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Abstract

Propagation and scattering of elastic waves in laminated composite plates are

investigated with particular reference to ultrasonic nondestructive detection of flaws.

An analytical method and a stiffness method are formulated to study the two-
dimensional wave propagation in laminated composite plates. Based on these meth-
ods, plane-strain elastodynamic Green’s functions are obtained. Boundary element
method is adopted to analyze scattering of waves by flaws in laminated composite
plates. A new technique is established to evaluate the Cauchy Principal Value inte-
grals and weakly singular integrals involved in the boundary integral equations. Also,
a hybrid method, which combines the finite element formulation in a finite region and
a wave modal representation outside, is presented with special attention to the anal-
ysis of inclusion or joint problems. The methods are illustrated through solving the
problems of guided wave scattering by surface-breaking cracks, horizontal cracks (due
to delamination), cracks on the interphase of joints. The frequency domain results
and transient responses show that application of these methods in nondestructive

evaluation technique is very promising.

Three-dimensional wave propagation and scattering phenomena are also studied.
It is shown that three-dimensional wave propagation problems can be decomposed
into a sequence of two-dimensional wave problems. Based on the decomposition
technique, three-dimensional Green’s functions are derived in a double summation
form. The boundary element method is exploited in the analysis of three-dimensional

wave scattering in isotropic plates.
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Chapter 1

Introduction

1.1 Composite materials

‘The word ‘composite’ in composite material signifies that two or more materials are
combined on a macroscopic scale to form a useful material. The key is the IMacroscopic
examination of a material. Different materials can be combined on a microscopic
scale, such as in alloying, but the resulting material is macroscopically homogeneous.
The advantage of composites is that they usually exhibit the best qualities of their

constituents and often some qualities that neither constituent possesses.

Composite materials are often used in situations involving the sudden application
of loads. The dynamic response of the structure ensues after load application, and a
state of stress may be generated that leads to failure. It is necessary to understand
the response characteristic of the material body to account properly for all important

effects.

There are three commonly used types of composite materials [1], namely, Fibrous

composites, Particulate composites, and Laminated composites.
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Fibrous composites consist of fibers in a matrix. The fibers are characterized
geometrically by their near crystal-sized diameters. Naturally, fibers are of little use
unless they are bound together to take the form of a structural element which can
take loads. The fibers may be organic or metallic. Examples of commonly used
fibers are glass, graphite, boron, and aramid. The binder material is usually called
a matrix. The purpose of the matrix is manifold: support, protect, transfer stress,
etc. The matrix may be organic or metallic. Some examples of matrices are epoxy,
polyester, and silicon. Typically, the matrix is of considerably lower density, stiffness,
and strength than the fibers. However, the combination of fibers and a matrix can

have very high strength and stiffness, yet still have low density.

Particulate composites are elemental or alloy matrices within which fine particles
of one or more materials are dispersed. The particles can be either metallic or non-
metallic as can the matrix. Commonly used particles are AlyOs, TnO,, CryO3, SiOy

and SIC.

Laminated composites are composed of layers or laminae of two or more materials
bonded together. Lamination is used to combine the best aspects of the constituent
layers in order to achieve a more useful material. The properties that can be empha-
sized by lamination are strength, stiffness, low weight, corrosion resistance, thermal
insulation, acoustical insulation, etc. Examples of laminated composites are bimetals,
clad metals, laminated glass, plastic based laminates and laminated fibrous-reinforced
composites.

Laminated fibrous-reinforced composites are a hybrid class of composites involving
both fibrous composites and lamination technique. Here, layers of fiber-reinforced
material are built up with the fiber directions of each layer typically oriented in
different directions to give different strengths and stiffnesses in the various directions.

Thus, the strengths and stiffnesses of the laminated fiber-reinforced composite can be
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tailored to the specific design requirements of the structural element being built.

The contents of this thesis will be mainly directed towards laminated and fibrous
composites, although some of the principles to be discussed will have general appli-
cability. A laminated composite plate is a plate which is constructed from laminae
with various orientations of principal material axes in the laminae perfectly bonded

together.

1.2 Nondestructive evaluation

Composite materials are ushering in a new era for material science and engineering due
to their low density, increased service life, and high performance not obtainable with
conventional engineering materials. The strength of composite structures is dependent
on the elastic properties of the composite materials. However the presence of flaws or
defects in the composite materials has a great influence on the strength. The growth of
flaws in composite materials can have serious consequences during operation. In order
to detect these flaws without impairing the usefulness of the composite structures,
which are often in the form of plates, nondestructive evaluation (NDE) technique has
been exploited. The testing technique may involve visual inspection, dye penetrant,

magnetic particle, radiography, eddy current or ultrasonic.

The main idea of using ultrasonic waves in flaw detection is the scattering of waves
by a flaw or other abrupt change in the clastic properties of the material in which
the waves are travelling. A schematic diagram of a typical ultrasonic flaw detector is
shown in Figure 1.1 (Page 14). Ultrasonic waves generated by the transducer travel
through the specimen and are scattered when a flaw is encountered. Of particular
interest are the scattered signals, which reach the surface of the specimen and are mea-

sured by receivers located on the surface. These signals carry a substantial amount
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of information about the characteristic of the flaw, such as the size, shape, and loca-
tion. Ultrasonic flaw detection techniques rely on the theoretical predictions of the
signature of the scattered signals. Therefore, it is crucial to establish an appropriate

theoretical model which can accurately predict the scattering by flaws.

Several ultrasonic techniques, such as pulse echo, transmission, resonance, fre-
quency modulation, and acoustic image are available for nondestructive evaluation of
plate-like specimens. Early techniques used body waves. Newer techniques employing
guided waves are constantly under development. The important advantages of using

guided waves in NDE are:

1. The dispersive and multimodal nature of the guided waves can be used to gen-

erate a large number of data points in a given frequency range.

2. The velocity of guided waves is very sensitive to the material properties of the

plate.

3. The velocity of guided waves can be measured accurately as a function of fre-

quency.

This thesis is concerned with the study of guided waves in laminated composite
plates. In the ensuing section, a concise review of literature related to theoretical
analysis and numerical modelling of these waves pertaining to the thesis topic is

presented.

1.3 Literature review

The study of wave phenomena in laminated composite plates can be categorized as

analysis of wave propagation in the plates and investigation of wave scattering by
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inhomogenities. Dispersion characteristics of guided waves are important to under-
stand wave propagation properties. Numerical algorithms are required to study the
wave scattering phenomena. In this section, the literature survey is focussed on the

study of dispersion relations and numerical modelling.

1.3.1 Dispersion relation

In order to exploit guided waves in ultrasonic testing for laminated plates, disper-
sion characteristics of these waves need to be understood. Dispersion characteristics
of guided waves in an undamaged laminated composite plate are affected by many
factors, the most important of which are: interfaces, fiber orientation in each lamina,

number of layers, and effective material properties of each lamina.

The dispersion equation for a homogeneous isotropic plate was studied extensively
by Mindlin [2] . Nayfeh and Chimenti [3] reviewed the literature and presented results
for the dispersion of Lamb waves in a homogeneous anisotropic plate. Baylis and
Green [4, 5] and Baylis [6] investigated analytical dispersion equations for two- or

three-layer transversely isotropic plates.

Several approximate theories have been proposed to derive the dispersion relations
in the form of generalized eigenvalue problems. The common ones are plate theories.
A list of references on various refined plate theories can be found in [7, 8]. However,

plate theories do not provide very accurate eigenvalues for wave velocities.

Dong and his co-workers [9, 10, 11] presented a Rayleigh-Ritz type approxima-
tion based stiffness method to analyze the wave propagation in laminated composite
plates. In this method, the plate is discretized in the thickness direction with subdi-
vision into mathematical sublayers. Quadratic interpolation polynomials are used to
approximate the displacement variation in the thickness direction. Datta et al. [12]

presented an approximate stiffness method applicable to a layered anisotropic plate
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with an arbitrary number of layers. In their analysis, the continuity of both dis-
placements and tractions are maintained. Karunasena et al. [13] made a systematic
investigation of the effect of increasing the number of laminae on the dispersion of
waves in a multilayered plate. For further references on previous studies of guided

wave dispersion, the reader is referred to [14].

1.3.2 Numerical modelling

Ultrasonic testing technique relies on the information carried by the scattering waves.
Many references on earlier work on problems of wave scattering by flaws are included
in [15]. The edited volume of Datta et al. [14] is a good source of reference on recent
works on this subject. Rokhlin [16, 17] analyzed the scattering of Lamb waves by
a crack parallel to the surface of an isotropic plate using the modified Wiener-Hopf
technique and the method of multiple diffractions. Tan and Auld [18] investigated the
scattering of Lamb waves by a crack normal to the surface of an isotropic plate using
the normal mode variation method. The application of these methods is extremely

difficult, if not impossible, for flaws of arbitrary shape.

1.3.2.1 Hybrid method

Shah et al. [19] and Wong [20] presented a hybrid method combining an analyti-
cal procedure with a finite element modelling to study the scattering of horizontally
polarized shear waves (SH waves) by arbitrarily shaped cracks and cavities in an
isotropic half-space. Abduljabbar et al. [21] extended this hybrid method to ana-
lyze the scattering of SH waves in isotropic plates. Koshiba et al. [22] applied this
technique to scattering of Lamb waves in isotropic plates. Paskaramoorthy et al. [23]
employed the hybrid method to investigate scattering of slow flexural waves by cracks

in isotropic plates. The hybrid method was also used by Bratton et al. [24] to study
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the plane-strain wave scattering by a normal surface-breaking crack in a homogeneous
(uniaxial) fiber-reinforced composite plate. In all these studies, the incident wave is

assumed as a single wave emanating from infinity.

Ju and Datta [25] and Datta et al. [26] .investigated scattering of Lamb waves,
by using a hybrid method combining the finite element discretization of the near-
field with boundary integral representation of the field outside a contour completely
enclosing the crack. Bond [27] reviewed various applicable numerical techniques for
a wave scattering problem, and recommended that the family of boundary methods

are well suited for scattering by various defects.

1.3.2.2 Boundary element method

Two of the popular numerical methods which are used to perform the elastic stress
analysis are the finite element method (FEM) and the boundary element method
(BEM). The main disadvantage of the FEM is that a domain discretization is required
to perform the analysis. The boundary element method involves discretization only
of the boundary of the structure and the governing differential equation is solved
analytically in the interior, leading to greater accuracy. However, the BEM generally
leads to a nonsymmetric, fully populated system of equations, unlike the FEM which

yields a symmetric, banded system of equations.

In the analysis of problems with cracks, the boundary element method is par-
ticularly attractive. The difficulties in FEM primarily stem from the stress field
singularity ahead of the crack. Accurate approximation of the singular behavior
demands highly refined discretization and specialized crack treatment, leading to a
costly calculation. Moreover, a changing crack profile, as any problem which involves
changing boundaries, requires that the discretization be redone at each step. Work-

ing solely with function values on the domain boundary, BEM should be able to
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avoid the interior singularity and, therefore, circumvent these difficulties. However,
since the boundary integrals involve singular kernels, the integrations have to be per-
formed very carefully and the overall accuracy of the BEM is largely dependent on

the precision with which the various integrals are evaluated.

Much research has been done and several techniques have been suggested to handle
the singular integrals. A set of weighted Gaussian formulae [28] has been established
to calculate the singular integrals. Degenerated co-ordinate transformation technique
was applied by Lachat and Watson [29] to compute the weakly singular integrals and
also the rigid body movement technique suggested by Cruse [30] was used to evalu-
ate the Cauchy Principal Value (CPV) singular integrals indirectly. Semi-analytical
method, wherein using asymptotic expansion of the kernel function with respect to
the local co-ordinates such that the singular part can be subtracted out and inte-
grated analytically, was suggested by Guiggiani [31]. A review of these techniques

can be found in [32].

As is known, the direct boundary element method for a crack geometry fails: the
discretization of the whole domain boundary, including both crack surfaces, yields a
singular system of equations [33]. This follows from the observation that the integral
equations generated by a pair of corresponding nodes on either side of the crack (i.e.
occupying the same position in the space) are identical. Several strategies have been
proposed for the boundary element analysis of crack problems. These methods include
representing the crack as a notch, symmetric crack modelling, use of special Green’s
functions, and flat crack modelling. Representing the crack as a notch or replacing
the crack plane with symmetry boundary conditions, i.e. symmetric crack modelling,
removes the singularity in the algebraic system of equations [34]. It is, however, lim-
ited to symmetric crack problems. Representing the crack as a notch increases the
modelling error due to the notch opening. The special Green’s function approach [35]

possesses the advantages that crack geometry and crack tip singularities are fully
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embedded; no modelling of the crack surface is required. The disadvantage is that
this approach works only for special cases since it requires quite a lot of preliminary
analytic work to find the necessary Green’s functions. Flat crack modelling [36] repre-
sents the displacements along the crack surface as the relative displacement between
the two crack surfaces. This scheme has two critical deficiencies as a mathematical
model for crack geometries, i.e. non-uniqueness of the boundary integral equation
resulting from crack surface loading and the problem of two displacement variables
along the crack. An extensive discussion of these modelling techniques is given by

Cruse[33].

The most common general purpose, direct boundary element technique for treating
cracks has been the multidomain approach [37]. This method decomposes the domain
into subregions without cracks; the boundary element equations for each subregion,
together with the conditions of compatibility of displacements and equilibrium of
tractions across the fictitious boundaries, yield sufficient number of equations to solve

the problem.

Many efforts have been devoted to evaluate the hypersingular integrals [38, 39
arising from the additional integral equation which expresses the boundary condition
on the crack surface. Recently, a number of papers have viewed these integrals in
a different manner, utilizing what is basically a regularization procedure to subtract
out the most singular terms [40]. A brief review of the techniques to evaluate the

hypersingular integrals was given by Huang and Cruse [32].

In the conventional application of the BEM, the Green’s functions are full space
fundamental solutions. Most of the techniques to evaluate the singular integrals are
based on the explicit, analytical expressions of the displacements and stresses as

1

~ Inr and ~ 77! in two dimensions, and as ~ r~! and ~ r~2 in three dimensions,

respectively, with 7 being the distance between the source and field points.
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When the BEM is applied to analyze the wave scattering problem in laminated
composites, the application of the full space Green’s function is, if not impossible,
extremely difficult [41]. It is not only because of the complexity in discretizing the
interfaces between the different layers, but also because of the difficulties in deriving
the explicit expression for the fundamental solution for infinite anisotropic media. It
is crucial to derive Green’s functions for laminated composite plates in the boundary

element analysis of wave scattering.

Green’s functions for isotropic plates have been extensively studied in the past.

References to early literature can be found in [42].

A wavenumber integral technique using a quadrature scheme was developed by Xu
and Mal [43, 44]. Recently Mal and Lih [45] have presented a wavenumber integral
technique to study the waves in a composite plate due to a concentrated load. As

discussed by them, this is a fairly time consuming process, even for a single lamina.

Most of the studies dealt with two dimensional problems (plane strain or plane
stress). Ceranoglu and Pao [46], Weaver and Pao [47] studied the dynamic responses
of isotropic plates to a vertical load where the axisymmetric condition holds. Three
dimensional transient solution has been discussed by Vasudevan and Mal [48] , Liu

et al. [49].

However, to the best of the author’s knowledge, no efficient method to compute

the three-dimensional Green’s function has been yet published.

When the Green’s functions for laminated composites are used in BEM, all the es-
tablished techniques based on the analytical expressions of displacements and stresses
to evaluate the singular integrals fail. The rigid body movement technique which was
developed for static problem to evaluate the CPV integrals also fails since the displace-
ment Green’s functions for the laminated plates are singular at zero frequency [50].

No method has been reported to evaluate both the weakly and CPV singular integrals
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when the Green’s functions cannot be expressed in analytical, closed form.

1.4 An overview of the present study

The objective of the present study is to investigate propagation and scattering of
guided waves in laminated composite plates with particular reference to developing
algorithm for direct problem (not inverse) of flaw detection. The analysis is based on
the assumption that the lateral dimensions of the plate are very large in comparison
to the thickness of the plate. Of interest are the theoretical analysis and numerical
studies of the plane-strain elastodynamic Green’s functions of, and wave scattering
by cracks or inhomogeneities in, laminated composite plates; three-dimensional wave
propagation in laminated composite plates; and three-dimensional wave scattering in

isotropic plates.

1.4.1 Wave propagation and Green’s functions

"Two models of wave propagation in laminated composite plates are presented in this
study. The analytical formulation is employed for plane-strain analysis of laminated
composite plates and axisymmetric analysis of isotropic plates. A Rayleigh-Ritz type
approximation based stiffness method is used for both two- and three-dimensional

analyses.

Based on the analytical formulation, a method is developed to compute the plane-
strain elastodynamic Green’s functions due to line loads in laminated composite plates
by expressing them in terms of the guided wave modes. As is known, the numerical
methods based on the direct implementation of the matrix method become unstable
at high frequencies. To circumvent this difficulty, a modification of the matrix formu-

lation as discussed by Dunkin [51] for isotropic material is employed and extended for
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anisotropic material. It is shown that accurate computation of the Green’s functions
can be made both in the near and far fields by keeping not only the propagating
modes, but also the non-propagating and evanescent modes, in the wave function
expansion. Accuracy of the solution is assured by satisfaction of the energy conser-
vation. In the stiffness method, the dispersion relation is obtained as a standard
eigenvalue problem. The orthogonality relations of the left and right eigenvectors
are used together with the modal summation technique to construct the plane-strain

Green’s functions.

The circular-crested wave propagation in an isotropic plate is studied by the an-
alytical formulation. The dynamic response of the plate to a vertical point load is
obtained by a hybrid method which combines the finite element representation and
wave function expansion. Also, it is shown that the three-dimensional wave propa-
gation problem in the isotropic plate can be decomposed into a series of plane-strain
and antiplane wave problems. The three-dimensional elastodynamic Green’s function

is obtained in a modal summation form.

With the confidence from the analysis of three-dimensional wave propagation in
isotropic plates, we investigate the three-dimensional wave phenomena in laminated
composite plates. It is illustrated that the three-dimensional wave propagation prob-
lem in a laminated composite plate is composed of a series of two-dimensional wave
problems. Based on the stiffness method and modal summation technique, Green’s
functions are obtained in a double summation form with respect to wave travelling

directions and wavenumbers.

1.4.2 Wave scattering

A hybrid method is employed to investigate the time-harmonic plane-strain wave

scattering problem in laminated composite plates. The method incorporates finite
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element formulation in a bounded interior region which contains all the faws with a
modal representation in the exterior region. Continuity conditions for the displace-
ments and forces are imposed at the nodes lying along the boundaries between the
two regions. This results in a system of linear algebraic equations which is solved for

the unknown modal amplitudes.

‘The boundary element method is applied to investigate the plane-strain wave
scattering by cracks in laminated composite plates. A new technique is developed to
evaluate the Cauchy Principal Value integrals and weakly singular integrals involved
in the boundary integral equations. Numerical computations have shown the accu-
racy and reliability of the proposed technique. This technique, illustrated through
two-dimensional examples, is extended to three-dimesional analysis. To circumvent
the difficulties associated with the evaluation of hypersingular integrals due to the

presence of cracks, the multidomain technique is adopted.

1.5 Organization of the thesis

This thesis is mainly concerned with the investigation of propagation and scattering
of guided waves in laminated composite plates. An analytical formulation and an
approximate model are presented in Chapter 2 to derive the dispersion relations and
to construct the plane-strain elastodynamic Green’s functions. The hybrid method
and boundary element method to analyze the plane-strain wave scattering problem
are presented in Chapter 3. The study of three-dimensional wave propagation and
scattering by flaws in isotropic plates is presented in Chapter 4. The concepts and
procedures described in Chapter 4 are extended in Chapter 5 to construct the three-
dimensional Green’s functions for laminated composite plates. Finally, conclusions

and some recommendations for further study are outlined in Chapter 6.
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Figure 1.1: Schematic diagram of ultrasonic flaw detector.




Chapter 2

Plane-strain Green’s Functions

2.1 General

The derivation of time-harmonic plane-strain Green’s functions of laminated com-
posite plates is considered in this chapter. As mentioned in Chapter 1, two models
are developed: analytical formulation and Rayleigh-Ritz type approximation based
stiffness method. In the analytical formulation, a modified propagator matrix ap-
proach is exploited to establish the frequency equation of the plate. Analytical wave
functions are employed together with the symmetric/antisymmetric conditions along
the loaded section of the plate to construct the Green’s functions. In the stiffness
method, the displacements are approximated by the interpolation of discrete nodal
(interface) values. Fourier integral transforms are employed to obtain governing equa-
tions in wavenumber domain. The frequency equation of the plate is formulated in
the form of a standard algebraic eigenvalue problem. The orthogonality properties
of the right and left eigenvectors are employed to construct the Green’s functions

through a modal summation technique.
The accuracy of the methods is demonstrated by comparing the results with those

15
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from wavenumber integral method for an isotropic plate. Numerical results for mul-

tilayed composite plates are also presented.

2.2 Description of the problem

Consider a laminated composite plate as shown in Figure 2.1. It is assumed to be
composed of perfectly bonded laminae (layers) with possibly distinct mechanical prop-
erties and thicknesses. For simplicity, it will be assumed that each layer is orthotropic
with symmetry axes parallel to the global coordinate axes (see Figure 2.1) z, y (not
shown) and 2. Plane strain deformation in the plane of zz will be considered here. To
obtain the displacements at any point due to a unit load acting at a point in either
the z or z direction each layer will be divided into several sub-layers so that the total

number of sub-layers through the thickness 2H is V.

INTERFACE
FREE SURFACE NUMBER
N X 1
LAYER
YZ
z. L___T 1 i
Z;+1 ______lL iTH SUBTAYER |>_____ S |
2H LN N+1

FREE SURFACE

Figure 2.1: Configuration of a laminated composite plate
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2.3 Governing equations

Consider the ¢th sub-layer bounded by z = z; and z = 2;,;. The strain-displacement

relation is given by
{¢} =Lu (2.1)

where
' ={u w} (2.2)

u and w are displacements in z and z directions, respectively,

8 9 4
LT _ I:Q:L , ('382 :I (23)
0 5 &
and
(e} ={ee € € } (2.4)

where ¢;; is the strain component. The stress-strain relation in this sub-layer is given

by

{o} = D{e} (2.5)
where
Dy Dy O
D=|Dy D33 0 (2.6)
0 0 Dss
and
{0}" ={02s 0w 0u} (2.7)

where o35 is the stress component; D;; is an element of the constitutive matrix D for

the sub-layer.

The equations of harmonic motion in frequency domain can be expressed in terms

of displacements u(z, z) and w(z, 2) as

8% S A%w

Dy— D55— D D55_ b = - 2
uag * 6z2+( s )8$8z+ ’ ot
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0w 0w 0%y
8 ) + D55 9.0 + (D13 + D%o) + b = —pw2w (28)

D
where b, and b, are body forces in 2 and z directions, respectively, p the mass density,

and w the circular frequency.

2.4 Wave function expansion method

In this section, the analytical frequency equation is derived based on a modified
propagator matrix approach, and Green’s functions are obtained by applying the

symmetric/antisymmetric conditions along the loaded section of the plate.

2.4.1 Wave functions

The appropriate solution to the homogeneous equation from (2.8) are:

u = Jk(Qf +b0F)el*®

w = (ar Q] + ey )elt (2.9)
where 7 = v/—1, and
QF = Ajjcosriz + Apgsinrz,
Q7 = Aigcosriz — Ay sinrz,
QfF = Agjcosryz + Aggsinryz,
QQ— = AngOS’I‘QZ - Aglsin7’22 (210)
o = (B-ak— )i,
b = (k3 —k* — Brd)/6k? (2.11)
_ Dy - Das pw? o D3
a= ; B= ko= —=—:; 6 =1+ =" 2.12
Dss Dss” '\ Dss Dss (2.12)
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r1 and ro are the roots of the equation
r? 4 ak® — k3 or?
_ _ =0 (2.13)
ok? k% — k2 + Br?

Ai1, Aqg, Aoy and Ags are the arbitrary constants for the sub-layer. Stress and displace-
ment components of the sub-layer can be expressed in terms of these four unknown
constants. Evaluating the stresses and displacements at z = z; and z = 2;,, after

some manipulations, the following relation can be obtained:
Qi1 = [Fi]Q; (2.14)
where
QF =(w W O Ouui)- (2.15)

The vector Q;, which is unknown yet, represents the displacement and stress compo-
nents at z = z;; and [P} is the propagator matrix for the ith sub-layer. The elements

of [P] are given in [52].

The global propagator matrix [P] for the entire plate is obtained by the repeated

application of equation (2.14) as
Qn+1 = [P]Qu (2.16)
where

[P] = [Pn][Pn-1] -+ - [B] - - - [P][Py]. (2.17)

The repeated application of equation (2.14) ensures continuity of the displace-
ment components v and w, and stress components o, and o,,, at the faces between

sublayers. Denoting the elements of the 4 by 4 matrix [P] by Py, (m,n =1,2,3,4)
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and invoking the zero traction conditions at faces 1 and (N + 1), the following can

wl_]0 2.18
o) 1o} (19

Note that there is as yet no external load acting on the plate. The dispersion

be obtained from equation (2.16):
Psi Py
Py Py

equation (frequency equation) for the plate is obtained by setting the determinant of
the coefficient matrix to zero as
P3 Ps

~0. (2.19)
Py P

f(w7 k) -

Let M be the total number of modes to be used in the modal expansion of Q;
and k,, be the mth root of equation (2.19). Traction free conditions at face 1 and

equation (2.18) give the components of the mth eigenvector at face 1, as

tm={(1, —Pyu/Py, 0, 0) (2.20)

im ™

Then, applying equation (2.14) at successive interfaces, the mth mode eigenvector

can be obtained as

T T T T
Qm — < lm» Q2m7 T imr ) Q(N—{—l)m> (221>
where
gn = <uima Wim,s  Ozzimy Ozzim > (222)

Uimy Wim, Czzim ANA Ouqeim are components of mth eigenvector at the ith interface.
It may be noted that Q;, can be associated with propagating, non-propagating or

evanescent modes corresponding to real, imaginary or complex k.
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2.4.2 Numerical difficulties at high frequencies

Two numerical difficulties encountered by Dunkin [51] for isotropic material also arise
here in the high frequency region. The first involves evaluation of the roots of equation
(2.19), while the second is concerned with the computing of eigenvectors according to
equation (2.14). It is known that the dispersion equation (2.19) can be manipulated
in the form (@ — b)f, where f are products of like trigonometric functions (which
are sin’r;h;, sinrjh;cosrih;, cos®r;h;, § = 1,2, h; is the thickness of sth sub-layer)
which may become very large at high frequencies. Analytically @ and b are equal, but
in numerical calculations small roundoff errors in @, b may be sufficiently magnified
by their large multiplier to dominate the results. In order to avoid the numerical
difficulties, a modification of the matrix formulation which was first introduced by
Dunkin [51] is adopted here. In this method, a 6 x 6 delta matrix [A%] containing all
2 x 2 subdeterminants of the 4 x 4 matrix [A] is constructed so that the elements of

[A2] are related to those of [A] through
A?m = AP = AprAgs — ApsAgr (2.23)

where the paired indices pg, rs take on the values 12,13,14,23,24,34 corresponding to
the values of m or n = 1,2,3,4,5,6. It can be easily verified that for matrix [P] in
equation (2.17):
[P2] = [PRIIPR-1)-- [P [P (2.24)
Expressions for the elements of [P{] (given in the Appendix A) show that the sub-
determinants of the propagator matrix do not suffer from the difficulties associated
with F;. Using equations (2.23) and (2.24), the dispersion relation (2.19) can be
rewritten as:
P4 =0. (2.25)
Therefore the numerical difficulties involved in satisfying the dispersion relation are

avoided by making use of the algebraic expression for the subdeterminants of the [P)]
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as the basis of calculation.

The next task is the calculation of the mode vectors. First we define
er - Smktkn

where P, is the element of [P] in equation (2.17), and

. 7 3—1 1
tmn - pmapab "'prrw

. N . N—1 i+1
Smn = Pralab -Prn

Pt 18 element of [P;]. Then equations (2.14) and (2.20) give:

Qup = —]-.51;2—[1%][&1]---[131]@

where

Q" =(Pg, —Pyu, 0, 0).
Using equations (2.26) and (2.27) in (2.28), one finds:

1
Qit1,0 = 5 (ta1Saptes — taaSaptsr)
Psy

that is:

Q' _ 1 fab
+1,a — P32 53b'12

22

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

where (iy1,, is the ath element of Q1. Then the mode vectors can be computed

according to equation (2.31) without precision problems since they have nonzero

coefficients.

2.4.3 Amplitude coefficients of Green’s functions

The displacement vector q, at arbitrary z > 0, can be approximated by the modal

sum of a finite number of modes M in the form

M )
Qe = Z AmCImejkmm

m=1

(2.32)
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where A, is the amplitude of mth mode,

T
S <u1m7 woy Uim, .-y U(N—i-l)m; Wims oy Wimy +eey w(N—I—l)m > . (233>

It may be noted that the displacement elements in (2.33) are arranged according
to the order of degree of freedom, i.e., the displacements in z-direction first, then the

displacements in z-direction.

The force vector £, at > 0 can be expressed as

M

£, =Y Apfpelt® (2.34)
m=1
where
fn'I; = <f:z:1ma ey fa:im: ey fw(N+1)m7fz1m7 ) fzim; ceey fz(N—f—l)m )7 (235)

fzim and fum are the force shape modes representing = and z direction forces at
ith interface formed using the constitutive equation and the consistent load vector

formulation [53]. The explicit form of fym, and f,u, can be found in [52].

The displacement field at £ = 0 is obtained as

Qo = [E]A (2.36)
where
[E] = [qh 92, ... QM]
AT = (A, Ay, .., Aun) (2.37)

[E] is a 2(N + 1) by M matrix, A is a vector with dimension M.

The force vector at £ = 0 can be formed as

fo=[F]A (2.38)
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where
[F] - {fly f2a sy f]V[] (239)

is a rectangular matrix of size 2(N + 1) by M.

Suppose a concentrated load acts at point (0, zp), and let L denote the interface
number at which the load acts. For a z direction unit load, we have symmetric

conditions with respect to vertical plane z = 0 (Figure 2.2):

T ;
qQy = <O, O, ceey O, wy, W2, ...,W;, ..., UJN+1>,

£ = (fots - Foires fovr1),0, -0, 1/2, ... 0) (2.40)

where fy; is the force in the z direction at ith interface at z = 0, and 1/2 is located

at the (N + 1+ L)th row of fo.

e

Figure 2.2: Symmetric condition about loaded section

Equations (2.36) and (2.38) can be written as follows according to equation (2.40),

En By [0

A= (2.41)
Fy1  Ea | | do2
Fiy Fil S

A= (2.42)
Fo F | foo

where [Ey] and [Fy] (4,7 = 1,2) are (N + 1) by M matrices, 0, qop and fy; (i = 1,2)

are (IV + 1) dimensional vectors.
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By combining the first half of equation (2.41) and second half of equation (?7),

we obtain:
[HIA=r (2.43)
where
By Ey 0
[H] = ; r= : (2.44)
Fyy  Fy foo

By applying the principle of virtual displacement, the amplitude coefficients can

be obtained as:

A= [HH A (2.45)
where
H]= o (2.46)
S '

and overbar refers to the complex conjugate.

Applying similar procedure to z-direction unit load, we obtain vector A from

equation (2.45) by replacing
fo1

r —=
0

Once the amplitudes, A,,, are known, the displacement and stress field anywhere in

Fiy  Fig
Ey  Ey

Ei Eyg
Foy  Fyy

. (2.47)

’ ? -

the plate (Green’s functions) can be computed using equation (2.32) and constitutive
relations. Thus, for a fixed location of source point, evaluation of the Green’s functions
is a matter of summation of series, and the numerical difficulties associated with the

infinite wavenumber integrals are avoided.

2.4.4 Numerical aspect

Wavenumber determination
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For a fixed value of the frequency w, f(w, k) in equation (2.19) (or (2.25)) is a
transcendental function of the wavenumber, k. There are three different kinds of
roots: real, imaginary and complex. The real roots represent the propagating modes
which dominate the dynamic response of the plate. The imaginary and complex
roots represent nonpropagating and evanescent modes, respectively, and these modes
decay with z. As reported by Gregory and Gladwell [54], the admissible k are those
real roots with positive group velocity and those non-real roots with Im(k) > 0.
These conditions ensure that the waves produce bounded displacement and stress field
throughout the plate for waves travelling in positive z direction. Muller’s method [55]
is employed here. At first, the plate is divided into a sufficiently large number of sub-
layers and the approximate roots are obtained via Dong’s method [11] as illustrated
in the next section. Those approximate roots are used as initial guesses in Muller’s

method to accurately determine the exact roots.

Assessment of numerical accuracy

Energy is carried only by the propagating modes. The time-averaged value of the
energy flux associated with the mth propagating mode through the plate cross section
is given by

L = W AR PIMIET - ). (2.48)

where overbar represents complex conjugate.

The input energy due to the unit load is
I'™ = wim[q] (2.49)

where ¢ is the displacement of the loading point in the direction of the unit load.
Let us define the percentage error in energy balance, ¢, as

00,1, &
= Znlz 1" = X Il (2.50)
m=1

¢ 2
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where M, is the total number of propagating modes. The principle of energy conser-
vation requires that e should be zero. This condition is used to assess the numerical

accuracy of our analysis.

2.5 Rayleigh-Ritz type approximation approach

A Rayleigh-Ritz type approximation based stiffness method was presented by Dong
and his co-workers [9, 10, 11] for wave propagation analysis in laminated anisotropic
media. In this technique, variations of the displacements along thickness are approx-
imated by quadratic functions of a thickness variable. The generalized coordinates
in this representation are the displacements at the top, middle, and bottom of each
mathematical layer (sub-layer). The frequency equation of the plate is formulated in
the form of an eigenvalue problem. The orthogonality properties of the eigenvectors

are applied to construct the Green’s functions through a modal summation technique.

2.5.1 Approximate governing equations

The stiffness method starts with dividing each layer into several sublayers so that
the total number of sublayers through the thickness of the plate is N. By using the
interpolation polynomials in the z direction, the displacement components in a typical

sub-layer with thickness h can be approximated as

u=N(()q(z) (2.51)

where N is the shape function matrix given by

N=[(1-30+20 4(C— (26— )] (2.52)
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and

Z
CZE-

In the above, I is a 2 by 2 identity matrix, Z is a local coordinate originating at the

top of the sub-layer, while q is the displacement vector at Z = 0, h/2 and h as follows:

 =(af o o) (2.53)
where
q =(u w); (i=t,m,b) (2.54)

t,m and b represent top, middle and bottom surfaces of the sub-layer, respectively.

‘The approximate equation of motion for the sub-layer is obtained by following

conventional finite element analysis procedure as:

f = (—w’m +Kk)q (2.55)
where
k——k£+kfl—+k (2.56)
T Tz T P '

matrices m and k;, (4 = 1,2, 3) are mass matrix and stiffness matrices [9]. The vector
f is a force vector given by
h
f=t+ / NTbdZ (2.57)
0

t is the external traction vector; b is the body force vector.

The governing equation for the entire plate is obtained by summation over all the

sublayers as:
F=(K-uw*'M)Q (2.58)

where
12
<Lk, (2.59)

K=-Kigz K
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the matrices M and K;( = 1,2, 3) are the results of overlapping the contributions of
m and k;(i = 1,2, 3) for neighbouring sublayers, respectively. The vectors Q and F
represent the nodal displacements and tractions, respectively. The dimensions of Q
and F are M, and the sizes of matrices M and K are M by M, where M = 2Xx(2N+1).

Note that the matrices M, K;, and K3 are symmetric, whereas K is antisymmetric.

Introduce the Fourier integral transform with respect to z coordinate defined as
[56]
flk,2) = / f(z, 2)e " dg (2.60)

and the inverse formula defined by
1 oo -
Flz,2) = — / F(k, 2)er (2.61)
21 J—oo
where k is the transform parameter.

The application of Fourier transform to equation (2.58) results in the governing

equation in transformed wavenumber domain as:

F = (KK, — jkK; + K3 — w*M)Q (2.62)

where F and Q are the Fourier transforms of F and Q.

The above equation can be arranged in the form:

p=[A—kB|d (2.63)
where
0 I I 0 ]
A = = , (2.64)
K —jK, 0 -K; |
N T » N T
pTz{o F} dT:{Q kQ} (2.65)
and



CHAPTER 2. PLANE-STRAIN GREEN’S FUNCTIONS 30

2.5.2 Eigenvalue Problem

When the external force is zero, i.e. F = 0, equation (2.62) gives
(KK, — jkK, + KHQ =0 (2.66)

A nontrivial solution can be obtained by setting the determinant of the coefficient
matrix to zero. This results in the dispersion relation to solve for the eigenvalues k.
In other words, & for a given w is found by treating equation (2.66) as a second order

eigenvalue problem about k.

According to equation (2.63), both the right and left eigenvalue equations are

obtained as:

[A — k,B]®% =0, 0=®L[A - £,B] (2.67)
where @2 and ®% are right and left eigenvectors, respectively.

It is noted that equation (2.67) yields 2M eigenvalues and eigenvectors. The two

halfs decay in the £z-directions towards 4oo [57].

The orthogonality condition of the right and left eigenvectors are:
PIBR? = B.6um; PLADE =k, Bobnm (2.68)

where

B, =®:B®Y, nm=1,2..,2M

1 n=1m
5nm =
0 n£m

2.5.3 Modal summation technique

Modal summation technique [58] is employed here to obtain the solution to equation

(2.63). Expressing d in terms of the right eigenvectors,

2M
d= > a,®" (2.69)

m=1
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substituting the above equation into (2.63) yields

2M
P= > anlA—kB]®E.

m=1
Multiplying both sides with ®Z gives

2M
(I)ﬁp = Z am[(ﬁrjzA - k’(I)ﬁB]q)g.

m=1

Applying orthogonality condition (2.68) to equation (2.71) results in:

Q= ®,p
" (kn—k)B,
The solution to (2.63) is obtained by substituting (2.72) into (2.69):
2M R
p®,;
d=
M ey
The displacement in transformed wavenumber domain can be expressed as:
2M L
~ oL FRE
Q=Y me om
m=1 (km - k)Bm
where
@ﬁb - {q);Lnl m2 } ¢R { " }
(I)m2
&L DL, DI and ®F, have the same dimension M.

2.5.4 Green’s functions
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(2.70)

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)

Expressing F due to a concentrated unit load acting at point (0, z) in the form:

where 6 is the Dirac delta function defined operationally by:

| @)@ = £(0)

(2.76)

(2.77)
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and Fy is a constant vector representing the amplitude of the external force across

the thickness of the plate given by

F;=(0 ---, 0, 1, 0 --- 0) (2.78)

The Fourier transform of F is:
F= / Fod(z)e I ds = By, (2.79)
—00

Substituting the above equation into (2.74) gives

LM R

Q=2 .= WE.

m=1

(2.80)

where ¢ = ®LFy.
Application of the inverse Fourier transform to equation (2.80) gives the displace-

ment in frequency domain as

1o 30 P@% ke

It is noted that in the above equation, 1, ®Z, and B,, are independent of k. Applying
Cauchy’s residue theorem [59], choosing the M modes that propagate away from the

source, we obtain the displacement Green’s function due to the unit point load as:

M

Qz) = > Angme’™* (2.82)
m=1
where
a M
Am - _Léi; qm = @ﬁﬂ (283)
m

2.6 Numerical implementation

Three numerical examples are considered for illustration purposes. For brevity, only

results for a vertical load are presented in the following examples.
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Table 2.1: Elastic properties of 0° and 90° Graphite/Epoxy fibers (GPa)

degrees | Diy D33 | D3 | Dss
0° 160.73 | 13.92 | 6.44 | 7.07
90° 13.92 | 13.92 | 6.92 | 3.50

Example 1 . — a homogeneous isotropic plate with Poisson’s ratio v = 1/3.

Example 2 . - a single layer graphite/epoxy cross-ply laminated plate with fibers being
aligned with the z axis. The relevant elastic constants characterizing the plate
material are: Dy; = 160.73 GPa, D33 = 13.92 GPa, D13 = 6.44 GPa, and
Dys = 7.07 GPa. The density is 1.8 g/em®. Thus, the longitudinal (c,) and
shear (c,) wave speeds in the z—direction are 9.45 mm/us and 1.98 mm/us,

respectively.
Example 3 . - a 35-layer graphite/epoxy cross-ply laminated plate having 90°/0°/... /90°/

0°/90°/... /0°/90° configuration. Material properties are given in Table 2.1.

The 0° fibers are taken to be aligned with the z axis.

The frequency nondimensionlization Q = wH /¢, is used for example 1, and Q =
wH/+/(Dss/p)oo) is used for examples 2 and 3.

In the first two examples, the concentrated load is supposed to be acting at

(0, H/4), while in the third example, it is supposed to be at (0, 16H/35).

Example 1

To illustrate the application of techniques presented above, we first consider the
Green’s functions for an isotropic plate. The solution is compared with the results

obtained by wavenumber integral technique developed by Xu and Mal [44]. To apply
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the wavenumber integral technique some material dissipation must be assumed. The
elastic constants (A and p) and the longitudinal and shear wavenumbers k, and k;,

respectively, were taken to be frequency-dependent and complex:
ky = (1+ Oﬁj/QL)W/Cp; ks=(1+ 0.5j/Qr)w/cs,
p=pcs/(1+055/Qr)  A+2u=pc/(1+0.55/Qu)

Here @, and @Qr are the quality factors which account for dissipation. Numerical
computations show that at low frequencies, by choosing the typical values of these
quality factors as used by Xu and Mal in the wavenumber integrals, results are in
very good agreement with those of our techniques in both near and far regions. For
example, at 2 = 1, choosing @1, = 200, and @t = 100, good agreement is obtained.
Figure 2.3 shows the vertical displacement along the top surface of the plate. In this
figure, RRS represents the Rayleigh-Ritz approximation based stiffness method, and

WNI represents wavenumber integral method.

As the frequency increases, however, their values must be adjusted in the wavenum-

ber integrals in order to obtain good results.

Figure 2.4 shows the vertical displacements at the top surface obtained by the
two methods when €2 = 20. The dashed line in Figure 2.4(a) shows the results from
the wavenumber integral method (WNI) with @, = 200 and Q = 100, while the
solid line shows the results from the RRS. It is found that the two results agree only
in the near field. Figure 2.4(b) shows the results when @, = 2000 and Q1 = 1000.
Good agreement is found in both near and far regions only after adjusting the quality
factors. It may be noted that the choice of appropriate quality factors for laminated
plates can pose considerable problems.

Figures 2.5 and 2.6 show the displacement Green’s function through the thickness
of the plate near and far from the source obtained by RRS, WNI and WFE (repre-

senting wave function expansion technique) for @ = 1 and Q = 20, respectively. For
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Figure 2.3: Vertical displacements along top surface, Q = 1

= 1, the plate is divided into ten sublayers in the RRS method. Thirty modes,
which contain one symmetric and one antisymmetric propagating modes, are used in
the wave function expansion method. For = 20, @, and Qt were chosen to be
2000 and 1000, respectively. The plate is divided into twenty sublayers in the RRS
method. Forty modes, which contain ten symmetric and ten antisymmetric propa-
gating modes, are used in the wave function expansion. In this example |¢| was less

than 0.5%.

Example 2

The dispersion relation of the single layered plate is shown in Figure 2.7. In this
example we consider the Green’s functions for two normalized frequencies, = 1 and
10. Both the wave function expansion technique and Rayleigh-Ritz approximation

based stiffness method are employed. Figure 2.8 gives the displacements along the
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sections z = 0.3H and z = 10H at Q = 1 and Q = 10. It is seen that the results
from the two methods are in good agreements in both near and far fields, at low and

high frequencies.

Example 3

Figure 2.9 shows the dispersion relation of the 35-layered cross-ply plate. Two
normalized frequencies, {2 = 1 and 10, are considered. There is one symmetric and one
antisymmetric propagating mode at {2 = 1 and six symmetric and seven antisymmetric

propagating modes at 2 = 10.

For each frequency total number of forty modes are used in the wave function
expansion technique. Figures 2.10(a) and (b) show displacements at sections z =
0.3H and z = 10H when = 1, and Figures 2.11(a) and (b) show the corresponding
results when {2 = 10. The percentage error || is less than 1% in the cases considered
from wave function expansion technique. These figures show that at low frequencies
the motion is primarily vertical except near the free surfaces of the plate. Figure 2.10
shows that I'm[w] is constant through the thickness at locations both near and far
from the source. Refw] on the other hand varies through the thickness in the near field
and is uniform in the far field. At high frequency, the dominant component is still
vertical, but now there is also a measurable horizontal component. It is interesting
to note the oscillations in the horizontal component in Figure 2.11 are caused by the
lamination. They seem to be caused by the large differences in the shear modulus

Dss of the adjacent layers (Dss of the 0° lamina is twice that of the 90° lamina).
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2.7 Concluding remarks

An analytical formulation is employed to study the guided wave propagation in lam-
inated composite plates. The delta matrix formulation is developed to refine the
modes. A stiffness method based on the through-thickness interpolation functions for

displacements has also been presented.

The Green’s functions for laminated plates are constructed based on the two
models of wave propagation analysis. It is shown that the solution for the isotropic
plate agreed well with the wavenumber integral results. In the latter case it was
necessary to choose frequency-dependent attenuation in order to get good results.

Results are presented also for uniaxial and multilayered composite plates.
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Figure 2.4: Vertical displacements along top surface, 2 = 20. (a) @Qr = 200, Qt =
100; (b) QL = 2000, Qr = 1000.



CHAPTER 2. PLANE-STRAIN GREEN’S FUNCTIONS

—— RRS
---------- WFE
--------------- — — WNI
-0.075 :
B
= 015
[+4
-0.225 .‘
l | . f ]
08 05 1 1.5 2
Z/H
Vertical displacement at x=10H
S0 e R
_0125_ ...........................................................................................
B
= 015
4
-0.175 ; e
0. ) ! . i i j
2 05 1 1.5 2
7/H

(a)

(b)

0.25

0.225 f
5 : f
= 02 i
E : ;
P N B
0.175 j ; :
t I 1 l + | !
015 0.5 1 15 2
ZH
Vertical displacement at x=10H
0.2 mmmmmmeeeen IR ey
0'175 ........................................................................................
z
g
b
0.125 ................................................................................................
1 { 1 b | i
15 05 1 1.5 2
ZH

39

Figure 2.5: Vertical displacements along sections, = 1. (a)z = 0.3H; (b) z = 10H.
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Figure 2.7: The dispersion relation of the single layered plate
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Figure 2.8: Vertical displacements along sections in the single layered plate. (a)

Q=1, (b)Q=10.
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Figure 2.9: The dispersion relation of the 35-layered plate
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Figure 2.10: Displacements along sections for 35-layered plate, Q = 1. (a) z = 0.3H;
(b) z = 10H.
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Figure 2.11: Displacements along sections for 35-layered plate, Q = 10. (a) x = 0.3H,
(b) z = 10H.




Chapter 3

Plane-strain Wave Scattering

3.1 General

The need for ultrasonic nondestructive evaluation (NDE) techniques has motivated
much progress in the understanding of elastic wave scattering by defects in composite
structures, which are often in the form of plates. It is extremely difficult, if not
impossible, to obtain a general analytical solution for the complex wave interaction
phenomenon occurring in a plate-flaw system. Therefore, it is necessary to resort to

numerical methods. The study of wave scattering problem can be categorized into:

1. the study of elastic wave propagation in undamaged media (incident field),
which is typically represented by the study of elastodynamic Green’s functions,

as presented in Chapter 2;

2. the study of wave scattering due to flaws in the media, which is the subject of

this Chapter.

Two models are developed in this Chapter to study the wave scattering problems:

hybrid model and boundary element model. The hybrid method combines finite

46
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element formulation in a bounded interior region of the plate with a wave function
expansion representation in the exterior region. The flaw is assumed to be contained in
the bounded interior region. The two regions are connected along vertical boundaries.
Continuity conditions for the displacements and interaction forces are imposed at the

finite element nodes lying on the boundaries.

A generalized boundary element method is established to analyze the wave scat-
tering problem by cracks. The time-harmonic Green’s functions for composite plates
obtained in Chapter 2 are employed. A new technique is developed to evaluate the
Cauchy Principal Value (CPV) and weakly singular integrals involved in the bound-
ary integral equations. This technique is also extended to treat the singular integrals
around corner points. To circumvent the difficulties arising from the presence of
cracks, a multidomain technique is incorporated. Numerical investigation shows that
the boundary element method is much more efficient than the hybrid method when

large cracks are involved.

3.2 Description of the problem

Time harmonic wave scattering by flaws (crack, delamination or inclusion) in an
infinite laminated composite plate is considered. It is assumed that the geometry
of flaws and the incident load are independent of y coordinate. So, as shown in
Figure 3.1, a plane-strain wave motion in zz plane is generated. The methodology
and formula established in Chapter 2 to compute Green’s functions will be employed
here. The objective herein is to investigate the scattered field due to the existence of

flaws.
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Figure 3.1: Region division of a plate

3.3 Hybrid method

The hybrid method combines finite element formulation in a bounded interior region
of the plate with a wave function expansion representation in the exterior region.
The hybrid method was called by Dong and his co-researchers as Global-Local Finite
Element Method (GLFEM) [60, 61, 62]. The interior region consists of the flaw and
a small region of the plate surrounding the flaw. The regions are connected along

vertical boundaries BT at = 27, and B~ at z = 2~ as shown in Figure 3.1.

3.3.1 Wave function expansion for exterior regions

In the exterior regions R* and R, the total wave field consists of a scattered field
and the incident field. Using the wave function representation (Chapter 2) , the

displacement vector of the scattered field, {g3"}, in region R* at arbitrary z can be
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written as

M
qj; = Z Ar—i;_zqm eXp(jkmx>’ z > Tt (31)

m=1
where A% is the amplitude of the m-th scattered mode in region R*; q,, is the
displacement shape mode which is arranged according to the order of interface, rather

than the degree of freedom as:

T , . . y
q,, = <ulm7 Wim, -y Uimy Wim, -y WN4Dms  WNFDm > . (32)

Equation (3.1) gives the displacement vector of scattered wave field at the nodes

on the boundary BT as

q%q_ = G+A+ (33)
where
Gt=[q aq - Q- - A (3.4)
ATT= (AT AL - A AR (3.5)
AL = Al exp(jkmz™), m=1,2,---, M. (3.6)

The nodal force vector at the boundary B due to scattered field can be formed

as
Ps, =FTAT (3.7)

where
Ft=1[f f5 - £, 0 £ ] (3.8)

Following a similar procedure the displacement and force vectors at the boundary B~

due to scattered field can be expressed as

@, =G A~; Py =F A" (3.9)
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It can be shown that G~ (F~) can simply be obtained from G* (F*) after re-
placing each z direction displacement (force) component by the negative value of it;

and
AT =(AT A7 o AL e Ay (3.10)

where

A, = A, exp(Gkmlz”])

in which, A_ is the amplitude of m-th scattered mode in region R™.

3.3.2 Finite element model of interior region

The interior region R is modelled by finite elements. The displacement vector, u, at
a point within a typical finite element, e, is interpolated from the nodal displacement
vector, q°, as

u = Ng* (3.11)
where N is shape function matrix [63].

The energy functional # (per unit length in y direction) takes the form
. 1 _ _ 1 _ T
=Yl [ {&}"Die) — i wdA] - S@FPr + GPr]  (312)
e
where D is the constitutive matrix, and

QT:<CI1T C.lBT>: PT:<PIT PBT> (3-13)

gs and Pg are, respectively, the nodal displacement and interaction force vectors
corresponding to the nodes lying on the boundaries (BT and B~), while q; and Py
represent those vectors corresponding to the nodes within the interior region; the
integral is over the area of element e and ), implies summation over all the finite

elements; and overbar denotes complex conjugate.
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After the conventional assembly process in the finite element method, equation

(3.12) can be written as

L L 1. _
# = 5arSqr — 5larPr + ar" Pl (3.14)

where

(3.15)

9 SII SIB
S:KT—CU MT: .

SBI SBB

In the above, Kt and My are, respectively, the global stiffness and mass matrices of

the interior region.

The governing equation of the entire interior region can be obtained by minimizing

the energy functional as:
6% = 6G+Sqr — 6GRP =0 (3.16)

where 6 implies first variation.

3.3.3 Global solution

The global solution is obtained by imposing the following continuity conditions on

displacements and tractions at the mesh boundaries:

ag = qp +q},

P, = PU P (3.17)
where
inT in T in inT in T in T
qg = <q13+ qB—T>§ Py = B+ Pp- ) (3.18)

ap” = (ap" ap-T); PRI =(PRT PRT) (8:19)
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and superscript in indicates incident field. In equation (3.17), those quantities on the
left hand side of the equal sign are from the interior region while those on the right

hand side are from the exterior region.

Substituting equations (3.13) and (3.15) into (3.16), together with the incorpora-

tion of equation (3.17) results in

667 [Suar + Si(ah + o) — Py

+  6ap[Sear + SBB(CIE1 + qp) — Piﬁ]] = 0. (3.20)

Above equation gives:
Strar + SIB(qi]§ +qp)—Pr=0 (3.21)

G™[Spiar + Spa(as + q3) — PE] = 0. (3.22)
From equation (3.21) one obtains
ar = Si'Pr - Si'Sin(gq8 + qp)- (3-23)

Substituting the above equation into (3.22) yields:

GT(SipG — F)A = GT(PJ — SpiSuP1 — Shzah (3.24)
where
Sk = SsB — SeiS; Sz, (3.25)
G- 0 F~ 0
G = ; F= (3.26)
0 Gt 0 F*
AT = (AT ATTY, (3.27)

In the above, P and g% can be computed from application of Green’s functions.

Now that A is known, the scattered field can be determined by equation (3.1).
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3.4 Boundary element method

The boundary element method (BEM) also known as the boundary integral equa-
tion (BIE) method has been firmly established in many engineering disciplines as
an alternative numerical technique to the finite element method. The attraction of
BEM can be largely attributed to the reduction in the dimensionality of the prob-
lem; for two-dimensional problems, only the line-boundary of the domain needs to
be discretized into elements and for three-dimensional problems only the surface of
the domain needs to be discretized. This means that, compared to a FEM domain
type analysis, a boundary analysis results in a substantial reduction in data prepa-
ration and a much smaller system of algebraic equations to be solved numerically.
Furthermore, this simpler description of the body means that regions of high stress
concentration (i.e. crack tip area) can be modelled more efficiently because the high

concentration of grid points is confined to one less dimension.

Other advantages of BEM include the automatic satisfaction of boundary con-
ditions for infinite and semi-infinite domains, thus avoiding the need for numerical
discretization of remote boundaries. This useful feature of automatic satisfaction
of boundary conditions can be extended to several other configurations with finite
boundaries, such as plates, half-plane and half-space. This is achieved through the
employment of appropriate fundamental solutions which satisfy the boundary condi-

tions.

3.4.1 Formulation

Consider a linearly elastic body of volume V' bounded by a regular surface S. The
boundary integral equation in the Fourier transformed frequency domain can be de-

rived by combining the fundamental point-force solution with Betti’s reciprocal the-
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orem [64] as
¢ (¥ Juy (x) = /S Gy (x, )t (%) — Hy (x, X')Uj(x)]dSJr_L G, x)b;(x)dV,  (3.28)

where u; and ¢; are the displacement and traction vectors, respectively; b; is body force
vector. Gy;(x,x') is displacement Green’s function and represents the displacements
at a point x due to a unit harmonic point force applied at a point x'. H;;(x,x’) is
traction Green’s function and represents the tractions at the point x due to the same
load. The tensor ¢;; in equation (3.28) is the discontinuity term and has the following

characteristics
(i) ¢ = 6 for a point ¥’ inside the body V,
(ii) ¢;; = 0.56;; for a point x’ on a smooth surface S, and
(ili) ¢;; = 0 for a point x’ outside the body V' and surface S,
with 6;; being the Kronecker delta.

Equation (3.28) cannot, in general, be solved analytically and therefore resort
must be made to numerical methods of solution. For the numerical implementation,
the boundary is divided into N elements connected to boundary nodes as shown in

Figure 3.2, so that equation (3.28) becomes

() = 3 ., 16308560 = Hiy o, XYy (x)JdS5 + [ G, )by (x)av,
" (3.29)
where S = 3N S,
On each element, the boundary parameter x, the unknown displacement field
u;(x) and the traction field ¢;(x) are approximated using interpolation function. A
discretized boundary element formulation can be obtained as

(% Yus (x') + Z ZH" x, X Jug(x) = Z ZG (%, X )t5 (%) + b (3.30)

n=1a= n=1a=
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Figure 3.2: Discretization of boundary into elements

where [ is the number of nodes of a boundary element. u® and t* are the values of
the functions at node a. The coefficients Hf; and G, are defined in terms of integrals

over Sy; and b§ represent the effect of body force.

Collecting equation at each of the boundary nodes gives a system of algebraic

equations in a matrix form as

Hu=Gt+b (3.31)

where, matrix H contains the ¢;; tensor and the traction kernel integrals, matrix G
contains the displacement kernel integrals, and u and t are composed of the displace-

ments and tractions at the nodes, respectively; and b is due to the body force.

Among the different applications of equation (3.29), problems concerning elastic

waves scattering by cavities or cracks in plates are of interest.

If the fundamental solutions are defined for the plate, for example, the Green’s
functions from Chapter 2, the traction free conditions on the top and bottom surfaces
of the plate are automatically satisfied. This important feature renders the discretiza-

tion of these surfaces unnecessary. The displacements of the points on these surfaces,
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which are important to the nondestructive evaluation technique, can be computed in

the same manner as those of internal points.

3.4.2 Evaluation of CPV and weakly singular integrals

The diagonal 2 x 2 block of the assembled H matrix contains the tensor ¢;; as well
as the CPV of the traction kernel integrals; also, the diagonal 2 x 2 block of the
assembled G matrix contains the weakly singular displacement kernel integrals. An
effective technique to handle these singular integrals is critical to the accuracy of
the boundary element solution. Most of the existing methods to treat these singular

integrals are based on the properties of full space Green’s functions.

A technique is developed here to evaluate the CPV and weakly singular integrals
simultaneously. Although only two-dimensional formulation is taken for illustration

purpose, the principle and the procedure established are valid for general case.

Artificial source
v

\Y%

Figure 3.3: Artificial source

Figure 3.3 represents the geometry and boundary element mesh of the problem be-

ing solved. The technique starts with the concept of artificial source. Without loss of
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generality this artificial source can be assumed to be a concentrated load, as shown in
Figure 3.3. From the methods presented in Chapter 2 (or any other fundamental so-
lutions according to the problem being solved), the displacement and traction Green’s
functions at the boundary nodes due to the artificial source can be computed. These
tractions together with the artificial point load, form a well posed boundary value
problem. Assuming we solve this problem by boundary element method with exactly
the same discretization, we expect to obtain the displacements at the boundary nodes
same as computed before ( i. e., the displacement Green’s functions) provided that
the CPV and weakly singular integrals were evaluated accurately. Now, we invert the
procedure. We assume that the diagonal 2 X 2 block elements of H (hig, higv1, Piv1
and hip1441) and G (Gids Giit1s Gir1,i and gir1441) for each boundary node, I, are
unknown, while the displacements and tractions are known. Writing the boundary

integral equations for each node I, we obtain:

it + Rigpitlirr —  Giibe = Gigrilin
= > (=higuy + gigts) +bi (3.32)
A+
hipiati + Rigtaritert —  Gikigli — Git1,5+1tit1
= > (—hirguy T Girngly) i (3.33)
it

where u; and t; are the known displacements and tractions (Green’s functions) due
to the artificial source; h;; and gi; (J # 4,1+ 1) at the right hand side are the
known elements of the matrices H and G, and contain only regular integrals. With
the concept of artificial source we obtain two equations for the eight unknowns. By

choosing four independent artificial sources, we can establish eight linear algebraic
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equations to solve the eight unknowns as:

il ouly -t e 00 00 1( M ) i)
0o 0 0 0wl ul, —t —ti i1 Tir1
wd ud, —, 0 0 0 0 Gii r}
0 0 0 0 u? Uy —t2 —t2.4 Gig+1 | i (3.34)
Uy —t3 —thy O 0 0 0 hiris B e .
0 0 0 0 u;-” uf’ 1 —t% ——tf’ﬂ hig1i+1 7"§’+1
wl uby —h ~t; 0 0 0 0 Giv1s vy
l_ 0 0 0 0 us T 1 —t3 —t;~1+1_ L Git1,i+1 L7"/¢1+1

where u? and Uiy represent the displacements at node I due to the nth artificial
source, t@ and tfy; are the corresponding tractions, rP and 73y, are obtained by
substituting the displacements and tractions due to the nth artificial source into the

right hand side of equation (3.33)-

3.4.3 Numerical aspect

To illustrate the accuracy of the technique to evaluate the singular integrals we con-
sider first a semi-infinite homogeneous isotropic plate with a vertical boundary at
¢ = 0, as shown in Figure 3.4. As an example, the normalized frequency (wH/cs)

equals to 1.0 with ¢, being the shear wave speed.

The Creen’s functions from Chapter 2 satisty the traction free conditions on the
top and bottom surfaces automatically. The vertical boundary is discretized with ten
quadratic boundary elements and twenty-one nodes (being numbered sequentially
from top to bottom of the plate). By applying the technique to evaluate the singular
integrals, the diagonal blocks of the assembled G and H matrices are obtained. Table

3.1 gives the results of g i+1, Ji+1is h;; and Riy1i41 obtained. The four artificial sources
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' Z

Figure 3.4: Configuration of a semi-infinite plate

are: = direction loads at points (10H,0) and (204, 0), respectively, and z direction

loads at the same points.

Tt is to be noted that due to the symmetric conditions about the vertical line in

an infinite plate and the property of the tensor c¢;; the exact values are:
Giit1 = 9i+1, =0, hyz = hit1i41 = 0.5 (3.35)

Comparing Table 2.1 with equation (3.35), we can see that the technique developed
here gives good results. Also, detailed computations show that the results are very

stable with the change of the artificial sources.

It may be noticed that the off-diagonal elements gi 1 and g;11; in the diagonal
blocks of matrix G do not actually contain singular integrals. In the application of
the technique illustrated above, these elements are not necessary to be involved as

unknowns as in equation (3.34), but they can serve as checkmarks.
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Table 3.1: The diagonal block elements of G and H.

node | |giir1] | 1gir1al | 1Paal | [Rorrerl
1 0.00000 | 0.00000 | 0.50000 | 0.50000
2 0.00010 | 0.00004 | 0.49999 | 0.50011
3 0.00025 | 0.00019 | 0.50006 | 0.50026
4 0.00008 | 0.00007 | 0.49997 | 0.50007
5 0.00004 | 0.00030 | 0.50002 | 0.50028
0 0.00001 | 0.00010 | 0.50001 | 0.50008
7 0.00006 | 0.00036 | 0.49992 | 0.50017
8 0.00004 | 0.00010 | 0.50006 | 0.50012
9 0.00007 | 0.00024 | 0.49988 | 0.50005
10 | 0.00002 | 0.00004 | 0.50005 | 0.50010
11 | 0.00000 | 0.00000 | 0.49991 | 0.50006
12 | 0.00002 | 0.00004 | 0.50005 | 0.50010
13 | 0.00007 | 0.00024 | 0.49988 | 0.50005
14 | 0.00004 | 0.00010 | 0.50006 | 0.50012
15 | 0.00006 | 0.00036 | 0.49992 . 0.50017
16 | 0.00001 | 0.00010 | 0.50001 | 0.50008
17 | 0.00004 | 0.00030 | 0.50002 | 0.50028
18 | 0.00008 | 0.00007 | 0.49997 | 0.50007
19 | 0.00025 | 0.00019 | 0.50006 | 0.50026
20 | 0.00010 | 0.00004 | 0.49999 | 0.50011
21 | 0.00000 | 0.00000 | 0.50000 | 0.50000

60
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3.4.4 Treatment of corner points

The evaluation of the singular integrals around corner points of the boundary contour
possesses more difficulties due to the discontinuity of normals across the corner points.

A double nodes technique is incorporated together with the artificial source concept.

Figure 3.5: Configuration of corner points

As shown in Figure 3.5, two nodes, I and J, with the same coordinates are set
on the two sides of a corner point. Applying equations (3.32) and(3.33) to point [
and noticing that one more off-diagonal 2 x 2 block of H and other two off-diagonal
elements in G corresponding to node J contain singular integrals on the right hand

side of the equations (3.32) and (3.33), we can manipulate these equations as:

wi(higs + hig) + wipr(Ragrr + hager) — tigis — 5955
= ST (=hyu 4 gigt) + Guaritirn + gigeitis b (3.36)
l#1,i+1,5,5+1
Wi (Pig1, + hi+1,j) + U1 (Pigr01 + hz’+1,j+1) — bit1Git 1,41 — Lir1Git1,54+1

= Y (“haprawt Gepnt) F Gerrati T Gty T bin (3.37)
4+ g+

In the above the continuity conditions

Uy = Ujy, Uyl = Ujpl (3.38)
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are employed. To simplify the analysis and expression, g;;+1 and g;y1,; are treated
as regular terms in equations (3.36) and (3.37) since they do not actually contain
singular integrals.

Applying the concept of artificial source to each of the equations (3.36) and (3.37)

and choosing four artificial sources, we can establish the following two sets of linear

equations:
o1 1 1 17 1
2,2 2 2 2
wp ugy —ti =t || R+ i T
3,3 3 3 - 3 (3.39)
(CERUIE Gisi T
4,4 4 4 4
| U Uiy —t Gi,j T3
Ll 1 1T !
U Uipr —tipr —lip Riv1+ higt, Tiv1
2,2 2 2 2
ul uiy —tin | | P hirign Tit1 (3.40)
3,3 43 48 o R )
up Uiyt iy Git1,i+1 Tl
4,4 4 4 4
LU Ugpr ~lir Tl Git1,5+1 ) Tit1

Also, equations corresponding to nodes I and J in (3.31) are modified according to
the continuity condition (3.38) so that the solutions from (3.39) and (3.40) can be

applied.

3.5 Application of BEM in crack problems

As is known, the direct boundary element method for a crack geometry fails: the
discretization of the whole domain boundary, including both crack surfaces, yields a

singular system of equation.
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3.5.1 Difficulties in crack modelling

It is recalled (equation (3.28)) that the displacement at an interior point x’, in the

absence of a body force term b;, is given by
wi(x) = /S e (G 06X) (%) — Hi o, s (x)) S (3.41)

where I't and '~ represent the upper and lower crack surfaces and S represents the
remaining regular boundary, as shown in Figure 3.6. Mathematically, I'* and I'~
occupy the same points. So the displacement kernel G;; and the traction kernel H;;
for points on the upper x* and lower x~ crack surfaces have the property that

Gij(X+,XI) = Gij(X_,X/)

Hy(xt,x) = —Hy(x",x). (3.42)
The change in sign in (3.42) is because the direction of the normal is opposite on the

crack surfaces.

Figure 3.6: Crack surface geometry

By collapsing the two crack surfaces equation (3.41) becomes

wi() = [ Gy Xt (x) — Hyox, 2y (x)]dS
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+ /[Gij(x,x')Etj(x) — Hy(x,x") Auj(x)]dl (3.43)
Jr
where I" represents the midsurface, and

Au; = uy(xt) —uy(x7)
th = tj(X+) +tj(X_) (344)
In the usual crack problems the tractions on the two crack surfaces are equal and
opposite, such that %t; = 0.
Following the conventional BEM derivation, let X' — x on the boundary I', we

obtain:

wi(x) = Au(x)/2 = [ (Gl ¥)t5(0) — Higox, % Jus(x)}dS

Equation (3.45) has two serious deficiencies:

1. any set of equal and opposite tractions on the crack surface I' will result in the

same equation.

2. there are now two unknown displacement variables on I', namely Au; and u;.

3.5.2 Multidomain technique

The essence of multidomain technique is multidomain discretizations. By writing the
bounadry integral equation (3.28) for each domain, invoking the auxiliary constraints
on the interface, we can obtain sufficient number of equations to solve the crack

problem.

As shown in Figure 3.7, the cracked body is divided into two regions (or domains),

with each region containing one crack surface. The boundary integral equations are
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Region 1
—-=7 Y

Interface

Region 2

Figure 3.7: partitioning of a cracked body

written for each domain, respectively. If u?) and tgi) are the vectors of displacements

and tractions on the interface boundaries of region 7, then they satisfy:

W) = ufPx) (=u)

tH(x) = —tPx) (=t (3.46)

The matrix representation (3.31) is modified as following:

I o a0
[HO H;’] O =[GY G}’] e (3.47)
I I
for region 1, and
) u(2) @ t(2)
[H® HP ] o 0 =1G® GTI¢ (3.48)
N £
I 1

for region 2, where H?) and G?’) are the matrix coefficient entries corresponding to
nodes on the interface.

Combining the coefficient matrices for the two regions, applying the interface

continuity conditions results in the system of equations as
(1
u

o HP e o u; GO 0 £
@ @ &) - 2) ) (3'49)
0 HI _G] H 0 t_[ O G t

| u®
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The multidoman technique illustrated above is a general method in the boundary
element analysis. It is widely used in the analysis of large structures, domains with

different materials, and domains with cracks.

3.5.3 Crack-tip elements

The stress field is singular O(1/+/7) at the crack tip and the displacement field varies
as O(y/7), with 7 being the distance from the crack tip. Therefore modelling crack
regions with the usual shape functions, which allow for polynomial variation only, does
not lead to accurate solutions unless extremely fine meshes are used in the region near
the crack-tip.

Henshell and Shaw [65] and Barsoum [66] showed that an 8-node quadrilateral ele-
ment will possess the required singularity if the mid-side nodes are placed at quarter-
points in the vicinity of the crack tip. Barsoum [67] also showed that the quarter-point
six-node triangular element will have the correct behaviour in the radial direction if

it is obtained by collapsing on side of the 8-node quadrilateral element.

As shown in Figure 3.8, a quarter-point crack-tip element is obtained by moving
the mid-side node of a quadratic element to a quarter point position. The displace-

ment and traction dependence on 7 is obtained as
u=u'+ (=3u! +4u? — v®)y/r/L + 2(u' — 2u® 4+ v®)r/L (3.50)
t = t'y/L/r + (=361 + 4t% — %) + 2(t" — 2t + t°)y/r/L (3.51)

where L is the length of the element, u! and t! represent the displacement and traction

at the crack tip, respectively.
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Figure 3.8: Quarter-point crack-tip elements

3.6 Numerical applications

The hybrid method and the boundary element method developed in this chapter are

used to study the wave scattering problem for the following examples:

Example 1. — a homogeneous uniaxial graphite-epoxy plate with fibers aligned along the
z-axis. The flaw considered is a surface-breaking vertical crack with length
L = H located at © = 0, as shown in Figure 3.9. The vertical load is applied on
the top swface at £ = —10H. The relevant elastic constants characterizing the
plate material are the same as example 2 in Chapter 2. The normalized cut-off
frequencies (wH/c,) for the first two symmetric and antisymmetric modes are

2.20,3.14 and 1.57,4.40, respectively.

Example 2. - the configuration of the plate is same as in example 1, but the flaw considered
is a horizontal crack. The geometry of the problem is illustrated in Figure 3.10.
The vertical load is applied on the top surface of the plate at a distance 3.5H

to the left of the origin.
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Example 3. - two 8-layer graphite-epoxy cross-ply laminated plates with 0°/90°/0°/90°/90°
/0°/90°/0° configurations are joined edgewise by a thin isotropic elastic layer
of thickness 0.05H, with and without a crack on one of the joint interface,
as shown in Figure 3.11. The material properties of the 0° and 90° laminae
are given in Table 2.1. The material properties of the bond layer are: density
p = 0.67p(composite), the Poisson’s ratio, v, and the shear modulus, 4, are taken to

be 0.354 and 1.95 GPa, respectively. The concentrated load acts at (—10H,0).

»
o
"
W

f
B | B

INTERIOR REGION R

Figure 3.9: Configuration of a surface-breaking crack

The time-dependence of the load is assumed as

2 2
f(r) = \/TC—(MO) sin(Q,T) (3.52)

for examples 2 and 3, where the normalized time 7 = ¢,t/H. The time delay 79 was
taken as 3.0, and the normalized central frequency Q.(= wH/cs) was taken as 3.14.
The time- and frequency-dependence of the load are presented in Figures 3.12 (a) and
(b). It is seen that the amplitudes approach zero after 2 > 6.0. Therefore, the high

frequency responses are filtered out.
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Figure 3.10: Configuration of a surface-breaking crack

Example 1. Surface-breaking crack

This example is designated to compare the results from the hybrid method and

boundary element method.

In the employment of the hybrid method, the finite element region containing the
crack is confined within the vertical boundaries B~ and BT, which are taken to be
z = —0.25H and © = 0.25H, respectively. The finite element mesh consists of 64

quadratic elements and 293 nodes.

In the boundary element analysis, to circumvent the difficulties associated with
the presence of the crack, the multidomain technique is employed. The plate is
divided into two domains by a vertical fictitious boundary extended from the crack
configuration (dashed line along z-axis as shown in Figure 3.9). The boundary element
mesh is composed of 32 quadratic elements and 49 nodes. The response spectra (the
amplitude of vertical displacement versus frequency) of observation points on the top
surface are obtained from the two methods. Figure 3.13 represents the results of
points (—0.25H,0) (which is close to the crack) and (5H,0) (which is far from the

crack). In the figures FEM represents results from the hybrid method. It is seen that
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Figure 3.11: Configuration of jointed composite plate

the results from the two methods for both the near and far fields are in very good

agreement.

Example 2. Horizontal crack

In the boundary element analysis the plate is divided into two domains by the
crack and the fictitious boundaries (Figure 3.10, dashed line). The boundary element
mesh is composed of 124 quadratic elements and 204 nodes. Eight crack tip singular
elements are used. In the application of hybrid method the plate is divided into
two regions: interior region bounded by two vertical boundaries at * = —1.4H and
x = 1.4H, and exterior region. The finite element mesh is composed of 392 quadratic

elements and 1280 nodes.

The vertical displacements at two sections, x = —1.4H and x = 5H, from the
two methods are presented in Figure 3.14 for © = 1 (the results from hybrid method

are referred as FEM in the figure). It is noted that due to a fairly large discretized
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region, the accuracy of the hybrid method degenerates especially in the near field.
The results in the far field are in better agreement, as expected. The CPU time to
solve this problem on an IBM RS6000/590 computer is: 4 minutes and 20 seconds
for BEM, 20 minutes and 55 seconds for hybrid method.

Figures 3.15 (a) and (b) show the frequency response of the top surface in the
absence and presence of crack, respectively. The peaks at the cut-off frequencies for
the first symmetric (2.20) and the second antisymmetric (4.40) are clearly seen in the
absence of crack in Figure 3.15(a). In the presence of crack, two significant features
are observed which can be exploited to determine its size and location. First, the
peaks at the cut-off frequency for the first antisymmetric mode (1.57) are prominent
at the points between the crack tips. Specifically, the surface response shows two
pronounced maxima almost symmetric about the origin above the center of the crack
center, as illustrated in Figure 3.16. It is noted that each peak is at the point with
L/4 distance from the origin (L is the crack length). This feature can be used to
estimate the crack length. For example, the left peak in Figure 3.16 is at —0.63H,
which gives the crack length to be 2.52H. Secondly, there is a pronounced peak at
2 = 0.55 (also shown in Figure 3.17 for the origin). This peak is due to the resonance
of the plate of finite length L above the crack. This feature can be used to determine
the depth of crack. Since the ratio of crack length (2.52H) to its depth (H/4) is
large (> 10), we can use locally the plate bending theory to determine the resonance
frequency. The natural frequency of this plate is 0.54 for simply sup?orted ends. The
same results were observed by Datta et al. [26]. Similar conclusions were drawn by
Keer et al. [68] and Cawley and Theodorakopoulos [69] that the resonance frequency
for a defect may be predicted by using plate theory with length equal to crack length

and thickness equal to crack depth.

Transient response of the top surface, for the load acting at the same location as

before, in the absence and presence of crack is presented in Figures 3.18(a) and (b),
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respectively. It is seen that the predominant response is due to the Rayleigh wave
that is traveling at a speed, determined as about 1.8 mm/us in the absence of crack.
In the presence of crack, however, the surface response is fairly complicated. Due to
the diffraction of Rayleigh waves by the left crack tip, both dilatational and shear
waves are generated. These waves, together with the Rayleigh waves, travel between
top surface of the plate and the new boundary — crack surface. Multiple reflections
of waves between the boundary surfaces occur in this part with mode conversions.
This is reflected in the complicated surface response at early time above the crack
(Figure 3.18(b)). Figure 3.19 shows the response at the point above the right crack

tip. The presence of the crack is seen to greatly modify the signal.

Example 3. Jointed composite plates

It may be noted that the boundary element technique illustrated above is not

directly applicable to solve this problem. Therefore, the hybrid method is employed.

Figures 3.20 and 3.21 show the frequency spectrum and dispersion curves for
the eight-layer cross-ply laminated plate. Table 3.2 shows the normalized cut—off

frequencies for §2 < 10.

Figures 3.22 (a) and (b) show the displacement spectra at two observation points,
(—0.2H,0) and (0.15H,0), in the cases of non-crack, crack lengths H/2 and H. In
these figures, the sharp changes at first symmetric (2.204) and third antisymmetric
(4.408) cut-off frequencies are prominent. It can be seen from Figure 3.23(a) that
the response to the cut-off frequency of first antisymmetric mode (1.277) is invoked
only by the longer crack, and the reflection of waves with central freqency around
this frequency from the longer crack dominates the response. On the other hand,
Figure 3.22(a) also shows that the reflection of waves with central frequency around

) = 3.0 from the shorter crack is more predominant, while the transmission of these
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Table 3.2: Cut—off frequencies in a 8-layered cross-ply composite plate.

Mode | Symmetric | Antisymmetric
1 2.204 1.277
2 2.447 3.840
3 5.094 4.408
4 6.612 6.300
5 7.081 8.817
6 9.162

waves is greatly reduced by the longer crack, as shown in Figure 3.22(b).

Figure 3.23 represents the time-domain response of the two observation points.
The arrival time of the maximum response at point (—0.2H,0) being at 7 = 15.2
gives the Rayleigh wave velocity at 0.776¢, (noting that the maximum of the load
reaches at 7 = 2.5), while the Rayleigh wave velocity is determined at 0.79¢, from

Figure 3.21. The estimated error is less than 3 percent.

The dynamic response of point (—0.2H, 0), as shown in Figure 3.23(a), is magnified
after the arrival of the Rayleigh waves due to the reflection from cracks. Also, it is
seen that the reflection from the shorter crack is larger than that from longer crack.
This is because reflection of incident waves with central frequency at Q. = 3.14 is

more predominant with the shorter crack.

It is seen in Figure 3.23(b) that the arrival time of the waves increases with the
length of the crack. Also the amplitude of the response in the presence of longer crack

is significantly reduced.
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3.7 Concluding remarks

In this chapter, a general boundary element method for solving elastic wave scattering
by cracks in laminated composite plates has been presented. A new technique is
developed to evaluate the Cauchy Principal Value and weakly singular integrals arising
in the boundary integral equations. This technique is also extended to treat the corner

points where the normals are discontinuous.

A hybrid method is also extended to analyze the wave scattering problem due to
external load on the laminated composite plate. Since the incident field is computed
by employing the Green’s functions, the extenal load can be applied anywhere on the

plate.

Numerical results from the hybrid method and boundary element method for
plates with surface-breaking and horizontal cracks are in very good agreement. It is
shown that the application of these techniques in nondestructive evaluation of defects

is very promising.
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Figure 3.13: Surface response spectra of points (—0.25H, H) and (5H,0).
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Figure 3.14: Vertical displacement at two sections for Q@ = 1, (a) v = —1.4H, (b)

x=5H.
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Figure 3.15: Response spectra at top surface, (a) without crack, (b) with crack.
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Figure 3.16: Top surface response at {2 = 1.57.
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0_2__ ...................... .....

— WITH CRACK
I S S WITHOUT CRACK
&= 0.1
:
3
< 0
-
A
2
<
N -0.1

Figure 3.19: Transient response of point (1.26H,0).
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Figure 3.20: Frequency spectrum for 8-layer plate.
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Figure 3.21: Dispersion curves for 8-layer composite plate. Solid lines:

mode; dashed lines: antisymmetric mode.
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Figure 3.22: Vertical displacement spectra of surface points. (a) point (-0.2H,0), (b)
point (0.15H,0).
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Figure 3.23: Transient response spectra of surface points.
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Chapter 4

3-D Waves in Isotropic Plates

4.1 General

Many engineering problems for elastic wave scattering are three dimensional. Very
few computationally efficient methods exist for the analysis of three-dimensional wave

phenomena in plates. This Chapter and the following one focus on these problems.

An analytical formulation for frequency equation and wave functions is derived for
the investigation of circular-crested waves in an isotropic plate. The hybrid method
presented in Chapter 3 for plane strain analysis is extended to compute the dynamic
response of the plate due to a vertical load (axisymmetric problem).

By employing Fourier transform, a decomposition technique is developed to ana-
lyze the three-dimensional waves. It is shown that the three-dimensional wave prop-
agation problem can be decomposed into a series of plane-strain and antiplane prob-
lems. The application of Rayleigh-Ritz type approximation based stiffness method
and modal summation technique gives a general formulation for Green’s functions
corresponding to point loads in arbitrary directions. Numerical results from the two

models are in very good agreement.
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Boundary element method is exploited in the analysis of three-dimensional wave
scattering problem. The technique developed in Chapter 3 for the evaluation of singu-
lar integrals arising from boundary integral equations is extended to three-dimensional

analysis.

4.2 Description of the problem

Time-harmonic elastic wave propagation and scattering in an infinite isotropic plate
is considered. Two coordinate systems (z,y, z) and (r,8, z) are chosen on top of the

plate, as shown in Figure 4.1. The thickness of the plate is assumed to be 2H.

Figure 4.1: Configuration of an isotropic plate
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4.3 3-D wave propagation and Green’s functions

In this section, three-dimensional wave phenomenon in an isotropic plate is con-
sidered. An analytical formulation is established to analyze circular-crested waves
generated by a vertical point load. Axisymmetric condition is utilized in the analysis.
To compute the dynamic response of the plate to the vertical load, the hybrid method
is explored. A decomposition technique is developed in the study of general case of
three-dimensional wave propagation. Green’s functions for point loads in arbitrary

directions are derived in modal summation forms.

4.3.1 Axisymmetric case

Circular crest waves generated by a vertical direction point load are investigated. In

this case, axisymmetric condition holds.

4.3.1.1 Governing equations

The displacement-strain relation in the (7,0, z) coordinate system can be expressed

as
e=Lu (4.1)

where

' ={u w}, (4.2)

u and w are displacements in 7 and z directions, and

2 1/p o

9z Or
{G}T:{ew €oo  €zz erz] (44)
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€;; represents strain components in the (7‘, 9, z) coordinate system.
The stress-strain relation is given by
Opr = AAF2uéq,
Ogs = AA 4 2ueqy
One = AA+2pE,
Ory = 2U€r, (4.5)
where A and p are Lame’s constants, and

A =€, + €99 + €4, (4.6)

The equations of motion can be expressed in terms of u, w and A as

0A
()\+/L)E;+uvzu—u%+br = —pwiu
9A 2 2
(/\+u)§+uv w+b, = —pww (4.7)

where b, and b, are body forces in r and z directions, respectively, p the mass density,

w the circular frequency, and

V2:%+%%+§;— (4.8)
4.3.1.2 Wave functions
The appropriate solutions to equation (4.7) in the absence of body forces are:
w = U)YHD (kr)
w = W()H® (kr) (4.9)

where 2’ = 2 — H; k is the wavenumber; Hél)(kr) and H fl)(kr) are Hankel functions
of first kind; and the functions (wave functions) through the thickness are

U(z') = k(—Bsinaz' + CBsinfz’),

W(') = aBcosaz + Ck*Beosf, (4.10)
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for antisymmetric case, and

U(Z) = —k(Acosaz + DfcosB?),
W(2) = —aAcosar + Dk*sinf?, (4.11)

for symmetric case, where

o’ =w/ -k, B =0/ -k (4.12)

B/C = 2Bk*sinBH/(k* — f*)sinaH,
A/D = —2Bk*cosBH/(k* — *)cosaH, (4.13)

¢p and ¢, are the longitudinal and shear wave speeds, respectively.

The stresses corresponding to the displacement field (4.9) are

O = (—7?Bsinaz + 20k*Csinfz')HS" (kr)
+2uk/r(Bsinas — CBsinB2)H® (kr),
0 = [—B(8 - k)sinas — 2Bk*CsinB2|H (kr),
0r: = [—2aBcosaz + C(B% — k*)cosB21kHY (kr) (4.14)

for antisymmetric case, and

o = —(v?Acosaz’ + 28k*DcosBzYH (kr)
+2uk/r(Acosaz’ + DBcosBz)H™® (kr),
O = [—A(B? — k¥)cosaz + 28k* DeosB2|HS (kr)

3

0r: = [20Asinez’ + D(6? — k) sinB2|kH® (kr) (4.15)

for symmetric case, where

Y2 = (A +2u)k* 4+ \a? (4.16)



CHAPTER 4. 3-D WAVES IN ISOTROPIC PLATES 92

Irequency equations are obtained by satisfying the traction free conditions on the

surfaces of the plate as:

(k* — B*)?sinaHcosBH + 4afk*cosaHsinBH = 0 (4.17)
for antisymmetric case, and

(k* — B*)*cosaHsinfH + 4afk*sinaHcosSH = 0 (4.18)

for symmetric case.

Equations (4.17) and (4.18) are the same as the Rayleigh-Lamb frequency equa-
tions for straight-crested waves (plane strain). For given w, these equations serve as
implicit transcendental functions of k. By solving these equations wavenumbers are

obtained. The wave functions can be computed from equations (4.10) and (4.11).

It may be noted that the solution to equation (4.7) can be expressed either in terms
of Bessel functions of first and second order, Jo(kr), Ji(kr) and Yo(kr), Yi(kr), respec-
tively, or in terms of Hankel functions of the first and second kind, H(gl)’@), Hl(l)’@).
The choice of these functions is dependent upon the physics of the problem [70].
In this study, Hankel function of first kind are adopted to represent the outgoing

circular-crested waves.

4.3.1.3 Hybrid method to compute Green’s functions

To compute the dynamic response of a plate to a vertical point load applied at (0, 0, 29)
(Green’s functions) the hybrid method, presented in Chapter 3 to analyze the plane
strain problem, is adopted and extended. It is noted that the axisymmetric condition
about z-axis holds for the present situation. As illustrated in Figure 4.2, the plate is

divided into exterior and interior regions by a cylindrical surface with radius 7p.

Wave function expansion for exterior region
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In the exterior region R, the plate is divided into a number of sublayers to evaluate
the wave functions according to equations (4.10) and (4.11). The displacement field
is represented by the modal sum of a finite number (M) of modes in the form as

M
uw = 3 ApUnH® (kyr)
m=1

M
w = 3 AWy H (k) (4.19)
m=1

where A, is the amplitude of the m-th mode. Equation (4.19) gives the displacements

at boundary nodes as
gs = GA (4.20)

where the subscript B represents boundary, and

G — [ql q2 ...... qm ...... qA/[ ] (421)

q;Iy‘L - <U1m7 Wlm ceey Uim7 VVim; sy U(N+1)m; W(N-i—l)m > . (422)
AT = <A1H1(1)(/‘v’m7°0)a Alﬂél)(kao), e AMH1(1)(7€M?“0), AMH(SI)(kMTO)>

(4.23)

The nodal force vector at the boundary nodes can be formed as

Py = FA, (4.24)

where
F=[f £ - £ fir] (4.25)
The force shape mode vector f; is formed by the consistent load vector formulation.

Finite element model of interior region
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Exterior Region R
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Figure 4.2: Divided regions of an isotropic plate

The interior region is modelled by axisymmetric finite elements. Following the
conventional assembly process in the finite element method, minimizing the energy

functional, we obtain:

6t = 6arSqr — 6qrPr = 0. (4.26)
where
q'}: =(q" ag"); P% = <PIT PBT> (4.27)
S = Kp — My — {SH s (4.28)
Spr Sga

In the above, q; and P; are the nodal displacement and force vectors corresponding to
interior nodes; qg and Py represent those vectors corresponding to boundary nodes;
and Kt and M are, respectively, the global stiffness and mass matrices of the interior

region. The stiffness and mass matrices for each element are defined as

k® = 27 / BTDBrdrdz
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m® = 27 | pNTNrdrdz (4.29)
AC
where N is the shape function matrix, and

B=LN (4.30)

Global solution

The global solution is obtained by imposing the continuity conditions of displacements
and tractions on the boundary nodes. Following the similar procedure as illustrated

in Chapter 3, imposing the conditions
ag =0; PF=0 (4.31)
due to the fact that there is no load applied in the exterior region, we obtain:
GT(S3pG — F)A = —GTSgSyPy (4.32)

where

Ste = See — SeiSy'Sis, (4.33)
Write A known, the amplitude A, is determined by equation (4.23), and Green’s
function due to the vertical load can be computed by equation (4.19).
4.3.2 General formulation

The three-dimensional waves generated by arbitrary point load in an isotropic plate
is studied in this subsection. A decomposition technique is established. The Green’s

functions for the plate is obtained.
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4.3.2.1 Decomposition of the problem

The time-harmonic three-dimensional wave motion equation for an isotropic plate can

be written in (z,y, z) coordinate system as

pViu+ A+ w)V(V-u) + b + pw?u =0 (4.34)
where
o 9 5
2 _
v =27 T 57t 57 (4.35)
' =(u v w); b" = (b, b, b,) (4.36)

u,v and w represent displacements, b;,b, and b, represent body forces, in the z,y

and z directions, respectively.

The double integral Fourier transform pair with respect to z and y are

fens = [7 [ fymessmdzdy (4.37)
f(,9,%) = (—2;10— I [T Fem zesmagay (4.39)

where parameters ¢ and 7 represent wavenumbers in z and y directions. The appli-

cation of (4.37) to (4.34) leads to:

23 W - .
T —iAs — Agli+ bt putii=0 (4.39)

Ay dz

where 11 and b are Fourier transforms of u and b, respectively, and

0 0 0 0 ¢
A, = 10 pu 0 ;o Aa=(A4+pwp) |0 0 7
10 0 (A+2u) En 0
[(A+20)8% + p? (A + w)én 0
Az = (A + w)én (A+20)n* + pé? 0 - (440)
A 0 0 (& + 1)
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Y,

(x,y)

-y

Wave traveling direction
Figure 4.3: Coordinate systems and wave traveling direction

Define k as the wavenumber in a direction z’ which has an angle ¢ with z axis

(shown in Figure 4.3), then
& = kcos¢p, 1= ksing (4.41)

The displacement and body force vectors in the (z',y/, z) coordinate system are ob-

tained as

T g
I I

by by b,)"=Th (4.42)
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where
cos¢p  sing 0
T=|—-sing cosp 0 (4.43)
0 0 1

The wave motion equation in (z',%/,2) coordinate system is derived as (noticing
T-1 = TT)

jAgTT?— ~ AT R+ TTh + pw?TTa =0 (4.44)

d>u

T
AT

Multiplying the above equation with T gives:

. d2a 5
A1;—2——3A23——A3u+b+pw 11—0 (445)
where
J7) 0 ]
Ay = TATTT=|0 4 0 ,
0 0 (A+2u)]
0 0 k]
Ay = TA,TT=(A+p) |0 0 0], (4.46)
kE 0 0]
(A+2n) 0 O
A3 = TA3TT = :l’n'Q 0 M 0
0 0 u
(4.47)
Equation (4.45) can be expanded as
d*i - di % :
Wi~ A+ 2k — §(\ + u)k:—— + by + pwt = 0 (4.48)
A2 S .
(A + 9//)— — ki — G\ + )k dl +b, + pw = 0 (4.49)
2 . .
— — uk*v+ by, + pw?v =0 (4.50)

dz
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Equations (4.48) and (4.49) represent a plane-strain problem while equation (4.50)
represents an antiplane problem with waves travelling in 2’ direction. The wave fields
(displacements, stresses) are independent of 3’ coordinate. It is concluded that three-
dimensional wave propagation in an isotropic plate can be decomposed into plane-
strain and antiplane problems. It is a very important characteristic since we have
investigated plane-strain problem. The analysis of antiplane problem is analogous to

and even simpler than the plane-strain analysis.

4.3.2.2 Green’s functions

A point load applied at (0,0, zp) can be expressed as
f =£0(x)6(y) (4.51)

where

fOT:<fm fy fz) (4'52)

represents the amplitude of the load in z,y and 2 directions. Application of Fourier

transform gives

f= /o:o /o:o £06(2)8(y)e IC=HM) dady = £, (4.53)
In (2,9, z) coordinate system the load is obtained as
fu fucos + fysing
f— ]%y, =Tf = { —f.sing-+ fycosd (4.54)
. f.

Following the procedure for the analysis of plane-strain problem, the displacement

vector <@ w >T can be obtained in a modal summation form as (refer to equation

(2.80)):
2M, 2
L @L 2F ! Um
= o hE. 4.55
()3 g2t (o) ”

2o S
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where M), represents the number of modes of plane strain waves travelling in 2’ di-
rection; Uy, and W, are the plane-strain modal displacements in z’ and z directions,
respectively; ®L, is part of the left eigenvector ®L . B, is the orthogonality coeffi-

m2

cient; and Fy, is the external force vector in the transformed domain as

F.’L"Z:<O> 07 f:z;’7 fz7 07 O>T (456)

Similarly, the displacement ¥ corresponding to the antiplane problem can be ob-

tained as .
2M, L %
A ¢ D F,
m m

m=1

where M, represents the number of modes of antiplane waves travelling in 2’ direction;

Vi 1s the antiplane modal displacement in 3/ direction; and

Fy/ = <07 07'.' fyh O, s O)T (4,58)

z-direction load

A z-direction unit load (f, = 1) applied at (0,0, ) gives
(I)7I;L2f:‘m’z = h3; @71;;,21‘:1@/ =0 (4.59)

where 93 is the corresponding element in the vector ®%,. It is seen that the displace-

ments due to the antiplane problem are zero.

The displacements in the transformed domain can be written in the (r,8,z) coor-

dinate (vefer to Figure 4.3) as

Ty Uncos(¢ — 6)
3 2M,, ?/)3 .
Uy ¢ — TnZZI m UanZ'IL((/) - 9) (460)

W Wi
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Application of the inverse Fourier transform to equation (4.60) leads to [71]:

Uy .
— ~ Jkrcos(¢p—8)
Ug (27r)2 / /( o6 Ug ¢ € kdkde
w w
o, . Umcos(¢ — 6)
_ U, si -9 jkrcos(¢~0)dkd
(27r) //L (k) o (k‘m k)B sin{dp—0) re ¢
W
onr, . Umcos(¢ — 6)
= z mSin(¢p — 6
(27‘(’) //k ¢) Bm k - km> U %n((/) )
W,
e7Freost$=0) qkde (4.61)
where
T = rcosb); Y = rsind (4.62)

As stated in Chapter 2, only half of the 2M, modes correspond to the waves

bropagating away from the source toward field points are of interest. Let

—gSQOZd)——HSg (4.63)
we obtain:
Uy Upcosp
7_/2 A[]) , an ] k o
Uy ¢ = (27r) / P (1 + — P k ) Unsing $ ¢’ "% dkdy
w 'm m
w W,
1\1,,
7‘ A - 1 m
Uncosp
+ " eFreose )y d Unsineg b d 4.64
77L
W,

Employing the definition of Delta function

/ ekreose g = 2m6(rcosyp) (4.65)
—00
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102
and applying Cauchy residue theorem to the last integral in (4.64) leads to:
Ur Uncosp
/2
Uy p = (2 j 2 Z ¥s —( / [6(rcosy) + jkmefkm”"w] Unsing 3 dop (4.66)
vy
w W,

In the derivation of equation (4.66) the isotropic material property,

ues and eigenvectors are independent of

i.e. the eigenval-

¢, is incorporated. Following expressions are
obtained from the properties of § function [72],

/2 2
) dp=-Z=
/_ o (rcosp)dep -
/2
/ ) 6(rcosyp)cospdp = 0
—7/2

w/2
/ p 6(reosp)sinpdp = 0 (4.67)

The displacements are expressed as

Uy 1 My km H, (kmr)Up,
Z X (4.68)
2m=1 B [7?7 - .jkaO(ka)]Wm

where
. —-nw/2 w/2 ]
e
H kr — / Jkmreosp+-jne 1
n(kr) — de
(4.69)
and
Uy = 0
since
/2 .
/ ) sinpelFreose o — (4.70)
—7/2

It may be noted that &, are not Hankel functions.

2-direction load
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A z-direction unit load (f, = 1) applied at (0,0,2) gives
B Fo, = threost;  BLE — —ghysing (4.71)

where vy and 1) are the corresponding elements in ®L,. The displacements in (r,0,2)

coordinate system are obtained as

Uy . Umcospcos(¢p — 6)
Uy p = Z:P _ N Uncospsin(¢p — 0)
m= (krn - k)Bm ™
0 Wncosp J
Vinsingsin(¢p — 6)
> L2 Vinsingcos(¢p — 6) (4.72)
5B, | e | '

Through the similar manipulations as used in deriving the Green’s functions for z-

direction load, we obtain:

o Umcos(p + &)cosp
/2 ?/)1 km ‘
“r - (27r) 77/2/ (1 T T k— ko )3 Uncos(p + 0)sing
v Wcos(p + 6)
Vinsin(p + 0)sing
e oy ko, -
+ Z B k—k ) —Vmszn(go —+ H)COSQO ]eﬂwcoswdQde (473)
m=1 m
0

Applications of Cauchy residue theorem and the expressions below
w/2 ) 2 )
/ ) (rcosp)cos(p + 0)sinpdp = = sind
J—z)2 r
w/2
/ ) 6(rcosp)cos(p + 0)dp = 0
—m/2
7w /2
/ 6(rcosp)sin(p + 0)dy = 0

/2

w/2
/ P §(rsinp)cospdp = 0 (4.74)
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result in:
u, ", e (Ho (k) = Ho(kpr))cosOU,,
wl = ] > -Z% (Lsing — L () (k) + By (br)))sindU,,
w kmHo (k1) cosOW,,
» (=2 + L (Ho(kyr) + Hy(kmr)))cosdV,
3 g2 o (o) — By (kr))sinfVi Y (4.75)

0

Similarly, the Green’s functions due to y-direction load can be obtained by inter-
changing sind and cosf and changing the sign of uy in equation (4.75). It is seen that
based on the decomposition technique the Green’s functions for an isotropic plate are

obtained in modal summation forms.

4.3.2.3 Solutions in (z,y, 2) coordinate system

For the applications of boundary element method, it is desirable to have Green’s

functions in (z,y, ) coordinate system.

1. z-direction load

u L [Z5in0 + Yo (Hy (k1) 0520 + Ho(kt)))Un
v - - Z Y [—L + %ﬁfb(kmr)]sm%’Um

2 m:1 Bm wY )
w km H i (kpr)cosOW,,

Ly [Zcos%0 — Llg'”—(Hg(kmr)cosfw + Ho(km1))[Vin

L2 2 (L — b F, (k) 5026V, (4.76)
2 m=1 Bm "
0

U " [_% + 'I'gm. -H2(k'rn7’>]3in29Urn
O [Zc05%0 — 2 (Hy (k) 0520 + Ho(kyr))|Unm
2 m=1 Bm i

w knH; (kmr)sindW,,
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[ — 2 B (k)] sin20V,

T 2
1 Ma e .
+ 5 ) % [Z-sin®0 — 22 (Ho (k) — Ha(Kmr)cos26]V,, (4.77)
B 0
3. =z direction load:
U ko H 1(kmr)cosOU,,
1 Mo " )
vi=5 33 ke 1 () 550U, , (4.78)
m=1-"—"m N
w (2 — jHo(kmr) Wi,

Here u, v, and w are displacements in z, y, and 2 directions, respectively.

4.3.3 Numerical results for Green’s functions

In this section, a numerical example of computing Green’s functions for an isotropic

plate is discussed. Two loading conditions are considered:

1. A vertical load acts at (0,0,0.4H).

2. A horizontal load in z direction acts at the same location.

The Poisson’s ratio v is taken to be 1/3. Two normalized frequencies, 2 = 1 and

2 = 10, are considered.

For the vertical load, the axisymmetric condition about z axis holds. The problem
is analyzed by both the hybrid method and the decomposition based technique. In
the hybrid modelling, the finite element mesh contains 20 quadratic elements and 85
nodes. The boundary is located at ry = 0.2H (refer to Figure 4.2). Forty modes are

taken in the wavefunction expansion in the exterior region.

Figures 4.4(a) and (b) show the vertical displacements through the thickness at

sections = 0.3H and & = 10H, respectively, from the two methods at frequency
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) = 1; and Figure 4.5 shows the corresponding results at 2 = 10. In these figures,
Re refers to the real part of the complex displacement, I'm refers to the imaginary
part, and the decomposition based technique is referred as stiffness method. Figure
4.4 shows that at low frequencies T m(w] is nearly a constant through the thickness
at both near and far fields; and Refw] varies through the thickness in the near field
and almost vanishes in the far field. At high frequencies, both the real and imaginary
parts of the vertical displacements vary through thickness at near and far fields, as
shown in Figure 4.5. It is noticed that the results from the two models are in very

good agreement both in near and far fields, at low and high frequencies.

It is important to note that axisymmetric condition does not hold for a, horizontal
direction load. The hybrid method developed above for axisymmetric load cannot be
applied to analyze this problem. The Green’s functions due to the z direction load are
computed by the decomposition based technique. A displacement reciprocity relation

is applied to check the numerical results.

Figure 4.6(a) shows the vertical displacement w through the thickness at z = 0.3H
due to the z direction load at Q = 1. Also illustrated in this figure is the z direction
displacement u at point (0, 0,0.4H) due to a vertical load acting at (0.4H, 0, z), with
z varying from 0 to 2H. It is seen that the displacements from the two different
load conditions are in excellent agreement. The displacement reciprocity relation is
satisfied. Figure 4.6(b) represents the displacements from the two load conditions at
far fields (z = 10H) at Q = 1. Results for both near (z = 0.3H) and far (z = 10H)
fields at high frequency (Q = 10) are given in Figure 4.7 for the two load conditions.
Very good agreements are observed from these figures. It is seen that the displacement

reciprocity relation is satisfied for low as well as high frequencies.
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4.4 BEM for 3-D wave scattering

The boundary element method is increasingly being explored as a feasible approach
to solve diverse problems related to nondestructive evaluation technique [73, 74]. In
this section, we develop a BEM capable of solving scattering from arbitrarily-shaped

three dimensional flaws in an isotropic plate. The flaws may be either voids or cracks.

4.4.1 Formulation

The time-harmonic formulation (3.28) of boundary element method for elastody-
namics has some features which make it particularly attractive for solving scattering
problems. These features include rigorous treatment of radiation condition for an
unbounded medium, reduction in the dimensionality of the problem, direct methods

for calculating flaw-induced signals, and other instances of computational savings.

The boundary integral equation (3.28) is converted to algebraic equations (3.31)
by discretizing the flaw surface into boundary elements. The actual surface geometry
is then interpolated by polynomials over each element in terms of nodal coordinates.
Each field variable is also represented by an interpolation of nodal quantities. Specifics

of this procedure are given in Chapter 3.

The diagonal 3 X 3 block of the assembled H matrix contains the tensor c;; as
well as the CPV of the traction kernel integrals; also, the diagonal elements of the
assembled G matrix contain the weakly singular displacement kernel integrals. An
cffective technique to handle these singular integrals is critical to the accuracy of
the boundary element solution. The technique developed in Chapter 3 to evaluate

singular integrals is extended to three dimensional analysis.

With the concept of artificial source, the boundary integral equations for a typical
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boundary node I can be manipulated as:

higws +  Riir1ticr + Ry arolive — 9t

= Z (—hi’j’ll,j) -+ Z(gi,jtj) + bz (479)
G 1,042 Joi
hivigus + hiprapitert + hagretice — Girrariti

= 3o () + D (Girrgts) + i (4.80)
JA 1,542 g1
Pivostts 4 Rig2ip1Uipr + Rigoipollive — Gitoitatito

= > (Fhuegu) + D (Giragty) + bise (4.81)
JALi+1,i+2 JAIH2

where u; and ¢; are displacement and traction Green’s functions due to the artificial
source; the diagonal 3 x 3 block elements of H (h; !, m = 1,2,3) and and diagonal
elements of G (g1;,! = 1,2,3) are taken as unknowns; h;; and g;; at the right hand
side are the known elements of the matrices H and G, and contain only regular
integrals. With the concept of artificial source we obtain three equations for the
twelve unknowns. By choosing four independent artificial sources, we can establish

sufficient number of linear algebraic equations to solve for the unknowns.

Voids are a common class of flaws in structural materials. Computationally, they
are simpler to handle compared with cracks. For illustration purposes numerical

results for only a crack problem are presented in this section.

4.4.2 Numerical results

The boundary element method is used to study the scattering of waves from a hori-
zontal crack in an isotropic plate of thickness 2H. The crack (shadowed part in Figure
4.8) has a rectangular profile with length H (along z direction), width 0.4H (along
y direction), and zero thickness in z direction, respectively; and the crack center is

located on the z axis. The crack depth is assumed to be H/4. The vertical load is
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applied on the top surface at point (—3.5H,0,0). The Poisson’s ratio, v, is taken
as 1/3. To model the crack tip area quarter-point 8-node quadrilateral elements, as

shown in Figure 4.9, are used.

In the boundary element analysis, to circumvent the difficulties associated with
the presence of the crack, the multidomain technique (refer to Chapter 3) is employed.
The plate is divided into two domains by four vertical fictitious boundary surfaces
(as shown in Figure 4.8). The boundary element mesh is composed of 152 quadratic

elements and 462 nodes.

Observation points are set in a rectangular area on the top surface above the crack
with length 1.5H and width 0.6H. Vertical displacements of the observation points
are shown in Figure 4.10 for normalized frequency €2 = 1. It is noted that only half
of the observation area is shown in Figure 4.10 since the system is symmetric about x
axis. Relatively even distribution of displacements is observed in the absence of crack
from Figure 4.10(a). The displacement distribution of the observation points above
the crack is significantly changed due to the presence of the crack, as shown in Figure
4.10(b). Specifically, the surface response shows a peak in the central area above the
crack, and the response of the surface points outside the crack region almost keeps

unchanged.

For comparision, the same problem is solved making plane-strain assumption.
The results for vertical displacements are presented in Figure 4.11. The solid line
represents the amplitudes of vertical displacements of top surface in the absence of
crack, while the dashed line represents the results in the presence of crack. It is
seen that the results from plane-strain modelling is much larger that that from three-

dimensional modelling.
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4.5 Concluding remarks

Three-dimensional wave propagation in isotropic plates is investigated by two models.
In the first model, the analytical formulations for frequency equation and wave func-
tions are derived for circular-crested waves which are generated by a vertical load (ax-
isymmetric problem); a hybrid method combining finite element modelling and wave
modal representation is established to compute the dynamic response of the plate.
The second model is developed based on the decomposition of the three-dimensional
wave problem into a series of plane-strain and antiplane problems. The Rayleigh-
Ritz type approximation based stiffness method and modal summation technique are

employed to construct the Green’s functions in explicit forms.

A boundary element technique is exploited to analyze three-dimensional wave
scattering by cracks in isotropic plates. The technique based on the concept of ar-
tificial source for the evaluation of singular integrals arising from boundary integral
equations is extended to three-dimensional analysis. Numerical results show that the

presence of cracks significantly modifies the surface response of the plate.
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Figure 4.4: Vertical displacements through thickness, & = 1, (a) z = 0.3H, (b)

z = 10H.
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Figure 4.5: Vertical displacements through thickness, Q = 10, (a) z = 0.3H, (b)
z=10H.
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Figure 4.6: Displacements through thickness, 2 =1, (a) x =0.3H, (b) z = 10H.
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Displacements through thickness, 2 = 10, (a) 2 =0.3H, (b) x = 10H.
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Figure 4.8: Configuration of a rectangular crack
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Figure 4.9: Crack-tip elements in 3-D analysis
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Wi

Figure 4.10: Vertical displacement on the top surface at 2 = 1. (a) without crack,

(b) with crack.
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Figure 4.11: Vertical displacement on the top surface at 2 = 1. Plane-strain mod-

elling.



Chapter 5

3-D Green’s Functions for

Composite Plates

5.1 General

This chapter is concerned with the derivation of three-dimensional Green’s functions
for laminated composite plates. The technique developed in Chapter 4 is extended
to decompose three-dimensional wave problem into a sequence of two dimensional
wave problems. The elastic wave field is studied by the stiffness method to deal with
the inhomogeneity along the thickness direction. The eigenvalues (wavenumbers) and
cigenvectors (distribution through the thickness) are obtained by solving a generalized
eigenvalue problem. Green’s functions for composite plates are constructed through a
numerical quadrature and the modal summation technique. Based on Cauchy residue
theorem, Green’s functions are expressed in a double series summation form. Numer-

ical examples show the convergence of the method.

118
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5.2 Description of the problem

Time-harmonic elastic wave propagation in an infinite plate composed of perfectly
bonded layers with possibly distinct mechanical properties and thickness is considered.
The two faces of the plate z = 0 and z = 2H are traction-free. The global rectangular

cartesian coordinate system (z,, z) is shown in Figure 5.1.

FREE SURFACE

Ny X
ya—
LAYER
Yz

z. L___] L]
z' . < iTH SURLAYER > _ _ _ |
i+1 | |
2H v

FREE SURFACE

FIBER ORIENTATION };

i-TH SUBLAYER

Figure 5.1: Configuration of a 3-D laminated composite plate
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In the technique adopted here, each layer is divided into several sub-layers so that
the total number of sub-layers through the thickness, 2H, is V. For simplicity in the
analysis, each layer is assumed to have transversely isotropic material properties with

the material symmetry axis making an arbitrary angle § with the z- axis.

5.3 Governing Equations

Consider the i-th sub-layer bounded by 2z = z; and z = z,1. A local rectangular
cartesian coordinate system (X,Y, Z) is chosen in the sub-layer with the origin on
the top of the sub-layer, X- axis along the material symmetry axis (fiber direction),
Z- axis vertically down, and Y- axis parallel to the plane of the plate, as shown in
Figure 5.1. Let U(X,Y,2), V(X,Y, Z), W(X,Y, Z) be the displacement components

of any particle within the sub-layer in X, Y, Z directions, respectively.

The strain-displacement relations within the sub-layer in the local coordinate sys-

tem are given by

ou
“x = gy
o w
6}/Y - aY,
ow
€zz = 8—Z_7
. 10V oW
€yz = 3Vz =35 ﬁﬁLa—Y )
) 1/oU oW
€zx = 37zx 2:2- 97 T ax )
) 1/0V oU
€y =37xy =3 5{-%—8—}/ (5.1)

where €7 represents strain component.
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The stress-strain relation of this sub-layer in the local coordinate system is given

by [75]

{ors} = Clews} (5.2)

where
{o1/}T =(oxx ovy 0zz Ovz Ozx Oxy) (5.3)
{ers}T ={exx evy €22 €vz €zx exy) (5.4)

[Cin Cr2 Ciz O 0
Cia Cog Co3 0 0
Ciz Cos Cz O 0

0 0 0 20y 0
0 0 0 0 2C5ss 0
(0 0 0 0 0 2C]

In the above o;; represents stress component, Cj; is the element of constitutive

0
0
0
. (5.5)

matrix for the sub-layer. Note that for transversely isotropic material

Cog — C:
Cog = Css, Css = Ces, Chg = Chis, Cu = £—22'2—23) (5.6)
The equations of motion in the local coordinate system are given by
Joxx Ooxy . Ooxz 2
b U=0
ox "oy T ez xrmr=h
aO'XY 80'yy 80’}/2 20,
X Y EYA + by + pw*V =0,
Ooxyz Ooyy 0oz

0X )4 oz
where p is the density of the sub-layer; bx, by and bz are body forces in the X, Y and
Z directions, respectively; and w is the circular frequency.

Let 8 be the angle between the global z- axis and the local X- axis measured

counterclockwise from the global z- axis. The relations between the displacements in
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the two coordinate systems are determined by

U = T(fu
u = [T(8)"'U = [T(B)]"U (5.8)
where
ut = (u v ow); UT=(U Vv W) (5.9)
cosf  sinf 0
T(B) = | —sinB cosf 0 (5.10)
0 0 1

The stress vector {o} and strain vector {e} for the sub-layer in the global (z,y, 2)

coordinate system are related by

{o} =D{e} (5.11)
where
{o}T ={0w Oy 0w Oy Oum Oz}
{e}" ={em €y € € € €yl (5.12)
D =T(B)CI(B)]! (5.13)

where o;; and ¢;; represent stress and strain components, respectively, in the (z,y, z)

coordinate system. I' is a 6 X 6 matrix defined as

cos®f3 sin?8 0 0 0 sin23
sin?p cos’8 0 0 0 —s1n2f
0 0 1 0 0 0
r(g) = (514)
0 0 0 cosB —sinf 0
0 0 0 sinfB cosf 0
| —5sn20 gzsin2f 0 0 0 c0s2f |
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and has the property
NG N ) (5.15)

For the transversely isotropic sub-layer equation (5.13) gives

Dy Dig Dy 0 0 Dis
Dis Dy Doz 0 0 Do

D Dig D3 D3z 0 0 Dy (5.16)

0 0 0 Dy Dy O

0 0 0 Dy Dss O

[ Dig D2 D3ss 0 0 Des

D;; are related to Cry by the equations presented in [76].

The displacement-strain relation is
{e} =Lu (5.17)

where

2 0 0 0 £ 2

oz 0z Oy
L"=|0 2 0 Z 0 Z (5.18)
o) 8 o)

The time harmonic wave motion equation in global coordinate system can he

written as:

L'DLu+b+ p*u=0 (5.19)

5.4 Decomposition of the equations

The application of double integral Fourier transform (refer to Chapter 4) to the

governing equation (5.19) results in

L™DLii 4+ b + pw?i =0 (5.20)
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where it and b are the Fourier transforms of displacement vector u and body force
vector b, respectively, and
-j¢& 0 0 0 Z —jn
L= 0 -jp 0 2 0 —j¢ (5.21)
0 0 £ —jn —j¢& 0
Introducing variables & and ¢ as

& = kcosp; n = ksing, (5.22)

expressing governing equation in the (z/,v/, ) coordinate system (refer to Chapter 4,

Figure 4.3) we obtain

LIDL[T($)] 6 + [T($)] b + pw*[T(¢)) 1 = 0 (5.23)
where
i = T(¢)u
b = T(¢)b (5.24)

Multiplying equation (5.23) with T(¢) yields:
T(H)L"DL[T(¢)] "'+ b + pw?t =0 (5.25)

Let
T(¢)L" = LiT(¢) (5.26)

LT is obtained by inspection of equation (5.14) as
—jk 0 0 0 2 0
Liy=|0 0 0 £ 0 —jk (5.27)
0 0 2 0 —jk 0

N

Equation (5.25) can be arranged as:

LID'Liyi+b + pw?i =0 (5.28)
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by noticing
LIT(¢)]"' =L[T($)]" = [T($H)LT]" = [[(¢)] Ly

where
D’ =T(¢)D[T(¢)]"

Expanding LTD’Ly, leads to the governing equation as

0 52 A 2
A — jkAy— — KPA— 2i+b=0
[A; —j 25 3522—1'00)}11‘*‘
where
Dy Dy 0
L 0 0 33
0 0 Dy + D
Ay = 0 0 Dig + Dl
| D13+ Dgs Dis + Dig 0
Dj, Dl 0
0 0 D'55

In the above Dj; is element of D' matrix.
In the case of isotropic material,
Diy =Dz =A+2p
Dyy = Dy; = D = p
Dis=A
Dig = D= Dy =0
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(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

and equation (5.31) reduces to equation (4.45) which, as illustrated in Chapter 4, con-

tains governing equations for plane-strain and antiplane problems with waves travel-

ling in 2’ direction.
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Equation (5.31) governs waves traveling in 2’ direction with wavenumber k. The
wave flelds are independent of ¢ direction. It is seen that the three-dimensional wave
propagation is decomposed into a series of two-dimensional wave problems with three

displacements coupled.

5.5 Green’s function

The employment of Rayleigh-Ritz approximation based stiffness method to equation
(5.31) gives the approximate governing equation as

F = (l{}zKl - ijQ -+ K3 - w2M)Q (534)
where vectors Q and F represent the nodal displacements and tractions through the
thickness of the plate in the transformed domain. M and K;(¢ = 1,2,3) are mass

matrix and stiffness matrices, respectively [49, 76].

Following the same procedure as illustrated in Chapter 2 a standard eigenvalue
problem can be established. The solution to equation (5.34) is obtained through the

modal summation technique as:

L 2M L 2}‘3'1(1,1?.1
- m m 535

m=1
where k,, is wavenumber, B, is the orthogonality coefficient, ®:, and ®F, are left
and right eigenvectors.
The Fourier transform of a point load acting at point (0,0, 2p) is

f=f=(f fy )7 (5.36)

where f,, fy and f, are the amplitudes of the load in z, y and z directions, respectively.



CHAPTER 5. 3-D GREEN’S FUNCTIONS FOR COMPOSITE PLATES

Transferring the f into (@',y, 2) coordinate system

JAZCL., fzcos¢ + fysing
F={F, bt =T@)F = —fosing+ f,cos
f. 2
we obtain
B o=(0 0 Fy fy f. 0 - 0)
and
‘1’7[7}2]% = 1/11}93/ + wzj%y/ + %iﬂ

where 91, 12 and 13 are the corresponding elements in ®,7,,

%E 1
’1/32

Y3

h1c08¢ + Pasing + 13

L and

- '(/)1f:1, + /pofy
S —
= Ps3f;
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(5.37)

(5.38)

(5.39)

(5.40)

Let @ be a vector which represents displacement of a nodal point. Equations (5.35)

and (5.39) give

Un
2M 7 T n
s P1co8¢p + Posing + P
v mzzl (km - k)Bm Vm
W,

(5.41)

where Uy, Vi, and W, are the corresponding elements in the right eigenvector ®& .

Transfer u into (7,0, 2) coordinat

¢ system:

Uy
i = 8 ,=[T¢-6"u
m
oM T - | Uncos(¢p —0) — Vy,sin(¢ — 0)
mzz:l ¢1coi<l/i;ib2]§gi + 3 Upsin(¢ — 0) + Vicos(p — 0)

Wi,

(5.42)
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Application of the inverse Fourier transform to the above equation gives the displace-

ments as
Uy
]. ~ ,'k., (¢_0)
u=9quy ¢ = / / ! ¥eo® kdkdg
(2m)2 J Jikg)
w

_ 1 // 221” 1¢08¢h + Ppsing + 93
(271')2 (k:9) m=1 (km - k)Bm
Upcos(¢p — 0) — Vypsin(¢ — 6)
X { Unsin(¢ — 0) + Vycos(¢p — 0) 3 2 @=Npakdp (5.43)
Wi,

Through an analogous procedure as in isotropic plate analysis the displacements

are obtained as

Uy

Uy

1 /Tf/2 /00 % Prcos(p + 0) + pesin(p + 0) + 13
(27'(')2 —m/2J~c0 ] Bm
w
Umcosp — Vi sing
km

x (14 T k’m) Upn it + Vipcosp p €M% dkdy (5.44)
W,
where
p=¢—0

Numerical quadrature is required to carry out the integrals. Dividing the domain
[—%, %] into I subdomains with equal intervals leads to

Uy

U S [i / /00 > picos(p + 6) + Pasin(p + 0) + s
o (2m)2 = Jap: J-o0 2 B,
w
UmCOS(:D - V;,LSZIRQO
x (14 p—" ) $ Unnsing + Vicosp 3 €970 dkdp] (5.45)

W
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z-direction load

For a z-direction unit load, equation (5.45) is simplified as follows according to

equation (5.40) and the property of § function (Chapter 4):

Uy ~ Umcosp — Vipsing

up p = - Z /A Z ——5 (rcosp) { Upsing + Vipcosp 3 dep
7

w " Wi

Uncosp; — Vi,sing;
I M _
+ Z Z 2 Gk { Upsineg; + Vipcosg; ¢ e3Fmme0sei Ayl (5.46)
Wi,
where Cauchy residue theorem (it is noted that 93, By, and U,,, Vi, and W, are
independent of k) and the middle point integration formula have been applied to

derive the second double summation term.

To compute the remaining integral in equation (5.46) following expressions are

useful:
—1 +Zelp
-/Aw Oreosp)dy = { 0 otherwise }
/A 8(rcosyp)cospdy = 0 (5.47)
w €Ay
/A , S(rcosp)sinpdp = ¢ + ZeAyp
0 otherwise

(5.48)

The displacement vector due to the z-direction unit load is obtained as

Uy 0
Uy = — Z l/)g 0
w W,
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Lo - Unmcosp; — Vi sing;
- LZ > Pl Umsing; + Vipcosg; ¢ e/ "%iAp  (5.49)
2m B,
W

i=1m=1

where superscript * represents quantities corresponding to the wave travelling in the

direction ¢ = ¢ — 0 = 7.

z or y-direction load

From equation (5.40), the displacement vector due to z or y direction unit load
has the form
Uy

_ P1c08(ip + 0) + Pasin(p + 6)
N (27r)2 Z /A(p / Z B,

w

Uncosp — Vi sing
) { Upsing + Vicosp ¢ 35705 dkdip) (5.50)
W,

km

><(1+k_km

Following the same procedure used in deriving the displacement vector due to z-

direction load, we obtain:

Uy _ Vi

1 M 4ptsing — cosh «
Ug - * Um

m— BT‘”
w 0
Umcosp; — Vi sing;
) e . .
_ Z Z ¥ (% Unsing; + Vipcosg; ¢ €% A (5.51)
271' i=1m=1
Wi

where

V(ps) = Prcos(i; + 0) + hpsin(p; + 9)
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Table 5.1: Elastic properties of single layer Graphite/Epoxy fibers (GPa)

C'11 C’33 C(13 023 055
160.73 | 13.92 | 6.44 | 6.92 | 7.07

5.6 Numerical implementation

The technique illustrated above is applied to analyze the three-dimensional wave

propagation problem and compute Green’s functions for the following examples:

Example 1. - a single layer graphite/epoxy cross-ply laminated plate with fibers being
aligned with the x direction. The relevant elastic constants are the same as
those of example 2 in Chapter 2. They are reproduced here in Table 5.1 for

ease of reference.

Example 2. - a 8-layer graphite/epoxy cross-ply laminated plate with 0°/90°/0°/90°/90°/0°/
90°/0° configuration.

A vertical unit load acting at (0,0, H/4) is supposed for both the examples. The
normalized frequency €2 is equal to 1. To compute the wavenumbers and eigenvectors,

the plate is divided into sixteen sub-layers for both examples.

Example 1

As is illustrated above, the three-dimensional wave propagation problem can be
decomposed into a sequence of two-dimensional problems. Figure 5.2 shows the vari-
ation of first three propagating wavenumbers (first three propagating modes) versus

the propagation direction in the single layer plate. The horizontal axis represents the
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angles between the wave travelling directions and x axis. It is seen that the wavenum-
bers in a direction, say ¢, are same as those in —¢ direction. That is because the
material properties are symmetric about z axis. Figure 5.2 also shows that the first
and third wavenumbers reach their minima as the waves travelling in fiber direction
(¢ = 0°) while the second wavenumber reaches its maximum at this direction. All
these wavenumbers have maximum values as waves travel in the direction (¢ = 90°)

perpendicular to the fiber direction.

For the numerical computation of displacement Green’s functions the domain
[—%, 5] is divided into a number of subdomains with equal intervals. Different divi-
sions are utilized to investigate the convergence of the numerical quadrature. Figure
5.3 represents the top surface displacement along x axis from three kinds of divisions,
the interval A¢p being 2.5°, 5° and 10°. In this figure, the horizontal axis (labelled as
r/H) represents distance from the source point to observation point. It is seen that
the results from 5° division are close to those from 2.5° division. Also 10° division
gives stable results. Figure 5.4 shows the results along a line making 45° angle with
fiber direction. The results from 5° division are in very good agreements with those

from 2.5° division. The results from 10° division are oscillating.

The top surface displacement for a line perpendicular to the fiber direction from
the same divisions are shown in Figure 5.5. It is seen that the results are not sensitive

to the divisions.

Example 2

Figure 5.6 shows the variation of first three propagating wavenumbers with the
propagation direction in the 8-layer plate. Similar variations of the wavenumbers are
observed as for single layer plate (Figure 5.2). The slope of the third wavenumber

in this figure is much smaller than that in Figure 5.2. This is due to the effect of
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multilayer configuration of the plate.

Figure 5.7 shows the top surface displacements along lines making 0°, 45° and 90°
angles with z axis. The interval is 5° in the numerical quadrature. It is seen that the
displacements of the top surface points along x axis are larger than those along other

directions.

5.7 Concluding remarks

Three-dimensional waves in laminated composite plates are studied in this Chapter.
Double Fourier integral transforms are employed to obtain the governing equations in
a transformed wavenumber domain. By introducing a coordinate transform the prob-
lem is decomposed into a sequence of two-dimensional problems. Green’s functions
for the laminated composite plates are constructed through summing the contribution
of all the two-dimensional problems and the application of Rayleigh-Ritz procedure
and modal summation technique. The numerical efficiency is achieved by replacing
the double infinite integrals with two finite summations. Numerical examples show

the convergence of the technique.
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Figure 5.2: Variation of wave numbers versus propagation direction in the single
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Figure 5.3: Variation of top surface displacement in the single layer plate at 0°
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Chapter 6

Concluding Remarks

6.1 Conclusions

An analytical formulation of wave propagation is employed for plane-strain analysis of
laminated composite plates and axisymmetric analysis of isotropic plates. Based on
this formulation, a method is developed to compute the plane-strain elastodynamic
Green’s functions in terms of the guided wave modes due to line loads in laminated
composite plates. It is shown that accurate computation of the Green’s functions can
be made both in the near and far fields by keeping not only the propagating modes,
but also the non-propagating and evanescent modes, in the wave function expansion.

The Rayleigh-Ritz type approximation based stiffness method is used to investi-
gate the two-dimensional wave phenomenon. The dispersion relation is obtained as a
standard matrix cigenvalue problem. The orthogonality relations of the left and right
cigenvectors are used together with the modal summation technique to construct the
Green’s functions.

In the analysis of wave propagation in isotropic plates, a three-dimensional prob-

lem is decomposed into a series of plane-strain and antiplane problems. An explicit
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expression of three-dimensional elastodynamic Green’s functions is obtained.

It is also illustrated that the three-dimensional wave propagation problem in a
laminated composite plate can be decomposed into a sequence of two-dimensional
problems. The three-dimensional Green’s functions are expressed in a double sum-

mation form with respect to the travelling directions and wavenumbers.

A hybrid method which incorporates finite element formulation in a bounded
interior region containing all the flaws with a modal representation in the exterior
region is employed to investigate plane-strain wave scattering problem in laminated

composite plates.

The boundary element method is applied to analyze scattering of plane-strain
waves by cracks in laminated composite plates. A new technique is established to
evaluate the Cauchy principal value integrals and weakly singular integrals involved in
the boundary integral equations. This technique is also extended to three-dimensional
wave scattering analysis. Numerical computations show that the boundary element
method is much more efficient than the hybrid method especially when large cracks

are involved in the analysis.

6.2 Recommendation for Future Work

The comprehensive set of Green’s functions together with the boundary element anal-
ysis technique and software package presented in this thesis can be applied to analyze

a variety of problems. The following recommendations are made for future work.

1 . The theoretical findings of the present study should be experimentally vali-

dated by carrying out ultrasonic testing of laminated composite plate specimens.



CHAPTER 6. CONCLUDING REMARKS 142

2 . The new technique to evaluate the CPV singular and weakly singular integrals
involved in boundary element analysis should be systematically refined and

incorporated into general application of boundary element analysis.

3 . More studies are needed on the numerical aspects of three dimensional Green’s
functions for laminated composite plates and their incorporation into three di-

mensional boundary element analysis.
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Appendix A

Coefficients of matrix [P%]

The elements of the matrix [P] appearing in equation (2.24) are given below:

D2,
Py = ph = A—X-k2{7°17“2[(d(1 + a) + abe(1 + b))cosrihcosrah — ad(1 + b) — be(1 + a)]
1482
+[r2abd(1 + a) + rac(1 + b)|sinrihsinrah},
Py = P = jzli(abrlsmrlhcosrgh — 1rycosr hsinrah),
1

D
Sy = ph= Z—j—f—jk[arlm(d + be)(cosriheosrah — 1)
189

+(a®r?bd + rac)sinri hsinryh),

Dg ‘
o= ph = A Zﬁ Gk { (br1rg(ab + 2a + 1)(cosrihcosrah — 1)
18

+[r2(1 + b) + riab®(1 + a)]sinr hsinrgh},

P1A5 = pQAG = i—(wsmﬁ hcosrah — abricosrihsinrqh),
2
/{:2
Pig = AA, [2abrire(cosriheosrah — 1) + (a6 + r3)sinrihsinrah),
A DZ,
P = D= —A(’bjk’[rgc(l + b)sinrihcosrah — r1d(1 + a)cosrihsinrah),
2
Py, = Dy = cosTihcosrah,
A A _ Des . .
Doy = P = ——(adricosrihsinroh — crypsinrihcosrah),

Ay
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