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ABSTRACT

In order to achieve a better understanding and accurate predictions of high

Forchheimer number flow (‘high velocity flow’ or ‘high Reynolds number flow’ as
referred to in some literature) in porous media, the research work reported in this
dissertation focuses on the quantitative analysis of the pore scale flow mechanisms

and the macroscopic effects of microscopic phenomena.

The mathematical model of the problem is formulated using the volume-
tric averaging method which establishes a relationship between the microscopic
and the macroscopic quantities. A new form of the Forchheimer equation and a
new dimensionless parameter, the Forchheimer number, are proposed to analyze
the nonlinearity in high Forchheimer number flow. Based on physical and math-
ematical considerations, the precise hydrodynamic definitions of the macroscopic
coefficients are derived in terms of the porous microstructure and the pore flow
variables. The flow through a periodic diverging—converging capillary is taken as
a model problem for gaining further insight into many high Forchheimer number

flow problems of practical interest.

In addition to the theoretical approach, this research has also made efforts to
quantitatively analyze the relationship between the phenomena at the microscopic
and the macroscopic levels. A numerical method and a general-purpose computer
program have been developed for modelling pore flow and the transport parameters
in porous media. To obtain reliable microscopic flow fields, two numerical schemes
have been developed to deal efficiently with the corner vorticity singularity and

the pressure computation. The validity of the algorithms is tested by comparing



the numerical results with physical experiments available in the literature and

conducted by this research.

The detailed information for the pore flow, in association with the macroscopic
quantities, make it possible to quantitatively demonstrate that the microscopic in-
ertial effect, which leads to distorted velocity and pressure fields, is the fundamental
reason for the onset of nonlinearity in high Forchheimer number flow. The sys-
tematic computations for different porous configurations and flow conditions have
revealed diversified flow patterns and, accordingly, different macroscopic transport
behaviours. The correlations of the macroscopic quantities with microscopic level
variables have been performed to improve the understanding of the physical mech-
anism and the constitutive simulation for high Forchheimer number porous media

flow.
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NOMENCLATURE

ENGLISH

a; body force acceleration (m/s?)

A viscous integral term defined in (3.34)

Ay surface bounding the averaging volume (m?)
Ay area of entrance and exit of a diverging-converging RUC (m?)
Agg part of the surface A, (m?)

Ag, interfacial area between the fluid phase the solid phase (m?)
B pressure integral term defined in (3.32)

Ca drag coefficient in (2.8)

Cy viscous coeflicient in (2.8)

d throat diameter of RUC (m)

d. average diameter in (2.11)

D pore diameter of RUC (m)

D, characteristic length scale (m)

€; microscopic unit vector

Fo Forchheimer number defined in (3.28)

g gravitational acceleration (m/s?)

G; decay function defined in (5.15)

G; decay function defined in {5.15)

i,7 finite difference grid indexes

i,j microscopic unit vector for RUC

k Darcy’s law permeability (m?)

k. velocity dependent permeability (m?)

{ characteristic length for the fluid scale (m)

iv



Imac characteristic length scale for volume averaged quantities (m)

L length of a unit cell {(m)

L, pore length of RUC (m)

L throat length of RUC (m)

™ mass flow rate (kg/s)

n outwardly unit vector for fluid phase

P microscopic fluid pressure (Pa)

P macroscopic fluid pressure (Pa)

P, mean pressure at entrance of RUC (Pa)
P.. mean pressure at exit of RUC (Pa)

Pryr pressure surface integral term defined in (3.25)
To radius of the averaging volume (m)

75T coordinates on the microscopic level {m)

r microscopic position vector

Re Reynolds number defined in (2.5)

Rey pore flow Reynolds number

Uiy U microscopic velocity (m/s)

i spatial deviation of the velocity in fluid phase (m/s)
U superficial velocity (m/s)

Uy averaging region

Ua mean velocity at the throat of RUC (m/s)
Uy region occupied by the fluid phase

U, region occupied by the solid phase

U microscopic velocity

Vs averaging volume or the REV (m?)

Vi volume occupied by the fluid phase (m?)




V,
Vinr
T, T

X, X

GREEK

&

Yy

volume occupied by the solid phase (m?)

viscous surface integral term defined in (3.24)
coordinate on the microscopic level (m)

coordinate on the macroscopic level (m)

macroscopic vector position of the centroid of the REV

macroscopic position vector

void distribution function

inertial coefficient (1/m)

dimensionless circulation defined in (5.10)
excess pressure drop

average pressure loss through an RUC

error function for pressure computation
error function for vorticity computation
Hagenbach correction

Couette correction

dynamic viscosity of the fluid (Ns/m?)
coordinate stretching parameter

areosity at the entrance and the exit cross section of RUC
excess momentum loss factor defined in (8.1)
fluid density (kg/m?®)

porosity

stream function

a general property of the fluid phase

vorticity
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SYMBOLS
< >

< >f

by

¥y

Py

phase average defined in (3.3)
intrinsic phase average defined in (3.4)
deviation from intrinsic phase average
dimensionless quantities

mean values
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CHAPTER 1
INTRODUCTION

The understanding of the nature of fluid flow in porous media is essential for
many science and engineering applications. Such diversified fields as petroleum
recovery, ground water hydrology, water purification, powder metallurgy, filtration
and drying to name just a few, need to understand transport phenomena in porous
media. One of the challenges associated with analyzing transport phenomena is
the study of *high velocity flow’ (high Forchheimer number flow as defined more

precisely in this study).

The present study, which mainly emphasizes numerical analysis of the trans-
port phenomena at both microscopic and macroscopic levels and of the quantitative
relations of the variables at these two levels, is aimed at improving the under-
standing of the physics of high Forchheimer flow in porous media, based on the
volumetric averaging method. To facilitate a focused study, a porous medium is

defined in this study as a multiphase material body:
o throughout which both a persistent solid matrix and a void space are present;

¢ within which the void space is at least partly interconnected and contains one

or more fluid phases;
¢ over which the fluids are able to penetrate.

Flow of fluids through the porous medium defined above will give rise to exchanges

of mass, momentum and energy between different phases and between the porous



medium and the environment. A good knowledge of the physical nature of these
transport phenomena and a correct, quantitative description of these processes will
be beneficial to engineering and science applications which are subject to the same

fundamental laws governing flow through porous media.

1.1 Scaling Up Processes and Problems

In principle, the above mentioned transport phenomena in a porous medium of
practical interest might be treated at the level where the fluid phase(s) in the
pores of the medium is (are) considered to be continuous. However, at this level
(usually called the microscopic level or pore scale), the accurate description of the
complicated geometry of the interphase boundaries is an insurmountable barrier
for the mathematical tools and the computational resources presently available.
To circumvent this difficulty, some scaling up methods have been developed in
the last two decades (see Chapter 2 for details). According to these methods,
the transport phenomena are described, in one way or another, at a level (usually
called the macroscopic level or laboratory scale) with a characteristic length scale
which is much larger than the corresponding pore scale. The quantities defined at
the macroscopic level are thought to be differentiable at each mathematical point

and to be more consistent with today’s ability to observe the fluid movement.

As an expense of passing from the microscopic level to the macroscopic level,
the particular details of the intricate variations of the fluid state variables associ-
ated with the microstructure of a medium are smoothed out, and as will be seen
in the following chapters, the main characteristic effects of the interaction between
different phases at the pore scale are retained in the form of coefficients at the

higher level in various degrees depending on the scaling up processes. A full un-



derstanding of the characteristics of these coefficient, such as their structures and
relationships to the statistical properties of the pore configuration of the medium,
is essential in the analysis of porous media flow. It is also obvious that to achieve
any solutions of a problem at the macroscopic level, these coefficients, which rep-
resent the particularity of a specific system, must be first effectively modelled and
quantitatively determined for the given problem. As a matter of fact, because of
the strong dependence of the macroscopic phenomena on microscopic flow mech-
anisms and the extreme complexity of the fluid flow within the pore system, the
analysis and determination of these coeflicients constitutes one of the most chal-

lenging problems of transport in porous media.

In this study, the volumetric averaging method (continuum approach), one
of the most often used scaling up processes, has been utilized for the reasons

presented in Chapter 3.

1.2 High Forchheimer Number Flow

On the macroscopic level, fluid flow in a porous medium at low superficial velocity
(specific discharge) is generally described by Darcy’s law which presents a linear
relationship between the driving force and the filtration velocity. However, as
the filtration velocity is raised beyond a certain value, numerous experimental
observations have confirmed that Darcy’s law should be replaced by another time—
honored empirical formula, the Forchheimer equation, to account for the nonlinear

effects for the medium considered.

In the present research, the terminology, ‘high Forchheimer number flow’ (ab-

breviated to high F—number flow in the following), is defined as the situations



whenever the nonlinear effects become nonnegligible. In the literature, the terms
‘high velocity flow’ or ‘high Reynolds number flow’ have also been used to refer to
the same circumstances. However, it will be demonstrated that ‘high F-number
flow’ is perhaps the most appropriate term to indicate the essence of the phe-

nomenoIn.

To be sure, even for the linear case, a strict theory which predicts not only the
form of Darcy’s law but the macroscopic quantities (the coefficients) is a formidable
problem if the real complexity of the pore geometry is considered. The introduc-
tion of the nonlinearity in high F—number flow implies that the full Navier—Stokes
equations, instead of the Stokes equation in the linear flow, should be initiated and
the inertial effects at both microscopic and macroscopic levels should be taken into

account.

In the analysis of the high F-number flow in porous media, whether the phys-
ical explanations of the flow phenomena or the quantitative descriptions of the
macroscopic properties, a clear picture of the microscopic flow mechanisms is fun-
damentally important. To acquire this invaluable information, an efficient numeri-
cal simulation method is developed in the present research to quantitatively analyze
the microscopic flow in the high Forchheimer number regime and the macroscopic
effects of the microscopic phenomena when the inertial nonlinearity becomes sig-

nificant.

1.3 Objectives of the Present Study

By means of numerical and experimental analyses, this research aims at improving

the understanding of the physical mechanisms and the quantitative descriptions for



high F-number flow in porous media. To this end, the following concrete objectives

were set for the work:

1. To introduce a new form of empirical equation and a new dimensionless pa-
rameter, the Forchheimer number, in order to effectively analyze the nonlinear

phenomena in high F-number flow;

2. To derive the precise hydrodynamic definitions for the macroscopic coeflicients
in the Forchheimer equation, in terms of the pore scale quantities by applying

the volumetric averaging method,

3. To develop a numerical simulation method along with the computer program
which provides reliable numerical solutions for the pore scale variables associ-

ated with different microstructure;

4. To perform systematic numerical calculations for a spatially periodic porous
media model in order to clarify the physical causes underlying the deviation

from linearity of Darcy’s law in high F-number flow;

5. To determine both the fields of pore scale quantities and the macroscopic
properties in a systematic way for a spatially periodic porous media model in
order to correlate the macroscopic quantities with the pore scale variables and

microstructure;

6. To measure the flow rate-pressure drop relations experimentally for two cases
of sudden contraction flow, with the aim of supporting the reliability of the
numerical scheme and clarifying the long standing confusion on the pressure

loss of such flow.




1.4 Layout of the Thesis

The thesis is composed of nine chapters. A literature review of studies in high
F-number flow is presented in Chapter 2. The general mathematical formulations
at both macroscopic and microscopic levels for the present study are derived and
analyzed in Chapters 3 and 4, respectively. Chapters 5 and 6 present the details of
the numerical schemes developed for the flow computations. Being an important
part of this research, the experimental study of a sudden contraction flow is given
in Chapter 7 where comparisons between measurement and prediction are made
wherever possible. A full presentation of the numerical results and a discussion of
them are the contents of Chapter 8. Finally, conclusions and recommendations for

future work are given in Chapter 9.



CHAPTER 2
REVIEW OF LITERATURE

2.1 General Layout

The literature review presented in this chapter is limited to the works on high
F-number flow in porous media and is intended to provide a clear picture of the
background for the present research. For the sake of convenience in presentation,
the review is divided into two sections which are reviews of: the phenomenolog-
ical model (Section 2.2) and the volumetric averaging method (Section 2.3).

Areas where further work is most desirable are identified in detail. Although some
progress has also been made recently in other procedures in this field, such as the
homogenization method (e.g., Sanchez—Palencia, 1980; Ene and Polisevski, 1987;
Mei and Auriault, 1991) and the statistical method (e.g., Dagan, 1986, 1990;

Gelhar and Axness, 1983), the review has not given much attention to these meth-
ods because they are less relevant to the present research. However, for the purpose
of comparisons, some typical results of these methods have been discussed briefly
in the relevant chapters. Reviews of several special topics, such as the numerical
treatments for microscopic flow computations, are not included in this chapter.
Instead, they have been given in the chapters where the specific problems are

addressed.



2.2 Phenomenological Models

Various empirical and semi-empirical methods have been in use since the end
of the nineteenth century to uncover the correlations of porous media transport
coeflicients with the macroscopic geometric properties of the pore system. The
correlations obtained as a result of such procedures are called ‘phenomenological

models’ in this review.

Without concern about the microscopic flow mechanisms, Darcy (1856) pos-

P
tulated a linear relationship between the macroscopic pressure gradient, X and
the filtration velocity, U, for single phase, one-dimensional flow through a porous

medium:
dP -

& IEU’ (2.1)
where ;o denotes the dynamic viscosity of the fluid, and & is Darcy’s law perme-
ability which represents a measure of the flow conductance of the solid matrix. As
the experimental filtration velocity increases, deviations from Darcy’s law (2.1) are
observed. Various relationships have been proposed to describe the bulk hydrody-
namic behavior of the fluid motion in a porous medium at higher filtration velocity
(see, Scheidegger, 1960; Bear, 1972; Hannoura and Barends, 1981). The first of

such relationships to account for the nonlinear effects was given by Forchheimer

(1901) who suggested the following one—dimensional form:

U+8p0°, (2.2)

|
[~
S5
=

where p represents the fluid density, and S is an experimentally derived parameter
called the inertial coeflicient. Both & and 5 in Equation (2.2) are the material con-
stants. Although other modified forms have been derived to make the equation fit

experimental data better, being a phenomenological description of porous media

8



flow, the Forchheimer equation generally agrees sufficiently well with experimental
observations in certain velocity ranges. Nevertheless, because it is an empirical
formula, the Forchheimer equation does not provide any more information about
correlations of the permeability and the inertial coefficient with the geometric
properties of porous media than what could be obtained from dimensional con-
siderations. To have a better understanding of the nature of the phenomena and
to predict the relations of various properties of the porous media, efforts have
been directed toward finding such correlations based on empirical and theoretical

considerations (Scheidegger, 1960; Bear, 1972; Dullien, 1979).

Among others, the two most widely accepted correlations are perhaps the
Ergun equations for packed beds (Ergun, 1952) which were later modified by Mac-
donald et al. (1979) through examining much more data than was ever used before
by others. The following expressions were found to give the best fit to most of the

experimental data:

_ dP/dX 3 180 (1 — ¢)

pYip D, =3 = o + 1.8, (For smooth surfaces) (2.3)
and
_ s B
— diéiX D, ] qi i 180 (Ilfe 9) + 4.0, (For rough surfaces) (2.4)

where ¢ is the porosity of the medium and Re, the medium Reynolds number, is
given by
Re = , (2.5)

and D. is a characteristic length scale of the medium. By comparing Equation
(2.3) with the Forchheimer equation (Equation (2.2)), expressions of the Darcy’s

law permeability and the inertial coefficient for smoothed surfaces, for example,

9



can be deduced:

__ ¢*D2
~180(1 — @)%’ (2:6)
1.8 (1 — ¢)
8 = S (2.7)

Both k£ and 3 seem to have been correlated with measurable quantities, but the
characteristic length D, is not really defined for a porous medium and its deter-
mination cannot be achieved uniquely. Therefore, these semi—empirical equations
are subject to the same limitations as those experienced by the hydraulic radius
models (Carman-Kozeny theory) which assumed a length termed "hydraulic ra-
dius" to be characteristic for the permeability of a porous medium and linked such
a length with the hypothetical channels which the porous medium was thought to
be equivalent (Kozeny, 1927; Carman, 1937, 1938, 1956).

In addition to the proposed empirical and semi—empirical relations, attempts
have been made to deduce the Forchheimer equation from theoretical considera-
tions. For example, Irmay (1958) started from the Navier-Stokes equations, in-
cluding all the inertial terms, and performed a space average of the equations
over a homogeneous, isotropic model of spheres of equal diameters. By assuming
that a correlation between microscopic velocity components exists at high filtration
velocity, a formula containing the square of velocity was obtained for a macroscop-
ically one—dimensional flow, where the macroscopic coefficients were derived and
expressed in terms of geometric parameters of the pore structures. Within the
framework of the Carman-Kozeny hydraulic radius theory, the equation given by
Irmay (1958) reduced to the exact Carman-Kozeny form at low values of Reynolds

number.

10



In comparison, some other theoretical derivations of nonlinear flow are based
on the microscopic analysis of the flow in an idealized geometrical description
of a porous medium. An example of this type of model is that of Blick (1966)
which represents a porous medium as a bundle of parallel capillary tubes with
orifice plates spaced throughout the tubes at distances equal to the tube diameter
(Figure 2.1). A static balance of forces over the control volume is applied to obtain
an equation of the Forchheimer type for the case of one-dimensional Newtonian

fluid in a rigid medium. The final form of the equation can be written as

dP C f e Cd

26

pU + 05 =% p0% (2.8)

and it follows that Darcy’s law permeability and the inertial coefficient are

2
k=05 6‘%’ (2.9)
8 =05 %, (2.10)

where Cy and Cy are the viscous coefficient and the drag coefficient, and & is the
average pore diameter. To calculate & and 8 by Equations (2.9) and (2.10), the
values of C; and Cy must be known first, which implies that further assumptions
about the interaction between the solid and the fluid phases have to be made. In
another investigation, Coulaud et al. (1988) analyzed the nonlinear effects through
the use of an empirically introduced term. Their numerical flow simulations at
the pore scale were achieved for a porous medium modelled in terms of cylinders
arranged in a regular pattern as illustrated in Figure 2.2. Through a data fitting
process for the computed results of global pressure drop and average velocity, they

arrived at the relationship:

11
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(a)

Control
volume

Fig. 2.1. Blick’s capillary orifice model (Blick, 1966).
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Type B

Type C

Fig. 2.2. Definition of different base cells (Coulaud et al., 1988)
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—— =a—ulU + bd—pUz, (2.11)

where d, is the average diameter of the cylinders and a, b and « are parameters

depending on the structure of the assumed pore space only.

From the discussions of the phenomenological models so far, it may be deduced
that although the correlations reviewed above are useful, in one way or another,
for certain engineering applications of a particular system, they hardly supply a
sound theoretical basis for the purpose of universal analysis of the physics of porous
media flow since the introduction of various heuristic assumptions. As will be seen
in the next section, a more rigorous approach, the volumetric averaging method,
has been developed in recent years to provide a more rational and systematic
framework within which the mechanics of flow through porous media could be

advanced.

2.3 The Volumetric Averaging Method

In the past two decades, much attention has been devoted to the volumetric aver-
aging method (the continuum approach) starting from the conservation laws of
continuum mechanics applied at the microscopic level. According to this approach,
the real porous system, consisting of two (or more) scattered phases, is described
by a series of continuous, differentiable variables which are obtained by tracing a
Representative Elementary Volume (REV) in the domain of interest. The basic

advantages of this continuum approach are (see, e.g., Bear and Bachmat, 1991):

a. The process occurring in porous media is described in terms of differentiable

quantities, thus enabling the solution of the problems by employing methods

14



of mathematical analysis;

b. The scale of averaged quantities are close to the scale on which experimental

measurements are made;

c. The exact configuration of the interphase boundaries need not be specified on

the macroscopic level.

However, as will be described in the following analysis, the averaging procedure
gives rise to higher order schemes similar to the ones encountered in turbulent
flow and closure problems exist for the quantities which represent the effects of
the microscopic configuration of interphase boundaries and the actual variations
of the state variables within each phase. Recently, a systematic methodology for
constructing mathematical models of transport problems in porous domains on the

basis of the continuum approach was presented by Bear and Bachmat (1991).

Since the key mathematical theorem which related the average of the gra-
dient and the gradient of the average was proposed independently by Slattery
(1967) and Whitaker (1967), there have been many attempts to analyze average
behaviour of high F-number flow in porous media (Whitaker, 1969; Carbonell and
Whitaker, 1984; Gray and O’Neill, 1976; Hassanazdh and Gray, 1979a,b, 1980,
1987; Cvetkovié, 1986; Du Plessis and Masliyah, 1988, 1991). Basically, the previ-

ous research was concentrated on the topics of
a. the deterministic derivation of the macroscopic governing equations;
b. the closure schemes for the macroscopic thermodynamic quantities;

c. the physical explanations of the mechanisms of the nonlinearity;
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d. the theoretical expressions for the macroscopic coefficients, such as Darcy’s

law permeability & and the inertial coefficient 3, in the empirical equations.

In the following subsections, the methods of problem solving, rather than details

of the results, will be discussed for these topics.

2.3.1 Deterministic Derivation of the Forchheimer

Equation

As already mentioned, the Forchheimer equation (2.2) is found to be in sufficiently
good agreement with experimental evidence for nonlinear flow in porous media
(Scheidegger, 1960; Bear, 1972). In order to gain a deep insight into the relation-
ships between the macroscopic phenomena with the microstructure and the micro—
flow variables, many studies have been devoted to the theoretical determination
of the Forchheimer equation through the continuum approach. An example of
such a derivation is that of Barak and Bear (1981) which considered five differ-
ent physical models with various degrees of complexity. By using these models,
they obtained an approximate expression for the relationship between the pres-
sure gradient and the filtration velocity and compared this expression with their
mathematical models and experimental results for the case of saturated, steady

and uniform flow of a Newtonian fluid.

In another theoretical derivation, Cvetkovié¢ (1986) averaged the general form
of the linear momentum equation to produce a macroscopic balance equation of
motion for fluid flow in porous media. Instead of employing the conventional
velocity deviation vector, he introduced a description for the microscopic kinematic

field by treating the deviations of local velocity magnitude and direction separately
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and arrived at a generalized momentum equation with a term of second order in
the flow velocity. Another interesting example is the work of Dullien and Azzam
(1973) in which they applied the averaging theorem to the microscopic momentum
equation and obtained a general volume-averaged flow equation. This equation
was then cast in a form comparable to the Forchheimer equation. By a direct
comparison, they concluded that Darcy’s law permeability depends only on the

average of the microscopic viscous terms.

Apart from the effort to derive the Forchheimer equation formally, some anal-
yses have been carried one step further by introducing an idealized geometrical
description of a porous medium such that the microscopic flow phenomena can be
modelled. For example, by using an explicit representative geometric models of the
porous medium, Du Plessis and Masliyah (1988) established a direct link between
the porosity and tortuosity for their sponge-like material. In this manner, the
microstructure of the model could be fully described by two physical parameters,
the porosity and a characteristic length. Furthermore, they replaced the interfacial
integral term in the macroscopic momentum equation by an empirical formula of
the developing flow in a square duct and finally obtained a momentum equation
which took the form of the Forchheimer equation as a limiting case. Despite the
empirical feature of this work in the treatment of the interfacial integral terms,
a good agreement of the values of permeability between the experimental results
and the theoretical predictions was reported by Stone and Sawatzky (1990). Fol-
lowing a similar approach, Du Plessis and Masliyah (1991) presented an analysis

for laminar flow through a rigid isotropic granular porous medium.
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2.3.2 Mechanisms of the Nonlinearity

It has long been a common interest of many researchers to clarify the physical
reason for the onset of the nonlinearity in high F-number flow. Early descriptions
attributed the nonlinearity to the occurrence of turbulence. However, experiments
have indicated that when the macroscopic velocity gradually increases, the nonlin-
ear phenomena appear much before the onset of real turbulence in porous media
flow (e.g., Scheidegger, 1960; Bear, 1972; Dybbs and Edwards, 1982). Thus, it
can be concluded firmly that the deviations from Darcy’s law are not initiated by

changes of flow regime.

A diversity of opinions as to why nonlinearity at high flow rates occurs still
exists. In their paper, Hassanizadeh and Gray (1987) performed an order of mag-
nitude analysis for the averaged momentum equation and concluded that the mi-
croscopic viscous force is the source for the onset of nonlinearity. In contradiction,
Barak (1987) ascribed the nonlinearity to microscopic inertial forces through con-
sidering the formation of local vortices and development of tortuous streamlines
inside pores with increasing pore Reynolds numbers. His point of view was widely
accepted among the researchers of this area (e.g., Cvetkovié, 1986; Du Plessis and

Masliyah, 1988, 1991; Coulaud et al., 1988; Mei and Auriault, 1991).

Moreover, explanations of how the microscopic inertial forces manifest them-
selves on the macroscopic level also differ. Cvetkovié (1986) attributed the nonlin-
earity to the dispersion flux (see Chapter 3) and claimed that this term contains
most of the information on convective microscopic inertial effects. However, in the
investigation by Du Plessis and Masliyah (1988}, the macroscopic nonlinearity was

obtained even when the dispersion term was ignored.
Although the opinions on the mechanism responsible for the onset of nonlin-
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earity are diverse, the literature has made one point clear—the clarification of the
nonlinear physics can be attained only through sophisticated quantitative analysis
of the microscopic flow. In the present research, detailed information of the micro-
scopic flow fields, in association with the macroscopic quantities from the averaged
momentum balance, have been provided together, with the aim of improving the

understanding of the mechanisms of the nonlinearity.

2.3.3 Averaging Theorem and Scale Analysis

The spatial averaging theorem (Equation (3.8) in Chapter 3) which relates the
local average of a derivative to the derivative of the local average for a function
defined in both the solid and the fluid phase and suffering a jump discontinuity
at the phase interface has formed the foundation for much of the recent work.
To answer the question raised by Veverka (1981), that is whether the volume
average is differentiable, Howes and Whitaker (1985) presented a direct derivation
of the spatial averaging theorem using a linear transformation and Abel’s formula.
The examples given in their paper indicated that a spherical averaging volume
yielded continuous average functions that are continuously differentiable to any
order for systems of practical importance. In a more general manner, Mls (1987)
mathematically proved that the first derivatives of the volume average expressed by
Equation (3.3) exist almost everywhere in the three—dimensional Euclidien vector

space.

Although there seem to be no severe restrictions on the realistic applications
of the averaging theorem, the requirement that the difference between the aver-
age at any given point within the REV and the average at the centroid can be

expressed in a linear relation has imposed certain constraints on the size of the av-
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eraging volume (Whitaker, 1969, 1986; Bachmat and Bear, 1986). Using an order
of magnitude analysis, Carbonell and Whitaker (1984) have shown that the radius
of the averaging volume, rq, and the macroscopic length scale of the medium, /4,

should satisfy the following length scale constraint:

(

It is important to note that the above inequality results from an order of magnitude

Tg

¥ << 1. (2.12)

lmac

treatment, and the precise nature of the averaging theorem and the constraint

(2.12) still require necessary comparisons between theory and experiment.

To simplify the problem, an order of magnitude comparison has frequently
been utilized in the analysis of transport phenomena in porous media (e.g.,
Whitaker, 1986; Hassanazdh and Gray, 1987). The assumption that the average
quantities change significantly in a macroscopic scale ‘I,,,." which is much larger
than the microscopic scale ‘I’ will always produce the results that some average
quantities can be ignored automatically. The only quantitative explanation about
the relationship of different scales was given by Whitaker (1986) in his theoretical
derivation of Darcy’s law. By taking the porosity as a function of ry as a guide,
he suggested that to obtain a well behaved porosity function, a requirement of
ro = 51 must be satisfied, and on this basis, the averaged quantities undergo sig-
nificant variations over distances that are at least fifty times larger than I. For
an accurate description of the physical process, the conditions of validity of the
conventional scale assumptions and the relationships between I,,,4¢, I and 75 remain

to be justified quantitatively.

2.3.4 Closure of the Averaging Procedure

After applying the volumetric average for the microscopic governing equations by
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the continuum approach, several terms which contain the important information
of the characteristics of the microscopic quantities for a given medium appear in the
resulting macroscopic governing equations. To process any solutions of transport
problems at the macroscopic level, the constitutive representations for these terms

have to be determined first in terms of the averaged variables.

For the linear momentum balance equation at the macroscopic level, the es-
sential point in the continuum approach is the introduction of a velocity devi-
ation ; which represents the difference of pore velocity and its intrinsic phase
average (see Chapter 3 for details). Similar to the analysis of turbulent flow, a
term p < 4; >/ is obtained for an incompressible flow with #; so defined. In
some investigations, this term was incorporated with the macroscopic viscous stress
tensor, thus forming a quantity for which a constitutive relation is formed (e.g.,
Hassanizadeh and Gray, 1980; Shapiro, 1981). Alternatively, it can be treated sep-
arately and a separate constitutive equation for < ; %; >/ can be assumed (e.g.,

Gray and O’Neill, 1976; Bear and Bachmat, 1986).

Based on the argument that the gradient of this term accounts for the me-
chanical dispersion of the momentum and it equals to zero when the fluid moves
uniformly at the same velocity as the solid phase, Gray and O’Neill (1976) proposed

the following constitutive equation

< Uy ’ﬁ'.j >"r = Rij < Uy >jr (213)
for a rigid, stationary porous media. It is generally understood that the second
order tensor R;; depends on the structure of the porous media and the pore veloc-

ity. A similar theoretical derivation of the dispersion flux was given by Bear and

Bachmat (1986).

In addition to the dispersive term, closure must also be performed for the
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interfacial integral terms (see Equation (3.18)) which stand for the total forces
exerted on the fluid by the solid within the REV and contain the information of

the effects of porous microstructure and pore scale flow variables.

Slattery (1969, 1981) put two integrals, the pressure and the viscous integrals,
in Equation (3.18) together and formed a general term. Based on the principle of
material frame independence, this author assumed that the integral is a function
of the difference between the local average fluid velocity and the local average solid
velocity (the solid matrix may be undergoing a rigid body rotation and translation).

For a rigid medium, this equation has been written in the vector form:
F=R<i>/. (2.14)

The resistance coefficient R in this case is a function of the magnitude of the local
volume—average velocity of the fluid relative to the local volume-average velocity
of the solid, a function of the viscosity of the fluid and the porosity, as well as a
characteristic length I, of the porous media. Using the Buckingham-Pi theorem,
Slattery at last arrived at an expression for R for an incompressible, Newtonian

fluid through a nonoriented porous structure:

o
N e 2.1
2K} (2.15)

where K is dimensionless and is a function of the porosity only.

Following the work of Slattery (1969), many versions of the constitutive closure
of the viscous integral have been presented either treating it together with the pres-
sure integral or separately (Gray and O’Neill, 1976; Hassanazdh and Gray, 1980;
Bear and Bachmat, 1986). One general assumption preserved in all the derivations
is that the viscous integral is the intrinsic phase average of the viscous drag and

this drag force is a function of the difference between solid and fluid intrinsic phase
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average velocities for Newtonian fluids. If there is no such relative motion, the net
drag will be zero. According to this assumption, a macroscopic coefficient might

then be formed in different ways and has to be determined experimentally.

In comparison, Whitaker (1986) (see also Quintard and Whitaker, 1988) pre-
sented a direct scheme without any constitutive assumptions to transform the clo-
sure problem into a boundary value problem of the deviation quantities for linear

Stokes’ flow.

2.4 Remarks

In concluding the literature review of this chapter, it may be stated that on one side,
the phenomenological model at best provides a gross view of the correlations of the
macroscopic properties for a specific porous medium, while on the other, although
a more general and rigorous approach, the volumetric averaging method, is made,
the application of this method still has some unsolved practical problems, such as
the justification of the assumptions which have been used in the development of
the theory and the quantification of the closure schemes. In other words, before
pursuing any useful solutions, a quantitative analysis of the averaging theory based

on the information at both microscopic and macroscopic scales must be performed.

Because of the extreme complexity of the porous media flow, a direct mea-
surement of the microscopic quantities and the averaged quantities over an REV is
an unattainable task at present, yet the high performance of computers and algo-
rithms has stimulated the rapid growth of numerical flow simulations of complex
geometric structures. It is possible to numerically analyze the motion at the micro-

scopic scale to obtain the information on detailed flow mechanisms for a medinm
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with different microstructures. At the same time, the volumetric average quanti-
ties may be extracted from the known distributions of the microscopic quantities
by applying the averaging procedure. It is believed that this quantitative analysis
of the relationship between the microscopic flow characteristics and the macro-
scopic transport phenomena will be a useful complement to other approaches in

describing the physics of high F-number flow.
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CHAPTER 3

MACROSCOPIC DESCRIPTIONS
OF POROUS MEDIA FLOW

The objective of this chapter is to develop the mathematical concepts and rela-
tions that describe transport phenomena in porous media at the macroscopic level.
A brief introduction to the volumetric averaging method which is the technique
employed in the present study for achieving transition from the microscopic to the
macroscopic level description is presented in Section 3.1. By applying the wvol-
umetric averaging method to the microscopic conservation equation, a general
formulation and some special forms of the macroscopic momentum balance are
developed in Section 3.2. A new parameter, the Forchheimer number, is defined
in Section 3.3 to serve as an indicator for the intensity of the nonlinearity in high
F-number flow. By comparing the averaged momentum equations with a new
form of the Forchheimer equation which is given in Section 3.3, the hydrodynamic
definitions for the macroscopic coefficients are given in Section 3.4 in terms of
the microscopic variables relevant to the transport process and the pore structure

properties.

3.1 Introduction to the Volumetric Averaging
Method

The volumetric averaging method, which is used in this study to derive the
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macroscopic conservation equations from the microscopic conservation equations,
consists of associating a Representative Elementary Volume (REV) to every
point inside the porous medium and averaging all the relevant transport variables
and pore structure variables over it. The averaging is conducted throughout the
domain of interest which results in a continuous and differentiable spatial distri-
bution of the transport variables and the macroscopic properties of the pore struc-
ture (Whitaker, 1967, 1969; Gray, 1975; Gray and O’Neill, 1976; Hassanizadeh
and Gary, 197%a, 1979b, 1980; Bachmat and Bear, 1986; Bear and Bachmat, 1986,
1991).

Because our primary interest is to analyze high F~number flow by the wvolu-
metric averaging method, a conceptual model of a two phase system is introduced.
The present analysis, therefore, is based upon the following conditions concerning

the system:

¢ The solid matrix of porous material is nondeformable, stationary and consol-

idated.

o The Newtonian fluid consists of a single fluid phase with constant physical

properties.
e The flow is laminar and steady.
o No mass exchange takes place between the fluid and solid phase.

For the system defined above, the geometric definitions of an REV used in
the averaging procedure are schematically illustrated in Figure 3.1. The averaging
volume U, which is contained in a surface 4,, consists of the volume occupied by
the fluid Uy and by the solid Uj, i.e., Uy = U; UU,. The boundary of U; consists

of a material surface adjacent to the solid phase (and is denoted by Ay,), and a
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Fig. 3.1. A schematic averaging volume comprising a fluid phase and

a sc;iid phase.
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geometrical surface, Ay, which is a part of the external boundary of U;. The radius
of the averaging volume is ry and the characteristic length for the fluid phase is
denoted by I. In the following analysis, r denotes the microscopic position vector
for the spatial point inside the averaging volume, and X denotes the macroscopic

position vector for the spatial point defined as the centroid of an averaging volume.

The following set of definitions and averaging rules may be established for the

system considered:

o A void distribution function is defined as

_J1, forre Uy
ofr) = {0, for r € Us. (3.1)

Thus, the local porosity, the void fraction of the averaging volume, is defined

HX) =~ | ar)dU

= — ar)dU (3.2)

where V; and V; represent the volumetric values of the fluid phase and the

bulk averaging volume, respectively.

¢ The volume average of a point quantity associated with the fluid phase, ¢ 7,18

1
<¢f>—7b/m¢fa(r)dv, (3.3)

which is often called the phase average of 9; and is a function of the macro-
scopic position vector X only. The intrinsic phase average is defined as the

volume average of the fluid property 4; over the fluid phase:
f 1
<Yy > = — Pra(r)dU. (3.4)
Vi Ju,
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It follows from the definitions (3.3) and (3.4) that the two averages are related
by the expression

<> =¢ <y >t (3.5)

In the averaging process, the average of the product, < v,b} >/, must be
replaced with the product of an average because an equation for < ¢; >/
is desired. A deviation term, the difference between the value of the micro-
scopic quantity at point r within an REV which is centered at X, and the

corresponding intrinsic phase average over the REV is usually defined as:

’l/;f = 'I,bf — < '{,/)f >f (3.6)
r r Xo
Accordingly, the average of the product may be written as
<oy > = <y ST <l ST+ <oy >, (3.7)

that is, the intrinsic phase average of a product is equal to the sum of the
product of the intrinsic phase average and the intrinsic phase average of the

product of the deviations (Gray, 1975; Hassanizadeh and Gray, 1979a).

In order to locally average the conservation equations, the average of a gradient
must be replaced by the gradient of an average. These quantities are related
by the averaging theorem (Slattery, 1967; Whitaker, 1967). For any tensorial

property s defined in the fluid phase, this theorem takes the form

9y >= 0=ty > + Ll Prcos(n,e;) dA, (3.8)

< o, X Vi Ja,

where Ay, represents the interphase area contained within the averaging vol-
ume, n is the unit normal vector pointing from the fluid phase to the solid

phase, e; is the unit vector in the direction of r;, r; are the microscopic space
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coordinates and X; are the macroscopic space coordinates. The averaging

theorem (3.8) may also be expressed in a modified form (Gray, 1975):

Oy p_0<yy>l 1 / -
st} — y .
< 8Tz > 84{1 + QS% Af& foOS(n, el)dA (3 9)
_6<1,bf>f 1 <5 >7 09 '

Prcos(n, e;)dA +

0X; Vs Ja,, ¢ OX;

The average at any given point X within the REV can be expressed in terms

of the average at the centroid Xy linearly:

+ (V< Wy >f)
X

= < app >I (X — Xo). (8.10)

X

< >d

Xo

The introduction of assumption (3.10) will greatly simplify the theoretical
treatment. Without justification, another phenomenological assumption is
that the length scale associated with averaged quantities is the macroscopic
length scale . which is much larger than the microscopic scale. These
assumptions about the macroscopic quantity have been often employed in
simplifying the macroscopic conservation equations (Whitaker, 1969, 1986;

Hassnnizadeh and Gray, 1987; Bear and Bachmat, 1986).

In principle, the averaging rules described above may be applied over any size

of volume. However, to achieve a single valued and continuously differentiable

property field at the macroscopic level, only a range of averaging volume sizes gives

meaningful statistic averages for a specific porous medium. An averaging volume

which belongs to that range is what has been referred to as the Representative

Elementary Volume (REV). Traditionally, the constraints for the characteristic

length of an REV are expressed by

I << 70 << lnges (3.11)

where l,,qc is again a characteristic length identifying the macroscopic scale.
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3.2 Macroscopic Momentum Equations

In this section, the basic averaging rules listed in Section 3.1 will be applied to
derive the macroscopic momentum equation governing the mechanical phenomena
in porous media. The physical meaning of different terms of this equation will be
explained, and several simplified forms of the general governing equation which are

of interest in this research will be briefly discussed.

3.2.1 Momentum Equation for Heterogeneous Media

This study is concerned with a single, incompressible, Newtonian fluid with con-
stant viscosity, flowing steadily through a rigid porous medium. The linear mo-

mentum equation governing the microscopic flow process is:

A(u; uj) Op O?u;
op  _ — pa; = 0.
or; + or; a dr; Or; &f./
— S~
Inertial Pressure Viscous Body (3.12)

In this equation, u; is the microscopic velocity, v is the microscopic space coor-
dinate, p is the microscopic pressure and a; is the body force acceleration. As
underlined, the different terms in Equation (3.12) represent, respectively, the in-
ertial effect, the pressure force, the viscous force and the body force (per unit
volume) at a point in the microscopic flow. These terms will be in balance at ev-
ery point of the flow field. However, the different terms, which represent different
physical phenomena, play changing réles in different flow and geometry condi-
tions. A knowledge of how these terms change for different conditions aids in the

understanding of the nature of flow in a porous medium.
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Equation (3.12) can be averaged over an REV:

( U; J) f j f i f f —

According to the averaging rules, the intrinsic phase average of the different terms

in Equation (3.13) can be expressed in the following form:

The pressure term:

Qj_)_>f_3<p>f 1 <p>! 8¢

= DdA , 14

The inertial term:

8(uiuj) 1 < Uy >/ n P UUy > 3¢

P< &, 7 TP TTax, & ox,
(< u >I<u; >7) A< ity >7
= 3.1
p 9%, T ax, (3.15)
4 P ui; > 8¢
¢ 0X;’
The viscous term¥*:
8% 8 ,0u;
iof iy < f
>l=p< —
B= orior; "< 5 o,
P<u; > p u;
‘u 6X38X] + QB% [4]5 (BTJ)COS(H, eJ)dA (3.16)
2pd<u >l 8¢ p<u >l 9%
¢ 0X; OX; ¢  0X;0X;’
The body force term
< pa; >f = p<a; >Jr
(3.17)

= pa;,

* A derivation of the averaging of the microscopic viscous term is given in APPENDIX A.
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Substituting the expressions (3.14), (3.15), (3.16) and (3.17) into Equation (3.13),

the final form of the averaged momentum equation can be obtained:

(< u; >I< uy >7) N o< dii; >/ N d<p > B < u; >F
e PTox, ax; " ox;0%;

7,
+ — cos(n, e;) dA
TV Ahp (m,e;)

— %/A (g:’f>cos(n, e;)dA
Ja 7

P —pPa;

3.18
<p>f 8¢ (8.18)
¢ 00X
O<u; >I11 8¢
e I ¢ =
+[p<ulu,> 2p ox, ]éan
<y > 9% — 0
¢ ox;0%;

Different from the previous published derivations, the terms of the porosity gra-
dient which are related to the effects of the heterogeneity of the porous medium
have been separated in this equation. Equation (3.18) represents a macroscopic
momentum balance for flow through porous media. Similar to the microscopic
momentum equation (Equation (3.12)), the first five terms account for the inertial
effect, pressure force, viscous force and body force on the macroscopic scale. The
second term is usually called the dispersion term*. The two integral terms which
result from the averaging process contain the information on how the microstruc-
ture of the porous medium affects the traversing fluid phase, and their values are
dominated by the local geometry and flow conditions. The last three terms in

Equation (3.18) are associated with the heterogeneity of the porous media.

It is of some importance to note that the integral term which arises from
the averaging of the microscopic inertial term (Equation (3.15)) always vanishes

because of the application of the no-slip condition on the fluid/solid interface Ags.

* see APPENDIX B for a detailed analysis for the dispersion term.
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This has misled some researchers to conclude that the microscopic inertial effect

is irresponsible for the nonlinearity in high F-number flow.

A general solution of practical interest for Equation (3.18) is still far beyond
our ability. An explanation of the remaining problems and the possible approaches

to solve them are given in Chapter 9.

3.2.2 Momentum Equation for Homogenecous Media

To center our attention on the understanding of the microscopic inertial effects,
the general momentum equation (3.18) may be simplified for the case of macro-
scopically uniform flow through a homogeneous porous medium. Under these con-
ditions, the macroscopic inertial term (except the dispersion term), viscous term
and heterogeneous terms vanish, and Equation (3.18) takes the form

Co<p>t o<y > "
ax; ! ox, P

; vl (o)
+ — s{n,e;)dA — —— os(n, e;)dA.
M/A,,p‘"’( yan= | (gnr Joostmen

It is evident that to go further for the solution of Equation (3.19), the velocity

(3.19)

and the pressure fields on the pore scale are needed in evaluation of the integral
terms. The computations of the microscopic flow fields will be the topic of the

next chapter.

3.2.3 Momentum Equation for a Periodic Diverging—

Converging Capillary Model

In actual porous media, the configuration of the flow channels is highly irregular.

The influence of pore-structure on the traversing low may apparently be attributed
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to several effects, such as diverging-converging, channel axis curvature, and flow
branching. In the present research, a simplified porous media model, the periodic
diverging-converging capillary tube (see Figure 3.2), has been chosen to allow the
numerical simulation of the effects of the sudden change in the cross-sectional
area, an important characteristic of the microstructure. A similar model has been
utilized by several researchers (e.g., Payatakes et al., 1973; Dullien and Azzam,
1973; Azzam and Dullien, 1977; Coulaud et al., 1988). The present approach,
however, mainly emphasizes the numerical analysis of the relationship between
macroscopic and microscopic phenomena in high F-number flow, based on the

continuum approach.

Consideration is given to the spatially periodic medium (Figure 3.2) which
is generated by the repetition of the diverging-converging unit cell. Due to the
periodic fully developed feature (Patankar ei al., 1977), only one period of the
identical segments called the Representative Unit Cell (RUC) is needed in the

flow calculations.

Let (z,r) be the microscopic cylindrical coordinates, X be the only macro-
scopic coordinate in the present case and be oriented horizontally in the = direction,
and ( i, j ) and (u,v) be the unit vectors and the microscopic velocities in the (z,)
directions respectively. Other parameters characterizing the domain of the solution

are defined in Figure 3.3.

For the geometric model described above, the averaged momentum equation

(3.19) may be written as:

d<p>f [ du ) 1
- = . dA + = OdA (3.
dX qg,%‘/;lh(ar)cos(n,J) +¢%thcos(n,1)dA (3.20)

In deriving Equation (3.20) from Equation (3.19), the dispersion term
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Fig. 3.2. The periodic diverging—converging capillary model.
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d< ;0 >1 ) X . . . g
p—x —in this case becomes zero due to the application of the periodically

fully developed flow condition®. The body force term has been ignored for sim-
plicity although it can be conveniently combined with the pressure term on the

left hand side of Equation (3.20) to form a hydraulic potential.

As shown in APPENDIX C, for this model the macroscopic pressure gradient
in Equation (3.20) can also be expressed in the form of surface integrals over the

entrance and exit surface of the diverging—converging RUC:

d<p>f__ 1 . _E Pe:z:_Pen
d_X = qb%/AfprOS(n,l)dA—a ('—‘L—) (321)

where A;; is the area of the fluid phase intersection with the averaging volume

surface (the area of entrance and exit of the unit cell), £ is the areosity at the
entrance and exit cross—section, defined as the ratio of Ay, the area open for flow,
to Ap, a fictitious area which numerically equals the quotient of the total cross-
sectional area of the medium and the number of the parallel flow channels, and

P.., P., are the mean pressures on the entrance and the exit.

Applying Equation (3.21), the momentum governing equation for the periodic

diverging—converging capillary model can be written as

Pe:c - Pen H f (aLL) . 1 / .
— === ey -2 — lcos(n,j)dA + — cos(n,i)dA.
(=2 ) el (o) eostmidaa + g | peastnt)

(3.22)
It is interesting to note that Equation {3.22) is nothing but the integral momentum

equation found by taking the RUC as the control volume.

For flow in a straight cylindrical capillary (D/d = 1), the pressure integral
in Equation (3.22) equals zero. A simple calculation gives immediately the rela-

tionship between the pressure and the mean velocity in Hagen—Poiseuille flow (see,

* See APPENDIX B for the proof of this argument.
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e.g., Fox and McDonald, 1985)

P, — Py 32

where Uy is the mean velocity in the small pipe of the capillary.

3.2.4 Expressions for the Interfacial Drag Force

For the averaged momentum equations derived in the previous subsections, a vis-

cous surface integral term

VINT = — ——If.. f (8ul cos (n, eJ) dA (3.24)
or;

and a pressure surface integral term

1
P, = — ;1 dA 2
I{VT W, /AhPCOS(Dse) (3.25)

are contained in the macroscopic fluid transport equations. Both Viyr and Pryp
are macroscopic quantities, and these two terms represent, physically, the drag
force exerted by the solid matrix on the flowing fluid at their contact surfaces
within an REV, per unit volume of the fluid phase. To achieve any solutions of the
averaged momentum equation, these integrals, which characterize the particularity
of a specific system, must be first effectively modelled and quantitatively deter-
mined for the given problem. Many versions of the constitutive closure for these
integral terms have been reviewed in Chapter 2. In the present study, instead of
deriving theoretical closure expressions, the pressure and the viscous integrals have
been determined numerically for the periodic model (Figure 3.3). In this case, the

two surface integrals take the form

_ " Ou :
Vinr = oV /Ah (&r) cos(m,j)dA (3.26)
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and

1
= i)d .
Prnr oV /J;hpcos(n,l) A, (3.27)

If the pore scale variables are known, the integral terms may be calculated nu-
merically at various combinations of micro-geometry and flow rate in a systematic
way. The data will help to improve the rationality of the constitutive simulation

of the interfacial drag force.

3.3 The Forchheimer Number

Macroscopically, the porous media flow is well described by the Forchheimer equa-
tion (2.2) at higher filtration velocities. Before seeking the answer for how the mi-
croscopic phenomena affect the bulk quantities by performing a comparison with
the averaging procedure presented in the last subsection, a new form of Forchheimer
equation will be proposed, proceeding from the consideration that the permeabil-
ity may be treated as being velocity dependent. A new dimensionless parameter,
the Forchheimer number, is introduced to serve as a criterion to indicate when the

nonlinear effects become nonnegligible (Ruth and Ma, 1992).

As mentioned by Scheidegger (1960), the determination of the upper range
of validity of Darcy’s law has presented an uncertainty in the mediwm’s critical
Reynolds number by a factor of 750. The reason for this has been mainly attributed
to the actual indeterminacy of the geometric characteristic length. The following
results will show that the Reynolds number, which is well defined in situations of

pipe-like flow, is not an appropriate parameter to describe high F-number flow.

40



To do so, the conventional Forchheimer equation is rearranged in the form:

dp_ﬂ»- 2
—J)—{—EUJrﬁpU
1( ﬁkpU) ~
=< 1
) # (3.28)
_ kg
_kuU

where k, = k/(1 + Fo) is the velocity—dependent permeability and F'o, as defined
in Equation (3.28), is called the Forchheimer number. Equation (3.28) suggests
that the permeability may alternatively be treated as a velocity dependent pa-
rameter for high F-number flow and the Forchheimer number Fo really works as
a dimensionless criterion to indicate when microscopic effects lead to significant

macroscopic nonlinear effects.

The definition of the Forchheimer number may be treated so as to contain a

Reynolds number explicitly

kpU  k pUD, k
=ﬁ: :,33”p = f— R, (3.29)

Fy

where D, is some characteristic length scale of a porous medium. In comparison
with Equation (3.28), it is evident that the macroscopic nonlinear effects depend
on both the macroscopic flow rate (the ‘medium Reynolds number’) and the mi-
crostructure of the medium because 3 is structure dependent, and the Forchheimer
number has taken both factors into account. Therefore, to characterize the nonlin-
ear effects in porous media flow, the terms ‘high velocity flow’ or * high Reynolds
number flow’ are misleading. The best term is probably ‘high Forchheimer number
flow’. Because of its structure dependence, on the other hand, the determination

of the Forchheimer number needs a detailed knowledge of the microscopic flow.
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3.4 Hydrodynamic Definitions of Macroscopic
Coefficients

In this section, more precise definitions will first be derived for the macroscopic
coeflicients in the Forchheimer equation by comparing Equation (3.28) with the
averaged momentum equation (3.22). For this purpose, the integrals on the right
hand side of Equation (3.22) are reorganized such that they are expressed in terms
of filtration velocity U. This can be achieved by making the terms dimensionless
by using d, the diameter of the narrow pipe (Figure 3.3) as the length scale, U, the
average velocity in this pipe as the velocity scale, and pﬁf as the pressure scale.

Equation (3.22) can then be written as

P, - P 1 Ju’ -
. ex en | o= . dA*
( L ) d2§A}L*/A} (3?‘*) cos(mJ) J“U

1 * . * rr2
W/J;}ap cos(n,l)dA} pU

(3.30)
+

where

¥ U ¥ p * Af. * _AfS_ L* L * r

UZU_d;p:p_(E; FT @ e T o =

=TT
A conceptually similar expression has been derived by Dullien and Azzam (1973).
In comparison with the empirical Forchheimer equation (2.2), they straightfor-

wardly concluded that the bracketed term in front of U was the reciprocal perme-

ability and the other bracketed expression, in front of U2, was the inertial coefficient
8.

In the range of validity of the Forchheimer equation, k& and 3 are constants.
The permeability % is by physical definition the limiting value at very low flow rate

and must be mathematically defined as such.

In the following, the definitions of & and f will be given. However, it must

be kept in mind that although the Forchheimer equation seems to be in good
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agreement with experimental evidence, it is not a unique expression to treat the

dependence of pressure drop and filtration velocity.

The pressure integral on the right hand side of Equation (3.30) can be rear-

ranged so as to contain a Reynolds number explicitly:

1 / * . * FT2
7| P'cos(n, i)dA”| pU
[dszfL A,
1\[ 1 | (pTsd\ -
= (ﬁ) A*L*/t p*cos(n,i)dA* (p ﬂd ) uU
r: f Afu : (3.31)
( ! ) ! / *cos(mn,1)dA* | (Req) pU
= | - cos(n,
@2¢) | AL /g [
1 —
= (ﬂ) (B)ReapU
where
1
B = / *cos(n,i)dA* 3.32
Y7, A;,p (n,1) (3.32)

and the Reynolds number
P Ui d

Req = (3.33)

is based on the mean velocity Uy in the narrow pipe and the diameter of that pipe,

d.

Letting A to represent the viscous integral of Equation (3.30):

1 ou’ \ g4t
A:_A}L*/A} (ar*>cos(n,_])dA , (3.34)
Equation (3.30) may be written as:
pe:t - Pen 1 =
_( - )_dZE(A+BRed)uU. (3.35)

By comparing with Equation (3.28), it can be seen that the permeability %, is

indeed velocity dependent. The simplest way to treat this velocity dependence is
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by a linear model, and the Forchheimer equation arises as a simple, but nonunique,

formulation for flow in porous media.

By making a comparison between Equation (3.35) and Equation (3.28), the

following hydraulic definitions containing A, B can be obtained :

b — ¢ - (3.36)
[A+ BRedlp,, o ' '
1 [A+ BReg]—[A + BRed]Red—’O
5= (d52> A : (3.37)
A+ BRey]—[A + BR
Fo— [ ed] [ ed]Red—>0 i (338)

[A + B Red|p,, 0
A knowledge of how these porous media parameters change at various combinations
of pore geometry and flow rate will help in the understanding of the mechanism of

transport phenomena.

For computational purposes, Equation (3.35) may also be expressed in dimen-

sionless form

P~ PL\ (AP  (A+ BRes)
(_*_L* )_ ( = )_ P (3.39)

It should be emphasized that the product term, B Rey, will keep a finite, non—zero
value as Reg — 0 because the pressure integral B — oo in that case. This implies
that the permeability k& should be defined such that the effects of the interfacial

pressure force have been taken into account.

Following a similar procedure, it will not be difficult to derive the general
expressions for the macroscopic coefficients in more complicated cases of heteroge-
neous media. The real difficulty in obtaining the quantitative descriptions of the
phenomena lies in the accurate predictions of the microscopic flow fields, even for

the highly simplified diverging—converging capillary model.
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CHAPTER 4

MATHEMATICAL MODEL FOR
MICROSCOPIC FLOW ANALYSIS

The macroscopic momentum equations and the expressions for the macroscopic
coefficients have been derived in Chapter 3 through the volumetric averaging
method, and the problems involved in the further solution process have also been

stated explicitly.

As already shown by the earlier chapters, the volumetric average treatment
has bridged the gap between the macroscopic and the microscopic phenomena.
The accurate prediction of the properties for porous media flow through the con-
tinuum approach are now dependent entirely on a knowledge of microscopic flow
mechanisms. In the present chapter, attention will be turned to the quantitative
analysis of the microscopic level flow. To begin with, the geometry of the solution
domain for the postulated diverging—converging capillary model will be given in
Section 4.1. Later, the governing differential equations and the relevant boundary
conditions which form a complete mathematical model for the analysis of pore

space flow will be considered in Sections 4.2 and 4.3.

4.1 Geometry of the Solution Domain

The periodic diverging—converging capillary model has been selected in this re-

search to accomplish the numerical simulation of the flow within the microstruc-
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ture. Geometrically, the model can be thought to be generated by connecting
in series an infinite number of cylindrical segments of different sizes(Figure 3.2).
Therefore, one important feature of the pore space of real porous media—sudden
changes in a flow channel—is accommodated by this model. Because of the peri-
odic fully developed nature (see Subsection 4.3.2 for more details), only one period
of the identical segments (one wavelength) is needed for the numerical solutions.
In other words, the representative elementary volume (REV) is in turn repre-
sented by a cubic representative unit cell (RUC) as shown in Figure 4.1, and all
the average geometrical properties of the REV can be embedded within this RUC.
The axial cross-section of an RUC which forms the geometry of the computational
domain is illustrated in Figure 4.2. It is apparent that four linear parameters will
determine the domain completely. They are the diameter and length of the small
pipe, d and Ly, and the diameter and length of the large pipe, D and L,. In theory,
any segment with a wavelength L between two cross—sections can be used as an
RUC. However, it will be seen in Chapter 6 that the present RUC is the most

appropriate for the purpose of accurate numerical simulations.

4.2 Governing Equations for Microscopic Flow

For the diverging-converging RUC described above, the steady, axisymmetrical,
incompressible flow of a Newtonian fluid with no body force and constant prop-
erties is governed by the Navier-Stokes equation, appropriately simplified. In the
cylindrical coordinate system (=, 7, 8) shown in Figure 4.2, the flow is two dimen-
sional, and the axial and radial components of the momentum equation (3.12) can

be written in the dimensionless form:
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Fig. 4.1. A representative unit cell (RUC).
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Fig. 4.2. Geometry of the solution domain.

48



Axial component:

op* 1 [6% 1 8 , ou” , ou* L 0uty
- Oz * Rey {6:1:*2 + r Or* (T 87‘*)} B (u Oz v Br*) =0 (41)

Radial component:
op* 1 [8% 1 8 , ov' v* , ov* L OUTY
"o T Ry [am*z T e ( 5—) - —2] (“ gz T 5‘) =0. (42)

In this coordinate system, the equation of continuity is

1 9(r*v*) IJu*
- = 4.
r*  gr* + ox* 0, (4.3)

where (u*, v*) are the dimensionless velocities in the (z*, 7*) coordinate directions,
Rey = pUyd/p is the Reynolds number, p is the density, p is the dynamic viscosity,
Uy is the mean velocity in the small diameter pipe (the throat), and d is the
diameter of this pipe. Similar to the treatment in Section 3.4, the equations have
been made dimensionless by using d as the length scale, Uy as the velocity scale,

and pU? as the pressure scale.

Equations (4.1) to (4.3) may be solved simultaneously to provide a solution
for v*, v* and p*. However, an alternative is to utilize a vorticity—stream function

approach.

4.2.1 Vorticity—Stream Function Approach

The coupled nonlinear partial differential equations (4.1) and (4.2) contain pressure
terms in the gradient form. In most cases, the pressure distribution is unknown.
Therefore, it is advantageous to remove the explicit pressure terms from these

equations. For this purpose, the vorticity transport equation may be obtained by
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cross—differentiating Equation (4.1) with respect to 7* and Equation (4.2) with

respect to z* and eliminating the pressure terms:

3_25_21_*_@29_* - R *aﬂ*_’_ * 1 i o0 +
Ox*?  Or+? Sl v Rey v* | Or*

, (V7 1 1

In this equation, Q}* represents vorticity which is defined as the curl of the velocity

(4.4)

vector, and, in the present case, the only nonvanishing component of the vorticity

is

ov*  Ou*
QO = — . 4.5
dz*  Or* (4.5)
By introducing the definition of the stream function (¢*):
. 1 oy . 1 9y~
YT e YT T B (4.6)
the continuity equation (4.3) is recast as an elliptic Poisson equation
62 * 82 * 1 dv*
i v Lo + 7' Q" = 0. (4.7)

8(3*2 87"2 r* Or+

The two equations, Equations (4.4) and (4.7), form a system of second-order
nonlinear partial differential equations. The solution for the vorticity and stream
function can only be obtained numerically subject to the appropriate boundary
conditions. Because both of these equations are elliptic in nature, the numerical

simulation requires boundary conditions on the entire boundary of a closed domain.

4.2.2 Recovery of the Pressure Fields

The velocity field may be calculated directly from the stream functions that are
obtained during the application of the vorticity—stream function procedure. How-

ever, the pressure field must be recovered from the original momentum equations
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using these velocity results. The following second order, dimensionless pressure
equation can be derived by appropriately differentiating and summing up the axial

and radial momentum equations (4.1) and (4.2) (Roache, 1972):

82p* 821‘3* 1 8]3*
il = §* 4.
Ox*? + Or*? + 7* Or+ S (4.8)

where the source term
o o , oY
v dz*

or* + r*

B 32 u*2+,v*2 N 82 u*2+,v*2 +£ g ’U,*2+‘U*2
Hx+? 2 Or*? 2 r* Or+ 2 '

This is a Poisson form of the pressure equation. In the solution of Equation (4.8),

Sy= Q7% - (
(4.9)

the boundary conditions are obtained as normal gradients of pressure, determined
from the primitive momentum equations (4.1) and (4.2) after the velocity has been
determined. That is, the Neumann boundary condition, specifically a—i—, where n
is the normal to the boundary, is imposed. As mentioned by Roache (1972), the
numerical solution of this system does not converge. This conclusion was confirmed
in the present study even though the scheme recommended by Miyakota (1962),
Briley (1974) and Ghia et al. (1979) were utilized — the solution was found to drift

slowly but endlessly.

An alternative to the above differential equation method is the integration of
one of the momentum equations (Equations (4.1) and (4.2)) to obtain the pressure
field (e.g., Payatakes et al., 1973; Azzam and Dullien, 1977). However, the accu-
racy of the integral method depends on the accuracy of the numerical integration
scheme, and the path of integration (i.e., from left to right or from centerline to
wall). It was found in the present study that the pressure distributions calculated
by the integral method did not satisfy the axial and radial momentum equations

simultaneously within a certain error tolerance.

o1



Based on the results described above, a hybrid of the differential equation
method and the integral method has been developed (Ma and Ruth, 1991, 1993a).

The details of this new scheme are presented in the next chapter.

4.3 Implementation of Boundary Conditions

Given the elliptic nature of the governing equations (Equations (4.4), (4.7) and
(4.8)), boundary conditions are to be prescribed at all the boundaries of the com-
putational domain. The correct implementation of the appropriate boundary con-

ditions is crucial in obtaining meaningful and accurate results.

The boundary conditions for the flow problem under consideration can be
divided into three parts, namely, the fluid/solid interface condition, the entrance

and exit condition, and the symmetry condition.

4.3.1 Fluid/Solid Interface Boundary Condition

The stream function ¥*:

On the interface of fluid and solid (the line of A-B-C-D-E-F) in Figure

4.2, viscous flow satisfies the condition of no-slip and zero suction and injection,

thus both components of the velocity are set equal to zero, ie. u* = v* = (.

Accordingly, the stream function must remain constant along the interface:
* = const, (4.10)

and any constant value of ¥* may be selected.
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The vorticity *:

The evaluation of vorticity values along the interface A-B-C-D-E-F is ex-
tremely important and is often the cause of trouble in getting a converged solution.
In this research, the first order form of the wall vorticity (Roache, 1972) has been
employed. This condition may easily be derived from the stream function equation
(4.7). Applying that equation on the fluid/solid interface which is parallel to the

z—axis, for example, by the no-slip condition

1 oy

—.*_
™ Or =uw =0

and
1 8%y I, 1 9y* ov*

T Fe? e e = B = O

which leads to

. 1 32710*
Here the subscript w refers to a value at the appropriate boundary point. For the
fluid/solid interface parallel to the r—axis (Figure 4.2), a similar expression for the

wall vorticity values may be written in the form

2,1, ¥
- - L99 (4.12)

w r* G’

The pressure:

According to the new approach for pressure computations given in Section 5.2,
the required pressure boundary values on the fluid/solid interface are recovered
by integrating Equations (4.1) and (4.2) at that boundary. For this purpose,
Equations (4.1) and (4.2) are applied on the no-slip interface, and the working
equations for the boundary pressure integrations can then be expressed in terms

of the vorticity:
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Wall with normal in r— direction:

ap* 1 o O
8z Reg (8r* B —?"—;‘_) ' (4.13)
Wall with normal in z— direction:
ap* 1 o9
= . 4.14
or* Rey O0x* ( )

Equations (4.13) and (4.14) are numerically integrated along the wall started from

a given pressure level.

4.3.2 Entrance and Exit Condition

The boundary conditions at the entrance and exit of the solution domain are
generally not known from the outset. Assuming that a steady state periodic fully
developed solution exists (Payatakes et al., 1973; Patankar et al., 1977; Azzam
and Dullein, 1977), it follows that the flow quantities (except pressure field) repeat
themselves in a succession of cross sections that are separated from each other by

the wavelength L*. This statement may be expressed in the form

(l‘b* (fE*, T*) — Tp* (:E* _I_L*’ {r*)’ (4.15)

and

Q(z', ) = O (& + L¥, %), (4.16)

where L* is the dimensionless wavelength. Being a part of the solution, the values of
stream function, %*, and vorticity, £2*, on the entrance and exit could be determined
by an iterative procedure. The details of the numerical treatment of the conditions

(4.15) and (4.16) are discussed in Chapter 6.
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The pressure values at the entrance and exit are determined by the integral
method after the vorticity and stream function solutions are known. Through
using the RUC proposed in this research, it has been found that the determination
of the pressure values at the entrance and exit present less difficulty because both
cross—sections have been taken as far as possible from the sudden geometry changes

where steep changes of the flow variables are expected.

4.3.3 The Symmetry Condition

At the line of symmetry (+* = 0), a zero normal gradient condition is assumed in

the radial direction. This condition is equivalent to

vt =0 at v* = 0, (4.17)
P* =0 at v =0, (4.18)
o =-2 0 ae=o (4.19)
or*
and
gf* =0 atr =0 (4.20)

4.3.4 Condition At the Sharp Convex Corner

Special consideration must be given to some corner points in the flow channel, be-
cause these corners are mathematical singular points for the vorticity and pressure
fields and the conventional boundary conditions cannot be applied at these points.

This will be a topic in Chapter 5.
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CHAPTER 5

NUMERICAL SCHEMES FOR
PORE FLOW COMPUTATIONS

The mathematical formulation developed in Chapter 4 have laid the foundation
for microscopic flow computations. To obtain reliable solutions of the problem,
however, considerations have to be given to some outstanding problems in the ap-
plication of this basic equation system. The treatment of the corner singularity
and the pressure recovery in the vorticity—stream function approach, the two im-
portant features of the present numerical solutions, will form the subject of much
of this chapter (Sections 5.1 and 5.2). The details of the computational procedure

for microscopic flow fields will be discussed in Section 5.3.

5.1 Treatment of the Corner Singularity

The flow of an incompressible fluid around a re-entrant sharp corner is encountered
in many engineering problems. For the RUC considered in this research, two
re-entrant sharp corners are formed in the computational domain at the cross—
sections of the sudden expansion and contraction. These corners are mathematical
singular points for the vorticity and pressure fields because of the no-slip boundary

condition on the fluid/solid interface.

The theoretical situation very close to the corner has been described by Moffatt

(1964) by making use of the argument that sufficiently near the corner the flow is
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Stokesian. By using diagonal grids at the corner, an extensive study of the laminar
plane channel flow with an abrupt change in cross sectional area was performed by
Dennis and Smith (1980). Their corner scheme may essentially be classified as an
ad hoc method and is suitable for square grids only. Holstein and Paddon (1982)
made a comparison of different ad hoc methods and their singular finite difference
method which is based on the argument by Moffatt for the flow in contraction
and expansion at low Reynolds numbers. In another study, Gupta et al. (1981)
presented a power series solution in the vicinity of the corner and calculated the

cavity flow for Reynolds numbers up to 400.

In addition to these approaches, several ad hoc methods to circumvent the
corner singularity have been devised (Kuwaguti, 1965; Woods, 1954; Greenspan,
1969; Thom and Apelt, 1961) and have been utilized by a number of following
researchers (Vrentas and Duda, 1973; Webster, 1982; Nallasamy, 1986). A compre-
hensive examination of these methods for backstep flow in rectangular coordinates

can be found in Roache and Mueller (1970).

In contrast, however, for high Reynolds number corner flow in a sudden con-
traction, which is characterized by local flow acceleration and separation, the va-
lidity of the above-mentioned methods is still not well understood. In this section,
the various ad hoc methods will be briefly reviewed for the purpose of compar-
ison. In view of the uncertainty of the ad hoc procedures and the locally small
Reynolds number restriction of the Moffatt expansion method, a new scheme, the

vorticity—circulation method, is developed (Ma and Ruth, 1993b).

5.1.1 Traditional Corner Methods

Equations (4.4) and (4.7) can be solved numerically subject to the set of boundary
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conditions (4.10)~(4.20) by a finite difference procedure using rectangular grid lines
parallel to the axes of * and »*. For a general quantity ®*, the corresponding finite
difference equations of (4.4) and (4.7) may be expressed in a successive substitution
form

¢:] = Cl @‘;{-l,j + C2 @;_llj + C3 (I):;,]"f']- + C4 ®Zj_1 + SOUTC@, (5.1)

where ¢y, ¢, c3, ¢4 and source are the corresponding coefficients and source term
in the iteration process, and (¢, 7) are the grid indexes in the (z*, 7*) coordinate
directions. On the fluid/solid interface, the stream function at the sharp corner
presents no problem. The usual five-point difference equation (5.1) can be used at
the neighboring grids of the corner C shown in Figure 5.1. However, the velocity
gradient has a jump discontinuity at that corner and the vorticity, by the definition
(4.5), is singular there. The difference scheme (5.1) cannot be applied in the
normal way at the neighbouring points of the corner and special treatment of this
singularity is required. In the following, the four most often used ad hoc corner

procedures as well as the Moffatt expansion method are briefly discussed.

5.1.1.1 Ad hoc Methods

In the usual grid structure, the corner C is a grid point. The need for the corner
vorticity €2f arises from the use of the central finite difference approximation for
vorticity values at the neighboring points W and S (Figure 5.1). The ad hoc
methods effectively impose extra conditions in different ways at the corner, with

the aim of assigning a value of vorticity to the corner point.
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Fig. 5.1. The notation for corner vorticity computations.
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Discontinuous values Referring to Figure 5.1, two different vorticity values £}

and {1}, are calculated respectively by

0 — 2( ;c,jc - :c—l,jc) (5.2)
v T;C(A:B;c—l)z
and
% ( ;c,jc - ;c,jc-—l)

r(Brg )

where Azj_; and Ar},_, are the local step lengths in the (z*, r*) coordinate
directions. When the corner vorticity £2%. is applied in a difference equation about
node W (ic — 1, jc) just upstream of the contraction, Q% = £}, is used; however,

¢ = 17 is employed for the node S (ic, je — 1).

Average of wall values A single corner vorticity equal to the average of the

two wall values is imposed in this method

Q*U + Q*D . "p;c,jc - ¢;c—1,jc + Q'/)IC,J"C B 'I’D;C:jc—l

"

BT T e ey (>4

Zero corner vorticity This method is an attempt to force separation to occur
at the corner by imposing

Qe =0. (5.5)

Although all the previous evidence suggests that separation occurs just after the
sharp corner, as an ad hoc method referred to frequently, this scheme has also

been tested in the present research.

W —symmetry about corner point Assuming the stream function is symmetric
about the corner point, that is, ¥},_; ;. = ¥, ;. and ¥, ;. | = o, jet1, the corner

vorticity is then evaluated from

2 :c jc ;c— i ;c fc :c jc—
an — 2 e je y Yoo = Vlogeos | (5.6)
(ATJ'C~1)

T}[C (Aw;c—l)z
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5.1.1.2 Moffatt Expansion Method

Assuming that the local Reynolds number is very small, near the corner C the

stream function %* satisfies the Stokes equation
Viy* = 0. (5.7)

An expansion of ¥* about the sharp corner C' may be obtained by applying the
general solution (derived by Moffatt, 1964) to the present geometry and flow situ-

ation: 5
Pt =4y + Ay ré’\‘ {cos[()q - 2) Z’ﬂ'] cos( AL 6%) —

—cos(/\lzfr)cos[()\l—2)9*]}+ .
+ By g™ { sin[(Ay — 2) %W]sin( Mg 6%) —

3
— sin(Xg 2 m) sinf (% — 2)0'] }
where (v, %) are the local dimensionless polar coordinates originating at point C
and A; and A, are the dominant eigenvalues of the relevant antisymmetrical and

symmetrical problems. A; and B, are the constants depending on the particular

flow; 4§ is the stream function value on the wall boundary.

To evaluate the vorticity values for the neighboring points (W and S) of the
sharp corner, the vorticity expansion at the point C' may be obtained by using
Equation (5.8) and the polar form of Equation (4.7):

_ 3
Q= -—4{A1(A1 — 1)rgM 2 cos( A =) cos[ (A, — 2) 6% |+
4 X (5.9)
+ By ( Xy — 1)reM 2 sin( A 2 m)sin| (Ag — 2) 6% }
Two constants A; and B; in Equation (5.9) may be determined in the computations
by the vorticity values at the points N (ic, jc+ 1) and E (ic+ 1, jc) in Figure 5.1.

Then Equation (5.1) can be used to calculate the vorticity values at points W and
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S, where the normal finite difference method cannot be applied because of the

singularity of the vorticity at the point C.

The success of the Moffatt expansion is dependent entirely on the validity of
the local Stokesian flow assumption. It is not surprising that this method becomes
less efficient in the present problem because of the facts that for the flow around
re-entrant corners, especially the corner at the contraction, the magnitude of the
velocity increases greatly in the small pipe according to the area ratio and the

velocity profiles are quite flat at the corner region (see Subsection 5.1.3).

5.1.2 The Vorticity—Circulation Method

It is known that the vorticity of the flow field is closely related to the circulation
of the flow. The new scheme uses the circulation concept. Instead of creating a
fictitious corner vorticity as all the ad hoc methods do, an open surface A* which
is enclosed by contour L} is constructed (Figure 5.2). The corner point is not

included in A*. Stokes theorem for the region A* may then be written as

- ¢
L

where I is the circulation defined as the line integral of the velocity and dA* is the

(v dz” + v*dr') = // QFdA*, (5.10)

+
L

area element. The circulation about the closed curve L} is equal to the vorticity

integral over the surface A* bounded by Lj.

Assuming that an area A* has been chosen (as shown in Figure 5.2), the
circulation I'* along the contour L} can be calculated using the velocity fields of
the (m — 1)th iteration (the values of the mth iteration are used where available).
The vorticity flux on the right of Equation {5.10) except the contribution from the

point W (or §) can also be determined in the same way. A new vorticity value
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at the point W (or §) then may be calculated by Equation (5.10) using the (m—1)th
(or mth) vorticity value at S (or W) as an approximation. In the process of

numerical integration, the following assumptions have been made:

a. the effect of the geometrically sharp corner is rounded off by viscous effects,

so that the vorticity is continuous everywhere over the surface A*;

b. for simplicity, the vorticity is assumed to be uniform in each unit block

bounded by dashed lines and shown by the hatched area in Figure 5.2;
c. the velocity is linearly distributed between the computational grid points.

By employing Equation (5.10) and the assumptions above, the vorticity value

4

Q*/ -
" A‘B;c—z(A”’;c—l + A”’;c)

at the point W (similarly at S) in a nonuniform grid system can be expressed as
u'dx* + v*dr* — / Q*dA*

ji; A

. Ar;c—-2(/—\$;c—l + A'Ez(c) ¥
Azl o (Ari_ + A )"

(5.11)

where A} denotes the area excluding the unit blocks at W (or S) in A*. The
vorticity values at the grids W and S have to be calculated iteratively in association
with the numerical method for the field computations (see Section 5.3 for details),
until satisfactory convergence is achieved. A comparison of this scheme with the

other methods will be given in Subsection 5.1.3.

5.1.3 Validity of the Vorticity—Circulation Method

The axial velocity distributions in the neighborhood of the sharp corner as cal-
culated by the vorticity—circulation method are first compared with the ad hoc
treatments and the experimental results of Durst and Loy (1985) for a sudden

contraction flow at a series of Reynolds numbers.
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Two typical cases (Rey = 43 (Figure 5.3) and Rey = 1813 (Figure 5.4))
indicate that the choice of the ad hoc methods affects considerably the computed
profiles in the region of the corner (especially at high Reynolds numbers), and the
validity of these methods changes at different Reynolds numbers. It may also be
seen that as a unified corner treatment, the vorticity—circulation method predicts

good results at both high and low Reynolds numbers.

Figure 5.5 shows a comparison of the axial velocity profiles of the vorticity—
circulation method with the experimental data of Durst and Loy (1985) for
Rey = 698. The results of the finite volume SIMPLE method reported by Perié
et al. (1988) are also included at eight different length stations, four before,
and four after the contraction. Generally, the results obtained by the vorticity-

circulation method agreed well with both the experimental and SIMPLE results.

5.2 Pressure Recovery: The Hybrid Method

In order to extract pressure fields from the numerical solutions of the vorticity
and stream function, the differential method and the integral method have gener-
ally been used (Roache, 1972} and both methods have difficulties in determining
accurate pressure fields for the geometry considered in this study. In this sec-
tion, following a brief review of the conventional methods, a new approach for the

pressure recovery is presented.

5.2.1 The Conventional Methods

"To recover the pressure fields from the known vorticity—stream function solutions,

the following two methods have been widely used.
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Fig. 5.3. A comparison of the axial velocity profiles, Req = 43.
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The integral method One of the momentum equations (4.1) and (4.2) may be

numerically integrated by starting from an arbitrary point with an arbitrary inte-
gration constant (Macagno and Hung, 1967; Vrentas and Duda, 1973; Nallasamy,
1986). This evaluation process involves both differentiation and integration at each
point in the computational domain. Depending on the computational grids and
the path of integration, this method predicts acceptable results in the region not
very close to the corners. However, for the interior points when the path of the in-
tegration is close to the sharp corners, it was found that the pressure distributions
given by the integral method did not satisfy the z*- and 7*~ momentum equations

simultaneously.

The differential method A system which is composed of the Poisson pressure

equation (4.8) and the Neumann boundary condition may be solved iteratively. As
already mentioned in Subsection 4.2.2, the iterative process to this equation does

not converge.

5.2.2 The Hybrid Method

To obtain accurate pressure solutions, a hybrid of the differential method and the
integral method was utilized in this study. Specifically, the integral method was
used to evaluate the wall pressure distribution, where the integrals are greatly
simplified because of the no-slip condition, then the pressure (Poisson) equation
was solved iteratively with the now known boundary values. In essence, the Poisson
problem with Neumann boundary conditions was converted to a Poisson problem

with Dirichlet boundary conditions.

By applying the simple trapezoidal rule (Press et al., 1987), the wall pressure

integration may be derived from Equation (4.13) and written in the successive
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substitution form:

Az} 1 o o o

p; = pi+1 + 9 Red (3T* )'i + (87'* + T—*)i—f—l ’ (512)

',Ff
where i is the grid index in the x*— direction and Az} is the local grid length. The
quantities in the angle bracket on the right may be determined numerically from

the vorticity solutions.

The failure of the two conventional methods arises mainly from the large
computational error in the vicinity of the sharp convex corners where dramatic
changes of the flow quantities occur. To limit the effects of this error in the wall
pressure determination, a special integration path which avoids the involvement of

the sharp corners in the computation has been utilized.

With all the boundary values being assigned, the Poisson pressure equation
(4.8) may be solved numerically by an iterative procedure introduced in the next
section. A pressure comparison between the hybrid method and the experimental

data will be given in Chapter 7.

5.3 Computational Procedure for Flow

Equations

The governing equations (4.4), (4.7) and (4.8) presented in Chapter 4 are a system
of non-linear partial differential equations. The system cannot be solved ana-
lytically and, therefore, must be solved by numerical methods. In this analysis, a
numerical method which is similar in certain aspects to the one developed by Chien
(1977a, b) was utilized, with the important differences being the treatment of the
vorticity boundary condition and the recovery method of the pressure fields. In

this section, a standard form of the governing equations is first derived to represent
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the common feature of these equations. A general finite difference formulation is
then developed so that stable and convergent solutions can be obtained for a wide

range of flow conditions.

5.3.1 The Finite Difference Formulation

Numerical solutions of Equations (4.4), (4.7), and (4.8) were obtained using the
finite difference approximations. To simplify the analysis, these equations can be
cast in a standard form which retains the basic features such as the diffusion, the
convection, the production and the dissipation of a flow variable. The standard

form derived is

529" o> o oP* oP*
(al 9 + ag _——6'7‘*2) - (bl Tav + by 6‘?*) = 8, (5.13)

where ®* represents the flow variables, i.e., Q*, ¥* and p*, a;, as, by, b2 and s are

the corresponding coefficients and source term for each of the variables.

The finite difference formulation of Equation (5.13) can be achieved by apply-
ing the conventional second—order central difference scheme for each terms. In a

nonuniform grid system, it takes the following form

1 oy - g b
12 |G 7 ae S Rt | T maraw |~ (6
G (Az}; + Axfy, ;) \ Axfy,; Az Azi ATy a1

x —~ +

* * * * ¥ *
Az}, + A=z}, Az Az}, Az} Azyy,
* * *
1 Pijn | L) o B LR
¥ 4 £ * * * I
(A, + ArfL ) \ArE,,  Arf, Ary AT ay

i1,
as
2209
+ Gj{
1 Argi @i | Arfin @i\ | (Brf, — Ar,)®7,
. + +
i+l

X
* * * * *
[Afri,j + Ar Ari’jﬂ ATI.J- Ari,jATi,jH
= 0,

(5.14)
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where the decay function G; and Gj, according to Chien (1977b), are evaluated

locally as
1.0 - 0.0625R?, for [R| < 2;
=142 1 (5.15)
—_—— f 2.

b b
where G = G}, when R = —lAm;j and G = G, when R = —%AT;*J-.
ao !

a1
The stability limitation associated with the central difference scheme and ac-
curacy problem inherent to the up—~wind difference scheme are avoided by the use
of the locally evaluated decay functions in the finite difference formulation. In fact,
the introduction of the decay function will provide a smooth transition from the
conventional central-difference scheme to the upwind-difference scheme (Chien,

1977b).

5.3.2 Procedures of the Iteration Process

The general difference equation (5.14) can be expressed in a successive substitution

form

Cl(q’fﬂ,j)(m) + 02(@f—1,j)(m+1) + 03(‘1’3.341)(’“) + 04(‘1_’2‘,;'—1)("‘“) + Sg?)

Cy

(@;ﬂ.)(mﬂ) =

(5.16)
where the superscript m denotes the values at the mth iteration, (m + 1) denotes
the updated value, the coefficients c;, ¢z, ¢3, cs, ¢ and the source term s;; are

given in APPENDIX D for each of the variables, ¥, 9* and p*.

For simplicity, the Gauss—Seidel point iteration method has been used to per-
form the vorticity and the stream function calculations. The SOR (successive
over-relaxation) method has been utilized in the iteration solutions of the pressure

fields to accelerate the convergency.
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5.3.3 Outline of the Solution Procedure

As noted previously, an iterative procedure is followed to first generate the values
of the vorticity and the stream function at each grid node satisfying the system of
difference equations resulting from the descretization of Equations (4.4) and (4.7).
Then the pressure field is recovered by solving a Poisson problem with the Dirichlet
boundary condition. A general outline of the numerical solution procedure is given

in Figure 5.6 and can be explained as follows:

1. The iteration procedure starts with a guess or estimate for the values of O*
and " at all grid points. The initially guessed values of (Q;*J-)(O) and (9} j)(o)
have been set to equal those of the fully developed Hagen—Poiseuille low in

the computations.

2. The computations of the vorticity and stream function form a main loop of
iterations. The stream function is updated by the finite difference form of
Equation (4.7) and the corresponding boundary conditions (4.10), (4.15) and
(4.18). The vorticity distribution is determined from the substitution formula
obtained as the discrete analogue to Equation (5.16). The updated ¢* values

are used in the computations of {2*. The vorticity values at the neighboring

points of the convex corners are calculated according to the procedure given
in Subsection 5.1.2. This iteration process is continued until satisfactory con-

vergence achieved.

3. From the converged vorticity and stream function values, the pressure cal-

culation is performed in a separate loop. The hybrid method introduced in

Subsection 5.2.2 is utilized in the present pressure computations.
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Fig. 5.6. Flow chart of the numerical solution procedure.
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CHAPTER 6
COMPUTATIONAL DETAILS

The development of a reliable numerical algorithm for microscopic level computa-
tions in high F-number flow is crucial for the present analysis. Therefore, further
consideration will be given to the characteristics of the accuracy, convergence and
stability of the method in this chapter. More details about the discrete solution
procedure will be presented. The discussion will start with the generation of the
non-uniform grid on which the differential equations are discretized (Section 6.1).
Later, the accuracy and the convergence of the solutions are examined in Sec-
tion 6.2 and 6.3, respectively. The last section (Section 6.4) will summarize the

computer program developed in this research.

6.1 Computational Grids

To solve the partial differential equations by using the finite-difference procedure,
the first step to be taken is to replace the continuous problem domain with a finite—
difference mesh containing a finite number of grid points. The finite-difference
grids utilized in this study are non—uniform in both axial and radial coordinate
directions. A large number of grid point are placed in the corner region and near the
fluid /solid interface where steep variations in computed quantities are expected.
This allows accurate calculations to be performed without overly increasing the
total number of computational points. In the present approach, simple independent

variable transformations (Anderson et al., 1984) are used to generate the grids.
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Transformation 1:

A suitable transformation for a two—dimensional boundary layer type problem

(V—I—l)?’_’_u
y = hy Y1 (6.1)

where y represents a stretched coordinate and 7 represents the coordinate of

is given by

grid points in a uniform system; v is the stretching parameter. This stretching

transformation clusters more grid points near y = h if v is chosen properly.

Transformation 2:

Another transformation needed is to refine the mesh about some interior point

Y. The following expression serves the purpose:

. sinh{r(§ — E)]
v=ve {1 T sinh(r E) ’ (6-2)
where
1 1+ (e"—1) (%c)
E = oy In Ve 0 <7 <o0.
e )

In this transformation, 7 is the stretching parameter which varies from zero

(no stretching) to large values which produce the most refinement near y = ..

For flow computations of the diverging—converging representative unit cell
considered in this research, the two transformations explained above have been

used together. A sample of the resultant grid is shown in Figure 6.1.

6.2 Accuracy of the Finite—Difference Solutions

The finite-difference discretizations of the set of nonlinear coupled partial differ—
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Fig. 6.1. Nonuniform computational grids for an RUC,




ential equations (4.4), (4.7) and (4.8) lead to a system of simultaneous algebraic
equation that has to be solved in an iterative fashion. To obtain a reliable numerical
solution, it is essential that accuracy and consistency be maintained at every step
of the computational procedure. In other words, the features of the discretization
error and the round—off error of the numerical solutions should be fully taken into

account in the development of the numerical method.

The discretization error results from replacement of the continuous problem
by the discrete model and depends on the finite difference scheme and the grid
size used in the computations. In the present work, all the derivatives have been
represented by second-order accurate, central-difference formulas. In situations
where the central-difference formulas cannot be used, second-order accurate one—
sided formulas are employed. For the solutions of Poisson type equations (4.4),
(4.7) and (4.8), all the coefficient matrices used are diagonally dominant. So both
Gauss—Seidel and SOR iterative procedures have led to stable, second—order accu-
rate solutions. To control the level of the round—off error, on the other hand, all

computations are performed using double precision arithmetic.

The choice of the grids is dependent on the accuracy desired and the com-
putational storage and time available. In this study, the optimum grid size was
obtained by carrying out multi-step numerical experiments because there were two
relatively independent computational schemes, the vorticity-stream function and

the pressure, involved.

6.2.1 Accuracy of the Vorticity—Circulation Method

To deal with the corner singularity, a new scheme, the vorticity—circulation method,

has been introduced in Section §.2. In the numerical integration of Equation (5.11),
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a linear velocity distribution between the grids and a uniform vorticity over the unit
block have been assumed. This means that the trapezoidal rule is applied in both
integrals and theoretically the error should reduce as the grid size decreases (Press
et al., 1987). In an attempt to improve the integral accuracy, the higher-order
Simpson’s rule has also been tried. The numerical results showed that completely
insignificant variations in the integral values occurred for the grids used in the
calculations. To reconfirm the reliability of these assumptions, a conservation test
was performed for the field quantities of a sudden contraction flow in the small
pipe where the most severe change of the flow quantities exists. The numerical
integrals of both sides of Equation (5.10), the circulation (I'*) and the vorticity
flux, were calculated for an area which is contoured by the solid boundary, the
centerline, the inlet of the small pipe and a cross section close to the outlet. The
results of the two cases (Rey = 43 and 1813) are given in Table 6.1 and Table 6.2,
respectively. The data in Table 6.1 show that the difference of the two integral
values is well under 1% at Regq = 43 for all the grids used. The error increases at
higher Reynolds numbers (Table 6.2). For the finest grids, however, this error is

not larger than 4% for all the Reynolds numbers studied.

Table 6.1 Conservation test of the vorticity-circulation method for Reg = 43
Req = 43 137 x 40 163 x 48 189 x 35 208 x 61
Circu. (I') 9.7280 9.5423 9.6168 9.5260
Vort. Fluz 9.6285 9.5910 9.6633 9.5713

Table 6.2 Conservation test of the vorticity-circulation method for Req = 1813
Req = 1813 137 x 40 163 x 48 189 x 55 208 x 61
Circu. {I'*) 6.9533 7.2405 7.4068 7.5588
Vort. Fluz 7.3086 7.5422 7.7236 7.8233
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6.2.2 Accuracy Test for Pressure Computations

The basic governing equations (4.1) and (4.2) represent a conservation of momen-
tum, and the terms in these equations (i.e., the inertial, viscous and pressure),
should be in balance at every point of the flow field. In order to check on the relia-
bility of the pressure computation method, the three terms in these equations were
determined for various flow conditions by substituting the velocity and pressure
values obtained separately from vorticity—stream function and pressure computa-
tion loops. The residual of the equation at each point was then calculated. Figure
6.2 gives the distributions of the terms in the region of the corner for a sudden
contraction with a diameter ratio of 2.50 at »* = 0.1. For the convenience of
the presentation, these data have been normalized with the value of the pressure
term at the exit. It is interesting to note that at Rey; = 10 (Figure 6.2(A)), vis-
cous effects are much larger than inertial effects locally and pressure changes are
caused mainly by viscous forces. The presence of parallel lines for the viscous

and pressure terms implies that the velocity profile and the pressure gradient are
both constant, hence the flow is fully developed. For the high Reynolds number
case shown in Figure 6.2(B) (Req = 1000), the flow remains undeveloped in a
larger part of the pipe. Here inertial effects retard the development of the flow
because the contraction has caused a considerable amount of the pressure energy
to be converted to kinetic energy in the secondary flow. The energy present in the
undeveloped profile must be dissipated to the wall as the profile develops. Most
importantly, the magnitude of the residual is shown to be small in most cases so far
as this research is concerned. At higher Reynolds number the residual increases,
but is still small relative to the dominant terms. This observation suggests that

the present procedure for solving for the pressure is valid.
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1t is essential that the boundary gradient of the pressure solutions should be
compatible with the source term, S,, of the Poisson pressure equation (4.8). This
compatibility is ensured if the Green’s theorem

j{ 9" 45 = f S dA”, (6.3)
8 At

At 3n

where A* is the solution domain with boundary 8A*, is satisfied (Roache, 1972;

Briley, 1974; Ghia et al., 1979).

To evaluate the accuracy of the pressure solutions, both sides of Equation (6.3)
have been numerically integrated for different cases. It was found that the differ-
ence increases at high Reynolds numbers (Req > 200) because of the truncation
error and the discrepancy comes mostly from the pressure gradient computations
in the immediate vicinity of the sharp corner. For the present analysis of high
F-number flow in porous media, however, the pore Reynolds number is well below
200. Therefore, it is reasonable to believe that the pressure computation scheme

predicts reliable field quantities.

6.2.3 Accuracy Confirmation of the Numerical Results

In order to test accuracy of the numerical scheme, the flow in a straight pipe
(D/d = 1) has been taken as an ideal model to check the correctness and the
accuracy of the computer program. By using 21 % 151 uniform grids, the maximum
deviation of the velocity from the Hagen—Poiseuille solution is less than 103, and

the relative pressure difference is not larger than 1072 for all cases.

By assuming that a steady periodic solution exists, namely, the velocity (or
vorticity) field repeats itself in a succession of cross sections that are separated from

each other by the wave length L*, the exit profiles obtained from the (m — 1)th
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iteration are substituted as approximations of the entrance values for the mth iter-
ation in the diverging-converging flow computations. This procedure is continued
until the difference of the two profiles at entrance and exit is satisfactorily small.
The numerical results show that this process converges rapidly at low Reynolds
numbers (Req < 50). When Rey > 50, 4-7 iterations are needed to obtain a change

in the wall vorticity values of less than 1073,

A continuity check was performed at every cross section from entrance to exit
for all computations to ensure that the mass flow rate is a constant throughout

the capillary tube.

In addition to the continuity check, another accuracy test has been carried
out. To do this, the following integral momentum equation for the flow in the

RUC is derived (see, e. g., Fox and McDonald, 1985):

1 *
—/ pfecos(n,i)dA* = - — (&i) cos{mn,j)dA*+
A;I REd A}n or

+ / pecos(n,i)dA”.
A

*
fa

(6.4)

Here n is the unit outward normal vector of the RUC, (1, j) are the unit vectors
in the (z*,7*) coordinate directions, respectively, A%, is the fluid/solid interface,

and A} 1 is the area of entrance and exit of the unit cell.

After the velocity and pressure flelds are achieved, both sides of Equation {(6.4)
can be numerically integrated. They are not exactly equal due to computation

errors. However, the difference of the two sides is less than 5% in all cases.

6.3 Convergence of the Solutions

As already mentioned, the finite-difference grids utilized in this study are non-
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uniform in both the axial and radial coordinate directions. The optimum grid was
obtained by step-size numerical experiments for different numbers of grid points
(45 % 166, 41 % 151 and 37 * 136) to ensure that the vorticity profiles in the corner
region are grid independent for flow conditions considered in this study. A sample

D
of the wall vorticity distributions are given in Figure 6.3 for an RUC with 7= 2

and L = 2. It can be seen that a satisfactory convergence has been achieved by
a grid 1111 * 151 for Req = 100. Similar situations exist for other Reynolds number
cases. Therefore, in most computations, 41 x 151 grids were used. But for the
cases of Req > 60 and RUCs’ with large diameter ratios {D/d) and small length
ratios (L;/L,), 45 = 166 grids were used. It should be pointed out that because

the computational grids are non—uniform, the actual grid size in the region of the

corners are decreased almost by half for different grid numbers.

The vorticity and stream function equations (4.4) and (4.7) are discretized
by means of common central-difference formulas and the approximating sets of
difference equations are then solved by the Gauss—Seidel iteration technique. The
vorticity values at the neighboring points of the convex corners are obtained by
the scheme presented in Section 5.2. The vorticity value at the point S (Figure

5.1) is used to define the normalized residual
(Qg(m) _ Qg(m—l))
Q4 (m)

because this point is always the last to converge. Here m is the iteration number.

£s = (6.5)

A value of 5 = 1072 was used as a convergence criterion in the computations.
The characteristics of the convergence are shown in Figure 6.4 for two Reynolds
number cases of a sudden contraction flow. It is apparent that as the Reynolds

number increases, more iterations are required.
The pressure equation (4.8) is solved by the hybrid method introduced in
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Section 5.2 and the SOR technique is employed in the numerical solving process.
The numerical results confirmed that within 200 — 300 iterations, the normalized

error function
(p*(m) _ p*(m_l))
»T ‘ prm)

(6.6)

over the whole calculation domain in all cases satisfied

gp <1 x 1074

6.4 Computer Program

The computer program used to obtain the numerical solution of the problem is
written in standard FORTRAN 77. To avoid unnecessary repetition and minimize

the computer time and the amount of storage, the simulation was implemented in

three separate programs named as GRID, VORSTR and PRESS.

The program GRID is used to generate the non—uniform computational grids
in the solution domain of different geometries. The geometrical parameters which
are required by the subsequent calculations, such as local grid sizes and the (z*, r*)
coordinates of the grid points, can be determined using GRID and stored in the

corresponding two-dimensional arrays.

With the computational grids established, the program VORSTR is then uti-
lized to iteratively determine the vorticity—stream function fields as well as velocity
distributions in a diverging—converging RUC. These quantities will afterwards serve

as the input for subsequent pressure computations.

The program PRESS has been designed to recover the pressure field using

the hybrid scheme presented in Section 5.2 and to determine the macroscopic
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coefficients, such as the permeability (k) and the inertial coefficient (3) which have
been derived in Chapter 3 in terms of microscopic quantities, through relevant

numerical integrations.
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CHAPTER 7
FLOW MEASUREMENTS

The experiments described in this chapter were designed mainly for examining the
accuracy of the pressure computational scheme. For this purpose, the experimen-
tal work in this study has been devoted to the problem of flow in a tube with
a sudden contraction which embodies most aspects of the characteristics of the
present diverging—converging RUC flow in terms of the flow analysis and numeri-
cal simulation. Furthermore, the pressure-flow rate relationship observed in this
test will also be useful in clarifying the confusion on the excess pressure drop of a

sudden contraction flow.

7.1 Introduction

Because of its considerable importance to both theoretical analysis and engineering
applications, incompressible viscous flow from a large pipe (or a reservoir) into a
small pipe constitutes one of the most widely studied problems of fluid dynam-
ics. A number of numerical studies of the problem of a sudden contraction have
been published. One of the most comprehensive early studies is that of Vrentas and
Duda (1973). Another previous contribution to our knowledge of the subject is the
study by Durst and Loy (1985). That work presents both laser doppler anemom-
etry measurements and numerical computations of the velocity fields which have
been used to verify the accuracy of the present numerical profiles in Chapter 5.

Surprisingly, few computational and experimental results have been published on
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the pressure distributions caused by a contraction. In fact, only two comprehen-
sive data sets are available for the excess pressure loss of a sudden contraction flow
(Astarita and Greco, 1968; Sylvester and Rosen, 1970) and these data sets show

major disagreement with each other and with previous asymptotic limits.

A major interest in such flow is associated with the ability to predict the pres-
sure drop between any two axial locations. To characterize the flow development
in the region, the excess pressure drop, Ap?, which is defined as the difference
between the actual pressure drop in the system and the pressure drop that would
exist if only losses from fully developed flow were present in both pipes, has been
utilized in the analysis of such flow. Through a dimensional consideration, Holmes
(1967) proposed an expression for the excess pressure drop, and this expression

can be written in the form

!

T (7.1)

Ap, = k +

In Equation (7.1), x and ' are two dimensionless parameters and have frequently
been referred to as the Hagenbach and Couette corrections, respectively. A va-
riety of methods have been employed for the determination of these parameters.
Weissberg (1962) considered the problem of Newtonian flow into or away from an
infinite reservoir in the limit as Rey; — 0. This analytical result provides an useful,
low Reynolds number upper bound for the excess pressure drop and is in good
agreement with the experimental data of La Nieve and Bogue (1968) and Holmes
(1967). Various numerical solutions have been derived in order to provide informa-
tion relating the flow development to pressure drop in the region of sudden changes
in the cross sectional area. Most of these studies concentrated on large diameter
ratios and employed the boundary layer assumptions, thus neglecting the axial

transport of vorticity and assuming that pressure is a function of axial distance
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only (Sparrow et al., 1964; Collins and Schowalter, 1963; Vrentas et al., 1966;
Christiansen and Lemmon, 1965; Campbell and Slattery, 1963). These results are
limited to high Reynolds number entrance flow and in some sense provide a high
Reynolds number asymptote to a more complete solution of the problem. In recent
years, some effort has been directed towards obtaining flow predictions by solving
the full Navier—Stokes equations for various contraction ratios and Reynolds num-
bers (Vrentas and Duta, 1973; Carter, 1969; Durst and Loy, 1985). However, due
to the difficulties in extracting reliable pressure distributions (Ref. Section 5.2),
insufficient data of both the pressure field and the excess pressure drop have been

provided in these studies.

In this research, the measurements of the relationship between pressure drop
and flow rate were conducted in the experimental facility introduced in Section
7.2. The measured values, the wall static pressure distribution and the excess
pressure drop, will be used to compare with the numerical predictions. A thorough
comparison between the experimental results and the numerical values predicted
by the hybrid method (Section 5.2) and other published data are given in Section

7.4.

7.2 Experimental Apparatus

In the present research, the measurements of the relationship between the pressure
drop and the flow rate (the Reynolds number) were conducted for two contractions
with diameter ratios of 8.0 and 2.5 using an experimental facility introduced in this
section. To achieve accurate measurements, extra caution has been exercised in

the fabrication of the facility and in the procedure of the tests.
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7.2.1 Geometry of the Sudden Contraction Test Section

Two sudden contraction pipes with diameter ratios of 8.0 and 2.5 were carefully
manufactured in the porous media laboratory at the University of Manitoba. Each
sudden contraction test section consists of two different pipes which are referred
to the upstream and downstream pipe in this chapter. The dimensions of each
pipe are listed in Table 7.1. The lengths of both upstream and downstream pipes
have been kept long enough to make sure that the fully-developed flow condition

is fulfilled for the tests in this study.

Table 7.1. Dimensions of the Test Sections (in mm)
Large pipe Small pipe
D/d= 2.5 diameter: 15.8750.381 diameter: 6.35+0.254
) length: 1,854 length: 1,354
_ diameter: 50.80+0.762 diameter: 6.35+0.254
D/d= 8.0
length: 1,854 length: 1,854

Transparent acrylic pipes were used in the fabrication of the sudden contrac-
tion test sections. Each test section consists of two different diameter pipes which
are joined by two 6 mm thick acrylic langes. To ensure the concentricity of the
test sections, all the flanges were machined at same time in a numerical controlled
milling machine with a precision bore hole in the center. For each pipe, the con-
necting end were machined flush and glued inside of the flange, so that when the

two flanges were bolted together a sharp edged contraction was formed.

The pressure tap holes of 1.2 mm diameter were distributed along the length

of the pipe. The axial locations of these pressure taps are given in Table 7.2.

Table 7.2, Axial Locations of the Pressure Taps (in mm)

Tap number T ] 2 3] 4 3 5 7 F] 9 10 1| 12
Axial Location|-33.34| —40.64-33.02] -25.400-20.32] -15.24{-10.16} -3.08] -2.3¢ | +1.27] +5.08 [+~10.16
Tap number | 13 14 | 151 16 17 18 19 20 21 22 23

Axiai Locationi+15.241+20.32(425.4+33.02 |-+10.641+53,34(+66.04|4-91.44+116.84+142.24[+167.54

94



7.2.2 Test Facility

The pressure distributions across the test section were measured as a function of
flow rate by means of the apparatus shown in Figure 7.1. The overhead tank with
180 liter capacity was found convenient to use in furnishing constant head. The
flow rate was easily controlled either by adjusting the height of the overhead tank
which was installed in a frame and could be moved up and down by a motor or
by changing the relative level of the outlet tubing located in the storage tank. A
70mm ID overflow line on the overhead tank ensured that a constant level and
thus a constant pressure head was maintained at the inlet to the test section. At
the bottom of the overhead tank, an opening was connected to the test section by
a vinyl tube (20 mm ID). The working fluid was circulated around the closed loop

by a centrifugal pump with a reliable speed drive.

Samples of the working fluid were collected for a timed portion of the tube ef-
fluent and weighed on an electronic analytical balance with an accuracy of +0.01 g,

and the flow rate was then calculated.

The pressure distributions were measured in a series of 3.17mm ID acrylic
upright tubes (see Figure 7.1) which were connected to wall static pressure taps.
The heights of the liquid in each tube were read by means of a Sargent—Welch
cathetometer, with a vernier reading to +0.05mm. To have adequate measuring
readings at different flow rates, three Newtonian liquids were used as working fluids

in the tests. They are water, and 40% and 60% glycerine in water solutions.

7.3 Experimental Accuracy

To obtain reliable experimental results, several measures have been adopted to
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minimize the possible errors introduced by the experimental setup and in the ex-

perimental procedure.

First of all, the cathetometer was adjusted to be oriented in a horizontal plane
using the build—in level, and this level orientation was confirmed by monitoring the
heights of the liquid in the upright tubes when there was no flow in the test section.
The test section was then rechecked to ensure that its whole length was located in

a horizontal plane.

As explained earlier, the flow rate to the test section was regulated through
the relative levels of the overhead tank and the outlet tube. To ensure a stable flow
rate for each condition change, the tests were carried out after a sufficient period of
time such that the difference of the flow rates evaluated from two collected samples

were within 1%.

To achieve accurate measurements, trapped air bubbles in the test section
and in the upright manometer were evacuated by various techniques from vacuum

pump to manual suction.

It is obvious that any significant change of the fluid temperature could have
introduced an error in the experimental data. Due to the long length of the test
section, it was difficult to keep the fluid temperature constant in the whole flowing
process simply by heating the fluid in the storage tank (Sylvester and Rosen,
1970). Therefore, all the tests in the present study have been performed under
the condition that the room temperature and the fluid temperature are the same.
This constancy of the fluid temperature was guaranteed by recording the room
temperature and the temperatures at several points in the flow loop simutaneously

during each run. The tolerance for temperature change was 0.2°C.
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The estimates of the experimental uncertainty were obtained following the
procedures of Kline and McClintock (1953). A 95% confidence level for the uncer-
tainty of the excess pressure drop, Ap?, was not more than 6% depending on flow
conditions. For the Reynolds number, the overall uncertainty was less than 5%. A
sample calculation for Reynolds number uncertainty is presented in APPENDIX

E.

7.4 Result Analysis and Comparison

7.4.1 Data Reduction

The primary goal of the experimental investigation was the determination of the
wall pressure distributions and the excess pressure drops for fluid flow through a
sudden contraction. The independent parameters were the Reynolds number and
the diameter ratio for the geometry considered. In the presentation of the data,
the cross—sectional area of the small pipe is used as the reference area. The mean
velocity and the diameter of this cross—section has been utilized as the velocity

and length scales for nondimensional quantities.

The mass flow rate in the small pipe, 7, is determined from

W
m = g_Ai, (7.2)

where W represents the weight of the fluid collected in a time interval, A¢, and g

represents the acceleration of gravity.

For a given geometry, the pressure drop depends only on the Reynolds number

pUdd 47
== = N 7.
Red o Wﬂd ( 3)
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The dynamic viscosities of the fluid were rechecked by using a HAAKE falling-ball

viscometer at the same temperature conditions as the tests being performed.

The wall static pressure, p, is presented in a dimensionless form

2
. _ b _gh _(pnd
pP= = = 7 —(4m) gh, (7.4)

where A is the height of the upright manometer, taking Tap No. 1 (see Table 7.2)

as the reference level.

After the static pressure distributions are determined, the excess pressure drop

as defined in Equation (7.1) can be written as

Ap,

Ap: = 1 — o = Ap* - Ap}u!lydev.! (75)
-pU
2 PU4
where Ap* is the dimensionless pressure drop through the contraction, and
APTulydev. 8 the nondimensional pressure drop due to a fully developed flow cal-

culated from

64 L7
Apfullydev. = L [—D

d
+ 1. 7.6
Reg % | Iy (5) ] (7.6)
In Equation (7.6), L} and L}, denote the dimensionless lengths of the small and

large pipes, respectively.

7.4.2 Pressure Distribution

The pressure drops were measured for a range of Reynolds numbers (10 < Reg <
1800) for each of the contractions. It has been found in the tests that the viscous
pressure losses in the large pipe (upstream of the contraction) were negligibly small
for the geometries considered. This observation suggests that the viscous integrals

over the surface of the large pipe in Equations (3.36), (3.37) and (3.38) may safely
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be ignored in the evaluation of the macroscopic coefficients. This point will be

brought up in more detail in Chapter 8.

Some representative pressure profiles in the small pipe (downstream of the
contraction) are shown in Figure 7.2 and Figure 7.3 with p* = 0 being assigned
to the pressure level at the first tap in the large pipe of the test section. For
the case of D/d = 8.0, computed pressure profiles of fully developed flow are also
plotted (Figure 7.2). It can be seen that the Hagen—Poiseuille flow condition has
been established within the length of the small pipe for the Reynolds numbers in
this study. A comparison between the numerical profiles predicted by the hybrid
pressure computational method (Section 5.2) and the measured values are given
in Figure 7.3 for the entrance region. Curves are for Req = 12.2, 80, 128.7 and
652, respectively. A good agreement between measurements and computations
may be observed. This comparison verifies that the pressure integrations over
the fluid/solid interface predict reliable boundary values for subsequent iterative
pressure computations of the interior points by means of the procedure explained

in Section 5.2.

7.4.3 Comparisons of the Excess Pressure Drop

The excess pressure drop, Ap?, which physically represents the kinetic energy
changes and the excess viscous dissipation of energy in the flow development, was
calculated for various Reynolds numbers. The dependence of excess pressure drop
on Reynolds number is shown in Figure 7.4 (D/d = 8.0) and Figure 7.5 (D/d =
2.5). It can be seen that for D/d = 8.0 an increase in the excess pressure drop
occurs below Rey~~150. A similar observation has been reported by Astarita and

Greco (1968). According to the experimental data, the best estimates for
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Hagenbach and Couette corrections are x = 2.24 and «' = 36.2 for D/d = 8.0
as shown in Figure 7.4. For the purpose of comparison, the numerical results
predicted by the hybrid method as well as the values given by Vrentas and Duda
(1973) have been plotted in Figure 7.5. The present numerical results compare
favorably with both of them. The solid line drawn in Figure 7.5 is Equation 7.1

with k = 2.10 and &' = 16.1.

Comparisons of the Hagenbach and Couette corrections of the present with
some results from previous experimental and theoretical studies are given in Tables
7.3 and 7.4. It is quite clear that both x and &' are —g— dependent. In the low Rey
range {Table 7.4), both experimental and numerical results of the present study
fall below the upper bound theoretically established by Weissberg (1962) and ex-
perimentally verified by La Nieve and Bogue (1968) for the “creeping” flow limit,
and a consistent trend holds as % increases from low to high values. The values at
high Re; (Table 7.3) also agree well with other numerical results and theoretical
limit (boundary layer calculations for g — 00). The experimental results of both
Astarita and Greco (1968) and Sylvester and Rosen (1970) lie considerably above
the present results and these two data sets agree neither with each other nor with
the asymptotic limits. Through an analysis of the hydrodynamic definitions of the
corrections (x and ') derived by a momentum conservation, Ma and Ruth (1993c)
pointed out that the negligence of the pressure change at the cross section of the
sudden contraction might result in the higher values of Hagenbach correction. An-
other possible reason for the deviation of the experimental results by Astarita and

Greco (1968) and Sylvester and Rosen (1970) is the temperature change in the flow

loop which affects considerably the accurate determination of these corrections.
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Table 7.3. Comparison of the Hagenbach Correction (x)

Reference Type of Solution % K Ileq Range
Rieman (1928) Experimental o0 2.25 200-1000
Astarita & Greco (1968) Experimental 2.5 5.48 10-2000
Sylvester & Rosen (1970) Experimental 8.0 2.40 6-2800
Camphbell & Slattery (1963) Numerical 20 2.09
Collins & Schowalter (1963)  Numerical oo 2.33 | boundary layer
Vrentas et al.(1966) Numerical oo 2.28 assumptions
Sparrow et al.(1964) Numerical oo 2.24
Present Research Experimental 8.0 2.24 10-1800

2.5 2.10 10-1800
Numerical* 2.5 2.08 1.1-1000
1.67 1.89 0.1-1000
1.25 1.31 0.1~1000

* Reported in Ma and Ruth (1993a).

Table 7.4. Comparison of the Couette Correction {x')

Reference Type of Solution -?— & Req Range
Dorsey (1926) Experimental > 50 18.37-36.67 < 10
Holmes (1967) Experimental > 50 37.7 0.01-1
La Nieve & Bogue (1968) Experimental 11.8 36.8 6.75 x 10—
Astarita & Greco (1968) Experimental 2.5 795 10-2000
Sylvester & Rosen (1970) Experimental 8.0 295 6-2000
Weissberg (1962) Numerical oo 37.7 Req — 0
Present Research Experimental 8.0 36.2 18-1800

2.5 16.1 10-1800
Numerical* 2.5 14.41 0.1-1000¢

1.67 10.70 0.1-1000

1.25 4.2 0.1-1000

* Reported in Ma and Ruth {1593a).
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CHAPTER 8
RESULTS AND DISCUSSION

A systematic numerical experimental study was performed by the procedure given
in Chapter 5 for the geometric model introduced in Chapter 4 with the aim of im-
proving the understanding of how the macroscopic properties of a porous medium
are influenced by the pore geometric and flow conditions. As already described,
three parameters characterizing the solution domain of the present RUC’s are the
diameter ratio, D/d, the length ratio, L,/L,, and the length to diameter ratio, L/d.
By changing any of the three, different flow channels will be formed. Samples of
the RUC’s used in the computations are given in Figure 8.1 to graphically show
the trend of the geometric variations. In this research, the numerical calculations
of the diverging—converging capillary flow were furnished for the RUC’s formed by

changing sequentially the characteristic dimensionless parameters:
Diameter ratio: D/d = 1.5, 2, 3, 4;
Length ratio: L;/L, = 1.143, 2, 3.167, 4;
Periodical length to diameter ratio: L/d = 2.925, 3.9, 4.875, 5.363,;
Reynolds number: Rey = 0.01 — 100.

In this chapter, the numerical results for the microscopic flow regimes within
different RUC’s will be presented in Section 8.1, and a full discussion of behaviors
of the macroscopic properties will then be given in Section 8.2. Based on these

results, Section 8.3 will focus on a quantitative analysis of the nonlinear phenomena
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in high F-number porous media flow.

8.1 Microscopic Flow Mechanisms

Developments of the fluid motion for the RUC’s with different geometries and
pore Reynolds numbers have presented diverse patterns as distinct from simple
expansion or contraction flow. The detailed information of the microscopic flow
field provided in this section, in association with the quantities from the continuum
approach on the macroscopic level (see Section 8.2), will be helpful to gain a better
knowledge of the nature of the flow in porous media. All the figures are given at

the end of the chapter for the continuity of the presentation.

8.1.1 Streamlines and Vorticity Contours

The pore flow fields were determined by the numerical procedures developed in
Chapter 5 for the different RUC’s at various flow rates. Some typical flow patterns
in the diverging—converging RUC’s are presented in Figures 8.2, 8.3 and 8.4 for
changing flow Reynolds number and geometry. In Figure 8.2, the solid curves in
the upper portion represent the streamlines and the curves in the lower portion
represent the vorticity contours. For the cases of diameter ratio D/d = 2, two
small-size corner vortices and a symmetrical vorticity distribution are found for
Rey =1 (Figure 8.2(A)) which represents a typical Stokes type of low. The sizes
and positions of the vortices change gradually as Rey4 increases. The vortex at the
back-step wall moves downward and expands as shown in Figure 8.2(B). At even
higher Rey, these two vortices degenerate into a large recirculation zone which fills

the cavity of the large segment of the RUC (Figure 8.2(C)). The vorticity contours

109



shown in Figures 8.2(B) and 8.2(C) are stretched in the direction of flow by the

convective effects as the Reynolds number becomes larger.

The streamlines for geometries of large diameter ratio are given in Figure
8.3(A). A three—vortex system, two small ones at the corners and a large one at
the center (Figure 8.3(A})), becomes a two—vortex system with changing sizes and
intensities as Req increases (Figure 8.3(B)). Another typical pattern, shown in
Figure 8.4, is observed for large length ratio (L;/L,) conditions. In such cases,

only one observable vortex was predicted for all the Reynolds numbers studied.

The vorticity distributions over the fluid/solid interface with normal in the r
direction are given in Figure 8.5 for different RUC’s as a function of the Reynolds
number. It is obvious that two peaks of vorticity exist at the convex corners for
all cases, and the flow erodes the vorticity peak more quickly at lower Reynolds
number. The different flow patterns shown in Figure 8.2 can be related to the wall
vorticity distributions in Figure 8.5{C) where the separation and reattachment

points may be identified with Q* = 0.

8.1.2 Velocity Fields

The centerline velocity distributions are plotted in Figure 8.6 as functions of the
Reynolds number for two RUC’s with different length ratios. The position of the
minimum moves in the direction of flow and the magnitude of the lowest point goes
up as Reynolds number increases (e.g., Figure 8.6(A)). This trend can be better
understood by reviewing the flow patterns in Figure 8.2. The development of the

vortices narrows the effective flow passage as Reynolds number increases.

Figures 8.7, 8.8 and 8.9 show the numerical axial and radial velocity profiles

110



at several representative length positions: the entrance of the RUC, the inlet of the
large cylindrical segment, two positions inside the large segment, and the mouth
of the second narrow pipe. For the cases of Rey = 20 and 80 (Figures 8.8 and 8.9),
backward flow exists at a certain radial distance in the large segment because of
the recirculation region. However, no obvious vena contracta type of behaviour
{and velocity overshoot) at high Reynolds number is observed for the cases of the
diverging—converging flow. In fact, the development of the vortex system in the
diverging—converging pipe weakens the effects of the sudden geometric change and

presents the flow as distinct from the single expansion or contraction flow.

A series of velocity vector diagrams for various RUC’s is presented in Figures
8.10, 8.11 and 8.12 at different Reynolds numbers from 1 up to 100. These diagrams
may serve as a complement to the results presented above to show variety of flow

patterns at different geometric and flow conditions.

8.1.3 Pressure Distributions

After the velocity fields were determined, the pressure distributions were calculated
by the hybrid scheme (Section 5.2). The cross—sectional pressure profiles at six
typical length positions are given in Figure 8.13 for the case of D/d = 3 at Reg =
80. The dashed lines represent the axial positions where the profiles were taken.
The solid lines represent the pressure values above the entrance pressure and as
scaled in the graph. It can be seen that most of the pressure loss comes from the
narrow pipe, and far from the corner the cross—sectional pressure values change

very little although they are never constant.

A representative evolution of the cross-section mean pressure P* is shown

in Figure 8.14. The solid lines on the graph are the pressure distributions which

111



would exist if only fully developed, Hagen—Poiseuille flows were present in the large
and the small pipe. For the cases of Rey = 1, 10 and 20 (Figure 8.14(A)~(C)), the
pressure values in the upstream small pipe are close to those of Hagen—Poiseuille
flow because the process is dominated by viscous forces. In the large pipe, the
mean pressure gradually goes up depending on the Reynolds number. This trend
was observed for all Reynolds numbers studied. The decelerating motion of the

fluid leads to an increase in the static pressure on the fore-step wall.

Another dimensionless parameter, the excess momentum loss factor £,, was

defined by Azzam and Dullien (1977) as:
& = %, (8.1)
where P* is the dimensionless cross—sectional mean pressure and AP} p, the di-
mensionless pressure loss, is evaluated by applying the Hagen-Poiseuille equation
to the pore (the large pipe) and the throat (the small pipe)
APpp = (APfp), + (APfp),
32 L*( d )4 32 (8.2)

- =] - =1
Red P\ D Red t

Hence, &, is a measure of the excess energy dissipation effects which take place in

the diverging-converging RUC and which have not been taken into account by the

Hagen-Poiseuille equation.

A systematic investigation of the effects of geometric and flow parameters on
&p has been undertaken. Some typical results for four different values of length
ratio L;/L, is illustrated as a function of diameter ratio D/d in Figure 8.15 for
Req = 10. Because AP* is a weak function of D/d (see Subsection 8.2.2), the
observed decrease in &, as D/d increases is due to a decrease in (APfp),. This
effect becomes more obvious at small values of L,/L,. For the RUC of uniform

diameter (D/d = 1), the excess momentum loss factor equals to unity.
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8.2 Behavior of Macroscopic Properties

Detailed descriptions of the microscopic flow patterns within RUC’s have shown the
dramatic changes of vortex system for different geometries and Reynolds numbers.
The variations of the pore flow fields will certainly alter the interfacial vorticity
and pressure distributions. The two integrals (Equations (3.32) and (3.34)) and
therefore, the macroscopic parameters (k, 5 and Fo, etc.) which can be determined

numerically, will have different values accordingly.

8.2.1 Reynolds Number Effect on &, and Fo

From their definitions, both k, and Fo (Equation (3.38)) are velocity dependent.
Further, &, is a function of d and £. For the purpose of comparison in this subsec-
tion, d = 1 and £ = 1 have been applied in the calculations. Figure 8.16 shows the
influence of Reynolds number (flow rate) on the Forchheimer number (Fo). In the
low Reynolds number region (Rey < 1), Fo is nearly to zero. It follows that &k, =
k, and a linear relationship between the average pressure gradient and the specific
discharge exists (Ref. Equation (3.28)). As the Reynolds number increases, the
microscopic inertial effect is no longer negligible. As a dimensionless criterion of
the macroscopic nonlinear effect, Fo has a significant magnitude. At even higher
Regy (e.g., Req > 6), Fo grows more quickly. A transition zone is presented in
the Reynolds number region (3 < Rey < 10), where the effect arising from the
microscopic inertial force gradually builds up in importance until it dominates in

the transport process.

The velocity-dependent permeability k, versus Reynolds number is plotted in

Figure 8.17. The symbols in the graphs denote different diameter ratio conditions.
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For the case of L;/L, = 2 and L/d = 4.875, the RUC with greater diameter ratio
has smaller pressure loss and therefore larger permeability. But this effect becomes
less pronounced for higher Re; cases. The geometry effects on Fo and k, will be

discussed in detail in the following subsections.

8.2.2 Average Pressure Loss AP*

Four cases of average pressure loss AP* through the capillary RUC’s are given
in Figure 8.18, for Rey = 1, 10, 20 and 80, taking the diameter ratio and the
length ratio as the independent parameters. One may see from the graphs that
the pressure loss is very much dependent on the length ratio (the ratio of throat
length to pore length), but is weakly dependent on the diameter ratio. This result
supplements the research by Dullien and Azzam (1973) and Azzam and Dullien
(1977). In their work, the importance of the length ratio was not taken into account

in either the theoretical development or the experimental results.

In Figure 8.18, the dashed lines represent the pressure drop for D/d = 1,
namely, a straight pipe with diameter d. For the case of Rey = 1 (Figure 8.18(A)),
the pressure losses for the diverging—converging RUC are all smaller than those for
the straight pipe. The explanation for this phenomenon is that the viscous effect
is the main source of the pressure loss at low Reg values and the viscous loss in
the pore segment (large pipe) is always reduced when the diameter ratio increases.
However, this situation changes at higher Reynolds numbers (Figures 8.18(C) and
(D)). Here the pressure loss relating to the inertial effect grows and exceeds the
pressure gains by the pore effect. Therefore, in some cases (large length ratio), the

average pressure losses are larger than those for the straight pipe.
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8.2.3 Interfacial Drag Force

With known microscopic flow flelds, the interfacial viscous and pressure integrals of
Equations (3.26) and (3.27) can be numerically obtained for different RUC’s. The
influence of the diameter ratio and the length ratio on the dimensionless integrals
Vinr and Py as a function of the Reynolds number were studied for different L/d
patterns. Some typical results are presented in Figure 8.19 for V/y, and Figure
8.20 for Pfy,. For the given length to diameter ratio, it can be seen in Figure 8.19
that the viscous integral in all cases increases as the diameter ratio (D/d) decreases
(Ref. Figure 8.1(A)), and converges to the asymptotic value at D/d = 1, where
Hagen—Poiseuille flow results. The effects of the diameter ratio change become
less important at large D/d values since it is evident from Figure 8.19 that V/y,
has gradually achieved an asymptotic value. The explanation for this phenomenon
is that the surface viscous stress in the pore is reduced when the diameter ratio
increases. The increases of the length ratio (Ref. Figure 8.1(B)), L;/L,, result in
a longer throat and therefore, a larger surface viscous force. The pressure integral,
Py, represents the resistant force resulting from the geometric formation of the
flow channels. For a straight pipe (D/d = 1), this force equals to zero. As shown
in Figure 8.20, the computational results predicted a maximum at the diameter
ratio D/d ~~ 1.5 ~ 2. As the pore Reynolds number increases, the diameter ratio

corresponding to the maximum pressure integral decreases.

From their definitions, both pressure and viscous integrals are dependent on
the local flow mechanisms. Figure 8.21 shows the influence of the pore Reynolds
number on the total interfacial drag force, i. e., Viyr+Pfyr. The dashed lines
in the graph represent the linear relations between the interfacial drag force and

the Reynolds number. It is evident that at certain values of Reynolds number,
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depending on the microstructure, the interfacial drag force gradually deviates from
the linear relation due to the microscopic inertial effects. This result suggests that
the closure representation of this force should include higher order terms with

respect to the averaged velocity for the cases of high F-number flow.

The effects of the length ratio, L;/L,, on the total drag force may be observed
from Figure 8.22 for two Reynolds numbers. The asymptote at L;/L, — oo is
given by the dashed line. It can be seen that the drag force increases as the length

ratio becomes larger.

The macroscopic parameters describing the porous structure, such as porosity
and areosity, may be calculated for each RUC of the present model. An attempt
has been made in this research to correlate the interfacial drag force with these
parameters. However, it was found that such correlations are hard to achieve. To
be more specific, RUC’s with equal values of porosity and arcosity at the same flow
rate, may possess very different values of the interfacial drag force depending on
the pore configuration. These results suggest that constitutive correlations should
be more carefully formulated in order to simulate the dependence of the integrals

on the local flow condition and geometrical configuration.

8.2.4 Geometric Effects on k,, Fo and g

As mentioned above, the values of k, and 3 are dependent on a characteristic
length and the areosity. In this study, the diameter of the throat is conveniently
taken as the characteristic length, and d = 1 throughout the calculations. But for
the present model, there is no obvious cross-sectional area A4, to be used in defining
the aerosity. For the sake of comparison of the results for different geometries, a

cross section A; = 4.5 * 4.5 has been chosen (Figure 4.1). Numerically, this area
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equals the quotient of the total cross-sectional area of the model porous medium to
the number of parallel low channels embedded in the impervious solid. Following
the definition of A}, the aerosity and the porosity of the unit cell may be calculated

for each case.

The influence of diameter ratio and length ratio on Fo and k, as a function
of Reynolds number were studied for different L/d patterns. Two typical results
are presented in Figure 8.23 for &k, and Figure 8.24 for F'o. It may be noted that
the length ratio effect on k, (or F,) for the Reynolds numbers studied becomes less
important at large L;/L, values. The magnitude of the Darcy’s law permeability k
can be found approximately from the curve for Rey = 1 in Figure 8.23. The results
suggest that for a porous medium with large throat-to-pore length ratio (L;/L, >
3) and large diameter ratio (D/d > 2.5), both the Darcy’s law permeability & and
the velocity dependent permeability &, are approximate constants which depend
on Reynolds number and the length/diameter ratio only. Similar to the analysis
of the pfessure loss AP*, k, and Fo are weak functions of the diameter ratio. This
conclusion can be obtained by comparing &, graphs for D/d = 4 (Figure 8.23) and
D/d =2 (Figure 8.25).

Figure 8.26 shows the permeability &, at different length/diameter ratios. For
a fixed length and a fixed diameter ratio, the larger the value of L/d, the less
frequent will be the change in geometry (Ref. Figure 8.1(C)). This results in

smaller pressure losses, and therefore in greater permeability.

Another typical result for the relationship between %, and the porosity is given
in Figure 8.27. It can be seen that k, increases quickly as the porosity becomes
larger for the case presented. The reason for this is that for fixed diameter ratio

and length/diameter ratio, the change of the porosity results from the change of
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the length ratio, and a larger value of the porosity corresponds to a smaller length
ratio and a smaller pressure loss, which results in a larger permeability. It should
be mentioned that this correlation is performed with the diameter ratio and the

length to diameter ratio kept unchanged.

The geometric effects on the inertia coefficient § are given in Table 8.1 by
taking A} = 4.5 * 4.5 as the reference area. In large diameter ratio and small
length ratio cases, the variation of the cross—sectional area along the axis is more
pronounced and abrupt, which results in more visible change of the velocity, and
therefore, in high inertial effects. It was found in the computations that the inertia
coefficient 8 depends weakly on the velocity. This may hint that a higher order

approximation is needed for the present geometric model.

Table 8.1 Geometric effects on the inertial coefficient § for L/d = 4.875.
D/d  LefLp 1.143 2 3.167 4
1.5 33.704 31.842 29.449 25.926
2 46.600 43.476 33.903 29.050
3 48.395 46.002 35.565 29.112
4 49.858 46.401 37.360 30.446

8.3 Physical Explanation of Nonlinear Effect
in High F-Number Flow

The analysis of the flow phenomena at the pore level indicates that the particles
of fluid move tortuously through the channel. The inertial term (Ref. Equa-
tion (3.12)), which is proportional to the fluid density and its acceleration, is a
nonzero quantity at every point inside the capillary because of the sudden geom-
etry changes. This term can be regarded as a force term. Dynamically, the terms

in the microscopic momentum equation (i.e., inertial, pressure, viscous and body
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force) should be in balance at every point of the fluid phase. However, the dif-
ferent terms, which represent different physical phenomena, play changing rdles
in different flow conditions. The data for the mean values of these microscopic
forces and the relative magnitude of the macroscopic parameters (Fo or k,) at
different Reynolds numbers will be helpful for precisely describing the nonlinear
phenomena for high F-number flow. Accordingly, Equation (3.12) has been inte-
grated over every cross-section for various Reynolds numbers. The mean values of
inertial, pressure and viscous forces through the capillary are illustrated in Figure
8.28. For a convenient presentation of the results, the curves are normalized with
the value of the pressure term at the entrance. At a low value of Reynolds number
(Figure 8.28(A)), the inertial force is negligibly small everywhere. Here the pres-
sure force is basically balanced by the viscous force. For the higher value of Rey
at which the macroscopic nonlinear behavior becomes more and more observable
(Ref. Figure 8.16), the inertial force becomes nonnegligible as compared with the
viscous force in the region of the sudden geometry change (Figure 8.28(B)). At
even higher Reynolds number cases (Figure 8.28(C)), the inertial force and vis-
cous force contribute equally in balancing the pressure change. It may be noticed
in Figures 8.28(A)~(C) that the inertial effect is concentrated in the vicinity of
the two convex corners for the present model. The numerical residuals (a mea-
sure of numerical error) of the integrations are also plotted in Figure 8.28. It can
be seen that they are smaller quantities except near the corners at the highest
Reynolds number. At high Reynolds number, the residuals increase, but are still

small relative to the dominant terms.

As already mentioned in Subsection 3.2.1, the microscopic inertial term in the
averaged momentum equation (3.18) disappears due to the no-slip condition on

the fluid/solid interface. But it is important to remember that its effect has been
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stored in the distorted velocity and pressure fields and in turn is manifested in the

interfacial integrals of the pressure and the viscous force.

From the discussions above, it seems reasonable to conclude that if the growth
of interfacial drag forces at high flow velocity is taken as the superficial reason for
the nonlinear behavior of the flow (Hassanizadeh and Gray, 1987), the fundamental
source of the phenomena should at last be attributed to the microscopic inertial

force.

8.4 Remarks

The numerical solutions for fluid flow in a porous medium modelled by periodic
diverging—converging capillaries have been performed for the purpose of quantita-
tively analyzing the relationship between the microscopic flow and the macroscopic
responses. The result analyses presented in this chapter support the following con-

clusions.

1. The development of the fluid motion at different geometries and Reynolds
numbers reveals diverse flow patterns as distinguish from simple expansion or

contraction flow;

2. The numerical analysis of microscopic flow and the macroscopic response
clearly shows that the fundamental reason for the onset of nonlinear flow
(Regq = 10) is the microscopic inertial force which has been manifested in the

interfacial drag force;

3. The interfacial drag force depends strongly on the geometric and flow condi-
tions at the microscopic level. The four parameters characterizing the micro-

scopic flow for the present model are the diameter ratio, the length ratio, the
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length to diameter ratio and the pore Reynolds number, although not all of

them are of the same importance in all circumstances;

. The permeability k& (or k,) and the inertial coefficient 3 are complex func-
tions of the microstructure. For the periodic diverging-converging capillary
model, the microstructure is characterized by three dimensionless parameters,
namely, the diameter ratio, the length/diameter ratio and the length ratio.
Compared with the length/diameter ratio and the length ratio, k, (or k) and
B (or Fy) are weakly dependent on the diameter ratio for D/d > 2.5. The ve-
locity dependent permeability &, (or the Darcy’s law permeability k) may be
approximately treated as a constant which depends on the Reynolds number

and the length/diameter ratio when L;/L, > 3 and D/d > 2.5.
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Fig. 8.10. Velocity field for the RUC of D/d = 1.5, L,/L,

L/d = 4.875.
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Fig. 8.10. Velocity field for the RUC of D/d = 1.5, L/L, =2 and

L/d = 4.875.
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Fig. 8.11. Velocity field for the RUC of D/d
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Fig. 8.12. Velocity field for the RUC of D/d
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CHAPTER 9

CONCLUSIONS AND FUTURE
WORK

This chapter will summarize the accomplishments of the present study on the mi-
croscopic analysis of high Forchheimer number flow in porous media by an explicit

geometric model. Recommendations for future work are also presented.

9.1 Accomplishments of the Present Research

In order to achieve a better understanding and predictions of high F-number flow
in porous media, this research has concentrated on the quantitative analysis of the
pore level low and the macroscopic effects of the microscopic phenomena. The
problem studied in this dissertation can be divided broadly into two area: (i)
the development of the mathematical model for quantitative descriptions of the
transport phenomena; (ii) the development of numerical schemes which provide

reliable solutions for the subsequent analysis.

The quantitative relationship between the macroscopic effects and the micro-
scopic phenomena was established by a new form of the Forchheimer equation
through physical and mathematical considerations, using the volumetric aver-
aging method. The formulation explicitly correlated the macroscopic coefficients
with the microstructure and pore flow variables and clarifies the physical mecha-

nism of high F-number flow in porous media.
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As another unique result, in the second area of this research, the numerical
method for accurate predictions of microscopic flow is characterized by two new
schemes which deal efficiently with the vorticity singularity and the pressure calcu-
lation. The whole solution procedure for the quantitative analysis of porous media

flow has been proved to be efficient and reliable.
The main accomplishments of this work are presented below:

1. A computational method and the corresponding computer program have been
developed for the numerical solution of the flow fields at the pore scale. The
good agreement between the predicted results and the experimental data sup-
ports the applicability of this numerical procedure for domains with sudden

geometric changes.

2. The pressure computational scheme developed in this study circumvents the
uncertainty of the integration method and the divergence of the traditional

differential method. Fast convergence and satisfactory accuracy are obtained.

3. A scheme for treating the vorticity singularity at sharp convex corners has been
developed. This new and unified method (the vorticity—circulation method)
can be applied at both low and high pore Reynolds numbers and exhibits good

agreement with both experimental data and other numerical methods.

4. The microscopic flow mechanisms in the porous media have been systemati-
cally studied by using the diverging—converging RUC’s of a spatially periodic
homogeneous model. The numerical results reveal the development of fluid
motion at different pore geometries and Reynolds numbers. The detailed infor-
mation of the microscopic flow patterns served as a basis for the quantitative

study of the phenomena on the macroscopic level.
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5. According to physical and mathematical principles, precise hydrodynamic def-
initions have been given to the macroscopic coeflicients: Darcy’s law perme-

ability, inertial coefficient and Forchheimer number.

6. Through the quantitative comparisons of different terms in both the micro-
scopic and the macroscopic momentum equations, the results have clearly
shown that the fundamental reason for the onset of nonlinearity should be
attributed to the microscopic inertial force which has been manifested in the

interfacial drag force.

7. The macroscopic coefficients have been numerically calculated at various com-
binations of micro-geometry and flow rate (the pore Reynolds number), and

graphically correlated with relevant microscopic parameters.

9.2 Recommendations for Future Work

As already reviewed in Chapter 2, although some of the advantages of the volumet-
ric averaging method are obvious, this procedure gives rise to unclosed problems
for the quantities which represent the effects of the microscopic configuration of
interphase boundaries and the actual variations of the state variables within each
phase. Even for the volumetric averaging method itself, there are still some un-
solved practical problems, such as the justification of the assumptions which have
been used in the development of the theory (Subsection 2.3.3) and the quantifica-
tion of the closure forms (Subsection 2.3.4). In other words, a quantitative analysis
of the averaging theory must be performed before pursuing any useful solutions by
this approach. Regarding the numerical solution of the macroscopic momentum

equations, the author recommends the following for future investigation:
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1. To gain an insight into the réle of certain geometric parameters of porous
media (such as the curvature and branching of flow channels, and the het-
erogeneity of a medium), a more general model should be introduced in the

numerical simulation of pore flow;

2. For a more general geometric model, the information at the microscopic level
can be employed to verify: (i) if the average theorem is quantitatively correct;
(ii) how the average values are distributed within the REV; (iii) if the gradient
of average quantities is negligible in the macroscopic momentum equation in a
length dimension of the REV. One direct application of the above comparison
is the deletion of nondominant terms in the macroscopic governing equations.
Although order of magnitude analyses have been widely used in the study
of porous media flow, this quantitative analysis undoubtedly provides a more

sound basis for the scale assumptions.

3. The dispersion term, < ;i >/, and the interfacial integral terms in the
macroscopic equation will not equal to zero in general. Their relative magni-
tudes and correlations with the geometric properties and averaged variables

can be quantitatively achieved through a systematic numerical experiment.
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APPENDIX A
AVERAGING OF THE VISCOUS

TERM

According to the averaging rule (3.9), the averaging of the viscous term in Equation
(3.13) is

8%u; g ,0u;

t f e 2 t f
Or;0r; > s 3Tj(8rj) >

a Ou; 1 Ju;
_ tSf _— ¢ .
9X; (< Or; g ) i /;;f, (3Tj)cos(n’ ejldd+ (4D

Ou; >fl d¢ .
5‘-rj ¢' BXJ

<

+ <

The first term on RHS of Equation (A.1) can also be written as

. oI oS
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(A.2)

The integral term in Equation (A.2) vanishes due to the no-slip condition.

The third term on RHS of Equation (A.1) can be expressed in the form

: T T
dui ;1 8¢ _[a<uz> L / wecos(m, o) 4 <> 09 |1 09
Ags

Sor, 00X, | ox; v 60X, | 40X,
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(A.3)
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Substituting Equations (A.2) and (A.3) into Equation (A.1), one may finally have
8u; F<u; >I 1 Ju;
2 I — i Y ]
aror; © T 0X,0%; | Vi /Ah (arj ) cos(n, &) dA

< Uy > 32¢ +23<’U@ >f}_ 9¢
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APPENDIX B
ANALYSIS OF THE DISPERSION
TERM

After averaging the microscopic momentum equation (3.12), a dispersion term,

ety
ai’:a—ug—’—z—, is obtained, where u; denote the fluid velocity. In the following, a deriva-
tion will be given for this term to clarify some confusion that exists in the analysis

of nonlinear flow.

It is noted that each component of pu;u; is continuous in Uy and generally
has a continuous gradient inside Uy and on the boundary of U;. By applying the
definition of the average and the Gauss’s theorem for the fluid phase within U,

one may obtain

Uy

(9‘T‘j - i}; B'rj
= — ([)’&1113) COS(B, ej) dA _ (B].)

+ — (pit;ti;) cos(n, e;) dA.

On the other hand, according to the averaging rule (3.9), the LHS of Equation

(B.1) can also be expressed in the form

< a([)ﬂ.iﬂj) i o< pﬂiﬁj >/

87”_,‘ 3XJ
1 .
+ i}; » (pit;i;) cos(n, e;)dA (B.2)
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¢ OX;
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The combination of Equations (B.1) and (B.2) gives
a9< p'&i’&j >f . i
8X, Vi Ja,
_ < pu;ty >/ d¢
¢ aX;’

(pﬁ,iﬁ,j)cos(n, ej) dA
(B.3)

From Equation {B.3), it is evident that the dispersion term depends not only on
the macroscopic properties, but also on the local flow conditions. In other words,
the macroscopic change rate of < p@;i; > is closely related to the net flux of pi;@;
through the part of the surface bounding U, that intersects only the fluid phase,

per unit volume of the fluid phase.

To be more specific, the relation, %; = u; — < u; >/, may be substituted into

the integral term of Equation (B.3):

o< piii; >I p /
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For simplicity, the fluid phase has been assumed incompressible in the derivation
of Equation (B.4). Physically, the first term represents the net momentum flux
of unit volume of the fluid phase inside of U, through A;; due to the microscopic
movement. The second integral represents the net mass flow rate over the boundary
of Uy. For steady flow, it equals to zero. The third term represents the momentum
flux of the microscopic flow due to the average movement. The fourth integral

of Equation (B.4) is the projective areas of As; on the X; directions, and the
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whole term represents the momentum flux of the average movement. The last
term is associated with the heterogeneity of the porous media. For a homogeneous

medium, this term equals to zero.

It is interesting to reduce the general expression (B.4) into a special form
for the case of macroscopically one-dimensional flow through a homogeneous

medium:
d< pii;tiy >/ _ P
dX Viday,
f
— p<—u12_f u;cos(n, ey ) dA (B.5)
Vi Agy

<u; >f<uy >7
Pt : / cos(n, e ) dA,
4 Agy

where u; is the component of the microscopic fluid velocity in the e; direction; X is

w;ujcos(n,e;) dA

the only macroscopic coordinate in the present case and is oriented in the direction
of e;. For an uniform average flow through a homogeneous medium, the integrals
in Equation (B.5) may not necessarily be equal to zero, thus the dispersion term

arises.
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APPENDIX C
DERIVATION OF THE PRESSURE

TERM

By applying the definition of the average and the Gauss’s theorem for the fluid

phase, one may have

X (C.1)

1
= ——f pcos(n,e;) dA + ——/ pcos(n,e;) dA

Ve

On the other hand, according to the averaging rule (3.9), the LHS of Equation

(C.1) can also be expressed in the form

dp f_6<p>f 1/ - <p>! 8¢
“on T TTaxe T, Pttt = ey (©2)
The combination of Equations (C.1) and (C.2) gives
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For the periodic diverging—converging RUC in Figure 3.3, Equation (C.3) be-

comes

d< p>f 1
ax = qb%fA”pcos(n,ez)dA
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6L | A7 )4,

__§ Pea:'"Pen
()

where P.; and P,, are the mean pressures on the exit and entrance, respectively.
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APPENDIX D
THE ITERATIVE COEFFICIENTS

The corresponding coefficients ¢, ¢z, €3, ¢4, ¢, and source term s; ; in the successive

substitution formula (5.16) for each of the variables, ¥, ¥* and p*.

*— Equation

1 [ 2
cp = " P " —_— (Red U*)i,‘Afﬂ: ] 5
A}y (Al + Az ) LG T
! 2 (Requ')i;Ac!
= — eqau’)i Azl .|,
2 szj ( Am;j T AT':H,J‘) G d J +1,3
1 [ 2 1
c3 = : " " —_ + (Red 'U* — —*)-j,'AT: jl s
Arti g (Ar+ A y) LG pr /W
1 2 1
Cy = " " . — 4 (Regv* — —); ;417 } ,
! A”i,j(A”“i,j‘*‘Ari,jH) [Gj pr W (D.1)
S,_',j = 0,
-—-——~———1 2 + (Regu'); i(Ax; Az | +
== - e4 U 1.9 fEI’ A g g
“T A Aar, |G T ST T A8,
1 2 1
A i (Reawt — IV (ARt Art Y] —
* Ar AT [Gj + (Reav T*)m( Tt ""1,])]

Regv* B 1
¥ ,r.*2 -i,j‘

187



*~ Equation
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where
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APPENDIX E
UNCERTAINTY IN REYNOLDS

NUMBER

The computing equation for Reynolds number is

pUsd  4m

= (B.1)

Red =

where 1 is the mass flow rate through the pipe. Error estimates for measured

quantities in Equation (E.1) are:

Ad
diameter of the pipe:  — = £0.04, (20 to 1)

d
Ari
mass flow rate: — = +0.0126, (20 to 1)
m
. . Ap
dynamic viscosity: — = £0.0068. (20 to 1)
7

The overall uncertainty in determining Reynolds number may be estimated by

1/2

ARed .
Red -

m OReg Amh 2 i aRedﬁ 2 N aRed% 2
Regq Om 1™ Rey 0d d Rey Op p

1/2

= +[(£0.0126)* + (£0.04)% + (£0.0068)?] 7 = £0.042 (20 to 1)
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