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Abstract

In this study, we present proofs of results of Helton, Kelp, and McCullough from [8]

on inclusions of free spectrahedra and their relationship to completely positive maps.

Our original contributions extended some of their results to the setting of completely

bounded maps.
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1

Introduction

1.1 Linear Matrix Inequalities

Recall that a linear matrix inequality for the variable x = (x1, x2, . . . , xg) ∈ Cg has

the form

LA(x) = A0 +
g∑
j=1

xjAj ≥ 0,

where A0, A1, . . . , Ag ∈ SCn×n and SCn×n denotes all complex self-adjoint n × n

matrices. Moreover, the expression LA(x) = A0 +
g∑
j=1

xjAj is called a linear pencil.

J. C. Willems [4, p.27] was the first person that introduced using of the term

“Linear Matrix Inequalities” which is abbreviated as LMIs. The current interest in

this subject is due to the pivotal role that LMIs have played in solving numerous

engineering problems in terms of system and control theory and its connection to

convex optimisation problems [4],[9]. For instance, solving some system and control

theory problems can lead to solving a semi-definite program which can be written as

a LMI. Consider the problem of minimizing a linear function of the variable x ∈ Rg:


minimize CTx

subject to LA(x) = A0 +
g∑
j=1

xjAj ≥ 0,
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where C ∈ Cg and A0, A1, . . . , Ag ∈ SCd×d are fixed [4]. In recent years, various

investigations have been conducted on semi-definite programming based on LMIs

and spectrahedra where the spectrahedra is the set of x ∈ Cg for which LA(x) ≥ 0

[14].

Free spectrahedra is the generalization of the spectrahedron in the sense that we

use g-tuples of matrices X ∈ (SCn×n)g in our pencils instead of vector x. Recall that

the positivity domain of the linear pencil LA(X) = A0 ⊗ In +
g∑
j=1

Aj ⊗Xj is defined

as

DLA =
{
X ∈ (SCn×n)g| LA(X) ≥ 0, n ∈ N

}
,

this is also called free spectrahedra.

An easy calculation shows that spectrahedra is a convex set. A free spectrahedra

fulfills a stronger convexity property namely matrix convexity. A set E of matrices

is matrix convex if and only if every matrix convex combinations of elements of E

are in E, i.e. for every matrices A1, . . . , Ag ∈ E and Aj ∈ Mkj , the sum of the

form
g∑
j=1

V ∗j AjVj ∈ E with matrices Vj ∈ Mkj ,p such that
g∑
j=1

V ∗j Vj = Ip. In [6], the

geometry of matrix convex sets and their relationship to completely positive maps

and dilation theory were investigated. In particular, for two given matrix convex

sets S =
⋃
n≥1
Sn and T =

⋃
n≥1
Tn, they identified the geometric conditions on S or T

such that S1 ⊆ T1 implies S ⊆ CT for some constant C.

When it comes to free spectrahedra and LMIs, we can ask the following questions

for two given pencils

LA(X) = Id1 ⊗ In +
g∑
j=1

Aj ⊗Xj, LB(X) = Id2 ⊗ In +
g∑
j=1

Bj ⊗Xj, X ∈ (SCn×n)g :

(a) When does the inequality LA(X) ≥ 0 imply LB(X) ≥ 0?

(b) When do inequalities LA(X) ≥ 0 and LB(X) ≥ 0 have the same solutions?

Ben-Tal and Nemiroski’s paper [3] is an example of answering the first question.
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More precisely, they determined for which linear pencils LA(x) = I +
g∑
j=1

xjAj the

inclusion
(
(−1, 1)

)g
⊆ DLA(1) = {x ∈ Cg| LA(x) ≥ 0} holds. Their interest in this

problem originated from a semi-definite programming problem.

Later in 2013, Helton, Klep and McCullough [8] verified that LA, LB give rise

to the same positivity domain(free spectrahedra) if and only if there exist matrices

E1, . . . , Eµ ∈ Cnd1×nd2 (µ ∈ N) such that

LB(X) = E∗1LA(X)E1 + . . .+ E∗µLA(X)Eµ and
µ∑
j=1

E∗jEj = I.

Besides that, they identified that LA(X) ≥ 0 implies LB(X) ≥ 0 if and only if there

exists a natural completely positive map between the sets SA := span{I, A1, . . . , Ag}

and SB := span{I, B1, . . . , Bg} whereA1, . . . , Ag ∈ SCd1×d1 andB1, . . . , Bg ∈ SCd2×d2 .

In this thesis, the relationship between inclusions of the free spectrahedra in terms

of the existence of the completely positive and completely bounded maps between

SA and SB will be investigated. This thesis is organized as follows:

Chapter 2 is dealing with some basic definitions and technical preliminaries re-

garding completely positive and completely bounded maps.

In Chapter 3, which follows the Helton, Klep, and McCullough paper [8] closely,

the conditions under which question (a) might be answered will be discussed. In ad-

dition, we will use one important tool in operator theory, namely complete positivity,

to deal with question (b). For instance, under some conditions, LA(X) ≥ 0 implies

LB(X) ≥ 0 if and only if there exists a natural completely positive map between the

subspace SA and SB spanned by matrix coefficients of LA and LB respectively.

Chapter 4 contains the original contributions of this thesis. Therein, we will find

a relationship between

ΛA :=
{
X ∈

(
Cn×n

)g
| ‖L(1)

A (X)‖ ≤ 1
}
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and

ΛB :=
{
X ∈

(
Cn×n

)g
| ‖L(1)

B (X)‖ ≤ 1
}

that characterizes when there exists a natural completely bounded map between the

sets SA and SB.

Moreover, we will exhibit that there is a relationship between DLA and DLB that

characterizes when there exists a natural completely bounded map between SA and

SB. Basic tools from [8] will be used to accomplish this goal.
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2

Preliminaries

In this chapter, we will review and recall some basic preliminaries along with some

technical theorems that we need in the following chapters.

2.1 Basic operator theory

Recall that if T is a bounded linear operator on some Hilbert space H, then T is

positive if 〈Tf, f〉 ≥ 0 and T is positive definite if 〈Tf, f〉 > 0 for f ∈ H(f 6= 0).

For instance, the direct sum of two matrices A = (aij)ni,j=1 and B = (bij)mi,j=1, i.e.,

A⊕B =

A 0

0 B



and their tensor product

A⊗B =


a11B . . . a1nB

... ... ...

an1B . . . annB



are positive definite whenever A,B ≥ 0.
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Now, we state the Schur complement condition for positive definite matrices.

Theorem 2.1. Assume Y is a self-adjoint block matrix such that Y =

 A B

B∗ C

.
Then the following hold:

(1) If A > 0, then Y is positive semi-definite if and only if C −B∗A−1B ≥ 0,

(2) If C > 0, then Y is positive semi-definite if and only if A−BC−1B∗ ≥ 0.

Proof. (1) Consider the following decomposition:

 A B

B∗ C

 =

 I 0

B∗A−1 I


A 0

0 C −B∗A−1B


I A−1B

0 I

 .

Let A > 0 and let Y be positive semi-definite, then by the virtue of the above

decomposition we have: A 0

0 C −B∗A−1B

 ≥ 0,

which is equivalent to saying C − B∗A−1B ≥ 0. On the other hand, if we have

C − B∗A−1B ≥ 0, then by using the above decomposition we obtain Y is positive

definite.

(2) follows the same argument as in the previous part.

Example 2.2. Consider the following linear pencil L(x) =

x1 + x3 x2 − 1

x2 − 1 x1

 ≥ 0.

Here we have

A0 =

 0 −1

−1 0

 , A1 =

1 0

0 1

 , A2 =

0 1

1 0

 , A3 =

1 0

0 0

 .

If x1 + x3 > 0, then by theorem 2.1 the LMI L(x) ≥ 0 is equivalent to

(x1 + x3)x1 − (x2 − 1)2 ≥ 0.
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4

A unital Banach algebra B is an algebra over C endowed with a norm ‖ · ‖ such

that B is a Banach space under the norm ‖ ·‖ which satisfies the following additional

conditions

1. ‖I‖ = 1,

2. ‖ab‖ ≤ ‖a‖‖b‖ for a, b ∈ B.

Let B be a Banach algebra over C endowed with a conjugate linear involution map

a→ a∗ such that ‖a∗a‖ = ‖a‖2, a ∈ B. Then, we say that B is a C∗-algebra. Recall

that B(H) is a C∗-algebra.

Lemma 2.3. [5, Corollary 1.10.6, Theorem 1.10.7] Every ∗-representation of Mn

is unitarily equivalent to a multiple of the identity representation. Moreover, every

finite dimensional C∗-algebra is ∗-isomorphic to
n⊕
i=1
Mki . In particular, if the C∗-

algebra is simple and finite dimensional, then it is ∗-isomorphic to Mn.

Proposition 2.4. [7, Proposition 4.33, Corollary 4.34] Let A be an operator on some

Hilbert space H. Then the following hold:

(1) If A is positive, then there exists a unique positive operator B such that

B2 = A.

(2) A is positive if and only if there exists an operator E such that A = E∗E.

Recall that if A is an operator on some Hilbert space H and M is a closed

subspace of H, then:

(1) M is an invariant subspace for A if A(M) ⊆M .

(2) M is a reducing subspace if A(M) ⊆M and A(M⊥) ⊆M⊥.

Lemma 2.5. Consider a positive and self-adjoint linear operator A : H → H such

that there exists x ∈ H with the property that 〈Ax, x〉 = 0. Then, Ax = 0.
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Proof. By using the proposition 2.4 we obtain A = A
1
2A

1
2 . Consequently, we have

〈A
1
2x,A

1
2x〉 = 〈Ax, x〉 = 0,

which is equivalent to saying ‖A 1
2x‖ = 0. Therefore, Ax = 0.

For a bounded linear operator T on some Hilbert space H, the numerical range

W (T ) and numerical radius w(T ) are defined as follow:

(1) W (T ) := {〈Tx, x〉 : x ∈ H, ‖x‖ = 1} ,

(2) w(T ) := sup {|x| : x ∈ W (T )}.

Recall that for every bounded operator T on Hilbert space H, we have:

w(T ) ≤ ‖T‖ ≤ 2w(T ),

which implies that the numerical range of a non-zero operator T is non-zero [11,

p.428].

Proposition 2.6. [7, Proposition 4.42] Let A be an operator on some Hilbert space

H, M be a closed subspace of H, and PM be the orthogonal projection ontoM . Then:

(1) M is an invariant subspace for A if and only if PMAPM = APM , which in

turn is equivalent to A∗(M⊥) ⊆M⊥,

(2) M is a reducing subspace for A if and only if PMA = APM , which in turn is

equivalent to saying A∗(M⊥) ⊆M⊥ and A∗(M) ⊆M .

Note that if A is an operator on Hilbert space H and M is a closed subspace of

H, then according to the decomposition H = M ⊕M⊥, we have

A =

A11 A12

A21 A22


where A11 = PMAPM , A12 = PMAPM⊥ , A21 = PM⊥APM , and A22 = PM⊥APM⊥ .
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Furthermore, if we suppose M is an invariant subspace for A, then:

A =

A|M PMA|M⊥

0 PM⊥A|M⊥

 .

2.2 Convexity

Recall that the closed line segment joining two points a and b in Rn is the set

[a, b] = {(1− λ)a + λb : 0 ≤ λ ≤ 1} and the open line segment joining two points a

and b is (a, b) = {(1−λ)a+λb : 0 < λ < 1}. Moreover, the convex hull of the points

a1, . . . , aj in Rn is the intersection of all convex sets containing a1, . . . , aj, which is

denoted by con{a1, . . . , aj}. Furthermore, the topological interior, and topological

boundary of the set T1 ∈ Rn will be denoted by int T1 and ∂T1 respectively.

Lemma 2.7. [8, Lemma 3.10] Assume T1, T2 ∈ Rn are closed convex sets such that

T1 ⊆ T2, 0 ∈ int T1 ∩ int T2 and ∂T1 ⊆ ∂T2. Then T1 = T2.

Proof. Assume T1 ⊂ T2 but T1 6= T2. Then, there is z ∈ T2, z /∈ T1. We know that

[0, z] ∩ T1 = [0, µz] for some 0 < µ < 1( because [0, z] ∩ T1 is a convex subset of a

line segment [0, z] and z /∈ T1). That is to say, µz ∈ ∂T1 and ∂T1 ⊆ ∂T2. Therefore,

µz ∈ ∂T2. Moreover, since 0 ∈ int T1, there is ε > 0 such that the disk D(0, ε) ⊂ T1.

Now, we define V = con ({z}, D(0, ε)), then by convexity of T2, we conclude that

V ⊂ T2. On the other hand, by convexity of V, (0, z) ∈ V and V ( T2. Thus,

µz+ (1−µ)0 ∈ V. We claim that µz ∈ int V which is equivalent to saying that there

exists δ > 0 such that D(µz, δ) ⊂ V. To see this, consider x = (1 − µ)
(
x−µz
1−µ

)
+ µz.

Therefore, x ∈ V if
(
x−µz
1−µ

)
∈ D(0, ε) which is equivalent to saying

∥∥∥x−µz1−µ

∥∥∥ < ε which

in turn is equivalent to ‖x − µz‖ < ε(1 − µ). Also, we have int V ⊆ int T2, and

therefore µz ∈ int T2, but this is in contradiction with µz ∈ ∂T2.

9



2.3 Completely bounded maps

In this section, first we will define completely positive and completely bounded maps.

Then, we state some important theorems regarding these maps which are our tools

in the next chapters.

If A is a C∗-algebra and S is a self-adjoint subspace of A such that I ∈ S, then

S is an operator system. A linear map τ : S → B, where B is a C∗-algebra, is called

positive if for every positive element a ∈ S we have τ(a) ≥ 0.

Theorem 2.8. [10, Proposition 2.1] Let τ be a positive map as in the preceding.

Then τ is bounded and ‖τ‖ ≤ 2‖τ(I)‖.

Assume τ : S → B is a linear map between an operator system S and a C∗-algebra

B. We say that τ is n−positive if

τ (n) : Mn(S)→Mn(B)

(aij) 7→ (τ(aij))

is positive and call τ completely positive if τ (n) is n-positive for every n, where

Mn denotes the set of all n × n complex matrices and Mn(S) denotes the set of

all n × n matrices with entries from S. Moreover, we call τ completely bounded if

‖τ‖cb = supn ‖τ (n)‖ < ∞ and completely contractive if ‖τ‖cb ≤ 1. Recall that an

element a in C∗-algebra A is positive if we have a = b∗b for some b in A.

Lemma 2.9. [10, Lemma 3.1] Let A be C∗-algebra and let a ∈ A. Then, ‖a‖ ≤ 1 if

and only if

 1 a

a∗ 1

 is positive in M2(A).

Proposition 2.10. [10, Theorem 3.9] Let S be an operator system and let τ : S →

C(X) be a bounded linear map, where C(X) denotes the C∗-algebra of all contin-

uous complex-valued functions on some compact Hausdorff space X equipped with
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the supremum norm. Then ‖τ‖cb = ‖τ‖. Also, if τ is positive, then τ is completely

positive.

Recall that {Eij}ni,j=1 denote the system of matrix units forMn where the (i, j)th

entry of Eij is 1 and all other entries are zero.

Theorem 2.11. [10, Theorem 3.14](Choi). Suppose that A is a C∗-algebra and the

map τ : Mn → A is linear. Then the following are equivalent:

(1) τ is completely positive,

(2) (τ (Ei,j))ni,j=1 is positive in Mn(A).

The following theorem shows that we can represent a completely positive map

on a C∗-algebra as a compression of a ∗-homomorphism.

Theorem 2.12. [10, Theorem 4.1] Let A be a unital C∗-algebra and let τ : A →

B(H) be a completely positive map. Then, there exists a Hilbert space K, a unital

∗-homomorphism Π : A → B(K) and a bounded operator V : H → K with ‖τ(I)‖ =

‖V ‖2 such that

τ(a) = V ∗Π(a)V, a ∈ A.

If τ is unital, then V is an isometry. In addition, if we assume A, H are finite

dimensional, then K is also finite dimensional. Last two sentences can be extracted

from the proof.

The following theorem will exhibit that there is an extension(completely positive)

for the completely positive map from an operator system into B(H).

Theorem 2.13. [10, Theorem 7.5] Suppose that A is a C∗-algebra, S ⊂ A is an

operator system and ψ : S → B(H) is a completely positive map. Then, there exists

a completely positive map φ : A → B(H) extending ψ.
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3

Inclusion of free Spectrahedra

This section follows Helton, Klep, and McCullough’s paper [8] closely.

3.1 Preliminaries and Introduction on LMIs

We define a linear pencil as follows:

LA(x) = A0 +
g∑
j=1

Ajxj,

where A0, A1, . . . , Ag ∈ SCd×d and x ∈ Cg. We say LA is monic when A0 = I and

its truly linear part
g∑
j=1

Ajxj is denoted by L(1)
A .

For g-tuples of matrices X ∈ (SCn×n)g, we define

LA(X) = A0 ⊗ In +
g∑
j=1

Aj ⊗Xj.

We define the free spectrahedron of LA as:

DLA =
⋃
n∈N

{
X ∈

(
SCn×n

)g
| L(X) ≥ 0

}
.
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Moreover, the set DLA(n) which we call spectrahedron is defined as

DLA(n) =
{
X ∈

(
SCn×n

)g
| L(X) ≥ 0

}
⊂ (Mn)g.

Also, we define boundaries for spectrahedron and free spectrahedra as follows:

∂DLA(n) =
{
X ∈

(
SCn×n

)g
| L(X) ≥ 0, L(X) ≯ 0

}
,

∂DLA =
⋃
n∈N

∂DLA(n).

We say a free spectrahedron is bounded if there is K ∈ N such that ‖X‖ ≤

K, for X ∈ DLA . Note that in the previous definition we have ‖X‖ = max
i
‖Xi‖.

Example 3.1. Consider L(x) = E11 +xE11. Then, L(0) = E11 ≥ 0, so that 0 ∈ DL,

and E11 is not strictly positive which means that 0 ∈ ∂DL. However, we see that

L(t) ≥ 0 for t ≥ −1, so in particular the point 0 is in the topological interior of

DL(1). 4

By the previous example, if the linear pencil L is not monic then the definition

of ∂DL does not always coincide with the topological boundary of DL. However, the

following lemma will establish that if we consider a monic linear pencil LA, then the

definition of ∂DLA coincides with the topological boundary of DLA which is denoted

by b(DLA).

Lemma 3.2. Suppose LA(x) = I +
g∑
j=1

Ajxj, where A1, . . . , Ag ∈ SCd1×d1 is a linear

pencil. Then,

b(DLA(n)) = ∂DLA(n) =
{
X ∈

(
SCn×n

)g
| LA(X) ≥ 0, LA(X) ≯ 0

}
.

Proof. Let X ∈ DLA(n) \ ∂DLA(n), i.e. LA(X) = I + L
(1)
A (X) > 0. At this part, our

goal is to show that there exist r > 0 such that if ‖Y −X‖ < r, then I+L
(1)
A (Y ) > 0

13



which is equivalent to saying X ∈ int (DLA(n)) = DLA(n)\b(DLA(n)). Once we know

the set of all positive definite n×n matrices Sn++ is an open set, then since X ∈ Sn++,

there exists ε > 0 such that Bε(LA(X)) ⊂ Sn++. Moreover, we know LA is continuous

and therefore there exists δ such that if Y ∈ Bδ(X), then LA(Y ) ∈ Bε(LA(X)) ⊂

Sn++ which says LA(Y ) > 0. Now, we establish the proof of the openness of Sn++.

Since all eigenvalues of LA(X) are greater than zero, there exist ε > 0 such that

LA(X)− εI > 0.

On the other hand, let X ∈ ∂DLA(n), then we have LA(X) ≥ 0, LA(X) ≯ 0. Our

next goal is to show that for every r > 0 there exist Xr, Yr such that

LA(Xr) ≥ 0, LA(Yr) � 0, ‖X −Xr‖ < r, and ‖X − Yr‖ < r.

If we assume Yr = (1 + r

2‖X‖)X, Xr = X, then we have

LA(Yr) = LA((1 + r

2‖X‖)X) = (1 + r

2‖X‖)LA(X)− ( r

2‖X‖)I,

so we have a positive semi-definite but not positive definite matrix (1+ r

2‖X‖)LA(X)

minus ( r

2‖X‖)I, and thus at least one of the eigenvalues of LA(Y ) is negative which

implies LA(Yr) � 0. Hence, X ∈ b(DLA(n)).

Lemma 3.3. [8, Proposition 2.1] Assume L is a linear pencil such that 0 belongs

the interior of its free spectrahedron (0 ∈ DL \ ∂DL). Then there is a monic pencil

L′ such that DL = DL′.

Proof. We know that 0 ∈ DL, so L(0) = A0 ≥ 0. Moreover, we have 0 ∈ int(DL(1)),

therefore there is ε > 0 such that if ‖X‖ ≤ ε then X ∈ DL(1). Fix 1 ≤ j ≤ g and let

Yj = (0, 0, . . . ,−ε, 0, . . . , 0) ∈ Cg. Then we have Yj ∈ DL(1) which means L(Yj) ≥ 0.

As a result, A0 − εAj ≥ 0. Now, let E = ran A0 and A′j = Aj|E, j = 0, 1, . . . , g. We

14



claim A′0 : E → E is invertible. That is because: E = ran A0 ⊂ Cd is closed and

ran A0 = (kerA∗0)⊥ = (kerA0)⊥, therefore we have

ran A′0 = A0 (ran A0) = A0 (kerA0)⊥ = A0(Cd) = ran A0

which states that A′0 is surjective. On the other hand, we have ran A0 = (kerA0)⊥

which says A′0 in injective. Hence, A′0 is positive definite. In the next step, we

want to show that ran Aj ⊆ ran A0 for j = 0, 1, . . . , g. If x ∈ (ran A0)⊥ then x ∈

kerA0, A0x = 0. Also, we know ±ε〈Ajx, x〉 ≤ 〈A0x, x〉 = 0 (because A0 − εAj ≥ 0).

As a result, 〈Ajx, x〉 = 0 and we want to show that Ajx = 0. To this end, we have

A0+εAj ≥ 0 and 〈A0x, x〉︸ ︷︷ ︸
0

+ε 〈Ajx, x〉︸ ︷︷ ︸
0

= 〈(A0+εAj)x, x〉 = 0. Therefore, by using the

lemma 2.5 we conclude that (A0 + εAj)x = 0 and thus Ajx = 0 which is equivalent

to saying x ∈ (ran Aj)⊥. Hence, by knowing the fact that ran Aj ⊆ ran A0 along

with the argument after proposition 2.6 we conclude that

Aj =

Aj|E 0

0 0

 .

On the other hand, for every a, b ∈ E and j = 0, 1, . . . , g we have

〈A′ja, b〉 = 〈Aja, b〉 = 〈a,Ajb〉 = 〈a,A′jb〉,

which says A′j : E → E is self-adjoint for j = 0, 1, . . . , g.

Now, we define another pencil L′ as L′(x) = A′0 +
g∑
j=1

A′jxj. Since L = L′ ⊕ 0,

we obtain DL = DL′ . At this step, we need to construct a monic pencil L̃ such that

DL′ = D
L̃
. To this end, we know A′0 is positive definite and therefore we can factor

it with invertible matrix C as A′0 = C∗C. Let Ãj = (C−1)∗A′jC−1 for j = 0, 1, . . . , g.

In addition, if we define monic linear pencil L̃ = I +
g∑
j=1

Ãjxj, then if x ∈ D
L̃
we
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have:

I +
g∑
j=1

(
C−1

)∗
A′jC

−1xj ≥ 0,

which is equivalent to

C∗

I +
g∑
j=1

(
C−1

)∗
A′jC

−1xj

C ≥ 0,

which in turn is equivalent to saying

A′0 +
g∑
j=1

A′jxj ≥ 0,

which is equivalent to

x ∈ DL′ .

Therefore, D
L̃

= DL′ .

Lemma 3.4. [8, Lemma 2.2] Suppose LA(x) = A0 +
g∑
j=1

Ajxj, where A0, . . . , Ag ∈

SCd1×d1 is a linear pencil. Also, assume LB(x) = B0 +
g∑
j=1

Bjxj, where B0, . . . , Bg ∈

SCd2×d2 is a linear pencil. Then for w = d2(1 + g) the following hold:

(1) LB|DLA > 0 if and only if LB|DLA (w) > 0,

(2) LB|DLA ≥ 0 if and only if LB|DLA (w) ≥ 0.

Proof. (1)(⇒) is trivial.

(⇐): We will prove that if LB|DLA ≯ 0, then LB|DLA (w) ≯ 0. Assume LB|DLA ≯ 0,

then there is t ∈ N such that X ∈ DLA(t) and z = (z1, . . . , zd2) ∈ (Ct)d2 with the

property that: 〈LB(X)z, z〉 ≤ 0. Let

K = span ({Xizj| i = 1, . . . , g, j = 1, . . . , d2} ∪ {zj| j = 1, . . . , d2}) .
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Let p be the orthogonal projection onto K. Note that dimK ≤ d2(1 + g). We have:

(Bj ⊗ pXjp) z =


(b11)jpXjp . . . (b1d2)jpXjp

... . . . ...

(bd21)jpXjp . . . (bd2d2)jpXjp




z1

...

zd2



=


(b11)jpXjpz1 + (b12)jpXjpz2 + . . .+ (b1d2)jpXjpzd2

...

(bd21)jpXjpz1 + (bd22)jpXjpz2 + . . .+ (bd2d2)jpXjpzd2

 .

Since p is a projection, we have pzi = zi and pXjzi = Xjzi for i = 1, 2, . . . , d2. Hence,

(Bj ⊗ pXjp) z =


(b11)jpXjz1 + . . .+ (b1d2)jpXjzd2

...

(bd21)jpXjz1 + . . .+ (bd2d2)jpXjzd2



=


(b11)jXjz1 + . . .+ (b1d2)jXjzd2

...

(bd21)jXjz1 + . . .+ (bd2d2)jXjzd2

 = (Bj ⊗Xj)z,

which says:

〈LB(pXp)z, z〉 = 〈LB(X)z, z〉 ≤ 0.

Consequently, pXp /∈ DLB(t).

Let η ∈ Id1 ⊗ ran p, then we have

〈LA(pXp)η, η〉 =
〈A0 ⊗ Iran p +

g∑
j=1

Aj ⊗ pXjp

 η, η〉

=
〈A0 ⊗ I +

g∑
j=1

Aj ⊗Xj

 (η ⊕ 0), (η ⊕ 0)
〉

= 〈LA(X)(η ⊕ 0), (η ⊕ 0)〉 ≥ 0,
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thus pXp ∈ DLA(w).

For part (2) also we can use the same method as in part (1).

It is interesting to know that at what level the boundedness of the spectrahedron

is equivalent to the boundedness of free spectrahedra. The following lemma provides

a detailed answer for this conjecture.

Lemma 3.5. [8, Lemma 2.3] For a linear pencil L the following are equivalent:

(1) DL is bounded,

(2) DL((1 + g)2) is bounded.

Proof. (1)⇒ (2) is trivial.

(2)⇒ (1) : For a given n ∈ N we define a monic linear pencil as

Ln(x) = 1
n



n x1 x2 x3 . . . xg

x1 n 0 0 . . . 0

x2 0 n 0 . . . 0
... ... ... . . . . . .

xg 0 . . . 0 n


= 1
n

n x∗

x nIg

 .

We want to demonstrate that DL is bounded if and only for some n, Ln
∣∣∣∣
DL
≥ 0.

Assume X ∈ DL and Ln(X) ≥ 0, the latter being equivalent to saying

nId X∗

X nIg

 ≥
0.

We know by Theorem 2.1,

n X∗

X nIg

 ≥ 0 if and only if nIg −X
1
n
X∗ ≥ 0,
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which in turn is equivalent to n2Ig −XX∗ ≥ 0, so XX∗ ≤ n2Ig. Moreover, we have

‖X∗(v)‖2 = 〈X∗(v), X∗(v)〉 = 〈v,XX∗(v)〉 ≤ n2‖v‖2.

Thus,

‖X∗(v)‖2 ≤ n2‖v‖2.

So, we have ‖X∗‖ ≤ n, which says DL is bounded. By using previous lemma, our

assumption DL((1 + g)2) is bounded is equivalent to saying Ln
∣∣∣∣
DL
≥ 0 which in turn

is equivalent to saying DL is bounded.

For a linear pencil L we define matricial ball as follows:

BL :=
⋃
n∈N

{
X ∈

(
SCn×n

)g
| ‖L(X)‖ ≤ 1

}
.

In lemma 3.5, we obtained an equivalent condition for the boundedness of the free

spectrahedra of a linear pencil. Now, in the following proposition, we will obtain the

relationship between the boundedness of the free spectrahedra and the boundedness

of the spectrahedron at first level.

Proposition 3.6. [8, Proposition 2.4] Let L be a monic linear pencil then:

(1) DL is bounded if and only if DL(1) is bounded.

(2) BL is bounded if and only if BL(1) is bounded.

Proof. (1)(⇒) is trivial.

(1)(⇐) We want to prove that if DL is not bounded, then DL(1) is not bounded.

Assume DL is not bounded. By using the lemma 3.5, there exists N ∈ N such

that DL(N) is not bounded. Consider a sequence {Xk} ⊂
(
SCN×N

)g
with the

property that ‖Xk‖ = 1 and a sequence {tk} ⊂ R+ with lim
k→∞

tk = ∞, such that

L(tkXk) ≥ 0. The sequence {Xk} has a convergent subsequence which converges to
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X = (X1, . . . , Xg) ∈ (SCN×N)g, with ‖X‖ = 1.

For every t > 0, tXk → tX. We claim that for big enough k, tXk ∈ DL(N). To see

that, since L is monic, then 0 ∈ DL. Moreover, we know tkX
k ∈ DL. For big enough

k, we have 0 ≤ t ≤ tk, then tXk = t

tk
tkX

k +
(

1− t

tk

)
0. By using the convexity of

DL which could be obtained by an easy calculation, we have tXk ∈ DL.

Thus, L(tX) ≥ 0 (for t ∈ R+). If we write X = (X1, . . . , Xg), then because

‖X‖ = 1 at least one of Xi is non-zero and by using the fact that W (Xi) =

{〈Xiv, v〉 : ‖v‖ = 1} is non-zero, we can infer that there is a non-zero vector v

such that at least for one i we have 〈Xiv, v〉 6= 0.

We define z := (〈X1v, v〉, . . . , 〈Xgv, v〉) ∈ Cg \ {0} and the map

u : C→ CN

r 7→ rv,

then for m ∈ C we have

〈u∗Xiv,m〉 = 〈Xiv, um〉 = 〈Xiv,mv〉 = m〈Xiv, v〉 = 〈〈Xiv, v〉,m〉.

Therefore, we have u∗Xiv = 〈Xiv, v〉 and

u∗Xiu(t) = u∗Xitv = t〈Xiv, v〉 = tzi.

Consequently,

L(tz) = (I ⊗ u∗)L(tX) (I ⊗ u) (3.1)

is non-negative for all t > 0, so tz ∈ DL(1) (tz → ∞) and therefore DL(1) is not

bounded.

(2)(⇒) is trivial.
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(2)(⇐) consider the pencil L1 as follows:

L1 =

I L

L I

 .

Furthermore, we have

BL :=
⋃
n∈N

{
X ∈

(
SCn×n

)g
| ‖L(X)‖ ≤ 1

}
=
{
X| I − L(X)2 ≥ 0

}
.

By applying lemma 2.9, we conclude that BL = DL1 , now we can use the previous

part to get the desired result.

A linear pencil L is said to be non-degenerate, if L(X) = L(Y ) implies X =

Y for all n ∈ N and X, Y ∈ (SCn×n)g. In particular, a truly linear pencil L is

nondegenerate if and only if L(X) 6= 0 for X 6= 0.

For matrices A ∈Mn and B ∈Mm, we have

A⊗B =


a11B . . . a1nB

... . . . ...

an1B . . . annB

 , B ⊗ A =


b11A . . . b1mA

... . . . ...

b1mA . . . bmmA

 .

Block matrices A⊗B and B⊗A are unitarily equivalent. We call this rearrange-

ment the canonical shuffle [10, p.30].

Lemma 3.7. [8, Lemma 2.5] For a linear pencil L(X) = A0 +
g∑
j=1

Ajxj the following

are equivalent:

(1) L is non-degenerate,

(2) L(z) = L(w) implies z = w for all z, w ∈ Cg,

(3) the set {Aj| j = 1, 2, . . . , g} is linearly independent,

(4) L(1) is non-degenerate.
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Proof. The proof of (1) ⇔ (4), (1) ⇒ (2), and (2) ⇒ (3) are straightforward. To

complete the proof, we prove that the implication (3) ⇒ (1). Let L(X) = L(Y )

for X, Y ∈ (SCn×n)g, then L(1)(X − Y ) = 0. By using the canonical shuffle, we get
g∑
j=1

(Xj − Yj)⊗Aj = 0. Using the linear independence of the set {Aj| j = 1, 2, . . . , g},

we infer that Xj − Yj = 0 for every j ∈ {1, 2, . . . , g}, and X = Y .

The following propositions will exhibit a relationship between the boundedness

of the free spectrahedra of L(x) and matrices A1 . . . , Ag ∈ SCn×n that we used to

construct the linear pencil L(x).

Proposition 3.8. [8, Proposition 2.6] Assume L = I+
g∑
j=1

Ajxj ∈ SCd×d is a monic

linear pencil and L(1) denotes its truly linear part. Then:

(1) BL(1) is bounded if and only if L(1) is non-degenerate,

(2) If DL is bounded, then {I, Aj| j = 1, 2, . . . , j} is linearly independent.

Proof. (1) Suppose L(1) is degenerate,
g∑
j=1

zjAj = 0 for some zj ∈ C such that at

least one of zj is non-zero. Let z = (z1, . . . , zg) ∈ Cg \ {0}. We know tz ∈ BL(1) for

every t. Thus, BL(1) is not bounded.

Conversely, if BL(1) is unbounded, then by Proposition 3.6, BL(1)(1) is not bounded.

So, there is a sequence {zk} ⊂ Cg such that ‖zk‖ = 1 and a sequence tk ∈ R+ such

that tk → ∞,
∥∥∥L(1)(tkzk)

∥∥∥ ≤ 1. There is a subsequence of {zk} which converges

to z ∈ Cg which has norm 1. So, we have
∥∥∥L(1)(zk)

∥∥∥ ≤ 1
|tk|

. Let k → ∞ we have∥∥∥L(1)(z)
∥∥∥ ≤ 0 which says

∥∥∥L(1)(z)
∥∥∥ = 0. Consequently, L(1) is not non-degenerate.

(2) Suppose λI +
∑
j

xjAj = 0 with λ, xj ∈ C not all zero. We may assume for

at least one index j we have xj 6= 0. Let z = (x1, . . . , xg) 6= 0. If λ = 0, then

L(1)(tz) = 0 is positive semi-definite for every t ∈ R. So, tz ∈ DL and if t→∞, then

tz →∞ which shows that DL is not bounded. If 0 6= λ ∈ C, then by assumption we

have,

L(z/λ) = I + 1
λ

∑
j

xjAj = 0.
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Therefore, we have L(tz/λ) ≥ 0 for all t ∈ R− which shows that DL is unbounded.

For two linear pencils:

LA(x) = I +
g∑
j=1

Ajxj, A1, . . . , Ag ∈ SCd1×d1 ,

LB(x) = I +
g∑
j=1

Bjxj, B1, . . . , Bg ∈ SCd2×d2 ,

we will study the following two inclusions for free spectrahedra,

DLA ⊆ DLB (i.e., for all n ∈ N andX ∈ (SCn×n)g, LA(X) ≥ 0 implies LB(X) ≥ 0),

(3.2)
∂DLA ⊆ ∂DLB (i.e., for all n ∈ N and X ∈ (SCn×n)g, LA(X) ≥ 0 and LA(X) ≯ 0

implies LB(X) ≥ 0 and LB(X) ≯ 0)
(3.3)

In this part, we will characterize the relationship between LA and LB which satisfies

(3.2) and (3.3). By using lemma 3.4, to check (3.2), it is enough to use matrices of

large enough size.

Example 3.9. [8, Example 3.1] In this example, we will show that to verify condition

(3.2), it is not sufficient to use a scalar vector X ∈ Cg. To this end, let

4(X1, X2) = I +


0 1 0

1 0 0

0 0 0

X1 +


0 0 1

0 0 0

1 0 0

X2

=


1 X1 X2

X1 1 0

X2 0 1

 ,
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and

Γ(X1, X2) = I +

1 0

0 −1

X1 +

0 1

1 0

X2

=

1 +X1 X2

X2 1−X1

 .

Then, by the theorem 2.1, we have

D4 =
⋃
n

{
(X1, X2) ∈ (SCn×n)2| I −X2

1 −X2
2 ≥ 0

}
,

D4(1) =
{

(X1, X2) ∈ R2| X2
1 +X2

2 ≤ 1
}
,

DΓ(1) =
{

(X1, X2) ∈ R2| X2
1 +X2

2 ≤ 1
}
,

and we have D4(1) = DΓ(1).

Consider X = (X1, X2) =




1
2 0

0 0

 ,
0 3

4
3
4 0


. We have:

I −


1
2 0

0 0


2

−

0 3
4

3
4 0


2

=

1 0

0 1

−


13
16 0

0 9
16

 ≥ 0

which means X ∈ D4.

Furthermore,

Γ(X) =

I +X1 X2

X2 I −X1

 =



A︷ ︸︸ ︷
3
2 0

0 1


B︷ ︸︸ ︷ 0 3

4
3
4 0


 0 3

4
3
4 0


︸ ︷︷ ︸

B∗


1
2 0

0 1


︸ ︷︷ ︸

C


.
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By using lemma 2.1, we infer that Γ(X) ≥ 0 if and only if C − B∗A−1B ≥ 0.

However, a simple calculation shows that C − B∗A−1B � 0, and therefore X /∈ DΓ.

Thus, 4(X) ≥ 0, does not imply Γ(X) ≥ 0. 4

The previous example exhibits that although two given linear pencils have the

same spectrahedra at first level, the free spectrahedra of4 is not the subset of the free

spectrahedra of Γ. One may consider [8, Proposition 5.3] and the algorithm following

it to construct the pencil LC1 from the given pencil Lη such that DLC1
(1) ⊆ DLη(1)

but for n ≥ 2, DLC1
(n) * DLη(n).

3.2 Main Results

In this part, we introduce the subspaces SA,SB as follow:

SA = span {I, Aj| j = 1, . . . , g} ,

SB = span {I, Bj| j = 1, . . . , g} ,

where Aj ∈ SCd1×d1 and Bj ∈ SCd2×d2 for j = 1, . . . , g. Further, we define a unital

map τ between SA,SB as:
τ : SA → SB

Aj 7→ Bj

.

Note that in order to have τ well-defined, the set SA needs to be linearly independent.

By using proposition 3.8, the boundedness of DLA implies that the set SA is linearly

independent.

Recall that the tensor product of two Hilbert spaces H,K is a Hilbert space

H ⊗K such that for vectors (x1 ⊗ y1) ∈ H ⊗K and (x2 ⊗ y2) ∈ H ⊗K we have

〈(x1 ⊗ y1), (x2 ⊗ y2)〉 = 〈x1, x2〉〈y1, y2〉. (3.4)

25



Lemma 3.10. [8, Lemma 3.6] Let LA(x) = I +
g∑
j=1

Ajxj be a monic linear pencil

and DLA be a bounded set, where A1, . . . , Ag ∈ SCd1×d1 . Let L = I ⊗ Λ + L
(1)
A (X),

where X ∈ (Cn×n)g and Λ ∈ Cn×n. Then the followings hold:

(1) Assume L is self-adjoint and X ∈ (SCn×n)g. Then Λ = Λ∗.

(2) If L is positive semi-definite and X ∈ (SCn×n)g, then Λ is also positive semi-

definite.

(3) Suppose L′ = Λ⊗ I +
g∑
j=1

Xj ⊗ Aj ≥ 0 for Λ ∈ Cn×n, and X ∈ (SCn×n)g.

Then, Λ is positive semi-definite.

Proof. (1) If we assume L = I⊗Λ+
g∑
j=1

Aj⊗Xj is self-adjoint then we have: 0 = L∗−L

which implies 0 = I ⊗ (Λ∗ − Λ), so Λ∗ = Λ.

(2) Let Λ � 0, then there is a vector z ∈ Cn such that 〈Λz, z〉 < 0 with ‖z‖ = 1.

In the next part, we intend to exhibit that DLA is not bounded. To this end, we

define the projection

Q : Cn → Cz.

Let F = (〈Xjz, z〉)gj=1 ∈ C
g and M = (QXjQ)gj=1. We know L ≥ 0, so (I ⊗Q)L(I ⊗

Q) ≥ 0, and thus

I ⊗QΛQ+
g∑
j=1

Aj ⊗QXjQ ≥ 0.

Equivalently, we have:

〈(
I ⊗QΛQ+ L

(1)
A (M)

)
t⊗ z, t⊗ z

〉
≥ 0, t⊗ z ∈ Cd1 ⊗ Cn.

Thus, by using 3.4 we obtain

〈
L

(1)
A (M)t⊗ z, t⊗ z

〉
≥ −‖t‖2〈Λz, z〉 > 0. (3.5)
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On the other hand, for t ∈ Cd1 we have

〈
L

(1)
A (F )t, t

〉
=

〈 g∑
j=1

(Aj〈Xjz, z〉)
 t, t〉

=
〈 g∑

j=1
Aj ⊗QXjQ

 t⊗ z, t⊗ z〉

=
〈
L

(1)
A (M)t⊗ z, t⊗ z

〉
≥ −‖t‖2〈Λz, z〉 (by using 3.5).

We proved that L(1)
A (F ) > 0, which implies vF ∈ DLA for v > 0 because LA(vF ) =

I + L
(1)
A (vF ) ≥ 0, so DLA is not bounded.

(3) If we apply the canonical shuffle on L′, then it has the form of L, so we can apply

part (2) to get the desired result.

Proposition 3.11. [8, Proposition 3.9] Suppose LA, LB are linear monic pencils

such that DLA is bounded and ∂DLA ⊆ ∂DLB . Then DLA = DLB .

Proof. If we assume T1 = DLA and T2 = DLB , then we have

∂T1 = {X ∈ DLA| LA(X) ≥ 0, LA(X) ≯ 0} ,

∂T2 = {X ∈ DLB | LB(X) ≥ 0, LB(X) ≯ 0} .

In addition, we have T1 is closed, bounded and convex. So, by using lemma [13, 1.4.1],

we infer that T1 = con ∂T1. Moreover, we know that ∂T1 ⊆ ∂T2. Therefore,

con ∂T1 ⊆ con ∂T2 ⊆ T2,

which implies that T1 ⊆ T2. On the other hand, we know 0 ∈ int T1 ∩ int T2 because

both LA and LB are monic, so we can apply lemma 2.7 and attain T1 = T2.
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As we stated in chapter 1, it is of the interest to clarify when LA(X) ≥ 0 implies

LB(X) ≥ 0.

The next part provides an answer to our question by relating complete positivity

to LMIs. In particular, the following theorem will show that LA(X) ≥ 0 implies

LB(X) ≥ 0 if and only if there exists a natural completely positive map between the

sets span{I, A1, . . . , Ag} and span{I, B1, . . . , Bg}.

Theorem 3.12. [8, Theorem 3.5] Assume LA(x) = I+
g∑
j=1

Ajxj, where A1, . . . , Ag ∈

SCd1×d1 with DLA bounded and LB(x) = I +
g∑
j=1

Bjxj, where B1, . . . , Bg ∈ SCd2×d2.

Consider the unital linear map τ : SA → SB defined as Aj 7→ Bj.

Then, we have:

(1) τ is n-positive if and only if DLA(n) ⊆ DLB(n),

(2) τ is completely positive if and only if DLA ⊆ DLB ,

(3) τ is completely isometric if and only if ∂DLA ⊆ ∂DLB .

Proof. (1): Assume τ is n-positive. Then, for every X ∈ DLA(n), LA(X) ≥ 0, thus

LB(X) = τn(LA(X)) ≥ 0.

(⇐): For fixed n ∈ N, suppose L′ ∈ Mn(SA) is a positive element of the form

L′ = Λ ⊗ I +
g∑
j=1

Xj ⊗ Aj ≥ 0 for Λ ∈ Cn×n and X ∈ (SCn×n)g. In the previous

part, the reason why we have X ∈ (SCn×n)g is since L′ is a positive operator, L′ is

self-adjoint which implies X ∈ (SCn×n)g .

Then, by Lemma 3.10 we have that Λ ≥ 0. By applying the canonical shuffle,

we get L = I ⊗ Λ +
g∑
j=1

Aj ⊗Xj ≥ 0. In order to make Λ invertible, we change it to

Λε = Λ + εI and let Lε = I ⊗ Λε +
g∑
j=1

Aj ⊗Xj. Consequently,

(
I ⊗ Λ−

1
2

ε

)
Lε

(
I ⊗ Λ−

1
2

ε

)
= I ⊗ I +

g∑
j=1

Aj ⊗
(

Λ−
1
2

ε XjΛ
− 1

2
ε

)
≥ 0.
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Moreover, we have DLA(n) ⊆ DLB(n). Hence,

I ⊗ I +
g∑
j=1

Bj ⊗
(

Λ−
1
2

ε XjΛ
− 1

2
ε

)
≥ 0,

which implies

I ⊗ Λ
1
2
ε

I ⊗ I +
g∑
j=1

Bj ⊗
(

Λ−
1
2

ε XjΛ
− 1

2
ε

) I ⊗ Λ
1
2
ε ≥ 0,

I ⊗ Λε +
g∑
j=1

Bj ⊗Xj ≥ 0.

At this step, if we apply the canonical shuffle, we have:

τ(Lε) = Λε ⊗ I +
g∑
j=1

Xj ⊗Bj ≥ 0,

τ

Λε ⊗ I +
g∑
j=1

Xj ⊗ Aj

 ≥ 0.

Therefore, we have proved that for L′ε = Λε ⊗ I +
g∑
j=1

Xj ⊗ Aj ∈ Mn(SA) with

Λε > 0 if L′ε > 0 then τ(L′ε) ≥ 0. On the other hand, we have L′ + εI > 0,

so τ(L′ + εI) ≥ 0. Moreover, we have lim
ε→0

τ(L′ + εI) ≥ 0 which is equivalent to

saying limε→0 (τ(L′) + εI) ≥ 0. Therefore, τ(L′) ≥ 0 which in turn states that τ is

n-positive.

(2) This is a consequence of (1).

(3) Assume we have ∂DLA ⊆ ∂DLB , then by using proposition 3.10 we conclude that

DLA = DLB . Therefore, by using part (2) we infer that τ and τ−1 are UCP maps

which is equivalent to saying τ is a unital completely isometric map [10, Proposition

3.6].

Assume τ is a unital completely isometric map which is equivalent to saying τ and

τ−1 are UCP maps. Let X ∈ ∂DLA , so LA(X) ≥ 0 and LA(X) ≯ 0. By using that τ
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is a UCP map, we obtain that

LB(X) = τ (LA(X)) ≥ 0.

On the other hand, we know that τ−1 (LB(X)) = LA(X) ≯ 0 and τ−1 is a UCP map,

and therefore LB(X) ≯ 0. That is to say, X ∈ ∂DLB .

In the following part, we will establish another equivalent condition for two monic

linear pencils under which we will have DLA ⊆ DLB .

Corollary 3.13. [8, Corollary 3.7] Assume LA, LB are the same as in the previous

theorem and DLA is bounded. If DLA ⊆ DLB , then there is k ∈ N and an isometry

z ∈ Ckd1×d2 such that LB(x) = z∗ (Ik ⊗ LA(x)) z.

Proof. Assume DLA ⊆ DLB . Then, by theorem 3.12, there exists a UCP map τ :

S1 → S2, τ(Aj) = Bj, and by using theorem 2.13 we obtain a UCP map ψ : Cd1×d1 →

Cd2×d2 extending τ. By considering ψ, we realize that all conditions of Stinespring

representation theorem 2.12 are fulfilled. Therefore, by applying 2.12 we obtain that

there is unital ∗-homomorphism π : Cd1×d1 → Cd3×d3 and isometry V : Cd1 → Cd3

such that

ψ(t) = V ∗π(t)V, t ∈ Cd1×d1 .

Since all representations of Cd1×d1 are unitarily equivalent to a multiple of the identity

representation by using lemma 2.3, then

ψ(t) = V∗(Iµ ⊗ t)V , V ∈ Cµd1×µd1 , t ∈ Cd1×d1 .

We call the projection p in C∗(SA) central if for every B ∈ C∗(SA), Bp = pB.
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Also, we say the projection p̃ ∈ B(H) is a reducing projection for C∗(SA) if for every

B ∈ C∗(SA), Bp̃ = p̃B.

Lemma 3.14. Let p̃ be a minimal reducing projection for C∗(SA) such that p̃ /∈

C∗(SA). Then, there is a minimal central projection p for C∗(SA) such that p̃ ≤ p.

Proof. LetQp̃ = {e ∈ C∗(SA)| e is a central projection such that p̃ ≤ e} and we know

Qp̃ is not an empty set because I ∈ Qp̃. Therefore, if e ∈ Qp̃, then p̃ ≤ e which is

equivalent to say ran p̃ ⊂ ran e ⊂ Cd1 . Hence, we know the set
{

dim(ran e)|e ∈ Qp̃

}
⊂

N∩ [dim ran p̃, d1] is a bounded set of natural numbers, so it has a minimum δ. Thus,

there is p ∈ Qp̃ such that dim(ran p) = δ.

Lemma 3.15. Let p, p̃ be same as in the previous lemma and the C∗-algebra C =

C∗(SA)p be a ∗-algebra of operators on the range H of p. Then, the map c ∈ C 7→ cp̃

is injective.

Proof. Assume c 7→ cp̃ is not one-one, so it has a non-trivial kernel J. For T ∈ B(H)

and every j ∈ J, h ∈ H we have Tjh ∈ JH, and T ∗jh ∈ JH, so the subspace

K = JH reduces C. Moreover, assume R is the projection onto K. In the following

parts we will show:

(1) R is the unit of J ,

(2) R ≤ I − p,

(3) R = I − p.

(1) Since J is a finite dimensional C∗-algebra, by using lemma 2.3 it has a unit

R′ ∈ J . Note that JH ⊃ R′H. Consequently, ran R ⊃ ran R′, so R ≥ R′. If X ∈ J ,

then X = R′X because R′ is the unit of J and therefore ran X ⊂ ran R′ which

implies XH ⊂ ran R′. Consequently, ran R = JH ⊂ ran R′ which is equivalent to

saying R ≤ R′. As a result, we infer that R = R′.

(2) R is the unit of J , so Rp̃ = 0 by definition of J which says ran R ⊂ (ran p̃)⊥.

Moreover, we know that ran p̃ ⊆ (ran R)⊥ = ran(I − R), thus p̃ ≤ I − R and
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minimality of p yields p̃ < p ≤ I −R. Consequently, we have R ≤ I − p.

(3) We have (I − p) · p̃ = p̃− pp̃ = p̃− p̃ = 0, so (I − p) ∈ J . Consequently, we have

(I− p)R = I− p and by using part (2) we get (I− p)R = R. Therefore, we conclude

that R = I − p.

On the other hand, R ∈ C which shows R = Rp = (I − p)p = 0. All in all, we

showed that R = 0 so that J = 0 which says the map c 7→ cp̃ is injective.

Lemma 3.16. The C∗-algebra C∗(SA) contains all reducing projections if and only

if C∗(SA) contains all minimal reducing projections.

Proof. If q ∈ B(Cd1) is a reducing projection for C∗(SA) which is not minimal, then

there exists a minimal central projection q′ for C∗(SA) such that q′ � q. Therefore,

q − q′ is also reducing and q = q′ ⊕ (q − q′). By using induction and the finite

dimensionality of Cd1 we find that q = ⊕qi where qi is a minimal reducing projection.

Definition 3.17. Assume K is the biggest two sided ideal of C∗(S) such that the

natural map C∗(S) → C∗(S)/K, r 7→ r + K is completely isometric on S, then K

is called the Šilov ideal for S in C∗(S).

For a linear pencil LA(x) = I +
g∑
j=1

Ajxj where A1, A2, . . . , Ag ∈ SCd1×d1 , the

pencil L̃A(x) = I +
g∑
j=1

Ãjxj is a subpencil if there exists a non-trivial reducing

subspace M for SA such that for every j, Ãj = T ∗AjT where T : M ↪→ Cd1 is an

inclusion map. We call the pencil LA minimal if there is not a subpencil L̃A such

that DLA = D
L̃A

.

Theorem 3.18. [8, Proposition 3.17] Assume LA(x) = I+
g∑
j=1

Ajxj, A1, A2, . . . , Ag ∈

SCd1×d1 is a linear pencil and DLA is bounded. Then, LA is minimal if and only if

every minimal reducing projection p̃ is in C∗(SA) and the Šilov ideal of C∗(SA) is

zero.
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Proof. (⇒) Assume p̃ is a minimal reducing projection for C∗(SA) such that p̃ /∈

C∗(SA). By using lemma 3.14, there is a minimal central projection p for C∗(SA)

such that p̃ ≤ p.

Now, we define C∗-algebra C = C∗(SA)p as a ∗-algebra of operators on the range

H of p and by using lemma 3.15 the map c ∈ C 7→ cp̃ is injective. At this step, we

want to show that the map D : c 7→ c(I − p) + cp̃ where c ∈ C∗(SA) is one-one. We

know that for all x ∈ kerD we have:

0 = x(I − p) + xp̃ (3.6)

and since p̃ ≤ p, then Ran p̃ ∈ (Ran (I − p))⊥. For h ∈ ran p̃ we have p̃h = h and

(I − p)h = 0, then if we apply (3.6) to h, we infer that xp̃h = 0. Thus, xp̃ = 0 and

x = xp. Because of x = xp we have x ∈ C and by the lemma 3.15 c 7→ cp̃ is injective,

so we conclude that x ∈ J = 0 (J is the kernel of the map c 7→ cp̃) which is equivalent

to saying that D is one-one. If we consider [12, Theorem 2.4] along with the fact

that D is an injective ∗-homomorphism, it can be inferred that D is a completely

isometric map. We know that restriction of the self-adjoint operators to a reducing

subspace is also self-adjoint operator, so if we restrict LA to ran(I − p)⊕ ran p̃, then

by using the theorem 3.12, we obtain a new pencil L′ such that DL′ = DLA which

contradicts the minimality of LA.

We assume the Šilov ideal of C∗(SA) is non-zero. Let J ⊆ C∗(SA) be the Šilov

ideal, so ψ : C∗(SA) → C∗(SA)/J, c 7→ c + J is completely isometric on SA. Let

K = JCd1and let p be the projection onto K. As shown above, we know that p is

reducing for C∗(SA). By what we showed above, we conclude that p ∈ C∗(SA).

Also, p ∈ J = kerψ (by the same argument as in the proof of the lemma 3.15

used to show that R ∈ J) which says ψ(p) = 0, so

ψ(s(I − p)) = ψ(s)ψ(I − p) = ψ(s), for every s ∈ SA. (3.7)
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We claim that τ : SA → C∗(SA), X 7→ X(I − p) is completely isometric. To see

this, first we show that τ is completely contractive:

∥∥∥τ (n) ([Xij])
∥∥∥ = ‖[Xij(I − p)]‖

=

∥∥∥∥∥∥∥∥∥∥∥∥
[Xij]


I − p 0

. . .

0 I − p



∥∥∥∥∥∥∥∥∥∥∥∥
(3.8)

≤ ‖[Xij]‖ ‖I − p‖

≤ ‖[Xij]‖ . (3.9)

Now, let [Xij] ∈Mn(SA), then we have

‖[Xij]‖Mn(SA) = ‖[ψ(Xij)]‖Mn(C∗(SA)/J)

= ‖[ψ(Xij(I − p))]‖Mn(C∗(SA)/J) , (By 3.7)

= ‖[ψ(τ(Xij))]‖

≤ ‖[τ(Xij)]‖

≤ ‖[Xij]‖ (By 3.9).

Thus, τ is completely isometric, so by considering theorem 3.12and the minimality

of LA we obtain p = 0 which is contradiction.

(⇐) Suppose the Šilov ideal of C∗(SA) is zero and every minimal reducing pro-

jection is in C∗(SA). Moreover, assume LA is not minimal, so that there is subpencil

L̃ corresponding to a reducing subspace K ( Cd1 such that D
L̃

= DLA .

Let p̃ be the projection ontoK. We know thatD
L̃

= DLA , so by using the theorem

3.12 the mapping SA → {sp̃|s ∈ SA} such that s 7→ sp̃ is completely isometric. Let

p′ be the projection onto some reducing subspace containing K. We claim that the

map s 7→ sp′ is completely isometric. To see this, we know ran p̃ ⊂ ran p′ which says
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p′p̃ = p̃ and for s ∈ SA we have:

‖s‖ = ‖sp̃‖ = ‖sp′p̃‖ ≤ ‖sp′‖‖p̃‖ = ‖sp′‖ ≤ ‖s‖,

which proves that the map s 7→ sp′ is completely isometric. Note that the previous

calculation only works at scalar level and for the other matrix levels we can use the

same method.

If we assume W is a minimal orthogonal projection onto K ′ which is a reducing

subspace of K⊥, then by assumption W ∈ C∗(SA). In the following part, we show

that C∗(SA)W has no non-trivial ideal. That is because, if J ⊂ C∗(SA)W , then

due to finite dimensionality we have J = (C∗(SA)W )R where R is the unit of J.

Furthermore, for every X ∈ C∗(SA)W we have XW = X and WX = X for every

X ∈ J .

Thus, WR = RW = R which is equivalent to saying ran R ⊆ ran W , so R ≤ W .

Therefore, R = 0 or R = W , so J = 0 or J = C∗(SA)W . As a result, C∗(SA)W is

a minimal two-sided ideal of C∗(SA). Also, (I −W ) is a projection onto a reducing

subspace which contains K, and thus s 7→ s(I−W ) is completely isometric as shown

above. For A = (aij) ∈Mn(SA) and

Q = (qij)(In ⊗W ) ∈Mn (C∗(SA)) (I ⊗W ),

we have:

‖A+Q‖ = ‖(A+Q)(In ⊗ (I −W ))⊕ (A+Q)(In ⊗W )‖
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and

Q (In ⊗ (I −W )) = (qij)(In ⊗W )(In ⊗ (I −W ))

= (qij) (In ⊗W (I −W )) = 0.

Thus,

‖A+Q‖ = ‖A (In ⊗ (I −W ))⊕ (A+Q)(In ⊗W )‖

= max {‖A (In ⊗ (I −W ))‖ , ‖(A+Q)(In ⊗W )‖} .

Since s 7→ s(I −W ) is completely isometric, we have

‖A+Q‖ = max {‖A‖, ‖(A+Q)(In ⊗W )‖} ,

hence, ‖A‖ ≤ ‖A+Q‖.

Our next goal is to show that

ψ : C∗(SA)→ C∗(SA)/C∗(SA)W

is completely isometric on SA. Let X ∈ C∗(SA), then

‖ψ(X)‖ = inf {‖X + q‖ : q ∈ C∗(SA)W} .

If X ∈ SA, then previous part yields that ‖X‖ ≤ ‖X + q‖ for q ∈ C∗(SA)W . That

is to say,

‖x‖ ≥ ‖ψ(x)‖ ≥ ‖x‖,

and if we do the similar argument for [Xij] ∈ Mn(SA) we obtain that ψ is com-

pletely isometric which says 0 6= C∗(SA)W is a subset of Šilov ideal. But, this is in
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contradiction with our assumption that the Šilov ideal is zero.

It is of interest to investigate under which conditions two monic linear pencils that

share the same free spectrahedra, have the matrix coefficients of the same matrix

level. The following theorem will answer this question.

Theorem 3.19. [8, Theorem 3.12] Let LA(x) = I +
g∑
j=1

Ajxj, A1, . . . , Ag ∈ SCd1×d1

and LB(x) = I +
g∑
j=1

Bjxj, B1, . . . , Bg ∈ SCd2×d2 be linear pencils with DLA = DLB
bounded. If we assume LA and LB are minimal, then d1 = d2 and there exists a

unitary matrix U such that U∗LAU = LB.

Proof. Let S1 = {A1, . . . Ag}, S2 = {B1, . . . , Bg}. Moreover, let β1 and β2 be maxi-

mal families of minimal non-zero reducing projections for C∗(S1), C∗(S2) respectively.

The reason why β1 and β2 exist will be explained later in this proof. For p1, p2 ∈ β1

by using the theorem 3.18, we infer that p1 and p2 are central, therefore we have

p1p2 ≤ p1, p1p2 ≤ p2.

On the other hand, minimality yields


p1p2 = p1

or

p1p2 = 0

,


p1p2 = p2

or

p2p1 = 0

which is equivalent to saying that p1 = p2 or p1 ⊥ p2. The reason why β1 exists is all

minimal non-zero reducing projections for C∗(S1) are non-zero pairwise orthogonal

reducing projections, so ⊕
p∈β1

ran p = Cd1 which says we have at most d1 non-zero

pairwise orthogonal reducing projections. The same argument holds for β2. We

claim that ⊕
p∈β1

p = I,
⊕
p̃∈β2

p̃ = I. To see this, if we assume ⊕
p∈β1

p = R 6= I, then

I−R is another reducing projection which says there is minimal reducing projection
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S ≤ (I − R). Thus, S ∪ β1 is a family of minimal reducing projections, but this

contradicts maximality of β1. The other equality follows in a similar way. For every

a ∈ C∗(S1) we have:

a = IaI =
⊕
p∈β1

pa
⊕
q∈β1

q =
⊕
p,q∈β1

paq =
⊕
pq∈β1

apq =
⊕
p′∈β1

ap′,

so C∗(S1) = ⊕
p′∈β1

C∗(S1)p′ and likewise C∗(S2) = ⊕
q∈β2

C∗(S2)q.

At the next step, we will prove that a minimal ideal in C∗(S1) is of the form

C∗(S1)p, p ∈ β1. Assume J ⊂ C∗(S1) is a minimal ideal, so there is a projection

p ∈ C∗(S1) such that J = C∗(S1)p (by the same argument as in the proof of the

theorem 3.18). If R is a minimal reducing projection for C∗(S1) such that R ≤ p,

then Rp = R. On the other hand, by minimality of LA and theorem 3.18, we

have R ∈ C∗(S1), thus R = Rp ∈ C∗(S1)p = J . Therefore, RC∗(S1) ⊂ J. Since

J is minimal this shows that J = RC∗(S1). Accordingly, we have R = p which

is equivalent to saying p is minimal. Since DLA = DLB , we have the unital map

τ : S1 → S2, τ(Aj) = Bj is completely isometric isomorphism by theorem 3.12.

Recall that by [1, Theorem 7.1] we know that the generating sets S1, S2 for C∗(S1)

and C∗(S2) are admissible, so by using [2, Theorem 2.2.5], we can extend τ to a *-

isomorphism γ : C∗(S1)→ C∗(S2). If we assume C∗(S1)p, p ∈ β1 is a minimal ideal

for C∗(S1), then γ(C∗(S1)p) = C∗(S2)q for some q ∈ β2. Conversely, for every q ∈ β2

there is p ∈ β1 such that C∗(S2)q = γ(C∗(S1)p) because ∗-isomorphism preserves

minimality of projections.

Consider ψp : C∗(S1)p → C∗(S2)q such that γ|C∗(S1)p = ψp. Since C∗(S1)p is a

simple algebra and finite dimensional C∗-algebra, by applying lemma 2.3 we infer

that there exists a unitary map up such that for every A ∈ C∗(S1)p, ψp(A) = u∗pAup.
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Moreover, for Aj = ⊕
p∈β1

Ajp ∈ C∗(S1) we have

γ(Aj) = γ

⊕
p∈β1

pAjp

 =
⊕
p∈β1

u∗ppAjpup.

Accordingly, If we assume V = ⊕
p∈β1

pup, then we infer that γ(Aj) = V ∗AjV. On the

other hand, we have

d2 = tr(Id2) = tr(
∑
q∈β2

q) = tr(
∑
p∈β1

γ(p)) = tr(
∑
p∈β1

u∗ppup) = tr(
∑
p∈β1

p) = d1.
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4

Completely Bounded Maps and

Inclusion of Free Spectrahedra

We introduced subspaces SA,SB ⊆ SCdp×dp , p = 1, 2 in chapter 3 as:

SA = span {I, Aj| j = 1, . . . , g} ,SB = span {I, Bj| j = 1, . . . , g} where Aj ∈

SCd1×d1 and Bj ∈ SCd2×d2 for j = 1, . . . , g. In chapter 3, we proved that there exists

a unital completely positive map SA → SB, Aj 7→ Bj if and only if DLA ⊂ DLB .

Since UCB(unital completely bounded) maps are more general than UCP(unital

completely positive) maps, it would be interesting if in analogy with theorem 3.12

we could explain the relationship between DLA , DLB in terms of the existence of

a completely bounded map between SA and SB. The reason why this chapter is

developed is to investigate the possible relationship between the free spectrahedra

of LA and LB when the map SA → SB, Aj 7→ Bj is merely completely bounded, but

not necessarily completely positive.

Recall that for a linear pencil LA(x) = I+
g∑
j=1

Ajxj we defined L(1)
A (x) =

g∑
j=1

Ajxj.

Moreover, we define

ΛA :=
{
X ∈

(
Cn×n

)g
| ‖L(1)

A (X)‖ ≤ 1
}
,

40



and

BA,r :=
{
X ∈

(
Cn×n

)g
| ‖LA(X)‖ ≤ r

}
.

Note that in order to have a well defined map τ between SA and SB such that

Aj 7→ Bj, it is equivalent to have the set {I, Aj| j = 1, . . . , g} be linearly independent.

Therefore, by using the proposition 3.8 the map τ is well defined if the set DLA is

bounded.

Theorem 4.1. Let LA(x) = I +
g∑
j=1

Ajxj, and LB(x) = I +
g∑
j=1

Bjxj be monic linear

pencils such that DLA and DLB are bounded. Let τ be the unital linear map between

SA,SB such that:

τ(Aj) = Bj. (4.1)

Then, the following are equivalent:

(1) τ is a completely bounded map,

(2) there is K > 0 such that ΛA ⊂ KΛB,

(3) there is λ > 0 such that BA,2 ⊂ BB,2λ,

(4) there is λ′ > 0 such that BA,r ⊂ BB,λ′r for every r ≥ 0.

Proof. (2)⇒ (1) We define a projection P as follows:

P : SA → CIλI +
g∑
j=1

Ajxj

 7→ λI.

It is well-defined because the set {I, Aj| j = 1, . . . , g} is linearly independent
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(Lemma 3.8). For Λ ∈Mn, X ∈ (Mn)g we have:

(I − P )(n)

I ⊗ Λ +
g∑
j=1

Aj ⊗Xj

 =
g∑
j=1

Aj ⊗Xj = L
(1)
A (X),

P (n)

I ⊗ Λ +
g∑
j=1

Aj ⊗Xj

 = I ⊗ Λ.

Taking an arbitrary element S = I ⊗ Λ + ∑g
j=1Aj ⊗ Xj from Mn(SA) such that

‖S‖ = 1, we have:

τ (n)(S) = τ (n)
(
P (n)(S)

)
+ τ (n)

(
(I − P )(n)(S)

)
.

Thus,

‖τ (n)(S)‖ ≤
∥∥∥τ (n)(I ⊗ Λ)

∥∥∥+
∥∥∥τ (n)

(
(I − P )(n)(S)

)∥∥∥ .
In addition, we have:

‖I ⊗ Λ‖ ≤ ‖P (n)‖ ·

∥∥∥∥∥∥I ⊗ Λ +
g∑
j=1

Aj ⊗Xj

∥∥∥∥∥∥ , (4.2)
∥∥∥∥∥∥
g∑
j=1

Aj ⊗Xj

∥∥∥∥∥∥ ≤ ‖(I − P )(n)‖

∥∥∥∥∥∥I ⊗ Λ +
g∑
j=1

Aj ⊗Xj

∥∥∥∥∥∥ . (4.3)

Therefore, using that τ is a unital map, and using (4.2) we have:

‖τ (n)(S)‖ ≤ ‖I ⊗ Λ‖+
∥∥∥τ (n)(I − P )(n)(S)

∥∥∥
≤ ‖P (n)‖+

∥∥∥τ (n)(I − P )(n)(S)
∥∥∥ . (4.4)

Furthermore, if we assume ‖(I − P )‖cb = t, then by (4.3) we have
∥∥∥∥L(1)

A

(
X

t

)∥∥∥∥ ≤ 1,

thus X

t
∈ ΛA and by using our assumption there is K s.t X

t
∈ KΛB which is

equivalent to saying that: there is X ′ ∈ ΛB such that X ′ = X

Kt
. Consequently

∥∥∥τ (n)
(
L

(1)
A (X/Kt)

)∥∥∥ =
∥∥∥L(1)

B (X/Kt)
∥∥∥ ≤ 1,
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hence

∥∥∥τ (n)
(
L

(1)
A (X)

)∥∥∥ ≤ Kt. (4.5)

By using (4.4),(4.5) we obtain that

∥∥∥τ (n)(S)
∥∥∥ ≤ ‖P (n)‖+K‖(I − P )‖cb. (4.6)

Also we know P, (I −P ) are linear operators between finite dimensional spaces, and

so are bounded. By using [10, Proposition 3.8], we get:

‖P (n)‖ = ‖P‖,

‖(I − P )‖cb ≤ ‖I‖cb + ‖P‖cb

= 1 + ‖P‖.

Accordingly, we conclude that
∥∥∥τ (n)(S)

∥∥∥ ≤ ‖P‖+K(1 + ‖P‖).

(1)⇒ (4): Let X ∈ BA,r. Then

‖LB(X)‖ = ‖τ (n)(LA(X))‖

≤ ‖τ‖cb · ‖LA(X)‖

≤ ‖τ‖cb · r.

Hence, BA,r ⊂ BB,‖τ‖cb·r for r ≥ 0.

(4)⇒ (3) is trivial.

(3)⇒ (2): Let X ∈ ΛA and let the projection PB be as follows:

PB : SB → CIλ+
g∑
j=1

Bjxj

 7→ λ.
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As above, we know that I − PB is completely bounded, so that

‖L(1)
B (X)‖ ≤ ‖I − PB‖cb‖LB(X)‖.

But

‖LA(X)‖ ≤ 1 + ‖L(1)
A (X)‖ ≤ 2,

so X ∈ BA,2 which says X ∈ BB,2λ. As a result,

‖L(1)
B (X)‖ ≤ ‖I − PB‖cb2λ.

In the preceding theorem, we established a relationship between ΛA and ΛB when

there exists a natural completely bounded map between SA and SB. In the following

theorem, we will find a relationship between DA and DB, which are more commonly

used than ΛA and ΛB, when there exists a natural completely bounded map between

SA and SB.

We make some elementary preliminary observations. Note that for every Λ ∈Mn

with ‖Λ‖ < 1 by using the Lemma 2.9 we have:In Λ

Λ∗ In

 > 0. Furthermore, we claim that

cIn Λ

Λ∗ cIn

 > 0 if c > 1. That is

because:

cIn Λ

Λ∗ cIn

 =

(c− 1)In 0

0 (c− 1)In

+

In Λ

Λ∗ In



≥ (c− 1)

In 0

0 In

 > 0.
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Likewise, we have

 cI I ⊗ Λ

I ⊗ Λ∗ cI

 > 0 for c > 1 whenever ‖Λ‖ < 1.

Lemma 4.2. Let LA and LB be the same as in the previous theorem. Moreover,

assume n ∈ N, Λ ∈Mn and ‖Λ‖ < 1. We define

E(A,Λ, n, c) :=

cI Λ

Λ∗ cI


1
2

DA(2n)

cI Λ

Λ∗ cI


1
2

, c > 1.

Then, X =


 0 Xj

Xj 0



g

j=1

∈ E(A,Λ, n, C) if and only if ‖Id1⊗Λ+
g∑
j=1

Aj⊗Xj‖ ≤ c.

Proof. Assume S = Id1 ⊗Λ +
g∑
j=1

Aj ⊗Xj ∈Mn(SA), ‖S‖ ≤ 1. By using Lemma 2.9,

we obtain thatInd1 S

S∗ Ind1

 ≥ 0 in M2 (Mn(SA)). On the other hand,

Ind1 S

S∗ Ind1

 =


Ind1 Id1 ⊗ Λ +

g∑
j=1

Aj ⊗Xj

Id1 ⊗ Λ∗ +
g∑
j=1

Aj ⊗Xj Ind1



=

 Ind1 Id1 ⊗ Λ

Id1 ⊗ Λ∗ Ind1

+
g∑
j=1

Aj ⊗

 0 Xj

Xj 0

 ≥ 0.

By using lemma 3.10 we obtain that

 Ind1 Id1 ⊗ Λ

Id1 ⊗ Λ∗ Ind1

 ≥ 0, and by using lemma

2.9 we infer that ‖Λ‖ < 1.

Suppose c > 1 and consequently Ωc :=

cIn Λ

Λ∗ cIn

 is invertible as discussed before
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the lemma. We find

Id1 ⊗ Ωc +
g∑
j=1

Aj ⊗

 0 Xj

Xj 0

 = (c− 1)

Ind1 0

0 Ind1

+

Ind1 S

S∗ Ind1


≥ 0,

thus

Id1 ⊗ Ω
1
2
c

Id1 ⊗ I2n +
g∑
j=1

Aj ⊗ Ω−
1
2

c

 0 Xj

Xj 0

Ω−
1
2

c

 Id1 ⊗ Ω
1
2
c ≥ 0,

which in turn implies that

Id1 ⊗ I2n +
g∑
j=1

Aj ⊗ Ω−
1
2

c

 0 Xj

Xj 0

Ω−
1
2

c ≥ 0.

As a result, for every c > 1,

Ω−
1
2

c

 0 Xj

Xj 0

Ω−
1
2

c


g

j=1

∈ DA(2n).

An immediate consequence of the previous lemma is that

X =


 0 Xj

Xj 0



g

j=1

∈
⋂
c>1

E(A,Λ, n, c) if and only if X ∈ E(A,Λ, n, 1).

Theorem 4.3. Let LA and LB be the same as in the theorem . Moreover, let the

unital linear map τ be defined as (4.1). Let k > 0, then the following statements are

equivalent:

1. If
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E(A,Λ, n, 1) ⊂ E(B,Λ, n, k) for every n ∈ N,Λ ∈Mn with ‖Λ‖ < 1.

2. The map τ : SA → SB is completely bounded, ‖τ‖cb ≤ k.

Proof. (⇒) Assume X =


 0 Xj

Xj 0



g

j=1

∈ E(A,Λ, n, 1) and by using the assump-

tion we have: 
 0 Xj

Xj 0



g

j=1

∈ E(B,Λ, n, k).

Therefore,

Id2 ⊗ Ω
1
2
k

Id2 ⊗ I2n +
g∑
j=1

Bj ⊗ Ω−
1
2

k

 0 Xj

Xj 0

Ω−
1
2

k

 Id2 ⊗ Ω
1
2
k ≥ 0,

so

Id2 ⊗ Ωk +
g∑
j=1

Bj ⊗

 0 Xj

Xj 0

 = (z − k)

Ind2 0

0 Ind2

+

kInd2 τ(S)

τ(S)∗ kInd2

 ≥ 0, (4.7)

for every z > k. Let z ↓ k, we infer

 kInd2 τ (n)(S)

τ (n)(S)∗ kInd2

 ≥ 0, which asserts that

‖τ (n)(S)‖ ≤ k (Lemma 2.9).

(⇐) Assume ‖τ‖cb ≤ K. Moreover, suppose Ωc =

cIn Λ

Λ∗ cIn

 , c > 1 and Λ ∈ Mn

with ‖Λ‖ < 1. Let X =


 0 Xj

Xj 0



g

j=1

∈ Ω
1
2
c DA(2n)Ω

1
2
c , for every c > 1 and let

S = Id1 ⊗ Λ +∑g
j=1Aj ⊗Xj. Thus, we have

Id1 ⊗ Ω
1
2
c

Id1 ⊗ I2n +
g∑
j=1

Aj ⊗ Ω−
1
2

c

 0 Xj

Xj 0

Ω−
1
2

c

 Id1 ⊗ Ω
1
2
c ≥ 0,
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which in turn implies that

(c− 1)

Ind1 0

0 Ind1

+

Ind1 S

S∗ Ind1

 = Id1 ⊗ Ωc +
g∑
j=1

Aj ⊗

 0 Xj

Xj 0

 ≥ 0,

thus

cInd1 S

S∗ cInd1

 ≥ 0 for every c > 1. That is to say, ‖S‖ ≤ 1. Accordingly,

‖τ (n)(S)‖ ≤ K and by using lemma 2.9 we infer that:

 qInd2 τ (n)(S)

τ (n)(S)∗ qInd2

 ≥ 0, q > K.

Therefore,

(Id2 ⊗ Ω
1
2
q )LB

Ω−
1
2

q

 0 X

X 0

Ω−
1
2

q

 (Id2 ⊗ Ω
1
2
q ) ≥ 0,

so we have:

X =


 0 Xj

Xj 0



g

j=1

∈ Ω
1
2
qDB(2n)Ω

1
2
q

for q > K.

The main limitation that we encountered in chapter 3 was that most of the

theorems related to this study are for completely positive maps. To overcome this

issue, we took the advantage of Lemma 2.9 along with some other techniques to

translate boundedness to positivity and positivity to boundedness.

The future work regarding this study can concentrate on the following questions:

1. In theorem 4.3, is there any other relationship between the free spectrahedra

of the linear pencils LA and LB if there exists a natural completely bounded

map between SA and SB?

2. In theorem 4.3, is it possible to relate ‖P‖ to properties of matricesA0, A1, . . . , Ag ∈
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SCn×n?

3. What is the relationship between ΛA and BA := {X ∈ (SCn×n)g | ‖LA(X)‖ ≤ 1}?
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