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ABSTRACT

Introduction: Intensive longitudinal data (ILD) involves collecting repeated measurements in a
frequent, natural, and minimally invasive manner. Analyzing ILD requires advanced statistical models
capable of handling both discrete-time (DT) and continuous-time (CT) frameworks. The Multilevel
Threshold Autoregressive (ML-TAR) model reveals regime-switching behaviors, which are sudden
transitions between distinct psychological, physiological, or behavioral states over time. This provides
valuable insights into the dynamic nature of ILD. Meanwhile the Continuous-Time Multivariate
Mixed Effects Hidden Markov Model (CT-mMixHMM) effectively addresses complex hidden states
in a continuous-time setting, further enriching our understanding of temporal dynamics. Inference in
these models is difficult because traditional frequentist methods, such as Maximum Likelihood
estimation, require integrating likelihood function over random effects, which is often not feasible.
Bayesian estimation methods are particularly suited for these analyses due to their flexibility with
complex model structures and their ability to incorporate prior information, making them ideal for
handling ILD challenges. However, traditional Bayesian methods, such as Markov Chain Monte Carlo
(MCMC), tend to be computationally intensive for both ML-TAR and CT-mMixHMM, presenting
significant computational challenges. This research aims to develop and evaluate computationally
efficient approximate Bayesian estimation algorithms tailored for DT and CT models in ILD. The
objectives are to: (1) construct a Mean-Field Variational Bayes (MFVB) algorithm for estimating
parameters in the ML-TAR model to improve its effectiveness in capturing regime-switching
dynamics, and (2) develop a Sequential Variational Bayes (SVB) algorithm for the newly introduced

CT-mMixHMM, enabling analysis of irregularly spaced observations.

Methods: We used optimization-based techniques to approximate posterior distributions. For

Objective 1, the MFVB algorithm is developed to estimate regime-switching dynamics in ML-TAR



models using synthetic datasets and is applied to real-world affect regulation data (emotional
management under stress). For Objective 2, the SVB algorithm is tailored for CT-mMixHMM and
applied to hypertension data from the Manitoba Follow-Up Study (MFUS). The performance of both
algorithms are assessed for prediction accuracy (e.g., ability to predict future state switches, hidden
state classification, and mean absolute percentage error), Bayesian posterior accuracy (bias,
confidence intervals, expected lower bound convergence), scalability, and computational efficiency
through simulation studies. The results from both simulation studies and real-world data application
were compared against MCMC methods to assess robustness and validity.

Results: The first study demonstrated that in case of simulation results our MFVB algorithm for ML-
TAR (2,1,1) model is significantly faster than the standard Markov Chain Monte Carlo (MCMC)
approach. Additionally, the simulation results revealed that increasing the number of individuals or
the number of time points improves the accuracy of parameter estimates using the MFVB method,
suggesting that sufficient data are critical for accurate parameter estimation, especially for complex
models like multilevel threshold autoregressive models. When the algorithm was applied to real-world
data, it significantly outperformed MCMC in speed and accuracy. The findings of the second study
indicated that the SVB method for CT-mMixHMM demonstrated superior performance over MCMC
in correctly identifying full and partial absorbing states and in estimating transition probabilities, with
computational efficiency and stable convergence in both simulated and real data. Across simulations,
SVB reliably recovered the true six-state solution across different initializations and sample sizes, with
improved parameter accuracy and lower Deviance Information Criterion (DIC) values as sample size
increased. In the MFUS hypertension data, age effects feature a stepwise progression through
hypertension stages with increasing treatment and mortality risk, emphasizing the importance of early
intervention. Individual disease progression profiles varied, with rapid progression linked to higher

mortality and effective medication use associated with survival.
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Significance: This research develops fast approximate Bayesian estimation algorithms for ML-TAR
and CT-mMixHMM models. These algorithms efficiently handle complex and large datasets, thereby
facilitating the accurate analysis of intensive longitudinal data. By solving computational issues in
such models, the study has provided valuable tools for interdisciplinary applications, such as in
psychology and healthcare. These advancements support data-driven decision-making, personalized
and adaptive interventions, real-time monitoring of dynamic processes, and improved understanding

of complex longitudinal patterns across a wide range of applications in health and social sciences.
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CHAPTER 1: INTRODUCTION
1.1 Overview

Intensive Longitudinal Data (ILD) involves collecting repeated measurements in more intensive,
frequent, natural, and less invasive manner. It occupies a unique space between panel data and time
series data. Typically, ILD may include fewer individuals (around 50) but with more time points (30 or
more) [1]. However, these figures are flexible, as one study, like [2], have used 15 to 20 occasions and
up to two hundred subjects. ILD are often encountered in a variety of disciplines, including psychology
and healthcare. The richness of ILD makes it particularly suitable for exploring nonlinear dynamics and
disease transition dynamics, critical for understanding complex biological and psychological
phenomena. Analyzing ILD requires models that can handle both discrete and continuous data while
addressing computational challenges due to the data’s high dimensionality and complexity.

The discrete-time (DT) framework treats time in discrete steps, suitable for regular time
intervals, while the continuous-time (CT) framework models time as a continuous variable,
accommodating irregular or sparse observations. For example, DT models have been applied in
psychology and behavioral studies to analyze daily mood fluctuations or emotions in individuals over
several weeks [2], and CT models have been applied in healthcare and medicine such as in modeling
the transition of blood pressure levels over time [3].

This thesis concentrated on two advanced modeling approaches for Intensive Longitudinal Data
(ILD): the multilevel threshold autoregressive model (ML-TAR) and the multivariate mixed-effects
hidden Markov models (mMixHMMs). First, the ML-TAR was explored under discrete-time (DT)
framework. The threshold autoregressive (TAR) model captured regime-switching behaviors,
representing sudden switches between distinct psychological, physiological, or behavioral states over

time [4]. The model identified threshold effects, where the relationship between variables changes



depending on the level of a threshold variable. In a TAR model, a "threshold" refers to a specific value
of a chosen variable, often a lagged value of the dependent variable, that determines which set of model
parameters applies, thus delineating different dynamic behaviors or “regimes”. For instance, a threshold
could be a particular level of stress that, when exceeded, drastically alters mood regulation [2]. The ML-
TAR model extends traditional TAR models by incorporating multiple hierarchical levels, such as
individual-level and group-level effects, to capture complex behavioral processes like affect regulation
[2]. However, determining the optimal threshold value can be computationally intensive.

The second focus was on multivariate mixed effects hidden Markov models (mMixHMMs)
under CT framework for ILD. These CT-mMixHMMs extend traditional Hidden Markov Models
(HMMs) [5] by modeling transitions in continuous time instead of DT steps, incorporating both fixed
effects and random effects to account for individual-level heterogeneity in both transition and
observation processes. These models facilitated the study of hidden states, such as unobserved health
conditions, making them ideal for tracking latent conditions like hypertension severity. The importance
of such a model lies in its ability to handle biological processes, where measurements are collected at
irregular intervals, making discrete-time HMMs impractical [4]. Estimating CT transition rates and
random effects in CT-mMixHMMs requires sophisticated numerical estimation methods.

Inference in models such as ML-TAR and CT-mMixHMM under frequentist methods (e.g.,
maximum likelihood) is challenging because the likelihood requires the integration over random effects,
which is often intractable. Moreover, these approaches provide point estimates but do not provide full
posterior distributions over the parameters. By contrast, Bayesian estimation provides full posterior
distributions by delivering a complete quantification of parameter uncertainty. Moreover, it manages
complex data structures with intricate dependencies between repeated measurements that usually occur

in ILD. Finally, Bayesian methods allow flexible priors on model parameters, reducing the reliance



solely on the observed data.

However, existing Bayesian estimation techniques, such as Markov Chain Monte Carlo
(MCMC), face computational inefficiencies for large-scale ILD data and for complex models such as
ML-TAR and CT-mMixHMM. To address these challenges, this research proposed approximate
Bayesian estimation algorithms for ML-TAR and CT-mMixHMM. The aim is to achieve computational
efficiency without sacrificing accuracy, providing a more feasible and insightful approach to modeling

ILD.

1.2 Purpose and Objectives
The purpose of this research was to develop and evaluate computationally efficient approximate

Bayesian estimation algorithms for DT and CT models of ILD. This research pursued two objectives:

(1) To develop and evaluate an algorithm for estimating parameters of ML-TAR models in
discrete-time ILD to address computational issues and compare its performance with existing

estimation methods; and

(2) To construct and evaluate an SVB algorithm for estimating parameters of CT-mMixHMM

in continuous-time ILD and compare its performance with existing estimation methods.

1.3 Organization of Thesis
This thesis has included two related manuscripts addressing the stated objectives. Chapter 2
reviewed discrete and continuous time models for intensive longitudinal data (ILD), detailing their

features and current estimation methods.

Chapter 3 contains Manuscript 1, "Efficient and accurate variational inference for multilevel
threshold autoregressive model in intensive longitudinal data." 1t assessed the performance of the mean

field variational Bayes (MFVB) algorithm for ML-TAR model parameter estimation, comparing it with



MCMC on simulated and real data. The analysis found that MFVB algorithm demonstrated improved
performance over traditional MCMC methods. The key findings revealed a substantial improvement in
the coverage rates of parameter estimates- across both simulated and real-data applications - when using
the MFVB algorithm. These gains became more pronounced as sample size and the number of
measurement occasions increased, with MFVB outperforming the MCMC method under comparable
conditions. Furthermore, the MFVB algorithm demonstrated a significant computational advantage,

operating approximately 21 times faster than MCMC when applied to large-scale datasets.

Chapter 4 contains Manuscript 2, "Approximate Bayesian Estimation Algorithm for Continuous
Time Multivariate Mixed Hidden Markov Model in Intensive Longitudinal Data". 1t has introduced and
evaluated a Sequential Variational Bayes (SVB) algorithm, specifically the recursive variational
Gaussian approximation for dependent mixtures (R-VGADM). The study assessed the performance of
the proposed R-VGADM algorithm for parameter estimation in CT-mMixHMM models, benchmarking
it against Markov Chain Monte Carlo (MCMC) methods using both simulated data and the Manitoba
Follow Up Study (MFUS) dataset. In MFUS, systolic and diastolic blood pressure measurements were
used to identify latent hypertensive states, with age included as a covariate to examine its effect on
transition rates at both the population and individual levels. Findings demonstrate that the R-VGADM
algorithm for CT-mMixHMM exhibited superior performance compared to MCMC, in identifying both
full and partial absorbing states and in modeling transition probabilities, while also demonstrating
greater computational efficiency and stable convergence in both simulated and real-world data analyses.
To better reflect real-world data scenarios, we generated simulated datasets using the CT-mMixHMM
model with six states. In simulation studies, the SVB approach consistently recovered the correct six-
state solution across varying initializations and sample sizes, yielding improved parameter accuracy and

lower Deviance Information Criterion (DIC) values as sample size increased. In the real data application,



age was associated with a stepwise progression through hypertension stages, implying increased

treatment and mortality risk and underscoring the importance of early intervention. Individual disease

progression profiles varied, with rapid progression linked to higher mortality and effective medication

use associated with survival.

Chapter 5 summarizes the key research findings, discusses strengths and limitations, and outlines

the main conclusions and directions for further research.
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CHAPTER 2: LITERATURE REVIEW OF DISCRETE AND CONTINUOUS TIME
MODELS AND THEIR ESTIMATION METHODS FOR INTENSIVE LONGITUDINAL
DATA

2. Overview

This chapter describes the background and literature review of existing work on statistical
methods and models of intensive longitudinal data under discrete and continuous time framework.

ILD are commonly encountered in psychology, epidemiology, biostatistics, public health, and
the social sciences, where researchers seek to understand dynamic processes such as symptom evolution,
behavioral change, disease progression, and treatment response at the individual level [1,2,3]. ILD poses
a challenge to the traditional assumption of independent observations, potentially leading to inaccuracies
when using conventional methods such as naive regression, fixed effects regression and regression of
summary measures. These methods either underestimate or overestimate the standard error of parameter
estimates, resulting in inflated type I or type II error rates [3], particularly when there is substantial
outcome dependency within the same individual [4]. While growth curve models and mixed effect
models are commonly preferred for analyzing longitudinal panel data in various fields, they may not be
suitable for ILD due to several reasons [5]. Firstly, growth curve models and mixed effect models may
become computationally burdensome for longer longitudinal data due to the nonlinearity and multiple
random effects. Secondly, with the intensive longitudinal design, the modeling focus has shifted from
stable processes to dynamic processes [6]. Therefore, there is a need to enhance statistical models for

ILD analysis.

Broadly, methodological approaches for ILD can be categorized into discrete-time (DT) and
continuous-time (CT) modeling frameworks. Discrete-time models assume that the underlying process

evolves in discrete steps indexed by observation occasions, whereas continuous-time models



conceptualize the data-generating mechanism as evolving continuously over time, independent of
observation schedules. Each framework offers distinct advantages and limitations, and the choice
between them has important implications for inference, interpretation, and generalizability. This section
reviews the major developments in DT and CT models for ILD, highlighting their theoretical

foundations, extensions, and applications.

2.1 Discrete time models for intensive longitudinal data

2.1.1 Conceptual Framework

Discrete-time models treat time as a sequence of ordered measurement occasions and assume
that changes in the outcome occur only between these discrete points. This framework is intuitive and
aligns naturally with many data collection designs, particularly when observations are approximately

equally spaced. As a result, DT models have historically dominated the analysis of ILD [3].

2.1.2 Autoregressive and Time-Series Models

The analysis of intensive longitudinal data (ILD) collected at discrete time framework requires
specialized statistical models that can capture the dynamic nature of the data, such as time series
analysis, multilevel modeling, and dynamic system modeling. Autoregressive (AR) models and their
multivariate extensions, such as vector autoregressive (VAR) models, are among the most widely used
DT approaches for modeling temporal dependence in ILD [3]. These models capture within-person
dynamics by relating current observations to lagged values of the same or other variables [7]. In ILD
contexts, AR and VAR models are often extended to multilevel formulations to distinguish within-
person temporal effects from between-person differences [8]. Dynamic multilevel models and dynamic
structural equation models (DSEM) integrate time-series components within hierarchical modeling
frameworks, allowing researchers to model individual-specific dynamics while borrowing strength

across subjects [52]. These models have been particularly influential in psychological and behavioral



research using EMA data [2].

Autoregressive models typically assume a fixed autoregressive parameter commonly known as
“inertia” for an individual, but this assumption is often invalid due to the model's failure to consider
evolutions between different states of a process, known as "regime-effect" [10, 11]. Non-linear
dynamics, which involve behavior changing based on context or state, are prevalent across various
research fields. For example, a study on affect regulations discovered that the autoregressive parameter,
a metric of affect regulation, could fluctuate depending on the current affect level [12]. This research
focused on DT models designed to identify dynamic and non-linear patterns within individual outcome

Processces.

2.1.3 Threshold Autoregressive Model

The TAR model introduced by [13] was a pioneering attempt to explain non-linear oscillations
(such as harmonic or other periodic variation) and jump phenomena (such as discontinuities in system
response) in time series. TAR models incorporate threshold points or turning points that act as a
switching mechanism. The developmental process comprises multiple segments, delineated by these
turning points. Each segment before or after a turning point is associated with an autoregressive (AR)
model. In the TAR model, if a previous observation of the outcome process falls within the m*"* segment,
the m*™ AR model generates the current outcome observation.

Since [13]'s seminal work in 1980, there have been significant advancements in threshold
autoregressive (TAR) models and its estimation process. [10] outlines various special cases of TAR
models, with the most used being the self-exciting TAR (SETAR) model. The SETAR model is
characterized by two key parameters: a positive integer d, referred to as the delay parameter, and a real
threshold value . Most existing approaches focus on individual time series TAR models, limiting the

generalizability of results to a broader population [16, 17]. Conversely, ILD collected from multiple



individuals can provide insights into both intra-individual dynamics and inter-individual variations. To
achieve this, it is essential to extend the TAR model to a multilevel framework, allowing TAR model
parameters to vary across individuals. For example, [14] introduced the multilevel extension of the
SETAR model to investigate affect regulation. Several authors have delved into the parameter estimation
and model specifications of TAR models [15-21]. [15] utilized arranged autoregression to generate
predictive residuals and visually identified threshold values through scatter plots. Despite several
developments in TAR models, available Bayesian estimation methods in this direction are still limited
and under development.

A key limitation of DT models is their dependence on the chosen time scale. Parameter estimates
and interpretations can change substantially with different discretization of time, complicating
comparisons across studies or individuals with different observation schedules [53]. Moreover, DT
models may yield biased estimates when observations are irregularly spaced or when the underlying
process evolves continuously [54]. These limitations have motivated increased interest in continuous-

time modeling frameworks for ILD.

2.2 Continuous time models for intensive longitudinal data

2.2.1 Conceptual Framework

Continuous-time models assume that the underlying process evolves continuously over time,
regardless of when observations are collected. Observations are viewed as snapshots of this latent
process, taken at possibly irregular time points. This perspective is particularly well suited for ILD,

where measurement occasions often vary across individuals and are not under full experimental control.

2.2.2 Stochastic Differential Equation Models
Many CT models are formulated using stochastic differential equations (SDEs), which describe

instantaneous rates of change in the latent process. Classical examples include the Ornstein—Uhlenbeck



process, which forms the basis of continuous-time autoregressive models [54,55]. These models allow
parameters to be interpreted as drift and diffusion rates, offering time-scale—invariant descriptions of
dynamics. Continuous-time structural equation models (CT-SEM) extend this framework to multivariate
latent variable systems, enabling the modeling of dynamic relationships among multiple constructs [55].
CT-SEM has been increasingly applied to ILD in psychology and social sciences due to its ability to

handle irregular sampling and disentangle temporal dynamics from measurement design [55].

2.2.3 Continuous-Time Hidden Markov Models

Many population studies now include longitudinal follow-up and mortality data, allowing
estimation of transitions from healthy to unhealthy states before death [22,31]. For example, high blood
pressure is a significant risk factor and leading cause of death from cardiovascular disease [31]. The
measurement in systolic blood pressure (SBP) greater than 140mmHg or diastolic blood pressure greater
than 90mmHg is often used as the cut point for identifying not hypertensive vs hypertensive condition
of a patient. Instead of using thresholds or cutoffs to define disease status, it may be more efficient to
model the data as generated from these hidden or latent disease condition.

This research focused on CT models designed to simultaneously reveal the dynamic association
and serial heterogeneity of an ILD process. To account for longitudinal data features, including serial
heterogeneity, parametric models known as Hidden Markov models (HMMs) [16] are well suited
alternative approaches. HMMs describe the relationship between two stochastic processes, namely, an
observed outcome process and an unobservable finite-state transition process. They assume that an
unobserved stochastic sequence governs the observations, and the assumptions of the Markov property
are imposed on the unobserved sequence. The application of HMMs is justified by their versatility and
mathematical tractability: the availability of all moments; the likelihood computation is linear in the

number of observations; the marginal distributions are easy to determine, and missing observations can
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be handled with minor effort; the conditional distributions are available, outlier identification is possible
and forecast distributions can be calculated [17]. HMMs have attracted significant attention from various
disciplines [18- 23]. However, the preceding works on HMMs have focused on longitudinal responses
that are observed at regular times. In many cases during observational and clinical trials, observation
times are irregular or continuous.

Continuous-time Hidden Markov Models (CT-HMMs), also known as continuous-time multi-
state models, generalize DT-HMMs by allowing latent state transitions and the arrival of observations
to occur at arbitrary time points [24, 25]. Transitions are governed by an intensity (or generator) matrix,
which specifies instantaneous transition rates between states [55]. CT-HMMs are widely used in medical
and public health research to model disease progression, treatment pathways, and survival outcomes
[46-51,55]. These models naturally accommodate intermittent observation times and enable meaningful
comparisons across individuals and studies with different follow-up schedules [26]. Extensions
incorporating covariates, random effects, and misclassification further enhance their applicability to

complex ILD settings [54].

CT models offer several advantages over DT models, including invariance to observation
schedules, improved interpretability of temporal parameters, and reduced discretization bias [55].
However, these benefits come at the cost of increased mathematical and computational complexity.
Likelihood evaluation often requires matrix exponentiation or numerical integration, and estimation can

be challenging for high-dimensional or nonlinear models [55].

Despite several early advancements in continuous-time HMMs, available estimation methods in
this direction are still limited and under progress. [27, 28] used a time-binning step for irregularly spaced
longitudinal data, leading to artificially equidistant data that could be modeled with discrete time HMMs.

[29] conducted estimation for stochastic volatility models using structured HMMs and showed that
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discrete HMMs can be used to approximate their continuous counterpart. Efficient learning methods
that can scale to large state spaces are still limited and under development for CT-HMMs. [30] studied
efficient learning method of a continuous time HMM for disease progression where they proposed EM-
based learning methods. Their models allowed a large number of states to be defined roughly by some
observed surrogate covariates, which may not be the case in practice. Recently, [31] proposed an
efficient maximum likelihood (ML) based learning method in their study that utilized the formula for
differentiating and integrating exponential matrices of hidden Markov process-based transition pattern
with an unknown number of states for CT-HMMs. Much of these works on continuous-time HMMs
have been devoted to frequentist approaches, with inference via the expectation-maximization (EM)
algorithm [32, 33]. All these studies considered CT-HMMs for individual outcome process and did not
explore unit-specific heterogeneity as a random variable which is a special aspect of modelling ILD.
However, [20] developed a discrete time HMM for multiple processes and considered the generalized
linear mixed effect model (GLMM) framework, making it possible to incorporate covariates associated
with each observation as fixed and random effects. Although several methods have been proposed to
model between individual variability, the estimation of individual specific random effects on both
components of the CT-HMMs via traditional maximum likelihood methods tends to be computationally

intractable, possibly limiting a more widespread utilization of these models.

2.3 Bayesian Estimation for DT model of ILD

[34] and [35] proposed Bayesian analysis of two-regime TAR models in the determination of
threshold values. [36] introduced a Bayesian estimation method for identifying threshold values for TAR
models using a posterior probability plot. [37] proposed the Gibbs sampling technique to derive the
marginal densities of threshold values by transforming the TAR model into a change point problem

through arranged regression. [38] presented a Bayesian stochastic search selection approach for multiple
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threshold issues, employing a hybrid Markov Chain Monte Carlo (MCMC) method to estimate all model
parameters. Recently [14], proposed Bayesian estimation approach under MCMC algorithm for ML-
TAR model to study the affect regulation among adults but did not thoroughly explore the computational

challenges associated with their models.

2.4 Bayesian Estimation for CT model of ILD

Few studies have explored the Bayesian approach. Recently, [39] applied a Bayesian estimation
approach with MCMC for CT-HMMs to study dementia progression, using restrictions on the parameter
space to identify the parameters in the HMM. However, they did not address the estimation process with
a large number of unknown hidden states due to high computational demands. A fully Bayesian CT-
HMMs using different missing data likelithood formulations for the underlying Markov chain by
constructing reversible jump MCMC algorithm was developed to determine the progression of COPD
patients in greater Montreal area, Canada through identifying and modeling the transition of different
states [40]. More recently, [41] developed Bayesian CT hidden Markov model with covariate selection
with measurement error via MCMC approach to identify risk factors of incentivizing abstinence from
cigarette smoking among socioeconomically disadvantaged adults. [42] extended the study of [20] in
case of DT mixed effects hidden Markov models (HMMs) under fully Bayesian framework for
analyzing multivariate longitudinal data in the context of smoking cessation trials.
2.5 Gaps in the literature

Reviews of optimization-based approximate Bayesian estimation studies on DT and CT models
that include both fixed effects and random effects, specifically focusing on the nonlinear dynamics and
state transition dynamics of ILD datasets, are scarce in the literature.

Unlike traditional Bayesian methods, optimization-based approaches such as variational Bayes

(VB) do not rely on sampling. Instead, they assume independence among latent variables and iteratively
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optimize posterior distributions. This methodology makes them more scalable than approaches like
MCMC and exact Bayesian inference, offering a computationally efficient alternative for complex
models [43]. Scalability here refers to an algorithm’s ability to maintain computational efficiency as
data size or model complexity increases. This can be measured through factors such as computational
complexity, convergence speed (e.g., seconds per iteration), memory usage, and runtime growth when
dataset size increases. Based on data processing, two types of algorithms are commonly used in
variational Bayes studies: the mean field variational Bayes (MFVB) algorithm and the sequential
variational Bayes (SVB) algorithm. Common limitations of the studies developed by these algorithms
are the use of linear functional forms and fixed effects terms in DT models for ILD data sources. For
example, a mean field variational Bayes (MFVB) algorithm was developed for DT models such as
Generalized Autoregressive (GAR) models, employing a Gaussian mixture noise framework for robust
estimation of coefficients [45]. It demonstrated that the VB algorithm prevents overfitting, provides
model order selection for both AR and noise model orders, and offers superior performance compared
to MCMC approach in capturing linear dynamics, with applications shown in EEG data [45]. To our
knowledge there are no studies in literature that take advantage of using VB approaches in DT models
such as ML-TAR model and capturing nonlinear dynamics for ILD datasets.

An approximate Bayesian approach was developed to ease the computation for CT-HMMs and
demonstrated its performance in the disease progression dynamics in real-world data application like
coronary allograft vasculopathy [46]. Moreover, studies that have developed optimization algorithms
for CT-HMMs with fixed effect terms have used batch-based data processing. For example, a batch-
based MFVB algorithm has been developed for large-scale inference of unknown hidden states, with
applications in active learning tasks that require processing all data simultaneously [44]. To the best of

our knowledge, no studies in literature have introduced CT-HMM models incorporating both fixed and
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random effects to account for unit-specific heterogeneity in the state transition dynamics of outcome
process using ILD datasets. Moreover, research has yet to address continuous-time mixed effects hidden
Markov models (MHMMs) for multivariate data within the generalized linear mixed effects model
(GLMM) framework. Furthermore, the development of a sequential Bayesian estimation algorithm-
which could enable large-scale state inference and address the computational complexities and
dependency issues associated with MHMM model parameters-has yet to be explored. To date, there
appears to be no published research addressing the sequential variational Bayesian approach for
continuous-time multivariate mixed-effects hidden Markov models (CT-mMixHMM), making this an

area yet to be explored in the literature.

2.6 Conclusions

In conclusion, chapter two of this literature review highlights the significant advancements and
ongoing challenges in modeling ILD for health research, particularly with respect to disease progression
and behavioral risk factors. The literature discusses the Multi-Level Threshold Autoregressive (ML-
TAR) model, which has been explored using Bayesian estimation methods under MCMC algorithms,
such as those proposed in [14] for studying affect regulation among adults. However, these studies have
not thoroughly examined the computational challenges inherent in such models. The ML-TAR
framework provides another avenue for modeling nonlinear dynamics and regime changes in ILD
datasets, further highlighting the importance of developing efficient computational techniques.

Moreover, the literature revealed notable gaps in the development of algorithms that address
unit-specific heterogeneity, nonlinear dynamics, and large-scale inference for ILD. While Hidden
Markov Models (HMMs) and their continuous-time extensions (CT-HMMs) have shown great promise
in handling irregularly sampled data and capturing dynamic associations in ILD, much of the current

research remains focused on discrete-time frameworks and frequentist methodologies. Bayesian
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approaches, including MCMC and optimization-based methods like variational Bayes, offer scalable
alternatives but are still underutilized in models that account for both fixed and random effects,
especially in continuous-time settings. Recent efforts have begun to explore Bayesian estimation and
approximate methods, yet comprehensive solutions for multivariate mixed effects continuous-time
HMMs remain an open area for exploration. This chapter identified these gaps and argued for developing
sequential approximate Bayesian methods for CT-mMixHMMs, which have the potential to advance
the scalability and applicability of ILD modeling in health databases and beyond.

By tackling the computational challenges associated with parameter estimation in both DT and
CT models, this research can develop a comprehensive methodological toolkit that significantly

advances the statistical analysis of ILD.
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CHAPTER 3: EFFICIENT AND ACCURATE VARAIATIONAL INFERENCE FOR
MULTILEVEL THRESHOLD AUTOREGRESSIVE MODEL IN INTENSIVE
LONGITUDINAL DATA

3.1 Overview

This chapter provides an algorithm for obtaining efficient and computationally fast
parameter estimates of the selected specialized discrete time model for ILD. In particular, we
considered multilevel threshold autoregressive model (ML-TAR) that could capture the “regime-
effect” or phase change from one process state to another and construct mean field variational
Bayes (MFVB) approximation algorithm in estimating the parameters of ML-TAR model with
substantial computational savings in comparison with standard Markov chain Monte Carlo
(MCMC) approach under Bayesian framework. This study evaluated the proposed estimation
algorithm through proper simulation conditions, and its efficacy has been shown by an application
to a dataset on Physical Activity and Affect Regulation Intensive Longitudinal Study [1].

The methodological innovation lies in the comparative evaluation of MCMC and MFVB
algorithms both for simulated and real-world data application, offering insights into performance
trade-offs across bias, coverage rates and computation time (in seconds). By demonstrating
improved accuracy of parameter estimates using MFVB algorithm relative to MCMC in case of
increased sample size and time points for simulated data, this work contributes to a growing body
of literature seeking to large scale inference in discrete time models of ILD. When the proposed
algorithm was applied to Physical Activity and Affect Regulation Intensive Longitudinal Study
[1], it significantly outperformed MCMC in speed and accuracy of estimating affect regulation
parameters. In addition, this study found individuals with higher levels of physical activity exhibit
a lower threshold for negative affect score. In summary, this study offers a notably faster and

consistent alternative algorithm to MCMC for intricate and large-scale inference in ILD models,

23



emphasizing its potential as a fast and efficient tool for data analysis.

Publication Details

A. Rahman, D. Jiang, and L.M. Lix, “Efficient and accurate variational inference for
multilevel threshold autoregressive model in intensive longitudinal data,” British Journal of

Mathematical and Statistical Psychology, 78(3):785-803, 2025; doi: 10.1111/bmsp.12381.

3.2 Abstract

Recent technological advancements have facilitated the collection of ILD, comprising
repeated measurements from the same individual. The threshold autoregressive (TAR) model is
commonly utilized to capture the dynamic outcome process in ILD, with autoregressive parameters
varying based on outcome variable levels. For ILD data from multiple individuals, multilevel TAR
models have been proposed, with a Bayesian approach recommended for parameter estimation.
However, fitting multilevel TAR models can present computational challenges. In this study, we
introduce a mean field variational Bayes (MFVB) algorithm as an alternative to traditional
Bayesian inference. By optimizing to approximate posterior densities, variational Bayes aims to
find the best approximation within a defined set of distributions rather than asymptotically
converging to the true posterior. Simulation results demonstrated that our MFVB algorithm is
significantly faster than the standard Markov Chain Monte Carlo (MCMC) approach. Additionally,
the simulation results reveal that increasing the number of individuals or the number of time points
improves the accuracy of parameter estimates using the MFVB method, suggesting that sufficient
data are critical for accurate parameter estimation, especially for complex models like multilevel
threshold autoregressive models. When the algorithm was applied to real-world data, it
significantly outperformed MCMC in speed and accuracy. In summary, the MFVB algorithm

offers a notably faster and consistent alternative to MCMC for intricate and large-scale inference
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in ILD models, underscoring its potential as a swift and efficient tool for data analysis.

3.3 Introduction

Recent advances in data collection methods like smartphone apps, wearables, and EMA
have made Intensive Longitudinal Design (ILD) more common. These tools allow frequent data
capture-often 15 to 20 or more observations per person. ILD provides an opportunity to examine
intra-individual change variability, and relationship over time [2, 3].

However, the richness and density of ILD bring unique statistical challenges. Unlike
traditional longitudinal data, ILD often violates the assumption of independent observations, a
fundamental assumption of many conventional statistical methods. Using traditional methods such
as naive regression, fixed effect regression, or the regression of summary measure, this lack of
independence can lead to significant biases in parameter estimates. These biases can either
underestimate or overestimate the standard error of parameter estimates, resulting in inflated rates
of Type I or II errors, especially where there is substantial dependency within an individual’s
repeated measurements [4, 5]. While growth curve models and mixed effect models are commonly
used for analyzing longitudinal panel data in various fields, they may not be well-suited for ILD
for several reasons [6]. Firstly, growth curve and mixed effect models can become computationally
intensive when applied to longer and more frequent longitudinal data due to the complexity
induced by nonlinearity and multiple random effects. Secondly, the shift towards intensive
longitudinal designs reflect a broader methodological shift from focusing on stable processes (e.g.,
in psychology, a stable emotional process might be one where an individual quickly returns to their
baseline mood after experiencing stress) to examining dynamic processes (e.g., human
psychological and physical development is dynamic, with ongoing changes throughout a person’s

life, influenced by biological, environmental and social factors) [7]. This shift necessitates the
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development of more advanced statistical models that can capture the unique features of ILD,
including dynamic and often non-linear patterns.

Many real-world processes exhibit non-linear dynamics where behaviors change based on
context or state, often referred to as "regime-effect" [8, 9]. For example, in affect regulation
research, the autoregressive parameter, a measure of affect regulation, has been shown to vary
based on the current level of affect [10]. To account for these intra-individual dynamic and non-
linear patterns, Tong and Lim [11] introduced the threshold autoregressive (TAR) model. This was
the first model to explain non-linear oscillations, such as harmonic or other periodic variations,
and abrupt changes or discontinuities in time series data. TAR models introduce threshold points
that act as a switching mechanism within the model. These thresholds segment the time series into
different regimes, each of which can be modeled using different autoregressive processes. This
allows the model to capture the complexity of systems where behavior can change dramatically
based on past states.

ILD, which includes data from multiple individuals, allows for the examination of both
inter-individual and intra-individual dynamics. This calls for the extension of TAR models to a
multilevel framework, accommodating individual variation in TAR parameters. An example of
such a model is the multilevel self-exciting threshold autoregressive (SETAR) model introduced
by [12], which investigated affect regulation across individuals.

Many researchers have proposed methods for parameter estimation and model
specification in TAR models. [13] introduced a Bayesian method for identifying threshold values
using a posterior probability plot. [14] presented a Bayesian stochastic search selection approach
for multiple threshold issues, employing a hybrid Markov Chain Monte Carlo (MCMC) method

to estimate all model parameters.
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The parameter estimation using a Bayesian approach with the Markov Chain Monte Carlo
(MCMC) algorithm is computationally demanding. [12] reported that for datasets of moderate to
large sizes (with 130 and 160 individuals and 120 and 56 time points, respectively), it took over
three hours for two outcome variables and an hour and a half for one outcome variable on a system
with 16 GB RAM, running on a single core with a processing speed of 3.40 GHz, using OpenBugs
with two parallel MCMC chains. Consequently, the computational complexity of incorporating
additional parameters in such models typically hinders the simultaneous modeling of multiple
outcomes in moderate to large datasets, where the number of individuals ranges from 50 to 150
and the number of repeated measurements ranges from 30 to 150.

Despite these enhancements, the computational challenges associated with multilevel TAR
models remain underexplored. To overcome the gap, our research advocates the use of the Mean
Field Variational Bayes (MFVB) algorithm as a more efficient alternative to traditional Bayesian
inference methods. Variational Bayes (VB) inference, a popular technique in machine learning
approximates posterior densities in Bayesian models through optimization rather than simulation.
Unlike standard Markov Chain Monte Carlo (MCMC) methods, which rely on iterative sampling
techniques to approximate the posterior distribution, VB methods attempt to find closest
approximation from a predefined distribution class, resulting in quicker convergence to complex
posteriors.

The subsequent sections are structured as follows: Section 3.4.1 introduces the notations
and specifications of the two-regime multilevel threshold autoregressive (ML-TAR) model.
Section 3.4.2 provides a concise overview of the Mean Field Variational Bayes (MFVB) method
and outlines the computations required to develop an algorithm for MFVB estimation of the ML-

TAR model. The performance of our MFVB algorithm is evaluated via a series of simulation
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studies against the MCMC approach in Section 3.5.1. In Section 3.5.2, we demonstrated the
effectiveness of our approach using a real-world dataset on physical activity and affect regulation,
previously examined by [1]. Finally, Section 6 includes a discussion and potential extensions of

this work.

3.4 Methods
3.4.1 Multilevel Threshold Autoregressive Model (ML-TAR)

We first introduced the threshold autoregressive model (TAR) for an individual, as
described in [12]. Their study focuses on the self-exciting TAR (2,1,1), comprising two alternating
AR processes, each with first order auto-regression at lag 1. This model was denoted as TAR
(2,1,1).

Y, = {T + ¢ Yoy — 1) + € Vi <t
L T+ ¢, Yo — 1) + €, Yioi21

where, T refers to the threshold value, ¢, and ¢, are autoregressive coefficients (or inertias)
associated with two AR processes, and Y;_; is the lagged values of the outcome process Y;.

[12] introduced the multilevel threshold autoregressive (ML-TAR) model for ILD for
multiple individuals, which is appropriate to study both inter and intra-individual variation. This
model can be expressed as follows:

T+ ¢ (Vi — 7)) + ey f Yy <7

. (1
T+ o (Yeory — 7)) + €py iV 1 =1

Level 1:  Y.; = {

Level 2: ;= Vg, + Ugp,,i

b2i = Yo, T Up,i
T, =" + u‘r,i

)

2
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Here i=1,2,:--,m denotes the individuals, t =1,2,---,n; denotes the occasions or
measurements, the fixed (or stable) effects y (Yg,,¥p,) represent the average of inertias
(qbl,i , ¢2,i), and y; represents the average of threshold (z;). The random effects (ug, i, Ug, i» Ur,i)
can be correlated. The threshold 7; for each person signifies the equilibrium point that partitions
the space of the threshold variable Y,_; ;. The residual term €;; follows an independent and
identically (iid) normal distribution with mean 0 and variance 6. Expressing the ML-TAR (2,1,1)
model in matrix notation we have y| y,u, G, Zg~N(Xy + u, G)|, as defined in equation (1), where
X is design matrices incorporating variables dependent on the threshold values (here ,Y;_; ;) and
G = X defined in section 3.4.2.

This model extends the traditional threshold autoregressive model (TAR) of order 1 [11]
to a multilevel framework, representing a piecewise AR model in the space of Y;_g;;, where the
delay parameter d = 1 determines the time lag at which threshold variable has a considerable
effect on the changes in the time series structure of Y; ;. More specifically, the delay parameter in
a threshold autoregressive model determines how far back in time the model reviews to decide
which regime (set of autoregressive parameters) to apply. This parameter is essential for capturing
delayed effects in the time series and for accurately modeling the non-linear dynamics that the
TAR model is designed to address. The delay parameter is often chosen based on domain
knowledge, empirical testing, or through model selection criteria. In some cases, it is treated as a
hyper-parameter and selected using techniques like cross-validation. Regarding inertia parameters
in a TAR model, where the behavior of the series changes depending on the regime (e.g.,
depending on whether a threshold is crossed), high inertia suggests that within each regime, the
series exhibits strong autoregressive behavior. This means that the past values heavily influence

the current state, leading to a slower adjustment to new shocks or changes. High inertia also
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suggests that the series is less likely to switch regimes frequently. For example, if the series is in
one regime, it may take a larger shock or a more extended period of change to push the series into

a different regime.
3.4.2 Proposed algorithm for ML-TAR (2,1,1) model estimation

We adopted a standard Bayesian estimation approach to infer the ML-TAR model by using
the posterior distribution of unknown parameters. The Stan software, an open-source program for
Bayesian model estimation, maintains the straightforward model specifications while enabling the
simultaneous estimation of all parameters. Bayesian estimation was chosen due to challenges with
classical approaches for the multilevel TAR model [10, 12, 15]. Previous studies have also applied
Bayesian approach using the MCMC algorithm to estimate the unknown parameters in the TAR
model to simplify statistical inference ([15, 16, 17]. It is worth noting that posterior sampling with
MCMC can be computationally intensive, highlighting the need for new techniques to enhance the

feasibility of inference in complex models.
3.4.3 Overview of optimization-based approach

In Bayesian inference, our objective was to find the posterior distribution for the model
parameters of interest, denoted as 0. However, in nonlinear or non-Gaussian models, estimating
the posterior can be challenging due to the intractable integrals involved in the posterior function
or normalization component. To address this issue, we proposed the (naive) mean field variational
Bayes (MFVB) algorithm. This algorithm allows for efficient inference in moderate to large
intensive longitudinal datasets, typically with 50 to 150 individuals and 30 to 150 repeated
measures, as well as in multilevel models like the MLTAR model. The MFVB algorithm
approximates p (6 |y) by using a simpler density function q(0), especially in situation where a full

MCMC sampling procedure would be computationally burdensome.
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3.4.4 General idea of (naive) mean field variational Bayes (MFVB)

In the mean field variational Bayes (MFVB) framework, the latent variables (i.e.,
parameters) are assumed to be mutually independent, with each being influenced by a distinct
factor in the variational density. Specifically, MFVB achieves substantial computational efficiency

by imposing a product restriction as shown in Equation (2).

M
a@® = | Ja 00 @)
k=1
where {6 , -+, 0y} represents a partition of 8, and M denotes the number of partitions in the entire

parameter space of 6. In our case, 8 contains fixed effects, random effects, the covariance matrix
of random effects, innovation variance, and threshold parameters. This restriction is known as the
mean field restriction, hence the optimal solution, g*(8) (from all possible distributions of Q ) is
known as the MFVB approximation to the actual posterior distribution p(8 |y). The main
challenge of MFVB lies in choosing an optimal g* () that closely approximates the true posterior
distribution in terms of Kullback-Leibler (KL) divergence [24]. To justify this approach, let’s first

examine the joint posterior vector given the observed data,

_ p(y,6)

p(@ |y) >0)

Here, y denote all the longitudinal observations. As explained by [24], algebraic manipulations

show that the logarithm of the marginal likelihood satisfies.

,60 6
logp() = [ q(8)log {(B22}d0 + [ q(®)log -4} 6,

=logp(y,q) + KL{q(&)||p(6]y)}.

Since, a KL divergence is always non-negative (KL = 0), we have that p(y) = p(y,q),

where p(y,q) is often more tractable and known as evidence lower bound (ELBO) and so
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minimizing the KL divergence is equivalent to maximizing p(y,q). See Figure 1 for a simple

graphical illustration. The posterior is approximated with optimal member q*(8) of a nice family
of posterior q(0) , which is called a variational posterior. Statistical inference is then based on the

variational posterior g*(0) .

q°(9)
argmingeq KL {q(0)[Ip(01y)}

L0l

Figure 3.1 An illustration of mean field variational Bayesian approach

In Figure 3.1, a NICE family of posterior distribution in the MFVB methods refers to a family of
variational distributions that are natural (in terms of natural parameters), independent (factorized
across different latent variables), and conditionally exponential-family distribution. The black dot
in Figure 3.1 represents the true posterior distribution. The red dot represents the optimal member
q*(0) of a NICE family of posterior q(6), and the arrow pointing to the red dot indicates that
MFVB aims to find the optimal q*(8) that closely approximate the true posterior p(6]y) in terms
of Kullback-Leibler (KL) divergence criteria.
Hence, we have

q"(6) = argmingey KL {q(0)||p(6|y)} = argmax,eq p(¥,9) -
Under the mean field product restriction, the optimal g density functions satisfy.

q;:(6)) < exp{E_g, [logp(y, 0]} o« exp{E_g, [logp (x| — Ok, ¥)1}, (3)

The expectation E_g, in Equation (3) is with respect to all parameters in the model except for those
in partition 6;, which are referred to as the rest. Because of the Mean-field family assumption, that

all the latent variables (parameters) are independent, the expectations on the right-hand side do not
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involve the k*"variational factor. Thus, this is a valid coordinate update, and Equation (3) underlies
the coordinate ascent Mean-field variational inference (CAVI) algorithm as defined by [25] and

illustrated in Figure 3.2.

Input: A model p(y, 0), a data set y
Output: A variational density q(8) = [1¥.1 qx (%)
Initialize: Variational factors q; (6y)
While the ELBO has not converged do

fork € {1,---,M} do

Set g (6x) o exp{E_g, [log p(Bk|rest)]}

end

Compute ELBO(q) =E [logp(y,0)] — E [log q(6)]
end

return q(6)

Figure 3.2 Algorithm I Coordinate ascent variational inference (CAVI)

CAVI algorithm proceeds by determining optimal forms for each partition of . These

expressions can be iteratively updated until there is negligible increase in log p(y, q).

3.4.5 Mean-field variational Bayes for ML-TAR (2,1,1) model

Next, we will introduce the MFVB approximation for the ML-TAR model as outlined in
Section 3.4.4. The Bayesian framework for the ML-TAR (2,1,1) by Equation (1) can be
represented in a general form as below:

yl Y: u,, G, zR’VIV(X)’ + u, G)I ul ZRNN(O' Im®ZR) (4)
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Here, y = (¥4, ", ¥m) denotes the vector of observed measurements for all individuals and y; =
()’i1, e yini) denotes the vector of observed measurements for the i*" individual (i = 1,---,m) at

t = (1,---,n;) time points. Furthermore, y represents the vector of fixed effects and u denotes the

mgq vector of individual random effects in our model. We also define covariance matrices

2
O, Op1¢ Tyt
G=02l= Xcand Ep=|04,6, 0, Opyel-

Orp,  Ocp, Of
In addition, X represent the corresponding design matrix, including variables that are dependent
on threshold variable, and I,,, denotes the identity matrix.
We seek an approximation to the full posterior as follows:
PV, W2, Ay, Ak, ae, 02|Y) = q(¥, U I, 4y, , A, A, 0F) = q(6)

Subject to the q product density restriction

Q(e) = Q(}’,U,ZR, aq, -, Ay, A, o—e?) = q(y'u' aq, -, Ay, ae) q(ero—ez):

q=3
= 4w q@E9(ac o) | [ at@
k=1

Here, in our model, the number of fixed effects p =3 (two inertias and one threshold) and u
denoting the mq vector of individual random effects. We assume that the random effects in our
model jointly follow a multivariate normal distribution with mean vector 0 and unstructured

covariance matrix Xy as defined in Section 3.4.4. The remaining terms in our model are:

Zglay, -, a; ~IW(v+q—1,2vdiag{1/ay,,1/a,} ),  ap~IG(1/2,4;?)
02~1G(1/2,az"), aec~I1G(1/2,Az*) y~N(0,021,) (5)

In Equation (5), we specify an Inverse-Wishart prior for the random effects covariance
matrix Xy , and inverse gamma priors for the residual variances o2 of the level 1 units. The

inclusion of auxiliary variables a; (l = 1,---,q) and a¢ follows the extension of [18] to have
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weakly informative priors (the Half-Cauchy distributions) on the covariance terms in X, which is
a special case of the conditionally-conjugate folded-noncentral -z family of prior distribution
proposed by [19]. With v=2, the standard deviation terms in £ have Half-z distributions, whilst
the correlation parameters follow a uniform distribution (-1,1). Each auxiliary variable is assumed
to independently follow an inverse-gamma distribution as specified in Equation (5). A normal prior
with mean 0 and variance a]f I, is placed on the fixed effects parameters y . Note that the second
restrictions are induced due to assumed independence in the model.

The optimal q — densities can be calculated using Equation (3). The updates for
q(Zr),q(ac,0?) and q(a;) involve standard calculations, resulting in inverse gamma (IG)
distribution. Similarly, g*(Zg) follows an inverse Wishart distribution, and q*(y,u) is a
multivariate normal distribution. The derivation of all these g-densities is given in the
Supplementary materials 3.9. The MFVB algorithm for the ML-TAR (2,1,1) model is presented

in Algorithm 2.

Algorithm 2 (Naive) Mean-field variational Bayes algorithm for Multilevel Threshold
Autoregressive Model (MLTAR)

0. Data Input: y;,i = 1,---,m vectors of length m.

1. Hyperparameter Input: v € R*, A.,4, € R* and ¢y, by € R*.

2. Initialize: M q(zr,~1) @ qr X qr positive definite matrix, Hq(1/02) Ha(1/ac)
and Hq(1/aq,) Haa,) Ares Cos b, € R forall,i=1,-,m;,r=1,-,R,q =
1,,q, and,t =1, ,n;

3. Cycle through updates:

for i=1,---,m do

M-step: for all g(A,) fixed, and for,r = 1,--,Rand,t =1,--,n;
i.  recompute each &, . for fixed {; via equation contains fr,tz.

ii. recompute each ¢, for fixed ¢,., via equation contains ;.
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End

E-Step: for all fixed ¢, and {;; for r = 1,---,R do

-1

_21 0
a) 2:q(y,ﬂ,ur) <_<ﬂq(1/a§)[2t 149rt Crt Crt] +[ 0 Im®ZET1]>

b) ”‘I(YT'ur) FZQ(YrJur) ('uq(l/d )[Zt 1q7't Tt yr t])
C) UAT <X Ar ( ?;1 [Qrt - % + Z(tp(fr,t)] Cr,t)

d) Eﬂr_l < Uy, +2?il 2 P(Er,t)crt Che

expnf T
€) qre <3 SR exp(nl) Nr = U, Cre — :uq(l/o' ) (yrt + Cre (Zq(y,. u) t
")Cpy — 2 TCrr)
Hq(yru)Hq(yrur) Tt Yrit Kqyray) Crt

1 -2
D) tga/a0) < a(a o) A Batae) < Ha(1/02) T 4e

%(2?:11 n;+1)

Bq(o2)

8 Hq(1/02) <

Bo(oz) < %Zfﬂ qrt {(HJ’T = Crblqy, ) Ctr [c," ¢, Eq(yr.ur)]) + ”q(l/ae)}

for q=1,---,q, do

h) M v+gq.+m—1) Bq(ZRT)‘l

q( ZRr_l) <

Ba(za) A= (Patun, oMatun0” + Zatun,0) +

2vdiag (ﬂq(l/aﬂ MQ(l/aqr))}

v+ar

o -2
l) :uq(l/aqr) < B(I( aqr) <V MQ(ZRT_l)QTQT + Aq'f

2
B
q( aQr)

Stop if F[q(I),q(®)] converged, else repeat step 3.

3.4.6 Simulation Study

3.4.6.1 Data Generation Process

The population multilevel threshold autoregressive model for data generation, specifically

ML-TAR (2,1,1), is described below.
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In this simulation study, random samples were generated from the ML-TAR model with
varying sample sizes. The number of person (m) ranged from 50 to 150 in increments of 50, and
the number of observations (or time points, 7) per person was set to 30, 50, 100 or 150, resulting
in 12 conditions. For each condition, 5000 samples were generated after discarding the initial 1000
samples as burn-in and thinning the remaining the remaining samples by a factor of 20 [20].
Convergence of the MCMC samples was assessed using trace plots and autocorrelation functions.

In the ML-TAR models, the fixed effects [yp,, ¥4, | were set to [0.3, 0.5] and [0.2, 0.8] with

standard deviations of 0.1. The threshold for those models was normally distributed with a mean
15 and a standard deviation 2. The correlation between the inertias was set to 0.5, and the level 1
innovation variance was set to 4 in the MLTAR models. We chose these parameters values based
on [12] as they reflect the unique interpretation and scale of the inertia parameters in the TAR
model. The stopping criteria for our algorithm was the relative change in the log lower bound,
falling below 10™> or a maximum of 300 iterations. We determined the maximum iteration value
by iteratively checking the convergence of the parameter distribution, starting with 100 iterations
and adjusting as needed through trial and error. While 100 simulation replications are generally

considered a modest amount for Monte Carlo studies, we defined a replication as an independently
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generated simulated dataset. To determine if our results were influenced by the number of
replications, we performed extra simulations with 200 and 300 replications. Our findings revealed
that performance patterns remained consistent regardless of the increased replication count. Thus,
we determined that raising the number of replications past 100 did not significantly impact our
outcomes and was unnecessary. Additionally, the estimation in Stan for this complex non-linear
model using both MCMC and MFVB was time-consuming for 300 or more iterations.

For the stopping criteria, in MCMC we have considered trace plot and the autocorrelation
function to check whether the chains have mixed well and reached stationarity. Since we observed
that the plots converged and exhibited no clear trends, the algorithm was allowed to stop. In
contrast, the stopping criteria in MFVB focus on the optimization process rather than on sampling
convergence like MCMC. The most common stopping criterion in MFVB is based on the Evidence
Lower Bound (ELBO), which quantifies how well the approximate distribution matches the true
posterior. The algorithm typically stops when the change in the ELBO between iterations falls
below a small tolerance level (in our case we set 107), indicating that further optimization is

unlikely to yield significant improvement.
3.4.7 Model Performance Measures

We evaluated the performance of our proposed Mean-Field Variational Bayes (MFVB)
algorithm compared to standard MCMC in terms of speed gains and accuracy. Specifically, we
examined how accurately the MFVB estimates reproduced the true parameters (the values used to
generate the data) by MFVB and compared these accuracy scores to those obtained with the
MCMC method. To assess accuracy, we considered both the bias (the difference between the
estimates and the true values) of the point estimates (i.e., the posterior means) for the average

inertias and threshold, as well as the coverage of their 95% credible intervals. This evaluation was
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based on 100 fitted models per simulation conditions. The actual coverage of their 95% credible

intervals is defined as follows:

s
1
Coverage Rate = 3 Zl(@tme € Cly)

s=1
Where S is the number of simulations and (64, € CI) is an indicator function, where I = 1 if

the true parameter 6y, 1s within the credible interval and I = 0 otherwise.

3.4.8 Real-world Data Application

We showcased the application of the MFVB algorithm to fit the MLTAR (2,1,1) model in
real-world scenarios. The data used in this demonstration is sourced from [1] and is openly
accessible on the Harvard Dataverse Network database at

http://thedata.harvard.edu/dvn/dv/healthbeahv. The study conducted by [1] explores the

correlation between physical activity and affect regulation among university students during a
demanding examination period through an intensive longitudinal study design.

The study involved first-year psychology students at the University of Basel, comprising a
younger cohort aged 19 and above. A group of 82 students were selected to complete online
questionnaires over 32 consecutive days during the examination period from May to July 2011.
The primary focus was on analyzing the daily fluctuations in negative affect. Specifically, the
study hypothesized that the regulation of negative affect on a daily basis was influenced by the
individual's current state. The estimation of the ML-TAR model was restricted to students whose
negative affect scores exhibited a standard deviation of 0.3 or higher. This criterion was applied to
exclude participants with the most stable score patterns, while avoiding subjective decisions

regarding their inclusion.
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To further refine our selection criteria, we only included students with no more than five
missing scores on the negative affect variable, ensuring a minimum of 25 scores per student. Given
that the dataset also includes measurements of physical activity, we aimed to explore the
correlation between physical activity and affect regulation. Specifically, we expected to observe a
more positive disparity in inertia between two phases (¢, — ¢p;) for highly active students
compared to less active ones. Additionally, we hypothesized that highly active students would
exhibit a lower equilibrium (threshold) of negative affect than their less active counterparts. To
evaluate these hypotheses, we incorporated physical activity as a centered level 2 predictor of both
the inertia difference and threshold. Out of the initial 82 students with adequate data, 75 individuals
(91.4%) met the criteria for sufficient variance in negative affect scores and were included in the

analysis.

Study Measures

Physical activity was evaluated using the Godin Leisure-Time Exercise Questionnaire
(GLTEQ) and served as a covariate in our model. The daily minutes of mild, moderate, and intense
exercise were converted into metabolic equivalents and combined to calculate a total daily leisure
activity score. A higher score indicates greater physical activity levels. Daily positive and negative
affect (PA and NA) were assessed using the Positive and Negative Affect Schedule (PANAS) on
a 7-point Likert Scale, ranging from 1 (very little or no negative affect) to 7 (very intense negative
affect) in 0.3 increments [21]. A 0.3 increment on a 7-point Likert scale for negative affect score
suggests a small increase in the intensity or frequency of negative emotions. This increment
provides a finer resolution for capturing changes in affective states, which can be important for
tracking subtle shifts in mood or emotional well-being. While a 0.3 change is relatively small, in

aggregate (e.g., across a population), such shifts could indicate meaningful trends or responses to
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an intervention. For an individual, it could suggest a slight worsening or improvement in mood. In

our analysis, we focused on daily NA scores as the outcome variable.

3.5 Results
3.5.1 Results of simulation study

Table 3.1 displays the average time required to fit each model across various simulation
scenarios. The MFVB routine demonstrated significantly faster performance compared to the
MCMC procedure. This speed gain is particularly evident when dealing with a large number of
individuals and time points. For instance, in the scenario involving 150 individuals with 200 time
points, the MCMC model necessitates over 50 minutes for fitting, whereas the MFVB completes
the task in under 3 minutes on a system equipped with 32 GB RAM, operating on a single core

with a processing speed of 4.70 GHz.

For small sample m and T (e.g., m=50, 7=30), MCMC is about three times slower than our
proposed approach (MFVB). However, as T increases to 150 for m=50, MFVB is nine times faster
than MCMC. For large models (e.g., m=150), the computational time for MCMC increases even
more drastically. At 7=150, MFVB is over 21 times faster than MCMC. MFVB is substantially
more efficient than MCMC, especially as the model size and time points increase. This makes
MFVB preferable for large-scale data or models with many parameters, as it offers similar

accuracy with much faster computation time.

Comparing the speeds of different approaches can be somewhat subjective. When fitting a
MLTAR (2,1,1) model, both the MCMC and MFVB approaches have different stopping criteria,
as detailed in section 3.4.6.1. We have developed RStan code for fitting MLTAR (2,1,1) using

both MCMC and MFVB with identical settings for the number of samples, burn-in, and thinning.
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Table 3.1 Average computing time in seconds for MFVB and MCMC approaches in 100
simulated data sets from MLTAR (2,1,1) model.

T=30 T=50 T=100 T=150
m=50 MCMC 455.28 2155.27 3055.27 4055.27
MFVB 152.30 565.20 555.20 455.20
Ratio 2.98 3.81 5.50 8.90
m=100 MCMC 465.28 2955.27 3385.27 9545.92
MFVB 156.30 642.20 525.20 877.50
Ratio 2.96 5.50 6.40 10.87
m=150 MCMC 865.28 6155.27 8645.92 25145.82
MFVB 156.30 755.20 764.50 1167.50
Ratio 5.50 8.10 11.30 21.53

Note: m represents number of person and 7 represents number of time points

It is worth mentioning that other package such as brms package [22] could also be used to fit
the models considered in this article. Nevertheless, our aim in comparing speeds in this article is

to show that MFVB models are substantially faster alternatives to standard MCMC algorithm.

The results from Figure 3.3 indicate that fixed effects and residual standard deviation are
estimated accurately, showing minimal discrepancy between the MCMC and MFVB posterior
estimates. However, the accuracy of the random effects covariance matrix is slightly lower, a
common characteristic of MFVB algorithms as noted in previous studies [23]. Despite this, the
accuracy remains above 60% for all covariance parameters. Notably, the accuracy of posterior
estimates appears to be generally unaffected by larger sample sizes but Is lower for small sample

size conditions such as m=50, T=30 and m=50, T=50).

42



M=50, T=30 M=50, T=50 M=50, T=100 M=50, T150
Oy —- Ot —F O —- Oy —-
Org, — Org, —& Org; —— Org, -
9 Oy —x @ gy —m @ o, - 9 gy -
8 9o —— 8 9 —— 8 9% —i- 8 O, —I-
@ ot —— o et —— @ o — o ot —
£ Opi0: 4 —= £ 900, 4 — £ 99,0, - £ %o, -
8 O - S %o — 8 Ooivq -+ 8 %o -+
& O — & Oce - &  Oc —m & O —il
QY —— QYoo — QYo —m QYoo —m
Yo, —i— Yepz o — Yo, — Yoz o —+
Yol— — Yol ————% Yo ——— & Yo e —
05 06 07 08 09 1.0 05 06 07 08 09 1.0 05 06 07 08 09 1.0 05 06 07 08 09 1.0
Accuracy Accuracy Accuracy Accuracy
M=100, T=30 M=100, T=50 M=100, T=100 M=100, T150
O — Or — O —F Or —IF
O — Oy — O, o - Oty -
9 Oon - © Opx — 0 Oo, -+ 0 Opx I+
8 oo —— g O —— 8 Yo — g O -
o o - © Ot —i— o Yo - © Cor -+
£ Opip2q — £ %002 — £ 99,0, - £ %o, —
§ o - S Ou —a- 3 Yo - g O -
& O —i & O - & O —i & O —
QYoo — QYoo - [N - QYo —
Yo, 4 - Y2 o — Yo, 4 —- Yo o —-
VO- T T T o T T vw’ T T T |_' T T VO" T T T T T T yw' T L] T T T _m-
05 06 07 08 09 1.0 05 06 07 08 09 1.0 05 06 07 08 09 1.0 05 06 07 08 09 1.0
Accuracy Accuracy Accuracy Accuracy
M=150, T=30 M=150, T=50 M=150, T=100 M=150, T150
O — Or — O —IF Ot —F
O, —— Oy — Orp; o — Oy -
0 Oou —u 9 Ogn —m 9 Oy - 9 Og -1
8 Yoo i 8 O —— 8 e — 8 O —I-
o Jor —— © ot —— @ Oor — © O =
£ 9p0,4 —— £ %0, — £ T, — £ %00, ——
§ Yo —— g O — 3 Yo - g O —I
& Jeq - NG - & O: — & O —-
QY- —— QYoo — Q V-4 — QYo -
Yo, —- Yo o —— Yo, —+ Yoz o —A
Yol —— Yoi———F—F——— Yo ——F———— Yo ——7—1——F
05 06 07 08 09 1.0 05 06 07 08 09 1.0 05 06 07 08 09 1.0 05 06 07 08 09 1.0
Accuracy Accuracy Accuracy Accuracy

Figure 3.3 Accuracy score box plots for mean field variational Bayes compared to MCMC for

100 simulated data sets of 12 simulated data generation conditions. M refers to the number of

units (or individuals) used in the simulation; 7 refers to the number of time points used in the

simulation, the parameters being estimated are likely correspond to variance and autoregressive

parameters in the context of a threshold autoregressive model and on the x-axis, the accuracy of

the parameter estimates is plotted. Higher values represent better accuracy (closer to 1.0), while

lower values (closer to 0.6) indicate less accurate parameter estimates. Each boxplot shows the

distribution of accuracy estimates for a particular parameter across multiple simulation runs.

Moreover, there are several general observations from Figure 3.3. For example, in terms

of accuracy trends across time points, as T (the number of time points) increases from left to right
in each panel the accuracy generally improves for most parameters. This is expected because more
time points provide more information for estimating the parameters, leading to better accuracy.

Additionally, in case of impact of the number of individuals (M), comparing across the panels, as
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M increases, the accuracy of the parameter estimates also generally improves. This demonstrated
that increasing the number of individuals help in obtaining more reliable estimates. Finally,
regarding parameter-specific accuracy, different parameters exhibit varying levels of accuracy
across different simulation conditions. Some parameters show unstable accuracy, such as ¢ and
o0& have higher accuracy even with lower values of M and 7, while others may require larger
sample sizes to achieve similar levels of accuracy. Overall, increasing M and T improves the
accuracy of parameter estimates for our proposed method. Furthermore, it highlights how the
accuracy of MFVB compared to MCMC improves with more data (both individuals and time
points), suggesting that sufficient data is critical for accurate parameter estimation, especially for

complex models like multilevel threshold autoregressive models.

3.5.2 Empirical results

Table 3.2 presents the model parameters results obtained from MFVB method. The
credible interval of (Vd)z — Y 1) in the ML-TAR (2,1,1) model was [0.34,0.84] with a point
estimate of 0.30. Since this interval did not include zero, we concluded that the inertia was, on
average, state dependent. The posterior mean estimates for the mean inertias (yy, = 0.38,y4, =
0.68) indicate that, on average, students had a higher inertia during periods of more intense
negative effect. The inertia estimates for the individual pupils are depicted in Figure 3.4. With a
threshold value of y, = 2.55, these results indicate that many participants in our selected sample
reported experiencing moderate negative affect on most days. When faced with more intense
negative effects, they took longer to recover. Despite not meeting all TAR model assumptions
perfectly, such as strict stationarity of the outcome process, the estimated model parameters offer
valuable insights. The relatively high mean inertia parameter for the higher state suggests less

stability, indicating that the average student struggled to maintain a lack of negative effect for
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prolonged periods, possibly due to the age factor (average age = 22.5 years in our dataset). The
effect of physical activity on the equilibrium (i.e., on the threshold 7 ) was -0.06, supporting our
hypothesis individuals with higher levels of physical activity exhibit a lower threshold for negative
affect. This coefficient suggests that for every 1-hour increase in physical activity, there is a
corresponding 0.06-point decrease in the negative affect equilibrium. Furthermore, we noted a
significant influence of physical activity on the inertia difference, as evidenced by the 95% credible
interval.

Table 3.2 provides the model parameter results derived from the standard MCMC method
for comparison. While the empirical results align with those from the MFVB approach, the MFVB
algorithm demonstrated a remarkable speed enhancement of approximately 19 times compared to
MCMC. This significant speed advantage underscores the efficiency of the MFVB algorithm as a
powerful tool for analyzing ILD, offering a compelling alternative to MCMC. Interestingly, the
point estimates of the difference between the two auto regressive parameters fall outside of their
95% credible interval, likely due to characteristics of the posterior distribution such as multi-
modality. The credible interval is computed based on where the bulk of the posterior probability

lies, not necessarily centered on the mean or mode. This explains how this situation may arise.

Figure 3.4 shows the scatter plots of the estimated inertias for phase 1 (¢;) against those

for phase 2 (¢p,). Most data points lie below the diagonal line, indicating that a significant portion

of students exhibited weak regulation during periods of heightened negative affect behavior.
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Table 3.2 MFVB vs MCMC point estimate (posterior mean) and 95% credible interval for

selected parameters of the ML-TAR (2,1,1) model along with their computational time for our

dataset.
MFVB MCMC
Mean  95% CI Time Mean 95% CI Time
(Sec) (Sec)
Yo, 0.38 [0.23, 0.68] 0.34 [0.24, 0.66]
Yo, 0.68 [0.47, 0.86] 0.65 [0.42, 0.88]
(y¢2 - y¢1) 0.30  [0.34, 0.84] 10034.62 0.25 [0.33, 0.89] 190567.80
Ve 2.55 [1.33,5.66] 2.15 [1.31,5.72]
B -0.06 [-0.085, -0.034] -0.08 [-0.096, -0.031]

This suggests that these students tended to have prolonged episodes of negative affect and

struggled to recover swiftly from intense negative emotions.

Estimated values of intertia for MFVB

Phi1.estimate
06 08

04

0.2

00

Phi2 estimate

Phi1 Estimate

Estimated values of intertia for MCMC

Phi2 Estimate

Figure 3.4 Scatter plots of the estimated inertias between two phases.

46



Conversely, the points above the line indicate that some students experienced prolonged
episodes with only minimal negative affect, and when they did experience more intense negative

affect, they recovered quickly.

3.6 Discussion

This study introduced a fast approximate Bayesian inference method for analyzing
multilevel threshold autoregressive (ML-TAR) models applied to ILD. Our research shows that
the Mean Field Variational Bayes (MFVB) approach can efficiently and accurately produce results
comparable to those obtained using the computationally demanding Markov Chain Monte Carlo
(MCMC) method. By using MFVB, we achieved a good balance of speed and accuracy in
estimates, making it a useful option for researchers working with complicated models and large
datasets. These findings for MFVB method are consistent with previous studies [23-25].

Our simulation studies showed that the Mean Field Variational Bayes (MFVB) method
offers substantial time savings compared to Markov Chain Monte Carlo (MCMC), albeit with
slightly less precise covariance estimation in some cases. However, extensive simulations in
various scenarios demonstrate that MFVB delivers accurate parameter estimates much faster, with
an average speed enhancement of 18 times for moderate-sized samples compared to MCMC. This
suggests that MFVB can be a viable alternative in situations where MCMC is computationally
impractical which supports the findings of previous study [25].

We also explored the application of the MFVB method for ML-TAR models, which are
effective for analyzing data collected repeatedly over a period. We examined how factors like the
number of repeated measurements and the number of individuals in the study can affect the
performance of the MFVB method. Understanding these factors is crucial for researchers who

want to use ML-TAR models in their research, as it helps them adjust the model settings to achieve
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the most accurate results. In almost all simulations conditions, we found that the accuracy of the
variance and covariance estimates for ML-TAR model with both approaches was less precise.
Several reasons justify our focus on less accurate estimates of these parameters: firstly, our primary
focus was to obtain a predictive accuracy for fixed and random effects estimates in ML-TAR
models rather than precise estimation of variance and covariance parameters. Since the MFVB
estimates provide good accuracy, slight inaccuracies in variance and covariance estimates might
be considered acceptable; Secondly, MFVB is known to provide relatively good point estimates
for means and regression coefficients, as confirmed by our simulation study, but it can be less
accurate for variance and covariance estimates. Moreover, computational savings might justify the
less accurate estimation of variance and covariance parameters, especially since these parameters
were not the focus of our analysis. Finally, the threshold and autoregressive parameters in the ML-
TAR model directly influence the behavior of the time series and the indication of regimes, which
might be of greater interest to researchers than the exact variance estimates [10,12].

The result of our empirical analysis, focusing on affect regulation data based on the ML-
TAR model, showed that regulatory strength varies within individuals with the intensity of their
affect, underlying the relevance of our model approach and aligning with the theoretical
expectations of existing studies [11, 12]. We highlighted the adaptability of the ML-TAR model
for addressing diverse research inquiries. While our empirical investigation was focused on the
influence of physical activity on the threshold variable, the model can be expanded to incorporate
the effects of other variables such as daily learning goal attainment, age, and sex. It is important
to note that the MFVB algorithm may yield imprecise covariance matrix estimates, a recognized
limitation. The significance of this issue depends on the researcher's specific requirements. If

posterior mean estimates suffice, MFVB can offer accurate outcomes.
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Other assumptions such as correct model order selection, no perfect multicollinearity,
consideration of the exogeneity of the threshold variable, and choice of the number of thresholds
need to be met for the ML-TAR model. However, for simplicity, this study assumes that data are
stationary, and the series is driven by a simple autoregressive process, where the most recent
observation is the primary determinant of the next observation (simple dynamics). In this study,

we subjectively chose model order 1 to ensure simple dynamics of the process.

3.6.1 Study Implications

The findings have a number of implications for further research and public health. Overall,
this study contributes to the growing body of literature on modeling ILD by highlighting MFVB
as a fast and effective alternative to MCMC for scalable Bayesian inference in correlated data.
Future research endeavors could build upon this foundation to explore the full potential of MFVB

in addressing complex modeling challenges in longitudinal data analysis.

3.6.2 Strengths and Limitations

The strengths of this study lie in the innovative application of MFVB algorithm to ILD
model under discrete data frameworks. The optimization-based approach enhances parameter
accuracy and scalability, offering improved capacity to describe the dynamic characteristics of
ILD. We evaluated MFVB and MCMC for computational efficiency using both simulated and
real-world data. The proposed algorithm was effectively assessed with real-world sources.

The study faced limitation because the delay parameter lag order was subjectively set to 1
when developing the new algorithm, prioritizing simplicity. However, the choice of values for the
delay parameter can significantly impact the efficiency and accuracy of parameter estimation

methods like Mean Field Variational Bayes (MFVB). Here's how: in case of model fit and
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complexity, an incorrect delay parameter can prevent the TAR model from capturing the true
underlying process, leading to poor model fit. This may cause the threshold to misidentify regime
changes, thereby diminishing the model’s performance. An incorrect delay can result in model
misspecification, increasing the potential for bias in parameter estimates and decreasing the
accuracy of MFVB. In our study, we used a subjective choice based on literature and for ease of
deriving the evidence lower bound (ELBO) for parameter estimation. Nonetheless, identifying the
optimal delay parameter could be a focus of future research to improve estimate accuracy.
Moreover, in case of convergence of MFVB, if the delay parameter is inaccurate, the MFVB
algorithm might struggle to efficiently explore the parameter space. The delay parameter can
influence the shape of the posterior distribution, potentially leading to a multimodal or skewed
posterior if the delay is inappropriate [27,28]. This complicates the estimation process and
interpretation. Although we did not address these issues in our current study, they represent
promising avenues for future investigation.

A higher-order lag of the delay parameter would require extensive mathematical
integration for our proposed approach. Additionally, we assume that the underlying series shows
strong first-order autocorrelation and that the regime switching is driven by the most recent
observation. The goal was to maintain model simplicity, avoid overfitting, and ensure ease of
interpretation of the TAR model parameters. Although the efficiency and accuracy of the
parameter estimation method can be substantially influenced by the choice of delay parameter lag

order, we have decided to leave this topic for future research.

3.6.3 Future Directions

In future research, we will examine how violating these assumptions affects parameter

estimates and will apply model diagnostics, robust statistical methods, and alternative models to
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address these issues. Moving forward, it would be valuable for future studies to delve into the
application of the mean field variational Bayes (MFVB) method to higher-order threshold
autoregressive (TAR) models utilizing clustered ILD. This extension could provide insights into
the performance of MFVB in capturing complex temporal dependencies and thresholds in such
models. Additionally, exploring the robustness and efficiency of MFVB in handling larger and
more intricate TAR structures within clustered data settings could offer further understanding of
its applicability in real-world scenarios.

Furthermore, as the literature on modeling ILD continues to expand, further research might
also focus on revising and extending the MFVB approach to cover a wider scope of application
and more varied structure of data. Investigating the adaptability of MFVB to different types of
longitudinal data, such as multivariate time series or longitudinal networks, could open new

avenues for utilizing this method in diverse research domains.

3.7 Conclusions

By leveraging proposed algorithms and incorporating an intensive longitudinal dataset, our
study demonstrated a promising avenue for identifying linear relationships that varies over regimes
delineated by threshold values via a fast and effective alternative to MCMC for scalable Bayesian
inference. We suggest using a computationally efficient estimation approach for the ML-TAR
model to handle regime shifts in the ILD outcome process, rather than depending only on MCMC

methods.
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3.9 Supplementary Materials

3.9.1 Derivation of MFVB approximation for ML-TAR (2,1,1) model

This supplementary document elaborates on the derivation of the mean field variational
Bayes (MFVB) approximation for the multilevel threshold autoregressive (ML-TAR) model
applied to ILD. It outlines the alternative form of the ML-TAR model, derives the optimal form
of each g-density, and presents an expression for the log-lower bound on the marginal log-
likelihood. Furthermore, additional simulation results are included for comprehensive illustration.
The two-regime multilevel threshold autoregressive model can be represented as the following

linear mixed model with the help of indicator function.
LIt Yo =1+ [0 (Yemri — 1) IWemrs < 1) + [@020 (Vemri — 70) I(Wemr 2 1) ] +
€ti
L2: Pri = Vo, + Uppis (D
G2 = Vo, T Ug,i
Tp= Vet Ugi,
Let Xpi = ((Yori =) and Xe() = (1, Xei' I(Weons < 70) Xoi' [(Werri 2 7))
Yii=viXe(z) + €
Let,y; = ( T P10 gbz'i)’ be a vector of individual coefficients comprising both fixed and random
effects, denoted as y = (y¢ Vo y,)’ , 1 1s an indicator function, and u; = (ud, Lir U, ir Ur,i )’,
respectively. Expressing the ML-TAR model in matrix notation we have y| y,u, G,Zg~N(Xy +
u, G)|. as defined in equation (1), where X is design matrices incorporating variables dependent
on the threshold values (here W;_; ; = Y;_, ;). The above model is a multilevel version of the self-

exiting threshold autoregressive (ML-SETAR) model or the non-Markov (regime) switching
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probabilistic mixture of autoregressive (AR) models. For simplicity, we will focus on two AR
models of order 1 corresponding to two regimes. Since our ML-TAR (2,1,1) model is a non-
Markov switching probabilistic mixture of AR models, we we can rewrite equation (1) in line with
a general mixture of expert (ME) autoregressive model outlined in Nisar and Mark (2011) as

follows,
R
Yei = Z 1P(1t,i =7|Weep i, A) [(Xei" 10 I(Wiery <70) + Xoi' ol (Weeri = 71))
r=

+e] - (1.1)
The hidden variable I; = {11,1': T IT,i} is the identity of identification data pairs indicating
which 7" (regime) local model generates the data pairs for the ith individual and I = {I4,-,I,,,}
is the total number of data points. Given the number of local models based on the number of
regimes, a set of parameters needs to be estimated that includes the local model parameters defined
in ©. Additionally, a model weighting function P(It,l- =1|We_y, A) = a, is introduced to signify
the importance of each local model, with a set of mixing coefficients @ = {a, :*, @}, subject to
the constraint that
R ja,=1 (1.1a).
Now let us define the unobserved r X n; binary level matrix B with elements b,.;, = 1 if
I; =7 and b, = 0 otherwise for each observed data collected from the ith individual. Direct
continuous optimization methods using non-linear least squares (NLS) (Taguchi et al., 2009) or
maximum likelihood (MLE) (Carvalho & Tanner, 2006) can be used to estimate the mixing
coefficients and model parameters with fixed delay and autoregressive model orders. However,

both NLS and MLE are sensitive to outliers, making them vulnerable to severe overfitting (Roberts

& Penny, 2002).
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In the Variational Bayes (VB) algorithm, the posterior probability distributions over
parameters are not evaluated directly. Instead, free distributions or a suitable family of
distributions, such as exponential family of density distribution, are used to approximate the
intractable true posterior distributions. In this study, the following free distributions will be
introduced for each individual:

q(D) = ]ﬂ[]_i[q(lt,i), (1.2)

i=1 t=1

a@ = [acop. (13)

Thus, the logarithm of the marginal likelihood can be expressed as
Inp(Y|¥) = L + KL(qlp),

where the lower bound is

Flq(D,q(@)] =L

_ qu(l)q(@) P& W.LOW) o (1.4)
1

q(®@)q(D)

Here, W = {r, [, } and [, is fixed output lag and r is the number of regimes such that r > 1.

A. Priors
e The prior probability of P(It,i =1r|We_1, A) is defined via the SoftMax function in Taguci

et al. (2009) as follows:

exp (AT W—1,1)
F-1€xp (AZ Wi 1,i)

P(It'l- = r|Wt_1,l-,A) = , foreachi=12,---,m
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e Observed output Y;; at time ¢ for individual i, with regime (r) specific conditional pdf
P(YeilWeri Iy = 1)~N(fr(Wi1,), G) where, fr(W,_1;) = Xy +u = €0, and G =
02l = Xc.,where,C =[1X].

e The priors for A= [A;,-, 4] is p(A]9) =15, p(A,]9,.) . Here, p(A,.]|9,) =
NAT(O, 9,71 ) with unknown precision parameter 9, '.  Here, p(3,; o, by) =
Gamma (cy, by) with known ¢y, b, as defined in Nisar et al. (2011).

e The priors for the set of all unknown parameters 0, = (y7,u")T in f,.(W,_q;) have been
defined previously.

1. Derivation of optimal q* densities

To find the optimal densities for each part of the factorization of q(®) we use the result:

q;(6;) < exp {E_gl. [log p(y, 0)]} X exp {E_gj[log p(6;]1 - 6;,y rest)]}
If we denote O = [0'62, ae, ¥, W, Xp, ag, AU, B] to be the set of all latent variables, then the
joint pdf of [V, @] given W is:

p(Y: W: Ir G)llp)

= p(dl|ae) p(ae) 1_[ p(¥r ur| Zg,) v (Zg,las, -, aq,) p(ag,) (AP (;)

ni R
| [ [pOeitwes 1 = . 0,0) pti = rim]
t=1 r=1

Now, for ML-TAR(2,1,1) learning, the variational approximate posterior distribution q is
specified via the typical “mean field” approximation, which is the product of optimal densities q*

of each factorized term of @ = [03, ae, ¥V, W, Xg, ag, A, U, B] , as follows:
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R ni R
a(® = ¢'(@2lad) ¢ @) | [a'(rrwl Za,) 0" (Brlar . a0,) 0 (aq,) ') a6 | [ [a® =1
r=1

t=1 r=1

Now, the logarithm of the joint probability distribution of all the variables for our models
is defined as:

E_o,[logp(Y,W,1,0)]

ni R

= Eo,| ). ) log{p(velwe, e, ,4) pU, = 1IN} | + E_g,llog p( o2]ac)]

t=1r=1

+E_g,[logp(ac)]

R
+ Z {E-e,- [logp( Vr tr Zg,)] + E_g,[logp( g, las, -+, aq, )]

r=1
+ E_g,[logp( ag, )] + E-e;[log p( A5, )] + E_g,[logp(8, )1}
D (1.1) Derivation of optimal q* (I;) densities
The optimal density for q(1I;) is

q* () < exp{E_qqpllogp(Y, W, 1,0|¥)]} o« exp{E_qq,[log{p(ye,iIwe i Iei ©,A) p(I¢:1A)}]}

T .
Since Ypi|Wyi, I ® ~ N(fr(We_1,),6) and p(I, = 7|A) = ZRe"p“TWt-l'l) therefore,

r=1exp(AZM%—1j),
after some calculation and applying approximation of Softmax function according to Bouchard

(2007) and based on the expected log-likelihood, the approximated posterior for I; is:

expn;

E(by) =q"(U;=71) = SEexp(nT)
r=1 r

1
Where, Ny = E[AT]TWt—l,i - E E[ EE] ' (ytz,l + Wt—l,iTE[ Or Or T]Wt—l,i - Zyt,iE[Or]TWt—l,i)
for £[0,0,7] =3¢ + e, ,uf)r . Clearly, the optimal density depends on the distribution of

0,,Xc,and A, .
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D (1.2) Derivation of optimal g*(ac) density
In this case, the functional derivation is the partial derivative with respect to g*(a¢) of what
is inside the integral of F[q(I), q(®)] and solving for the form of q*(a¢) we have:
q"(ae) x exp{E_q[logp(Y,W,1,0[¥)]}
To find the optimal form of q*(a¢) density we have:

E_ollogp(¥, W, 1,8)] = E_,[log p( 02|ac)] + E_qllog p(ae)] + constant

1 3 , ae’

=E_q, —ElogaE —loglI' (1/2) — Elogo*E — 2
€
3 AP

+E_,4 |—logAc —logT (1/2) — Elog ac — + contant
€
1 _
(e [2] +42)
= —2logac — : + constant,

Qe
Where we absorb all terms not involving ac into the “constant” terms and we recognize that this

1s an inverse-Gamma (1, Bq(ae)) distribution with

1
BQ(GE) = E—ae [0-_62] + AEZ = 'uQ(l/o'g) + AEZ

Clearly, the optimal density of g*(ac) depends on distribution of o2.
D (1.3) Derivation of optimal q*(02) density
To find the optimal form of g*(02) density, we need

E_gz[logp(Y,W,1,0)] = E_z[log p( ollag)] + E_gz[logp(Y| W,1,0)] + constant

é
1 1 _
= 3 E—oé log| | — 5 E_gg {([y —C0,]" X 1[3’ - C@T]) } + E—aé [ATwe_1; — Peq]

3 1
—=logo — = E_,z2[1/ac] + constant 4
2 o¢ €
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= {-%(ini + 1) — 1}logaé

i=1

Zr 1E[by] {(||J' Chgeopll” +tr [CT Czq(er)])+#q<1/ae)}

o¢

+ const ,

Where we absorb all terms not involving ¢ into the constant terms, we have an inverse Gamma

(% EEim+ 1), Bq((,é)) distribution with

R
1 2
By(o2) = EZ rt] ||J' = Cuqep " +tr(c"c zq(er)]) + #qu/ae)}

The optimal density of g*(a2) depends on the distribution of ¢(®,) and q(I,).
D (1.4) Derivation of optimal q*(aqr) density

To find the optimal form of g* (aqr) density we would have,

E_q, [logp(Y,W,1,0)] = E_,_ [logp(Zg, lay, -, aq,)] + E_a, [logp(ag,)] + C*

log 2vdiag {1/(11, -, 1/aqr} - Wl(’g (l erD

—-v+gq,—1
_u‘IrI: 2

— tr (Zvdlag {1/611, tty 1/aqr}- er_l)]

3 A
+E_q,, l—logAqT—logF(l/Z)—Elogaqr— ZT l+C*

—vU + q +2 E—aqr[erJqur] + A‘;TZ
= — —log aqr -

+ C”
2

a‘lr

Where we absorb all terms not involving a,_ into the “C*” terms and we recognize that this is an
inverse-Gamma (1 /2(v+q,),B a(aq )) distribution with
T

— -2
BQ(aqr) =V MQ(ZRr_l)QrQr + AqT
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M a(Zr, " arar involves shape parameter of q*( ) Rr)' The optimal density of q*(aqr) depends on
the distribution of ¢*( Zg, ).
D (1.5) Derivation of optimal q*( ) Rr) density

To find the optimal form of q*( ) Rr) density we would like,

E_ZRT[log p(Y,W,I1,0)] = E_ERT[log p(u| ZRT)] +E_ er[log p(ZRr |a1,---,aqr)] +C*

1 1
= B3y, [~5108] Ze, | =5 [ (1 © 22 ]

v+q-+m
+E 5, [—q+log| er| — tr (2vdiag {1/a1, T 1/aqr}. ZRr_l)]
+ constant
vt+gq,+m-—

1 1
= S log]| |~ 5 By [ (1 ® B

—E_ );RT[ tr (ZUdiag {1/611, o, 1/aqr}- er—1] e
1 m | ]
=—Str ({zi_l (”q(ur,i).“q(ur‘i)T + Z(I(ur,i)) + 2 vdiag (nuq(l/al) 'uq(l/aqr))} e 1)

vt+q-+m—1
2

log| erl + C*
Where we absorb all terms not involving g into the “C*” terms and we recognize that this is an

inverse-Wishert ((v +q,+m-—1), Bq(er)) distribution with

m
— T :
Bq(er) - {Zizl (‘HQ(ur,i)’U'Q(ur,i) ol ZQ(ur,i)) +2 Udlag (’uq(l/al) :uq(l/aqr))}
Here, pi4(y, ) is the sub-vector of mean vector fg(y,,y and X,y ) is the sub-matrix of

covariance matrix X,y for the ith individual random effects vector p; in the rt" regime. The

optimal density of q*(aqr) depends on the distribution of random effects part of ¢*(®,) and

q* (aqr) y
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D (1.6) Derivation of optimal g*(0,.) density
For continuous ILD, it is relatively easy to show that the optimal form of q*(0®,.) density

is multivariate normal with mean vector gy, and covariance matrix Xg(y 1)
E—0r=(y,u) [log p(Y, W, I, G)]

=E_quwllogp(Y|W,1,0)] + E_g, 4 [log (Ve u, |ZRT)] + constant

oyl 0

0 In,® '

. |Z|—1E {([y—€0,]" 2 [y — €0,]) } + E_¢yuy [ATwi_1; — dr_4]
- 2 —(yu) 108] &¢ 2 —-(yu) y r € y r —(yw)lMrWe—1i ¢t—1
_(p+mgq,)
2
1 0,21 0 0,21 0
T Yr P yr ip
2 {”q(y,u) I 0 I, ® ZE:] Hatyu) T 17 (I 0 I, ® ZE:] 2:q(y,u))}

Where we absorb all terms not involving (y,, u,.) into the “constant” terms and we recognize that

1
log 2 — EE_(Y"‘) [log

this is a multivariate normal density function: N (,uq(@r), Z400,) ) with

Tli -
. ay"zlp 0
Zg0,) = | Hq(1/02) ;E [ber]CTC | + 0 I, ® Zg}

n;

Hqe,) = Zqe,) | Hq(1/02) ZE [b-]CTy

t=1
D (1.7) Derivation of optimal q*(A,.) density
To find the optimal form of q*(4,.) density we would like,
E_; [logp(Y,W,I1,0)]
= E_; [logp(I |MN)] + E_; [logp(A|9)] + E_; [log p(9)] + constant
= E_,, [log P(It,i =1|We_1s Ar)] + E_, [log P(A:|9,)] + constant

Here, constant term comprises all terms unrelated to A, (even terms involving only 9,
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because it does not change with respect to A;.). After plugging the corresponding distributions, and

taking the expectations on other parameters not involving A,, we recognize that it resembles a

normal density function with

n;
23t = EOL1+ ) 2 p(§n)Ce €T
t=1

n; 1
E( 7\r) = U, T Zxr Z [E[brt] - E + Z(tp('fr,t)] Cy
t=1

However, Bouchard (2007) shows that ¢,., and {; obtained from the following formula:

&’ = CTEMALIC + §2 — 28 pa,TCy
And

2B-1)+3R p(Ere) ua,TCe
Z$=1 p(fr,t)

(¢ =

With

2060 =52 [0
The optimal density of g*( A,-) depends on distribution of ¢*(I;) and q*(9,) .
D (1.8) Derivation of optimal q*(¥9,.) density
To find the optimal form of g*(¥9,-) density, we would like
E_,[log p(Y,W,1,8)] = E_y, llogp( A|9)] + E_y, [logp(9)] + C*
= E_y,[log P(A|0;)] + E_p, [log p(9r-|co, bo)] + C”
= (co — 1) log¥, — byV, + %logﬁr - % Es [A12,] 4+ C*

After plugging the corresponding distributions, and taking expectations

on other

parameters not involving 9J,. , we recognize that it has a form of Gamma density function G (c,, b;-)

with
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nl+1
2

Cr = Co +

And by = by +7 E[ATA] = by +5 [r(Zs, + pa,"ua,)]

1. Derivation of lower bound on the marginal log-likelihood

We monitor the bound on the marginal log-likelihood of F[q(I), q(®)] defined in (1.4) to
manage the convergence of our MFVB algorithm. This is calculated as:
Flq(D),q(@)] = Eq4[logp(Y, W, 1,0) + logp(©|A) —logq(I) —logq(O)]

More specifically:

ni R
Fla(),q(@)] = Eq | > > bre{log(p(yeilwes 1., ©,4) plU|M}} | + By llogp( olao)]

t=1r=1

+ Eq[logp(ac)]

R
+ > (Bllogp(veuy |28, )] + Eqllogp( Zr, las, g, )] + Eq[logn( ag,)]

r=1

ni R

+ E,[log p( A9, )] + E4[logp(9, )]} — E, Z Z by¢ log{q(l)}
=1r=1

— E4llogq(02)] — E4llogq(ae)]

~ D (EallogaCyy )] + Eq[loga(Za, )] +Eg[loga( ag,)]

r=1
+ Egllog g( A |9, )] + Eq[log q (8, )1}
We will now derive an expression for each part of F[q(I),q(@®)] and then state the full

expression to obtain the lower bound of marginal log-likelihood for our model.
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ni R
Eg| D" brelog(p(yeilwes 1, 0,4) pUe = rin)}

t=17r=1

n; 1 1 _
= =~ log(2m) — = Eqlog| Ee| =5 Eq {bye([y — €0,]" 27" [y — €O, ])}
+ Eq{by [TWe_1i — ¢}

1 2 _ 1 3 2 2
Eq[ ogp(oélae)] = ) Eq[IOgae] —logI' (1/2) - 2 Eq[IOgGE] - Eq[l/ae of |
1 -2 3 -2

Eq [lng( ae)] = Elog(Ae ) - logF (1/2) - E Eq [lOg ae] - Ae Eq[l/ae]
1 3 -
Eq[logp(ag,)] = EIOg(Aqr) —logl' (1/2) - 2 Eqllogag,| — A% Eq[1/aq,]
Eqllogp(¥; )] = (co — 1) Eq[log ;] — boEq[9;] + colog by —logT'(co)
1 1 O r
Eq [lng( )\rlﬁr )] = - Elog(Zn) - E Eq log(ﬁr) - Eq (7 /11*/11*>

Eq [IOg p( Yr Ur |ZRT)]

oy.21, 0
0 I,®33!

+m 1
= —(qur)logZTI —EEq llOg

1 0, %1 0
2 q{ Tl 0 1m®z;jl r

E,logp(Zg, las, -+, aq, )|~Eq[logIW (v + q, — 1,2v diag{1/ay, -, 1/a, } )]

|

And all the terms E, [Y1, log{q(I)}], E4log q( 62)], E,4[log q( ac)l, E4[log q( vy, uy- )],

E, [log q( Zg, )], E, [log q( aqr)], E,[log q( A9, )] and E,4[logq(J; )] related to optimal g-
densities for latent variables derived in D (1.1) to D (1.8) .
After evaluating the expectations and cancelling, we arrive at the expression for the lower

bound on the marginal likelihood.
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R(p + mq, + 1) — N log2n
2

Flq(D),q(®)] =

q - -
=) DL 2D + (2 B
t r

+ n; long(ag) -y [% (Z n; + 1)

i=1

2 Drt
- Z qrt log
qrt
t T

1 _
—3 (Z n; + 1) log B4(52) — Bg(ae) [#q(l/og) + Aez] + By(o2) Bq(1/02)

—log Bg(ae)

+Z{longr,v+ qgrtm—1-1logC, ,v+q,—1+logA, +logl (1/2)
r

1 1
+ logl“(z v+ qr)> _E}

+{3(v+qr—2) 7(V+Qr_1)w<v+ch>}

2 log Bq(aq,) ~ 2 2

<v+2qr+1> 2v+3q,+m
2 2

+ < log |Bq(er) Yyv+qg-+m-—1)

AZ? 1
dr
+By(ag) |[v T g T Hat/ag,) | T VMa(zr, HPa(1/ag,) T3V H @ +m— 1)
2

1 _ _
- E {tr {EYrrur 1Eq()’rjur)} + M;(Yr»ur)ZYr:ur 1M‘I(Yrrur)}

Cr 1, . 1
+ (co — 1/2)(log by + ¥(c,)) — = |bo + 5 (41, 12,) | + 5l0g 2y,
b, 2 2

Where, I'(+) and ¥ (-) denote the gamma and digamma functions, respectively.
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Dy = (yt,r - Ct,r.uq(yr,ur))T

E. = Ct,rTCt,rzq(yr,ur)

1

ot
Bg(o2)

Drt = f(Cp, A) = exp(A;Cy) exp(—¢,)

R
Mw,— ¢ — &,
e = G+ Z uc 2€t ore + (& )[(AFCe = ) = & ] +log(1 + efre)

r=1
1 1 1
pére) = [ -5
&) =360 [TF e 2
exp ;.
qrt =

r=1exp(1f)
The variational hyper parameters such as scale and shape, &, ;and {; respectively control

the tightness of the bound for r € {1,2,-:-,R}and t € {1,2,::-,n;} forall i € {1,2,-:-,m}.
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3.9.2 Additional simulation results

This supplemental file includes the results for additional scenarios.

Table 3.3 Bias of the point estimates (i.e., posterior means) for the average inertias and

threshold, and coverage of 95% credible intervals, based on 100 fitted models per sample size.

Gamm Phi [0.3,0.5] Bias (estimate - true value) Coverage

T T

Parameters Method M 30 50 100 150 30 50 100 150

Beta 10 MCMC 50 -0.06 -0.03 -0.02 -0.02 73 81 94 96
100 -0.04 -0.03 -0.01 -0.01 72 &4 93 95

150 -0.05 -0.02 -0.01 -0.01 73 &1 96 96

MFVB 50 -0.06 -0.02 -0.02 -0.01 71 81 095 97

100 -0.04 -0.02 -0.02 -0.01 75 8 96 95

150 -0.03 -0.02 -0.01 -0.01 79 83 96 98

Beta 20 MCMC 50 -0.08 -0.03 -0.02 -0.02 77 82 94 96
100 -0.05 -0.02 -0.01 -0.01 78 &3 93 96

150 -0.05 -0.02 -0.01 -0.01 80 82 96 96

MFVB 50 -0.05 -0.02 -0.02 -0.01 75 84 095 96

100 -0.03 -0.02 -0.02 -0.01 78 &3 93 97

150 -0.03 -0.02 -0.01 -0.01 &I 83 96 98

Tau MCMC 50 -0.07 -0.03 -0.02 -0.02 79 82 94 96
100 -0.07 -0.02 0.01 001 76 81 94 95

150 -0.04 -0.02 0.02 001 76 82 95 95

MFVB 50 -0.05 -0.02 0.02 001 75 83 095 97

100 -0.04 -0.01 0.01 o0.01 78 &1 94 96

150 -0.02 -0.01 0.01 000 79 83 96 97
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Continuations of Table 3.3

Gamm Phi [0.2,0.8] Bias (estimate - true value) Coverage
T T
Parameters Method M 30 50 100 150 30 50 100 150
Beta 10 MCMC 50 -0.08 -0.03 -0.02 -0.02 74 81 94 96
100 -0.07 -0.03 -0.01 -0.01 75 86 94 95
150 -0.05 -0.02 -0.01 -0.01 74 &1 96 96
MFVB 50 -0.07 -0.02 -0.02 -0.01 72 81 95 97
100 -0.05 -0.02 -0.02 -0.01 73 85 095 97
150 -0.03 -0.02 -0.01 -0.01 79 &5 97 98
Beta 20 MCMC 50 -0.06 -0.03 -0.02 -0.02 73 82 94 96
100 -0.05 -0.02 -0.01 -0.01 78 85 95 96
150 -0.05 -0.02 -0.01 -0.01 80 83 96 96
MFVB 50 -0.06 -0.02 -0.02 -0.01 71 82 95 97
100 -0.05 -0.02 -0.02 -0.01 78 83 96 97
150 -0.03 -0.02 -0.01 -0.01 81 &5 97 98
Tau MCMC 50 -0.06 -0.03 0.02 002 74 82 93 96
100 0.05 0.02 0.01 001 76 81 93 95
150 0.04 0.02 0.02 001 76 82 095 96
MFVB 50 -0.05 -0.02 0.02 001 71 83 095 97
100 0.04 0.01 0.01 0.0 78 83 96 97
150 0.02 0.01 0.01 0.0 79 83 97 98
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Accuracy Scores Boxplot (MFVB vs MCMC)
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Figure 3.5 The box plots of accuracy for 100 simulated data sets under the scenario where m=50

and T=100 data points are generated.

Note: The accuracy scores are based on the integrated absolute difference in posterior density

between MCMC and MFVB.
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Accuracy Scores Boxplot (MFVB vs MCMC)
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Figure 3.6 The box plots of accuracy for 100 simulated data sets under the scenario where

m=150 and T=150 data points are generated.

Note: The accuracy scores are based on the integrated absolute difference in posterior density between

MCMC and MFVB.
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Accuracy Scores Boxplot (MFVB vs MCMC)
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Figure 3.7 The box plots of accuracy for 100 simulated data sets under the scenario where

m=100 and T=30 data points are generated.

Note: The accuracy scores are based on the integrated absolute difference in posterior density between

MCMC and MFVB.
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CHAPTER 4: APPROXIMATE BAYESIAN ESTIMATION ALGORITHM FOR
CONTINUOUS TIME MULTIVARIATE MIXED HIDDEN MARKOV MODEL IN INTENSIVE
LONGITUDINAL DATA

4.1 Overview

The previous chapter focused on the discrete-time model for ILD, presenting an efficient
estimation method for the ML-TAR (2,1,1) model and comparing the proposed MFVB algorithm with
MCMC in identifying the optimal threshold for state-dependent relationships between responses and
covariates. However, the discrete-time (DT) model assumes longitudinal responses are observed at regular
times, while the continuous-time (CT) models consider time as a continuous variable, accommodating
irregular or sparse observations in longitudinal responses.

Existing research indicated that continuous time models outperform discrete-time models in
uncovering dynamic associations and heterogeneity in ILD [1-4]. Often, longitudinal responses are
characterized by a set of underlying hidden states processes and Hidden Markov Models are well suited
to describe the relationship between observed responses and latent states. Much work on continuous time
models of HMM (CT-HMM) has been devoted to frequentist approach with inference via the expectation
maximization and traditional MCMC approach [5-14]. However, computational complication arises due
to the model complexity and large-scale inference of such models.

This chapter addresses computational challenges of the CT-mMixHMM model by developing a
sequential variational Bayes (SVB) algorithm and comparing its precision relative to MCMC. The
findings demonstrated that the SVB method outperformed MCMC in identifying absorbing states and
estimating transition probabilities, offering faster computation and stable convergence. In case of
empirical application, age effects showed clear progression through hypertension stages, with increased
treatment needs and higher mortality risk, underscoring the value of early intervention. The CT-

mMixHMM model’s fitted state sequences from SVB closely matched observed data for individual MFUS
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participants, capturing general trends effectively and supporting the model’s validity for longitudinal
blood pressure analysis. This study contributes to ongoing efforts to improve the estimation strategies of
continuous time models of ILD. It highlights the significance of proposed algorithm performance and
suggests that SVB can be a valuable alternative tool for mitigating computational issues in large scale
health data analysis.
Publication Details

A. Rahman, D. Jiang, L.M. Lix & P. Yang. “Approximate Bayesian Estimation Algorithm for
Continuous Time Multivariate Mixed Hidden Markov Model in Intensive Longitudinal Data,”

Manuscript in preparation. 2026.

4.2 Abstract

Background: Intensive longitudinal data (ILD) involves collecting repeated measurements in a frequent,
natural, and minimally invasive manner. Analyzing ILD requires advanced statistical models capable of
handling continuous-time (CT) data frameworks. The continuous-time multivariate mixed hidden Markov
model (CT-mMixHMM) effectively addresses complex hidden states of outcome variable(s) in a
continuous-time setting, enriching our understanding of temporal dynamics. Bayesian estimation methods
are particularly suited for these analyses due to their flexibility with complex model structures and their
ability to incorporate prior information, making them ideal for handling ILD challenges. However,
traditional Bayesian methods, such as Markov Chain Monte Carlo (MCMC), tend to be computationally
intensive CT-mMixHMM, presenting significant computational challenges.

Purpose and Objectives: This study aims to develop and evaluate computationally efficient approximate
Bayesian estimation algorithms tailored for CT models in ILD. Specifically, we develop a Sequential
Variational Bayes (SVB) algorithm for CT-mMixHMMto handle irregularly spaced observations and

compare its performance with MCMC in simulated and real-data scenarios.
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Methods: The proposed algorithm used optimization-based techniques to approximate posterior
distributions. The SVB algorithm for CT-mMixHMM was developed and first evaluated on simulated
data, then applied to hypertension progression data from the Manitoba Follow-Up Study (MFUS). The
performance of the algorithm was assessed using prediction accuracy (through metrics such as the ability
to predict future hidden state classification, and Mean Absolute Percentage Error), Posterior predictive
checks (PPCs) along with computational efficiency. The Deviance Information Criterion (DIC) was
employed to determine the optimal number of hidden states when the proposed algorithm for CT-
mMixHMMs was initialized with a large set of hidden states using simulated data. The results from both
simulation studies and real-world data application were compared with MCMC to assess robustness and
relative efficiency.

Results: The SVB method outperformed MCMC in identifying absorbing states and estimating transition
probabilities, offering faster computation and stable convergence when sample size and measurement
occasions are large. The influence of age demonstrated a distinct progression across hypertension stages,
resulting in greater treatment requirements and elevated mortality risk. These findings underscore the
importance of early intervention among MFUS participants. The CT-mMixHMM model-fitted state
sequences from SVB closely matched observed data for individual MFUS participants, capturing general
trends effectively and supporting the CT-mMixHMM’s validity for longitudinal blood pressure analysis.
Conclusion: This research introduces fast approximate Bayesian estimation algorithms for CT-
mMixHMM models. The SVB algorithm efficiently handles complex and large datasets, thereby
facilitating accurate analysis of intensive longitudinal data. By solving computational issues in such
models, the study provides valuable tools for interdisciplinary applications, such as in healthcare. These

advancements will support data-driven decision-making and tailored interventions.
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4.3 Background

Continuous-time (CT) models account for irregular observation intervals by treating time as a
continuum, enabling flexible modeling of complex temporal dynamics in ILD. They allow us to explore
how expected change in underlying phenomena depends on the time interval between measurements. For
example, CT models such as continues-time hidden Markov models (CT-HMMs) have been used to
explore the state transition dynamics among blood pressure states and to investigate the risk factors that
are affecting the progression of hypertension in older adults, providing insights into how a patient’s blood
pressure fluctuates and responds to treatment [15]. The following paragraphs focus on the review of
continuous time HMMs and mixed effects HMMs and their applications in diverse fields of ILD datasets.

Hidden Markov models (HMMs) - also known as dependent mixture models - are commonly used
for ILD due to their ability to relate an observed outcome process to an underlying, unobservable finite-
state transition process. In these models, the observed data are governed by an unseen random process that
adheres to Markov property. The popularity of HMMs stems from their versatility and mathematical
tractability; they offer linear-time likelihood computation, straightforward handling of ignorable missing
observations, and the ability to easily derive the marginal, conditional and forecast distributions [16, 17].
Consequently, HMMs have garnered considerable attention in various disciplines involving complex ILD
[5, 12,17, 18].

While traditional HMMs require fixed discrete time (DT) steps, often necessitating biased
imputations for missing intervals -CT-HMMs allow transitions to occur at any point in CT [19, 20]. This
makes CT-HMMs suitable for handling irregularly sampled temporal data, such as clinical measurements
collected during sporadic hospital visits [21]. To date, research on CT-HMMs has predominantly relied
on frequentist frameworks, often relying on the expectation-maximization (EM) algorithm [5, 22].

Early research in DT HMMSs integrated generalized linear mixed effects model (GLMM)

framework to incorporate fixed and random effects for individual covariates. This approach was applied
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to multiple sclerosis patients’ data to identify the heterogeneity in reducing mean lesion count among such
patients [8], a framework later extended to multivariate setting in smoking cessation trial dataset [23].
Other developments include multilevel HMMs with Poisson-Lognormal emission distribution to identify
the temporal dynamics of neural activity [24]. Despite these advancements and comprehensive reviews of
mixed effects HMMs applied to longitudinal data [16], practical applications remain hindered by the DT
framework and the computational complexities involved in estimating large and unknown state spaces
using frequentist methods.
Bayesian Approaches and CT-HMMs

To address these limitations, researchers have pivoted toward Bayesian frameworks. For example,
[23] applied a fully Bayesian framework to multivariate longitudinal data in the context of smoking
cessation trials, while [25] used MCMC for CT-HMMs to study dementia progression. However, they did
not address the estimation process with a large unknown number of states due to high computational
demands. More complex models have since emerged, such as the reversible jump MCMC algorithm used
to model COPD progression [7] and Bayesian CT-HMMs incorporating covariate selection and
measurement error to identify risk factors for cigarette smoking abstinence [22].
Scalability via Variational Bayes

Despite these strides, literature remains scarce regarding optimization-based approximate
Bayesian estimation studies on CT models that include both fixed effects and random effects, specifically
focusing on the state transition dynamics.

Unlike traditional Bayesian sampling methods, optimization-based approaches such as variational
Bayes (VB) avoid Markov chain sampling by replacing the posterior with a tractable approximating
distribution and optimizing it directly. VB constructs an objective (typically an evidence lower bound)
and uses it to fit the variational parameters, which often makes the procedure substantially more scalable

than methods such as MCMC or exact Bayesian inference [26]. Here, “scalability” refers to how
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computational demands change as data size and model complexity increase, and is typically assessed using
metrics such as computational complexity, convergence speed, memory usage, and runtime. In this sense,
VB has demonstrated strong computational efficiency for large, structured Bayesian models, including
variational Bayesian analyses for sparse item response models and two-part latent variable models [49-
51]. Specifically, [50] developed variational Bayesian inference for sparse item response theory models
and reported computational benefits by reducing the need for costly sampling. Similarly, [49] used VB
for a two-part latent variable model and demonstrated that variational optimization yields accurate
inference while improving runtime compared with more simulation-heavy alternatives. [51] further
showed that efficient and accurate variational inference can be achieved for multilevel threshold
autoregressive models, highlighting the practical speed-accuracy trade-off of VB in complex hierarchical
settings. Common VB schemes include mean-field variational Bayes (MFVB) and sequential variational
Bayes (SVB), which differ in how they factorize and update the latent-variable approximation.

An approximate Bayesian approach was developed to facilitate the computation for CT-HMMs
and demonstrated its performance in the disease progression dynamics in real-world data application like
coronary allograft vasculopathy [28]. A key limitation of these algorithmic studies is their reliance on
batch-based data processing and fixed effects in CT models for state transition dynamics in ILD datasets.
For example, large-scale inference challenges for unknown hidden states have led to the development of
batch-based methods like the MFVB algorithm for CT-HMMs, as demonstrated in active learning data
[27]. To the best of our knowledge, no studies in literature have introduced CT models incorporating both
fixed and random effects to account for unit-specific heterogeneity in the state transition dynamics of
multivariate study variables in ILD datasets. Additionally, the application of Sequential Variational Bayes
(SVB) approaches remains unexplored to tackle computational issues in large scale inference within
longitudinal data processing techniques.

This study evaluated the performance of the SVB algorithm for CT-mMixHMM, comparing it to
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the standard MCMC in both synthetic and real data. The objectives are: (1) to assess how varying sample
sizes affect the performance of the SVB algorithm in terms of parameter accuracy and computational time
compared to the MCMC approach in simulated data; and (2) to examine how CT-mMixHMM can account
for attrition and capture dynamic hypertension progression in MFUS data, by modeling state transition

and covariate effects.

4.4 Methods

4.4.1 Data Sources
After validating the proposed algorithm (detailed in Section 4.4.2.6.) with simulated data, we

applied it to the Manitoba Follow-Up Study (MFUS), one of the world’s longest-running studies of health
and aging. Established in 1948 at the University of Manitoba, MFUS has prospectively documented health
and disease in a cohort of 3,983 male Royal Canadian Air Force aircrew recruits [29]. For this analysis,
we selected a subset of N = 1007 participants who met the ILD requirements, specifically those with 20
to 48 repeated observations recorded between 1948 and 2019.

The cohort’s baseline measurement of systolic and diastolic blood pressure (mean + standard
deviation) was 121 £ 10mmHg, and 76 = 8 mmHg. This dataset is suitable to explore the modeling disease
transition dynamics among participants due to high temporal accuracy. Disease transition dynamics track
how individuals move between health states (e.g., healthy, subclinical, diseased) over time, such as in the
progression of hypertension (Normal, Elevated, Hypertension stage 1, Hypertension stage 2). In this study,
systolic blood pressure (SBP) and diastolic blood pressure (DBP) serve as multivariate longitudinal
responses. We treated these measures as indicator of an underlying, latent hypertension progression

process that is not directly observable.

4.4.2 Continuous time multivariate mixed hidden Markov model (CT-mMixHMM) development
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4.4.2.1 Notation

Let y;; denote a R-dimensional multivariate longitudinal response for subjecti (i = 1,2,:--,N) at
time t(t = 1,2,---,n;) n; represents the total number of observations or time points for subject i and z;;
denote the hidden process for subject i at some common time points t. Let us denote y; as the vector
comprising all observations of y;; = [Vi1t, Viae» **» Yirel’ for subject i, and y as the collection of all y; for
every subject i . Furthermore, we denoted z; to comprise all value of z;; for subject i, and z to be all
values of z; . We assumed z;; arises from an K-state homogeneous continuous time Markov process taking
values on the finite integer set {1,2, --+, K} where K is (un)known. This study primarily focused on HMMs
arising from the first-order Markov assumption, where the transition matrix is denoted as P. The initial
probability (row) vector z represents the initial state distribution of the hidden process for each individual.
We assumed that initial state probabilities, indicated by 7, remains constant over time. In other words,
only the starting distribution is fixed, while the evolution over time is governed by the transition model.
The elements of P are pj, = P(Zi,t =klzj—1 = j) forall t > 1, and my, = P(Zl-,l = k); where j, k =
1,2,---,K. Suppose that a HMM generates the joint longitudinal response such that y;; and y;;» were
independent given the current hidden state z;; and z;,+ , respectively, for two different time points t # t’.
Further, we incorporate subject-specific random effects, denoted as u;, to account for inter-individual
variation. Let u to be all values of u; for all i. These random effects are assumed to be independent and
identically distributed (i.i.d.) according to a common distribution with zero mean and covariance matrix
DI

Conventionally, using standard arguments based on the Chapman-Kolmogorov and Kolmogorov
equations, for individuals i the transition probability from state j to state k in the time interval of length

A; between observation times t and t — 1 takes the form

ij(At) = P(Zi,t =k|zjtq = jrAt) = exp(AtQi)jk ) (1)
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where Q; = (qi, jk) for 1 < k,j < K is the infinitesimal generator for the continuous time Markov process
{z;:} which represents the instantaneous risk of moving from state j to state k at time-interval A, and
Yj=kqjk = —q;; > 0 for 1 < j < K, and exp(A) is the matrix exponential of matrix A. To incorporate
baseline subject-level covariate V. € R’ into this generator Q, we defined the log-rate parameters via a
linear predictor for 1 < k # j < K,logqjx = /4K jk » Where &y is the coefficient vector for g, assuming
that the rate in any interval is determined by the values of covariates at the start of the interval. The initial
state distribution was m,, = P(z; = k) fork = 1,2, K.

4.4.2.2 Linear Mixed Effects Observation Model

The observation process assumes that the observed data are drawn from an exponential family
conditional on the hidden state. Here, we focused only on adding random effects to the conditional
observation model and assume that random effects do not appear for the hidden process transition matrix.
We also assume that the hidden process is homogenous with transition probabilities defined in equation 1
and initial probabilities 7;, that are common to all subjects.

Using the theory of generalized linear mixed models (GLMMSs) [32] and letting 8 be the vector of
all model parameters, we assume that, conditional on the random effects, u, and the hidden states z;; = k,
Vire are independent and follow a distribution in the exponential family for each R

PWirelzie = k,u, 0) = eXp{(yirt Nirtk — C(Uirtk))/a(d’) +dWire @ )}; (2)
where the link function is Njyex = €5k @r + XipeBrk + WireUi - Here, a,. correspond to the fixed effect
intercept for each hidden state, as stated through a K-dimensional hidden vector, e - We follow [23]
such that for hidden state k , e}, &, defines the cumulative sum of the first k elements of a,.. Furthermore,
B« is the fixed effect when z;; = k, x;,, are vector of covariates for individual i at time t , and Wy, is
the row vector of model matrix for the random effects for rth longitudinal response for individual i at

time t in state k . We denote the distribution of random effects by f,, (1;|X) and assume that random
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effects are independent of the hidden states (see Figure 4.1).

Figure 4.1 A typical representation of mixed effects hidden Markov model structure for subject i.

We denoted S; as an indicator variable that comprises all values of S;; for subject i and S to all values of
S; for all i. Here, S;; = (Sit,l v Sick )’ is an indicator random vector with S;; x = 1 if z;; = k and 0
otherwise.

When the response may have missing values, we considered a state-dependent missingness
mechanism where missingness depends on the hidden state but not on the value of the missing data. We
defined y,ps be the set of observed values and y,,iss be the set of missing values. We defined the
multivariate missingness indicator vector M;; = [Mm, My -+, MiRt]’, Missingness was encoded using
component-specific indicators M;p,, where M;p, = 1 if the R th response component was missing and
belongs to yniss and 0 if response component belongs to y,p,s. The resulting vector M;; allows for
partially observed response vectors and facilitates state-dependent missingness modeling. The model is
thus parameterized by @ = {E jl<jk<KmBZX,, (p}, where B represents parameters associated
with the canonical link of the observed process in Equation (2), X related to random effects and ¢ related

to missingness parameter.
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4.4.2.3 The Likelihood

If {z,} is observed continuously over the time interval [0, t], the likelihood contribution from an

individual subject i is defined [39] as

K
[ ] Jater® exof-aumpican)},

=1 m=l

where, N; ,,(A;) is the number of transitions from state [ to state m in the time interval Aand D;(A;) =

fOA "I (zg = l)ds is the total time that the process has spent in state [ in A,. The quantities N; ,,, (A,) and

D;(A;) can be computed given the realization of the latent process on A;. Therefore, the complete

(observed) data likelihood for proposed CT-mMixHMM can be defined as follows:

L@y = p(10) = [ Y p0Izu0) plau ) pwe) du

R N
B f Z 1_[1_[ PYirelZie, u, ©)
u
N
itm(Bie)
X Hﬂzu nﬂﬂqll;n( it eXp{_qi,l,mDi,l(Ai,t)} p(u; 0) du

=1 t=2 1=1 m=l
R N
] 1_[1_[ ann P(Vir112i1,u,0)
r=1 i=1 i
X 1_[1_[ 1_[ lzlfnm( i) exp{—qi1mDii(8ic)} PWirelzie, u, ) ¢ p(uy; ©) du. -

t=2 =1 m=l

The complete (observed) data log-likelihood is then given by

£(0) =logp(y|®) =logp(y|z,u,0 ) + logp(z|u; ©®) + logp (u; O)
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ni N N

R N
= ZZ logp(Yirelzie, w, ©) + Zlognzt+ szlt-l'logp(u 0).

r=1i=1t=1 i=1t=

Now, the log-likelihood written in terms of the latent state indicator random vectors {S,}X_, is,

£(0) =logp(y|0©)

K N K
Z Sit i logp(VirelZir, u, © ) + 2 z Si1xlogm,,

r=1i=1t=1k=1 i=1k=1

K K
ZZSM 1y Sucse A +logp (1;0), @

where,
Z D N BV i — exp(ViTEm) DI (81))
=1 m#l

records the probability of transition from state j to state k in the interval A; ; and N; lm(Al t) and Dl ; (Al t)

are the number of jumps from state [ to state m, and time spent in state [ for a Markov chain initiated at
state j at time t — 1 and ending in state k at time t for each individual i.
Likelihood with state-dependent missingness

By incorporating the state-dependent missingness, the likelihood defined in equation (3) can be written as

L(O;y,M) = p(y,M|®) = [Zp(Mlz;q)) XJ p(¥|z,u,0) p(z|u; ©) p (w; ©) du

u

And the log-likelihood defined in equation (4) now can be written as

£(0) =logp(y,M|0®) = log [ZPUV”Z: @) Xf p(¥|z,u,0) p(z|u; ©) p (u; ©) du|.

u

Let z(M) denote the set of latent state trajectories that are compatible with the observed missingness
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pattern, in the sense that they assign positive probability to the observed missingness under the assumed
state-dependent missingness mechanism. In this research, under deterministic death-induced missingness,
we restricted admissible state paths to those for which z;; = 6 if and only if M;,., = 1.

Since, missingness was deterministic in our case given state z;; = 6 for ith individual at time ¢ with »

longitudinal response:
pM17:¢) =] [1Mee =1 & z,=6),
t

then the final observed data log-likelihood becomes,

£(0;y,M) =logp(y |0®) = log Z jp(yIz,u,G))p(qu:@)p(u;@)du (4.a)

zeZ(M)
where Z(M)is the set of state paths compatible with the observed missingness pattern.

The observed data log-likelihood is the log of the marginal likelihood, obtained by summing over
latent state trajectories and integrating over subject-specific random effects. Because missingness enters
through a state-dependent mechanism, the likelihood takes a log—sum—integral form that is analytically
intractable in most hidden-state models. Consequently, estimation relies on optimization-based

approaches, such as variational inference methods for continuous-time mixed hidden Markov models.

4.4.2.4 Proposed Sequential Variational Algorithm for CT-mMixHMMs

In a sequential VB framework, such as that proposed by [33], the observations y;, -+, yy are
incorporated sequentially so that at iteration i , one targets an approximation q; (@) = q(0;4;) =
N (u;, Z;) , where ¥; is a full covariance matrix, and seeks closed-form updates for A; = {u;, Z;} that is

closest in a KL sense to the “pseudo-posterior” p(y;|® ) q,—,(0®) /H; , where

H; = fp()’i|@)ql'—1(@) de.
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Let us denote, y1.; = (y7,+++,y7)T a collection of observations from individual 1to N, i = 1,---, N. By
assumption of conditional independence between observations Y4, :-+, y; given the parameters 0, the KL
divergence between the variational distribution q;(®) and the posterior distribution p(@®]y;.;) can be

expressed as

q:(©)
p(elyll)

KL (q:(®)Ip(Oly1.)) = f q:(0) log
= Eq,(logq;(0) —logp(@|y,;-1) — logp(y:|0)) +logp(y1.) — logp(¥1:i-1)-
The posterior distribution after incorporating the first i — 1 groups of observations, p(0|y;.;—1) is
approximated by the variational distribution q;_; (@) to give
KL (q:(0)|Ip(@|y1.))
~ Eg,(logq;(©) —logq;-1(0) — logp(y; |0 ))
+1logp(y1.) —1ogp(¥1.i-1) - 5)
As the last two terms in the right-hand side of the equation (5) do not depend on @, the optimization
problem is equivalent to finding
argmin,, s, Eq (logq;(®) —logq;_,1(®) —logp(y; |9)) . (6)
Differentiating the expectations of (6) with respect to u; and X; , setting the derivatives to zero, and
rearranging the resulting equations, yield the following recursive updates for the variational mean y; and
precision matrix Z; ",
Bi = Pi-1+ Zi1 Eg; (Velogp(y; |©) ),and (7)

L= I — Eq (Vologp(3:10) ) . )

These updates are implicit as they require the evaluation of expectations with respect to q;(0).

Under the assumption that q; () is close to q;_1(0®), [34] proposed replacing q;(®) with q;_;(0) in
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equations (7) and (8) and replacing X;_; with X; on right hand side of (6) to yield an explicit scheme

called recursive variational Gaussian algorithm (R-VGA).

Algorithm 2 Damped R-VGADM

Input: Observations {y1, V2, =, Yy ; My, Ma, -, My ; Xq,Xq,*, X x; W1, Wy, , Wy ; V1, Vg, , Uy},
initial variational parameter g and Zq for ® , number of damping parameters nq,mp , number of inner
damping steps L .

Output: Variational parameters u; and X; fori = 1,2,---, N.

Initialization: Set qo(®) = N (uqg,Zo)

fori=1,2,---,N do

ifi < ngamp then

seta = 1/L’ Pio = Hi-1; Zio = Zi—1
for({=1,2,---,L do

set q;;-1(®) = N (piy-1,%i1-1)

Hit = Mi-1+a Zy Eg, (Vo logp(y, 10) )
Tyt = Tyt —aEg,, (V3logp(3,10))
end for

setpy = M3 Zi = Zyy 5qi(0) =N (p; , Z;)
else

pi= pio1+ ZiEg_ (Vo logp(y,10))

L t=5.,"-E, (Vilogp(y,0))
end if

end for
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Now, for CT-MixHMMs, the likelihood function defined in equations (3), (4) and (4.a), the “pseudo-

posterior” for SVB takes the form, p(y;|z;, u;, 0) q;_,(z;, 0)/H; , where,

H; = fp(yilzi'ui: 0) q;-1(2;,0)do . 9)

The above Recursive Variational Gaussian Approximation algorithm for Dependent Mixtures (R-
VGADM) has been specifically developed for parameter estimation in dependent mixture models, such
as for continuous-time multivariate mixed hidden Markov models using the algorithmic framework
presented in [33]. To tackle the instability of the first few observations, we considered the damping
approach of [33] to stabilize our algorithm during the initial few steps.

The partial-log-likelihood function, log p(y; |®) used in equation (6) has the following components.
Components of the log-likelihood:

e logp(z/m): The log-probability of the initial state, using the initial probability vector .

o YT ,log p(z,/2;_1,P): The sum of the log-transition probabilities, where P depends on the
transition intensities Q for continuous time hidden Markov model.

o YT ,log p(y:/2;,u,¢): The sum of the log-emission probabilities, where the distribution of the
observation y, depends on both the current hidden state z; and the random effect u. The parameters
¢ define the base emission characteristics such as mean and variances.

e logp(u/X): The log-prior distribution of the random effects u . In our model, u considered as a

Gaussian random variable with mean 0 and variance X, .

The R-VGADM updates in (7) and (8) require the gradient and Hessian of the “partial” log-
likelihood for the ith observation. The detail derivation of the approximation of the gradient with Fisher’s
identity and Hessian with Loui’s identify for log p(y; |®) are given in supplementary materials (S1:

Appendix A).
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4.4.2.5 Prior Specification

Specifying a prior for ® depends on the specific circumstances and the target of inference. It is
often convenient for sampling to put independent conjugate priors on each component of @. In general, it
is convenient to factor [@] as

[0,u] = [B,a] x [§] x [m] X [u|Z,] X [Z,] X [Z].

In most cases, we choose conjugate priors for each component of 0, as this makes sampling from
the required full conditional distribution generally straightforward. Here, £, 1is precision parameter
associated with the observation process. In the case of hyperparameters, we will use standard “default”
choices or ones that are relatively uninformative because of having tractable density functions. Default
hyperparameters with tractable density functions are chosen because they simplify mathematical and
computational tasks. This can simplify the process of model fitting and make it easier to understand the
behavior of the model [35]. However, when sample size per subject is small, an informative prior may be
adopted. In such cases, we will use normal priors with small variances on the original or log scale for the

regression parameters. Priors are discussed in detail in supplementary materials S1: Appendix A.
4.4.2.6 Simulation Setup

We simulated data that reflects the characteristics of ILD with a multilevel, nested structure and temporal
dependencies, using a continuous time multivariate hidden Markov model (CT-mHMM). In this context,
specifying a data-generating process that matches the analytic model is a standard and well-established
first step in simulation research [47, 48]. This approach is widely used to evaluate internal validity -
specifically, whether an estimation procedure can recover known parameters under correct model
specification - before examining performance under misspecification. This logic is well documented in
the broader simulation and verification literature [46, 47]. Furthermore, the simulated parameter values

were chosen to reflect the motivating MFUS datasets, in which the modes of the hidden states are clearly
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differentiated, and the outcome variables demonstrate considerable heterogeneity. This methodology
aligns with established practices documented in prior research on the multivariate mixed effects hidden
Markov model [23].
1. Data Generation
Step 1: Define Simulation Parameters
e Number of individuals N: Sample sizes (e.g., N=200,500,1000) were selected to reflect realistic
population sizes typically found in empirical intensive longitudinal and longitudinal cohort studies.
e Time points per individual or number of observations per individual, n;: The number of
observations per individual (e.g., n; € {20,30,40,50}).
e Number of latent states K: The initial number of hidden states in the CT-mMixHMM (e.g., K=5,
10, 12, 15) was used as a tuning and robustness parameter for estimation, rather than as a
substantive epidemiological assumption.
e Number of dependent variables: two dimensional (R=2) longitudinal responses.
e State dependent missingness variable M: The missing proportion (e.g., p=0.2,0.3,0.4). The
missingness proportion is a marginal consequence of entering the Death state.
e State transition rates Q: The transition between states is governed by a rate matrix Q defined in
section 4.4.2.1 and given in section 4.5.1.
e Initial state distribution m: A vector defining the initial probability distribution over the hidden
states defined in section 4.4.2.1 and given in section 4.5.1.
e Emission model with single covariate: For each latent state, the observations are drawn from a
likelihood distribution with observed data defined in equation (4).
e Modified emission model: For each latent state, the observations are drawn from a likelithood

distribution modified by the dropout rate defined in equation (4.a).
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Step 2: Generate Latent State Sequences
We simulated the hidden states using the rate matrix Q and 7 defined in section 4.4.2.1 for
each i and ¢. At the same time, for each i and ¢, we generated the random vector §;, from the multinomial
distribution with parameters a;, = (ai,tjl, -, ai,t,K). Moreover, we generated m from a Dirichlet
distribution with random vector S;; as defined in prior specification of supplementary file (see
supplementary material (S1): Appendix A).
Step 3: Generate Observed Data
For each latent state, we simulated observations using a state-dependent observation model.
For simplicity, we assumed multivariate Gaussian observation model for our simulation study. For each
individual, the observation times were randomly spaced to reflect the continuous nature of the data.
Step 4: Simulation Scenarios
We investigated multiple simulation scenarios to assess the robustness of the algorithm:
e Scenario 1. Varied the number of individuals, time points and proportion of missingness to
evaluate the scalability of the proposed algorithm.
e Scenario 2: Changed the complexity of the hierarchical structure to assess how well the proposed
algorithm of the model captures individual level variation [33].
2. Model Setup: Continuous time multivariate mixed hidden Markov model
Set up a multivariate mixed hidden Markov model where:
e [Each individual had their own set of latent states but shares a common structure for the transition
and multivariate emission distribution with baseline covariate.
e Random effects were included to represent individual differences in the transition probabilities

between hidden states or in the emission distributions (random intercept).
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4.4.2.7 Model Performance Measures

We evaluated the performance of our proposed damped R-VGADM algorithm compared to
standard MCMC in terms of speed gains and accuracy. Specifically, we examined how accurately the R-
VGADM estimates reproduced the true parameters (the values used to generate the data) and compared
these accuracy metrics to those obtained with MCMC. To assess accuracy, we considered both the bias of
the posterior means for the initial state distribution parameters, the transition rates and the associated fixed
and random effect parameters, as well as the coverage of their 95% central credible intervals (the central
portion of the posterior distribution that contains 95% of the values). This evaluation was based on 250
fitted models per simulation condition. The actual coverage of their 95% credible intervals is defined as

follows:

Coverage Rate = % B I(Bgye € CCIy),

where B is the number of simulations and I(6;,,, € CCI,) is an indicator function, where I = 1 if the
true parameter 6y, 1s within the central credible interval and I = 0 otherwise.

We also considered deviance information criteria (DIC) proposed in [38] for HMM to select the
number of hidden states when our algorithm was initialized with large number of hidden states. DIC was
selected primarily for its computational efficiency and practical feasibility in the proposed high-
dimensional continuous-time mixed-effects hidden Markov framework. Unlike alternatives such as
Bayesian cross-validation or marginal likelihood estimation, DIC can be computed directly from posterior
approximations without repeated model fitting or explicit specification of the effective number of model
parameters.

DIC = —2logp(y |0) + 2pp ,

where, O is the posterior estimates of the parameters of interest and pp, is the model complexity measured
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in equation 4 (page 230) of [38]. To assess the model fit, we used posterior predictive checks (PPC) [36,
37]. For MCMC, we considered trace plots and auto-correlation plots to evaluate stationarity and mixing.

These evaluations were also applied to the CT-mMixHMM on the empirical dataset.

4.5 Results
4.5.1 Simulation study results

In this section, we present the results of simulation study of the CT-mMixHMM. The simulated
dataset was designed to reflect the blood pressure transition patterns among older population, whereas the
empirical analysis applies the proposed model to real MFUS data to examine how age, as both fixed and
random effects covariates, influences progression between hypertensive states. Both the simulation study
and real data application were implemented in the R software version 4.5.2. In the simulation study, the
MCMC used a modified version of the function mHMM cont from the mHMMbayes package [40].

For simulation scenario 1, the sequential variational Bayes algorithm, R-VGADM, was initialized
with a large number of hidden states to correctly identify the true number of hidden states in the simulated
datasets. We used MFUS-derived empirical estimates for the emission means and variances and for the
transition intensities matrix Q with one baseline covariate as starting values to mitigate the label switching.
We varied the number of individuals N= 200,500,1000, the number of time points 7" =20,30,40,50, and
the marginal proportion of missingness about 2%, 3%, and 4%. Missingness was generated as a
deterministic, state-dependent process. More specifically, observations were fully observed in all non-
terminal states and became missing with probability of one upon entry into the full absorbing state. The
results obtained from these models were sufficient and did not exhibit label switching across different
combinations of N, T and missing proportions.

Here, we presented results of two simulated datasets, comprising of 15,000 (M=500, 7= 30), 30,000
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(M=1000, 7= 30) observations, respectively, from a six-state CT-mMixHMM where we considered one
baseline covariate V; ~ N(0,1) and the following associated coefficients matrices: &, was used for
intercept and §;was used for intercept for generating constrained transition intensity matrix Q , which are

given below:

0.000 -1.10 -2.00 —-0.12 -0.13 —0.027
-0.10 0.00 -1.19 -1.32 0.100 -0.47
£ = -0.16 0.110 0.00 —1.01 0.080 -—0.12
7 [ —3.10 0.020 0.120 0.00 —0.84 0.125 |’
0.000 0.000 0.000 0.000 0.000 -3.11
. 0.000 0.000 0.000 0.000 0.000 0.000

0.000 1.000 2.000 0.500 1.250 1.2257
1.000 0.000 1.000 0.200 1.000 1.250
£, = 1.111 1.111 0.000 0.500 2.000 1.000
17 11.000 2.000 1.200 0.000 2.000 1.250|
0.000 0.000 0.000 0.000 2.500 2.500

L0.000 0.000 0.000 0.000 0.000 0.000-

and with the initial state probability,
m = [0.5,0.3,0.1,0.05,0.05, 0].

We also considered one-time varying covariate X; ~ N(0, 0.5) with coefficient vector B = [By B,]’,

where B. = (111.2 122.4 131.7 141.2 139.2 NA) and
1 0.12 024 032 043 0.60 NA/
B, — (71.3 71.7 823 86.2 813 NA)
2 0.02 0.12 0.25 0.24 035 NA/
.. . . _ 1521 05 . .
The random effects were i.i.d and had a covariance matrix X, = 05 103 2SSuming conditional

independence and the inverse of residual error variance X, g = 1/log 0% = 10,

Here, state 5 was considered as partially absorbing state (to align with clinical meaningfulness
condition of blood pressure medication of MFUS participants) which can only move the next state (state
6) and state 6 was considered as full absorbing state means once an individual visits this state will not

return anymore from that state. Note that we modeled each of the two outcome variables as independent
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normal distributions with mean 7;,¢.-

Table 4.1 Population values of the group level means for each outcome variable for simulated data

Variables States Mean (SD)

Dependent Variable 1 State 1 111.2 (3.11)
State 2 122.4 (2.10)
State 3 131.7 (5.12)
State 4 141.2 (11.70)
State 5 139.2 (15.2)
State 6 NA (NA)

Dependent Variable 2 State 1 71.3 (3.57)
State 2 71.7 (2.56)
State 3 82.3 (2.89)
State 4 86.2 (8.06)
State 5 81.2 (6.24)
State 6 NA (NA)

That is, the covariance between any two outcome variables is assumed to be zero after conditioning
on the hidden state. However, marginal dependence between outcomes was captured through random
effects covariance matrix X,,. For the simulation study, we chose w;;; = [1 0] and w;y, = [0 1].
Empirical estimates of the key parameters (means and SD) for these states are presented in Table 4.2.

The state-dependent missingness with P(D; = 1|Z; = 6) = 1, which indicated missingness only

occur due to state 6 (a non-ignorable missingness which could happen due to an event such as death). We
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explored the results of a sequential variational Bayes analysis with several different numbers of initial

states to examine how results varied by individual count and time points.

4.5.1.1 Convergence and model selection

Table 4.2 (N=500, T'= 30) and table 4.3 (N=100, T = 30) report: (i) the initial number of states
used to state the CT-mMixHMM; (ii)the final number of states selected automatically by the sequential
variational Bayes analysis; (iii) the estimated sequential variational posterior means and standard errors
for the normal emission densities;(iv) the variational estimate of the deviance information criterion
(DIC), used as a model selection criteria for VB-based HMM [38]. The results show that the algorithm
correctly identifies six-state solutions for each time for each dependent variable.

For the N=500, 7=30, in total 15, 000 observation datasets (with 2% missingness), we were
successfully able to recover a six-state solution, with good posterior estimates for the parameters of both
variables across all different number of initial states. For the large dataset from N=1000, 7=30, (30,000
observations with 2% missingness), the six-state solution was recovered in all but one of the initial number
of states chosen.

Table 4.2 Results from the Sequential Variational Bayes (SVB) fit of a six-state CT-mMixHMM to the

15,000-observation simulated dataset.

No. of No. of Estimated
Estimated
initial states posterior st. DIC
posterior means
states found error.
N=500,
Dependent 111.5,121.9,131.5,  3.1,2.0,5.2, 12.0,
T=30,2% 15 6 -205.3
Variable 1 141.7, 139.5, NA 14.3, NA

missingness

111.1,121.6,131.0,  3.1,2.1, 5.1, 10.0,
12 6 —204.9
142.2, 138.9, NA 15.3,NA
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112.1,122.3,132.0, 4.1,2.0, 5.1, 10.0,
10 6 —203.7
141.2, 139.9, NA 14.3, NA
111.1,121.3,131.0,  3.1,2.0, 5.2, 11.0,
5 6 —205.5
141.2,139.9, NA 15.3, NA
N=500,
Dependent 70.0,78.0,86.0,92.0, 3.9, 3.8, 4.8, 4.9,
T=30, 2% 15 6 —653.2
Variable 2 82.0, NA 5.7, NA
missingness
70.1,71.1,86.1,91.9, 3.8, 3.9, 4.9, 4.8,
12 6 —652.5
82.0,NA 5.6, NA
71.0,71.3,82.0,86.0, 3.4,2.7,2.5, 7.1,
10 6 —653.0
81.1, NA 6.1, NA
71.3,71.7,82.3,86.1, 3.5,2.8,2.7, 8.1,
5 6 —655.0
81.1, NA 6.1, NA

Note: DIC-Deviance Information Criteria

Table 4.3 Results from the Sequential Variational Bayes (SVB) fit of a six-state CT-mMixHMM to the

30,000-observation (N=1000, T= 30) simulated dataset.

No. of No. of Estimated
Estimated
initial  states posterior  st. DIC
posterior means
states  found error.
N=1000, 111.0,122.0,132.0, 3.6, 2.5, 5.6,
Dependent
T=30,2% 15 8 141.3,139.0,138.2,  9.6,14.5,3.5,4.5, —1450.8
Variable 1 o
missingness 140.2, NA NA
111.1,122.1,132.0, 3.5,2.5,5.6,9.5,
12 6 —1451.5
141.0, 139.0, NA 14.5, NA
111.2,121.9,131.8, 3.1,2.1,5.2,11.0,
10 6 —1451.2
141.2, 139.9, NA 15.0, NA
111.1,121.4,131.6, 3.1,2.1,5.2,11.6,
5 6 —1452.0
141.2, 139.1, NA 15.1, NA
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N=1000,
Dependent 70.0,72.0,82.0,88.0, 3.6,2.5,4.5, 7.6,
T=30,2% 15 8 —1,350.6
Variable 2 o 82.0,89.2,84.6, NA 6.4,6.2,7.1, NA
missingness

70.0,72.0,82.0,88.0, 3.6,2.5,4.5,7.6,

12 6 -1,351.3
82.0, NA 6.4, NA
71.2,71.6,82.4,86.1, 3.4,2.7,2.6,8.1,

10 6 —-1,351.0
81.3, NA 6.1, NA

71.3,71.7,82.3,86.1, 3.5,2.8,2.7,8.1,
5 6 —-1,352.8
81.1, NA 6.1, NA

Note: DIC-Deviance Information Criteria

Tables 4.2 and 4.3 show that, in general, increasing the number of observations in the sample leads
to posterior estimates that are closer to the population values of the model parameters (given in table 4.1)
that were used to generate the data from the six-state CT-mMixHMM. Moreover, the solution obtained
by starting with only five initial states also lead to smaller DIC values. These results suggest to us that the
initial number of states can affect how observations are classified as the algorithm converges.
Interestingly, in our results this effect was more pronounced when the number of observations was higher.
Initializing the analysis for N=1000, 7=30 observation dataset with 15 states leads to 8-state solution.
However, two of these 8-states only had five observations assigned to it. This suggests that, if the initial
number of states is too large, some of the observations can become “stuck” in their initial allocation.
Intuitively, we would expect that, the larger the dataset, the more opportunity there is for that to happen,
as there are more observations available to lend support to a superfluous state in the model. Therefore,
using too many initial states may require caution.

For this thesis, the selection of the number of initial states was guided by a combination of prior
knowledge and empirical model assessment. Existing research, expert insights, and established process
stages were used to define a reasonable starting range for the number of possible states. This helped to

ensure that the model remains interpretable and substantively meaningful. In addition, an empirical
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approach was typically adopted by fitting models with different numbers of hidden states and comparing
their performance using model comparison criteria, as well as examining interpretability, parameter
stability, and the plausibility of inferred state dynamics. Therefore, the number of states was selected by
balancing model fit, parsimony, and interpretability, rather than relying on a single criterion.

Because there is no observed data for state 6, its emission parameters cannot be updated using the
likelihood. As a result, their posterior remains equal to the fixed informative prior. Missingness arising
solely from the Death state has a localized and interpretable impact: it primarily affects inference on death-
related transition intensities while leaving the estimation of non-terminal dynamics largely intact (see
Figure 4.6). When appropriately modeled within a CT-MixHMM framework, such missingness did not
degrade inference quality and may even strengthen identification of terminal states. More specifically, in
terms of parameter estimation, missingness concentrated in the Death state has minimal impact on the
estimation of emission parameters for the non-death states, since observations prior to death remain fully
informative (see on supplementary materials S2: Appendix B, Table B1). Finally, Table 4.3 and Appendix
B Table B1 illustrate the effect of increasing the proportion of missing observations from 2% to 3% for
N=1000, 7=30 on the performance of the Sequential Variational Bayes (SVB) estimator for CT-
MixHMM. Overall, the results indicate that a modest increase in missingness leads to minimal impact on
degradation in estimation precision and model fit when state-dependent missingness is explicitly modeled.
This robustness highlights the importance of explicitly incorporating state-dependent missingness
mechanisms when modeling ILD with absorbing events.

Model convergence
ELBO Convergence for SVB algorithm of CT-mMixHMM

Figure 4.2 presents the Evidence Lower Bound (ELBO) convergence trajectories from 250

independent runs of the Sequential Variational Bayes (SVB) algorithm applied to the six-state CT-

mMixHMM. Each gray line represents the ELBO progression for a single run, while the solid blue curve
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denotes the mean ELBO across all runs. The shaded orange region indicated the £1 standard deviation
(SD) band, reflecting the variability in convergence across runs.

Overall, the ELBO increased monotonically with iteration, demonstrating the stability and
consistency of the SVB optimization process. After approximately 120—150 iterations, the ELBO values
plateaued, suggesting that the algorithm reached a stable variational optimum. The relatively narrow SD
band indicated low variability across runs, implying that the SVB algorithm yields reproducible solutions
even when initialized with different random seeds. ELBO trajectories confirmed that SVB rapidly
converged within approximately 150 iterations, demonstrating computational efficiency.

A few early fluctuations observed in the initial 50 iterations likely correspond to adaptive updates of
the variational parameters as the posterior approximation adjusts to the latent structure. As iterations
progressed, both the individual and mean ELBO curves stabilized, confirming that the SVB algorithm

effectively optimized the variational evidence bound without signs of divergence or overfitting.

Sequential Variational Bayes ELBO Convergence (250 Runs)
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Figure 4.2 Sequential Variational Bayes ELBO convergence plot for 250 iterations

In summary, the convergence profile supports the computational efficiency and robustness of the
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SVB framework for parameter estimation in CT-mMixHMMSs, even under complex hierarchical and

continuous-time dependencies.
4.5.1.2 Emission Distribution

Table 4.4 presents the mean (SD) values of the two dependent variables across the six identified
states. For dependent variable 1, the mean rises from 111.2 mmHg (SD = 3.10) to 141.2 mmHg (SD =
11.72) in state 4, with state 3 at 131.7 (5.13) and state 5 at 139.2 (15.1). The slight drop in state 5 relative
to state 4 may reflect partial self-control or an intervention effect. For dependent variable 2, the mean
increases from 71.3 (3.58) mmHg in state 1 to 86.2 (8.04) in state 4, then decreases to 81.2 (6.23) in state
5. Moreover, the estimated standard deviations vary considerably across states, with lower states
exhibiting relatively small variability and higher states showing substantially greater dispersion. This
pattern suggests that while early states are well-defined and homogeneous, later states may capture more
heterogeneous or transitional dynamics and may also reflect potential over-specification in the number of

latent states.

Table 4.4 Summary statistics of the estimated group-level means for each of the 6 states (component)

distributions on the two dependent variables

Parameter/Variables States Mean (SD)

Dependent Variable 1 State 1 111.2 (3.10)
State 2 121.4 (2.12)
State 3 131.7 (5.13)
State 4 141.2 (11.72)
State 5 139.2 (15.1)
State 6 NA (NA)

Dependent Variable 2 State 1 71.3 (3.58)
State 2 71.7 (2.58)
State 3 82.3 (2.86)
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State 4 86.2 (8.04)
State 5 81.2 (6.23)
State 6 NA (NA)

Overall, the state classifications reflect the expected clinical progression of a condition - likely
hypertension in case of MFUS dataset - and that the observed reductions may be associated with

interventions such as antihypertensive treatment.

Figure 4.3 illustrates the distribution of outcome variables across the states and highlights the degree

of separation or overlap among states.

Density plot of the conditional emission distribution
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Figure 4.3 Estimated density plot of the conditional emission distribution

4.5.1.3 Computational performance

All experiments were conducted on the High-Performance Computer system of the Digital Research
Alliance of Canada. The platform enabled parallel computation during the importance sampling phase,
allowing for the concurrent calculation of the gradient, the Hessian of the joint log-likelihood, and the

associated weights. Additionally, the system supported parallelization across Monte Carlo samples for
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estimating expectations in the R-VGADM algorithm.

Table 4.5 Average computing time (in seconds) for SVB and MCMC approaches in 250 simulated data
sets from CT-mMixHMM model.

T=20 T=30 T=40 T=50
N=200 MCMC 410.85 1985.60 3025.90 4120.45
SVB 178.40 480.70 465.30 390.50
Ratio
2.30 4.13 6.50 10.55
(MCMC/SVB)
N=500 MCMC 460.95 2880.75 5890.40 9225.60
SVB 165.80 545.90 735.60 925.20
Ratio
2.78 5.28 8.01 10.59
(MCMC/SVB)
N=1000 MCMC 465.28 2955.27 3385.27 16695.92
SVB 156.30 642.20 525.20 1404.20
Ratio 2.96 5.50 6.40 11.89
(MCMC/SVB)

Note: N represents number of individuals and 7 represents number of time points

Table 4.5 presents the average computing times (in seconds) for the Sequential Variational Bayes
(SVB) and MCMC approaches, averaging over 250 simulated datasets generated from the CT-
mMixHMM model. The results are reported across different sample sizes N=200, 500, 1000 and
observation lengths 7=20, 30, 40, 50. For each combination, MCMC times exceed SVB times, with the
relative gain increasing as both N and 7 grow. Overall, SVB was 2 to 11 times faster than MCMC across
all scenarios, with larger gains for bigger N and longer 7. These findings highlight SVB’s scalability for

fitting CT-mMixHMM.

4.5.1.4 Transition Probability Matrix (TPM) accuracy and biases measures
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Figures 4.4 (a) and (b) compare the estimated average transition probabilities between the six
generated states for N=1000, 7=30, with 3% missingness: (a) SVB estimates and (b) MCMC estimates.
Both heatmaps displayed a strong diagonal pattern, indicating high persistence in state over time. The full
absorbing state (state 6) showed a probability of 1.0 in both estimates, and the partial absorbing state (state
5) exhibited high self-transition probabilities (0.865 for SVB vs. 0.846 for True), suggesting good
accuracy of SVB in this category. Moreover, transitions from state 3 to state 4 are both close to 0.07 across
methods.

Overall, high diagonal entries indicate substantial state persistence over time. SVB achieves good
accuracy of TPM relative to the true values and performed better than MCMC. High differences between
MCMC and True TPM highlight method-specific misalignment that could influence clinical interpretation
and policy decisions. Moreover, the SVB approach more accurately identifies state 6 as a full absorbing
state and state 5 as a partial absorbing state than MCMC, making SVB the superior method for modeling

transition probabilities.

The reason behind the efficiency of SVB is that in case of MCMC, it must simulate or marginalize
over many latent state paths (especially in continuous time), (partial) absorbing events make the state path
updates very sparse. This causes inefficient use of samples: most iterations repeat identical sequences and
rarely sample partial or full absorbing state such as death events. Therefore, the posterior variance of
transition intensities to (partial/full) absorbing states remains inflated, obscuring the absorbing nature in
the posterior mean. Whereas SVB enforces (partial/full) absorbing constraints and penalizes unobserved
transitions deterministically. Overall, SVB’s bias—variance trade-off is better suited for models with
(partial/full) absorbing or constrained transition structures-giving cleaner, interpretable transition
matrices, especially when absorbing events are infrequent. Therefore, we report no further MCMC results

beyond a computational time comparison for the simulation study.
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Supplementary Table B2 (see Supplementary material S2, Appendix B) reports the bias of SVB

and MCMC estimates relative to the MFUS benchmark across transition categories when N=1000, 7=30

and missingness proportion was 3%.
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Figure 4.4 a) Population-level transition probability matrices (TPM): estimated via SVB and MCMC,
b) Comparison of the SVB-estimated population-level TPM with the true underlying TPM used in the
simulations.

Overall, SVB demonstrated smaller bias and lower mean absolute bias than MCMC, indicating closer
agreement with the reference transition structure. In particular, MCMC exhibits larger deviations for

dominant self-transition probabilities, whereas SVB provides more stable estimates across persistent and
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deterioration transitions. Although MCMC performs comparably for some low-probability transitions,
SVB shows more consistent alignment with the benchmark overall.

Table 4.6 Estimated values of population-level TPM from SVB for simulation study

To (occasion t+1)

From (occasion t) State 1 State 2 State 3 State 4 State 5 State 6

State 1  0.601 0.146 0.170 0.065 0.012 0.006

State2  0.245 0.410 0.245 0.036 0.044 0.018

State3  0.106 0.102 0.635 0.138 0.019 0.059

State 4 0.029 0.043 0.373 0.444 0.069 0.043

State 5 0.000 0.000 0.000 0.000 0.865 0.135

State 6 0.000 0.000 0.000 0.000 0.000 1.000

Table 4.6 shows a well-ordered and interpretable transition structure among hidden health states
such as blood pressure evolution, characterized by (1) strong persistence within states, (2) predominant
forward progression toward more severe or treated stages, (3) limited transitions to earlier states, and (4)
clear absorbing behavior in the terminal state. This pattern indicated the model’s ability to capture both
the chronic and terminal dynamics of health states such as hypertension in a longitudinal cohort.

Model evaluation for estimated TPM
Bias Patterns

Figure 4.5 presents the percentage bias in estimated transition probabilities under SVB only across
under combinations of measurement occasions (20-50) and subject sample sizes (N = 200, 500, 800,
1000). Each panel corresponds to a specific transition between hypertension-related states, with different

line types representing sample sizes and shaded regions indicating variability across replicates.

108



State 1 to State 2

State 1 to State 3

State 1 to State 4

State 1 to State 5

State 1 to State 6

Percent bias

Occasion size

Subjects (N) — 200 ---

500 == 800 == 1000

Figure 4.5 Bias of estimated transition probabilities across various sample sizes and occasions

In general, the estimation process produces almost unbiased estimates of transition probabilities of

most transitions, and these percent biases are usually clustered around the value of zero and fall within

+5%. Unsurprisingly, increasing the sample size reduces both bias and variability, indicating a higher

precision of the estimates in bigger datasets. Expanding the number of measurement occasions from 20 to

50 yields only modest gains but contributes to greater stability.

Transitions involving less frequently visited states, such as those to or from State 5, show greater

variability and are not always zero-biased, likely due to the lower number of observations for these

transitions. Collectively, these results suggest that the SVB estimation method is robust across realistic

simulation settings, with greater accuracy and reliability with larger samples.
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Coverage Patterns

Figure 4.6 represents the fraction of the coverage that is achieved by the 95% confidence intervals
associated with the estimated transition probabilities across combinations of sample sizes (N = 200, 500,
800, 1000) and numbers of observation occasions (7=20, 30, 40, 50). Each panel represents a specific
state-to-state transition; line types represent the varying sample size conditions.

Overall, empirical coverage is close to 95% for most transitions, thus suggesting that the proposed
estimation procedure yields well-calibrated uncertainty quantification across a range of simulated
scenarios. Transitions such as State 1 —»State 2 and State 1 —State 3 show stable and near nominal
coverage for all conditions examined, especially for larger sample sizes (N=800), thus showing promising
potential for robust estimation of interval estimates for early-stage progression transitions. Conversely,
transitions involving State 5 or State 6, e.g. State 5 — State 6 and State 2 — State 6, exhibit a slightly
wider variability and cases of under-coverage, particularly at smaller sample sizes (N = 200) and
missingness solely from state 6, indicating increased uncertainty in calculating rare or terminal transitions.

Forward progression transitions (i.e., State 2 — State 3 and State 3— State 4) resulted in coverage
rates approaching 95% for most conditions, while reverse transitions (e.g., State 4 — State 1 and State 4 —

State 2) exhibit slightly lower and more variable coverage, even in the large sample size.

110



State 1 to State 2 State 1 to State 3 State 1 to State 4 State 1 to State 5 State 1 to State 6

100,01
9751
9.0
025
9.0

100.017
9751

L]
o
o]
1™
0
>
0
O g
g 93 .S oo
o %0 90+ 881 '
0
o State 4 to State 2 State 4 to State 3 State 4 to State 5 State 4 to State 6
751 mameai | %Y
95.0 ==t -‘--::-—:'ﬁ-..".‘-»—:" i
925125 =
90.0
P of ©

1021

Occasion size

Subjects (N) — 200 --- 500 == 800 - - 1000

Figure 4.6 Percent coverage of estimated transition probabilities across various sample sizes and
occasions.

Increasing the number of occasions to 7' = 40 yields modest improvements in coverage stability.
Taken together, these results show that the proposed SVB methodology provides reliable confidence
interval estimates for common transitions, but transitions involving rare or less frequent events may result
in sample sizes that are too large to maintain nominal levels of coverage. In other words, rare or terminal

transitions may require larger sample sizes to maintain nominal coverage.

4.5.1.5 Maximum a posterior (MAP) estimates of model parameters with single covariate
Supplementary Table B3 (Supplementary S2: Appendix B) presents the posterior median (MAP)
estimates, posterior standard deviations, and 95% central credible intervals (CCI) for group-level and

subject-level parameters obtained from 250 simulation replications of a six-state continuous-time
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multivariate mixed-effects hidden Markov model (CT-mMixHMM) fitted using SVB. The simulated data
consisted of N = 1000 subjects observed over T = 30 time points, with chosen ground-truth parameter

values.

Emission model parameters

For both dependent variables (DV 1 and DV 2), the state-specific intercepts (@) exhibited a
monotonic increase across latent states, consistent with the data-generating ordering. Across all states, the
MAP estimates closely track the true intercept values, and 95% CCls generally contain the true values. A
modest positive bias was observed for higher-numbered states, particularly for DV 2 in States 4 and 5.
This pattern is consistent with partial state overlap and reduced effective sample sizes in less frequently

occupied states, which can lead to conservative upward shifts in posterior location estimates.

The state-specific slope parameters (1) were well recovered for both outcomes. MAP estimates
were close to the true values, and the associated CCIs consistently included the data-generating
parameters. These results indicated that SVB accurately captures the temporal trends within states, even

in the presence of latent state uncertainty and random effects.

Within-state residual variances (02;4,;,) are slightly overestimated across most states for both
dependent variables. The degree of overestimation increases with state severity, a phenomenon commonly
observed in mixture and hidden Markov models, where uncertainty in state allocation contributes to
inflated residual variability. Importantly, the true variance values remained within the estimated CCI,

suggesting appropriate uncertainty quantification.
Subject-level random effects

The variances of the subject-specific random intercepts for DV 1 and DV 2 (77 and t3) were
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moderately overestimated, although the true values were well covered by the 95% CCls. This finding
reflects the known tendency of variational inference methods to attribute a greater proportion of
unexplained variability to random effects when jointly modeling latent states and hierarchical structures.
Nevertheless, the results demonstrate that SVB successfully identifies substantial between-subject

heterogeneity in longitudinal trajectories.

Transition probability model

The transition probability model (TPM) parameters, estimated on the logit scale, were recovered
with high accuracy. Both the transition intercepts and covariate slopes exhibited minimal bias, tight
posterior dispersion, and credible intervals that consistently include the true values. Transitions
corresponding to clinically plausible state progressions (e.g., 1 — 2,3 — 4, 4 — 5) were particularly well
identified, while less frequent transitions (e.g., 4 — 1) displayed slightly wider credible intervals but no

systematic bias.

The subject-level random-effect variance in the TPM was also accurately estimated, with MAP
values closely matching the true parameter and narrow credible intervals. This indicated that SVB

effectively captured individual-level heterogeneity in transition dynamics in a continuous-time setting.

Initial state distribution

The initial state probabilities were estimated with minimal bias, and the MAP estimates closely
approximate the true proportions. As expected, credible intervals were wider for states with lower initial
prevalence, reflecting greater uncertainty due to limited information at baseline. Nonetheless, the overall

structure of the initial distribution was correctly recovered.
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Missingness mechanism

The state-dependent missingness parameters were accurately estimated: the probability of
missingness conditional on the absorbing state was recovered almost exactly, and the marginal
missingness proportion closely matched the true value of 3%. These results demonstrate the SVB
framework can jointly model the longitudinal process and informative missingness without introducing

appreciable bias.

Overall, Supplementary Table B3 demonstrated that the proposed SVB approach provides reliable
parameter recovery for a complex six-state CT-mMixHMM under realistic sample sizes and moderate
observation lengths. The method performs particularly well in estimating transition dynamics and
temporal effects, while exhibiting mild conservatism in variance and intercept estimation for higher latent
states. Importantly, credible intervals consistently achieve appropriate coverage, supporting the validity
of SVB for large-scale longitudinal modeling with latent state dynamics, subject-specific heterogeneity,

and informative missingness.

4.5.2 Empirical Application Results

For the empirical application of our proposed model, we considered MFUS dataset. This section
describes the posterior mean and standard errors of outcome variables for each hidden state, the estimated
conditional emission distribution density plot and compares estimation methods for modeling state
transitions and analyzes the age-related effects on transition rates. It highlights differences in model

accuracy and presents individual case studies illustrating disease progression and management.

4.5.2.1 Model comparisons and state labelling

Initially, we compared five- and six-states CT-mMixHMM via our proposed estimation algorithm

and obtained the posterior mean and standard errors of two outcome variables - SBP and DBP - within
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each hidden state. The results are shown in Table 4.7. The DIC indicated that the six-state model provided
a better fit than the five-state model. We then labeled the six states based on the clinical relevance of BP

measurcs.

Table 4.7 Modelling results for the CT-mMixHMM with 5-7 latent states for MFUS datasets

No. of Estimated Estimated DIC
states posterior means posterior
Variables (SBP, mmHg) std.  error.
(mmHg)
5 111.0, 122.0, 3.6, 2.5, 5.6, —1351.8
SBP 132.0,141.3,NA 9.6, NA
6 112.1, 123.3, 3.2, 2.4, 5.5, —1355.5
130.4, 140.2, 10.9, 13.1,
136.2, NA NA
7 111.5, 124.5, 3.6, 3.4, 6.5, -1352.3
130.6, 143.5, 11.9, 121,

136.2,142.6,NA 13.6,NA

5 70.0, 72.0, 82.0, 3.6, 2.5, 4.5, —1,240.6
DBP 88.0, NA 7.6, NA

6 70.3, 72.7, 81.3, 3.2, 2.8, 2.4, —1,260.3
87.3,822,NA  9.1,7.2,NA

7 71.3, 73.7, 82.5, 4.2, 4.8, 3.4, —1,252.1
85.3, 87.2, 82.3, 8.1, 8.2, 8.3,
NA NA

Table 4.8 shows the posterior means and standard errors of SBP and DBP for the six SVB-derived
hidden states. From State 1 through State 4, both SBP and DBP increase monotonically. In State 5, SBP
remains in the State 4 range, while DBP is slightly lower but still elevated, with greater between-subject

variability and larger SEs, reflecting heterogeneity within this state.
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Table 4.8 Posterior means (standard errors) of SBP and DBP variables for each hidden state from six-
states CT-mMixHMM via SVB

State SBP Mean SBPSE DBP Mean DBPSE State label

112.1 3.26 70.3 3.28 Normal
2 123.3 2.41 72.7 2.88 Elevated
3 130.4 5.53 81.3 2.46 Hypertension stage 1
4 140.2 10.98 87.3 9.04 Hypertension stage 2
5 136.2 13.16 82.2 7.23 On Hypertension Medication
6 NA NA NA NA Death
State 6 is absorbing, with no SBP/DBP measurements. We label the states as Normal, Elevated,

Hypertension Stage 1 (HTN 1), Hypertension Stage 2, On Hypertension Medication, and Death to aid

interpretation of progression and treatment effects and to align with standard hypertension care.

4.5.2.2 Emission distribution by states

density

ssssss

Figure 4.7 Estimated emission density plot for SBP and DBP conditional on each hidden state
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Figure 4.7 shows the estimated emission densities for SBP and DBP conditional on each hidden
state. Normal and Elevated states cluster at lower end of SBP/DBP, while HTN1 and HTN2 progressively
shift toward higher values. Patients on hypertension medication span both normal and hypertensive ranges,
reflecting treatment effects. Overall, Figure 4.7 demonstrated graded differences across BP categories, but
also notable overlap between states and substantial within-state variability, consistent with heterogeneity
and medication effects.

We additionally performed a comprehensive performance analysis comparing SVB and MCMC for
(a) estimating both individual transition probabilities and (b) aggregate age effects on transition rates
across all participants (refer to Supplementary Figure 4-0-2 for details). Furthermore, aging effects on
transition rates were evaluated for two specific case studies using our proposed algorithm (refer to

Supplementary Figure4-0-3 with details).

4.5.2.3 Maximum a posterior (MAP) estimates of model parameters with covariate

The MAP parameter estimates obtained from six state CT-mMixHMM are shown in Table 4.9a.
We use medians of the posterior distributions as MAPs and use the standard deviations and 95% credible
intervals (CI) as measures of uncertainty. In this analysis, age was group-mean centered at everyone’s
sample mean. Group-mean centering ensures emission model to individual specific baselines, prevents
confounding between state occupancy and age distribution (means it is allowing latent states to be
interpreted independently of the age distribution of the individuals who occupy them) and improves
numerical stability in SVB.

For SBP, the estimated state-specific intercepts (f,) representing the expected SBP evaluated at
each individual’s average age over follow-up, increased progressively from the Normal (=112.3 mmHg)
state to the On HTN Medication state (=141.4 mmHg), reflecting clear graduations by hypertension

severity. The age slope captures the within person effect of aging on SBP levels in different latent states.
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Specifically, as an individual ages by one year relative to their own average age, their SBP
increased steadily from 0.10mmHg conditional on remaining in the Normal state to 0.62mmHg
conditional on remaining in On HTN Medication state, suggesting stronger longitudinal aging effects in
increased SBP at higher hypertension states. Within-state residual variances (0;2;,;,) of SBP rose from
8.6 (mmHg)? in the Normal state to 18.2 (mmHg)? in the On HTN Medication state, indicating greater
within-person variability in systolic blood-pressure conditional on latent state membership, particularly
among individuals in more advanced hypertensive states. The relatively large variance suggests that SBP
trajectories in the On HTN Medication state are comparatively unstable after accounting for individual
aging effects. Moreover, by the 95% CCls of the parameter estimates, we can see that the uncertainty is
larger around the fixed and random effect estimates of the “On HTN Medication™ state. This is not
unexpected given that it is the hardest state to estimate because it is always “stuck” across all other state
distributions (see figure 4.7). Hence, it is associated with a large measure of uncertainty.

The random effects for SBP revealed substantial between-subject variability in baseline SBP after
accounting for latent state membership and fixed covariate effects. The estimated random intercept
variance (t2,;) of 20.4 mmHg2 (95% CCI: [15.6, 26.4]) which reflects individuals differ markedly in their
underlying SBP levels, even occupying the same latent state, and the random slope variance (Tﬁge_c)of
0.052 mmHg2 ([0.025, 0.084]) which indicated heterogeneity in age related SBP trajectories across
individuals. More specifically, the effect of aging on SBP is not constant across subjects; rather,
individuals exhibit varying rates of SBP increase with age within latent states. This supports the inclusion
of random slopes to capture personalized disease progression patterns. The positive covariance between
intercept and age (Tintage ¢ = 0.91, 95% CCI: [0.37, 1.53]) which is credibly different from zero,
indicating that individuals with higher baseline SBP also tend to experience steeper age-related increases

in SBP over time.
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Table 4.9a Point estimates MAP (medians) of emission parameters from six-states CT-mMixHMM via

SVB method
Variable Parameter MAP (SD) 95% CCI
SBP - Normal Bo (Intercept) 112.3 (1.0) [110.1, 114.6]
Bage_c (Age slope) 0.1 (0.04) [0.04, 0.16]
02 nin(Residual variance) 8.6 (0.8) [7.3,10.1]
SBP - Elevated Bo (Intercept) 125.7 (1.0) [123.4,127.9]
Bage_c (Age slope) 0.22 (0.04) [0.13,0.31]
02 nin(Residual variance) 10.9 (0.8) [9.2,12.8]
SBP - HTN Stage 1 Bo (Intercept) 136.8 (1.0) [134.1, 139.6]
Bage c (Age slope) 0.33 (0.04) [0.21, 0.45]
02 inin(Residual variance) — 12.5 (0.8) [10.5, 14.9]
SBP - HTN Stage 2 Bo (Intercept) 148.9 (1.0) [146.0, 151.9]
Bage c (Age slope) 0.47 (0.04) [0.33, 0.61]
02 nin(Residual variance) ~ 15.8 (0.8) [13.2, 18.6]
SBP - On HTN Med Bo (Intercept) 141.4 (1.0) [137.8, 165.2]
Bage_c (Age slope) 0.62 (0.04) [0.45, 0.78]
0.2:cnin(Residual variance) 18.2 (0.8) [15.1,21.9]
Random Effects - SBP 2, .(Intercept) 20.4 (2.9) [15.6, 26.4]
Tage c(Age) 0.052 (0.015) [0.025, 0.084]
Tint,age_c (Intercept, Age) 0.91 (0.30) [0.37, 1.53]

A similar pattern was observed for DBP in table 4.9b. The intercepts which indicated the expected
DBP evaluated at each individual’s average age over follow-up, rose from 70.5 mmHg in the Normal state
to 98.6 mmHg in the On HTN Medication state, while the age effects on the level of DBP, when an
individual ages by one year relative to their own average age, their DBP increased from 0.04 mmHg

conditional on remaining in the Normal state to 0.37mmHg on being in the On HTN Medication state

119



suggesting a stronger age related increase in DBP. Residual variance of DBP also increased from 5.9
(mmHg)2 in the Normal state to 10.7 (mmHg)2 in the On HTN Medication state, mirroring the
heterogeneity pattern seen in SBP. The random effects for DBP showed notable between-person variation
(2= 11.6; Tﬁge_ﬁ 0.026), with a moderate positive intercept-age covariance (Tinsqge = 0.39), again
implying that participants with higher baseline DBP exhibit stronger age-related increases.

Table 4.9b Point estimates MAP (medians) of emission parameters from six-states CT-mMixHMM via

SVB method
Variable Parameter MAP (SD) 95% CCI
DBP - Normal Bo (Intercept) 70.5 (0.9) [69.1, 72.0]
Bage c (Age slope) 0.04 (0.03) [0.01, 0.08]
02 nin(Residual variance) 5.9 (0.6) [4.8,7.1]
DBP - Elevated Bo (Intercept) 78.2 (0.9) [76.5, 80.0]
Bage c (Age slope) 0.1 (0.03) [0.04, 0.17]
02 nin(Residual variance) 6.7 (0.6) [5.5,8.1]
DBP - HTN Stage 1 (5, (Intercept) 85.6 (0.9) [83.7, 87.5]
Bage_c (Age slope) 0.2 (0.03) [0.11, 0.29]
0.2 cnin(Residual variance) 7.8 (0.6) [6.3,9.5]
DBP - HTN Stage 2 S, (Intercept) 91.8 (0.9) [89.6, 94.0]
Bage_c (Age slope) 0.28 (0.03) [0.17,0.39]
0.2 cnin(Residual variance) 9.4 (0.6) [7.5,11.4]
DBP-On HTN Med p, (Intercept) 98.6 (0.9) [96.2,101.1]
Bage c (Age slope) 0.37 (0.03) [0.25, 0.50]
02 tnin(Residual variance) 10.7 (0.6) [8.7,12.9]
Random Effects - 72 ,(Intercept) 11.6 (1.9) (8.2, 15.4]
DBP
Tage c (Age) 0.026 (0.008) [0.011, 0.045]

Tint,age_c (Intercept, Age) 0.39 (0.15) [0.08, 0.65]
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Overall, the component distribution random effects are large on the “On HTN Med” state for both
SBP and DBP outcome variables (see table 4.9a-b), which suggests that it may be useful to incorporate
some additional covariates such as BMI to explain differences between subjects.
MAP estimates of state transition probability

In table 4.10 for the transition probability model (TPM), the baseline logit-scale intercepts (a)
representing baseline measures of the transition when the person is at their own average age, were negative
and consistent with relatively low transition probabilities between hypertension states in any single time
step. Transition intensities generally decreased as the gap between states widened-for example, a;, =
—1.15 and a3 = —2.38 - indicating that adjacent-state transitions (e.g., Normal — Elevated) are more
likely than larger jumps (e.g., Normal — HTN1). The reverse transition from HTN2 — Normal (a4, =
—3.15) had the smallest estimated probability, consistent with the low likelihood of returning to
normotensive levels.

Table 4.10 Point estimates MAP of TPM parameters from the six-states CT-mMixHMM via SVB

Variable Parameter MAP (SD) 95% CCI

TPM (Intercepts ) 012 (152) 1.15(0.17)  [-1.47,-0.85]
013 (1-3) -2.38(0.26)  [-2.90,-1.93]
023 (2—3) -1.22(0.19)  [-1.64,-0.87]
o34 (3—4) -1.05(0.21)  [-1.48,-0.65]
$0,45 (4—35) -0.85(0.18)  [-1.21,-0.52]
0,41 (4—1) -3.15(0.33)  [-3.79, -2.53]

TPM Random Effects Tl-znt’(TP M) (Intercept) 0.68 (0.11) [0.48, 0.94]
T2 g0 c (rpay(Age) 0.052 (0.020)  [0.021, 0.096]

Tint,age_c (rpm) (Intercept, Age) -0.015(0.007) [-0.029, -0.003]
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Since, age was group-mean centered at the subject’s baseline age, the random intercept variance
reflects between-subject heterogeneity in baseline transition propensities at the baseline age, while the
random slope variance reflects heterogeneity in sensitivity to age deviations from baseline age. The small
negative intercept-slope covariance indicated that individuals with higher baseline propensities tend to
have slightly weaker age effects on transitions.

The random effects for the TPM showed moderate between-subject variability in both intercepts

(Tiznt,(TpM)Z 0.68) and age slopes (Tége pm)= 0.052). Here, Tége rpm)= 0.052 indicated a moderate level

of between person variability in age effects on transition probabilities across individuals. In other words,
not everyone ages the same way in terms of how their transition likelihoods change -some individuals
show stronger age effects relative to their average age, others weaker. For example, in hypertensive disease
progression, some patients may show rapid transitions with age relative to their baseline age, while others
remain stable. Overall, some people’s transition probabilities are more sensitive to age than others (see
supplementary figure 4-0-2 and 4-0-3).

The small but significant negative covariance (Tint,qge (rpmy = —0.015) indicated that individuals
with higher baseline transition propensities tend to have slightly weaker age effects on transition
probabilities. The predicted probability of missingness conditional on the “Death” state was recovered
almost exactly.

Overall, these findings underscore clear differences in blood pressure patterns across latent
hypertension states, with age exerting a stronger influence and within-person variability increasing at more
severe stages. Importantly, the impact of aging on blood pressure is not uniform; individuals show
different rates of increase with age within these states. In addition, the estimated transition parameters

indicate that progression typically occurs through neighboring states, while abrupt shifts or complete
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reversals are unlikely.

Density of posterior transitions probabilities

The observed differences in the transition probabilities across subjects is not unexpected given the

substantial heterogeneity among MFUS participants in medication initiation. Figure 4.8 displays the

density estimates of the 26 posterior means transitions probabilities in the six-states CT-mMixHMM fitted

to MFUS data.
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Figure 4.8 Density estimate of the 26 possible transition sets of maximum a posterior (MAP) mean

transition probabilities for the six-states CT-mMixHMM

In Figure 4.8, the diagonal panels (e.g., Normal — Normal, Elevated — Elevated, HTN Stage 1 —

HTN Stage 1, HTN Stage 2 — HTN Stage 2, On HTN Medication — On HTN Medication) peak near

one, indicating strong self-transitions and persistence in the current blood pressure state over consecutive

observations. Such persistence aligns with the chronic and relatively stable nature of hypertension once

established.
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Forward transitions (Normal — Elevated, Elevated — HTN Stage 1, HTN Stage 1 — HTN Stage
2, and HTN Stage 2 — On HTN Medication) show moderately high-density peaks between 0.6 and 0.9.
These transitions reflect gradual worsening of hypertension conditions over time, consistent with the
expected physiological progression from normal blood pressure to more severe stages and eventual
treatment initiation. The smooth, unimodal shapes of these densities indicate stable and well-estimated
progression probabilities across individuals.

Backward transitions (e.g., Elevated — Normal, HTN Stage 1 — Elevated, HTN Stage 2 — HTN
Stage 1) display densities skewed toward lower probabilities (typically below 0.3), implying that recovery
or improvement to milder states is relatively uncommon.

The transition from On HTN Medication — Death has a slightly higher and broader density,
indicating greater variability in mortality risk among treated hypertensive individuals. This is consistent
with clinical observations that those requiring medication typically represent more advanced disease
stages.

Overall, the transition probability densities reveal a coherent and clinically plausible dynamic
structure for MFUS participants. The model captures high within-state persistence, dominant forward
progression, limited regression, and a fully absorbing death state. The results indicate that blood pressure
dynamics follow a gradual, largely irreversible trajectory from normal to elevated and hypertensive states,

with increasing mortality risk as the disease advances.
4.5.2.4 Individual state sequences estimate

Figure 4.9 presents state-sequence comparisons for four individuals, showing how closely the
model-predicted states track the observed states over time. The SVB fitted state sequences align well with

the observed data across individuals, capturing general trends effectively, demonstrating the practicality
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of CT-mMixHMM for longitudinal blood pressure analysis. Overall, the fitted state sequences largely

match the observed states, supporting the model’s validity.
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Figure 4.9 Fitted states sequences from SVB method for 4 randomly selected individuals

4.5.2.5 Model fit through posterior prediction checks (PPC)

We checked whether the model produces extreme results on the component (state) distribution
means and variances. For the state means, the posterior predictive p-values indicated that the simulated
values are not extreme compared to the observed datasets for Normal, Elevated, HTN1 and HTN2 across

both outcome variables (0.25 < P,gterior < 0.57 ). However, for the On HTN Med state, the p-values

suggest some extremeness in the simulated data compared with the observed dataset (see Figure 4.10).
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Figure 4.10 Results of PPC for the “On HTN Med” state of the two emission variables. Vertical dashed
line (in red) represents the observed mean; DBP: Diastolic Blood Pressure and SBP: Systolic Blood

Pressure

Figure 4.10 plots SVB-based predictions: the red vertical line marks the observed mean, and the
grey histogram shows the distribution of means from the generated samples. The generated samples
overshoot the observed mean for the second outcome variable (SBP) and undershoot the observed mean
for the first outcome variable (DBP) for the On HTN Medication state. This is not surprising given that
the component distribution of the “On HTN Med” state overlaps significantly with the other states on all
two outcome variables (see Figure 4.7). PPC indicated no extreme means or variances for Normal,
Elevated, HTN1, HTN2; the On HTN Med state shows some extremeness, as noted above. Overall, the

model fits MFUS BP emissions adequately.

4.5.2.6 Clinical interpretations and implications

The empirical application of the CT-mMixHMM to the MFUS dataset demonstrated that blood

pressure dynamics in the cohort follow a gradual and largely irreversible progression from normal to
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elevated and hypertensive states, with mortality risk increasing as the disease advances. The model's
transition probability densities and fitted state sequences provide strong evidence of high within-state
persistence and dominant forward movement, with regression to lower-risk states being infrequent. These
findings align with the chronic and progressive nature of hypertension and support the clinical plausibility
of the modelling approach.

The posterior predictive checks (PPC) indicate that the latent states produced by the model
adequately reproduce the observed distributional features for most states; the On HTN Med state shows
some overlap with other states, reflecting the heterogeneity of treatment effects, but the overall fit remains
robust. Clinically, the model can help identify individuals at higher risk of progression or death, inform
risk stratification and targeted interventions, and illuminate how treatments influence disease trajectories.
Overall, this continuous-time, multivariate mixed effects HMM provides a valuable framework for
dissecting complex, latent disease pathways in longitudinal BP data and supports more precise and

responsive patient care.

4.6 Discussion

The present study systematically evaluated the performance and interpretability of continuous-
time multivariate mixed effects Hidden Markov Models (CT-mMixHMM) for ILD, using both simulation
scenarios and empirical analysis of the MFUS blood pressure data. The simulation study established the
model’s robustness under increasing complexity, demonstrating consistent recovery of hidden state
sequences and parameter estimates across varying state structures, random effects, and covariate
influences. These controlled scenarios provided a benchmark for model validity and sensitivity, allowing
for a nuanced appraisal of CT-mMixHMM’s flexibility and reliability. Moreover, the state sequences
inferred via the SVB approach in the empirical analysis closely aligned with observed transition patterns

at the individual level, providing further evidence of the model’s ability to accurately reconstruct
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underlying latent disease processes.

The simulation results demonstrate that the SVB approach provides a scalable, numerically stable,
and fully integrated inference strategy for complex CT-mMixHMMs. The framework accommodates
multiple longitudinal outcomes, state-dependent trajectories, hierarchical random effects, covariate-
dependent transition dynamics, and informative missingness within a single variational objective.
Although variational inference tends to be mildly conservative in variance estimation a known property-
it consistently preserves structural interpretability and avoids the computational burden of fully Bayesian
MCMC approaches. These findings for the variance estimation are consistent with previous studies [38,
42]. Moreover, these findings support SVB as a practical and theoretically sound alternative for large-
scale continuous-time latent state modeling in longitudinal health data [33]. Empirical application to the
MFUS data furnished real-world corroboration, with fitted transition dynamics and emission distributions
aligning well with clinical expectations. Together, the simulation and empirical findings reinforce the CT-
mMixHMM framework as a powerful approach for dissecting latent disease progression pathways in
longitudinal BP studies. These findings related to empirical applications are also consistent with previous

studies [7, 8, 10].

The model’s transition probability structure revealed a clinically coherent progression from normotensive
to hypertensive states, characterized by high within-state persistence and dominant forward movement.
Recession to lower-risk states was rare, mirroring the largely irreversible nature of advancement of
hypertension. The presence of a fully absorbing death state further underscores the model’s capacity to
capture terminal events in chronic disease contexts. These findings carry significant clinical implications:
the observed state dynamics not only reflect the natural history of BP elevation but also enable
stratification of patients by risk and trajectory, providing a basis for targeted intervention and monitoring

which are consistent with previous studies [15, 42]. Furthermore, the influence of aging on transition rates
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observed in empirical data applications demonstrated a stepwise progression from Normal to Elevated,
HTNI1, and HTN2 stages, accompanied by an increased probability of treatment initiation (Medication)
and mortality (Death) at subsequent stages. These findings emphasize the critical value of early
identification and management of elevated blood pressure to delay or prevent advancement to later stages,
which are linked to greater morbidity and mortality risks, consistent with prior research [42, 43].

Model adequacy was assessed with the Deviance Information Criterion (DIC) [38] and the
posterior predictive checks (PPC) [44]. PPC results indicated no evidence of extreme means or variances
for most latent states, affirming the model’s ability to reproduce the distributional features of the observed
data. The notable exception was the “On HTN Med” state, where discrepancies in simulated versus
observed means suggest some overlap and potential misclassification, likely due to the heterogeneity of
treatment effects and patient responses which is also consistent with the existing study [44]. Nevertheless,
overall DIC values and graphical diagnostics support the appropriateness of the CT-mMixHMM for the
MFUS BP data, with residual deviations offering insight into areas for model refinement. SVB-estimated
states closely matched observed individual transitions, validating accurate recovery of latent disease
dynamics.

While general trends were well captured, some individual-level mismatches- particularly in the
“On HTN Med” state - highlight the challenge of modelling states with substantial overlap or clinical
ambiguity. These limitations are consistent with the simulation study, which showed that increased state
complexity and emission overlap modestly reduced sequence recovery fidelity that supports the findings
of the existing study [44]. Despite these caveats, the high correspondence between predicted and empirical

sequences demonstrated the practical utility of CT-mMixHMM in real-world longitudinal data contexts.
4.6.1 Strengths and Limitations

The primary strength of the CT-mMixHMM approach lies in its capacity to model continuous-
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time, multivariate, and mixed effects processes, thereby accommodating the rich heterogeneity and
irregular sampling inherent in longitudinal BP studies. Its latent state framework enables nuanced
characterization of disease dynamics, facilitating both individual and population-level inference.
Furthermore, the proposed sequential variational Bayes algorithm (R-VGADM) addresses the
intractability of computing the partial log-likelihoods’ gradient and Hessian at each observation in
dependent mixture models by leveraging Fisher’s and Louis’ identities to obtain substantially faster
unbiased estimates.

Despite these advantages, several limitations should be considered. First, the model relies on
parametric emission distributions, which may not adequately capture non-standard or highly skewed
outcome variables. Second, the overlap of emission distributions, particularly in states reflecting treatment
or transitional phases, can impair states’ distinguishability and posterior inference [44]. Third,
computational demands increase with model complexity, underscoring the need for scalable inference
algorithms in large-scale applications [45].

The selection of six states in this research was motivated by two considerations. (1) It represents a
moderately complex latent structure-more demanding than simple two-or three-state models, yet still
feasible for stable estimation in a continuous time multilevel setting [38]. (2) Empirical applications of
hidden Markov and regime-switching models to intensive longitudinal data frequently involve a small to
moderate number of latent states, making six a reasonable and representative choice for a baseline
justification. Importantly, our findings are not inherently tied to the specific number of states. That said,
the quantitative performance metrics (e.g., convergence rates, estimator variance, and computation time)
may vary as the number of states changes [44, 38].

Finally, the simulation study conducted in this thesis was a matched data-generating and analytic
model to establish baseline properties such as bias, efficiency, coverage and convergence of our proposed

method, and to demonstrate correct parameter recovery prior to comparing alternative modeling
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frameworks [46, 47]. Although conducting simulation studies is considered good practice in latent variable
and longitudinal modeling research, it often neglects the evaluation of robustness [48].

In case of real data application, the “On HTN Medication” state was intended to represent a
clinically observable treatment status rather than a detailed pharmacological treatment-response model.
Due to limitations in the available MFUS dataset and the scope of this thesis, medication use was
incorporated as a simplified binary treatment-related latent state indicating whether antihypertensive
medication had been initiated. The current CT-mMixHMM framework therefore assumed that entering
the medication state reflects an important clinical transition in disease management, but it did not explicitly
differentiate medication types, dosage intensity, treatment adherence, combination therapies, or changing
treatment effectiveness over time. These factors may contribute to heterogeneity within the medication
state and may influence both transition dynamics and outcome trajectories. This is consistent with the
larger variability observed within the “On HTN Medication” state, where patients may respond differently
to treatment depending on individual clinical characteristics and medication effectiveness.

From a modeling perspective, incorporating detailed time-varying medication information would
substantially increase model complexity - for example, by modeling medication type and effectiveness as
time-varying covariates in treatment-specific transition intensities, or by allowing dynamic intervention
effects within the hidden-state framework. Such extensions would require more detailed pharmacological
information, larger effective sample sizes within treatment subgroups, and substantially more complex
estimation procedures. Therefore, the current thesis viewed it as an initial latent-state disease progression

framework rather than a full causal treatment-effect model.
4.6.2 Future Directions

Building on the strengths and limitations identified in the present study, several avenues for future

research emerge. First, the development and evaluation of non-parametric or semi-parametric emission
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models could help address the challenges posed by non-standard or skewed outcome distributions,
potentially enhancing model flexibility and fit in heterogeneous clinical datasets [11, 14]. Second,
strategies to better resolve overlapping latent states-such as incorporating auxiliary biomarkers or
leveraging advanced clustering techniques-should be explored to improve state distinguishability,
particularly in treatment and transitional phases [44].

Additionally, future work might investigate the integration of time-varying covariate effects and
the explicit modelling of external interventions, such as medication changes or lifestyle modifications, to
further refine the predictive and explanatory power of the CT-mMixHMM framework. In the current
model, we included main covariate effects, age, because age is strongly associated with hypertension
progression and transition dynamics. However, higher-order interaction effects, such as age and BMI, age
and medication use, or BMI and comorbidity status, were not explicitly incorporated in the current
implementation. We acknowledge that such interaction effects may be clinically meaningful because the
impact of one risk factor may depend on another. For example, increasing BMI may accelerate
hypertension progression differently across age groups, or medication effectiveness may vary according
to age and obesity status. Therefore, incorporating interaction effects could represent an important future
extension of the CT-mMixHMM framework and could further improve individualized disease progression
modeling and clinical interpretability.

The development of scalable inference algorithms will be critical for applying these models to
large population-based studies. Additionally, we openly recognize that evaluating robustness against
misspecification-such as continuous-time generative processes, different dependence structures, or
simplified latent dynamics-may be a valuable next phase and an obvious expansion of this study. Finally,
research focused on enhancing model interpretability and embedding CT-mMixHMM outputs within
clinical decision support tools could accelerate the translation of these statistical advances into routine

patient care and population health management.
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4.6.3 Study Implications

The findings have immediate relevance for clinical monitoring and risk stratification in
hypertension management. By elucidating the latent trajectories underlying observed BP patterns, CT-
mMixHMM provides a principled framework for anticipating disease progression and tailoring
intervention strategies. For researchers, the integration of simulation and empirical validation offers a
template for robust model evaluation, highlighting the importance of both controlled experimentation and
real-world testing. Future methodological work should explore flexible, possibly nonparametric, emission
models and strategies for mitigating state overlap, as well as the incorporation of dynamic covariate effects
and external interventions. Enhanced model interpretability and integration with clinical decision support

systems represent promising avenues for translating statistical advances into improved patient outcomes.
4.7 Conclusions

This study demonstrated the utility and robustness of continuous-time multivariate mixed effects
Hidden Markov Models (CT-mMixHMM) for analyzing ILD in both simulated and real-world clinical
settings. The approach effectively captures latent disease progression, accommodates complex data
structures, and provides clinically meaningful insights into risk stratification and patient trajectories.
While the model exhibits strong performance in reconstructing hidden states and transition dynamics,
challenges remain regarding emission distribution overlap and computational scalability. Addressing
these limitations through methodological innovations - such as nonparametric emission models, enhanced
state resolution strategies, and scalable inference algorithms-will further strengthen its application in
large-scale population health studies. Eventually, the integration of CT-mMixHMM outputs into clinical
decision support systems holds promise for advancing personalized hypertension management and

improving patient outcomes in diverse healthcare contexts.
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4.9 Supplementary Material
(S1) Appendix A: Derivation of gradient and Hessian expressions for R-VGADM algorithm using

Fisher’s and Louis’ identities

The gradient of the observed-data log-likelihood defined in equation (4.a) and used in the
optimization function for equation (6), is given by the variational posterior expectation of the complete-
data score function, while the Hessian decomposes into the expected complete-data curvature term
reflecting uncertainty in the latent variables. This decomposition explains both the intractability of direct
maximization and the effectiveness of R-VGADM algorithm for continuous-time hidden Markov models

considered in section 2.

Gradient approximation with Fisher’s identity

Consider the ith iteration. Fisher’s identity (Cappe et al., 2005) for the gradient of log p(y; |®) is

Ve logp(y; |0)

= E ]P(Zi | u; ©) p(u; ©) Velog p(y; | z;,u;, 0) du;|. (A.1)

zez(M)
We now give the expression for Vglogp(y; |®) for the continuous time multivariate mixed hidden
Markov model considered in section 2.
Fori =1,-+, N, the gradient Vg log p(y; |®) can be written as
Ve logp(y; |©)
= Velogp(y;i | z;,u;,®) + Vglogp(z; | u;,®) + Vglogp(u; | 0) (A.2)
= Velogp(yi |z, u;, B,X.) + Velogp(z; | m§ V;) + Velogp(u; | Z), (A.3)

where,
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logp(yl | Z,u Blzs)

;R n; 1
= = 12 log(2m) — ?1108|ze| 5 yi—n)" (lni Q1) (yi —m), (A.4)
q 1 1 _
logp(u; | 2,) = —3log(2m) — SloglZy| -5 u{ I, Yy, (A.5)

and from equation (4) for i th individual on notational simplicity, we avoid indicator variables and express

the latent-state likelihood directly in terms of the realized state sequence.

ng
logp(z; | M,EV;) = logm, + Z di_tj'k , (A.6)
t=2
where,
K
: . K
A = " NG (B )V Eom — exp(V Gum) DI (81))
=1 m=l

records the probability of transition from state j to state k in the interval A; ; and Ni]: l,,k;n (Ai't) and Dl] 'lk (Ai't)

are the number of jumps from state [ to state m, and time spent in state [ for a Markov chain initiated at

state j at time 7;,_; and ending in state k at time T; ;.

Now the gradient of the joint Vg log p(y; |®) is

Ve logp(y;|0) = Vg [logp(y; | z;,u;, B,E.) +logp(u; | £,) + logp(z; | mEV;) ] (A.7)
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Vologp(y; | z;,u;, B, X, )
Vglogp(yi | z,u;,BX,)
Vi, logp(yilz,u;,BX,)
Vs, logp(u; | Zy) ’
\ th logp(u,- | 2:u)
Velogp(u; | Zy,)

where each component is given by

Vologp(y; |z, u,B,E) = el 7' (y; — 1)),
Vglogp(y; | z;,u;, B, X, ) = x 2 (i —m0)

) n;
Vs logp(yilz,u;,BX,)= — l
Vzulogp(ui [Z,) = —

S [ -t uu 2]
2

I1(z;y=k)+a,—1
anogp(uilzu)= (ll ) i

- (include the Dirichlet prior gradient)
K

ni K
Velogp(ug 1 Z,) = ) > (NL (81) = exp(Viém) DI (850)} Vi

t=2 =1 m=l

> [Z:1 -2 (i —m) i —m) T 221

(A.8)

(A.9)

(4.10)

(4.11)

(A.12)

(4.13)

(A.14)

The gradient of the complete-data log likelihood decomposes additively across emission, transition, and

random-effect components, yielding block-separable score functions with respect to the model parameters.
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Hessian approximation with Louis’ identity
Similarly, the approximation of the Hessian using Louis’ identify requires V3 log p(y; |®) in particular,
Vg logp(y: |©)

Valogp(y; 10) Vgglogp(y;|0) Vis logp(y;|0) Vs logp(y; [0) Viglogp(y;[0) Vg

VEelogp(yi1©) Viglogp(y;10) Viy logp(y;10) Vig logp(y;10) Vi logp(y;|0@) Vi

Now the components of V3 log p(y; |®) are given by

Vilogp(y:i10) = —ej X e, (A.15)
Vilogp(y;10) = —x] £7'x; (A.16)
1
Vi logp(yi10) = 5 I @t — I (yi — ) (i — 1) T Z '@ X! (4.17)
1
Vi, logp(y:10) = - T @ 2yt — 2yt (wy) (u)' I @ Xy (4.18)
Ng + ai — 1
Vilogp(y; 10) = n2 L ifk = (A.19)
0
Vi logp(y;10) = —Z exp(V{"&m) DI (Bir) Vi VI (A.20)
it

Vas, logp(y; |0) = Vis logp(y; |®) = Vi 5 logp(y;10) = Vi 5 logp(y;|0) =0  (A.21)

Vas, logp(y;10) = —Z;%e"(y; —n,) and V§s logp(y; |0) = — X' xT(y; — 1) (A.22)
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Varlogp(y;10) = Vi logp(y; |®) = Vi logp(y; |0) = Vgelogp(y; |®) =0

Vi, z10gp(y;10) = Vi _rlogp(y; |0) = V5 _;logp(y;|0) = Vi _logp(y;|©) =0

Prior distributions for model parameters
B = (a,f)~ N (0,7%I), 12 >
Soim~N(0,e’I),1<l#+m<6,e* »
E1im~N(0,0°D,1<1+m<6,p? >

X.; = blockdiag [Z.,Z. -+, X, ],
where,

X, = diag (logo? ,loga’ ,---,logoZ )
log g% ~ N(log(0.5%),1)

X, ~1IW (9, W), Py be the 2 x 2 identiy matrix

(A.23)

(A.24)

An inverse-Wishart prior with identity scale matrix was placed on the random-effects covariance

matrix, allowing flexible estimation of cross-outcome dependence while maintaining a weakly

informative prior centered on independence. To enable Gaussian variational inference, simplex-

constrained parameters were reparametrized using a logistic transform. Specifically, the initial state

probabilities wand the latent state indicators S; ;were represented through unconstrained logit variables,

which were assigned multivariate normal distributions. This yields a logistic-normal variational

approximation while preserving the original Dirichlet and multinomial model structure.
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T ~ Dirichlet (a;) ,

exp (Ag) 1

P ew ) = Ty A~ N

where, a; = (

S; 11 1s indicator random vector defined in methods section. Then
Si,t ~ Multinomial (1, Ci,t)! Ci,t = (Ci,t,l e, Ci,t,k) .

_ ew@w) .
Here, Cit = S () Tier ~ N (s, Zs)

The prior distribution as “initial variational distribution” for model parameters

_Ma_
Hp
K

p(®) = qo(®) = N | |Mx|,blockdiag (24, Zg, Zg, 2y, Ty, Ze, s )
Ky
Be

L U]

At each iteration, we used (i, i) = 100 Monte Carlo samples to approximate the gradient and
Hessian of log p(y; |®) using Fisher’s and Louis’ identities defined above. Again, we used 200 Monte
Carlo samples to approximate the expectations with respect to q;_, (0) in the R-VGADM updates of the

mean and precision matrix. Fisher blocks are computed only over admissible state paths z € Z(M).

(S2) Appendix B: Additional Simulation analysis results
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Supplementary Table B1: Results from the Sequential Variational Bayes (SVB) fit of a six-state CT-

mMixHMM to the 30,000-observation (N=1000, T= 30) simulated dataset.

No. of No. of . Estimated
o Estimated .
initial states . posterior st. DIC
posterior means
states found error.
N=1000, 111.1,121.0,132.1,
Dependent 3.7,2.5,54,9.5,
T=30,3% 15 8 141.5,139.1,138.1, —1460.9
Variable 1 14.2,3.6,4.5, NA
missingness 140.5, NA
111.0,122.0,132.1, 3.4,2.4,5.6,9.5,
12 6 —1461.1
141.0, 139.0, NA 14.1, NA
111.1,121.8,131.8, 3.2,2.1,5.2,11.1,
10 6 —1462.6
141.2, 139.8, NA 15.0, NA
111.1,121.3,131.6, 3.2,2.1,5.2,
5 6 -1461.8
141.2, 139.2, NA 11.5,15.1, NA
N=1000,
Dependent 70.1,72.0,82.1,88.0, 3.6,2.4,4.5,7.5,
T=30, 3% 15 8 —1362.7
Variable 2 82.0,89.3,84.6,NA 6.4,6.2,7.1, NA
missingness
70.1,72.0,82.0, 3.5,2.5,4.5,7.4,
12 6 —1364.3
88.0, 82.1, NA 6.4, NA
71.2,71.6,82.4, 33,2.7,2.5,8.1,
10 6 —1365.8
86.2, 81.4, NA 6.1, NA
3.4,2.8,2.7,8.1,
5 6 71.3,71.6,82.2, ~1361.4
86.1,81.1, NA 6.1, NA

Note: DIC: Deviance Information Criteria6

Supplementary Table B2: Bias and Mean Absolute Bias of SVB and MCMC Relative to the MFUS

Mean
Transition Bias Mean Absolute
Transitions True value Bias (SVB) Absolute Bias .
Category MCMC) (SVB) Bias
(MCMC)
. state (1,1) 0.601 0 0.15
S state (2,2) 0.591 -0.181 0.176
v
s state (3,3) 0.635 0 0.148
S 0.081 0.103
-2 state (4,4) 0.732 -0.288 0.08
5 state (5,5) 0.846 0.019 -0.064
state (6,6) 1 0 0
§ state (1,2) 0.121 0.025 -0.11
§‘ 2 state(1,3) 0.169 0.001 0.006
S 8 0.020 0.026
» @ state(1,4) 0.065 0 -0.041
§ state(1,5) 0.018 -0.006 -0.008
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state(1,6) 0.026 -0.02 -0.006
state(2,3) 0.17 0.075 0.007
state(2,4) 0.038 0 -0.014
state(2,5) 0.004 0.04 0.005
state(2,6) 0.016 0.002 -0.006
state(3,4) 0.083 0.055 0.043
state(3,5) 0.014 0.005 -0.005
state(3,6) 0.06 -0.001 -0.052
state(4,5) 0.11 -0.041 -0.023
state(4,6) 0.049 -0.006 -0.021
state(5,6) 0.154 -0.019 -0.048
state (2,1) 0.181 0.064 -0.169
state(3,1) 0.106 0 -0.099
g state(3,2) 0.102 0 -0.035
E state(4,1) 0.02 0.009 -0.006
% state(4,2) 0.02 0.023 -0.007
< 0.027 0.030
S state(4,3) 0.069 0.304 -0.022
§ state(5,1) 0 0 0.024
g state(5,2) 0 0 0.012
state(5,3) 0 0 0.021
state(5,4) 0 0 0.05

Supplementary Table B3 Point estimates MAP (medians) for the group-level and subject level

parameter estimates for N=1000, T=30 simulated data (with 250 runs) using SVB for six state CT-

mMixHMM.
Variable Parameter True value MAP (SD) 95% CCI
DV 1 - State 1 ay1 (Intercept) 111.2 112.3 (1.0) [110.1, 114.6]
P11 (slope) 0.12 0.1 (0.04) [0.04, 0.16]
0% ienin (variance) 8.10 8.6 (0.8) [7.3,10.1]
DV 1 — State 2 @y, (Intercept) 121.9 125.7 (1.0) [123.4,127.9]
P12 (slope) 0.24 0.22 (0.04) [0.13,0.31]
0.2 ;enin(variance) 10.0 10.9 (0.8) [9.2,12.8]
DV 1 - Stage 3 Qo3 (Intercept) 131.8 136.8 (1.0) [134.1,139.6]
P13 (slope) 0.32 0.33 (0.04) [0.21, 0.45]
0.2 ;enin(variance) 10.2 12.5 (0.8) [10.5, 14.9]
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DV 1 - State 4 @4 (Intercept) 141.2 148.9 (1.0) [146.0, 151.9]
B4 (slope) 0.45 0.47 (0.04) [0.33,0.61]
0.2 ;enin(variance) 12.5 15.8 (0.8) [13.2,18.6]
DV 1 - State 5 @5 (Intercept) 139.9 141.4 (1.0) [137.8,165.2]
P15 (slope) 0.60 0.62 (0.04) [0.45,0.78]
02tnin(variance) 14.3 18.2 (0.8) [15.1,21.9]
Random Effects —- DV 1  tZ(Intercept) 15.21 20.4 (2.9) [15.6,26.4]
DV 2 —State 1 @y; (Intercept) 71.2 70.5 (0.9) [69.1, 72.0]
B11 (slope) 0.02 0.04 (0.03) [0.01, 0.08]
0% ienin (vVariance) 5.0 5.9(0.6) [4.8,7.1]
DV 2 — State 2 ay, (Intercept) 71.6 78.2 (0.9) [76.5, 80.0]
B (slope) 0.12 0.1 (0.03) [0.04, 0.17]
0% ienin (vVariance) 6.0 6.7 (0.6) [5.5,8.1]
DV 2 — State 3 a3 (Intercept) 82.4 85.6 (0.9) [83.7, 87.5]
B13 (slope) 0.25 0.2 (0.03) [0.11, 0.29]
0.2 ienin (variance) 7.0 7.8 (0.6) [6.3,9.5]
Continuation of Supplementary table B3
Variable Parameter True value MAP (SD) 95% CCI
DV 2 — State 4 @4 (Intercept) 86.1 91.8 (0.9) [89.6, 94.0]
P14 (slope) 0.24 0.28 (0.03) [0.17, 0.39]
0% ienin (variance) 7.0 9.4 (0.6) [7.5,11.4]
DV 2 —State 5 @5 (Intercept) 81.3 98.6 (0.9) [96.2,101.1]
Bis (slope) 0.35 0.37 (0.03) [0.25, 0.50]
0% ienin (variance) 10.0 10.7 (0.6) [8.7,12.9]
Random Effects — DV 7Z(Intercept) 10.36 11.6 (1.9) [8.2,15.4]
flandom Effects- 71, (Covariance) 0.50 0.32(0.13) [0.20, 0.43]
Covariance
TPM Overall, ¢,,, (1-2) -1.10 -1.15(0.17) [-1.47,-0.85]
Intercepts (Logit
Scale)
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$o13 (123) -2.00 -2.38 (0.26) [-2.90, -1.93]
023 2—3) -1.19 -1.22 (0.19) [-1.64, -0.87]
$034 (3—4) -1.01 -1.05(0.21) [-1.48, -0.65]
&0.45 (4—5) -0.84 -0.85(0.18) [-1.21,-0.52]
$041 (A1) 3.1 -3.15(0.33) [-3.79, -2.53]
TPM Overall, Slope ¢ 4, (152) 1.00 1.11 (0.15) [1.08, 1.20]
(Logit Scale)
&13 (1-3) 2.00 2.35(0.23) [2.30, 2.40]
&123 (2—3) 1.00 1.21 (0.17) [1.20, 1.26]
&34 3—4) 0.50 1.05 (0.22) [1.03, 1.09]
&1 45 (45) 2.00 1.85 (0.16) [1.80, 1.89]
&1 41 (451) 1.00 1.15 (0.32) [1.12,1.16]
TPM Random Effects 77, 1py(Intercept) 0.65 0.68 (0.11) [0.48, 0.94]
(Subject level)
Initial Probabilities Ty 0.50 0.48 (0.33) [0.42, 0.44]
T, 0.30 0.35(0.31) [0.32,0.36]
T3 0.10 0.09 (0.18) [0.08, 0.10]
Ty 0.05 0.04 (0.16) [0.01, 0.05]
Y 0.05 0.04 (0.34) [0.03, 0.10]
State Missingness pM=1|Z=6) 1.00 0.994 (0.08) [0.975,0.999]
Marginal miss prop pM=1) 0.03 0.029 (0.10) [0.02,0.03]

Note: CCI: Central Credible Interval

(S3) Appendix C: Additional empirical analysis results

Individual Transition probabilities and absorbing states
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Supplementary Figure 4-0-1 TPM from MCMC approach (upper panel) and SVB (lower panel)

From the upper panel of supplementary figure 4-0-1, it is observed that MCMC can capture death
as a full absorbing state however it has failed to detect “On HTN Med” as a partial absorbing state as we
can see that “On HTN Med” row contains some values to states Normal, Elevated, HTN1 and HTN2 that
did not capture the constrained nature of the model, Whereas, from the lower panel, it is observed that
SVB can capture accurately both death as a full absorbing state and “On HTN Med” as a partial absorbing
state as we can see that “On HTN Med” row contains exactly zero values to states Normal, Elevated,
HTN1 and HTN2 which supports the real-world scenario.

The SVB approach provides superior state identification because it more effectively constrains the
latent transition structure through its optimization-based posterior estimation, reducing the sampling noise
that can obscure absorbing or semi-absorbing dynamics under MCMC. The deterministic updates in SVB

enhance numerical stability and better preserve low-probability transitions, enabling clearer distinction
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between reversible and irreversible disease states.

Clinically, this improved state separation has meaningful implications: SVB more accurately
reflects real-world hypertension progression, where treatment initiation (On HTN Med) typically
represents a semi-permanent management phase preceding mortality (Death). This distinction helps
clinicians interpret model outputs as evidence of treatment adherence, disease stabilization, and survival
risk, thereby supporting more reliable longitudinal monitoring and policy evaluation.

Based on the accurate identification of the nature of the partial and full absorbing states, SVB is
considered as superior method compared to MCMC. The next section provides the overall and individual
age effect on the transition rates of the BP states for MFUS participants based on SVB method.

Participants in the Normal state showed increasing transition rates with age toward Elevated and
HTNI, indicating age-related progression from healthy to higher-risk categories. However, transition rates
from Normal directly to HTN2, Medication, or Death remained low and largely stable across the lifespan.
Transition rates from normal to hypertensive states increase with age, emphasizing the importance of early

detection.
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Age effects on Transition Rates
Facets: rows = From state, cols = To state
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Supplementary Figure 4-0-2 Overall age effects on transition rates for all (N=1007) MFUS
participants.

Supplementary Figure 4-0-2 presents the estimated effects of age on transition rates between blood
pressure—related states, stratified by originating (“From”) and destination (“To”) states. Several key
patterns were observed.

Individuals in the Elevated state demonstrated accelerated transitions to HTN1 and HTN2, with
rates rising steadily as age increased. Elevated individuals also displayed moderate increases in transition
to Medication, suggesting that older adults with elevated blood pressure were more likely to initiate
treatment compared to younger individuals.

Transitions from HTN1 to HTN2 and Medication increased sharply with age, underscoring the
higher risk of progression and treatment initiation once hypertension is established. Notably, transition to
Death from HTN1 remained low, though some age-related increases were evident. For those in the HTN2
state, transitions to Medication and Death rose markedly with age. In particular, the risk of death from

HTN?2 increased sharply after midlife, suggesting that uncontrolled progression substantially contributes
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to mortality risk in older adults. Moreover, transition of Medication — Death showed pronounced
increase, especially after ~80. Even under treatment, mortality risk rises sharply with age, likely reflecting
underlying severity and comorbidity rather than treatment failure per se.

Overall, the aging effects highlight a stepwise progression from Normal through Elevated, HTN1,
and HTN2, with increasing likelihood of treatment initiation (Medication) and mortality (Death) at later
stages. These results underline the importance of early detection and management of elevated blood
pressure to delay or prevent progression to advanced stages associated with higher morbidity and mortality
risks.

Aging effects on transition rate for two specific case study

Supplementary Figure 4-0-3 demonstrated how the model dynamically reflects individualized blood
pressure transition patterns across age, capturing both gradual and accelerated shifts toward medication
use and mortality risk. These trajectories highlight the model’s capacity to represent real-world
heterogeneity in patient pathways, distinguishing between stable profiles (e.g., Individual 2) and high-risk
progression (e.g., Individual 1), which is critical for personalized prediction and intervention planning.
Interpretation of Aging Effects for Individual 1 (ID: 100) (Died)

The curve for individual 1 (died) shows that Highest Rate occurs: HTN1 to HTN and Second
Highest Rate occurs: HTN2 to Death. This is a classic and logical profile for someone who, unfortunately,
passed away due to complications from hypertension. Let's break down why these two high rates tell the
story of their health outcome. This combination of high rates creates a dangerous "one-two punch" or a
vicious cycle:

High HTN1 to HTN2 Rate (the accelerator), this means that once Individual 1 developed Stage 1
Hypertension (HTN1), their condition was very aggressive and likely untreated. Instead of staying stable,
getting on medication, or even improving, their blood pressure rapidly worsened to the more severe Stage

2 (HTN2). Taken together, these patterns suggest that aging not only increases the likelihood of disease
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progression but also amplifies the pace of transition at more advanced stages of hypertension.

Age Effects on Transition Rates for Individual ID 100 Age Effects on Transition Rates for Individual ID 2700
Facets: rows = From state, cols = To state Facets: rows = From state, cols = To state
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Supplementary Figure 4-0-3 Effects of age on BP transition rates for individual 1(ID:100) (died) and
individual 2 (ID:2700) (alive).

High HTN2 to Death Rate (the critical danger), this means that being in the HTN2 state was
extremely dangerous for Individual 1. The risk of fatal events like heart attacks, strokes, or heart failure
was very high. Because the first rate (HTN1 to HTN2) was also high, they were pushed into this high-
danger state very quickly and spent a significant amount of time in it, greatly increasing their overall risk
of death. The data curves tell a clear story, Individual 1's hypertension progressed very rapidly in a year
from bad to worse (HTN1 — HTN2), and once it was severe (HTN2), their personal risk of death was
exceptionally high. The combination of fast progression and high mortality in the severe state led to their
death.

Interpretation of Aging Effects for Individual 2 (ID: 2700) (Alive)

In case of beneficial Transitions (Medication Initiation) such as HTN1 to Medication & HTN2 to
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Medication, for Individual 2, these rates are likely meaningfully high and increase with age. This is crucial.
It indicated that as their condition worsened or as they got older (and regular doctor visits became more
common), they consistently started necessary treatment. Medication controls blood pressure, drastically
reducing the risk of progression and death. Moreover, in case of disease progression transitions (the risky
ones) such as Normal to Elevated, Elevated to HTN1, HTN1 to HTN2: These rates undoubtedly increase
with age. However, for Individual 3, the absolute value of these rates-especially the progression to severe
states (HTN1 to HTN2)-is likely moderate compared to Individual 1. The slopes might be less steep,
indicating a slower, more manageable progression of the disease over their lifetime.

Finally, in case of the Most Critical Transition such as towards Death for instance HTNI to
Death & HTN2 to Death, while these risk rates will also increase with age (as with anyone), the key is
that their absolute values are low across all ages, especially when compared to Individual 1.

Overall, Individual 2's observed trajectories of BP shows that while their risk of hypertension
progression naturally increased with age, they also had a strong tendency to initiate medication. This
treatment effectively managed their condition, keeping them from prolonged periods in the high-risk
HTN2 state. Consequently, their age-related risk of death from hypertension, while present, remained

managed and low enough throughout their life to ensure survival.
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CHAPTER 5: SUMMARY
5.1 Summary of research findings

The purpose of this thesis was to develop and evaluate estimation methods to address the
computational challenges in both discrete-time and continuous-time models for ILD. The objectives were:
(1) to develop and evaluate an algorithm for estimating parameters of ML-TAR models in discrete-time
ILD and compare its performance with existing methods; and (2) to construct and evaluate an algorithm
for estimating parameters of CT-mMixHMM in continuous-time ILD and compare its performance with

existing methods.

Two main reasons explain the relative sparse citation of previous literature in the discussion of
the present results. First, regarding the algorithms themselves: the method proposed in this study was
developed based on the mean field variational algorithm for the first part [14] and on a sequential
variational algorithm [36] for the second part of this thesis. [14] did not conduct analyses with the ML-
TAR model and [36] did not evaluate the CT-mMixHMM, and therefore there are no published empirical
investigations of the proposed algorithms for ML-TAR model and CT-mMixHMM. Consequently, it is
difficult to make comparisons through cross-referencing with existing literature. Second, the both ML-
TAR and CT-mMixHMM are a relatively new model. Except for the research by [12] and [35], existing
studies focusing on the MT-TAR and CT-mMixHMM respectively remain scarce, making direct
comparisons of research results challenging. However, this thesis references pertinent literature in relation
to the research findings on the accuracy and computational efficiency of the proposed algorithms

compared with traditional algorithms.

In the first part, this thesis proposed an optimization-based approximate Bayesian estimation
method for ML-TAR parameters (MFVB), which was designed for regular-time observations and non-

linear links between the outcome process and covariates in ILD. The performance of MFVB was compared
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with MCMC using simulated data and real-world outcomes (e.g., negative affect scores).

Across varying sample sizes (M) and occasions (7), MFVB and MCMC achieved similar coverage
near 95% as T increased from 30 to 150 and M from 50 to 150, indicating more reliable parameter
estimates with more data. MCMC tended to have better coverage at early time points, while MFVB
improved with larger samples, becoming comparable to MCMC at later stages. Parameter-specific
accuracy varied by condition. Generally, increasing M and 7 improved accuracy for most parameters, with
some parameters (e.g., certain variance components) showing robust accuracy even at smaller samples,
while others required larger samples for similar precision. Consistent with previous research findings, the

performance of the MCMC and MFVB methods were similar for all simulation conditions [12,14].

Computational efficiency favored MFVB: in a scenario with 150 individuals and 150 time points,
MCMC required over six hours, whereas MFVB completed in under 40 minutes on a standard 32 GB
RAM, single-core 4.7 GHz system. For larger models (e.g., M = 150, 7=150), MFVB remained
substantially faster (MFVB = 21x faster than MCMC). These findings on the computational efficiency
comparison between MFVB and MCMC in case of large models, are consistent with previous research

[14].

Key-findings from real-world data application

Our empirical analysis on “Physical Activity and Affect Regulation” dataset using the ML-TAR
model showed that regulatory strength in affect varies with intensity within individuals, supporting our
theoretical expectations and demonstrating the model's relevance. Moreover, the MFVB and MCMC
methods showed comparable performance in the analysis of empirical dataset. The ML-TAR model is
adaptable to various research questions. Although we examined the effect of physical activity on the

threshold variable, the model can also include factors such as daily learning goal attainment, age, and sex.
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In the second part, this thesis introduced an optimization-based approximate Bayesian method
(Sequential Variational Bayes, SVB)to estimate CT-mixHMM parameters, addressing irregular
observation times and dynamic transition among outcomes and covariates in ILD. Its accuracy was
evaluated in determining the true number of hidden states (including partial and full absorbing states) and
in improving computational speed, using simulated data and real outcomes (SBP/DBP) from irregular

visits (Manitoba Follow-Up Study).

Bias, coverage rate, convergence and MAP of the model parameters were estimated under varied
individual sizes (N=200, 500, 1000), number of time points (7=20, 30, 40, 50), and marginal missing data
proportions (2%-4%) and various fixed effect sizes in the simulation study. SVB was initialized with a
large number of hidden states to recover the true state structure. Results indicated no label switching and
stable convergence, with the Evidence Lower Bound (ELBO) plateauing after roughly 120—150 iterations,
indicating computational efficiency and reproducibility. SVB reliably recovered initial state probabilities
and absorbing-state structure, with wider posterior uncertainty for rare states as expected. Model
comparison using Deviance Information Criterion (DIC) favored a six-state solution over five. Larger
datasets benefited from fewer initial states to avoid superfluous state allocations. These findings on the
detection of optimal number of hidden states with the help of DIC are consistent with previous study [15].
The six-state model aligned with clinically interpretable states such as Normal, Elevated, Hypertension
Stage 1 (HTN1), Hypertension Stage 2 (HTN2), On Hypertension Medication (On HTN Med), and Death

(an absorbing state).

Transition probability matrices (TPM) estimated by SVB method closely matched true simulated
TPMs and outperformed MCMC in capturing absorbing states. SVB method accurately identified Death
as a full absorbing state and On HTN Med as a partial absorbing state, whereas MCMC showed inflated

posterior variances and failed to enforce absorbing constraints properly. This makes VB methods superior
158



for modeling transition probabilities in the presence of absorbing states which is consistent with previous

studies [15.16].

Key-findings from real world data applications

The model’s emission distributions for systolic (SBP) and diastolic blood pressure (DBP) showed
clear stepwise increases across states, consistent with clinical hypertension categories. Mean SBP ranged
from approximately 112 mmHg in Normal to 140 mmHg in HTN2, with DBP increasing similarly. The
On Medication state exhibited intermediate means with greater variability, reflecting treatment
heterogeneity. The Death state had placeholder missing values (NA) due to lack of physiological
measurements. Density plots revealed clustering of Normal and Elevated states at lower pressures,
progressive shifts to higher pressures in HTN1 and HTN2, and overlapping distributions in the medication
state, indicating clinical complexity in treatment effects which supports the findings of previous research

[17].

Age effects on transition rates revealed a stepwise progression from Normal to Elevated, HTNI,
HTN2, and then Medication and Death states, with transition rates generally increasing with age for
empirical MFUS data application. Forward transitions were more probable than backward ones, consistent
with chronic hypertension progression for MFUS participants. Transition rates to severe states and
mortality rose markedly with age, highlighting the importance of early detection and management. These

findings of age effects on transition rates in different BP states are consistent with previous studies [18,19].

Taken together, both the simulation and empirical results indicated that the SVB provides a
scalable and numerically stable approach for joint estimation of multivariate longitudinal processes, latent
states, covariate-driven transitions, and informative missingness within a single variational objective.

Although variance estimates exhibit mild conservatism, as expected under variational inference, the
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framework preserves structural interpretability and offers substantial computational advantages over fully
Bayesian MCMC, making it well suited for large-scale longitudinal analyses that are consistent with

previous studies [14 -16].

Table 5.1 summarizes how variational Bayes and MCMC methods were assessed based on the
study objectives and simulation conditions. MCMC method considered in this research can be
implemented in R software, whereas MFVB and R-VGADM method do not have readily available,
standard implementations in R, underscoring practical considerations for researchers choosing an

estimation approach.

In a nutshell, the thesis demonstrated that the proposed SVB-based CT-mMixHMM and MFVB-
based ML-TAR estimation frameworks deliver scalable, accurate, and computationally efficient tools for
analyzing high-dimensional, irregularly sampled ILD. They enable robust inference about latent state
dynamics, transition structures, and the impact of covariates, with clear implications for application in

clinical monitoring and risk stratification in longitudinal health data.
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Table 5.1 Summary of performance of variational Bayes methods across study objectives

Study Objective Methods/  Sample Size % missing Performance Software
Algorithms (N) responses due

to dropouts

#1: To develop and assess an MCMC 1500 (M=50, Not i. The MFVB algorithm MCMC can be
algorithm for estimating MFVB T=30) to Applicable showed comparable implemented in R
parameters in ML-TAR models 22,500 performance (in terms of studio packages.
applied to discrete-time ILD, (M=150, coverage rates, bias, precision However, MFVB
aiming to resolve computational T=150) and computational speed) to  cannot be readily
challenges and compare its the MCMC method across available in
effectiveness with current simulation conditions. RStudio.
estimation techniques; ii. The MFVB outperformed

MCMC for most of the
simulation conditions,
especially when the number
of individuals and number
of time points was large
(say M=150, T=150).

iii. For larger models (e.g., M =

150), MFVB remained
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substantially faster (MFVB
~ 21x faster than MCMC).

#2: To construct and evaluate an MCMC
SVB(R-
VGADM)

algorithm for estimating
parameters of CT-mMixHMM
in continuous-time ILD to
address the computational issues
and compare its performance
with existing estimation

methods.

4000 (M=200, 2% to 4%
T=20) to

50,000

(M=1000,

T=50)

il.

The R-VGADM algorithm
showed comparable
performance (in terms of
coverage rates, bias,
precision in capturing partial
and full absorbing states and
computational speed) to the
MCMC method across
simulation conditions.

The R-VGADM
outperformed MCMC for
most of the simulation
conditions, especially when
the number of individuals
and number of time points
was large (say M=1000,
T=30).

iii. The R-VGADM algorithm

effectively recognized Death as

MCMC can be
implemented in R
studio packages.
However, SVB
cannot be readily
available in

RStudio.
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a fully absorbing state and On
HTN Med as a partially
absorbing state. In contrast, the
MCMC approach exhibited
increased posterior variances
and did not adequately enforce

absorbing constraints.

Note: Mean-field variational Bayes (MFVB); Markov Chain Monte Carlo (MCMC); Sequential variational Bayes (SVB); Recursive
Variational Gaussian Approximation for Dependent Mixture (R-VGADM), N: Total sample size, M: Number of individuals, 7: Number of
time points
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5.2 Strengths and Limitations

Although variational inference has been widely studied in machine learning and Bayesian
statistics, most existing methods focus on standard latent variable models, discrete-time hidden
Markov models, or generalized linear mixed models. Relatively few works address variational
inference for intensive longitudinal settings that involve, simultaneously, nonlinear threshold
dynamics, continuous-time latent-state evolution, mixed-effects structures, irregular observation
intervals, and informative missingness. The present study extends the variational inference
literature by developing computationally scalable Bayesian estimation procedures tailored
specifically for these complex longitudinal settings. The proposed methods combine continuous-
time latent-state modeling, random effects, multivariate outcomes, and state-dependent
missingness within unified variational Bayesian frameworks.

This study provides an original contribution to the literature on statistical estimation
methods for ILD models by introducing and assessing two approximate Bayesian estimation
techniques: Mean Field Variational Bayes (MFVB) and Sequential Variational Bayes (SVB).
These approaches are proposed as alternatives to resampling-based methods to address
computational challenges encountered during the estimation process. Existing methods such as
Markov Chain Monte Carlo (MCMC) and the Laplace approximation often require considerable
computational resources or rely on crude approximations that assume a normal distribution for all
posteriors [9,10]. MCMC methods often require iterative sampling, leading to time-intensive
computations for high-dimensional ILD due to its iterative sampling [12]. By contrast, MFVB and
SVB provide efficient alternatives within an optimization framework, delivering substantial
speedups while maintaining good accuracy for scalable inference in large-scale data applications

[14-16].
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The integration of simulated and real-world data to evaluate the proposed methods
alongside existing approaches enhances the rigor of this research. A wide variety of data
conditions including sample sizes, percentage of missingness due to state, initial number of states
and design effects were investigated through the simulation study. This study demonstrated the
practical utility of intensive longitudinal datasets drawn from both psychometric and healthcare
domains, thereby enhancing the generalizability of our proposed methodologies compared to
existing studies on ILD [3, 4, 12, 13, 20, 21]. Practical examples utilized two datasets: the Physical
Activity and Affect Regulation study [1] and the Manitoba Follow Up Study [2], both of which
offer substantial amounts of ILD. Leveraging the state-dependent missingness in the likelihood
function of CT-mMixHMMs while defining the objective functions for our proposed R-VGADM
algorithm can reduce bias and improve the precision of the model parameter estimates relative to

existing frequentist methods applied to state-dependent missingness [22, 23].

Nonetheless, this research is subject to certain limitations. First, the MFVB can struggle to
accurately estimate covariance matrices which align with the findings of [14], though linear
response variational Bayes method can correct some variance underestimation [8]; nonetheless,
full posterior uncertainty estimation remains limited. Second, the success of Bayesian inference
relies on how accurately the analytical model represents the data-generating process. By
replicating the data generation process for the simulation study using real-world non-linear and
dynamic data structure, including random effects, covariate impacts on transition rates and setting
constraints a priori in the transition probability space for specific states, this research aimed to
minimize the risk of model misspecification. A data-driven method to test functional form and
interaction could be used to reduce overfitting and theoretical misspecification [24]. Third,

discrete-time (DT) and continuous-time (CT) models commonly used for ILD rely on simplifying
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assumptions such as stationarity, Markovian dynamics, and homogeneous transition probabilities
[25, 26]. These assumptions may be violated in real-world ILD, potentially biasing parameter
estimates and limiting substantive interpretation [27, 28]. Prior work emphasizes the importance
of conducting extensive sensitivity analyses under alternative modeling assumptions. Hence
sensitivity analysis could be used to assess robustness and diagnose potential misspecification [29,
30].

Fourth, measurement error is a central concern in ILD. If measurement errors are not
explicitly modeled, parameter estimates and state transition inferences can be biased. ILD often
involves noise or imprecise (e.g., self-reported mood states, physiological data) [31]. In the ML-
TAR, the threshold variable is assumed to be free of measurement error, which may be unrealistic
for measures prone to error such as emotion and stress. Incorporating explicit measurement-error
modeling (e.g., latent-variable or error-in-variables approaches) could be used to address this issue
and improve estimation accuracy [32, 33].

Fifth, ILD from self-reported data are also susceptible to biases such as fatigue bias, where
participants drop out or provide lower-quality responses due to exhaustion from frequent data
collection, and reactivity bias, where participants change their behavior because they know they
are being observed. By considering appropriate mitigation strategy of reducing these biases such
as collecting more data early, then reducing frequency, and using massive data collection (e.g.,
wearable instead of manual logs) to reduce respondent burden, it can improve the accuracy of
estimates of our model. Furthermore, Bayesian inference relies heavily on prior distributions. The
choice of priors (e.g., informative vs. non-informative) could affect results, and sensitivity analysis
can overcome this issue to prior selection process [29,30]. Sixth, like other studies, the simulation

conditions investigated were not exhaustive. The number of measurement occasions, and number
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of individuals were limited. The simulation conditions in this research were consistent with
previous studies of DT and CT models for ILD [3, 4, 12, 13, 35]. Furthermore, the real-world data
analysis was primarily undertaken to assess the feasibility of implementing the new estimation
algorithm, rather than to emphasize previously unidentified variable associations.

Lastly, while the study aims to improve computational efficiency, it may not fully address
the variability inherent in real-world ILD, such as instrument reliability and observer bias.
Instrument reliability refers to the consistency and stability of a measurement tool, while observer
bias - also known as detection or ascertainment bias - occurs when a researcher's expectations
influence their observations, potentially leading to systematic data collection errors and unreliable
results. Such biases are particularly problematic in observational studies. Addressing these biases
through comprehensive methodological approaches such as incorporating measurement-error
model and conducting sensitivity analyses can contribute to the robustness and reliability of the

research findings.

5.3 Future research directions

There are several topics that warrant further consideration. These include: (1) optimal data
driven determination of delay parameters for ML-TAR model in ILD, (2) violations of
independence assumptions of parameter space for VB, (3) extending the CT-mMixHMM to higher
order Markov process and to other types of missingness mechanism, and (4) developing R package
for R-VGADM method.

In an ML-TAR model, the optimal selection of delay parameter is important as it
determines which past values of threshold variable triggers a regime change. While in the present
work, the delay parameter governing regime switching in the ML-TAR model was fixed or

selected a priori which implies delay uncertainty was ignored, future research could investigate
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data-driven method of delay parameters such as Bayesian model averaging [7] over discrete delay
values that could allow competing candidates delays and quantify uncertainty in delay selection.

In this work, while developing variational Bayes (VB) algorithms, our target was to
minimize the divergence between the true posterior and an approximation in which the parameters
and hidden variables were assumed to be independent. This strong assumption allows for an
efficient iterative solution, but it can often lead to poor approximations. Future research could
investigate the idea of integrating out the parameters induces dependencies which spread over
many latent variables, and thus dependency of any two latent variables is very weak making them
conditionally independent [34].

Existing mixed-effect HMMs provide hierarchical modeling of longitudinal processes but
typically assume first-order Markov dependence [3, 4]. Higher-order latent state models (e.g.,
weak or higher-order HMMs) demonstrate methods to capture memory beyond first order but are
largely developed in non-mixed contexts [5]. While recent study on Bayesian mixed-effect higher-
order HMM work [11] directly addresses combining memory beyond first order with random
effects, establishing a foundation for further development in multivariate ILD.

Failing to address missing data can greatly undermine the validity of conclusions drawn
from intensive longitudinal studies. Currently, there is limited research on mixed-effect hidden
Markov models (HMMs) for longitudinal analysis with missing data [23]. This research has
concentrated on state-dependent missingness, particularly situations where data were missing not
at random (MNAR) in multivariable longitudinal contexts. Moving forward, further research could
explore how other types of missingness - such as missing at random (MAR) and missing
completely at random (MCAR) - influence the bias and accuracy of model parameter estimates.

Another research direction is to incorporate the missingness indicator as a covariate for initial and
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transition probabilities, rather than treating missingness as a dependent sequence.

A thorough simulation framework for CT-mMixHMM and ML-TAR models should
extend beyond idealized scenarios to systematically assess robustness when assumptions such as
stationarity, Markovian dynamics, perfect regime indicators, and homogeneous transitions are
violated. Conducting such simulations is crucial for distinguishing substantive regime-based
interpretations from artifacts arising due to model assumptions.

Making computer programs or code for algorithms available and easy to access can
increase the prominence of research papers. R package including BAYSTAR [6], is available to
implement the MCMC method for TAR model, but no equivalent package is available for MFVB
with multilevel extension. Moreover, currently, there are several software packages available for
standard hidden Markov models and some continuous-time hidden Markov models. For example,
packages such as: mHMMbayes [13], msm [37], momentuHMM [38], that can handle certain
classes of hidden Markov or multistate models using MCMC estimation. However, to our
knowledge, there is currently no readily available software that directly implements the exact
framework proposed in this thesis, namely a multivariate continuous-time mixed-effects hidden
Markov model with random effects, irregular observation times, absorbing states, and state-
dependent missingness estimated through variational Bayesian methods. Most existing software
packages are limited in one or more ways. For example: some only support discrete-time HMMs,
some do not accommodate multilevel or random-effect structures, some do not support
multivariate outcomes, and many become computationally intensive when extended to high-
dimensional longitudinal settings. Regarding the computational comparison, the purpose was not
to compare against a commercial or optimized software package, but rather to compare two

estimation paradigms applied to the same statistical model. We fully acknowledge that future work
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could develop an R package for MFVB and R-VGADM, enabling researchers to apply these faster
approximate Bayesian methods to large ILD datasets. Therefore, developing an accessible R

package for the proposed framework is an important direction for future research.

5.4 Conclusions and recommendations

This study has evaluated the performance of the proposed estimation methods for discrete-
and continuous-time ILD models, with an emphasis on computational efficiency in comparison to
existing methods and identify the proposed algorithms as a promising alternative. The ML-TAR
and MixHMM models of ILD with traditional Bayesian methods such as MCMC have been
applied in research areas such as psychology and healthcare sector [3, 4, 12]; this is the first study
to use the approximate Bayesian methods to address the computational issues in ILD models and
propose variational Bayes algorithms which incorporate optimization idea rather than resampling
process. Overall, the studies in this thesis demonstrate the potential and complexity of evaluating
approximate Bayesian algorithms for discrete- and continuous-time models in ILD and provide
guidance for selecting methods to address computational demands in ILD modeling. Finally, by
translating these advances into scalable tools, the research holds general and flexible framework
for analyzing complex longitudinal data with latent structures, with potential applications
extending beyond the specific case studies considered in this thesis. These include a wide range of
problems in health and social sciences, such as disease progression modeling, behavioral and social

dynamics, where capturing time-varying and unobserved heterogeneity is essential.
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