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A BSTRA C T

F-ollowing 't4, . TayIor, w€ cìef ine a hypericìent,ity e Lo be

formal-ly tLre same as an identity. However, a varieLy V is
said t,o satisf y a hyperidentiby e ¡ i ff whenever the oper â-

tion symbols of e are repl-aced by arbitrary polynomials (of

appropriate arity) in t,he operations of V, tLren tLle re-

sulting identity holds in V in the usuaL sense. Irr order Lo

avoicl confusing hyperidentities wj-th identities, we under-

line the operation synrboLs of e wlienever e is being vieweo

as a hyperidentit,y.

In Chapter Cne, we introduce the concepts of hyperiden-

tities and hypervariet,ies. A hypervarieLy is a cl-ass of

variel,ies def ined ( up to equival-ence) by a sef of hyper-

idenLities. he al-so give a summary of some of the known

resuLt,s in ti:is area of researcLr.

Let À ancÌ u be binary operaLion symbols and cìefine ï2

Lo be t,he following set of tl':ree hyperident,ities:
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(x r y)
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lie prove, in Chapter lwo ( t-he contenL of r,vhicLi is ¿;l-so

due ro R. Paumanabhan), that 1.2 is a basis for al-l bÍnary

semil-aLt,ice Liyperidentities (Lhat is, all semiÌattice hyper-

icjentities of' type (2,2,...)). Vie also prove sLrucLure



theorems for al-gebras of type

semilaLLice hyperidentit,ies .

<2> or (2,2) satisfying all

Let be lhe following set of f our hyperident,ities:în
L

( i)
( ii)

( iii)

( Ív)
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t1, ..,*n),F(V1, ..,yn)
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- , Y n-Z) , z I , . . , z n-Z)
....x )) =nn
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In Chapt,er Three, we show Lhat :n is a basis f or all
n-ary semilatLice hyperident,ities, and consequenl-ly, that

I = U( in I n ( ,) is ¿: basis for the cl-ass of all- semilattice
Iryperident-iLies. he also prove a structure theorem f or

algebras of type (n) which satisfy all semil_att,ice hyper-

idenbities.

Let V be eny nonLrivial l_al-iice varieLy, or the v¿rriety

of'¿ll serr;ilatLice varieties. In Clraptcr FoLrr, v.,e shor^¡ Lh¿¡t

thc Ì;ypcride nti'. j.es of \¡ ¿ìr.e not f Ínr1.ely b¿:sec. llli-s h,¿is

¡>rovccì in cI;apLcr Tw<,r f'cr Lhe va'ricty of' ¿,ll senrifattices

¿:ncì al so for Llre varieLy of' diagonal_ sernigroLìps.

The class of all- liypcrvarieties (up Lo eqr,ival-ence) is
a corrrpJ-ete lattice. Let vh(A), vh(D), vh(sL) and vh(DS) be

the sm¿;1Lest, hypervarietj-es conLaining the varieties of
abcLian EroLrps, rjisLributi-ve laft,ices, serniLatLices, ancl



ciiagon:.r). scmr.groups, respecLively

Five, LhaL Vh(A) v V¡(D) = Vh(SL)

is a covering reLaLionship.

. he show , i n Ciraple r

and LhaL Vh(DS) < Vh(SL)
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CHAPTER I

INTRODUCTION TO HYPERIDENTIT]ES AI'JD

I'IYPERVARIETIES

A Lryper identity, as def ined by IlJ. Ta ylo r 125) , i s

formally the same as an identity. I-lowever, a variety V is
said to satisfy a Ìryperident,ity e j.n Lhe operation synrboJ-s

F1,FZr...,Fk of arity n 1rn2,...,ok respectiveJ-y, iff
whenever each Fi is replaced by an arbiLrerV ni-ary
poì.ynomial- in bhe operations of V, bhe resulLing identity
holds in V in the usual sense.

By way of example, a proof that the hyperidentiLy

€: F(G(xry),x) = G(x,F(y,x))

holds in L, the varieLy of atl lattices, consist,s of a case

by case examination of (F,G) e {x, y, x v Vr x ^ y}2, t,he

set of all ordered pairs of binary lattice polynomials.

l,re shal-1 f'ollow the convention t,hat hyperidentit,ies

have no nuLlary operation syrnbols. Later in this cl'iapter,

when lre ciiscuss hyperident.ities in Lerms of cl-ones, LLre

reason for this will become apparent. The seL of al_l Liyper-

idenfities saLisfied by a variet,y V, ç;ill be denoted by

Il(V). tr{e sLraIl let, HIn(V) be t,he set of all hypericienLiLies

holding j.n V v¡ith operation symbols all of arity m, and
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H* (V ) wil-1 denot,e the set of all hyper j-oentit,ies of V wiLtrII

aL mosL n cjistincL variables. the liypericientiLies of Hm (V)

will be said to t-¡e nr-êìt !. The seL of lryperidenLities of V

which are of type (m,m, . . . , nt) will be denol,ed by H (V) (m,m,

...,n). lrye thus have Fl(V)(n,m,...,ffi) c Hm(V). To avoicj

conf'using irypcridentit,es u;iLll icrenLities vre shall underline

Lhe f unction symbols of 6 vJLrenever e is being vieweo as a

Irype.ricjent-ity. For exa:rnpJ-e, if < is the lattice hyper'-

icjentit,y discussed above we sLlal_l_ writ,c

€: F(G(x,

An expression such as P

V),x) = G(x,F(y,x))

= F(G(x,y),x), where F and q ere

agaÍn bcing tre¿Led as variables to be replaced by poly-

rroniâLs of col'rcsponciirrg arity, r^rill i¡e referrecj t<¡ as a

hyperpolynomi¿rl-. hhen t,he polynonlial-s p and q are substi-
Luted for Lhe symboJ-s F and G of' P, the resuJ-ting poJ_ynomial_

v;ill be de noLcd by P (p, q) .

Thc sbudy of hyperidentities has risen naturaJ-l_y ouL of

lhe study of cl asses of varieLies, in part,icular, the stuciy

of varit-Lies wl¡ich are ciefinable by þìal-'cev conditions (fc¡r

exampì.e, li. D. Le urrlenti Ii5], lì. layÌor l22l).

A. l. l.i¿l'cev proveo (See G. GräLzer L12l f'or a prc¡of.)

LhaL ul-l- aJ-gcbras in a variet,y V have pcrrrìuLable congruence

rel-aLious if'f Liicre e: xists a Lernary polynornÍaÌ p ( in Ll're

op€r¿¡1"ion syrnbols of V), such 1-haL



,xrV)

,VrY)

fi<¡1ds ici( nt,ical-l-y in V. lhat is, the

sat,isfying Lhe permutable congruence

of all varieties satisf'ying

3p(p(x,x,y) = y ^ p(x,y,y) = x).

=yp(x

Þ(x

l.iore generaJ-J-y, a cl_ass

def ined by a sLrong lla L'cev

there exists a conjunction

symbols f. and variables x' I --t

iff

cl-ass of all varieties

conciition is Lhe cl-ass

fi of varie f.ies i s said to be

condition (li. Taylor 122)) iff

cr of ÍcienLities in function

such tliat e variety ! is in K

Jflfe...fn(a)

exist polynomial-s such t,hat hofdsf.]TtiaL is, tLrere

identicaJ-l-y in V.

In 1"Lle sarrìe spiriL, one can ask v¡het,her i.here are

in¿elcsLing classes of varieLies wlrich can be cìef ined by a

universaì-ly quant,ified conjunct,ion of identit,ies. For

ex anrpJ-c ,

G: Vf(f (x,x,x) = x)

def irrcs hr. D. Neulnannrs t15l cLass of icie nrpoLent varieties,
and is exactly LI.re cl-ass ol'varieLj-es satisfying the iryper-



4

ident.it,y F( x,x ,x ) - x, since , as h¡. Taytor points out irr

L25l , it j.s easy to show that, if F(x,x,x) = x holds in a

variety V, then all polynomial-s of V witl be icjempotenL.

In [3], J. 1'. Baldwin and J. Berman point, out this cor-

re sponcìence l¡eLween strong l"laÌ I cev cond j-tions anci posit,ive

e xist e nt, j-al Fiorn sentences and between i'ìyperidentit,ies ancj

universal positive Fiorn sentences, anci cxplore to what, an

extent firsL order nlodel t,heory can be exploj_ted in t,his

situaLion.

The t,errn hyperidenfity appears as earì-y as V. D.

Belousov t4l ¿rncj J. Acz€I 12). I-iovuever, Lheir noLj-on dif'-
fers sonewìrat frorn that of !ü. Tayì_or in thaf they require a

frypericÌenLiLy e to Iiold Íor some buL not all polynonriars.

firey say LllaL a hyperidentity e is sat,isfied by an algebra A

iff whenever the operat,iorr syrrrboJ-s of e ãFe repJ-aced by any

choice of operaLi-ons of' A of corresponding arity, t,llen Lhe

result,ing icjenLi-ty I'lolds in A. When tliis is t.he case, vJe

sliaLL say Lhal- Lhe hyperidentJ-t,y e is satisfiei (possil-rly

vacucusly) by tlre operat,icns of A. L'Ìrus, a set, I-l of hyper-

ident,ities i s satisf ie d by Lhe operaLrons of' an aJ-gebra A,

iff tl.iose IrypcridenLities of H which ¿ìre of 1-he sante bype âs

A, are saLisf ied by ti'le operat,j-ons of A.

'lLle niedian iiypericjentit.Íes of Lype (m,n)



a<m , n>:

If V is
(nrany-sorted)

.,G(x*r1r,.

.,F(x1,¡,..
'*nt rn) )

't*rn))' 1 < mrn < u

. rx1

..x,m

r(q(
G(F(

*1,1'
*1 

, 1'

,n) " '

,1) ' "

play an imporLant role when investigat,ing semilaLtice hyper-

ident j-ties. They are a general-izat j.on of the semigroup

identity xyzL = XzyL¡ someLimes referred to aS the ent,ropic

or rnedial 1aw, which has been investigated by J. AczeI [ 1],

T. Evans [9] and oLhers. The rnedian hyperidentities have

theinterestingpropertythatif'thesetM={g(tn,n)|1<

fi,tr . ul is saLisfied by t.he operations of an algebra A Lhen

l'r is satisfieci by A, that is, if þt is satisfied by t,he op-

erations of A then M is satisfied by tlie potynomial_s of A.

This was point,ed out to the author by B. holk and foll<¡ws

easì-1y from the resul-ts of T. Evans i8l.

A hypervariety, again following h,. Taylor lZ5l, is what

W. D. Neumann l15l defines as a variety of varieties, tl¡at
is, a cl-ass of varieties closed under the forrnaLion of
equivalent varieties, product varieLies, subvarieties, and

reduct varieties. Rather Lhan define Lhese concepLs (whose

definitions can be found in W. Taylor l22l), we shaJ_l_, fol-
lowing TayIor 1251, develop ttie concept of the clone of a

varì-et'y and Llren define hypervarj-eties in Lerms of cÌorres.

e variety,

algebra

c(v) = (F1

t,he clone of V is the heterogeneous

(V), F2(V),...; C;, "Ït,



6

where each F_(V) ls the universe of' the V-free algebra on
Yt

Ll-re n generaLor" *1,...¡Xnr cach "Ï is a nullary operation

denoting xi e Fn (V ) , and each C; is a composition operation

wiLh cjomain Fn (V ) X (Fm (V) )n and range F, (V) , clef ined

cff{r,c., , ,8n) = f(91 '...,8n).

In W. Taylor 122), it is shown thal the f'amiJ-y of all
clones of variet,ies can be defined (up to isornorphism) by

the following three idenLi¿ie s (cf. Colin t7 I ) :

(i) CP(=,a,Ttt1,x1, ..,*n)
cfitcf (2,y1,..,yp) ,*l

(ii) cfiie!,X1,..,xr,) = xi
(iii) .:(y,cT,..,"ll = y,

^n,Cr,,(Yp,X1,..,xn) )

,..,Xn), i s firtrrp

, fi = 1r2 1 < i

1 < n < u.

U7

<n1nt.. - ,

The concept,s of h<¡mornorpltisni, subalgebra,

are the obvious extensions of t,he liornogen€ous

and product

lron,o¡r,orpllisrr. p from a clone A = (A1rAZ,...i Cr;,

clone B = (81,b2,...i Cl, ul, is a set of rnappings

pit Ai -+ Di, i < ú), sucll t.hat

case. A

n.e.) Lo a
1

on,tcl( a., , a z, . .,an*1) J = cf,,Ion( ai ) ,pn (ar) ,. . ,pni( an*., ) J.

L procuct A =TIA' of cl-ones Ai = (Åi,O.l ,...i Cn, *!>, i e I,
is cjefineo Lo be Lhe cl-onc A - .Itoì, ffa|,...; Cl, "f>,
where 1"he oper-¿rti<;ns are del'ine o corûponentivj-se, Lhat is,

ct(f1,1--, ,fn*.,)(i) = cltrl(i),...,fn*i(1) ),
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and B = <E 1,82,. -. i crj, "1, is a subcl-one of A = (A 1,Az¡... i

cl, u!> iff B is a heLeroge'neous aJ-gebra, Ei c Ai f'or each

i, i < o), and Lhe operations of B are restrictions of tire

operations of A. 1'he usual- theorerns for products, subal-
gebras, congruences, etc. , cân easily be exLencied to the

many sorLed case. (See G. Birkhoff ancj J. D. LÍpson t6l.)

If we define Lwo varieties t,o be equival-enL if'f they

have isolnorphic clones, and we def ine Lhe procìucL of Lwo

varietie" V1 and YZ via lhe product of' the cl-ones C(V1) ancj

C (V2) , then the concepts of product varieLies, subvarieties

and reduct varieties correspond exactly ro producLs of

cì,ones, Ìromonrorphic image cl-ones and subcl-ones respectiveJ-y.

(See h. Taylor 122l , 123l f'or equivalenL oef initions of'

equivalent varieties and procìucLs of variet,ies. ) TLlus a

cl-ass K of variet.ies is a Lrypervariety iff the corresponding

cl-ass of cl-ones is cÌosecì under t.he f'ornlation of' products,

Lronromorphic irnages and subcl-ones. If V is a v¿r iety, Vh(V)

triLL denote the snlal-lesL hypervarieiy conLaining V.

Birkhof'f''s Theorem f'or varieLies of ironiogeneous alge-

Lrras suates Lhat a variety c¡f' aJ-gebras is deflnable by

iclent,iLre s . Th is has an easy exLension Lo classes of

heterogeneous algebras suclr as cXones.

Tiie orenl i .1 . (Taylor L25)) . F'or eacbÈ hypervariet y Vh, t,here

exists a

preciseJ-y

set I" of clone icjentitÍes such 1-h¿:t Vh is

Lhe cl-¿.¡ss of v ariet-ies ,whose cl-ones obey Ic.



Note tiraL

converLed into

icjent ity

not every cì-one

a hyperidentiLy.

t
identit,y can be dÍrecLIy

For example, tLie cl-one

cltx,c]te1,r?r,

ej

holcis in V. It can thus

identity u" Lllere exist,s

hr¡Ids in the cLone C(V),

so rie have the f'ollowing

)??2'¿
* , C¡ ( y , e i ,ui ) , e i , e i )

easily be seen that for every cl-one

a hypericientity .h, sucLr LhaL .c

of a variety V, iff .1, holds in !,
tLieorenl:

. Every hypervarieLy is clefinable

,"f ,"f l = ui1Ytel6:c

')

,el) )

cannot be directly converted into a hyperidentity. However,

by Lhe above Lhree clone identities, €c is obviously equiv-

al-enL to the clone identity

_ê5-",1- nJ t. ut \
J

and t,he icje ntity e i will Ìrolcj in a cl-one C (V) if f Lhe iryper-

idenLity

é1,: F(q(x1,xi),*1,*1) = xl

Tlreorenr 1.2 (Taylor [25])

by hyper j-cjentities.

Sincq llyperpoJ-ynonrials ofLen become sorrìewliaL cunr-rbersome

t,o work uril-l¡, w€. shall- of ten ref er to their fornlaLion trees.

lie i¡rduc1-iveJ. y def ine t he f'ornraLion Lree of' a hyperpoly-

nonrial- ¡ Lo bc er finit,e set of nocjes ând ciirecLeci edges

sal,isf ying the l'ollowing conditions:



(a) t{

(F,1)
X

//n(F,n)

X^

,/t(F,2) (F,3)-\zr
t

Xr
¿

\

(b) P.
-l

Figure 1. 1

(i) The formaLion tree of F(x., ,...,Xn) consists of r¡+'1

nocjes and n eciges. 0ne node ( Lhe root) is labellecj

with t,he synibol F and the remaining nc¡cjes ( t,Lte leaves)

are Ìabelled wit,h tì'le symbols xl,..,xn. Each Ieaf *k,

k e { i,... ,il}, is joined t,o the root by an ecige

labeLl-ecj (F,k). l'he edge (F,k) is saici Lo l-eave Lhe

nc¡d e I and enLer the nod" *k . hhen oepict,ing a

forrnation tree in a diagrani, the n eciges leaving a nocie

I trill t¡e labelled (F,1) (F,n) starting fron¡ t,he

]eft ( see Figure 1. 1 (a) ) .

(ii) If ¡ = G(Lt,LZ,..,Prr), then Lhe fornraLion tree of

¡ is obLained by replacing t,lie leaves of t he Lree of
G(x., ,...,*r) by the trees of ll ,...,!r, so that the

roots of'li,...,lrr: are aL Lhe nocles previousl-y ]abelled

by *1,...,xn1 resp€ct,iveJ-y (see Figure 1.'1 (b)). UsualJ.y

h,e shall label r:nJ.y the nodes of'the cìi:-gram of a f'or-

Irr¿ìLion Lree , and the eclges wil_l be understood Lo be

l-abelLecj by tlre abcve corìventj-on.



For a di-"'gram

t(q(x,y),y) see

hyper pol ynomial

leav es , and the

labelled by the

15).

1A

of the hypericienticy €1: G(F(x,y),y) =

Figure 1.2 on page 12. WLlen considering a

I of Lype (n), we shal I label onì-y the

remaini.ng nodes will be underst,ood t<.¡ be

operation syrnbol of'P (see Figure 1.4, pege

If a is a Ìryperident,it,y, and il is a set, of hyperiden-

Lities, H F- a will cjenot,e Lhat cr is a consequence of [i,

thab is, i.ihenever an algebra A satisf i_es ll then Lhe algebra

A will also satisfy s. A set, tl of l'iyperiderrtit,ies (icienti-

ties) is said bo be closed if ll F o. irnpJ-iest¿hat cr e Ì.i an<¡

if Fl is any seL of lryperidentj-ties, LLil will cjenote the

sn¡al-lesL cLosed seL of' hyperÍdenbit,ies containing Fi.

Eirkhof f 's ruLes of pr oof f'or identit,ies (see G. Gral,zer

L12), page 170) have the f'ollowing obvious extension to

c l-one s .

Lemnia 1 .3. LeL oc be a clone j_denLity,

ide¡¡i;iLes anci let ti¡e vari-ables of sort

u. Then tì" r-- oc if'f uc is a consequence

J-owin¿; five rul-es of proof (wliere P, Q,

cl-one polynomials):

f'or al"l- i,j < u,

r-- (a = P),

¿rnd O = Iì) r_ (p = R),

H" a set of' cfone
iI De *j, I < 1,J

of. Fì" by tire fol-

R, Pi , and Qi are

(i) *-1
J

(ii) (p

(iiÍ) (P

I
"j
a)

a



11

(iv) If Pi = Q1 ,Pn+.1 = Qn*1, vrhere tlie codomain

of Pi and Q1 is Fn(V) and t,he codomain of PZ,Qz

Pn*1,Qn+1, is Fm(v) then cfifr1,P2 Pn*i) = c;(Q1,

Q2,...,Qn*1),
( v) If the variabl-e

cl-one icient,ity Pr = Q'

occurrence of xf in P =1

cocionl¿iin F- (V ) , then (P
n

nx='occurs in P = a and if t,heI

is obtained by replacing every

a by a cl-one polynomial R wit h

= Q) F- (P' = Q').

l1' for hyperidentities €h anci oh vre now (folJ,owing h.

Taylor t25l ) say i.Ìrat uh F- oh wlrenever for Llie corresponding

cl-one identities .c and oc I'te Ìlave €c F- oc, tiren !.Je obv ious-

J-y have a compleLe set. of ruÌes of' proof for icienLities.
The fol-lowing example illustrates Lemma 1.3(iv):

Exaniple 1.1. If we are given the following hyperidenLit,es:

.1: q(I(x,y),y) = F(G(x,y),y),

€ri H(x,x) - x,
L_

€er F(F(x,y),2) = F(x,F(y,z)),
i --

€rr r G{Ftll(x,x) ,F(F(x ,y) ,z) I ,¡(F(x ,y),2) I =

Itqf x,I( x,F(V,z) )), F( x,F(y, z) ) j,

anci if we lct, P1 = G(F(x,V),y), Q1 = F(G(x,y),y),
ll(x,x), Q2 - x, F^ = F(F(x,y),2), ancl Q1 = F'(x,F(y,z))

-a -J

P1,Ql,P2,Q2,P3,Q3 fhe corresponolng cLone polyrromiaì-s,

by Lc¡rirn¿ì l.-ì(iv), ure have c?fp1,F2,P3) = C?(Qi,Q2,Q3),

iniplics t-lial te ., ,e 2,.31 *.4 (see Figure 1.2).

D-l^

wi- Lll

the n

wh i ci'r
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,1,
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H=o
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(ii) If h,e view H as

idc,nLit,y Llien Fi

€¡l
¿.

\/

set of icìentities and € as an

€.

€ -ii

xyzV/IV
I F

€4:

Figure 1.2

It can easily be seen tirat if H is a seL of hypericjen-

tit,ies and e is a hyperident,ity Lhen Lhe following two

stat,enients are equivalent,:

( i) I't F- e f of lows f rom ( i) Lo ( iv ) of t,he above rul-es

d

t-

l\s can be seen in Lhe exanrpl-e beJ-ow, Lenlrn¿¡ 1. 3 ( v) i.¡ill

in general- yielcì lrypericje¡11-ities r.;hich, when viewed as icjen-

tities, cio noL follow f'ront lj vÍewed as a set of icienÍties.



1j

This exanrpJ-e is nruch more instrucLive if
noualion, Lhat is, if' I,ie replarce I by o

{ (x"y) "z - x:(y"z) i and Llre n substiLute Lhe

for the synrbol o. Let,tÍng *2 denote XoX and

t iv iuy , wc c.bta j-n t.he hyper iclenLity

D-
l-

F(x,F(y, z))), and j-f' we

= G(x,G(x,y)) for the

we use infix

to c¡bLairi lJ =

-2IrOtynOrnl-eI X o)

using associa-

.\',yr'

Figure 1.;

If H = tI(I( x, Y) , z)

tire L¡ yper po J- ynom ia 1 t
obLain (see Figure 1.3)

t

xxy\V
V_

tr

€-:

Exan:pl-e 1.2.

subst.itute

synibol F he

€: 9tq(x,g(x,y),q{q(x,G(x,y)),2}l GIx,Gtx,G(y,G(y, z) ) ]1.

, 2 ,2 2 2(X oy/ oZ = X oy oZ

wÌ,icii, âs an ioer¡t,iuy, wouJ-cì clearJ-y noL be a consequence of'

Il when vievri-ng H as seL of identiLies.
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ofThe fol

Birkirofffrs

lowing Lwo lemnras

Rules of Proof.

are inlmediate consequences

set of hyperidentlLies and l-et,

A satisfy ti. Then A satisfies

Lernma 1.4. Let

Lhe operaLions

H.

trtr
1-1 t " ' I j-n

arity in

H be a cl-osed

of an algebra

Proof'. Let (P = Q) € H, with P and e hyperpoÌynonrials in

and lel pl,..

t,he operaLions

. , pn be pol-ynomials of corresponding

f1,...,fn, of A. The icìent,ity

,Pn) = Q(P1,.-.,Pn)

if viewcd as â hypericientit,y oh in the symbols f 1,...,f 
^, 

is

aLso in H by (v) of Birklroffrs Rules of Proof. The operê-

tions of A Lhus satisfy oh anci e is tLrus ayi identit,y of' A,

cornpì.et,Íng Lhe proof of 1,he lenima.

Lcn:n:a 1.5. Let, V

Iryperrccr¡tiLy with

Then iill(V) * o.

be any v ariety ancj let c¿ e lü (V ) be

operaLiorl synìbols of- arit,y aL nloSL n.

Prcof' LcL u € Ii (V) l,,e a liyperiot,nLiLy in the syniboJ-s

f1 ,...,In,, such fi¡af t,he arity of'Fr, 'i < i s nr, is at rnosL

n. By Letrmra 1.:(v), if li is of arity k, k . il, tlten Fi can

bc repì-aced by Gr(xi,...,Xk,...,xk), r,,iier.9i- is ân n-¿ìry

opcrat,ion syrr)bol. l{e thus obtain en n-ary hyperidenLiLy ol

r'rllich liolds in V if f' q holds in V, ccmpleting t,hc' proof .
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Ii Y lz

'rt\1 = v' ¿

1

X

X

X^ v

P3'

*4

Xr: X6
t) , v

V
Figure 1.4

In [15], h'. D. Neumann gave Lwo exarnples of hyper-

varieties, the class of idempot,ent varieties ( thaL is, Lhose

varieties satisfying F(x,x) = x), âDci the commutative

v¿rrieties ( t.lrose saLisf ying the median hypericjenLities,

s(rn , n), 1 < nl ,n . u), â[d asl<ed u;heLiler the ]-att,ice of

i:ypericjenLities is possibly quite sparse. h'. L'aylor i24 J

showed t,hat tlrere are ZHo hypervariet,ies. 1n L251 , Taylor

gives two rì¡ol-c proofs of t.ilis result. The first proof (Ín

sel f'-dual lat,t,icel25l) consis¿s of sliowing that t,he zto

variei:ies generate distinct hypervarÍeties. The iciea behind

the hypericienuities of Lhe second proof occurs frequently in

tliis lhesis, so we give a brief ouLline of t,Lris proof.

F-irst h'e cief ine pi, 'l < i < o)1 as fol-l-ows:

p.-: l(F(X.,y),x") = F(F(x,,2),x.)
iata

prr F(F'(x',,,F(x.-,¡xz,y),xrr),xÃ.,Xr,) =

I(]:( x1,F( x^,x 3,.),x4 ) ,x5,xó)
etc . ( See Figure 1. 4. )

X',u

For k > 2 i{e le':1, Pl,(V) denote Lhe number of' poLynorniaLs of V
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which depencì on exacLly k variables. (For a gcneral t,heory

of fhe sequence of nunlbers pç,p1,..., s€e G. GräLzer t101.)

l,Je say g(x1,..,xi,..,x¡) depencs on *i if g(x., ,..,xi,..,x¡)

= g(Xi,..,xj.,..,xk) does not, holcj in V. It, is easily seen

Lhat if pk(V) = 0 the,n ! satisfies the hypericientity pk.

l'he converse is f'alse since ê product of k norr-tFivÍal

varieties will never satisfy p¡(V) = 0. (F'or example, if A

is an algcbra u¡ith lAl t 1, tiren <¡tk; f.T,..,"[)t Ìras en

eSSent,ia11yk-aryoperabion.)]f.werìow]et''o=tpk*ilk>

2, k primei then tO is irredundanL, that is, p j<*1 is not a

consequence of O,O - {pX+1} f'or ¿.iny prim€ k, k > 2. TLre

irredundarrcy of nO is proved by exhÍbiting an aì-gebra A

wllich satisf ie" Hp - {pt+l J but not pk*1.

¡lnother int,eresting resulL of l,J. T'aylor l25l is Lhat

ttle variety of rings, is generic. That is, if e is
nontrivial hypericjentity, Lhen e is not sat j-sf ied by R.

The renreì.ning part of this chapLer r,rÍ11 consist of sorne

irnown resul-ts on LiyperidenLities of' G, t,he varieLy of a1l-

Ë.roups, ancj Á, the variety of all abel-ian groups. I'he

n,edian hypcrictent,it"ies cr(ni, n) are exenrples of' abclian group

hyperioe nLities. Ariotlrer exarrrple o{ a r¡rerr,bcr of }ì(A) is Lha

Iryperioentity

R,

a



1'.1

p:

Figure 1.5

F(GiX'X-,H(F(x", y) ) I ,HtG(Xr, ,x.,F(x ^,2))f ) =tLJ--1iu

l(qt x1 , x2,E(F( x, ,z) )), Fì[c ( x4, x5,I( x6, V) ) ] ) ,

depicted in Figure 1.5. lo verif y, f'or exarnpì-e, that p €

tl (A), noLe tlrat, in A we have F(x,y) = *tyn, G(x,y,z) =

xPyQzr and H(x) = *"r t,fl,p,g,tr,s inLegers. It is now ãYt

easy exercise Lo prove ¿hat the resuJ-t,ing identity will- hol-cj

in A.

In orcjer Lo give a syntactic cilaracLerizatiori ot H(A)

we neecì a few definiLions. Let I be a IryperpolynomiaL

corlLaining tlle oiieration synboJ-s I1 ,...,In,. Fecal] that, j_f

F. is an n-ary synibol-, Lhen bhe ecìges 1e¿rving any node
-Ì
label-led by F¡. ¿ìre labelled (Fi,1),...,(F'n) sLart,ing froln

t,he Lef L. lf' x is e variable of P, Lhen l-Ìre string

Lcrnrinating r.;ith x will be defined t,o be t,he sequence r-;hose

Lerms are in orcier, Lhe labels of the cdges leaciing from the

root of' I t o t,he variable x, ancj LLie variable x. For

exarnple, if ¡ is tire left, h¿:nd side of t-he abovc hyper-

ident,ity p¡ rhen <(F,i),(G,j),(H,i),(F,2),y) is the st,ring



16

terminabing wif h y. There will be exactl-y one st,ri.ng ter¡n-

inating wiLh x for each occurrence of x as a variable of ¡.
We shall- let sta ( x) denoLe bhe set of all strings of ¡
terminaling wifh the variable x and st(P) will denote rhe

set of alL strings of' t. If two strings o1 and oZ are the

same except f'or the oroer o f f he Lerms , that is , Lhe s e-

quence o1 is a rearrangement of the sequence oZ, we shall
say LhaL s r anci c!1 are balanced equaJ- and shall write

o1 =b aZ. F<.rr exanrple, ((F,1),(G,3),(F,2),x) =b <(F,2),
(F,1),(G,3),x), but ((F,1),(F,1),y) ,b ((F,1),y) and

((F,1),y) 2,. ((F, 1),2).

The following characterízat,Íon of tl(A)

Taylor L25):

. Let F = Q be a þyperj-denbit,y

the re €xists a Lri jection f : st(P)

for aLl- c! e st(P).

1S Oue LU I.,

f'l.ten (l = Q) e

-> st(Q) such that,

Lcn,n:a 1.6

H(A) iff

o =b f'(cr)

Since j-n C, t.lre variety of all groups r âhy group gen-

eraLec by a sirrgJ-e elenlent is abelÍan, ke have H., (A) . H(G).

In G. I'ì. Eergn:;,rr [5 ], iL is prove d tlrat tì1 (A) is in facL a

basis f'or H(ti) ¿ind LhaL H(G) = H(l'i) = H(l'iA), where M is t,he

vr;rieLy of aLl ruonoids ¿,nci I,iA ( ¡lretabelian groups) ¡-s the

subvaricLy of G sai-isf'ying ((x,y),(u,v)) = 1. It is al_so

slrown tlrat Ii(G) is not finiteJ-y based buL that H(G) fol-lorvs

frcln (but, is rloL equival-ent Lo) tlie existence of a nul-1ary
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The reader

int,eresting
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ttJo tryperioent,ities and a rrhyper-horn-sentence r'.

who is inLeresLed in hypericientifies of oLher

variet,ies sucii as mociule varieties, ktth power

and variet,ies generated by some quasiprimal
referred to h. layJ-or L25j.



CHAPTER II

B]IIARY HYPERIDENTITIES OF SEMlLATT]CESl

In this chapter, we sLral-1 introduce binary

hyperidentiLies, exhibit a f irrit,e basi " î2 f'or

set, of aIl binary semil-abtice hyperident,ities

structure Lheorems for algebras of'fype <2> or

satisfy H(SL).

semilattice
lL2(sL), tlre

, and prove

<2,2) which

However, before

sLruct, ive t,o have a

variety of cìiagonal

is, DS is defined by

dj-scussj-ng H2(SL), it sliould be in-

brief look aL I-i(DS) , where DS is t,he

semigroups ( rectangular bancìs) . Tlrat

the f ollowì,ng Lhree icjentiLies:

X+

,

x + y) + z,

+y+z x + z.

It j-s known (sce R. A. I(noebel t13l ) tÌ¡at, DS is generated by

LLre two cl-asses Pt anci F. of rigLrt. and left biriary projec-

Lion aJ-gcl'¡ras (Pf rs the c]-¿..¡ss of all aigebras A =(Ai *1) r¡f

Lype <2>, wller" *1 is the l-ef ¿ proJe ctì-on, and P. Ìs t,l¡e

class of' all algebras A = (Ai *.) of type <2>, wher" *. is
tire righL,projection). Ue shall- say LhaL LIre hypericìentit,y

X+ X

(y + z)

X

(

1TL" conLenL of'

P¿rdmanabh¿in ¿lnci

i.liis chapLer is due jointJ-y to h.

t,he auLhor [17].
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P = Q i.n Lhe operation symbols F., ,...,Fn, model-s project,Íons

if whenevcr Il,...,In are replaced by any choice of projec-

tions we obLain the trivial- identity xi = Xi, for some i <

o. 0bviousl,y, t,his is a necessary condition for t = Q to be

sat,isfied by any variety V. I'he set of' all hyperioentities

modelling proiecti<¡ns wil-l be <ienoLed by Hp.

Proposit-ion 2.1. H(DS) = Hp.

Proof. tsy the above discussion H(DS) Ç Hp. Since rl¡e only

poJ-ynonraLs of a binary projection algebra are projections,
tt' is sat,isf ied by Pt and Pr, ancj Lirus by DS. he t,hus Llave

nO € H(DS), cornpJ-et,ing the proof' of Lhe proposition.

1n t,his chapter we shall use inf ix noLation f c¡r binary

hyperpoJ,ynotitial-s, that is, LLie hyperpolynomiarl F(G(x,V),y)

v¡ill be written (x r y) u y. Let Àir ie J-, be a countable

set of binary operation synbols. Let us call_ this Lype 2,

ihaL is, ? is just an abreviatÍon f'or the inf inite vector
(2r2,2r...). l,Je cjefine induct,ively a cl_ass ol'syntacLical
Lransforr¡rs for hyperpolyl)omials of fype 2:

L, ( x) =

L. (PÀ.G)
r 

-.J-

x) = S..(x) - xr-J

L. (P)
1-

(L. (P))¡,.(L= (G))
1--Jl--

R. (G)
-L-

(H-(P))r.(iì..(G))
t- - -J l- -

-'l

=PÀ.G)
-J -'

for all v ariables x;

r-J. J - J-,

ot"herwise;

J-l J = I,

otirert''ise;

rìi (
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r, j (!¿¡91 (S..(P))ro(S.*(G)) if k=j,
rJ f J

(S. .(P) )r,-(S. .(G) ) olherwiserJ -K rJ

Thus tire Lransf'ornr trj substitutes Ài for ì¡ for every

occurrence of ^j and the Lransform Li (Ri ) repJ.aces each

occurrence of the operation Ài by the lef t (righL) pro-

j ecLion . If tLre hyperpolynomial P conLains the operation

symbol-s I ancj I, we shall write t^u(I), LÀ(P) , eLc., for the

above Lransforms. If I = G is a hyperidentity of Lype 2,

t,hen for T . tSij, Li, Ri : i,j e I], vre define T(P = q) to

be the hyperident,ity T(P) = T (c). A cl-ass Fi of hypericien-

t ities is cl-osed for a 1-ransfornr T i
Lhen T(P = G) e H.

ff whencver (P = G) e H

The cfass H2(DS) is thus the largesL cl-ass of bÍnary

ìrypericìenLit,ies closed under {Li,Ril i e I}. I'¡ot,e however,

that, many of the members of' ti2(lS) are not n¡cnibers of I'l(SL ).
For example,

p: xÀ(yÀz) = x)tz

is satisf ied by LIS since it, nocjef s project,ions, buL wl'ren r

is repj.aced by tlle binary semilaLtice poJ-ynomiaJ- x V y, we

obtain Llle icìenlity x v y v z = x V z, whiclr is not regular,

and Lilus not satj-sfied by SL. To j-nsure regularity we need

tlle branslorms trj a¡rcì t,he reaoer can easil-y verify that,

tl2(Sl) is exact,J-y the J-argest subset of U2(pS) rvhich is

cl-osed under iSij,Iìi,Lil i,i e I].
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ianExamples of semilattice
hyperidenfities

hyperident.ibies are the mecì

c(mrn): F(G(x"
I!t

G(F(x"
I
tt

,x1rn)

'xmr1)

,G(x* ,1r..
,F(xr rfrr..

'*trn)) =

'xrrn)) '

1'

1'

Recall that verifying thaL o<3,3) is a semilatLice hyper-

icjentiLy consists of a case by case examination of

(F,G) e {x, yr z, xvy, xv z, yv z, xv yv r}2.

The med ian hyperident,ities lead bo an easy proof ( simil-ar to
the one useci by G. I'i. Bergman t5I to prove l-hat the hyper-

identit,ies of groups are noL finit,ely based) LLrat I'l(SL) and

H(DS) are not finibeJ-y based.

Len';nia 2.2. H(SL) and Il(DS) are not finitely based.

P roof. For a given integer n, vÌe construct an algebra A

which satisfies Hm(SL)

nor t¡n(ls). Let A be

the expression

P = f( f( x1,1,x 1,2r .

l,Je define an n-ery function

possible (thab is, lvhenever

and Hm{lS), m ( r, but neither Hn(SL)

the seL consist,ing of'aIl subworcis of

f

f(

,X1 rn) r... rf(xn,l rxn r1r'.. rXnrn) ).

on A Ín Lhe natura] way where

*1r...,*n) is a subv¿ord of P),

and we set f'(xi,..,*n) = *1 otherwise. IL j-s easily See¡

that the algebra A = (A; f') satisf ies all ciiagonal semigroup

( semilat,Lice) hyperide ntit,ies of arit,y less than n, since
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all poLynomials of ariLy less Lhan n will be equal to pro-

jections. However, if t,he symbol-s t anci q of a(n, n) are

repì-aced by the polynomial f(x., ,...,xn), we obtain t,he

expression P = f(x11,x ,Zr...rxin), so A does not satisfy the

n-ary nredian hyperident,ity o(n,n). Since any finite basis

of H (SL ) or H (DS ) would be of bounded arity, this corrtpletes

t,he proof of' the lemma.

In Chapfer Four, we shaIl show thaü H(V) is not finite-

1y based where V is any nontrivial variet,y of lattÍces or

the variety of sernilattices. For senìil-atLices, however', we

shaIl al-so prove that for any fixeci integetr o, Hn(SL) is

finiteJ.y based. In order to help t,he reacier visualize t,he

behaviour of semilaLLice hyperidenLies, we shall in the

remainder of t,his chapter, using Lhe fanliliar infix noLa-

tionr eXhibib a basi" I2 for tl2(Sl-) and also prove some

structure theorems for algebras of type <2> and 12,2) which

satisfy H (SL) . In Chapter Three, we shall prove anaì-ogous

results f'or tln (SL ) . Wrth tLre exception of Theorer¡l 2.14, the

remainirrg part of t,his chapLer is t,hus conLaj-ned in tire nrore

generaJ. setLing of Chapier Four.

Ey I<2> vJe denoLe the seL of three hyperident Íties

XÀ

( xry) r

XÀX

(yÀz)

(zrt)

X,

(xry)rz,
(xrz)r(yrt).
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he shal-l be fai-king about two cl-asses of' semilattice hyper-

icìenLitics , the cl-ass H (SL ) <2 ) of all semilat,tice hyperi-cien-

tiLies of type <2>, and Lhe class of aLl (semilattice)

liyperidenLities of Lype <2> whj.ch are a consequence of lcZ>.

For the sake of cl-arity, if t = Q is a seÍrilat,tÍce hyper'-

identity which is a consequence of :<2>, we slial-I write

I (=) 9. I'he f<¡llowing l-emma thus sLates Lhat if P = Q is a

se¡nilaLtice hyperidentity of type <2> t,hen P (=> Q.

Lernma 2.3. T'he set I<2> of three L,yperideni,ities is a basis

f or the set Ii (SL ) <2 >.

Proof . Certainly I<2> is a subseL of H(SL)<e>. Let, P( *1,*2,

.. .xn) be any hyperpol,ynomj-al wj-th variabl-es {x 1,x2,... ,xn}

ancj the operar,ion synrbol À. Let *1 and Xn, respecLively, be

Lhe first, ancj lasL variables of ¡. Then it is easy to see

the validit,y of t,he hyperidentity

P(x., 2x2t...,*n) (=) x1Àx2À.. .Àxn_1Àxn

For, by the associat ive l-aw we carÌ rearrenge all the

pare:t:tlresis ¿ind by Lhe median l-aw hìe can rearrange al-l the

insicje v ariables so bhat we can pool all i.he * 
1 '" LogeLher ,

tlien alI LI¡e *2'" LogeLlrer ano so on. Finally, by the

idetripot,enL J-a\;, just. one *i l.rill renrain lor each i=1 r2,...,il
yieJ-dittg iirccj,sel-y the hyperpolynornial- on Lhe right hand

si<ie. If t' = Q is an arbitrary semil-¿rtLice iiypericienLity of'

typ€' <2>, Lllcn il, is reguJ-ar, L.P = L,Q ¿¡nd R,P = Fi,Q, so we

have P (=> ("1.
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Corol]ary 2.4. The seL I<2> when viewed as a seL of iden-

tit.ies will nrake the binary pol-ynornial p(x,y) = xÀ!Àx a

parLition funcLion in Lhe sense of J. PIonka [20]. This

means rhat I<2>, viewed as a set of identities, has Lile

f'ol-lowj.ng identiLies as consequences (see Lemma i of t21l):

(i) p(x,x) - xe

(ii) p(x,p(y,z)) = p(x,p(z,V)),

(iii) p(x,p(y,z)) = p(p(x,y),2),
(iv) p(xry,z) = xÀp(y,z),
(v) p(x¡,!,2) = p(x,z)ly,

(vi) F(x,p(y,xry)) = p(x,y),

Proof. All the icient ities ( i) to (vi) are regular and have

the same firsL arrd last variable

sÍnce Lhe proof of Lenrma 2.3 is
H(SL)<2> are viewed as sei,s of

consequences of 1r(2).

on eibiler side. Hence,

aL so val id when I <2> and

idenLities, they all are

Tlreor en, 2 .5 . For an al-gebra

equj,valent:

(A ; r ) of type <2> the

fol-lowing are

(i) The operation of'A sat.isfies I(2), that is, A

sat j.sf' j-e s I <2) as a set of ice nLiLies;

A is a PIonk¿,¡ sunr of cìiagonal- se trtigroups ( see

L14l i'or ilre def irrition of Lhis concepL);

(ri)

rii) A e SL V DS;

( iv) A satisf ies al-l t,lle seniil-atLice ityperidentit,ies
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Proof . (i) impJ-ies (ii). By

27

Corollary 2.4, p(x,y) = xÀyÀx

is a parfition functic¡n for A and hence A is a PZonka sun) of

algebras saLisf'ying l<Z> and further, the identity p(x,y) =

Now

xÀyÀz = x^z\y^z by rr12) viewed as a set of identit,ies

= XÀZ since z\!\z = z

and hcnce A is a Plonka sum of cÌiagonal semigroups

(ii) irnplies (iii). Since L,S saLisfies t,he ÍdenLity

xÀyÀx = x, by the resul-t of J. Plonka 1201, Lire varieLy

SL V DS def ined by tLre regul-ar identil-ies of <i j. ägonal

semigroups, is precisely the Plonl<a sunl of diagonal
se migroups end lience A e SL V DS if A saLisf ies (i i) .

(iii) j-mplies (iv). Icj(SL V DS) = Ici(SL) n Id(DS).

l'iow 'rbeing regulârt' , "l'raving LL¡e same L^ " and rrhaving the

same R^ " are syntactical- properties of idenLities wlrich

remain invariant under equaLional consequences (see

Eirl<iroff''s rul-es of proof [12]). Hence Icj(SL) fl fO(DS) Iras

all the thrce synLactical- properties end is obviously Lhe

li.irgesL sucil cl-ass of j-dentities. lience, (iii) inrpl-ies (iv)

by Lcrnn:a 1. 4.

Since all- the nter¡rbers of l<2> ere sernilatrice trypcr-

idenuities of' Lype <2>, cIearJ-y ( iv) inipl-ies ( i). The proof

of' Lhe t heorc.nr is cornpl-ete.



Recall thaL a semÍl-at,tice hyperidentity
(2,2) is an identity ¡ = Q in the J-anguage

operation symbols, say I and ! r such that P =

^Ô¿c

= Q of type

tv¡o binary

is valid in

U { (xry) u(zÀt) = (xuz¡ r(yut) }.

of bhis chapter, if P = A is a consequence

writ,e P (=) O. lre cen write L2 even more

.t
. FLThe set )- is an equaLional basis f'or Lhe seL

I
of-

0

every semilattice A = (A;v) where I and u are Lo be inter-
preted as arbit,rary binary polyncmnial-s of t,he sernilattice

A. 0f course, x, y, x v y are the only binary poJ-ynomials

of any semil-at,t,ice (A; v ). Fience, H(SL)<2,2>, Lhe cl-ass of

all semilattice hyperidentities of type (2,2), is sinrply bhe

largest cl-ass of regul-ar Ídentities P = Ç of t,ype (2,2) such

that, L.P = L.Q. R.P = R.Q. L P = L e and R P = R 0 êre in
^- ^:' ^- u- u- u- u-

H(SL)<Z>. By L2 we mean the set of four hyperidentities

1L<2 >

In Lhe remainoer

o f I' r,re shal I

compact,ly as

Theorem 2 .6.

Il(sL)<2,2>.

To

it,

xÀx (=) x,

¡r(yÀz) (=) (xry)rz,
(xry)u(zrt) (=) (xuz)r(yut)

geL tlle median law of type <2> we simpLy "puL

is t,his concept we abstracted as S^u.

T = urr and

Ren;arl<. This theorern can be construed as prov Íding an
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aLgorit,hmic solutÍon t,o t,he word problem for Lhe varÍeLy of

type (2,2) defined by L2 . Fo r the theorem says that a

hyperidentit,y P = a in the operaLion symbols r and ¡r is a
,)

consequence of l.' if'f it j.s regular, LoP (=) LoQ and RoP (=)

RoQ for all c s {r,u}. he first establish a few Iemmas

before prov ing

shall use the

and ttlt', wibLr

and if X - {*l

x1*2...xn.

Lenrn;a 2.7. Írnplies

the Lheorem. For t,he sake of conv enience we

operation symbols 11 Àrr and ttltt, insLead of trÀrr

t,ire convention that xy x zt means ( x.y) À ( z"L) ,

,x2,... ,*nJ we shall writ,e nX for the producL

î2
L

yt À zu (=)

ytÀu(=)

Froof Fi rsL rve note tiiat the

xÀyzLxzu,

xz x yzL À u.

clist,ributive ]aw

XÀ

XZ).

x(yrz) (=) xy ), xz

1S a COnSeqUCnCe of slnce:

x(yÀz) <=) (xrx)(yrz)
(=) xy x xz

Now, x I yt r zù (=) x À (yxz)(tru)
(=) (xryrz) (xrtru)
(=) (x¡V)x r z(1-ru)

(=) ( (xry) x(xx) x (zz)z(Lxu)

î2
L

iderripoLence

med ian ]aw .

n¡eciian l-aw

distribulivity

lrr eoian l-aw

idernpoLence
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(=) ((xry)x r zz)(xx À z(t,ru)) nredian l-aw

(=) (xlyrz) (xrz)(xxz) (xrLlu) median l-aw

(=) (xryrz) (xrz) (xrt¡.u) idempoLence

(=) x t ((yrz)z(tru)) distributivity
(=) x À (yzxz) (¡¡,u) OistributiviLy
(=) x À yzL I zu median l-aw.

an0Tl¡e second hypericìent,ity folfows in a similar manner,

Lhis completes the proof' of the l-enlma.

lJote that the hypericjentity

x À yzL À (=) x À yL

is an inrmediate consequence of Len¡ma 2.7

Àz

ifweletu=2.

Len;n,a 2.8. If X = tx., ,x 2,...,Xnì ancj I'Y 1,v 2, , V,n i then
-2¿ 1mprles

Proof. rf h

nY (=) ilX

IY (=) tiX

or n l,hen

À

À

À

À

I
À

À

À

(=)

À

À

À

NX

nX

zL

=i

ilY,

IY'

,h],

,mÌ '

'* yrL

tY 
Y,L

he

lie

{1,2,

{1,2,

IX zv,L r nY-n
(=) ilX

(= ) [ X

b y Le rnrn a 2.7

nX À .yhL I (ytyZ.

z(v 1..y¡_.,)v,.,1 r (y1

zL x nY.

. . Yh-l )Yfr(Yt,*1 . . . Yn.,)

. . .Y¡,) (V¡.,*l . . .Yn,)

IrIf' t,Lre lelnrria agarin easily f'oLl.ov¡s fronl Lenrrua Q.-l t ancì
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if ir = rì,

nX + zyhL + nY (=) rX + zVhL + (yl...Vnr_1)yn,

(=) ltx + zIrYL + liY

(=) nX + zL + ilY.

lhe proof íor Lirc f irst hyperident,ity is sirniJ-ar, cornpleting

the proof of t,he l-emma.

Lenn:¿ 2.<,. If'¡ = ll À LZ À À Pn anci if It, = xrzxs ¿rncl

P,, = x-zx-¡ 1 < h,k ( n, uhen ï2 iniplies tliaL
-K p q'

l(=)Pt^le^ ÀPk'À ÀPh'À ÀLn

ivllerc P, t = X zx ancì P, | = X zx
-nps-Krq

Proof . Due Lo Lhe nLedian lavr, we can u,i1,hout loss of

generality, assume t,hat k = h + 1. Thus we have

P (=> P" À ... À x zx À x zx À ... r P-r r s - p q - - -n
(=) P1 À ... À (x-z À x^z)(x- r x^) À ... ÀP- nlcciian l-aw

-r r - p ù - Ll - --il
(=) Pn À ... À x zx À x zx À x zx À x zx À ... À P-r r s - r q - p s - p q - - -n

disfributivity
(=) Pt À À *rr*q À xrzxs À *pr*q À *pr*" À À ln

lriedian law

(=) P^ À ... r (x z 
^ 

x z)(x À x ) À ... À F
-l r p q - s' - -r¡

cjistributiviLy
(=) P" I ... r x zx tr x zx À ... r P r,jedian Ìaw

-t -- --: r q - p s r - -n

conrpJ-etì.ng t,he proof of the lernma.
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consisting of' twoLemma 2.10. If I is a hyperpol-ynomiaì"

binary operat,ion symbols r and n, and if

P,,
-l

It'
Var(P),

Var(L.(P)) * Var(R.(P)) = t(a.,,b1),(^2,b2),...,(rh,bh)J,
1, hen

P (= ) a.,nXb., À a^nXb^ r ...¿ ¿- a. nXb. r P.n n--k

P roof. By dist,ribut,ivity

L. (P) 
=

R. (P) 
=À-

Y

I

À P^ À--¿-t (= ) P -
-l

. . À P,
--k

wher e

L. (P)À-
(=) P-

-l
a ssum e

P,._K

If

then x

law we

each P.._I

= P- and
-l

À P- À

-l
wi. tho ut

i e {1r2,...,k}, Ís a product of'variables,

R.(P) = P,-. By idernpotence we can vrrite P

^--K
P^ À P^ t ... À P, - I P, À P. so we will
-¿ -J -K-t -K -I<'
Loss of generality thaf Pt = LZ and lt_l =

*n., e X and

m e Var(Pr)

can write

é. Yar(P.) for some_J

some i, 1 < i < k,

À

j e {2,3 k-1},
and by the median

...rP.
--k

I À P. where_K

process can

m

for

P (=) P-
-l

and by Ler¡r¡na 2.8

P., Ís ol-rtained by-J'
be conLinued until

P. - À P. À P.
-J-l -J - -1
rrinsert,ingtt *,

we obtain

(=) P.
-J- |

inlo P.._J

À P.
--J
This
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t (=) Pl L Lz' l, P.' À À lxlr I lr

where each P.', j e {Z13 k-1 }, is of the form anXb , a =_J

L.(P.) and b = R.(P.)._J _J

If for some i e {1,2, ...,h} , arnXbi i" noL a term of

P t , then th:r e are term" ui nXbU and a. nXbi , so by Lemrna 2.9

r.re can rtswi tchrr "i and ,, to obtain a term ainXbi . Then , by

idempoLence, we can ir¡sert a second term arnXb, into Prand

then again epply Lemnl¿ 2.9 to a.nXbU and one of the Lerms

arnXb,, to get t¡ack the term" "inXbk and a.nXbr. This

process cen be continueci unt,il we have

I (=) pl À a., nXb., À arnXbZ À I p¡,

conrpJ-ef ing the proof of the Iemma.

Proof of Theoren 2.6. If P = a is a semÍlaft,ice hyper-

identity in t,he two operation symbol-s I and "t then the

fol-lorn'ing cond itions r"¡iL1 hold :

(i) var(P) = var(Q),

(ii) (L,(P) = L,(Q)) e Il(SL)<2>,

(iii) (R,(P) = R,(Q)) e H(SL)<2>,
^-^-

(iv) (L.(P) = L.(a)) e H(SL)<2) and Lhus Var(L.(P)) =

Var(L.(e)),
(v) (R.(P) = R.(a)) e H(SL)<2) and t,hus Var(R.(P)) =

Var(R.(a)).
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byCondiLions

Lemma 2.10,

follow f'rom Lemma 2.3, and thus

IrJe shalf now prove thab aIl blnary sernil-attice hyperiden-

tities are a consequence of L2, and prove a structure

theorem for algebras of type (2,2) satisfying these hyper-

Ídent,if ies. First,, we need to esLablish a lemma. Let, T and

P be hyperpolynomials in the symbols l, ., Ji,. ..,1!n_2, such

that Lhe variables of T are a subset of the vari.ables of P.

If t,he variables of Tr are a subset of bhe variables of P'

whenever Tr and P' are obt,ained f'rom I and ¡ by replacing

any subset of {!1, ..,un_2} by any combination of left and

right irroiections, we slial-l write nu(T) < Iiu(P).

Lemnra 2 .11 . Le t hyperpoJ-ynomiaJ- in tLre operation

symboLs À,',u1,... rr¡_2, n)2, anC T a hyperpolynomial in the

synrbols o , !1, . .. rrn-2, such t,hat ilp(T) < nu (P) , ancj assunìe

that all- binary semilattice hyperidentities of n-1 operation

syrnboJ-s are a consequences of L2. If

(ii) Lo (v)

P (=> Q.

D-l-

where Q.
-l

symbols

(= )

Proof . Lct. Q

_t

Pbea

. t Q.
--J

r 0..
- 

if

u

Qt*l À

,Q,, S, R, are Ityperpoì-ynomials in t,he operation
-J

1 ' ... ,Un-2, Lhen

sTR À Qr*t À

= Q.Q".. .Q.. If t^ie obtain Pr by replacing the
- t-c -J

,Q' S, and R by the variabl-es X. X.,y,_JIJ

t

Qrsyrnbols
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and z respectively and leL X = *1*2...xj, then

À À Yxzx *k*1À l*j*k

is a semilattice hyperidentit,y in two operations, and thus

consequence of î.2 . By Lemma i.3( iv) we thus have

À

Since n (T)
ll-

n.,(P), we thus also have Il.(T) < n..(SQR), ancjlj-u

SQR = STQ R

is thus a semilatt,ice l'ryperidentit,y in n- 1 operation
synrbols, and thus e consequence of ï2. IL ti:erefore folLov¡s

that

O. T

-l
P

P (=)

P (= )

cornpì-eLing tlle

Ilsgrss-2.!?.
liyperidenLities

À0.rk

and , as in the beginning of the proof , t,hat

proo f o f the l- emma .

The class of all binary senr ilattice
is a consequelrce of ï.2.

r STOR r O, - ), r 0.
-:ri+i - - .]

Q1¿ lQrÀsrRÀQk+1À

Proof'. lie wiLL pr ov e the theorern by ind uc tj-ng on n , Lhe

t¡urmber of binary operaLion symbols in the hyperÍdentity.

The cases n = 1 and û = 2 have already been proved So we

tviLl now assume that all binary semilattice lryperidentities



wi¿h aL most n-1

LetS=Qbea

operat,ion symbols

3l'

symboLs, n > 2, ere a consequence of L2.

binary semilattice hypericient,ity in t,he n

À, o, and u1r...r!n_2.

By distributivity P (=) l1 ¿ ] Pk and q (=) Qi l
À Q^ where Prr...,P,, and Qr,...,Q- are hyperpolynomials

-Ò
in the n-1 symbols n,u1,...,!n_2. Since (L^(P) = LÀ(Q)) €

H(SL), we have (lf = Q., ) e H(SL), and this is tlrus a

)
consequence of I'by the inducLion hypothesis. SilniJ-arJ.y,

P,. (=) a-. Thus, by distributivity and idempotence, we can
-k 

js

write

where FÌ ,, H-, Tn,
-t -J -l

iryperpolynomials

T., and K*, R*, U., Vi*,
-J -A -r -r- -L

in only tlre syrnbolt Il,

K L Iì r T.T^T^
-m-nt-nl - -l-¿-J
U V }r }, T. T^T^
-rn-m-ni - -t-¿-5

i e t1,...,nt], are

..u'Ln- ¿

< lt (P). and thusu-
r (P) anci n (V.)u- u-1
\t\z' 'lrli v2 ' ' vr ,

I
l

]
À

t
a

(=) H"H^H-
- | -¿-5

(=) H-H^ll^
- t-¿-3

(=)

(= )

KrLrRr

urvrwr

K. L. R.
-t-t-a

u -v.hl --¿-¿-¿
and

ano

Clear1y, for i e {1,...,ffi}, n..(L{)p -r_
also n (L. ) < n.. (Q) . SimiLarJ-y, n (V* )U -I' U--' U -L
n. (Q). Thus, by Lemma 2.11, if we let S =u-

À

À

t
q

H 1il2It?

H - H^t-t^
- | -¿-3

K.SR._t-l

U-Sh._t-l

K SR I T.T^T"ûr- "m : i-i:-2:-3

9*Þ!n, À IIIzI¡

are consequences of L2

As in the proof of Lemma 2.11, we can replace hyper--

polynomia.ì- s H' K' S, R' U' h' and Ti by the variabl-es
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hi, ki, s r .i, ,i, ,i, and ti, and use Le¡nma 1.3( iv) to

obtain

P (=) (H. r K, r ... À K* r T.)(H. À S À ... r S I T^)(H- À

-|__|_¡_!

R1 À ... À R- r Tr)
J

a (=) (H, À un À ... I u_ À T.)(H_ r s À ... r s r T.)(H3 À_|__l_|-._.

}J- r ... r W r T^)
-t - -m - -J

since t,lie reader can easily check thaL

h.h^h^ À k.sr- l À k sr r t,-r^t,^ = (h. l k- À ... Àt¿5- r r m n)- t¿ J t- I

k... À L.)(h- À s À ... À s À t^)(h. À tn À ... À r.* À t.)¡¡r-l¿¿J-t-il¡-)

is a binary semil-attice hypericjentity.

Sinc€ H, T,, H' T", and U' K' R. , h. , i e {1, ...,ni]
-l -l -J -J -I -f

are poJ-ynomials in only the syntbols u1,... r!n_2,

L.(P)=Hll[lÀ ì{*ÀIl
and L.(0) = H. r U- r ... I U r T-.: -l - -l - -m: -l

These are polynomials in n-1 symbol-s and thus Lheir equaJ-ity

is a consequence of Ì-2. Similarly

H^ r R- À ... À R r T^ (=) H^ À !i- À ... À h r T^
-J - -i - -iì. - -J -J - -r - -fir - -)

and tliis cornpleLes t.he proof .

he shal-f nou,r prove a strucLure Lheoreni similar to

Tireoreni 2.5. In <;rcier to do so we inLroduce some more

noLation and prove a Lelrrrne. Lef o,^ ,r, be the smallesf
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equational cÌass conLaj-ning algebras A = (Ai À,") of Lype

(2,2), wlrere (A;rz> is a semilat,Lice,,ancì {À,'} ç {x, y,

x v V], che set of bj-nary semilat,tice polynorniaJ-s, such Lhat

not both À and u are equal Lo x V y. Similarl-y, we define

" rr,r, 
t,o be the smal-lesL equaLional class contaÍning

algebras of' Lype (2,2) in t,Lle operations t and ' , wiLh both

À and ' equal t,o the semilattice polynomÍal x v y. If H is

any seL of iryper j-dent,ities in t,he synrboJ.s Ài, tie def ine Fiåi

to be Lhe corresponding set of identit,ies, that is, the seL

of identÍties obt,ained frorn I-i by replacing all Lhe ofjeraLion

synrbols ri by Ài.

f(x,y) = x À xyx À x

Ís a parti¿ion function of A.

Proof. iìy Lenir¡ra I of L21), f(x,y) rvil-l parcit,i<.tnbe

Lcnrnia 2.13. Let A

satisfying ti(SL).
= (A i À, " ) be an al-gebra

Then fhe polynomj-al

of type (2,2)

(vi) of

iv), (v)

by tlr e

f unction if it satisf i-es t,he icientities ( i)

Corolì-ary 2.Ll plus Lhe idenLities obLair¡eci f'ron, (

and (v i) h¡lìcn Lhe operat,ion synrboL À is re.placeci

symboJ-

If tlle operaLions I and

senilatticc poì-yrrornials p(x,

- x, excepl wlten p = q = x

in f ( x,y) are repl-aced by any

and q( x, y) , u.re obt,ain f ( x, y)

y. ConsequentJ-y, the above

v)



identit,ies ( rillen

hyperidentities,

viewed as hyper icientitie s)

compleLing Lhe proof of the

39

are senli-latti-ce

lemma

Theorenr 2.14. For an aJ-gebra ^A of type (2,2> the folJ-owing

are equivaLent,:

( i) A satisf ies aIl- semilat,tice hyperidentities;
(i i ) A is a Plonka sunr of erlgebras of D rZ,2r;

(iii) A t D<Z ,Z)v S12,Zr;

(iv) The operatrorrs of A sat,isfy L2.

Proc-:f. (1) ÍmpJ-ies (ii). By Lenrnra 2.1j, and result of

Plonka L20l, A is a Plonila sum of algebras of' Lype (2,2)

wlrictr sat.isfy f(x,y) = x (witere f(x,y) is the partil,ion

funcLion of Lenrtrra 2. 13) and (H(SL)<2,2))x. Now t,Lre

icientities of' Uar,r> äre exact,ly Lhose icient,iLj-es in the

syniboì-s t ancÌ ", wirich yielcj sernilattice identiLies v¡hen I

and . are repJ.aced by any pair of bj-nary sc.lnilatt,ice

polynon;iaIs, not both equel Lo x v y. Thus, for example, if

r = n À xyz À tr, anci if y is replaced by any polynonriaÌ in À

and . to oblain a polynontial r', Lhen r' = rr tvill be an

icìentity of trr,rr. By disLribufivity and associativiuy,

Llre ioenuiLie s of- , rr,r> are exactly i-hose wirich can be

obtained f'ronr (ll (SL)<2,2))n in th j.s way. To prove tl'rat ( i)
implies (ii), it is 1,irus enough Lo prove that

ni À Xyz À n = Jl, À xwz À n



is a consequence of ¡

this proof onLy, p (=)

of r.)

v)

d

U{
=qq

I

À

(H(SL)<2,2>)

will denote

40

= xJ. (ln

consequence

f ( x ,

is

m À xyz À n (=) m r x(x À xyx x x)z I il, since it is in

(H(SL)<2,2>)x

À x)z À h, since f(x,y) - x,

since t,his is again

in (H(SL)<2,2>)x.

(= )

(= )

x(x

xwz

XWX

n,

mÀ

mÀ

(ii) implies (iil) f'otl-ows in:mediately from Plonka's

theorem t20l t.irat i f A i s a PLonka surn of aJ-gebras of ,rr ,r,
then A will- sat,isfy al-1 Lhe reguJ-ar identities of ,rr,Z,

that is, all Lhe ident,ities of Id(S(2,2>)n Id(D(2,2).

( ii i) impLies ( iv) . Let 1,/ be the set of' six identi-

ties obtainecì by subst,ituting a]1 possible choices of Lhe

operations of A for the operat,ion symbols of î.2. ,/ is

obviously a subset, of' Id(S{2,2)) n Id(D<2,2)), and t,hus

(iii) impJ.ics (iv).

(iv) implies (i). If (p = q) Ê (H(SL)<2,2))x i-iren h/e

can shorv, exactJ.y as in the proof of Theorem 2.6, thaL p = q

is a consequence of z' , prov ing tlrat, A sat,isf ies p - q and

ccrnprlebing tlre proof by Lemma 1.4.

l'Ìle parliLion f unction of Lemma 2.13 can al-so be shown

to be a pârtit ion f unction f or aJ-gebras of type (2,2) v¡hich



satisfy

believe

chapter

Lal-Lice

H (L ) , the set of all laLLice

Lhat an approach sirnil-ar

siroul-d be applj-cable when

hypericjenbities "

hyper idenLiLies

Lo t,ha t, u se d

j-nvesfigating
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, ancì we

in this
binary



CI.iAPTER III

N-ARY SEMILATTlCE LiYPERIDEIITITIES

In this chapter we shall show t,hat f'or any inLeger n,

the set of al-1 semilaftÍce hyperidentitj-es of'type (n) has e

f inite basis I(n) similar to l<Z> of t,he binary case, ancl we

shall al-so prove a sLrucLure theorem similar to I'heoreni 2.5.

For example, in the case n = 3, l<¡> is the following set of

hyper identiLies:

(i) F(x,x

(iÍ) F(F(a

(iii) F(F(x

,x) - xt

,x,b),F(V,c,d),u)

,y¡z),F(u,urV),p)

,y,b) rF(x,c,d),u),

,Vrz),F(y,u,v),p).

F(F(a

F(F(x

he shall aLso show t,hat for any positive integer n, the set

of all n-ary semilaLtice hyper identies has a finite basi" In

similar t,o :- , where in the case n = ),

<3> U { (r(c(*1,* z,x3),G(y 1,y2,y3),G(2,,22,23))
= G(F(x., ,y 1,zi ),F (x,yz,z2),F(x3,y3,2. ))\ .

hather Llian proving the above asserLions for an arbiLrary

posì-tive inLcger o, we shall firsL prove Lhem for n = j and

then dÍscuss the easy gener ¿,IizaLion Lo an arbÍtrary pos-

iLive j.nLeger n.

çJ - îL-L

Vie shaLL frequently t¡e referring Lo the

of hyper pol ynomial s ancl will <¡f Len use t,he Lerms

forn,ation Lrees

,<F ¡.',;¡i\il I u;J:!

and
:: -¡-.-.
l-,r ì' -, -çr\ù/,,,ì

tr-_ç,ç -.
'. ;- '-i i\ I 'i

{rnnnntl9
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Fì-gure 3.1

hyperpoJ.ynomial inLerchangeably (See Figure 3. i for the for-
mation Lree of P = F(F(X,y,z),y,F(x,y,x))). he shall f'o1Ìow

Lhe convention that whenever the nodes of a formation Lree

are left unlabel-ed tirey will be uncierstoocj t,o be labeled by

the operation symboJ- t. Recall that if x is a variable of

P, Lhen lhe sLring terniinat.ing with x is tile sequence of

operaLion synrbols and Lurnings (that is, Lhe l-abels of Lhe

edges) leading from Lhe root of ! t,o the variabl,e x, and the

variable x. For example, in Figure 3. 1, Lhe string term-

inaLing with z is <(f ,1),(F,3),2). Simil-ar1y, if P1 is a

subLree of P, we shall- speak of the st,ring Lerniinating with

P1. For exatnple, in Figure 3.1, the sLring Ler¡ninating t"'lith

tlre subt.rec Pl = F(x,y,z) is <(F,1),lt>. A string o with

n+1 1,erns, count ing ritultipJ-e occurrences, shalL be said to

be of len8t,lr 1(o) = rr. For exampJ.e, fhe string <(F,3),

(F,;),x> lias tlle Lerms (F,:) anci x, anci is of'lengt,h 2. The

LengLlr I (P), o1' a liyperpolynomial P, v¡il1 be cìef ined Lo be

t.he Ìcngth of iLs LongesL sLr ing, ancl if all the sLrings of

I have Lhc sänc ì-errgth we stiall say t,hat P is of' uniform

Let, P and Q beleng,l,h hyperpoJ-ynornials consi-sLÍng of
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operation syrnbols I1 ,...,In. If' a and B êre st,rings of I
and/or I (that is, noL necessariJ-y f rom Ll're s¿nre t.ree) sucL,

t,hat (Fi,k), k e {1,2,3}, is a merrber of o implies LhaL

(Fi,k) is a mcrrber of B, h,e shal-l- write o ( ß. If a ( B and

ß < ¿ we shall write o =r I and say LhaL o and ß ere regul-ar

equal. If p(x1,x2,x3) = *iV rj, i,i . {1,2,?,}, we sl¡aff

denote V(P(p)),tlre set of variables of l(p), by Vi,j(P).

Sinrilarly, if p = *i , i e l1 ,2,31 , Vl (l) shall denote the

set V(!(p)). Clearly, t.he set V(P), of all va¡'iables of P,

is equal t,o Ur,r,3(!), t-he set V(P(p) ) f or p = x1 V *ZV x3.

It can easily be seen ttrat x € Vi(P), Í e {1, 2, 3}, iff ¡
has a strÌng o = <(F,i), (F,i), , (F,i), x). Sirnilarì-y,

it can be sL¡own by ÍnciucLing on tl:e 1e ngth I (P) of I LltaL x

e V; .i(P), i,i . {1, 2r 3J, iff P }:as ¿ st,ring o, tern'inat'ing¿ rJ

with x, such tlrat the set of tçr'rns of c is {(F,i), (F, j),x},

{(F,ì.),x} or {(n,¡),x}.

If 1 is a lryp€rpolynornial of type (3), I tLre operaticn

synrbol and s â permut,¿.Lion with cìornein { 'l ,2,3 } , tve de f ine

s(T) induct,Íveìy ãs follov.'s:

(i) s(xr) = *i,
(ii) s(F(Il,!Z,F-)) F(s(ls( 

1 ¡ ) ,s(ls(2) ),s(Ps(3 ) ) ).

Thal is, s(F) j.s clefinecì to be t,he hyperpolynonrial cbL¿:ined

by replacing each cccurrcnce of t.hc synrbot F in ¡ by

F(x-r(l),xs(2),x-"(2)). If p is z,'vernary polynon,ial, s(p) is
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defined to be p(xs(t),xs(2),xs(¡)). he now prove Lhe

f oll-owing lemma:

Lenrn¡a 3.1 . If s is a permutation wit,h domain { i, 2, 3},

then t,he hyperidentity P = Q holds in a variety V iff s(P) =

s(Q) holds in V.

Proof. lrle shaIl induct on the length of P. If I(P) = 1 and

p is a Lernary polynomial then

s(P)(p) = P(s(p)).

Nc¡r,r assume that s(P)(p) = P(s(p)) f'or all- hyperpoJ-ynomials

of J-englh Iess Lhan n and Let 1( p) = rì. Then if' P =

F(Q,R,T),

s(P)(p) = s(Þ)(s(Q)(p),s(R)(p),s(T)(p))

= s(Þ)(Q(s(p)),R(s(p)),T(s(p))) by Lhe Índuct.ion

hypot,hesis

= P(s(p)).

Thercf'ore, s(P)(p) = s(Q)(p) for atl appropriaLe pol-yrionriaLs

p iff P(s(p)) = Q(s(p)) iff P = Ç lrolds in V, cotriplet.ing the

proof.

lre r)oh dcfine I<J> to be tLre follcwing seL of'

Iiylrer icjenLiLies:

(i) I.'(x,x,x) - x,

( ii) I(¡:(;.i ,x,b, ) ,F(y,c,d) ,u) = L(I(¡.,y,b, ) ,F(x,c,d) ,u) ,

(iii) I (f (x,y ,z) ,F (u,u,v), p) = F (F( x,y,z),-F(y,u,v), p).
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xxxV(i)

(ii)

xyzuuvpt-< \/./\Z
(iii)

Figur e 3.2

See Figure 3.2 for the format.ion trees CepicLing Lhese

hyper idenLities. hhenever a hyper i<ie nt,it,y I = Q is e

consequence of ;<3 > t{e shall wr ite P (=) Q.

Thecrcn. ).?. lhe set, [ <¡> is an equaLiona]- basis f'or the set

of ¿¡1L S€t¡rilatl-ice hyperider¡t,ities of rype <3>.

In oroer to IJrove this theorem we shal-l firsL esLablisLr

sonie l- enrmas .

Len:tr:a- 3.3. Ihe f'ol-1orçing hyperidenLit,ies ere consequences

o f I <3 >,

( i) I(¡( x,y,Z) ,F(u,u,v) ,p) (=> F(F'(x,V,z) ,F(y,u,v) ,p),



(ii)
(iii)

(iv)
( v)

(vi)

( vii)
(viii)

I(I(x,y,z)
I(I(x,u,z)
I(I( x,u,z)

F(I(x,u,z)
F(I(x,u,z)

I(I(x,u,z)
I(I(x,u,z)

,F(uru,v)rp)

,F(Y,u,v),p)

,F(Y,u,v),P)

,F(u,y,v),p)

,F(u,y,v),p)

,F(u,y,v),p)

,F(u,y,v),p)

(=)

(=)

(= )

(=)

(=)

(=)

(= )

of

I(I(x,y,z)
l(I( x,y ,z)

F(I(x,x,z)

f (f ( x,u,z)

I(I(x,y,z)
L(l( x,u,z)

l(I( x,x,z)
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,F(xru,v)rP),

,F(Y,u,v),p),

,F(Y,u , v) , P) ,

,F(y,y,v),p),

,F(u,Y,v)rP),

,F(x,y,v),p),

,F(u,y,v),p).

Proof . (i) This is exarcLly (iii) I<;>.

(li) L(I(u,y,v),F(x,x,z),p) (=) L(I(u,y,v),F(y,>:,2)
Iollcu,s fronl I<j>(Íi1), âr)cj 1f l're let s = {(1,2),(2,1),
(:,3)], t.ilen Lelnma :.1 yields LÌie IryperioeriLity

e: I(I( x,x,z),F(y,u,v),p) (=) L(I(x,y,z),F(y,u,v),p)

lhus I(I(X,V, z),F(uru,v),p) (=) ,F(V,u,v),Þ) by

(=)

(=)

to I<3>(iii).

to (ii) of this l-emnra.

,F(y,u,v),p) by €

,F( x,u ,v) , p) by

I(I(x,y,z)
I<¡>(iiÍ)
L(I( x,x,z)

I(I(x,Y,z)
:<3>(i j.).

(iii)

( iv )

(v)

(vi)

Apply I<3>(Íi)

Apply I<3>(ii)

FoLIol,,s froni I<3>(iii) .

I<j>(ii)11p pJ. y to (v)
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(vi i) I(F'( x,u,z),F(u,y ,v) , p)

(=) f(I( x,t),2),F(y,y,v),p)
(=) I(I(X,u, z),F(x,y,v),p)

lemma.

(viii) Apply I<3>(ii) to (vii).

Le¡nn;a j.4. Let P be a hyperpolynomial of'

any of bhe follov;ing

by :<J>(iii)
by (ii) of this

c¡bta ined f ronr ¡in

type <3 >. If
Lrays then P (=)

Pt is
pr

(i) t is a hyperpoì-ynonriaJ- wiLh strings o.l = ((F,i),

(F,j),x) ano o2 = ((F'j)'(F'i)'y)' i'i . {1'2'3}' and

P I is obtair¡ecj fron t by sv,¡itching the variables of o1

ancj o.Z.

(ii) t is a hyperpolynonriaJ- with st,rings o1 = ((F,i),

(F,i),x)r o¡ = ((F,i),(F,j),y)¡ e-: = ((F,i),(F,i),u),
a-j-

and o4 = ((F,j),(F,j),u) and Pr is obLainecì by replac-

ing the var iable u of o¡ by eitLrer x or y.

(iii) P lias sLrirrgs o1 = ((F,i),(F,i),x),

(F,j),u), 01 = ((F,j),(F,i),y), ãDd o4 =)-
u) and P I j-s obtaineci by replacing tlre v¿:riabl-e of oz

by eiLI¡er x or y.

(iv) L has slrings o.l - <(F,i),(F,i),x), o2 = ((F,i),

(F,i),u), ,3 = ((F,i),(F',i),u), ätrd o4 = ((F'i),(F,i),

y) and P' is oi¡Laj.necj by repJ-acing the variable of' o2

o2 = ((F,i),

((F,j),(F,.;),
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or yr or P' is obtained by replacing the variable

- bv x or v.5-

Proof. Appl y Lemnra 3. 1 to I<: > and Lemma

At this point it should be instruct,ive to compare I<3>

with l<2>. The hyperident,ity of:<3>(i) is the idempotenL

hyper identity anci obviousJ-y t,he ternary counLerpart of

F(x,x) = x. The hyperidentity

I(I(*1,t 2,x3),F(y 1,y z,y3),F(2,,2-,zr)) (=)

f (I(x1,y 1,21),F(x,y2,22),F (x3,,y 
3,2--),

which is a consequence of' :<3>(ii) by Lernma i.4( i), is the

medtan hyperident,il-y of type (3), and tire counLerpart of Lhe

third hyperident,ity of I<2>. SubsLiLuting any binary (and

thus aLso ternary) polynomiat f ( x,y) f'or I in I<3>(iii)
yields f(f(x,y),u) = f(f(x,y),f (y,u)), and subst,ituting
f(x,y) inLo e of the proof' of Lenrrna :.J(ii) yielos
f(x,f(y,u)) = f(f(x,y),f(v,u)). Since e kas a consequence

of I<3>(iii) tie obtain Lhe binary associaLive hyperiderrtity

I(I(x,y),u) (=) f (x,f'(y,u)) as a conseque ncE of I<3>(iii)
anci IcS>ti). Iio¡e Lhaf if e is er hypericientiby LrolcÌing in a

variet.Y V, a¡rcj if the operat ion slrrÌbols of e are repJ,aced by

pol-ynor¡iiels of' appropriaLe arity, Lhe resulting expression

is again a lrypericjent,ity holciing in V by Lenma 1.1.

byx
of c
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Figure :.¡

Five nrore lernmas need to be establistreci in order

Theorem 2.2.

t,o prove

Len;n:a 3.5. The hypericientity

F(a,b,F(F(x¡y ¡z),c,d) ) (=) F(a,b,F(F(z,y,x),c,d))

consequence of' I <¡>. (See Figure :.3. )

By idempoLence and bhe r esul Ls of Lemnra 3. 4 t^ie have

15 a

Proof

F(a,b,I(F(x,y,z),c,c)
(=) L(ltF(a,a,a)
(=) I(LtF(a,a,e)
(=) l(ItF(a,a,a)
(=) UliF'(a,a,a)
(=) L(ItF (a,a,a)

(=) l(ltF(a,a,a)

SinriJ.arly,

)

,a,F(â ,â ra ) l, b , F[f ( x, y ,z),c ,F (i,d ,d ) ] )

,a,F(â râ, a) I ,b,FIF(x, V ,z),c,F( z ,d rd) ] )

,â,F(a,a,a) l,b,F[F(X,y,X),c,F (z,d rd ) ] )

,a,F(X,y,x)],b,FIF(â,â,a),c,F(z,d,d)] )

, â , F ( a , y , x ) I , b , F L L ( a , a , a ) , c , F ( z , d , d ) J )

,a,F'(â râ,a) I ,b,FIF(a,y,x) ,c,F ( z rd,d) ] )

F(a,b,F(l' (z,y,X),c,d) )

(=) (lil(a,a,a) ,a,F (a,a,a) l,b,F[L(u, V,z) ,c,F(x,cl ,d) ] ),
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anci s inc e

ItL(â,y,2),c,F(x,d,d)l (=> Ft[(ã,y,x),c,F(z,d,d)l

by Leninra 3.4 ( i) , vre are d<;ne.

Lenrnra 3.ó. LeL P be a Lryperpolynomi-aì- of type <3> witlr

st,rings c = ((F,i),(F, j),(F,i),x) end I = ((F,i),(F, j),

(F, j) ,y), i, j e {1 ,2,3}. If Pr is obt,ained from t by

st;itching tire variables of o and ß, Lhen P (=> Pr.

Proof. Lemrras i.5 and 3.1.

Lenina j.7. Let P be a hyperpoJ-ynomial of type <3> and <¡f

un i f orm ì- ength , witLl str ings

with tlle terrn (F,j) occurring once in o and Lwice in ß. If

P' is obt¿ir¡ed f'ronr P by swiLching Lhe variables of a âild ß ,

then P (=> P'.

Prccf. If 1(P) = 3, Lhe sLaLement of ihe lenlna f'ol-l-ows fronr

Le lrnia ). L .

he notn assunre Llrat, the sLaLernent of t,he fe,rrirna tlolcis for

hyper-polyriomial-s of lengLh l-ess Lhan n, n ) -:, and let
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\l/ ê"\1, €

Figure ¡.4

Since the variables x ancj y may occur lriore than

once in a: hyperpolynomial P, r'Je shall assuûìe Lhat wheneve r

I.i€ ref er Lo t,he var iabl-e x or y , titat, bie are ref err ing t<>

the parLicuLar variables in quesLion. By Lemma j.1, r,'ie can

assume that i = 1 and j = 2. LeL P1 be Lhe subtree I(*,yrz)
of t ç,hich i s of Iength orìe and conLains x and y as var-

iables. LeL PZ = F(a,b,c) be Lhe subLree of J-ength one

vihich is Lo the irnnrediate right of Pi (See Fi-gure i.4). Ey

the induction hypot,hesis the subtrees Pl and PZ can be

switched to obLain a Lree PåÉ. The strings correslJorrding Lo

a and g ( Lt¡aL is , the str ings Lerrninating rvith x and y) are

t(P) = n.

-ttu

Bä

((F,2),(F,1),...

((F,2),(F,1),...
, (F, 1) , (F ,2) ,(F , 1) ,x),

, (F, 1 ), {F', 2),(F,2),y).

lìor,; ccrlsider Lhe suirrree

I(ItF (a,b,c),F(x, y,z) ,F(cj,e,f)Ì,...,...)



of. P*, which is of length three ancì conLains x

variablcs. By Lenima j;.6, x and y can be switched

Lhe subt,ree 15 = F(V rx r z) of length one, and by

tion hypoLhesis we can now swiLch 13 and lZ Lo

desired P' , complet,ing the proof of the l-emma.

Len,n,a 3.8. Let P be a hyperpolynomial of Lype

formaLion Lree is of unif orn¡ J-engLh. Let o and ß

of t such Lhat both o and g conLain the terms

(F'j)' i,j e t1,2,31 , and neither contains a ternr

l{ / i or j. If P' is obtained from t by swi

variables of o and ß, then P (=> Pr.

1f c anC ß bot,h Lernri.nate in ti're

n:,))
and y as

Lo obtain

the Índuc-

obt,a in t,he

<3 > whose

be st,r ings

(F,i) and

(F,k) with

Lching tLre

Proof h'e shal] induct on t,he lengt,h 1(P) of P. If 1(P) =

0 or i, t,he st,atenìent of tkte l-elnma is true vecuously, ancì

for t(P) = 2 it fof Lov¡s from I<3>(ii). Let t,he variables of

o and ß be x anci y respect,ivef y, and assume, t'rithout loss of

generalit,y, Lhat i = l and j = 2. Assulne Lhe lenlma is true

for l(P) ( n, n ) 2, and leL P be a tree r.,,ith l(P) = n.

Let P = F(P1,P',P")
-- -J

seme subLrec li, assurne, wiLLrout Loss ol general-ity, tLiat

they boLll LerminaLe in ll, and let LLie sLrings o1 anc ß1 be

Lhe respecLive sLrings o and ß resLricLecl Lc lt, Lhat is,

tÌ:e sLrittgs obtained by removing the first Lerms from a arìd

8. If bot,h o1 ancj ß 1 contain the Lerm (F,1) vie can sv¡iLch x

and y by the inducLion hypoLhesis (since 1(Pr) = n-1 ).
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If noL, assume, without loss of' ger)eraJ-Íty, Lhat g 1 =

<(F,2), ..., (F,2),y). If x is to the inrmediaLe left, of y,

they can nour be switched by Len¡ma j.l . If the var iable to

the imneciiate 1ef¿ of y is z, z / x, we can switch y and z

by Lenma 3.7, then y anci x by the induction kypothesis, and

then x and z by Lemme 5.7, Lo obtain P'.

liow assume bhat c

By Lemnra j.7 and Lhe

that t,he sLr ing s o and

ternrinaLes in Pi and ß

incìuction hypothesi-s,

ß restrict,ed to ii. ancj

in P .._J'
we can

P. are_J

i t j.

assume

Ey I<3>tii) we can now swi

irth branch of P.._J

cân sr.li Lch x and y r and by

i ' th and j'Lh br anche s of

desired P', completing the

,i),(F,j),x)
,i),Y)'

LcLr t,i¡e i'th branch of' Pi and Llie

by Lhe inCuct,ion irypoLhesis, tr'€

I<3>(ii) uie can again switch the

the new P. and P= to obtain the
-r -J

proof of bhe l-emrna.

G. =I

B. =J

<(F,i),...,
((F,i),...,

(I
(F

lhen,

Len;tr,a 3.9. Let P

unifornr J-cngt,Lr. If

tern:s (F,1), (F,2)

ß are SL,itcheC Lo

Þl

Proof'. ]'he l-erirma

Ass unre Lllc l- c.tlnla i s

be a hyperpolynomial of.type <3> and of

o and ß are strings botLi c<-rnLaining t,lie

and (F,3), and if'Lhe variables of a ahd

obtain a hyperpolynr:rnial- P', Lhen P (=)

is Lrue vacuously for 1(P) = 0,1 or 2.

Lrue for hyper polynomials of length less
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Figure

- n,

JA

and le t, l:). lretllan n, n )

now consider

2, let 1(P)

two cases:

P = F(P'P1

(i) If a and B terminaLe in Lhe sane subLree !i, we cerr

assume, with out Lc¡ss of generality, that tLrey Le rminate j-n

P-. If'c-, 8., thaL is, tlie sLri-ngs o anci ß restricted tr:
--t : l^ 3'
P., have exactly t,Ìre same terms (except for t,he variables,
-J'
and the order and frequency of occurrence of' the terms), we

are done by either Len,ma J.6 or the induct,ion hypothesis.

1f , wiLhouL loss of ge nerality, vle assume Lhat o: has

che Lurns (F',1) an<j (F,2) and B, has tl':e Lurns (F,1), (F',2),

anci (b--,-'l¡, LL¡en by Lenlrna J.t and ¿L¡e inciucLion hypoLhesis,

we can essunie tliat o3 = ((F,1) , .. , (F,1) ,(L,2) ,x), r,;ith F,os-

sibly (1,1) occurring only twice, and ß¡ = ((F,3),...,

(F,3) , (L,2) , (F, 1 ) , y), rv j-tlr iJossibly (F, ¡) occurring orrly

once (see Figure 3.5).
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Let z be the varÍable of Lhe string y3 = ((L,1),...

.. 
' 
(I,1), (F' 3) ,(Þ ,2) ,z), of 13. By Lemme j.6, we can srvit,cL¡

the subtrees P* = F(a,x,b) and P. = F(c,z,a) of't. By the

i-nduction hypothesis, we now can swiLch the var iabl-es x and

y, and Lhen again by Lemma 3.8, ure can swiLch Lhe new sub-

tree l"'= L(a,y,b) with !2, to obtain fhe desired Pr.

(ii) If o ard ß terminate in different subLrees Pi of

P , we can vrit,hout, Loss of general ity , assume Lhat o Lermi-

nates in P" and ß terrrrinaLes in P^. If oi ano ß- are the
-l ¿ I ¿

st,rings o and 6 rest,rj.cted to Pl and LZ, r.ie can assume by

Lenlnia J.E or the induction hypothesis, that, the first term

of u1 is (r,J), ancj Lhe f lrst term of B2 is (F,1).

If we now swiLch Lhe rniddle branch of Pt witli the left

brancll of' LZ, we can switch Lhe variables x and y by (i) of

this proof , and then swj.tch back Lhe above br anches to

obLain the desired P', conipleting the proof.

ke are now ready t,o prove fLreorenr j.2

Proof cf Theorcnr 3.e.

identit,y of type <3 >.

Let

Tlle n

,2rlI , xi

a sLr ing

V(P), an<J

semilatLÍce Lryper-qbe ¿

e.

t
P

=

Proof'. CbviousJ-y V(P) = V (Q ) Let V(P) = {x1,x) X.i,
I 

' 
IÌ

e V.,(P), and let m = sup{1(P),

o f' P or e Lernr in ate s i n some

where f'or i e tt
1(e)]. l,,ilenever

variablc x. x. et' l_
Lhe J-ength of Lhe sLring is less
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than nt+2, we cen, by I<3>(l), replace xi by F(xr¡xi¡xi)r
obt,aining trees P* and Qx of uniform length rn+Z.

Let S. .(P) be the set of strings of P which containI rJ
bolh (F,i) and (F, j) as terms, but no terms (F,k) with k / i

or J. he simil-arly define Si(P) and tr,r,3(P). Due to

1(P*) = ut+2, we have Vi,¡{p) = Vi,j(g) = the set of

variables of the strings in tr,j(Px), i,i e { 1 ,2,3}, and

V(P) = V(Q) = the set of variables of the strings in

s- _ -(P*).| ¡ êt )

Ely Lernma 3.9, the variables

rearranged in any desiral¡le order.

occurs rflore tLian once as e variable

S 1 , .-, (P'+) , he can replace all but
lsl¡)

as folloir's. Let

of S. - (P*) can betr¿, j _

If' x; e V(P), j / 1,J_
terminaLing a sLring of

one of Lhe *j'" by *1'"

,x 1,x t ),I(x.,,xi,x1 ),F(x.,,x1,x1 ) )

be the subLree o f P* of J-ength two , terniinating lhe str ing

((F,1),...,(F, i),PT>. Ðy Lemrna ).9, r're can sv¡itch two of

Lhe *j'" t"'it,h two *1'", Lo <;bLain tLle subLree

PT' = F(F(x.,X'X.),F(x'x.,X.),F(x.,x.,x,',)),
-¡ I I I - I I J - I J I

¿:nc.ì then vJe can replace one of t,he *j'" of'PI' by x1. l''e

can conLinue in this rnanner until *1 is Lhe onì-y variabl-e

Lernrinating more than one string of ar,r,3(ln). The var-

iabl-e s of t.he strings of tr, r,l(l*) can noh' be arranged in

Pi = F(F(x"
-t I
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XlrX1r...tany desirable order,

X1rX2rX3,... rXn.

for ex ample , 1n Lhe order

he shall- now consider the str ings

{1r2r3lr. l,'le shal-l assume, wiLhout l-oss

i = 2 and j = J. If Xk, k / 2, occurs

variable of tr,3(Px ) , then as above, all

can be replaced by *2'", by consider ing

of S. *(Pri), i,j e
r rJ

o f gener a1 ity , that

Írore than once as a

but, one o f the X,. ' s

the subLree

all- semilattice

of P*, wher" !å terminaLes the string ((F,2),(F,2)

(F,2),lå>. As above, the variables of S1,2(Px) can again be

arrangeci in any desireci order. he can use this procedure Lo

oÌ¡tain iryperpolynomials P' and Q' such LLiat I (=) P', E (=)

Q' , and P I and Q' are f'ormally equaJ-, compJ-eLing tlie proof

of tlle Ll¡eorem.

In Chapter Two it, vras proved that, an aJ-gebra A

satisfies alf semilattice hyper identiLies of type <2> iff it

is a PLonka sum of'ciiagonal aJ-gebras. In the reaeinder of

Lhis section vrê shalì- prove a similar sLructure Lheorern for

aJ-gebras c¡f Lype <3 >.

Len,nia j.i0. LeL A = (A; F) be an aJ-gebra of. Lype <3 >

hypericjentities. Then thesaLisfying

poJ-yr:onlial

f(x,y) = F(F(x,x,F(x,y,x)),x,x)
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is a part,it,ion f unction f or A in the sense of J. Plonk¿

t201. This means that the foJ.Iowing are identit,ies of A:

(i) f(f (x,y),2) = f(x,f (y,z)),
(ii) f(x,x) - x,

(iii) f(x,f(y,z)) = f(x,f'(z,y)),
( iv) f (F( x 1,x2,x3 ) ,y) = F( f ( x1 r y) ,f (x2,y ) ,f ( x' y) ) ,

(v) f(y,F(x.,,x2,x3)) = f(V,F(f(y,x.,),f(y,x2),f(y,x3)))'
(vi) f(F(x1,xz,xr),xu) = F(xi,xZ,x3), k e {1,2,31 ,

(vii) f(y,F(y,y,v)) = y.

Proof. NoLe Lhat. Lhe st,ring terrninafing v;ith y corìtains all

three turns (F,i), (F,2) and (F,3) of F, and consequentfy,

if F is repJ.aced by any Lernary semilattice polynomial

other than F(x,yrz) = x v y v z, h'e have f(x,y) = x. Fronr

this it is obvious t,hat (i) Lo (vii) (viewecj as hyper-

ident,iLies) are sernilaLt.ice hyperidentities, and conse-

quently, identit.ies of A, completing the proof .

Consider t,he class of all- algebras A = (A; F) of Lype

(3), lvhere fl has a semilattj"ce operation V and F is t.he

poJ-ynomial- x, v "j, for Lwo f ixed inLegers (possibly equal)

i,i e {1,2,5J. The snlallest variet'y generaled by these

aJ-gebras uill be oe not-eci by tr, j. Let S be the varieLy

gencraLed by ¿rLl algebras A = (A; F) of Lype (3), where A is

a semilattice, and F j-s t,lle semilat,Lice polynonrj-aL F(x,y,z)

= x v y v z. Let, s( I<¡>) cjenote Lhe set of all hyper-
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identities obLained by applying Lenrma ?.1 to I<3>, and

recal-l that ( s( I<3 >) ) * is the set of identities obtained

from s([<3>) by replacing each occurrence of F by F.

Theoren,3.11. If A is an algebra of type <3> the f<¡11owj-ng

are equ ivaLent :

i) A satisfies all the semilattice hyperidentities;

Í) A is a PÌonka sum (See t14l for the cjefinition of

Lhis concept) of algebras of the variety

D =V(or,i I i,i e {1,2,31 );

(

(i

iii) A e S V D;

( iv ) The operat,ion F

A satisfies (s(l
of A satÍsfies s(:<3>) , that, is,
<3> ) ) t(.

By Lernma :.10 and a resul-L ofProof. (i) implies (ii):

Plonlia 1201, A is a Pl-onka sum of al-gebras A = (A; F) of

Lype (3), satisfying (H(SL))* and f'(x,y) = x (where f(x,y)

is t,L¡e parLition funct,ion of Lenrma 1.10). I'low the iden-

Lities of D are tÌ'rose which will i;e regul-ar wltenever F is

repJ-ace cì by any se.milaLtice potync,rnial- xi V tj, i,i e

{1,2,1.¡. ThaL rneâns that, if P is a po}ynoniaJ-, Pl is a

subLrec of P such that the str ing Lerminating lvith P 
I

conLains Lire Lerms (F,i), (F,j), (F,k), {j-,j,k} = {1,2,:},

and if P' is <-rb1-airied by replacing Pl by ¿rny Lree PZ (in fhe

operalior: F) wir¿rLsoever, Lhen P ' = P will be an identiLy



61

hoJ-ding in D. The smallest, class of icjent,ities €',cneraLed by

(H(SL)<3>)* in 1,his w¿)y will be exactly the cl-ass of all

identities of D. We claim that these identiLies ãre è

consequence of

:' = (H(SL)<3>)x U {f(x,y) = x}.

In orcjer to prove the cl-airn, we first prove th¿rt the'

icientity

e: F( a,b,F(F(n,, y,m),c,d ) ) = F(a rb,F(F(ri., z,nt) rc,cì ) )

is a cons€qucnce of I'. (In t,his proof onIy, P (=) Q v¡il1

denote P = Q is a consequence of I'.)

F(a,b,F(F(m,y,n),c,d) )

(=) F( ¿-,b,1.'(F{FtF(nr,m,F(r), y,nr) ),m,mJ ,h,h} ,c,d ) ) since

it is a semilattice l,ype ricìentiLy,
(=) F(a,b,F(F{F tF(ri,,m, F( mrzrri) ) ,m,rii] , n,n} ,c,d ) ) since

f(x,y) = x'

(=) F(a,b,F(F(nr,zrn),c,d)) since it is again a selni-

laLtice lryperidenbit.y.

If P1 is a subt,ree of P, such t,hat t,he string ternlin;iting

wit,h P1 conL¿,ins '¿he Lerms (F,1), (F,2) ancj (F,3), 1"hen we

can essurne (By Lhe ident,ities of (H(SL)<3>)x) Ll'iat Lhe last
Lhree Lern.s preceding Pi ere (F,i), (F,2) and (F,3), encj

our cl aim noh' f'o.]lotvs fronr t.he icìerit,it,y e , Lhus proving thaL

(i) in:plics (ii).
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(ii) implies (iii) f'o1l-ows imnediately f'rorr, PIc¡nka's theorent

t201, that if A is a Plonka sum of algebras of D tlien A will

satisf y t,he regul-ar idenf ities of D, that is, a1l the

identities of ]d (S ) n Id (D ) .

(iii) inipJ-ies ( iv) . (s( l<3>) )* is a set of senrilaLLice

j-dentities , and it is clear f rom Lhe proof o f' ( i) impl ies

(ii), that (s(l<3>))x is also satisfied by L, so f s(13))* 
-<

rd(s) /l rd(D).

(iv) irnplies (i). Let Lhe algebra A = (A; F) safisfy
(s([<j>))'ç. Using exact]y the same nlethocis as were used in

proving Tneorem 3.2, one can show that (H (SL)<3>)l( is a cou-

sequence of (s(l<3>))*. The operation F of A thus satisfies

tl(SL)<3>, ancj consequentJ.y Fl(SL), compleLing Lhe proof by

Lenima 1.4.

We r)ow ciefine I3 Lo be the

sistir:g of I <3> anci the niecjian

that is,

the renrðining parL

Q is a consequerìce

set of Lryper identities con-

Lryperidentit.y of' type <r,3>,

I
L = )<3> U tL(g(x., ,x2,x3),G(y j,yz,V-_),G(z,zz,z.)) =

q(I(x.¡,y 1,.t),It(x-,y 2,2^),F(*j,y-,2^) ) )

In

P=

(=) q t"ill denoleof

of

t.l.ris cl,apter
?fJ

L.

t

:' isIn order Lo show thaL a basis for all sernilaLtice
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hyperidentities of type 3_ = (':rJ,...), we need a few addi-

tional def initions. The heighL of a symbol I (or of t,he

correspondJ.ng node of 1-he formation Lree), in a hyperpoì-y-

no¡niaI P, will be said Lo be the Ìength of t,he strirrg Lermi-

nating with the subLree P' , whose root is aL the node in

quesLion. If t Ís a hyperpolynomial of t ype n, with symbols

F., F", ..., F-, we shafl- say that P is uniform if'f the
-t¡

follot^,ing conditions hol-d :

(i) P is of' unifornr l-ength,

(ii) If F' i e 11,2,...,tri, occurs in P Lheû F. occurs
-1 ', -l_

Lhe sâme nuniber of tinres in each st,ring of P,

(iii) 1f each syn;bo1 F:. occur" ni t,j.rnes Ín every string

of P,i e t1,...,oÌ, arlci if a is âny sLri.ng of P, then

the f irst n 1 terms of q v,¡iIl- have F1 as a function

symbol-,Lhe next n2 Lerms tiill have FZ as a function

symbol , anci so on.

That is, if P is unif'orm, t,he formation Lree of I will have

a l-ayer of L1 t" at Lire bottom, a layer of f2'" nexL, and so

oh, r,¡ith al-l Lhe In'" appearing in Lhe bop layer.

Len:n,e 3.12. Let unifornr liyperpolyncmial in the

F., F",...,F-. If' a and ß are
-t i

b, and if the var iables of' o anC

hlperpolynonrj-a] Pr, tlien P (=)

terr;ary olicr¿lLion

sLrings of P sucll

ß ¿,re sr.JiLclied t.o

Pr.

tbe
synrboÌ

Lhat. 0

c-rb La i n

a

e

r
)



Proof . ke sl:al-l- inducL on l(P). If 1(P)

c4

- O, Lhe lemrna is

Lrue v¿cuously ( if 1(P ) = 1 cr 2 Lhe f emrira is al-so obvi<¡usl)

true). he sLrall now assume thaL the len,ma is true for any

unÍforrri hyperpolynoniial of Ìengt,h fess than m ancì leL

l(P) = rlr. Let x and y be the variabl-es of q and ß respec-

tively.

If o aûd ß terminate in Lhe sanre proper subtree Pi of

P = F.,,(P"rP-,,Pr), let o- anci B{ be the subsLrings a ano ß

-J 
J- L

restrict,ed to Pi. 1f oi =r BÍ, we are done by lhe j-ncjuction

hypothesis. If *i lb ßi, eithe. oi or Bi has a Lernr (F1,k)

occurring at l-east Lruice. By l'heorem 3.2, we can thus

switch subLrees (in t,he syrnboJ-" fZ,...,Fn) of P, to obtain a

Lree Px r.;iLh sLrings cl( and gx corresponding to q ahd B

(tl'rat is, LerminaLing in the vari¿ibl-es x and y in question),

such Lhat, at = ß l'. lvhere aT ¿¡nd B T are t,he restricLions of'I r ]-', 1 I
o* and gx to PT, and we're oone by lhe induction hypoLhesis.

*J-

If a ancj B do rioL terninaLe in t-Lle sante subLree !i_, rve

can essunre Lhat n ) 1, since otheru;ise we are oone by

Theoretrr i.2. Ey Theorem 3.2, !..,e can al-so assume tltat. Llle

first cccurrence of the symbol ln in bofh q erìcj B is the

ternr (l'n,k), for some k e {1,2,)}, and that Lhc Lerm (Fn,k)

occurs Li:e sanie nurr¡be r of tin,es j-n o and ß. I-y 1-ire 1-ernary

nrcdian t:yperident,ity, the botLom roui of Int", of the tree

depicLing P, can be nrovecj down to obt,ain a tree Px, wifh Fn
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aL the root, then a layer consisLing of all the fl'", and so

oh, wiLh Lhe remaining In'" aL the top. If o* anci gx are

the strings corresponding Lo a ancj B, LhaL is, the strings

terminat.ing in x and V r then a* and Bx will now boLh have

(F-,k) as tlleir firsL term. Thus Lhey both terrrrinate in the
-It

subt,ree ffi of l*, vrhere P* = F-(PT',PÄ,P_å). Sincu oñ =r 1ft,

we can not" switch x ano y, and Lhen again use Lhe meciian

hyperidentity to obtain the desired hyperpoJ-ynomiaJ. P' ,

compJ-eting the proof of this l-emma.

Len,n.a 3.13. Let P and e be Lernary hyperpoJ-ynoniial-s contain-

ing the olicraLion synrboì-" Ll ,...,|n. Then tliere is ê

sequence of Ínt,egers n, 1r^2,...¡nìnr ancì there are unifornt

iryperpol-ynonrials P' and Q' , such t,hat I (=) P' , Q (=> Qt ano

for every k e { I ,2r.. rn} , Fk occurs nik tirnes in each sLring

of P' ano Q'.

Proof. If for some i, 0 < i ( n+1, Lire nu¡lber of occur-

rences of li in each string of P an0 Q is not the same, then

let mi be the nraximum nunlber of tin¡es LliaL Fi occurs in any

string of ¡ or q. If a sLring c¿ has noL got enougL: fi'",
then by icjeu;potence, the variable x of c can be replace d by

11(x,x,x). lliis pìrocedure can be conLinued until- condit,ion

(ii) of Lhe ricf iniLion of'uniforniity is niet-.

he r)oN [rsc Lhe nledian properLy Lo trlaye¡tt ¡. (Jf a1]-

the 11 '" rrhich Ìiave an Oj, i / 1 , inlrr,ediaLely below iL, pick
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one of maximal height. the subLree ls, whose root, is in,-

mediately beJ-ow f his ll , wÍll be of f he f'orm

I¡(fr (lt'le,13)'fr (14,P yP 6¡'lt (lz,le'19)'P=*S

since otLlerwise

of F. would be
-l

root of P- i:y

proceci ure unLil

, the n¡axiniality of the heighf

contradicted. he can now move

the nred j-an hyper identity, and

tve have the ciesired P | .

ol'our chc¡ice

F. down Lo the
-l
conLinue t,his

Len,nia 3 . 14 . Le t ! be a un iform hyperpoJ-ynomial wit,h oper-

ation synrbol" fl ,...,Fn, such tliat for eacli i < n, bhe

symbol Ii occurs aL least three tinres in each sLring. LeL or

ß and r be st,rings of ¡ such that o =r ß =. yr with o and ß

terminating wj.th the satne variable x, and y Lerrninat,ing wiLh

z. Then if P' is obtained froni t by repl-acing the x of'

either a or g by z, P (=> P'.

Proof. V'je shal-L inducL on the length of P. If l(p) = 0 cr

1, tlie Lenrma is <¡l¡viously true, so assume that it is true

for l(P) ( m and let l(P) = ni. If rì = 1, the lenlma f'ollows

f'ronl fheoret¡' :.2, so assunte that n ) 1.

Let the nutrìber of occurrences of Lhe syrnboJ_ ! 1 in any

sLring of P be k. Since k ) 2, r,ie can assutlìe by Lcri,nia j.12,

thal the (k + 1)'tÌl nodes of o, B ano r ere cjj-stinct (if

tliis is noL l-.ossibLe, tlrerr q r I ancj y terniinate in a cor¡inron

subLree in t,he synrboJ." F2,...rFn, and vrerre done by tlre
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induction hypoLhesis). he can thus also assunie t,hat the

firsL occurrence of Fn in c, B or v is the Lerm (Fn,k), for

some k e {1,2,3}, and that (Fn,k) occurs the seme number of
tinres in each of these three sLrings. If we now apply the

r¡red ian hyper identit,y of type <3r3) to move the botLonr rour of

In'" to the rooL of P, we obLain the hyperpolynomial P* =

f,.(!T,i4,På), with o*, 6x and y*, the strings corresponding
-¡¡ -J

to o, B and y, all terminating in fñ. If ofi, ßt and vf are

tLre restrictions of û*, gx and y* to |f,, then afl =r BÈ =r

yll , ancl we are done by the inducLion hypoLhesis.

Tlrecre n. 3.15. The set I' basis for all Lernaryis

senlilaLt.ice hyper identities .

Prcof'. Let t = Q tre a selrlilattice hyperidentity in tLre

syrrrboL" ll ,...,fn. he can assume, by Lemnla J.13, Lhat P ancj

E ere uniform, and tliaL for every k . {1,...,o}, Fk occurs

the s¿ìnre nuniber of times in P and Q. Ey iciernpoLence, rve can

add Lr'o nrore roh's of lk'" Lo i and q for every k e { 1, .

..,n], Lo ol¡tain trees P* and Qi(. ThÍs insures that i

o ( ß ¿re slrings of Px, t,hen there is a string y of P*,

such Lliat y =r ß, and o and y Lerminate t'¡ith the same var-

f

iabLe. Thr-rs, if each li, i e { 1, ...
senlilaLtice p'olyncnrial pi = \./(xtl k

Lhcn x is a variable of' P(p.'., ,...,pn)
such thaL Lhe seL of Lernrs of y is {

k e lii U {x}.

,tr], is re.pl-aced by a

. li), Ii I {1,2,31 ,

f Pl+ l¡as a string 't,

i,k)l i e {1,...,r},

if
(l



6Í)

Let So(P*) = {el ß is a sLring of P* ano B =,^ ol and

let V(S (P*) ) be the seL of varia.bles of the st,rings in
c-'l

Sû(PlÉ). It is clear from the above paragraph Lhat 1f a and

ß are sLrings c¡f Px and Q* such Lhat, o =r g, then V(So(P*) )

= V(S^(Q*)).
þ

For any seL So (lu) of strings of P*, we can pick a

variable z e V(Ss(P*)), âtrd by Letnma 3.14r H€ can obtain a

tree P", such t,hat, z is the only variable occurring rnore

than once in a string of Sû (P' '). Ey Lelnma J.12, Lhese can

be rearranged in ¿rny desirable order. This proceoure can

thus be used to obtain hyperpol-ynonrials Pr and Q', such that

I (=) Pt , E (=) Q' and P I and Q' are formally equal, conì-

pleting the proof' of' t,he Lheorem.

IìaLher than proving i;he generaJ- result, we shall sirow

how the results of tlris chapt,er easiJ-y generalize Lo the

case n = 4, or any higher arity.

Thc basis I(4) for aIl- semilatLice hyperidentities of

Lype <ll> is the following seL of Ìiyperi<lenLities:

(i) F(x,x,x,x) - x,

(ii) F(l'(â,b,c,d),F(x,y,z,u),p,r) =

f(I(ä,x,c,d),F(b,!,2,u),p,r),
(iii) f(F(â,b,c,d),F(x,x,y,Z),p,r) =

F(f (a,b,c,d) ,F(b,x, y rz),prtr),
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and I- = I<4> U

tf(g(*1, ..,x¿t),G(y1 ¡.. ty4),G(r1,..,r4),G(u.,,..,uu)) =

q(I(x1,y 1,21,r1),F(x, uz),F(xr,..,u3),F(x4,..,u4))).

The proof that l<q > is a basis for the semil atL j_ce

hyper idenbities of Lype <4> is almost icientical- to Lhe case

n = 3, except that, Lemma 3.9 woul-d have to be replaced by a

l-cmma which eXârlrines o =r I, where o and ß contain three or

four dif ferent Lurns. This can be generalizecj Lo t,he n-ary

case, where we consicier st,rings a and ß containing up t,o n

distincL turns, by an easy inductive proof. In general, we

thus have t,hat [<n> is a basis f'or I-](SL)(n> and ;n is e

basis for Fin(SL), where l(n) is the following set of' n-ary

hypcr identities:

(i) F(x,...,X) = x,

(ii) I(I(xl,..,*n),F(V1,..,y¡¡),21,..,tn_Z) =

I(I(*1,y1,x3,X4, ..,xn),F(x z,y 2,y3, ..,yn),2j,..,2y,_2),
(iii) l(I(x1,..,*n) ,F(u,r,y1, ..,yn _2) ,r j,..,zn_Z) =

I(l(* 1,.. ,*") ,F (xr,u,y 1,..,y r,_z),21,..,zn_z),

and = [(ri) Utn
L

( n ( r¡ ) is a basis f'or Il(SL ) .

T'he pat^LiLion funcLion f'or n = 4 is

by Lenr¡n- 1.5, 1
L

f'( x,y) = Ii( x,x,X,F( x,x,F(l--( x,y,x,X) ,X,X,x) ,x) ) ,
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¿ìnci egain f(x,y) = x whenever F is replaceci by any latticcz

polynomial other t,han F = X1 V xZv *?., x4. In generãI,

Lhe forn,at,ion Lree cf t,he partition furrction f(x,y), hes one

leaf labelled with y, all the othe r leaves labelled v¡iLh f-he

variablc x, ani t,he string termì-naLing with y corlLãins all

of thc n cjist,incL ternrs (F,1),(F,2),...,(F,n).

The strucLure Lheorcn in the case

casen-3,with

4, is like the

D = V(oi,¡,t,1 i,i,k

wh€re Lhe D. ,rs ere define c.l1rJ,K
case. The generelization to

cbvicus.

{1 ,2,3,4 } ) ,

analogously to Ll',c tcrnary

en arbiLr-ary n Ís again



CHAPTER IV

LATT iCE iIY PERII-)ENTITIES

RecaIl that a hyperidentity ü

Il-(V). Sincê L, the variety of all
binary polynomials, it is easy to

binary hyperidentity holds in L.

Chapter One, a proof that

is called bÍnary if c¿ e

lattices, has on)-y four

check wheLher or nol a

As was poinLed out in

€: F(G(x,y),x) = G(x,F(y,x))

holds in L, consj-st,s of a case by case examination of

(I",G) e ix, y, x v y, x A ytz. F<¡r exarrrple, if (F,G) 
=

(x, x v V), tie oblain t,Lle lalt,ice icient,ity x v y = x v y.

LaLtice Lryperj-clerrt,iLies in Lwo or rrror^€ binary operation

symboLs, such as tlle above hyperidenLitV €, rel-y strongly on

tl-ie absorpt,ion property of latLices f or their validity.

tiote horvever, that. the absorpLion LryperioenLity l(q(x,y),x)

= x is not safisfied by L, fhe variety of all laLLices,

sj-¡rce it j.s rrot regular atrd Lhus does no1- yield a latLice

iclenLity when (F,C) = (x v y, x v y).

llre essociat ive hyper ioent i.Ly,

F(x,F(y,z) ) = F(F (x,y) ,z) ,

is anoLhcr cxarnrpJ-e of a binary hyperrderrtj-t,y l,Ìricit holcjs in

L. 1t is easily seen thaL Lhere are iryperident,ities which



hol-d in some but not

the hyper icjent,it,y

e^2
I

j.s satisfiecì by

l¡uL norìe of t,he

72

all lat,tice varieties. For exampf e,

I(q( x,y) ,z) = q(I(x,z),F(y,z)

D, t.he variety of all distribut ive l-att,ices,

other nonLrivial latLice varieLies, and

,Z: F(Gtx,I(y,z)),G(y,z) ) = G(FIx,9(y,z)f,F(y,z) )

is sat,isf ied by all moduf ar lat.tices, buL not L. In 1251 ,

h'. Taylor proves thaL there exist 2H" hypervarieLies, all
containing cìif f erent ]attice varie Lie s, by proving thaL t,he

map V + Vh(V), from varieties Lo Lhe hypervarieLies gen-

erated by the varieLies, is one-cne on self-dual- lattice
varieties.

In Lhe above exanrpl-es we have been ciiscussirrg only

binary Ìar¿ice hypericjenLities. Lat,L j-ce hyper ident,iLies

involving Le rnary symboJ-s are, in general, nruch ntore dif'f 1-

cult Lo check, since Lhere are inf initely many polynclr¡iaf s

Lo subsLitute. It, is t,hus nal"ural- Lo ask ivl¡ether all laL-

tice hy¡rericienLities are cjeLerrnine<t by Lhose invol-vÍng only

binary i'unct,ions L25, Probl-enr 31. The firsL resul-t of Lhis

chapter ¿ìlìstre'r s Lhis quesLion in t,he rregative.

Theoren_q.i. Let V be e nonfri-viaL

Lhe variet.y of' ¿rll semilatl-ices.

there c x ist,s a hyper icìent ity €- , such

is noL ;ì consequer)ce of Iin (V) .

variety of ÌaLLices

I'hen for any irrteger

thaL < holds in V l¡ut,

or

llr

€-
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[iyperident,ities with at most two variab]-es are al-so

rel-at,iveIy easy to verif y j.n L. Consider, for example, the

lattice hyper Í<lenti-t,y

F(x,x,V) = L(x,I(X,X,y),F(y,x,y) ).

Since a has only Lwo variables, it is obvious thaL s t¡i11 be

a latt,ice Ltyperidentity iff c is a distributive lattice
hyperidentity. Thus to verify that, cr holds in L, it is

enougtr Lo check s f'or each of t,he 16 ternary disLrj-butive

lattice polyrromial-s. tt is Ll'rus natural Lo ask, analogously

to L25, Problem 31, v¡hether Iir(L) conLains a basis for Ii(L).

This is noL the cäse ciLher.

Thecrcrr 4 .2 . Le t V be a nonLr iv ia1 varreLy

lilen for

t,hat €

I.le shal-Ì prove l'heorerns 4.1 and 4.2 by consLrucLing a

lattice hyperidentity e ulrich is not a consequence of Iln'(V)

u Hn(V), tllus proving the l'oltowing Llicoreni.

TLreoren: 1.3. Lct V be the varieLy of all semil-attices or e

nonLrivial- v¿irieLy of lat,Lices. For any tlvo inLegers rn ano

n, tllere e xÍsLs a lryper loenLit,y €, such LliaL e hol-os in V

but e is noL â consequence of. hl"(V) u Ìln(V).

Lhe variety of all sernil-atLÍces.

there exisLs a hyperidentit,y €, sucLl

is noL a consequcnce of I-ln (V ) .

of laLtices or

any integer o,

holds in V but €
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.X
o

X
o

,(
o Ir.-r

Corollary 4 .4

l¡ascd.

a

Figure 4.1

The hypericientiLies c¡ f' are not finiLely

Procl'_ cf Tlrec'reni ¿1.3.

Givcrr V, m, and rr

rrllich j.s satrsf ie<j by

Lhi-s h,e slral-l cieduce

varieLy of lattices,

, we shal-l- constr ucL a

L, Lhe var ieLy of ¿,ll

1-haL e is satisfiecj by

ancj al so by SL, the

hyper ident, iLy e

laLtices. Fronr

arìy nonLr iv ial-

vziriety of aL1



semilaLLices. FinalÌy, t,ve shall- exhibit an algebra A which

satisfies Itn'(V) u Hn(V) but not €.

he begin by defining a hyperpolynomial:

t = L(F'(*o,F(xo,xo,F(...,F(Xo, ..,xo,F(Xo,..,*o,*k_1 ),*o),
. . ) . . ) , . . ) , xo, . . , xo , *o ) ,

where k = 2sup{rn'n}, t is k-ary, and *o is the

except tor t,he singJ-e occurr€nce of xk_.'. See

the tree depicting t. l,je al so set L - *o v

u *L_1, b = *o n Xi n *Z ^ ...^ *k_1, a,nd if

latf ice pollnomial, for 0 s i < k, r.ie seL

= P(Xo,Xo,.. .Xo,Xk-i,xo,. .xo),

only varial¡1e

FÍgure 4.1 f'or

x- v x^ v....
l¿

p is any k-ary

Pi

l.;lrere x, . is
l\- |

is subsLrLuteci

{xo, *k-1, Xo

subsLituted fc¡r Lhe

for all Lhe oLher

u Xl.-1' *o n xk-1Ì,

j-'Lh varÍable of p, and x

v-riabfes. CbviousLV pi-

for 0 s i < k.

rìow cl-aim that if p is ¿ Iat,tice polyrronrial, then

o u xl<_l if p = t, P(p) = x,) n xl.:_.1 if p = b, ancj

oLlleru'ise. he ciscuss se ve ral" cases:
O

€

l(r)
l( r)

hc

(i) 1f for sor¡ìc i (0 s i < k),

(ir) tf f'or sonre i (0 < i . k),

i so Lcrrr c ,

=x
=X

p; - x^, then P(p) = x
IU

Pi = *l_1, Ll'len since P

Ls



to

*i = p(b,,.. ,b,Xi,b,...b) s p(xo ,x1,... ,*k_1)

s p(L,...,t,Xi,t,...,L) = xi.

Thus, if pi = "k_1, Lhen p = *i, ancj again P(p) = *o.

(iil) If for all i (0 < i < k), Þi = *o u xk_i cr pi =

*o n *k_1, and for sorre i,i (0 s i,i . k), pi = Fj, then due

to the absorption iclentity we again obtain P(p) = *o.

(iv) Finally, if for ¿r11 Í (0 s i < k), pi = Xo u *k-1,

t,llen

p = p(xc,X1,...,*k_1) v p(xo,b,b,...,b) v

p(b,x.,,b,...,b) v p(b,...,b,x¡_1)

= X V X. V ... V X,o I K-|',

¿nd F(p) = *o u *k_1 (ancì dualty if pÍ = *o n xk_1 for all

i, 0 s i < k).

he ncw define 9l , for 0 < i < k-l, to be tlle

hyperpolynonial obtainecj fron' P by replacing xk_ 1 by

Gi- = F(xo,x1 , . .. ,xi_1,xi r xi,xi +2r... ,Xk_l ) ,

rvherc G. is obteined f rorr: F by rcplacing, X. . by xì.-Ì - Ì+l " -L

ltr_l is obtained frori, t by replacing ¿,1-f Lhe *"'" by
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x1, anci replacing

Figure 4.2.)

For 0

I

p=

d ua l- a t<;ni s

b, Lhen

xt - i

Fr

ø

a

\1'
-l(- |

Frgure 4.2

xk-1 by F(x., ,x1,xz,xJ *t_l). (See

k-1, and L, lve ilave

X.1+¿Q*(p)
-J-

whicli i.s one

b), and if p

u *k-1t

of Fr(}r.) (¿nd ouirJ-J-y

U

of the

tLor

if

I in¿:11J, , if

ql._1(p)

tlre n

*1

u,

*1

F

e

a

a

a

x2 v
7



% % Ço 9t-rV'
Q:

Figur e 4. 3

( ¿:ncj oua]J-y 1f p = b) , and if p 7 L or b, then

C,^=x:k-i - "1'

lrc are noh ready to define our hyperidentity €. Let

Q = I(%,gl ,Êe 9x_l ),

R = t_(%,Êo,...Êo,QX_t),

as stioln j.n Figure 4.J, and leL e be Lhe hypericierrtity Q =

!.

1L is easiJ-y seen that e(t) = R(t) = t, A(b) = k(b) =

b, ancj if p r I or b,

a(P) = h(p) = p(xo,Xo,...,Xo,*.1 ).

lllus e is satisf ied by L. 0bviously, iL f ol-lotvs tha¿ e t''ill

be s¿,Lisf ied by ¿iny nontriviaL variety of laLtices, arid also

t¡y S L.

F

% Ql Q2 Qr_i\Zl
R:

hc nott define A = (A; f) by l-etLing A = Fr¡(l<), tire



free scn:il-attrce on

def ining f as f'o11ows:

(i) f(xo,X1,.
set of dual,

generators,

7c;

âo,â1'...rak-1, and

"J<-1) 
=

atoms of

(ii) f(xo,X1,...,xk_1)

oLher wi se .

if txo,x1,...,*k_1] is Lrre

*1 v

Xot

A,

xv
o

u xk-1

If p is any

shal-l- say that q

correspond ing to

in the variables *i, ieI, r¡Je

is the semÍlattice polynomial

A -po 1 ynom i aJ-

= V(xrl ieI),
p.

CJ.early

a(f )(ao,ai,...r"k_1) = uo, ,2 v...v 
"k_1,

R(f)(ao,a .,...,uk-i) = "o 
u 

"1 
v...u 

"k-1,

and Lhus e is not sat,isfied by A.

Since tlre f'ree semilattice on sup{m,nJ generaLors has

k-1 eLenre nLs r âoy subalgebra of A, generaLecì by aL mosL

supim,n] cLcments, cannot contain Lhe set of'k dual aLoms.

]t¡useV(.ryA_po1ynomia]inLhevariab]e"*i,ieI,lIl<

sup{nr ,n}, is equal to the corresponiing semiLattice

poLyrromi¿;l V(xiI ieI).

If ! is a hyperpolynorniaÌ with h distinct symbols of

arity aL lnost m, Po,...,P1,_i are A-poJ-ynomials of



approilriaLe

senrilattice

ind ucL ion on

ariLy, anci eo,...,e¡¡ _.1 , arc tLic

pol ynomial" s, ¿hen it caYi e asily

Lhc rank of li, thaL

bÛ

corrcsponding

be shot.vn by

ti(Þo pt,_1) = tl(qo eL,_1),

t,he corresponcìing scmilattice polynomial.

Thus A satisfies Hn¡(SL) and since I-jL'(SL) cl-earJ,y con-

tains Hm (V) , A al-so sat,isf ies Hn'(V ) .

If ! is a senlil-¿;tLice hyper 1cìentiLy wiLh aL niosL n

variables, and if ! has h ciistincL oper¿,t,ion synrboJ-s, then

for al-1 A-polynomials po,...,p¡_1r of'appropriate ariLy, tiie

polyno¡nial H(po,... ,Þt,_1) r'ri11 have aL rnosL n veriables ano

will Lhus be equal Lo t,he corresponoing senj.l-attice poly-

nomial. The algebra A thus satisfÍes all semilati,ice

hyper ident,it ics with at niost n v ar iabJ-es , anci , as in the

prcvious paregraph, t.liis rncens Lhat A sat,isf ies tln (V). The

aì-gebra A Lhus satisfies l-im(V) u Hn(V), buL not e, rvhich

conrpJ-eLes i.he proof of Llleorcrn.

In Lhe bcginning of this chapter we shovred that in the

variecy of al-l 1attlccs, iiyperiicnLitÌes are easier to check

if' the r'rur¡iber of v¿rrie,bJ-es , or tile ar j-Ly of' Llleir synLboì-s,

is resLrlcLed Lo Lwo. 1t is also eesy to verify irYPcr-

icieniiLies rilrose f'orru¡-tion Lrees Ìiave Llie property tltaL LLle

nurlll¡cr of dist-inct l¡r'.rnclies le aving any trooe is at ntosL t tvo.
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If' I is a hyper poJ-ynomial of this type, v;ith k operation

symboì-s, and if po,...,pk_i and eo,... rg¡_1r are Lwo sets of

latLice polynomials of appropriate arity such thaL pi = 9i
(0 s i < k) in Lhe varieLy of disLributive lattices, ttren

P(p^, ,Pk-1) = P-(9o,...4X-t

in fhe variety of lattÍces Th is can eas iJ- y be provecì

incjuct. iveJ-y by using t,he f act that 1f pi and qi are equal- as

clisbributive lattice polynomials, and if aIl Lhe variables

of pi and qi are repJ-aced by *o and x1 (so Lhat LLte cor-

responcjing variables of pi and qi are replaced by tile same

variabl-e *i, i e {0, i } ), t,lien pi and qi r.¿il} yield t,he sanre

binary latLice polyrromial-. Thus hyperident,ities of' Lhis

type can again be verif ied by n:aking a f j-nite trumber c¡f

subsLit,utions. An exarrrple of such a l-at,tice Lryperi-dentity is

I(I(X,y,x),F(X,y,x),2) = I(I(x,x,z),F(y,y,z),F(x,x,z))

It, is cl-ear f ron, the proof' of' f heorern 4. j LLrat t he class of

all LaLtice l.ryperidenLiLies wj-t,h the proper'cy that t,he

nur¡iber of ciisLinct i¡rancires Ieaving any nocie is bouncìecì,

r"'ill not conLain a basis f or H (V ) .

1n CLrapt,er lhree bre shor";ed that hn(SL) is finitely

based. VjheLher or not t,his is tlle case for tln (L) rclr:ains an

open quesLion.



CHAPTER V

]'HE LATTlCE OF HYPERVARIET]ES

In this chapter vre shall examine t,he order relationships

between Vfì(SL), the itypervariety generated by the varÍety of

all semil-att,ices, âtrd some other nrembers of the l-attÍce of

hypervartieties such as Vh(A), Vh(D), Vh(DS) and Vh(M) where

A is Lhe varieLy of abelÍan groups, D the variety of

dist,ributive latLices, DS the variety of diagonal semigroups

and M is the varÍeLy generaLed by the ternary meoian

algebra. he shall prove that in the lat,tice of hyper-

varieties, Vh(SL) = Vh(A) n Vn(D) and Vh(SL) covers Vh(DS),

obtaining a basis fcr H (DS) as an eesy corollary.

In order to do so \¡Je f irst give a def inition and prove

an easy l-emma. If' B is e hyperpoJ-ynomial in tLre operation

symbol" It,...,Fn, e e st(P) is a slring of P, and

S = {ptl O < i s n, pi = V(xjl J e J1) Ì

is a set of semilattice polynonlial-s such that, the ariLy of

pi is equal Lo the arity of Fi, 0 < i s n, tlren we shal1 say

thaL a is conLaineci in S iff ( Fi , k) is a Lerni of e impl ies

t,hal k e J=.
l

For exarnpJ-e, j.f t = Il(Fr(x,y),2), c =

<(I1,1),(Fr,2),V) and s = {p j,p2} u;Ìrere p1 = x v y and p2 =

y, Llrcn o is contained in S. lrlote thaL y € V(P(p1,Þ2)).



Lemrna 5.1 . Let P be a hyperpolynomial in Lhe symboJ-s
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set..,In, and S = {pil 0 < i 3 tr, Pi = v(xjl i e Ji)}

of semilabtice polynomials of corresponding arities.

Then x € V(P(p1,...,pn)), the set of variables of P(pi,..

..,Pn), iff there exists a string c é str(x), the sel of

strings of P terminating with x, such that s is contained in

S.

Proof . We induct on the length l(P) <.rf P. If 1(P) - 0, the

stateme nt i s obv iously true . Ue now essume Lhat the l-errlma

holcjs for hyperpolynomials of length l-ess t,han n and t,hat

1(P) = r. He let P = It(!t,...,|rn). l'Lien x € V(P(p1,..,Pn))

iff x € V(Pj(p1,...,pn)) for some j e Jk iff t,here exisLs a

st.ring s € str(x) such t,hat. q Lerrninates in tj, i e Jk (that

is, the firsl term of a ls (Fk,i), i e Jk), and o', the

string s resLricled to tj,is contained in S (by t,he induc-

tion hypothesis) iff a is contained in S, completing t,he

proof of t,he l-ernma.

F.
-t
d

Lenima 5 .2 . vh(sL) Vh(D) i-n the latt,ice of

Iiypervarieties.

Proof . A hyperidentity P = a in t,he sytriboJ-s Fr,...,F- lrolos
-l 

¡

in SL iff V(P(p1,...,pn)) = V(Q(pi pn)) for all sets S =

{p1,...,pr,} cf semilattice polyn<¡niials of appropriaLe ariLy.

Ey Lenrma 1.6 ancj Lenrnia 5. 1, this is the case for any hyper-

identit,y (P = Q) e il(A), so ure have fì(A) c h(SL) (tnat is,

vh(A)
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Vn(SL) ç Vh(A) ). Since t,he clone C(SL) is isomorphic t,o a

subclone of C(D) , we have Vn (SL ) 5 Vh(D) , completing the

proof of the lemma.

Since bhe associative and idempotent binary Lryperidentities

are satisfied by D but not A, and tLre binary median hyper-

identit,y is satisf ied by A but not D, we have H(SL ) < H (A) ,

H(sL) < H(D) and tu2(st-)l = lHZ(A)l u [H2(o)] (in ract,

tH2(st-)l = [Fi2(¡)] u tH2(L)l) in the l-attice of closed seEs

of hyperident,ibies. Ue shall prove thaL tHn (SL) I = [Hn(A) ]

v IHn(p)] for arbitrary n, from which it fol]ows that Vh(SL)

= Vn(A) n Vn(D) ) (v¡hether it is al-so true that V,.,(SL) =

Vn(A) n Vh(L) remains an open question). To prove Lhis, it

is enough Lo show Lhat ¿]n{ i.i i) is a consequence of Hn (¡ ) u

Hn(R), since ¡n{i), the ide¡npotent hyperidentity, holds in

D, and the oLher two hyperidentities of Xn holcj in A.

Lenirr,a 5 .3. The hyperidentity

F( x., , ... ,xn) = F( x., ,l(x1,x 2,..,*n),*3, ... ,*n)

is satisfied

Proof. Le I

by tlie variety of'aLl ciistributive latLices.

p be an n-ary disLribuLive Lattice polynomial.

if x2 ¿ Kii

{xr}) u {p}, if x2. Ki.

lie write p in the form p = V(^Kil i e I, Ki c {x1,..,xni)

anci cjefine Ki to be t,he foì.1-ot:ing set:

Ki

Ki

Ki'
(Ki
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*z X^.¿ X^,¿

üe can afso write p

{x., ,..,xn}), and if we

p(xt,p(x1,..,*n)*3,..,xn)

in the f <.rrm p =A(V Ljl j €

noÌ.i proceeci as abcve, we

> p r compl-etÍng the proof .

y1 Yc Y'.
L)

w_n-l

zn̂-¿

Figure 5.1

That is, whenever *Z is a member of Ki we obtain Ki by

repl-acitrg *Z by the poJ-ynomiaì. p. ClearlY, 
^ 

Ki s P, f'or

each i e f, and consequentl-y V( AKi) < Pr bhat Ís,

p(xl,p(x1 *n),*r,...,xn) s P.

J, L-. c

obtain

Len,ma 5.¿i . Let

t = F(FIx.,,F(x,x2,..,*2),*3,...,Xn],FIwl,I(yl,
... rYn),"2, .. rwn-1], t1,..,zn-Z)'

(See Figure 5.'1 for t,he corrcsponciing fortnation tree.) If

the v.t'iable xZ of Lhe string cr = <(F,1) , (F,2) ,(F,2) ,xr) is

replaceci by y2 to <¡btain the hyperpol-ynoniial



B6

P I = F(FIx., ,F (x2,V2rxZ,.. r*Z),X:j ,...,XnJ,llwi,I(yi ,

, Yn) , r2r.. , wn -1) rzj, . . ,zn-Z)

bhe n P') e H(D).

Proof. Let p be an n-ar y distributive lattice poIynomiaJ.,

and Ìet P,, = F(xr,.. ,xz) and fì = F(x 2,y2,x2,.. ,x2). he now

exarnine four cases:

(i) If Pj(p) = *Z,t,hen obviously, P'(p) = P(p).

(P 
=

(ii) Pl(p)
-l

p = A(V tjl j e

= xZ , yZ. If uve write p in the f'orm

J, tj c {x., ,..,xr,}), Lhen each tj, i e J,

ancj sonre variabLe *k, k t 2. That is, we

v q(t1,*1,..rxn) for some (n-1)-ary ciis-

polynomial q. ConsequentlY,

conLains both xz

cen wr ite p = *Z

tributive LaLt.ice

P(p) = yZ v q(y1 ,V3, .. ,Vn) v q(w1 , ..,wn_1)

q(x2 v q(x1,x-:,.. rxn) r21,.., rn_z),

P'(p) = y2 v q(yt,y3,..,yn) v q(*1,..,wn_1)

q(x2, yZ v q(x1,x3,..,xn) rz1r..,rn-z).

l'low P(p) = P '(p) is a d j-sLributive lattice idenLity lf f P (p)

= P'(p) holds for Lire two el-enlenl lat,t,ice <{0,1i; v,,r). If

yZ = 0, Lhen x2 , yZ = xZ, so the identiLy P(p) 
. 

P'tp)

hoLds ior yZ = C. tf yZ - 1, then P(p) = P'(p) - 1, and

agaì-n Llie idenLit,y hoIds, so P(p) = P'(p) holds in Ir.

(iii) lhe case P'(p) = xZ n yZ is the dual of (ii).



(iv) P'(p)

project,ion xZ, so

B,I

possible when p is t,Lre seconci

the l-ernnia is cornplete.

= VZ is onJ,y

t,he proof' of

Lernma 5.5. The hyperrdentity

F(F(x.
I

F(F(x.'

,X-),F(u,u,yr,...
I

, * n ) , F ( x 2 u , V 1 , . .

,Yn-2) rz1r.. rzn-2)

,Y n-Z) ,21, '. ,zn-Z)

1S A COnSeqUence of H(D) u H(A).

P roof . By Len,m a 5.3 and id ermpoLence , if

l=
a=

F(F(x"
I

F(F(x.
I

Tl,eoreni 5.6.

Prcof . l'Ìre

,..,xn),F(u,ury1r.

,F-(xrr..,X.) rxrr..c-L)

" ' , Yn- r) ,21, "

tl¡en t (=) Q, r,¡here P (=) ! denoLes (in Lhis proof' onl-y)

that I = Q is a consequence of H(D) u H(A). By Lenrma 1.6,

bre can now swiLcii Lire variables *2 and u of the strings

((F,1),(F,2),(F,2),xr) and <(F,2),(t',2),(F,1),u) of O Lo

obLain a tre e Q' with A. (=) Q' , and Liien by Lemma 5.4, we

cen replace the vari¿¡ble u of bhe st.rj-ng ((F',1),(F,2),

(F ,2) , u) of Q' by *2, colnpl-e Ling Lhe proof .

Vh(SL) = Vh(A) n Vn(D).

Lliecreni f<¡llows in:mediately fronr Len,ma 5.5 and

of Chapt er f'hree.the rcsul Ls



As uJa s

5. _?, t Hn (SL )

know whether

Problern 5.1.

is satisf'rcd

t, = o ¿lno al

t,lrat V, (SL )il

hyperidenfit,y

It is faj.rly easy lo see that neiLher Vh(A) or Vh(D)

are covers of Vh(SL). In the case of Vh(D) ' consider bhe

variety I'l generated by tL¡e median algebra M = (F¡(J), ni),

where F¡(3 ) is tlre f ree cìistribut,ive Ìattice on 3 genereLors

and m is the ternary nredian polyriomial- n,(X,Vrz) = (x v y) 
^

( x v z) ^ (y v z). Since t,he orrJ-y Le rnary pol-ynomial-s of Vi

are m, x, yr and z, ancl since x = n;(xrx,y) = nl(xrY,x) =

m(V,x,x) , m( xry rz) = rn( xrzry) = . .... = ttr( z,y,x) and

nr(m,x,y) - il1, it Ís easiJ-y seen tLiat

B-i F(x,x,F(zrz,y)) = f (x,x,y)
ill

is sat,isf ied by M but not SL ( since om is n<¡t regular) , ano

the ternary rnedian LryperidenLity

cr (¡ ): xt ,x 2,x?) ,F(y 1ryZ, Y.) ,F(z
tLj-

X., y .r rzr) rF( x.> ry.: rz.r) rF (xIILL

88

poinLed ouL in the discussion preceoi-ng Lemma

I = lHn(A)l v IHn(l-)] for n - 2, but we do not

t,LiÍs holds in generaL.

ls Vh(SL) = Vh(A) n Vh(L)?

by SL bu1" not M (set F = fit, x1 = YZ = 21 = zZ =

I the other v¿rÍabl-es €quaÌ to 1 ) . I'h is proves

¿rnd Vh(l':) are incornparabl-e. lhe semil-atLice

E(T(

F(F(
lrzZrz')) =

3tY3,z-.))



€: F( F( x

F(F(x

,X,â),F(y,y,b),F(z,z,c))

,y rz),F( x,y rz),F(a,b,c) )

)) = F(x),

B9

i s not,

is satisfied by I',r but f'ails in D (set,

substÍtute 1 for x and b, and 0 f or t,he

of tLle result,ing identÍty), so we have

(F(x))

I = z v (x 
^ y) and

remaining v ariables

Vh(SL) < Vn(SL) v Vh(l';) < Vh(D).

To show LLrat, Vh(SL) is rroL covered by Vh(A), consider

22, the add j-tÍve group of integers modulo 2. h'e cl-aim t'hat

Lhe semil-abtice hyperident,iLy

p: I(I( .

rvhere F occurs n times on the left, (for some arbitrary

inLeger n), is satisfiecj by 22. For if p is any unary

poJ-ynomial of 22, p is of the f'orm p = ñX, and substitut,ing

p for I yieLds the idenbity *n* = ûrx. This holds in ZZ if
nm" - nr is even, whicLr is aJ-ways the case. ConsequentJ-y,

V¡.,(SL) v Vh(Z^) < Vh(A). It rs al-so easiJ-y seen LhaL the

Ìryper iciet:tiLy

l(I(x,y),F(y,x)) = F(x,x)

is satisfied by ZZ buf not SL. Ihus , since Z2

idcnrpoLe'nt, Vt,(22) and Vh(SL) are incomparable, and

Vh(SL) < Vn(SL) v uh(ZZ) < Vh(A).



trr,e saw in CLrapLer 2 LhaL

prove that this is a covering

vh(DS) < Vh(sL).

relationship.

9b

lve shaLf now

as 1r)Theorenr 5 .7 .

Ch apler Th ree

H(SL). TLren

U rIn I n(ø) where

= Q) e H(DS)

is a basis for

ftnL" is defj-ncci

sucL¡ that (l 
=

H(DS).

LeL D=
and let q)¿(l

gi

operation symbo)-" It,...,In such t,hat (L = Q) ¿ H(SL)

shal-l ( in t,his proof only) write ¡ (=) Q urhenever R = Q

consequence of D , {l = Q}. To prove t,he Ll,eorern ' we

to show thaL if ! = S is an nj-ery hypericìenLity

arbitrary n,) which models projecLions, t,hen R (=) S.

Proof. Let (P = Q) H(DS) Ue a LrypericJentity in Lhe

. he

is a

need

( for

H (SL ) there

polynomial s

Since (P = Q) ¿

of semilatLi-ce

Lhe identity

exisLs a seL S

of appropriaLe

= {Þ1, Pn}

arit,y sucli that

Grt P(p.,...,p-) = Q(P'
a 

- 
I ll I 'Pn)

is noL reguLar. tiy Lenrnla 1.3(v) uI can be viewecì as a

hyperidentiLy a in the operation synibol- v. Let y be e

vari¿,bl-e which appears onJ-y in one side of s. Since s

nrodel-s Irrojections, repJ-acing all variables except y by t,he

vari¿,ble x yleld s

(x v y) v x (=) x

K(xIf the synrbol v of' s'is replaced by the ,Y,'..rY), whcre
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K is rr-ary, we obt¿¡in

!([(X,Y,...,v),x,...,x) (=) x.

he novJ let 1'= K(K(x,y,...,y),x,...,X). he Lhus have

[(L(x,v,...,v),x,...,x) (=) [([(!,T,. -.,T,y),x,...,x)
since fhis is a serrtilatLÍce

liyperidentity
(=) [([(x,X,...,x,y),x,...,X)

since T (=) x,

and we Lhus obt ain

on,! {([(X,X,...,X,y),x,...,X) (=) x.

ke Lhus aÌso have , IeLLing *, = K(K(*1,...,x.1 ,Y),x1,...,*1),

E([(*1, . . .,Xnr_1,y),xril, . . . r*2n,_z)

(=) [([("1,...,Xn,_l,Iy),xn,...,*zn,_z) since this is a

senr il att,ice ltyper j.cient it Y

(=) [([(*1,...,Xn,_1,I2),*r,, *zn,_z) by on,

(=) [([(*],...,xr,_1,2) ,xm,.. .,xzn._e) since tliis is

again a serrriLat,t,ice lrlperident,ity,

thus <.rbtai¡lir¡B the ttypericient.ity

.n,, !([(t1,...,Xn,_1 ,Y) ,Xr,,,. .. rx¡n,_Z) (=)

[([(*1, ...,Xrr,_ 1rz),Xm, . . .,x2n:,_2) .

Let I = S be a hyperidentity j-n the rn-ary syrnbols



ci

I1,...,I'^ which nLooel-s proiections. By Lemnla 3.13, w€ can

obtain hyperpolynomials Rr and Sr such thaL R' and Sr are

uniform, ancj for each k, k s r, Lhe symbof IX occurs the

same nuniber of times in R ' ¿¡nd S I . If cr is any st'ring

containing nrore than Lwo clistinct, turrts of som€ operation

syrnbol If. (Lhat is, cr has terms (Fu,i) and (Fk,i), í / i)'

then by €n. and the resulLs of Chapt,er Three, the variabl,e of

s can be repLaceci by x 
1 
. he can Lhus obtain hyperpoly-

' and Srr such LhaL nrr and St' are formalJ-ynomial-s

equal, !
tLleorem.

Rrr and

Hr

q (=) S", coniplet,ing Lhe proof of the

Corollary 5.!_.

hypervaricLie.s

Corollary 5.q.

= V,..(DS).
t1

Corollary 5.9.

Vh (SL ) covers Vh (DS ) in the Iattice of

Vt,(SL) n Vn(l{) = VI^(DS) and Vn(SL) n \lh(Z^)

f,u {I(I(x,y),x) = x} is a basis for Fi(DS)

For â surì:mâr y of the resul-ts of this chapter see Figure

5.2. Hects and joins in fhe l-attice of hypervarieties are

as shown, r+iLh t,he soI j-d line j.nciicaLing tLrat Vh(SL) covers

Vh (DS ) , ar¡cì Lhe dott,ed lines inclicating LYiaL we do not know

whctlrer or noL t,hey are coveri-rrg re l-at,ionshi.ps.



o'?

vh(A)'\ vh (D )

Vn(SL) v

\
u h(z 2)/" ,

/\

Figure 5.2

vh(sL) v vir(M)

,/" Vh(M)

D

u h(z 2)
q vh (sL )

\
vt.(DS)
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