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ABSTRACT

A theoretical- investigation is made of the rela-

tion between ¡adi-ated povrer and reac-Lional torque of both

infinitely tong line Sources and, dipole antennas " Since the

reactional torque is caused by interaction between at l-east

-tì,vo sources¡ âfrângements of -bt¡¡o tine sources or tv'¡o dipoles

are usually considered" The advantage of adding more Sources

to the conf igu:r'aiion is discussed " ,{ possible i-nflu.ence of

z slr-DnorLins st¡ucture approximated by a circular c¡rlinder

is examinecl" Coinparison is made between the torqu-e effici ency

of antennas cl-ose to ã- conclucting cylinder and the toro.u.e

efficiency of antenrlas cl-ose to a dielectric cylinder' Lastl-y,

it is shov¿n that a three dipol e turnstiL.e antenna can be u.sed

to prod.uce torque in an arbiirary direction"
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lvhere E is the energy received

light and í, the reflectivity
ies írom O for a black surfa.ce

ting one " Similar results r/vere

/ a'\and G. F. Hul-f '" Ln !902,

nei^ ser:nnd. r: th,e vel oni trr gf

potver of the surface that r,/-ar*

-Lo 1 for a perfectly ref I ec*

obtained also by E, F " Nichol-s

A slightly different appr.oach rvas employed by
1/r \R. A" Beih\-i in L935" He u.sed a bearn of elliptical1y polar-

ized light incident on a doubly refracting plaie that ar--

tered its polarization into a Iinear one" In this set up,tÌre

direction of the elect¡'ic fiel-d was no J-onger paral lel to the

electric displacernent vector and hence was not perpendicular.

to the direction of propagation in the crystala which re*
sulted in a torque on the rrfate"

fn the theoretical work accompanying the above

mentioned experimentsu it has been affirmed that torque is
inversely proportional to the frequency used, rt is there-
fore understandable, that al-thou.gh most of the exper.irnents

were done at visibl-e ligìrt frequencies u the f irst at Lempts

to employ radiation pressure r,vere for centimeter waves, In
¿ at,* .lq)L9+9 \1" Carrara and Pn Lombardíni,'¡ reported rneasurments of
tnrnlle et. ? - 2 em 14/âr¡ol en,crth l¡si n.ct <Õ itl 'møay-¡ -ñ^r^rêr Tn'uvryuç av )6L vr¿ vvcvsJçrr6ul- 

" --_f'qUe

was of 'che orrlei^ of 1O*J dr¿ v uJme- cm as was expected u but apar b

from this more exact resul ts i/vere not obtained" rndependen-b
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of -iheil* A, I', Clli-reni5) did slinjl-a-::'er:pei.'-il'rc-:r-r-i,s ând i,,/rjn-t evÊr1

fur-L,her ì:¡r i-.iloi'-rosing a. liie'¡hod c-fl n¡,:e.sllr-j,_rrs power,a-ì, rric:.r:o*

,ii¡iì-./e -lli:ec r.renci-r:s r,tsing i:acl i"a i,i on pt:e-ssLlre " The error. o I h ì.s

watilire-t,en' ,¡¡¿rsi esì,iin¡ì,erl -to be +c ,6 it,! at, 1,he ?5 ,t¡ _1.e.,¡e-l u ce*
pencing on de'¡eï-n jna-ijon cf Lne a,r,,?.nj,ca.l_ corrs,r,ân-ts of -r,he s)¡s-i,elr"

i¡r t,h-o eai:th-bor,lnc_l e-xper.i merL-bs, lì.oir¡ever., j;he

posjslbj-:l- j t.ies: ¡ i u'i:i,Lj zlng racl j.a1,jon llrîeFisì_r:ìre (besi des ,fhe

povrer' meÊ,sìL).t:eÌlen-i;S :r_n -l;he v,'a,.¡egllj des ) \¡,¡elt,(:) "l j,-m.i.ted o¡r i ts
s|n¿rJ---l- r'a-1*r¡es.j a.s compa-:iled ho 'i,he ef'focis of ,;ìre atmosoli.r.-r,e.

iri:.ìlr the beginL-ri n3 af snaceÍ'-L ì gJri,s ¡ j.he cJu(ìs-i, j on o F .iire ío.*

¡ien'iLrn llossessecl ìr¡,'elec-'cr.clmagne-i,j-c \¡rpives aga,in beca.me po,nl¡*

j,-a-r. rn 1 96,7 â theorel-ic¡,rl j,n.¡c:st,ì-gi:i.ti.or:i v,/:r,s r.ra-cJr-: of j;he

"feåc-Ì,i6¡¿1 r-':orque on i-a.Cia-[,ìng di¡roie a,n-ie.,-rna,S, The pOSsibi."-

,1.:ities¡ oi t.tsrr-rg ii io sLa-l-.ili.ze a. spa.ce r¡r:¡hjtt_l e ,,ïej:e sr_Ìg-

3es-ì,ed .b;1r P- Ert-¡-qcrag;li.oni, A" Consorli-ini ai:rc_l G" Îo.,:a,r._tio Ci.
| /,\

F:äíìne-i ¿ '''"' " The¡r consi,dereci tJr.r'ee v¿a,)¡s of a-opl)rin.sr el_ec-i,rc¡.-

ila-g;ne-tic r:adi"a -i;j-on -j,o -t-he -qnaceshj p :

aj -Lhe antenna. i s pJ,acecì oû, lhe .¿e-.hic,ì-e aud rarj:'_ai;es e l.l j_n*

t j ca J 1¡r po j-ai:'i:,. ecl Ìr/e,'\¡esì

b ) the a,n tenna. s j- -i;ua t--cl ot:l

fr:cn a gr:or-tnC s'¡a tj-on

c ) t.he -1-oi:'c1r;e i s cai-ised h],

-i.he gr'ouird a-n-fenna. ancl

lllÌre¡r shov'¡ed 'uh.a t lyl^r-i--l,e the

i:ire r¡eh-i c--'l-e i. s lîecei-vi_:lg raC_i. a ticn

sri-mll"l -l.aneo lrs ra C j a--l;ion ì;¡r ho-Lh

the rrehicl e a-ntenita"

fi::s i.: ri,?'¡hocl ¡:lcduces ader¡ira-te



to::'qr:s -l;o o i jlse-1, ì-he usi¡.a-1" di,si:r-r::l¡a"iîces rn space u,s:ing -i:e?.*

so¡e b] e -ooi.rre il { a.bc r;.t 5 k-t¡ ) , i;lie o-ih e.r' two lne'hl-rori s wo u-ld ¡reeC.

ilrolle "bha-:r :1 0-' ki¡/ j,o achi.e-¡e J.he same ::esu,-'l_"1,"

fn "t )66 ¡:eactj-oral iorqlie wats expe ri mental_l-¡r

cjerronstrateC on a. lcop 1oï.o,i.le*a.ntenna. b¡r ¡" 5" 61',,,-,ru {7}.

Tr re d i f f eire:n ce be tv¡e en the -i,heo-c.i:-Li cal- e s i-i na-ticn e.rrcJ i,h e

a cl,ua I torque ol¡-La.i neCr wã,sj abo u'ú 2Ar,l , lvÌri- ch co.l,i-"l"cl 'J:e - at*

t:i:'ibr,r beci to the app.i:oxi-rrta.1,j-ons -i-n ihe i;h.eo::y i-nasntlcjr as

coalîseness of th.e exÞei:irirent"

The p::eced i ni¡ ex_pei:i-ir,ents and proposa J_s hacj

one thing ir:r comltiol'ì; Lh.e¡r a-l.l ciealt witl'r a.n an-l,eirna .l-o*

cai,ecl in i"ïee =p".*"(7), orî ã.s ir¡ the wor-k of Þ" Rrr:scas-

1:oni r l\ " lon-sro¡-l.ini anrt G" To.r'alCo cli Fra.rle-ia, v,¡j th

tr.r":r'nsti-,'j e a-ntenna climens jons much la::ger than 'cjre sÞa.ce

r¡ehicle on wh"ich i-L was mounteci - (See :fj.g" 1 )

l-'-ì ,/'

;,..:l;.')..

,/,./
,/

IA\
Spa ce zreh) c) e wirih a. tu:,¡ns'¡j -1 e aat-,ennl."'' j

-'::) t:..:...',/

.-,1

-Eri .¡ 1t )-l c
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It rnay Ì:e of praciical inteL:est to examine the

behaviour of antennas mounted, on vehicles cf comparable or

larger size" As a stalting point in chapte¡ III, two infi*

nitely long line Soullces are chosen, alloiving u.S to reduce

the problem to two d.imensions" The second part of this chap-

ter expands the problem to a larger nuinber of line sources

evenly clistributed on a cylindrical su"rface" The respective

-nô\,1/êi^ ând toro lle re l-a tionS are examined anCi Compared " SinCe
rvuvYç! a1 1v

the poweï" is not constant for the individual configurati ons u

the retative value of torque/powe.r ratio is always calculated"

In chapter' trV, to simulate the presence of ihe

spaceship, either a couclucting or a diel-ectric cylinder is

added to the corrfiguration of tv¿o line sources (fis " 2) 
"

Boih ihe power and the torque efficiency can thus be in-

creased or decreased, depend.ing olî. the spacial angl-e and

the length of the holding arms of the antennas"

Tn chapter i/ the next step is taken to consider

ctipoles elose to à cylincier of great length (fig" 3), This

is a moï'e practical case since many spaceships are using

dipole antennas for r¡arious llurposeso If the cylinder is

removed this configuration is iden-bical with a beam radiator
lñ\

described by Chute\/r" (APPendix)
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The possibility of producing torque about an ar"*

bitrary axis is the topic of chapter Vf" The tu-rnstile an*

tenna described by Chute(7) and Pu Bruscaglioniu Á., Consortini
(^\

and G" Toral-do di Francia\"/ is modified by the addition of a.

thi:rd rlipole, The desired direction of torque is obtained by

varying the phases of the dipoles"



a

II, REACTIOI¡AL TORQIJE OF ]XLECTROI{,Aq}TETTC FIELDS

'oTo every action there is al lr¡ayS oi:posed an e-o,ual

react,ion" Sta-tes Ner,vtonus third I av,¡ of motion, fn other lvords u

bringing it cl-oser to our problernu the energy that is radiated

by an a-n'benna is courr'Lerbalanced by a reactive force ac"bing

on the antenna"

Before we can proceed to consider concrete ar*

rangenients of ihe antennas, it would be useful to develop

anC clarify the concep-i; of a reactional- toro,u,en fn genera.l 
'

the radiation pressu.re (or force) is directly l-j.nked to the

1j-near nornentun flow exhibi-Lecl by the electromagnetic lvavesr

uu
H'--
- dfUU

lr¡here f is -bhe

G 13 -tne

and t is time

sìn1 l lâ"a¡1r i.nê

î +ht.',,,crÌ" fhe

.r?-o! mê r. l'l
1 = -îì--0ï

force t

linear momentu.m

torcnre T is âssociated with

rel-a-bionship

(1)

the ansular momen-bu-m

1/l

Le-b u.s first consider vol-ume charge and- current

distributions in an external- electrornagnetic fiel-d" The ì;otai



rI T _. .tr'= 
_1 i-E + (J x B), dV
\¡

9

force on all the particles throu-ghou.t -bhe volu¡le V is e

3)

E is -Lhe electric fiel-d intensit¡r,

E is -bhe rnagnetic field densityu

the vol u.me charge distribution is g* div D (4)

and the current distribu-tion is J = curl- H - * (5)
ûtr

fn the equa-bions (4) and (5)

U is the magnetic fietd in-Lensity

n is 'r;he electric fiel-d density

Su.bsiituting (1-)' (4) and (5) into (3) gives

¡ã ,n (-

þsA=J (E"¿ivn-sxcu.rf n+s"H) dv (6)
Lrr, î J

,lthôh rÁrFr Tf YìoIrMa rv¿ ¿ v¿¡rt>

B * P = Àre x D) * ñ * $;" ^;i- 6t'" (jv

it becomes

¡l
dG-o., h
-l]]ss+ ,*;(DxB) d\r= J (E"civ-D-Bxcurl-H-dt v j. Y

- f x cnrl- E) dV (,7\
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The iniegrand on the righth.ancl side of the equa--bion (7) ca.n

be identified as a dirrergence of ihe lu{axr,vell stress tensor:

¿_+---1<+,::q - LI R r I'n * ¿ T fI- Tl -.r- lJ Rì
- 

tLøJJ I uøu Õê¿s \uo! | tLrDl
L

('f is defined as a unii second rank tensor)

Therefore

dG l. 
'^- -hô^h À 

- 
: .dIIIUV¿¡ V /ñ ñ \

-rf -r:-- + - f +(U X lJl OV = OaV J O\r
r¡ Ç v 1,¡v,

(B)

itrov¡

rt
J div 3 d,.tr = d S"ñ o.rix

iç r ijå(D*s) ¿v= *i(Dxe)dv
i¡"u ouy

rn¡here A is a closecl su.rface that encloses the volnme V,

rlrho ir,*or¡y-nì i on and derivation on the lefthand sicle of equ.aiiOn

Q) are in'berchangeable in the fixed frame of referenceg

c,,1^d-r-.i .{-..-r-.i-- baCk We Obtain¡u uuÐ ur u u urlr6 |

fr
0G*"eh "i rË -: \ e' -#::¡-r + -. ; (n x B) dV = o S"n dA (9)

uL, I t i¡ -^
v¡!

This is the lar¡¡ of conservation of linea.r momentum"
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The angular nomentu.m may also be defined as

'uthe rnoment of linear momentum"B

Since

'l -. ,.:iV-/ ^ \ U!

-lFvl:l-__¡1,

r r \I 4 U 1 t I0T ' mecn' 0.-t

it follorn¡s that

l,=fXG
me cn

rvhere r is ¡he position vector of the poin-b in ',vhich the angular

momentunl r,vith respect to the origin is calcnlated" Accord-

ingly the l-aw of conservation of angular momentum has the form

11

d.,- ã r Á .= =\ i - <â -Ë(" " G*u"h) + ù*, r x (D x B) CV =_? r x S"n dA
"" \¡ "A

(10 )

(11)

f ri.\ir=grxS"ndA-å_; rx(DxB)dV (12)
"^ ov 1r4V

t¡/e are interested. in the steady s-bate mechanical- reaction on

the radiaiing sou.rce " Consequentl¡r from the steady state con*

di-bions the tirne average of

1S Z?TO.
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Fience ihe rea:- tirne averagecì torqu.e ererted on the antenna is ¡

4
rn -: I?a
l-_-- 

- ô tlvàva
A ø V \ _^ ñô
Y L of:

4

(13)

v'¡here +r denoies the con jugate 
"

Expressio.t B,ñ malr be considered' as a stress

transmitted across the sltrface of normal n" Stra-Uton(B)
rì1 .r \/ê q. th: J:

\t- zã'-rã eA=2= 1 *-'' 1 :?-E,ñ = e0 (s,n)"n * i.E'"" u fi (B"n)"e - ffiU'.4 (14)

If E anr] B are oscíllating functions, the time average of

Ë"ñ = I Bïñ and, ee, GÐ) can be relritten asu o f r -

1 I - --;í*. 'O =2 - L ,=ì(- :r ;. 1 -? -11= { Re ó F " e^(n"ñ)"e '-= t\ "n +;- (B "n).8 -;- B-"nldA- ¿ - rA - u- . þo ./ 
o

(:-5)

In the abor¡e expression tl'Le integration is taken o\¡er any

closed. surface A" Let A be a spherical surface extending

r-n i-,ri¡i*rr then F and ñ have the Same clirection" T is reduced.t,u ItrarrlJ uJ 9

to

.1 
- : ,=ì9 -. 1 ,-ji- -. - 11=f ne ç"";eo(n'.t'r)"8+þ(8""ñ) "8 IdA (l-eìr

' Â -v r'o



* 1i

Tn man}¡ cf the foll-or,vin8 cases the su.rface of the

integration A^ is going -Lo be cylindrical" The firlal foi:m of
L

tlre result is iden-lical with (16), onl;r ñ anci 7 are replaced

Uv a" anci rr e respectively u and lve get"rl

1 - | - i ,=)r - 1 .-)! - -'r=f, Re J F x;eô(tr"rr),n*il(B''%)'E,cA. G7)
¿ A / Lu f /*O f - u

(1

Generally the power racLiatedt is

I.t i *)r.p - ! Po rr (F v I{ l-n dAI - ^ 
1\ç \y \! t elL

A¡t

(18)

For -Lhe spherical surface ñ = ã.,- and for the cylindrical

surfaceñ=ãp"

Equations (l-6), (L?) and (18) will- enable us to

find the torqu.e and the pol¡Ier reo,uired- to produce it, once

the racliated fields are lcrov¡nn Tn the following chapters

a-btention is paid- pgimarily to derive the fiel-ds and thenn

usilg the above equations e to calcul-ate the torqu.e ' pov'ier

and their ra-bio 
"



TTT, Ti,VO * DII\i,ENSIONAL RADTATÏOIV

There has been a great deal- of attention con-

centrated on in.¡estigation of torque due to tv'¡o ¡¿df¿t'ìrr'
tA\ (,t\

dinoles\u/e\r'l while the"ì ine sources were not discussed

as often" It seems to be an advantage to incl-ude the two,

three and fou,r line sources configurations into the topic

of this papers âs it wil] make the interactions between the

individual sources that cause torclue more apparent"

The line sou.rces are assu.rnéd -bo i:e paral lel with

the z - axis in our sys-Lem of coordirrates; the curren'c dis-

tributions along the l-ines are uniformu i"e" do not depend

on za For tkris reason the probiem is redu-ced to a two di-

mensional one" In the followingu first fields of one line

source are derived ancl the resu]t is used to obtain the re*"

actional torque and povrer of two line sources configuration"

The third part of this sectÍon 'LÌren generali-zes the problem

for any nurnber of tine solrces equispaced on a cylindrical

surface,
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IÏI 1 Radiation field of a ]ine source

The line source is located at point F (fig, 4) 
"

fts position is given by b and fO" The current distribution

has magnitude I and changes sinusoioally v¿ith time at a

frequenc[,Ð" The radiation fie]-d is girren by the l"/ave func-
/r n \

tion tt " /

, T lc\
tls= # I{f '" (k lË, - b l) ftg)
l+LUj

nr rqin¡" ilre addition -bheorem for Hanliel- functions it becomesup!¡¡b

¡r{b
't

l

(20)

?>b

where

n and

Jl'
TL

Jn

v

ii
--i/-.::--0i

/ 
-. -:- /a\

#t Hlzr{rtn) Jr,(k:) e*p[i'.(+ - do)'
r l]=-.Ci)

-i-l (ú

iåZ J,r(trr) nl')(u,.) exprin(i -'lo),
I ñ--..'1

2ì'/ is the Hankel functíon of the secoud kind of order

is the Bessel furrction"

l¿

in free spaceFig" {t * ,\ current filament
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Tho r'crrêsnnnri ì n¡t ol enirn m2Êlyio-i.i n fi-elds are then

u,2',/¡
=#=z Ie 

o(/J

^ í"tf

k'r \ ,,/"\ i-g;.uz- ';l'l{tu) Jrr(k.) exp,ittl, * ,o)l F<bv rr-F r 
(2r)

f* år',,no, Hi2) r r.pl "*p ii,' 1u - do )i r >b

-r, (23)

f+> Jn(kb) Hå(2)(t,,) "*n[i,'(' -,o)],-b
h-- 4^

1

5:l-
lr \ 12 i¡--

"D- io" '"t

i

fl

O(,
1{ - ----J- .-frn - " ¡

J 

^ 
/- 

-¡

. Mç 1,'tl

ivhere J'(kù) and. H'(2)(lrrr) denoten' n
to the argument of the Besse1 and

p<t:

(22)

clb

c{b

the derivatives with resÌrect

Ilanlcel fr.mctions, respectively,

necessaryo

to two l-ine

rlìn nnnÁrrno ï¡y! vuv-vv .Jrque

Tlhrs r^¡ê nrnnogfl "i,Oyrvvv\

Q^ I rr^ñô Cuv v.4 uvu 6

a'c least two l-ine sources are

find the field components due
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IIT 2" Two Iine soLì-rces

Consider nov,¡ two line sources positioned as shov¡r

in fig" 5" The sources are âsstliled to be infini-tely long and

iníinitelr. thin uniforrn filaments positioned at a distance b

from the point of reference" Let us further assu.me ihai they

àre hetd in pla.ce by the supporting arms that are firml¡t fixeC

in their mu.tual position bu.:i: can freelV rotate about the axis

going through ihe point of reference and parall-el to the line

sou.rces. Finally it is assumed that these su.pporting arms do

not influence the resul-ting fields; i"e, reflection from them

is i¡agl'i.."ihìe* The curren-bs f.r and I, are equ-al in magnitude

but have a phase difference Y "

T-2
/o,/*'...

/ ,-!,

]T
. l-
a:L
,fr

0

Fig" 5 - Two cu.ruent filaments in free space



TT*rl
t-l-2 - ô1¿7\ / i '.'I

vr-Y \ L ) I

The total \,vave function

of the individual ones

¡ TOTAI

- IU

g'i verl bv ¡ I i nezr sl)nêr.nr^ìsitioir

the form;

;a)
\
n=-iL

TT--+I H[2) f r.nt Jrr(k;:) exp(inp) l'r +

+ exp(il

is
l_n

rn?o J l
( zLL\

p >b,

p< b

(25a)
Tlr
t!
I

\ !,-
'-.j,' o - Í,
i-

_i_-rÊ
+T

l.\
Jn(kb) Hà."' (kF) exp(inp) i 1 +

.JJ
\-)//

ï'l = - l,'

+ exp(íy - inlro)

Similarly the fiel-d nñmYra\ra o'n -f q a:r1ã r¡i rran hr¡ .
õ¿ v vrr

{

l

l

1

l

,-l- .-- /a\'lt -L > H\¿i 1i.¡) .r lk-rl or¿^/i-^l | 1 r
ll,c , ,/ "n \rlu/ uh \¡!r''l ç^P \rrlU/ : l- 'r

1I I i Iu n=-co

11

ZI

+ tr].Ð

/ vr'1.'T \-11- -L \ T /1-r^\
ETlt / dn\rtu,/

u n=- ì,-_

(i y * inft)]

nj2 ) t rr") exp (inp)

j+ exp(i; in O) P>b



\,jJ

I\-
F,/'
-ty

I fì= s,:Ð

* 1q

t,>\l.I\'//1..^\ T 1l-^\ ^-,- /t.^.'\.rn \*ryul un\t!.v/ uÀIJ\l-Jl /

+ exp(iy

+ exp(iy

j+

Ïf
p

LI

?-' I

lt
tr/

ineo ) li

{

" '! .l
ln:r:O /j

in:b )J

Q.,'-, b

( 2<h\
\a)v J

Irttr
L

:-\hY'¿'U
I

'-¡ "' hrri\v

( c<..\
\ þJv ,l

ir+
L

," \h

- /-. \,/ n J*(lrD)
il:ùf Lr

+ a¡¿nl'ì r,/

T
1^

I

uj2)trocl exp(i,.p)

-,/
n=-

. ,lrnooJJ

]J
ii-:

Ti;tt * Hri z

T).I*r-
,Y J,

I
I

I

i

I

I

I

I

={
ì

KI
- T:i

+1

ü:)

nE- rrt' rÌ

+ exp(i y
-U

I

i
I

rn carrying ou.i the integration indicated in Sec" rr
êe" G7), the cyrindrical surface r." degenerates to a cl-osed

contour c in the x - y prane and the torque per unit length
is then understood" The contour ce as incicated in fig" 5 is
a circle abor:t -bhe origin ancl has a rad,iu.s i]" The l_irnits of
irrtegra'uion aï'e obviou.sry o anor 2": . The equatì-on for torqr-ie

is now
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ô î.f 1,.!a
l

T=rn"J ¡" iuo{a'"ã)"n*!(F'"ã)"8] dci 126}L i a, L v f.6

which further reduces to:

/-t ^ '- 271 - :'.

T = ã- 1s n" ; 'P' tiÅ Hó ò,#
4 L 

0' )

(27 )

(notice that the first part of the integrand of eQ" (ZS1 is
-J,i - 

li 
-0e since E na^ - Ez ur,uri = 0 )

,/

Tho o;rni^ossinrl for fields at:>b has to be subs-¡ituted intovJIIJIvvU+vl:

/ ^^ \\¿/ ) " 'I',nus we oOral-n3

2^
Fn l!l- A .- - .s? r , . .-rT=z o ,i=__, Lrt J L t rv-

(. :,- /a\ l
" o" jf niCi<,,) nå'') twplJ

L*
(2e)

Usage of

t /D\ I )Þa i 1- ,rt,(2)rv-t wo(2)(.,n1 !='L\e j î ttt ,^.0, "n t"j'I ,f 
- trkp\_'

in equation (28) gives

2*
l T-,5

r,,= 'ï;>n["r.tr.rr)l 2 [r+cos(y*"to)l (2g)
h*-¡ñ w

orr" if su.rnmation from 0 to co is u.sedv! ,



^4.I

_2#nrv ^,i-^'¡= --'n- srjl \rz+l
no^ lJ

cÜ
\-,,/ n
"n-ô

á.^ sin
I!

/^ì

n

instead

n(kb)] 
2

r¡rJroz-o Étn

From now

h:s nnl r¡-"-¿

-'1 fnnr

,/') -l 
^14 

ñL LVL !! r

^n 
qrml.ln I rlì

z-component 
"

.laq

after substitu-tion

H and ca"rrying oui
n

of To rvill be used as the torqu.e

(30a)

(31 )

The equa'rion (Zg) demonstrates that the torque

carried by the cylindrical- v,/aves e \,vhich are radiateci by t¡¡¡o

Iine sollrcese is independent of the position at rvhich it is

cal-cuia-Led (provided tliat p>b) and is a function of the

arrangement of the line sources only"

The time average pov,¡er radiated ;oer unit length

by the tr^¡o sou.rces is found from eq. (18)" As in tiie torcue

calculationu the in-Legration pa'ch is along C in fig' 5" The

povrer is

D-

c'lr"
f-trâ | iLTI

V"uj of'"tt,o

^*-1Al IU.

--,1al ru

^r +;^. - (25a) and (Z5b) for E_u.l- u,\|L¿d-uIlJlI- \.-)a/ é-lrL. \L-)L z

-ì,ho i ni:o.ore tion i1; becomes ã

(
ReJ

i

L

^t
/ì-.\ /¡o\I K:,) -\-- , \)*t;.

H
It

Ð-
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Since

t' :,-f n\ /o\ ì o

Rer i lì;t"(t r) 1{;t')(k ) !i- " "n '--' ' .j - Tk?

v/e arrive at the expression for the poler in a form

))ad,
t = ffI^* f [;,.,trnrr)]2 lr + cos(! * "fo)l |;3)

' " 0-" n=*r):

^y.-'ìf çiìrnr-rnlJ:ion fofm 0 to æ is usedvt I rf

ÔÕLa'

r=frf ã å,.,tt,.(kb)]2 þ+cosn!0cos)] t:+;

An additional examination of (30) sholvs a de*

pendency of the torqu.e on the phase difference 1 of the 'cwo

Sources and their mutual- position angle í)no If both currents
U

t-.Êt in nhqqo lr' - ol tho tnror:e vani shes " whi I e nnwer v¡ill-4!ç rr- jv¡rquu \ d v / u]¡ç uvrYqv

fl-uctuate depending on the position angle /O;

t_{-?//
- k"r- Y ç l¡ rr¡ll 2 rt + cos no^)r = T;;, / .-Ld-\l!ui J \-L uT'úô('-, h-¡ rr- 1r

If both sources are brought together ai the same place 
e

r^ = Ou and the above equ.ation reduces io/u

t
lr2t2 ¡rnI -i,-'Ð---_=----i-_.
¿€.^CL) ¿

U



æ

( since I" €r, ft.r, 
( tn )l 2 = 1 and kz = o.í ¡o uo ) "

h-l t

23

This is ihe Sane as pol^/er radiated by one cu.r'rent fil-ament

that has current of magnitude 2I"

Evidentl-)r fronl (3oa)ttre maximum -rorque is obtained

fnr \ = 1UP " Tn this caseIv! 
J - 

r-/ çø

? r,-,
lrnr | \- ¡)r='-9' ) n{^sinnÉ^J.r*(kb)lz (lob)

+ -----t\ l| w " lr
1r-v

2
¡r r.lI 

"cc:
p - '---Y-**
' tlt'

lrrom the above eo,uations the express-i on f or: the torqu-e can

be rev¿ritten as

o0
1 \- r- ,--,1 2T=lp> na-srnnln¡..r-(kb)l' ß5)

h-¡ I

$]

Assigning lvl - î=n n iuLn :

ß6)

Le-t u.s define d as a. d.irect distance l¡etv,¡een ihe

two sources" Then, from fig" 6,

i = 2b sin(Oo/z)
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that 1s:

4 _ hb oi-/l /2\
)-- T 

urrr\!Qr*t (37)

v

T
t-

d

,rl:ø_.- - 
- X

H''l tr - Itl-ustra-cion of the arrangement of two line solirces

rvhere ). = ZTy'k is the wavelength of the rad-iateci fiel-d"

As we move one of the antennas around the irn-

aginarv cvtindrical surfaceo the tc:tque/ pov/er ratio changes

fron negative to positive val_ries al-most periodicall-¡r"

Taking the cese of ;- = it/Zov¡e see that i{ = 0 for.ir-, = O

/r-^+h oni-annoS Alte A"(, the Same .OoSitiOn) anCl fOf Or.' = 1i.
\ UU L,II d.If LÇllllaÐ aL V a v ur:e uqr¡rv \t¿vLL I f 0

¿ U lO = T the force v¡hich arises d uie to the interference

betr,veen the tl^/o antennas is directed thror-rgh the poir:t of

referencee cau-Sing the torqu.e to equ.al zeto" Fig" 7 shov'¡s

'rôi^ci r¡p./nov;er vs I en¡'th /wavel en.c'th denenc'] ence for differeniuv! vuç/ jJvvvç! v u rurlt)

yrt'
.r/'/'l

-tt '' 9o
-'t bi

.lç

I

6
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Fig" B Torque/pov/eï' ratio of two line sources in free
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J-engths of the holding ar'nls" Up to ]rb = I"92 there is only

one zero crossi-ng v¡hich is du-e to the aborre mentionecl con-
atídi'uion of c,r.., = i " As kb increases further, the largest pos*

rv

sible val-ue of d/ ). for given kb moves upward and the curve

has 2 ot more zero crossirrgsu the first of v¡hich alwa¡rs occurs
, . / /¿at C/)-= 0"ó1-, the second at L"L2, e-bc" Holvever, the peak of

the cu,rve alwa.ys lies between ð-/),= O and d/),= 0"61" From

approximately kb = 5 the maximum does not change the position,
f ./-occuiring always at d/), - 0"29"

Genera.l-l-y speaking, torque is directJ-y proportional

to ihe I ens'th of tlre arm the force is acting uÐon:sv v+¡¡Õ

rn-Tlh

\

/a

k'r Õ 1 íì :t !t)E + !r

!/
I

c
Tnrri llo

Tn this case ',,he relation gets

that the force i'Lsel-f depend,s

erthel-ess it can be maintained

rnôre eornnl i ea 1;ed 'br¡ -hhe fact

on the length of the arme Nev-

that the torque is proportional



?a

to the length of the arms as is apparent from fig" 9 " The pro-

na.¡l.ì¡,-¡o.li*r¡ic-nñF^.'i*o.'i.a.]r¡*nllafnrlr}r<IJUr UJ.UIJd--!r UJ Jù ay_Lir Urllltla UU¿J uI v'5 l vI J\.u ) o

Fig" 1L shows the torque dependency on the length

of the a.rtn for constant position angle a.nd phase shift of T/2"

Here errairt the tol-oue changos frnr¡ nosi tive to negatjVe Val-qõs¿rr ¡¡vtfs u¿,

rrêe. føan rranar¡ 6f theSe ehanges aS wel I aS magnitUde a.t, tfreuvu t f r v\auuilvJ vr u¡rvuv vr¿q¡rb>vu

npaks nf thp nìl'.\¡ê donanri n71 iho nnsi ti nn pn¡rl o - A s thr. ar,r¡1 at/ve¡lu v¡ru v ur v ç uvyvliu u¡lv v¿vrr srrb¿v o rru ui¡v urrt)¿v

-^1-- ^*-rr^'^ *ha f-naar1ô'ôôrr d_eCfeaSeS and the maximA Afe hjgher"óU UÒ ùllld.JlçI 9 UlrU MUrUl;lt\JJ U-VUI UAÈUÐ Af lU UIIC rlja^JillA ar v r¡¿t)¡rur o

This is already apparent from figr-ires 7 an1 B"

Similarlyu plotting iorque vs position angle

(fig " L2 a-nC,, 13) we see tha.t torque is O a-t cio = 'ri as is

obvious frorn eq" (35) " The number of addition.f zeros de-

pends on the d.istance of the antennas from the origin, fn

fi,c'^ 11, cìrt.ve is drarur to connect the rnaxima of the individual:+5e

curves for different kb's and to malte the increase of torque

v'¡ith the distance frorn the reference point more clear"

It can be expected that aclditional ]-ine sources

v¡il-l increase the torqr-ie produced, This woul-d be an ad.vantage

onlr¡ jf we satisfr¡ ihe nnnrj-ition;

TP
JIIr M

m/v
-L6 J'6

L¿

(38)
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Fig" 1-2 - Reactional- torque of trn¡o line sources in free

space
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Tn (38) notation T, and p, for torqu.e ancl power produced by

''wo sources, and T, ancl F* for torque and povier producec by

m sources is used_"

To rt¡ha'c degree it can be achíeved is discussed in the

coming section It-I 3,



T,ì no e^rl7¡nôe c 'Jq ut_s çed on su.rface of a cvl-inder

Consider m

a surface of a circu.lar
+h^;* *,,-r-,,^l - ^^:+:^-^^UIIç]I IJILT ULTd-I ,\-lUÐ¿ LJ-U.tTb 9

tho r.r¡l i i¡d or^vJ ¿4¿rsv! !

v

line sol-trces that are equispaced. on

cylincìer" The sources are fixed in
but able to rotate about the axis of

m*L

c.,.,U

-* 'ir.: i

Fi- ¡lt r:.^f -Lg" L+ - rrne sources equispaced on su.rface of a cylinder

Let ihe curuents Il-u oôo@ r Ïr_faveãi.ìarbitrary
phase with respect to r locatecl as shor¡r¡ir in fig" 1_u,

ownlir; I_-*._r"_d1,

ovn/i V I
"rrt \L a?-1

l-l
I

T_Tr^ - a



*,35

Thene by superposition:

or

q 
- 

ll]_iô-LA-tLn
ft"û

@m

r. = - 
tL )- \- (c\ - r- , ' ,,,d

Er, = - ffi /-^ /_€n Jn(kb) H;'' (kp) exp(iYp_r ) cos þ ,4 ruô n-fl n-1v ll-v

3e)

(40)
)k = -,{o + yrL * {z * a o o a o {^*,

+ oêao + exp(iV*-r) cos [¡- (m - 1)do]]

That is, Lrsing (i9) and (20)

TS-rry\.tl
r,7- - \ . J_,.(kb) H[(rip) lcos nf u exp(ilr) cos "(? -%) +r - ,ri fr=Ò'i'l

m
/^ \

Y= trfà àE Jn(kb) #n,") exp(ivp-r) cos[no (p - r)Po]
rr-v 

(M )

.5^It follor,vsu since # = 0 u that

(p _ 1)do J

(42)



ifl

ã." 
Jr.(1tb) H¿12){rp) exp(iYp*r) cos[,''p (p t)p^1, \J'

t+:)m\.*
/
n-1

. €., J,.,(leb) nÍt) tr.p) exp(i)rp_r ) sin [nfl (p * r )ec

(44)

which, similarly as in the case of tv¿o l-ine sou.rces, leads to

,, ê1{
le\ 

^T' = --: Pê n- -l-I 1l , Ä¡v lLÀ v_u

O/ T Y

anri . a-flter earrr¡i nrr oll-i: tho i-ai¡ø..-..q *i n'UI¿U ¿1¡ Uç6! 4 U¿VI I

n
\-

),/_n-1

m
\-)/
n-1
a

" sin (Yo*i * ìin*1 )

For m = 2 anð. yL - lO = T/2 eq, (4Ð reduces to (tO¡)"

The power radiated, u.sing eq" (jI) is:

,, ,2 g .m m

p = + à ¿ à." Þ,,(r,n)l 
2 

"o= 
,.{o(R - q) cos (/p-1 -¡, q-1 )

.,-a Y*¿ 
Ø6)

KIlir =a+1!'

TH--.¿-
rc ¿l]-p
jl

,, ¡L 'JJ
Årnl \---,w\

'l'= 7 ,/-ç/ r,) ----
ll-l

ci)

,/

CO

/

n €n f,r,.,itn)]2 si., noo(l * q),

(45)

Once agains for m = 2 anð. y1 )/O = -/2 vte obtain ee, (jZ),

From equations (45) and. (46) it is relativel¡r
easy io cal-culate torclue and. polver for a reasonable number



of curyent filaments" fn the

enrrrlod tn l and l-a-bef On tO).

)7

fo I I ov¿i ng rl Êrivatj-ons

4"

m tq

TTT ), 1 Three line SourcesLLL 2/_o L ø :!:__

Substitu'bing m = 3 in-bo equations (45) and_ (46)

I/ve obtain:

2¡r 'ì--
IJ n'

'l _ = 

-

*-ì x (¡ * \)\l n-1 t n*'lr*Y+

(t+? )

cos ($p-r - ìq-1)
(48)

v-
->./

'¡ *1

r - . t2n e,-, LJ.,(kb) l' sin L"f6tn- q) sin

--l1
\- \->),/ ,/
-n*1 a -1r--.a*

ir Tt Lv ) ) r - . r ) ,'u^r -- Y V r l,r (kb) l' cos nó rn n ), = '-=n L Z__ ¿_ Ln L"n'-- 'J --rO\P q)
u 7-n h-l ^-4tt-v lJ-r q-r

From fig" IJ vte have þO = L2Oo

L2OO

Fi,o- 1< - Ï-L ¿ÞE L

Configura'[,ion cf three ]-ine sources i.n--_'- *Ò fl'rr: o a rlâ rì ê



By expanding (+7) and

terms v'¡e ol:tain:

(48) and adding ,J-t-^ 
^^n,-nnn.i o{-¡uIJ ultc d-yPr \Jpr ra uc

sin(ff) sin(t'r) + sin(),
^tt -f*

i.^nrI t)
'l- ô = ---Ti-

)+
// l'ì

r_€ tJnL

,r*'f¡. / Y1 j.,(\+ af nf 

-t

I)
a f'¿l
/v"

FnI trr\ -Ð ì € t.TL.) e / -n ¡")U¿ ñ-ll
I l- v

2cos (ry) [ cos (y , ) +

- V, )l + 2cos (ry)

sin ( 1,, )J

!i4 J-I

//ro\

cos()2

(50)cos(y2)jJ

Let us take a cl_oser took at these two equations 
"

Both of them coniain terms v¡hich result fron the interaction

lretween the individlial sources" In eQ" (49) the firs-t term

is due to the intera-ction between Sou.rce 1 and Source 2, the

second terrn io 2 anð. 3 and, the third term to J and L " All

three of them are consisien-b with eq. (30a) obtained in Sec'

III Z for tv,¡o line sources, if v¡e substitu.te the corresponding

values for V and ó^" The expression for potver does not come
t _-___ rU-

from ¡ simnle adctition of the individual in-beracti-ons as is

the ca-Se in the 'r,orque equa-tion, Howeveru here aS v/e}l-u the
J¡Õ
_:,.2

terms Oud'rltne interactions are clearl:y separatede ande disre*
eqøF,j - o *ha ^nnqtznts. ârê i n âp.reemei^'i r¡,ith (34) .ód-r u:Jlló ullç vvllÐ vørr uu I qL v



39 -

To help simplify the analysis, assume f ixed phases

of the three antennas" An obvious choice in-bhis case is:

þ't = ! 2Oo

Y2 = zLv1o

Then

^ñ\,V

r, = J 6L^r2Y n €^ f;-f t¡)]2 =in(#) =ir,z(*) (fl)
)L'vn=ftr-r¡)

2 C{)

p- = 
*ol, '/ €.- i;^(rrn)ì 2 lz=inz(lglo 2'2nTt1

) a n-l n L n' '.) L*-*" '3'' srn'(ï)l tSZl

llotr¡

ô.^ff -O forn= O, 3, 6n 9u 6oE
s in'(#) = ;

't otherwise

and

r0 for. 2'2n'Ì' Isl-n (-ã--i = i)l?
'É, oth

n

ervt

/a

= Ue )s O9 Ys ooô

ise

Therefore we can u¡rite

. 2 .nÇ. 2,2nT,sin'(]) = sin-(T)



/rÂr.YV

and -bhe torqu.e ancl power equaiions are 3

tl = 0"5625 tot' ,t Y1./
n-1

n:É Js
üt)

h-¡

/^n+<

where S = 1- s2sJs"uo

Frotn ()Oa) and (T) for two line sources placed

F^ = !2Oo aPpart v*e get:.U

ei3

r.= 0"02165ttnrz> n€- [.r-{ron)J2 Çsi"(qq (55)
a I v ;_n r! L rr õ ) J

in which

!h

È

l- for rt = I, 4u 7u

lforn=2s5rB,
forn=Oe316u

been chosen for arL

( 53)

( 54)

I0 u o o ø

11Ir I e 0 o

9u oøe

easier comparison wi1-h' (53))

þ-,.,lr.u l] 
2

[.r,.,Cr.n{ 
2,3 = o. 5625 þ oT2

^. - r 2nE1
ÐJrJ.\ 

3 '

[*
-l _-l

Lo

has

?
3

The povver in this case is:

P2 = 0,25 
¡r, Olzlr:

( 56)



J t'lYI

lçe can now see that

\r
D ./ r lT1^ / þ tu/'l

lr-v /^nÉ ls
"/ J *

,.,(kb)12

Yr1- €n LJn(kb)f' = 1

\^/e can assess tha'u

h 4 4t
I 

^ 
LO L J1'

tn vrew oï

(p

t' [r=n L"

therefore

,Ð., { 2"25 P.
)L.

Similarly

\-T^ > 2,6 T^
1{ //

This rûakes the

then th o rra i no*r__

(57)

( 58)

\-

æõ
t Lf _.)

and

"(kb)12
<L

( 5e)

gain in torqu.e at least L"t5 times greater

ì n pov¡er 
"

nl

p"2

-^__Fig " (I7 ) shov¡s the
mula^,L¡

ancl -*-- versu.s the length
¿ô

L

rel-ative vat u.es of 5 ,
P?

r-rfiO-¿t . t,,or ïne arn" \'r2 l-s .tne



+L

hoviffì,ih tnrnrra fof -bhe fiXed Valu-e Of kb- The anglg "ó,. iSllld.^Jlllu-rll uul vuE r u! u¡¡ç r !4ç9 v 4r v-u vr llv l \J

not necessaril]¡ a constant in -l,his case)" ft is apparent,

that torqr-re/power ratio can be nlore significantl¡r improved

by an addition of a thir.d antenna than by rearranging the

two antenna configurationu although this improvernent is

verv slisht for some values of lçb"' "- J

The above discussed resu-l-tslead us to an opinion

that an additionai- anten.na v¡il-l- further improve the torque

e ffi ci ency.

i | | )\ '/ H'our Jlne sourcesIr! iø Le

If ni = 4.0 following the salne procedureu

co44
D-rL r \- \- _ r ,-t2 | , \T,, =,uot ) ) I n €.^ l;.^(h¡)J'sin nþ,-,(p - q) e

+ --Ã--T ;:1 ;= rr L rr' r ¡u
v l¿-r

" sin(Y^_, - Y^-"., )
_ÌtrY*

_2û44t I 'f '¡t6r cu- \-- _.t? | t \
Pt+ = -E- /.-___- L- L--€n [;rr(tiu) l' cos nöo(p - q) ø

r1-v y-r Y-¿

(60)

(61 )" co s ( ì ,'-r-., - ì'", *l )
r*a*

From fig" 1-6 it is apparent that this time ÎO = T-/Z



Fig" f6
&

Iî )

After the expansion and a littfe manipulation

-0O
itlnJ \ . rô ^o f -r¿u "ä- 

¿_ n €,., [;ntrnnl]' sirr(f). [sin", + sin,i, +
n-1

+ sin(Y- - )'^)l + sinl4) ì
") ,¿,J a Ð¿r¡\ 2 t sin'l t! (62)

^
tl | -.,\lanJ- \ÁiI tlÐL )t ltaa [,i,.,{rnu ll2 { z * "o={f) ["o=¡', + cosy2 +

cos ( ¡;,

cos 1ff1

ì'z)J * cos(n?) [cos:i, + cos(], - ]r)J+

2
,/
n-A

6.n

"o=y, ] (Ø)

ff we want to keep the phese constantu we may choose:



\.' "]i ,r )
'7 "/L

Yn=l(-a

\.) 1.1i / )
UJ

It reduce s (62) ancl (Ø) to :

14=,"ottf '€r., f.rrrtrrtl]2=i"31f¡ (64)
h-l

ph=F6r2..r)- ën [.rr,(r<rr)] 
2 

[r (-1 )"] (65)

In eo," 164) sin(f) takes on 0 and + l- val-ues" lîvidentl)¡
.¡-3rÐ3\ o¡-/lIl n.honU¿rr \ 2' 

ÐL'!\ 
2lø

^\-T4 = ¡rot' ).--, . €,, f.rr, rr.r, )l 2 sin 1f )'-|
(66)

This form makes it easy to cornpare it rvith the relationship

obtained in Sec " IIl 2, eq. ( JOb ) for tv¡o line sou.rces u placed
/ et^q-)^= )L/'¿ AÞa-YÍit t)

2@,, -r- 
-m _ fq' \ . . l, rr.x)l 2 ^*.^¡r?rr (^a\L. - )t ./ n .* ld-\KD/l Sl-n( 

" 
/ \v(,/

La-llltlJL
h-l

lllo¡r.l:¡ i,

Tr, = 4- T-+a
| /.a\
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iÞl

kb

"L-

3

+

5

three l-ine sources u Y = LzOo

tr¡¡o l-ine sources u the maximum

f n r cri r¡an kh

trvo l-ine sources e y = 9Oo ,

two ]ine sou.rces e ¡/ = 9Oo u

fou.r line sources e y = 9Oo ,

/nÁs YO= I¿U

- /-'r'/ v rarLo

A
/n

(h

goo

L 2Oo

= 9(,

four sourcesFí9" 1-7 rí'ôro tte /nov¡er ratiorv! Y

configurations in
of iwo u ihree and

fnoo erìq rìê
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As. tn thp'nower relations:

20c
,¡*n! w \ f .:2Ð ) r lr /uxli¿LL ./ Ë- lJ-(kb)l^

11-V

9g)
Il l-.-\.-

Ð - 
f-0- * > € [r rvxtl7 f. ¿ .r \h1 " t,ntl+= z 1-- =n L"r\^'/-j Lr l-r/ J<'*t2

h-l
I1_ \J

Tt can be safel-y stated that the gain in torqu.e surpasses the

gain in povier and thus makes this arrangement more efficient
than the 2 line soLrrces" llov'reveru from fig" (17) the comparison

with the J line sources arrangement reveals that torque effi-
ciency d-ecreases for the valu-es of kb greater than 0"9"

For a general- case the torque and pov'/er relations
given by (45) and (te6) are in too cornplicated a form to be

d j-scussed.here" It çvould be necessary to reduce the equations

for each specific case of given m as was done for m = 3 and

m = 11.. It can be reasonably erpected from what was just shoum

that for some of m ) 4 the 'torqu.e will- increase more rapidl;r

than the po\ryer, thus making these line sources arrangements

more desirable than 2 l-ine sources ones"

Tn 'r;he followins section the line sources are

nl¡r:ed elnse to a evl inder" ,¡ve are going to consider -bhe

two line sources configurations only" For n ) 2 the cal-cu-*

l-ations v¡ould follow the same steps, wi-tJ'r the onJ-¡r differ-

ence of u.sing ec¿ua-bions (l+Z) through (44) as an incident

field 
"



IV" LTNE SOURCES ,{T ]JE PRESEI\1CE OF A CYLINDER

Tn prac'cice antennas are usually supported by a

construc-t,ion" To acount for the effect of such an obstacle

two cãses are considered in this chapter: two l-ine sou-r'ces

close to a confLucting cylinder, and, in the second sec-biont

two line sources close to a. diel-ectric cylinder"

Arr¡nsenlent of two line sou-rces

cylinder

cl-ose to a conducting

h



* Ll_ö -

IV - 1, Line sources and an*infi4ite c_onduciing_ cylind,er"

As in Sec, III 2 the same presLrll-positions are

imposed on the l-ine sou-rces and the supporiing arms " The

cylinc'ler itself is assumed to be conciucting with an infinite
n¡nr7 r'a*i r¡i r-r¡ The CU1.1" en,r,S ATe ¡mifOfmlV diS,r,fibUted A I onp"u9u¿v¿uJo I¡!ç vuIIçrrvu -_-_*-_-.._d uIÐuI¿vuuvu. alvlró

the lines, Their phase difference is 6

T_T-1 r
_ /. \

| 
- 

| av-^l l li I¡ ulrF/\ ¿r /'/ L ' ù

The incident wa.ve function and fiel-ds are given by equations
f 

^1, 
\ ! / ^^ \ 

-ì{2+) through (27), The total wave :flunciion is t}re sun of i,n.e

incident and scattered wave ftmc'tions; the scattered. i¡¡ave

function itself has -bhe forns

(6e)

Then

" ir + exp(iy i"do)l

'{totaL = l/i,'r" * Y=" =

TI: .l:-?
LL1 ,/

lf= - o[t'in,") + n,,,rii2)tL")] rrl2)1r<rr¡ exp(inó) ø

.<b



i,al* L+7

ñ
1rt I \, i. /r-ì- \ . ^ 

¡'o\ I /Õ\
v, | = r;r / lJ.^(kb) + A.^ H.)',(kb)l i-t)',(k,.,) exp(rr^\
7l-':,2 1 +L #= L .!.1 'n'-n \---lI '-n \--.-/ v-^r\*''/'/ e

, Ir + exp(i¡l ineo)] plb
(70)

Constant Ar. is found from the bor-rndary condítions on the

ar¡l ì nrlar. q'nrl i q êñrlâ-l tn r

The el eetroinao-noi-i n -ti ol A ni_¡tside of tne cyJ-inde:: ío:: p ) bv: vl,]gó::v g:v 
'¿ 

*_--" 
-- t. /

is:

(7 2)

.1.^ ( ka )}'t '
lI = -. ----x.T*--n s\¿) (V^\..n\.'\4/

eÐ

% = +L"" " [;r,{r.n) o 4,, ,Í') (kb) ] Hiz)tr.¡l exp( inf) .

m
rr - El \- [.r (kb) + A H{Z)(kb)l u(2)(ln,o) exp(ino) o[.Á = ^ tr1 / lu].\r!vl ¡ ^.," ,rn tnu/_.i ,tn 

IV aL + L lr
t-

(7r )

Q3)

" [r + exp(i.y - l"fo)l

" Ii + exlr(iy - i..,Éo)]

. [r + erp(iy i"Éo| (? 4)



By a sinila:: pz'ocedure as in Sec" III
( I'l\ qirÄ I ?1 I - f ho tni nrla ¡nd f ho ìrôi¡Ipi^\L ( I AIlu \)L l9 urrç vu!Y.uu qf ]v-

2co
l'\ ..T' \- i ¿:-

T = 'å- sin(i ) /_an n sin("Po) K', K,.,
Y n-fl !r

ô
u- ^ I -<..'i/ ()Ð - ",

- tla

¡¡¡h ana

@
\-
-n-l-l

2 and using equat'i orls

are obtaineds

€n Ir + cos (nf 
o ) cos (y,) ]

f/' i.-r! 1!n1'ì

\()l

(7 6)

Q7)

(78)

Qe)

(eo)

.t/rn sl-n(n?o) 1\

J4
I \/ 1/'
CÌ!I\nni'l

J'_

v
n

fr/i -
rn

r r(-oo
/ "ñ
n-l I

i( K"nn

The powet: radiated is given

i-b with êe" (31+b) we see that the terär

sulnmaticn is actu.ally power radiated. b¡r

by eq.. (79) " Coinparing

in the front of the

the two, line sources

J_,(ka) ¡"r
Kr., = Jn(kb) -;fry_") H;'r(kb)

'n

In the case 't = T/Z

_2
ú^I l,tl
I {¡Ð-å-

- Il+

so that
æ

\-ì/
'n*l)

€n n sin(nfo) lí,,

i{nn



t4tl

in a free space" Slnce the phase differeirce is ,¡ = 1(/z,ther"e

is no rnod.ification of poive:: due to the infl-uence of orre source

on the other one and the surnrnation term

ã." 
Kn r.í;

can be fully a-btz'ibuted to the presence of the cylinder'" The

relative val-ue of the power vs the distance of ihe antenna

from the reference 1:oint is ptotied in fig" (I9)" As the cyl-
inder diametei: increasesu the maximurn power attains rrigher

val-ues" The naximu.m lies at al¡ou'L (kb ka) = L9" If the

dis'bairce of the line sources froin the cylinder gets very rargeo

the influence of the cylinde:: becolnes negligibte"

By placing the sorrces close to a cond"ucting cyl-
inder the torque/pov!¡er ratio is affec-bed only slightlyu as

can be seen froin the compar.ison of fig" (B) and. fig, rs (ZO¡

through (23), The maximurn ratio is again at abou.t d/),_ = O,Zg"

ïf the antennas are placed very cl-ose to the cylincler ( (kb

- ka) = 2) , -bÌre most apparent difference is a shift of the

fi::st zero of the curve towards a larger rel-ative distance

as in fig" (23) for ka = B and. kb = i.O or in fig" (22) for
ka = 4 and kb = 5, The deviatíoirs in the maxi-mun torque for
some kbrs and ka's are shoivn in fig" (9) " There is no obvious

pattern in the changese excep-b 'bhat the deviaiions (in boih
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di::ections) tend to get lar"ger for. large:: cylincler"s"

The curves sholving the depend.ency of the to'que
on the mutual position angle,)o of the aniennas aï"e in fig"
(24) " There is no substantial change from the case of the
line sources v,¡ithout any cylinder nearby. ,

If the distance of the sou,rces

constant and the radius of the cylinder" is
from 0 to be sets of curves of fig"'s (25)
-bained. A-b a = b boilr povuer ancl torclue are

torque (as well as flre maximum torque/power

if the sources at:e placed closer together"
the rna>rimum, a cyli-nder of larger radius is

frorn oi:igin is kept

gradually increased

and (26) are ob*

equal 0. i\4aximum

ratio ) is higher

Hower¡e:: c to achieve

then required"

rt has been shown ihat a supporting construction
r,vhich can be approximated, by a conciucting cylinder does not
sigirifican-bly influence the torque/power ratio " The situation
may be different if diel-ectric materials for trre suppor-üs are
used" To accoimt for this possibility a diel-ectr.ic cylinderu
i-ns-bead of the cond.ucting one, is introduced into the confie-
uratíon in the fol lorving section fV Z,
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I\¡ - 2" Line ou.irces and a4 _infi4ite diele-ctric cl¡l-iirdecs

Snitable dielectric mater"ials often enhance

-rìôi,ì/êr, off 'ì ni o-nnrr nf ¡n-i:onr¡qq Å I *hnlr.oh *ha an;¡f i ryrrnof j_ire L:u!I_L Ig Llf'a L-Lon

that is investigated is somewhat different from the usu.all-y

presented probl-ems, lve can ex;oect the effect on the torque/po-

lver ratio be rnore pronounced than it was in the conductins

cylinder ca.se 
"

The configuration is ideniica-l as in the previous

section in the case of the conrlucting cylindey'" The perrnittiv*
i *rr nf *l¡a rti a-t a^r--¡ì a nrrt i-¡J_g¡ is €. u the wave number i q ì.r uJ u¿vluv ur {v uJ ¿¿¡r 

(l 
v rvs v v rrqr¡rve! rú ,td 

"

V/e assÌlme the permeability to be that of the free spa-ce gô,

v;

è1-to u Ã '..¡ 1rod u ='d (l)r0

Fig" 27 ,l\ rren.cro

nr¡l i nd o

sources close to a dielect-i:ic

t, - ti ' íal b¡t
. ,r ./' ;'.. /','-'. '. Itt

--a-.-'-'
ment of two i-i.ne

lî



The curz'ent dist:ributions al ong the line sources are Ê

T
!

T
a

From the

*r*
I u!

'-o *n/r I ur

e¡¿nt'i Vl
vJLj.J \L û /

T

T

The incident and scat-ber:ed wave functions are given by¿

, I na

rT| .-:t/]i
I

\
¡

i-fJIì "Ìî:-
L ^ll

(81 )co\--
)/

,30\-
I/ ineo )J

(82)

,Ta¡f r
¡ ïr +r-

H,p

-Tr
Z s L!\C z ese

and D

-FE

the constants Cr.,

oo
\-
,/

(.>\ a

o nå" (L¡) Jrr(kp) exp(iná) lt + exp(i¡ inco).1 î {a

t,>\
Jn(kb) n;t/ (k,p) exp(in{) ir + exp(i;: inps)1 ,p>b

1lr
t aô

I'i:-:-
+L .,. tÍt) &f) exp(ini ) lt + exp(i I -

The transmitted- u/ave function inside of the cyli-nder;

\-
) D* J- ( kÁb ) exp (inró\ [r + ex;o (i;r i"É., ) I ( 83 )

li 11 LL u / v -

boundary conditions at ,o - a
I

T..I r T-r-,¡r ,_ :.^ ^ | rr 1''e].nc )ssc

ATe z



cr-, = nj2)tr'll
.okd;fr(ta) Jr,(k¿.) - k.d Jrr(ka).t;(toa)

eur< ul2) (nr) Jå(koa) - káoJr.,(k¿.) nÍz) qt")

.-2^ll 9^r /¡\
----ll H.\'/ ( tn )

Jj(kal nj')ir..) - r-(ka) H:(2) ,.a)n' n Tl' n
1- r!* \r!u/ l a\rr ^d ri euk Hl" (ka) tÅ(kaa) - k&Jr.(ka.) Hå(2)1ta)

(84)

The el-ectric and magnetic fields ou-bside of -bhe cyl-inder for

,Ð ) ¡ areå

F - r.. - u f)
.t 'j" ry

J1

æ
.-4- \ rn\ñ k*f ) .,¡\'l)¡ç^1 f '1 IE, = - ,i:-= / _',n ,,y, tJr,(kb) + c' J exl(inc) li + exp(i) in^o)

U n=- cri

(85)

(86 )

(87 )

CO

-\-
Ho = - 4fo. )_ " n:') (t.,,,¡ [;,.,(rin) + .r,] ex;o(inci) [r +
i ¡ n=.-co

+ exp( i¡ inco ) ]

û)

rri = - flL;*(z)1¡:) f;rr{tu) + crr] exp(in-) [r + exp(irr * inoo)l
(BB)

It follows that:

-2 ct

, =tg, 
- 

sin(1,) >- n ¿^ sin(nci,,) [.r-trcn) + c-12 (Bg)
+ u 

--_^ 
rl ' v l- l1 lrJ
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:2 00

l-t^-L í-tj \p, -'-w--- / d 11 .L .^ot'-y' r z 'r -l f - ioP - -=4- 
"*t_*U 

rr -r uus\rr,)O) cos(,')l LJn(kb) + C.,-)' (çO)

fn the case )' = T/2

a l-l-
/ ,J

,r1-"-
l nr \t-'u t+ / _ " €,-, sin(ngo) fJrr(kb) + Crrj (9I)

ñ-l ì

a 1f1_/
r¡ | -lrl f

P=/*o::r - 4 ¿- ^ 
tn Lull\rlwl -r "nJ

h-l I

-.^ ^at !u_

\-)-/T1 L
,/ -- -n

sín(n:o) -.lrr{i<u) + rni'
(e3)

l_ €n iJn(kb) + C,.l-\ -'-' r
l---^ €n l,rrr(t<u) + c'
h-¡ I

The expressions for power and torque show simi-

l-arity with those obtained for ihe conducting cyl-inder"" It
has been already established (eq" (34b)) that

lÅ., f AJ*T--

is the power: radiated by two line sources rvith a phase dif-
¿/^1^Fôhôô "/ ¿. 'l,nen tne -cermrvr vlf vç 

.j - ))

tl-l
a ,)

| - i r /l-r.\ , t1 t L
/ "- LUh\JrrJ,, 'r U^l
ñ-l I
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is due to the influence of the dielectric cylinder, As in
tho nnnr-'l untinq r:vlincler- e,?se ihis effect heíromes nep"lisjhle¿ U¿U

if the distance of the antennas from the cylinder is large
/ oo^ fi æ l'¡ o'\ \\Ðçç J__LËÞ \L7 t t,

The most remarkable change of the torque/povùer

ratio can be noticed when the line sources are cl-ose io the

cylinder" rn fig, (28) there is a small deformation of the

curve for kþ- = L"5, Relative permittivity of the cyllìrdei:

is 2 in this case* The irregulai:ity becomes more visible if
relative permittivity increases to 5 as sho',vn in fig" (29) 

"

The dependence of the torque/power ratio,for
kb = 1,J and relative permittivity equal 5u on ihe spacial

angle betlveen the sources is shovrn in f ig" ( 30 ) " The curve

here lost its characteristic shape" As kb increases (assuming

that ka stays constant] , the distortion is sllloothed out and

the shape of the curve becomes similar to those given in

figu,res (12) and (24).

Looking over the results of chapters III and fV

we can concl-ude that ihe su.pporting const:ructions v¡hich are

close to the radi.atins current filarnents wil l enhance the
.inr nrro of l"i ni o--¡¡ i f *har¡ qr a qlri felrì r¡ q-nr-qrrcrorì Â'l <r-*,Jrruj e J-r r,rlcy , ..*-J e aS

we have expectedu the use of diel-ectric materials for the
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construction hel,os to increase torque (comparing io torque
obtained if conducting supports are used ) 

"

rnfinite ríne sources are not easiry approxirnated
by real antennas, That is why a moï.e practical investigation
r,voul-d concentrate on radiating dipoles" The following chapters
d-iscuss dipoles cl-ose to a corrd-ucting cyÌinder (chapter v)
and a possibility: of prod.ucing torque in an arbitrary direc*
tion ( chap'ber VI ) "



v" DTPOLES rN Tlltr PP"ESENC,E 0F .{N IIIFIN"IT_E -COND_UCTTNG

CYLIi..fDER

So far in the problems cliscussed the sou,rces of

cylindrical waves were used" In this section we will consider

the sources of the spherical waves' For tha-L reason êQ" (i0¡

v¡ill be used for the calculation of torque:

1

¡-a
L

-if,=-)i--'=11{e A r x l€nlE "n/ "l, -l- -:*
J^ ' u 

^0}L

:t-

\Ð
_l

"n)"8 I dA Ge7

v¡here A is a spirerical su.i:face, the radi u,s of v¿Ìrich goes to

infini l-r¡' ql c,r.rrr ¿r,! uJ r **-C n = Ar G

The tnu.tu.al arrangetnent of the iwo dipoles and of

tho r:r¡l in6er j - ono'ln-^l,e -iO that Of the line SOU¡CSS and thetrlIU UJ ¿f rfuç! -LÐ d.l .rA-!U6U uÒ L

nrrl indor - xnth di,-nnl aq 2r.ê in ihe x - v nl ane " nara-ì.1 e.l toUJ J¿IIUÇ! ø Dv úlL gJì/ulur sr v v "[- 
e! e&..'_

the axis of the cylinder" The distance from the cylinder axis

is eou-al for hnth dinoles and denoted t'b"n The arms holding¿u vLl v-q+

fho dinn] oq âl.ê makìn¡r angle,rt-- lsee fie'- 31 )ulrv

Since the bounclary of the pro'olem is a cylínder,

we witl express the incident field in terms of the cylindi:ical

r^/ave fu.nctions" The war¡e fr.mctionu due to the first dipole

in the posi-bion showir in fig" 3Lu is given by;
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v

A'ez'qn¡rornon t

nr¡l i lr rì o r-

d ino le

Fig" 3I * nf *rr¡n dinnlo-LJI Utvu u-truuJ-\;ù cl-o se to a conducting
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Tt ()\ .- 4 t^
': I = Ë-?l J{ò-'(,rlf * Ío) exp(itz) dì u r3 = (k.* o._¿1r/z

-{}: r,,¡here er is a:r\ eigenvalue in the z*dir.ection.
Using the addition theorem

CP

foo
r'r I \- t)\

I m ] ä; 
rn@ ?) ul¿/ (sn) exp(inc; exp( i'o:z) dCI: o4b

t ! Ç IÌ=-Oc\lr _ _) -æ--It ='i i'* e4)
. ff \- ('\
. Bî¡i ', /__ n .rrr(€b) Hl'/ (r:r) exp( r-ntp) exp( ia:.2) d,: ,plb'-_¿ n=-cÒ

The r,vave function cir-re to flre secolrd, d.ipole is;
oc
/" cÌ"
r 

-
. fl i \ ,(2),_.^, - . î. t.. r1r B:ri , 1_ _l .Ir_,(,J:) lià'/(Jb) ex.o[in(r; *.' o).] exp(irz) .,Çi
i . ! It=-:/)t-;' 

"l¡- Ìl

¡ír - .l 'i) 
t

Yz-'. îS_ ß5)
: rr i \ lt\
i ¿ii 
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Jn(,3b) nl'/(,'¡') e*p[i'.'1 ' -'i o)]. u"p(iry,2) o;t

I -i n=-Gl
i -oo plb

i s n'noq'ì:o¿l l-rr¡ superposition ofwave fu:rction

ual- ones 3

ti
Iîr¡ /. \j. e:;p(iazJ d-..
l'.

43.
aI,l/ r.lj exp \!:.2 )ll
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incid ent
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öl a

The

bo th
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The refl-ec-Led fi-el-c1 is 'rhen:

,ti.{.ì

a ,r:
I V rc\ /n\

"!rr"r = # | ] u"p (iaz) ¿^, L exp(in:) A' ulz/ (,.n) H;zi (. -)
irsf urr¿ ¡ . ru.._ì i r1--r.-

_¡

7i

r^¡here

T /:^\
t_/ n \J ú_ ,/

lL=n u\¿) r .^t
"raì \': a'l

From the iotal \^/a\¡e funciron for ,o>b

(e7 )

oB)

" Ii +- exp(ii? i"po)ji (101 )
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Tll I I
H^ = îiA I . exp( ilz) d.,

vu'-'ll
J ¡,} L

,.$3

(to3¡

o]
\-I¿__
1'ì= *

9ð
T

Tr itt i ,'
Fi.{ = Tl= L ,. exlr(i'z) d..

t;. \J.iJ I

'i w
-tu

" [r + exp(iV * i"f:o)Jl' (104)

lint!
Z

Tire above expressions are for the fields at p ¡b" K.,"(¡3) is

defined as I

xr.Çc) = J,r(,,.qb) i#) uj2)c:nl

The Hanleel- fr.mctions of -bhe second kind and tlieir derivatives

for the far fiel-ci are app::oximated by:

u(z)/,;'l--- 2 '+ ('tn- '-'/^ '-/t,\'1J1; 'Qi i,¡;:;= (-...-)- exp L-t(,'3,t ^ n"!:/¿ - ! /+)i

/o\ ,> 1.H;tt'(.:") --.+ (#)u uxp[-i1'c' 'nT/z -Tiu,)j11 
, j :' 

-> 
oô ll l:.:'::

(105)



-'75

The approximations a.r'e snbs'¡ituted into (10C ) -thror-rgh (104)

ñ1^^ hr¡ -ì**^-nnl¡2np-jna the order of the Summation ¿lnd inte*Atlv- UJ ILt uçI Ulrsrrbr¡¿t>

gration we can write Ê

'ìtl
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-o y.,itâ 

-Llj -""0

I1ìãË:*--
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.-.ì

æ
\-
/
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f-;!1 /
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i;

Il_-j,ó -

+ exp ( iy in^o )j r.,

exp ( {ri/4) n exp [in (^ + -./z) ) tt +
tÐ

J ov-nlii/¡ vzllr \ + ¡( i.óo )jrz

r . -.- Jt \exp(L':./+) 't/z)] [r +

(106)

(ro7¡

(1oB)

(110)
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+ exp(iI

exp ( ät'/4)

* tt'Co I JI¡

TI
"jÕ ._ 

B.Terj

+ exp(iy

exp( *17/4)

+ exp(iy

exp fin(* + Tt-/z) j [r +

. I r-ì :inc^)lIr, (109)
.\J J +

\.-,
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n=-æ

ç-
/'aI -'
n=*tr

ît'r-r
T1
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Õ I(1

-
\te

It;
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ffi
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in c{*plane

of integration
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The integration path vrill- have shape as shor,vn in fig, (31)"

Rewriting the integral= fl- -Ûirrough It I'nte get:

: ¡^â
^øtrr

f/Z ^., _3/2., _ __ r: r--_ - ^^ t .j , . . \- r." t111 = k)/' cosl: siylt/'7' exp fikr ctro¡- T ,.-r'.r",,a sin:..) d"
'?+ico

^øttJ_t¿-
12= , vi/z cos- =irr!/Z' exp-ikr cos (i+ .), Kn(k sin-l) d-'r

J:¡+ i;L''

The asymptotic val-ues of these iniegrals

for the far field is folurd" by the "method of steepesi
I a -\

¡iaan¡'-'i-rr \L')

,r^*1 æ

r? = / y5/z =Ln5/z-exp [itr cos( s+ ].)j Kn(k sinr) d]í
1¿)¡

iT+i*,-'

^* 
f C^,

I -* 1rt, = -i ur/z =tnt/kexp [itrr cos(e + x)l rirr(r sin:i) dx+t
Jpr-ic,:

n-ioc
t-

t5 = f 
p/z 

=in3/2xexp [it<r cos(e + x)J r,rr{i. sirrX) d)(
JíI+LG}



\ê-f -r'l rrCr

f (Y-) = cos(g +X ) (11I)

,r-r^^ ^-r,rr^ ^^i-n-t i_s found fromutru Ðd-uu¿ç _yv J

.lf/Y\!*Yv=-sirr(0+x) =o (II2)
^v

Condition (ttZ) gives a series of acceptable poin'cs:

X= nll * 0 T7 = 0e Ls 2, ), ôoo

from v¿hich the point for n = 0 is chosen, so tha-L

/= - 0

Using €e" (4) given ¡y .rones(12) on p " 44J tve fiiralty havee

[ ., 11/2 r/o a/c
11 = l- ft¡l v)/ z cos9 sinr/ ' Kn (k sinS) exp( -ikr)
- L ----l

{LL3)
T ^ .t/Z ¡/¡

- | '¿ l-' - ,_J/¿ 1/2 ,a / .1:)I ?, = l- îk" I K-' coS :' S]-il itn \ l{ SIn : / exp \ -lKï* L -'--:
(tt¡+)

r- ^ 11/2 r/¡ r/,¡Il = -l- ful k)/ ' sin)/ '" o,-(lc sinO) exp( -ikr) ( L15)- | --- 
t

l- ^ -,1/2 ,/^ ./
rrt.=-l- fi;;ì '- xT/z =inL/20 r,n(k sin.) exp(-ilçr) (L'16)

L _ -_J
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I_ -=- it-I I KrlL ---- J

79

e/c z/çl// ' sin)/'l' 
"i. 

(k sin?) exp(-ikr)

--
1 sinÇ ) exp lin (c + 'n/z)l .vr!'J\ ¿rr! / /

n=*æ

{1r7)

(r!9 )

(r 2'L )

By su-bstitution of (IL j) through (tt7 ) into (106 ) 'bhrough (f t O ¡

r,\rê c"of f ho enoroxi.mate exÐressions for the far fields inbv"*J,-y!

forms e

E'
rjj

(118)

(Ð

#ll-Z exp(-ik¡:) ## L " exp[in fp " ¡r/z)).
+J{e otÐr n=* {ü

" Kr., ( 1t sin Ê;) [r + exp ( i.t in(to ) ]

.. 2*-
î+5+ exp ( -ihr ¡ sin2i
T {¡ e o'ur

\-
/ exp [in(p * T/z)] ä,.,(tt

ø
sinå) 

"

. Kn(k sin?) [1 + exp(if i"do) ]

" Ir + exp(iy inao)]

æ

T{
t)

(1 )Õ\

Kn(k sinÐ) e

lII-ì-:-4trtr

\-ì/n=-
1{, =--Ø

- [r +

\- f . , !
exp ( -ilrr ) ,ì " exp l'in (P * f/z)l

n=-;û

exp ( i,; indo ) ,j

iETl exn I -itrr ) sin j4.Tr

- [r + exp(i¿ .- info)J tL 22-)



ô^
arU

Ì"r..(k sing) u similarly as in (Lo5) stands for

än(k sins) = ;,-,(trb sinå) #*ï* uj2)tru sina) ( r23)
"n

tòrque in

+

(t z4)

'l

Åinlo rtl +

(125)

From eo.u_a-bion (tø7 the components of
i,: t çi ancl z d.irections are found e

, l'l" n r ,-)t --)iT,, = - V Re i I Jìr cos I L-o(E, sini,' * E'"cos#) r,i,
, JOJ 

O

o 7-,otdHr,sirrÐ] rzsin; oç: aâ

f.'ii r27
r¿ = t Re 

J^] ^¡fco=a 
[e oiTs íns + nicoso]Eo +

JoJ o'

+ sin e leo (E[si ne + E+cos G) 
" "1] 

¡.2sinâ d j d)

¡¡¡ ¡z i!
tll rr, = ä Re | | ¡ sint iuo(_u"sin; + E*cosÐ) uÍ +

JOJ O

¿<- ;inË] rzsinË op då+ i¿oþu';* (126)

The rel_ations for the el_ectric and magnetic

fiel-ds are substituted, ancl as in the previ.ous chapters
tho i-nÌoc"z-e+-ion over the range of I is,ur¡u !a 

I

^fu :nÉmI r., 'ì ' I v tIF!!)
J exp I i (n - ni )r,.¡ d,r= j

J ç ' '' 2T n=n'ì



QrU,L

After the indicated opera.tions are carried throughs

\,'ûe f ind:

rT
I

I,O
f'F

J-

f!i
- rror, )l I,v-l

J0

@.r
,/nI --T, ='o

fn
J6

m
_L-

fr
f"r=l f(sinO)

.r t-ì

ô^^
L'- I I ) " lt + cos(¡; - "ó6)]n=- úÐ

'11,+cos(\l
L-

Let ns define an intepral J as

¡cosv da

? - (v, *ir"eì12sin'e cosÇlr r- | n \_
- if

(127 )

oi-Q ^^.tl l-Ì{ (t ' ^rr ? --u¿rrv çvL / r¡! rf S1n5))* d-tL l'ì'

(L28)

) - ^r-2 r.\sin'9ll',.^(r sinr)) | - ¿:L n'
(129)

dû
^.- 2
Õl: a,-r eO

ô^ô
K1-L

Bæ;

ô^nffi/ / / 
-

=f 
)_ " [t + cos(\j - "io)]Ci 1( -1) e O n=-'Ð

(1)0)

¡/ ^: '^ .1\ : ^ ^ 3ìri tabl rr res'ul.ar f unction.J- \ >11r l/, IÞ d Þ u¿ uqvrJ ! uõu¿

5AnCe

. 1 . t-, - \Sl-nç = S1n(li - : )

and

on the in'Lerval ( O, !T ) "

cos9 = cos(T * 0)

we ca,Tr al-so v¿rite

f(sinF)=flsin(T-?)J
Generally -bhe integra'r,ion can be divíded in -bhe foll-on'ing



o¿

manner å

,',r/ 
^r"/ '

lT- iuÉ|

-; O

rt'
I

0-.;- * I
Ijr''/2

on the r

.:at/ )| /*
I*i
¡

IJÔ

(131)f ( sin ú) cos,?

Itjorv in the second part

e 
-> 

7 -9 so that

ft follows tha--b

T-ô

'inio¡'rels nnntained

of the same nature t

f(sin€) cos0 d€

IË)rr urralru side of (L}L) l-et

rT

J,,
f

f ( sint) cosCI dÐ = - 
Jru, 

f fsin (T * e )

f'(sinå) coså'

.ì * +r.^ ^^,.- +.i .rn Lfre equa rrons

therefore

(I27 ) and

ot (132)

¿r¿ç

''Y1Ã

(128)

i

i

îrôLt1

ryrô
v

one

by

i,le

JÞ

(1)J)

h: r¡o nn I r¡

f.hen cri r¡on

ñ^mn^hanì- nf

ôn (l co\vYo \L þ2/ / ø

+À-^.,..a 1^€+.uur \{ uÇ rs.i u g
*ha );^Yñ rrô mronì *rrrlavvrYuv



- ô 
^ 

.'f [ "h)Tz1¿ \- Im
I - o ,' rl f I

Bf,lç^ ä-=o -n J6
U

sinie irrr(r sing ) j2 as

B4

¿ . -')sin'9 | t'.^ (r sint) l' d?L l'ì'

( :e)

(TJ9)

Power radiated by iwo dipoles is given by

aôô
K-1 l_

- ô'li 1,ìe 
Û

The recluction of equa-tion (tSg) if ka = 0 l-eacls to the same

êynrêss'inn- 'T'he rel-ative value of pov,ler for r.. = T/2 is slrorrrnIi"-'

in fig" 32".4.s the dis-bance of the dipoles from'bhe cylinder

increases, the infl-uence of the cylinder decrases; for large

values of kb the.¡alue of povreq is that of the iwo dipoles in
fr ao e7ì1 -ôu-¡/svv o

The torque,/þov'/er ra'ci-o curves retain the same

character as it was in -t,he case of the line sources - see

-F:- rô l')')\ ^*,r /rlr \ 'cìøaa /n\
rr¿i6 Ð \))7 o,1d (34), From Chute\ / / the approximate val-ue

nf ilro ,rr-rï-r^i .,-,o /nOv¡ef ratj O 6rf trr¡n d i nnl aq i n f ree SÐâ Ce iSvf ufrç uv!Yuv/ lJvvlu! !curv vJ uvYv u¿rvu!çu ¿rl ¿!vv uyøvr

$ =o "Lp?6
kbcos(Pn )

; lr: ,¡ g ,'i r: ,:C:' Ci i:- )

(140)



To calcu.Ia i:e the radiatedL po\¡/er

-r-^* (1 Q\ Tlonnrnnnci +i n¡ 9f the fieldSaIUl¡1 ÇqB \r u'/f ê uçuvrrlvvÐ¿ u¿v

non en is 'ì n ihc cvl i niìri cz f coord inates wit-L
a f ¿ õ\or eQ" (lÕi -to3

*A ^ZT! r' i
ail 

^:t-¿t-p=, Rel/ r¿sin7 L-u""rsinl+(E,H;:*rJ t
J OJ O

OÕ

By the same procedure as for the -l-n-¡nrra ao-l nrrl al-i nnq r^rô croì-uuI 14 u.g ua!u v-ra ulvrrÈ vv E õç u

¡T
I I sinr3 f r'.-(r sin:) l' u=-l

" (135)

we v¡il1 start
into their com-

chenrtr. the l-orm

H H I naìclr"fÐ^1.,^t
Y

dp ca

(r3Lt)

aôô

o * 41-iJ-! - B'i'e ^,",tU

nÍ"0 J

U^- { ñ +h^
1\U]JfauJrrÉ) u¡rç

t¿ a¿\ -\r))/ iry tne

-A) to r;O in equ 's (129 ) and

n i-¡m r¡ialrlq"v wv w ry ru+v.u !

1^õ
1-) T '--1 ç"
JII-L¡i' F 

- 

aì-a\'

^-2ö'ii {õe 
Û

tl (-

Ir'.,.,(r sinâ)]'ue
¡T
iqn J sin'e

J0

l- Îi-i'r
/ sìn'l1-*""

_r0

OD\-
/ s.^^ ^ Ir

(136)

-^ô
F-lln

' v'r ,. '^l/¡!rru^
V

For
.l-^¡anrr¡ 

^-.1r,O I'q U.e ¿'-f Iu fJU iry'e¡'

[ft + cos]i cos nflo)l | -. | . 
^ 

I I LIt\ (f S].n:i II -n'

(r3? )

di?

the snecial case

aI"e giiien by:

Ûtr

) l1 + nnsrlr *,/

summation from

summation from

CO
\--
r'
n*fl

- /^
\J-L ylrd.Èt, ur-L a Er çlruç \ - ;t / L



This value \,vas obtained
al,l4 for rO = 5,08 radians

64.ç

T/2, d/ì., = 1/4.

L"4 we obtain

Fronr the fig"

(l.41)

('L 42)

fnr rr'"' /

'kb

L
rù

rn
ttn v!

l-

T:*lì
ñ - vcr

substitute

<( L)) ã:

and kb in (140):::>

Considering 'the approxi mations Chute used, in his clerivations q

the agreement is good"

fn the actual applicationsn control of only torque
nragnitude v¡ould hinder any effective atternpts of stabil-i zirts
â qnâr¡â r¡ohi nl o <in^o fha 4ifeCtiOn Of dì qi:lrnhino. .fr,rrpl,qvç v v¡¿¿v¿et Ð-r-rrL/u u.rrg urr-eu L-LUJI u1 (l-u uu¡ v¿¡rf; uvr rlU€ l_S

mpredictable" we wil-l- consider a production of torque in an

arbi-brary direction in the folloviing chapter VI"
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1

1

Ð

l-"

0"

0,

0u

IUIJ

0,2+
I

246
kb

Fig" 3Lþ - Poiver radiated. by tlvo

cond.ucting cYlinder

8 10

rlinnles r:lose to a-v-¿yv4v
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a f
a ¿l>o ) J

1r^ 
-1Àa-r

frn-¡nrro./a^,nro'arvr Y

â ôô'nd trnti nrt

Qnt) /

ratio of
r|I¡ | I 71ñêr

T
T)

two d-iooles cl-ose to

kb=l- 0
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ó ^=5"0gu -=-

*i_
I
¡

I
I

i

I1irï

i

I

1L-i
t
1

I

I

I

^l/t J-

I

I

llig" 36 Tnrr^i lo /a^,^ror

q nn-n¡ì rrnl_ì 'n æuv ulrrõ

ratio of
r'r¡l i nrlar

two dinofes close'bo
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The arrangemen-bs of the sou,rces in the previous

chapters were Such that the onl-y non-zero component of torque

\¡ras in the z ^ direction" It is neverthless possible, bV

nlroosi np' the nrôTler tvne ancl nnnf i s1)Tn ti on of antennas e tourrvv ù¿1.r5 urrÇ jr! vyu! "J 1,"

produ.ce torque in an arbi'brary direction" To show this, we

rvil1 go back to an an-cenna located, in a free space" The ex-

tension to -l,he cases of antenna.s placed near a su-pporting

element can be carried out sinilarly.

ii,lost of the works discu,ssing the torqu-e caused

by the antenna radiation s-bart with an investigation of a

turnstite antenna" The relation beti,veen the radiated power

anci the reactive toro,ue is u.su.ally given by:

it=LP
{.)

(t+3¡

tnrnrro l-roin.o nprnendi cul ar tn tho nl nno in v¡hich the antennauur \¿us vçIrIó yu! }Jurrur

tA\ (o\
liesu\u/e \() (see fig. 35)

By aclding a third dipole and changing -bhe phase

anrl the masnitude of the cu,rrents and the spacial angles

of the dipoles, torqu.e inan arbitrary direction can be pro*

rlrrnadV V.UVV ø
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37 Tr-rrnstile an-l,enna

/-

{

ç)

v

v

l-r'1_at ix ¡l'iîFôã ñ-î^acôal 11tF^ r^^r !õ 6 )\J IIfI Uç U! UÐÈEU UTYUI-UÐ
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The configuration of fig" )6 is considered" The

curyents of -bhe individual clipoles arez

tL = r
-- /. ìrz= I exp(r'J

f. = I exp(i:,'1)

The vector magnetic potentials clue to each dipole separately

are gçiven bY:

ß^rLT I u I ^-'l(-ikr)
^1, = -6;* "".¡

tL^rr^
^ -t\) ' o-n(i\. ikr)''2 - 4Tr

u^rT.
A -' Y,-= ) c*o(il ikr)Ã? lt';{-

) aí.L

From fig" )6 we see that

(t 4tt )

(t+51

G 46)

T1 = î (ã" cos i, * ãu sin-{, )

T, = A (ã* cos{. * ãu sinir) (L4?)

Tl = T (ä* cos I cos-9, * ã" cos: sini', * ã, sinf)

The total magne-,,ic potential is a. superposiiion of the

individual ones e



tlnll / ^ r -----l:,,\ ^^^t.^ l1A, ='# exp(-ikr) J co=O Lcos(e - 5r) n exp(i¡l) cos(o - ;/ ) +

+ exp(il) cosi cos'9 cos(,: Ïì sini sino'l ì (150)

ri^ItÀ =10,i: exn(-ikr) l-sin(1,, -øl + exp(i':r) sin(i, -,") +
^) 4;,lT v¡lrv \ u ',.'1

+ exp(iv) cosf sin(Ì., - ?)]

Ã=4. + Ão+4.ta)

lts componenis in r , € and p directions are;

the relation

B - rot Ã

+ exp(iv) [cosf sin9 cos(p- 5l sin( cos0i,ittt+gl

(148)

(151)

tr 52)

The masnetic and electric fields a.re obtained from

and frorn llaxwel-l equation

4_
Tr - '-r- ro-u Bi,,tt ¡i -"-*" 0i" 0

(t ss)
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Usage of €e" i:-52) gives ihe cornponents of the magnetic

f iel-d:

H 
- 

l,

T

Be = exp(-ikr) {f + 1k) [sin(Ç1 - ?) + exp(iy) sin(Ç, - il +

Foll 1

B^ = exp(-ikr) {f + ik). cosi cos({, *:) + exp(i'ì) o

/ a / /\sin{ sin"*J i \L))l
ìr

From eq" (I53) the components of the el-ectric field are

derived:

ill -----/ :,--^\ ,t r '|w Jr 
,E" = ^:::,= exp(-ikr) (i + rk) {sino cos(ft - rs) +

'¿ J(o-e Or

+ exp(iy) sin0 cos(f z-a) + exp(i;r) [sinf cos9 +

+ exp(iv) cos{ sin(Ç. - É)] (L 54)

0 56)+ cosí cos({. - ç) sing ] '

E^ = - ##^' exp(-ikr) ftz þ i *) ico=â cos(51 - ll +
a + /:LLÞ 0r r*



All* Y+ *

+ exp(iy) cos? cos(()2*l') + exp(it) [cosr cosg cos(), - fi]

ul = 4ffiF ftz þ - i *) lsin(i, -'i;) + exp(i¡/) sin(i, - ¡) +

sin! sine lJ

+ exp(i;) cosÇ sin(f, * r)l "*n(*ikr)

(157)

(158)

/r <ol

(160)

Torqu,e is given b5r eq " (16) " r"rom ii the componen-bs in ru €

and l,t ¡l i re c-Lions are :Y

mA-Lr - v

¡e^ f Fx 2 - *
T^ = -#*" I i r) sínå u" u¿ ð.? do
6LII JO JO

- J'27tô | I ? - *"r,l = / ne | | r) sinË u" u, d.i> d.?
ULII, !,oJo

ors since the cartesian coordina-Les are more descriptive:

. n3 "1i ç27v^- I I

T,, = - å- Re / I (sinJ cosU cos) tr" E,,' +
x¿ii

-jo Jo

+ sin ü sin .,'i B- li- ) dq d I (16L )!L':,



qr

v

3
çrl!
--ô-

L

ô
I

= __=*-
a

ir rzqr
Re I I (-

'0 ,0

f

f r2rRCIiS
ç/0 ç! 0

Y)

. :r-

sin? cosS sin- 
""O,

sin I cos o It
t

1n \ u tl
t1 ()

(L 62)

(LØ)

(164)

After the su.bstitution of eo.uatrons

(158 ) into the relations abot¡e c we ob'bain e

^^ôtr/ | |

(154) throu,gh

.p
clhè qtn 5r sinV + sinÇ sin f , sin(v - Y)ma- .n2

O /r !() €.0

-ô^K-r-r ls'ìnË cos
^ 

| v¿rr \
rr 4 ' ,J
a ),.-'-ü e n

U

^^^<//
K--L I l.rìn1..*
,q- 2 L "-" \ì 2
L1 ll r \ C
v¿\ /J v^

\J

'/'
>T sin! + si-nç cos i , sin(t -¡- )

(r051

I sin r'/ **'- 
I

cos {' sin ( Ç, s'in ìt +

sin(Y-)/)]

ì1 )Ll

+ cosi

The position

hence ü/e will-

. /{ )' \S].flt': n - ''> ¡)
")/L

of the first
^^^; -,ó,ÞÞrÉlr i. I

(166)

be used as a reference;d ipole v,¡il-1

0 " jtlov¿

-^-
T". = ry sin,r sin -, sin( -. )x Á'i,,(. ì '""" *0

(167)



sin r-

)¡

rnrh i nh tti \¡ês :

-^-
1t-t r
;2Olííi: e

Û

-ôÔ
K-I I_*-*Ã.*-

U

IsinV + cos ç, sin(] -,; )]

f sin i, sín/ + cosÇ sin f, sinV +

36e)

(r69)

(L?0)

(r7r )

+ cos 5 sin(Ç, - 5) sin(! - ),t )J

From eq" 15, power raCiated by this type of

rT rZT

antenna is:

1 Re i ! "2 sinå (n* nu - u" rr) o¿ o*
Jo jo

222
K-I JY * -=æ-.-
bJ{r:ç 

\̂J

t-)t¿+L2 cosf, cos y + cos j cos{. cos )i +

sin( ,) * ì,)

sin'J

+ cosf cos(J', - Tz) cos(y - vl o fr "or'51

The simplest arrangement of the dipoles is sholvn

in fíg" 35" That Ineans that f= -/2, iz = i'/2" The resulting

torque and porver are then c

a-Ô
.!t- _L I

æ1 (17 2)
Ã

T=\/
^ôñ

K-I -L

614
ô

K-I I*T--
ólt ul*ç 

Û

{173)

,j
{1',7 4)



97

a^1
v't¡1\

' ll ttr,t^
a'iiJ-L 

Û

(17 5)

From €e"'s (I?2) througÌr (L74) ít can be seen -bhat

the z componen-t of the torque is due to the interac-bion of

the t'¡vo dipo]-es in the x - y plane ( ti is the phase difference

hetween dinole 1 and dinole 2)" This resul-t is in agreenentvu ueYUUrr 

(.)\

with those given by F" S, Chute\ri and P" Bruscagì-ioniç A"
(^\

Consor-bini and G" Toraldo di Francia\"' for two dipole -rurn*

stile antenna" /.!lso, compa¡ing {1?4) to the expressions ob*

tained in the pl:eceeding chapters for the line Sources and

the dipotes in-bhe presence of an infinite cvlincleru thei:'e

is the Same sinusoidat d,elrendence ol'L the phase difference ¡./ "

It is r,vorthwhile to point oub that tne value of the z component

nf -i-nl^nro i,¡i-ì I not ehanse if the third dipole is cotnpletely\/r. uv!Yuu

removed" llou/everu this act would- result in the elimination

of the other t¡¡¡o conponents given 'by (L?2) and. (L?3) " The x

eomoonent arjses fr.ori the inte¡action between dipole 2 and 3

and T,, is due to the interaction between L and J " It is
,y

therefoi:e obvious that ihe direction of torque can be changed

hrr arJ.i ilsiing -r-!nn mrr-l-rroì nhagg diffefenCeS betWeen the CUffentSt,l IU jll t-{ U ua¿ Yr r<

in the individual clipol-es"

To find. the torque/po\ver ratio vve need to find

the magnitude of torque" It is defi-ned by:



Tf -the expressions for T* u TU and T^ are substitu"bed, the

f,nroire rnarrni tr.rde hasuv! \4sv

^^^
T - k:+'- 

f =ir,21v - ,,) + =in2t + sin2 i, 1t/' (L?7)
tr--. I L

O'l Cr'e 
O

Then

I'q = + ¡sin21l - ir) + sin2i,+ sLn2t''11/2

ft? 6)

(178)

(1?9)

(1Bo)

In the folowíng case -bhe currents are mu--bually

shifted rzoou i"e" V= Lzoo u V = z4oo" The i,otque/polver ratio

is the same as for the tlo dipole turnstile antenna:

n1¿¿
ñ
f ìt-t

It is also the maximum ratio that can be obtained for the

discu"ssed set uP"

Another arrangement is for example '¡ = tl/2, t) =Ty'Z"

It follows that

Ë = o,94z} !
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A l_iitle different approacìr v¡ould keep the phase differences

constant¡ say = Izao e ".= z4oo , leaving ihe position

angle variable.



- 100

]iII' ÇAl'!ÇlUSr*al'l

The ob.iect of 'chis thesis v¿as -Lo fínci the relation

Jretween reactiona] torque and radiated po\¡!¡er of antenna col'I-

confignrations, both in free space and close -bo a supporting

element" Al-so ati;ention \^/as paid to the possibility of produ-

cing torque about an arbitrary axis"

It was founC that a supporting structure,sirnulated

hr¡: niy-nll.tar cr¡lilrrier in tL;^ -:.^=.^^+ì-^-f:^-^ -^--'.'^r?z- Cef-Lain¡.!!-LÐ Jl-l \/ UÞ U-Lód- tr-LUII I :tlal u.1 IU-t

cond"itions enhance the torque efficiency of the antenna, A"L

the same timeu the polver efficiency stays unaffected, or decreases"

This effect is stron.ger in the case. of the diel ectric cylinder'"

Toro¡e anri ¡61n,a-n nf *ho .linOIe an-bennaS CIOSe tO A COnclUCtingM\¿UU Aftu yulvvr v.rav

nrrl i nrtoi^ rti .:r-rì - -- ^.i -*i'r ^- L^ltaviour to torque and power produ-uJIr-lr\1çr ur-lJI4,y Þrrlr-L¿d"r us

cecl by the line sources" This Jrecomes impor-bant if the usage

nf rlinnle antennas for control of the at.bitude of a spaceship

is considered" fn at'Ìy CaSee aS the available po\ver on a Space-

ship and the siz-e of the antennas used for commi.mication and

other purposes increase, the reactional torque may be the

cause of undesired d-isiuri:ances which shoul-d be taken -into

ac co Lryrt 
"
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Àt a point P at a large distance from the anteirna

the field vec-bors due to eac]'t element are equal in magnitude

and have the same directionu but they are out of phase by

,L::' -'

.. -r" ', 
1 ,'

*:!.,,' -' -0

.....- .t
,--..t-,., -

v

tu,,

TU,= 2 + /ñ 4 \tñ-ll
\! L J



4^)

. ì- Iwhere LT = ITI - "Zl

The total field at P can be found by a superposi'tion of the

fiel-ci vectors of -Lhe individ.ual elements. Since the vectors

ô- ^ n¡rt nf nhecra hr¡ fho 2y1 g1 art l-lra l-nl-ql fìal¡l ioa!ç .JVþ vr vrrauv vJ, *--ÒJf; ç\ I ullu uu ud--L -LIUJ\-I IÐ }:.ropoll-

tional to 2 cos(-":/2) " The elements are aï'ranged to be par-

allel to the z - axis" Hence

i\iow

Therefore u

ol= * (r + sinå cosçi )¿

The field is nows

E,,; = f; sinf cosff,(r + sinCI cosr)] exp(-ikr) (e * 4)



.: * +-r^^ ^*hr.ri r:a I eOlnnOnentS :Uf I JII 1.r11ç ùlulrçI ¿Ua¿ vvrl¡vvil

)f.

o 2 , -, ^2t .\ -ti..F = - !- , srn: T coszf'+(1 + sinî cosr) I dS (g 5)2e : 2 L4''T,-õ,l

The force acting on the anienna is gíven byt

il I r

,l ,l-dÊ\-)t
P = * 2- Re I E x ii dS = * 2" Re i u, ÈE, cts

4v L¡ tlq-q

Decoinposition of F* to x and y components gives:

fZT ^ j;

F* = 6]* I f =i-,'ra,r^ "o=l sin(fsing cos¡-) df drl*'"-r 
o -Jo

4^?' LV ) '

where P is the radiated power"

The doul¡te integral in (B 6) is eval-uated by expanding the

term

,': ^ - - - .\sl-n(Z sl-n cos '/

in infinite series and integrating term by term" Hence

Fu=F.j=0

Fy=o
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i' I, ,4i , p,r3 ]r T6
sin^'Ë coslsin(* sin? cas/:) d0 dg = ä - f; + iãî - o,ø¿ /' i L, (v ()ou

(¡ * 7)

The sum of first six tei:tns gives an approximate val-ue 3"9905,

If we su.bstitute this in ee" (3 6), force acii-ng

on the antenna is found as

D
F* = 0"476 ; (B 8)

Imagine nov/ that -bhe point of reference is not on

the line connecting the two dipoles u but sh-if ted by a dístance

rl irr iho :^têc.ltir¡o \¡ - ,'lirontinir lser- i'iet^^_o*v¿vv +rÕo -ú lj"

I

1

I

1

j..h
:'w

l'.¡l
ai

i.i :_
dII

ì^1. A
ô\E"6

T;'F Tà-
i-/

j

I

l

i

iI
ß

.,."W

Fig" B 2



4-r

rlho fn-nnrro ra-nodUCed in thiS mAnne1' iS:uv! Yqv j-! r

á^ ,1) ^. ,'0 n i.n, Pb 0T = F>.b cos Ti = 0"4.76 Ë "os f (¡ * g)
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