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1V

Abstract

A laboratory test was made on a one-fourth scale sÍmply-

supported, reinforced concrete grillage bridge having a skew angle

of 30 degrees. The model structure was chosen to accormnodate a Z-Lane

capacity and was designed for H20 - 516 highway truck loading. The

design was based on the elastic theory but the structure was analyzed

for collapse strength by the yíeld hinge theory. In this particular

tesË iË r,ras assumed that the critical conditíon prevailed; that ís,

four equal- wheel loads applied at the same.tíme to the four míddle

node poinËs. The predicted ultimate wheel- load was obtained by using

the method of upper and lower bounds.

The purposes of the test \^rere:

(í) To determine the ultímate capacíty of the skew

(ii )

grillage bridge;

To observe conditions aË the ultimate load - in

particular, how the concrete cracked and was

crushed and to measure the maximum deflection

and

The resul

lower bound for

when Ëhe reinforcing first yielded.

E of the test showed that the method of upper bound

predicting the ultimate capacity is valid.
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CHÄP]ER I

INTRODUCTION AND REVIE!

f.i Introduc tion

The development of modern highways for present day traffic has

required the desígn of skew bridges Ëo accomrodate greater speed and

heavy truck loads. Reinforced and prestressed concreËe slabs are of

particular importance for bridges as they will accommodate heavy Ëruck

loads and are suitable for short span. ilowever, it is uneconomical to

build a full scale structure for Ëesting and study in the laboraËory.

The use of small-scale models has been developed(f) ao produce valid

results under most circumstances, although some fácËors omitted in the

design of the model may cause a difference beËween Ëested and calculated

results

The analysis of most of Ëhe previous work was based on working

stress. This method of analysis neglects many importanË facËors which

if considered can result in substantial savings in bridge design. In

addition many simplífying assumptions have been made in order Ëo devel-op

the design method. The utilization of the strength of mild steel was

limiËed to a fraction of the proportional limít, and the reserve strength

above the yield point also neglecËed. This is why Ëhe elastic Ëheory is

considered to be conservative in design. On the other hand, the plastic

theory utilizes the reserve strength and deformation of mild steel above

the point of first yielding. It is applicable to borh steel and reinforced

concrete strucËures. The calculation simply involves the work dissipated



in the hinge or mechanism being equal- to the external work done, or the

Ioss of potential enerry. And the anaLysis involves an equílibrium

check (work equatíon) and check on yield crÍtereon C ¡'r(Mp ). It is

relatively simpl-e, easy to understand, and particularly applicable for

rnÍld steel. For these reasons thís method of cal-cuLation is wídeLy used

in developed countries.

Because of the scarcity of reports of prevíous work in the case

of grillage bridges it was decided to confine the study to an open gríllage.

The treaËment of open grillage bridges is similar to thaË whích would be

used for buildings designed as open frame

L.2 Reviêw of El-astic and Plastic Theories

ïn 1938, Hetenyi(") ,r,aooduced a method of calculating grí1lage

beams subjected to a concentrated load. Cecilia VÍttoria erig"tti(b)

attempted Ëo apply Macusrs method of handling dífference equaËion to skew

sl-abs with uniformLy distributed load during the same year. However, his

fundamental equations proved to be in error later. Anzetio"(") solved

a 45-degree skew slab having a uniformly distributed load and simply

supported on tr¡io opposite sides by differential equations Ín L939, In

Lg4O, Helmut vog¡(d) also analyzed skew slabs subjected to a uniforrnly

distributed load and simply supported at tvro opposiËe edges. J".rr"rr(")

determined the behaviour of skew slabs by means of difference equations

ín 1941. rn Lg47, Jensen and Allen(f) 
"o"tyzed 

skew srab bridges with

curbs of skew angLes of 30-r 45- and 60- degrees by difference equations.



They also tabulated the influence surfaces for moments at various points

of concentrated loads on slabs. Ner^¡mart(g) 
"orr¿ucted 

tests of a sÍmple-

span skew I - beam brídges in 1948. His tests involved: (i) influence

lines tests for strains and deflections ín the beams and strains in the

slab reinforcement and (ii) tests with simulated wheel_ loads with one

and Ëwo wheel loads at various points on the srab. rn 1950, Gossard G)
performed a:test on highway skew slab bridges wíth curbs. The skew

angles were 45- and 60- degrees. The purposes of his tests lrere (i) to

compare the actual behaviour of the bridges in both the uncracked and

cracked states with the behaviour predicted by the theory of isotropíc
slabs, and (ii) to observe conditions at and near the ultímate loads.

The results hTere summarized and discussed in his paper.

rn 1951 and 1952 Heyman(i'j) described a merhod of limir desÍgn

of transversel-y loaded square grids by using the assumptions of prastie
theory as applied Ëo sËeel structures. t"tori""(k) (1956) applied the yield
line theory to investigate the minimum transverse strength of slab bridges.
T'he result showed that the use of an ultimate load analysis and a consis-

tent factor of safety may lead to very great reductions in the transverse
strength required for solid slab bridges. R"yr,old(1) (Lg57) emproye.d rhe

yield line method to anaLyze the strength of right angle prestressed con-

crete slab bridges with edge beams. His analysis gave resulÈs which were

in good agreement with experimental results.' rn the same year ney'old(m)
also applied plastic theory to prestressed concrete grillage bridges both
in right angle and skew bridges. The ultimate load for each model was in

iltiì,
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excess of the predicted ultimaËe load, for a number of reasons, which

were díscussed in his paper. ch"n(t) (1957) using difference equation

analyzed the momenËs in simply supporËed skew I-beam bridges and tabul-ated

the influence coefficients for momenËs in beams, slabs and deflections of

beams, rn Lg62, Ro""(o) and Jone(P) """h discussed the ultimate strength

of skew slabs in text books on concrete structures. L"rr"do"rr(9) (Lg64)

developed and explaíned the effect of plasLíc torsion in reinforced con-

crete beams and the meLhod of combíned yield lines and yield hinges for

composite strucËures. Yih(r) Gg67) conducted.a model test of reinforced

concrete skew slab and beam brídges under ultimate loads at the University

of Manitoba. And somsak T. 
(") (1968) also conducted test of right angle

reinforced concrete slab bridge decks under ultimate loads at Ëhe same

university. The analysis in each case was based on the combination of

yield-line theory and yield hinge theory.

1.3 9bject of rfre Tesr:

The method of yield hinge Ëheory was used in thís sËudy to analyze

a skew grillage bridge. The model was simpl-y supported at the two opposite

sides"and was loaded by four wheel loads simultaneously applied to the four

middle node points (assumed critical loadíng). It was designed to accom-

modate two lanes of Ëraffic using a reduced H2O - 516 highway loading. The

model considered was one-fourth scale skew grillage bridge with a skevr

angle of 30 degrees.

.,1|:',1

.::

The principal objecË of the test was to compare the behaviour of
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-!he one-quarter scale model with that predicted by the yield hinge

In particular, the maximum load carrying capacity and deflections

vrere observed, and the load-deformation characteristics obtained.

theory.

at failure
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CHAPTER II

DESIGN OF A SKEI^I GRILLAGE BRIDGE

2.L General Considerations

A protoËype considered here !üas a simply supported skew gril-

Iage bridge having a skew angle of 30 degrees. It was designed Ëo accom-

modate two lanes of traffic ¡,rith H20 - 516 truck loading. The prototype

had a span length and roadway width of 30 feet and 24 f.eet respectiveLy.

The structure $ias designed to carry the maximum bending momenË for the

specific points of the wheel loads on Ëhe main beams. There are many

posiLions within the lane that the wheel l-oads can be applied. rn gen-

eral very nearly the maximum bending moment is produced when the Ëwo rear

axle loads are applied symetrically about Ëhe middle of the 
"Orn 

f"rr[|f.?)

In this study it was assumed thaÈ two vehicles passed at Ëhe middle of

Ëhe span I-ength and the t\¡7o rear axle loads for each vehicle were applied

aË the node points. This is noË quíte true in practice buË in Ëhe case

of grillage beams it is impossible to apply the wheeL loads at other

points than the node points or points along the main beams.

2.2 D_escriptiglL of rhe Sk_ew Grillage Brid-ge

The 30- degree skew grillage bridge structure chosen in this
study had a span length of 30 feet in the direction of the roadway and

had a road width of 24 feet. rt was designed for the Ëwo rane highway

traffic and was composed of four main longitudinal beams placed in the

direction of the roadway with a spacing of I feet centre-Ëo-centre.



All longiËudinal beams were of equal size, L6 inches wide by 32 inches

deep and were enclosed by tlto supporting beams (end transversals) of the

same síze. Another tI.7o Ëransversal beams 14 inches wide by 28 Ínches

deep were located at the third points, aË l0 feet centre-Ëo-centre. The

model was construcËed to one-fourth of the prototype dimensions. For a

detailed descripËion, see the model diagram in Figure 1_.

SECT]ON 1.1

L

¿^

O\'

94.00,1

3 . 75"*F 23 .7 5" -+ , 23 .7 5,,
76.QOrl

Bt

Btt

uz

LONGTT1IDINAL BEAI'Í

SUPPORTING BEAM

TRANSVERSAL BEAM

4r x Blt

4ilx8Û

3 .5" x 7'r

MODEL DIAGRA.}Í :FÏGURN
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2 a Scale Relations

It ís uneconomical and unnecessary to build a prototype for

testing, in many cases. A scale model is generally used in the laboratory

for greater convenience. For this study ít rÂras considered that a one-quar-

ter scale model vTould yield valid resulËs which could be applied to the

prototype. The dímensions of the protot)æe, and Ëhe model are shown in

Table 1. The otherwell-knownscale relationships between Ë,he prototype

and the model are shornm in the secËion on NoËation on Page x.

TABLE 1.

Dimensions and Loading of Prototype and Model

De scríption Prototype Mode I

Span length

Roadway width

Longitudinal beam spacing

Transversal beam spacing

Beams Sections Bl

Btt

uz

Truck Load

30r - 0"

24t - 0"

Br _ Ort

l_0r - 0"

L6" x 32"

L6t' x 32"

14" x 28"

24 kips.

7t _ 6rt

6t_0n

Zt_0"

2t. _ 6tt

4rr x Bil

4rr x 8rr

3.5" x 7"

1.5 kips.

l:.ì.ì:
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2.4 Design of lhe Model

In general there are Èvlo ways of arranging the main girders in

the case of a skew crossing:

(i) The main girders can be pl-aced parallel to the direction of the

roadway and not at right angles Ëo the tb,rt*"rrt, Í2) The design

span of the girders is then measured along the same direction.

This method ís economical for shorË span bridges.

(ii)- For wíde skew crossings itis preferable to place the girders

at right angles to the abutments. Thís results in triangular

secË,ion aË each side of the crossing and thus one end of the

girder rests on the abutment and the other end on the parapet

girder. The parapeE girders carry heawy loads, and to increase

their depth it is often desirable to extend them above the road-

!ray. These Ëvro types of skew crossings are shown in Figure 2

and Figure 3 respecËively
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' The transversal beams or diapnr"'gr**"y be placed parallel to

the abutments or perpendicular Ëo the longitudinal beams. Reynoldsrs

. (4,5)
experimentè ' 'revealed that there vras no apparenË difference in the

behaviour of skew bridges with the transverse beams at right angles Ëo

the main beams and the right-angle bridges, although it would appear to

be more effecËive to have Ëransverse beams aË ríghË angles to the maín

beams than to have Ëhem parallel to the abutmenËs (figure 4).

The span length of 30 feet vras considered to be a short span,

Ëherefore case (i) for skew crossings r.ias chosen for this sËudy. The

model was designed using the elasËic theory according to AASHO specific-
(6)

ations and by using the reduced load from the scale relations indicated

in Table l-. The foll-owing assumptions were made

(i) The girders T¡Iere simply supported and subjected to pure bending

onlY;

(ii) No torsional strength existed in the girders;

(iii) The abutmenËs caused no effect on the bending moments of the

girders

(iv) The diaphragms or transversal beams caused no effect on the

bending momenËs of the girders

For simplicity of making the forrm¿ork the L\^ro ouLer girders

were made equal to the inner girders although Ëhey carried less load.'
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2.5 Determinatíon of the Ultimatql,oad for the I'I95þt

The plastic theory and the method of uPPer and l-o\,Ier bounds

were applied to anaLyze the *oael.(4) The ultimate load for Ëhe struc-

Ëure rÀ7as obtaíned by equating the !,Iorkdone by the load, during collapse'

to the work dissipated in the hinges. ie:

€ cp.ó) = € (M.0) =É oç gn * t, or)

Íhe load P wilt be the true collapse load only if the assumed

mode of f,ailure is the correct one. The load obtained by the vírtual

work equation is always greater Ëhan or equal to the Ërue coll-apse load'

In order to obtaín Ëhe lower bound for the collapse load, the sËructure

was Ëhen examined statical-ly under the load P. Four modes of failure

were postulated for the model strucËure. The lowest Pu was found to be

LI.ZO kips, which was found to be associated with a sËatical1-y admissibl-e

system. 
(4) 

The ultiurate load for each mechanism is shown in Figure 5,

and the calculations are shown in Appendix B (?age 55). The analysis

for Ëhe plastic bending moments of the beams were based on Fergusont s

method(7) and torsional moments based on Lansdo*nt".(8) The deËailed

calcu1ations of the bending and torsional moments are shown in Appendix A

(Page 48) and surmnarized in Table 2.
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N9 /VODE OF FA/LURE Pu-( K/PS)

BEND/Nê

roRstoN

/t.20

2

ts.64

/5.69

4

t7.8ó

F/GURE.5 POêS/BLE MODES AF FA//.L]RE
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TABLE

Surrnary of plastic ultimate strengths of beams

Beam Section
Mu

(in.- kips)
Mul

(in. - kips)
Mr

(in. - kips)

z-f s/s't'

stírrup
Ga.wire No.9
@ L.Z't c/c

3-il 3/s,'

L52.65 103.80 24.70

7t,

z-/ z/e,,

stirrup
Ga.wire No.9
G 1.5" c/c

s-f z/a"

131. 20 88. s0 L4.30
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CHAPTER III

SPECTI'ßN AI{D TESTING APPARATIIS

3.1 Model Construction

Two sheets of 3/4tt thick plywood v¡ere laid flat on the laboratory

floor. Ihe side forms of 3/4" plywood were fasËened to the botËom to form

the sides. 'The botËom and sídes were fastened with screr¡t nails and the side

forms were rigidly anchored by the triangul-ar pieces of wood as shov¡n in

Photo 1. The inside surface of the forrm¡ork was shellacked and oiled afËer

construction. The 3/B-inch reinforcing sËeel r{as cut to lengËh and bent

accordingly Ëo ACI Standards for Bending s"t".(9) The stirrups of No. g

gauge wire were bent carefully to the sizes of the cages of the beams by

using a jig.

-t

j

PhoËo 1. Pl¡oood formwork of the model
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as shovTn

in ?hoto

The main reínforcement and stirrups were tied together using sËandard ties.

At the four corner joints the main reinforcement was bent to overlap and

two pieces of 3/B-inch bar were inserted to avoid corner failure. This is

shown in ?hoto 2. At the joint between the longitudinal beams and the cen-

tral transversal beams, tvJo pieces of 3/B-ínch bar were inserted as an ancho-

rage to avoid the joint failure as shown in Photo 3. Four lifting hooks were

placed at the corners as shown in Photo 4. The reinforcing for each beam

was built separaËely and then all formed together Ëo a shape of the model-

?hoto 4. The sËeelwork was then put ínto the formwork as shownIN

5.
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Photo 2. Reinforcement detaíls at the corners.
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Photo 3. Refnforcement deËaíls at the longitudinal
and transversal joints.

I

I

I

I

, :- : .-

Photo
-: ..:a:aa:.a- - : _i_ '

Overall view of the steelwork.
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Photo 5. Fittíng of the s'teelwork into Ëhe 'formwork.

3.2 }4aterial ProPer:Eieå

, Reinforcing steel used was of an interrnediate grade, round bars

of average yielding point 66 ksi. The stirrups vTere a mild steel of average

yielding poinË 33 ksi. sËeel properties are shown ín Table 3.

TABLE

Steel Properties

Bar
Mean Diam.

(in. )
Area

(ir,. 2)
Av. Yield
Load (lb. )

Av. Yield
Strength (psi.)

9 Ga. o.L44 0.0163 538 33,000

3/8" þ 0.375 0.1104 7260 66,000


