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Abstract

In this study, we present proofs of results of Helton, Kelp, and McCullough from [§]
on inclusions of free spectrahedra and their relationship to completely positive maps.
Our original contributions extended some of their results to the setting of completely

bounded maps.
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Introduction

1.1 Linear Matrix Inequalities

Recall that a linear matrix inequality for the variable z = (x;,22,...,2,) € C9 has
the form

g9
LA(iL’) = Ay + ijAj >0,

j=1
where Ao, Ay,..., A, € SC" and SC™*" denotes all complex self-adjoint n x n
matrices. Moreover, the expression L4(x) = Ay + 29: z;A; is called a linear pencil.
J. C. Willems [4, p.27] was the first person tﬁ; introduced using of the term
“Linear Matrix Inequalities” which is abbreviated as LMIs. The current interest in
this subject is due to the pivotal role that LMIs have played in solving numerous
engineering problems in terms of system and control theory and its connection to
convex optimisation problems [4],[9]. For instance, solving some system and control

theory problems can lead to solving a semi-definite program which can be written as

a LMI. Consider the problem of minimizing a linear function of the variable z € RY:

minimize CTx

g
subject to La(z) = Ag+ > _ x;A; >0,

=1



where C € CY and Ay, Ay,..., A, € SC™? are fixed [4]. In recent years, various
investigations have been conducted on semi-definite programming based on LMIs
and spectrahedra where the spectrahedra is the set of x € C9 for which La(xz) > 0
[14].

Free spectrahedra is the generalization of the spectrahedron in the sense that we
use g-tuples of matrices X € (SC™™)¢ in our pencils instead of vector x. Recall that
the positivity domain of the linear pencil L4(X) = Ay ® I, + 29: A; ® X is defined
as -

Dy, = {X € (SC™™)7| Ls(X) > 0,n € N},

this is also called free spectrahedra.

An easy calculation shows that spectrahedra is a convex set. A free spectrahedra
fulfills a stronger convexity property namely matrix convexity. A set F of matrices
is matrix convex if and only if every matrix convex combinations of elements of F
are in E, i.e. for every matrices A;,...,A; € E and A; € My, the sum of the
form zg:Vj*AjVj € B with matrices V; € My, ;, such that zg: ViV; = I,. In [6], the
geomét:rly of matrix convex sets and their relationship to c]::rlnpletely positive maps
and dilation theory were investigated. In particular, for two given matrix convex
sets S = U S,and T = U T,., they identified the geometric conditions on S or T
such thatng'i CTi impliesng'lg CT for some constant C'.

When it comes to free spectrahedra and LMIs, we can ask the following questions

for two given pencils

g g
LaX)=I4,®0L,+> A;j®X;,Lp(X)=1,®1,+ ) B;®X;, X € (SC"")9:

j=1 j=1

(a) When does the inequality L4(X) > 0 imply Lg(X) > 07

(b) When do inequalities L4(X) > 0 and Lg(X) > 0 have the same solutions?
Ben-Tal and Nemiroski’s paper [3] is an example of answering the first question.
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More precisely, they determined for which linear pencils La(z) = I + Zg:xjAj the
=1
inclusion ((—1, 1))g C Dr,(1) = {x € CI La(x) > 0} holds. Their intierest in this
problem originated from a semi-definite programming problem.
Later in 2013, Helton, Klep and McCullough [§] verified that La, Lg give rise

to the same positivity domain(free spectrahedra) if and only if there exist matrices

Ei,...,E, € Crdr»ndx (; € N) such that

“w
Lp(X) = B{LA(X)E\ + ...+ E:LA(X)E, and Y EXE; = 1.

=1

Besides that, they identified that L4(X) > 0 implies Lg(X) > 0 if and only if there
exists a natural completely positive map between the sets Sy := span{/, A;,..., A}
and Sp := span{l, By, ..., B,} where A, ..., A, € SC"*% and By,..., B, € SCdxd,
In this thesis, the relationship between inclusions of the free spectrahedra in terms
of the existence of the completely positive and completely bounded maps between
S4 and Sp will be investigated. This thesis is organized as follows:

Chapter [2] is dealing with some basic definitions and technical preliminaries re-
garding completely positive and completely bounded maps.

In Chapter [3 which follows the Helton, Klep, and McCullough paper [8] closely,
the conditions under which question (a) might be answered will be discussed. In ad-
dition, we will use one important tool in operator theory, namely complete positivity,
to deal with question (b). For instance, under some conditions, L4(X) > 0 implies
Lp(X) > 0if and only if there exists a natural completely positive map between the
subspace Sy and Sp spanned by matrix coefficients of L4 and Lp respectively.

Chapter [4] contains the original contributions of this thesis. Therein, we will find

a relationship between

A= {X e (C™) Iy (x0)) <1}



and

Ap = {X e (C™)"| I (X)) <1}

that characterizes when there exists a natural completely bounded map between the
sets Sy and Sp.

Moreover, we will exhibit that there is a relationship between Dy, and Dy, that
characterizes when there exists a natural completely bounded map between S4 and

Sp. Basic tools from [8] will be used to accomplish this goal.



Preliminaries

In this chapter, we will review and recall some basic preliminaries along with some

technical theorems that we need in the following chapters.

2.1 Basic operator theory

Recall that if T is a bounded linear operator on some Hilbert space H, then T is
positive if (T'f, f) > 0 and T is positive definite if (T'f, f) > 0 for f € H(f # 0).

For instance, the direct sum of two matrices A = (ay;);;—; and B = (by;){;—,, i.e.,

A® B =
0 B
and their tensor product
CLHB Ce alnB
A® B =
amB ... a.B

are positive definite whenever A, B > 0.



Now, we state the Schur complement condition for positive definite matrices.

A B
Theorem 2.1. Assume Y is a self-adjoint block matrix such that Y =

B* C
Then the following hold:
(1) If A > 0, then Y is positive semi-definite if and only if C — B*A™'B > 0,

(2) If C > 0, then Y is positive semi-definite if and only if A— BC~1B* > 0.

Proof. (1) Consider the following decomposition:

A B 1 0] |A 0 I A'B
B* C B*A™' I |0 C—-B*A7'B| |0 I

Let A > 0 and let Y be positive semi-definite, then by the virtue of the above

decomposition we have:

A 0
>0

— Y

0 C—-B*A™'B
which is equivalent to saying C' — B*A™'B > 0. On the other hand, if we have

C — B*A~'B > 0, then by using the above decomposition we obtain Y is positive

definite.
(2) follows the same argument as in the previous part. O
T1+ T3 To— 1
Example 2.2. Consider the following linear pencil L(x) = > 0.
Ty — 1 T
Here we have
0 -1 10 0 1 10
AU_ 7A1_ ;AQ_ 7A3_
-1 0 01 10 00

If &1 4+ x5 > 0, then by theorem[2.1] the LMI L(z) > 0 is equivalent to

(.1’1 + .Tg).il?l — (IEQ — 1)2 > 0.



A

A unital Banach algebra B is an algebra over C endowed with a norm || - || such
that B is a Banach space under the norm || - || which satisfies the following additional
conditions

L =1,

2. [labl| < |lall||b]| for a,b € B.

Let B be a Banach algebra over C endowed with a conjugate linear involution map
a — a* such that ||a*a|| = ||a||?, a € B. Then, we say that B is a C*-algebra. Recall
that B(H) is a C*-algebra.

Lemma 2.3. [5, Corollary 1.10.6, Theorem 1.10.7] Every x-representation of M,
is unitarily equivalent to a multiple of the identity representation. Moreover, every
finite dimensional C*-algebra is x-isomorphic to éMk In particular, if the C*-
algebra is simple and finite dimensional, then it z'sziz'somorphic to M,,.
Proposition 2.4. [7, Proposition 4.33, Corollary 4.34] Let A be an operator on some
Hilbert space H. Then the following hold:

(1) If A is positive, then there exists a unique positive operator B such that
B?=A.

(2) A is positive if and only if there exists an operator E such that A = E*E.

Recall that if A is an operator on some Hilbert space H and M is a closed
subspace of H, then:

(1) M is an invariant subspace for A if A(M) C M.

(2) M is a reducing subspace if A(M) C M and A(M*) C M+,

Lemma 2.5. Consider a positive and self-adjoint linear operator A : H — H such

that there exists x € H with the property that (Ax,x) = 0. Then, Ax = 0.



Proof. By using the proposition we obtain A = A2 A3, Consequently, we have
(A%x,A%@ = (Az,x) =0,

which is equivalent to saying ||A2z|| = 0. Therefore, Az = 0. O

For a bounded linear operator 7" on some Hilbert space H, the numerical range
W (T) and numerical radius w(7") are defined as follow:

(1) W(T) :={{Tw,z) : weHlaxf| =1},

(2) w(T) == sup{la| : = € W(T)}.

Recall that for every bounded operator T' on Hilbert space H, we have:
w(T) < |IT|| < 2u(T),

which implies that the numerical range of a non-zero operator T is non-zero [11]

p.428].

Proposition 2.6. [7, Proposition 4.42] Let A be an operator on some Hilbert space
H, M be a closed subspace of H, and Py be the orthogonal projection onto M. Then:
(1) M is an invariant subspace for A if and only if PyyAPy = APy, which in
turn is equivalent to A*(M*) C M+,
(2) M is a reducing subspace for A if and only if PyyA = APy, which in turn is
equivalent to saying A*(M*) C M+ and A*(M) C M.

Note that if A is an operator on Hilbert space H and M is a closed subspace of

H, then according to the decomposition H = M @ M+, we have

A — All A12

A21 A22

where AH = PMAPM, A12 = PMAPMJ_, A21 = PMJ_APM, and A22 = PMJ_APMJ_.



Furthermore, if we suppose M is an invariant subspace for A, then:

O PMLA|ML

2.2 Convexity

Recall that the closed line segment joining two points a and b in R"™ is the set
[a,b] = {(1 = X)a+ Ab:0 < X< 1} and the open line segment joining two points a
and b is (a,b) = {(1—=X)a+Ab: 0 < X < 1}. Moreover, the convex hull of the points
ai,...,a; in R™ is the intersection of all convex sets containing ay, ..., a;, which is
denoted by con{a,...,a;}. Furthermore, the topological interior, and topological

boundary of the set T} € R™ will be denoted by int T} and 0T} respectively.

Lemma 2.7. [§ Lemma 3.10] Assume 11,15 € R" are closed convex sets such that

T1 Q TQ, 0 € int T1 Nint T2 and 8T1 Q 8T2 Then T1 = TQ.

Proof. Assume T} C T, but T} # T,. Then, there is z € Ty, z ¢ T}. We know that
[0,z] N Ty = [0, uz] for some 0 < p < 1( because [0, z] N7} is a convex subset of a
line segment [0, z] and z ¢ T7). That is to say, uz € 97} and 07y C 0T5. Therefore,
pz € 0T;. Moreover, since 0 € int T}, there is € > 0 such that the disk D(0,¢) C T3.
Now, we define V' = con ({z}, D(0,¢€)), then by convexity of T3, we conclude that
V C T,. On the other hand, by convexity of V, (0,2) € V and V C T. Thus,
pz~+ (1—p)0 € V. We claim that pz € int V' which is equivalent to saying that there

exists 0 > 0 such that D(uz,d) C V. To see this, consider z = (1 — ) (ﬁ%‘f) + pz.

T—pz

1 < € which
1

Therefore, x € V if (%‘Lz) € D(0, €) which is equivalent to saying

in turn is equivalent to ||z — pz|| < €(1 — p). Also, we have int V' C int T3, and

therefore pz € int Ty, but this is in contradiction with pz € 97T5. O



2.3 Completely bounded maps

In this section, first we will define completely positive and completely bounded maps.
Then, we state some important theorems regarding these maps which are our tools
in the next chapters.

If Ais a C*-algebra and S is a self-adjoint subspace of A such that I € S, then
S is an operator system. A linear map 7 : .S — B, where B is a C*-algebra, is called

positive if for every positive element a € S we have 7(a) > 0.

Theorem 2.8. [10, Proposition 2.1] Let 7 be a positive map as in the preceding.

Then 7 is bounded and ||7]| < 2[|7(I)]].

Assume 7 : S — B is a linear map between an operator system S and a C*-algebra

B. We say that 7 is n—positive if

7 M, (S) — M, (B)

(aij) = (7(aij))

is positive and call 7 completely positive if 7" is n-positive for every n, where
M, denotes the set of all n x n complex matrices and M, (S) denotes the set of
all n x n matrices with entries from S. Moreover, we call 7 completely bounded if
7]l = sup,, [|[7™]| < oo and completely contractive if ||7||s < 1. Recall that an

element a in C*-algebra A is positive if we have a = b*b for some b in A.

Lemma 2.9. [I0, Lemma 3.1] Let A be C*-algebra and let a € A. Then, |la]| <1 if

1 a
and only if is positive in Ma(A).
a* 1

Proposition 2.10. [I0, Theorem 3.9] Let S be an operator system and let T : S —

C(X) be a bounded linear map, where C(X) denotes the C*-algebra of all contin-

uous complex-valued functions on some compact Hausdorff space X equipped with

10



the supremum norm. Then ||T||a = ||T||. Also, if T is positive, then T is completely

positive.

Recall that { Fj;}7;_; denote the system of matrix units for Ml,, where the (4, j)th

entry of F;; is 1 and all other entries are zero.

Theorem 2.11. [I0, Theorem 3.14](Choi). Suppose that A is a C*-algebra and the
map 7 : M,, — A is linear. Then the following are equivalent:
(1) 7 is completely positive,

(2) (7 (Eij));,—, is positive in M, (A).

The following theorem shows that we can represent a completely positive map

on a C*-algebra as a compression of a x-homomorphism.

Theorem 2.12. [10, Theorem 4.1] Let A be a unital C*-algebra and let T : A —
B(H) be a completely positive map. Then, there exists a Hilbert space K, a unital
x-homomorphism I1 : A — B(K) and a bounded operator V : H — K with ||7(I)| =
|V||? such that

7(a) = V*(a)V, ac A

If 7 is unital, then V is an isometry. In addition, if we assume A, H are finite
dimensional, then K is also finite dimensional. Last two sentences can be extracted

from the proof.

The following theorem will exhibit that there is an extension(completely positive)

for the completely positive map from an operator system into B(H).

Theorem 2.13. [I0, Theorem 7.5] Suppose that A is a C*-algebra, S C A is an
operator system and 1) : S — B(H) is a completely positive map. Then, there exists

a completely positive map ¢ : A — B(H) extending 1.

11



Inclusion of free Spectrahedra

This section follows Helton, Klep, and McCullough’s paper [8] closely.

3.1 Preliminaries and Introduction on LMIs

We define a linear pencil as follows:
g
LA(ZL‘) = A() + Z Aj[L’j,

J=1

where Ag, Ay,..., A, € SC™® and x € CI. We say L, is monic when 4y = I and

g
its truly linear part Z Ajx; is denoted by L(Al).
=1
For g-tuples of matrices X € (SC™")9, we define

g
La(X)=Ao® 1, + ) A;® X,

j=1

We define the free spectrahedron of L, as:

Dy, = U {X € (sc™)’| L(X) > 0}.

neN

12



Moreover, the set Dy, ,(n) which we call spectrahedron is defined as
D, (n) = {X € (SC™")"| L(X) > 0} C (M,)".
Also, we define boundaries for spectrahedron and free spectrahedra as follows:
0Dy, (n) = {X € (SC™")"| L(X) > 0, L(X) # 0},

8DLA = U 8DLA(n).

neN
We say a free spectrahedron is bounded if there is K € N such that || X| <

K, for X € Dy,,. Note that in the previous definition we have ||.X || = max || X;]|.
(2

Example 3.1. Consider L(x) = Eyj3+xFEy1. Then, L(0) = E1; >0, so that 0 € Dy,
and FEy is not strictly positive which means that 0 € 0Dy. However, we see that
L(t) > 0 fort > —1, so in particular the point 0 is in the topological interior of
Dr(1). A

By the previous example, if the linear pencil L is not monic then the definition
of Dy, does not always coincide with the topological boundary of Dy. However, the
following lemma will establish that if we consider a monic linear pencil L 4, then the
definition of 9Dy, coincides with the topological boundary of Dy, which is denoted
by b(Dyg,).

g
Lemma 3.2. Suppose L(x) =1+ Z Ajx;, where Ay, ..., A, € SCH*% s q linear

j=1
pencil. Then,

B(Dr,(n)) = 0Dy, (n) = {X € (SC™")"| La(X) > 0, La(X) # 0}

Proof. Let X € D, (n) \ 0D, (n), i.e. La(X) =1+ LS)(X) > 0. At this part, our

goal is to show that there exist r > 0 such that if ||Y — X|| < r, then I + LS)(Y) >0

13



which is equivalent to saying X € int (Dy,,(n)) = Dr,(n)\b(Dy,(n)). Once we know
the set of all positive definite n X n matrices S is an open set, then since X € S,
there exists € > 0 such that B.(L4(X)) C S%_. Moreover, we know L, is continuous
and therefore there exists 0 such that if Y € Bs(X), then LA(Y) € B(La(X)) C
S% . which says La(Y) > 0. Now, we establish the proof of the openness of S7 ..
Since all eigenvalues of L4(X) are greater than zero, there exist € > 0 such that
La(X) — el > 0.

On the other hand, let X € 0Dy, (n), then we have La(X) >0, La(X) # 0. Our

next goal is to show that for every r > 0 there exist X,., Y, such that

La(X,) >0, La(Y;) 20, | X =X, || <r, and [|[X = Y,|| <

If we assume Y, = (1 + 2H;,H)X, X, = X, then we have
La(Yy) = La((1 4 =) X) = (14 =) La(X) = (=——)]
AT AT X T X 2 X"

so we have a positive semi-definite but not positive definite matrix (1+ 2||TX||)L 4(X)

minus ( )I, and thus at least one of the eigenvalues of L4(Y") is negative which

T
2|l Xl
implies L4(Y;) # 0. Hence, X € b(Dg,(n)).

[]

Lemma 3.3. [8, Proposition 2.1] Assume L is a linear pencil such that 0 belongs
the interior of its free spectrahedron (0 € Dy, \ 0Dr). Then there is a monic pencil

L’ such that Dy, = Dy,

Proof. We know that 0 € Dy, so L(0) = Ay > 0. Moreover, we have 0 € int(DL(1)),
therefore there is € > 0 such that if || X|| < e then X € D(1). Fix 1 < j < g and let
Y; =(0,0,...,—¢,0,...,0) € C9 Then we have Y; € D (1) which means L(Y;) > 0.
As a result, Ag —eA; > 0. Now, let £ =ran Ay and A = Ajlg, j=0,1,...,9. We

14



claim Af, : E — E is invertible. That is because: E = ran Ay C C? is closed and

ran Ag = (ker A%)" = (ker Ag)", therefore we have
ran A) = Ay (ran Ag) = Ag (ker Ag)™ = Ay(C?) = ran A

which states that A is surjective. On the other hand, we have ran Ay = (ker Ag)"
which says Aj in injective. Hence, A[ is positive definite. In the next step, we
want to show that ran A; C ran Ay for j = 0,1,...,9. If z € (ran Ay)* then z €
ker Ag, Agx = 0. Also, we know +e(A;z,z) < (Agz,z) = 0 (because Ay — eA; > 0).
As a result, (A;z,z) = 0 and we want to show that A;z = 0. To this end, we have

Ap+eA; > 0and (Agx, x) +€ (Ajx, x) = ((Ag+eAj)x, x) = 0. Therefore, by using the

0 0
lemma 2.5 we conclude that (Ap + €Aj)x = 0 and thus A;z = 0 which is equivalent
to saying = € (ran Aj)L. Hence, by knowing the fact that ran A; C ran A, along
with the argument after proposition [2.6] we conclude that

Ajlg O

j =

0 0
On the other hand, for every a,b € E' and j =0,1,...,g we have
(A;a, b) = (Aja,b) = (a, A;b) = (a, A;-b>,

which says A’ : B — E is self-adjoint for j =0,1,...,g.
Now, we define another pencil L' as L'(z) = A} + zg:A;wj. Since L = L' & 0,
=1
we obtain Dj, = Dy,. At this step, we need to constructja monic pencil L such that
Dy = D;. To this end, we know Aj is positive definite and therefore we can factor

it with invertible matrix C' as A, = C*C'. Let /Nlj = (7Y A;Cfl forj=0,1,...,9.

~ g ~
In addition, if we define monic linear pencil L = I + Zijj, then if x € D; we
j=1

15



have:

I+ Egj (c™) Ay >0,
j=1

which is equivalent to

g *
c* (1 +> (¢ A;c—lxj) C >0,
j=1
which in turn is equivalent to saying

g

j=1

which is equivalent to

x € Dy.

Therefore, Dy = Dp.

g
Lemma 3.4. [8, Lemma 2.2] Suppose La(z) = Ao + > Ajz;, where Ay, ...

Jj=1

g
SCh*d js q linear pencil. Also, assume Lp(z) = By+ Y Bjx;, where By, . ..

j=1
SC®x% s q linear pencil. Then for w = dy(1 + g) the following hold:

(1) LB|DLA > 0 if and only if LB|DLA(w) >0,

(2) Lglp,, >0 if and only if Lg|p,  (w) > 0.

Proof. (1)(=) is trivial.

(«): We will prove that if Lp[p, , # 0, then Lp|p, () # 0. Assume Lg|p,, # 0,

then there is t € N such that X € Dp,(t) and z = (z1,...,24,) € (C")?% with the

property that: (Lp(X)z,2z) < 0. Let

K:span({Xizﬂizl,...,g,j:1,...,d2}U{zj\jzl,...,dg}).

16



Let p be the orthogonal projection onto K. Note that dim K < dy(1 + g). We have:

(B; @ pX;p) z =

(bi1)pXsp ... (biay)spXp | | 21

(ba1);pX5p oo (Ddody)ipX5D| | 2

(b11);pX;p21 + (b12)jpXjpze + . .. + (b1ay)jpX P24,

(bdg1)jpXjpz1 + (bay2)jpXjpza + ... + (bayds ) jpX D%,

Since p is a projection, we have pz; = z; and pX;z; = X;z; fori =1,2,...,ds. Hence,

(B; @ pX;p) z =

which says:

(b11);p X521 + - . + (b1ay) jp X2,

(bay1)ipXj21 + - o 4 (Dandy ) 0 X 24,

(b11); X521 + oo+ (b1ay ) X2,

= : = (B; ® X))z,

(bap1); X521 + - o+ (Ddydy )i X 24,

(Lp(pXp)z,z) = (Lp(X)z,2) <0.

Consequently, pXp ¢ Dr,(1).

Let n € I;, ® ran p, then we have

=1

g
(La(pXp)n,m) = < (Ao @ Lanp + > Aj ®pij> n, 77>

= <(A0®I+§:Aj®Xj) (n@O),(n@0)>

=1

= (La(X)(n®0),(n®0)) =0,

17



thus pXp € Dy, (w).

For part (2) also we can use the same method as in part (1). O

It is interesting to know that at what level the boundedness of the spectrahedron
is equivalent to the boundedness of free spectrahedra. The following lemma provides

a detailed answer for this conjecture.

Lemma 3.5. [8 Lemma 2.3] For a linear pencil L the following are equivalent:
(1) Dy, is bounded,
(2) DL((1+ g)?) is bounded.

Proof. (1) = (2) is trivial.

(2) = (1) : For a given n € N we define a monic linear pencil as

n o ry Ty T3 ... Ty
z7 n 0 0 ... 0
1 1|n z*
Lo(z)==1lz, 0 n 0 ... 0]=—
n n
x nlg,
g 0 ... 0 n
We want to demonstrate that Dy is bounded if and only for some n, L, > 0.
Dr
nl; X*
Assume X € Dy, and L,(X) > 0, the latter being equivalent to saying >
X nl,

0.
We know by Theorem 2.1}

n X* 1
>0 if and only if nl, — X—X" >0,
X nl, n

18



which in turn is equivalent to n2[g —XX*>0,s0 XX* < nzlg. Moreover, we have
X[ = (X*(v), X*(v)) = (v, XX*(v)) < n?[Jv]*.

Thus,

X" (@)1* < n?|lo].

So, we have || X*|| < n, which says Dy, is bounded. By using previous lemma, our

assumption D ((1+ ¢)?) is bounded is equivalent to saying L,| > 0 which in turn
DL

is equivalent to saying Dy, is bounded. O]

For a linear pencil L we define matricial ball as follows:

By = |J {X e (sc)’ | lL(x)|l < 1}

neN

In lemma 3.5 we obtained an equivalent condition for the boundedness of the free
spectrahedra of a linear pencil. Now, in the following proposition, we will obtain the
relationship between the boundedness of the free spectrahedra and the boundedness

of the spectrahedron at first level.

Proposition 3.6. [8, Proposition 2.4| Let L be a monic linear pencil then:

(1) Dy, is bounded if and only if Dr(1) is bounded.
(2) By, is bounded if and only if Br(1) is bounded.

Proof. (1)(=) is trivial.
(1)(«=) We want to prove that if Dy, is not bounded, then Dy, (1) is not bounded.
Assume Dy, is not bounded. By using the lemma [3.5] there exists N € N such
that Dy(N) is not bounded. Consider a sequence {X*} C (S(CNXN)Q with the
property that || X*|| = 1 and a sequence {t;} C R* with klg& tr = o0, such that

L(tx X*) > 0. The sequence {X*} has a convergent subsequence which converges to
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X =(Xy,...,X,) € (SCV*N)9 with || X|| = 1.
For every t > 0, tX* — tX. We claim that for big enough k, tX* € Dy (N). To see
that, since L is monic, then 0 € Dy. Moreover, we know t,X* € D;. For big enough

t t
k, we have 0 < t < t;, then tX* = t—thk + <1 — t> 0. By using the convexity of
k k

D;, which could be obtained by an easy calculation, we have tX* € Dy.

Thus, L(tX) > 0 (for t € RT). If we write X = (X,...,X,), then because
| X]|| = 1 at least one of X; is non-zero and by using the fact that W(X;) =
{{(Xjv,v) : |jv|]| =1} is non-zero, we can infer that there is a non-zero vector v
such that at least for one i we have (X;v,v) # 0.

We define z := ((Xjv,v),..., (X v,v)) € C9\ {0} and the map

u:C—CN

=T,

then for m € C we have
(u* X;v,m) = (X;v,um) = (Xv, mv) = m(X;v,v) = ((X;v,v),m).
Therefore, we have u*X;v = (X;v,v) and
w Xu(t) = u* Xitv = t{Xv,v) = tz;.
Consequently,
L(tz) = (I @u") L(tX) (I ®u) (3.1)

is non-negative for all ¢ > 0, so tz € Dp(1) (tz — oo) and therefore D (1) is not
bounded.

(2)(=) is trivial.
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(2)(«=) consider the pencil L; as follows:

L1:
L I

Furthermore, we have

Br=J {X € (SC™) | |IL(X)|| < 1} = {X| T - L(X)* > 0} .

neN
By applying lemma [2.9, we conclude that By, = Dy, now we can use the previous

part to get the desired result.

A linear pencil L is said to be non-degenerate, if L(X) = L(Y) implies X =
Y for all n € N and XY € (SC"")9. In particular, a truly linear pencil L is
nondegenerate if and only if L(X) # 0 for X # 0.

For matrices A € M,, and B € M,,,, we have

CLHB e alnB bnA e blmA
A® B = . B®A=

anlB ce CLnnB blmA . bmmA

Block matrices A® B and B® A are unitarily equivalent. We call this rearrange-
ment the canonical shuffle [10, p.30].
g
Lemma 3.7. [8, Lemma 2.5] For a linear pencil L(X) = Ay+ Y _ Ajz; the following
are equivalent: -

1) L is non-degenerate,

3) the set {A;| j=1,2,...,g} is linearly independent,

(1)
(2) L(z) = L(w) implies z = w for all z,w € CY,
(3)
(4)

LY s non-degenerate.
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Proof. The proof of (1) < (4), (1) = (2), and (2) = (3) are straightforward. To
complete the proof, we prove that the implication (3) = (1). Let L(X) = L(Y)

for X,Y € (SC*")9, then LV(X —Y) = 0. By using the canonical shuffle, we get
g

Z (X; —Y;)®A; = 0. Using the linear independence of the set {A;| j=1,2,...,¢g},

j=1

we infer that X; —Y; =0 for every j € {1,2,...,g},and X =Y. ]

The following propositions will exhibit a relationship between the boundedness
of the free spectrahedra of L(z) and matrices A, ..., A, € SC™" that we used to
construct the linear pencil L(x).

g

Proposition 3.8. [8, Proposition 2.6] Assume L = I+ Y A;xz; € SC** is a monic
linear pencil and LY denotes its truly linear part. The7j:1

(1) B is bounded if and only if L™ is non-degenerate,

(2) If Dy, is bounded, then {I,A;| j=1,2,...,7} is linearly independent.

9

Proof. (1) Suppose LW is degenerate, > 2z;A; = 0 for some z; € C such that at
least one of z; is non-zero. Let z = ( ,j.z.l. ,2g) € C9\ {0}. We know tz € By a) for
every t. Thus, B; ) is not bounded.

Conversely, if B; 1) is unbounded, then by Proposition B (1) is not bounded.
So, there is a sequence {z*} C C9 such that ||2*|| = 1 and a sequence t; € R such
that t, — oo, HL(l)(tkzk)H < 1. There is a subsequence of {z*} which converges

1
to z € CY which has norm 1. So, we have HL(l)(zk)H < —. Let kK — oo we have

k]

HL(l)(Z)H < 0 which says HL(l)(z)’ = 0. Consequently, L(!) is not non-degenerate.

(2) Suppose AI + Y x;A; = 0 with A, z; € C not all zero. We may assume for
at least one index j w]e have z; # 0. Let z = (x1,...,2,) # 0. If A = 0, then
LM(tz) = 0 is positive semi-definite for every t € R. So, tz € Dy, and if t — oo, then
tz — oo which shows that Dy, is not bounded. If 0 # A € C, then by assumption we

have,

1
J
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Therefore, we have L(tz/\) > 0 for all t € R~ which shows that Dy, is unbounded.

]

For two linear pencils:

9
LA(I):]—i_Zijja Al,...,AQESC(thl,

=1

g
LB((L‘) :I—l-ZBjZL’j, Bl,...,BQESCdQXdQ,

J=1

we will study the following two inclusions for free spectrahedra,

Dr, C Dy, (ie, foralln € Nand X € (SC"™")?, Ls(X) > 0 implies Lg(X) > 0),

(3.2)
0Dy, C 0Dy, (ie.,forallneNand X € (SC"")9, La(X)>0and Ls(X) #0

implies Lp(X) > 0 and Lg(X) # 0)
(3.3)

In this part, we will characterize the relationship between L4 and Lg which satisfies

(3.2) and (3.3]). By using lemma , to check (3.2)), it is enough to use matrices of

large enough size.

Example 3.9. [8, Example 3.1] In this example, we will show that to verify condition

(13.2), it is not sufficient to use a scalar vector X € C9. To this end, let

01 0 0 01
AX1,Xo) = IT+101 0 0|Xi+1]0 0 0] X2

000 100
1 X X,
= Xy 1 0],
Xy 0 1
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and

1 0 01
(X1, X,) = I+ X+ X,
0 -1 10
1+X, X,
X, 1-X

Then, by the theorem 2.1, we have

Dp = {(X1, Xa) € (SC™™)?| T - X} - X3 >0},
Da(1) = {(X1,X2) e R?| X7+ X3 <1},

Dr(l) = {(X1, X2) € R?| X7+ X7 <1},

and we have Da(1) = Dr(1).

1 3
0 0o =2
Consider X = (X1, X,) = | |2 13 41 . We have:
0 0] |- O
L 4
1 1% 1. 377 13
- 0 0 - 10 — 0
I— |2 — 41 = — |16 >0
0 0 3 0 0 1 0 9
L4 16
which means X € Dn.
Furthermore,
_ ) 5 -
3 3
2 0o =2
2 0 5 4
I+ X X5 0 1 1 0
X I-X 0 - -
2 1 X 1 2 0
- 0
1 0 1
L B* c J
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By using lemma we infer that T'(X) > 0 if and only if C — B*A™'B > 0.
However, a simple calculation shows that C' — B*A™'B # 0, and therefore X ¢ Dr.

Thus, A(X) > 0, does not imply T'(X) > 0. A

The previous example exhibits that although two given linear pencils have the
same spectrahedra at first level, the free spectrahedra of A is not the subset of the free
spectrahedra of I'. One may consider [8, Proposition 5.3] and the algorithm following
it to construct the pencil L¢, from the given pencil L, such that Dr, (1) € Dy, (1)
but for n > 2, Dy, (n) € Dy, (n).

3.2 Main Results

In this part, we introduce the subspaces Sy, Sg as follow:
Sa=span{l,A;| j=1,...,g9},

Sgp=span{l,B;| j=1,...,9},

where A; € SC#*% and B; € SC%*% for j =1,...,g. Further, we define a unital

map 7 between Sy, Sp as:

7:84 — Sp
Aj — B, '
Note that in order to have 7 well-defined, the set S4 needs to be linearly independent.
By using proposition [3.§ the boundedness of Dy, implies that the set S4 is linearly
independent.
Recall that the tensor product of two Hilbert spaces H, K is a Hilbert space

H ® K such that for vectors (z1 ® y1) € H® K and (r2 ® y2) € H ® K we have

((r1 @ y1), (22 @ Y2)) = (1, 22) (Y1, Y2)- (3.4)
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Lemma 3.10. [8, Lemma 3.6] Let La(x) = I + zg:ijj be a monic linear pencil
—1

and Dy, be a bounded set, where Ay,..., Ay € S(de“dl. Let L=1® A+ LS)(X),
where X € (C™™)9 and A € C"*". Then the followings hold:

(1) Assume L is self-adjoint and X € (SC™™)9. Then A = A*.

(2) If L is positive semi-definite and X € (SC™™)9, then A is also positive semi-
definite.

(3) Suppose ' = A® I + zg:Xj ®A; >0 for A € C™", and X € (SC™")9.

j=1
Then, A is positive semi-definite.

Proof. (1) If we assume L = [®A+Zg: A;®X; is self-adjoint then we have: 0 = L*—L
which implies 0 = I ® (A* — A), sojj\l* = A.

(2) Let A # 0, then there is a vector z € C" such that (Az,z) < 0 with ||z|| = 1.
In the next part, we intend to exhibit that Dy, is not bounded. To this end, we

define the projection

Q:C" = Cz.

Let ' = ((X;2,2))i_; € C? and M = (QX;Q)i_,. We know L > 0,50 (I ® Q)L(I ®
@) > 0, and thus
g
I®QAQ+ D> A;®QX,;Q > 0.

J=1

Equivalently, we have:
(T®QAQ+ LY (M)t zt®z) >0, tozeCheC"
Thus, by using [3.4] we obtain

(LY(M)t® 2t ®2) > —|t|*(Az,2) > 0. (3.5)
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On the other hand, for t € C% we have

(LY (F)t,t) = < (

J

= <(zngj®QXjQ) t®z,t®z>

=1

- Z>>) )

= (LY M)t zt®z)

> —filP(Azz) (by using B).

We proved that LS)(F) > 0, which implies vF' € Dy, for v > 0 because L4(vF') =
I+ L(Al)(vF) > 0, so Dy, is not bounded.
(3) If we apply the canonical shuffle on L', then it has the form of L, so we can apply

part (2) to get the desired result. O

Proposition 3.11. [8, Proposition 3.9] Suppose La, L are linear monic pencils

such that Dy, , is bounded and 0Dy, € 0Dr,. Then Dy, = Dr,,.

Proof. 1f we assume T} = Dy, and Ty = Dy, then we have
Oy ={X €Dyp,| La(X)>0,La(X) # 0},

8T2 = {X € DLB| LB(X) > O,LB(X) f 0}

In addition, we have T3 is closed, bounded and convex. So, by using lemma [13, 1.4.1],

we infer that T} = con 971;7. Moreover, we know that 077 C 0T15. Therefore,
con 0T} C con 01y C Ty,

which implies that 77 C T5. On the other hand, we know 0 € int 77 Nint T because

both L, and Lg are monic, so we can apply lemma and attain T = Ts. ]
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As we stated in chapter , it is of the interest to clarify when L4(X) > 0 implies
Lp(X) = 0.

The next part provides an answer to our question by relating complete positivity
to LMIs. In particular, the following theorem will show that L4(X) > 0 implies
Lp(X) > 0if and only if there exists a natural completely positive map between the
sets span{/, A, ..., A,} and span{l, By, ..., B,}.

g
Theorem 3.12. [8, Theorem 3.5 Assume La(z) = I+ > Ajx;, where Ay, ..., A, €
j=1

SCh>d with Dy, bounded and Lg(x) = I + zg:Bjxj, where By, ..., B, € SC#xd,
Consider the unital linear map 7 : Sa — Sp c;e:]%ned as A; — B;.
Then, we have:

(1) 7 is n-positive if and only if D, ,(n) C Dy, (n),

(2) 7 is completely positive if and only if D, C Dr,,

(3) 7 is completely isometric if and only if 0Dy, C 0Dy,,,.

Proof. (1): Assume 7 is n-positive. Then, for every X € Dy ,(n), La(X) > 0, thus
Lp(X) = 7(La(X)) > 0.

(<): For fixed n € N, suppose L' € M,,(S4) is a positive element of the form
L'=A®1+ in ®A; >0 for A € C™ and X € (SC™")?. In the previous
part, the reasoilzizvhy we have X € (SC™")? is since L' is a positive operator, L' is
self-adjoint which implies X € (SC™*")Y .

Then, by Lemma [3.10] we have that A > 0. By applying the canonical shuffle,

g
weget L=1® A+ Z A; ® X; > 0. In order to make A invertible, we change it to
j=1

g
Ac=A+elandlet L, =1® A, + Z A; ® X;. Consequently,

J=1

1 1 9 1 1
<1®A62>L5 (I®A62> :I®I+2Aj®<A€2XjA62) > 0.

J=1
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Moreover, we have Dy, ,(n) C Dy, (n). Hence,

g 1 1
rel+3 B (AXA ) 20

j=1

which implies

Jj=1

g
I® A2 (I®I+ZBj®<A§%XjA§§)>I®A§ >0,

g
I®A+> B;®X;>0.

j=1

At this step, if we apply the canonical shuffle, we have:

g
(L) =A@+ X;®B; >0,

J=1

9
T(A€®I+ZXJ-®AJ-) > 0.

j=1

Therefore, we have proved that for L. = A, ® I + zg:Xj ® A; € M, (S4) with
Ac > 0 if L{ > 0 then 7(L;) > 0. On the other }Jl;ild, we have L' + el > 0,
so 7(L' + €I) > 0. Moreover, we have 11_1)% T7(L' + eI) > 0 which is equivalent to
saying lim._,o (7(L') + €l) > 0. Therefore, 7(L") > 0 which in turn states that 7 is
n-positive.
(2) This is a consequence of (1).

(3) Assume we have 0Dy, C 0Dy, then by using proposition we conclude that
Dy, = Dr,. Therefore, by using part (2) we infer that 7 and 77! are UCP maps
which is equivalent to saying 7 is a unital completely isometric map [10, Proposition
3.6].

Assume 7 is a unital completely isometric map which is equivalent to saying 7 and

71 are UCP maps. Let X € 9Dy, so L4(X) > 0 and L4(X) # 0. By using that 7
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is a UCP map, we obtain that
Lp(X)=7(La(X))>0.

On the other hand, we know that 77! (Lp(X)) = La(X) # 0 and 77! is a UCP map,
and therefore Lp(X) # 0. That is to say, X € 0Dp,,.
[

In the following part, we will establish another equivalent condition for two monic

linear pencils under which we will have Dy, C Dy ..

Corollary 3.13. [8 Corollary 3.7] Assume L, Lp are the same as in the previous
theorem and Dy, is bounded. If Dy, C Dy, then there is k € N and an isometry

= Ck‘d1><d2 SUCh that LB<1‘) = Z* (Ik ® LA(QZ))Z

Proof. Assume Dj, C Dp,. Then, by theorem [3.12] there exists a UCP map 7 :
S1 — 852, 7(A;) = Bj, and by using theoremwe obtain a UCP map v : C x4 —
C®*42 extending 7. By considering v, we realize that all conditions of Stinespring
representation theorem are fulfilled. Therefore, by applying [2.12| we obtain that
there is unital *-homomorphism 7 : C4*% — C%*ds and isometry V : C* — C%
such that

Y(t) = V*r(t)V, teChxh,

Since all representations of C%* are unitarily equivalent to a multiple of the identity

representation by using lemma then
() =V, @)V, Ve Crxuh ¢ chxd,

]

We call the projection p in C*(S,) central if for every B € C*(S4), Bp = pB.
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Also, we say the projection p € B(H) is a reducing projection for C*(S,) if for every
B € C*(S4), B = pB.

Lemma 3.14. Let p be a minimal reducing projection for C*(Sa) such that p ¢

C*(S4). Then, there is a minimal central projection p for C*(Sa) such that p < p.

Proof. Let Q5 = {e € C*(Sa)| e is a central projection such that p < e} and we know
(5 is not an empty set because I € Q. Therefore, if e € Q5 then p < e which is
equivalent to say ran p C ran e C C%. Hence, we know the set {dim(ran e)le € Q;;} C
NN[dimran p,d;] is a bounded set of natural numbers, so it has a minimum §. Thus,

there is p € @5 such that dim(ran p) = 4. O]

Lemma 3.15. Let p, p be same as in the previous lemma and the C*-algebra C =
C*(Sa)p be a x-algebra of operators on the range H of p. Then, the map ¢ € C +— cp

1S injective.

Proof. Assume ¢ — ¢p is not one-one, so it has a non-trivial kernel J. For T' € B(H)
and every j € J, h € H we have Tyh € JH,and T*jh € JH, so the subspace
K = JH reduces C. Moreover, assume R is the projection onto K. In the following
parts we will show:

(1) R is the unit of J,

(2) R< I —p,

B) R=1—-p.
(1) Since J is a finite dimensional C*-algebra, by using lemma it has a unit
R’ € J. Note that JH D R'H. Consequently, ran R Dran R',so R> R. If X € J,
then X = R'X because R’ is the unit of J and therefore ran X C ran R’ which
implies XH C ran R’. Consequently, ran R = JH C ran R’ which is equivalent to
saying R < R'. As a result, we infer that R = R'.
(2) R is the unit of J, so Rp = 0 by definition of J which says ran R C (ran p)*.

Moreover, we know that ran § C (ran R)" = ran(/ — R), thus p < I — R and
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minimality of p yields p < p < I — R. Consequently, we have R < I — p.

(3) We have (I —p)-p=p—pp=p—p=0,s0 (I —p) € J. Consequently, we have
(I —p)R = I — p and by using part (2) we get (I —p)R = R. Therefore, we conclude
that R =1 —p.

On the other hand, R € C which shows R = Rp = (I — p)p = 0. All in all, we

showed that R =0 so that J = 0 which says the map ¢+ c¢p is injective. O

Lemma 3.16. The C*-algebra C*(S4) contains all reducing projections if and only

if C*(S4) contains all minimal reducing projections.

Proof. If ¢ € B(C%) is a reducing projection for C*(S,) which is not minimal, then
there exists a minimal central projection ¢ for C*(S4) such that ¢' < g. Therefore,
q — ¢ is also reducing and ¢ = ¢’ ® (¢ — ¢’). By using induction and the finite
dimensionality of C we find that ¢ = @©¢; where ¢; is a minimal reducing projection.

]

Definition 3.17. Assume K is the biggest two sided ideal of C*(S) such that the
natural map C*(S) — C*(S)/K, r — r+ K is completely isometric on S, then K
is called the Silov ideal for S in C*(S).
g
For a linear pencil Ly(x) = I + Zijj where Ay, Ay, ..., A, € SCh*d1 | the
j=1
~ g ~
pencil La(z) = I + > Ajx; is a subpencil if there exists a non-trivial reducing
j=1
subspace M for S4 such that for every j, A; = T*A;T where T : M — C% is an
inclusion map. We call the pencil L4 minimal if there is not a subpencil L4 such
that DLA = DZA
g
Theorem 3.18. [8, Proposition 3.17] Assume La(z) = I+ Ajz;, A1, As, ..., Ay €
j=1
SCh>d s q linear pencil and Dy, is bounded. Then, L4 is minimal if and only if

every minimal reducing projection p is in C*(Sa) and the Silov ideal of C*(S4) is

ZET0.
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Proof. (=) Assume p is a minimal reducing projection for C*(S4) such that p ¢
C*(S4). By using lemma [3.14] there is a minimal central projection p for C*(Sa)
such that p < p.

Now, we define C*-algebra C' = C*(S4)p as a x-algebra of operators on the range
H of p and by using lemma the map ¢ € C' — c¢p is injective. At this step, we
want to show that the map D : ¢ — ¢(I — p) + ¢p where ¢ € C*(S4) is one-one. We

know that for all x € ker D we have:

0=xz(l —p)+ap (3.6)

and since p < p, then Ran p € (Ran (I — p))*. For h € ran p we have ph = h and
(I — p)h = 0, then if we apply to h, we infer that zph = 0. Thus, zp = 0 and
x = xp. Because of x = xp we have x € C' and by the lemma|3.15c — ¢p is injective,
so we conclude that € J = 0 (J is the kernel of the map ¢ +— ¢p) which is equivalent
to saying that D is one-one. If we consider [12, Theorem 2.4] along with the fact
that D is an injective x-homomorphism, it can be inferred that D is a completely
isometric map. We know that restriction of the self-adjoint operators to a reducing
subspace is also self-adjoint operator, so if we restrict L4 to ran(/ — p) @ ran p, then
by using the theorem , we obtain a new pencil L' such that Dy, = Dy, which
contradicts the minimality of L.

We assume the Silov ideal of C*(S,) is non-zero. Let J C C*(S,4) be the Silov
ideal, so ¢ : C*(Sa) — C*(Sa)/J, ¢ — ¢+ J is completely isometric on S4. Let
K = JC%and let p be the projection onto K. As shown above, we know that p is
reducing for C*(S4). By what we showed above, we conclude that p € C*(S4).

Also, p € J = ker® (by the same argument as in the proof of the lemma m

used to show that R € J) which says 1(p) = 0, so

W(s(I = p) = (s(I —p) = (s), for every s € Sa. (3.7)
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We claim that 7 : S4 — C*(Sa), X — X(I — p) is completely isometric. To see

this, first we show that 7 is completely contractive:

[ (x| = 11X - p)
I—p 0
= x| .

0 I—0p
< I = pll

< Xl (3.9)

Now, let [X;;] € M, (S4), then we have

Xl s = M), o500/
= WX (I =), o500y (BY
= [l (X))]
< Xl

< [I1Xlll (By B.9).

Thus, 7 is completely isometric, so by considering theorem [3.12hnd the minimality
of L, we obtain p = 0 which is contradiction.

(<) Suppose the Silov ideal of C*(S,) is zero and every minimal reducing pro-
jection is in C*(S4). Moreover, assume L 4 is not minimal, so that there is subpencil
L corresponding to a reducing subspace K € C% such that D; =Dy,.

Let p be the projection onto K. We know that D; = Dy ,, so by using the theorem
the mapping S4 — {sp|s € Sa} such that s — sp is completely isometric. Let
p’ be the projection onto some reducing subspace containing K. We claim that the

map s — sp’ is completely isometric. To see this, we know ran p C ran p’ which says
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p'p = p and for s € Sy we have:

Isll = Nlspll = llsp'Dll < lsp[[IIDI = lsp'll < [Is]],

which proves that the map s — sp’ is completely isometric. Note that the previous
calculation only works at scalar level and for the other matrix levels we can use the
same method.

If we assume W is a minimal orthogonal projection onto K’ which is a reducing
subspace of K+, then by assumption W € C*(S4). In the following part, we show
that C*(S4)W has no non-trivial ideal. That is because, if J C C*(Sa4)W, then
due to finite dimensionality we have J = (C*(S4)W) R where R is the unit of J.
Furthermore, for every X € C*(S4)W we have XW = X and WX = X for every
X e J.

Thus, WR = RW = R which is equivalent to saying ran R C ran W, so R < W.
Therefore, R=0o0or R=W,so J =0or J = C*(Ss)W. As a result, C*(S4)W is
a minimal two-sided ideal of C*(S4). Also, (I — W) is a projection onto a reducing
subspace which contains K, and thus s — s(I — W) is completely isometric as shown

above. For A = (a;;) € M,,(S4) and

Q = (¢;5)(In @ W) € M, (C*(S4)) (I @ W),

we have:

[A+ QI =I(A+Q)(lh @ -W)) e (A+Q)(, W)
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and

QUn@ I =W)) = ()L @W)(L, ® (I = W))

= () (I, @ W(I —W)) =0,

Thus,

[A+QI = [[A(he( -W))o(A+Q), W)

= max {[|A (L, @ (I = W), [[(A+Q)(In @ W[}

Since s +— s(I — W) is completely isometric, we have

A+ Q[ = max {[|A[], (A + Q)([n @ W)},

hence, [|A[| < [|A+ Q]|

Our next goal is to show that

is completely isometric on S4. Let X € C*(Sy), then

[PX)]| = inf {[|X +4qf - ¢ (SAHW}.

If X € S84, then previous part yields that || X|| < || X + ¢|| for ¢ € C*(Sa)W. That

is to say,

)l = [l @) = [zl

and if we do the similar argument for [X;;] € M, (S4) we obtain that 1 is com-

pletely isometric which says 0 # C*(S4)W is a subset of Silov ideal. But, this is in
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contradiction with our assumption that the Silov ideal is zero. O]

It is of interest to investigate under which conditions two monic linear pencils that
share the same free spectrahedra, have the matrix coefficients of the same matrix
level. The following theorem will answer this question.

g
Theorem 3.19. [8, Theorem 3.12] Let La(z) =1+ > Ajz;, Ay, ..., A, € SChxd

J=1

g

and Lg(z) =1+ > Bjzj, Bi,...,B, € SC®2*% be linear pencils with Dy, = Dy,
j=1

bounded. If we assume La and Lp are minimal, then dy = dy and there exists a

unitary matrix U such that U*L,U = Lp.

Proof. Let Sy = {Aq,... Ay}, So = {DBi,...,By}. Moreover, let §; and S, be maxi-
mal families of minimal non-zero reducing projections for C*(.S), C*(.Sy) respectively.
The reason why S; and (s exist will be explained later in this proof. For pi,ps € 1

by using the theorem [3.18| we infer that p; and py are central, therefore we have

p1p2 < p1, pip2 < P2

On the other hand, minimality yields

bip2 = P11 P1p2 = P2
or ) or
pip2 =0 pap1 = 0

which is equivalent to saying that p; = py or p; L ps. The reason why [, exists is all
minimal non-zero reducing projections for C*(.S;) are non-zero pairwise orthogonal
reducing projections, so g% ran p = C% which says we have at most d; non-zero
pairwise orthogonal redtfcinlg projections. The same argument holds for fB;. We
claim that @ p =1, @ p = I. To see this, if we assume @ p = R # I, then

pEBL pEBa pEBL
I — R is another reducing projection which says there is minimal reducing projection
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S < (I — R). Thus, SU f; is a family of minimal reducing projections, but this
contradicts maximality of ;. The other equality follows in a similar way. For every

a € C*(S;) we have:

a=Ial=@Ppa@Pq= P pag= P apg= P ap',

pEPL q€61 P,q€P1 2L ISER p'EPL

so C*(S1) = @ C*(S1)p’ and likewise C*(S3) = @ C*(S2)q.
p'EP q€P2

At the next step, we will prove that a minimal ideal in C*(S}) is of the form
C*(S1)p, p € [1. Assume J C C*(S) is a minimal ideal, so there is a projection
p € C*(Sy) such that J = C*(S1)p (by the same argument as in the proof of the
theorem . If R is a minimal reducing projection for C*(Sy) such that R < p,
then Rp = R. On the other hand, by minimality of L, and theorem [3.18 we
have R € C*(S)), thus R = Rp € C*(Sy)p = J. Therefore, RC*(S;) C J. Since
J is minimal this shows that J = RC*(S;). Accordingly, we have R = p which
is equivalent to saying p is minimal. Since Dy, = Dy, we have the unital map
T : 51 = S,7(A;) = Bj is completely isometric isomorphism by theorem [3.12]
Recall that by [I, Theorem 7.1] we know that the generating sets Sy, Sy for C*(S;)
and C*(Sz) are admissible, so by using [2, Theorem 2.2.5], we can extend 7 to a *-
isomorphism 7 : C*(Sy) — C*(Sy). If we assume C*(Sy)p, p € [ is a minimal ideal
for C*(S4), then v(C*(S1)p) = C*(S2)q for some q € f,. Conversely, for every ¢ € 5,
there is p € (1 such that C*(S3)g = v(C*(S1)p) because #-isomorphism preserves
minimality of projections.

Consider v, : C*(S1)p — C*(Ss)q such that ~

C(sy)p = Yp- Since C*(S1)p is a
simple algebra and finite dimensional C*-algebra, by applying lemma we infer

that there exists a unitary map wu, such that for every A € C*(S1)p, ¥,(A) = u}Au,,.
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Moreover, for A; = @ A;p € C*(S;) we have

PEPL
Y(4;) =~ (@ ijp) = P wpA;pu,.
PEPL PEPL

Accordingly, If we assume V = @ pu,, then we infer that y(A4;) = V*A;V. On the
PEPL

other hand, we have

dy =tr(Ia,) =tr(Y. q) =tr( > () = tr( > wpu,) = tr( > p) = di.

q€B2 PEPL PEPL pEP
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Completely Bounded Maps and

Inclusion of Free Spectrahedra

We introduced subspaces Sy, Sp € SC%*% p = 1,2 in chapter 3 as:

Sa = span{l,A;| j=1,...,9},8p = span{l,B;| j=1,...,9} where A; €
SCh*dt and B; € SC%2*% for j =1,...,g. In chapter , we proved that there exists
a unital completely positive map Sy — Sp, A; — B, if and only if D, C Dy,,.
Since UCB(unital completely bounded) maps are more general than UCP (unital
completely positive) maps, it would be interesting if in analogy with theorem m
we could explain the relationship between Dy, ,, Dy, in terms of the existence of
a completely bounded map between S4 and Sp. The reason why this chapter is
developed is to investigate the possible relationship between the free spectrahedra
of Ly and Lp when the map S4 — Sp, A; — B; is merely completely bounded, but
not necessarily completely positive.

g g
Recall that for a linear pencil La(z) = I+ A;z; we defined LS)(SL’) =Y Ajz;.
=1 j=1
Moreover, we define

Aa={x e (C™) 1 ILY X < 1},
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and

Bay={X € (C™) || La(X)|| <7}

Note that in order to have a well defined map 7 between S4 and S such that
A; — Bj, it is equivalent to have the set {I, A;| j =1,..., g} be linearly independent.
Therefore, by using the proposition the map 7 is well defined if the set Dy, is
bounded.

g 9

Theorem 4.1. Let La(z) =1+ Ajx;, and Lg(x) =1+ Bjx; be monic linear
j=1 Jj=1

pencils such that D, and Dy, are bounded. Let T be the unital linear map between

Sa, S such that:

Then, the following are equivalent:
(1) 7 is a completely bounded map,
(2) there is K > 0 such that Ay C KAp,
(3) there is X > 0 such that Bas C Bpgan,
(4) there is X' > 0 such that Ba, C Bp . for every r > 0.

Proof. (2) = (1) We define a projection P as follows:

PZSA—>C]

g
()\I +3 ijj) > AL

=1

It is well-defined because the set {I,A;| j = 1,...,¢} is linearly independent
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(Lemma [3.8). For A € M,,, X € (M,,)¢ we have:

J=1 J=1

g9 g
(I —P)™ ([®A+2Aj®xj) = Y A4eX;=LY(X),

g
p™ ([®A+2Aj®xj) = I®A.

J=1

Taking an arbitrary element S = I ® A + 37, A; ® X; from M, (S4) such that

|IS]| = 1, we have:
T(”)(S) _ () (P(")(S)) + 7 <(] _ P)(”)(S)) )

Thus,
P < [0 @ M|+ [ (4 = Ps)]|

In addition, we have:

g
A< IPW]-|IeA+> 48X, (4.2)
j=1
g g
> A0 X < ||(I = P)™| TN+ A X;|. (4.3)
j=1 j=1
Therefore, using that 7 is a unital map, and using (4.2) we have:
IrM @) < 1@ A+ 7™ = P)(9))
< PO+ ||r (1 = PY(S))|. (4.4)

X
Furthermore, if we assume ||(I — P)||s, = ¢, then by (&.3) we have || LY (t) H <1,

X
thus - € A4 and by using our assumption there is K s.t - € KAp which is

X
equivalent to saying that: there is X’ € Ap such that X' = 7 Consequently

|7 (28 (x/E) | = |25 (/K| < 1,
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hence

By using (4.4)),(4.5) we obtain that
|7 (S)|| < IPW| + K[ = P)]le. (4.6)

Also we know P, (I — P) are linear operators between finite dimensional spaces, and

so are bounded. By using [I0], Proposition 3.8], we get:

1P =Py,
1T =P)lles < [[Tlleo + [1P]let

= 1+]P].

Accordingly, we conclude that HT(")(S)H <||P|| + K(1+ ||P]])

(1) = (4): Let X € B4,. Then

ILE(X)] = IT"™(La(X))l]
< l7lles - [[La(X)]]

< il -7

Hence, B4, C Bg,jr|,,r for r > 0.
(4) = (3) is trivial.

(3) = (2): Let X € A4 and let the projection Py be as follows:

PBISB%C[

g

J=1

43



As above, we know that I — Pg is completely bounded, so that

1L (X)) < |1 = Pollal| Le(X)|

But

ILa(X)|| <1+ LX) <2,

so X € Bay which says X € Bpay. As a result,

1L (X)]| < | = Plla2A.

]

In the preceding theorem, we established a relationship between A 4 and Ag when

there exists a natural completely bounded map between Sy and Sp. In the following

theorem, we will find a relationship between D4 and Dg, which are more commonly

used than A4 and Apg, when there exists a natural completely bounded map between

SA and SB.

We make some elementary preliminary observations. Note that for every A € M,

with ||A]] < 1 by using the Lemma 2.9 we have:

I, A cl, A
> (. Furthermore, we claim that
AT, AT o,
because: i
cl, A (c—1)1, 0
= +
A e, 0 (c—1I,
I, 0
> (c—1) >0
0 I,
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cl I'®A
Likewise, we have > 0 for ¢ > 1 whenever ||A]| < 1.
TN cl
Lemma 4.2. Let Ly and Lp be the same as in the previous theorem. Moreover,

assume n € Ny A € M, and ||A]| < 1. We define

1 1
2 2

cl A cl A
E(A, A n,c) = Da(2n) ,e> 1.
A" el A el
9
0 XJ g
Then, X = € E(A, A\, n,C) if and only if || 1, @A+~ A;0X,|| < c.
Xj 0 J=1

J=1

g
Proof. Assume S =I;, @ A+ > A; ® X; € M,,(54),]|S|| < 1. By using Lemma ,

j=1
we obtain that

I, S
o >0 in My (M,,(S4)). On the other hand,
S* L,
r g
Ly S Ina, Iy, @ A+ ]Zl A; @ X;
= g
S* L, 14, ®A*—|—ZA]'®X]' La,
L J=1
Ina, Iy, ® A g 0 X,
_ v +Y 4@ | 0.
Iy, @ A* I, j=1 X; 0
Ina, Iy, ® A
By using lemma |3.10| we obtain that > 0, and by using lemma
Iy, @ A* I,
2.9 we infer that [JA] < 1.
cl, A
Suppose ¢ > 1 and consequently €2, := is invertible as discussed before
AN cl,
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the lemma. We find

g 0 X, Lq 0 Lq S
I, @0+ A ® = (=™ +1
Jj=1 Xj 0 0 [ndl S* Ind1

v
o

thus
1 9 110 X5 1
Iy Q2 | Iy, @ Ly + ) A; @ Qe ? Qe? | Iy, Q2 >0,
Jj=1 Xj O
which in turn implies that
9 1|0 X, .
[d1®12n+ZAj®Qc2 QCQEO.
Jj=1 Xj O
As a result, for every ¢ > 1,
g
1|0 X5
QC ? Qc 2 € DA(QTL)
X, 0
j=1

An immediate consequence of the previous lemma is that

g
0 X,
X = ’ e (| E(A, A, n,¢) if and only if X € E(A, A, n, 1).
Xj 0 c>1

Jj=1

Theorem 4.3. Let Ly and Lg be the same as in the theorem . Moreover, let the
unital linear map T be defined as . Let k > 0, then the following statements are

equivalent:

1 If
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E(A,An,1) C E(B,A,n, k) for every n € N, A € M, with ||A]| < 1.

2. The map 7 : Sy — Sp is completely bounded, ||7||a < k.

r 119
0 X;
Proof. (=) Assume X = ’ € E(A,A,n,1) and by using the assump-
X, 0
L 1) j=1
tion we have: ) TN
0 X,
€ E(B, A, n, k).
X; 0
L 1) j=1
Therefore,
1 9 1|0 X5 1
Ly @ Q7 | I, @ Ly + Y _B;@Q,.° 02| 1, 02 >0,
Jj=1 Xj 0
SO
9 0 X ]nd 0 k]nd T(S)
I, @%+Y B N=G-k|"™ + ? >0, (4.7)
j=1 X; 0 0 I, 7(S)* kla,

k]ndg T(n)<S)
for every z > k. Let z | k, we infer > 0, which asserts that
T(n) (S)* k[ndz

|7(8)] < k (Lemma 29).

cl,
(<) Assume ||7]|s < K. Moreover, suppose {2, = , ¢c>1land A € M,
AN cl,
g
0 Xj 1 1
with |A]] < 1. Let X = € Q2D (2n)Q2, for every ¢ > 1 and let
X, 0
j=1
S =14 @A+ A;j® X;. Thus, we have
X0

1 9 _1 1
Iy @ Q2 | 1o, @ Ly + > A; @ Qc® Q.2 I, ®0Q2 >0,

j=1 X] O
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which in turn implies that

[ndl 0 Indl S 9 0 X
(c—1) + =1 @0+ A;® | >0,
0 I, S* L, P X; 0
C]ndl S
thus > 0 for every ¢ > 1. That is to say, ||S|| < 1. Accordingly,
S* CIndl
|7 (S)|| < K and by using lemma [2.9| we infer that:
qlg, T™(9)
>0, ¢>K.
T(n)(S)* q[ndg
Therefore,
1 1|0 X| 1 1
(Idz ® Ql?)LB Qq ? Qq ? (‘ldQ ® Qg) >0,
X 0
so we have: .
0 Xj 1 1
X = € Q2 Dp(20)0%
X, 0
j=1
for ¢ > K. O]

The main limitation that we encountered in chapter 3 was that most of the
theorems related to this study are for completely positive maps. To overcome this
issue, we took the advantage of Lemma [2.9) along with some other techniques to
translate boundedness to positivity and positivity to boundedness.

The future work regarding this study can concentrate on the following questions:

1. In theorem [£.3] is there any other relationship between the free spectrahedra
of the linear pencils L4 and Lp if there exists a natural completely bounded

map between S, and Sg?

2. In theorem , is it possible to relate || P|| to properties of matrices Ay, Ay, ..., A, €
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SCrn?

3. What is the relationship between A4 and B4 := {X € (SC™™)? | ||La(X)| < 1}7?
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