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Abstract 

The purpose of this research is to develop a method of making system equivalents for 

the Real Time Digital Simulator (RTDS), which should enhance its capability of 

simulating large power systems. 

How to make an appropriate external system equivalent is a basic problem in power 

system time domain simulation area. As a real time application of Electromagnetic 

Transient (EMT) simulation, RTDS is a wide frequency band simulation tool, so the 

equivalent made for it also needs to be a wide band equivalent, by which both the high 

frequency and low frequency behaviors of the external system should be preserved.  

This report describes a method of developing wide-band multi-port system equivalents 

for use with RTDS. The proposed equivalent combines a Frequency Dependent Network 

Equivalent (FDNE) for the high frequency electromagnetic transients and a Transient 

Stability Analysis (TSA) type simulation block for the electromechanical transients. 

The frequency dependent characteristic for FDNE is obtained by curve-fitting 

frequency domain admittance characteristics using the Vector Fitting method. An 

approach for approximating the frequency dependent characteristic of large power 

networks from readily available typical power-flow data is also introduced. 

The differences between EMT simulation and TSA simulation are investigated. A new 

scheme of incorporating TSA solution in RTDS is proposed. This report shows how the 

TSA algorithm can be adapted to a real time platform. 

The validity of this method is confirmed with examples, including the study of a multi 

in-feed HVDC system based network. 
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1 Introduction 

 

1.1 Digital Time Domain Simulation in Power System Studies 

This thesis deals with the techniques of making system equivalents for Real Time 

Digital Simulator, a digital time domain simulation tool being increasingly used in the 

power industry [1][2]. The purpose of making such an equivalent is to enhance the 

capability of RTDS of handling large size power systems.  

Power system networks are generally regarded as the most complex structures ever 

built by humanity. There are tens of thousands of buses, transmission lines, transformers, 

generators etc., and they work together in one large network to supply the necessary 

power to human society. 

From the 1960‟s, digital time domain simulation tools have been extensively used in 

power system studies. In many areas, such as transient stability analysis, switching over-

voltage analysis, power electronic studies etc., digital time domain simulations have 

become the industry standard tools. There are many factors that lead to the popularity of 

digital time domain simulations, some of them are: 

(1) Modern power systems are very large dynamic systems. Dynamic interactions 

between equipments are critical to the power system. Steady state analysis 

methods like power-flow are not sufficient for studying the power system.  

(2) Many components of the power system have nonlinear characteristics, as well as 

non-continuous characteristics. 
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(3) A single component of the power system such as a synchronous generator can be 

very complex and often requires very detailed time domain modeling to represent 

the full range of phenomena.   

(4) The time frames of the important behaviors of the power system range from 

microseconds to hours. For example, a voltage collapse may involve induction 

machine stalling, which happens in a couple of seconds; transformer tap change, 

whose time frame is tens of seconds; Automatic Generation Control (AGC) 

actions, whose time frame is minutes; and many other actions with time frames 

ranging from second to tens of minutes. There are very complex interactions 

between these behaviors. The time domain simulation is the only accurate way to 

study these behaviors. 

(5) The scales of power system networks are so large and the structures and 

components are so complicated, that to build and maintain a scaled down physical 

model of a power system with appropriate accuracy are difficult and expensive, in 

many cases also impractical. 

In digital time domain simulations, the nonlinear differential equations are solved by 

using step-by-step numerical integration techniques. By appropriately choosing the 

models, algorithms and time-step sizes, power system behaviors can be well emulated, 

predicted and studied. 

There are two major types of digital time domain simulation tools in power system 

studies. They have been developed separately since the 1960s. One is the 

electromechanical transient simulation, which is also well known as Transient Stability 

Analysis (TSA). This type of simulation tools is mainly used for predicting whether a 
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large power system can regain an acceptable equilibrium point (stable and secure) after 

being subjected to big disturbances (short circuit fault, disconnection of lines, 

transformers, generators, malfunction of controls etc. , or so called „contingencies‟) [3]. 

In such studies, the dynamic behaviors of large inertia power system components and the 

dynamic interactions between them which cause large energy flow variations are of main 

concern. In such methods, the major part of the electrical network can be represented as a 

quasi-steady state phasor model, with the large inertia components being represented with 

time domain differential equations. 

The other type is the electromagnetic transient simulation referred to as EMT 

simulation. It focuses on emulating the detailed behaviors of the components of the 

power system, such as voltage spikes, current surges, voltage and current waveform 

distortions, harmonics etc. As power electronic devices are widely applied in modern 

power systems, simulating the very detailed semiconductor switching transients has 

become one of the major applications of EMT simulation tools [4]. 

These two types of simulations will be further discussed in the next chapter. 

1.2 Real Time Digital Simulator 

Real Time Digital Simulator (RTDS) is a real time implementation of EMT simulation. 

To achieve real-time simulation speeds, the power system to be simulated is divided into 

parts by utilizing the traveling wave characteristic of transmission lines. The relativistic 

speed limit allows complete separation of the systems if simulation time step is smaller 

than the travelling time of light over the distance of the transmission line. Hence the two 

systems can be simulated in parallel on different processors. A custom powerful parallel 

computation platform is used to solve the nonlinear differential equations. In this way, 
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the size of the system to be simulated is not limited by one processor or one computer, 

and systems of hundreds of buses have been simulated in real time [1]. The relativistic 

speed limit also automatically ensured manageable scalability. The larger the system, the 

more is the number of interconnected subsystems, each connected to the others by 

isolating transmission lines. However, the size of each subsystem does not grow, and 

hence nor does the processing power required to solve it. Hence, the larger problem can 

be solved simply by adding a larger number of processors. Had the subsystem size 

increased, it would have expanded beyond the processing power of a single processor.  

Simulations of the power system in real time is not just for saving the computation 

time; more important, actual protective relays and control equipments can be connected 

to the RTDS in a closed loop and be tested as if they are in a real power system [2]. Thus 

RTDS has been widely used by manufacturers, research institutes and utilities. 

It should be noted that though RTDS is an EMT type simulation tool, the technique 

requirements for it are significantly different from those for a non-real-time EMT 

program or those for a TSA type program. 

In conventional non-real-time EMT simulations, it is common engineering practice 

that only a small part of a large power system is modeled. There are a few reasons for 

such a simplification: 

(1) Detailed EMT type simulations require large amount of computation, even with 

a state of the art computer, simulating a large power system model would be 

either impractically slow or impossible. 

(2) Making a detailed EMT type large power system model is very difficult. Huge 

amount of data needs to be collected, verified and properly included in the 
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model. Due to the details that need to be considered, building an EMT type 

model needs much more work than building a TSA type model for the same 

power system. 

(3) The electromagnetic transient behaviors that the EMT type simulation focuses 

on are in the time frame of 10
-7

 second ~ 10
-1 

second. This type of transient is 

normally damped out very quickly and hence the duration of an EMT type 

simulation is normally only 1~2 seconds (system time), and the electromagnetic 

transients normally are damped out in a very short electrical distance, thus any 

power system equipment which is far away from the location where the fast 

transients occur is considered not to be affected by such transients and will not 

respond to them in the short duration, and hence need not to be modeled. 

On the other hand, in the TSA type simulation, a large amount of power system 

equipments located over a large geographical area is modeled in order to catch the power 

system transient behavior in the time frame of 0.1 second ~ 20 second range. Simplified 

models are used to represent the equipment. Basically, any dynamic behavior in the time 

frame less than 0.02 second can be ignored. Another simplification normally 

implemented in TSA simulation is that the three phase AC system is approximated as a 

single phase system (positive sequence)[21]. 

However, all of these simplifications in the EMT and TSA modeling approaches have 

their limitations. For example, how will a large power system behave after being 

subjected to a serious unbalanced fault which is close to an important HVDC inverter? 

Neither an EMT simulation nor a TSA simulation can easily give a convincing answer. 
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On the EMT side, without a major part of the AC system being modeled, the AC 

system behaviors cannot be correctly simulated. These include the AC voltage magnitude 

and frequency variations at the inverter bus, which will interact with the HVDC system 

significantly. It will be hard to tell from the simulation whether the system will lose its 

stability after being subjected to the fault. 

On the TSA side, how the HVDC system will react to a close fault (especially an 

unbalanced fault) cannot be correctly represented. The commutation failure and the 

recovery process of the HVDC system cannot be properly simulated in the TSA 

simulation, and these behaviors will largely affect the energy flow of the AC/DC system 

and hence affect the stability of the system. 

Thus a lot of engineer‟s judgments are required when using either the EMT or the TSA 

simulation tools. The engineer needs to determine if the tool is suitable for a certain 

scenario, what modeling approaches need to be used and what models need to be 

included. The engineer also needs to estimate how reliable the simulation results are. 

The major advantage of RTDS is that a real physical controller can be connected to it. 

In addition to the simulation running at real-world speed, it is also required to run on a 

continuous basis, i.e. minutes, hours, or even days. In such a time frame, in a real power 

system, almost all dynamic behaviors can occur. For a real controller, it is not possible to 

separate its “slow” and “fast” behaviors and characteristics, its response is a full range 

response, and hence the RTDS which is to be connected to the real controller is also 

expected to represent a full range of characteristics and behaviors of a real power system. 

To do this, in a RTDS simulation, not only does each of the power system components 

need to be modeled in full detail, but also a large number of components need to be 
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modeled. Technically such a modeling approach can be applied in RTDS, since its 

distributed computation platform is scalable. However, to model a practical power system 

in full RTDS detail needs large amount of RTDS hardware and hence the hardware cost 

can be practically prohibitive. This is the major motive of this research. 

1.3 System Equivalent for RTDS 

The question of how to make the system equivalent for the digital time domain 

simulation has been an important issue since the beginning of the technique itself. The 

demand for accurate and detailed simulation is usually compromised by the limited 

computation capability and time. The scale of a modern interconnected power system can 

be so large that it is often not practical for any digital time domain simulation tool to run 

a large power system model in which all the components are modeled with the full 

modeling capability. 

The basic concept of system equivalent can be illustrated by Figure 1-1. The “Internal 

System” is the system that we need to study in detail, so all the generators, controls, 

HVDC devices etc. in this area have to be modeled in detail. But the behaviors of the 

internal system are influenced by the interactions between the internal system and the 

external system. The external system is not required to be studied in detail, but in order to 

simulate the interactions with high accuracy it is also modeled in detail with the 

corresponding demand for a large amount of computation resources. To save the 

resources, a simplified model is used to replace the detailed model of the external system. 

This simplified model should be able to replicate the responses of the external system to 

the changes of internal system with a reasonable accuracy, but demand much less 

computation resources. 
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Internal System

(of detailed interest)

External System (could be equivalented)
 

Figure 1-1 Internal System and External System 

 

As the TSA and EMT simulation tools themselves, the equivalencing techniques for 

these two types of tools have also been developed separately. 

1.3.1 Equivalencing Techniques for TSA Simulation Programs 

In the early years of TSA simulation programs, the capability of the tool was seriously 

limited by the computer capability. Many equivalencing techniques were developed 

simultaneously with the developments of the TSA simulation techniques. These 

equivalencing techniques focused on emulating the large real and reactive power flow 

variations of the tie lines using a simplified system model which requires less 

computation resources than the original full system model. 

The most widely used techniques in the industry can be categorized as “coherency” 

based techniques [5][6][7][8][9]. They are based on the observations that after a large 

disturbance, a group of generators which are electrically (and geographically) close to 
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each other and have similar machine and control parameters, tend to swing together. If a 

group of such coherent generator models in the external system are replaced with a single 

equivalent generator model, the response sensed by the internal system might be similar 

to those of the original full system model. In this way, the size of the external system 

model can be significantly reduced. 

These techniques normally include three steps: 

(1) Coherency group identification. 

(2) Network reduction. The coherency generator buses are replaced by a new 

generator bus. The network is reduced in the way that the tie line power flows are 

maintained. 

(3) Equivalent generator model parameter tuning. A single generator model is inserted 

into the network at the new generator bus. The model parameters (including 

control parameters) are tuned to achieve the best fit of the behaviors of the models 

of the original generators. 

With the developments of computer techniques, the capabilities of TSA type 

simulation programs have been improved a lot. Today‟s TSA programs can easily 

simulate a power system of thousands of buses and hundreds of generators in an average 

speed equal or faster than real-time. However, when simulating a super large power 

system, which has very complicated interconnections, the equivalencing is often required. 

There are many such huge interconnected power systems in North America, Europe and 

Asia. 

The equivalencing techniques of TSA simulation is not in the scope of this research, 

and hence will not be further discussed in this thesis. 
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1.3.2 Equivalencing Techniques for EMT Simulations 

EMT type simulations need much more computation resources compared to TSA 

simulations. Due to this limitation, in most EMT applications, the study of system wide 

phenomenon is not generally possible. In many EMT simulations, the power system area 

of main interest is modeled in full EMT detail; and the remainder of the system is 

normally modeled as a simple Thevenin impedance and a voltage source. 

 Using such a simplified equivalencing approach doesn‟t guarantee a good re-

production of the high frequency range responses of the external system. Also the slow 

electromechanical response of the external system is simply ignored. The popularity of 

this approach is rather due to the practical limitations of the computation resources. The 

application of such an approach involves a lot of engineering judgements. And when the 

system configuration is complicated, it is difficult to achieve viable simulation results. 

It was found that in some simulation studies, the electromagnetic responses of the 

external system are critical, and a simple Thevenin impedance which only matched the 

external system short circuit impedance at the fundamental frequency is not adequate for 

re-producing the critical responses. Many previous researchers were focusing on 

improving this area [10][11][12][13]. Their approach is referred to as Frequency 

Dependent Network Equivalents (FDNE). The basic idea is to consider the external 

system as a linear network, and use a more complex Thevenin impedance to represent the 

network instead of using a first order L-R circuit. The improved Thevenin impedance not 

only matches the external system at the fundamental frequency, but also in a defined 

frequency range. A FDNE method can normally be classified based on the following 

features: 
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 it is a single-port or multi-port equivalent; 

 the form of the circuit or the mathematical function chosen to represent the 

external system; 

 the way that the coefficients of the circuit/function are determined (tuning/fitting); 

  the way that the frequency domain characteristic of the external system is 

estimated; and 

 the way that the circuit/function is modeled in the EMT simulation. 

Previous research work in the FDNE area mainly focused on the following problems: 

(1) How to fit the complex frequency domain characteristic of a power system. 

(2) How to model the equivalencing circuit/function in the EMT simulation. 

(3) How to make a stable EMT simulation model with the FDNE. This problem is 

related to the first two problems. It was found that making a stable EMT 

simulation model with FDNE can be very difficult, especially in the multi-port 

FDNE case. A numerically unstable simulation model (in many cases due to 

impassivity) can cause the time-domain simulation to fail (blow-up). 

There is another practical problem in the process of making a FDNE: it is very 

difficult to obtain the frequency domain characteristic of a large power system. 

In this thesis, a special frequency domain fitting technique called Vector Fitting [13] is 

implemented. A practical method of obtaining frequency domain characteristics of large 

power systems is introduced. FDNE is an important topic of this research, and it will be 

further discussed in Chapter 3 and Chapter 4. 
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1.3.3 Hybrid Simulation 

Compared to simplified equivalent model which matches the fundamental frequency 

short circuit impedance of the external system, FDNE, especially multi-port FDNE is a 

big advance. However, this field is still a new one and requires significant more work. It 

should be noticed that FDNE only deals with the high frequency responses which are 

caused by the R-L-C oscillations of the external system. The low frequency responses of 

the external system, which are mainly caused by the oscillations of the generators and 

generation control actions, are not considered. The capability of reproducing the slow 

(low frequency) behaviors together with the fast (high frequency) behaviors of the power 

system is critical for some EMT simulation studies (for example, studies of tightly 

interconnected HVDC/AC system). Such capability is particularly important for RTDS, 

because in a RTDS simulation with real physical equipment in closed loop, it is difficult 

to decouple the fast and slow behaviors of the system as discussed in section 1.2. 

Since TSA type simulation has been shown to be more efficient to reproduce the slow 

transients of the power system, many researchers have proposed the idea of combining 

EMT and TSA type simulation together. Such schemes are called Hybrid Simulation. In 

one group of such schemes, a part of the power system is modeled in EMT, and the other 

part is modeled in TSA. The EMT simulation algorithm and the TSA simulation 

algorithm are applied to the two parts respectively and there is an interface between the 

EMT and TSA simulations. These Hybrid Simulation schemes can also be regarded as 

one in which a suitable equivalent is created for EMT, because the TSA part (i.e. the 

equivalent) is modeled in less detail and requires less computation resources. 

The efforts in this area date back to early 1980‟s. Heffernan et al. used a detailed 

HVDC model inside a TSA type AC system model [14]; the information of the 
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simulations of the two models is exchanged at the interface bus periodically, but the fast 

transient response of the external system is neglected in their configuration. Reeve et al. 

pointed out that one way to preserve such response is to extend the interface further into 

the external system, and to model more components in detail in this in-between area [15]. 

This is based on the experience that the fast transient responses are mainly dominated by 

the components which are close to the interface bus. But in a dense network, such an 

extension greatly increases the number of the components to be modeled in detail as well 

as increases the number of the interface ports of the equivalent. To resolve such difficulty, 

Anderson et al. further included the FDNE to represent the fast transient response of the 

network of the external system [16]; where the FDNE method of [10] is applied. Su et al. 

made the attempt to implement hybrid simulation on a real time digital simulation 

platform [17]; where the same FDNE technique as [16] was applied. In the above 

research, only a single port (three phase) interface has been considered, the more 

complicated mutual coupling between multiple ports have not been examined. Wang et al. 

gave a multi ports application example of EMTDC-TSA hybrid simulation, though the 

network is only represented by a fundamental frequency model [18]. 

The Hybrid Simulation is not yet a mature technique. There are a few significant 

difficulties in its industrial implementation: 

(1)  Coordinating and interfacing the EMT and TSA simulations is not straight 

forward because of the theoretical differences in the nature of the EMT and TSA 

algorithms. The two algorithms will be further discussed in Chapter 2. 

(2) The TSA part is used to represent the low frequency characteristics of the external 

system. To make a fundamental frequency, multi-port network equivalent can be 
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difficult in many cases. There are still difficulties in representing the high 

frequency characteristics (as discussed in the last subsection). 

(3) Both the traditional EMT techniques and the traditional TSA techniques are 

generally variable speed (not to be confused with variable time-step) simulation 

techniques, because the time required for computation can vary at different steps of 

the simulation. This makes the implementation difficult for a hard real-time 

platform like RTDS and there needs to be special considerations for the 

implementation of the TSA algorithm. 

1.4 Proposed Wide-band Two Parts Equivalent for RTDS 

In this research, a wide-band two parts equivalencing technique is developed. The 

basic structure of the equivalent is illustrated in Figure 1-2. The technique is an extension 

of that reported in [16][17].  

Internal 

System

(Modeled in 

Full Detail) F

D

N

E

TSA Type 

Solution 

Block 

External System

(Equivalent)

Boundary

Bus
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Figure 1-2 Wide Band Two Parts Equivalents 

 

A multi-port FDNE is connected to the internal system. The FDNE represents the high 

frequency characteristics of the external system. It matches the frequency dependent self-

admittances (between boundary nodes and the ground) and the frequency dependent 
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mutual-admittances (between different boundary nodes) of the external system in the 

frequency range of interest (not only at the fundamental frequency). In this way, the 

linear R-L-C characteristics of the external system are preserved.  

Sinusoidal fundamental frequency Norton current sources are connected between each 

boundary node and ground. The phase angles and magnitudes of the Norton current 

sources are determined by the phase angles and magnitudes of the internal voltages (say 

qE ) of the generators in the external system. (Note that this is a simplified statement. 

Other equipments such as motors, nonlinear loads, FACTS etc. also have similar effects 

on the phase angles of magnitudes of the Norton current sources at the boundary). During 

the simulation, the phase angle and the magnitude of the internal voltage of each 

generator in the external system is calculated by a TSA simulation block, which includes 

the dynamic models of the external system and an interface to the EMT simulation.  

This research is a further development of the previous research work in the FDNE area 

[10][11][12][13][19] and Hybrid Simulation area [14][15][16][17][18]. The new 

developments reported in this thesis include: 

(1) a modified TSA simulation algorithm which is suitable for a hard real-time 

platform (RTDS); 

(2) a simple and accurate interface scheme between the TSA simulation and the 

EMT simulation; 

(3) a practical way of obtaining the  frequency dependent characteristics of large 

AC power systems; and 
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(4) Vector Fitting algorithm [13] is implemented for determining the coefficients 

of the multi-port FDNE. A heuristic method of handling the passivity issue of 

the FDNE is introduced. 

1.5 Organization of the Thesis 

In this chapter, the background information of the digital time domain simulation in 

power system studies, the RTDS and the equivalencing techniques for EMT and TSA 

simulations are introduced. A wide-band two-part equivalencing technique is proposed. 

In Chapter 2, the basic theories and structures of the EMT simulation and the TSA 

simulation are reviewed and compared. The combination of these two simulation 

methodologies is one of the essential parts of this research.  

Chapter 3 reviews the equivalencing techniques for the EMT simulation. 

In Chapter 4 the process of the derivation of the frequency dependant admittance 

matrix of the external network from readily available power flow data, the conversion of 

the admittance matrix to equivalent rational functions and the modeling of the rational 

functions in the RTDS simulation are presented. Frequency domain and time domain 

simulation examples are given in this chapter. The passivity issue of the FDNE is also 

discussed in this chapter, and a heuristic method of mitigating the passivity violation is 

introduced.  

Chapter 5 focuses on another major part of this research. In this chapter, a new scheme 

of incorporating TSA type solution with RTDS is presented. The interfacing between 

EMT and TSA is another major topic of this chapter. The TSA type network solution and 

the TSA type modeling of power system equipments are also discussed. 
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In Chapter 6, the synthesis of the entire equivalent is explained. Some practical issues 

of implementing the proposed equivalent are discussed. 

Several examples are presented in Chapter 7. These examples show the capability of 

the proposed equivalencing method. The comparisons between RTDS full model 

simulation, TSA simulation and RTDS simulation using the proposed equivalent are 

discussed. 

Chapter 8 summaries the conclusion and presents suggestions for future works.  
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2 Digital Time Domain Simulation Approaches 

 

Two different types of digital time domain simulation approaches are introduced and 

compared in this chapter. 

2.1 The Dynamic Behaviors of Power Systems, from a 
Simulation Point of View 

Power system dynamic behaviors are combinations of various transient phenomena. A 

rough classification of these phenomena is given in Figure 2-1.  This classification is 

made from a power system time domain simulation point of view, and illustrates the 

major characteristics only. Power system behaviors are complicated and precise 

classification is difficult. 
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Figure 2-1 Time Frames of Various Power System Transient Phenomena 
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A: To simulate R, L, C oscillations, the network components, such as transmission 

lines, cables, transformers, shunt capacitors, shunt reactors, filters etc. need to be 

represented by partial and ordinary differential equations. Both the linear and nonlinear 

characteristics should be modeled. Depending on the phenomena to be studied, some 

components might need to be modeled in very great detail. For example, in lightening 

studies, the transformer might be modeled as a distributed component instead of a lumped 

component. 

B: To simulate power electronic switching transients, the converters need to be 

modeled in detail, in which semiconductor switches are explicitly modeled [20]. 

Traditionally phenomena A and B fall under the category of electromagnetic transient. 

C: Sub-synchronous Resonance is the result of the interactions between the 

mechanical torsional oscillations of the generator rotor and the oscillations of the network 

(or the controller) [21]. So the mechanical characteristic of the rotor as a set of several 

mass parts has to be modeled using differential equations, also the network has to be 

modeled using differential equations. 

 D & E: There is no clear distinction between the local mode rotor angle oscillation 

and the inter-area mode rotor angle oscillation. However, local mode rotor angle 

oscillations mainly involve generators in a small area, usually associated with the rotor 

angle oscillation of a single power plant against the rest of the power system. The 

oscillation frequencies of such oscillations are higher than the inter-area mode [21]. To 

study local mode rotor angle oscillations, there might be a couple of generators and the 

corresponding exciters and stabilizers that need to be modeled in detail. To study inter-

area mode rotor angle oscillations, a larger number of generators that are located in large 
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area need to be modeled in detail; generator governors as well as loads and the 

supplementary controls of HVDC and FACTS play important roles in these phenomena. 

In both of these phenomena, electromagnetic transient plays a lesser role and can usually 

be neglected. 

F: Voltage collapses of power systems are normally slow processes. Load 

characteristics play critical roles in these phenomena; auto transformer tap changers, 

excitation protective controls, load shedding relays are the important factors that need to 

be considered and they must be modeled in appropriate detail. 

2.2  EMT Simulation 

For several decades, EMT simulation tools have been the industry standard for 

studying the detailed transient behaviors of power system equipments, especially power 

electronic equipments, and small power networks. EMTP and PSCAD/EMTDC are well 

known EMT simulation tools. RTDS is a real time implementation of the EMT 

simulation algorithm. 

Traditionally, the typical applications of EMT simulation tools include insulation 

coordination, study of over-voltages due to switching surges, power electronic transient 

performances, sub-synchronous resonances and ferroresonance phenomena etc., i.e., 

those phenomena from A to C in Figure 2-1. 

There are some basic features of EMT simulation tools [22][23][24] as stated below: 

The trapezoidal integration rule is applied for solving the differential equations. It is 

stability-preserving for linear systems. That means a large time-step will not cause 

numerical instability (blow out) during the integration, though the results might lose 

accuracy. 
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Applying the trapezoidal integration rule, the differential equation of a linear 

component (reactor, capacitor etc.) is represented by a constant conductance in parallel 

with a history current term. The value of the history current term is determined only by 

past (history) information. For example, an inductor is represented in the EMT simulation 

as shown in Figure 2-2. 

 

 

Figure 2-2 Modeling of a Inductor in EMT Simulation 

 

The system equations are built by using the standard nodal approach [25]. 

The traveling wave theory is applied to distributed components (overhead transmission 

line and cable) [26]. For the transmission line or cable, any effect from one end can only 

be „sensed‟ by the other end after a time delay (for a 100km line, the time delay is more 

than 333µs). So, the power network can be divided into several sub-networks by 

transmission lines and cables. The equations of different sub-networks need not to be 

solved together; the interactions between different sub-networks are represented as 
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history current terms. This feature is utilized in RTDS and parallel computation hardware 

is employed to solve the equations of different sub-networks simultaneously. 

Switches (breaker, power electronic) are modeled as variable conductances. 

The synchronous machine is modeled in a state equation formula with a current source 

interface to the network [27].    

A simplified structure of the power system model for EMT simulation is shown in 

Figure 2-3. A simplified typical flowchart of EMT simulation is shown in Figure 2-4. 
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Figure 2-3 Structure of the Power System Model for EMT Simulation 

 

In EMT simulation, every phase of the power system network is modeled. Hence 

unbalanced phenomena and after transient behaviors can be simulated. 

What transient behavior can be simulated in EMT simulation is determined by the 

model details and the time-step. The common time-step is 50µs, with which most 

electromagnetic switches and power electronic related transients of the power system can 
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be captured. For lightning studies and high speed power electronics (for example, PWM 

based power electronic converter) simulation, much smaller time-steps must be used. 

Because a small time-step has to be used, and a lot of details must be included, EMT 

simulation is very computationally intensive and time consuming. For example, to 

simulate using PSCAD/EMTDC a 5 seconds transient on a power system model with 130 

AC bus-bars, 11 generators and two bi-pole HVDC links, it takes about 33 minutes on a 

2.53 GHz Pentium4 computer with 1G RAM. 

  RTDS runs in real time, which means that the simulation keeps in synchronism with 

a real world clock, i.e., each 50µs time-step (say) simulation is completed within 50µs. 

The largest reported power system model ever been simulated on a RTDS (as of 2008) is 

made for the South Korean power system [1]. It contains 326 AC bus-bars and 110 

generators. 26 RTDS racks, or 338 3PC cards, were employed to run this model in real 

time. 
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Figure 2-4 Simplified Typical Flowchart of EMT Simulation 
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2.3 TSA Simulation 

Modern TSA simulation tools like PSS/E, TSAT and BPA are widely used in the 

power industry, especially by power system operators and planners. These tools are the 

industry standard tools for studying power system transient stability problems; they are 

also employed for voltage stability studies, small signal stability studies and frequency 

stability studies. That is they are used for studying the phenomena from D to F in Figure 

2-1, especially phenomena D and E. 

Practical power systems with tens of thousands bus-bars and hundreds of generators 

are readily handled by such tools. For example, one of the largest power system models 

ever simulated is made for the NERC eastern North America interconnection system. 

This model contains more than 40000 AC bus-bars, more than 5000 generators and 15 

HVDC links, and it keeps growing. Fifteen seconds simulation of this extremely large 

model on TSAT can be finished in around 10 minutes, using a 2 GHz PENTIUM 4 PC. 

With TSA simulation, there are some widely accepted engineering practices [21].  

The electrical transients of the network are neglected, assuming that the voltage and 

current transients of the network decay in a period smaller than the simulation time-step. 

So the network can be represented by algebraic equations of phasor quantities instead of 

differential equations. The frequency of the system is assumed to be close to the 

fundamental frequency and the network is represented by a complex admittance matrix. 

The synchronous machine stator transient is neglected. The differential equations of 

the stator are simplified as algebraic equations. 

Like stator transients, the switching transients of power electronics are neglected, 

algebraic equations are used to represent the converter. 
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All components in the TSA simulation have fundamental frequency phasor domain 

representations. No instantaneous AC voltage and current waveforms are calculated in 

the simulation. 

The three phase AC system is assumed to be balanced. The positive sequence single 

line network is used for representing it. The unbalance of the network itself is ignored. 

The effect of unbalanced faults is modeled by an effective impedance in the positive 

sequence network.  

The commonly used time-step ranges from one-eighth cycle to half cycle (for a 60Hz 

system, it is 2.083ms~8.333ms), which is 2 orders of magnitude larger than for EMT 

simulations. 

 Other fast transients whose time frames are shorter than the simulation time-step are 

neglected.  

 A simplified structure of the power system model for TSA simulation is shown in 

Figure 2-5. A simplified typical flowchart of TSA simulation is shown in Figure 2-6, in 

which the integration method is assumed to be the second order Runge-Kutta method 

(RK2) [28].  
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Figure 2-5 Structure of the Power System Model for TSA Simulation 
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Figure 2-6 Simplified Typical Flowchart of TSA Simulation 

 

2.4 The Differences between the Two Types of Simulation 
Approaches 

The principle differences between the TSA and the EMT simulations are summarized 

in this section. 
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The TSA simulation is built in the fundamental frequency, positive sequence, phasor 

domain. On the other hand, in EMT simulation, real physical values such as 

instantaneous voltage and current are directly computed. No matter how small the time-

step is, TSA simulation cannot simulate the phenomena from A to C in Figure 2-1. By its 

nature, TSA simulation cannot represent waveform distortions, harmonics and accurate 

switch behaviors etc. 

Theoretically, all the behaviors that can be simulated by the TSA tools can also be 

simulated by the EMT tools. EMT simulation is able to cover all the phenomena from A 

to F in Figure 2-1. But due to the large computation needed by EMT simulation, the 

length of EMT simulation is usually limited to one to two seconds. In such short periods 

the phenomena from D to F are not revealed or are only partly revealed. The real time 

digital simulation is running at the speed of real time and can run as long as the user 

wants. But it is not possible to use such tools to simulate an AC system which has 

hundreds of buses and tens of generators without building a super large scale simulator 

whose price can be prohibitive. The oscillation behaviors of a complicated interconnected 

system are affected by a large number of dynamic and nonlinear devices spread in a large 

area. Unless such devices and the main part of the network are modeled in appropriate 

detail, it is not possible to study the complex dynamic behaviors of large practical power 

systems. Thus, the EMT simulation tools, including RTDS are not being widely used in 

large power system dynamic studies as they could. 

3 Equivalencing Methods for EMT Simulation 

 

This chapter discusses the equivalencing methods for EMT simulations. 
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3.1 Simplified Equivalent for EMT Simulation 

Typically very simplified equivalents are used with EMT simulation. The most 

commonly used equivalent consists of a Thevenin impedance, which is derived from the 

fundamental frequency short circuit impedance at the terminal bus and a Thevenin 

voltage source behind the impedance as shown in Figure 3-1. 

Internal System

Equivalent for External System

Boundary 

Bus

Re Le

Rs
Vs

 

Figure 3-1 Simplified Equivalent in EMT Simulation 

The R-L||R circuit represents the fundamental frequency short circuit impedance of 

the external system seen from the boundary bus. Surge resistor Rs provides a route for the 

current at high frequencies when the inductor Le is virtually open circuited, preventing an 

open circuit [29].  

Vs is a constant sinusoidal voltage source whose frequency, phase and magnitude are 

fixed. Since the oscillations of the generators are normally slow (typically in 0.1~1Hz 

range), for most EMT simulations which end in about 1 second, they are assumed to have 

no significant impact on the internal system. Thus the generators can be seen as constant 

sources. This is one of the reasons why the constant sinusoidal source (voltage or current) 

is widely used to represent the dynamic sources, mainly generators, of the external 

system. More important is that the constant source is the simplest model and requires 

minimum computation. Thus such practice is widely accepted.  
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This equivalent only represents the external system at the fundamental frequency and 

steady state. Neither the fast response (electromagnetic) nor the slow response 

(electromechanical) of the external system can be properly re-produced by such a 

simplified equivalent. It is recommended that the devices close to the internal system 

(typically in the range of two to three buses/layers) should be modeled in detail [29]. In 

many cases such an expansion is not practical, especially when the network is dense. 

Also the reproduction of the fast response is not guaranteed, and the slow response is 

even not considered. 

So there are two questions which need to be answered when making system 

equivalents for EMT simulation tools. One is how to represent the fast transient response 

of the external system; the other is how to represent the slow nonlinear dynamic response 

of the external system. 

3.2 Frequency Dependant Network Equivalent 

The research trying to answer the first question can be generally categorized as 

Frequency Dependant Network Equivalent (FDNE). 

With approximations and simplifications, the external AC system can be seen as a 

linear network with some dynamic sources connected to it. The FDNE aims on making a 

model which can be simulated in the time domain and has similar frequency response as 

the linear external network and hence has similar time domain response as the external 

network. This model should be computationally more efficient than the original external 

network model. 

Seen from the boundary buses, the external linear network can be represented as a 

frequency dependant admittance matrix. It can also be seen as a small network tgat 
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consists of some frequency dependant branches as shown in Figure 3-2, which shows a 

three phase boundary bus. 

Phase A Phase B

Phase C

 

Figure 3-2 External Network as Seen From the Boundary 

 

The individual branches in Figure 3-2 are derived from the self and mutual 

impedances observed at the boundary. Each of them is a frequency dependant admittance: 

 
 
 

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I
Y   (3.1) 

The early attempts in this area considered replacing each branch with a equivalent 

network consisting of lumped R, L, C components. The values of these components were 

determined and hence the equivalent network had approximately the same frequency 

response as the branch [10][11]. In many cases, the external network consists of 

distributed parameter components such as transmission lines. Using lumped physical R, L, 

C components to capture its behaviors is often inadequate. 

Presently, efforts have been concentrated on finding a good rational function 

approximation for the frequency dependant branch. Two forms of transfer functions can 
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be used: the power series polynomial function and the orthogonal polynomial function. 

Mathematically these two are equivalent, but the numerical methods used for deriving the 

coefficients of these two forms of transfer functions (the fitting processes) are totally 

different. 

3.2.1 Power Series Polynomial Function 

In principal, a given frequency response of a linear system can be fitted by optimizing 

the coefficients of the following power series polynomial function: 
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The fitting of this transfer function in the frequency domain is fairly straight forward. 

Suppose the impedances/admittances at various frequency points are known: 

)1()( MijXRjZ iii   (3.3) 

M is the number of the frequency points, which normally is much larger than N , the 

order of the transfer function f . 

We can write the equation for all these frequency points: 

)1(
)()(1

)()(
)(

2

21

2

210 MijXR
jbjbjb

jajajaa
jf iiN

iNii

N

iNii
i 














   (3.4) 

After rewriting: 
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Now there are M complex linear equations, and 12 N variables ( iR , iX  and i  

are given. Naa 0 , Nbb 1  are unknowns which are to be determined). They can be 

written into a )12,2(  NM  real linear equation set. Because M  is much larger than 

N , this is an over-determined linear equation set, and it can be solved as a linear least 

square problem by standard least square algorithms [31]. 

The difficulty of solving such a problem is that these equations are badly scaled and ill 

conditioned due to the powers of   in the equations. Especially when a high order 

approximation needs to be used, or a wide range frequency response needs to be fitted. 

Some attempts in this direction [19] showed the drawbacks of this form of transfer 

functions. 

3.2.2 Time Domain Fitting   

In spite of the problems identified in the previous subsection, the power series 

polynomial function is still very attractive, because its optimization is a linear problem; 

even though it is very ill conditioned by nature. Abur and Singh [12] have presented an 

alternative method. Instead of fitting the power series polynomial function in the 

frequency domain, they showed that this problem can be solved in the time domain. 

Suppose the voltage-current relationship is:  
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This can be written as: 
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Which can be written in a operator form as: 
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Define a series of internal variables as: 
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Applying the Backward Euler method to obtain the difference equations: 
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t  is the time-step in the time domain simulation. These equations can be applied 

recursively to convert equation (3.8) into a difference equation: 

)()()()()()( 101 tNtvgttvgtvgtNtihttihti NN    (3.11) 

If a series of )(ti , )( tti  , )2( tti  … )( tMti  ; and )(tv , )( ttv  , 

)2( ttv  … )( tMtv   are known; normally M is much larger than N ; then (3.11) 

becomes another linear least square problem. A set of optimized NN ggghh ,,,,,, 101   

can be obtained by solving this problem. 

The time domain response )(ti , )( tti  , )2( tti  … )( tMti   and )(tv , )( ttv  , 

)2( ttv  … )( tMtv   can be obtained from a time domain simulation of the full 

external network where the excitation signal should be a sum of multiple sinusoidal 

signals of different frequencies, which can ensure that the response can cover a wide 

frequency range. 
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It is possible to derive the converting equations between NN ggghh ,,,,,, 101   of 

(3.11) and NN aaabb ,,,,,, 101   of (3.6), but this conversion is numerically impractical. 

Due to the powers of t  in the converting matrix, the matrix is very ill conditioned (from 

this it can also be realized that the power series polynomial function is numerically ill 

conditioned). So, the fitted NN ggghh ,,,,,, 101   must be used in the time domain 

simulation directly. The equivalent of the external network is in the history current form 

as: 
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NN 




 (3.12) 

This time domain fitting technique is simple and easy to implement, the main 

shortcomings of this method are: 

(1) The coefficients NN ggghh ,,,,,, 101   in (3.12) are time-step dependant, and so the 

time-step used in the time domain simulation using the equivalent has to be the same 

as the time-step used for obtaining the equivalent. If the former one is to be changed, 

the equivalent process has to be done again. 

(2) Many tests done in this research showed that the order of the fitted equivalent is much 

higher than necessary even when the time domain response is error-free. Also the 

stability of the equivalent cannot be guaranteed. 

(3) It was also found in the tests that the noise in the time domain response can easily 

lead to an unsuccessful fitting. 

(4) Most important, this method requires a time domain simulation of the full detailed 

model, which is not practical in many cases. 
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3.2.3 Orthogonal Polynomial Function 

The application of the power series polynomial function in FDNE is challenging due 

to the large range of the coefficients, which is a result of the powers of  , which has a 

range over several decades. In contrast, the coefficients of the orthogonal polynomial 

function have a much smaller range. 

)()( 00 sV
cs

a
shgsI

k k

k










   (3.13) 

The use of such an orthogonal polynomial function can be seen as an expansion of 

the lumped R, L, C network equivalent:  

In (3.13), 0g  and 0h  are real numbers. ka  and kc  can be either real or complex, in 

the case of complex coefficient, the conjugate part must appear. 

The 0g  can be seen as a resistor, 0sh  is a capacitor, 
k

k

cs

a


 can be either a RL branch 

for real ka and kc , or a more complicated R-L-C||R arrangement when ka  and kc  are 

complex. All these branches are parallel connected together to form a network. 

In a physical network, R, L, C are required to be positive. In the equation form of 

(3.13), more flexibility is permitted because some of the coefficients can lead to negative 

R, L, C. Thus the rational function (3.13) has more freedom. However, the passivity of 

the entire equivalent must still be maintained.    

The difficulty of fitting the orthogonal function arises from the fact that the 

unknowns kc  appear in the denominators, which makes the fitting a nonlinear problem. 

The obvious approach of optimizing the coefficients is continuous linearization using, 

say, Newton type method [31]. 
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Writing (3.13) for given frequency points: 

)1(00 MijBG
cj

a
hjg ii

k ki

k
i 


 


  (3.14) 

It can be seen that (3.14) is a set of nonlinear equations with unknowns 0g , 0h , ka , 

kc .  

Given a set of initial values of 0g , 0h , ka , kc , the nonlinear equation (3.14) can be 

linearized at the initial point by using the first derivatives of 0g , 0h , ka , kc , and a set of 

linear equations can be constructed. The over-determined linear equations can be solved 

using standard linear least square techniques. The results can be used for updating 0g , 0h , 

ka , kc , and then the nonlinear equation (3.14) can be linearized at the new point. This 

can be done iteratively until convergence is obtained. 

This method is quite straight forward, and it is a standard technique for solving 

nonlinear least square problems. But numerical tests showed that for this special problem, 

this technique has difficulty in converging to a good result. The main reason is that this 

problem is very nonlinear, especially when there are resonance peaks to be fitted.  

3.2.4 Vector Fitting 

Gustavsen and Semlyen [13] proposed the Vector Fitting algorithm. The basic 

concept of this algorithm can be described as follows: 

Assuming actual transfer function to be  sf , the purpose is to find a rational fitting 

function  sf fit  that can satisfy the following equation: 
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Introduce a rational function  s , which has arbitrary given poles 1d , 2d … Nd : 
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Function  s  is required to satisfy the condition:  
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Which means    ssf fit   has the same poles as  s . From (3.15) and (3.16), it can 

be noted that: 
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For arbitrary given poles 1d , 2d … Nd ,  the necessary condition for    ssf fit   and 

 s  having the same poles is that: 
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 (3.19) 

Which means the zeros of  s  should be equal to the poles of  sf fit .This is the key 

point of Vector Fitting. 
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The frequency characteristic of  sf  is known as a frequency spectrum. At a typical 

frequency point i , equation (3.15), (3.16) and (3.17) can be reorganized (with is j ) 

as: 

    iiiifit jwvjfjf    (3.20) 
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Substitute  f s  in (3.21) with i iv jw  in (3.20): 
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With arbitrary given poles 1d , 2d … Nd , equation (3.22) is a linear equation with the 

unknowns kb , 0l , 0m , ke  . Writing equation (3.22) at a series of given frequency point, 

an over-determined linear problem can be obtained (because the number of the frequency 

points is much larger than the number of the unknowns):  
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 (3.23) 

As all the unknowns kb , 0l , 0m , ke  appear in the numerator, equation (3.23) can be 

solved by standard linear least square techniques. In this way, the original nonlinear 

problem of finding the poles of  sf fit  is converted to a linear problem of finding the 

residues of    ssf fit   and  s . 
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The process of Vector Fitting is thus summarized below: 

i. Select a set of poles 1d , 2d … Nd  as seed values for the procedure. Although in 

theory, their selection can be arbitrary, in practice the algorithm works better 

when the initial poles are selected close to the likely pole positions, for example, 

at peaks of the frequency response characteristic of the magnitude function.  

ii. Construct equation (3.23) and use a standard linear least square technique to 

solve it, find the residues of  s . Knowing the poles and residues of  s  

allows one to write the full transfer function for  s . The zeros of  s  can now 

be evaluated. 

iii. Theoretically, this should end the search because the poles of  sf fit   are the 

zeros of  s . However, it has been found [13] that using these newly calculated 

poles as seed values for step ii in an iterative manner improves the fitting 

accuracy.  The procedure stops when the movement in the pole values from the 

previous interval is below a selected threshold.  

iv. As we know that there cannot be unstable pole, if any are found, they are flipped 

to the left half plane during this process [13]. In most cases, the unstable poles 

occur in intermediate iterations of the vector fitting process. The final iteration 

usually yields stable poles as desired. If there is any left, they are flipped as well. 

From experiments, it has minor effect on the final fitting results. 

v. With the converged poles of  sf fit , the residues of  sf fit  can be found by 

solving linear least square problem. 
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The Vector Fitting algorithm is a special technique for this special problem, and 

numerical tests showed that it is promising. It is employed in this research for calculating 

the coefficients of the FDNE. 
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4 Frequency Dependant Network Equivalent for a 
Large Power System 
 

This chapter deals with the development of the high frequency part of the wide band 

two parts equivalent proposed in chapter 1. 

4.1 Frequency Dependant Admittance Matrix of the External 
System as Seen From the Boundary 

In section 3.2 the methods of finding a model to fit the frequency dependant 

admittance matrix of the external system as seen from the boundary have been reviewed. 

In the earlier description, it was assumed that the frequency response of the external 

network was available. However, this response must first be obtained. Hence the first step 

of making the FDNE is to derive the frequency dependant matrix which represents the 

frequency domain characteristics of the external system as seen from the boundary.  

If the external system is connected to the internal system at a three phase bus 

boundary (one port), then the frequency dependant admittance matrix of the external 

system as seen from the boundary is a 3×3 complex matrix whose entries are functions of 

frequency. If there is a boundary of two three phase buses (two ports), it is a 6×6 

frequency dependant complex matrix.  

There are three ways to obtain the frequency domain characteristics of the external 

system: by on-site experiments on the actual network, by full detailed model time domain 

simulations using a multi-frequency excitation and by frequency scans. 

The on-site experimental data of the frequency response of a power network is rarely 

available. Also the mutual interactions between two or more boundary buses on different 

locations are difficult to measure. 
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The full detailed model EMT time domain simulation is difficult to conduct for a 

system of more than one hundred buses, and multiple runs are needed in such 

applications. So this method is not practical for many FDNE applications. 

The frequency scan or frequency domain identification includes three steps. The first 

is deriving the frequency dependant admittance matrix of each component in the external 

network. Then in the second step the whole frequency dependant admittance matrix of 

the external network can be derived. The procedure is based on the concept that the 

frequency dependant admittance matrix of a power network is the superposition of the 

frequency dependant admittance matrices of individual components of the power network. 

For a linear network, this is true. In the third step internal nodes are eliminated and the 

whole frequency dependant admittance matrix (N×N, where N is the number of the nodes 

of the external network) of the external network is directly reduced to a multi-port 

Thevenin impedance at the boundary. The Thevenin equivalent is represented by a 

frequency dependant admittance matrix of dimension 3×3 for a single 3-phase boundary 

or 3K×3K for a K port 3-phase boundary. 

The second and third steps of this procedure directly follow the standard network 

theory and matrix algebra [25][32]. However many utilities do not maintain detailed 

parameter data suitable for frequency domain studies, hence there are practical 

difficulties when implementing this method. 

4.2 Frequency Dependant Admittance Matrices of Power 
System Components  

The complex admittance matrix of a network can be calculated as follows [25]: 

Nj
NiijyY



,1
,1][


  (4.1) 



 44 

Where N  is the number of the nodes in the network. 





N

j

ijii ay
1

 (4.2) 

ijij ay   (4.3) 

Where ija  is the admittance connected between node i  and node j . And iia  is the 

admittance connected between node i  and ground (reference). 

For typical components like R (resistor), L  (reactor), C  (capacitor) connected 

between node i  and node j , the admittance ija  would be: 

Resistor:     
R

aij
1   (4.4) 

Reactor:     
fLj

aij 2
1   (4.5) 

Capacitor:     fCjaij 2   (4.6) 

Where f  is the frequency at which the admittance matrix is being calculated.  

The complexities of the frequency dependant admittance matrices of the power 

system components range from very simple (as shown by R , L , C  components) to very 

complicated. For example, the transmission line and cable are commonly seen as the 

most complicated linear frequency dependant components in the power system. In the 

frequency domain, a transmission line can be defined by the per unit length impedance 

matrix, the per unit length admittance matrix and the line length.  
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Figure 4-1 Transmission Line Geometry 

For a two conductor transmission line shown in Figure 4-1, the two matrices can be 

calculated as [26][33]: 

(1) per unit length impedance matrix 
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Where:  
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Here )/( mi   is the conductor resistivity, and )/( m  is the earth resistivity. ir  

is the conductor radius. 

And, 
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(2) per unit length admittance matrix 

Similarly: 
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The frequency dependant admittance matrix of the transmission line is: 
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Where: 
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And l  is the length of the line. 

For a two conductor transmission line,  Y  is a 4×4 matrix. For a three phase 

transmission line, it is a 6×6 matrix. 

From the transmission line example, it can be seen that in order to derive the 

accurate frequency dependant admittance matrix of the power network, the detailed 

parameters of the components need to be known.  

4.3 Derivation of the Frequency Dependant Admittance 
Matrices of Power System Components from Power Flow 
Data 

For large scale power networks, the detailed parameters of components are difficult 

to obtain. The commonly available data of the network for the power system analysis is 

the power flow data which is valid for the fundamental frequency analysis [34]. For 

example, power flow data files in the PSS/E raw data format [35] are widely available. 

These kinds of data are simplified; they only contain the fundamental frequency 

parameters of the power system. However after making some assumptions and 

approximations, the frequency dependant admittances of common power system 

components can be derived from their fundamental frequency parameters. Here the 

transmission line is used as an example. 

First a lossless transmission line is investigated. 
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For lossless line: 
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Note that equations (4.18) and (4.19) have a common multiplier j . And in equation 

(4.21) there is a multiplier
j

1 . Hence: 
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Here Z , P , Y , 0Y  and L  are constant. Then: 
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Since the line length l  is constant, lL  is constant. 

At the fundamental frequency (60Hz or 50Hz), the admittance matrix entries  y   

are known. Hence we can get the values of  0Y  and  lL  (for multi phase line, they are 

matrices). As they are constant, once the values calculated at one frequency, they are 

known at all other frequencies. Hence the admittance matrices at other frequencies can be 

accurately derived from the admittance matrix at the fundamental frequency, which can 

be found in the power flow data. 

Lossy line 

For a lossy line,  0Y  and  lL  are not constant anymore. In this case, the frequency 

dependant admittance matrix cannot be derived with only the information of the electrical 

parameters at the fundamental frequency. Other parameters such as the tower geometry 

and the ground resistance etc. need to be known. 

In order to represent the distributed nature of the line resistance, the line is 

represented as a two section Bergeron model as shown in Figure 4-2d. The resistance is 

distributed in four locations, one at each terminal of the two Bergeron line sections. For 

more accuracy, the line could be divided into larger number of line sections, but this 

makes very marginal improvement in accuracy [23]. 
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Figure 4-2 demonstrates the process of deriving the distributed parameter 

transmission line model from power flow data. At each stage, the model matches the 

model of previous stage at the fundamental frequency, except for the marginally small 

shunt conductance.  
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Figure 4-2 Derivation of the Simplified Distributed Parameter 

Transmission Line Model 
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The frequency response of the Bergeron model at high frequencies (for instance 

above 1 kHz) is approximate (since the skin effect is not included) and the imbalance of 

the network is ignored. It should be pointed out that this approximation is not inherent in 

the above method. The approximation arises only when the user is forced to estimate line 

characteristics (using the method discussed in this section) when he or she does not have 

recourse to detailed line geometrical information as is the case with many utility users. 

By following a similar procedure with the other network elements, the admittance 

matrix  Y   can be assembled using the nodal analysis formulation [11]. For many 

network elements, some simplifications and assumptions have to be made due to the lack 

of detailed information. However, the generator is a special case. Adequately detailed 

parameters of the generators are widely available in the dynamic data used in the TSA 

type studies. But the frequency dependent characteristic of the generator is very 

complicated, and such a characteristic is neither linear nor passive, hence cannot be 

reproduced by a linear equivalent. As an approximation, the sub-transient impedance 

da XjR    is used to represent the generator, and the impedance is modeled as a resistor 

in series with a inductor. 

In the proposed method, any imbalance in the network is ignored. It should also be 

noticed that in the above procedure, the fundamental frequency zero sequence parameters 

of the network are also used for estimating the mutual coupling between the three phases. 

This information can be gathered from the sequence network data for the short circuit 

current calculations. If such data is not available, the zero sequence parameters are 

approximated from the positive sequence parameters using experimental equations.  

The advantages of the above proposed method are:  
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  Y   can be rapidly obtained by processing of the standard power-flow data 

file. 

 When more detailed information is available, it can be incorporated to improve 

the accuracy of the model. For example if detailed geometrical and physical 

data is available for an important line or element close to the boundary with the 

internal network, the element can be represented by a more accurate frequency 

dependent two-port admittance which can replace the simplified admittance 

calculated from the fundamental frequency data. 

 The method provides an opportunity to be selective. Some components have 

nonlinear characteristics, for example, synchronous generators. Such 

characteristics can be intentionally simplified to linear form in order to avoid 

numerical difficulties in the curve fitting process. The non-linear model of the 

generator is important for the low frequency electromechanical transient and is 

fully included therein, thereby negating the need for it to be also included in the 

FDNE.  

4.4 Vector Fitting Example 

After the frequency dependant admittance matrix of the external system as seen from 

the boundary is known, the frequency dependant admittance of each branch can be 

derived and the Vector Fitting algorithm can be applied for finding the rational function 

approximations of these branches. This algorithm was introduced in section 3.2.4. 

A small three phase passive network is used here as an example. There are seven 

transmission lines and four loads in this network.   
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Seen from the boundary, this small network can be equivalenced to a one port three 

phase FDNE. The FDNE consists of six frequency dependant branches, as shown in 

Figure 4-3. Assuming the original network to be balanced, the branches aa, bb and cc 

become identical to each other, as branches ab, bc and ca. 
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Figure 4-3 FDNE Example 

 

The frequency domain identification and fitting results of branches aa and ab are 

shown in Figure 4-4 and Figure 4-5 respectively. They show both the conductance (real 

part), and the susceptance (imaginary part). It can be seen that the frequency spectra of 

this small network are still complicated, but can be accurately fitted. 
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Figure 4-4 Vector Fitting Example of Self Admittance 
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Figure 4-5 Vector Fitting Example of Inter-phase Admittance 
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4.5 Modeling of Rational Functions 

Once the frequency dependant admittance of a branch is fitted with a rational 

function, the branch can be modeled in an EMT time domain simulation program. 

4.5.1 Basic Modeling Technique of the EMT Time Domain Simulation 

The foundation of the EMT time domain simulation is the trapezoidal integration 

rule, which converts power system components into Norton equivalents [22][23][24]. 

Each Norton equivalent consists of a Norton conductance which is a function of the 

component parameters, and a Norton current source which is a function of the past 

history (i.e. voltage/current from previous time-steps). Once all components are 

converted to such Norton equivalent form, a conductance matrix for the whole network 

can be constructed easily with standard network theory and matrix algebra [25][32]. This 

can be implemented to obtain the voltage magnitudes of all network nodes in a given 

time-step. 

The modeling of typical components like R (resistor), L  (reactor), C  (capacitor) in 

an EMT program is introduced as follows: 

(1) A resistor R connected between node m  and node n  is simply modeled as a 

conductance
R

GR
1 . 

(2) For a reactor L , the relationship between the voltage and current is: 

dt

di
Lv    (4.28) 

Or: 

v
Ldt

di 1
   (4.29) 
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Applying the trapezoidal integration rule: 
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Where t  is the time-step of the integration. Equation (4.30) means a 

reactor can be modeled as a Norton conductance and a Norton current 

source. The value of the Norton current source is determined by the values 

of the voltage and current of the previous time-step, hence is known. That is 

why this current source is called the “history” current term. 

(3) Similarly a capacitor can also be modeled as a Norton conductance and a 

Norton history current term. 
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 (4.31) 

The modeling of R , L ,C  components in an EMT program is illustrated in Figure 

4-6. 
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Figure 4-6 Modeling of R, L, C in EMT Program 

 

4.5.2 Modeling Admittance with Rational Function Representation in 
EMT Time Domain Simulation Program 

In order to include a fitted FDNE rational function as a component of an EMT 

program, it is necessary to be able to represent it as a Norton equivalent as was done in 

the previous sub-section for R, L and C elements. This is discussed in this sub-section. As 

discussed in section 4.4, the rational function is given in the following form: 
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In (4.32), ka  and kc  can be either real or complex number. In the complex number 

case, they will appear in conjugate pairs. That is: 
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1 ,,  (4.33) 

Rational function (4.32) can be seen as: 
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For a real pole in (4.34): 
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Using Trapezoidal Rule: 
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Here h  is half time-step. 
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As in the case of a reactor or a capacitor in section 4.5.1, equation (4.38) is also in a 

constant conductance plus history current term format. 
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For a complex pole in (4.34): 

Assuming jnmakc   and jqpckc  : 
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Let  

mM 2  

nqmpN 22   

pP 2  

22 qpQ   

M , N , P , Q  are all real numbers. 

Hence the time domain equation is: 

)()()()()( tNVtVMtQItIPtI kckckc 


 (4.40) 

Use two state variables for (4.40): 

kcI  and MVIX kc


, we can get two first order differential equations: 
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Using trapezoidal rule on (4.41): 
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Repeat a similar procedure for the )(sIC  term in (4.34): 

)()( 0 sVshsIC   (4.46) 
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Using trapezoidal rule: 
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Similarly for the RI  term in (4.34): 

)()( 0 tVgtIR   (4.50) 

 

Combine the equations (4.38), (4.45), (4.49) and (4.50) together: 
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Equation (4.51) is in a history current term ( HI ) plus constant conductance ( NG ) 

format. The value of the history current term ( HI ) is determined only by the information 

of previous time-step and hence is in the standard Norton equivalent form requested in 

the EMT algorithm. This model is readily to be put into an EMT network model.  

4.6 Time Domain Simulation Example 

The small passive network and its one port FDNE are tested on RTDS. Voltage 

sources which have the same frequency, magnitude and phase are used for energizing the 

small passive network (in which all the transmission lines are modeled as Bergeron 

models) and the FDNE.  The two models are excited at various frequencies ranging from 

30 Hz to 1.8 kHz. The simulation results of the detailed network model and the FDNE are 

compared as shown in Figure 4-7 (6 cycles shown for each frequency). The simulation 
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results from the two models are practically identical to each other with non-significant 

difference shown only when the frequency of the excitation increases to about 1.8 kHz. 
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Figure 4-7 FDNE Simulation Results: Excitation at Different Frequencies 

 

4.7 FDNE Passivity Considerations 

It is found that occasionally the Frequency Dependant Network Equivalent (FDNE) 

model shows numerical instability in the time domain simulation even though the rational 

functions have left plane poles only. This section provides a simple explanation for this 

phenomenon. 

4.7.1 Simple Circuit Example 

Consider a simple circuit as shown in Figure 4-8. This circuit includes normal R, L 

and C components. The two port equivalent R-L-C circuit which matches the original R-

L-C circuit at 60 Hz is also shown in Figure 4-8. Note that the series resistance in the 

equivalent circuit is negative, even though the original circuit doesn‟t contain any 
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negative resistance. A negative resistor doesn‟t exist in the physical world. However, it 

can be represented by mathematical equations and implemented in a digital time domain 

simulation.  
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Figure 4-8 Simple R-L-C Circuit and its Two Port Equivalent at 60 Hz 

 

If we energize the original circuit and the equivalent circuit with a pure 60 Hz 

sinusoidal voltage source from node 1, then both the original circuit and the equivalent 

circuit can be seen as the same Thevenin impedance as shown in Figure 4-9. The 

resistance of the Thevenin impedance is positive, which means both the original circuit 

and the two-port equivalent circuit are passive when energized by a 60 Hz source from 

node 1.  
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Figure 4-9 Thevenin Impedance at 60Hz 

(of the original circuit and the two port equivalent) 

 

 

If we energize the original circuit and the two-port equivalent circuit with a 50 Hz 

sinusoidal voltage source from node 1, then the Thevenin impedances of the original 

circuit and the equivalent circuit are different as shown in Figure 4-10. The resistance of 

the Thevenin impedance of the original circuit is positive, which means the original 

circuit absorbs energy when energized by a 50 Hz source. However, the resistance of the 

Thevenin impedance of the two-port equivalent circuit becomes negative, which means 

the two-port equivalent circuit will generate energy when energized by a 50 Hz source 

from node 1, i.e., impassive.  
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Figure 4-10 Thevenin Impedances at 50Hz 

(of the original circuit and the two port equivalent) 

 

 

Time domain simulations were performed on the two circuits shown in Figure 4-8, 

using the modeling and simulation methods described in section 2.2 and 4.5.1. In the 
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simulations, both circuits are energized by a 60 Hz source from node 1. The results are 

shown in Figure 4-11. 

When the two circuits are energized by a 60 Hz source whose internal resistance is 1 

Ohm, the two circuits reach the same steady state as shown in Figure 4-11, proving that 

the two circuits are equivalent to each other at 60 Hz. 
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Figure 4-11 Original Circuit and Equivalent Circuit Energized by 60 Hz 

Source with 1 Ohm Internal Resistor 

 

When the two circuits are energized by a 60 Hz source whose internal resistance is 

0.0001 Ohm, the original circuit reaches a normal steady state as shown in Figure 4-12, 

the voltages and currents contain only 60 Hz component as expected for a linear circuit. 

However, in the two-port equivalent circuits, the result is different. 
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Figure 4-12 Original Circuit and Equivalent Circuit Energized 

by 60 Hz Source with 0.0001 Ohm Internal Resistor 

 

In this example, the time domain simulation of the two-port equivalent circuit doesn‟t 

blow up. However, in many cases numerical stable simulation cannot be performed using 

network equivalent. 

4.7.2 Passivity Criterion and FDNE Example 

The FDNE is constructed by connecting frequency dependant admittance branches as 

shown in Figure 3-2. Each frequency dependant admittance branch is represented by a 

rational function. In the Vector Fitting algorithm, all the poles ( kc ) of a rational function 

are arbitrarily forced into the left plane. But this doesn‟t guarantee that the rational 

function is passive. For example, the transfer function of a negative resistor is a negative 

gain, which doesn‟t have right plane pole, but it is not passive. In EMT type simulation, a 

non-passive component may introduce instability.  
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But such non-passivity of a branch is necessary, especially for the mutual admittance 

of multi ports equivalent. For example, a mutual admittance of the two port matrix of a 

transmission line definitely shows negative resistance at some frequencies. It must be 

fitted by a rational function which is not passive at these frequencies. 

The non-passivity of individual branches doesn‟t necessarily lead to non-passivity of 

the whole matrix. A complex admittance matrix is passive when all eigenvalues of the 

real part of this matrix is positive [36]: 

For a admittance matrix Y , the relationship between its inject currents and voltages is: 

VYI *  (4.52) 

For any complex voltage vector V , the power absorbed by the admittance matrix Y  

can be calculated as: 

     VGVVjBGVVYVP   Re)(ReRe  (4.53)  

Only when the matrix G  is positive definite, the absorbed power P  is always be 

positive. The necessary and sufficient condition for the real matrix G  to be positive 

definite is that all the eigenvalues of the matrix G  are positive. 

For a physical linear network, the passivity condition is always satisfied at any 

frequency. That is why a physical linear network consisting of real physical components, 

no matter how complex it is, can always be simulated stably in EMT type simulation. But 

the frequency dependant matrix obtained from curve fitting may not satisfy this condition. 

This is illustrated in the following example. 

A 6×6 frequency dependant admittance matrix is calculated for a 36 bus system which 

has two interface buses. The minimum eigenvalues of the real part of the matrix are 

calculated at various frequency points. They are shown in Figure 4-13. 
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Figure 4-13 Minimum Eigenvalues of Original G Matrices 

 

It can be seen that all the eigenvalues are positive. So the original frequency dependant 

admittance matrix is passive in the frequency range 0.001Hz~10000Hz. In fact, the 

matrix is passive at any frequency. 

This matrix can be well fitted by Vector Fitting. As an example, one entry of the 

matrix is plotted in Figure 4-14. 
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Figure 4-14 Fitting Example 
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It can be seen that the matrix has been fitted very well by the rational functions. Small 

errors are inevitable because FDNE is an equivalent meant to reduce the computations by 

approximations.  

The minimum eigenvalues of the fitted matrix G is plotted in Figure 4-15. 

It can be seen that the matrix G constructed by rational functions has many negative 

eigenvalues. Time domain simulation shows the fitted model is not stable. 

It is clear that the instability of FDNE is caused by the errors introduced in the curve 

fitting process. Since the errors are inevitable, what can be done is forcing the fitting 

errors to move to certain directions which make the matrix constructed by rational 

functions to be passive at any frequency. 
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Figure 4-15 Minimum Eigenvalues of the Fitted G Matrices 
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4.8 A Heuristic Method of Mitigating the Passivity Problem of 
the FDNE 

In this research, a heuristic method was developed to mitigate the passivity problem of 

the FDNE. This method is based on the fact that in this research, the frequency dependent 

admittance matrix is obtained in an analytical way (see section 4.2 and 4.3), thus the 

passivity of it is always guaranteed and the values of its entries at any frequency point 

can be easily calculated. Other methods of obtaining frequency dependent admittance 

matrix, i.e. on-site experiment and time domain simulation don‟t have this advantage. 

The method uses recursive fitting to find an accurate and passive fit for the original 

frequency dependant admittance matrix. This method contains the following steps: 

1. Select a series of frequency points for fitting. Calculate the frequency dependant 

admittance matrix at each point: 

  )()( iii jBGY    (4.54) 

Where i  is the index of the frequency point.  

2. Use Vector Fitting to get the FDNE, which is a series of s domain rational 

functions: 

  
 


N

K K

K
fit

cs

a
shgsf

1

 (4.55) 

3. Check the passivity of the FDNE at a series of frequency points. From 

experiments, the series of frequency points used for passivity checking should 

be distributed in a wider frequency range and have more points than the series 

of points selected for fitting.  

If there is no passivity violation, the process is finished and the passive FDNE is 

found. Otherwise, continue to the next step to apply recursive fitting. 
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4. Find the frequency range ( Low ~ High ) where the most significant passivity 

violation occurs. The significance of the violation can be determined by the 

value of the negative eigenvalue, i.e. large negative eigenvalue means large 

violation. 

5. Remove all poles in the Low ~ High  frequency range of each rational functions 

(  sf fit ) of the FDNE (4.55), so we get a series of reduced fitted functions: 

 sf reduced . 

6. Select a new series of frequency points for fitting. The points should be selected 

such that in the frequency range Low  to High  there is higher density of points 

(higher resolution). Using more points in that range should enforce a tighter fit; 

and hence reduce the likelihood of the passivity violation. 

7.  Calculate the new target frequency response at each frequency point using the 

following equation: 

  )()()( ireducediiinew jfjBGY    (4.56) 

Where )()( ii jBG    is the admittance of the original network at the selected 

frequency point.  

8. Use Vector Fitting to fit newY  and get a new series of s domain rational functions: 

  
 


Nnew

Knew Knew

Knew
newnewnew

cs

a
shgsf

1

 (4.57) 

9. The new FDNE is: 

     sfsfsf newreducedfitnew _  (4.58) 
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In this way,  sf fitnew_  is obtained by fitting the series of frequency points which has 

higher density in the frequency range Low  to High . So normally the fitting accuracy in 

this frequency range is higher than the original fitting function  sf fit , which means 

 sf fitnew_  is closer to the actual frequency response. Thus the passivity violation is 

eliminated or at least mitigated, which means the model will generate less energe in the 

simulation. 

Steps 3 to 9 can be repeated in an iterative way, in each iteration the  sf fitnew_  from 

last iteration replaces  sf fit , till no passivity violation remains. 

Figure 4-16 shows an example of the passivity enforcement using the proposed 

method. The first fitted FDNE has serious passivity violation. After two more fits with 

the procedure described above, all passivity violations in the frequency range of 0 to 6 

kHz is removed. 

 

Figure 4-16 Passivity Enforcement Example 
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In this chapter, the FDNE method has been discussed in detail. A practical method of 

obtaining frequency response of large power system was introduced, and a heuristic 

method of mitigating the passivity violation of the FDNE was presented. In the next 

chapter, another important part of the proposed equivalent, the TSA simulation on the 

RTDS platform is discussed in detail. 
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5 Implementation of TSA Type Simulation on RTDS 

 
This chapter discusses the implementation of the TSA part of the proposed 

equivalent which is used for representing the slow non-linear electromechanical behavior 

of the external system. 

5.1 Difficulties in the Implementation of Conventional TSA 
Algorithms in Real Time 

After decades of development, TSA algorithms are quite mature and there are many 

powerful TSA programs commercially available. However, it turns out that there are 

significant difficulties of interfacing a commercial TSA program to RTDS or 

implementing a conventional TSA algorithm in real time.   

Because TSA programs ignore the detailed electromagnetic transients, they can 

potentially run much faster than full scale EMT programs. Indeed, today a TSA program 

can even appear to run in real time when simulating a power system with several 

thousand buses. However, this appearance of “real time” is only in an average sense, 

which means that some time-steps take much longer to simulate than other time-steps. 

This is because conventional TSA simulations typically use time-steps ranging from 2ms-

10ms. For such relatively large time-steps, a suitable iterative calculation method is 

usually applied for solving the nonlinear network equations [21]. For a “stiff” transient, 

i.e., at the time-steps in the neighborhood of the time of application or removal of a fault, 

more iteration is required for convergence. Consequently, the solution for such time-steps 

requires a longer CPU time. As the number of iterations in any given time-step is not 

known a-priori, this results in an unpredictable amount of processing time for each time-

step. 
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In contrast to the above approach which is suitable for off-line simulation, a true real-

time simulator is required to keep in absolute synchronism with a real world clock. Hence 

the system solution in every simulation time-step t must be completed in an equivalent 

amount of real world time t. 

There is another difficulty in interfacing a commercial TSA program to RTDS in 

practice. There is no TSA type simulation program which can run on the RTDS platform 

yet, so the TSA type program needs to run on an external server, for example, a server 

which has Microsoft Windows operating system and an Intel processor. A standard 

operating system like Microsoft Windows is not designed for real time application; it 

cannot guarantee the necessary amount of computation resource to one application in 

each time-step. The synchronization between the RTDS and the TSA program is difficult 

to maintain.  

The above discussion reveals the difficulties of interfacing a conventional TSA 

algorithm to a true real-time simulation platform. An alternate workaround solution is 

discussed in the following section. 

5.2 Structure of the Proposed Scheme 

The proposed scheme uses a modified approach to implement the TSA type algorithm 

for real-time platforms. 

The TSA simulation time-step is experimentally reduced so that the iterative 

calculation approach is no longer needed. This ensures a constant solution time per 

simulation time-step which is within the real-time requirement. With a sufficiently small 

time-step, determined in this research by experiments to be 2 ms or smaller, the network 

voltages in any time-step are close to the voltages in the previous time-step from a TSA 
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point of view. This permits the network equations to be solved using a linear formulation 

that does not require predictor-corrector type iteration, permitting the use of a single 

solution in each time-step. For example, a constant power load ( P jQ ) at a bus with 

voltage ( )V t  in the conventional TSA solution can now be modeled as a current source, 

the value of which is: 

 
( )

( )

P jQ
I t

V t t 




 
 (5.1)  

Thus the processing time of each time-step is constant. 

A simple conversion method is developed to convert the instantaneous values of the 

EMT solution into phasor values for the TSA solution. 

The general structure of the proposed scheme is shown in Figure 5.1. Block „a‟ 

measures the interface currents in the detailed RTDS model (internal system) to be 

injected into the external system, and converts them from three-phase instantaneous 

values to fundamental frequency positive sequence phasor values. Block „b‟ represents 

the external network using a fundamental frequency phasor formulation. Connected to 

block „b‟ are blocks „c‟ which represent dynamic equipments such as generators, motors 

etc. These equipments are modeled using differential equations. Block „d‟ is used to 

calculate the TSA injected current into the EMT solution. 

The phasor signals generated in block „a‟ are sent to block „b‟ (TSA network solution) 

which then calculates the terminal voltages (as phasor values) of the generators and the 

other equipment components in blocks „c‟. The TSA type generator models (also, other 

dynamic equipments models) „c‟ use the terminal voltages as the inputs to their state 

equation solvers, and calculate the currents (phasor values) that they inject into the 

external network. These phasor values are converted back to time domain instantaneous 
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three-phase values and injected back into the EMT solution using block „d‟. The details 

of the TSA-EMT interface are given in section 5.3. 

 

F

D

N

E

Detailed 

RTDS Model

a b

c

c

d

a. Injection Current Measurment

b. TSA Network Solution

c. TSA Generator Model (State Equation Solver)

d. Equivalent Current Signal Generator

Three Phase Instantaneous 

Value

Single Phase Phasor Value

TSA Type Dynamic 

Solution

 

Figure 5-1 General Structure of the Proposed TSA Solution Scheme 

 

The blocks in Figure 5.1 are individually constructed as user defined (UDC) control 

models in RTDS [37]. They are connected into RTDS as control blocks. Note that the 

implementation as in Figure 5.1 makes the solution more convenient for real time 

implementation as the „b‟ and various „c‟ blocks can be implemented in parallel on 

separate processors.  

It will be easier to understand the differences between the proposed scheme and a 

conventional TSA type simulation program by comparing Figure 5-2 and Figure 2-6. 
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Figure 5-2 Signal Flow of the Proposed Scheme 
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As mentioned earlier, one of the major difficulties of implementing conventional TSA 

type algorithms in real time is that the processing time of each time-step is not fixed and 

predictable. So in the proposed scheme, the predictor-corrector iterative calculation 

method is not used. The linear equation set of the network is only solved once in each 

time-step.  Thus the processing time of the network solution block is fixed. The 

disadvantage is that it is necessary to use a small TSA time-step. However, using a small 

TSA time-step is more numerically stable than the method of predictor-corrector iteration 

with a large TSA time-step. It is often faster because in the predictor-corrector iteration 

scheme, the time savings of using a large time-step are offset by the need for a larger 

number of iterations, which arise during large disturbance. Thus a small TSA time-step is 

suitable for real time simulation. 

As seen in Figure 2-6, in conventional TSA type simulation algorithms, generator 

model blocks (and other dynamic equipment model blocks) exchange data with the 

network solution block twice in each time-step if an integration method such as the 

second order Runge-Kutta method is used; and for the fourth order Runge-Kutta method, 

such data exchange will be done four times in each time-step. Such a large amount of 

data exchange is difficult to coordinate when the blocks are distributed on multiple 

processors of a parallel computation platform.  In the proposed scheme, network solution 

is only done once in each time-step. During the solution of a generator model in each 

time-step, its terminal voltage is assumed to be constant. This is a reasonable assumption 

as time-step is small. By doing this, the data exchange between blocks can be greatly 

reduced, which makes it much easier to coordinate the blocks for parallel computation. 
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Figure 5.3 shows two possible time sequences which can be employed in the proposed 

TSA type solution scheme in RTDS. Theoretically speaking the serial sequence has better 

numerical stability than the parallel sequence, because in the parallel sequence, both the 

inputs of the generator solution and the network solution are from previous time-step, and 

in the serial sequence, only the input of the network solution are from previous time-step. 

However, the serial sequence doesn‟t take the full advantage of a parallel computation 

platform. The parallel sequence is like what happens in an analog system; there is no 

clear and consistent time order in the process, but it is easier to be implemented on the 

parallel computation platform of RTDS. The shortest time frame of the electromechanical 

dynamics of AC systems is around 0.02 second. If the TSA time-step is much shorter 

than this, then the parallel sequence can be employed. In this research, the TSA time-step 

sizes have been tested ranging from 50μs to 2ms, and no difference have been found 

between the two sequences. 
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Figure 5-3 Time Sequences in the Proposed Scheme 
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The following procedure was used to select the TSA simulation time-step t . Typical 

simulation cases were simulated using an approach commonly used in the EMT 

community, which suggests successively conducting several simulations while reducing 

t  by a factor of 2. When the resulting simulation plots show no perceptible differences 

from the previous simulation, the time-step is deemed to be sufficiently small. This 

procedure shows that a time-step of 1-2 ms is suitable for the proposed scheme with the 

parallel sequence. This value is smaller than the commonly used 10ms time-step in TSA 

simulations, but is much larger than the commonly used 20-50μs time-steps in EMT 

simulation. 

In following sections, the major blocks of the proposed scheme are discussed. 

5.3 Interfacing the EMT and TSA solutions 

The TSA type solution of the external system is done in the phasor domain. In the 

EMT type solution of the internal system, all the currents and voltages are represented by 

instantaneous values. The method of interfacing these two solutions which have very 

different natures has therefore to be developed.  

5.3.1 Interfacing the EMT solution to the TSA program 

The interfacing of the EMT solution to the TSA program is done by block „a‟ in 

Figure 5-1, which converts the instantaneous values of voltage and current on the 

boundary bus from the EMT solution to positive sequence phasor values. In other 

research papers, this has been done by calculating the RMS value of the voltage [14], a 

Fast Fourier Transformation (FFT) [18] or a consecutive curve fitting technique 

[15][16][17]. In the FFT and curve fitting method, the fundamental frequency positive 
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sequence magnitude and phase are extracted from a succession of data points of all three-

phases at the boundary.  

The method proposed in this research is based on the fact that the generator 

electromechanical swings represented in the TSA are primarily affected by the real power 

transferred to the external system at the boundary bus. Note that the electrical network in 

the external system appears as two distinct model types - once in the EMT solution as an 

FDNE which represents the wide-band frequency response and again in the TSA solution 

for calculating the low frequency electromechanical quantities. The solution calculated in 

the TSA has negligible influence on calculating the higher frequency components of the 

bus voltage. The quantities calculated within the TSA solution and interfaced as positive 

sequence fundamental frequency sources into the EMT solution, are primarily affected by 

the rotor angles which in turn are mainly a function of the real power. Hence a highly 

accurate interface procedure can be developed which is much simpler to implement than 

the FFT and curve fitting approaches used by previous researchers as discussed below.  

The direct method of representing the effect of the internal system on the external one 

would have been to extract the fundamental frequency positive sequence components of 

the boundary current injected by the internal system and to connect it into the TSA 

formulation as a current source. However, the proposed method uses an energy balance 

based approach which uses a current source that injects the same amount of power as that 

calculated by the independent and accurate EMT solution of the internal system. Based 

on this, a simple conversion method, as demonstrated, in Figure 5-4 is developed. 
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Figure 5-4 shows the fundamental frequency phasor representation of the proposed 

two part equivalent of Figure 1-2. The objective is to determine the positive sequence 

phasor values TV


 and TI


 at the boundary bus for use in the TSA solution. 

The positive sequence values jBG   of the admittance of the FDNE at fundamental 

frequency are known. The phasor value ( EI


) of the controlled three-phase current source 

is calculated in the TSA program with a relatively small time-step (for instance equal to 

or smaller than 2 ms. Compared to the electromechanical transients which are in the 

frequency range of 0~5Hz), this is a very small time-step. Hence even though the value 

of EI


 was actually calculated in the previous time-step, it can be considered to be the 

same in the present time-step. The instantaneous values of the corresponding three-phase 

currents )(tiEa , )(tiEb  and )(tiEc  are thus readily calculated by expressing the above 

phasor in time domain form. 
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Figure 5-4 Fundamental Frequency Phasor Representation of the  

Two Part Equivalent 
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EP  is the instantaneous value of the real power into the controlled current source EI


 

which is used to inject the results of the TSA calculation into the EMT program. Note 

that using the instantaneous value of )(tvTa , )(tvTb , )(tvTc  calculated in the EMT 

solution, EP  can be readily evaluated as: 

)()()()()()()( titvtitvtitvtP EcTcEbTbEaTaE   (5.2) 

Consider the current quadrature phasor EE IjI


1  which has the same magnitude as 

EI


, but leads it by 90°.  The three-phase time domain currents corresponding to 1EI


 are 

)(1 ti aE , )(1 ti bE  and )(1 ti cE . The product of  )(tQE  defined by (5.3) below represents the 

reactive power into the TSA part of the external system model by the internal system in 

the steady state: 

)()()()()()()( 111 titvtitvtitvtQ cETcbETbaETaE   (5.3) 

Once )(tPE  and )(tQE  are determined, the voltage phasor TV


on the boundary bus is 

calculated so that power balance is satisfied. Using TV


, the value of the required injection 

current phasor TI


 at the interface bus is calculated as shown below. 

The phasor TV


 for use in the TSA can be calculated as: 

EETE IPV


/  (5.4) 

11 / EETE IQV


  (5.5) 

2

1

2

TETET VVV


  (5.6) 









 

E

E
ET

P

Q
IV 1tan


 (5.7) 
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The above phasor quantities are shown in Figure 5-5. 
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Figure 5-5 Phasor Diagram for Boundary Bus Voltage Determination Fundamental 

 

The injection current TI


, which is the current that communicates the EMT solution 

into the TSA, can be calculated as: 

  ETT IVjBGI


  (5.8) 

For multi-ports cases, a similar process is used; the only difference is that the matrix 

form of equation (5.8) is applied. This method is very simple as it does not require curve 

fitting or Fourier Transformation used in earlier approaches [15][16][17][18]. But it can 

be seen in the example cases in Chapter 7 that it works well even for unbalanced faults 

and other distorted waveform conditions. 

5.3.2 Interfacing the TSA solution to the EMT program 

To make the equivalent for the external AC system, each unit of dynamic equipment 

such as a generator is simplified to a three-phase Norton Equivalent with a linear shunt 

impedance in parallel with a balanced three-phase fundamental frequency sinusoidal 

current source which has dynamically changing magnitude and phase angle. These units 
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are considered to be connected to the remainder of the external network in which the 

other non-linearities such as transformer saturation are ignored. The above current 

injections are calculated from a full TSA solution of the external network, with the 

connection busses to the internal network being treated as voltage sources (as explained 

in section 5.3.1).  The details of the procedure are explained below. 

Consider an external system in which the number of busses is  1K  connected to the 

internal system at 2K  buses. Each bus has three nodes (one per phase).  Equation (5.9) 

represents the frequency dependant relationship between the boundary currents and 

voltages BI , BV  and the external network‟s currents and voltages EI , EV . Note that the 

external network‟s circuit elements are considered linear.  

   

   
3 2 3 2 3 2 3( 1 2)

3( 1 2) 3 2 3( 1 2) 3( 1 2)

( )
BB BEK K K K KB B B

E

E E EEB EEK K K K K K K

Y f Y fI V V
Y f

I V VY f Y f

  

    

      
        

       

 (5.9) 

The Norton Equivalent as looking into the external network from the boundary can be 

calculated by eliminating  EV  in (5.9).  

( )EquI V J
B B NE

Y f     (5.10) 

Where 

       
1

( )Y f Y f Y f Y f Y fEqu BB BE EE EB


                   
 

and 

   
1

J Y f Y f IBE EENE E


         

In (5.10), ( )EquY f    is the Norton admittance matrix and NEJ  is the Norton Current 

source vector.  
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  The admittance matrix ( )EquY f    is inserted as part of the EMT solution as described 

in Chapter 4. In order to do so, each element is first approximated with a s-domain 

rational function using vector fitting as in (5.11) 

0 0,
1

( )
N

k
Equ i j

k k

a
Y s g sh

s c

      
  (5.11) 

Using the trapezoidal rule of integration, the multi-node admittance matrix in (5.11) is 

converted into a circuit representation that uses a constant real conductance matrix in 

parallel with a history current source vector as described in section 4.5.  This conversion 

completely incorporates the Norton admittance of the external network into the EMT 

solution. 

The following procedure is now used to calculate the Norton current source 

representing the external network    
1

NE BE EE EJ Y f Y f I


         in (5.10) required in 

the EMT solution.   

As described in section 5.3.1 above, the Norton current source is calculated from a 

positive sequence fundamental frequency TSA solution. The positive sequence 

fundamental frequency representation for the Norton Current Source calculated in (5.10) 

is shown in (5.12). The magnitudes and phase angles of the equivalent current sources 

 0EI f    are updated in each TSA time-step. The updating is carried out in block „c‟ in 

Figure 5-1 and equation (5.12) is carried out in block „d‟ in Figure 5-1. Noticed that only 

positive sequence values are used in equation (5.12). Because it is assumed in the TSA 

part, everything is balance. 

       
1

0 0 0NE BE EE EJ Y f Y f I f


                 (5.12) 



 88 

In obtaining this equivalent, only the positive sequence component impedances of the 

admittance matrix are used, and so the dimension of  0BEY f  is 2 ( 1 2)K K K  ; and 

of   0EEY f     is ( 1 2) ( 1 2)K K K K    respectively (not 3 2 3( 1 2)K K K   and 

3( 1 2) 3( 1 2)K K K K    as earlier). Strictly speaking, in (5.12) it is assumed that there is 

no generator in the external system which is directly connected to the boundary bus. If 

such generator exist, its contributions can be included in a straightforward manner by 

adding its current directly to  NEJ  .  

The positive sequence Norton current source calculated above is interfaced into the 

EMT program as three time varying phase displaced currents. Their instantaneous time 

domain values are updated in each EMT time-step using the following equations: 

      

     

     

2 sin

2
2 sin

3

2
2 sin

3

A NE

B NE

C NE

i t J t t

i t J t t

i t J t t



 

 








  

  

    
 

  
    

 

 (5.13) 

Here  t  is the instantaneous angle of the phasor current and is obtained by adding 

the instantaneous angle of the rotating reference phasor 1 0o in the TSA solution i.e., 

02 f t   to the phase angle of the current  NEJ t  as in (5.14). 

   02 NEt f t J t      (5.14) 

Real time digital simulation can run for very long period and works with incremental 

time-step t .   Use of an absolute time t can be problematic. This is because in the 

simulation, absolute time t is reached by adding t  over and over again which may 
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create a drift due to truncation errors. The equivalent form of (5.14) which uses only t  

is (5.15), in which  t  is updated from its previous value.   

       02 NE NEt t t f t J t J t t             (5.15) 

Where 

   0 0NEJ    

Equations (5.13) and (5.15) are also evaluated in block „d‟ of Figure 5-1. Note that as 

 NEJ t is updated at each TSA time-step, which can be larger than the EMT time-step 

t . Hence the quantity    NE NEJ t J t t     is zero in between TSA time-steps in 

equation (5.15). 

5.4 TSA Network Solution 

Once  TI


 (which is the phasor value of the currents injected from the internal system 

to the external system) is determined as described in section 5.3.1, it can be used as the 

input of the TSA network solution block. 

The basic work of the TSA network solution block is to solve the network nodal 

admittance linear equation [21]: 

  IVY   (5.16) 

In equation (5.16),  Y  is the admittance matrix of the external system. I  is the 

injection current vector, which is the input to the block. V  is the bus voltage vector of the 

external system, which is to be solved and outputted. Matrix  Y  and vectors V and I  are 

all complex (phasor). 
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Since the external system is assumed to have no switches, the  Y  matrix is constant. 

This greatly simplifies the solution process and makes it very fast. 

The straight forward way of solving equation (5.16) is to invert matrix  Y : 

    IZIYV 
1

 (5.17) 

Where  Z  is the impedance matrix of the external system, and it is also constant. So 

the inversion can be done off-line and only the  Z  matrix is stored and used in RTDS 

simulation. 

For a power system,  Y  is a very sparse matrix, on the other hand,  Z  is a full matrix. 

So storing  Z  is not efficient through this is no longer the major concern as the memory 

size of computers has been increased dramatically. More important, the multiplication is 

very time consuming, which make equation (5.17) only implementable in very small 

systems. 

Sparse matrix techniques have been widely employed in power system calculations. In 

this research, a mature and widely used sparse matrix technique is employed [38].  

Using LU factorization, the  Y  matrix can be factorized into four matrix:  L ,  U , 

 P  and  Q .  

         ULQYP   (5.18) 

 L  is a unit lower triangular matrix,  U  is an upper triangular matrix,  P  is a row 

permutation matrix,  Q  is a column reordering matrix.  L  and  U  can keep the sparse 

characteristic of matrix  Y .  

Equation (5.18) can be rewritten as: 

        IVQULP 
 11

 (5.19) 
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Equation (5.19) can be solved in four steps: 

IPI 


 (5.20) 

(5.20) only reorders the injection current vector I . 

 


 ITL  (5.21) 

(5.21) can be solved with a forward substitution process. Notice that only some of the 

entries of 


I  are nonzero (The nonzero entries of 


I  are associated with the buses 

connected to nonlinear loads, generators and other dynamic equipments). And most 

entries of  L  are zero. So in the forward substitution process, there are many 

multiplications by zero, which can be ignored. These operations are known beforehand 

with the knowledge of the sparse structure of  L  and 


I . Thus only a small part of  L  

must be stored and used. This is called „Fast Forward Substitution‟. 

  TVU 


 (5.22) 

As (5.21) discussed before, equation (5.22) can be solved with a backward substitution 

process. Only some „target‟ entries of 


V are of interest (those associated with the buses 

connected to nonlinear loads, generators and other dynamic equipments). Because most 

entries of  U  are zero, for the calculation of the „target‟ entries of 


V , it is not necessary 

to calculate the whole 


V vector, instead, only „useful‟ entries of 


V  need to be calculated. 

So only the nonzero entries of  U , which are associated with these „useful‟ entries of 


V ,   

are used in the calculation. Thus only a small part of  U  must be stored and used. This is 

called „Fast Backward Substitution‟. 
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 


 VQV  (5.23) 

As (5.20), (5.23) is just a reordering process. 

Since the  Y  matrix is constant, the factorization (5.18) is done off-line using a 

standard MATLAB [39] function which maintains the sparse structure of the   Y  matrix. 

The UDC code of the process related to the execution of (5.20) to (5.23) can be optimized 

and requires minimum memory and computation time since the structures of all the 

matrices and vectors are known.  

5.5 TSA Power System Equipment Models 

The modeling procedures for TSA type power system equipment models have been 

thoroughly explained in reference [21]. They have been followed in this research. Some 

specific points are outlined below. 

5.5.1 Integration Method 

It can be easily seen in Figure 2-6 that in conventional TSA type simulation programs, 

the same integration method is applied to all models in the system. Because during one 

time-step integration, the models need to exchange data for multiple times with the 

network and with each others, the integration method determines what data to be 

exchanged and the exchange procedure. For example, in the fourth order Runge-Kutta 

method, in each time-step, an exciter model needs to send intermediate excitation voltage 

signal to the generator model four times and get intermediate terminal voltage signal four 

times from the network solution. Because the smaller time-step being used, the proposed 

scheme allows employing different integration methods for different models. 
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Currently, the second order Runge-Kutta method is applied to the generator models, 

and the trapezoidal method is applied to exciters and governors.   

The numerical stability is a very important issue for the real time simulation. The TSA 

type dynamic solution shows great stability when running continuously on the RTDS for 

hours. 

5.5.2 Loads 

Constant impedance loads are part of the network and are included in the FDNE. 

Nonlinear loads can be modeled as voltage dependant current injections in the TSA 

solution. But in this application it might be better to model part of a nonlinear load as a 

constant impedance load and include it in the FDNE; the remaining can be modeled as a 

voltage dependant current injection. 

5.5.3 Power Electronic Equipment 

In the TSA part, a power electronic converter can be modeled using its steady state 

algebraic equations and the slow dynamics of the controls can be modeled using dynamic 

equations. For example, a voltage source converter is modeled as a fundamental 

frequency positive sequence current source, in a manner similar to synchronous generator, 

with its commutation reactance included as part of the FDNE. The frequency dependent 

characteristics of power electronic equipments are highly non-linear and hence they have 

to be ignored in the FDNE part as discussed in section 4.3. 

5.5.4 Challenge of the Adoption of the Proposed Scheme 

The model libraries of commercial TSA type simulation programs contain hundreds of 

models. These models have been validated over many years of power system operations. 
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For a model to be fully commissioned, it requires many details to be handled, 

corrected, tested and validated. All these have to be done before a fully commissionable 

model library for the proposed scheme can be constructed.      
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6 Synthesis of the Entire Equivalent 
 

In this chapter the construction of the whole equivalent model is described and some 

practical issues are discussed.  

6.1 Synthesis of the Entire Equivalent 

The proposed wide band two parts equivalent consists of a FDNE and a current source 

which is controlled by a TSA solution block, as discussed in chapter 4 and 5 respectively. 

This section describes how the individual components are connected together to form the 

entire equivalent model which is incorporated in the RTDS simulation.  

An example of a one port equivalent is shown in Figure 6-1. Since this is a one port 

three phase equivalent, the FDNE contains six frequency dependant branches. Instead of 

modeling six individual branches, it is also possible to model all six branches (circled at 

right hand side bottom) together as a single frequency dependant matrix; however, this 

may preclude the running of the model on multiple processors. The components of the 

TSA solution block are all put into the “Dynamic Hierarchy” (Hierarchy is a graphical 

component available in the RSCAD, the software of RTDS. Hierarchy is used for 

schematically separating the user‟s circuit diagram into a number of blocks [37]). The 

developed TSA solution block generates the current reference for the three phase current 

source.  
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Figure 6-1 Synthesis of a One Port Equivalent 
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As shown in Figure 6-2, inside the Dynamic Hierarchy there are three parts. The 

“Injection Current Conversion” part has been described in section 5.3.2. The “Current 

Control Signal Generation” part is a simple three phase sinusoidal signal generator. The 

major part is the “TSA Solution”, which contains the TSA type network solution model 

and TSA type generator models (Figure 6-2 only shows 3 generators). Each generator and 

its exciter and governor is separately modeled. They are set up and connected through 

RSCAD graphical interface. This procedure is identical to any other models of RTDS. It 

should be noticed that from the RTDS‟s point of view, the TSA type generator model is 

actually a large control system rather than an embedded circuit component. 
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Figure 6-2 TSA Solution Block 

 



 99 

6.2 Structures with Multiple External and Internal Systems 

Section 6.1 describes a simulation system model in which a one port equivalent system 

(external system) model is connected to a detailed EMT simulation system (internal 

system) model. This is the simplest scheme for the simulation model using the equivalent. 

This scheme is shown as in Figure 6-3(a), and Figure 6-3 also shows two of the other 

possible schemes. 

 

 

Figure 6-3 Schemes of the Simulation System Model 

 

Figure 6-3(b) shows a detailed system connected to multiple equivalent systems. There 

is no electrical connection between the equivalent systems except the connections 

through the detailed system. So the equivalent systems are constructed independently. 
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During the simulation, each equivalent system is directly affected by the detailed system 

only. The example case described in section 7.5 utilizes such a scheme. 

Figure 6-3(c) shows an equivalent system connected to multiple detailed systems. 

There is no electrical connection between the two detailed systems except the connection 

through the equivalent system. During the simulation, each detailed system is directly 

affected by the equivalent system only. The example cases described in section 7.4 utilize 

such a scheme. 

It should be noticed that in Figure 6-3 each connection between equivalent system and 

detailed system can be single-port as well as multi-port. 

Theoretically saying, the schemes shown in Figure 6-3 can also be extended to more 

complicated scheme in which multiple equivalent systems are connected to multiple 

detailed systems in a mesh structure. This was not done in this research. 

 

6.3 Practical Issues 

In this research, many different equivalent models have been constructed, and during 

this process, the following practical issues have been observed. 

6.3.1 Size of the Equivalent System 

The size of the external system which can be represented by the equivalent model is of 

major concern of any equivalencing technique. For the two part equivalent proposed in 

this research, the FDNE and the TSA parts are affected in different way by the system 

size:  

 The system size limitation for the FDNE part. Generally, the larger the 

external system, the more complicated its frequency dependent characteristic is, 



 101 

which means higher order rational functions need to be used to fit the 

characteristic. However, it was observed that in most cases, the frequency 

response characteristic of the external system is dominated by the components 

which are close to the boundary. Thus the major part of a large system has only 

minor influence on the frequency dependent characteristic as seen from the 

boundary and hence the size of external system is not a major concern of the 

FDNE part, instead, the number of ports of the equivalent is of major concern as 

will be discussed in section 6.3.2. 

 The system size limitation for the TSA part. It should be noticed that in this 

research, no equivalencing has been done from a TSA point of view. The TSA 

part of the equivalent is a full real time TSA solution of the external system. 

Since optimal sparse matrix computation technique has been implemented, the 

number of the linear components in the external system is not of major concern. 

The size limit is determined by the number and complexity of the dynamic and 

nonlinear components of the external system, such as generators, generator 

controls, and nonlinear loads etc. With a TSA time-step of 2 ms utilized (see 

section 5.2 for details), it is estimated that a typical RTDS rack should be able to 

perform full TSA solution of a power system of about one thousand buses in 

real time, which is much larger than a 20 bus system for which a RTDS rack can 

perform full real time EMT solution. If the real time TSA solution is needed for 

a really large power system (say, tens of thousands of buses), dynamic reduction 

techniques as discussed in section 1.3.1 can be implemented. However, this has 

not been considered and is recommended as future work. 
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6.3.2 Number of Ports of the Equivalent 

In many cases, the number of ports of the equivalent model is the most limiting factor 

on the application of the proposed equivalent: 

 When the number of ports increases, the size of the frequency dependant 

admittance matrix of the external system as seen from the boundary scales as a 

square of number of boundary nodes. For example, a one port equivalent (three 

phase) has 6 frequency dependent branches (see section 3.2) which will be 

represented by s-domain functions. A two port equivalent has 21 frequency 

dependent branches; a three port equivalent has 45 frequency dependent 

branches; and an N port equivalent has  3 3 1 / 2N N   frequency dependent 

branches. It can be seen that when the number of ports increases, the number of 

s-domain functions increases rapidly. Though the order of each s-domain 

function can be reduced by limiting the fitting frequency range, which 

compromises the accuracy of the FDNE, the computation burden of simulating 

the FDNE will still increase dramatically.  

 When the number of ports increases, it is more difficult to maintain the passivity 

of the FDNE.  

Due to these difficulties, the proposed equivalencing technique is not at present ready 

for making equivalent for an external system which connects to the internal system at 

many ports (say, more than 3 ports). For HVDC and FACTS studies, normally the 

connecting points to the AC system can be chosen as the boundary, thus the number of 

ports probably can be limited within 2 or 3. For studies of some AC systems which have 

clearer structure, such as the one described in section 7.5, multiple equivalents can be 
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used, and it might be possible to limit the number of ports of each equivalent by carefully 

choosing the boundary. In many cases, the step transformers are good choices for the 

boundary. For complex meshed AC systems, it might be difficult to find a suitable 

boundary. 

6.3.3 Utilizing the Distributed Computation Platform 

In the RTDS, a transmission line form a natural interface between systems modeled on 

different racks. This is due to the relativistic speed limit of electrical signal propagation 

on these lines; which essentially decouples the remote ends in any given time-step. As no 

transmission lines are explicitly modeled in the equivalent, the equivalent must be 

modeled on one rack. 

One way around this is to intentionally partition the external system, by modeling 

some transmission line cut-sets as additional internal systems. The split parts can then be 

modeled on different racks, with the transmission line cut-sets serving as natural 

isolations.   

6.3.4 Applying Network Changes in the External System 

Simulating network change events is a major task in many time domain simulation 

studies. Network change events may include short-circuit and breaker switching etc. In 

this research, it is assumed that there is no networks change to be applied inside the 

external system.  

 If network changes are to be applied in the external system, its frequency 

dependent characteristic will be changed during the simulation. FDNE is not 

suitable for simulating the changes of the network, because the network 
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components are not explicitly modeled and hence the switching transients 

cannot be simulated. 

 As described in section 5.4, assuming topology of the external network to be 

constant, the admittance matrix in the TSA solution can be factorized in off-line. 

And the computation needs be done in real-time can be greatly reduced.  

A possible way to simulate network change events in the external system is to use 

compensating currents to approximate the topology change. However, only 

electromechanical transient caused by the network changes can be simulated using such 

method. And large topology change, such as short-circuit, might not be able to be 

simulated due to numerical issues. This topic is therefore left for future researchers. 
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7 Study Cases 
 

This chapter validates the wide-band multi-port equivalencing method developed in 

this research. Four examples cases are presented. The simulation results of different 

simulation tools and different set ups are compared. 

7.1 Organization of the Study Cases 

The first case is a 39 bus AC system. A one port equivalent is used for this case. The 

comparison between a standalone TSA type program and the RTDS can be easily 

conducted on this system. 

The second case is a 108 bus AC system; a one port equivalent is used for this case. It 

shows that the proposed equivalencing method can greatly reduce the RTDS hardware 

required for simulating large power systems. 

The third case is a multi in-feed HVDC system. A two port equivalent is used to 

represent the AC system. The HVDC systems are modeled in full EMT detail in RTDS. 

This case shows how the proposed equivalencing method could work in simulations of 

large power electronic based systems. 

The fourth case is a 470 bus AC system. Multiple equivalents are used to represent the 

external system. Both the internal system(s) and the external system(s) are distributed on 

multiple RTDS racks. This case shows the scalability of the proposed equivalencing 

method. 

The following terminology is used in the example descriptions to describe the different 

levels of details included in simulations: 
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 RTDS FULL MODEL --- The candidate test system is first modeled entirely on a 

real-time EMT algorithm implemented on the RTDS. As the system is represented 

in full three-phase wide-band detail, its results provide a benchmark for validating 

the proposed equivalents. 

 TSAT --- As an additional comparison, some of the cases are compared also with a 

pure TSA type simulation which completely ignores electromagnetic transients. A 

stand alone pure TSA type simulation is conducted on a Windows XP based PC, 

using the TSAT software [40][41].  

 RTDS+FDNE+TSA --- The internal system is modeled in RTDS in full EMT 

detail. The external system is represented by the proposed FDNE+TSA equivalent, 

as shown in Figure 5.1. 

 RTDS+FDNE --- The internal system is modeled in RTDS in full EMT detail. The 

external system is represented only by a FDNE. The TSA solution part in Figure 

5.1 is ignored. Constant sinusoidal current sources are used to keep the boundary 

condition at initial steady state.  

 RTDS+TSA --- The internal system is modeled in RTDS in full EMT detail. The 

external system is represented only by the TSA solution shown in Figure 5.1. The 

FDNE part is ignored, and it is substituted with a simplified R-L||R equivalent that 

has the correct fundamental frequency impedance of the external network as seen 

from the boundary. 

 RTDS+SIMPLIFIED R-L||R EQUIVALENT --- The internal system is modeled 

in RTDS in full EMT detail. The external system is represented by a simplified R-
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L||R impedance and a constant sinusoidal voltage source, as shown in Figure 3.1.  

This is the common practice in most EMT simulations of HVDC systems. 

7.2 Simulation of a 39 Bus AC System Using One Port 
Equivalent 

The example considers the well known New England 39 Bus System [42], shown in 

Figure 7-1. 

The system is first modeled in full detail on the RTDS with all transmission lines, 

generators, exciters and governors included in the EMT model. The distributed 

parameters of the transmission lines are estimated from the fundamental frequency 

admittance information using the approach of section 4.3. This full model is simulated in 

real time with a 50μs time-step on two RTDS racks, consisting of 29 parallel processors. 

This model provides the basis of validating the equivalents. 

The part of the system which is modeled in full detail as the „internal‟ system consists 

of Generator #38 and three transmission lines at the top right of Figure 7-1. Bus #26 

forms the boundary bus. The remainder of the network („external‟ system, containing 9 

generators) is modeled as a one port (3 phase) equivalent. The internal and external 

systems together can now be run in real time with a 50μs time-step using only a single 

RTDS rack. For additional comparison, a stand alone pure TSA type simulation is 

conducted on a Windows XP based PC, using the TSAT software. 
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Figure 7-1 The 39 Bus Test System 

 

A single phase to ground fault lasting 100 ms is applied at Bus #28. The generator 

rotor speed curves are shown in Figure 7-2 for the lone generator #38 in the internal 

network. Four curves are shown. The first is for a detailed EMT-only implementation 

(benchmark), the next for the proposed FDNE+TSA equivalent representation of the 

external system, the third for an equivalent that ignores the FDNE and only considers the 

TSA solution and the fourth for the pure TSA solution.  
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Figure 7-2 Generator #38 Rotor Speed Curves 

(i. Full EMT model in RTDS, ii. with proposed FDNE+TSA equivalent, iii. The 

equivalent with only TSA representation, iv. A pure TSA solution) 

 

Figure 7-2 shows that the benchmark result is closely matched by all the other 

approaches. However it is evident that the „RTDS+FDNE+TSA‟ and the „RTDS+TSA‟ 

curves are much closer to the „RTDS FULL MODEL‟ curve in comparison with the 

swing curve obtained from the standalone TSAT simulation. This is to be expected, since 

the simulation using the proposed equivalent is a combination of EMT simulation and 

TSA simulation, and hence is more accurate than TSA simulation alone. 

There is a very small difference between the „RTDS+TSA‟ curve and the 

„RTDS+FDNE+TSA‟ curve, which means the higher frequency network transients have 

no significant effect on the electromechanical dynamics of the AC system for this 

particular case and the benefit from using  the FDNE might not be significant.  
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In the next test, a 100ms three-phase to ground fault is applied at Bus #28. The 

resultant transient waveform for the b-phase ac voltage of Bus #29 is shown in Figure 7-3, 

for three of the four different levels of modeling detail of the previous example. The 

TSA-only model is omitted as it only allows a fundamental frequency positive sequence 

phasor solution that cannot consider single phase instantaneous fault transients. 

 

Figure 7-3 Bus #29 Phase B Voltage during a Three-Phase Fault at Bus #28 

 

In Figure 7-3, the result with the proposed „RTDS+FDNE+TSA‟ equivalent is seen to 

perform better than with the „RTDS+TSA‟ equivalent.  

7.3 Simulation of a 108 Bus AC System Using One Port 
Equivalent 

A 108 bus system is used for testing the capability of the proposed equivalencing 

method of handling large AC system with reduced RTDS hardware. The system is 
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divided into two parts. A small part (2 generators, 4 transformers and 2 transmission lines) 

is modeled in full detail and connected to a one port equivalent which contains 19 

generators. RTDS full model simulation is run on five RTDS racks, using a 50µs time-

step. The RTDS simulation using the equivalent is run on one RTDS rack, with the 

detailed model using a 50µs time-step and the TSA part of the equivalent using a 1ms 

time-step. The standalone TSAT simulation uses a 10ms time-step. A single phase to 

ground fault is applied inside the small internal network for 100 ms, the rotor speed curve 

of Gen #241, which is in the internal system, is shown in Figure 7-4. 

In this case, there is a difference between the results of RTDS and the standalone 

TSAT. However, the „RTDS+FDNE+TSA‟ curve matches the benchmark „RTDS FULL 

MODEL‟ curve far more closely than the „TSAT‟ curve. 

 

 

Figure 7-4 Generator #241 Rotor Speed 
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7.4 Simulation of a Multi In-Feed HVDC-AC System Using Two 
Port Equivalent 

As seen in Figure 7-2, for the pure AC system simulation case, the 

„RTDS+FDNE+TSA‟ solution is not significantly better than the „RTDS+TSA‟ solution. 

This is because the higher frequency electromagnetic transients are quickly damped 

within about one cycle by the internal network. Hence the contribution made by the 

FDNE which represents the high frequency behaviour of the external network, is only 

marginal.  

On the other hand, when power electronic devices such as HVDC or FACTS are 

connected in the internal network, the switching operations are repeated several times in a 

cycle and continuously generate higher frequency transients which propagate into the 

external network. Hence such systems are expected to require the FDNE for accurate 

results. As an example, consider the multi in-feed HVDC system configuration shown in 

Figure 7-5. The ac system has two HVDC inverters as terminating ends of the two HVDC 

links at boundary buses #3 and #8. The HVDC links form the „internal‟ network and are 

modelled in full EMT detail. The „external‟ ac network to the right of the boundary buses 

contains 33 buses and 9 generators. When modelled as an equivalent, it interfaces as a 

two port (2×3 phases) network at the two boundary buses. 

As a representative example, the admittance between BUS #3 a-phase and BUS #8 b-

phase (i.e. 1,5( )Y f ) is shown in Figure 7-6 as a function of frequency. This admittance is 

calculated from the power-flow data, and it is overlaid with the FDNE characteristic 

fitted up to an upper frequency of 3 kHz which is considered to be sufficiently accurate 

for an RTDS running with a 50μs time-step. 
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Figure 7-5 Multi In-Feed HVDC Test System 
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Figure 7-6 Multi-port FDNE Example 
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The RTDS full model simulation is run on two RTDS racks, using a 50μs time-step. 

The RTDS simulation using the equivalent is run on one RTDS rack, with both the 

detailed „internal‟ system and the equivalent „external‟ system running with the same 

50μs time-step. 

A single phase to ground fault is applied at Bus #3 for 100 ms, the bus voltage 

waveforms of Bus #3 and Bus #8 are shown in Figure 7-7 and Figure 7-8 respectively. 

 

 

Figure 7-7 Bus #3 Phase A Voltage after Fault Clearing 
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Figure 7-8 Bus #8 Phase A Voltage during Bus#3 Fault 

 

In comparison with the benchmark (full EMT) solution, it is evident that the 

RTDS+FDNE+TSA model accurately simulates the transient voltages of both interface 

buses. This is considered a particularly challenging case to simulate because the boundary 

buses are the critical HVDC converter buses themselves, without an intermediate buffer 

network to separate the internal system and the external system. Earlier approaches [15] 

suggested inclusion of a detailed modeled portion of the ac network between the 

converter and the remote external system as a buffer. This was deemed necessary to 

obtain an accurate frequency dependent equivalent representation at the HVDC converter 

bus. Note that the HVDC converter produces harmonics and has a fast transient response, 

and hence requires an accurate representation over a wide range of frequencies.  The 

approach presented in the report does not require the presence of the buffer network 

because it accurately models the high frequency behavior of the external network in the 
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developed FDNE Norton Equivalent. The inverter side DC voltage of DC Link 2 is 

shown in Figure 7-9. 

 

Figure 7-9 DC Link 2 Inverter Side DC Voltage 

 

From Figure 7-7, Figure 7-8 and Figure 7-9, the effects of using the FDNE are clearly 

visible. The FDNE improves the electromagnetic transient simulation significantly, and 

since commutation failures are sensitive to the AC bus voltage transients, using a FDNE 

is advisable. 

The TSA solution can be disabled by converting the TSA injection current source in 

Figure 5-1 to a constant magnitude and phase sinusoidal source. Doing so brings into 

focus the effect of neglecting the electromechanical dynamics on the HVDC system‟s 

simulation. Figure 7-10 plots the inverter dc voltage for the above fault on Bus #3 

calculated using the three approaches that include the full benchmark solution, the 

solution using the proposed FDNE+TSA equivalent and the solution obtained by omitting 
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the TSA solution. As can be seen, the proposed approach gives a highly accurate solution 

which is close to the RTDS full model benchmark, whereas the solution with the TSA 

disabled is less accurate, with the recovery of dc voltage occurring approximately 40 ms 

too early.  

The graphs in Figure 7-9 and Figure 7-10 clearly demonstrate the effectiveness of the 

equivalent that accurately models both the AC system electromechanical dynamics as 

well as the higher frequency electromagnetic transients. 

 

Figure 7-10 DC Link 2 Inverter Side DC Voltage: the Effect of TSA Solution 

 

In another study, the resistance of the fault at Bus #3 is varied to assess the 

dependence fault severity on commutation failure (CF) which is the failure to transfer 

current from a conducting valve to the next valve in the conduction cycle. The fault 

resistance is initially set at infinity (no fault) for the first simulation run. It is then 

progressively decreased (i.e. fault severity is increased) until CF occurs at one or both of 



 118 

the two dc inverters in the multi in-feed system. It is observed that as the resistance is 

reduced, CF is first observed in the inverter connected at Bus #3 (local inverter). As the 

fault severity is increased further, the remote inverter also fails commutation. Table 7.1 

tabulates the critical fault resistance values obtained with the fully detailed benchmark 

solution as well as with various other equivalents. 1R  represents the borderline value that 

just causes CF at both the local (DC Link 1) and remote (DC Link 2) converters, whereas 

2R  is the borderline resistance which just causes CF at DC Link 1 but not at DC Link 2. 

It can be clearly seen that the only equivalents whose results accurately match the 

benchmark model results are those that include the FDNE representation. When FDNE is 

ignored, highly inaccurate values of 1R  are obtained (shaded in Table 7.1). 

It is clear that the frequency dependent characteristic of the AC system plays a critical 

role in the DC system commutation failure behaviors; hence the conventional 

fundamental frequency network equivalent is not suitable for commutation failure studies. 

This case shows that a FDNE can greatly improve the accuracy of the simulation. 
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Table 7.1 Commutation Failure Simulation Results 

 

Simulation Setup 1R  ( ) 2R  ( )  

RTDS FULL MODEL (benchmark) 40 72 

RTDS+FDNE+TSA 41 77 

RTDS+FDNE 40 78 

RTDS+TSA 84 83 

RTDS+SIMPLIFIED R-L||R EQUIVALENT 83 82 

1R  --- Minimum Fault Resistance below which Commutation Failure occurs 

on DC Link 2 

2R --- Maximum Fault Resistance above which Commutation Failure does 

not occur on DC Link 1
 

 

This can be further demonstrated by simulating an intermediate 100 ms single phase to 

ground fault at Bus #3. The fault resistance is set to be 60 Ohms. The inverter side DC 

voltage of DC Link 2 is shown in Figure 7-11. The generator rotor speed of generator #37 

is shown in Figure 7-12. 
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Figure 7-11 DC Link 2 Inverter Side DC Voltage, Intermediate Fault 

 

 

 

 

Figure 7-12 Generator #37 Rotor Speed, Intermediate Fault 
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In this case, it is only when both the FDNE and the TSA of the equivalent are included 

in the simulation that good simulation results are obtained. The example clearly shows 

the advantage of the proposed multi-port equivalent which was connected directly at the 

converter buses on which the faults were applied. Previous approaches with simpler 

equivalents would have required the equivalent to be more remotely located with 

additional intermediate buses included in the detailed EMT model. From Figure 7-5 it is 

clear that this would have required the detailed EMT simulation of at least five additional 

transmission lines and local bus components, and the equivalent would become a 5 port 

equivalent, which is very difficult to implement as discussed in section 6.3.2. 

7.5 Simulation of a 470 Bus AC System Using Multiple Multi-
port Equivalents 

A 470 bus system is used for further demonstrating the capability of the proposed 

equivalencing method of handling large AC system with reduced RTDS hardware. The 

system has a 345kV network, which is considered as the „internal‟ system and is modeled 

in full EMT detail (62 buses, 17 generators). It feeds lower voltage sub-networks of 

161kV, which are considered as the external system and modeled using 11 equivalents, 

totaling the remaining 408 buses and 28 generators. The 11 equivalents include 1 three-

port, 4 two-port and 6 one-port equivalents. The RTDS simulation using equivalents is 

run on six RTDS racks. A full EMT model on the RTDS would need more than twenty 

racks to run, and currently there are only two real time digital power system simulation 

systems in the world which have the capability of simulating such a large system in full 

EMT detail. The structures of the 470 bus system and its simulation model are shown in 

Figure 7-13 and Figure 7-14 respectively. 



 122 

 

Figure 7-13 Structure of the 470 Bus System 

 

Figure 7-14 Structure of Simulation Model of the 470 Bus System 
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Both the detailed model and the equivalents use a 50µs time-step. For comparison, a 

stand alone pure TSA type simulation is also conducted using the TSAT software and a 

time-step of 0.01s. Due to the large size of the system, the hardware available to the 

author was not adequate for conducting a full EMT solution for comparison (which has 

been done for the 108 bus system as described in section 7.3). 

Figure 7-15 and Figure 7-16 show the oscillations in rotor speed following a bus to 

ground fault in the internal system for two generators - Gen #3212 (which is in the 

„internal‟ system and modeled in full detail) and Gen #230 (which is represented in the 

equivalent). 

 

Figure 7-15 Generator #3212 Rotor Speed 
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Figure 7-16 Generator #230 Rotor Speed 

 

It can be seen that with the equivalents, the electromechanical transients of the system 

are accurately simulated in real time and agree with the TSA only simulation.  

This case also demonstrates some features of the proposed equivalencing method: 

 Three-port and two-port equivalents have been deployed in this case. 

 Eleven equivalents have been deployed in the same simulation, they have been 

distributed on different racks and run in real-time in parallel. The proposed 

equivalent is scalable: when really large system needed to be modeled, normally it 

is possible to divide the external system into sub external systems, and distribute 

the computation on multiple racks. 
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8 Summary and Future Work 
 

This chapter summarizes the report, and future research works are proposed. 

8.1 Summary 

This thesis deals with the equivalencing method for real time digital power system 

simulators. Since the introduction of digital time domain simulation methods for  power 

system analysis, the equivalencing method has been an important topic. This is due to the 

extremely large scale of power networks, the complexity of power system components, 

and relatively limited computation resources. 

RTDS is a real-time implementation of the EMT type simulation algorithm. With 

custom high performance computation hardware, the EMT simulation is performed in a 

speed that is synchronized with the real world clock. The tool makes it possible to 

connect real controllers to digital simulation models in closed loops, and has been widely 

used by manufacturers, utilities and research institutes etc. By utilizing the travelling 

wave characteristic of transmission lines, the RTDS simulator is scalable, i.e. large power 

system can be simulated in real-time by using more computation hardware. However, real 

power systems are so large that practically it is only possible to model a small portion of 

the power system, which is of main interest, in full detail (internal system), and the rest of 

the system needs to be modeled as an equivalent (external system). 

The thesis proposed an accurate wide-band two part multi-port equivalent for real time 

digital simulators. The equivalent was developed based on such assumptions that most 

high frequency electromagnetic characteristics of the external system can be represented 

by a linear L-C-R network; and on the other hand, low frequency electromechanical 
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behaviours of a large power system can be represented by a TSA type, nonlinear, positive 

sequence, phasor domain model.  

The high frequency part (FDNE) of the proposed two part equivalent was constructed 

in three steps: 

(1) The frequency domain characteristics of the large L-C-R external network were 

identified. A practical method was proposed to obtain such characteristics from 

powerflow data, which is widely available in the industry. 

(2) The identified frequency domain characteristics were fitted with a multi-port 

rational function. The Vector Fitting method was used in this step. The fitting 

errors introduced in this step may cause instabilities during the time-domain 

simulation, mainly due to a loss of passivity of the fitted rational function form. 

A heuristic method was proposed to mitigate the problem.  

(3) The multi-port rational function was modeled in the RTDS simulation. 

In the low frequency electromechanical part of the proposed two part equivalent. The 

number of power system components represented in the simulation was not reduced. 

Instead all the components in the external system were represented by a full TSA type, 

nonlinear, positive sequence, phasor domain model. The TSA algorithm was 

implemented on the RTDS platform to simulate the external system model in parallel 

with the detailed EMT simulation of the internal system. To make the TSA simulation in 

synchronization with the hard real-time RTDS simulation, a modified TSA algorithm was 

implemented. In this algorithm, a relatively smaller (compared to conventional TSA 

algorithms) time-step was used to eliminate the necessity of using an iterative TSA 

network solution. By doing this, the computation time of each time-step was fixed and 
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the TSA simulation could always remain synchronous with the RTDS (EMT) simulation, 

i.e., with the real world clock. This thesis also presented a new method of interfacing the 

TSA solution (positive sequence, phasor domain) and the EMT solution (three-phase, 

instantaneous). Recognizing that it is the real power that is responsible for rotor 

accelerations, the method is based on the energy balance concept. It is simple and 

produces satisfying results, as it can take account of not only fundamental frequency real 

power, but also real power resulting from waveform distortions in the internal system. 

Other implementation issues of the proposed method were discussed in this thesis, 

such as the structures of the simulation model, the limiting factors of the external system 

model, the TSA network solution, the modelling of power system components in the TSA 

part, and utilization of the distributed computation platform of RTDS etc. 

A few examples with different system sizes and complexities were presented in this 

thesis. For each example, various different equivalent types were tried out and the results 

were compared with a „benchmark‟ solution based on a pure EMT solution method 

whereas possible. The equivalents constructed with the proposed method worked 

uniformly well in these examples. 

The multi-infeed HVDC example showed that the proposed equivalent is capable of 

reproducing the essential electromagnetic response as well as the essential 

electromechanical response of the external system. It was clearly shown that both of these 

aspects were important for studies of such systems. Additionally, the accuracy of the 

FDNE permits the boundary to be conveniently located at the converter buses and 

prevents the need for including more components in full EMT detail. 
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The 470 bus AC system simulation example showed multiple equivalents being used 

in one simulation. The 345kV main system was modeled in full EMT detail and the 

model was distributed on six RTDS racks by utilizing the travelling wave characteristic 

of transmission lines. The 161kV subsystems were modelled as eleven equivalents (from 

one port to three ports). They are also distributed on the six RTDS racks and connected to 

different interconnection points of the 345kV main system. The results showed that the 

electromechanical transients in both the internal system and the external system were 

well represented. In this example, the computation hardware requirement is reduced by 

about 75% by using the proposed equivalent.  

The approach in the thesis results in a fast algorithm that was implemented on a real 

time simulator with considerably reduced hardware requirements than would be required 

for a fully detailed model. 

8.2 Future Work 

In order to expand the capability of the proposed equivalencing method, the following 

research works are proposed: 

1. In this thesis, equivalents with up to three 3-phase ports were presented. 

Equivalents with more ports may be needed for simulation of complex mesh power 

network. As discussed in subsection 6.3.2, there are two challenges in making 

equivalents with higher number of ports. The first one is to maintain the passivity 

of the FDNE. The current available passivity enforcement methods can only 

mitigate small passivity violations. With additional ports, a more robust method 

may be necessary. The other challenge is that the computation resources needed 

for the FDNE increase as quadratic functions of the number of ports. It should be 
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noticed that since the transmission lines of the external system were not explicitly 

modeled in the EMT simulation, the travelling wave characteristic was not utilized, 

and thus the FDNE can only be processed on one RTDS rack. Hence the number of 

ports of the FDNE is limited by the computation power of one RTDS rack. 

Additional research   may be done in this area to make the FDNE model 

distributable or simplified.  

2. The TSA part of the proposed equivalent is not distributable either. It was 

estimated that with the current RTDS hardware, a single equivalent could represent 

a power system of up to about one thousand buses and one hundred generators. 

One RTDS rack would not be able to handle the TSA simulation of a system larger 

than this. For simulating really large power system with tens of thousands buses 

and generators on one rack, the size of the external system may need to be reduced 

first. The possibility of incorporating traditional TSA type dynamic reduction 

techniques with the proposed equivalencing method should be investigated. 

Another possibility is to make the TSA part of the equivalent also distributable. 

3. In this research, network disturbance (short circuit fault, topology change etc.) 

could only be applied in the internal system during the simulation, only control 

disturbances (step change of the AVR reference, loss of PSS etc.) could be applied 

in the external system. The capability of simulating network disturbances in the 

external system is desirable, especially disturbances far away from the internal 

system. This could be an area for future research. 
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Appendix 1 

The Frequency Dependant Characteristics of a Transmission 

Line and its Simplified Model 

 

Considering an ideally transposed three phase transmission line which has the 

following parameters: 

 Line length: kml 100  

 Conductor DC resistance: kmrc /03.0   

 Ground resistance: me 100  

 Number of conductors per phase: 1n  

 Line space: mD 10  

 Conductor radius: mr 03.0  

 Line to ground height: mh 30  

 Nominal frequency: Hzf 600  , srads /16.3140   

In the power flow data, it will be described in the following parameters. 

 Positive sequence resistance:  045.3R  

 Positive sequence reactance:  669.40X  

 Positive sequence shunt Susceptance: SiB 410618.3 
   

 Zero sequence resistance:  649.190R  

 Zero sequence reactance:  431.1430X  

 Zero sequence shunt Susceptance: SiB 4
0 10872.1   
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Using the parameters in the power flow data, a simplified model of the transmission 

line can be constructed, which is a combination of distributed lossless transmission lines 

and lumped resistors. It has exactly the same parameters as the original transmission line 

at 60 Hz . In the following figures, the frequency dependant characteristics of the original 

transmission line and the simplified model are compared. The frequency dependant 

characteristics of the original transmission line are derived by using the accurate two 

ports equations.  

0 1000 2000 3000 4000 5000 6000
-400

-300

-200

-100

0

100

200

300

400

Frequency (Hz)

O
h
m

Positive Sequence Reactance

 

 

X+ original

X+ Simplified Model

 

Figure A1.1 Positive Sequence Reactance 
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Figure A1.2 Positive Sequence Resistance 
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Figure A1.3 Positive Sequence Shunt Susceptance 
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Figure A1.4 Positive Sequence Shunt Conductance 
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Figure A1.5 Zero Sequence Reactance 
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Figure A1.6 Zero Sequence Resistance 
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Figure A1.7 Zero Sequence Shunt Susceptance 
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Figure A1.8 Zero Sequence Shunt Conductance 

 

It can be seen that the most important positive sequence reactance of the simplified 

model can flow the reactance of the original transmission line pretty well up to 6000 Hz. 

So does the positive sequence shunt susceptance except it has some big errors at 

resonance frequencies. Positive sequence resistance and positive sequence shunt 

conductance of the simplified model are only accurate at 60 Hz.  

Compared to positive sequence parameters, zero sequence parameters of the simplified 

model show much more errors. 
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