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ÀBSÍBåCT

This thesis presents a n€$ prob 3-en i-n combinatorial
design theory r,¡hích is a gen€rali.zat ion of, the well- knc*n
problem cf covering designs. The problen is d.efineil as
folloss, let. there be a set of objects, of cardi_nality Vn
cal-led varietíes. Define a K-set to be a subset containing
exac'tly K of these variet j-es. À {TrKr f,, v) design is def ined
to be a collection of K-sets such that every possible t-set
u¡¡st i-ntersect at least one cf these K-sets in at least r
varieties. À minimal {TrKrrrv) design is one uhich contains
t.he smallest possible nunter of K-sets. The nuu¡ber of,
K-sets in a minimal design is dænotecl by B{TrKrIrV}. The
problem i-s to det.ermine the value cf B (TnKrIrVì anö the
structure of Lhe minimal- designs.

The sub'-problem in which T=r" is the well-knorn probleur of
covering designs" The subcase in which T=K is also an
establi-shed problen .{rhich lias been posed by p. Turaa" .A

summary of the k.ncwn results in these ar€as ís given.

In this thesis, The value of B{2},3rV) is determined for
al-]- values af v, as is the structure of the corr€sponding
minimal- desjgns. The value of B {T"KrT,rv} is a3-so investi-r
gated for the remaining cases in which t=2, K=3 or t+, and
t<5 . the values of B {T, Krtr, v) are cleterminect f or most
values of, 1¡ in these cases.

À computer a3-gori-thn is presented vhich ìr{âs *secr to
establish scme aclditional results" and a tahle of kno¡En
rralues of B {Trt{rI"rV} i-s given.

l::

2 .):ti;:



ÂCKNGWITÐGEIIEN?S

I ltoul-d. like tó exprêss my sincere thanks t,o ny adv5_scr,

Dr" R.G.Stantann whose enccurageníenÈ, advicen and support

over the past several years have been inva_tr_uable. Thanks

are also ilue ta tbe members of the exanining comni_ttee,

Ðr. fl.C.HuI 1in, Ðr. H.C.$Jj-Lli-ans, anrl Dr. R.S.Ð,Thomas, for
the time which they have spent reading thås thesis, anil for
their helpful suggestions.

Thanks ar€ also due to the $ary people tlith whcm I have

ryorked in recen:t years. The experience gai-uect in this work

bas been a valuable part of my studies.

The financial support of the tiational Besearch council of

Canada is gratefully acknowledged.

t:',;-1;

i::i:i:ìt-i



TÀBTE OF CONTENTS

l: :: i:l

CHÃ,PTEB 1- TNTRODUCTTCN ..
1 " 1 Statenent of the problem
1 .2 Overvíe*u cf the thesis

CHAPTER 2 . EÀCKGROüND . I
2.1 Special sutcases . .
2.2 Survey of results . .

2.2.1 Covering designs
, 2.2.2 Turan clesigns . .

2 "3 S na1.1 results

":"
aaaa

tÐtÐ

aa¡a

a¡tt

lata

aaaaaaa

aa.at¡Ða

tata.aaa

¡aa

taaa

aaaa

aaaa

aa¡a

aaat

aaaa

l-:'.:-::.:Ji

aatt

¡a.aa

raat

aaaa

aÐaa

a¡aa

aa¡a

aaaa

aa

aaaa

ta-a

aaaa

aaaa

..25

. ..25
14

. . LJ

..30

. . 31

..33

. . 4t

.'r..1+2

...rr42

. ¡ . . . 43

. . . . . 5?

. 10

.'10

. 14

. 14

.19

.21

. ¡ . 53

. . . 53

...54

. ¡ . 61

...63
'...65
. r.65
...?0
. . . ?0
. ¡ . 72

?5
75
?B
79
81
B3

89
89

CI{APTER 3 - lzrzrLrvì ÐESIGNS . Ð . , . . r
3.3 fntroduction, . . ., . . ¡
3 .2 l{inima I (2 ,2 rL,V) desigr:s , r . . . .
3. 3 N oÐ-m íni mal {2 ,2 ,L rll designs . . ¡ ,

3.3 " 1 Nûn:-minimal {212r3 rltl designs . .
3.3,2 Ilcn-minimal {:¿r2rIr1,l) Ðesigns . .

3.4 Sumna.ry .. . . . | . ¡ . . . Ð .r . . .

CHåPTER 5 - {2r4r4rV) ÐESTGNS . , . .
5.'1 .Introduction . . . . , . - . .
5.2 Th€ upper baunal . ., Ð, ., .
5.3 Special cas€s . . Ð ¡ ¡ . . . .
5.4 Ov€rlap . . . . . . . . , . . .

5,4.? General resuS-ts . . , . . ,
5.¿l .2 The special cases . . , . .
5,4"3 Ccnc!.usion . . , . . . . .

5.5No¡-partiteclesigns ¡. ¡. Ð ¡
5,6 Summary , . . .. . . . .. . .

CHAPT.ÐR 4 - {2r3r3,V} ÐESIGNS
4.'! Prel-iurinary .results . . ,
4.2 Bipartit.e designs. ! ..
4.3 Non-bipartit€'designs

cHAPTES 6 CITFtÐR {2,K,lrY)
6.1 Ïrrtroduction . . . .
6,2 (213r4rVl designs ¡ .
6.3 (2r3r5rV) designs
6,4 {2,413rVl des5-gns . .
6 .5 12 ,4 ,5 ,V J designs . ,

DES IGNS
aaaa

atta

aara

aa-t

aaaa

aaa

CHA,PTER 7 - Conput€.r sËarchês
?. 'l Introiluction

atat-

ra¡aa

aaaaa

a¡aa.a

t¡taa

¡ttta

aaata

aaaat

f.i::\,.;.ì¡¡:.
' : ::. :1.:',:"



7,2 ?he basic algorithm . . . . . .
7.3 E¡haacenents . . ¡ . ¡ . . .

7.3.1P¡eclusioa .. ù

7,3.2 Iscnorphism rejection ¡ . . ¡
7.3,3 0t-her techniques . . , . , . ,
7.4 Ccr¡cl-usicns , .

APPENDIX ] . SÜPP.T,Ei{ENTåFY PFOOFS . . .

ApPENDIX Tr - TåBIES CF B{T,K,L,V} . .

BIBT, IOGBåPIIY !.. ....,... !..

aaaa

arat

aaÐa

¡aaa

aaaa

at¡t

aa

.aa.l

. . r r . 91

. . .. ! . 96

. . . ¡ . 96

. . r r r 98
r r . r .10 1

. . . . .102

r . . . -T04

. . . r .108

. r . r .111+

'''.::'.a.'1:..:a



?a::::-:::. :'

Chapter 1

çgAgEEE-l -:- IDIE9! gsglp!

I *-1- s !a ! e BÊ s Ë- 9 9-!!.e -ess þ! e s

Combi-natorial ¡:roblems, according to fi.Ha11 Jr. l5l, arÊ

BrimariJ.y ccncernecl r¡ith the arrangenent of a given set of,

objects according to a specified seÈ of nu1es. The central
problen may be to determine shether or not such an arrange-

ment exists, or to deternine the number of ays in ¡lhich the

arranqenent can be done, or to find aut how large or ho¡*

small such an arrâng€m€nt can be.

The probJ.em uhich is iliscussed in this thesis be.longs to

the class cf, problenrs kncpn as cornbinatorial dggigns.

Ðesign theory first arose frcm J. Steinerrs ryork ia
algebraic geonet.ry in 1853 [.17 ). Since then, the field has

flourished, and the nunber of different design probl.erns is
constaat,ly grow5.ng, The nany branches of design theory no$

incluile St.ei¡:er systems, cove rings, packings" bloch designs,

includinE balanced incompS-ete block designs of many di-f-

ferent typesn {rrl} designs, and nany others. These desi.gns

have found applications 5-n the desi.gn of statistical experi-

ments" in the constructicn çf e¡ror-correcting cod.es, in
optimization problens of various kincls, and in Bany ather

areas, includi-ng such things as gam'es and puzzles.

Introiluction 4 -r.:i'i:
i'r '1:!'iì;ll' 
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Chapter 1

The diffj.culty cf constrr.lctLng these designs varies

greatly from problen to probSem. SoÍrê cl-asses of. designs

are constructed relatively easily" while others arÐ fcund

only wi-th a large anouat of time ancl effort. tdith the

proliferation of modern bj.gh-speed coutputers, nany clesigns

can noril be constructed which could not have been found

þefore. NoÈ only can programs be sritten shich will fínd
reLatively large desågns'by usÍ.ng exhaustive search techni-
ques, but t-he prorluction of a reasonable number of actl¡al-

desigas Eay enable a design thecrist ta detect a pattern or

trenð" and thereby proiluce a ge*eral result which might not

have ireen di-scover€d other¡rise, The solution of many

problens alsc reguires that tbey be broken doun into a large

r¡umber cf relativeLy smaltr subcases, which uray then be

treat+d individually" Many such problens coulö not - easity

be solveð rrit.hout the aid of a computer, either to generate

and keep track of the subcasesr or ta process the large

number of, resulting snaller problens. (?be recent proof of

the four-coLcu¡ conjecture is ar¡ excettent example. l It is
beconing increasinEly rare to find a papÊr oD design theory

in which a ccmputer has not been used, either directly or

i-nd.irect1y" to obtain some of the results. fn this thesis,
nany of the results which are obtaineä or referred to fi€re

obtaÍned sith tbe aid af a ccmputer program.

In this thesis" a nËH and fairly general . type of

irilii!¡.]+i;l
È<l¡:it!5
l':: 
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Chapter 1

com binat.orial- design is ôef ined. lt is actuall y a gene rali-
zation of several kno{dn classes of designs" the nost

important of uhich i-s the class known as gggÊ,rj¡lg designs.

This proviiles ¡¡ot only several new, previously unstuilj-erl

classes cf designs, br:t also giv€s a conmon framework within

nhich all- designs of this type nay be studied. Tbe prohlen

is defined as follous,

Ðef ini-tíons tet t,here be a set of. V objects called vasie:

!ÈSS. À g:sÊ! is clefi.neil to be a subset of the

varieties of cardinality K- À JTrK¿L¿.VL--Êgsign is a

collecticn of, K-sets, cften referred to as !lgc$s" such

that ev€ty possíble I-set must intersect one of these

K-sets in at ]east. T vari-eties. Clearly" the paramÐ-

ters nust satisfy the condj_tions TSK_<V and T<I":SV. If a

fi-set intersect.s an T,-set in T oc mor€ varieties, then

that K-set is said to ço-g€E the t-set.- å mi¡Ågg1

l{trKrLrVl design is a {TrKrtrV! design containj-ng the

small-est possibLe nunbe¡ of btrccJçs, Þ-t[¿A-!rIL ðenotes

the number of blocks i¡ a mi-nimal {T,KrL,V} design.

F'or exanpX€" let the ¡rarietics be the integers 1 to 7.

The three hlccks {1 2 3) , {3 4 5) , anil (5 6 lt f orm a

{2,31 4, ?} tiesign, since any 4-set on the 7 variet j.es must

intersect one of Èhese 3-sets in at least two varieties. It
is nÐt, a minimal {213r4r7) design, horyev,er, since the hlocks

-:ra,
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Chapter 1

{1 2 3l and (t+ 5 6) also fo¡m a {213,4'7} design. But a

single block cannot form such a design {the 4-set containing

the ,4 unused varieties sould not be covered) " and so this

des lgn is minimal- antl B (2r3 ,4,-l) =2,

5ta$ðard terminolcgy and ¡ctatio¡ ui11 be enployed in the

remainder of this thesis- In several sections, graph-

theoretj-c terms uilJ- be enployed, and the reacler is referrecl

to Harary [30 ] for definit.icns cf these terms. In particu-

J-ar, th e terms tt.biparti Lêtt t tt trr part!- terr, an d ff N -par t j-ten

llill be used f requent.ly. In some cases, a clesign or graph

vi3-l be ,referreil to as sinp3-y rlpartitett or nnÐn-part.itetr.

ïn these cases" the nunber of partitions $j-11 be clear f,rom

the coatext¡

1.2 Ðverview of the thesis

In Chapter 2, several special subcases of thc geneeal

problern are discussecl, and the interrelationshíps bettleen

then aEe described. Severa¡- cf these subcases are we3-1

lcnown problems, and. a summary of the flork whi-ch ïras been

ilone oTì these problems is given. Several smal] resu.l-ts that

concern the prcblem as a rshcle are al-so presented here.

Chapter 3 investígates {212,1,;fi designs, which is one of

these ¡*e 11- kncwn su.bcases, knoun a s Turan t s probi-em . An

inde pendent proof of the value af B 12 ,2, I, v ) is gi ven, but

In troduction



Chapter 1

sevetral other, more im portant results concerning other typ.es

of t2 ,2 ,L,V) designs ar,e also give n. These resuLts prcvid.e

the foundation for the follcuing chapters.

Chapters 4 and 5 investigate {TrKrKrV} desi_gns, which is
the only special s¡:bcasç of the problem *shich has not

previously been studj-eil to any great extent. fn Chapt.er 4

the cas€ in which T=2 and K=3 is åiscussed, and chapter 5

consÍclers the case T=2 and K-=4. ü1. Ë. t{il1s, in a sumnary

of covering designs [9], ncted that, in that problem, the

case K=4 was nuch more d.ifficult than the case K=3. He

stated ttln part this i-s because Ð . . and in part ít is
because 4 is a bíggen nu¡nber t.han 3,rr It may certainly be

sÈated tha+," in aÐy design theory problen" if 4 is a bigger

number than 3, then 5 is a guch bigger number than 4- This

is certainl y t.rue in th€ current prohlemn and {ZrS 15,Vl

designs ¡ri11 be mentioned only brief,ly.
In Chapter 6, si-ailar results are presented eoncerning

{f,I(rt, v) designs j-n gene ra3-. The valrre of d 1r, *nr, O1 is
ileterurinçd for the majority of tbe sets of paraneters Ín
whicll T=2, fi=3 or 4n and I<5.

fa Chapter -1, several algcrithus are describeil vhích ry€re

useil to deternine B(TrKrtr-rV) for some sets of parameters,

and. the feasibility of using couputer algorithms tn d.eter-

ni-r¡e nininal desS-gnq for ctherr larger, sets of para¡neters

is discussed, Fina1ly, an appendix is provid.ed contai-ning

j:r. li
'. 1-'

' ;..; t--
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tables of t"he knclan val_ue-s of B (TrKrt, V) f or vS 16.
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Chapten 1

. i ..:
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Chapter 2

ggåP-3g3- ?-:-E a cE gEggN,!

2. L-Spssåel-sg-þqaEÊE

, 
tn this sect,i-on" several subcases of the gen€raI problem

are presented, and th€ relationsh5-ps bet,ueen ttrem are

demonstrated.. Tn th€ fo1!.cving section, a sumftary of the

known results concerninq these subcases !,ril-l- be given.

f inst, a dual-ity nay be established between designs by the

folLawing theoren"

Ðgfigi!ågn The cor,plement of a K-set is the set of V-K

elenents which do nct appÊar in the K-set, The

conS:l+ment of a {T"KrtrrV) design j-s obtained by comple-

mentj-ng Êvery K-set in the design"

Eèegggg_?.!.1 The conplement af a

{V-fi-f +1 ,Y -KrV-L, V} des ign.

{TrKrLrVt design

Erqg{ Çonsi-der a {TrKrlrV} desiga. Any T.-se't must intersect
on€ of the K-sets in at least T vari-eties. therefore

there are at most K+tr-T clistinct vari-eties containetl i-n

these t¡¡o sets, and at least V-K-¿+t' vari-Bties which

are contained in nei.ther of them. No$ consider an

arbítrary {1I-I,) -set, and its conpleuent, uhich is an

:..li'

1S

?0

:{,:
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Chapter 2

T,-set. One of the 1{-s€ts ín the design }ùi1l_ intersect
this L-set i-n at least t varieties, The complernent of
this K-s€t r¡il3- ínt.ersect t-he {V-t} -set in exactly

those varieties which ar€ contained in neither the

K-set noE the t-set. The¡e must be at least V-K-I+T

such varieties. Therefore" by complementing €ï€ry
K-set, a design ryi}l- be f,orned which has the reguired

parameters.

çg,g,gllAgf B {T' K'L'V) = I {V-i(-t+1'Ï-KrV-LrV)

À11 of the speci-al subcases of, tàe problem in $hich tuo

or nore of the paraneters ar€ €Eua1 i¡i3,1 now be consideËed..

several of. these are Èrivial subcases, anf, these are treated

in the f,c1lcwing l-ennas,

!gggC_p.1¿1 If V=T, V=Kr oE V=tr B {T,K ,L rVl =1.

Proof Tf 1I=K, there 5-s

K-set r¡il1 forn a

f =fi=1,={-

only o$e possib!-e K-set. If i=L t any /

desi-gn. If 1l=Tr this impl:-es that

Lemga_?.1-Z If T=K=L, then BlTrfirtrVì =
,

bl-e K-set.

(i)
ossiand the design collsåsts of Èvery p

The remaining subcases occur trhen T=K

T=T., then tbe desàgn *¡i11 be a collection
incl-udes €very T-set at least oncê. Such

i::ì :ti,llt;,i

ti::!]]Ì:.

-::::i;:

, 'T=1,r or K=t. If
of K-sets ¡E h ictr

a {T,KrTrV) des5.qn

11Background



Cbapter 2

is known as a ggggl¿Êg design, The problem of covering

designs is a r¿ell kncvn one, and j-t has been extensively

studieit j.n racÊni- years. À summary of the sork r¡hich has

been done ir¡ this field is ccntained in secti-on 2.2.1.

s¡recial- cas€ cf covering designs Ðccurs when Èvery T-set

appears exaclly once in the design" Such a design ås knovn

as a rrtactical- ccnf igurationü or a EËginCr_EISlgm. Tbis

prob.tr-em is a very old cne, and has received a great cleal of
stuily. This subcase of the problem also includes aJ-l

balanced inconplete bl-och designs *ith À=1, as well as ilany

other sinríLar designs.

If T=Kr thea the problem beccmes equivalent to a prohlem

fírst posed by Paul Turan in 1941. Such a (TrTrLrV) clesign

will be referred to as a g_gge!_êg5igg. ?his subcase is a

Barticulart-y di-fficult one, and relatíveIy 1ittle is kno¡¡n

about' it, The ori-gina1 prcblem.posecl by Turan and a survey

of the known results on this topíc i-s presented in section

2.2.2.

these tuo subcases

other. thus every result
proviile a corr€s ponding

versely. This d.uality is

ar€ actually compJ-enents of each

ccncerning covering designs will
resuLt on Turan designs" and con-

stated in the following lenma,

I"ggga,-?r.1=3 The coniplement cf a covering design ås

design, and vice versar

Turan

x2 i:ii;Backgroun d
. 'ì.i t
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Chapter 2

Eggg€ B{TrKrÍr V}=¡{V-KrV-K"I-TrV)=8 (Tt rTtrI,r rV}

The subcase in ubich K=t is a rel-atively nel.l problem.

Such a (T,K, K,1t) design will be ref errecl to as a EymmÊt.giç

clesign" rt rüas actually a prcbrem of this type shich led to
the fornulaticn of the general {Trl(rL,rv) problem. Rêcently

Bernhard Neuilaan posed the tolloning problem. l,that i-s the

miaimun number of 6-sets on 16 varieties which will inter-
sect eïery possible 6-set in at least 4 varieties? In the

terninorogy of this thesis, such a desi-gn ¡rould be a mi¡ic,al

14r6r6,16) design. In atteûçting to solve this probtr-em, the

general syilntetric problem for any T, K, ancl V ïas consi-
dered, which, in turn" led tc tbe fornuration af the general

problem on uhich thi-s thesis is based. Hory€ver, the vaj-ue

of B {4, 6 16,16i. is still unknown, The subcase of, t.be problem

in which l=l( l¡il1 receive the majorS-t.y of the attention in
the remainder cf this thesis.

lenmg-Z,1.4 The compS.ement af a symmetric design ís a

synmetric design,

SrggË B (TrKrßrV)=B (v-2K+T, V-firV-firy)=B{TtnKr 
"Kr "V)

The only renaining subcase of the overall prcblen is the
\ most general case in whict¡ the Èaur parameÈers are distinct,

this subcase *iL1 also be consi-derefl in the follouing
chapters.

1:ì)'-.

i:i..,:,:

Background 13
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Chapter 2

/*2 _sug g gI-gg_ gesg 1!g

In t.his section, the historical background of the problen

+ril-l be pres€ntedn and a sumnary of the resu.Lts Hhi_ch have

been obtained pill be given. ,As noted in the last section"

the tr¡o subcases of the problem shich have been studi_ed are

those concerning covering designs and Turan designs. The

results that bave be'en obtaineð ir¡ these areas are sun-

marízeô separately belov. fhe topic of coverings is also

cl.osel.y nelated to Steiner systens, balanced inconptete

block desiqns, anð ottser related combinatorial designs,

Even a brief, survey of these areas would. be ¡nuch too large

to be incJ-uded here. lnstead, the reailer is referred to the

bibJ-iognapt!y for further i¡ifcrmation in these atr€as.

2 r?. 1 _Çg,ggE 3 !g_"-d e s i-g nE

In 1853, J- Stej-ner [ 1? ] posed the f ollor*ing problem.

FÐr what integer N is it pcssible tc form triples" out of N

gíven elements, in such a way that every pair of elements

apBears ån exactly cne triple? Such a system is now

referrecl to as a Stêiner triBle system, or an gEgg!_ggvggÞg

of pairs by triples" Stein€x then !,ent on to formul_ate the

problens of exact coverings of triples by guadrup.Les,

guadruples by quintuples, etc.

14Backgroun d
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Chapter 2

The first important rcsults concerning covering

general rder€ given by J, Schonheim in 196tt t 15l. fn

paper, the folïowing important lower bound was esta,bli

B{T,K'g'V} 2 t(TrK,V)=f I l'I:1, ".Ftx rr-r t*=#+]"'ll
This is a v€ry good lower bound" and it can be ach

in many cas€s, including B1213r2rVl as shovn above. S

hej-m also proved the inportant ¡esu1t that if a St

system S{TrKrV} exists" then B {TrKrLrV+1}=I,(TrKry+1}.

theorem, in conjunctj-on síth the results of Hanani,

tha t

BL2r412'Vl = L(2'r+r\{) fcr V='lr2r4 ox 5 {uroilulo 12),

ß{21512tv'J = T" (2r5rV) far v=1r215 or 6 (moilulo 20} 
"

anð Ð(3r413rV) = Í,{3r411I) fcr V=2,314 or 5 {rnodr:1o 6).

Sj-nce 1964, the problen c'f, coverings has recei.ved a great

tleal of study, princ.ipa1ly by Eil1s [ 9,10, 1't ,12j, Stantcnn

Kalbflei=":" ancl flulIin [ 16 ]" and Gardner [ 4 ], among others.

The cases for which many results ace knoun are as follows.

san

this

sbed.

ie ved

chcn-

einer

r'his

shor¡s

The problem of coverång pairs by guadruples,

has beer¡ solved for atl values of V by ltills.
tha t

B

lle

1,2 r4, 2 ,gl ,
has shc#n

B {2 '4 ,2 rV\ = L {2 r 4 rV't f ar all V+'l ,9 ,1A ' or 19,

B{2'4r2'\Il = L(2r4rV}+1 fcr V=?rg,r or 10,

an¡l B {2r4r2r19) = t {2r4,2r1g1+2 i

?he problen of covering triptres by guad.ruples has also

i: ¡,:,ii

EackE roun il 1 6



Chapter 2

been solved by Mills fcr most values of v. rn t.his casËn it
is kno¡¡n that

B{3"4,3,V) = l{3r4rY) for a3_1 y+7 (moitulo 12),

and B(3r413r?) = X(3"413r7)+1.

Shere ar€ Ðany results know¡ concerning B {Zr5rZr\! as

weJ.l, although these are not nearly so complete as the

result"s in the previous tr,ro cases" ?he results of schonhei¡n

and. flanani sT¡ow that
Bl2n5r2rT) = tr(2r5rV) for V=1r215n or 6 (modulo 20)..

tarðner [4] has shown that
B {2r5r2rV\ = t{2r5rV) for V=T0 ttr4r17t'lBr30,g4r g?,gB

(notlulo 10Ð'

{v+1 ?,3û, 9 4,1 10, 1"1 4, 1 3t,194 r2 10,2 j}l,

ts{,2,5,2,y1 = L{2,5,V}+1 for V=13r93 {moil X00) {tiì293}

anil B1215r2rVt > L {2r5,V} f or V=13 (nodrrlo 20, .

In addition, ttre value of E{2rsrzrit! is kaclvn for many

specific valu€s of ï. scme cf these are listed in Table

2.2.1,1 .

B ackgroun il 17



Chapter 2

I X7 I

12
13
14
15
20

18
19
23

9
10
12
13
21

'18

19
2B

I
I

12
12
2A

18
19
28

Stanton, Kalbfleisch,
and Mullin

ûarilner

16 I 1t¡ I Stanton" Kingsley I

{ 38,39, I
I 54,78, I

I and I t{2r5"V}
I others I

I
I
I

-------J

Eeþ1c-2.22J'1

The values of, B {2 rl<.r2 ,V) for all- small values of V,

including the values of B {2 15 12 rVl ¡yhen VSl 1, ar€ given by

the foJ-lowing results, which are due to Stanton, KaIbf-

leisch, and Mullin [16], and ttills [9].
B{2rKr2rYl = 3 if K

= 4 j-î. 3K/2

= 5 if sK,/j

= S if 9K/5

= 7 if 2K ( ï 5 1R/3 and ?K-3V+1,

-Bif 2K

There are also a v€ry fen, widely scaùteredn results
shich ccnc€rn cther, largern classes of covering designs,

These results aEê sT¡Bnarized in [ 9 ]. Al-so, s5_nce covering

i:iìr:
rlrì:'

l*:

Í,it::
È:i'::

':'.

I
j
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Chapter 2

designs may be ohtained by ccmplementing Turan ilesigns, the

results given in the fcllorving section uilJ- provide results
cn covering designs whose parameters are of, the fcrn

{V-LrV-T,V-IrV}" Appendix II contains tables of the kncwn

values of B(t"KrTrV) for V<16"

2.2.2 Turan desiqns

In 1941 " P. Turan posed the following probleur on

hypergraphs. Consider an r-graph ryhose vertices are denoteil

by 1¡.,.¡v and ¡¡hose edges arÐ r-subsets of these v

vertíces. ühat is the maximal nunber of edges in such an

r-graph shich does not. contain a ccmplete r-subgraph on t,

vertices? fot exanpl€, if tr=3 and Ì.=4, then not all of the

eilges 123, 124, 134, and 23tl may occur. this problem is
equivalent to the determi:latj-on of B (T"TrLrV) s,ince it is
clear that the edges uhich are !g! included in such a

naximal graph must form a minj-ma1 {rrrrT,nv} design.

'furan deternineil the anstllÊr to this guestion for r=2 {see

,Chapter 3) , but very J.itt.I-e is knc¡'¡n for r23, fle did,

however, give the folloiring conjectures {which have been

ref ormulateil in terms of, B {TrKrtrV} designs} ,

Êg,gjgg,!gEg__I l,et there be 3n varieties, and partl-tion ther¡

into three subsets, X, Y, and Z. each of cardi¡ality n.

T he ninimaL {3 " 
3" ltr 3n) design ui11 then consj-st of aLl

t-
t.

::iÌ "-:jlì'
Background 19



Chapter 2

possible blocks of the form

{xxx)n (yyy), {zzz), {xxy)" (yyz\, and {zz x),
,where x, I t and z der¡ote elements of N, y, anf, 2,,

respectivel¡r" This rn¡ould give the result
B{3r3r4r3n) = 3/n\ + 3n/n\rn) =t(:)+: rz).

Cagjeçture-f.I r,et there be 2n vertices and partitioll then

i-nt,o tr¿o sets X and T of cardinality fl. The minimal

(3r3r 5"2nï rlesign r,ri11 consist of all possiblc blocks

of the form

{x x x}, {y y ll , {x x y)n.anil (y y x},
¡shere x and y denote eLements of X and y, respectively.

This uould give

B{3,3,5,2n} = ,(3) . ,"(;) 
.

Conjecture ï rcas generalized to include all val_ues of It

by P.H.Dirksen and R.t.staÐton [ 1 ], by nequírì-ng only that
the vertices be partitioned into three sets as evenly as

possible. Tl¡e conjecture uas alsc provetl for alt T subject

to the condition that, in scoe minimal {314r3"V} rlesiqn" the

s€t of blccks uhich ðo not inclurle some variety, xt form a

{.3, 4,3rV- 11 design. This conrdition has not, howe ver, been

proved.

The only cther nesults r¡trict-l are knoÍ{n concerning T'uran

designs ar€ those r¡hich can he obtained from ccnplementing

the results cn cavering designs which !üere given previously.

' -.: . .'. '.
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Cbapter 2

2,3 Sna1l results

Tn this section, severa.l lenmas arê presentecl vhich

conc€rn smalL {TrKrT"rV) designs.

!gggê-2..3=.1 B (T''K"lnV) =1 if anð only if l5K+L-V'

Prqef .â single K-set ryi-Ll f crn a {TrK, t,V} desiga j-f and.

only if i-t is not possible to choose I varieties
r¡ithout incluðing T cE mcr€ of the varj-eties that

appêar in the K-set" This ryi.ì-l occur if and on3-y if
L> {V-K) + {T-?) , which gi-ves the stated result.

!gnga-Z"3.2 B(1,K,L,v) = l- (V-t+11 /l<1 .

Pfg,gf In order to forn a (l,KnLrV) design it is only

necessary to incl-ude at least V- (t- 1) vanieties in the

ilesign, in order that no L-set exi-sts which does not

i-¡rtersect any of. the K-sets. This can cJ.earl-y be dcne

in the stated nunber of blocks,

lgggg__3=3.,f Thêre exist.s a mininal (T,K,I,rV) design whicþ

either contains every varietyr or else contains no

repeateil varieties.

Sgggf Suppose some variet¡, x, occurs more than once in a

mini¡na'l (1rK,l,V) design, and that a seconil variety, y,

does not occur. SÊlect on€ of the sets containing N,

ì:ì.it::ii.

Background 21 È;ffi



call it set Â, and change the

?he r€sulting design must also be

design for t,he following r.easons.

t-set, uith the x repJ-aced 'by a
I

covered in the original desiEæ

assumed to be a {T.nKrtrrV}

con tradiction.

thenef,ore any minimal design

üay until it conÈains Êvery

repeat.ed varieties remain.

Chapter 2

in this set to a y.

nininal {TrK,1rV}

y, soulcl not have been

. Since t.his design fias

design, this is a

may be altered in this

varietyn or unt,il no

x

a

If there exists scmË l-set vhich $ras coverecl in tbe

or5-ginal design, but is not covereil in the modif ied

design, then that t-set must contain ïr nust not

coatain y, must contain exactly T-I other varieties
from set À, anð must nct be coverecl by any Ðth€r fi-set

in tï¿e desígn. But if such an l,-set existeil, then that

t)'

corollary

desi-gn

If, B {T, K,IrV) ¿ V/1< then there exists a mi-nimal

shich contains €vÊry variety.

çoe gllaEI If B (T"K, t,VJ

d.esign Hhi-ch consists of di-stír¡ct varieties.

Eggnê_Z.f"4 B (r, if and only if

-I:!-K+'I.T

contaj-n no repeated

mi ninal

L rv',l l\l /8,

LiJ .

v/x J

K,

PggoE Select NSI K-sets uhicb

Background 22



Clrapter 2

elements. f.f a (TrKrlrV) design exists on N blocks,

then i-t may be constructed in thís wâyr by the prevj_cus

Iemna. The resulting design uill be a {T"K,Lrïl design

if and only if it is nÐt possible t.o choose an t-set
which intersects each K-sêt in no üÌore than T- 1

varieties" whj-ch oçcurs *¡hen

t
or L-V

or V-L

or-T:t_(N. ç"1.0.
K+1-1

li.'. ::. ::: ;j

t.:... -: )-.::

l

ì

l
j

ggsgllqEr rr -!-tK;î:r L 1 J
i

B (T" KrT,'V) = [ h!:J I
I K+1-T | .

l{ote: ?he extra +'l in the numerator i-s required since

the number of blacks must be greater than thi-s guanti-

tl, not greater t,han or egual to it.

I :..- rl

É9uga-2:3s5 If NàV/K and L> (T-11 $ then B {T,K,L,V} <N. i:rr.,'

EËgg€ Form a design on N blacks rrhich contains each variet.y

at l-east once. Suppose there exists an L-set flhích is
not covered by this design. Such an L-set can inter-
sect each hloclc in at mcst T-X varieti-es, and hence can

contain at most N {T- 1} variet j.es. But L>N {T-1} ancl

the¡efore such an l-set cannot exist,

Backgroun cl 23 ìr ,,:.,,;i)Ë
i.: .
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Chapter 2

lCsma_!.3.6 B{2rKrlrV} + L.

gEg^e€ If tr v lK 1
Ienfla. If f V/fi -l2l then suppose there exists a design

on f v,zf I blocks, BT a previous lemma" such a ilesiqn

may be constructed uhich ccntains every variety at

least oncê, Such a des ig,n ca n contain at most fi- 1

repeated varieties and therefore every block must

contain at leasÈ one variety sl¡ich iloes not appear in
any other bJ-ock. Therefore it is possible to for¡n an

t-set which intersects each block in such a design ía

at- nost 1 variety, This is a coniradiction. Therefore

B{2,K,1,V) } rV/K 1 > ¿.

-:,:
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Chapter 3

CHAPTER 3 . I2 ,2 ,L .V\ ÐEs IGNS

J. f -En!sg9gg!-igs

\ïn this chapter, several results concerning {212,L rV,t

designs uil.l be presented . ås nen tioned earlier, the

suhcase in r+bich T=K is equivalent to a pro:b1em first stated
by Turan in 191i1 [ 19 ]. This parti.cular casÊ, in uhich

T=K=2, lras firsà solved by Turan hiurseLf , and since then

sevÊra1 add.itional proofs hav,e appeared [2r18].
The results cf tÌlis chapter will- be needed in order to

investigat.e B{,2rK,LrV) designs in Chapters 4r 5, and 6, fn

adðition tc a deterninaticn af the structure of the minirra.l

{2r2rT.rVl der.igns, and an i-ndependent. proof of the value of
B{212r!,r1l , several necêssary results ni11 be obtained abcut

other, non-ninimal , {2r2rLrV) designs.

3=3_EåBå nal-. t|-t 2¿ !¿ vL_ des íg¡ Ë

It will be conveni-ent throughout this chapter to rêfor-
mulate the problem as a graph-theoretical prob-!-ern r âs

f o]-1oirs.

ia ii:i:'1.!

{2 tZ,L rV) Ðesigns 25 ,,:+it¡
i':..),1.:.i'::r
t 
,. '::
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Chapt.er 3

!e,Ê¿4t!¡gg The eguivalen!-grap! of a 12,2,L,vl clesign is a

qraph or V vertices, ccrr€sponding to the V varieties
in the ûesign, such tbat ti{c vertices are connected by

an edge if and only if the corresponding pair of

varieti*s does act appear in the design.

An example of a ilesign ar¡d its equivalent graph i-s shor+n

in Figure 3.2.1 .

12
34
35
45

Ài2
4

r2r3,51 desj-gn and its eguivalent graph

Ðågg¡e-J.2.1

Since every L-set of, the T varieties contaj-ns at least

oÐe pai-r which Ís present in the design, the follouing lenma

is immedi-ate.

le,ggg__J.2.! À graph is the equivalent graph of a 1212 rLrVl

if it contains no complete su.bgraphsdesign if and only

Ðn L vertices.

Tt is a3-so clear that the ninimal design si-'ll correspond

to the equÍ-valent graph containing the naxímum nu¡nber of
edges. The structure of this maxinal graph wil-l be deter-

{2,2,T.rV} Ðesigns 26
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Chapter 3

mined by induction, beginning with the foll_ouing .1.enna.

ågügÊ__l.ZrZ The equiva3-e+t graph of the mir¡imal !2r2,3 rV)

design ís a conplete bipartite graph on t,wo sets of

I 'l/2 1 and L V/2 J vertices.

Sggg! I,et. yl be a vertÊx of maxinum valenc€, n, in the

graph. Let À denote the set of m vertices which ar€

connected to vl, and B d€note the renaining vertices
(Figure 3,2.21 .

L-

T

I I
L------------__J

Eigers-f '2.2

S.ínce the graph caa contain no tríangles, there can

be no eilges ¡¡ithia set À, and so all of the remaining

vêrtices must be incident uith a vertêx in set B.

Since the fiaximum valence is m there ca¡ì be at nost

m {11-m} e dges in the graçh. å1so, there can be exactly

m {V-n} edqes only if no edges rccuÍ betseen two

rrertices in set B, in which case each yertex in B ¡ri11

be connecteil to each vertex in ¡, gi-ving a complete

bi-partite graphr âs reqr5-reti;

1o achieve this naxinum withor¡t. viotr-ating the

iì¡Í:,.::jri
i::,::...:,, :
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assumptiûn that n

in the graphn it
HoHever, m{V-n) is

fies tL¡i-s condition

!aEof-lgr-y

B(2r2r3"Yl =

A n anal ogo r¡s

fol lot¡s.

Chapter 3

is the maximum valence of any vertex
j-s also necessary that m > Vy'2.

maxinízsd ¡lhen n=lY,/21, r¡hi-ch satis-
and completes the proof.

(L: r) . (t: t) 2
v - 2v1¡41.

result fcr any nay now be provecl as

=t

L

EþeoECq-2:-2'3. The eguivalent graph of the nini-ma3. {212,Lrvl
åesign i-s a compLete {f - 1} -partite graph.

gtssE

Suppose that the theorem is true for all I"SLt, anå

consider tl¡e mini'nal 12r2rlr+1rVl design and its equi-

valent graph. ågain, let yl be a vertex of maxinum

valence, m, and let A and B denote the sets of yert.ices

connected to yr and not connected to v1, respectíve1y

{Figure 3,2,2) .

Since no veitex may be incident +lith more tha¡ m

eilges, the naxinun number of edges outside of set A is
rn{V-m} . This maxinum is achieved only r*hen each verte*
in B is conn€cted tc each vertex in .4, aad no edges

occur uithin set B.

{2r2 rtn V} Ðesigns 28
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The edges sit,hLn set A can contain no complete

subgraphs cn Lr edges, else this subgraph, in conjunc-

ticn with vl" aoul-d f orn a conplete subgraph on tt+ 1

vertices, vhich is forbidden. Íhus the naxirauil nunber

of edges rdithin À occurs Nhen t.his subgraph is a

compJ-ete (1f -1) -partite grapb, by the ínclr¡ction hyFo-

thesis. this gives a ccmplete Lt-part.ite graph ovêr-

all, as reguired.

'It is clear, from symrnetry, that t.he maximum number of
edges will ûcÇl¡r r¡hen the vertices are partitioned into the

t-l sets as evenl-y as possible. {That is, êvery set has

carrl.i-nali-ty l 'l/ {t-1) 1 or L V/ (r-X} J, ) If a detailed
proof i-s ilesired, pl-ease see t.he proof given in À,ppenclix tr.

This gives the follouing corcllary.

goEg¿¿g-EI ThÊ nininal 12r2rLNnl design can be f,ormeil by

partitioning t.he varieties int.o -T"-1 disjoi-nt. setsr âs

evenly as possible, and includinq all possibJ_e pairs

fron within each of these sets.

lp¡-eglegs

B{2r2r1,V) = {1-1-r)

2

I-:l!:1I! + sJ!:1.:sL
2 {r-1) 2 {r,- 1}

:

(u;t) .'(ït.') 
,

29 iiìl¡lr. ..'.12,2 ,L,Vl Desiqn s



i j::.ì!,-?lrii.a1{1{+:

Chapter 3

where r=V {mcdulo f-1) a¡d ûÉrll-Z,
Since the maximum possible value of r (f.-1-r) /Z{L-1t is

{L-1) /8, a simpS-er f ormula caÐ be obtained f or t5B, as

fol1ows.

3¿3_N g-!:-Ui ni^g-ê 1_ t2 12 ¡.Lr.lL êpSiS ns

Tn the last section" LL Has se€n that tbe optimal method

af constructing 1212tLrv'! designs iuvorvetl par{iti-oning the

varieties iato 1.-1 di-sioint sets" and. j-ncludi-ng all possible

pairs fron r¿ithin each of, these sets. The eguivalent graph

for sucb a design is an {t-1}-Bartite graph, and the desígn

:j-tsei-f, llill- be cal1ed an (f - 1) -partite design.

Tn Chapters 4, 5, and 6, {ZrKrLrVì ilesigns ni1l be

constructed using a simil-ar technique, rn order to estab-

lish that t.hese designs are *ininal" it will be necessary to
consj-der t.he class of {2 ,2 tL rV! designs r¡hich ar€ lpt
constructe{l in this mannetr,

This sectioun thenn will discr:ss the following guesticn.

what i-s the number of blccks in the smallest 12'2'1"'vl 
,,,,,..,i:,:,,.,:,i::.:,-.

d'esign that is not {i-1)-partite? [i;r.¡i-;-:'.' '¡,¡

1212 rL,V, Ðesì.gns 30 iî,. iij:+,'
i.:l::tr':i :: :,,;::}l:t: rr,:l

ed2,2,L,v) = f yl::.l;ll!'î tts8).I -t {l:ît-- |

iì.

t

I

I

j
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Chapten 3

3.3 . 1 
-N 

ogallrge L_tZrz r1.r.3I_ 9egi.gag

Consid.er the graph with t,he maxinum number of, eilqes that
contains no triangles, and is nct bipartite. {Since such a

graph nust ccntain a cycle ujth an cdä nunber of ïertices,
there must be at least. 5 vertices.'ì Again, 1et yr be a

vertex of maximun val-ence, *l and let sets A and B denote

the vertices eonnected to y1 and not conne,cteit ta vl,
respectively. There can be no edges vithi-n s€t A, else

there wculd be a triangle, anô. scr since the graph is not

bipartite. there must be an edge withàn set B {Figure
3.3 " 1) .

---'r
lÐ-.-sa..¡'ol
L ------_---_--_--i

-1
I

Figufe__]. 3. 'l

îùote Èhat, the presenc€ of tl¡is edge is a necessary

conditi.on but is not a sufficient condition to quarantee a

non-bipart.ite graph. There must u1=o 'b* at least t{o
vertices in set A, or else the maxi$un valence i.n the graph

sould be 1 and the graph l¡cuJ-il be bipartite, anil each

endpoi-nt of the edge i-n B nust be connected to at least on€

vertex j-n â, or eJ-se onç of t.hese endpoint,s could be

{2,2rLrV) Ðesigns

1 ..;.-.:

: -|:..:

':{ .
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Chapter 3

consirlered to be in the same partition as the vertices in .å

and the graph rould again be bipant,íte. T.f bctb of these

additåonal ccndì tions ar€ met, however" t,hen t,he graph

contains a S-cycle and must therefore be non-bipartj-te.
These conditicns are easily ftet for và5 in the construction
belor'¡.

cor¡sider the edge in B and its two ead ,points. Bot.h of
these vertices cannot be ccnnected to any given vertex in
set À, since that ¡vould fo¡m a triangle, and so the maxímum

nunber of edges between these t,wc verti-ces and set À j-s n.

À11 renaining edges in the graph must be incident asith the

rernaíning (v-m-3) vertíces in set B. si-nce the maxiuuin

valence is n, there are at ncst ur{v-m-3} other edges. thus

the total number of eóqes is at ncst

iiiì'¡:.,i;'$

ili.,,:,

m+m {v-m-3} +m+ 1

= m{v-m-1)+T .

This is naximized when n=f,{V-l) /21, giving a

at most

tota 1 of

2

I_:2I1Ë (v ev€n)
4

2

-!-:!,I3I (v odö)
4

or

eilges" Furthermore, this nunber of ed.ges is easåly achieveil

¡sithout violatinE the original assumption that n is the

maximum vaJ-ence ín the graph. Each eurl point of the edge in
B must be connected to at least on€ vert,ex ín À'" else tbe

l2r2,T-rVX Ðes5-gns 32
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other end çoint sould :be {n+ j) -yalenf-, This pos€s no

problem. Each vertex in A is cannected. to ¡/r as well as al-l_

but one vertex in E. thus nc vert-ex i-n A ,¡i11 he more tban

n-valent as long as m>{V-1)/2, but since the maxinun Ðas

obtained l¡i-th m= f- {V- 1) /2 1 , this contl.ition is satisfie d.

This proves

SbeoEe4_-3,.3rL The miniuum cardinality cf a non-bipartite

12 ,2,3 , Vl desi-gn { V>5} is
22

(i)- Lr-:¿slsJ 
= [o=, I

3,. 3,. Z_ N og: q i !i n a L-12¿.Z rl.vL_lgsågn g

The results of

lised as foll-ous.

the previous section may noï be genera-

!egua_3.3.1 å graph on V vertices whj_ch contains no complete

subgraphs on L vertåces, and 5-s nct {f-1}-partite, can be

constructed if and only if V2I+2.

ggggg Since the on3-y subgraph on ¿ vertíces or less uhich is
not {f.-1) -partite is tbe conplete graph on I vertíces, 'which

is forbiildenn j.t is clear that V>t" Suppose V='t+l and yr is
the vertex of minimum valence ír the graph. First, suppose

that y1 is {f-1}-va1ent, and that only the edge betueen vl
and. sz is missj-ng. Since tle subgraph on the I, vertices

{212,L,Vl Designs 33
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other than sr cannot be complete, there must be anotl¡er

m5-ssing e dger say beÈue en v¡ and v4. Br:t this graph øould

then be f,- 1) -partite, with partitions {v1rvz) , (vt ,va) ,etc.
lherefore vr is at most {I"-2) -valent. Suppose the edges

.between vl and v2 anil between vr and vB are missing. again,

there must be an ailditio¡¡a1 missing eilge not involvin g vtr "

If thj-s edge is the edge bet.¡seen vz and v3, then the graph

is {t- 1} -part j.te wit.h partitions {v r, v2, v3) , {v+} ,etc. If
this edge irvolves onJ-y one of s? and v3, say the edge

between yz and \4 , thbn the graph is (t- 1) -partite t¡ith
partiticns {vr ry3) , (vu rrta) , Êtc. If, thís eðge involves

neither sz ncr v3, say the €dg€ betveen sa and v€, ttren the

graph ís' {1-1} -partite Híth partiticns (vr"v¿}, {varv5} ,etc.
Thus such a graph nust aluays be {t-1)-partite- Therefore

v>t +2.

For ali- V>L+zt a suitablc graph may be constructed as

follovs. Forn a complete lt-3) -partite graph fron the fírst
V-5 vertices" Connect the remaining 5 vectices to forn a

5-cycle, and conn€ct each of them to all of the other L-3

vertices. The resulting graph contains no conplete sub-

graphs on T. vertices, anô is not {î. -1ì -partite.

!hgorgg_å=3*2 The structure of the egnivalent graph of some

nininal, non-partite t2r2rLtV\ desígn is as follolys. Í.t is
a complete {t-1) -parti-te graph ¡,rith the f olì_oving tr¡o

mod.ifications. Fi-rst, there is a siogle edge vithi.n one of

34 l':Lrilt:"i
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the partitions {X). Second.,

partì-ti-ons {Y) ls connected

of this edge {Figure 3.3"2)

Tn addition, partition X

N--- -- --.- ------_J

{Other eilges omitted. far

Chapter 3

each vertex in onê of the cther

to only one ot the tvo endpoints

t¿il-L contai-n at l-east three

I o .'. Ð I
L--------J

clarity)

vertices, partition Y si11 contain at least tuo vertåces,

ancl each endpoint of the edge i.n X wilL be connected t.o ¡it

least one verter in Y. These cond.j-tions are necessary to
guarantee that the graph is non-partite"

OtherPartitions...

EiggEe-3 -3- 2

Proof The eguivalent graph of some minimal non-bipartite

{2v 2r3 , V) design has this structì¡re, as shot.ln in the

previous section. The theorem may nos b.e proveil by induc-

tionr ôs follcws.

Suppose that the theoren is true for nini mal, noû-

partite, 12r2rL-1rVl ðesågns, and consider a mínimal, non-

parti-te, {2 r2rLry) design" and its equivalenÈ graph. Ðef ine
,m, tt n À, and B as in the J-ast sectj-on, Since the graph is
not {L- 1} -partit€, tbere are two cases to be considerecl.

Eit her A is nct (L-2) -partite t ÐT e lse À is #"-21-partite

I

t-

35
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anð there is an edge lrj,thin E"

Tf A is not lL-21 -partite, then the maximun number of
edges sithin A rill occur when .A has t,he reguired structure,
by the induction hypothesis. The maximum nunber oÍ_ eilges

outsid.e cf A will occur flhen each vertex in B is conaectecl

to each vertex in A, as before. This gives the overall
graph the required structur€.

Now suppose that À is {L-21-partit.e, and that there is aa

edge within set B, The set cf vertices consisting of vr and

B rriIl ccnt.ain at least three vertices, as required, Let

the partiticns of set Â be 81, P2, ...¡Pn and let theír
cardina.l-ities be m1, rR2¡ . " . l rnr!1 r¡here m 1lm2 ,. .5mo.

Consider the vertices in E other than the two enilpoints

of the special edge, and. consíder the eclges i-ncident. uith
these vertices. Sitce no vertex may be uìore than m-valentn

the naxinum nunber of ed.ges incident vith these vertices

v¡il1 be achj-eveil when æach of then is connected to êyery

verte¡r in set A.'

Now consider t.he reqrainS-ng subgraph consísting of the t¡ro

enclpoints of Èhe edge in B, and set A. Suppose that €very

possible edge j-s pr€sênt in this subgraph, that Ès" ¡, is a

complete partite graph, and each enåpoint is connecteil to

every vertex in A. There yiIl be exactly {nr 1} {m2) .. . (mn)

complete subgraphs on t vertices in this graph. Since such

subgraphs are forbidùen, at t+ast one edge must be missing

l,"r'l
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from each of these complete subgraphs. Tf an edge fron p1

to onê of the endpoi-nts of the eðge in B is removedr ân ed,ge

wi3-l now be missing fron exacÈly {m2} ... {m:n} of these

complete subqraphs. Furthernor€, this is the largest nunher
\

of complete subgraphs idhich share a cÐmmon eclge, tsy

removing an edge from each vertex in F1 to an endpoint of
t.he edge in B, no complete subgraphs silJ- remainr êBd the

ninimu¡r number of edges {m1} r¡ill- have bees renoveil.

there is ûne aclilitional restrj-ction, however, åt leasà

one eilge nust bc rçmoved trcm each enflpoint of the eclge in
B, otherwise one of the end¡;cints woulcl be {il+1}-valentn
which is contrary to the assumptåon that the naximun çalence

is n, Therefore there can be at most 2n-2 eilges bet¡¡een

these endpoints and s€t À, and the const¡ucti-oa above cannot

be used for m1=1" In this cas€, however, íL is alvays

possible to select another partitS.an, P, containing exactly

two vertices, and to remov€ sne edge fron each vertex j.n' p

to a ilistinct end_point of the eclge in B, resulting in a

graph qith the maxinum nunber of ed.ges anil the reguåreil

structuræ" ?here must al says be a partition containi.ng

exactly tv¡o vertices, for the foJ-3_cwing Eeasons.

Tf there is no partåticn contai-ning exactly t'uo vertices,
then ei.tt¡er all sf the part.itions cant,ain only one v€rt€x,

or sone partition contains nore than tuo vertices. ff all
of the partit,icns contain only one vertex, then m=-t-2 and

3?
ì .'-
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the nunber of edges in the graph is at nost V {f,- 2) /2"
However, it is easy to shor+ that a larger rron-partite graph

can, in fact, be ccnstruct€d. The construction usecl in
l,enma 3.3. ? yields a graph in r¡hich every vertex has valence

>L-1, for example. Thus m cannot equal L-2 in the maxinal

qraph. Tf there is a partition containing p)2 verticesr oû

the other hanil, th€n perform the f ollo,ring operation,

Remove one vertex fron this partition, and. add it to p1,

giv5-ng a partitioÐ .containing exactly two vertices. This

operation wi-ll increase the number of edges within å by

l2p-21-p - p-2, uhíIe still allolring the maxi.num number of

ectges \2n-2) betseen À and the endpoints of the edge in B.

Thus a larger non-partite graph has been f,orned" and

therefo¡e the criginal graph could not have been the maximal

gra ph.

Therefore the maximum numher of eåges occurs

conplete tL-21-partite graph, and every v+rt
partit.ion P, contaioing at Least tro vertices,
to only cne enilpoint of the edge in B. This

when A i-s a

€x in scme

is connçcted

gíves the

the theotr€rrlroveral-l graph the required structur€ and proves

Ëg,Egllgg: The maxinum numbçr of edges ryi11 oçcÐr when the

varieties are partitioned as evenly as possibter sübject to
the restrictíon that at least one partition {parti-tion X)

nust contain at least three vertic€s.

{2,2rL,Vj Ðesigns 38
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lrgqf The number of edges Ín a maximal non-partite graph

uhich ís formed from a partite graph by the construct.ion

aboye is N-n+1, ryhere n is the cardinality of partitio.n

Y (which must be at least twc) , and N is the number of edges

in the corresponding complete partite graph. As shoryn in
appendÍ-x T" N is naxímized. uhen the vertices are partitioned

as evenly as possible. For V>zL-1, at leasÈ one partitiolr

will contaín at least three vertices, ancl the rest nrill
contaj-n at, least two ventices, uhich satisfies a1l- conilj--

tions. For VSZL-?, the value cf N ¡-s maxin i-ae d cben one

partition ccntains exactly 'three vert,ices, and the rest. are

split evenly into partitS-ons of sizes tuo anil one. Since

!2L+2, hy lemma 3" 3.1, there uill always be at least one

partition of såce two, as required. The value of n is
ninimízecl when partition Y is chosen to be the snallesÈ

Bartåticn containing at least tuc verti-ces,

Suppose that the vertices ane initially partitioned in
this way so as to maxinize N, Now suppose that t.he vertices

are re-grouped in order to attempt to increase the number of

edges in the grapb. Since the vertices.wele initial3-y
partit-ioned as e venly as possible, such a. re-group.ing can

al-rays be done by a series cf openations 'in shi-ch e vertices

are moved frcm a partiticn containing Ë vertices irrto a

partiticn containing s vertices, where r<s. Such an opera-

tior¡ can decrease n by at most e {if r iaas fornerly the size

r_iir':: i , {

Ì _.::
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of tbe smalLest partition

operatS-on nr¡st al.so decrease

and {r-e) }1 ) .

N hy exactly

Cbapter 3

Hol¡ever, such an

caanot e

nunber of

evenly.

{2 r2 ,LÐVl

{rs)-(r-e) {s+e) = ç +{s-r)e 2 e

Therefore the nunber of edges in
increaserl by such operatic¡s, and

edges will occur r,then the vertices are

lgEgl_XgEy Yhe mininum cardinality af a

design is

2 4.
the grapb

the maximusr

part it.ioned

non-parti te

for V > 2L-1,

forL+2SV52L-2

E {2 r2,r, rvl

and B (2r2rLrVl

-s_ I1-1J -1+L
+2

BEgoE For V¿ZL-1, tlre eguivalent grapb of the minínal-

{212tL,\J design is a conplete partite graph ryith Èhe

vertices partit j-cned as evenly as possible, The equivalent

graph of a minimal- non-partite design may be formed from the

same partite graph by adding on€ eclge t.o one of the

parti-tions, anil deleti-ng on€ edge from each vertex ír¡ the

snal.lest partition to one of, the endpoínts of this n€w edge,

givi-ng a design with the stated size .

ã'or V32L-2" the eguivalent graph of the minånal design is
a complete partit.e graph wittr all partÍtions having cardina-

l-ities 2 or 1. Tr f,or¡s t.be m.inimal non-partite ilesign,

hosever, the size of on€ of these partitions nust be

inc.reased to 3 vertices, and another or¡e d.ecreased from Z to

{2r2 ,î,rV) Ðesign s 40



1 vertex. This will decrease the number of edges by l. One

eåge is thea added to the grapb" and two edges renoved.,

gi-ving tuo less eúges in a1"1, this gives ttre stated result.

3.4 Sunmary

?he val-ue of ß12,zrLrVl has been determined. f or all I and
)

1Ir, and it has been shown that the ninj-mal ctesign is an

('t-t? -partite design 5.n which the varieties are partitåoned

as evenly as possible" The cardi-naLiti-es of the mini¡nal

non-partite {212rL,Vj d.esigns have also bee¡ determined for
all L anrà V. Tbe resultj-ng formul-as for L=3, l+, and 5 wi_l-l

be used in subsequent chapters. For convenj-etrce, these

formulas bave be re-written in a sinplified form" and. are

sumnarized in Table 3, 4. 1.

tt I llinånal I

2t2

Is_ães] lL\rJ
l----+ +----------.-{

212

| 
¿ |' .. tl

Chapter 3

u I f:-::rl I Lt_=å=ul
tt2 2

I'r f 
r-:sIl I Lu-=å*zl

EeÞJs-3=.!:1.
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g5ÄrugB- !_- _ J 2,3,3.I r_ÐE Þ:EgÞ

Í.-l-Eqg 1 ¿Eå!êEr -rgÊ ulÈ,s

À l2Ð3r3rVJ design is a set of n triples which intersect
every possible triple i-n at leas't a pair. It is ¡¡o¡th¡lt'¡ile

to consicler the 3n pairs that are containect ín the tr5.ples

of, such a nesign" rather than the triples thenselvês.

Clearly these 3n paírs, or perhaps a subset of t.hese pairs,

must f,orm a lzr2r3rVl design. If åt srÐEe possible to take

the minimal l2r2 13 tVl design" and then f intl a set of triples
.r¡hich containeð eacb pair in this design exact,ly once, the

result sould clearl-y be the rcininal (2r3r3rV] design-

Tn general,, the set of alL T-sets contained in any

{TrKrl"rV) desiEn nust forn a fTrTrT,rV) design. This gives

'the folJ-cwinq louer bcund on E{T"Kr¿rV}.

lee na_3.1= 1

l- EJI.g,.lr.!L -l
B {r'n' r'v) ¿ I (fi) 

I

In t.he current case, it has been

2
8t2,2'3'v) = 

f *#l 
,

shosn that
iì' .! . ,; ' .':: ...,l
;;i: i : i-i..1,.a... j.;:i:_\-':.. : .; --::Ì..r' .! . -. ..:

r',:::i:i :: :1.j.:::i .j

':{'.

ffutltv
OF MANITOBA
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sonably good bound" and., as will be shown,

be obtained for all V - 2, 4, or 6 {uod 12r.

g tuo sections nål1 deternine B {213 n3,V} for
ring tlre {2r?r3rV't design that nust always

the way in rhich this d.esign can be coverecl

st, in sectisn 4-2, only bipartite 121213rVt

consiilered. ln the rernaining section,

,2r3 rVl ilesigns ui11 be usêil"

?Lris i-s a rea

iL can actually

The f ol lo wi-n

all V by conside

be present" anil

by triples. Fir
ilesi-gns wj-1l be

non-bi-partite 12

Chapter 4

and so B{2"

4.2 Bipartite desiqns

As shcu n j-n Chapter 3, nini mal. {ZrZ ,3 ,Í! design s ar€

bipartite, that is, they consi-st of al-3- possíble pairs from

each of tuo dis jcint subsets of the vari.eties. consider the
problem of covering such a design by triples ia oriler to
create a t2r3r3rVl design. lqo trì-ple can cover pairs from

both subsets of the vari-eties, and so there must be t¡ro
inclependent sets of, triples, each ccvering all the pains of
one of the t¡lo subsets, in other uords, two i-ndepenclent,

{2, 2 r3 rVl designs. Thus

A{213r3rV} S B{2n312rs) + B{2r3r2rV-s}

for any s betr¡een 0 and V..

iì:'::

::r'
a ::-

43l2r 3 ,3 ,VJ ðes ign s
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The mininral {2 12 r3,1Il des ign r'¡å11- occur vhen th e varå.e-

ties are partiticned evenly, Ho$evern the minimal (2r3,3rV)

desÍgn wil-1 not necessarily result f rom the san€ partiti_on-

i¡lg, since soü,e sets of paj-rs ar€ covered by triples norê

efficiently than others. The behavi-our of t.his ineguality
nust be investigated for aJ-l_ V and s.

The value of Blzr3r2rV) is kncsn for a.l-I V. It Has shcrvn

by f ort ancl HedLund j-n 1958 ,[ 3 ] tbat

B{2,3Ð2,v) lål5lll .

This gives the bound

B{2,3,3,\t s t3t=1 I l+ |.tulr==1 ll .

Sínce this Ëunction behaves differently for each residue

class of lI lmod 12t and s {mod 6} " i-t is ccnvenient to look at
particular resiûue classes of V and s" Let V=l2a+x and let
s=6 b+y, rehere 0:<x<'l'l a¡ð 05y55. The bound becomés

22
24a + 12b 2{lab + Kra + ß2b + K3 n

'¡¡here Kl, K2, anil K3 atr€ functions 'cf x aail !, as f ollows.

Kr = +[*r:] 
I 

+ Z{x-y)

K2 = rl 
"zt1 

+ 2y x - 2[*::] I
K3 = I uã'f =å=. I I . |. å[ 5r J I

{2r3 13 ,V) designs 44 
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For any part.icular vatrue cf at and fixeil values of x and

y, the bcund ic a quadratic functio¡ of b which is maximized

wheo

24b 24a + Kz = 0 ','.','',,-,
,r',, ':.:

oÍ þ = a - Kz
14

Hoïever, b nust be iategral, and so t,he mininun is 
._ .

it :a::

obtainecl when b=â*€r where € is the nearest inteqer to i,:.,.r'-', .

{-r(2) /24.
¡.,''.,.¡:¡..,

substituting a+ê for b, and then (v-x),/12 r.or.a, the 
¡:;::::'"i::''

bound becones sírup1y

-\
2

-{,3:Ãl-+crlg-rl+c212 12

2
Where cl = Kl + Kz and ç2 = 'l2e + Kze + l(3:.

The values cf K1, !{2 t K3, €, c!, ancl ç2 are easily
computeil for all x aad T bl a sinple llPt program, and the

results are given in Tabl-e 4.2.1, For each V, the optinum

value f or s, ¡sithin a ¡;articular residue class, will- be

6 (a+e¡ +y, and this value is also shol¡n in the table.

(Z,313rT) ilesigns 45 
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'!f =
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?or each residue class cf Y, it can be seen that one or

more of the si-x bounds is the s&allest for every V>3. These

are inilicatçil by ¿ * in the table. llost of the bounds wi.l1

appear tr¡ice in the table since if sr gives a paËtj-cular

bound, so nust V-st" and these ttro values wiLl usually be in

ili-f ferent resiöue classes.

The mininal {2r3,3,V) designs whi-ch contaia bipartite

{2r213rVl äe-signs have thus been determined. These nínåmal

desÍgns consist of two indepenclent, ninimal., 12r3r2rVt

designs on subsets of s and V-s yarieties. A sumnary of the

bounds for each residue class cf U, a,s we,ll as the optimuur

value{s} for s, is given in lable 4.2.2. The bound has been

re-lErit.ten in terns of V alcne by replacing x by the

appropriate value, and simplifying. The optímun value for s

has also been reçrítten in terms of V.

For Y=2, 4, or 6 (noil 12\ , the upper .bound is equal to
the lo¡¡er bound. of tenma 4.1.1, and is therefore the acÈua1

value of B{2r3r3rV},

:{,

49{213r3rV} desS.gns
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i+'+1":":-1

----------'tI V {mod 121 | ì¡pper bcund I for s= I

ttztl
I o I (y -2v+12)/12 I {v+2)/2 Il______-..+_--_ -._-{ttztt
I 1 I {v -vl/12 I (v+11/2 It------- _+____ -_____{l2 I2 | rr -2r) /x2 I 1/2

l2 I8 I {V -2Y+121 /12 I (ì/+2)12
t----- ------+---*--------+ - - ---lt2 l

I {Y -v+12, /12 | {v+11 /2 or (\t+3) /2 IÈ---------+ttztt
| 10 I (v -2tr+161/12 t v/2 or {v+41 /2 It----------+--- ---+--- ----- t

I

I

--{
I

I
I 11
L-------

lztt
I (v -v+ 1A|- /12 | {V+ 1l /2 or tv +3'! /2 I

Eeþ1e-3.3"-?

;::;:i::ìì;lt ìi

5012,3,3 rVl desi.gns
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I. 3.-8, os: liee¡!i!e- des-iges

?he bor¡nds j-n Table 4"2.2 retlect the snallest possíbl-e

12r31 3,V1 ctesigns shich contain bipartite {2,2,3,y| designs.

If a ilesign does nct cont.a j.n a bipartite {2 12 13 rFl design"

then ìt nust ccntaia a non-bipartite {2r2,3rVl design. By

Tbeorem 3.3.1 the miniurum cardinality of such a non-

biparÈÍte design is
2

I I-:-t IL 4J .

and therefore the number of blocks j-n any (2r3,3rV) design

¡¡hich contains it mast be at least

2¿

l* LuitJ 1= [n¡ã:] {v odd}

2
or I I_:! ] {v even)

ltzl .

8ut thi-s is greater than or equal to the upper bounds in
lab1e 4.2.2 for every V>3. Therefore those bounds are the

hest possible, anfl the follcuing theorem is proved.

ThÐogem_ 4. 3:'t

2
B (2,3n3nv) = 

[ 
t-;30 

] 
{v=Zn 4o or 6 {mod 12) )

2 
Ìi:!:: jt

f -Y-:2L l+t {V=S' B, or '10 {mocl 12} )

| --72- |

1.1: :=, ì::,{2r3r3rV} desi.gns 51
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Chapter 4

{V=1, 3, 5, or 7 ($od 12t

(V,=9 or 11 {urod 121 )

minimal design consists of tso

rrs¡ The exact valuË of B 12r 3,3,Y)

ning {s} ûf the vanieties for êverl V

I

J+1

2
Fv -v
| -71-

2rv -v
| -îz-

Tü every case, the

disjoint {2,3r2rvl desig

and the optinum partitio

are given in table 4"2.2

{2r3,3,V} ilesigns 52
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çEågE Eg- 5 
-= -J2 "-!". 

3-IL-Ð gËlq{Þ

5.1 Intnoductíon

In this chapter, the structure of d214r4rVl designs vill
be investigated, and thê value of B{2,4r4rV} ryil1 be

determi-ned fcr most valu€s of lI. The approach to this
problem $it1 be sinilar to tàat used ia the last chapter.

?rom i,enma 4. 1.1" any {2,11 .4 rV) desígn nust contain a

12r2r4rV| desígn, and therefcre

2
T-:3v

36,

for thes,e values of, V, the mini-na1 12r2r4rVl design

consists of, aLl possible pairs fr,on each of three ilisjoi-nt
subsets of the varieties, each havi-ng cardinality 1 or 4

{mod 12J. It is known [15] that such sets of pairs can e

covered exactly by quaðrup3-es, and therefore this honnd can

actually be attained for all V=3 or 12 {mod 36}.

Tn general, the ninimal 4212r4,V\ designs are tripartitan
tùat i-s, th.ey coataj-n all- pcssible pairs from three dis joi-nt

subsets of the varieties, C-learly, such a tripartite ilesign

B{2,4,4,V} 2 f LBl2r2r4, 
2

t6 v)l= l'¿lr_::slJ.
For aL1 V=3 or 12 (nod 36) this bound becomes simpJ-y

i:.i:::.:::':. 'l: i .-'
- '. ..: ':..' -

.1. :
I : r:-':;._ r: -:

-'. l.:: '.:'.:

{2r4r4,11} designs 53
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catr be covered by guadr,upJ.es by using three independent

{2r 4,2r1¡) rlesígns. The mininral designs that can be obtaj-ned

i-n thi-s nannÊr will- be determined in section 5.2. ïn

section 5.3, several special cases that are not covererl by

the geoeral resrlts of. the prev.i_ous section will be dis-
cus-sed. rn section 5.4, it sill- be shoun that. thes.e ilesi-gns

are the snallest possible designs t,hat contain tripa¡tite

{2r 2r4 rvl clesigns. Finally " in section 5.5, ilesigns that ilo

not contain tri-partite 12r2rurv'! desigas wi-11 be consiilered.

ä.Z-ghg-sPPe r-bgueg

,As shown in Ctrapter 3, the rnininal {212rt+ rV') designs are

tripartit.en that is, they consist of aj-t possible pairs fron
each of three ðisjoint subsets of the varj-eti.es. one net,hod

cf, covering such a tripartite design by quadruples in order

to form a {2r4,4rV) desågn i-s to conbine three indepenrlent

l2r4rZ,-Vl designs" This Eives the fcllorsing bound.

B(?rtlr4rV) S Ð {2r412rr¡+3 {21412rs} +B12r412r!-r-s}

for any r20" sld), and r+s<V.

The behavíour of this inequaì.ity may easily be investi-
gaterl, siace t he value of B {2, 4 r2rÏl is known f or all values

of l, fli11s [ 10111 ] has shovn that

jii.Ì
iii¡::l

5412r4,4 rV) clesigns
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222
B{2r4'¡+'V} S 108c + Z{ta + 24b + 24ab - 72ac '?2bc

+Kra+KzI+K¡c+K4 ,

where Kr, Kzt K3, and K+ are functåons of x, I, anô^ z, as

fo].lows

B{2,11,2,Y) = 
l- ilU:l I J

for all values of V with tbe exception of 7r 9,10, and 19.

These four special cas€s will be ignored for the rest of

this sectio¡r. Th€j.r effect cn the folloving results r¡iIl be

iliscussed in detail in secticn 5.3.

Since thís bouncl wilJ. behave differently according to th.e

residue classes of r and s {nod 121 , and V {nrod 36}, it is
coavenient to let T=12a+yt s=12b+y, anil V=36c+2, shere

01x511, OSyÉ11, ancl ûSzS35" The bound can then be rewrittea

as fo.lIous.

Kr=tftll-3[s:¡:o:]l+2x +v-z ::
:".'.'.1':',,

Kz = tf Iã1 J 
:f a:::=3 .|+ 2Y + x z ,,.',.

:-.:l::::.::'
'.-t-... :. . -'_: -:

lJl 
,

K3 = 9f z:I:I:-1 'l + 3z 3x - 3y
l3l

= l-äl-t] I I. f Ë[':'ll + lz=x=rl-cx-=t]l ::,:::
irirlJ.

For a fixcil value of V, and fixed values of x and yn the r:::i:::'i:

bound i-s a quadrat-i.c f uncticn of both of the vari-ab.l-es a and

b, There is a single minínu$ shich occurs uben
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48a+24b 72c+ K1= û
and 4Bb .+ 2t1a 72c * ft¿ = 0

Or when a=c+el and b=C+ez, where

çr. = K3 --?K: and ee = 11_=.282
72 72

This uinÍ-nun, houÊver, ui11 normally occur for non-

integral values of a and b, anâ, for the purpos€s of, this
constructionr a and b must be integers. The integral values

of a and b uhich minimize the bouncl r'¡i-ll- be one of the fou,r

possible sets of values that ,can be obtained by letting
sl = l- 53_:_?g: I or I 13_:_?51 I

ltzlLT2J
and s2 = f Kl - 2Ka 1 or I Kl 2K? Il---?ã---l L--iz---J.
{Tbis result is provetl in å,ppendix f .}

SubstitutÍ-ng c+er for a, and c+ee for h, anð lV-zl/36 for
c, t-he bound becones simply

JLgI_+çtJV-zL+cz36 36

Where gl = Kr + Kz + K3

and ç" = 24et + 24ez

I

+ f{Brp" + Kzez + I(1er + fia

It shoulil be noted that only the constant tern ce depends

on the values cf el and e2. Thus the optimum values for sl
and sz are easiLy determined" and these vaLues are ind.epen-

dent of the magnitude cf, V.

!f ith the aid of a siurple åPI, progran, the best bound may

l

;

:

i.,

lit.
l

li
i.
l¡

I

I

I

i

Ìl

lr
l

i

i::..'. :: -:1:

lt:t.r;,.:t,:.
i : ..' ::,'

1t.| :: ì

I

l:

t2r4 tq,V') designs 56



be d.+'.erminçC f or an v res i drre class cf r./ {mcd ,3 6) " F irst u

the set of al1 possihle values for x and y must be

genera.ted, alirl redunrlant cases re jected." Íor êxan¡I eo íf

V=.36c+4r one t¡ossibfe part.itioninq of ttre varieties is into

subseÌs cf 12c o 12c+1 u and 12c+3 varietie s " tThus the three

CASeS in i'¡hìch X=0 ancl y,=1n f=0 and '!=3e and X=1 and y=3,

are equivalent-, and- onlv on€ of them neerl be considered.

FO¡' eaCh naìr nf r¡a-ìrroS fOf X and y, Ktu KZ, K3o and Kr+

are determinerl " and the values of the coef f Ícrents ç1 anC cz

are found fcr the opïimum settings of sl and ez " Since

rhere are s1åqht1y cver 10C0 inriividrral case-s to be consi-

'iered., a com¡1ete tahle cf results is too larq*r tc be

nroqont er1 h:r.=r-"-

V=36c+4 are shcl¡n in Table a"2.1"

{-harrf=r E

rn lhí.s case, f our dif f êrênL parti:ioninqs of tha varie-

i.,ies vi11 girre the optimum l;cund, and f-he.se arÊ marked by a

'tó in t-he tab1e, Th: partitlcr:ing that i_nvolves a subset of

sÍze 12c-1 cleally cannot he use,l l¡hen c=0o but other¡+:,se

all of ihese fcur cases l¿i11 git¡e the optinum bound for all

values of t/ in this residue class.

As an exanEleu the results fo¡ the ca.se

t1 li It rtl .l.^-;\¿,!+ î+,v J o"saqns 57
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I
I

r-_--?
tl?-r-s I I I

{mod. 12! I cl 1 cz I for r/s/V-r-s =I xl yl
l----+---+ I Best I

1

1

2
3
4
5
7
1

1
,lt

4
5
2
3
I
J

5
B

3
3
5
7
3
?
7
9
3
5
7
I
9

---J------J

7
7

10
10
7
7

10'7
7
7
7
7

10
7

10
10

7
7
7

't0
7
?
7
7

10
10
7

10
7
7

4
3
2

11
10
9
B

2
11
10

9
B

?1
10

9
I
?

10
9
B

7
I
7
6
5

11
11
17
10
10

0
I
2
5
6
3
B

1

11

5
6
7
3
4
5
6
?
3
4
5
6
4
5
6
5

11
x0
I

10
9

0
0
0
t
0
CI

û
1

1
'x

1

1

¿

2
2
2
2
3
3
3
3
4
4
4
5
6
7
I
B

9

12c/ 12c/12c+4
12c¡12c'+1/12c+3 \

12c,/12c+2772c+2
12c/12c+5¡ 12c- 1

12c/1 2c+6 ¡ 12c- 2
12cy'12c+7 /12c"3
12c/ 12c+B y''l2c-8
12c+'l / 12c+ 1/ 12c+2
12c+ 1/ 12c+t+¡12c-1
12c+1 ¡12c+5/12c-2
12c+1 / 12c+6/ 12c-3
12c+1/12c+7¡12c-4
12c+2¡ 12c+3/ 12c-1
12c+|¡ 12c+4 / 12c-2
12c+2¡ 12c+5¡ 12c-3
12c+21 12c+6/ 12c-4
12c+2¡12c+7 /12c-5
12c+37 12c+3/ 12c-2
12c+3/ 12c+tt/12c-3
12c+3 ¡12c+5/ 12c-4
12c+3/12c+6/12c-5
'lZc+4¡ 12c+4¡ 12c-4
12c+4/12c+5/12c-5
12c+t|/ 12c+6¡ 12c -6
12c+51 12c+5/12c-5
12c+ 5 /12c-1 /12c-1
12c+7 / 12c-2rr12c-1
12c+B / 12c-3/ 12c-1
12c+B/ 12c-2/ 12c-2
12c+9¡ 1 2c-3/ 12c-2

*
*

t.::

t'.1

I
I
I
,l

i'':ì: ^i-:),.

5B{2r4 r4,Vt tlesigns



Chapter 5

Fûr most resj-ilue classes of V, the x and y values r¿hich

give the smallest va3-ue for c¿ alsc give the snallest value

for cr" This ís convenient, since it aluays gives a bound

t.hat. is cpti*al for all values of V in that particular
residue class, For exanple , ¡eferring to Tabl-e 5.2.1 , al-1.

of the cases in whi_ch c2=1 {the minj-urum val_ue for czl give

c1=? {the minimun value for cl). The single excepti<¡n

occurs when V=18 {mod 36). Tn this case, there ís one set

of values for x aod y (x=,óry=S} whi-ch gi-ves the smallest

value f,or ce, but does not give the smallest. value for ct.
This means that there is cn€ partitíoning of the variet.ies

l12c+67X2c+6¡12c+61 which giv'es the optimum bounfl ÐnII shen

c=0, that is, only when V=18.

The optimal results for cactr¡ residue class of V ar€

summari-zed in tabie 5.2-2. Tt is convenient to obtain the

bound in the forn

l::.i: :r:,r'.:
l.: .- '.'-_
i:r.:: i.i-r:r

Ì.¡;.^_.,L::1- 1

.,;, .:r.:+;..-: I .,"
ir':trt1¡:¡.t!: . i-l.:
t:nr .-i !. .:.:. .:;.i

2

{v +pv +gl /36

Where P=ct-22
2

and q=7 -C1U+36C2 r

The values of F

the values of sl au,il

given in a ccndenseil

used in place of rl

Y=1 B i-s also note d,

anil q are given iu the t.ablÊ as eell as

c2, The optinal partitionings are also

f orm. For exa mple , 't0it2//- 1tt wil l be

12c¡12c+2/12c-1,'. The special- casÊ for

12,.414rVJ clesigns 59



0
1

2
3
4

5
6
7

I
I

'¡0
11
12
13
111

15
'16

11
18
19
20
21
)2
23
24
25
26
27
28
29
30
31

32

3lt

35

33

f 
----__L-

f------- --------jI V I cl I cz I p I ç I cptímuur partitioning{s} |
| {mod36) I I I I I I
l___-____;+__+___+

-3
?

2
3

7

B

I
13

1¿¡

15
19
20
21
25
26
27
31
32
33
37
38
39
43
4lt
45
¿19

50 1

51 I
55 I
56
5'7
61

6?
63
5?

6B

1

t
0
0
1

1

'l

2

2
2
3
3
3
5
5
6
7
I
9

1A
11
12
14
15
16
18
19
2A
22
23
2tI
27

28
29
32

33

-3 I
-1

-2
-3
-1

-2 I 0t$/1/1
-3 I r | 1t1/1

-2t21
-3 I 18
-1 I 30

-2124
-3 r 1B
-1 I 18
-2 r 9
-3 I 0
-1 t 2q
-2t12
-3r36
-1 1 12
-2¡33
-3 I 54
-1 I 18
-2 I 36
-3 I 54
-'l I 42
-2t5?
-3172
-1 r 48
-2t60
-3 t -12

-1 I 36
-2 45

54
tt2

q8
54
30

33-2 I

{?} -not appJ-icable for y<36 {2t -only for V=18

reþle-5.2.2

(2,4r4,V] clesiqns 60
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-11 0tÐ/a/1 1/1/-1

-1 I 24 | 0/O/4 t/'t/3 1/1/2
1 1/ 4/- 1< L'

0/1/4 1/x/3
1/1/4
0/3/4 1/2/4 1/3/3
4/ I+/- 14 L1

9/4/4 1/3/4
1/ 4/4
2/tl/4 3/3/4
3l 4/4
tt/4/4
j/4/6 4/4/5
4/4/6
4 / 11/7
tr/6/6
4/ 6/7
4/7/7 f6/6/6 3< 2'
6/6/'7
6/'t /7
7 lt/'l
6/6/1s 6/7/e 7/7ls
6/-1/10 7/-7 /s
7/7/1Ð
6/9/10 7/8t10 '7ls/9
6/it/18 7 /9/1Ð
7/10/10

I B/1ç/10 e/e/10
9/10/1ß
1ß /10 / 1A
12/9/1ß X3/8/10 13te/e
1Ð/10/11
12/1ç I 10 13/9 /10
13/1ß/10
12/12/1ß 12/13/9 13/13/B
13/1t/ 1 1

12/13/10 13/13/s
---r---
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I2r4 rtt rVl designs 6l i,ìir,r;i
lir:r:l:i'.::;!ll

Þ:3-Epegå a 1-gaggs

Às stated in the last secticn, the value of B {2 rq,Zr1l I is
usually given by the formula

812,4,2, v)=lil-51 ll .

ffo¡¡ever, for the four cases in which y=7 t 9, 10, or 'lg,

the actual- value of B{Zr[rzr:Vt is greater than the value

given by thj-s f ornul-a. Fotr ,t=7 
" 

g, ot 10 the act.ual vaLue

is çreater by 1 15, B, and 9 insteail of q, l, and B) , anä

for V=19 the value is greater by 2 {3? instead of 2g}.

îhe bcunds obtaineê Èn the last sect.ion are cor¡ect. for
nost values cf v, IIowever, all- of the cases in whi-ch an

optirnum partítioning involves a subset of j, g, 10, or 19

vari-eties nust he treated separately" There are 30 such

cases to be considerecl. These cccur whea v=15r 17 to 36,

51, 53 to 57, 59" 60, and 63.

In tryo of these cases, uhen V=18 or 3{t" not all of the

cpt,inrum pactitionings involve one of the speci-a1 cases. For

V=311, tbe partit5-oning 13/13/B can be used, and fcr V=1g,

the speciar partit.ioni-ng 6/6/6 can be used. The predicted

bound can therefore still be achieved in these tno cases.

In the other 2B cas€s thc bound given in Table b..Z,z

cannot .be achieved. S'or these casês, a very simple prûgram

¡vas used to determine the best design r¡hich coul d be

constructed fron three 12r412rtll designs" The results are
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given in Table 5.3.1.
________T T_______

I V I Pred.icteil | Àctua1 | Opt i num partitioning {s) |
I I bound I boundl Il----+

4/5/6 3/6/6 ------{15
17
1B
19
2ß
21
22
23

24
25
26

21
28

29
30

31
132

33
34
35
36
51
53
54
55
5ó
5?
59
60
63

5
I
9

10
11
12
14
1s

16
18
'19

2fr
22

23
24

27
28
29
32
33
34
69
?6
7B
B3
B5
B7
95
97

1Ð7

7
9
9

11
12
1r¿

15
17

1B
19

121
22
24

25
27

28
29
31
32
34
35
71
77
't9
B4
86
90
96
9B

't09

/5/6 3/6/6 4/4/7
5/6/ú q/6/7
6/ô/6
t/ôt7
6/6 /8
6/-1/B 5/6/e
6/B/8 6/6/10
7/8le 6/B/9 6/7/10
6/6/11 4/6/13
8/B/8 6/B/10 6/6/12
6/6/13
e/8/1t 6/10/10 5/B/12
6/1 /13
6lB/ 13
8/10/10 8/B/12 6/1t/12-t/8/13 6/e/13
8/8/13 6/1ç/13
1tl10/19 B/10/12 6/12/12
B/9/13 7/10/13 6/11/13 4/13/13
8/1û¡13 6/x2/13
û/1 3¡13
1A/ 1û/13 8/ 12/13'i/13/13
8113 ¡ 13'1ß/12/'t3 e/13/13
1ß/13/13
16/ 1V 1e
16/ 1 í/21
16/ 16/22
1ô/ 18 /21
16/ 18/22
16/1s/22 15/16/25
16/21122
16/22/22
19/22/22 't6/22125

5,:

L---J--

3êþJç-5s3'l

12,4t4rY') designs 62
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5:t-9ve.r1sg

f n sections 5.2 and 5.3 the snrallest 12 rq,-U ,V) desígns

uhicb cou1d. be ccnstructed fron three {21412ry! designs Bere

deternined. Àny ilesign ccnstructed in this manner m rst
clearly contai-n a tripartite 12 12 r4 ,V, desi-gn" The guest.ion

to be consiclered in Èhis secticn is as follo¡rs, Are these

designs the snra].lest possible (2r1+r4ryl desì_gns whích con-

ta5-n tripartite {2 12,4 ,\t\ designs?

Consid.er the t,hree subsets of the vari_eties i-n such a

design, and. the three i-adepenäent sets of pairs r¡hich nust

be covered. Each set of pairs could be covered by its cwn

índependent. set of quadruples, whích ¡roul-d give a design of

the t-ype constructeil in tbe preced5.ng secticns, Tf this is
not the sas€, however, then there must be at least onÊ

quariruple ín the design ryhich covers pairs" from t¡¡o of the

subsets of the vari-eties. sucb a guailruple nust consist of,

two inclependent pairs, one fron each of tuo subsets of, the

varieties.
qua druple.

I,et such quadruple be called split

lgmgg_Þ.9..1 the mininal {2r4,4,\ll design which contains a

triparÈite 1212rtl,Vl design can be constructed. usi-ng at
nost on€ split quailrupJ-e.

Eggg! The tuo pairs irr a split guadruple ar€ cûnpletely

5-ndependenÈ. They may be separated fron one another

{2"4r4rV) designs 63
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without affecting the íntegrity of ltre desi.gn. Suppose

.that a ilesi-gn contains 2 or notre split guadruplæs. At

least tr.lo of the pairs in these quadruples rnust tben be

fron the san€ subset, of the varieties, The pai-rs in
t,he split quadruples can therefore be r€-groupeil j-n

order to place these tlrc pairs i-n the saile quadruple,

thereby renoving one of the split quailruBles. This

process can be continued until at most one spLi-t

quadruple renains" uithout affecting the size of the

design. 0.8.Ð.

The mininal 'desi-gns l¡hich contain no sprit guadruples

have alreaoy been determined in the .last two sections, åny

design shich cont-ains onê sprit guailrup3-e consi-sts of one

i-ndependent. t2,4,2r[l ilesign, and tvo ogeElagpigg lZ14,ZrVl
desågas. That is, tryo designsn eacb of which consists of a

set o.f guadruples plus one pair. Every such design iiar bæ

exactly crìe quaclruple smaller than a corEesponding design

formed fron three non-overlapping 12,UrZrV, desígns, Thus

the bouncls alread.y cletermined can be improved if anil only íf

that f orm the opt,imal scluticn {s} can be overrappecl; To

iletermine wt¡ether oE not this can be clone, two guestions

must be ansfier€d.

fi¡st, for what yalues of V can the rnininat lZrU r?rFl
design be constrr¡cteil using E {2r4 ,2rVl -7 q,uarlruples and one

{2'4,11'v} designs 64



pair? Second, are

in which an cptimal

these values of V?

5.9r:. 1-Êggera 1-r esg¡lg

Considec a minimal 12r4 12rVl

ti-es can be removed fron a singl-e

ing the 5-ntegrity Ðf the design.

of the six pairs. in that, quadruple

blocks. That is" tbere must be

pai rs.

Chapter 5

there any cases i¡¡ the last t¡ro secticns

partitioning involves two or nûre of

design in which tryo varie-
quaclruple without affect-
If, this is the case, five
must also appêar in other

at least five repeated

i:rr,x

,:' !::. !
jìrr:t{:ì:i

l: i.'. : "'. "

:.....,
I

Tn addition, Êvery vari-ety must appear at teast oncê r*ith

each of . the othe¡ V-l vari.eties, and therefore must app€ar

in at. least f {V-1t/3 1 blocks- Theref,ore, íf- v=O{moil 3}

each variety must occur j-n at least on€ repeated pair, and.

íf V=2{nod 3} each variety ilnst cccur in at l-east t¡ro

repeated pairs. Thus, iu addition to the five repeated

pairs involving the varieties in the special guaclruple,

Èhere nust be at least k{V-4)/2 repeated pa5.rs involving tbe

cther V-4 varie-tíes, where k depends on the residue class of
V-l {nod 3} ,

For each resi-due class cf V (mod 121 , the exact nunber of
repeated pairs in any ninimal {2,4t2rV) design is easily
calculated, In lable 5.4.1.1, Èhe nunber of repeated pairs

12,4r4,Yj designs 65



Chapter 5

i ç the mi-nj-¡nal desiqns is sholrn" along ¡rrj_th the mininum

nunher regui-red by the calculations above, rn all but the

casÊ v=2 or 5 {ood 12), t.here are not enough repeated Fairs
to enable tuc vari-eties to te d.eLeted from a single block-

Ilowêver, f,cr !=2 or 5 (mod 121 a suiÈab1e ilesign ca! be

constructed, as follows. Eegia with a ninimal 12r412 r\I-11

design. since v-1=J or 4 {nrcd 121 , this cresign will contain
every pair exactly once {a Steiner system} . On3.y the V- 1

pairs involving the renaining variety have yet to be

covered. This reguåres {v-21 /3 quadrupJ-es and oÐe pair.
This gives a minimal {2,t1r2 rV) rlesign which consi s ts of
B{2r4rZnll-1 quadruples and cne ¡:ai-rn as reguired.

-----'!---
I V {nod 12} I rep€ated I minimum I
ll¡rairslreguiredN

----+---.-----+------{| 0"6 u/2 lv +6) /2
3rg
1n4

?r 10
8,11

215

0
3
V

T+3

5
5

v+l
I/+ 1

l\t +31 /2 I f v +61 /2

Ea!1s-!:.1:.J.¿-3

5.4.2 the special cas€s

The arquments presented above do riot apply to the four
special cas€s in which Í)7, g, 10, or 19, These cases are

treateil separatetr-y below.

ir:.:i-_r'.Iì:i'.:i J. I
j'j.:: j 

':
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V=1 I

In thj-s case, B12r4r2r '191=31, ytills t11l has shown that
a mi-ninal {21412,19, design can be constructed us j.ng 30

guadruples and one pair.

l=Z B{2,4 r2, ?) =5

süppûse that there are fcur quadruples shich cover al-tr-

but one of the pairs. Ðach variety rnust still occur a.t,

least tsice. Since there are only 16 varÍeties in all " at
least 5 of theu occur exactry t.wice. üithout loss of,

gÊnerality, sr¡ppose that the missing pair contains neither
of the varietj-es 1 or 2, anil that both 1 and 2 occur exact.ly

tl¡ice. This forces the quadruples

12 3 4
? 5 6'1
255-l

Thi-s clearly cannoÈ be completeil with only onÐ nore

guailruple, since neithen 3 ncr 4 has yet appeared with 5, {j,

or'l .

!=2 B{2,4,2r9¡ =6

suppose there ar,e seven quadruples ¡rhich cov€r all but

one of the pairs. gvery variety nust occur at. least. three

tines" and therefore, since there are zB varieties in the

quailruples, I varj-eties occur exact.ly 3 tines, and the

remaining variety occurs exactly 4 times. llithout loss of
generality, suppose that the nrissing pair is 1 2 anil that l

.+ì::::::r:;:

ì: t,ì::i;i:.:.:

12,4,4 Ål clesigns 6?
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occurs t.hrae tines. The first three quadruples must then be

1345 13r+5 1345
1367 or 1346 or 1367
14 B9 17 89 13 B9

{1) {2} {.3 }

case {2} can be elininaied, since both 3 and 4 would have

to occur twice more, whi-ch r¿ould give a coatraf,iction. rn
case {3), 3 must occur a fourth tine" and therefore 2 nust

onry occur three t.imes. This inplies that t he three
quailrup les involving 2 must have one of these three struc-
tures as welï. rt is easily s€en ttaat the guadrupres

involviag 2 must have the sanê -structure as cas€ {'l} , Thus

only case {1} ¡eed be cons'ådered.

ïn case { 1) , cne of 3 û-r 4 must occur exactly three

timesn f orci.ng the quadrupLe

2389

O¡re of I anil 9 nust occur exactly three times" forcing
567 g ,

i.rt::::.il

One of 6 and 7 must ocrur elactly t.hree tines, forcing t,
l

2469-ii,t,.:,,,,
: :: :l

Since 2, 5 " arril 7 have appeared only tvíce, the .last ,:;:i'::

guadruple nust be

257x

But nonÊ of the pairs 4 7, 5 9, or ? g have appeared, ancl

therefore the design cannot e ccmpl_eted."

{2, 4,4, V} designs 6B l,::,ì,t;.:
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I=19. B 12,4,2 ,1 0¡ =s

Suppose that all hut one pair can be covered by B

quadruples, Every variety must occur at least three times,

anil therefore at most t.wo varieties caa occur more tban

three times. rf a variety occurs in a repeated pair, then

either it occurs rnoEe t.han three tinesn or it does not

app€ar with êvery other variety. only the t.wo varieties in
the missing paír do not occur l¡ith every other vaniety"
,?herefore at ncst 4 varieties cccur in reþeated pairs, arid

at least 6 varieties appear uith every other variety exactly
once, Let 1 be sllch a vari-ety, givi_llg the quadruples

l::ï-,1:1:.':i

1234
i 5 67
1 I 9 10

Î,et 2 be ancther sucti

2567
2 891Ð or

{1)

variety, giving the quarlruples

2568
2 7 I ?û

t2t

rn case {x) , si-x varieties have appeareil in repeaÈ.ecl

pairs, anil so thi.s case can be rejectecl. In case l?t S, 6il

9, and 10 have appeared 5-n repeated pai-rs" T,herefore 3 uust

appear exactly three times, But this cannot be d.one without

a repeatecl pair i.nvolving 7. Therefore this case caî be

rejected as *e11.

69

l
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5.tl.3 Conclusion

The results of this sectian can be sunnarized as follor¡s.

ËhggEeg-_5=9-1, å, minimal {2rtl12rVl. design can be constructed

usiag B12r4r2rV)-1 quadruples and o¡e pair if and oaly

if V=2 or 5 (mod 121 or V=19.

By consulting Tables 5.3.? and 5-2.2, it can be seen that
there are no values of v in uhich an optimun partitioning
involves t.wo such values cf v. Therefore, the designs

coastructed in sections 5.2 and 5.3 are the smal-1est

possible {2 r4,4rli ilesigns that ccntai-n tripartite {2r2,q tV,t

designs.

ã. s 
-Sos -psEli!Ê-Êeeign s

the bounds obtained in the precedinq sections give the

cardinalíties of the ninina I 12, f , q, vl designs 'Hhich contain

tripartite {2r2t4ryl clesigns. If a lZr4 rt+rVl design cloes

not contaia a tri¡rart,ite (2 12 r4,rIì ilesign, then it must

contain a non-tripartite {2 12r4 r\Il desÍgn. In Chapter 3, it
ûùas shor*n tbat such a ¡on-tripartite ilesign nust contain at
least

-- '-' r:';t'l:Ì

l2,4 ,4 ,V) designs .? 0 ¡;i,i
I I " ::l'::'l

i

2

L 
s-:å:! 
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blocks, and t.herefore any {2,4r4rV1 design rhich contains it
nust incluile at least.

taa'47?t :t

a=[ 2

I-:I:é
6 J]}L

2
= 

f u-r*=u 
J b1ocks.

This quantity Q is greater than or egual to the bounils

establi-shed in the previ-ors sections f cr most values of V,

thereby estab.Iishing that these bounds are, j-a f act, the

exact values of, B{2r4r4rv). Ho$ever, f or all_ val-ues of V

congruent to 7 , 22, 25, 28, 31, cr 34 {mcdulo 36} , as cell_

as 22 of ùhe 30 speciaS- values of V, the value of, Q is less

than the bounds gi.ven in Tabres 5.2,2 and 5.3.1. Thenefore,

for t,hese vaLues of V, A proviiles only a tro¡¡er bounil on the

va-3-ue of ß{2tr4r4rV), These cas€s ar€ sumnarized in Tables

5" 5' 1 and 5.5n2, belor,¡.

fn one small case, the value

çstablisheú, For Y=7, the value

óIear that B {2 ,4, t1,?) cannot be 1 n

2, as given by the bound in Tabl-e

of B 12,4r4,V) is easi3-y

of Q is 1, However, it is
ancl therefore B (2r4, 4"71 =

5.2,2.

(2r tlr4'vl designs 11
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5.6 Summarv

For all values of V eËcgpj those in
5.5.2, the minimal {214r4t\) clesign is
consisting of, th¡ee inðepend.ent (2rA,

these values of V, the value of B{Zr4

ti-oni-ng cf the vaEleti€s whi.cir r+ill- gi-ve

are given in either Table 5.2.2 or 5.3.I
For each value of V in Tables 5"5.1

bound and a Io$er bound ís given" These

most three.

Chapter 5

Tabj-es 5. 5. 1 and

a t,rì-pa-rtite il*sign

2rVl ðesigns. For

,4rVl and the parti-

the minj-mal ilesign

and 5"5.2, an upper

bounds differ by at

1 ::l

'-t:.1.,1

{2,4,4, v) design s 72
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Upper hound from I I
Table 5. 3. 'l I Ðifference I

14
15
1B
19
22
25
28

17
21
24
27

15
17
19
20
i2
33
34
35
55
57
59

to+¿er bound
{a)

6
I

10
11
28
30
31
33
B3
B9
95

12
13
16
'17

2t
23
26

1¡+

18
21
21+

7
9

11
12
29
31
32
34
84
90
96

1
'l
1

1

1

1

1

1

1

1

1

I
I
I
{

).: .. .: :..

lì'-: -:.:l j

l-rl,i:....,.:-.. ,

t . :.1.. -.

l

21 I
22
24
25
27

129
| 31

23
26
2B

,l30

2
2
2
¿
2
2
¿

3
3
3
3
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-T------I v {mocl 36} | r,orler bound I upper bound from I Dif ference I
I I {0) | Tabte 5.2.2 I I+----------+

7*

* - except for \l=7

Table 5.2.2

2

r -I:É
35

2

T-:IJÉ
36

2
I-:v+-12

36
2

I-:I
36

2

!-:I:É
36

2

! :I-É
36

22

25

31

28

2

-U-:Il3!
36

2

I-:IJ.12
36

2

I-:I:Ê9
36

2
v-:gJ-3É

36
2

I-:IJ!2
36

2

-Y-:I:l!
36

rl::.: r

i:.: - :.

3¡1

l.-__________J

j .,,::. ii
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Chapter 6

çëÀ SSEB_Þ_:_9EEE B,_ tZ,K,L.gL- pE Þ t-c g5

6.'l Int,roducticn

The methods ¡rhich w€re used in Chapters B anct 5 to
cletermine Ð{2r3r3rV} and B 12rtt r4 rVl , f cr most values of V,

may also be appli-ed to any {2rK, trV} desågn in r¡hich K= 3 ûr

4" rn this chapter, the resrlts whi-cb can be obtaincd !-a

this nanner r¡ill be presented f o¡ {2 13 r 4rt} , {214r 3r V} ,

{2r 3r 5, V} , anil {2 r4,.5rI) designs. No iletails concerning the

mBthods used r¡ill be presenteilr only the results themselves,

since chapters 3 and 4 prcviite acleEuate examples of these

technig ue s.

ïn ryeneral, any (2, Krl, V) design *o"* contain a {ZrZ rLrV,
desigg, wbich may be either a partite clesign, Ðr a non-

partite design. Any partåte design may be covered by

f{-sets, in order to form a {zrKrLr:fl ilesign" by using l-l
independent {2 rK12rl-'t ilesigns , titbich gj-ves the f allowing

upper bcund"

B{2rKrLrV)

For K=3,

indepenilent

any

12,

f ,-,' I

partit.e 12r2r!,tT'! ðesign gus! be covered by

312r\1) designs since no overJ_ap is possible.

CIther {2rKrtrVl ilesiqns 75
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Therefore, for K=3, the abovç bound gi-ves the si-ze of the

smallest possibre design ¡¡hich contaias a parti.te {zrz,Lrvl
desi-gn. This is al-so true for K=4, unless at Least tr¡o of
the partiticns in scne optimun partitioning bave cardi-nali-
ties which are congruent to 2 ou 5 {mod 121 , or egual to 1 9

{see secti-cn 5.4} . Since any two (Z,4,2rV} designs cith
such carclinaLities could be cverlappeil, this rvould allor.r the

þound to be decrea*sed by L N/2 j, if there rd€re N such

parti-tions" This situatj-on is un likery to arise, howe ver,
since tie {2 14 ,2 rV) llesigns f cr ryhich it occurs are not

particularl-y good cnes, and sc it r¿ould be rare to find tllo
of them in an cptimum partítioning. There is, in facfr ßo

known c{se ín wbich this cccuts. The values of ts lãr3rzrVl
and B{2r14'2r1\ ar€ known for all values of v, ancl therefore
the síze of the smallest possJ-ble {ZrKrlrf) design which

contains a\partite 12t2rLr\l design môy be determined for
K=3 or K=4.

Similar techni-gues can not. easily be applieð when K=5

since the problen of overlapping designs is not so si.urp'ly

solved in this cas'e, ancl si.nce relatively little is knol¡lu

about,{2r5,2,Y'ì designs,

Tf a {2, K,I, y) design ccntains no parti te {ZrZ,LrV!
designs" then it n us'È contain a non- partite {Z,Z ,L,V!
desi.gn. the minimuur size of such a itesign may be cal-culated

by the f crnul-a given in Chapter 3o and useð to obtain a

76ût.her {2r1<,Lr1ì ilesigns
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lower 3:cund on the size of any 12rKrLryl design which does

not contain a partite {zr2rLrvl design. ff this l-ouer bor¡nrl

is greater tban the upper bcund cn Blzrß,rLrV) lshich is given

by the fcrmula presented abcve, then that upBer bound is the

act,ual value of B 12, KrLrV) . Otherwise, the non-partite
lower bound provåðes a gooô loÐer bouncl on ts{Zrßrl, V} .

Tbe remaining four classes of designs in whj-ch t<5 have

been exanirred in th'is sêY, and the results are presenteil

here. alt hough the tesh¡ iques nsed can t¡e applieil to
classes of, designs ån vhich l>6, it does r¡ot seem eorthshile
to do so. f'he calculation of the generatr_ upper bound

becones quite teilious, even fcr L=5, and the nunber of casês

r+hich must be examined gro$s extre**Ly rapiilly as r hecones

large. Horyever, any specific 12rKrtrt) ilesign nay easily be

investigated, å faÍrly simple conputer search uill provicle

tbe size of the nírrimal partite ilesign, ancl the opti-mum

partit.ioning, although the size cf this search also grolrs

rapiclly as X incr€ases. The lower bound is also very easitr_y

obtai-ned. This ¡ritl deternine either the exact value o.f

B (2rf rtrV) , or at least a f,airly goocl pair of bounds, for
any specific set of, param€têrs in whích T=2 aud K=3 or q.

For t.his reasca, ro attempt has been made tc cbtain a

general solutj.on for any class of designs in whích L>6.

l::i-- ,: . l

l:r;----;.,;.;
it::. -::-.i
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6 rZ_lZ ,], É. vL_ d eE f ggE

In this case, the upper bound is given by

B12r3r4,V) S B {2,ir2rr)+B {213r2rs¡ +B{21312rV-r-s}. 
;,.,,.,,The behaviour of this fnncticn cle¡:encls on the residue

classes of r and s (modu3-o 6) a¡d V {modulo 'lB}" If
V=l8À+ar r=68+br and s=6C+cr the bound hecomes

2
B(2,3r4,V) S JI-aI + crlV:a| * cz

18 18

2

= g-:pIls,IB 
,

uhere cl, c2, pr and g depend Ðn a. The yalues of these

, coeff ici-ents f or each residue class are given in Taþle

6.2.1, along with the valucs of b and c nhj-ch ar€ used to
obtain then. the lower bound on the size of a non-partite
ilesígn in this case is

l; Ls_:s:Éll = 
[r_iå=Él

This l-ower bounil is greater than or egual to the values

given by the bounds in Table 6.2.1, with the exception of,

three sruall cases. tsor 1i=12, 14r oE 16, a lover borrnd is
obt.ained rshich is exactly one less tban the uppex bound,

s'or all cthe¡ values of v, Table 6.2.1 gives the value of
B {2,3r4,V} -

Other {2rKrL,V} desígns 7B
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ChapÈer 6

0/1/-1 1/1/-2
1/1/-1
0/1/1
1/1/ 1

0/1/3 1/1 /2
1/1/3
a/3/3 1/213
1 /3/3
2/3/3
3/3 /3
3ts/4
3/3/5
3/3/6 3/4/5
3/3/7 3/s/5
3/5/6 3/4 /7 4/s/5
3/5/"1 5/515
3/6/7 5/516 4/5/7
3 /7 /'1 5/s /7

B

9
10
tr'l
12
13
14
't5
¡b
17

L___¿__

|,.:.l.l

l "iì1. i

1B
20

0
0

10
B

12
8
6
0

10
2ß
24
32
30
36
2B
32

1

1

0
0
1

1

2
2
3
3
5
6
I
9

11
12
14
15

-2
-1

2
3
6
7

10
11
14
x5
18
19
)')
23
26
27
30
31

t
1

2
3
4
5
6
7

-2
-3
-2
-3
-2
-3
-2
-3
-2
-3
-2
-3
-2
-3
-2
-3
-2
-3

__L_

r;::.r.,i
...:. .r. ,.:.

i Ì ;.r. ^i;:ì

EaþfS_6-:.2r-1

Þ . 3_-(2¿-3¿ 5.!I_ cl Ê_s ig ns

ln this case, the upper bound is
B{2 Ð3r5nV) 5B {2 ,3r2rr) +B {2r3n2rs) +Ðl2r3"2rl } +B { 2n312rV-r-s-t)

ancl its behavicur depends on the resid.ue classes of r, s,

anil t {rnodulo 6!, and v 1modu3-o 24) . For v=24Ä*âr the bour¡d

beccmes

2
B{2,3,5,Y} 5 l!;a} + c¡l!:gl + cz

24 ztr

2
= g-:P,g:g

24 r,

Other {2rKrÍ"rV} designs 79



Chapter ñ

where the coefficients cL, c2, pr and g, depend on the

residue class ûf ï" The values af these coeffícients for
each residue c.l-ass are given i¡ Table 6.3,1 along wi-tb the

optimum Fartit,ioning {s) .

I alcllczl pl q I T/s/t/Í-r-s-t 1

I

I
I
I

I

0
1

2
3
4
5
6
?

-4
-1

0
3
4
?
B

I 11
72
15
16
't9
2A
23
24
27
28
31
32
35
36
39
40
43 I

2 | -4
1 | -3
1l-4
0l-3

48
26
28

0
c

't4
12

3t20
4t 1ö
3 I 18
4t 12
3t I
41 0
3t 14
4t28
3r36
4 I 48
3t5û
4r 60
3r 56
4164
3t 54
4 t 50
3l rt4

1t1/1/-3 1/1/-1/-1
1t1/1/-2 1/1/0/-1
1/1/1/-1
1/ 1/ 110
1 /1/1 /1
3/1/1¡Ð 2/1/1/1
3/1/1/1
3¡3¡1/D i/2/1 /1
3 ¡3/'t ¡1
3/3/3/Ð 3/3/2/1
3 /3/3 /1
3¡3/312
3l 3/ 3/3
tl73 ¡ 3 /3
5 /3/3 /3
6/3/3/3 5/4/3/3
7 /3/313 5/5/3/3
7/4/3/3 6/5/3/3 s/s/4/3
7 /5/3/3 5/5/5/3
?¡6/3/3 7/5/4/3 6/5/5/3 5/515/4
7 /7 /3/3 7/5/5/3 5/5/5 /s
7 ¡7 ¡4¡3 7 /6/5/3 7/5/5/4 6ts/5/5 I
't ¡-t/513 7 /5/5/5 I
7¿7/â¡3 7/7/5¡4 7/6/5/s I

B

9
1û
11
12
13

{ lrl
I ls
I 16
117
i 18

19
20
2'l
22
23

0t
1r

4l

1t-4
2t-
2t-
3l-
3l

4
3

4l-
{r l -
7t-
9t

10 I -
12r-
13 I -
15 r-
16t-
18t-
19r-
21 t-

L----t---Å---_ I 
-

Ee.Þls-É.!.1

the non-partite lower bounil in this case is
2 z iio'.".lÌ.r':Ìf J I r-:?J-? I I = Í-!-:zv--li'l| ¡ L -- ã-t: J J

:

This non-part5-te bound is greater than or egual to the 
;

äl;:::!;r,ri ;;iOther {2rKrf,rV) designs B0
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upper bounds given in Tabre 6.3,1 exc€pt for the small- cases

noted here. The lover bound for v=19 is exactly twc smaller

than the upper bound. The lcr.¡er bounds for the follouång

valnes of V are exactly one snaller than the ccrrÊsponding

upper bound: 7 r15r16,11'7,18r20121r22,23rt+3" The bounds in
Tabte 6,3.1 are the exact values of B(2r3r5rV) for al.l other

values of V.

6. !-J2r!¿J",vI_4p igEs

l:'l.';",.n

Tn this case,

B12r4,3rVï S

anil its behaviour

{modulo 12) and

becomes

B(2'4r3rlll :S

where, as usual"

class of V" The

class are given

partitionings.

+cz

the coefficients depend

va].ues of the cceffi-cients

in Table 6.4.1, along

the upper bound is
B{,2r4"2rs +B{2r4"2rV-s),

depends on th'e residue classes of, s

V {nodulc 24), For V=244+ar the bound

2

lv:a| +

24

2
g-JPgJs

24

c1-lr:gl
24

on the

for each

rith the

resi du e

residue

optimuur lr:,:ì:ì::.:
lr:-lr:l:..:

B1ûther {2,KrtrrV} designs
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l.'.,,r.:r':-i

l3
4
5
6
7
B
o

10
't1
12
13
1l¡
15
16
17
1B
19
20
21
22
23

0
1

2
6
7
8

12
13
14
't8
19
20
24
25
26
30
3I
32
36
3?
38
42
l¡3
it4

0
0
0
1

x

1

2
2
2
4
4
5
6
7
I

10
'¡1

12
111
'15
'16

tr9
:24

21

û
-1
-¿

n

-1
-2

c
-1
-2
t

-1
-2

0
.,¡

0

0
-1

û
-1
-2

t
ü
CI

15
12
I

't2

l6
l0

15
6

21
0

12
24
't5
2¡t
33
12
18
24
15
'¡B

21

,l

2

o/a 1 /-1
a/1
1/1
0/3 't /2 4/-1
0/4 1/3
1/4
2/t4 3/3
3/4
4/4
3/6 4/5
4/6
14 /7
6/6
6/7
7/7
6/e "! /8
6/1t 7/s
't /'t û
8/10 e/s
I /10
10/1A
12/9 13/B 1A/11
12/ 1Ð 13/s
13/10

TabJ-e_6.4.1

In this casê, the no.n-partite louer bound is

This non-partite bound is greater than cr equal to tbe bound

in lable 6".4.1 for all val-ues of, V. flowevÊr, it j-s less

than ttre act.ual upper bornd obtainable irr some of the

special cases *hich occur rrhen the cptimum partitioning from

the t,abJ-e ¡vill- nesult j-n a sub-design on Z , g, 10r or 19

:{,

22
t¿ L'ttJl = lszriI .

Other {2rß..,LtVt designs 82
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varieties" rn these cases, the upper bound of Table 6,4.1

cannot actuaS-ly be achieveil, There are 15 such cases, and

they arê sunnarized in Table 6.4.2. Tn this table, the

predicted upper bouncl" the acÈua1 uppet bound. and. the

partitioning which gives it, anå the lower bound are given

for each value of V.

I v I Predicted
-r

| Àctual I ûptimun I Lower I
1 I bound lbound I part.itions I bound I

{ 11
I 13
I 14
I 1s
I 16

17
18
19
2{)
22
23
35
37
3B
41

,5
7
I

10
'l 1

12
14
15
16
20
21
tt9
56
58
6B

6
o
{J

I
11
12
14
15
16
18
21
22
51
57
59
70

7 ¡4 6/5
6/7
6/B
6,tg 718
6/10 B/8
4113 5/11 7/1Ð 8/e
ñ/12 B/'tD
6¡x3
7/13 Ð/12 10/10
s/13 1Ð/12
1Ð/'r3
16/1e
16/21
16/22
16/25 1s/22

5
7
B

10
11
12
14
15
17
2ß
22
s1 I
5?
60
70

Egþls-É:.a.2

9. 5_l2ra15, vl_êesignE

In tbis case, the upper bcund is
Ð {2 r4, 5, V} 5B 12 r4 n2 rcl +B 12 r 4, 2rs) +B { 2r 4, 2 ri-!. +B {2, 4, 2, Vir -s-t)
ancl its behavi-our depends on the resid.ue classes of r, s,
and t {mcdulo 121 and V {nodulo qS) - (This generates a very

Other 12,K,L,V) designs 83
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of cases to be considered.] For V=4gA+a, the-?.arge nunber

bound becomes

shere the coefficients clepend on the resi-due class of v.

table 6.5. 1 l-ists the general bcuncls for each residue class
by qiving the four coef,ficients, and tbe partitioninq {s)

which achieve these ccefficleûts.

B12,4r5rV) S JV:aI +
4B

2
= v_tpvlg

48

crJI:gL
24

+cz

1¡1/1/-3 1/1/0/-2
1/1/"t/-2
1/1/1/-1 1/1/0/A
1¡ 11't /û
111/ 1/ 1

4/1/1/-1 4/1/A/Ð 3/1/1/Ð 2/111t1
4t1t1/0 3/1/1/1
q/1/ 1/ 1

1¿lt|/'l/-1 4/tt/0/0 4/3/1/0
4/2/1 /1 3/3/1/1
4/4/1/0 q/3/1/1
4 ¡rt/ 1/1qt4/4/-1 t|/1+/3/Ð 4/t|/2/1 t+/3/3/1
t|/4/4/0 4/t+/3/1
q/4/4/1
4/4/4 /2 4/4/3/3
at4/ql3
4/t+/ 4/4
6¡4/4¡3 5/4/4/4
6/4/4/4

0
1

¿
3
4
5
6
7
B

I
1t

| 11
12
13
14
15
16
17
1B

-3 N 4B
:4 | 51

-3
-2

2
3
4
I
I

10
1E

15
16
2Ð
21
22
26
2-l
28
32
33

1

1

0
0
0
1

x

1

2

2
2
3
3
3
4
4
4
6
6

-2
-3
-4
-2
-3
-4

-11
-2
-3
-4
-¿
-3
-4
-2
-3

Ð

0
t

33
30
..,LI

36
45
36
27
24
12
t

33
18

-2t48
I

-3142

!'j
:ii

I

l

l

-¿--------Ð--¿
Table ó.5.1'

__-___J

'-: .i'::r ::1:'

ii:ì.-.:

[i,ii',lI¡
iiÌ:;l:::i,'
::,1: ll .

L---l_
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t4/4/4
6tb/4 14-1/6/4/4
7¡7/a74 {6/6/6/4 l{ tt-l /6/ 6/tr
717/6/4 {6/6/6/63{r'
7¡7/-?74 f7/6/6/67{rt
7 ¡7/616
7 /7 /-t/ú
7/7/7/7
1t/7 /6/6 9/7 /7 /6 8/7 /7 /71û/7/1/6 s/7/7/7
1û/7 /7 /-r
1û/1Ð/6/6 1o¡9/7/6
1o/8 /7 /7 e / s /? /-Ì
1C/1O/7/6 1Ð/9/-?/7
1C/10/7/7
1fr/1A/s/6 10110/B/7 1 ßle /9/71ß/1û/10/6 1B/10/e/7
10/ 1 ß/ 1Ð ¡7
1Ð/10/1$/B 1Ð/10/e/e
1A/1A/rcls
1tl't û/1Ð /1 t1i/10/10/8 13/1Ð/ele
12/ 1Ð/ 10/e 1 1 /10/10/10
13/ 1 $/'t0 /9 1211 Ð /1t/10
13/1D/ 10/1 0
13/13/1ß¡8 13/13/e/9 13/12/1a/9

fr,;::;::-: : :.-l

1.9
20
21
22
23
24
25
26
27
2B
29
3t
31
32

33
3it
35
36
37
28
39
4A
41

42
43
44

45
.45
47

34
38
39
40
44
115

¿16

50
51
52
56
5?
58
62

63
64
68
69
7ß
74
75
76
80

87
8B
92

1
B
9

10
1',|
12
13
14
15
16
1B
19
20

23
24
26
27
2B
30
31
32
35

36
37
40

tå1

t¿2

45

-4
-2
-3
-4
-2
-3
-4
-2
-3
-4
-2
-3
-4

-3
-4
.-2

-3
-4
-2
-3
-4
-2

-3
-4
-2

-3
-4
-2

51
24
54
84
45
12
99
4B
i2
'96
B1

1û2
123
96

114
132
93

108
123
-12

B4
96
B1

90
99
:t2

22il-2

81
82
B6

78
84
45

't3/11¡1o/1A
13/ 13/ 10 /s'r3/13/10/1r
13/13/13/8
13/13/11/1û

12/1 2/ 10 / 1Ð
13/12 /'N 0/ 1û

13 /1 3 /12/s
13/1 2/12 / 10

{ 1) onl-y valicl for vS47

gsþle-á- 5 :.1 -:-Ê9ÊËrEged
The non-partíte Lorver bound. for this c.lass of designs is

Ì: :-::: :

: ::.

t*L
Shis ncn-partite
partite bounds in

2

!--=2!=2
B

¿

ll=f-!-zY:-Q1Jl l---¡s--f
bound is nct quite as goocl as the non-

the previcu*< cases, aJ-though j-t is stil_1
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greater than or equal to the upp€r bound for the majority of
the varues of v. There are eleven residue classes {urodulo

48) for which the lower bound is snaller than the upper

baund for everr value of v j-n that residue class. The lover
bound is exactly ore less than the upper bound for alL v

congruent to B, 11, 23, 26, 29, 38, 41, 44, or 4? {moôuLo

481 , .and is exactly two J_ess than the upper bound for all V

coBgruent to 32 or 35 {uodulo 48) " rn additionn the lo¡¡er

bound i.s one less than the upp€r bouncl for the tço small

cabes \=22 and V=24.

There are also 42 special cases in i¿hich the

partitioning {s) given in Table 6" 5. 1 wi]-l result in a

sub-design on -1, 9, 10n or 19 varieties, These 42 casês

have larger uppêr bounds than those given by t.he formulas in
Table 6.5.'1. In 37 of thes€ cas,es, t,he l-o¡yer bound is less

than the upper bound. Table 6.5.2 gi-ves the predicted upF,er

bound, the actual upper bound, the optimum partitioni-ng (s) o

and. the lcner bouncl for each of tbese 42 speciar cas€s.

Î{ote that nany of these cas€s have a J.arge number of optimlrm

partiticniugs. 3or If=36, for examplen there ar€ ten dif-
ferent ways to partiticn 'the varj-eties which wilL all result
in a mi¡inal partåte design.

l -tu --ra4r.:l

l:':ir:::r
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I 1e
121
123
425

26
2"1
28
29

30
3',|
32

33
34

3s
36

37
38
39

4û
41

42
43

44
145
146

4B
49

7
9

11
13
't4
15
16
18

'r9
2Ð
22

23
2t+

26
27

2B
30
31

32
35

36 I
37

40
41
42

45
tt'l

t- l-_-___l-_

thapter 6

f----T--
I V I Pred. | Àct. I T.ower I Optinum I
I I Bound i Bound I Bound I partítåons 

Il____.f-_- ____+__--_-_+__-- ___-._{
B

10
12
14
'¡5

17
1B
2Ð

21
22
24

25
27

2B
30

31
32
34

35
37

38
40

41
{$2

44

47
4B

.?

I
10
12
13
14
15
17

18
19
20

22
23

24
26

27
29
30

32
3I$

35
3?

39
4'¡
42

46
4B

7/4/4/4 676/t1/3 6Ì5/4/4
7/6/4/4 616/6/3 6/6/s/11
7/6/6/4 6¡676/5
7 16¡6/6
8 /6/ 6/6
9/6/6/6 B ¡7 /6/6
1Ð/ú/6/5 8/B/6/6
13/6/6/4 11 /6/6/6 10/7 /6 /6
e/B/ 6/6 BtB/-1/6
12/6/6/6 10/8/6/6 8/8/8/6
1 3/ 6/6/ 6
13/7/6/6 12/8/5/6 1Ð/1û/6/6
1ß/8/8/6 e/8/8/8
1 3/B /6 /6
13/e/5/6 13/B/?/6 12/10/6/6
12/8/B/6 10/10/8/6 1O/B/8/S
13/X0/6/6 13/8/B/6
13/13/6/4 13111/6/6 13/9/8/6
1s/ 1O/7/6 13/S/B/7 12/12/6/6
12/10/8/6 12/B/8/8
1Ð110/10/6 10/1t/8/8
13/12/6/6 13 /1A/8/6 13/B/s/8
13/ 1 3/6 /6
13/13/7/6 13/12/8/6
13/1ß/10tß 13/10/B/B
13/1 3/Bl5
13/13/9/6't3/13/8/7 |
13/12/1Ð/6 13/n2/B/8
13/10/10/B
13/13/1A/6 13/13/B/B
13/1 3/ 1 3/tl't 3/13/11 /6
13/13/10/'1 13/13/9/8
13/12/12/6 13/12/10/S
13/1 t/1 0/10
13/1 3/'t2/6 13/13/1 0/B
13/13/13/6
13/13/13/7 13/13/12/B
13/1 3/1 Ð/1 A
13/ X3/13/9 13/ 13 /12/ 10
1 3/ 1 3/13/ 10

r ?ab1e 6.5.2
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-----T-- ----ìI V I Pred. I Act. I T.ower I Optj-mum I
I lBou¡rd lBounil I Bound I Part.it.j_ons I+----+------t-------+-------+--- ----- ' .l

l6?
l6e
4 70
I 71
I 72
173

74
75
76

177
78
79
B1
82
85

B9
96
98

103
105
1t?
112
114
116
122
124
126
134
136
146

91
97
99

x04
1ü6
't 10
113
1?6
118
123
125
129
135
137
148

91
97
99

1Ð2
105
108
111
11r¡
117
121
124
127
134
137
1tt1

1e/16/1 6/16
21/1 6/1 6/ 16
22/X6/16/16
21 /1 8/1 6 116
22/"t8/16/16
25/ 1 6/1 6/ 16 22/1 e /16/16
22/18/1 B¡ 1b
22/21 /16 / 16
22/22/16/16
22/21/18/ 16
22/22/1 B/ 16
25/22/16 / 16 22 /22/ 19 / 16
22/22/21 /16
22/22/22/ 16
25/22/22 /16 22/22/22/ 1e

TabJ-e 6.5.2 continued
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Chapter 7

CilAPTeg 7 Comput€r searches

-1.1 Introiluction

In thi-s chapter, severaL versions of an algorithm are

presented which ryiL1 deternine the value of B(TrKrIrV) f,or

any set of pararnet.ers. This algoEithm uses the well-kno¡rn

technique of baçklreç,Iå¡g. The term backtracking $as coined

by Ð,fI,tehmer. in 1950, ârd in 1960 Ha3-ker[ 20 ] gav€ a

f ornalized itc f initicn of the technique. Ttris type of
algoråthn has been used in the sol-utåon of a vêry large

number of prnblems in ccnbinatcrics and graph theory, anil ås

by far tl-¡e uost common search technique.

In general, â backtrack algorithnr builits up a seguence of
ítems {c(1} c{21...c{n}) which are taken fron a given set of
items . C" fn the algorithar presented here, C is the set of
all possible K-sets on V varieties. åt each stage" the

a3-Eorit.hn must use the partåal solution {c {13 c {2} . .c (k} } to
cletermine a set S of al]- candidates for c{k+l). The fírst
of these it.ems is then added to the sequence, and. the

process is repeateil. ff S contains ao itens, then the

algoritbm must ÞAgklrac! and choose the next possibility for
c {k) . If no possibi1ities renain f or c {k} , then the

algorithrn nust backtrack sti1l furtber" and so orl.

I :r::.r.:::1;ì
:iai t::i:.
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rt is helpful 'to ttrink of this algorithm as traversing a

tree of possibílities. The rcot of this tree is the empty

seguêrìce. The noiles at the first. level cor¡sist of all the

possible seguences on length onê, and sc on. The search

proceeds down cne side cf the tree before it begins to
backtrack. rcr this r€asoa, it- is sometines called a rrdeptb

firsttt sêarch.

section 7 "2 describes the basic structure of the back-

track algorithn f or deternining B {Trt(rLrv} as ¡sel1 as sone

ilet.ails ccncelning efficient iuplemeat,ation.

any backtrack algori-thm, åf implenenteil in its simptest
form, is inherently ineffícient. .a gooit deal of ¡¡ork has

been done cn inproving the efficiency of backtrack

algori-thns, and there are a numbe¡ of techniEues r,vhich are

commonly 'üsed. Àmong th,es€ arÊ the fol3-owing. nPreclusionrl

consists of immectiately backtracking whenever it t¡ecomes

certain that the current segueÐce cannot l-ead to a solution.
frBranch nergingrt or ùi-somorplisn rÐjecticnrr entails removing

fron the search tree a.rry sub-tree which is equivalent {or
Ísonorphic) to some oti¿er sub-tree. rrseatrch re-arranqementrl

involves choosi-ng the next item in such a way that the set s

is kept as smalr as possible ear.ly in the search. The

ttbranch ancl bouudt, teclrnique is used ¡rhen the solution Ís .to

be miaimal in som€ sense, and it involves rejecti-ag any

segi¡ence rahich is frJ-argo¡rr than the best solution wlich has

i::-1i r. : ':t
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been obtained thus far. ål-1 of these t,echnigues have been

considererl, and a discussj-on of the enhancements which llere

made to the basic algorithm is contaj-necl ån section j.3 ,

rn tùe remaining section, a feu conclusions are reacbed

concerning the practicarity of using such a search

tec hnigue.

? . Z-EÞe- þee! q-elseE¿!ås

The basic structure of the algorithm i-s as follows.

[1] Find the next L-set rshich has not been covered. rfthere are ao uÐcovered l-sets" go tc [5 ]"
[2] rf ttre design aJ-ready contains the maximun number ofblocks, return to the last leve.l_ imnreiliateLy.

t3l Generate every K-s.et r¿hich covÈrs this L-set. For eachof "these K-sets;
i

[ 3A ] Àdd it to the design. 
i

[38] F3-ag ev€ry f,-set l¡bich is covereil by thi-s K-set to i,.'-li,.i.:.,
indicat,e that i.t has been covered. l:::;':;.1:..::,:

[3C] Apply t,his algorithur to attempt. to conplete the
tles i gn,

[ 3Ð ] Remove the flaE from €veEy t-set cov€red by this
K-set-

[38] rf a solutioa nas found on the level imnediatclybelo'v, retrrrn to tl¡e Brevious level innediately.
I4l À11 pcssibilities have been consideced. Retu¡rí to theprevious 1eve1.

Computer searches 91
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[5] À soluticn has been
the naxímr¡m ¡umber
number contaÍned
previous level.

found. Reccrd this solution" Reset
of hlocks to one less than the
ín this so].ution. R etur¡ to the

the most time-consunr.ing steps in this algoritbm are steps

t 3l, [ 3 ts ,], and. [ 3Ð ], The task of generatinE a+1 of '' the
K-sets {or t-sets} shich intersecÈ a given seÈ in T or fiore

ele ments ccnsumes the ma jor portion of t.ime in this
algorithn. rn order to save unnecessary ef,fort, thås

operation shculil be done as felt tåmes as possible. Note

that i:r steps [38] and [30] the same t-sets ar€ affected.
Therefore a .list of these L-sets shculd be generated once'

anil maintained until it is na tr-onger neeiled. rn general,
whenever any change is ,made to the status of an L-set {or
K-set) n that change should be recorded so that i-t may be

removed uith as little effort as possibte at a tater tine.
Tt is also necessary, as ruentioned. above, to keep trach

of the st.atus of every l-set {and in subsequent versionsn

€rlery K-set as wel-l). rn crder to d; this, an efficÍeat
nethocl is reguired for J-ocating the entry ín a tabLe that
corr€spcnds to a particular set. To accomplish thisr errr

algoritbm i-s useil r¡hich converts a set i-nto an inclex numher

which can then be used t.o accÊss the appropri-ate entry of a

table. Tt is also necessary to convert the inclex nunber

baclc into the set itsel-f, in a nuuber of cas€s (in step [ 1],
for exanple),

t.

'ii:i:-.-::l:j

i,i

i.:.! ..1'.1:r :.':
f,:";:.rr::,. ]ì
, :t::

ti
i:]
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To rlo thisn an crdering of the sets must first be

defined. Tt is most convenj-ent to use the natural orderiug
in whÍch {1 2 3..') is at cne extreme anð {...fi-'l K) i.s at
the other. For example, the 3-sets on 5 varieti.es r¡ould be

crdered as shoun in Table 7,2.1. ?he corresponding index

numbers that ,fi'ill be used is arso shown ia thi-s table,

I set
r----1
I indexl

t_____-.+__-__{
123
124
125
13ll
'1 35
145
2 3 4
2 3 5
2 4 5
345

Notice that, the numher of sets beginning with eact¿

variet.y is easil-y iletermined by a sj-np1e f,orn u1a. The

number of, so*ts nhich contain a given seconcl variety is a1so

easily computeil onc€ the first variety is known, and so oo"

ïn general" if n varieties have arready been chosen, t,hen

there are exactly

(-1;1,)

sets which ccntain x as the next erement,. A siurple

al-gorithn can he cbtained uhich r¡ill- use thj-s f act in order

9
I
'1

6
5
4
3
2
1

0
L.------,t .__._ ¡

Table 7 -2"1
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to transform a set into aa index number, of the rÊv€rse.

Sirsà, a table of the l¡j-nom:ial coeffici'ents is reguirecr as

shown in Tabre 7,2"2. The entry in ro$ a and column c wil1

b'e denoted TABLE{a,c) and the val-ues in the table ¡Eill be

given in general by

?ABr.8 {B ,c} =(.-Í.*) 
.

she algori-thns themserves are as follorus. s {r} r¿il1

f,enote the Tth element of the set. v and K are the number

of varieties and tbe size of the set, respectiveJ-y. Ì{

refers to t.he inclex r¡unber of the set. finally, nr3u is the

assignment operator.

llCcl.l
fRowll 2 3 4 5l
l-_+_ _____{

1 t0 1 2 3 rl
2 t 0 1 3 6 10
3 | 0 1 {¡ 10 20

I 4 I 0 1 5 15 35

TÀgLE

4aþJs-3.2:.2

Àfggg¿llg_T Conve¡t a set S tc ar¡ inilex N

COT" := V+l-S(K)
N := TÀBIE { 1 ,CûI,}
FCIBT:=KTÐ2BY..I

ctr. :- cÐt+S {I} -S {I-1) -1
N := N+TABtr"E{K+2-IrC}

END

Chapter 7

r---_T--

i ¡'ì ::ì'i?: ' ;

ii;:rt:.j.:
1....
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åIg,griËþg-I¿ Convert an index N to a set S

CûI, 2= V+l-K
ÏOR RÛR .: K TO 1 BY -1

fiflïLE ?åBtE {ftO!ù,CCr} >N
Ctl:= COI,-1

5 {K+ 1-80!i} : = V+2-gCW+COl
N i- N-TABIE {8OW,COI,)

ENÐ

Each of these algori-thns can be optimj-zed scne¡Ehat and

implenented 'in 10 machi-ne 3.anguage instructions on a pÐp11.

This makes them very efficåe¡t. The reader nay wish to try
these algorithms by convertinq t.he set {1 3 4 6} wi-t h V=7

into its index nunber d23!. and þack again.

The basic algorithn as described here nas iurplenrented as

efficiently as possible in assembler language to run on a

PÐP11/t+5 computer. IlouÊverr âs might be expectedn the bas.ic

algorithn is much'too inefficj-ent to a1l-ow minimal. designs

to be found for any but the smallest of parameters" In
crde¡ for this algoritbm tc be at all useful, several

inprovements had to be madc, ancl these are discussccl in the

following section.

| -: i.l
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3.3_EnbgEceggnJs

7.3. T Preclusion

The fj-rst, and

af the type knor¡n

$hich are covered

formula

Chapter ?

slmplest, enhancement vbict¡ can be macle is
as tr preclu-<iorìrr. The aunber of T,-sets

by a given K-set is easily conrputed by tbe
l:..,:.,.:i:.,.'

:i:;rr.:ì

i', ii-i:t:;:!".,ì
,' . .. 1:: ]'

c = ã(iXI:i)"
This quantity is ÐÐnputed once at the beginning of the

prÐgraìn, and is stored f or 3_ater usê. -&lso def inecl at the

begigni.ng cf the program ís a depth limit called tftÍrr.
This guautity deternines the maximu* number of blocks whåch

nay be placed in the desiga. Tt is set initi-a3-1y to a large
number vhich depenils on the amount of avaj-la,bl-e spac€ for
the required tabres anil stacks. flhenever a solution is
founr:l, I,I1{1T is decreased to oûe less t. an the nunber of
blocks in tbe solution " .ï'bese twc quanti ties ila y be

conbined to give l{AXPOS, the maximun possj_b1e nunber of
add.i-tionaL L-sets ryhich could be covered by adding enough

blocks to reach the tIUIt. for example, if there H€re

alreaily B blocks in t-he design, the value of I'tÂxpos ryould be

C tiures LII{IT-8. This varia}le may easily be maintained by

Computer searches 96



Chapter 7

simply subtracti-ng c from it vbenever a block is added to
the design, aîd adding C to it +¡heneyer the prcgran

backtracks. rt nust al-so be adjusteit $henever l,rtÍïT is
changed, uhich nay require a nultiplicationr hut this
happens very infreguently.

â count is also maint.ained of the number of t-sets ryhich

have not yet been covered. This variable, N],ES.?, is easily
maintai-ned by decreme:rting it uhenever an L-set is flagged

as coveEed and increnenting it ¡vhen that fLag is E€moved.

thus the tlla guantities NLEÍ'T and flAXpOS may be main-

tained at the cost oË cnly a f,ew additions and subtractioÐs.
3y compariag the two, it can be determineil whether otr rlot is
is possible for the desÈgn to be completed in the maximun

nunber of blocks. rf it is not possibren the algorithn
backtracks imrueiliately. This seeni-ngly trivial aitdit,ion
often has a dramatic e f,ect cn the size cf the search trêe.
rn one cas€, the number cf ncdes in the tree $as recluced

from 1616õ3r323 to 211r305 by thi-s enhancement aì.one.

T.L is natural to ask whether cr not aÐy other enhance-

ments of this type woul-d be effective- Ijnfortunatelyn the

ans$üer seêms to be no. The problem of cletermining whetber

the design can be ccmpleted j-n a given nunber of blocks is"
in fact, a smaller but nore general version of the overall
problenr êtrd as such, it is very dj-tficult. This bound on

the nuinber of blocks reguired may s€em to be a trivi-al oìne,

l'¿'!:.¡i

!:,.::.i: i.:'Ìl
¡.:.':'i :':.:::a'tr

97Computer searches



Chapter V

but it seêils to be the cnly cne r¿hich can be calculated

easily enough to justify its use,

Z. 3 . ?_SeqsgE!þ¿gg_EejggËi rn

The greatest i-mprovements i-n the speecl of any backt,rack

algorithn $il1 ¡esult frcn the inclusion of some form of
isomcrphism testing, Hollev€r, in Èhj-s area mor€ than any

other, the overheail introduced must be carefully ü€ighecl

against the resulting reduction in the size of the search.

rf a cert,ain K-set. X has been acldeil to the ilesign at

1evel L, arrd i-t has subsequent3-y been deternined that the

result.ing sub-design cannot be ccmpletetl, then x neecl no

longer be considered as a possible chcice on level I,, or aay

lower level- of the search tree, until the search backtracks

t.o a higher level. Therefoe, the foll-or¡ing changes can be

naüe to the tasic algorithm"

1tr A status flag is kept for each K-set which inilicates
¡çhether or not tbat K-set ha-. been rejecteil.

2\ Bef ore a dclin g a K-set tc the design, this f la g is
testeil, and. íf 5-t is sct then the K-sei is skipped.

3) After each K-set has been tried, i-ts rejection f,lag is
set, and a record of the l{-sets which have been rejectecl in
t.his way is kept.

4) Àfter every K-set has been triedn anil before returning

:!!4.:¡-\-.)

1,.
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to the next ì-evel, all of tbese flags ar€ reset.
Tbrs change proiluces a mocle rate improvement. Hoi{ever,

st,ep 3) can be extended by rejecting nct only t,he K-set

itself, but alsc aJ-l- those K-sets which rould result in an

isomorphic sub-tlesign. That is, íf the part.ia!_ ilesj-gn to
this point is (c(11 cl2l.,.c{k)} and a K-set x has just been

tried r¿ithor:t success, then all K-sets s such that {c ( 1} .. .
c{k} s) is iscmorphic to {c ("1}...c{k} x} may be re jected.

Such K-sets tli-ll be called Êggå-æ¿g!! tc .x.

Tf a complete isomorphisn test of this nature is done on

€yery level, this wi-l-.l have the effect of, etiruinating el¿
dup3-åcaticn of isomorphic subtrees. In practice, however,

the cost of such an isomorphism search is far too great.

rnst.ead', some s!-mple techniqr¡e must be f ound ryl¡ich nil-l
iletect sone, but not necessalily alln of the K-sets rl}tich

are eguival-ent to a given K-set, The simplifierl t est which

was adopted is as follows.

i?::i r:'jl

Ðgf:¡ft¿gn Ttlc varieties ar€ said

if every block in the design

them sr neither of them.

Êggigê¿€g3 if one of them can

other by replacing varieties
va rieties.

to be lg¿grAfly_lsomg¡påig
contains either both of

Two blocks are lEigig3-lg
be transformecl into the

with Èrivially isonorphic

In the nodifj-ed algorithn, a ta.b1e i-s kept ¡¡hich initi-
cates 

"+hich 
varieties arê trÍvial1y isomorphic to any given

99 ri::

l:.,
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variety. !{hen a K-set is adderl to +,he designn this tahle is
first updatetl" and then an attenpt is nade to complete the

ilesign" When this at.tempt .i-s complete" the tabl e is
restored to its forner stat-us. folloui-ng Èhis, the K-set

and any ot-her K-sets ul¡ich are'trivially equivalent ta it
are rejected. A record is aJ.so kept of the K-sets rihich

tlere rejected" Hhen every possible K.set has been t.ried,
al.l of t.he rejection flags ara reset bef,ore the prograil

returns to the previous leve1.

This simç1+ form of isomorphism testing results in a

ilranatic reduction of the size of the search tree, with only

a moderate increase in overhead. 'Tab'le 7 , 3, ? provid es a

conpariscn of the three verr.ions cf the algorithm discussecl

to this point. The number cf nodes ín tbe search tree and

the approxi-mate eïecution time" in seconds, are given for
each algoríthm in a nunber cf different cases.

I Ba*ci-c a1g. I Preclusion I Isomorphisml
lrKLvl nodes t.ime 1 noiles tine I nodes tine I

2328
2339
3347
2428
3358
3{r48
3459
2529

16r663r323 15,ti0C
5r126r742 19,00û

324,t+67 319.3
432r061 58?.9
958,842 679.6
283r972 1016.3
859,6¡¡4 9r4CI0
7 t47 ,682 432. 4

21 1,305 1 93. ?

2r567,524 9,000
80,234 78.5
38,9 20 52.2

139,275 247.,1
gB,183 372"2

84 5,825 g,200

7 1224 7.2
10r 1?3 43.4
7 r796 9.1
5,710 I0.1
2, 335 5.5
8, 6-16 34. I I
7 ,471 15.9 |

145r'192 295.91 4,062 12.51

Tahle ?.3.1

Computer searches 100
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I. 3 *3,- I tþeg-le c bgiggeg

T¡¡¡o other chanqes n€Ee nade to the basic algorithm to
improve it.s ef,ficiency, both of Hhich enable the user to
restrict the search in some ¡eayr First, the init,ial value

of trllTT +ras placeô under direct control of the user. scne

searches nay begin by finding a solut.ion containing as üany

as 50 blocks, anö thæn the siae of the solutíon is recluced

one block at a time until the ninimal üesign" vhich may

contain cnly 4 or 5 blocks, is found. rf such a search is
l-imitecl to, sayr 10 levels frcm the very beginning" a

substantial saving in tine l¡ill often result. ïn fraey \

cases, a fairly good upper bcund on the nunber of blocks in
the minÍmal- design is k,nown, enabling th€ user to ef f,ecti?e-
Iy restrict tbe depth of the seaxch.

The second nodification allows the user to specify an

initial set of blocks. often, theoretical methods can be

useð to determine that. a seÈ of brocks ¡rith a certain
structure nrst appear ín tbe minimal. desi-gn. rf tl¡e search

can be started from this pcint, tbe result will be obtaiae<1

much more rapiclly.

The onJ-y techniEue ¡shich r{as not used is that of rs€arch

re-arrangeuenttt. ?he nost abvious j.mprovement of this kinil
could be made in step [ 1 ]. Instead of choosing any T,-set

shich has not y€t been covered, choose the oÐe which is

L::.= 
_.1.:.: i

Conpu ter searcbes 10 X i,'; -,,+",'.-i;;
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Chapter ?

covered by Èhe snall-est nunber cf nrn-rejecteit K-sets. This

wi-Ìt decrease the number of branches i-n the tree at each

point, and theref,ore wi1l inprcve the speed of the search.

Ilowever, the cost of keepÍng track of the nunber of
non-rejected K-set,s which ccvers each T"-set is prohibitive.
To do thJ-s, r'¡henever a K-set is rejecteil, all of the l,-sêts
which are covered by that fi-sct must be ileternined. Thj-s is
much toc tine-ccnsuning, and the amount of overhead that is
involved üor€ than makes up for any rerduct.ion in the size of
the tree.

?.4 Conclusicns

The algorithm described in the previous sections Has

implernenteã in assenbler language on a pÐp1 1/45 conputer. À

consiilerable amount of tj-m e and ef f ort $as spent in optirniz-

ing tbe algcrithm, anil inplementing it as efficient.ly as

possible. Ðespíte thi-s" the nunber of cases which could be

solvecl in a reasonable aaount of tine +ras ilisappointing.
The size cf the search grows sa rapidly as the paraneters

increase that even a very efficient backtrack searcb soo,n

runs j-nto diff icult.ies. Th€ addition of isomorBhism test-
ing, which resulted ín a drastic reúuction of the search

times, as shovn in Tabl-e 7.3.1, nevertheless all-oweil only a

relatively small number cf cases to be solved ¡shi-ch coulil

i::''.1:!." ,: .j:l

i'lt.::a.:1.:': t!.
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not have been solved by the previons versions.

This does not mean that computer searcb techniques will
be of l-itt1e üse in deterrnining the value of B(TnKrtrv) for
additíonal sets of paraneters. rn many cases, sufficient
theoretical resurts uay be obtained to allow an efficiBnt
search progran to be vritten for a restricted set. of
parameÈers. any g€Beral prcgram r¿bich is capable of ha¡rill-
ing any values of T, ß, t, ancl v, however, ryirL necessari]-y

be fairly limited in scope.

Computer searches 103
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A! E-EÈÐ¿E-J-:-E !!E!Eggg Eê83- g&ggg g

In this appendix, sev,eral s,r¡pplementary proofs arê pre-

sented. The results of these theorens have beea used in
previous chapters, but the proofs were not consiclered

suitable for incl-usion in the chapters themselves.

.Tn Chapt,ec 3n it uas stated that the miniflal 1212rLrifl

design ccrurred when the varieties Here parti-tioned as

evenl-y as pcssåble" This resul-t is proveð by tbe theoren

be1 ow .

Theoren A complete l-partite graph on v vertices has the

maxinum number of edges shen the L subsets of, the

vertices all have cardinality I v/L I or I vlL l-
Proof ï,et the carriinali-ti-es cf. the t subsets be

t
n{1}, n{2), Ð.. ,n{f,) r¡here fn{il = tr¡

i='l

The nunher of edges in the comple,ment cf the graph

is then

tl2r"N=I("jt') = Iuår -tná.t
i -{ i=1 i=1I-I J:I

The nunber of edges in the parti-te graph will be

maxinizcd shen this guantity N is niai-mized. Suppos€

::. -:.' : :

i'i".

{:,. :..:

t: ...:..,

lì:i:ì j:;i:.r:,.:;

.: :...; ..

li -1'r- i::.l

i;ji- t¡ ;.'.;:¡¡,Supp.leme*tary proofs 10ll



tbat N is minimi-eed,

of the subsets, say

ttdo.

No¡¡ .]-et

n{T.-1) vary. n

The number of

n {f,-1} r¡hj-ch is
n{L-1) + n

åppen dix ï

but tbat the cara.dinalities of two

n {¿) and n {f,-'! J , il:-ff er by at least

;tÌ'Ì:a':.r

= n (L-?)

SincÊ n {1- 1 ) and n {.l) n ust be integ ra3_, the ni nimun

occurs either when they are egual {if their sun is
even) r or when they d.itfer by exactly 1 {if t}reir suü

i-s odd) " But it r¡as assumeö that N $as minimized and

that n {tl and n {T,-1} dif fered by at least 2. fhis is a

contradíction anü therefore the carðj-nalities of any

two subsets caÐ dj-ffer by at most 1. This can only

happen uhen n(i) = f v/L 1 or ¡ v/f. )r for all i' 0.8"Ð,

n{1} t.hrcugh n{I"-2)

{¿} wi-ll ÐÐr,, be a

eôges bcccnes a

minimized r.rhen

(å)¿-elÃI-- -l-
cl n {r-1} .2

- n{t} = 0.

renain f,ixed and 1et

f unct.ioa cf n {I- 1) .

quaclratic functi-on of

1 ¿l n{tl
2 d n{t-1}

aidThe follcwi-ng theorem r¿as use d. in secti_on 5.2 to
establ-i-shiag the upper bor¡nd cn B{,214,4, V) .

E'bggEern

t_n

22
Let f(xry) = ax +bl +cxy+dx+ey+f {a)0rb}0) .

T,et tl-¡e f unction have a single minimum for x=xl, T'=Í1.

Supplenentary proofs '!05
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Then if I cl la and lc I <Ï:, the min j-ma 1 value of tbe f unction

for integers x and y rill cccur when 1=f ¡r 'l or L xr J and

y=fylJ or Lyll.

ErgO! For a fixed value of, y t the tunctian becomes a simple

quaclratic f unctj-on of x r*ith a s ingle nini-mum when

2ax+cy+d=0 or x= (-cy- dj /2a. The nininum yalue when

y=yr occurs wherr x=x1, and so tl¡e minimun for !=yr1¿
will- occr¡r fon N=xl- {c¡Zal t . Sínce lc l<a, this implies

that the mi-ninun occurs shen I x-xr lslt l/2. Sinilarly,
the nininun value í,¡hen x=N 1+t ¡¿i1.1 occur çhen

I y_ytl<ltl/2.

Consider the bæhavicur cf the function when a=[ ¡r']
or L JCl J. The niai-num value in either case will occur

for ly-yl lS1/2" and therefore the minimum valne which

can be cbtained for an J-ntegral va3-ue of y wi'Il occuÐ

when y=f yl 1 0r l_ yr J . Sinilarl-yn if y=f yl 'l or

l- yr .1 , the integral value of x wh:ich minimizes the

function vi3.l be either f- xl 1 or l-xl J"

Now consider an arbitrary 5-ntegra I poínt, {x*,I*) .

Ilithout loss of generality, assllrne that

i ...-. :,iJ, .r .- ,.: ì

ì-:r' .:;.1. r - .:, i l: i

lx*-xllSly*-y1l
'The minimum value of

ûccur when

the function when x=x* Hill

ly* - Itl/2.y-yrl<lx*-xtl/Z

Sup plementary proofs 'lt6
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:

l'heref ore either (x+, f yl .1) or {x*, L yr J) wil l be

at least as clos* tc the minimum as {xx, y*1 , anil
:

therefore çill give at least as small a function yalue.

But' as shown earlier, e ither ¡=f ¡l 'f or L xr I i*ill :,::.: .j :. ,.:l
.,',, t, t-. 

.' . .,- t

give thê ninimun functi-on value when y= î yr 1 orJl¿,

' , rr1 t ¡n¿,l .r1.^..^r^-^ 11 ---L yt J, and therefore these values $irt give the

x ...I J -- -
r::_,:r:t..-..:.-_.

an d Y. 0 . E. Ð. ':'".t;. 
", 

.. ',',t ,

Supplementary proof,s 1Ð?
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¿gg3Ipga_I: :_IåE!E5_AI_ÐÍ r¿K¿L¿vL_

ïn this a ppendix, tables o f va l-ues of B (T,K, t, V, ar€

given for VS16. In order to reduce the size of the tables

and t.he number of duplicaticas, only tbose sets of parame-

ters in which V¿fi+I" ar€ given. ilny desiga in wbich V(f(+t is
the coEplement of one of these designs. The trivial cases

i-n shich either only 1 K-set, or a.Ll possible K-sets" forn

the minimal design are also cmitted.

The folLcwing codes ar€ used. in the tables to inüi.cate

the source cf severa.L cf the results. Entries which are

un¡narked w€r€ either deterni¡ed by a computer search, are

part oË a kncvn family of d.esigns {these will be notÊcþ. or

{f,er€ smal1 enough to f ind. easily by hanil,

{1) a covering number uj-th VS7K13

lt::.:.:
il .r.
:':.:: tr

l

ilel
161{2t

{3)

Stanton, Ka1b.fJ-eisch, Hu11in t
Johnson, Krieger Isee 9]

;.:;:r:-.j: ir-

tìr.\:';::!:;rJ
l:.':,ì:-¡'':.¡:
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l=2 tK=2
r---T-_-ttt
lKl r, I s

3
4
5
5
7
I
I

10
11
12
13
14

6 7 B 9 tov'l'l 12 13.tq 15 16
I Remarks Itt
'.-----=--14 5 912 ',!62C253ü36424956

3 5 -1 912 15 182226 3035
3 4 6 81012 15182124

3 4 5 7 9 .tt 13 15 fB
3 4 5 6 810 12.t4

34567911
3rr5678

34567
3456

345
34

3

Turan
ilesigns

--1-._-_L_

T=2 rß=3

ltl
l:K I t I

+--l-----+-
67

V

8 I 10 11 12 13 14 15
I Remarlrs I161 I

2
3
l+

5
6
7
I
9

| 1Ð

I 11
I 12
{ 13

t---¿____L__

--_--_;________-.t_6 7 11 12 17 19 24 Zñ 33 35 43fFort,fled.I2 4 5 7 I ?0 tr1 13 1r¿ 18 lgichap. 42 3 3 s 6 7-B e 10--tI 12.t3-14icfap- 63 3 3 4 {+ 6 7 B-9 g-lûlchap. 62 3 3 4 4 s s 7l I

I
I
I
I

2334455
233tt45

2334q
2334

233
23

sl
ql
4l
3l
3l
2l

i,.,,.
l:r-r..:
l:i:: : : :
l::::-'
:...
i::.1.::'
l.-

l'.:j' -:- '.-

Lr: )t;^i,!.i i
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1=? -K=17

,::;----î----- | 1]^mârkq I

', ,r 'lt ) I I 9 1o 11 12 13 14 j5 '16 I I

i-:-i---i------ ------ -- .- -:;--:-^---- .;----;;-i;;;;"----i
i- v . lRemarks

;-7 5 6 B e 11 12 13 18 1e 2o lt''ills
3i 2 4 ¿1 6 61-g8-9 10-11 11-12 lchap"S
4 I 2 2 :'ì 3 3 5 5 fr--? 7 lchar¡' 5

5 I 2 2 3 3 3 4 4 4 'lchaP' 6

6i 2 2 3 3 3 4 4

;\ z 2 3 3 3 4

L'l^.2?

91 2¿rr

11

fr.-1 I¿ -q.L-L I L\- J

Appendix TI

ì n i t ì a !r 1c 11 12 13 14 15 16 I
I rr l "

3 I 2 2 4 4 5 5-{r 6-'t 1-8
4i 2 2 3 3 :J 3 s

4 5 {} '7 9 10 12 13

61 2'2 2 3 3 3

7t 2 2 2' 3 3

r/

8ì 2 2 2 3
^gl ¿ t ¿

10

aa¿L

22233r3

)

I Þ5mâ rk <:
I r\./u¡uL¿4"

(1) anrl \2)

/ì1
¿L

/,
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l=2 rK=6
f-_T-----T-----
I I I v lRemarks II K 1 L I e 10 11 12 13 14 15 161 I#---+----+-------

Append.ix IT

tit::-,-.-:.:".

2
3
4
5
6
1
B

I
1C

2
3
4
5
6
7
I

'(-- | 

-l_-____

____+_--_____{
7 10 101 {1) I445

56
22
22

2
2

34
2
2

1
4
3
2
2
2

333
233
2 2 3l
2221
2221

221
2l

t-_L-
---l--

l=2rK=?rB

Itlvl8emarksl
I K I I I i0 11 12 13 14 15 .t6 I Ih---{-----+- ____._+_.______{

678
244
223
222
222
¿¿¿

+-+--_-+-_.-____ +_____--__{

2
3
rr

5
6
7
I
9

3456
222

22
2

( 1) I
I

22
2

334566
22222

2222
222

22
2
2

{1}

--l------__-_j
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I=2rK=9r 1Ð, 11r12r1'3
f---T-
lt

33445
2222

222
22

2

I V lBemaEksl

2
3
4
5
6

2
3
4

{1} I

I

I

t
I

l2
l3101 4

l5

333r+
222

22
2

{ 1}

{ 1}333
22

2

t12t 2 I

I | 2l
¡ 13t 2 | 3t I

't1

3 3 | {1) I
2t I
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T=3
fÉ_-¡____.-

Àppend ix II

---'T---lKlrl
¡----+----+-

4
q

4
4
5
5
5
6
?
B

I
9

10
10
11
11
11
12
12
13

3
4
5
á

12 l2l
2a {3}
30 {3)
45 (3)
I (3)
12 {3)
20 {3}
7
6
5
4
>6
4
6
4
5
>_7

4
5
4
14
6
5
4

11
't2
't2
13
13
14
15
16

10 I 14
10
10
11
11
12

3
5
6
7

3
3
3
3
3
3
4
4
3
3
4
3
3
3
12 {3}
2

l3
l3
t3
l3
l3
I3
l3
13
l3
t3
l3
l3
l3
l3
t3
l3
l3
f3
l3
l3
{4
l4
l4
t4

10 I

7
B

9

I
9
1C
9
10
11
12
13
13
14
14
15
16
15
16
1ñ
I
B

9
10

4
4
tt
ri
4
4
4
4
4
4
4
4
4
4
5
5
5
5
5
5
5
5
6

7
-1

B

I
9
9
I
9

'!5 I
16 I
15
16
16
9
10
11
12

15
16 I
12 I

I

1-

l:ì-r' .'

i--l ir-"¡::i:

I | 13
s | 14

2
2
2
2
2
2
2

10
11

6

T=14

lKl rl vl
#-_ + ---+----+

--TT---T---T--B{TrK,.l,V} llK I I I V I B{TrI(,¡,rT} |

s I 1û
5 { 11
6 | lCI
? | 7

15
16
1,6

1q

3
3
3
2

7
-3

B

I
9
I

-t5

't6
1ñ

2
2
2

L--_¿_---l----_J-__- --l----t---.-_--__J
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