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law similar to that of Δ௤; 

    1, , / , /
lnq q qW L A L b    


 ��  (7.13) 

It can be shown that the mean value of the PDF, 〈ߙ〉, and the position of its maximum, obey the 

same scaling law as Equation (7.13). 

 

This multifractal theory applies over the entire critical regime. Two applications of the 

theory to experimental data are immediately evident (Rodriguez et al. 2011): 

1. By varying disorder and system size, but fixing ߣ, the critical parameters of the 

Anderson transition can be measured. This analysis was performed for numerical simulations by 

Rodriguez et al. Results for the PDF are shown in Figure 7.3. As the Anderson transition is 

crossed from the diffusive (metal) to localized (insulator) regime, the PDF broadens and its 

center shifts. The rate at which the center shifts depends only on sample size. 

 
Figure 7.3: Numerical simulations of the probability density ࣪(ln ஻ܫ ; ܹ, ,ܮ ܾ) as a 

function of disorder, ܹ, across the Anderson transition for a fixed ߣ. Results are shown 
for two system sizes ܮ. In this figure, ߙ ≡ ln ஻ܫ / ln  Used with permission (Rodriguez .ߣ
et al. 2010).

In other words, multifractal quantities such as the PDF and GIPR exhibit finite-size scaling 



215 

 

behaviour close to the Anderson transition. For fixed L/b, both Δq and the PDF show : 

a) Scale-invariance at the critical point 

b) Finite-size scaling behaviour away from the transition 

The theory predicts that 

c) As the mobility edge is approached, Δq and the mean of the PDF will shift at a rate 

which depends on L. 

The theory would allow the fitting of experimental data with disorder and system size for a 

simultaneous estimate of critical parameters ௖ܹ , which is determined by ௖݂  for my experiments 

in the SC theory analysis in Section 5.1.1 of this thesis, and ߥ. An example of how this type of 

analysis could be applied to my experimental data is presented in Section 7.5.4 of this chapter. 

 

2. To go further with the analysis, the theory would allow the fitting of experimental data 

with disorder, system size and box size. This would yield, in addition to ௖݂  and ߥ, an estimate 

of the scale-invariant multifractal exponents Δ௤ and ߙ. This technique was demonstrated for 

numerical data by Rodriguez et al. in 2011. 

 

In this work, I would like to see if the shift in the Δ௤ and 〈ߙ〉 as the ME is approached 

(points 1a-c, above) can be observed experimentally. This measurement will be extremely 

challenging, as it requires samples of different sizes in which the mobility edge occurs at the 

same frequency, and enough samples (realizations of disorder) to provide an adequate 

configurational average. Success with this first experimental step, however, will lead to more 

sophisticated fitting of the data with the theory (point 2, above), which could simultaneously 

pinpoint the frequency of the mobility edge and provide an unambiguous experimental 



216 

 

measurement of ߥ for classical waves in a 3D medium. 

7.3. Speckle statistics in a slab mesoglass 

In Chapter 5 of this thesis, fluctuations in the averaged transmitted and backscattered 

dynamic intensity were observed near the critical regime (e.g. Figure 6.6 and Figure 5.5, and 

accompanying text). For a more direct quantification of the spatial fluctuations in transmitted 

intensity, the variance ߪଶ (the square of the standard deviation) can be examined. This quantity 

can be measured experimentally by acquiring speckle maps of transmitted field in the following 

way. 

 Field mapping 7.3.1.

A field map is used to study the speckle pattern of transmitted waves near (within 1-2 ߣ) 

the surface of the sample. In these experiments, the source is kept stationary and the detector 

scans over a relatively large grid on the opposite sample face. In this way, a speckle pattern near 

the output face of the sample (such as that shown in Figure 2.1) is acquired. To ensure that 

results are not dependent on a particular source point (and to acquire more points for statistical 

analysis), several speckle maps are recorded with the source point at different positions on the 

sample surfcace. Further experimental details are given in Section 3.2.2. 

 Variance from speckle maps 7.3.2.

 Figure 7.4 shows ߪଶ(݂) of the normalized transmitted intensity ܫመ(݂) ≡  〈(݂)ܫ〉/(݂)ܫ

through sample L1. The variance is calculated from the experimental speckle maps measured in 

transmission, as described in the previous section. Five different maps were acquired, each with a 

different source position. The configurationally-averaged variance 〈ߪଶ(݂)〉 is the average of the 

variance from each map. The difference in the level of this quantity and the ‘overall variance’, 
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 ଴ correlations. Theseܥ ଶ(݂), calculated over all data from all maps, is most likely due toߪ

correlations are related to the fluctuations of the density of states at the source position, and have 

been shown to increase significantly near a mobility edge (Hildebrand et al. 2014). In Figure 7.4 

the difference between 〈ߪଶ〉 and ߪଶ is most markedly observed near MEs (1.2 MHz and 0.88 

MHz, which is almost certainly a ME). This concept is in keeping with the theme of enhanced 

fluctuations near the localization regime. 
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Figure 7.4: Variance of normalized transmitted intensity speckle maps for sample L1. 
Configurationally-averaged 〈ߪଶ〉  (black squares) is generally lower than ߪଶ  which 
includes data from all source positions (red circles), especially near critical regimes, due to 
the presence of significant ܥ଴ correlations. Error bars for 〈ߪଶ〉 indicate the deviation 
from the mean over the variance from each individual speckle map. Every second point for 
 .is omitted, for clarity 〈ଶߪ〉

The large variance at the lower ME of 1.20 MHz indicates the presence of huge 

fluctuations of transmitted intensity, in agreement with previous observations in this thesis and 

for similar samples. At no frequency is 〈ߪଶ〉 = 1 recovered, which is the expected value for 
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purely diffuse behaviour. The exception is near 1.25 – 1.3 MHz, where the presence of noise in 

these experimental measurements dominates (see Figure 7.6 and accompanying text). Even at 1.0 

– 1.1 MHz, where the probability of purely diffuse behaviour is highest, ߪଶ > 1. It is probable 

that wave transport is subdiffusive all the way through the 1.0 MHz passband. In any case, Fig. 

7.4 shows that the magnitude of variance depends on how the variance is measured, so that care 

must be used in trying to establish a criterion for located a mobility edge based on a particular 

value of the variance.   

Figure 7.4 also enables a tentative comparison of the data with one of the criteria for 

localization, outlined in Section 2.5.3: variance of transmitted intensity 〈ߪଶ〉 = 7/3 at the 

mobility edge (so 〈ߪଶ〉 > 7/3 for localization). However, this criterion was established for 

quasi 1D systems, and may not be valid in 3D. 

 Multifractality 7.3.3.

As a first approach to observing multifractality near a mobility edge, I have calculated the 

anomalous exponent Δ௤  for my slab mesoglass L1. This quantity is calculated from 

transmission speckle maps. The analysis is similar to that detailed by Faez et al. (Faez et al. 

2009). For these experimental data, the appropriate length scale to compare with b is ܮ௚, the 

linear size of the grid over which the speckle map was measured (as shown in Figure 7.1), and 

not the actual sample size. The GIPRs are calculated directly from the speckle map (Equation 

(7.1)), for a range of box sizes b. From the configurationally-averaged GIPRs, the anomalous 

fractal dimension Δ௤ can be directly calculated. Results are shown in Figure 7.5 for diffuse (1.0 

MHz) and localized (1.2 MHz) regimes. The data in the localized regime are very similar to that 

for the monodisperse sample shown in Figure 7.2, but the conventional diffusive behaviour is not 

recovered: the Δ௤ at 1 MHz depend more heavily on q than would be expected in the diffuse 
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regime. The reason for this may be that waves at 1 MHz are not purely diffusive. Being at the 

center of a pass band, 1 MHz is presumed to be the ‘most’ diffuse frequency out of the available 

range for the measured transmitted speckle map (0.75 to 1.28 MHz), but this fact has not been 

independently confirmed (as was done, for example, at 250 kHz in Chapter 4). However, it is 

definitely not localized, and is shown in Figure 7.5 and Figure 7.6 to be at least somewhat 

diffusive.  
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Figure 7.5: Anomalous fractal exponents Δ௤ for the diffuse regime (1 MHz, blue 

squares) and localized regime (1.20 MHz, red circles). The logarithm of the GIPRs are 
shown in the inset, for a range of ݍ = {−2, −1,0,1,2,3} , in descending order (the 
uppermost line is for ݍ = −2, the lowest line is for ݍ = 3). Linear fits of 〈log൫ ௤ܲ൯〉 
enable the direct calculation of Δ௤ from Equations (7.2) and (7.3). Uncertainties for Δ௤ 
are given by the uncertainty in the linear fits of 〈log൫ ௤ܲ൯〉 vs log൫ܾ/ܮ௚൯.  

Figure 7.6 shows the frequency dependence of Δ௤ୀଶ. For ݍ = 2, the Δ௤ decrease as the critical 

point is approached, as predicted by theory (Rodriguez et al. 2011; Evers and Mirlin 2008). We 

can observe that there is probably also a localization regime near 0.88 MHz, a frequency range 

which was not included in the time-consuming self-consistent theory fitting approach of Chapter 
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5. The brief results presented here suggest that the relatively simple approach of multifractal 

analysis could, with further development, be used to locate localized regimes. 
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Figure 7.6: Anomalous fractal exponents Δଶ as a function of frequency. There is a 
clear dip at 1.2 MHz, the lower mobility edge for this sample. The noise dominates after 
around 1.25 MHz for this measurement. The spike around 1.3 MHz is due to signals from a 
local radio station (frequency 1290 kHz), which are picked up clearly by our water tank 
experiments (this is visible as a spike in the transmission coefficient shown in Figure 3.25). 

7.3.3.1. The effect of noise  

It is clear from Figure 7.5 that the predicted symmetry relation for the Δ௤ (Equation (7.6)) 

is not obeyed for the data from sample L1. This was found to be due to the influences of noise. 

Noise affects negative q values more, since in Equation (7.1) the reciprocal of very small values 

is being calculated. Thus, excessive noise has the effect of increasing the GIPRs, especially for 

small b where the noise cannot be completely averaged away. This causes a decrease in Δ௤ 

values. This effect can be demonstrated by calculating the anomalous fractal exponents for 
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matrices of pseudo-random noise27, as shown in Figure 7.7. This figure also demonstrates that a 

larger grid size (i.e. more points in the configurational average of the GIPRs) can help to 

alleviate this effect. One can anticipate from this plot that only for an extremely large grid will 

Δ௤ approach 0 for all q (and obey the predicted symmetry relation), which would be intuitively 

expected for purely uncorrelated speckle. 
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Figure 7.7: Anomalous exponent Δ௤  calculated for matrices of pseudo-random 

values27. Values for negative q are lower than for positive q. Uncertainties are given by the 
standard deviation from the mean over all grid points. 

Conclusions that can be drawn from this simple example are that positive q values are 

more reliable than negative ones. Noise, which in the case examined here may have some 

correlations, causes Δ௤ to decrease for all q, except very near to ݍ = 1/2: the parabola shape of 

Δ௤  is ‘bent’ inwards. This observation demonstrates that the Δ௤  are very sensitive to any 

correlations, as well as the effect of waves being diffuse or localized. For practical experimental 

                                                

27  These matrices are filled with numbers between the typical minimum values of 
transmitted speckle intensity for L1, given by the pseudo-random number generator function 
enoise in Wavemetrics IGOR software.  
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purposes, it is clear that noise can distort the results for Δ௤, motivating the development of 

careful noise discrimination techniques. 

7.4. Experiments on cubic mesoglasses 

Multifractal behaviour was observed in slab mesoglasses in the critical regime in the 

previous section by keeping L constant and varying b. Next, we are interested in investigating the 

sample-size dependence of two measures of multifractality (the GIPR and PDF) by varying L. To 

this end, I have constructed cubic samples similar to the slab mesoglasses, but which are smaller 

and exist in a range of sizes. This section details the experimental measurement of ultrasound 

through these samples, and the comparison of these results with predictions from the finite-size 

scaling theory of Section 7.2.1. I report significant differences in several different statistical 

quantities between cube and slab-shaped samples. 

 Construction of brazed cubic samples 7.4.1.

Cubic samples were made of aluminum beads (diameter 4.11 mm) brazed together to form 

porous 3D disordered networks. This brazing technique is the same as that described in Section 

3.1.1. Each sample is cube-shaped, with volume ܮଷ and linear size ܮ = 2 cm, 3 cm, 4 cm, 5 cm, 

and 6 cm (Fig. below). Several cubes of each size were made to provide opportunity for greater 

configurational averaging. Thus, since each sample represents a different configuration of 

disorder, it is important to achieve the same ‘strength’ of brazing (Lee 2014) (i.e. the same size of 

‘necks’ connecting individual beads) for all samples. To this end, individual molds for the cubic 

samples were fashioned so that many different samples, of varying sizes, could be brazed at the 

same time. Several sets of samples were brazed in this fashion, using the same conditions such as 

furnace heating profile, pressure, etc. For each cube, one face was sanded flat for laser 
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interferometry measurements. Representative samples are shown in Figure 7.8. Details on 

brazing conditions and finished samples are provided in Section 3.1.1. 

 

Figure 7.8: Cubic aluminum-sintered samples shown against a background grid of 
0.5 x 0.5 cm squares. One representative sample is shown for each size ܮ: left to right: 2 
cm, 3 cm, 4 cm, 5 cm, 6 cm. In this picture, the nearest face of each sample is the flat 
output face, on which acoustic vibrations are measured with a laser interferometer. 

 Measurements of vibrations on the sample surface 7.4.2.

The transmission of acoustic waves through each cubic sample was experimentally 

measured using an acoustic transducer as the source, and a laser interferometer as the detector. 

The laser ultrasonic receiver (TEMPO-2D, produced by Bossa Nova Technologies) is a 

photorefractive interferometer. A probe beam is incident on the sample (as shown in Figure 7.9). 

The light reflected back from the sample surface enters the interferometer and is mixed with a 

reference beam in a photorefractive crystal. This generates a local oscillator beam, which then 

interferes with the signal beam on a photodetector, producing a photocurrent proportional to the 

displacement of the sample surface.  

The experimental setup around the sample is shown in Figure 7.9. A quasi-point source 

was constructed by gluing an aluminum cone to a small contact-coupled ultrasonic transducer 

with a central frequency of 1 MHz (CrystalBond 555 was used, as the hardened glue may be 

simply dissolved in warm water). The tip of the cone is the diameter of one bead. For each 
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experiment, the cone tip was placed into contact with an individual bead on the sample surface, 

which was partially sanded flat for better contact. The transducer emits a long chirp spanning a 

wide range of frequencies. A laser interferometer measures the acoustic vibrations at the opposite 

sample surface over a wide range of times and frequencies. Both sample and source are placed 

on a motorized stage. By translating the stage relative to the interferometer, a two-dimensional 

(2D) scan of the vibrations on the sample face was recorded.  

 
Figure 7.9: The experimental setup for a representative 5 cm cube. The transducer, 

glued to an aluminum cone (far right) is placed into firm contact with one bead on the input 
sample surface (right side of sample). The laser interferometer (left) scans the opposite face 
of the sample, recording a map of the transmitted speckle intensity as a function of time. 

These experiments were performed on many different samples, and, for each sample, 

several experiments were performed with the source in contact with different spots on the input 

face. By changing the source position, the input signal is coupled to different modes of the 

sample. Thus, configuration averaging was performed over experiments on different samples of 

the same size, and on experiments on the same sample with differing source positions.  

7.4.2.1. Details of signal generation and detection 

An Arbitrary Wave Generator (AWG) generates the input signal (in this case a wideband 

chirp), which is amplified by a linear amplifier (E&I Broadband Power Amplifier, Model 2200L) 
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and sent to the contact-coupled transducer. The laser interferometer records the vibrations normal 

to the surface, on the opposite face of the sample. For the analysis presented here only out-of-

plane signals were used. Signals were acquired using a Gage Compuscope CS14200/CSE1621 

digital oscilloscope card, which allows for fast onboard averaging. The Gage card is 

synchronized in time with the output of the AWG. Acquired signals were downloaded from the 

Gage card by Matlab in real-time. Thus, additional averaging was possible by performing 

multiple acquisitions and averaging them together in Matlab.  

The entire generation and detection process is controlled by a sophisticated set of software 

developed mostly by Cody Friesen, and modified by Eric Jin Ser Lee and myself. This software 

also controls the motors which translate the sample and source parallel to the interferometer, and 

includes a complex autofocusing routine for the interferometer. This routine ensures that signal is 

only collected where an acceptable amount of light is reflected back into the interferometer 

(Friesen 2011). This means that in a scan of a sample surface, voids or areas which are very 

rough are neglected, decreasing the time required to complete an entire scan. 

7.4.2.2. Data processing 

With each acquired signal, two additional measurements are also taken: (1) a calibration 

value, which depends on the total amount of collected light for that point, and (2) the in-plane 

accuracy, which is a measure of the angular dependence of the reflected light. A small in-plane 

accuracy indicates that a relatively large percentage of reflected light is not parallel to the 

incident beam axis.  

The magnitude of an acquired signals is in volts. The signal is converted to displacement in 

nanometers by dividing it by the calibration signal. The calibration signal can be used to reject 

those points which are not within the plane of the acquisition grid scan, i.e. areas which are voids, 
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or too rough for a decent measurement. The in-plane accuracy can also be used to identify areas 

from which a large proportion of backscattered light is reflected at an angle to the probe beam. 

For instance, at the edge of a bead, the in-plane error is often quite high, if light is scattered 

sideways from the edge, or if only some of the probe beam is in contact with the bead. Here, 

measurements of normal displacement are not as reliable. Thresholding of the raw data using 

both the calibration signal and the in-plane accuracy was used to reject signals at rough surfaces 

or at bead edges. 

The data from a scan are immediately Fourier-transformed into intensity as a function of 

frequency, and calibration and in-plane error thresholding performed. Figure 7.10 shows the 

average transmitted intensity through a 5 cm sample. Band gaps are clearly visible. They appear 

at very similar frequencies as the pseudo-gaps of the slab mesoglasses (shown in Figure 3.25), 

which is not surprising since the cubic and slab samples have similar bead sizes. 
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Figure 7.10: Average transmitted intensity through a 5 cm cube (other sizes very 
similar). Pass bands are due to the coupling of individual bead resonances.  

Figure 7.11 shows transmitted amplitude from a scan of a 5 cm cube, for a few 

representative frequencies. These data have been normalized by the calibration signal, and both 

the calibration and in-plane error have been used to discriminate between polished bead surfaces 
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and voids/rough spots on bead edges. These void areas are given a value of not-a-number (NAN) 

(white areas in Figure 7.11), so that such data are not included in any statistical analysis. 

 

 
Figure 7.11: Transmitted amplitude through a 5 cm cube, measured by a laser 

interferometer. Units on colour scales are nm normalized by the average transmitted 
amplitude at each frequency. Data are shown for several representative frequencies. The 
approximate spatial extent of acoustic modes in the sample is visible by eye: at 30 kHz (a) 
and 330 kHz (b), wavelength is much larger than bead size, and modes spread across the 
entire sample. Around 1.1 to 1.2 MHz (c,d), wavelength is comparable to bead size, and at 
1.165 MHz (e), wavelength is smaller than bead size. 
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(Figure 7.11, cont’d) 
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(Figure 7.11, cont’d) 

 
 

 

In the monodisperse cubic samples, strong scattering can be expected for frequencies 

where wavelength is comparable to bead size. Thus, frequencies around the band gap near 1.2 

MHz were chosen to be investigated for signs of localization. Indeed, at 1.146 MHz, a single 

spatially localized mode can be observed by eye in Figure 7.11 (d) (and similar behaviour is 

observed for many other samples). While this in itself is not evidence of Anderson localization, 

the existence of spatially confined modes near a lower band gap edge is extremely suggestive of 

localized waves (Hu et al. 2008). This estimate is supported by the fact that in the slab samples 

L1 and L2, Anderson localization was observed near the pseudo-band gap at around 1.2 MHz 

(Chapter 5). Thus, the frequencies around the 1.2 MHz band gap are studied in this work. 
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7.5. Speckle statistics from cubic mesoglasses  

Although average transmitted intensity through the cubes is similar for different samples 

and source points (resembling that shown in Figure 7.10), transmitted modes inside band gaps 

such as that shown in Figure 7.11 (d) are not observed for every source point. In other words, not 

every input and output point can couple to a localized mode. This means that ܥ଴ correlations are 

significant, as was observed for sample L1 (see Figure 7.4 and accompanying text). A large ܥ଴ 

effect is encouraging in a search for a ME, but it also means that a large number of experiments, 

and careful noise discrimination, are required for meaningful statistical analysis of the speckle 

maps from the brazed cubes.  

 Variance  7.5.1.

For each frequency and source position, normalized variance of intensity fluctuations ߪଶ 

was calculated in the same way as it was for the speckle maps from L1 (Section 7.3). Results are 

shown in Figure 7.12, averaged over different source positions and configurations of disorder28. 

Variance at pass band edges shows a dramatic increase, indicating large fluctuations. 

Waves at these frequencies are good candidates to show localized behaviour. The prediction of 

ଶߪ ≈ 7/3 at a ME, along with the expectation that the DOS is small at the upper edge of a pass 

band, gives an indication of where mobility edges may be expected for these samples. 

                                                

28 Variance and multifractal quantities were averaged over the following different samples 
and scans (input position): for 2 cm samples, 3 scans in total on 3 different samples, for 4 cm 
samples, 3 scans in total on 2 different samples, for 5 cm samples, 7 scans in total on 2 different 
samples, and for 6 cm samples, 3 scans in total on 2 different samples. 
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Figure 7.12: Average variance as a function of frequency. Values of ߪଶ → 1 for 

some sizes (e.g. 6 cm) are due to noise inside band gaps as described in Section 7.5.2. The 
reason for the spikes in variance for the 5 cm sample at lower frequencies are unknown. 

 Noise discrimination 7.5.2.

The most interesting statistics were found in the frequencies at the lower edge of the 1.2 

MHz band gap – more specifically, around 1.14 to 1.18 MHz. However, SNR at these 

frequencies is very low, and noise effects were found to seriously interfere with the desired 

statistical analysis. Therefore, for each scan, the following method was used to discriminate 

between signal and noise: 

1. The average intensity level inside the band gap is found, and any point in the scan where the 

intensity level is lower than that threshold is set to NAN (illustrated in Figure 7.13).  
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Figure 7.13: Intensity maps of one 5 cm cube at 1.1538 MHz, normalized by the total 
average intensity. (a) shows all points, and (b) shows only points for which intensity is 
above the average level inside the 1.2 MHz band gap (the result of the first intensity level 
thresholding procedure). Only the points in (b) are used in subsequent analysis. 

Since each scan is different, and the output speckle map depends greatly on the source position, 

the intensity thresholding helps to shield configurationally-averaged quantities from noise, and to 

obtain accurate statistics farther into the band gap than would otherwise be possible. For example, 

in Figure 7.14, for different source positions on the same sample, very different maps result. For 

some frequencies near the band gap (e.g. 1.1538 MHz, shown in Figure 7.14), almost no signal is 

transmitted through the sample for some source positions. Neglecting these points enables more 

accurate statistical analysis which only includes those points which are above the noise. In the 

example of Figure 7.14, ‘scan 2’ of Cube 5b (right) would hardly contribute at all to resulting 

statistics at this frequency. Note that setting these points to NAN is different from setting them to 

zero, as NANs do not contribute to any average quantities. 
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Figure 7.14: Intensity maps of one 5cm cube at 1.1538 MHz after intensity 

thresholding. Three maps of the same sample surface are shown, for different source 
positions. 

 
2. A similar procedure is performed during the box-summing step of the analysis – for each 

frequency f, any box ܫ௕(݂) is rejected (not counted in subsequent statistical analysis) for which 

the sum of intensity in the box is less than 4x the sum of intensity in that same box, averaged 

over a frequency range inside the neighbouring band gap (1.18 to 1.19 MHz), i.e.  
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where ஻݂ீ  denotes the range of frequencies inside the band gap (entirely dominated by noise for 

most source positions) and ܰ ஻݂ீ  is the number of points in frequency in that range. The factor 

of 4 was chosen by observing in detail the effect of this box-intensity-thresholding on the 

subsequent analysis results.  

 Multifractality and finite-size scaling 7.5.3.

Both the PDFs and GIPRs were calculated for the transmitted intensity through each cubic 

sample. These quantities were calculated separately for each scan, and then averaged together for 

each different cube size. Since each scan measures transmitted intensity for a unique source 

position, this average is an average over realizations of disorder28. For the PDF calculation, 

boxes (such as those shown in Figure 7.1) were allowed to overlap for increased averaging (this 

was not possible for the GIPR calculation). This did not introduce any unexpected effects in the 

final results. Noise discrimination was performed as outlined in Section 7.5.2.  

Results for the probability density are shown in Figure 7.15 for two representative 

frequencies. I observe a subtle scaling of PDF maxima with system size L, in the diffuse regime 

(left plot). In the plot on the right, a clear shift in PDF maxima from the diffusive regime towards 

criticality (1.1 → 1.2 MHz) is demonstrated, and there is much less variation with system size. 

By varying nothing but the physical size of the sample, a difference in behaviour near the 

mobility edge is seen. For frequencies higher than 1.15 MHz, there is too much noise to observe 

definite signs of localization, i.e. a further shift of the PDF maxima such that the 6 cm PDF is 

furthest to the right and the 2 cm PDF is furthest to the left. However, it should in principle be 

possible to fit data which approaches the ME with the existing theory, and still extract the critical 
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exponent, seeing as it is the rate of the shift with disorder and system size that is important. This 

step is considered in the next section. 
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Figure 7.15: Probability Density Functions. Expected shifting of maxima is observed 

in the diffuse regime (left). With the approach to the mobility edge, distributions for 
different L shift to the right at different rates (right). At 1.145 MHz, the 2 cm curve is 
distorted due to noise. For both frequencies, data are averaged over a frequency range of 
7.55 kHz. 

Results for the GIPRs are shown in Figure 7.16 for two representative frequencies. In the 

theory of Rodriguez et al., the GIPRs are calculated for one box size only (Rodriguez et al. 2011; 

Rodriguez et al. 2010). Here, I calculate the GIPRs using the method of Faez et al. (Faez et al. 

2009; Hildebrand 2015), where ߬௤ is calculated over a range of box sizes, and a linear fit of 

〈log൫ ௤ܲ൯〉 vs log൫ܾ/ܮ௚൯ gives Δ௤ directly (this is the same method to calculate the GIPR in 

sample L1). I have verified that these calculations give approximately the same results, i.e. 

〈log൫ ௤ܲ൯〉 depends linearly on log൫ܾ/ܮ௚൯, and that they give values of Δ௤ that are similar to 

the single box size method used by Rodriguez et al. The linear fitting method involves more 

averaging (better statistics), giving results with less uncertainty. There is a subtle difference 

between these methods according to the theory, but the data quality are limited by the amount of 

available configurational averaging and the influence of noise, precluding a detailed analysis 

beyond the observation of a general shift of Δ௤ with ݂ and ܮ. 
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Figure 7.16: Anomalous exponents Δq are very low even for the diffuse regime (1.10 

MHz, left, averaged over 17.75 kHz). Closer to the pass band edge, the Δq decrease even 
more and are less curved, as expected for the localization regime (right, averaged over 7.75 
kHz). For negative q values, Δq are highly affected by noise and are therefore not shown. 
For each sample thickness, configurational averaging was done over 2-5 source points 
and/or samples. 

In Figure 7.16, 1.137 MHz is the frequency the farthest into the band gap at which there is 

enough statistics to give clear results for Δ௤ which are relatively unaffected by noise. There is a 

subtle shift observed between diffuse (1.10 MHz) and near-critical (1.137 MHz) regimes, in 

which the anomalous exponents for different sample sizes become lower (indicating an approach 

to localization) and closer together (implying an approach size-independence).  

 Critical exponent estimation 7.5.4.

 Although is it clear that much more configurational averaging is required to obtain 

accurate results from the experimental data, we can anticipate the finite-size scaling analysis to 

be performed on future more complete results. To get a sense of the next steps of this project, I 

present here the FSS analysis that will be used, and apply this theory to the data available so far. 

To obtain an estimate of the critical exponent from my data, I apply the simplest possible 

version of the finite-scaling theory; a one-parameter finite-scaling scaling (FSS) model. This 

model can be applied to systems whose evolution can be described in terms of one variable only; 
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in this case, the variable is ߦ/ܮ. In principle, a two-parameter FSS model can also be used to 

analyse these data, by varying the box-size so that the PDF and Δ௤ depend on both ߦ/ܮ and 

 but this analysis should probably only be attempted after verifying that the one-parameter ,ߦ/ܾ

FSS gives meaningful results, and is thus beyond the scope of this project at present. 

Let the function Γ௤(ܹ, ,ܹ)denote either Δ෩௤ (ܮ ,ܮ (ߣ  or ߙ෤௤(ܹ, ,ܮ (ߣ  from Equations 

(7.11) and (7.13). For the one-parameter FSS, the value of ߣ  is fixed so that Γ௤(ܹ,  (ܮ

depends on only one parameter (ߦ/ܮ). Γ௤(ܹ,  ;can be expressed as a function of two variables (ܮ

 a relevant variable which describes the nonlinearities of the ܹ dependence on the scaling ,ߚ

variable (ߦ/ܮ), and ߟ, an irrelevant variable. We can write: 

    , /q qW L L     (7.15) 

where ߞ௤  denotes the RHS of either Equation (7.11) or (7.13). The role of the irrelevant 

variable is to account for a shift with ܮ of the disorder at which the Γ௤(ܹ,  curves cross (ܮ

(away from the mobility edge, ௖ܹ). Equation (7.15) can be expanded in first order in ߟ to 

obtain  

      1/ 1/ 0 1/ 1 1/,k y
q q qL L L L L            . (7.16) 

The irrelevant component is a finite-size effect which should vanish for large ܮ, so ݕ < 0. The 

scaling function can be expanded:  

  1/ /

0

kn
k j j
q kj

j
L a L   



 , for ݇ = 0,1. (7.17) 

Expanding ߚ and ߟ in terms of ݓ = ܹ − ௖ܹ  up to order ݉ఉ and ݉ఎ, respectively, gives 
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The fitting of this model to experimental data is characterized by the fitting orders ݊଴, ݊ଵ, ݉ఉ, 

and ݉ఎ. The fitting should be performed using the lowest orders of these expansions as possible, 

while keeping high enough orders to give an acceptable goodness-of-fit. Ideally, these orders are 

parameters in the fitting process; the total number of free parameters would therefore be 

௣ܰ = ݊଴ + ݊ଵ + ݉ఉ + ݉ఎ + 4 (including ௖ܹ  For this work, the data are probably .(ݕ and ,ߥ ,

not of good enough quality to obtain meaningful fits with higher order terms. Here I will use 

only the lowest orders of the model. To second order, Equation (7.18) gives 

   2
2w w b w   ,   2

21w c w    (7.19) 

To second order, Equation (7.17) is  

  1/ 1/ 2 2/
0 1 2

k
q k k kL a a L a L          (7.20) 

Thus, Equation (7.16) becomes 
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 (7.21) 

The irrelevant variable is not expected to contribute meaningfully to the approximate fitting of 

my data. In the work of Rodriguez et al., which consists of numerical simulations involving over 

one million configurational averages, the shift in ܹ that is described by ߟ is still very small. 

Thus, only the lowest order in ߟ will be kept from Equation (7.21). Here I will also replace the 

general disorder parameter (ܹ), with that for our systems of ultrasound in brazed mesoglasses, 

frequency (݂). This gives the fitting function 

      21/ 2/
0 1 2 3, y

q c cf L f f L f f L L             (7.22) 

The localization (correlation) length is related to the critical frequency ௖݂  as ߦ ∝ ݂)ߚ| − ௖݂)|ିఔ. 

Variables ߙ଴, ߙଵ, ߙଶ, ߙଷ, and ௖݂  are common to all data curves, while ܮ is a fixed parameter 
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which is different for each data curve (since they originate from samples of different sizes). The 

model can be applied to either the mean value of the PDF curves, 〈ߙ〉(݂,  or to the anomalous ,(ܮ

exponent Δ௤(݂, ,݂)〈ߙ〉 Here, experimental data for .(ܮ  is fit with the model. A global fit to (ܮ

all curves is first performed using only the first two terms of Equation (7.22). Then, the results 

for the fit parameters are used as initial guesses for subsequent fits which include, one by one, 

the next two parameters of Equation (7.22). Fit results do not change significantly with the 

addition of each term, indicating an insensitivity to higher order terms and to any order of ߟ.  

Figure 7.17 shows the mean values28 of the PDF of the experimental data, 〈ߙ〉, as a 

function of frequency and for four different cube sizes. These are the same data that are shown 

for two frequencies in Figure 7.15, but here have not been averaged over frequency. 

(Corresponding reuslts for Δ௤ are not shown as they are too noisy.) On either side of the band 

gap, FSS has been performed via a global fit of all (4) curves with Equation (7.22). Fits were 

weighted by experimental uncertainties. Performing the fit with, and without, the last two terms 

of Equation (7.22) changes the fit results only by a trivial amount. Free and fixed parameters 

are given in Table 7.1. It is important to note that the goodness-of-fit measures are not acceptable 

(reduced ߯ଶ ≪ 1 due to the large experimental uncertainties, and the resulting uncertainties for 

some fit parameters are larger than the parameter value), and that therefore the results for ௖݂  and 

 are probably not very meaningful. This analysis is shown solely as an indication of the future ߥ

direction of this project. The estimates of ௖݂ ∼ 1.5 MHz (for the data below the bandgap) and 

௖݂ ∼ 1.1 MHz (for the data above the bandgap) are clearly not accurate. These results indicate 

either that there are not enough data at the band edges to clearly show the critical behaviour of 

 or that there is not a localization regime inside the band gap, so that the waves do not ,〈ߙ〉

undergo a full transition at the band edges. However, the fit results for ߥ) ߥ = 1.1 for the lower 
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gap edge data, and ߥ = 1.0 for the upper gap edge data) are not unreasonable given the 

uncertainties in the data, since the generally accepted value is ߥ ∼ 1.6 (see Section 2.5.1). 
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


Frequency (MHz)  
Figure 7.17: Experimentally-measured mean PDF values, 〈ߙ〉, for four different cube 

sizes. Global fits to the FSS model are shown, which were performed separately on each 
side of the band gap. For clarity only every 15th data point, and fewer error bars, are shown. 
Note that inside the band gap (∼ 1.15 − 1.20 MHz) the low 〈ߙ〉 values are due to noise.  

 

௖݂ ߥ   ݕ ଷߙ ଶߙ ଵߙ ଴ߙ 

Lower gap edge (∼ 1.10 − 1.15 MHz) 

Starting value 1.6 1.15 8 0.5 0 0 0 

Results 1.1 1.5 8.3 0.03 -0.01 -0.0001 -0.001 

Upper gap edge (∼ 1.20 − 1.23 MHz) 

Starting value 1.6 1.18 8 -0.5 0 0 0 

Results 1.0 1.1 7.9 -0.1 -0.04 -0.008 0.5 

Table 7.1: Starting values and results for free fit parameters from FSS model applied 
to the experimentally-measured 〈ߙ〉. Corresponding uncertainties for several of these 
parameters, and overall unacceptable goodness-of-fits, indicate that these parameters 
should not be taken as physically meaningful. 
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7.6. Conclusions and future directions 

I have measured transmitted intensity through cubic samples of different sizes. The 

transmitted speckle patterns on the surface of the cubes show dramatic fluctuations and localized 

modes. To quantify these effects, I have investigated the multifractality of the transmitted 

intensity. A shift in the mean of the calculated PDFs shows finite-size scaling, and seems to 

indicate that critical regimes exist as the bandgap is approached from lower and higher 

frequencies. Improved statistics are needed to be able to conclusively observe a crossing over of 

 or Δq into the localized regime. I have also fit the PDFs with a finite-size scaling model to 〈ߙ〉

estimate the critical exponent and critical frequencies. This analysis suggests that there may be 

no Anderson transition in these samples, which seems surprising in view of the significant 

fluctuations of transmitted intensity through the cubes at these frequencies. In general, the results 

so far highlight the need for a large amount of configurational averaging, especially since 

localized modes inside the band gap are rare and are not excited by all input points. Alternately, 

creating similar cubic samples which are less strongly brazed (Lee 2014) and/or polydisperse 

(see e.g. Section 5.1.1.1 of this thesis) could help to increase the likelihood of Anderson 

localization ocurring, and increase the amount of signal that is transmitted in band gaps.  

An important question which has not yet been addressed is whether our measured surface 

multifractal properties are similar to those of the bulk medium, which is what simulations 

generally measure (cf. (Evers and Mirlin 2008)). Another question concerning surface speckle 

that has not been addressed theoretically is how polarization of elastic waves influences the 

measured MF properties. Answering these questions, and improving signal-to-noise via different 

samples or greater configurational averaging, will be instrumental in obtaining an accurate 

experimental estimate of the critical exponent from this project.  
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8. A Lévy Phononic Glass 
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8.1. Introduction 

In this thesis and in many other works, departures from conventional diffusion are used as 

indications that localization may be present. We have looked experimentally at how diffusion, 

subdiffusion, and localization are exhibited in the same sample, and how transitions between 

them are made. We have also seen that very careful work is required for definitive proof of 

critical or localized behaviour. This point is especially crucial when one considers that a whole 

host of scattering processes can show departures from conventional diffusion, other than 

localization. The description of diffusive transport as a random walk is in fact a special case of 

an entire class of random walk processes. These include superdiffusion, where transport is faster 

than conventional diffusion. Just as with subdiffusion, superdiffusive waves will deviate from 

conventional diffusive behaviour, but for superdiffusion, these deviations will not indicate an 

approach to localization.  

We propose to investigate whether localization and superdiffusive processes can be 

observed in the same sample, and if so, whether there is any interplay between them. This 

chapter presents preliminary research on a sample which is a good candidate for the proposed 

project. 

 

A generalized description of diffusion can be written simply in terms of the mean squared 

displacement 〈ݔଶ〉 as 

 2x Dt  (8.1) 

where D is the generalized diffusion coefficient, and ߛ is a parameter that governs the transport. 

For ߛ = 1, conventional diffusion is recovered, but for ߛ < 1 transport is subdiffusive, and for 
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ߛ > 1 transport is superdiffusive (Savo et al. 2014).  

An example of superdiffusion is the Lévy flight. This is a process in which the steps of the 

random walk have a power law distribution given by 

 1

1( )P z
z

   (8.2) 

where ܲ(ݖ) is the probability of a step of length z, and ߙ determines the type of Lévy flight 

(1 ≤ ߙ < 2). Transport is dominated by long steps (Mandelbrot 1983), so the mean step length 

diverges and the diffusion approximation breaks down.  

Recently, Lévy flights were observed for light propagation through samples of so-called 

Lévy glasses (Barthelemy, Bertolotti, and Wiersma 2008). This material consisted of packed 

glass microspheres with a specific distribution of sizes; it was shown that a very specific 

distribution ܲ(݀) of microsphere diameters d is required to obtain a Lévy flight of type ߙ 

(Bertolotti et al. 2010): 

   21 /P d d   (8.3) 

This is a fractal (self-similar) distribution, meaning that the structure is independent of length 

scale. Real-world samples have a finite range of possible sphere sizes, resulting in a so-called 

truncated Lévy flight; conventional diffusive behaviour is recovered on length scales larger than 

the largest possible step size (i.e. the largest sphere diameter). In a recent work, convincing 

observations of Lévy flights were made by studying the thickness-dependence of time-dependent 

transport through the Lévy glasses (Savo et al. 2014). The transmitted intensity was shown to 

decay as ܶ(ݐ) ∼ exp(−ݐ/τ). The lifetime was expected to show a sample thickness dependence 

of ߬ ∼ ௗೢܮ , thus enabling an estimate of the fractal dimension ݀௪ of the system. 

This chapter explores an analogous system which is expected to exhibit superdiffusion for 

acoustic waves; a Lévy phononic glass. This is a material which is engineered to show both 
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strong scattering of ultrasound, and to have a fractal distribution of available steps. Initial 

measurements on this system have been carried out, and show interesting departures from 

conventional diffusion. This concrete first step towards the study of superdiffusion of ultrasound 

lays the foundation for a more involved study of the thickness-dependence of transmission 

through Lévy phononic glasses. 

8.2. Slab sample L0 

A slab-shaped Lévy phononic glass sample ‘L0’ was constructed using the brazing 

technique described in Section 3.1.1. As was pointed out by Bertolotti et al., the easiest type of 

Lévy flight to construct is that of ߙ = 1. This means that the diameter distribution is ܲ(݀) =

1/݀ଷ, so that equal volumes of different sizes of spheres are required to achieve a fractal 

distribution of diameters (Bertolotti et al. 2010). Sample L0 was constructed from four different 

aluminum bead sizes, with the final sample being composed of close to 40 g of 7.9 mm beads, 40 

g of 4.11 mm beads, 41 g of 2 mm, and ~48 g of 1 mm (extra 1 mm beads were added to fill out 

the sides of the sample in the mold). The sample has a circular face of diameter ݀ ≈ 23 cm, and 

the thickness equals the diameter of the largest bead size; ܮ ≈ 7.9 mm. Additional details on 

sample preparation are included in Section 3.1.1. The finished sample is shown in Figure 8.1. 

Subsequent samples will include many more bead sizes, but since sample L0 is, in principle, 

statistically self-similar, sample L0 should exhibit some Lévy-like wave transport. 
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Figure 8.1: Sample L0, shown in its acrylic holder for ultrasonic experiments. The 

sample (like all others studied in this thesis) is held in the holder by a thin layer of silicone 
(white outer layer), which also prevents stray sound from propagating between the sample 
edges and the holder. The hole through which air is evacuated from the sample is visible as 
a white vertical line (top of figure). The final steps of adding thin plastic walls over the 
sample faces, and wrapping the holder in Teflon tape, were performed after this picture was 
taken.  

8.3. Transmission through the Lévy phononic glass 

Speckle maps were acquired in transmission for sample L0 following the procedure 

detailed in Section 7.3.1. These experiments were carried out using two different broadband 

focussing transducers for the input signal with central frequencies of 1 MHz and 2.25 MHz, 

respectively. Thus, experimental data for a wide range of frequencies is available. Unlike 

previous samples discussed in this thesis, it is unclear at what frequency or frequencies 

departures from conventional diffusion will occur for sample L0. As most of the sample is 

composed of smaller beads than samples L1 and L2, one would expect stronger scattering at 

higher frequencies, i.e. for the 2 MHz experimental data. As usual when beginning to study a 
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new sample, we can look for interesting features in the transmission as a function of frequency. 

Figure 8.2 shows the amplitude transmission coefficient for L0. There are no clear pass bands or 

gaps observed, but there is a clear decrease in transmitted signal from 1MHz to 2 MHz.  

For samples L1 and L2, very strong scattering was observed around 1-1.3 MHz, where the 

wavelength of waves entering the sample, ߣ = ݂/ݒ ∼ 1.5/1.2 = 1.25 mm is smaller than the 

mean bead diameter. Thus, we might expect strong scattering in L0 at wavelengths smaller than 1 

mm, which is the diameter of the majority of beads in the sample (although the polydispersity 

makes this argument approximate at best). Thus, we expect more interesting behaviour near or 

above 2 MHz, where ߣ ∼ 1.5/2 = 0.75 mm. 
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Figure 8.2: Amplitude transmission coefficient for sample L0 over the 
experimentally available range of frequencies. This quantity was measured using only the 
on-axis data from the transmitted speckle maps and normalized by the frequency 
dependence of the reference signal. Although only a relatively small amount of 
configurational averaging could be done (26 (22) points for the 1 MHz (2 MHz) 
experiment) this quantity is still very useful as an estimate of the frequency dependence. 

Figure 8.3 shows the transmitted time-of-flight (TOF) intensity profile, averaged over all 

detector positions, filtered at different central frequencies. A significant ballistic component was 
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also anticipated, due to the small sample thickness and the presence of the 7.9 mm diameter 

beads, which span the entire sample thickness. However, transmission through the sample was 

lower than expected, including the initial coherent signal. It is surprising that the material is so 

opaque for this entire frequency range of 0.75 – 2.5 MHz. To obtain a sufficient amount of 

configurational averaging, therefore, many different maps corresponding to different source 

positions were obtained: 26 maps for 1 MHz, and 22 maps for 2 MHz. 
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Figure 8.3: Average time-of-flight profiles through sample L0, filtered in frequency 

with a (relatively narrow) bandwidth of 50 kHz. The input transducer is centered at 2 MHz. 
The TOF profiles have been averaged over all (22) configurations of disorder, and all 
detector positions (ߩ) on the 2D speckle map. Profiles have been normalized so that they 
have approximately the same peak value, for easier comparison of their time-dependence. 

The weak frequency dependence is also shown in measured time-of-flight (TOF) profiles 

(time-dependent transmitted intensity), which hardly vary at all as a function of frequency. Thus, 

data were filtered in frequency with a large width of ݓ = 250 kHz (see Section 3.2.4 for more 

details). This gives the advantage of additional averaging and lesser effects from the filter width. 
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The frequency filtering was performed for two central frequencies (corresponding to the central 

frequencies of the two input transducers): 1 MHz and 2 MHz. Data presented in this chapter are 

thus labeled ‘1 MHz’ and ‘2MHz’, following the convention laid out in earlier chapters of this 

thesis. For better statistics, a moderate amount of spatial averaging was performed; since the 

speckle maps are acquired on a discrete two-dimensional grid, this amounts to averaging the data 

over similar values of ߩ. Thus for the data presented below, ߩ represents a mean radial distance 

from the center of the grid. For all transmitted intensity profiles, the noise level is determined 

from the pretrigger signal and subtracted from the entire profile (as detailed in Section 3.2.2). 

 

Figure 8.4 shows the TOF profiles for the 1 MHz data as a function of time for three 

different ߩ values. The profiles decay much more quickly than was observed for samples L1 

and L2 (see Section 4.3). At long times, the decay of the TOF profiles is well-described by a 

function of the form 

  
/

0  
tey t y A
t



   (8.4) 

which is the expected behaviour for transmitted intensity with a point source and point detector 

in the diffusion regime (Page et al. 1995). If the transmitted intensity is integrated over all output 

points, the expected long-time behaviour in the diffusion approximation is an exponential decay. 

This behaviour is exhibited by our data from L0 (Figure 8.4, grey squares, and Figure 8.3). The 

observations of what appears to be diffuse TOF profiles, however, does not mean that the 

behaviour is not Lévy flight-like (Savo et al. 2014). 
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Figure 8.4: Average transmitted intensity through sample L0 at 1 MHz. Shown are 

TOF profiles for on-axis data (ߩ = 0 cm, pink circles), and off-axis data (ߩ = 1.01 cm, 
blue triangles, and ߩ = 1.98 cm, green diamonds). The decay of the intensity at later 
times has been fit with a function of the form (ݐ)ݕ = 0ݕ +  The .(black lines) ݐ/௧/ఛି݁ ܣ
on-axis data displays more oscillations since less spatial averaging is possible for small ߩ 
values in a 2D grid. After around 250 ߤs the TOF profiles descend into the noise level. The 
grey squares show transmitted intensity averaged over all output points, which displays an 
exponential decay at long times. Only every 30 data points are shown for clarity. Error bars 
represent the uncertainty in the configurational average. The ߩ = 0 mm trace has been 
multiplied by 2 so that the long-time behaviour can be distinguished from the other traces. 

In Figure 8.5, the same data shown in Figure 8.4 is plotted as a function of ߩ for three 

different times. As expected, (ߩ)ܫ is roughly Gaussian for all times after around 35 ߤs. 

However, for earlier times (ݐ <  ߩ s) there is an additional contribution to intensity at smallߤ 35

values, and a Gaussian can not be fit to the entire intensity profile. This is illustrated in Figure 

8.5 for ݐ =  is not expected for ݐ and small ߩ s. This enhancement of intensity at smallߤ27

diffusion, but is predicted to occur for superdiffusion (Zumofen and Klafter 1993; Drysdale and 

Robinson 2006) and has been observed for Lévy flights in optics (Savo et al. 2014).  
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Figure 8.5: (ߩ)ܫ for three different times (symbols) with Gaussian fits (black lines). 
Error bars (which represent the uncertainties from the configurational average) are smaller 
than symbols. 

To further investigate the time-dependent transport of ultrasound inside L0, the transverse 

width may be calculated from the time- and spatially- dependent speckle maps, similarly to the 

calculation for the transmitted dynamic transverse profile experimental data (Equation (4.29)). 

Results are shown in Figure 8.6. For all frequencies and ߩ values, ݓఘ
ଶ(ݐ)/ܮଶ is only very 

weakly dependent on ߩ, close to the behaviour found for conventional diffusion (Page et al. 

1995). It also increases linearly with time for ݐ >  .s as would be expected for diffusionߤ 50

However, a straight line can only be fit to the traces by allowing a substantial y-intercept 

଴ݕ > 0.5. As discussed in Section 4.3.1.1, a linear increase with a zero y-intercept is theoretically 

predicted for ݓఘ
ଶ(ݐ)  for conventional diffusion, and has been observed experimentally, 

originally for glass bead suspensions by Page et al. (Page et al. 1995), and for aluminum-brazed 

samples at low frequencies in this thesis (Chapter 4). The finite size of the point source can 

introduce a vertical offset to ݓఘ
ଶ(ݐ) (Hu 2006), but this effect is negligible for this experiment. 
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The frequency filter width (see Section 3.2.4), being large, should also not cause this effect. 

These observations, namely ݕ଴ > 0 and the kink in ݓఘ
ଶ(ݐ) at around 15-25 ߤs, indicate 

anomalous wave behaviour in sample L0 that must be related to the structure of this sample. 

0 50 100 150 200
0

2

4

6

8

w
2 (t)

/L
2

Time (s)

  = 1.98 cm
  = 1.35 cm
  = 0.95 cm
 Linear fit 
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Figure 8.6: Transverse width divided by sample thickness squared for sample L0 at 1 

MHz. Three representative ߩ values are shown. After 50 ߤs, ݓఘ
ଶ(ݐ)/ܮଶ increases linearly 

for all ߩ values. A linear fit to the ߩ = 1.98 cm trace is shown as a guide to the eye. 
Only every 15 data points are shown for clarity. Error bars represent the uncertainty in the 
spatial averaging and in the configurational average. 

For the Lévy flight observations in optics, the clearest indications of superdiffusive 

behaviour were from the dependence of transmitted intensity on sample thickness. The research 

presented in this thesis is limited to one sample thickness only. However, we may simulate 

thickness-dependent measurements using our speckle maps, since transmitted waves that are 

detected at different transverse ߩ values have travelled on average along longer paths, as though 

they had travelled through different thicknesses of the same sample. By fitting the exponential 
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decay of the TOF profiles with the exponential function ܶ(ݐ) ∼ exp(−ݐ/߬)/ݐ, the lifetime ߬ 

was estimated for each ‘effective’ sample thickness, ୣߩ୤୤ ≡ ඥߩଶ +  ଶ. Results are shown inܮ

Figure 8.7. Note that the lifetimes measured are quite short compared to the expected absorption 

times (which, for aluminum-brazed samples, are generally on the order of 100 ߤs) so the 

contribution of absorption time to the TOF time-dependence decay is negligible. Thus, it is 

ignored for the analysis presented here. 
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Figure 8.7: Experimental lifetime of transmitted intensity through sample L0 (black 
circles), as a function of ୣߩ୤୤ . Error bars (smaller than the symbols) represent the 
uncertainty in the fits of the TOF profiles which were used to measure ߬. A power law fit 
of the data (red line) gives a scaling exponent of ܾ = 0.25. Inset: the same data and fit on 
wider horizontal and vertical scales. Only every 4th data point is shown in the inset for 
clarity. 

For conventional diffusion, it is well known that diffusion time scales with effective 

sample thickness as ߬஽ ∼ ୤୤ୣܮܿ
ଶ , where ୣܮ୤୤ ≡ ܮ + ଴ݖ2 = ୤୤ୣߩ + ଴ݖ ,଴ݖ2 = 2݈∗(1 − ܴ)/3(1 +

ܴ), and c is a constant. For the generalized class of diffusive processes that we consider here, the 

lifetime ߬ is expected to scale with the fractal dimension of the random walk: ߬ ∼ ୤୤ୣܮܿ
ௗೢ. For 
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conventional diffusion, ݀௪ = 2, for subdiffusion ݀௪ > 2, and for superdiffusion ݀௪ < 2. For 

the photonic Lévy glasses studied by Savo et al., ݀௪ ≈ 1.3 was measured (Savo et al. 2014). 

For my phononic Lévy glass, ߬ vs ୣߩ୤୤  is shown in Figure 8.7. A fit of the form 

߬ ∼ ୤୤ୣߩ
௕ yields ܾ ≈ 0.25, which seems very small. However, for a measurement of ݀௪, it is 

necessary to use ୣܮ୤୤, which means that ݖ଴, and therefore ݈∗ and R, must be known29. The result 

for ݀௪  is very sensitive to the values of ୣܮ୤୤ . For instance, if ݖ଴ ≈ 1.36 cm (the value 

calculated for sample L1) is used, then the power law fit gives ܾ ≈ 0.5. To go further with this 

analysis will require more samples of different thicknesses and accurate determination of ݖ଴. 

8.4. Speckle statistics of the Lévy phononic glass 

As the features of ߩ)ܫ,  are rather frequency-independent, and their deviations from (ݐ

conventional diffusive behaviour are not very spectacular, it is now instructive to look at the 

statistics of the speckle maps, as was done for data near Anderson localization in Section 7.3. As 

can be observed by eye in Figure 8.8, the transmitted speckle maps from sample L0 show 

striking differences in overall intensity and distribution for different source positions. These 

fluctuations could be due to the ܥ଴ effect, which measures the variation in local density of states 

near the source.  

                                                

29 Assuming that the calculation of ݖ଴ is the same for a Lévy flight as it is for diffusion, 
which to my knowledge has not been proven (see also the work of Savo et al.). 
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Figure 8.8: Speckle maps of transmitted intensity through sample L0 at 1 MHz. Maps 

for six (of 26) different source points are shown.  

To quantify fluctuations in intensity, the variance ߪଶ of the speckle maps was calculated 
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in the same two ways that are detailed in Section 7.3; (1) variance is calculated for each intensity 

map, and the results averaged over all maps (denoted in this thesis as 〈ߪଶ〉), or (2) variance is 

calculated over all maps at once (denoted ߪଶ). With method 1, variations from map to map due 

to the coupling between the source and the input surface of the sample do not contribute, 

whereas method 2 is sensitive to these variations. Figure 8.9 shows the results in both the time (a) 

and frequency (b) domain. In both plots ߪଶ >   .〈ଶߪ〉

As shown in Figure 8.9 (a), the variance shows a general decrease with time. This 

behaviour has not been observed before in aluminum-brazed slab mesoglasses (Page 2011). In 

the diffuse regime, one would expect ߪଶ to be independent of time. In the localization regime, a 

small increase with time is expected in 3D, and a large increase has been observed in quasi-1D 

(Wang et al. 2010). 

In a previous work, a similar difference ߪଶ >  was observed between speckle maps .〈ଶߪ〉

from a point source and plane wave source (a speckle map from a plane-wave source does not 

exhibit ܥ଴ correlations). These measurements were shown to be due to significant ܥ଴ effects, 

which are enhanced near the Anderson transition (Hildebrand 2015). Thus it is possible that the 

results in this section could be interpreted as showing a large ܥ଴ effect.  

 



257 

 

0 50 100 150 200

1

2

3

4

5

6 (a)

 2

Time (s)

1 MHz
 2     (with C0)
 < 2 > (no C0)

2 MHz
 2     (with C0)
 < 2 > (no C0)

0.8 0.9 1.0 1.1 1.2 1.3
1

10

100

1000
(b)

 2

Frequency (MHz)

 2     (with C0)
 < 2 > (no C0)

 
Figure 8.9: Variance of transmitted intensity speckle maps through sample L0. Shown 

are variance calculated over all speckle maps at once, ߪଶ, and the variance calculated for 
each speckle map and averaged, 〈ߪଶ〉. (a) Variance as a function of time for 1 MHz (red 
symbols) and 2 MHz (black symbols). Data have been filtered in frequency with a width of 
250 kHz. (b) Variance as a function of frequency, for all times 0 < ݐ <  s. The spikesߤ 200
in (b) are probably due to signals from two local radio stations (frequencies 1250 and 1290 
kHz). 
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8.5. Conclusions and future directions 

Several subtle deviations from conventional diffuse transport were experimentally 

measured from sample L0. The TOF profiles arrive more abruptly and decay more quickly than 

is generally observed for diffusion in similar 3D slab samples (Page et al. 1995; Hu 2006). The 

transmitted intensity shows anomalous behaviour near ݐ = 0 and ߩ = 0, which is an effect 

previously observed for superdiffuse light (Zumofen and Klafter 1993; Drysdale and Robinson 

2006; Savo et al. 2014). Measurements of variance indicate that transmitted intensity is 

extremely sensitive to a change in source position, implying possibly ܥ଴ effects. Finally, an 

extremely weak frequency dependence of the time-dependent transmitted intensity was observed, 

which is surprising as other aluminum-brazed samples show dramatic changes in wave scattering 

properties over this wide range of frequencies (c.f. Figure 3.25, or work by Hu et al. (2008) or 

Hildebrand (2015)). Perhaps considerably higher frequencies are required to obtain stronger 

scattering and/or Lévy-like behaviour in L0. Experiments at higher frequencies and on thicker 

samples (which can contain a much wider range of bead sizes, including larger ones) should be 

able to answer this question. In any case, samples of different thicknesses will probably be 

required to study superdiffusion and localization using transmission measurements.  

Backscattering measurements on sample L0 would also be instructive; for a single sample, 

a measurement of the static CBS intensity profile can be used to calculated the fractal dimension 

of the system (Dogariu, Uozumi, and Asakura 1992; Burresi et al. 2012)30. Dynamic CBS 

measurements have, to my knowledge, not been carried out for the superdiffuse regime in 3D, 

but would also be highly interesting.  

                                                

30  To do this would require that the experimental issues that arose for static CBS 
measurements on my other slab mesoglasses can be overcome; see Section 4.2.1.4. 
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9. Conclusions and future directions
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In this thesis, a wide range of experimental measurements was used to observe several 

novel aspects of waves in random media. Since most of these interesting phenomena occur in the 

strong scattering regime, several samples were constructed specifically to exhibit strong 

scattering of ultrasound. The dimensions and structure of each sample were also designed with 

the experiments in mind. In particular, slab-shaped mesoglasses were constructed with much 

larger widths and thicknesses than those of previous samples, in order to be well-suited for 

backscattering measurements using ultrasonic arrays.  

Diffuse, subdiffuse and localized wave behaviour in the slab mesoglasses was observed 

using the dynamic CBS effect. Results for the diffuse regime were presented first. To characterize 

the wave transport, the Boltzmann diffusion coefficient (ܦ஻ ) was measured by fitting the 

dynamic CBS profiles with theory for diffuse acoustic waves in a 3D medium (van Tiggelen 

2002). Results agreed with similar measurements made in transmission using more established 

methods. This work constitutes the first comparison of experimental dynamic CBS with the 

presented theory. It also illustrates the commonality between the dynamic transverse intensity 

profiles in reflection and in transmission. Since the CBS profile ߠ)ܫ,  is the Fourier transform (ݐ

of the reflected dynamic intensity profile, the width of ߠ)ܫ,  is related to the width of the (ݐ

intensity profile in transmission: Δିߠଶ(ݐ) ∝ ఘݓ
ଶ(ݐ). In the diffuse regime, both ݓఘ

ଶ(ݐ) and 

Δିߠଶ(ݐ) increase linearly with time, an effect which was established for ݓఘ
ଶ(ݐ) (Page et al. 

1995) and Δିߠଶ(ݐ) (Tourin et al. 1997) separately, and observed in this thesis via reflection and 

transmission measurements on the same sample.  

The analysis of the transmission measurements for diffuse waves at higher frequencies 

(1.65 MHz) shows some subtle ambiguities. They indicate slight subdiffuse behaviour, i.e. ܦ஻ 

appears to be renormalized (becomes smaller and smaller) at later times. The self-consistent 



261 

 

theory of localization (SC theory) describes this renormalization in terms of an increased return 

probability. This means that, due to sample disorder and strong scattering, waves have an 

increased probability of returning near to a spot which they have previously visited in the sample. 

For a ‘perfect storm’ of disorder, wavelength, and several other factors, this effect can become 

extreme; ܦ஻ can be successively renormalized until it approaches zero. This phenomenon is 

called Anderson localization (AL). In 3D, there is a transition between AL and the diffuse regime, 

occurring at the mobility edge. Localization is very difficult to observe experimentally, especially 

for 3D, as it is accompanied by large fluctuations and low transmission, and can also be confused 

with other effects including absorption. In this thesis, AL in 3D was studied experimentally via 

(absorption-independent) dynamic CBS measurements. This work constitutes the first 

observation of dynamic CBS in 3D in the localization regime. Results were supported by 

experiments in transmission, which are also fit with SC theory. Previous work has shown that, in 

the AL regime, ݓఘ
ଶ(ݐ) bends over and eventually saturates at long times (Hu et al. 2008; 

Cherroret, Skipetrov, and van Tiggelen 2010). Similar behaviour for Δିߠଶ(ݐ) was anticipated, 

and was reported here for the first time. Both CBS and the dynamic transverse intensity profile 

were fit with SC theory, enabling a measurement of the correlation/localization length ߦ (the 

spatial extent of wave energy) over the entire mobility gap - the AL regime bounded by two 

mobility edges. This is the first complete experimental characterization of a mobility gap for 

classical waves in 3D.  

Results for the average intensity in reflection could be improved by lessening the effect of 

fluctuations on experimental data. With a larger experimental range of angles and/or times, the 

dynamic CBS effect could be employed on its own to locate mobility edges and characterize the 

Anderson transition. In this thesis, a preliminary estimate is given for the critical exponent ߥ 
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which governs the transition between localized and diffuse behaviour, but it is unclear how much 

this analysis is biased by assumptions made by SC theory (Cobus, Skipetrov, et al. submitted). 

There are several promising approaches for measuring ߥ from the dynamic CBS data, including 

scaling methods similar to those presented by Ghosh et al. (Ghosh et al. 2015). In addition, since 

this is the first experimental reflection data for AL in 3D, there are several theoretical predictions 

which (with some further data manipulation) could now be experimentally investigated, 

including phase derivative (delay time) calculations (Schomerus, van Bemmel, and Beenakker 

2001; Chabanov, Stoytchev, and Genack 2000) and frequency correlations (Muskens, van der 

Beek, and Lagendijk 2011; Hildebrand et al. 2014). 

Significant recurrent scattering was observed in the dynamic backscattering data near the 

localization regime. This contribution to backscattered intensity was found to complicate the 

analysis of the CBS effect. Thus, recurrent scattering was separated from these data using a 

matrix method originally developed for the weak scattering diffuse regime (Aubry and Derode 

2009a; Aubry and Derode 2011; Aubry and Derode 2009b) and extended to the strong scattering 

regime (Aubry et al. 2014). However, since recurrent scattering is directly related to the return 

probability, it is interesting to study on its own. In this thesis, the first experimental study of the 

recurrent scattering contribution to backscattered intensity was presented (this work was first 

published by Aubry et al. in 2014). The dynamics of the return probability ܴ(ݐ) were examined; 

in the diffuse and localized regimes, the behaviour of ܴ(ݐ) agreed with theoretical predictions. 

At the mobility edge, a surprisingly slow decay of ܴ(ݐ) was observed, which should stimulate 

further theoretical research in this area. This work implies that recurrent scattering is particularly 

sensitive to extraordinary scattering processes at criticality, and could potentially be used to 

discriminate between diffuse, critical and localized regimes without having to do complicated 
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theory fitting. Further experimental work (including lessening the effect of fluctuations) could 

investigate whether ܴ(ݐ) could be used to measure the critical exponent. 

In the strong scattering regime, and especially near localization, fluctuations of 

wavefunctions inside the scattering medium can be extremely large. In this thesis, experiments 

and post-processing techniques were designed carefully to extract meaningful measurements, but 

analyses were nevertheless made more complicated by remaining fluctuations. However, the 

calculation of some statistical quantities which measure fluctuations can take advantage of this 

effect to study localization. One such quantity, called multifractality (MF), has been previously 

used to investigate localization of ultrasound (Faez et al. 2009). A recent theoretical advance has 

shown that measurements of MF from systems of varying sizes could enable the determination of 

the critical exponent ߥ (Rodriguez et al. 2010; Rodriguez et al. 2011). In this thesis, the first 

steps towards performing this task experimentally were presented. Cubic samples of different 

sizes were created, and the transmitted intensity through many of them was measured using a 

laser interferometer. Careful noise discrimination was necessary to investigate critical behaviour, 

which is most likely to occur in a pseudo-band gap (a range of frequencies of low signal relative 

to the noise). The transmitted intensity on the surface of the cubes showed dramatic fluctuations 

and spatially-localized modes. Signatures of MF were calculated, which show sample-size 

dependent effects in frequency ranges on either side of a bandgap. This finite-size scaling 

suggests that critical regimes exist within these frequency ranges. Results so far highlight the 

need for a large amount of configurational averaging and a significant dependence on the 

position of the input signal, an effect which is prevalent near criticality. This project will, in 

future, involve data from many more cubic samples, resulting in more reliable averaged 

quantities that can be fit with theoretical predictions. This fitting procedure, which would result 
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in a measurement of both ௖݂  and ߥ, is demonstrated on the data available so far, and is the long-

term goal of this project. 

This thesis ends with a step into future planned research; we propose to observe the 

interplay between subdiffusion, localization, and other diffusion-like processes. An example of 

one of these other anomalous processes is superdiffusion, in which transport may be faster than 

diffusion (rather than slower, like subdiffusion). Investigated in this thesis was a sample with a 

fractal structure, engineered to resemble those which have displayed a type of superdiffusion 

called a Lévy flight, for light waves (Bertolotti et al. 2010; Barthelemy, Bertolotti, and Wiersma 

2008). As this is a new type of sample for ultrasound, exploratory experiments were carried out 

over a wide range of frequencies, and various analyses performed to provide clues as to the 

nature of wave transport in the sample. The results demonstrated the presence of effects that 

seem diffusive, as well as clear deviations from conventional diffusive behaviour. The next 

immediate steps of the project will be the creation of more samples of different thicknesses, with 

more sizes of beads for a better approximation of a fractal distribution, and possibly experiments 

at different frequencies. Measurements of the thickness-dependence of transmission through the 

samples will be instructive. On a longer time-scale, further engineering of samples will be 

carried out to encourage strong scattering, with the goal of inducing both localization and 

superdiffusion in the sample. 

Anomalous wave behaviour, and Anderson localization in particular, continues to be an 

area of great interest and potential. The work presented in this thesis contributes important 

advances to the field, including new experimental observations and the development and 

improvement of sophisticated experimental techniques and analysis. This research and the 

reported conclusions are not a closed case, but suggest even more new ways forward. 
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