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Abstract

Magnetic resonance imaging (MRI) is a powerful noninvasive imaging modality; however, conventional

high-field MRI systems rely on strong static magnetic fields and gradient coils, resulting in high system

complexity, power consumption, acoustic noise, and limited accessibility. The development of low-field

MRI systems has the potential to alleviate several of these challenges and motivate alternative spatial

encoding techniques. One such approach is transmit array spatial encoding (TRASE). This gradient-free

MRI method encodes spatial information using phase gradients in the radiofrequency (RF) magnetic

field rather than static magnetic field gradients.

The twisted solenoid is the most commonly used RF coil geometry for TRASE MRI studies employing

vertical B0 magnets. While return wires must by necessity be included in experimental implementations

of such coils, their effects are often neglected in theoretical modeling and simulation studies. This

discrepancy motivates a systematic investigation of coil winding configurations and their influence on

RF field characteristics relevant to TRASE imaging.

In this thesis, four winding patterns for twisted solenoid–based RF coils are investigated, including

conventional configurations with and without an explicitly modeled return wire, as well as two alternative

designs proposed in this work. The proposed designs are derived using stream function and surface current

density concepts and include a discretized loop-based model and a double-wound wire configuration

composed of two simple twisted solenoids. These winding patterns are compared in terms of magnetic field

uniformity, RF phase behavior, and phase gradient linearity in the context of low-field MRI, including

the influence of the concomitant B1 field component. The results demonstrate that our proposed

winding patterns significantly improve B1 field uniformity and phase gradient linearity compared to

conventional twisted solenoid designs. These configurations eliminate the symmetry-breaking effects

introduced by return wires and provide a practical and effective path forward for the development of

RF phase-gradient coils for low-field TRASE MRI.

Furthermore, truncated versions of all winding patterns are examined to assess their robustness to

coil-length reduction. Numerical simulations based on the Biot–Savart law are used to quantify the

impact of coil geometry on TRASE MRI performance. The results provide insight into the role of

winding configuration in determining RF field quality and support the identification of optimized coil

designs for low-field TRASE MRI.
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Chapter 1

Magnetic Resonance Imaging

1.1 Review

Magnetic resonance imaging (MRI) is a non-invasive medical imaging modality based on nuclear

magnetic resonance (NMR) phenomena and is widely used to generate detailed images of internal

anatomical structures. Image formation relies on carefully controlled magnetic fields and the precise

application of radiofrequency (RF) electromagnetic fields. When a subject is placed inside a strong

static magnetic field, the nuclear spins of certain atoms, most notably hydrogen, tend to align with

the static magnetic field of the MRI scanner. An applied RF excitation perturbs this alignment, and

as the spins relax back toward equilibrium, they induce voltages in nearby detection coils. These

electromagnetic signals are detected and processed [1]. Both the phase and amplitude of the received

signals play a central role in spatial encoding and image contrast in MRI.

Compared with other imaging modalities such as computed tomography (CT), MRI provides superior

soft-tissue contrast due to its sensitivity to intrinsic tissue properties. In addition, MRI allows image

acquisition in arbitrary planes without physically repositioning the subject. Because MRI relies on

magnetic fields and RF excitation rather than potentially harmful ionizing radiation, it has become a

widely adopted imaging technique across a broad range of clinical and research applications

Over the past several decades, MRI has undergone substantial development driven by advances in

data acquisition methods, image reconstruction algorithms, and hardware design. Early MRI systems

were primarily focused on producing anatomical images suitable for routine clinical use and are often

referred to as conventional MRI systems. In practice, however, limitations such as image artifacts,

restricted contrast mechanisms, and sensitivity to physiological motion motivated the development of
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more advanced imaging techniques [2]. Examples include diffusion-weighted imaging (DWI), perfusion

imaging, magnetization transfer imaging, and functional MRI (fMRI). These approaches enhance

sensitivity to specific biological or physical processes by exploiting differences in signal phase, timing, or

contrast behavior.

In modern clinical settings, MRI systems most commonly operate at static magnetic field strengths

of 1.5 T and 3 T and are therefore classified as high-field or conventional MRI systems. Increasing

the magnetic field strength improves the intrinsic signal-to-noise ratio (SNR), which enables higher

spatial resolution, faster imaging, and more sophisticated contrast mechanisms. Ultra-high-field MRI

systems operating at 7 T provide further gains in SNR and improved sensitivity to susceptibility-based,

functional, and spectroscopic contrasts, particularly in neuroimaging and musculoskeletal applications.

These benefits, however, come with significant technical challenges. RF field inhomogeneity, increased

specific absorption rate (SAR), and greater system complexity remain major obstacles and currently

limit the widespread clinical deployment of ultra-high-field MRI systems [3].

Despite their strong diagnostic performance, high-field and ultra-high-field MRI systems are among the

most expensive medical imaging technologies. High purchase costs, complex installation requirements,

and ongoing operational expenses restrict their availability primarily to well-resourced healthcare

environments. As a result, access to MRI remains limited in many low- and middle-income regions [4, 5].

In recent years, this has led to renewed interest in low-field MRI as a complementary and more

accessible imaging approach. Low-field MRI systems offer advantages such as reduced cost, simpler

infrastructure, improved portability, and greater flexibility in magnet geometry. Although operation

at lower field strengths inherently reduces SNR, recent advances in acquisition strategies and image

reconstruction increasingly emphasize diagnostic utility rather than direct equivalence with high-field

image quality [6, 7, 8].

While low-field and high-field MRI systems differ substantially in their hardware implementation and

performance characteristics, their fundamental operating principles remain the same. In conventional

MRI, spatial encoding is achieved using time-varying magnetic field gradients superimposed on the static

magnetic field. The generation and rapid switching of these gradients require substantial electrical power,

contribute significantly to system cost and complexity, and can induce eddy currents in surrounding

conductive structures. These issues become particularly restrictive in low-field and portable MRI

systems, where constraints on size, power consumption, and hardware simplicity are critical. As a

consequence, the development of low-field MRI has intensified interest in alternative spatial encoding

strategies that reduce or eliminate reliance on conventional gradient coils. Transmit array spatial

encoding (TRASE) represents one such alternative to traditional gradient–based spatial encoding in
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MRI. Originally proposed by Sharp and King [9], TRASE uses spatially varying phase gradients of the

RF transmit field to achieve spatial encoding. This approach removes the need for conventional gradient

coils and avoids several associated challenges, including acoustic noise and increased hardware complexity.

Subsequent studies demonstrated the feasibility of high-resolution imaging using TRASE-based encoding

schemes [10]. Recent studies have shown that radial TRASE can reduce system complexity with improved

tolerance to coil coupling, making it well-suited for practical implementations [11]. These characteristics

make TRASE particularly attractive for low-field MRI, where RF-based encoding provides a potential

pathway toward simplified, portable, and energy-efficient scanner designs.

Despite its promise, the practical implementation of TRASE MRI remains strongly dependent on the

design of RF transmit coils capable of producing controlled, efficient, and spatially linear phase gradients.

Achieving these characteristics depends critically on the coil’s geometry and winding pattern. In this

thesis, alternative winding patterns for twisted solenoid coils are investigated to improve radiofrequency

magnetic field (B1) uniformity and phase-gradient performance relative to existing designs. This work

contributes to the development of more effective RF phase-gradient coils for TRASE MRI, particularly

for low-field imaging systems.

1.2 Thesis outline

This thesis is organized into six remaining chapters. Chapter 2 presents the fundamental principles

of magnetic resonance imaging and describes how MR images are formed. Chapter 3 introduces the

theoretical framework of TRASE MRI and outlines the RF coil design concepts relevant to this approach.

Chapter 4 describes the methodology employed in this study, including the stream function and surface

current techniques used to design the proposed RF coils. It also presents four twisted solenoid winding

patterns, two of which represent novel contributions of this work. Chapter 5 evaluates the performance

of the various coil designs through a comparative analysis of magnetic field magnitude, phase, and

phase gradient. Chapter 6 investigates truncated versions of the optimized coil designs and examines

the resulting changes in magnetic field distribution and phase gradient behavior. Finally, Chapter 7

summarizes the main findings of this research and discusses potential directions for future work.
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Chapter 2

A Review of MRI

2.1 History of MRI

MRI is a medical imaging modality that has become an essential tool in clinical diagnosis and biomedical

research. Its development is based on NMR, which describes how atomic nuclei respond to magnetic

fields. Long before MRI became an imaging technique, NMR was studied as a physical effect with

applications mainly in physics and chemistry.

Early experimental work dates back to the 1930s, when Rabi studied the magnetic properties of atomic

nuclei and demonstrated that nuclear spins can interact with applied magnetic fields [12]. This part of

the research was studied further by Bloch and Purcell in the 1940s, who independently observed nuclear

magnetic resonance in condensed matter [13, 14]. Their work in NMR was so significant that it later

earned them the Nobel Prize in Physics. For many years, NMR was used exclusively as a spectroscopic

technique and had no application in imaging modality.

The transition from NMR spectroscopy to imaging occurred in the early 1970s. A key development

was introduced by Lauterbur [15], who showed that spatial information could be encoded by applying

small spatial variations in the magnetic field, known as magnetic field gradients, allowing signals from

different locations to be distinguished. Magnetic field gradients are discussed in more detail in the

following sections. This idea enabled the reconstruction of spatial images from NMR measurements.

Shortly after, Ernst demonstrated the use of Fourier transform methods for image reconstruction [16],

which significantly improved data acquisition efficiency and image quality. Mansfield later contributed

to the development of rapid imaging techniques, including echo-planar imaging, which reduced scan

times and helped move MRI closer to practical clinical use.
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In 1977, the first MRI experiment on a human subject was successfully performed [17], marking a

major step toward clinical adoption. Since that time, MRI technology has continued to evolve through

improvements in magnet design, gradient hardware, RF systems, and computational methods. These

advances have led to a wide range of imaging techniques that extend beyond anatomical imaging to

include functional, diffusion, and quantitative approaches.

Overall, the historical progression of MRI reflects a gradual shift from fundamental studies of nuclear

spin behavior to increasingly sophisticated methods for spatial encoding and image reconstruction.

These foundational developments form the basis of modern MRI and motivate continued exploration

of alternative encoding strategies beyond conventional gradient-based approaches, particularly those

based on RF field manipulation and phase-gradient methods. Table 2.1 shows a brief history of MRI

developments [1], with major milestones discussed immediately here.

Year Event

1857–1952 Larmor relationship – Sir Joseph Larmor

1930 Rabi measured nuclei’s magnetic properties

1946 MR phenomenon – Bloch and Purcell

1952 Nobel Prize – Bloch and Purcell

1950s–1970s NMR developed as an analytical tool

1973 Back projection MRI – Lauterbur

1975 Fourier Imaging – Ernst

1977 Echo-planar imaging – Mansfield

1980 FT MRI demonstrated – Edelstein

1986 Gradient Echo Imaging, NMR Microscope

1987 MR Angiography – Dumoulin

1991 Nobel Prize – Ernst

1992 Functional MRI

1994 Hyperpolarized 129Xe Imaging

2003 Nobel Prize – Lauterbur and Mansfield

Table 2.1: Brief history of MRI developments.

2.2 MRI principles

As mentioned above, the basis of MRI is NMR [18], which arises from the magnetic properties of atomic

nuclei. An atom consists of protons, neutrons, and electrons, with protons and neutrons located in the

nucleus, which thus has a positive charge. Atomic nuclei possess a quantum property known as spin, or

intrinsic angular momentum (S). The spin of the proton is associated with a magnetic moment (µ)
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aligned with its spin axis, allowing protons to interact with external magnetic fields and serve as the

source of the MRI signal [19]. Equation 2.1 shows the relation between spin and magnetic moment:

µ = γS, (2.1)

where γ is called the gyromagnetic ratio. This constant is unique to each specific nucleus or element.

A significant portion of the human body is composed of water, and each water molecule contains

hydrogen atoms, which consist of a single proton and one electron. The proton possesses a nuclear

magnetic moment due to its intrinsic spin, which allows it to interact with external magnetic fields.

Under normal conditions, the orientations of these nuclear magnetic moments are random. However,

when an external magnetic field (B0) is applied, the magnetic moments begin to precess around B0 at

the Larmor frequency, as illustrated in Fig. 2.1. Quantum mechanically, the moments are distributed

between two energy states: a lower energy state with a component aligned along B0, and a higher

energy state with a component opposed to B0 [20, 21]. In both cases, the moments are not strictly

pointing along or against B0, but rather precessing about it at a fixed angle. The population difference

between the two states is governed by the Boltzmann distribution, with a slight excess in the lower

energy state at body temperature. Although this excess is extremely small, the vast number of protons

in the body produces a measurable net magnetization (M0), which forms the basis of the detectable

MRI signal [20]. The angular frequency (ω0) of this precession depends on the strength of the applied

magnetic field and is given by the Larmor equation:

ω0 = γB0. (2.2)

Figure 2.1: Spin alignment of hydrogen atoms placed in an external magnetic field. A) Random orientation
with no external magnetic field, B) spin alignment after applying an external magnetic field, and C) the average
of the proton magnetic moment as net magnetization.
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2.2.1 Radiofrequency(RF) excitation and rotating frame

In MRI, resonance occurs when nuclei interact with an RF magnetic field applied at their Larmor

frequency. The RF field, commonly referred to as B1, is generated by a transmit coil and is oriented

perpendicular to the main magnetic field B0. When the RF frequency matches the Larmor frequency of

hydrogen, energy is efficiently transferred to the spins, resulting in coherent excitation [20].

In the presence of only the main magnetic field (B0), the net magnetization vector aligns along the

longitudinal axis, parallel to B0, as shown in Fig. 2.2(a). When an RF pulse at the Larmor frequency is

applied, the magnetization vector begins to tip away from the B0 direction, as illustrated in Fig. 2.2(b).

The angle by which the magnetization is rotated away from the longitudinal axis is called the flip

angle, and it increases for as long as the RF pulse is applied (Fig. 2.2(b)–(f)). At any instant, the

magnetization can be decomposed into a longitudinal component Mz and a transverse component Mxy,

as shown in Fig. 2.2(c). The flip angle is determined by both the amplitude and duration of the applied

RF pulse. The maximum detectable signal occurs when the magnetization lies entirely in the transverse

plane, corresponding to a 90◦ flip angle (Fig. 2.2(d)), as this produces the largest Mxy component. If

the RF pulse continues beyond 90◦, the magnetization continues to rotate, reaching the −z axis at 180◦

(Fig. 2.2(g)) and returning toward the +z axis for larger flip angles (Fig. 2.2(h)). The chosen flip angle

influences image contrast by controlling the relative contributions of Mz and Mxy [20].

It is worth noticing that in the laboratory frame (i.e., the reference frame fixed to the scanner and the

main magnetic field B0), nuclear spins precess about the main magnetic field B0 at the Larmor frequency,

which is very fast, making both the conceptual and mathematical analysis of magnetization dynamics

and RF pulse effects complicated. By moving to a rotating frame that rotates at the same frequency

and direction, this rapid precession of the magnetization M (and of its individual spin components)

around B0 is effectively removed, and the magnetization appears stationary or slowly varying. In this

frame, the B1 RF field is no longer seen as rotating but instead appears as a static (or slowly varying)

effective magnetic field, which makes it much easier to intuitively understand how the magnetization tips,

precesses, and relaxes [20, 23]. Thus, the rotating frame is a powerful conceptual tool for simplifying

and understanding MRI physics.

2.2.2 Phase behavior of magnetization

Following RF excitation, the net magnetization is rotated into the transverse plane, leading to a

detectable MRI signal. In the transverse plane, the magnetization is characterized not only by its
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Figure 2.2: Effect of an applied RF pulse on the net magnetization vector M0. (a) Equilibrium: M0 aligned
along B0. (b)–(f) Progressive tipping of M0 as the RF pulse is applied, with the flip angle increasing continuously.
(c) Decomposition of M0 into longitudinal (Mz) and transverse (Mxy) components. (d) Maximum Mxy at 90◦

flip angle. (g) M0 reaches the −z-axis at 180◦. (h) Further rotation back toward the +z-axis beyond 180◦.
(Image taken from Ref. [22] with permission from Copyright Clearance Center (CCC) under license number
6284910348146.)

magnitude but also by a phase, which describes its angular orientation with respect to a reference

axis [24]. This phase is directly imposed by the phase of the applied RF field and plays a fundamental

role in MRI signal formation [20]. In the presence of a perfectly homogeneous magnetic field, all spins

experience the same magnetic environment and therefore maintain phase coherence over time, resulting

in a strong measurable signal in the receive coil. In practice, however, small variations in the local

magnetic field cause spins at different spatial locations to precess at slightly different frequencies. As

time progresses, these frequency differences lead to dephasing, resulting in a gradual loss of phase

coherence among the spins. As phase coherence is reduced, the net transverse magnetization decreases,

leading to a corresponding reduction in the observed signal, which takes the form of a free induction

decay (FID), a decaying oscillatory signal detected by the receive coil, as illustrated in Fig. 2.3.

Because the accumulated phase of a spin depends sensitively on the magnetic field it experiences,

controlled variations in magnetic field strength can be used to impose predictable phase shifts across a
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sample. The sensitivity of phase to magnetic field variations forms the physical basis of spatial encoding

techniques in MRI, which are discussed in later sections of this chapter.

Figure 2.3: Spin dephasing and free induction decay (FID) following a 90◦ RF excitation pulse. The red arrow
represents the net transverse magnetization Mxy, which generates a detectable oscillating signal in the RF receive
coil. Initially all spins are in phase producing maximum signal amplitude. As the individual spins (black arrows)
move out of phase with one another, the signal amplitude decays, producing the FID. (Image taken from Ref. [22]
with permission from Copyright Clearance Center (CCC) under license number 6285420013561.)

2.3 Hardware of MRI

In this section, we focus on the essential components of an MRI scanner and their specific functions.

All MRI scanners include a main magnet, RF transmit and receive coils, gradient coils, and a shim

system. In addition, a computer system controls pulse sequence execution and processes the detected

signals to reconstruct the final image. Below, we briefly describe the role of each component as shown

in the Fig. 2.4.

2.3.1 Main magnet

The main magnet is the core component of an MRI system and is responsible for generating a strong,

static, and highly uniform magnetic field, denoted as B0. This field aligns the nuclear spins in the
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Figure 2.4: Schematic diagram of MRI scanner showing the main magnet, gradient coils, radiofrequency (RF)
coils, bore, and patient table. (Image taken from Ref. [25] with permission from Copyright Clearance Center
(CCC) under license number 6232640060526.)

human body and establishes the equilibrium net magnetization, forming the physical basis for MRI

signal generation. The magnitude of B0 also determines the Larmor frequency of the nuclear spins.

Based on their design and magnetic-field generation methods, three main types of magnets are used in

MRI systems: permanent magnets, superconducting magnets, and resistive electromagnets. Permanent

magnets are made from magnetized materials that retain their magnetic properties without requiring

an external power supply. These magnets employ large magnetic structures to shape the magnetic

field, and they do not require electrical power or cryogenic cooling, making them relatively simple and

cost-effective. However, they are limited in the maximum magnetic field strength they can produce and

are therefore primarily used in low-field MRI systems.

Superconducting magnets are the most widely used magnets in conventional clinical MRI scanners. They

consist of coils made from superconducting materials that carry electrical current without resistance

when cooled to cryogenic temperatures. This allows superconducting magnets to generate very strong,

stable, and highly homogeneous magnetic fields, which are essential for maintaining phase coherence and

image quality. The coils are typically cooled with liquid helium to achieve the required superconducting

state [26].

Resistive electromagnets generate magnetic fields by passing an electrical current through conductive

coils made of standard non-superconducting materials such as copper. The strength of the magnetic field

can be adjusted by varying the current, providing flexibility in field control. However, resistive magnets

generate significant heat due to electrical resistance, necessitating extensive cooling and resulting in
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high power consumption. Resistive magnets are typically limited to lower field strengths compared to

superconducting magnets. As a result, their use in MRI systems is limited compared to superconducting

magnets.

The static fields generated by the main magnet can pose safety hazards if electronic devices or metallic

objects enter the imaging environment. To reduce the risk, most main magnets are shielded to limit the

magnetic fields outside the imaging environment. Two principal approaches are used: active shielding

and passive (ferromagnetic) shielding. Active shielding is achieved by incorporating an additional coil at

a larger radius than the interior coil. The current in the second coil is in the opposite direction, producing

an additional magnetic field which opposes the main magnetic field. This approach significantly reduces

interior magnetic fields, therefore requiring a higher total current to maintain the desired B0 field

strength. It also significantly reduces stray magnetic fields and simplifies magnet installation without

substantially increasing operating costs in superconducting systems. Passive shielding uses ferromagnetic

materials to absorb and redirect magnetic fields away from areas where they could cause harm or

interference. This can be implemented by incorporating ferromagnetic materials into the scanner room

or by integrating them directly into the magnet design. Although effective, passive shielding can result

in heavy, complex structures and is less commonly used in modern clinical MRI systems than active

shielding.

2.3.2 Shimming system

Shimming refers to the process of correcting residual magnetic field inhomogeneities that remain after the

main magnet has been manufactured and brought to its operating field. Due to unavoidable variations in

coil winding, mechanical tolerances, thermal contraction at cryogenic temperatures, and environmental

influences, the magnetic field produced by the magnet typically deviates from its ideal uniform profile.

To achieve the level of field uniformity required for accurate imaging, corrective adjustments must be

applied prior to data acquisition. Shimming is performed using either passive methods, which involve

strategically placing ferromagnetic materials within the magnet bore, or active methods, which employ

dedicated shim coils to generate compensating magnetic fields [20, 27, 28]. These adjustments are

applied iteratively until the specified field uniformity is achieved. In practice, active shim coils are

typically located in the same region as the gradient coils.
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2.3.3 Gradient coils

Gradient coils are responsible for introducing controlled spatial variations in the main magnetic field

B0. While the main magnet generates a strong and uniform static magnetic field along the longitudinal

(z) axis, gradient coils superimpose additional magnetic fields that vary approximately linearly with

position along the x, y, or z directions.

The gradient system consists of three orthogonal sets of coils, each aligned with one of the Cartesian axes.

A typical gradient coil set is shown in Fig. 2.5. Each gradient coil generates a small, position-dependent

magnetic field designed to vary approximately linearly across the imaging volume. When superimposed

onto the main magnetic field B0, the resulting total magnetic field becomes spatially dependent, with a

slight increase in field strength at one end of the imaging volume and a corresponding decrease at the

opposite end.

For example, for a main magnetic field B0 oriented along the ẑ direction, applying a gradient along

the x-axis introduces a magnetic field whose z-component varies linearly with position in x. The total

magnetic field can then be expressed as

Bz(x) = B0 +Gxx, (2.3)

where Gx denotes the gradient strength along the x-axis.

It is worth noting that a strictly linear variation of only a single magnetic field component cannot exist

in free space, as all magnetic fields must satisfy Maxwell’s equations [20, 29, 30]. In practice, the linear

variation of Bz produced by a gradient coil is accompanied by small additional field components in

orthogonal directions, often referred to as concomitant gradient fields. However, since gradient fields are

typically two to three orders of magnitude smaller than the main field B0, these additional components

produce only minor corrections to the effective field direction, and their primary observable effect is

a small modification of the accumulated phase. As the ratio of gradient field strength to the main

magnetic field increases at low field, concomitant effects become more pronounced and can introduce

measurable phase distortions [31, 32].

Substituting Eq. 2.3 into the Larmor equation yields

ω(x) = γ (B0 +Gxx) . (2.4)

This equation shows that the Larmor frequency depends on the spatial position. Spins located in regions

of higher magnetic field strength precess at higher frequencies, while those in regions of lower magnetic

field strength precess at lower frequencies. This spatial dependence of frequency forms the physical

basis for spatial localization in MRI, which will be discussed in subsequent sections.
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In addition to frequency variation, gradients also cause spins at different spatial locations to accumulate

different phases over time. This position-dependent phase accumulation is fundamental to spatial

encoding and image formation, as will be described later. Gradient fields are time-dependent and are

rapidly switched during pulse sequences to control spatial encoding. The performance of gradient coils

is commonly characterized by their maximum gradient strength and switching rate, which influence

achievable spatial resolution and imaging speed. The spatial location at which the applied gradient

field is zero is referred to as the isocenter. At this point, the magnetic field strength remains equal to

the original B0 field.

Figure 2.5: Representative gradient coil configuration for MR signal localization. Three x-, y-, and z-gradient
coils produce controlled magnetic field gradients that enable three-dimensional image formation. The red planes
indicate surfaces of constant total magnetic field resulting from the superposition of the applied gradient field and
the main field B0. (Image taken from Ref. [33] with permission from the Radiological Society of North America
(RSNA) under license number 1706421-1.)
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2.3.4 RF coils

RF coils constitute an essential component of the MRI system and are used for two primary purposes:

spin excitation and signal detection. The RF coil, which is responsible for exciting the spin magnetization

by generating an oscillating magnetic field that is oriented perpendicular to the main magnetic field B0,

is called the transmit RF coil. Unlike the static B0 field, this time-dependent field, commonly denoted

as B1, operates at the Larmor frequency. As described previously, the interaction of the B1 field with

the nuclear spins produces resonance and rotates the net magnetization away from the longitudinal axis.

The second type of RF coil is the receiver coil, which detects the time-varying magnetization due to the

excited spins precessing around B0. Via Faraday’s Law, then, the precessing magnetization induces a

voltage in the receiver coil that can be measured and recorded. The detected signal depends on both

the magnitude of the transverse magnetization and the sensitivity profile of the receive coil.

RF coils are generally classified into surface coils and volume coils. Surface coils are placed close to the

region of interest and provide high sensitivity over a limited spatial extent, making them particularly

suitable for signal reception. Volume coils, in contrast, are designed to produce a more homogeneous

B1 field over a larger imaging region and are commonly used for transmission [20, 26, 33, 34]. Fig. 2.6

illustrates the orientation of the transmit and receive coils and the perpendicular relationship between

the main magnetic field B0 and the RF magnetic field B1 during excitation and signal detection.

Figure 2.6: The B1 magnetic field generated by the RF transmit coil flips magnetization from longitudinal
orientation to the transverse one. The transverse magnetization precesses, inducing a signal that is detected by
the receive coil. (Image taken from Ref. [35] with permission from Copyright Clearance Center (CCC) under
license number 1699885-1.)
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2.4 MRI physics

As previously defined, magnetization (M) can be regarded as the vector sum of the magnetic moments

of all protons in the system. The equation of motion for a single proton in a magnetic field is expressed

as [20]
dµ⃗

dt
= γµ⃗× B⃗, (2.5)

where µ⃗ is the magnetic moment, γ is the gyromagnetic ratio, and B⃗ is the applied magnetic field. By

extending this relation to the bulk magnetization of all protons, the equation becomes

dM⃗

dt
= γM⃗ × B⃗ext, (2.6)

where M⃗ denotes the net magnetization vector and B⃗ext is the external magnetic field. For the case of

a static magnetic field applied along the z-axis, i.e., B⃗ext = B0 ẑ, the magnetization components satisfy

dMz

dt
= 0, (2.7)

and
dM⃗⊥
dt

= γM⃗⊥ × B⃗ext, (2.8)

where Mz is the longitudinal component and M⃗⊥ is the transverse component of magnetization. It

is important to note that in Eqs. 2.7 and 2.8, relaxation and other interactions of protons with their

surroundings (such as spin–lattice or spin–spin interactions) are not considered.

2.4.1 Relaxation time

The concept of relaxation is fundamental in MRI because it directly influences image contrast, which is

the ability to distinguish between structures in an image. The intrinsic properties of different tissues

in the body, including proton density and the relaxation times of their hydrogen nuclei, determine

the brightness in an MRI image following an RF pulse [20]. When a subject is placed inside the MRI

scanner, the hydrogen nuclei align with the external magnetic field. An RF pulse from the RF transmit

coil at the Larmor frequency perturbs the equilibrium magnetization. This RF energy excites the nuclei

and tips away from the longitudinal direction, as demonstrated in Fig. 2.7.

Relaxation is the process by which the perturbed nuclear magnetization returns to equilibrium. During

this return, the precessing transverse magnetization produces a time-varying magnetic flux that induces

a voltage in the RF receive coil; the amplitude and temporal evolution of this signal determine the
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brightness of the corresponding tissue in the reconstructed image. In MRI, two primary types of

relaxation are distinguished:

• Spin–lattice relaxation (T1 recovery): The process by which nuclei transfer energy to their

surrounding lattice (environment), defined as the recovery of longitudinal magnetization toward

its equilibrium value M0.

• Spin–spin relaxation (T2 decay): The process by which nuclei interact and exchange energy

with other nearby spins. This interaction causes loss of phase coherence (dephasing), leading to a

reduction in transverse magnetization.

When these two relaxation processes are included, Eqs. (2.7) and (2.8) are modified as follows [20]:

dMz

dt
=

1

T1

(
M0 −Mz

)
(2.9)

dM⃗⊥
dt

= γ M⃗⊥ × B⃗ext −
1

T2
M⃗⊥ (2.10)

Beyond T2 dephasing, static inhomogeneities in the external field cause additional loss of transverse

coherence, commonly parameterized by T ′
2. The dephasing associated with T ′

2 is reversible, whereas

true T2 relaxation is irreversible [20]. The combined effect of these mechanisms is described by the

overall transverse relaxation time T ∗
2 [36, 37]:

1

T ∗
2

=
1

T2
+

1

T ′
2

. (2.11)

The behavior described by Eqs. (2.9)–(2.10) and the combined transverse relaxation expressed in Eq. 2.11

are illustrated schematically in Fig. 2.7, which summarizes the evolution of longitudinal and transverse

magnetization during the relaxation process.
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1

Figure 2.7: Relaxation mechanisms in MRI. Left: Longitudinal relaxation (T1). After a 90° RF excitation,
the z-magnetization Mz recovers exponentially toward its equilibrium value M0 with time constant T1. Right:
Transverse relaxation and free-induction decay. Spins progressively dephase, reducing the transverse magnetization
Mxy. The solid envelope depicts true T2 (spin–spin) decay, while the faster dashed envelope illustrates T ∗

2 decay,
which includes additional dephasing from B0 inhomogeneities (T ∗

2 < T2). (Image taken from Ref. [38], licensed
under CC-BY.)

2.4.2 Bloch equation

The combined effects of magnetic precession and relaxation can be described by the Bloch equations,

originally introduced by Felix Bloch to model the dynamics of nuclear magnetization under applied

magnetic fields [13, 39]. The general form of the Bloch equation can be written as a combination of

Eqs. (2.9) and (2.10)
dM⃗

dt
= γ M⃗ × B⃗ +

1

T1
(M0 −Mz)ẑ −

1

T2
M⃗⊥ (2.12)

For simplicity, three components of the Bloch equation are usually written as

dMx

dt
= Myω0 −

Mx

T2
,

dMy

dt
= −Mxω0 −

My

T2
,

dMz

dt
=
M0 −Mz

T1
.

(2.13)

where ω0 = γB0. The analytical solutions of these equations are:
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Mx(t) = e−t/T2
(
Mx(0) cos(ω0t) +My(0) sin(ω0t)

)
(2.14)

My(t) = e−t/T2
(
My(0) cos(ω0t)−Mx(0) sin(ω0t)

)
(2.15)

Mz(t) =Mz(0)e
−t/T1 +M0

(
1− e−t/T1

)
(2.16)

For simplicity, these solutions assume a uniform magnetic field oriented in the z-direction, i.e. B⃗ = B0ẑ.

2.5 Spatial encoding

To understand how variations in spin magnetization give rise to a reconstructed image, it is essential to

examine how magnetic field gradients influence the MR signal and how the concept of spatial encoding

emerges. As discussed in previous sections, magnetic field gradients represent linear spatial variations of

the main magnetic field. In the presence of a linear gradient G = Gxx̂+Gyŷ +Gz ẑ, the total magnetic

field becomes

B(r) = B0 +G · r, (2.17)

and the Larmor frequency becomes position-dependent:

ω(r) = γB(r) = γ (B0 +G · r) , (2.18)

where γ is the gyromagnetic ratio and r = xx̂+ yŷ + zẑ denotes spatial position. Thus, spatial location

is encoded through controlled variations in frequency and phase.

Magnetic field gradients are applied along all three orthogonal directions, x, y, and z, each generated

by a dedicated gradient coil within the MRI system. The primary objective of these gradient coils

is to make a spatial variation of the detected signal within the body, a process referred to as spatial

localization.

The three most commonly employed encoding mechanisms are the following:

• Slice Selection (z-direction): A gradient Gz is applied simultaneously with the RF excitation

pulse so that only spins within a specific frequency bandwidth are excited. The slice thickness is

given by

∆z =
∆ω

γGz
, (2.19)

where ∆ω is the RF pulse bandwidth.
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• Frequency encoding (x-direction): The frequency-encoding gradient, denoted as Gx and

commonly referred to as the readout gradient, is applied perpendicular to the slice-selection

gradient. It is activated during the signal acquisition period.

In the presence of Gx, the magnetic field varies linearly along the x-direction, resulting in spins

located at different positions along the x-axis precessing at different frequencies. The detected MR

signal, therefore, contains a spectrum of frequencies that directly correspond to spatial locations

along the frequency-encoding direction. By sampling this signal in time while the gradient is

active, spatial information along the x-axis can be extracted.

• Phase encoding (y-direction): The phase-encoding gradient, denoted as Gy, is applied after

slice selection and before signal acquisition along the axis perpendicular to both the slice-selection

and frequency-encoding directions. When activated for a short duration, it introduces a linear

variation in the magnetic field, causing spins at different spatial positions to precess at slightly

different frequencies and accumulate position-dependent phase shifts. After the gradient is switched

off, these frequency differences vanish, but the induced phase differences remain encoded in the

transverse magnetization. This process is referred to as phase encoding, and the applied gradient

direction defines the phase-encoding direction.

2.6 K-space and image reconstruction

The spatial encoding mechanisms described above introduce position-dependent frequency and phase

variations into the MR signal. The measured signal therefore contains spatial information that must be

systematically organized in order to reconstruct an image. This organization is performed in the spatial

frequency domain, commonly referred to as k-space [20, 40].

In the presence of time-dependent gradients, the accumulated phase of spins at position r can be written

as

ϕ(r, t) = −γ
∫ t

0
G(τ) · r dτ. (2.20)

Defining the k-space trajectory as

k(t) =
γ

2π

∫ t

0
G(τ) dτ, (2.21)

the phase expression becomes
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ϕ(r, t) = 2πk(t) · r. (2.22)

The received MR signal can therefore be expressed as

s(t) =

∫
ρ(r)e−i2πk(t)·r dr, (2.23)

where ρ(r) represents the spin density distribution.

This equation demonstrates that the acquired signal corresponds to samples of the Fourier transform

of the object in k-space. In conventional Cartesian imaging, the phase-encoding gradient determines

discrete positions along the ky direction, while the frequency-encoding gradient produces continuous

traversal along kx during signal acquisition. Each repetition of the sequence fills one line of k-space as

illustrated in Fig. 2.8. In order to acquire sufficient spatial information for image reconstruction, the

pulse sequence must be repeated multiple times. In Cartesian imaging, this is achieved by incrementally

varying the amplitude of the phase-encoding gradient Gy at each repetition. Increasing the phase-

encoding gradient amplitude produces different amounts of phase accumulation across the object,

thereby sampling distinct spatial frequency components.

The time interval between successive repetitions is defined as the repetition time (TR). Furthermore,

each sampled point of the MR echo signal corresponds to a unique location in spatial frequency space, or

k-space. By systematically sampling these points over multiple repetitions, a complete k-space dataset

is formed, from which the final image is reconstructed via inverse Fourier transformation.

In practice, the k-space data are acquired in the form of an echo rather than directly from the initial

free induction decay (FID). Due to magnetic field inhomogeneities and applied gradients, the transverse

magnetization rapidly dephases. To generate a measurable signal maximum at the center of k-space,

rephasing techniques are employed [38].

In spin echo (SE) sequences, a 180◦ RF pulse reverses the accumulated phase dispersion, producing an

echo primarily governed by T2 relaxation. In contrast, gradient echo (GRE) sequences achieve rephasing

by reversing the polarity of the frequency-encoding gradient without the use of a 180◦ pulse. While SE

sequences are less sensitive to field inhomogeneities, GRE sequences allow faster acquisition but exhibit

T ∗
2 -weighted contrast.

Once k-space is completely sampled, the final image is reconstructed by applying the inverse Fourier

transform

ρ(r) =

∫
s(k)ei2πk·r dk. (2.24)
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Figure 2.8: In Cartesian imaging, the MR signals acquired at successive phase-encoding steps are organized into
a two-dimensional raw data matrix known as k-space. Each repetition of the sequence fills one line of k-space,
with traversal along the kx direction during frequency encoding and discrete positioning along ky determined by
the phase-encoding gradient amplitude. The coordinates of k-space correspond to spatial frequencies (kx, ky),
where kx is associated with frequency encoding and ky with phase encoding. A two-dimensional Fourier transform
of k-space yields the reconstructed spatial image, with the number of phase-encoding steps determining the image
resolution along the phase-encoding direction. (Image taken from Ref. [38], licensed under CC-BY.)
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2.7 Low-field MRI

Historically, the earliest clinical MRI systems operated at static magnetic field strengths in the range of

approximately 0.05–0.35 T [41], which are now classified as low-field systems. With continued advances

in magnet technology and RF hardware, higher field strengths became dominant in clinical practice due

to their improved intrinsic signal-to-noise ratio (SNR). Ultra-high-field systems further extend these

gains but introduce additional technical complexity. The classification of MRI field strengths is shown

in the Table. 2.2. In recent years, growing interest in low-field MRI has emerged, driven by advances in

magnet design, RF coil engineering, and reconstruction methods [7, 8].

Classification Magnetic field strength

Ultra Low Field (ULF) ≤ 0.01 T

Very Low Field (VLF) 0.01 mT – 0.1 T

Low Field 0.1 T – 0.3 T

High Field 1 T – 3 T

Very High Field (VHF) 3 T – 7 T

Ultra High Field (UHF) > 7 T

Table 2.2: MRI field classification. The table was modified from Ref. [7].

Low-field systems frequently employ permanent-magnet architectures, including Halbach arrays and other

compact magnet configurations, to generate static magnetic fields without cryogenic cooling. Such designs

enable compact and energy-efficient scanners suitable for portable or point-of-care applications. Unlike

superconducting magnets, permanent magnet systems may exhibit greater intrinsic field inhomogeneity,

requiring advanced shimming strategies and tailored pulse sequences to achieve acceptable image

quality [42, 43]. Recent work has demonstrated that improvements in magnet design, shimming

techniques, and reconstruction algorithms can substantially mitigate these limitations [44, 45, 46, 47].

The constraints imposed by compact and power-limited systems also affect spatial encoding strategies.

Conventional MRI relies on rapidly switched B0 gradient coils for slice selection, frequency encoding,

and phase encoding. In portable and low-field platforms, gradient strength, switching rate, and power

consumption are often limited by size and hardware simplicity. Furthermore, when the main magnetic

field strength is reduced, non-ideal gradient effects and concomitant field contributions can become

more significant relative to B0, potentially influencing phase accumulation and image quality [29].

Overall, these developments reflect a broader shift toward alternative spatial encoding strategies

that reduce or eliminate reliance on conventional linear magnetic field gradients superimposed on

B0 [48, 49, 50, 51]. These approaches aim to reduce hardware complexity, decrease power requirements,
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and mitigate acoustic noise from rapidly switched gradient coils. In particular, methods that exploit

spatially varying phase gradients of the RF transmit field (B1) offer a pathway to controlled spatial

encoding without conventional gradient hardware. Transmit array spatial encoding (TRASE) MRI is

one such strategy and is discussed in detail in the following chapter.
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Chapter 3

Transmit Array Spatial Encoding

(TRASE)

3.1 The TRASE concept

Conventional MRI achieves spatial encoding by applying time-varying linear gradients to the static

magnetic field B0, thereby generating controlled spatially dependent phase evolution. However, spatial

encoding can also be achieved using other mechanisms that do not rely on gradients of the static

magnetic field. In particular, radiofrequency (RF) fields can be used to introduce position-dependent

excitation or phase shifts. These approaches represent three different spatial encoding mechanisms in

MRI: conventional static-field gradients, RF magnitude gradients, and RF phase gradients. A conceptual

comparison of these encoding mechanisms is summarized in Table 3.1. In the following discussion, we

briefly review two RF-based encoding approaches that illustrate these alternative strategies.

The concept of using the radiofrequency (B1) field for spatial encoding was first explored by Hoult [52],

who demonstrated that spatially varying RF amplitude profiles could generate position-dependent

excitation. This approach, referred to as rotating-frame imaging, relies on spatial gradients in the

RF magnitude rather than in the static magnetic field. Although limited by practical constraints, it

established the principle that RF fields can directly participate in spatial encoding.

A more complete alternative was proposed by Sharp and King in 2010 [9, 10], who introduced TRASE.

Rather than employing gradients in B0, TRASE uses linearly varying directions (or phase gradients) of

the radiofrequency (B1) field to achieve spatial encoding. In this approach, spatial encoding arises from

phase manipulations imposed by RF pulses, replacing the phase evolution produced by conventional

gradient fields and thereby avoiding the need for static-field gradient coils and their associated hardware
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challenges, such as acoustic noise. The following sections describe the physical principles and k-space

behavior underlying TRASE encoding.

Encoding method Gradient type Static field RF field

Frequency encoding Main field B0 + xGx B1

Rotating frame imaging RF magnitude B0 B1 + xG1x

TRASE RF phase B0 B1e
i xG1x

Table 3.1: Comparison of three MRI encoding methods. Table reproduced from Ref. [9] with permission from
the rights owner (John Wiley and Sons) under license number 1702086-1.

3.2 TRASE B1 requirements

In TRASE, RF phase gradients are generated using dedicated transmit coils specifically designed to

produce uniform B1 magnitude with approximately linear spatial phase variation across the imaging

volume. An RF field that generates a linear phase gradient can be mathematically described as

B1(r) = |B1|eiϕ1(r), ϕ1(r) = 2πk1 · r = G1 · r (3.1)

where ϕ1(r) is the spatially varying RF phase at position r, and G1 = 2πk1 is the RF phase gradient

vector. The vector k1 characterizes the spatial phase variation in the RF field and defines both the

direction and magnitude of the phase twist. A non-zero k1 corresponds to a specific location in

three-dimensional k-space, whereas k1 = 0 represents the k-space origin and corresponds to a uniform

RF phase distribution.

An RF phase gradient may be generated either through a dedicated coil geometry that intrinsically

produces linear phase variation, or through controlled superposition of fields from multiple driven coil

elements [9]. In TRASE, only a single RF phase gradient is required at any given time, and the RF

field amplitude does not directly contribute to spatial encoding and is therefore preferably uniform.

From Eq. 3.1, the RF phase-gradient G1 is related to the spatial frequency vector by G1 = 2πk1. Thus,

each RF phase gradient corresponds to a unique spatial frequency vector k1 = k1xx̂+k1yŷ+k1z ẑ, which

defines the associated point in three-dimensional k-space.

3.3 k-space in TRASE

In TRASE, the concept of k-space is fundamentally equivalent to that in conventional MRI, as it

still represents the image’s spatial frequency domain. The key distinction lies in how k-space is
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traversed: while conventional MRI employs gradients of the static magnetic field (B0) to impart spatially

dependent phase shifts, TRASE achieves the same effect through RF phase gradients of the transmit

field (B1) [9, 10]. Despite differences in the physical mechanisms of encoding, the underlying k-space

framework and reconstruction principles remain the same.

This process can be understood by considering a spin initially aligned along the longitudinal (z) axis.

After applying a 90◦ RF pulse (known as an excitation pulse) from a phase-gradient coil, the spins are

tipped into the transverse plane. The applied RF phase gradient introduces a position-dependent phase

in the transverse magnetization, which corresponds to a shift to a specific location k1 in k-space. The

resulting transverse magnetization can therefore be written exactly as given in the following equation:

Mxy =M0e
iϕ(r) =M0e

i2π k1·r , (3.2)

where Mxy is the transverse magnetization after excitation and M0 is the initial longitudinal magnetiza-

tion. As illustrated in Fig. 3.1(a), the applied RF phase gradient defines a coil-specific origin in k-space

at k1.

Figure 3.1: Basic k-space behavior in TRASE MRI. (a) An RF phase gradient defines a k-space origin at k1
; (b) A 90◦ excitation pulse directly moves the magnetization to k1; (c) A 180◦ refocusing pulse reflects the
magnetization about its coil k-space origin, resulting in controlled k-space displacement. (Image taken from
Ref. [9] with permission from the rights owner (John Wiley and Sons) under license number 1702086-1.)

In contrast to conventional MRI, where spatial encoding occurs during the application of magnetic field

gradients, in TRASE the excitation pulse itself directly establishes a point in k-space determined by the

RF phase gradient. This direct positioning of the magnetization at k1 is depicted in Fig. 3.1(b). By

using an ordinary receiver coil with uniform phase, we can observe this spatial encoding.

It is important to note that if the same phase-gradient coil is used for both transmission and reception,

the spatial phase variation may not be observable in the detected signal. This occurs because the receive
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coil imposes an opposite k-space shift (−k1) on the induced voltage signal, which cancels the transmit

and receive phase gradients, even though spatial encoding has occurred.

A 180◦ RF refocusing pulse rotates the transverse magnetization about the phase of the applied RF

field (ϕ(r)). When the RF phase varies spatially, this reflection becomes position-dependent. As shown

in Fig. 3.1(c), the magnetization undergoes a reflection about the coil-specific k-space origin. As a

result, the transverse magnetization after refocusing can be expressed as

M+
xy =M−∗

xy e
i2ϕ(r) =M−∗

xy e
i2π(2k1·r) , (3.3)

where M−
xy is initial transverse magnetization, M−∗

xy is complex conjugate of M−
xy, and M

+
xy is transverse

magnetization after adding refocusing pulse.

It is worth noting that applying a phase-gradient RF pulse for refocusing has two effects: first, it

reverses the sign of k (k → −k), as in conventional MRI, and second, it introduces an additional

position-dependent phase shift equal to 2k1, as shown in the exponential term of Eq. 3.3, along the

encoding direction. This can be written as

k+ = −k− + 2k1, (3.4)

where k− is the k-space position before refocusing, k+ is the k-space position after refocusing pulse, and

k1 is the coil k-space origin. We can rewrite Eq. 3.4 as

k+ − k1 = −(k− − k1), (3.5)

which in this form clearly shows that k-space undergoes a reflection about k1, the coil’s k-space origin.

An important consequence is that if the same phase gradient is used for both excitation and refocusing

(k− = k1), no spatial encoding occurs, as the trajectory collapses to (k+ = k1). To avoid this, distinct

phase gradients must be applied, meaning the excitation and refocusing pulses must be delivered by

coils with different k-space origins. When the excitation coil has k-space origin k1A and the refocusing

coil has k-space origin k1B ≠ k1A, the refocusing pulse shifts the k-space position by 2(k1B − k1A),

resulting in a net k-space displacement. The refocusing pulse, therefore, plays a crucial role in TRASE,

enabling controlled traversal of k-space along a defined trajectory.

A sequence of these refocusing pulses forms an echo train which, unlike in conventional MRI, does not

produce continuous phase evolution in TRASE; instead, the phase evolution occurs discretely at each

refocusing pulse. So, TRASE requires echo train pulse sequences with alternating 180◦ pulses applied

to a system of RF coils, as shown in Fig. 3.2(a). To achieve spatial encoding along a chosen axis, it is

necessary to apply two RF fields for each encoding direction [10, 53], as the effective k-space step size is

determined by the difference between successive RF phase gradients. The resulting discrete k-space
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pattern is illustrated in Fig. 3.2(b), where each echo corresponds to a distinct spatial frequency location

determined by the coil phase origins k1A and k1B. As a result, multiple RF coils with phase-gradients

along different axes are necessary to obtain spatial information about a sample.

Figure 3.2: 1D TRASE phase gradient imaging. (a) Pulse sequence with a 90◦ excitation followed by alternating
180◦ refocusing pulses from coils A and B, with signals (1–4) recorded after each pulse. (b) Corresponding k-space
positions determined by the difference between coil phase origins k1A and k1B . Each echo is related to a distinct
k-space location defined by the applied RF phase gradients. (Image taken from Ref. [9] with permission from the
rights owner (John Wiley and Sons) under license number 1702086-1.)

3.3.1 2D TRASE encoding

The one-dimensional TRASE mechanism described previously can be extended to two-dimensional

imaging by using multiple RF phase-gradient coils with different spatial orientations. In TRASE, each

RF phase gradient defines a specific k-space origin, denoted by its vector k1. When two coils produce

phase gradients in different spatial directions (for example, along x and y), the difference between their

k-space origins defines an encoding direction. In other words, the effective k-space step is determined

by the vector difference between two coil origins.

For two-dimensional imaging, at least three non-collinear RF phase gradients are required. If we denote

three coils by A, B, and C, with corresponding k-space origins kA, kB, and kC , then the effective
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encoding directions are given by

2(kB − kA), 2(kC − kA), 2(kC − kB). (3.6)

These vectors define a two-dimensional region in k-space as shown in Fig. 3.3(a).

Two-dimensional k-space is traversed by applying a sequence of echo trains composed of excitation and

refocusing pulses from different RF phase-gradient coils. The initial 90◦ excitation pulse establishes a

starting point in k-space corresponding to the selected RF phase gradient. Subsequent 180◦ refocusing

pulses, applied alternately from different coils, produce discrete reflections in k-space about their

respective coil-specific k-space origins.

As shown previously, each refocusing pulse shifts the k-space position according to the relation

k+ = −k− + 2ki,

where ki represents the k-space origin of the coil used for that pulse. When different coils are used

sequentially, the net effect is a stepwise displacement in k-space equal to twice the difference between

their k-space origins. In TRASE, k-space evolution does not occur continuously in time; instead,

each 180◦ RF phase-gradient pulse produces a discrete reflection in k-space, resulting in a stepwise

displacement determined by the difference between coil k-space origins [9, 10]. In two-dimensional

TRASE imaging, spatial encoding is achieved through structured echo trains composed of multiple RF

phase-gradient coils. Let N indicate the number of echoes within each echo train, corresponding to the

number of discrete k-space steps generated along one encoding direction. Let M represent the total

number of echo trains used to produce encoding along the orthogonal direction. Together, these define

an M ×N k-space matrix.

Figure 3.3 shows an example of using three RF coils and how the k-space can be traversed in the x

and y directions with the help of three RF fields. The notation used in the figure, such as (AB)5 or

(AC)2, specifies the number of repeated 180◦ pulse pairs applied during the echo train. For example,

(AB)5 indicates that the pulse sequence alternates between coils A and B five times. Since each AB

pair consists of two 180◦ pulses, this sequence generates ten discrete k-space points. Similarly, (AC)2

denotes two repetitions of the A–C pulse pair, producing successive k-space displacements along the

direction defined by coils A and C. In general, the subscript determines the number of discrete k-space

steps created in that direction.
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Figure 3.3: Example of 2D k-space traversal in TRASE using three RF phase-gradient coils (A, B, and C).
(a) k-space origin of 4 fields corresponding to coils A, B, C, and D, where only coils A, B, and C are active
(highlighted). (b) One-dimensional trajectory generated by repeated (AB) pulse pairs. (c)–(e) Progressive
displacement of trajectories through additional (AC) repetitions, forming a two-dimensional k-space grid. (Image
taken from Ref. [9] with permission from the rights owner (John Wiley and Sons) under license number 1702086-1.)

In all sequences, the initial 90◦ excitation pulse is transmitted through the coil A. Consequently,

immediately after excitation, the transverse magnetization is located at the k-space origin defined by

that coil, kA. When no additional phase-gradient coil is applied prior to the echo train, as in (AB)5

(Fig. 3.3 (b)), the trajectory begins at kA and produces a single one-dimensional line in k-space.

For two-dimensional encoding, an additional refocusing pulse from coil C is applied before the AB echo

train. This pulse shifts the initial position kA to a new location given by 2kC − kA. The subsequent

AB or BA echo train then generates motion along the AB encoding direction, but about this shifted

origin. As a result, the trajectory forms a displaced line in k-space, representing the first step toward

two-dimensional coverage (Fig. 3.3 (c)).

A complete M × N k-space matrix can be constructed using a structured set of echo trains. One

procedure is to use M/2 trains with refocusing pulses of the form

C − (AC)i − (AB)N/2,

and M/2 additional trains with
C − (AC)i − (BA)N/2,
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where i = 0, 1, . . . ,M/2− 1. The index i in (AC)i indicates the repeated application of the 180◦ pulse

pair A–C, which progressively shifts the trajectory in the second encoding direction. The alternating

(AB) and (BA) blocks generate symmetric k-space motion along the first encoding direction. By varying

i, successive echo trains are displaced in the orthogonal direction, thereby filling a two-dimensional

region of k-space. In Fig. 3.3(d)–(e), increasing the number of (AC) pulse pairs displaces the trajectories

and fills the two-dimensional k-space region.

3.3.2 The first 2D imaging in TRASE

Once the desired two-dimensional k-space region has been filled, a standard two-dimensional inverse

Fourier transform performs image reconstruction in the same manner as in conventional MRI. Therefore,

although the physical mechanism of encoding differs fundamentally from gradient-based imaging, the

mathematical framework of k-space and Fourier reconstruction remains unchanged.

The experimental feasibility of two-dimensional TRASE encoding was demonstrated at 0.2 T using an

RF phase-gradient array capable of producing phase gradients of approximately 4.1 deg/cm [10]. A

direct comparison between conventional B0 gradient encoding and RF phase-gradient encoding showed

nearly identical image appearance at the same nominal spatial resolution. Both methods resolved

structural features separated by 3 mm, confirming that RF-based encoding can achieve resolution

comparable to that of conventional gradient-based MRI.

To evaluate in-vivo performance, tomographic imaging of the human wrist was performed as shown in

Fig. 3.4 (C). Despite the reduced signal-to-noise ratio associated with operation at 0.2 T, the resulting

images demonstrated clear anatomical detail, supporting the diagnostic feasibility of the TRASE

approach.

3.4 Field of view and pixel size in TRASE

In both conventional MRI and TRASE, the relationship between k-space and image domain is based on

the Fourier transform. As a result, the spacing between adjacent k-space data points determines the

image field of view (FOV), while the total extent of k-space determines the achievable spatial resolution.

Physically, FOV refers to the spatial extent over which the object can be imaged.

Let ∆k denote the spacing between sampled points. The field of view is given by
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Figure 3.4: The first in-vivo TRASE images. (a) MR image acquired with conventional B0 encoding. (b) MR
image acquired with TRASE B1 encoding. (c) Two-dimensional TRASE image of the human wrist. (Image taken
from Ref. [10] with permission from the rights owner (John Wiley and Sons) under license number 6231420582545.)

FOV =
1

∆k
. (3.7)

Furthermore, since the image is discretized into a finite number of points (N), the following relation

also holds:

FOV = N ·∆ω, (3.8)

where ∆ω is image pixel size. The above equation leads to the fundamental relationship between image

and k-space parameters:

∆ω ·∆k =
1

N
. (3.9)

In a one-dimensional TRASE sequence using two RF phase-gradient coils A and B, the effective k-space

step size is determined by the difference between their phase-gradient vectors:

∆k = 2(kB − kA). (3.10)

Therefore, using the general relationship between k-space and the image domain illustrated in Fig. 3.5,

the TRASE field of view becomes

FOV =
1

|2(kB − kA)|
. (3.11)

Thus, a smaller separation in k-space results in a larger FOV, whereas a larger separation reduces the

FOV and may lead to aliasing if the object extends beyond this range [20].

The image pixel size (spatial resolution) ∆ω, as introduced in Equation. 3.9, is determined by the total

k-space range traversed during the echo train. The pixel size may also be expressed as

∆ω =
FOV

N
=

1

∆k ·N
. (3.12)
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In a 1D TRASE sequence, the echo train length (ETL) corresponds to the total number of steps through

k-space. If the echo train length is denoted by ETL, then

∆ω =
1

∆k · ETL
=

1

|2(kB − kA)| · ETL
. (3.13)

This expression shows that increasing the echo train length or increasing the phase-gradient difference

between the coils improves spatial resolution. In practice, however, signal decay along the echo train

(e.g., due to T2 relaxation) limits the achievable resolution [54].

Figure 3.5: Relationship between image field of view (FOV) and pixel size ∆ω and the corresponding k-space
parameters ∆k and kFOV in MRI. This relationship holds for both conventional gradient-based MRI and TRASE
MRI, as both methods rely on Fourier-based image reconstruction. (Image adapted from the concept presented
in Ref. [55].)
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3.5 RF coils in TRASE MRI

The characteristics of the B1 field produced by the RF coil play a central role in TRASE performance.

Consequently, following the introduction of TRASE, several RF coil geometries have been investigated

to generate the RF phase gradients required for spatial encoding and to determine the most suitable

configuration. In the following, we briefly describe several RF designs as illustrated in Fig. 3.6.

• Spiral birdcage coil:

A modified birdcage coil with a spiral geometry introduces an approximately linear RF phase

variation along the main magnetic field (B0), while preserving a relatively uniform |B1| magnitude.

This was used in the original experimental demonstration of TRASE [9].

• Helmholtz–Maxwell coil:

This configuration combines Helmholtz and Maxwell coil pairs to generate an RF field with approx-

imately uniform magnitude and linear spatial phase variation through controlled superposition of

fields. In the first in-vivo TRASE implementation, Sharp et al. [10] used a Helmholtz–Maxwell

coil configuration at 0.2 T to perform two-dimensional wrist imaging.

• Birdcage–Maxwell coil:

A transmit array composed of a standard birdcage coil combined with a Maxwell coil was

implemented to generate orthogonal cosine and sine B1 field components, producing a linear B1

phase gradient for TRASE encoding along the patient axis [56].

• Twisted Saddle coil:

A saddle coil with twisted conductors introduces a controlled spatial variation in RF phase,

producing a phase gradient along the coil axis suitable for TRASE encoding [57].

• Twisted Solenoid coil:

A more recent development in TRASE MRI RF coils is the twisted solenoid coil, which evolved

from earlier double-helical coil configurations [58, 59, 60, 61]. The twisted solenoid was introduced

as an efficient method for producing approximately linear RF phase gradients, particularly in

MRI systems with transverse or vertical B0 magnetic field geometries. Its application to TRASE

imaging was first demonstrated by Yong et al. [62] and later implemented by Sun et al. [63].

Further advancements include the introduction of geometrically decoupled twisted solenoid arrays

to improve phase linearity while minimizing mutual inductance between transmit elements [64],
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as well as truncated coil geometries [65] designed to reduce overall coil length while maintaining

phase-gradient strength and field uniformity. Because this coil geometry is used so predominantly

now in TRASE, and thus forms the basis of the design investigated in this thesis, its structure

will be discussed in greater detail in the following section.

(a) (b) (c)

(d) (e) (f)

Figure 3.6: Schematic representations of RF coil geometries used to generate RF phase-gradient fields in TRASE
MRI: (a) birdcage coil, (b) spiral birdcage coil, (c) saddle coil pair, (d) Maxwell pair, (e) Helmholtz pair, and
(f) orthogonal Maxwell–Helmholtz configuration. In this configuration, the dashed loops represent the Maxwell
coils, while the solid loops represent the Helmholtz coils. These geometries produce RF phase gradients through
different current distributions and field superposition mechanisms.
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3.6 Geometry of the Twisted Solenoid

The Cartesian coordinates of the winding pattern at the heart of twisted solenoid designs [63, 64, 65]

are given by the parametric curve

P (θ) =

[
a cos(θ), a sin(θ), An sin(nθ + φ) +

h

2π
θ

]
, (3.14)

with each quantity (and its associated SI unit) defined as follows [66] :

• θ (rad) – the azimuthal angle in cylindrical coordinates.

• a (m) – the radius of the cylindrical former on which the coil is wound.

• n – the multipole order of the coil. (For TRASE coils, n = 2 [63].)

• An (m) – the multipole modulation or twist amplitude. (For a uniform solenoid, An = 0.)

• φ (rad) – the winding shift.

• h (m) – the coil turn advance. (The coil pitch (turns/m) is 1/h.)

This curve represents the spatial path of the current-carrying wire wound on the cylinder as shown in the

Fig. 3.7. The winding is constrained to the surface of a cylinder of radius a, with its position specified by

the azimuthal angle θ. The x and y components therefore describe circular motion around the cylinder,

while the z coordinate consists of a linear turn advance combined with a sinusoidal modulation.

One notable finding reported for a twisted solenoid coil is that phase gradients can be generated in

different directions by physically rotating the coil [63]. Moreover, it is demonstrated that the required

coil rotation can be directly related to the winding shift parameter φ used to define the coil geometry.

In particular, a physical rotation of the coil by 90◦ corresponds to a winding shift of 180◦. Accordingly,

Table 3.2 presents the configurations required to generate the four orthogonal phase gradients +Gx,

−Gx, +Gy, and −Gy, together with the corresponding coil rotation angles for each case.
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Figure 3.7: Geometry of a twisted solenoid coil with winding phase shift φ = 90◦. (Top left) Three-dimensional
representation of the wire winding pattern on a cylindrical former. (Top right) Axial coordinate z plotted as a
function of azimuthal angle θ for individual turns, illustrating the sinusoidal modulation. (Bottom) Definition of
the geometric parameters, including the cylinder radius a, modulation amplitude A, and turn advance h, together
with the orientation of the main magnetic field B0.

Although the parametric curve in Eq. 3.14 describes the winding pattern of the twisted solenoid, the

practical implementation of a twisted solenoid with a winding pitch requires the current to return to

the starting point after completing the winding. As a result, a return wire must be included to provide

a path for the current. This return wire does not follow the winding pattern and generates unwanted

magnetic fields that disrupt the intended RF phase gradient distribution and affect coil performance.
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Phase Gradient Winding Shift (φ) Coil Rotation

+Gx 0◦ 0◦

−Gx 180◦ 90◦

+Gy 270◦ 135◦

−Gy 90◦ 45◦

Table 3.2: Relationship between phase gradient direction, winding shift, and coil rotation (Table taken from
Ref. [63])

An example of a physically constructed twisted solenoid coil, including the return wire, is shown in

Fig. 3.8. The effects of this return wire on the RF field distribution will be discussed in the following

chapters. In this thesis, the twisted solenoid geometry described above forms the foundation of the

novel coil designs proposed and their subsequent analysis. Throughout this work, the static magnetic

field B0 is assumed to be aligned along the x-axis, consistent with the configuration shown in Fig. 3.7.

 

Return Wire 

Figure 3.8: Photo of the constructed twisted solenoid coil. The red box indicates the location of the return
wire, and the red arrow indicates the return wire. (Image modified from Ref. [63] with permission from Copyright
Clearance Center (CCC) under license number 6230860503486.)

38



Chapter 4

Stream-Function-Based Coil Design and
Biot-Savart Simulation

The image quality of TRASE MRI depends critically on the generation of a B1 field with the appropriate

properties (uniform magnitude and linear phase), making RF coil design crucial for this system.

Improving coil performance can reduce imaging artifacts, increase efficiency, and improve overall signal

quality. The twisted solenoid geometry described in Chapter 3 has demonstrated a strong capability

to generate approximately linear RF phase gradients suitable for TRASE encoding. In this work, we

extend the twisted-solenoid concept by exploring alternative winding patterns. One design is derived

from the stream-function approach and discretized into a wire configuration, while the other combines

two twisted solenoids wound in opposite directions to form a closed-loop configuration. Both designs

are evaluated and shown to have improved performance over existing coils presently in use.

This chapter first introduces the concept of the stream function for RF coil design and applies it to the

twisted solenoid geometry relevant to TRASE MRI. The continuous surface-current distribution is then

discretized into practical wire windings using a standard method [67, 68, 69]. Finally, the Biot–Savart

law is introduced as the framework for computing the magnetic field of the resulting coil geometries, to

be used subsequently for field map generation and analysis of RF magnitude and phase characteristics

4.1 The stream function

The primary objective in RF coil design for TRASE MRI is to generate a magnetic field pattern with

uniform magnitude and a linear phase gradient suitable for spatial encoding. Achieving this requires

determining a surface current distribution that produces the required magnetic field while satisfying
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Maxwell’s equations. A convenient way to determine such current distributions is through the stream

function method. Originally developed in fluid mechanics, the stream function has been widely applied

to magnetic field synthesis and RF coil design [67, 68, 69]. This approach provides a practical way to

construct surface current patterns that generate the required magnetic field.

For divergence-free surface currents confined to a conducting surface, the current density can be described

using a scalar stream function ψ defined on that surface. The current density j is then given by

j = ∇× (ψn̂), (4.1)

where n̂ denotes the unit normal vector to the surface. For the cylindrical former considered in this

work, the surface normal direction corresponds to the radial unit vector ρ̂ in cylindrical coordinates.

which automatically satisfies
∇ · j = ∇ · (∇× (ψn̂)) = 0. (4.2)

In this representation, contours of the scalar stream function on a surface correspond to current

streamlines, and differences in stream-function values between contours correspond to integrated current

flow. Figure 4.1 illustrates the equivalence between flow streamlines and stream-function contours.

Figure 4.1: Example of a stream function and its contours. (Top) Vector field forming closed-loop trajectories,
representing a divergence-free surface current distribution, with overlaid stream lines (dashed). (Bottom) The
magnitude of the scalar stream function (vertical, color-coded), with contour lines (dashed) corresponding to
specific constant values. (Image from https://commons.wikimedia.org/wiki/File:Stream_function.png.)
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4.1.1 Application of stream function to the twisted-solenoid geometry

To apply the stream function concept to TRASE RF coil design, we consider the twisted-solenoid

geometry introduced in Chapter 3. Since the winding is constrained to the surface of a cylinder, the

surface current distribution can be naturally described on this geometry. The Cartesian coordinates of

the winding pattern for twisted solenoid are given by the parametric curve

P (θ) =

[
a cos(θ), a sin(θ), An sin(nθ + φ) +

h

2π
θ

]
. (4.3)

In the limit of a tightly-wound coil with thin wires carrying a current I, this can be represented by a

surface current [61] (on a cylinder of radius a) comprising three terms:

j(θ, z) =
I

ha

[
a θ̂ +

(
Ann cos(nθ + φ) +

h

2π

)
ẑ

]
, (4.4)

where θ̂ and ẑ are the azimuthal and axial unit vectors, respectively. The first term represents a uniform

azimuthal surface current, corresponding to current circulating around the cylinder. The second term

corresponds to a cosine–theta surface current distributed along the axial direction, which introduces

the spatial modulation responsible for generating the desired phase-gradient behavior. The third term

represents a uniform axial surface current component, which by Ampere’s law produces no net magnetic

field inside the coil volume [66]. Consequently, the third term can be neglected and, as we will show,

one can arrive at a new twisted solenoid design that does not rely on a winding pitch and return wire.

By keeping only the components that contribute to the desired transverse magnetic field, the final

expression for the surface current density of our novel twisted solenoid will be

j(θ, z) =
I

ha

[
a θ̂ +Ann cos(nθ + φ) ẑ

]
. (4.5)

Since only azimuthal and axial current components exist, the surface current is entirely tangent to the

cylindrical surface. Therefore, the stream function must be oriented normal to the surface (i.e., in the

radial direction), consistent with Eq. (4.1),

ψ = ψ(θ, z) ρ̂, (4.6)

where ρ̂ is the radial unit vector.

Using the cylindrical-coordinate curl, the relationship between the stream function and the surface

current components can be derived explicitly:

∇×ψ =
∂ψ

∂z
θ̂ − 1

ρ

∂ψ

∂θ
ẑ. (4.7)
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Equation (4.1), Equation (4.5) and Equation (4.6) at ρ = a gives

jθ =
∂ψ

∂z
=
I

h
(4.8)

jz = −1

a

∂ψ

∂θ
=
IAnn

ha
cos(nθ + φ). (4.9)

A suitable scalar stream function on the cylindrical surface is thus

ψ(θ, z) = Kz −KAn sin(nθ + φ) , (4.10)

which provides the desired surface current components, and K is the magnitude of the uniform azimuthal

surface current (equal to I/h). The usefulness of the stream function lies in the properties that (i)

contours of ψ represent the stream lines (or flow lines) of current on the cylindrical surface, and (ii)

evenly spaced contours of ψ contain equal integrated surface current, as shown next.

4.1.2 Streamlines and equal-current contours

We now need an expression for contours of constant value of stream function mentioned in Eq. 4.10.

Contours of this stream function correspond to current streamlines on the cylindrical surface. To verify

that the streamline geometry matches the winding trajectory, consider the parametrized curve on the

cylinder
P (θ) = [a, θ, An sin(nθ + φ) + zi] , (4.11)

which gives the cylindrical components of a contour of value ψ = Kzi, where zi is a constant (The

subscript i will serve as a loop index in due order). This can be verified by substituting Eq. (4.11) for z

in Eq. 4.10:
ψ(θ) = K

(
An sin(nθ + φ) + zi

)
−KAn sin(nθ + φ)

= Kzi = const. (4.12)

This shows that the stream function remains constant for all values of θ and the streamline follows the

same path as the surface current.

Another important aspect of the stream function, which we mentioned earlier, is that equally spaced

contours of ψ represent equal integrated surface current [68]. This indicates that the difference in ψ

between any two adjacent contours corresponds to the same total surface current passing through the

region between them. Consequently, plotting evenly spaced contours of ψ on the cylindrical surface

provides a practical wire layout for building the coil. In this way, the stream function serves not only as

a mathematical representation of the current distribution but also as a rigorous design tool outlining

the wire paths needed to generate the desired magnetic field.
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This is illustrated schematically in Fig. 4.2, where two adjacent contours ψ1 and ψ2 bound a surface

region. The net current crossing any curve connecting the two contours is

∆I =

∫ l2

l1

j · n̂ dl. (4.13)

For example, integrating along a path of fixed θ (so dl = dz and n̂ = θ̂) gives

∆I =

∫ zB

zA

jθ dz =

∫ zB

zA

I

h
dz = K(zB − zA). (4.14)

From Eq. (4.10), the stream-function difference between the same endpoints at fixed θ is

∆ψ = ψ2 − ψ1 = K(zB − zA), (4.15)

so that ∆I = ∆ψ. An analogous result is obtained for a path of fixed z (integration in θ), confirming

that stream-function differences represent equal integrated current between adjacent contours:

∆I =

∫ θC

θA

J · ẑ adθ = a

∫ θC

θA

Jzdθ. (4.16)

Taking Jθ from Eq. (4.5)

∆I = a

∫ θC

θA

IAnn

2πa
cos(nθ + φ)dθ = KAn(sin(nθC + φ)− sin(nθA + φ)) (4.17)

For ∆ψ = ψ2 − ψ1 with fixed z

∆ψ = KAn

[
sin(nθC + φ)− sin(nθA + φ)

]
+K(z − z)

= KAn

[
sin(nθC + φ)− sin(nθA + φ)

]
= ∆I

(4.18)
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Figure 4.2: Schematic illustration of the stream function for surface current in (θ, z) coordinates. The contours
ψ1 and ψ2 represent adjacent streamlines of the scalar stream function ψ(θ, z), along which the surface current j
(dashed-curve)flows tangentially. Points A, B, and C indicate locations lying on these contours. Paths AB and
AC correspond to the two different integration examples, with their respective unit normal vectors n̂.

4.2 Discrete current approximation

For the twisted solenoid RF coil considered in this work, the stream function formulation results in

a continuous surface current distribution on the cylindrical surface. In order to obtain a discrete

representation of this current distribution that approximates the same electromagnetic behaviour, the

continuous current sheet must be transformed into a discrete set of wire contours. The methods laid

out in Refs. [67, 68, 69] provide an efficient procedure for this transformation. The pertinent details are

given here.

Consider two adjacent stream-function contours with values ψ1 and ψ2. The surface region between

them acts as a current sheet carrying a net current

I = ψ2 − ψ1. (4.19)

The discretization problem is to replace this sheet with a closed-loop wire that carries the same

net current, thereby preserving the magnetic effect of the distributed current as closely as possible.

Peeren [67] showed that, in this sense, the optimal wire location is the contour corresponding to the

midpoint value:

ψc =
1

2
(ψ1 + ψ2), (4.20)

which preserves the centroid of the current distribution and thus maintains its magnetic effect.
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To generate N discrete loops spanning a stream function range from ψmin to ψmax, we choose a uniform

stream function increment that carries the same current through each loop

I =
ψmax − ψmin

N
. (4.21)

The midpoint contour Ck then defines the centerline of the k-th loop:

Ck : ψ = ψmin +

(
k − 1

2

)
I, k = 1, 2, . . . , N. (4.22)

Eq. 4.22 therefore provides a constructive rule for placing discrete windings: loops are placed on the

midpoint of stream function contours to avoid intersections, ensure equal current partitioning, and

preserve the centroid of the original continuous surface-current distribution.

4.2.1 Discrete approximation for the twisted solenoid

Equation 4.11 describes the cylindrical coordinates of a contour corresponding to a constant value of the

stream function given by Eq. 4.10. Applying the discretization rule defined in Eq. 4.22 to this stream

function yields

Kzc −KAn sin(nθ + φ) = ψmin +

(
k − 1

2

)
I, (4.23)

where zc defines the axial coordinate of the centreline of the k-th discrete loop. Solving Eq. (4.23) for

zc gives

zc = An sin(nθ + φ) +
ψmin

K
+

(
k − 1

2

)
I

K
. (4.24)

Since K = I/h, the final term simplifies to (k − 1
2)h. Furthermore, the quantity ψmin/K is a constant

offset along the axial direction, which we denote by z0. The axial coordinate of each discrete loop can

therefore be written as

zc = An sin(nθ + φ) + z0 +

(
k − 1

2

)
h. (4.25)

To ensure that the discrete winding set is centred about the origin, the axial centre of the coil is required

to lie at
zcenter =

zmax + zmin

2
= 0, (4.26)

where zmin and zmax correspond to the axial coordinates of the first (k = 1) and last (k = N) loops,

respectively. Substituting Eq. 4.25 for k = 1 and k = N into Eq. 4.26 gives

z0 = −Nh
2
. (4.27)

With this choice of z0, the discrete twisted-solenoid windings are symmetrically distributed about z = 0,

preserving the axial centroid of the original continuous surface current distribution. The final format of
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Eq. 4.11 will now be

P (θ) =

[
a, θ, An sin(nθ + φ)− Nh

2
+ (k − 1

2
)h

]
. (4.28)

To highlight the difference between the winding patterns resulting from Eq. 4.3 versus Eq. 4.28, we

present two examples of each, side by side in Fig. 4.3. Uniform solenoids (An = 0) are shown in the

top row. In contrast, twisted solenoids of the type used in TRASE (n = 2) are shown in the bottom

row. Evenly spaced contours of the stream function of Eq. 4.10, which thereby contain equal integrated

surface current, are also shown in each row for An = 0 and n = 2 , respectively. All coils comprise ten

turns. As can be seen in the left-side examples, Eq. 4.3 results in coils wound of a single contiguous

wire that, owing to the winding pitch, traverses a region of equal integrated surface current (of Eq. 4.8

and Eq. 4.9) following each turn. Conversely, as seen in the right-side figures, Eq. 4.28 results in coils

composed of discrete loops centred within each region of equal integrated surface current. As a result,

this discretization procedure produces a set of independent loops that eliminate the continuous winding

pitch, thereby removing the need for a return wire in the coil design.

1Figure 4.3: Conceptual examples of wire-wound approximations of the uniform (top row) and twisted (bottom
row) solenoid. Left-side: single-wire pitch models via Eq. 4.3. Right-side: discrete-loop models via Eq. 4.11. For
all drawings, the red lines are the wires, while the dashed lines indicate stream function contours of Eq. 4.10
containing equal integrated surface current. These contours are the same (left and right) for each of the two coil
types (top with An = 0 and bottom with n = 2).
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4.3 Visualization of the various twisted solenoid designs

To evaluate the performance of the proposed coil geometries, we compare our new stream-function-based

twisted solenoid design with existing twisted solenoid winding patterns. In particular, a previous

study [63] analyzed a pitch-wound twisted solenoid that, in practice, requires a return wire to complete

the current path. This work also considers an idealized version of this geometry that ignores the return

wire, which simplifies Biot–Savart simulations but does not represent a physically realizable coil.

In addition to these existing models, we introduce two alternative winding strategies designed to mitigate

the effects of the return wire. The first alternative is a double-wound twisted solenoid in which two

opposing pitch windings form a closed current loop. The second alternative is a discrete-loop twisted

solenoid obtained from the stream-function discretization described in the previous section. To facilitate

a direct comparison between these approaches, archetypal coil models considered in this thesis are

illustrated in Fig. 4.4.

They can all be defined by a parametric curve of the formPx(θ)
Py(θ)
Pz(θ)

 =

 a cos θ
a sin θ

A sin(2θ + φ) +H(θ)

 , (4.29)

where we have dropped the subscript on A for simplicity, and the function H(θ) is specific to each coil

type as described below.

For the incomplete twisted solenoid (ITS), often contemplated in Biot–Savart simulations in Refs. [63,

64, 65],

H(θ) =
h

2π
θ, (4.30)

where the parameter θ runs from −Nπ to Nπ and N is the number of turns in the coil. As shown in

Fig. 4.4(a), the current path is incomplete, since there is no return wire associated with this model.

As such, it may be useful for conceptualization or exploring the broad characteristics of the twisted

solenoid, but in general, should not be relied upon to provide detailed information about any practical

realization of such a coil.

To address this, we also consider what we will call the real twisted solenoid (RTS). Here, a single current

segment at fixed azimuthal angle connects the last point of the last turn (i.e., θ = Nπ) to the first

point of the first turn (i.e., θ = −Nπ) of an ITS, thereby forming the closed current loop, as shown in

Fig. 4.4(b) that must exist for any real, operable coil. As such, this model represents the actual twisted

solenoid coils described in previous works [63].
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The double-wound twisted solenoid (DWTS) is the first alternative approach to the RTS. As shown

in Fig. 4.4(c), it features a return ITS to form a closed current loop and is thus the twisted-solenoid

analogue of a two-layer uniform solenoid. For the outgoing ITS,

H(θ) =
h

2π
θ, θ ∈ [−Nπ, Nπ], (4.31)

as above. For the return ITS,

H(θ) = Nh− h

2π
θ, θ ∈ [Nπ, 3Nπ], (4.32)

which connects the two sections at both ends.

The discrete-loop twisted solenoid (DLTS) is our second alternative to the RTS and is based on the

stream-function design method described above. Here, using Eq. 4.25 with zi = h i,

H(θ) = −h(N + 1)

2
+ hi, (4.33)

where i is the loop index running from 1 to N , and θ ∈ [−π, π] for each loop. For example, the first

loop (i = 1) follows Eq. 4.29 with

H(θ) = −hN
2

+
h

2
, (4.34)

and lies at the midpoint between the contours of ψ with H(θ) = −hN/2 and H(θ) = −hN/2 + h.

For the DLTS, h is the spacing between evenly spaced contours of ψ (for fixed θ). Equivalently, it is the

loop-to-loop spacing (for fixed θ), and therefore 1/h is the axial loop density. For direct comparison to

the ITS, RTS, or DWTS (Fig. 4.4(a)–(c)), one should choose h to match the winding pitch of those

models, as was done in Figs. 4.3 and 4.4. In practice, the individual loops of the DLTS are connected in

series, with a single return wire from the end of the Nth loop to the start of the first loop, as shown

in Fig. 4.4(d). The overlap of the connecting wires with the return wire nullifies their net magnetic

field, and one needs to consider only the closed current paths of the individual loops for Biot–Savart

simulations [68, 69].
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(a) ITS (b) RTS

(c) DWTS (d) DLTS

1
Figure 4.4: Examples of the four archetypal twisted-solenoid winding patterns considered in this work: (a) the
incomplete twisted solenoid (ITS), (b) the real twisted solenoid (RTS), (c) the double-wound twisted solenoid
(DWTS), and (d) the discrete-loop twisted solenoid (DLTS). The red lines in the RTS, DWTS, and DLTS indicate
return wires or windings. The following parameters were used for all coils: a = 78 mm, A = 40 mm, φ = 90◦,
h = 50 mm, and N = 3.

4.4 Magnetic field calculation using the Biot–Savart law

One of the key steps following the design and fabrication of an RF coil is the evaluation of the B1

magnetic field produced by the coil. In high-field MRI systems, the RF excitation frequency is sufficiently

high that the corresponding electromagnetic wavelength becomes comparable to the dimensions of the

RF coil and the human body. Under these conditions, the interaction between the B1 field and the

human body cannot be neglected, and the current distribution along the coil elements becomes spatially
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non-uniform, exhibiting variations in both amplitude and phase. Several studies have shown that these

electrodynamic effects lead to complex current patterns, B1 field inhomogeneity, and increased electric

fields and specific absorption rate (SAR) at high frequencies, thereby necessitating the use of full-wave

numerical solutions of Maxwell’s equations for accurate RF coil analysis and design[70, 71, 72]. In

contrast, for low-field MRI systems, the electromagnetic wavelength is much larger than the dimensions

of the RF coil and the human body. In this regime, these electrodynamic effects become negligible, and

the B1 field can be accurately calculated using the Biot–Savart law in the absence of the human body.

To evaluate and compare the performance of the different winding configurations investigated in this

thesis, the B1 magnetic field is calculated using the Biot–Savart law. As illustrated in Fig. 4.5, an

example of an incomplete twisted solenoid is shown to demonstrate the magnetic field calculation

procedure. The winding pattern is defined by the parametric equation introduced earlier in this chapter,

from which a set of discrete points is generated to describe the coil geometry.

For clarity, a representative portion of the winding is highlighted in Fig. 4.5(a) and magnified in

Fig. 4.5(b), where the continuous wire is approximated by a sequence of discrete points X1,X2, . . ..

Each pair of adjacent points defines a finite straight-line segment carrying a uniform current. A

representative segment, defined by two neighboring points Xi and Xf , is shown in Fig. 4.5(c), where

the magnetic field contribution at an observation point X is evaluated using the Biot–Savart law.

Following the formulation presented in Ref. [73], the magnetic field generated by a finite straight current

segment carrying a current I is given by

dB =
µ0I

4π
ê×Ri

2L (Ri +Rf )

RiRf

[
(Ri +Rf )

2 − L2
] , (4.35)

where the segment length is defined as L = |Xf −Xi|, and the unit vector along the segment is

ê =
Xf −Xi

L
. (4.36)

The vectors from the segment endpoints to the observation point X are given by

Ri = X−Xi, Rf = X−Xf , (4.37)

with corresponding magnitudes Ri = |Ri| and Rf = |Rf |. Here, µ0 = 4π×10−7H/m is the permeability

of free space.

The total magnetic field is then obtained by summing the Biot–Savart contributions from all individual

segments.

B =

Nseg∑
j=1

dBj , (4.38)
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(a) (b)

(c)

Figure 4.5: Schematic illustration of the magnetic field calculation for a twisted solenoid coil using finite straight
current segments. (a) Example of an incomplete twisted solenoid with three turns. The red dashed box indicates
a representative portion of the winding highlighted. (b) Magnified view of the highlighted region, showing the
discretization of the wire into a sequence of points X1,X2, . . ., where adjacent points define straight-line current
segments. (c) Geometry of a representative segment defined by two neighboring points Xi and Xf (e.g., X1 and
X2), along with the observation point X and the vectors Ri and Rf used in the Biot–Savart formulation.

Where Nseg is the total number of segments that constitute the coil winding pattern, and dBj is

the magnetic-field contribution of the jth segment evaluated using the Biot–Savart law. Thus, the

coil geometry is represented as a superposition of magnetic fields generated by many straight current

segments.

Following the approach adopted in Refs. [63, 64, 65], the magnetic field analysis in this work focuses on

the radiofrequency (RF) field components relevant to TRASE MRI. The coordinate system is defined

such that the x-axis is aligned with the static magnetic field B0 as shown in Fig. 4.6. The transmitted

RF magnetic field B1 can be decomposed into components that are perpendicular and parallel to the

static magnetic field B0. The component of the RF field that lies parallel to B0 is commonly referred
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to as the concomitant field, B1x (assuming B0 is aligned along the x-axis), and is typically negligible.

In conventional MRI, only the transverse components of B1 efficiently drive nuclear spin excitation,

while the longitudinal (concomitant) component does not directly contribute to spin rotation.

Figure 4.6: Definition of the coordinate system used for RF field analysis in TRASE MRI. The static magnetic
field B0 is aligned along the x-axis. The transmitted RF field B1 is shown together with its component
perpendicular to B0. The angle ϕB denotes the phase of B1 relative to the z-axis.

In standard implementations of TRASE MRI, the concomitant B1x field is generally negligible and does

not significantly affect image formation [9, 10, 63, 66, 74]. However, at very low static magnetic field

strengths B0, the relative contribution of B1x may increase and should be taken into consideration [75].

Accordingly, the RF magnetic field B1 is taken to consist of the transverse components B1y and B1z.

From these components, the magnitude of the RF field is defined as

|B1| =
√
B2

1y +B2
1z, (4.39)

while the spatial phase of the RF field is given by

ϕB = tan−1

(
−B1y

B1z

)
. (4.40)

The spatial phase gradient is then defined as

Gr =
∂ϕB
∂r

, (4.41)

where r denotes the phase-gradient direction (±x,±y) determined by the winding shift φ.
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The equations presented in this chapter, including the Biot–Savart law for magnetic field calculation,

the definition of the RF field phase, and the corresponding phase gradient, are used in the next chapter

to evaluate the key characteristics of the magnetic field generated by the twisted solenoid with the

different wire patterns described earlier. In particular, these expressions are used to compare different

winding configurations in terms of B1 field uniformity and phase-gradient linearity, and to identify the

configurations that provide a better performance.
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Chapter 5

Comparison of the Four Archetypal
Winding Patterns

5.1 Introduction

The four twisted solenoid winding configurations (ITS, RTS, DWTS, and DLTS) are compared under

identical geometric parameters to isolate the effect of winding pattern on RF field performance. By

keeping the number of turns, coil radius, twist amplitude, winding shift, and turn advance fixed for

all designs, any observed differences in the resulting B1 characteristics can be attributed solely to the

winding pattern.

The quasi-static magnetic field is calculated using the Biot–Savart formulation, and the resulting B1

magnitude, phase, and phase-gradient distributions, computed using Eqs. 4.39, 4.40, and 4.41, are

evaluated within the imaging region relevant to TRASE MRI. In particular, the comparison focuses on

the homogeneity of |B1|, the linearity of the phase, and the uniformity of the phase gradient Gx along

the encoding direction. These criteria allow a direct assessment of how the winding pattern influences

encoding performance. The winding geometries and corresponding B1 field maps are presented at three

axial planes (z = −5, 0, and 5 cm), with |B1| normalized to its value at the coil isocenter to allow direct

comparison between configurations.

The parametric curve equations required to generate the four winding patterns, which were described in

detail in the previous chapter, are summarized in the Table 5.1 below. They are the same as is given in

Eq. 4.29, but are written out specifically for each coil here for clarity and convenience. These equations

provide the coordinates of the coil segments, enabling their use in the Biot–Savart law calculations. Each

set of parametric equations describes a different winding geometry. As a reminder, the ITS represents a
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twisted solenoid with no return wire. The RTS is the same as the ITS, but with a return wire added

to complete the current path. The DWTS consists of two counter-wound ITS structures. The DLTS

approximates the twisted geometry using a set of discrete loops indexed by i, rather than a continuous

winding.

Coil type Px(θ) Py(θ) Pz(θ)

ITS a cos θ a sin θ A sin(nθ + φ) +
hθ

2π
, (θ ∈ [−Nπ,Nπ])

RTS a cos θ a sin θ A sin(nθ + φ) +
hθ

2π
, (θ ∈ [−Nπ,Nπ])

( connect last point to first point )

DWTS a cos θ a sin θ
(i) A sin(nθ + φ) +

hθ

2π
, (θ ∈ [−Nπ,Nπ])

(ii) A sin(nθ + φ) +Nh− hθ

2π
, (θ ∈ [Nπ, 3Nπ])

DLTS a cos θ a sin θ A sin(nθ + φ)− h(N + 1)

2
+ hi, (θ ∈ [−π, π], i = 1, 2, . . . , N)

Table 5.1: Parametric curve equations defining the geometry of the ITS, RTS, DWTS, and DLTS coil configu-
rations, based on the general formulation in Eq. 4.29. Here, a is the coil radius, A is the twist amplitude, n is
the multipole order, φ is the winding shift, h is the axial pitch (turn advance), N is the number of turns, and i
denotes the discrete loop index (for DLTS).

5.2 Numerical simulation and evaluation method

To ensure a consistent comparison between the four archetypal winding patterns, a numerical simulation

framework is employed as described below. Simulation is achieved by splitting the coils into many small

straight-line current segments set by 1◦ steps of the parameter θ in the equations in the Table Eq. 5.1,

and subsequently calculating their contributions to the net magnetic field vector at a given point via

in-house code (MATLAB) using the form of the Biot-Savart law for a filamentary segment in Eq. 4.35 as

discussed in Section 4.4. The straight return wire of the RTS coil is treated as a single current segment.

We use 18,000 sample points for the 2D plots featured in the following sections, and 200 sample points

for the 1D plots. The phase gradient of Eq. 4.41 is determined numerically using the built-in gradient

function in MATLAB.
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5.3 Results

5.3.1 Comparison of the four archetypal twisted solenoid winding patterns

The parameters for all winding patterns in this study are summarized in the Table. 5.2 and were taken

from coil number #1 in Ref. [63], which was the top ranking design that came out of a parameter search

study, subject to selection criteria on the basis of B1 field uniformity and phase gradient strength,

followed by a ranking criterion based on a coil efficiency metric. A version of this coil was constructed

and used along with a uniform saddle coil for a successful demonstration of 1D TRASE MRI [63]. Field

mapping with a pick-up coil showed close agreement with Biot–Savart simulations [63]. According to

Table 3.2 and the parameter of winding shift, all patterns produce a phase gradient along the x-axis,

i.e., they are Gx coils.

Parameter Value

Number of turns (N) 10

Coil radius (a) 7.8 cm

Twist amplitude (A) 5.5 cm

Winding shift (φ) 0◦

Turn advance (h) 3.0 cm

Table 5.2: Coil parameters used for all twisted solenoid winding patterns considered in this study.

The winding patterns explored here are shown in Figs. 5.1 through 5.4, along with contour plots of B1

magnitude and phase at three axial planes (z = −5, 0, and 5 cm). The B1 field magnitude is normalized

to its value at the coil isocenter (0, 0, 0) for each coil type.
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Figure 5.1: Results for the incomplete twisted solenoid. The left panel shows the ITS winding pattern. The top
row of contour plots on the right displays the B1 magnitude maps at three axial planes (left: z = −5 cm, middle:
z = 0 cm, and right: z = 5 cm), while the bottom row shows the corresponding B1 phase maps. The dashed line
indicates the coil winding surface.
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Figure 5.2: Same as Fig. 5.1, but for the RTS coil.
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Figure 5.3: Same as Fig. 5.1, but for the DWTS coil.
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Figure 5.4: Same as Fig. 5.1, but for the DLTS coil.
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As can be observed in Figs. 5.1 through 5.4, the ITS, DWTS and DLTS coils all produce very similar

B1 field distributions, with near equivalent phase and phase gradient profiles. For the RTS coil, on the

other hand, the return wire introduces a strong asymmetry, resulting in significant degradation of all

B1 field characteristics.

As can be seen from Table 5.1, all four winding patterns, including the RTS design, contain the same

sinusoidal axial modulation term A sin(nθ + φ). This term is responsible for generating the spatially

varying transverse current distribution that produces the desired RF phase gradient in TRASE encoding.

Therefore, the fundamental phase-gradient mechanism is identical for the ITS, RTS, DWTS, and DLTS

coils.

The differences do not arise from the modulation term itself, but rather from how the current path is

completed. The ITS configuration represents an open winding pattern and cannot be realized in practice

since it lacks a return wire and therefore does not form a closed current loop. The DWTS and DLTS

designs preserve the sinusoidal modulation while implementing geometrically balanced return paths. In

contrast, the RTS configuration closes the current wire with a straight longitudinal return conductor,

introducing a localized perturbation to the otherwise sinusoidal current pattern. This asymmetry

distorts the transverse B1 field components, degrading the uniformity of B1 magnitude, phase linearity,

and phase-gradient homogeneity.

As a result, the DWTS and DLTS designs emerge as excellent alternative winding patterns for twisted

solenoid coils for TRASE MRI, offering improved characteristics over the hitherto employed RTS

design [63]. Of these two, the DLTS offers the additional advantage of requiring much less wire to

construct, as it does not need two layers.

The nominal characteristic of the four winding patterns is summarized in Table 5.3. The ITS, DWTS, and

DLTS designs have nearly identical mean phase-gradient values, whereas the RTS coil shows a noticeably

reduced gradient, consistent with the degradation observed in the field plots. Although the DWTS

configuration achieves approximately twice the B1 magnitude at the isocenter due to its second layer,

and thus twice the total number of turns, this improvement comes at the cost of substantially greater

total wire length. The DLTS design, by contrast, preserves the desired phase-gradient performance

while maintaining a total wire length comparable to the RTS coil.

Another important aspect in comparing these configurations is their expected electrical behavior,

particularly the coil inductance. Since the DLTS coil has the same radius, the same number of turns

(with similar spacing), and essentially the same total wire length as the RTS coil reported in Ref. [63],

one expects it to exhibit a similar inductance and, if constructed using the same conductor material,
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a comparable quality factor and overall electrical performance. Here, the inductance represents the

proportionality between the current flowing in the coil and the magnetic energy stored in its surrounding

field. For a given geometry, inductance primarily depends on the number of turns and magnetic flux.

Although the present work focuses on B1 field calculations rather than circuit-level modeling, inductance

remains relevant from a practical standpoint, as it affects the coil’s overall RF efficiency.

In contrast, the DWTS coil, having approximately double the total number of turns, is expected to

possess an inductance roughly four times greater than that of the RTS coil, according to standard

solenoidal inductance scaling. This increased inductance may influence tuning requirements, matching

network design, and transient response characteristics, and therefore constitutes an additional practical

consideration in choosing between the DWTS and DLTS configurations.

Coil type B1(0, 0, 0) (µT/A) Gx (deg/cm) Wire length (m)

ITS 36.61 5.38 6.81

RTS 36.71 4.50 7.11

DWTS 72.96 5.37 13.62

DLTS 36.52 5.36 7.35

Table 5.3: Summary of the nominal characteristics of the four different coil types, including the magnitude of
B1 at the coil isocenter, the mean phase gradient, and the total wire length. The mean phase gradient Gx is
calculated along the x-axis at y = z = 0 over the imaging volume diameter used in Ref. [63], corresponding to
70% of the coil diameter (10.9 cm). For the DLTS coil, the total wire length also includes the connecting and
return wires, which are not shown in Fig.5.4 for clarity.

5.3.2 Impact of wire length on practical coil design

Wire length may also become a limiting factor when it approaches a non-negligible fraction of the

electromagnetic wavelength at the operating frequency. A commonly used rule of thumb is that the

total conductor length should remain below λ/20 [76], in order to ensure that current phase variations

along the wire remain small.

At the operating frequency of 9.28 MHz used in Ref. [63], the free-space wavelength is approximately

32.3 m, so λ/20 corresponds to about 1.6 m. This value is significantly shorter than the total wire length

of the RTS coil (see Table 5.3), indicating that finite wavelength effects may become non-negligible if

not properly managed. To mitigate potential wavelength-related effects, distributed capacitors along
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the coil length are employed [63], a standard technique that helps maintain a constant RF current phase

throughout the entire conductor path.

Since the DLTS design requires only approximately 3% more wire than the RTS coil, it emerges as

the ideal substitute, then, for implementations of TRASE at this frequency, assuming one uses the

same distributed capacitance approach. By scaling with respect to wire length, the longer DWTS

configuration, having nearly twice the total wire length, may require operation at lower frequencies

than 9.28 MHz to maintain the same λ/20 criterion. One would similarly expect that the longer DWTS

coil with distributed capacitors should perform equally well (as predicted by quasi-static Biot-Savart

simulations) up to 4.8 MHz. Conversely, smaller coils with shorter total wire lengths should be useable

at frequencies higher than 9.28 MHz. However, the extent to which any particular design can be used

beyond this experimentally tested frequency [63] (scaled to total wire length) may require full-wave

simulations to determine.

5.4 1D field profiles along phase gradient direction

Figure. 5.5 provides a side-by-side comparison of all coils for the B1 magnitude, phase, and phase

gradient along the x-axis at y = 0 in each of the three aforementioned axial planes. These 1D plots

provide a clearer visualization of linearity and uniformity already observed in the two-dimensional

contour maps.

The |B1| curves show again that the ITS, DWTS, and DLTS configurations exhibit nearly identical

spatial variation across the imaging region, despite differences in absolute amplitude. Although the

DWTS coil produces a higher overall field strength, its normalized magnitude distribution follows the

same spatial behavior as the ITS and DLTS designs. In contrast, the RTS coil demonstrates clear

asymmetry in its magnitude profile, particularly away from the isocenter.

The phase plots further emphasize these differences. The ITS, DWTS, and DLTS coils maintain highly

linear phase across the central imaging region, whereas the RTS configuration shows degradation of

phase linearity due to the return wire. It is also important to note that, due to the constraint of

Maxwell equations, the transverse RF field cannot simultaneously exhibit perfectly linear phase and

perfectly uniform magnitude. A spatially varying phase necessarily implies a redistribution of current

density, which introduces variations in |B1|. This trade-off is clearly visible in Fig. 5.5. A variation of

approximately 10–15% in |B1| is typically considered acceptable in TRASE [9, 63, 65, 77].
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Finally, it should be noted that the adverse effect of the return wire in the RTS configuration can be

mitigated by physically rotating the coil and repositioning the return segment. This approach reduces

the asymmetry introduced by the return conductor. A detailed description of this method is provided

in the next section.
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Figure 5.5: B1 magnitude, phase, and phase gradient along the x-axis for y = 0 in three axial planes: z = −5 cm
(left), z = 0 cm (middle), and z = 5 cm (right), across the four coil designs. The single legend applies to all panels.
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5.5 Effect of shifting the angular location of the return wire in RTS

As noted previously, the RTS coil exhibits the poorest performance in terms of B1 magnitude uniformity

and phase linearity. This degradation is due to the additional return wire segment, which significantly

alters the RF magnetic field distribution, in particular the B1y component. It is worth noting, however,

that the impact of this segment can be mitigated, making the RTS coil more suitable for TRASE MRI

in situations where the impact of a B1x component of the RF field can be safely ignored.

To address this issue, the position of the return wire can be adjusted to minimize its contribution to

B1y, thereby improving the overall magnetic field performance of the coil. This can be achieved by an

appropriate combination of a winding shift φ and a physical rotation of the coil about the z-axis to

change the angular position of the return wire while preserving the desired phase-gradient direction of

the coil. For clarity and to avoid conflating the primary purpose of the winding shift, we propose a

different, and, in our opinion, simpler schema. The specific steps are the following:

(i) φ is chosen, as usual, to set the phase gradient direction;

(ii) an offset θoffset is added to the parameter θ in Table. 5.1 to shift the start and end points of the

coil, thereby relocating the return path; and

(iii) the B1 field of the coil is evaluated at, and relative to, its physical central plane, where imaging

will occur. In this case, the central plane is no longer at z = 0 in the reference frame. In practice,

the coil would be constructed and located in the MRI apparatus relative to its physical center, of

course.

For the RTS coils considered here, the domain of θ becomes

θ ∈ [−Nπ + θoffset, Nπ + θoffset] ,

where N is the total number of turns.

We first consider the regular case with θoffset = 0. The central plane of the coil along the z-axis is

defined by

zcentral =
zmax + zmin

2
. (5.1)

The derivation of the central plane expression is provided in Appendix A. The result is

zcentral = A sinφ. (5.2)

This equation shows that the location of the central plane depends on the winding shift φ, and in

particular,

zcentral =

0, for φ = 2mπ,

̸= 0, for φ =
(2m+ 1)π

2
,

m = 0, 1, 2, . . . (5.3)
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Thus, when φ = 0, the physical central plane is at z = 0.

We now consider an offset in the start and end position of θ, which gives new values of zmin and zmax

and therefore shifts the physical central plane. The central plane is then given by

zcentral =
h θoffset
2π

+A sin(2θoffset + φ) , (5.4)

which is equivalent to Eq. (5.2) when θoffset = 0.

For the coil configurations considered here,

θoffset =
mπ

2
, m = 0, 1, 2, 3. (5.5)

In this case,

zcentral =
mh

4
+ (−1)mA sinφ. (5.6)

Finally, for the present analysis, where φ = 0,

zcentral =
mh

4
, m = 0, 1, 2, 3. (5.7)

Thus, shifting the angular location of the return wire changes the physical central plane of the coil, and

the B1 field must be evaluated relative to this shifted plane. As a result, the central plane of the shifted

RTS coil, in the z-coordinate, for the angles mentioned here is z = 0, h/4, h/2, 3h/2.

As shown in Fig. 5.6(a) and (c), for θoffset = 0 and π, the return wire lies in the y = 0 plane (at x = +a

and −a, respectively) and will contributes most strongly to the B1y component. Figure 5.6(b) and

(d) show that for θoffset = π/2 and 3π/2 the return wire lies in the x = 0 plane (at y = +a and −a,

respectively) and will contributes most strongly to the B1x component, which does not enter into the

definition of the transverse RF field B1 given in Eq. 4.39.

The results of the B1 evaluation in the central plane of each RTS coil are shown in Fig.5.7, together

with those of the DLTS coil for comparison. The results for the RTS coil with θoffset = 0 and for the

DLTS coil are identical to those presented in the central column of Fig. 5.5.
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1Figure 5.6: RTS coil geometry showing the effect of the angular offset of the return wire. Panels (a)–(d)
correspond to θoffset = 0, π/2, π, and 3π/2, respectively. The return wire is highlighted in red.
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As shown in Fig. 5.7, moving the return wire to the x = 0 plane, i.e., choosing θoffset = π/2 or 3π/2,

greatly improves the B1 field characteristics defined of Eqs. 4.39 through 4.41. Despite this improvement,

the results also show that the DLTS coil remains the superior design across all evaluated metrics,

including |B1| homogeneity, B1 phase linearity, and Gx homogeneity. It should also be noted that

the main RF field contribution of the improved RTS coils is still present; however, it is shifted from

the B1y component to the B1x component. If B0 ≫ B1x, the impact of this term is expected to be

negligible [53, 63]. This would not be the case in very low B0 fields, however [75]. Regardless, the

strong RF field generated by the return wire of an RTS coil, and its potentially deleterious effects, can

be completely eliminated by adopting a DLTS design.
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Figure 5.7: Comparison of the RTS coil for four different offset angles and the DLTS coil: B1 magnitude (left),
phase (middle), and phase gradient (right) along the x-axis in the central plane. The single legend refers to all
panels.

5.6 Summary

Overall, the numerical analyses presented in this chapter demonstrate that while the RTS configuration

suffers from a field asymmetry introduced by the return wire, which can be improved for high field

applications by adding a winding offset, both the DWTS and DLTS winding patterns preserve the

desired RF phase-gradient characteristics outright.
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Chapter 6

Comparison of Truncated Twisted
Solenoid Designs

6.1 Introduction

In TRASE MRI, the length of twisted solenoid coils increases with modulation amplitude, which limits

their use in compact imaging systems. Truncated twisted solenoid designs have therefore been proposed

to reduce coil length while preserving the RF phase gradient required for encoding [65]. In this chapter,

we investigate the effect of truncation on twisted solenoid geometries and extend the truncation approach

from existing RTS coils to our new DLTS designs. The resulting magnetic field characteristics are again

evaluated using Biot–Savart simulations.

6.2 Truncation method

To reduce the overall length of the twisted solenoid coils while maintaining the phase gradient strength

and field uniformity, a truncated coil design was introduced in Ref. [65]. In this approach, the z-

coordinate of each point on the coil is restricted so that the winding remains within a specific axial

length. Mathematically, the original z-coordinate Pz(θ) is mapped to a truncated coordinate P ′
z(θ)

according to the formula

P ′
z(θ) =


Pz(θ), if |Pz(θ)| ≤

L

2
− pg,

L

2
− pg, if Pz(θ) >

L

2
− pg,

pg − L

2
, if Pz(θ) < pg − L

2
,

(6.1)
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where Pz(θ) is from Eq. (4.29), L is the desired axial length of the truncated coil, g is the axial truncation

gap, and p is a non-negative integer starting from zero, used to define where the truncation process

considers the “next turn” to begin. The truncation expression in Eq. (6.1) is based on Ref. [65]. A

schematic illustration of all truncation parameters is provided in Fig. 6.1

Figure 6.1: Schematic illustration of truncation parameters. The top figure shows an untruncated twisted
solenoid. The bottom one shows a truncated, twisted solenoid of length L. In this figure, A is the modulation
amplitude, h is the pitch, and g is the parameter for the truncation gap. (Image taken from Ref. [65], with
permission from Elsevier under license number 6184291486091.)

To fit the twisted solenoid length within a prescribed axial length L, a progressive turn-wise truncation

strategy was applied. The method constrains the axial coordinate of the coil in a controlled manner

near both ends, while leaving the central turns unchanged whenever they already satisfy the axial limits.

The truncation procedure is presented step by step below.

• Step 1: Identify points outside the axial bounds.

The twisted solenoid coil trajectory is first generated according to Table 5.1. The radial components
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describe a circular winding of radius a, which need not be included in the truncation process. In

contrast, the axial coordinate Pz(θ), on which the entire truncation process depends, consists

of a sinusoidal modulation with amplitude A, superimposed on a linear term that produces an

axial pitch h per turn. Thus, the coil has a certain number of turns, denoted by N , and each

turn is discretized into a specified number of points. The number of points used in the simulation

determines the numerical accuracy.

• Step 2: Assign turn indices and define the truncation limits.

This step involves shortening the coil to a length L. To do this, we must identify all points along

the coil that lie outside the turn-dependent axial bounds derived from the interval [−L/2, +L/2].

Any point beyond these bounds is flattened back into the allowed interval so that the coil fits

within the desired length. However, there is an important condition: we cannot simply flatten all

turns uniformly to exactly ±L/2, because the coil’s shape and the spacing between its turns must

be preserved. This is where Eq. (6.1) is applied.

This equation involves two primary parameters. The first parameter, p, is an integer starting at 0

that indicates how the truncation process proceeds from the outermost turns of the coil toward

its center. Specifically, for the outermost turns located at the two ends of the coil, p is set to 0.

As we move inward toward the center, p increases by one with each subsequent turn, reflecting

the progression of truncation from the outer turn inward. The second parameter is g, as shown in

Fig. 6.1, which represents the incremental vertical offset between the truncation boundaries of

successive turns. This parameter remains constant for all truncated turns.

For the outermost turns on either side of the coil with p = 0, the boundaries are positioned at

−L/2 and +L/2 from Eq. 6.1, which define the initial limits of the truncated turns. Moving

inward, for the next turn where p = 1, these boundaries are no longer at the original positions

but are shifted inward by a distance g. For example, instead of being at −L/2 and +L/2, the

boundaries are now located at

−
(
L

2
− g

)
and +

(
L

2
− g

)
,

respectively.

Overall, this process gradually compresses each turn in a controlled manner, preserving the coil’s

winding pattern (and field profile) near the centre and ensuring that the entire structure fits neatly

within the length L. The truncation procedure described in Steps 1 and 2 is illustrated in Fig. 6.2,

which shows both the axial coordinate representation and the corresponding three-dimensional
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geometry of the twisted solenoid before and after truncation. Because the truncation is applied

separately to each coil turn, small axial jumps may appear between neighboring turns in the

truncated regions. This can be seen in Fig. 6.2(d), where jumps are clearly visible in the upper

part of the coil. The origin of these jumps and how they can be removed are described in the

next step.
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Figure 6.2: Depictions of the untruncated and truncated twisted solenoid coil. (a) Axial coordinate Pz of
individual turns as a function of the winding parameter θ prior to truncation. The dashed red lines indicate
the desired axial bounds ±L/2. Several outermost turns p = 0, 1, 2, 3 clearly exceed these limits. (b) Three-
dimensional view of the untruncated twisted solenoid. (c) Axial coordinate P ′

z after applying the progressive
turn-wise truncation strategy described in Step 2, showing that all turns are confined within the axial extent
[−L/2,+L/2] while preserving the central winding pattern. (d) Corresponding three-dimensional view of the
truncated coil geometry. The winding parameters for both coils here are N = 10, a = 5.0 cm, L = 10 cm,
A = 2.44 cm, ϕ = 90◦, g = 0.05 cm and h = 1.5 cm.
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• Step 3: Apply truncation and verify geometric continuity.

At this stage, the truncation step has been completed. However, as discussed earlier, several axial

jumps remain visible in the upper part of the coil, as can be seen in Fig. 6.3. These jumps arise

because the change from one outer turn (e.g., p = 0) to the next one (e.g., p = 1) sometimes

occurs in the middle of a section of the coil that needs to be truncated or flattened. However,

because of the jump in p value here, there ends up being a jump in what would preferably be a

flat wire section. As a result, the transition between two consecutive truncated turns introduces a

discontinuity in the axial direction.

To eliminate these jumps, an additional numerical procedure is applied, if necessary, to reorder the

points assigned to each truncation level ±(L/2− pg). In this step, the truncated points of each

turn that exceed the final axial position of the preceding turn are adjusted to match that value. In

this way, the transition between successive turns becomes continuous, and the axial discontinuities

are effectively removed. This effect is illustrated in Fig. 6.3, where the axial coordinate is plotted

as a function of the winding angle over the full range from −Nπ to +Nπ. The discontinuities

are clearly visible before reordering. Figure 6.4 shows the final version of the truncated twisted

solenoid following the reordering process of Pz(θ).
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Figure 6.3: Axial coordinate Pz as a function of the winding parameter θ for a truncated twisted solenoid
coil with 10 turns. (a) shows the truncated winding geometry before applying the reordering procedure, with
the dashed box indicating a region where discontinuities occur between adjacent turns. (b) The zoomed view
highlights the axial transitions at these turn-to-turn connections. (c) Pz(θ) as a function of the winding parameter
θ prior to reordering, where the axial jumps are visible and marked by red boxes.
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Figure 6.4: The top figure shows the 3D truncated twisted solenoid, and below one is Pz as a function of the
winding parameter θ after applying a reordering step.

Note that changing the winding phase shift (φ) shifts where truncation affects each turn. In some

cases, the truncated region appears at the start of a turn, whereas in others it appears at the end.
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Consequently, the resulting axial jump may occur either at the beginning or at the end of the turn.

Accordingly, the reordering procedure is applied in a direction consistent with the location of the

truncated segment within each turn.

After applying the truncation and reordering procedures described above, the resulting coil geometry

remains continuous while satisfying the prescribed axial constraint. The truncated design can therefore

be used directly in the Biot–Savart simulations used to evaluate the RF magnetic field properties.

6.3 Results

In this section, results are presented for two twisted solenoid coil configurations: a truncated real twisted

solenoid with a return wire (RTS) and a truncated twisted solenoid composed of discrete loops (DLTS).

All previously reported truncated coil results in Ref. [65] correspond to RTS geometries and serve as the

primary reference for understanding the effects of truncation on the B1 magnitude and phase. Building

on these results, the RTS configuration is examined to evaluate how the inclusion of the return wire

alters the B1 magnitude and phase. In contrast, the impact of truncation on the DLTS coil design is

also investigated.

6.3.1 Truncated RTS coil

The truncated twisted solenoid coils considered here are based on the designs reported in Ref. [65]. In

that study, pairs of coils, referred to as inner and outer coils, were used to generate transverse phase

gradients in opposite directions, which are required for spatial encoding in TRASE MRI. From the

range of configurations investigated in Ref. [65], the inner and outer coils that exhibited the best overall

performance, based on criteria such as B1 field uniformity, magnitude, and phase gradient strength,

were selected for use in this work. These selected coil parameters have been reproduced in Table 6.1.

Both coils employ a 90◦ winding shift to generate a transverse phase gradient −Gy, perpendicular to

the static magnetic field B0. To obtain a phase gradient in the opposite direction, the outer coil is

physically rotated by 90◦ about the z-axis, resulting in a +Gy field.

The effects of truncation on the B1 magnitude and phase of twisted solenoid coils without a return wire

have been examined in detail in Ref. [65]. In that work, truncation was shown to preserve the transverse

B1 phase gradient while improving the usable imaging volume. In the following, attention is restricted

to the additional field variations introduced by the inclusion of a return wire in the truncated geometry.
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Parameter Inner Coil Outer Coil

Number of turns (N ) 16 15

Coil radius (a) 5 cm 6.25 cm

Twist amplitude (A) 2.44 cm 3.32 cm

Winding shift (φ) 90◦ 90◦

Turn advance (h) 1.5 cm 1.7 cm

Axial length of truncated coil (L) 20 cm

Truncation gap (g) 0.5 cm

Table 6.1: Winding parameters of the inner and outer truncated twisted solenoid coils used as reference designs.
The axial truncation length and truncation gap are identical for both coils. Values taken from Ref. [65].

Figures 6.5 and 6.6 show the simulated B1 magnitude and phase distributions for the truncated inner

and outer real twisted solenoid (RTS) coils, respectively. The left panels illustrate the truncated winding

geometries, while the right panels present transverse contour maps of the B1 magnitude (top row) and

B1 phase (bottom row) at three axial positions (z = −5 cm, z = 0 cm, and z = 5 cm), obtained from

Biot–Savart simulations.

For both the inner and outer RTS coils, the B1 magnitude exhibits noticeable spatial nonuniformity

across the transverse plane. Distortions are most evident near the periphery of the field of view, where

the field deviates from the nearly uniform behavior expected for an ideal twisted solenoid. These

deviations arise primarily from the additional current segment introduced by the return wire, which

perturbs the otherwise symmetric current distribution even in the truncated coil configuration.

The corresponding B1 phase maps reveal the presence of a transverse phase gradient along the −y-
direction for the outer RTS coil and along the +y-direction for the inner RTS coil, consistent with

the relative 90◦ rotation between the two designs. In both cases, however, the phase distributions

deviate from an ideal linear profile. The phase contours are unevenly spaced across the transverse plane,

indicating nonlinear phase behavior. These distortions are particularly visible near the edges of the

imaging region and vary with axial position. Such behavior indicates that the return wire introduces

a perturbation to the sinusoidal current pattern, degrading both the magnitude uniformity and the

linearity of the phase distribution.
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Figure 6.5: Results for the truncated version of the inner RTS coil. The left plot shows the winding pattern.
The top row of contour plots on the right displays B1 magnitude maps at three axial planes (left: z = −5 cm,
middle: z = 0 cm, and right: z = 5 cm), while the bottom row shows the corresponding B1 phase maps. The
dashed line indicates the coil winding surface.
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Figure 6.6: Results for the truncated outer RTS coil. The left panel shows the winding geometry. The top
row of contour plots on the right displays B1 magnitude maps at three axial planes (z = −5 cm, z = 0 cm, and
z = 5 cm), while the bottom row shows the corresponding B1 phase maps. The dashed line indicates the coil
winding surface.
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6.3.2 Truncated DLTS coil

Figures 6.7 and 6.8 show the simulated B1 magnitude and phase distributions for the truncated inner

and outer twisted solenoid coils composed of discrete loops (DLTS), respectively. The DLTS coils are

generated using the same winding and truncation parameters listed in Table. 6.1, ensuring a direct

comparison with the truncated RTS configuration. As in the RTS case, the left panels illustrate

the truncated winding geometries, while the right panels present transverse contour maps of the B1

magnitude (top row) and B1 phase (bottom row) at three axial positions (z = −5 cm, z = 0 cm, and

z = 5 cm), obtained from Biot–Savart simulations.

In contrast to the RTS configuration, the DLTS coils exhibit improved B1 magnitude uniformity across

the transverse plane. The magnitude maps show reduced spatial variation both near the center and

toward the periphery of the field of view, with fewer localized distortions. This behavior is observed

for both the inner and outer DLTS coils and is maintained across all axial positions considered. The

improved uniformity is attributed to the absence of a return wire and the discrete loop structure,

which preserves a symmetric current distribution around the coil. With the elimination of the return

wire found in the RTS design, the symmetry of the winding is maintained, and no degradations are

introduced into the transmit field.

The corresponding B1 phase maps display a well-defined transverse phase gradient for both DLTS coils.

Compared to the RTS case, the DLTS phase distributions exhibit reduced deviations from linearity

and more uniform spacing of the phase contours across the transverse plane. The phase patterns

remain qualitatively consistent across the three axial positions, indicating that the discretized geometry

preserves a stable and approximately linear transverse phase distribution.
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Figure 6.7: Results for the truncated version of the inner DLTS coil. The left plot shows the winding pattern.
The top row of contour plots on the right displays B1 magnitude maps at three axial planes (left: z = −5 cm,
middle: z = 0 cm, and right: z = 5 cm), while the bottom row shows the corresponding B1 phase maps. The
dashed line indicates the coil winding surface.
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Figure 6.8: Results for the truncated outer DLTS coil. The left panel shows the winding geometry. The top
row of contour plots on the right displays B1 magnitude maps at three axial planes (z = −5 cm, z = 0 cm, and
z = 5 cm), while the bottom row shows the corresponding B1 phase maps. The dashed line indicates the coil
winding surface.
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Although there is negligible difference in the central field magnitude and phase gradient strength

between the corresponding versions of the coils, as summarized in Table 6.2, the DLTS preserves the

main magnetic and phase characteristics. In particular, the DLTS winding pattern provides clear

improvement in B1 magnitude uniformity and phase behavior compared to the standard RTS design,

while maintaining the desired phase gradient. With the DLTS requiring only about 3% more wire to

construct, these improvements are achieved without a significant compromise in coil complexity.

Coil type |B1(0, 0, 0)| (µT/A) Ḡy (deg/cm) Wire length (m)

RTS inner 78.57 −5.67 6.02
DLTS inner 78.38 −5.75 6.21
RTS outer 68.44 5.13 7.09
DLTS outer 68.33 5.12 7.28

Table 6.2: Summary of nominal characteristics of the inner and outer truncated RTS and DLTS coils. Shown
are the magnitude of B1 at the coil isocenter, the mean transverse phase gradient Ḡy, and the total wire length.
The value of Ḡy is calculated along the y-axis at x = z = 0 over the imaging volume diameter used in Ref. [65]
(i.e., 80% of the inner coil diameter or 8 cm).

These results indicate that the DLTS winding pattern preserves the essential magnetic field characteristics

of the twisted solenoid while eliminating the symmetry-breaking effects introduced by the return wire.

As a result, the DLTS configuration provides a more uniform transmit field and improved phase behavior

while maintaining comparable phase gradient strength.

Figures 6.9 and 6.10 present a comparison between the RTS and DLTS designs, showing the B1

magnitude, phase, and phase gradient along the y-axis for the inner and outer coils introduced earlier,

evaluated within 80% of the coil radius. As can be observed in Fig. 6.9, corresponding to the inner coil,

our DLTS design preserves symmetry even in the truncated configurations, resulting in a more uniform

magnetic field and improved linearity of the magnetic field phase. DLTS coil demonstrates enhanced

performance compared to the RTS coil, and this improvement can be attributed to the unavoidable

influence of the return wire in the RTS configuration, which degrades the field characteristics unless its

position is modified, as discussed in Chapter 5.

Figure 6.10 presents a similar analysis for the outer coil, which has been rotated by 90◦ about the z-axis.

This rotation changes the location of the return wire, and an improvement in the RTS field is observed.

This observation is consistent with our previous discussion that modifying the return wire location

can improve field performance. However, the plot clearly shows that the DLTS design remains the

more favorable choice, as it exhibits better RF field characteristics, particularly in the phase gradient

distribution.
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Figure 6.9: B1 magnitude, phase, and phase gradient along the y-axis for x = 0 in three axial planes: z = −5 cm
(left), z = 0 cm (middle), and z = 5 cm (right), across inner RTS and inner DLTS. The single legend applies to all
panels.
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Figure 6.10: B1 magnitude, phase, and phase gradient along the y-axis for x = 0 in three axial planes: z = −5 cm
(left), z = 0 cm (middle), and z = 5 cm (right), across outer RTS and outer DLTS. The outer coil is rotated 90◦

about the z-axis relative to the inner coil, producing a +Gy phase gradient. The single legend applies to all
panels.
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Chapter 7

Conclusion and future works

7.1 Conclusions

This thesis presented a comparative study of twisted solenoid winding patterns for RF phase-gradient

coils used in TRASE MRI systems employing vertical B0 magnets. The main objective of this work

was to investigate alternative winding patterns capable of improving the B1 field uniformity and phase

linearity compared to existing twisted solenoid designs.

The incomplete twisted solenoid (ITS) has previously been used as a conceptual model for guiding

TRASE coil design. However, this configuration does not represent a physically realizable coil because

it neglects the return wire that must be present in practical implementations. When this return wire is

included, forming a real twisted solenoid (RTS) coil, its additional current segment introduces unwanted

RF field contributions that degrade the B1 magnitude uniformity and phase linearity. The severity of

these distortions depends on both the azimuthal location of the return wire and the orientation of the

generated phase gradient.

To address these limitations, two alternative winding configurations were investigated: the double-wound

twisted solenoid (DWTS) and the discrete-loop twisted solenoid (DLTS). Both designs eliminate the

asymmetric current contribution associated with the return wire by preserving a symmetric current

distribution around the coil. Using Biot–Savart simulations, the magnetic field characteristics of these

configurations were evaluated with parameters corresponding to several RTS coil designs reported in

previous works, including coils that produce phase gradients along the x- and y-directions, truncated

geometries, and rotated configurations.

The results showed that both the DWTS and DLTS coils successfully preserve the desired transverse

phase gradient while improving the uniformity and linearity of the B1 field compared to the RTS design.
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Among these two alternatives, the DLTS coil offers a practical advantage because it requires less wire

than the DWTS configuration and therefore reduces the risk of finite-wavelength effects at typical

operating frequencies.

Furthermore, the DLTS geometry was shown to be particularly well-suited for truncated coil designs,

allowing a reduction in coil length while maintaining the desired RF field characteristics. The DLTS

winding pattern is directly derived from the stream function coil design method, which may enable

additional design flexibility in future work.

Given that twisted solenoid coils for TRASE MRI are commonly constructed using 3D-printed coil

formers, the transition from RTS designs to either the DWTS or DLTS configurations can be implemented

with minimal modification to existing fabrication methods. In addition, a novel strategy was presented

for shifting the azimuthal position of the return wire in RTS coils, providing an alternative approach for

mitigating its adverse effects.

7.2 Future Work

While the present study focused on numerical modeling and Biot–Savart simulations of twisted solenoid

coil geometries, several directions for future work remain. The next step would be the fabrication

of the proposed DLTS and DWTS coils and the experimental validation of their RF magnetic field

characteristics. Measurements of the B1 magnitude, phase, and phase gradient could be performed

using experimental measurement methods to directly compare the results with the numerical predictions

presented in this thesis.

Furthermore, TRASE imaging experiments using these coil designs would allow the impact of the

improved phase gradient coils on image quality and spatial resolution to be assessed in practice. Such

experiments would provide valuable confirmation of the advantages predicted by the simulation results.
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Appendix A

Derivation of the Central Plane for
Shifted RTS Coils

In Section 5.5 of Chapter 5, the effect of shifting the angular location of the return wire in the RTS

coil is analyzed. This shift is implemented through a physical rotation of the coil, which results in

a corresponding change in the location of its central plane. In this appendix, the expression for the

central plane of the twisted solenoid is derived for a physically rotated coil configuration. The general

expression for the central plane of a twisted coil is defined as follows:

zcentral =
zmax + zmin

2
. (A.1)

For the twisted solenoid, the extrema are given by

zmax = A sin(2Nπ + φ) +
hNπ

2π
, (A.2)

zmin = A sin(−2Nπ + φ) +
h(−Nπ)

2π
. (A.3)

Substituting into the definition of the central plane gives

zcentral =
1

2

[
A sin(2Nπ + φ) +

hN

2
+A sin(−2Nπ + φ)− hN

2

]

=
A

2
[sin(2Nπ + φ) + sin(−2Nπ + φ)] . (A.4)

Using sin(±2Nπ + φ) = sinφ, we obtain

zcentral = A sinφ. (A.5)

For the rotated case, the angular limits become

θ ∈ [−Nπ + θoffset, Nπ + θoffset] .
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Therefore,

zmin = A sin[n(−Nπ + θoffset) + φ] +
h(−Nπ + θoffset)

2π

= A sin(−2Nπ + 2θoffset + φ)− hN

2
+
hθoffset
2π

, (A.6)

and

zmax = A sin[n(Nπ + θoffset) + φ] +
h(Nπ + θoffset)

2π

= A sin(2Nπ + 2θoffset + φ) +
hN

2
+
hθoffset
2π

. (A.7)

Hence,

zcentral =
zmax + zmin

2

=
A sin(−2Nπ + 2θoffset + φ) +A sin(2Nπ + 2θoffset + φ) +

hθoffset
π

2
. (A.8)

Using sin(±2Nπ + x) = sinx, this becomes

zcentral =
hθoffset
2π

+
A

2
[sin(2θoffset + φ) + sin(2θoffset + φ)]

=
hθoffset
2π

+A sin(2θoffset + φ). (A.9)

For
θoffset =

mπ

2
, m = 0, 1, 2, 3, (A.10)

and using
sin(mπ + φ) = (−1)m sinφ, (A.11)

the central plane becomes

zcentral =
mh

4
+ (−1)mA sinφ. (A.12)

Finally, for φ = 0,

zcentral =
mh

4
, m = 0, 1, 2, 3. (A.13)
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