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face
preface

This thesis consists of four chapters. In the first chapter we

introduce some necessary preliminaries. The second chapter is concerned

with the theory of constructible sets in algebraic geometry. The third
chapter deals with problems in projective geometry and the fourth with
problems in logic. In the fourth chapter we generalize some results of
algebraic geometry to model theory.

The second chapter of the dissertation develops a general theory of
constructible sets over fields of any characteristic. To this end we
introduce the systematic use of logic and the techniques of model theory
to the foundations of algebraic geometny.- In the course of the study
most of the known results of constructible sets are reproven and new
technical theorem§ are obtained. We describe the main technical results

of each subsection.

(i) We first introduce the Stone topology [2.1] 1in 52'1 over F and
obtain a characterization of this topology [2.1]. We prove next [2.2] an
intersection theorem for constructible sets. This result is a defin-
ability property of fields which we call the trace property. In fact
fields have the equational trace property. For later reference we abbre-
viate these properties by TP and ETP. In the final portion of the first
part of this section we prove the compactness of the Stone topology [2.3]
and generalize this to projective space [2.4].

The compactness theorem provides us with a tool for proving the

existence of solutions of systems of equations and inequations. An
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immediate application [2.5] is a proof that an almost homogeneous subset
of an algebraically closed field is almost homogeneous in a universal
domain. Following this‘ result we provide a geometric proof of the
Reprgsentation Theorem [2.6] for almost homogeneous constructible sets.
This latter result allows us to extend the trace property to projective
space [2.7] and to prove two results [2.8][2.4] concerning rational maps
in projective space. The first section is concluded with the fundamenéa]
result: There is a smallest field of definition for constructible sets

[2.10].

(i1) The main results of this section are first [2.12] that an infinite
compact field extension has infinite transcendence degree over the base
field and second [2.13] that an infinite compact homogeneous extension is

a universal domain. There are some other results and examples.

(ii1) In this section we obtain new proofs for the known results concern-
ing images of varieties under regular maps and prove some additional

results.

(iv) The main theorem [2.21] of this section asserts that general finite
correspondences preserve the extensional dimension [2.12] of construct-

ible sets.

(v}  This section of the chapter applies amalgamation and other methods

to the study of product and splitting properties.
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(vi) This subsection contains some further technical results. The first

main result [3.1] is a definability theorem whose proof uses the trace
property. The second main result [3.10] asserts that the set of homo-
geneous types constitute a closed subspace. This allows us to define the

projective Stone space as the closed and compact subspaée of all homo-

geneous types.

{vii) The final subsection of the second chapter of this dissertation
linear structure defined on the Stone space of an algebraically closed
field. The existence of this linear algebraic structure [3.1] depends on
the existence of linearly disjoint coordinates of types Ij 1 and I? 2-
in a class of coordinates chosen in a universal domain. In [2.31] and
[2.32] we study the basic dimensionality and continuity properties of the
linear operations and prove that regular maps 1ift to open continuous
maps of the Stone spaces [2.35]. Next we examine linear subspaces and
Tinear transformations. V-The section ends with an analysis of some
detailed questions concerning the monoid structure.

The third and fourth chapters each consist of several separate sec-
tions. We describe the main results of the third chapter section by

section as follows.

(i) The Ffirst section begins with an axiomatic proof [3.7] of the
Perspective Tetrad Theorem. We next give a new proof [3.3] of the equi-
valence of the Desargue Theorem and the Dual Desargue Theorem. The final

two results [3.4] and {3.5) are applications of the Desargue Theorem.
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(ji) The second section begins with the introduction of a triangle rela-

tjon [3.1] that is then applied to obtain a new self dual equivalent of
the Pappus Theorem [3.6]. This equivalent form of the Pappus Theorem
yields a new and simple proof [3.7] of the equivalence of the Pappus
’»Theorem and the Dual Pappus Theorem. The last portion of the section is
- devoted to the study of a configurational plane polarity related to the

pappus figure.

~(iii) The third section of the second chapter is concerned with invariant
1ine and pencil constructions. The three trace constructions are first
described and shown to be equivalent to the dual constructions. We next
prove that the assumption of the invariance of the three trace construc-

tions implies the Desargue Theorem.

{iv) The fourth section is devoted to the proof of the invariance of
four new line and pencil constructions related to the trace construc-
tions.

The main results of the fourth chapter are described section by

section as follows.

(i) We first prove three diagram theorems for universa1'c1asses. The
results are followed by the presentation of analogues for universal
classes with the amalgamation property of the Prime Model Theorem [4.4]
and the Categoricity Theorem [4.5]. These results are concerned with
existentially closed structures. The section concludes with three

Lowenheim-Skolem theorems.
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ﬁi) This section is initiated by a study of the relationship of sub-

5de1 completeness and the amalgamation property. We go on to prove a
wuantifier reduction theorem [4.13] and give alternative proofs for this
esult in two special cases. The next result [4.15] is a generalization

’g:strong1y minimal sets of the Chevalley Theorem of algebraic geometry.
¢ a discussion of this theorem see for example [30]. The section
oncludes with a discussion of the model companion problem for universal

classes with the amalgamation property.

4ii) The final section of the chapter is devoted to the generalization
to strongly minimal sets of the Principle of Counting Constants [4.20].

This correspondence result of algebraic geometry can be found for example




CHAPTER 1: Preliminary Results and Definitions

1.1 Results and Definitions from Algebraic Geometry

In this section we review some fundamental definitions and results
of algebraic geometry. We first present some standard definitions. Let

F be a field. A universal domain Eﬁ: extending F is an algebraically

closed extension of F having infinite transcendence degree over F. A
n
variety defined over F in g?a is the solution set of a set of polynomial
: €
equations in n variables defined over F. If V is a variety in Eﬁ. then F

is a field of definition for V if there is a set of equations defined

over F having V as solution set. A field F is the smallest field of

definition for a variety if it is contained in all fields of definition.
A variety V defined over F is irreducible over F if it cannot be decom-

posed into the union of two distinct varieties defined over F. A variety

is absolutely irreducible if it 1is irreducible over all fields of
definition. A comp]ete.discussion of absolutely irreducible varieties
can be found in [1].

Suppose that F is a field and (x) is a point«ﬁ’SL N, A point (y)

is a specialization of (x) if the map B (defined in the natural way) from

F[x] to Fly] sending (x) to (y) is a ring homomorphism. The set‘of all
specializations of a point (x) over F is the locus of (x) over F. The
locus of a point over a field is an irreducible variety defined over the
field. On the other hand given an irreducible variety V defined over the
field F there is always a point (x) such that V is the locus over F of

(x). Such a point is a generic point of V. The locus of (x) over the

field F is the solution set of the ideal of polynominal equations
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satisfied by (x) over F.  The dimension of an 1irreducible variety V

defined over F is the transcendence degree of a generic point over F.

Let F be a field. A Zariski open subset of the affine space FN is

" the set theoretic complement of a variety. The family of all Zariski open

subsets of the affine space FM constitute the Zariski topology on Fn,

~see [19] for a detailed discussion of this topology. let pp,....pp
be 'po1ynom1'a1s in n variables defined over F. If (x) is a point of FD
then the image of (x) under the mapping B defined by the above poly-
nomials in FM dis the point (py(x),...,pm{x}}. Such a function of

affine space is called a regular map. A hypersurface in F {s a variety

defined by a single polynomial. A constructible subset of F@U is a

Boolean combination of varieties. A homogeneous equation over F is a

polynomial equation p = o in which all terms of the polynomial p have the

same degree. A homogenous variety in FP is one defined by homogeneous

polynomials. See [1] for the basic properties of homogeneous varieties,

A linear variety in FN 4is a variety defined by linear eguations. A

regular map is linear if the polynomials defining it are linear. If (x)
is a point of FN*1l then the ray through (x) is the set of points of
the form (Ax) where A EF. The partial ray through (x) is the ray
theough (x) minus the origin of FM*l.  The set of all partial rays

in FA*l constitutues the projective space PN over F. A homo-

geneous variety V in Fr+tl  contains the rays through each of its
points. The points of EP" corresponding to the rays in V constitute a

projective variety in J’n. A rational map B of the projective space

Pn is defined by polynomials p1,...,pp in ntl variables of the

same degree d as follows. Given a point P of Wn Tet (x) be a repre-
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centative point in FM*l.  Then &(P) is the point with representa-
{ive (pr(x),--«sPm{x)}.  See (1] and [42) for a detailed discussion

of projective varieties and rational maps. We define finally the follow-
:{ng operation on varieties. Let V be a variety in the affine space FN,
:A EEEQEEEiEﬂ of V is defined as follows. If (Xj,..e,Xj:Xi415000
Xp) is @ representative point then (Xj4+1,...,Xn) 1is the projec-
»Qtion. The set of all such points is the projection of V.

The following basic theorems are required in the development of this

thesis. These results are proven in [1].

Theorem 1.1 {Basis Theorem)

suppose that F is a field. Let I be an jdeal in the polynonial ring

F{X;]1. Then I has a finite basis.

Theorem 1.2 (Nu11ste¥1ensat2)

Suppose that F is algebraically closed. If a set of equations defined

over F has a solution in an extension of F then it has a solution in F,

Theorem 1.3 {Smallest Field of Definition)

If V¥ is a variety in Sl N there is a smallest field of definition for V

in Eﬁﬁ.

We note finally a convention of the second chapter of this thesis.

That is that the tem equation means always a polynomial equation defined

over a field or integral domain.




3 EgﬁEiEE_Eﬂg,Def1"1t1°ns from Projective Geometry
e will assume familiarity with the definition of n-dimensional pro-
egtive space and the axioms of incidence for this space. References for
| background are [3] and [41]. If lj and Lp are two linear sub-
paée we denote the intersection of Lj and Ly by L1 . Lo. The
uﬁépace generated by these subspaces is denoted by L1 Lp. For the
ost part we will be concerned with the projective plane although three

;mensxona1 geometry is involved with this study. The following two

heorems and their duals are fundamental .

heorem 1.4 (Desargue Theorem)

uppose that ABC and AlBlcl are perspective triangles.  Then cor-

asponding sides meet in line.

Theorem 1.5 (Pappus Theorem)

uppose that L; and Lp are Tines and A,B,C and aAl,Bl,cl are
triads of points on Ly and Lp respectively. The points psl . alg,

Alc and Bcl . BlC are in line.

2.3 Results and Definitions from Logic
In this section we present some results and definitions from logic
ﬂd illustrate these with some examples. General references to mathema-

ical logic are [6] and [38]. We first consider the logic of field theory

ﬁd next general model theory. The polynomial language of fields is
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ended to the open language of fields by the adjunction of the

ipst ext

: symbtﬂs A, v and T. These symbols are interpreted respectively as con-

_ junction, disjunction and negation. Formulas built up from polynomial

_equations by the application of the connectives are called open formulas.

The Mer language of fields is obtained from the open language of
 fields by the adjunction of the universal quantifier Y . Formulas built
up from open formulas by quantification and further application of the

connectives are calied first order formulas.

Let F be a field. The set of open formulas obtained from polyno-
mials is n variables with coefficients in F is denoted by LpM(F).
suppose that F1 is an extension field of F. A sequence (x) from Fp7
is a solution of a forwmula VELANF) if P{x) is valid over Fi1. A
subset [¥ of LAR(F) is an open type if [t is the set of all formulas
fron LpR(F) having a sequence {x} in an extension F1 as a solution.
1f P is an open type and {y) is a solution of each formula from I then
(y} is said to realize . Two sequences (x) and (y)} have the same open
type over F iff F(x) and F(y) and F-isomorphic. The sequences (x}) and
{y) are then said to be conjugate over F. The set 6f all open types in n
variables defined over F s denoted by SpN(F). This space is
topologized by taking the family of sets r',aa = {Y‘ESA”{F):“}’EP} as
a base for a topology. SpM(F) with this topology is the Stone Space
with the open {or _§_t_9_rlg) topology.

Suppose that F is a field and @4 an algebraically closed field
having infinite transcendence degree over F. A subset X of 53," is

constructible over F if there is an open formula defined over F such

that X is the solution set of P in the space Si.". 1f P ELANF)
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then 4 has diménsion m if m is the maximal dimension of a solution of ¥
in EEL:1, A formula ¥ ELAMF) s minimal over F if it cannot be
decomposed into two disjoint constructible sets of equal dimension over
F. A formula “?ELAH{F) of dimension m has degree r if there is an
extension Fp of F such that ¥ decomposes into r disjoint constructible
sets of dimension m defined over Fp and no decomposition into more than

r disjoint constructible sets of dimension m is possible over any exten-

sion. An independent subset of a constructible set in Sl“ defined over

F is a set of algebraically free points over F having maximal dimension.

If PELAMF) is minimal over F the variety associated with ®y is the

variety having as generic point any independent point of . If ~V is
not minimal the associated variety is the union of the varieties that are
associated with the minimal components of Y.

We now present a 1ist of logical results that are of key importance

in the next chapter.

Theorem 1.6 {Compactness Theorem)

A set of first order sentences has a model if every finite subset has a

model .

A proof of the above result can be found in [6]. The Compactness

Theorem can be translated to obtain the following result.

Theorem 1.7 (Compactness of the Stone Space)

If F is a field the Stone space SpN(F) is compact.

This result follows from the more general formulation given by Lemma
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4.1 of [13]. We say that a theory admits elimination of quantifiers if
every formula is equivalent in T to an open formula. For a general dis-

~cussion of quantifier elimination and references one can refer to [6].

Theorem 1.8 (Quantifier Eiimination Theorem)

The theory of algebraically closed fields admits elimination of quanti-

fiers.

A theory is model complete if whenever R and L are models of T and

R is a substructure of L then given a formula if  (a;) is valid in

R it is valid in L.

Theorem 1.9 (Model Completeness Theorem)

- The theory of algebraically closed fields is model complete.
This fact follows from well known properties of fields by an appli-
cation of Lindstroms Theorem. A proof of the latter can be found in [6].

The following is Theorem 4.55 of [13].

Theorem 1.10 {Splitting Theorem)

Suppose that F is a field and LAMF) has dimension m. There is an
unique minimal finite nommal extension Fy of F such that decomposes

over F1 into disjoint components of degree 1 and dimension m.

We now present some examples illustrating the notions introduced in

the first part of this section.




| ne field Q of rational numbers. The formula X6 + 1 =0A

x2+1=0 is open over Q. The formula <13 x (x2+1 = 0) is a first

grder formula valid in Q but not in the complex numbers. The open formula

- 0 is satisfied by i in the complex numbers.

et the groundfield be the rational numbers and consider the set [! =
»i1£’= 0:p is a polynomial in one variable over Q} . Then ' is the type

of a transcendental element over Q.

Example 1.3

Consider the formula x = x over the rational numbers. It has dimension
equal to 1 and q1so degree 1. If we extend Q to a field F1 of trans-
cendence degree m then x = x has independent subsets of cardinality m.

In particular a single transcendental element is independent.

Example 1.4
A polynomial p of degree d over the rational numbers if irreducible

yields a formula p = 0 which is minimal over Q and of degree d.

Example 1.5
The Stone space in one variable over the rational numbers consists of all
types defined by irreducible algebraic polynemials and the type of a

transcendental element.




’sider‘ the formula x = X /N 71 x = 0. Over the rational numbers this

formula defines a constructible set. The variety associated with this

theory then ET is the class of all submodels of models of T. For any
fheory T the class Z.T is a universal class. If L is a first order

language then Lp denotes the open or quantifier free part of L. If B is

_an L structure then LpN(B) is the open part of LP(B). An open type
is a maximal consistent set of open formulas in some fixed number of
variables. If A is a structure in a universal class 2 the Stone Space
’of A in n-variables is tﬁe set of all open types in LpM(A). For a
detailed discussion of Stone spaces and the Stone topology we refer to
[13]. Suppose that A is a structure in a universal class. The finite

open diagram DAF(A) of A is the set of all open types realized in A.

A finite type diagram D is the finite open diagram of some structure.

Given such a diagram D we denote by ZD the class of all structures in
the given universal class whose finite open diagrams are contained in D.
Given a diagram or structure we denote the cardinality of that diagram or
structure X by |X|.

Suppose that 2 is a universal class. A structure A in 2 is weakly
La - saturated if for substructures B of A on less than | A| generators
all open types over B are realized in A. A structure A in 2 is existent-

dally closed if for any open formula over A if that formula has a solu-
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gion in an extension of A it has a solution already in A. A structure A
in is a prime existentially closed structure if it embeds in all

“infinite existentially closed structures in .
suppose that A is a structure in a universal class and is an open
A formula that has an infinite set of solutions in some extension of A.

Then is strongly minimal if there is no extension B of A and an open B

formula © such 8 and 0 are both infinite. For the notions

of rank and independent points of open formulas we refer to [13]. A set

X over the structure A is definable by an open A formula if for some open

formula over A the set X is exactly the solution set of . Given an
open formula (v,w) having the blocks of variables v and w the projection
of on the first or second coordinate is the corresponding set theoretic
projection of the solution set of in A, An open type is a

generalized principal type if there is an atom . (v,w) such that is

the type of the second block of variables w.

If s a universal class then has a model companion if there is

a model complete theory such that is the class of a substructures

of models of T. We refer to [20] for the theory of model companions.




CHAPTER 2: The Theory of Affine Constructible Sets

.0 Introduction

Algebraic geometry begins with the study of affine varieties which
re the fundamental building blocks from which other geometric objects
fe constructed. This secondary construction procedure extends algebraic
geometry in several directions; the construction of abstract varieties,
projective space and the varieties embedded in it and algebraic spaces
are typical examples. Each such extension is motivated by geometric con-
siderations and either provides a solution to some problem or provides a
means of modeling algebraically geometric phenomenon for which affine
gpace alone is not adequate.

A1l of the examples cited above are global geometric objects con-
structed from varieties in affine space by patching together the latter
in some smooth fashion. Thus local problems in global geometry are often
reduced to the case of affine varieties. The question naturally arises:
Are the affine varieties adequate for the solution of all affine geo-
metric problems or must the class of local objects be extended? Now a
well-known theorem of projective algebraic geometry states that the image
under a regular map of a projective variety is a projective variety.
This result is no longer true for affine varieties. It was to resolve
this latter problem that Chevalley introduced the class of constructible
sets which are formed from the varieties by finite applications of the
Boolean operations: The image of an affine variety under a regular map
is a constructible set.

Classical algebraic geometry is not just the study of varieties as
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at sets embedded in some space; inherent to the subject is the consi-
affon of these point sets as solution sets of polynomial equations.

urpose of this linkage with polynomials is threefold. First it pro-

a linkage with the algebraic mechanisms associated with polynomial

gs and thus allows transtation of geometric problems into algebra. In
.réspect we consider polynomials in their algebraic aspect. But
omials also provide a primitive logic which describes structural
yres. The relation between the syntactical form of p01ynom1a1s and
gebmetry of the solution set is one of the oldest topics of algebraic
met?y. A good example is provided by the 27 lines on the cubic sur-
a proof of which can be found in [31]. Closely related to this
pnd use of the basic linkage of language and point sets is the third
of polynomials to define certain geometric objects. In fact defin-
rty proofs of one sort or another abound in a1gebra1¢ geometry: A
_example is provided by the proof of completeness of projective space
371, Another typical example is the proof of Theorem 2.2 in this
pter. In these cases a definability argument is used as an inter-
ate mechanism. But algebraic geometers are also concerned with
esénting geometric objects in terms of polynomials. Thus for examp]é
li spaces can be represented as quasiprojective varieties. See [32]
ﬂ:ﬁiscussion of the latter problem. A more classical example is pro-

d by elimination theory: The sets of coefficients for which n forms

«:variab1es have a nontrivial zero is definable by a single poly-

Another example of a similar sort is given in the Proposition on
47 of [31]. This latter result tells us that if polynomials are rep-

Nted as points in a projective space then the reducible polynomials




constitute a projective variety.

Fron the point of view of logic one cannot expect the polynomial
1anguage to provide a strong tanguage for the solution of definability
- problems. In fact it is necessary to extend the class of point sets to
the class of constructible sets in order to define the images of
vyarieties under regular maps. If we expand the corresponding Tlogic by
co_nsider‘ing alt Boolean combinations of polynomial equations we obtain
the class of all open formulas. If the ground field is algebraically
closed the Elimination of Quantifiers Theorem of Tarski tells us that
this extension is sufficient to define all first order sets.

In order to make systematic and full use of constructible sets one
has to introduce some of the mechanisms of Togic. On the primary aﬁge~
braic level the logical machinery is the open language and the Stone
space of the ground field, the latter consisting of all open types over
the field. These are h'r;ked to the geometric structure in the following
way: open formulas define constructible sets and a type defines an iso-
morphism type of a generic point of some irreducible variety over the
ground field 1in the affine space of a universal domain extending the
ground field.,

Important to this theory is the use of quantifiers to extend the
algebraic open language to full first order logic. There are three fund-
amental tools here: (1) Compactness of the first order language (2)
Elimination of Quantifiers Theorem (3) Model Completeness of the theory
of algebraically closed fields. The first property of the language has

the geometric interpretation that the Stone topology on the affine space

&“ over the ground field 1is compact (&}; a universal domain extending
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Fy. The second basic result allows reduction of first order formulas to
éhe algebraic level and thus yields strong definability properties for
the class of constructible sets. The third property is a transfer prin-

ciple which we use for example in the proof of Theorem 2.26.

The general conclusions we reach on the basis of our analysis of

gonstruct1b1e sets and the foundations of algebraic geometry as developed

in this chapter and in [13] is that the use of these sets and the associ-
éted mechanisms of language provide a simplifying and unifying set of
devices in algebraic geometry. To explain this conclusion we list the
élassica1 results we have reproven utilizing these methods.

The Nullstellensatz

Fxistence of the unique nowmal finite splitting extension of a

variety into degree 1 subvarieties.

The product of two degree 1 varieties has degree 1.

An irreducible variéty over an algebraically closed field is

absolutely irreducible.

Chevalley's Theorem.

The proofs of (1) and (5) use the open language and Quantifier
Elimination. The proofs of (2) and (3) use the open language and

algebraic methods (the amalgamation property is wuseful in wmany such

_arguments and is central to the proofs we obtain of (2) and (3)). The
_proof of (4) utilizes Model Completeness.
The new proofs we obtain for the above fundamental results cast
’,119ht on the basic tinkages of geometry and algebra. For consider the
following hierarchy of algebraic results:

(A) The Basis Theorem




)« The Nullstellensatz
f) The Extension Theorem for Places.

demonstrate that the proofs of (1), {2), (3}, {5) depend only on the

asis Theorem and elementary field theory. The proof of (4} 1is a

eduction to the Nullstellensatz. Thus we eliminate the use of valuations
b}iof the Extension Theorem from the proof of the elementary theorems.
The first point where we require the Extension Theorem is to prove
that components of a variety which splits over an extension of the ground
field all have the same dimension. But the latter is equivalent to a
fundamenta] property of specializations: If (z) is a point on the variety
y and F1 is an extension of the ground field F then there is a generic
specialization (y) of the generic point (x) of V over F such that dim{y)
dim V and (y)--->{z) is a specialization over Fj. Thus the use of a

key result in the theory of places of fields is natural at this point in

the development of the foundations of algebraic geometry.

1. Elements of the Theory of Constructible Sets

1.0

This section begins with the proof of a set of fundamental results
concerning constructible sets some of which are applied later. We define
~the Stone topology on an affine space over an integral domain and give a
simple description of the open subsets of a variety. We next obtain a
characterization of the Stone topology in terms of certain key properties

of regular maps and algebraic points. An important definability property




of constructible sets and proofs of the compactness of the Stone topology
4n affine and projective space compiete the first subsection.

The compactness of the Stone topology is a strategic result and in
conseguence there are a number of illustrations given of its use in this
chapter. One expects such applications since this geometrical property
‘of affine space is the direct translation of the Compactness Theorem of
logic (Theorem 1.3.22 of [51). Our first proof of this property uses
geometric links between affine space and the Stone space to translate
compactness from the Stone space to affine space. Hence it is a trans-
lation from logic to geometry. The second proof is direct and uses the

connection between open types and prime ideals. In this latter proof the

maximality of open types is the key property{ OQur next result is an

application of compactness that also uses the maximality of types.

Another strategic result in the theory of constructible sets is the
representation theorem for almost homogeneous constructible sets first
proven by W. Whiteley. MWe obtain a number of fundamental properties of
almost homogeneous constructible sets and the associated varieties and
then apply these properties to give a geometric proof of the representa-
tion theorem. To illustrate the strategic character of this result we
prove three projective results as direct applications.

The proof of the representation theoran for almost homogeneous con-
structible sets uses a tree argument. As a further application of this

method we prove next that constructible sets have a smallest field of




definition. The proof reduces the problem to that of varieties by means

:bf the associated variety of a constructible set. We prove a number of
,pre1iminary results concerning fields of definition of associated
yarieties before presenting the main result. The section concludes with

:a definability result whose proof is an application of compactness.

1.1 Definition 2.1

Let R be an integral domain and F some integral domain extending R.

gy the Stone topology on FN over R we mean the topology whose base is

the family of all open n-formulas over R. We also alternatively call

this topology the open R-topology.

Lemma 2.1

Suppose that F is a field and V is a variety_defined over F in the
space FqN, Then the basic open sets on V in the relative Stone topo-
f logy are the subvarieties of V and the Zariski open subsets of these suﬁ—

varieties.

Proof

By definition the subvarieties of V are basic open sets in the open
topology. Suppose that *¥ is an open formula over F and Fav # 4. Say
Yaef; V,..., v, in disjunctive nommal form where the ~¢j are all
the  disjuncts. Then  each Y= (fii = 0A,...,Afj1 =0
Ay =0 A Lo ANRT = 0) for  appropriate polynomials.

There is a subset "Pry,...,Fre of the disjuncts with nonanpty inter-
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cection with Ve Given Pj in this set the conjunction of polynomial
‘equations in the above formula defines a variety V1 so Vlﬂ'\! =V
is a \subvariety of V. Now the conjunction of inequations in pyi is
equivalent 1o the  expression =1 {flyep = 0 V,eea,V fd = 0).
1"4he expression wi thin the brackets defines a union of hypersurfaces so is
a variety V3 and V3 is a basic Zariski open set. By assumption

~V3QV2 # B and this Jatter set is a basic Zariski open subset of

the subvariety Vp. X

Theorem 2.1 (1)

suppose that F is a field and Sl is a universal domain extending F. Let

{P {SR;,; be a family of topologies on the affine  spaces
{@}1 <t - Suppose this family has the following properties:
(a) Regular maps are open and continuous (b) -Algebraic points are

isolated. Then each of the topologies ['j is a refinement of the open

f-‘-topology on 3’& .

Proof

Llet V be a variety in ﬁn. Say f1,...,fm is a basis for the ideal
of ¥. The origin (0,...,0) in Shm is an algebraic point hence by (b}
it is open in Pm- By condition (a) the regular map T = (f, .00 fm)
is continuous so the set M -1{0) is open in the topology Pn- Thus
all varieties are open in this topology for ¥ =°Tr-! (0). Now let X
be a constructible set-of the form Vi-ig for a variety V{ and a
hypersurface Hg (defined by the polynomial g). Let Fl,..;,Fr be a

basis for the ideal of Vj. Consider the variety Vg defined by the
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following  equations:  Fp = 0,...,Fp =0,  gxnyp = 1 where  Xp4p

js a new variable. Then Vg 1is open in Qaﬂ"fl in the topology

T’n+1' Furthermore the projection of Vg onto the first n-coordin-
ates is the constructible set X. By condition (a) the projection is an
open map hence X is open in the topology P n- Suppose the Y is an
'arbitrary constructible set. Then by Lemma 1 Y is the union of sets of
the form Yg = Vi - V2 for varieties V3 and Vz. Llet gj,...,95
pe a basis of the ideal of Vp, Then Vp = ani so. Yg = Vi -
1 Hg; - But then Yo =\}V1 - Hgj.  Hence by what was  shown
above Yg is a union of a finite number of open sets hence is an open
set. So Y is an open set. Therefore all constructible sets are open
sets and it follows that Pn is a refinement of the open topology. H
The above result characterizes the family of open topologies on the
affine spaces {E};}Km as the smallest topoIogie.s which satisfy con-

ditions {a) and {b) in the statement of the theorem.

Corollary 2.1 (2)

Every constructible set is the image of a variety under a regular

map.

Proof

As in the proof of Theorem 2.1 a constructible set Y is the union of
sets of the‘ form V - Hg for a variety V and hypersurface Hg. Again
as above each such set is the projection of a variety in ﬁ},nﬂ if
YESL“ so Y is the projection of the union of these varieties. The

latter is a variety so Y is the projection of a variety. ])_(j
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Theoren 2.2

Suppose that Y is a constructible set defined over Fy and F is a sub-

field of F1. Then FNOY(F) is a constructible set defined over F.

If Fp is an extension of a field F and <Y is an open Fi-formula

then the trace of ¥ on FM is the set of all solutions of ¥ with co-

ordinates in F. In order to prove the above theorem we need the following

Temma.

Lemma 2.2
Suppose that F is a subfield of a field F1 and Hg 1is a hypersurface
defined by a polynomial g over Fi. Then the trace of Hg on FN is

definable by a set of equations with parameters from F.

Proof
"Suppose g =2\caM where c‘kz F1 and Mg is a basic monomial. We can
consider F; as a vector space over F say with a basis X. Then each
Cm=2§aﬂxxi where the Xj,...,X, which appear 1in the right hand
expression are a subset of the basis set X. We thus obtain by substitu-
tion an algebraic expression §;1§{1 ngq= 0. We can rewrite this
expression in terms of the x; to obtain an expression of the form
91{bj)xyt...¥gr (bj} Xr = 0 where each gi 1is a polynomial
defined over F in n variables. Explicitly gj 22161'de' Now if the
sequence (bj) is a solution of the defining equation for Hg and
(bj}) 1is in F then our derived expression yeilds g1{bjlxj+,...,
*ap(bilxy = 0 so since gjlbj) is an element of F and [x,...,

»Xp) is Tlinearly independent over F we must have gj(bj) =0 for
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ach 3- But on the other hand 1if (bj)} is a point of FN and
ng(bi} = 0 for each i then also (bj) is a point of Hg. Hence the
,p0¥ynomia1s 91,..-,9y define the trace of Hg on FM. M

Suppose now tbat fi,...,fx is a basis for the ideal of the
algebraic set V defined over F. Then each polynomial fp defines a
ihypersur'face. By the lemma for each r there 1is an algebraic set V.
defined over F whose solutions in FP are the trace of the hypersurface
of fr. Let S be the intersectioh of the family Vy . Then if (bj)
is a point of S in FN, (bj) 1is a point of each Vy in FN so {bj)
is a point of Hf. and so (bj) is in the trace of V on FR.  The
other inclusion is also immediate so SO FN is the trace of V on FN.

The above argument proves Theorem 2.2 in the case of the algebraic
sets. We can continue the argument to extend to arbitrary open formulas
as follows. The proof proceeds by induction on the level of formulas.
~We have shown that it holds for varieties. So suppose the trace of ¥y
and ¥ o La(F1) on FM is definable by open formulas ©1 and
82 respectively, where 01, 62 La(F). Then <clearly the trace
of .Y 1AY2 and ey 1ye¥2 is  defined by 61A82  and
81 V 92 respectively. Also the trace 1A 1 on FN 1is defined
by*191. Hence the trace of FN of an arbitrary open formula is the
solution set in F of an open F-formula. This completes the proof of
Theorem 2.2.

Consider an open type PE,SA”(F) over a field F. Let fiL be a
universal domain extending F. A solution {x) of LT EQJ is a generic
point of a variety V in SN over F. Let I be the prime ideal of F[Xj]

whose variety is V. The ideal I is a point of the spectral space over

the field F. The reader can consult [13] or [16] for the definition and
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,properties of the spectral space. On the other hand given a 'point I
the spectral space let V be the variety defined by I. A generic point
) of V 1n3¢ defines a type [? in the Stone space SpA(F).  Thus

’ere ic a one-one correspondence between points of the Stone space and

octral space over F. Consequently the Stone space with the open topo-
y is the spectral space of modern algebraic geometry but endowed with
refinement of the Zariski topology. One advantage of the representation
- points of the spectral space as open types is the fact that types are
gima1 while prime ideals are so only if they define algebraic points.
'lhe points of the spectral space have another representation which we
1]1 utilize later. Call two points of ﬁn co.njugate {over F) if there
is an F-automorphism efﬁzl which maps one point onto the other. Clearly
the relation so defined is an equivalence relation on Qln and the
gquivalence classes are in one-one correspondence with types. The equiv-
alence class of points assoéiated with a type provides a set of coordin-

tes for points of the spectral space.

Lemma 2.3
Suppose the F is a field and & is a universal domain extending F. Let R

b,’e the relation on AN defined as follows: xi &wRYy] iff xi

and yi are conjugate over F. Let ‘Eﬁ,n/R have the quotient topology

relative to the open topology on Sn. Then the quotient map E:ﬁﬁ.n

T=> Sﬁ“/g is an open map.

Let U be an open set in @n. we want to show that R{U) is also
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,n‘ et .).(.1_ € R(U). Then by definition there is Yi in U such that
tiand }‘1 are conjugate over F. Let U3 be a basic open set such
’:a't 371'3- U3 €u. By definition Uy is defined by some open formula

A (vi) in LA(F). Now the fact that Xj is conjugate to ¥j over F

plies that ﬂ[wﬂxi). Hence xj £ Up. Hence R(U) contains a

.jghborhood of Xj so R{U) is open. K

smma. 2.4
Lemma £-7
The space R"/R is homeomorphic to the space SpN(F).

We define the map f:ﬁ\,ﬂ/R --=> Sp™{F} as follows: Let"ﬁ'-be a
conjugacy class in Qn over F. Then if XjETT Tet P(Vi) be the
La(F)-type of ?1. By deﬁnition each ¥i in T -has type 7. Hence
defining (1) =0 our map is indeed well defined. C!eaﬂyrf is one-one.
Sincea is a universal domain extending F each type T is realized inﬂ,
éo that the map f is also onto. Let U be a basic open set in SpP(F).
Then U = Uy for some open formula r‘}!({f})ELA(F}. The inverse of U
under f is the set {I[:3 ?151]'3[“?(;1)}. Then [—1f-1(U) is the
set of all solutions in 52, of eP(vi). Hence this set is open in %n.
By lemma 2.3 we have that f-1{(U) is open in &WR. 1t follows that
- F is continuous. Now let U be an open set in S&:”/R- Let {7 be some
point in f(U). Let X;j be a representative of f1(J'). Since U is
open in &n/p we must have J-1(U) open inT so TetP(vi) define
ia basic open neighborhood of Xj in §g, 0 contained in 5-1(u). Such a

set exists since the open formulas are a base for the topology. Then if
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,Ul s the open set defined by f the set J(U1)CU and by lemma 2.3 the
set G(Ul) is open. Furthermore f E {U1) contains Pand equals U . To
see that suppose that PlfU,?. Then there s 2j in RN with R EY
Z;) and ;1 has type P1. So PlEfL(Ul). The other direction'
is clear. Since f(U) contains a neighborhood of each of its peints it is

an open set. Hence f is a homeomorphism. |4

Theorem 2.3

Suppose that F is a field and &is a universal domain extending F.

Then %n js compact in the open F-topology.

Proof

Let {Uq'scf)\ be an open cover of aﬂ. Then by Lemma 2.3 the family
of sets {[,Ud'},‘q\ is an open cover of a.n/R. . By Llemma 2.4 %n/;{
is homeomorpnic to the lcompact space Spf{F)} so that {BU.Q;)\
admits a finite subcover. Now in the proof of Lemma 2.3 we actually
prove that R(U) = U for any open set U in ﬂﬂ so that 13 (U ) = Upe
for eache. Hence we can pull back our finite subcover of a"/R to
obtain a finite subcover of E}‘n, Hence &]‘n is compact. [

Note that utilizing the patch topology M. Hochster in [22] proves a
generalization to rings of the compactness of the Stone topology over
fields.

We give a second proof of the compactness of the Stone topology on
8:” over F by a direct argument as follows. Let || be a consistent set
of open F-formulas in 8{.”. It follows by Zorn's Lemma that U admits

extension to a maximal consistent set P As is well known (or can easily
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pe proven py the reader) r has the property that given a formula ' either
r[’or"!'?"s inp. let I be the set of polynomials defined by the condition:
pfl if and only if p = OE['. Then 1 is a prime ideal. For suppose pj
and pz to be in I. If p; + pp is not in I then "a(pl+p2=0)!r
gince T is maximal. It follows that the set py =0, pz=0,%py +
pp = 0) is contained in M. But this set is inconsistent. Hence
pp + p2 =0 1s in and so py +pp E I. The proof that hpfI when
pfl and h is an arbitrary polynomial is similar to the above. Suppose
then that pippRl but p; and pp are not in I. Then v p;y = 0 and
-~ py =0 are inft. But ppp = 0E T so that §9p1 = 0, 9 p2 = 0,
p1p2 = 0} is inconsistent. This contradiction proves that I is a

prime ideal. Let Fy = F[Xly1.  Then Fi is a finite extension of

F with (z) = (x};1 having ideal I. Map Fp in S}a over F. Claim:

{z) is a solution of . For the ideal I determines the open formulas of

the form
f1=04A,..., Afy = 0ATe] = 0A, .o, AT =0
satisfied by (z). If (z) is not a solution of " let AP be suwch that
']’V(z). Now consider whether each of the disjuncts of  (in nommal
form) is consistent with I. Choose for each disjunct an equation or
inequation inconsistent with I. By definition of I the negation of this
equation or inequation is in . The set of all such formulas with the
formula ¥ constitute an inconsistent subset of '. Contradiction. Hence
some disjunct of *? is of the correct form and so (z) is a solution of 4,
We can apply the above affine compactness theorem to prove an
analogous result for projective space. We first state some necessary

definitions.




A subset X of the projective space lpﬂ(ﬁl) over the ground field F

Q. whereﬁl js a universal domain over F, is a projective constructible
et if it is a Boolean combination of projective varieties.

CIf X is a projective constructible set then X can be represented as
‘Boolean combination of the solution sets of homogeneous equations. A

ormula representing this combination we call a projective open formula.

e often call a set defined by such a formula projective even with solu-

jons considered in affine space.

Definition 2.3

A constructible set Y defined over the field F with solutions in a

universal domainﬂ;is almost homogeneous if for each solution (x) of“f'

and t # 0 inYthe sequence (tx) is also a solution of .

Defintion 2.4

The Stone toplogy on the space l?"(@,) over F iﬂis the topology

with base the family of projective F-constructible sets.

Lemma 2.5

A projective open formula < is almost homogeneous.

Proof
We can assume that «¥ is in disjunctive normal form and each poly-
nemial in the formula is a form. Suppose that

(*) Fl = OA’:"': AFm = OA“IGl = Oﬂ,..., A'?Gr =
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254 one of the disjuncts of ¥ say (x) is a solution of (*). As the Fy

re forms we have then F;(tx) = 0 for any tﬁa so in particular for

4 0. Now if for some t#0 in & we have Gj(tx) = 0 then
'J.(tx)(_l_)d =0 where d is the degree of GJ-. As GJ- is
: t

form the latter equation implies 6j(X) = 0. Contradiction. [

Suppose that F is a field and &is a universal domain extending F.

The Stone toplogy over F on l?“(SL) is compact.

We give two proofs. The first was communicated by H. Lakser. Let
-1»311-:1‘61} be a family of projective open formulas having the finite
intersection property in W”(Qg). Then the family of formulas 23 =
J41 A {9Xg = 0 V,... V9%, = 0):ifIY has the finite intersection
4property in 5?.”1‘1. By the compactness of the Stone topology in
@ntl over F there is a solution (x) of 2. Since (x) #0 this
sequence yields a solution of {¥:i€1} in Fn( 82 ).

For the second proof note that the projective formulas are closed
under conjunction and disjunction and so the solution sets form a basis
for a topology fn &1“*1. This homogeneous topology s clearly com-
pact. Furthermore the origin is defined by the projective formula Xg =
0A,...,AX, = 0 so that the space X =Q..ﬂ+1~{(0)} is a closed
hence compact subspace of ﬂnﬂ_ The Stone toplogy on ;P"(S{) is

the quotient topology of the subspace topology on X and so it 1is compact.

1.2 Ve next investigate the precise relationship between the properties

of an open formula being projective and almost homogeneous. Before
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oving the main result we obtain a theorem which is an application of

e compactness of the Stone topology.

corem 2.5
Theorem £:2

Suppose that F is an algebraically closed field and ¥ is an almost

homogeneous constructible subset of FN, If& is a universal domain

extending F then ¢ is an almost homogeneous subset of Rn_

Suppose that (x)E“Y(Sﬂ;)ﬂ. Say t#0 is in&. Let Pl be the
fype of (t,x) over F. Given any finite subset s of Fl there is a solu-
tion (t',x') of AsA®¥in F since F is existentially closed. Now as t # C
we can stipulate that s also -contains the formula vg # O. So then
t' #0. As Y is almost homogeneous in FN it follows that ‘Y(t' x').
Hence As and the set F‘Y(vgvl,...,vgvn) have non-trivial inter-
section. The family of closed sets on ’\V (vgvl,...,vQvp) deter-

mined by the formulas /s thus has the finite intersection property in

Q,nﬂ- over F. By compactness of the Stone topology there is a solu-
tion  in S?.\ ntl  of P 1U{¢\”(vov1,...,v0vn)'§. But Fl is
“maximal so that .the formula f*\’(vovl,...,vovn)ﬁr’l. This tells
us that S?,F (tx) and so Yis almost homogeneous. [

A second proof communicated by H. Laksér avoids the use of the com-
- pactness of the Stone toplogy. Let “1’1 be the following sentence:
ViV, ... ¥t = 0 A & (X1,..uXnd)-==> &Y (tx1,...,txn)).
Suppose that %?,F';r\ll The sentence ~]fP; is an existential sentence

and since F is algebraically closed it is existentially closed. Hence
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Hence F FTﬁ which contradicts the fact that * is an almost homogeneous
constructible subset of Fn,
The following result is the key to the respresentation theorem for

atmost homogeneous constructible sets.
Lemma 2.6
An almost homogeneous constructible set of dimension 1 and degree 1

is either a ray or a ray minus (0).

Proof

Leta; 'be a universal domain over the groundfield F and choose an
independent point (x) of ~¥ (1) over F. Then ¥ contains the ray §F
generated by (x) except possibly for (0). If L&) it follows by the
fact that*Y has degree ‘1 we have L =+. So aésume that (0)€%¥ and Tet
Li= Le(0) . Then Wely can be at most a finite set of points.
But if (z) ¢ rYv‘Ll then since ¥ is -almost homogeneous the partial ray
Ly (minus the origin) generated by (z)} is contained in ~F . But then
LiAL is dnfinite and as both curves L and L' = [, Ut(0)} are

irreducible we have L = L', Hence Lj = Lj. Contradiction. So

=1, K

Corollary 2.2

An almost homogeneous constructible set of dimension and degree 1

can be represented as a Boolean combination of homogeneous equations.
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We state the next lemma for purposes of reference.

Lemma 2.7
Suppose that F is a field and (x) is a point whose coordinates are
chosen in a universal domaingl; extending F. If tEQ is algebraically

independent over F(x) then dimg(x) < dimp(tx).

Lemma 2.8
Suppose that ¥ is an almost homogeneous constructible set defined
and minimal over F with points in the universal domain Sl . The associ-

ated variety V 1is homogeneous.

Proof

Let (x) be an independent point of ~ over F in S%YL Then dimg(x)
= dimef so if tESL is free with respect to (x) over F it follows by
lemma 2.7 that dimg(tx) = dimd. By assumption (tx)E P and so (tx)EV ,
since (tx) is an independent point of ¥ and thus a generic point of V .
Let G be a polynomial in the ideal of V over F. Then G(tx) = 0. We can
rewrite this relation in the form thipi(x) =0 and we deduce
pi{x) = 0. So the homogeneous parts of G are in the ideal of V and

therefore this ideal is homogenous. So V is homogeneous. l>_<]

Lemma 2.9
Suppose that < is an almost homogeneous minimal constructible set
and V is the associated variety. Then the sets ¥~ V and VN'Y are

almost homogenous.
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oof _
given (x)gePoV and t#0 1na the sequence (tx}f*F so must be

i it is not in fPev ¥V . By the previous lemma we have then
J1gx) = (x) € Vep: Contradiction.  So (tx)fe¥aV . The second

e follows by the same argument. |

Suppose that ¥ is an almost homogeneous constructible set. Then 3y
ecomposes into a finite union of almost homogeneous constructible sets

H minimal and of dimension equal to dim’Y.

Proof

Let V be the algebraic set associated with o . Say (xi),...,
X"} are realizations of all the types through ¥  that have dimen-
ions equal to dinY, Given a point t8Q) free over the groundfield F
ith respect to say (xi) the point {(txI)&+¥ and by lemma 2.7 we
deduce that dimp(txi) = dimY. So (txl) 1is a generic point of a
component V. of V over F. Let G be a polynomial in the ideal of Vr.
Then as G{tx) = 0 we deduce a relation Zitipj(x) = 0 which is identi-
cal 1in the free variable t over F(x). So given say Toﬁg,we have
Zt{ﬁpi(x) =0 and so G{tgx) = 0. This tells wus that Ve con-
tains the ray generated by {(tx) and so in particular the point (x).
APDUTng the argument of lemma 2.8 it follows that Vy 1is homogeneous.
Now ¥ has exactly r components {as follows from Theorem 4.61, page 354 of

[131) so a11 components of V are homogeneous. let 61 = ViNeY ...,
9!"-1 = Vr—lﬂ‘i’ Op = Ve QO r? ieteV ). Now  as the
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are homogeneous SO is V hence by the argument of Temma 2.9 the set
"l,

Tmost homogeneous sets is almost homogeneous. As each set Viﬂ cp has
imension equal to dim*¥ and is F-minimal (again by the basic result of

and «¥=91v,.,,v9r we have obtained the desired decomposi-

Suppose that ¥ is an almost homogeneous constructible set. Then

is equivalent to a Boolean combination of homogeneous equations.

We describe a geometric construction that will allow us to construct
the desired formula. First decompose Y into almost homogeneous mini-
:méi components.  Say these components are "{'1,..., Y m- With each
;’omponents' Y ; we have by lemma 2.8 that the agsociated variety V;ié
honogenous. By lemma 2.9 the sets Py = Yi ~ v ; and

25y ey i are almost homogeneous. Each of  the
sets oy j,1, &yi,2 sptit into  components which are  aimost
‘homogeneous . Denote  these components by "?1,1’3' and "\‘1,2,3' for
"sqme set of incﬁces j. Now proceed with each component as above. Note
hat at even stages of the construction the two sets formed have
%’dimension less than the sets of the previous stage. So the construction
fof this tree of formulas will terminate at a finite stage; namely each

branch can have length at most 2n if n is the dimension of ¥ . rfach

branch then terminates in a homogeneous variety or in an almost

hQm{)QEneous constructible set which is minimal and of dimension 1. A




clight adjustment in the proof of lemma 2.6 shows that such a set if nof
a variety is an irreducible homogeneous curve minus the origin. Again the
origin is expressible as a Boolean combination of homogeneous equations
so our set is expressible also in this form. Now we construct a formula
by a reverse procedure beginning with the end points of the tree and
representing the next stage as Boolean combinations of previous stages

and homogeneous associated varieties. We finally obtain the presentation

of ¥ as a Boolean combination of homogeneous equations. _H

Corollary 2.3

The points in [Pn corresponding to the partial rays of an almost
homogeneous constructible subset of &nﬂ constitute a projective

constructible subset of ﬁ’n.

1.3 The representation theorem proved above allows us to deduce immedi-
ately a number of results on projective space. The study of constructible
subsets of projective space is motivated by geometlric representafion
problems. For example, tﬁe birational equivalence classes of curves of
given genus are represented by the points of a constructible subset of a
projective space. For a discussion of moduli of curves and for results

in the theory of quasiprojective varieties the reader can consult [19].

Definition 2.5
Suppose that F is a field and Fj extends F. Llet Fﬂ) be a con-

structible set defined over Fi in JPN(F1). Then the trace of & on
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Pn“:) is the set of all points in iPr(F) having.a set of coordinates
: jch are solution of the open formula "}’ in Fq.

Note that this definition is justified by the fact that is F; F
"(\i)(x) for (x)E Fntl and if N#0 is in F then also () lies on

‘\P . Intuitively the trace is the intersection of Y and }?ﬂ(F).

Lemma 2.11
Suppose that F is a field and F1 is an extension. If Y s an
almost homogeneous constructible set defined over F1 then the trace of

r’[’on Fn is an almost homogeneous constructible set.

Immediate.

Theorem 2.7

Suppose thata is a universal domain and F is an extension. If op
is a projective constructible set in YPN(F) then the trace of ‘ﬁ’ on

P (E)) is a projective constructible set.

By definitione¥ is the solution set of a Boolean combination of
homogeneous equations so V(Fn*l)  9s almost homogeneous. By lemma
2,11 it follows that the trace ¥ 1 of «/ on &”*1 is an almost
_homogeneous constructible set. Hence by Theorem 6 ¢¥ ; can be
/l"'ePPESented as a Boolean combination of homogeneous equations. So ﬂ’ 1

defines a constructible subset of WP N(&}). By definition the set

™1 in zfn(ﬁ),) is the trace of y. K
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We next prove some results concerning rational projective maps. As
*&efined in [42] a map }p : PN ---> " is a rationadl map if b= (Fq,
.., Fpr1) where each Fy is a form of fixed degree d in n+ 1

variab] 2s.

Lemma 2.12
Lemmad £-22
Suppose that '\-’EQ; ntl js an almost homogeneous constructible

‘get defined over the subfield F of the universal dcmaina. let 5 =

(F1, ... Fpe1) be a regular map such that each Fy is a fom in
p+l variables having degree d. Then & () is an almost homogeneous

constructible set.

Proof

That G (%) is a constructible set follows by Chevalley's Theoren
{which we prove in a later section). Assume then that i il défines
G v). say (x) €] and t# 0 is in 52\ let tg be a d-th root of
t. Then tg #0 so if (y)E¥ is such that (y) = (x) we have (toy)
Eb. Thus Blty) =  (Filtay),--Fmei(toy)) = (todF1(¥),eee, to%Fme

(y)) = (tgdx) = (tx) is in P 1. SO P 1 is almost homogeneous.

d

Theorem 2.8

Suppose thataﬁs a universal domain and P is a constructible
subset of “’“(fﬂ.). tet { be a projective rational map defined on
Pn(&) and such that VY is defined at some point P of . Then

G("Y) is a projective constructible set.




proof
Proot

The formula™Y defines an almost homogeneous constructible subset of
Ql n+l, As b induces a regular map onﬁlnﬂ it follows by
1emma 2.12 that J() = o1 is an almost homogeneous constructible sub-
set o*f@,,'wrl which by assumption does not collapse to (0). By
Theoren 2.6 "1"1 can be represented by a Boolean combination of homo-
geneous equations and as Vi1 # (0) the set ) is a projecti‘ve
constructible set in [?m(ﬁl). It is also the image under b of ¥ and
this proves the theoren. B]

The projective form of Chevalley's Theorem is proved in [31]. An

ancestor of this result appears in [42].

Theorem 2.9

Suppose that F is a field and % is a universal domain extending F.

Let'ﬁ':lf’m(&) ~—->P(82) be a rational map defined over F. IfTY

is regular at a point P thenW is continuous at P in the Stone topology.

Proof

let W = (Fy,...,Fpe1) where the Fj are forms of degree d.
Let Q ="TT'(P) and suppose that “Pg is a basic open subset of
)P“(&)' with Q&¥p. There are coordinates (X,...,xp1)  and
{¥y1,+++» ¥yny1) of P and Q vrespectively such that (Fi{x),...,
Frnep(x)) = (¥Y1seees¥nt1). Let ‘“?‘0 be the almost homogeneous
and constructible subset of&"*l corresponding to o~ . Then
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A
is a quantifier free formula ¥ ) defined over F which is

: A
quivalent 1'nSL ntloto (%) Claim: The set '\})l is almost

hemogGﬂ@OUSr
A
of T 1 there is some (w) & ¥ 0 such that:

(Filz),...,Fpe1(z)) = (w).

(Fi(tz),...,Fpeiltz) = (tdFy1(z),...,t9Fpe1(2)) = tdw)
and‘the latter point is in :lJ 0. It follows from * that (tz)f-"?’l
énd S0 ;%’ 1 is alwost homogeneous. By Theorem 2.6 the set hil 1
defines a projective constructible set o 1 in P& . As P E oYy
and (Y 0) = Y 1 the map IT is continuous at P. |
An alternate proof avoiding the uée of Theorem 2.6 was communicated
by H. Lakser. Let TT =(F1,...,Fp+1) where the Fij are forms of
degree d and let define a basic open neighborhood of Q= (P} in
PREY ). Then TT-1eb) is defined by the formula:
P (FLIVi), e o, Fret (V) JA (IVI=0 V, .00 V1 Ve 1=0).
This formula is projective since substituting forms of a fixed degree in
a projective formula yields a projective formula. Thus 7{‘4('ﬂ’) is a

neighborhood of P.

1.4 The main result of this subsection is a further application of the

method of proof of Theorem 2.6. We begin with a definition.

Definition 2.6

Suppose thatgﬁﬂ is a universal domain and Xﬁﬁlﬂ is a constructible

A .
For suppose (Z)Eﬁ’l and tE& is nonzero. By definition
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set. A field of definition F-‘SS{; for X is a field F such that some open

formula over F defines X.

Lemma 2.13

Let& be a universal domain and ¥ a degree 1 constructib]e'subset
of a n, If F; and F2 are fields of definition of¥such that S?. is
a universal extension of FiFp tﬁen the variety associated with P

over F1 and F2 is the same.

Proof

Let (x) be an independent point of f*}’ over FiF2; such exists by
hypothesis. Then dimp(x)> dimpypp(x) = dim &P but &Y s
defined over Fj. So dimpy(x) =  dimpgr2 = dim ¥ and  thus
(x) is an independent point of ¢ over Fi. By the same argument it is
an independent point of r'P over Fp. Let Vi be the locus of (x) over
Fi. If Vi has two distinct components Wp and Wz over FiFp,
which must then have dimension equal to dim Vi, let (x) be generic for
say Wi, and (y) generic for Wp. Then as (y)ﬁ Vi we have
dimgq (y) = dimpyrply)  so  (y) is a generic point of Vi.
Hence (y) is an independent point of "}‘ over Fi1. It follows that as
dimzypp(y) = dimVy = dimey  the point (y) is an  independent
point of =P over FiFp. But then (x) and (y) have the same Tocus over

FiFo2. Contradiction. Therefore V1 does not split over FiFz and
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is thus the locus of (x) over FjFp.  Hence Vi is the variety
associated to ¥ over both Fj and Fp. ¥
‘F':he above lemma aliows us to define the associated variety of a degree 1
c’onstructib?e set ¥ as the associated variety of any open formula

"y ¢ defining 4 over its parameter field.

Corollary 2.4

Suppose that Q. is a universal domain and & is a degree 1 construc-
tible subset of 5}.”. Let V be the variety associated with ~y and Fyp
“the smallest field of definition of V. If F is any field of definition

_of ¥ then Fg € F.

The next lemma extends the above corollary to sets not necessarily

having degree 1.

Lemma 2 .14

Suppose that.@a is a universal domain and *P is a constructible

subset of 5}; N, Let V be the algebraic set which is the union of the
associated varieties of the degree 1 components of "i’_. If Fg is the
smallest field of definition of V then Fg is a subfield of any field of

defintion of .

Proof
By lemma 2.13 the algebraic set V is well defined. .Suppose then
that F is a field of definition of ¥ . Let ~Y; V,..., V~F  be a

decomposition over F of v into distinct F-minimal sets of dimension
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equal 0 dinP . Then the independent points of each Pf]- in f}% n

over F define algebraic irreducible sets Vj. Let W =VVj. Claim:
W=V For consider a splitting W; v,...,V Wp of W into irreducibie
yarieties over 'I? The set f‘}l also splits over F into degree 1 components
(by 4.55 of (134, Now a standard result (by 2.1 of [1]) tells
us that each Wi is of dimension equal to dim W = dim. Thus each W¥j
corresponds to a component of ¥ . For let {x) be a generic point of Wy

over F.  Then dimp(x) = dimp (x) = dim W so as (x) W there is Vj

such that (x) is a generic point of Vj over F. But then (x) € *¥ ;

so (x)f<¥ . Thus (x) is an element of a degree 1 component. But then

W= Wj is equal to Y by definition. This proves the claim. Now W is

defined over F so Fg F. Y

Theorem 2.10

Supposeﬁ%a is a universal domain and ¥ is a constructible suwset of

Qa N, There is a smallest field of definition Fy of ¥ in{ﬁ\.

Proof

Let Fy be the smallest field of definition of the algebraic set W
associated with €P. Such exists by our argument above. Let Mg =W
~eP and Y1 =rY~ . Then again we have smallest fields of definition
for the algebraic sets Vg and Vi associated with P g and oPj.
Let F» be the amalgam of Fp and the Tlatter fields. Define now

'Jf'O,O,”’{O,l and 1,0 and ¥ 1,1 in the same fashion

as above. Proceeding inductively in this way we terminate the construc-
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tion at say the r-th stage, forming the field Fp. Claim: The field
Fp is the smallest field of definition of Fﬁ) . To prove this we
first note that via an argument similar to that of Theorem 6 it follows
that some open formula defined over F,. defines ~P. For the sets at
each end of every branch of the tree are varieties of some dimension > 0,
the next sets are formed as Boolean combinations of these algebraic sets
and associated varieties defined over F, and so on. As all the alge-
braic sets are defined over Fp so is ¥, Now suppose that F is a field
of definition of ¢¥. We can assume that S& is a universal domain over F
as F can be taken to be finitely generated. Proceed now in reverse of
the above argument utilizing lemma 15 as follows. As & is defined over
F so is the associated algebraic set W hence by the lemma the field of
definition F3 of W is a subfield of F. We continue down the tree of
construction of Fy applying the lemma at each stage. Finally we con-
clude that Fp < F. [

Thé tree utilized in the above proof (and in the proof of Theorem 2.6) we
call the tree associated with the constructible set N¥ . One can con-
sider a constructible set to be, in terms of this tree, a configuration
of varieties. As the tree is entirely canonical, not depending on any
representation of ¥ as a solution set of an open formula, so too con-
structible sets must be viewed as canonical geometric objects. The above
theorem is a formal reflection of this geometric principle.

We conclude this subsection with one further basic result on con-
structible affine sets. We need first the following well known lemma

(see for example [19]) for which we present a very simple proof.




2.15
Lemna 21> | |
A constructible F-set P is a variety iff for each point (x) 1in

the tocus of {x} in affine spaceﬂ“ over F is contained in “}’ :

proof

Let V(x) be the locus of (x)& P over F. Then V(x) is open in the
stone topology. As the family of all such varieties covers F and P is
conpact there is a finite subfamily V{x1),...,V(x™) which covers f“{"
pt WVx) S ¥ and Dv(xi) is a variety. Thus ¥ =vv{xi) and so

¥ is a variety. l’—‘l

Theorem 2.11

Suppose that F is a field and ¥ is a constructible set defined over
F. If there is Fl > F and equations P1 = 0,..., Py =0 defined over
F1 such that the variety so defined is equal to ¥ then <P =V for a

variety defined over F.

Proof

Since f¥ is a variety Vi over Fi if (x)&¢Y then the locus V(x)
of {(x) over F is contained in ¥i. For if (x) ---> {y) is a specializa-
tion of (x) there is by Propositioﬁ 7 of Chapter II of [43] a generic
specialization (x) of {x) over F such that (X)) ---> {y) is a specializa-
tion over F. Since the latter is algebraically closed (x) is regular

over F. Thus its locus is defined by a generic point (z)} over Fl Z.F'
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ye have (Z)E'P and Vi is defined over Fy so the locus of (z} is con-
ained in Vi. As (z} ---> (y) over F; we have then (y) € vy = '%’.

js the locus of each point of ¥ over F is contained in P it follows by

temma 2.15 that ¥ is already a variety over F. kﬂ

A discussion of Some Associated Field Extensions

200

The fact that the affine space of a universal domain extending a
field is compact in the Stone topology defined over the field is not sur-
prising since the universal domain is saturated over the groundfield.
That is a universal domain over a field F realizes all open types over F.
~The first result of this secfion shows that if an infinite extension of a
field F is such that all gffine spaces are compact in the topology over F
then the extension has infinite transcendence degree over F. The proof
- of thfs result illustrates the use of logical compactness arguments in
field theory.

" The saturated models of logic are precisely the homogeneous ur -
versal models. The classical theory can be found in [6] and a related
theory for universal classes in [13]. We introduce the noiion of a homo-
geneous extension of a field and prove that an infinite compact and homo-
geneous extension of an algebraically closed field is a universal donain.
The proof uses compactness to prove that the extension is algebrajcal ly
.ciosed. We show that normal algebraic extensions are homogeneous but a

simple transcendental extension is not homogeneous.
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The next two results are concerned with properties of homogeneous

axtensions. The first proves a universal property of an infinitely
.,generated homogeneous exfension which is analogous to a property of homo-
qeneous models. See for example Proposition 3.2.9 of [6]. The second
roves a uniformity property of maximal independent subsets of degree 1
constructible sets defined over the groundfield. The section concludes

with some examples.

2.1

It is an open question to completely characterize the extensions

F1 of a given field F with the property that F1" is compact in the

open F-topoltogy for each n < w. We call such an extension compact. The

following result is a partial converse of Theorem 2.3.

Theorem 2.12

Suppose that F is a field and F} an infinite extension of F such
that for each n > 1 the space Fi" 1is compact in the open topology

over F. Then F1 has infinite transcendence degree over F.

Proof

let n > 1 and <¢d be given. For each 1 < m < n let §f:1: o <)\'}
be the set of all irreducible polynomials over F in exactly m variables.
Let X be the direct product of the above defined sets so that the m-th
set is on the m-th coordinate. Let X1 be the set of all: fim’te. subsets

of X. For each sEX; we define a set h}l g as follows. Say the




ents Of S are <f11 1’..-,f~1 n sty fqlr 1,-og,fan’n>. FOY' each

let QJ{vl,..,vn) be the formula ™ éj,1(v1) = 0h,ecns
= 0. We  then  define ¥ s to be
Let Y==§fys:s£ Xl} . Then each element of Y
?ﬁes a closed set over F. Call this family of sets Yi. We claim
hat Y1 has the finite intersection property. Since the union of a
inite number of elements of Xy is an element of X3 to prove our
ﬁaim we need only show that each setdt in Y has a solution in FiM.
As above tet ~Fs = A éj. Consider first the set of polynomials
h are in first conjuncts of 85 for 1 < j<r. Each has at most a
finite solution set in Fp so that, sincé F{ is an infinite extension
of F there is X1 & F1 which is not the solution of any of these poly-
nomials. MNow consider the polynomials which appear in the second con-
‘juncts of 8j. substitute x3 for the variable vi 1in each. The
resulting polynomials are not identically zero since by our construction
each such polynomial is irreducible and is a polynomial in exactly vi
and vp. Again there are a finite number of polynomials resulting from
our construction and since each is # 0 there 1Is Xo in F1 which 1is
not a solution of any of these polynomials. We proceed inductively in
this fashion to construct a solution <X1,...,xp> ©Of ffs. This
proves our claim. It now follows by the compactness of FiN that the
entire set Y has a common solution, say <¥i,..--s¥n”- We claim that
the set {yi,---s¥n} is algebraically independent over F. If not, let
r be the least number L n such that <y1,....¥r? ‘satisfies some

nontrivial algebraic relation f(vi,...,vp) = 0 where f is a poly-
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1 over f. We can choose f to be irreducible. It follows that f =
some ¢ < % . Hence by definition of X there is some element

,...,f{r,...,fndn> with &= in X. Then  the set

o seens

yp» s a solution of Ys€Y. But by definition Pg = 71l

L >} =S is  in X ) that  <yg,

(v} = OAseens “TEL (VD,.0ivp) = 0A,...,AD, (V1,.++,Vy) = 0 so that
<y1,.--.¥y>  satisfies  the  inequation -1 fg(vl,...‘, vp) = 0.
Contradiction. So our claim is proven. Since Fj contains arbitrarily
arge finite algebraically independent sets it follows that F1 has

_infinite transcendence degree over F. [

Is there a field F and a compact extension Fy of F which is in-

finite over F but contains. no universal domain extending F?

Lemma 2.16

| Suppose that F is a field and F; is an extension such that for
some m > 1 the space FiM is compact in the open F-topology. Then if
n < m the space FiM is also compact in the open F-topology. |

Proof

Let {"‘}’q(vi): d<)\} be a family of basic closed sets with the

finite intersection property. We define a corresponding family in
F_l““ by  letting "Vql(vl) = ’i’q(Vi) A Vnil =Vl A ...,
Avp = vy, We claim that the corresponding family of solution sets

has the finite intersection property. This is immediate from the corres-




| i 52
ponding property for {fig} ol <) sSince the last m-n coordinates. are
arbitrary. So by compactness of Fi™ we have a common solution to all
the sets {'\\Ql}de’ SAY  <X]seeesXppd e Then  <Xq,...,Xp>  is
a common solution of f%} a<n N

Note that by an argument similar to the proof of Theorem 2.12 it
follows that if FqP is compact in the open topology over F then Fi
has transcendence degree 2 n over F. We now introduce a class of exten-

sions of a field F for which we can obtain a resolution of Problem 1.

Definition 2.7

Suppose that F is a field and F; is an extension of F. Then F1

is homogeneous over F (or is a homogeneous extension of F) if whenever

X1 and Ji are sequences of the same type over F (or what is the same

are conjugate in a universal domainﬂ extending F1) and x § Fi
- 0 -0

there is y EFp such that the sequences Xj {x} and ¥ {y} have

the same type J* & spntl(r).

If F is a field an extension field Fq of F is a compact extension

if for all n < w the space Fi" is compact in the open F-topology.

Theorem 2.13

A compact homogeneous infinite extension F; of an algebraically

closed field F is a universal domain.




flcy,...,cn,vg) be a polynomial over Fi with c¢i,...,
iCn all the parameters of the polynomial from the set Fi - F. Then
there is an extension Fz of Fy which conta1ns a solution x of the
equation flci,vg) = 0. Let P(v1,vo) be the open type of {ci ,
Yover F. Then since F 1is a1gebraica7!y closed it is existentially
closed hence P is a set of open formulas with the finite intersection
p}operty in Fyntl, Since Fy is a compact extension of F it
fo11ows that there is a solution <dj,...,dy,xg> of P in Fi.
ﬂot it is immediate that ¢; and ?ﬁ have the same type over F so since
xg extends :ﬁ in F1 to a sequence of type f‘ it follows from
homogeneity that there is y & Fy such that <ci,...,cp,y> has type
m. But the formula f(vivg) =0 is in ' so that flciy) = 0.

~ Hence f(civg) has a vroot in Fp and thus. F1 is algebraically

~

closed. Since Fy is an infinite extension of F it follows from Theorem

12 that F1 has infinite transcendence degree over F and so F1 is a

universal domain. |

Example 2.1

Suppose that F] is a simple transcendental extension of a field F.
~Then F1 is not a homogeneous extension of F. For let x be a transcen-
dental point of F} over F. Let y = x2. Then by Luroth's Theorem Y
1s transcendental over F so that y and X have the same open type over F.

But x is a square root of y but x itself has no square root in Fj.

K
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Example 2.2
’ If F is any field and Fy is a normal extension of F then F1 is a
_homogeneous  extension of F.  For suppose that % and i are two

sequences in F1 of type p - Let x be a point of Fi; that extends

_‘,’{i to a sequence of type P 1. Then X is algebraic over F and say

f(v} is the minimal polynomial of x over the field. Llet glv} be the
mi‘nima] polynomial of x over the field F('ﬂ-). Then F(X;) and F{Vi)
are F-isomorphic via a map B such that E.(x«;) =Yi. Let g1 = 6(g).
Now g divides f and & (f) = f so that g1 divides f and is irreduc-
ible. Furthermore F1 is normal so that f(v) splits in F1 since it is
the minimal polynomial of x € Fj. Since g divides f it follows
that g sp}»its in F1. Let y be a solution. It is immediate that we
can extend B by an isomorphism B}_ of F(xi,x) to Flyi,y) such that
}1(x) = y. Hence 371-“{(3;)'} has type f'l so F1 is homogeneous.
K

The second example above shows that not all homogeneous extensions
are universal domains. Nevertheless a homogeneous extension is universal

in a very precise sense.

Definition 2.8

Suppose F is a field and F1 is an extension of F. The extension
diagram DpF(F1) of F1 over F is the set of all open types over F

which are realized in Fi.




suppose that F is a field. Then two homogeneous extensions of F
which are countably generated over F are F-isomorphic iff they have the
same extension diagrams. If Fi is a homogeneous extension with no less
than W-generators over F and if Fo is an extension of F with the same

extension diagram but < ) generators over F then F2 embeds in F)

over F.

Let F1 and F2 be two homogeneous extensions of F with the same
extension diagram and  assume thalt  <Xj>j < and ~ <yi>§ {(3
are sets of generators for Fy and F2 respectively over F. We define
an isomorphism via a back and forth argument which proceeds by induction.
Let V(vo} be the type of. x3 over F. Then r' is in the extension
diagram of F; so ! is realized by say z3 in F2. Let f1 be an
isomorphism over F such tnat fil{x1) = z1. Let yr be the first
genarator of F2 not in F(z1). Then the type Y'1 of <zl,yr> 1is
also realized in F1 say be a seguence <Wl,w2>. Then wi and X}
have the same open type over F and so by definition of homogeneous exten-
sion there is a point s} in F1 such that <x],s1> realizes na.
Then clearly f» -can be defined so that f2 extends f1 and
f2(s1) = yr. Now choose the least generator xm not in the field
F{xi,s1) and proceed as above to extend f2. In this way we define
an F-isomorphism f =\Jfj of Fi onto F2. This proves the first

assertion. The universal property of homogeneous extensions can be
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_proven in a similar fashion constructing an embedding into the homo-

geneous extension by induction. [

Suppose that F is a field and F; is a homogeneous extension of F.
et Y {v4) be a degree one open formula over F of dimension > 1. Then

’a11 maximal independent subsets of P in Fi" have the same power.

Proof

If there are maximal independent subsets of-r7 in Fi" of infin-

ite power the result follows from Theorem 4.12 of [13]. So assume that

all such subsets are finite. Then if Fy has a set of < () generators
over F then it is clear from the proof of Theorem 2.15 that if Xj and
?} are sequences in Fp of the same type 1 of SAR(F) then there
is an automorphism E of Fi1 over F such that §(x1) = yi. Now if X
is an independent subset of ¥ and Y is another such set of power < {X|
from the definition of independent subset there is a subset (x1),...,
(xr) of X such that Y = { (yi),.“,(yr)} and the sequence
(xl}ﬁ ,...,ri(xr) and (yl)n ,...,rl(yr) have the same type over
F.  Applying the automorphism G of Fi defined as above for these
sequences we obtain an extension Y1 of Y to an independent subset of
A of power | X |. In the case where F1 has >w generators over F we ex-

tend the canonical map obtained from the above sequences to an embedding

of some finite subfield of Fy which contains all the coordinates of the
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sints of X into F. This Tatter map has an image in which Y extends to a

cet of power equal to | X[ K

Let F be an arbitrary field and x,y elements which are al gebraically
ndependent over F.  Then x1/2 is also algebraically independent of
Then x,z are algebraically independent over F.

F = F{x) and F3 = F(y,x1/2). Then F; and

é are free extensions of F but the pairs F3, Fp and F, F3 are

ot free over F. J)_(l

{relative to F)" is not a transitive relation. This gives some insight
into the difficulties involved in the question of obtaining a full ex-
{change theorem for independent sets. In [13] we prove a partial exchange

heorem for these sets.

Example 2.4. let F be a field and consider the variety V which is the

entire affine plane over F (say with points from a universal domaina'
extending F). Let x3,...,xg be algebraically independent points of

let Fp = Fix1,x2,x3) and Fo = F{x4,x5,%5) .
Then a maximal free subset of generic points of V in F1 has cardinality

L and similarly such a set has cardinality 1 in Fa. Furthemore
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4;—‘2 are linearly disjoint over F. But there is a set of free

eric points of V in FiFp over F of cardinality 3. K

Regular Maps and Constructible Sets

he section begins with a proof of Chevalley's Theorem. Using the

imination of Quantifiers Theorem for algebraically closed fields we
irst prove the result for projections and then reduce the general
problem to this special case. Our next result shows precisely the

,é1at1'onsh1‘p between the varietal and set theoretic projection of a

To completely resolve ‘thé question of how close to a variety is the
1mage of a variety under a regular map one has to show that the image
contams a nonempty Zamsk1 open subset of the closure of the image in
the Zariski topology. We give a new proof of this fact utilizing a key
Tenma: The closure of the ‘image of an irreducible variety is irreduc-
ible. As a corollary of our proof we show that if L is a regular iso-
morphisn of a constructible set and a variety then B maps the Zariski
closure of the constructible set onto the variety.

We next deduce two properties of regular isomorphisms of construc-
:‘7t1'b1e sets. The first result tells us an isomorphism of degree 1 sets
:i’maps independent subsets to independent subsets. The second result says
4}’C'ﬂat isomorphic minimal constructible sets have the same splitting exten-

’sion. The final result of the section is a proposition concerning the
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fibers of a regular map. It is given as an illustration of the use of

301

A regular map L on an affine F to a space P is defined by

the condition that for any point (x) of FN we have B(x) = <p1,(x),
coesPm{x)> where pi1,...,Pp are polynominals over the field F. A

projection for example is a regular map.

Theorem 2.16 (6)

Suppose that R is an integral domain and f‘l"{vivi) is an open
formula over R in n + m variables. There is an open R-formula fi}l(vi)
such that if F is any algebraically closed extension of R then (Yl

~defines the projection of P onto the last m variabTes in the space F®,

Proof
Let F1 be the algebraic closure of the quotient field of R. Say
= ”{'z(cl,...,csvi,Vj) where “i"g is an open formula in the
Tanguage of fields and c¢1,...,cg are parameters from R. Now by
Tarski's Theorem the theory of algebraically closed fields admits elimin-
ation of quantifiers, so there is an open formula ¥ 3 such that
Fi F ebatve,vi)2 vidalve,vi,vj) and so Fy Fvslcr,...,cevi)Ed Viftp
(1suuicg¥i,¥3) . Now Py = 3 (cp,...,cqvj) is an open R-formula and

we claim that ‘\}’1 satisfies the conditions of our theorem. For let F




Cany algebraically closed extension of R. Then since FEZF; we have
;-t FF‘I’S(;rvj)Eg Vi “3‘2 {Vrﬁi\?j) so since F > R we
Qe also that FE o 3lci, ..o C5,Vj) T q ¥ Vo (c1,ee0s
’i';",‘?-'\;j). But the 1latter formula defines the projection on the

cond factor of F in MM so that ¥ also defines this projection.

We note that another purely algebraic proof, but one which is not so

Jementary, can be obtained by a reduction to Theorem 2.6 page 42 of

28], The following result is an immediate coroliary.

E;_ofoﬂary 2.:5 {Chevalley)

Suppose that R is an integral domain and b is a regular map defined
over R in the space FN' to FM where F is an algebraically closed
extension of R. let % be a constructible R-formula. Then the image of

¥ under B is a constructible R-formula.

Suppose b = (f1,...,fp) for polynomials fj defined over R.

be the following formula: «¥ (vi)Avuer = f1  (V{)

Ao, AfR(VY) = v By the previous theorem the projection
Qf "i'z on the second factor in Fy is definable by an open R-fomula

“Pl— But this projection is clearly the image of rY under L. M

over an algebraically closed field. Other versions of the theoremn appear

in [197 and [28].
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Note that Corollary 2.5 implies that if S}q N and S}A M have the
open F-topology then a regular map’n‘:& n -~->&. M is an open map.
For if 0 is an open set in & M then 0 is the union of a family
{'nq§‘<>‘0f constructible sets and we have '7?(03) =uﬂ(uq). Each of

the sets T (Uy) is a constructible set so that it is open in & m,

Hence VI (Uy) is open inSi. m,

Lemma 2.17
‘ Suppose that F is a.fie1d anda a universal domain extending F.
Let V be an irreducible variety defined over F in & n+m, If
(vJ') defines the projection of V onto the second factor then the
variety associated with the open formula ¥ in %m is the varietal

projection Vi of V in S?a m,

Proof

et <xpl,oooxplixi2,000%02>  be @ generic  point  of
V over F. Then V3 is the Tocus of <x32,....x2>. Clearly,
<x12,...,xp2> is a  solution of and we must have dim¥= dim
xj2.  For if ¥j is any point in P there is Zi swch that %
Ayj; is in vV so (le,ij)-->(Z-i,yJ') is a specialization
over F.  Hence (xj2)-->(y;l) is a specialization over F so that
dim )'ZJ-Z > dim yj. On the other hand dim Vi = dim Xj2 and
Xj2€Viwb.Hence dimd= dim Vi= dim Vi. We also know that 4 & Vi
as is immediate from our above ar‘gumenf. It therefore suffices to show

that V1"’°¥ has dimension < dim Vi. If not then there 1is a point iv'j
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in this set with dim wj = dim Vi. But Vi is idrreducible so that
(ij)—->(wj) is a generic specialization. But then (ij) and
(wj) are conjugate points offﬁbover F so that (wj) is an element of
<. This contradiction proves the lemma. |

In projective space the image of a variety under a regular map is a
variety. The Theorem of Chevalley partially answers the question in
affine space: How close to an irreducible variety is the image under a
regular map of an irreducible variety? The following two results give a

complete resolution of this problem.

Theorem 2.17

Let V be a variety defined over the field F 1in the space EEL n
where S}a is a universal domain over F. If "TT:Q.” ..->€£m is a regu-~
lar map and V is irreducible then T[ (V) contains a nonempty Zariski open

subset of the closure Vi of T (V) in the Zariski topology.

This is a classical theorem for which we obtain an elementary proof

via the following Temma.

Lemma 2.18

Suppose that V is an irreducible variety over the field F jﬁfEL
where EEL is a universal domain extending F. LetTl bé a regular map from
V into &". Then the closure of the constructible set TT(V) in the

Zariski topology is an irreducible variety.



ot (x) be @ generic point of V. We claim that every point of (V)
n:the 1ocus of the point 'ﬂ'(x'). For let (y) be a point of V and (z)
/ since (x) is a generic point of V we have a specialization
,}(y). Let T = (f1,...,fp). Then the points fi{x),...,
are elements of F[x1. Consider the subring FLfi(x},...,
The specialization @ induces a homomorphism @ 1:FLf1(x),
fux)] —m=> PRI, frly)] since @ (fi00) = fily)
js a polynomial over F and @ leaves F fixed. Thus @ induces a
lization  (FLOO1,ee s frlx)-= (1Y), fely)) = (2).
nce {z) is in the locus of (f1(x), ...,fp(x)). Hence TV} = X is
ained in the locus of (f1(x), ...,fp(x}) and since the latter
nt is in X we have dimX = dim (Fp(x),...,Fp{x)) = dimVy where
is the locus of (f1{x), ...,fpr (x}). Hence V1 is the closure
X. Since clearly V] is irreducible this proves the Temma. K
w suppose T[ is a regular map defined over the field F and ¥ 1is an
r‘éducime variety with points in a universal domainaa extending F.
e image (V) is a constructible set and by the above lemma the closure
(V} is irreducible. The theorem now follows from the following fact:
"(’ is a consi:ructiMe subset of an irreducible variety V then
{ contains a nonempty Zariski open subset of V if V is the closurg of
in the Zariski topology. For ¥ is the union of sets of the form Vi
4V2 for subvarieties Vi of V and one such set must have dimension
qual to dim V since the closure of is just the algebraic set V. ButV

S irreducible so any subvariety of the same dimension is equal to V.

hus & contains a set V - Vp and this is a Zariski open subset of V.
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To summarize our above discussion: If V is an irreducible variety
then the image of V under a regular map is a constructible set X whose
closure V1 is irreducible and X contains a nonempt_y‘Zariski open subset
of V3. Thus although the image of V is not in general a variety, as in

the projective case, it is almost a variety in the above precise sense.

k‘Cor011ary 2.6

Suppose that F is a field and%is a universal domain extending F.
Suppose Y is a constructible set defined over F in Sl" and (P:")‘
-—=> V is a regular isomorphism of ¥ onto an irreducible variety V.

‘Then ¢ maps the closure Vi of e} onto V.

Proof

Since V is 1rreducib1e it follows by lemma 2.18 that the closure
Vi of ¥ in the Zariski topology 1is irreducible, for Q -l s a
regular map and @ -1(v) = . Then ml) is an irreducible vari-
ety again by Temma 2.18. Now Vj = 3' so that dimVy = dim ¥ and so a
generic point (x) of V3 is in fp. Now it was shown in the proof of
k]emma 2.18 that ?'(-\71) is the locus of the point (x). But (x)€ ¥ so
® (x)EV. Hence v 2 ?Wl). As ¥ S V1 we have §(4) & ® (V1)

SO VSQ(Vl). From these inclusions we conclude that V =@ (vy). [§
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bfem 2 (R. Venkataraman) are regular maps characterized by the proper-
es of continuity in the Stone topology and mapping constructible sets

constructible sets?

suppose F is a field and /1 and «f'2 are open formulas over F.

kn'nf'l and & 2 are isomorphic in_an extension F1 of F if there

regular  maps Q: oy 1(F{N)==-> f({ 2(F1M) and G:p‘;z (F1™

>r}’1(F1") which are inverse on points with coordinates in

mma 2.19 (7)
_ Suppose that F is a field and le and ¢ » are constructible sets

fined over F. If Fy is an extension of F and (j~p1 —-=> P 2
_an isomorphism of o1 andf\}'z in F1 then ® maps points {x) of

Since dim X5 = r the field F(xi,...,Xp) has transcendence
egree r over F. Let (x5) = (y1,--+5Ym)- Then since & 1is a
egular' map we have F(yl,....ym) < F(x1,...,yn). Applying the

me argument to the inverse we see that F(x3,..., xp) < Flyl,...,
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Hence the field Fly1,...,ym) has transcendence degree r and

im xj = dim yj = r. A

orem 2.18

suppose that F is a field and 1 and Y2 are constructible set§
\efined and isomorphic over F in an extension F; or F. Say ~Y1 and
y » have degree 1 and dimep 1 = dimedfz. If eyl ---> Y 2
jk;,our isomorphism then @ carries independent subsets of ")’llto

ndependent subsets of Y 2.

Let X be an independent subset of 1(FiN). Say dimey; =
. Now if Y =@(X) is not independent over F then some point 3735‘{ is
(dependent on Yi = Y - iyﬁ let F2 = F(Y1) be the extension of F
py all elements of Fy which are coordinates of a point in Y3 and say
;leﬂ(z ---> AP is the inverse of ¢ in Fi1. Then Q and
g1 still define an isomorphism of ™~ 1 and Y 2 in F; over
Fp. Hence by the previous lemma c?l(yj) has dimension < r over
Fa. Say Ql(yj) = ?1. Note that since q> is an isomorphism
with 1inverse Q 1 the set q?l(Yl) = X1 has the property'that

F(X1) = Fa. Hence xj has dimension < r over F(X). But this

_contradicts the independence of X over F. |

Theorem 2.19

Suppose that F 1is a field and r‘tll and hYz are isomorphic
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F-minimal sets. Then the splitting extension Fp of ~ 1 is the

splitting extension of ¢ 2.

Proof

say that fY 1 splits into components - 81V,...,V8p over the
splitting extension Fi1 of 1. By Chevalley's Theorem the image of
cach set 8 (with points in a universal domain extending Fi) 1is an
open F-formula '1\'1 The restriction of our isomorphism to the set ©4
and 'ﬁi is clearly an isomorphism. By lemma 2.19 the sets 9f and
‘Wi nave the same dimension. Since the isomorphism is 1-1 and onto
the isomorphism is 1-1 and onto 2 we must have that Y23 1Y,
...V{[r, and each pair of sets Wi, 1| are disjoint if 13 .
Hence deg"'z > r. But if Fp is not the splitting extension of r\y 2
then some set'ﬂ'i splits over a proper extension Fz of F1. But the
same argument as above can be applied %o "}T’i and so 84 would
split over F2. Contradiction.  Hence each 'ﬁ'i has degree 1 and so

Fy is the splitting extension of Y 2. N

The following result illustrates how definability and compactness argu-

‘ment can be utilized to prove purely geometrical theorems.

Proposition 2.1

Suppose that F is a field andS?n’s a universal domain extending F.

Let™[ be a regular map of the constructible set ~Y 1 onto the con-
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structible set np 2. If for all n<w) there is (x) on 2 such that™y
-1(x) has power > n then there fis (y) on ~p 5, such that
T-y) is infinite.

Proof

Let O; be the following formula: J > i(x)[ ep 1(XATI(X) =
(9’1)4»{ 2(y;)] (written with the obvious abbreviations).  There is
a quantifier free formula [ j such that Q.P 08 k. We 'c]am
that the sequence of formulas {51}1 <g has the finite intersection
property. For note that f, i # 0 and Cist € & i by our
assumptions and the definition of J 5. Hence N [ j<p, £0.
Thus by the compactness of the open topology on 5?4“‘ the ;equence has
nonempty intersection so say (y) is in this intersection. Again by defi-
nition of B i this implies that T-1(y) has power > i for all i <

& . Hence T -l(y) is infinite. [

4.  Correspondences Defined by Constructible Sets

4.0

The section begins with the definition of a finite correspondence
between constructible sets. This concept is shown to be an extension of
the classical notion of (n,m) - correspondence. Three properties of
finite correspondences are derived in this section. First it is shown
that if all points of maximal dimension in theldomain set have disjoint

images in the range set then the correspondence is one-many expect on a
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constructible subset of the domain set of dimension less than that of the
domain. We prove next that finite correspondences define an equivalence
relation on the constructible sets. Finally we prove that a complete
finite correspondence preserves the cardinality of maximal independent
subsets.

In classical algebraic and analytic geometry the theory of corres-
pondences extends the theory of regular and projective mappings. Funda-
mental correspondence theorems 1in analytic projective geometry can be
found in [41]. For classical results in algebraic correspondence theory
the reader can consult [42]. Algebraic geometry extends the correspon-
dence theory of a single equation to the consideration of arbitrary vari-

eties. This is suggestive of the following general definition.

Definition 2.9

Suppose R is an integral domain andsasis a universal domain exten-

ding R. A correspondence [ of «¥1 and Y 2814\ (R) with points

in®@lis a constructible set ‘T defined over R such that it SR (x,y) then

(x) is in 1 and (y) is in ¥ 2.

Note Later we will define the product nf 1 x.oY 2 of two construc?

tible sets. Then a correspondence is a constructible subset ”f’l X
A 2. As with mappings we will also consider correspondences with

points restricted to an extension Ry or R in the universal domainga.

- The following example answers a question of R. Venkataraman.



70

Example 2.5

Let A be an algebraically closed field. Consider the polynomia]'x2
- y2. The equation x2 - y2 = 0 defineé a finite proper correspon-
dence between Al and Al. Each x & Al has an image under this cor-
respondence namely the set {x, - i}. Since the correspondence is one -
many it is not equivalent to any polynomial map. [X

A correspondence 1 with finite nonempty image and preimage we cai] a

finite correspondence. Thus the correspondence given in the above exam-

ple is a finite correspondence. The notion of finite correspondence is
equivalent to the classical concept of an (n,m)-correspondence (in the
case where T} is an algebraic set). See [42] for an exposition of some
of the main results of the classical theory. To prove that the two
definitions are equivalent note that we can apply the argument used in
the proof Sf the Proposition first on one factor and then on‘the other
factor. The correspondence described in Example 5 is a 2-2 correspon-

dence. This correspondence has another property we call disjointness.

Namely if (x) and (y) are free sequences {so in this special case x and y
are free variables) then the image or preimage sets are disjoint. The
following lemma implies as an immediate corollary that finite correspon-

dences are disjoint.

Lemma 2.20

Suppose that R is an integral domain and ERL is a universal domain

which extends R. Llet rif]_ and Y 2 be constructible sets defined
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over R and suppose'ﬂ' is a finite R-correspondence between '\Pl and

¥ 2. If Xj and Zj are points in €7 such that ’n(ii&?‘m)

nn('ii@. my # ¢ then zj is algebraic over R[Xp,...,xpl.

proof

ar———

Consider  the  formula T (Vi1  V5) A CTT (Vi2vjy). Since
T(Xi,8™na Wz S ™ # ¢ there dis yj (in ?5) such thatgg\ }='\T(§1-,37j)
ATE(Zi,Y5) - let O(vilvi2) define the projection of  the
above formula on the coordinates Vil and Vj2. Then  6(%j

v2) must be algebraic. For 1]'(')?1 '\Tj) has a finite solution set,
including S"j and each solution Zj has a finite preimage in .
Thus by definition 8(Xj Vi2) is the union of all the preimages of
solutions of T3(X; '\73-1) and so must be finite by our above remark:
Now in [13] we show that if Zj is a solution of an algebraic formula it

is in fact a]gjebraic in the field theoretic sense. This proves the

1enma. j)_c]

Theorem 2.20

Suppose that R is an integral domain and Tris a finite correspondence
of the constructible R-sets ¥ 1 and 2. If all points %!
# 731 of maximal dimension in ¥ have disjoint images under the

correspondence T then T is one-many except on a constructible subset of

e 1 of dimension < dinfy.

Proof

Suppose that 3’(1 is a point of e 1 of maximal dimension. If
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y; is a point of 1 such that for some Zj we have 'Q'('{, . Z3)
and T (571 ;j) then the above lemma implies that )T-; is algebraic
over RLyj,....ynl- Hence the transcendence degree of RIy1,...,
yql over R dis > dim Xj = dimf1.  Since yi €1 this implies

that dim yj = dim L\Y 1. But then by assumption the vimages of 3'('1
and” ¥i are disjoint. Contradiction unless yj = Xi- ThusT['is
one-many on points of ('*}’1 of maximal dimension. Let X be the set of
all points of rY 1(&“) on whichYis not on-many. Consider the

following formula:

() T@EIPATIVEN A (v # vl VeV vpl).

Clearly points ;1 and .21' on 'Yl appear in a solution ?(102?
'ij iff both Xj and '2"1 are in X. Hence if we let B{(vi) be an
open formula which defines the projection of (*) on the coordinate Vi
then © Al‘t“l defines the set X. Hence X is constructible.  Now by

our above remarks no point of dimension = dim~Y1 is in X hence

BA ¥ 1 is of dimension < dim e 1. K

Suppose R is an integral domain and s a universal domain extending
R.  Then constructible sets 7Y 1 and fY o defined over R are said to
correspond if there exists a finite correspondence between them which 1is
defined over R. We write in that case '\?\ER Yo,  The _foHowing

lemma shows that the relation g is an equivalence relation.
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Lemma 2.21
Suppose that R is an integral domain and ")Jl,-Y 2, Y 3 are
constructible R-sets. Then ¥ 12 y 2 and 'Tg = R f\\/ 3 im-

plies that & 18z ~V 3.

Proof

Let Trl(Vi,Vj) be a finite correspondence between ~P;1 and
2 and et Talvj,vs) be a finite correspondence between ¥ 2
and ¥ 3. Consider the formula: (*) = T\'l(Vjv‘j)/\.’!‘z(\?j,
Vo). Let Xj be a point of eY’3. Then Xj has a finite nonempty
solution set Y in ¥ 2 under Tr1 and T2 maps Y to a finite non-
empty set Y; in ¥ 3. Hence T 1(XiVj)A T 2(Vj,Vs) has a
finite nonempty solution set. Let O(vj,vg) ..define the projection
of the formula (*) on the coordinates Vi and Vg. Then our above
remarks show that O(vijvg) has a finite nonempty image set in

Y 3 for each point of ¥i. A similar argument can be applied to
preimages of points on'Yg and so B(vij,vg) defines a finite cor-
respondence of ] and ¢¥3. This proves the lemma. [

It is easy to see now that ZR is an equivalence relation for the
formula V1(vi)A Y 1(Vn+i)AWV1=Vne1, A o ooy AVp=vpep defines the identity
correspondence of Y1 with itself. We note that this equivalence rela-
tion is considerably weaker than isomorphism of constructible sets. But
it is not clear how the three equivalence relations defined on varieties

or constructible sets by isomorphism, bi-rational isomorphism and finite
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correspondence are related with regard to geometric properties. And so

it is worthwhile to state the following problem.

Problem 3

What geometric properties of constructible sets are invariant under
the relation =% p? In particular what properties of varieties over

fields are invariant under this relation?

Definition 2.10

Let R be an integral domain and R; a domain extending R in the
universal daﬁainﬁi. Suppose that T is a finite correspondence of con-
structible R-sets ~P; and ¥ 5. Then s complete over Ry if for
each Xj in  eP1(Ri") we  have °TT (x@{‘)g P 2(R1™  and
similarly for preimages of points in ¥ 2(R1M).

Definition 2.11

Suppose that R is an integral domain and Ri is a domain extending
R. Let P be a degree 1 constructible set defined over R. Then
At sR1) is the least upper bound of the cardinalities of maximal
independent subsets of <Y (RyM).

Theorem 2.21

Suppose R is an integral domain and Ry is a domain extending R in

a universal domairls;zg. Let U be a finite disjoint correspondence of the
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_constructible R-sets ~}p and Y 2 such that IT is defined over R

and complete over Ry. If both «Y 1 and ¢f 2 have degree 1 then
» (PR = Al ey 2,R1).

proof. First note that lemma 2.20 implies that 1 and ¢« have

the same dimension. Let X be an independent subset of P 1(R1M).
4

For each ')?1-" (in some well ordering of X) choose a point 373' in the
.d- . . -
image set T (XjVj) in ¥ 2ARM. Such a point exists since

Tis finite and complete over Rj. Note that disjointness implies our
correspondence ii‘\ --—>371-"1‘s one-one.  Suppose that the set Y of all

- -
such elements yjd is dependent. Then there are elements _yJ-l,...,

-.d -4 ~¢ o . -‘4

3¢ such  that  Fjl,....§j""1is  independent  but  y3"  is
-

dependent on this latter set. Say  Yi¥ = Ylseees¥ssYstls

)
cees Ystks -+ s¥Ym” where Yls+eesYs are algebraic over yjl,

-
¥; r-1 the coordinates Yo+l - sYSHK are algebrai-

LRI

>

cally independent over this set and the final coordinates are algebraic
over the first stk coordinate. Now we similarly write ??Y‘ = <X,
cev s XpsXgilseeeoXtp,...,xp> where p = dim &1 = din¥p
and the elements  Xt#l,...,Xt+p are algebraically independent
over y‘;l,...,;‘”'l . There clearly must be p such coordinates

of ot . .
of xi¥ free over yjl,...,ydj’"'l since the Tlatter set s
o -]

algebraic over x?l,...,)?lr’l and xil,eoooxgt is
independent (noting that algebraic relations are transitive so that if
there were fewer than p such coordinates we would have a contradiction of

independence). Now note that k<p. This is because dim W 2 =

. . . o
dimr¥; so k<p in any case and if k = p then yjr would not be
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o
Xy

o
dependent  on yil,oooyyr-t The  sequence r is indepen-

dent over the latter set but algebraic over _7;"‘ s0 we can obtain an

jmmediate contradiction by considering the extension of quotient field of

ol
R by the yj1. K
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5. The Product and Splitting Properties of Constructible Sets

5.0

This section begins with the definition of the product of two con-
structible sets and the proof of two basic and related properties of the
product. We show first that if ¥y has degree 1 and f?g is minimal
then the product is minimal. This generalizes the corresponding product
theorem for varieites. The proof makes use of the amalgamation property.
The second product theorem tells us that the variety associated with the
product of two constructible sets is the product variety. This allows us
to deduce the first product theorem from the theorem for varieties.
Finally we give a new and very simple proof using techniques of logic
that an irreducible variety over an algebraically closed field is

absolutely irreducible.

5.1 We begin this section of the chapter with some basic results on the
product of constructible sets. If “)‘1 and fﬁ"z are open R-formulas
over an integral domain R define oY) x N, to be the set P1(Vj)
kl\(“}‘g(Vj) where the free variables in the two formulas 1in the latter

conjunction form disjoint sets.

Lemma 2.21. Suppose R is an integral domain and 'ﬁfl(?fi) and

¥ ,(Vj) are open formulas over R. Then dim ey x €Y7

= dim Y + din P ).
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Proof. Let (x) and (y) be free points of maximal dimension of ~Y; and
¥, respectively. Then dim(x)n(y) = dim(x) + dim{y) and so dim «¥;
X rYg_>_dimf°(1+ dim ¥ 2. As it cannot be greater the lemma is

proved. [{

Theorem 2.22. Suppose that R is an integral domain and ‘71(\/1-) and

¥ 2(vj) are open formulas over R such that{\}/ 2" has degree 1 and

1 is R-minimal. Then 'y x ¥, is R-minimal.

Proof. Suppose that 321 and y;i are solutions .of ’t’lx"(g having
dimension equal to dim¥; xT2 in a universal domaina extending F.
say Xi = <xql,.ooxel,xi2, e and ¥ o= <nl,.coyels vi2, ..y

where ¥1 has r variables and Y2 has m variables. We must have dim
<xpl,.ooxpd> = dim Ay for dim (xp1, ij) = dimP x¥p = dimP + dinPp
by the above lemma. Hence if dim )?11'< dim "1 then dim ;('J.Z >
dim 4> by the above lemma. Hence if dim >?11 < dim 41 then dim
sz > dim § 2. Contradiction. Similarly we have dim JFil =
dim *¥ 1 so it follows that xj! and Vil are both independent
points of 4. Next note that 3('3'2 and 21'1 are free over R, for
if not then §j2 has transcendence degree greater over R than. over
RIxil,..oxpdl = Ry .and  so  we have dimpy Xj% < dim P o.
But then dime1 x 2 =dim § 1 + din¥z = dim Xl + dim wyp >
dim(X;1, X;2). Contradiction. Similarly yil and V52 are

free over R. Now consider the following diagram:
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1 -2 , : -1 =2
R[X.i: X-] : : R[.y]‘, .YJ]

RL%;]

where i is the identity map and £ is an embedding mapping R onto R iden-
tically and f(xil) = yil for each i < r. Such a map exists by
our remarks (noting that independent points of an R-minimal set have the
same open type over R). Let ‘S with maps gp:R[Xjl, ?jz] ——>.f
(with g2 equal and identity) and glzR[yil, 932] ——> J amal-
gamate this diagram over R[X;jll. Then (g1(¥il), 91(73%))
is a solution of ¥'1 x-f2 with g91(¥;2) an independent point of
¥, over RLg(Fi1)]

mutativity of the diagram and the fact that ~¥ 2 has degree 1 hence

R[iil].' This follows from the com-

does not split ov'er_ R[S?il], for as noted above Rjz is free over
Ry and dim X2 = dim<{p. Since xj2 s an independent point
of 'fz over Rj; there is an isomorphism g over Rp with g(ij) =
gl(yj) for j < m. Then we obtain the following sequence of maps:

- -~ g - ;- g-]jl v byt
R[le,XJZ]-"->R[X11391(Yj2)] --->R[¥;1,¥;21
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so that gl-lg is an R-isomorphism . of .R[fil, §j2] onto
R[Yil, ¥3521 mapping xi1 to yjl for i < r and xj2  to

'ij for j < m. Hence (x) and (y) have the same open type over R and

so /1 x AP, does not split over R. [

Theorem 2.23. Suppose that F is a field and 7i(vi) and ey 2(vj)

are open F-minimal formulas. Let Vi and Vo be the associated vari-

eties. Then V1 x Vp is the variety associated with 4 1 x & 2.

Proof. Let Wj,...,W, be the components of Vi x V2 over F. Then

each Wj has dimension r+s where dimd] = r and dimdp = s. Llet S
= WiQ¥1 X(PZ- We claim that S has dimension equal to r+s.
For Tet  xi = <xil,eooxpl,  x12,...,5¢2>,  where P71 has
m variables and f‘"z had k variab]es., be a generic point 'of a given
component Wp. Then we can argue as in the proof of the previous
theorem to show that dim <x;l,....xgl> = r and dim <x32,...,
xg2> = s so that X;jl is a generic point of Vi and Xj2 is a
generic point of Vo. Hence Xijl is a solution of d"l and ;J-Z
is a solution of &y (by definition: see [4]) so that (xjl, x52)
is a solution of 1 «x /7‘2. This proves our claim. Now let 04
be an open formula which defines S and let d’= 81 V,..., VOp.
Then "? is an open formula over F with '1?.':‘)’1 x"}’g. We claim that
Y1 xey ZA‘HPhas dimension < dim<¥; x®2. For if not then some
point Xj of this set has dimension equal r+s. Say Xj = <x1_1,...,
xml, x12,..;, xk2>. Then (as in the proof of the previous

theorem) we can show that dim xj! = r and dim X2 = s so Xl

is a generic point of Vi and >'<32 is a generic point of Vo2 and




81
X1 is a point of Vi x Vp of dimension r + s. Hence Xy is a gene-
ric point of a component of Vi x Vp. Contradiction. Arguiﬁg in the
other direction we can show that the open formula which defines Wj -
S; has dimension < r+s so that Vi x Vp differs from be a set of
smaller dimension than r+s. Also Y ¢ Vi x V2 so Vi x V2 is the
variety associated with . As we showed above that ef differs from
¥ 1 x¥2 by a set of smaller dimension and 4 &Py xF2 it fol-

lows that Vi x Vo is the variety associated with ¥ 1 xP2. K

Corollary 2.7. Suppose F is a field and ~Pg(vil) and e 5(v;jl)

are open F-minimal formulas. Then degree 1 x¥2 = degree oY1 .

degree } 2.

Proof. This follows from the above theorem and the corresponding fact

for varieties. l)_(]

Theorem 2.24. (9) Suppose that V is an irreducible variety over an alge-

braically closed field F. Then V is absolutely irreducible.

Proof. Let f1{xi,v0)s.«.sfrixi,vj) be a defining set of
polynomials for the variety V where Xj is the sequence of all para-
meters from F which appear in any of the polynomials. If V is not abso-
lutely irreducible then there is some algebraically closed extension Fy
of F such that V splits over Fj into varieties Vi3 and V2. Say
pl(Z,Vj),...,Pm(Z,Vj) is a defining set polynomials for Vi and"

Fl(Z,Vj),...,Fk(Z,VJ’) is a defining set of polynomials for Vp.
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Then the following sentence is true in Fy:

(*)3 2(¥vj (p (Z,¥5) = 0A,...,App(ZVj) = OV
F1(Z,V5) = 0A .o, AFK(Z,T5) = 0&F1(X5,V5) = OA,....fplXj,Vj) = 0)
AT vilp1(Z,Vj) = OA,-+-s APR(Z,V5) = 0 A TI(FLIZ,T;) = 0A,..., A
Fr(z,vj) = ONA T vj(Fi(Z,v5) = OA .-+, AFK(ZV4) = ONUp1(Z,Vj) = O

yeeesAPm(Z,Vv3) = 0))).

Now Fy > F s0 Fi > F as Fp and F are algebraically closed.  Thus
(*) holds in F. This tells us that there are varieties Vl and Vp
both nonempty such that Vl v Vz = V in the space FO. But as F 1is
algebraically closed the Nullstellensatz tells us that therefore this
relation holds in the affine space S’L" over F for the universal

domain ER. > F. But then V splits over F. Contradiction. M

6. Some Definability Properties of the Stone Space

6.0

In this section we prove two definability results concerning the
stone space. The first gives a topological and dimension criteria for a
type over a field to be defined over a subfield. The proof is an

application of the trace property (Theorem 2.2). The second and final
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_result of the section tells us that the nomogeneous types in the stone

space over a field constitute a closed subspace. The proof 1is an
application of the compactness of the Stone topology.

The results of this section and the next continue the study of the
spectral space with the Stone topology that was begun in the first sec-
tion of this chapter. The results of this section cast some light on the

question of the linkage of the Stone topology to the geometry of the

spectral space of a field.

6.1 The Zariski topology is defined in terms of polynomials and so is
linked to ideal theoretic properties of the space. In contrast the Stone
topology is defined through formulas and can thus be expected to be more
closely related to field theoretic definability properties of the under-
lying space. The following theorems provide some evidence in this direc-
tion.

If Fi is a field a point ['ESa"(F) is said to be defined over
F< Fp if the variety of [' has F as a field of definition.

Theorem 2.25

Suppose that F is an algebraically closed field and F1 is an
extension of F. Let T' be a point of dimension ml in Sp"(Fy) and
"suppose that ' is an accumulation point of a set S of points of
dimension m in Sp"(F) defined over F. If V is the variety of [?

over F1 and if V 0 F" nas dimension m+l then P is defined over

F.
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proof

We can assume that each point of S is contained in V. If Y =
vy 0 FY then Y is definable by an open F-formula as follows by
Theorem 2.2. For each point ' 1 in S the variety Vi of "y is
defined over F and so the restriction ﬁ 1 of P]_ to F has dimension
m. Let S; be the set of all restrictions of points of S to F. Then
the set Sy N <¥ s infinite so it has an accumulation point "o in
sy"(F).  Since Y is closed it follows that Po €94 and since
dim ¥ = mtl the type P o must also have dimension m+l. The field F
is a]gebraical]y closed and so the Tlocus Vy of V o over F s
absolutely irreducible. It follows that L o has a unique extension
? o of dimension mtl in Sp"(F1).  The variety V is closed and
clearly the point ﬁ o is an accumulation point of S. For the field F
is algebraically closed and thus it follows by the Nullstellensatz that
the varieties of an infinite subset of S are subvarieties of Vj.
Therefore V, contains an infinite subset of S and as each point of § is
of dimension m and Vo, is irreducible the points of S must have ﬁ 0
as a limit point in Vg. It follows that ﬁ o is a point of V and
since V is irreducible we must have ﬁ 0o~ r. K

If F is a field then K E'SA"(F) is a homogeneous type if a solu-

tion (x) of 1 in a universal domain extending F is a homogeneous point.

Theorem 2.26

Suppose that F is a field. Then the set of all homogeneous types in

SpAN(F) is a closed subspace.
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Proof

Suppose that Pis avpoint in the closure of the set of all homo-
geneous types. Let S be the set of all finite subsets of irreducible
polynomials in Flxg,...,xpl. If ’?51’ then given s § S we define '15 s
= P (vgv1,...,vgvp) A "V(Vl,...,vn)/\/s\p']fSi (vjvg) = 0 where si varies
over all the elements of S. Define kato be the set of all formulas
"Ys for s £ S. Let X =UP¢§;. Then X has the finite intersection pro-
perty in the space %: n+l defined by a universal domain% over F.
For Tet Y & X be a finite subset. There is then a set { FP1,eees

e mf}gP such that all formulas which occur in Y are in some f%ﬁ.
Let =A"\’1; then "Y@P. Let s be the uhion of all the finite subsets
s' of S such that ’%’]—SIEY for some 1 < i < m.  Now as P is the
1imit of homogeneous points there is le with Fl homogeneous.  Say
(x) is a solution of 7’1 in Sis". Let t be a]gébraicaﬂy independent
of (x) over F 1r1§51‘. Then by homogeneity the point (tx) is in the vari-
ety V of (x) over F. Hence (tx) is a generic point of V so has the same
type Pl over F as the point (x). So (tx) is a solution of’j/. ‘Thus
(t,x) will be a solution of 'Y s- So then (t,x) satisfies all the
formulas in Y. This proves that X has the finite intersection property.
By compactness it follows that X has a solution (t;,z) in Eﬁ; . Then
by definition of X we have (tjz) a solution of . wiso t1 is alge-
braically independent of (z) over F. This implies that the ideal I of
(z) over F is homogenecous. For let f & I. Then f(z) = 0 so f = 0
since by construction {z) is a solution of [? and T’is maxiﬁa]. As f =

OEPwe have f(tjz) = 0. Writing

f(tyz) = Ztligj(z) =0
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we deduce gj{z) = 0 for each f. But the gj are the homogeneous terms
of f and gi(z) = 0 implies that gj £ 1. Hence I is homogeneous. So
" is a homogeneous point of SA"(F). X

Theorems 2.25 and 2.26 of this subsection were inspired by a geome-
trical problem which we call the stability problem for algebraic mani-
folds. In complex projective space the stability question first arose as

an intuitive principle known as the Poncelet continuity principle. It

would appear from examples of physical phenomenon and from analogous work
in differential equations that this principle is certainly false. A more
conservative local version was utilized by the Italian school. See for
example the proof of Bertini's Theorem in [36]. We can formulate the

following two specific problems.

Problem 4

For what properties P of a projective variety V is it true that
there is a neighborhood of the parameters of V in a'suitable projective
complex parameter space such that P is valid for all varieties defined by

points of the neighborhood?

Problem 5
Given a complex projective parameter space and a net of points in
that space converging to a point P what properties of the correspohding

varieties are stable at P?

We take the opportunity now to mention another problem in algebraic
geometry related to the Stone space. If R is a commutative ring the

Stone topology on Spec(R) is the topology generated by the least Boolean
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algebra containing all the Zariski open sets.
Problem 6
Suppose that R is a commutative ring and Spec(R) is endowed with the

Stone topology. Is Spec(R) compact if R is Noetherian?

7. The Linear Topological Structure of the Stone Space

7.0

The section begins with the definition of the monoid operation on
the Stone space of an algebraically closed field. Two proofs are given
that this operation is well defined and abelian and that it 1is an
extension of the additive group structure of the n-dimensional vector
space over the groundfield. The first proof uses properties of the
tensor product while the second is direct and uses types and logic.

We next give ‘proofs of two fundamental properties of the monoid
operation. The first tells us that the dimension of the sum of two types
of the same dimension is greater than or equal this dimension. The
second tells us that relative to the topology induced on SMF) x
SN(F) by an embedding into Sp2N(F) the monoid operation is
continuous.

After introducing the monoid operation and describing its basic
properties we show that scalar multiplication also extends from the
vector space over the groundfield to the stone space over that field.
Thus the linear structure of the vector space 1ifts to the Stone space.

We prove the basic algebraic properties of scalar multiplication in a
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lemma and then prove the dimension and continuity theorems in the follow-
ing two results.
The third subsection is devoted to the presentation of two results
concerning maps between Stone spaces over fields. The first says that
regular maps between affine spaces 1ift to unique open and continuous
maps of the respective Stone spaces. In particular projections 1ift to
continuous linear monoid homomorphisms. The second theorem shows that
the map induced by a field extension is a continuous linear monoid
homorphism of the stone space of the extension onto the stone space of
the groundfield.
Having shown that regular maps in general 1ift to the Stone space it
is natural to study the particular case of linear maps. But first We
give two results concerning linear subspaces. The first shows that
linear polynomials define linear subspaces. The second result is a
partial converse of this linear subspace theorem.
We prove next that linear maps on affine spaces 1ift to Tinear maps
on the Stone spaces. To obtain the converse we must add the conditions
that the map be open and continuous. As a corollary to this linear map
theorem we prove that the image of a linear variety undef an open contin-
‘ ubus linear map of the Stone space is a linear variety.
The final results of the section are concerned with some detailed
_properties of the monoid operation. We prove first that the sum of a
type with the type of the generic point of affine space is the type of
the generic point. After giving two examples we show that there are sub-
groups of the Stone space not contained in the affine space. We next

define the annihilator of a point of the Stone space and prove that the
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anninilator is always a closed submonoid. The proof uses continuity of
the monoid operation. The final result of the section shows if X is a
set of types defined oVer an algebraically closed subfield then the

monoid generated by X is defined over the subfield.

7.1 In “this subsection we begin to épp]y the Tlanguage and methods
developed in previous sections to the study of the intrinsic geometry of
the Stone space. The Stone space has a natural linear structure exten-
ding the vector space over an algebraically closed ground field and this
structure is linked to the Stone topology. For other examples in geome-
try of algebras growing out of geometrical structures the reader can

consult [32] and [19].

Definition 12

Let F be an algebraically closed field. Suppose Pl and Pz are
open n-types over F. HWe define r 1+ I 2 as follows: Let (x) and
(y) be algebraically free sequences of type P 1 and p 2 respective-
ly in the universal domain fih extending F.  Then P]_-+‘P 2 is de-

fined to be the_type"3 of the sequence (x) + (y) in the space S@Q n,

Theorem 2.27

Suppose that F is an algebraically closed field. Then the operation
+ is well defined on SpN(F) and the 1latter is an abelian monoid

extending the group FN.



90
proof. If (x) and (y) are free over F then (x) and (y) are linearly dis-
joint sequences (that is Fx and Fy are linearly disjoint over F) since
poth (x) and (y) are regular points (since F is algebraically closed).
Thus the compositum F(x)F(y) _1n§Q; contains the tensor product F(x) 8
F(y) (or an isomorphic copy of it under the canonical embedding which
maps (x) to (x) and (y) to (y)). Now the latter depends only on the type
of (x) and (y) and thus the type of the coordinates sum of (x) and (y)} is
jnvariant of our choice of free realizations of the types P]_ and ﬂ 2
of (x) and (y). Hence ]'1 +-f'2 is well defined. This operation
clearly coincides with the group operation of FM. Furthermore if I’ is
the type of the origin then by definition if I’l sAn(F) we héve
P+[i =t1. From the associative law of tensor products (as proVed for
example in [47]) our opekation is associative and it is commutative from
both the definition and the corresponding pkoperty of the tensor product.
Hence with this operation SpM(F) is an abelian monoid extending the
group FN. [ | |

We give a second proof which avoids the use of tensor products.
Since F is algebraically closed a sequence (x) in ﬁﬂ.n is regular over
F. Let (x) and (y) be free realizations of the types M'p and 17 re-
~ spectively. Then (x) and (y) are linearly disjoint over F. Hence (x,y)
is a generic point of the product variety Vi x V2 where V1 is the
locus of (x) over F and (y) is a generic point of V. This product is
irreducible over F and so the type f’ of (x,y) is independent of the
choice of free rea]izatﬁons of "1 and ">, for all realizations of
Tﬁ are generic points of Vi and similarly all realizations of P,

are generic for Vp. The type T7 determines the type of (x) + (y). For
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given any open formula Y over F in n variables we have '?(Vll +

Vlz,..., Vn1+Vn2) or its negation in[. For each
A
mula call

such for-
the formula or its negation according to the above pres-

cription.  We form a new formula 9 from by substituting the variable

Vi for the term Vil + Viz. lLet PO be the set of all formulas

8 obtained in this way. Then c]ear‘]y f'o is the type of (x) + (y).

Be definition PO s equal to the sum | Pg which is thus well

defined. The other assertions of the theorem can be obtained in a
similar fashion.

Theorem 2.28

Assume that F s albegraically closed. If Pl, Py £5an(F)
and dim 'y = dim Pg = r then dim( 'y + M) >r.

Proof

Let (x) and (y) be algebraically free realizations of T’y and P,

respectively. Say X'Zl""’xqr is a set of algebraically independent

coordinates of (x) and -yPl""’yﬁr is a similar set of coordinates  of

(y). Let Ms--.5 Ag be the coordinates which agree in the above two

sets. We claim first that XNt YAls+«sXAs + ypo are algebrai-

cally independent over F. We prove this by induction. Suppose Xa *

Hence XM E
F(Y A1) and so XM s algebraic over this field. But (x) and (y)

Ya1 is algebraic over F.  Then Xa1+Yar € F.

are

algebraically free over F and x 1 ¥s transcendental over F. Contradic-

_ tion. The remainder of the argument is similar. Now if Aj is a coordi-

nate not among the set Ms-++s Ag then by our definition of the

latter set the point Yol is algebraic over ypl,...,ylgr. We claim

that Xaj + Yaj is transcendental over FOXap +  yM,.oo,xdg +
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YAS)' If not then it is algebraic over Flxajt Yag,.-«sXag + YAg
ypl,...,ygr). But Yej is algebraic over the latter field and this
‘imp1ies Xd js also. But again (x) and (y) are algebraically free over
F so that the set Xpq,...,XAgs YBLs-e+s¥prs Xaj is algebraical-
1y free over F. Contradiction. We can proceed in this way by choosing
aj to be the Tleast coordinte not in the set N,..., As, choosing
the next coordinate not in )\1,...,)\5,63 and so on. We then apply
the same argument to the set YBys-esYBpe We finally arrive at a set
of r algebraically independent coordintes of (x) + (y). Hence dim”l +
>r. K
Suppose that F is algebraically closed. There is a natural embed-
ding of the space SpAMF) x  SpN(F) in the space  Sp2N(F)
which is defined as fo]]ows. Let (x) and (y) be algebraically free
realizations of P 1 and f’ 2 where ( P1,f’2) £ SAMF) X
SAN(F).  Since F is algebraically closed it follows that F(x) and
F(y) are linearly disjoint over F. If Vi is the locus of (x) over F
and Vp the Tlocus of (y) over F then Vi x V2 is irreducible over F
and (x,y) is a generic point. A proof of this can be found in [1] page
83. Let P3 be the type of (x,y). Then ?3 is invariant of our choice
of free realizations of [P and f’z. We identify (F&,Pz) with the
point K 3 and thus embed SpAMF) x  SpR(F) in SaZn(F). The

subspace topology inherited by SpMF) x SpM(F) from the space

SAZ"(F) we call the open topology on the producf space.

Theorem 2.29

Suppose that F is algebraically closed. Then the operation + is a
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continuous function from SpN(F) x SpAMF) to SpAN(F) where both

spaces have the open topology.

Proof

If  defines a basic open set in Sp"(F) we must show that the
inverse under + in SpM(F) x SpMF) is an open set 1in the open
topology on that space. Consider the following formula: |
W=V, ovnlePvin e oo V) A Y 41 + Vope = VIA ,.ee A Vopy + V3n = vp).
This is an F-formula and the latter is an algebraically closed field so
by Tarski's Theorem there is a quantifier free formula f~)7 1{vps1s
e sV2nsV2ntls e s+ 5V3n) such that FEY12T, The formula
it'l defines a b'asic open set 1in SpN(F) énd so a basic open set of
the space SpM(F) x SpM(F) with the open topology. We claim that
the set of solutions of ¥; in SpM(F) x SpM(F) is the inverse of
+ in this space of the open set . For consider points Fl and [’2 in
SAMF)  such that [’y +[, = P3Ber. Letting (x) and (y) be
linearly disjoint sequences in &;" of type r'l and PZ fespective]y
we see that the sequence (x) + (y) = (z) in fﬁu" is a solution of °¥.
Hence the sequence (x,y) is a solution of IV so it is a solution of

Y1 since&% is an elementary extension of F so that E?;Ir:’ﬁsth. By

the definition of the embedding of SAMF)  x SpM(F) in  SpN(F)
we see that (Yl,["z) is mapped to the type [* of the sequence (Xx,y).
Thus (r’l,r'z) is in the open set in SpM(F) x SpN(F) defined by
Y1 Suppose on the other hand that (Pl,l’g) is in the open set
defined by ¥ ;. If (x) and (y) are linearly disjoint realizations of

f'l and [72 it follows that the sequence (x,y) is a solution of “)-'1.
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By definition of T and the fact that 52.|='ﬂ‘§fh it follows that (x) +
(y) is a solution of and so by definition of the operation + on

SpN(F) we have that fl + PZ f¥. This proves the theorem. K

7.2 If F is an algebraically closed field and I'{SAH(F) then we
define )\P for AEF by choosing a realization (x) of I in 52." and
letting )J’ be the type of (Ax). This definition is invariant of our
choice of realization for let (y) be any other such realization. Then
there is an automorphism & of 7leaving F fixed such that b(x) = (y).
Then b (Ax) = AB(x) =Xy) = (Ay) so that (W) and (Ay) are conjugate
points of ﬁ?; N over F so that they realize the samé open type in
SAN(F). | ‘

Lemma 2.23

Suppose that F is algebraically closed a'nd Pl, PZ ESAH(F),
Let A1 dz Fo Then Zp( g +T) =pi [ +ail2 and ( Ay +2p)
m= alie N ol Aso uaa)fy = A1)

Proof
Suppose that (x) and {(y) are linearly disjoint realizations of the
types Pl and ?2 respectively. We claim that the ( Ax) and (Ay) are
also linearly disjoint over F. But this is immediate by assumption and
the fact that F( Ax) = F(x) and F(Ay) = Fly) since Ay &€F. Now [} +
T is the type of (x) + (y) and M(Pl + Pz) is then the type of
ML)+ (»1 = N{ (x) +rply). Since (A1x) and { Awy) are
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linearly disjoint over F it follows that )\1?1 + )2 ]’72 is the
type of A1(x) + Nyly). Hence Ay (P +T2) = NP4+ Al

The other assertions follow similarly. [
It follows from the above lemma that if F is algebraically closed

the space Sp"(F) is an F-linear monoid.

Theorem 2.30

Let F be algebraically closed. If PfSA"(F) has dimension r

“then for any point )\fF the type KV has dimension r.

Proof

Let X; be a realization of T in &n. SaY Xj,...5Xp are
algebraically independent coordinates of 71 over F. Suppose AtF and
that ZadMq(A?(j) = 0 dis an algebraic relation on AXy,..., AXp.
Let dg be the degree of Mgy .  Then zaqM“(}\ij) =Z',a¢)\&°‘ l\lt(ij).
It follows from the relation E(a.;)‘- My (X5) = 0 that a ) "= 0
since if Xi,...5Xp aré algebraically independent the monomials gl
(Xj) are linearly independent over F. Hence a_‘= 0 for each & ., Hence
X]1s-++5 Xp 1is a sequence of algebraically independent points and
thus xj has dimension > r. Now if xj is another coordinate Tet
p(xjvg) be the minimal polynomial of xj over F(xp,...,xp).
Then  plxivg) = X3 a;(Xj)vol. Let -~ p1{Xjvp) be the
polynomial 2 a;j(X5) A —Lvgi. Since ARF  this polynomial is
defined over F(X3,...,Xp) and clearly )\xj is a vroot. Thus
dim(AX;) = dim(Xj). By definition of Al this implies that Al has

dimension r.
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| Theorem 2.31

If F is algebraically closed and A€ F then the map P -—->/1P is

_continuous 1in the open topology on Sp"(F).

Proof

Al

Let ﬁ’ be an open F-formula. Define °¥ 1 to be the formula
VP DAV = via Lo Avpl = ) vp). Let B(vq) be an open form-
~ula such that FEd1Z6. Then if B)\ is the map [ ——->)\?we claim
that 9 =[;)“‘1(!\}'). For on the one hand if J'E0 then any realiza-
tion (z) of Min SR M 4s a solution of 8 so since S{,Fﬁll‘ég
there is (x) in ¥ such that )(z)}= (x). By definition the type of (x) is
AV so we have APEY.  Thus 51\(9)9 Y. Suppose then that APE .
Then there is a realization (z) of I' in SE." such that A (z)E¥.
Clearly Q,F‘Yl(Z) so that 84|= 8(z) and thus ['fe. This proves the
theorem. [

Note that we can define another unary operation on the space
SAMF) in terms of the operation - on 3«“ But 'a poi-nt PESAN(F)

has an additive inverse in SpR(F) iff it is a point of FN,

7.3 Theorem 2.32
, If T is a regular map from F' to FM where F is an algebraically
closed field thenTT lifts to an open continuous map T* + SpA' (F)

--=> SpM(F). That is the following diagram commutes.

The map T{* is unique.
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In particular projection lifts to an F-Tinear monoid homorpnism.

Since Tl is regular it is defined by a set of polynomials (fp,...,
fn). Given VESA‘” (F) choose a vrealization (x) of ' in &V‘.
We define T*(T) to be the type of the sequence (fi(x),...,fr(x)).
This definition is invariant of our choice of representative of  for
suppvose that (y) is also a realization of ! in a". Then (x) and (y)
are conjugate points over F so there is an automorphism X of% leaving
F fixed such that B(x) = (y). Each polynomial 1is fixed b,yE so that
L (Fi(x)) = fily). Thus  (FL(X),eeesfn(x))  and  (f1ly),...,
fnly)) are conjugate points over F so have the same open type. Thus
T * is well defined. From this definition we can easily prove, usi’ng
Chevaﬂey's Theorem (which we proved in a previous section), that T* is
open and also continuous. For example let us prove that Jf * is contin-
uous. Let «¥ be an open formula in SpT(F). Then the open formula
F1 = (f1,...,fn) defines an open subset of SaN(F). We claim
that T *1( e ) =;. For suppose that Pg#. Then any realiza-
tion (x) of I¥ in S?; r has the property that E{ E91(x) or in other
words thatSl H’(fl(x),...,fn(x)) (here aé above@; is a universal
domain extending F). Hence TT(x) is in‘~Y1’n S}; and by definition this
means that T *(P) € ¥ . Thus T*(¥1) C ~. oOn the other hand
suppose ff *( )§y . Let (x) be a realization of I in S)u ry then Y (x)
¢ ¥ orS&F:\’l(x). Thus P&%j. We next show that T* is unique.
Here we need‘ the fact that F1 is dense in the space SAi(F). It

follows from this that if " e SAT(F) we can choose a net
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%, (31)31'&1 in F' which converges to F Suppose f is another‘
continuous map which 1ifts 1] . Then {f(aj)'}jé:[ converges to the
point f(P) and also i'\T *(ai)'sﬂl converges to ‘n‘*(?). But
{f(ai )}131 and {"ﬂ*(ai)} igl are  both  equal to the net
{ﬂ(ai)}iil iﬁ FN since T * and f are extensions of TV on Fr.
Hence f([*) =ﬁ?( ) and thus f =T[*. Finally the assertions concerning
the projection follow easily from the definition of the map lifting the

projection. [

Theorem 2.33

Suppose that F is an algebraically closed field and F] is an alge-
braically closed extension of F in a universal domainﬁz extending Fj.
Then the induced wmap i* : SpM(F1) ---> SpR(F) 1is ~an F-linear

monoid homomorpnism continuous in the open topologies on these spaces.

Proof
The continuity of the induced map is 'a general model-theoretic fact
which 1in any case admits a simple direct proof. Let }11 and sz
SAMF1). Let (x) and (y) be realizations of P and 1o re-
spectively in the space g{,n_ Then if (x) and (y). are linearly dis-
joint over F7 the type Pl + Pz‘is deﬁne_d to be the type P3
over Fi of the sequence (x) + (y). Now (x) and {y) are linearly dis-
joint over F < F1 and the type of (x) over F is 1'*(&71) and the type
of (y) over F is i*( Fg). Thus i*( JT1) + 1%(112) is the type J¥
of (x) + (y) over F. But this is the reduct of the type P3 that is P=
i*([5).  This means ix(fy +« P2y = ix(J1) + i*x(fh).  Since the

origin is in F this means i* is a monoid homomorphism. The linearity of
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this map with respect to F follows by a similar argument. [

7.4 Having proved the basic results concerning the monoid structure of
the Stone space in the above sections as well as the fundamental mapping
theorem we continue in this and the succeeding subsection to study linear
maps and subspaces and some particular examples which shed light on the

nature of the linear operations.

Theorem 2.34

Suppose that Lj(xi),...,Lm{xj) 1is a set of Tlinearly indepen-
dent linear polynomials defined over F in n variables. Then the equa-
tions L3 = 0,...,Ly = O define a Tlinear subspace of. SpA"(F) which

is a linear variety of dimension n - m.

Proof

By the corollary on page 91 of [43] the above equations define a
linear variety in the affine space EL” over F of dimension n - m, and
so a linear variety L of the same dimension in SpM(F). Thus we need
only prove that the variety L 1is a linear submonoid. Let Pl,f’g
SAN(F) withf’l, P> EL and say A1, A2 F. Choose linearly
disjoint representatives (x) and (y) of Pl and Pz respectively ir;
affine space. Then (x) and (y) are in L in ag" by definition. The
linear equations defining the variety LI in 9.»" define a linear sub-
_space Ly of SQ_," and clearly L} = L. So )\1(x) +)\2(_y)8L. By

definition of the operations in SpM(F) this means 7\1“ +

Aoz B L. N
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By earlier results the converse of the above theorem is not true.
For let 7 be a point of SAM(F) of dimension > 1. Let M be the F-lin-
“  ear submonoid generated by [’. Then every point in M has dimension > 1
so it is not definable as a constructible set much less as a linear \(ari—

_ety. We do have the following weaker result.

_ Theorem 35
Suppose that X is a closed 1linear subspace of SpM(F) with the

property that if I’EX then the algebraic locus of " is in X. Then X is

a linear variety.

_Proof

Let L be the set of all algebraic points of X. Then as the linear
structure of SpN(F) extends that of Fn the set L is a linear sub-
space of FN so it is defined by a set of linear equations which by
Theorem 2.34 define a linear variety Ly in SpP(F). Suppose that
PEx. Then if .dimr?_ 1 the point ' is the 1imit of the algebraic points
in its locus. For let fY be an open F-formula with Pe U'P’ If ~
is written in disjunctive normal form then P is a solution of one of the
disjuncts, say the formula fi1 = 0A,...,Afp = O0AIfpe1 = 0
««.»ATf = 0. This can be rewritten in the form f; = O0A,...,Af,
oA™Y (Fptl = 0OV,...,V fx = 0). Let f ="[l\(' fi. Say that (x)
a4l
is a realization of [' in affine space. Then (x) is a solution of our
disjunct so f(x) # 0. We can now apply the assertion on page 49 of [1]
to obtain an algebraic specialization of (x), say (xg), such that
f(xg) # oO. Then as (xg) is a specialization of (x) we have

fi(xg) = 0 for 1 < i < n and so (xg) is a solution of our disjunct
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and so of “Y . By definition (xg) is in the Tocus of Fso our claim

js proven. As Ly is closed this implies that PEL - L1 and so

%81y, MNow X is closed and LEX so TE¥X. Thus X =t;. K

Theorem 2.36

- A Tlinear transformatwn W :Fl--=-> FM 1ifts to a map'ﬁ' from
SAM(F)  to  SpM(F) which 1is linear on SpAM(F). Any continuous
, A

open linear map WM : SpM(F)----- > SpAM(F) is the extension of a

1inear transformation T : FP----> Fl,

Proof

A linear transformation Y is a regular map given by linear poly-
nomials ¢ T = (Li....slp). Thus W 1ifts to a map from SpN(F)
to SA™MF) (as was shown in 7.3). We need only prove that this map
’ﬁ' is linear. Let T1, M2 SA™MF) and A1, A2fF. Choose
linearly disjoint representatives (x) and (y) of Py and f’g respec-—-
tively. Then 2pl] + Aol s the type of A1lx) + Xa(y). So
TPy + X2l = the type of T(ix) + Aoy = 1
Tx) + A2My). We have T(x) = (Li(x),...,Lp(x)) so this se-
quence is in F(x) and T(y) = (Lily),...,tmly)) is a sequence in
F(y). Thus the sequences (Lj(x)) and (Lj(y)) are Tlinearly disjoint
since F(x) and F(y) are linearly disjoint over F. So by definition the
type of T (Ar{x) + )\z(y)) is A f'l + A2 r'z where Pl is the
type of (x) and rg that of (y). As Pl 'IT(Pl) and Pz =
'ﬁ(rz) be definition we obtain the identity: '}’[( N1 Py o+ ,\21’2)

A - A
= a1 T Pl) + )27 ( Pz). That is, I is a linear map.
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A

~ Suppose on the other hand that TY is an open continuous linear map
’ -

of SpMF) into SAM(F). Then the restriction 11 of TT to N is
a linear transformtion of Fn  into FM, For as each point
(z)ESAn(F)n Fn 4§s isolated it 1is an open set so fhat 'ﬂ'(z) is
_open and thus iso]ated. But the only isolated points of SpM(F) are
algebraic points so T(z) EFM.  Hence M is a regular map. But"‘f\[ is a
continuous extension of T[ to SpN(F) and so by Theorem 2.32 must be
the regular extension of . N

Note that in the above proof we only used the condition that T be
open to prove that FN was mapped into Fm, We can replace this condi-
tion by an algebraic assumption, namely that i% (0) = 0. For let {(x)EF
and assume this latter condition. Then i%((x) + (-x)) = {%(x) +-i}(—(x))
(nd also Tx) - G) =01 = 050 Mx) +q-0) = 0. 1F @imT 00 >
1 there is no element of SpM(F) which satisfies this equation so we
must have (x) Fm.

The above theorem yields a strong form of Chevalley's theorem for

linear maps.

Corollary 2.8

"N .
Suppose that T: SAMF) ----> SAm(F) is a continuous linear
(/

N
map such that either TT is open or T{(0) = 0. Then the image under T of

any linear variety is a linear variety.

Proof
, A :
The restriction of N to FM is a linear transformation TP into

FMm so that image of LAFN, which is a Tinear subspace, 1is a linear
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subspace Lj of FM, By Theorem 2.34 the equations of this subspace
define a linear variety /!\_1 in Sp™(F). we claim that ’?{‘(L) = ?_1.
_First note that each point Pof L is either in F" or is a limit of such
points (by the proof of Theorem 2.35). SinceM(LAFN) = Li we have
continuity and the fact that ?_1 is closed that ‘?r(P)ELl. But by
Chevalley's Theorem we have that T (L) is closed and L1§‘ﬁ'(L) S0

: A A A A FN
LS Th(L)€L;, and thus M(L) = L; as L3 dis the closure of

L. H

7.5 In the following few results and examples we examine the properties
of the Tinear operations on Sp"(F) in some detail. We would like to

obtain a complete description of the structure of this semigroup.

Lemma 2.24

Suppose that P1€SA”(F) and Fis the type of the generic point
of affine n-space over F. Then Pl T F

Proof

Let <x1,...,Xp> be a sequence of algebraically independent ele-
ments and <Y¥1,+++,¥n> be a realization of [’1 free over F with re-
spect to (x). If (x) + (y) is not a sequence of algebraically indepen-
dent elements over. F there is a least m such that the sequence Xi +
Y1seeesXp-1 + Ym-1 s algebraically independent and Xm  *
Ym is algebraic over this sequence. Let f be an irreducible polynomial
with f(x; + yi,eeesXm=1 + Ym-1>» *m + Ym) = O. As our
sequence is minimal with the property we stipulate above we can expand

this resulting polynomial by the binomial formula and multiply out all
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:tenné to obtain a polynomial F10XTs e esXm=15Y1seeesYm-1>
YpoXm) = 0 in which all the x; and yj appear in some nonzero
term.  For there 1is clearly a symmetry amohg the Xi and yj in this
regard so if any such element does not appear in our resulting polynomial
then we could omit an x§ + yi from our original polynomial. Choore a
maximal set of algebraically independent elements, say yj,....¥p
among the yj. The above polynomial then tells us that xy is a1gébra—
_jic over F(xl,...,xm_l,yl,...,yr) and this 1is impossible by our

6rigina1 assumption that (x) and (y) are free of F. kg

Corollary 2.9

A structure SAT(F) is not a cancellation semigroup.

Proof

Let Pl ;«‘Pg and say both points are not equal to the type r

_ of the generic point of the affine space. Then by the above lemma we

have 1+ (] = and r+r2=f'. K

Theorem 2 .37

There are subgroups of SpM(F) not contained in FN.

Proof

We give a typical example for a particular n from which it will be
_clear how to generalize. Consider the sequences (x,x+2) and (y,y-2) of
type Pl and 112 respectively. Let S be the subsemigroup generated by
r& and I7 2. Then each point of S has dimension at Teast 1 (by

Theorem 2.29). We claim that S is a group. In fact the zero of S is the
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(x algebraically independent over F). For let PO £s.
in 7).

type of (x,x)
Then T'o has a representatmn nrl + mrg (for 1ntegers n,m

The type of npl is represented by (z,z+2n) (z transcendental over F)

and similarly that of mrg by a sequence (z1,z1 -om) and so the

type of (zp,z2 + 2 (n-m)). 1is ro. Adding (x,x) (assuming the se-

quences are free) gives the sequence (zp + 2,22 + X * 2(n-m)) and the

type of this is the type of (z,z + 2 (n-m)) hence equals ['0. This

analysis also shows us the inverse of any point: For PO it is the type'

of (23,23 + 2 (m-n)). Hence S is a group. K

We now present two examples il1lustrating properties of the opera-

tions on SpN(F).

Example 2.7

Suppose that F 1is algebraically closed and has characteristic 2.

Consider the seguence {x, ax2 + bx + c) where a,b,C # 0. Let V be

the type of this sequence over F. The I‘+T‘ has the type of (x + Y, a(x.

+ y)2 + b(x + y) + 2c) = ((x + y), alx + y)2 + b(x + y)) and this

sequence has the type rl of the sequence (z, az?2 + bz). Here X,¥,Z

are all independent indeterminates over F. Clarly T'+ Pl = and P

+ Pl f’l so the elements P Pl constitute a subgroup of SpR(F)

of the order of the characteristic of F. K

Example 2.8
Let P be the type of the generic point of the hyperbola xy = 1,

defined over F. Then F + P is the type of the generic point of S2.



106

proof

A generic point of the _hyperbOTa is given by (x,1) where x
js transcendental over F. Let y be algebraically independe):xt with re-
spect to x. = Then + is the type of (x,_l_) + ('y,_l_) =
(x + y,xty). Suppose that x + y is algebraic over F(x + );/). Then );t is

Xy Xy
a solution of a polynomial

Falx +y)  y+x + ..o+ Fglx+ y) =0
Go(x +y) Xy Golx +y)

with rational coefficients. Mul tiply the above relation by (xy)n; we

obtain a new relation: Fp(x + y) (y + x)0 +,...,+ (xy)0 Fplx + y) = 0.

Gp(x +y) Go(x +y)
Hence - Fplx + y) (y + x)0 = (xy) Fp-1(x + y) +, e, (xy)N Fglx + y)
Gn(X + Y] Gn-1(x +Y) G0 (x+7y)

s obtained via subtraction. Now the left hand expression is divisible
by (xy) so this factor must also divide Fu(x + y) (y + x)0. But if
we expand both polynomial factors via the Binomial Theorem and multiple
we obtain a leading term of the form cy™r for some r and CEF. As
this term is not divisible by x we have a contradiction H

A basic problem suggested by the above examples is the compéti’bﬂity
of algebraic relations: When do two algebraic relations blow up to the
type of the generic point of affine space? For example if we are dealing
with curves in which the second coordinate is a rational function or
polynomial in the first coordinate must the second coordinate by a poly-
nomial or rational function in the sum of the first coordinates in order

that the sequence not blow up? More general algebraic relations are more

complicated.
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The final result of thisvsection shows that if F < F; where Fy

is algebraically closed and X is a set of types in Sp"(F1) defined
~over the field F then the submonoid generated by X is also defined over

F.

Theorem 2.38

Let F; be an algebraically closed field extending F. If r7 1
and ! 2 are points of SpMF1) then T'l and T 2 defined over F

implies thatf’l + Pz is defined over F.-

Proof

Choose algebraically free generic points (x) and (y) of the varie-
ties of Pl and rg. Then as both rl and 72 are deffned over F the
points (x) and (y) are also generic over F. Then (x) + (y) is regular
over F as F 1is algebraically closed so the variety Vj of this sequence
is absolutely irreducib]e over F and so is an absolutely irreducible
variety over Fj. Further (x) + (y) and Fi are free over F. For both
(x) and (y) are separately free over F; with respect to F and as they
are free over F; with respect to each other we deduce that (x,y) is
free over F with respect to F1; (in fact linearly disjoint over F).
Thus F(x,y) has this property and (x) + (y) is a sequence in the latter
field. This proves our c]aim.~ Hence (x) + (y) is a generic point of
Vg over Fj. Thus I,l + f’z is the type of generic point of Vg
and so is the extension of the generic point of Vg over F. jﬁ

A question not touched on in the study of the semigroup structure of

the Stone space in this section is that of analytic properties. There is
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an extensive theory of integrals. on topological semigroups and it is
natural to ask whether integrals linked to the geometry of the space
arise from the semigroup structure. Such 1integrals in classical

algebraic geometry are useful in the classification of surfaces.
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Chapter 3: The Fundamental Configurations of Linear Projective Geometry

3.0 Introduction-

In this chapter we study the fundamental configurations of linear
projective geometry and some retated figures. A major theme of the
chapter is the central position of the Desargue Configuration in pro-
jective geometry. We begin by giving an axjomatic proof of the extension
of this theoreh to three dimensional geometry. Next we demonstrate the
similarity in the basic geometric theories of the Desargue and Pappus
configurations. It is shown in [33] that the Pappus Theorem implies the
Deﬁargue Theorem. We prove that certain other fundamental results qf
projective geometry also imply the Desargue Theorem.

The second major theme of the chapter 1is the relationship of a
theorem to the dual theorem. We give new proofs that the Desargue and
Pappus theorems are equivalent to the dual theorems. In the case of the
Harmonic and Involution constructions the implication of the dual con-

structions is demonstrated under an additional assumption.

3.1 The Desargue Theorem

The following theorem is proven in [35] by an analytic argument. We
give avpure1y geometric proof. Suppose that xyzw is a space tetrad. A

face of the tetrad is a plane determined by three points of the tetrad.

Theorem 3.7 (Perspective Tetrad Theorem)

Suppose that xyzw and xlylzlwl are two general tetrads in

space.  Then xyzw and xlylzlwl are in pespective iff "the corres-
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ponding faces of the tetrads meet in a plane in four general lines.

Proof

Suppose that xyzw and xlylzlyl ape in perspective.  Then the
corresponding triangles of eéch pair of corresponding faces are . in
perspective. Therefore the corresponding sides of each pair of triangles
meet on a line. As there are.four pairs of corresponding faces there are
four such Tines. Choose one of the Tines 4%, determined by points P1,

P2, P3 that are the intersections of the sides of the corfesponding

triangles of the faces.

Figure 1

2 P, VQ ‘ ?3/
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Now each of the other triangles of a given tetrad shares a side with
the triangle chosen above. Hence each of the other three lines pass
through exactly one of the points Py, P2, P3. This proves thatAa11
four lines meet in pairs since the choice of Xﬁ was arbitrary. Thus the
1ines are coplanar and the lines are in general position. Assume on the
other hand that corresponding faces of the tetrads meet in a plane 1in
four general lines. Suppose that the planes of xyz and xlylzl meet
in the plane S in a line iﬂ . The planes of xyw and xlylwl also
meet an S in a line Jk that is distinct from-*. since the four lines are
in general position. Hence P.'f,, =Pj. Now P; lies in the three
planes xyz, xlylzl and xyw so is the unique intersection point.
But xyz and xyw meet on Xy soO P1 lies on the line xy. In the same way
it Ties on xlyl so Pi=(xy) . (xlyl). By a repetition of this
argument we can show that xz and W1zl meet on A and zy and zlyl
meet on 4%. An application of the Desargue Theorem shows that xyz and
xlylzl are in perspective through some point P. In the same way we
can prove that the triangles xyw and xlylwl are in perspective.
But xx! and yyl meet at P so that wwl must also pass through P.
Consequently the tetrads are in perspective.]ﬂ
Let SN denote n-dimensional projecti?e space. An m-gon in sn
consists of m linearly independent points. A face of an m-gon is the
subspace generated by a set of m-1 points of the m-gon. In order to
generalize the perspective Tetrad Theorem to higher dimensional pro-

jective space we need the following lemma.
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Lemma
Suppose that n>3. Two n-gons in SN are in perspective iff the
corresponding faces of the n-gons meet in general position on some n-2

dimensional subspace.

The proof of the above lemma is a direct generalization of the proof
of the Desargue Theorem 1in S3.  We can utilize this lemma as in the
proof of Theorem 3.1 to prove the following generalization of the

Perspective Tetrad Theorem.

Theorem 3.2
Suppose that n>3. Two ntl-gons in S" are in perspective iff the
corresponding faces of the n+l-gons meet in general position on an n-1

dimensional subspace of Sh.

The Principle of Duality in projective geometry was discovered by
Gergonne and perfected by Steiner in [40]. It should be noted that this
principle is an empirical hypothesis that requires verification in
specific éases. A natural question that is related to this principle is
whether a given theorem is logically equivalent to the‘dual theorem. It
was suggested by H.F. Baker in [3] that such an equivalence should hold
in theorems regarding self-dual figures. In [33] there is an indication
of a proof of this equivalence for the Desargue Theorem. The following

is a detailed proof.

Theorem 3.3
The Desargue Theorem is equivalent to the Dual Desargue Theorem.
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Proof

We prove first that the Desargue Theorem implies the Dual Desargye

Theorem. Suppose that corresponding sides of the two triangle ABC ang
AlBlcl  meet in  Tline. let AB . AlBL = %7, AC . Alcl s
‘Xo and BC . BICl = X3. Then the two triangles CClXp  apg

BB1X; are in perspective through the point X3.

Figure 2

The 1line XiXp passes through X3 by assumption. Furthermo

X3=BC . BICL. This proves the contention. It follows from U
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Desargue  Theorem  that  the points Py = BBl - cci, Pr = X3B . .
XoC and Pz = XiBl x Xpcl are collinear. Now by definition
Pp = A and P3 = Al and so AAl passes through Pj. Hence AB& and
alglcl are in perspective . through the point of Pj. “Assume  now
the Dual Desargue Theorem and suppose that the triangles are in perspec-
tive through the point P.  As befére let Xy = AB . AlBl and Xp =
AC . Alcl. The corresponding sides of the triangles X;BBl and
Xoccl meet in  Tline. For BBl . CCl=P and XyB . XoC=A and
x;Bl . x2cl = Al.  Hence by the Dual Desargue Theorem the Tines
BC and BICl meet at a point X3 on the line XiXp.  Therefore the

corresponding - sides of the triangles ABC and AlBICL meet in Tline.

K

We conclude this section of the chapter with a presentation of two
results that are applications of the Desargue Theorem and the Dual
Desargue Theorem. The first result is a geometric proof of a condition
that is equivalent to the perspectivity of a pair of triads on two dis-
tinct lines. This result is one of two equivalences proven by analytic
methods in [35]. A geometric proof of the second equivalent can be found

in [12]. Another geometric approach to the first equivalent can be found

in [3].

Theorem 3.4 ‘

Suppose that 4 1 and -Pg are lines meeting at a point P. Let
x,y,z and xl,yl,zl be triads of distinct points on 21 and I
such that no point is equal to P. Let -9 be the Pappus line determined
by the two triads. Then x,y,z and xl,yl,z1, are in perspective iff

Q passes through P.
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Proof

Suppose first that the triads are in perspective from a point U.

Figure 3

Then the triangles xzYl and X1zly are in perspective through the
point U so that if Sy =xyl. XY and Pp=zvl.7ZlY the Tline
-P1Pp passes through P by the .Desargue Theorem. But P1P2 1is the
Pappus line of the two triads. Suppose on the other hand that the Pappus
line -P of the +two triads passes through P. This means that
corresponding sides of the two triangles Xz¥l and XI1Z1Y meet in
line. Hence by the Dual Desargue Theorem the triangles xzyl and

x1zZ1Y are perspective through some point U. This means that the two

triads are in perspective through U. ]ﬁ

Theorem 3.5
Suppose that ? 1 and J o are lines that meet at a point P. let
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R be a point of /9 1 not equal to P and Qi, Q2, Q3 a triad of
points on ik such that no Qi is equal to P. Suppose that 9 is a line
through P. Then if P; = RQ;.§ and P2 =RQp . d the point X =
(QoP1) . (Q3Pp) Tlies on a line through R that does not depend

on the choice of Q .

Figure 5 _
Xy b

o8

Proof

Let ﬂ; be another line through P and define X; = .). QR, ¥y =

Do~ QR Xp=Jd.QR and Yp= Do @R Then  the
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triangles XYQ2 and X1Y1Q3 are in perspective through the point P.
Now XY and XjYp intersect at the point R and YQ; and Y1Q3

intersect at a point X, that does not depend on the position of g.

K

—

The examples above illustrate the central position of the Desargue
Configuration in the structure of the theory of projective geometrical
relations. ‘We will return to the study of this question in the third

section of this chapter.

3.2 The Pappus Theorem

The geometrical  relation defined in the following definition was

first noticed by Graves. A discussion of this relation can be found in

[9].

Definition 3.1

A triangle ABC is in second perspective to a triangle Alglcl

if the sides of ABC pass through the vertices of alglcl.

Figure 6
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We utilize the above definition to formulate the following geometric

principle.

The Second Perspective Theorem

Suppose that the triangle ABC and abc are in the same plane and ABC
is in second perspective to abc. Assume that a is on CB, b is on AB and
¢c is on AC. Let X be a point of ab not equal to a or b and let y = AX .

ac and Z = CX . bc. Then the point B lies on the line yz.

Figure 7
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The above theorem can be verified as anlempirical fact. In regard
to the relation of this configurational fact to projective geometric

theory we have the following result.

.Theorem 3.6

The Second Perspective Theorem is equivalent to the Pappus Theorenm.

Proof

Assume the Second Perspective Theorem. Given lines f 1 and-Pz
and triads A,B,C and AL,BL,cl on §1 and &, respectively we Tet
D= Al . AlB. The triangles ABD and AlBICl are in second
perspective. For Bl 1jes on AD, Al lies on BD and C is a point of
AB.  The point Cl 1ies on the line AIBl and Cl! is not equal to
Al or Bl Let y=Acl . AlC and Z =8cl. BlC. By the
"~ Second Perspective Theorem the line yz passes through the vertex D. But

this is the conclusion of the Pappus Theorem.

Figure 8



120

Assume the Pappus Theorem and suppose that the triangle ABC is in second
perspective with the triangle abc. Suppose that a lies on CB, b lies on
AB and ¢ lies on AC. Let X be a point on the line ab not equal to a or
b. Consider the triads A,C,c and a,b,X. By the Pappus Theorem the
points Ab . aC, AX . ac and CX . bc are in line. As the point B is equal
to Ab . aC it follows that if y = AX . ac and Z = CX . bc then the line
yz passes through the vertex B. This is the conclusion of the Second
Perspective Theorem and completes the proof of the equivalence. jg

The equivalence of the Pappus Theorem and the Second Perspective
Theorem can be applied to provide a very simple proof that the Pappus
Theorem is equivalent to the Dual Pappus Theorem. The proof to be given
avoids the use as in [3] of the three dimensional form of the Pappus
Theorem. In this regard note that the second perspective configuration

js a self-dual figure.

Theorem 3.7

The Pappus Theorem is equivalent to the Dual Pappus Theorem.

Proof

It suffices to prove that the Second Perspective Theorem is
equivalent to the Dual Second Perspective Theorem. Assume the Second

Perspective Theorem.
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Figure 9

Suppose that the triangle ABC is in second perspectivé to the triangle
alglcl so that Al lies on BC, Bl 1lies on AC and €l 1lies on
AB. Let ? be a line through the vertex C and let z =.P. Alcl.  let
X = Az . AlBl and 1let' w = BX . BICL. By the Second Perspective
Theorem the line zw passes through the vertex C. But Cz =~? and so
2 =2w. Thus J.Blcl=w. Therefore the Tlines A J. alcl) and
B(F. BICl) intersect on AlBL. This 1is the conclusion of the
Dual Second Perspective Theorem. Assume the Dual Second Perspective
Theorem and suppose the triangles ABC and AIBICl are as above. Let
X be a point of AlBl not equal to Al or Bl. Let Z=AX. Alcl
and let w=Cz . Blcl. By the Dual Second Perspective Theorem the
lines AZ and Bw meet on AlBL. But AZ . AlBl = X so that
w = BX . B¢l and thus zw passes through the vertex C. This is the

conclusion of the Second Perspective Theorem. ]ﬂ
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A self-dual configuration is a linkage of the point geometry of the

plane and the dual line geometry. In [41] it is shown that by the use of
the Desargue configuration one can construct an incidence preserving cor-
respondence of the points and lines of the plane. As shown in [35] and
[3] such a correspondence is closely Tinked with the geometry of a conic
section. In the final portion of this section of the chapter we utilize
the Pappus Theorem to construct another incidence preserving correspond-
ence of the points and lines of the plane. It was shown above that both
the Desargue Theorem and the Pappus Theorem can be formulated as self-
dual triangle relations. The direct use of the Pappus Theorem to con-
struct a point and line correspondence thus completes the pictufe of the
analogy of the structure of the geometrical theory of the Desargue and

Pappus configurations.

Definition 3.2

A 3-3 configuration in a plane S consists of three distinct lines

dog, A1, £2 and three distinct points Xo, X, Xz such that

X1 and X2 1ie on —P o and the three lines pass through Xg.

Figure 10
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Theorem 3.8

Suppose that the Tlines * 0> 1 1» y 2 and the points Xg, Xi,
X2 constitute a 3-3 configuration in a plane S. Let 4? be another
distinct line in S. There is a unique point Z such if W is any point on

Q then the Tine (XjW .2])(X2w ..?2) passes through the point
Z.

Figure 11

12

Ra

Proof
The proof of the  theorem proceeds by a reduction to the Second

Perspective Theorem. Let R =,f.Q;1 and T = P..Pg. Define the point

D to be X3T . XpR. Then D is the intersection point.
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Figure 12

b

Ao

To prove this note that the triangle XjXpD is 1in second per-
spective with the triangle XgRT. Thus if X is a point on -P not equal
to R or T and if Yy =P1. XX and Yo =Jo. XoX then it fol-
Tows from the Second Perspective Theorem that the Tline YjYp passes
through the point D. This proves the theorem. ‘H

Note that the 3-3 configuration with a line and the corresponding
pencil constitutes a self-dual configuration. Suppose that D is the cen-
ter of a pencil. Let T = XD . .P 2 and R = XD . vf 1. If -P
is a 1line through the point D let Yy = X ,P 1 and Y2 = ?Pz
Then by the Dual Second Perspective Theorem the Tines XjY; and
X2Y2 meet oﬁ RT.  This proves the dual of the above theorem. The

‘f01]owing result is an application of the dual form of Theorem 3.8.
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Theorem 3.9

Suppose that the Tlines 'PO, .Pl, Q2 and the points Xo, Xi.

Xo in a plane S constitute. a 3-3 configuration. Llet S1 be a pencil’
of lines in S. To each line A of Sy there correspondé a pencil of

1ines with center XQ. The set of points X} for A in Sp are in line.

Proof

If .? is a line in the pencil Sy then it was shown in the Proof of
Tneorem 8 that the center of the corresponding pencil is defined as fol-
lows. Let Ry = 1 .Ql and Rp = .P. 92. Then the point Xjp =
X1R2 . XgRp s the center of the correspondingv pencii. It is now

an immediate deduction from the dual of Theorem 3.8 thal the points X

are in line. N

3.3 The Harmonic and Involution Constructions

It is shown in [41] that the harmonic and involution constructions
can be obtained as traces of a quadrangle on a 1ine. In [3] a con-
struction is introduced in regard to the addition of coordinates which we
will call the addition construction. This construction can be obtained
as the third trace of a quadrangle on a line. We begin this section by
showing how each construction can be obtained as a trace of a quadrangle
in order of complexity. The three cases that are possible are: (i) Two
diagonal points of the quadrangle lie on the line, (ii) One diagonal
pdint of the quadrangle lies on the line, (iii) No diagonal point of the
quadrangle lies on the line.

We first give an explicit statement of each of the trace con-

structions. A1l lines and points are in a fixed plane.



126

Theorem 3.10 (Harmonic Construction)

Suppose that A,B,C are points of a ]ine.f and a and b are lines
through A and B respectively. let ¢ be a line through C and define
Xy =a.c and X2 =b .C If X=a.b and y-= (aXp) . (bX1)

then the point P = xy . P js invariant of the choice of lines.

Theorem 3.11 (Addition Construction)

Suppose that A,B,C,D are points of a line -P and a,b,c are lines
through A,B,C respectively. Suppose that d; and dp are lines through
D such that b . ¢ lies on di and a . ¢ lies on dp. Then the point

P=(b.dp)(a .dj) .-9 is invariant of the choice of lines.

Theorem 3.12 (Involution Construction)

Suppose that A,B,C,D,E are points of a 1line .P and a,b,c,d,e are
1ines through A,B,C,D,E respectively such that a . ¢ and b . d lie on the
line e. Then the point P = (a . d)(b . ¢) P is dinvariant of the

choice of lines.

Figure 13
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In the case of the Harmonic Construction the points of the quad- -
rangle are Xj, Xz, X, Y so that A and B are diagonal points. The

points P and C are intersections of the remaining two lines of the

figure.

Figure 14 ' dz

¥ B AP D
In the case of the Addition Construction the points of the quad-

rangle are ¢ . b, a .dj, b .dp, c.a. The point D is a diagonal

point and the other four points are intersections of } with the quadri-

lateral configuration.

Figure 15




128

In the case of the Involution Construction the points of the quad-
rangle area . ¢c, b . d, b .c, a.d.

The usual proofs of the invariance of the Harmonic and Involution
Constructions as in [3] are’not uniform in regard to method. Theré is
one common aspect and that is the use of three dimensional methods. It
will be shown later in this section of the chapter that this use of three
dimensional geometry to prove the invariance of thé three trace construc-

tions is essential. The following proofs use a new and uniform method.

Proof of the Invariance of the Harmonic Construction

As in [3] we will prove that two instances of the construction in
different planes yield the same point. The general proof then follows

from this.

Figure 16
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We agree in this and the next two proofs 1o let corresponding points and

lines of the second construction be denoted by the corresponding dashed

letter. Note that the triangles XXjXz and xI xgt Xpl are

in perspective through some point Q. ‘The triangles X1 X2Y . and

triangles XX3X2 and

Xi1xplyl are also in perspective. The
X1X11X21

X1X2Y have 2 side in common as do the triangles

and X1 1Xp1v1. Consequently X1X2Y and x11Xp1v1 are

also in perspective through tne point Q. The lines xx! and YYl thus

meet at Q and hence these 1ines are coplanar. If S is the plane of the

two lines then S and «? meet at one point and thus XY L d o= xivl.

2. K

In the next two proofs we will point out a chain of perspective

triangles that allow us to deduce the conclusion as in the above argu-

ment.

Proof of the Invariance of the Addition Construction

Figure 17




We note the following chain of perspective triangles:
(i) f(a . dy)(b . di)(a . dp) is perspective with

(al . a3ly(pl . dyl)(al . d21)-
(i1) (a . d2)(b . d1)(b . d2) is perspective with

(al . dpl)(bl . dpl)(pl . dpl)

Proof of the Invariance of the Involution Construction

Figure 18

We note the following chain of perspective triangles:
(i) (a . d)(b . d){c . a) is perspective with

(al . dl)(pbl . dl)(cl . al)
(i1) (b . d)(c . a)(c . b) is perspective with

(bl . dl)(el . al)(el . pl). K

130
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A relation among a set of points on a line that is determined by an
jnvariant line construction in a plane containing the line we call an

invariant relation.

Theorem 3.13

An invariant point relation is projectively invariant.

Proof
Suppose that «2 is a line and points P, ..., Py are inb some
invariant relation on -¥ . Assume that the lines 2 and 11 are in per-
_spective from a point Q. Let S; be a plane through 2 that does not
contain Q;L and let S» be a plan through 4 1 that does not contain
X. In the plane S construct an instance of the invariant line con-
struction that determines the relation of Py, ..., Pp. If we project
this construction from Q onto the plane Sy the projected figure is an
_instance of the invariant line construction and so the projections of the
points Py, ..., Pp are in the given invariant relation. !ﬂ

It follows from the above general theorem that the three invariant
trace relations are projectively invariant. Other proofs for specific
:'cases can be found in [3] and [35]. Note that the above proof depends on
theluse of three dimensional geometry. Consequently it does not dualize
to the case of pencils for in three dimensional space the dual of a point
is a plane so that projection from a line cannot be extended. This

_results in an asymmetry in the theory.
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pefinition 3.3

Let S be a plane. Then S satisfies the invariant condition if every

invariant relation among points on lines in S 1is also projectively

invariant.

For purposes of exposition we now give an explicit statement of each

of the duals of the three trace theorems.

The Dual Harmonic Construction

Suppose that 4?1, —92, -93 are lines of a plane pencil and P is a
point of il. Let S and Sp be lines through P not equal to ‘Pl.
The point z=(S; .J22)(S2 .J93) . (51 .P3)(Sp .P2) 1lies on a

Tine of the pencil that is independent of the construction.

The Dual Addition Construction

Suppose that fl, .92, .83, fa, are lines of a plane pencil and
P is a point of 'Pl- Let S; and Sz be lines through P not equal to

D .. The point z=(Sy .J&2)0(S2 .Pa) . (51 .Da) (sp .03

lies on a line of the pencil that is independent of the construction.

The Dual Involution Construction

suppose that D1, fo, D3, B4, D5 are Tlines of a plane
pencil and P is; a point of Pl. Let S; and Sp be 1lines through P
not equal. to 'Pl- The point z = (S3 .32)(82 gs5) o (s1 . .04)
(So .D3) lies on a line of the pencil that is independent of the

construction.
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We can now state and prove the following three theorems.

Theorem 3.14

Assume tne 1invariant condition. Then the Harmonic Construction

implies the Dual Harmonic Construction.

Proof

suppose that 41, J2, §3 are three lines of a plane pencil and
P is a point of-Pl.

Figure 19

P S P

Assume that we have completed an instance of the dual harmonic coﬁ~
' struction with 1lines S; and Sp through the point P.: Let -P be the
pencil 1line through z and define Pj to be -* ; S;. If A= Pg . S8,
B=J3 .S and C =P then it is immediate that the point Py is the
constructed point of the Harmonic Construction on the line S;. Suppose
now that Q is another point of-yl and Ry and Ry are lines through Q

not equal to Pl. With these lines we can complete another instance of
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the dual harmonic construction. As above the Tine ,91 so constructed
intersected with R; provides an instance of the Harmonic Construction.
It follows from the invariant condition that the line 41 must be-*. ‘H

The proofs of the next two theorems use the same method as that of
the above argument. That is we interpret an instance of a dual trace
constructions as an instance of the corresponding trace construction and
then apply the invariant condition to prove that the line obtained is
independent of the particular construction. The proofs will therefore be

given more briefly.

Theorem 3.15

Assume the invariant condition. Then the Addition Construction

implies the Dual Addition Construction.

Proof

Letll,lg,.§3,14 be lines of a plane pencil and suppose P

is a point of 11.

Figure 20
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Lef Sy and S» be lines through P not equal to «?1. let A =.?2 .

S1, B =,l3 .S, C=P and D= 94 . S1. If an instance of the
dual addition construction 1is completed using the iinés S1 and S
then it is immediate that the configuration on the line S; with points

A,B,C,D and the constucted line constitute an instance of the Addition

Construction. kg
Iﬁgorem 3.16

Assume the invariant condition. Then the Involution Construction

implies the Dual Involution Construction.

Proof

Figure 21

Let .Dl, .92, D3, P4, §5 be Tlines of a plane pencil and suppose

that P is a point of P 1 Let S; and Sz be lines through P not
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equal to}l. Suppose that with the Tlines S; and S we have com-
pleted an instance of the dual involution construction. We define on
S1 the points A =f2 . S1, B =493 . S1, c =I4 . 51,
D =.P5 .S and E = P. With the points so defined it 1is immediate
that the configuration is an instance of the Involution Construction. H

The objective of the next portion of this section of the chapter is
to prove that the assumption of the invariance. of the dual trace con-
structions implies the Desargue Theorem. For purposes of proof we state

the following three propositions.

First Three Line Theorem

Let 21, §2, £3 be three concurrent lines and A a point of 4
and B a point oflg. There is a fixed point z on the line BA such that
if S is any point of Pl and R = SB .’23 the 1line S(AR @ 2) passes

through z.

Second Three Line Theorem

Let .?1, .32,.93 be three concurrent Tlines and A a point not on
any of these lines. Suppose that B is a point on-?g. There is a fixed
point Z on the line AB such that for any point S on 4?1 if R=3SB .'?3

then the line S(RA .~?2) passes through the point z.

Iﬂird Three Line Theorem

Let —3"1,12,.?3 be three concurrent 1ines and A and B two dis-
tinct points not on these lines. There is a fixed point z on the line AB
such that for any point S on ~Pl if R =SB ..93 then the line

S(RA .Pz) passes through the point z.
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Theorem 3.17

The Dual Harmonic Construction implies the First Three Line Theorem.

Proof

Figure 22

Given a boint S1 on-?l the point Ry can serve as the point P of the
Dual Harmonic Construétion; If ARp .-fz =By the z=AB . $1B1
lies on the invariant line J? of the Dual Harmonic Construction. With
another choice of point Sp on ?1 the same line 1is produced and so the

Tine Sp (RpA ..?2) must pass through Z = AB . J. K

Theorem 3.18

The Dual Addition Construction implies the Second Three Line

Theorem.
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Proof

Figure 23

‘fl ?'z. P3

=NIE

%

Given a point S1 on 2 1 \Ae define the point Rp to be the point P of
the Dual Addition Construction. We define «P41 to be the line AQ
where Q =}]_.-?2. Then z lies on the line AB and so is independent

of the choice of the point S3. [
Theorem 3.19
The Dual Involution Construction implies the Third Three Line

Theorem.

Proof
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Figure 24
A
N
S
N
3

Given a point S$; on -X 1 we define Rp =P and the 1line A
(2 q1.02 to be A5l and 'B(le Jz)ﬂto be ‘le- of the
Dual Involution Construction. It is clear how to complete the
interpretation and the proof. K

There are three possible cases of the Desargue Theorem. We Tist

them as follows.

First Case of the Desargue Theorem

The intersection points of two corresponding sides are on lines of

perspective.

Second Case of the Desargue Theorem

The intersection point of a pair of corresponding sides is on a line
of perspective. No other intersection point of corresponding sides is on

a line of perspective.
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Third Case of the Desargue Theorem

The intersection points of corresponding sides are not on lines of

perspective.

Theorem 3.20
The First Three Line Theorem implies the First Case of the Desargue

Theorem.
Proof
Suppose that the triangles ABC and AIBICl are in perspective

from a point Q.

Figure 25 ‘ Q

Assume that the two sides AC and AlCl meet on BBl and the two sides
BC and Blcl meet on AL, We let 4 1 =AQ and £ =BQ and
-3 3 = CQ for the three lines of the first three 1line configuration.
For the points A and B we take BC . BICl and AC . AlCl respec-
tively. It follows from the First Three Line Theorem that AB . Algl

is on the line (AC . Alcl)(sc . Bich). K
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Theorem 3.21

The Second Three Line Theorem implies the Second Case of the

Desargue Theorem.
Proof
Suppose that the triangles ABC and AIBICl are in perspective

from Q.

Figure 26

A

Suppose that - the sides AC and AlCl meet on BBl.  For the —Pl take
the line AQ, for-?g the line BQ and for»ey, the line CQ. For the
point A 5n the second three line configuration take BC . BICl and for
the point B take AC . Alcl. It follows from the Second Three Line
Theorem that the points AB . Algl, AC . Alcl and BC . BIC!

are in line. K

Theorem 3.22

The Third Three Line Theorem implies the Third}Case of the Desargue

Theorem.
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Proof
Suppose that ABC and AIBICl are triangles in perspective from

a point Q.

Figure 27

We assume that no pair of correﬁponding sides heet on a line of per-
spective. For the interpretation take «(1 to be AQ, .?2 to be BQ and
X3 to be CQ. Take for the point A the point BC . BICl and for
the point B the point AC . AlCl.  Then it follows from the Third
Three Line Theorem that the points AB . AlBl, AC . Alcl. and
BC . BICL are in Tine. [

The three theorems proven above imply together the following

theorem.

Theorem 3.23

The assumption of the invariance of the three dual trace construc-

tions implies the Desargue Theorem.
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The proof of the above theorem can be dualized. As the Desargue

Theorem 1is equivalent to the Dual Desargue Theorem this implies the

following theorem.

Theorem 3.24
The assumption of the invariance of the three trace constructions

jmplies the Desargue Theorem.

A result of [3] shows that the Desargue Theorem does not follow from
the propositions of incidence in the plane. This fact together with

Theorem 3.24 imply the following theorem.

Theorem 3.25

The invariance of the three trace constructions does not follow from

the propositions of incidence in the plane.

3.4 Invariant Constructions

The following four line constructions are constructions using six,
seven, eight and nine points. These constructions continue the sequence
of constructions utilizing three, four and five points initiated by the
‘Harmonic, Addition and Involution Constructions. The existence of these
four new invariant constructions demonétrates that not all invariant con-
’structions with more than five points reduce to the constructfons on

three, four and five points.

Theorem 3.26 (Six Point Construction)

Let F,A,B,C,E,D be points of a line .f in a plane S. Assume there
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are lines f,a,b,c,e and dj, dp through the respective points such
that: (i) b . d; and a . dp lie on f, (ii) ¢ . a lies on d; and
e .b Ties on dp, Then the .point P=1{c . d2)(e . dj) .-P is

invariant.

Theorem 3.27 (Seven Point Construction)

Let H,A,C,B,D,F,G be points of a line Q in a plane S. Assume there
are lines h,a,b,c,d,f,g through the respective points such that ¢ . f and
a . d lieon h. If g and b pass through ¢ . d then the point P = (g . a)

(b . f) ..2 is invariant..

Theorem 3.28 (Eight Point Construction)

Let G,A,B,C,D,E,F,H be points on a line -( in a plane S and assume
that g,b,c,d,e and aj, ap are lines through the corresponding points
such that b,d,a; meet on g and c,e,ap meet on g. Suppose that the
line f passes through F and b . e and h passes through H and a2 . d.

The point (h . aj)(c . f) X =P is invariant.

Theorem 3.29 (Nine Point Construction)

Let F,A,C,E,G,H,I,B,D be points on a line -P in a plane S and assume
that f,a,c,e,g,h,i,b,d are lines through the respective points such that
a,c,e meet on f and b,d,i meet on f. If g passes through a . i and h

passes through b . e then the point (g . d){(c . h) .P = P is invariant.

The following diagrams illustrate the ahove constructions.
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Figure 28 (Six Point)
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Figure 30 (Eight Point)

B < D P H A F L F

Figure 31 (Nine Point) ' S
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Note that in the sequence of invariant constructions that begins

with the Harmonic Construction the constructions alternate between having
‘a single line or two lines at the center of the configuration. The con-
structions beginning with an even number of points utilize two ]inés.

We now give proofs of the above theorems in the given order. The
‘method of proof in each case is the method of triangle chains introduced
above. In each of the proofs we assume that we have two instances of the
particular construction in two distinct planes S; and Sp. Lines
through points on the line that have upper case labels are labelled with
the corresponding lower case letters in the plane S; and in Sp with
corresponding dashed letters. In each proof we display a chain of per-

spective triangles.

(1) (six Point)
We display a chain of perspective triangles.

(i) (¢ . d2)(a . d2)(c . f) is perspective with

(cl . dol)(al . apl)(cl . 1)

(ii) (¢ . f)(a . d2)(c . dj) is perspective with

(cl . fly(al . dol)(cl . ag11)

(i1i)(c . d7)(a - dp)(b . ) is perspective with

(cl . ajl)(al . dpl)(pl . f1)

(iv) (a . dp)(b . f)(b . d2) is perspective with

(al . do)(pl . F1)(pl . apl)

k(v) (b . fi(b . dp)(e . d]) is perspective with

(by . FL)(pl . dpl)(el . dll).

Thus the Tines (c . dp)(cl . dpl) and (e . dy)(el . aq1)

are coplanar.
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(2) (Seven Point)

We display the following chain of perspective triangles.
(i) (a . g){c . a)(b . d) is perspective with
(al . gh)y(cl . aly(pl . dl)
(ii) (¢ . a)(b . d){a .- h) is perspective with
(ct . aly(pl . dl)(al . nl)
(iii)(a . n)(b . d)(c . h) is perspective with
(al . hl)(pl . dl)(cl . n1)
(iv) (¢ . h)(b . d)(b . f) is perspective with
(cl . nly(pl . ab)(pl . fl).
Thus the lines (a . g){al . gl) and (b . f)(bl . fl) are

coplanar.

(3) (Eight Point)

We display the following chain of perspective triangles.

(i) (h.aj)(b.aj)ld.h) is perspective with
(hl.a;l)(pl.a3l)(dl.hl)

(ii) (b.ay)(d.h)(g.az) is perspective with
(bl.agl)(al.n1)(gl.azl)

(iii)(g.ap)(b.f)(b.a1) is perspective with
(gl.apl)(bl.f1)(bl.agl)

(iv) (g.a2)(b.f)(f.c) is perspective with
(gl.apl)(pl.f1)(fl.cl).

Thus the lines (h.ap)(hl.a;l) and (f.c)(fl.cl) are coplanar.
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{4) (Nine Point)

We display the following chain of perspective triangles.
(i) (c.h)(b.e){c.e) is perspective with

(cl.pl)(pl.el)(cl.el)

(i1) (c.e)(b.e){f.b) is perspective with

(cl.el)(pl.el)(fl.pl)

(iii)(c.e)(f.b)(i.g) is perspective with

(cl.el)(fl.pl)(il.ql)

(iv) (f.b)(i.g)(g.d) is perspectivé with

(fl.pl)(il.gl)(gl.dl).

Thus the lines (c.h)(cl.hl) and (g.d)(gl.dl) are coplanar.

We next state and prove the duals of the theorems proved above. The
method of proof is an extension of the method used earlier to prove the
duals of the Harmonic, Addition and Involution Constructions. In these
cases the dual line construction cannot be interpreted in the configura-
tion. .Instead the configuration must be completed and the proof reduced
to a new line construction. The latter are proven using the triangle
chain method. |

The following 1is the list of the pencil constrﬁctions that are

proven in this section to be invariant.

Theorem 3.30 (Six Line Construction)

Let F,A,B,C,D,E be lines of a pencil. From some point f of F draw
lines X and y. Let a=X.A, dj=y.D, d2=X.D and b=y.B. Further Tlet
e=ad).E and c=bdp.C. If p=cdj.cd then the line P of the pencil

through p is invariant.
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Theorem 3.31 (Seven Line Construction)

Let H,A,C,B,D,F,G be lines of a pencil and from a point h of H draw
lines x and y. Llet a=x.A, d=x.D, c=y.C and f=y.F. Further let g=cd.G
and b=cd.B. If p=ag.bf and P is the line of the pencil through p then P

is invariant.

Theorem 3.32 (Eight Line Construction)

Let G,A,B,C,D,E,F,H be Tlines of a pencil and from a point g of G
draw lines x and y that meet A at a1 and ap respectively. Llet d=X.D,
b=X.B, e=y.E and c=y.C. If f=pbe.F and h=dap.H then the point

p=fc.ha; lies on a fixed line P of the pencil.

Theorem 3.33 (Nine Line Construction)

Let F,A,C,E,G,H,B,I,D be lines of a pencil and from a point f of F
draw lines x and y. Let a=x.A, e=x.E, ¢=x.C, b=y.B, i=y.l and d=y.D.
Further let g=G.a and h=be.H. If p=gd.ch then the Tine P of the pencil

through p is invariant.

We next give proofs for the above theorems in the above order of
presentation. In each proof we assume that we are given two instances of
the pencil construction in two distinct planes that pass through a par-

ticular line of the construction.

(1) (Six Line)

Let the center point of the pencil be U. We let the base line for
the two constructions be the line x of the pencil construction. Corres-

ponding points of the second construction are denoted by dashed letters.
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Figure 32

8 s; : o

Let Z=y.C. MWe first prove that cdj and cldjl meet on the line X.
To demonstrate this we show that the triangles bcd, and blcldll
are in perspective. Note that cbz,bzU and zUdy yield a chain of
triangles and we thus conclude that the lines bbl, ccl and
dydi! are concurrent. By the Desargue Theorem we conclude that
cd; and cldjl meet on the line X. To complete the proof of the
theorem note that epdy and edil yiéld the required triangle chain.
The proof can now be completed be an application of the invariant

condition.
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(2) (Seven Line)

Figure 33

£

We assume the conventions of the previous proof and also that the
center of the pencil is the point U.As in the six line construction a
preliminary fact concerning the éonstruction must be proven. In this
case we have to demonstrate that the lines bf and blfl meet on the
Tine x which is taken to be the base line. To prove this we show that
the triangles cbf and clblfl are in perspective.  This perspec-
tivity follows from the triangle chain Ucf and Ucb. To complete the
proof note that the triangle chain Ubg and pbg connects the points U and

p. We can now proceed as in the previous case.

3. (Eight Line)

We assume the conventions of the previous proofs and also that the
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center of the pencil is the point U.

Figure 34

T~
3
e

£ H A D

We let the base line be the line x. Let a=A.y. The proof consists
of the following three steps.

(i) Uce and Uef constitute a triangle chain and so Ucf and ulclsl
are perspective. Thus cf and clfl meet on the line X.

(ii) apac and Uac constitute a triangle chain and so the triangles
Vape and Ulaplcl ‘are in  perspective. Thus VUap and
Ulapl meet on the line X.

(iii)paph and hapl constitute a triangle chain and this demonstrates

that the line P is invariant.
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4, (Nine Line)

Figure 35

F A G % T H E L D

We follow the conventions of the previous proofs. Assume that the
center of the pencil is the point U and let e be the point hb.dg. The
Tine x is the base line for the construction. The proof consists of the
following three steps.

(i) giU and Uid constitute a triangle chain and so the lines gd and

gld1 meet on the line X.

(i1) bed and bdU constitute a triangle chain and so the lines el and
elul meet on the line X. |
(iii)pehband ehU constitute a triangle chain and so the lines pU and

plul meet on the line X. Hence the line P is invariant.
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Chapter 4: The Model Theory of Universal Classes

4.0 Introduction

In this chapter we derive some results in the model theory of uni-
versal classes. For the most part we will assume that the class has the
amalgamation property. As was demonstrated in [13] universal classes
having the amalgamation property have many of the properties of the class
of fields of some fixed characteristic. Thus one of the goals of this
chapter is to extend key results of algebraic geometry to the general
context of open formulas defined over structures in universal classes
with the amalgamation property. A second goal of the chapter is to prove
analogues of basic theorems of first order model theory for the model

theory of universal classes with the amalgamation property.

4.1 Existentially Closed Structures and a Two Cardinal Theorem

We begin this section with some results concerning the atomic dia-

grams of structures in universal classes.

Definition 4.1

Suppose that Z is a universal class. If AEZ has the property
that for all extensions B of A in 23 the atomic diagram of B equals that

of A then the atomic diagram D of A is a maximal Zz-diagram.

Theorem 4.1
Suppose that }E is a universal class and D is a maximal ]f—diagram.

Then ED =ZT for some complete theory T.
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Proof

Suppose that A Z has atomic diagram D. Let T = Th(A).

P3N =€T' suppose first that BE 2 is a D-structure. Ve want
to show that TuDp(B) is a consistent theory. If " is the open type of
any finite subsel of B then P ED and so T' is realized in A. Therefore
the consistency of TuDA(B) follows immediately from the Compactness
Theorem.  Suppose next that C is a model of T and (x1,...,xp) is a
sequence in.C. Let [ be the open type of this sequence. If S is any
finite subset of T then C kavl,...,gvnl\s and so A Favl,...,
JvnAs. It follows that W is consistent with T U Da(A) and so some
extension BEZ of A realizes I'. By the maximality of D it follows that
T is realized in A. Thus DaF(C) & D and therefore ctlp. W

The following two theorems are analogues of results for types 1in

first order model theory.

Theorem 4.2
Suppose that 2 is a universal class and D is a maximal 2 -diagram

with | D | > w. Then|D|=wor|D]|= 2"

Proof
By def1n1t1on if D is a maximal z-diagram there is AEZ such that
ppF(A) = D.  Then |p|>w if A is not maximal in & . We assume that

|D|> w. Then for some n < w We must have that the set of n-types in
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has power >w. For simplicity assume that n = 1. The argument is simi-
1ar in the other cases. Since L is cduntable there is some formula
/P 1(vg) in La such that ¥ contains > w D-types. We claim
there is ©(vg) in Lp such that both 1A0 and *¥; AB con-
tains > w D-types. For a given formula & let “J[g be the side of
the splitting of the D 1-types in <Y1 of power < w. Then there is no
more than one D-type in rYp not in U‘t('g as B8 ranges over aﬁ
Lp-formulas. For if Pl #Pzi Tet ngl and 18 8?2 Then at
teast one of T'q1,f2 is 1in Te. But UT g has power < W.
Contradiction. It is now clear that we can proceed to construct a full
binary tree of formulas. such that a finite segment of each branch has a
solution in A. It follows by the compactness theorem that if X is the
family of (incomplete)  Lp-types formed from this tree and
{ci}i <% is a set of new constants then Th(Z) U Da(A) U
{Pi(ci):kzw} (where X is ordered in a sequence PR EARA)
is a consistant theory. Hence it has a model B > A in Z . Since D is
naximal we have DpF(B) =D but Dby construction | DaF(B) | = 2W.

Hence | D |= 2¥. N

Theorem 4.3

If Z' is a universal class and D is a maximal Z-diagram such that

| D|=w then D is atomistic.

Proof

Let ¢¥(vi) be an Lp-formula consistent with D. If ¥ is not an
atom then we can split ~Y (A) into two sets by a formula 0, where A is
. such that DpF(A) =D. For a formula 0 exists such that both

YA 0 and cVA=10 are consistent with D so these formulas both have
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solutions in A. We can proceed now to construct a fuli binary tree of
formulas of Lp such that each initial segment of each branch has-a
solution in A. As in the proof of lemma 4.1 the existence of such a tree
implies |D|= 2¥. Hence our procedure must terminate at some finite
stage and so there is an atom V| such that t Y I K

The following result is an analogue for unﬂ'versaﬂ classes with the
amalgamation property of the Prime Model Theorem of first order model
theory. For a proof of the latter see [6]. This analogue of the Prime
Model Theorem improves a result of [13]. For a more general study of
this topic see [4]. The techniques of that paper follow the classical
line by the application of an omitting types theorem. In contrast the

method of proof of the following theorem is direct.

Theorem 4.4
Suppose thatz is a universal class with the amal gamation property
and D is a maxima]Z—diagram. There is a prime existentially closed

D-structure A in Z if D is atomistic.

Proof

Let C be a countable set {ci : i< w} of distinct new constants.
Let S be the set of all formulas formed by replacing variables in fomu-
las in Lp by constants from C. Then S is countable so that it can be
ordered 1in a sequence {f‘l-\- i< v;} In forming S we consider only
La-formulas consistent with D. We construct a structure A in ZD =
the class of all D-structures by induction as follows: Let o (vi) be

the first_fonnu1a in S without constant symbols from C. Let 6(vj) be
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some 2 -atom such that 8 --->eP. Let Ay be generated by a solution
(X15-+-5Xn). We dinterpret ci to be the name of xj. Suppose that
the construction has proceeded to level m so that we have Ag >
Ap-1 >5-+-5> Ag defined and generators xj,...,xg such that (i)
each Ap is generated by an initial segment of this sequence (ii) (x1,
.e.5Xk) is a solution of some D-atom O1(vy,...,vk). Let
r')’l(vl,...,vr) be the first formula in S with constants among
Cl,.++,Ck which is cbnsistent with Ay under our interpretation and
has not been previously selected in our construction. Say o 1(vi,
vees Vp) = P2 (C1,0005Cks V1,s---,5Vp) for an LA—formu]a‘Yg. Then the
formula 81(vy,.«.,VK)JA¥2(V1, .o ,Vk, Vk+ls---sVk+r) is consistent with D
so there is a z-atom 82 such  that 82 ---> 91/\({’2, and
82 is consistent with D. Let  (Zz1, +..»Zks-o-sZk+r) be a
solution in BQ_'ZD and let Bp be generated in B by this sequence.

Then (z1,...,zk) - is a solution of ©81 so we can define an

il

embedding f:Ap ---> By with f(x§) =2y for 1 <1 <k. It follows

that we can replace Bj by an isomorphic structure with Ap as an

actual substructure and with (Z1,0cesZksvens Zk+r) = (X1,
ceesXksZk+lseeosZktr). Let Apy1 = Bl and interpret Ck+ls...sCk+r
by zk+1, ...,Zk+r respectively. We have that our generators

are a solution of a D-atom and Ap+1 F ~ 1(Zk+1,5-++sZk+r) . We thus

define a chain {Ai} i< w.
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Let A = UAj. Then A is a prime existentially closed D-structure.

We first prove that A is existentially closed fin ZD' Suppose
that “V(al,...,an,vi) has a so]uti‘on in an extension C of A. By
AP we know that C is then a D-structure. Here the aj's are the names
of all the elements of A which appear in the La-formula oY/ (vp,vi).
We have a canonical sequence of generators for A defined above in our
construction, say {xﬂi < W. Let aj = tj(x1,...,xp) (that is,
we choose r such that each aj fis in the substructure generated by
X]seeesXp)e Let m be the least dinteger such that Xi,....Xr is in
Ap. We replace aj in byv the term tijlci,...,Cp) to form the
formula '*\J(tl(c‘]'),..'.,tn(c:j),vi). Now this  formula with  Cj
interpreted to be the element Xxj 1is consistent with Ap since it 1is
consistent with ‘A. It is also in the sequence S. So there is some K > m
such that at level k the formula selected would be “Y(tl(cj),---,
tplcj),vid. Hence this formula has a solution in  Ak+1- Hence
Y(ag,...,anvi) has a solution in A.

The fact that A is prime existentially closed in 20 follows by
our construction since the sequence of generators {xi}i < W can be
segmented so that each segment is a solution of a D-atom. This atom has
a solution in every existentially closed D-structure, and each atom with
an initial sequence of points isomorphic to a segment of {xi i < w has
a solution over this initial sequence. This fo]]ow_s by AP. Hence we can

construct an embedding of A into an existentially closed D-structure by

induction. [
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Corollary 4.1

Suppose that 28 is a universal class with AP and D is a maximal
Zl—diagranl with | D|=w. Then there is a prime existentially closed

D-structure.

It was shown in [13] that if 2 is a universal class with the
amalgamation property then the existentially closed structures in 2 have
many of the properties of the class of models of complete first order
theories. The above theorem and the next provide additional evidence for
this conclusion. A result of [11] shows that if T is a model complete
theory then the class of models of T coincides with the class of
existentially closed structures in z}p Thus if T is a theory with a
model companion one wou]d‘ expect that analogues of first order model
theory results could be found. In [39] an analogue of the w-categoricity
theorem is proven in this case without the assumption of the amalgamation

property. For the definition of generalized principal type refer to

definition 3.35 of [13].

Theorem 4.5 (The Categoricity Theorem)

Suppose that 2} is a universal class with the amalgamation property.
Let D be a maximal El—diagram. There is a unique countable existentially

closed D-structure iff each 'ED is a generalized principal type.

Proof
Suppose first that there is a unique countable existentially closed
D-structure A. Since Z} has the amalgamation property it follows by a

result of [13] that each 882 has an existentially closed extension C
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and it is easy to see that we can assume for countable B.that C is also
countable. | Since A realizes only a countable set of types in D it
follows that D is countable. Hence by Corollary 4.1 the strucfure Ais a
prime existentially closed D-structure. By a result of [14] every open
type realized in A must be a generalized principal type. Since
D=DpF(A) every type in D is a generalized principal type.  Assume
next that every I'E D is a generalized principal type. Let A be any
countable existentially closed D-structure and suppose that B is a fin-
itely generated substructure of A. Say B 1is generated by bj,...,by .
Suppose that.IT(bi,v) is a type over B. Then P(xi,v)'is a type in D
so by assumption there is a formuyla nY(yj,xiv) which 1is an L(Eﬂ)-
atom such that any solution (zj,rj,S) is such that (rj,S) has type
l’(xiv). Consider the formula fi’(yj,bi,v). As P (yj.xi,v)
is an L(zﬁ) formula consistent with }ﬂ let (aj,ci,d) be a solution in
a structure C generated by the elements of this sequence. Then (cj,d)
has open type T’(xi,v) so that (cj) has the same open type as (bj).
Therefore there is an isomorphism f that embeds B in the structure C in
such a way that (bj) is mapped onto {cj). We thus obtain a diagram

r b

1

B

We can apply the amalgamation property to complete this diagram to obtain

the following commutative diagram:
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Now C E Y (aj,cid) so that D F’i’(g(aj),g(éi),g(d)). By the
commutativity of the diagram we deduce that D th(g(aj),bi,g(d))
and so the formula d’(,y, bi, v) 1is consistent over B. The formula
must also be consistent over A. For if D is an extension of B in which

~ (yj, bi,v) has a solution (aj,d) we obtain the diagram

A D
Ny

We can amalgamate this diagram over B to obtain the following commutative

/ ~ 5
\B/

Then C3 1is an extension of A and Ci E »}’(f(aj),bi,f(d)). As A
is existentially closed A must already contain a solution of
A (yj,bi,v). 1f A F e (cj,bi,d1) then (bj,di) must have
type f‘(xi,v) so that di is a realization of r(bi,v). It follows
that A is weakly La-saturated. By a result of [13] all countable
weakly Lp-saturated D-structures are isomorphic. Thus there is a

unique Acountable existentially closed D-structure. ]>_<|
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The following example shows that the diagram condition in the above
theorem cannot be improved. Thus the anal ogue for existentially closed
structures of the w—cai_:egoricity theorem is not obtained as a directA
translation of the first order theory. The example also demonstfates
that a universal class with the amalgamation property can have a unique»

countable existentially closed structure but have no model companion.

Example 4.1

Let L={U,V‘3u{c1-3 i<w"’{f}' T says: (i) U,V are infinite
disjoint sets that contain all elements (ii) U(cq) for all i<w (i)
cj # ¢y if i#J (iv) £ is the identity on U and maps V into U in
such a way that no c¢j is in the image sat (v) f is one-one on V. Note
that A is existentially closed in ZT if vV is infinite and all elements
of U not equal to some cj are in the image of V under f. It is there-
fore clear that the existentially closed spectrum of T is categorical in.
all infinite powers. But there are an infinite number of open l-types in
the unique maximal ZT diagram. Clearly ZT has the amalgamation
property and since the class of existentially closed structures in Z,T
cannot be axiomatized it follows by a result of [11] that T has no model

companion. l)_(]

The next result shows that there is an extensive class of theories
that satisfy the diagram condition of Theorem 4.5. This theorem is a

direct analogue of the corresponding first order theorem.

Theorem 4.6

Let Z be a universal class with the analgamation property and
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suppose that D is @ maximal Z:—diagram such that for each n<w the set of
open types in D in D yariables is finite. Then cach type in D' is

principa\.

proof

let 'ED and suppose that ' is not principal. Let {'i\'ﬁ«w be
an ordering of M. & T’ is not principal for each k<w there is a j<w
such that /‘.\%;[Til\’l"ﬁj js consistent with D. For each k<w let Bk
pe such a fgrmula and"\et Ly be a type in D that contains Bk- As
there are @ finite number of types in D in each n<w number of variables
all the types r'k are contained in some finite subset 111,...,f1m.
There are an infinite number of distinct Bj so some type I’r contains
an infinite number of Bj. MAs Py is a naximally consistent set of
open formulas it follows that f’,~ contains all 1T1 and also some
formula ;- Contradiction. K

In the final portion of this section we prove three results con-
cerned with the Lowgheim—Sko1em properties of structures in Qniversal
classes. 1he first result is version of the Downward Lowenheim-Skalem

Theovrem.

Theorem 4.7
Suppose that 2 is a universal class with tne amalgamation property
and D is a maximal z—diagram. 1f AEED is existentially closed and B

js an elementary substructure of A then B is existentially closed.
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Proof

Suppose first that A< | Aj. Let B be an elementary substructure of
A of cardinality N such that eP(B) =eP(A), By Theorem 4.7 the structure
B is existentially closed and so B satisfies the required conditions.
Assume next that | A|<). In this case we can utilize the results of
[13] to prove the assertion by a slight modification of the proof of
Lemma 2 of [15]. [

The above tneorem is a generalization of a result of [29]. It is

natural to ask to what extent the theorem can be strengthened.

Definition 4.2

Suppose that Z is an Lp-{w)-stable universal class with the amal-
gamation property. Then 2 has atomic existential closures if for each
AEZ if x is an element of the existential closure of A then x realizes

a principal open type over A.

Lemma 4.1

Suppose that JL is a universal class and AR . If XCA is an
infinite set of Lp-indiscernibles then there is an extension B of A in
T and a set Y of LA-indiscerniMes extending X in B such thal

| YArx | > w and each element Z of YeX has the same open type over A.

Proof

Let A=A} .By use of the Compactness Theorem we can find an ex-
tension C of A 1in 2, that contains a set Z of La-indiscernibles
extending X and having cardinality (2 A y*. There are at most 2)‘ open

types over A so that some infinite subset Y of Z must realize a single
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k open type over A. Let B be the substructure of C generated by A u Y.

 Then Y and B satisfy the requirements. [}
The following theorem allows a considerable improvement of Theorem
4.8 with the additional assumption that Z has atomic existential

closures. Note that the existence of an existential closure for

LA—(w)—stab1e universal classes with the amalgamation property is
proven in [13]. If T is a complete full and w-stable theory then pag,
has atomic existential closures. The proof of the next theorem thus

provides a new proof for a two cardinal property of first order model

theory. This property was first demonstrated in [26] in a somewhat

stronger form for stable theories.

Theorem 4.9

. Suppose that 2 is an Lp-(w)-stable universal class with the amal-
gamation property having atomic existential closures. Let A be an exis-
tentially closed structure in z 1f ~Y (v) is an open L(Z}) formula

such that | 7Y (A) | < | A| then there is an existentially closed proper

extension C of A in 2y such that ¥ (p) =4(C).

Proof

If « (v) is an algebraic formula then A contains all solutions
since A is existentially closed. Thus any extension‘ of A in Z satisfies
the requirements. Otherwise we must have that | & (A) |> w since A is

existenti’aﬂy closed. Thus A must have uncountable cardinality. Let A
be a regular cardinal such that [P (A) | < As N . It follows by Theorem
4.14 of [13] that A contains a set X of Lp-indiscernibles of car-

dinality M. Let B be an extension of A in 2 containing a set Y of
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La-indiscernibles extending X and having the properties of Lemma 4.1.

Let ¢ & YoX. MWe deFfine the structure C to be the existential closure of

Af{c).

Y (A) =¢f(C). For suppose not. Let X £ Y(C) o~ (A). Then there
is an Lpa(A(c)) atom 0(X1,..-,%n,C,V) such that X is a solution of
this atom. We assume that each Xj for i <n is an element of A and
B(V],.-sVp,W,v) s an LA(E) formula. let I' be the open type
of the sequence < Xj,...,Xp,C>. Then Th(Z)Ur(il,...,in,c)l'
G()?l,...,in,c,v) ——==> ¥ (v). It follows by the Compactness Theorem
that there is a sentence g of Th(Z‘,) and a sentence 1 (X1,...,

XnsC) of P (X15+++5%XnsC) such  that # 0, P ixiseee, XpsC)

BO(X1,e0sXpsCoV) === > eP(v). By the Deduction Theorem (see for
example [38]) this implies that Yo v1 (X1seeosXpsC) ===
(B{X]s0e0sXn,CsV) ====- > P (v). As ¢ is a constant not in the

language L(E) the latter implication implies that T2 kY wi (R
ceesXp,W) e > W VIO(X] o0 esXpsW,V)  ==me- > Y (v))). Let B be
the substructure of A generated by the elements Xjs«e.esXp- Let Pl
be the open B-type of the elements Y~X. For each formula 81(v) of
Py let Xg1 be the set of all elements of X that are not solu-
tions of 8. As the set YVX is infinite and each element y EYAX is
a solution of 81 it follows from Lemma 4.18 of [13] and the fact that
Y is a set of Lp-indiscernibles that Xg1 is finite. Let
Xg = U{Xglz GlEPl}. The type U['1 s countable and so X
must be countable.  Let Xj = XeXg. ~ Then X3 has cardinality A .



170

Clearly each element z of X1 is a realization of 1. Since c is an
element of Y X and € F Y 1(xg,....xn,c)  the formula ¥ 1
(X1,....%Xn,v) is an element of LR 1t follows that if zE€Xp
then A F ¢ 10X] 5 e vvsXnsZ)e Let Ag be the substructure of C
generated by the element ¢ and suppose that Z&€Xy. Define f1 to be
the identity map embedding Ag in C and f2 to be the embedding of Ap
in A mapping ¢ to Zz. We can amalgamate the resultihg diagram over Ag
to obtain the following commutative diagram: [; ‘

I
% 9z
A N[
k Ao/h

We can assume that gy is the identity map. We have that C F 8
(X],++«sXn,C,x) and so by the commutativity of the diagram it follows
that €1 F © (X1,...,Xn,2,92(x)). Since A is existentially
closed and C1 is an extension of A in 2} there must be an element y in
A such that A F B(X],.-esXnsZsy)e  BY the = implications proven
above the latter implication imp1ieslthat y is a solution of the formula
¢} (v). We conclude that each element z of the set X1 has a solution

to the formula 9(x1,...,xn,z,v) in the set Y (A). Suppose next
that y is some point of - (A). If z is an element of Y~uX tﬁen z is not
a solution of the formula G(xl,...,xn,w,y). For suppose that
¢ F G(xl,...,xn,z,y). Since ¢ & Y~X and all elements of the set

YyevX have the same open A-type it follows that C F 8 (Xx1,...,

XpsCoY) - But we have also  that C E B(X],.«+sXn,C,sX)
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and the element x 1is not in the set (A). Since G(xl,.;.,xn,c,v)
is an La(A(c))-atom we deduce that DplA(c)) P 0(X1,eeerXnsC,V)
----- >t v=y. Contradiction. The set YeoX is infinite and sovby Lemma
4.18 of [13] the number of solutions of the formula ©{xy,...,
Xp,W,y) in the set Xi must be finite. For each element y in ¥ (A)
et Xy be the set of all solutions to the formula B{x],...,
Xp.W,y) in the set Xj. Define Xz to be the set U{Xy:yGFY(A)}.
Then the cardinality of X is not greater than the cardinality of
~(A). But by what was shown above we must have Xp = X2. This con-

tradicts the fact that the set Xi has cardinality M. M

Corollary 4.2

Suppose that JB is an Lp-(w)-stable universal class with the amal-
gamation property and having atomic existential closures. If ¥(v) is an

L( 21) formula and A fza is an existentially closed structure in 23 such

that |« (A) | < | A ] then for each cardinal A>|A| there is an existen-

tially closed structure C in 2y such that | C =)\ and “P(A) = *¥(C).
The next result is a Two Cardinal Theorem for open formulas in
general universal classes. ~In the proof stability properties are re-

placed by the use of a theorem of set theory.

Theorem 4.10

Suppose that 21 is a universal class and A,B are structures in 22
satisfying the following conditions: (i) B is an infinite extension of A

(ii) <P (vg) € LA(A) has the property that <Y (A) =¥(B) (iii) for all
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LA(A)-terms t the set 3 xEP(A) : x = tlbj) for some sequence bj in
B - A} has power < w. Then there is a countable substruc‘ture Ag of A
and for each )\iw, there is an extension I;/\_>_ Ag in Z such that
P (C)) = b (Ag) and L.y has cardinality N .

Proof

Let U(vg) be a new unary predicate symbol. Interpret this predi-
cate in B by the structure A. let <Bg,Ap> be a countable elementary
substructure of (B,A). Then the structures Ag,Bp satisfy conditions
j-ii-iii in the statement of our theorem. For each condition can be
expressed by a sentence or set of sentences in <B,A> and these sentences
are true in <Bp,Ag>. . Well order the elements of Bp - Ag in a
sequence X 1 < w. let jlvi) = 1 < v be a listing of all open
formulas over Ag. We construct a decreasing sequence of infinite sets
I{ i < w by induction as follows: let Il and 12 be those se-
quences in proper order from x; 1 <w such that Bob |= 1
(xpi) or Bg F 1(xp;) respectively. By the Ramsey Theorem
there is a homogeneous subset Ip contained in x5 i <w, with
| 19| =w. Applying this procedure repeatedly we obtain a sequence of
infinite sets which at level n is homogeneous (in the proper order) for

ne By the compactness theoren there is a structure By > Ag in
which is generated by an EM-set y; 1 <w (for the 1language Lp
(Ag)) of the type constructed above. For each > wp let C be the
stretch of By by the EM-set i i < w. That is, C is generated by

Ag U Y < where Yy < is an EM-set extending yj i < w.
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Claim

V A >wp we have ~F(Cy) = ¥ (Rg). For suppose. not. Then
there is A> w such that some element x t Ca-Ap is a solution of "ﬁ" .
Since C;\ is generated by AgV ?35) a <)\ it follows that x =t
(Yaps--- »Yorn) for some Ag-term t{vi,.-.5Vn) and elements
Yais+-+sYan where we can assume thatt o] <,..0,< o{n; Hence C)s}:
A (tly 1,...,¥ p)). Since {y,;}aw)\ is an EM-set over Ag it fol-
Tows that Bl Eey(tlyt,.--s yn)). Now the formula
(t(vi)) § La(Ag)) and so aY(tlvi)) = ~y(vi) for some k< w.
By the construction above the set Iy is homogeneous for "Yk and since
fyj'}i < w was selected as an EM-set whose typé was determined by the
sequence {11}1‘ <w it follows that for all  Xppse-«sXry with
xpi €Ik and Pl <yee.5< T we have Bo Fe¥(tixpg,...s
Xrﬁ))- By condition (iii) applied to the term t there are only a
finite number aj,...,am of points 'of  (Ag) that are 1in the

image under t of sequences in Bp - AQ. Now x&:Ao so that C>\l=

ﬂt(y%l,---,ydn) = al,\,oo', A ‘ ‘1‘t(_ywl,-.-, y’{n) = amA
S Yorp s o« sYan) ) - But each  formula  {t(vi) = aj) = Yr
(vi) € La(Ag) for some rj<w so if roo=  max  rj then

Bg ert’rj(xkl ye v sXkp) for  all properly  ordered  sequences
<XpseeesXkp> 1D Ip. And so be definition of aj,...,ap we
have By ETY(tlxgy,--sxkp))- But again -fydx A< X is an
EM-set whose type 1is determined by {11} i<w and so C)‘ Y

(tly 15--45¥ p))- Contradiction. This proves the theorem. [
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Example 4.2
Let L = {UQ&. T says that Up is an infinite set and that Ty Up
has exactly one element. Let 3= 7. Let B be any structure in 3
‘with both Ugp and 7 Ug nonempty and let A be Up(B). Then both con-

ditions (ii) and (iii) are satisfied but 5: hés no two cardinal model for

Uo. K

Example 4.3

Let l_=={U0,f?. T says that both Up and *®Ug are infinite and
f is a one-one onto function from =1Up to Up but is the identity on
Up. Let :ﬂ = EET; Then there are structures in 12 satisfying con-

ditions (i) and (ii) but 2: has no two cardinal model for Ug. k}

2. Amalgamation and Quanitifier Reduttion

Example 4.1 provides a simple example of a universal class with the
amalgamation property that has no quantifier eliminable model completion.
The first example of such a universal class was the theory of groups
axiomatized so that all subalgebras are subgkoups. The proof 1in [11]
that the theory of groups has no model companion actually shows by direct
calculation that the class of existentially closed groups is not closed
under ultrapowers. It was shown in [13] by an elementary argument that
if T admits elimination of quantifiers then the class of models of T
coincides with the class of existentially closed structures in 271
Thus the theory of groups provides a natural example of a universal class
with the amalgamation property that has no quanitifier eliminable model

completion and the proof of this 1is elementary. A second proof that the
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theory of grodps has no model companion can be found in [16].
As noted in [6] a theory admits elimination of quantifiers if it is
submodel complete. A very simple example of [61 shows that there is a
complete theory that fis model complete but not submodel comp]eté. In

this regard we have the following theorenm.

Theorem 4.11

A model complete theory T such that :RT has the amalgamation pro-

perty is submodel complete.

Proof

Suppose that B,C are models of T and»A is a substructure of B and C.
If we amalgamate the resulting inclusion diagram over A we obtain the
following commutative diagram:
b \L

NS

We can assume that D is a model of T. Let f?(ai) pe an L{A) sentence.
By the commutativity of the above diagram this sentence is transformed to
a sentence r})(ci) in L(D) defined over f(B) and g(C). By model com-
pleteness we have f(B) <D and g(C) <D and so Y (ci) is valid in
f(B) iff it is valid in g{C). Since f and g are isomorphisms it follows
that HV(ai) js valid in B iff it is valid in C. Thus TyDa(A) is a
complete theory. [

If T is model complete then as shown in [20] the class of models of
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pas the amalgamation property. The above result thus gives us an exact

jminable. The next theorem is proven in [34] by a different method.

Let B,C be models of T and suppose that A<Band A< C. By sub-

completeness  TyDa(A) = Tg is a  complete theory  and
= Tyba(B) énd To = Tyba(C) are extensions of Tp | such
hat L(Tg) = L(T1) N L(T2). It follows by the Jointl Consistency

o it has a model D. Let D] be the reduct of D to L{T). It is clear

w to define isomorphisms of B and C into D1 to obtain the required

mmutative diagram. N

It is noted in [6] that a theory T is submodel complete if for all

efinition 4.3

Suppose that T is a theory and S is a set of open L(T) types. Then

has the splitting property if each VES is contained in a unique

osed L(T) type.
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Theorem 4.13
1f T is a theory then T is submodel complete iff the set of all bpen

L(T) types has the splitting property.

The following example Shows that for a given' theory T the set of
open n types in L(T) can have the splitting property but for some m #n

the open m types in L{T) may not have the splitting property.

Example 4.4

Let L =‘{U,V‘3 U R. T says: (i) U,V are infinite disjoint sets
(ii) ¥ x(U(x) v v(x)) (iii) R ha§ first coordinate in U and second co-
ordinate in V (iv) if X js in U then R(xy) has exactly two solutions (v)
if y is in V then R(xy) has exactly two solutions. It is clear that the
cet of open L(T) 1l-types has the spliitting property. But note that the
formula Jy(R(xy) A R(zy)) splits the open type generated by thAe open
aton U(x) A U(z). N |

The notions of Ep0 and Tpd formulas are defined in [6].

pefinition 4.4

Suppose that T is a theory and &is an L(T) formula. Then Y is a
A"—formma if there is a formula v 1 that is a Boolean combination
of E0 and 0 formulas such that T fo et ¢--> Y1 If a

sentence is a & n-formula it is a 4 N-sentence.

1 do not know who first defined A N-formulas but the notion was

introduced in a logic course given by Herbert Enderton.
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Definition 4.5

Suppose that T is a theory. A ANn-type is LM(T) is a maximal
consistent set of & N-formulas in LM(T). A set S of D N-types in
LM(T) has the splitting property if each PEs is contained in a unique

closed LM(T) type.

The following result generalizes the fourth lemma on page 83 of [38]
and the proof is very similar. If 61 is a model of a theory T then the

Q N-theory of 6l is the set of B N-sentences in L(T) valid in q.

Lemma 4.2

Suppose that T is a theory and # is an L(T) sentence. Let n be a
number greater than zero. Suppose that whenever O and X are models of .
T having the same A N-theory then QY iff b= Y . There is a
A " sentence ¥ such that T | P> gL

Proof

1f ¥ is not consistent with T there is no difficulty in finding
~1 so assume that the theory TU-E"P} has models. Let B be the set
of A N-sentences that are consequences of TU{“I‘}. The set B is
nonempty since there are valid A M-sentences 1in L(T). Suppose that
TyB does not imply Y . Then there is a model Q of TUBU{"’?}- Let

X be the set of all An—sentences valid in O .

Claim

TyXbE3F . For if not let zf be a model of TyX such that §EY.
But X is a complete set of A n-sentences so that G and § have the
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same A"-theory. By the Compactness Theorem a finite subset Xj of X
exists such that TyX3 & =1cP. Let 0 be the conjunction of the
sentences 1in Xj.  Then TV 0 ———->1 ¥ and so TGV,  The
latter implication shows that The ----- >10. The formula 18 is
equivaient to a disjunction of L N-sentences. And so <16 is-equiva-
lent to a sentence 81 in the set B. But A& is a model of TUB and
6L F 8. We conclude that TUBE® and so again by the Compactness
Theorem some finite subset B; of B has the property that TuBik P .
1f 1% is the conjunction of the sentence of. Bj then P1F s

equivalent to a A f-sentence vi. By definition of B we have that

TP <>, KW

Theorem 4.14 (The Quantifier Reduction Theorem)

Suppose that T is a theory and for some number n the set of {4 N-
types in LM(T) has the splitting property. If YELM(T) there is a
AN-formula Y1 such that TE¥ <> P 1.

Proof

Let €],...,Cp be new constants and let 8 = P (C1,e005Cp) -
Suppose that Gl and S are models of T 'in the 1énguage L(T)U {cl,...,
‘Cm‘l and & andj nave the same & M-theory. If (a1,...,ap) and (b1,
| ..,bgy) are the interpretations of (Clsev+sCm) ind andj respec-
tively then (aj) and (bj) have the same AN-type T in the language
L(T) U{cl,...,cm} and so those sequences have tne same D n-type
Py in L(T). Thus @ l= 0 iff IF 0 for otherwise  would split the

A n_type 'y into two closed L™T) types. If n> 0 the above lemma
implies that there is a Q}n-sentence 6l(cl,...,cm) such that
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TF 0¢---> 81. If we Tet "h = 01{v1,e.ey Vi) (assuming

there is no conflict with quantifiers) then T bfe---> 1. If n= 0 the
lemma of [38] can be applied to obtain the same result. [

The proofs of the lemmas required to prove the above theorem have a

marked syntactical character. In two important special cases the use of

these lemmas can be avoided and the result proved by a di rect argument.

We will restrict the following proofs to the case n = 0. For the sake of

clarity we give complete statements of the special cases.

Theorem 4.15

Suppose‘ that T is a complete w-categorical theory such that for a
given n < w the set of open LM(T) types has the splitting property. If
Y PLN(T) then there is an open formula "h € LN(T) such that

Th<--> ¥ 1.

Proof

Since T is a complete w-categorical theory it follow from results of
[6] that T is atomistic and has only a finite number o»f inequivalent for-
mulas in n variables. Given Y€ Ln(T) let ©; be an atom such that
ThoOp > Y. If we let =70 AP then again there 1is
an atom ©2 such that T kB2 ---> Y. Clearly 61 and
82 are not equivalent and so by a continuation of this procedure we
obtain a finite set of atoms 97,...,0¢ such that T b oy v,
ceesV Bg -=-=-><P and R 8;a Y is not consistent with T. As

h
T is a complete theory we must have that TF ‘V 8; v1Y and hence
: n
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T'f‘1’<---—>‘¥“?1. Now suppose that © is an LN(T) atom and n
the typé geA;rated by 8. Let ?a'be the open type determined by J and
suppose that T’ is ordered in a sequence i’n‘i}i <w. If for each
n <w the formula }\TI ;AT10 is consistent with T then it follows by
the Compactness Theorem that the set of formulas T’U{'!Q} is consistent
with T and so has an extension to a closed LN(T) type {’1. But then .
8 splits ﬁ into two closed. types contrary to assumption. Therefore
there is an open formula L oin ' such that 1'f5<---> 8. If we choose
such a formula b for each 85 it follows that Tl"elsgaw ----- A y
9. If we let V & then the two equiva]enges proven
above imply that T <-—~-> & j and V1 is an open formula. |X

The proof of the second special case resembles that of Theorem 4.15.
We need some preliminary discussion before stating the theofem.

Suppose that T is a comp1éte theory and O is a model of T. If P
is a first order formula defined over Q the rank of Y is defined as in
[6]. For a type 1T in the Stone space S(®) the rank is defined to be

the rank of the formula of least rank in P The following lemma has a

simple verification based on the definitions.

Lemma 4.3

Suppose that T is a complete theory and 6L is a model of T. va
PEL(6l) has degree 1 then ¢ contains a unique type ' Es(él) such

that rank<y = rank ' .

There is an alternate method for obtaining a rank that makes no use

of the results of [6]. For simplicity assume that L contains no function
symbols. If T is a complete theory then as in [13] we can construct a
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full expansion T of T and expansions @* for models G{ of T to
models of TF. If O\* is a model of T¥ and ~¥*§ L(Q*) there
is a formula PEL(O) such that O Fde---> ¥ *. If follows from
this that if JES(6l) then T has a unique extension to a type P* £s
( Ol *). Consequently the rank on types defined in [13] for a complete
full theory induces a rank on S(Q\). If we define rank for formulas as
in [13] then the induced rank on formulas and types over models of T has

the properties mentioned above.

Theorem 4.16

Suppose that T is a complete theory such that T is w-stable and
IZT has the amalgamation property. Let O\ be the prime model of T.
If the set of types in SAM( Gl ) has the splitting property then given
VELM(T) there is an extension Ty of T by a principal type and a °

formula Pq § LaM(T1) such that T} eb<—mm-- > eP 1.

Proof

Note that since T is w-stable the universal class ZT is
LA-(w)stable. By assumption ZT has the amalgamation property so by
the results of [13] there is a rank defined on a pen formulas and types
over structures in ZT. Let YELMT). Split ov_er_°'l .1'nto degree
1 sets ¥1,...,Mn having rank equal to the rank of Y. By Lemma 4.3
each formula r~\11 contains a unique type i in st(@l) such. that
rank T‘i = rank "‘}’1. Let 51 be the open type determined by T'i.

-—y

Choose 87 in LpMOL) such that ©f isolates Pij in the sub-

space of SAm((fl) whose elements are the open types having rank
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greater than or equal to ‘the rank of .ﬁi. The formulas 83 can be’
chosen so that for each i < n we have 6H= 8y ---> ¥Yi. For sup-
pose not. If i < n is such that no such 85 can be found order ﬁi
in a sequence Yﬁ 33 < w. For each j <w let Xoj be the form~u1a
/}s}Tr A ©j. Each formula 53 isolates r'1 in the subspace of
Spm (6l) whose po1nts are the types with rank greater than or equal
to the rank of Pi. Hence for no Jj <w is Bj contained in Yj.
Consequently for each J < w we have that Ol F 3 x (E (x) A ePj
(x)). By definition of the formulas [gj and the Compactness Theorem
it follows that the set of formulas {Gj(x)l\"lrﬁ’i‘(x)}j <w is con-
sistent over 6\ . Hence this set of formulas has a completion to a type
TEs(Q). Let ﬁ be the open type determined by ['. By definition of
the formula b j and the type I' it follows that i EPEM. sut
1% € [ and so Y is not equal to i i. Contradiction. e can
therefore assume that for each i< n we have that OlE 8§ -=--- >
& ;. As O E,‘I;-i the type D contains 84. Now ¥
has degree 1 and so contains only one type of rank equal to that of
d’i. Consequently the formula ‘;Yil\,'\ 87 must be of rank 1less
than that of ¥ i. Let \6 1 be the open formula y‘ 8i. Then ~
r*‘:’/\"'tﬁ'l has rank less than rank of -Y . We can repea;: vl::his proce-
dure to obtain a ‘sequence T 1seees T x of open formulas such that
OEEi ~---- >e¥ for each i P V161 has rank less than
nY/\'}V 75' j for each n. We finally Obt:T:l a set ¥ m such that
"*"’\v"‘\/&"gi is an algebraic formula and fis thus representable by an

open LM( §1 ) formula ¥ atl. It follows that O l=<‘P(—--->V Y.
14me)
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Now zifi is an open U formula with say the parameters f{aj,...,ag).
{tmil

Since & is a prime wmodel of T it is an atomic model and so

(aj,...,ag) realizes a principal L(T) type. Let Tp be the
extension of T by this principal type. Then Tpp et --em- > V'O’]-.
| igmey

i

The fact that universal classes with the amalgamation property do
'not in general have quantifier eliminable model completions means that
one cannot prove any strong form of the Chevalley Theorem of algebraic
geometry for these classes. This is true even for projections of open
formmas. For if arbitrary projections of open formulas are definable by
open formulas then all formulas over models have quantifier eliminable
| equivalents in)the same language. The next theorem shows that projec-
tions of open formulas can be definable under special conditions. To
state the theorem we need some additional terminology.

Suppose that 2 is a universal class and AED. Let ~P(vy,...,
Vps  WiseeeoWy) be an  LAMM(A)-formula with all free vari-
ables among the vi and wJ ‘We write the formula in the abbreviated
form <t (v,w). The first and second block of variables are called the
first and second coordinate of P . The projection of P on the second
coordinate is the solution set in A of the formula Jvadv,w). An opén
type T in SAM(A) is a type through the second coordinate of e if
there is an extension B of A in Z and a sequence (x,y) in BN sych
that B ¥ (x,y) and (y) has open type [ over A. The following two

lemmas are required to prove the next theorem.
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Lemma 4.4
Let Z} be a universal class with the amalgamation property and sup-
pose thét A?Z and Y (v,w) ELA"’fm(A) is an algebraic formula.
Then all open types over A through the second coordinate of o are

algebraic.

Proof

Suppose not. Then there is a type P eSAm(A) through the second
coordinate of ”F that is not algebraic. By definition of algebraic
type it follows that there is aﬁ extension B of A in 2 such that BmW
contains an infinite set {(ci)} j < w of distinct solutions of ro.
Since I' is a type through the second coordinate of P there is an
extension C of A in Z: and a sequence ({x,y) in CPM such that
C E ¥ (x,y) and (y) has open type P over A. Let A = Aly). We form
a chain of structures {Bi} i<w in & as follows. Let f; be the
jdentity map of A; into C and let fp be the natural embedding of Ay
into B that sends (y) onto (cl). We can amalgamate the resulting dia-

gram over A to obtain the following commutative diagram:

We can assume the map g2 is the identity. Since C F P (x,y) we havé
that By F ¥ (g1(x),g1(y)) so that by commutativity of the diagram
we deduce that .Bl F et (91 (x), cl). If we now assume that the

chain has been constructed up to By in such a way that for each
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sequence (cl),...,(cr) there 1is a sequence (z1) in By such ‘that
B F ~P (zi,ci) then we can repeat the above construction with
By 1in p]acevof' B. Having completed the chain {Bj}'i <w let C =

U Bj. Since 22 is a universal class it is closed under unions of
chains so that vcliz. Furthermore for each seqguence (cl)y in C1
there is a sequence (zi) such that Ci F (zi,c).  Thus ~P is
not algebraic over A. Contradiction. It follows that P must be alge-
braic. M

For the next lemma and the proof of the theorem that follows note
that the results of [13] apply also to types and formulas 1in several
variables. We will thus refer in the proofs to the required results

given in [13] for the single variable case.

Lemma 4.5

Suppose that 2 is a universal class with the amalgamation property
ahd AEZ. Let Y (v,w) ELAn”’m(A) be a strong]y minimal set such
that the set of all open types through the second coordinate of ~Y has
the splitting property. Then any open type through the second coordinate

of f‘}’ has rank not greater than one.

Proof

First note that there is at most one type through the second coor-
dinate of "l’in VSAm(A) that is not algebraic. For ~ is a strongly
minimal set so that there is a unique nonalgebraic open type r’ in 9 .
If [11 is an algebraic open type in ey then by lemma 2.7 of [13]
there 1is an LAMM(A)-algebraic formula © that generates the type

Pl- By Lemma 4.4 each open type through the second coordinate of ©
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is algebraic. It follows that if G 2 1is an open type through the
second coordinate of rﬁl and B is an extension of A with a sequence
(x,y) in BNMM such that fﬂ/ (x,y) s valid in B and (y) has open
type P 2 over A then (x,y) has open type r' over A if Mo is not
algebraic. Suppose then that 172 is an open type through the second
coordinate of “¥ such that T 2 has rank greater than one. For every
open formula © § LAM(A) such that I 2 s a type in 0 there is
some nonalgebraic  type r7g in 8 with Mg not equal to
112. If not then every type in 8 not equal to r’g is algebraic .so
that ' 2 must have rank equal to one. Let S be the set of all finite
conjunctions of formulas in [T 2. Given [;ss the type PE is not. an
open type through the second coordinate of 'i) . This follows by what
we showed above. Thus the formula LAVV N (v,w) is consisteﬁt over
A. It follows by the Compactness Theorem that Iy U{Vv“!'?(v,w)} is
consistent over A. Thus P2 splits over A which contradicts the as-
sumptioh'that the set of open types through the second coordinate of
has the splitting property. § v |

Let Z: be a universal class and A% . If <Y (v,w) £ pntm
(A) is a stongly minimal set call the unique type in ~ of rank one the
type of ~ . If 77‘15 the type of ~Y and (x,y) is a realization of K |
in an extension B of A in Z' call the type of (y) over A in SpW(A)
the projection of ' on the second coordinate. Note that We'have shown
in the proof of the above lemma the stronger result that if the projec-
tion P]_ of the type of ~ on the second coordinate does not split
over A then assuming the amalgamation property is valid in 3 the rank of

1 is not greater than one.
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Theorem 4.17

Suppose that 2} is a universal class with the amalgamation property
and AEZ is existentially closed. Let ”i’ (v,w) be a strongly minimal
Lp"M(A)-formula such that the projection on the second coordinate
of the type of doeé not split over A. Then the projection of r\}’
on the second coordinate is finite or definable by a strongly minimal

open A formula.

Proof

Suppose that the projection X of "Y on the second coordinate is
not finite. For each finite subset (x1),...,(x') of A the set of
formulas {7 (x1) = (w),.ee,t(xr) = (W), Jvep (v,w)} 1'§ therefore
consistent over A. Thus the set PO of all such sentences is consis-
tent over A and 1is theref‘ore‘ contained in a complete A-type Pl- The
type ]71 js a type through the second coordinate of ~¥ so that the
open part I of Pl is an open type through the second coordinate of
¥ . Furthermore T' is not an algebraic type. For if so ‘then [ s
generated by an Lpm (A)-algebraic formula ©. Since A is existen-
tially closed there is a solution (x) of @ in A. But [? contains the
formula “7(x) = (w). And so [' has rank greater than zero. By Lemma 4.5
it follows that [ must have rank equal to one. Let 6 be a formula
that isolates I in the subspace of SAm(A)kconsisting of all open
types having rank greater than zero. By Theorem 4.44 of [13] the formula

0 must be strongly minimal since it is minimal over A.

A




189

Claim

The set Y = 8(A) X is finite. For suppose not. Let S be the set
of all finite conjunctions of formu]aé in F . If st then the formula
bAG is a member of F so that b A9 has an infinite number of sow—
tions in A. For this formula cannot be algebraic so that for each finité
subset (x1),...,(x") in AM the formula = (x!) = (WA,...,A?
(x') = (WA (BAO)(w) must have a solution in the existentially
closed structure A. Since 8 1is strongly minimal the formula BAa o
must have a solution in the set Y. This implies that the formula
LA QAVV a4 (v,w) has a solution in A. By the Compactness Theorem it
: fo]iows that PU{VVV'I"P(V,W) is consistent over A. But this means
that p splits over A contrary to assmnption._} Thus the set Y must be
fim‘ie. Note next that the set X 6(A) is also finite. For if not the
formulas "t'(v,w)llg(w) and V(v,w)A*2 6(w) have infinite disjoint solu-
tion sets. This contradicts the avsswnp’tion that the formula f‘?‘(v,w)
is strongly minimal. Thus by a slight a1tertation of the formula 8 we
obtain a strongly minimal open formula that has the set X as solution set
inA. N

The following proposition is another application of Lemma 4.4. For

the definition of algebraically closed structures see [13].

Proposition 4.1 (The Weak Nullstellensatz)

Suppose that 2 is a universal class with the amalgamation property

and AEZ is algebraically closed. If ¥ is an open algebraic A-for-

mula then A has a solution in A.
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Proof
1f ¥ is an open form:ﬂa in one variable it has a solution in A
since A is algebraically closed. Suppose then that f"ﬁ is a formula is
n+l variables and the assertion is true for all open algebraic formulas
in n variables. MWrite 'Q() in the form Y (v,w) where w is a single
variable. By lemma 4.3 all open types through the second coordinaté of
a4 are algebraic. Let P (w) be a type through the second coordinate
of VY . Then P is generated by an open algebraic formula 8 defined
over A. Since 8 is a formula in one variable it has a solution x in A.
Let Y 1(v) be the formula A (vX). Then P71 is algebraic over
A if it has any solution in extensions of A. Since [T is an open type
through the second coordinate of ('Y {v,w) there is an extenéion B of A
and a sequence (z,y) in pn+l such that B k“{’ (z,y) and y has open
type r’ over A. Let A1 be the substracture generated by x in A. The
elements x and y have the same open L(Z) types so that we can embed A}
in B by .a map f1. Let fz be the jdentity embedding vof Aj in A. MWe
can amalgamate these maps over A1 to obtain the following commutative

diagram:

We can assume that the map g2 is the identity. Then since B E Y
(x,y) it follows that C F"*}’(gl(z)’,gl(y)). By the commutativity
of the diagram we deduce that C F'\P(gl(z),x).' Thus C F"}"l

(g1(z)) so that ‘\Yl nas solutions in extensions of A. By the in-

duction hypothesis it follows that “Pl has a solution in A.  This
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means that (\Y (v,w) has a solution in A. [

Theorem 4.17 is a localized quantifier e]iminatioﬁ theorem for
universal classes with the amalgamation property. The question in the
large for such classes is the following: Given a universal class 2 with
the amalgamation property when is there a theory T such that 21’=:§T
and T admits elimination of quantifiers? The following theorem shows
that for universal classes with the amalgamation property the above

problem is equivalent to the model companion problem for 21.

Theorem 4.18

Suppose that 2} is a universal class with the amalgamation property.
There is a theory T such that Z{= XT and T admits elimination of

quantifiers if and only if:§3 has a model companion.

Proof

Suppose that IE has a model companion. Then éccording to the
definition of model companion given in [20] there is a model complete
theory T such that :8 = 2}7. By assumption 28 has thg amalgamation
property so that by Theorem 4.11 it follows that T is submodel complete.
Thus by a result of [6] the theory T admits elimination of quantifiers.
The other diraction is immediate from the definitions. [

The above result suggests that in the context of universal classes
with the amalgamation property the theory of model companions may have a
character distinct from the general theory. A measure of the difference

is the variance in the submodel and model completeness criteria.

The following lemma is proven in [20] by a diagram argument.
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Lemma 4.6
Suppose thatz is a universal class and AZZ is existentially
closed. If B is an extension of A in Z, then there is an elementary

extension € of A such that C is an extension of B.

Lemma 4.7

Suppose that Z is a universal class with the amalgamation property
and D is a maximal Z—diagram. 1f ' is an open type in D there is a
unique closed L(Z) type ‘ﬁ such if A is an existentially closed D struc-

ture and <xj,...,Xp> is @& sequence in AM that realizes f’ then

<X],...,Xp> realizes the type .

Proof

Suppose not. Then there 1is an open type P(vl,...,vn) in D and
an L(Z]) formula Y (vi,...,vp) such that bdth PUE'P} and. Mu
{'1'“}'} are realized in D-structures. Let A be a D-structure and
<aj,...,ap> @ seguence in AD  such that <ag,...,an> realizes P
and A F ¥ (a1, ceesan) . Similarly let B be a D-structure and
<bj,...,bp> a sequence in BN such that <b1,...,bn> realizes P
and B }="]f‘t’(b1, ....bp). Let Ag be the substructure of A gener-
ated by the elements aj,...,an. Define the map f1 to be the iden-
tity embedding of Ay in A and the map f2 to be the embeddi‘ng of AQ
in B such that for each i < n we have fa(aj) fbi. We can amalga-
mate the resulting diagram over Ag to obtain the following communtative

diagram:
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{l %xo ’pz

1t follows by the communtativity of fhe diaéram that for each 1 < n we
have g1fi(aj) = gz2f2(aj) = ¢j. Let A1 = g1(A) and By
= g2(B). Then the structures A} and By are existentially closed
and A E “Y(c1,...,cn) and  Bp EFq oy (ci,....cn). We  con-
struct elementary chains {AiSi <w and {Bﬁi <w as follows. By
Lemma 4.6'there is an elementary extension A2 of A; such that A2 is
an extension of C. In the same way there is an elementary extension Bp
of Bl"that is an extension of Ap. We repeat this a]ternating‘ con-
struction to produce the elementary chains {Aisvi < w and {81} i< w.
Let C1 = UAj = U Bj. Then C1 is an elementary extension of Aj
and By so that C1 F ~Y (c1,...,cn) and C1 F "P1¥C1,—--,
cn). Contradiction. [

The following theorem is proven in [20] in the general case.

Theorem 4.19 (The Model Companion Theorem)

Suppose that :ﬁ is a universal class with the amalgamation property
having a unique maximal Zz-diagram D. Then Z} has a unique model compan- -

jon if and only if the class of existentially closed structures in I} is

axiomatizable.
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If 23 has a model companion T it follows from Theorem 4.11 that T
admits elimination of quantifiers. The argument of Theorem 3.39 of [13]
then shows that the models of T are the existentially closed structures
in jﬁ . Thus if a model companion exists it is unique. Suppose that
the existentially closed structures in 2} are axiomatizable by a theory
T. Since every structure in 23 is contained in an existentially closed
structure it follows that'ZI =:g1n Thus D is the set of open types
consistent with T. By Lemma 4.7 it follows that the set of open T types
has the splitting property. Thus by Theorem 4.13 and a result of [6] we
deduce that T'admits the elimination of quantifiers. In particular T is

model complete and consequently T is the model companion of . k}

Lemma 4.8
Suppose that Ii is a universal class with the amalgamation property.

Then there is a unique maximal I}-diagram if and only if 23 has the joint

embedding property.

Proof

If jl has the joint embedding property then it follows from Defini-
tion 3.14 of [13] that there is a unique maximal &) -diagran. Suppose
then that 2 has a unique maximal 2—d1‘agram D. By Theorem 3.16 of [13]
there is a comp]eté theory T such that 3'T is the class of all D-struc-

tures. Since the diagram D is unique the class of all D-structures is

equal to L. Thus . = 3 1. By Theorem 1.11 of [13] it follows
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that Z T has the joint embedding property and so Z has the joint
embedding property. [ '.

"It follows from Lemma 3.15 and Theorem 3.16 of [13] that if & is a
universal class with the amalgamation property then 2 decomposes into
universal classes that have unique maximal E—diagrams. Each such factor
of a universal class with the ama1gamat1'oﬁ property also has the amalga-
mation property. There is thus no loss of generality in the restriction

that a universal class have a unique maximal diagram.

Definition 4.6

Suppose that Z: is a universal class with the amalgamation property
and D is a maximal Z—diagram. Then D is atomic if each type in D is

generated by an open LX) atom.

Lemma 4.9
Suppose that 2 is a universal class with the amalgamation property
having a unique maximal Z}—diagram D. If D is atomic then the class of

existentially closed structures in Z is axjomatizable.

Proof

We define a set of sentences T as follows. If “P(vl,...,vn)
is an open L(J) atom then add to T the sentence 3 vi,-..,
H vp ¥ (vy, ...,vy). For a given open L(Z) atom Y (vy,...,
vp) let P(vl, «ees VpsVps1) be an open type in D such that

YET . since D is atomic there is an open L(2) atom Ay(vy,...,

Vp+1)  such  that 'Yl generates . We add to T the sentence
Y Viseeos Vv J Vien (¥ 10vg, oo Ve VP (VL .0 V)
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Let Ty = Th(Z)UT.

Clain

The theory T is an axiomatization of the class of existentia]]&
closed structures in ZT. Suppose first that A is an existentially struc-
ture inZs. Let ¥ (vi,...,vy) be an L(Z) atom. Since ¥ is con-
sistent with 2? there is a structure B in Jﬂ and a sequeﬁce
<bp,...,bp> in BN such that B [ «P(by,...,by). By Lemma 4.8
the universal class 2? has the joint embedding property so the structures
A and B have a common extension C in 22 . As A is existentially closed
and ¢ F <V (bj,...,by) it must be that A F 3 Viseeesvp oY
(Vis--05Vp). Assume next that © is a sentence in T of the form
VViseees Vv 3 Vel Y 10vq, ooV )WV, - 00 ovp) . Since the formula
~ 1 is an L(Z}) atom there is a structure B in 22 and "a sequence
<by,..esbpe1> in B such  that B F ¥ 3 (by,....bps1).
By the definition of T it follows that B f Y (bl,...,Sn).
Suppose that there is- a sequence <aj,...,ap> in AN such that
A E 2 d (ag,---5 ap). Let C be the substructure of A generated by
the elements a1, ...,ap.  Since is an L(&) atom the sequences
<bp,....bp> and <ap,...,ap> realize the same open type in D.
There is thus an isomorphism f} of C into B such that for each i < n we
have fi(aj) =bj. Let f2 be the identity isomorphism that mapé
C into A. We can amalgamate the resulting diagram over C to obtaiﬁ the

following commutative diagram:
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.& [ | "?1

We can assume that the map gy is the identity. By the commutativity of
the  diagram it  follows  that  C1 F ~Pi1(a1,...,an,91(bp+1)).
Since A is existentially closed and the open A-formula ~p 1(ag,...,
ap,Vv) has a solution in an extension of A in 2 the formula must have a
solution in A. Thus we conclude that A FYvi,...,¥vn,J Vel
(r*P]_(V-i,...,Vn+1)V“’!f\P(Vl,...,Vn)). Therefore A is a mode]
of the theory Tj. Suppose then that A is a model of the theory Tj.
Let P (vi,...,vn) be an open A-formula and suppose that B is an
extension of A in 2 that contains a solution <by,...,bp> of the
formula <f . If ¥ contains no constants representing elements of A
that abre not the interpre’tation of constants from L(Z&) then let
6{vy, ...,vp) be an L(Z) atom‘that genera.tes an open type R in D
such that fYEP. Such an atom. exists since the diagram D is atomic.
Since A is a model of T it follows that A F3Jvi,...,Jvy 0lvy,
eeaVp). Thus AE Qv sees JVn =P (V1,...,vp) and
consequently the formula  has a solution in A. Assume therefore that
the formula ¥ is equal to e} 3 (Clyeees CmpVl,-..,Vp) where
the constants cj are all the new constants in ¥ . Let {7 be the open

type of the sequence <c1;...,cm,b1> in B. Then PED and since D is

atomic there is an L(Z) atom 8 that generétes . Similarly the open
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type of the sequence <cj,...,cp> is generated by an open L(Zg) atom

8. Since A is a model of T it follows that

A EWL,eeos¥Vn 3 Vel (0 (vi,...,vmtl) v (18 (Vi,...,vp)). Let cml
be an element of A such that A F 6y (cj,..., Cp+1). Let C be

the substructure of A generated by the elements c¢1,..., cp+1 in Al
Since 81 s an L(2)) atom the sequences <Cly+-+sC+l>  and
<Cl, «.+.5Cp,b1> realize the same 'open L(Qﬁ) type. Thus there is an
isomofphism fi of C into B such 'that fil(cy) = C1,...,F1(cp)
= ¢y and filcge1) = by. Let fp be the identity isomorphism of C into A.

The resulting diagram can be amalgamated over C to obtain the following

L

commutative diagram:

A §

A
VN
L.

We can assume that gp is the identity map. From the commutativity of

the diagram we deduce that C1 Fe¥ilcy,....cp,Cut1,92 (b2),...,92(bp)).

We can repeat this argument n times to obtain a solution of ~ in A.

Therefore the structure A is existentially closed. ]ﬁ '
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Theorem 4.20 (The Characterization Theorem)

Suppose that 2 is a universal class with the amalgamation property
~having a unique maximal Zl-diagram D. Then 23 has an w-categorical model

companion if and only if the diagram D is atomic.

Proof

Suppose first that 21 has an w-categorical model companion T. It
follows from Theorem 4.18 that T must admit the elimination of qﬁantie
fiers. A result of [6] implies that all closed (T)-types are generated
by open atoms. Since Z}:=E§T'each type in D is an open (T)-type and
so D is atomic. Next assume that D is atomic. It follows from Lemma 4.9
that the class of existentially closed structures in 23 is axiomatizable
and so by Theorem 4.19 the universal class Zayhas a model companion T.
As was demonstrated in the proof of Theorem 4.19 the theory T axiomatizes
the class of existentially closed structures in 22 . By Theorem 4.5 the
Tatter class fs w-categorical and so T is an w-categorical theory. .H

The above result can be applied to prbve the following theorem of
[20]. Other proofs of the general form of this theorem can be fbund in

[21] and [39].

Theorem 4.21

Suppose that }2 is a universal class with the amalgamation property.

If there is an w-categorical theory T such that 22 = IZT then :E has an

w-categorical model companion.
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Proof

‘ Let A bé the countable model of T and define Ty to be the theﬁry
Th{A). Then T1 1is complete and 2 1 = - As .each_ c ¢ 2
71 is in Ji we must show that if BE&2, then Dp(B) UTy is a
consistent theory. By the Compactness Theorem-it suffices to consider
the finitely generated structures B in Z By assumption 2 = ZT o]
there is a countable model C of T such that B is a substructure of C.
Since T is w-categorical the structures C and A are isomorphic so that B
is a substructure of a model of Ty. By Theorem 1.11 of [13] it follows
that 2 has the joint embedding property and so by Lemma 4.8 the uni-

versal class Zhaé a unique maximal Z-diagram D.

Clain

The diagram D is atomic. Let ' be an open type in D. If I ois
not atomic then for each conjunction of formulas in there is a formula
in ! whose negation is consistent in 2 with the conjunction of formulas.
order ' in a sequence {91} i < w. For each n<w we define a for-
mula ¥ , as follows. let @5 be a formulq such  the
01A 105 1is consistent in Z,‘ . Assume that "Y' has been de-
fined for all n<m+ 1 and that ~Pp= A6 AT6..  Let &

i

be a formula in I' such that /i\(\{gil\"‘tgk is consistent in 2.
The formula Y1 = /3}?1‘ 0;i A -:\ - The formulas §¥n%n <w
are pairwise inequivalent relative to the theory T. This is clear from
the construction and the fact that Z‘= ET' This contradicts a pro-

perty of w-categorical theories (see for example [6]). If follows that

for some n < w the formula A 8; is an open L(&) atom. Thus the
i¥$n
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diagram D is atomic. The conclusion follows from Theorem 4.20. [

3. The Principle of Counting Constants

In this section we give a comp]ete'description of the bossible cor- -
respondences of two strongly minimal sets. The result obtained is a
generalization of a fundamental correspondence theorem of algebraic
geometry. In the course of the proof of the main result we also general-
ize an irreducibility property of the product of algebraic varieties.
This latter property was earlier generalized to the broduct of construc-
tible sets defined over fields.

We assume throughout thé section that 6\ is a fixed countable exis-
tentially closed structure in a universal c1ass'2§ with the ama1gémation
property. The structure Ol is to be considered as a substructure of a
fixed structure éf that 1is wj-saturated. Such an arrangement is
similar to the use of universal domains in a]erraic geometry. As also
in algebraic geometry. the sets that are considered can have severa1‘free

variables.

Definition 4.7

Suppose that «f; is an open LN(Q) formula and 'Pg is an open
LM(6l) formula. A correspondence of 'i’l and Y, is defined by an
open LN*M(&) formula T if for each (x) in P71 the solution set
of T (x,y) is a subset of ¥ 5 and for each (y) in P2 the solution

set of 'Tf(x,y) is a subset of ¢} 1.

The above definition is a generalization of the definition of cor-

respondence in algebraic geometry. Basic results and references 1in
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this subject can be found in [42]. The following definition is also a

generalization of a standard notion of algebraic geometry.

Definition 4.8

Suppose that T[ - is . a correspondence of open formulas €Y ;1 and
ep 2. Then M is an {n,m)-correspondence if given (x) in e the
solution set of T (X,y) has at most m elements and given (y) in « »

the solution set of T (x,y) has at most n elements.

The following result is an immediate consequence of the Compactness

Theorenm.

Theorem 4.22

Suppose that T is a correspondence of open formulas 1 and
ey 2. If the solution sets of T(%X,w) and T[(v,y) are finite for each
- choice of (x) in ¥ ; and (y) in ¥ » the for some numbers n and m

T is an (n,m)correspondence.

Definition 4.9

Suppose that ¢ is an open LN(Q) formula and & is an open
LM(§ ) formula.  The product ¥ix ¥ 2 of €Y1 and ¥o is the for-

mula ey 1(vQ,---sVn-1) A e~ o(vp, .oy Vpem) -

If ¢ 1 and by are open L{n) formulas the solution set of

the product formula ¥ 1x ¥ 2 is the direct product of the solu-

tion sets of ey and ¥ 5.
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Theorem 4.23 '

Suppose that ~Y ; and <Y are open strongly minimal L(Q)
formulas. Let (x) be an independent point of “Y; and (y) an indepen-
dent point of ¥,. Then (x) is algebraic over (y) iff (y) is algebraic

over {(x).

Proof

Suppose that T is an open L{G) formula such that Tix,v) is aige—
braic and has (y) as a solution. Then (x) is a solution of the 'formu1a
b 1VATHv,Y) = o(v,y). If o(v,y) is not algebraic then all
but some finite subset of €Y1 is in the solution set since 1 is
strongly minimal. Let n be the number of solutions of T (X,v). Choose
a set of ntl distinct independent points (yl),...,(yn*1) of "f’z.
For each point (yi) the formulas 8(v,y!) must have all but a finite
subset of ¢y 1 as solutions. Since (y1) is an independent point of
Y » there is an @l isomorphism f: Ql (y) ----> @ (y}) that maps

(y) onto (yi). We can amalgamate the maps f and the identity isomor-

phism over OL to obtain a structure C and maps gi: G(y) -e==> € and
go: <ﬂ(yi) ————> C with gp the identity map such that the
following diagram commutes: [
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Note that C can be taken to be a substructure of j . Now Q1 is exis-

tentially closed so that Y 1 has an infinite number of solutions in

0\ . Thus 8(v,y) has an infinite solution set in Ol(y) so that
o(v,yl) = 0(v,g1(y)) has an infinite solution set in C and hence
in {Y For each i < n+tl let X5 be the solution set of e(v,yi).

Since each Xi has a finite complement the intersection ?Xi is infin-
jte and so must contain an independent point (z) of (\\f';.'t Now the
point (z) is a solution of each formula (v, 51) so that (yi) is in
the solution set of Tr(z,v) for each i < ntl. Consequently the points
(x) and (z) have solution sets for the formulas ’l\"()’(,v) and T(Z,v) of
different cardinalities. But (x) and (z) have the same type over Ol and
so by an analgamation afgument the solution sets of T(X,v) and W(Z,v) |

must have the same cardinality. Hence 'ﬂ‘(v,’&) is an algebraic formula

and (x) is algebraic over (y). K

Definition 4.10

Suppose that r*}' 1 and ¥ 2 are open strong]_y minimal L(&81)
formulas and (x) is an independent point of “Yi and (y) is anAinde'-
pendent point of ¥, that is not algebraic over (x). Then (x) and

(y) are algebraically free over Q.
The above definition is justified by the previous theorem. The con-
cept thus defined is related to the notion of linear disjointness in

algebraic geometry. See for example [1].

Theorem 4.24

Suppose that *¥ 1 and Y 2 are open strongly minimal L(G)
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formulas and (x) in /Y1 and (y) in Y9 avre algebraically free. The
open type P of the sequence (x,y) does not depend on the choice of (x)

and (y).

Proof

Suppose that (z) in ~p1 and (w) in P, are algebraically free.
Then (x) and (z) have the same open type over 0] so there is an Ol iso-
morphism f: §l (x) ----> O (z) that maps (x) to (z). The point (y) is
not algebraic over (x) and so it has the unique type Vl in ¥ 2 of
rank one over 8l (x). " In the same way (w) fea}izes the unique type I 2
in li’g of rank one. The isomorphism f induces a map ? from types to
types that preserves thne rank of types and so ?(Fl) - Pg. We can
thus 1ift f to an isomorphism fy: 81 (x,y) ----> 6l (z,w) that maps {x,y)
to (z,w). As f] is an (] isomorphism this implies that (x,y) and (z,wf
have the same open Ol type. N |

The following correspondence theorem is required in the calculation

of the rank of the type generated by algebraically free sequences and

also in the proof of the main result.

Theorem 4.25

Suppose that ¥ 1 and « » are open strongly minimal L(Ol) for-
mulas and R is a correspondence of Y 1 and 2. Let (x) be an
independent point of 7¥;. If R(X,v) is algebraic then the correspon-

dence has rank one.

Proof

Suppose that R has rank greater than one. Then there is a countable,
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extension Ol 1 of A in 3 and a sequence of open Ol i formulas
{91'31' < W such that the solution sets of the 84 are infinite
disjoint subsets of R. Note that since Y 1 is strongly minimal our
assumptions imply that R{x,v) is finite for all but a finite subset of
d’l- For- if not it follows by the compa;tness theorem that some in-
dependent point (z) of <Y 1 has an finfinite solution set. By an
argument similar to that of the proof of Theorem 4.20 this yields a con-
tradiction. .If a finite number of points of Y 1 have infinite
solution sets we can split these points off Y 1 and replace 'R by a
correspondence which differs from R only by' a set of rank one. So assume
that for all points of v 1 the solution set of R(x,v) is a finite
set. The set @5 splits R into the two infinite sets 8 and
40;. If the projection onto ~Y 1 of one of these two sets is
finite it would follow from our above assumption thaf: the set itself is
finite. Consequently the respective projections X and Y in '\}’ 1 must
both be infinite. There are two possibilities: (1) Only one projection
contains an independent point (2) Both projections ‘contain independent
points. Suppose that the first case holds and say X contains no indepen-
dent point. Let i'ﬂ'i’Si < w be an ordering of the open Sl type of the
independent point of <Y 1 over Gl . For each n<w let bnlv,w) be
the formula Qi(v,wih /i\&.lTi(V)' Since X is infinite for each n <w
there is (zh) in X and (yn) in oY 2 such that (zn,yn) is a
solution of B,. Hence the set of formulas {G n} n < w is consistent
over Ol so has a realization (x,y) in Ao . Then (z,y) is a solution of
8; and (z) must be an independent point of P 1. Consequently
case two must hold. Let (x) € X and (z) B Y be independent points of

r‘{’ 1. Since (x) and (z) have the same open § type there is an Al
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isomorphism f: Ol (x)----> 8] (z) that maps (x) to (z). Let (w) be a
point of ~¥ 2 such that (x,w) is a solution of 101. Then f is an
isomorphism of &) (x) dnto 0l (x,w) so we can amal gamate f andlthe

identity map over to obtain the following communtative diagram:

| L
i N
6L(x)
3\ Qe 7+

We can assume C.s&o and @ (x) embeds in ¢ by the identity map. Nowv

Ol(z,w)

C F‘l@l(g(z),gtw)) and by commutativity of the diagram g(z)=(x). So
(x,g9{w)) is a solution of *1 8i. Thus an independent point of 1
has solutions in all the disjoint sets 8i. This contradicts the

assumption that the solution set of R(?,v) is finite. 'H

Corollary 4.3

Let «¥j and “¥2 be open strongly minimal L(6]) formulas and
suppose that R is a (n,1)-correspondence of <1 and ~2. Then R

has degree one.

Proof
If not then R can be split into two infinite disjoint sets 61

and 92 that cover R. As in the above proof if (x) is an independent

point of <¥; then (x) has solutions in 81{x,v) and B2(x,v).
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Contradiction. l)_(]

~ Theorem 4.26

Assume that 20 is Lp-(w)-stable.  Suppose that ~P; and « »
are open strongly minimal L(6) formulas. The product c1x &9 of
¢ 1 and ¢y has rank two and degree one. If (x) in <1 and (y) in

¢ 2 are algebraically free then (x,y) 1is an independent point of

1x of 2

Proof

First note that <Y 1x e » must have rank at least two. For say
+ 1§ LMO). Let {(xi)'si <w be an infinite sequence of distinct
elements of «y 3. Then for each i <w we define 8 to be the for-
mula (vi = X1TA ,eeey Avp = X000 A Yolw). The solution
sets of the O are infinite and disjoint. Assume that (z,y) is a
point of ¥ 1x ¥ . There are three possibilities: (1) (z) and (y)
are algebraic points (2) (z) is an independent point of ¢ and (y)
is algebraic over (z) (3) (z) and (y) are algebraically free. In the
first case the type of (z,y) is algebraic. Consider the second case.
Let Pl be the type of (z,y) in the open O] language. There is then
some formula © that idsolates [VY'1 in the subspace of SA"“m(ﬂ)
consisting of types of rank greater than or equal to the rank of Y’l
(here ¥ o £LME)). As ey 1x ~¥y o is in Fl the solution
set of @ is a subset of the solution set of *¥ ix ¥ 2. Thus ©
is a correspondence of “}¢; and & ». The formula 6 cén also be

chosen so that 8(zv) 1is an algebraic formula. For (y) is algebraic

over O (z) so (y) is a solution of an Lp(6l(z))-algebraic formula
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81{z,v). This is proven in [13]. The formula B3 1is in the type
Vl and so BAOG; also isolates T'I in  the Subspace of
SA"+m(61) consisting of points whose ranks are greater than or
equal to' the rank of [ 1- It follows that 6 satisfies the assump-
tions of Theorem 4.26. Hence the rank of 8 is one and the rank of
' 1 must also be one. The types of all solutions of Vi x "Yz
of the type of case two above are therefore of rank one. If (x) in
Y1 and (y) in ¢f » are algebraically free then by Theorem 4.25 the
type of (x,y) is uniquely determined. It is therefore of rank two and-
cannot split. The remainder of the assertion of the theorem is now im-
mediate. [X
The above theorem generalizes a result of algebraic geometry (see
for example [11). In chapter 2 a generalization is proven for construc-
tible sets deffned over fields. We can now prove the main result of this

section.

Theorem 4.27 (Principle of Counting Constants) ‘

Assume that 2} s La-{w)-stable. Suppose that V1 and ¥ 2
are open strongly minimal L(6l) formulas and that R is a correspondence
of ¥ and €¥p. If (x) is an independent point of ¢y 3 and n is

the rank of R{X,v) then the rank of R is equal to n+l.

Proof
Since by Theorem 4.26 the product ¥ 1x ¥ 2 has rank two and a

correspondence of ¥ 1 and ¥ is contained in the product it fol-

Tows that R has rank one or two.
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Case 1 R has rank one
Let (x) be an independent point of ™Y 1. If R(x,v) s not an
algebraic formula then the solution set is infinite. By an argument
similar to that of the proof of Theorem 4.23 the formula R(z,v) cannot be
algebraic for an independent point of f%’l. We can use the method 6f
Theorem 4.26 to define an infinite set of infinite disjoint open subsets

of R. This contradicts our assumption that R has rank one.

Case 2 R has rank two
"Let (x) be an independent point of ¥ 1. If R(x,v) is an alge-
braic formula then R has rank one by Theorem 4.25. Thus R{x,v) is infin-

ite so it has rank one. [X

Corollary 4.3

Assume that :3A is Lp-{w)-stable.  Suppose that P 3 and ¥ 2
are open strongly minimal L(6l) formulas and R is a degree one correspon-
dence of 1 and ¥ having rank one. Then R is an (n,m)-correspon-

dence.

The theorem proven above generalizes the Principle of Counting Con-
stants in algebraic geometry. See [42] for a proof of this result as
well as some applications. The following examples illustrate the

theorem.

Example 4.5
Let L = {U,V} U {R}. T says: (i) U,V are disjoint, infinite sets

that cover the universe (ii) R is a one-one onto relation of U and V

with first coordinate in U. Then U,V are both strongly minimal and R is a
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strongly minimal correspondence. [

Example 4.6

Let L ={U,V3 U{R}. T says: (i) U,V are disjoint, infinite sets
that cover the universe (ii) each.pdint of U is connected by R to each
point of V. Then U,V are strongly minimal and R is a rank two correspon-

dence of degree one. In fact R is equivalent to ¥ ix P 2 K

The following example demonstrates that the assumption of the amal-

gamation property is essential in the above theorem.

Example 4.7

Let L={U,V,N’$U {Rl,Rz,Rﬂ. T says: (i) U,V,W, are dis-
joint, infinite sets that cover the universe (ii) Ry is a one-one
relation of U onto V (iii) Ry defines an infinite equivalence relation
with infinite equivalence classes on W (iv) R3 1is a one-one relation
of W onto Ry. The U and V are strongly minimal but R3 is a one-one

correspondence having rank two. Note that ZT does not have the

amalgamation property. [




Footnotes

(1)

(2)

(3)

(4)

(5)

(6)

(7)

The openness condition 1in this theorem was suggested by R.

Venkataraman.

This result generalizes Lemma 4.2 in Chapter 1 of [19] in one

direction.

A field theoretic proof of this result was first given by W.

Whiteley in [46].

This splitting theorem proven in [13] generalizes a result for

varieties in [1].

It is noted on page 68 of [34] that the set theoretic projection'of
a complex variety is defined by an open formula. The same argument
is valid for any algebraically closed field. For a discussion of

the set theoretic projection see page 88 of [27].

In [8] Chevaliey proves more generally that homeomorphic construc-

tible sets in the Zaristi topology have equal dimension.

The reader can consult Chapter 3 of [1] for the classical results

concerning absolutely irreducible varieties.
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