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ABSTRACT

Following W. Taylor, we define a hyperidentity e to be
formelly the same as an identity. However, & variety V is
said to satisfy a hyperidentity e, iff whenever the opera-
tion symbols of ¢ are replaced by arbitrary polynomials (of
appropriate arity) in the operations of V, then the re-
sulting identity holds in V in the usual sense. In order to
avoid confusing hyperidentities with identities, we under-
line the operation symbols of ¢ whenever ¢ is being viewed

as a hyperidentity.

In Chapter COne, we introduce the concepts of hyperiden-
tities &and hypervarieties. A hypervariety 1is a class of
verieties defined (up to equivelence) by a set of hyper-
identities. We elso give a summeary of some of the known

results in this area of research.

Let A end u be binary operation symbols and define 22

to be the following set of three hyperidentities:

X A X = X,

X

|>

(y Ax 2) = (x A y) A z,

(x 2 y)p (zat) (x wz) xA (y p t).

We prove, in Chapter Two (the content of which is also
due to R. Pecmanebhan), that 22 is a basis for &zll binary
semilattice hyperidentities (that is, all semilattice hyper-

identities of type <2,2,...>). ke &lso prove structure



theorems for algebras of type <2> or <2,2> satisfying all

semilattice hyperidentities.
Let En be the following set of four hyperidentities:

(i) F(x,...,x) = x,
(11) ECECxq, -2 0x 0 FQyqy e,y )z, cayz, o) =

E(E(X1’y1’x3’xq7"’xn)7£(x27y2yY3y'-1yn)yz1)";zn_2)
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17'-rxn)rE(Uyu,Y11°°:yn_2)7217°'azn_2) =
1""Xn)’E(X2’u’y1""yn—2)’z1’"’Zn—Z)

(iv) F(G(x ),...,g(xn1,..,x Y) =

11""X1n nn

',Xn1),--o’£(x1n,--,Xnn))

In Chapter Three, we show that En is a basis {for =all
n-ary semilattice hyperidentities, &and consequently, thet
Vo= U(Enl n < w) is @ basis for the class of all semilattice
hyperidentities. ke also prove a structure theorem for
algebras of type <n> which satisfy all semilattice hyper-

identities.

Let V be &ny nontrivial lattice veriety, or the variety
of €11 semilattiice verieties. In Chepter Four, we show thsat
the hyperidentities of V cre not finitely besec. This was
proved in Cheapter Two for the vericty of all semilattices

and ¢lso for the variety of disgonal semigroups.

The class of &ll hypervarieties (up to equivalence) is
a complete lettice. Let V (A), V (D), V, (SL) and V,(DS) be
the smellest hypervarieties conteining the varieties of

sbelian groups, distributive 1lattices, semilattices, and




diagonal scmigroups, respectively. We show, 1in Chapter
Five, that Vh(A) \Y Vh(D) = Vh(SL) end that Vh(DS) < Vh(SL)

is a covering relationship.
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CHAPTER I

INTRODUCTION TO HYPERIDENTITIES AND

HYPERVARIETIES

A hyperidentity, as defined by W. Taylor [25], 1is

formally the same as &an identity. However, a veariety V is
said to satisfy a hyperidentity e in the operation symbols

F,,F F of arity n,,n respectively, 1ff

1rFo ey by PR

whenever each Ei is replaced by an arbitrary n,-ary

’nk
polynomial in the operations of V, the resulting identity

holds in V in the usual sense.
By way of example, a proof that the hyperidentity
e: F(G(x,y),x) = G(x,F(y,x))

holds in L, the variety of all lattices, consists of a case
by case examination of (F,G) ¢ {x, y, X v y, X A y}g, the

set of all ordered pairs of binary lattice polynomials.

We sheall follow the convention that hyperidentities
have no nullary operation symbols. Later in this chapter,
when we discuss hyperidentities in terms of clones, the
reason for this will become apparent. The set of all hyper-
identities satisfied by & variety V, will be denoted by
H(V). We shall let H™(V) be the set of all hyperidentities

hoiding in V with operation symbols all of arity m, and



o
H,(V) will denote the set of all hyperidentities of V with
at most n distinct varisbles. The hyperidentities of HM (V)
will be said to be m-ary. The set of hyperidentities of V
which are of type <m,m,...,m> will be denoted by H(V)<m,m,
e oo, m>. We thus have H(V)<m,m,...,m> c (V). To avoid
confusing hyperidentites with identities we shall underline
the function symbols of ¢ whenever ¢ 1is being viewea as a
hyperidentity. For exesmple, 1if € is the 1lattice hyper-

identity discussed zbove we shall write
e: F(G(x,y),x) = G(x,F(y,x)).

An expression such as P = F(G(x,y),x), where F and G ere
agaln being treated as variables to be replaced by poly-
nomials of corresponding arity, will be referred to as a
hyperpolynomial. When the polynomials p and g are substi-

tuted for the symbols F and G of P, the resulting polynomial

will be denoted by P(p,q).

The study of hyperidentities has risen naturally out of
the study of clesses of varieties, in particular, the study
of varieties which are definable by Mal'cev conditions (for

exemple, W. D. kheumenn [15], W. Taylor [22]).

A. 1. Mal'cev proved (See G. Gratzer [12] for a proof.)
that «ll algcbras in a variety V have permutable congruence
relations 1iff there exists a ternary polynomial p (in the

operation symbols of V), such that



p(x,x,y)

|
<

|
>

p(x,y,y)

holds id¢ntically in V. That is, the class of all varieties
satisfying the permutable congruence condition is the class

of 2ll varieties satisfying

dplp(x,x,y) = y A p(x,y,y) = x).

lore generally, a class K of varieties is said to be
defined by a strong Mal'cev condition (W. Taylor [22]) iff
there exists a conjunction o of identities in function
symbols fi and veariables x. such that a variety V is in K

iff
3f1f2...fn(a).

That 1s, there exist polynomials fi such that « holds

identically in V.

In the same spirit, one can ask whether there are
interesting classes of varieties which can be defined by =&
universally quantified conjunction of identities. For

example,
o VWI(f(x,x,x) = x)

defines W. D. Neumann's [15] class of idempotent varieties,

and 1s exactly the class of varieties setisfying the hyper-



identity F(x,x,x) = x, since, as W. Taylor points out in
(e5], it is easy to show that if F(x,x,x) = x holds in a

veriety V, then all polynomials of V will be idempotent.

In [3], J. T. Baldwin and J. Berman point out this cor-
respondence between strong Mal'cev conditions and positive
existential Horn sentences and between nyperidentities and
universal positive Horn sentences, and explore to what an
extent first order model theory can be exploited in this

situation.

The term hyperidentity appears as early as V. D.
Belousov [4] and J. hcz€l [2]. However, their notion dif-
fers somewhat from that of W. Taylor in that they require a
hyperidentity e to hold ifor some but not all polynomials.
They say that a hyperidentity ¢ is satisfied by an algebra A
iff whenever the operation symbols of ¢ are replaced by any
choice of operations of A of corresponding arity, then the
resulting identity holds in A. When this 1is the case, we

shall say that the hyperidentity e is satisfied (possibly

vacucusly) ty the opersticns of A. Thus, a set H of hyper-

identities is satisfied by the operations of an algebra A,
iff those hypcridentities of H which are of the same type as

A, are satisfied by the operations of A.

The median hyperidentities of type <m,n>
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play an important role when investigating semilattice hyper-
identities. They are a generalization of the semigroup
identity xyzt = xzyt, sometimes referred to as the entropic
or medial law, which has been investigated by J. Aczel [11],
T. Evans [9] and others. The median hyperidentities have
the interesting property that if the set M = {a<m,n>| 1 <=
m,n < g} is satisfied by the operations of an algebra A then
M 1s satisfied by A, that is, if M is satisfied by the op-
erations of A then M is satisfied by the polynomials of A.
This was pointed out to the asuthor by B. Wolk and follows

easily from the results of T. Evans [8].

A hypervariety, again following W. Taylor [25], is what

W. D. Neumann [15] defines as a variety of varieties, that
is, a ciass of varieties closed under the formation of
equivalent varieties, product varieties, subvarieties, and
reduct verieties. Rather than define these concepts (whose
definitions can be found in W. Taylor [22]), we shall, fol-
lowing Taylor [25], develop the concept of the clone of a

variety and then define hypervarieties in terms of clones.

If V is & variety, the clone of V is the heterogeneous

(many-sorted) algebra

n n

C(v) = <F1(V), F2(V),...; Cm, ei>,



where each Fr(V) is the universe of the V-free algebra on
the n generztors XqreoeaXpys cach e? is 2 nullary operation

denoting x; e F (V), and each C; is a composition operation

i
with domain F_(V) X (Fm(V))n and range F_(V), defined

n
Cm(f,g1,...,gn) = f(g1,...,gn).

In W. Taylor [22], it is shown that the family of all
clones of varieties can be defined (up to isomorphism) by

the following three identities (cf. Cohn [71):

i

. p n n
(i) Cm(z,Cm(y1,x1,..,xn),...,Cm(yp,x1,..,xn))

n
Cm(Cﬁ(z,y1,..,yp),x1,..,xn), 1 < m,n,p < w,

A

. n, n . ,
(ii) CopleisXqyeeyx ) = x5, m= 1,2,..., 121 n < w,

(iii) Cg(y,cn,..,eg) =y, 12n <u.

The concepts of homomorphism, subalgebra, and product

are the obvious extensions of the homogeneous case. A
homomorphisn. p from a clone A = <A1,A2,...; CS, e?> to a
clone B = <B1,52,...; Cg, e?> is & set of meppings
Pyt Ai > Bi, i < w, such that
[cM(e,,a a .01 = Cllp (2,),p (a.) (2. ,)]

Pt 12920t %4 T ovmtPnt e Pyt Ez P tEn g/
A product A = TIA, of clones A, = <4l Al s cl ey, i 1
* __I"_______ bt i l 17 2)"'! m1 i b b
is definea to be the clone A = <:TTA#, TTA;,...; C;, e?>,

where the operations are defined componentwise, that is,

-n . .\ _ D . .
Lm(f1,12,..,f Y(i) = Lm(f1(1),...,f (1)),

n+1 n+ 1




1

mn

and B = <B,,B N’

-}, 2,-.0;

Cg, e?> iff B is a heterogeneous algebra, Bi c Ai for each

C e?> is a subclone of A = <A1,A2,...;
i, 1 < w, and the operations of B are restrictions of the
operations of A. The wusual theorems {for products, subal-
gebras, congruences, etc., can easily be extended to the

many sorted case. (See G. Birkhoff and J. [. Lipson [6].)

1f we define two verieties to be equivalent iff they

have isomorphic clones, and we define the product of two
varieties '\l1 and V2 via the product of the clones C(V1) and
C(VE)’ then the concepts of product varieties, subvarieties
and reduct varieties correspond exactly to products of
clones, homomorphic image clones and subclones respectively.
(See Ww. Taylor ([22], [23] for equivelent definitions of
equivalent varieties and products of varieties.) Thus a
class K of varieties is a hyperveriety iff the corresponding
class of clones is closed under the formation of products,
homomorphic images and subclones. If V is a veriety, Vh(V)

will denote the smallest hypervariety containing V.

Birkhoff's Theorem for varieties of homogeneous alge-
bras states that a variety of algebras is definable by
identities. This has an easy extension to c¢lasses of

heterogeneous algebras such as clones.,

Theorem 1.1. (Taylor [25]1). For each hypervariety Vh, there

exists a set IC of clone 1identities such that V,, 1is

precisely the cluss of varieties whose clones obey IC.
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Note that not every clone identity can be directly
converted into a hyperidentity. For example, the clone
identity

. 3 1 1 .2 5 .3 3 .35y _ .3
€,: C3(x,C1(e1,C3(y,e1,e1)),e1,e1) = €]

cannot be directly converted into a hyperidentity. However,

by the above three clone identities, €0 is obviously equiv-

alent to the clone identity

. 3 2 3 .3 2.3y - .3
Eé' C3(x,C3(y,e1,e1),e1,e1) = e

and the identity €l will hold in & clone C(V) iff the hyper-

identity

613

| E(g(x1,x1),x1,x1) = X

1

holds in V. It can thus easily be seen that for every clone

identity €. there exists a hyperidentity € such that €.

holds in the clone C(V), of a variety V, iff €y holds in V,

S0 we have the following theorem:

Theorem 1.2 (Taylor [25]). Every hypervariety is definable

by hyperidentities.

Since hyperpolynomials often become somewhat cumbersome
to work with, we shall often refer to their formation trees.

We inductively define the formation tree of a hyperpoly-

nomial P to be & finite set of nodes and directed edges

satis{ying the following conditions:



(a)

xl ﬁz //}3 ":;;/fn (by P, Py, ... P
(F,1) (F,2) (F{3) (F,n) \1/
N/ G
F G
Figure 1.1

(i) The formation tree of E(x1,...,xn) consists of n+1
nodes and n edges. One node (the root) is 1labelled
with the symbol F and the remaining nodes (the leaves)
are labelled with the symbols XqaeeaX Each leaf X
k € {1,...,n}, 1is Jjoined to the root by an edge
labelled (F,k). The edge (F,k) is said to leave the
node F and enter the node X) e When depicting a
formation tree in a diagram, the n edges leaving a node
F will be labelled (F,1),...,(F,n) starting from the

left (see Figure 1.1(a)).

(ii) If P = G(P.,P,,.. Em)’ then the formation tree of
P is obtsined by replacing the leaves of the tree of

G(xq,...,x ) Dby the trees of Piye.o P, so that the

1

roots of E1""’£w are at the nodes previously labelled

by x yX respectively (see Figure 1.1(b)). Usually

ERRE

we shall label only the nodes of the diecgram of s for-

m

mation tree, and the edges will be understood to be

labelled by the abcve convention.
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For & diagram of the hyperidentity ey: G(F(x,y),y)
F(G(x,y),y) see Figure 1.2 on page 12. When considering a
hyperpolynomial P of type <n>, we shall label only the
leaves, and the remaining nodes will be understood to be
labelled by the operation symbol of P (see Figure 1.4, peage

15).

If o« is a hyperidentity, and H is a set of hyperiden-
tities, H + o will denote that o is a consequence of H,
that is, whenever an algebra A satisfies H then the algebra
A will also satisfy w. A set H of hyperidentities (identi-
ties) is said to be closed if K ~ o implies that o« € H and
if H 1is any set of hyperidentities, [H] will denote the
smellest closed set of hyperidentities containing k.
Eirkhoff's rules of proof for identities (see G. Gritzer
[12], page 170) have the following obvious extension to

clones.

Lemna 1.3. Let a, be a clone identity, HC a set of clone

identites and let the variebles of sort i be xé, T s 1,] <

w. Then HC oo iff I is a consequence of HC by the fol-

lowing five rules of proof (where P, Q, R, Pi’ and Qi are

clone polynomials):

; Lo 1 . .
(1) X3 = X for all i,j < w,
(1i) (P = Q) + (Q = P),
(iii) (P = Q and Q = R) ~ (P = R),
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(iv) If P1 = Q1, e ’Pn+1 = Qn+1’ where the codomain
of P1 and Q1 is Fn(V) and the codomain of P2,Q2,...,
Ph,1:Q,q» is F_(V) then cg(P1,P2,...,Pn+1) - C?}(QP
QoyevesQpyq)s

(v) If the variable x? occurs in P = Q and if the
clone identity P' = Q' is obtained by replacing every
occurrence of x? in P = Q by a clone polynomial R with

codomain Fn(V), then (P = Q) ~ (P' = Q').

If for hyperidentities € and @y We now (following W.

Taylor [25]) say that e whenever for the corresponding

L ¢4

h h

clone identities €. and o, we have €. " oy tihhen we obvious-
ly have a complete set of rules of proof for identities.

The following example illustrates Lemma 1.3(iv):

Example 1.1. If we are given the following hyperidentites:

€11 G(E(x,y),y) = F(G(x,y),y),
€p¢ E(X,x) = X,

eg: F(E(x,y),2) = E(x,E(y,2)),

€y GIELH(x,x) ,F(F(x,y),2)],F(F(x,y),2)} =
F{GIx,F(x,F(y,2z))],F(x,F(y,z))},
and 1if we let P, = G(FE(x,y),y), Q@ = F(G(x,y),y), P, =
H(x,x), gz = x, Po = F(E(x,y),z), and C, = F(x,F(y,2z)) with

LW

P],Q1,P2,Q2,P3,Q3 the corresponding clone polynomials, then
o 2 .z ; .
by Lemme 1.3(iv), we have L3(P1,P2,P3) = L;(Q1,Q2,Q3), which

implies that {61,6 } - €, (see Figure 1.2).

27€3 y



1e

64:

Figure 1.2

It can easily be seen that if H is a set of hyperiden-
tities and € 1s a hyperidentity then the following two

statements are equivalent:

(i) H + € follows from (i) to (iv) of the above rules
of proof;
(ii) If we view H as a set of identities and € as an

identity then H +~ €.

As can be seen in the example below, Lemma 1.3(v) will
in general yield hyperidentities which, when viewed as iden-

tities, do not follow from li viewed as a set of idenities.
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Figure 1.:

Exemple 1.2. If H = {F(F(x,y),z) = F(x,F(y,z))}, and if we

substitute the hyperpolynomial P = G(x,G(x,y)) for the

symbol F we obtain (see Figure 1.3)
e: GIG(x,6(x,y),G{G(x,G(x,y)),z}] = GI[x,G{x,G(y,G(y,z))}].

This exeample 1s much more instructive if we wuse infix
notation, that 1is, if we replace F by o to obtain H =
{(xey)ez = xo(yez)} and then substitute the polynomial x2:y
for the symbol o, Letting x2 denote xex and using associa-

tivity, we obtain the hyperidentity

€: (xdiy)2iz = xdiygiz

which, as an identity, would clearly not be a consequence of

H when viewing H as set of identities.
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The following two lemmes are immediate consequences of

Birkhofff's Rules of Proof.

Lemma 1.4. Let H be 2 closed set of hyperidentities and let

the operations of an algebra A sztisfy H. Then A satisfies

H.

Proof. Let (P = Q) € H, with P and C hyperpolynomials in

F

—1""’En and let Pqse-esPy be polynomials of corresponding

arity in the operations f1""’fm of A, The identity

o B(p'ly'-':pn) = Q(PW---,‘Pn)

if viewed as a hyperidentity ap in the symbols £1”"’£m’ is
glso in H by (v) of Birkhoff's Rules of Proof. The operea-

tions of A thus satisfy o, and o is thus an identity of A,

h

completing the proof of the lenmma.

+

Lemma 1.5. Let V be @ny veariety and let o e H(V) be a
hypericentity with operation symbols of arity at most n.

Then H“(V) oG

Proct. Let o e H(V) be a hyperigentity in the symbols

-

i < 1 < m, 1s at most

N

n. By Leume 1.3(v), if F, is of arity k, k < n, then F, can

" such that the arity of Ei’
be replaced by Qi(x1,'..,xk,...,xk), vhere 91 is an n-ary
operation symbol. We thus obtain an n-ary hyperidentity o'

which holds in V iff o holds in V, completing the proof.



el
no
it
<
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=
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Figure 1.4

In [15], W. D. Neumann gave two examples of hyper-
verieties, the class of idempotent varieties (that is, those
varieties satisfying F(x,x) = x), and the commutative
varieties (those satisfying the median hyperidentities,
e<m,n>, 1 < m,n < ), and asked whether the lattice of
hyperidentities is possibly quite sparse. W. Taylor [24]
showed that there are 2H° hypervarieties. In [25], Taylor
gives two niore proofs of this result. The first proof (in
[25]) consists of showing that the 2H° self-dusl 1lattice
varieties generate distinct hypervarieties. The idea behind
the hyperidentities of the second proof occurs frequently in

this thesis, so we give a brief outline of this proof.
First we define Py 1 < i < w, as follows:

P E(E(x1,y),x2) = E(E(x1,z),x2)

n

{(E(x1,£(x2,x3,y),xu),x5,x6) =

)

&(L(x1,§(x2,x3,z),xq),x5,x6)

ete. (See Figure 1.4.)

For k = 2 we let pk(V) denote the number of polynomisls of V
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which depend on exactly k variables. (For a general theory

of the sequence of numbers PgsPqs---, See G. Grétzer [10].)

We say g(x1,..,xi,..,xk) depends on Xy if g(x1,..,xi,..,xk)
= g(x1,..,xi,..,xk) does not hold in V. It is easily seen
that if pk(V) = 0 then V satisfies the hyperidentity Pl

The converse 1is false since & product of k non-trivial
varieties will never satisfy pk(V) = 6. (For example, if A
is an algebra with |A} > 1, then <Ak; (ef,..,ei)> has an
essentially k-ary operation.) If we now let Hp = {pk+1l k =

2, k prime} then H_is irredundant, that is, P .1 is not a

p
consequence of Hp - {pk+1} for &ny prime k, k z 2. The
irredundancy of Hp is proved by exhibiting an 2algebra A

which satisfies Hp - {pk+1} but not py 4.

Another interesting result of W. Taylor [25] is that R,
the variety of rings, 1is generic. That 1is, 1f € is a

nontrivial hyperidentity, then ¢ is not satisfied by R.

The remaining part of this chapter will consist of some
known results on hyperidentities of G, the variety of =all
groups, andé AL, the variety of all abelian groups. The
median hyperidentities «<m,n> are examples of abelian group
hyperidentities. Another example of a member of Li(s) is the

hyperiaentity
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Figure 1.5

p: E(Q[x1,xg,ﬁ(g(x3,y))],ﬂ[g(xq,XS,E(xé,z))]) =

F(GIxq,x5, B(E(x5,2) )1, BIG(x), x5, F(x4,¥)) 1),

depicted in Figure 1.5. To verify, for example, that p e
H(A), note that in A we have F(x,y) = xmyn, G(x,y,z) =
xpyqzr and H(x) = xs, m,n,p,q,r,s integers. It is now an

easy exercise to prove that the resulting identity will hold

in A.

In order to give a syntactic characterization of H(A)
we need & few definitions. Let P be a hyperpolynomial

containing the operation symbols EJ""’Em' Kecall that if

Ei is an n-ary symbol, then the edges leaving any node
labelled by Ei are laebelled (51,1),...,(£i,n) starting from

the 1left. 1If x is & wvariable of P, then the string

terminating with x will be defined to be the sequence whose

terms are in order, the labels of the edges leeding from the
root of P to the variable x, end the variable x. For
exemple, 1if P is the 1left hand side of the above hyper-

identity p, then <(F,1),(G,3),(H,1),(F,2),y> is the string
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terminating with y. There will be exactly one string term-
inating with x for each occurrence of x as a variable of P.
We shall let stp(x) denote the set of all strings of P
terminating with the variable x and st(P) will denote the
set of all strings of P. If two strings o, and a, are the
same except for the order of the terms, that is, the se-
quence oy is a rearrangement of the sequence wsy, We shall

say that ° and a, are balanced equal and sheall write

g Fp use For example, <(F,1),(G,3),(F,2),x> =y <(F,2),
(F,1),(G6,3),x>, but <(F,1),(E,1),y> =, <(F,1),y> and

(E,1),y> =, <(F,1),2z>.

b

The following characterization of H(A) is due to W.

Taylor [251]:

Lemme 1.6. Let P = Q be a hyperidentity. Then (P = Q) e

H(A) iff there exists a bijection f: st(P) - st(Q) such that

a =y f{a) for all o € st(P).

Since in G, the veriety of all groups, any group gen-
erated by s siugle element is sbelian, we have H1(A) c H(G).
In G. M. Eergmun [5], it is proved that B,(A) is in fact a
basis for H(G) and that H(G) = H(M) = H(MA), where M is the
variety of all monoids and MA (metebelian groups) 1is the
subvariety of G satistying ((x,y),(u,v)) = 1. It is also
shown that H(G) is not finitely based but that H(G) follows

frem (but is not equivalent to) the existence of a nullary
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operation, two hyperidentities and a "hyper-hHorn-sentence".
The reader who 1s interested in hyperidentities of other
interesting varieties such as module varieties, k'th power
varieties and varieties generated by some quasiprimal

algebras is referred to W. Taylor [25].



CHAPTER II

BINARY HYPERIDENTITIES OF SEMILATTICES1

In this chapter, we shall introduce binary semilattice
hyperidentities, exhibit a finite basis EZ for Hg(SL), the
set of all binary semilattice hyperidentities, and prove
structure theorems for algebras of type <2> or <,2> which

satisfy H(SL).

However, before discussing HZ(SL), it should be in-
structive to have a brief look at H(DS), where DS is the
variety of diagonsl semigroups (rectangular bands). That

is, DS is defined by the following three identities:

X + X = X,
x + (y +z) = (x +y) + z,
X + Yy + 2 = X + 2.

It is known (see K. A. Knoebel [13]) that DS is generated by
the two classes Pl and Pr of right and left binary projec-
fLion algebras (P1 is the cluass of all algebras A =<4i; Xl> of
type <2>, where xl is the left projection, and Pr is the
class of all algebras A = <A4; Xr> of type <2>, where X is

the right projection). We shall say that the hyperidentity

1The content of this chapter i1is due jointly to K.

Padmanabhan and the author [17].
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P = Q in the operation symbols E1""’£n’ models projections

if whenever 51,...,F are replaced by any choice of projec-

—n

tions we obtain the trivial identity X = X for some 1 <

i ?
w. Obviously, this is a necessary condition for P = Q to be
satisfied by any variety V. The set of all hyperidentities

modelling projections will be denoted by Hp

Proposition 2.1. H(DS) = Hp

Proof. By the above discussion H(DS) g;Hp. Since the only
polynomials of a binary projection algebra are projections,

Hp is satisfied by P, and Pr’ and thus by DS. We thus have

1
Hpq; H(DS), completing the proof of the proposition.

In this chapter we shzll use infix notation for binary
hyperpolynomials, that is, the hyperpolynomial F(G(x,y),y)
will be written (x A y) u vy. Let Ay iel, be a countable
set of binary operation symbols. Let us call this type &,
that is, 2 is Jjust &an abreviation for the infinite vector
2,2,2,...>. We define inductively a class of syntactical

transforms for hyperpolynomials of type 2:

Li(x) = Ri(x) = Sij(X) = X for all variables x;
Li(ggjg> = Li(g) if § = 1,

= (Li(g))AJ(Li(Q)) otherwise;
R;(PAsG) = Ry(G) if § o= 1,

(Ri(E))lj(Hi(g)) otherwise;
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(Sij(g>)1k(sij(g)) otherwise.

Thus the transform Sij substitutes li for ij for every

occurrence of ij and the transform Li (Ri) replaces each
occurrence of the operation li by the 1left (right) pro-
jection. If the hyperpolynomial P contains the operation
symbols A and u, we shall write qu(g)’ L,(P), etc., for the
above transforms. If P = G is a hyperidentity of type &,

then for T e {Sij’ Li’ Ri :1,) ¢ I}, we define T(P = G) to
be the hyperidentity T(P) = T(G). A class H of hyperiden-
tities is closed for a transform T iff whenecver (P = G) e H

then T(P = G) ¢ H.

~ The class H2(DS) is thus the largest class of binary

hyperidentities closed under {Li,R i ¢ I}. Nhote however,

i
that many of the members of HS(DS) zre not members of H(SL).

For exeample,
p: xA(yxz) = xAz

is satisfied by DS since 1t models projections, but when A
is replaced by the binary semilattice polynomizl x v y, we
obtain the identity x vy vz = Xx V 2z, which is not regular,
and tnus not satisfied by SL. To insure regularity we need
the transiorms Si' and the resder can easily verify that
HZ(SL) is exactly the largest subset of HE(DS) which 1is

closed under {Si.,Ri,L i,j e I},

j il



23
Examples of semilattice hyperidentities are the median

hyperidentities

X )) =

m,1’°"’"m,n

),...,E(x1’n,..,xm’n)).

a<m,n>:  F(G(x o
—=""1,1

G(F(x X

1,17 %m, 1

Recall that verifying thet o<3,3> is &a semilattice hyper-

identity consists of a case by case examination of

(F,G) ¢ {x, ¥y, 2, X Vy, XV 2, yV Z2, XV yV 21°.

The median hyperidentities lead to an easy proof (similar to
the one used by G. M. Bergman [5] to prove that the hyper-
identities of groups are not finitely based) that H(SL) and

H(DS) are not finitely based.
Lemma 2.2. H(SL) &and H(DS) are not finitely based.

Proof. For & given integer n, we construct an algebra A
which satisfies H™(SL) and H™(DS), m < n, but neither H"(SL)
nor H?(DS). Let A be the set consisting of &ll subwords of

the expression

P = f(f(x1’1,x ,f(x nyeee,X )).

ce X ) R X
1,2 '“1,n"7? n,1""n,2 n,n

e define an n-ary function f on A in the natural way where

possible (that is, whenever f(x "’Xn) is a subword of P),

17°

1""Xn) = X, otherwise. It is easily seen

that the algebra A = <A; > satisfies all diagonal semigroup

and we set {f(x

(semilattice) hyperidentities of arity less than n, since
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all polynomials of arity less than n will be equal to pro-
Jjections. However, if the symbols F and G of a<n,n> are

replaced by the polynomial f(x1,...,x ), we obtain the

n
expression P = f(X;4,Xq5,...,%Xq,), so A does not satisfy the
n-ary median hyperidentity o<n,n>. Since any finite basis
of H(SL) or H(DS) would be of bounded arity, this completes

the proof of the lemma.

In Chapter Four, we shall show that H(V) is not finite-
ly based where V is any nontrivial variety of lattices or
the variety of semilattices. For semilattices, however, we
shall also prove that for any fixed integer n, HP(SL) is
finitely based. In order to help the reader visualize the
behaviour of semilattice hyperidenties, we shall in the
remainder of this chapter, using the familiar infix nota-
tion, exhibit a basis 22 for HZ(SL) and also prove some
structure theorems for algebras of type <2> and <2,2> which
satisfy H(SL). In Chapter Three, we shell prove analogous
results for H"(SL). With the exception of Theorem 2.14, the
remeaining part of this chapter is thus contained 1in the nore

general setting of Chapter Four.

By §<2> we denote the set of three hyperidentities

XAX = X,

<
b

Py
<
>
N

A
1

(xAylirz,

(xaydalzat) = (xaz)alyrt).
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(2

We shall be talking about two classes of semilattice hyper-
identities, the class H(SL)<2> of all semilattice hyperiden-
tities of type <2>, and the class of all (semilattice)
hyperidentities of type <2> which are a consequence of [<2>.
For the sake of clarity, if P = G is & semilattice hyper-
identity which 1is & consequence of §<2>, we shall write
P <=> Q. The following lemma thus states that if P = Q is a

semilattice hyperidentity of type <2> then P <=> Q.

Lemma 2.3. The set y<2> of three hyperidentities is a basis

for the set H(SL)<K2>.

Proof. Certainly §<2> is a subset of H(SL)<2>. Let E(x1,x,,

"Xn) be any hyperpolynomial with variables {x1,x2,...,xn}

and the operation symbol a. Let X4 and Xy respectively, be
the first and last variables of P. Then it is easy to see

the validity of the hyperidentity

POxq %o, eee X)) €52 XqAXoAo AX 42X, .

For, by the associative 1law we <can rearrange all the
parenthesis and by the median law we can rearrange all the
inside variables so that we can pool all the X1'S together,
then all the x2‘s together and so on. Finally, by the
idempotent law, just one X3 will remain for each i=1,2,...,n
yielding precisely the hyperpolynomial on the right hand
side. If F = Q is an arbitrary semilattice hyperidentity of

type 2>, then 1t 1s regular, LAE = LAE and RAE = ng, 50 we

have P <=> Q.
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Corollery 2.4, The set [<2> when viewed as a set of iden-

tities will make the binary polynomial p(x,y) = XxAyix a
partition function in the sense of J. PY¥onks [20]. This
means that J<2>, viewed as a set of identities, has the

following identities as consequences (see Lemma 1 of [271]):

(1) p(x,x) = X,

p(x,p(z,y)),

(ii) p(x,p(y,2))

(iii) p(x,ply,z)) p(p(x,y),z),
(iv) p(xay,z) = xip(y,z),
(v) p(xay,z) = p(x,z)ry,

(vi) p(x,ply,xay)) = p(x,y),

Proof. All the identities (i) to (vi) are regular and have

~the same first and last variable on either side. Hence,
since the proof of Lemma 2.3 is also valid when [<2> and
H(SL)<2> are viewed as sets of identities, they all are

consequences of §<2>.

Theorem 2.5. For an algebra A = <A;a> of type <K2> the

following are equivalent:

(i) The operation of A satisfies [<2>, that is, A
satisfies [<2> as a set of identities;
(ii) A 1is & P¥fonka sum of diagonal semigroups (see
[14] for the definition of this concept);
(iii) A e SL v DS;

(iv) A satisfies all the semilattice hyperidentities.
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Proof . (i) implies (ii). By Corollary 2.4, p(x,y) = XAYyix

is a partition function for A and hence A is a PXonka sum of
algebras satisfying }<2> and further, the identity p(x,y) =

X. Now

XAyrz = xiaziyiz by $<2> viewed as a set of identities

= XAz since ziyiz = z
and hence A is a Plonka sum of diagonal semigroups.

(ii) implies (iii). Since DS satisfies the identity
XAYAX = X, by the result of J. Pxonka [20], the variety
SL VvV DS defined by the regular identities of diagonal
semigroups, 1s precisely the PFPionka sum of diagonal

semigroups and hence A ¢ SL Vv DS if A satisfies (ii).

(iii) implies (iv). Id(SL v DS) = Id(SL) N Ida(bs).
Now "being regular", "having the same Lx" and "having the
same RA" are syntactical properties of identities which
remain invariant under equational consequences (see
Birkhoff's rules of preocof [121). Hence 1d(SL) N 14(DS) has
all the threce syntactical properties and is obviously the

largest such class of identities. Hence, (iii) implies (iv)

by Lemma 1.4.

Since all the members of J<2> are semilattice hyper-
identities of type <2>, clearly (iv) implies (i). The proof

of the thecorem is complete.
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Recall that a semilattice hyperidentity P = Q of type
<2,2> 1is an identity P = Q in the léenguage of two binary
operation symbols; say i and y, such that P = C is valid in
every semilattice A = <A;v> where ) and p are to be inter-
preted &s arbitrary binary polynomnials of the semilattice
A. Of course, x, y, X v y are the only binary polynomials
of any semilattice <A; Vv >. Hence, H(SL)<2,2>, the class of
all semilattice hyperidentities of type <2,2>, is simply the
largest class of regular identities P = C of type <2,2> such
that L,P = L,Q, R,P = R, Q, Lug = Lug end Rug = Rug gre in
H(SL)<2>. By 22 we mean the set of four hyperidentities

1<2> U {(xay)u(zrt) = (xuz)A(ypt)}.

In the remainder of this chapter, if P = Q is a consequence
of {2 we shall write P <=> Q. Ve can write [° even more

compactly as

XAX <=2 X,
xalyrz) <=> (xAydirz,

(xaydu(zat) <=> (xpz)alyut).
To get the median law of type <2> we simply "put A = u" and
it is this concept we abstracted as SMJ

Theorem 2.6. The set 22 is an equationel basis for the set

H(SL)<2,2>.

Remark. This theorem can be construed as providing an




29
algorithmic solution to the word problem for the variety of
type <2,2> defined by 22. For the theorem says that a

hyperidentity P = Q in the operation symbols A and p 1s a

v 2
consequence of o8

iff it is regular, Lag <=> L Q and Rag <=>

R,Q for all a e {i,u}. We first establish a few lemmas

before proving the theorem. For the sake of convenience we

shall use the operation symbols "A" and "*", instead of "A"
and "y", with the convention that xy A zt means (x-y)a(z-t),
and if X = {x1,x2,...,xn} we shall write n§X for the product

X.]XZ. ..Xn.

- 2 . .
Lemma 2.7. §~ implies

X Ayt A zu <=> x A yzt A zu,

Xz A yt A u <=> xz A yzt i u.

Frcof. First we note that the distributive law

x(yrz) <=> Xy i Xz

is a consequence of {d since:
x(yrz) <=> (xix)(yrz) idempotence
{z> Xy A Xz median law.
Now, x 2 yt x zu <=> x a (yaz)(tau) median law
<=> (xayaz)(xatau) distributivity
<=> (xay)x r z(tru) median law

<=> ((xay)x(xx) a (zz)z(tru) idempotence
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<=> ((xAy)x A zz)(xx A z(tau)) median law

<=> (xayrz) (xaz)(xrz) (xatau) median law
<=> (xayrz)(xrz)(xitau) idempotence
<=> x a ((yaz)z(taw)) distributivity
<=> x A (yziz)(tau) distributivity
<=> x 2 yzt A zu median law.

The second hyperidentity follows in a similar manner, and

this completes the proof of the lemms.

liote that the hyperidentity

X Ayzt A z <=> x A yt A z

is an immediate consequence of Lemma 2.7 if we let u = z.

Lemna 2.8. If X = {x1,x2,...,xn} and Y = {yq,¥5,...,y,} then

X » zt a 1Y <=> 11X a zx}t

) nY, h e {1,2,...,n},

| >

{1,2,...,m}.

| >
=
<
-
joy
™

nX Azt A nY <=> pX A zyht
Proof. If h # 1 or m then by Lemma 2.7

nX a zyyboa mY <=> 1X A zy,t A (y1y2...yh~1)yh(yh+1...ym)
> X A z(yq-.y_ )yt oA (Yqee ey e - eyy)

<=> 11X Aozt oA nyY.

If h = 1 the lemme e2geain easily follows from Lemma 2.7, and




if h m,

X + zyht + 1Y <=>
<=>

<{=>

The proof {or the first

the proof of the lemmea.

mx + tht + (y1"'ym—1)ym

oX + zu¥Yt + v

oX + z¢t + 1ny.

hyperidentity is similar, completing

Lenma 2.9. If P =Py 2 Py A A Pooand if P = x.zxg and
Ek = xpzxq, 1 < h,k <n, then |~ implies that
- 1 )
P=>Piaby APt Ao Bt ARy
where Eh' = X _zX_ and Ek' = szxq’
Proof. Due to the median law, we can without 1loss of
generality, assume that k = h + 1. Thus we have
P <=>PF, 2 - A X ZX A Xp2Xg A AP
<=> Eﬂ A A (sz A xpz)(xS A xq) A iBn median law
<=> P1 X ZX_ A X_ZX _ X X _ZX_ A X_ZX_ X A P
=1 - - "r*/"s = “r = "p p~"q = — =n
distributivity
<=> Py A A XpZXg A XpzZXg A Xp2Xg A Xp2Xg A AP,
median law
<> F, 2 A (xpz A x z)(xq A ox) A AP,
distributivity
<=> 31 X A xrzxq A xpzxS A ARy wedian law
completing the proof of the lemma.



3¢

Lemma 2.10. If P is a hyperpolynomial consisting of two

binary operation symbols A and °, and if

L,(P) = P,,
R, (P) = P,
X = Var(g),

Var(L.(P)) x Var(R.(P)) {(81,b1),(a2,b2),...,(ah,bh)},
then

P <=>P, 2 anXby A a,nXb, A ... A a nXb, A P, .

Proof. By distributivity

where each P ie {1,2,...,k}, is a product of variables,

LA(E) = P, &nd RA(E) = Ek' By idempotence we can write P

<=> 21 A E‘] L3 32 A 53 Ao A E—k-'l LS Ek 2 Eky so we will
assume without loss of generality that 21 = 52 and Bk—1 =
Py -

If x ¢ X and x_ £ Var(gj) for some j ¢ {2,3,...,k=11},

then x Var(gi) for some i, 1 < i < k, and by the median

law we can write

E {=> R ) D |

1 - - Ej—1 J i —k
- . - 1
and by Lemma 2.8 Ej—1 A Ej APy <=2 Ej—1 A Ej A P, where
Bj' is obtained by "inserting" X into Ej' This process can

be continued until we obtain
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P <=>P, 2 By' 2 33' ST N R U £

where each Bj', je {2,3,...,k=1}, is of the form anXt , a

L.(P;) and b = R.(P.).

If for some i ¢ {1,2,...,h}, aiHXbi is not a term of
P', then thare are terms ainka and arHXbi’ so by Lemma 2.9
vwe can "switch" ay and a. to obtain & term aiHXbi’ Then, by
idempotence, we can insert a second term ainXbi into P'and
then again epply Lemma 2.9 to arnka and one of the terms

ainXbi, to get back the terms ainka and arHXbi' This

process can be continued until we have

P <=>P,; 2 a1nXb1 A aanb2 A A Py,
completing the proof of the lemma.
Proof of Theorem 2.6. If P = Q 1is a semilattice hyper-

identity in the two operation symbols ) and -+, then the

following conditions will hold:

(i) Var(P) Var(Q),

]

(i1) (L, (P) L,(Q)) e H(SL)<2>,

(1i1) (R, (P) = R, (Q)) e H(SL)<2>,

(iv) (L.(P) = L.(Q)) e H(SL)<2> end thus Var(L.(P)) =
Var(L.(Q)),
(v) (R.(P) = R.(Q)) e H(SL)<2> and thus Var(R.(P)) =

Var(rR.(Q)).
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Conditions (ii) to (v) follow from Lemmas 2.3, and thus by

Lemma 2.10, P <=> Q.

We shall now prove that all binary semilattice hyperiden-
tities are a consequence of 22, and prove a structure
theorem for algebras of type <2,2> satisfying these hyper-
identities. First, we need to establish a2 lemma. Let T and
P be hyperpolynomials in the symbols i, -, Bireesslp oy such
that the variables of T are & subset of the variables of P.
If the veriebles of T' are a subset of the variables of P
whenever T' and P' are obtained from T and P by replacing

any subset of {31,.. } by any combinzation of left and

i hn o

right projections, we shall write Hu(l) < Hu(g).

Lemma 2.11. Let P be & hyperpolynomial in the operation

symbols l’;’£1""’£r—2’ n>2, and T a hyperpolynomiel in the
symbols *, m,,...,B 5, such that Hu(z) < HM(E), and assume
that all binary semilattice hyperidentities of n-1 operation

2
symbols are a consequences of [°. If

EZQ_]lQZl"'AleSRAQkﬂ_—I)\--.AQ

T = =5

where Q]""’Qj’ S, R, are hyperpolynomials in the operation

symbols -, o BINPY then
£<:>g1l"‘igkl.._Tngk+12‘_"'lgj'

Proof. Let Q = Q1§2"'9j' If we obtain P' by replacing the

symbols 91”"’9j’ S, and K by the variables x1,...,xj,y,
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and z respectively and let x = x .xj, then

%20
- A XA A Xpqg A ..
is a semilattice hyperidentity in two operations, and thus =

consequence of 22. By Lemma 1.3(iv) we thus have

-OAQ"

P <=>Q, 2 ...20Q ASQR21G Q;

28 2

Since 1 (T) < nu(g), we thus also have 1 (T) < m (SQR), and

SQR = STQR

is thus a semilattice hyperidentity in n-1 operation

symbols, and thus a consequence of X2. 1t therefore follows

that

P <=> Q_.] A ... _A_gk

| >
-

| >
]

and, as in the beginning of the proof, that

P <=> g1 A oee 2 Q 2 STR a gk+1 A A gj
completing the proof of the lemma.
Theorem 2.12. The <c¢lass of @211 binary semilattice

. s . 2
hyperidentities is a consequence of [°.

Proof. We will prove the theorem by inducting on n, the
number of binary operation symbols in the hyperidentity.
The cases n = 1 and n = 2 have zalready been proved so we

will now assume thet all binary semilattice hyperidentities
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with at most n-1 symbols, n > 2, are a consequence of 22.
Let P = Q be & binary semilattice hyperidentity in the n

operation symbols A, *, and Myseees By 5.

By distributivity P <=> 51 A e X Bk and Q <=> Q1 A

» Q. where P are hyperpolynomials

A Qg Pisee

"Ek and 91,...,gs

in the n-1 symbols <,u.,...,u, . Since (LA(B) = LA(Q)) €

H(SL), we have (_P_1 = 91) e H(SL), and this is thus =&

consequence of 22 by the induction hypothesis. Similarly,

Ek <=> 95' Thus, by distributivity and idempoternce, we can
write

P <> HiHoHy & KqLiRy A KpLoRy & oew A KL RoA T T,T,
and Q <=> H.HoHo 2 UV Wy A UpVoWy A ove 2 UVl A T,T,T,
where 51, E3, 11, 23, and ﬁi’ R Uso Ei’ ie {1,...,m}, are

hyperpolynomials in only the symbols Eareeeskpy oo

Clearly, for i e {1,...,m}, Hu(gi) < HU(E), and thus
elson (L;) < m,(Q). Similerly, 1 (V,) <1 (P) and 1 (V;) <

nu(g). Thus, by Lemma 2.11, if we let S = £1£2"£m!1!2"1m’

K SR 2 T.T,T

P <=> H,H,H Py K,SR Spofin A 2qiods

212223

and Q <=> HHyHs A U Sh

| >
| >

—
| >
.
>

2
are consequences of 7.

As in the proof of Lemma 2.11, we can replace hyper--

polynomials Ei’ K

L S, K., U., k., and Ii by the varizsbles

—1 —1 -1
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hi’ kl, S, Iy, Uy, Wy, end ti, and use Lemma 1.3(iv) to

obtain

P=> (Hya Kgx woe 2 Kpd T, 2 3 2 A E AT MHs
B_']l' ____m_)‘__T.g)

Q <=> (Hy 2 Uy 2 AU a2 TOWME, 2 8 a -.0 2 S a T,0(H3 2

Wo d eoe 2 W o2 T)

= =m

3

since the reader can easily check that

| >
=
| >

Akgsrood ... A kpsroo A totot, = (h

17273 1
LR RAL PR I SR - I G

>

K
m =

is a binery semilattice hyperidentity.
Since 51’ I_']: 53, __T_?): and Ei, _K_iy Ry Ei’

are polynomials in only the symbols L (MY,

L.(P) = H, 2 K,

and L.(Q) HyaUpa oo a Upa T,

A ... 2 K
- = =m

>
—

il

1

These are polynomials in n-1 symbols and thus their équality

. 2 L
is a consequence of J". Similarly

Ho A Ry A oo AR A To <o> Ho AWy 3 e Ak 2T

1

and this compleles the proof.

we shall now prove a structure theorem similar to
Theorem 2.5. In order to do so we introduce some more

notation and prove a lemma. Let D be the smeallest
2,2>



equational class containing algebras A = <A; i,°*> of type
<2,2>, where <A; Vv > is a semilattice, and {r,°} € {x, vy,
X v y}l, the set of binary semilattice polynomials, such that
not both A and ° are equal to x VvV y. Similarly, we define

S to be the smallest equational class containing

<2,2>
algebras of type <2,2> in the operations A and °, with both
X and ° equal to the semilattice polynomial x v y. If H is
any set of hyperidentities in the symbols li’ we define H*¥
to be the corresponding set of identities, that is, the set

of identities obtained from H by replacing all the operation

symbols Ay by Aj

Lemma 2.13, Let A = <A; i,*> be an algebra of type <K2,2>

satisfying H(SL). Then the polynomial

fix,y) = X x Xyx A X

is a partition function of A.

Proof. By Lemma 1 of [21], f(x,y) will be a partition
function if it sastisfies the identities (i) - (vi) of
Corollary 2.4 plus the identities obtained from (iv), (v)
and (vi) when the operation symbol A 1is replaced by the

symbol -.

If the operations A and ¢ in f(x,y) are replaced by any
semilattice polynomials p(x,y) and qg(x,y), we obtain {(x,y)

= X, €xcept when p = q = xV y. Consequently, the above
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identities (when viewed as hyperidentities) are semilattice

hyperidentities, completing the proof of the lemms.

Theorem 2.14, For an algebra A of type <2,2> the following

are equivalent:

(i) A satisfies all semilattice hyperidentities;
(ii) A is a P¥onka sum of algebras of D<2,2>;

(iv) The operations of A satisfy 22.

Proof. (i) dimplies (ii). By Lemma 2.13, and a result of

P¥onke [20], A is & P¥onka sum of algebras of type <2,2>
which satisfy f(x,y) = x (where f(x,y) is the partition
function of Lemma £2.13) and (H(SL)<z,2>)%*. Now the
identities of D<2,2> are exactly those 1identities in the
symbols X ancd <, which yield semilattice identities when 2

and ¢ are replaced by any pair of binary semilattice

polynemials, not both equel to x v y. Thus, for example, if

r = m x xyz » n, and if y 1is replaced by any polynomial in a

and ¢ to obtain & polynomial r', then r = r' will be an

identity of E<2 oy By distributivity and associativivy,
b

the 1identities of D<2 oy are exactly those which can be
b
obtained from (H(SL)<2,2>)¥ in this way. To prove that (i)

implies (ii), it is thus enough to prove that

m A XyZ A N = L. A XWzZ A DN
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is a consequence of 1 = (H(SL)<2,2>)* U {f(x,y) = x}. (In
this proof only, p <=> g will denote p = q is a consequence

of £.)

m A xyz xn <=>m x x(xXx X XyX A2 X)z A n, since it is in
(H(SL)<2,2>) %
<=>m 2 x(Xx x» XwX A x)z a n, since f(x,y) = x,
<=>m » XWZ A n, since this is again

in (H(SL)<2,2>)*%.

(ii) implies (iii) follows immediately from PX¥onka's

theorem [20] that if A is a P¥onka sum of algebras of D<2 >
b

then A will satisfy &all the regular identities of D<2 5y
?

that is, all the identities of Id(S<2’2>)f\ Id(D<2’2>).

(iii) implies (iv). Let £/ be the set of six identi-
ties obteined by substituting 211 possible choices of the

V2

operations of A for the operation symbols of }7. hid

is
obviously a subset of Id(S<2’2>) N Id(D<2,2>), and thus

(iii) implies (iv).

(iv) implies (1i). If (p = q) e (H(SL)<2,2>)* t{hen we
can show, exactly as in the proof of Theorem 2.6, that p = ¢
is a consequence of :/, proving that A satisfies p = ¢ and

completing the proof by Lemma 1.4.

The partition function of Lemme 2.13 can also be shown

to be a partition function for algebras of type <2,2> which
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satisfy H(L), the set of all lattice hyperidentities, and we
believe that an approach similar to that wused in this
chapter should be applicable when investigating binary

lattice hyperidentities.



CHAPTER I1I1
N-ARY SEMILATTICE HYPERIDENTITIES

In this chaptef we shall show that for any integer n,
the set of all semilattice hyperidentities of type <n> has a
finite basis J<n> similar to $<2> of the binary case, and we
shall also prove a structure theorem similar to Theorem 2.5.
For example, in the case n = 3, $<3> is the following set of

hyperidentities:

(1) F(x,x,x) = x,

(ii) f_(f_(a,X,b),E(y,C,d),U> = E(E(a1y’b)’_fi(x,c:d)7u)7

(iii) F(F(x,y,z),F(u,u,v),p) F(F(x,y,z),E(y,u,v),p).

We shall also show that for any positive integer n, the set
of all n-ary semilattice hyperidenties has a finite basis zn

R P . -
similar to |, where in the case n = 3,

23 = Z<3> U {(E(Q(X1:X2:X3):g(y'];y2;Y3);9(21:22123))

= G(E(x1,y1,z1),E(xz,yz,zz),E(x3,yq,23))}.

Rather than proving the above assertions for an arbiltrary
positive integer n, we shall first prove them for n = 3 and
then discuss the easy generslization to an arbitrary pos-

itive integer n.

We shall frequently be referring to the formnation trees

of hyperrolynomials and will often use the terms t d
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Figure 3.1

hyperpolynomial interchangeably (See Figure 3.1 for the for-
mation tree of P = F(F(x,y,z),y,F(x,y,x))). We shall follow
the convention that whenever the nodes of a formation trée
are left unlebeled they will be understood to be labeled by
the operation symbol F. Recall that if x is a variable of

P, then the string terminating with x 1is the sequence of

operation symbols and turnings (that is, the labels of the
edges) leading from the root of P to the variable x, and the
variable x. For example, in Figure 3.1, the string term-
inating with z is <(E,1),(F,3),z>. Similerly, if P, is a

subtree of P, we shell speak of the string terminating with

21. For example, in Figure 3.1, the string terminating with
the subtree 31 = F(x,y,z) 1is <(E,1),E1>. A string o with
n+1 terms, counting multiple occurrences, shall be said to
be of 1length 1(a) = n. For example, the string <(F,3),

(F,2),x> has the terms (F,3) and x, and is of length 2. The

length 1(P), of & hyperpolynomial P, will be defined to be

the length of its longest string, and i{ all the strings of
P heve the seme length we shall say that P is of uniferm

length. Let P and Q be hyperpolynomials consisting of
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operation symbols qu""En' If « and B e&re strings of P

and/or Q (that is, not necessarily from the seme tree) such
that (Ei,k), k ¢ {1,2,3}, is & wmember of o implies that
(Ei,k) is @ member of 8, we shell write a < B. If o < B &and

B < & we shell write « =, B and say thet o 2nd g are regular

~

equal. If p(x;,X5,X5) = X. ¥ X i,j ¢ {1,2,2}, we shall
—Zlos 17727°3 i

j b
denote V(P(p)),the set of variebles of P(p), by Vi j(P).
L L ,itE

Similarly, if p = x i e {1,2,3}, vi(g) shall denote the

i y
set V(P(p)). Clearly, the set V(P), of all variables of P,

is equal to V (P), the set V(P(p)) for p = XqV X, Vo Xg.

1,2,3
It cen eesily be seen that x e Vi(E), ie {1, 2, 31, iff P
has & string o = <(F,1), (F,i), ... , (F,i), x>. CSimilarly,

it can be shown by inducting on the length 1(P) of P that x

e V (P), 1,5 ¢ {1, 2, 3}, iff P has & string « terrinating

i, ’
with x, such that the set of terms of ¢ is {(F,i), (F,j),x},

{(F,i),x} or {(F,J),x}.

If T is & hyperpolynomisl of type <3>, F the cperaticn
symbol and s a permutetion with domein {1,2,3}, we define

s(T) inductively as follows:

i Yoz .
(1) s(xi, X5

(11) s(E(P,P5,P2)) = F(s(Bgqy),8(Pgipy),s(Pgi3y)).
That is, s(P) is defined to be the hyperpclynomiecl cbteined
by replecing each cccurrence of the symbol F in P by

E(XS(1>,XS(2),XS(2)). If p is & ternary polynomial, s(p) is




defined to be p(xs(1),xs(2),xs(3)). We now prove the

following lemma:

~ -~

Lemma 3.1. If s is a permutation with domain {1, Z, 3},
then the hyperidentity P = Q holds in a variety V iff s(P) =

s(Q) holds in V.

Proof. We shall induct on the length of P. If 1(P) = 1 and

p is a ternary polynomial then
s(P)(p) = P(s(p)).

Now assume that s(P)(p) = P(s(p)) for all hyperpolynomials

of length less than n and let 1(p) = n. Then if P =
E(GL,K,T),
s(P)(p) = s(p)(s(Q)(p),s(R)(p),s(T)(p))
= s(p)(Q(s(p)),R(s(p)),T(s(p))) by the induction
hypothesis
= P(s(p)).

Therefore, s(P)(p) = s(Q)(p) for all appropriate polynomials
p iff P(s(p)) = Q(s(p)) iff P = C holds in V, completing the

proof.

ke now define J<3> to be the follcwing set of

hyperidentities:

(1) F(x,x,x) = x,
(ii) _Ii(_l-_(a,x,b,),_F_(y,c,d),u) = E(E(a,y,b,),f_(x,c,d),u),

(iii) E(_f‘_'(X,y,Z),E(U,U,V),P) = E(_F_(X,y,Z)yE(Y:UyV),P)-
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(i) X X X

)/
(ii) a x b y ¢ d u a y b x ¢ d u
(iii) x y z u u v p X y z y u v p

Figure .2

See Figure 3.2 for the formetion trees depicting these

hyperidentities. Whenever a hyperidentity P = ( 1s e

consequence of J<3> we shall write P <=> Q.

Thecren 5.2. The set [<3> is an equational basis for the set

of &ll sewilettice hyperidentities of type <3>.

In order to prove this theorem we shall first establish

some lemmeas.

Lemnme 5.35. The following hyperidentities are consequences

of Y<3>:

(1) E(E(x,y,2),FE(u,u,v),p) <=> F(F(x,y,z),F(y,u,v),p),
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(11) F(E(x,y,z),E(u,u,v),p) <=> F(F(x,y,z),F(x,u,v),p),
(iii) F(E(x,u,z),F(y,u,v),p) <=> F(FE(x,y,z),F(y,u,v),p),
(iv) F(F(x,u,z),F(y,u,v),p) <=> F(F(x,x,z),F(y,u,v),p),

(v) F( (

A2
ey

(X:U:z)’E(UaY7V)1p) <=> (X,U,Z),f_(y,y,V),p),

|71
I

(vi) F(E(x,u,z),F(u,y,v),p) <=>

|'™

(E(x,y,2),EC(u,y,v),p),
(

(vii) F(

e
i

(X,U,Z),E(U:y,v),P) <=> (X,U,Z);E(X,y,‘/)yp),

ias!
(s

(viii) F(F(x,u,z),F(u,y,v),p) <=> F(F(x,x,z),F(u,y,v),p).

\/
.

Proof. (i) This is exactly (iii) of <3

(1) E(E(u,y,v),E(x,x,2),p)  <=> E(E(u,y,v),E(y,x,2)

\

follows from §<35>(iii), and 1if we let s = {(1,2),(Z,1),

(z,3)}, then Lemma >.1 yields the hyperidentity
£ E(E_(X,X,Z),E(Y,U,V),p) <=> E(E(X,Y,Z),E(Y:U;V),P)-

Thus F(F(x,y,z),FE(u,u,v),p) <=> F(F(x,y,z),E(y,u,v),p) by
Y<E>(iid)

<=> F(F(x,x,z),F(y,u,v),p) by ¢

<=> F(F(x,y,z),F(x,u,v),p) by

$<3>(i1) .
(iii) Apply }<3>(ii) to §<3>(iii).
(iv) Apply §<3>(ii) to (ii) of this lemma.
(v) Follows from §<3>(iii).

(vi) Apply §<3>(ii) to (v).
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(vii) F(F(x,u,z),F(u,y,v),p)
<=> F(F(x,u,z),F(y,y,v),p) by §<3>(iii)
<=> F(F(x,u,z),F(x,y,v),p) by (ii) of this

lemma.

(viii) Apply §<3>(ii) to (vii).

Lemma 3.4. Let P be a hyperpolynomial of type <3>. If P' is

obtained from P in any of the following ways then P <=> P'.

(i) P is a hyperpolynomial with strings o, = <(E,1),
(F,3),%x> ana oy = <(E,J),(E,i),y>, i,j ¢ {1,2,3}, and
P' is obtained from P by switching the variables of ey

and an.

(ii) P is a hyperpolynomial with strings aq = <(F,i),

(E:i)’x>’ <(Eyi)’(5:j);y>a u3 = <(E,j),(£,i),U>,

0.2 =
and ay = <(F,3),(E,j),u> and P' is obtained by replzac-

ing the variazble u of o by either x or y.

(iii) P has strings aq = <(E,1),(E,1),x>, oy = <(F,1),
(F,3),u>, oy = <(E,3),(E,1),y>, and ay = <(FE,3),(E,3),
u> and P' is obtained by replacing the variable of oo

by either x or y.

(iv) P has strings eq = <(E,1),(E,1),x>, oy = <(E,1),

(E,j):u>’ a = <(E,J),(E,i),u>, &nd Gy = <(E’j)’(51j),

<
-

y> and P' is obtained by replacing the varisble of o,
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by x or y, or P' is obtained by replacing the variable

of o by x or y.

Proof. Apply Lemmz 3.1 to }<3> and Lemma 5.5.

At this point it should be instructive to compare [<3>
with §<2>. The hyperidentity of §<3>(i) is the idempotent
hyperidentity and obviously the ternary counterpart of

F(x,x) = x. The hyperidentity

E(E(X’]:X27X3) 7_F__(y'];Y21Y3) 1£(Z1y22,23)) <=>

FOECxy,yq,29) B, y0,25) ,E(xg, 5y 4,220,

which is & consequence of [<3>(ii) by Lemma 3.4(i), is the
median hyperidentity of type <3>, and the counterpart of the
third hyperidentity of J<2>. SQbstituting sny binary (and
thus zlso ternary) polynomial f(x,y) for F in §<3>(iii)
yields f(f(x,y),u) = f(f(x,y),f(y,u)), and substituting
f(x,y) into ¢ of the proof of Lemma 5.35(ii) yields
fix,f(y,u)) = f(f(x,y),f(y,u)). Since e was a consequence
of §<3>(iii) we obtain the binary associative hyperidentity
f(f(x,y),u) <=> 1(x,f(y,u)) as a consequence of J[<3>(iii)
and §<3>(1). Note that if ¢ is & hyperidentity holding in &
variety V, &nd if the operation syubols of ¢ are replaced by
polynomials of appropriete arity, the resulting expression

is egain a hyperidentity holding in V by Lemma 1.4.
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Figure 3.3

Five more lemmas need to be established in order to prove

Theorem 2.c.
Lemma 3.5. The hyperidentity
F(a,b,F(F(x,y,z),c,d)) <=> F(a,b,F(F(z,y,x),c,d))
is a consequence of }<3>. (See Figure 3.5.)
Procf. By idempotence and the results of Lemma 3.4 we have

F(a,b,F(E(x,y,z),c,d))
<=> F(F[F(a,a,a),a,F(a,a,a)],b,F[F(x,y,2z),c,F(d,d,d)])

<=> E(

|1

[E(a,a,a),a,E(a,a,a)],b,g[g(x,y,z),C,E(z,d,d)])

N

i

v
{’T‘

T (F [
[

[E(aaa)a)78)5(89Y7X)]7b1£[5(a’a)a):CyE(z;d,d)])

{1

(6,8,8),ayg(a:a,a)J,byE[E(X,y,X):C,E(Z,d:d)])

N

i

v
|

L

i
hgs}

(a,a,e),a,F(x,y,x)],b,FlF(a,a,&),c,F(z,d,d)])

<=> F(

)]
[

N
1]

v
11

(

|

(F(a,a,&a),a,F(a,a,a)],b,FlF(a,y,x),c,F(z,d,d)]).

Similarly,

E(a’bif_(g_(z:yyx) 7C,d))

<=2 (5{5(873’8)7815(3’8!a)]abri[i(a’Y:z):Cyi(xyd,d)]):



w
—

and since

E[E(ayyaz) 7C7E(X’dad)] <=> E[E(E’Y1X) ,C,E(Z,d,d)]

LU4(i), we are done.

)

by Lemma

Lenma 3.6. Let P be a hyperpolynomial of type <3> with
strings o« = <(F,1),(F,J),(F,1),x> &and 8 = <(F,i),(F,J),
(F,3),y>, 1i,j  {1,2,3}. If P' is obtained from P by

switching the variables of o and 8, then P <=> P'.
‘Proof. Lemmas .5 and 3.1.

Lemme 5.7. Let P be a hyperpolynomial of type <3> &and of

uniform length, with strings

<(Eaj))(_I_:_’i)7°'-y(f_)i):(£1i):x>)

o]
n

™
H

<(Eaj))(5;i)y~"a(Eri)a(E:j)yy>5

with the term (F,j) occurring once in o and twice in 8. If
P' is obteined from P by switching the variables of « ana B,

then E <z=> E'.

Prcof. If 1(P) = 3, the statement of the lemme follows from

Lemma 3.C.

We now assume that the statement of the lemme holds for

hyperpolynomials of length less than n, n > 3, and let
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Figure 5.4

1(P) = n. Since the variables x &nd y may occur more than
once in & hyperpolynomial P, we shall assume that whenever
we refer to the variable x or y, that we are referring to
the particular veriables in question. By Lemmz >.1, we can
assume that i = 1 and j = z. Let P, be the subtree F(x,y,z)
of P which is of 1length one and contains x and y as var-
iables. Let EQ = F(a,b,c) be the subtree of length one
which is to the immediate right of 21 (See Figure 3.4). By
the induction hypothesis the subtrees 21 and 32 can be
switched to obtain a tree P*. The strings corresponding to

« and g (that is, the strings terminating with x and y) are

a¥

il

FaS
7~~~
Ty
N
s
~~
1y
-
p g

-1(£,1))(£12):(£:1):X>:

1

N
~~
rrq
o
p g
Py
1y
—
S~

5% (B, 1), (E,2),(E,2),y>.

Now cecnsider the subtree

F(F{F(e,b,c) ,F(x,y,2z),F(d,e,f)},...,...)
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of P¥*, which is of length three and contains x and y as
variables. By Lemma 3.6, x and y can be switched to obtain
the subtree 23 = F(y,x,z) of length one, gnd by the induc-
tion hypothesis we can now switch 23 and 22 to obtain the

desired P', completing the proof of the lemma.

Lemma 3.6. Let P be a hyperpolynomial of type <3> whose
formation tree is of uniform length. Let « and B be strings
of P such that both o« and 8 contain the terms (F,i) and
(F,J), 1,J € {1,2,3}, and neither contains a term (F,k) with

k £ 1 or j. If P' is obteined from P by switching the

variables of « and B, then P <=> P'.

Proof. We shall induct on the length 1(P) of 3; If 1(P) =
0 or 1, the statement of the lemma 1is true vazcuously, and
for 1(P) = 2 it follows from J<3>(ii). Let the variables of
e« and B be x and y respectively, and assume, without loss of
generality, that 1 = 1 and j = Z. Assume the lemma is true

for 1(P) < n, n > 2, and let P be a tree with 1(P) = n.

Let F = 5(21,22,23). If « and B8 both terminate in the
szme subtrec Ei’ assume, without loss of generality, that
they beth terminate in 51, and let the strings o, ana B, be
the respective strings o and B restricted teo 31, that 1is,

the strings obtained by removing the first terms from « and

g. 1f both o, and 81 contain the term (F,1) we can switch x

1
and y by the induction hypothesis (since l(gi) = n=-1).
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If not, assume, without 1loss of generality, that B4 =
<(F,2), ...,(E,2),y>. If x is to the immediate left of vy,
they can now be switched by Lemma 3.7. If the variable to
the immediate left of y is z, z # x, wWwe can switch y and z

by Lemma 3.7, then y and x by the induction hypothesis, and

then x and z by Lemme 3.7, to obtain P'.

Now assume that o terminates in Ei and B in Ej’ 1z 5.
By Lemma 3.7 &and the induction hypothesis, we can assume

=~

that the strings o and B restricted to Ei and Ej are

e, = <(E’i)7'°',(571)y(gyj)j)():

B. = <(F,i),...,(F,i),y>.

By J<3>(ii) we can now switch the j'th branch of P and the
i'th branch of Ej. Then, by the 1induction hypothesis, we
can switch x and y, and by }<3>(ii) we can again switch the

i'th and j'th branches of the new Ei and Ej to obtain the

desired P', completing the proof of the lemme.

Lemme 5.C. Let P be a hyperpolynomial of type <3> and of
uniform length. If o« and 8 are strings both containing the
terms (F,1), (F,2) and (F,3), and if the variables of o and
B are switched to obtain a hyperpolynomial P', then P <=5

P,

Prcof. The lemmz is true vacuously for 1(P) = 0,1 or 2.

Assume the lcmma is true for hyperpolyncmicls of length less



U
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Figure 3.5
than n, n > 2, let 1(P) = n, &nd let P = EﬁgT,Ez,EQ). We

now consider two cases:

(i) If o and B terminate in the same subtree Ei’ we can

assume, With out loss of generality, thest they terminate in

23. 1f ¢y =n 83, that is, the strings « and B restricted to
33, heve exactly the sazme terms (except for the variables,
and the order &and frequency of occurrence of the terms), we

are done by either Lemmza 3.8 or the induction hypothesis.

1f, without loss of generality, we assume that o has
the turns (F,1) and (F,2) and 85 has the turns (F,1), (F,2),
and (F,3), then by Lemma 3.& and the induction hypothesis,
we can assunie that oy = <(E,1), .., (F,1),(F,2),x>, with pos-
sibly (F,1) occurring only twice, and 83 = (F,3),...,
(F,3),(F,2),(F,1),y>, with possibly (F,3) occurring only

once (see Figure 3.5).



Let z be the variable of the string Yy ® <(E,1),...
<o (E,1),(F,3),(F,2),2z>, of 53. By Lemma 3.&, we can switch

the subtrees P, = F(a,x,b) and P = F(c,z,d) of P. By the

induction hypothesis, we now can switch the variables x and
y, and then &again by Lemma 3.&, we can switch the new sub-

tree Ex' = F(e,y,b) with Ez, to obtain the desired P'.

(ii) If o and 8 terminate in different subtrees Ei of

P, we can without loss of generality, assume that o« termi-

nates in P, and g8 terminates in P If o, &nd B, are the

2" 1

we can assume by

1

strings o and § restricted to 21 and 52,
Lemma 3.8 or the induction hypothesis, that the first term

of o, is (E,3), and the first term of 8, is (E,1).

If we now switch the middle branch of 21 with the left
branch of P,, we can switch the variables x and y by (1) of
this proof, and then switch back the above branches to

obtain the desired P', completing the proof.

&)
Ny

We are now ready to prove Theoren :

semilettice hyper-

4]

Proof ¢f Theorem 3.2. Let P = Q be

identity of type <3>. Then P <=> (.

Proof. Cbviously V(P) = V(Q). Let V(P) = {x1,x2,...,xn},
where for i ¢ 1{1,2,31}, X e vi(g), and let m = sup{l(P),
1(Q)}. Whenever a string of P or (C terminates in some

variable Xi9 Xy € V(P), and the length of the string is less
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than m+2, we can, by J§<3>(i), replece x; by Eﬂxi,xi,xi),

obtaining trees P*¥ and Q¥ of uniform length m+2.

Let Si j(g) be the set of strings of P which contain
?

both (F,i) and (F,j) as terms, but no terms (F,k) with k # i

or Jj. We similarly define Si(g) and S1 - 3(E). Due to
) ’
1(P¥*) = m+2, we have V. .(P) = V, .(Q) = the set of
- 1,0 — 1, —
varisbles of the strings in S, j(g%>, i,j ¢ {1,2,3}, and
b
V(P) = V(Q) = the set of veriables of the strings in
S, . L(P¥*).
1,2,3 —

By Lemme 3.9, the varizbles of S (P¥) can be

reerranged in any desirsble order. 1if Xj e V(P), § # 1,

occurs more than once as a variable terminating 2 string of

S, - (P*), we can replece all but one of the x.'s by x,'s
1y2,3°~ J 1

as follows. VLet
E? = E(E(x1,x1,x1),E(x1,x1,x1),5(x1,x1,x1))

be the subtree of P¥ of length two, terminating the string

<(F,1),...,(E,1),E¥>. By Lemme 3.9, we can switch two of

the xj's with two x1‘s, to obteain the subtree

px' - E(E(x],x1,x1),5(x1,x1,xj),E(x1,xj,x1)),

and then we can replace one of the xj's of B?' by X ke

can continue 1in this manner until x is the only variable

1

terminating more than one string of S, - 3(P*). The var-
1 & -

iables of the strings of S, . 3.(E*) can now be arranged in
H ?
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any desirable order, for example, 1in the order XqsXqseeo

Xq9Xp Xgyeee X

We shall now consider the strings of Si j(g*), i,3 =

’
{1,2,3}. We shall assume, without loss of generality, that
i = 2 and j = 3. 1If X s k £ 2, occurs more than once as a

variable of 52 3(_P_*), then as above, all but one of the xk's

’

can be replaced by x,'s, by considering the subtree
2

P* = E(E(X27XRYX2),E(xzyxgyxz),E(XZ,XZ\,X2>)

<

of P¥, where 25 terminates the string <(F,z2),(E,2),...,
(E,2),E§>. is above, the variables of 51,2(2*) can again be
arranged in any desired order. We can use this procedure to
obtain hyperpolynomials P' and Q' such that P <=> P', Q <=7

G', and P' and (' are formally equal, completing the proof

of the theorem.

In Chapter Two it was proved that an algebra A
satisfies all semilattice hyperidentities of Type <2> iff it
is a PXonka sum of diagonal &zlgebras. In the remeinder of
this section we shell prove a similer structure theorem for

algebras of type <3>.

Lenma 5.10. Let A = <A; F> be an algebra of type <3>
satisfying &l1ll semilettice hyperidentities. Then the
polynomial

f(x,y) = F>(F(x,x,F(x,y,x)),x,x)




(G2l
uwn

is a partition function for A in the sense of J. Pfonke

[20]. This means that the following are identities of A:

1

(i) f(f(x,y),z) f(x,f(y,z)),

(ii) f(x,x) = x,

(iii) f(x,f(y,z)) f(x,f(z,y)),

(iv) f(F(x1,x2,x3),y) = F(f(xT,y),f(xg,y),f(xg,y)),

(v) f(y,F(x1,x2,x3)) f(y,F(f(y,x1),f(y,x2),f(y,x3))),
(vi) f(F(x1,x2,x3),xk) = F(x1,x2,x3), k e {1,2,31},

(vii) f(y,F(y,y,y)) = y.

Proof. Note that the string terminating with y contains all
three turns (F,1), (F,2) and (F,3) of F, and consequently,
if F 1s replaced by any ternary semilattice polynomial
other than F(x,y,z) = x v y v z, we have f(x,y) = x. From
this it 1is obvious that (i) to (vii) (viewed as hyper-
identities) are semilattice hyperidentities, and conse-

guently, identities of A, completing the proof.

Consider the classs of &ll algebras A = <A; F> of type
<3>, where A has a semilattice operation v and F is the
polynomial X5 v xj, for two fixed integers (possibly equal)
‘i,j e {1,2,3}). The smzllest variety generated by these
algebras will be denoted by Di,j' Let S be the variety
generated by all zlgebras A = <A; F> of type <3>, where 4 is

a semilattice, and F is the semilattice polynomial F(x,y,z)

= XV y v z. Let s(}]<3>) denote the set of all hyper-
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identities obtained by applying Lemma 3.1 to [§<3>, and
recall theaet (s(J<3>))* is the set of identities obtained

from s(}<3>) by replacing each occurrence of F by F.

Thecren 3.11. If A is an algebra of type <3> the following

are eqguivalent:

(i) A satisfies all the semilattice hyperidentities;
(ii) A is a P¥onka sum (See [14] for the definition of

this concept) of algebras of the variety

D =\/(Di | i,5 ¢ {1,2,3});

J
(iii) A ¢ SV D;
(iv) The operation F of A satisfies s({<3>), that is,

A satisfies (s(}<3>))*.

Proof. (i) implies (1ii): By Lemma >.10 and a result of
P¥onka (201, A is & Plonka sum of algebras A = <A; F> of
type <3>, satisfying (H(SL))*¥ &and f(x,y) = x (where f(x,y)
is the partition function of Lemma 3.10). Now the idern-
tities of b are those which will be regular whenever I 1is
replaced by any semilattice polynomial X;j VX
{1,2,2}. That means that if P is a polynomial, P1 is a
subtree ot P such that the string terminating with P1
contains the terms (F,i), (F,3j), (F,k), {i,j,k} = {1,2,3},
and if P' 1is obtained by replacing P1 by any tree P2 (in the

operation F) whatsoever, then P' = P will be an identity
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holding in D. The smellest class of identities generated by
(H(SL)<3>)* in this wey will be exactly the class of =all
identities of D. We claim thet these 1identities are &

consequence of

o= (H(SL)<3>)* U {f(x,y) = x}.

In order to prove the claim, we first prove that the

identity

e: F(a,b,F(F(nmn,y,m),c,d)) = F(a,b,F(F(n,z,m),c,d))

is & consequence of ['. (In this proof only, P <=> Q will

denote P = G is & consequence of ['.)

F(a,b,F(F(m,y,n),c,d))
<=z> F(&,b,F(F{F[F(m,m,F(m,y,m)),m,m],n,n},c,d)) since
it is a semilattice hyperidentity,
<=z> F(e,b,F(F{F[F(nu,m,F(m,z,m)),m,ml,n,n},c,d)) since
f(x,y) = x,
<=> F(z,b,F(F(m,z,n),c,d)) since it 1is again & semi-

lattice hyperidentity.

If P1 is & subtree of P, such that the string terminating
with P1 contains the terms (F,1), (F,2) znd (F,3), then we
can assume (By the identities of (H(SL)<3>)¥) theaet the last
three terms preceding P1 @re (F,1), (F,2) and (F,2), and
our claim row follows from the identity e, thus proving that

(i) implics (ii).
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(ii) dimplies (iii) follows immediately from P¥onka's theorem
[20], that if A is & Plonka sum of algebras of D then A will
satisfy the regular identities of D, that 1is, &all the

identities of 1d(S) /) 1d(D).

(iii) implies (iv). (s(§<3>))¥ is a set of semilattice
identities, and it is clear from the proof of (i) implies
(ii), that (s(3<3>))%* is also satisfied by D, so (s(i3))¥ <

1d(S) N 1d(D).

(iv) dimplies (i). Let the algebrs A = <A; F> satisfy
(s(}<3>))*. Using exactly the same methods as were used in
proving Theorem 3.2, one can show that (H(SL)<3>)¥*¥ is a con-
sequence of (s(Y<3>))*. The operation F of A thus satisfies

H(SL)<3>, and consequently H(SL), completing the proof by

Lemma 1.4.

We now define {3 to be the set of hyperidentities con-
sisting of }<3> and the median hyperidentity of type <3,3>,

that is,

P75 53> U LG (xgxp,x),6(q,v5,9:),6(2q,2,,25)) =

CCECxqsy 290, B0y 50250, E(x5,y 5,200 )

In the remsining part of this chepter P <=> Q will denote

P = ¢ is a consequence of 23.

In order to show that 2 is a basis for all semilattice
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hyperidentities of type 3 = <3,3,...>, we need a few addi-
tional definitions. The height of a symbol F (or of the
corresponding node of the formation tree), in a hyperpoly-
nomial P, will be said to be the length of the string termi-
nating with the subtree P', whose root is at the node in
question. If P is a hyperpolynomial of type n, with symbols
F i

following conditions hold:

Foy wvny F

F,, we shall say that P 1s uniform iff the

(i) P is of uniform length,

(ii) If Ei’ ie {1,2,...,n}, occurs in P then Ei occurs
the same number of times in each string of P,

(iii) 1f each symbol Ei ocecurs nj times in every string
of P,i ¢ {1,...,n}, and if o« 1is any string of P, then
the first n, terms of o will have F; as a function

symbol,the next n, terms will have 52 as a function

symbol, and so c¢n.

That is, if P is uniform, the formation tree of P will have
a layer of 51'5 at the bottom, a layer of Ez's next, and so

on, with all the En's appearing in the top layer.

Lemne 5.12. Let P be & wuniform hyperpolyncmial in the

10 E2""’£n' If « and B are

strings of P such that « = b, and if the variables of o and

ternary opcration symbols F

B are switched to obtain a hyperpolynomial P', then P <=>

P'.
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Proof. we shell induct on 1(P). If 1(P) = 0, the lemme is

true vecvously (if 1(P) = 1 or 2 the lemma is also obviously
true). We shell now assume that the lemma is true for any
uniform hyperpolynomial of 1length less than m and let
1(P) = m. Let x and y be the variables of « and g respec-

ftively.

If o« and B terminate in the same proper subtree Ei of
P = 51(21,32,53), let ay and 8, be the substrings o ana B8

restricted to P;. If o, = 8 we are done by the induction

i "r "1°

hypothesis. If «, ib B .

i j» either a; or B has a term (51,k)

occurring at least twice. By Theorem 3.2, we can thus
switch subtrees (in the symbols EZ""’En) of P, to obtain a
tree P¥ with strings c¢* and 8¥ corresponding to « and B
{(that is, termina@ing in the variables x and y in question),
such that a§ e Bi, where a§ and Bi zre the restrictions of

c*¥ and B¥ to Ei, and we're done by the induction hypothesis.

If ¢« and g do not terminate in the same subtree Ei’ we
can essume that n > 1, since otherwise we are done by
Theorem 35.c. By Theorem 3.2, we can elso assume that the
first cccurrence of the symbol En in both o« &and B 1is the
term (En,k), for some k ¢ {1,2,3}, and that the term (gn,k)
occurs the seme number of times in o &and B. By the ternary
median hyperidentity, the bottom row of Eﬂ‘s, of the tree

depicting P, can be moved down to obtain a tree P¥, with En
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at the root, then a layer consisting of all the 51'5, and so
on, with the remaining En's at the top. If o«* and B¥* are
the strings corresponding to a and g8, that is, the strings
terminating in x and y, then o¥*¥ and g¥ will now both have
(En,k) as their first term. Thus they both terminate in the
subtree P¥ of P¥, where P¥ = En(2§,£§,£§). Since “ﬁ =, Bﬁ,
we can now switch x and y, and then again use the median
hyperidentity to obtain the desired hyperpolynomial P',

completing the proof of this lemma.

Lenne 3.13. Let P and & be ternary hyperpolynomials contain-

o))

ing the opcration symbols E1""’£n' Then there 1is

sequence of 1integers MMy e, m and there &are uniform

n H

hyperpolynomials P' and Q', such that P <=> P', Q <=> Q' ana

for every k ¢ {1,2,.},n}, Ek occurs my times in each string

of P' ana Q'.

Proof. If for some i, 0 < 1 < n+1, the number of occur-
rences of Ei in each string of P and Q is not the same, then
let my be the nigximum number of tines that Fi occurs 1in any
string of P or C. If &2 string o« haes not got enough Ei‘s,
then by idempotence, the varieble x of « can be replaced by

Ei(x,x,x). This procedure can be continued until condition

(ii) of the definition of uniformity is met.

ke now use the median property to "layer" P. Of ell

the F

_1'5 which have an Ej’ J # 1, immediately below it, pick
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one of maximal height. The subtree Es’ whose root is in-

mediately below this F will be of the form

‘l ’

Es = EJ(E1(E1’EE’E3)151(Eu’25’56)’51(57’28:29)r

since otherwise, the maximality of the height of our choice
of 51 would be contradicted. e can now move F, down to the
root of Bs by the median hyperidentity, and continue this

procedure until we have the desired P'.

Lemma 3.14. Let P be a2 uniform hyperpolynomial with oper-

ation symbols F “’En’ such that for each 1 < n, the

17
symbol Ei occurs at least three times in each string. Let «,
B and y be strings of P such that o = B = Yo with o and B8
terminating with the same variable x, and y terminating with
zZ. Then if P' is obtained from P by replacing the x of

either « or 8 by z, P <=> P'.

Proof. We shall induct on the length of P. If 1(P) = 0 or
1, the lemmea 1is obviously true, so assume that it is true
for 1(P) < m and let 1(P) = m. If n = 1, the lemme follows

from Theorem .z, so assume that n > 1.

Let the number of occurrences of the symbol 51 in any
string of P be k. <Since k > 2z, we can assume by Lemma 3.1z,
that the (k + 1)'th nodes of e, B and y are distinct (if
this is not possible, then o, 8 and vy terminate in a common

subtree 1in the symbols Ez,...,gﬂ, and we're done by the
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induction hypothesis). We can thus also assume that the
first occurrence of En in «, B or y is the term (En,k), for
some k ¢ {1,2,3}, and that (En,k) occurs the szame number of
times in each of these three strings. If we now apply the
median hyperidentity of type <3,3> to move the bottom row of
En's to the root of P, we obtain the hyperpolynomial P¥* =

gn(gﬁ,gg,gg), with o¥, B¥ and vy¥, the strings corresponding

to e, B and y, all terminating in gﬁ. If aﬁ, Bﬁ and yi are
i i % * * ¥ ¥ - P

the restrictions of o¥, 8% and y¥ to Bk’ then e T BR =

yﬁ, and we are done by the induction hypothesis.

Thecren 3.15. The set 23 is a basis for all ternary

semilattice hyperidentities.

Proof. let P = § be a semilattice hyperidentity in the

symbols 51""’En' wWwe can assume, by Lemma >.13, that P and
C &are uniform, and that for every k e {1,...,n}, F, occurs
the seme number of times in P and C. Ey idempotence, we can
add two more rows of F, 's to P and C for every k e {1, ..
..,n}, to obtain trees P¥*¥ and Q¥. This insures that 1if
a« < B are strings of P¥*¥, then there is a string y of P¥,
such that ¥y = B, and a« and y terminate with the same var-
icble. Thus, if each F i e {1,...,n}, is replaced by a
semilattice polyncmial Py = \/(xkl

then x 1is a variable of E(p1,...,pn) iff P¥ has a string v,

k € Il), Il g {'])2)3},

such that the set of terms of y 1is {(Ei,k)l i e {1,...,n},

kK ¢ 1i} U {x}.
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Let S_(P¥) = {B] 8 is a string of P¥ and g =_ «} and

let V(S _(P*)) be the set of variaples of the strings in
sa(g*). It is clear from the above paragraph that if « and
B are strings of P¥ and Q* such that o = 8, then V(5 _(P%*))

= V(SB(Q*)).

For any set SQ(E*) of strings of P¥, we can pick a
variable z e V(S _(P¥)), and by Lemma 3.14, we can obtain a
tree P'', such that z 1is the only variable occurring more
than once in a string of SQ(P"). By Lemma 3.12, these can
be rearranged in any desirable order. This procedure can
thus be used to obtain hyperpolynomials P' and Q', such that
P <=>P', Q <=> Q' and P' and (' are formally equal, com-

pleting the proof of the theorem.

Rather than proving the general result, we shall show
how the results of this chapter easily generalize to the

case n = 4, or any higher arity.

The basis J<U4> for all semilattice hyperidentities of

type <4> is the following set of hyperidentities:

(1) F(x,x,x,x) = X,

I

(ii) F(F(a,b,c,d),F(x,y,z,u),p,r)

F(E(a,x,c,d),E(b,y,z,u),p,r),

it

(iii) F(F(a,b,c,d),F(x,x,y,2z),p,r)

_If_(_f':(a,b,c,d) 7E(bxxyy,2) yP,r)

-
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and [ = T<4> U
{E(Q(X17°-;Xq)’9(y1’-'yyM)y9(z17--’Zq)yg(u1"°1uq)) =

Q(E(x1,y1,z1,u1),E(xz,...,u2),E(x3,..,us),i(xu,..,uu))}.

The proof that (<4> is a basis for the semilattice
hyperidentities of type <4> is almost identical to the case
n = 3, except that Lemmz 3.9 would have to be replaced by a
lemma which examines « = B, where o and B contain three or
four different turns. This can be generalized to the n-ary
case, where we consider strings o and B containing up to n
distinct turns, by an easy inductive proof. In general, we
thus have that J<n> is a basis for H(SL)<n> and [" is e

basis for Hn(SL), where §<n> is the following set of n-ary

hyperidentities:

(1) F(x,...,x) = x,
(ii) E(E(x1,..,xn),E(y1,..,yn),z1,..,zn_2)
E(E(x1,y1,x3,xq,..,xn),E(XZ,yZ,yg,..,yn),Z1,--,Zn_g),
(iii) E(E(x1,..,xn),g(u,u,y1,..,yn_z),z1,..,zn~2)

E(E(X1""Xn)’E(X2’u’y1’"’yn-2)’21""zn-2)’

L

and ¥ = Y<n> U EG(xqqyeeyxq)yeee,G(x X, )) =

ni1t?’>* " *“nn

yX_))}.

Q(E(x11,..,xn1),...,§(x nn

it
By Lemma 1.5, § = U(}'] 0 < n < w) is a basis for H(SL).

The partition function for n = 4 is

FOx,y) = FOx,x,x,F(x,x ,F(F(Xx,y,Xx,X),X,X,Xx),Xx)),
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end egain f(x,y) = x whenever F is replaced by any lattice
polynomial other then F = XqV X5V x3 v Xy In general,
the formation tree of the pertition function f(x,y), hes one
leaf labelled with y, &ll the other lezves labelled with the

veristle x, end the string terminsting with y contains all

of the n distinct terms (F,1),(F,2),...,(F,n).

The structure thecrem in the case n = Y4, is 1like the
case n = 3, with
D = V(D . | i,j,ke {1,2,3,4}),
1,3,k

where the Di j k's are defined analogously to tle ternery
) H

cese. The generalizstion to ar arbitrary n 1s again

cbvicus.



CHAPTER 1V
LATTICE HYPERIDENTITIES

Recall that & hyperidentity a is called binary if a €
H2(V). Since L, the variety of all lattices, has only four
binary polynomials, it 1is easy to check whether or not a
binary hyperidentity holds in L. As was pointed out 1in

Chapter Cne, a proof that
e: F(G(x,y),x) = G(x,F(y,x))

holds in L, consists of & case by case exemination of

(E,G) € {x, y, x vy, x A y}2. For example, if (F,G) =

(x, X v y), we obtain the lattice identity x v y = x Vv y.
Lattice hyperidentities in two or more binary operation
symbols, such as the above hyperidentity e, rely strongly on
the &ebsorption property of lattices for their validity.
Note however, that the ebsorption hyperidentity F(G(x,y),x)
= x 1s not satisfied by L, the variety of all lattices,
since it 1is not regular and thus does not yield & lattice

identity when (F,G) = (x v y, x v y).
The associative hyperiaentity,
o F(x,F(y,z)) = F(F(x,y),z),

is another exeample of a2 binary hyperidentity which holds in

L. 1t is easily seen that there are hyperidentities which
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hold in some but not all lattice vearieties. For example,

the hyperidentity
e, F(G(x,y),2) = G(E(x,2),E(y,2))

is satisfied by D, the variety of &all distributive lattices,

but none of the other nontrivial lattice varieties, and
€e>: F(GIx,F(y,2)],G(y,2)) = G(E[x,G(y,z)],E(y,2))

is satisfied by &1l modular lattices, but not L. In [25],
H.,

W. Taylor proves that there exist 2 hypervarieties, all
containing different lattice varieties, by proving that the
mep V - Vh(V), from varieties to the hypervarieties gen-

erated by the varieties, 1is one-cne on self-duzl lzattice

varieties.

In the above examples we have been discussing only
binary lattice hyperidentities. Lattice hyperidentities
involving ternary symbols are, in general, much more diffi-
cult to check, since there are infinitely many polyncmials
Lo substitute. It is thus natural to ask whether &zll lat-
tice hyperidentities are determined by those involving only
binary functions [25, Problem 3]j. The first result of this

chapter answers this question in the negative.

Theoren 4.1. Let V be & nontrivial veriety of lattices or

the variety of all semilattices. Then for any integer m,
there exists a hyperidentity e, such that € holds in V but e

. .
is not & consequence of H' (V).
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Hyperidentities with at most two variables are also
relatively easy to verify in L. Consider, for example, the

lattice hyperidentity
o Flx,x,y) = E(x,E(x,x,y),FEQy,x,y)).

Since o« has only two variables, it is obvious that « will be
a lattice hyperidentity iff o« 1s a distributive 1lattice
hyperidentity. Thus to verify that « holds in L, it 1s
enough to check o for each of the 16 ternary distributive
lattice polynomials. 1t is thus natural to ask, analogously
to [25, Problem 3], whether H2(L) contains a basis for L(L).

This is not the case either.

Thecrem 4.2. Let V be a nontrivial veriety of lattices or

the variety of &ll semilattices. Then {for any integer n,
there exists a hyperidentity e, such that € holds in V but e

is not a consequence of Hn(V).

We shall prove Theorems 4.1 and 4.2 by constructing a
lattice hyperidentity e which is not a consequence of H™ (V)

U Hn(V), thus proving the following thecoren.

Theorem L.>. Let V be the veriety of &all semilattices or e

-

nontrivial veariety of lattices. For eny two integers m and
n, there exists & hyperidentity e, such that € holds in V

but € is not a consequence of LH'(V) u Hn(V).
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Figure 4.1

Corollary 4.4. The hyperidentities of V are not finitely

based.

Proct c¢f Theorem 4.53.

Given V, m, and n, we shall construct a hyperidentity e«
which 1is satisfied by L, the veriety of &ll lattices. From
this we shall deduce that ¢ 1s satisfied by any nontrivial

veriety of 1lattices, &and also by SL, the variety of all
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semilattices. Finally, we shall exhibit an algebra A which

satisfies H™(V) v Hn(V) but not e.

We begin by defining a hyperpolynomial:

P = E(E(XO,E(XO,XO,E(...,E(xo,..,xo,g(xo,..,xo,xk_1),xo),.
.)..),..),xo,..,xo,xo),
where k = Esup{m,n}’ F is k-ary, and X is the only veriable

except tor the single occurrence of Xp_qe See Figure 4.1 for

v X Vieeoeoo

the tree depicting P. We also set t = x_ v x o

o} 1

Y b = x A A X A oA X
X x1 2

K17 o and 1if p is any k-ary

k-1

lettice polynomial, for O < 1 < k, we set

Pi = PUXg Xy ee XXy 19X se X)),

where X, g is substituted for the i'th veriable ot p, and X
is substituted for all the other variables. Cbviously pi €

{xo, X ¥ Vo Xp_qr Xg oA xk_1}, for ¢ < 1 < k.

We now claim that if p is 2 lattice polynomiel, then

P(p) = Xo ¥V Xp_q if p=t, P(p) = Xo N X9 if p = b, and

It

P(p) », otherwise. We discuss scveral cases:

(i) 1If for some i (0 < 1 < k), P, = Xg» then P(p) = X

(ii) 1f for some i (0 < i < k), sy Xi_17 then since p

is 1isotone,
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Thus, 1if p. = Xy _ then p

(iii) If for all i (O

A

i < k), p. = x_ v Xp-1 OF Py =
Xo A Xp_qa

to the absorption identity we agein obtain P(p) = x

and for some i,j (0 < i,j < k), p. # Py then due

(iv) Finally, if for 211 i (0 = i < k), P, = Xg YV Xp_ ¢

then

p = p(xc,x1,...,xk_1) v p(xo,b,b,...,b) v
p(b,x1,b,...,b) v p(b,...,b,xk_1)

= Xg VX VooV OXp g,

o K1 (and dually if Py = Xg A Xp_g for =all

We neow define ¢., for 0 < 1 <« k-1, to be the

hyperpolynomizl obtsined from P by replacing X1 by

G. = e ey Xs . . S e e
-1 E(Xo’x1’ RSP R RS ERE FY-3 ’Xk~1)’

where 91 is obteined from F by replacing x. 1 by x.

i+ i’

Gi_q 1s obtained from P by replecing 211 the x_'s by
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Figure 4.c¢

Xy, and replacing x, _, by E(x1,x1,x2,x3,...,xk_1). (See

Figure 4.2.)
For 0 < 1 < k-1, and p = t, we have

.. ( = X vV X V .v. V X. V X. AV ... V X
31(p) o} 1 1 i+c k-17

which is one of the dual atoms of FL(R) (end dually if p =

b), e&nd if p # t or b, then

gl(p) = XO.

Finaelly, if p = t, then

Qk~](p) = Xy Vo Xq VX5V x3 Voo VX
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Figure 4.3

(and duelly if p = b), and if p # t or b, then

We are now ready to define our hyperidentity e. Let

Q = K( vg1’g2’j°";k-1>’

as shown in Figure 4.3, and let e be the hyperidentity &

R.

It is easily seen that C(t) = R(t) = t, Q(b) = K(b)

]

b, and 1i{ p # t or b,

Q(p) = K(p) = p(xo,xo,...,xo,x1).

Thus € 1s satisfied by L. Cbviously, it follows that e will
be swetisfied by @any nontrivial veriety of lattices, and also

by SL.

Wwe now define A = <A; > by letting 4 = FSL(k), the



free scmilattice on Kk generators, Bor8qs e o and

defining f as follows:

(1) f(xo,x ) = x_, if {xo,x1,...,x

1reeea ¥ ) T X
set of duzl atoms of A4,

k-1} is thne

(ii) f(xo,x1,...,xk_1) T Xy VXV oe.. VX

O

otherwise.

If p is any A-polynomial in the veriables X5 iel, we
shall say that g = V(xil iel), is the semilattice polynomial

corresponding to p.

Clearly
Q(I)(ao,a1,...,ak_1) = 8, Vo8, Ve..voa g,
ﬁ(f)(ao,a1,...,ak~1) = a, vVoa,v voa,_qs

and thus € 1s not satisfied by A.

Since the free semilattice on supi{m,n} generators has
k-1 elements, any subalgebra of A, generated by at most

supim,n} elements, ceannot contain the set of k dual atoms.

Tnus every A-polynomial 1in the variables Xio iel, Il =
supi{m,n}, 1is equel to the corresponding semilattice
polynomial V(xil iel).

If H is & hyperpolynomial with h distinct symbols of

arity at most m, Pore++sPy_q 2are A-polynomials of
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appropriate erity, and Qgre++3Qyp_qy) &rc the corresponding
semilattice polynomials, then it cen easily be shown by

induction on the rank of H, that
HCpoyeeoupy_q) = Hlagseevhqy_ 10,
the corresponding semilattice polynomizl.

Thus A satisfies H™(SL) and since H™(SL) clearly con-

I

tains H™(V),A also satisfies H™(V).

If H is & semilattice hyperidentity with at most n

variables, and if H has h distinct operation symbols, then

for all A-polynomials Por - of appropriate arity, the

-1Pp_qy
polynomial E(po,...,ph_1) will have at most n variables and
will thus be equal to the corresponding semilattice poly-
nomieal. The algebra A thus satisfies all semilattice
hyperidentities with at most n variables, and, as 1in the
previous paragraph, this means that A satisfies Hn(V). The

algebra A thus satisfies H™(V) wu H (V), but not e, which

completes the proof of theorem.

In the beginning of this chapter we showed that in the
variety of all lattices, hyperidentities are easier to check
if the nuuber of variables, or the arity of their symbols,
is restricted to two. 1t is &also easy to verify hypecr-
identities wnose formetion trees have the property that the

number of distinct branches lezving any node is at most two.
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If P is a hyperpolynomial of this type, with Kk operation
are two sets of

symbols, and 1if Pyre- and Ay eee

'7pk_1 ’qk—1’

lattice polynomials of appropriate arity such that p, = qy

(0 = 1 < k) in the variety of distributive lattices, then

_P_(PO,--- ’pk—'l) = g(qo,...qk_1)

in the variety of 1lattices. This can easily be proved
inductively by using the fact that if P and q; are equal as
distributive lattice polynomials, and if all the variables
of Py and q; are replaced by X, and X4 (so that the cor-
responding variables of P; and q; are replaced by the same
varisble x,, 1 « {C,1}1), then p, and g, will yield the same
binary lattice polynomizl. Thus hyperidentities of this

type can agsin be verified by making a finite number of

substitutions. An example of such a lattice hyperidentity 1is

o E(E(X,Y,X),E(X,Y,X),Z) = E(E(nyyz),E(Y:Y7Z)7E(X,XJZ))'

It is c¢lear from the proof of Theorem 4.3 that the class of
211 lattice hyperidentities with the property that the
number of distinct branches leaving any node 1s bounded,

will not contain a basis for H(V).

In Chapter Three we showed that HY(SL) is finitely
based. Whether or not this is the case for Hn(L) remains an

open question.



CHAPTER V
THE LATTICE OF HYPERVARIETIES

In this chapter we shall examine the order relationships
between Vh(SL), the hypervariety generated by the variety of
all semilattices, and some other members of the lattice of
hypervartieties such as V (A), V, (D), V (DS) and Vh(M) where
A is the variety of abelian groups, D the variety of
distributive lattices, DS the variety of diagonal semigroups
and M 1s the variety generated by the ternary median
algebra. We shall prove that in the 1lattice of hyper-~
varieties, Vh(SL) = Vh(A) A Vh(D) and Vh(SL) covers Vh(DS),

obtaining a basis for H(DS) as an easy corolleary.

In order to do so we first give a definition and prove
an €asy lemma. If P is a hyperpolynomial in the operation

symbols F,,...,F o € st(P) is a string of P, and

_‘n’
S = {psl 0 <ixs<mn, p;s= Vijl Jje d}

is & set of semilattice polynomials such that the arity of

Py is equal to the arity of Ei’ 0 < i < n, then we shall say

that « is contained in S 1ff (Ei,k) is a term of o implies

that k ¢ Ji. For example, if P = 51(52(X,y),2), o

<(£1,1),(£2,2),y> and S = {p1,p2} where p; = x v y and p,

y, then ¢ is contained in S. Note that y ¢ V(E(p1,p2)).
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Lemma 5.1. Let P be a hyperpolynomial in the symbols 51,..
..,F, and S = {pi| 0 <i<mn, p; = v(le J € Ji)} a set
of semilattice polynomials of .corresponding arities.
Then x € V(Eﬁp1,...,pn)), the set of variables of P(pq,..
-+sP,), 1ff there exists a string o ¢ stP(x), the set of

strings of P terminating with x, such that ¢ is contained in

S.

Proof. We induct on the length 1(P) of P. If 1(P) = 0, the
statement is obviously true. We now essume that the lemmea

holds for hyperpolynomials of length less than n and that

1(P) = n. We let P = F (P;,...,P

) - Then x € V(P(p1,..,pn))
iff x e V(Pj(p1""’pn)) for some j € J, 1iff there exists a

string o € stP(x) such that o terminates in P J e Jk (that

j’
is, the first term of a is‘(Fk,j), J e Jk), and a', the
string o« restricted to Pj’ is conteined in S (by the induc-

tion hypothesis) iff o is contained in S, completing the

proof of the lemma.

Lemma 5.2. Vh(SL) < Vh(A) A Vh(D) in the lattice of

hypervarieties.

Proof. A hyperidentity P = Q in the symbols 51""’Fn holds

in SL iff V(g(p1,...,pn)) V(g(p1,...,pn)) for all sets S =
{p1,...,pn} cf semilattice polynomials of appropriate arity.
by Lemma 1.6 znd Lemma 5.1, this is the case for any hyper-

identity (P = Q) ¢ H(A), so we have H(A) < h(SL) (that is,
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Vh(SL) c Vh(A)). Since the clone C(SL) is isomorphic to a
subclone of C(D), we have Vh(SL) c Vh(D), completing the

proof of the lemma.

Since the associative and idempotent binary hyperidentities
are satisfied by D but not A, and the binary median hyper-
identity is satisfied by A but not D, we have H(SL) < H(A),
H(SL) < H(D) and [HZ(SL)] = [H2(A)] v [HS(D)] (in fact,
[H2(SL)] = [E2(A)] v [H®(L)1) in the lattice of closed sets
of hyperidentities. We shall prove that [H"(SL)] = [H™(a) ]

v [H"(D)] for arbitrary n, from which it follows that V (SL)

Vy(A) A V(D)) (whether it is elso true that Vh(SL) =
Vh(A) A Vh(L) remains an open question). To prove this, it
is enough to show that'zn(iii) is a consequence of HY(D)
Hn(A), since En(i), the idempotent hyperidentity, holds in

D, and the other two hyperidentities of 2” hold in A.

Lemma 5.3. The hyperidentity

F 1,...,xn) = E(x1,E(x1,x2,..,xn),x3,...,xn)

is satisfied by the variety of all distributive lattices.

Proof. Let p be an n-ary distributive lattice polynomial.

We write p in the form p = V(AK.| 1 e I, K; ¢ {X1""Xn})

and define Ki to be the following set:

Ki K

10 1f x5 & Ky

H



Figure 5.1

That 1is, whenever X5 is & member of PH_ we obtain K{ by
replacing X5 by the polynomial p. Clearly, A Ki < p, for
each 1 € I, and consequently V( /\K{) < p, that 1is,

p(x1’p(x1’...’Xn)’x5"..’xn) < p‘

We can also write p in the form p = AV le Jj e d, Lj <

{x1,..,xn}), and if we now proceed as abcve, we obtain

p(x1,p(x1,..,xn)xQ,..,xn) > p, completing the proof.
Lemma 5.4. Let

P = F(EIxq,F(x5,X5,..,X ), X ,...,xn],E[w1,£(y1,

).

<
-

~
-z

N

""yn)’WZ"' W 1,

"Wy 10000 Zpnop

(See Figure 5.1 for the corresponding formation tree.) If
the variable x, of the string o = A(E,1),(F,2),(E,2),x5> 1is

replaced by Yo to obtein the hyperpolynomial
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Pt = E(E[xl,g(xg,y2,x2,..,x2),x3,...,xn],§[w1,§(y1,

.,yn),wz,..,wn_1],z1,..,zn_2)
then (P = P') e H(D).

Proof. Let p be an n-ary distributive lattice polynomial,
and let P, = F(x,,..,x5) and P} = E(x2,y2,x2,..,x2). We now

examine four cases:

(1) If Ei(p) = X4

5, then obviously, P'(p) = P(p).

(ii) Pi(p) = x, v y,. If we write p in the form

p = NV le j e d, Ly c {xq,..,x,}), then each Lj’ j e J,

J
contazins both X2 and some variable Xy 0 k z z., Thet is, we
can wWrite p = Xo v q(x1,xq,..,xn) for some (n-1)-ary dis-

tributive lattice polynomial g. Consequently,

E(p) = y2 v q(yT’YB""yn) v Q(W1,..,Wn_1) v
qlx, v q(x1,x3,..,xn),z1,..,zn_2),
P'(p) = yz v alyq,¥gs-0hyy) vVoalug,.u,wpy q) v

q(x2 VY, v q(x1,x3,..,xn),z1,..,zn_2).

Now P(p) = P'(p) is a distributive lattice identity iff P(p)
= P'(p) holds for the two element lattice <{C,1}; v,a>. 1If
y- = 0, then x5, v y, = x5, so the identity P(p) = P'(p)

holds ifor y, = C. If y. = 1, then P(p) = P'(p) = 1, and

agein the identity holds, so P(p) = P'(p) holds in D.

(iii) The case P'(p) = Xo A Yo is the dual of (ii).
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(iv) P'(p) = Yo is only possible when p is the second

projection X5, SO the proof of the lemma is complete.

Lemma 5.5. The hyperidentity

€ g(f(x1,..,xn),g(u,u,y1,...,yn_g),z1,..,zn_2)

E(E(X-]y--1Xn)’E(Xzauay']y--7yn_2)721;-'72n_2>

is s consequence of H(D) v H(A).

-

Proof. By Lemma 5.3 and idempotence, if

|mo
1
"1
P
1]
~~
>

NI 1,~‘)Xn)7E(U7U1Y17"'yyn_2)’217";Zn_2)1

Is)
1

g3
~

11
-
>~

2:"aX2)1x33'-:Xn)’E[E(X17°°7Xn):E(U’UyY1!

""yn—2)’21”"Zn—2]’21""zn—2)’

then P <=> ¢, where P <=> ( denotes (in this proof only)

that P = Q is a consequence of H(D) v H(A). By Lemmea 1.6,
we can now Switch the variables X5 and u of the strings
<(F,1),(E,2),(F,2),x5> end <(F,2),(F,z),(F,1),u> of Q to
obtain a tree Q' with Q@ <=> Q', &nd then by Lemmea 5.4, we
can replace the variable u of the string <(F,1),(F,2),

(F,2),u> of Q' by x5, completing the proof.

Tlecrem 5.6. V_(SL) = Vh(A) A Vh(D).

h ¢

Prcof. The theorem follows immediately from Lemma 5.5 and

the results of Cheapter Three.
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As was pointed out in the discussion preceaing Lemma
5.3, [H™(SL)] = [H™(a)] v [H™(L)] for n = 2, but we do not

kriow whether this holds in genersl.

Problem 5.1. 1Is Vh(SL) = Vh(A) A Vh(L)?

It is fairly easy to see that neither V (A) or Vv, (D)
are covers of Vh(SL). In the case of Vh(D), consider the
variety M generated by the median algebra M = <FD(3), m>,

-~

where FD(S) is the free distributive lattice on 5 generators

and m is the ternary median polynomial n(x,y,z) = (x v y) A
(x v 2) A (y v z). Since the only ternary polynomials of M
are m, x, y, and z, &nd since x = nm(x,x,y) = m(x,y,x) =
m(y,x,x), m(x,y,z) = m(x,z,y) = ..... = m(z,y,x) and
m(m,x,y) = m, it is easily seen that

@ F(x,x,F(z,z,y)) = F(x,x,y)

is satisfied by M but not SL (since o is not regular), ana

the ternary median hyperidentity

w<3>: E(E(x1,x2,x3),E(y1,y2,y3),5(21,22,23)) =

F(ECxq,y9,29) ,E(xp,y2,25) ,E(xg,y2,22))

<
-

is satisfied by SL but not M (set F = m, Xq = ¥y = 24 = 2y =

z. = 0 2nd all the other varisbles equal to 1). This proves

{ar

that V, (SL) and Vh(N) are incomparable. The semilattice

h
hyperidentity
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e: F(F(x,x,8),F(y,y,b),F(z,z,c)) =

E(E(X,Y,Z) ,E(X,y,Z) ,E(a,b,C))

is satisfied by M but feils in D (set F = z v (x a y) and
substitute 1 for x and b, and O for the remaining variables

of the resulting identity), so we have
Vh(SL) < Vh(SL) v Vh(h) < Vh(D).

To show that Vh(SL) is not covered by Vh(A), consider
22, the additive group of integers modulo 2. We claim that

the semilattice hyperidentity
p: F(F(...(E(x))...)) = F(x),

where F occurs n times on the left (for some arbitrary
integer n), is satisfied by 22. For 1f p 1s any unary
pclynomial of 22, p is of the form p = mx, and substituting
p for F yields the identity m"x = mx. This holds in Z2 if
m? - m is even, which 1s &always the case. Consequently,
Vh(SL) v Vh(ZZ) < Vh(A). It is also easily seen that the
hyperidentity

ai F(E(x,y),F(y,x)) = F(x,x)

is satisfied by Z, but not SL. Thus, since Z, is not

idempotent, Vh(ZE) end Vh(SL) are incomparable, and

Vh(SL) < Vh(SL) v Vh(ZZ) < Vh(A).
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We saw in Chepter z that Vh(DS) < Vh(SL). We shall now

prove that this is a covering relationship.

Theorem 5.7. Let [ = W(EL"| n<w) where 1" is defined as in

Chapter Three and let (P = Q) e H(DS) such that (P = Q) ¢

H(SL). Then Lu {P = Q} is a basis for H(DS).

Proof. Let (P = Q) ¢ H(DS) be a hyperidentity in the
operation symbols F.,...,F such that (P = Q) ¢ H(SL). e

—il

shall (in this proof only) write R <=> Q whenever k = Q is a
consequence of z,u {P = Q}. To prove the theorem, we neced
to show that if K = S is an m-ary hyperidentity (for

arbitrary m) which models projections, then R <=> S.

Since (P = Q) ¢ H(SL) there exists & set 5 = {p1, ceey Pyl
of semilattice polynomiazls of appropriate arity such that

the identity

&rf P(Pyyeeesp,) = QPyyennypy)

is not regular. By Lemma 1.3(v) ap can be viewed as a
hyperidentity « 1in the operation symbol v. Let y be a
varizble which &@ppears only in one side of «a. Since «

models projections, replacing all variables except y by the

varisble x ylelds
o't (x v y) v x <=> x.

If the symbol v of o'ls replaced by the K(x,y,...,y), where




§1
K is m-ary, we obtain

KK(X,¥yeee,¥) 3%, 00.,%) <=2 X.

We now let T = K(K(x,y,...,¥),X,...,x). We thus have

KK(X,¥,enee,¥) 3%, 00u,x) <=2 K(K(T,T,...,T,y) X, 00, ,X)
since this 1is a semilattice
liyperidentity
<=> K(K(X,X,0ue X3 ¥) 34Xy 000,X)

since T <=> X,

and we thus obtzin

@ KK(x,X, o0, X,¥),X,...,X) <=> X.

We thus also have, letting ﬁy = ﬁ(g(x1,...,x],y),x1,...,x]),

ﬁ(ﬁ(x1,...,xm_1,y),xm,...,x2m_2)

<=> é(g(x1,...,xm_1,§y),xm,...,x2m_2) since this 1is &

semilattice hyperidentity

<=> 5(5(X1""’Xm—1’Ez)’xm""’XZm—2) by @

<=> K(K(x1,...,xm-1,z),xm,...,x2m_2) since this 1is

again & semilettice Lyperidentity,

thus obtaining the hyperidentity

€ 5(§(x1,...,xm_1,y),xm,...,x2m_2) <=>

17 —1’2)’Xm""’x2m—2)'

Let R = S be & hyperidentity in the m-ary symbols
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F

-1,00-’£

r which models projecticns. By Lemms 3.13, we can
obtain hyperpolynomials R' and S' such that R' and S' are
uniform, and for each k, k £ r, the symbol Ek occurs the
same number of times in R' and S'. If « is any string
containing more than two distinct turns of some operation

symbol F, (that is, o has terms (Ek,i) and (Ek,j), i £ 3),

then by €, and the results of Chapter Three, the variable of

« can be replaced by Xy he can thus obtain hyperpoly-
nomials K'' and S'' such that RK'' and S5'' are formally
equal, R <=> R'' and S <=> S5'', completing the proof of the
theorem.

Corollary 5.7. Vh(SL) covers Vh(DS) in the lattice of

hypervarieties.

Corollary 5.8. Vh(SL) A Vh(M) = Vh(DS) and Vh(SL) A Vh(ZZ)

= Vh(DS).

Corollary 5.9. Y v {F(F(x,y),x) = x} is a basis for H(DS).

For @& summary of the results of this chapter see Figure
5.2. Meets and Jjoins in the lattice of hypervarieties are
as shown, with the solid line indicating thet Vh(SL) covers
Vh(DS), and the dotted lines indicating thst we do not know

whether or not they are ccvering relstionships.
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