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ABSTRACT

lì. A. Fishcr (I922) .i" Ii ned t.]re coucept of the

effLcicltcy of csti-tnaLols oI a ])¿ìr.lìlltc1'cr 0 t.Oc R in

terns of I inj ting Norlnal clistributions. As this

defj ¡it j on entails several c[ef icj,encies, one renecly

r{as to colnpare the behavj oLlrs of the estin¿rtors in

the tajls of their clistribr-Ltiolrs sincc ally reasonable

csti,rnator shonld be lve11-behaveil ncar the tTue vaI.ue

of 0 (eg: the Central Liilit 'l'heorertt) . 'Ihis has Led to

the cstab lishrnent of the Theory o Ê 1-hc Prob ab i 1,i ty of

L:rrge Dcr¡iatioirs.

I-ìor consistent esti.m¿rtor- sccÌuences {Trr} = T, thc

t-¿ri1 ¡rroba'oLLity

TCL ( ,0re) Prt lr,, 0l> e I

n

tcnds to zero as n tencis to inf i nity. B¿lstt (19 56)

irroposecl th¿lt tlie rate at wþic[ en + 0 be trsec1 as a

tneasure ol' the asynìJltotic behavioLrr of. thc cstintator.

Since this r¿ite i s typically exponenti al :i n nature,

llah¿rclur (1971) suggestecl th¿lt we conpr,rte the exponeilti.al

rate of convcrgcrìce:

n

I
n+æ n

(1, T ,0rr,)

-,4_V -

b(r,o,e¡ .L.Lnt log n n



Iìtt (197ì) sÌrorvcc1 th¿tt f or

sequence , the expotÌcnti¿r1

lury cons:i-stcrrt cst'j tn¿ltor-

rate is b ounclecl al; ovc b y

B(0,c) Ln{ u^{ 
Eu Joø

f(xl0/:)
El xT o-f : lo-o* |

.ÌÇ) t

lvirich is cal.lr':d tlie B¿rhaclur lt ounc1. A tlieo reni b y

Chernoff (1952) as niodif ied by Bahaclur (19ó0) is

of ten used to contpute the exponetlt-i a1 r:atc in

part j cul ¿lr c¿rses.

The i4:tl-roc1 o.F Þfa>:irtun Likel ihood Est-i.ntation

h¿rs bcen shotvn to possess nì¿lTìy cles,i rablc l)TopcltLcs.

Incleed, the Maxinunt Lilte1 ihood Est.intator (nt.Le) cloes

have a. i irni tì ng Norin¿rl cLi strib ltt i.on ai'rcl is Iìì she r-

cftici.ent. A1.so, lìao (1961, L962, 196:t) shor''s th¿rt

the rnle , 0, i s generally favoured amollg ef f icietrt esti-

nr¿rtors in th¿rt ô nos ntjilimun .l.oss of :;arnpIe i.nfornati,on

on 0 ¿rnc1 i s thus secotrd- ordcr ef Í- lci cnt. 'l'h j s property

is nÌeastrrecl in terns ol' ¿1 paramcter \2', tvhcrc Y was

naned thc st¿rti.stical cLrrv¿ltttrc by Iil.r:on (1975).

In th.i s thes.i-s, h¡c consjclcr- a tr¿rtrslation inv¿rrj.atrt

locati.on parantetcr 0e Rr. lVe proi)ose a conìpetj tor to

the m1e in the forln of a Prob:rìr.i 1i1.y Iì¿ltio l.ìstjn¿ltor

(prc), ivhi-ch is clel,jnecl in 82.1. I\ic sþolv that, sltbjcct

to certain reflularity conclitions o1ì tìre utrclerlyirlg

clistr-jbutiot-ts, tìre pt-c is ¿¡lsct scConcl-orclcr cÍl.icicnt.



A1so, .for synìnetlir: ilcllsìtics, the pre is shotvn to
rclolni.nate' the url-e in the sense Ihat the expoilcnti¿r1

Tate of the pre Ls o1-lt:irnal for r:he class oll tr,lns-

lation invar'-Lant cstiùì¿rtors of ,,vhich the ntle is a

mclnber. Some exann I es arc ¿rlso provi-ded to suirport

the content j-on th¿lt the pre ¿rl so clonj nates tvhen thc

synnìetry is lacking.

Then, as the .local b ehavi our o f the exponent j al

r:ates as e -0 is of cspecial in1-erest, \,vc f e1t that

sonre insight coulct be proviclecl by the Taylor serics

cxpansions of the exponential r'atcs . 'I'h j s f oll olvs

the rvork of Iìu (1982) rvho obtainecl expansions up to

tlie tour-th- dcgrtl e, which j s sr-rf f .i cient .For second-

orde r el, FiciorÌcy conparisoi'is. Since both the ntl,e artcl

t.he pïe ¿1,îe seconcl- orcler ef l.i ci ent, rvc \{cre reclr-riled

to fj nd exp¿lnsions up to thc si xth- de gree in orde r to

obtain theoretically rneaning;f.r-rl cliffcrcnces. 0btaining

these expansions 1ecl us to cieline several corlstants,

in particular, a païalneter, À', rn'hich appears to be

a cub ì c cxtens i on of the cluaclratic parameter \' , the

squarecl- curvature .. We then con-s idered seve ral pr¿tc-

tic¿r1 cases, inc Lucling thc Logisti c ancl Ilypcrb ol j c

Secant dlstributi.ons, ivhich nLlìrìcrically dentonstrate

that, âl though L.he m1e is scconcl- orclcr cf f j ent, it Ls

- V '4-'



urì.lihc1y that jt is thircl-orclcr eff.icient (,. cot.tccpl-

th¿lt is ¿ìs yct- unclefinecl). iVe a[:;o coiìsic]e¡ cases

rvhere solne ol' the regul:rrity concli t j.otls do not liold.

In the seni-regtrLar- casc of a nl.xture of Normals,

\{e obtairl, through dLrect contputation, resul-ts silnilar

to those in the l,ogis ti c case . Iror the lìon- regul ar

DotrbIe ll,xponenti"al c1istributjon, the pr:C stL11 scents

to dorn-inatc thc ntle (in the scnse oÊ expotrentietl

rate) , íLlt.hough here ne j tÌrer es tiniator- scqLrence

¿rllpcars 1-o be sccond-o::der eFf,ic.i enL (1 i.ke1y clue to

thc non- rcgularLty) . ¡\n appenclix is proviclccl lvhich

gìves cletails of proofs ancl contpul-atjol-ts, itttcl provicles

sonÌe riscful refer:encc tables ancl equat.-iolìs.

- v.LL-
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CHAPTER ONE

INTRODIJCT ION

1.1 l,arqe Santple Th co ll' and Luruc llcvi at r ons

Urrtil fairly recent11' nost statistical estimation

ancl inf er.e¡ce hras conce rnccl lvi th sna l I cl evi at ions aþ out

the rnean. The stucly of large samples has lecl to the

central l,irnit Theoren (c1,1') v¡hich l¡as j cal.[y states th¿rt

f or a sanrple of i nclepeuclent obserVatious on a popul ati on

rvith nÌean 0(-r the sarnpling distribul-jon of the sample

nean u¡í11 [eltcl to a Normal ]li str ibut lon, i n t-.hc neigh-

bourhood of 0, ¿rs the saunple s'.izc becoines lar:ge. In this

hr¿ry, F.ì slrer (Lg22) dcf itles the CRIl;ltRION 0lt UltltTCII:lt'¡CY

as beitrg satisf i ec1 1ty all stati s tics (estimatìng thc sane

qr-rantity) rr,hich, hrhetì cler jvccl f rr¡n 1 arge salnples tenci to

a Nornal ciistriltuti on rvitl-L tIc least possible var j ¿l]1cc '

Sone na j or I imitat j ons ¿Ll-e aPparent:

L. Flolv ,1ar:ge ls 1:rÏge? 'fliat ìs, horv large a siltnple

size is recltiired before \r¡e call apply thcse large santple

results (such as cL'l). 'fhis js esÐcc.i a1ly important irr

the tail r'egions o.[ thc plobability djstributiori, áìll'íl/

flort 0.
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?,. lloiv re.l cvant arc ¿Ìsynlptotic resul ts tçhen

clcal ing rvj th f inite sanple si zes ? Ijoiv e Ff ic ient i s

an estinator clelive<1 Êront à finite satnple? 0r, in

anOtlrer So ÌtSe , ho'tv CAn lVe chooSe betrvee n est inators

rvhich satisf y Iìisher's Cri ter i.on of Ilf f ici ency- \\rhen

rve have f ini te sailtples ?

3. lVhat c1o I{c c1o in thc case of n<¡n-No rnal

limiting c[istril¡utions? Tirat is, how c¿I]1 we clefine

the ef f ici-cncy of estinrators rt'hi ch do not telrc[ to

Norm¿r1ity?

A rernecly, irt the slllall sanrple case, has beetr t-o

colr.sicle r' llOBuS'1' PROCEDURES. FIore, olle c1ca1s rçith tests

ancl estin¿ItoIS rvh j ch ¿rre not grcatty a f:f cctecl lry slna11

cl-ran¡r,es in the uncler:lying c1i stlibutiol-r f se e Ilr-rbcr (f 972,

1g77) I . One un Êortui-Late tenclcncry of tþesc I)ïocc.ltttlcs

is that nl¿Ìny of thesc ntethods wj11 tend to cli-scarcl the

observations in the tai1s of the clistril¡ution ("the

outl iers") . A recertt paper by Sti g,1er (I977) suggests ,

horvever, tliat in m:rny ¡eal clata s-ituat.i.ot-ts, t-ìre lìon-

robust sample nean seelns to perl.ornr alltost ¿ls rtel1 ¿lS

the best robust estimator (o f. those considere cl) , and

nuch better than ntost of the o1-ller robust estimatols, in

parti,ctilitr, the nec1i,an, whjch cloes cluite poor'1t' over¿ll L.

'fhis nìay be partly duc to thc J.act th¿,rt ilì41ìv of tl-Le robtrst



proceclllïes \ve1'e <les ignecl to handl e hypothet Lcal

rvhich rare,l y arise jlr' t.he re¿rl lvorld (<-:'g' the

Double lixponential Ðj stributions)'

situ¿ltions

Cauchy and

f ixed

get

Pctg ø 3

is to

¡\nother approach to rernecly these limit¿rtions ol-

Fi.sher's clef init Lon is to examine the behaviour of the

estirnators in the tails of the cli stribution. This has

1ec1 to the founclation of Large Devi ation 'fhe ory.

Ì of n observations r,r'i thConsider a santÌrle S = {"i

0 and var j an.ce Õr-<*. By thc centÏal l,init Thcoren,nean

n = L x,/n iviIl tencl to N(0, Õ2/n) as n+æ' Llence' at a

devi¿Ltion of. e//n frorn the llìean, we will get ¿l f ìxed

point, 0 J- e , thc i-¿.Lrl-

distribution as n->æ

tn'ou1cl rvi sh

me asure the rate il t

to zero.

If , Ì'Lotvcver, 1ve take soìne

o f tlrc c1 i s tr i-btrt.i on rr'i I I

snraller and smallcr as the sanple sj.ze increases Isee

F igr-rre I .1 1 . suppose, 1ve have several "ef I ici ent" es t j' -

nators with clist ributi ons tendi u¡1 to N ( 0 , Õ2 /n) ' T hen tve

to se lect the es ti n¿rtor r.vith the Fastes t rate

of convergence to tlt j s lim j tir-rg Nornal distr ibut j'on '

One w¿y of nieasuri.ug the rate of thi s convergence

r,vhich the ta j 1 ProbarllilitY i s tencli ng

1'his rate i s suggestecl by lJasu (195(r) as a

Iìeasuïe of the asyntptotjc accìu1r¿rcy of, the statistjcs. He

calls this rate thc concentlat j,on. Lalgc Deviation 'flieory

.ls then Iargely concelnecl rvlth llleasurin¡¡ thc r¿.rte of
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n=3

n=2

n=7

0 0+e/ ,n /,0tc/
Are/ /3

FlCUnf 1,11 Conver:gence to Normality in the smalt dev.j ation.



corlvclgence bo zeL-o of the tai l plob:rb.i 1 ì ty of a st¿ttisti c

In gcneral, iI Tn is i:ìt-ry point estin¿lte clf 0, IVe

have, fol a )0,
n

Page- 5

(1.1)

1'hen, \,te

= P(Tn'n

define:

. Tf a =

A 0>a n

devi at ion

ancl o(r I-n'
?

c1cv,iation,

(1e6s).

3.

n

['I'he

ìne a.l] s

If a = 0(
n

a concept

0 ('6-) then a

notation 0 (r'rt
o(r \/r'n,-n 0 as

orcl i nar:y or

C(r \/r i-sn

See Cherno Ff

sna1l

b outrclecl

(lesó).l

1 l. s an"

nreails

n+æ.

n

)

Iog n/n ),

i ntroducecl

then a is a illoclerate
n

by Rubin & Sethur¿rman

If a = 0 (r) , then a is a lttrge dcviation.
nn

For alt introcluction to the theory o.l- large ancl

nor.lcr'¿rte clevi atì.ons see Sethurallìan (l970) . Sonte lnore

aclvancecl theory is provicieci by ChernoJ,f (1952) a1cl

Baliaclur (1971).

L.2 Rcvietv of the Li terattire

'fl'rc first niajor result jn l,arge Deviation 'fheory

1{a.s an extension, by LIaraIcl Crarlér, j'n 1958, of thc

Central Linrit'fþcorcm lsee Chcrnoff (1956) or Sethur:¿ìllìan

If 970) ] , ivhich rnaY be statecl as:



'fheoren 1.1 l. Crärner, 19381 r'"t {x

Pctge 6

1
j b" a rartdom

L whi.cl't .i.¡-tvo Tves

for smalf L (caTLed

<æ for t in

samp.l.e fron

Õ2, and wi.th

If trrtO and tr, = r't(1)'

O) /o . -.r,)

a rt-i.stti.butlon witlt lnean 0 a¡td v¿tri'ance

E"tXa- in sonle nel.ghbourhood of t=0 '

th en

ô(-a -\ -na3 tr(-a ),[n)e rrqlr /\ t *n'[1+P (arr) I (1 '2)

Chet'nof{-

special

P( (xn

(:l 950) obtajrìs

case lvhen a

n

wI'tere I(t) js a Power ¡;er;les -1¡r

the cumufant-s of X and convetqes

the Cramér Series) -

the result for the irnPoÏtant

a: -(c - o)/o,

Cherno f l' , 1956 
-| r1. Ee

n

Theo rern r.2 I

some neighbourhood ol' zeto, and c(0 ' then

where b>0 and P

pn / /n(ø t-

= Ln(, Ee

P(X <c) 0 (L/n) )

t(X - c)

(1.3)
n

Chernof f (Ig52, 195ó) al so obt¿rins the rates of

convergence of the error pïobabili r'ies i n test Lng a

sinrplehypothesjsHoVcTsus¿lsÌrnplealternat-i.veIl1l

lvitir a test of the f orm:

"lìeject ,r0 it Yr, t kr," (1'4)

rvher.e ç = L y./n is tllc ilÌea'l of n inclependcl-it obser-*n l'
v¿rtiolrs on a ranclon varjallle Y tvherc Lro = Ë(Yll{0) <

E(YlH") = Ur. lìor cxalnÞlc, thc I ìkelilioocl ratio t'est.
I



is of this fortn, rvherc Y = log lr1 (x),/f0(xt'

probeLbilit.i es are thclt given by:

'i'he error

(1.s)

(1.6)

(1.7)

P ctcl e, 7

(:r . r 1)

O¿ P(v ,-rlno)'n

rr1)

1.

k

n

ß n P(Y <-n

n+æ

log p*
rog p

l.Ln(o ( ßr,

n

Chernoff then liotqs that the selcction of l<r, to nrjnjnLze

the Ïi sk rvj th respect to solne arbi trary convex loss

function is equivalent to the selectjon of k' to niinjnize

the linear colnltiuatÌ.on, ßr, J- Àorr, for solÌìe À>0, and he

heirce obtains the result:

-1n
LLm l- Àcx Qtn

n

wher-e p i s independcnt of À, and

p = .' 
^(tvo ra<u, o (a) , (1 .B)

p (a) = rncrx lmo (a) , m, (a) ì , (r'9)

m.(a) = ;*/¿t Elst(Y ")1".1,;.=0,1. (1.10)

Chernofl. thelr suggests th¿Lt -log p be colÌsidered

as a. kind of infornation neasure for a test of hyi2othes;is

basccl on the stlntS of observal.ions, and Ìrence clefines the

relative ef l'iciency of trvo tests rvith indices p ¿ind p *

respectively, as

e=
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Kallenber:g (1982) investigatcs soìne oI the properties

of "clternoff_ts Ël-fici-ency". Then, i,n particul-al-, for

t.he I j kel ihood- ratio test,

Ln/,s dx, (r.12)
LR 0<t<r

tvhere f0, ft aTe tire clensities of X uncler too and H,

respectíve1y. "Cherrioff 's Infornation" , -log 0LR,

is sub-aclditive in that:

(1) Inforntation on m replications of the sane

randon vari able is ut t imes the in Êornt¿rtion oll one

single observation.

(2) In.[orna.tion o]l the sum of independent

observations of several ranclonl v¿lriables is less that-r

oT equal to the sulÌìS of thc corrcsponding ilrfornation.

p {:(rr(x) )t(ro(*) )1-t

tlhernoff (1 956) also corr.s iclers

rvhich k is chosen to minimize ß- -[or--n n

¿rncl. h e shows tha t in th i s cas e

the test For

a fixecl tr. =
n

0,¡

.LLn lin{: kn
mr(uo), (1.13)

n+æ

ancl, for the f .ike.l ilroocl-ratio tcst, the corr-esponcling

neasure of infornation is

ßrr1n- 
t

^xp

- loq p or_* æI
0

fo(x)
f-ilçlf (x) fc,q I I dx, (1 .14)

-,æ

rvliich is t-he infornation rncasure {,or the c1iscrilnin¿rtion



lretrveen tt0 anil nl , ¿ls tlcf:ined by I(r-rllb¿rck fì Leib-l er

(1951) .'i'he Kul tback-Leibler .l¡fo.rrnatj6n nunbers are

¿Lclclitirre ancl pl ay ¿ì.n ìntport.altt rô1e in large cleviat:ion

theory. ¡\n interesting cliscussion on the irhysical

interpre t¿rtion of I(u1lback-l,eib1cr ínf ormat ion nuntbers

is gìven 1n t'loc{fcling (1979, 58.I2)-

In this thesis, lvc lvill be collccrned lnainly rvjth

large clcvi at ion theory appl i ec1 to the problen of esti -

rnating a one-clinensio¡a1 palanleter 0<,0=lRl . In general ,

a l arge clevi ation set is 'àny set whose closul'e ciocs llot

contain 0 . In thi s caSe, the l arge cleviation sets of the

grcatest interest are tire taí1 sets , 0 e 
(0) , tvþere

D (0) { x.r*l x <0 e I x > 0 + e Ì

Pctg z I

(o)). (r.16)

11.1s)

{rn (xl xn) }

rl

The tail probabilitY of

oF 0 is then given bY cL

nCL T ,0rt) Pu (tr,(Xr,...,"r,)

at-l

T

esti.nator T

,0re),n n

€_ D
n e

Then, for large sanples, 1^/e neecl o¡1y be concernecl lvith

estjntatoï-sequcnces rvhjcþ are consistelrt for 0, that is,
Y)Tn(x1,...,Xrr) !:' 0 as n+-r ancl t]-iu-s, for lvhicl'r orr(Trr,0 'e )

tencls to zero. As nentiotred, the rate at rvh ich this

quant ity te ncls to zero has been DroÌrosecl by B¿rsu (195(r) as

rÌeaSure oF the asynptol-ic porf ornance of an esti-nator.



Btt t

probability

a. (r
n

since in typical c¿ìses the t¿r-i 1s of tl'rc

ci.Lstributions at'e exponentìa1 in nature,

-n[b(T,0,e1 + o(r) ]

Pctgø 1 0.

(1. r 7),0re) = e
n

'l'hus, llaha.dur (1967, 1971) suggests that h/e insteaci

colrìpute the expone ntial rate o f collvergetlcc,

Ib(r,o,e)

rvhicli is often

comparj-sons to

thc inaccura.cy

= .LLnt
n->æ

eas ier to

be made.

funct Lon

n
1og

c onput e

Sicvers

cL (r ,0,e) (1.18)
n n

ancl al1ows for easier

(1978) introclucecl

^
T ,0re) mctxl,P T

n
<o-e ), Po (Tn>o+e) .l , (1 .19)

n 0 tl

lvhi cli

lÍ,rb e r

Ì-re aclapteci ft'on a kLncl of njtrilnax proccclure ol

(l967 , L97Z) . Corresl;onciin¡¡1y, he clelìines the

ilra.ccuracy rate ¿ls

t 1og T ,0rt). (1.20)ß(T,0,e) [,in An->æ n n n

But, ¿ìs ltoth rates clcpencl sole 1y oll 1-he T¿ìte o:[ conver-

gence of the 1ar:gcr ol. thc ttvo tails, we have b(tr0,e) :

ß(T,0,e) . lVe c¿tn thus cleterniine the exponcntjal rate

of convergcnce of the t¿r.i1 probabi.l ity to zero by either

(l .18) oï (1.20) , ¡rnd hctrce l^re lvi 11 refcr to cither as

thc (exponcntial) r'ate. O¡e f.in¿ll notc, tliat a.Lthou¡1h
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fr(t,0,e) = ß(T,0,e) it. is usually not true that the cxact

if'

rate,

have

rates are cqual (ar.,(:rrr,o,e) / A.r(tr,o,e )), ancl also

-¿

ate

ttvo estinators .I'1 and T2 Ìtave the Salle exponenti a1

this clocs not u.cccssari 1y nean that they ivi11 also

thc samc exact rates (nr.r(T1,0,e ) I ar-r(t2,0,e)).

Ì:valuati ng the r¿rte b (T,0, e ) is generally not ¿rn

easy nratter:. If the est,ilnator Tr, = Tn(Xl , X2 , *.)

is clef inecl by a suln, IYi, rvhcre Y - g (X) is any tr'¿,ins for-

mation of x then cliernof f 's Tlieol'em (Theoren 1 .2) can

usecl to ol¡tain the exponential rate. Bah¿rc1ur (1960 , 197I)

aclzrptecl the proceclure of Cl-rernoff to the problem oE esti-

mation, ancl using exponential ccnteri ng I see Iìe11er (1969) l

proved the follotving fleneral result:

Theo rent I.3 [Bahadur-Cherno:f f f rr {v Ì

independent

with finite

rep.Licaf,es ol- a r¿tn<lotn var i-alcl.e Y,

7n some neighl'sourltoc-¡d of t=0,

moment-generating - tY,func t ion , tê (*,

¿tncl P (Y>0) >0 , then

= -l-og p (1.21)I
.LLt'¡ n-)æ n loq P^-t, t.rY, > 0l

J.

where P L*lr rro
_ /_YL^e

U

'Ihis resltl.t

whcncver Tn
1

can *-hus be al"rpl j ecl" to colnput-e the rate

is definecl by tncatrs o1, a convolution, such as

Sample l{ean (q (x) = X/n) ,
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N'f ¿txinr-rm L:Ll<el Lhoocl Bs tin¿Ltor (rn Lo)

Ig(x) = ò/ðo los f (xl0) l,

Pi:obabill ty Rati o Esti nators (prc)

tq (x) = r-os [r L{(X) /f0 (x)l ],

Iluber I'f -lrstin¿Ltors (maximum I ikel ihood -

type cstjnators) .

Other nìethods to coln'pute ïatcs, uncle r speci a1

sets of concljtions, have been given, by Sìevers (19Ó9)

and Book (1975) using the nÌonìeTìt-generatlng J-unction of

the estinator; by Kil lcelì, Ilettmal'rslleTger and Sievers (1972)

using clens ities; by Iìu (f 971, 1975) using Ìnonotonic log-

likelihoocl ratios; lry Bahaclur (1971) using bounds ivhose

ratio tencl to one. Iror thc cliscrete (mu1tì nornial) Case

a ntcthocl to obtain the exponential rate was given by

Sanov [1957) . Al-so, Eliron t1 Truax (I968) gi-ve nethods

for cornputing 1arge, noclcr:ate and snall deviatjons for tlie

exponential family of d.i str,ibutjons.

If wc are unabl e to directly computc tl-re cxponential

rate, then it ivoulcl at Icast be cles irablc to be able to

bouncl i t. Rahaclur (1960 , L9(s7 , 1971) , in var'.iotls spe c ia1

cases, obtains ¿r ltor-rnd B(0,e) lvþich ís genorzrlly ca1.l cd

the Bahaclur bouncl, anrl is clef ined as:

aL

3

4

,nlo.*{x( o i', o; : l0 .ÌB(0,e) 0r\l (1 .22)
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ivhere I((0", 0) is t[e I(u]lltack-Leiþler i¡folnt¿Ltion

nurt.Lber, i n th j s case gi ven bY

I{(ox, o)= Eox.Jos ++*Ë} G .2s)

Fu

consi stent

diti ons on

(1971) shorved

c:stinr¿rtor T
n

f(xlo), that

directly that for

of 0 , and r,vi thout

any

any cor.-

I ,0,c) < B(0,e). G.24)

{r( o, o o ) lo 6cOs }. (,1 .2ó)

!-Lm 
^ 

up'n-)æ locr cL T
n nn

For test i ng composite hypotheses, IiO: 0 e 06 ,

Bahadur (.t965, 1971) clef ines the 1eve1, Ln (S) , of the

test statistic, Tn(S), as the probability o.f obtaining

as l arge or a larger value of T., as that obsei:ved.

Uncler the ¿llternative hypothesis, I]o: 0/Oo, hre tvould

have Ln (S)->0 almost surcly. l'{encc tl're rate at r,'hich thc

1eve1 ter-rc1s to zero,

.LLm
'1

1og L (s) \ c(0), (1.2s)
nn+æ n

is a nìe¿Ìsure of the asyrnptotjc efficiency oF Tn for 0"

Here, c (0) is c¿rl1ecl the exact sl ope. Bahadur (1967) ,

uncler certain rcstr j cti.olrs, and Raghavach¿rri (1970) ancl

Bahadur (197f ), lvithout ¿1ny restrictions, obta jn a resul t

sinrilar to (L.24) for the lcvel:

1 LLim ó uir'n-)æ n
log n

(s) .inK'0
0



Baliadur (f967) also shorvs

the levo.[ is ¿rtta inecl bY

Front (1.2 5) , the IJ¿ih¿rciur

erz-(0) cr (0)/cz(A),

that this uDPer boutrcl on

the likelihood r¿rtio st¿Lti-stic.

e If ic í ency j s cle Einecl ¿ts

Pctgz 1 4

(L .27 )

rvhich is ec1ual to 1j rnit of Pitman eJ. ti c i ency,

LLrn
Nz (e )

e-)o ñî;T eiz (0). (1.28)

Ilere, Nr, (e) is the sanple s j,zc recluire<1 to make t:t'

signi[it:rtrt at lcvcL e IBaJradur (1g71 )l. l;u (t975),

ltrieand (.1.97ó) and C,Ïooneboont er 0osterhof-f (I977) have

also stuclied the rel¿rtiol'iship betwecn thesc el:ficiencies.

ll¿rh¿:.dur (1960, 7967) and Fu (1971 , 1973) have

shorvn th¿rt

'l

L.Ln.tupe_n' .(,i.n,sup,.,r- -#r log or.(T.,,0,c) <\T(0) . (L.29)

rr,ì th tl-re eclual ity í.tl-ainecl for tlic lrl e (anc1 others) .

llere, I(0) = Uzoo is the Irisher infornratjon nuntbcr.

Bahadur's (1971) approach is funclanrental.Ly dif f erent

f ron the others in that he attenìpts to extend on

Irisherrs Criterion of Ilffic.iency by clel'-ining the

effective standard dcviat.i,on, rfi{c), as

P,r(ltr, 0l > e) : P(lN(0,r)l> r-/'tr(c))' (l'30)



l\rith this iijr't'oach, it is not r)ossilrlc to obtain,ny
llìc¿rst¡rcs o1,' c{-l.ic iency lrc.yoncì t ho .s(.concl_orclc,.r.

ììr. to thc i'a<rctlrirrìy of- ììishcr's dcf-init.ion,
lìao (19ó1) clc.f'i'c's tlic c.r'ite.io, of' fir.st-orclc-.r efFi-
cicnc), a.s be'ing satisFicrl by' all c.stinl¡rtor.s Tn, for
wllich tilc Ìlishcr inr-orn¡lt'i nlr ì)ol'ulrit ob-scrr¡¿lt.ion

contililrccl 'in tllc s1-irtistic, r(un;0), tcÌlils t.o thc lìislier
inl'or-nration ìn tlic: sanrple, I(0), for. large n. This is
crluivrlcnt'1o thc ì'cqr¡ircnrcnt thlrt thc c(lrrality jn

(1 .29) be ¿rchicvecl , that i s, that

I irl {'in¡ I
I ocr & T

nn
ri I(t))

Pctge I 5.

(i.3ì )

rr'hich is iu turll cc¡uivlrlcnt to thc- ri¡tc oquat,ion,

1,.'> 0

2

t,. -¡0

n >(\) -nf 2

ll )¡¡'

()rr)

[l(t,o,t:) l/r.2'.(.Lnt [e(o,t_) 0 (t . s2)

'l'lris cri telion o1' first.-orclcr, cf-f-icicnc-.y is nrct by tlie
ntlc as rvcli Íìs il lalec class of othcì- "r^easollable"
cst irt¡ttors o{- 0. lìrro (. ll)(rr, l!)()rl , l!){r3) l¡ lso clc_.f incs
tllc' critc'r'ion ol- :ìoconrl-ol'rlcl. cl-f-icic.ncy iìs llcing
attainccl lr)' ¡rl l thc l-irst-orclcl cf'ficicnt estinators
l'or rvllich thc totlll ítS1,¡¡¡¡.,tof ic loss i¡ i¡for.l¡lrl ion ol-

thc santltlc, E' is a nljnintunr, rr,horc

n (r) ( rnt l rr l ( r) ) nl ('l: ;0)
l-l

( I .33')

Atir in, srrhic'c1 to cc'r.t¡lilt rc.¡1 rrlllrit), c<.rncl itions, tlro
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rnl.e is scconrl-order eJìf .ici ent IRao ( 196] ) I . 'Ihi.s nininttun of

E'zft) is eclr'tal to ru2'r{o¡ rvhere y& is ¿l 1l'ramcter

ru'hich tr,as First infcrecl by Fishcr ancl f i-rst cvaluatcci

by lìao (196f , 1962, 1963) as

z -- Ì.1+oo 2vzto * Uozo (usoo - Urro)?I
r2 (0) r3 (0)

rvhere the u are the Fisher monents, defined as
ijk

Y

Êo tdi arrat

(1 .33)

(1.34)

0

u lijk-
and

d :{ð'/ðo' f (xlo) i/ r(xlo). (1.3s)

Efrorr (1975, Ig7B, L9BZa, l9BZb), Amari (19BZa, :1 9B2b),

lr,I¿iclsen (1979) ancl Kass (1982) investì gzrtc thc geontctry

,:r.[ the stat j stical estimat ion and inf erence problcn in

orcler to m¿rke stati sti ca1 (ernd geollletric¿rl ) -interprctat j-oll's

of tl-re nature o:f paraneter Y.,, wlrich Llfron has n¿rmec1 the

"statistical curvatuïe" by shorving tl-rat thc def i nition

co-incide5 '.vi th the regular. mathen¿ltical curvature in the

case of "curved cxponetrti al" Falnilics. E-fron (1975,

1982b) goes olÌ to in.[er that y6,is a nìeaslrre of the

depat'ture ft'om exponentialit.y since "(3 = 0 jf ¿rncl only

jf the trnclerlying clistributÌotr is Fron the cxponenti;rl

f anrLl;, lsee a.1so i\'l¿lclsen (f 979) ] .

7



Iìr_r (1982) Ìras shorrrti that, subjeCt to certaln

regularit-y cotrclitions, 1,'h.cIe 0 j.s the location palittnct'cr

of a -syrììlììetric 1og-concave clensity t(xlo¡, ancl Tr-, is

a f i rst- order e f f ici ent trans.l-at ion invariant est imator,

b('r,o,e)f /e'r T2 (o)t',o/e, (1.36)

Pngø 17.

(1.s7)

c+0

wi th equality for tlle mle. t{e be1:ier¡e t}rat syrlttne try

i s uot requirecl, nncl that possiìrly lnany of the otl-rer

rest.r.i,r:tio¡s ntay also þe rentovecl so that it nay be llos-

sj-b1e to clcfjne Rao's seconcl-orcler efl-iciency by an

ecluation s imilar to (1.36) . To th j s end, and jn a

nanner silttilar to Iloclges fr, Lehrlann (1970) alrd K¿rllenberg

(1g82) 1et ns clefine a neasure of tire difference betlveen

the Bahaclur bouncl ancl the exponenti al rate o F the Statisti c

as the Balraclur Divergence. Atr esti-tnator r'vi'l I be sai c1 to

be BAIIADUR DIVINRGENT llV l'íIn' kTl{ -DEGIIE'n if t}rere exists

.LLm fe(o,e)

a finite constant Dk

.L.Lm
e-)0

D (e)

>o such that:

Í
r<k
r-k
r2K

lo=t:-
r¿here

D (c) [e(o,e)t
b (r, o ,e) f /c'. (1.58)

tve

ancl

rvi11

D.
K

call n, (e ) the (Bahaclur) Dì r,'ergence Function

thc Bahaclu r Divc t'gcticc.
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Gl-rosh tì Subr¿ì,nlany¿1ìl (,i974) npply the conccpt'

o.[ second-orclcr eff.icielcy to ntultj.-pa1.amcter farnily

of exponetrtials, ancl Ghosh, Sinha Gr hrieand (1980)

investi.gate the seconcl-order e1.ficicncy property o-f:

tlie ml e lvith respect to any arb.ltretry boundcci bo1.l -

slrapecl loss (increases frorn zero as l0-"I increases).

Pfarnzagl E¡ 1{efelneyer (197S) attempt to shotv

tiiat tire ltile is "thircl-oTc1eï" optima l i n the multi -

vari ate casc, a.l-though, aS 1.hc authors themselves trote,

their clefinition of thjrcl-orcler el.l,lciency rt'ould only

correspond to Iìao' s scconcl- orcler ' e,\p1a i¡i¡g that :

L'or pr'operti.es relatecl to the second term of the

asgntptotic expartsion of the covarj-anc:e natrix of an

c-.st-im¿r tot-'seqttence, C.R.Rao co.i.ned the term " second-

o¡:cfcr cf:f--i.ciencg" . As the ztsgtnptotlc expansi-on of the

-1
covari-ance tnatr1x proceed:; -ín powets of n whe¡:eas

the asgmpl.<>tj.c expansiot'¡ ot the di.stribtttion o1- a

stanclarclizecl est.i.tnator-sequence [)îoceeds in powers of
L

n '' - IIeDCe in our set-tt¡t it seems more natural- to use

the term " thit:<1-ordet ef f icietncg" for what cortesponds

to C.R.Rao' s " seconcl-order e.l.f iciencg" .

lVe are nore inclined to Iìaots termit-to1o.gy. lìjrstly,

rvhat tvou,lcl be tlie second-olclcr eÊFiciency lry Pf¿rirzagl



Pctgz 19.

an<J rr'ou1d jt be possibtc to cotlstruct arl estimator-

secluence ivhich is seconcl-orc'ler (PF¿nza.g,1) effjcicnt

but not thj rcl-orcler (Pf anzagl ) e-tf ici ent? A1 so , in

terns of the asytnptot j c cxpansi,on in e of the T¿Ites,

rr,e trel i.cve that the f i rst-orcler: criterion coIïesponds

to the seconcl-degree t-.ernt in tlic expansion, rvhile Iìao's

seconcl-order (Pfanza,g,l' s third-orcler) corresponds to

tlie fourth-degree term. IIence Pfanzatglrs second-order

rvoul cl corrcspond to Ihe th.i rc1-degree term of the expan-

s j-ort. llotvever alI the teïms of oclcl degree are very

largely inf-luenced þthe sketvness of the unclerlyìng

distribtit j on ¿rnd rvi1l gelÌcrar11y valish under syrtmetry.

IIe nce onl y tl're even terms a re ltsecl in cleternini ng the

efficiency. Indeed lve rvill sholv that, altliough in tire

geneTal casc the lnle is seconcl-orcler (lìao) effjcient,

it is uot tl-iird-orcler e{,ficietrt as it r^¡j11 clìverge

front tire o¡ttintal in the s:ixth-degree terln of the rate

cxpansion uncler syntmetTy, ancl flon the :fifth-degree terllr

uncler asynnetry fancl hence is third- or fourth-orcler

ef f ici ent by Pf anzagl , depencling on lvhether or not the

underlying distribution is synmetric] .

Kester (1981.) shotn,'s that, ttncler f airly rveak

regulzlr'ìty conditLons, the mle is optinal l-or expo-

nential f:¿llr.il Les with convcx p¿lraillet<: r sl)aces.
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Ilvcr sjnce lì. A. Ììjshcr introcluced the ltlethocl

of ilfaxinltn Likel jliood jn L9l2 isee Fisher' (I922)1 , ancl.

iracl shorn,n it to be consistent, ¿Ìsynlptoticzrlly efficient,

alrcl asyltpt-oti ca11y Nolmal, there have lleen ìnany :rttempts

to Shorr' the mcthod to be rroptimal" and in ntany instances

the cr j-ter j.on of- optimality irnpl ied that the method be

m¿rxi.mum likel ihood. In tíme, some st¿itisticl,ans began

to cloubt the un j versal sLtperiority accorded to the ntle,

in pa.rticular, I(ar11i:rnpur fi R:ro (l-955), Bahaclur (l958) ,

and Berkson (l980) . As lve wi 1l shotv, for the siniple

problem of cstinating the location pat:aneter of ¿1 one-

clintensional transl¿ttion :inv¿rri ant dj strillut ion, the nl e

ntzLy be seconcl-orcler ef ,f-icíent, but is not third-order

efJ,icient (in genera.l) and certainly not o¡rtinal. lVe

w.i11 shotr, that an optimal estiniator alnong the class of

translation irtvari¿lnt est-i.mators nay exj-st in the fornt

of probability ratio c-stilnator, and tilal- the nil e nl¿ì-)/ be rìo

better than seconcl-order c.Êficient rvithin this class.

The optirnal lty of probabi.l ity ratio (1ikelihooc1 rat io)

cstinators have been previously investigated, uncler other

cilcumstances by Bahadur (1965) and Krafft E{ Plachky (i970)

0tl-rer impo rtant contribut j,ons to lar.qe devi¿rti on

to tTiÌs stud;',thcory, in ¿ureas not- directiy relating
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ilrclucle Iloeffcling (1965), Groc¡eboon, oosterhof f &

lìuyrrgaalt (f 979) , B¿rh¿rdur & ZabeLl- (.L979) , Ftt (19 80) ,

llaharlur, Gr,ipta €1 Zabe11 ( 1980) .

l.3 Forrnula.tion of thc Gcneral Problcm

Consicier the situati.on in lvhich rve tvish to esti -

mate the locat,Lon paraÌnetcr, 0eRl, of an absolutely

continuous translation invari ant cl istribr-rti on, f (x l0 ) ,

rvith corresponcling clensity ftinction f(xl0). Let s =

{xl, x2, *rr} be a sanlrle of n ìnclepenc'lcnt oLrser-

vations fron r¡(xIO), and C the class of all (consistent)

estilnators of 0. Then for e >0, wc def ine the tail prob-

abitity of the estimator as

CL T ,0re)n

rvhich tencls

sequences {r
viour of t =

Po(lrn ol e), (1.3e)

(1 .41)

n

b(t,o,e) !,Ln

whj ch is identicallY

r1->æ for all consi stenl- est rliiator-

To trcasuïc the asyilptotLc beha-

tr\¡e compute the cxilonential rate,

I loq (L (T' ,0re )n'll' ' t
(:r .40)

to zero as

(s) Ì e C
n

I-l+oo n

equa l to the inaccuracY rate,

I P0 (Tn<0-e )l.LL¡n tog mctxlP, (Tn>0+e) ,
1l->æ n

l'hcn, for ¿l1l consi-sten1- ostimator*sccluclÌces r{Tr-,}eC'
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b(t,o,e) < B(o,e )

log

Ln(t

Potlõn

{K(9,',, 0) t lo-or,l>e}. (l_42)

ol > el > B(o,e) , (1.43)

Ir

0rt

In cert¿ri,l'L caSeS, 1^/e can ColìStruct An est jlnator-

.sequence , T* = tf;(s) Ì u C, lvhjch lvjl1 attaitr the bound,

b(f*,0,e ) : B(0,e ). In t-hat case, T'o is (asymptotically)

exponentla1ly optinral for 0. Note th¿rt it may be possible

to construct a non- cotls istent (i . e . : as)¡ìllptoti calLy bia-secl)

e s t i.lnato r - s e(luence

L,LM
t

ñ: {õrr{s) } d c, for r"hich

ll-)6 n

exceecls the Bahadr,rr bottncl, iloweVcr i f such a secluence 1s

then correctecl f or asynrptoti c b ias,

T (s) .L.Lnt T (s) -o l, (r .44)
If ->æ n

then the resultant consistent estilt¿Ltor-sequence,

fr'* = tñIt=l I € c, rvill satlsfy (r.42), b(ñ't,0,Ê) <
n

B(0,e). An e,<amp1e of this will be given in 53.1.

In most 'l-nstances, however, ther:e cloes not ¿lppear

to be any consistetrt estin¿rtor-sec{uence tvhose exponential

rate r.vi11 attain the Bahaclur botrnd. In such a case there

ìnay not be an optimal estimator, oI thc llahaclur bound

liay be too large. lVe rnay then cons-ide r a small er class

of estinators for lvliich ¿ìil. optirnal cstjnatol'*sequel-ì.ce

cloes exist. In thc c¿lsc of e-s ti¡ating the location

n 0



Page 23

paraneter o,e a tratrslal-jon invariant distrjbut.ion,

there is, in gcneral. no optirnal estintatot--sequence

Ionly for the exponentiarl fanily has optimer l-ity been

demonstrated by the rttle, in l(ester (1981) ] . Let us

then restrict oLirselves to consiclering the cl.¿rss o.f-

est.inators lvhich are translation i.nvariant ancl con-

sjstent for 0, T c Ç. Sj.evers (1978) obtains an

exponenti a1ly optirnal secluence of lh-rber lt'f -Ilstinatcs

and hence obtains the optirna.l rate .f.or T .For various

unclerlyir-rg c1i stributions. IÌolvever, h j s result is only

valid for synntetric distr,Lbutions (of rvhich alL of his

nunerical cxamples cons Lsteci) , si.nce under asyntnetry

his estinator- scquence i s not con s i stent for 0 . In

Charpter 2 \r'e obt¿Lin the exponentially opt1.tnal late

for the c Lass I of translation i nvaliant estinators

and obtain the 1oca1 ex'pans ion of this ratc altout Ê:0

up to the .s ixth-degree, lvhi ch we conpa re rvith thc sixth-

clegr:ee expansion of the rate of the ml e ancl tlie Rahaclur

bounrl. I¡'re tlrereby show that in parti cular c-.ases,

b(o,o,e) b (o,e) B(0,e), (1.4s)
T

and that the d if ilerenccs betr,veen thestl exptrnsions, up

to the sixtl-r-clegree, depcnd on four jtal-aneter-s rvhich

h¡c rr,i 11 ca I t tlrc r.atc coc l-f- ici elrts: \lr, ôu , Àå, v; .
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CH¡\PTER l-W0

]TXPONDNTIAi, OP:IÌ}'IALIl'Y IIOIì 1'IILì CLASS OIì ]'RI\NSLATION

TNVAIìIANT CONS IS'f}INT ESTIT4l\'I'ORS

2.I Pt'obability Ratio llst.im¿rtors

be

IVc lvi11 reclttire that the ttndcr'1yi ng clistributi on

sufficient.ly sltooth ancl well-behaved, hence we define

foll.owing regularity conditions.tire

Def i niti on 2 .I

densì.ty function

a REGULAR DISTRIßUTION

tions are satisfied:

IR1]

ilìZ 1

lR3l

IR4 ]

A distri.but jon, Ir(xl0) ,

t(xlo), rvill be saicl to
jf the following

rvi th

be

concli -

The clensity function, f (xlo¡, is abso-

1ute11' conti,nuou-s for ¿rl1 xcR, 0r-R.

The distribution i s translation invari ant

for 0: f(x+alo+"¡ = r(xlo), lor a1] xeR,

0e,R, ancl each constant a.

l'ìor each f ixed e >0, the plobabil ity ratio,

c(xl0,e) = f (xlo + e) / f (xlo - e), is

strictly increasìng in x (or decreas.i.ng

in 0, by the translation j.nvariance).

The nonent-generating function of the log-

c (* lo,e) Ì

t in tl-re

probabi Ii t.1'

exists ¿tnci

ratio, ËU.texp{ t'tog

finitc for solne

ol 0, ¿tttcl lO

ts

<enc i ghbourl'rooc1 0'r 
I



llì5] l'he clcnsi.ty function is strictly

I og - coilc¿tvc .

Note that lR3l fol lows d.irectty fTom Ilì5] . 'I'lie stÏongcr

conditi on lRs] j s requi rcd for Lernrna 2.4 tt Theorent 2.2 which

give the rate of the m1e, but is not reqtrired elsetvhel'e.

A clistributjon ivhich s¿rtisfies [1ì1] through IR4] but not

t1ì5] rvill thus be ca11ed seni-regular. Exarnples of

regular clistributions inclucle the Normal and thc Logistic.

'fhen, for an underlying regular distribution, 1ve

rvould 1j ke to obtain an est irtator- scqLlence, T - {rr.,(s) }e T,

rvhich is consistent for 0, translat ion invariant, and is

exponentially optirnal ju the sense that if r¡'À = {rfi(s)}e T

is ¿ìny other transl¿tti on j.nvariant cst i-mator-sequence

that is consistent for 0,

Pctgø 25.

(2. 1)b11x',0,e) < b(T,o,c)

'I'hclel.ore it fol lows

rate for the class T

consistent for 0 is

br(o,e)

Si.c-'vers (1973) gìvcs a theolctn

i cl crl t if i.cs sucÌl itJì cst lltl lt t o r-'socl l.lL\llc()

that the oxponential-1Y oPtinal

of translati on invari ant est.Lntators

g Í ven by the rate o.f- T , name 1.v"

b (r,0, e) . (2.2)

i n l'¿h i cll i-re

by t:ik irtg LL
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sequence of l{ubel (19ó7) M-estintates. Sievers'(1978)

estinator-seqLlcnce, hotvevcr, i.s only consistent utrcler

synìrnetric distributions (a pt'opel'ty shared by a.l 1 of

his i Ltustrative exanìp1cs) . lVe rv l.l 1 apply thc llul¡er

(1967) proceclure to ol¡tajn a consistcnt e-stj,ntator-

sequence lvh j ch tn¡e shal 1 call the Probabi 1i ty Ratio

Estimator (pre).

To coiìstruct tlie pr:obab il ity latio estinator,

\^/e consider the following artiIicia.L "'fest of Ilynothesis":

Ho:

Hr:

r¡o (xl0) =

Pr (xlo) :
r(xl0
¡'1x I o +

e)

e ),
(2 .s)

(2 .4)

t2.s)

rvith probab ility ratio,

c(xlo,e) f (xlo r e)
rTnTo - eT

fn(xlo)
ñ--(x IT-I '

1'hen, lor a sample s = {xr, *2

inclependent observat.i.ons front

\^/e clef ine the li kclihoocl rati o

cr, (s lo, o) = II, s (x; lo, u) , aLnd

. | *.r] of n

popul¿rtion tr(xl0),

this test as

test function:

the

for

the

,L

t.,ö (k;=lo,r)nnó(k)'n n

crr(slo,c)>1.r.

c (slo,c).k
IìN

f or e¿lch f i xecl k (the cr i tic¿r.l vaLr-re) .
n



Notv, tl'e arc reacly to clcf inc our probabil ity

ratio estitnator, in lefel'ence to the test of hypothesis

th¿it trve establishcd. (We use the tern probabilìty l'¿ttio

estinìator rather than likclihoocl tatio est-inator si,nce

the rtest of hypothesis' \,vas altificially constructed

in orcler to clef ine otlT es ti.nator and is not aiì actual

test that 1{e rvoul d ever lvish to perf ornl; in f act , h/e

are ¿tppaïant1y 'tcstingr n(xlO - e) against n{xle + e)

rvhen lve aïe actually sanpl ing from r'(x l0)" ) Tiren, âs

0 lies rniilway between Ils âncl H1, a '1ogi'calr estinate

for' 0, corresponding to thc tcst 0n (kn) , rvottld be to

take the value of 0 at the boundar:y betrveen He ancl I-Ii,

that j s , the cri tical va Lr:e of the test, nanely,

tr,(kr,;sle) = {olcr.(slo,e ¡ : o.,}' (2'6)

Since cr-,(s lg,u) stri ctLy decreases in 0 by Ilì3] , then

T (k ; s le) is lr¡e1l-clef jned for any f ixccl k. . Florv shoulci'-n\--n'-' n

rve then select the k.r? Sitlce \!'e rcquire an estimiltor-

sequetìce to be cotlSistcnt,[or 0, \{e r,vi1l require that the

tr ] arc such that r - (k.^; s le ) *t o .-n-nn
It is rvell knorvn IChernoff (1954)] th¿rt -2 ]og 

"r,
tencls to ¿ì chi-squaïe distribution rvith n clegree s ot

f reeclon, henc c (L/n) log cr, ( s I o, c )

Pag e. 27 .

clegencr¿l.tos t-o r.ts lììe&ll:
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* t"n c,r(xlo,e¡ - *),r1oq c(x le ,e) -'

t^(kr,;"lc) in (2.6) rvj.lI orrly be

Euloy c(xlo,c). (2.7)

Fienc'e the cstintator

corìsistent if thc l{ are such that

1og c (slo,c)
n

Eolog c(xlo,t). (2.8)

n

I
n

rvhere

locr I< ->
.L.Lm

1l->æ

õ (sle)
n

n
I
n

Thereforo, clef ine the 1-lrobab i lity r¿-Lt Lo estimator, 0

{õnÌ as (see Iìigure 2.1)

0 {0lI,n Iog cr.,(slo,.)=u(s) Ì, (2.e)
n

u (c) EUloø c(xlO,e) i( (e,0 -e )-K (0,0+e ) (2.I0)

This estin¿rtor- seqllence r,v i L1 be consi stcnt ancl tr¿rns-

lation invari¿rnt IFu (f983)]. For synlnetrjc t-egttlar

dist-rlbutions, Sievers (t97B) and Fu (1983) have shot'¡n

ê' to be opt.inal .in cxponcntial r¿rte for thc c.l ¿tss of

tlan:;l at j on invariant consistent cstinators of 0 , T .

Sievers (1978) also gives an express'i.on.f-'or

the exponentizLl rate o ll conve ïgence of 0. (e) to zcl'o

f.or hi s estinator- sequeil.ce. However i f the undellying

rlistributiolr is not syrnnctric, thelr th,is exDonenL.ial
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bit
al

--{

.-1[ É

'+lo
(.)

a
-l
rt

* t"o crr(slo,.)

p (e ) -

n
Value of 0

[ttCUnf 2,I: Probability Ratio l]stimator

0
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ríì1.e m¿ìy c,rc--eecI thc lJ¿Llradtrr- borlnd ¿ìs tirc

exzrrnp1c

gcneral

est inrator-

in 53.11.

case j s given

sieqllencc is rÌot corìsj s tent

The exponential r¿rtc of õ

by the .[o1] orving theoren:

d j.st.r j.buti,cn,

V , del.Lned J-n

of convergence

given bg t

b1õ,0,e¡

ç¡here

0o = 
'n/,1 o< t < r-

= ¿n(so<t<1.0r

m. (r) Eu

I se c

,in the

heoren 2.I: rf T (x lO) :-s a (seni--) rc:gu7ar

estimatoz:the probabilitq ratio

(2.9) I'tas the exponentiaf rate

of the taif pt:obabi Titg to zeïo

log nctx{eo, pi}

-tu (e )

ru (e )

e

e

mo (t),

mr (-t),

(2.i1)

(2.12)

and u¡here U (e ) is def i.necl bq (2.10) ,tncl m. (t)

,il s the tnoment-generati-ng l:unct.íon of the l-og-

probabi Ji tg rati-o w.íth respect to F . (x l0) :

t'log c(xlO,e) i=0,1. (2.13)ê
a

a
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V I?.roo f :

Let us dcfinc,

Y v(xl0,e) tog c (x | 0, e),

log crr(slo.c).

(by Ilì3]),

(2 . 14)

(2.1s)

(2.16)

(2 .17 )

(2.18)

(2. 13)

tlren, tlte saìnl)1c mc¿n i.s

Írr{slo,u)

b (õ, o, e ) l,.Ln

I
nn

Ily clef init ion, the exponential rate j s

t Iog mctx{u ß Ìn+æ n n n

where

c)¿

ß

P (õtJ'n
?(õ0'n

> 0 + e )n

1I
<0

l'lren , by the s Irict nÌonotoní cit-y o Ê 
"r,

c)

e)
n

0)

u (e ) )

and So, by conclitions IR3l ancl IR4], \ve

Bahadur- Chernof f T'heorem (Theorern 1.3)

1 log O¿ Loø Ln(
n

P..(õ
U

CX

P^(
-[0

n

0-n

onot?r,

>0r-

can apply the

to obtain:

tIY - u(e) I_>

t>0 Euo"

loo inl- "t>() rl -tu (e)
mo (ü)'
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rvhere mo(t) is thc Chernoff Ii'iforni¿rti.on nurnber of (1 .12),

mo (t) E etr¡
æ

t log (],

f (xl0 + e ) I
r (ÏTõ-:GT',

f:Y tuo"*nIt.1og

= [ tt-t(*lo - c)rt("lo r e)dx.

Then, as à2/ð.'f*ît.ll ¡ 0, mo(¿) is convex and continttous

ancl as mo (0) = mo (I) = l, the jnfinurn of mo (t) will occur

for' 0<t<1 and hencc the inf i.nun in (2.19 ) will al so occur

or-r O<t<1. Thus i,\re obtain

mr (-t),

(2 .20)

(2.22)

(2.23)

(2.?,4)

log ¡nó o< r < r.

log .Ln(t 
tr,_o

e-tu (e) 
mo (t ) . (z.zr)

Sinj.lar1y.[.or ßr.,,, we obtain

I

n n

n log ß n

mi (t) E

Y]E etIu (e )

l-' I

tu (e )log ¡n(s 
o <t<i. e

lvhe re

IY exp I t 'log f (xlo I e) I
F (x[o-- ¡ Le E

tr irr
æ

I t1*t (* lo
-æ

r)f-t(xl0l- e)dx.

1'hen, combining these results vüe get

b(o,o,e) log trr¿x{po, or},

rn¡l'Lerc 0 o and 0 r are ¿rs def inecl in (2. LZ) . A
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u (e )Iìena rk 1

¿rlrd so \.ve

As mr(t) :

need only

n11 (t+1) , lvc

comptrte one

get Ql = poe

of Qo anil 0r.

Reniark 2: tlnder synmetry,0 is the Sjevers' (1978)

cstimatoï- scqllence and 0o = Q r = mo (%) is the Chernof F

Informatj,on nunber, the exnonential r¿rte exl)ression

obtainecl by Sjevers (1978).

lìemark 3: A1 though 0 has opt inral exponeilt ia1 r¿ltc f or

the cLass of tr¿rnsl ation invari¿rnt estilnatoTs uncler

s)¡mnretric distributions I S.iever-s(1978), 1]u(1983)1, we

be lj eve that j t tnay be opt jnt¿ l for T in the general

case, although we have tlot yet been ¿rb I e to vcri :[y this .

n"q:U¡_{: Tlie exponential rates of convergence of the

t,ajl probability to zero for the ntlc and thc pre c¿ìn

both l¡e cleterlni.ned f r:on a theoren by lìub in ti llukhin

(1982) in rvhich they find tlie exponcntial rate for a

general M-estjnator: Ir. t(*r, ,0) =0, \'\rllere w(x,0) is a

stríct1.y rtonoton j c l.uncti on. Th-L-s lnolloton j city cotrclj -

tion js the condit.iol IR3] .[or the pre ¿rncl IR5] for the

tnle,
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Z .'¿ Loca l, llxpans ioi-t of iìxponent i a 1 Rates ¿rbout e=0

One of the qllcstiolls 1{e tvoul-cl tike to ans\ver

is: t{ow rrearly optìma.1 js the m1e? Also, liow cloes the

pre cornpare with the m1e? 'Ihen, since we are most-ly

cotìcernecl lvith the behaviour of an csti.lnator tvhen e is

smer11, 1et us ex¿intine tl-re TuLylor ser.Les expansi.ons of

the Bahaclur bouncl alrd of the e,Kporlenti¿rl rates of the

nle ancl pre, in the neighbourliood of c=0. Fu (1982)

obta inecl expans i.ons of the ßahaclur bound ancl the rate

of the n1e Llp to clegree four, tr'hich is suf f -Lcient to

make second-orcler efficiency comparisolìs. The nle l-r¿ls

been shown to hold a favoured nosition anong (first-

orcler) ef f, icient estimators i n that it niinin j zes the

l-oss of sanple in{ormation on 0, ancl is t}relcby "sccortcl-

orcler" ef f icient IIlfron (f 975) ] . Ilorvever, as we sh¿rl l

see 1ater, the pre js also seconci-orclcr efficicnt.

This is not sllïprising as .it can be shorvn I lru (19B3) ]

that the lnle is a linit of: probabi.Lity ratio cstinators*,

õ- (= lr) AS e -'0. In f act, thcrc rLrc nl¿lny cst jntatols
n'

lvlii ch are seconcl- order efl. icj ent . The quest ion is then,

tloes t.he m1e also llo1c1 a favourcd ^oosition alnong thcse

second-orcler e tf icjent estj.nt¿rtors? (i.e.: Is jt "third-

order" efficietrt?) 'fo i.nvesti¡1ate this \^/c recluire that

* Actua1.J.q, the ent.ire c,1ass of Probabilitg Rati.o-tgpe Est.i.m;ttors'

as deLined bg ('¿.6), coJJ-apses L-.o the mfe.
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the 'faylor se:ries expattsiot-ts be up Io clcgree six, s itlce

aS mentionecl, the odcl clegrce terns vanish uncler s)'lnnìetry.

Thcse highcr clegree terms aïe irn¡:rortant to clifferentj¿lte

between the n1e ancl itre and alìy other seconcl- order ef f j -

cient estinators, ¿rncl they ma1' possíbf y relate to the

conccpt of thircl-orcler ef f i cicncy jn thi-s c-ase. h'e rvill

-show that, in gcìlcra1, using t1-re critcria of exnonentjal

t'ates, the n1e is lot optimal . We rvi1l show ily the expan-

sions that tve obtain, and lty illustrative exanìÐles, that

:For certain di str jbut lon-s, ::.ttc1 each e)0, thc lnle can b.e

clolninatecl in exltonctrti a.1- r.ate of conve rgence of the pr:ob -

ability'of the tail seL7.(0)by soinc pre, õr-,{=1.). Tliis

ûìeatls that the ml e ntay not be "third- order" e f f i cient in

the sense o.Ê exponel-itia1 Tates, although it may be I'egarclecl

aS 1oca11y "third-orc1er" effjcient in tjre neighbottrhoo<1

of e =0.

As the itrobabil.Lty ratio estinator i s dcf inecl in

terms of tlo a¡d FIr , as i s its r exponenti al ïate, h'e have

re-lvri tten the Rahaclur 1¡ouncl ancl tlic cxponcnt ial Tatc of

tlie n1e to correspond, rvhi ch rn¡i1l' nake f or better and

noTe me atlingful coilìÐaIisons. We ha.ve thus shi:Fted the

expectations rvith rcspect to F (xl0) as in Fu (19S2) to

expectaLions rvith rc-spect to F0(xl0) ¿ind Ftlxlo). 'l'his
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shifting is rn¿rthematical,ly v¿,Llid only for trarLsl¿ttion

invariant location par¿lrìeter. 1'hjs neans th¿lt thesc

'faylor series exp¿ÌrÌsions lvill bc valjd only for the

translation iirvarj¿rnt location paranìeter (.in fact, õ

is cle tined only in this il-istance) . This also means

tlrat any concl us ions \,{e reach concerning th.Lrcl- order

eff iciencies.. lvi11 r:e1ate only to a translation i.nvar-

iant locat lon p¿ìrarneter'. T'hi s should not be too

distressing in that it seems 1ike1y that the higher

orcler ef l iciencies rvi ll depcnd on the nature of the

parameter of estinratjon. The sixth-degree expansions

for the mIe are extrenely cllf:ficult to obta.in. ]Vitliout

the shi f tì.ng of the expectations the proceclure is nuch

more protractccl ancl b econes pract icill1y int ract¿rb 1e .

Iltre to the shLfting of, the expectations, 1.he

series expressior-rs that 1'/e obtain in tliis casc nìay

re-su1t in terrns rvhose coef f i c:i-ents, rvhen expressecl

in ternrs of Iìisher nonents may cliffer l'rorn thosc of

Fu (1982), however, they rv.i.lI be m¿'rthenatically equi-

valent (under translation inv¿rri ance) . In f act, uncler

tlansl¿Lt j on i.nvariance, thcre are certain relationships

that exist betlveen Irisher nornonts of the s¿lìlìe degree

¿rs given by the folloiving lcrnn¿r.
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î,rnl,nn 2.I: t-f T'lxlO) is a t:egu.Lar distribut-íon

w.íth continuc¡us deti.vat j,ve- I:dt-ios ,

d ={ðr./ðaa r(xlol}/ f (xlo) i:1 ,2,3, . . (2.25)
L

and f i-nite Fisher moments,

u ijk..

of degree i+2j+3k+.- then bq the transfat.íon

0,

0,

Þ
Ëo Ldidid'i. (2.26)

(2 .27 )

invariance proþertg, cert¿tin re.l.aÍ:j.onships exist

between momenfs of the same degree

Deg ree 3

(A) ]-lsoo

Deq t:ee 4

(B) 2U+oo

(C) Uzro

Dcgïee 5

1-loz-o

rfue r o

?-Ittzo

Uoii

2Þo r r

6Uqro

3IJ z- z. o

2ltttt

1p1t 0 0,

JUr r o c,

þrol 0

(D)

(E)

(rr)

(G)

JUs o o

2Us r o

, 
Uzol

Urzo

Uioor

Uz o r

0,

0,

Degt:ee 6

(H)

(r)

(r)

4].lo o o

Jl¡410

?-lt z z. o

Us o t

0,

0

0Uo s o



Pcta¿ 38,

(r()

(L)

(M)

2us o r

Uilr

Uz o o r

2Urlr

Þooz

l-lo r o r

Uz o o r :

I,to r o t =

'Ìltooot -

0

0

0

YProof:

It [oL]otvs rlirect1y {rolll ìntcgI'atiolì ìry parts, for

p>-I rtnd p+e>2, l llat

E0ldldîl = {: {r(r) }o{r (u) 
} Ç 7¡P+a-t d*

,.- (I) ¡p-1 r = 
(v) ,r¡tI J TT J

-æ
(prq-2) f prq-?

I
p-q1-

qlt

I-
-æ

(L>-r){r (l ) }u- 2 f(2) {. (v) 
}s

+
p1q-2f

f.) ?L)\

(1) p- .l (v) q-t (v+1)
Ì f

)
Ì {r dx+ p+q-2,

f_

(p-i.) Eo ldT-? arall ,1Ë o Iaf - 
1e$- 1a

-+-

v-F:1-0+ p+q 2

IJere,

1 at ion

In

va1ì d, lve

l nvaî1 ancc .

tlre initi-a1 tcm must tencl to zero uncler trans -

, (P,q)=(3,0)

on. A(or (2,L ) or' (L,2))

'I'hr,rs, F-or example, for v =1

we obtain (2.27A), and. so

o rcic r

rvill

th¿rt the 1'ay1or seri.es exllansions be

recluire sone a.dclitional regr-r1ar.i t1'

ac1cl i1-ion to Ilì1 1 throti¡¡lr [ì5] :concli,t-lons, ìn
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l-C.l ] Thc clensjty functìoli, t(xlO1, mllst be ¿Lt le¿Lst

s i x tinie-s cli l. f e rcnt iab le , rvi th each such

clelivativc, f(j) (xlo¡ : ai/aoi f (xlo), bei.g

ab soJ utely cont ii-rr-rous and bounded f or a-11 x, 0

IC2 ] 1'he 1og- dens ity f unct ion,

ø(xlo) tos r(xls), (2.2s)

and the score f unct ion,

9"
(r) ð9"

ã-Ã- t
dU

(2.30)

are both continuous in x for each 0.

IC3] There exists a constant u (0 ) such th¿rt

L

L

ZU(øtxlo + e) < 0) ¡ 0,

t'ut.[{xlo - e) > o) ¡ o,
(2.s1)

for all 0<e <u(0).

IC4l There cxists a seconcl constant v(0), for e¿lch

u(0), such that the ngf,

*õr.{lg 1 e)rf (t,o,e) : Eue"'"" , (2.32)

exists and is finite for all l-l < v(0) ¿rnd

lul < u(0).

The Fislier monents are rcl¿rted to tl-ro lroments of tlie

foIIorving 1ernma:score functi.on, als shorr'n by thc
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I-,enma 2 .2

cf i s t,z' ibut ion

tltt'otts h 'tC4j

s¿tt.í-sfginq

Wi th the

conrli.ti.ons I C1]

lTishez' nto¡r,en1.:s

;--4 I âL^!;L>J>

Iat f (x I 0) l:e ang coIìt-r-n¿¡orts

clel:Íned in Lentm.t

define the score

function given bg

2..1 , and tli<: .çcore

[2. J0) " we sintj.]-ar7q

moment s ci. s

l.r.,

\¡ ju.. Eo f hÌ nr,nt.

l:0
IJ

(2 .33)

(2.34)
where

(i)
l-

1'hen / certain refationships exjst between the

h 9"

u. ...LJI<

(A)

(R)

(c)

(D)

(E)

(F)

and

Eo

Eo

Eo

to

E

Éo

0

lt)
L(2)

/3)

/4)

ø(s)

/6)

the n. ..LlK. - -

Utoo = 0r

p2 0 0 t

2Usoo - 3¡t11¡r

-6U+o o + 1?-7tr, 1o - ttpior - 3Uozo,

2tr¡r 560 - 6OU:ro + 2}1tro, + 30Urzo - 10Uorr - lrlt 1es1,

-120¡ru¡¡ + 360p,, 1s - 1120U3s1 - 2-'/ 0prr.o + 1201-i111

t 30p63¡ - LOUooz -r 3O¡tr-oo, - l5Uoror - 6U10001'

(G) rìzoo

(H) rìozo

(r) looz

voL

v ^9.,
IJ

vou

(L)

(2)

(3)

þeoo l r(0), (2.3r;)

2Vrto J Uozo - I2 (0) ,

- 12U,ro 'rlly361 't 9Lt22s

F l.rooz - (2Lrsoo - llprro)',

= U,* o o

= llUooo

d,,UIJI l I



(,t)

(K)

(L)

(M)

Cttv

Cctv

Cctv

Cctv

(1)

(1)
l^ìt1o -

llol =

l-ltooI=

'l'lo r r =

'[¡oo 
=

12 t o =

rlt2o =

rì o3o =

t 9.
0

0

,g,(2)1 = -t-rsoo-t Urro r J(0),

,,Q,(3)l = 2u'oo- 3uz-ro -t-1,lror,

,.(,( 
4) I = -61,ts 

o sr 12u g r o - ttuz- 0 r -liu r z o'l'u r 0 0 1 ,

,.Q,(u)l = -2l,rs6¡r- 5þ3ro - l-rzor-3urzo

+ llotr 4' I (0) (zPt¡p-3¡t11e)'

,u(t[)1 = 6uooo-18pr,lo+r-]u:or-Llurir-uzoorï

Page. 41

j/q _' " $r 
,,

l-i,-" !... :'rf

"/ 
"r

fe"

l,"
(z

,o(r )
0 ''"

0

(N) rìoror= CovUlg.
(2)

75¡z-z.o-3Ì-to sol-Uo I 0 i - I(0) (6Uqoo -I?-tt216+11-tr ol+3Uozo ),

(o)

(P)

(a)

(tt¡

E

E.

E

^{[(t)]t = Ll¡oort

u{u(t)}t{u("*r(o)} = -u,*oo f uz,ro

u{ 
n 

( t ) 
} { n 

( 2 ) *r ( o ) } t = tr, o o - 2u e r o f u r z- o

+ r2(0),

t z,r(0)J(0),

E0{ø( 
2) rr (g) } 3=-t,lu 

o oi'l}1Lr, r o -3Uzz o-1.l,lo g o +3noz oI (0) 'l'-T3 (0)

yproof : By expans j.on ancl clirect applic¿rti on of thc c1e f initions. A

LIcre, the principal vari¿rncc is lz-oo = Uzo0: I(0), tl-ie

rri sher i trf olrtation nuntber. An inportant ancl f recluently

occuri.ng te rnt i s the llri ncipal cova ri.attce, lvhich \{e rvill

cienote by J(0) : rìrro: ULro - U:oo. lVe m.ay also be intcrestecl

in tlre norin¿Ll izcd forn ul: = J2 (0) /T3 (a) .

Iìefore \ve st¿rte the Taylor series cxpallslol-is'

it tvould be useful to clefinc a number of quant.ities that

rvi11 be encountered it-r oLrr rvork. Since these definitions

only lecluire exjstence of tl-re t;totltents, \{e ncecl not confLne

ouïselves to re¡;ular clistrjbtitjotls, although their a1lp1i.-

catj,otr in tl',e lÌon-regltlar case nay cli tl-er.

!::

ùlì l,l'".:¡! :..: :.t1,

,ri:l.
I ì.. .',



l)efinition 2.2 : For each ttncler1y.ing

p (x l o) sa.ti sl-yÍng conclit,Lons ICf ]

Finitc nìoncnts þ¡ jo..rulcl \¡ju.. ,

defirrecl in (2.34), ¿rnc1 rvi[]i I(0) =

J(0) = Ílrro : Urro-l-lsoo r ancl utå =

Ive clef ine thc fo11or^ring constants:

clistr:Lbution

t-o [C4 l, ancl

with h A,S

rlzoo: l-t:-oor

J2 (o) /T3 (o) ,

Pctge. 42.

?

1

r- 3 ( 0 ) r-4 (0) E

I(0) h1

J(0) lnt-0

1

2usoo-

lzoo rì rro
?_

0Y
fìrro rìozo

2]tzto .r' uoz o) /r.2 (o)

Tlzoo flrot

tù (2. 36)
0t(u',oo

ôo
I

--

r'(0)J(0)

I
r3(0)J(0)

: -( 2l_rs o o

\zll¡+00

fì rio l-lott
(J (o) /-o)

h1

vfl r-4 (o)

( Ltuooo

zl-tl+00

lrot

-tl,J4 1 g

3l.tz r o

(2 .37 )

2

(2.38 )

ttooù/r3(o)

Eo
r(0)

J(0) ::ll:t:l hg

5U:ro r'Uzor t 3Urzo - Uor ')/I(0)J(0)

3uzro + tlro t)/tz (0) +(2uaoo - 3ltrro) /J(0)

fìzoo fìtor
+ :r,: ? ô00

looz

'F lll.t:or f 9Uzzo

?-

ol,ll 1 I

3Ul l o -l 3(¡

-f

j- Uror 2 2_ ôUJ O,r2 (0) 0 J(0)
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Àå r-6 (0) E
I(0) hr

J(0) hz
+

0

r-s (0)

B(0,c) minl
te

2J(o)

r(0)

Iroto

-fì roor

-fl orto

fì oror

r(0)

r(0)
(2 .3e )

( 5ì-ro o o -1 5¡tr, i o'l4U 3 s 1 rL2lJ,2z o -tfU t l t -2U o s o -Uz o o t l'll o l o t ) /I 3 (0)

(3uuoo..6u:_r 0i.rlJr tot) /T.? (o)- 2 - rå{(u:oo-3ur i o )/J(0)

( 7Ur; o o -16U 31 01-6112 0 r+ßlt tzo^2;to r r -Ìl r o o r ) /I (0)J (0)

(u,, o o-3uz- r 0-r-2ur ot) /T2 (0) ] - ,rfi{ue o o/J(0) } .

No\r, rr'e can proceed rvith the 'faylor series expans:Lons.

First the llahadur bouncl:

Lenlna ?..3: Tf F (xlOl js a regulzrr distri.bution,

and tlte aclcli-t-í.o¡'¡a-L concli ti.on IC1]

l-ocal expansi-ot't abottt t] =0 fot: the

f ot' the consistent e..stl matoîs of

.i-nvari.ant focatj,on paramet<>r, 0,

ho.l.ds, then a

Bahaclur bound

a t.r,¡ns l-ation

is qiven bq

(2.40)

(2 .41 )

ø .ei / i! -f o ltt') 1
Í
L,

where the qoe.l:f íci ents b
L

are given bg

i-L,2,3,.

Note: Thi.s res:ul-t r.s vafi,ct f or trarts;-l-ation

i.nvariartt Iocat.í on par¿1n¡eter on.lq.

b - "(j)L^y.
ut.



rlProof

By the regul arity conclit i.ons, the liul1back- Leibl er

jnfornati.ott, I{(0*r0), is cotltinttous and convcx" Hence,

0 f X

(2 .42)

(2.43)

k (2.441

Pctgie 44.

(2.4s¡

B(0,e) nt.Ln.{ I{(0-+e ,0), K(0-e ,0)},

Uncler translat i on ..lnyariance,

I{(0-e,0) K(0,0+e) E

l'hcn hic eKl)íìricl log f (x I O

f 0)rog l-c

+ e) about r=0, so tltat.

)

0

k

I1

( i) 7log r(xIot-e)

I((0-e,0)

'I'l.ien since K(0+Ê, 0)

9" e /i! + o(c

exists .[or sor1.e ]<>0. Col-rdjtion IC1] is snff-icient

to gualantee the vaIic1íty of this expansion to at

least the sjrth clegree (;<=o). ll,v t:rkiirg the

expectations, Ive obtajn the resu.l.t

k
I

; -.
, o(i)-jr..r r k,t0, c /a\ + ú(t ).

K(0-( -c),0), 1.lre lcrnma fol lotçs.A

'l'lre nrcthocl f or ob t¿r i rr Í ng thc t: xl)¿Ilìs iol-Ls

r:ates of che nl-e ancl prc is qr"lite'lengcìry and

€Lnct so, these results are giveu in scct i ons 2 .

respect ive ly.

of thc

tedj ous,

3 ancl 2 .4
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2.3 [ìxponenti.¿i1 lìate of tlie ln].e

The exponentìa1 rate for the nle can be

obta inecl by the llahaclur- Cherno,f. f Theoren uncler

cert¿rin r:egular:ity condit.i.ons. 'fhe result .is ivel1

knorvn and so is statecl a s the Lollorving lemna lv j thout

irroof..

Lenna 2,4

where

and

rr F(xlO¡ :.s reguT az'

ltoJd,

distributiona

,tnd condit¡ons iCZl

maximum fil<efi.hood

bq

t:o f C4l and 0 is the

e st imato r , rEhi ch í s the onlg

sol-ution of the f ikefihood equation

1

n

i
J.

â/â0 1og f (x lot 0,

b(o,o,e) rog nraxtpä, pIj,

(2 .46)

(2 .47)

(2 .48)

(2 . 4e)

a

t:hen the exponentiaf rate o1. the ntl e ls given

pã .Ltt(stro pä(t),

PT itú"r, pT(t),

pl(t)
7

E.
tp"e)

tr
.L
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Us ing Ll

¿r I ocal

clegree

nethod

Tay l or

sLnilar to Iìu (1982), rve rv:111 obt¿r in

S ],K ¿IS

series expansi.on of b(0,0,e) up to

statcd in the follorvìng theolen.

Tireorem Z .2: TJnder the concli. 1-ions of Lemrna

2.4, at-td w j.th the additi.onal- conditi.on

a.locaJ. expansion i.n the neigltbourhood

of the exponenti,¿1. z'atc of convet:gence

Icl],
of u=0

to

zero of the ta.í.L

stated in Lenna

probabil.i tg of tlte mJe, as

2.4, is given bq

b(o,o,e) = ^+{

+ [b,,

]b2e?'/2! + b 3e3 /3!

3r2 (0)v2.: le" /41.. ,U

-f l.bs r0r(0)J(0)ô
0

lsr3 (0) Àð

lor3 (e)vfr )c6 16r. ú(e6)

)es ¡s ! (2. s0)

+ [bo

+

NoL-e : Tltis expans ion

tr¿sns fation invar iant

vaLid onl.g for a

parametet.

l_s agaan

locat ion

VProof:

Under thc re gul. arlty cond j tions, it fo11oH's f rorn Lenna

I j.n IIoe ffc1.ìng (1965) that there e,xists a Lul iciue t='r*
0

wliicl-r ninimizes pä( t).
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Tn orclcr to obtajn ¿l 'fay.lor

abont e=o of the exponentia.l

given by Lenma 2.4, we nust

pä = Lnór_o pi (r) .

-ser-]-cs

r¿Ltc

expand

exp¿r-11 s r.on

of the n1e as

ilu (7973,

I-loeffding

'L982) lias shown that the unic'1ue t of

(1965) is of the forn

(2. s1)

(2 . s2)

(2 . s3)

L_ r[ (e ) o(e).

Ilence , 1. et us

Tayl or series

first expancl pä (t) into a clouble

in t and r, ¿rs

pT (r ) e t.ð/ð0 1os f (x I 0)
EI'¡

-u {,i, (d,( - e )'n ¡,,, I .tu' 
}

t"l;r\
æ

I
L

m=0
E

The d

0
(did

are the dcrivative ratios de Iine c1

c1eÊinition of the Fislrer nomcnts

@

I
L

n=0

, ( ,.)*ì
n)-,1!- |

1.n (2

(2.26)

2s) .

rve get
.L

Ily the



pärrt l- r-

Pttç1ø tl8.

t { - Ie + ll r r o c 2 / 2- ! -ur o l e 3 / s I r p r 0 0 r e " / t r ! -vr 0 0 0 r r: 
s i s ! }

(z. ss)

lvhere I
{-,T;(C)
U

1S

' ftt-urooe*uz toe?' /2-!-ur-o f3 /3!+uzoo re'tl,rl Ì

- 
åifu3oo-Ìt,r0oe+lraroe 

2 /zl-yro re 
3/s!Ì (2.54)

* ${u,,oo-Us¡6c'r-}la toe|'/2f t * ${usoo-troooE}
+6

r fo{uooo} n o(e6) .

= T (0) = Hzoo is the Fisher infornation. As

of order: c, 1e t us r\rr.Lte

tä='rä, ., = r:.-rA¿2 ¡ l ! t t3et /'¿ ! t ce4 / Lr ! .rDe s / r> ! +r.,( e s 
) .

l\re j ilsert ( 2 .55 ) int o (2 . 54) to ob tain oä(tf;,pä

'k
0o =1+{(-2Te2/2tt'svtrroe 3/3t-t+¡tr0re 'tlLr !+s¡rrooleu/s!-o¡rr000re6/t l)

+( -¡¿rc3 /lt. roAvr I 0€'* /u! -toA¡tr o re5 /st +t54p1 6 o re6lo ! )

r-(-+BIe a /r+!+10DUi roe 
s/51-zoa¡rro 

re 
6/6!)

+ (-scret /s!tl 5cur r oe6 /6 I ) + ( -oDre6 /ot¡¡
t {(le2 /z! -gus ooe3 /3!+ap2 tor-" /tt ! -touzo res/5!+ 1 5112oo reG16 ! )

+( :¿le t / z! -12A1t3 ooe" /,t! +ao4¡r2- t oes /s ! -ooay, o re6/o ! )

¡ ( 3A2T.e" /\1. -rs|2v¡ooe5 / 5!1 4sA2 vz r orG /ol ) t (rtltrc', /+1.

-2OB¡t:oot' 5 /5ltOOnprroe 6/6f ) + (5ú'Ies /sl-zoc1t:ooe6/o!)

+(1-oADTEt /s!-oonnusoor6 /ol) t (otre6/ol ) t (1 :rAcl:eu /ol)
+(to}2T-.u/ol )Ì r {(u:o oe3/31-¡rìr+ ooea/r¡!+1o1rrroÊ5 /5!-?o1t ore6/6!)

r(6.4u300e 't /4!-:)oApt,0ses /5!r 9o1lyg1oe G /6 ) + (tcxlp,ooe s75!

-6oBpu sse6 /6 ! ) + ( tsA2yrg o or5 /:;!-soAzyuo oc6lo ! )

't'(6oA1lv:ooe 6 /6!) t (15/13¡rsooc6/6!) r (1Sctr:ooe 6 /6 )j (c'oNI,>)
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+ {(p,* oot-" ¡\ !-5us ooes/s!r-ispuooe 6/6!) + (1o.4u4ooe575l

-6011¡15 ooe6 /61 ) + ( 2r)/jlt+ooc6/ol) + (45142u,*ooe u/ot )]

+ {(us o oes/51*6uu ooe6 /erl ) + (15.21p5 o oe 
6/o! 

) }

+ {(ue ooe6/6!)} + o(e6). (2.5(r)

Sirnplifying, r^re get

pi - L-Le?'/zl - (2p.oo-3Ìlrro)e3lg! - {{epuoo-6Þzio+r}uror)

-3A2T+)'A(u: o o -U r r o )je:.'r / +t - { ( +p, o o -10Þ, 1 ç r-10p2 o i -5Lr r o o r )

r10A(2U,*o o 
*3Uz r o+'ur o t) -rcAnI11OlJ(us oo-ui r o ) Ìeuls !

(2 . si)
- {{Spuoo-15U,*i0+2OU:o i-1.5ilzoo l1 6Uiooot )-15113¡r366

rt+5A2(uq o o--uz r o )1-I5A( 3¡rro o-6ug I 0-t-Ltu2o r-ur o o I )- I'ACT.

- IoB2Ti2oB(2V,,0o-3Uz ror-tlro, )r 15C(Usoo-Ur r o )Ìeu/o! r o(e6 ) .

SjniTarly, .i:f. we ciifferenti¿rte (2.54)w.i th respect to r

and then insert r=.rT,

.* _ *.
Qo(l-o) {-t.e+p ttoL2 /21-ur o ru3 /s!} t {(rc-21-ls o o ez /z!+3uz i oe 

37s 
!

r(Arez/2t-3Avgooe 3 /3 )-t (Brc3 /31)) + {(usooe2- /2!-3¡ta00e 3/3!)

+(3ztugooe 3 /3 )\ + {(u,rooe 3,/31)} + o(e 3) (2. s8)

(/r+prro-u soo)e2/2t t (/3I-2u,r00"t'3p2io-uror)e 3/:! + o(e3) ,

llence, setting each coeffjcieirt t.o zero, t{e have

A * (u:oo

B - (2p,ne6

(2. se)

(2 .60)

Ur r o )/I (0) = *J(0) /I(0) ,

3Ur-ro + ìrror)/I(0) -- rior/I(0)

'fhe value of: C is nol- neeclecl

C rvi1l c¿tncc.[ lvhen lve j.nsert (2.59)

¿rs

and

the

(7.

t-crnrs corìta ining
(r0) jrrto (2.:;i).
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1. - Te2 /2! - (Zltsoo-3U,ro¡c373! - {(¡Ir,*oo-6l.lz_1e+41,11¿1)

t3J? /I)e" /rt! - {(rlusoo -1-ou3 1 e-t1,op2,o r-llþr oo r )

'-l 0J( 2U+o o-3Uz ro+Ur o t) /tleli /s! - {(sp, o o-tl5U+ i¡1-20¡r3s 1

-1 5þz 0 0 r'rtil-rt 0 0 0 I )+ 1 sJ3U so o /I3-r-¿t5J2 ( U+ o o -þzto) /I2

-15J(3Usoo-61,r¡r0+rlli2_or-Ur6s1)/I11O(2U,*oo-3ltziorUr or)'/Ileu/o!
+ o(e.). (2.6r)

llle cxpancl (2.61) into a loga rithmic ser:ies ,

_*-rog po t (0)e2 /zl + (2u:oo-3u,ro;e371! + {(¡u+oo-6lrzror-¿turoi)

t3J2lIr 3I''Iu" ¡r¡1 * {(LrLrso o-1.0ì-t3 i6+1.0}-t2o r*5Ur o o I )

- l OJ( 2U,n o o - 3Uz r o rlt r o I ) /I+l Of ( 2U e o o -3U r I o ) Ìe s /s !

+ [( suo s e-1,li1iq 1s 12OJ.lgo r-15uzo o 1t61r1oo o r)+1.5J'u,oolI'

r15J2(3uqoo-3Uz to)/I?+to(2u,*oo-3Uzio*l.rr or)' /T (2.62)

-.15J( 3Us o o -6U s I ¡*t+¡r, o i -U r ¡ 6 1 ) /I+10( 2Lr¡ o o -31_rl r o )'

+15T(3U+oo-6Uzror-rtUrs 1 )+30I3+rrsJ2jx6 /a! + ct(e6 ) .

9o

Itle rvrite this
of the Bahaclur b ounc1, b

Lenna 2.2,

in terms of the cocf.f,icients
- ^ (i)= -t- u '.'' 

'.'I-r 
j_Ch are giVen ],ll.¡- to- 

' 
tY

-1og pf, = br_* /l-! * b¡u'/s! r {b,,-312[(Uqoo- 2t)z.to.t,Uozo )/12-t

-l?' /l,t I Ìe''l+ ! * {l:.;*1orJt ( 2ils o o - 5}-l s r o l Ìlz o r +3U r z o -l.r o t t) /ll
+(2u40 o-3Uz io*l-lr o t) /T? -(2uao o-3Ui r o) /l) Ìes/s I

+ {b5-15I 3[ ( 5¡ru o o - 15l1rn r 0+tlll 3 s y1'1.2V22- 0 -rt l] r r r -2U o s o -Uz- o o r

1-Uo r o t) /T3'( 3Lt,*o o-6Uz I 0 rtllt to t) /I2 -?-J(Usoo-llu r r o )/I3

(c0l'11'>)



+ J( 71ls o o - 1.61.t: r o.l'6Uz 0 r-f 6U tz-o-2Uo r r *U i o o r ) /I'*

+J2-(y,*o o-3Uz_ 1 6+21-rr o l )/Is-Jtur o o /16 f

- 1OI 3 [ ( rlp e o o - 12U + r o ltrp s o r +9U2, z- o - 6U r I t -Ì-]l o o z) / T-3

-( 2p,, o o-31-tz r o1-llr ot)'/I"-( 2U, oo -3Ur ,,0)'/T3

-3J( 2Us o o-l;U: i or-Ì-lz- ¡ 1i-31-li z_ o -U0 r Ì )/I"+3J( 2p3 o o -3Ìlr r o )/I3

-3J2(2þ,,00-3uzror-uio t)/ts lle 6/o ! t o(e 6). (2.{t3)

Pa"ge 51 .

('¿.64)

By Definition 2.2, we get the final result,

-fog el = :r.ze2/zt. - bEe 3/g! + {b,, - 3r2(0) l$}e"/+!

- {bs - io:r-(o)J(o)ôu}e5/sr + {bo

- lort to)vfr\e6 /ot + ct (e 6 ).

1sr3 (o) Àå

Then, to ob tailr

or nrore simp.[y,

that Tever:;ing Hs

w itir -e " Hence,

we can follor'r the sanìe ploceclure,

conìÌllcnentat i on pri nciple in
j s ecluival ent to repl acing e

-rog Qr

use the

and Hr

*1og Ql = bz¿z/2! :r

r [b5

b:e 3/c 
! 312 (o)"rftle" /,+r.I {¡,*

Ìet/sl + {b6

+ o(c6).

1sr3 (o)Àå:ror(0)J(0)ôo

(2.ós)

Iriir¿rl\y, rlie conrbjne (2.64) ancl (2.(tS), the exponential

ratc of the nle is the larger of the t\^/o taìl probabi-

lities, hencc the snt¿Lller: of the 1-trr'c expre-ssions abovc.

'I'hj s c-.olntll etes t.Ìre p r:oo F. A

1or3 (0) vj Ìe6 /o t
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2 . 4 1ìxponcnt ial Iìa te of the pre

To expand the exponential rate of

as given b1' 'fheorern 2.1., we use ¿L sjmjl¿Lr

as hras used for the mle.

thc l)re,
pro ce dure

convergence of the tail

the pre / .as 
g.í ven in

expansion in the ne.i,qh-

'l'lreorcn 2.3: Tf r'1xlo) is a regu.Ia.r transfation

conditio" [CIl holcis, 1-hen

invariant distrj.bution foz' Lhe focation paramel-er

ù and the additionaf

the exponenLi.af rate

probabi Jitg to zero

J- [.b4

+ [.b6

of

for

Theorem 2 -.L, h¿ts a l-oca.I

bourhood of û=0 gi.ven bq

b(õ,0,e) ,,!*g{b, e2- ¡2 ! (2 .66)
+ br.s 15!

+ o (e 6) Ì.

+ b re3 ¡3r.

3r2 (o)Yå1e47+l

r5r3 (o)Àð le6 7e !

VProof:

Tn thi s

are strictl.y convex flunctjons

case, the functions tc-r be rii-n j,nrizecl in (2.12)

[uncler thc regularity

irr O<t<1.. Again, by

unique t0 sucÌr that the

'r0. IJnder syrnmetry , , 
O=4

g,eneraJ,:

condi tions) iv lth the inf ina

Hoeffding (1965), there js í)

nininum value is attainecl at

by Sievers (1978), hence in tU=tO(e )=rato(e).



Rcf errìng bac1< to Theorenr 2.1, \vc irrocced as in

lo + e.)/r.(

lo + e)

arf(xlo)
a 0':

xlo e)

los f (x lo

ir (i| '"qt

Pngø 53.

(2.67)

t-

the last scctìon, nti,nirniz-ìng

u)ao(t) E.- l:(Y¡-ã"Fo * e,sW

1<¡g

Fs

rvhere s=?,t and w:å(y u). .lve cxpand Y as a

Taylor scries in e , to obt¿rin

Y log

log

1og

f(x

f(x
æ

Lj=0

e)

æ

0

@

I
=7

l.
0

æ

I
a

a'¡(xlo) (-e)
j !--aâ0

log r(xlo) d
^-¿lLt
t.tl

ì
rtxlol I d

i-0 -t

(-c)
-----;-, -1l

{ct,e + (dz-d1)u'/rt + (d3-3c1 rd2+2d1).t /st
+ (d4-4drd3-3dL+L2ð,1ar-6a'l¡ea7r1 r + (ds

-5d r d 4 -10dz c1 sr-30d r d 7+zoa?a, -ood Îdz

+24ð.T ).t/s t +- (d6-6drc1s-15d2d,,+'30d1d,,

- l0dlr-:oa ?r+L20cl r d z <13 - 210ð.'ra?;-12 0d 1d 3

+360c1T¿r*120d1) e u/o tÌ {-ct,e r- (dz

-a1)e'/zt - (as-3drd2-r-2d1)utl¡t + (d+

-4c1rd3*3dl+Lzð,?ar-6c111 ea7r1¡ (ds-5drd4

-l.0dzds-r30dr a?;+zo¿14¡-60d1¿r, 24d.5t) e s/s 
!

-l- (ci o 
* 6d r d s - I 5c1 z d.,* * 3 0d 

2id,* 
- t 0d 3 + : oa l. nod r c1 z d :

-27lð,ia?-120dÎ¿,*-360dT¿r*t20d1 ),:o /o t Ì + o 1r:6 ¡
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3

2 (clr-3d rd2-r-2d, ) e 3 /¡ ! l- 2 (ds-5d rd,u-10dzclr
?_2_r+6

r-30d tdz-*20c11ds-60d 1d.2.1-24c1')e5lS ! + o (c6). (2.68)

'faking thc expect-.ations, and usill!,, 1-he clef injtjon
of IrÍsher monents (2.26) , rve oLr t¿rin U - U (c) = E0O,

U = 2(2Vzoo-3Ul ro)et /S! l- 2(2qVsoo*601-rs1 s+20Ì,12e 1.i-30Ui2s

-10usrr-5uroor)es/s! + ct(tG) (2.69)

--2b3e3/gr. * 2bres/s! + ú(e6).

IIence,

dre + (cl3-3drdz*z¿i+br)e 3/s! + (ds-5drd4-I0dzd:

i-30d ta?;+zoalas-60d'ld.r-t-2¿a1+n, ) e t / s ! + 0 (e 6 
)

2dye +

I¡/

(2 .7 o)

Rcturrri ng

rvith respect to

respect to s, r\i e

series, in s a.ncl

to (2.67 ) atrcl notitrg that nrjn jlni zat-ion

t is ecluivalent to ninirni.z¿lt.ion rvith
cxpancl pl ( s ) .into .à cloult le 'f aylor

t,

sV'/e
0

ø (rw) "

Po(s) tr"F

', { [-i, u, t;?' ' j'I I
n=0

ll
)J 12.71)-;-l--

æ

ï
n=0

æ

ï
L

m=0
fo{tu (a w't ';î''"}
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Ins ert ing

up to tlie s.ixth

(2.70) jnto

clegrec i-lr e

(2 .7 L ) and e xpancl ing

hre ob tain

usìng the clcfinjtion of tireTa.king the expectations,

Irisher moncn.ts (_2.26), and

1-hc l o l lorv ing :

p 6 ( s) r +- sEu{ -l zd2rt'/21r 4 (did:-3d1d 2+2ð,\+d1b s)e'/,+!

r-6 ( d r d s - 5d 1.1 u - l- 0d r d z d ¡ +3 0d 1 a7 +z0d ? d 3 - 6 0d T d2

+?.4d1*a rb s ) e 6 / o ! ) + t.3d 1d z.e 
3 / 3 !r-10 (clzd: -3c1r d2i

+Zclîdz+dzbs)e t/s ll - l4ð"rc1se 'r /r+!+20 (d'?a-3drdr-cla

t-zd1d3+dsb¡) c u /oll + t-5c1rd,,es /5! I l-6drd se6 /6 Ili

+ "tE0{f ¿'lr2 ¡zt-r4(drds-3d1d2+2dl+drb r)e'r /,,!

+ ( 6 d r d s'- 3 0 d'zr d + - t 20 d r d z d : * 21 0 d2t ð.22 1- L6 0 d 3r d, + I O då

-480dï¿r, rg4dl-{-10b lt-zon: ( d r-3d rd 2t-2d31)+6c r n, I $ r

t3d3re t /s!t-20(d2tde-3c13rd2+2dsl+d'zrb,) euls I l

t.6d1d ze'r /Lr !+60 (drdz,cl¡-3d'zr d.2z-+?-d'\dz-rdrdzb r,å,,

[-r0d1dse5 /51 I ]- tr5d1d+e6 /61 )]
+ 

"'tE0 {t¿3,e' / t!+r-0 (d1d3-3d1d2+2dsr rdl¡r) c s / :;t. l

L ad] e " ¡ 4 t +60 (d1d g-3d'l dz)-2d,\+d3rh,, ) e u / o I .l

+ t-rOd3rclze s /5ll - l20d3rd¡e 6/o l l Ì

+ ru E0 { ta'ïu " /,+! 1-20 (d3rd 3-3d41d2+2ci1+rl1b s ) e o / s I I

- [5ds1es/s ! ] + t,r-5d'idz_e6 /6! )]
+ rtEo{raiet/s!) - t6d6rcu/oll}

r-"'Eo{la"e'lot-l } + o(e6). (2.72)

J

co1lcc.ti tig ternts, r,\rc get
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p¡( s) - 1, r sl-2rez/?tt3lJlroe 3 /31.-tt(21-rr*es-31-rzrs-r-2'¡1or)e "/,t!

+ 5( lp 31¡ - 611 r z_ o-f lr r o o r+2uo , i )e 5/5 ! - ( 1)tLlus o o -,360pr¡ 16

I 1 60U 3 6 1 
-t -LB0l-12 z o -!2Oltl r r - 3OUz ¡ s 1 1-2oll¡ s 2_+1,21t1 0 0 0 t ) r:6 / t; ! f

t' s?-f-ru' / z! - sp 3 o oe3 /s ! +2( Irl.r,* o o -3uz r s +2¡r 1 o i ) e 
u 

/ 4 ! - 10( rlÌ-ls o o

-6U s I 6t-3112 o l-l-2Ib: )c s 
7 s I +( lBLtUo ¡ e 

* 360¡ta I 0't-1ocU 3 6 11-901.t2 2 s

60p1r r-l5Þz 0 0 ri.1OUo o z+6U10 0 01-t ob!+.Oopl r ol¡: )e6161 .l

+ 
" 

3[u 
g o oe 

3 / 3! -\],r+ o oe'+/Lt I +10( 2us o o - 2lts to+þz o r +Iba )cs / s!

-20( 6Ue o o-91-t,n i o+¿lUs o r+3Uao obs )e616 ! -l

+- r u 
I U u () .t:t+ / t¡l - su s o o e s / 5 ! + 5 ( BUo o o - 9U,, I o +4U 3 0 I l,]tu, o ofrr råll

+' rs[us ooes /5!-6p6 ooe1 /6!.] + s6[uoooe6 /o! ] + 0(e6). (2.73)

S ince tlie minintun v¿rlr-re of p ¡ ( t ) is attained at t=\ undcr

synnÌe try , r{ e \\r ou1c1 expect that the mininiuln L s neat' 5 i n

thc gencral non- symnretric case, hence 1et,

t o=\s o:\+Ae+lSe2 / 2! + Ce3 ¡ 3r. t Dt:q / t+! +fles ¡ 5r. to ( e5 ) . ( Z .7 4)

iVe insert ( 2.74) iiito (2 .7 5) , whicli af ter collectin.q
terms, gives the follorving:

P o =0 o ( s o ) = I r [ -r¿?' / 2l -( zu¡ o o-.3ur r o )e t / zl -( 3u,* o o-6uz- ], 0+r+p, o, l$
* ( Z+¡-r, o o -6OU 3 1 6 +20¡r2 6 1+-30¡r r z o -101-ro r r - 5U r o o r.+1Ofb¡ )*
- ( + Sp , ¡ 6 - 1. 3 5 ¡r r, 1 0 i- û O U , ¡ 1 r ! O ¡r z z o - 6 O l-r r r r - 1. 5 U z- o o r -i- 1 O l-l o o z

-F6U r o 0 01- :Lob:)e 6/o ! -l - lz-4n(U, o o I,l i r o ) ,¿', /r+!+6021( 7Us o o

-1.61131o f 6Uzo, iû¡r tz.o-lzpo r r-ltt 00I -i2lb)3 )eG ir.! 
-l r l-,,n¿rI#

*2ItoA'( 
1i,, o o-lì¡r2, r or 2u, o, )cu /o! ) + [goo¿']r, o oe 

6/61 I

I f 2\\ABrcsls! I - t,6oR(u¡oo,-Ì,rrro)cs ¡t,! I r [:eol¡?,Te6 /t,! )

r l)tBlACrr:"/o!.1 - l-1?ac(ü¡oo-urio)e6lrr!l + o(r:6). (2.7s)
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SiinilarJy, c1i{'ferent-iatin¡1 (2.73) rvith rcspect to s

and i-nserti.ng (2.7 4) , ancl col.Lectin¡¡ tcrms, tr,'e gr:t

9o (s6 ) IL z,tt+:pr r o -3],rs o o lc3 ¡ sltl z,ItßT'.:]c" / 1l I +o(eu ) . ( 2 . 7 6)

I'lence ,

(usoo

0.

trrio)/4r,rc) -r(0)/4r.(e),

Otice aga.in, thc terns involving C

c¿ìncel rvhen rve insert the A and R

A

B

(2.77)

(2 .7 B)

in (2.7 5) rvi11

abovc, 'I'his gir-cs

po - 1- le2¡2r. - (2puoo-3Urro)e3lS! - l,(sp,*oo-6Ì]zro+-rruror)

t3J2 /Ile'r /t;! - [( z+pro o-6Ol-r 31st'20l2.0 r]-30U12 6-10¡r6 1 1

-5l,ri o¡ 1)r 1OIb3)es /Z ! - t- (rrS¡ru s ¡-135uq 1e1-60p3 s 1+90]12,2 6

-.60U I 1 1-1irp2 6 s 1r 1 l)1ro o z- 
*6Þ 

10 0 0 t)+-tOl:g ( 5lt s o o -ôlJ I r o )

+ 1 5J3¡r: o o /I3 -:1 5,T2 ( 11,, 6 s - 31rz r st 21) 1 o t) /I2 -1 5J( 7U5 o o -16U a l o

+6p2 e r+61-tr z.o-2tto r r-Ur 0 01)/I lt: 
6/0 ! r o(e 6 ). (2 .'i9)

I'/c exp:rnc1 (2.79) in a logaritlinic serics to ol¡lajn

'- log go Iu'- /zl r (2ueoo--3urro)e3 /zl + l-(31i,*so-6UzloJrruior)

1 3J2-lrF3r'' )o" ¡,rl I (24uso6-001t3 1 6l-20p2¡1-ì'lì01r; n6

-1OUo r r-5Ui oo r ) ts /rt! r [(LrSUos6-135Ua 16'r60¡13s 1

+90U2 z o -60U r r r - 1SUz 0 0 r r1oÌlo o zl-6p 10 0 0 I ) rlirJ( lr,a o o

-ilyr r o )+30I3 r1 ijl(3lL+o o-6Uz r o*1rþr o, )-i 5J3p3 or/I'

-l 5J( 7J-ts o o-16113 1 6'l 0ll2 o ¡l'61,t tz-o-'2ltor r-llr o o i )/I

-15J2(truoo*3uz ro r-2pr1 ot)/r2 lt-6 /e,! t o(c6 ) . l2 . S0)
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l n tcr:nrs

_E

o1.

(-r:)
thc c:oc l-f ici euts of thc 1l¿rhadtrr bouncl,

b econe sb
0

ec.¡uatì on (2.80)

-1og ps = bze'' /z! * b3e 3/3! + lba-aJ(uq oo-2ltz-ro+-Uozo )

t3J2-/T1-3T2 Je4 /t+! - bse s/s I .r l_bo- L5( 5llo o o

- 1 5U+ r o +4U 3 s I t12p2 z o -ltþ r r r - 2Uo s o -Ì.lz o o r -ilr o i o r )

t:L5J(ila o o--11¡r 1 1¡ ) rsol3+1i.,I( 3J-l+ o o 
*6Ì-lz r o +r+Ur o I )

t-1.5J3¡t s o o /13 - tS.l( TJrs o o - 1 6pr 3 1 6 t-Gl,l2_ 0 I +6U t z o. 2 l.o t t

9-
J-

Ry Def-injtion \rre then oltl-aln

-1og po: br,ez/z! - b.e 37:! r- tba - 3r2(0)yå)t:"/+!

- b.c5ls! -t- [b6 - 15r,tol,r,;le6/çr! .r- o(c6).

2.2,

-uroo t)/l-1sJ2(tjqoo-3Ì,r2r0+2u tot)/r2Ë - o(eG). (2. B1)

('2 . BZ)

And, aLgaìn, !ve caTì obtajn

or by ïcplac.ing ¿ rvith -c

-1og o r by the -sane proccdure

irr (2.82). This givcs

(2.83)
*1.og p, = b2_e2/t-! +, brc3/¡l + t.b4 - 3r2- (0)y3'll,/41

+ bses/s! -r- ll-.0 - t5r,tolL;')e6/o! r-.r(cG)

'Ihe theoreln fo l I o\,,is . 
^
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flrus rve ha've secn that the clil. teïeltces bettveen

the exponcntial r:a,tes ol, the pre ancl nll.e r^¡.i th the

B¿rhaclur bouircl clepencl on the late cocFl-ici.etrt-s, y?e, ô0,

Àå, ancl vfr, as clefinccl in Defjnition 2.2. The rate of

the pre dif f ers llron the llahaclul bottircl onl y in terltts

,,vhich depencl on y'7,) and À 
ô , v¡hi 1e the rate of the nile

clífFers from the lìahaclur bound in tcrnts of all four

paramct.ers. The paranetcrs ôO and vfr, lvliich describe

the divergence of the ml e J ron the pre, are of particu.Lar

jnt-.erest s ince both these est Lnator- secÌLìences c1o exi st.

0n the other hand, it h¿rs r"rot bcen establishecl as to tvhat

conclitions ¿rre neccess¿ìry in orcler th¿¿t the Ilal-r¿rc1ur bound

be att¿rinable. In tlie cases hrherc the bouncl cannot lte

:rtta.inecl, it sironlcl be'Dossible to inprove uJrorl this bound

hritlÌ an even shi,rrirer bounrl. lfe h¿rve scen that the ntle i-s

optirnal ¿rnd attains the Bahaclur bouncl for the exponenti¿tL

1oc¿rt i on f trrnily, rvhcn y6=n. A1 so, lraclscn ( l979) has shotvn

that y1=o only for the exponcntial ferrnily. Theorclns 2.2'tì

ancl 2.3 seenì to sLlggest that the llallaclur bouncl can be

att-air-red or.r1y if Y6=O (i.c.: exporr.eiltial f¿rnj1y). Thus tve

are 1ed to believe that, exccpt for the ex1;onential- family,

the B¿rhaclur bound i s too lalge. IVe therefore rnake the

[o1 lolv ing con j ec1.r-lres .



? rtcl t', ó {J ,

corTsiste.:nt estinator o.f a

Conjecl:ure l.: The

of convergence of

c

exponentj.¿t,I rate

probabil itq of anq

t.r an s.I at ion inv,ar i.ant

optimtzT

the ta i.1.

Locat.íon paramete.r I shoufd under

fami.Lic's be -Zess than tl'¡e Raltadur

f j f th-deqree expans.ion given bV t

(0,e) mln{br_t.2 /2r.

non-exponerttial

bound, with a

(2.84)

to the optimaL

transfa.tion

{¡-(0,r-).
I

b t- b^e3 /3!
+û

where C is tlte cl-ass of ¿tl,f consistent estimators

of 0

Conjecture 2,: 'Ihe

of convergence of

optimaJ

the taiL

exponential rate

probabi 7 itl¡ of anq

transl.¿ttion .i nvar iant

This conjectrire Follotvs fron the fact that R(0'e) >

br(0,e ) > b (õ,0,u1 ancl by the second-orc1eï ef f jclency

(1.36), rvhich means that the I'otrrtli-clcgrce t.ernts

coeÊf icient can be rÌo largcr than that given iir (2.84).

consistent esti.mator

focation parameter 0

elxponent-ial- rate for

i. r¡var iant e s t.íntato r s :

o.f a

shoufd equaT

t l't c: cl-ass of

(o,c) :f)
C
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'fhis conjectule 1lol.lotr's flont the ¿lpÌ)arent pat^ac1ox that

rvould ensLre ìf tl"re cla.ss of opt.ìtnal cstint¿r.tor-s is not

translat Lon jnv¿ll j ¿rnt. If th.i s \^/crc thc case, then

the exponent i a1 r¿rtes \,rrou.1 cl not b el tr¿lns I ¿r.t i on i.nv¿rr iant

rvitl'r 0. l'liis rvoulcl nre¿ìn that tl're optimal c.l ass of

estintators rvoulcl be ,Lnc'lexed by 0. 'lo avojd such ¿ln

occLrrrerlce, r,vc rvoulcl reclttit'e thc optirnal class to have

the sanc cxponcnt í¿rI r¿r te f o r ¿r11 T , ¿rncl hence be

transl.ation í-nvari ant .

i,as1-1y, we coirjecture that the pre is opt.lrnal

for T and hcnce for C as rvcll (by Conjccture ?.), in

the genera.l casc (b eyoncl synìnretry) o f a. re¡1u1ar trairs -

,l at i on iirva r i ant popul at i on .

Conj ecture 3

ol, conveîgence

'I'he optinal exponentj.¿t.I ratr:

to zero ol- thr: tai.f probabilitg

of anq cons-isLe.¡lt estj-n¿etor of a tr¿trtslation

i-nvari¿tnt

q.i,ven bU

stated in

.locat ir¡n pararnetet ,

xhe exponent.íal rate

T heot: em 2 . f : b 
a 

(0 , e ¡

0, shoul.d be

of. tl-te pre, as

b (0,e) t (õ,0,c).
T

1'his conj ecture f o l loivs f ron Con j ecturc 2 and. lìenla rk 3

Follorving 1'he orern 2.I. ¡\1so , I>y Conj ecture .1., the pre

and b, (0, e ) rr,,ou1cl havc at I e¿rst f i Fth-dcgree cont¿rct

since the expans ion of thc pr:c co-.ilrc'iclcs tv,ith the
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cxpans ion o l. thc ll¿rha clur b ouncl i-n 1-hc oclcl cleg re e te rms .

In tht: next chaÌrtel r{e rvill look at r¡¿ilious

applications of these results under various legulerl

distributions ancl pi, set've the beh¿rv j our of the r¿rte

coefficients jn olcler 1-o ¿ìssess their pïopcrtics ¿l.ncl

stat j stic¿r1 si gnif icance. In Cìraptcr 4 we lr'i 11 examir-tc

sonìe llorl- r:cgular distributions in whi ch the pre i s

shotvn to clonrinate t.he n1e, even thougl-r the theorens

n¿ry not apply ancl the T'aylor series expans.i ons nay

not be vaijc1. In thesc c¿ìses, ìve can stj11 cornptrtc

the rate coe f-f i.c ients, a1t-hough they ar:e not ureasures

of the d.ifferences of the 'I'aylor serj-es expan-sions.

Thi s may sheci sonÌe .[nrthcr Light on the s tat j stical

interllret¿rtion of these cluanti,ties, which rve will discr,rss

in Chapter: 5.
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CHAPTER

'1'rans.l ¿rt ion Tnvar'-i.ancc

THREE

ancl Sc¿r 1 c Inv¿trí¿rnc-e

3. 1 I-og- Transformati.on of Sc¿r1e Inv¿Lr i¿int l'ìxponenti als

In this chapter we woulcl l j ke to exantine the

pïol)crtics of thc ratc coclFicicnts, \3,6u, À;, ,å,

ancl j.nvestigate solìle anpl.i.cations. A good place to

begin is r,¡ith the expcnential f¿lnjly tvhich is gencrally

tvell-behaved ancl tractable. If rte consjder tho gene ratl

scale .Lnv¿rriant di str,ibution otÌ Õ,

q

"-^(v/o)Ps(ylo) cpm Y
pq-I

I'( s ) opÇ
o> 0 (3.1)

rvjth p>I; q>0; m>O; and if c=l thcn y>0, rr'hi[e if

c=\ ancl p is an even i.trtegei: thcn Y is clcfinecl l-rere

orì al 1 of Rr. The farnily clefined by (3.1) for strit¿rble

cl-roices ol (m,p,q) inc.Lttcles: tllc i\orln¿ll (m=ti, P=')t q-'+

c=4); the Gantna (*=1., p=1,t Ç''ct> c'=1.) ; ancl tlic hteiìltill

(^-I, c=1.). Thcn, undeï a logarithlnic trans.fo-rlrati.on,

x = log lvI and rvitlt 0 * log o, IVe ob tain the trans-

l ation invari ant f arlily, clcf ine.1 b y the clens i ty

qt
f ()<lo) = Ëåexrr{r,ø(x - o)

for -æ<x<o ¿rncl -.-<0<-. 'fhc r¡r:a1.rli of

o f thc Nornal is g j ven Ln ll j qr.rre 3.I

bution is log- conc'avc ancl satísl'i es

me
p(x 0) (3 .2)ì

I

t-he 1o¡1- t-r'ansfolni

This cl istli-

¿r l I rcgnl ar it¡,
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conclitions.

probab i li ty

For tlre clensity l'unc1-i.on jn (3.2), tlie

ratjo for tiic llre is gìveu by,

c(xlo)

c (slo)
n

n

(s)

B(0,e)

f (xlo + e) / f (xlo e)
(3.3)

p (x-o )exp[ -2¡;qe +- 2.me sinh(pe) -l ,

and

Ilere

p(0 -0)
exp[ -2npqe 2nae n sinh(pe)1"(3.4)+

=00 (s) is the ntle, which js
n

0

n
TL

1-r

L

pn toq [-A- 'nq exp (px )1.
L

(3.s)

(3.6)

'Ihe Kul l back- Lcib I er inFornation nurrb er: 1s

K(e't, 0)

pqe

Eu.;.J-o9 f (>r I o *) /f,tx I o )

*p(0-0*)

,,n/,te*{x(o*, o):lo-o*l > c}

ps(o-o'*) ql't e I

Tlius, the Ilahaclur botrncl Fo'r cons j ster-it estim¿ltes of 0,

(s.7)
q\ 1

_ DÊ.e' )

Then, si.nce tr(xlO) i.s

app.Ly Theoïcns 2.I to

thc prolrrrbil ity r¿rt io

a regular distributÌ-ott, i,le c¿lrL

ob t ¡r irr the cxponent i al ra t e o f

estjnt¿rtor. ìì.i.rst, U : E0U, ivh.ich
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is g.Lvcn by (2.10),

.I
-æ

.1. :; c om¡:tu t. e d AS

u = K(0, 0 - e ) I{(0, 0 + e )

= l---pqo-q(r-"pt),1 - [pqr:-q(L-"-pt)]
: -2pqe + 2rTsinh(pe ).

'l'he Chcrnoff Infor:mation is ¡1iven by

mo (t)

pct ( 1, 2t)e

æ

t^e
U

clDm"
I (q)

(3.8)

(3.e )

(3.10)

exp [pq (x-0) r-¡n[ ( t-t).Pt*t"-Ptt1"r (x-u) ]u*

qp,m_
I'(q) 15

p(1

pc¡(I--l-t)e

zt)e q
e

(r t)ePU l- te''PC

l\re then ob t a in

- 1- 1tps(r) = e "* mo(¿)

0
(e)

I epe -2tsinh ( p|e)/ 
l_ ( r_t )epe .r, tu-Pt ] lq .

Thj s quantity attains its

thc solution of ð/ðt po(t)

nr i nintun when r = tn(e) is

o, wh ich givcs

T (3. rl )= "\ou si nh çtapt,) /sinh(nc)
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(3.L2)

ilenc.e

l'hen

ivith

ancl s o

Qo .Ln{to<L-<1. Qo(t) = po('ro(e ))

ex¡;[pge - 2q"Pu sjnh(pe )]

explpge +,](r - "PulI.

0r c¿rlLbe obt¿rined flom (3"12) by

-e , or f ron Renark 1 o.[ 'I'heor-etl

repl acing e

2.1 ,

Qr expl- -pcIe + o(I ut)l,ê

arÌ

"-Pt )

(3.13)

(3.:l 4)
b(o,o,e) -1og ¡nctx{p o,

pqe - c4(1' -

Therefor:e the pre ls optimal for-the

consi,stent est imators of 0 . I'he r¿rte

given .Ln l,emrna 2.4, js contputecl fron

= B(0,e ).

c1¿rss of al I

of the nle, as

,uo"*n{t.$ r"s f (xlol}

CIp m'll?t
-pq(t 0)

ê

æ

p
r(s)

["-Pt

exp þq (x-0) -*.Pt (L-pte-pc¡sp (x-0) 
l¿x

-æ

q -pq(t-0)tn"
i t'tq) Il;ffiJe

/rt ¡tte P tt) In
(3.is)
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The i.nf,irnurn is attained for

u,iri ch' gives

( c) . De(e"

b(0,0,e)

1
0

0o

1)/p' (3.16)

(s . 17)

(3.18)

(3.1e)

Ancl aga ln,

= .Lnórro Qo(t) =

= expl_f,øe + q(t

1{e obtain or by

onl'r^(c))U-

e- )J.

reolacing e with -e,

- 12€. -- e ).1.Qt exp[ -pqe + q(t

ilencc , the rate of the nle is p ì ven by

- -tog m(x{p o, o r }

= pqe - q(r - "-Pt)
= h(õ,0,c) = B(o,e ).

1'hrrs, the n1e is also optinial for the c1¿rss of alI

cor-rs istent cstinators of 0 , as hr as proven b y Kcster

(i9Bl). In fact, if lve e-xarnine the c-'stj-lnator-seclucnL-.e

of the probaìrility ratio cst:inator, õ- = õ-(s),,-nn

{olc (slo)'n (s .20)
õ k

nn Ì

0 (s) 1og J {rog kl /n + z-pqe\
ì.--ã;t";apã __iL

Ðn

rvhc r:e

I
n k u -?,pr:¡e. + 2c¡sinh(pc ). (3.2t)

n
log
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'fhcrcfole, 0r, = ôr, +. o i,J.) , that is, e¿rch pre

est,i.natoï-sequencc i-s ¿rlso asymptot ical1y rn1c;.

Since both the nle and th.c r)re are optirrial ,

tlre la.te cocf f i ci ents, y3, 6o , vj , Àó , arc a1.1.

zero for this regr_r,Lar exponential farnily.

Sievers (.1978) shoivs that the estinator-
se(luence rvi th the fastest exponenti a1 rate i s ¿ì

plobab i lity ratio- type estilnator lvhcr:e thc k., = k.r,*

are cho s en such th at clrr (krr o ) = ßn (kn.Å ) . Such ¿rn

estiniator-sequence has exponentiill I'ate

b(0'*,0rc) ,L.LM
I ìtlog Po ( lon ol e)

= c¡l- pe cot-l'r (pc) - I--Log (pe/sinh (¡:r.:) ) .1,

rvhcrc tlic infiilrurn occurs f'ol't = 1/(r*.'"0') 1/2pt,.

It can be shorvn that b 16,', ,0 ,t,) > B (0, e ) . lience as

probabilìty ratio-type est.Lrnators aïe r-c1atecl to the
rn1e, in tl'ris case, t.hrough (5.20), r\re can cc¡uate thc
two rate equatjons of the nrle to solve for thjs limit
of tlic k t", to gct

n

n->ó n

i,orú0.r., ine (t)

T'lrerefore, from (3.20) we obt.¿.l i.n

(3 .22)

(3 .22a)
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(ocl
lãi"ñTtÐ J

(3 . 221: )I
p logn

If lve then corl'cct 0rr* for ¿lsynptotic b i.as, the

corre cted. estinal-or- sequence tv j 11 agarì.n lte asymp-

totic¿r11y nile and therefore has exitonential l:¿Lte

ec¡ua1 to tl-rc exponenti al r¿rte of the nile ancl the

llalraclur borrnd.

3.2 Dual.ity of Translation ancl Sc¿rle Invariancc

The traltsforniation of the Iast section is
i1lust¡iitivc of a nrore gcncral cluality tliat cxists
bettveen familics that are scale invari¿rnt ancl those

whi ch are trans l ation invari ¿Lnt . llf r-on & Truax

(.19óB) have macle Lrse of this cluality to olttain sone

results for scale invari¿Lnt famiLies by rtralcing use

of the nice linear properties of the tr:anslation

invariant farmily oF exponentials' Iai.rc1 rvhich l.or¡nccl

the ba-s.is of Efron's (197S) theorjcs c:oncer.nÍng

the re1¿rtionshìp of the st¿ttjst-ical culvature to

the nathenati ca1 curvatrrrc] .

l-et h(L) be a non-negative funct.jon which will
integrate to unity over thc posil-ivc lea1s. Then,

rve can clefine trvo rancloln variablcs jn tcrnrs of h(t):
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1. X lr,liicl-t

¡'lncl ha s clensitv functron

j s t rans.l ¿r t iotr j,nv¿rri ¿rnt for 0 ,

t(xl o) e --Ah(e" " ).

dt

v-A

2. Y whì ch

clen s i ty

s(vlo)

is scale i.nvaliant for (t, ¿rnc1 has

funct i on

(t /o)h(v/o).

=td /à0 f (x\o¡¡¡ r(xlo;,

d h (r)

(3 .23)

(3.24)

(3 .2s)

(s.26)

(s.27)

Then, X ancl Y are irnplicìty related, throtrgh h(t),

an,l rvill l¡c calIecl l,ocation-Scale iluals (through thjs

transfornation) \{c can explicitly lvrite X - log Y and

0 - log o) . Let. us clef ine tl.ie cleriv¿rtive rati os as

a I
E

and

But since e

l.

(.i --{âr /òoa s$lo)}/ g(ylo).

x-0 y/Õ through tho c1ua1i.ty, tvc get

dt
dtl

h(t)
.L

a
d

7 x-0 h (r) l=tt / oh (r) t:e

Tlien rve c¿ìr"L exprcss b oth

,li ¿lnc1 hence in ternts of

lolIorving 1cmma.

I . ¿rncl 4 . i-n ternrs of
J.

othcr, as givcn

the

in the
a

c aclr
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Lcntnta 3. L: uncler Location-Sc¿t.l,e Dua.Ii1:tl

with the cierivative ratios C í and E
7

as

fol c.'f

¿\x- \/
L 

-(j ,

(3.28)

def j.nec1 i,n (3.25) u.n d (3.26) , the f ol l owittg

rc I at ionsh.i ps cxi s t-

(A)

(B)

(c)

(D)

(E)

1t

ez

ez

('r

6s

- C,y/U2

I7 r 't /-2
- \¿,2- ()I1/u ,

= (Es- 3Ez+ Z¿1)/o3,

= (6,*- 64:+ 11t,2- 6lr ) /o',

= (Es-1.0õ,* r356a-5082 +21+11) /cs5.

VProof :

l,Vc clil-'f cl'cnt i.i-L'ue

in terlns of the

(3 .23) to ob tai n expressl.ol-rs

27), r,r hered clefined in (3
a

(A)

(B)

(c)

(D)

(tr)

Lt

ez

r"

C+

1s

-(r+ rdr ),

(ti 3tc-l'i' t?-dz),

-(t+'/tdr: Ct?dz+ ttdr), (3.29)

(l"tl5tdr-i 2itzd2 r1,ot3d¡ j- tad*),

-( l+31td, +? 3 t2-d?-+ 65t- 3c1u +1 5t'*d,, Ft sds ).

Sini 1 alT1y, rve c1i l, l,'e rent i ¿rte

cxprcssiolrs l=or li ln tctìns

(3 .27 ) , I{here t:y/ o ,

(3 .24)

of the d

to ob tain

deflnecl in
a

(A) 6r

(B) Ez

-(f+ ¿c11')/c,

( 2-rtttd,, i' t?' c1z. ) / o2,
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(c)

(D)

(E)

e

-

E.

C-g5

x-0

-( 6r lUrdr I 9t2ð.2+ f tda)/o3, (3.30)

( ztt I 96Ld1-F '/2t:2-C2t- :l-6t3d3+ t'*d,, )/o" ,

-( 120 +6 O O td r { 6 0O t2'cJz. r20Ot '¿l r ''' 25tq d r¡ 1't u.1, ) /ot .

'Ihen, as

for the

reciui recl

y/Õ, \ve can irnpl i city solve (3 .29 )

into (3.30) to obtain thed, ancl insert these
J-

results. A

'1'hc latc cccf f ic ientt víj : 60, Àå antl vfr,

clefine<1 jn (2.36) to (2.39), tuere developed as measLlres

of the <1il.terenccs bet.t'¡ccn the ¿ìsyrltptoti,c exìlansioirs

of the nre and m1e w i th the B¿Lhadur b ouncl in the case

of a translation invar: j ant I ocat.iotr p¿t ranete r f rom a

regulzrr dl strib u-tion, hotv ever t)rey niav sti l I have soûìe

st¿Ìtistic¿rl signifjcance .in generaJ. for íiny unclerlving

di strib uti on for ivhi ch these collstants íÌtìe llin ite .

Efron (1975) has, in a seltse, clotre thjs l,or Y by

defining this parametcr as the stat:istical cttrvatttre

ancl atten¡rting to give it cert¿Lin stat i stical inter-

¡rretations. We tvottlcl like to bc able to c1o tire sarÌe

for the other rate coefIi.cicnts, ancl also to ntal<c utl

extelìsion of Ifron's intcrprctati-ons concerning the

nature oF tlie stat.Lstical cutvatur.e. Ilcl-lce, it niav be

usc'fr-r1 to Lnvestigate the various reL¿rtionships th¿rt

rnust exi.st betv,/ecn the Lc¡cation- Scale l)uaIs: hoH' citr

"'2 ^ 13 vl rcllr tc 1o v2.,5 . À3, v3 'l
Ï 0, t'0' "0' U 'Õ. ,J ,t O
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],,entna 3.2: tlncle¡ the

rlef i ned bg ('3.23) ancl

I.,oca.tion^ Sc¿t 7e

(3.24), ttte

Dual.i.t!1, as

refationships ex.ist between the

of o and the rate coeffi.ci-ents

f<¡ffowing

rate coefficients

of 0,

(A)

(13)

(c)

(D)

z
oT v3,

ôo = [J(0) 6o-3r(O)v'?o] /lJ (e)-r(0) .1,

vj = vó -r- t-18r(0)yå*3J(0) (:y"+s<5 a\l/r',,!í;")
À; = Àd r- t sr (0)vfr+z.r (0) (3v ró-ro ì )/r, (o) .

VProo.f::

By apnly:ing Lemma 3.'I , lve ol¡tajr-r the relationshìps

b etr^/een the Fisher monents of o ¿rnd 0,

(A) 11266(o) = Et:i = ECTt/o2 = ìle.oo(0)/o2,

(B) ]isoo(o) '- E(,? = t€\/o3 = Ug0 o(0)/r¡3,

(C) ì-rrro(o) = ECt(,2 --E(f.Ã?--11)/Õ3 = 1p110(0)-Uzoo(0)1/o3,

(D) Lra0¡(o) = E6T = Eel/o4 = U,+0ç(0)/o",

(tr) 1.r21s(o) = E(,?iez =F(l'¡lr-f,,?)/Õ'r = [u210(0)-Uaoo(0) ì/oa,

(F) Lrozo(o) = Ë(,7 = t(17-2EÅz+¿l)/oq = [u020(0)-2]-trro(0)rpr00(0))/<s.'r,

(G) i,rror(<i) = Eltez -F-(6r6:-3eÅztlll)/rs) = [ur0r(0)-3urro(0)r2vzoo(0)]/oa,

(n¡ p5¡s(o) = Er,? = EEI/os = uso,)(0)/os,

(r) p31¡(o) = rLiez =E(ElEz-Ei)/Õs = [u:r0(0)- Ì]¡r0o(0)l/o5,

(J) Ur_or(Õ) = ECle s =E(Eît,r- 3tri1r+2-81)/os = [uz0r(0)-3uzr 6(0)+2p:oo(0 ))/os,

(K) urzo(o) -. E(,t7zt =E(EÃ'¡-'t-ETüt 63)/os = [[.rr20(0)-2ltz.t6(0) +psoo(0))/os,

(L) ìro r r(o) = E(,zCs =-E(¿lzEs- 3lr.;6:r 56 r¿r-ztz¡)/os

= f-p6i i(0)-3uozo(0) trr 1¡r(0) rlilr1 1 0(0) *2,Itz os(0)l/os,
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(14 )

(tr)

(o)

(P)

(a)

(R)

(s)

(r)

(u)

(v)

(t{)

1r1es1(o) = LCt(q = L(8i6,*-66iÈ,g i11[1 F.z-6E7.) /Õs

= [Uroo r(0)'6Ur01(0) 111Lp1 t0(0)-6]-tzoo(0) ì/os,

u6;s¡(o) = F.r,9 = El\/o6 = ue oo(0)/o6, (3.5?,)

u+ro(o) = E(,'i|z-= E(l\Er-tT)rou = [u,,ro(0)-ì]soo(0)-llo6,

u:or(o) - Er,?6¡= t(g?tr-s6|'€zl'z1|)/o6 = [u:or(0)-3u:ro(0) r2pr*.,e(0) ]/o6,

uzzo(o) = ECî,r,2¡= F-(E'¡E|-2lztlzt E'i,)/ou = [Liezo(0)-2ì,tar o(0)+ u,,oo( 0))/o6 ,

ui r r (o) - Er,tezCz = E( q tlz-lt-zlÃ'?¿-E1E¡zl'¡Ë'z-2li )/ou

= [Ur i i ( 0 ) -3t.tr z o ( 0 ) -ttz 0 1 ( 0 )+.5p2 1 0 ( 0 ) -2Lt g o o 
( 0 ) J/o6,

uo:o(o) = E(,'. = t(r,l-:tlfiltzl'¡t,z-E?) /ou

-- [uo30(0)-'3urz0(0)+3u2 r0(0)-Usoo(0) ]/o6,

Uooz(o) = E(,2s = E(83+g[2¡tt+l2r-6lzlz-\2lt1z1-tt1t1s) /o6

= [uo 0 2 
( 0 )Ì9U o z o 

( 0 ) +rrpz 0 0 
( 0 ) -6uo r i ( 0 ) -12u r r 6 

( 0 )'r +p, oi ( 0 ) ) / rt6,

uzo o i (o) = E(,1.(,+ = E(l?8,,*6E2tlrt11"{?¡lz-6Eir) /o6

=[l]z o 01( 0 ) *6uz 
o r ( 0 )+11U2 r o 

( 0 ) -6ps o o ( 0 )1/ oG ,

Uor or(o) = Er,ze4 = E( lzE+-6ezErr1,1l22-Er6++6ãrE z-I7lr1r+A{\)/o6

= [uoroi(0)-6u011(0)'r11¡t6z-(0)-uroo,(0)r6uror(0).t71trro(0)1611200(0)1/o6,

lrr o o o r (o) = Er,ús = f(qrÈ,s-10ãi6,*+35[1È;3-5og rF r- t2-4127) /o6

= [ U r o o o r ( 0 ) * i O p r o o i ( 0 ) + I Sp r o I ( 0 ) - 5 Op r i o 
( 0 ) t'2tr¡t2-0 0 ( 0 ) ] / o6 .

1'hen we a.l.so have

and

r (o) Uzoo(o) ìrzoo( 0)/Õ2 T. (O) / o2- , [5.55J

= 1r11¡(rr) = u3ss(o) 
G.34)

== l-ur io(0)-Uz-oo(0)-llr;3-usoo(0)/o3 - I J (0) -I ( 0) I /tt3

J (cr)



Thc results of

inserting these

(2 .s6 ) to (2 .39 )

t-he I crnnta

equa t 1 ons

.A

c¿uì thus

i ir ('.5 . 32)
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be obtainecl lty

i nto the clef ini,1- ions ,

Sonte b r j ef colnnients cotlcerni ng Lcmtna 3.7' can b e

st¿rtecl. First, tr/e see that the statistical cttrv¿rture

is jnvariant unrlcr the 1og:rrithmic transforn¿rtion las

estal¡Iìshecl by E{.ron (1975)I. Also, û)'u,tâ,ô0,À3,uå

are a-l 1 translation invarì ant ancl al l of the rate

coeFfjcjelrts (for 0 and o) are scale invarjant siuce

cacJt h¿rs b ccn noTlra Ii zctl ¡tncl is urri tl ess. Ìlcncc the

rate coefficients for 0 are invariant under any iincar

tTansformation. Furthel:nìol'e, ì\,rc calì rvrite y?a, from the

clef in j t ion, âs

[3.3s)
lt {cotttt(9", 

'i.l)' lcv2 (.q,),

rvl'Lere the coefficietrt o1: I'ariation for .Q. is

't-
/2

Cr,tv^(9,,
(J

It)/r3 (o)( v p..v ^L.HUv2'0

= lv ^9"
U

Let LIS no\,{ colÌsi cler the st¿ttisti cal

It follorvs c1i rectly f ron (3.35) tlra t y3 i s

uncler: linear transfortl¿tt,ions ancl also that

non- neg:ttir,'e and cctu¿i1 to zero i-f ancl only

js a. constant, oï 1i.ne¿ir :ltr .t. ¡i.,t. 'i' 
= uY

cv ('¿ ) / -t (o) -(nozo) /noto (3.36)

curvatu re .

invari ant

\'2a must ll e

i[ e.

ltt Irdt e r e-'
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a ¿urcl .b are constant iri X) . This 'l ineari tyt in X

js satis.fjecl if anil only .i f thc unclcrlying cl.istri-

bution is from the exponentia1 family,

(3.s7)

In a silnilar manner, I,vc h¿rve clefinecl J(0)

as the covaïiance betlvcen.q, an,1 i ancl hence,l(o) = 0

j f i ir constant in Y, which rneans tliat the unclerlying

ciistrjbution is fron thc exnonenti¿r1 scale farni1y

fas iir (3.37), butwith¿(0)=0.l. Then fron (3.34),

it follorvs that .f(0) = I(O) l.or the corresponcling

translation clua1, hence J(0) is a ltìnc1 of nteasLlre of
tscale- :lnfornationt in tJ'i j s instancc. A1so, since

J(0) is defined in terns oÊ the odcl Iìi:;her tnotncnt-.s,

J(0)=0 for any synnetlic translat,Lori farnily and, agaitr

lty (3.34), J(o) = -T(o)/c¡ for the scale clu¿r1 of thjs

family. Let us norv ex¿Lurine the behavjour of these

various paramet.ers uncler a varjety ol- r'egttla.r distri-

butions. Irirst we consider the logLstic clistribution,

an example of non-optimalLty in rvhich tlie nle is shotvn

to be no better than seconcl-order efficient in the

sense of Rao.

r(xlo) exp[,4(0)B(x) +.ú'(x) + ,(0).1
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3.3 Logistic Di-stribution

lts

'fo illustlatc a case of non-ontinal íty, 1et

consiclel the logist.ic di.strjbuti,on,

r(xlo) r¿sech'f fl
- (x-0)

e

ñ;-:Tx-oTF''
(3.38)

-æ<X<ær .-æ($<æ.

This clistriìrut.Lon is not

b ut it rloes h¿rve a scale

.Ln the exponential fanily,
ciual of the forn,

In thi s

nlc ar e

g(vlo)

CASC

well

= o/(o + y)'', y>0, o>0.

the Ilahach,rr bound ancl the r¿rte of the

kn oivn :

(3.3e )

(3.40)

(s . 4'¿)

B(0,e) e 2 + 2c/ (ee

-æ

t),

¿, (ô, o, c) =-1og .tu(1rro 
"-t.[- exltl-2t/(',*.*x+0+e ) Id¡'(xlol. (s.+l)

'l'he mle0_ is the uniciue solution cfn

1,

n
I

 
-(x. + 0 )-¿nn: 1/ 1.+e

7

ßy synmetry, r=t0 (t)=\ ¿¡.nc1 ¡1=g and so the ratc of pre,

t"hich js the optirnal rate for the cl.ass of translation
invariant estinatol:s is g lven by
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æ

@
Ib (0,t;) - log

- log

f(x f. X 0't-a dx

)dx

0 C
T

-l og '41 r;e ch(-LFq) sech(
Õ

-Õ

x-0-e
2,

æ , 1/x-0re , x-O-c.LanIÌ, z-)-.tia_llh l-) dx-Log \.1 t
\-æ sinh e

2Loq[ cos]r ( Lfg ) /co:;ht t]- lf I4si- nhe

-1og[ (e (-e ))/2sính e.l

log[ sinh e/e) , (3 .4s)

by niaking Lrse of (4.5.4s) ancl (4.s.79) of Abr¿unorvitz t,

st.egun (19 64) . Dircct conrp¿rlison o f these rate s i s not
possible, y'sartjculrlrly as the rate of trrc m1c (3.41) is
not knoln jn closecl forrn and c¿ìn onJy be cbtainecl b,v

nuncrical .integrat-ion, as lras been clone by Sjevers (1978).

llven graphs of these ratcs shorv veïy 1itt1e <lifl.erence
between the tl-rree cul'ves, tr{hÍch lray not bc too nr.lusu¿rl

when r.ve consicler th¿rt thc logistic j s vc ry near'.1_y Nor.mal,

excep l- in the tai 1s , ancl hence r{ e nì ght expect 'near r-

Optirnality Is:ievers'graph of the ratjo of tilc rate of the
nrl-e to the optimal rate i s alnrost constant at one] .

IIence in order to nake ¿Ìny nìeaningful couìl)arisons,

especially rvhen e is sna1l, \re .sl-roulcl ex¿rmi¡e tþc 'l'¿ylor

scri.es exp¿rnsiotrs, which rve can obt¿Lin fronr ì,eurn¿r '2.3 ancl

1'lteo'erns 2.2..trrd 2.3, rvltich givc [_he f.ollorr,ilrg; scr.i.es:
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ll(0,e) t'/6 e" 7360

(o,e)

¿

+

e6 /:-5r-20 t-

+

+-

o (eu ) , (3 .44)

I)
T

t:2 /6 t" lfBe e6 ¡zazs o(eu),(3.45)

b(ô,0,e) t:2 /6 e" 7rBo+3l.e6 /tl34oo o (e') . (3 . 46)

'fhe exp¿liìsion-s for the Bahadur boutrd ¿rnd the optirnal

transl¿Ltion invariant rate can also be obt-aineci by

di rect expans i.on of (3 .40 ) and (3 . 43) . Hence , f rorn

tl"re above, \\,re have tlie strict inecluzll .Lty for e rÌear 0,

b(0,0,e) < b_(0,e) < B(0,e). (3.47)
I

Thr,is the ml.e is seconcl- orcler e f f, ici ent b ut not thircl-

order ef f i cient si.nce it is dominated by the pre in

the sixth-'clegree term. A1so, tl-re pre is optinal arnong

the cl.ass of translation inrra.riant estinators coilsistent

for 0, btrt it rl¿Ly not be oÌ)tinal among the cl.¿rss of

all consistent estinators slncc its late cloes I'rot

attai n the Bahadur b ouncl . Indeerl, .trom the s econcl-- orcle r

efficiency of the llle and Dre, jt rvoulcl fol.lor^¡ tl"iat

there can be no estjnator- sequeuce rvhich lví11 attain the

b ound since the ['ourt]r- degree term can b e no snaller

than that o f- the mle ancl pre, and hence the Bah¿rclur b ouncl

is too large in this c¿rse. Thus the pr:obability ratio
estinators nery b e optinal for thc class of a1l cons.lstent

estinators as hre h¿lvc not been able to f incl any estin¿rtor-

sequerìce rvitl'r a lalgcr exJ)otÌent.i¿rl ratc.
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'l'he

an cl

r'¿lte cocff:icienl:s Ior tlie logistic clistr.ibution

its sc¿L1e clu¿r1 zirc g.ir,'en i.n 'f al¡1e 3.1 fol lowin¡¡.

Janrnå:l-:- 3e !"-"-",ç9-e.f { i e i "lj- 1

Co- efficient

Logistic

Sr:aIc Dual

L/s

r/s

0.*

3/s

27/17s

lt1r7 / 17 |)

-ts/3s
s2/ss

?,2_

Y(r) o V
r3

0

5

Here the I;isher inforrn¿rtion nunrbcr is I(0) :

the logistic is syllìrnetr.ic, the coefficient

det.inecl and js thus giveir a va.Lue of 0 (n').

7/3. Since

rSU i s not

In th.i s case , r{e also clecicleci to coìnpute tl're

exponentiet 1 r¿rtes ¿rnd the llahadrir bounil clirectl.y fronr

the dcfinLtions b,v ûunìerical intcgratìon ¿Lncl optiniza-

ti,on, as is done for the nrixtule of Nornal.s in Chaptcr

Iìour. 'flle computer prograns ,i-n b(t.2 r^rer.e nod.il'ied l.or

the logistic distribution ¿inc1 sirnpl.ifiecl sonrervhat (duc

to the symnetry) . llc thcrr nLune ri ca11y cornputcd tlie

rates for a v:r.riety of val.ues of c ancl proclucecl the

graph in i;ì gure 3.2. I\'e also conrlruted the Bah¿rclur

llj vcrgence Irunct ion o f: dcgrc e 2 r3 r4, ,5 , ¿rnc1 b , for the

pre, m1e, ancl the nIe re1¿rt ive to tlic l)re, r,vh ich is

in tliis case optim:Ll for the class oI tlansl.at.ior-r

jnvariant consistenI estinato]:s, hcnce rvc labc[ "¡4¡/T".
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The D.i ve rgence lìunct i oirs arc g laphed in Irigures 3 . 3

tlrrough 3.7, 1ìor c¿rch ¡¡raph a logaljthnrlc spacing

is nsecl for e.Ln orcler to sprert-c1 out thc grillrhs and

bring out detail. Figure 3.3 has tire Divergence

Functi.ons of clegrea 2, rr'hich shorvs that all three

graphs tend to zero as e tencls to zero, wh ich i s

charactelistic of al1 f irst-order ef f icíent estim¿ttors.

Also h¡e note tl-rat the nle h¿rs a ntuch higher graph than

the pre, lvhjch ivoul.cl inclicate th¿rt the llre appcars to

be nrore ef Fic j cnt, e sÌ)ecì a1.1y f or e. in the r¿ìnge of

about 1 to 100. The Diverg,ence tìunctions o.f- clegrec 3

(Figure 3.4) have sirnjl¿rr granhs except tl"r¿rt the

differcnce betlveen the rnle ancl pre is lcss pronounced.

This j s to be e,Kpectccl since for the synnrctri c 1ogistic,

the oc1cl-dcgrcc tcrurs jn aììy exÌlansion rvi11 vanish, ¿ind

hcncc play no rol.c in cletcrnrLning e1ìf icj-encies. Since

both the nilc and pre arc seconcl- order e f f i ci ent , the ir'

l ourth- clcg rec D j vcrgence l;unct ions shor-r1d tencl to ¿l

collstant rralLrc, D4 = r2(0)littl = 0.002778, rvhich can

be seen j-n Figure 3.5. In this case, tìrc clivcr'¡1crìce

furrct ion o f the rnte rel.at ivo to the pre tcttcls to zcro

as e tends to zero, which inclic¿rtcs tha.t the rttlc Ìr¿rs

fourth- clegree contact in r:xDonent i¿ 1 T¿rte , near zero ,

rvlth the class of tr¿Lnslation invariant consi.slcnt

estir.'r¿rtors f or 0.
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.I'he I)ivcrgence funct,i,ons of clegr-ce 5 in Irigure 5.6,

are sirnilar Lrut r,r'ith thc graphs [or t.ltc rnle aild pre

rlow tencling to *, as lvoulcl be expected f rom (1.37) .

IIere r,üe see that the rnle also h¿rs fi f't1ì dogree

contact lvith T. I{owever in Figure 3.'/, we see that

the nle i s c1i.,'ergent Ltt clcgree 6 f lont the c.l ¿rs s of

translation i.nvariant consjstent est Lnators, r,vhere

D.(ML/T) = rs (0)v$/tz = 7.g3ó5(10)-. rn this \r¿ry
t)

it is felt that the ntle wou1d be at. Ie¿lst t]-rird-orcler

efficient arnoung the class oI transiatjon iirv¿rri¿rnt

cons j stent est imato rs of 0 ( in thi s Lnstance) , altlior-rgh

possibty not antollg a.l I estiln¿rtors. As hre stated, third

orcler efficiency is as yet uncleIined, al.though tve

infer th¿rt arìy dcfinition consi-stent rvith 1ì¿lo (1961)

should sortehorv rc1¿tte to tlre Bah¿rclttr Divergellce oF

dcgrce 6, just ¿ìs the fjlst- and scconcl-ot'der e1-.fjc:ien-

cies rclate to thc Bahaclur Divcr-gencc o f- clegrees 2

and 4 respectively. Âgaitr, the otid-clegree l)ivergclìce

Irunctions ¿rre ciiscountcd as thcy lvi1L tencl to l¡e .largely

inf lucnce d by the skei^'ncss o f, the underlying distribu-

tion, ;Lnd :rre tl-rus o[' l itt1e Llse in cletcrmin jng the

r:e1ative ef f iciencies.
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3.4 0ther lìegr,r1ar Distr ibtLt i.ons

3.4 ,T G'cner¿rl l]xponcntia L F:rnri 1y

Cons.ider the gencral e xponent j a1 l.am.i 1y of
(3.2), for lvhich I(0)=sp2' and J(0)=-.spt:-pI(0).
I{ere, p js a pure -sc¿i1c paranreter and g is ¿t pure

shape pa.Tanìeter. Ilowever, the nor:na1 .i zed coef f iciel-rt

.å="t (o) /Tt {o)=1rn is a pure sher¡re rìteasure :;ince it
depends only on q. Indeeci, tlie coeff icient of skeiv-

rÌess for this poirulat-.ion is ß,(0;=,1,rC ø)/i¡tr(s), H'hjch

tcrrds to I/rI=øå u= q ltccomes largc (where rf (x) j.s the

diganrrna functjoir: rl(x) =à/òx log f (x)).

3.4 .2 tlyper-bo1j c Secant Di stribr,rt j on

To n¿Lke use of the I-oc¿lt jon-Sc.a1e Duerl.i ty

to find suitably -sltrooth regulär c1istr,ibutiot"rs, \ve

triccl thc l{ypcrbolic Secant Djstributi.on, r\rl'rere

h(t) : u-4't sech \t / loq 4, (3.48)

ancl hence, r\re get the regul,ar clistlibution
v- fl

r(xlo) exp (x-0-e )/x-0 _^
tog 2.[1+e u

l (3.4e )

as grapliecl in Irigurc 3. B. The exponential rates can

not b e conputcd clilectly i n thi s case , but 1-hcy caTì

be cv¿rluated 'Fclr vari<lus c by nunìelic¿,11 jntc¡1r¡ltion.

Ilorvevcr, the clif{erenccs ltctrveen lhe r:ates apDc¡tt'to

be i'ro ,lalgcr t'.halt thc intcglation bi:rs, ¿rncl so, thc
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rates are a.Lnost all
are alnost opt intzLl ) .

clue to tl-rc extreniely

where

the sanÌe (i.e. the nrlc ancl pre

'Ihi s tleat'- opt imal ity .is tna inl y

sma.1.L stati stical curv¿rtLtl'e

y6= {- 6rc 1rc2 .l'trK r K ¡ - 1 2"1(* r r 1 ) - 3*?-) / t2,K?

- .009228601,

*j=i!uX(itr)/Log 2, ancl t}(t) is related

(3.s0)

t-o the

AbranolitzRe ima nn

q Stegun

is given

is I(0)
ancl s o oJ

Zeta Function [sce pages 807- 811 of
(19 64 ) ] . Conrputation of the Fisher nonents

in Appendix 6 .1 . IJere the F j s1'rer i nfornation
: K1 = 1.186569f1 ¿rnd J(0) = \<z = 1.3006511
2 = 4.050443L.
TJ

I{e also generated 1000 sarnples o.F various sizes

in order to cstint¿rte the rates of the nrle and pre.
Again, the t\,\ro rates \^/ere alnost iclentical in every

câse, ancl a pLot of this colnmon v¿llue of the rate of
the mle altd pre , suitably normalized by the value of e ,

is given in Figure 3.9. As can be scen, very large

-saniple sizes are required b efore the rates are lv itl-rin

range of thej r 'theoreticalt 1jni ts.

As direct conputation of the exponentiar rates
js not possib1e and the nunerical irìtegration and the

It{onte carLo stucly suggest tliat tire rates are a.11 neally
equaJ , clue to the extrenel lz sn¿r11 st¿rt ist. j cal curv..rtu¡c,
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then thi s leaves us rv ith only the

to 1nvest.igate the relationships
In appendix ó.1.4 we compute the

g,iven j n the f o l.1ow ing t al¡ 1e :

Tnnr r 3,3 Fisl"rer ntomeuts of the

Llyperbolic Secant l)istriltution

ne tho ds

b c-tlve en

Fi shel

of 52.2-92.4

the r¿rte s .

nìorrìent-.s ¿t.s

Ur- o o

U¡oo

Ul r.o

U+ o o

Uz I o

l.ll o r

Uo z o

= Kt = 1.18657

- -K2 - -2.60130

- -\Kz = -J..30065

(3<z+2r<s)/2 =

( trr+2rc: )/3 =

Kt = 1.18657

12.09963 Ur z o

B .06642 Uo r r

( 1.0rc3 +3<,* ) /g = 6O.9Br+93

( 10rc3+3rcu ) /+ = r+S.73870

(12<rtC<¡+K+ ) i6 = L9 .01O11

( -srcrr-6K3*2Kr, ) /g = 36.23361

( -3rcr_'16rc3+2K4 ) /O = 18.116E0

( 15<z -<+) /o = O.89337

( -3rc tr 3F:2+2K3 )/3

Usoo

I.lslo

Uzol

Uiool=

6.87983

Then lve obtair-r the fi Fth orcler r¿Lte coefficient,

ôo -(0rcirc, + 2K3 1-K,,)/6KtK2 -3.09841, (3.51)

9"
(j)

0
and. t.he Bahaclur bound coef,{,jci.ents, t_Lb.

J-

(A)

(B)

(c)

(D)

b2

bs

b+

b5

Uz_oo = Kr = 1.18657,

-2Usoo+3Ulro = \Kz_ = 1.30005,

6Ur,es-12uz.t0+-Il.Uror+3Uoz_o = Kr = 1. 1_8657,

-2tt¡5s s t-60U: r o-20U26 1 -30p1 2 0+1_OUo i r+SUi o o r

-(tS<, -- Kq)/(' = -0.89337.

(3.s2)
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'i'hen since b3 is positive, thc 'nr.injmunis' in the rate
expres:_;i.orts occuï flor -e, hence,

B(0,e) 0 . 59 32Be2 - o . 21 c)l flt 3 r-0 . OLlgrl4 e'* r-0 . o07 r+rl r s I o ( e 
s 

)

b (õ, o,c) = 0.59328e?--O.2U)78e3+0.orr7B2e ar-0.oo7Llrlrs+o(e s)

(3.s3)

(3.s4)

b(o,o,c)

Ilence we have, strictly,

B(0,e) b(õ,9,e) b1o,o,e¡

0.59328e 2' -0.216'/Bc3+0.0rr782e u-0.39104e sr o(e s ) ( 3 . 5 5 )

(5.s6)

Iìor a nunìer.i ca1 comparison, Tab 1e 3.4 gives the values
of the rates, as computccl by these e xtl¿rnsions, for
serected (sma11) val.ues of c, lvitir sorne indicati.on of
the ordcr of the accur¿tcy.

Tnnr r i Ttr Numerical Comparison of Ììates

(o.e11 b(o,o,e) b(0,0,e) Error
0.50

0 .20

0.10

0.05

0 .02

0.0i

r.24s4s (1or'

2.20784(lo)'

s.72104(1or'

1.4s641(10r'

2.3ssB6 (t 0ru

s.9Lrr7(10)-u

L.24444(10)-'

2.207 ss (10)-'

s.720BB(ro)-3

1.4s640(10)-'

2.sssBs(10)-'*

s.91t17(10)-'

I .11991(10)-1

2.rs483(10)-'z

s.7 t6Be (r 0)-'

1.4s628(10)-'

2.3ssB4 (10)-u

s.91tL7(10)-'

10 '

10

l0 "

10-7

l0
. ^- 11
-LU
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3.4 .3 One paramel-er Normal

Consider ttre Norllral

deviation -is some polver o1-

r(0) k1/0 k2/292,

f¿rnil),luhere t¡e Stanclard

tlre ilìcan: ñ (0 ,0k) , wher.e

9"=*4Log( 2rr0k ) -x2 / z0k +x/ ok- I -, / ot<- 
2 

. (3.1;71

Tlien, this cli strib ut ion .is in tlie exponent ial family
orrly when J<=0 (location, syntnìctric) o1' k=1- (scale).

Iror other values of k the distributi-on is not o.t the

exponential family and 0 is nei.tl'Ler a pure loc¿rtion

rÌor ¿l pure scale parameter. Then

J- (3.s8)

(3. se )

(3.ó0)

r(0) -2k/ot<+L - k2 (r+t) /203,

k2 (tr-L)2' /l zt3 (g) gki 4l.
aitc1,

Y20

IIcnce, :rs expectecl yå=O only tor tlie û,¡o exponential

fanr j Iy menrb ers, whe n k=O ,1. lVc also ltote tl-rat J (0)-6

onl y for thc symlnetri c location f anti 1y (;<=o) , rvhi.l e

ilor: k=1t tlte exponentierl sc¿.r1e faliily nternber, h/e

get J(0) : -2I(0)/0. T'he multiplier '2t likc1y ari.ses

from the fact that the scal e o:f x is in quaclratic turits
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'fhe cxponer^Ltiarl scale distril¡ut.ion, lV(0,0), js not

scaLe invarieLnt,

t
lzrro

and iras location clua1, for z = l_og x ancl U

h(xlo)

wlij.cli, holvever js not

a locat i on il,ual rvhi ch

_ 1 ^-x2 / zg, t-x/o-1<
/z:n o e 

'

(3.61)

'<Log o ,

(-<.1r4'1

v3 ¡a

h(xle)

s(vlu)

e(zlP¡
t

fi; e"vr (z-u) -'<(r¿z-u-"u ¡ z 1, (3.62)

lvhich -is not trans,Lation invari¿lnt. i{ere, I(U)
: e2u +'4 = -.1(u) and r,l2: L/T(u). All of the r¿lte

coefficients, for both 0 and U, are zero Êor this ltotl-

regular distribut,ion. 'rve nright also cx¿rnr,i.r-le thc scale

invariirnt di st ribut ion f or k=2 > N (0 , 0, ) ,

[3.63)

exponential fanrily, but cloes have

is a reguLar clistrlbtrti.on,

I
ffi expt (y-v)->,( .Y-ìi_l- ) 2 l

l'he rate coef f ic j.ents for thi s regul err clis;t.l:ibution

arrd its scale dual (3.63) are give Ln the t.abl<l bel orv.

T¡pt r 1 5: Il¿Lte Coef f icient-s

Coefficient
0 (Sca Le)

U (l,ocat- ion)

2 2
ô(Il

LC0 / 27

4s/27

2/27

2/ 27

'2/ts

2/2'L

64 /27

20 /27

-40/729

.-e4/72e
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CHAPTER FOUR

Ir XAIPLI:IS tlNDliR NON- I{EGIJLAR DIST1ìIBUTIONS

4 .1 þ1i xtures of Norna.l.s

In our search for distrib r-rti ons rvhi ch a.Te

suf f icieirtly 'smootht , b ut rvliich are non- e xponential

ancl not synìluetric, \\,re c'lec.ic1ecl on Normal ntìxtures.

Unfortunately, it seelns that all such lnixtules rvi11

satl.sfy all of the regul ar:Í ty condit j ons except Ilì51 ,

wlrich is ncecled only f_or the rate of thc n1e. As it
turns out, the ïate of the nle cannot b c ob taincd fr-onr

Lemna ?..4, rvhichlve show in 54.1 .2.

4.1. 1 Syrnnretry ab out 0

Consicler the nrixtlrre of the trvo

comrnon nean 0, but l^,, j th sc¿l 1c o ancl 16

Nornals wíth

Tesllcctive.llr,

ø(xlo¡
h(xlo)

^/( 
0,

ñ( 0 ,

(4.1)

(4.2)

2_

2,

o

Õ
2.t:

andrvLth nixl-ure coeffjcient p, r{e have I\,INp(0, r),

r(xlo) p)h(xlo).pe(xlo) + (t.

'I'hen, i li rnr e denote tlie naxintuin

o F 0 r.v ith respect to g, h ancl f
ïespcct ivcly; then, ive h¿rt¡c, irr

likelihood estimators

¿ls and 0(=000
g h

th j s case,
f
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FIence, tl-ie noment- generating function for i
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(,1 .3)

(.4 .4)

(4 .6)

n
X

ns

I'hen, the nonent-genera,ting function of X j.s,

(r) pe
g¿1t.o2 t2 at+-t<r2- az t2tn P)eX

1S

m¡(t) [o.o 
t:/n1'Õ2 t' /2n' .- ( r- pr*0 t/nt-r? Õ' t' /zn'ln

n (4.s)

uÏo(?lou (t-p)n-ke0t+[t r(n-k )'2 )o't'/2n'

Ancl so the distribution of the n1e js Normal nixture,

nulo, Ï,ou ( 1 - pl"-ulr 
Io'

Pr,:pr | ô - e l- u ):ruÏ., l, nu (,-p )n *r 
I

r+(n-k)12 2

Thtrs, r^/c can ob tain the tai I prob ab il ity clircc Lry ,

-ne
,/l<+ (n-k) r2 o (4.7)

'tVe have apptiecl (4.7) clirectly to apl)ïoximat.e

tlie exponential ratc of the n1e by conrput-ing -1log er,

for fr:2.,rt,8,16,...,,etc. until rve obtain a convergent

sequence. No appïoxinations rvcre rnacle to (4.7), ivith
the Normal tails coinputecl by a partial fraction mctliod

I see lveiss (1981)]. A1so, as these seqllerces rvere

converging f.rom above, ã lor\rer 'bounclr for the rate
hras obtairied by <;xtrapolating the ciiJ-fercnccs by a

geometri c seri.es, rvh j ch gavc ¿ì ner,\i sequcr'ìce 1\rliich

cot'ì.verges frolr be1ow, zlncl givcs soilìe icle¿r of l)r"cc.i sio¡.
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'fhe conputer progl'allì is given iir appcnclix 6.2. As

¿l nulnerical exanrp.[e, co]Ìsic1e Ï p:, ancl r:2, rvhicl-r is
glaLphed in Figr-rr:e 4.L. Iror e:\, tor exarnple, tlie
convergent sequence, obt.ainecl by succcssivc cloubling

o:fl n is given b elorv in Tab 1e 4.1. IVe rv il1 clenote

tire 'estimatet o f the exponenti:Lr rate of the m1e

Tanr p U l: Ilxponcntial Rat.es of Convergence

Ât

¿ls b- (O) = -a log I , ancl the ge onetric extrapolationn^'
by b,t(0).'n

n P

6.281s4(10)-'

s.132ss(lo)-'

3.64g37(10)-r

2,04146(10)-'

. 232 485

.I6(t7 45

. 12600 4

.099 308

. OB I478

.069 626

.0ólBBs

.0s69 56

.053903

.0s2064

.0s09 B1

.0505s7

.050003

.049 B0ó

.049 69 6

.0 49 636

b

.059602

.048568

.04s628

.046r22

.047313

.048311

.0489 39

.049274

.04945s

.049 508

.049 540

.049554

.049 560

.049 5(r3

b '* (0)n-- --- -
(0)

n---n
aL

4

B

16

JL

64

T2B

256

572

1024

z04B

4096

BLg'¿

16384

327 68

65536

7.37330(10)-'

1.160S1(10)"'

3.62e31(10)

4.6s276(r0)

-4

-7

-ti1.03512(10)
-24

7 .02078 (10)
_46

4 . s2zr2 (10)
-q02.(t3421(10)
^.1 78r.zse 10 (10)
_?55

4.î16,107(10)
, -t}Bs.9 7e 0o ( l-0)

_.ltrl3l.B2e32(10)
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IVc se e that b,-, (0) seenls to b e converging to
sonìe v¿r.lrre bet-rvcen 0.049563 ¿rnc1 0.0496s6. I1ence the

exponcnt ia1 rate f or the n1e is approxirnately 0.049 ó,

comp¿rrecl lvjth a value of 0.0s7233 for the jl¿rha.dur

bound and 0.056623 for tlie prob.rbility ratio estinrator,

Both va-l,ues have b een ob ta.ined tl-rrough nurnerical

irrtegrat ion of the rates as given b y (2 ,421 a.ncl

Theorem z .1 (cornputer: progran f or this also gi ven in
Appenrlix 6.2). A sumrìaïy tab le of the rates {'or

se1ec1-cc1 va1.ues of e is given below jn Table 4.2,
¿rnc1 pl ottecl in Fi gure 4 . Z .

Con ¿rri-son of Iìates J-or MN

0) b( 0,0,r:) R (0

(0,2)

e b x(
¡ì-

(0)n--- lr 0, e) b ( ,e)
0.1

0.2

0.5

1.0

2.4

3.0

4.0

5.0

10.

.002(r708 .0018(r09 .002

.0089(r55 .0078254 .008

.049 63ó .049 s65 .049 6

.19382I .193665 .1937

.7 2437 B .7 23205 .7 23

1.51370 1.51334 I.513¿+

2.52304 2.52267 2.5227

3.73898 3.73762 3.738

15.19453 13.19304 13.193

.002306 .002307

.009202 .0092tB

.0s6625 .057233

.21s247 .223677

.750053 .82271.7

1.52199 1.6s945

2.52603 2.66282

3.7 4727 s.84726

13. r9307 13.2s945
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lVe note tll¿¡t for largc val,ues oI e, the

ratc of l-he nrl,e ancl pì:e are closel to e¿¿ch other tlian
to the B¡rhaclur bound. T'h.i s is .l ikcry bec{}use botrr

est inatols arc second.- orcler ef f icient and not roptimalt

(in the scnse that they do not attain the Bahadtir b ounci)

0n tl-re other hancl, for sm¿rl1 val ues of e , the rate of
the irre ,L.s closer. to the Ilahadur b ouncl tha.n to the rate
of thc rn1e, rvhich r^iould seenì to .indicate thal- tl-rc nrle

is not opt.inaJ rvith jn the cl ass of translation inr¡ariant
esti.rnators (for rvhi ch thc pre is optinal) .

4.L.2 Non- synunetry

Now let Lls corìs idel a mixture in rvhich the mearì

of the seconcl c1.i stributjon is shi fted. by a clistanc"- à,

v(xlo¡
h(xl0)

= N(0 ,

= ñ( 0+a,

2

2_

o

o2-r
(4.8)

and so the nixl-ure, whjch we denote MN (u, r) .is

Ot-rce agail, rve will

r(xlo) ps(xlo) + (r

p

p)h(xlo).

clenote the mlef s of

respectivcly, rvliere

(4.e)

g, h ancl f-

in this casect -') 0 e
11g

^^ancl 0 (:0 f

ôn:'i = Ii x./n, (4.10)

(4 .11)



and,

l<+ (n-k) r2

Pctge 1 05.

(4 .r2)

(4.13)

(4 .r4)

(4.1s)

0 on0,

Let us consicler the unbiased sarnple rne¿ln estinator,

O,I

I

I (1- ,)" '

Then, since tlre n1e fron each Nornal is rela.ted to
the sample mean, the n1e for thís nixture should,

at least, b e asytnptotical ly equivalent, that is

g:t0
rJ*+0

SO

of

that, proc.eeding

0'* ancl hence o f
n

ô,

in 94.,1 .1, tlie distribution
is approxírnatcly

AS

0

0_
I

n

e ,n.
/ (- )l)

k=0 ^
u ( r-p )n-ot [, 

r (p-&)o,
2

2-

Thus , tr^/e can use (4.15) to conpute the exponenti al
rate of the mle, as b efore. As a nuneïical example,

the mixtule with p=-Lz, a:2 ¡ and r:2 , w hicþ is granhecl

in Figure 4.2, has the exponential rates as given ln

Talr ie 4.3, rvhich fo11o1^/s.
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e

IggLl4,-3'..,-!ru.eleri"1 Rates f or ¡¡N \(2 ' 2)

b (0,0,e) b(0,0, c) B(0, e) Lemrna Z .4

0.1 .0015'i: .0020553 .0020564 .0020533

0.2 .006x 0081082 .0081260 .0081092

0.5 .034 .048l3s .04879 B .048207

1.0 .r29 .1718s .18080 .77s22

2.0 .476 . s318l .6072s .53861

3.0 1.014 L.02068 1 .16307 .9 8006

r0.0 10.818 10.81901 10.87824 9.4s403

(*' Very a¡rproxintate, convergence is very slow)

The last column of Tab1e 4.3 is the value of the

exponential rate For t.he nr.1e as given b1' tlie Bahaclur-

Chernof f Theorem in Lemna 2.4. IVe note th¿lt these

values are quite djfferent fron tlie l.ates corlputeo

by (4.1.5), and tllat for e<3, they excced t.he ratc of

of th'e pre" Sinril¿rr results were obt¿rinecl under

syilìmetTy, rvhen t$te pr-e i s o1:tima1. for: the cl.¿tss of

transl¿rtion invarianL esti.lrtat-or-s to wlii"ch t.hoy both

b e1ong.' I'lence LentnÈa 2.4 rloes not appear: to ho1cl.

, Note also that the rate of the mle as cornputecl

froin (4.15) by sunping terms, may be subject to gr:eater

error rvhen thc probabilities are snra11, rr¡hich together

with thc fact that thc convergence is ver)' slow for

snialf. ,, makes the table entrics 61ô,n,o¡ very apÐro-

xirn¿rte jncleecl (anc1 not real1y conn)¿rraìr.l c rr'jth the othcr

colunurs, for snall c).



4 . 2 Doub lc Iìx¡tonentier.l l_li:;tribut i on

'llhe Doub 1e [ixponenti ¿l] D j s trib ut,i.on,

- æ<v<@

-,p(0(æ¡

F'ctgø 1 0I ,

(4.16)

(4 .17 )

(4.18)

(4.le )

r(xlo) 4e

b(o,o,e)

-lx 0t

cloes not satis [y all of t]re regularity cond itions
of Chapter 2, and, i n pzlrticular, the mle is not

the uniclne soÌtrtjon of thc likelihoocl eciuati.olt.
^Thc nrlc, 0r.,:j tnzd{xr., x2,..., *rr}, has exponential

r¿rte, deternine.l by Bahaclur (Ig7l, lìxaniple 6.1),

-t4 1og e 
-, (, êì

-Ioq( t I û).

The Bahaclur bound .is easily cletermineci ¿rnd well kno\r,n,

-ôB(0,e) ê +e 7

T'ire clistribr-rtion is sr-ritabry snrooth so that 'fheorenr

2.1 rv Ll1 stil,L ho1cl, so that the exponential rate of
the probab-i f.ity ratio esti.rnator, lvhich is also the

opti rnal rate for the cl ass of trans.L¿rtion j-nvariarrt

cstinators, consistent for 0, is gLven by f'heoren Z.L

as obtained by Sjevers (1978),

b, (o,c) b1õ,0,e¡

lly synrnetry, aI.l o ll thc Fri shcr tnoncnt of odcl order

¿rre zero, but since IC1] to IC4] lail to ho1ci, the
'J'ay1oi: scrics cxJ)lnsions ol- i?,'¿-92.4 ¿1re not valicl.
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LIow eve r ,

e xp a ncle cl

e ach of the ¿rb ove r'¿¡te expressi_ol-ls c-.¿ln b e

clilectly i.nto'faylor selies,

b(o,o,e)

b, (o,e)

B(0,e)

b(0,0,e)

+1-

'f

e2/z!

e2/?-t

¿2 /z!

Ie3 ¡ 3t

2e3/s!

Ie'r ¡t¡t

6t:" ¡ t1 t

13e't /tt!

ct (ea ) , (4 .zo)

o(e47, (4.2r)

o(e'u) (4.22)+¡e3lg! +

(0,e)

'fhelefore, for sma11 e,

t) B(0,e), (4.23)T

as in the case of the logistic clistribution. One

interesting point is th¿rt although the d j strib ution
is syilìnretri c and the odd- order Fisher moments all
vanish, the odcl- degree telns of the ab ove Taylor
series {g- 49j vani sh. T'hi-s ilìeans that for thls
nort-regular clistribut:i-on, the n1e is not second-order

ef ficient, ancl possib ly, the pïe is al so not seconcl-

ordel ef f ic Lent as \.\re do not knorr' rvhat the naxinun

attainablc r¿Ìte r,,¡i11 lte in this case, assunrning agilin
that the liahadur b ound is too large and that there

is no cstimatol:-sequencc \,{hose expor-rential r'ate will
achieve this bound.
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CHAPTER FIVE

CONCLTJS IONS AND ]]XI]ENSIONS

5.1 Stati sti cal. Clrlvature

llfr:on (1975, 1978), M¿Ldscn (1929), Am¿rri (1982ai,

1982b), K¿rss (:1982) ancl otllers liave investÍgatecl trre

geonetry of the statist-ic¿r1 distributj-on:; and clemon-

strated the re1a1-ionship of statistical curvaturc to
the nathcnatical curvature. Efron (lg7s) and r{adsen

(1979) have shor,vn that the exponential farnìly is
s tat j stically '1inc¿rr' ancl has curvaturê zcro, yf, - 0.

Cor-rsequently \â mcasures the exterlt to rvh.ich score

function dep;rrts f rorl l.inear.i ty, r,vhich is also ¿t

neasure of horv much the underlying clistribution departs

fronr the cxponent.i a1 .[:rmi1y. ljfron (197.5) goes on

to jnfer-th¿rt y'2' also lncrlsLlres the .r-oss jn .inFormation
^ orì the m] e 0, sincc 0 i s oltirnal only for the exponential

farnily. Ilolvever the nle is just one member of a lzrrge

class of estinat.ors for rrrhich thi.s rloss of inl-ornati_onr

is nreasurcd by yå. Indeecl anong al1 'efficient' (by

Fishcr) estimators, the dc Finition by Rao (196r) of -*econcl-

orcler cfficiency (rvhich led to the clefinition of vlj)
v/as satis.[ied by a large c1¿rss of estjnat.ors rv]rich inclncles

the n1e, ¿lnd in the c¿rse of tr¿Lns1¿ltion .inv¿r.r'iancc, the

pre âs tr,rell. Ilorvcver, ¿lttr-ibrrtcs such ¿ìs '1oss of-
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inforln¿ltì-oiì t,' clcparture fron exponenti¿r11i ty' or
t,ef.f iciency' cannot b e a<1ecluate1y ch¿l r¿rcteri zc:d L'ty

a singlo nìcasul:e. Thus, y3 is orrly thc f irst oI a

scquence of such nìeasLlres. lVe l'¡ j 11 wish to clefitre

othe r -such rneasures, titeasures lvhj ch will rel.ate to
the higher orcler eff.i cicnces. lVith this consiclet'ation

in mincì , rve cie fi ne d the Ìri ghe r orde r rate coeffi cients ,

ô0, Àð, ancl vj. In partictrlar, Àå rppcars to bc a

kind of thjrd-order extcnsion of the squar:ed curv¿lture .

Let us return to the specific case of translation
j nvariance uncler a regular cl.Lstribution. Both the mle

ancl the pre are seconcl- orde t' ef fi-cient, wh j ch is shorr,rì

by the fact tl-rat their expotìential rates co- incidc ui)

to the .fourth-dcgree terilÌ, i.e. the term .Lnvolvìng yrO.

Ilowever, in general for regular clistributions, the pre

but not the inle clomj-nates atrcl niny be opti,lnal for the

c1as.s of translation :i.nvariant estinators of which both

are mernl)ers. ]'hi s is clenonstrate c1 in the case of the

Logistic cli stribution ancl thc Ilyllcrbol lc Secant c1i stributj on

(and nLlrìerical1.y for the Nornal lnixturcs ) in that

b(õ,0,e) b(o,o,e ), (s.1)

strictly. 1'his suggests tl-r¿rt the prominant place

accordecl to the nle rnary be unjusti f iccl. It Ls optirnal for



Pa.ge- 112.

exponential fami1y, but only for tlie exponer-rtial

furnily. Â1so, thc rnlc has lrccn singrerl out lly Rao

(19ó1, etc) and otliers, by showing that the nrle

has a favored place anong (first-orclcr) efficient
estim¿rtors in that it has the nini,rnun loss of sample

informati on and is hence , by thi s d.ef init j on, seconcl-

order efficie't. Llolvever, rve have shorvn by (s.1)
that the rnle is not f avoretl anìorìg the seconcl- orcler

cf,fici.ent estimators in that the nle is clearJ.y

clorttinate.l by the pïe in thcse inst¿ìnccs. lncleed, the
T'ay1or serie-s expansions of gz"z-52.4, and i^¡ith the

actual api¡lication i' tl-re case of the Hyperbolic
sccairt clj stribution, demonstrate that if rve d,e:f.ine

thi rd- orcler ef f.iciency j n terins of the exponential
r'¿rtcs of coÌ-rvergcnce, then anong al1 of the -seconci.

o¡der efficient estimators, the rnle cannot be third-
orclcr ctficient. A]so, as the pre has only been shorvn

to be optim¿r1 for the cLa.ss of translation invarLant
estiiltators, ancl since B(0,e ) > b(õ,0,u) , an<l cliffer irr

the fourtÌr- ancl sixth- degre e ternrs, it folloivs that
the pre nay not b e thircl- order ef f icient e it.her . rf
we refer to the Conjecture iJ in Cirapter. .lwo, ¡orvever,
r've d,o bel.ieve that, in thìs case, the Dre is tirirci-
orcler ef l, j c ient, ancl jn f¿rct, o¡.lt jn¿r1 fol al l consi stent
estinators, not just the tr'¿rnslation inv¿lr.iant class
unclcr synìrnct-r. ic distr. ibrrt Lons .
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llence, in thi s one i nstance , rve have shown

the nle to be non- optirnal ¿rnc1 not even thircl- order

ef fic.ient, and we believe that the prc may in this
case b e third- orcler ef f i c.ie nt ancl optimal . On the

other hand, thc m1e is optirnal for the e>lponential

fanrily. In general, it nray be possjbtc that thcre is

no one estin¿rtor which is univer.sally best. rntuitively,
r{e feel that the class of seconcl-older: efficient
est:i.nators is partially olclercd rvith no domjnant

estjnator- sequence.

5.2 Significance of the Rato Coefficients

The special properties of tho statjstical
currratLrrc, y?), iry lvliich it rcnains unaÊfectcd by

tl.arìs.Formation, allow us to inter.pret yå the satnc

\',ay regaÏd1ess of Lhe nature of the paï¿lmeter 0,

\{ncther .i t is a loc:rtiotr Ðal'atneter, a scale par¿rìucrtcr,

shape paraneter, or rvhatever. Indeed, wc have seetì

that y: char¿rcterizcs the cf ticiency of all second-'0

orcler el.f icient estinator-s. i\re woulcl 1il<e to be

able to clefine othet' paramcters lvhich woulcl charac-

terize the iti glter order ef f iciencies as we11. This

may not be as easily accontplisl-red, as is evidence<1

by Lclnnra 3.2 which rclates thc ratc cocf f ìciellts
of Locati.on-scale Dr-ra1s. l'his lenrna sll.qgests that
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any rneasLlre ciraracterìziirg the ef.fjcicnc,rz beyoncl the

seconcl- orcler rniLy clepencl on the nature o.[ tl-re paLilncter
0. This lvoulcl undor,rbtab1y increa-se thc¡ compLexity ol
the situ¿rtion, br-rt slioulcl not really be-too sLrrprisjng,
Basjcally,yâ, bei'g the first'ate Çoefficierlt, is
a kind of tlinea,r:t oï 'steacly- state' conponent of the

e1-f -iciency, fre rrsuri ng the arnotrnt of delrartuïe or
curvature lllon the '1inear.r exponentiar l.arnily for
rvhich yå=0. Goitrg beyond this rline ari.tyt , the
interpret¿:ltjon and signi{,jcance of: the paï¿rmcters \,üe

def ine cou.l d depcnd on the natuïe of 0.

rn chapter 'l\vo rve cie f i'ed seve'a1 pa.anreteïs

rvi th spec.i f ic appl i cation to t.he prob 1em of a trans-
lation inva riant '1oc¿ri ion n¿Lr¿lneteL 0 ol: ¿l r:egular

clistrjbution. 'rhe divergence of t-he rnle from the
pre is cir¿rracterizecl by ôu ancl uf , whjle tlie dlff'erejìce
of the pre trom tl-re Bahaclur bound clcpencls olì yra ancl

À: (scc ]lcl'iniLion z.z). )Jy orlr conjccttire of theu . vv¡r-rL!

optimurl it.y of the pre , and by the clef inition of lìao,

i t appears that y'2' and À.] al-e i n a sense rcol:rections r

to the 1l¿rh¿rc1ur b ound lv]-Li crr ai)pcaïs t_o be too targe.
Rc {.c- r"ing to the de f in j t ion:; (2,36 ) a ncl (Z .Sg ) ,

r(0)

r(o)

2

2

0
v r-4 (o)E

hl
0

h?,
(s.2)
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(s.3)
r_ (0)

r(0)

hrr3no r-6(o)E
0

h?_

l- r-s (0)
2J(0)

r(0)

rl r o r o - lo r r o

It:::tl

¿ts v

Ili00t rì o i o t

lrre see that À; has trrro parts:

1. A cubic generaLiz¿rtion of the quaclra.tic in
y20, rvhich involves only tl-ie f irst trvo cleriv¿rtives of
the 1og- clens i ty function, .Q, = log f (x l O ) "

2. A ?correcti-ont term invoi ving the covariances
lretween the vector oF the f-i.::st tlvo cicr:ì.l.ati\¡cs (¿, 'i),

ãncl thc vector of the next th,o c1e rivatives ¡¿(: I , ø( 4 ) 
)

Juclging by this clcfjnition ¿rnd appl ic¿rt i on ,

rvc rnay gÍve a sjnilar .intcrpretat.i.on

rts
to r3no , .i n that2

0

yâ Ls a ki ncl of qr-raclratic clistance ncasLrïe , whi1" À;

i s cub ic cl Ls tance . rndeec[, b y ou' con iecture , yfi and

Àå are the quadatic ancl cul¡ic correcti.ons to the Bah¿r¿ur

bound corresponding to tlie seconcl- anci thi rci- orcler

efficiencies.

It would ¿r1so

clefined on the nr1e,

horvever we note that
similarit.ie-s to tìrc

that ôu and vj, the paranìeters

j.nterprct:rtion 
,

sorne strikíng
(2.37 ) , the

seem

nay not

thc i r:

havc a-s iv i c1c an

def initions b e¿rr

prevì ous. lìor in-stance,
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clefinition of ô 0'

1
0 J 0)

hl I lr (o)

n, I lr (o)

r (0)

J(0)

hr
ôo E

rlzoo rlior

(s.4)
h3

(s.s)

matrix in

covariances of

øl oï (9", i,"; "

(s.6)

0I

is s jnrila:: [o that of yfi ancl the tirst tern of Àå,

except th¿rt it involves thc iltean of the ci-oss- Ðt:ocluct

lrtel h,l
of I I rvliich is a f.unct ion o f (it, il and a

l.ltol rt, 
I

sini.i1ar cleterminarÌt, in this c¿rse a function of (i, ¿(t))
'flris l< j.nc1 of a cross- procluct i s due to the îact that ôo

(:o1'ïesponcls to the f i fth- clegrcc tcrn in the clif ference

of tire exponential ratcs, rvhcreas yå and. Àå correspond

to even de gre e terns. Ily tl're ¿rl.ternate def ini t ion of
ôr.in terns of tlie cov¿trj_ances of the score function,

ôu
rl

îT6t il¡ri

'i'he

tlle

(e.,

natrix

s econd

ä¡'¡ø,

here

Itto lì orr

) rather than (9",

i s s j mi 1ar to "(t) and the

of À;, but involves theterm

[(3) li; " ¡.ñ.,

¡g(sl, [(u)) . Sjnil arly, in terms of covariances,

fìe- o o rì r r o?_=

fl rto îoz,o
Y r-3(0)

0
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ancl ,

Again, V

1

similar

2

lz o o rì r o r

looz

1V:
U

r-4(0)
0r o r

A

contain-s tr^/o parts:

covaríance natr:ix

the cross-product
tcorrecti ont term

to

+ cr,l? ô ^.UU

o,f- (i , L

matrices

x(9",9"

(.s.7)

J

0

(')

1n

(3)
),

and rl.
U

ôu^r 
2'

I(J'

involv lng ôo

Sini.larjties of definition aside, the-se ter:ms

aïe soner'vhat nore clj f f j cult to i.nterpret ( for gcnerar

clistributions). Ilorv do rve inteïpret their values in
the non-regular case, or even the semi-regular case, as

rvith the nrixtules of Normals, when tlie Taylor expansions

of the rnl.e ¿lre not valid alrcl hcnc" ôu ancl vfr arc in this
case not measures of the divergence of the n1e fron
the pre ? Indeed, as tr^/e v¿lry the parameters of the

Norn¿rl nixtures, rve ¿ìre able to vary ô0 from posit jve

tlirough negative valLres, lvhjle the actuat fjJ.th-clegree
dirter:gence of the m1e relative to the pre renains
positive.

5.3 Conclusions

The ma j or conclus ions to b c clralvn from thi-s

A

j-nyestigation ¿ìrc tlre follorvin.g:
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1.. I'he M¿rxilnum l,iiceli hood Ilstilnator i s seconcl-

orcler efficìent but optimar.t olrly for the exponcntjal
farni1y. .ln the case of tr¿rns1at.i.on i.nvariant rocatjon
parameter of a. regular clistributi.on, the n1e is sìroln

to be not even third-order e[ficient.
2. Iìor tr:anslatiolt j_nvari ant lccation parameter

of a regular clistribution, the Probability Ratio

Est imator rnay be optinal for the class of translation
inv¿rriant estinators, whj ch includes the n1e; and

the pre tnay, -ln fact, be optirnal for the class of a.l..l

con s i stent es timators .

3. Tlie dif feretlces of the exponentÌ a1 rates

depencl on coefficientr y3, ôu, À; and v$, oll rr,hich
À: appears to bc ¿r tliircl-or:c1er extension oF the squarecl

stat.lst ica1 curvatLrre, yâ.

4. For non- exponential Íalnilies, the Il¿ll-radur

b ound appears to b e too laLrge in that it does not

appear possib 1e to coustruct a cons i-s.tent estimator--

secluence whose exponential rate r,v i 11 attain thi s

bound. The rcorrectionsr necessary to make the bound

attainab I e depend on a sequence ol- parameters , rvhich

we bclicvc hegin rvith \â, À3, €ä,....; rvhcrc tlj is
¿Ìs yet undef ineci.
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5.4 lìxtclls ions

'fhcre at'e sti1l. :;olnc aspects oL' ouï' invest-i-
gation that reqtrit'e sonte adcli t j otral prob ing. As

rvel-1., other extensjons to our rvork ¿Ìlîe sLlggested.

TIre follorving list of prob.l ens, ol, var:ying conìr)1exity,

are anong those inspired by thís investigation:
(A) Sinilar stuclies uncler other farnily restricti,ons,

such as scale inv¿rriance.

(B) To prove (or disprove),in gene-ra1 , point lf3

of g 5 . 3 and prove (or di sprove) that À3 is the thircl-
order extension of the s tatisti cal curvature, regarclless

of the naturc of 0.

(C) Further investigate the n¿rture and the

proÞerties of Àå.

(D) Along thc sarne lincs as problen (Â), to
define thjrd-ordcr efficiency ancL its relationship to Àå.

(Ii) Ref er ing to Poi nt ll4 of $ 5 . j , to clef ine {ä

and conduct jnvestlga,tions sinrilar to t-hose proposecl

for Àå above.

(F) To pl-ove (or disprovc) , in genera1., t.l're

assertion in Pojnt ll4 of 55. j, and to obtain the

corrected ulÐer bouncl, Bn(0,e) < R(0,c).
(c) To shorv that BÅ'(0,t:) is ¿rtt¿.rjnalt1e ancl to

construct such an optimal cstiniator- scclLlence.
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(ll) Failing (F) anrl (C), to corìsrruct optimal
estilnator-sequences in restrictccl cases, sr-rch as:

(i) Shorv that B*(0,e) = br(0,e) as

has b een con j ecturecl.

(ii) Obtain b, (o,e) ancl shol that
B*(o,e) = br(o,e) lvhci.e S is the cl.ass of
scal-e invar-iant estirnator:s cons i stent for thc
pure scale paraneter o.

sone of these problems may not be soruble ancl

incleed further investìgation 
^ay make some obsolete

and create nei\r problems, as is often the case rvith
research. Llorveve r, it seerìis appropr.iate to conclr-rcle

this i.nvestigation at thi s point lvith the above list
of possib 1e llurther j.nvesti gations.
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APPEND I CES

6. I Cotnltut¿l-t.ion of Iì j.slicr lnonents

tn thì s 
.appendix we give the clet_ai1s involr¡jng

tl're contpution of the Irishcr rnolncnts of Lhe cli stribut-ions
in Chapter 3: the Logistic cljstributÍ.on, the gcneral

exponential location farnily, the one-p¿rraneter Norma1

distribution, ancl the Flyperbol.ic secant clistributíon.

6.1.1 Logistic Distribution (53.3)

[,et us reparanetri,ze, to tnake ìntegration casier,

g: r'(xlo) = tr -F e (x - o)l-1. (6.1)

T'iren, the cleriv¿rtives, in terilts of g are

and,

from

(A)

(B)

(c)

(D)

(n¡

(lo )

the

the

f (xlO) =-g =-(g' - 9),

f(1) (*lo) - -(2g - r)g:-(2gt-3g2-t-g),

{2) (xlo) = -(6s' - 69 + l)s

= - ( 6g " -L2g' +7 g' -g), 
(6 " ?')

r(3) (*lo) = -(24ss - 36s2 + L g r)ô

r(,r) (x I o) ='r r?o'n r'ï;:.i;;::Ï];,,
= * (L20gn-360gs+390g4-la0g r+ 3Lg2 -g),

f(s) (xl o¡ : -(120gt-rB00g"+r560g' -540g'+ezg-t)g.

integral of a

follow ing:

po 1 ynoni al in g can b e ev¿rluated

1
æ k+1g_

k -t- 1.

1

1

O k+1"I so dtr(xlo) I
0--ó

k
q dq (6. 3)
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The deljvativc ratios arc then,

29 1,

6q2 -6ct +1"r'nn' 

-"ruot 
**' 

,on -l-,
12 0g'* -24093 ¡-15 0g2 +30g-1,

7 20cs - I B 0 0g'* +15 6 0g' -5 40 q?' +62g-L

(6.4)

(A) uzoo

(B) Ìlrroo

Eo(As?*4s+r) = 4/3 - 4/2 + 1 - L/3,

Eu ( r6v u - 3293 -r2 4g2 - Aq+t)

I5/5-32/4+24/Z-g/Zty = r/s,
E 

ø 
(24qu - 4Bg' + 3 4g 2 - 1og+t )

24/s-48/ 41 34/3-L0 /2+r : 2/L5,

E 
o 

(4Bg'* - 9 69' +6 4g 2 - t e g+t)

48/5-96/4+64/3-i6/21-t = -L/l-5,
Eo (3 69'r -729' +48g2 *L2q+t) (6 .5)

36/5-72/4+48/3-L2/2+L = L/s,

E0 (6 4g'-1-92g5 t-240gt-160g 3+60g2 -t.zg+t)

64/7 -L92/ 61 240 /5-L60 /41-60/ 3-L2/2+I = L/7,

E0 (9 6g u - 2 B Bg s -r-35 2q" -22493 +7 Bg 2 -tAg+t)

96/7-2BB/6+352/5-224/ 4+18/3-L4/2+L = 4/35,

E0 (r 92qu -57 6gs+.6BBg" - 4r6q3 +!3292 -zoq+t)

i92/7 -s7 6/6+68 B/5-41.6/ 4 +132/3-20 /21-L = f /35,

(C) uzio:

=

(D) ì.rroi:

=

(E) uozo =

=

(F) uooo:

=

(G) urrro =

(H) l-leo r =

(A)

(R)

(c)

(D)

(E)

U. I

dz

ds

d,*

ds

Ancl So, by sylnnetTy a1l- tl-re odd order nlonents are

zero, thus,
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(r) vzzo = E 
0 

(14Agu *432g s-r-516g"-31-2g 3r-r0 0gr--r6q+1)

= L44/1-432/6.i-SI6/S-3L2/t,a-100/3-T6/2rI = LL/I05,
(J) ur r r = E a(2BBgu -8649 sr-t0cBg u 

-57 69 3r-166 92-22q+i)
= 2BB/7-864/6+LA0B/5-576/4+166/3_22/2+L = B/I05,

(K) uo:o - E oQf 6gu -64Bgs+756gu- 432q3+126g2-LBçJ+1)

= 216/7-648/617s6/5-432/4+1 26/3_rs/2+L = 2/35,
(L) lrooz = Ë 

0 
(5 76gu -:-728gs+J 96Bgu-i05 693+26Bgr-2Bg+1)

= 576/t-r728/6+L96e/5-L056/4+268/3_28/2+I : 23/\05,
(M) uz0or: E 0(4B0gu -L440gs+r 6B0ga _g6093+27 4gr-_34g+1)

= 480/7-L440/6+1680/5-96C/4+27 4/3_34/21_I = _2/2:-,

(N) Ìro ror= E oQ20gu -2L60gs+2 460gq-I3 20gt+336g?--36g+!)

= 720/7-2L60/6+2460/5-1320/4+336/3_36/2+J_ = _L/1,

(o) ur. 00 0 1= E 0(!440gu - 4320gr+ 4920g, -2640gt +6649' _øag+t)

= L440/7-4320/61 4920/5-2640/41_664/3_64/2+L = L/2L.

sirnilarly, for the sc¿rle clual oF the logistic (s.sg),

h-I* r (y lo) oi(o + y) (6.6)

ancl So , c1j :Ff elenti¿rting b y o, rv i th h (Ìt

h'-/o'' -: (h2 2h3)/o,,

6h2)n/o' 2(h2 2:n3)/a3

4h3 ) /o" (6.7)

- 12h,)n/ot 3(6h',* - 4';-3)/c:a

- 24ht)/ou,

]n2-)/o,

(A)

(B)

(c)

r(vlo) =

r(1) (vlo)

r(2) tv lo)

yyz /Õ t

= zn'ñ/ o

: ()h
\ a¡r

= ( 6h4

: (24h3

: (.IBh4

(D) f(3) (vlo)



(E) f(4) (vlo)

(F') r(s) (viel

@ k

r2ohu )rtlou

96hs)/os,

4Boh'* )h/ou

72ch')/ou.
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4 ( tgh4 2A]ns ) / Õs

S( l-ZOfr6 96hs )/o6

(6.8)

(6 .e )

= (7 Zlnt

= ( lZOfru

= ( ZZOhs

= ( oo0rr6

and, again, the integral of any po11'nonnía1 in h can

be cletermined from the follolving:

LLK l<41
/ rr dr (y lo) I

)
0

hdh

Then, the <lerivative r¿rt j os are

h 1
k Kt101

(A)

(B)

(c)

(D)

(tr)

And hence

logistic

(A)

(B)

(c)

(D)

dr

dz =

ds :

d+ =

ds =

(r. - 2ln)/Õ,

(en2 - 4:rI) / o2 ,

(l8h2 - 24h3)/o3,

(120h'* - g6h3)/oa,

(600h4 - 72o]nt)/ou.

the Fisher nom.ents o f the scale clua1 o f the

are as foIlot{s:

l-r200 -

Ugoo:

Ìlrto =

I,r4 0 0 -

=

Eo (r- 4h+4ll2 ) / o', = (L-4/2+4/3) / o2 = L/3o2 ,

Ëo (t-6h+12:n2-Bh3 ) /Õ3 : (L-6/2+r2/3-B/4) /o3 =

En (-4hl-14h2-L2:nt) /ot : (-4/2+L4/3-L2/4) /o3 =

Eo (1-Bh+2 4]rI2 -32h 3+16h") / ou

(L-B/2+24/3-32/4+16/5) /oa : \/5o",

0,
I

o)
J
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(E) uzr0 = Eo(-4]nL +221t2-40h3 4-24lnu) / o'

= (-4/21-22/3-40/44.24/5) / oa - 2/'I5Õ",

(F) uo2o : Eo(16h2-48h3+36hu) /o'

= ( 16 /3- 48 / 4+36 /5) / oa = B /7.5o4 ,

(G) uror = Eo(18h2-60h3+-4Bh') /o'

= (LB/3-60/ 4+48/5) / oa = 3/5o4,

(H) ìrsoo = Eo(1-10h+40h2-80h3+B0hu-32h') /ou

= (L-L\/2+40/3-80/44-BO/5-32/6) /os : 0,

(r) u:io : Eo (-4h+30h2-84h3+104h4-4Bht) /ou

= (-4/2+ZO/3-84/4)-L04/5-48/6) /os = -I/5os,
(,1) þz0r = EÕ(rBh2-96]n3+l6Bhu-96hu) /ou

= (18/3-96/4+L6B/5-96/6) /o5 = -2/5os,
(x) urzo = Eo(16h2-80h3+132h4-l2:ns) /ou

= (L6/3-80/4+132/5-72/6) /o5 = -4/L5os,
(r,) uro0r= Eo(-96h3+3t2h4-240hs)/os (6.10)

: (-96/4+312/5-240/6) /o5 : -B/50s,

(M) u0rl,= Eo(-12h3+204]n4-r4A:ns) /6s

= (-72/4+204/5-144/6) /os = -6/50s,
(N) Lrs0o = EÕ (1-l-2h+60h2-160h 3+240h4-19 2:ns+64:n6) /Õ6

: (L-I2/2+60/3-L6O/4+240/5-192/6+64/7 ) /o6 = L/7o6,

(o) 11,+r 0 = Eo (-4hl-3 Bh2-L44h3t-272h'r -256h s+9 6:n6 ) /Õ6

= (-4/2+38/3-L44/4+272/5-256/6+96/7 ) /o6 = 4/35o6,

(P) Ìr:or = Eo(18h2-t32h3+360h'r-432hs+r92:n6 ) /o6

(\B / 3-L32 / 41-360 / 5- 432/ 6+L9 2 / 7 ) / o 6
3 /7 o6,



Pctgø 126.

(0) þ220 = 5c¡ (16h2-rl2h3t-292h4-336hs+14 4:n6) /Õ6

= (16/3-t-2/ 4+292/5-336/6+I44/7 ) / o6 = 32/).05o6,

(R) ilrrr = Eo(-72h3+34Bhq-552:ns+zBBh6) /o6

= (--72/4t-348/5-552/61-288/7 ) / o6 = 26/35o6,

(s) uoeo = Eo(-64h3+2BBh4-432:n5+21_6h6 ) /ou

: (-641a.',-2SB/S-432/5 1216/7 ) / o6 : L6/35o6,
('r) u0oz = EÕ(324b,)-864h5+-576:nu) /ou

= (324/5-864/6+s76/j) /o6 = L0B/35o6,

(u) uo r o r= Eo (384h4-r056hs+720h6 ) / ou

= ( 384/5-I05 6/6+720/7 ) / o6 = L2B/35o6 ,

(v) Ìrzoor= Eo(-96h3+504h'*-96A]r.s+480h6 ) /o,

= (-96/4+504/5-864/6+480/7) /o6 : 48/35o6 ,

(tv) ur000 r= E Õ(600h4 -l-920hs-tl4 4oh6) / ou

= ( 600/5-L920/6+L440/7) /o6 = 4o/7o6 .

tr\re coulci h¿rve ob tainecl the ab ove results from (s.32) in
Lemnra 3.2, ancl the Iìi sher nonents of the or iginal
distribution (6.5). Note, horvever, that this scale
c1n¿r1 is not transt ¿Ltion lnv¿rri ant ancl hence l,enma z .r
cloes not apply to the ab ove rnoments (6.10) , 'lthougli it
doe s apply to the nonlents of the original tra's1¿rti on

invariant logistic clistribution (6.s). Note also
that the rate cocfficients âs gìven in Table s.l can

bc comptitecl directly from the abovc norncnts (6.1.0), or
b y appl y lng Lemma 3 .2 

"
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6.1..2 Gencr-al lìxponetrtial Fanrily (93.4.I)
Let us reparanìe trtze as t=rner'(**0 ) 

, thcn

t(xlo)

@

@

(A) dr

(B) d2

r(o) = o2E^(t2- u'
= P2lq(qr1)

tk dF(xlo) I to ptqe-t¡r {q) dx

¡f(cr) dt (6.13)

(6.14)

= p-*q ^pq(x-0)-,n"R(x-0) = ,tqu-t7l'(q).
TGJ =

(6.11)

Ancl so cliffentjatìng by 0, rvith i=-pt, ive get

(A) it"lel phtq-r - tq)t "-t/r(q) rc.r2)

(B) r(xlo) : pzl(q+t)tq- qrtÇ-r -tq(t-s) -lË "-L/r(q)
= pstqlt, - (2qrt)t + nzl"-L/r(q).

Then, integrating a polynon:i a1 in L,

I
æ

-æ
æ

=l
0

tk q-I -t-
L e

_ f (q+/<)
I'(s)

Ilence, the clerjvative ratios are

= s(q't-r)(q+2,) - . .(q+k-1).

(t - q)p,

ft:z - (zg+1)t + q')p'

And So, the Fisher i.nf'oïrna.tion is

(6.1s)



Then, tl-ie thi rcl- order Iìislrer nome nts a re

Pctge- 128

2qpt

(6.17)

(6.18 )

(6.16)

(A) u¡oo = ptÉ0 t3-gqL2+gqrt-qt
: p3l q(q rl ) ( s+2 ) - 3 q2 (q+1 ) r 3 qt -qt 7

(B) urr0 = otE0 t3-( 3q+1)L2+q(:q+t)t-s3

Thelrefore, the r scale- infornati_on' is

p3 | q(qt 1) ( q+2 ) - ( s qt I)ø(q+1) + ( c q+!)q2'-q' I = qp3

r(0) Ur r o Uaoo = qp3 ^3lqp -qp

,å = ,J2 (a) /r3 (o) q2p6/qtpu r/s.

The hi gher orcler: Fi siter lnonrents arc not required,
sincc for this underlying exponential Êirnri1y the

otlrer rate coefficients r,¡i11 all be zero.

Norv to obtain the ccefficient of skewness, \i,e

require the central. monrents uz_ ancl Þ: . I'o ob tain these

\ve fjrst fìnd the norììents ¿rbout the locati,on,

J.
EE.

7 0

æ

f ("-o )

-æ

-t- qæ

(x 0)

m

ps(x-0)-te p (x-o ).qaDm^!-ô

l'(q)* d:<

J (iros z)
OTJ

C{m'_ry
I \q )

o-1 -mZ-edz

; ã_4(log z)'zQ-te-mz ð,2

t

p
I
0.f(q)

-í opm"
TlsT

ò
t_

l¡./ \ / Q¡.rL\q)/n1 l.
âq



llence,

A1so,

- 
p-'*Q â_ IGT ¡? (f (ø) /*q )

È(ì

(,l,f sl - l-og,n),

lo9 n)

= it"l /r(x,t

1S

Pttg¡e, I 29

(6 .1e )

(6 .20 )

(6 .21)

logr nr + ilog ^j,)

Ç$rr(q)t^q - r'(,r)/*q ros m)

_1
p (r(s) /r(q)

1.

p

rvhcre rl(x) 1S the digamma function,

p(x)

E2

= * ton i(x)

d._,
dq"

(T(q) /^q)
-2opmrt?t

-20
= ffO ¡riø)/oq-zitq)/*q '1ognr + l(q)/,ra.1og2m)

: o-'(irql /t(q) - zirnltr(s)

: o-rû1,(n) + ,!2(q) 2tþ(q)1og nr + {1og n}'),

ancl so, the popul¿rt j on variance

Uz- Ez -Ei
= ,r(q)/p2. (6 .'22 1
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(6.24)

(6.2s )

(6 .2:\)

r_
93

-3 0p nt'
TG-'

-3 erp m-'

fis)

{

(f(q) /*q)
a3

Ã--3öq

=p

{-*a ,i-rflr"n , nrprosr'r .- #rr"n,,}

Ijd_r(s) :ff4roø ' ,:ffø]rov',, - ,ou tr)

= p-t(,r(q)+ z,þ( s)þ( q)+ú t (s ) - ut.ri,(Eir+:r¡, ( q) llos m

+ 3rf ( q)Iog2 m log 3m).

Then, the third central nonent is

t-r3= 6s- 3EÅz+ 2Et2

I'l-rerefore, the coef f icient of sl<ern¡ness !s

ßr= 'J?/v3 =,Jl'-(s)/trtf nl.

,J,(n) l rt.

Then f ron page 260 o.f Ab rarnorvitz Ç stegura (19 64) ,

Ur(x)

lr(x)

tu 1/x + o(t/x),

tu -r/x2 + o(t/y2),
(6 .26 )

for large x, and So, as g-tu ,

ßr tu (-r/qz)2 :-(1-/q)3 = t/q. (6 .27 )
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o.L .3 Ilyperbolic Secant Distribution (gS.4.Z)

In this casc, to nake thc conrputations oasicr.

Lrs use a cloub I e re- paranie tri.zati.on,

x-0

1et

g=e

and the clerivati ves, rvith r:espect to 0,

h

where c =

r/ G + 
"-9)

x-0

(6.28)

(6 .zs )

(6.30)

(6.31)

0g

Å

-e = -9t
-g/tl + e g¡ 2 = g(h2öu h)

There fo re ,

r{xlo) (x-o)-e
/llog 2. (L + e-e

.-9) = cg (1 h),

e

"gu-s 7 1t +

x-0

cIq(1 -
ct-g(l

)l

L/Log 2 . Then , the cler ivat ive s in 0 ,

(A) r(1) (xlo) h) shl

h) + 92(h h2)_l ,

(B) r(2) (xlo)

(3)(c) f (xlot

cr-g{ (r-h) -2g(h-h2) }+{ s+s2 (t-2h) }h l

ctg (l-h) - 3g' (h-h2-) -gt (h-3h2t-2h, ) I ,

ctg{ (l-h) -6g (h-h') -39'(h-3h2-r-zh3) }

- { (çJ+ 3g' (t-2h) +g' ( l-6h+6hr ) }til

c[-g ( 1-h) -r7g' (h-h2) +6gt (h-3h2J-2h3 )

+g'* (h-7h2+L2l,3-6hu) .1 ,



(D) r('t) 1* ¡ o )

Pctge- 132.

ct -ö{ ( r-rr) -Lls (h-h2 ) -tBs2 th- 3h2

+2h3 ) -ag' (rt- 7:n2 +L2:ns -ohk ) ]

+{ g+7 g' (t-2h) *69t ( t-ofr+Ofr2 )

+gq ( t-14h1-36h2 -z¿rtt ) ]r,l
ct g ( 1-h) -15g2 (h-h2 ) -25g, (rt- 3:n2 +2:n3 ¡

-l0gu (rt- 7:n2 +L2:n3 -6hu ) -gt (rt- l5h2

+50h3-60h4+24hs ) I ,

cr.ô{ (r-h) -30g (h-h, ) -t5g, (h-3hz+zh3 )

-40g 3 (h-7h2r-12h3-6hu ) -sgu (h-15h2,

+50h3-60hq+24trs ) Ì [g+t Sg, (t-2h)

+25cs 3 (1-Orr+orr2 ¡+10g" (l-t4h-r-36:ri2

-24:n3 ) +gt ( t-30h+150h2 - 240:n3 +r2ot-,u ) Ìtil
c[-g (f-h) +-3Iq2 (h-fr'-) +90g, (h-3h2+2h3)

+65gu (ft-7h?--t-L2h3 -6h'* )+l5gt (f,-l5ht
r-50h 3-60h4 +2Ahs ) -r-go (ft-3lh2+IB0h 3

-390h'*-3e ons ) I

(E) r(s) (xlo)

And hence tlie cler ivat ive rat i o s aïe

-tl sh] ,

t] 3gh - g'h * 2g2h2) ,

-t 1-7gh-6g2h+LZgrh, -g3h+6g 3h2, -69 rh r l,( 6 . 32)

t l- 15gh- 25g, h+5 0g 2:rl2 -10g t h+6 0g 3 h 2 - 6 0g 3 h s

-g'*h*L4g' h2-36g'th 3-t-2Aguhu I ,

- t 1 - 3lgh- 90g'h+l B 0g t h , - 65rJ 3 h+ 3 9 0g , h 2 -t 390g , h t

* I 5 g q 
h-t- 2 I 0 g't h 2- - 5 4 0 g " h 3 r- 3 6 0 g " h'* - g t h-r- 3 o g s lì 2

* 15 0g 5 h3 t-2 4ogth',*- l2 0g s h 5 
.l

(A)

(B)

(c)

(D)

dr =

d2 :

d3 =

d4 =

(E) ds =



I'hen, rve a1 so neecl tjre mcan of m-ngh llor nsftl t
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(6.33)

(6.34)

æ

E
m_nghE 

og*hn I ar{xlo)mn
-co

co

æ

æ

I "g^t 
tht (I h) dx

-6

I
0

:Í
0

"gtht i I h) dq

cgn'e-gd.o,/ çL + .-9) t

æ
tm=JCgC
0

ftm= c1--q e
I n-

1r-+-l
n¿o

"nun/ Q + .9) t

(n-1)ct
"9) 

-+

æ

0

(r

l-*g^ 1+( 
r, - t) g*1.(' - t)gag/ 

G
al. t ìe-) 

|
+

!t 'g m-t,n-t + (n-I)l l

So, fronr (23.2.5) of Abramorvj.tz Q Stegun (19(r4), p807,

E "g^ag71t

n

m m0

rvhere 6("¡
the sum of

IVe can then

fo11owì ng t

c$(m+1)tr+2-mlf(m+1)

nr!q(m+1) /Loq 2 ,

is the Reinann

the alternating
define each q

ab.l e.

Zeta function and \(x) is
scrt.es corresponcling

m,n-1-

+

in terns of K. ¿ts in
L

æ

K eg)I
)
0

to Ç(x) .

the
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Tnnr-E 6,1: q

¡:-r-.0 -- L ¿,2 | =

4Ks 6sl =

(t + rct¡ Esz =

(t0rc, + årc*) Eoz =

(+rr+orcr+!rcr) €ss =

(t+o<rrl|rc2+rc3)

( 15K21 3oK, rÞf,rcu+j<5 )

( 6< t + 3oK2-r-3SK r+ ?2-5rca + !rc 5 )

in ternrs of K

{ii

c94I

.

r952

È
94 3

r944

rL,64

Èq6 5

2Kr 6sr = 3Kz

SKr+ 6or = 6Ks

( src1 + }rc, ) E,tz = (6<z + 2r<3 )

(ts<u + 3r5) 6ss = (1 + 3rcr + Kz)

(10K2+10Ks+3ru) Ese = (2Orc3+15Kr*12Ks)

6s+ = (5r<1'r1Srcrr,5frcr+i<, )

6ss = (1+1oKr+lfrcr+239r<3 frc,*)

Eoo = ( 1 F15K r+9i<rtZfç¡ lr]rlKr¡*K5 )

l'lrerr from (6.32), and using Table 6.1 to sinptify,

(A)

(B)

(c)

(D)

uz Q o

Usoo

Ui r o

l.lrr o o

Eedl = E0 (1 * qh) 2

E0 (1 2gh + ,J'h'' )

1- 2€tt t Ezt_ = L - ?- + (f + rc¡) = K1,

Eodî : -80 (r - sh) 3

-80(1 - 3gh + 3g'h' - g3h3)

1 - 3Erl r 3Ezz - t:s = 1-3+3(1+rcr)-(t+SK1+K2) = -K2'

E0drd2 = -Eo (1-gh) (r--3gh-g2h+2g2h2¡

* Eo ( 1-4gh-g2h+5g'h' *g3h'-29 rh, 
¡

L - 46rr - lzt r 512_z + Esz. - 2| zs

7-tt-2<r F5( 1+K r ) r( 3rc r+Er<, ) -Z( I r-sr1,Ì,K2 ) = -*-<z ,

EOd,i = E0 (r sh) 4

1- tl6rr + 6Ezz - 46:¡ r È,r*q

1-r++6(1-r<r )-r+(lr.3r1r,K2) r(lt6K1 t-12!<2+K3) = â-rc2 * K3 r



(E) uzro
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= 1- 56 t t-Ez r r96z 212-lzz-ils s-E+ E+ 2E+q

= 1-5-2rc1+9( 1rrc, )r2( 3rc1r !rc2 )-Z( f+Src1+K2 )

-(+rcrr-6K2i l<u)*z(t+o<rrL21rc2r<3) = rc2 + !K3r

= 1-BEr r-6Ez t-{3 i+19{ zzt 12Ezz1-l',2-L}ls :-66+ :+61++

= 1*B-12rc1-3K2+19(1 I "' ) f12( 3K t+2<z)+( Orcr+2ì<3 )

-18(1+3K1+K2 )-o(+rc1+6<r-r!<3 )+6(1+0rc1+!I<2+rc3 ) = K1,

= 1-66 t t-282, r+1362 2 r 6E s z+E+ z-12E2 s-LlE,+ s +46,*,*

= 1-6-4rcr+13( 1 rrc1 )+6( 3K '+lrcr,)+(6<z+2r< s) -tz( 1+3<r

+Kz)-4(4rcr+6<z+Trs)+t(1+Grci rI|<z+Ks) - *K1+rcr+!rc3,

= -t+561 r-1062- z+1OEs s-56,,,*+ls s

= -1+5-10( l--+ K, )+10( 1+gr r1 Kz ) - 5( t+0rc 1+l]<2rrc 3 )

F(1+10K1rlfrc2+?3qK31K4) = T<s -r K,*, (6.3.5)

= - 1J- 66 t f Ez 1 - 1.t+l r. z - 3E s zt 1.68¡ : + 3 E +, - 9 E + a - { 5 a + 2{ 5 5

= -1,+6+2K,-1rr ( 1+r1 ) -¡( grc .+i.<r)+16( 1+-3rc1 rrcz ) r3(4rcr

+orcr+'lj< s ) -g( 1+6K 1 r#<z l< : ) - ( src 1+15r2+f K s+;r<a )

-r-2(r+ro<¡1frc2+?]K3*Kr,) = å*, r frca ,

= - tt 7 Et t-r2_Ez ;I9Ezz-BI sz+2_5Ess-{,rz+1oq+ g-1 68,,,*

+6s s-!Es,*+46ss = -1.+7+rtK1*19(1*<, )-B(3rcr+irz)

+25 ( 1+3K r+Kz ) - (6< r+?-<3 ) +:1 O ( 4rc I r-6Kz.l- T", ) - 16 ( Lr 6K 1

+!r!rcr,-<, ) + ( 1orcz+t0rc 3r !<a ) -rr( s< 1+1src2+{!rc 3+f rc,, )

+q(1F10K1+125<r1?jK3*K4) = -Kz -t 2rc3 + !rca ,

(F) uror

(r) Usro

(c) iroz o

(n¡ Þsoo

(J) urz o
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(K) Uzo i = -1r 96r I f 66z t-?7Ezz FÈs i _l s6s ? t3TEzt_2_E+t-

i :LBE+ t- 2t,tl,,r+ ¡6s s -6f, 5 a-r6Ç5 5

-_ -1.+91.I2K1_27 (1+rc, ) r3rcz_18(3rc ¡i<z)+37( j.+3Kr

t < z) -2( 6<z r2< 3 ) +18 ( 4rc 1 +6<2+3*, ) _zq ( 1+.6rc 1

+ #<, +K : )+ ( to<, + 1 o< 3+N<a ) -o ( sr< 1 r15rc2 +96grc 3

+irc,, )+6( 1+1oK t+3f rrr.?rÞrc3+ra ) = 2<z- + rc3 + |<a ,

(L) þo I r = -1+1OEtt+7Ezr -3S62 z+Est-3:t6s2+56f s s-9{+z

+4?,E+ s - 42E+4 -6 s z+86s s 
_ 186s ++L2E s s

= 
,-1+10r-14Kr_35( 

I +rcr )+3rc2_3j ( 3K t+icz)+sO( 1+3Kr

+rcz ) - 9 ( 6rcz+2< r) ++2(4K I +6K2+ T", ) _+z ( 1+6K I

rlrl<r_+rc s ) - ( t O< 3+ !rc,* ) +g( torcz+10rc 3 r!<a ) * 1B( 5K r

+ it 5rc 2 + Þuq rc 3 + f; r a ) +1.2 (1 I 1 0K t t 3f < z+ 3f rc 3 + rc,* )

=-LKz+13+]rca,
(M) Ur oor = -1i 168 tr+2-582 r-6562 2+!Ol3r*Ulj6 3z+IIOEs¡+8,,I

- 2_48,,2 + 9 6 | a 3 - B rr { a u - l, 2+ t+ls s 
_ 3 6 6 5 a r, 2 Ll { 5 5

= _1r-1_6r.50rc 
1 
_65( 1+<, )+30<2 _85( 3K t+i<z)+110( 1+3Kr

rK2 ) +4K 3 - ?-tt ( 6K 2+2Ks ) +go ( 4< r.r 6rc2 +T", ) _ g,*( 1+6rc 1

+1r1rc2 rrc s ) - ( r or 3+ !ra ) +14 ( 1oK2+,1 or 3r !rca ) * 36 ( 5K r

+ 1Src 2+5uqrc 3+frc,* ) +2a( 1+1 OK r +3ztrcz +?frc 3 +rca )

=Ercz_å*u.
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6.I.4 One par-anetcr: Norrnal (gj.4.S)
To cotnpute the rate co-cffjcients for the

one parameter Norlnal, N(0,0k), it. seems to be easier
to co'rpute the Iog-density monents, ,rju, relther than
the Fisher nroìnents (rvhicrr can thcn alivays be obt¿rinecl

tlrrough l,enna z.z) . I;ir:;t rvc can niake use of trre werl
knorr,n moments of the N(u, Õ2),

(A)

(B)

(c)

(D)

(A)

(B)

(c)

Ex:u
L^' :

f:tz3

Ex4 = 4

u

u

u

2

0 t

+.a2- = e2 ,n oo,

+ 31ro2 = 03 n s0k+1

+ 6Lt'oz + 3oq - 04

,

-f k+2

(6 .36 )

ZK60 + 30

T'hercllore the 1og-density and its clerivative s in 0 are

9,= -\1og( z'nak ) -*' / z,ok t x/0k-1 - Lr/ 0k- 2,

i=-t</20t xx2 /2okrt -(u-1)x /0k+ (x-z) /zok-'i, (6.37)
'i=k/ 

2a2 -k(.kr r)x2 / zok+2 +k(/<- 1) x/ ok* t- (r. -2) (k-t) / zgk .

Ilence, the Fishe r inf orn¿rti on is

Uz o o - EOZ - t:ô- Lk - -LX.

= -lk / 202 -k(kt-r) / zA2 -t( x+t ) / z}k +zr(n- t) / zgk

( tr'2) ( t*L) / 2ok ) [6 . sB)

= k2/za2 + t/gk.
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J(0) Cctv p,)
9" 9"

0
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(6.3e)

J(0)=6 for
J(0)=-21 (0)/0 for

(6.42)

9" E

= -t<2 (t<+L) / q0?-t<+ t Exa J-k (x-t) (zx+r) / 2o?-k+ 
2 

Ex3

,- k(zl<2 - 6k+2,) / zu2k+1 E*?- + kr- (lrn 2) / +0k+3 Exz

+ (t<-t)(t<-z)(t-t<tt)/zo2-k Ex - ( k-1_)(k-z), /+02k-r
+ k2(k- 2)/40k+1 - *2/+03 k(k -t)/2ok+2 Ex

0

t ?'( k+r) / 203 .
k+1-2x/g

Flence for the exponential family members,

/<=O (exponcntial translation family) ancl

k=L (exponential scale fanrily) . A1so,

and so

rì o z o

Hence, the statistical. cur.vature js

â = t.r(o)nzoo - J2(o) l/r3(o)

- k'(t - i.)2/Izl3 (o)orr''rI,

E u'i' 1/o?k + 5kz- ruk+2 + (3k'*+4k 3+2kr) /+0,,, (6.40)

ltloo = Ltk?- /ok+2 + lr, (lri r)z / 20',. (6.4.i. )E^9"2
U

Y

rvhich i.s zero only if k=O or k=1., the only t\^/o values of
k for which the distribution i s of the extrlo'c'ti al
famj 1y.
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6.2 (lornputcr Dro granrs in llAS IC

All conpLrtati ons were done on a Commodore PIìT'

200.1 - 32K nicro- conpnter rvith a,Lgor j thltrs written in
BASIC. Since only conputations ancl no simr-rlation

r{as involved, the 9-signí.FÍcant digit precisj-on of

the nicro-conputer rvas considered sufficient. Some

of the progranls h/ere also tested on a nainfrane

conpttter (in FOIì'flìAN) ancl ylclclcd. output in clouble

precision r,vhich rva-s ident j cal in the 9- si gnif i cant

<ligits oÊ thc micro-coìnr)uter. As thcre.rvas no printcl
for the rnicro-conputer, all output and program listings
had to b e reported nanual ly. The tna j or programs at'e

thus listed below.

6.2.1 D irect Computation <¡f the Exponential lìates

The following ll^SIC program coûtputes the Bahaclur

bouncl ancl the exponenti al rates of the pre and n1e

clirectly from the clefjnit.Lons (2.4t2), Theorern 2.1 ancl

l,enna 2 .4 . The program as presentecl cons iders the

nixtures of Nornals of Chzrptcr 5, but can eas j.ly be

nodified for any other undcrlying distrjbution by

clranging the defining subroutine at line L40, and

modifying other ljnes as neccssary (such as 5 to 15).



Pctge, 1 40

1 DrM TM(5), Tp(5), T(5), Mr,(5), plì(5) , M(22),

BB (6) , CC (6) , DD (6)

DATA .25, .45 , .5, .55, .75

INPUT "P,ArR";PrArR: Q=l-p: L2=SeR(2*.n) : R2=R*R:

LR=LOG (Iì2 )

DtrF trNS (Z) =-Z*Z/2: LQ-¡6ç (a/R) : LP=LOG (P)

DEF FNP (z)=tNr (1000000*Z)-.5) /rcO0000: DEF FNC(Z)=

rlJr (ABS ( . 5-SeN (z) ) )

X0=INT(A-9.3*R)-1: IF X0>-10 THEN X0=-10

XI=INT(A+9.3'\'R)+1: IIr Xl< 10 TIItrN Xl-. t0

INPUT " DX " ; DX : C:DX/L2: rNpUT ,'MOMENTS ,' ; rT :

IF IT=l TIItrN GOSUB 200

INPUT "ETPRECISfON";E, I: SR=I0+ (-I)

trOR f:l TO 5: READ TP(I): TM(I)=2*E*Tp(I): NEXT:

INPUT "DP, DM, R0" i DP,DM, R0

INPUT "T";IT: fF IT=l THEN FOR I=l TO 5:

INPUT "PR/ML";TP(I),TM(T) : NEXT

K0=0: K1=0: RtrSTORE: FOR I=l TO 5: ML(f)=0:

PR(I)=0: NEXT

FOR X=XO TO XI STEP DX: GOSUB 140: pX=EXp(L):

K0:K0*r'x* (r,-10) : Kl=Kl+FX* (L-Ll)

¡'oR I=1 TO 5: ML (l)=lql, (T) +EXp (LO+TM(r) *nl+DM)

PR(r)=pR(r) +EXp (L0-Tp (r) * (R0-r,I+LO) +op) : NEXT r,DX

KQ=g*1ç6: I(l=C*K1: RT=I(0-KI: pRTNT, "O-" :" K0,KI:
PRINT ''RT ='' RT: IF A:O OIì R:I TIIEN RT=O

2

5

t0

15

L7

l-B

20

25

30

32

35

40

45

50

55
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60 FOR I=l TO 5: ML(f ):C*ML(I): pR(I)=C*pR(I)*

EXp (rp (r) * (RO-Rr) ) : NEXT

65 D=DP: PRINT ''PRE'': FOR I=1 TO 5: M(]):PR(I) :

T(I)=TP(I): PRINT T(I) TAB(B); D-LOG(M(I) ): NEXT

70 DEF FNE (Z) =EXp (L\-z* (R.T_Ll+LO)r D) : cosuB 100

75 D=Dl{: PRINT "MLE": I¡OR f =l TO 5: M (I)=ML (T) :

T(T)=1¡A11¡. PRINT T(I) TAB(B); D-LOG(M(I)): NEXT

B0 Dtrtr I'NE(z):nxp(L1+Z*D1*D) : 6OSUB 100

98 co To 25

99 END

Ì'vith the sub routines to conpute the Nornal nixtures
as follotvs:

I4O Z=X: GOSUB ]-60: L=LN: DI:X*EXP (LA-L)+ (x-n) *

EXP (LB-L) /R2

L45 Z=X1-E: GOSUB 160: LO==LNz Z=X*E: GOSUB 160:

LI=LN: RETURN

LA=FNS (Z) +Lp: LB=I.NS ( (Z-A) /R) +Lç-: Itr LA_LB>20

TFItrN LN=LA: RITTURN

LN=LB*LOG (I+BXP (LA_LB) ) : RETURN

LA:-1000: S=FNC (ZX) : fF ZX<>O THEN LA:LG*LOG (ABS (ZX¡ ¡

LB=-900: sY:trNC (zv): rF zy<>0 THEN LB:LH*LOG(ABS(zv¡ ¡

fF LA-LB>2O THEN LN=LA: RETURN

fF S:SY THEN GOSUB 165: RETUR\I

IF LA>LR TFIEN I,}J=LA*I,OG(T_EXP(LE.-T,A) ): RETURN

S:SY: LN=LB*LOG ( I-BXP (f,n-f,e) ) : RETURN

160

r65

L70

L75

180

lB5

190

195



100

105

110
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Subroutine to evaluate the infilnurn of the O(t¡

in the rate expressions of the llrc and rnle, usiirg

a trisection method to olt tain the outirnum value of
a convex or concave curve for a afor"¿ interval:

115

Itr M(3) < M(2) TI-IEN 'I(l-):t(2): M(f ):M(2)

Irr M(3)< rrr(¿) TrrtrN T(5)=a14¡- M(5)=M(4)

TF M(3)<:M(2) THtrN T(5)=113¡ - M(5)=M(3):

T(3)=T(2): M(3)=M(2)

IF M(3)<=M(4) THEN T(I):T(3): M(1):M(3):

T(3)=T(4): M(3)=M(4)

T(2)=.2*T(1)+.8*T(3) : T(4):.8*T(3)+.2*T(5)

Dr=ABS(r,OG(M(3)) /LoG (M(1) ) )+ABS (LOG(M(3) )/r,OG(M(5)))

PRTNT D-I,OG (M ( 3 ) ) DT : II' DT < SR TI]EN lìETURN

M(2¡=6' 11(4):6, FOR X=X0 TO Xl STEP DX: GOSUB 140

M(2)=M,(2)+r¡NE(T(2) ) : M(4)=M(4)+FNE(T(a) ) : NtrXr

M(2)=C*M(2): M(4):C*M(4): co TO 100

L2A

L22

l-24

L25

130

135
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6.2.2 Cornputation of F j slter nroments

IIere rr'e give the snbror,itine to conpute the
Fi sher rnolnents Llp to the sixth- cleg ree, r,vhi ch are

then usecl to ob tai. the coef f i cients of the Tayl-or
series expansions of the Bahaclur b ouncl ancl the rates
of the pre and nle, as given jn çZ.Z-,g2,4. This

program i s g iven f or the Norna l niixture s ancl requi rc s

tlre subroutines begi'ni'g at line r60 in g6.z.r

205

2L0

2L5

2LB

220

I¡OR X=XO TO Xl STEP DX: Z=Xz GOSUB 160:

LG:LA-I,N: LIT=LB_LN: L=LN

PRINT FNP (X) TAB (12) IrNP (EXP (LT]) /L2) rAE (ZS) LN

X2=X*X: XA= (X-A) /n2z A2=XA.* (X_a¡

ZX:X: ZY=XA: GOSUB Il0 : DI=LN: Gl=S : LH=LFI_LR

ZX=X2-L: ZY:A2-Lz GOSUB I70: D2:LN: G2:S

ZX=X*(XZ-:): Zy=XA*(A2-3): cOSUB ]-70z D3=LN:

G3=s: LH=LìI_LR

ZX:X2* (X2-6) +3: ZY=A2* (A2-6) +3: GOSUB L70: D4=LN: G4=S

zx:xx (xzo 1x2-L0) +1.5) : zy=xa* (A2* (A2_10)+15) : cosuB 170

M(22 ):M (22) + (-1.) r (G1+s) *pxp (L+Dl+Lr{)

J=0: FOR S:2 TO 6: F.OR T4=0 TO S/52 S3=S_4*I4

FOR f3=0 TO 53/2- Lz S2=S3-3*f3

FoR r2=0 to s2/2: rl=s2-2xr2: rF r2=s*s/4 co ro 250

M (J):M (J)+ (-1) t (rt*Gl+r 2*G2+r3d.G3+r 4*G4) *

EXP (LJ-Ii*D1ì-I 2*DZ+I3*D3,FI 4*D4) z J=J*l
NtrXT T?. T? -r1L Q V.-,-- a *" I _ ,1 tJ, ll

200

222

225

227

230

235

240

245

250



252

253

255

260

265

210

275

280
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t¡OR f=0 TO 222 M(I)-C*M(T): rrr ÄBS(iq(r))<1tr-9

THEN M (t¡ =g

NEXT: I=M(O) : J=M(2)-M(1) : PRINT ''I _tIIIIJ -''J
T2=T*T: I3:I*12: K=JxJ/T3 :T{l:2*M(3) -3*M (4) +tt (O) :

K2=3*M ( 3 ) -6*¡-r. ( 4) + +*¡,r ( 6 )

K3=M (3) -2*M ( 4 ) +¡t (s ) : K4:K2-Kl--M (6 )

LL:2*M (7) _5*M (B ) +:*l,i (9 ) +¡,1(f 0) *M ( 1f )

L2=7 *M (7 ) _16 *M (B ) +6*M (9 ) +e *M ( 1O) _2*M ( l-I) *M (12 )

L3: n¡t (7) -10*M( B) +10't'M (10) -5*M (I2)

Ml:5*M ( t3 ) -15 *M ( t4 ) +L2*M ( 15 ) -2*M ( r6 ) +4*M ( r7 )

-4*M ( rB ) -l{ ( 20 ) +ivi ( 21)

M2=4*¡{ ( I 3) - L2*M ( I4 ) + 9 *M ( r5 ) +4 *M ( 17 ) - 6 *M ( 18 ) J-M ( 19 )

M3:5*M (13) -15*M (i4) +20*M ( 17 ) -L5*M (20) +6*[,i (22)

B3=- 3*J-M ( 1) : K}=KL/T2: G=r{3/r2-I-K: D4:r 2*G/B

IF J<>0 THBN JL=t¡*3/Jz J2=3+Jt: J'3- (K4/T+L2/J) /T

-JI-J2: D=LI/T/J-J t+xO: D=-D

¡,= (MT/T-R?) /r2-2+K* (.13+xx.lz ) : D3=r 3*T,/ 48

N=M2/T3-I{0*I(O-K* (;1*¡t-3*D) : D2:T,3*N/72 z DI:I*J*D/L2
BB(2)*-T/2: CC(2):BB(2) : DD(Z)=BB (2) : BB(:):F3/G:

CC(3)=BB(3) : DD(:):BB(3)

BB ( 4 ) =K2/244-r<3/B: cc ( 4 ) =BB ( 4 ) -¡¿: DD ( 4 ):CC ( 4 )

Bn (S) = (L1+L3 /L0) /L2: cc (S) =BB (5) : DD (5) =BB (5) -DI
BB (6)=NIL/48+ (M2+M3 /L0) /l2z CC (6)=BB(6) -D3:

DD ( 6j) =CC (6) -nZ

285

290

295

300

305

310

315

320

325

330
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6.2.3 lìxponential lìate of mle

I;or the mixure of Normals, the

cannot b e ob tained tron l,ernna 2 .4 .

the progt.¿ìnt for conputing the rate
described jn 94.t:

rate of the mlc

llelorv is giveir

directl.y , as

5 INPUT "p,ArR";p,AArR: NC:.5*LOG (2xr): R2=R*R:

LP:LOG(P) : LQ=LOG(1-p) : LR=Lp-Le

10 DIM T(50) : LT=LOG(1.0): INPUT "E,N,';E,N: DO=l-

15 DV=R2-1: AN:AA/N: MN=p*AA: LC=N*LQ: V=N*R2:

l-OR K=0 TO N. SFI=N,/SQR(V)

20 Z:SE*(E+MN): GOSUR 400: LO=L

25 Z=SE*(E-MN): GOSUB 400: Ll=L: IF L1>L0 TFItrli

L:LO : L0=L1: L1=L

30 ftr K:0 TIIEN pO-LC+LO: pl:LC*Ll: cO TO 40

35 PO=POr-LOG (i+trxP (LC+LO_P0 ) )

38 PI=pI+LOG(I+EXP(LC+Ll_Pl)): IF, K=N GO TO 45

40 I{N:MN-AN: v=v-DV: LC:LC*LIìJ-LOG ( (l¡*x),/ (K+1) )

45 NEXT: PRINT ''}I =''N: PIìrNT ''PO =''EXP (PO) rAB (20)

"Pl ="EXp (pl)

46 f F P0<P1 TFIEN pN=p0: pO=pl: pl=pN

47 PN=PO*LOG (I+EXP (P]_PC) )

4B IF PN>_75 TI-IEN PR-INT ',P}J =''EXP (pTrI) : Go To 50

49 EN:INT(PN/LT) : pRrNT "pN :"EXp (pN_EN*t,T) "E"EN

50 AN=PII/N: T(T)=AN: I:f*l: D:DA-AN: RN:D/Dg: Dg=D
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Tiris Iast part of trre'ain.rine conput.es a lorver

borind by geometric extr:aDolation. ln the conìputation,
as r{e keep doubling n, rr¡e obtain a seqllence which seem:;

to converge fron above (errentual1y) . FIence, the seqrence
of consecutive di f ilcrences is converging to z,ero f ron
above. rf r' is the ratio of the rth poit of consecutive
clif ferences, we can extrapolate the series of cliffer.ences
to i'f ini ty by approxinrat:i ng the unh.or,vn series f or i>n
by a geonìetric serj.es rvith ratio .rr. our lorver bouncl is
thcn the j-ast tern plus the sìJm of the serj_es.

50 AII=PN/N: T(T):AN: I=I*1.: D=DA-AN: RN=D/D0: D0:D: DA=AN

55 D:RN*D: AN=AN-D

60 rF D/AN>1E-10 GO TO 55

65 PR]NT " GEOMETRTC EXTIìApoLATroN = "AN; TAB ( 3 0 )

" RN =tt RN

70 PRINT "UPPER BOUND ="DA

B0 N=2*ll: GO TO l-5

99 END
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To conìpute the Stancl¿rrd Nornal probabilities, a

nrothocl using exDansions of the Norlnal proball ility
integral into continuecl fractions was used Isee

lVeiss (1981) for clescription of rnethocl] . Tlvo

continuecl fraction expansions are neecled: one which
converges rapidly for large deviates a.nd one Lo.r

sna11 cl,eviates. 120.2"I4 t, 26.2.15 of Abraniolitz q

Stegun (1964) I .

400 IF Z=0 TIItrN L:-LOG(2) : RtrTURN

402 T=Zz IF Z<0 THEN T:-Z

405 IF <T 2.75 TIIEN GOSUB 200: cO 'IO 4I5

4TO GOSUB lOO

4L5 IF' Z<O TriEN L=LOG(]--EXP (L) ) : RETURN

A1:0: Bl=l: A=l: B:T: J=l

A0=Al: B0=Bl: A1:A: B1=B: L:A/B

A:T*41+J*40: B=T*81+J*80: J=J*l: IF B>l_E3O GO TO L20

Ttr L*B/A<>L cO TO r05

L=LOG (A/E) _NC-T*T/2: RIITURN

100

t05

110

115

L20

200 A1=0: B1:1: A=T: B=l: .J=1: S=_l: X:T*T

205 A0=41: B0:Bl: Z\I:A: B1:B : L=A/B: M= 2* J+I

2L0 A=M*AI*S*J*X*1\0: B=M*BI*S*J*X*80: J=J*I: S=-S:

rrr ABS (B)>1.830 co ro 220

2L5 rF r,*B/A<>1 co To 205

220 L=LOG (.5-Alil*EXp (-rrlc-x/2) ) : RETURN

Notes: Returns log 0(x) . NC : .5*1og(2*lr) i-s c1c1,1¡ecl

jn the ma:i.nl.jnc (1ine S).
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