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Abstract

Deuterium nuclear magnetic resonance (NMR) spectroscopy was used to explore molec-
ular motions in the mesophases of S-4-(2-methylbutyloxy)carbonylphenyll 4-(10-undecenyloxy)-
benzoate(MBPUB-d,), and a mixture of 4-n-octyloxy-4’-cyanobiphenyl (80CB-d,-) and 4
n-hexyloxy-4’-cyanobiphenyl (6OCB). The deuteron quadrupolar and Zeeman spin-lattice
relaxation times were measured as a function of temperature in the nematic, smectic A
and reentrant nematic phases of the mixture and in the smectic A phase of MBPUB at
two different Larmor frequencies.

For MBPUB, the quadrupolar and proton-deuteron dipole splittings of the ring were
also measured._ The derived spectral densities of motion at different temperatures were
analyzed simultaneously using a small-step rotational diffusion model. Internal ring ro-
tations were superimposed onto the overall motion. For this particular chiral molecule,
we found an anomalous behaviour (D > D)) which is different from non-chiral rodlike
liquid crystals.

For the 80OCB/60CB mixture, the additive potential method is employed to model
the quadrupolar splittings, from which the potential of mean torque is parametrized, and
the order parameter tensor for an "average” conformer is determined. A decoupled model

is used to describe correlated internal motions of the end chain, which are independent



of the molecular reorientation. The latter motion is treated using the small-step rota-
tional diffusion model, while the former motion is described using a master rate equation.
In addition, the order director fluctuations were also taken into account in order to fit

experimental results in the nematic phase.
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1 Introduction

Liquid crystals are composed of flexible organic molecules and are capable of forming
different ordered structures in their mesophases. Nuclear Magnetic Resonance (NMR), is
a non-invasive tool that is specific to various nuclei, and through perturbation by inter-
actions between a nucleus and its surroundings, NMR is sensitive to molecular structure,
orientation, configuration and dynamics [1.1}.

Rowell and co-workers [1.2] were the first to demonstrate that deuterium is an excellent
spin probe for studying liquid crystals. The deuteron NMR spectra are often characterized
by well resolved quadrupolar doublets that may contain some fine structures due to dipole-
dipole interactions (1.3], and the thermally driven molecular motion can be studied by

spin relaxation time measurements.

1.1 Liquid Crystal

It is known [1.4] that some organic molecules may pass through an intermediate phase
known as mesophase or liquid crystal phase when changing from a solid to a liquid. The
molecules forming the liquid crystal mesophase are called mesogens. The molecule in a
solid crystal lattice are stationary, keeping a fixed location and orientation in space. In
a liquid, molecules are free enough to move to any location and orientation. In liquid
crystals, the long molecular axes t_end to line up along one direction, (called the director

1



), like a solid, but also have a certain amount of disorder, like a liquid. This means
that molecules are not in a completely frozen state, but are able to exhibit restricted
motions. It is this anisotropic motion which makes liquid crystals so interesting from
both a scientific and an industrial standpoint.

Liquid crystals may be divided into two categories: thermotropic and lyotropic. Tran-
sitions to the intermediate states may be brought about by purely thermal processes (ther-
motropic mesomorphism) or by the influence of solvents (lyotropic mesomorphism). There
are several different phases in thermotropic crystals. The structure nature of mesophases
is influenced by the molecular shape and therefore depends on whether the liquid crystal
is formed by rod-like or disk-like molecules.

The nematic liquid crystal phase is characterized by molecules that have no positional
order but tend to point in the same direction (along the director 7). Thus it differs from
the isotropic liquid in that molecules are spontaneously oriented with their molecular long
axes approximately parallel. The physical properties of the system vary with the average
alignment of molecules with the director #. For almost all the thermotropic nematics
known so far, the nematic phase is uniaxial, which means that there exists rotational
symmetry around the director 7.

A special class of nematic liquid crystals is called chiral nematic. Chiral refers to

the unique ability to selectively reflect one component of circularly polarized light. The



term chiral nematic is used interchangeably with cholesteric. Here molecules tend to align
somewhat twisted with respect to one another. This causes the director to rotate in space
in a helical fashion. The distance for a 360° rotation of the director is called the pitch
[1.5].

The smectic state is another distinct mesophase of liquid crystal substances. Molecules
in this phase show a degree of translational order not present in the nematic. In the smectic
state, the molecules maintain the general orientational order of nematics, but also tend
to align themselves in layers or planes. Motion is restricted to within these planes, and
separate planes are observed to flow past each other. The increased order means that the
smectic state is more “solid-like” than the nematic. Therefore, smectic phase normally
occurs at temperatures below the nematic phase, except in reentrant phenomena.

In the smectic-A mesophase, the director is perpendicular to the smectic plane, and
there is no particular positional order in the layer. For the smectic-B mesophase, ori-
entation of the director is still perpendicular to the smectic plane, but the molecules
are arranged into a network of hexagons within the layer. In the smectic-C mesophase,
molecules are arranged as in the smectic-A mesophase, but the director is at a constant
tilt angle with respect to the normal of smectic plane.

As in the nematic, the smectic-C mesophase has a chiral state designated C*. Consis-

tent with the smectic-C, the director makes a tilt angle with respect to the smectic layer.



The difference is that this tilt angle rotates around the planar normal from layer to layer
forming a helix.

In some smectic mesophases, the molecules are weakly coupled to the various layers
above and below them. Therefore, a small amount of three dimensional order is observed.
Smectic-G is an example demonstrating this type of arrangement.

There is also a special nematic phase called the reentrant nematic phase. Some sam-
ples, when cooling down from the isotropic phase, possess two or more nematic phases,
with one or more smectic phase(s) in between. The reentrant nematic phase refers to the
lower temperature phase below a more ordered phase like smectic-A. The 80CB/60CB
mixture sample, for the composition approximately 28 wt % of 60CB, exhibits a reentrant
nematic phase at atmospheric temperature [1.8], i.e., one observes a transition from the
smectic-A phase to a nematic phase on either heating or cooling the system. The collec-
tive packing of the chains, which enhances the stability of the S, phase, is frustrated in

a reentrant phase.

1.2 Basic NMR

Nuclear Magnetic Resonance {NMR) is an analytical method in which the effect of mag-
netic fields on nuclear spins [1.6] is observed. In particular, nuclear spins of different

orientations in an applied magnetic field have different energies. These energies corre-



spond to radio frequencies and when the nuclear spins are exposed to radio waves of
certain frequencies, transitions between energy levels may occur. NMR may be used
to provide information regarding such things as the structure of molecules or molecular
interactions.

Nuclear magnetic resonance is observed in systems which contain magnetic moments as
well as angular momenta. Assemblies of nuclei contain both of these properties. Consider
a nucleus of spin /. It has a magnetic moment p and angular momentum L. Since these

two vectors are colinear, the following equation may be written:

p=7L (L.1)

where 1, a scalar quantity, is called the gyromagnetic ratio and is dependent on the size

and the state of the nucleus. Quantum theory leads to the expression:
L=~hI (1.2)
The application of a magnetic field Hy produces an interaction energy of
Hz = —fi- Hy=—-vhl - Hy (1.3)

where the H is taken along the Z; direction of a laboratory frame. The effect of an

alternating magnetic field is analyzed by modeling it as two rotating components, each of



amplitude H, and one rotating clockwise while the other counterclockwise.

Hp = H, (icoswt + jsinwt)

H, = H,(icoswt — jsinwt) (1.4)

The Hg and H; differ just by w changing sign to —w. Without loss in generality, we use

w= w,fc to write
FIl(t) = H) (icosw:t + jsinw.t) (1.5)

The motion of the magnetic moment in a magnetic field satisfies the following equation:

di dL . -
S =V S Ex A (1.6)

The total macroscopic magnetization, M, is the vector sum of the magnetic moments.

Thus, the vector sum of equation (1.6) produces the equation of motion

-

dM o o [a -
?t—=fnyH=MX‘Y[Ho+H1(t)] (1.7)

The analysis is simplified if the time dependence of H, is eliminated. This is accomplished
by a conversion of the above equation to a coordinate system that rotates about the Z;
axis at the frequency w,. This rotating coordinate system will be used unless otherwise
stated. In this system, H, is static, and since the axis of rotation is in the same direction

as Hy, Hy is static. If H, is assumed to be along the z axis of the rotating frame, the
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equation (1.7) becomes
& - M x [k (w, +7Ho) + inI] (1.8)

By definition, resonance is the condition which occurs when the alternating tield effectively
cancels the effect of the static field. Therefore, as the condition of resonance is approached,

w. + vHy approaches zero. This may be emphasized by rewriting equation (1.8) using w,

= —w.
dM - - w\ . -~ =
F = A’[X’Y[k(H —;)-l-'lHl}—_—A/IX’}'Heff
Heyr = k (H - g) +iH, (1.9)

Equation (1.9) states that in the rotating frame, the magnetization acts as though it is
effectively expe;riencing a static magnetic field H,;; .

When the resonance condition(w = yHp) is satisfied, H, = H,. Then, only H, is left
to interact with the magnetization, M, of the system of nuclear spins. If H, is arbitrarily
assigned to the = axis of the rotating frame, then M will experience a torque due to the
magnetic field H; and thus, will rotate, or precess, about the x axis of the rotating frame.
That is, it will always precess perpendicular to H; , with a frequency vH; . The angle

through which M rotates in a period of time t, is given by:

6 = yHt, (1.10)



A 90° pulse is to rotate M from the direction along Hj to the y axis in the rotating frame.
This expression is fundamental to pulse methods of NMR.

From equation (1.10), it would seem that once M is rotated to an angle 8, M will
stay in this new position indefinitely. In reality, however, the spins of the nuclei interact
with their surroundings which cause a decay of M back to its original state. This process
is a first-order relaxation process and is characterized by a time called the spin-lattice
relaxation time, 77. The nuclear spins will also come to equilibriumm with each other.
The time required for this to occur is called the spin-spin relaxation time 75. After
perturbation of the system, M. will eventually decay back to its equilibrium value of Mp,
M. and M, will eventually decay back to their equilibrium value of zero. The evolution
of M, towards Mp modifies the energy of the spin system through exchange of energy
with the lattice, whereas the decrease in transverse magnetization components does not
produce such an exchange of energy and is the effect of spin-spin interactions among
nuclear spins. The lattice is defined as the degrees of freedom other than the spin system
in the molecular system of interest. Motions that contribute to T; also contribute to T3
so that T3 < T is always satisfied.

The two relaxation times were defined as a result of the determination by F. Bloch in
terms of three differential equations to describe the motion of macroscopic magnetization

in the presence of an applied magnetic field. Bloch started from equation (1.7) and to



account for relaxation discussed above, he obtained three phenomenological equations,

called the Bloch equations [1.7],

dé\;fz - 7(\Mxﬁ):~l\’[..£l\/fo
G = (xE) -7
dj’f" = 'y(-fx ”)y—%” (1.11)

The Bloch equations may be solved for each situation with its appropriate boundary
conditions. It should be noted that T} and T are often called the longitudinal and
transverse relaxation times respectively, because they describe the decay of M along and

perpendicular to the static field.

1.3 Thesis Outline

Chapter 1 gives the introduction to liquid crystals and basic NMR concepts. The basic
NMR theory is presented in Chapter 2. Chapters 3 and 4 give the theories of the molecular
dynamics of liquid crystal necessary for the current study including the Tarroni-Zannoni
(TZ) Model, director fluctuations and decoupled model of internal and overall motions
for flexible chain dynamics. The experimental methods are given in Chapter 5. Chapters

6 and 7 present the experimental results and discussion of studied liquid crystal samples.



References

[1.1] Paul Ukleja and Daniele Finotello, “NMR. Review”

(1.2] J. C. Rowell, W. D. Philips, L. R. Melby, and M. Panar, J. Chem. Phys., 43, 3442,

1965
[1.3] R. Y. Dong, “Liquid Crystalline Samples: Deuterium NMR”

[1.4] Case Western Reserve University, “Polymers & Liquid Crystals”, 1998

(http://ple.cwru.edu)

[1.5] R.Y. Dong, “Nuclear Magnetic Resonance of Liquid Crystals”, Spinger-Verlag, N.Y.,

1997
[1.6] L. Friesen, Undergraduate Thesis, Brandon University, 1992

[1.7) T. C. Farrar, E. D. Becker, “Pulse and Fourier Transform NMR”, Academic Press,

New York and London, 1971

(1.8] P. E. Cladis, Phys. Rev. Lett., 35, 48, 1975

10



2 Basic ?H NMR Theory

2.1 Nuclear Electric Quadrupole Interaction

So far we have considered only the magnetic interaction of the nucleus with the surround-
ings. We know that the effect of the nuclear charge is to determine the electron orbits
and where the nucleus sits in a molecule. However, we have not considered any electri-
cal effects on the energy required to reorient the nucleus in a magnetic field. There is,
therefore, an electrostatic energy that varies with the nuclear orientation (2.1].

The quadrupole Hamiltonian Hg, arises from an electrostatic interaction of the nuclear
quadrupole moment (Q.g) with the external electric field gradient (efg), Vas(= VE) at

the position of nucleus. V,g and Q.p are defined as

Qap = € 3. (3TarZpk — bapT)
k(protons)

6*v
(azaax,,)m,d (2.1)

where zox (@ = 1,2,3) stands for z, y, or 2, respectively for the kth proton, rZ = 72, +

Vas

z3, + 7}, and V is the potential due to sources external to nucleus. Thus, a quadrupole

Hamiltonian Hg is given by

1
Hg = gZﬂVaaQaa (2.2)

11



Using Clebsch-Gordon coefficients and the Wigner-Eckart theorem, equation (2.2) can be

rewritten as

eQ

_ e 3 _ 2]
T 6I(2I — 1) :L;Vaﬂ [2 (Ialg + Ipla) — bapl (2.3)

- -

Hq
where

eQ={IInle ¥ (323 —7%)|IIn)
k(protons)

The effective quadrupole interaction of Eq. (2.3) applies for an arbitrary orientation of
the rectangular coordinates & = z,y, z. The tensor coupling to the symmetric (in z, y, 2)
tensor V,s can be simplified by choosing a set of principal axes in which V,5 = 0 for

a # (. In terms of these axes, along with Laplace’s equation ) V,, = 0, we have

a

eQ

Ho = trar =1

[‘/z:: (31..g - Iz) + (I/z:: - Vw) (13 - I:)] (2~4)

Equation (2.4) shows that only two parameters are needed to characterize the derivatives
of the potential; V., and V. — V. It is customary to define two symbols, 7 and g, called
the asymmetry parameter and the field gradient, by the equations

eq = V,

_ sz—vyy

7 25)

Generally, the efg asymmetry parameter is small for deuterons, (n < 0.05) and can be

neglected.

12



Usually the elements of V,g are known in a molecular-fixed coordinate system but
the spin operators I, I, and I, are quantized in the laboratory frame defined by the
external magnetic field. Therefore, it is necessary to rotate efg tensor through coordinate

transformation using Euler Angles (e, 8,7) (Fig. 2.1).

Figure 2.1 Rotations used in the definition of Euler Angles

13



Accordingly V,g should be expressed by its irreducible tensor components V2 (m = 0, £1, +2) .

2 3

= —'V.;:z
Yo 2
V2 = Vi+iV,, =0 (in PAS)
Vi = 5(Vee=Vig)£iViy = 20Vee  (in PAS) (26)

The transformation from one frame to another simply involves the Wigner rotation ma-

trices D2, (e, 8,7) [2:2].

Va= 3 DrmleBn)Va (2.7)

2.2 Nuclear Dipole-Dipole Interaction

The dipole Hamiltonian Hp arises from direct dipole-dipole interactions between the

nuclear magnetic moments and has the form {2.3]

po VYR~ o =
=4_;:___r; I;-Dy- I (2.8)

ij

Hp

where 1 is the magnetic vacuum permeability, r;; is the internuclear distance, and Dy, the
dipole coupling tensor, may be defined by (6;; — 3e;e;) with e; (1 = z,y, 2) being z, y, and
z components of a unit vector pointing from one spin to the other. The internuclear vector

7i; has orientation (65, ¢;;) in the laboratory frame (50 | Z ) . The dipolar Hamiltonian

14



can be written in terms of irreducible spherical tensor operators [2.4],

7Y 2
Hp = Z:r r; Z( )™ Foom (8552 655) Toum (2.9)

The functions F» .. describe the orientation and 7Ta ;. contain the spin operators

-yiie

1 = o

Ty = % (3Ii:Ij: I Ij)
1

Thom = ?‘ ([i:If"l‘[iinz)

— =+ rt

F0(0,0) = \/g (3cos*6 — 1)

Fr.(0,¢) = F3sinfcosfexp(Lid)

Fz.tg (9. ¢) = g SiI'l'2 ] exp (:t21¢) (210)

where [* = I, £ i[,. In the high-field approximation, Hp may be treated as a first-order
perturbation on Hz and only the part (m = 0) of the spin interaction that commutes with
I, is retained, i.e., neglect the nonsecular terms (m # 0) and retain the term with m =0

to give a truncated dipole Hamiltonian,

_E_q7173ﬁ' _ r
Ho =2~ 4=P (cos ;) [31,31,2 I] (2.11)

where the Legendre polynomial P, (z) = (3z% — 1) /2. The truncated dipole Hamiltonian
may also be used at low field if axial symmetry about the Z axis exists for the molecular
system.

15



The indirect, electron-mediated interaction has the same form as the direct dipole

interaction
Hy=hl;- J;- I (2.12)

with the indirect spin-spin coupling tensor j,—,-. An important difference is that the f),-j
has no scalar part while j,-,— does. In comparison with the direct dipole interactions, H;

is normally small in liquid crystals and will be ignored hereon.

2.3 Motionally Averaged Hamiltonian

In mesophases, molecules do not rotate isotropically as in normal liquid. Therefore spin
Hamiltonians may not be averaged out by rotations. The averaging of Hamiltonian under
rotations may be easily studied when it can be expressed in terms of irreducible tensor

operator, T}, and R} . [2.3].

L
H=C0Y ¥ (-0)"R}_wTim (2.13)
L m=-L

where A indicates the coupling mechanism (e.g. dipolar and quadrupolar) and C, is
an appropriate coupling constant (e.g., Cx = e@/2I(2/ — 1) for quadrupolar interaction).
For the quadrupolar interaction, R’}“m are non-zero only when L = 2 and will be replaced

by V2. In the PAS system, the components with m = +1 vanish.

16



In the laboratory frame, the spin parts are constant while the spatial parts V2 are
time-averaged under rotations to give (V2). Now the Euler angle Q = (¢/,f',7’) are
necessary to bring the laboratory system into principle axis system. The time-averaged

quadrupolar Hamiltonian is

HQ 2[(2.[ _ l)”;n,( 1 _m ml(a ,ﬁ ,'Y ))V,;;sz (2.14)

Note that here the inverse rotation transformation matrix D%}, . is used and the Tpm

are given by

(2.15)

For a deuteron (I = 1) spin with axially symmetric electric field gradient (n = 0), the
time-averaged quadrupole Hamiltonian is given by

—_ eQ

Hq = m(%z)Tz,o (2.16)

In liquid crystals, molecules are aligned by their neighbors through the potential of
mean torque. The preferred direction of the molecular alignment in a uniaxial phase is
called the director 7i. Suppose the director is parallel to the external field. The transfor-

mation should be carried out through an intermediate molecular frame (zar, Yar, 2ar)
(V&) = Y D%,. (6,8,0) D2y (2, 8,7) V5 (2.17)

17



where (o, 3,7) are the Euler angles that carry the molecular frame to PAS frame, while
(¢, 8,) are the Euler angles that transform the laboratory frame into the molecular frame.
Note that D%, (a,8,7) = D2 (a, f) since the value of « is irrelevant when m’ = 0. The

time-averaged quadrupolar Hamiltonian is from Egs. (2.16) and (2.17):
Hg = hwg [If—I(I-i-l)/S] (2.18)

where

3 e2qQ
“QT LT

5D m (8.4)Dig (@, B)

The time-averaged Wigner rotation matrices D§,, (,%) are the order parameters in a
uniaxial phase and can be written in the form of a Cartesian order tensor S which is a
symmetric and-traceless 3 x 3 matrix. Thus $ has a maximum of five independent nonzero

components, defined by [2.5]

S-S = 3 (P )
Szy = i\/g(D_g:_%)

See = /3 (03 - D)
S = /3 (03s - DBy) (2.19)

The ordering of molecules in a mesophase may be described by a singlet probability
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function P (6,%). The molecular frame may be chosen such that P (6,4) is an even
function of the polar angles. This results in D, = 0 and D3, = D2_,. When Hy is
non-zero, the Zeeman line is now split into two lines with a quadrupolar splitting (Fig.

2.2)

2
fvg = S99 [gu (g cos? § — %) + % (Sue — S,y)sin? B cos 2 2.20)

where (a, 8) are polar angles of C — D vector in the molecular frame.

=P 7

‘wo Q)°+Q)Q —_ MH
1O» -

'Q}o FUO-(L)Q — ML
[1>»

Zeeman F{.Q 0

Figure 2.2 Energy levels diagram of a deuteron (7 = 0) in a large external magnetic

field.
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Similarly, the time-averaged dipole Hamiltonian is given by

Hp

_a, [.r,-:z,-z L+ [;Ij‘)J

282 _
DAp = M_TD%I'H,‘(H:Q!’;)DQ’“ (n:’ﬁ-ﬁtj\

(2.21)
- 27(7‘;3 ;‘ fiL,u / \ ,
The dipole splitting is then given by
_ 3uy*h 3 1\ 1 L “
6UD - 87r2 1»27 S“ 2 cos 131 2 + 2 (S;:z Syy)SlIl 611 COS 20!;] (2.22)

where (aij,ﬁ,-j) are polar angles of internuclear vector 7; in the laboratory frame. For
molecules of cylindrical symmetry, the molecular biaxial parameter (S;; — Sy ) is identical

to zero.

2.4 Order Parameters

The orientation of rigid molecules in a mesophase can be specified by a singlet distribution
function f(2), where Q denotes the Euler angles (¢,6,%) that transform between the
molecular and director frames. The average of any single-molecule property X (2) over

the orientation of all molecules is defined by

27 ™ 2
(X) = /0 dé /0 d9sin 6 /0 X (9) f(Q) (2.23)

In terms of the Wigner rotation matrices of rank L, the orientation distribution func-
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tion can be expanded as

o L 2L+1
f@Q) =3 _8_'2_aLm'mDm'm (Q) (2.24)
L=0m m'=-L us

Applying the normalization condition, the expanded coefficients apnm can be ob-
tained, i.e. armm = (Dpm (). For rodlike molecules, the pseudo-potential V (£2) is
independent of ¢ and ¥ due to the uniaxial phase symmetry and the cylindrical molecu-

lar symmetry, respectively. The orientation distribution function becomes

@) = L9
£(6) = Lij;fL_“(PL(cose))PL(cose) (2.25)

where Py (cos8) = D% (8) . The expansion coefficients in f (8) are the orientational order

parameter (Pp) given by

(Pr) = /: Py (cos8) f (cos ) d (cos ) (2.26)

Among all the orientation parameters of different ranks, only second rank order pa-

rameters can be determined from the line position in NMR spectra.

2.5 Molecular Field Theory of Flexible Molecules: The AP Method

The constituent molecules of liquid crystals usually contain an aromatic core and one or
more flexible side chains. NMR studies of order parameter profiles in these molecules have
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revealed that the ordering of their rigid segments varies with respect to each other and
with temperature [2.3]. Since the flexible chains not only occupy space but also contribute
to the anisotropic potential and interactions, they are partially responsible for the molec-
ular ordering in liquid crystals. In attempting to interpret the deuterium quadrupolar
splittings Av;, which are both temperature dependent and site dependent, it is necessary
to assume that molecular conformation is independent of molecular orientation, thereby
separating the internal and overall motions.

The additive potential (AP) method was first introduced by Marcelja [2.10] explicitly
to take the alkyl chain into account in calculating physical properties of liquid crystals,
and was subsequently extended by Emsley, Luckhurst and Stockley [2.11]. Due to internal
degree of freedom, the chain therefore does not always exist in an all-trans conformation.
An additional average is needed for flexible molecules because different conformational
states are available to the molecules. In doing so, it is necessary to determine all of the
allowed conformations and their relative weights peq (n), the equilibrium probability for
finding a molecule in the nth conformation. This can be handled by using the rotational
isomeric state (RIS) model [2.12] which allows each of the methylene groups to be either
in the trans () state or in one of the two possible gauche (g*) states. Though there are
many internal modes, we shall restrict to rotations about the O — C and C — C bonds

in an alkyloxy chain. The g* states are obtained by +112° rotations about the C — C
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bond. In this model, only states in the potential minima are assumed to be appreciably
populated. This is due to the very steep potential barriers between these minima. The
gauche states have higher internal energy in comparison to that of the trans state by an
amount of F,,. When the chain contains a g*g~ or a g~g* linkage, an additional internal
energy E +.+ should be added because these linkages bring parts of the chain near to one
another, the so-called “pentane effect”. The E;, values for gaseous alkanes lie between
2.1 and 3.2 KJ/mol, while the Ey+ = value is about three times larger [2.12].

In modeling the quadrupolar splittings (Av;) for the methylene C; deuterons, one uses
3 t 1
Av; = 5q(C},P2 (cos ©) S&, (2.27)

where qg}) = (e2qQ/h);, is the quadrupolar coupling constant for C; deuterons and is
taken as 165kﬁz and 185kHz for methylene and ring deuterons, respectively. © is the angle
between the director and the external magnetic field. © = 0 for the 60CB and 80CB
liquid crystal samples whose director is aligned along the external magnetic field. Sg)D
is a weighted average of the segmental order parameter. Suppose that S7; represents an
order parameter tensor which describes the orientational order of the nth rigid conformer.
Then in the principal axis (X, Y, Z) frame of the nuclear quadrupolar interaction, one has

) . (®) ) )
b = S pa ()| 35 + T (SEx — S34) .23

n

where the sum is over all possible configurations in the chain. The C-D bond is taken to
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be along the axis Z (i.e., g%y = g5y = V53). ¥, the asymmetry parameter of the electric
field gradient, is defined by

() (1)
) = BL?:M (2.29)

For the methylene deuterons, n = 0 is a very good approximation. To evaluate p., (1),
one needs both the internal energy Uy, (n) and external potential energy U..: (n,w) of
the nth conformer. The internal energy is assumed to depend on the number of gauche

linkages (NN;) and the number of g*g* linkages (N,+47) in the chain of the nth conformer:
Uine (n) = NgEig + Nyzgz Egz o+ (2.30)

while the external potential energy also depends on the orientation w of the director in a
molecular frame of the nth conformer.

The potential of mean torque U, (n,w) is responsible for the alignment of a conformer
and results from the molecular field of its neighbors. It depends on the conformational
state n of the molecule and on the polar angles w of the director in a frame that is attached
to a particular rigid segment of the conformer. To minimize the number of parameters, it
is assumed that the molecule can be divided into a small number of rigid segments. Each
segment is associated with an interaction tensor that is independent of the conformation.
The interaction tensor of the molecule is calculated by transforming the interaction tensors
from their segmental axis system ipto a common system and then adding them together.
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This is the basis of additive potential (AP) method. The potential of mean torque for

particular conformation can be approximated by a second-rank term {2.13|

Uezt () = =D _ (=1)" €51nCapom () (2.31)

where C _m (w) is a modified spherical harmonic of rank 2. €}, the interaction tensor

for conformation n, is given by

WSL

Em = &m(n) (2.32)

where the sum over j is to add together interaction tensors of all rigid subunits. In the
jth segmental axis frame, eé', represents the local interaction of the jth rigid subunit
and is assumed to be independent of the conformation. Let €5, and 5, represent the
interaction tensors of the aromatic core and of each C-C segment, respectively. If both of
them are assumed to have cylindrical symmetry, the unique components of €3, and €3,
are X, and X, respectively. In this simplification, the number of interaction parameters
required to calculate €3, is reduced to two. The segmental interaction tensor e;‘,,, (n) vary
with conformation because their components need to be expressed in a common molecular

frame. This dependence is expressed in

&Gm(m) =) Di (W)€, (2.33)

r

where D2 (w?) is the second-rank Wigner rotation matrix, and w? denotes the set of
Euler angles needed to transform between axes in the jth segment and the common
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molecular frame. The p.q (n) is given by

Deg (n) = exp [_Uint (n) /kBT] Qn/z (2-34)

where (J,,, the orientation partition function of conformation n, is

Qn = [ exp |~V () [k5T] o (2.35)

and Z, the conformation-orientational partition function, is

Z=> exp[~Uimt (n) /ksT] Qn (2.36)

Now the order parameter for a particular direction £ in the conformation n may be
evaluated in the principal (z,y, z) frame of U, (n,w) according to
) <
S = Sp,cos’ 6 (2.37)
a
where 67¢ denotes angles for the C; =2 H bond between the k(= X,Y, Z) axis and a

principal axis ¢ (= z,y,2). S?

aa?

the principal components of the Saupe ordering matrix

for the conformer n, may be written as

St = % (\/E_i (d.’(z,,2 cos 21|b)n - (dg'(,)n)
S = _% (\/ﬁ(d&2 cos2¢) + <dg.o>n)
sto= <dg,o),, (2.38)
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In order to evaluate the averages of the reduced rotation matrices, it is advantageous to
describe the director orientation in the principal axis system of U, (n,w). Hence, the
constructed interaction tensor U, (n,w) is first diagonalized to obtain the interaction

tensor components X7, and X3 ., for the conformer n. In the principal frame
Ueat (n,w) = — [X3odi o (6) + 2X5,d3 5 (6) cos 2] (2.39)

Using a, = X3o/ksT and b, = 2X3,/kgT, the order parameters of the nth conformer

can be evaluated [2.14]
(dooy, = 2m /0 ) Py (cos8) Io [budj 2 (8)] exp [and] o (6)] sin6d6/Q,
(djqocos2¢) = 27 fo ’ dj 5 (0) I [bnd}; (0)] exp [andd o (6)] sin0d8/Q,  (2.40)
where Q,, becoines
Qu=2r /0 " Lo [8ad2. (6)] exp [and2 (6)] sin 68 (2.41)

and I, (z), the nth order modified Bessel function is given by

1 T
I.(z) = - /0 cosny exp (z cos ) dy (2.42)

2.6 Spectral Densities

In the quadrupolar Hamiltonian, there are fluctuating terms because of the rotation
and /or collective motions of liquid-crystal molecules. The autocorrelation function Gy, (t)
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may be defined in terms of the Wigner rotation matrix DZ, | = (Qcar) in the fluctuation

Hamiltonian

sz. (t) = Z [dgnuo (9)]2 ([ mLmy (QLM (0)) - mL"‘M]

Tl

% [ D%y (Qeae () = Doy ) (2.43)
Now Qrar (= @, B,7) denotes the Euler angles that transform between a molecular frame
attached to the molecular core and the laboratory frame, 6 is the angle between the C-D
bond and the z)s axis of the molecular frame, and m and m s are the projection indices for
a tensor of rank two in the laboratory and molecular z axis, respectively. The autocorre-
lation functions for molecular reorientation (terms with angle brackets in Eq. (2.27)) are

generally given by a sum of decreasing exponentials [2.6], and,

G;anM ( = CmLmMjZaf(i)LmM e‘(p [—t/Tg)Lm"] (2‘44)

where Cyp, = ((le’n|2) - (Dg,o)2 ) , is the mean square of the Wigner rotation matrices.
The correlation times T,(,’;),,m,, depend on the order parameter (/) and on the variation

of the rotational diffusion tensor components with temperature. The a,(;’,)LmM represent

normalized weights of each exponential whose time constant

b9
T e = L mar (2.45)
LM GDL + memMme( (D" - D-L)

where D) refers to motion about the molecular z,, axis, while D, refers to motion of the
zpr axis. The coefficients afranM, memM and Cynym,, for all the correlation functions are
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given numerically as polynomials in (P,) and their expansion coefficients are tabulated
in Table I of Ref. [2.7] for a Maier-Saupe potential. Equations (2.28) and (2.29) are
expressed in the notation of Dong [2.8].

From the standard spin relaxation theory [2.9] for deuterons (I = 1), the Zeeman
(T7) and quadrupolar (T7o) spin-lattice relaxation rates are given in terms of spectral

densities J,,, (mpwq) by

Tl_zl = (wo) +4Jp (‘2&10)

Tl_Ql = 3J1(Lu’0) (2.46)

The spectral density is simply the Fourier transform of the autocorrelation function

Gm, (t)

3r?
2
32

= 5 (@)’ X [dh,, (6)]" Crum

mar
‘ -1
) (TT(Y’l)l.mM)
xZamLmM - . =
T e+ ()

where gcp = €2qQ/h (n = 0 is assumed) is the nuclear quadrupolar coupling constant.

i (i) = T (@co)” [ G (8) cos (o)

(2.47)
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2.7 Summary

In this chapter, we have introduced quadrupolar and dipolar splittings, and showed how
they are related to the order parameters. The AP method is outlined and will be used
to understand segmental order parameters for a flexible chain. The spectral densities of

motion are also described.
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3 Relaxation by Molecular Reorientation and Direc-

tor Fluctuations

3.1 Introduction

The rotation diffusion model has been widely used to describe molecular reorientation
since Debye’s introduction [3.1] . It can be used to interpret nuclear relaxation in isotropic
liquids [3.2]. More recently, it has been used extensively as a model to account for the
nuclear spin relaxation behavior in thermotropic liquid crystals. Each molecule is char-
acterized by a rotational diffusion tensor D, normally defined in a frame fixed on the
molecule. The principal components of D are D,., Dy, and D... For a symmetric rotor
reorienting in a uniaxial potential with rotational diffusion constants D;; = D,, # D..,
solutions were first presented by Nordio and co-workers (3.3, 3.4} . The Nordio model was
used in numerous experimental studies including NMR. There were some attempts to
analyze the deuterium spin relaxation behavior of non-cylindrically symmetric molecules,
e.g., several asymmetric planar rotors, as rotational diffusions of a symmetric top in a uni-
axial potential [3.5,3.6], but worries persisted that the less than perfect fits were caused
by using this approximation. The rigorous treatment of the asymmetric rotor has been
published by Tarroni and Zannoni (3.7} (TZ model), and the solutions use terms up to

rank 40 in the Wigner basis set. There is a recent report in which the TZ model was
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applied to study the deuteron relaxation of a biaxial solute Fluorene-d;q in the Licrystal

phase 5 [3.8].

3.2 Correlation Functions

The rotational diffusion model assumes a stochastic Markov process [3.2,3.3,3.9] for
molecular reorientation in which each molecule moves in time as a sequence of small
angle steps caused by collisions with its neighboring molecules and under the influence of
an anisotropic potential set up by its neighbors. The orientational correlation function
can be written as

GEE o (t) = f / dO0dQP (Q) DEe (%) X P(Q | Q) DE (@) (3.1)

where for simplicity, we use m and n to represent the m;, the projection index in the
laboratory frame and m,s, the projection index in the molecular frame, respectively.
Q2 = (a, B,7) denotes Euler angles, P (£ | 2t) is the conditional probability of finding a
molecule at orientation 2 at time ¢ if the orientation of the molecule was g at t = 0, and

the equilibrium probability, P () is given by the Boltzmann distribution:

 ep[-U(Q)/FT]
PO = Tt =0 @ /5T

(3.2)
where k is the Boltzmann constant and T is the temperature. U (§2) is the potential of
mean torque acting on the molecule [3.10], and its symmetry is determined by the sym-
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metry of the molecule and that of the mesophase. In the long time limit, the orientational

correlation function may be non-zero in an anisotropic medium, and is given by

GLE 1o (00) = (DE, ()Y (DE, (2))8m08mn (3.3)

LL'
mn,m’'n’

This long time plateau has to be subtracted from G (t) to ensure its decay to zero
in equilibrium.

For cylindrical molecules in the uniaxial phase, the potential of mean torque is governed
by the 3 angle only, i.e. U (Q2) = U (8) . For asymmetric molecules reorienting in a uniaxial
phase, the potential of mean torque depends on two Euler angles, i.e. U (Q) = U(8,7)

[3-11}. Now the effective anisotropic potential U (£2) can be expressed in terms of Wigner

matrices as

U (kﬁT 7 %a 1aD%. (8,7) (3.4)

and the orientational order parameters, averages of the Wigner rotation matrices D%_ (),

are

(D&) = [ 40P (6.7 D, (8,7 (35)

If the molecular reorientation takes place through a sequence of small angular steps,

the evolution of the conditional probability P (£0[§2t) can be described [3.7,3.12] by a
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differential equations for the rotational diffusion process as

0P () _ U (£)
PG - 5t 20+ 25 ()] P 0l (36)

where Lg (= L., L, or L,) is a component of a dimensionless angular momentum operator

L, and D is a rotational diffusion tensor. Here we choose a molecule-fixed frame in which

D is diagonal
D.. 0 0 1+4e¢ 0 O
D=| 0 D, 0 |=pf 0 1-co0 (3.7)
0 0 D.. 0 0 n
where
D..+D, _ D= Dy 2D..

p= (3.8)

2 ‘T D.+D,,’" Dm+D,
€ is an asymmetry parameter of the diffusion tensor, going from —1 to +1, 7 is the
ratio between diffusion around z,s axis (spinning motion) and diffusion of the z,, axis
itself(tumbling motion) which is expressed by p. In the cylindrical symmetry limit (p
becomes D, , 7 becomes D)/D, and e reduces to 0), the diffusion matrix is reduced to

the Nordio limit.
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Now, back to the more general case with non-zero ¢, equation (3.6) becomes

19P (Qul0%) _
p Ot -

—(1+¢) [L?, + L, (L,%;,Z))] P (S0)S%)

U
—(1+¢) [E’ + 1, (L —k(—T—)H P (Ql0¢)

-1 [LE +L. ( :Uk(;Z))] P (Q)t)

= [P (Qolt) (3.9)

where T is the diffusion operator which, for the purpose of numerical calculations, can be

rewritten using a unitary transformation as

[ = P Y2(Q)TPY2(Q)

e ) () S ]
—ef5 (L3 +12) + [@2+ﬁ)%ﬁ%

U(Q) U@\
-3 [(L+ T ) + (L_ X } (3.10)
where P () is the equilibrium distribution, and
V2=L2+ L3 +L? (3.11)

and

Ly =L, +iL, (3.12)
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is the angular momentum step operator. When ¢ = 0, the above operator [ is the same
as that used by Nordio and his co-workers. The diffusion equation in this symmetrized

form is given by

18P (Q|2)
T [P (Q%) (3.13)
where
P (QolQt) = P~Y/2(Q) P (Qo|2t) P2 () (3.14)

is the symmetrized conditional probability. The symmetrized diffusion equation can be
given a convenient matrix representation in a basis of normalized Wigner matrices:
Dpa () = \/2—2? D7 (Q) (3.15)
by expanding the symmetrized conditional probability P (Q0|2) ,
P (Q2%) = ) Clmn (R, ) Drn () (3.16)

Lmn

The expanding coefficients Crmn (€2,t) at time zero can be evaluated using the initial

condition P (|Q%) = 6 (2 — Q) . Thus,
Clmn (Q0,0) = D (Q0) (3.17)

Substituting Eq. (3.16) in Eq. (3.13), multiplying both sides on the left for DZ (©) and

integrating over {2 we obtain the system of linear differential equations

%C‘ (t) = RC () (3.18)
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where

(&), = / dODE", () FDE. () (3.19)

The explicit expression of the matrix elements Ri/mms 1mn depend on the orienting po-
tential U (Q) and can be obtained from Appendix A for the important specific case of a
mean-field potential containing only second rank interactions. In solving the above linear
diffusion equations, a unitary eigenvector matrix X™ which diagonalizes the self-adjoint

diffusion matrix 2™ should be introduced
R™X™ = XM (3.20)
where 7™ is a diagonal matrix that contains the eigenvalues of R™. The formal solution is
M ~m o m T
C™ (t) = X™ exp (toF™) (x ) c™ (0) (3.21)

Considering the matrix elements of X™ and substituting the zero time coefficients, we

obtain

Comp@0,8) = 35" (A7) e (torm) (X)) Diz(ay)  (322)
K Jp P K

where we have used single index K to label the eigenvalues of the diffusion matrix, R™.

Using the un-normalized Wigner matrices, the symmetrized conditional probability can
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be written as

P(l0t) = - ZZZZ\/2J+1\/2J'+1(X?)

Kq Jp J'p
x exp (£97%) (X )J Ay DL Q) (3.23)
For ¢t — oo all the exponentials decay to zero except the one corresponding to the eigen-

value 7. The long time behavior of the symmetrized conditional probability is obtained

by

lim P (QolQ) = PY2(Qg) PY2(Q)

t—oa

= g Z Y V2 HTV2TTHT
J"#IJ’IIPIH
0 0 J” Jm
X (X )J”p",O (X )J'”P’"O (Q) D, ( ) (324)
Eq. (3.1) can be rewritten as
G (1) = / dQ P2 (§) DLz ()

/ dQPY2(Q) x P (QolQt) DE... (Q) (3.25)

Substituting Eq. (3.23) and Eq. (3.24) in Eq. (3.25), the correlation functions can be
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expressed as

GE (1) = Zexp (tpf ZZ:Z\/ RIF) I+ DRI+ 1) 2T +1)

mnn'

Jp J'g I I (L +1) (2L +1)
( m) [ gm 0 { %0) (pmopor. \
X \X J o\ >J’p’,K (‘ )J"n’—pﬂ \"" ) pin—pio CWT 7, Li0,m)

XC (er J,!L;n - pl7p') C (JH, J’ LI; 0’ m) C (‘]”’ J‘l L,; n’ - p1 p)

- 3 (0), oo s (5),] =

K
where C (A, B, C; d, ) is the Clebsch-Gordon coefficient, (amm ) /p, the decay constants,
are the eigenvalues of the I’ matrix, and (bm,m,) , the relative weights of the exponentials,
are the corresponding eigenvectors. In the limit that GEL | (¢) can be reexpressed by a

single exponential, then
bhrs = Ghi (0) — GEE., (o0) (3.27)

For L = L' =2 and n = n’, b%2, reduces to the x (m,n), the mean square of the Wigner
rotation matrices, given by Freed [3.13]. This secion provides the spin relaxation theory

to describe the overall reorientation of molecules in uniaxial mesophases.
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3.3 Spectral Densities

The spectral densities Jﬁ Limw (W) are given by the following sum of Fourier transforma-

tion of the correlation functions in Eq. (3.26)

JE“[&,'Bn)n’ (W) = ZAi?éL IWOL/ Gmn-n.’ (t) €Xp (—7'Wt) dt (328)
For deuteron NMR. experiments, L = L' = 2, AL, = \/3/2mqcpd?,(6), Bip, =

V/3/2mgcpd?., (6) where @ is the angle between the molecular zys axis and the principal z
axis of the e fg tensor (e.g., the C — D bond). The spectral densities for a biaxial molecule

in uniaxial phases are given by

I (ms) = 2 (go ) S (9) 2o (0 Z brant) e o) (399

2
nn’ K mnn’)K + (m)

3.4 The Ring Rotation and Internal Motions

Eq. (3.29) is for deuterons without internal degree of freedom. When the aromatic ring
is rotating freely about its para axis with a diffusion constant Dp, the spectral densities
are given by [3.7]

IR (mw) = (qgg) ZZ [d2 (6rQ)]" &2, (Bas) &2, (Bar.m)

Z ( mnn' mnn’) + (1 - 6}30) DR]
mnn')K + (1 - 6170) DR] + (an)

(3.30)
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where the strong collision limit is used for ring rotations, fp g is the angle between the
C—D bond and the para axis, and 8, p, the angle between the para axis and the molecular
zyr axis, usually can be set to zero. Now the following more general spectral densities are

obtained for the case with internal motions

J(t) (mw) = 31{ ( (3 ) ZZZ mnn’ nfnn’)K + Con ‘] 1-\ (n,n', 1) (3.31)

nn’ K l—O mnn’ + Cﬂﬂ'l] + )

where Chr. is related to the correlation time of internal motion and I' (n, n', !) is a function
describing the internal motions. The ring internal motion could be free rotation, restricted
motion, or 7 flip of ring around its para-axis, etc. For the special case that the ring is fixed
on the molecular frame, i.e., the internal motion is frozen, only one term inside Zl: survives
(T (n,n',1) = 8 and Cpran = 0) and Eq. (3.31) goes back to Eq. (3.29). For deuterons
residing in flexible chains, the spectral density for the chain internal motions (described
by a rate equation) has a form similar to Eq. (3.31) except the internal function I (n, n’,{)
now includes the chain geometric information and eigenvectors of the rate matrix, and
the Chn. is related to the eigenvalues of jump rate matrix. The explicit expression will

be given in Chapter 4.

3.5 Director Fluctuations

There are several motional processes(e.g., reorientation, director fluctuations) that take
place simultaneously and may cause spin relaxation in liquid crystals. Because of thermal
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fluctuations of the director, the orientation of the director has both spatial and temporal
variation. Since there is no long range order of positions among the molecules in nematics,
a local (instantaneous) director 7 () may be introduced to represent the average direction
of molecules within a neighborhood of any point in the sample. The time interval between
molecular collisions is about 1071 ~ 10~'2s. Changes in molecular orientation due to
collisions could change the local director on the NMR timescale. Thus, an additional
coordinate system is needed to specify the local director 7 (7). The average director 7 is
obtained by spatially averaging the local directors over the sample.

The angle Q1 (t) in the autocorrelation function (Eq. (2.27)) denotes the orientation
of the principal molecular axis (zr, yam, 2a) in the laboratory frame (X, Y1, Z1) frame.
The coordinate transformation from the (Zas, yar, 2ar) to the (Xp,Yz, Zp) frame must
be carried out through successive transformations (Figure 3.1) to account for the fast
motions of a molecule and slow collective fluctuations of the director. That is, Qzpr =
(¥,QY"), where the Euler angle Q' transform from the molecular frame (zur, yar, zar) to
the instantaneous director (z,y, 2) frame, Q" is used to transform the (z,y, z) frame to
the laboratory frame (X, Yz, Z.) . Here we assume the average director A is parallel to

the external field 5B, which is used to define the laboratory frame.
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Figure 3.1 A schematic illustration of director fluctuations

In the nematic phase and perhaps “disordered” smectic phases, molecules perform long
range cooperative motions, which are slow compared to the rapid reorientation motions
of individual molecules. The dynamics of these fluctuations depends on the viscosity
coefficients and the elastic coefficients of the liquid crystal. In the continuum theory, the
elastic constants K, K, and Kj; are respectively the splay, twist and bend elastic constants
(3.14,3.15] . Freed has included these collective effects in the spin relaxation theory by
allowing the orienting potential U () to fluctuate slowly in time. It is assumed that
the director shows small fluctuations about its mean position, and that the magnitude of
ordering does not change. Then there are three types of terms that contribute to spectral

densities: molecular orientation, director fluctuation and a cross-term arising from both
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of these motions. According to Pincus [3.16], when director fluctuations are assumed
to give small angular amplitude, director fluctuations only contribute to J; (w) in first
order approximation. Furthermore, if director fluctuations are slow in comparison to
the molecular reorientation, the coupling of these two types of motion would produce a
very small cross term [3.17,3.18]. In the “one constant” approximation, i.e., K; = Ky =
K3 = K and one effective viscosity coefficient is used instead of five Leslie coefficients,

the contribution to J; (w) from director fluctuations is [3.17]

32

Jipr (W) = 5 (acp)* (Pa)s A [d30 (ﬁM.Q)]2 S (we/w)w™H? (3.32)

where the prefactor A is

A 3kT
427K (D, + K/n)'?

(3.33)

where D, is the averaged translational self-diffusion constant, w, is a high-frequency cutoff

frequency, and the cutoff function S (w./w) is given by [3.19]

1 T—+v2z+1

S‘(x)=-2?ln[z+\/2_x+l +%[tan"1(\/2—x—1)+tan‘l(\/2—x+l)] (3.34)

S (we/w) is unity at low frequency and becomes small for Larmor frequency much larger
than w.. 7 and K are the one constant approximation to the viscosities and the elastic

constants of the medium, and (P»), is the nematic order parameter of the molecule relative
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to the local director and is related to the usual order parameter (P,) according to [3.20]

(Pp)
1-3a

(Pa)g = (3.35)

where the parameter a = £T'/7 K A is a measure of the magnitude of director fluctuations.

Standard theories [3.14,3.21,3.22] of spin relaxation by director fluctuations in ne-
matics are based on the notion that the mean square amplitude (ﬁ2> of the director’s
displacement is small such that terms of this and higher orders can be neglected. When
angular excursions of the local director are not small [e.g., low K or large a], second-order
and higher terms are needed and their contributions to Japr (2w) and Jypr (C) become
nonzero. When second-order contribution are included in Jypr (w), Joghems et al. [3.23]
found that it has a correction factor (1 — 4c), which reduces to 1 when « is very small.

Then Eq. (3.32) becomes

2 (1 - 4a)

a—_éa—)zg‘(wc/w) w"m (336)

7\'2
Jipr (W) = 37 (acp)* (P2)3 A [d3 (Buo)]

For C-D bonds located in the flexible chain, the effect of director fluctuations is made
smaller as a result of additional averaging within the chain from the conformational
changes. It has been recognized [3.24] in earlier deuterium NMR. studies that the spin-
lattice relaxation rates for the chain deuterons should scale with the square of their
quadrupolar splittings if the spin relaxation is caused only by director fluctuations. In-
deed the quadrupolar splittings can give the segmental order parameter of C-D bond at
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carbon site ¢, which is defined by
S&p = ((P2 (cos©9))) (3.37)

where © is the angle between the ith C-D bond and the equilibrium director, {())
denotes both the conformational average and overall motion average. In uniaxial phases

like the nematic and smectic A, the above equation can be expressed as [3.22]

S = (P (cos8lle) Paleos)))

B (B30) (P2) (3.38)

where d3 (6 M Q) denotes the conformational average over the ) ar.@ angle of the particular
C-D bond with respect to the molecular z,, axis, and 6 is the angle between the z,, axis
and the equilibrium director. The assumption made for the last step in Eq. (3.38) is that
the motional modes for the internal chain motions and for the molecular reorientation are

decoupled. Thus, we rewrite Eq. (3.36)
372 7 o \2 9 \2 (1 -4a) /o
Ihe @) == (ah) 4 (5Eb) S o) (3.39)

For the sample of mixture of 80CB-d,7 and 60CB, we consider a much smaller contribu-

tion as well [3.20]

IO () = ( 9)" 42 (s%,)° Ml_—&z—);m [1 + (“’Z) 2] (3.40)
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where g$), = 165 KHz for methylene deuterons. The calculated spectral densities for the
C; are now given by

J W) = I W +JI5 W)

I () = JR (w) + I p (2w) (3.41)

where the subscript R is used to denote molecular rotation.
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4 Internal Dynamics of Flexible Mesogens

4.1 Introduction

Liquid crystals contain organic molecules whose structures usually consist of a rigid core
with flexible pendant chains. It is known that molecular flexibility is responsible for vari-
ations in the physical properties of liquid crystals. The theoretical treatment of dynamic
processes of flexible molecules in an anisotropic medium is not an easy task [4.1 —4.3].
This often requires a certain number of simplifying assumptions which may only be jus-
tified by comparison of the model predictions and experiments. In modeling quadrupolar
splittings in liquid crystals, the rotational isomeric state (RIS) model [4.4] has been used
to generate al.l'conﬁgurations in the chain, and anisotropic interactions with the neigh-
boring chains are described by a mean-field potential. When modeling internal rotations
about each carbon-carbon bond in the pendant chains, the configuration transitions of
the chain may be superimposed onto the rotational diffusion of the whole molecule. This
implies that the molecular core is “massive” such that its motion is independent of con-
figuration transitions in the chain. This simplifying assumption gives rise to the so-called
decoupled model. The RIS model has been extended [4.1] to the time domain in order to
describe spin relaxation in flexible nematogens. It involves a master equation [4.1] which

describes transitions among all allowed configurations in the pendant chains. To simplify
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numerical computations, the overall motion is described by a single average rotational

diffusion tensor.

o ) IV &
— = < /N
)

(b)

(c)

Figure 4.1 The illustration of jump motions of (a) &, (b) k; and (c) &3
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The decoupled model assumes that in a molecule with N distinct conformations, ro-
tational diffusion tensors for different rotamers do not differ appreciably and that an
“average” molecular diffusion tensor may be used to solve the rotation diffusion equa-
tion (4.5, 4.6] . Transitions among configurations are described by elementary jump modes
[4.7,4.8] : one-bond(k;), two-bond(k;) and three-bond(ks) motions (Fig. 4.1). A one-
bond rotation involves rotation of the last bond in the chain defined as {--- ,I,m,n} —
{---,l,m,n'}, where {} denotes the C-C bond orientations in the carbon-carbon back-
bone of a pendant chain. A two-bond rotation is defined as rotation of the penulti-
mate bond only {---,l,m,n} — {--- ,[,m',n'}, i.e., it represents motion of the last
two C-C bonds in the chain as a pair, with no rotation about the penultimate carbon
[4.9]. In the case of a trans bond, i.e., { = n, then n = n’. A three-bond rotation is
a kink motion in the chain, i.e., the interchanging of two alternate bonds, defined as

{--,4,3,k---}y — {--- ,k,j,i---}, is also called the crankshaft transitions.

4.2 Superimposed Rotation Model

In writing the autocorrelation functions that describe both internal and external motions
of a flexible mesogen, the Euler angles Q1o are used to specify the orientation of the
principal axis system of a spin tensor (e.g., efg) with respect to the external magnetic

field. Suppose that in a local (a) frame, the orientation (Qaq) of 2 C,—2H bond is time
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independent. A molecule-fixed (M) frame is chosen to coincide with the principal axis
system of the rotational diffusion tensor of the molecule. The Euler angles s, that
transform between the local frame and the molecular frame are time dependent due to
the internal motions. The angles Q,s depend on time because of reorientation of the

whole molecule. By successive coordinate transformations, the following is obtained:

D% o[Quq (8)] =)_> D% ... [Qua (8)] D3, . [Qara ()] D2, o (Qg) (4.1)

myy ma

where Q,¢ is time independent. The autocorrelation function is

G, () = (DZ,0[e (0)] D20 (R () = D210 [Rro (O Do o (1] (42)

where the second term is to ensure that the autocorrelation functions tend to zero at

t — oo [4.10], Now Eq. (4.2) can be rewritten using Eq. (4.1) as

G, (8) =YY D2 4 (Qag) DEy 0 (Qa@) Cmymamy, (t) (4.3)

U
ma ml,

where

Gmimems, (t) = ZZ( mpmar (2281 (0)] DmLm Qrar (t)]>

mat mM

x ( D2, e [t (0] D g, [01a (6]

— D%y Q) D7 e (Q1st) DEym,, (Qate) D7 oy (Qta) (44)

because of the usual assumption of decoupling between internal and external motions such
that the two motional parts can be averaged separately. When the correlation functions
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of internal motions can be written as

Grmpmimam, () = <D12ana [Qara (0] D, my, [Qnta (t)]> = D%, m. (o) D73 e (Q012)
(4.5)

then

Gm"m“m’° (&) = ZZ[G"‘L"‘M"‘:H (t) GmMm’M"‘a"‘& (t) + GmM""M"‘a""a (t) D?nr.mu szr::.mfw

mar my,

+Gml'.m&{m'.u (t) D?nymc Dz’ ] (4.6)

’ ?
T Ma

where the correlation functions sz.mumfu (t) describe the overall motions of molecules,
and are given for the TZ model by Eq. (3.26) . The complexity here is that the correla-
tion functions are not simply given by a linear combination of products of the correlation
functions for each motion. The correlation functions in the above equation include terms
that are products of correlation functions for one motion and averaged Wigner matrix
components for the other motions. These extra terms are zero for the case of relax-
ation in normal liquids since the average of Wigner matrix elements are identical to zero.
Unlike the random isotropic motions in normal liquids, these terms become nonzero in
mesophases because some restricted (preferred) motional degrees of freedom would pro-
duce nonzero averages of Wigner matrices. However, Eq. (4.6) may be simplified in
certain specific cases. In the superimposed rotation model [4.3], it is assumed that in-

ternal rotations about different C-C bonds are independent, and that rodlike molecules
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reorienting in uniaxial mesophases with each of their internal motions involve cylindrically

symmetric rotation about a single axis, then m, = m/, and

D‘?""':'m*‘ = bmi0dmy0 (Pa)
Drma = 0 (4.7)

Therefore, Eq. (4.2) can be written as [4.10]

GmL (t) = ZZZ [dgnao (6°,Q)]2 Gml—”‘M"’"M (¢) GmM"‘fumﬁ (t)

AL mf" My

+6mu0 (P2 [d2.0 (Ba)]” Gooma (8) (4.8)

Ma
The second term in the above expression represents a cross-term between the internal
motions and overall motions, but is zero except when m, = 0, i.e., it is only required in
calculating J (0), or the spin-spin relaxation times. Otherwise, in calculating J; (w) and
J2 (2w), or the spin-lattice relaxation times, the overall correlation functions are given
by the linear combinations of the products of the correlation functions for each motion.
When treating the internal motions further down the chain, additional coordinate frames

are needed to carry out successive transformations from a local a frame to the molecular

fixed frame.
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4.3 Decoupled Model for Correlated Internal Motions

To evaluate the correlation functions in Eq. (4.3), it is necessary to find the conditional
probability Py, [Qrar,t|Qras (0),0] that at time ¢, the molecule has configuration ¢ and
orientation 7 ,s, at ¢ = 0, the molecule has configuration ! and orientation 2 (0) . Using
the assumption of decoupling internal and external motions, the conditional probability

can be expressed as the product of configuration and orientation conditional probabilities:
Puy [Qrar, t|Q00a (0),0] = p (4, t]L,0) p [QLar, £22ar (0), 0] (4.9)

Now using the above conditional probability to express the ensemble average in Eq. (4.3),

Gm, (t) = Z / / dQrardQ s (0) (D?n,_o [Qq (0)] D2, Qo (8)] - DEnLonn'Lo)
i
* X Peq (8) Pitg [Qear, t[QLar (0),0] (4.10)

where p,, () is the probability of occurrence of configuration ! at equilibrium. This can
be calculated, for example, using the additive potential method. The orientation condi-
tional probability p [Q2rar,£|Qrar (0),0] was used to evaluate anm“m,M (t) in chapter 4,
and p (%, t|{,0) = Py, (t) is required to evaluate internal correlation functions. To evaluate
Gm, (t), one needs to transform the electric-field-gradient tensor through successive co-
ordinates to allow for internal motions and reorientation of the molecule. Instead of using
many local coordinate systems, it is more convenient to define a coordinate system (V) in

which the chain may have N distinct configurations. The N frame is rigidly attached on
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a molecule-fixed (M) frame with an orientation specified by the time-independent Euler
angles Qsn. In each configuration, a C-D bond has a known orientation. Its motion due
to conformational transitions is responsible for spin relaxation. Transitions between dif-
ferent configurations take place by means of one-bond, two-bond or three-bond motions
[4.7,4.8] in the chain. These bond motions involve jump rate constant ky, k2 and k3,

respectively. Transitions among configurations are described by a master equation [4.11]

N
P t) - S Rpu (0 (411)
=1

where R;; is the rate constant for transitions from configuration j to configuration i and
is related to the elementary jump rate constant r;; which depends on the type of bond
motion in the transition. r; is zero if transition cannot occur via one of the three types of
bond motion. The diagonal matrix elements R;; are the negative of the sum of all jump

rates that deplete configuration ¢,
Ri=-) Ry (4.12)
J#i
Moreover, R;; satisfy the detailed-balance principle,
RijPeq (§) = RjiPeq (1) (4.13)

To construct the R matrix, it is required that r;; = r;; and Rij = p.q (i) ri;. The master
equation can be solved [4.9] as a eigenvalue problem. This is achieved by symmetrizing R
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and then diagonalizing to give NV real and negative eigenvalues A, and eigenvectors z(®).
One of these eigenvalues (n = 1) is zero, and the corresponding eigenvectors z(1) is given

by the equilibrium distribution of configurations:
M = [p., ()] (4.14)
The conditional probability Py, (t) is given by

N
-1
Pu () =2 (=) 3 2z exp (—IAult) (4.15)
n=1

Now, applying the N frame coordinate system described above, and using the decompo-

sition theorem for the Wigner matrix components, Eq. (4.1) can be rewritten as

Do () = ZZDfanM [Qear (8)] D2, my [Qaenv] Do [Qnq (8)] (4.16)

muy My
where the Euler angle Qg give the orientation of C-D bond in the N frame. Both Qs
and Qyg are time dependent because of molecular reorientation and internal motion,
respectively. Following the procedure of section 4.2, the decoupled model gives

Gmy (&) = DD 3> Di\imy [ew] Dy s, [Qnan]

Xgmumumy { Doy [0 (0)] D2, 0 [a (8)])
+omio (P2 Y3 (D2yola (0] DE o[ (B])  (417)

my m‘}v
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The internal correlation functions are given by

<D12nN0 [Qvq (0)] DZ: o [Qng (1) l) = ) exp (—imyalyg) di o (Bivg) Peg ()

il

\<cxp( uu. Q}umokpNQ/puu

= Zexp(—l)\klt [Z‘”m z;" exp (~imualyg) dhuyo ( 'rVQ)]

N
1 . 7 - l'
X [sz, 128 exp ( zm’NaﬁVQ) drr 0 ( NQ)]

=1
where B‘NQ and a‘NQ are polar angles of a C-D bond in the rotamer of configuration { in
the N frame, and Eq. (4.15) was substituted in the last step.

When applying TZ model to treat chain deuterons of an asymmetric rotor and letting
Quwy = 0 for simplicity, i.e., the N frame is coincident with the M frame, the spectral
densities of C; deuterons can be obtained for m # 0

G, (myw) = —(q‘c"o) ZZZ [zxm ® exp (—imuallh ) o (gw)}

ma m.M k=1

[ 22 exp (—imiyally) diy o (6% )}
ll....

22 22
xz (b""‘”‘M""M)K [(am""‘*‘”"u)x + IAkI]

22 2 2
K [(amLmMmfw)K + |/\k|] + (me)

where @ and b are defined in Eq. (3.26).

(4.19)

In this chapter we take the internal motion of the chain into account, and get the

spectral densities for deuterons along a flexible chain.
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5 Experimental Methods

5.1 Apparatus

A home-built superheterodyne coherent pulse NMR spectrometer was operated for deuterons
at 15.1 MHz using a Varian electromagnet and at 46.05 MHz using a 7.1 Telsa Oxford
superconducting magnet. The sample was placed in a NMR probe whose temperature was
regulated either by an external oil bath circulator or by an air flow with a Bruker BST-
1000 temperature controller. The ternperature gradient across the sample was estimated
to be less than 0.3 °C. The 7/2 pulse width of about 4 ps was produced by a ENI power
amplifier. Pulse control and signal collection were performed by a General Electric 1280
computer. Fourier transformation and data processing (6.1] were done by Spectral Calc
and Micro Origin softwares on a IBM-PC computer. The temperatures in our samples
were calibrated against a standard liquid crystal in which the transition temperatures are

known and can be determined by NMR.

5.2 Quadrature Detection and Phase Cycling

Typically, a particular experiment is repeated many times and the output signals are
summed before performing the Fourier transformation. This improves the signal to noise

ratio. In a simple NMR experiment in which the signal from the sample is detected along
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only one axis of the stationary reference frame, the excitation pulse must be placed either
to the extreme left or to the extreme right of the spectrum, rather than near to the NMR
line of interest, in order to avoid folding, or aliasing, of the NMR lines. In this case, the
negative part of the spectrum is folded over and summed with the positive part of the
spectrum. This causes the noise to double. Consider the Fourier transform of a single
NMR line when the excitation pulse is placed relatively near to the line. The Fourier
transform produces two peaks on either side of the excitation, one of the which is the
real signal and the other is a fictitious signal. Also, since only one channel is used in the
single phase detection, the detector sees only one magnetization component in the rotating
frame and it is unable to tell if the magnetization is precessing faster (Av = v — vy > 0)
or slower (Av < Q) than the excitation frequency.

To avoid spectrum folding, or aliasing, the quadrature detection method has been
introduced {5.2, 5.3] . Using this technique, the FID signal from the sample is detected by
two channels in a receiver which differ in phase by 90°. The signals in the two channels
form a complex signal with certain amplitude and phase. This phase carries information
that distinguishes signals having a positive offset from a negative offset. That is, nuclei
that resonate at a frequency with Av > 0 produce a different signal than nuclei that
resonate at a frequency with Av < 0. Thus the Fourier transformation of this signal

produces spectrum which does not have the unwanted line and has the real line of double
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the intensity. The signal to noise ratio is improved by a factor of V2 [5.4,5.5].

The quadrature signals from the receiver are sent to two channels in the 1280 computer
for signal averaging. Now the phase difference of the two channels in a receiver may deviate
from the desired value of 90° and the gains of these channels may not be exactly the same.
These problems are solved by using phase cycling of both radiofrequency pulses and the
receiver channels. The computer controls the phase shifter to produce r.f. phases at 0°,
90°, 180°, 270°. The receiver channels take turns in detecting the real and imaginary parts
of the FID (Free Induction Decay) signal, as the receiver phase is cycled between 0° and
90°. As a result, the two channels equally share any error in quadrature or amplification.
Then the computer collects the real and imaginary parts of the FID signal and sums
them in two separate memories [5.5]. Thus the imperfection in r.f. phases and in the

quadrature detector of the receiver are compensated.

5.3 Pulse Sequence

In order to observe relaxation effects, the spin system has to be disturbed from equilibrium.
In NMR this is usually done by applying an oscillating magnetic field for a short period.
This oscillating field carries a frequency at or near the Larmor frequency wq of the spin.
The setup of a typical longitudinal relaxation experiment is shown in Fig.3.1. The shaded

rectangle represents one or more r.f. pulses. Their pulse length and inter-pulse spacing
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determine the initial conditions of the spin system for the relaxation experiment. The spin
system is left to relax during a period of £. A detection pulse is then applied to measure
the spin magnetization along the Z; axis by observing the time domain FID signal.

For deuterated liquid crystal molecules, the spin-lattice relaxation rates can be mea-
sured using the Jeener-Broekaert (J-B) pulse sequence with phase cycling as described
by Vold et al [5.2,5.3]. Note that the above pulse sequence has included an additional
monitoring 45° pulse to minimize the long-term instability of the spectrometer. The pulse
was phase-cycled to have a net effect of subtracting magnetization (My) signal from the
J-B signal. After the spin system has been put in a non-equilibrium state by the first two
pulses of the sequence, its relaxation to the equilibrium state is monitored by a detection
pulse at various times ¢. The deuteron gives rise to a doublet, due to the incomplete av-
eraging of the quadrupole coupling, and the intensity of the two lines of the doublet, here

named L and H, depend on the time ¢t as (5.6

M[, = Aexp(-t/le)—Bexp(—t/qu)
My = Aexp(—t/Tiz) + Bexp(~t/Tiq) (5.1)

where A and B are constants determined by the initial state of the system. By adding
and subtracting M and My, respectively, the Zeeman and quadrupolar relaxation times
Tiz and Tig, can be obtained.

In our experiments, we use the broadband Jeener-Broekaert sequence (see Figure 3.2)
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with the appropriate phase-cycling of radiofrequency and receiver phase [5.7] to simulta-
neously measure Tz and T1q. This avoids the necessity of matching the pulse separation
between the first two pulses in the traditional J-B method to the quadrupolar splitting of

the observed deuteron.

A

\j

Figure 5.1 A schematic illustration of typical setup of a longitudinal relaxation ex-

periment
9 . '
-O<I>, 675¢245¢ 3454,4 45¢5 45¢6
]
| ; AquT AquT
2T 2T —drd—  ——5T ——

Figure 5.2 A schematic illustration of broadband Jeener-Broekaert sequence, ¢; spec-

ify the phases.
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5.4 Liquid Crystal Samples

(1) MBPUB-d,

S-4-(2-methylbutyloxy)carbonylphenyll 4-(10-undecenyloxy)-benzoate

MBPUB-d; was kindly provided by Dr. C. A. Veracini, University of Pisa. This is a
partially ring-deuteriated smectogen. It has a clearing temperature of 52.5°C, SmA-SmC
at 44°C and a melting temperature of 43°C. A broadband J-B excitation sequence [5.8]
was used to measure simultaneously T,z and Tig of the aromatic deuterons. The pulse
sequence was modified using an additional monitoring /4 pulse to minimize any long term
instability of the spectrometer. Signal collection was started 10 us after each monitoring
/4 pulse, and averaged for over 1024 scans at 46 MHz and 4096 scans at 15.1 MHz. The
experimental uncertainty in these spin-lattice relaxation times was estimated to be £5%.
The quadrupolar and dipole splittings of the aromatic deuterons were determined from a
NMR spectrum obtained by Fourier transforming the free induction decay signal after a
7/2 pulse, and had an experimental error of better than +1%.

(2) 80CB-d;7/60CB mixture

4-n-octyloxy-4’-cyanobiphenyl (80CB-d;7)

4-n-hexyloxy-4’-cyanobiphenyl (60CB)

The 80CB-d,7 was purchased from Merck, Sharp and Dohme Canada Ltd. in Mon-

treal, and 60CB was purchased from BDH Chemicals, Ltd. The 80CB-d;7/60CB mix-
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ture has 72 wt% of 80CB-d,;7 and 28 wt% of 60CB. They were combined, melted thor-
oughly and evenly, degassed and sealed. The binary mixture has a clearing temperature
of 79°C, N-SmA at 43°C and SmA-N;,. at 32.5°C. A broadband J-B sequence [5.8] was
used to simultaneously measure Tz and Tyq. Signal collection was started 10 us after
each monitoring 7/4 pulse, and averaged over 4096 scans at 46 MHz and 8192 scans
at 15.1 MHz. The experimental uncertainty in these spin-lattice relaxation times was
estimated to be +£5%. Quadrupolar splittings were determined from a NMR spectrum
obtained by Fourier Transform of the free induction decay signal after a 7/2 pulse, and

had an experimental error of better than +1%.
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6 Rotational Dynamics of a Chiral Mesogen

6.1 Introduction

Chiral molecules used to form ferro- and antiferro-electric liquid crystals have recently
attracted much attention owing to the observation of a rich variety of chiral subphases
(6.1,6.2] . Indeed chirality is now thought of to be an important element in creating novel
organizations and functions of liquid crystalline materials. Molecular chirality can be
created by placing asymmetric carbons in the end chain(s) of a non-chiral liquid crystal
molecule. There is now evidence that a chiral chain is motionally hindered in the liquid
crystalline phase, as the chain is bent at the chiral centre with respect to the molecular long
axis [6.3 — 6.6] . A bent shape increases the molecular biaxiality and the moment of inertia.
This is consistent with the belief that in order to see macroscopic polarization, rotation
around the molecular long axis must be highly restricted. NMR studies of conventional
rod-like mesogens have clearly established that the spinning motion (around the molecular
long axis) of the molecule is about two orders of magnitude faster than its tumbling motion
(around one of the short axis) [6.7]. In the present study, the molecule of an optically
pure chiral mesogen is found to show rotational behaviors which may be anomalous.
Our sample, MBPUB-d,, was studied by deuterium NMR. spectroscopy. A typical

spectrum of MBPUB-d; is shown in Fig. 6.1 together with its chemical structure. The
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permanent dipoles are located mainly on the two carbonyl groups in the molecule and

pointed approximately perpendicular to the molecular long axis.

H D
7 1
CH,=CH(CH,), —0 ‘@—C —0 —CH2¢HCZ Hs
CH,
H D
20000 15000 10000 5000 0 5000 10000 15000 20000
v (Hz)

Figure 6.1 A typical DMR spectrum of MBPUB-d; and its molecular structure
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Although MBPUB has a narrow one degree range of SmC* phase, our sample only
shows the SmA phase with an extended temperature range by supercooling. As seen in
Figure 6.1, the spectrum consists of a quadrupolar doublet (with a splitting Avg) whose
peaks shows an additional splitting (Avp) due to the dipole-dipole coupling between the
deuteron and its nearby proton. The observed splittings are a result of the anisotropic
motion of molecules within fluid layers in the SmA phase. The splittings Avg and Avp
datas versus temperature at 46 MHz are shown in Figure 6.2. It is clear from this figure

that the data show some temperature dependence.
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Figure 6.2 Plot of quadrupolar splittings Avg and dipolar splittings Avp versus the

temperature at 46 MHz. Circles and up triangles denote Avg and Avp, respectively.
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6.2 Data Analysis

In a previous study [6.10], the para axes of the phenyl rings in MBPUB were found to
make an angle of 12°. We estimate that the molecular z)s axis makes an angle § = 6°
with the para axis of the deuterated ring. Using the Avg and Avp from Egs. (2.20) and
(2.22), the principal values P, (= S..) and S;z — Sy, of the order parameter matrix of the

molecule core can be determined at each temperature according to:

3 1
Avg = —3dco [sz (6) - 3 (Szz — Syy)g(9)} (6.1)
Avp = —2Kpy—— P (Scos?0 - 1) = 2(s,. = 5,,)sin?6 6.2
vp = = DH% 2 5005 ~3 —5( zz — Syy) Sin (6.2)

where gcp (185 kHz) is the nuclear quadrupolar coupling constant. Kpy (18.434 kHz A®)
is the D-H dipolar coupling constant, rpg (2.5 A) is the proton-deuteron distance, and
the functions [6.11] f(f) = 3sin®8 + ncos?8 + (n—1)/2 and g(f) = 1 + 2cos?8 +
n(5+2sin?6) /3. In Eq. (6.1), a normal value of 8gq = 60° for the angle between
the C-D bond and the para axis, and an average of quadrupolar splittings from the two
non-equivalent C-D bonds in the (zar,yar, z2ar) frame has been used. Also, n = 0.04
is assumed. The derived order parameters are shown in Figure 6.3. These are used to
construct the orienting pseudopotential for the spin relaxation study. As seen in the
Figure 6.3, the molecular biaxiality (Szz — Syy) is small (ca.0.03) and the nematic order

parameter P; (ca.0.7) increases very slightly over the entire SmA phase upon decreasing
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temperature.
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Figure 6.3 Plots of order parameters P and S,. — S,, versus the temprature
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Figure 6.4 Plot of spectral densities versus the temperature. Closed and open symbols
denote J; (w) and J; (2w) respectively. Squares and circles denote data collected at 15.1
and 46 MHz, respectively. Solid and dashed lines denote calculated spectral densities at

15.1 and 46 MHz, respectively.
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The spectral densities J; (w) and J (2w) are shown in Figure 6.4. We found that both
J1 and J, show strong frequency dependences, and increase with decreasing temperature
in the SmA phase. The apparently large frequency dependence in J; cannot be explained
by the well-known relaxation mechanism called director fluctuations (ODF) [6.7] . Further-
more, the ring deuteron is known to be insensitive to the ODF because of the orientation
of its C-D bond being close to the magic angle. We therefore ignore any contributions from
the ODF and choose to explain our spectral density data using the small-step rotational
diffusion model of Nordio [6.12], but with a minor modification [6.13] for a (molecular)
biaxial orienting potential. We note that the rotational diffusion tensor is diagonal in
(Zar, Ym, zp) frame with principal values D, (= Dy) and D, = Dy, (= D,). Internal
ring rotations about its para axis and the overall motion of the molecule are assumed to
be uncorrelated so that the superimposed rotation model (6.14] is used. Furthermore, ring
rotations with a rotational diffusion constant Dg may be treated either in the small step
diffusive limit {6.15] or in the strong collision limit [6.14]. Using the notation of Tarroni
and Zannoni [6.13], the ring deuteron spectral density is given by Eq. (3.30). Using an

Arrhenius temperature dependence for three model parameters, gives:

D, = D exp(—EP+/RT) (6.3
Dy = Dﬁexp(—Ef"/RT) (6.4)
Dr = Dyexp(-E®/RT) (6.5)
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where DY, Dy and Dy are the pre-exponentials, and their corresponding activation ener-

gies are EP+, EX' and EP®, respectively.
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Figure 6.5 Plot of rotational diffusion constants versus the temperature. Solid,

dash-dotted and dotted lines denote D,, Dg and D) respectively.

A global analysis of eight different temperatures was carried out to minimize the sum
square deviation of experimental and calculated spectral densities with AMOEBA [6.16} .
Because the correlation coefficient between the pre-exponential and its corresponding
activation energy is as high as 0.99 [6.8], we rewrite Egs. (6.3) — (6.5) in terms of D',

y and Dy at Tmax = 325K, the highest temperature used in the global analysis. Thus
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six target parameters (D',, Dy, Dy and three activation energies) were varied in the
minimization. The quality factor Q is defined by
Zk:;:; [Jeate (muws) — J2® ("Wi)]z
T s el

km i

—.

(6.6)

where k is summed over eight temperatures, sum over m is for 1 and 2, and ¢ is for
two frequencies. Again the calculated spectral densities are again shown in Figure 6.4,
and the derived model parameters are shown in Figure 6.5, with a Q = 1.3%. Despite
the relatively small @ value, there are systematic deviations between the experimental
and calculated spectral densities, especially in J; (2w) and at low temperatures. These
deviations are largely due to limitations of the adopted motional model. We note that
the tumbling motion (D) is faster than spinning motion (D) which is a surprise. That
Dy and Dp values are found to be comparable seems to follow other non-chiral rodlike
mesogens. The slow spinning rate (ca.108s™!) may stem from the bent shape of the
molecule and its larger moment of inertia about the long axis. Similar spinning rates have
been reported in the SmA phase of other chiral compounds by dielectric spectroscopy
[6.9] . The activation energies EP+, E2" and EPr are equal to 26.7 kJ/mol, 40.3 kJ/mol
and 45.0 kJ/mol, respectively. The error limit of E2+ is £:0.05 kJ/mol, while that of ED
varies between (44.7-38.5) kJ/mol and that of EPR is (47.9-43.4) kJ/mol. For a particular

target parameter, the error limit was estimated by varying the one under consideration
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to give an approximate doubling the @ value while keeping all other target parameters
identical to those for the minimum Q. The pre-exponentials D9, Dj and Dy are given by
8.74 x 1013571, 3.37 x 105!, 2.84 x 10557}, respectively. These parameters represent
reasonable “collision” frequencies for the different motional processes. The error limit for
D{ is (1.08 — 0.71) x 10**s™, for Dj is (6.8 — 0.7) x 10*s~*, and for Dj is (5.3 — 0.95) x

10155~ [6.17].
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7 Molecular Dynamics in a Mixture of 8OCB-d;; and

60CB

7.1 Introduction

NMR spectra of deuterated liquid crystals show well-resolved quadrupolar doublets. Hence,
T\z (Zeeman) and T)g (Quadruplar) can be simultaneously determined for different
atomic sites. From these T)’s, the extraction of spectral densities J; (wo) and J» (2wq)
are possible, where wq/2m is the Larmor frequency. The additive potential(AP) method
is employed to construct the potential of mean torque by modeling the quadrupolar split-
tings in the sample. A decoupled model is used to describe correlated internal motions of
the end chain, which are assumed to be independent of the molecular reorientation. The
latter motion is treated using the small-step rotational diffusion model of Tarroni and Zan-
noni (D, = Dy = D, is used), while the former motion is described using a master rate
equation. The experimental results were analyzed using the global target minimization
approach {7.1] in order to obtain more reliable fitting parameters.

Our sample is a 72% 80CB-d;7 and 28% 60CB mixture by weight. The 80OCB-d,7
molecule is schematically shown in Fig. 7.1(2) and the peak assignment of a representative

spectrum for the 80CB-d;7/60CB sample is shown in Fig. 7.1(b).
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Figure 7.1 (a). Schematic diagram of a 80CB-d,7 molecule and various coordinate
systems used. (b) . A typical deuteron spectrum of 80CB-d;7 or 80CB-d;7/60CB mixture

showing the peak assignment



The peaks from C; and C,, and those from Cs and Cs did overlap, but deconvolution of
the peaks for the individual carbon’s deuterons was carried out whenever possible, noting
the proper lineshapes of coupled deuteron pairs 7.4} . This allowed separate determination
of relaxation times for the carbon sites in question. At 15.1 MHz, the peaks 1 and 2 could
not be resolved by deconvolution at low temperatures, and the DMR signals of these
carbon sites for relaxation measurements were obtained by simply integrating the areas

in different parts of the overlapped (broad) line.

7.2 Data Analysis

The molecular mean field theory based on the additive potential (AP) method, the de-
coupled model .and the small-step rotational diffusion model for biaxial probes have been
presented in the previous chapters. The geometry used to describe the carbon-carbon
backbone of an alkyloxy chain is adopted as [7.5]: ZCCC =113.5°, ZCCH =107.5° and
£ZHCH =113.6°. The dihedral angles for rotation to the trans(t) and two symmetric
gauche (g*) states are 0, £112°. The gauche states have higher internal energy in com-
parison to that of trans state by an amount of E,,. The O-C, bond is fixed on the phenyl
ring plane [7.6]. Using the pentane effect to eliminate any conformer which contains either
a gtg~ or g~g* linkage, the number of conformations in the chain is 577 (i.e., Nyzgz =0

in Eq. (2.30)).



It is known that the ZCOC which specifies the direction of the chain relative to the
molecular core plays an important role in the observed variations of segmental order and
spin relaxation profiles. Thus ZCOC = 126.4° was adopted (7.7]. The molecular core,
which includes the first C,.-O bond in the chain is assumed to be a rigid subunit and has
cylindrical symmetry with an interaction parameter X,. As an approximation, the bond
interaction parameter of the O-C; bond is identical to those of C-C bonds, i.e., X = Xo.
According to the model prediction [7.8], the ratio A = Xc./X, should be independent
of temperature. The rotational minima about the O-C; bond of the hexyloxy chain were
also taken to be 0, £112°.

Figure 7.2 shows the experimental segmental order parameter Sg)D for 8OCB-d;7 as a
function of temperature in the N, SmA and N,. phases of the 80CB/60CB mixture. An
optimization routine (AMOEBA) was used [7.9] to minimize the sum squared error f in

fitting the experimental S5y,

1= (- ) 2

where S8 is obtained from Eq. (2.28) with Egs. (2.37)-(2.42) and the sum over i

includes only the methylene deuterons in C; to C;. The f values at different temperatures
were found to be of the order of 10~3. The calculated segmental order parameters are also

indicated in Figure 7.2 as solid curves.
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Figure 7.2 Plot of segmental order parameters of 8OCB in 8OCB/60CB versus the
temperature. Solid squares, uptriangles, x and downtriangles denote C,, C3, Cs and Cz,
respectively. Open uptriangles, squares, circles and downtriangles denote C,, C4, C¢ and

Cg, respectively. The solid curves are the theoretical calculations for C, to C; starting
from the top. Note that the experimental splittings of C3 to C4 are reversed from those

predicted by the theory
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those used before for 80CB (7.2|. The derived interaction parameters X, and X.. versus
temperature in Figure 7.3 are comparable to those found in 60CB and 80OCB. The in-
teraction parameters found from fitting the quadrupolar splittings are then used to find
P.y (n) needed in calculating the autocorrelation functions for internal motions of the
chain. Furthermore, the order matrix of an “average” conformer of 8OCB has been eval-
uated at each temperature. Figure 7.4 shows its principal elements (Ps) and (Szz — Syy)
as a function of temperature, from these the coefficients asq and ag in Eq. (A.1l) are
obtained. Despite the obvious deviations between calculated and observed segmental or-
der parameters in Figure 7.2, the resulting P.q (n), ao and ag, are quite satisfactory for
treating our relaxation data in all the mesophases.

The spectral density J; (w) and J; (2w) data versus the temperature for all the chain
deuterons are shown in Figure 7.5 for 15.1 and 46 MHz. It is clear from this figure that
Jl(i) (w) show substantial frequency dependences at all carbon sites, while J,_fi) (2w) shows
less frequency dependences. In a study of 60CB (7.10], similar frequency behaviors of
the spectral density data in its nematic phase were accounted for only by the relatively
“slow” molecular reorientation. QOur results indicate that “slow” molecular reorientations
can describe the frequency dependences of in) (w) and Jéi) (2w) in the SmA and N,
phases, while some ODF contributions appear to be necessary in the high temperature N

phase of the mixture.
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Figure 7.5 (a), (b) Plots of spectral densities versus temperature in 80CB/60CB at
15.1 MHz (Fig. (a)) and 46 MHz (Fig. (b)). Closed symbols denote in) (w) and open
symbols denote their corresponding Jéi) (2w) . Squares, uptriangles, circles and
downtriangles denote data of C;, C3, Cs and Cs, respectively; Some typical error bars
are shown. Solid and dashed curves denote calculated spectral densities J; and Jo,

respectively

90



Spectral Density (s™)

0 0 =
300 310 320 330 340 350 300 310 320 330 340 350
T (K)

Figure 7.5 (c), (d) Plots of spectral densities versus temperature in 80CB/60CB at
15.1 MHz (Fig. (c)) and 46 MHz (Fig. (d)). Closed symbols denote J{* () and open
symbols denote their corresponding Jéi) (2w) . Squares, circles, uptriangles and
downtriangles denote data of C, C4, Cs and Cg, respectively; Some typical error bars
are shown. Solid and dashed curves denote calculated spectral densities J, and J3,

respectively
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Since the motional biaxiality is believed to be small, we have set D, = D, = D, . The
spectral densities J{i) (w) and JQ(i) (2w) for carbon 1 to carbon 7 are calculated using Eqs.
(3.41) and (4.19) and compared with their experimental values from all mesophases in a
global target analysis. To get some ideas on the temperature behaviours of model pa-
rameters D, , Dy, ki, k2 and k3, individual target analyses (i.e., analyze spectral densities
at each temperature) were first carried out. These analyses have indicated that the tar-
get model parameters vary smoothly with temperature, even across different transitions.
Furthermore, we found that the rotational diffusion constants obeyed simple Arrhenius

relations:

D,

DS exp [-EP*/RT]

Dy = Dfexp [~Ef" /RT] (7.2)

while all jump constants showed weak temperature behaviours which might be approxi-

mated by
ki =k, + k(T — T.ep) (7.3
i f

where ¢ = 1,2 or 3 and T,.s is arbitrarily chosen at 320 K. The pre-exponentials D,
Dy and their corresponding activation energies £°+ and EZY are the global parameters.
Similarly k1, &, kj, k%, k} and k7 are the remaining global parameters in our global target
analysis. Instead of Eq. (7.2), thi_s was rewritten in terms of the activation energies and
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the diffusion constants D', and D|’I at Tr.s. Indeed k1, k3, k3, D', and Dil were first obtained
at 320 K by an individual target analysis. Now the ODF prefactor A was chosen by varying
it as an input to give the “best” minimization of the mean-squared percent deviation
(F) with AMOEBA. Thus, A was set equal to 6.7x107%s!/2, while a linear temperature
dependence was imposed for the high frequency cutoff (w./27 = 90 MHz at 350 K) such
that its value decreased to 3 MHz just below the N-SmA phase transition at 315 K. In
this manner, the cutoff function $(z) approaches 0 in the SmA phase. The choice of 90
MHz for the high frequency cutoff at 350 K seems quite reasonable in the overall fits of
our experimental data. We found that ODF contribute at 15.1 MHz about 1.4-2.4% to
Jl(i) (w) just below the N-SmA transition (315 K), and make zero contribution to in) (w)
at lower temperatures. At the high end of the N phase (350 K), ODF contribute to in) (w)
between 27% and 36% at 15.1 MHz (about 12-16% at 46 MHz). The ODF contributions,
when compared with those in the pure 80CB sample at the same temperature, are slightly
higher. Although J$) . were included here, their magnitudes were very small (e.g., <1%
at 15.1 MHz and 350 K). We note that the chosen A value is consistent with those found
in other liquid crystals {7.11]. Now the temperature dependence of ODF contributions

came through w, in the cutoff function for the ODF modes. The fitting quality factor Q@
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is defined as
Dt (mw) — JR P (rruu)]2

5 [0 )]

i m k

(7.4)

where sum over i covers C, to Cz, sum over w is for two different Larmor frequencies,
sum over k is for fourteen temperatures covering N, SmA and N,, phases, and m = 1 and
2. We have a total of 392 spectral densities to derive ten global parameters. We found
Q = 2.8% and the calculated spectral densities are shown as solid (in) (w)) and dashed
(Jéi) (Qw)) curves in Figure 7.5. Although there are some systematic deviations between
experimental and calculated spectral densities, the overall fits are quite satisfactory given
the many simplifications (in particular the use of the “pentane” effect) in the motional
model used in the present study. Figure 7.6 shows the site dependence of the experimental
and calculated spectral densities at 340 K together with calculated Jﬁ), r (w) at the same
temperature. The model parameters are summarized as plots shown in Figure 7.7. The
three-bond motions are very fast and occur on the timescale of femto-second. Now k;
increase with increasing temperature, while k; shows an opposite temperature behaviour.
We note that the values of D, are very similar to those found in a dielectric study [7.12]
of 80CB, while our values of Dy are about an order of magnitude higher. The reason
for this discrepancy is not clear. The activation energy ED (= 49.1 kJ/mol) is higher

than the activation energy E2+ (= 37.0 kJ/mol), which seems not physically meaningful.
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This merely reflects the difficulty in getting information about the tumbling motion of the
molecule, a problem often encountered in NMR studies of liquid crystals [7.13,7.14,7.15] .
The tumbling motion (D, ) is slow with a rate less than 4 x 107s™! just below the N-SmA
transition, thereby producing some frequency dependence in both J; (w) and J; (2w) in
the SmA and N, phases as well as to a lesser extent in the high temperature N phase. The
error limits for E2! lie between 50.1 and 47.7 KJ/mol, while 35.6 KJ/mol < EP+ < 38.2
KJ/mol. The error limit for a particular global parameter was estimated by varying
the one under consideration while keeping all other global parameters identical to those
for the minimum F, to give an approximate doubling in the F' value. To examine the
error limits for the jump rates, we considered &}, k5 and &} at Ty (k] = 1.32 x 1013571,

5 =3.33x 103571 &} = 4.1x 10'%s71). We found that 1x10%s™! < kf < 4x 10357}, and
2.28 x 10*257! < k} < 7.5 x 10257, while the lower limit of &} is equal to 1.58x10%s~1.
Furthermore, any larger k4 value does not affect the fits and hence no upper limit can be
estimated. Indeed there is a tendency in the minimization to overestimate the k3 value.
The pre-exponentials in Eq. (7.2) are D = 4.8 x 10! and D} = 3.2 x 10'7s™". The
error limits for DS lie between 3.1 x 10s~! and 7.8 x 10'%s™!, while for D} between

2.1 x 10!7s~! and 5.5 x 10%7s~L.
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Figure 7.6 Variation of the spectral densities J; (w) (solid symbols) and J; (2w) (open
symbols) with the deuteron position in the nematic phase of 80CB/60CB (T=340 K).
Circles and squares denote data from 15.1 and 46 MHz, repectively. Solid and dotted
lines are predictions for J; and J, respectively, while dashed line denotes the theoretical

J {gp (w)
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Figure 7.7 Plots of jump rate constants k; (uptriangle), k; (diamond) and k3 (square),
as well as rotational diffusion constants D) (circle) and D, (downtriangles) as a function

of the reciprocal temperature.

Strictly speaking, rotational diffusion motions of molecules in the SmA phase may well
be different from that in the nematic phase, as molecules are stacked into layers. This
has so far been ignored thus far as a first approximation in the literature. According
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to the recent study of a biaxial probe [7.21,7.22], the effect of translation is larger on
the tumbling motion than on the spinning motion, and its effect on the spectral density
Jo (w) appears to be significant at very low frequencies. It is, therefore, not clear whether
the current spectral densities J; (w) and J; (2w) in the SmA phases reflect this additional
refinement for molecular reorientations, épecially in view of many assumptions already
in place in our relaxation model. The internal dynamics of flexible chain(s) has now been
studied in many different liquid crystals [7.13,7.13,7.17,7.18] using deuteron NMR and
the decoupled model, and the trend towards high rates for the three-bond motion is now
evident. In view of the fact that the crankshaft motion involves rather high activation
energy (7.3,7.19], the relatively high k3 values seem a bit problematic. Thus, one may

have to further examine the assumptions used in the decoupled model (7.20].
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8 Brief Summary

Nuclear spin relaxation measurements can be used to study the molecular dynamics in
liquid crystals. For MBPUB, we found an anomalous behaviour (D, > Dy) which is
different from non-chiral rodlike liquid crystals. Further NMR experiments on a chain-
deuterated MBPUB and other chiral molecules of similar dimensions should be carried
out to see if D; > Dy is indeed valid at least for some chiral mesogens. When an
MBPUB sample with the chiral chain deuterated is available, the additional relaxation
data could be used to test a non-axial rotational diffusion tensor as described in the
TZ model. Possible anomalous rotational behaviour of such chiral molecules can have
significant implications on the organization and packing of tilted molecules in various
chiral subphases.

For the 80CB/60CB mixture, a consistent picture in interpreting both the splitting
and relaxation data of 80CB in the 80CB/60CB mixture has emerged in the present
study. In particular, the decoupled model appears to work for all three mesophases in
a single global fitting method. The derived model parameters, apart from perhaps k3
and EP+| are as reasonable as those found for other liquid crystals. We also found that
the ODF prefactor for this system is also acceptable, and that no ODF contributions are
needed for fitting the relaxation data in the reentrant nematic phase. This is simply a

reflection of the viscoelastic parameters at the temperature range in which the N,. phase
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exists in the mixture, since ODF were detected in a high temperature N,. phase of a pure
compound [Dong, private communication|. The three-bond rotations appear to be too

fast and further theoretical investigation is needed.
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Appendix A Matrix Elements of the Rotational

Diffusion Operator

Here we give the calculations [A.1] for the simplest and most important case for the

potential of mean torque. Retain only the second rank contribution, we have

U(8.7)
kT

= ag (T) P, (cos f) + az2 (T) [D3, (B,7) + D35 (8, 7)) (A.1)

where as_» = ag; is assumed [A.2,A.3] . The ratio £ = asp/asy, is a measure of the deviation
of molecular symmetry from cylindrical symmetry. Here we separately evaluate the matrix

elements of the various operators contributing to [. They are

(Or =71 P7n)

= [—LI (L, + 1) - nl‘Z (7? - 1)] 5L’L6n.’n ’ (A2)

L L
(Dh |57 25

2\/2;1;1_?_2 I+ +n-1)¢]

xC(L,J,L';m,0)C (L, J,L';n' — q,q) bnpr—q , (A.3)
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(427 (42
V2L +1

-3 m,—ZZanaw VIV +1) —q@+ D[ (T +1) = ¢ (¢ - 1)]

Jg

J+J
x > C(L,J" L;0,0)C(L,J" L';q+ 1,6 — 1)C (L, J", L';m,0)
Jr={J=J|
XC(L: J”,L’;Tl’ —-q- qlsq +q,) 6n,n'—q—q' ) (A'4)

(o (280

2L+ J+J, ’ ", (4 "
= ;’\/_szzajqa,,q, Y CL,J,0"0,00C (L, T, I q,q)

Jq J!ql JH_IJ J'|
XC (Ly JH? L’; m, 0) C (Ly Jﬂv L,v Tl, -q-— q’a q + q’) 6n.n’—q-q' + (A'5)

<Drl;:n' Drfm >

= _56\/[1/ ('+1)—(n=2)(n' = 1) [L (L' + 1) =/ (0 = 1)]6LLOnm—2

—5e (L2 +12)

—-;-e\/[L’ T+ - @+ @+ DT @ 1) =7 (7 F Dowibamsz (A6)

<D,€,’,,, DL >

:\/zf_’-l-_z:ajq\/[.f (J+1)—q(@+ D] [J(J+1) - (g+1)(qg+2)]

kT

1 (Lz U(ﬂ,'r))

xC (L1 J1 L,v m, 0) C (La J7 len —-q—- 21‘1 + 2) 6n,n’—q—2 ) (A7)
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<D,ﬁ'n: —e (L2 U(g’f’))

DE,)
-———Z"r—if,ilzaﬂ,«wmn—q(q—nl TG DG 2)
Jq

xC(L,J,L';m,0)C(L,J,.L";n' —q+2,9 = 2)8ppregs2 (A.8)
|1 UB, )\’ At
<Dmnl 86 L+ kT Dm‘n
V2L +1 o ,
SJiﬂ—ZZa"qa""” VIV +1)—q(g+ D] (J+1)—¢ (¢ +1)]
J+J'

x Y C(LJ,J%0,00C(L,J,J"q+1,¢d +1)C(L,J", L';m,0)
Jh’:IJ_JIl

xC (L, J", L,; n - q-— q’ -2,9+ Q’ + 2) 5n,n’—q—q’—2 , (Ag)

<D,€:n, ?(L%ﬂ)z D,’:m>

SGJ%LZZGJQGJ"?’\/[J J+)—q@=-D[J (T +1)—-q (g -1)]

Jg J'¢

J+J'
x Y C(LJ,J%0,00C(L,J',Jq—1,¢d —=1)C(L,J",L';m,0)
Jr={J-J|

XC(L, J", L’; n - q-— q’ + 2, q+ q’ - 2) 6n’nl_q_ql+2 . (A.lO)
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In the derivation of the matrix elements, the following relations have been used [A.4]:

ViDL = [L(L+1)+(m—-1)n% DL, ,

L.Dt = nDE

mn ma

L:D:, = VL(L+1)-n(n+1)Dk .., ,

LiD:, = VILL+1)—n(n£)][L(L+1)—n(nt1)(n£2)]D5 .-

Now the matrix elements are

f‘lD'I;‘“> - (Rm)L'n'Ln

= [—L' (Lf + 1) —n" (-r] - 1) + Ko] O 16nn

(on

mn’

3V T+ D =@ =2) @ — DD T+ )~ 7 (@ = Dlevsénm-z

—%e\/[L’ (L'+1)—(n'+2)(n' + )] [L' (L' + 1) — v/ (7' + 1)|6p/LOn 42
+ VoL +1

2L +1
+C (L,2,L;n" = 2,2) Kpbp 2 + C (L, 2,10 + 2, =2) K36p nr42)

2L+ 116' (L,4,L';m,0)[C(L,4,L";n',0) K36nn

V2L +
+C (L, 4, L0 —2,2) Kybp 2+ C (L, 2, L0’ +2,~2) Kibprs2

C(L,2,L';m,0)[C(L,2,L";n',0) Kibpns

+

+C (L4, L7’ — 4,4) Ksbpr—g + C (L, 4, L' + 4, —4) K56 sl A.11)
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where we have introduced the following auxiliary quantities:

Ky, = —% (gago +ak, + \/66020022) - ;Tlage

Ky = —3a.x— V6ear — % ( gagc + a2, + \/f_ieagga«_:3> + %"!“gz

Ky, = —(1+2n)agp — \/Téfazo + g (?%0022 + %fago + %50-%2)
K; = % (gago + a§2 + \/66020022) - %’?agz

6 (2 (V6 3 1
Ky, = _—{, :5-(—2-0.20(1224'16&%0'*'56&32)

[2 2
= — D - 2
Ks 3 351922 (A.12)

Here the symmetry relation C (2,2,J;m,n) = (—1)JC'(2,2, J; —m, —n) has been used.
We have also substituted explicit values [A.5] for the Clebsch-Gordon coefficients, where

possible.
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