) and (4.63) into (4.68).
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- - F (v, By
~ - F (v, Bu

¢ Vﬁuﬁv 5 P P P)/Up* ’}/Vp*
(4.69)
where (67 — 71 (52 1)
Vz+\0u — V- Vz+\Oy — V3 —
Oy, é \/ﬂv/ﬁ Ze — Up , Ol é 1/ﬁu/ﬁv Ze — VP 7
Tvi Tus
and

Flx,2) = (\/m(1+\/z)2+1— \/x(1—\/2)2+1 )2,

Under all the assumptions, we can now describe in Algorithm 4 our main result,
which is the SE recursion for BiG-VAMP-MC.

Conclusion

In this chapter, inspired by the concepts presented in the previous two chap-
ters, and the low-rank matrix reconstruction technique, we introduce our primary
solution for addressing discrete MF /MC problems. Our approach is based on the
BiG-VAMP approach, its factor graph, and its derivation using BP and graphical

modeling techniques
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Algorithm 4 BiG-VAMP-MC State Evolution
Initialization : Temperature parameter 3; extrinsic precisions as defined above ex-
trinsic precisions WZ;*,D f‘yU:J, '_YVj,lv '_yUp_J, '_pr_J.
1: fort =1,...,Thax do

> compute the effective inverse noise variance for the Bi-LMMSE block
. ~ — 5 1 /Buz ~—1
2 bt T ude T BV 828 v
Bu =, ~—1 ~2-2-
—\/ 59z Ty (VBuBo0ioA 74, + 1
P b
3 Ayt = Tvret 3y Vg T
Vit Vit T BV B ZE U
Bo 5 ~—1 =222
—\/ 39z Vg s \(VBubBuGa0idz+ 4 + 1
p b
> compute the analytical posterior and extrinsic precision of u™

Eu (ﬁUj‘ ,t+1)

> compute the analytical posterior and extrinsic precision of v~

& (avj,tﬂ)

> compute the analytical posterior and extrinsic precision of z~

1
€.~ (:?Zj',t)

> compute the analytical posterior and extrinsic precision of ut

4: 77U;,t+1 = a:YU;,t+1 = 77U;,t+1 - 77Ue+,t

5: Wil = Wkt = Wi — Wi

6: Vz; 41 = v Vzian = Vzper T Yzt

_ 1 _ _ _
7: + = 07— + = + —_ —
W T G, L) Ut T e T o,
> compute the analytical posterior and extrinsic precision of vt
. = 1= o -
8: Wi+l = 5 (e o) Wil = Wil — T4l
> compute the analytical posterior and extrinsic precision of z+
. 5 — 1 = — 5 _x
o ,.)/Z;vt""l o Sz+(:Yze_,t+177')’7Z:’t+1 o ’YZ;rvt'H ’YZJvt+1
10: end for

11: Return Yyt g 415 W Taxt 10 V23 T +1
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Chapter 5

Simulation Results & Discussions

Introduction

In this chapter, we perform different experiments on synthetic and real-world
data. Synthetic experiments are conducted to evaluate the algorithm’s charac-
teristics in controlled environments with specific known data structures, which
demonstrate what kind of data each algorithm excels in and what their limita-
tions are, while real-world experiments are aimed at comparing the performance

of the algorithms with actual data.

5.1 Evaluation Metrics

We run all AMP-based algorithms with a maximum number of iterations
Thax = 1000 and Ny = 100 Monte-Carlo trials for different values. For the
experiments, the assessment of the deviation of the estimated discrete matrix Y
from the true discrete matrix Y, both of size N x M, is measured via the following

distance metrics:

e Normalized mean square error (NMSE):

Nuc

~ 2
Y, — YEH
F
2
1Y || %

NMSE £

N
MC

e Projected normalized mean square error (P-NMSE):

~ 2
Poc(Y,—Y) .

|| Poc (Y o) |7

Nmc
1

P-NMSE & ——
Nue

(=1
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where Pq(-) indicates the mask operator (i.e., projection) defined for any matrix

A as follows:

Al it (i) €0

[PQ(A>]ij = ! .
0 otherwise

Here, €2 denotes the observed index set with 2¢ being its complementary set.

This metric is particularly used to evaluate discreteness-aware methods only the

unobserved data is considered. We also define the sparsity and the observed ratios
s 0l 55 19

as, 0= N 0 = NM—jo))>

in the observed index set and |O] denotes the number of missing entries of the

respectively, where || denotes the number of elements

matrix Y.

5.2 Baseline MF methods

We visualize the performance of BiG-VAMP-MC against state-of-the-art tech-

niques, namely:

e Quantized bilinear generalized AMP for discrete MC (BiG-AMP-MC) [37]
which we customized to incorporate the discreteness on Y and on the latent

factor matrix U,

e Nonconvex inexact accelerated proximal gradient (niAPG) algorithm for
nuclear norm regularized least squares problems method (APG) developed
in [39],

e Discrete-aware MC via efficient inexact proximal gradient algorithm (DA-
niAPG) proposed in [21].

5.3 Experiments

As per BiG-VAMP initialization, we set the temperature parameter 5 and the
convergence precision tolerance & to 1 (i.e., MMSE case) and 1079, respectively.
The results exposed in the sequel show that the BiG-VAMP-MC produces the best

reconstruction performance.

5.3.1 Experiments on synthetic data

First, in Fig. 5.1, we compared BiG-VAMP-MC to the state-of-art algorithms for
the discrete-aware MC problem on a discrete matrix, Y, with N = 400, M = 300,
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and R = 2, synthetically generated from the following 5-symbol and threshold
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(b) U and V being Gaussian.

Figure 5.1: P-NMSE of the proposed solution as compared to the state-of-the-

art algorithms for the discrete-aware MC problem on a synthetically generated
discrete matrix, Y, with N = 400, M = 300 and R = 2.
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Figure 5.2: P-NMSE of the MC problem on a randomly generated discrete matrix,
Y, with U and V being Gaussian, N = 400, M = 300 and § = 30% as a function
of the sparsity ratio and rank values: (a) BiG-VAMP-MC, (b) BiG-AMP-MC, and
(c) DA-niAPG.
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Figure 5.3: P-NMSE of the MC problem on a randomly generated discrete matrix,
Y, with U being binary, V being Gaussian, N = 400, M = 300 and 6 = 30%
as a function of the sparsity ratio and rank values: (a) BiG-VAMP-MC, (b) BiG-
AMP-MC; and (c¢) DA-niAPG.

(a) BiG-VAMP-MC. (b) BiG-AMP-MC. (¢c) DA-niAPG.

Figure 5.4: P-NMSE of the MC problem on a randomly generated discrete matrix,
Y, with U being binary, V' being Bernoulli-Gaussian, with with a sparsity level
of 95%, N = 1000, M = 300 and § = 30% as a function of the sparsity ratio and
rank values: (a) BiG-VAMP-MC, (b) BiG-AMP-MC, and (c¢) DA-niAPG.
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sets:
€ = {617 €2, €3, €4, 65} 3

r=[-150z,-0504,0505,1504]", (5.1)

where, o is the standard deviation of the matrix Z. In this synthetic experiment,
we set the sparsity ratio p = 60% and the observed ratio § = 30%, by illustrating
the representation of the P-NMSE values as a function of iteration, when U is
binary and V is Gaussian, and both U and V have Gaussian priors, in Fig. 5.1a
and Fig. 5.1b, respectively. Both Fig. 5.1a and Fig. 5.1b show that BiG-VAMP-
MC exhibits lower P-NMSE values in much fewer iterations as benchmarked to
both APG and BiG-AMP-based approaches, it is also seen in Fig. 5.1a, all of
the algorithms perform much better when the prior on U is binary rather than
Gaussian, and all the compared methods were able to reach a better P-NMSE
value in fewer iterations than the previous scenario. Here, both BiG-VAMP-MC
and BiG-AMP-MC manage to successfully reconstruct all the non-observed 70%
of the entries of Y without making any error in less than 10 and 30 iterations,
respectively, where the other non-AMP-based methods were not able to perfectly
reconstruct Y without making errors, this brings up one of the limitations of APG-
based solutions, where they cannot handle discrete priors on U and/or V' and only
treat the observation data matrix as discrete, but in some cases, the discreteness
can be extended to the factorized matrices for improved results. Following that,
Fig. 5.2, Fig. 5.3 and Fig. 5.4 show the P-NMSE performance of BiG-VAMP-MC,
BiG-AMP-MC, and DA-niAPG, over a two-dimensional grid of different sparsity
ratio values and ranks, where U and V are Gaussian, U is binary and V is
Gaussian and U is binary and V is Bernoulli-Gaussian with a sparsity level of
95%, respectively. On the grid, it can be observed that more valid entries (i.e.,
smaller %) improve the P-NMSE performance which shows a relatively smooth
phase transition curve separating the success region in blue and the failure region
orange. In addition, BiG-VAMP-MC performs better than all other state-of-the-
art solutions, providing superior P-NMSE values in all three scenarios. The results
are almost equivalent for both AMP-based methods in the case of continuous
Gaussian priors on matrices U and V' in Fig. 5.2. However, BiG-VAMP-MC
showed significant superior performance in both Fig. 5.3 and Fig. 5.4, where the
prior on matrix U is binary. As demonstrated in our previous study [1], we found
that BiG-AMP fails to converge when using discrete priors. Next, Fig. 5.5 displays
the computational and theoretical MSE on the matrix Y provided by BiG-VAMP
and its SE, respectively. The experiment was conducted using a discrete matrix,

Y, with Gaussian U and V', where N = 1000, M = 500, and R = 5. This
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matrix was generated from the experiment settings used in (5.1). The error was
tracked over time. There, it is observed that the empirical MSE coincides with the
theoretical performance predicted by SE analysis after convergence. The delay in
time is mostly due to the damping factor used to enhance the convergence behavior
of BiG-VAMP. Finally, we computationally examine the effect of the rank R on
the final quantization step size determined by the EM-threshold learning block
in the case of 2 bits/symbol uniform quantization, using the synthetic observed
matrix, Y, with N = 200, M = 200, generated from Gaussian U and Gaussian
V from the following sets:
e ={e1,ea,e3,€4},

r=[-A0,A]". (5.2)

This experiment can also give us insights into how the rank R impacts the correla-
tion between the optimal learned quantization levels and the standard deviation.
Therefore, by setting the quantization step size A = o, the sparsity ratio p = 40%
and the initial thresholds to (r = 1,7 = 2,7) = 3), it can be observed in Table
5.1 that the reconstruction error of the quantized data, along with the standard
deviation of matrix Z, increased with the increase in rank. Specifically, for lower
ranks, the EM-threshold learning block returned an optimal uniform quantization
step size within the same range that was initially used to quantize the data. How-
ever, as the rank increased, the value of the final quantization step, spreading the
values of matrix Z into four uniform regions slightly changed compared to the ini-
tial one. This change occurred because the error of reconstructing the quantized
matrix optimally became higher due to more unknown vectors to be estimated of
the matrices U and V.

5.3.2 Experiments on real-world data

For real-world applications, we use the observed discrete matrix Y from a
very popular RSs dataset, known as the MovieLens dataset [38]. Precisely, its
100K version, which consists of a 943 (users) x 1682 (movies) rating matrix with
a sparsity ratio p = 93.7%, where at least 20 movies have been rated by each user,
from 1-star to 5-star anonymous ratings. We display in Fig. 5.6a and Fig. 5.6b, the
P-NMSE values for all considered discreteness-aware MF /MC baseline algorithms,
on the MovieLens-100K when both U and V have Gaussian priors ? for the low-

3The case when the matrix U has a binary prior and the matrix V is Gaussian, showed that
the results were almost identical to the case where both matrices U and V' are Gaussian. It
is important to note that this specific outcome was observed only in the chosen dataset and
settings, and may not hold in other scenarios.
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Figure 5.5: MSE on the output quantized denoiser for Z of BiG-VAMP-MC and
its SE for the discrete-aware MC problem on a discrete matrix, Y, with U and V'
being Gaussian, N = 1000, M = 500 and R = 5, generated according to the sets
used in the experiment (5.1).

rank setting. For the learned BiG-VAMP-MC, we initialized the threshold values
to (r) = 1.5,r§ = 2.5 r) = 3.5, r] = 4.5). After convergence, the optimal threshold
values obtained were (7{™> = —15.67, 7a™> = —13.47,7am> = 0.5, 7, = 17.41),
and (7{™> = —14.32, 7™ = —12.56, 72> = 2.29 7/ = 19.63) for the simula-
tions, in Fig. 5.6a and Fig. 5.6b, respectively. So as expected, with the exception
of the non-quantized version of BiG-VAMP, all three of the other quantized algo-
rithms were able to achieve a P-NMSE of less than 0.1 for both observed ratios
with a significantly closer performance to each other. These results are notably
superior to those of the majority of the latest existing RSs as of today. As dis-
cussed in 4.2.4, the suggested BiG-VAMP-based solution performs best when the
threshold values are learned, highlighting the innovative additions of this research
to the BiG-VAMP in terms of quantization and threshold learning. albeit these
added novelties to the regular BiG-VAMP can reduce performance deterioration
in both scenarios when 30% and 50% of the number of entries of the matrix can
be viewed. For the DA-niAPG method, their rank regularizer returned a value

of R = 1. This means that their performance relies on classifying all movies in
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Table 5.1: True and final estimated threshold values, NMSE and the initial-final
fraction values on a synthetically generated discrete matrix Y, with N = 200,
M =200, U and V being Gaussian, over different rank values .

Rank r 7o 7y P pgmex pimec NMSE
2 -1.3922 0 1.3922 -1.3086 -0.0765 1.3475 0.0036
5 -21709 0 21709 -1.5890 -0.1592 1.5895 0.0039
8  -2.7803 0 27803 -1.9849 0.2742 2.0023 0.0058
12 -3.4122 0 34122 -2.7933 -0.3956 2.7853 0.0065
15 -3.7991 0 3.7991 -4.1036 0.0286 4.1211 0.0070
18 42146 0 4.2146 -5.1956 -0.0035 5.2188 0.0073
21 -4.4277 0 44277 -5.9894 -0.0047 5.8397 0.0084
24 -4.4783 0 4.4783 -7.9715 -0.0658 7.9123 0.0130
27 -4.8111 0 48111 -8.9065 0.9440 8.9205 0.0196
30 -5.4506 0 5.4506 -9.1263 0.1769 9.1527 0.0213

the MovieLens dataset into a single dominant category. In contrast, our BiG-
VAMP-MC and BiG-AMP methods employ a rank of R = 2, which permits the
classification of movies into two distinct dominant categories. It is worth mention-
ing that all three methods can perform well for higher ranks, but these particular
rank values yielded the best results. It is also important to note that the APG-
based framework solutions require extensive manual parameter adaptation that
changes depending on the run setting and/or data set used. This is a significant
limitation of APG-based solutions. Conversely, our method is an auto-learning one
where the data set is the only input needed for the reconstruction and no extra
parameter tuning is necessary, which is a significant advantage over APG-based

solutions.

Conclusion

In this chapter, we presented several simulation experiments using both synthetic
data and a movie recommendation system application. Our results demonstrate
that BiG-VAMP-MC achieves the highest reconstruction accuracy compared to
other existing discrete state-of-the-art algorithms such as BiG-AMP-MC and DA-
niAPG. Additionally, we performed a SE analysis of BiG-VAMP-MC and demon-
strated its consistency in the synthetic MC application.
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Figure 5.6: P-NMSE of BiG-VAMP, BiG-AMP, and DA-niAPG for the discrete-
aware MC problem on MovieLens-100K.
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Conclusion

In this work, we presented a new quantized MC algorithm through bilinear fac-
torization based on the BiG-VAMP framework, to address the discrete MF/MC
problems. BiG-VAMP-MC uses output quantization and selection transforma-
tions, ¢4(-) and ¢4(-), respectively, to model discrete entries and handle missing
observations in Y. Furthermore, BiG-VAMP-MC takes advantage of the discrete-
valued i.i.d. priors on U and V', which are systematically handled by the BiG-
VAMP framework.

In contrast to existing discreteness-aware methodologies, which only handle
the observation data matrix as discrete, our new approach allows for the dis-
cretization of the factorized matrices for even better results. BiG-VAMP-MC is
an AMP-like algorithm inspired by the BiG-VAMP framework, which can handle
both discrete-valued entries in the observation matrix Y and the latent factors
U and V simultaneously. Specifically, our numerical results using synthetic data
and a movie RSs application exhibited that BiG-VAMP-MC has the best recon-
struction accuracy as compared to existing discrete state-of-the-art algorithms
such as BiG-AMP-MC and DA-niAPG. The algorithm further enhances perfor-
mance in the RSs application by employing adaptive quantization thresholds of
¢4(+), learned via the EM algorithm. Furthermore, we conducted a SE analysis of
BiG-VAMP-MC and showed its consistency in the synthetic MC application.
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