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ABSTRÀCT

The objective of this study was to compare the accuracy and

ease of use of published frost heave models. The six models

investigated r¡ere those developed by: Konrad and Morgenst-

erni Sherif.f ,I-shibashi and Ding; Àrakawa; Knutson; Penner

and Walton; and Takashi, Yamamoto, Ohrai and Masuda. The

report first examines the basic mechanisms of frost heaving

and outlines the factors that influence its magnitude. Pub-

lished theories are then explained in terms of these influ-
encing factors. The study goes into detail on how the soil
parameters or relationships required for each of the various

theories were obtained and the statisti.cal accuracy of these

parameters. The models were used to predict the frost heav-

ing during freezing tests carried out at the University of

Manitoba between 1974 and 1983. No one theory provided con-

sistently accurate results but the models outlined by Konrad

and Morgenstern, Penner and Wa1ton, and Takashi et aI " were

recommended for use under specific conditions.
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Chapter I

T NTRODUCTI ON

Frost action and its destructive nature are of concern to
engineers in northern climates throughout the lvorld" The

destructive aspect may be heaving of roadways and buried
pipelines, frost jacking of pi1es, forces against buried

structures and thaw-weakening of the soi1. Extensive re-
search facilities exist in such countries as Canada, U.S.A.,

Norway, Sweden, Japan, Russia, and Great Britain and are

presently being used to study the soil freezing phenomenon.

Researchers have developed several theories and models for
the prediction of frost penetration and frost heaving since

earllz in the century, but it has not been until recent years

that models for the prediction of ice lensing have gained a

good deal of acceptance. These models may range in complex-

ity from a simple freezing index solution to a sophisticated

computer simulation which involves coupled heat and moisture

flow relationships. Many of these solutions are discussed

in the body of this thesis.

When a frost susceptible soil freezes the downward pro-
gression of the freezing front is normally accompanied by an

upward heaving of the surface of the soil. This heaving is
the result of the combined effects of the expansion of water

t-
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at phase change and the segregation of freezing moisture

into discreet bands of massive ice known as ice lenses. In

order for ice lenses to form there must be sub-zero tempera-

tures, available moisture and a frost susceptible soil. The

degree to which a soil will heave under given conditions de-

pends upon its frost susceptibility. The frost susceptibil-
ity of a particular soil type has until now only been de-

fined in very general terms.

The purpose of this study was to examine some of the ac-

cepted theories and to c,ompare methods of predicting the de-

gree of frost heaving with the results of frost heave exper-

iments carried out in the laboratory. It is hoped that frorn

these comparisons an acceptable method of predicting the

frost heave of a given soil can be recommended.



Chapter I I

THE MECHÀN]CS OF FROST HEÀVING

The three conditions

will occur are:

1.

¿.

?

that must be met before frost heaving

subf reezing temperatures;

available moi sture;

a frost susceptible soil.

These condiLions alone are not enough to ensure that heaving

wiIl indeed happen. The degree to which heaving will occur

and, in fact, if it wiil occur at all, depends on many fac-

tors. The important factors are: the rate of frost penetra-

tion, the rate of heat removal, subsurface temperature gra-

dients, frozen and unfrozen hydraulic conductivities, the

depth to the water table, overburden stresses, the pore

structure of the soil and degree of saturation. Most of the

conditions affecting the degree of frost heave are intere-
lated, that is if one is changed others are affected,

3-



2"1 CAPILLARY THEORY

When the temperature of the surface is lowered below the

freezing point an unsteady heat flow situation is created.

The heat imbalance will result in the progression of the

freezing front into the unfrozen soil. The rate of this
frost penetration is largely dependant upon the rate of heat

removal and hence the thermal conductivity of the soil. Ice

crystals will begin to form in the pores of the soil matrix.

Once this occurs a suction potential is established which

may be sufficient to draw moisture towards the freezing

front. This suction is the driving mechanism behind the

phenomenon of frost heaving.

The cause of the suction potential which exists in a

freezing soil has been under investigation for many decades.

Taber (1929 ) tett that the water migration was due to "molec-

ular cohesion" and was related to void ratio, particle sizes

and rate of cooling. Beskow(1935) stated that the suction

was due to capillary rise and therefore related to grain

s i ze and depth to the water table . Penner ( '1 957 ) conc luded

that the magnitude of suction depended on the pore geometry,

smailer pore sizes resulting in higher suctions. The works

of researchers such as Miller, GoId, Penner, Everett and

Haynes, during the early 1960's, established that the suc-

tion is related to the íce/water interfacial energy and the

radii of the pores in the soil matrix. Everett(1961) de-

scribed the relationship using the following equation:

Pi Pw = 2oiw / niw (1)
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in which:

Pi = the pore pressure in the ice

Pw = the pore water pressure (or suction)

oiw = the ice/water interfacial energy

Riw = the íce/water interfacial radius.

The value of Riw (the radius of the íce/waLer interface) Ue-

comes the radius of the pore necks, as shown in Figure 1.

The relationship between pore size and capillary suction

is the basis of what is now known as the capillary frost
heave model. This process is similar to capillary rise due

to surface tension at an air/water interface. Heaving, for
this model, is rel-ated not only to the pore geometry but to
several other factors . The perrneabi I i ty of the unf rozen

soil will affect the flow of moisture through the soil to

the ice lens. The rate of heat extraction will influence

the rate at which the segregated moisture can freeze, and

the stress above the growing ice lens will have the effect
of reducing the suction immediately below it. À11 these

variables together, however, are not enough to explain the

thickness to which an ice lens will grovr in a freezing soil.
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2"2 SECONDÀRY HEAVE THEORY

Experimental results appeared to show some discrepancies be-

tween the laboratory heaving pressures and those calculated

using Equation 1. This discrepancy was explained by Pen-

ner(1973) who stated that an ice lens would begin to form

immediately above the smallest pores producing the Iarge

suctions that were being experienced. Miller (1972) ex-

plained that the capillary theory alone would only produce

needle ice and vras not sufficient to generate thick ice

lenses. Miller's solution to this problem, which is termed

the theory of secondary heaving, has now gained general ac-

ceptance.

Àn integral part of the theory of secondary heaving is
the existence of a partially frozen zone just above the

freezing front and below the ice lens. In this region,

termed the "frozen fringe", both ice and liquid water are

being transported. Researchers have since noted the exis-

tence of the frozen fringe which has been stated to be any-

where from a millimeter to severaL centimetres in thickness
(Loch 1979,Horiguchi 1978). The rate at which water travels

through the frozen fringe towards the ice lens is the limit-
ing factor to its rate of growth.

Konrad and Morgenstern(1980) describe the freezing pro-

cess of a soil based on a continuously advancing frost front
and unsteady heat flow within the frozen fringe itself. Ca-

pillary suction wiIl initiate the movement of moisture up-



wards through the frozen fringe. Àfter a sufficient amount

of moisture is accumulated a discreet ice lens may form.

Since the frost front is still advancing, the temperature

v¡ithin the frozen fringe will continue to decrease with time

and the thickness of the zone of partially frozen moisture

will increase. Figures 2 and 3 shovr the temperature gradi-

ent profile, the suction potential profile, and the perme-

ability profile within the frozen fringe and the changes of

each of these characteristics with the advance of the frost
front. As the temperature of the frozen fringe decreases

ice will begin to form in the pores of the soil matrix and

the formation of ice wiIl reduce the permeability ot the

partially frozen soil. Às the flow of moisture becomes re-

stricted due to the decreased permeability, the suction po-

tential wiIl be increased. This suction is therefore relat-
ed to the ice content of the soil pores and hence to the

soil temperature. This pressure to temperature relationship
can be closely modelled by the Clausius Clapeyron equation:

Pw Pi
(2)

-=pw

in which:

Pw=

Pi =

plrt and

L(-) r
KpL

IJ

K and 'l',

the water pressure (or suction)

the ice pressure

pí = the densities of water and ice

respec t i vely

the latent heat of fusion

= the temperatures in oK and oC

respect ively.
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Since a temperaLure gradient exists across the f.rozen

fringe, so does a hydraulic Aradient. The hydraulic aradi-
ent will draw moisture up from the unfrozen soil to the ice

lens "

As the frost front advances, the temperature of the fro-
zen fringe wiII drop and the permeability below the ice lens

will decrease. At a temperature which is sufficiently low,

the soil will become impermeable and the flow is stopped.

An ice lens will begin to form at a greater depth, its posi-

tion depending on local permeability and the temperature at

which ice will begin to form in the pores of the soil ma-

trix. This process will be repeated as the freezing front
advances and successive ice lenses are formed in a process

known as rythmic banding.

2.3 ÀDSORPTION FORCE THEORY

The theory as put forward by Takagi in 1977, varies signifi-
cantly from the capillary and secondary heave theories. The

driving force for the flow of water towards a growing ice

lens is the tension that exists in the unfrozen film of wa-

ter between the ice and the soil particles. This theory is
illustrated in Figure 4. As the film of water is being

turned into ice just below the ice lens, loss of thickness

of this film water generates a tension Lhat draws moisture

up from the unfrozen soil. The suction created is related

to the tension gradient in the film water. Similar to the
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secondary heave theory, Takagi suggests that there is a zone

of partially frozen soil, which he terms the zone of dif-
fused freezing, where the frow of ¡.¡ater will be affected by

the temperature gradient. This theory is related to the

amount of unfrozen water and hence will be related to the

specific surface area of the soil particles. The rate of

heat removal will govern the freezing of the soir moisture.

The temperature gradient within the zone of diffused freez-
ing and the thickness of this zone will affect the flow of

water to the ice lens, The theory as yet has no simple so-

lution and wirl noL be discussed in the forlowing chapters.

2
Frlm

9- , wore,
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2"4 FÀCTORS AFFECTING FROST HEÀVE

The various factors that influence the

ing r+i 11 occur have already been ment

and their significance are summarized

degree to which heav-

ioned. These factors

below "

2 "4 " 
'1 The Rate of Frost Penetration

The rate of frost penetration is the rate at which the

freezing front (or the 0o isotherm) moves into the unfrozen

soil-. When the freezing front moves quickly through the

soil mass there is little time for the moisture to flow to

the ice lens before the pores of the soil become frozen and

the frozen fringe is rendered impermeable. For a slow mov-

ing frost front the rate of cooling of the frozen fringe is
much less and as a result, more time is available for mois-

ture to f lor+ to the ice Iens.

The rate of cooling is a term r,/hich can be related to the

rate of frost penetration. The rate of cooling is defined

as the temperature drop of the soil per unit time. The rate

of frost penetration multiplied by the temperature gradient

in the frozen fringe will yield the rate of cooling of the

frozen fringe.

Researchers (CarIson et a1. 1983, Kaplar 1970, Takashi et

al. 1978) have investigated the effect of the rate of frost
penetration on the amount of frost heave. Konrad and Mor-

genstern refer to the rate of cooling, rather than the rate

of frost penetration, as a factor influencing the potential
for frost heave.
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2"4"2 The Rate of Heat Removal

Penner(1972) stated that the rate of heat extraction is the

basic variable in the frost heave process" This value can

be defined as the rate of heat transfer in the frozen soil
Iess the rate of heat transfer in the unfrozen soil. The

di.fference between these two values is the latent heat of

fusion given off as the moisture in the soil freezes" Àna-

lyticaIIy this can be represented by:

o = L = kf dtf./dx ku dTu/dx (3)

in which:

0 = the rate of heat flow

L = the total latent heat of fusion

kf and ku = the frozen and unfrozen thermal

conduct ivi ties respectively

dtf./dx and dtu/dx = the temperature gradients at

the frost front of the frozen and unfrozen

soi 1s respect ive1y.

The rate of heat extraction is related to the rate of cool-

ing by the following equation :

dT/dt xc = de/dx (4)

where:

dT/dE = the rate of cooling

C = the volumetric heat capacity of the soil
dQ/dx = the derivative of the heat fl-ow rate

with respect to depth.
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Increasing the frost penetration rate, and hence the rate of

cooling, r+i11 lead to a greater amount of latent heat being

extracted" Researchers have tried to relate the rate of

heat removaL to the rate of frost heaving" Beskow(1935) and

Loch(1977 ) tett that the rate of heave v¡as independent of

the rate of heat removal, but their tests were conducted

over only a narrow range of heat extractions (Charleson

1981). Kaplar(1970) and Freden(1965) tett that the rate of

heaving was directly proportional to the rate of heat ex-

traction. Horiguchi ( 1 978 ) and Loch (1979) said that there

was a non-Iinear relation between frost heave and heat ex-

traction, and that for sma1l values of heat flow rates the

rate of frost heaving is related to the rate of heat extrac-

tion. The theories presented above are expanded upon in the

section dealing with heat florv prediction models.

2.4.3 Temperature Gradients

The temperature gradient of a freezing soil is an integral
parameter in most of the mechanisms contributing to the

frost heave process. The temperature gradient directly con-

trols the thickness of the frozen fringe (¡<onrad and Mor-

genstern 1980). The rate of cooling of the partially frozen

zone is dependent upon both the temperature gradient and the

rate of frost penetration. The rate of heat flow is analyt-
ically described as the temperature gradient times the ther-
mal conductivity. This r+i11 again indicate an interrela-
tionship between the various parameters involved in the

frost heave process.
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Às mentioned in the section on secondary heaving, the

soil suction potential and the hydraulic conductivities are

temperature dependent" This will establish a hydraulic gra-

dient from warm to cool within the frozen fringe, which will
increase or decrease as the temperature gradient changes"

This will in turn increase or decrease the flow of moisture

to the ice lens" Freden(1965) and the segregation potential

theory of Konrad and Morgenstern ( 1 980 ,1981 ,1982a,1982b) ae-

scribe the effect of temperature gradient on the suctions

induced. These researchers propose that the moisture flux
is directj-y proportional to this temperature gradient.

2.4,4 Overburden Pressure

Taber(1929) lras probably the first to realize that increas-

ing the pressure on a freezing soil had the effect of de-

creasing the amount of heave. I t wasn' t unt i l- researchers

(such as Penner and Ueda, 1978) began to investigate models

that related pressure to the total amount and rate of frost
heave that this idea was developed. Konrad and Morgenst-

ern ( 1982 ) and Carlson et al " ( 1982 ) suggested that by in-
creasing the overburden pressure the pressure in the ice is
increased as weil. From Equation 1, increasing the ice

pressure will reduce the capillary suction in the freezing

soiI. The relationship between applied pressure and frost
heave is important r+hen considering a frost heave model.
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There is some debate as to the existence of a theoretical

"shut-off" pressure" This is the pressure exerted on the

ice lens at which moisture flow towards the ice lens is
stopped or perhaps reversed. McRoberts and Morgenst-

ern(1975) stated that this pressure exists and is a function

of soil type. The applied pressure neccessary to stop the

flow of moisture to the ice lens would be close to zero for
granular soils. It $¡as proposed that the effective stress

below an ice lens is a constant for any given soil type.

Higher applíed pressures would result in higher pore pres-

sures in order to keep the effective stress at a constant

value. This pore pressure increase would be accompanied by

an expulsion of water avray from the frost front. In opposi-

tion to this theory, Penner and Ueda(1978) found that no

shut-off pressure existed below 465 KPa for clays,silts or

sands. They demonstrated that the expulsion of water is
fol-lowed by intake if a sufficient amount of time is al-
lowed. Konrad and Morgenstern(1982) stated that if the rate

of cooling is kept low (0.01 "C/hr) ttre shut-off pressure,

should it exist, would be beyond the engineering range of

applied pressures.

The expulsion of water away from the frost front has been

observed when both the overburden pressure and the rate of

frost penetration were increased (takashi et al. 1978, Pen-

ner and Ueda 1978, McRoberts and Morgenstern 1975). This is
a consideration that may become important when modelling the
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vrhen theamount of frost
rate of cooling

heave of a

is expected

granular material or

to be large "

2.4"5 Soil l¿oisture Conditions

The potential for frost heave will increase with an increase

in the availability of soil moisture" Às the degree of sat-

uration increases and the height above the water table de-

creases, the possibility of generating thick ice lenses will
become greater. Flow of water to the freezing front will be

reduced if the suction potential has to overcome interparti-
cIe and gravitational- forces. Theories are available which

relate the depth to the water table to the magnitude of

frost heave (see for example Chalmers and Jackson 1970) 
"

The degree of saturation, moisture content, and the density

of the soil not only affect the magnitude of the suction

which draws water to the ice lens but aLso the amount of

heave that will occur due to expansion of the 'in-situ' wa-

ter as the soil is frozen.

The physical and thermal factors mentioned in this chap-

ter are aII very much interrelated" There is no one solu-

tion that rigorously models aIl ihe processes involved.

Other factors, such as freeze-thaw cycling, have been said

to be of significance but are not well understood. Many of

these processes are difficult to model accurately and in-
volve relationships that are not easily determined, such as
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the variation of unfrozen water content or the permeability

of the frozen fringe with changes in temperature. Some re-

searchers have attempted to more rigorously model the soil
freezing problem with the use of computer simulations, while

others have aimed towards making a simpler solution based on

easily determined soil characteristics"



Chapter I I I

FROST HEAVE PREDICTION MODELS

The extent that a freezing soil woul-d heave was originally
indicated by classifying the soil as having a high or low

degree of frost susceptibility. The classification of frost
susceptible soils !¡as first carried out by Casagrande(1931 ).
lmprovements to this classification have been attempted by

too many workers to mention, but Casagrande's grain size

definition is sti1l used with considerable success by many

highway construction authorities as the basis for determin-

ing a frost susceptible soil. Until the 1960's, researchers

had not attempted to make actuai predictions based on one or

more aspects of the soiL freezing mechanism (such as pore

sizes, surface temperature, or rate of heat transfer). The

prediction rnodels examined in this section range from com-

pletely empirical to rigorous computer simulations based on

coupled heat and moisture flow.

3.1 EMPIRICÀL MODELS

The empirical models for ice lensing generally relate an

easily determined soil characteristic to the total amount of

frost heaving or to the heaving rate. These soil- character-

istics may include pore size or grain size distribution, or

perhaps liquid lirnit (Rieke et aI. 1983), or a combination

19



of these. Although

fit with the published

ble to all soil types

conditions"

these models show

data, they may or

or tests carried

20

a good experimental

may not be applica-

out under dissimilar

3.1.1 Sheriff, Ishibashi and Dinq (1976)

A quantitative relationship between values of freezing temp-

erature, freezing time, percent fines and the total heave

v¡as established. This involved the freezing of five blends

of silty Ottawa sands at three constant freezing tempera-

tures. The samples vrere prepared at their optimum moisture

content and frozen in a 300 mm freezing ceIl for roughly 72

hours. The test results vrere used to empirically determine

a frost heave equation relating total heave to percent

fines, tiine and a constant subzero temperature. This rela-
tionship was:

tt
_r1

in which:

H=

F=
t-

Q=

0. 61 0.83-0. 063 e
FTJ

amount of heave (mm)

percent finer than 0.02 mm

freezing time (days)

absolute value of surface f.

temperature ( oc below zero)

a factor depending upon 0

( refer to Figure 5 ).

(s)

by weight

reez i ng

J
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Figure 5: The variation of J with e

3.1.2 Reed, LovelI, Àltschaeffle and Wood ( 1979)

rn the theory put forward by Reed et âr., the totar heaving

rate of sirty soirs was rerated to the pore size distribu-
tion. Three clays and three clayey sitts were tested under

rapid freeze, constant temperature heaving tests. A con-

stant rate of frost heave vras experienced to the end of the

48 hour tests. This justified the use of rerating the pore

size distribution to the frost heave rates. pore sizes r¡ere

feLt to control the migration of water in the soil and would

also provide a description of the soil fabric. À regression

analysis was carried out between the heave rates and cumula-

tive porosities, and pore size distribution indicators.
This method of analysis provided a reasonably good fit with
the experimentaL data.

0.6

0.5

Y - -0. 3805 + 1 . 6940 ( Do o/Dao )

or

Y = -5.46 29.46(x3.o)/(xo-xo.¿

where:

t= f rost heave rate ( rnm/day )

D¿o = pore diameter where 40%

Dao = pore diameter where 80%

) + 581.1(xr.o) (7)

of the pores are larger

of the pores are larger

(5)
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Xs. o = cumulative porosity for pores

but

Xo. ¿ = cumulative porosity for pores

but

Xo = total cumulative porosity.

3.1"3 Knutson (1973)

In this model frost heave data was collected from field ob-

servations and then related to the freezing index, moisture

content, and the degree of frost susceptibiJ-ity. This was

achieved by the use of a soil factor 'ß' which coul-d be cho-

sen from a table whj.ch uses frost suceptibility and freezing
index as input (from Saetersdaal 1980). The values of ß are

summarized in Tab1e 1. The relation (Equation 8) is very

s imple :

aH-ß Wf aX

where:

(8)

AH = increase in heave

AX = increase in frost penetration

Wf = frozen moisture content

ß = soil factor relating to freezing index"
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TABLE '1

Va1ues of ß to be used in equation I

( from Saetersdaal 1 980 )

Freezing Index (oC hrs)

10,000 20,000 30,000

Very Frost
Susceptible 0"4 0.7 0.3 0.4 0.2 0"3

Medium Frost
Susceptible 0.2 0.4 0.2 - 0.3 0.15 0.2

Low Frost
Suscept ible 0. 1 0 .2 0. 1 0 .2 0. 1 0. 15

Water 0.09

Sand 0 - 0.2

3.2 ICE SEGREGÀTION RÀTTO

The rate of increase of total heaving has, in many cases,

been related directly to the rate of frost penetration.

Knutson's work (Equation 8) could be rewritten so that the

ratio of AH to AX can be determined. The ratio of AH to AX

is termed the Ice Segregation Ratio (or ISR) " In other

words it is the ratio oi the total heave to the depth of

frost penetration. This parameter wiII not be constant

throughout any single experiment but may be easilly related

to other parameters such as frost penetration rate and over-

burden pressure.

Heave=z(Aisn(x,p)Ax) (e)



24

in which:

AT SR = Ice Segregation Ratio for a specific time

i nc rement

X = frost penetration rate

P = pressure above the growing ice lens

AX = increase in depth of frost penetration.

This relationship should be consistent for a soil type and

independent of testing procedure. Once the relationship be-

tween Ice Segregation Ratio and the parameters which affect
it is known, then the heave can be determined, but first the

amount of frost penetraLion must be known or predicted.

3 .2.1 Carlson, Ell-wood, Nixon and Slusarchuk ( 1 982 )

À frost heave test facility in Calgary has generated consíd-

erable frost heave data. The total heave v¡as plotted from

these results against the frost penetration and the plot was

divided intc straight line sections (see Figure 6). The

slope of these lines appear to be directly relaLed to the

rate of frost penetration" The ice segregation ratio can be

defined as a function of two parameters: the rate of frost
penetration and the overburden pressure at the frost front
(as indicated in equation 9). The amount of heave is then

equal to the ISR multiplied by the increase in frost depth.

The authors of this paper provide no relationship but state

Lhat such a solution r¡ou1d be empirical and could be derived

from both field and laboratory tests.
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3 "2.2 Takashi, Yamamoto, Ohrai and Masuda (1978)

These researchers carried out several experiments at con-

stant frost penetration rates under di fferent overburden

pressures. The two soil types used in this experirnent were

both undisturbedr overconsolidated blends of silt and clay
cut into 100 mm diameter samples. The observed total frost
heave was found to be inversely proportional to both the

sguare root of the rate of frost penetration and to the ov-

erburden stress. These basic relationships Ì.¡ere used to de-

rive a formula, using empirically determined soil constants,

for the rate of moisture flowing to or from the freezing
front. Figure 7 compares the Takashi's experimental results
to the values obtained from the following relationship:

Aw 1 Po

-= 
( 1+

ax 1.09 P

The ratio of the total heave

tion (rsn) are:

Uo 0.09
t/ 

- 
) - nf

x '1 .09
(10)

to the depth of frost penetra-

rsR= po/P ( I + [tr/X ) (11)

in which:

aw/LX = moisture flux to the frost front
nf = porosity of the frozen soil
ISR = Ice Segregation Ratio

Ps , Uo are soil constants

P = overburden pressure

X = frost penetration rate.
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3"2"3 Penner and Walton (1979)

The influence of overburden pressure and cold side freezing

temperature h'as recognized by Penner and Ueda (1978). Thelz

conducted extensive laboratory frost heave experiments on

eight various soil types ranging from clay to silty sand.

All the tests were carried out under constant freezing temp-

eratures between -0"3 and -3.95 oC and under applied verti-
cal pressures between 10 and 400 KPa. Penner and Ueda con-

cluded that:

t.

¿.

heaving occurred at a constant rate for

stages of freezing and

the rate of heaving v¡as related to the

temperature ratic @/T ) in accordance w

11:

= a exp{-bP/T }= Re

the initial

pressure to

ith Equation

(12)AH/AL

where:

R9=

du/nt

arb

P=

the initial heaving rate

= the rate of frost heaving

= soil parameters

external pressure

cold side freezing temperature ( "C ).
Penner and Ï^ialton carried out Lhree long term experiments

and found that the heave rate decreased from this initial
value with an increase in time and depth of frost penetra-

tion. This was said to be due to an accumulating percentage

of ice in the f rozen soil. The ice segregation ratio vras



related

Penne r

1n

to time

and Ueda

ISR

which:

l-=

X=

Rg=

, the initial heave rate

) , and the depth of frost

=1- exp {-RoL/x }
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(Ro calculated from

penetrat ion "

(13)

t ime

frost penet

the initial
rat i on

heave rate.

3"3 HEAT FLOW MODELS

Beskow (1935) wrote that the rate of frost heaving vlas inde-

pendent of the rate of heat exchange. Since Beskow's arti-
cle the effect of heat flow on the rate of frost heaving has

been investígated with many different results. Important

research relating heat flow to frost heave was carried out

by Horiguchi (1978 ) and Loch (1979\. The conclusion was

that as the rate of heat removal from the freezing front in-
creased, the rate of heaving would increase, reach a maxi-

mum, and then decrease. The maximum heave rate was found to

be dependent upon soil particle size and soil chemistry (see

Figure 8). It is important to look at a wide range of heat

flow rates when studying its relationship to frost heaving.

The conclusion drawn from a set of tests carried out at low

rates of heat extraction could be that the heave rate is
proportional to heat flux, but at high rates it may be that
heat ilux and heave rate are independent of each other.

This may explain some of the discrepancies between the works

of different researchers" Sti11, the relationship between
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heat flux and rate of heaving is an important one and the

prediction models which use this theory should be investi-
gated 

"

3.3.1 Seqreqation Efficiencv (Àrakawa 1 965)

The segregation efficiency is the ratio of the heat flow re-
quired to freeze segregational ice (which is the ice that

makes up the ice lenses) to the total heat flow at the frost
front. When the rate of frost penetration has diminished

and only heaving is occurring, the efficiency ('E') is said

to be perfect and its value is equal Lo one. When a non

frost susceptible soil is being frozen without ice segrega-

tion, 'E' is equal to zero. In most instances the efficien-
cy lies between zero and one. It is neccessary to under-

stand how the ice segregation efficiency is related to the

frost heave process before a prediction modeL can be estab-

1 i shed.

Penner(1972\ used Àrakawa's efficiency theory to create a

simple prediction model. He found that the vaLue of 'E' was

related to the frost penetration rate and that this relation
was a characteristic of the soil" Penner went on to state

t.hat the segregation efficiency would decrease with increas-

ing frost penetration rate. Using Penner's theory and Equa-

tion 2, the segregational frost heave can be determined by

the following relation:
E (x)

AHs=-(lct
L

dTf dTu
ku 

-) 
ar

dx dx
(14)
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in which:

AHs = segregational heave

L = Iatent heat of fusion

E(X)= the segregation efficiency as a function

the frost penetration rate (X)

kf, ku = the frozen and unfrozen thermal

conductivities
ðtt/dx,dtu/dx = the frozen and unfrozen

temperature gradient at the freezing front.

3.3.2 Temperature Gradients (Freden 1965)

Freden proposed that the moisture migration towards an ice

lens was proportional to the temperature gradient between

the ice lens and the unfrozen soil. This zone, which is
similar ín definition to the frozen fringe, has a tempera-

ture dependent suction potential. A temperature gradient

creates a corresponding pressure (or suction) gradient which

induces moisture to flow to the ice lens. The rate of flow
(or the rate of heaving) is linearly proportional to the

temperature gradient in this "boundary layer" or frozen

fringe. This is shown experimentally with tests on three

soils: a silty fine sandi a clayey silt; and a heavy clay.
Freden's results are presented in Figure 9. Since the temp-

eraLure gradient is proportional to heat flow then it can be

stated that the rate of heaving is linearly related to both

the heat flow and temperature gradient. Freden's relation-
ship can be simply expressed in the equation:

of

AH=cxdtf./ðxAt (1s)
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where:

AH = incremental increase in total frost heave

dff./dx = the temperature gradient in the frozen

fringe

a constant of proportionality that is

characteristic of soil type

time increment "

?L SEGREGÀTION POTENTIÀL THEORY

The segregation potentiaf theory was presented by Konrad and

Morgenstern in a series of four articles between 1980 and

1982. The basic theory is similar to that of Freden(1965)

where the moisture flux is directly related to the tempera-

ture gradient in the frozen fringe. Large suciions are cre-

ated by large temperature gradients causing a greater flow

of moisture to the ice lens. Konrad and Morgenstern go on

to define the effect of appiying an external load to a

freezing fine-grained soiI. Àn external pressure will have

the effect of reducing the suction immediately below the

warmest ice lens as well as increasing the unfrozen water

content. The segregation potential theory defines the rela-
tionship between pressure and moisture flux and states that
this relationship is a property of a certain type of soil,

The segregation potential ('SP') is defined as the ratio
moisture flow to the temperature gradient in the frozen

inge. The segregation potential can be derived from a

At

of

fr



small number of freezing tests conducted

pressures" The following relationship can

tween SP and external pressure (pe):

SP = SPo x exp{-a Pe }

33

under di f ferent

be developed be-

(16)

where SPo is the segregation potential at
zeto applied load and 'a' is a soil constant.

The amount of heave can be computed by using:

aH = (Sp x aTtf./dx) x 1.09 ar + 0.09 € n ax (17)

in which:

AH = the change in total heave

At = the time increment

AX = the increase in frost penetration

dttf./ð,x = the temperature gradient in the frozen

fringe
e = factor accounting for unfrozen water

n = porosity.

3.5 COMPUTER SIMULATIONS

There have been several computer simulations developed to
model- the frost heave process. They are generally solutions
to the coupled heat and moisLure flux problem. Mi 1ler
(1977 ) explains the processes involved by modelling the

clausius crapeyron pressure temperature reration (Equation

2) , the Laplace surface tension equation (Equation 1 ), the

Terzaghi ef f ective stress principle, Darcy's lar+ f or f luid
flow and the Fourier equation for sensible heat flow. Ap-
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plication of the model cannot be carried out before several

assumptions regarding the hydraulic and thermal properties

are made(Guymon et aI. 1981). These properties include the

pore pressure to hydraulic conductivity relation, tempera-

ture effects on unfrozen water content, thermal conductivi-
ties, heat capacities, freezing point depression tempera-

turesr unfrozen water content to pressure relation and the

hydraulic conductivity in partially frozen soils as a func-

tion of temperature. Researchers who have provided finite
difference and finite element solutions to this problem in-
clude Gilpin, OutcaIt, O'Neal, Guymon, Hromodka, Berg and

Johnson to name a few.

The present report will concentrate on simpler and more

usable solutions. The prediction models investigated in

this thesis will- ailow the heaving characteristics of any

soil type to be determined by conducting a small number of

frost heave experiments, and will involve only a few parame-

ters or relationships.



Chapter IV

ANALYSIS OF FROST HEÀVE EXPERIMENTS

The present report attempts to

amount of frost heave measured

predicted using selected frost
ter the experimental procedure

the procedure for determining

tionships used in the various

I i ned.

determine whether or not the

at the ground surface can be

heave models. In this chap-

and the data are reviewed and

the soil parameters and rela-
frost heave theories are out-

4.1 MEÀSURED FROST HEÀVE DATÀ

Over t.hirty frost heave tests were carried out at the Uni-

versity of Manitoba between 1974 and 1983 and the results of

these tests were summarized in two papers prepared by Domas-

chuk (1982,1984). The primary purpose of these tests was to

measure frost heave forces on piles and buried structural
elements" Surface heaving and the air and subsurface temp-

eratures were measured in addition to the measurement of

heaving pressures.

4"1.1 Test Apparatus and Procedures

À total of four different freezing chambers were used in the

experi.ments. Their size ranged f rom a large scale pit to a

small freezing ce1I. Their dimensions were as follows:

?q
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1.

a

3.

¿.

a 1 00 mm diameter by 1 25 mm segmented

an 800 mm deep by 600 mm square tank;

a 1"76 m by 2"40 m diameter circular
a 1"83 m by 2.40 m sguare piL"

ringed cell;

tank; and

The instrumentation is shown in Figures 10 to 13" The tests
were carried out at either constant surface temperatures or

constant rates of frost penetration. Since these tests were

concerned with measuring frost heave pressures, information

important for the purpose oi evaluating the amount of sur-
face heave v¡as either not recorded or not adequately meas-

ured. No more than two dial gauges vrere used to measure

surface heave for any one test. Frost penetration was as-

summed to be horizontal and soil temperature gradients were

estimated from thermocouples spaced vertically at 25 or 50

mm. Soil densities and moisture contents were evaluated

general-ly only before and not after the tests. Measurements

of heat or moisture flow \.¡ere not taken. These deficiencies
are not serious but they could account for some scatter and

1ow statistical confidence in the results.



37

8egøøocod rfogcd ccll.

Figure 10: 100 mm diameter by

Flafo rfa6ed cøll.

mm cylindrical cells125

@ -vorioc

@ -grloce tteove
plote

@ -uerot Troy

@ -tnrutotion

(Ð -Etevotion Roloøoræo

@ -Potyotnyønø Lirúng

Figure 1 1 : 800 mm deep by 600 mm sguare tank



38

RÉINF@CID COTCR€I€ REACIIO¡ B€AË

ratú( o. 2.¡14 ñ X.2 a4 6

Pq.YÉIIíYLEi€ T€ET

6.¡8m PI-ATE

2OO æ RB'O P{fl,¡-rfr€ôl

Figure 122 1"76 m by 2.40 m diameter circular tan k

-No¡¡tnr*¡o cr rrc E¡¡

I

----- rl-l;'L
l"o.o.-I urm
l*t

n€acfGr B€au zo@xr c!{crfY

- AHC}(n Cû-u|ars

cnl)ÀF_-

O 6.5 ñ STEEL Hf WALL
€ rT E ris pris

f:2{ñr2eirrA5-

ñ

ÂGÂSSt¿ StLf

L r{ {uuoGúcf ro.¡r

lu
o.¿

FßÉ E.Z IKI

J s¡fro

-

a'.'

F i gure 1.83 m by 2"40 m square pit



39

4.1 "2 Soil Types

Three types of soil were used in the experiments: a plastic
silt (agassiz silt); a non plastic silt (einey silt); and a

well-graded sand. Àgassiz silt is a soil common to the Win-

nipeg area and is known to be frost susceptible. piney silt
is found in south eastern Manitoba and is highly frost sus-

ceptibre. The sand which contains a small amount of sirt
was of low frost susceptibility. The soil properties and

the grain size distributions are included in Àppendix À.

The densities and moisture contents of the soirs varied from

test to test. The majority of the experiments invol-ved

light compaction of the soil-. In one of the small scale

tests the soil was compacted to maximum dry density at the

optimum water content.

4.1.3 Summary of Frost Heave Experiments

For the purpose of the writer's analysis, the 1aboratory

frost heave tests were divided into two groups:

1.

2.

preliminary tests to be used for the

the soil parameters necessary for
eguations; and

frost heave tests used to check the

predictive models.

determination of

the frost heave

accuracy of the

Four tests for each soil, type were chosen arbitrariry to
serve as the preliminary tests. Table 2 summarizes both the

preriminary and predictive frost heave experiments analyzed

in this study.
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TABLE 2

Summary of Frost Heave Experiments

Test Soil Type Àpparatus Freezing Conditions Test
No" Length

(hrs )

Preliminarv Tests for Determininq I'fode1 Parameters

A1

raT\L

À3

A4

P1

P2

P3

P4

S1

S2

Agassiz

silt
Agassiz

silt
Àgassiz

silt
Agassiz

silt
Piney

silt
Piney

silt
Pi ney

silt
Pi ney

silt
silty

sand

silty
sand

3m 2 "40m

pir
2.40m

pir
2 .40m

tan k

2 .40m

tan k

60 Omm

tan k

60Omm

tank

60Omm

tank

60Omm

tank

60Omm

tank

60 Omm

tank

square

1 .83m x

square

1.76m x

round

1.76m x

round

800mm x

square

800mm x

square

800mm x

sguare

800mm x

sgaure

800mm x

sguare

800mm x

square

Constant surface temp

_7 0C

Constant freezing rate

+ mm/day

Constant freezing rate

28 mm/day

Two stage freezing rate

58 mm/day and 14 mm/day

Two stage surface temp

-5oC and -1 0oC

Two stage surface temp

-9.5oC and -13oC

Constant surface temp

_-1 5 0C

Constant freezing rate

6 nm/day

Two stage freezing rate

75 mm/day and I mm/day

Two stage freezing rate

70 mn/ð,ay and 30 mm/day

3600

2400

900

650

1 9 1

287

1 20

290

1 92

1 92
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S3

S4

silty
sand

silty
sand

800mm x 600mm

square tank

800mm x 600mm

square tank

Constant freezing rate

20 mm/day

Constant freezing raLe

20 mm/day

398

398

Prediction Tests

1 97 4-1

1 97 4-2

1 97 5-1

1 97 5-2

1 97 5-3

1 97 8-1

1 97 8-2

1 97 8-3

1 980- 1

1981-1

Agass i z

silt
Agassiz

silt
Agassiz

silt
Àgassiz

silt
Agassiz

silt
silty

sand

silty
sand

silty
sand

Piney

silt
Pi ney

silt

1.76m x 2.40m

round tank

1.75m x 2.40m

round tank

800mm x 600mm

square tank

800mm x 600mm

square tank

B00mm x 600mm

square tank

800mm x 600mm

sguare tank

800mm x 600mm

sguare tank

800mm x 600mm

sguare tank

800mm x 600mm

sguare tank

125mm x 100mm

diameter cell

Constant freezing rate I 500

40 mm/ð.ay 
i

Constant freezing rate 
I 

eSO

43 mm/day 
I

Constant freezing rate I uOO

I

zs mm/day 
I

Constant surface temp I ggO

-401 I"l
Constant freezing rate 

| 
600

20 mmlday 
I

Constant freezing rate 
| 

200

40 mm/day 
I

Constant freezing rate 
I 

AOS

18 mm/day 
IÀverage freezing rate 
| 

1 200

of 7 mm/day I

constant surface temp | ,ro

-5oc I"l
Constant surface temp | 250

-120c I
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1983-1

1983-2

Pi ney

siLt
Piney

silt

800mm x 600mm

sguare tank

800mm x 600mm

sguare tank

Constant freezing rate

9 mm/day

Constant freezing rate

9 nm/ð,ay

864

768

4.2 PREDTCTION MODELS USED

All frost heave prediction models require input information

such as soil properties, freezing conditions, temperature

gradients, heat flow, etc. Many of the models require one

or two additional parameters which are constant for one par-

ticular soil type. In Lhe laboratory frost heave studies,
only very limited information vras measured and collected.
Conseguently many of the availabl-e predictive models could

not be used" The models used and the input information are

described in the subsequent sections.

4.2.1 Sheriff Ishibashi and Dinq (1976)

Sheriff et a1. (Section 3.1.1) derived the following empiri-

cal formula for frost heave using the percent fines (r), the

freezing time (t), the freezing temperature (e), and a temp-

erature dependent factor (¡) as input:

0.61 0.83 0.063 0
H= F t (s)

by

J

02 mm particle sizeThe percent fines (less than 0.

weight) for each of the three soils
Agassiz silt 50

Piney silt 12

was:

o/./o,

o/./ot
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SiIty sand ') o/"
J /O,

Hence only time and temperature are variables in this model"

Refer to Figure 5 for the relation between J and tempera-

ture.

4.2"2 Knutson (1973)

The model presented by Knutson (Section 3.1.3) related the

increase in frost heave (AH) to a soil parameter (ß), the

frozen moisture content (Wf) and the increase in frost pene-

tration (AX) using the following relationship:
AH = ß wf Ax (8)

The value of ß is dependent upon the soil type and the

freezing index. In this analysis l3 was determined using the

total depth of frost penetration (X) and rhe total frost
heave (H):

H
n-tJ - 

-

x'wf
(18)

The relationship between ß and the freezing index must be

determined for each soil type. The parameter ß can be cal-
culated at any time during the freezing test using equation

18. This can be plotted against the freezing index" If
this is done for 4 or 5 points during a test the results can

be plotted on a log-1og grid and a regression analysis can

be used to obtain an empirical equation relating ß to the

freezing index for a particular soil type.
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There h'ere two difficulties involved in this method of

correlation" Most of the tests vrere of limited total depth
(less than 450 mm in depth) and were conducted over a short
period of time (less than three weeks). In such tests the

freezing index is not sufficient to predict the rate of

freezing of the soil. For the tests of short duration the

total freezing index v¡as very small and there were not

enough points generated to establish a good relationship be-

tween ß and the freezing index. For these reasons, the pre-

liminary analysis used only input from long term pit tests
on Àgassiz siIt.

Two tests were used as preliminary freezing tests to de-

termine the necessary parameters. The variation of ß with
freezing index is illustrated for both tests in Figure 14.

For test number 2, ß feII within Saeterdal's range for e me-

dium frost susceptible soil (refer to Table 1) , while for
test number one, ß was greater than the upper l-imit for a

highly frost susceptible soil. This variation of results is
excessive, but for the purpose of obtaining a relationship
between ß and the freezing index the average of the two

tests was used" The error that occurs in this analysis sug-

gests that more than two preliminary freezing tests are re-
quired to define the ß to freezing index relation or to
judge whether such a relationship exists. Figure 15 is a

plot of the natural log of the average ß values versus the

natural log of the inverse of the corresponding values of
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KNUTSON FRTEZING INDEX VODEL FOR ACAS3IZ SILT

-l

1.0

0.9

0.8

0.?

0.6

0.s

0.¿

0.3

o.2

0.1

0.0

400 600

FREEZING INOEX IOC

ftest I

Arrerage t..
,J'-.* 

tt.

.'t' 
----'-.\s-

_\tì.-*
tta

20c BDO

DTIYS )

r 000

DNSHEO LINES SHDII H]EH HEDIUIl ÊND LOIi FRDST SUSCEPTRE]L¡TY
(FF'TER SRETERSORRL )+ . IESTI X TESI2 E . AVERACE

The relationship between B and freezing index
for two tests on Àgassiz silt

Figure 1 4 z
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ca

Lo
z.
J

KNUTSON FRIEZING INDTX MODEL FDR AGASSIZ SILT

a.?

0.1

0.0

-6.9 -6.3 _5.7 _5. r _4.s _3.9 _3.3 _?..1

LN OF IIlFREEZIND INDEX)

RVERÊEE BETR FRDIl TESTS 3 RND 4 I.IERE USED 1N THE RNÞLYS]S

Figure 15: The relationship between the average 6 values
and freezing index for Àgassiz silt



freezing index "

the form:

Dt)

where:

The eguation of

47

Lhe regression line is of

b

For Àgassiz silt the values of a

1 .350 and 0 .17 4 respect ively when

measured in oC days. when compared

tests, the model- provides a value

percent in error. However it does

Saetersdaal's ß values for a highly
(refer to Table 1). The model also

ues experienced in both preliminary
dex of less than 1 00 oc-days.

(1e)

and b were found to be

the freezing index was

with the two preliminary

of ß which is 50 and 70

compare favourably with

frost susceptible soil
predicts the high ß vai-
tests at a freezing in-

t/ rt

FI - f.reezing index

a and b are constants determined from regression

analys i s .

The total amount of frost heave

determined for Agassiz silt using:

H = w/loo x 1.35 ( 1/tt )o

in which:

at any point in time was

t7 4 X ( 20 )

H = total frost heave

){ = total frost depth
' vü = initial moisture content %

FI = total freezing index

The freezing index is the only variabre required as input
into this model. This reration was used to predict the



amount. of frost
smaller tests in

heave for two

which Agassiz
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and threelarge scale tests

silt was used.

4.2"3 Ice Seqreqation Ratio Theories

According to Carlson et aI" (1982) ttre ISR is a function of
pressure at the frost front and the rate of frost penetra-

tion" Such models, as outl-ined by Penner and Walton, Taka-

shi et aI. and a comparison model, are discussed in the fo1-

lovring sections. There are two possible methods of

describing the amount of frost penetration into a soil. The

frost depth can be taken as either the depth of frozen soil
bel-ow a stationary datum or the depth below the upward heav-

ing soil surface. In boLh cases the amount of frost heaving

is taken as tìre heighL above the original ground surface.

When either definition of frost depth is used in the ISR

models, the results are essentially equaI. The onìy differ-
ence occurs when heat flow approaches steady state and the

rate of frost penetration approaches zeto. In laboratory
tests it has been seen that although the frost line is sta-
tionary, ice lensing continues to occur" If the first defi-
nition is used in the eguation:

AISR=AH/Tx
then AISR will approach infinity as AX approaches zero. The

second definition allows for continued heaving to be mod-

elled under steady state conditions. This second method

(which is defined as the "alternate" method) becomes diffi-
cult to use without the aid of a computer. predictions

based on both definitions !{ere made.
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4"2"3"1 Comparison Model for FrosL Heave

Before developing any relation for the Ice Segregation

Ratio it should be understood that by increasing either the

frost penetration rate or the overburden pressure the rate

of heaving wilt decrease. If the product of frost penetra-

tion ratio and overburden pressure is plotted against the

ISR on a log-1og grid, the resuLting regression Iine will
provide a relationship in the form:

-b
ISR=ax(xp)

in which:

(21)

P = overburden pressure

X = frost penetration rate

a and b are soil constants derived from regression

anaJ-ys i s .

This can be useC as a comparison with published models.

The model v¡as developed from tests on each of the three

soil types. The a and b values in Equation 21 were deter-
mined from a log-Iog plot of ISR versus overburden pressure

multiplied by the frost penetration rate. The results are

shown in Figures 16 and 17. The values plotted in Figure 17

use the "alternate" method of determining the frost penetra-

tionr âs was described previously. The results from the re-
gression anal-ysis, are summarized in Table 3 They are based

on a frost penetration rate expressed in mm/day and on over-

burden pressure in KPa The remaining variables in this



50

1n

-i (

-2,D

-2.5

9ñ
-J. U

--?,5

-4 . D

-4.5

-5. D

-5.5

-6.0

-6.5

I.S

LEGEND: SOIL €r+l--+r ÊGRSS I Z

Figure 16: Plot of ISR vs.
pressure

?..t ?.'7 aa 3.S 4.5 5.1

ICE SEGREGAÏION RATIO ÏHEORY

å ^.o 
ô

Á\-

o

o

D

5.7

LN DF PRESSURE x RÊTE rKPÞ 11È1/DRY)

r--+--¡ PINEY o-e--+ SAND

penetration raLe x overburden

o
ô

oÀ

-ôô
-r o

ô
ô

'\. 
^

6tr

\
r\.o

Ë4tr
zo
ts
()
trJtr'()
t¡J
v)
l¡J
9
LLo
z)



51

ALTERNATT ICT SEGRTGAÏION RATIO THEORY
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aandb

TABLE 3

val-ues for ISR Equation 21

ISR Theory À1 ternate
ISR Theory

Soil a

22.20

2.80

0 "296

b

1.381

0.774

0 " 870

b

Àgassiz Silt
Piney Silt
SiIty Sand

22.48 1.378

2.06 0.712

0 "287 0.862

model- are the rate of frost penetration and the overburden

pressure. Since there was no surcharge at the ground sur-
face in the laboratory studies, the pressure applied on the

ice lens can be calculated on the basis of the depth of

frost penetration.

The degree of confidence in each of the frost heave pa-

rameters was evaluated before the prediction models vrere ei-
ther supported or criticized. The statistical confidence

with which each of the frost heave parameters were derived

is presented for each model. AIso the frost heave constants

for Agassiz silt, Piney silt and the sitty sand are compared

with published parameters and comments are made on any simi-
Iarities or discrepancies.

The regression coefficient rrr'and the coefficient of

variation I'CV'' are considered to be indicative of the close-
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ness of the fit, or the scaLter of the observations about

the regression line" The coefficient of variation is the

standard error of the regression divided by the average val-
ue of the independent variable. The closer r is to 1"0 and

CV is to 0"0 the better is the fit of points to the regres-

sion line. The regression coefficient rrrrt is most commonly

used, but the coefficient of variation is a good indication
for comparing the various models since it is less infruenced

by sample size. The 90 percent confidence limits for all of

the frost heave parameters !¡ere also derived.

A def inition of reasonabl-e values of r and CV is re-
quired. Àn acceptable range of 90 percent confidence limits
must also be defined. The val-ue of r can be used to deter-
mine the probability that a relationship exists, and that
the relationship is closely defined by the resulting regres-

sion line. The probability depends upon the sample síze,
and in this analysis the number of observations used for any

one model ranged from 6 to 22. Table 4 shows the r values

that correspond to 99 % and 99.9 % probability that a rela-
tionship exists (or that the slope of the regression line is
not egual to zeto) for various sample sizes. A value of r

corresponding to a probability of l-ess than 99 percent can

be used as an indication of a poor regression.

The value of CV is useful since it is less dependent upon

the number of observations. Therefore this parameter can be

used as a comparison from one model to the next. When CV is
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TABLE 4

r values corresponding to regression probabilities

Sample
size

99% oo ô o/
JJtJ /õ

5
10
15
20

0.936
0.754
0 " 637
0.559

0
0
0
0

980
865
754
675

Iess than

sonable.

25

Va

in this analysis, the

Iues of CV greater than

regression appears rea-

100 are excessive. The

compared with the mean

was arbitrarily consid-

90 percent confidence range can be

va1ue. A range greater than !20 %

ered excessive for this analysis.

Table 5 provides statistical information for the ISR

model. The r and CV values indicate that the relationships
are reasonable based on the previous discussion. There is
little statistical difference between the two methods of

calculating the depth of frost penetration. The 90 % confi-
dence Iimits for the 'b' parameter indicate that only a t6
to 1 1 % error exists while the 90 % confidence limits for
the 'a' parameter are +24 to 62 % away from the mean value.

This error is excessive for all soil types and the inability
to obtain a good'a'value would make this a poor modet for
use.
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TABLE 5

Statistical information for ISR Equation

CV

21

SoiI

Agassiz 0.834

(a1t. ) 0"816

Pi ney 0 .77 3

(a1t. ) 0.726

90 eo conf idence limits Sample
a b size

Sand

(a1t. )

0.744

0.739

29.7

29.3

22 .4

21 .0

20.7

20 .6

12.92

12 .49

2.21

1 .59

0.195

0.189

3.5s

2.66

0.722

0.657

38.15 1 .266

40.46 1 "255

1"496 15

1.s01 1s

0.826 22

0"767 22

0.988 1 5

0"961 1s

0 .447 0 .7 91

0.436 0"763

4.2.3.2 Takashi, Yamamoto, Ohrai and Masuda (1978)

Takashi et aI. (section 3.2.1 ) provided a means of deter-
mining the rsR as a function of frost penetration rate and

overburden pressure" The rerationship presented by Takashi

et al. coul-d be rewritten to relate the rce segregation Ra-

tio (rsn) to the applied pressure (p) and the frost penetra-

tion rate (x) using parameters P6 and uo which remain con-

stant for a particualar soil type:

ISR = po/p

If the product of

against the inverse

,UO1+/ )
x

ISR and overburden pressure

of the square root of frost

(11)

is plotted

penetration



rate the regression line
form:

will produce an equation
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of the

rsRxP = b //it a (22)

This can be rearranged into the form represented by Equation

11 where Po = a (trre intercept of the regression line) and

Uo = b'/u'. The results from the four preliminary freezing
tests for each of the three soir types, are shown in Figures

18 and 19" The frost penetration v¡as determined using the

alternate approach for data presented in Figure 19. The pe

and uo values for each of the three soils are listed in Ta-

ble 6"

TABLE 6

Uo and Ps values for Equation 11

Soil

ISR Theory

Ps Uo
( npa ) (mmrlday )

AI te rnate
ISR Theory

Ps Us
(npa) (mm/day)

Àgassiz Silt
Piney Silt
Silty Sand

0.230

0.485

0.0554

113 "7

83.7

61 .5

0. 1 18 138.8

0 .293 114 .6

0.0s27 63.8

The variables required t.o calculate
Equation 1 1 are the depth and rate of

the applied pressure.

the frost heave using

frost penetrabion and
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The r values presented in Tab1e 7 indicate that the fit
again appears to be reasonable" The CV values illustrate a

lesser statistical variation for this model than for the

previous ice segregation ratio model. The 90 7o confidence

limits for Uo and Po show an excessive error ( greater than

!20 % ) in the Pe values for Àgassiz silt and in the Uo val-
ues for Piney silt and the silty sand" There is littIe sta-
tistical difference between the two methods of calculating
frost penetraLion.

Statistical

TABLE

inforrnation for

7

the Takashi et aI. model

confidence limits Sample
Us Po size

124.8 0.138-0.322 '1 s

150.9 0.107-0.270 '1 5

100.7 0.429-0.541 22

131 .4 0.258-0 .328 22

Soil

Agassiz

(alt. )

Pi ney

(alt. )

Sand

(alt. )

0.710

0.704

0"844

0"873

0.84s

0"838

CV

79.0

78.1

70 "2

53.6

64 .8

64 "6

90%

102 .6

126.7

66.7

97 .8

44 .4

46.2

78 .6

81 .4

0.047-0.064 1 5

0. 04s-0.061 1 s

Uo and Po

samples ot si

supplied by Takashi et

Uo r¡as f ound to be

al. for two

70.6 and 41 "0

values vrere

lty soils.
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mm/day and Pe was stated to be -2"5 and -6.53 Kpa. The mag-

nitude of Uo for the soils presented by Takashi et aI. v¡ere

slightJ.y lower than the values obtained for the university
of Manitoba soiIs. The two published Ps parameters v¡ere of

the opposite sign and were roughly ten times larger than the

values presented in Table 6. The soil used by Takashi et

ar. wourd experience much greater frost heave under similar
pressures and frost penetration rates. The negative pe val-
ue indicates that ice lensing will occur even at extremery

rapid rates of frost penetration.

4.2.3.3 Penner and WaIton (1979)

Penner and Walton (Section 3.2.3) determined the Ice Seg-

regation Ratio as a function of the time (t) and frost depth
(x):

ISR=1-exp[-R¡ t/x ] (13)

The initial rate of f rost pener-ration (no ) is a f unction of

the pressure Lo temperature rat io G/t ) and i s dependent

upon soil type.

Re = a exp{ -b P/T } ( 12)

The p/t ratio is zeto for all our cases since there was no

initial overburden pressure (p=0 ) . Equation 12 indicates
that Re is the same for all tests on the same soil type. Re

can be derived from a plot of the ln of (l ISR) against

the value of L/x where the regression line must go through

the origin. The equation of this regression Iine is:
In ( I rSR ) - Re E/x (23)
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where:

| = time

X = total frost depth"

This equation can easilly be transformed into the form of

Equation 12" Figure 20 illustrates the plot of the above

relation for each of the three soil- types" The resurts can

be summarized as f oll-ows:

Agassiz Silt Re =

Piney Silt
Silty Sand

Ro=

lto

0 "997

3.078

0.379

The r I CV, and 90 % confidence limits for the Rq values are

presented in Table 8. The values of r and cv indicate that
the fit of observations to Agassiz silt regression rine is
not reasonabl-e. The Piney silt and silty sand rerationships
are reasonabl-e and the ranges of values between the 90 %

confidence limits are smal1.

Rs val-ues corresponding to a pressure to temperature ra-
tio of zero can be taken from a figure pubrished by penner

and Ueda (1978) for Leda clay and a silty test soi1. The

values are 8.3 and 6.3 mm/day respectively which are slight-
ly higher than the Re values for Agassiz and piney si1t.
For the silty sand the lower val-ue of Re represents the ma-

terial's low degree of frost susceptibility"
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TABLE 8

Statistical information of Penner and WaIton's model

Soil CV 90 % confidence limits Sample
for Ro size

Àgassiz

Piney

Sand

0 "597

0"888

0.940

105 " 5

49 "8

45"8

a .877

2.98

0.366

1.117

3.18

0.392

16

22

15

4 .2 .4 Heat Fl-ow Mode1s

This procedure is difficult to accuratery consider since no

measurement of heat flow vras taken. The heat flow at the

frost front can be estimated if the frozen and unfrozen

ternperature gradients and the thermal- conductivities are

known. Time and the depth of frost penetration are the

variabLes used as input into Equation 3.

Hear Flov¡ (g) = Kf (dTf./dx) - Ku (dTu/dx) (3)

The temperature gradients (both frozen and unfrozen) were

carcurated from temperatures measured in two of the tests on

Agassiz silt. The thermal conductivities can be estimated

from the Kersten diagrams. Àrakawa's ice segregation effi-
ciency'E' (section 3.3.1) was calcurated and protted on a

graph of efficiency versus the rate of frosl penetration (as

suggested by Penner,1972) . This did not provide any rela-
tionship whatsoever. After analyzing six different reia-
tions it was discovered that a prot of E versus the square
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root of penetration rate (x) multiplied by overburden pres-

sure (p) produced a more acceptable correlation. The re-
gression rine from this reLation provided an equaLion of the

f orm:

E = a + b /Xp

The plot of this relation for Àgassiz silt is shown

ure 21 and the a and b values were 0"227 and 0.018

tively" The amount of segregational frost heave can

culated from:

AH = ( 0.227 + 0.018,/xp ) x A/L x Ar

in which:

(24)

in Fig-

respec -
be cal*

(2s)

AH = the increase in frost heave

At = the time increment

O = the heat flow

L = the Iatent heat of fusion per unit volume

of soil.
The frozen and unfrozen thermar conductivities and the la-
tent heat of fusion of the soir mass must be either measured

or estimated using accepted methods. The variables used as

input are the temperature gradients immediatery above and

berow the 0o c isotherm, the rate and depth of frost pene-

tration , the applied pressure and time.

For

from ei

Agassiz silt the statistical
ght observations) is as follows:

r = 0.775

CV = 144 "5

% confidence interval- f or 'a'

information ( der i ved

90 0.184 - 0.270
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ARÁKAWA SiGREGATION EFFICITNCY FOR AGASSIZ SILI
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90 % confidence interval for 'b' 0"014 0

The coefficient of variation for the Arakawa

model is the higheàt for any theory presented in

sis. The confidence in obtaining representative

both the 'a' and 'b' parameters is poor (roughly

the mean ) .

022

efficiency
this the-

values of

!20 % ot

University of Manitoba tests there were a

, particularily at the beginning of the ex-

the rate of cool ing v¡as greater than 0.01

the later stages of the tests the rate of

was often rapid (greater than 50 mm/day)

4.2.5 Konrad and Morqenstern (1982\

Konrad and Morgenstern outlined a basic procedure for ob-

taining the segregation potential as a function of external
pressure (Section 3.4). The segregation potential is de-

fined as the flux of moisture moving towards the frost front
divided by the temperature gradient in the partially frozen

soiL zone or "frozen fringe". À smarl number of raboratory

controlled tests are all that is required to provide a de-

finitive solution. À primary caution is that these tests
must not be conducteC under rapid rates of cooling. By

failing to do this t êrroneous results may be produced. Fig-
ure 22 illustrates how Konrad and Morgenstern's experimental

results vary with the rate of cooring and the suction at the

frost front "

Throughout the

number of periods

periments where

"c/nr. Towards

frost penetration
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and the overburden pressure increased with increased frost
depth, while the rate of cooling remained Iow. In these in-
stances negative calculated values of SP were frequently ob-

tained. This suggests that an expulsion of moisture away

from the freezing front lras occurring" McRoberts and Mor-

genstern (1975) stated thaL this phenomenon occurs under

conditions of increased pressure and the degree to which

moisture is expelled depends upon the frost penetration

rate.

The University of Manitoba tests were not all carried out

on a small sca1e. The pressure exerted on the growing ice

lens due to the weight of the frozen soil would become sig-
nificant in a large scale test. The pressure exerted by the

overrying materiar (pe) v¡as calculated and plotted against

the evaluated segregation potential on a log-linear scal_e as

described by Konrad and MorgensLern and is shown in Figure

23. Negative values of SP were ignored. The Sp was deter-
mined by subtracting the theoretical heave due to expansion

of insitu moisture from the total heave. This value would

yield the moisture flow towards the freezing front which

could in turn be divided by the measured temperature gradi-
ent at the zero degree isotherm. Only few values of Sp were

positive for the tests conducted on silty sand" The results
for this soil type were nevertheless used in the analysis.
Table 9 summarizes the values of SPo and 'a' required for
use in the segregation potential equation;

SP = SPo x exp{ -a Pe } (16)
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Val-ues of

TÀBLE 9

SPo and 'a' for Equation 15

Soil SPo
( mm 2/'c day )

168.1

103.8

18"3

a
(Kpa- t )

0.151

0.321

0.412

Àgassiz Silt
Piney Silt
Silty Sand

70

The total

where the

sure (pe)

(arrt/ax)

frost heave can be

AH=(SpxATft/dx)
variables required

, the temperature

, the depth of frost

calculated using:

x 1.09 At + 0.09 € n AX (17)

as input are the applied pres-

gradient in the frozen fringe
penetration (x) and time (t).

The statistical information for the segregation potential
moder is shown in Tabre 10. The r val-ues indicate that the

fit was reasonabre for all three soils. The 90 % confidence

limits for Àgassiz and piney sitts were within l15 % of the

SPo and 'a' values. The confidence limits for the silty
sand were not reasonable since they were greater than t25 %

of both Lhe sPo and 'a' val-ues. The cv indicates that the

regression line is the best fit for any of the moders stud-
ied in this analysis.
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SPo and 'a' vrere obtained using only positive val_ues of

segregation potential . When the segregation potential is
negative the total heave is less than the heave resul-ting
from the freezing of in situ moisture. The negative values

of segregation potentiar may indicate either that moisture

is flowing away from the frost front or that the in situ
moisture below the ice lens has reduced due to ice segrega-

tion. For tests on the silty sand the moisture was expell-ed

away from the frost front during freezing since the total
heave was often less than the calcurated heave due to the

f reezing of in situ moisture. Negative values of segrega-

tion potential were calcurated in each of the preriminary
freezing tests for each soil type but the mechanism that
causes this to occur is not clear. rt is generally associ-
ated with rapid rates of frost penetration and high calcu-
lated varues of overburden pressure. The process that caus-

es a decrease in the calcurated amount of segregated ice can

Stat i st ical resul-ts for

TÀBLE 1 O

the segregation potential theory

Soil CV 90 % confidence limits
SPo a

SampIe
size

Àgassiz

Piney

Sand

0.858

0.788

0"831

12 .4

16"s

23.2

148"8

89.6

12.7

190"0

120 "4

25 "5

0.137

0.287

0 "299

0. 165 13

0.355 14

0.525 6
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not be predicted using this moder since the value of sp from

the equation: SP = exp(-a pe), will never be negative.

The Konrad and Morgenstern model has been tested with
considerabre success by other authors (Hixon 1982, Rieke et
aI" 1983). The values of Spo and 'a' obtained for piney

sirt, Agassiz silt, and silty sand can be compared with pub-

lished varues for other soils. Figures 24 and 25 (from

Knutsson et â1 . , 1 985 ) i rlustrate how the varues for the

soils tested at the university of Manitoba compare with val--

ues for other soils. The value of spo compares favourably
while 'a' is roughly ten times higher than any other pub-

lished value of 'a'o

Figure 24 irrustrates that Rf is a good indicator for
sPo. Rf is determined from the grain size distribution and

the liquid limit:

Rf= x 100 (26)

W1 = Liquid limit of the f ines f raction e).
sirty sand has no Rf value since the riquid rimit of the

fines fraction vras not or courd not be measured. However

this is not of concern to engineers since ice lensing rarely
occurs in coarse grained soirs" The magnitude of 'a' may be

influenced not only by the grain size distribution but arso

by such factors as void ratio, initiar moisture content and

dens i ty.

w1
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frost heavecomplete summary

in the analysis"
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The depth of

Chapter V

FROST PENETRATION PREDICTIONS

frost penetration is a necessary component of

most of the previously mentioned frost heave model_s. The

frost depth can be either inputted directly or the depth of

frost penetration and the soil temperature profile can be

used to determine other input parameters (soi1 temperature

gradients, frost penetration rates, overburden pressure on

the ice lens). Ernpirical solutions and computer simulations

for predicting the frost depth and soil temperature profile
are quite common. The foltowing three methods of calcuiat-
ing frost penetration s¡ere examined for use in the frost
heave models. They were: t.he modified Berggren methodì a

finite difference solution outlined by Goodrich (1978)¡ and

a finite element method described by wilson (1974).

The modified Berggren method is an extension of the

Stefan equation which is based on the difference in

interfacial energy at the phase change front ignoring

heat flow below this front. This was modified by the

introduction of a correction factor À (atdrich and

Paynter 1953) which takes heat flow into account.

The equation for frost depth is given by:

À {RF-7r.

1.

i\

in which:

- 76

(27 )
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x

K

depth of frost penetration

average frozen and unfrozen thermal

conductivity

freezing index

Iatent heat of fusion"

correction factor taking heat

flow into account

F

L

I

Wilson et aI. (1974) provided a finite element model

that utilized constant temperature gradient triangles
and was based on the classical Neuman phase change

problem. À finite element program based on this so-

lution was developed by Shushkewich (1980).

Goodrich (1978) outlined a method of determining the

temperature profile in a freezing (or thawing) soil
by a one dimensional finite difference technique.

This was accomplished by using a floating frozen to
unfrozen interfacial boundary. The amount of frost
penetration was calculated by equating the amount of

latent heat given off during freezing to the heat

flow at the interfacial boundary,

A comparison was made between the predicted values of

frost penetration and the measured frost penetration in

eight laboratory experiments. The eight experiments includ-
ed five conducted on Agassiz silt, one on piney silt, and

two tests on silty sand. À11 but two tests were completed

in the 800 mm by 600 mm sguare freezing tank. The remaining

2"

3.



two tests vrere carried out

tank using Agassiz siIt"
diction tests in the frost

78

in the 1 .76 m by 2.40 m diameter

All eight tests were used as pre-

heave analysis (see Table 2),

The measured surface and water temperatures and the ther-
mal properties as derived from the measured moisture con-

tents v¡ere used as input into the three previousry mentioned

methods. Àrr three methods provided very poor correlations.
A comparison of the predicted and measured heave in those

models that required frost penetraLion predictions, would

have no value if the frost depth prediction was poor. For

this reason the initial soil temperatures, water tempera-

tures and moisture contents were adjusted to yield pre-
dicLions that were close to the measured frost depths. The

surface temperatures used in the computer program vrere kept

close to the measured values, but the initial soil tempera-

tures and moisture contents were changed significantly in
some instances. The amount that these varues were changed

is documented in Appendix À. Artering the initiar soil
temperature, the soil moisture content and the lower bound-

ary or water temperature has a limited effect on the frost
heave predictions. Knutson's ß value and the frost heave

due to the freezing of in situ moisture in the segregation

efficiency and segregation potential models, wirl be affect-
ed to a small degree by changes in moisture content.

The frost penetration predictions using adjusted soil and

temperature inpuL are shown in figures 25 to 33. The modi-
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fied Berggren method produced predictions that were as high

as double the measured frost depths" Since the freezing in-
dex was not changed from the initiat atternpt the frost pene-

tration predictions remained the same.

model generated inconsistent results.
The finite element

The prediction of

frost depth fluctuated excessively during each test. À

steady increase in frost depth with time is required for the

calcuration of the rate of frost penetration. The inconsis-
tency in the results may have been due to the rapid freezing
rate or to a poor choice of the f inite el-ement grid. The

finite difference model produced consistent results that
closely modelled the actual frost penetration depth. The

soil temperature profile was checked as wert and was found

to be predicted with acceptable accuraclz. This method v¡as

therefore chosen for use in the frost heave prediction
models that require frost penetration predictions.

The programs used to calculate the frost penetration and

the frost heave are found in Appendix B.
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Chapter VI

FROST HEÀVE PREDICTIONS

6.1 TNTRODUCTION

Nine frost heave moders $¡ere used to predict the results of

the twerve laboratory tests mentioned in section 4.'1 .3. Àrl
of the frost heave models have been summarized in Tabre 11.

Two approaches vrere used in the prediction of frost
heave. The first approach used a calcurated frost penetra-

tion depth as input into the frost heave models. The second

approach used the measured depth of frost penetration to de-

termine the amount of heaving. The input parameters affect-
ed by the depth of frost penetration are the frost penetra-

tion rate, the soil temperature gradients and the overburden

pressure. only the model by sheriff et at. is unaffected by

the approach chosen since it reguires only surface tempera-

ture as input" The use of measured frost depth eliminates
any error introduced by the frost depth carcul-ation but the

soil temperature gradients during most of the tests s¡ere un-

known. They were estimated by assuming a linear distribu-
tion between the air temperature at the surface I zero de-

grees cel-sius at the depth of frost penetration, and the

water temperature at the base of the testing apparatus. The

computer program which was used to predict the frost depth
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also estimated the Lemperature gradients in the vicinity of

the frost front in both the frozen and unfrozen soils" This

approach also offers the advantage of using time steps

smaller than one day for each of the tests analyzed"

Both approaches v¡ere carried out using all nine frost
heave models and , for the most part, on the same tests. Ex-

ceptions to this are noted in the following sections,

6.2 FROST HEÀVE PREDICTIONS USING CALCULÀTED FROST DEPTH

The first approach to predicting the amount of frost heave

used the frosL penetration, frost penetration rate and temp-

erature gradients as calcul-ated by the finite difference
method outlined by Goodrich (1978).

Nine frost heave tests were analyzed for the prediction
comparison using this first approach. These nine tests were

comprised of five tests on Àgassiz silt, two tests on piney

silt and two tests on the silty sand. Two of the Àgassiz

silt tests were conducted in the 1.76 m by 2.40 m diameter

apparatus and one test on Piney silt Î¡as conducted in the

100 mm by 125 mm diameter freezing ceIJ-. The remaining

tests were carried out in the 800 mm by 600 mm sguare tank"

À comparison of the measured frost heave and the predictions
are plotted in Figures 34 to 42.

The calculation of the average percent error between the

predicted and the measured frost heave was used to compare

the various predictive models:
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Figure 34: Frost heave predictions for test 1974-1 (using
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40

35

30

åzs
U

ñ
I

?o

IS

ID

50 100 I 5D 200 ?5A 300 35D 400 450 500
.I 

I I1E f HOURS )

550 600 650

SOLID LINE REPRESENTS THE ÊCTUPL HERSURED HEÊVE
THE LETTERS CORRESPOND TO THE FOLLO14 I ND IlODELS :

KONRRD RND HORGENSTERN K SHER]FF E'I RL.
FRFKRHÊ R KNUTSON
PENNER RND I^IÊLTON P TRKÊSHI ET RL .

TÊKRSHI (FLTERNRTE) U FROST FEN RNTE X PREssURE.
RRÏE X PRESSURE IRLTERNÊTE) Y

F
T
X

Frost heave predictions for test 197q-2 (using
calcuLated frost depLh)

¿"'è--<

F -'c 
-'

-7
-n-

." K €FÅ

/,,,Æz
.k

(

(/ 
^ -*----r-^

/ttl,r
/f -t'

// y'-n'// ã''/1 y'''lf /('ll ./"
lÍ t'
Íl /t
ll n,
ll ^,' P
t,Ì ,/ .'"l/rí t't/It ¿''i ,l

,2
r

,'p-','

S

rP'

.r/ '- ----L'-7

-,.y/ - -.'ï.ï,="=-=u'à I-,*,, 
_ *"o11**)r+rv.*-',+-.É=_Tl' :: * - + - A'

itffi'Tl:::*.-**.'" . . .

Figure 35:



92

ACASSIZ SILT 1975-1 EOOMM BY 6OOMM TANK

8D

I

X --'x'---N--'¡ç--X-, Ã'

T -t-

=40U

s
I

e--y--+---)( ///
A 

--^-u S

1i1:^=-,)=L-¡ *

-t
n-tt'

P

50 I 00 I 50 200 2s0 300

TIHE IHOURS)

350 400 450 500 550

SOLiD LINE REPRISENTS THE PCTURL HEASURED HERVE
THE LETTERS CORRESPOND TO THE FOLLOhIINO IlODEL5:

KONRRD NND HORGENSTERN K SHER]FF ET Ê1. S
RRÊKFhR Ê KNUTSON F
PENNER ÊND HRLTON P TRKRSH] ET RL. T
TFìKFIsH] (RLTERNÊTE) U FROST PEN RFTE X FRESSURE, X

RRTE X PRESSURE {RLTERNRTE) Y

Figure 36: Frost-heave predictions for test 197S-1 (using
calculated frost depth)
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calcuLated frost depth)
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Àctual Predicted 
I At ) x 100 (28)

Ac tua I
in which:

T = total time

At = time interval

Tabre 12 gives the percent error for each test while Ta-

bre 1 3 shows the average percent error for arr tests and for
tests on a particular soil type. The resul-t s show that
there is no one model which consistentry predicts the frost
heave accuratery for every test. The penner and walton

model provided the best overall average percent error (132

%) while the frost penetration rate times overburden pres-

sure moder provided the poorest correlation (891 %). The

model given by Konrad and Morgenstern gave a very good pre-

diction for tests 1974-1 and 1974-2 (11.1 % and 7.3 % re-
spectivery). This is significant since these were the onry

two large scale pit tests analyzed. The Konrad and Mor-

genstern model also gave the best prediction for test 1980-1

on Piney sitt (19.5 %). For the piney sirt test using the

100 mm deep apparatus (1981-1) all of the nine moders pre-
dicted less than 10 % of. the total frost heave. The model

by Takashi et al. provided the best resurts for tests on

silty sand (0q % error).

1

%Error = ( Z
T
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Àverage %

Model

TABLE 1 3

error (calculated frost depth approach)

Piney Àgassiz Sand TotaI

1

2

3

4

5

6

7

I
9

75.0

62.8

80.3

64 .4

81 .4

77 .0

59.0

1311.3

s96.8

672 "8

329.5

70.3

258.0

202 .0

249.0

250.3

653"9

640 "2

66 .1

63.5

337.1

900.4

1 002 .6

890. s

487 .8

406.3

211.5

132.1

360.5

348 .1

249 .0

250.3

Legend: 1. Pen. rate x pressure
3. Takashi et aI.
5. Penner and Walton
7. Konrad and Morgenstern
9. Knutson

2. Rate x pressure (a1t.)
4. Takashi (alternate)
6. Sheriff et aI.
8. Àrakawa

6.3 FROST HEÀVE PREDICTIONS USING MEÀSURED FROST DEPTH

Eleven of the frost heave prediction experiments used ther-
mocouples placed at 25 or 50 mm intervars to measure the

depth of frost penetration. The rate of frost penetration
and the overburden pressure v¡ere carculated from the meas-

ured depths of frost penetration.
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In addition to the nine tests analyzed using caclulated
frost depths two laboratory tests on piney silt and one ad-

ditional test on the silty sand lrere analyzed using models 5

to 9 from Tab1e 6" Only the depth of frost penetration was

known for these tests and no temperature information was

available and hence only rce segreation Ratio models could

be used. The 125 mm by 100 mm diameter experiment on piney

silt v¡as not used in this second approach since the depth of

frost penetration was not measured, bringing the total num-

ber of tests analyzed using this approach to eleven. The

frost heave predictions for the eleven tests using measured

frost depth as input are plotted in Figures 43 to 53.

Table 14 gives the percent error calcutated for each of

the eleven tests while Tab1e 1 5 shows the average percent

error for ail the tests and for tests on the same soil type.

The percent error varied from a low of 8 % to a high of 4000

%. The average of the percent erors for all the tests were

generally between 100 and 300 percent. The results are sim-

irar to the results from the first approach but the percent

errors are generally smaller. There is a poorer correlation
for the model by Konrad and Morgenstern which might be due

to the assumptions regarding the temperature gradient in the

frozen fringe" The model by penner and walton provided the

lowest percent error for Agassiz silt (50 % error). The

model by Sheriff et al. provided the lowest percent error
for Piney silt (+l % error). The best results for the tesLs
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Figure 43: Frost heave predictions for test 1974-1 (using
measured frost depth)
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AGÀSSIZ SILT TES'I 1974_2 1.76M BY 2.40M TANK
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Figure 442 Frost heave predictions for test 197e-z (using
measured frost depth)
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AGASSIZ SILT TEST 1975_ 1 EOOMM BY 6OOMM TANK
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AGASSIZ SIL] TEST 1975-2 EOOMM BY 6ODMM TANK
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Figure 462 Frost heave predictions for test 197s-2 (using
measured frost depth)
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AGASSIZ SILT TEST 1975-J EOOMM BY 6ODMM TANK
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measured frost. depth)
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SILII SAND TEST 1978-1 SOOMM BY 600M\,1 TANK
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SILTY SAND TEST .] 378_2 SOOMM BY 6OOMM TANK
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SILTY SAND TEST IS78-5 SOOMM 8Y 6OOM!4 TANK
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PINEY SILT TEST 1980_1 SOOMM BY 6OOMM TANK
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Àverage %

ModeI

TÀBLE

error (measured

15

frost depth approach)

Prney Àgass i z Sand Total

1

2

3

4

5

6

7

I

290.8

227 .3

717 .4

414 "3

101.3

47 .0

1 54.3

251 "1

194 "8

199.2

121 "9

s0.0

198. B

205.6

183.6

1'7 A. L

96.1

otr o
JJoJ

83.2

78 "9

158.9

262.8

1 408.9

219 "7

196 .7

308.9

189.9

93.7

'195.8

500.0

183.6

174.4

Legend: 1. Pen. rate x pressure 2. Rate x pressure (alt.)
3. Takashi et al. 4. Takashi (alternate)
5. Penner and I,lalton 6. Sheriff et al.
7 . Konrad and Morgenstern 8. Arakawa
9. Knutson

on silty sand were obtained by the Takashi et ar. moder (lg

% error).
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6"4 DISCUSSION OF THE COMPARISON

Although the Penner and walton model produced the lowest av-

erage percent error, the predictions did not closeJ_y model

the actual frost heave. When the Ice Segregation Ratio
(AH/Ax.) is close to zero ( it is usually less than 0.1 ) the

Penner and warton model implies that the frost heave wilr
increase linearry with time" rt also suggests that if the

external- pressure is zero then the rate of frost heave is
independent of temperature. Às can be seen from Figures 34

to 42 the actuar frost heave rate was not constant but de-

creases with time. The measured frost heave however, is
roughry approximated by Penner and walton's rinear relation.
This suggests that although the theory will not provide a

close fitting prediction it may provide an adequate short
term approximation.

The accuracy of each model appears to be influenced by

experimental procedure , apparatus and soil type. For in-
stance, the frost heave in the large scare tests on Agassiz

silt were very accurately predicted by Konrad and Morgenst-

ern's moder using carcurated temperature gradients (rigures

34 and 35). For the smaller scale tests however, only the

Penner and warton prediction moder v¡as close (rigures 3G to
38)" The freezing index model of Knutson and the Àrakawa

segregation efficiency moder both predicted the heave of the

large scale test on Àgassiz silt with reasonabre success but

were inaccurate on the smaller scale experiments.
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The Piney silt in the 100 mm freezing cell !¡as compacted

to optimum dry densi+,y whereas the material in the 800 mm

freezing tank was loosery compacted. The actual- heave in

the smal-Ier compacted sample vras f ar higher than any of the

seven predictions"

The type of material plays a rofe in the accuracy of each

model. The Konrad and Morgenstern moder provided the best

predictions for the two large scare tests on Agassiz sirt
and for one of two tests on piney silt but incurred no suc-

cess with the predictions for the silty sands. The penner

and walton moder predictions were arso better for the sitts
than for the sandy soil. The Takashi et al. moder achieved

only moderately successful results for píney and Agassiz

silt but supplied the best prediction model for the silty
sand.

The model by sheriff et aI. produced its best predictions
for Piney silt, which should be expected since piney silt is
similar to the type of material on which the model was based

(material with a percent finer than 0.02 mm by weight be-

tween 6 and 21 %). The best prediction by this model on any

soil type using measured surface temperature data was 47 %

error. However this model has the advantage that frost
heave prediction calculations can be carried out quickly by

hand.
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The sorution from the penetration rate times pressure

method generally had a slightly higher percent error than

that of Takashi et al" and produced its best predictions
for tests on the silty sand.

The frost heave predictions of the Ice segregation Ratio
moders were more accurate when the alternate method of de-

terrnining the frost penetration was used. This alternate
method was defined as the depth of frozen soil below the up-

wardly heaving soil surface rather than below a fixed datum.

As the frost depth approaches a constant elevation and the

heat flow approaches steady state the predicted Ice segrega-

tion Ratio wilr not approach infinity if the alternate meth-

od is applied. Continued heaving under near steady state
conditions can be successfully calcuLaLed and the resulting
accuracy are increased.

The computer programs used to determine the frost heave

for the approaches using both measured and predicted fost
depth have been included in Appendix B.



Chapter VI I

SUMMÀRY

No one prediction model provided a consistently accurate es-

timation of the frost heave for alt the tests studied. How-

ever, Lhe value of each model can be assessed from the dis-
cussion in chapter five b¡z analyzíng three points:

t.

a

The ease of use of the prediction model;

The ability to confidentty determine the frost heave

parameters;

The accuracy of the predictions under varied experi-
mental procedures or differing soil types.

2

Summarizing each model individually:

1. Konrad and Morgenstern (1982b). The segregation po-

tential theory provided the best prediction for two

large scale tests on Àgassiz silt and for one of two

tests on Piney silt. No success was experienced with
the tests on the silty sand. The parameters for the

two silts were determined with the greatest staiisti-
cal confidence of any theory. The parameter Spo can

be approximated using the Rf value and Figure 24.

The 'a' parameter shoulC be determined from freezing

tests. The model does not apply to tests under rapid

119
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rates of cooling and wiIl not predict the expulsion

of water away from the freezing front associated with
coarse grained soils. The model- does not work well
if the temperature gradients are assumed to be lin-
ear" The model is recommended for the prediction of

frost heave in silts and fine grained soils if t.he

temperature gradient can be predicted.

Sheriff, Ishibashi and Ding (1g77). This model did
not produce good resufts. However calculations can

be done quickly by hand and an acceptable rough value

of predicted frost heave may be provided for silty
sands "

3. Àrakawa (1965)" The segregation efficiency theory

did not provide a good prediction for each of the

tests in which it Ì{as used. There are three basic

difficulties with the use of this model. Firstly, it
is difficult to determine a function that wiII effec-
tively describe the segregation efficiency. Araka-

r.¡a's 'E' is not related only to the f rost peneLration

ratio as suggested by Penner. Second1y, a good esti-
mation of the unfrozen temperature gradient is diffi-
cult under experimental conditions and would be im-

practical under field conditions" Finally, it is
difficulL to accurately estimate the required thermal

characteristics of the soiI.
4. Knutson (1974). The determination of ß as a function

of the freezing index is the basic problem in the use
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of this mode1" Alt.hough there was considerable error
in determining this relationship for Àgassiz sitt,
reasonably accurate predictions $¡ere sti1l obtained

in the large scale tests. This suggests that the

model can be used with the ß values provided in Table

1 to produce a rough estimation of frost heaving un-

der large scale or field conditions.
5. Penner and WaIton (1979) 

" This model predicted the

frost heaving with the lowest overall percent error.
However, it incorrectly predicted that the rate of

frost heaving would be roughly constant for every

test. Although the theory allows for any range of
pressure to temperature ratio the model_ was only

evaluated under a condition of zero external pres-

sure . The in i t ia1 f rost heave rate 'Ro ' Ì,¡as not de-

termined with good statistical confidence for all of

the three soils, but if this value were known then a

good estimation of the short term frost heave should

result.
Takashi, Yamamoto, Ohrai and Masuda (1978). The lce

Segregation Ratio adaption to Takashi et al.'s theory

allows for the expulsion of water away from the frost
front if the frost penetration rate and overburden

pressure are sufficient. As a result it provides the

best solution to the frost heaving in a sandy soi1.
This model is recommended for the prediction of frost
heaving in a more coarse grained soil should such a

6"
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prediction be of engineering interest. A comparison

fo the Takashi et al. model was made with one that
related frost heave to the product of overburden

pressure and frost penetration rate. The determina-

tion of the frost heave parameters for the Takashi et

a1. model were oerived with greater statistical con-

fidence than for the comparison model buL with less

confidence than for Konrad and Morgenstern's segrega-

tion potential theory. Àlso, the percent error of

the prediction was generally less for the model pre-

sented by Takashi et aI.
model-.

than for the comparison
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Àppendix À

SOILS INFORMÀTION

The grain size distributions for each of the t.hree soil
types are shown below:

too

PINEY SILT

SANO

O.OOI O.Ot O. I

GRÂ|N StZE (mm)
cLAY I rwe I srLr f colnffi

80
E
É.

260
L
l-240
l,¡Jo
É.
t¡Jo- zo

Soil
Type

e" Clay eo SiIt 90 Sand Liquid
Limi t

Plast ic
r.imit

Àgassiz
silr
Piney
SiII
Silty
Sand

17 73 10

64 30

92

28 22

18. 5
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More complete information of the soil properties and Lesting
procedure for each test can be found in the following under-

graduate and graduate reports:

i ) Preliminary Tests

a) Agassiz silt
Phelane D. "Frost Heave l"lodel Study" 1979

Piamsalee N., Lemke E. (data only) 1978

b) Piney silt
Wachowich J.N" "Frost Heave of Short Piles"
197 9

- Erickson D.J. "Frost Heave on Short Piles"
1980

c) SiIty sand

- Hubbard 8., Agar S. "Model Studies of Frost

Heave Forces on IncIined Members" 197I

i i ) Predict ion Tests

a) Agassiz silt
1974-1, 1974-2 Larkin W.L.S. "Frost Heave Ef-

fects on a Tangent Tower l'last Footing" 1974

1975-1 , 1975-2, 1975-3 Lau P-K "Frost Heave of

Foundations and Pile Extraction Tests" 1975

b) Piney silt
1980-1 Erickson D.J" "Frost Heave on Short

Piles" 1 980

1981-1 Charleson D" "Evaluation of Frost Sus-

ceptibility Criteria" 1 981
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1983-1, 1983-2 Fong W" and Lai S"y. "Frost

Heave Res i stance of Di f f erent Pi 1e Bases " '1 983

c) silty sand

1978-1, 1978-2 Gerlach G"F. "Frost Heave of

Short Piles" 1978

1978-3 reported by Wachowich J"N" "Frost Heave

of Short Pi]es" 1979



SOIL INPUT INFORMATION FOR FROST DEPTH DETERMINATION

Water Surface Water Surface
Temp Temp Temp Temp

Hrs Meas Prgm Meas Prgm Hrs Meas Prgm Meas Prgm

Test 1974-1 Test 1974-2

131

100 | * s"sl -20 -15
200 | * 5.5 I -20 -19
400 | * s"sl -22 -205001* s.5 I -6 -7
800 I * 5"51 -27 -27

% YlaLer Content Meas-17.2
Prgm-21 .5

Initial Soil Temperature:
Meas- (1 1 -17 ) Prgm-1 5.5

Test 1975-2

c 118 7.0 I 20 2
100 I 2 3.0 -2 -3
300 i 4

J.\J I -¿ -J1.o I -+ -s.ss0014 1.0 I -s -s.s

0 I * 18 I -13 -1
50 | * 14 I -rg -13

100 | * 12 I -l¡ -13
150 | * 7.5 I -13 -'1 3

1001 * '15"01 -23 -5
2001 * 15.01 -32 -15
4001 * 15.01 -33 -24
600 I ,t 15.0 I -28 -32

% Water Content Meas-16.5
Prgm-1 6.5

I nit ial Soi 1 Temperature:
Meas-(1 1-13) Prgm-15.0

Test 1975-1

0 I 14 3.5 I 14 1

1001 2 3.0 I -2 -22001 2 2.3 I -3 -4
400 I 0. s '1 .0 -4 -7

0 I 21 23.01 Zg 20
1001 s 5.01 -2 -1
300 I 3 2.31 -3 -4s00l 1 0.61 -4 -s

% rñater Content Meas-2O % rñaLer ContenL l4eas-22
Prgm-26 prgm-21 .5

Initial Soil Temperature: Initial Soil Temperature:
Meas- * Prgm-'15.0 Meas- * Prgm-18.0

Test 1975-3 Test 1978-1

% Ylater Content Meas-2z % I^iater Content:
Prgm-26 Meas-(18-21 ) Prgm-19

Initial Soil Temperature: Initial Soil Temperature:
Meas- * Prgm-20 Meas- * Prgm-18



Hrs Meas Prgm Meas Prgm Hrs Meas Prgm Meas Prgm

Test 1978-2 Test 1 980-1

WaLer Surface
Temp Temp

0 I 'k 20.01 -2 -2
1001 * 16"21 * -5
3001 * 8.71 * -7
4501 * 3.01 -14 -14

132

Water Surface
Temp Temp

0 I * 16 I -5 10
200 l* 14 I -5 -55001* 3l -5 -5
7001*11-7-7

% YlaLer Content: % Water Content Meas-24
Meas-(18-21 ) Prgm-19 Prgm-22
Initial Soil Temperature: Initial Soil Temperature:
Meas- * Prgm-i0.O Meas- * Prgm-16.0

Notes:
* iãFicates unavailable information
"Meas" indicates measured values
"Prgm" inoicates val-ues input into the computer progran
Temperature information is in oC

Water Content is indicated in % by weight



Àppendix B

COMPUTER PROGRAMS FOR CÀLCULATTNG FROST HEÀVE
ÀND FROST PENETRATION

133
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FORTRAN PROGRAM FOR FROST PENETRATION AND METHOD 1 PREDICITONS

c
C *************************************:t*************
C**
C * THIS PROGRÀM CAICUIÀTES ONE DIMENSIONÀL FROST *
C * PENETRÀTION BASED ON HEAT FLOI.I EQUiLIBRITJM, ÀS *
C * EXPLAINED BY GOODRICH (1978), ÀND IS MODIFIED *
C * TO INCTUDE NINE FROST HEAVE MODETS ; *
C * 1. PRESSURE X PENTRÀTiON RÀTE *
C * 2, PRESSURE X PENETRATION RATE (NTT.) *
C * 3. TÀKÀSHI ICE SEGREGATION RATIO *
c * 4. TAKASHI ET. AL. 1978 (¡lrnn¡¡¡rB iSR) *
C * 5. PENNER AND WÀLTON 1978 (ISN) *
C * 6. SHERRIF ET ÀL. 1976 *
C * 7. KONRAD ÀND MORGENSTERN 1982 *
C * 8. ÀRAKAWA SEGREGATION EFFiCiENCY *
C * 9. KNUTSON FREEZING INDEX *
C * 10. FROST PENETRATION ONLY *
C**c ***************************************************
c

REAL T ( 1 0 0 ) , NT ( 1 0 0 ) , KF ( 1 0 0 ) , KU ( 1 0 0 ) , K ( 1 0 0 ) , CF ( 1 0 0 ) ,
1 cu( 1 00 ), c ( 1 00 ),L( 1 00 ),x( .1 

00 ),Dx( 1 00 ),HC ( 1 00 ), c¡¡ ('1 00 ),
znHs ('100 ) ,E(100 ) ,s (100 ) ,cuu('100 ) ,cFF(100 ) ,KUU(100 ) ,KFF (100 )
3, DFp ( 1 00 ), TT ( 1 00 ), HEAVE ( 1 00 ), erH ('1 00, 9 ), nrU ( 1 00, g ), DEprH ( 1 00 )

4,WDENS(99),W¡'R(99),cD(99),r^7(99),Upr(25) ,LOT(25),rir'l(25),ÀD(25)
5,eH(25),ÀT(25),GÀ( 3 ),FN(3),rr( 1 00)

iNTEGER Hne¡('1 I ),MÀT( 1 00 ),srART,H
REAL DT , D , GÀV, HAV, G , NG , LT, DTÀ , DTB , DTO , POB , GRT, LHEV, I SR,

1 SPO , HEAVES , HEAVEI , HEAVSL , HEVSL , GAMI , LATW, SUR, CC , CÀ , U, OT ,
2GÀMW, TFÀC , DTC , DELHEV, RÀTE , RÀTEH, FF , TAV, FI , EFF , HEAT, JAY , ÀCTUÀL,
3PERC, PERSUM,WPER, PTIME, PToT, SHB

I NTEGER N, P, NM, B , NA , PÀ, PB , PC , NTT , THY ,8, TO, NÀP , NAPA , THEORY , R, SHA
REÀD1 80,HEÀD

1 80 FORMÀT ( 1 8A4 )
PRiNTI 90,HEAD

'190 FoRMÀT('1"18A4)
REÀD ( s, z00 ) Nt'1,N,TQ,THEoRy,NÀpÀ,DTo,LT,TFÀc,LÀTlt,GAMW,suR
READ (5,210) (¡sprn(l ),TF(l ),¡¿¡r(l ),1=1,N)
READ (s,zz0) ( cFr ( ¡ ), cuu(¿ ), nnn ( ; ), xuu( ¡ ),GD ( ¡ ),r,¡( J ), J= 1, Hr"r)

TQ=TQ+1
ngeo (s,280) (upr(l ),ror(r ),ti¡¡(1 ),1=2,19)
NÀP=NÀPÀ+ 1

THY=0
AT('1 )=0.0
AD(1)=0.0
AH( 1 ) =0.0
READ (5,290) (¡r(r ),ÀD(i ),AH(r
rF (rHeoRv.NE.10) v¡RrrE (+,211
I{RrrE (6,230) (r,nnpru(l ),rn(l

,I=2rNÀP)
(er( I ),¡H( I ),THY, I=1,NÀP)

,MAT(I ),I=1,N)
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GAMT =GAMi.i /I ,OS
DO 2 f=1,NM
L(r )=Gn(I )xw(t )/1oo*lerw
wrn(r )=GD(r )*w( t) /(lo0*GAMw)
WDENS ( r ) =( 1 . 0+w( r) /100) *c¡( r )

tvRrrE (6,zzs) (l,w(i ) ,cn(i ) ,wnnus(t ) ,w¡'R(i ) ,l=t ,NM)
l+RITE (6,240) (¡,crr(¡),cuu(,¡),xrr(¡),xuu(,:),1(.J),J=1,NM)
NÀ=N-1
D0 5 I=1,N4
J=MAT ( I )

cu(i )=cuu(J)
cn(l )=CFF(J)
nu(I )=KUU(J)
nr'( r )=nFF (J )

WDENS(i )=t+¡gNS(,J)
w(r)=w(¡)
t (l )=1,(,:)
wrn(I)=wFn(;)
D0 '199 THY=1,THEORY
IF (rHnony.EQ.10) wP.rrn(6,260) (nnpru(l ),t=1,N)
D0 7 J=1,N
x(¡)=nePru(¡)
r (,: )=tF (; )

READ( 5,301 ) (eru( i ,tuy) ,gru(i ,tHy) , I=1 ,NM)
D0 I i='1 ,NA
J=MET(I )

ÀFH ( i , THY ) =AFH ( J , THY )
BFH( I, THY) =BFH( J, THY)
TAV=O.0
Fi=0.0
B=0
CÀ=0.0
TT(1)=0.0
RATE=0 .0
NTI=1
HEAVE(l)=O.O
DFP(1)=0.0
HEVSL=0. 0

HEAVSL=0 .0
G=0. 0

H=1
PERSIIM=0.0
PTIME=O. 0

S(1)=0.0
S(H)=0.0
START=0
DT=DT0

Q=1
SHÀ=1
TiM( '1 )=0 .0
UPr(1)=r(1)
tOT( 1 )=t(H)
D0 10 I='1,N4
IF(T(I ).GT.O.O) GOTO 2O
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C(l)=Cr(l)
lO n(l)=nr(i)

P=N
G0 T0 35

20 P=I-1
pç=p+1
D0 30 I=PC,NA
c(l )=cu(l )

30 K(l )=nu(i )

35 START=NTI
rF (p.nQ.0) c0r0 38
DT=ÐT0

3B TÀv= ( - 1 *r ( 1 ) *nr+r¡v* ( TT ( NTr ) -rr ( START ) ) ) / (TT ( NTr ) +DT-TT ( srenr ) )

rF (r(1 ).cr.0.0) TÀv=o.0
FI=FI_T( 1 )*DT
rF (r( I ) .cr.0.0 ) Fr =0.0
E(1)=r(1)
n(H)=r(H)
Nr(1)=r(1)
NT(N)=r(N)
U=1.0
A=0
DELHEV=0.0
HEAVES=0.0

c
C FROST DEPTH DETERMINÀTION
L

D0 40 I='1 ,NA
DX(I )=x(I+1 )-x(I )

40 cN(r )=n(r )/¡x(r )

41 D0 50 i=2,NÀ
HC( r )=(c(r-1 )*¡x(r-1 )+c(r )*Dx(r \ ) /nt

50 RHS(i )=cH(r-1)*r(r-1)+(Hc(r )-cH(r-1)-cN(r ))*r(r )+c¡¡(r )

1*1(1+1 )

55 PA=P-1
PB-P+2
pg=p+ 1

rF (p¡.rr.2) c0r0 65
D0 60 I=Z,PA
D=HC(r )+cN(r-1 )+cN(r )-cH(r-1 )*s(r-1 )

e(i )=(nHs(r )+cN(r-l )*E(r-1))/D
60 s (i )=cN G\ /n
65 i=N
70 i=I-1

rF (r.nq.1) c0r0 90
rF (r.rn.p+1) GOTO 80
D=HC(r )+CN(r-t )+CN(r )-CH(i )*S(i+1 )

n(i )=(nHs(i )+CN(l )*n fi+j)) /n
s (r )=cH fi-l) /n
G0 T0 70

80 rF (n.nQ.1) coro 82
CA=0. 0

cA(1 )=0.05*DX(P)
cA(2)=0.95*DX(P)
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D0 98 J=1,30
D0 97 I='1 ,3
GEV=G¡ ( I )

HAV=DX(p)-CeV
82 rF (p.rn.1) coro 85

n ( p ) = (cH ( p- I ) * (r ( p-'l ) +E ( p- 1 ) ) + ( c ( p- 1 ) *DX ( e- 1 )/or+cr ( n )

1 *cAV/Dr-cN(p-1 )-nr( p),/c¡v)*r( p) ) / fttp-1 ) *DX (e-1) /nr+cn(p)
Z*cnv/nr+nn (p)/c¡v+cN(p-1 )* ( 1 -s (p-1 ) ) )

85 rF (p.cn.H¡) coro ge

n ( p+1 ) = ( cN ( p+l ) * ( r( p+2 ) +n ( p+2 ) ) + ( c ( p+1 ) *DX ( p+1 )/or+cu ( p )

1 *HAv/Dr-cN(p+'1 )-nu( p)r/unv)*r(p+1 ) ) / k(p+1 )*¡x(p+1 )/nr
2+CU ( p ) *u¡v,/nr+Ku ( p )/Hev*cH 1 

p+ 1 ) * ( 'l -S ( p+2 ) ) )
NG=2*GAV-G
RÀTE= (HC-C )/Ur
rF (a.ng.1) coro loo

c
C FALSE POSITiON ITERÀTION
c

BB FN ( r ) =nr ( p ) * (s ( p ) +r ( e ) )/cav+nu ( p ) * ( e ( p+I ) +r ( p+1 ) ) /Hev
1+4*(cAV-c)/nr*r,(n)
rF (r.nQ.1 ) coro 95
rF (i.ng.3) coro 92
rF (r¡¡(z).rr.0.0) GOro 96
c¡ ( 3 ) = (c¡ ('1 ) *rH ( 2 ) -cA ( 2 ) *rH (1 ) ) / (rH ( 2 ) -rH ( 1 ) )

G0T0 97
92 FF=FN(2)*FN(3)

r1¡l= I

rF (rr.rr.0.0) G0T0 93
ce(2)=GÀ(3)
G0T0 94

93 cA( 1 )=GÀ( 3 )
94 CC=ÀBS(cr-n¡rr)

rF (cc.rr.o.ooooo1 ) coro 99
CA=RATE
G0T0 98

95 rF (FN(1).i,r.0.0) c0r0 97
rF (e.ng.1 ) coro 1 1

ce(1)=GÀ(1)*.25
c0T0 98

11 cÀ(1)=GA(1)-0.0001
c0T0 98

96 rF (A.EQ.1) Goro 102
rF (p.eQ.NÀ) cA(2)=DX(p)-(¡x(p)-cA Q)) /2
rF, (p.rr.He) C¡(2)=0..1*DX(p)+ce(2)
c0T0 98

102 cÀ(2 )=GA(2)+0. 0001
c0T0 98

97 CONTTNUE
99 rF (¡¡s(rH(3)).1r.i.0) coro 101
98 CONTINUE

101 CONTINUE
rF (HC.r,s.¡x(p) )coro loo
B=1

DrA= (DX ( p ) -c )/(Nc-G ) *DT
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DTB=DT-DTA
DTC=DT
DT=DTA
GAV= ( DX ( p) +c) /2
HAV=DX(P)-GAV
G0 T0 41

C

C FROST HEAVE PREDICTIONS
c

100 iF (rHnonv.EQ.10) c0r0 90
rF (r.nQ.1.0) u=r(1 ) /ß(1 )-or)
RATE= (¡¡C-C )r/(OrxU )* 24000
POB= (X(P) +GAV) *WDENS ( P) +HEVSL* (GAMI -WDENS ( p) ) +Sun
HEAVEI =WFR ( P ) * (NG-G ) *O . Og

GRT=-1 * ( T ( p ) +n ( e ) ) / exew)
GRTU= (r( p+1 ) +n( p+'1 ) ) / Qxutv)
Goro ( 12,13,12,13,14,15,'16,17,18),tHY

12 rF (nern.LE.0.0) c0T0 90
ISR=0.0
iF (po¡.r8.0.0) c0T0 83
IF (rHy.EQ.1 ) ISR=AFH(p, 1 )*( (Rere*poB)**(-1*¡r'H(p, I ) ) )
rF (nern.cE.BFH(P,3)) coro e¡
rF (rsy.EQ.3 ) rsR=AFH (e,s) /eon* (sQRr(¡rH( p,3) /(RATE) )-1 )

83 DETHEV=TSR* (HC-C)
HEÀVES=DELHEV-HEAVEI
G0T0 90

'13 D0 84 R=1 ,15
RATEH= ( Nc-c+DELHEv ) /( nr'tU ) * 24 0 0 0

iF (nerns.LE.0.0) c0T0 84
ISR=0.0
rF (pon.rE.0.0) c0T0 84
IF (rgv.Ee.2) ISR=AFH(p,z)*( (RetnH*poB)** (-1x¡pH(p,z) ) )
iF (nernH.cE.BFH(p,+) ) coro e¿
rF (ruy.EQ.4) isR=ÀFH (v,+) /vov* (sQRT(sFH(p,4)/RATEH)-1 )

84 DELHEV=I SR* (CEV-C) *Z
HEÀVES=DEIHEV-HEAVEI
G0T0 90

14 ISR=1-EXp(-1*AFH(p, S)* (TT(NTI )+DT*U-TT(sr¡nr)) /(y,( p)+NG-HEAVE(NTr )

1) /24ooo)
DELHEV=ISR* (X( P)+NG_HEAVE(NTi ) ) -HN¡VN(¡¡U )

HEÀVES=DEtHEV_HEÀVEI
G0T0 90

15 iF (rev.cn.5.0) JÀY=o.8
IF (r¡V.tr.5.0) JAy=0.4+TÀV*0.08
DELHEV=AFH ( p, 6 ) *,r0 . 6 1 * ( ( ( rr (Hu ) +nri.U-rr ( St¡nr ) ) /24)** ( 0 . g 3-0 . 063

1 *TAV) ) *;¡v/l 000-HEÀVE (HU )

HEAVES=DELHEV_HEAVEi
G0T0 90

16 rF (nern.LE.0.0) c0T0 90
SPO=AFH(P,Z)
rF (pos.Ls.0.0) c0T0 85
spo=GRT*AFH( p,7 ) *nXp(-1 .0*SFH {p,l) *pOB) *0.000001

86 HEÀVES=SPO* 1 .09*DT*U/24
DELHEV=HEAVES+HEAVI
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G0T0 90
'17 rF (n¡rn.LT.0.o) coro 90

rF (pos.rE.0.0) PoB=0.0
HEÀT=KF ( P ) *CRT-XU( P ) *GRTU

EFF=AFH ( P, 8 ) -BFH ( P, B ) *SQRT( NEt¡*PO¡ )

HEÀVES=EFF*HEAT/L ( P ) *Pt*U
rF (HSÀV¡S.LT.0.0) HEAVES=0.0
DELHEV=HEAVES+HEAVEi
G0T0 90

18 isR=l.¡( p) /100. 0*AFH(p, 9) * l/Fr)**¡FH(p, g)
DELHEV=r SR* (X( p) +NG-HEAVE (NTr ) )-HneVe(¡lri )

HEÀVES=DELHEV-HEAVEI
90 CONTINUE

c
C NODAL TEMPERÀTURE CÀICULÀTION
c

NT(P+.1 )=n(p+1)
rF' (ps.cn.N) G0T0 115
D0 110 I=PB,NÀ

1.1 0 NT(r )=S(r )*l¡r(r_1 )+n(r )

115 iF (P.EQ.0) coro 158
F=0
I=P
NT(P)=¡(p)

'120 I=i-1
IF(T.LE.'1 ) GOTO 130
NT(i )=S(l )*NT(r+1 )+s(r )

G0T0 '1 
2 0

130 rF (B.NE.1) c0r0 140
C(P)=cr(P)
x(p)=nr(P)
NG=NG-DX ( P )
p=p+.1

140 D0'150 i=1,N
150 T(i )=Hr(I )

NTI =NTI +1

DFp (NTI ) =X( p ) +NG+DELHEV

TT(NTr )=rr(Hri_1 )+DT
HEVSL=HEÀVES+HEVSL
HEÀVE (H11 ) =HEAVE (Hu _l ) +DELHEV
rF (n.Hn.3) c0r0 155
NTI =NTi - 1

DFP(NTI )=DFP(¡ItI+I )

HEAVE (Hrl ) =HEÀVE 1¡y1 +1 )
TT(NTI )=TT(NTI+1 )

155 IF (n.nç.1) ¡t=ots
rF (n.nç.3) DT=DTC
IF (s.nQ.¡) B=0
IF (s.nQ.l ) B=3
G=NG+DELHEV
D0 157 I=PC,N

157 x(r )=x(r )+DELHEV
I F (¡. nQ. 

.1 ) G=G-DEtHEV
IF (s.nQ. 1 ) x(P)=x(P)+DEtHEV
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c0T0 1 59
'1 58 NTI =NTI +'1

DFP(NTi )=0.0
HEAVE(Hrt )=0.0
D0 156 I=1,N

156 T(l)=¡¡r(l)
TT(NTI ) =Tt(¡ltr -1 ) +nt
CC=0. 0

F=1
0T=T( 1 )

159 rF (THEoRY.EQ.10) i^rRrrE(6,265) TT(NTr ), (r(r ),r=1,N)
rF (er(H+l ).nQ.0.0) G0 r0 '166

rF (rr(Hu ).cr.¡r(H+1)) H=H+'1
1 66 AcruAL=ÀH (H ) + (eu 1¡¡+ 1 ) -AH (H ) ) / (m (n+ 1 ) -ÀT (H ) ) o (rr (¡¡rr ) -Ar (H ) )

rF (¿cru¡r.18.0.0) c0T0 163
iF (sH¡.8Q.1 ) SHB=NTI-1
SHA=2
pERC=ÀBS ( HnrVn ( Wrr ) -ÀCTUAL ) /eCrUel* t O O

PERSUM= PERC * DT+ PERSUM
WPERC=PERSUM/( TT(NTI ) -tT ( SHB ) )
IF ( PERC. tE. 20. O ) PTiME=PTTME+DT
prOT=PTIMn/ ßt(Hri ) -TT( sHB ) )*l Oo. O

163 rF (rr(nri
rF (s.nQ.o

161 rF (rr(¡ru

aA^LAU

1

2

.cr.LT) coro leo
DT=DT*TFÀC

.rr.rrM(Q+1)) coro lsz
ç=Q+.1
G0r0 1 61

162 r( 1 )=upr(Q)*(upr1g+1 )-upr(Ð) /(rrM(Q+1 )-rrr'r(Q))* (rr(Nrr )-u¡,r(Q) )

r ( N ) =tor ( Q ) + ( lor ( q+1 ) -Lor ( Q ) ) /( tru ( O+ I ) -rru ( Q ) ) n ( rr ( Nrr ) -uu ( Q ) )

rF (p.sQ.0) coro 9

G0T0 38
'160 r.¡RrrE(6,270) THy, (rr(i ),DFp(l ),Hnevn(l ),i=2,NTr )

rF (rsnony.EQ.10) 9iRi'rE(4,272) (rr(i ),oFp(i ),Hn¡vn(i ),1=2,NTi )

IF (tHnonv.NE.10) wRIrE(4,271), (tt(l ),HnAvn(I ),tHy,I=2,NTI )

175 I^IRITE(6,302) PTOT,WPERC
199 rF (runonv.EQ.1o) coro 198
27 1 FORMAT( 1 0X,F8. 1,F1 2.4, I3)
272 FoRMAT ( 1 0X, F8 . ',l .2F12.4)
198 I,¡RITE(6,300) (¡r(I ),AD(i ),eH(r ),r=2,NAp)
200 FORMÀ'Ißr5/2F10. 3,F5. 1, 3F1 0. 3 )
210 FoRMÀT(2F10.3,r5)
220 FORMÀT( 4F1 0.3/2F10.2)
230 FORMÀT(20H NODÀr TNFORMATION ;///

i 32H NoDE DEPTH TEMP t'tetnnier/
2 32H ------ -------/i
3 (I5,F10.3,F6.1,I7) )

23s FoRMÀr(///1BH soiL pRopnRrrES ¡///
1 48H MOiSTURE DRY BULK Wernnr/
z 51H MÀTERiAL coNTENT % DENSrry DENSiry rnacrioH/
3 slH ------- -------/i
4 (I5,F'13.2,F12.1,F10.'1,F10.2) )

FORMAT(///z;u SOrr THERMÀL pROpERrrEs ¡///
46H MÀTERIAI CF CU KF KU
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3 (I5,4X,4F8.2,F10.1))
250 FORMAT( 25H1 TEMPERATURE Di STRTBUTTON/ / /1 IOH TIME

2 (7x, 1 5F8 .t/ll
265 FoRMÀT(F7. z/t {tx,1 sFB .s/l¡
270 FORMÀT(4OHlFROST PENETRATION ÀND HEAVE _THEORY

onvm//

wo.tt///
1

2

3

4

280 FoRMAT(3F10.3)
290 FORMÀT(2F1 0.3,F1 0.5)
3oo FORMÀI ( / / /+qu AcruÀL

FROST rnosr/
PENETRÀTIoN unnvr/

I NPUT:

(ro )

( rsnonv )
( Hepe )

heat capacity (cuu) (crn)
thermal conductivity (nuu) (n¡'r)

32H TIME
32H

32H TIME
32H

FROST DEPTH AND FROST HEAVE VALUES ;///FRosr rnosr/
PENETRATToN Hnavn/

1

2

3

4

301 FoRMAT(2F10.3)
302 FoRMÀr(//31H % TrME ÀT LESS THAN 20 % ERROR,vto.z//

1 16H ÀVERAGE % ERROR ,F10.2)
STOP
END

Step !: Heading (1844) (Hneo)

Step !: (515)
Number of materiaLs (Hu)
Number of nodes (H)
Number of temperature changes
Number of prediction theories
Number of measured input data

step 3: (2F10.3,F5.'1 ,3F10.3)
initial time increment (tPo)
Time for end of test (rr)
Factor for increasing the size of the time increment (tr¡C)
Latent heat of water (fefw)
Density of water (C¡t-m)
External surface pressure (SUn)

Step !: (2F10.3,I5) H cards
NodaI Depth (nnPru)
initial nodal temperature (m)
Material no. directly below node (unt)

srep !: (4F10.3)
Unfrozen and frozen
Unfrozen and frozen

Step l: Qî10 .2\
Dry Density (Co)
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Percent moisture content (w)
(Repeat steps 5 and 6 NM times)

Step Z: (¡r'10.3) TQ cards
New upper boundary temperature (Upf)
New lower bounoary temperature (rOt)
Time of temperature change (uu)

step 9: (2F10.3,F10.5) NAPA cards
Time of frost heave and frost depth measurement (nr)
Measured frost depth (ÀD)
Measured frost heave (ng)

Step !: (2F10.3) THEoRY cards
rirst frost heave parameter for each theory (erH)
Second frost heave parameter for each theory (srH)
(Repeat for each material)

The units used may be English or metric but must be compatable. Suggested
units are: (metres hours oc kJ kN KPa) or (feet hours oF-32o BTU's 1bs
rbs/f.tz).
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FORTRÀN PROGRAM FOR METHOD 2 PREDICITONS

c
C *************************************:k*****************
c**
C * THIS PROGRÀM PREDICTS FROST HEÀVE IF THE FROST *
C * PENETRATION ÀND/OR SURFÀCE TEMPERATURES ARE KNOI^IN *
C * WITH RESPECT TO TIME *
c**
C ******************************tr****rr*******************
c

REAr ÀFH ( 9 ) , BFH ( 9 ) , Hneve ( 50 ) , H ( 50 , 9 ) , Hr ( 9 ) , HS ( 9 ) , poB ( 9 )

l,poBL(9),pÀv(9),psuM(9),I^¡pERc(9),pril¿e( 9),proT(9)
INTEGER Hneo( 1B)
REAL I^IFR, KU, KF , L, BOTTEM, DEPTH , DELX, DL , WDENS ¡ DDENS , MC , DELH , I SR

1 , TOTAL ,Q,E , FI , RATI O, TS , STE, GAMMA , ETÀ , TEMP, RAT , DELHS , XL , XR, XM, GAMA

2,HEV,HEAV, J, TW, TEMW,WTIME, HIN, PERC

INTEGER THEORY,T]ME,F
FN ( cAMMA ) =srn/1 . 7 7 25* ( exp ( - 1 * ( cAì,û"rA* * 2 ) ) /ERF ( c¡m¡¡ ) -nortnu/rs *

1 EXp (-1 * (R¡r)* (c¡mqe* *2) ) /ønvc( sQnr(ner) *cÀMMÀ ) ) -ceru¡
READ'105,HEÀD
READl'1 O, THEORY, DDENS,MC
rF (rHuonv.rE.6) coro s
REÀD 1 20 ,L , KU , KF , BOTTEM, TOTAT

5 READ130, (¡rH(l ),SFFI(i ),1=1,THEORy)
TEMW=0.0
WTiME=0. 0

F=2
HEAV=0.0
HEV=O. 0

TIME=0
DL=0. 0

TS=0. 0

D0 I I=1,9
POBL(I )=0.0
ttS(l)=0.0
ur,(l)=0.0

8 CONTINUE
}IRITE (4,161 )TIME,HEV, (HS(l ),I=1,THEORY)
WDENS=DDENS* ( 1+MC/'l OO )

i,¡FR= (WDENS-DDENS ) /9 .81
1 0 TIME=TIME+F

REÀD'1 40, DEPTH, HEÀVE ( rlUn ), tnUp
iF (oeprH.EQ.-1) coro 100
DELX=DEPTH-DL
RÀTE=DELX/F
D0 '15 i=1,THEORY
poB( r )=(nnprH*wDENS+HS( r ) *g .0) /1000. 0
pAV(r )=(pos(r )+poBL ß)) /z'15 POBL (l )=Po¡ (l )

HI=WFR*DEpTH*0.09
DL=ÐEPTH
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c
c
c

C

c
c

c
c
c

c
c

c
c
c

c
c
c

tt

PRESSURE * RÀTE MODEL

IF (Oni,X.LE. 0. 0)lSR=0. 0

rF (nnrx.LE.o.o) coro 17
ISR=AFH( 1 )* ( (netn*pev('1 ) )**(-'1*nrH( 1 ) ) )

DELH=I SR*DELX
H(TiME,1 )=HL(1 )+DELH
Ht(1 )=H(rIun,1 )

IF (R¡rn.t8.0.0) nern=0.0
DELH=O.1

ALTERNÀTE PRESSURE * RATE MODEL

D0 20 I=1,10
rSR=AFH(2)*( ( (n¡rn+onlH)*pAV(2) )**(-1*BFH(2) ) )
DELH=I SR* ( RATE*F+DEIH )

H(TIME ,2)=HL(2)+DELH
Hi, ( 2 )=H (ril,ln,2 )

TAKÀSHI ET ÀL. MODEL

iF (osrx.LE.0) rsR=0.0
rF (¡nrx.rE.0) c0T0 22
r sR=AFH ( 3 ) /p¡v ( 3 ) * ( SQRT ( BFH ( 3 ) /n¡rn ) - 1 )

H ( TIME, 3 ) =I SR*DELX+HL ( 3 )
rF (tr(tIun,3).LT.0.0) H(TrME,3)=0.0
Hr,(3)=H(Tlttg,3)
DELH=0.1

ALTERNATE TÀKÀSHT ET ÀL. MODEL

D0 30 I=1,10
I sR=ÀFH (+) /pnv (4 ) * ( sQRr ( srH ( 4 )/(narn+DntH ) ) - 1 )

DELH=I SR* ( RÀTE*T'+ONIH )

H(TIME,4)=DELH+HL(4)
rF (g(rlrqn,4).1r.0.0) H(TrME,4)=0.0
Ht (4 ) =g (tlt'ln, 4 )

PENNER & WÀLTON MODEL

I SR=1 -EXP ( -1 *AFH ( 5 ) *TIME/DEPTH )

H (TiME,5 ) =I SR*DEPTH
rF (rHnonv.EQ.5) coro go

SHERIFF ET ÀL. MODEL

TEMW=TEMp*Ti ME+TEMW
l.lTI ME=Tï ME+WTI ME

TW=TEMW/WTIME
TS= (TS* (rl¡,ln- I ) +TEMp*F ) /rwn
rF (rs.cn.5.0) j=0.8
rF (rs.1r.5.0) J=(0.4+TS*0.08)
H ( TrME, 6 ) = (lru ( 6 ) **0. 61 ) * ( TIME** ( 0. 83-0. 053*TS ) ) *J

20

22

30
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rF (rHnonv.EQ.6) coro go

C KONRAD & MORGENSTERN MODEL

L
41 SpO=ÀFH( Z ) *nXp(-1 *nrU( 7 )*pAV( 7 ) )

DO 42 I=1,15
DELHS=SPO *TW/ (DEPTH+HEV) *F

42 HEV=DE¡¡1g+HS (7 )+Hi
HS (7 ) =¡g¡¡19+HS (7 )
H(TIME,7)=HS(7)+HI
rF (runonv.EQ.7) coro go

c
C ARAKÀWA EFF]CTENCY MODEL

c
rF (onrx.tE.0) DELHS=0.0
rF (onrx.LE.0) G0T0 50
E=AFH( I ) -SrH( I ) *SQRT(nerr*p¡V( I ) )

D0 45 I=1 ,20
Q=KF * TW/ ( DEPTH+HEAV ) -KU* BOT TEM/ (TOTAL-DEPTH )

DELHS=E*Q /r*Zan6*r
45 HEAV=DELHS+HS ( g )+Hi

rF (onrHs.LT.0.0) onlHs=0.0
50 HS(B)=HS(B)+DETHS

HI N=-'1 *HI
IF (Hs(e).rt.HiH) us(8)=HIN
H (TIME, I )=i{S (B )+HI
rF (rsnoRv.EQ.8) coro go

c
C KNUTSON FREEZiNG INDEX MODEL

c
FI =TEMP*F *24+FI
I sR=Mc/1 00. 0*AFH( 9) * ( ( /n)**nru( 9 ) )

H(TIME,9)=ISR*DEPTH
90 D0 95 I=1,6
95 HS ( I )=H (riÞrn, I )-HI

rF (rn¡n .F,Q.2) pnrHr150,HEÀD
F=1
pRi NT1 60, TI ME, HEAVE ( rIUn ), ( H ( TiME, I ), I = 1, THEORY )

D0 99 I=1,THEORY
pERC=ÀBS (He¡Vs(rrUn)-H (UUn, r ) )/rnAVE(TIME) *1 00. 0

PSTJM ( I ) =PERC*F+PSTJM ( i )

WPERC ( T ) =PSUM( I )/TIUN
IF (PNNC.tE.2O.O) PTIME(I )=PTIME(T )+T

99 pror( r ) =prrME( r )/rruni.l 00. 0

T,¡RITE (4,161 )TIl¡n,HEAVE(UUn), (H(TIME, I ), I=1,THEoRY)
G0T0 '10

105 FORMÀT(18A4)
110 FORMÀT(i3,2F5.1)
120 FORMÀT(5F10.2)
130 FoRMAT(2F10.3)
'140 FORMÀT(F10.1 ,F.1 0.2,F 10. 1 )
'15c FORMÀT('1"18A4//

144H TOTAL HEÀVE (uneSUnnn AND PREDTCTED) (¡Ol) t///
258H DÀY ACTUAL ISR iSR TÀKASHi TAKÀSHI I



3

458H
5

6 58H
7

49H PENNER &

HEAVE
26H WATTON

SHERIFF KONRÀD &

ATTERNÀTE
MoRG./
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ÀRAKAWA KNUTSON,/
ALTERNÀTE,

160
161
100

170
180

50H
FoRMÀT( ", /r5, 1 or'1 0.2
FoRMAT(t5,10F10.2)
PRINTl 20, (erot( t ), l=1,THEORY)
PRINT'1 80, (l¡PERc ( I ), I =1, rHnoRv)
FoRMÀrt/hau rrME Ar 20 % ,9F10.2)
FoRMÀT (//i4H AVE % ERRoR ,9F1 0.2 )

STOP
END

I NPUT:

Step 1: Heading (1844) (gne¡)

Step !: (I 3 ,2F5. '1 
)

Number of prediction Lheories (runOny)
Dry density of the soit t<H/m3 (oon¡¡S)
Soil moisture content % (MC)

step 1: ( 5F1 0.2 )

Latent heat of fusion per unit volume of
Unfrozen thermal conductivity kJ/hr m oC

Frozen thermal conduct i vi ty k,:/hr m oC

Lower boundary temperature oC (gOtfgll)
Total depth of the sample mm (rOrer)

Step !: (2F10.3) Repeat THEoRY times
First frost heave predi.ction parameter (¡f'H)
Second frost heave prediction parameter (srH)

step !: (r'10.1,F10.2,F10.1 )

Measured depth of frost penetration mm

Measured surface heave mm (gn¡vn)
Measured surface temperature oc (rn¡¡p)
(Repeat step 5 for values measured every
beginning day number 2)

Step É: (r10.1)
P1ace -1.0 at end of data

soiL kJ/m3 (r)
(nu )

(¡m)

(nnprH )

day of the lest

Frost heave parameters for both Method 1 and Method
frost penetration rate measured in mm/day; pressure
erature gradient measured in oc/nni and freezing
days.

2 were derived using a
measured in KPa; temp-
index measured in oc


