Dynamic Wait-Free Atomic Snapshot

by
Jamilush Talukder

A Thesis submitted to the
Faculty of Graduate and Postdoctoral Studies
of the University of Manitoba

in partial fulfillment of the requirements of the degree of
Master of Science
Department of Computer Science
University of Manitoba

Winnipeg

Copyright () 2025 by Jamilush Talukder



Abstract

Efficiently implementing wait-free atomic snapshot objects is one of the core prob-
lems in the shared memory model of the theory of distributed computing. An atomic
snapshot object gives users access to a set of n shared registers and two types of
operations to perform on them. One of the operations, called update, allows a process
to update the data in one of the n registers. Another operation, called snap, allows
a process to read the values of all n registers. Despite operating in an asynchronous
environment, these operations should appear atomic, i.e., their outcomes should be
consistent with an execution in which the operations run with no interruptions by
other operations. We want the implementation to be wait-free, which means that
the progress of any update or snap operation should not be paused due to any other
operation that is being executed by any other process. For example, the implementa-
tion should not use any kind of locking mechanisms on variables. A dynamic version
of this problem is where the n registers can be dynamically added or removed with-
out needing to re-initialize the atomic snapshot object. In this thesis, we provide an

efficient algorithm for dynamic atomic snapshot.
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1 Introduction

Atomic snapshot primarily solves the difficult problem of taking an instantaneous
picture of a collection of shared objects while simultaneous asynchronous updates are
being made to the objects. To understand the significance of the problem, we can
examine a simpler version where we have a simple array of data which is shared by
multiple processes. There are two operations possible on this array. One of the oper-
ations is the update operation, where a process can update any element of the array
with a value. Another operation is the snap operation, where a process can get the
latest values of all the elements of the array in a single function call. In the simplest
version of the problem (which we are familiar with in traditional/centralized com-
putational models), the update and snap operations are synchronous which means
only a single operation can be performed on the array at any given time. The oppo-
site of synchronous operation is asynchronous operation, where multiple overlapping
operations are allowed to be executed at any given time.

Atomic snapshot objects are widely used to greatly simplify the design and proof
of correctness of other concurrent algorithms, such as wait-free implementation of
data structures [12], approximate agreement [15], construction of atomic multi-writer
multi-reader registers [47, 42], randomized consensus [2, 11, 13|, concurrent time-
stamp systems [21] and exclusion problems [20, 35, 36].

The problem of taking an instantaneous picture of a shared object is trivial when
the update and snap operations are only allowed to be performed synchronously be-
cause it is possible to update any element of an array in O(1) time and read all the
values of the array in O(n) time. However, as soon as the operations become asyn-
chronous, it becomes harder to track the values. For example, during the execution
of the snap operation by a process A, an update operation by another process B
could also occur. An atomic snapshot object should be able to handle these cases in
a consistent manner; more specifically, the output of the snap operation should be
a version of the array that actually existed at some point in time during the execu-
tion of the snap operation. Consider a first (and incorrect) attempt at implementing

the snap operation that simply scans the array (let the array be arr) locations in



sequential order. The problem with this approach is that if there is an update to
arr[0] after process A has read arr[0], and then an update to arr[2] before process
A has read arr[2], then the outcome of A’s snap operation will be an array of values
that never actually existed at any point in time. An equivalent way of stating the
desired property of a snap is to require that the operation is atomic, which means
from process A’s point of view, it seems as though the snap operation was carried out
without being interrupted by other operations (despite the fact that operations are
in fact asynchronous/overlapping).

Another requirement is that the progress of any update or snap operation should
not be paused due to any other operation that is being executed by any other process.
This property is known as the wait-free property. In a synchronous shared memory all
operations are trivially wait-free. Consider the atomicity issue that we talked about
in the previous paragraph: one way to solve that issue would be to introduce a lock
mechanism, where process A could set a lock bit at each array location in arr before
it reads it, and then unsets all the lock bits after it is done reading the whole array.
When an array location is locked other processes are not allowed to update it. While
it is a simple enough solution, this is clearly not wait-free, since update operations
might be paused while a snap is being executed. The wait-free property becomes
important when a process is slow or crashes during the execution of an operation,
and it is expected that the overall application will continue performing the rest of
the operations. For this reason, using locks or busy-waiting must be avoided in our
solutions.

The dynamic atomic snapshot supports addition and removal of processes. As
a result, along with the update and snap operation, the dynamic atomic snapshot
object has add and remove operations. Highly scalable distributed applications such
as Hadoop [48], Spark [27] and distributed block chains [40, 18] are some of the
example which can benefit from dynamic atomic snapshot algorithms. This will be
the primary focus of our research. We will aim to come up with a wait-free algorithm

that solves the dynamic atomic snapshot problem in distributed shared memory.
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1.1 Model
1.1.1 Process

A process is an entity that can run code. This code consists of “local instructions”,
which can be carried out completely by the process’ CPU and memory, as well as
“non-local instructions”, which attempt to access remote shared memory, and these
instructions must wait for such memory accesses to be carried out by the system. We
consider systems that contain many processes executing their code simultaneously,
and each process is identified using a unique integer number. We will usually use the

notation p; to identify process i.

1.1.2 System-level Atomic Operations

An atomic operation is a function that, from the caller’s perspective, is not inter-
rupted during its execution. The only system-level atomic operations in our model

are reads and writes to atomic registers, as described in the next section.

1.1.3 Atomic Read-Write Register

An atomic read-write register is a simple shared memory object that supports
atomic read and atomic write operations. Other useful atomic shared memory objects
can be implemented using atomic read-write registers, such as a shared array or a
shared binary search tree. The read-write operations performed using read-write
registers are atomic operations. A single-writer multi-reader (SWMR) register allows
all processes to read from it, but only one designated process to write to it. On the
other hand, using a multi-writer multi-reader (MWMR) register allows all process to
read from it and write to it. In our system model, we assume that shared memory
consists only of SWMR atomic read-write registers. These registers are among the
simplest to implement in hardware, so algorithms designed for this model are very

widely applicable to real shared memory systems.
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1.1.4 Scheduler

To simulate real-world asynchronous behavior during the execution of the opera-
tions in our model, when a process p; reaches a line where it tries to read/write to
shared memory, it can immediately get access to the memory, or it can be frozen
until later. This decision is made by the Scheduler. The Scheduler decides which
process (if any) is allowed to carry-out their access to shared memory, and all other
processes that are attempting to access shared memory are frozen. Since our shared
memory consists of atomic read/write registers, once the Scheduler allows a process
to access the shared memory, the process gets to complete its read or write to a single
register before any other shared memory operation is allowed by the Scheduler. This
is because the system level atomic operations in our model are reads and writes to
atomic registers.

We consider the Scheduler to be adversarial, i.e., it knows our algorithm’s code
and can choose to schedule processes in a worst-case scenario manner in an attempt
to make our algorithm perform incorrectly or inefficiently. However, the Scheduler
must be fair, which means all attempted accesses to shared memory must be even-
tually scheduled (i.e., a process may be frozen for a long time, but cannot be frozen
forever). For this reason, the performance of an algorithm is measured by the number
of operations carried out by a process, not by the amount of time it takes for a process

to carry them out.

1.2 Problem Definition

The goal of this thesis is to provide an implementation of a dynamic atomic
snapshot object. In this section, we will define the dynamic snapshot object, define
what it means for the object to be atomic, and define a correctness condition, i.e.,

linearizability.

1.2.1 Atomic Object

An atomic object is a simple form of any data on which one or more processes

can perform atomic operations. More specifically, an atomic object consists of two
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parts: a data part and a code part. The data part consists of some amount of shared
storage in memory and the code part consists of one or more atomic operations that
manipulates the data part. For example, the data part could be a shared register and
the code could consist of an atomic read operation and an atomic write operation
on the register. It is important to note that the operations supported by the atomic
object aren’t necessarily atomic, but they seem atomic from the perspective of the
caller. When designing an atomic object, one has to prove that this atomic property
holds. For example, atomic read-write registers are as an example of an atomic object,
but no proof of atomicity is required since the registers are assumed to be atomic in

the model.

1.2.2 Atomic Snapshot Object

The basic object in our shared memory model (the SWMR, atomic register) allows
a process to read from one memory location per shared memory access. We are
interested in extending this capability by implementing a shared memory object that
allows a process to capture a “snapshot” of the entire memory as it appears at one
moment in time. This is called an atomic snapshot object, which is defined as follows.
The data part consists of n atomic read-write registers and the code part consists
of an implementation of an update operation and a snap operation. Each process p;
has a dedicated SWMR register ¢ to which it is allowed to write. During an update
operation, a process p; writes an arbitrary value v to its dedicated register. During
the snap operation, an array of size n is returned containing the updated values
stored in the n registers. The implementations of the Update and Snap operations
can involve many reads and writes to shared registers, e.g., the Snap operation likely
involves at least n reads. Despite the Scheduler’s ability to choose the ordering and
delay of accesses to the shared registers, we want the Update and Snap operations to
appear as atomic to the processes that call them, i.e., as if they had occurred without
any interruptions (more about this in Section 6). We will implement a more general
version of this object, called a dynamic atomic snapshot object, in which the value of

n is not fixed in advance. In particular, processes may join or leave the system, and
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while in the system, each process p; is able to update values in its own designated
register ¢, and can perform a snap operation to retrieve the register values belonging
to all processes that have not left the system. They would also be able to add new
processes or remove the processes that they added. We call a process “active” if it
has been added to the system, but not yet removed. To implement this object, our

solution must support 4 operations which can be invoked by any active processes:

1. Snap: Returns the values of all registers belonging to active processes in the

system.

2. Update: Given a value as input, it writes the value to the register that belongs

to the process that is executing the operation. Does not return any value.

3. Add: Given a process ID as input, it adds the process to the system. Does not

return any value.

4. Remove: Given a process ID as input, it removes the process from the system.

Does not return any value.

We highlight the fact that, since our shared memory model consists of SWMR reg-
isters, we are actually implementing the single-writer multi-reader (SWMR) atomic
snapshot object, since each active process in the system is only allowed to write val-
ues to a single register dedicated to it, and so the number of registers is equal to
the number of processes. A more general object, called the MWMR atomic snapshot
object, would allow each process to write to any register, and so this allows situations
where the number of registers is different from the number of processes. Interestingly,
MWMR atomic registers can be simulated in SWMR systems once the SWMR atomic
snapshot object has been implemented [8].

In this thesis, we consider the restricted m-shot atomic snapshot object that, for
some known m, only allows a total of at most m of the above 4 operations to be
called. A more general oco-shot atomic snapshot object would allow an unbounded

number of operations, and we leave this generalization for future work.
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1.2.3 Linearizability

In asynchronous systems, it is often difficult to define and prove the “correctness”
of an implementation. Informally, we want “cause and effect” to be observed by any
process calling the Update, Snap, Add, and Remove operations. This is simple to
achieve if the Scheduler acts in a nice way, e.g., when processes p; and p; try to execute
operations, the Scheduler allows p; to perform all the shared memory accesses it needs,
and then allows p; to perform all the shared accesses it needs, and so p;’s entire
operation occurs after p;’s entire operation, and anything done by p; is observable
by p;. However, asynchronous systems do not execute operations in a nice way, and
the adversarial behavior of our Scheduler will make sure of this. In particular, the
adversarial Scheduler can freeze a particular process’ operation partway through by
preventing it from performing a shared memory access for a long time, and so there
can be many simultaneous operations that overlap, and this means there is no clear
way to define which operations happen “before” other operations. One method of
proving that “cause and effect” is maintained by the implementation is to formally
prove that the implementation satisfies a property called linearizability.

The linearizability property of a snapshot object implementation ensures that, in
every execution of the algorithm regardless of the Scheduler’s choices, all the opera-
tions can be ordered by assigning each operation a distinct point in time that occurs
somewhere between the actual start and end of the operation, and when these points
in time are placed on a line and we imagine a sequential execution of these operations
from left to right along the line, the outcomes of the operations are the same as the
concurrent execution of our object. This action of mapping an operation to a point
in time on the line is called linearizing.

First, as a simple example, if the Scheduler ensures that no two operations overlap
in time, then it is simple to prove that the linearizability property holds: for example,
we could map each operation to its end time. However, things get more complicated
when the Scheduler forces two or more operations to overlap in time. For example,
if two operations a and b overlap each other where b is an Update operation and

a is a Snap operation and the modifications made during b is found in the result
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[ snap — (0,0,3) ]
P1 >
[ znap — (0.2.0) ]
p2 >
[ update(3) |
P3 >

Figure 1: Example of a non-linearizable snapshot implementation. There are 4 op-
erations here which are being executed by 3 processes. p; is executing a snap where
the result is (0,0,3), po is executing an update(2) on the second register and a snap
where the result is (0,2,0), and, ps is executing an update(3) on the third register.

of a, then, the linearization mapping should ensure that a is linearized after b (for
example, operation a could be linearized to a point in time ¢, that is very late in a’s
execution, and it could linearize operation b to a point in time ¢, that is very early in
b’s execution such that ¢, < t,).

To show why this is non-trivial, consider the three processes in the Figure 1. For
each operation, we can try to pick an instant in time between the start and end of
the operation and pretend that the operation occurs instantly at that point, but, no
matter how we choose such points, we notice that at least one of the snap outputs
is returning an invalid result. In particular, if update(2) is ordered before update(3),
then the snap that reports a value of 3 in the 3rd register would also need to report
a value of 2 in the 2nd register. Similarly, if update(3) is ordered before update(2),
then the snap operation that reports a value of 2 in the 2nd register would also need
to report a value of 3 in the 3rd register. Instead, if the implementation had P1’s
snap operation return (0,2,3) in this particular execution, then a valid ordering would
be: update(2) by P2, snap by P2, update(3) by P3, snap by P1. Our implementation
of the atomic snapshot object will avoid all possible errors like the one illustrated in
Figure 1, and this is achieved by proving that the implementation is linearizable.

Ensuring that an implementation satisfies linearizability has the following three

main components:

1. Designing the implementation so that it can be linearized (Section: 4)
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2. Specifying the linearization mapping (Section: 6)

3. Proving that the output of our snap operation is correct in the sequential exe-
cution given by the linearization mapping (i.e., that the mapping we designed

actually preserves “cause and effect”) (Section: 7).

These three components make up the bulk of the remainder of this thesis.

1.3 Our Results

In asynchronous systems, there can be some processes that run slowly, or experi-
ence long delays, and the adversarial Scheduler in our model has the ability to cause
such long freezes. This can have an undesirable effect for any implementations where
processes use locking mechanisms, since a process can be stuck for a long time waiting
for another process to release the lock. For example, an operation by process p; could
be in a loop where it repeatedly tries to access a shared memory location, sees that
some other process is using it (it sees a lock bit has been set), so p; keeps iterating the
loop without making any progress. A wait-free implementation ensures this can never
happen such that the implementation is designed in a way that, even if the Scheduler
decides to freeze all processes except one process p;, then p; will make progress (and
if this continues for long enough, p; will eventually complete the operation it is per-
forming). Wait-freedom is the strongest progress guarantee, and it is ideal /necessary
for real-time systems.

The current state of the art for dynamic atomic snapshot implementations has a
time complexity of O(n?), where n is the total number of active processes in the system
at any time £. In this thesis, we present an implementation with time complexity
O(nlogm) for Snap, Update, and Remove, and time complexity O(m + nlogm) for
Add, where m denotes a fixed known upper bound on the number of operations that
will be performed and n is the maximum number of active processes in the system.
We will also make sure that the operations are wait-free and linearizable.

The remainder of the thesis is structured as follows. In Section 2, we review related

work. Section 3 provides our model assumptions along with definitions, notation,
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and some basic results about the definitions. Section 4 gives our dynamic atomic
snapshot implementation, and Section 5 makes some useful observations about the
implementation code. Section 6 defines our linearization mapping. Section 7 proves
that the output of our snap operation is correct, i.e., it matches the output of a
sequential execution after applying our linearization. Section 8 analyzes the worst-
case cost of each operation in our implementation. Section 9 collects together a
variety of technical lemmas that are used throughout the earlier sections. Section 10

concludes the thesis and provides several directions for future research.

2 Literature Review

In this section we summarize previous work related to atomic object and atomic

snapshot algorithms.

2.1 Atomic Object

Lamport [33, 34] are among the very first papers to introduce the atomic shared
memory object. In these papers, they referred to the atomic objects as atomic regis-
ters. They solved the problem of asynchronous communication among processes by
having the processes write data to memory registers that could be red by all pro-
cesses. This concept of atomicity was later utilized by Herlihy and Wing [26] when
they came up with an important concept in distributed computing, currently known
as linearizability. This powerful idea helps visualize concurrent processes as instan-
taneous processes by observing the points in time when the process begins emitting
data and receives the response. The idea of linearizability was further discussed in
the paper by Goldman and Telick [22]. They introduced the liveness properties of
linearizable shared objects. They described a unified model which established a con-
nection between shared atomic objects and message passing systems using the 1/0
automaton model [38, 39]. The I/O automaton model was initially used only for
message passing models. In this paper, they extended the model and showed how it

can be used for shared memory models. The actions performed by atomic objects are
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known as atomic actions. Lamport and Schenider [37] discussed various properties of
atomic actions and how they can be related to shared variables.

The wait-free property of a concurrent data object denotes that each action of the
object is bound to terminate after a finite amount of time regardless of the states of
the execution of the other operations. An important limitation of the atomic register
was first proved by Herlihy [24]: although in a system where the shared memory
hardware consists of non-atomic shared registers, it is possible to implement wait-
free atomic read-write registers, it is impossible to use wait-free atomic read-write
registers to create wait-free implementations of complex concurrent data structures

such as stacks, queues, sets, priority queues or lists using only atomic registers.

2.2 Atomic Snapshot

The atomic snapshot object in shared memory systems was first introduced by
Afek, Attiya, Dolev, Gafni, Merritt, and Shavit [3]. They described two fundamental
and important algorithms to compute the atomic snapshot of an atomic object con-
sisting of read-write atomic registers. One of the implementations used unbounded
memory, which means there was no fixed upper bound on the integer fields that were
used to maintain the states of this algorithm. Fundamentally, there were two opera-
tions in this algorithm. One of which was the snap operation and other one was the
update operation. Each of these operations were atomic operations. Their implemen-
tation is commonly known as the “double-collect algorithm” since, during each snap
operation, the algorithm repeatedly reads all register values until the array is the
same in two consecutive passes. However, if the Update operation is implemented
in the obvious way, i.e., just write the desired value to the register, then this can
lead to a non-terminating Snap operation (e.g., two consecutive passes never look the
same due to Update operations happening at the same time). To mitigate this issue,
a nested Snap operation was performed as the first step during each Update opera-
tion. They proved this has the effect of ensuring that two consecutive passes through
the array will look the same within n attempts, which leads to a O(n?) worst-case

time complexity for Snap and Update operations. The other algorithm described in
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=4

1 3 5 m—3 m—1
Figure 2: The Classifier binary tree. Picture taken from Attiya and Rachman [16]

this paper improved the implementation by ensuring that only bounded memory is
needed. They used a finite number of “handshaking” bits to keep track of memory
states, instead of incrementing integer counters. This handshaking-bit approach was
inspired by Peterson [41]. They also extended the bounded-memory version of the
algorithm to support multi-writer multi-reader registers (MWMR), where each of the
processes could write to each of the registers, whereas the previous two algorithms
only worked for SWMR systems of registers, i.e., each process was only allowed to
write to a single register dedicated to it.

Anderson [8, 9] described a different atomic snapshot implementation using com-
binations of multiple atomic registers which he referred to as the composite register.
This approach was highly inspired by the work of Chandy and Lamport [19] where
they discussed the ways a process can query about the global state in a distributed
environment.

Compared to the traditional double-collect approach, an asymptotically faster
SWMR atomic snapshot implementation was introduced by Attiya and Rachman
[16]. In this algorithm the running time of both update and snap operations were
significantly improved from O(n?) to O(nlogn). In this paper, initially an m-shot
algorithm was proposed, which means that there is a fixed known upper bound m

on the number of operations that will be performed. This algorithm introduced a
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new way of thinking about the atomic snapshot implementation by using a binary
tree to essentially “sort” the operations as they occur by placing them at the leaves
of the binary tree, and then the linearization ordering can be obtained by reading
the leaves of the tree from left to right. The height of the tree is bounded by log m.
More specifically, to traverse the tree, there is a Classifier procedure (Figure 2) that
decides whether we should go to the left subtree or to the right subtree from a given
node depending on how many other processes have previously visited the node. The
Classifier operation took O(n) time and it was repeated at most logm times. Thus,
the overall complexity was reduced to O(nlogn) (where m can be at most n) for both
the snap and update operations. Our dynamic snapshot implementation in this thesis
is based on this classification tree approach. There were two limitations with the m-
shot algorithm. One of which was that it could only support up to m operations
and another was that it needed unbounded memory. So, the authors described the
implementation of a new oo - shot algorithm which supported an arbitrarily large
number of operations and used bounded memory. This new algorithm was a clever
combination of their m-shot algorithm and the handshaking-bit version of double-
collect [3], and they proved that the running time of this new algorithm was still
O(nlogn) for both the Snap and Update operations where n is the number of process.

Since the work of Afek et al. [3] and Attiya et al. [16] there have been further
implementations of atomic snapshots, but for systems with more sophisticated hard-
ware primitives beyond just read-write registers. Jayanti [30] introduced the f-array
which is a wait-free implementation of multi-writer snapshot registers. The author
described a way to implement wait-free aggregate functions such as the minimum,
the maximum, and the sum of an array of data. In the proposed algorithm, the
complexity of the read operations is O(1) and the complexity of the increment oper-
ations is O(min(k,logn)) where k is the number process accessing the algorithm at
any given time. The core part of this algorithm uses a special variant of the priority
queue data structure named process priority queue which is shared by n processes
and supports insert, findmin and delete operations. This is why the increment oper-
ations have a complexity similar to the complexity of a heap data-structure. Riany,

Shavit and Touitou [46] introduced another atomic snapshot algorithm called the
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coordinated-collect algorithm which makes use of various hardware primitives such
as CAS (compare-and-swap), fetch-and-increment and fetch-and-decrement. The up-
date complexity of their algorithm was O(1) and the snap complexity was O(n). This
algorithm was later improved by Jayanti [31] where it was proved that it was possible
to run the algorithm using hardware that only supported the CAS (compare-and-
swap) operations instead of all three operations. The time complexity of this new
algorithm was similar to the previous one. Aspnes, Attiya, Censor-Hillel and Ellen
[10] discussed a similar implementation of atomic snapshot that used O(log® n) time in
each operation, which was a significantly large improvement. Interestingly, this algo-
rithm was cost-effective since it used simple read /write registers whereas the previous
algorithms required certain operations supported in hardware. But the drawback of
this algorithm was that it was only possible to achieve the optimal time complexity
when the number of completed update operations was polynomial in the number of
registers n.

Another multi-writer atomic snapshot algorithm was proposed by Imbs and Ray-
nal [28]. The key advantage of this algorithm was in its simplicity of the implemen-
tation. The algorithm suggested that during each update operation we should be
writing the value to a helping register. The purpose of the helping register is to make
the update operation more asynchronous and during the snap operation these helping
registers are used to fetch the most updated value. The idea of this algorithm was
highly inspired by the multicore architecture [25]. The time complexity of this algo-
rithm in worst case was O(n?). Afek, Shavit and Tzafrir [4] implemented a variation
of the double-collect atomic snapshot algorithm to solve the wait-free and lock-free
problem in the Java Development Kit’s size() method of concurrent data structures.

A partial snapshot [14, 29, 32] is another variant of general atomic snapshot where
instead of getting a view of the whole object, in the snap operation it can be specified
for which indices the snapshot will be generated. The F-snapshot problem [7] is
another variant of the snapshot problem where the authors solved the problem for a
range snap operation in an infinitely large domain using the existing solutions of the

signaling problem [5, 6, 1].
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2.3 Dynamic Atomic Snapshot

The notion of dynamic atomic snapshot was first introduced by Spiegelman and
Keidar [49]. The algorithm described in this paper was inspired by the double-collect
algorithm from Afek et al. [3]. Instead of using a normal shared memory, the authors
in this paper considered the dynamic shared memory of the single-writer, multi-reader
registers. This meant that instead of storing the data at a shared array they used a
dynamic data structure. More specifically, it maintained a mapping from a dynamic
set of nodes to their values. The nodes that they referred to in this paper, is a shared
memory location which is similar to the “bag” data structure in our work. Each node
had a unique identifier. The algorithm also kept track of all the nodes that had been
added so far. Along with the snap and update operations of the traditional atomic
snapshot algorithm, since this was a dynamic variant of the algorithm and nodes could
be added and removed during the run-time, there were add and remove operations
as well in order to add and remove the registers from the dynamic atomic object.
This algorithm solves the problem in two different types of memory model. The first
memory model is the persistent memory model where once a register is added, it
is never fully de-allocated from the data structure after the remove operation. On
the other hand, ephemeral memory allows the registers to be fully de-allocated from
the data structure, so that it can be reclaimed by the system and reused elsewhere.
This algorithm had a O(n?) worst-case running time for add, remove, update and
snap operations, since it was based on the double-collect algorithm for static atomic

snapshot.

2.4 Anonymous Atomic Snapshot Algorithms

Anonymous systems have a huge appeal in the area of the data security and pri-
vacy. For example, web servers [45] and peer to peer file sharing systems [17] are built
up on the primary fundamentals of anonymous systems. It is imperative that multiple
systems or applications run without revealing sensitive or identifying information to
each other, to external eavesdroppers and make sure to conceal users’ identity. There

are two types of anonymous shared memory systems. One of the anonymous sys-
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tems focuses on process anonymity and the other one focuses on memory anonymity.
With the introduction of anonymous shared memory algorithms many practical ap-
plications are now possible to build using distributed shared memory. Distributed
anonymous applications can be benefited from dynamic capabilities integrated into
it.

In this thesis, our model assumes that processes have unique identifiers. However,
atomic snapshot has also been studied in systems where processes are anonymous,
starting with the work of Guerraoui and Ruppert [23]. The authors initially defined
a timestamp algorithm in the anonymous shared memory model system using fetch-
and-increment object. They called it the weak counter object. They implemented
the wait-free version of the weak counter object using an intuitive binary search
approach. This algorithm was later used as an integral part of the implementation
of the anonymous atomic snapshot algorithm. It was important to use the multi-
reader multi-writer register for the implementation of this atomic snapshot algorithm
otherwise the anonymous property of the processes would not hold.

Recently there have been multiple papers [43, 23, 44] published on the fully anony-
mous versions of popular distributed shared memory algorithms such as the mutual
exclusion problem, consensus problem and set agreement problem. An interesting
approach was presented in Raynal and Taubenfeld [44] which uses co-prime numbers

to solve the anonymity problem in a wait-free environment.

3 Preliminaries

3.1 System Restrictions

In this section, we recall some of the important assumptions made in our sys-
tem model, and we also introduce additional assumptions that clarify some system

behaviours that were not defined precisely in the model.

1. The shared memory consists entirely of single-writer multi-reader (SWMR) reg-

isters.
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. Each process that interacts with the system is identified by a unique integer

id. For example, p; is a process id. For ease of notation, since we are using
SWMR registers, the process id is also used as memory address for the respective

process. For example, process p; can only write in memory address p;.

. When the system is initialized, i.e., at time 0, some non-empty set of processes

is automatically added by the system. This set of processes cannot be removed

and are called procList,.

. When a process p; is added to the system, a register is automatically allocated

in shared memory with address p;. This block of memory is automatically
initialized as follows: active with the list of register addresses of the processes

in proclList,, seq with 0, removeActive with empty list and val with 0.

. The total number of Update, Snap, Add, and Remove operations that can be

performed is at most m, which is a fixed known value.

. When a process p; is added to the system, its identity p; is automatically added

to the activeList of the block at shared memory location p;. In other words,
when a process joins the system, its corresponding SWMR register already

stores the existence of p;.

. The processes in procList, are automatically added to the activeList of every

block of every shared memory location that is ever initialized. In other words,
whenever a process joins the system, its corresponding SWMR register already
reflects the existence of all processes that were initially in the system at time 0,

but not necessarily the existence of processes that have since joined the system.

. When a process is executing an operation, it cannot start another operation

unless the first operation has finished its execution. In other words, a process

is considered as a single thread that runs its own code in a sequential manner.

. If an Add operation is called to add a process p; to the system, then the new

process p; cannot start running its own code until the Add operation finishes

its execution.
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10. A Remove operation to remove a process p; from the system can only be called
by the process that performed the original Add operation that added p; to the
system. Besides simplifying the implementation details, this assumption is of

practical relevance, e.g., as a security feature.

11. When a process p; is removed from the system, its associated shared register p; is
not erased or de-allocated, which means that the contents of register p; can still
be read by the remaining processes in the system. However, by the definition
of the Snap operation, register p; should not be contained in the output of the

Snap operation after p; is removed from the system.

3.2 Definitions
3.2.1 Memory and Data Structures

Suppose that each process has information that it wishes to be publicly available
to all other processes in the system, and this information may change over time.
There is a collection S of SWMR atomic read-write registers where each process will
store its own information, and within the register the information will be stored in
a field called val. To interact with a register in S, a process p; calls SSWRITE(p;,d)
to write value d to its own register address p;, and a process calls S.RETRIEVE(py)
for any register address py that it knows about. (Recall that we are in a dynamic
environment, so the process p; might be added to the system without p; knowing
about it yet). Additionally, inside each register, processes will write additional fields
that are used only for the purposes of our snapshot implementation. So, when reading
and writing to shared registers, the processes will actually be reading and writing a
block consisting of 4 fields, whose names are val, seq, active, and removeActive. The
purpose of these additional 3 fields will become more apparent when we describe the
snapshot implementation. When a new process joins the system and a new register
is created for that process in S, a default block is written with val set to 0, seq set
to 0, active set to be the list of register addresses of the processes in procList,, and

removeActive is empty. Notationally, a block will usually be referred to using BL,
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so, for example, accessing the val field within a block BL would be done using BL.val.
Some additional data types and variables will be needed to implement the snapshot
object. At a very high level, whenever a process wants to perform an operation on
the snapshot object, it must perform a “scan”: it will read the contents of all shared
registers in S from addresses it knows about. When it does this, it retrieves the
block from each register, and it will store all these blocks in a local (i.e., unshared)
structure called a bag (you can think of a bag as a dictionary of blocks, where the key
associated with each block is the shared memory address). To interact with a bag, the
process can call add(k,BLy) to add a new address k to the bag and have it point to
block BLy, it can call write(k,BLy) to overwrite the block at address k with the block
BLy, it can call retrieve(k) to get the block BLj stored at address k, and it can call
erase(k) to remove address k from the bag (and its associated block). Notationally,
a bag will usually be referred to using BA, so, for example, retrieving the block at
address k would be done by calling BA .retrieve(k). The list of addresses of the blocks
in the bag BA is represented by addr(BA). This list is only used while proving the
correctness of the algorithms and is not available in actual algorithm itself.
Unfortunately, performing a “scan” of all the registers in S does not guarantee an
accurate picture of what is stored in S, due to the adversarial Scheduler (for example,
while a process is waiting to read one register from S, the Scheduler can ensure that
all previously-read registers have been changed multiple times by other processes). To
overcome this issue, each process will compare its bag (i.e., the result of the scan) to
the bags of all other processes (i.e., the results of their scans). Doing this in a careful
and efficient way is essentially what the rest of this thesis is about. At a high level, we
adapt the Classifier Tree approach from Attiya and Rachman [16], which combines
the “most recent” scans by all processes (this is called a merge, which will be defined
in Section 3.2.3) to produce an “up-to-date” view of what is stored in all registers in
S. To achieve this, the main ingredient is the “sequence number” seq that is stored in
each block, which gets incremented each time that the block is modified, and this will
help define what “most recent” means (we will use the notion of domination, which
will be defined in Section 3.2.2). For now, we focus on defining the elements of the

Classifier Tree structure.
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The Classifier Tree is a binary tree structure that is implemented in shared memory
using atomic registers. Using the fixed upper bound m on the number of operations
that will be performed on the atomic snapshot object, the structure of a fixed perfect
binary tree with m leaves is assumed to be known by all processes (i.e., where in
memory the root node is stored, and where in memory each left /right child is stored).
The Classifier Tree is a perfect binary tree with the height of [log(m)]. If m is not a
power of 2, we add dummy nodes in the Classifier Tree to make it a perfect binary
tree. Each node is labeled with an integer value as shown in the Figure 2 (although
the m leaf nodes are omitted from the diagram). The important part of the Classifier
Tree is that each non-leaf node consists of a Container object C. A Container is
a collection of shared registers, one dedicated to each process, where each process
will write a bag (i.e., its current knowledge about the contents of registers in S).
addr(C) is the set of addresses in the Container C where a bag has been written.
To interact with a Container object, a process can call CWRITE(p,,d) to overwrite
the contents of the register at address p; (where p; € addr(C)) with data d, it can
call CRETRIEVE(p;) to retrieve the data stored at address p; within the Container,
and, in order to accommodate the fact that new processes may join the system, a
process can call C.INITIATE(p;) to allocate a new empty register with address p;
within the Container (so that p; can later write its bag to the Container).

Notationally, a Container will usually be referred to using a variable C; (where the
subscript is used to distinguish between Containers at different nodes of the Classifier
Tree). Since a Container stores many bags, the bag at address i within Container C;
will be referred to as BA; ;. Since a bag stores many blocks, the block at address
k within the bag at address i within Container C; will be referred to as BLy pa, c;-
Other variants of this notation will be used depending on context. For example, a
process p; will traverse from root-to-leaf of the Classifier Tree each time it performs on
operation op; on the atomic snapshot object, and multiple processes could be doing
this at the same time in parallel, i.e. one process performing op; and another process
performing op;, so in that context we may use subscripts op; and op; to distinguish
between values being encountered by each operation.

At a high level, the Classifier Tree is used as follows. After a process performs a
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“scan” of the shared memory S to create its initial bag, it will start at the root node
of the Classifier Tree, writes its bag into its dedicated spot within the Container,
then do a special “merge” operation (to be discussed later) that “combines” all the
bags that are in the Container to get a “merged view”. Depending on the sequence
numbers of blocks within this merged view, it will decide whether it needs to go to
the node’s left child (which essentially means “this merged view is relatively old”)
or to the node’s right child (which essentially means “this merged view is relatively
recent” ), and the whole process is repeated at the Container of the child node that it
visits, until it reaches a leaf of the tree, at which point it adopts the “merged view”
as its snapshot of S. The benefit of this tree structure appears when linearizing and
analyzing the algorithm: when considering the leaves of the Classifier Tree from left-
to-right, we can get a causal ordering of the operations performed by the processes.
The lowest common ancestor (LCA) node of two operations plays a vital part in our
proofs in the later sections. LCA(op,, op,) is the node at the deepest level in the
Classifier Tree which is visited during both op, and op,. In other words, LCA (op,,
op,) node is the lowest common ancestor node during the operation op, and op,.

In the above, notice that some method calls are written in upper case while others
are written in lower case. As a convention, we use upper case to denote operations on
shared memory, and we use lower case to denote local operations that are performed
on the process’ local variables. This distinction is important because a process remains
frozen at any line of code containing a shared memory operation until the Scheduler
decides to let the operation execute, and no waiting occurs at all other lines of code.
Also, note that, when we usually refer to an operation as op;, it is implied that the
operation is being performed by p;. Additionally, as discussed later, the running-
time complexity of the implementation is measured by the number of shared memory
operations, and so distinguishing these operations in the code is helpful when carrying

out the analysis.
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3.2.2 Domination

Given two bags, each consisting of blocks, we will want to figure out which bag
has the most recent versions of each block. So, we define a domination property:
when the seq value in each block in a bag is at least as big as the seq value of the
corresponding block in another bag, then we say that the former bag dominates the
latter bag.

More formally, let two bags be BA; and BAs. Let the set of addresses of the
blocks in BA; and BAs be addr, and addry respectively. BAs dominates BA; if the

following conditions are met:
1. addry C addrs

2. For each address j that is both in addr, and addry, BL;,.seq < BLj5.seq where
BLj, is the block with address j in bag BA;, and BLj; 4 is the block with address
j in bag BA,

3.2.3 Merge

The merge is the process of combining the information of multiple bags into one
single bag. We only care about keeping the most recent information about each
block, so, when merging, each block in the resultant bag is taken to be the most
recent version of the block from all the bags we are merging together.

More formally, let bagSet be a set of any number of bags where the size of the set
is at least 1. After performing the merge operation on bagSet, let the final bag be
mergedBAyi,q,. For each bag BA; € bagSet, let the set of addresses of the blocks be
addr;. When the merge operation is performed on the set of bags bagSet the following

conditions are met:
1. The set of addresses of the blocks in mergedB Ay is the union of all the addr;.

2. The block at address j in mergedBA fi,q is the block with maximum seq value
among all blocks BL;; (where BL;,; denotes the block at address j in bag BA;)
taken from all bags BA; € bagSet.
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Note: If a bag BA; has no block with address j, then the merge operation does not
consider BA; when determining the block at address j in mergedBA fina-

3.2.4 SeqSum

After a process does a scan of blocks in shared memory, this “view” is stored in
a bag. To compare two views, we will use the domination property described above,
but also, it will be helpful to assign an integer to each view so that the comparison
is simpler and quicker. So, we associate with each bag its seqSum, which is the sum
of the sequence numbers of all blocks in the bag. More formally: Let BA; be a bag.
Let addry be the set of addresses of the blocks in BA;. The SeqSum of bag BA; is
defined to be > BL;,.seq where BL; is the block at address j in the bag BA;.

j€addry

3.2.5 Partial Ordering

For any two operations, there are two possibilities regarding their execution: either
they overlap in time, or, one operation ends before the other begins. This means that
the set of operations is a partially ordered set. The partial order is defined as follows:
if an operation op, starts its execution after the end of the execution of another

operation op,, then we define that op, occurs before opy,, and this is denoted using

ODq — ODp.

3.2.6 Data Types

The following tables summarize the definitions and notation introduced so far,

and they are provided as a useful reference when reading the rest of the thesis.
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Var-| Memory Operations Description

iab- | Type

le

Na-

me
Register SWMR atomic read-write registers.

Each register is associated with a phys-
ical address in the shared memory. For
notational convenience, the address of
a SWMR register is assumed to be the
same as the process ID p; of the process
that can write to the register.

S Collection This variable represents the primary
of Regis- shared memory in the system. It con-
ters sists of SWMR atomic read-write reg-

isters. This variable is used inside the
add, remove, update and snap proce-
dures only.

S.WRITE(p;, d) Writes data d in register at address p,
in the shared memory S and overwrites
any existing values.

S.RETRIEVE (p;) | Retrieves the data located at register p;
in the shared memory S.

C | Collection This variable represents an additional
of Regis- shared memory that we use in our so-
ters lution. More specifically, these regis-

C.INITIATE(p;)

C.WRITE(p;, d)

C.RETRIEVE
(py)

ters are used in the Classifier Tree data
structure. In each node of the Classi-
fier Tree there is a shared variable C.
Each such C will be referred to as a
Container.

System-provided call to allocate a new
empty register with address p; inside the
Container C.

Writes data d to the register at address
p; in the Container and overwrites any
existing values.

Retrieves the data from the register lo-
cated at the address p;. If there is no
such address then it returns null.

Table 3.1: Shared Memory Types
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Type
Name

Operations

Description

Block

Each block has four properties: val, seq, active,
removeActive which hold the current value, cur-
rent sequence number, current active set of reg-
ister addresses and, the set of register addresses
removed by the current process respectively. The
initial values of a block are as follows- val: 0, seq:
0, active: list of processes initially present in the
system (procList,), removeActive: empty list

Bag

add(k, BLy)
write(k, BLy)
retrieve(k)

erase(k)

A bag is a collection of blocks. Each block in a
bag can only be accessed using its address/key
k. Each bag supports the following operations:
Writes block BL, at address k in the bag for the
first time

Writes block BL; at address k in the bag and
overwrites any existing values

Retrieves the block located at address k. If there
is no such address then it returns null.

Removes the block (including all the fields’ val-
ues) from the memory of the bag located at ad-
dress k. If there is no such address then it does
not remove anything.

List

list ()

add(p)
exists(p)

Initializes the list. The list can only hold the
integer addresses of the registers

Adds an address p to the list

Returns true if the address p exists in the set,
otherwise returns false

Table 3.2: Local Variable Data Types
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Variable Name Description

merge(X) Input X is a set of bags. This notation denotes the
merge result of the set of bags X.

merge(C) Input C is a Container. This notation denotes the
merge result of all the bags in the Container C.

BA, ; means the bag at address i of the Container j.

BLiga. ¢ denotes the block k in bag i in Container j.

k € addr(BA4;)

denotes any k from the list of processes that wrote
a block in bag BA;.

i € addr(C;)

denotes any i from the list of processes that wrote
a bag in the Container Cj.

i denotes the unique id the process p;.

op; denotes an operation by a process.

BL,, denotes the block at address p;

BL;pa denotes the block at address i of the bag BA

BL,, s, denotes the block at address p; in the bag ss,. This
is a special case of BL; g4 where BA is referring
to a bag being used at level £ of the Classifier algo-
rithm.

BLy, ss,.0p denotes a block at address p; of the bag ss, be-
ing used at level ¢ of the Classifier algorithm while
executing the operation opy.

procList, denotes the list of process that exist in the system

at time 0. When a new process is added in the
system, the processes in this list are added to the
active list of that new process by the system.

Table 3.3: Notations

3.3 Preliminary results and observations

3.3.1 Relating Domination and seqSum

In this proposition, we show that if one bag dominates another bag, then the

seqSum of the bag that dominates the other will be at least as big as the other bag’s

seqSum.

Proposition 3.1. Let two bags be BA; and BA,y. Let the set of addresses of the blocks
in BA; and BAs be addry; and addrs respectively. We prove that if BAs; dominates
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BA, then:

( > BLj,l.seq) < ( > BLm.seq)

j€addry k€addrs

Proof. 1. From condition 1 of the definition of domination (Section: 3.2.2), each
address of BA; exists in the address set of BA,. And, from condition 2 of the
definition of domination (Section: 3.2.2), each of the blocks in these common
addresses has the property BL;;.seq < BL;2.seq. Using these two conditions,

we can say the following:
Z BL;y.seq | < Z BL;5.s5eq
j€(addriNaddrs) j€(addriNaddr2)

2. There might be other addresses in BA, that are not included in the inequality
in step 1 of this proof. Formally, these addresses are addry \ addry, where \

denotes set of elements that are in addry but not in addr;.

3. Since the initial value of seq field of all blocks is 0 and the seq values are never

decreased in any of our algorithms, the following is true:

Z BLis.seq | >0

le(addr2\addry)

4. Combining the inequalities of steps 1 and 3:

> BlLjiseq| < > BLjaseq |+
j€(addriNaddrs) j€(addriNaddrs)

Z BL;5.seq

l€(addra\addry)

5. From the definition of set subtraction, addry = (addrs \ addry) U (addry Naddrs)

6. Combining the previous two steps we see that,

( > BLj,l.seq> < ( > BLkQ.seq)

j€addry kcaddrs
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3.3.2 Merging preserves domination

In the following result, we show that if there are two Containers, and each bag in
the first Container is dominated by its corresponding bag in the second Container,
then the outcome of a merge on the first Container is dominated by the outcome of

a merge on the second Container.

Proposition 3.2. Let C and Cy be two Containers. Let mergedBA; = merge(Ch)
and mergedBAs = merge(Cy). If the following conditions are satisfied:

i. Any process p; € addr(C1) that writes a bag in Cy, also writes a bag in Cy.

ii. For each process p; € addr(Cy) that writes a bag in Cy and Cy, BA,; ; is dominated
by BAi’Q

then, we prove that mergedBA; is dominated by mergedBAs.

Proof. To prove that merged B A; dominates merged B A1, we prove the two conditions

from the definition of domination:

1. addr(mergedBA,) C addr(mergedBAs)

2. For any address j € (addr(mergedBA,)Naddr(mergedBAs)), BLj mergedna, -5€4

< BLj,mergedBAz -5€q

We prove these in the following steps:

1. From the definition of merge we know that addr(mergedBA;) is the union of
all the addresses of all the blocks in all the bags in €. Similarly, it is true for
addr(merged BAy) with respect to Cs.

2. By the assumed conditions, for each p; € addr(C}), we know that BA;; is dom-
inated by BA, o, so by the definition of domination, we know that addr(BA; ;)
Q addr(BAm).
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3. From step 1 of this proof, we know addr(mergedBA,) = Uicqadr(cy) (addr(BA; 1))
and addr(mergedBAs) = Ujcqaddr(c,)(addr(BA;)). From step 2 of this proof,
we know each addr(BA; 1) C addr(BA, ) for each p; € addr(C}). Since each
addr(BA; 1) C addr(BA; ), U(addr(BA; 1)) C U(addr(BA,;2)) where the unions
are taken over all p; € addr(C}). Since we assume that addr(Cy) C addr(Cs),
it follows that, addr(mergedBA;) C addr(mergedBA,) (this proves condition

1).

4. Let k be any address where k € addr(mergedBA,) and k € addr(mergedBAs,).
From step 1, we know addr(mergedBA,) = Ujcadar(cy)(addr(BA;;)) and
addr(mergedBAs) = Ujcadar(c,)(addr(BA;2)). This implies that there is at
least one bag in C'; that contains a block with address k, and, at least one bag

in 5 that contains a block with address k.

5. Since mergedBA; is the merge of all the bags in C}, from the definition of
merge, block BLj mergeana, 1 the block with the maximal seq value at address

k taken over all the bags in Cf.

6. By the definition of merge, there is at least one bag BA;; in Container C,
such that block BLy pa, ¢, = BLkmergeana,- For each such bag, we know by
assumptions i and ii that BA;; is dominated by bag BA;, from Container
Cy. In other words, from the definition of domination, each BLj pa, ¢, .seq <
BLj pa,c,-seq. This means, there exists a block BLjy pa, c, with seq value at

least as big as the seq value of the block BLj pa, ¢, -

7. Step 6 proves the existence of at least one bag BA, 2 in Container Cy that con-
tains a block BLj pa, c, With seq value at least as large as B Ly, mergeana, - From
the definition of merge, we conclude that B Ly mergeana, -5¢q < B L mergedB A, -5€Q.

(This proves condition 2)
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3.3.3 Partial ordering of Add operations

Let p, be any process that is not initially in the system, i.e., suppose that p, &
procList,. Informally, we observe that p, must be added to the system as part of
some sequence of Add operations, and that no two of these operations can overlap
(in other words, each Add operation in the sequence is partially ordered before the
next).

More formally, let AC' be any sequence of add operations that lead to the addition
of p, in the system. Let the length of AC be lenac. Let an add operation be
addy,(py, py) where it is the kth add operation in AC and this add operation is executed
by p, where p, is added. More formally, AC' = add;(po, p1), adds(p1,p2), .- ,
addien ,. (Prensc—15 Plen ) Where py € procList, and pg is the system. Let AC(py)
be the chain of add operations that lead to the addition of p; in the system. Let
ancestor(pg) be the list of processes involved in AC(py) including py. Consider any
two adjacent add operations in AC: addy(px_1,pr), addyi1(pr, Pr+1). We know the
system only allows a process to start executing any operation only after the add
operation that added the process has ended its execution. Therefore, addy1(pg, Pr+1)
can only start after addy(pr_1,pr) has ended. So, addg(px—1,pr) — addi1(Pr, Pr+1)-
Extending it to all operations in the chain of add operations AC, add;(po,p1) —

addZ(ppr) e CdelenAc(plenAcflaplenAc)~

3.4 Performance Metrics

We measure the performance of the algorithm by doing a formal analysis of run-
ning time. The running time of each operation is defined as the worst-case number
of reads and writes to shared memory, and will be expressed in terms n (the number
of active processes in the system) and m (the number of operations performed). We
are considering the number of shared memory operations, i.e., reads and writes to
atomic registers, since in real systems these costs are orders of magnitude larger than

local operations performed at each process. The local reads and writes are considered

0(1).
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4 Algorithm code

In this section, we provide a description and pseudocode of all the methods needed
to implement our dynamic atomic snapshot object. First, in Sections 4.1-4.4, we de-
scribe our implementations of the required atomic snapshot operations that the pro-
cesses in the system may execute: Update, Add, Remove, and Snap. Then, in Sections
4.5-4.9, we describe the private helper methods that are used in the descriptions of

these operations.

4.1 Algorithm: Update

The purpose of Update is to update the val being stored at a process p;’s shared
atomic register, using the value passed in as the input parameter. This is one of the
4 operations required in any dynamic atomic snapshot implementation. Algorithm 1
provides the pseudocode for Update, and Table 4.1 describes the variables that are
used in the code. From line 2 to 5, process p; (i.e., the process that is performing the
Update operation) reads, updates, and writes its own block back to shared memory
S. To update its block, it overwrites val with the new intended value, and increments
the seq value of the block.

The rest of the code after line 5 relates to invoking the Classifier. From line 6
to line 11, process p; creates its initial “view” of the system by scanning through
the shared atomic registers of all other processes that it knows about, i.e., using the
addresses that appear in its active list, and copying them into a bag called ssq. From
line 12 to 15, the Classifier Tree is traversed and updates its “view” of the system
along the way by taking the bag returned to it by the Classifier algorithm. The
first call to Classifier occurs at the root of the Classifier Tree, and in this first call,
process p; passes in its initial view ssg. The details of the Classifier algorithm are
provided in Section 4.5. Here, the loop is executed [log(m)] times because the height
of the Classifier Tree is [log(m)]| and Classifier is not executed at the leaves of the
Classifier Tree (recalling that m is an upper bound on the number of operations that

can be called on this dynamic atomic snapshot object). At line 14 inside the loop,
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the Classifier algorithm returns a tuple where the first value is a Bag that represents

p;’s updated view of the system, the second value is a list of integers representing an

updated list of active processes in the system and, the third value is the address of

the Classifier Tree node that process p; will traverse to next (i.e., it is the left or right

child of the node that it visited last).

Algorithm 1 The update operation

1: procedure UPDATE(value)

2:

10:
11:
12:
13:
14:
15:

b; < S.RETRIEVE(p;) > SREADI1
b;.seq <~ bi.seq+1

b;.val < value

S.WRITE(p:, bs) > SWRITE
sso «+ {}
addr, < b;.active > ADDROINIT

for all k in b;.active do
by < S.RETRIEVE(K) > SREAD?2
ssg.add(k, by)

end for

v <~ ClassifierTreeRoot > PRECFirst

for all ¢+ 1,..., [log(m)] do > PREC
{ssy,addr,, v} < Classifier(Label(v),ssy_1,addr, ) > POSTC

end for

16: end procedure
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Variable
Name

Shared
or Local

Data
Type

Description

value

Local

Int

Passed in as the parameter of the update opera-
tion. During the update operation this value will
be written to the val field of p;’s dedicated shared
atomic register.

Local

Int

The process that invoked the update operation.

Shared

Registers

The primary shared memory.

Local

Block

Locally stores the block that is copied from address
p; in the shared memory S.

Local

Bag

Holds the system view returned by the Classifier
algorithm at the ¢ level of the Classifier Tree. A
special case is £ = (0: the bag ssg holds the re-
sult of p; scanning the blocks directly from shared
memory S. The bag ssq is the initial view that is
passed into the first call to Classifier, i.e., the call
that occurs at the root of the Classifier Tree.

addry

Local

List

Holds a list of addresses of active processes, which
is returned by the Classifier algorithm at the ¢
level of the Classifier Tree. A special case is £ = 0:
the list addrg holds the active list that was re-
trieved directly from p;’s block in shared memory
S. The address list addrg is the initial list of active
processes that is passed into the first call to Clas-
sifier, i.e., the call that occurs at the root of the
Classifier Tree.

k

Local

Int

Loop variable; used to iterate through the active
list of block b;.

by,

Local

Block

Holds the block copied from the address k of the
shared memory S.

Classifier-
TreeRoot

Shared

Node

The root node address of the Classifier Tree.

\%

Local

Node

Holds the address of a Classifier Tree node.

m

Static

Int

Upper bound on the number of operation calls that
this dynamic atomic snapshot object supports.

Local

Int

Loop variable. Used to keep track of the current
level of the Classifier Tree traversal.

Label(v)

Local

Int

A function that translates a Classifier Tree node
address to the label of that node. In particular,
the Classifier Tree is a complete binary tree whose
nodes are labeled by consecutive integers in the
order they would be visited by an inorder traversal.

Table 4.1:

Variables used in Update Operation Algorithm 1



4.2 Algorithm: ADD 40

4.2 Algorithm: Add

The purpose of Add is to add a new process p; to the system, which is one of the
4 operations required in any dynamic atomic snapshot implementation. Algorithm 2
provides the pseudocode for Add, and Table 4.2 describes the variables that are used
in the code. The process p; can only be added to the system by a process p; that
is currently active in the system, i.e., p; was one of the processes that was initially
active in the system, or, p; was previously added via an add(p;) operation. So in the
remainder of this section, we assume that ADD is being performed by a process p;.
Before the first line of code of add(p;) is executed, we assume that the underlying
system automatically allocates a new atomic register in shared memory, and that
this memory can be accessed using process p;’s unique ID. Moreover, we assume that
this new atomic register stores a block whose variables are initialized as described
in Section 3.1. At line 3 of the algorithm, the address of the new process p; is used
to initialize a new memory location in each Container of each Classifier Tree node
(the details of how this is carried out are provided in Section 4.6). From line 4 to
7, process p; (i.e., the process that is adding p; to the system) reads, updates, and
writes its own block back to shared memory S. To update its block, it adds p; to the
list of active processes and increments the seq value of the block.

The rest of the code after line 7 relates to invoking the Classifier. From line 8
to line 13, process p; creates its initial “view” of the system by scanning through
the shared atomic registers of all other processes that it knows about, i.e., using the
addresses that appear in its active list, and copying them into a bag called ssq. From
line 14 to 17, the Classifier Tree is traversed and updates its “view” of the system
along the way by taking the bag returned to it by the Classifier algorithm. The
first call to Classifier occurs at the root of the Classifier Tree, and in this first call,
process p; passes in its initial view ssg. The details of the Classifier algorithm are
provided in Section 4.5. Here, the loop is executed [log(m)] times because the height
of the Classifier Tree is [log(m)] and we don’t execute Classifier at the leaves of the
Classifier Tree (recalling that m is an upper bound on the number of operations that

can be called on this dynamic atomic snapshot object). At line 16 inside the loop,
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the Classifier algorithm returns a tuple where the first value is a Bag that represents
p;’s updated view of the system, the second value is a list of integers representing an
updated list of active processes in the system and, the third value is the address of
the Classifier Tree node that process p; will traverse to next (i.e., it is the left or right

child of the node that it visited last).

Algorithm 2 The add operation
1: procedure ADD(p;)

2: %% When this method is invoked, but before line 3 is executed, the system
automatically creates a new atomic register in shared memory S at address p;

and writes a new block at the new atomic register with initialized values

3: AddToClassifierTree(ClassifierTreeRoot, p;)

4 b; < S.RETRIEVE(p;) > SREADI1
5: b;.seq <~ bi.seq+1

6: b;.active.add(p;)

7. S.WRITE(ps,b;) > SWRITE
8: sso < {}

9: addr, + b;.active > ADDROINIT
10: for all k in b;.active do

11: by < S.RETRIEVE(K) > SREAD2
12: ss¢.add(k, by)

13: end for
14: v ¢~ ClassifierTreeRoot > PRECFirst
15: for all ¢+ 1,..., [log(m)] do > PREC
16: {ssy, addr,, v} < Classifier(Label(v),ssy_1,addr, ;) > POSTC
17: end for

18: end procedure
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4.2 Algorithm: ADD

Variable | Shared | Data Description

Name or Local | Type

Dj Local Int The process being added to the system.

i Local Int The process that initiated this Add operation.

S Shared | Registers| The primary shared memory.

b; Local Block Locally stores the block that is copied from ad-
dress p; in the shared memory S.

5S¢ Local Bag Holds the system view returned by the Classi-
fier algorithm at the /" level of the Classifier
Tree. A special case is ¢ = 0: the bag ssg
holds the result of p; scanning the blocks di-
rectly from shared memory S. The bag ssq is
the initial view that is passed into the first call
to Classifier, i.e., the call that occurs at the
root of the Classifier Tree.

addr, Local List Holds a list of addresses of active processes,
which is returned by the Classifier algorithm
at the ¢** level of the Classifier Tree. A special
case is £ = 0: the list addry holds the active
list that was retrieved directly from p;’s block
in shared memory S. The address list addr, is
the initial list of active processes that is passed
into the first call to Classifier, i.e., the call that
occurs at the root of the Classifier Tree.

k Local Int Loop variable; used to iterate through the ac-
tive list of block b;.

by Local Block Holds the block copied from the address k of
the shared memory S.

Classifier1 Shared | Node The root node address of the Classifier Tree.

TreeRoot

4 Local Node Holds the address of a Classifier Tree node.

m Static Int Upper bound on the number of operation calls
that this dynamic atomic snapshot object sup-
ports.

l Local Int Loop variable. Used to keep track of the cur-
rent level of the Classifier Tree traversal.

Label(v) | Local Int A function that translates a Classifier Tree

node address to the label of that node. In par-
ticular, the Classifier Tree is a complete binary
tree whose nodes are labeled by consecutive in-
tegers in the order they would be visited by an
inorder traversal.

Table 4.2: Variables used in Add Operation Algorithm 2
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4.3 Algorithm: Remove

The purpose of Remove is to remove a process p; from the system, which is one of
the 4 operations required in any dynamic atomic snapshot implementation. Algorithm
3 provides the pseudocode for Remove, and Table 4.3 describes the variables that are
used in the code. To remove a process, the process must be active in the system and an
existing process p; must invoke remove(p;). After the invocation of this method, but
before any lines are executed, the system ensures that the process invoking remove(p,)
has permission to remove p; (see Section 3.1). Recall that, for notational convenience,
pj is used to represent the process as well as its unique ID. Rather than deallocating
the memory of p; from the system, our approach is to have each process maintain
a list of processes it removed, and then when a snap is performed, the set of active
processes is determined by omitting those that appear in one of the lists of removed
processes. From line 3 to 6, process p; (i.e., the process that is removing p; from
the system) reads, updates, and writes its own block back to shared memory S. To
update its block, it adds p; to the list of removed processes and increments the seq
value of the block.

The rest of the code after line 6 relates to invoking the Classifier. From line 7
to line 12, process p; creates its initial “view” of the system by scanning through
the shared atomic registers of all other processes that it knows about, i.e., using the
addresses that appear in its active list, and copying them into a bag called ssq. From
line 13 to 16, the Classifier Tree is traversed and updates its “view” of the system
along the way by taking the bag returned to it by the Classifier algorithm. The
first call to Classifier occurs at the root of the Classifier Tree, and in this first call,
process p; passes in its initial view ssg. The details of the Classifier algorithm are
provided in Section 4.5. Here, the loop is executed [log(m)] times because the height
of the Classifier Tree is [log(m)] and we don’t execute Classifier at the leaves of the
Classifier Tree (recalling that m is an upper bound on the number of operations that
can be called on this dynamic atomic snapshot object). At line 15 inside the loop,
the Classifier algorithm returns a tuple where the first value is a Bag that represents

p;’s updated view of the system, the second value is a list of integers representing an



4.3 Algorithm: REMOVE 44

updated list of active processes in the system and, the third value is the address of

the Classifier Tree node that process p; will traverse to next (i.e., it is the left or right

child of the node that it visited last).

Algorithm 3 The remove operation

1: procedure REMOVE(p;)

2:

10:
11:
12:
13:
14:
15:
16:

%% Before the remove operation starts, the system ensures that the invoking

process p; is one which added the process p;.

b; < S.RETRIEVE(p;) > SREADI1
b;.seq < bi.seq+1

b;.removeActive.add(p;)

S.WRITE(p:, bs) > SWRITE
sso < {}
addr, < b;.active > ADDROINIT

for all k in b;.active do
by < S.RETRIEVE(k) > SREAD2
ssg.add(k, by)

end for

v ¢~ ClassifierTreeRoot > PRECFirst

for all ¢+ 1,..., [log(m)] do > PREC
{ssy,addr,, v} < Classifier(Label(v),ssy_1,addr, ) > POSTC

end for

17: end procedure
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Variable

Name

Shared

or Local

Data
Type

Description

Dj

Local

Int

The process that is being removed.

Local

Int

The process that invoked remove(p;).

Shared

Registers

The primary shared memory.

Local

Block

Locally stores the block that is copied from ad-
dress p; in the shared memory S.

Local

Bag

Holds the system view returned by the Classi-
fier algorithm at the /" level of the Classifier
Tree. A special case is ¢ = 0: the bag ssg
holds the result of p; scanning the blocks di-
rectly from shared memory S. The bag ssq is
the initial view that is passed into the first call
to Classifier, i.e., the call that occurs at the
root of the Classifier Tree.

addr,

Local

List

Holds a list of addresses of active processes,
which is returned by the Classifier algorithm
at the ¢** level of the Classifier Tree. A special
case is £ = 0: the list addry holds the active
list that was retrieved directly from p;’s block
in shared memory S. The address list addr, is
the initial list of active processes that is passed
into the first call to Classifier, i.e., the call that
occurs at the root of the Classifier Tree.

k

Local

Int

Loop variable; used to iterate through the ac-
tive list of block b;.

by

Local

Block

Holds the block copied from the address k of
the shared memory S.

Classifier-
TreeRoot

Shared

Node

The root node address of the Classifier Tree.

A%

Local

Node

Holds the address of a Classifier Tree node.

m

Static

Int

Upper bound on the number of operation calls
that this dynamic atomic snapshot object sup-
ports.

Local

Int

Loop variable. Used to keep track of the cur-
rent level of the Classifier Tree traversal.

Label(v)

Local

Int

A function that translates a Classifier Tree
node address to the label of that node. In par-
ticular, the Classifier Tree is a complete binary
tree whose nodes are labeled by consecutive in-
tegers in the order they would be visited by an
inorder traversal.

Table 4.3:

Variables used in Remove Operation Algorithm 3
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4.4 Algorithm: Snap

The purpose of Snap is to create a snapshot of the shared atomic registers belong-
ing to active processes in the system, which is one of the 4 operations required in any
dynamic atomic snapshot implementation. Algorithm 4 provides the pseudocode for
Snap, and Table 4.4 describes the variables that are used in the code. From line 2 to
4, process p; (i.e., the process that is performing the Snap operation) reads, updates,
and writes its own block back to shared memory S. To update its block, it increments
the seq value of the block.

The rest of the code after line 4 relates to invoking the Classifier. From line 5
to line 10, process p; creates its initial “view” of the system by scanning through
the shared atomic registers of all other processes that it knows about, i.e., using the
addresses that appear in its active list, and copying them into a bag called ssg. From
line 11 to 14, the Classifier Tree is traversed and updates its “view” of the system
along the way by taking the bag returned to it by the Classifier algorithm. The
first call to Classifier occurs at the root of the Classifier Tree, and in this first call,
process p; passes in its initial view ssg. The details of the Classifier algorithm are
provided in Section 4.5. Here, the loop is executed [log(m)] times because the height
of the Classifier Tree is [log(m)]| and we don’t execute Classifier at the leaves of the
Classifier Tree (recalling that m is an upper bound on the number of operations that
can be called on this dynamic atomic snapshot object). At line 13 inside the loop,
the Classifier algorithm returns a tuple where the first value is a Bag that represents
p;’s updated view of the system, the second value is a list of integers representing an
updated list of active processes in the system and, the third value is the address of
the Classifier Tree node that process p; will traverse to next (i.e., it is the left or right
child of the node that it visited last).

From line 16 to 22, removeSet is created by iterating through all the blocks that
exist in the system view returned by the final call to Classifier, and remembering
all addresses that appear in any list of removed processes. From line 23 to 27, the

processes in removeSet are removed from the final snapshot before it is returned.
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Algorithm 4 The snap operation
1: procedure SNAP()
9. b; + S.RETRIEVE(p;) > SREADI
3 b;.seq ¢~ bi.seq+ 1
4 SWRITE(ps,b;) > SWRITE
5: sso < {}
6: addr, < b;.active > ADDROINIT
7 for all k in b;.active do
8: by < S.RETRIEVE(K) > SREAD2
9: ss¢.add(k, by)
10: end for
11: v ¢~ ClassifierTreeRoot > PRECFirst
12: for all £+ 1,..., [log(m)] do > PREC
13: {ssy,addry, v} < Classifier(Label(v), ss;_4,addry 1) > POSTC
14: end for
15: removeSet < list()
16: for all addr in addrss, . do
17: for all remAddr in ssjog(m)+1.retrieve(addr).removeActive do
18: if removeSet.exists(remAddr) is False then
19: removeSet.add(remAddr)
20: end if
21: end for
22: end for
23: for all addr in addrss,, 4 do
24: if removeSet.exists(addr) is True then
25: SSlog(m)+1-€Tase(addr)
26: end if
27 end for
28: return ssjog(m)+1

29: end procedure
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4.4 Algorithm: SNAP

Variable | Shared Data Description

Name or Local | Type

Di Local Int The process that invoked the snap operation.

S Shared Registers | The primary shared memory.

b; Local Block Locally stores the block that is copied from address
p; in the shared memory S.

sSyp Local Bag Holds the system view returned by the Classifier
algorithm at the ¢" level of the Classifier Tree. A
special case is £ = 0: the bag ssg holds the re-
sult of p; scanning the blocks directly from shared
memory S. The bag ssg is the initial view that is
passed into the first call to Classifier, i.e., the call
that occurs at the root of the Classifier Tree.

addry Local List Holds a list of addresses of active processes, which
is returned by the Classifier algorithm at the ¢*
level of the Classifier Tree. A special case is £ = 0:
the list addrg holds the active list that was re-
trieved directly from p;’s block in shared memory
S. The address list addrq is the initial list of active
processes that is passed into the first call to Clas-
sifier, i.e., the call that occurs at the root of the
Classifier Tree.

k Local Int Loop variable; used to iterate through the active
list of block b;.

by, Local Block Holds the block copied from the address k of the
shared memory S.

Classifier-| Shared Node The root node address of the Classifier Tree.

TreeRoot

v Local Node Holds the address of a Classifier Tree node.

m Static Int Upper bound on the number of operation calls that
this dynamic atomic snapshot object supports.

14 Local Int Loop variable. Used to keep track of the current
level of the Classifier Tree traversal.

Label(v) | Local Int A function that translates a Classifier Tree node
address to the label of that node. In particular,
the Classifier Tree is a complete binary tree whose
nodes are labeled by consecutive integers in the
order they would be visited by an inorder traversal.

removeSet| Local Set A list of integers that correspond to process IDs
that have been removed from the system.

addr Local Int Loop variable; used to iterate over the list of ad-
dresses returned by the final call to Classifier.

remAddr | Local Int Loop variable; used to iterate over the list of ad-

dresses in the removeActive list of each process.

Table 4.4: Variables used in Snap Operation Algorithm 4
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4.5 Algorithm: Classifier

Each time that a process p; performs an operation on the atomic snapshot object
(i.e., add, remove, update, snap), the final part of the operation consists of the process
p; doing a traversal of the Classifier Tree, essentially to integrate its changes with the
changes that the other processes have been making. This traversal starts at the
root of the Classifier Tree, and goes downward one level at a time, and at each level
the process calls the Classifier method, which we describe in the remainder of this
subsection.

There are two main parts to the Classifier method. At the start, each process starts
with a bag ss,_; that represents its current view of the system. In the first part, the
process writes its own bag to the Container at the current node of the Classifier Tree,
and then merges together all bags that are in the Container. This merges together
the most recent observations of the system made by all other processes that have
passed through this Classifier Tree node so far. The second part of the Classifier
method determines whether the next step of the Classifier Tree traversal goes to the
left child or the right child. At a high level, the traversal always goes left until all
descendant leafs of the Classifier Tree are full, and then all future traversals go right.
To actually implement this idea, each Classifier Tree node is labeled with an integer
K, and after merging together all bags in the Container, the seqSum of this merged
bag is compared with K (i.e., seqSum < K means go left, and seqSum > K means go
right). These node labels are defined by assigning consecutive integers via the order
that the nodes would be visited in an inorder traversal of the tree. Finally, if the
process traverses to the left child, it keeps its own view of the system ss,_; as its new
view ssp; but, if the process traverses to the right, it uses the bag it got from merging
together all bags in the Container as its new view ss;.

Algorithm 5 provides the pseudocode for Classifier, and Table 4.5 describes the
variables that are used in the code. At line 2, the current process P, updates its
value in the Container C (of the current node u) with the ss,_; bag that is passed
via parameter. Then in lines 3 to 4, we compute an updated list of active processes

in the system and a local copy of the Container consisting of all the bags belonging
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to these active processes. The details of how this is carried out are described in
Section 4.7. At line 5, mergeRecent is computed by merging together all bags in the
Container belonging to active processes. The details of how this is carried out are
described in Section 4.8. Then, we compute the seqSum of this mergeRecent result
(as described in Section 4.9), and there can be two possible outcomes based on the
relationship between the values of seqSum and K. If the seqSum is greater than K,
then mergeRecent is updated by performing another merge on the Container, and
then the new mergeResult along with the list of active processes and the address of
the right child are returned (see lines 7 and 8). Otherwise, if seqSum < K, then the
old values that the process had at the start of the method are returned, i.e., ssy_
and addr,_, along with the address of the left child (see line 10). While returning
the values in both cases, a tuple is returned where the first value is a Bag, the second
value is a list of integer addresses and the last value is the address of a Classifier Tree

node.

Algorithm 5 Classifier Process of node u in Classifier Tree.
1: procedure CLASSIFIER(K, ss;—1, addre_1)

2: C.WRITE(p;i,ssy—_1)

3: currentActive < addr, 4

4: {updatedActivelList, localContainer} < GetUpdatedActiveList(currentActive)

o: mergeRecent + GetMergeRecent(updatedActivelList,localContainer)

6: if getSeqSum(mergeRecent, updatedActivelist) > K then

7 {updatedActiveList,localContainer} - GetUpdatedActiveList(currentActive)
8: newMergeRecent <— GetMergeRecent(updatedActiveLlist,localContainer)

9: return {newMergeRecent, updatedActivelist, u.right}
10: else
11: return {ssy_;,addr,_;,uleft}
12: end if

13: end procedure
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o1

Variable Shared | Data Description

Name or Local | Type

K Local Int Input variable. Holds the value of the label
of the current node.

$Sp_1 Local Bag Input variable. Holds the snapshot from the
¢ — 1" level of the Classifier Tree which is
the process’ current 'view’ of the system.

addry_; Local Bag Input variable. Holds the list of active ad-
dresses from the ¢ — 1*" level of the Classifier
Tree which is the list of processes that p;
thinks are in the system.

i Local Int This is the unique ID of the process that is
currently executing the method.

C Shared | Container| The Container stored at this node of the
Classifier Tree. It consists of the bags that
have been written to it by the processes that
have visited this Classifier Tree node so far.

current- Local List Holds the list of processes that p; thinks are

Active active at the start of this call to Classifier.

updated- | Local List Holds an updated list of active processes

ActiveList that p; finds by calling GetUpdatedAc-
tiveList.

local- Local Container | Holds the local copy of all the bags in the

Container Container C of the current Classifier Tree
node for each address in updatedActiveList.

merge- Local Bag Holds the bag that is produced by merging

Recent all the bags from Container C.

newMerge-| Local Bag Holds the bag that is produced by merging

Recent all the bags from Container C for a second
time. This is only performed at line 8, which
occurs after deciding that the traversal of
the Classifier Tree will continue down to the
right child.

u.right Shared | Node u is the current node of the Classifier Tree on
which the current call to Classifier is being
executed. u.right is the address of the right
child of the current node u.

u.left Shared | Node u.left is the address of the left child of the

current node u of the Classifier Tree.

Table 4.5: Variables used in Algorithm 5
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4.6 Algorithm: AddToClassifierTree

When calling Classifier at a particular node in the Classifier Tree, there are two
actions involving the Container at the node: a process writes a bag to the Container
at its own address, and, a process performs a merge on all bags in the Container at
addresses belonging to processes it thinks are in the system. However, to perform
these actions, the Container has to have shared registers where the bags can be written
to or read from, and the system doesn’t know in advance how many processes are
going to be added to the system (and doesn’t know their process IDs). So, we provide
an AddToClassifierTree method that can be called whenever a process is added to
the system, and the result is that each Container will have a shared register whose
address corresponds to the process’ ID.

The purpose of AddToClassifierTree is to allocate a new memory location in each
Container in the Classifier Tree for a new process p;. Algorithm 6 provides the
pseudocode for AddToClassifierTree, and Table 4.6 describes the variables that are
used in the code. The algorithm uses a depth-first approach to traverse the Classifier
Tree. At each node of the Classifier Tree there is a Container C. At line 5, the unique
ID of process p; is used to create a new memory location in C at the current node
u that points to a new shared atomic register. We assume that this shared memory

allocation is possible using an underlying system operation called INITTATE.

Algorithm 6 Add a memory location p; to Container C' at node u
1: procedure ADDTOCLASSIFIERTREE(u, p,)

2: if u == null then
3 return

4 end if

5: u.C.INITIATE(p;)

6 AddToClassifierTree(u.left,p;)
7 AddToClassifierTree(u.right,p;)
8

: end procedure
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Variable | Shared | Data Description

Name or Local | Type

u Shared Node Holds the address of a Classifier Tree node.

P; Local Address | The unique ID of process p;, to be added to the
Container at the Classifier Tree node wu.

u.right Shared | Node u.right is the address of the right child of the
current node u.

u.left Shared Node u.left is the address of the left child of the cur-
rent node u.

Table 4.6: Variables used in Algorithm 6

4.7 Algorithm: GetUpdatedActiveList

The main difference between a traditional Snapshot object and a Dynamic Snap-
shot object is that, traditionally, the entire list of active processes in the system is
known at all times, whereas in the dynamic version, processes may be added and
removed at arbitrary times. In our model, each process that joins the system is pro-
vided a list of “initial processes” that were active when the system started running,
but this list can become out-of-date as other processes in the system call add and
remove operations. So, each process will maintain a list of processes (called active)
that it thinks are currently active in the system, but, we need to provide a mechanism
that a process can use to update this list to improve its accuracy. At a high level, a
process that performs an add or remove will publish this information to its dedicated
SWMR register in shared memory, and then other processes can update their active
lists by scanning the shared memory and seeing these published updates. There is
an obvious difficulty with this approach: a process can only read the registers of pro-
cesses that it knows about, so for example, if a process p; is not yet aware that process
p2 has been added to the system, and process p, adds process ps to the system, how
will process p; find out about the existence of process p3? To deal with this issue, we
exploit the fact that each process must be added to the system via some unique chain
of Add operations originating from a process that was initially in the system, and so

our algorithm can be thought of as traversing through a directed tree consisting of
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these chains.

GetUpdatedActiveList is performed inside every execution of Classifier, and each
execution of Classifier occurs at some node in the Classifier Tree. The purpose of
GETUPDATEDACTIVELIST is to search and find new addresses of the register of the
active processes that it did not know about and also, during this process this function

creates a local copy of the Container C that is located at this Classifier Tree node by

retrieving the bags at addresses from the newly-updated active list.

Variable | Shared | Data Description

Name or Local | Type

oldActive| Local List Input variable; It contains all the addresses
that are already known by the process calling
this method.

updated-| Local List Holds the current up-to-date list of active pro-

Active- cess’ addresses

List

local- Local Containert A local Container that holds, for each ad-

Container dress in updatedActiveList, a copy of the cor-
responding bag in the shared Container C of
the current node of the Classifier Tree.

toScan Local List Stores the addresses of the processes that need
to be scanned in the current iteration.

newTo- | Local List Stores new addresses that will be scanned in

Scan the next iteration of the algorithm.

C Shared | Containert The Container C located at the current node
of the Classifier Tree.

localss; | Local Bag Holds a copy of the bag located at address 7 of
the shared Container C'

k Local Address | Loop variable. This is used to iterate through
the addresses in updatedActiveList at line 9

Tk Local Block Holds the block found at the address k of the
bag localss;

address,, | Local Address | Loop variable. This is used to iterate through

the list of addresses in r;.active at line 12

Algorithm 7 provides the pseudocode for GetUpdatedActiveList, and Table 4.7
describes the variables that are used in the code. The GetUpdatedActiveList method

Table 4.7: Variables used in Algorithm 7
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proceeds as follows. The process calling the method provides a list of register ad-
dresses of “known” active processes, which is passed in the oldActive argument. The
algorithm starts by initializing the set of active processes using the input argument
oldActive. Let j be the current address that is being scanned. For each j, the al-
gorithm retrieves the bag located at address j of C (line 8) and copies it to the
localContainer (line 9). In this copied bag localss;, the algorithm uses its currently
known set of active processes (updatedActiveList) to search through every block of
the bag located at addresses it knows about. In each such block, it looks at the list
of addresses written in the “active” variable, and searches for any addresses that are
not already in updatedActiveLlist (line 10 to 20). At lines 15 - 17, the newly-found
addresses are added to updatedActiveList, but also added to a newToScan list that
will form the next list of addresses to be scanned (lines 24 and 5). This process con-
tinues until the algorithm cannot find any new addresses, i.e., the newToScan list is

empty after scanning the entire toScan list (line 7 to 24).
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Algorithm 7 Calculate active nodes inside a node in Classifier node u
Input oldActive: A list of register addresses

Output updatedActiveList: Updated list of register addresses found in the Container C of the
current node based on the initial set of addresses in oldActive.
localContainer: Copy of the Container C from where the updated ActiveList is created.
: procedure GETUPDATEDACTIVELIST (old Active)
updatedActivelList < oldActive
localContainer + {}

toScan < oldActive

1

2

3

4

5: while toScan is not empty do
6 newToScan « ||

7 for all j € toScan do

8 localssj < C.RETRIEVE(j)
9

localContainer.write(j,localss;j)

10: if localss; is not null then

11: for all k € updatedActivelList do

12: ry < localss;.retrieve(k)

13: if ry is not null then

14: for all address,, € ry.active do

15: if updatedActiveList.exists(addressy,) is False then
16: newToScan.add(addressy,))

17: updatedActiveList.add(address;,)
18: end if

19: end for

20: end if

21: end for

22: end if

23: end for

24: toScan < newToScan

25: end while
26: return {updatedActivelist,localContainer}

27: end procedure
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4.8 Algorithm: GetMergeRecent

One of the purposes of the Classifier Tree is to combine information: each process
has a certain “view” of the system, they will each come to the Classifier Tree to write
down this view, and then collect all the views from other processes in an attempt to
combine them into a coherent, up-to-date view. In particular, when visiting a node
in the Classifier Tree, a process will arrive with a list of processes that it thinks are
active, and will gather and combine the most recent information that was written
to the node’s Container by those processes. The purpose of GetMergeRecent is to
implement this action: it takes a Container and a list of addresses as input, gets the
bags from the Container at those addresses, and performs a merge on the bags.

Algorithm 8 provides the pseudocode for GetMergeRecent, and Table 4.8 describes
the variables that are used in the code. The input consists of activeList (a list of
addresses) and localContainer (a Container of bags). The loop at line 4 retrieves the
bag located at each j € activeList from the localContainer. The nested loop (from
line 6 to 17) traverses the activelist, and for each k € activeList, retrieves block
BLy; from bag j in localContainer, and updates the mergeResult bag as follows: if
mergeResult doesn’t have a block at address k yet, then write BLj there; otherwise,
it writes BLy to the block at address k if BLj has a larger seq value than the existing
block. In other words, after looping through all values of j and k, the block at address
k in mergeResult should contain the block with largest seq value among all blocks
with address k, taken over all bags in localContainer whose addresses appear in the

activeList. The calculated mergeResult is returned at the end of the procedure.
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Algorithm 8 Calculate the mergeRecent bag of a given node in Classifier Tree
Input activelList: A list of register addresses

localContainer: A copy of the Container at the current node

Output mergeResult: Returns a bag

1: procedure GETMERGERECENT (activeList, localContainer)

2: visited < list()

3: mergeResult < {}

4: for all j € activeList do

5: localssj «— localContainer.retrieve(j)
6: for all k € activeList do

7 BLy < localss;.retrieve(k)

8: if BLy is not null then

9: if visited.exists(k) is False then
10 visited.add(k)
11: mergeResult.add(k, BLy)
12: end if
13: if BLy.seq > mergeResult.retrieve(k).seq then
14: mergeResult.write(k, BLy)
15: end if
16: end if
17: end for
18: end for
19: return mergeResult

20: end procedure
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Variable | Shared | Data Description

Name or Local | Type

activeList] Local List Input variable. Holds the list of addresses of
the processes that will be used to calculate the
mergeRecent bag.

local- Local Containett Input variable. Holds multiple bags for each

Containet address in activeList.

visited Local Set Keeps track of the processes’ addresses that are
already added to mergeRecent result bag.

merge- | Local Bag Holds the final result of this procedure which

Result is the mergeRecent bag of the given set of pro-
cesses.

j Local Address | Loop variable; used to iterate through the ac-
tiveList at line 4.

localss; | Local Bag Holds the snapshot (as a bag) located at ad-
dress j in the Container C.

k Local Address | Loop variable; used to iterate through the ac-
tiveList at line 6.

BLy Local Block Holds the block located at key k in the localss;.

Table 4.8: Variables used in Algorithm 8

4.9 Algorithm: GetSeqSum

Recall that each block has a seq variable that is used to determine the freshness
of information: the seq value gets incremented each time that the block is accessed,
so a higher seq value corresponds to a more recent access. We extend this idea to
an entire bag consisting of blocks: we get an integer called seqSum by adding up the
seq values of all blocks in the bag, and for two different bags, we can compare their
seqSum values to determine which one is more “recent”.

The purpose of GetSeqSum is to calculate the sum of the seq values from a given
bag. Algorithm 9 provides the pseudocode for GetSeqSum, and Table 4.9 describes
the variables that are used in the code. The first input parameter is bag, which is a
bag whose seqSum we want to compute, and the second input parameter is addrs,
which is a list of addresses of blocks in the bag (which will allow us to iterate through

the contents of the bag). In the loop (line 3 to 5), the algorithm traverses addrs and
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for each j € addrs retrieves the block from bag and updates the seqSum variable. The

result of this procedure is the final value of seqSum.

Algorithm 9 Calculate the seq size of a given bag

1: procedure GETSEQSUM(bag, addrs)

2:
3

4:
5:
6:

segSum < 0
for all j € addrs do

seqSum < seqSum + bag.retrieve(j).seq
end for

return seqSum

7: end procedure

Variable | Shared | Data Description

Name or Local | Type

bag Local Bag Input variable. Holds the bag that will be used
to calculate the seq sum.

addrs Local List Input variable. Holds the keys of the processes
that are in the input bag.

seqSum | Local Int Holds the updated sum of the seq values. This
is the final result of the procedure.

j Local Int Loop variable; used to iterate through addrs at
line 3.

Table 4.9: Variables used in Algorithm 9

5 Algorithm Observations

In this section, we will observe certain facts by directly looking at the algorithm

code. These facts do not require proofs and will be used in the proofs of correctness

in later sections.

5.1 Common anchor points in the Algorithms: 1, 2, 3, 4

In the later sections where we will show the proof of correctness of the algorithms,

there will be situations where we want to prove the same fact about multiple al-
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gorithms simultaneously instead of repeatedly writing out the argument but with
modified line numbers. In particular, when proving facts about our Add, Remove,
Update, and Snap algorithms, there are lines of code that are common to all four al-
gorithms, but at different line numbers. In this subsection, we provide a table where
we list out the lines that are common among these algorithms. We also associate key-
words to these lines so that we can write out the keyword once instead of writing out
all four line numbers. We call these keywords as “anchor” points in the algorithms.

The anchor point keywords are also written as inline comments in the pseudocode.
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Anchor Name | Line | Line | Line | Line | Description

in in in in

Add | Re- | Snap | Up-

2] move | [4] date
3] 1]

SREADI1 4 3 2 2 This line refers to the line where the process
(that is executing the current operation) read
its own block from the shared memory S.

SWRITE 7 6 4 5 After reading its own block from the shared
memory, the process updates the block’s seq
value and also depending on the type of oper-
ation it updates active, removeActive or value
property of the block. Then, the process
writes back the updated block into the shared
memory S. This line refers to that line when
the current process writes back the updated
block to the shared memory S.

ADDROINIT | 9 8 6 7 This line refers to the line where addr is ini-
tialized.

SREAD2 11 10 8 9 This line refers to the line where the process
reads the blocks of the other processes which
are found in its active list.

PRECFirst 14 13 11 12 If we want to refer to the point in time before
the first call to the Classifier, then we can use
this anchor point.

PREC 15 14 12 13 When a process is at level ¢ and just before
starting the Classifier algorithm, if we want
to refer to that point in time, then we can use
this anchor point.

POSTC 16 15 13 14 This line is used to talk about the values after

the Classifier algorithm ends.

Table 5.1: Explanation of common anchor points.

5.2 Remove Operation Observations

In this section, we make some observations about what can be concluded once any

process ps “sees” that a Remove(p;) operation has been performed, i.e., once it reads

a block where the removeActive list contains p;. Let ops be any operation executed

by ps. Let SS,; be a set of bags of all ss that are created during op,. More formally,

SSau = {550,851, ..., S5[10g(m)] }- Here, ssq is created after reading from the shared
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memory S before the first call to the Classifier at line PRECFirst and rest of the
ss are considered at line POSTC'. Let any bag ss, € SSy;. Similarly let ADDR,;
= {addry, addry, ...., addrpiegmy } at the same lines as ss and addr, € ADDR,;. We

also consider that there exists an address p; where p; € BL,, s, op, -removeActive. In

other words, in the bag ss, returned by Classifier in the loop iteration ¢ = a or before

the first call to the Classifier for ssg, at least one of the blocks has a removeActive

variable containing p;. We observe the following facts:

Fact 1. Before the execution of line SWRITE during the operation where p; is re-

moved, there exists no p; in any removeActive list of any block. This is

because:

1.

11.

The first time that the value p; is added to any removeActive list in

shared memory is during the operation where p; is removed.

Since there exists only one operation where p; is removed and there exists
no other lines of codes where removeActive is modified in shared memory,
the fact holds.

Fact 2. The remove operation (let op;) where p; is removed must be executed by

process p; and this remove operation started before the time when

pj € BLy, ss,0p,-removeActive during op,. This is because:

1.

il.

iii.

Using Fact 1, the line SWRITE of the remove operation where p; is re-
moved must have been executed before the line where
pj € BLy, s, 0p, - removeActive during op,. Therefore, the remove opera-

tion op; started before this time.

At line SWRITE during op;, the updated block is written back to the
shared memory S after appending p; in the removeActive list. There-
fore, the block BL,, s, exists at this time. Since BL,, gy exists,

BL,, s.0p:-5¢q and p; € BLy, g op,-removeActive also exists at this time.

We know that during ops, p; is found in BL,, s, op, .removeActive. Note
that removeActive list for any block in any bag is never updated or ma-

nipulated during the Classifier algorithm and from Section 3.1, a process
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1v.

can only be removed once. Therefore, the only way p; can be found in
the removeActive list of a block at address p; is when p; is the process

that removed p;. In other words, p; must be process that executed op;.

In the remaining facts we will refer to p; as the process that executed op;

where the p; was removed.

Fact 3. BLy, ss,.0p, €xists and p; € addr, during ops. This is because:

1.

ii.

Since p; € BLy, ss,.0p,-removeActive during ops, the block BLy, s, op. 18
not null. Therefore, this block exists and was found at address p; in the

bag ss, during op;.

The fact that block p; is written into ss, during Classifier means that

i € addr,.

Fact 4. The Add operation where p; is added is partially ordered before op;. This is

because:

11.

iii.

From the model definition (Section 3.1): any process p; can only be

removed once.

From the model definition (Section 3.1): only the process that added p;

can remove the process p.

Therefore, because of SWMR property, the add operation where p; is
added must be completed before the start of op;.

Fact 5. At any time when p; € BL,, s, op,-TemoveActive during op,, we know that

BL,, ss,.0p.-5€d > BLy, sop-seq. This is because:

1.

ii.

No items are ever removed from removeActive list of any block. There-
fore, once p; is added in the block p; in shared memory S, it is never

removed from that block.

The process p; is added exactly once to removeActive in block p; in shared

memory S. Therefore, any block where the removeActive list contains p;
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must be an exact copy or a more recently updated version of the block
BL

Pi»S,0pi

iii. If it is an exact copy of the block BL,, g .p,, then its seq value is equal to
BL,, s.op;-seq. If it is an updated block than BL,, 5, then its seq value
will be strictly larger than BL,, s op,-Seq.

5.3 Add Operation Observations

In this section, we make some observations about what can be concluded once
any process ps “sees” that an Add(p;) operation has been performed. This occurs if
p; shows up in a list of active addresses but p; wasn’t one of the processes initially
in the system at start up. More specifically, let op, be any operation executed by
ps. Let SS,; be a set of bags of all ss that are created during op,. More formally,
SSait = {550,551, ..., 85[10g(m)] }- Here, ssq is created after reading from the shared
memory S before the first call to the Classifier at line PRECFirst and rest of the
ss are considered at line POSTC'. Let any bag ss, € SSy;. Similarly let ADDR,
= {addro, addry, ...., addriog(my) } at the same lines as ss and addr, € ADDRy;. We
consider such ss, and addr, where during the execution of op;, p; € addr, and p; ¢

procList,. We observe the following facts:

Fact 1. Since p; ¢ procList, but p; € addr,, it must be a process that was added in
the system.

Fact 2. Since p; was added in the system, there exists a process p; which executed
an Add(p;) operation and from Section 3.1, there can be only one such as
Add(p;) operation. In the remaining observations below, we will refer to this

operation as op;.

Fact 3. Before the execution of line SWRITE during op;, there exists no p; in any

active list or removeActive list in any block. This is because:

i. The first and only time that p; is added to an active list is at the line
before SWRITE in Add(p;)=op;, and so the first time it is written to a
block is at line SWRITE during op;.
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Fact 4. At any time where p; € BL,, s, op,-active during ops, the block BL,, s op,

exists. This is because:

1.

11.

Using Fact: 3, the line SWRITE of op; must have already been executed.

Therefore, at this time, we know that line SWRITE of op; has already

been executed and the block BL,, gy, exists.

Fact 5. At any time where p; € BL,, s, op, -active during op,, we know that

BL,, ss,.0p.-5¢d > BLy, sop-seq. This is because:

i

11.

iii.

From Fact: 4, we know that the line SWRITE of op; has previously
occurred. The first and only time where p; is added to an active list is

when p; adds it to block p; in S during op;.

No items are ever removed from active list of any block. Therefore, once
p; is added to the active list in the block in shared memory S, it is
never removed from that block. Therefore, any block where the active
list contains p; must be an exact copy or a more updated version of the
block BL

Pi,S,0pi*
If it is an exact copy, then BL,, ss. op.-5€q = BLy, s.0p;-s€q. If it is a more
recently updated version of the block BL,, g p,, then its seq value will be

strictly larger than BL,, g op,.5€q.

6 Linearization

Recall that the linearizability property of a snapshot object implementation means

that we can assign to each operation a distinct point in time (e.g., place them at

distinct points on a timeline) that occurs somewhere between the start and end of

the execution of the operation in such a way that, if we imagine a sequential execution

of the operations at these points in time, the snap operations have the same outcome

as they do in the concurrent execution of our snapshot implementation.

In this section, we start by defining a high-level idea of our linearization ordering.

Then, based on that idea, we define a comparison algorithm that takes two operations
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and tells us which one occurs earlier in our ordering. After that, we prove that this

algorithm produces a total ordering of all the operations.

6.1 High-Level Idea

Two operations are said to follow partial ordering if one terminates before the
other begins. In those cases, it is clear how they should be linearized. For operations
that overlap, there are more complicated details required depending on the types
of operations involved, as described below. In what follows, the add, remove, and

update operations will be collectively referred to as modify operations.
1. At first, we will linearize all the snap operations.

(a) While linearizing two snap operations, we will look whether they follow
partial ordering. If they do, then the process that terminates first should

be linearized first.

(b) If the snap operations do not follow partial ordering, then we will linearize
them by the domination property. We connect the domination property
with the Classifier Tree leaf labels and then linearize the snap operations

in order by increasing leaf labels.

(¢) The snap operations that end up at the same Classifier Tree leaf will be

linearized by their process ids.

2. The second step is to consider each modify operation (i.e., update, add, remove)

and insert them into the linearized list of snap operations.

We will compare each modify operation against the linearized list of snap op-
erations and insert the modify operation at the appropriate place so that the
linearization order is preserved. To do this, we first define how to directly com-
pare a modify and a snap: we look at the two bags that are output by the
(Classifier for the two operations, take from each bag the block belonging to the
process performing the modify operation, and compare the sequence numbers

of these blocks. If the modify operation’s bag has the smaller of these sequence
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numbers, then it is linearized before the snap. We can apply this comparison to
each snap operation to figure out where the modify operation should be inserted

within the linearized list of snap operations.

3. After the end of the second step, there will be buckets of un-linearized mod-
ify operations in between two consecutive linearized snap operations. In the
third step, we will consider each bucket of un-linearized modify operations and
linearize them. To do this, certain modify operations are linearized before the
others, i.e., add before update before remove. This is because a process p; should
be added to the system before p; performs an update to its shared register, and
p; should not be removed from the system until after it has been added and has
performed its updates. Within operations of the same type, they are ordered

by the ID of the process that performs them.

6.2 Linearization Definition

Algorithm 10 provides the pseudocode that implements the linearization idea that
was described in Section 6.1. In particular, given two operations as input, the proce-
dure will return true if and only if the first input is linearized before the second input.
Table 6.1 describes the variables used in Algorithm 10. The values of ModOrd,,, and
ModOrd,, are assumed to have their value already set depending on the types of op-
erations, i.e., they are set to 1,2,3 if op; is add, update, or remove, respectively. These
values are used to implement the priority ordering of the various modify operations,

i.e., add should occur before update, and update should occur before remove.
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Algorithm 10 Linearization comparison algorithm
Input op;: An operation of add, remove, update or snap type.

Input ops: An operation of add, remove, update or snap type.

Output Returns true if op; appears before ops in the linearization order. Otherwise, returns

false.

1: procedure CHECKLINDEFORDER(0p1, 0p2)

2: if op; and ops follow partial ordering then

3: return (op; is partially ordered before ops)

4: end if

o if Typeop, is snap and Typeop, is snap then

6: if CLLop; == CLLop, then

T return (ProcIdep, < ProcIdgp,)

8: else

9: return (CLLop; < CLLopy)

10: end if

11: end if

12: if One of Typeop, and Typeop, is snap and other one is modify then
13: if Typeop, is modify then

14: return (BLprocid,y, S, -S€d < BLprocin,, ,S5,p, -5€4)
15: else

16: return (BLprocldom,ssop1~Seq < BLProcIDOP2,SSOP2~Seq)
17: end if

18: end if

19: if Typeop, is modify and Typeop, is modify then
20: rightSnapp, < FindRightSnapOperation(op;)
21: rightSnap,p, < FindRightSnapOperation(op,)
22: if rightSnap,,, == rightSnap.,, then
23: if Typeop, == Typeop, then
24: return (ProcIde,, < ProcIdyp,)
25: else
26: return (ModOrd,p,, < ModOrd,p,)
27: end if
28: else
20: return CheckLinDefOrder(rightSnap,p,, rightSnapep,)
30: end if
31: end if
32: end procedure
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Variable

Name

Shared

or Local

Data
Type

Description

SSep;

Local

Bag

Final snapshot bag returned from Classi-
fier for operation op;.

SSop,

Local

Bag

Final snapshot bag returned from Classi-
fier for operation ops.

Typeop,

Local

String

The operation type of op;. There are
4 types of operations: “snap”, “update”,
“add” and “remove”. The update, add and
remove operations belong to the “modify”
superset.

Typeop,

Local

String

The operation type of opy. There are
4 types of operations: “snap”, “update”,
“add” and “remove”. The update, add and
remove operations belong to the “modify”
superset.

Procld,,

Local

Int

The process ID of the process that per-
formed op; .

Procld

Oop2

Local

Int

The process ID of the process that per-
formed ops.

CLLop;

Local

Int

The label of the leaf node in the Classifier
Tree from where SS.p, is returned. CLL is
short for Classifier Leaf Label.

CLLOPQ

Local

Int

The label of the leaf node in the Classifier
Tree from where SSp, is returned

ModOrd,p,

Local

Int

Defined to be 1,2 or 3 respectively if op; is
add, update or remove operation.

ModOrd,,

Local

Int

Defined to be 1,2 or 3 respectively if ops is
add, update or remove operation.

Table 6.1: Variables used in Algorithm 10
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Algorithm 11 Finding the snap operation that is linearized to the immediate right

of a modify operation
Input modifyOp: An operation of add, remove or update type.

Output Returns the snap operation that is on the immediate right of the given
modify operation modifyOp. At the end of the m'" operation, we assume that the
system automatically performs a snap operation. Therefore, it is guaranteed that

there will always exist a valid immediate right snap operation.

1: procedure FINDRIGHTSNAPOPERATION(modi fyOp)

2: allOperations — System generated list of all m+1 operations.

@

snapOperations < allOperations.filter(snap operations)

%% Bubble Sort the list of snap operations using our linearization ordering.

4: for i < 0 to length(snapOperations) - 1 do

5: for j < 0 to length(snapOperations) - 2 do
6: curr < snapOperations|j]

7 next < snapOperations[j + 1]

8: if CheckLinDefOrder(next, curr) then
9: snapOperations.SWAP(j, j + 1)

10: end if

11: end for

12: end for

13: sortedSnapOperations < snapOperations

%% Find the first snap that is linearized after modifyOp.

14: for i < 0 to length(sortedSnapOperations) - 1 do

15: snapOp < sortedSnapOperations|i]

16: if CheckLinDefOrder(modifyOp, snapOp) then
17: return snapOp

18: end if

19: end for

20: end procedure
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6.3 Total Ordering

In this section, we verify that the algorithm described in Sections 6.1 and 6.2
produces a total ordering, i.e., that the operations can be mapped onto distinct points
on a line. This does not yet prove that it produces a correct linearization, i.e., that
“cause and effect” is preserved, and the proof of correctness is provided in Section
7. To show this, we focus on any three arbitrary operations a, b and ¢ and prove
that if a is linearized before b by CheckLinDefOrder and b is linearized before ¢ by
CheckLinDefOrder, then a is linearized before ¢ by CheckLinDefOrder. We consider

the following cases:
1. When a, b and ¢ are all snap operations.
2. When a, b and ¢ are modify operations within the same bucket.
3. When a and c¢ are modify operations and b is snap operation.

In the following subsections, we show that transitivity holds in each of these three

cases.

6.3.1 a, b and c are all snap operations

Suppose that CheckLinDefOrder(a,b) and CheckLinDefOrder(b,c) both return
true. We consider all possible ways this could occur, and in all cases, we prove

that CheckLinDefOrder(a,c) will also return true.

Case 1: CheckLinDefOrder(a,b) is returned from line 3 and CheckLinDefOrder(b,c) is
returned from line 3: CheckLinDefOrder(a,c) will also return from 3 because

of transitivity.

Case 2: CheckLinDefOrder(a,b) is returned from line 3 and CheckLinDefOrder(b,c)
is returned from line 7: b and ¢ end up at the same leaf node in the Classifier
Tree. Therefore, from Lemma 9.28, their views are equal. However, a and b
follow partial ordering, therefore from Lemma 9.18, a is to the left of b in the

Classifier Tree leaf level. Since the views of b and ¢ are equal and they end up
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Case 3:

Case 4:

Case b:

Case 6:

Case 7:

at the same leaf, a must be to the left of c. Therefore, CheckLinDefOrder(a,c)

returns true from line 9.

CheckLinDefOrder(a,b) is returned from line 3 and CheckLinDefOrder(b,c)
is returned from line 9: b is to the left of ¢ in the Classifier Tree leaf level.
Since they are partially ordered, a is to the left of b in the Classifier Tree
(from Lemma 9.18). Therefore, a is to the left of ¢ in the Classifier Tree leaf

level. Therefore, CheckLinDefOrder(a,c) returns true from line 9.

CheckLinDefOrder(a,b) is returned from line 7 and CheckLinDefOrder(b,c)
is returned from line 3: a and b end up at the same leaf. Therefore, from
Lemma 9.28, their views are equal. Since b and c follow partial ordering, b
must be to the left of ¢ (from Lemma 9.18). Since a and b end up at the
same leaf, a must be to left of ¢ in the Classifier Tree leaf level. Therefore,

CheckLinDefOrder(a,c) returns true from line 9.

CheckLinDefOrder(a,b) is returned from line 7 and CheckLinDefOrder(b,c) is
returned from line 7: CheckLinDefOrder(a,c) will also return from 7 because

of transitivity.

CheckLinDefOrder(a,b) is returned from line 7 and CheckLinDefOrder(b,c)
is returned from line 9: a and b end up at the same leaf. Therefore, from
Lemma 9.28, their views are equal. Operations b and ¢ end up in different
leaves and b is to the left of ¢ in the leaves of the Classifier Tree. Since, a
and b are at the same leaf, it must be the case that a is to the left of c.

Therefore, CheckLinDefOrder(a,c) returns true from line 9.

CheckLinDefOrder(a,b) is returned from line 9 and CheckLinDefOrder(b,c)
is returned from line 3: a is to the left of b in the Classifier Tree leaf level.
Operation b is to the left of ¢ in the Classifier Tree leaf level because b is
partially ordered before c. Therefore, a is to the left of ¢ in the Classifier

Tree and CheckLinDefOrder(a,c) returns true from line 9.
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Case 8: CheckLinDefOrder(a,b) is returned from line 9 and CheckLinDefOrder(b,c)
is returned from line 7: a is to the left of b in the Classifier Tree leaf level.
Operation b and c are at the same leaf in the Classifier Tree. Therefore, it
must be the case that a is to the left of c¢ in the Classifier Tree leaf level and

CheckLinDefOrder(a,c) returns true from line 9.

Case 9: CheckLinDefOrder(a,b) is returned from line 9 and CheckLinDefOrder(b,c)
is returned from line 9: CheckLinDefOrder(a,c) will also return true from

line 9 because of transitivity.

6.3.2 a, b and c are modify operations within the same bucket

We say that two modify operations are within the same bucket if they are linearized
between the same two snap operations. Since the three operations are within the same
bucket, the rightSnap variable at lines 20 and 21 will always indicate the same snap
operations. Therefore, the condition at line 22 will always evaluate to true. Inside
this if block, the return value is decided based on the lexicographical ordering using
the pair (ModOrd, Procld) which are integer values. Therefore, all comparisons will

obey transitivity.

6.3.3 a and c are modify operations and b is snap operation

Suppose that CheckLinDefOrder(a,b) and CheckLinDefOrder(b,c) both return
true. We prove that CheckLinDefOrder(a,c) will also return true.

Let the values in rightSnap, and rightSnap. variables be RS, and RS.. We
claim that RS, is linearized before or the same as the snap operation b and b is
linearized before RS.. Before we prove this claim, we need to understand how the

FindRightSnapOperation algorithm works:

1. RS, and RS, are the values returned from the FindRightSnapOperation algo-

rithm when respectively a and ¢ are passed as the parameter modifyOp.

2. In the FindRightSnapOperation algorithm, at line 2, the allOperations variable

is the list of all the operations that ever took place.
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3. At line 3, only the snap operations are kept from the list of allOperations.

4. From line 4 to line 12, a bubble sort algorithm is run on the list of snap opera-

tions.

5. At line 13, the sortedSnapOperations variable is the list of linearized snap op-

erations in ascending order.

6. In the loop starting at line 14, each snap operation is traversed one by one in

the linearized order.
Now back to proving the two inequality claims:
1. RS, is linearized before or the same snap operation as b:

(a) Recall that we are assuming that a is linearized before b by CheckLinDe-
fOrder. Therefore, during FindRightSnapOperation(a), line 16 will evalu-

ate to true when snapOp = b.

(b) Therefore, the return value at line 17 will be a snap operation that is either

b or a snap operation that is linearized before b, as desired.
2. RS, is linearized after b:

(a) Let b; be the index of b within the sortedSnapOperations list.

(b) Recall that we are assuming that c is linearized after b. Therefore, during
FindRightSnapOperation(c), line 16 cannot be true for any snap operation

with index less than or equal to b;.

(c) We know RS. exists. Therefore, during FindRightSnapOperation(c) line
16 was true for a snap operation RS. with index greater than b;. Since the

index of RS, is greater than b;, RS, in linearized after b, as desired.

We showed that RS, is linearized before or the same as the snap operation b and
b is linearized before RS.. This means that RS, and RS, are not the same snap

operations. Therefore, in CheckLinDefOrder, line 22 will evaluate to false and the

code will reach line 29. At line 29, the CheckLinDefOrder algorithm will be called
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again with the parameters as RS, and RS,.. Since we already know that RS, is strictly
linearized before RS,, the CheckLinDefOrder(RS,, RS.) will return true. Therefore,

a will be linearized before ¢ which concludes the proof that transitivity holds.

7 Proof of correctness

In this section, we show that by linearizing the operations as described in Section
6, the output of our snap implementation is consistent with what the user(s) of the
system expect (regardless of any adversarial scheduler). In particular, there are two

properties that must hold for a snap output to be considered valid:

1. For each process p;, the block with address p; in the snap output has the same

value as what p; most recently wrote to its shared register, and,

2. The blocks contained in the output correspond exactly to the processes that

have previously been added to the system but have not been removed yet.

7.1 Terminology

Generally, in a shared memory system where concurrent operations are possible,
the words before and after don’t have a precise meaning. When we use the words
before or after to compare two operations we strictly mean to say linearized before or
linearized after, as defined by our linearization in Section 6. For example, if operation

opy occurs before operation ops, it means op; is linearized before op,.

7.2 Validity of Snap Operations

The snap operations are the only type of operation that returns a result to the user.
Therefore, we only need to focus on the validity of the result of the snap operations.
Before we start with the proof of correctness, it might be better to understand the
motivation behind the approach.

First, consider a simpler type of snapshot object whose definition does not allow

operations to be executed asynchronously or in parallel. In this environment, we can
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say the result of the snap operation is valid if the result contains the most recent
modifications made by add, remove or update operations that were executed (and

therefore terminated) prior to the start of snap operation. More formally:

1. The result of the snap operation should contain the values written by the most

recent update operations.

2. The result of the snap operation should contain the processes that were added

but not removed across all previous add and/or remove operations.

Now back to our snapshot object where the operations do not have the above-
mentioned restriction, i.e., now assume that operations can overlap in time. The
primary problem now is that there is no strict ordering can be enforced because of
the wait-free nature of the operations, i.e., our algorithm cannot have operations
wait until others have completed. However, in Section 6, we described a method for
linearizing overlapping operations, i.e., introducing a strict ordering by mapping the
operations to points on a line. Using this linearization we can define the validity of

the result of the snap operations as follows:

1. The result of the snap operation should contain the values written by the most
recent update operation where the most recent update operation is defined with

respect to the linearization ordering.

2. The result of the snap operation should contain exactly the processes that were
in the initial setup of the snapshot object and that were previously added but not
removed. Here, the word previously is again, with respect to the linearization

ordering.

In Sections 7.2.1 and 7.2.2, we separately prove each of these validity conditions about

our snapshot implementation with respect to our provided linearization.
7.2.1 Snap Validity 1: Contains the values written by the most recent
update operation

Recall that, during every operation (i.e., snap, update, add, remove), a process

does a scan of each register in shared memory S. In the next lemma, we give conditions
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under which we can guarantee that two processes performing this scan will read the
same information from a particular register of shared memory S. The key insight here
is that the sequence numbers uniquely identify a written block, i.e., if the sequence
numbers match, the blocks are the same. This lemma will be used to consider a block
in a snap operation’s output and connect it back to the most recent write of that

block to shared memory (in the case where the sequence numbers match).

Lemma 7.1. Let op; and opy, be any two operations performed by processes p; and py,.
Let p; be any process (where it can be p; or py or any other process). If the following

conditions are met:
1. BLy, 5.0p;-5¢9 == BLy, 50p,-5€q where S is the shared memory S
2. p; € addry during op,
3. p; € addry during opy
We prove that BLy, s.0p; == BLyp, 5.0p,-

Proof. 1. Because of SWMR property, only p; can write to BL,, of the shared

memory S.

2. No matter which operation p; performs, after reading the BL,, block from the
shared memory S, when p; writes it back to the shared memory S, the seq value
of that block is incremented. Therefore, each time a new block is written at

address p; of shared memory S, the seq value is updated.

3. It follows that, while reading the BL,, of shared memory S at line SREADZ2, if
p; and py see the same seq value then, p; and p; are seeing the same block at
address p; of the shared memory S.

O

In the next lemma, each block in the bag that is returned from the final call to the
(Classifier during an operation is being connected back to a block in the shared mem-

ory S that was written during some previous operation. This connection essentially
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establishes that each block that we see in the bag returned by snap operation was
actually initially written to a register in the shared memory S and, eventually, that
block was propagated down some path in the Classifier Tree to a leaf from which the
snap result was taken. As with Lemma 7.1, this lemma will be used in the proof of
snap validity to connect each block in a bag back to the most recent write operation

to a shared register.

Lemma 7.2. Let p; and p; be any two processes. Let op; be any operation executed
by pj. Let op; be any operation executed by p;. Let op; be linearized before op;. Let
S8 finat be the bag returned by the final call to Classifier during op;. We prove that
there exists a process py for which BLy, ss;0.0p; == BLyp, s0p., and, during op, p;

€ addry.

Proof. Let P(¢, p;) be “if during op;, p; € addry_, then, at line PREC at level ¢,
there exists a process py for which BLy, ss,_,.0p; == BLyp, s,0p, and during opy, p; €
addry”. We use a proof by induction on the level £ > 1 and process p;.

Base Case:
1. Consider £ = 1. So, we are considering the block BLy, ss).p; at line PREC.
2. To reach line PREC, previous lines must be executed by p;.

3. Since from induction assumption, p; € addro, B Ly, ssy,op; €Xists. This B Ly, ssg.op;
is created after reading it from the shared memory S at line SREAD2. At line
SREADZ2, the block is found at address p;.

4. Because of SWMR property, only process p; can write to the block at address
pi in the shared memory S. Therefore, p; is process for which BLy, ss9.0p; ==

BL,, s.p; and during op;, p; € addry. (base case proved)

Induction Hypothesis: Assume of an ¢ > 1, P(1,p;) A... A P({ —1,p;) is true.

Inductive Step:
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1. Consider any arbitrary £ > 0 and a process p;. So, we are considering the block

BLy, ss,_y,0p; at line PREC before the call to the Classifier.
2. Suppose that, p; € addr,_, during op;.

3. From Lemma 9.4 (Part: 1), we know, for block p; in ss,_1, there exists a process

pr Where BLy, o5, 1 op; == BLyp, ss;_s.0p, and p; € addry_ during opy,.
4. We apply the induction hypothesis to py at level /—1 and, it holds for P(¢/—1, py).

5. Since P(¢—1, py) holds, we know there exists a process py for which BL,, ss, . op,

== BLy, s,0p,, and during opy, p; € addry.

6. From step 3 and step 5, we know:
(a) BLyp, ssy_1,0p; == BLyp, 550 3,0p, a0d p; € addry_y during opy,
(b) BLy, 55, .0p, == BLy, s.0p,, and during opy, p; € addrg

7. Therefore, BLy, ss, ,.0p; == BLy, 50p,, and during opy, p; € addrq.(induction
step proved)

Concluding Statement:

1. Consider the end condition of the loop at line PREC. $S¢inq is the result at
the final level ¢ = [log(m)].

2. Since op; is linearized before op;, from Lemma 9.11, p; € addrss,,,,, during op;.

3. From the induction statement, P([log(m)| + 1, p;) be “there exists a process

px for which BL,, == BL,, 50p, and during opy, p; € addr,”.

S8 final ,0Pj
O]
In the next lemma, we consider a block with address p; in a snap operation’s

output bag, and compare this block to the most recent block written by p; to its

shared register during an update operation that terminated before the snap began
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(i.e., there is no overlap between the update by p; and the snap). We establish a
relationship between the seq values in these blocks, i.e., that the seq value in the snap
output is not smaller than the seq value that was written to shared memory. This
connection between the seq values will help us prove that the snap operation outputs

the most up-to-date version of the block.

Lemma 7.3. Let p; and ps be any two processes. Let ops be a snap operation executed
by ps. Let op; be an update operation executed by p; where op; is the most recent update
operation in the linearization order and op; — ops. Let S tinq denote the bag returned

by the final call to Classifier during an operation. We prove that BLy, ss,..1.0p:-5€4 <

BLpi ySS final ,OPs * Seq

Proof. From Lemma 9.9, we know, BLy, sssinaropi == BLp, 5.0p;- So, BLy, s5 01,00 -5€49
== BL,, sop,-5€q. Let BL,, s, during op; be seg,,.

Let P(¢) be “For any level ¢, seq,, < BLy, ss,.0p.-5¢q and p; € addrss, during op
at line POSTC of the snap algorithm”.
We use a proof by induction on the level ¢ > a where a is the level where the LCA (op;,
ops) is located in the Classifier Tree. This LCA node exists because:

1. Since op; and opy follow partial ordering, there will be at least one block where
the seq value will be different in the final bag returned from the final calls to
the Classifier. Therefore, from the contrapositive of Lemma 9.28, we know op;

and op, will end up at different leaves.
2. Since the Classifier graph is a tree structure, the LCA node must exist.

Base Case: (¢ =a)

1. From Lemma 9.17, we know that during the execution of the Classifier algorithm

at LCA(op;, ops) node, op, goes right and op; goes left.

2. Since p; is executing op;, p; € updatedActiveList,,,. From 9.16 we know,
updatedActiveList,,, C updatedActivelist,, . Therefore,
pi € updatedActiveList,,, .
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3.

Since opy is going right, updated ActiveList,, will be returned and received in
addrss, variable. So, p; € addrss, and therefore BL,, will exist in newMerg-
eRecent bag at line 8. newMergeRecent is returned and received in ss, variable

outside of the Classifier algorithm therefore, BL,, s, exists.

Since p; exists is in both updatedActiveList,,, and updatedActiveList,, and
op; — ops, BL,, .seq in newMergeRecent bag at line 8 will be at least as big as

the seq value that was written to shared memory S during op;.

Therefore, during ops at line POSTC, seqy,, < BLy, ss,0p.-5¢q. (base case
proved)

Induction Hypothesis: Assume of an ¢ > a, P(a) A ... AN P({ — 1) is true.

Inductive Step:

1.

6.

Consider any arbitrary level ¢ > a at line PREC of the snap algorithm during
ops.

. The input to the Classifier algorithm at level ¢ is ss,_; and the output of the

Classifier algorithm is ss,

From assumption, we know, P(¢—1) is true, which means, p; € addrs, , during

ops.
From Lemma 9.15, we know at line POSTC', BL,, ss,_ 0ps-5€4 < BLy, ss,.0p,-S€Q.

From assumption, we know, P(¢ — 1) is true, which means,

s€qp; < BLy, ss,_,0p,-5€4

Therefore, seq,, < BLy, ss,_y.0ps-5¢q < BLy, ss,.0p.-5€q (induction step proved)

Concluding Statement:

1.

In the induction proof, we proved that for any level ¢, seq, < BL,, ss,.0p.-S€4

during ops at line POSTC.
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2. When ¢ = log(m) + 1, 55finat == S5Siog(m)+1-
3. Therefore, seq,, < BLy, ss finatops-S€Q 18 true.

4. Since, seqy,, == BLy, 5.0p;-5¢q == BLyp, ss4;01.00:-5€4;

BLpiassfinalvopi -Seq S BLpivssfinalyops -5€(.
L]

Finally, we are able to prove the main claim of this section, i.e., that the first
condition of snap validity holds: each block p; in the output bag of the snap operation
contains the value written by the most recent update operation by p;, with respect

to the linearization ordering.

Lemma 7.4. Let ops be a snap operation executed by ps. Let $Stinq denote the bag
returned by the final call to Classifier during an operation. Let op; be the most recent
update operation (executed by process p;) that updated the BL,, s in shared memory
S. Let l,, be the block written (at line SWRITE of the update operation) by p; in
shared memory S.

We prove that BL,, val == By, .val.

88 final ,0Ps

Proof. Since op; is linearized before op,, either line 14 or line 3 in the Linearization

algorithm (Algorithm: 10) must be true.

1. If line 3 of the Linearization algorithm (Algorithm: 10) is true, we know op; —
ops. We know, if op; — ops is true, then from Lemma 7.3, BLy, ss 01.0p:-5€d <

BLpi »8S final ;0Ps Seq

2. Also, if line 14 of the Linearization algorithm (Algorithm: 10) is true, we know
from the Linearization algorithm (Algorithm: 10) line 14 that B Ly, s ,,...0p;-5€4
S BLpivssfinalvops -5€q.

3. So, we can proceed under the assumption that:

BLpiassfinal ;05 -Seq S BLanSfmalyOps -Seq

Case 1: BLpiassfinalvopi'Seq < BLpivssfinalaops'Seq:
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(a)

From Lemma 9.9, we know, during op; at any level ¢, when p; executes
line POSTC of the Update algorithm, BL,, ss, 0p; == B¢p,. So, at the
end of the final call to Classifier when ¢ = log(m) + 1, BL,,
== [,,. Therefore, BLy, ss;.p01,000 == Blp,;-

SS1log(m)+1:9Pi

Since, BLy, ssinaopi == Blp, and the case assumption is B Ly, s ,,..0p:-5€4

< BLy, 55 iar,0ns-5€Q, We can say, Bl,.seq < BLy, 000,00 -5€4-

In the following steps we will use a term called intermediate operation.
We define an operation op; an intermediate operation if it is performed
by p; after op; during which the line SWRITE took place, before the
line where BLy, ss;ina.0p. Was calculated during ops, and, B, .seq <

BL,, s0p;-5€q < BLy, ops-5€q. Note that it is also possible for the

S final,
ops to satisfy the conditions for it to be an intermediate operation, but it
is not possible for op;. We now argue that there exists at least one such
intermediate operation and, also, for at least one of the intermediate
operations op;, BLy, 50p;-5€q == BLy, ss;i00.0p.-5¢4. We can say this

because of the following facts:

i. The seq value never decreases anywhere in the algorithms

ii. Because of SWMR property, only p; can write in a block with ad-

dress p;.

Let op; be an arbitrary intermediate operation. Since BLy, s0p,;-5€q
> Blp,.seq and SWMR property, op; is partially ordered before op;.
Therefore, from the Linearization algorithm (10) line 3, op; is linearized

before op;.

We argue that if op; is a modify operation (add, update or remove

operation) then op; is linearized before op:
i. From the assumption about op; in Step: lc, we know that
BLPiuS,OPj seq < BLpi:SSfinalvops -5€q.

ii. Since p; and p; are the same processes, BL,, s,p,-5eq can be written

as BLy, s.0p;-5€q.
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(f)

iii. From Lemma 9.9, we know, during op; at any level ¢, when p;
executes line POSTC of the algorithm, BLy, ss,.0p; == BLyp, s0p,-
So, at the end of the final call to Classifier when ¢ = log(m) +
L BLyp, sst0g (41005

BLPj,S,OPj °

== BLy, s0p;- Therefore, BLy, o500, ==

iv. From step 1(e)i we know BLy, sop;-5¢q < BLy, sspia.0p.-5€d and
from step 1(e)iii we know BLy, ss;1u00; == BLyp,.50p;- Therefore,
BL seq < BL,,

Pj;SS final ,O0Pj 'Seq-'

88 final 0Ps
v. From the Linearization algorithm (10) line 14, op; is linearized be-

fore op;.

We argue that op; cannot be an update operation. This is because from
step 1d we know op; is linearized before op; and from step le we know
op; is linearized before op,. However, this means that the assumption
in the lemma statement where it states op; is the most recent update
operation linearized before ops; no longer holds. This is why op; cannot

be an update operation.

Now that we have shown that every intermediate operation is not an up-
date operation, in the following steps we will show that the val in block
BLy, ssinaop. cOmes from 30, .val. The val property of the block BL,,
in the shared memory S is only updated during the update operation at
line SWRITE. Since op; is not an update operation, the val property of
the block BL,, remain unchanged during op; as well. Therefore, during

op;, BLy, 5.0p;-val == BLy, 5 ,p..val.

In the following steps we consider another arbitrary intermediate op-
eration op; where BLy, 50p,.8eq == BLp, sspi,1.0ps-5€4- (Recall that we

have shown in step 1lc that at least one such operation exists)

From Lemma 7.2, we know there exists an opy for which BL,, s final,0Ps
== BL,, sop, and, p; € addry during op;. Using this equality and
BLy, s inariops 564 == BLy, 50p;-5eq (from step 1h), BL,, s0p,-56q ==
BLy, s,0p;-5€q.
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(j) We know the following:
i. The seq values are same at address p; in the shared memory S during
opi and op;. (from the previous step)
ii. p; € addry during opy, (from the previous step)
iii. p; € addry during op; (from Lemma 9.5 since op; is performed by
i)

(k) Therefore, from Lemma 7.1, for op; and opi, BLy, s0p, == BLyp, s0p;-

(1) From the previous step we know, BL,, sop, == B Ly, 5,0p; and from step
1i we know, BLpi,ssfmal,Ops == BLpi,Sﬂpkv therefore, BLPi,SSfmal,Ops ==
BLy, 5.0p;- Therefore, BLy, ss;.01.0p.-Val == BLy, 5 ,p..val

(m) From step 11 we know, BL,, val == BLy, s.p,-val. From step 1g

SS final ,0Ps

we know, BL,, 50p,-val == BL,, 50p;-val. Therefore, BLy, ss;..01.0p.-Val
== BLy, 5.0p;-val. In other words, BLy, ss;;...0p.-Val == 3L, .val (Case
1 proved)

Case 2: BLPi,SSfmaz,Opi'Seq - BLPi»ssfinal:‘)ps'Seq:

(a) From Lemma 7.2 BLy, ss;,00pe == BLp, sop, and, p; € addry during
Opk -

(b) From Lemma 9.9, for level £ = log(m) + 1, BLy, s, 100 == Bly,-

Slnce’ S8log(m)+1 == S8 final, BLPi,SSfmal,OPi - /ngz
(c) Weknow: BLy, ss;inu.0:-560 == BLyp, ss 510,00 -56q (from Case 2 assump-
tion)

(d) Changing sides of this equation we get that:
BLy, ssinariope 564 == BLy, ss 410100564
(e) From step (a) using BLy, ssinaop == BLp;,5.0p, it follows that
BLy, s0p,-86d == BLy, ss4ina1.00:-5€9
(f) From step (b) using BLy, ss,pu,0p == Blp;, it follows that BL,, g0, -5eq

== [l,,.seq (== BL,, 50p, from Lemma statement of 9.9)
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(g) We know the following:
i. The seq values are same at address p; in the shared memory S during
opr. and op;.
ii. p; € addry during opy, (from step (a) of this case)
iii. p; € addry during op; (from Lemma 9.5)

(h) Therefore, for op; and opy, from Lemma 7.1, BL,, sop, == BLy, s.0p;-

We know from the lemma statement, 8¢, == BL,, sp,- S0, BLy, s op,
== ﬁfpi_
(i) Therefore, BL,, g.op,-val == (L, .val

(j) From step (a), BLy, s0p. == BLyp, ssimaop. and s0 it follows that
BLy, s inariops VAl == By, val (Case 2 proved)

]

7.2.2 Snap Validity 2: Contains the added processes that have not been

removed

In the first two lemmas, we establish that the add and remove operations are
linearized in the correct order relative to snap operations. In particular, if a snap
result indicates that a certain process p is present or absent, then a corresponding
add(p) or remove(p), respectively, occurs before that snap in the linearization order.

In the first lemma, we are proving that if a process p was not present during the
initialization of the system but is found in the address list that is returned by the
final call to Classifier during some snap operation op, then, then there must exist an

add(p) operation before op.

Lemma 7.5. Let ops be a snap operation executed by ps. Let p; be an arbitrary

process where p; & procList, and p; € addrjinq during ops. We prove the following:
1. There exists an add operation op; executed by p; where p; is added.

2. pi € addr ging and op; is linearized before op;.
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Proof. From the Observation 5.3, there exists an add operation op, executed by p,.

Since there can be only one such add operation where p; is added, p; == p, and op;

== op,. (Part 1 of the statement is proved). We prove the part 2 of the statement

in the following steps.

Case 1: Consider that p; € addry during op, at line PREC

1.

2.

3.

At line ADDROINIT, addry is initialized with the list BL,, g.active.
Since p; € addry and addry == BL,_ g.active, p; € BL,_ g.active

However in shared memory S, p; only exists in BL,, g.active (from Observation

5.3). Therefore, it must be the case that p; == p;.

Therefore, op; and ops are both executed by p,. Because of SWMR, property,

op; and op, follow partial ordering.

From Observation 5.3, p; first appears during op;. Therefore, the execution of

op; was before op;.
Since op; and op, follow partial ordering, op; is partially ordered before op;.

From the Linearization Definition Algorithm (Algorithm: 10) at line 3, this

proves that op; is linearized before ops. (Case 1 proved)

Case 2: Consider that p; ¢ addry during op, at line PREC. Therefore, there
exists a level a (where 1 < a < log(m) + 1), p; ¢ addr,_, at line PREC but p; €
addr, at line POSTC' during op;.

1.

During the call to the Classifier at level a, p; ¢ addr,_, and p; € addr,. The only
way addr, 1 '= addr, is possible if line 6 of the Classifier algorithm evaluates

to true.

addr, is the list that is returned from the GetUpdatedActiveList. Since p; €
addr,, updated ActiveList variable in the GetUpdatedActiveList algorithm also
contains p; at the end of the GetUpdatedActiveList algorithm.
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10.

11.

12.

13.

14.

15.

Since p; ¢ addr,—; and addr,_; is passed as oldActive and is assigned to up-
datedActiveList variable in the GetUpdatedActiveList algorithm at line 2, p; ¢
updatedActiveList at 2 of the GetUpdatedActiveList algorithm.

Therefore, during the execution of GetUpdatedActiveList, p; is found and added
to the updatedActiveList list variable at line 17.

. p; is found in the active list of variable block r; at line 14. This block is created

at line 12 and the address k is found in the updatedActiveList at line 11.

. We know p; can only exist in the active list of BL,,. Therefore, p; already exists

in updatedActiveList when p; is found.

Since no items are removed from the updatedActiveList and the value returned
from the GetUpdatedActiveList is assigned to addr,, p; € addr,. From Lemma
9.2, p; € addrfina (as required in the 2nd part of the lemma statement).

. When p; is found during GetUpdatedActiveList in BL,, .active at line 14, from

Observation 5.3, BLy, ss, op.-5¢q > BLy, s 0p,-S€q.
From Lemma 9.9, BLy, s.0p, == BLy, ss 01,00
So, BLpi7SSa70ps'Seq = BLpz',SSfinahOpi'Seq'

If level a is the final level then, BLy, ss;.00.0pe-5€d = BLp, ssina0pi-5€d , and we

are done.

So, in the following steps, we consider the case when level a is not the final

level.
Consider the level a + 1.

Since p; € addr,, from Lemma 9.15, we know

BLy, ss4.0p.-564 < BLp, ss,1,0p.-5€.

Also from Lemma 9.2, p; € addr,,,. This argument can be extended down to

the level log(m) + 1.
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16. Therefore, BLy, ss,.0p.-5€d < BLyp, ss4ina1,.04-5€9
17. We know:

(a) From step (10) BLy, ss,.0p.-56d = BLp, s ;10100561

(b) From the previous step, B Ly, ss,.0p.-56d < BLp, ss;ia1.00.-5€4

Therefore, BLy, sstinaiope 564 = BLyp, ss, 0p.-564 = BLy, .seq.

S8 final 0Pi

18. Since BLy, ss;inar,ops-5€d = BLp, sspi0.0p;-5€4, from the Linearization Definition

Algorithm (Algorithm: 10) at line 14, this proves that op; is linearized before
Ops-

]

In the next lemma, we prove that after the final call to Classifier during a snap
operation op, if a process p is found in the removeActive list of any of the blocks
in the final bag returned by Classifier, then there must exist a remove(p) operation

before op.

Lemma 7.6. Let op, be a snap operation executed by ps. Let p; be an arbitrary process

where p; € |J (BLyp, ss inarops -r€moveActive). We prove the following:

Px€addr final

1. There exists a remove operation op; evecuted by p; where p; is removed

2. op; is linearized before opy.

More specifically: BLyp, sspinaopi-5€4 < BLp, ss1ina1,0ps-S€Q

Proof. Let p, € addrg;nq be any arbitrary process such that p; €

BLy, ss inarops T€MOveActive. From Observation 5.2, there exists a remove operation
op, executed by p,. Since there can be only one such remove operation where p; is
removed, p; == p, and op; == op,. (Part 1 of the lemma statement is proved). We

prove the part 2 of the lemma statement in the following steps.

1. We consider that p; ¢ BL,, ss, .op,-removeActive and p; € BLy, ss, op,-removeActive
where a > 0. When a = 0, there exists no ss,_; bag which means there exists

no BLy, ss, 1,0p, block and therefore, p; ¢ BLy, ss,  op,-removeActive holds.
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2. From Observation 5.2, we know that BL,, s, op,-5€q > BL,, s 0p,-5eq
3. From Lemma 9.9, BLy, s.0p, == BLy, ss4ina1.00:-
4. 50, BLy, s54.0ps-5€q = BLy, 55 11001,0p;-5€4-

5. If level a is the final level then, BLy, ss;.0.0p.-5€4 = BLy, ss 450000569 , and we

are done.

6. So, in the following steps, we consider the case when level a is not the final

level.
7. Consider the level a + 1.

8. Since p; € addr, (from Observation: 5.2), from Lemma 9.15, we know

BLy, ss4,0ps-56d < BLyp, ss,1.0ps-5€4.

9. Also from Lemma 9.2, p; € addr,,,. This argument can be extended down to

the level log(m) + 1.

10. Therefore, BL,, ss,.op.-5€d < BL,, .seq

S8S final 0Ps

11. We know:

(a) From step (4) BLy, sspop.-5€d = BLy, sspia,0p:-584

(b) From the previous step, BLy, ss,.0p.-560 < BLp, s ia1,00.-5€4

Therefore, BL,, seq = BLy, ss4.0p.-564 = BLy, ss 100,00 564

S8 final ,0Ps

12. Since BL,, ss tinatops-S€4 = BLy, 000 op;-S€Q, from the Linearization Definition

Algorithm (Algorithm: 10) at line 14, this proves that op; is linearized before
ops.

]

In the next lemma, we consider what happens when two operations read different

blocks from the same shared register: the more recently written version of the block
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(as determined by sequence number seq) contains a list of active processes that is
a superset of the list of active processes in the older version of the block. In other

words, no information is lost when constructing a newer version of a block.

Lemma 7.7. Let op; and opy, be any two operations performed by processes p; and

pe. Let p; be any process. If the following conditions are met:
1. BLy, s.0p;-5€q4 < BLyp, 50p,-5€q
2. p; € addr(S) during op;
3. p; € addr(S) during opy

then we prove that: BLy, s5.0p,;-active © BLy, g op, -active.

Proof. 1. Because of SWMR property, only p; can write to BL,, of the shared

memory S.

2. No matter which operation p; performs, after reading the BL,, block from the
shared memory S, when p; writes it back to the shared memory S, the seq value
of that block is incremented. Therefore, each time a new block is written at

address p; of shared memory S, the seq value is increased.

3. While reading the BL,, of shared memory S at line SREADZ2, if p; and py, see
different seq values, it must be the case that somewhere between op; and opy,

p; wrote to shared memory S during some operation.

4. More specifically, while reading from the shared memory S, if BL,, 50p;-5q <
BL,, s.0p,-seq, there must be a write operation by p; after p; reads BL,, and

before p;, reads BL,, from shared memory S.

5. If op; was an add operation, then when p; reads BL,, from shared memory S,
it will see an active list which will contain all the values in the active list that
p; read from shared memory S plus the newly added process during op;. So,

BLy, s.0p;-active C BLy, s.0p,-active.



7.2 Validity of Snap Operations 93

6. Otherwise, if op; was not an add operation then when p; reads BL,, from
shared memory S, it will see an active list which will contain all the values
in the active list that p; read from shared memory S. So, BLy, s p,-active ==

BL,, s .0p,-active.

7. Therefore, BL,, 50p;-active © BL,, g p, -active.

]

In the next lemma, we show that Classifier is consistent when maintaining the list
of active processes. More specifically, if one Classifier call returns a bag containing
a block b and an active process list containing a process p, and a different Classifier
call returns a bag containing the same block b, then the active process list returned

by this call also contains p.

Lemma 7.8. Let op;, and op; be two operations ewecuted by p; and p; respectively.
We prove that if BLy, ss,op; == BLyp, ss,0p;, for any levels a,b greater than or equal

to 0 and less than or equal to log(m) + 1 and p; € addr, then, p; € addry,.
Proof. We use proof by contradiction. We assume that p; ¢ addry.

1. Since p; ¢ addry, BLy, s, .0p; is null or empty.

2. However, since p; € addr,, BLy, ss,0p; 18 not null or empty.

3. This contradicts the condition where BLy, ss,.0p; == BL

Pi,55p,0pP; *

]

In the next lemma, we consider a situation where a snap operation returns a bag
that contains a block belonging to a “new” process, i.e., one that was not initially
present in the system. We prove that during such a snap operation, there is at least
one Classifier call in which the result is returned from the “winner case”, or in other
words, traverses to a right child somewhere in its path down the Classifier Tree.
Another way to view this result is that such a snap operation cannot end up in the
leftmost leaf of the Classifier Tree, since the view returned by this snap is necessarily

more up-to-date than what is seen by the operation that added the new process.
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Lemma 7.9. Let op; and ops be two operations executed by p; and ps respectively. If

the following conditions are met:
1. op; is linearized before opg
2. op; is an add operation where p; was added
3. pi € addr ging during ops
4. Pj € BLp, ss4ipar,0ps - active

then we prove that, during the execution of ops, there exists at least one level where

line 6 of the Classifier algorithm will evaluate to true.

Proof. We will use proof by contradiction. Assume that there exists no such level

where line 6 of the Classifier algorithm evaluates to true during op;.

1. Since there exists no such level where line 6 of the Classifier evaluates to true,
at the final level op, will reach the leftmost leaf node in the Classifier Tree. The
label for this node in the Classifier Tree is 1. Therefore, at every level, starting
at £ =1 to £ = log(m) + 1, the value of the getSeqSum(mergeRecent) < 1 in
the Classifier algorithm.

2. Since pj € BLy, sspinar,0p.-active, BLy, was found during ops. Therefore,

SS final 0Ps

BLy, ss;ina,00.-5€4 18 also used calculate the seqSum at line 6. This means

BL ops-S€q > 1.

PisSSfinal,

3. Since py is executing the current operation ops, ps € addryine, and therefore

BL op, €xists. Here, BL,_ ops-5€q > 1 and this block is also used to

Ps,8S final> S8 finals

calculate the seqSum at line 6.

4. Therefore, the seqSum at line 6, at the final level of the Classifier algorithm, is
greater than or equal to 2. Therefore, line 6 will evaluate to true at the final

level.

5. This contradicts with the assumption that there exists no level where line 6

evaluates to true.
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]

In the next lemma, we prove that if an add(p) operation is linearized before a
snap operation, then the address list returned after the final call to Classifier during

the snap operation will include p. This fact is essentially the converse of Lemma 7.5

Lemma 7.10. Let ops be a snap operation executed by ps. Let $sginq be the result
after the final call to Classifier. Let op; be an add operation executed by p; where p;
was added. Let op; be linearized before opy.

We prove that p; appears in addr finq; during ops.

Proof. 1. There can be only one operation that adds a process (in other words: A
process can only be added once). So, op; is the most recent add operation that

added p; which is linearized before op;.

2. Since op; is linearized before opg, from the Linearization Definition algorithm

(Algorithm: 10), we know either of the following cases will be true:

(a> BLpivssfinahopi'Seq S BLpi7ssfinalzops'Seq

(b> Op; — Ops.
If op; — ops, we know from Lemma 7.3, BLy, ss;i01,00:-5€4 < BLp, ss15001,0p0-5€4-

3. From Lemma 9.9, we know: BL,, ss,.0p, == BLyp, s.0p, and p; € addr, for any
level £. When ¢ = log(m) + 1, ss; == 85pina- Therefore, BLy, o500 ==
BLPuS,Opi and Di € addrﬂnal-

From Lemma 7.2, we know there exists a process py such that: BLyp, ss;in.0p

== BL,, s0p, and during opy, p; € addry.

From the previous step, we know:

=> BLp, sssimaopi 564 < BLp, ss4ina1.00.-5€9

=> BL,, 5.0p;-5¢q < BL,, 5 0p,-5€q (since, BL,,
BL BL

== BLyp, 5.0p; and

88 final ,0Pi

Pi,SSfinal,0Ps pi,S,OPk)

4. Consider the case BL,, g op,-5€q == BLy, 5.0p,-5¢q, we know the following state-

ments are also true:
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(a) p; € addry during op; (by system design)
(b) p; € addry during opy (from step 3)
Therefore, from Lemma 7.1, we know:

=> BLpi,Svopi - BLPiﬁﬂPk'

=> BL,, sp,-active == BL,, g p, .active

5. Consider the case BLy, s op,-5¢q < BLp, 50p,-5¢q, we know the following state-
ments are also true:
(a) p; € addrg during op; (from Section: 3.1)

(b) p; € addry during opy (from step 3)
Therefore, from Lemma 7.7, we know: BL,, g p,.active C BL,, g op, -active

6. Combining the previous two steps: since BL,, g p;-5eq < BLy, s 0p,-5€4,

BL,, s.0p;-active € BL,, g, -active.
7. Since p; was added during op;, at line SWRITE, we know: p; € BL,, 5 p,-active.

8. From step 3, we know:
=> BLPthOpk - BLpi755j'inalaOps
=> BLy, 50p,-active == BLy, ss;...1.0p,-active
=> BLy, 5.0p;-active C BLy, ss,.0.0p.-active (from step 6)

Since p; € BL,, g0p,-active, p; € BL,, .active

S8 final,0Ps
9. From step 3 and the previous step, we know the following:
(a) p; € addrpina during ops
(b) Pj € BLyp, ssinarops-active

In the following steps, we show that p; € addr finq during op,. We will consider

two cases.

10. Case 1: Consider the level a in the Classifier Tree during the execution of op,

where the following conditions are true:



7.2 Validity of Snap Operations 97

11.

12.

13.

14.

15.

16.

17.

18.

19.

|—
BLphSSafl,Ops T BLPi,Ssz‘nahOps

N
o
~—  ~—

BLpi ,$8a,0ps BLpz »SS final ;0Ps

During the execution of the Classifier algorithm at level a, ss,_1 is part of the
input and ss, is the output of the Classifier algorithm. Since the block BL,,
is not the same in the input bag and the output bag, it must be the case that

(Classifier algorithm returned from line 9.
In order to reach line 9, line 7 and 8 must be executed.

At line 8, GetMergeRecent algorithm is executed. The result of the GetMerg-

eRecent is returned from the Classifier at line 9 as ss,.

We assumed BLy, ss,.0p, == BLy,, and from step 9 we know p; €

88 final0Ps

BLy, ss ;0.0 -active. Therefore, p; € BLy, s, 0p,-active (from Lemma 7.8).

The block BL,, ss,.0p, is the result of the merge operation during GetMergeRe-
cent algorithm based on the bags in localContainer. From the definition of
the merge property (Section: 3.2.3), there exists a block BL,, in some bag in
localContainer from where BL,, s, 0p, 15 copied over, and, the active list in

that block contains p;.

Since BLy, ss,.0p, == BL
7.8).

ops A p; € addr fina, pi € addr, (from Lemma

Pi;SSfinals

At line 7 of the Classifier algorithm, GetUpdatedActiveList algorithm is exe-
cuted. The list returned from GetUpdatedActiveList is returned as addr,. Since
p; € addr,, p; € updatedActiveList variable at line 7.

Since the return result from GetUpdatedActiveList will contain p;, during the
execution of GetUpdatedActiveList, the variable k will be equal to p; at line 11

eventually.

At line 12, BL,, is retrieved from the bag localss;. This localss; is written
down to the localContainer variable and from step 15 above, we know there is

a block BL,, in localContainer where the active list of the block contains p;.
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20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Therefore, eventually at line 14, p; will be traversed and added to updatedAc-
tiveList variable. Since no items are removed from updatedActiveList, the list

returned from the GetUpdatedActiveList algorithm will contain p;.

The list returned from the GetUpdatedActiveList is returned as addr, from the
Classifier algorithm. Therefore, p; € addr,. From Lemma 9.2, we know p; €
addr fina. (Proved for Case 1)

Case 2: Consider the case where BLy, ss9,0p. == BLp, ssimarsops

Since p; € addrfina, pi € addrg (from Lemma 7.8). And since

Pj € BLyp, sspinar,ops-2Ctive, pj € BLy, g4 0p, -active.

When the first call to the Classifier starts at level £ = 1, ssq is written down at

address ps in the Container.
From Lemma 9.5, ps € addry.

At line 4 of the Classifier algorithm, GetUpdatedActiveList algorithm is exe-

cuted where the input is addr.

Since addrq is assigned to updatedActiveList at line 2 of the GetUpdatedAc-
tiveList algorithm and ps € addrg, at the first iteration of the while loop at
line 5, j = ps;. The bag that was just written down at line 2 of the Classifier
algorithm is read here where the bag is ssy (from step 24 above). Since p;
€ addry and addrg is assigned to updatedActiveList variable at line 2 of the
GetUpdatedActiveList, when j = p,, eventually at line 11, k = p;.

Therefore, BL,, ss,.0p, Will be read and assigned to 74 in the GetUpdatedAc-

tiveList algorithm.

From the active list of ry, eventually p; will be found (from step 23, p; €
BL,, ss,.0p,-active) and added to the updatedActiveList variable. Since nothing
is removed from the updatedActiveList variable, the list returned at line 4 of

the Classifier algorithm will contain p;.
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30. If line 6 of the Classifier algorithm evaluates to true then, the arguments from
steps 26 to 29 are applied again for the execution of lines line 7 and 8. Since no
items are removed from the active list, p; will still exist and returned from the
Classifier algorithm as p; € addr,. From Lemma 9.2, we know p; € addr inq.
(Proved for Case 2)

31. If line 6 evaluates to false then, from Lemma 7.9, there is some deeper level
in the Classifier Tree where line 6 of the Classifier algorithm evaluates to true.
Consider the first such level, and apply the argument from steps 24 to 30 at
that level instead of level 1. Then the previous step applies. (Proved for Case
2)

32. From Case 1 and Case 2, p; € addrfina-
m

In the next lemma, we consider the bag returned by the final call to Classifier
during a snap operation. For each block p; in that bag, we prove that the removeActive
list is exactly the same as the removeActive list that was written by p; in its shared
memory register during its most recent remove operation. This proof is similar to the
proof of Snap Validity 1 (Lemma 7.4), the only difference is we are considering the
remove operation and the removeActive variable instead of the update operation and

the val variable of the block.

Lemma 7.11. Let ops be a snap operation executed by ps. Let ssgima be the bag
returned by the final call to Classifier in an operation. Let op; be the most recent
remove operation executed by process p;. Let BL,, be the block written at line SWRITE
of the remove operation op; by p; in shared memory S.

We prove that BL,, ops -TEMOvEActive == B, .removeActive.

S$Sfinals

Proof. Since op; is linearized before op,, either line 14 or line 3 in the Linearization

algorithm (Algorithm: 10) must be true.

1. If line 3 of the Linearization algorithm (Algorithm: 10) is true, we know op; —
ops. We know, if op; — ops is true, then from Lemma 7.3, BLy, ss 01,0p:-5€d <

BLP'L' »SS final 0Ps 'Seq'
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2. Also, if line 14 of the Linearization algorithm (Algorithm: 10) is true, we know

from the Linearization algorithm (Algorithm: 10) line 14 that BLy, s ;;,..0p:-5€d

S BLPi »SS final ,OPs -5€q.

3. So, we prove for: BLy, ssinop:i-5€0 < BLp, sstinar0p.-5€4

Case 1: BLpiassfinalvopi'Seq < BLpivssfinalaops'Seq:

(a)

From Lemma 9.9, we know, during op; at any level ¢, when p; executes
line POSTC of the Remove algorithm, BL,, s, op; == [B{p,. So, at the
end of the final call to Classifier when ¢ = log(m) + 1, BL,,
== B,,. Therefore, BLy, ss4ipu.000 == Blp;-

5Slog(m)+1,0P4

Since, BLy, ssinaopi == Blp, and the case assumption is B Ly, s .00 -5€4

< BL,,, ops-S€q, We can say, B¢,,.seq < BL,, .seq.

S8 finals S8 final OPs
In the following steps we will use a term called intermediate operation.
We define an operation op; an intermediate operation if it is performed
by p; after op; during which the line SWRITE took place before the
line where BLy, ss50,0p. Was calculated during ops, and, [f,,.seq <
BLy, 5.0p;-56q < BLyp, ssp.01.00.-5¢q. Note that it is also possible for ops
to satisfy the conditions for it to be an intermediate operation, but it is
not possible for op;. We now argue that there exists at least one such
intermediate operation and, also, for at least one of the intermediate
operations op;, BLy, s.0p;-5eq == BLy, seq. We can say this

88 final OPs

because of the following facts:

i. The seq value never decreases anywhere in the algorithms

ii. Because of SWMR property, only p; can write in any of the block
BL

Pi
Let op; be an arbitrary intermediate operation. Since BLy, s0p,;-5eq
> Blp,.seq and SWMR property, op; is partially ordered before op;.
Therefore, from the Linearization algorithm (10) line 3, op; is linearized

before op;.
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(e) We argue that if op; is a modify operation (add, update or remove

operation) then op; is linearized before op:

i.

11.

1il.

1v.

From the assumption about op; in Step: lc, we know that

BLy, s.0p;-8€q < BLy, ss4ina1.0ps-5€4-

Since p; and p; are the same processes, BL,, s0p;-5€q can be written
as BLy. s.0p;-5€q.

From Lemma 9.9, we know, during op; at any level ¢, when p,
executes line POSTC of the algorithm, BLy, ss,.0p; == BLyp, S0p,-
So, at the end of the final call to Classifier when ¢ = log(m) +
1, BL
BL

Djr58l0g(m)+1:0PF BLP;',S,OPJ" Therefore, BLPjﬁé’fmuﬂPj -

p]'7S70pj'
From step 1(e)i we know BLy, 5.0p;-5¢q < BLyp, ss/501.0p.-5¢0 and

from step 1(e)iii we know BL == BLy, 50p;- Therefore,

DPj,SS final,OPj
Bij)ssfinalvopj'Seq S BLPhSSfinal,OPs'Seq‘
From the Linearization algorithm (10) line 14, op; is linearized be-

fore ops.

(f) We argue that op; cannot be a remove operation. This is because from

step 1d we know op; is linearized before op; and from step le we know

op; is linearized before op,. However, this means that the assumption

in the lemma statement where it states op; is the most recent remove

operation linearized before ops no longer holds.

(g) Now that we have shown that every intermediate operation is not a

remove operation, in the following steps we will show that the remove-

Active in block BL,,

ops comes from [/, removeActive. The re-

SS finals

moveActive property of the block BL,, in the shared memory S is

only updated during the remove operation at line SWRITE. Since

op; is not a remove operation, the removeActive property of the block

BL,, remain unchanged during op; as well. Therefore, during op;,

BLy, 5.0p,-removeActive == BLy, g4, .removeActive.
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(h) In the following steps we consider another arbitrary intermediate op-
eration op; where BLy, 50p,.86q == BLp, sspi1.0ps-5€4- (Recall that we

have shown in step 1lc that at least one such operation exists)

(i) From Lemma 7.2, we know there exists an opy for which BL,, ss 01,00
== BL,, sop, and, p; € addry during op,. Using this equality and
BLy, ss5imat,0ps-5€d == BLy, 50p;-5eq (from step 1h), BLy, 5op,-seq ==
BLy, s.0p;-5€9.

(j) We know the following:
i. The seq values are same at address p; in the shared memory S during
opy, and op;. (from the previous step)
ii. p; € addry during opy, (from the previous step)
iii. p; € addry during op; (from Lemma 9.5 since op; is performed by
i)
(k) Therefore, from Lemma 7.1, for op; and opi, BLy, s0p, == BLyp, s 0p;-

(1) From the previous step we know, BL,, s.0p, == BLy, s.0p, and from step

1i we know, BL,, == BL,, s.op,, therefore, BL,,
BLy,.5.0p;-

Therefore, BL,,

8S final ,0Ps S$Sfinal,OPs —

ops-TemoveActive == BL,, 5., .removeActive

SSfinals

(m) From step 11 we know,
BLyp, ssinar,ops T€MOveActive == BL,, 5, .removeActive. From step 1g
we know,
BLy, 5.0p,-removeActive == BLy, s, .removeActive.
Therefore, BL,, ss fmal,ops.removeActive == BL,, 5, -removeActive.

In other words, BL ops -TemoveActive == (¢, .removeActive (Case

PiySS final,

1 proved)
Case 2: BLpi,SSfmahOpz"Seq == BLPi»SSfinalaOps‘Seq:

(a) From Lemma 7.2, there exists a process py such that BLy, o000, ==

BL,, s.0p, and, p; € addry during opy.
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(b)

From Lemma 9.9, for level £ = log(m) + 1, BLy, 55101100 == Blpi-

Since, SSiog(m)+1 == 55 final, BLphssfMl,opi == B4,

We know: BLy, ss;ina.0p:-56d == BLip, ss 01,0054 (from Case 2 assump-
tion)

From step (a) using BLy, ss;.u.0p. == BLyp, S0p,, it follows from the
previous step that BL,, s op,-5eq == BLy, ss;.00.0p:-5€9

From step (b) using BLy, ss ;.00 == Bp;, it follows from the previous

step that BL,, g.op,.-5¢q == [lp,.seq (== BL,, 50p; by Lemma 9.9)
We know the following:

i. The seq values are same at address p; in the shared memory S during
opr and op; (from step (e) of this case).
ii. p; € addry during opy, (from step (a) of this case)

iii. p; € addry during op; (from Lemma 9.5)

Therefore, for op; and opy, from Lemma 7.1, BL,, s.0p, == BLyp, S.0p;-
We know from the lemma statement, 3¢, == BL,, sp,- S0, BLy, s .op,
== ),

Therefore, BL,, g op, -removeActive == (3¢, .removeActive

From step (a), we know BL,, gp, == BLy, and so

SS final ,0Ps

B Ly, ssinasons T€MoveActive == ((,, .removeActive.

O

In the next lemma, we prove that if a remove(p) operation is linearized before

a snap operation, then p will appear in the removeActive list of at least one block

in the bag returned by the final call to Classifier during the snap operation. This

lemma will be used in the proof of Snap Validity 2 to ensure that all previous remove

operations are reflected in the result of any snap operation.

Lemma 7.12. Let op, be a snap operation executed by ps. Let ssgina be the bag

returned by the final call to Classifier during an operation. Let op; be a remowve

operation executed by p; where p; was removed. Let op; be linearized before ops.
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We prove that, p; appears in U, cogirynn (BLpess inaops-reémoveActive) during

ops.

Proof. 1. There can be only one operation that removes a process (in other words:
a process can only be removed once). So, op; is the most recent remove operation

that removed p; which is linearized before op;.

2. From Lemma 7.11, it follows that

BL,, sop; - removeActive == BL,, Final,0Ps .-removeActive.

3. Since p; performed op;, BL,, sp, is written down into shared memory S at line
SWRITE during op;. Since BLy, s5,0p, is not empty or null, BLy, s ,..1,0p. €XiStS.
In other words, p; € addr fina during ops.

4. At line SWRITE during op;, p; € BLy, 5p,-removeActive.
5. Since the following conditions are true:

(a) BLy, s.0p;-removeActive == BL,, .removeActive

SS final 0Ps

(b) p;j € BL,, s,0p;-removeActive

(c) pi € addrfipg during op,

it follows that p; € BLy, ss;,p01,0p.-T€MOVEActive

]

Finally, we are able to prove the main claim of this section, i.e., that the second
condition of snap validity holds: the result of a snap operation contains exactly the
processes that were initially in the system along with all processes that were previously

added but not yet removed.

Lemma 7.13. Let op, be a snap operation executed by ps. Let sSpmar be the bag
returned by the final call to Classifier during an operation. Let activeAddr = addr ¢inq
~ Upicoddryina (BLpisspinar.ops -removeActive).

We prove that active Addr exactly contains the processes in procList, as well as

each p; that was previously added and not yet removed.
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Proof. To show activeAddr contains the procList,, we prove that procList, C addr ¢ina

and procList, NJ

pi€addei,Lal(BLpi753 finarops -TEMOVEActive) = () during op, in the fol-

lowing steps:

1. Proof for: procList, C addr ¢inq during ops:

(a)

(b)

2. Proof for: procList, N J

(a)

Consider any process p, € procList,. From the model definition (Section:

3.1), po € BLy, s0p,- Therefore, at line ADDROINIT, p, € addry.

During ops when ¢ =1 at line PREC, p, € addry. From Lemma 9.2, p, €
addrieg(m)+1- Since the final level is log(m) + 1, p, € addr finq. Therefore,
procList, C addr fina-

i oddr i (B Lp, s jinas,ops -T€moveActive) = () during op,:

A process is added to the removeActive list of a block at line 4 of the remove
operation. Nowhere else in the code, a process is added to the removeActive
list of any block. The process that is added to the removeActive list is the
process that is being removed during the remove oepration. Therefore,
U,,ca ddrfmal<BLpi:35 sinatops - TEMOVEActive) contains only the processes that

are to be removed or has already been removed.

From the model definition (Section 3.1), a process p; can only be removed
by a process that added p; to the system. Therefore, p; is a process that
was added during an add operation. Since proclList, is a list of processes
that is not added by any other processes (rather they were already present
in the system when the system initialized, from model definition Section:

3.1), p; ¢ procList,.

A process that exists in removeActive list of any block cannot be part of
the procList,. Therefore,

procList, N{J BLy, s inaops TemoveActive) = () during op;.

pi€addr final (

Consider any integer p; ¢ procList,. We consider the following 3 cases to prove

the lemma statement:
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Case 1: If there exist no add operations (linearized before op,) where p; was added,

then, activeAddr does not contain p;.

(a) From Lemma 7.5, we know for any arbitrary process p; € addrina
during opy, there exists an add operation op, (where p; was added) and

op, is linearized before op;.

(b) The contrapositive of this is that, if there exists no add operation op,

(where p; was added) linearized before op, then, p; ¢ addrfine during
Ops.
(c) From the definition of activeAddr in the lemma statements, since p; ¢

addr ping during ops, p; ¢ active Addr during ops.

Case 2: If there exists an add operation (linearized before op,) where p; was added
and there exist no remove operations (linearized before ops) where p; was

removed, then, activeAddr contains p;.

(a) From Lemma 7.10, we know if there exists an add operation op, (where

p; was added) linearized before ops then, p; € addrfinq during op.

(b) From Lemma 7.6, we know if any arbitrary process p; € |, Caddr jimal
(BLyp, ss fimhops.removeActive) during ops, there exists an operation op,
(where p; was removed) which is linearized before ops. The contrapos-
itive of this is that, if there exists no remove operation op, (where p;

was removed) linearized before ops then,
p; ¢ pr@ddrﬁml (BLy, 55 inar,ops - TemoveActive) during ops.

(¢) From the lemma definition, active Addr = addr(Ss fina) — Upi@ddr(ssﬁml)
(BLyp, ssinar,0p. - T€moveActive). From the results of steps (2a) and (2b),

we conclude that p; € activeAddr.

Case 3: If there exists an add operation (linearized before op,) where p; was added
and there exists a remove operation (linearized before ops and after the add

operation) where p; was removed, then, activeAddr does not contain p,.
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(a) From Lemma 7.10, we know if there exists an add operation op, (where

p; was added) linearized before op, then, p; € addr finq during ops.

(b) From Lemma 7.12, we know if there exists a remove operation op,. (where

p; was removed) linearized before opy then,
Pi € Uy, caddrjina (BLpessjinarops TemoveActive) during op;.

(¢) Therefore, using the equation of activeAddr in the lemma statement

and values of the equation in step (3a) and (3b), p; ¢ activeAddr.

Concluding statement: From Case 2 above, we know that each process p; that is
previously added and not yet removed is in active Addr, and, from Cases 1 and 3, we

know that no other process is in active Addr. O

8 Analysis of Running Time

In this section, we analyze the worst-case cost of the Add, Remove, Snap, and
Update operations. It is important to recall that our definition of cost only considers
the number of shared memory operations, i.e., reads and writes to atomic registers,
since in real systems these costs are orders of magnitude larger than local operations
performed at each process. The local reads and writes are considered O(1). Let h
be the height of the Classifier Tree, which is a binary tree with height [log,(m)] + 1.
Let n be the total number of processes that are ever active in the system. Let ng
be the number of processes in the system when it is initialized. Let m denote an
upper bound on the number of operations that must be supported by the snapshot
implementation.

For any algorithm A, we will denote its worst-case cost using the notation T)4. For

example, the cost of AddToClassifierTree will be represented by T'addrociassifierTree-

8.1 Analysis of Add

1. At line 3, AddToClassifierTree algorithm is executed.
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2. At line SREAD1 and SWRITE, there is a read and a write from the shared

memory respectively.

3. At line SREADZ2, there is a read operation from the shared memory which can

iterate at most n times.

4. At line POSTC, we have a call to Classifier inside a loop that repeats [log,(m)]

times.

So, overall, the worst-case cost of an Add operation is 1 + 1 4+ 7 + Tugdrociassi fierTree

+ [logy(m)] * Teiassifier

8.2 Analysis of Remove, Snap, and Update

1. At line SREAD1 and SWRITE, there is a read and a write from the shared

memory respectively.

2. At line SREAD2, there is a read operation from the shared memory which can

iterate at most n times.

3. At line POSTC, we have a call to Classifier inside a loop that repeats [log,(m)]

times.

So, overall, the worst-case cost of a Remove, Snap, or Update operationis 1 + 1 + n

+ [10g2(m)—| * TClaSsifier

8.3 Analysis of AddToClassifierTree

The Classifier Tree is a perfect binary tree. The number of leaves in the Classifier
Tree was chosen to be the smallest power of 2 that is greater than or equal to m,
so the number of leaves is at most m. The number of nodes in a perfect binary tree
is at most twice the number of leaves, so the total number of nodes is at most 2m.
In this algorithm, a write to the shared memory C is performed at each node of the
Classifier Tree. Since it is a binary tree, every node will be visited once during the

DFS traversal. So, the worst-case cost is bounded above by ©(m).
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8.4 Analysis of Classifier
1. At line 2, there is a write to the shared memory.
2. At line 4, the cost is Tgertpdated Active List
3. At line 5, the cost is TgetmergeRecent
4. At line 6, the cost is Tyetseqsum
5. At line 7, the cost is TqettpdatedActiveList

6. At line 8, the cost is TetmergeRecent

So, overall, the worst-case cost of a call to Classifier is 1 + 2*TetvpdatedActiverist +

*
2 TGetMergeRecent + TgetSeqSum

8.5 Analysis of getSeqSum

There is no read/write to the shared memory in this algorithm, so the worst-case

cost is ©(1).

8.6 Analysis of GetMergeRecent

There is no read/write to the shared memory in this algorithm, so the worst-case

cost is ©(1).

8.7 Analysis of GetUpdatedActiveList

The only shared memory operation in this algorithm is at line 8. We argue that
this repeats for at most n times.

Line 8 is repeated for each process in toScan list. The if condition from line 15 to
18, ensures that once a process is visited, it is never added back to toScan list. By
the definition of n, we know that there are at most n different processes ever in the
system. Therefore, the disjoint union of all toScan lists at line 7 cannot have more
than n processes. It follows that line 8 can repeat at most n times.

Therefore, the worst-case cost of this algorithm is ©(n).
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8.8 Worst-Case Costs

Combining the above worst-case analysis of the individual subroutines, we obtain
worst-case cost bounds for Add, Remove, Snap, and Update in terms of the system
parameters n and m.

8.8.1 Add Operation
Up to multiplicative constants, the worst-case cost is:
1 + 1 +n+ TAddToClassifierTree + “OgQ (m)—l : Tclassifier

=2 +n+m+ DOgQ (m)—‘ : (1 + 2- TGetUpdatedActiveList + 2- TGetMergeRecent + TgetSeqSum)
=1+n+m+[logg(m)]-(14+2-n+2-1+41)

Asymptotically, this bound is O(m + nlog,(m)).

8.8.2 Remove, Snap and Update Operations

Up to multiplicative constants, the worst-case cost is:

1+1+n+ [1Og2 m)—l : classzfzer

(
=2 +n+ Hog2< ﬂ (1 + 2- TGetUpdatedActweL'Lst + 2- TGetMergeRecent + TgetSeqSum)
=2+n+[logs(m)] - (1+2-n+2-14+1)

Asymptotically, this bound is O(nlog,(m)).

9 Supporting Technical Lemmas

In this section, we have collected various technical lemmas that are used through-
out the earlier parts of this thesis. Our new lemmas are provided in Section 9.1, while
Section 9.2 restates results from Attiya and Rachman [16] using the terminology of

our thesis and also provides proofs that were not included in Attiya and Rachman
[16].
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As a reminder, when we use the words “before” and “after” to compare two
operations, we strictly mean to say linearized before or linearized after as defined by

our linearization in Section 6.

9.1 New Lemmas

In the next lemma, we prove that if a process is present in the address list that
is provided as input into the Classifier algorithm, then that process will be present
in the output address list returned by the call to Classifier. This lemma shows that

once a process is found, it never gets lost during the execution of any operation.

Lemma 9.1. Consider an arbitrary process p;, and let op; be an operation executed
by process p;. During op;, at any level €, let a process p, € addr,_1 at line 2 of the
Classifier algorithm where addr,_y is the input parameter of the Classifier algorithm.

We prove that, p, will be present in the list addr, of process addresses returned by
Classifier.

Proof. 1. There are two lines in the Classifier algorithm from where the address
list of processes is returned. If the Classifier algorithm’s values are returned at
line 11, then, p, will be present in the address list of processes returned from
the Classifier algorithm because p,, € addr,_, and addr,_; is returned here. The
other line from where the Classifier algorithm’s values can be returned is at line

9. We will argue about this return statement from now on.

2. addry_; is assigned to the currentActive variable at line 3. This variable is
passed to the GetUpdatedActiveList algorithm where it is then assigned to the
updatedActiveList variable. No items are removed from the updatedActiveList
throughout the GetUpdatedActiveList algorithm. Therefore, at the end of the
GetUpdatedActiveList when updatedActiveList is returned, it will contain p,.

3. The returned list value from GetUpdated ActiveList is assigned to the updated Ac-
tiveList variable at line 4 of the Classifier algorithm. Therefore, at line 4 of the

Classifier algorithm, the updatedActiveList variable will contain p,.
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4. Since in our current case, the Classifier algorithm’s values will be returned from

line 9, line 6 will be true.

5. At line 7 of the Classifier algorithm, the updatedActiveList variable will be re-
assigned with the updated list value from the GetUpdatedActiveList algorithm.
Similar to the previous steps, since the input parameter of the GetUpdatedAc-
tiveList contains p,, the return list will also contain p,. Therefore, at line 7,

updatedActiveList variable will contain p,.

6. The updatedActiveList variable is returned at line 9. Therefore, p, will be
present in address list of processes returned from the Classifier algorithm.
O

In the next lemma, we prove that if a process is found in the input address list
before the call to the Classifier algorithm, then that process will be present in the
output address list of all the calls to the Classifier algorithm for the subsequent levels.
This is an important property of the Classifier algorithm: once a process is found, it

does not get lost while executing Classifier at the various levels of the Classifier Tree.

Lemma 9.2. Consider an arbitrary process p;, and let op; be an operation executed
by process p;. During op;, at any level ¢ > 1, let a process p, € addry_y at line PREC.
We prove that for any level {43 > ¢, at line POSTC, p, € addry,.

Proof. Let P(¢,;) = “for any level {4, at line POSTC, p, € addr,,”. We will use a
proof by induction on ¢4 > ¢.
Base Case: (€ == 1)

1. We know from the lemma statement, p, € addr,_,. addr,_, is the input to the

Classifier algorithm at level £.

2. We know from Lemma 9.1 that, if p, is in the input of the Classifier algorithm,

then the output of the Classifier algorithm will also contain p,,.
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3. The return value of the Classifier is received at line POSTC. Therefore, at line
POSTC, p, € addry,.

Induction Hypothesis: Assume of an level ¢; where €4 > ¢, P({) A ... N P({y — 1)

is true.

Induction Steps:
1. Since P({y — 1) is true, at line POSTC of level £, — 1, p, € addry,_;.

2. At level 44, the value of addr,,_; at line PREC' is same as the value of addr,,_;
at line POSTC of level /4 — 1.

3. Therefore, at line PREC in level ¢4, p, € addr;,_.
4. From Lemma 9.1, we know p,, € addr,, at line POSTC.

]

In the next lemma, we prove that when a process p; writes a block into the shared
memory S during an operation op;, then this is the most up-to-date block that any
process p; can possibly read from address p; in S during any read that happens before
p; starts another operation after op;. This lemma is used when establishing the base

case of induction arguments such as in Lemmas 9.6 and 9.9

Lemma 9.3. Consider an arbitrary process p;, and let op; be any operation that is
being executed by p;. Let the seq value written by p; in the shared memory be seq,, at
line SWRITE.

Let p; be any process in procList other than p;. Let op; be any operation where
the line PRECFirst is executed before the next operation by p;.

We prove that, at line PRECFirst during opj, BLy, ss,0p;-5€4 < S€qp, -

Proof. If p; ¢ addro during op; then, BLy, o5 0p; does not exist. Therefore, BLy, ss,0p;-5€q

is null or zero. Since seq,, is always greater than or equal to 1, BLy, ssg,0p;-5€q < 5€qp,
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is proved. From now on, we will consider the case where p; € addry during op;. addr
is initialized at line ADDROINIT where the value is BL,, s5,0p;-active (which was read
at line SREAD1T). Therefore, p; € BLy, 5,0y, -active.

There can be two scenarios:
1. Scenario 1: op; executes line SWRITE and then, op, executes line SREADZ2.
(a) op; executes line SWRITE where seqy, is written in the shared memory S
at BLPi,S,O;Di'

(b) op; executes line SREAD?2 where it reads BLy, s.p; from the shared mem-
ory S. And, this block exists here because p; € BL,, s0p,-active.

(c) BLy, s can only be updated by an operation by p; (because of SWMR
property) at line SWRITE. From the assumption in the lemma statement,
before this next operation by p; is executed, op; reaches line PRECFirst
which is after the line SREADZ2 during op;. Therefore, during op; at line
SREAD2, BLy, s.0p; is the same block as the one BL,, sy, wWrote during
p; at line SWRITE.

(d) BLp;,sop; == BLp;,s0p,
(e) BLy, s.0p;-5eq == BLy, 50p,-5€q
(f) BLy, 5.0p,-5€q == seqy, (from the definition of seg,,)
2. Scenario 2: op; executes line SREAD2 and then, op; executes line SWRITE.
(a) op; executes line SREADZ2 where it reads BL,, sy, from the shared mem-

ory S. And, this block exists here because p; € BLy, s.0p;-active.

(b) op; executes line SWRITE after op; executes line SREAD2 and updates
the block BL,, s0p, at line SWRITE. The seq value is incremented by 1

in the new block.
(c) This implies that BL,, s.p,.5eq + 1 == BLy, gp,.56q

(d) BLy, s.0p;-56q < BLy, 5.0p,-56q
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(e) BLy, s0p;-5eq < seqp, (from the definition of seg,,)

The values read from the shared memory S at line SREAD2 are stored in the
local memory ssp at the next line. So, combining the two scenarios above, at line

PRECFirst, BLy, ss0.0p;-560 < 5€Gp,. -

In the next lemma, we prove that any level of the Classifier Tree, for any block in
the output bag of Classifier, there must be a corresponding call to Classifier, at the
same level, where the input bag had the same block at the same address. In other
words, this establishes a connection between consecutive levels of the Classifier Tree
by showing how information flows down the tree: each block in the output bag at a
Classifier node must have previously come down in an output bag from the parent

node.

Lemma 9.4. Consider arbitrary processes p; and p;, and let op; and op; be respective
operations performed by p; and pj. Let op; be an operation that is executing the
Classifier algorithm at level ¢, and let ss, be the output bag of this execution of the
Classifier algorithm. We assume that during op;, p; € addr, at level {.

We prove that:

1. for block p; in ss,, there erists a process py, where BLy, ss,op; == BLp, ssy_1.0py

and during opy, p; € addry_;.

2. If pj set BLy, ss,.0p; before p; starts performing any further operation after op;

then, py sets its ssy_1 before p; starts any further operation after op;.

Proof. 1. BLy, ss,.0p; is set based on the return value of the Classifier algorithm
executed by p;. Here, this block exists because of assumption in proof statement:

during op;, p; € addry.

2. When p; executes the Classifier algorithm, it can either return from line 9 or

line 11 of the Classifier algorithm.

3. If it returns from line 11, then we argue that setting p, = p; satisfies the
conditions of part 1 of the lemma statement. The proof for this case is as

follows:
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(a) The input values are returned. The input values that are returned at level

¢ are ssy_; and addr,_;.

(b) Therefore, at line POSTC, BLy, ss;.0p; == BLyp, ss,_,,0p;- S0, We choose py
= pj.

(c) Since p; € addr, and addr, == addr,_q, p; € addr,_;.

(d) Therefore, it is proved: BLy, ss,0p; == BLyp, 55, 1,0p, and during opy, p; €

addry_y. (This proves part 1 of the lemma statement)

4. If it returns from line 9, then it returns the value calculated from algorithm

GetMergeRecent (Algorithm: 8).

5. In the algorithm GetMergeRecent, merge is calculated based on the given set
of processes’ addresses and returned from the algorithm. We know from the
definition of merge (in 3.2.3) that the block at address j in mergedBAyipq is
the block with mazimal seq value among all BL;;. This means, BL;; must

already exist before the merge.

6. In our case, BLy, ss,,0p; 18 the block with mazimal seq value (since it is part
of the merge result of the GetMergeRecent algorithm). In the algorithm
GetMergeRecent, this block is created at line 7 where the algorithm reads
the block BL,, from localss;. This localss; is created at line 5, where this bag
is read from the localContainer (which is a copy of Container C') located at j =
pr- And since, this bag exists, it must have been written by some process py at

line 2 of the Classifier algorithm.
7. So, pi wrote the bag localss; where BL,, exists.

8. When p; writes at line 2 of the Classifier algorithm, it must be the input value
of the Classifier algorithm for py which is the value of the bag ss, ;. Since we

know the bag p;, wrote contains BL,,, it must be the case that p; € addr,_;.

9. S0, BLyp, ssy0p; 18 the block with mazimal seq value which is written by py at
line 2 of the Classifier algorithm. Therefore, BL,, ss,.0p; == BLyp; ss,_1,0p, and
pi € addr,_y during opy. (This proves part 1 of the lemma statement)
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10. Process p; executing Classifier at level £ reads the value written by p; at level
¢ — 1. It must be the case that the write operation happens before the read
operation. Also, after reading the value, process p; set BLy, ss,.0p,- S0, pr Writes
the value at BL,, ss,,0p, before pj set BLy, ss,.0p,- From the lemma statement, we
know that p; set BL,, ss,.0p;, before p; starts performing any further operation
after op;. Thus, p, writes at line 2 of the Classifier algorithm, before p; starts
any further operation after op;. Also, py sets its ss,_1 before it writes at line 2
of the Classifier algorithm. Thus, p; sets its ssy,_; before p; starts any further

operation after op;. (This proves part 2 of the lemma statement)
O

In the next lemma, we prove that the address of the process executing the current
operation is present in the address list returned from the Classifier call at each level
during the execution of the operation. In other words, we are confirming that any
process that performs an operation in the system can see itself in the list of active
processes reported by the Classifier. This is one of the fundamental properties that is
common among all the operations and is used in various lemmas. For example, this

fact will allow us to apply Lemma 7.1 in the proof of Lemma 7.4.

Lemma 9.5. Consider an arbitrary process p;, and let op; be an operation executed

by process p;. We prove that during op;, for any ¢ > 0, at line PREC, p; € addry.

Proof. Let P(¢) = “for any level ¢, at line PREC, p; € addr,—;”. We will use a proof
by induction on ¢ > 1.

Base Case: (¢ ==1)

1. addry is created at line ADDROINIT where the value is BL,, s .p,.active.

2. From the system definition (from Section: 3.1), we know when a block for a
process p; is initialized in the shared memory S by the system for the first time,
p; is automatically added to the active list property of that block. Since no item

is ever removed from active list, p; € BL,, g p,-active.
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3. Therefore, p; € addry. And, since addry remains unchanged until PREC at
level 1, p; € addry at line PREC for level 1 (base case proved)

Induction Hypothesis: For some ¢ > 1, assume that, P(1) A ... A P({ — 1) is true.

Induction Steps:

1. Since P(¢ — 1) is true, at level £ — 1, at line PREC, p; € addr,_;. We need to
show that at level ¢, at line PREC', p; € addr,_;.

2. At level /—1: at line PREC, p; € addr,_5. The input to the Classifier algorithm
is addr,_s. Since p; € addry_o, from Lemma 9.1, we know, p; € addr,_; at line
POSTC.

3. So, at the end of level ¢ — 1, p; € addr,_, at line POSTC.

4. At the next iteration of the loop when level is ¢, at line PREC', addr,_, remains
unchanged. Therefore, p; € addr,_; at line POSTC at line PREC at level /.

]

The next lemma can be viewed as a generalization of Lemma 9.3. Again, we are
considering the situation where a process p; writes a block into the shared memory S
during an operation op;, and considering what version of p;’s block can be seen by any
process p;. In Lemma 9.3, we considered what p; could see when reading p;’s block
directly from shared memory S, but in the next lemma, we instead consider what p;
could see at any time during the execution of op; before p; starts another operation
after op;. In particular, for each call to Classifier in op; that occurs before p; starts
its next operation, Classifier will return a bag containing block p;, and we show that
this block is at least as old as what p; wrote to shared memory S during op;. This

lemma is used when proving the inductive step of Lemma 9.9.

Lemma 9.6. Consider an arbitrary process p;, and let op; be an operation executed
by process p;. Let the seq value written by p; in the shared memory be seqy,, at line
SWRITE.
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Let p; be any process in procList other than p;. Let op; be any operation where
the line POSTC' for level € is executed before the next operation by p;.
We prove that, at line POSTC in opj, BLy, ss,.0p;-5¢4 < S€qp, .

Proof. If p; ¢ addr, during op; then, BL,, s,.0p; does not exist. Therefore, BL,, ss,.0p;-5€q
is null or zero. Since segy, is greater than or equal to 1, BLy, ss,.0p,-56q < seqp, 18
proved. From now on, we will consider the case where p; € addr, during op;.

Let P({,p;) = “BLy, ss,,0p,-5¢q < seqp, at line PREC . We use a proof by induc-
tion on the level ¢ > 0.

Base Case:
1. Consider ¢ = 0.

2. During any op;, at line PREC (just before the first call to the Classifier),
BLy, ss.0p;-5¢q < seqp, (Lemma 9.3) (Proved base case).

Induction Hypothesis: For some ¢ > 1, assume that, P(1,p;) A... AP({ —1,p;) is
true for all p; that set BLy, s, | 0p; before p; starts performing any further operation
after op;.

Inductive Step:

1. Consider a process p; that set BL,, ss,.0p, before p; starts performing any further

operation after op;.

2. From Lemma 9.4 (Part: 1), we know, for each block p; in ssy, there exists a
process py where BLy, ss,.0p,-5¢q == BLy, g5, | op,-5eq (because of BLy, g, 0p;
== BL,, ss, ,.0p,) and from Lemma 9.4 (Part: 2) that p, sets its ss,_; before

p; starts any further operation after op;.

3. We apply the induction hypothesis to py at level £ — 1 — and so P({ — 1,pg) is
true. By the definition of P(¢—1, py), this means that BL,, s, , op,.-5€q < S€qp,.
From the previous step, we know that BLy, ss,_; 0p.-5¢q = BLp, ss,,0p;-5€q, and

80 BLy, ssy,0p;-5€q < s€qy,, which proves that P({, p;) is true. (induction proved)

Concluding Statement:
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1. Consider a p; that executes line POSTC for any level ¢ before the start of the
next operation p;. This means that this p; must have set BLy, ss,.0p, (at line

POSTC) before p; starts performing any further operation after op;.

2. From the induction proof, we know, for any ¢ > 1, P({,p;) is true for all p;
that set BLy, ss,.0p, before p; starts performing any further operation after op;.

Therefore, for any ¢ > 1, P({,p;) is true.
L]

In the next lemma, we prove that if a process p; passes a bag into Classifier such
that its own version of block p; has the most up-to-date seq value in the Container,
then Classifier will output a bag containing that same version of block p;. This lemma

is used when proving Lemma 9.9.

Lemma 9.7. Consider an arbitrary process p;, and let op; be an operation executed
by process p;. Let p; be any other process in procList other than p;. Let op; be an
operation executed by p;.

We prove that during op;, at line PREC, for level £, if p; € addr,_; and
BLy, ssy_1,0p:-5€¢4 = BLy, ss,_1.0p;-5€q for all op; then we prove that, at line POSTC,
pi € addry and BLy, ss,.0p; == BLp, ss,_;.0p:

Proof. During op;, since p; € addry_q, p; € addr, (from Lemma 9.2) (proved part 1
of the proof statement). In the following steps we will focus on proving: BLy, ss,.op:

== BL

Pi,$S¢—1,0pP;

1. At line 2 of the Classifier algorithm, all processes p; write their own ss,_; to
shared memory Container C at their respective address p;. Process p; also
writes its own ss,_; to shared memory Container C at address p;. We know
from the lemma statement, BL,, s, ; op;-8€q > BLyp, ss, ,0p;-5€q. Therefore,
when p; finishes executing line 2 and goes to line 3, the BL,, .seq in all bags in
Container C is less than or equal to BL,, s, , op,-5¢q. We consider two cases

based on whether Classifier returns at line 9 or line 11.

2. Winner Case (returned at line 9):
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(a) For p; to reach line 9, the previous lines must have been executed.

(b) In line 8, a bag is returned from the GetMergeRecent algorithm. Now,

we take a look inside this algorithm.

i.

11

1il.

1v.

The GetMergeRecent algorithm calculates the merge based on the
localContainer variable which is a copy of the Container C at the

current node and returns a merged bag. (Algorithm: 8)

In the GetMergeRecent algorithm, the bag at each address j in the
localContainer is retrieved. The merged bag is calculated based on

these retrieved bags.

When p; executes line 5, — it reads the bag at each address j, written
by process p;. These bags were written by some process p;. The only
place where these bags are written to the Container C is at line 2 of
the Classifier algorithm. Also, we know (from the first point of this
proof above), when p; finishes executing line 2 of the Classifier algo-
rithm, the BL,, .seq in all bags in Container C is less than or equal
to BLy, ss, ,.0p:-5€4. S0, when p; reads the bags from localContainer
(which is a copy of Container C) at line 5 of the Get M erge Recent algo-

rithm, for each bag, BL,,.seq is less than or equal to BL,, ss, , op,-S€q.

From the definition of merge (3.2.3), each block in the result of the
merge operation is the block with maximal seq value. Since, at block
BL,, the maximal seq value is BL,, ss, , op;-5€q, in the merge result,
BL,, will be the same as BL,, s5, ,.op;- 1his merge result is returned

from the GetMergeRecent algorithm as the bag ss,.

(c) Therefore, in the result bag of the Classifier, the block BL,, ss,.0p; 15 equal
to the block BL,, ss, 1 .0p:-

3. Loser Case (returned at line 11): For op;, Classifier will return the same bag as

554_1, thus, in the result bag of the Classifier, the block BL,, 55, 0p; Will equal
to the block BLy, ss, ,.0p;- (Proved)
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In the next lemma, we prove that the block that is written to the shared memory
S during an operation is the same block read from the shared memory S at the same
address. This lemma proves that after writing a block to the shared memory S during
an operation, that block does not change when it is read again during that operation.
This fact is later used in other lemmas to show that the block that is written in the
shared memory is then later passed down to the Classifier tree algorithm after reading

it from the shared memory.

Lemma 9.8. Consider any process p;, and let op; be any operation that is being
executed by p;. Let Bl be the block written by p; in the shared memory at line
SWRITE.

We prove, at line PREC, BLy, ss5.0p; == Blp;-

Proof. 1. From lemma statement, at line SWRITE, BL,, s.0p, == Blp,.

2. pl,, is read at line SREADI. During op; between line SWRITE and line

PRECFirst, B¢, does not change since it is a local variable.

3. BL,, sso.0p; 15 @ block in the bag ssy which is created during op; after reading
from the shared memory at line SREAD2. At line SREAD?2, BL,, s, is created

from BL,, s. Note that, here BL,, s, exists because of Lemma 9.5.

4. So, for BL,, ss,.0p;:-5¢q to have a different value than 3/, .seq, there must be an

update in block BL,, s.

5. Because of SWMR, only an operation by p; can update BL,, s at line SWRITE
and since, the operation op; is already being executed by p;, at line SWRITFE,

no other operation can update block BL,, .

6. Thus, BL,, s remains the same during the operation op;. So, BL,, ss0.0p; ==
Blp, at line PREC.
n

In the next lemma, an important connection is established between the block that

is written in the shared memory S before the first call to Classifier and the block that
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is returned from the call to Classifier at each level during the same operation. At a
high level, when a process p; writes a block to shared memory S during some operation
op1, then this version of the block is the “freshest”, and each call that p; makes to
Classifier during op; will return a bag that contains this version. In addition, this
lemma shows that the address of the process that is executing the current operation
is present in the list of addresses that is returned from the Classifier call at each level.
This lemma will ultimately be used to establish the connection between the block
returned from the final call to the Classifier during the snap operation and the block

that is written in the shared memory S at the beginning of the snap operation.

Lemma 9.9. Consider any process p1 and let op; be any operation that is being
executed by p1. Let the block value written at line SWRITE by p; in the shared
memory be BL,, . We prove that, during op:, for any level £, when the execution of
line POSTC completes, BLyp, ss,.opp == By, and p1 € addry.

Proof. Let seq,, = B{p, .seq. Let p; be any process in procList other than p;. Let op,
be any operation executed by p;.

Let P({) be “BLy, ssp.0m == Blp, and p; € addr,”. We prove that P(¢) is true
for all £ > 1 by induction on the level /.

Base Case:
1. Consider ¢ = 1.

2. During any op;, at line PREC (just before the first call to the Classifier),

BLy, sso0p;-5€q < seqy, . This reason for this is as follows:

(a) If op; did not reach line PREC (just before the first call to the Classifier)
during op;, then BLy, ss),0p; 18 null which means B Ly, ss,0p;-5¢q = 0. Since
the seq value written in the shared memory S is always greater than 0, the

inequality BLyp, ssgop,;-5€q < seqp, holds.

(b) If op; reached line PREC (just before the first call to the Classifier) dur-
ing op;, then it also means that op; reached line PREC before the next

operation by p;. From Lemma 9.3, we know that BLy, ss,0p;-56q < s€qp, -
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3. For opy, at line PREC, BL,, ssp.opp == Bp, (Lemma 9.8). Here, BL,, ss0.0p

exists because of Lemma 9.5.

4. At line PREC for any op;, BLy, ss.0p;-5¢q < seqp, (from Step 2). This means
when the first call to the Classifier is made by p; at line PREC for level ¢ = 1,
BLy, ssoop;-5€q < S€qp,. For op1, BLy, ssg.0p, 564 == S€qp, - So, B Ly, sso,0p;-5€4

< BLy, ss,0pm -5€q for all op;.

5. So, for p;, at the start of the Classifier algorithm at level ¢ = 1, BLy,, ss,.0p:-5€4
> BLy, ssp,0p;-5¢q for all op;. (Here, BLy, s5,0p, €xists because of Lemma 9.5)
We know if this is the case, then for p;, the block BL,, in the result of the
Classifier will be equal to the block BLy, ss, 0p,-5¢q. (Lemma 9.7)

6. The result of the Classifier is received at line POSTC, at bag ss1. S0, BLy, ss,.0pm

== BL,, ssoopp == B¢, and from Lemma 9.8 we conclude that p; € addr;.

(Proved base case)

Induction Hypothesis: For some ¢ > 1, assume that P(1) A ... A P({ — 1) is true.
Inductive Step: We will prove that P(¢) is true.

1. We know at level ¢, for all op; at line POSTC, BLy, ss,0p;-5€q < seqp,. This

reason for this is as follows:

(a) If op; did not reach line POSTC for level ¢ during op;, then BLy, s, 0p; 18
null which means BL,, ss,.0p;-5eq = 0. Since the seq value written in the
shared memory S is always greater than 0, the inequality BL,, s, .0p,-5€q

< seqp, holds.

(b) If op; reached line POSTC during op;, then it also means that op; reached
line POSTC before the next operation by p;. From Lemma 9.6, we know
that BLyp, ss0p;-5€q < S€Gp, -

2. Since, P(¢ — 1) is true, we know at level £ — 1, for op1, BLy, ss, .00 == Blp, -

3. For py, at the start of the Classifier algorithm at level ¢, BL,, ss, , op, 1S Passed
as the input bag to the Classifier algorithm.
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4. So, for py, at the start of the Classifier algorithm at level ¢, BLy,, s, ,.op;-5€q >
BLy, ss,_,0p;-5€q for all op; (Here, BLy, g5, op, €xists because of Lemma 9.5).
We know if this is the case, then for p;, the block BL,, in the result of the
Classifier will be equal to the block BLy, ss, ,.0p,- (Lemma 9.7)

5. The result of the Classifier is received at line POSTC, at bag ssg. So, BLy, ss,.0p:

== BLy, ss, ,.0pp == By, and from Lemma 9.8 we conclude that p; € addr,.
O

In the next lemma, we prove that during the execution of the Classifier algorithm
by any process, the updated active list at line 4 will always contain the initial processes
present in the system. This finding regarding the updated active list is used to

compare the results of Classifier algorithm between different operations.

Lemma 9.10. Let p, € procList,. Let ops be any operation executed by ps. We prove
that during ops at any level £, immediately after line 4 of the Classifier algorithm is
executed, p, € updatedActiveList,, .

Proof. 1. From the definition of procList, (Table 3.3), we know that these processes
are made available to each block’s active list by the system in shared memory

S. Therefore, during op;, p, will be available in BL,,_ gy, .active.

2. We know from Lemma 9.9, BL,, 5.y, == BLp, ss,.0p, and ps € addr, for any
level ¢.

3. Therefore, at level £ — 1, BL,,, s.0p, == BLy, ss, 1.0p, a0d ps € addre_;.
4. ssy_q and addr,_; are the inputs to the Classifier algorithm at level ¢.

5. At level ¢, in the Classifier algorithm, ss,_; is written in the Container C at

address ps.

6. addr,_q is passed to the GetUpdatedActiveList algorithm, and since p, € addr,_q,
eventually, at line 7, j = p, and from Container C, ss,_; will be read which was

just written at the beginning of the Classifier algorithm.
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7. Eventually, at line 11, k = p, and BL,, s, , will be read at line 12. From step
(3), this block is equal to BL,, s p,. From step (1), we know, p, is available in

BL,, s.0p,-active.

8. Therefore, at line 14, address,, will eventually be p, and it will be added to
the updatedActiveList variable.

9. Since, the items from updatedActiveList are never removed, the result of the

GetUpdatedActiveList algorithm will contain p,.

10. Therefore, p, € updatedActiveList,,,.
[

In the next lemma, we prove that if a modify operation op; is linearized before a
snap operation opg, then the process that performed op; will appear in the address list
returned by the final call to Classifier during op,. In other words, a snap operation
will always find out about the existence of any process that performs an operation

before the snap.

Lemma 9.11. Consider any process ps and let ops be a snap operation executed by
Ds. Let ssfpinar be the bag returned by the final call to Classifier during ops. Let op;
be any modify (add, remove or update) operation executed by p;. If op; is linearized

before ops, then p; € addr(ss fina) during ops.

Proof. 1. We use a proof by contradiction. Assume that p; ¢ addr(sspina). This

means BLpwaSfmaz,Ops'Seq -

2. When p; executes op;, because of SWMR property, BL,, g, always exists. Also,
during op;, the seq value is incremented by 1 at the beginning and it is written
back to the shared memory S. The seq value is never decreased anywhere in the

code. Therefore, BL,, s op,-5eq > 1 (since the initial default value is 0).
3. We know from Lemma 9.9, BLy, 5.0p, == BLp, ssipar,0p; AUTING OP;.

4. Therefore, BLy, ssipar0p:-56d = 1.
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5. From the previous step, it follows that BLy, ss;....0p:-5€d > BLy, ss1i01,00.-5€4-

6. In the lemma statement, we assumed that op; is linearized before op,. If this
is the case then, from line 14 of the Linearization Definition Algorithm (10),
we know that BLy, ssina.0:-56d < BLp, ssinar0p.-5€4- This condition contradicts
with the findings in the previous step.

O

In the next lemma, we prove that if an add operation is partially ordered before the
current operation, then the process that executed the add operation will be present
in the updated active list immediately after the execution of line 4 in the first call to

the Classifier algorithm during the current operation.

Lemma 9.12. Consider any process p; and let op; be any operation executed by p;.
Let opy, be an add operation executed by py where opy, — op; and py & procList,. We
prove that, during op;, pr € updatedActiveList,, immediately after the evecution of
line 4 of the Classifier algorithm when called at the root node of the Classifier Tree.

Proof. 1. Since, py, ¢ procList,, from Observation 3.3.3, we know AC(py) exists and
also, addy(po, p1) — addy(p1,p2) — adds(pz,ps) — ...... — addy_1(Pr—2, Pr—1)
— addy(pr—1, pr)-

2. Since the system only allows a process to perform an operation after the add

operation that added the process is completed, addy(pr—_1,pr) — OPk-

3. Therefore, the final partial ordering: add(po, p1) — adda(p1, p2) — adds(pa, ps3)

— — addy_1(pr—2, Pk—1) — addi(px—1,pr) — Opx — Op;.

Consider any arbitrary p, € ancestor(pg). Let P(x) = “p, € updatedActiveList,y,
at line 4 of the Classifier algorithm in the root node”. We prove that P(x) is true
by induction on x, where x > 0 and x < lengpeestor(p,) and p, is the process that

performed the 2" operation in AC(py)

Base Case: x =1
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1. Consider the case when p, is the first operation in the chain AC(py). So, p, =

p1. From Observation 3.3.3, we know, p; € procList,.

2. From Lemma 9.10, we know, during op;, if p; € procList, then at any level ¢,

p1 € updatedActiveList,,, at line 4 of the Classifier algorithm.(Base case proved)

Induction Hypothesis: For some x such that x > 1 and x < lengncestor(p, ), assume

that P(1) A ... A P(xz — 1) is true.

Inductive Step:

1. By the Induction Hypothesis, we know p,_; € updatedActiveList,,, at the end

of execution of line 4 of the Classifier during op;.

2. Since p,—1 € updatedActiveList,,,, eventually the active list of p,_; will be
traversed at line 14 of the GetUpdatedActiveList.

3. Since add,(py—1,pz) — opi, p will be found in the active list of p,_; when it is

traversed at line 14.

4. Since no items are removed from updatedActiveList in the GetUpdatedAc-
tiveList algorithm, the result returned from the GetUpdated ActiveList will con-

tain p,.

5. Therefore, p, € updatedActiveList,,,. (Inductive step proved)

Concluding Statement: In the induction above, when x = lengpcestor(py)s Pe =
pr. Therefore, p, € updatedActiveList,,, at line 4 of the root node in the Classifier
Tree. ]

In the next lemma, we prove that at line 4 in the execution of Classifier, if the
process that is executing the current operation is in the updated active list, then
the process that added the current process in the system will also be in the updated

active list.
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Lemma 9.13. Consider an arbitrary process p;, and let op; be an operation ex-
ecuted by process p;. If py € updatedActiveList,, at any level {, then p,_, €
updatedActiveList,,, at level £, where p,_1 added p,.

Proof. We will consider the following 2 cases.
Case 1: p, = p;

(a) Since p, is executing the current operation op;, the add operation (ex-
ecuted by p,_1) that added p, had already been completed before op;
started.

(b) Since the add operation (executed by p,_1) is completed before op;
starts, the add operation that added p,_; must already had ended before
op; started. From Lemma 9.12, we know p,_ € updatedActiveList,,,

at line 4 in the root node of the Classifier during op;.
Case 2: p, '= p;: We consider the following two subcases:

Subcase a: During the call to the GetUpdatedActiveList, p, is not in oldAc-
tive:

i. Since p, is in the result of the GetUpdatedActiveList and
not in oldActive, it must have been found in this call to the
GetUpdatedActiveList.

ii. updatedActiveList is the result of the GetUpdatedActiveList.
p. is added to updatedActiveList at line 22.

iii. p, is found in the active list of r at line 14. Since p, can be
found is in the active list of p,_1, 1 iS pr_1.

iv. ry is initialized at line 12 and, it is found from updatedAc-
tiveList at line 11. Therefore, p,_; already exists in the up-

datedActiveList.

v. Since no processes are removed from updatedActiveList, the

result of the GetUpdatedActiveList will contain p,_1.
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vi. At line 4 of the Classifier algorithm, p,_, € updatedActiveList,,.
Subcase b: During the call to the GetUpdatedActiveList, p, is in oldActive:

i. oldActive is the value from the input addr, to the Classifier
algorithm. Therefore, p, must have been found at some level
above ¢ where / is the current level. We consider the following
two cases:

Case b.1: when p;, = p,_4

Case b.2: when p; = p,_1

ii. Case b.1: when p; = p,_1:

A. Since, p,—1 added p,, p, exists in the active list of BL,,, , s
(where S is the shared memory S). Since in this case op;
is being executed by p,_1, p, will be found before the
first call to the Classifier.

B. So, p, will be in the addr; in the root node. Since, p,_;
is executing the current operation, p,_; will also be in
the addr, in the root node.

C. We know (from Lemma 9.2) once a process p, € addry
in the Classifier algorithm at level ¢, p,, € addr,, where
lq > 1. Therefore, p,_1 € addr, at level /.

D. Since p,_; is in the input to the GetUpdatedActiveList
and nothing is removed from updatedActivelList variable
in GetUpdatedActiveList algorithm, at line 4 of the Clas-
sifier Tree, p,—1 € updatedActiveList,, during op;.

iii. Case b.2: when p; != p,_1:

A. When the first call to the Classifier starts, since p; !=

Pz—1, Pz ¢ addry at the root node.

B. However, p, is discovered at some level above /.

C. Therefore, p, € updatedActiveList,,, at some level £, <
¢ where during the call to GetUpdatedActiveList, p, was
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not in oldActive.

. We showed in Case 2(b)ii above that if “During the call

to the GetUpdatedActiveList, p, is not in oldActive”
then, p,_1 € updatedActiveList,,. updated ActiveList,,,
is the input addry, ., at level ¢, + 1. Therefore, p,_; €

addrg, 41.

. Since we know (from Lemma 9.2) once a process p, €

addry in the Classifier algorithm at level ¢, p, € addry,
where {4 > {, p,_1 € addr, at level /.

. Since p,_1 is in the input to the GetUpdatedActiveList

and nothing is removed from updatedActiveList variable
in GetUpdated ActiveList algorithm, at line 4 of the Clas-
sifier Tree, p,_1 € updatedActiveList,, during op;.

]

In the next lemma, we prove that for each process (that is not an initial process)

at line 4 of the Classifier algorithm, the ancestor list of that process is present in the

updated active list.

Lemma 9.14. Let updatedActiveList,,, be the updatedActiveList variable at line

in the Classifier Tree during any operation op;. Let an arbitrary process be py which

exists in updatedActiveList,, and p, ¢ procList,. Since py ¢ procList,, from the

Observation 3.5.3, we know ancestor(py,) exists.

We prove that if p, € updatedActiveList,,,, ancestor(py) C

updatedActiveList,y, .

Proof. Consider any arbitrary p, € ancestor(py).

Let P(x) = “p, € updatedActiveList,,”. We prove that P(x) is true by induction on

X, where x > 0 and x < lenancestar(pk)

Base Case: x = lengncestor(py)
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1. The last process in ancestor(py) is the process py.
2. From Lemma statement, we know p;, € updatedActiveList,,,. (base case proved)

Induction Hypothesis: For some x such that x > 1 and x < lengncestor(py,), assume

that P(x+1) is true.

Inductive Step:

1. From the Induction Hypothesis, we know that P(x+1) is true, which means,
Drt1 € updatedActiveList,,,. From Lemma 9.13, we know that if p,41 €
updatedActiveList,,, then, p, € updatedActiveList,,,.

Concluding statement: Since for any arbitrary p, € ancestor(py), we showed that

P, is also € updatedActiveList,,,, ancestor(py) C updatedActiveList,,,. O]

In the next lemma, we show that if a process p; exists in the input address list
of the Classifier algorithm then, the seq value at block p; in the output bag of the
Classifier algorithm will be at least as big as it was in the input bag of the Classifier.
Note that the inputs of the Classifier algorithm are the outputs of the execution
of Classifier at the previous level. The information proved in this lemma creates a
connection between the outputs of different levels in the Classifier algorithm which is

then used to connect with seq values in the shared memory S.

Lemma 9.15. Consider arbitrary processes p; and ps, and let ops be a snap operation
executed by process ps. When ps executes line POSTC' of the snap algorithm at any
level €, we prove that, if p; € addr,—y during ops, BLy, ss, ,.op.-5¢q < BLy, 55, 0p,-5€4.

Proof. 1. At level ¢, BL,, ss,_,.0p.-5€q is part of the input to Classifier algorithm
and BLy, ss,.0p.-5€q is part of the output of the Classifier algorithm. We know
BL,, exists in ssy_; because p; € addry_;. Also, since p; € addr,_y, p; € addry,

where £, > (. (From Lemma 9.2)

2. Therefore, BL,, exists in ss, as well.
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3. At line 2 of the Classifier algorithm, the input of the Classifier is written into
the shared memory Container C. Since p, is executing the current operation,

the input bag will be written at address p,.

4. The GetUpdatedActiveList algorithm is called at line 4. Since addr,_, is passed
as parameter, p; € oldActive. Also, since p; is executing the current operation,

ps will also be in oldActive.

5. In the GetUpdatedActiveList, oldActive is assigned to updatedActiveList and
no item is removed from updatedActiveList, therefore, at the end of the GetUp-

datedActiveList algorithm, p; and p, will both be in result list.

6. At the end of the execution at line 4 in Classifier Tree, updated ActiveList will

include process p, and p;.

7. There are two lines from where the output is returned from the Classifier algo-

rithm. If the Classifier algorithm returns from line 9:

(a) The bag that is returned from the Classifier algorithm at line 9 is the bag
calculated in the GetMergeRecent algorithm at line 8.

(b) In the GetMergeRecent algorithm, the updatedActiveList is passed as

input parameter which includes the process ps and p;.

(c) Since the input variable in the GetMergeRecent algorithm activeList con-
tains p; and ps and the localContainer is a copy of the Container at the
current node, at line 5 of the GetMergeRecent algorithm, the bag that is
written by p, at line 2 of the Classifier algorithm will be read. Also, at line
7 of the GetMergeRecent algorithm, the block at address p; will be read
from the bag that is read at line 5. Since, p; and p, are both in activeList,
eventually the block BL,, from the input of the Classifier algorithm will
be read at line 7 and the corresponding seq value will be considered to

calculate the merge result.

(d) From the definition of merge (3.2.3), each block in the result of the merge

operation is the block with maximal seq value. So, the seq value in the
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block BL,, in the merge result will be at least as big as the seq value in
the block BL,, in the input of the Classifier. This merge result is finally

returned from the Classifier as the output.

(e) The input of the Classifier algorithm is BL,, ss, ,.op, and the output of the

Classifier algorithm is BL,, ss, op, -

(f) Therefore, BLy, ss,_;.0p.-5¢q < BLy, ss,.0ps-5€4

8. If the Classifier algorithm returns from line 11, then the output of the Classifier
is same as the input. Therefore, BL,, s, | op,-5€q == BLy, ss, 0p,-5€q.

[]

In the next lemma, we show that if two operations follow partial ordering then
if we consider the two leaves where these operations ended up in the Classifier Tree,
then at the least common ancestor (LCA) of these two leaves, the list of discovered
processes during the operation that is partially ordered first will be a subset (or equal)
of the list of discovered processes during the other operation. This subset relation is

used to establish a connection between two operations’ discovered processes.

Lemma 9.16. Let op; and ops be any two operations performed by processes p; and
ps where op; — ops. We prove that at the LCA (op;, ops) node in the Classifier Tree,
at line 4 of the Classifier algorithm, updatedActiveList,,, C updatedActiveList,,,.

Proof. Consider any process p, € updatedActiveList,,,. Consider two scenarios:
Scenario 1: p, € procList,

(a) Let the LCA(op;, ops) node in the Classifier Tree be at level a.

(b) From Lemma 9.10, we know, if p, € procList, then at any level ¢,
ps € updatedActiveList,,, at line 4 of the Classifier algorithm.

(c) Therefore, p, € updatedActiveList,,, at level a.

(d) Since for any arbitrary p, € updatedActiveList,y,, we showed that
ps is also € updatedActiveList,,,,
updatedActiveList,,, C updatedActivelList,y,.
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Scenario 2: p, ¢ procList,

(a) From the Observations in 3.3.3, we know the following exist:
i. AC(p.) is the chain of add operations that lead to the addition
of p, in the system.
ii. ancestor(p,) is the list of processes involved in AC(p, ) including
Pz.
(b) Let P(k) = “if p, € updatedActiveList,p,, then
pr € updatedActiveList,,,”. We will use a proof by induction to
show that P(k) is true for each py € ancestor(p,), i.e., for 0 < k <

lenAc.

Base Case (k = 1):
i. From the definition of AC(p,), we know p; € procList,.
ii. From Lemma 9.10, we know, if p; € procList, then at any level

¢, p1 € updatedActiveList,y, at line 4 of the Classifier algorithm.

(Base case proved)

Induction Hypothesis: Assume that, for some 1 <k <lenac, P(1)A
..\ P(k—1) is true.

Inductive Step:

i. During op;, since p, € updatedActiveList,p, (from the definition
of P(k)), we know from Lemma 9.14 that ancestor(p,)
C updatedActiveList,,,. Therefore, p; was found at (if not be-
fore) line 4 of the Classifier algorithm during op;. In other words,
pr was found before the end of op;.

ii. Since op; — ops, pr was found before the start of op.

iii. pr_1 added p; in the system, so pp_; added p, in the system
before the start of op;.
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1v.

V1.

vil.

From the Induction Hypothesis, we know p,_; €

updatedActiveList,y, .
Since, pi_1 € updatedActiveList,,, , eventually line 14 of GetUp-

datedActiveList will be executed where the active list of pj_;
will be traversed, and, p, will be found since p,_; added p; in
the system before the start of op,, and, once a process is added

to active list it is never removed.

pr will be found in the active list of pp_; at line 14 of the GetUp-
datedActiveList algorithm and will be added to the updated Ac-

tiveList variable during op,.

Since, no items are removed from the updatedActiveList vari-
able during GetUpdatedActiveList algorithm, p; will be in the
returned list from the GetUpdatedActiveList algorithm. There-
fore, pi € updatedActiveList,,, at line 4 of the Classifier algo-
rithm. (Inductive step proved)

Concluding Statement: When k = lenac, pr = p,. From the proof

above, we conclude that p, € updatedActiveList,, . Since for any

arbitrary p, € updatedActiveList,,,, we showed that p, is also €
updatedActiveList,,, , updated ActiveList,,, C updatedActiveList,y, .

]

In the next lemma, we show that if two operations follow partial ordering then

if we consider the two leaves where these operations ended up in the Classifier Tree,

then at the LCA node of these two leaves, the operation that is partially ordered first
will go to the left child of the LCA node and the other operation will go to the right

child of the LCA node. This relation between partial ordering and the direction of

the operations is used in other lemmas to prove at which leaf the operations end up

in the Classifier Tree.
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Lemma 9.17. Consider arbitrary processes p; and ps, and let ops be an operation
executed by process ps. Let op; be any operation executed by p; where op; — ops. We
prove that during the execution of the Classifier algorithm at the LCA (op;, ops) node,

for ops and op;, the code returns from line 9 and line 11 respectively.

Proof. 1. Since op; — ops, BL,, s.op;-5€d < BL,, 5.0p,-5€q. Also, because of op; —

ops, during op;, seq value in any BL, will be less than BL,_ s p,.s€eq.

2. From Lemma 9.9, we know at any level ¢ during ops,
BL,, sop,-seq == BL,_ s, 0p,-5€q. Therefore, during op,, at any level ¢,

BL,, ss,.0p.-5€q is greater than the seq value at any BL, read during op;.

3. seqSum is calculated based on the updatedActiveList and the mergeRecent

variables.

4. From Lemma 9.16 we know that updated ActiveList,, C updatedActiveList,,,.
Because of this and the fact that BL,,_ s, op,-S€q is greater than the seq value

at any BL, read during op;, seqSum,,, < seqSumq,,.

5. Since the LCA(op;, ops) is located at level a, from the definition of LCA we
know that one of the operations from op;, ops goes right and the other one goes
left. For the process that will go right, the seqSum will be greater than K.
op; cannot go right here because if seqSum,,, > K, seqgSum,,, is also > K.
Therefore, ops goes right here and op; goes left. In other words, at LCA(op;,
ops), for ops and op;, the code returns from line 9 and line 11 respectively.

]

In the next lemma, we prove that if two operations follow partial ordering, then
the operation that is partially ordered first ends up at a leaf node in the Classifier
Tree which is to the left of the leaf node where the other operation ends up. This
lemma is useful when proving results about our linearization ordering, as well as when

providing the missing proofs from Attiya and Rachman [16] in the Section 9.2.

Lemma 9.18. Consider arbitrary processes p; and ps. Let ops be any operation

executed by ps. Let op; be any operation executed by p; where op; — ops. Let op; and
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ops be two operations that terminate at Classifier Tree leaf nodes C'LL; and C'LL;
respectively. We prove that CLL; is to the left of CLL, in the ordering of all leaf
nodes from left to right.

Proof. 1. From Lemma 9.17, we know at LCA(op;, ops) node, for ops and op;, the

code returns from line 9 and line 11 in the Classifier algorithm respectively.

2. From the Classifier Tree structure, it means at LCA(op;, ops) node, the next
execution of the Classifier algorithm will be at the left child of LCA(op;, ops)
node for op; and at the right child of LCA(op;, ops) node for ops.

3. Since the Classifier Tree is a binary tree structure, from the graph property, op;
will eventually end at a Classifier leaf node which is to the left of the leaf node
where the op, will end up at. Therefore, C'LL; is to the left of CLL, in the
ordering of all leaf nodes from left to right.

O

9.2 Lemmas from Attiya and Rachman [16]

In this section, we will primarily address the lemmas stated and proved in Attiya
and Rachman [16]. We rewrite the most important lemma statements to match our
terminology and notation, and we also provide the missing proofs.

First, we summarize the key similarities and differences between our thesis and

the Attiya and Rachman [16] paper:

1. Our atomic snapshot object has the ability to add or remove processes while

theirs does not.
2. Our “merge” operation has the same purpose as their “union” operation.
3. Our seqSum value has the same purpose as their “view size”.

4. Due to the dynamic nature of our snapshot object, there is no fixed number of

processes in the system, and our implementation does not have access to such a
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value. Their implementation assumes that there is a fixed number of processes

n, and this value is known to the algorithms.

5. Due to the static nature of their system, their implementation can loop through
the registers using indices 1,...,n. In our system, the set of processes and
addresses can change over time, so we need to maintain a dynamic list of ad-
dresses that can be used when accessing blocks in a bag, or accessing bags in a

Container.

In the next lemma, we consider any two operations performed by the same process
that both reach the same node in the Classifier Tree during their executions, and
we show that each bag in the Container during the later operation dominates the

corresponding bag in the Container during the earlier operation.

Lemma 9.19. Consider an arbitrary process p;. Consider opey,. be the current op-
eration that is being executed and opp,., be the previous operation executed by p; and
assume that they both reach the same node u in the Classifier Tree located at level (.
Let Cprey and Coyyr be the states of Container at node u when the last localContainer
variable is initialized in the Classifier algorithm during the evecution of oppre, and
OPcurr TESPECtivElyY.

We prove that each bag at address p, in Cpre, is dominated by the bag at the same

address py in Cuypy.
Proof. We make a few observations that will be helpful for our proof:

1. Let $5¢-1,0pye, aNd 55¢_1 0p,,,, De the inputs to the Classifier algorithm at level

¢ during opprey and opey,r respectively.

2. Since opprey, and opey,r are executed by the same process p;, they follow par-
tial ordering because of SWMR property. More specifically, opp,, is partially

ordered before opey,.

3. Since the Classifier graph is a binary tree, there exists exactly one path from
the root to node u. Therefore, opcy,» and op,e, must have visited the same set

of nodes before reaching node u.
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4. When a node is visited for the first time during the Classifier algorithm and
writes a bag in the Container, that new bag dominates the existing bag. Since
the node is being visited the first time, the blocks in that bag are all empty
which means all the seq values of the block in that bag is zero. When a new bag
is written by a process executing an operation, that bag is guaranteed to have
at least one block (the block at the address of the current process) where the
seq value is at least 1 because at the beginning of each operation the seq value
is incremented. The seq values in all other blocks in the bag cannot be less
than zero because the seq values never decrease. Therefore, from the definition

of domination, the new bag dominates the existing empty bag.

We prove the lemma statement by induction on ¢ and ¢t where the former is level
of the node and latter is the number of operations that has visited node u. The value
of t starts at 0 and each time an operation visits node u, t is incremented by 1. Let
teurr be the operation number when node u is visited during ope,.

Let P(¢, teyr) = “At any node u at level ¢, when the number of visits to node u
is tcurr, €ach bag at address p, in Cpe, is dominated by the bag at the same address
Pz in Cuypr at level € at t.,,.,”. We will use nested inductions to prove this predicate
is true for all values of ¢ and t.,,». The outer induction will be the value of t.,,, and

the inner induction will be on the value of /.
Outer Induction Base Case (¢ > 1 and tuu. = 1):

1. When t.y,, = 1, the current node is being visited for the first time.

2. We know (from the observations above) when a node is visited for the first time,

the input bag will dominate the existing bag in the same address.

Outer Induction Hypothesis: Assume P(a,b) is true where the values of a and b

are as follows:

1. a=1,...,\ (where X is the height of the Classifier Tree)
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2.

b=1,....ter — 1 where t ., > 2

Outer Induction Step: We prove P(a,te,) in the inner induction below.

Inner Induction Base Case (£ = 1):

1.

Since ¢ = 1, node u is the root node. The input bag to the root node is ssg

which is calculated at line SREAD2 from the values of the shared memory S.

. Since opprey is partially ordered before ope.. (from the observations above),

both operations are executed by the same process and no items are removed

from the active list in the code, addry of opyre, is a subset of addry of opeyrr.

Since opyye, is partially ordered before op.,,, and seq values never decreases in
the code, each seq value at address p, (€ addry in ssy during opp.,) is less than

or equal to the seq value at address p, (€ addry in sso during opeyr)-
Combining the previous two steps, ssg of 0pey,» dominates ssy of opyres-

55¢ is the input to the root node. Since opey,» and opy., are both executed by
Di, 55o is written down at address p; in the Container Cp,., and Cyr at root

node during oppye, and ope,» respectively.

Since ssg of 0peyrr dominates ssy of op,rey, the bag at address p; in Cy,, domi-

nates the bag at the same address in Cp,.,.

Now, we consider all other bags in the Container, i.e., consider any arbitrary
address p, in Cey.. We need to show the bag at address p, in Cy,,.. domi-
nates the bag at same address in Cj,.,. Let these two bags be BA,, ¢.... and

BA,, c,... respectively.

If BA,, c..,, and BA,, ¢, ., are equal or if BA, (... is the first bag that is
written at address p, then, based on the edge cases below, BA,, ... dominates
BA

Px 7Cp7'ev .

Edge cases:
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(a) If during opeu, no bag is written at p,, then because of the partial ordering
there exists no bag at p, during op,re,. Therefore, the domination property

holds since both seq values are 0.

(b) If during opey, there exists a bag written at p, and there exists no bag at
Py during oppre, then, the domination property holds since the seq value is

0 during opyre, and the seq value is > 0 during opeyr,

9. The interesting case is when BA,, exists and is not equal to BA,_ c.....-

Cprev

10. The bag at address p, in the root node is calculated in line SREAD2 from
Shared Memory S by the same process p,. Also since, we are considering the
bags at address p,, because of SWMR, it must be case that these bags were
written in the respective Containers during two different operations by the same

process p,. Let the two operations be op,; and op,s during which BA,

and BA,, ¢

Cprev

were written in the Container respectively.

curr

11. Because of SWMR, we know the two operations executed by the same process

follow partial ordering. Therefore, op,; and op,o follow partial ordering.
12. From the previous steps, we know the following:

(a) The bag written in the Container during op,; was present during opprey.

Therefore, the start of op,; must be before the end of the oppyc,.

(b) The bag written in the Container during op,» was present during opeyr-

Therefore, the start of op,» must be before the end of the op.yy,.
(¢c) ops1 and op,s follow partial ordering

(d) Since opprey is partially ordered before opey,r, it must be case that op, is

partially ordered before op,o. The following is a quick proof for this claim:

We use proof by contradiction. Assume, op,s is partially ordered before
opz1- That means, the end of op, is before the start of op,;. We also know
that the start of op,; is before the end of the op,e,. Therefore, the end of

opz2 is before the end of the opy,e,. However, the start of op,s is before the
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end of the opcy,r. Therefore, the start of ope,,, must be before opy,., which

contradicts the condition where op,,e, is partially ordered before opey.

13. In other words, BA,, ¢

prev

and BA,, ¢

curr

are obtained from two separate reads

from the shared memory S by the same process p, where the bag BA,, was

Chrev
read during an operation which is partially ordered before the operation where
the bag BA,, ¢..,. was read. Since in the code, no items are removed from the
active list and the seq value never decrease in the shared memory S, the seq
values in each block of the bag BA,, c.... Will be at least as big seq values in
each block of the bag BA,_ ¢,.., and addrp Aps Cores C addrp Apy Conrn® Therefore,
from the definition of domination the bag BA,, c.,,, Will dominate BA,, c,...-

(Base case proved)

Inner Induction Hypothesis: Assume P(a,b) is true where the values of a and b

are as follows:
l.a=1...0—1where2 < (<~
2. b=teun
Inner Induction Step (we prove P({, tey) is true):

1. Since the Classifier graph is a binary tree, there is only parent of the node u. It

also follows that the node u is either a left child or a right child of the parent.

2. If it is a left child of the parent then all the inputs in this node are the same
as the inputs to the parent node for any operation. Therefore, at the current
node, the state of the Container is same as the parent node. By the Inner
Induction Hypothesis, we know at level £ — 1, each bag at address p, in Cpye, is
dominated by the bag at the same address p, in Cpy,, at level £. Since oppye, is
partially ordered before op.,,, the states of the Container C,,.,. is the same or
more updated than state of the Container Cy,., at level £. Therefore, each bag

at address p, in Cy,., is dominated by the bag at the same address p, in Ceyyr
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at level ¢. This proves the induction when the current node is the left child of
the parent node. In the following steps, we consider the current node to be the

right child of the parent node.

3. Let the parent node of the node u located at level /—1 be par. For all operations
that reach node u, the input to the Classifier algorithm at node u is the merge of
the Container at node par. Therefore, ssy_10p,,., and $s,_1 p,,,, are the merge

of Cprey and Coy, respectively at level £ — 1.

4. At the node par, LCA(0pprey; OPeurr) is the node par itself and these operations
follow partial ordering. Applying these conditions to the Lemma 9.16 we get:
updatedActiveList,,, ., C updatedActiveList,yy,,,, .

5. Therefore, each process that wrote a bag at address p; € updatedActiveList,,,.,
in Cprey, also wrote a bag at address p; in Ce,,» at node par. Applying this fact
and the fact that the inner induction hypothesis states that the bags in C,,,,
dominates the bags in Cp,., at the same address to Proposition 3.2, we know

that merge(Ceyyr) dominates merge(Chpyey)-

6. The merge(Ceyrr) and merge(Cpe,) from level £—1 are the input bags $s/—1.oppu..
and $8¢_1,op,,., respectively at level £. Since ssy_1 op,,,, dominates ssy_1 op,,., and
these bags are written down at address p;, we now have proved that the bag at
address p; in Cpe, is dominated by the bag at the same address p; in Cpyppr at
level ¢ at t.,,.. In the following steps, we will consider the rest of the addresses

other than p; in the same level ¢ (unless otherwise specified).

7. Consider any arbitrary bag at address p, # p; in Ceyppr at teyrr. Since this bag
exists in Cy,,.., it must have been written by p, during some operation because
of SWMR property. Let the bag at p, in C.,. be written during an operation

OPp,,curr at time ¢ 2, CUTT *

8. Note that since the bag at address p, exists in Ceyp, during opeyrr, tp, curr <

tcurr N
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10.

11.

12.

13.

14.

. Consider the same bag at address p, in Cprep at tprep. Since this bag exists in

Cprev, it must have been written by p, during some operation because of SWMR
property. Let the bag at p, in Cpe, be written during an operation opy, pre, at

time t,, preo-

Note that since the bag at address p, exists in Cpre, during opprev, tp, prev <

tprev-
From the previous 4 steps, we know the following:

(a) For an arbitrary process p,, there are two states of the Containers Ciy;.,

and Cpe, at two different times ¢, .y and ¢, ,re, Tespectively
(b) tpz,prev < tp'l"@U

<C> tpz,curr < tC’U,TT

Applying the conditions from the previous step in the Outer Induction Hypoth-
esis, we know the bag at p, in C.,,.. dominates the bag at the same address in

Cprev at Zf;lagc,curr-
However, at ,, cur the bag at p, in Cy,, is the same bag at p, in Ceypp at teyry.

Therefore, each bag at address p, in C),., is dominated by the bag at the same

address p, in C.,,., at level £ at ...

]

In the next lemma, we prove that at any node in the Classifier Tree, when the

input bag is written down in the Container of that node, the new bag dominates the

existing bag in the Container at that address.

Lemma 9.20. Consider an arbitrary process p;, and let opey be the current operation

executed by p;. During the execution of opeyrr, for any level £ > 1, at line 2 of the

Classifier algorithm, the bag ss,_1 is written down at address p; in the Container C.

Before ssy_; is written down, let the bag at address p; in the Container C be BA, e c-

We prove that ss;_1 dominates BAy.e, .
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Proof. If this is the first time ssy,_; is being written down at address p; at line 2 of

the Classifier algorithm then B A, ¢ is dominated by ss,_;. This is because:

1. Since it is the first time ss,_; is being written down at address p;, BA, eyc is
the bag that was initialized by the system which means the seq values are all

Z€ero.

2. The seq values in ss,_; cannot be less than zero since all blocks are initialized

with the seq value as zero and the seq value never decreases in the code.

3. Since BApyey ¢ is the bag that was initialized by the system, it is procList,
which is a subset of the addresses in ss;_; (Table 3.3).

We consider the case where there already exists a bag before ss,_; is written down
at line 2. From Lemma 9.19, we know that the bag at address p; in C,., is dominated
by the bag at the same address p; in C,,,, at level £. Therefore, it also stands that

during opeyrr, s5¢—1 dominates BA,,¢, ¢ at any level /. O

In the next lemma, we prove that at any node in the Classifier Tree, for any set
of Classifier calls at the node, the merge of all bags passed as input into the Classifier

calls dominates any of the output bags.

Lemma 9.21. For arbitrary a > 1, let u be a node in the Classifier Tree located at
level a. Let OP be a set of operations that execute the Classifier algorithm in node wu.
Let Cipp, be a Container consisting of all the input bags ss,—1 that were passed into
Classifier at node w during the operations in OP. Let ADDR,,, be the union of all
the input addr,_y lists that were passed into Classifier at node u during the operations
in OP.
We prove that merge(ADDR;y,,, Cinp) dominates ss,, where ss, is the output of

Classifier at node u during any one operation op; € OP.
Proof. Case 1: ss, is returned from line 11 (loser case) during op;:
1. Since line 11 is reached, addr,_1 = addr, and ss,_1 = ss,.

2. From the lemma definition, addr,—y € ADDR,,,. Therefore, addr, C ADDR;,,,.
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Since ss,_1 = 55, and BA,, ¢, dominates ss,_; (By Lemma 9.20), BA,, ¢,

inp

dominates ss,

From the definition of merge, for each address j that are in both ADDR,,,, and

addrm BLj,merge(ADDRmp,Cmp)-Seq 2 BLj,ssa-Seq'

From the definition of domination (using facts from the previous two steps)

merge(ADD Ry, Cipnp) dominates ss,.

Case 2: ss, is returned from line 9 (winner case) during op;:

1.

Let the Container be Cj,, during op; at line 9. This means ss,; is written in
!

np*

This also means, any bag BA, at address p, that is written down to C;

inp

is also written to Cj,, and from Lemma 9.20, BA,, ¢, dominates BA,_

n inp

From Proposition 3.2 we know, merge(ADDR;,, Ciy,,) dominates

merge(addr,—1,C,. ).

inp

Since line 9 is reached, merge(addr,—1,C},,) = ssq.. Therefore,

merge(ADD R;y,,, Cipnp) dominates ss,.

]

In the next lemma, we prove that at any node in the Classifier Tree, the seqSum

of the merge of all input bags is greater than or equal to the seqSum of the merge of

all output bags that are returned from the winner case (i.e., returned at line 9).

Lemma 9.22. For arbitrary a > 1, let u be any node located at level a in the Clas-

sifier Tree. Let OP, be the set of operations where line 9 was reached during the

execution of the Classifier algorithm at node u. Let OF;,, be the set of all operations

where the Classifier algorithm was executed at node u. Recall that, at any node u in

the Classifier Tree, addr,_1 and ss,_1 are the input addresses and input bags of the

Classifier algorithm and addr, and ss, are the output addresses and output bags of

the Classifier algorithm.
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Let ADDR;,, be the union of all addr,—, during the operations OF;,,. Let Ciy,
be a Container consisting of all the input bags ss,_1 that were passed into Classifier
at node u during the operations in O Py,,.

Let ADDR,, be the union of all addr, during the operations OP,,. Let Cy, be a
Container consisting of all the output bags ss,, that are returned by the operations in
OP,,.

We prove that seqSum of merge(ADD Ry, Cinp) is greater than or equal to the
seqSum of merge(ADDR,,,Cy,).

Proof. Let mergedBA;,, = merge(ADDR;y,, Cinp) and mergedBA,, =
merge(ADDR,,, Cy,). We first prove that merge(ADDR;,,, Ci,,) dominates
merge(ADDR,,, C.,).

To prove mergedBA,,, dominates mergedBA,,, we will be proving the following

dominating conditions:

1. ADDR,, € ADDR;,,

2. For any address p;, (where p; € (ADDR,, N ADDR;,,,),

Bij ymergedBA;pn, -5€q Z Bij ;mergedBA, -S€qQ

We prove these in the following steps:

1. From Lemma 9.21, we know merge(ADD Ry, Cyyp,) dominates any single Clas-
sifier output bag ss,, in Cy,. From the definition of domination, it follows that
addr, € ADDR,,, for any single Classifier output addr, during any opera-
tion from OP,. This implies that the union of all addr, outputs by Classifier
during the operations in OP,, is a subset of ADDR,;,,,. However, the union is
exactly ADDR,,. Therefore, ADDR,, C ADDR;,, (and this proves the first

dominating condition).

2. Since each ss,, € Cy, is dominated by merge(ADD R, Cipnp), and we already
showed that ADDR,, C ADDR,,,, it follows that merge(ADDR,,, C,,) is dom-
inated by merge(ADDR;,,, Ciyp). (This proves the second domination condi-

tion)
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Since merge(ADDR;,,, Ciy,p) dominates merge(ADDR,,, C,,), it follows from
Proposition 3.1 that the seqSum of merge(ADDR;,,, Ciyp) is greater than or equal
to the seqSum of merge(ADDR,,, C.,). O

The next lemma is a rewrite of Lemma 3.1 in Attiya and Rachman [16]. There
are five facts proven in this lemma. In the first two facts, we show that the Classifier
Tree follows a binary search tree structure in the subtree rooted at the current node
where everything that is going right is in between the label of the node and H and
everything that is going left is in between L and the label of the node. Then, the next
two facts show that the seqSum of the merge of all the winner operations is bounded
above by H, and, the seqSum of the merge of all the loser operations is bounded above
by the label of the current node. Finally, the fifth fact shows that the merge of all

the loser operations is dominated by any winner operation at the current node.

Lemma 9.23. For an arbitrary ¢ > 1, let v be any node at level £ in the Classifier
Tree.

Let OP;,pu be the set of all operations that execute Classifier at the Classifier Tree
node v. Let Cippr be a Container consisting of the input bags that are passed to the
Classifier algorithm during each operation in OP;, . Let ADD Ry, be the union
of all the address lists that are passed to the Classifier algorithm during each operation
in OPipput.-

Let s5i_1,6p, and addr,_y p, be the input bag and input address list respectively to
the Classifier algorithm at node v during op; € O Pipput.

Let OPinner be the set of all operations that execute Classifier at the Classifier
Tree node v such that line 9 (winner case) is reached.

Let ADDR inner be the union of all the address lists that are returned during each
operation 1 OPyinner-

Let OPyger be the set of all operations that execute Classifier at the Classifier Tree
node v such that line 11 (lower case) is reached.

Let ADD Ryyser be the union of all the address lists that are returned during each

operation in OP .
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Suppose there are non-negative integers L, H, such that the following conditions

are met:
1. L < getSeqSum(sSp—1,op;, addro_1 op;) < H where op; € OPyput
2. getSeqSum(merge(ADDR;nput, Cinput), ADDRipput) < H.

We prove the following:

~

. Label(v) < getSeqSum(ssyep,, addreepy,) < H for each op; € OPyinner

IS

. L < getSeqSum(ssop,, addry ) < Label(v) for each op; € OPgser

3. Let Cyinner be a Container consisting of the bags that are returned from the

Classifier algorithm during each operation in OPyinner. We prove:

get‘geqsum(merge(ADDRwinner7 Cwinner)a ADDRwinner) S H

4. Let Ciyser be a Container consisting of the bags that are returned from the Clas-
sifier algorithm during each operation in OPy,.. We prove:

getSeqSum(merge(ADD Rypser, Croser)y ADD Rypser) < Label(v)

5. Let Cyser be a Container consisting of the bags that are returned from the Clas-
sifier algorithm during each operation in OP... We prove:

$S0.0p; dominates merge(ADD Rypser, Cioser) for each op; € OPyinner
Proof. We prove the 5 parts of the lemma statement in the following steps:

1. Proof for Part 1: In the Classifier algorithm K = Label(v). Since here op; €
OPinner, line 9 is reached. In order to reach line 9, the condition at line 6 must
be true. The condition at line 6 states Label(v) < getSeqSum(sseop,, addryep,)-
Therefore, the left side of the inequality is proved.

Since here op; € OPyinner, S5¢,0p, is the merge of a Container that is a subset of
Cinput, and, addryqp, is a subset of ADDR;;, ;. Since we know that:
getSeqSum(merge(ADD R;yput, Cinput)s ADDRjppt) < H,

then due to the subset relationships stated in the previous sentence, it follows

that getSeqSum(ssgop,, addryqp,) < H.
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2. Proof for Part 2: In the Classifier algorithm K = Label(v). Since here op; €
OP,ser, line 11 is reached. In order to reach line 11, the condition at line 6 must
be false. The condition at line 6 states Label(v) < getSeqSum(ssep,, addryep,)-
The negation of this condition is Label(v) > getSeqSum(ss op,, addrg ). Since
here op; € O Pyser, the input and output of the Classifier algorithm are the same.
Therefore, the right side of the inequality is proved.

We know from the lemma statement:

L < getSeqSum(sSp—1,op;, addro_1,op, ).

We also know that since here op; € O Py, the input and output of the Classifier
algorithm are the same. Therefore,

L < getSeqSum(ssyop,;, addr op, ).

3. Proof for Part 3: From Lemma 9.22 we know, seqSum of
merge(ADD Riyput, Cinput) 1 greater than or equal to the segSum of
merge(ADD R yinners Cwinner). However, from the lemma statement we know H
is greater than or equal to seqSum of merge(ADD R;nput, Cinput). Therefore, H
is greater than or equal to seqgSum of merge(AD DR inner, Cuwinner)-

4. Proof for Part 4: The proof for this shown in Attiya and Rachman [16] in
Lemma 3.1 (b4).

5. Proof for Part 5: The proof for this shown in Attiya and Rachman [16] in
Lemma 3.1 (b5).

]

The next lemma is a rewrite of Lemma 3.2 in Attiya and Rachman [16]. Consider
any node v in the Classifier Tree. For any operation op that reached the loser case of
node v (i.e., returned at line 11 when Classifier was executed at v), consider the bag
returned by the final call to Classifier during op (i.e., the bag returned when Classifier
is eventually called at some leaf in the Classifier Tree). In this lemma, we prove that,
this final result bag will be dominated by the merge of all the bags that are returned

from the loser case of node v.
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Lemma 9.24. Let op; be an operation that returns the bag ssyinq from the Classifier
call (at line POSTC) at the level log(m) + 1. Let v be a node at any level £ in the
Classifier Tree where ssy (the result of the Classifier algorithm at level £) was returned
from line 11 (loser case) of the Classifier algorithm during op;.

Let OP be the set of all operations that satisfy the following conditions:

1. Reached node v in the Classifier Tree during its execution

2. During the execution of the Classifier algorithm at node v, line 11 was reached

(loser case)

Let C" be a Container consisting of the bags ss, returned by each operation in OP
after executing the Classifier algorithm at node v. Let ADDR be the union of the
addr, lists returned by each operation in OP after executing the Classifier algorithm
at node v.

We prove that sSfina s dominated by merge(ADDR, C").

Proof. We prove this by induction on the path length from node v to the leaf node
from where ssyjnq was returned. Let P(k) = “merge(ADDR,C’) dominates ss,
where ss, is the output of the Classifier algorithm at level a during op; at node u
which is located at distance k in the path from node v to the leaf node from where

S8 final 1S Teturned.”

Base Case (k = 0):
1. Here, node a = node v.

2. Since current node is the node v, ss, is one of the bags in the Container C’ and

addr, is a subset of ADDR.

3. From the definition of merge, for each address j that are in both ADDR and
addra, BLj,merge(ADDR,C’)-Seq > BLj,ssa'Seq'

4. From the definition of domination (using facts from the previous two steps)

merge(ADDR,C") dominates ss,. (Base case proved)
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Induction Hypothesis: Assume P(0) A ... A P(k — 1) is true for some k > 1.

Induction Step:

1. Let Cjy,)p be a Container consisting of the input bags ss,_; during each operation
in OP while executing the Classifier algorithm at node u. Let ADDR,,,, be the
union of the input addr,_; lists during each operation in OP while executing

the Classifier algorithm at node u.
2. We know merge(ADDR;y,,, Ciy,) dominates ss,. (From Lemma 9.21)

3. Since the Classifier Tree is a tree structure, node u can have only one parent
node. Let the parent node be par. Node par is distance k - 1 away from
node v. From the Induction Hypothesis, we know the output of the node
par is dominated by merge(ADDR,C"). The inputs to the node u are the
outputs of the node par. In particular, this means that each bag in Cj,, is
dominated by merge(ADDR,C"), and ADDR;,,, C ADDR. It follows that
merge(ADDR;,,, Cin,) is dominated by merge(ADDR, C").

4. From step 2, merge(ADD Ry, Cinp) dominates ss,. Therefore, from transitiv-

ity property, merge(ADDR,C") dominates ss,.

Concluding Statement: merge(ADDR, C") dominates ss, where ss, is the output
of the node u at distance k from the node v in the path to the leaf node. Therefore,

when the leaf node is reached, merge(ADDR, C") dominates ss finq- O

The next lemma is a rewrite of Lemma 3.3 in Attiya and Rachman [16]. Consider
any node v in the Classifier Tree. For any operation op that reached the winner case
of node v (i.e., returned at line 9 when Classifier was executed at v), consider the bag
returned by the final call to Classifier during op (i.e., the bag returned when Classifier
is eventually called at some leaf in the Classifier Tree). In this lemma, we prove that
this final result bag dominates any bag that is returned from the loser case (line 11)

at node v.
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Lemma 9.25. Let op; be an operation that returns the bag ssyinq from the Classifier

call (at line POSTC) at the level log(m) + 1. Let u be a node at any level £ in the

Classifier

Tree where the result is returned from line 9 (winner case) of the Classifier

algorithm during op;.

Let OPyyser be the set of all operations where each operation satisfies the following

conditions:

1. Reached node u in the Classifier Tree during its execution

2. During the execution of the Classifier algorithm at node u, line 11 is reached

(loser case)

Let ssy be the bag that is returned from the execution of the Classifier algorithm

at node u

SSy.

Proof.

during any arbitrary operation in OPse,. We prove that ssfinq dominates

1. We argue that the output bag of every execution of the Classifier algo-

rithm dominates the input bag:

(a)

If the output is returned from the loser case at line 11 in the Classifier
algorithm, then the output bag is equal to the input bag, and so the
domination property holds and input is dominated by the output bag.
The following arguments are when the output is returned from the winner

case at line 9 in the Classifier algorithm.

The input is written down at line 2 in the Container. Therefore, the input
is considered when the mergeRecent is calculated at line 5. From the merge
definition (Section: 3.2.3), we know that each bag in the mergeRecent bag
has the maximal seq value. Since the input bag was considered during the
calculation of the mergeRecent, each seq value in the mergeRecent bag is
at least as big in the input bag. mergeRecent is the output of the Classifier

algorithm and therefore, output dominates the input bag.

Let node v be the node at level £ + 1 during op;. Therefore, the input to node

v 18

dominated by the output of the node v. We can extend this parent child
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domination relationship all the way to the leaf node and therefore, the input of

the node v is dominated by the output of the leaf node which is s5ipa

2. Let ¢’ be a Container consisting of the bags returned by each operation in
OP,ser after executing the Classifier algorithm at node v. Let ADDR be the
union of the address lists returned by each operation in OPF,., after execut-
ing the Classifier algorithm at node v. From 3.1(b5) of the paper Attiya and
Rachman [16] (Lemma 9.23 Part: 5), we know the input to node v during op;
dominates merge(ADDR, C").

3. However, from step (1), $5finqe dominates the input to node v during op;. There-

fore, ssfina dominates merge(ADDR, C").

4. From the definition of merge (Section 3.2.3), we know in the merged bag, each
block has the maximal seq value. Since ss i dominates merge(ADDR,C"),
58S final also dominates any individual bag ssy in C' (from the domination prop-
erty in Section 3.2.2).

O

In what follows, when we say that two bags are comparable, we mean that one
bag dominates the other. In the next lemma, we prove that if two operations end up
at different leaves in the Classifier Tree, then the result returned from the final calls

to the Classifier algorithm are comparable.

Lemma 9.26. Let op; and op; be two operations that terminate at Classifier Tree
leaf nodes CLL; and C'LL; respectively where CLL; | = CLL;. Let 55finqiop, and
SSfinal,op; be the bags returned from the final call to the Classifier algorithm during op;

and op; respectively. We prove that $syfinai,op; and S8 finai,ep; are comparable.
Proof. The proof for this shown in Attiya and Rachman [16] in Lemma 3.4. ]

The next lemma is a rewrite of Lemma 3.5 in Attiya and Rachman [16], and
provides a relationship between the label of a node v in the Classifier Tree and the

seqSum values of bags passed in as input when Classifier is executed at node v.
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Lemma 9.27. For an arbitrary ¢ € {1,...,log(m)}, let v be any node in the Classifier
Tree at level L. Let O Py, be the set of all operations that execute Classifier at the
Classifier Tree node v.  Let ADDR;y,,,: be the union of all the address lists that
are passed to the Classifier algorithm during each operation in OP,py:. Let Ciypyr be
a Container consisting of the input bags that are passed to the Classifier algorithm

during each operation in OPFj,.:. We prove the following:

1. For every op; € OP,ypu, Label(v) - (m/2") < seqSum(sse_1, addr,_) < Label(v)

+ (m/2")
2. seqSum(merge(ADD Rinput, Cinput); ADD Rippur) < Label(v) + (m/2°)
Proof. The proof for this shown in Attiya and Rachman [16] in Lemma 3.5. O

The next lemma is a rewrite of Lemma 3.6 in Attiya and Rachman [16]. It shows
that if two operations end up at the same leaf in the Classifier Tree then the bags
returned by their final calls to Classifier are the same. In particular, if the two

operations are snap operations, then the output of the two snap operations are equal.

Lemma 9.28. Let op; and op; be two operations that terminate at Classifier leaf nodes
CLL; and CLL; respectively where CLL; == CLL;. Let $Sfinal,op, AN SS finat,op;
be the bags returned from the final call to Classifier algorithm during op; and op,

respectively. We prove that S finat,op; and S finatep;, are equal.

Proof. The proof for this shown in Attiya and Rachman [16] in Lemma 3.6.

10 Conclusion and Future Work

The dynamic atomic snapshot algorithm is an extension of a popular algorithm
in distributed computing. The static atomic snapshot algorithm is primarily used
as a building block in other shared memory algorithms for simple (often theoretical)

systems. However, with the dynamic variant, it has become an interesting problem
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not only from theoretical point of view but also for any large scale applications in
real-world scenarios. We hope that with the implementation of the optimized dy-
namic snapshot algorithm, we will be able to unlock new possibilities in this area of

distributed computing.

10.1 Future Work

In our current implementation, there is a weakness in the remove operation and
that is if p, adds p, and p, adds p., if py is later removed by p,, then p. can never
be removed. One of the ways to solve this is to recursively delete all descendants of
py When it is removed. Or, another solution can be to restore the right to remove
to the immediate active ancestor. In both cases, the main challenge would be to
carefully handle situations where a process is removed while it is in the middle of
adding another process.

Our current implementation is restricted to an m-shot object, and we would like to
extend this to an oo-shot object (i.e., no fixed bound on the number of operations that
will be performed). It would be interesting to leverage the O(nlogn) idea described
in Attiya and Rachman [16] and implement an oco-shot dynamic atomic snapshot
object. The challenge here would be to integrate the add and remove operations with
their oo-shot algorithm.

In our current implementation, when a process is removed from the system, the
memory used by the process is not freed. The primary reason why we retain the in-
formation about the removed processes so that we can keep track of their seq values.
The seq values of the processes are later used in calculating the seqSum which plays a
key role in the Classifier algorithm. For example, if we forget about the removed pro-
cesses and then new processes are added with an initialized seq value of 0, the seqSum
calculated in later operations can suddenly become very small, and our linearization
mapping (which essentially sorts by seqSum) would be “fooled” into thinking that
these later operations happen very early in the execution. It would be interesting
to implement a more memory efficient version of the atomic snapshot object where

when a process is removed, the memory related to that process is freed up and can
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later be assigned to other new processes. A similar idea for this implementation has
been explored in Spiegelman and Keidar [49].

Our work follows the standard model in the literature, i.e., Afek, Attiya, Dolev,
Gafni, Merritt, and Shavit [3] assumes that an unbounded amount of information
can be read/written from a register in O(1) time. This also applies in our algorithm
where we can read and write a single Container from the shared memory in O(1)
time. Future work can consider the possibility of replacing such an assumption with
a more realistic one, and this direction has been explored in Zhu and Ellen [50].

Recently there has been a growing interest in using anonymous shared memory
in distributed computing. The anonymous atomic snapshot was first introduced in
Guerraoui and Ruppert [23]. The goal of their work was to implement the process
anonymous version of the atomic snapshot algorithm. Multi-reader multi-writer reg-
isters were used for the implementation of this atomic snapshot algorithm otherwise
the anonymous property of the register would not hold. In contrast, our implementa-
tion uses process identities to distinguish the registers. So, it would be interesting to
explore this variant of atomic snapshot, especially with regards to data security and

privacy, and implement a dynamic anonymous atomic snapshot object.
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