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ABSTRACT

A fu1ly conforming, displacement tpe finite element of rec-

tangular shape is developed and appiied to the solution of rectangular

plates in bending. The transverse deflection is represented by a poly-

nomial expression r^¡trich includes terms up to degree eight. Six deflection : 
'

paraneters, the displacenent and its first and second derivatives' are.

specified at each coïner - giving a total of 24 degrees of freedon for
-.¡ic p1 cmcnt ic choüm t-o be sener .te for .' ,' ,the elsnent. This element is shown to be generally more accurate for

dynamic problørs than previously available elements 
,,,,,,,,,

The assuned deflection polynonial is such that the rectangular

elenent conforrns with a triangular element. Then a combination of rect-

tangular and triangular elenents is capable of describing arbitrarily shaped

bor:ndary configurations. The accuracy of varioùs ccnnbinations of the truo

tpescfe1gnentsistestedbyana1ysingthefreevibrationsofp1ateswith

a rectangular and simple norr rectangular geometry. :

SubsequentLy,aconbinationofthesee1enentsisusedtodeter.

mine the dpanic cþaracteristics of a box with a sloping roof. The accu::acy

of the theoretical- natural frequencies and mode shapes is checked by ,i-
. t:.::.j:ì:

conparing ttrern with experinental values. 
,
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. Structural Properties

NOTATION

'.t

nass/area

9. sorÞ standard length

g ' acceleration due to gravitY

E Yotngts nodulus

v Poissonf ratio

t thiclsress

I cross-sectional noment of inertia
ç*5D + flexural rigidity

12(1.-v')
w tTansverse disPlacement

t4 overall iltaSS matrix

M element mass natrix-e

M constrained overall rnass matrix-c

. K overall stiffüess matrix

K element stiffüess matrix-e

K constrained overall stiffrress matrix
-c
General

T transformation matrix

B rotation matrix

l, wavelength

XrY,Z global co-ordinate sYstem

v\74

:'t-' :.\ local co-ordinate systems
Brl rlP



Sr¡bscripts

t- constrainedÞ

e ele,rnent

. xr)r partial derivative with respect to x and y respectively

Synbols

{ } vector matrix

square matrix
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GI\PIER 1

Introduction

ïlre prospect of supersonic passenger transport services has

resulted in concern with the effects of sonic boom on people and buildings.

(A sonic bocrn is the pressure disturbance observed on the ground r^¡hen arl

aircraft flies oVerhead at a speed gieater that of sound). Informa-

tion regarding these effects would be invaluable in the prevention of darnage

to buildings and the reduction of annoyance to people w-ithin the buildings.

To gain such l<rtowledge from full scale tests is expensive and c€t¡ses

annoyance to the general public. In an attempt to utilÌze other methods,

Popplewell (1) successfully enployed thlo sinulation techniques - one

experirnental and the other mathenatical - to determine the response of a

flat-roofed structure to a sonic boon. The nathenatical approach, how-

ever, is much more flexible as strarctural changes, which might be in-

corporated at the design stap, caf-r be accomodated easily.

In the interest of extending the mathematical nethod to more

faniliar structural gecrnetries, the dynamic characteristics of a box-

type structure with a sloping roof are investigated.. The theoretical

frequencies and nod.e shapes are evaluated and ccrnpared to experimental

results

The experimental model. was constnrcted of Perspex and dynamic

charactêristics determined by using harmonic excitation

The rnathematical model enployed the finite element displacement

nethod.. In the application of this method, it is assumed that the

structure is conposed of a grid of interconnected elements with iarown

ma.ss and stiffness characteriitics. Using similar assunptions as

reference 1, the free vibrations of a three dimensional structure may be



reduced, under certain boundary constraints, to a complex shaped, flat
plate undergoing flen¡al vibrations.

Triangular, r:nlike rectangular finite elements, can realistically
approximate such'conplicated. boundary gecrnetries but they suffer from the

disadva¡rtage that their orientation carì. have a significant effect on J :

.r,,l.

triangular plate-bending elements and conclud.e ttrat their conforming

triangular element NRCD is superior. (Conformity in this context means ...:

. i:.

t}attransversedisp1acenentsa¡tds1opesarecontinuousbetweene1enents)

However, a conforrning rectangular elenent, UM6, is developed in this thesis '"

and shown to be better than NRCÐ for dynarnic problems., W6 has the addition-

al advantage that it conforms with NRCD so that a conrbination of these two

elements is capable of describing irregularly shaped boundaries, but the

ccrnbination is only useful if it is more accurate than using trieinguiar l

e1ementsa1one.Thisisdemonstrated'tobethecasefortheparticu1arex-

amples of a rectangular and a cantilevered triangular plate in bending

Then the combination is shown to give satisfactorylagreement with ex'

perimenta1dataforthefreevibrationsofaboxI,fithas1opingroof.



CHAruER 2

2.0 Introduction

Over its lonþ period of developnent, the finite element dis-

placenent method has proved to be a powerful technique for the dynamic

ar¡d. static analysis of stmctures. In this rnetfrod a stnrcture is re-

presented by an assenbly of elements each having an appropriate mass and

stiffness. Irfuch recent research h,as been r¡rdertaken to generate element

properties'more acctrrately with increasingly sophisticated forms of the

assuned displacenent distribution within an element. To assess ttre re-

lative accuracy of d.ifferent approximations, a rectangular sirnply-zupport-

ed plate is often consideredras exact solutions are well known.

A suwey of various approximations for triangular and rectangular

plate-bending elenents r^ras presented by Covper et a1 (10). It was

suggested that conformity is a desirable property of these elgments pro-

viding fields of strain are represented accurately. Conformity in this

context means that only transverse d.isplacements and slopes are con-

tirn¡ous between elements. Bogner et al. (16), Butlin and Leckie (18)

and later lvfason (3) go one step further by inposing total compatibility

between rectangular_elements. Compatibility implies that the unlsrown

displacements and derivatives are not only continuous at nodal points but

also along corrrnon edges between elements. Hence, the deflection, its

first derivatives. and twist are continuous for a 16 degree-of-freedcrn

rectangular element and, additionally, curvatures are continuous for

?4 degrees of freedon. Subsequently, Cowper et al (10) developed a

different displacement fi;nction for a confonning triangular element

(NRCD) which proved superior to elements previously available.

-- . - ---- ----.ì-----.- ìi,Ì.:.î.:,



However, a conforming rectangular elqnent, UM6, is formulated

i¡r this paper and. shown to be better than NRm for dynarnic problens.

W6 has ttre additional advantage that it confornis hrith NRCD so that a

conbination of these two elenents can.be used to describe ccrnplex bound-

ary shapes. A sardy of various ratios of the rn¡nber of rectangular to

triangular elements is presented fot' the particular examples of a

sirply:supported rectangular anf a cantilevered triangular plate in bending.

2.I A Conforming Ccmbination of Rectangular a¡rd Triangr¡lar Elenents

Ttre form of the displacenent apprqxination for [JM6 is based

on ttre algebraic polynonial used for NRCD. This polynonial has a quintic

a¡rd eubic variation of deflection and. normal slqpe respectively along

any edge in the edgewis.e co-ordinate. To er¡su:re continuity of displace-

nents and. slopes between elements having a comnon edge (conforrnity), the

coefficients must be determined r:niquely by qr:ørtities at the terminal

nodal points.. These requirements are satisfied. by using sjx deflection

parâmeters at each nodal point. For W6 to conform witir NRCD, it must

have the same variations along edges and.identi.,cal paraneters at coinci-

dent nodal points. These parameters are the transverse deflection and its

fi.rst.and second derivatives (w, w*, ty, *ro" **y, tyy) - a total of

18 and 24 ùegrees of freedom for the triangle and rectangle respectively.

Then the six coefficients of the quintic pol1æcwrial are fixed uniquely

by the deflection, edgewise slope and edgewise curvature at each of th¡o

terminal nodal points. Similarly, the cubic is defined uniquely by the

nonnal slope and the.twist at each of the terrninal points.

Using the local co-.ordinate axis shor^¡¡r in Figure 1(a), the

displacenent approximation satisfying the deflection and normal slope

conditiöns along any edge of the rectangle can be written as



w(xry) = tl * ^f n usY * ^È2 
* t5*y * uuYz * 

^r*3 
*

+ agxzy + agxyz * aT0y3 * alrx4 * alzx3y * 
^rs*2y2 

*

* aLAxY3 * t15r4 * ar6x5 * 
^r7*3yz 

* 
^Lg*2Y3 

* a1gr5 *

4 1 ) 7 ,L 2 3,,4+ ãzlx- (| va - i Y' /b) * ^zt(ì * - i x" /a)v' +

33 5,1 ? \-. 1 ? \.+azzx-y nuz3* tzyo -lv=rcl*uz4(l" -tr"t/")rt. (1)

Terms up to order eight are present within the rectangular element but

quintic deflection variations exist along edges. Bracketed terms in

the above expression are required to satisfy the cubic normal slope

conditions.

Tlne 24 generalised displacernents.for rectangalar element UM6

are assembled into a colunn vector {W-, } whose transpose is

{Or}t = (tl, \1, *y1, wxxl, tu*yl, *WIrwz..., w3..'.rw4....) (2)

where subscripts 1, 2, 3 and 4 refer to the mrnrbered nodal points in

Figure 1(a) . Using equation (1), each term in {ryf} can be expressed

in tenns of the ui to give

(3)

T is a 24 x 24 matrix and {4} is a column vector of the

twenty four polynoniial cogffiç=ients uL, ã2, ã5,. ..a24. The determinant

of T has the value -3.160494 (ub)30; it is only zero when the area

of the rectangular element vanishes. Hence, J is not singular in practi-

ca1 situations so that from ec¿uation (3) ,



{4} = T-1 ftr Ì. (4)

In deriving an identical relationship to (4) for triangular

element M0, three r¡nlcnov¡ns have to be eliminated frcm the general '

quintic polþonial asswned. for the d.eformatiorr." Again it is achieved.

by stipulating that the normal slope has a cubic, variation along elsnent

Uotm¿aries. Tturs the term *4y is omitted to satisfy the slope cond.ition

along e,lge I = 0 - rezulting in the twenty lur* polynonial e:ipression

shown irr Figure 1(b). Two further coefficients have to be eliminated as

tåe triangle has only eighteen generaLized displacements co responding to

six displacenents at each of its three nodal points. The slope condition

along ed.ges PrP" and P"P" in Figure 1þ) produces two equations to
IJ¿J"9 I

determine the extraneous coefficients in terms of the remainder. Then

Coqper et al are able to i¡rvert a 20 x 20 I natrix and reôrce the size

of the inverse by omitting the last two colunns. ïhis results in an in-

verse nâtrix which is consistent with the twenty coefficients and

eighteen generalized d.isplacements contained. in vectors corresponding

to {4} and {-ry*r} respectively.

In the following section, mass and stiff¡ress matrices are

derived for the rectangular element in a¡r identical nanner used by

Corçer et a1 for their element. Differences i¡r detail occuf because

of the dissimilañti of. shape between the triangle and rectangle

. Consequently, integrals over element areas require different limits and

a more direct approach can be used to impose normal slope conditions

on the rectangle?s ldisph.e*ent approxination. Cl-osed-foïïn expressions

a:e obtained in both cases which al1ow the entries of the matrices to be

generated autonatically within the ccmputer. Th.en a systemts equations

of notion are derived in such a way that the total energy is stationary.

6



.l^u =*D | {*"e¿J)o(
.A "e

2.2 Generation of Elemeirt lvlass and Stiffness lvlatrices

The stíffness and mass matrices of elements [lM6 and MCD are

obtained by considering the strain ard kinetic energy of a uniform iso-

tropic plate in bending. Classical theory gives

* #n + Zvwowr, + 2(L - u)*ly] dA" (s)

as the strain energy of an element. D is the flèxuralrigidíty, v is

Poissonrs ratio and. A" is the area of the element. The onty difference

in the following derivation and th)at of. reference(IÐis caused by areas

A" of the triangular and rectangulai elenents being differènt. Due to the

discontinuity d the variation of y at vertex PS in Figure 1(b),

the integration for NRCD is taken as the sun of the integrals over

triangles P'QPS and QPZPS. Typical limits are then 0 < x < a

0 <. y < c(1 - x/a) for QPZPS. Limits for tM6 in Figure 1(a) on the

other hand can be r,vritten sinrply as -a/2 1x < a/2 and -b/2 < y < b/2.

, Reference(l0)shows that if the approximate deformation over the

triangular element is r,lritten in the form'

w(x,Y) =

then a t1"pica1 terni

written as

I')I w- dA = II a.a.J xx e :: L )
ATJ

e

tthere

(6)

in the strain energ)¡ equation (5) nay bedA

m.
-1¿ a.x.1
]-

I')
lvIJ )o(

^ g

n.
1v

{mrrn, (m1 - l)(mj - 1)F(n. + m. - 4, ni o tj)Ì (7)

(8)



Following the sane procedure, eçations (6) and (7) remain valid. for
tM6 and equation (8) takes the form

.l (0 either m or n even
F(n'n) = L*t. n+1 ._^rn+n . (g)

(.an+1bl1+1/(fl*t)rn m and. n bottr odd .

0ther terms in equation .(5) are evaluated in a similar nanner a¡rd. then

ccmbined to give U" in the quadratic fonn

1'nu"=äD{4}'h{A} : (to)

A,,t1pical conponent k., * of natriX ! is given by'rJ-

kij = *iT(\ - rl(i - 1) F(n, + m, - 4, ni * t).*,
ritj (ri - 1) (nj - J) r(m. * *j, *l * rj - 4) *

{2(I - v)n mrnrn. + *irj (\ - 1) (nj - 1} *

-1T -1K. = lT tl- k T
-.1

*jtiq r) (ni - r)l F(\ * *j - 2, îi * nj - z) (11)

for both NRCD afrd LM6. Conbining equations (4) and (10) produces

uu=åD{û1}r${yr} (12) ,,,,
:1'

where

51 has to be transformed now,form 1ocal (xry) to g1obal co-ordinates

(XrY). Enploying the well known relations

r*=wXcos0+wysin0

,orZ e * urxy 2 sin o cos e + wyy sinZ o

etc. , (14)

(13)



where 0 is the angle befi,¡een the. a¡rd x axes, gives

{ul}=B{%}. (1s)

R is ttre rotation natrix.containingtrigonometric functions of

e. It depends o.nly upon an elementts orientation with respect to the

global æces. using equations (Iz), (13) afìd (15) , Ue is given by

'r--T
U = + D {w-}^ K^ tw^J (16)-e ¿ --e -e -e

where

K^ = Br (T-l)rff t-51 (17)
-e

is the form of the elernent sti'ffness matrix in the global co-ordinate

systen for both NRCD and W6.

The mass natrices for both elements a:s,e derived in the san3 way

as the stiffness matrices. Consider the kinetic energy of an element '

'

I ., | .¡ 
(1g)T"=i o'pt.J "-*u

,Ä"

where p and t are the density and.thiclaress of the plate respect- 
,,

ively and ur is the circular frequency for sinusoidally time-d'ependent

vibrations. It can be shown that mass rnatrix $* corresponding to 5"

takes the form

r 
T-1)r qc1-1) B.Y"=B^ (

The components of [t are determined from

(1e)

tij f (mi * *j, *i * tj) (20)

for both NRCD and UM6 and m.. and n-. are the erylonents in equation (6) '-1 a

o



' ' Ttre total ene.rgy E, for tåe free transverse motion of a rxri-

form plate is obtained by suruning the strain and kinetic energies over

all elenents. Applying ccrnpatibility cond.itions at each of the nodal

points gives

E, = {s}rlå f - +Irl {,:,} .

S and ryl are the werall stiffness and mass matrices, respectively, for

tJre plate arrd [^r ] is tJre displacement vector vilrich contains all the

possible nodal d.isplacernents. Eeuation (21) is valid for any conbination

of rectangular and triangular elements prwiding care is exercised in

applying conpatibility conditions.

Scrne of the nodal d.isplacelnents must be tonstrained to zero in

order to include the plq.te'sedge conditions. Only displacement constraints

can be applied directly to equation (21) which lead.s to scrne disagree-

nent in published literature (3) whether displacernents corresponding to

force boundary conditions should be employed. To facilitate the com-

parison with the bulk of previously published work, force as well as

kinemaLic boundary cond.itions are used in this thesis for sinply-supported

and fully fixed edges but not for free edges. Thus, for example, the

normal curyature as well as displacement and edgewise slope and cun¡ature

are constrain-ed to be zero at nodal points on a simpll-Sunnorted edge.

Details' of other edge conditions are well knor^¡n and need no further

corrnent. Then quadratic eneïgy matrix (21) can be partitioned and

reduced in size to produce

(27)

(22)

nodal displace-

% = {y"}t r} [. 4 u.t {u.}

where {y.} is the vector containing only the ron:Z€ro

10



ments. Sc ' "tt¿ Uc are the constrained. stiffness and. mass matrices,

respectively, for the plate.

llaving constrained the matrices, the energy is nade stationary

by differentiating equation (22) with respect to each of the nodal

displacements in turn and equating it to zero. Ttris procedure gives the

reqprireF equations of motion as

lD {c - ptuz U.l {g.} = {g}.

Fo¡ non-singular 5c,

eigenvalue probl'ern

t9. - r¡1 {Y.} = {Q}

w&rere

(2s)

the above equation nay be reduced to the standard

(24)

9c
-1=K^-c (zs)

Using double precision arithmetric throughout, eigenvalue

problen (24) is solved using the QR nethod - details of which are given

by Wilkinson (16) . The solutions give the required natural frequencies

a¡rd the displacenents of the cons,trained systern.

Mode shapes of the original system are obtained by reinserting

the zero nodal displacenent constraints

23' Discussion of Results

The natural frequencies and normal nodes of a plate with side

lengths in the ratio 40 to 27 were detennined using various assenblages

of W6, Cowper et alts triangular element NRCD and Masonrs rectangular

elernents. Figure 2 shor^¡s the arrangements for the two support conditions

considered; all edges were either stnply-supported or fu1ly fixed. T.he

11



.*pt"tu plate was idealized with N id.entically dfunensioned. elsnents.

Advantage . r^ras taken of synrnetry about the plateb non-diagonal arces so that

oîIy a quarter of the plate need be considered. with synnetry constraints

imposed on appropriate boundaries. ïhis simplification reduces the eigen-

v¿1ueprob1em(z4)toaboutaquarteroft}resizeoftheorigina1

problem with a corresponding reú.rction in colrp-uter storage requirements.

By considering two arrangements (shoyun in Figure 2 as tPr arrd

'Q') Cor^rper et al showed that the orientation of NRCD has a significant

. effect on accuracy for static probløns. This point is investigated for

dynanic cases using the sane arrangements..

' Natural frequencies computed wittr the different elements are

conpared initially in Figure 3 for the sinply supported-plate, since the

exact solution for this boundary condition is well lsir.oum. Ihe percentage

error in this figure is defined as

,approximate value - exact value
r' exac¡ varue ) x 1oo% (26)

It is seen that W6 generally gives ttre most accurate naû¡ral

frequencies for a given nr¡nber of elements. Fxceptions occur when nine

or fewer elements are used to d.etermine the higher frequencies. Although

lrfasonl s 24 degree-of-freedom element is most accurate in these cases,

W6 always produces least error in the first tluo natural frequencies

Figure 3 also shows that the orientation of NRCD can be significant for

dynanic problems when only eight elements idealise the plate. As for

the static case, Q is superior to the P pattern. There is very little
difference between the two arrangements for a larger ntmber of elements

but, surprisingly, the P is then consistently better than the Q pattern.

The computed natural frequencies of W6 converge towards their

L2



theoretical values far ¡s¡s quickly with an increasing nr¡nber of elements

ttran corresponding frequencies calculated with .the other elements. ldason's

element, although relatively accurate for a srnal1 nt¡nber of elements,

has the worst rate of convergence.

A conparison on tlte basis of nr¡nber of elements alone is ¡¡r-
fair to the triangular elenents as two triangles can constitute one

rectangt¡lar element with bot.l. systens having the same d.egrees of freed.crn.

Hence it rnay be argued that a better basis for conparison is the total.
constrained degrees of freedom of the complete stralcture, as this nr¡ùer
gives a measure of computational effort and storage requirements. Here

constrained degrees of freed.om is the difference between the total
degrees of.freedon of the structure and the nr¡nber of bor:ndary constraints.

Using constrained degrees of freedom, the only variation frorn previous
' observ¿tions is that the difference in the characteristic convergence rates

produced by tM6 and NRCD is not so marked. although tM6 t s is still the

best.

Also given in Figure S(a)are the lùnits on the errors of ttre
first ten natural frequencies ôbtained for a given nr¡nber of constrained

degrees of freedon with lvfasonrs 16 degree-of-freedom rectangular element.

It is seen that a larger ntnnber of the 16 d.egree-of-freed.om element is
snperior to the use -of the -element with 24 generalizeð, displacements - a

fact noted by the various originators of these elements. However a sirnilar
ccsnparison shows it is preferable to use llM6.

L3
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The precise accuracy of a calculated mode shape is difficult to

¿rssess a¡rd. to present. Ttre accuracy of a natr:ra1 frequency, however, gives

scrne indication of that of the associated mode shape. For sinpry-

zupported edge conditions, the mode shapes should be d.ouble sine (or

cosine) hraves. using at least 82 constrained. degrees of freed.on, the

conputed nodal d.isplacements, slopes'.rrd ,".ond derivatives agree with

theoretical values to at least six, three and trvo significant figures,

respectively, for [M6. Correspond.ing accuracies are reduced generally

for the other two elements to four, th¡ee and. one for NRCD and. six, one and..

one significant figure for N4asonts element. Ttu.rs, for high precision,

it is important to determine accurateLy hi.gh ord.er.derivatives (particularly

the slopes) as well as the displacements.

' Subsequentlyrfree vibrations weïe calculated for the same

plate but with fu1Ly fixed ed.ges. Since exact solutions foi these edge

conditions are.not kncnnm, computed results hrere ccrnpared with those given

by warburton (9) and with those of claasen and rhorne (8). Ttrese com-

parisons are made in Figure 4 and Table 4 where the percentage variation

is calculated. using equation (26), taking respectively lVarburton's and

Claåsen and Tttornefs results as rexact valuest. The reference results

are themselves approximate and overestimate the values of the natural

frequencies - explaini.ng the reason for the negative t errors t .

the simply-supported case, lM6 and NRCD produce natural frequencies v¡hich

are generally lower than those of ivlason for the largest nr¡nber of con-

strained degrees of freedom considered. All are less tlran Warburtonts

values and., apart fron the sixth modertl¡46rsâr€ slightly less than those

of claasen and rhorne. For fully fixed, r¡nlike simply supported edges,

Figure 4 indicates tlrat Lll"l6 has the Snallest variation fron the reference

T4



values of most of ttre higher as well as the lor¡¡er frequencies for few 
,

constrai¡red degrees of freed.on. The percentage variations'not shown in

these cases are too 1.arge to be plotted in Figure 4.

kaçt node shapes are not lnown for the fu1ly fixed plate.

However, the fund.anental node shapes produced. by all the elements for this.

condition have slightly different normalized. -displacements along center

lines parallel to plateedges . This was first noted by Mason who attri-
buted the phenomenon to the fact that a tnrly separable solution car¡not

be obtai¡red.for a rectangular plate v/'ith all edges fu11y fixed.

Only those boundary shapes which can be represented exactly

with either rectangular or triangular elsnents have been considered in

the preceding discussion. There are a great variety of non-rectangular

shapes, however, which can be approximated realistically with triangular
'

but not rectangular elements alone. Although rectangular elqnenr W6 is

unable, by itself, to describe cønplex geometries, it is more accurate

than triangular element NRCD. Nevertheless, UM6 is conformable with

NRCD so that is wot¡ld seem desirable'to use some ccrnbination of these

elqnents r,rùren describing irregular boundaries.

To obtain a 'feeling' for an optirm.un ccrnbination, the free

vibrations of the sinply-zupported rectangular plate and a simple example

of a complex boundary shape - a right triangular'plate having one edge

fu1ly fixed and the other two edges free - are determined using various

combinations of the two elements. Material properties of the triangular

plate are

Modulus of elasticity

_ Poissonrs ratio

Dersity

E = 30 x 106 rb/sec?

v=0.3
p = .00073s1737 sLug/itf
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' ' T?rickness r = o-06l in "''-rru_cKness t=0.061 in :,,
C*^- l)i-+^--^Span (distance of free vertex

tr---, ^t--a

Lengtå of fully fixed edge 10 in.

Table 1 gives experimental values in Hertz of the triangular ...:r
" :l''plate together w"ith the first ten natural frequencies computed with an

increasing nunber of rectangular to triangular elements. Discrepancies

befueen the frequencies calculated with trianguLar elsnents aloné a¡rd
¡t - ,. 

_ 
,' tltose given in reference (10)are due to the gravitational constant g ',':i',:.

being assigned the more usual value of 386.088 in/sec2 rather than ,;1;1,',

387 .75 inlsecZ assroned by Cor,rrper et a1. ïhe table shows that as the ratio
of the nt¡nber of rectangular to triangular elements increases, the ccrnputed :

f,requencies decrease and tend to experimental values given in reference (21)

However, the difference between extreme computed values for a given fre-
quency is narginal for the six. lowest modes but becomes progressively

more significant for higher frequencies. Further, there is 1itt1e differ-
ence in correspond.rng mode shapes obtained using. the various assemblages.

All give good agreement with experfunental rezults 
,i:.::

Then three different combinations of W6 and. NRCD in which the ,,';..,;,,..

triangular elements are arranged in a "P" sense along the diagonal of the .,:1 
,,1

l-: 
.

quarter section are used to id.ealize the 40:27, simply-supported rectangular

plate.The associated percentage error of the ten lowest natural frequencies

are listed in Table 3 together with the errors produced by the id.ealiza-
'':1:

itions composed of triangles and rectangles alone. For the three different 
:':'::

constrained degrees of freed.crn, the accuracy of the combination is always

bounded by those of the triangles or rectangles_ alone.
':

For 18 constrained degrees of freedcrn, the ccrnbi¡ation usually

gives significantly nore accurate frequencies tJr.an NRO. This is not only .....,..' .:... .. ì... . .

16



tnre for the higher modes but is also the case for ttre lowest rpdes. The

effect is much less apparentrhowever, for the lowest modes w"ith idealisa-

tions using large degrees of freedcrn. Hence, a ccrnbination of rectangular

and triangular elements should be used when few elqnents or higher natural

frequencies are required. It would seem advantageous in these cases to

use a minimr¡n nrrnber of triangular elements.

2.4 ConcLusions

A ?,4 degree of freedon rectangular plate-bendi.ng elerent has

been fonmfated which proves to be gdnerally Íþre accurate than previous

elenents for dynanic problems. Hence it is advantageous to use this

elerpnt alone if a systemrs shape can be approximated with rectangles.

However, there is a great variety of shapes for whiclr rectangular elements
''

are r¡rsuitable. The newly developed element conforms with Cor^rper et alrs

triangular element so that a combi¡ation of the two elements can realisti-

cally describe irregr:lar borndaries. The greatest benefit of using the

conbination i¡ preference to the tríangular elenent alone occurs when few

elenents or higher natural frequencies are required. A minim.un number of

triangular elements would seen adr¡isable in these cases
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GIAPTERS

3.0 Introdr¡ction

Tfie developnent of supersonic cqnnerical aircraft has led to

nurterous investigations related to the effects of sonic boom on structures

(19), (20). Fu1l scale tests were found to be expensive and. caused a great 
,,,,,,,,,.,,

deal of inconvenience to the general public. Ttrerefore, it has been .:::.:

forrnd-advantageous to use comparatively cheap simulation techniques which

localize the aruroyance. fn reference (1)r. Popplewell investigated the 
..:ì.

dynarnic behaviour of a flat-roofed box which was.subjected to a simulated : :":

t.

sonic boom. As well as fu1l scale tests, two simulation tectrniques - a ,.,.,:,,1,,,¡,

srna11 scalePerspex nodel and a nathernatical model - weïe used. It was

concluded that the nathenatical model provided lraiid results and could be

used to give useful data pertaining to structural response to sonic bocrns.

The finite element displacement method was used. as a basis of

the nathematical rnodel. This technique, unlike the series solution of

Dickinson and Ìrlarburton (7), was sufficiently flexible to accor¡¡rt for

discontiruities like windows in the structure

To sfunplify the analysis, Popplewell reduced the three di-
,.''-'':'

mensional box to a cross,shaped flat plate configuration. ';,ì;:";:¡.;,"'1

The application of a flat plate analysis to more realistic : 
.

.i ,..' 
-':

building configurations required the description of non-rectangular

bourdaries. The developnent of IJM6 allowed a conformal combination

of LJM6 and NRCD to accurately represent arbitrary structural shapes.
t.-... ..:..:

As a conseguence, the flat plate analysis could be extended to accomodate : ':

more faniliar configurations like a house with a sloping roof. This

chapter deals with the inclusìon of a sloping roof on the box-t1pe

strucûrre. The reduction of this stn¡cture to a flat plate, required

L8



triangular elernents to describe tlre non-rectangular bowrdary caused,

tlwt aby the stropi.ng roof. Frcrn the previor.rs chapter.it was observed

finite elernent respresentation composed of W6 a¡rd a minirnr¡n nr¡nber

of NRCD could describe most acct¡rately the flat plate configuration.

Ur¡b to syrunetry, it was possible to consider only one quarter

of the.structure. The natural frequencies and mode shapes were évalua-

ted using the finite element i<7ea\ization of Figure 6 and a ccrnparison

was made with experimental values obtained. for a gnall scale Perspex

nodel.

The effect of the sloping roof was discussed relative to the

results for the flat-roofed stnrcture.

3.1 The Nfathematical Model

The structure vias assrfiied to be built fron plates, each of which

was perfectly elastic, homogeneous and isotropic. The transverse displace-

nent of each plate was considered gnall ccrnpared with the wavelength of

flexual vibrations. In-plane displacements were neglected and acoustical

coupling between individual faces was assumed to be negligible. The

base edges'of the box were fåxed while remaining edges were allor.¡ed to

rotate such that joints remained at fixed angles but did not move in

translation. Corner deflections, therefore, were disallowed. If the

corners also were assumed not to twist, the sloping roofed box êould

be represented as a flat plate. A finite element idealization of the

plate ernployed the arrangement shown in Figule 6 . By constraining

the displacements of conrnon edges to be the same, differences between

the three dimensional and trvo dimensional analysis were renoved.
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S.Z Phvsical Properties.Natural Frequencies and Norm3l ModeS of the ' '

Itlcdel Box

To provide a means of determining the validity of the nathenatical

ideaLízation, the nahlral frequerrcies and mode shapes of a sma1l plastic

model were determined experirnentally. (2L)-

A sloping roofed nodel r+ith the dimensions shou¡n in Figure 6

!úas constnrcted of Perspex and placed in a wooden jig to sinnrlate

clarnped base edges. Like all plastics, Perspex zuffered froln the dis-

advantages that its physical properties uary with texnperature, hr-unidity,

thickness and frequency (1). Strict .orrato, of tenpprature and ln[nidity

r,ras impossible so that their variation was minfunized as far as possible

by using the same laboratory

To determine the effect of frequency on the value of dynamic

yoringrs modulus, the natural frequencies of a carrtilevered Perspex bean

having the same thiclcress as the nodel were evaluated experimentally Figure 7. 
I

Details of the standard experimental procedure adopted can be found in

reference (ZL). Assurning negligible damping, the natural frequencies of

a cantilevered uniform beam with cross sectional area, A, and length, l'rate

given in Bishop and Johr¡son (17) as

Z EI g(Àoø)4

'i =;7-
for the pth mode. L.r."

4nz.Z
E= 'tp lJ-flpAg4.

Ig (Àp!.)'

(27)

(28) ,'
:.

a

The bearn functions, 
^pU, 

are tabulated in Bishop and Johnson as

z0



I\,flDE (Àf,)4

L 12.3624

2 485.519

3 3806.ss

4 L46r7.3 :i,: -

:..:._,. : .a 
-, 

.-:

Substituti¡rg the beamt r r,"a,rt., frequencies into equation (28)

gave the dynamic Young's modulus

However, it was for¡nd th¿t ttre Perspex was extrenely sensitive 
',¡,.,,,'1

to tnrnidity. Consequently values of 'Youngrs moduluswere shown in Table 5' , .: l

fo¡ two different relative lumidity levels obsen¡ed during resonance '"':' '

tests of the nodel beam.

Table 6 shows the theoretical natural frequencies of the

sloping roofed strancture obtained frcm the finite element idealization

showninFigure6.Thetheoretica1frequenciesagreedreasonab1ywith

the experimental frequencies. The tåeoretical results, hcn^rever, over-

estimated the experimental values. This could be contributed in scrne

part to tlre relative hirnidity during the model tests being 91% while the

Yotrngts modulus values used in the theoretical analysis were calculated '.,.,t;.,,,,,,,,

for a relative humidity of 79%. Table 5 indicates tJ:at the ef,fect of ,,, ,,,,,1,,

decreasing tn;midity vilas to increase the nàûrral frequencies (and Young's ',.:. .

moôrlus) of Perspex. Ihe first six theoretical node th"p"t of the

sloping roofed strucûrre are given in Figure 8 - experimental results
. ':.:::...,

:.::l:...hrere unavailable at the time.

Im conparing the theoretical frequencies of the flat roofed

Stnrcture (2) to those of the.sloping roofed structure, the effect of the

sloping roof was to increase tJre overall stiffness of the structure. This

was due mainly to the constraining effect of the sloping roof sape)c , , ,

' .... -tt-. . 
:
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3.3 Conclusions

The finite elernent analysis of a box-type stnrcûrre has been

exte¡ded to more ccrnplicated geometries by using a combination. of rectangular

and triangular elements. Reasonable agreqnent has been demonstrated

bethreen the theoretical and experimental natural frequencies of a box with

a sloping roof. This gives increasing confidence in the future use of

the theoretical rnethod in determining the response of conplicated stnrcf,rres

to sonic bocrns

It has been for¡nd that the'main effect of the sloping roof is to

increase the stnrcturets overall stiffness - ffid, hence, its rratural

frequencies.
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GI,APTER 4

Conclusions

rhischapterreviewsbrieflytheconclusionspresentedin

þrevious chaPters'

A new'rectangutar plate bending elenent, t}d6, has been develop.
;ì: :ì-:r.:

;^ *-^.'; nrrclrr qr s . The elgment :ì:: :

ed and shov¡n to be superior to previously available elenent:

tras the additional advantage that it conforms hrith an accurate triangular

element so that a combination of the two elements can realistically approx- 
,,:,.:,i.,.1

. imate irrigularly-shaped bor¡rdaries' .For greatest accuracy'the optimum 
" 

:'l

combination of the tlvo elements . would seem to be the one which uses a ninirnun ; ;',';'

ru¡nber of triangular elements'

Anoptimrnrccrribinationofrectangularandtriangularelements

- is applied to the deternination of the freely vibrating châracteristics

of a box-type strucürre with a sloping roof' The 
lesulting 

theoretical re-

sultsccmparefavourablywithelçerirnentalvaluesobtainedbyexcitinga

Perspexmodelharmonically.Thisvalidatestheassr.unptionsusedtosimplify

the rnathenatical model. It is shown that the èffect of the sl0ping roof

is to increase the nodelrs overall stiffness - and, hence' its natural
a, ,t,ti,

frequencies. '

Ïhereasonableagreenentbetweentheoreticalandexperimental.;'.;.....;:'...-

rrodelsgivesaddedconfidenceinusingthetheoreticalmodeltodetennine

t}reresponseofccrnplicatedstnrcturestosonicbooms.Thisworkwiltrbe

undertaken in the near futi¡re. ,:,:',..,
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: "':: :i: t.::

IREQIIENCY (Hz. )

!{ODE

NT]}ÍBER

Experímental

Results

Reference

(23 )

1 36.54L2,4 36.53947 36.53897 36.53895 34.5

2 138.9636 L38.9567 138.9550 138.9528 136.0

3 193.6010 193.5815 t93.5751+' L93.5699 190¡0

4 332.7L47 332.7060 332.6953 332.6240 325.0

5 453..2L97 453.z].so 453.0388 452.9050 44L.O

6 589.2431 589.1010 589.0678 588.6882 578.0

7 664.0397 663.85L2 663.7r70 662.9L44

I 798.0966 797.724L 796.9290 796.3389

9 948.L436 947.2899 946.Ls70 944.43t2

10 LO92.781 1092.583 1091.741 1088.801

Table 2. Nâtural FrequencÍes of canti.levered Triangular pl-ate
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PJIRCENTAGE ERROR IN NATURAL FREQTIENCIES

MODE

CCSISTRAINED DEGREES OF FREEDCI,I

18 82 L94

Tria¡l-
guLar

Conbi-
nation

Rectan-
gular

lrian-
gular

Combi-
nation

Rectan-
gular

lrian-
gular

Combi-
nation

Rectan-
gular ,

L'
2

3

4

5

6

7

I
9

10

.o5r42o

,647567

2.5766r

t+.33?89

2.5303h

12.5735

14.3049

2]-.261+2

2I.2010

44.A69h

.026224

e / ¡ e¡ t
o20J-)Lt+

r.75478

3.11280

4.67]:62

7.96505

)2,29OO

9.1+91,59

19.7880

L8.7799

.oL.3694

.l+75779

.607637

r.?6276

6.94001

l+.54769

9.03932

L.t+61+I3

l.8.2gt+5

u.9770

.001849

.oI525t+

.053796

.092325

.l_5ó811

.3O2gOg

.l+4628L

.159548

.7t+o3l-:6

.658372

.,oooz7l,

.008651

.02333O

.o63524

.026247

.r7L37t+

.3rt655

.t3756r

.3373.28

.525L62

.00013?

.004096

.oozhg3

.o23585

.0l-3625

.06602

.1ó06go

.0r7634

.0801f9

.t+39g74

.000137

.001307

.oo57ot+

.oog692

.0171L7

.033797

.o+t+lit+

.024232

.086657

.076978

.000069

"ooog53

.002996

.oú585

.oo7823

.ol-gt+52

.028337

.011004

.Ol+2I78

.ot+6975

.000000

.000494

.ooo224

.oo2716
:

.oor027

.o05377

.oo7863

.001191

.ool+697

.oI924l+

Tab1e 3. Percentage Eror Associated with the len Lowest Natural Frequencies of the

Sinpl¡r supporÈ;d Rectangular pl¿te
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PERCENTAGE VANIATIU\i
REI.ATIVE TO VALUES OF

IN, NATURAL FREQUENCTES
CLAASEN AltD THOnNE ( I )

MODE ITMó SKSMPó r\a,cD (a) NRCD (P)

I
2

)

b

5

6

7

I
9

IO

-.I7

-.43

-.05

-.56

-o21

.o7

-.97

-.o3

-.1+5

-.1-3

-.03

.-.14

.08

-.25

.¿.J-

.Jo

-.32

.08

.32

.26

-.1ó

-.40

-.00

-.51

-.0ó

.17

-.:13

.07

-.11

.L5

-.Ì7

-.41

-.Q2

-.53

-.09

.15

-.80

.07

-.14

.26

Table 4- Percentage Variation in the Eigenvalues of a LO¿ZZ C1a¡nped

Plate for uo constrained Degrees of Freed,om (Equivarent

. to J6 Ríchangular o? TZ Triangular Elements)

1Ð



RELATI\TE HIMIDITY
38%

REIATI\Æ HUMIDITY

79%

Frequenq¡ (Hz,) E lblin? x10s Frequenq¡(Hz. ) E lblin? x10s

12.r

91.9

263.

536.

5.10

7.45

7.79

8.44

12.t

87.9

260.

553;

5.10

6.8r_

7.67

8.55

p =0.00492 l.b./in"

Thiclness of bean t =0.112 in.

Table 5. Experirnental results for the dynamic Yourgrs nodulus
of Perspex.

a,



ItIAn RAI FREQiIE$CIES(Hz)

l4ode Theo::etical Experinental

1

?

3

4

5

6

7

8

9

10

179

184

208

219

281.

297

503

381

401

407

174

t78

200

222

Table 6 . Theoretical and E;perinental Natural

Frequencies of the Sloping Roofed Perspex

Model

n?'
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ARRANGEMENT OF RECTANGULAR ELEMENTS

Figure 2. LAYOUT
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KEY : NUMBERS SHOWN GIVE MODE NUMBERS
EXPERIMENTAL NODAL LINES
CALCULATED NODAL LINES

EXPERIMENTAL AND CALCULATED
NODAL LINES FOR A CANTILEVERED
TRIANGULAR PLATE WITH ASPECT
RATIO I

Figure 5.
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(a) Experimental Setup

(b) l{ethod of Attaching the Exciter to the Bean

Figure 7. Erperimental Setup for Determining the Bending Stiffness

of Perspex
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MODE 3
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APPAIDIX

TÏ{E COIvÍRN'ER PROGRA}4S

Introduction

FORTRAII stùroutines ¡¡sed to calculate the natural

frequencies and normal rpdes of the plate and box with a slopirrg

roof are listed and discussed. briefly. AJ-l those subroutines

not developed by the author are onitted as the necessary specif-

ications have been detailed by the respective authoïs. The

specifications in Section 1 give the use of the subroutines;

quantitieé passed to the sr:broutines in the argtrnent list;brief
details of tle conputational procedure and relevant particulars

such as data required and the ouþut from the subrouti¡e.

Section 2 contains those trigonometric relations which

are required in the irposition of bor.nrdary conditions along

edges not aligned with the global arces.



SECTION 1

Due to the liniting storage facilities of the digital

corputeï,the conputer program is divided into three sections.

The constrained mass and stiffness rnatrices are placed on disk

in the first two sections. Then the natrices are taken off disk

i¡ the third section in order to evaluate the natural frequencies

and npde shapes. Figures 9 and 1-0 illustrate these pro.cedr:res with the

appropriate flow diagrams.

The formulation of the mass and stiffrress nntrices

of the triangular element,NRCD,is identical to that outlined

in the pïogran listings snpplied by National Research Cotrrcil (10).

The calculation of the rnass and stiffrress natrices

for the rectangular e1ement,W6,is given in Chapter 2.

The order i.n which matrix elenents are stored in elenent

arrays nt¡st be specified. To do this it is only necessary to

specify the order il the elenent diplacenent vectors. The elerents

in the vectors aïe grrorrped so that the nodal displacernents for

any one nodè are together. For NRCD and LJM6,these displacernents

the finite elerent

idealizationrnodal points áre nunbered by the programner so that

the order in a vector is self apparent. The convention adopted

for the nr¡nbering systen of tß{6 is shoirn in Figure L(a) while

NRCD only requires a clockr¡¡ise sequence. Displacements are stored

for node 1 followed by those of node 2 æd node 3 and,in the

case of LlM6,node 4. The elerpnt rnatrices are transferred to overall'

matrices.



Sr:broutines developed by lvlason(3) and Popplewell(1)

(APPCON and LIMEP) are used to apply bor.ndary constraints of

sides aligned with the global axes. fir"y also form the basis

of subroutines used for the rernaining constraints. Bor.rrdary constraints

on oblique edges require the coding of corresponding trigonometric

relations (see Section 2).

A QR two step eigenvalue subroutine d.ea1s adequately

with natrices of ordei 96. The reinsertion of constraints into

the nodal vector 
"ttpfoyr 

the subroutines of l'{ason(S) and Popplewell

(L) (IJNAPP and LINLIN) as well as subroutines based on these routines.



NRCD-Cal-culate s triangular
eLement mass and stÍff-
ness matrices

Ul{ó -Calculates re ctangular
element mass and stiff-
ness matrices

TRNSFA-Forrns overal-l
mass and stiff-
nes¡s matrices

Ioop for each element,
mass and stiffness ma-
Lrices generated and
stored independent

APPCON-AppJ-ies boundary constraints at nodes
of edses aliened with slobal- axis

REMCû\-Reorders oblique boundary slope
condi,tions- and box constraint.s
to account for APPCü{

LPRCON-Reorders oblique second derivatiie
boundary conditions to account for
APPCON

For plate go
direcÈly to
write

rows and columns of the constraints
ùo account for theír removal

LINDEP-AppIies oblique sJ-ope boundary

IvIULIND-AppJ-ies second derivative boundary
condition for one consfrai.nt

-Applies second derivatj-ve
condition for two constraints

-Applies box constrainÈs

tirite mass and stiffness matrices and.
al-l other variables on disk

Eigenvalue deLerrnination

I Subroutine names given in capitals.

Figure 9. Flow Diagram of Computer Program Used

Overal-l lriass and Sliffness Viatrices

for GeneraLion of
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vafues from disk

PPPP-Determine s eigenval,ues
anq. el-genvectors

For plate go
t,o tiNAPP

llhi-Inserts box constraints
l-n el-Aenvectors

UNLPR-Inserts obl-ique .boundary constraints
or two constrained second derivatíves

UNDEP-Inserts oblique boundary constraints
for one constrained second derivative

UNLIN-Inserts oblique boundary
constraints for slo

UNAPP-Inserts boundary constraj¡ts for
edges aligned with global co-
ordinate svsüem

eigenvalues to naturaL
frequencies (Hz.) and normal-ize

vectors

Write naüural frequency
and eigenvector

Loop for each natu-
ral frequency

Figure 10. Flow Diagram

DeÈerminatÍon

Program Used for the

Frequencies and Mode Shapes

of Conputer

of Natural



Figure ll . OBLIQUE BOUNDARY
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SIiBROLIINE tllvl6

1. Purpose

Calculates the element mass and stiffness matrices
of rectangular element W6.

2. Argunent list

SUBROUTINE tM6 (X,Y, LTL, G,IU'R'T, SI,C0,NE)

X and Y are the x and y dinensions respectively of
element tllq6. LTL is the element nurber in the grid idealization;
GrlU is Poissonrs ratio; R and T are the element stiffiress and
mass natrices,respectivelyrof size (24124). SI and CO are the
values of sine and cosine for the angle between the global and
local x axes respectively. NE is the actual nunber of elements
in the grid idealization.

3. lulethod

The sr-ùroutine calculates
ness matrices of lM6 r.rsing formulae

4. Other routines used

QIJ"I forms the transformation rnatrix in Table L.
IVIINV calculates the inverse of the transformation matrix.

5. Printi¡g

The values of the local x and y dinensions of an eleupnt
are printed.

6. Miscellaneous

TRNSFA.
This subrouti¡e 1S r¡sed in a loop with sr:broutine

STJBROUTINE TRNSFA

1. Purpose

This subroutine transfers the nass and stiffüess matrices
of a single element to the ovèrall ,' r.nconstrajned nass and stiff-
ness matrices.for the corplete system.

2. Argunent list '.:

SI.JBROI.IIINE TRNSFA (BKO, SM, SK, NGE, IE, KE, I(S I ZE,N, NSIJB'NMRN'
NTC0R,IGOPI) :

the element Írass and stiff-
(11) and (20).



BKO is the overall stiffrress or mass matrix(depending
on rvhich is being calculated). It is dinensioned as (KSIZE,ISIZE)
where KSIZE is tñe total unconstrained degrees of freedom of the
grid idealizalion. SNf and SK are the element mass and stiffness ilìa-

ãrices,respectively,of size (24,24). IE is the nurber of the
eleneni wi-thin the- grid idealization ivhich is to be transferred
to the overall rnatrlx. IG is the mmrber of elements in the grid
ideaLization; Ì,1 always equals 24; NStiB is the nunber of degre-g¡
of freedom per cornei; NiOnzu is the nr.urber of corners of LJII{6(4);

and NTCOR ii tfre nurrber of corners of NRCD(3). ß0P1 is used to
determine whetlrer element IE is rectangular or triangular (if
Il[tOPl is less than IErthen IE is rectangular). NGE is the 

-aTraygiving the global nodal point nr.unbers of dach corner of of an
element..

3. Itßthod

Elerent matrices are transferred to the overall matrices.
Array NGE is Lrsed to give the position within the overall matrices
to wirich elenent matrices are transferred.

4. It[iscellaneous

This subroutine is used normally in a loop with sub-
routines tM6 and NRCD. The element Íìass or stiffness matrix of
an element is calculated in each loop and transferred to the
overall matrix. BKO nust be cleared before entering the loop.

SI.JBROUTINE QIIT

1. Pur?ose

This strbroutine calculates the elements of the trans-
formation rnatrix T shorvn in Table 1.

2. Arq-unent list
SIJBROUTTNE QLII(Q,A,B)

o is the transformation natrix with dimension (24124)'x--
A and g are the x and y dimensions of element lM6 respectively.

5. Miscellaneous

QUT is used with sr:broutine tM6.



SUI]ROUTINE BOCOND

L. Purpose

Bor-rrdary conditions along edges rvhich are not paraIlel
to the axes of the global co-ordi¡ate system leads to dependent
nodal displacenents and derivatives. This subroutine establishes
the constants rtrithin the relationships and identifies the associated
rows .and coltmurs in the overall mass and stiffrress matrices.

2. Argrrnent list

SLJBROUTINE BOCOND (l'1, TH, CI-IAN, IPOT, DD ; I COT, TAIL, f COK,

NC,LLIT,MUT,KUT,MEA| ,NUL,NP) '/

N is the ntunber of nodal points which are constrained
i¡r the oblique orientation. TFI is the angle of the oblique edge
orientation with respect to the global x axis. G{AN'DD, and TAIL
are the three sets of mrltiplication constants (see Sectíon 2

for npre details). IPOT,ICOT, and ICOK identify the rows and
coh.urns to which the relationships of CFÍAN,DD, ed TAIL are applied.
NC is the nun'ber of constraints applied to the global co-ordinate
system. M[.['LUT, and KUI are the ntnrber of tiines in r,,¡hich relations
CHAr\,DD, and TAll,respectively are applied. MEAI and NUL give
the required information regarding the type of oblique_ bor-rrdary
condition to be applied (see Section 2). NP is tl:.e nr¡nber of
nodal points within the grid idealization.

3. Irdethod

Fron Section 2, relationships are established which
correspond to the bor.rrdary conditions inposed at nodal points
along ob.Lique edges. BOCOND reviews each nodal point with respect
to the code of NUL and lvlEAI and calculates the associated constants
at the necessary nodal poiats. If no oblique bourdary constraints are to be
applied, NilL and MEAT are set to zero.

4. Pri¡ting

The values of LUT,KUT, and M.II are printed.

5. Miscellaneor-¡s

.ì..: .!:i ì ì a: -.;

The values
BOCOND and are used
IJNDEP, and IJNLIN.

6. Restrictions

This sr:brouti¡e carrrot be used when Tll= 0or90or1S0"r---.
In these cåses the required constraints can be applied within
APPCON by makiag the necessary additions withi¡ I'ÍÏ1.

of LUT,KUT, âtrd MUT are determi¡ed Within
i¡' subroutines L IMEP,MULIND,MJLDEP,[INLPR,
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SUBROI-ITINE TJNDEP

L. Purpose

Reinserts previoi:sly irposed boundary condition of
one oblique second derivative into eigenvector VAB.

2. Argunent list
SUBROUTINE TJNDEP (CI-AP, IPOS, VAB, NP, NV, IVRED, KS I ZE, NKIMES,

DD,KS)

CLAP is a working array of dimension KSIZE' IPOS with
dimension (NIP,3) contains values which denote the positions of
the bor.mdary constraints to be inserted in VAB. VAB contains
only nor-zero nodal displacements in each colurn on entry. At
this stage there are lr.fRED elements in each columr. On exit fron
the subroutine bou.-dary constraints have been reinserted and
there are OIREIÞNKIIr{ES) elenents per eigenvector. There are ìW
such vectors. DD are the constanC terms in the oblique trigononetric
relationships which are evaluated in subroutine BOCOM. Array
DD has the dime¡sions G{P,Z).

3. j\ßthod

The order of subroutines IINLPR,INLIN,IN, ffid IINDEP

within the conplete prograrn depends upon the order of the sub-
routines ML]LDEP,MULIND,LIMEP, Ðd TA¡II.

STJBROUTINE I]NLPR

1. Purpose

Reinserts the previosly inposed bor¡rdary conditions
of two oblique second derivatives into the eigenvector \IAB' - :

2. Argr¡rent list
STJBROUT INE UNLPR (CLAP, IPOS, VAB, NP, IW, IT{RED, KS I ZE,NKIMES'

TAIL,KS)

CLAP is a working 1rray of order KSIZE- IPOS with ''
dinension (¡IP,3) contains úaiues'which denote the positions of the
bor.mdary constraints to be inserted in VAts.

Bor.ndary constraints are reinserted ia eigenvector
VAB in the IPOSCfrf,s)th location. The value placed in this location
equals the trigonometric constant DD0{,1) times the elenent i¡
pósition IPOS(M,1) plus constant DD(l\4,2) times the element fu
þosition IPOS@{,Z). The procedure is repeated for IÞ1',2,---TNKIMES- -

4. Miscellaneous

,;::-r-, ::-.:'.,- .-...:- -,- - ...,',,...i
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VAB contains only non-zero nodal displacerents in each coltrrn
on entry. At this stage tirere are I{RED nunbers in each colrlffr.
ûn exit fron the sr¡broutinerthe boundary constraints have been
reinserted and there are $'IRED+2*NKII{ES) elements per eigenvector.
There are NV such vectors. TAIL arê the constant terms in the
oblique trigonometric relationships which are evaluated in BOCOND.
Array TAIL has dimensions (NP,z).

3. ÞIethod

The eigenvectors are expanded and the two bor.urdary
constraints are reinserted in IPOS0{,2) and IPOS(1d,3) positions
of eigenvector VAB. These elements respectively equal I/TAIL(M,1-)
and 1/TAIL(M,Z) tines the elerent in position IPOS(lvf,1). The
procedure is repeated lvts1,2r--- TNKIMES.

4. Miscellaneous

The order of subroutines UNLPR,UI'1,[JNLII\,
within the conplete progran depends r-rpon the order
IvILILDEP,NIIILIND, LINDEP, ând TAIIT.

and IINDEP
of sr¡broutines

STJBROUTINE IIN

1. Purpo:e

Reinserts the previosly inposed box constraints into
eigenvector VAB. 

.

2. Argunent list
stiBRouT rNE iIN (vAB, I0T,I4S r ZE, I(S, KUT IME,tW, MRED, RIH,

CLAP,NTIIIES)

IOT of dimension (KUTIME,S) contains values which
denote the positions of the box constraints to be inserted i¡
VAB. VAB contairs in each coli¡rm the non-zero nodal displace-
ments of the box on entry. At this stage there are MRED nurbers
il each colurn. On exit fron the subroutine,the box constraints
have been reinserted and there are G"'IRED+2*NTIMES) elements
per eigenvector. There are NV such vectors. KUTIi{E is the nunber
of nodal points where oblique bor-rrdary constraints are to be
applied., RIH is the angle which the connron eilge rnakes with the
global x axis. CLAP is a working array of åimension IIISIZE. NTIMES
denotesr the nrrnber of nodal points to which box constraints
nust be applied. I\,ISIZE is the unconstrained size of BK0(the
overall rnss or stifûress rnatrix).



3. li{ethod

The box constraints are reinserted using appropriate
trigonometric relations into NV eigenvectors at positions pre-
scribed by I0T. For eadr insertionrthe eigenvector is expanded.

4. Nliscellaneous

The order of subroutines UNLPR,L¡N'INLIN, and LINDEF

within the conplete prograrn depends r-rpon the order of the st¡b-
routines I4ULDEP,I'IULL\,1D, LINDEP, and TAtlT.

SIIBROUTINE IT z

1. Purpose

This is the controlling surbroutine for the calculation
of a system's free response. Rectangular and triangular elements
with six uriaror,,¡ns per corner are used.

2. Argument list
SIJBR0UTTNE rr (X, Y, NLiL,MEA[, NG, IPOS, r0S,M0\tr, X L,X2,

x3 rY1 rYz,Y5, I0T,BKO, C, ICOK, IPOT, DD, TArL, CHAì{, rCOIG, ICOT, rmTE,
rsrzE, ru, rc, Iz, rN, TH,NLIN{)

BKO is a square arraY with dimensions (ISIZE'ISIZE)
and is used to store the mass or stiffrress rnatrix. ISIZE'is
equal to the systemr s r.¡nconstrained degrees of freedon.

NGE contains the global nodal points associated with
the corner of each element. X and Y are arrays containing the
x a¡rd y dirensions of the rectangular elements. They are dirnensioned
as TZ.where,IZ equals the m¡nber of elements in the grid. X1'
X2rX3rY1,YZ,'and Y3 are arrays r¿hich contain the x and y ço-
ordi¡ates of the three corners of the triangular elernent in
te::rs of its loca1 co-ordinate system. They are dimensioned ;

as IZ.
M0¡ is the array of constrainted global displacements.

These constraints exclude box and oblique bowrdary constraints.
IC is the dirension size of MOrl. ICOK,ICOT, &d IPOT are the
three different oblique bou:da4¡ constraints. IPOT has'dimensions
IIU,Z) and ICQK and ICOT have dimensions (IU,3),whe_rg-IU denotes
lne'tôt¿ nurber of globa1 nodal points requiring oblique botrndary
constraints. GiAN,dirnensioned as (IU),DD and TAIL(both dimensioned

'',as (IU,Z)) are the constants associated with the three ob-liqYg
' Uourdary- ôonstraints (see Section 2). IQTrdimensioned as ^(IUr3) 'contains the box constraints. MEAI and NUL aTe aTTays of size :

, (IN) and denote the type of obliqrje bor.rrdary condition to be
applied at each node.



IN is equal to the nrunber of g1oba1 nodal points. NliV,dimensioned
as (IN),contains the global nrmbers of those rectangular elements
rvhich have local co-ordinate axes not aligned with the global
axes.

3. Nbthod

Outlined in Chapters 2 and 3.

4. Other routines used

BOCOND, NRCD, llN,t6, TR\S FA, APPCON, REMCON, LPRCON, ARRANG,
LIÌ{DEP,NILILIND,trIILDEP, and TAÀtrT

REMCON, LPRCON, BOCOND, L TNDEP, MULTM,N{I.JLDEP, T,t\T are
not necessary for the rectangular plate analysis.

5. Output

I{rites the constrained rnass and stiffrress natrices
and other inportant variables on to disk.

SIIBROUTINE ARRAI{G

1. Pur_pose

To irpose the botndary and box constraints specified
in Section 2 rfour subroutines are used(LINDEPTMULDEP,IVIULIND,
and TAltlT) ;one for each of the four tlpes of constraints.ARRAl,lc
renwrberi the appropriate ïor{¡s and côlurns of the overall mass
and stiffness matrices to account for the order in which the
four t¡les of constraints are applied.

2. Areunent list
suBROLm INE ARRANIG'( IPOT, I mT, I COK, I0S, LUT, KUT, MJT, NTIMES,

NP, IPOS, rCOTE, ICOIG,NZZ)

IPOT,ICOT,IC0K, and IOS are arrays which identify those
rows and colums within the overall rnatrices which are to be
renurbered. MUTTLUT,KI-II, and NTI]r{ES are the respective ntunber
of times in which each of the four types of constraints are applied.
LUT,NÍLT, ild KUT are 'evaluated in subroutine BOCOND while NTIMES
has to be read into the control progïan. NP is the nunber of
globa1 nodal points j¡r the grid idealizatîon. IPOS,ICOTE, and
iCOfE are arrays used for working space. NZZ equals the nr¡rber
of nodal points with oblique bor-rrdary constraints. ,,'. 

.

3. Ibrhod

IPOT(1,2) is conçrared
and IOS and,if it is less tha¡r
contained. in ICOT,

with the values in ICOT,ICOK,
any of these values,the values



ICOK, and I0S are reduced by one. TLen IP0T(1,2) is conpared
with all other elenpnts of array IPOT. All elements of higher
value are reduced by one. This is repeated for all values of
IPOT0,l,2) \Þ7,2,---,I\rl[JT. Following the same procedure,array ICOT
is corpared ivith arrays ICOI( and IpS. Finally,ICOK is corpare<l
to I0S using the saine procedure outlined above.

4. Printi¡g

IP0T,fCOK,IC0T, and I0S are printed at the beginning
and end of the subroutine.

STIBROUTINE LPRCON-

1. Purpose

Due to the application of non-oblique boundary conditions
contained irr lffi{,the eleuents of I0ST have to be renurbered.
(I0ST contains the position of the rows and coh.umrs in the overall
matrices of the conplete system which are involved in the seconil
derivative oblique bor.urdary constraints. )

2. Arsxnent list

SIJBRCXJTINE LPRCON OIG\, IOST, I(S I ZE, NS I ZE, KC, NC, NT IMES )

MCN is the array containing those bou'rdary constraints
which can be applied inrnediately in the global co-ordinate systen
It i-s dimensioned as KC. NC is equal to KC. NTIMES constitutes
the nrrnber of global nodal points to which the particular type of second

derivative borndary condition is to be applied. IOST defines
the rows and coh.uns involved in the constraint. KSIZE and NSIZE
equal the total nr¡rber of degrees of freedom of the systen.
The integers stored irr l4CI{ are in increasing nr.unerical value.

3. Method

Each elerpnt of I¿ICN is conpared with the elenents
of array I0ST. Any elenent of I0ST r^¡hich has a value greater than
the elenent in I\CN is reduced by one. This process is repeated
for each elernent of MG{.

4. Restrictions

No origiaal elenent of IOST can be contained in I\4t{.



SIJBRü.ITINE TÍULIND

1. Pur?ose

. This subroutine inposes oblique second derivative botndary
conditions on the systemrs overall matrices for those global
nodal points lvhich have one second derivative constraint.

2. Argument list
strBRourrNE MUL IND (8K0, NS I ZE, KS I ZE, DD, I COT, NT rNlES, NiO, IME)

BKO is the rnass or stiffrress rnatrix with dirnension (NSIZE,
NSiZE). KSIZE equals the actual size of natrix BKO on entry
to DILILDEP. DD,with dimension CNKLII{E,Z),is the array containing
the constants of the trigonometric relationships evolving from
the constraint of one second derivative at a global nodal point
on a oblique edge (see Section Z)ICOT identifies the rows and
colwns of natri-x BKO to which the trigonometric relations
apply. NP is equal to the nunber of g1oba1 nodal points involved
in oblique bourdary constraints.

3. Method

The relations in Section 2 are applied to matrix BKO

in order to eliminate dependent nodal displacements. Rows and
coh.nr¡ns of BK0,specified by ICOT(NI(LIME,3), are nultiplied by
DD(Ì\IIOIME,1) and DD(NICIME,2) and added to rows and coh¡ms
denoted by ICOT(NKLIIUE, 1) and ICOT (NIO,IIG,2) respectively.
This is repeated NTII4ES. The IC0T(NIOIME,3)Ih row and coh¡rn
are removed from BKO and the matrix size is reduced by one

4. Miscellaneous

T?re order in which MULIND,MULDEP,LINDEP, and TAlrlT are
applied is dictated by subroutine ARMI,IG.

STJBROUTINE MIJIJEP

1-. Purpose

The subroutine inposes oblique second derivative bor.nrdary
conditions on the systemrs overall matrices for those global
nodal points whictr have two second derivative constraints.

2. Argunent list
STJBROIITINE MULDEP (BKO, NSI ZE, KS I ZE, TAI L, ICOK, NP, NKIMES)
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BKo is the mass or stiffrress rnatrix with dimension (NSIZE,

NSIZE). KSIZE equals the actual size of matrix BKO on entry
to I,ILLDEP. TAIL,with .dimension G'lh1,II{8,2), is the arTay containing
the constants of the trigonometric relationships evolving
from the constraint of two sécond derivatives at a global nodal
point orl an oblique edge (see Section 2).IC0K identifies the
'rows and colt¡rms 

-of nairix BKO to which the trigonometric relations
apply. NP is equal to the nurber of global nodal points involved
in oblique bor.rrdary çonstraints.

3. I\bthod

The relations in Section 2 ate applied to matrix BKO

in order to elirninate dependent nodal displacements. Ror¡'¡s and
colrnms of BKO are specified in ICOKCNP,S) and ICOK(NP,2).
They are rnultiplied by TAIL(Ì'IP,Z) and TAIL(Ì'IP,1) respectively
anð added to the rohl and columr of ICOK(NP,1). This procedure
is repeated NKIMES. The rows and colurns of ICOK(II{F,?) *1
ICOK(ÑP,S) are removed frorn BKO and the rnatrix size is reduced
by two.

4. Miscellaneous

The order rn
applied is dictated

which MULIND,MLJLDEP,LINDEP, and TAI{T are
by surbroutine ARMI{G.

SIJBROUTINE TANIT

1. Purpose

This subroutine iuposes box constraints on the systemrs
overall rnass and stiffrress rnatrices

2. Argunent list
SUBROIJT INE TA]iT (BKO t KUT IME, ['lS I ZE, I0T,NT I]{ES, RTH,MRED)

BKO is the nass or stiffness matrix with dirension,(lvlSIZE,
I{SIZE). Ri}I is the angle between the x axis of the global 

-co-
ordinate system and the edge where box constraints are to be
applied. Iôt identifies those rows and colums of the rnatrix
gKO to which box constraints are to be applied. NTII'IES denotes
the nunber of box constraints to be applied. KUTIME is equal
to the nrrnber of global nodal points involved in the ob_lique
borndary constraints. MRED is the size of natrix BKO after
box constraints have been applied.
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3. lt{ethod

The normal slopes of conrnon oblique edges are equdl.
The resulting dependent rows and coh-mrts in natrix BKO are
elininated by adding algebraically rols and cohmns corresponding
to the normal slope of one oblique edge to those corresponding
to its connon edge. This procedure is repeated for all global
nodal points on the remaining connon edges.The normal slope
of the oblique edge is obtained by r;sing the trigonometric
relation involving slopes in the global co-ordinate system(equations
(14) in Chapter 2). The edgewise slope must be zero for both
cornrx¡n edgei i¡ order that the previor.rs assurptions are valid.
Thereforeronce the rows and coltururs of BKO corresponding to the
normal slopes of the oblique coÍnìon edge are added to those
corresponding to the normal slope of the other comrton edge,
it renains to set the rows and coh.unrs corresponding to the
oblique slopes(norrnal and edgewise) to zero. This is done sfurply
by cónstraiñing both slopes in the global co-ordinate'sys_tem
to zero. From equation (14) of Ctrapter Z,the edgewise and normal
slopes are effectively constrained to be zero.

Thus,rows and coh.urns within BKO corresponding to the
global slopes of points on the oblique colûnon edge are eliminated
and the natrix size reduced by two.

4. lr{iscellaneous

The order in which MLJLIND,MULDEP,LINDEP, and TANIT are
applied ís dictated by subroutine ARRAltlG.

5. Restrictions

be used if RIH=d,9o"r18o"r---.
be applied as in reference(1).

The subroutine cannot
In suctr cases constraints can
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SUBROUTfNE lJM6( XTYTLTL TG\UrRrTrSI rC0 rf¡El
'f T4PLIC IT REAL*8 ( A-H' N-7.1r IIJTEGER { T.IITI .:' :

DIi-IENSI lt.¡ yy{ 28¡2gl tZl28t28),r"1(28} rN l2f3l tML'Lf 4¡21
DIt4ENS ION .Q ( 24 t24l t R( 24 ¡ ?41 tr | 24 r 241 r S ( 24 ¡241 ,FAC ( 30 )

DIMENSIÛI.J DINK(4i
DTMENSTON X(NE},Y(NE¡
ÐATA t4[o ¡ I r0 r 2 ¡l t0r 3 r 2 ] L;Ot 4¡3 ¡ 2r l¡o¡5 ¡?t2¡O ¡4 ¡4 ¡L ¡3 t3¡5t5t L ¡31
DAfA ll/D rC r I r 0r I r 2 rO rI ¡2 ¡3 r0 r L t2 t3 ¡4 ¡O t2¡3r 5 r I ¡3 t4ç4 t3r tr 3r 5 t 5l
HUL(L¡Ll=2i)
MUL{Lt2l=2L
l.fUL(2tLl=2L
MUL ( 2t 2l=22
t4UL(3¡Ll=23
f'lULl3¡21--24
MUL.( 4 tLl =24
HUL{4¡21--25

901 FCíìMAï 15X r2015.4)
I"IR ITE I 6 I 9C2) GNU I PII EUC I YI{ODO rTH ICKO TYMCDT TH T CK, RHO' PN EU r S I I CC

902 FOR:'tAT(10F12.4):' 'A=X(LTL) r . . :: . ,,'"' ' 
:

B=Y{LTLt

DII\K{l)=3
DINK | 2l=A
DINK(3 )=B

:-1:nINK(41=A 
'

799

DO 799 I=L¡28
DO 199 J=lr28
ZlltJ)=0.010
YY(IrJ)=0.0D0
DO óO Í.=L ¡ 7-4
DO ó0 J=Lt24
TlIrJf=0.0D0
0(IrJ)=0,000,
F(IrJ)=0.CDO
S(IrJ)=0.0D0
CJlLL QUT(rJ?ArBl
P.(lrll=1.0Dû
Rl2t?-¡=ÇiJ
R(3r3)=CL-l
R(3r2)=-SI
R(2r31=Si
R { /r r 4l =C ll:'.* 2
R { 5r 4l=- SI*Cû
R{6r4}=Sl*"}t<?
R ( 4 r 5l =?-. QiJ0'F S I i.CC
R ( 5 I 5 ) =C(l**2- $ [x.it2
R(6r51=-2.000+SI*CC
R(4ró)=SÏtí* 2
R{5ró }=S I':'CC
R{6ró}=C$7:*l
crlLL r.1 I I'tV 1 A ; 24r 24r DETI
I'iRITE(órll80)
DO 6l I=L ¡24
Dn ól J=lr6
SU14l=0.000
SIJM2=0.000
SUi.l3= 0. tlD0

ó0



'r't....-, l tr¡1. ¡..

' : :¡"t';' ;':"+'tî! ì; i';*' :

:,::: r:;:r:

., . suMl=su¡.11+Q(I rK)*R{KrJ.l
,suM2=SUl,l2+Q(trK+ól*P.(K'Jt

SUM3=SUi43+e{ I r K+t 2 ) r¡R ( K r J }

62 SUM4= SUr)44+Q{ [ rK+18) *R( K rJl

.'.':'.,.',.'...^'.-;:-.^:^....;:'..'.:::-..|''''.::'.,-,.'-l1'.

::. ::,,i' ¿j: :¡,,;,:,6 I ;.: S f I r J'+ I B ) = S U lt 4
HRITE(6,1180)

. DO 50 I=L¡24rr' DO 50 J=L ¡24

0( I rJ) ={ (Â*.* ( I-4) )ir( B** fJ-4 | | | / l,( 2.0D0*:*( ( I-5 l+{J-51 } )*

1O04 CONTII'JUE r,: i'i,:ì

' DO 5L I=Ir2B
D0 51 J= I,28

YY( I I J l =Q{ t1I+MJ+5 INl+NJ+5 I
" YY(JrI)=YY(I'Jl

z( I t J ) =i.,tJ *il.Ji< ( M I- I ) * ( FiJ- 1 I *Q ( M I+ilJ+ I I N I +NJ +51
:::;-:t'i .;!'y*' NI*NJ*{NI-1 1* (NJ:_l }*0f F4I+lrrJ+5.rNI+NJ+1 1 ì,,i
,,1 . 2'+(GNU*(¡4 I'FN.J+{Þl I-1 I'F(l\J-l)+1,4J*tJ I+{MJ-I)+ (NI-f ¡ )

,,r., ;,,,,.,3+2. 0D0*. { I. 0Ð0-GNU } *MI *tv J*NI x.NJ ) *e { N t+lcJ +3 r N I +NJ +3 )

Z{JrI)=Z(Ir.Jl
5I CCNTTI.IUE

I 170 F0RÍ"!AT ( I Dl5.4 )

D0 185 I=I¡4
JCLl=MUL(I'll
JOL2=l"lUL ll ,21
DC B0 J=L¡28
Z( JOLI r J )=Z ( J0L1 r J I *D INK { I ) /2.ODO-Z ( JOL 2' J I *0 .56666666/DINK ( I I

8O YY( JOL I r J) =YY{ J0Ll r J I d'DI NK { L / 2 .ODO-YY { JCL2 r J I *0 .6óóóóóóó/DINK (

tlg6 FORMAT(I BKO rl , : : , ,. ,.'
. DC¡ IBI K=JCL2¡28 .

: IF(K.EQ.zS} GO,TO IBI .

D0 181 LL=Lr2l
Zl K,LL)=Zf K+I ILLI

lBf YY( KrLt- l =YY( K+1'¡¡¡

Z{L.rJílL1}=/-(LrJüL1)':.{)Il\K( Il/2,ODO-ZlLt JOL2)*0.66566666/DINK(It
, 82 YY ( Lr JOL I ) =YY { L rJOL I ) *DI NK( [t /2.OD0-YY { Lr JOL2 I *0.6óóóó666 /DINK {

DO 183 II=J0L2rZB
fF(ïI.EQ.28) GO T0 183
DO 183 JJ=1r28
YY( JJ' I I )=YY{ JJ r I I+1 I

I83 Z( JJr I I )=Z{ JJrII+1)
185 CONT.INUE

DO 1OO4 I=5rL5r2
DO 1004 J=5r L5r2

.'...-

.: '-:
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DO 187 l=Lt24
DO" 1'87 J=t t24
TlIrJl=YYlIrJl
R{IrJl=Z(IrJ}
FORÍ'1AT (8.D15.41
DO 72 î,=Lt24
DO 72 ¿=1124
SUM2=0.0D0
DO 73 K=L¡24

: .. , ,r.:

: :1...:i;¡;.r'ìa .:,t ,,:. r:r.:: i;:.:\;':i:i1:tli.::|;¿ :)

t, 73 SUM2=SUI42+S(KrIl*R{K'Jl --, =;,.-.
72 8( I rJ )=SU¡42

DO 74 L=Lt24
DO 74 J=L t24

l'" SUM3=0.0D0
DO 75 ç=l¡24
SUM3=SUl'13+Q( I rKl tS{K rJl

74
R{ I 'J }=SUM3
R(JrIl=SUltl3
DO 16 '1.=L¡24

:gg'' 1" J=L¡24
SUM2=0.CD0 ,

DO 77 R=Lt24

.,.,..1,,,,.,,.. ^,,,

tt. - t: '','. iñ: :-_.ì,rt.i:., L¡,i_'

)- .. . .:.,:.::

i :.r:I-'I
" ,. :ì:l: .'," '
t:,i;!:,t:.:'r,t . ..

71
76

'., r'. ,",. ,''
'.1.:''.i : . l

t'.. :.,:'.,
'.1 . . i.
.:l;l:t.:j.,:ì..-i,.,.. . . ..:79

7B
,.,:t :.::.::ir'': -i- :j . .

Stlt,!2= SU142+S ( K I I ) *T ( K I J )
Q( I rJl=SUl42
DO 78 l=Lt24
Dtl ?8 .J= 1r 24 ' '':"'.

SUI'!3=0.0D0
DO 19 K=Lt24
suM3=suM3+Q ( I I K ) *S ( Kr J )

T( I rJl=SiJtl3
T(Jr I )=SUM3
RETURN
ENTI
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suBRot.,TINE TRNSFAfBKOTSI¡lrsKrNGErIErKErKSI'ZEr " ;

': '' *ÑiÑius'ÑCõn¡TTNTCCR'KF0Pl I ' ',: ,'

,,' DI¡{ENSION BK0(KSIZETKSIZEI¡Sf4(NrNlr I,

"'^' + sK(N?Nl rNGE]{KETNCoRNI
IF ( IE.LT.KROPI I GO TO .2

DO 3 I1=ITNTCCR
:':1,i;:-:iìill. .1 ""-'ìDO 3 lZ=LTNTCOR :'r ': '1: ,r: ''a:'::;

..1.,i . ^r: .-.: .: . .--, ' . :.':.
::'ii.:iril:':¡'jì1 ¡ì;r:.', :

,lr,.t .,1

.,..-,.aia.::,: ...r :. .. .

IA=Ll+( I1-1 )*NSUB

'r' ìr ' :' 3 BKo{LATLB}=BKo(LATLB)+sK(IArrBl' 
-

GOTOI : 
::

2 CONTINUE..:'i...':r.:,,.;., DO 4 Il=I,NCORN ::.
DO 4 I2=lrNC0RN

'''' i N3=NSUB*(f'lGE(rErIlt-11

4
I

N4=NSUB* (NGE { IE r I2 }-f )

DO 4 Ll=lINSUB
DO 4 L2=1rNSUB
¡4-!! +N3
LB=L2+ N4
IA=LI+Í I1-1I*NSUB ..'
Ib=L2+ (ÍZ-t t*NSUB
BKO(LA rLBl =BKO( LAtLBI +SK( IA t IBI
CONT I NUE
RE TURN
END .' .
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SUBROUTINE QUT{Q'ArBl
IMPLICIT REAL*8( A-H rO-Zl I INTEGER(,I-Nl
DIMENSION g(24t241 .,,1,. ,

Q(1rI)=l,OtJO
Q( 1r 2l=-Af 2.0D0
0(1r31=-B/2.0D0
Q{ 1,4} -( A**2 | l4.ÛDO
8(lr5)=A*B/4.OD}
8(lró)=(ß**21/4.ODO
Q{ 1r7l=-(A**31l8.000
Q( lr B )=_( B*Á**2 l./9. 0D0
I ( 1 r9 I =- (A*B**2 l/8.000
Q( I r 1O)=-l B**3t /8.0D0
Q(1III l= |A*tr4 r,/1.óD0l
Q ( I I LZl =( B*A**3' / L.6DOI
Q( trl3l=( (A**21*{B**2lll l.6D0l
Q( I I 14 l= ( A*B**3 l/ l.óD0l
Q( I r l5l=(B**4 | / L"6DOL
Q( lr lól=-( A**51 132. 0D0
Q( I rl7 )=-( f A**3 l* (B**rZ | | l3.2DOl
Q{ 1 rlBl=-( ( A*:tz l*{8*ic3 | | f 3.ZDOL
Q( I r l9 l=- ( B**51 /3.zDO I
Q{ 1r201=-{ (A**41*(B**2 | lt9.óDOl
Q( lr 2Ll =-( ( B**41*f A**2 I t f9.óDO1
8( 1 r22 ) - I ( A**3 I *( B+*3 | | /6.4001
8( I 123 I = ( ( A**5 I *( Bû*2 | | I L.92DO2')
Q( 1r 241=l ( B**51*(A**2| | IL.92OO2 ,

Ql2t2 )=1.000
Q{214)=-A
Q(2r5)=-Bl2.ODO
Q(2r7)=0r75D0*A**2
Q(2rB)=A*B/2.ODO
Q ( 2r9 l= ( B+*21 /4.0D0
Q( 2rl I I =-( A**3, /2.ODO
Q ( 2 r LZl =:3.-0D0* ( B*A**2 l /B"OOO
Q( 2rl3 l=- ( A*B**2 t f4.ODO
Q( 2 rl4t =-( B,t*3 | l8.0DO
Q { 2 r l6 ) =5. 000*{ A**41l 1.6D01 'r,,

812¡L7l=3.0D0*{ {A**2 }*(B*+2 lt /L.600l
Q ( 2 r1B I = ( A)xB**3 ) /8. ODO
Q{ 2r20)=( ( A**31+( Bs+ 2rl /L.2001
8{ 2 t221 =-3 " 0D0* ( ( A**Z t *{ B**3, I f Z.UDOl
Q ( 2r 231 =-5"0D0* ( I A**41*{ B**2 | | tg.óDo1
I(3t3)=1.000 r", r",l:,, .':.'::',iÌ'.lr:liii::.rri:lì::'

8(3r51=-Al 2.OD0 'r,'ì, ','.,i ,',r,i..,
Q(3r6)=-B ' ., ,' '

Q(3rBl=(A**2 ll4.Ot} " '-: )

0(3r91=A*B /2"ODO
Q ( 3r 1O ) =3. ODO*( B**Z | /¿+.ODA
Q(3rLZl=-(A**3)/8"000 'r:1"'i.,:i',:,'::,il

Q { 3 I l3 ) =-( Êt* A**2 | /4 "ODO
Q ( 3r I4l=-( 3. 0D0*( A*B**Z | | | g. 0DO
Q ( 3 rl5 ) =-( B**3 | l2.ODO
Q ( 3 I 17 l= ( BfA*+3 I /9. 0Do
Q( 3r l8l=3.000+( lA*f2 l+(B**Z lllL"6DOl
Q( 3 r191=5.OO0*( B**4 )/I.ó001 :

Q( 3r2l l=( ( A**2l:t l B**3¡ t tL.ZDAL
Q( 3r 221=-3.ODO*( ( A**3 l*(Br*Zt I f3.ZOOt

'-r.T

''.: ri;¡'t

::: t i \...:,::i :".i-..1-' 
.. 

,.I ..J".i.1:i"::

i.1i:-'i .'.',..,.:
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I

l:r':i:"

r .lì

: ,: . , tì'i;
r,1. .\i,). --. . ,i.:..:Ì,:

i

1

l
I

ì:,;..:.:,t,,,1,ì

r:i.:ir,'r'i.:")il



Q ( 3 r 24 l=-5.0 00* (

8(4r4)=2.O00
Q(4r71='3.000*A
8{4r81=-B
Q(4rll)=3.000*A*fz
Q(4r12)=1.500+A*B
Q(4r131=O.5D0*B*+2
Q( 4 r16l=-2.500*A**3
0 ( 4 r l7 ) =-0. ? 5D0*A*B**2
Q(4rlBl=-0.2500+B**3 , :

Q( 4 r20) =-0. 5D0* | A**2 I+ ( B*r.2 I
Q(4r2Ll=(B**41l8.0D0
Q(4 t22 I =3.000* ( A*B**3 l/g.ODO
g( 4r 231= 5. 0D0* f I A**3 f *( g**¿ | | lL.2D0[,,,,,,
8(4r 241=- ( B**51,/1.óDOl .', .:

Q{5r51=1.0D0
Q(5rB)=-A
Q(5r91=-B
Q(5r12)=0.15D0*A*f2
Q( 5r 13)=A*B
Q(5r141=0.?5DO+B++2
Q( 5r171 =-0. 75D0*B+A**2
g ( 5 r I B )=-0.7500*A*B**2

,ij ,i: t.1li' rt,:.;.i, 
'

J : :r: :'rrl': f¡ : :':-; :':.': : l :-:': : : : .¡ ; : .:

( B**4 I r( A+*21
'. l'.¿,

| 19.óDol
:]
'. 1

rjl
I

i
I

I

I
I

';l

,.1
l

,l
I

i

..,...''..i

'-:..i

. rl
r. :.!
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I
I
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Q( 5r 221=9.000*( (A**2 lr( B*r2' t I L.óDOl,

Q(órI0)=-3.0D0*B
Q{ór13)=0.500*A+*2
Q(ór14)=1.500*A*B
Q(órl5)=3.0D0*B**2g(órl7l=-0.2500*A**3
Q (ó r1 I I =-0.75 DO*B* A**2
Q ( ó r L9l =-2. 500* B**3
Q(ór2Ol=(A**41l8.000
Q ( 6I 2Ll =-O. 5 D0* ( B+*2 t* ( A*'t 2 I
Q ( 6 I 221 =3. 0D 0* f B*A**3 I /g " oDO
Q ( 6 r 23l=- ( A**5 ) / 1.600¡,
Q(ór24 l=5.0DO*(IB**31{t(A*f,z:l ,ll:l,.2c¡g¡ì{Tri1rtl',::::Ì:ir'ìtìÌ:i:ï|1i.rr:î,¡:::i,ì.';¡,Ì::-¡:rl,i--',,.

Q(7tll=1"0D0
8(7r21=-A/2.000
Q(7'31=B/2.ODO

Q(7'IOl=(Bf*3¡l8.0D0
Q ( 7 r I I ) =( A**4 | f L.6DOt
Q( 7 r L2l =-l B+A+*3 t / L" óD0l 'ì:,,r.

Q{7rl3l=( (A*+2l*(B**2 ||lL"6Ð01, _

Ql 7 r l4 l=-l A*B*+3 t./l "6DO¡.
Q( 7 r 15 l= ( 8**4, /1. óD0¡.
8{ 7 r ló ) =-( A**5 | f3.?OOL
Q( 7r l7)=-( (a**31*( B**2 | ll3.ZD0¡,.
Q( ?r lBl=( (A{,*2l*( B**31 l/3"2001.,,,:'
Q(7r19)={B**5113.zÐOLi , !

Ql 7r201-( ( A**4¡{.{B**21 l/9"óOOli.,, .,1

Q( ór 6l=2.O00
Q(ór9l=-A 11 :rtrrrJ:ì'.r'f{':\:l

.¡ ' ,, 'ì"': ì'

f"-".:":_:t.:
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Q ( 7r zll ---( ( A** 2l* (B**41
Q ( 7r 221=-( ( A**3 l*( B*$31
Q( 7 r ZVl =-( ( A**5 l*(B*fz I
Q ( 7r 241=- ( ( B**5 l+( A**21

l/9.ó001 .

ll 6.4DOt "

, I L,.92DO2
, I L.9ZDOZ ,,' ,, 1, ., :

8[Br2 l=1.000
Q(Br4)=-A
8( 8r5l=B l2.ODO
8(Br7)=0.7500*A*+2 'r:r',':'

Q( 10¡41=2.OD0
Q ( 10 t7 l=-3.000*A
8( lOr Bl =B
Q( 10r 111=3.O[JO*A**2 ' ,

Q( I0 ¡LZl=-3.OD0*( A*B lf2"ADO
g( 10r l3) =0.5D0*B**2
Q( 10 tL6l=-2 "500*A**38( 10 I 171 =-0. 7500*A*B**2
Q( 10r lB)=0o25D0*B+*3
Q( 1Or20 ) =0. 5DO* ( B**2 l*( A**2 ¡
Q{ f0r2l ) =( B**4fl8.0D0
g ( 10 ç 221 =- 3.000* ( A*B**3 ) / g. ODo
Q( 10 t23l=-5.0D0*{ (A**3 t*( g**2¡
Q ( f 0 t 241 = ( B** 5l I L 

" 
ó 001,, ':."i:r"i:iftìr :r,ììì.rr

0{ 11r 5)=1.000 ,,,

0(lfrB)=-A
Q( f lrgl=B
Q{11rl2l=O.7500*A**2
Q( fl r13)=-A*B
8{ffrl4}=0.75D0*B**2,
Q( ll r 17 )=0.750O*B*A**2
Ql f l r 181 =-0.7500+A,FB**2

¡ / I "2001.-.., 
, 

,. ,i,ì

,,iifi:,¡
I ìfl . iìrìr.: ':
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0( II ¡221=9. OOO*( (A**Z r¡¡(Br.*Z lltL.ó0Ol
8( fZ t6l=2.000 . i

8(f2¡9)=-A ,
Q(fzrl0l=3.0D0*B ; ' i'r:.i',',:,.,,
Q ( 12r 131=O.5D0*A+* 2 ' ';:i;;-r::i": r'''" ' i

Qf t2rl4l=_1.5O0*A*B
0( 12r 15) =3.000*B+*z
Q( 12 r l7 I =-0.25DO*,4**3
Q( l2 r lBl =0.75D0*B*Á**z
0(12tL9l=2.5D0*B*+3
8( 12 r20) =- ( A**4 I /g.ODO
Q( l2 r2 I I =_0. 500* ( B*+2 t* (A**2 |
Q( 12r 221=-3. ODO*( B*A**3 l/g.ODO
Ql 12 t23l= (A**5 l/t.6D0I
Q( 12 t24l =_5. 0D0*( (A**21+l B++3 r, lt.zDOlQ(f3r1l=1.000 , .. .,.:l .: , .

Q(13¡21=Q.5D0tA ':'r: r"'.'
I ( 13 r 3l=-0. 5DO'ßB
Q( 13 t4l=O.25DO'¡A**z
Q( 13r51=-0.25D0*B*A ,::.g( r31ó )=O.25DO*B** 2
Q(l3tT)=(A**31l8.000
Q ( 13r B ) =- | B,rr At4+2 ) /8. ODO
Q ( I3r 9 l= (AfB**Z) /9. ODO
Q( l3 rlOl =-( B**3 r/8.0D0
Q( 13r lll=(A+*41 /1.óDOl
Q ( f3 ¡ L2l=-{ B*A**3 ) / 1.óDOl
Q(f3r13)=({A**2)* B*+2 ) )/ l.óD0t
Q( 13r l4)=- (A*B**31,/1.óDCI

', ,1

:,"lii":{1. i:

8( I3 r 15 )= I B**4) /1.óD0l
Q{ 13 r1ól =f A**5 | /3.ZDOL
8( f3 t L7l=( ( A**3t*{ B** Zl I f3.ZDOl
8( 13 I lBl =-{ ( a**2 )*( B**3 | | /3.ZD0t
Q( 13r l9l =-( ( B*r 5t t lZ.ZDOL
Q( f3 t 201=-f ( A+*4f*( B**2, | 19.óD0l
Q( l3 t2Ll=( ( B**4 1*(A**Z t l/g.óD0t
0( I3 t 221 =-{ ( A**3 ) *( B**3 t, l6.4DOl
Q( 13 t23l=-l { A*s5 ¡*( B+*2, I ll.gZDOz
8{ 13 ¡24)=-( (A**2¡+(B**5 lttt.giOõi
Qf14t2l=1.000

Q(14¡5)=-0.5D0*B
g ( 14r 7l =0. ?500*/1**2
8(14r8l=-0.50O*A*B r,,i,.::::.:j1"ì,).:i:jÌr1:l
Q{ 14r91=O.25DO*B**z
Q( 14r 11)=0.500*A**3 , ì

Q( 14r12l=-3.000*{ts*A**Z¡lg"ODO ',i

Q( 14r t3l =0" 25DO*A*B**z
Q{ t4r l4) =- ( a**3 f /g.ODO
Q( f 4r1ól =5.000*(A**4 l/L"6DOl .l:

Q( 14r l7)=3,0D0*Í (A**Zt*(B**Z ll lL"óOOl
Q{ l4 r I B} =- ( Bt *3 l+A/B.ODO
Q( l4 t2Ol =-( ( A**3 l* ( B**Z l, fL.ZDOI
Q( f4 t 221=-3.ODO*( (A**Zl*( B*,t 31;¡ lS.ZDOI
Q( f4 t23l=-B"O0O*( (A*r4 )r{ B**Z¡ l/9.óOOi
8{ 15r 31=l. ODO )" " , '" ii:: '-. .- 'r,,5:i¿¡:'..i:, ,, .. .l

Q(14r41=A

Q( I5r 5 l=0.500*A
Q(f5r6l=-B

i,ili:iiliriì iritrlr
.,.; 1¡''' ¡ ¡, l i

r.'1,:,,it' .¡ì, .;;l



Q( r5rBl=0.2500*A**2
Q( f5¡ 9f =-0.5D0+A*B
0( r5r l0l=0. 7500*fl**2
8( 15 tL2l= ( A**3 ) /8.ODO
Q{ l5 r I 3l =-0. 25O0*B*A**2
Q( 1 5 ¡ L4l=3. 0D0* { A*B**2 }./8.000

i

I

;- 1 ei,: i- ¡!Ì'¡rl
I ft¡

'. ...,1

,1
. -r 'r ..;l

li,i,". ,i:j..:;ril.l
i
!

I
i

i

'-.::i
''ti

Q(15r15
Q{ 15,17
Q{15rlB

=-0. 5 D0*B+*3
=- ( $*[*:l3l /8.000
=3.0D0+( (A**2 l*(B+*2ll /L.óD0l

Q( I5 r l9l =5. 000* (B**4 )/l.60Ol
g( r5 ¡ZLl=- { ( B*+3)*( A**21 | lL.2D0l
0( l5 ¡221=3.000s( ( A**3 l¡¡(Bf*2 | | l3.zDOl
Q( 15 ¡241 =5.0D0* f ( B+*41*(A*+2 t | 19.6001
8(16¡41=2.000 ir,;','
Q( 1ó ¡71=3.000+A
8( I6r Bl=-B
Q(r6r11l=3.ODO*A**2
Q ( 16 tLZl =- 1.500*A*B
Q( 1ór 131=0.5D0*B**2
g{ 1ó r ló I =2.500*A**3
g ( I6 I 171 =0. 7500*A*B**2
Q( lór 1B ) =-0. 25D0*B**3
Q( 1ó r20 ) =-0. 500* ( A**2 l'1. ( B+*2 I
Q( fó ¡ZLl =-( B**4 I /8. 0D0
Q ( ló ¡ 221 =-3, 0D0* ( A*B*+3 ) /8. 000
Qf 1ó t23l=-5 '000*( (A**31¡tf B*.*2l rlL.ZD0l,
8( ló ¡241=( B**5)./1.ó001 : ,. I , ,, . : ',, .1

:li

I

I

i't''] :-:::r1':

0(17r51=1.0D0
8(17r8!=A
Q( 17¡9)=-B
Q( l7r t2 l=0.75D0*A**2
Q{ f ?rl3l=-A*B
Q{ 17r l4l=0. ?500*B**2
I ( 17 r l7 ) =-0.7500*B*A**2
Q( 17 r 1B I =0. ?5D0*A*B**2

' ''rl :

.)l -.r:

Q( l7r 221=9.OD0*( ( A*'t Zl*{B**Zl I lL.ó00!.
Q( 1B t6l=2.0D0
0( l8r9l=A l

p(1Brl0)=-3.000*B
I ( 1S r 131 =0.5 D0*A*(*2
8( 18r14)=-1.5D0*A*B
Q(rBr I5 )=3.000+8*+2
Q{ fB r 17)=0o25D0*A**3

Q{ rBr 1B} =-0. ?500*8*^+*2
g( I8 tL9l=-2 e5D0*B**3
Qf lB ¡2Ol ={ A**41 /8"000
Q( 18 t ?Ll = ( lB**2¡*( A** 2l | | 2. ODO
Q ( 18 ¡221 =-3.0 D0* ( B*A**3 l/g"ODo
Q( l8 t23l= (A**51 lL"6D0l.

Q ( 19 r4 l =0.2 5DO*A**2
Q( 19r5l=0.25D0*A*B
Q ( 19 ¡6 l=0.2500*8**2
Q( 19r7l=(A+*31l8.000
Q( 19, 8 l= ( B*A+'t 2) /9"0D0

Q( lB t24l=-5"000+( lBf+31'I(A**eltllT"i,2DALr!;|,-,''. ) -'i,'r'rr:"''":."i,'.'..

8(I9r3l=Bl2"ODO

i$iir i 1;i.r:f ri ... tr.ì:.r
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0( t9r 9 l=( A+B**Zl /8. 0DO
Q( l9 rlO I =( Bf*3 I /B.0DO
Q( t9r ll l =( A**41 /1.óDOl
8( f9 tLZl= ( B*A**31 lL.óDOl
Q( 19r131=( f A**2 l*(B**2 | llL.óDOl
8( l9r 14)=(A*B**3 | lL.6DOL
Q( 19r l5)={ B*+4tl1.óDOl
8{ l9r1ól=(A**5 | lS.ZDOLg( 19r t7l = ( ( A**3 l*( B** 2rl /3.2DOl
Q( f9r 1B l=( ( A**2 l*( B**3 | | f3.ZDOl
0( I9r l9l =( B**5 | f3.zDOl
Q( 19 ¡2Ol ={ (A*+41*( B**2 l, lg.óDOl
Q( r9 ¡2Ll =( ( B*+4 l*(A**2 | | | 9.6DOt
Q('19 ¡221= ( (A**3t*(B**3 | l/6.4DOL ':,

Q( t9 t?31= ( ( A**51*fB**2 | tlL.gZDOz
Q( 19 ¡241= ( ( B**5 t*{A**2 | lfL.IàDOI
Q( 20 t2l=1.0D0
Qt20t41=A
Q(2Or5)=B/2.ODO
8{ 20r 7} =0.7500*A+*Z l

8(20r8)=0.500*A*B
Q( 20r9 )=0.2500*8**2,
Q(20r111=0e5D0*A*+3
Q( 20 ¡L2l =3.0Ð0* ( B*A**2 t /g.OD0
Q( 20r l3l =(A*B**2 t /4"ODO
8( 20r l4 l=( B**31 /8. ODO
8( 20 r ló I =5. 0DO* ( A*+4rll .6DO I

Q ( 20 r 1 7l =3. 0DO* ( t A*,r2 l* ( g+*Z II ( 20r lB l=l A*B*t3 )./8.000
Q( 20 ¡2Ol =( f A**3 l* f B*+Z | | | L.ZDOI

O(21t51=A/2.000 ': j":
0(21ró)=B I I r:'''rrl

Q(21¡gl=0.25D0*A**2
8( 21r 9 l=0. 5D0*A*B
0(21r10)=o.75D0*Bt*2
Q( 2f ¡LZl =( A**3 I /B.0DO
Q ( 2f r 1 3 ) =0. 25DO*B* A,r*z
Q( 2r tL4l =3.0D0* ( A*B**2 r/g "oDoQf2Ir15)=0.5Dot(B**3
I ( 2 f r 17 l= ( B+Â**3 l./B.ODO

Ql22rB)=B
Q(22 rll l=3.oDo*A**z

Q( 22t LZI =1. 5DO*A*B
Ql22r13)=O.5DO*B+*Z
Q{ 22 t L6l =2. 5 DO* A**3
Ql22¡ I 7l =0" ?5DO*A*B**2
a (22r l g l =0. 2500{.8+*3

,i lt.:',;l.';,,:,li

Q( 20 ¡ 221=3. 0D0+( (A**Zt*(B+* 3l I l3.ZDOl
8( 20 ¡231 =5.000*( ( A**4 l* ( B**Z¡ I Zç.OOói.,,0(2113)=l.ODO ,r,.,t:. ,-,-f,-,,,

A( 22r2Ol c0" 5O0* lA{.+Z l*( B.*r¿ |

"'.:'ti.:,,rì.,i1,
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.¡..i . ..-, .-':,-..,..,.t" |.j,

4i
ii,,l iiT.i]ii=rf);rii::ri-lÌiji;11.iÏ^ì14..Ì:Ìir¡i"r: I :.':\ Í¡.rrjr "*:r.r"rÌtr. tr?i r:'r-a ì'r

Q( 2 I r IB ) =3- ODO*. { ( A**2 ) * ( B**2 | | |L"óDO1ir:.,ï.fliì.,*,;,iì:
Q( 2l tL9l=5.0D0*(e**41l1.óDOl :t:.:',,,:.:r ":
Q(2fr2ll=(fB+*31*fA**2lr/L.ZDOI ,, , ,,

Q( 2l t22l=3.0DO* ( (A+*3¡ *(B**2 | |13"ZDOI ,. .;, ;'

Q( 21 t 241 =5 " OD0+{ (Â**2 !*( B:B*4 I t t g.6DO¡,
8l22t4l=2.000
Ql22t 7) =3" 000*Â 'ir",, :!ii"i','1,ì: ': ,:'.:,.'''.1^":.1.i'..'.:1..¡::"..'..:¡¡'',.... i :: i: i.l r, : irlì, ' ,,;; 1.,.,'--'.'-i-"'::: ì 1y!1- i¡, .\ l
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8122 rZl ) =- ( B**41./8.O00
8 ( 22t 221 =3. 0D0* I A*B**3 I /8.0D0
gl22t23l=5.O00*( (A**3 t*{B**?) lf l.2o0r,r
Al 22t241 =- ( B**51 lL.6DOI
8(23r51=1.0D0
8(23rBl=A
Q(23r9)=B
Q(23r121=0.7500*A+*2
Q(23r131=ArtB
Q( 23r 14)=0.7500+8**2
Q {23 I l7 ) =0.7500*B*A**2
g ( 23 I lB ) =0. 75DO*A*B**2
0( 23 ¡221=9.0D0*{ (A**21*(B**21
8124 ¡ 6l=2. ODO
Al24 r9) =A

Ql24 r l0 )=3.000*8
Ql24r l3)=0.5D0*A**2
Q(,24r l4) =I " 5D0+A*B
g l24t 1 5 l =3 .0 D0+B**2
a(24 r t7l=0.25DO*A*+3
Q (, 24r l 8 ) =0. 75D0*B*A**2
gl24 r 19 )=2 .5D0*B**3
Q ( 24 t2Ol =- ( A**4 | /8. 0D0

-'., ... . .;.
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I -rr ..j rì -, it.. i. , 

..

:jlr, tl I . '': r r,'r'r' -iilr:l'il..I,j:rir '1-:t'r;Í:li r

:

,:i{

lf .r::.r1:f ':.r:l:; trìT¡;aï:lÌ
r .:,f ;, . ,.,, . r ;: '.' I ,".i', r':,,

- 
j . 

... *: ,..,-, "' ..,,,.. - . '.'-.. .-'* . '

,.,1:: .

: fl ì,'':i ''i

,'.ift..i, *'ifiii,:rl.ìitti-.,tt'ttt'iIll:ir'i'i"r

,,1,...'';'ir',i...,roiiut,i. ,,r' ,.¡,, , ' 
",t 

' .

"1,." _ - r.il11

'.., ¡ :4

:,¡!,:l

I
I

Ql 24 o2I ) =0. 500* ( | 
^**21 

* ( B**2 ¡

Q( 24 t22l=3 "O00*B*(A**31lg"0Do
Ql 24 ¡231 =- ( A**5 | /1.óDgl
Q( 24t 24t=5.000*{ ( A**2 ¡ *f B**31
RETURN
END
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'UBR'UTINE 
BocOND (NT THI cHÂN, IPOT IDDT TCOTTTAIL T ICOKTNCT

oiurrMUT'KUTrMEATrlrulrNPl Fñ,r 'riùóirclr REAL;gt ¡-n 'o-2, r INTEGER( I-Nl
óousr-E PRECISIoN DsINrocos
óiùrrusIoN cHAN(Nl rIPor(Nr2) rDD(Nrzl I

*T A I L ( N I 2 I I ICOi i Ñ, å I I ICOK ( NT 3 I' MEAT ( NP I I NUL( NP I

60
L=I
FORMAT( 3I 1O I
D0 31 l'1=lrN
CHAN(M)=1.0
DO 33 J=Lr2
DD(MrJ)=1.0D0
TAILiMTJI=1.000
IPOT(MrJ)=O ' :r:'
D0 34 JJ=lr3
ICOT( FlrJJl =0
IC0K( M rJJ)=0
CCNTI NUE

[ii;l¡=r¡NP
MMM= I- I
IF(NUL(TI.EQ.OI GO TO 1

IF (NUL( I ). E8.1I GO TO I8
DIK=-DCOS(THl/DSIN(TH' "'

?3

34
3L

GO TO 17
lB irilrruu(I).GT.zl Go T0 19 -," ".' ì,'.' '' ,' ,, .

DIK= ( DSIN(TH t /DCOS( THI ¡

GO T0 17
19 CONTINUE

G0TO1 :.1
I? MUT=.MUT+ 1

I POT ( L r t l=MMfq*ó+2
I p0T lLt¿l =MMM*ó+3
t{RITEÍ óró0t IPOT{Lr 1) rIPOT(L021 . . .. :..,:.:i:r.,.,,,.::.:;'
L=L+1

r C0NTI NUE : ''
KXK=I .r ; íi .,i,i:

KX KX=l
DO 3 1=1 rNP
IF ( I. EQ. l8 I TH=-TH
MMM=I-1
IF ( MEAT{ I } . EQ.O) GO TO 3. IF (MEAT( T }.GT.3) GO TO 5T

LUT=LUT+ I
I COf ( KXK r 1 ¡ -¡4¡t4¡l*ó+4
I COT { KXK r 2 ) =Mln'lM*ó+5
ICOT{KXKr3}=MMM+ó+ó
HRITE (ó,60) ICOT(KXKrl I TTCOT(KXK iI ¡TCCT(KXK¡3I
IF (MEAT( I } .GT.1 I GO TO 2L

DD ( KXK, I )=jócóõ | ¡¡ ¡ *ocos ( TH ) / { Ds IN { TH I *DS INI TH¡

óó i rxr t 2t =2. óOO+OCOS ( TH ¡ /DS¡ N ( TH ) *DD ( K XK c 2 I

KXK=KXK+1
G0 TO 3 ::':4' ''''': ':.:':

2L IF(MEAT(I}.GT.2I GO TO 22
0D(KXKrl )=1.000*DD(KXKr 1'1.'., r. ' :,,.. , ,,1.

l*DD(KXKr I )



22

5L

...:1. l:ì l:Ìj ìr:ì.:! -:::i.,: lj::i::.-:::,.:_ l::."-i::.1:,.-i .-!:r:,"ì r.ii:.ì;:::ì;::t:::::;-:t:::t.:,*:. ,i-

L)Lr ( KXK r 2 )=- ( ( 0S IN ( TH ¡ *DS tNt TH | -DCOS ( TH | *DCOSI TH | | /DS t N( TH I *¡JC0S (

+TH ) ) *DD( KXK,2 )

K XK=K XK+ 1

GtJ TO 3
IF { MEAT( T ). GT.3 ) GO TO 5I
DD ( KXK r I ) =- ( DSt N ( TH I *ûSI N ( TH I / ( DC0S( TH ) *DCOS { THI t I tDD ( KXK t I I
DD ( KXK tZ l= | -2.O00*0SIN ( TH I/DCOS ( TH I t*OD ( KXK t 2 I
KXK=KXK+ I
G0 TCI 3
IC0K ( KXKX r 1) =l{MM+6+4
IC0K( KXKXT2 ) =ftl¡4H*6+5
ICoK ( KXKX ¡31=tlMM*ó+ó
WRI rE (6ró0t IC0K(KXKXrl ) r IC0K(KXKX t2l TICOK(KXKXr3l
KUT=KUT+ I
IF(I'IEAT{II.GT.4' GCI TO 24
TAI L ( KXKX r I I =DS I N ( THI /DCOS{ TH l*TAIL ( KXKX' 1 )
TA i L ( KXK X¡ 2 l=DS IN (TH ¡ *0S IN{ TH ¡ / ( DCOS ( THI *DCOS ( TH ) l*TAI L ( KXKXTZ I
KXKX=KXKX+ I
GOTOS
IF(I'IFAT(I).GT.5) GO TO 25
TA I L ( KXKX ¡ L | =2.0DO*DS IN (TH | *DCOS lTHl | ( OCOS ( TH¡*DCOS( TH I-OSIN( TH I

*'t(DS IN ( TH I ) *TAIL ( KXKX' I )
TAI L ( KXKXr 2 I =-1.ODO*TAIL (KXKXt 2 l
KXKX=KXKX+ 1

GOTO3
TA I L ( KXKX r I ) =-DCOS ( TH ) / 0S IN { TH I *TA IL ( KXKX r I I
TA IL ( KXK Xt ZI=DCOS (TH I *DCOS ( TH I / ( DSIN( THI *DSI N( TH l I *TAI t ( KXKX'2 I
KXKX=KXKX+I , :

GCITO3
CONTI NUE
CO NT I NUE
['JRITE ( óró01 LUï ' j
!úRITE (ór 60) KUT
I^¡RITE(óI60I HUT
R,E TURN
END

?3

24

25

2
3

:' -': ::::

I

i

t
i:l

!] -:



SUBROUT I NE UNDEP ( CLAP, I POS,VAB T NP TNV T II{RED,KS IZ E T NKI I'IES TDDT KS I
IMPL TC IT REAL*B ( A-H ¡O-Z I, INTEGER ( I-N I . ...--,i:
DI MENSIoN CLAP(KSIZE) rVAB (KSIZETKSITD0(NprAl r IpoS(Npr.3l,
M=NKIMES

ll

lo

DO I I=lrNV ':

DO ll N=lrMRED
CLAP( Nl=VAB (Nr I I
DO 23 LLL=lrNKIttES '

DO 2 JJ=lrMREO
TF(M.GT.NP) GO TA 2
IF(IPOS(M,3}.GT.JJ) GO TO 2
J=JJ+I

D0 3 L=JJrl4RED
VAB(L+1II}=CLAP(LT
VAB(JJrI)=0.0D0
IF ( DD( Mr2 I .EQ.0.O00, G0 To 7
VAB( JJ r I ) =DD lM ¡21*VAB ( JJ-I, I t
IF ( DD( M, 1l . Eg.-0.0D0 ¡ GO TO g

l,'lR E D= MR E D-NK I I',IES
CONTI NUE
MRED=MRED+NK IMES
RE TURN
END ':;i ]

i¡ ìj,:i,:11f 1;r L

¡,:...'ì,':.r.::r;t1,.,,,ì.ì..r::.,l,tilrti"tì;:iì:l,_¡'rr,,.,,¡¡;;f.¡,,.,,:i

2
23

1',/j-.i.-¡':

1l
I

ì::-Ì.'" r't: ¡<j'¡ì.r.!- i -:l

ii.,1



' S [,ijfìi]tJI I ¡jE U¡lL PR (CL,XP, I POS , VA Lì, Í\p, NIV r MR ED, K S fZ Er NK I ME S r ïAI L ,KS ]TIIPLiCI T .R,EAL*8 (A-H ¡O-Z), INTEGER( I-N)
D Tfi ENS I ]\I C L AP { K S I Z E 

' 
, VAts { KSI Z E T KS) I TÀI L ( NP T2I T TPOS ( NP,3 )M=NKIIlES

DO I i=t rNV
DO ll N=lr¡tRED

1i CLAP(N)=VAt-J(NrI)
Dt'l 23 LLL=lrNKI¡qES
Dü 2 JJ=lli4RED
IF{M.GT.NP) GO TO 2

IO iF(IPOS(YrI).GT.JJ) GO TÛ 2
J=JJ+I
DO 3 L=Jrt4RED

3 VA3(L+2ri)=CL^p{L)
VAU(J+lrIl=O.O
VAß(J1I)=0.0
IF(TAIt_(M,2
VAB(J+lrI)=

7 1F(TAIL{MrI

.8Q.0.0D0, Go TO 7
1.000/TAiL {Mt2) )*VAB{JJ,I }
.8Q.0.0D0) G0 TO 9

vAit( Jr I )= ( I.0D0,/TAfL(f,l, I ¡ ) *VAB(JJ, I )9 ¡1P.En=¡,lRED+2
DO I LL=ITNlRED

B CLAP (LL )=VAiì (LL, I )
ta-^, 1t.t-1"¡- l-

c0 Tf ?.3
2 CCNT Ii\IUE

23 C(JNTI NUE
li=NK I ME S

MR 6 tl=¡,1q E D-NK I M ES ìrZ
1 CTINTINUE

it{R E D=l.i R E D+ N K I MES *2
R E TURN
END



BI

STJBROTJTINE UN(VÂBrIOTTMSIZETKSTKUTIMETNVTMREDTRTHTCLAP;NTIIf'tES) ".'
IMPLfCIT REAL*tl(A-1.{t}-LlrTNTEGER(I-Nl r.;,., , ].,.1
DUUBLE PREC I SI ON DSI N T DCOS ..,¡:,:,r,;.. ..j: ,: , . ..,_ .,,,

DIMENSIIN VAB(MSIZETKS I' IOTf KUIIMET3I TCLAPI MSIZEI
D0 I [=lrNV
DO 8L ¡=l1f4RED
CLAP(J)=VAB(Jr I:,
D0 2 K=L,NTIMES
LT=IOT(Kr2)
DO 3 KK=LT rMRED
VAB( { KK+Z l r I }=CLAP( KKI

14ÍìED=FiR ED+L
DO L7 M= I r MREt)

L7 CLAP(Ml=VAB{MrI)
2 CONTTNUE

MRED= MR ED-2*NT.I M ES

1 CONTI¡tUE
MRED=MRED+2*NT,IMES
RETURN
END

r I l /DSIN(RTHI
I I/DCOS ( RTH I

:¡i.:il;

VAR( I0T(K ¡?-l tI l=-VAB( tOT(Kr 1l
VAB( I 0T( Kr3 ) r I l=VAB( I0T (Kr I lr

t ;,.1',...
J;jrj.irl:iìi¿_''ri

I

t.- ': "u ,,.: .:Jr -.:'...:-,. ,:1.-:: rÍ?1

-J-t,..11

I

:il

¡

.' i .,.,:;,..i,¡;iì

, .t1..,

:, :,.,;,i.,,i,ri.i,;,,r..',,:;'',:.,: ';i ì¡iirl.,..;:,r,;;.tl.r.r.,ìiii*Ñ

i 'ì., ,j . .-,: . I .lf

;l,ir,:¡r,,,t¡,,:;.;,.n; l;i i

.':

. ¡ .: ..,, 1.''1

I

'lï-t"*Ìit;iiil-* 
"=--;#;'' J-,'.- "'*l-'- 

j"t

rTIiSrF-,ri\r

.::.,Jì':,-:)



,.READ ( 5r3 l,.NE rf'lP r KS ".READ(5r78 ) {NUL { I lr I=l¡f.tPl
READ ( 5' 78) { 14EAT{ I } r [=l rNPl
'r,RtTE(ór 78 ) { f!Ut. { I } rI=l¡l'lPl
þIRITE(6'78) {14EAT( I } r I=lrNP)

..;i,,,,1t1,'t .',-,r, - ¡'-l ;:1::r':*:':.¡1:i S
ji,.iì'. ' ,

',1

DIMENSTON X( I Z I I Y( IZ I,IIUL I TN I I MEAT( IN I INGE IT.Z¡4T r IOT( I UI3I I
.i:i'q,:l''jj'].'.i:l'.:¡!:ì:].ï.;.iij*,IPcs||U,2|.,IlS(IUl2.)li4CNÍIC}lX1(IZ}rX2{IZllX3{I:,

' .' DIt4E¡JSICIN ilKU(ISIZETISIZEITC{ISIZËrtSIZE)rICûK{trUr2lrIPOTlIU¡2
.;-:-::'j-:-L .i i.:ir :;. i'*DDlltJ¡2 t rTAIL( IIJ¡Zl rCHAN{IU},tlUMt tZt

7OO FOR¡4AT(I5)
7ll Ff,Rt4AT{ I5IFIO.O}

:1:. .:READl.5¡7541 {'lTIMESrNV 
j

,.,.,:': REAlJ15t754l ( (IOS{IrJ}rJ=L¡21 ¡ l=lrNTIf4ES}
), r.:.4.-::¡: | :1.. : ) :. : .,.

,'.t :rt;;.*i.i 
;. jl' l; i lÍi

: ' ,lj.r. i:.'t'
r' 1 :i:: -:t:' '

'. :,ji ;i',ù;:r;i:;i..¡,. :::i :
:1.

:u...-..:,,:: '::,'i,.i:,Ìji:,i.:::i.',.r READ{ 5r7541 {IIUM{ I'l r [=l r IH]
754 FÛR¡4AT{IóT5)

READ I5I3I KRf]P1, KRÛP2I KUTI14E
READ(5t21 THRrTilïrTH : .rl ...,,.,,

FSR|'4AT|2F15.0) .' '.

READ 15T29) PNEIJOIRHOO¡YMODOTTHICKO'.,
REÀD I 5I 29} PNEÌ',RHGr Yî4I-}D r THTCK
FORMAT(4FzO.OI
READ( 5rl I hJC I f ''4CN{ I ) r t=[ lNCl

r¡

*:.i:'
:l:-:"':

78 FTIRMAT( lóI5l
, " KC=NC.

1 FORT4AT(I5/lBT5ll :'

,. '.KE=NE ;.
1qp=\!p

8B FÜRMAT { 2I5 }

READ l5tZ) ( Xlf I ) r J=1 ¡NEl
READ (5tZl IXZ ( I ) r I= Irr,¡E )
READt,S,tZ) (X3{ I } r I=}eNE}
RËADl5t2 | {Y1( I I r l=Irl'JE)
REÄD15r2, (Y2( tl r I-1'NE)
RËADl5¡Z ) (y3{ I) r[=l eNEl

.:.;:t.''.:'ai:
'::.'.: .1...'

l: :.: :

lil 1;. ';1 tiri i

+! .<<:t :.; a-:1)

"ii.'

l:.

. , ,, ^ . , . . ... ,

|','
.,r t ''
ii..l . i.i:,.

2 FtRrvtAT{8F10.0)
,,,. ,,7 .F{:ÌRMAT { 3I5 ) . .,.:i,.:

14sI ZE=NP*6

606 FNRMAT(' TÆSRING! I
1l FCRxAT(I5tt+r,5tl

Dn 4 I=1rKSf ZE
, ,,, DC 4 J=I T KSI ZE

4 BKO( I rJ)=iJ.0D0
DO 593 I=lrNlEr''.''XfI)=O.0OO

,93 Y(I)=0.0D0
KE=NE

: .,,NV=I0 - ,, r ì',.i

TN= 32 .0D0
Ff4=1.ODO
FK=l.ODO

Rf:AD f 5r I I ) KS I ZEt | (NGE( I rJ) r J=1 ¡41tl=l rillE I



CÂLL BgCUND( KUT I ME TTH TCHAN r I POTr DDr ICCT rTAI L r IC0Kr NC r LUTr t{Uf r KUT r

BKOrl4CNrl'{SIZEtNCrf'îREÐrKSfZE} ; '.''.
I4C\ I t CS, KS I ZE, MS T LE, KCTNCT KUT IMET CHÂN I
l"'lC,!r IPOTr KSI ZErM Si ZE rKC rNC r KtJTIT4EtCHANI
MCN: ICCKr KS I ZE r i{5I ZE' KCTNCTKUTIt4Ë )
¡JCi\ir ICÜTI KS t ZE IìtlSI ZE I KC r NC, K'JT IME }

I PilT r I CûT r ICCK r I OS r L UTr KUtr r r4UT rN Í I l4ES r NP r I POS ¡ I COTE r

rl¡TIi4ES
1S{KIL,I¡
f,'S(KILtz) . .ì:.-. ,
BK rl r Fi S I Z E r 14R ED' CHA N r I P 3T r MUT r KUT I r'lE I
8K "l r 

14S I Z E r MR Ëû r DDr ICûTr LU'T r KUT I í'18 I
BKSI MSI ZE, I4REDITA IL I ICCK TK(JT IME, KUT'
tlr KUTIr'4E r MSI ZE r I OTTNTII{ES TRTHTHREDI

l'1RE D

.:,,.i:.;.._'...r:..1 1:"r' ......1 TY=D SI N{ THT
TA=DSII'¡(THR
TB=DC0S ( T'HR

.ti . , ,.:. .. TA=O.0ÐO
i:'., :.: l TB=1.'ODO

l;.,'';¡.1,,r':t¡. '¡,1;å50 Cût\T I NltE
IFíL.NE.I.¡UM(
LtJ=LU+1

..., . ,,351 CCTJTI:\¡UE. .

] IF(L.EQ.ll'
:j.t. t.-',,''..,''t IFfL.EQ.L{Jl
.;i.ì,j,::,:,,r',.-..":,: ¡i.r,:,.i;: r:"'i. ìr.'. f I F { L . L T . K Rf] P. 

CALL NRCD(XI
GO TÐ 744

':':..,,.,': ;,,:,,;,'743 CALL U"\4ó ( Xt Y
'1:, ., 1, '.144 CALL TRf',lSFÀ(

1 ' 5 CDI'ITII'{UE
CALL APPC']N {
CALL RE'YCùN{
CALL REJ{Ct]N{
cALL lpRC¡lN t
CALL LPRC'JN f
CA L L A¡ì RANG {

¡F(L.EQ.NUi4(LU)) GO TO 350

LUI¡ GO TO 15L

.. t.....

KRspl: iï'ir :' "- t't'

KRTIP L=32
1tGßTn743-:''.'.''..'..''.]:.'
(L!rX2(L)rX3(LIrYl(LIrY2{LIrY3tL}tPNEUrSKrSf4rTZrTY)'',

r L r Pl,lEtJ r SK r S 14 r TA rTB r l''!E )
BKil r SMr SK r NGE r L r KEr KS I ZE t24t6 t 4¡3r KRÛPI . '- 'I

,ì::..,::,,:,1".' ;.-,i,;.t;,.'.-'.. *I CtKE f KUT I ME

Dtl 717 KIL=1
I0T(KlLr2l=I

r,::.:..: ,,, 717 tf,T{KILr3)=I
. ]: :. CALL .L I\DËP(

" CÀL L '^4UL IiiD (
-.::..:,,i .;..,..,,)..: '.t , .; , ,CALL ¡1¡JLDEp{

CAI-L TANT ( BK
HRI TE (6 ,753 }

.753 F3R,l4',A'r{Ir5)
!iRITË ( B ): ( rlcN ( I,l I I= 1r KC 

'DC 778 I =l r MRED_,

778 WRITE(81 {BKr*l( trJ ) r J=lrIREDl
IìETU RI.¡

. END



*ICOTE, ICt]KE,NZZ }

IMFLICIT REAL*8(A-H¡O-Z) I TNTËGER(I-NI
tiIMEt-ISION IPOT{NZZ t2l ¡IC0T(NZZr3l rICCK(NZZr3l r IPOS(NZZt2l t

Itt0S (NZZr 21, \COKE( NZZr3 ) r ICOTE (NZZr3l
!{RI TE 16 t203
WRITE (6,2O3
HR TTE ( ó,203
WRITE T6T2O3
IFfKUT.ES.O

( IpOT ( I rJl ¡ J=L ¡Z) r [=l rMUT ]
t IC0K( trJ ¡ ¡J=1r31 rI=l' ;KLjTl
{ ICST{ I rJ } rJ=lr3} r I=1rLUT}

( ( IOS( t rJ) rJ=l t?l tÍ=l rNTII'1ES )

G0 TO 101
DO I I=1 rKUT
D0 I J=lr3

I ICOKE( IrJ)=ICOK(IrJl
101 IF(LUT.EQ.O) GO TO 102

DO 3 I=lrLUT
D0 3 J=lr3

3 ICOTE( I rJ) =ICOTf I rJl
IO2 IF(NTIMES.EQ.O) GO TO IO3

D0 4 I=ITNTIMES
DO 4 J=L t2

4 IPOS(IrJ)=fOS( IrJ¡
I03 IF(MUT.EQ.O) GO TO IO4

DO I K=lIMUT
L=IPOT (K' I )

IF ( LUT. EQ.O } GO TO IlO
DO 52 I=lrLUT
D0 2 J=L ¡3
TF(L.GT. ICOT( I IJI } GO TC 2
DO 2L MM=Jr3

?t ICOTE ( I rMM)=ICOTE( IrMH)-l
G0 TO 52

2 CONTINUE
52 CONTI NUE

ll0 tF(KUT.EQ.O) GO T0 111.
DO 54 I=lrKUT
D0 5 J=lr3
IF(L.GT.ICOK(ITJII GO TO 5
D0 20 MM=J r 3

20 ICOKE ( I,MM l =IC0KEf I rÞ'tM)_1
GO TO 54

5 CONTINUE
54 CONTI NUE

" II1 TF(NTIMES.EQ.OI GO TO 1I5
DO 56 I-l,NTIMES
D0 6 J=lr2
IF(L.GT.IOS{ I,JI } GÛ TO 6
DO 22 MM=Jr2

22 IPOS{ I rMMl=IPOS( I,FtM)_1
G0 TO 56

ó CONTINUE
56 CONTINUE

11 5 CONTINUE
IF(K.E8.1I GO TO 8
KK=K- I
DO I LT=1r2

9 T PÛT( I( 
' 
LT} =I POT ( K 

'LT I -KK
B CONTINUE

tO4 CONTINUE

. -:. :.. :



|/{RITE(ór20tl (

t^tR I TE ( 6,203 )

þtRITF(6r201)
IF(LUT.EQ.OI
DO I0 K=lrLUT
L=ICOT{K'3)

;r--:-:.¿f:::::,:ä:lr,r:;;::;.;":-:l:ì:,:-;::¿::t:;ì;r;-;l;: i:;::.','".i.i';:":,:,:1.r,:,::::i.::,:."1...:,1 ),.:.:,,:

IPOT ( I rJ I rJ=lr 2l t l=lrMUT )

ICCK{ I rJ t rJ=1 r3 ) ¡ l=ltKUTl
IC0T ( I rJ ) rJ=1r31 r I-l rLUTl

(
(

(

G0 To 105

IF(KUT.EQ.OI GO TO 113
DO I2O I=lrKUT
D0 fl J=1r3
IF( L.GT. ICOK{ I rJI ) GO TC 1I
D0 13 LL=Jr3

L3 ICOKE ( I'LLl=ICOKE( ItLL )-1
GO TO LzO

I I CONTINUE
I2O CONTINUE
IT3 TF(NTTMES.EQ.OI GO TO I14
LZ DO L7 I=ITNTIMES

DO ló J=L¡2
IF(L.GT.IOS( I rJl I GO T0 16
DO 32 Mtl=J r 2

32 IPOS( I rMl¡ll =I POS( I rMf'll-1
Gr-l Ttl 17

1ó CONTINUE
I7 CONTINUE

II4 CONTINUE
TF(K.EQ.1I GO TO IO
KKK=K- [
Dtl lB LT=lr3 , ì

t8 ICOTE ( KrLTI =IC0TE(Kr LT¡-KKK
IO CONTINUÉ

'ou lPlJ:ä" , ,

IF ( KUT. EQ. O I GO TO I'06
DO 47 K=lrKUT
L=ICOK(Kr2)
IF(NTIMES.EQ.O' GO T.O I16
DO 44 f=lrNTII'4ES
DO 40 J=1r2
IF fL.GT. IOSf IrJ I I GO TO 40
DA 43 Ml{=J 12

43 IPOS{ I rMMl=I POS( I tFll'tl -2
GCI TO 44

40 CONTI NUE
44 CONTINUE

11ó CONTINUE
TF{K.EQ.I) GO TO 47
D0 49 LT=1r3
t CCKE ( K rLT I = TCOKE ( Kt LT )-K-LFUD

49 CONTI NUE
LFUD=LFUD+l

4'T CANT I NUE

106 CONTI NUE
HRITE(ó'203) { ( IPOT( trJ}rJ=L¡2lt [=]¡MUTI
I,JRITE (6t2O3) ( ( tCgK( IrJ) rJ=lr3l r I=ltKUT)
!{RITE l6t2O3l ( ( IC0T( I rJ) rJ=1r31 r¡=[¡LUTI
T F ( NT I MES. EQ.O I GO TO 107 .:

DO ót I=l rNTII'{ES
DO 6l J=LIZ

I1

I
t



'._ _:- _. _ _'.. :. -.-._"-::.-.-.-.1.- -., -.. -.. . . ::. -:-.i.-.-- .

6l I0S(I'J)=IPOS(IrJ)
D0 90 JJJ=l I NT I MES

L0R=IOS(JJJTI)
¡g=JJ J+ I
TF ( JO.GT.NT IMES ) GO TO 90
DO 91 KKK=J0rNTI!4ES
IOS (JO r I l= tOS ( J0 t Ll-2
IOS ( J Or2 )= IOS ( JO t2l-2

91 CONTINUE
9O CONT TNUE

I07 IF(KUT.EQ.OI GO TO IO8
DO 25 I=lrKUT
DO 25 J=lr3

19
109

203 FORMAT (r ICOKr r8I5)
RE fURN
END

25
108

ICOK(IrJ)=IC0KEfITJ)
IF(LUT.EQ.OI GO TO IO9
DO 19 f=ITLUT
DO t9 J=l 13
ICOT(IrJl=ICOTE(IrJ)
CONTI NUE
ùntrE l6rzo3t ( ( IPoT(I rJ) ¡J=l t?l ¡l=l ¡llur)

'r¡nf 
f e 16t2O3) ( ( ICOK ( trJ I ¡ J= lr3) r I=ltKUT )

Wntfe Í6t203) ( (ICOT(IrJl rJ=lr3l rl=[¡LUTI
r.lA tf f l6¡ 2O3l ( ( IOS( I r J I rJ=l ¡21 ¡I=[ ¡NTIMES I

[i
rì



sußRourINE LPR.'N( McN' r osrrKs r-rF r'sI ¿E TKGTNC rNTItEs tI MpLI crr REAL*B!,4:nro-¿ i,-i¡¡reeÈni ¡:ñ ¡ l'Dr MENSIoN losrt¡¡rrue srãi - 
:DIMENS ION MCN { KC I .,' 

.J=l
K=1
L=I
M=l
N=1
DO 2L NUM=ITNSIZE
IF(L.GT.KC¡ GO TO 7

_ IF(MCN(L).E0.NU¡,tt G07 IF(K.GT.NTIr,tESl CO-iO
I F ( IOST (Kt3 ¡ .NE.NU'|t t

.IOST( Kr3l -J
K=K+ I
GO TO 24

11 IF(M.GT.NTIIlESIGO TO 125 IF(IOST(MI2¡.NE.NUMI Gõ TOIOST(M¡2¡=¡
M=14+ I
GO TO 24

L2 IF(N.GT.NTIHES) GO TO 2Ió IF( IOST(N¡I I.NE"NUM) 
_gõ-rO

IOST(Nrll=J

TO2
ll

GO TO l1

L2

2¿t

24
2L

ll=N+ I
GO TO 24
L=L+1
G0 TO 21
J=J+1.
CONTI NUE
RE TURN
END

-'4,

_i'i1l'iÌ:::'i.'
I
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I
L

f

i
t
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SUtIR0UT I NE MUL IND ( BKOTNS IZETKS IZETDDT ICOT TNTIiIESTNKL IMEI

IMPLICIT REAL*B(A-HTO-ZI'INTEGERII-NI ..,

DIMENSIoN BK0(NSIZÉtNSIZE)'OOí'NKLIllEr2lr : ..
* ICOT(NKLIMET3IIRLEC(21 ' ::,.,,,,,,, " r, ',' ,

DO 2 i4=IrNTIMES
IF(NT IMES.ES.OI GO TO 2

RLEC( 1l= DD(Mrll
RLEC(2 1= DD( Mr 2t
NR=IC¡fT ( Mr I
NS=ICOT(Mr2
NT=ICOT(Mr 3

J

!

!

.l
I

DO 50 t=l¡KSIZE
BKO(NR r I ) =BKO( NRrI l+RLEC ( 1 I +BKO{ NT rI I
BKO(NSr I I=BKO{NSr I )+RLEC( 2}*BKO(NTT I I
IF{ NS-KSIZE I 5r5Or50

5 LQ=KSIZE-I
DO I J=NTTLQ

I BKO(JrIl=BK0(J+lrIl
5O CONTINUË

KQ=KS I ZE-l
DO 51 I=IrKSIZE

È,
tiL,I

BKO(IrNR
I]KO(T'NS

=BKO ( I rNR) +RLEC( 1l *BKO{ I'NTl
=BK0 ( I' NS l+RLEC { 2l *BKO ( I tNT I

tF (NS-KSIZEI ór51r51
DO 4 J=NTr KQ
BK0(IrJl=BKQ(JrJ+11
CONTI NUE
KS I ZE=KS I'ZE-L
CONT I NUE
RETURN
END

iìr,ì

.,:.. i :,i.:.,,.,i.t.:l-ìr jli

n,

6
4

5l

2

i::.'lì



I
50

suBRouTINE MUL0EP ( BK0TNS IZETKSIZETTAILT ICOKTNPTNKIMESI
IMPLICIT REAL*8( A-H ¡A-ZI' INTEGER( I-NI

DI MFNS ItN BKO (NS IZETNS IZE ) rTA¡L ( NPt 2 I r tCOK(NP I 3l
*TRFAC(2) ¿ ' ' : ,. . ::r.:.:

DO ZN=ITNKIMES :,
IF(NKIMES.EQ.O} GO TO 2
RFAC(Il=TAIL(l¡lrl)
RFAC(21=TAIL(MrZ) : " ' '":"': j'

NR=IC0K(Mrll
NS=ICOK( tl¡21
f.lT=ICOK(Mr3)
K I L=KSI ZE-2
DO 50 I=l¡KSIZE
BK0(NR, f )=BKO(NR,I l+RFACf 1)*BKO(NSr I I
BK0( NR r I l =BK0 (NRr I I +RFAC (21 *BK0(NTr I ¡
IF( {KSIZE-NS¡.LT.O) GO TO 50
DO I J=NSTKIL
BK0(JrI)=BK0(J+2rIl
CONTI NUE
DO jL I=ITKSIZE
BKO( t rNR)=BK0{ I rNR)+RFAC(ll*BKOf I rNSl .

BKO( I r NR l=BKO( I rNR ¡ +RFAC ( 21 +BKO( I rNT¡
IF(NS-KSIZE) 9151r51
D0 LZ II=NSTKIL
BKO( Ir I I f =BKO( Ir II+21
CONTINUE i' '' '

CONTI NUE
KS I ZÉ=KS IZE-?

L2
5L

2 CONTINUE
RETURN
END
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I:r



.s Urìlì (JtJ T I NI: f 
^N 

T ( tlK U r KU T ¡ M Ë r l'4S t ¿ t_- r f 0 T r NI il,lES r ftTH r trlREO fIMPLICIT lìEAL*B(Á-H¡1o-Z lr INTËGER( I-Nl . , ,

DOUIìLE PREC ISICN DSINIDCOS
DTMENSION BKO (MS TZE¡MS¡ZE I T IOT(,KUTII{E I3ID0 I I=ITNTIMES
DO 2 K=lrMRED

2 BKo(Kr IoT( Ir I l l=-DSIN(RfHl*BKO(KTIOT 1l¡21 l+DCOSf RTHI*BKO(KTIOT

LUT=MR EO-2
LL=I0TfIrZ)
DO 3 J=lrt4RED
DO 3 L=LLrL0T

3 BKC{JrL)=ßK0(JrL+Z)
DO 4 K=l rMRED ' ì.-' :

+ BK0( IoT( I r I I rKt=-DSIN(RTHI*BKO( I0T(*)rK)+BKO{I0T(IrtlrKl ,,,,1D0 5 J=l r MRED "'!' ::rr"1

DO 5 L=LLTLOT ;

BKC(LrJl=BK0(L+2r¡¡
MRED=MRED-Z ':: - "":'

CCNT INUE
RETURN ] ,.' , .' ,

END 
:1ì'ji i' ri,;,;r:,r;

".'] 
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'-,*iù'":'ii,i¡.-r":"Î-rî:iîîftl^-..:rï:.:1:rj1!-I.'f,¡iîtirqap:tr,+,.r.,.i-,îll.:jiiÊtr.

,1..; l ;:,.iì,,.ìi;ji; ;.;,,,

"r:,. a,,,.'." .,, ..,.,,1,,,,,t

rl'rä

T
.,::1:i

r:,t.., :, . .1 .: . - ;l

',rj'rg,,;it1i*i,j,i l

i'J:.il
, ,,l'll

..24

,. i;j. ;jìr:l

i

I
I
I

.".,.^]
''lrT

:tl
,l

'.1

:: " ' 
.,: 

;.-.! rr..:1..,irt.
( : .-t -

: , ,i

itlllr:

I

, 
.lt. ij,ì:l-t.Ì', ,i"Ïi.lfî.r, r, j . ,:iii.",, '''i)r,,1'



SECTIO}T 2

In generalrthe bot¡ndaries of a system are not parallel
':

to tlre g1oba1 co-ordinate a:ces. fn such cases it is convenient to use

. local (t'n) a¡ces and to transforrn sr:bsequently to the (xry) co-ordinate : -

- iysten shorn in Figurell. The trigononetric relationships (together

with the necessary colrputer.codi¡g) required for the transforrnation .'

are givea in this section. ,
:

The corputer coding dictates that sorp value be assigned to-':
I{W and MEAI for each global nodel point..'Ntll and MEAT are set zèro

if no oblique slope or second derivative bor-rrdary constraint is to

followine table.



",BOI.J¡IDARY

æNSTRAIM
TRI GONO}IETRIC REI.{TION CODE

1.Slopes

W.=0
19

tt =0
n

\=l*yffi8

sin0**= *y 
co-go

enNG)= -ffi8

GilN(I)= sinO
cosg

NUL=2

NIJL=1

Z.Second I
Derivatives

*Et=o

lrl; =0
9rl

lf
nn

=Q'
I

"Etlo
*gn=o

w=Q
nn

"EE=o

w
nn

*tn
=Q

=S

,f**fffi-';*2e

,sin2o -.o.*2r-vrç-Cäffi')*ry*

t-, 
:

+ æ¡*'Hþ"

cos0tro,=-m'g

. -.or2gw,as sin'o

utry

,w

w =-w)o( w

^ sir,ácoso
w -uT-")o(- '.or2o-rirrZg

w=
)o(

sin9 ..

-^W
coso Ðr

*'= sinZo wxx
cos-o

DD(I,1)=-t"n2e

DD(I,2)=-r#rB

DD(I,1)=1.0

DD(I '2)=
,irrZe-.or2e--:--s]-nucosu

1n
DD(I'1)=- *'ä

tan-0
DD(L,Z)=? cose

sinO
.

TAIL(I,l)= -ffi:
?

TAIL (T,2)= cos-o

sin-o

TAIL(r,1)=

^ sin9cos0¿-
ios'g-sin'o

TAIL(I ,2)= L.0

TAIL(I,1)= #;
.2

TAIL(I,z)= titlo
. cos-O

IvIEAT=3

ItfEAI=2

MEAT=1

IvfE41=6

MEA[=5

ItfEAT=4

:,-?i_l.¡t!ì:.,:.:,Ìt. :..--1;Ì:î.1:.:t l:¡;r:. . ,...4.:, , :. .Ì :: :..
, - r']' ':

.1 

"' 
' '

': , ':''

TabIe 7.


