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ABSTR,ACT

In order to achieve a better understanding and accurate predictions of high

Forchheimer number flow ('high velocity flow' o¡ 'high Reynolds number flow' as

lefelred to in some literatule) in porous media, the research wolk reported in this

disseltation focuses on the quantitative analysis of the pore scale flow mechanisms

and the macroscopic efiects of microscopic phenomena.

The mathematical model of the problem is formulated using the uolume-

tric aueraging method, which establishes a lelationship between the microscopic

and the macroscopic quantities. A new form of the Forchheimer equation and a

new dimensionless parameter, the Forchheimer number, are proposed to analyze

the nonlinearity in high Forchheimer number flow. Based on physical and math-

ematical considerations, the plecise hydrodynamic definitions of the macroscopic

coefficients are delived in terms of the porous miclostructule and the pore flow

variables. The flow through a periodic diverging-converging capillary is taken as

a model problem fol gaining furthel insight into many high Folchheimer number

flow problems of plactical interest.

In addition to the theoretical approach, this research has also made efforts to

quantitatively analyze the relationship between the phenomena at the microscopic

and the macroscopic levels. A numerical method and a genelal-purpose computer

program have been developed for modelling pole flow and the transport palametels

in porous media. To obtain leliable microscopic flow fields, two numelical schemes

have been developed to deal efficienily with the colner vorticity singulality and

the pressure computation. The validity of the algolithms is tested by comparing



the numelical lesults with physical experiments available in the literature and

conducted by this research.

The detailed information fol the pole flow, in association with the macroscopic

quantities, make it possible to quantitatively demonstrate that the mict'oscopic in-

ertial effect, which leads to distorted velocity and pressure fields, is the fundamental

reason for the onset of nonlineality in high Folchheimer number flow. The sys-

tematic computations fol different polous colÊgurations and flow conditions have

revealed divelsifled flow patterns and, accordingly, different macroscopic tlanspoÌt

behaviours. The correlations of the macroscopic quantities with rnicroscopic level

variables have been performed to implove the understanding of the physical mech-

anism and the coustitutive simulation for high Forchheimel number porous media

flow.
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NOMENCLATURtr

ENGLISH

aà body folce accelelation (rn/s2)

A viscous iuteglal term defined in (3.34)

At surface bounding the averaging volume (nz2)

A¡ area of entrance and exit of a diverging-converging RUC (rn2)

A¡ t part of the surface ,46 (rn2)

AJ" intelfacial alea between the fluid phase the solid phase (rn2)

B pressuÌe integlal term defined in (3.32)

C¿ drag coefficient in (2.8)

CJ viscous coeffrcient in (2.8)

d tlu'oat diameter of RUC (rn)

d" avelage diameter in (2.11)

D pole diametel of RUC (m)

D" characteristic length scale (nz)

ei microscopic unit vector

Fo Forchheimel uumber defined in (3.28)

g gravitational acceleration (nz/s2)

G¿ decay function defined in (5.15)

Gj decay fuuction defrned in (5.15)

i,j finite diffe¡ence grid indexes

i, j microscopic unit vectol for RUC

lc Darcy's law permeability (nz2)

lru velocity dependent permeability (nz2)

I chalacte¡istic length for the fluid scale (m)

rv



l-o. chalacteristic length scale fol volume averaged quantities (n¿)

L length of a unit cell (rn)

Lp pore length of RUC (nz)

t, L, tlu'oat length of RUC (rn)

i tn mass flow 
'"ate 

(kgls)

n outwardly unit vectol for fluid phase

p microscopic fluid pressure (Pa)

P macroscopic fluid pressure (Pa)

P.n mean pressuÌ'e at entrance of RUC (Pø)

, Po mean pressure at exit of RUC (Pa)

Ptnr pressure surface integral teÌm defined ilr (3.25)

ro radius of the averaging volume (nz)

: ri,r coordinates on the microscopic level (rn)

r microscopic position vectol
:
)

: Re Reynolds number defined in (2.5)
:

: R"o pore flow Reynolds number
l|, uu,u microscopic velocity (nz/s)

t_
, "n spatial deviation of the velocity in fluid phase (rn/s)
!_
I U superfrcial velocity (m/s)

, IJ¿ averaging region

-,, U¿ mean velocity at the throat of RUC (rn/s)

, UÍ region occupied by the fluid phase
I

1 U" region occupied by the solid phase

' u microscopic velocity

W averaging volume or the REV (rn3)

, W volume occupied by the fluid phase (rn3)



V" volume occupied by the solid phase (rn3)

Vt¡,tr viscous su.r'face integral term defined in (3.2a)

ni, Í coordinate oÌl the microscopic level (rn)

X¿,X coordinate on the macroscopic level (rn)

X6 macroscopic vector position of the centroid of the REV

X mâcroscopic position vectol

GREEK

(1.

p

t-
api

AP*

ep

€S

K

6'

lL

u

€

È

p

ó

1þ

tþt

o

void distribution function

inertial coeffici ent (1lm)

dimensionless cilculation defined in (5.10)

excess pressure drop

âverage pressure loss through an RUC

erlor function for pressure computation

error function for volticity computation

Hagenbach colrection

C ouette correction

dyna.mic viscosity of the fluid (Nslm2)

coordinate stretching parameter

areosity at the entrance and the exit cross section of RUC

excess momentum loss factor defined in (8.1)

fluid density (kSl*t)

porosity

stre¿m function

a genelal property of the fluid phase

vorticity

vt



SYMBOLS

< >.f intrinsic phase average defined in (3.4)

,þ¡ deviation from int¡insic phase average

,þi dimensionless quantities

'ú¡ mean values
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CHAPTER 1

INTRODUCTION

The understanding of the natule of fluid flow in porous media is essential for

many science and engineering applications. Such diversified fields as petloleum

recovery, ground watel hydlology, water purification, powder metallurgy, flltlation

and drying to name just a few, need to understand transport phenomena in porous

media. One of the challenges associated with analyzing tlanspolt phenomena is

the study of 'high velocity flow' (high Folchheimer number flow as defi.ned mole

precisely in this study).

The present study, which mainly emphasizes numerical analysis of the trans-

port phenomena at both microscopic and macroscopic levels and ofthe quantitative

relations of the vari¿bles at these two levels, is aimed at improving the under'-

standing of the physics of high Forchheimer flow in porous media, based on the

aolurneh'i,c auera,ging ¡netl¿od,. To facilitate a focused stud¡ a porous medium is

defined in this study as a multiphase matelial body:

r throughout which both a persistent solid matrix and a void space ate present;

¡ within which the void space is at least partly inteÌconnected and corìtairìs one

or more fluid phases;

o over which the fluids are able to penetrate.

Flow offluids thlough the porous medium defined above will give rise to exchanges

of mass, momeutum and eneÌgy between different phases and between the porous



medium ând the environment. A good knowledge of the physical nature of these

transport phenomena and a correct, cluantitative description of these processes will

be benefrcial to engineering and science applications which are subject to the same

fundamental laws govelning flow through porous media.

L.l- Scaling Up Processes and Problems

In plinciple, the above mentioned tlansport phenomena in a porous medium of

practical interest might be tleated at the level where the fluid phase(s) in the

pores of the medium is (ale) considered to be contiuuous. However', at this level

(usually called the microscopic level ol pole scale), the accurâte description of the

complicated geometly of the interphase boundalies is an insulmountable ballie¡

fot' the mathematical tools and the computational resout'ces presently available.

To circumvent this difficult¡ some scaling up methods have been developed in

the last two decades (see Chapter 2 fol details). Accolding to these methods,

the transport phenomena are described, in one way or anotheL, at a level (usually

called the macroscopic level ol labolatory scale) with a characteristic length scale

which is much lalgel than the corresponding pore scale. The quautities defined at

the macroscopic level ¿re thought to be differentiable at each mathematical point

and to be mo¡e consistent with today's ability to obselve ihe fluid movement.

As an expense of passing from the microscopic level to the macroscopic level,

the particulal details of the intricate variations of the fluid state valiables associ-

ated with the microstlucture of a medium ale smoothed out, and as will be seen

in the following chaptels, the main characteristic efrects of the interaction between

diffe¡ent phases at the pore scale ale letained in the form of coefficients at the

higher level in various deglees depending on the scaling up processes. A full un-



delstanding of the characteristics of these coefÊcient, such as their structures and

relationships to the statistical properties of the pore configulation of the medium,

is essential in the analysis of porous media flow. It is also obvioru that to achieve

any solutions of a problem at the macroscopic level, these coefficients, which rep-

resent the particularity of a specific system) must be first effectively modelled and

quantitatively determined for the given problem. As a mattel of fact, because of

the strong dependence of the macroscopic phenomena on micloscopic flow mech-

anisms and the ext¡eme complexity of the fluid flow within the pore system, the

analysis and determination of these coefficients constitutes one of the most chal-

lenging problems of transport in polous media.

In this study, the uoLutnetric aueraging tnethod, (continuum approach.), one

of the most often used scaling up processes) has been utilized fol the leasons

presented in Chaptet' 3.

L.2 High Forchheimer Number Flow

Ou the macloscopic level, fluid flow in a porous medium at low super'flcial velocity

(specific discharge) is generally described by Dalcy's law which presents a linear

relationship between the driving folce and the filtration velocity. However, as

the filtlation velocity is raised beyond a celtain value, numerous experimental

observations have confir'med that Darcy's law should be replaced by another time-

honored empirical formula, the Fo¡chheimer equation, to account for the uonlinear

effects fol the medium consideled.

In the present Lesearch, the terminolog¡ 'high Folchheimer number flow' (ab-

breviated to high F-number' flow in the following), is defined as the situatio¡rs



whenevel the nonlinea¡ effects become nonnegligible. In the literature, the telms

'high velocity flow'or'high Reynolds number'flow'have also been used to lefel to

the same circumstances. However, it will be demonstrated that 'high F-number

flow' is perhaps the most appropriate term to indicate the essence of the phe-

nomenon.

To be sure, even for the line¿r case, a stlict theory which pledicts not only the

form of Darcy's law but the macroscopic quantities (the coefrcients) is a formidable

problem if the real complexity of the pore geometry is considered. The introduc-

tion of the nonlineality iu high F-number flow implies that the full Navier'-Stokes

equations, instead of the Stokes equation in the linear' flow, should be initiated and

the inertial effects at both microscopic and macloscopic levels should be taken into

account.

In the analysis of the high F-number flow in porous media, whethel the phys-

ical explanations of the flow phenomena or the quâ.ntitative descliptions of the

macroscopíc properties, a clear picture of the microscopic flow mechanisms is fun-

damentally important. To acquire this invaluable infolmation, an efficient numeri-

cal simulation method is developed in the present research to quantitatively analyze

the microscopic flow in the high Forchheimer rlumber regime and the macroscopic

effects of the microscopic phenomena when the iuertial nonlineality becomes sig-

nifrcant.

1-.3 Objectives of the Present Study

By means of numerical and experimental analyses, this lesearch aims at improviug

the understanding of the physical mechanisms and the quantitative descriptions for



high F-number flow in porous media. To this end, the following concrete objectives

ì¡/ere set for the work:

1. To introduce a new folm of empilical equation and a new dimensionless pa-

rameter, the Forchheimer number, in oldel to effectively atalyze the nonlinear

ptlenomena in high F-number flow;

2. To derive the precise hydrodyuamic definitions for the macroscopic coefficients

in the Forchheimer equation, in terms of the pore scale quantities by applying

the aolumetric aueraging method,;

3. To develop a numericàl simulation method along with the computer proglam

which provides leliable numerical solutions for the pore scale variables associ-

ated with diffelent miclostluctule:

4. To perfolm systematic numerical calculations fol a spatially per.iodic potous

media model in older to clarify the physical causes underlying the deviation

fr'om lineality of Darcy's law in high F-number flow;

5. To determine both the fields of pore scale quantities and the macloscopic

properties in a systematic way fol a spatially periodic polous media model in

order to correlate the macroscopic quantities with the pore scale variables and

microstructure;

6. To measure the flow rate-pl'essule dlop I'elations expelimentally for two cases

of sudden contraction flow, with the aim of supporting ihe reliability of the

numerical scheme and clarifying the long standing confusion on the pressu-re

Ioss of such flow.



1-.4 Layout of the Thesis

The thesis is composed of nine chapters. A literature review of studies in high

F-number flow is presented in Chapter 2. The general mathematical formulations

at both macroscopic and micloscopic levels fol the plesent study are derived and

analyzed in Chapters 3 and 4, respectively. Chapters 5 and 6 present the details of

the numelical schemes developed fol' the flow computations. Being an important

part of this research, the experimental study of a sudden contraction flow is given

in Chapter 7 whele comparisons between measurement and prediction are made

wherevel possible. A full plesentation of the numelical results and a discussion of

them are the contents of Chapter'8. Finally, conclusions and recommendations for.

futule wo¡k are given in Chapter 9.



CHAPTER 2

REVIEW OF LITERATUR,E

2.1 General Layout

The lite¡ature review plesented in this chaptel is limited to the v¡orks on high

F-number flow in porous media ¿nd is intended to plovide a clear pictule of the

backglound for the plesent lesearch. For the sake of couvenience in pr.esentation,

the review is divided into two sections which ale leviervs of: the phenomenolog-

ical model (Section 2.2) and the uolutnetric aueraging method. (Seciion 2.3).

Areas where further work is most desi¡able are identifred in detail. Although some

progress has also been made lecently in othel procedules in this field, such as the

homogenization method (e.g., Sanchez-Palencia, 1980; Ene and Polisevski, 1987;

Mei and Auliault, 1991) and the statistical method (e.g., Dagan, 1986, 1990;

Gelhar and Axness, 1983), the review has not given much attention to these meth-

ods because they are less relevant to the plesent I'esearch. However', for the pur.pose

of comparisons, some typical results of these methods have been discussed briefly

in the relevant chapters. Reviews of several special topics, such as the numerical

treatments for micloscopic flow computations, at'e not included in this chapter.

Instead, they have been given in the chaptels where the specific problems are

addressed.



2.2 Phenomenological Models

Various empirical and semi--empirical methods have been in use since the end

of the nineteenth centuly to uncover the coi'relations of porous media transport

coefficients with the macroscol>ic geometric properties of the pole system. The

correlations obtained as a result of such plocedu¡es are called 'phenomenological

models' in this review.

'Without concern about the microscopic flow mechanisms, Darcy (1856) pos-

tulated a linear relationship between the macroscopic pressut'e gladient, ffi, ^ta
the filtration velocity, Û, for single phase, one dimensional flow through a polous

medium:
dP rL --.
dx - k"' (2.1)

where ¡l denotes the dynamic viscosity of the fluid, and k ís Dalcy's law perme-

ability which represents a measure of the flow conductance of the solid matrix. As

the experimental filtration velocity increases, deviations fi'om Dalcy's law (2.1) are

obselved. Various lelationships have been proposed to describe the bulk hydrody-

namic behavior of the fluid motion in a poÌous medium at higher filtration velocity

(see, Scheidegger, 1960; Bear', 1972; Hannoura and Barends, 1981). The fu'st of

such relationships to account fol the nonlinear efrects was given by Forchheimer

(1901) who suggested the following one-dimensional form:

-#:lu+ø0u", (2.2)

where p replesents the fluid density, and B is an experimentally derived palameter.

called the iuertial coefficient. Both k and B in Equation (2.2) are the matelial con-

stants. Although other modified forms have been derived to make the equation flt

experimental data better, being a phenomenological description of porous media



flow, the Folchheimer equatiolt generally agrees sufficiently well with experimental

observations in certain velocity ranges. Nevertheless, because it is an empilical

formula, the Forchheimer equation does not provide any more information about

colrelations of the permeability and the ineltial coefficient with the geometric

properties of porous media than what could be obtained fiom dimensional con-

siderations. To have a bettel undelstanding of the nature of the phenomena and

to predict the relations of various properties of the porous media, efforts have

been directed toward finding such correlations based on empirical and theoretical

considerations (Scheidegger', 1960; Bear', 1972; Dullien, 1979).

Amoug others, the two most widely accepted colrelâtions are pelhaps the

Ergun equations for packed beds (Ergun, 1952) which wei'e later modified by Mac-

donald eú aL. (1979) through examining much mole data than was ever used before

by others. The following expressiolls weÌ'e found to give the best flt to most of the

experimental data:

-ry#D.h: tto,*, t, * t.r, (For smooth surfo.ces) (2.8)

and

-ry#D.&: tto(å, 
'' * r.0, (For roush surfaces) (2.4)

where / is the porosity of the medium and -Re, the medium Reynolds number, is

given by

- PUD"r\e : 

-,
þ

(2.5)

and D" is a characte¡istic length scale of the medium. By compaling Equation

(2.3) with the Forchheimel equation (Equatiou (2.2)), expressions of the Darcy's

law permeability and the inertial coefficieut for smoothed sulfaces, for example,



can be deduced:

(2.6)

(2.7)

Both fr and B seem to have been correlated with measurable quantities, but the

characteristic length D" is not really defined for a porous medium and its deter-

mination cannot be achieved unicluely. Therefore, these semi-empirical equations

are subject to the same limitatio¡u as those experienced by the hydraulic radius

models (Carman-Kozeny theory) which assumed a length termed rrhydlaulic ra-

diusrr to be chalactelistic for the permeability of a poÌous medium and linked such

a length with the hypothetical channels which the porous medium was thought to

be equivalent (Kozen¡ 1927; Carman, 1937, 1938, 1956).

Iu addition to the proposed empirical and semi-empirical relations, attempts

have been made to deduce the Folchheimel equation fi'om theoretical considera-

tious. Fol example, h'may (1958) started ftom the Navier-Stokes equations, in-

cluding all the inertial terms, and pelformed a space average of the equations

over a homogeneous, isotropic model of spheres of equal diameters. By assuming

th¿t a cot'r'elation between microscopic velocity compo[ents exists at high filtration

velocity, a formula containing the square of velocity was obtained for a macroscop

ically one-dimensional flow, where the macroscopic coemcients were derived ând

expressed in terms of geometric parameters of the pole structures. Vy'ithin the

framework of the Calman-Kozety hydraulic radius theory, the equation given by

Irmay (1958) reduced to the exact Carman-Kozeny form at low values of Reynolds

number.

, ó"D?
180(r - 4;z'

. 1.8 (L-ó)
t-- D" ó3
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In comparison, some other theoletical delivations of nonlinear flow are based

on the microscopic analysis of the flow in an idealized geometrical description

of a porous medium. An example of this type of model is that of BLick (1966)

which replesents a porous medium as a bundle of parallel capillary tubes with

orifice plates spaced throughout the tubes at distances equal to the tube dia,meter

(Figure 2.1). A static balance of forces over the control volume is applied to obtain

an equation of the Forchheimel type for the case of one dimensional Newtonian

fluid in a rigid medium. The final form of the equation can be w¡itten as

dP 
- nC¡Re..r1 , n, cd

- dx : riø rtu + 0.5 ó26pÛ2, (2.s)

and it follows that Darcy's law permeability and the inertial coefficient are

, ^_ ó62tt : u'Ð cl Re'

o: o.s$,
Q"Ò

(2.e)

(2.10)

where Cy and Cd are the viscous coefficient and the drag coefficient, and ó is the

average pole diameter. To calculate k and B by Equations (2.9) and (2.10), the

values of C¡ and C¿ must be known first, which implies that furthel assumptions

about the intelaction between the solid and the fluid phases have to be made. In

another investigation, Coulaud eú ø1. (1988) analyzed the nonlinear effects through

the use of an empilically introduced term. Their numerical flow simulations at

the pore scale were achieved fol a porous medium modelled in terms of cylinders

arranged in a regulal pattern as illustlated in Figule 2.2. Ttu'ough a data frtting

process fol the computed lesults of global pressule drop and aveÌage velocit¡ they

¿r¡ived at the relationship:

11
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+ afrou', (2.77)

where d. is the average diameter of the cylinders and ø, ô and a are parameters

depending on the structure of the assumed pore space only.

F¡om the discussions ofthe phenomenological models so far, it may be deduced

that although the correlations reviewed above ale useful, in one way or another,

for certain engineering applications of a particular system, they hardly supply a

sound theoretical basis for the purpose of univelsal analysis ofthe physics ofporous

media flow since the introduction of valious heulistic assumptious. As will be seen

in the next section, a more rigorous apploach, the uolumetric aueraging method,

has been developed in lecent yeals to provide a mole r.ational and systematic

framework within which the mechanics of flow tht'ough polous media could be

advanced.

2.3 The Volumetric Averaging Method

In the past two decades, much attention has been devoted to the uolumetric auer-

aging metlt od, (the continuum approach) stai'ting from the conser.vation laws of

continuum mechanics applied at the microscopic level. According to this approach,

the real porous system, consisting of two (or. more) scattered phases, is described

by a selies of continuous, difierentiable valiables which are obtained by tr.acing a

Representøtiue Elementørg Volume (REV) in the domain of interest. The basic

advantages of this continuum approach are (see, e.g., Bear and Bachmat, 1991):

a. The process occulring in porous ¡nedia is described in terms of difierentiable

quantities) thus enabling the solution of the problems by employing methods

dP a '---dx:"¿?'u

14



of mathematical analysis;

b. The scale of averaged quantities are close to the scale on which exf)erimental

measuLements are made;

c. The exact configuration of the interphase boundaries need not be specifred on

the macroscopic level.

However, as will be desclibed in the following analysis, the averaging procedure

gives rise to higher order schemes similar to the ones encountered in tur.bulent

flow and closule problems exist fol the quantities which lepresent the effects of

the microscopic co[figuràtion of intelphase boundaries and the actual variations

of the state variables withiu each phase. Recently, a systematic methodology for

constructing mathematical models of tr.anspolt problems in porous domains on the

basis of the coutinuum apploach was plesented by Beal and Bachmat (1991).

Since the key mathematical theorem which I'elated the avelage of the gra-

dient and the gradient of the average was ploposed iudependently by Slattery

(1967) and Whitaker (1967), there have been many attempts to analyze average

behaviour of high F-number flow in polous mediâ (Whitaker, 1969; Carbonell and

Whitaker', 1984; Gray and O'Neill, 1976; Hassanazdh and Gray, 1979a,b, J.980,

1987; Cvetkovió, 1986; Du Plessis and Masliyah, 1988, 1991). Basically, the previ-

ous research was concentrated on the topics of

b.

the deterministic derivation of the macroscopic governing equàtions;

the closure schemes fol the macroscopic ther.modynamic quantities;

the physical explanations of the mechanisms of the nonlinearity;

15



d. the theoretical expressions for the macroscopic coefficients, such as Datcy's

law permeability /t and the inertial coefficient B, in the empirical equations.

In the following subsections, the methods of problem solving, rathel' than details

of the results, will be discussed fol these topics.

2.3.1 Deterministic Derivation of the Forchheimer

Equation

As already mentioned, the Forchheimel equation (2.2) is found to be ín sufficiently

good agreement with expelimental evidence for nonline¿r flow in porous media

(Scheidegger, 1960; Bear, 1972). In oldel to gaiu a deep insight into the r.elation-

ships between the macroscopic phenomena with the miclostructure and the micro

flow variables, many studies have been devoted to the theoretical detelmination

of the Forchheimer equation ilu'ough the contitzuum approach, An example of

such a derivation is that of Barak and Bear (1981) which considered flve diffe¡-

ent physical models with various degrees of complexity. By using these models,

they obtained an approximate explession foi' the relationship between the pres-

sule gradient and the flltration velocity and compared this explession with their

mathematical models and experimental ¡esults for. the case of saturated, steady

and uniform flow of a Newtonian fluid.

In another theoretical derivation, Cvetkovió (1986) avelaged the general form

of the lineal momentum equatiou to ploduce a macroscopic balance equation of

motion for fluid flow iu porous media. Instead of employing the conventional

velocity deviation vector', he introduced a descr.iption for the microscopic kinematic

field by treating the deviations of local velocity magnitude and direction separately



and amived at a generalized momentum equation with a term of second older in

the flow velocity. Another interesting example is the work of Dullien and Azzam

(1973) in which they applied ihe averaging theorem to the micloscopic momentum

equation ând obtained a general volume-avelaged flow equation. This equation

was then cast in a form compalable to the Forchheimer equation. By a direct

comparison, they concluded that Darcy's law permeability depends only on the

average of the microscopic viscous terms.

Apart fi'om the effort to derive the Forchheimer equation formall¡ some anal-

yses have been carried one step furthel by introducing an idealized geomettical

description of a porous medium such that the microscopic flow phenomena can be

modelled. Fol example, by using an explicit leplesentative geometlic models of the

porous medium, Du Plessis and Masliyah (1988) established a direct link between

the porosity and tortuosity for their sponge-like material. In this manner', the

microstlucture of the model could be fully described by two physical palameters,

the polosity and a characteristic length. Furthermore, they leplaced the intelfacial

integral term in the macroscopic momentum equation by an empirical folmula of

the developing flow in a squale duct and finally obtained a momentum equatiorl

which took the form of the Forchheimel equation as a limiting case. Despite the

empirical feature of this work in the treatment of the intelfacial integral telms,

a good agreement of the values of permeability between the experimental results

and the theoretical predictions was lepolted by Stone and Sawatzky (1990). Fol-

lowing a similar approach, Du Plessis and Masliyah (1991) presented an analysis

for larrinar' flow through a rigid isotropic glanular porous medium.
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2.3.2 Mechanisms of the Nonlinearity

It has long been a common interest of many researchels to clarify the physical

reason for the onset of the nonlineariiy in high F-number flow. Early descriptions

attributed the nonlinearity to the occu.rrence of tulbulence. However, experiments

have indicated that whe¡r the macloscopic velocity gradually incleases, the nonlin-

ear phenomena appeal much befole the onset of real tu-r'bulence in porous media

flow (e.g., Scheidegger, 1960; Bear, 1972; Dybbs and Edwards, 1982). Thus, it

can be concluded firmly that the deviations from Darcy's law are not initiated by

changes of flow legime.

A divelsity of o1:inions as to why nonlinearity at high flow rates occurs still

exists. In their paper', Hassanizadeh and Glay (1987) pelfolmed an older of mag-

nitude analysis for the averaged momeutum equation and concluded that the m!

croscopic viscous force is the source for the onset of nonlinearity. In contladiction,

Barak (1987) asclibed the nonlinearity to micloscopic inertial forces through con-

sidering the formation of local vortices and development of tortuous streamlines

inside pores with increasing pole Reynolds numbels. His point of view was widely

accepted among the resealchers of this area (e.g., Cvetkovió, 1986; Du Plessis and

Masliyah, 1988, 1991; Coulaud eú al., 1988; Mei and Auliault, 1991).

Moleover, explanations of how the microscopic inertial forces manifest them-

selves on the macroscopic level also differ. Cvetkovió (1986) attributed the uonlin-

earity to the dispersion flux (see Chapter' 3) and claimed th¿t this term contains

most of the infolmation on convective microscopic inertial effects. However, in the

investigation by Du Plessis and Masliyah (1988), the macroscopic nonlinearity was

obtained even when the dispersion term was ignored.

Although the opinions on the mechanism lesponsible fo¡ the onset of nonlin-
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earity are diverse, the literature has made orle point clear-the cla¡ification of the

nonlinear physics can be attained only through sophisticated quantitative analysis

of the microscopic flow. In the plesent resealch, detailed information of the micro-

scopic flow fields, in association with the macloscopic quantities from the averaged

momentum balance, have been plovided together, wiih the aim of improving the

understanding of the mechanisms of the nonlinearity.

2.3.3 Averaging Theorem and Scale Analysis

The spatial averaging theorem (Equation (3.8) in Chapter 3) which lelates the

local avelage of a derivative to the derivative of the local avelage fol a function

deflned in both the solid and the fluid phase and suffering a jump discontinuity

at the phase inte¡face has fotmed the foundation fol much of the r.ecent wo¡k.

To answet the question raised by Vevelka (1981), thai is whether the volume

avel'age is differenti¿ble, Howes and Whitaker (1985) presented a direct delivation

of the spatial averaging theorem using a lineal transfolmation and Abel's formula.

The examples given in theil paper indicated that a spherical averaging volume

yielded continuous averâge functions that a¡'e continuously differentiable to any

order fol systems of plactical impoltance. In a more general manner, Mls (1987)

mathematically proved that the first derivatives ofthe volume average expressed by

Equation (3.3) exist almost evet'ywhere in the three-dimensional Euclidien vector

space.

Although thele seem to be no severe lestlictions on the realistic applications

of the averaging theorem, the requirement that the difference between the aver-

age at any given point withiu the RÐV and the average at the centroid can be

explessed in ¿ linear relation has imposed certain constraints on the size of the av-
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eraging volume (Vy'hitaker, 1969, 1986; Bachmat and Bear, 1986). Using an order

of magnitude analysis, Carbonell and Whitaker (1984) have shown that the radius

of the averaging volume, 16, and the macroscopic length scale of the medium, l-o",

should satisfy the following length scale constraint:

tff)' .. t. (2.1,2)

It is important to note that the above inequality results from an order of magnitude

treatment, and the precise natule of the averaging theorem and the constraint

(2.12) still require necessary comparisons between theory and experiment.

To simplify the ploblem, an ordeL of magnitude comparison has flequently

been utilized in the analysis of transport phenomena in por.ous media (e.g.,

Whitaker, 1986; Hassanazdh and Gray, 1987). The assumption that the âvelâge

quantities chauge signiflcantly in a macroscopic scale 'l,no"' which is much larger

than the microscopic scale 'l' will always produce the results that some aver.age

quantities can be ignored automatically. The only quantitative explanation about

the relationship of different scales was given by Whitaker' (1986) in his theoretical

derivation of Dalcy's law. By taking the polosity as a function of 16 as a guide,

he suggested that to obtain a well behaved porosity function, a requirement of

ro ) 5l must be satisfied, and on this basis, the averaged quantities undergo sig-

nificant variations over distances that are at least frfty times lalger than l. For

an accurate descliption of the physical plocess) the conditions of validity of the

cotrventional scale assumptions and the lelationships between l-o", I and ro Ìemain

to be justified quantitatively.

2.3.4 Closure of the Averaging Procedure

After applying the volumetlic average for the microscopic governing equations by
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the continuutn approach, several terms which contain the important information

of the characteristics of the microscopic quantities for a given medium appear in the

resulting macroscopic governing equations. To process any solutions of transport

problerns at the macroscopic level, the constitutive representations for these terms

have to be determined first in terms of the averaged valiables.

For the linear momentum balance equation at the macroscopic level, the es-

sential point in the continuum approach is the introduction of a velocity dev!

ation ã¡ which represents the diffe¡ence of pore velocity and its intrinsic phase

average (see Chapter 3 fol details). Similal to the analysis of tulbulent flow, a

term p < utú¡ >Í is obtained fol an incompressible flow with û; so defrned. In

some investigations, this telm was incolporated with the macroscopic viscous stress

tensor, thus forming a quantity fol which a constitutive relation is for.med (e.g.,

Hassanizadeh and Glay, 1980; Shapiro, 1981). Alternatively, it can be tr.eated sep-

alately and a sepalate constitutive equation fot 1í-t¿tt¡ >/ can be assumed (e.g.,

Gray and O'Neill, 1976; Bear and Bachmat, 1986).

Based on the argument that the gradient of this term accounts for the me-

chanical dispersion of the momentum and it equals to zelo when the fluid moves

uniformly at the same velocity as the solid phase, Gray and O'Neill (1976) proposed

the following constitutive equatiou

< úrú¡ >J : R¡j 1uj )J (2.13)

for a rigid, stationary polous media. It is generally understood that the second

order tensor .R;¡ depends on the stluctut'e of the porous media and the pore veloc-

ity. A similar theoretical derivation of the disper.siorÌ flux was given by Bear and

Bachmat (1986).

In addition to the dispersive term, closuÌe must also be performed fo¡ the
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interfacial integral terms (see Equation (3.18)) which stand for the total forces

exerted oD the fluid by ihe solid within the REV and contain the information of

the effects of polous microstructure and pole scale flow variables.

Slattely (1969, 1981) put two integrals, the pressure and the viscous integrals,

in Equation (3.18) togeiher and formed a general term. Based on the principle of

material fi'ame independence, this author assumed that the integral is a function

of the diffelence between the local average fluid velocity and the local average solid

velocity (the solid matrix may be undergoing a ligid body roiation and translation).

For a rigid medium, this equation has been wt'itten in the vector form:

F : R<ú>Í (2.14)

The lesistance coefficient R in this case is a function of the magnitude of the local

volume-avelage velocity of the fluid relative to the local volume-avelage velocity

of the solid, a fuuction of the viscosity of the fluid and the polosity as well as a

characteristic length l" of the porous media. Using the Buckingham-Pi theorem,

Slattery at last arlived at aD. expression fol R fol an incomplessible, Newtonian

fluid through a nonoriented pot'ous stt'ucture:

R":#, (2.15)

:

I

.'1

I

where /(j is dimensionless and is a function of the porosity only.

Following the wolk of Slattely (1969), many versions of the constitutive closule

of the viscous integlal have been plesented either treating it together with the pres-

sule integral or sepalately (Glay and O'Neill, 1976; Hassanazdh and Gray, 1980;

Bea¡ and Bachmat, 1986). One general assumption preserved in all the derivations

is that the viscous integral is the intrinsic phase âverage of the viscous drag and

this drag force is a fuuction of the diffelence between solid and fluid intrinsic phase
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average velocities for Newtonian fluids. If there is no such relative motion, the net

drag will be zero. According to this assumption, a macloscopic coefficient might

then be formed in different ways and has to be determined experimentally.

In comparison, Whitaker (1986) (see also Quintard and Whitaker, 1988) pre-

sented a di¡ect scheme without any constitutive assumptions to transform the clo-

sure problem into a boundary value problem of the deviation quantities for lineal

Stokes'flow.

2.4 Remarks

In concluding the literatule leview of this chapter', it may be stated that on one side,

the phenomenological model at best plovides a gross view of the colrelations of the

macroscopic ploperties for a specific polous medium, while on the other, although

a more genelal and ligolous approach, the oolu¡netric aoeragin g method, is made,

the application of this method still has some unsolved practical problems, such as

the justification of the assumptions which have been used in the development of

the theory aud the quantification of the closule schemes. In othe¡ wolds, before

pursuing any useful solutions, a quantitative analysis ofthe avelaging theor.y based

on the infolmation at both microscopic and macroscopic scales must be performed.

Because of the extreme complexity of the porous media flow, a direct mea-

sruement of the rnicroscopic quantities and the avelaged quantities ove¡ an REV is

an unattainable task at preseut, yet the high perfolmance of computers and algo-

¡ithms has stimulated the rapid glowth of numerical flow simulations of complex

geometric structures. It is possible to numerically analyze the motion at the micro-

scopic scale to obtain the iufol'mation on detailed flow mechanisms for a medium

¿Ð



with different microstructu¡es. At the same time, the volumetric average quanti-

ties may be extracted from the known distributions of the micloscopic quantities

by applying the averaging procedule. It is believed that this quantitative analysis

of the relationship between the microscopic flow chalactelistics and the mac¡o-

scopic transport phenomena will be a useful complement to otheÌ approaches in

describing the physics of high F-number' flow.



CHAPTER 3

MACROSCOPIC DESCRIPTIONS

OF POR,OUS MEDIA FLOW

The objective of this chapter is to develop the mathematical concepts and rela-

tions that desclibe transpolt phenomenà in polous media at the macloscopic level.

A brief intloduction to the volumetlic avelaging method which is the technique

employed in the present study fol achieving transition fi'om the microscopic to the

macroscopic level descliption is plesented iu Section 3.1. By applying the uol-

umetric o,ueraging nxethod to the micloscopic conservation equation, a general

fo¡mulation and some special forms of the màcroscopic momentum balance are

developed in Section 3.2. A new parameter, the Forchheimel number, is defined

in Section 3.3 to selve as an indicator fol the intensity of the nonlinearity in high

F-numbe¡ flow. By compaling the avelaged momentum equations with a ¡tew

form of the Fo¡chheimer equation which is given in Section 3.3, the hydrodynamic

definitions for the macroscopic coefficients ale given in Section 3.4 in terms of

the microscopic variables relevant to the transport process and the pore structü'e

properties.

3.1- fntroduction to the Volumetric Averaging
Method

The uolumetric aueraging method, which is used in this study to de¡ive the
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mâcroscopic conservation equations û.om the microscopic conservation equations,

consists of associating a Representatiue Elementary Volume (REV) to every

point inside the porous medium and averaging all the relev¿nt transport valiables

and pore structure variables over it. The averaging is conducted throughout the

domain of interest which lesults in a continuous and differentiable spatial distr.!

bution of the tlansport valiables and the macroscopic properties of the por.e struc-

iure (Whitaker, 1967, 1969; Glay 1975; Gray and O'Neill, 1976; Hassanizadeh

and Gary, 1979a, 1979b, 1980; Bachmat and Beâr, 1986; Beal and Bachmat, 1986,

1991).

Because oul primaly intelest is to analyze high F-number.flow by the trolz-

nxetric aùeragittg tnetlr,od, a cou.ceptual model of a two phase system is introduced.

The present analysis, therefore, is based upon the following conditions concerning

the system:

¡ The solid matrix of porous mateÌial is nondefor.mable, stationary aud consol-

idated.

o The Newtonian fluid consists of a single fluid phase with constant physical

propelties.

o The flow is laminal and steady.

o No mass exchange takes place betweeu the fluid and solid phase.

For the system defined above, the geometr.ic definitions of an REV used in

the averaging procedule are sche¡natically illustrated in Figure 3.1. The averaging

volume [/ó, which is contained in a surface ,4ó, consists of the volume occupied by

the fluid [/¡ and by the solid U", i.e., U6: UÍ UU". The boundary of [/J consists

of a material surface adjacent to the solid phase (and is denoted by .4¡,), and a
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Fig. 3.1. A schematic averaging volume comprising a É.uid phase and

a solid phase.
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geometrical surface, á¡1, which is a part of the external boundary of L[. The r.adius

of the averagiug volume is 16 and the chalacteristic length for the fluid phase is

denoted by l. In the following analysis, r denotes the microscopic position vector

for the spatial point inside the avelaging volume, and X denotes the macroscopic

position vector for the spatial point defined as the centloid of an averaging volume.

The following set of definitions and aveÌaging rules may be established for the

system coÌrsidered:

¡ A void distribution function is defined as

(3.1)

Thus, the local polosit¡ the void fi'action of the averaging volume, is deflned

as 1t
d(x) :;la(r)d.U

vb Ju¡
1t:; I a(r)d,u (3.2)
Vb JUI

:VI
V6

whele V¡ and I/¿ r'eplesent the volumetric vàlues of ihe fluid phase and the

bulk avelaging volume, respectively.

o The volume average of a point quantity associated wiih the fluid phase, ry'y, is

<,þt>: I [ *ta(r)du,
vb JUh

, 7r<'þr >' : u, Ju,ú¡a(r)du'
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(3.3)

which is often called the phase aveÌage of ry'¡ and is a function of the macro-

scopic position vector X only. The intrinsic phase average is defined as the

volume average of ihe fluid property tþ¡ ovû the fluid phase:

(3.4)



It follows from the definitions (3.3) and (3.a) that the two åverâges are related

by the expression

<rþ¡>: ó <.þt>t . (3.5)

In the averaging process, the avelage of the product, < ,fu rþi >/, must be

replaced with the ploduct of an average because an equation for < tþ¡ >J

is desired. A deviation term, the difference between the value of the micro-

scopic quantity at point r within an REV which is centered at X6 and the

corresponding intrinsic phase avelage over the REV is usually defined as:

tt¡
'õ¡l : øtl - <'þt >tl

l' l¡ lxo

Accordingly, the average of the product may be wlitten as

(3.6)

<rþ¡rþj >/ : <'þ¡>J <rþj>r + <rl¡ú|>r, (3.7)

that is, the intlinsic phase average of a product is equal to the sum of the

product of the intlirmic phase average and the int¡iusic phase average of the

product of the deviations (Glay, 1975; Hassanizadeh and Gray, 1979a).

In ordel to locally average the conservation equations, the average of a gradient

must be replaced by the gradient of an average. These quantities are related

by the averaging theorem (Slattely, 1967; Whitaker, 1967). Fol any tensorial

property ry'¡ defined in the fluid phase, this theorem takes the form

.a!t r:Ô<nb'> 1 I- aro '- # * ,uJo,"þ¡cos(n'e¡)d'A' (3'8)

whele,4¡, represents the intelphase a¡ea contained within the avelaging vol-

ume, n is the unit normal vector pointing f¡om the fluid phase to the solid

phase, e¿ is the unit vector in the direction of ri, ri ãte the microscopic space
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coordinates and Xr are the macroscopic space coo¡diuates. The averaging

theorem (3.8) may also be expressed in a modified form (Gray, 1975):

.H r' :*#= * 
h/^,"g¡cos(n,e¡)d,A

: *#Ï * h I^,"tÞ ¡cos(n, e¿)d.A t *f #

. +, rtl*: < tþ¡rtl*. * (v<,t,¡tr)l*. {x- xo¡.

(3.e)

o The average at any given point X within the REV can be expressed in terms

of the average at the centroid X6 linearly:

(3.10)

The introduction of assumption (3.10) will gleatly simplify the theoretical

tleatment. Without justification, another phenomenological assumption is

that the length scale associated with aver.aged quantities is the macr.oscopic

length scale J-o" which is much larger than the microscopic scale, These

assumptions about the macroscopic quantity have been often employed in

simplifying the macroscopic conservation equations (Whiiaker, 1969, 1g86;

Hassnnizadeh and Gray, 1987; Bear and Bachmat, 1986).

In principle, the averaging lules described above may be applied over any size

of volume. However, to achieve a single valued and continuously differentiable

property field at the macroscopic level, only a range of averaging volume sizes gives

meaningful statistic averages fol a specific polous medium. An averaging volume

which belougs to that range is what has been refer.r.ed to as the Representatiue

Elementary Volu¡ne (REV). Tladitionally, the constraints for the characteristic

Iength of an REV are explessed by

I (( ro 111o,o., (3.11)

where J-o" is again a charactelistic length identifying the macroscopic scale.
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3.2 Macroscopic Momentum Equations

In this section, the basic averaging lules listed in Section 3.1 will be applied to

derive the macroscopic momentum equation governing the mechanical phenomena

in porous media. The physical meaning of difierent terms of this equation will be

explained, and several simplified forms ofthe general govelning equation which are

of interest in this lesearch will be briefly discussed.

3.2.1 Momentum Equation for }leterogeneous Media

This study is concerned with a single, incompressible, Newtonian fluid with con-

stant viscosity, flowing steadily through a ligid porous medium. The lineal mo-

mentum equation govelning the microscopic flow process is:

ô(u¡u¡) ôpP ôri - ar,\//
Inertial Plessule

ô2ru
P;---=-Orj Orj

Viscous

- Pa¿

Body (3.12)

In this equation, uÈ is the microscopic velocit¡ r¡ is the microscopic space coor-

dinate, p is the microscopic pressule and a¿ is the body for.ce acceleration. As

underlined, the different terms iu Equation (3.12) represent, r.espectively, the in-

ertial effect, the pt'essure folce, the viscous force and the body force (per unit

volume) at a point in the micloscopic flow. These terms will be in balance at ev-

ery point of the flow field. However', the different ter.ms, which represent different

physical phenomena, play changing rôles in differ.ent flow and geometry cond!

tions. A knowledge of how these terms change for different conditions aids in the

understanding of the natu¡e of flow in a porous medium.
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Equation (3.12) can be avelaged over an REV:

ô(u' u,\ , ðo , ô2u,
< pY >t + < ? >I - < t" =" 

a! >t - 1pa¡ >/:0. (3.18)' örj dr¿ dr¡ ôr¡

According to the avelaging lules, the intriruic phase average of the different telrns

in Equation (3.13) can be explessed in the following folm:

The Þr'essu¡'e term:

Ôp ' Ô<r'>t ++[ pcos(n,,e¿)d,A+<p>J ÔÓ. 
rr.14ìt 

ar, '' 
: 

ôx, evbJAr" ø a",' (J'r4)

The ineltial telm:

_ , ô(u¡u¡) , , ô< u¡u¡ >Í p< u¿u¡ >! ô4o.-af ,':p ax, * ö axj
_ ,ô(< 

ui z!: u¡ >t) * fs#Í (3.15)

, p< u¿u¡ >! ôþ-óa&'

The viscous telm*:

02u, , ô .ôu,.
tL < ariÒ\ )' : tt 1 ur( uì'.t

ô2<u, >Í u f / 8u,\
-- pixpî * fuJn,"\i; )cos(L,ei)dA (8.16)

. 2tt0 <ur>l ôó , þ1u¡)Í ô2ó- O -Axo ah- ó d7Þ4'

The bodv force te¡m

< pai >! : p1a¿)J

: Paí,

* Ä derivatiou of the averaging of the microscopic yiscous term is given in APPENDIX A.

ò¿

(3.17)



Substituting the expressions (3.14), (3.15), (3.16) and (3.17) into Equation (3.13),

the flnal form of the averaged momentum equation can be obtained:

ô(<u,>J<ui>i) ô<ù¡lt¡>l . A<p>i ô2<u¡siP 04 ¡ P ax¡ * ax, - tr ôxiò& - Paí

* 
hl^,"0*s(n,e¿)d.A

- hl^,"(ff)*<",",t0o
. <p>J aö'ó0x;

(3.18)

I r ^ ô<uí>tfraó-l lo< uu¡ >r -2P-t ôX¡ JóAX,
1u, )l 82ó* ó axjôxj

Different from the previous published derivations, the ter.ms of the porosity gra-

dient which are related to the effects of the heterogeneity of the porous medium

have been separated in this equation. Equation (3.18) replesents a macr.oscopic

momeu.tum balance for' flow thlough polous media. Similar to the micloscopic

momentum equation (Equation (3.12)), the first five telms account for the inertial

effect, pressure force, viscous folce and body folce on the macroscopic scale. The

second term is usually called the dispelsion tet'm*. The two integral ter.ms whích

result from the averaging process contain the infor.mation on how the microstruc-

ture of the polous medium affects the tlavelsing fluid phase, and their values are

domiuated by the local geometry and flow conditions. The last three terms in

Equation (3.18) are associated with the heterogeneity of the por.ous media.

It is of some importance to note that the integral te¡m which arises lrom

the averaging of the microscopic ineltial term (Equation (3.i5)) always varúshes

because of the application of the no-slip condition on the fluid/solid intelface-ll¡r.

* see APPENDIX B for a detailed analysis for the dispersion tem.
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This has misled some researchels to conclude that the microscopic inertial effect

is irresponsible for the nonlinearity in high F-mrmber flow.

A general solution of plactical interest fol Equation (3.18) is still far beyond

our ability. An explanation of the lem¿ining ploblems and the possible approaches

to solve them ale given in Chapter 9.

3.2.2 Mornentum Equation for Ilomogeneous Media

To center our attention on the understanding of the microscopic inertial effects,

the genelal momentum equation (3.18) may be simplified for the case of macro-

scopically unifolm flow through a homogeueous porous medium. Under. these con-

ditions, the macloscopic inertial term (except the dispersion term), viscous term

and heterogeneous telms vanish, and Ðquation (3.18) takes the form

ô< p 2! ô< ú,¿í,t,¡ >J
- ôX,t 

:P 
A4 -Pai

+ f- [ acos(n,e¡) d.A- + [ (*\*"tn,e¡)dA. 
(3'1e)

' övoJ,q,"' ówJù" \ô1./uvù\u'Erlu4'

It is evident that to go furthel fot' the solution of Equation (3.19), the velocity

and the pressure fields on the pore scale are needed in evaluation of the integral

terms. The computations of the micloscopic flow fields will be the topic of the

next chapter.

3.2.3 Momentum Equation for a Periodic Diverging-
Converging Capillary Model

In actual polous media, the configur.ation of the flow channels is highly irregular.

The influence of pore-structure on the traversing flow may appar.ently be attributed
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to several effects, such as divelging-converging, channel axis curvature, and flow

branching. In the present lesearch, a simplified porous media model, the periodic

diverging-converging capillary tube (see Figure 3.2), has been chosen to allow the

numericàl simulation of the effects of the sudden change in the closs-sectional

area, an important chalacteristic of the microstructure. A similal model has been

utilized by sevelal reseaLchels (e.g., Payatakes et al.., Ig73; Dullien and Azzam,

7973; Azzam and Dullien, 1977; Coulaud ef ø1., 1988). The plesent approach,

however, mainly emphasizes the numelical analysis of the relationship between

macroscopic and microscopic phenomena in high F-number flow, based on the

continuum approach.

Considelation is given to the spatially periodic medium (Figur.e 3.2) which

is generated by the repetition of the divelging-couvetging unit cell. Due to the

periodic fully developed feature (Patanka'.- et a¿. ) 1977), only one per.iod of the

identical segments called the Representatiae Unit CeII (RUC) is needed in the

flow calculations.

Let (c,r) be the micloscopic cylindlical coordinates, X be the only maclo-

scopic cooldinate in the present case and be oriented horizontally in the ø direction,

and ( i, j ) and (2, r.') be the unit vectors and the microscopic velocities in the (r, r)

directions respectively. Other parameters cha¡acterizing the domain of the solution

are defined in Figule 3.3.

For the geometlic model descr.ibed above, the averaged momentum equation

(3.19) may be written as:

d<P>J
dx

: -ffi l^,,(#)-"t"'' ) oo * hl^,"pcos(n'i) 
itA' (3'20)

In deriving Equation (3.20) fr'om Equation (3.19) , the dispersion term
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Fig. 3.2. The periodic diverging-converging capillary model.
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Fig. 3.3. The schematic of a periodic diverging-convergitg represen'

ta,tiue unit cell'
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d,1 u;u )r . -
p --# in this case becomes zero due to the application of the periodically

fully developed flow condition*. The body fo¡ce telm has been ignored for sim-

plicity although it can be conveniently combined with the plessule term on the

Iefi hand side of Equation (3.20) to fo¡m a hydraulic potential.

As shown in APPENDIX C, fol this model the macroscopic pressure gradient

in Equation (3.20) can also be explessed in the form of sulface integrals over. the

entrance and exit surface of the diverging convelging RUC:

(3.21)

where á¡1 is the alea of the fluid phase intersection with the averaging volume

sulface (the area of entr¿nce ¿nd exit of the unit cell), { is the ateosity at the

entrance and exit closs-section, defined as the ratio of .4¡, the al'ea opeu for flow,

to 46, a frctitious alea which numelically equals the quotient of the total ci'oss-

sectional ¿rea of the medium and the numbel of the parallel flow channels, aud

P"n, P"" ¿re the mean pressrües on the entrance and the exit.

Applyiug Equation (3.21), the momentum governing equation for the per.iodic

diverging-converging capillaly model can be written as

- (+) :-&l^,"(#)-"'"'.i )oo *å/^,,pcos(n'i)dA
(3.22)

It is interesting to note that Equation (3.22) is uothing but the integral momentum

equation found by taking the RUC as the control volume.

For flow in a straight cylindlical capillaly (Dld, :1), the plessure integral

in Equatiou (3.22) equals zeto. A simple calculation gives immediately the r.ela-

tionship between the pressule and the mean velocity in Hagen-Poiseuille flow (see,

* S* APPENDIX B for the proof of this argument.
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e.g.) Fox and McDonald, 1985)

/ F". - P."\ s2

\ r' 1 
: 

oz t'tua'

where [/¿ is the mean velocity in the small pipe of the capillaly.

3.2.4 Expressions for the fnterfacial Drag Force

(3.23)

For the avelaged momentum equations derived in the previous subsections, a vis-

cous surface integral term

vtu* u f ( ðu¡\
= -;r' J^,"\u" )cos(n'e¡)dA

and a pressure su'face integlal term

Pt¡,tr:![p"o"(o,e)aA
vvb J At,

(3.25)

are contained in the macloscopic fluid transpolt equations. Both V7¡¡7 and P¡¡a

are macloscopic quantities, and these trvo teÌms Ìepresent, physicall¡ the drag

force exerted by the solid matlix on the flowing fluid at their contact sulfaces

within an REV, per unit volume of the fluid phase. To achieve any solutions of the

averaged momentum equation, these integrals, which characterize the particularity

of a specific system, must be first effectively modelled and quantitatively deter-

mined for the given ploblem. Many velsions of the constitutive closule fol these

integral terms have been reviewed in Chapter' 2. In the pr.esent study, instead of

deriving theoretical closule explessions, the pr.essur.e and the viscous integrals have

been detelmined numerically for the periodic model (Figur.e 3.3). In this case, the

two sulface integrals take the form

(3.24)

vtur -- - h I^,"(#) *'t"':tat (3.26)



Ptur: p cos(n,i) d,A,

If the pore scale valiables are known, the integral terms may be calculated nu-

merically at various combinatious of miclo-geometry and flow late in a systematic

way. The data will help to impt'ove the rationality of the constitutive simulation

of the intelfacial drag force.

3.3 The Forchheimer Number

Macroscopically, the porous media flow is well described by ihe For.chheimer equa-

tion (2.2) at higher filtration velocities. Befole seeking the answer for how the mi-

croscopic phenomena affect the bulk quantities by pelforming a compa.r'ison with

the averaging pLocedure presented in the last subsection, a uew form of For.chheime¡

equation will be proposed, ploceeding fr'om the consider¿tion that the permeabil-

ity may be tleated as being velocity dependent. A new dimensionless palameter,

the Forchheimer number, is intloduced to serve as a criter.ion to indicate when the

nonlinear effects become nonnegligible (Ruih and Ma, 1992).

As mentioned by Scheidegger' (1960), the deter.mination of the upper.range

of validity of Dalcy's law has plesented an uncer.tainty in the medium's critical

Reynolds number by a factol of 750. The reason fol this has been mainly attributed

to the actual indeterminacy of the geometric cha¡acteristic length. The following

results will show that the Reynolds number, which is well defined in situations of

pipe-like flow, is not an appropriate par.ameter to describe high F-number flow.

rl
óvo Jn,"

(3.27)



To do so, the conventional Forchheimer equation is rearlanged in the form:

where fr, : klO + Fo) is the velocity-dependent permeability and Fo, as defined

in Equation (3.28), is called the Folchheimel number. Equation (3.28) suggests

that the permeability may altematively be tleated as a velocity dependent pa-

ranìeter fol high F-numbelflow and the Folchheimer number. Fo r.eally wor.ks as

a dimensionless criteriorl to indicate when mictoscopic effects lead to significant

macroscopic nonlinear effects.

The definition of the Folchheimer numbel may be treated so as to contain a

Reynolds numbel explicitly

-#:fto+øoo"
7 (, , pkoû\..,-:rft+-i=)"
1: i(t + Fo) ¡.t,U

þ¡,
--vkú

^ þkpu ^k p[iD. ^k _oh::;:PL'-;:ÞoRq

(3.28)

(3.2e)

where D" is some charactelistic length scale of a porous medium. In compar.ison

with Equation (3.28), it is evident that the macloscopic nonlinear effects depend

on both the macroscopic flow tate (the 'medium Reynolds number'') and the mi-

crostructure ofthe medium because B is stlucture dependent, a¡rd the Forchheimer

numbel has taken both factors iuto account. Therefole, to chalacterize the nonlin-

ear effects in porous media flow, the telms 'high velocity flow' or ' high Reynolds

numbe¡ flow' aLe misleading. The best term is pr.obably 'high Forchheimer number

flow'. Because of its stlucture dependence, on the other hand, the determination

of the Forchheimer numbel needs â detailed knowledge of the microscopic flow.
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3.4 Hydrodynamic Definitions of Macroscopic
Coefficients

In this section, moLe precise definitions will first be der.ived for. the macroscopic

coefficients in the Forchheimer equation by compar.ing Equation (3.28) with the

averaged momentum equation (3.22). For this purpose, the integlals on the r.ight

hand side of Equation (3.22) at-e reorganized such that they are expressed in terms

of filtration velocity ü. ttris can be achieved by making the terms dimensionless

by using d, the diameter ofthe narlow pipe (Figure 3.3) as the length scale, U¿, the

average velocity in this pipe as the velocity scale, and pÙl as the pressure scale.

Equation (3.22) can then be written ¿s

(P",-P."\ I t f-\ ¿ /:l-EeAiul^.,
.l*61^,"

\¡/here

(#)-',",, )dA.f t"ù

p*cos(n,i) dA.)r;' 
(3'30)

"' : ät or :ft, A.,:#t ;ri":#, tr :1,,r :;.
A conceptually similar explession has been delived by Dullien and Azzam (Ig7B),

fn comparison with the empilical Forchheimer. equation (2.2), they straightfor-

wardly concluded that the bracketed term in fi.ont of [/ was the lecipr.ocal perme-

ability and the other bracketed expression, in fr.ont of Û2, was the inertial coefrcient

p.

In the range of validity of the Forchheimer equation, lc a:nd B are constants.

The permeabiliiy À is by physical definition the limiting value at very low flow rate

and must be mathematically defined as such.

In the following, the defrnitions of & and B will be given. However, it must

be kept in mind thai although the Forchheimer equation seems to be in good



agreement with experimental evidence, it is not a unique expression to treat the

dependence of pressure drop and filtratíon velocity.

The pressure integral on the light hand side of Equation (3.30) can be ¡ear-

langed so as to contain a Reynolds number explicitly:

l*ç | ̂
,"P* 

cos( n' 1 ) dA.f e u'z

: (å)l+l^,"'cos(n'i)d'4.] (#) r'
: (å) l# I^,"'.-"t''' ) o'.1 (Re¿) ¡'tù

: (*_L) (B)Re¿¡,tú

(3.31)

(3.32)

(3.33)

(3.34)

B I I "'r: 
¿r, a J^i,'- 

cos(n'i) d'A-

and the ReYnolds number 
^ pr¿d
.tt€,¿ : 

-
p

is based on the mean velocity [/¿ in the nallow pipe and the diametel of that pipe,

d.

Letting ,4 to represent the viscous integlal of Equation (3.30):

A:_ *_L t (y\cos(n,j)d.A.,
AitJ-JA'"\or'/

Equation (3.30) may be wlitten as:

- (+) : hø .t B Re¿) ¡':'tl' (3.35)

By comparing with Equation (3.28), it can be seen that the permeability fr, is

indeed velocity dependent. The simplest way to treat this velocity dependence is



by a linear model, and the Forchheimer equation arises as a simple, but nonunique,

formulation for flow in porous media.

By making a comparison between Equation (3.3S) and Equation (8.28), the

following hydraulic definitions containing A,B can be obtained :

A knowledge of how these polous media parameters change at various combinations

of pore geometry and flow late will help in the understanding of the mechanísm of

transpolt phenomena.

Fol computational purposes, Equation (3.35) may also be expressed in dimeu-

sionless form

)2ër- -Sn: 
IA + B Red]nc¿-o ;

Á: / 1 \ lA + B Re¿l-lA + B Re¿1n""-o

"-\d,P) aua ;

o^ _ lA * B Re¿l - lA + B Re¿ln"o-o."_w

(PL- P:"\ /aP-\ (A+BRed)
\ ¿- i:-\Lr ): R"d

(3.36)

(3.37)

(3.38)

(3.3e)

It should be emphasized that the product term, B Re¿, will keep a finite, non-zero

value as Re¿ -+ 0 because the pressule integral B ---+ co in that case. This implies

that the pelmeability fr should be defined such that the effects of the interfacial

pressure force have been taken into account.

Following a similar pr.ocedure, it will not be diffrcult to derive the general

expressions for the macroscopic coefficients in moLe complicated cases of heteroge-

neous media. The real difficulty in obtaining the quantitative descriptions of the

phenomena lies in the accul.ate predictions of the micloscopic flow flelds, eveu for.

the highly simplified divelging-converying capillar.y model.
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CHAPTER, 4

MATHEMATICAL MODEL FOR,

MICR,OSCOPIC FLO\M ANALYSIS

The macroscopic momentum equãtions and the expressions fol the macroscopic

coefficients have beeu derived in Chapter 3 through the uolumetrdc aaeraging

înethod, and the problems iuvolved in the furthel solution process have also been

stated explicitly.

As already shown by the earlie¡ chapters, the volumetric àverage treatment

has bridged the gap between the macroscopic and the microscopic phenomena.

The acculate prediction of the ploperties for polous media flow through the con-

tinuum approach are ltolr¡ dependent entilely on a knowledge of microscopic flow

mechanisms. In the plesent chapter, àttention will be tur.ned to the quantitative

anâlysis of the microscopic level flow. To begin with, the geometry of the solution

domain for the postulated divelging-converging capillary model will be given in

Section 4.1. Later, the governing differential equations and the lelevant boundary

conditions which form a complete mathematical model fo¡ the analysis of pore

space flow will be consideled in Sections 4.2 and 4.3.

4.L Geometry of the Solution Domain

The periodic diverging-converging capillary model has beeu selected in this re-

search to accomplish the numerical simulation of the flow within the microstr.uc-
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ture. Geometricall¡ the model can be thought to be generated by connecting

in series an infinite numbel of cylindrical segments of different sizes(Figure 8.2).

Therefore, one important featru.e of the pore space of real porous media-sudden

changes in a flow channel-is accommodated by this model. Because of the per.i-

odic fully developed natule (see Subsection 4.3.2 fot: more details), only one period

of the identical segments (one wavelength) is needed for. the numerical solutions.

In other wolds, the representatiue elen'¿entary uolume (REV) is in tur.n r.epre-

sented by a c;.tbic representatiue unit cell (RUC) as shown in Figure 4.1, and all

the average geometrical properties of the REV can be embedded within this RUC.

The axial cross-section of an RUC which forms the geometry of the computational

domain is illustrated in Figule 4.2. It is appâr'ent that four lineal parametels will

determine the domain completely. They are the diameter and length of the small

pipe, d and.t¿, and the diamete¡ and length ofthe large pipe, D and.Lo. In theorg

any segment with a wavelength -L between two c¡oss-sections can be used as an

RUC. However, it will be seen in Chapter 6 ihat the present RUC is the most

appropriate fol the purpose of acculate numer.ical simulations.

4.2 Governing Equations for Microscopic Flow

For the diverging-converging RUC described above, the steady, axisymmetrical,

incompressible flow of a Newtonian fluid with no body force and constant prop-

e¡ties is governed by the Navier-Stokes equation, appropriately simplified. In the

cylindlical coordinate system (2, r, 9) shown in Figule 4.2, the flow is two dimen-

sional, and the axial and ¡adial components of the momentum equation (3.12) can

be wlitten in the dimensionless form:
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Fig. 4.1. A representatiae unit cetl (RUC).



Lt: Lr - Lp

Fig. 4,2, Geometry of the solution domaiu.
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Axial component:

-# * *l#. i # (, #)l - (. # +.r #) : o, (4.1)

Radial component:

-H * +l#. * # (. H) - #l- (. # *'. #): o (42)

In this coordinate system) the equation of continuity is

I ô (r'u'\ ôu*
,' Arr 'r ãù - v' (4.3)

where (u*, u*) are the dimensionless velocities iu the (ø*, r*) cooldinate directions,

Re¿ : pÙ¿d,/ ¡t is the Reynolds number, p is the density, ¡r is the dynamic viscosit¡

Lr¿ is the mean velocity in the small diametet' pipe (the throat), and d is the

diameter of this pipe. Similar to the treatment in Section 3.4, the equations have

been made dimensionless by using d as the length scale, 17¿ as the velocity scale,

and. puj as the pressure scale.

Equations (a.1) to (4.3) may be solved simultaneously to provide a solution

for ur, u* and p*. However', an alternative is to utilize a vor.ticity-str.eam function

approach.

4.2.1 Yorticity-Stream Function Approach

The coupled nonlinea¡ paltial differential equations (4.1) and (4.2) contain pressure

terms in the gradient form. In most cases, the pr.essure distribution is unknown.

Therefore, it is advantageous to Lemove the explicit pressure terms from these

equations. For this put'pose, the vorticity transport equation may be obtained by



cross-differentiating Equation (a.1) with respect to r* and Equation (4.2) with

respect to ¿* and eliminatiug the pressure teLms:

(u*w*#)-o"olur#. ('. -*i) #] .
+aøfo' (i-#å)l :' (4.4)

(4.5)

(4.6)

In this equation, O' represents vorticity which is defined as the curl of the velocity

vector, and, in the present case, the only nonvanishing component of the vorticity

is

o-: ôur ôur
A*r - ôr"

By intloducing the definition of the stream function (ry'*):

. I Ô1þr

r* ¿Jr+ '

the continuity equation (4.3) is recast as an elliptic Poisson equation

A2d)' A21b' 7 A1b.:---L -L :---L - : :-L r -* O* : Q.A,r*2 ' Ar+2 r* 8r* " (4.7)

The two equations, Equations (a.a) and (4.7), form a system of second-order

nonlinear partial differential equations. The solution for the vorticity and stream

function can only be obtained numerically subject to the appropriate boundary

conditions. Because both of these equations are elliptic in nature, the numerical

simulation lequires boundary conditions on the entire boundaly of a closed domain.

4.2.2 Recovery of the Pressure Fields

The velocity freld may be calculated directly from the stleam functions that are

obtained during the application of the vorticity-str.eam function plocedur.e. How-

ever, the pressure field must be recovered from the original momentum equations



using these velocity results. The following second order, dimensionless pressure

equation can be derived by applopriately differentiating and summing up the axial

and radial momentum equations (4.1) and (4.2) (Roache, 1972):

a2p+ a2p+

A.c*ztAr+2

where the source teLm

sJ: a., -. (#. #) . ,'#-
- l# e+t) . # e+o:) . i # (+t)l

(4.8)

(4.e)

This is a Poisson folm of the pressule equation. In the solution of Equation (4.8),

the boundary conditions are obtained as normal gladients of pressure, deter.mined

fi'om the primitive momentum equations (4.1) and (4.2) after the velocity has been

determined. That is, the Neumann boundary condition, specifically ffi, *f."r" rr

is the normal to the boundar¡ is imposed. As mentioned by Roache (1972), the

numerical solution of this system does not converge. This conclusion was confirmed

in the present study even though the scheme lecommended by Miyakota (1962),

Briley (1974) and Ghia et al. (1979) were utilized - the solution was found to drift

slowly but endlessly.

An alternative to the above differential equation method is the integration of

one ofthe momentum equations (Equations (4.1) and (a.2)) to obtain the pressure

freld (e.g., Payatakes et al., 1973; Azzam and Dullien, 1977). However, the accu-

racy of the integral method depends on the acculacy of the numerical integration

scheme, and the path of integration (i.e., from left to righi or. from centerline to

wall). It was found in the present study that the pressure distributions calculated

by the integral method did not satisfo the axial and ¡adial momentum equations

simultaneously within a certain ellor tolerance.
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Based on the results described above, a hybrid of the differential equation

method and the integral method has been developed (Ma and Ruth, 19g1, 1gg3a).

The details of this new scheme are presented in the next chapter.

4.3 Implementation of Boundary Conditions

Given the elliptic nature of the govelning equations (Equations (4.4), (a.7) and

(4.8)), boundary conditions are to be prescr.ibed at all the boundaries of the com-

putational domain. The corlect implementation of the appropriate boundary con-

ditions is clucial in obtaining meaningful and acculate tesults.

The boundary conditions for the flow ploblem under consideration can be

divided into thlee parts, namely, the fluid/solid inter.face condition, the entrance

and exit coudition, and the symmetÌy conditiou.

4.3.1 Fluid/Solid Interface Boundary Condition

The stream function r/,*:

On the interface of fluid and solid (the line of A-B-C-D-E-F) in Figure

4.2, viscous flow satisfies the condition of no-slip and zero suction and injection,

thus both components of the velocity are set equal to zeLo, i,e, ur : r.'* : 0.

Accordingly, the stream function must remain constant along the interface:

ty'* : const,

and any constant value of ry'* may be selected.

(4.10)
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The vorticitv O*:

The evaluation of volticity values along the interface A-B-C-D-E-F is ex-

tremely important and is often the cause of trouble in gettiug a converged solution.

In this resea¡ch, the first oldel form of the wall vorticity (Roache, 1972) has been

employed. This condition may easily be derived from the stleam function equation

(4.7). Applying that equation on the fluid/solid inter.face which is parallel to the

æ-axis, fol example, by the no slip condition

and

1
-r"

which leads to

.',-_7a2rþ-
" uu, - T, Ar*2

o2rþr

ö:t* "

(4.11)

Here the subscript ø ¡efers to a value at the appr.opriate boundaly point. For the

fluid/solid intelface parallel to the r-axis (Figure 4.2), a simila.r expression fol the

wall vorticity values may be written in the folm

(4.r2)

The pressu¡e:

Accolding to the new approach for pressure computations given in Section 5.2,

the required pressure boundary values on the fluid/solid inter.face are Lecovered

by integrating Equations (4.1) and (a.2) at that boundary. For this pulpose,

Equations (4.1) and (4.2) are applied on the no-slip inter.face, ànd the working

equations for the boundaÌy pressuÌe integr.ations can therì be expressed in terms

of the vorticity:

o*--lA'''þr""u - ,* 6**2'
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Wall with normal in r- direction:

ôp- _
Ôn"

o-\_t
r,) (4.13)

Wall with normal in ø- dilection:

1 âO-

Re¿ ôt' (4.14)

Equations (4.13) and (a.14) are numelically integrated along the wall started fr.om

a given plessure level.

4.3.2 Entrance and Exit Condition

The boundary conditions at the entrance and exit of the solution domain are

genelally ¡rot known from the outset. Assuming that a steady state peliodic fully

developed solution exists (Payatakes et al., 1973; PatanJ<ar et al., 1977; Azzant

and Dullein, 1977), it follows that the flow quantities (except plessure field) r'epeat

themselves in a succession of cross sections that a:.e separated from each other by

the wavelength Z*. This statement may be expressed in the form

(4.15)

O (ø-, r*) : O* (¿- I Lr, r-), (4.16)

whele .L" is the dimeusiouless wavelength. Being a part of the solution, the values of

stream function, ry'*, and vorticity, f)*, on the entrance and exit could be deter.mined

by an itelative procedru'e. The details of the numerical tleatment of the conditions

(4.15) and (4.16) are discussed in Chapter 6.

| /ôa.
.Re¿ \ ôr-

op
Ar"

and
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The pressure values at the entrance and exit are deter.mined by the integral

method afte¡ the vorticity and stream function solutions ar.e known. Ttu.ough

using the RUC proposed in this lesearch, it has been found that the determination

of the pressure values at the entrance and exit present less difficuliy because both

cross-sections have been taken as far as possible from the sudden geometry changes

where steep changes of the flow variables are expected.

4.3.3 The Symmetry Condition

At the line of symmetry (r* : 0), a zeLo normal gradient condition is assumed in

the radial direction. This condition is equivalent to

and

a*:0 atrr:0,

1þ* :0 at rr : 0,

o-:-3:o atr*:0,
ðr*

ôPr

Ôr*
: 0 o,t rr : 0,

(4.17)

(4.18)

(4.1e)

(4.20)

4.3.4 Condition At the Sharp Convex Corner

Special consideration must be given to some colner points in the flow channel, be-

cause these corneÌs are mathematical singular. points for the vorticity and plessur.e

fields and the conventional boundary conditions cannot be applied at these points.

This will be a topic in Chapter 5.
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CHAPTER 5

NUMERICAL SCHEMtrS FOR

POR,E FLOW COMPUTATIONS

The mathematical formulation developed in Chapter 4 have laid the foundation

for micloscopic flow computations. To obtain reliable solutions of the problem,

however, considerations have to be given to some outstanding problems in the ap-

plication of this basic equàtion system. The tleatment of the coÌner singularity

and the plessure recovery in the vorticity stream function approach, the two im-

po¡tant featules of the present numerical solutions, will form the subject of much

of this chapter (Sections 5.1 and 5.2). The details of the computational procedure

for microscopic flow fields will be discussed in Section 5.3.

5.I- Tleatment of the Corner Singularity

The flow of an incompressible fluid around ¿ r'e-entrant sharp co¡ner is encounter.ed

in many engiueering problems. Fol the RUC considered in this research, two

re-ent¡ant sharp corners are for¡ned in the computational domain at the cross-

sections of the sudden expansion and contlaction. These co¡ners are mathematical

singular points for the vorticity and pressure fields because of the no slip boundary

condition on the fluid/solid interface.

The theoletical situation very close to the cor.ner has been descr.ibed by Moffatt

(196+) by making use of the argument that sufficiently near the corner the flow is



Stokesian. By using diagonal grÍds at the corner', an extensive study of the laminar

plane channel flow with an abrupt change in cross sectional ârea r¡/âs performed by

Dennis and Smith (1980). Their co¡ner scheme may essentially be classifred as an

ad, hoc method and is suitable for square grids only. Holstein and Paddon (1g82)

made a comparison of different ad, hoc methods and their singular finite difference

method which is based on the argument by Moffatt for the flow in contraction

and expansion at low Reynolds numbers. In another study, Gupta et al. (7g81,)

presented a poïver series solution in the vicinity of the corner and calculated the

cavity flow for Reynolds numbers up to 400.

In addition to these approaches, sevelal ¿d å,oc methods to circumvent the

cornel singulaÌity have been devised (Kuwaguti, 1965; Woods, 1954; Greenspan,

1969; Thom and Apelt, 1961) and have been utilized by a number of following

lesearchers (Vrentas and Duda, 1973; Webster., 1982; Nallasamy, 1986). A compÌe-

hensive examination of these methods for backstep flow in rectangula¡ coo¡dinates

can be found in Roache and Mueller (1970).

fn contrast, however, for high Reynolds number corner flow in a sudden con-

traction, which is charactelized by local flow acceleration and separation, the va-

lidity ofthe above-mentioned methods is still not well understood. In this section,

the various ad, hoc methods will be briefly reviewed for the purpose of compâr-

ison. In view of the uncertainty of. the ad, åoc procedur.es and the locally small

Reynolds number ¡estriction of the Moffatt expansion method, a new scheme, the

vorticity-circulation method, is developed (Ma and Ruth, 1993b).

5.1.1 taditional Corner Methods

Equations (a.a) and (4.7) can be solved numerically subject to the set of boundary
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conditions (4.10)-(4.20) by a finite difference procedur.e using rectangular grid lines

parallel to the axes of ø* and r*. For a geneLal quantity O*, the colresponding frnite

diffe¡ence equations of (4.4) and (4.7) rnay be expressed in a successive substitution

form

Qí,¡: 
"t 

Õi+r,¡ * czoi_u * cr Þir*, I caÞi,,_, * source, (5.1)

where c1, c2, ca, c4 and source are the corresponding coefficieuts and source term

in the iteration process, and (i,j) are the glid indexes in the (c*, r") coordinate

directions. On the fluid/solid ínterface, the stream function at the sharp corner

presents no problem. The usual five-poiut difference equation (5.1) can be used at

the neighboling grids of the corner C shown in Figur.e 5.1. However., the velocity

gradient has a jump discontinuity ¿t th¿t corner and the vor.ticity, by ihe deflnition

(4.5), is singulal there. The difference scheme (5.1) cànnot be applied in the

normal way at the neighbouring points of the corner and special treatment of this

singularity is required. In the following, the four most often used ød hoc corner

procedures as well as the Moffatt expansion method ale briefly discussed.

5.1.1.1 Ad. hoc Methods

In the usual grid structure, the co¡.ner C is a grid point. The need for the co¡ner

vorticiby O| a,r'ises from the use of the central fiuite difference approximation for

vorticity values àt the neighboring points W' and S (Figure 5.1). The ad, hoc

methods effectively impose extla conditions in differ.ent ways at the cor.net', with

the aim of assigning a value of vorticity to the cor.nei.point.
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Discontinuous values Refelring to Figule 5.1, two different vorticity values Qi,

and Oþ are calculated respectively by

and

whele AcJ"_, and Arj."_r are the local step lengths in the (z*, r*) coordinate

directions. When the corner vorticity Oi, is applied in a difference equatiou about

node W (i,c - \,jc) just upstream of the contraction, Oþ : Oå, is used; however,

nb : Ab is employed for the node S (i.c, ic - 7).

Average of wall values A single corner. vorticity equàl to the aver.age of the

two wall v¿lues is imposed in this method

oå: (5.4)

Zero co¡ner vorticity This method is an attempt to force separation to occur

at the corne¡ by imposing

oå :0. (5.5)

Although all the prevíous evidence suggests that sepalation occurs just aftel the

sharp corner, as an ad åoc method refer¡ed to frequently, this scheme has also

been tested in the present research.

t/'*-symmetry about corner f¡oint Assuming the stream function is symmetric

about the corner point, that is, ty'i_r,r" : tþi"+t,¡. ãnd rþic,jc_r: úi"¡.*r, the cor.ner

vorticiby is then evaluated ñom

ô* .('Þ'i",¡"-'þi.-t,¡")" ,j"(L,ni"_),

l"t,* - "t,t \
rìr ô \lui¿,j¿ Yic,jc-lJ
tLrl 

- 
z---------------- ." ri.(Lri" )'

(5.2)

(5.3)

.ìr 2 l',þî",j"-rþi t,¡" , ,þi,¡.-rþi,¡"-rf
""c-4 L-jÃelf- -1Ã"jJ-l (5.6)



5.L.L.2 Moffatt Expansion Method

Assuming that the local Reynolds uumber is very small, near the co¡ner C the

st¡eam function.ry'* satisfres the Stokes equation

Y4 rþ- : O. (5.7)

An expansion of ry'* about the sharp cornel C may be obtained by applying the

general solution (derived by Moffatt, 1964) to the present geometry and flow situ-

ation:

',þ- : ,þö * Alrf^' { cos[(Àr - 2)1"] cos().10-) -
3

- cos( ì¡ | r ) cos[(Àr - z1e. ]l +
t Blrþ^'{ s;rz[(Àz - ,lÏ-lsln(),20')- 

(5's)

- sin(),2|*¡ 
"nn¡(^, - 2)e'lj,

where (r|, 9*) are the local dimensionless polal coor.dinates oliginating at point C

and À1 and 12 ale the dominant eigenvalues of the relevant antisymmetrical aud

symmetlical problems. A1 and .B1 ar.e the constants depending on the paÌticular

flow; r/fr is the stream function value on the wall boundary.

To evaluate the vorticity values fol the neighboring points (W and ^9) of the

sharp corner, the vorticity expansion at the point C may be obtained by using

Equation (5.8) and the polar form of Equation (4.7):

o* : -a{ar(Àr - r)rþ^'-2cos( r, l*) cos[(\1 - 2)0']+

+ 81 (À2 - 1)r*"^z-z 
"'n(XrX*) si,nlQ.2 - 2) 0-lI

Two constants,4l and .B1 in Equation (5.9) may be determined in the computatioræ

by the vorticity values at the points N (ic, jc+ 1) and -E (i.c+7, jc) in Figure 5.1.

Then Equation (5,1) can be used to calculate the vorticity values at points I4l and

(5.e)
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5, where the normal finite difference method cannot be applied because of the

singularity of the vorticity at the point C.

The success of the Moffatt expansion is dependent entirely on the validity of

the local Stokesian flow assumption. It is not surprising that this method becomes

less efficient in the plesent problem because of the facts that for the flow around

re-entrant colners, especially the corner at the contraction, the magnitude of the

velocity increases greatly in the small pipe according to the a¡ea ratío and the

velocity profiles are quite flat at the col.rel region (see Subsection 5.1.8).

5.1.2 The Vorticity-Circulation Method

It is known th¿t the volticity of the flow field is closely related to the circulation

of the flow. The new scheme uses the circulation concept. Instead of creating a

fictitious corner vorticity as all the ad, hoc methods do, an open sru'face .4- which

is enclosed by contour' ,Li is constructed (Figure 5.2). The cor.ner point is not

included in ,4*. Stokes theorem for the legion A* may then be w¡itten as

r : { @'d,x, -r u, d,rr) : [ [ a'adr, (5.10)Jt,.' J Jr
where l* is the circulation defined as the line integral of the velocity and d,4* is the

area element. The circulation about the closed curve -Li is equal to the vorticity

integral over the sulface ,4* bounded by tri.

Assuming that an atea A* has been chosen (as shown in Figur.e 5.2), the

cilculation I' along the contour Li can be calculated using the velocity fields of

the (m - 1)úå itelatiou (the values of the mth iteration ale used where available).

The vorticity flux on the right of Equation (5.10) except the contribution flom the

point l\r (ot' ^9) can also be determined in the same way. A new vorticity value
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at the point I4z (or S) then may be calculated by Equation (5.10) using the (m-l)th
(or mth) vorticity value at S (or W) as an approximation. In the process of

numerical integration, the following assumptions have been made:

a. the effect of the geometrically sharp corner is ¡ounded off by viscous effects,

so that the vorticity ís continuous everywhere over the surface,4*;

b. for simplicity, the vorticity is assumed to be uniform in each unit block

bounded by dashed lines and shown by the hatched alea in Figure 5.2;

c. the velocity is linearly distributed between the computational grid points.

By employing Equation (5.10) ând the assumptions above, the vor.ticity value

at the point l;tr/ (similally at ,9) in a nonunifor.m grid system can be expressed as

nç : q:¡ú:¡ç¡lf,r* *' t u* d'r* - I I^,r',".] -

_ Arj"-z(Aøi"-r * Aæi.) 
,-,,

A,ni"_2(Arj": + A{t) ""s'

(5.11)

where -4f denotes the area excluding the unit blocks at W (or ,9) in A*. The

vorticity values at the grids W and S have to be calculated iteratively in association

with the numelical method fol the field computations (see Section 5.3 for.details),

until satisfactoty convergence is achieved. A compalison of this scheme with the

othe¡ methods will be given in Subsection 5.1.3.

5.1.3 Validity of the Vorticity-Circulation Method

The axial velocity distributious in the neighborhood of the shar.p coLne¡ as cal-

culated by the vorticity-circulation method ar.e first compar.ed with the ad, hoc

treatments and the expelimental r.esults of Dur.st and Loy (1g85) fol a sudden

contraction flow at a series of Reynolds numbers.
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Two typical cases (.Re¿ : 43 (Figure 5.3) ald Ãe¿: 1313 (Figüe 5.4))

indicate that the choice of the ad, hoc methods affects considelably the computed

profiles in the region of the coÌrìeÌ (especially at high Reynolds numbers), aud the

validity of these methods changes at different Reynolds numbers. It may also be

seen thât as a uniled corne¡ treatment, the vorticity-circulation method predicts

good results at both high and low Reynolds numbers.

Figure 5.5 shows a compalison of the axial velocity pÌofiles of the vorticity-

circulation method with the experimental data of Du¡st and Loy (ig85) for

fre¿ : 699. The lesults of the frnite volume SIMPLE method reported by Perió

et o,I. (1988) are also included at eight diffelent length stations, four before,

and foul after the contraction. Generally, the results obtained by the vorticity-

ci¡culation method agleed well with both the experimental and SIMPLE results.

5.2 Pressure Recovery: The Hybrid Method

In order to extract pÌessuLe fields from the numer.ical solutions of the vor.ticity

and stream function, the diffet'ential method and the integral method have gener-

ally been used (Roache, 1972) and both methods have difficulties in detelmining

accurate pÌ'essure fields for the geometry considered in this study. In this sec-

tion, following a blief leview of the conventional methods, a new approach for the

pressure recovery is presented.

5.2.L The Conventional Methods

To recover the pressure fields from the known vorticity-stream function solutions,

the following two methods have bee¡r widely used.
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E zP,rimental data
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The intes¡al method One of the momentum equations (a.1) and (4.2) may be

numerically integrated by stalting fi'om an arbitrary point with an arbitrary inte-

gration constant (Macagno and Hung, 1967; Vrentas and Duda, 1973; Nallasamy,

1986). This evaluation process involves both diflerentiation and integration at each

point in the computational domain. Depending on the computational grids and

the path of integration, this method pledicts acceptable results in the region not

very close to the corners. However, for the interior points when the path of the in-

tegration is close to the sharp co¡u.ers, it was found that the pressure distributions

given by the integral method did not satisfy the ø"- ¿nd ¡*- momentum equatíol$

simultaneously.

The differential method A system which is composed of the Poisson plessru'e

equation (4.8) and the Neumann boundary condition may be solved iteratively. As

already mentioned irr Subsection 4.2.2, the iterative pÌocess to this equation does

not converge.

5.2.2 T}:e Hybrid Method

To obtain accurate pressure solutions, a hybrid of the differential method and the

integral method was utilized in this study. Specifically, the integlal method was

used to evaluate the wall ptessure distribution, where the integrals are greatly

simplifled because of the no-slip condition, then the pressule (Poisson) equation

was solved iteratively with the now known boundary values. In essence) the Poisson

ploblem with Neumann boundary conditions was converted to ¿ Poisson pÌoblem

with Dirichlet boundary conditions.

By applying the simple trapezoidal rule (Press et al.,lg87), the wall pressu.e

integration may be derived flom Equation (4.13) and lyritten in the successive
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substitution form:

(5.12)

where i is the grid index in the ¿*- dilection ènd 
^u; 

is the local grid length. The

quantities in the angle bracket on the right may be determined numerically fr.om

the vorticity solutions.

The failure of the two conventional methods alises mainly flom the lat'ge

computational error in the vicinity of the sharp convex corners where dramatic

changes of the flow quantities occur'. To limit the effects of this er.r.or in the wall

pressure determination, a special integratíon path which avoids the involvement of

the shalp coLneLs in the computation has been utilized.

With all the bouudaly values beilìg assigned, the Poisson pressure equâtion

(4.8) may be solved numerically by an iterative plocedur.e introduced in the uext

section. A pressure comparison between ihe hybrid method and the experimental

data will be giveu in Chapter' 7.

5.3 Computational Procedure for Flow

Equations

The governing equations (4.4), (4.7) and (4.8) presented in Chapter 4 are a system

of non-linear partial differential equations. The system cannot be solved ana-

lytically and, therefore, must be solved by numelical methods. In this analysis, a

numeric¿l method which is similar in certain aspects to the one developed by Chien

(1977a, b) was utilized, with the important diffelences being the tleatment of the

vorticity boundary condition and the Ìecovery method of the pressule fields. In

this section, a standârd form of the governiug equations is first derived to represent
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the common feature of these equations. A general finite differ.ence formulation is

then developed so that stable and convergent solutions cau be obtained for a wide

range of flow conditions.

5.3.1 The Finite Difference Formulation

Numerical solutions of Equations (4.4), (4.7), and (4.8) were obtained using the

finite difrerence approximations. To simplify the analysis, these equations can be

cast in a standard form which retains the basic featules such as the diffusion, the

convection, the production and the dissipation of a flow var.iable. The standard

form derived is

( azo, a2o-\ / , aa. ao"\
(¿r ôb;r- 

+ az 
6;a ) - (rt a, + b, 

ôr- ) 
: s' (5.13)

where (Þ* lepresents the flow variables, i.e., O-, tþr and pr, a1, a2, b1, å2 and s are

the corresponding coefficients and soulce term for each of the valiables.

The finite difference formulation of Equation (5.13) can be achieved by apply-

ing the conventional second-o¡de¡ central difference scheme fot each terms. In a

nonuniform grid system, it takes the following form

", LI | ( ,i*r,, _ Õi ,,r\ _ oL 'l 
, b,,. ,,

c' l" L1l't +Z4J \^'f-u - ^-ïr ) 
- T-tÃ-;.,r] - (Aucl

- | t (n*i.,øî*r,,- ati*'.¡Õi-,.¡\,(a'ï*,,¡-at;;)oiilì.
^ LÃqFZ,¿t-lj \-Ã'1.,j - ---E;- ) - -- ^-;A-.*,r ) I
. ä{'l.a+^- (+. k) -F ] 

-,1,s

,. I t (d'Ï',oî,,n, *a'i¡*,oi,¡-,) * (¡'L*,-¡',i;)oirl\
f 
Ari, + Ari¡*1 \ Ari¡*r Lri.¡ ) Lri,t&ri,t-, I J
: o' 

(5.14)



where the decay function G¿ and G¡., according to Chien (1977b), are evaluated

locally as

" 
: [t.3 

- 0.0625R2, r:' 
lll 

. ,,

I ø - ¡u' for i'El2'

where G : G¿, when O : \o*:,,and G : G¡, when A : 
f,Ar;,,

(5.15)

The stability limitation associated with the central differ.ence scheme and ac-

curacy problem inherent to the up-wind diffe¡ence scheme ale avoided by the use

ofthe locally evaluated decay functions in the finite difference formulation. In fact,

the introduction of the decay function will plovide a smooth transition flom the

conventional central-difference scheme to the upwind-difference scheme (Chien,

re77b).

5.3.2 Procedures of the Iteration Process

The general difference equation (5.1a) can be expressed in a successive substitution

form

(olj)(,"+Ð-cr(o;+r,j)(-)+c2(o;-l,j)(-+1)+ca(ol;+1)0")+c4(oii-r)(-+1)+sii).

(5.16)

where the superscript nz denotes the values at the mth iteration, (m + 7) denotes

the updated value, the coefrcients cr.) c2, ca, ca, c¿ and the source term sr,j are

given in APPENDIX D fol each of the valiables, fl*, ry'* and p*.

For simplicity, the Gauss-Seidel point iter.ation method has been used to per-

fo¡m the vorticity and the stleam function calculations. The SOR (successive

over-relaxation) method has been utilized in the iteration solutions of the pressu.e

fields to accelerate the convergency.
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5.3.3 Outline of the Solution Procedure

As noted previously, an iterative procedure is followed to first generate the values

of the vorticity and the stream function at each grid node satis$ring the system of

difference equations resulting fiom the descretization of Equations (a.a) and (a.7).

Then the pressure field is recovered by solving a Poisson problem with the Dirichlet

boundary condition. A general outline of the numerical solution procedure is given

in Figure 5.6 and can be explained as follows:

1. The iteration procedure starts with a guess or estimate for the values of O*

and ry'* at all grid points. The initially guessed values of (Oi¡)(o) and (r/i, )t0)

have beeu set to equal those of the fully developed Hagen-Poiseuille flow in

the computations.

2. The computations of the vorticity aud stt'eam function form a main loop of

iterations. The stleam function is updated by the finiie difference form of

Equatiou (4.7) and the corlesponding boundary conditions (4.10), (4.15) and

(a.18). The vorticity distribution is determined from the substitution formula

obtained as the discrete analogue to Ecluation (5.16). The updated ry'* values

are used in the computations of fl-. The vorticity v¿lues at the neighboring

points of the convex colners àre calculated according to the pr.ocedure given

in Subsection 5.1.2. This iter¿tion process is continued until satisfactory con-

vergence achieved.

3. From the converged volticity and stream function values, the pressure cal-

culation is performed in a sepalate loop. The hyblid method introduced in

Subsection 5.2.2 is utilized in the pr.esent pressure computations.
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CHAPTER 6

COMPUTATIONAL DETAILS
The development of a reliable numericàl algorithm for micloscopic level computa-

tions in high F-number flow is crucial for the present analysis. Therefore, further

consideration will be given to the characteristics of the accuracy, convergence and

stability of the method in this chapter. Mor.e details about the discrete solution

procedure will be presented. The discussion will start with the generation of the

non-unifolm grid on which the differential equations ¿re discretized (Section 6.1).

Later, the accuracy and the convergeuce of the solutions ¿re examined in Sec-

tion 6.2 and 6.3, respectively. The last section (Section 6.4) will summalize the

computel program developed in this lesearch.

6.1- Computational Grids

To solve the pa.r'tial differential equations by using the finite-difference procedure,

the fir'st step to be taken is to replace the continuous pr.oblem domain with a finite-

difference mesh containing a finite numbel of grid points. The finite-difference

grids utilized in this study ale non-unifor.m in both axial and radial coordinate

directions. A large numbel of grid point are placed in the cornel Legion and neal the

fluid/solid interface where steep variations in computed quantities are expected.

This allows accur'âte calculations to be performed without overly increasing the

total numbel of computational points. In the present approach, simple independent

valiable tlansformations (Anderson et a1.,7984) are used to genelate the grids.



Transformation 1:

A suitable t¡ansformation for a two-dimensional boundary layer type problem

is giveu by

('*!.\o -,, \v - r l
ll : nv -j-----r--i j!lu+l\"l+t .I

\u - r/
(6.1)

where g lepresents a stretched cooldinate and ! represents the coordinate of

grid points in a uniform system; ¡/ is the stt'etching parâmeter. This stretching

t¡ansformation clusters more grid points near A : h if z is chosen properly.

T\'ansfolmation 2:

Anothel tlansformation needed is to lefine the mesh about some interior. point

9". The following expression serves the put'pose:

(6.2)

where

E: !,*lt * @'-') (,T.)-] 
,<r<co." 2r",L, * e. _Ð (T))

In this t¡ansformation, z is the stletching parameter which varies from zeLo

(no stletching) to large values which pr.oduce the most lefinement neelr y : Ac.

For flow computations of the diver.ging-converging representative unit cell

considered iu this ¡esearch, the two tlansformations explained above have been

used together. A sample of the resultant grid is shown in Figure 6.1.

6.2 Accuracy of the Finite-Difference Solutions

The finiie-difference discretizations of the set of nonlinear coupled partial differ-

u:u.{t.*W},



Fig. 6.1. Nonuniform computational grids for an RUC.



ential equations (4.4), (4.7) and (4.8) lead to a system of simultaneous algebr.aic

equation that has to be solved in an iter'¿tive fashion. To obt¿in a ¡eliable numer.ical

solution, it is essential that acculacy and consistency be maintained at ever-y step

of the computational procedure. In othel words, the featur.es of the discr.etization

error and the round-off errol of the numerical solutions should be fully taken into

account in the development of the numerical method.

The disc¡etization erlor results from t'eplàcement of the continuous problem

by the discrete model and depends on the finite difference scheme and the grld

size used in the computations. In the present wolk, all the derivatives have been

replesented by second order acculate, central-difference folmulas. In situations

where the central-difference formulas cannot be used, second older accurate one-

sided folmulas are employed. Fol the solutions of Poisson type equations (4.4),

(4.7) and (4.8), all the coefficient matlices used are diagonally dominant. So both

Gauss-Seidel and SOR itelative pi'ocedu'es have led to stable, second-or.der àccu-

rate solutions. To contlol the level of the round--off erroL, on the other hand, all

computations are performed using double precision arithmetic.

The choice of the grids is dependent on the accuracy desired and the com-

putational storage and time available. In this study, the optimum grid size was

obtained by calrying out multi-step numelical experiments because there were two

relatively independent computational schemes, the vorticity-stream function and

the pressure, involved.

6.2.1 Accuracy of the Vorticity-Circulation Method

To deal with the cornel singulality, a new scheme, the vorticity-cit'culation method,

has been introduced in Section 5.2. In the numerical integratiou of Equation (5.11),
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a linear velocity distribution between the grids ¿nd a uniform vorticity over the unit

block have been assumed. This means that the trapezoidal rule is applied in boih

integrals and theo¡etically the error should ¡educe as the grid size decreases (Press

et a1.,7987). In an attempt to improve the integral accuracy, the higher-order

Simpson's rule has also been t¡ied. The nume¡ical ¡esu.lts showed that completely

insigni6cant variations in the integral values occu¡¡ed for the grids used in the

calculations. To reconfirm the reliability of these assumptions, a conservation test

was performed for ihe field quantities of a sudden contraction flow in the small

pipe where the most severe change of the flow quantities exists. The numerical

integrals of both sides of Equation (5.10), the circulation (l-) and the vorticity

flux, were calculated for an area which is contou¡ed by the solid boundary, the

centerline, the inlet of the small pipe and a cross section close to the outlet. The

¡esults of the two cases (-Re¿ :43 and 18L3) are given in Table 6.1 and Table 6.2,

respectively. The data in Table 6.1 show that the diffe¡ence of the two integral

values is well unde¡ lVo at Re¿ = 43 for all the grids used. The e¡ror inc¡eases at

higher Reynolds numbers (Table 6.2). For the frnest grids, however, this error is

not larger ttan 4Vo for all the Reynolds numbers studied.

Table 6.I Cols€rvatio! t€st of the vorticity-cucu.latioE rÁethod tor flâ¿ = 43
fie) = 43 L37 x 4u 163 x 48 Ið9 X 50 zua x õr

C¡rcu. lf ') L7280 9.5423 9.616E 9.5260
V ort, -t'lur 9.6285 9.5910 9. trttSl, 9.5713

'Ib,ble 6.2 Çonselvaiion test ot the vo¡tlciw-cûculatio[ method for .R¿¡ = 1613
¡1¿,¡ = 1813 137 x 40 163 x 48 Ið9 X 5ã ztla x öt

Circu. (î'\ 6.9533 ( ,zsuo 1.4u0ð 7.5588
Vort. FIuz 7.3086 1-5422 7.7236 7.E233
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6.2.2 Accuracy Test for Pressure Computations

The basic governing equations (4.1) and (4.2) represent a conselvation of momen-

tum, and the te¡ms in these equations (i.e., the inertial, viscous and pressure),

should be in balance at every point of the flow field. In order to check on the relia-

bility of the plessule computation method, the three terms in these equations were

determined for valious flow conditions by substituting the velocity and pressure

values obtained sepalately from volticity-stream function and plessure computa-

tion loops. The residual of the equation at each point was then calculated. Figrre

6.2 gives the distributions of the terms in the region of the colnel fol a sudden

contraction with a di¿meter latio of 2.50 at r* : 0.1. Fo¡ the convenience of

the plesentation, these dat¿ have been nolmalized with the value of the pressur.e

term ât the exit. It is intelesting to note th¿t at Re¿:10 (Figule 6.2(A)), vis-

cous effects ale much lalgel than inertial effects locally and plessule changes are

caused mainly by viscous forces. The presence of parallel lines for the viscow

and pressure terms implies that the velocity profile and the pressure gradient are

both constant, hence the flow is fully developed. For the high Reynolds number

case shown in Figule 6.2(B) (Re¿ : 1000), the flow remàins undeveloped in a

larger part of the pipe. Here inertial effects retald the development of the flow

because the contraction has caused a considerable amount of the pressure energy

to be converted to kinetic energy in the secondary flow. The energy present in the

undeveloped profile must be dissipated to the wall as the profile develops. Most

importantly, the magnitude of the residual is shown to be small in most cases so far

as this lesealch is concelned. At highel Reynolds numbel the lesidual incLeases,

but is still sm¿ll rel¿tive to the dominant tet'ms. This obselvation suggests that

the plesent procedru'e fol solving for the pressule is valid.
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It is essential that the boundary gradient of the pressure solutions should be

compatible with the source term, Sj, of the Poisson pressure equation (a.8). This

compatibility is ensured if the Green's theorem

f,^.Ha"r: ll^.s;ad., (6's)

where L* is the solution domain with boundary ô,4*, is satisfied (Roache, 1972;

Briley, 1974; Ghia eJ a1.,7979).

To evaluate the accuracy of the pressure solutions, both sides of Equation (6.3)

have been numerically integrated for different cases. It was found that the difier-

ence increases at high Reynolds numbers (Re¿ > 200) because of the truncation

elror and the disclepancy comes mostly flom the pressur.e gradient computations

in the immediate vicinity of the sharp correr. For the pr.esent analysis of high

F number'flow in porous media, however, the pole Reynolds numbel is well below

200. Thelefore, it is reasonable to believe that the pÌessü'e computation scheme

predicts reliable freld quantities.

6.2,3 Accuracy Confirmation of the Numerical Results

In o¡der to test accuracy of the numerical scheme, the flow in a straight pipe

(D/d. : 1) has been taken as an ideal model to check the correctness and the

accuracy of the computer pÌogrâm. By using 21x 151 unifor.m grids, the maximum

deviation of the velocity from the Hagen-Poiseuille solution is less than 10-3, and

the relative pressure difference is not larger than 10-2 for. all cases.

By assuming that a steady periodic solution exists, namely, the velocity (ol

vorticity) field repeats itselfin a succession of cr.oss sectior:.s that are separ.ated from

each other by the wave length -L*, the exit profiles obtained fr.om the (rn - 1)th
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iteration are substituted as approximations of the entrance values for the r¿th iter-

ation in the diverging-convelging flow computations. This procedure is continued

until the difference of the two profiles at entrânce and exit is satisfactorily small.

The nume¡ical results show th¿t this pt'ocess converges r.apidly at low Reynolds

numbers (Ae¿ < 50). When .Re¿ > 50,4-7 iterations are needed to obtain a change

in the wall vorticity values of less than 10-3.

A continuity check was performed at every cross section fr.om entrance to exit

for all computations to ensure that the mass flow late is a constant throughout

the capillary tube.

In addition to the continuity check, another accuracy test has been carried

out. To do this, the following integlal momentum equation for the flow in the

RUC is derived (see, e. g., Fox and McDonald, 1985):

- lo,,o".o"{o,i)aA. 
: - #l^,"(#) *"ø,:la,qr+

* 
lor"rr 

cos(n,i) d.A..

(6.4)

Here n is the unit outward normal vectol of the RUC, (i, j ) are the unit vectors

in the (c*,r') coordinate dir.ections, respectively, ,4i, is the fluid/solid inter.face,

and Ai, is the alea of entrance and exit of the unit cell.

Aftel the velocity and plessule fields are achieved, both sides of Equation (6.4)

can be numerically integrated. They are not exactly equal due to computation

etrots. However, the difference of the two sides is less than 5% in all cases.

6.3 Convergence of the Solutions

As already menti.oned, the finite-diffelence gr.ids utilized in this study are non-
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uniform in both the axial and ladial coordinate directions. The optimum grid was

obtained by step size numerical eq)e¡iments for diffelent numbers of grid points

(45 + 166, 4f i 151 and 37 + 136) to ensule that the vorticity profiles in the colner

legion are grid independent for flow conditions considered in this study. A sample

of the wall vorticity distributions are given in Figure 6.3 for an RUC with 3 : Z
a

u¡ra 
L]:2. It can be seen th¿t a satisfactoly convergence has been achieved by
Lp

a grid 41 + 151 for Re¿:199. Similar situations exist for othel Reynolds number

cases. Therefore, in most computations, 41 x 151 grids were used, But for the

cases of .Re¿ ) 60 and RUCs' with large diametel tatios (Dld,) and small length

ntios (L¿ f Lr), 45 + 166 grids were used. It should be poirlted out that because

the computational grids are non-unifolm, the actual glid size in the region of the

colners are decreased almost by half for different grid numbers.

The volticity and stream function equatiolts (4.4) and (4.7) arc discretized

by means of common centÌ'al-difference formulas and the approximating sets of

difference equations are then solved by the Gauss-Seidel iteration technique. The

vorticity values at the neighboring points of the convex cot lters aÌe obtained by

the scheme presented in Section 5.2. The vorticity value at the point 
^9 

(Figule

5.1) is used to define the normalized residual

- I 
(nlu', - f¿b(--Ð) 

|"': l--- n¡tl-¡ (6.5)

because this point is always the last to converge. Here nz is the iteration number..

A value of es : 10-3 was used as a cor'tveÌgence criterion in the computations.

The char¿cteristics of the convergence are shown in Figule 6.4 for. two Reynolds

number cases of a sudden contlaction flow. It is apparent that as the Reynolds

number íncreases, mole itelations are lequired.

The pressure equation (a.8) is solved by the hyblid method introduced in
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Section 5.2 and the SOR technique is employed in the numerical solving process.

The numerical results confirmed that within 200 - 300 iterations, the normalized

error function

, (r-r-l - o-r--rl) ,%:lËl
over the whole calculation domain in all cases satisfied

(6.6)

eo(1x10-4.

6.4 Computer Program

The computer program used to obtain the numelical solution of the problem is

written in standard FORTRAN 77. To avoid utìnecessary repetition and minímize

the computel time and the amount of storage, the simulation was implemented in

three sepalate pÌograms named as GRID, VORSTR and PRÐSS.

The program GRID is used to gener.ate the no¡r-unifot'm computational gr.ids

in the solution domain of different geometries. The geometrical palameters which

are requiled by the subsequent calculations, such as local grid sizes ¿nd the (ø*, r*)

coordinates of the grid points, can be determined using GRID and stored in the

corresponding two-dimensional arrays.

Wiih the computational glids established, the progr.am VORSTR is then uti-

lized to iteratively detelmine the volticity-str.eam function fields as well as velocity

distributions in a diverging-conver.ging RUC. These quantities will ¿fterwards serve

as the iuput for subsequent pressuÌe computations.

The plogram PRESS has been designed to lecoveL the plessure field using

the hybrid scheme presented in Section 5.2 and to dete¡mine the macroscopic
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coefficients, such as the permeability (fr) and the inertial coefficient (B) which have

been derived in Chapter 3 in terms of microscopic quantities, through relevant

numerical integrations.
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CHAPTER 7

FLOW MEASUREMENTS

The experiments described in this chapter wer.e designed mainly for examining the

accurâcy of the pressure computational scheme. Fo¡ this putpose, the expelimen-

tal work in this study has been devoted to the problem of flow in a tube with

a sudden contraction which embodies most aspects of the char.acteristics of the

present diverging converging RUC flow in telms of the flow analysis and numer.!

cal simulatiou. Furthermole, the plessule-flow late telationship obsetved in this

test will also be useful in clarifying the confusion on the excess pressure drop of a

sudden cont¡action flow.

T.L Introduction

Because of its considerable importance to both theoretical analysis and engineer.iug

applications, incompressible viscous flow fr.om a lai.ge pipe (or a r.eser.voir) into a

small pipe constitutes one of the most widely studied ploblems of fluid dynam-

ics. A number of numerical studies of the pr.oblem of a sudden contt'action have

been published. One of the most complehensive early studies is th¿t of Vre¡rtas and

Duda (1973). Anothel previous contribution to our knowledge ofthe subject is the

study by Du¡st and Loy (1985). That wor.k plesents both lasel doppler.anemom-

etry measulements and numerical computations of the velocity fields which have

been used to verify the acculacy of the plesent numerical profiles in Chapter 5.

Sulprisingly, few computational and experimental results have been published on



the pressule distributions caused by a contraction. In fact, only two comprehen-

sive datâ sets are available fol the excess pÌessute loss of a sudden contraction flow

(Astarita and Greco, 1968; Sylvester and Rosen, i970) and these data sets shov/

major disagreement with each othel and with previous asymptotic limits.

A major interest in such flow is associated with ihe ability to predict the pres-

sule drop between any tv'/o axial locations. To char.actelize the flow development

in the region, the excess pressure drop, Apj, which is defined as the differ.ence

between the actual p¡essure drop in the system and the pressure drop that would

exist if only losses flom fully developed flow were present in both pipes, has been

utilized in the analysis of such flow. Through a dimensional consideration, Holmes

(1967) proposed an expression fol the excess pÌessrrr'e dlop, and this expression

can be wlitten in the form

(7.1)

In Equation (7.1), rc and rct are two dimensionless parameters and have frequently

been refelred to as the Hagenbach and Couette corrections, respectively. A va-

riety of methods have been employed fol the determination of these parameters.

Weissberg (1962) consideled the problem of Newtonian flow into or àway from an

infinite reservoir in the limit as Re¿ -;0. This analytical lesult provides an useful,

low Reynolds number uppel bound for the excess pressul.e dlop and is in good

agreement with the experimental data of La Nieve and Bogue (1968) and Holmes

(1967). Valious numerical solutions have been derived in o¡der to plovide informa-

tion relating the flow development to pressure dlop in the region of sudden changes

in the cross sectional area. Most of these studies concentlated on large diametet'

ratios and employed the boundar.y layer assumptions, thus neglecting the axial

traræport of vorticity and assuming that pressure is a function of axial distance

Lpi: n+ +.ned
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only (Sparrow et al., L964; Collins and Schowalter, 1963; Vlentas et al., Ig66;

Christiansen and Lemmon, 1965; Campbell and Slattery 1963). These results are

limited to high Reynolds number entrance flow and in some sense provide a high

Reynolds number asymptote to a more complete solution of the ploblem. In recent

years, some effolt has been directed tow¿rds obtaining flow predictions by solving

the full Navier Stokes equations fo¡ valious coutràction Ìàtios àlìd Reynolds num-

bers (Vrentas and Duta, 1973; Carter, 1969; Durst and Loy, 1985). However, due

to the difficulties in extracting reliable pressure distributions (Ref. Section 5.2),

insufficient data of both the plessule fleld and the excess pressure drop have been

provided in these studies.

In this research, the measurements of the relationship between pressure drop

and flow rate were conducted in the experimental facility intr.oduced in Section

7.2. The measuled values, the wall static pÌessuÌe distribution and the excess

pressure drop, will be used to compâre with the numelical pr.edictions. A thorough

compa¡ison between the expelimental lesults and the ltumericâl values predicted

by the hyblid method (Section 5.2) and othel published data ¿re given in Section

7.4.

7.2 Experimental Apparatus

Iu the present research, the measu¡ements of the relationship between the pressure

drop and the flow rate (the Reynolds number) wer.e conducted for two contractions

with diameter ratios of 8.0 and 2.5 using an experimental facility introduced in this

section. To achieve accurate measulements, extr.¿ caution has beeu exelcised in

the fabrication of the facility aud in the procedule of the tests.
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7.2.1 Geometry of the Sudden Contraction Test Section

Two sudden contraction pipes with diameter ratios of 8.0 and 2.5 were ca.refully

manufactu¡ed in the porous media laboratory at the University of Manítob¿. E¿ch

sudden contraction test section consists of two different pipes which are referred

to the upstream and downstream pipe in this chapter. The dimensions of each

pipe are listed in Table 7.1. The lengths of both upstream ¿nd downstre¿m pipes

have been kept long enough to make su¡e that the fully-developed flow condiiion

is fulfilted for the tests in this study.

lhble ¡,1,. Dit!éDsio!3 of th ¡ mt¡
La¡ce pipe te

) /d,= 2.5
15.87å0.381 d¡aEeùer: õ.

leÀfth: I leoe¡h:

D/.1- 8.0
d¡ameùer: á0.8t dismete¡: 6.35+0.254

leucth¡ 1.854
'scth:1,654

Tlansparent acrylic pipes were used in the fabrication of the sudden contrac-

tion test sections. Each test section consists of two different diameter pipes which

are joined by lwo 6mm thick acrylic flanges. To ensu¡e the concentricity of the

test sections, all the flanges were machined at same time in a nume¡ical controlled

milling machine with ¿ precision bore hole in the center. For e¿ch pipe, the con-

necting end were machined flush and glued inside of the flange, so that when the

two flanges were bolted together a sharp edged contraction w¿s fo¡med.

The pressure tap holes of l.2mm diameter were distributed along the length

of the pipe. The axial locations of these pressure taps are given in Table 7.2.

t7 ocasigDs of the P¡essu¡e Taps (iq m¡¡)
laD llumbe! rt2t3t4 7 r0 t!1 tl?

{ +1.
T¿rÞ numbe! t3t14tt5t16 17 i.E I9 20

oca r5.24t+?0.32t+25.. +33.02 t+.{0.64t+53.34t+66.0, ¡-u t.{{t+l Ltt.d¡IJ+142.?{t+167.ö4t
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7.2.2 Test Facility

The pressure distributions across the test section were measured as a function of

flow rate by means of the apparatus shown in Figure 7.1. The ove¡head tank with

180 liter capacity was found convenient to use in furnishing corìstant head. The

flow rate was easily controlled either by adjusting the height of the overhead tank

which was insialled in a frame ¿nd could be moved up and down by a motor or

by changing the relative level of the outlet tubing located in the storage tank. A

70mm ID ove¡flow line on the overhead tank ensured that a constant level and

thus a constant pressure he¿d was maintained at the inlet to the test section. At

the bottom of the overhead tank, an opening was connected to the test section by

a vinyl tube (20mnr ID). The working fluid was cilculated around the closed loop

by a centrifugal pump with a reliable speed dr.ive.

Samples of the working fluid were collected for a timed portion of the tube ef-

fluent and weighed on an electronic anâ.lyticâl balance with an accuracy of t0.019,

and the flow late was then calculated.

The pressure distributions were measu¡ed in a series of 3.17 mm ID acrylic

upright tubes (see Figure 7.1) which wer.e connected to wall static pressure taps.

The heights of the liquid in each tube were read by means of a Sar.gent-Welch

cathetometer, with a vernier i'eading to *0.05 nzm. To h¿ve adequate measuring

leadings at different flow rates, thr.ee Newtonian liquids wer.e used as working fluids

in the tests. They are water, and 40Vo and 60% glycerine in water solutions.

7.3 Experimental Accuracy

To obtain leliable experimental lesults, several measuLes have been adopted to
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Fig. 7.1, Apparatus used to measu¡e pressure distributions across the

contraction test section.



minimize the possible ellors introduced by the experimental setup and in the ex-

perimental plocedure.

First of all, the c¿thetometel was adjusted to be oriented in a horizontal plane

using the build-in level, and this level orientation was confirmed by monitoring the

heights ofthe liquid in the upright tubes when there was no flow in the test section.

The test section was then rechecked to ensu¡e that its whole length was located in

a horizontal plane.

As explained earlier, the flow rate to the test section \¡/as regulated through

the ¡elative levels of the overhead tank and the outlet tube. To ensule a stable flow

rate for each condition change, the tests were carried out after a sufficient period of

time such that the difference of the flow Ìates evaluated from two collected sâ.mples

were within 1%.

To achieve accurate measurements, tlapped ail' bubbles in the test section

and in the upright manometer weÌe evacuated by various techniques flom vacuum

purnp to mau.ual suction.

It is obvious that any significant change of the fluid temperatule could have

introduced àn erÌor in the experimental data. Due to the long length of the test

section, it was difficult to keep the fluid temperature constant in the whole flowing

process simply by heating the fluid in the storage tank (Sylvestel and Rosen,

1970). Therefore, all the tests in the plesent study have been performed under

the condition that the room temperatule a¡td ihe fluid temperature are the same.

This constancy of the fluid temperature was guaranteed by lecording the room

temperature and the temperatures at several points in the flow loop simutaneously

during each run. The tolerance fol temperatule change lvas 0.2oC.
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The estimates of the experimental uncertainty were obtained following the

procedures of Kline and McOlintock (1953). A 95% confidence level for the uncer-

tainty of the excess pressure drop, Api, was not more than 6% depending on flow

conditions. For the Reynolds number', the overall uucertainty was less ihan 5%. A

sample calculation fo¡ Reynolds number uncertainty is pr.esented in APPÐNDIX

E.

7.4 Result Analysis and Comparison

7.4.L Data Reduction

The primaly goal of the experimental investigation was the deter.mination of the

wall pressule distributions and the excess pressure drops for fluid flow through a

sudden contraction. The independent pàràmeter.s wele the Reynolds numbel and

the diameter latio for the geometly consideled. In the plesentation of the data,

the c¡oss-sectional area of the small pipe is used as the reference area. The mean

velocity and the diameter of this cross-section has been utilized as the velocity

and length scales for nondimensional quantities.

The mass flow rate in the small pipe, riz, is detelmined from

.W
fl1,: 

--
CAú'

(7.2)

where W represents the weight of the fluid collected in a time interval, Aá, and g

represents the accelelation of gr.avity.

For a given geometly, the plessule drop depends only on the Reynolds number

- pU¿d A'rn
Ã,ed : 

-

p It pd
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The dynamic viscosities of ihe fluid were lechecked by using a HAAKE falling-ball

viscomete¡ at the same temperature conditions as the tests being performed.

where lz is ihe height of the upright manometer, taking Tap No. 1 (see Table 7.2)

as the ¡efelence level.

After the static pressure distributions are determined, the excess pressu-t'e drop

as defined in Equation (7.1) can be written as

The wall static pressure, p, is presented in a dimensionless form

- p gtt /p"&\'e:;-q:w:\an¡n"'

np¿: tLPl^ : Lp Lp,¡atya",.,

, oo3

Api,tto¿"u. : # tr l? r*, . rl

(7.4)

(7.5\

where Ap* is the dimensiouless plessure dr.o¡> ttu'ough the contlaction, and

Aptuns a"u. is the nondimensional plessule drop due to a fully developed flow cal-

culated from

(7.6)

In Equation (7.6), Lä and Lþ denote the dimensionless lengths of the small and

lalge pipes, respectively.

7.4.2 Pressure Distribution

The pressule drops were measured for a I'ange of Reynolds numbers (10 < Re¿ <

1800) for each of the contlactions. It has been found in the tests that the viscous

pressure losses in the large pipe (upstream of the contlaction) wer.e negligibly small

for the geometlies consideled. This observation suggests that the viscous integr.als

ovel the surface of the large pipe in Equations (3.36), (3.37) and (3.38) may safely
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be ignored in the evaluation of the macroscopic coefrcients. This point will be

brought up in more detail in Chapter 8.

Some representative plessule profiles in the small pipe (downstrearn of the

contraction) are shown in Figule 7.2 and Figure 7.3 with p- : 0 being assigned

to the pressure level at the first tap in the large pipe of the test section. For

the case of D/d:8.0, computed pressure profiles of fully developed flow ar.e also

plotted (Figure 7.2). It can be seen that the Hagen-Poiseuille flow condition has

been established within the length of the small pípe for the Reynolds number.s in

this study. A comparison between the numerical pÌofiles predicted by the hybr.id

plessrue computational meihod (Section 5.2) and the measur.ed values are given

in Figure 7.3 for the ent¡ance ¡egion. Culves a¡e for .Re¿ : 12.2,80, 128.7 and

652, respectively. A good agleement between measu-rements and computations

may be observed. This comparison verifies that the pÌessure integrations over.

the fluid/solid intelface predict leliable boundary values for subsequent iterative

pressu¡e computations of the interior points by means of the plocedure explained

in Section 5.2.

7.4.3 Cornparisons of the Excess Pressure Drop

The excess plessure drop, Apl, which physically r.epr.esents the kinetic enelgy

changes and the excess viscous dissipation of energy in the flow development, was

calculated for various Reynolds numbels. The dependence of excess pressure dÌop

on Reynolds numbel is shown in Figure 7 .4 (D /d : 8.0) and Figure 7.5 (D ld, :
2.5). It car be seen that fol D ld : 5.0 an ircrease in the excess pressur.e drop

occurs below Re¿x750. A similal observation has been reported by Astalita and

Greco (1968). Accolding to the experimental data, the best estimates fol
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Hagenbach and Couette corrections àre ,f : 2.24 and nt : 36.2 for D ld, : 8.0

as shown in Figure 7.4. For the purpose of comparison, the numerical results

predicted by the hybrid method as well as the values given by Vrentas and Duda

(1973) have been plotted in Figure 7.5. The present numerical results compare

favorably with both of them. The solid line dlawn in Figure 7.5 is Equation 7.1

with r : 2.10 and rc/ : 16.1.

Comparisons of the Hagenbach a:nd. Couette col¡ections of the present with

some results from previous experimental and theoretical studies are given in Tables

7 .3 and 7 .4. It is quite clear that both rc and *' *. ! dependent. In the low -Re¿

range (Table 7.4), both experimentàl and numelical results of the present study

fall below the upper bound theoretically established by Weissberg (1962) and ex-

perimentally verified by La Nieve and Bogue (1968) for the "cleeping" flow limit,

and a consistent trend holdr D '; as ] iucreases fi'om low to high values. The values at

high .Re¿ (Table 7.3) also aglee well wÍth othel numer.ical r.esults and theoretical

limit (boundary layer calculations for 3 - -). The experimental results of both
IL

Astarita and Greco (1968) and Sylvester and Rosen (1970) lie considelably above

the present results and these two data sets agree neitheÌ with e¿ch other. nol with

the asymptotic limits. Ttl'ough an analysis of the hydrodynamic deflnitions of the

corlections (rc and rc') derived by à momentum conselvation, Ma ¿¡rd Ruth (1993c)

pointed out that the negligeuce of the pressure change at the cross section of the

sudden contÌaction might lesult in the higher values of iføger¿ô¿ch, correction. An-

other possible reason foL the deviation of the experimental results by Astarita and

Greco (1968) and Sylvester and Rosen (1970) is the temperatule change in the flow

Ioop which affects considelably the acculate determination of these corrections.
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Table 7,3. Comparison of the Eagenbach Correction (æ)

Refe¡ence

Rieman ( 1928)

Asta¡iia & Greco (1908)

Sylvester & Rosen ( 1970 )

Campbell & Slattery ( 1963)

Collins & Scbowalter (1903)

V¡entas e¿ cf.(1966)
Sparrow ei cl,( 1964)
Presett Reseat'ch

Type of Solutiou

Experinrental
Experimcutal
Experimental
Numerical
Nume¡ical
Nurne¡ical
Nu¡ne¡ical
Experinrenüal

Nunre¡ícal*

Ite¿ Range

200-1000
l0-2000
6-2000

ì
I bouadary layer
)I âssrunptrols

J
10-1800
10- 180 0

0.1-1000
0.1-1000
0.1- 1000

.;rí
a

co 2.25

2.5 5.48
8.0 2.40
co 2.09
co 2.33
oo 2,28
co 2.24
8.0 2.21
2.í' 2.10
2.3 2.08

t.ô7 1.89

1.25 1.31

r Reported in trfa and Ruth (1993ê).

Table 7.4. Comparison of t};.e Couel¿e Correction (r/)

Refe¡ence Type of Solution '- ru' .Ee¿ Range'ú
Dorsey (1926) ExperinÌerrtal > 50 18.37-36.67 < 10

Eolmes (1967) Experirucutal > 50 37,i 0.01-1
La Nieve & Bogue (1968) Experinrenial 11.8 30.8 6.75 x 10-{
Astariia & Greco (1966) Experiutcutal 2,5 795 10-2000

Sylvester & Rosen (1970) Esperinrerrtal 8.0 295 6-2000

Weissberg (1962) Nunre¡ical oo 3i,7 Re¿ - g

Prcsenl Ûleaeør'ch Expetiureutal 8.0 30.2 10-1800
2.5 16.1 10-1800

Nuurerical+ 2.5 14.,11 0,1-1000
1.67 10.70 0.1-1000
r.25 .1.20 0.1-1000

+ Reported ir¡ trfa aud RutlÌ (19934).
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CHAPTER 8

RESULTS AND DISCUSSION

A systematic numerical experimental study was perfolmed by the plocedure given

in Chapter 5 for the geometr'íc model int¡oduced in Chapter'4 with the aim of im-

proving the understanding of how the macroscopic properties of a porous medium

are infi.uenced by the pore geometric and flow conditions. As already described,

three parameters characterizing the solution domain of the present RUC's are the

diameter latio, D f d., the length ratio, LtlLp, and the lengih to diameter rutio., Lf d.

By changing èny of the thlee, different flow channels rvill be formed. Samples of

ihe RUC's used in the computations are given in Figule 8.1 to glaphically show

the trend of the geometlic variations. In this research, the numerical calculations

of the diverging-converging capillary flow were fulnished fol the RUC's folmed by

changing sequentially the characteristic dimensionless parameters:

Diametel ntio: Df d, : 1.5,2, 3, 4;

Length ratio: Ltl Lp : 7.743, 2, 3.167, 4;

Periodical length to diameter tatio: Lf d : 2.925,3.9, 4.875, 5.363;

Reynolds number: Ãe¿ : 9.61 - tOO.

In this chapter', the numelical lesults fol the micloscol>ic flow legimes within

different RUC's will be presented in Section 8.1, and a full discussion of behaviors

of the macroscopic propelties will then be given in Section 8.2. Based on these

results, Section 8.3 will focus on a quantitative analysis ofthe nonlineal phenomena
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in high F-number porous media flow.

8.1- Microscopic Flow Mechanisms

Developments of the fluid motio¡r for the RUC's with different geometries and

pore Reynolds numbers have plesented diverse patterns as distinct from simple

expansion or contraction flow. The detailed information of the microscopic flow

field provided in this section, in association with the quantities from the conti,tzuum

approach on the macroscopic level (see Seciion 8.2), will be helpful to gain a better

knowledge of the uatu¡e of the flow in porous media. ALI the figules are given at

the end of the chapter fo¡ the continuity of ihe presentation.

8.L.1 Streamlines and Vorticity Contours

The pore flow fields we¡e detelmined by the numerical procedures developed in

Chapter'5 for the diffelent RUC's ¿t various flow lates. Some typical flow pàtterns

in the diverging-converging RUC's are plesented in Figures 8.2,8.3 and 8.4 for

changing flow Reynolds number and geometry. In Figure 8.2, the solid curves in

the upper portion represent the streamlines and the curves in the lowe¡ portion

represent the vorticity contou¡s. Fol the cases of diametel ratio D/d : 2, two

small-size corner vortices and a symmetrical vorticity distribution ¿re found for

Re¿ : 1 (Figu¡e 8.2(A)) which represents a typical Stokes type of flow. The sizes

and positions of the voltices change gladually as r?e¿ increases. The vortex at the

back-step wall moves downward and expands as shown in Figule 8.2(B). At even

higher .Re¿, these two vortices degenerate into a large recilculation zone which fills

the cavity of the large segment of the RUC (Figule 8.2(C)). The vorticity contours
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shown in Figures 8.2(B) and 8.2(C) ale stletched iu the dir.ection of flow by the

convective effects as the Reynolds numbel becomes lalger.

The streamlines for geometries of large diameter latio are given in Figur.e

8.3(A). A tlu'ee-vortex system, two small ones at the corner.s and a large one at

the center (Figure 8.3(A)), becomes a two-vortex system with changing sizes and

intensities as .Aed increases (Figure 8.3(B)). Another typical pattern, shown in

Figure 8.4, is observed for large length ratio (L¿f Lo) conditions. In such cases,

only one observable voltex v.¡as predicted fol all the Reynolds numbers studied.

The vorticity dist¡ibutions ovel the fluid/solid interface with nolmal in the r
di¡ection are given in Figure 8.5 for diffelent RUC's as a function of the Reynolds

number'. It is obvious that two peaks of vorticity exist at the convex cornels for

all cases, and the flow erodes the vorticity peak more quickly at lower Reynolds

number. The different flow patterns shown in Figure 8.2 can be r.elated to the wall

vorticity distributions in Figure 8.5(C) whele the separation and leattachment

points may be identified with O* : 0.

8.1.2 Velocity Fields

The centerline velocity distributions are plotted in Figure 8.6 as functions of the

Reynolds number for two RUC's with different length ratios. The position of the

minimum moves in the di¡ectio[ of flow and the magnitude of the lowest point goes

up as Reynolds number increases (e.g., Figure 8.6(A)). This t¡end can be better

understood by leviewing the flow pattet'ns in Figure 8.2. The development of the

voltices narÌows the effective flow passage as Reynolds number incr.eases.

Figures 8.7,8.8 and 8.9 show the numerical axial and radial velocity profiles
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at several representative length positions: the entrance of the RUC, the inlet of the

large cylindrical segment, two posltions inside the lar.ge segment, and the mouth

of the second narrow pipe. For the cases of Re¿:20 and 80 (Figures 8.8 and 8.9),

backward flow exists at a certain radi¿l distance in the lar.ge segment because of

the ¡ecirculation region. However, no obvious uena contracta type of behaviour

(and velocity overshoot) at high Reynolds number is obser.ved for the cases of the

diverging-converging flow. In fact, the development of the vortex system in the

diverging-converging pipe weakens the effects of the sudden geometric change and

presents the flow as distinct fi'om the single expansion or cont¡action flow.

A selies of velocity vectoÌ diagrams fol valious RUC's is pr.esented in Figures

8.10, 8.11 and 8.12 at different Reynolds numbers fi'om 1 up to 100. These diagrams

may serve as a complement to the results presented above to show variety of flow

patterns at different geometric and flow conditions.

8.1.3 Pressure Distributions

After the velocity fields wel'e determitìed, the plessure distributious were càlculàted

by the hybrid scheme (Section 5.2). The closs-sectional pressure profiles at six

typical length positions are given iu Figure 8.13 for the case of D /d : 3 at Re¿ :

80. The dashed lines represent the axial positions whete the profiles were taken.

The solid liues represent the pressure values above the entlance pressure and as

scaled in the graph. It can be seen that most of the pressut'e loss comes from the

narlow pipe, and far fr'om the colnel the cross-sectional pressure values chânge

very little although they are never constaut.

A replesentative evolution of the cross-section mean pl.essure P* is shown

in Figule 8.14. The solid lines on the gÌàph are the pressur.e distributions which
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would exist if only fully developed, Hagen-Poiseuille flows were present in the large

and the small pipe. For the cases of Re¿:1, 10 and 20 (Figure 8.14(A)-(C)), the

pressure values in the upstream small pipe ale close to those of Hagen-Poiseuille

fi.ow because the process is dominated by viscous fo¡ces. In the large pipe, the

meân pressure gradually goes up depending on the Reynolds mrmber. This trend

was observed for all Reynolds numbers studied. The decelerating motion of the

fluid leads to au increase in the static pressuÌe on the fore-step wall.

Another dimensionless parameter) the excess momentum loss factor {o, was

defined by Azzam and Dullien (1977) as:

. LPi',
\P 

^P- 
'

(8.1)

where P* is the dimensionless cross sectional mean pressure and APåp, the di-

mensionless pressure loss, is evaluated by applying the Hagen-Poiseuille equation

to the pore (the large pipe) and the thro¿t (the small pipe)

LPi,, : (LPit ò o+ (aPåP)¿

g2 ,,ld\A 32 ,,: - n"o"o\n) - ou";
(8.2)

Hence, {o is ¿ measure of the excess enelgy dissipation effects which t¿ke place in

the diverging-converging RUC and which have not been taken into account by the

Hagen-Poiseuille equation.

A systematic investigation of the effects of geometric and flow parameters on

€p has been undertaken. Some typical results for four differ.ent values of length

ratio L¿f Lo is illustt'ated as ¿ function of diametel tatio Dld, in Figure 8.15 for

Àe¿ : 1¡. Because AP* is a weak function of D ld (see Subsection 8.2.2), the

observed declease in {o as D/d increases is due to a declease in (LPfi.)o. This

efrect becomes more obvious at small values of L¿f Lo. For the RUC of uniform

diametel (D ld: 1), the excess momentum loss factol equals to unity.
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8.2 Behavior of Macroscopic Properties

Detailed descriptions of the microscopic flow patterns within RUC's h¿ve shown the

dramatic changes of vortex system for differ.ent geometlies and Reynolds numbers.

The variations of the pore flow fields will certainly altel' the interfacial vorticity

and pressure distributions. The two integrals (Equations (3.32) and (3.3a)) and

therefore, the macroscopic palameters (fr, B and Fo, etc.) which can be dete¡mined

numerically, will have different values accordingly.

8.2.1 Reynolds Numt¡er Effect on fr, and ¡'o

From theil definitiorm, both fr, and .Fo (Equation (3.38)) ar.e velocity dependent.

Further', fr, is a function of d and {. For the puÌpose of compar.ison in this subsec-

tion, d: 1 and { : 1 have been applied i¡ the calculatio¡s. Figu.e 8.16 shows the

influence of Reynolds number' (flow late) on the Forchheimer. number. (Fo). In the

Iow Reynolds ¡rumber region (.Re¿ < 7), Fo is nearly to zero. It follows that ftu :

fr, and a linear relationship between the avelage pÌessure gladient and the specific

discharge exists (Ref. Equation (3.28)). As the Reynolds number increases, the

microscopic inertial effect is no longer negligible. As a dimensionless c¡iterion of

the macroscopic nonlinear effect, .t'o has a significant magnitude. At even higher

-Re¿ (e.g., Re¿ > 6) , Fo grows more quickly. A tr¿nsition zone is presented in

the Reynolds number region (3 < Red < 10), rvhere the effect ar.ising from the

microscopic inertial force gradually builds up in impoltance until it domiuates iu

the traræport process.

The velocity-dependent permeability À, ver.sus Reynolds number is plotted in

Figure 8.17. The symbols in the gr.aphs deuote differ.ent diameter ¡atio conditions.
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For the case of hlLe:2 and Lld:4.875, the RUC with greater diameter ratio

has smaller pressure loss and therefole larger permeability. But this effect becomes

less pronounced for higher' Ãe¿ cases. The geometry effects on Fo and fr, will be

discussed in detail in the following subsections.

8.2.2 Average Pressure Loss AP-

Four cases of average plessure loss ÂP. through the capillary RUC's are given

in Figure 8.18, for Re¿ : 1, 10, 20 and 80, taking the diameter ratio and the

Iength ratio as the independent parameters. One may see fi'om the graphs that

the plessule loss is very much dependent on the length latio (the ¡atio of th-roat

length to pole length), but is weakly dependent on the diameter ratio. This result

supplements the research by Dullien and Azz¿m (1973) and Azzam and Dullien

(1977). In their work, the impoltance of the length latio was not taken into account

in either the theoretical development or the experimental results.

In Figure 8.18, the dashed lines represent the pressule dlop for D/d: 7,

namely, a straight pipe with diameter rJ. For the case of .Red : 1 (Figure 8.18(A)),

the pressule losses for the diverging-convergiug RUC are all smaller than those for

the straight pipe. The explanation for this phenomenon is that the viscous effect

is the main soulce of the pressure loss at low .Re¿ values and the viscous loss in

the pore segment (large pipe) is always reduced when the diameter r.atio incleases.

However, this situation changes at highel Reynolds numbers (Figures 8.18(C) and

(D)). Here the pressule loss relating to the ineltial effect grows and exceeds the

pressure gains by the pore effect. Therefore, in some cases (large length ratio), the

avelage pressure losses ale largel than those for the straight pipe.
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8.2.3 Interfacial Drag Force

With known microscopic flow fields, the interfacial viscous a¡rd pressule integrals of

Equations (3.26) and (3.27) can be numerically obtained fol different RUC's. The

ínfluence of the diameter latio and the length ratio on the dimensionless integrals

Vi*, and. Pi¡¡7 as a function ofthe Reynolds number wele studied for differeni .t/d

patterns. Some typical results are presented in Figure 8.19 for Vr*¡, and Figu.e

8.20 for Pf"r. For the given length to diametel ratio, it can be seen in Figure 8.1g

that the viscous integral in all cases increases as the diameter ratio (D /d) decreases

(Ref. Figure 8.1(A)), and convelges to the asymptotic value at Dld: 1, where

Hagen-Poiseuille flow lesults. The effects of the diameter ratio change become

less important at lalge Df d, values since it is evident from Figure 8.19 that Vf"¡

has gradually achieved an asymptotic value. The explanation for this phenomenon

is that the surface viscous stless in the pore is r.educed when the diameter.ratio

increases. The increases of the length latio (Ref. Figure 8.1(B)), LlfLo, resrlt it
a longer ttu'oat and therefore, a la.r.ger surface viscous for.ce. The pressure integral,

Pf¡1¡ represents the resistant force resulting from the geometric formation of the

flow channels. For a stlaight pi¡;e (Dld,: 1), ihis force equals to zelo. As showu

in Figure 8.20, the computational lesults pledicted a maximum at the diameter

ratio Df d - 1.5 - 2. As the pore ReyrÌolds numbel increases, the diameter.ratio

corresponding to the maximum pÌessure integral decreases.

From their definitions, both pressure and viscous integrals are dependent on

the local flow mechanisms. Figure 8.21 shows the influence of the pore Reynolds

number on the totâl interfacial dlag folce, i. e., Vi,¡y+Pirr. The dashed lines

in the graph represent the linear relatiolìs betrveen the intelfacial drag for.ce and

the Reynolds number'. It is evident that at certain values of Reynolds number,

115



depending on the microstructure, the interfacial drag force gradually deviates from

the linear lelation due to the microscopic inertial effects. This lesult suggests that

the closure representation of this folce should include higher order terms with

respect to the averaged velocity fol the cases of high F-number'flow.

The effects of the length ratio, L¿fLp, on the total drag force may be observed

from Figure 8.22 for two Reynolds numbels. The asymptote at L¿f Lo --+ oo is

given by the dashed line. It can be seen that the drag force increases as the length

ratio becomes larger.

The macloscopic parameters describing the polous stÌucture) such as porosity

and areosity, may be calculated for each RUC of the present model. An attempt

has been made in this lesearch to corlel¿te the inlelfacial drag folce with these

parametels. However, ít was found that such collelations are hard to achieve. To

be more specific, RUC's with equal values of polosity and aleosity at the same flow

rate, may possess very different values of the interfacial dlag force depending on

the pore configulation. These lesults suggest that constitutive colrelations should

be more carefully formulated in ordel to simuL¿te the dependence of the iutegrals

on the local flow condition and geometrical configuration.

8.2.4 Geometric Effects on /cu, Fo and B

As mentioned above, the values of ku alnd B are dependent on a characteristic

length and the areosity. In this study, the diameter of the throat is conveniently

taken as the charactelistic length, and d: 1 ttl'oughout the calculations. But fo¡

the plesent model, there is no obvious cross-sectional area,4¿ to be used in deflning

the aerosity. Fol the sake of comparison of the lesults fo¡ different geometlies, a

cross sectiou Ai : a.S * 4.5 has been chose¡ (Figüe 4.1). Numerically, this a¡ea
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equals the quotient of the total closs-sectional ar.ea of the model porous medium to

the number of parallel flow channels embedded in the impervious solid. Following

the definition of ,4i, the aelosity and the porosity of the unit cell may be calculated

fo¡ each case.

The influence of diameter ratio and length ratio on -Fo and fr, as a function

of Reynolds number were studied for different Lf d, pattems. Two typical lesults

are presented in Figure 8.23 for À, and Figule 8.24 for .F o. It may be noted that

the length ¡atio effect on ft, (or -If,) for the Reynolds numbers studied becomes less

impoltant at large L¡f L, values. The magnitude of the Dalcy's law permeability fr

can be found approximately â'om the culve fol Re¿ : 1in Figure 8.23. The lesults

suggest that for a porous medium with lalge thloât-to-pore length ratio (LtlLo >

3) and large diameter ntio (D ld > 2.5), both the Darcy's law permeability fr and

the velocity dependent permeability fr, are apploximate constants which depend

on Reynolds number and the length/diameter latio only. Similar to the analysis

of the pressure loss AP*, ku and Fo are weak functions of the diametel ratio. This

conclusio¡r can be obtained by comparing À, glaphs for Dld:4 (Figure 8.23) and

Dld:2 (Figure 8.25).

Figule 8.26 shows the permeability Ä, at different length/diameter ¡atios. Fol

a fixed length and a fixed diametel ratio, the larger the value of .L/d, the less

frequent will be the change in geometÌy (Ref. Figule 8.1(C)). This results in

smaller pressule losses, and therefole in greater permeability.

Anothel typical result fol the lelationship between &, and the polosity is given

in Figure 8.27. lt can be seen that fr, increases quickly as the porosity becomes

Iarger fol the case presented. The reason for this is that for fixed diametel ratio

and length/diameter latio, the change of the porosity lesults fi'om the change of
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the length ratio, and a la.rger value of the porosity corresponds to a smaller length

ratio aDd a smaller pressure loss, which results in a larger permeability. It should

be mentioned that this co¡rel¿tion is performed with the diameter ratio and the

length to diameter râtio kept unchanged.

The geometric effects on the inertia coeffi.cient B are given in Table 8.1 by

taking .4,i : 4.5 * 4.5 as the reference area. In large diameter ratio and small

length ratio cases, the va¡iation of the c¡oss-sectional area along the axis is mo¡e

pronounced and abrupt, which results in more visible change of the velocity, and

therefore, in high inertial effects. It was found in the computations that the inertia

coefficient B depends weakly on the velocity. This may hint that a higher order

approximation is needed for the present geometric model.

Table 8.1 Geometric effects o¡t the ine¡tial coefficienl, p lor L/d = 4.875

Dld Ltl l 1.143 3.167 4

1.5 33.704 31.842 29.449 26.926

46.600 43.47 ß 33.903 20.050

3 48.395 46,002

4 49.858 46.401 37.360 30.446

8.3 Physical Explanation of Nonlinear Effect
in High F-Number Flow

The analysis of the flow phenomena at the pore level indicates that the particles

of fluid move tortuously ihrough the channel. The inertial term (Ref. Equa-

tion (3.12)), which is proportional to the fluid density and its acceleration, is a

oonzero quantity at every point inside the capillary because of the sudden geom-

etry changes. This term can be regarded as a force term. Dynamically, the terrns

in the microscopic momentum equation (i.e., inertial, pressure, viscous and body
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force) should be in balance at every point of the fluid phase. However, the dif-

ferent terms, which represent diffelent physical phenomena, play changing rôles

in different flow conditions. The data for the mean values of these microscopic

forces and the relative magnitude of the macroscopic parameters (-Fo or frr) at

different Reynolds numbers will be helpful for precisely desclibing the nonlinear

phenomena fol high F-number flow. Accordingly, Equation (3.12) has been inte-

grated over every cross-section fol various Reynolds numbers. The mean values of

inertial, pressure and viscous forces through the capillary a¡e illustrated in Figure

8.28. For a convenient presentation of the results, the culves i .e normalized with

the value of the p¡essure term at the entrance. At a low vàlue of Reynolds number

(Figu-re 8.28(A)), the ineltial folce is negligibly small everywhere. Here the ples-

sule force is basically balanced by the viscous folce. Fol the higher. value of -Re¿

at which the macroscopic nonlinear behaviol becomes mole and mole obser.vable

(Ref. Figule 8.16), the inertial force becomes nonnegligible as compared with the

viscous force in the region of the sudden geometÌy change (Figure 8.28(B)). At

even higher Reynolds number cases (FiguÌe 8.28(C)), the inertial force and vis-

cous force contribute equâ.lly in balancing the pressule change. It may be noticed

in Figules 8.28(A)-(C) that the iuelti¿l effect is concentr¿ted iu the vicinity of

the two convex corners fol the plesent model. The numerical residuals (a mea-

su¡e of numerical elror') of the integrations ale also plotted in Figure 8.28. It can

be seen that they are smallel cluantities except near the corners at the highest

Reynolds numbeÌ. At high Reynolds rìumber, the residuals incr.ease, but are still

sm¿ll relative to the dominant terms.

As already mentioned in Subsection 3.2.1, the microscopic inertial ter.m i¡r the

avelaged momentrm equation (3.18) disappears due to the no slip condition on

the fluid/solíd interface. But it is impoltant to lemembe¡ that its effect has been
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stored in the disto¡ted velocity and pressure fields and in turn is manifested in the

interfacial integrals of the pressu-re ¿nd the viscous force.

From the discussions above, it seems Leasonable to conclude that if the growth

of interfacial drag forces at high flow velocity is taken as the superficial reason for

the nonlinear behavio¡ of the flow (Hassanizadeh and Gra¡ 1987), the fundamental

source of the phenomena should at last be attributed to the microscopic inertial

force.

8.4 Remarks

The numerical solutions for fluid florv in a porous medium modelled by periodic

diverging-converging capillaries h¿ve beeu performed fol the purpose of quantita-

tively analyzing the relationship between the microscopic flow and the macroscopic

responses. The result analyses presented in this chapter suppolt the following con-

clusions.

1. The development of the fluid motion at different geometries and Reynolds

numbers reveals diverse flow pattelns as distinguish fi'om simple expansion or

contlaction flow;

2. The numerical analysis of micloscopic flow and the macroscopic response

clearly shows that the fundamental reason fol the onset of nonlinear flow

(Re¿ x 70) is the microscopic ineltial folce rvhich has been manifested in the

interfacial drag force;

3. The interfacial dlag folce depends strongly on the geometric ¿nd flow condi-

tions at the micloscopic level. The four parameters char.acterizing the micro-

scopic flow fol the pleseut model are the diameter ratio, the length ratio, the
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length to diameter ratio and the pore Reynolds number, although not ¿ll of

them are of the same importance in all circumstances;

The permeability /r (ol A,) and the inertial coefficient B are complex func-

tions of the microst¡ucture. Fo¡ the periodic diverging-converging capillary

model, the microstructure is characterized by three dimensionless paJameters)

namel¡ the diameter latio, the length/diameteÌ r'àtio and the length ratio.

Compared with the length/diametel ratio and the length latio, fr, (or fr) and

B þr F6) ale weakly dependent on the diameter ratio fol Dld > 2.5. The ve-

locity dependent permeability ft" (or the Dalcy's law permeability,b) may be

approximately treated as a constant which depends on the Reynolds numbe¡

and the length/diameter ratio when LrlLp > 3 and Dld, > 2.5.
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(A). RUCs wiih diameter rario (D /d,) changes only.

(B). RUCs with length ntio (L¿lLr) changes only'

Fig. 8.1. Geometric ç6nffgulations of the RUCs'



j

(C). RUCs with length to diamerer rutio (L/d.) changes only.

Fig. 8.1. Geometric co,,figu¡atjons of the RUCs.
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Fig. 8.2. Streamlines and vorticity contours for the RUC oÍ D/d :2, L.f Lp: 2, and L/d:4.875.
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Fig. 8.2. Streamlines and vorticity contours for the RUC of D/d:2, L.f Lp: 2, and L/d: a.975.
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Fig. 8.3. Flow patterns for the RUC oÍ D/d - 4, Lr/Lp : 2, and L/d: 4.875.
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Fig. 8.3. Flow patterns for the RUC of D/d : 4, Lt/Lp : 2, and L/d: a.975.
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Fig. 8.5. Distributions of interfacial vorticity fo¡ the RUC of. D/d, :2
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Fig. 8.5. Distributions of interfacial vorticity for the RUC of D/d:2

and. L/d:4.875.
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Fig. 8.7. Velocif,y proûIes at representative axíal positions for the RUC

of. D /d = 2 , hf Lp :2 , L/d : 4.875 and -Re¿ = 1.
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(A) . .l?e¿ : 1'

Fig. 8.10. Velocity field for the RUC o1 D/d. - 7.5, L./Lp - 2 and

Lld: 4.875.
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Fig. 8.10. Velocity 6eld for the RUC oÍ Dld: l'5, L.ILP:2 and

L/d: 4.875.
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Fig. 8.10. Velocity ñeld for the RUC of D/d: l'5, L.f Lp - 2 and

Lld: 4.875.
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Fig. 8.11. Velocity ñeld for the RUC o1 D/d - S, L./Lp:4 and L/.1 : 4.875.
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Fig. 8.11. Velocity freld for the RUC o1 D/d. - 3, hf Lp:4 and L/d: 4.875.
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Fig. 8.11. Velocity 6eld for the RUC 01 D / d : 3, h / Lp : 4 and L / d : 4.875.
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Fig.8.12. Velocity Âeld for the RUC of D/d:4, L./Le:2 and

Lld:4.875.
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Fig.8.12. Velocity 6eld for the RUC oI D/d:4, LtlLp:2 and

Lld:4.876.
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Fig.8.12. Velocity field for the RUC of D/d:4, hlLp:2 and

Lld: 4.875.
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CHAPTER 9

CONCLUSIONS AND FUTURE

WOR,K

This chapter will summarize the accomplishments of the present study on the mi-

croscopic analysis of high Forchheimer number' flow in porous media by an explicit

geometlic model. Recommendations for future work ¿re also presented.

9.1- Accomplishments of the Present Research

In order to achieve a better understanding and pledictions of high F-number'flow

in porous media, this research has concentrated on the quantitative analysis of the

pore level flow and the macroscopic effects of the micloscopic phenomena. The

problem studied in this disseliation can be divided broadly into two area: (i)

the development of the mathematical model for quantitative descriptions of the

transport phenomena; (ii) the development of numelical schemes which plovide

reliable solutions fo¡ the subsequent analysis.

The quantitative relationship between the macroscopic effects ¿nd the micro-

scopic phenomena was established by a new form of the Folchheimel equation

through physical and mathematical considelations, using the aolutnetric auer-

aging method. The formulation explicitly colrelated the macloscopic coefficients

wiih the microstructure and pore flow valiables and clarifies the physical mecha-

nism of high F-number' flow in porous media.
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As another unique result, iu the second area of this research, the numerical

method for accurate predictions of microscopic flow is charactelized by two new

schemes which deal efficiently with the vorticity singularity and the pressure calcu-

lation. The whole solution procedule fol the quantitative analysis ofporous media

flow has been proved to be efrcient and reliable.

The main accomplishments of this work are presented below:

1. A computational method and the corresponding computer prog¡âm have been

developed for the numelical solution of the flow fields at the pore scale. The

good agreement between the pledicted results and the experimental data sup-

ports the applicability of this numerical procedure fol domains with sudden

geometric changes.

2. The plessure computational scheme developed in this study circumvents the

unceltainty of the integration method and the divergence of the traditional

diffelential method. Fast convergence and satisfactory àcculacy are obtained.

3. A scheme for treating the vorticity singularity at sharp convex corners has been

developed. This new and unified method (the vorticity-circulation method)

can be applied at both low and high pore Reynolds numbers and exhibits good

agreement with both experimental data and other numerical methods.

4. The microscopic flow mechanisms in the porous media have been systemati-

cally studied by using the diverging-converging RUC's of a spatially periodic

homogeneous model. The numerical lesults leveal the development of fluid

motion at diffelent pore geometries and Reynolds numbers. The detailed infor-

mation of the microscopic flow patterns selved as ¿ basis for the quantitative

study of the phenomena on the macloscopic level.
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5.

6.

According to physical and mathematical plinciples, plecise hydrodynamic def-

initions have been given to the macroscopic coefficients: Darcy's law perme-

abilit¡ ineriial coefficient and Forchheimer number.

Through the quantitative comparisons of different terms in both the micro-

scopic and the macroscopic momentum equations, the results have cleally

shown that the fundamental reason for the onset of nonlinearity should be

att¡ibuted to the microscopic iuertial force which has beeu manifested in the

interfacial drag force.

The macroscopic coefficients have been numelically calculated at various com-

binations of micro-geometry and flow rate (the pore Reynolds number), and

graphically collelated with lelevant microscopic palametels.

9.2 Recommendations for F\rture'Work

As already reviewed in Chapter 2, although some of the ¿dvàntages of. the uolumet-

ri,c aaeraging metltod ale obvious, this plocedru'e gives rise to unclosed pi'oblems

for the quantities which represent the effects of the micloscopic configulation of

interphase boundaries and the actual valiations of the state variables within each

phase. Even for the volumetric averaging method itself, thele are still some un-

solved practical problems, such as the justification of the assumptions which have

been used in the development of the theory (Subsection 2.3.3) and the quantifica-

tion ofthe closure forms (Subsection 2.3.4). In othel wolds, a quantitative analysis

of the avelaging theoly must be pelfolmed befole pursuing any useful solutious by

this approach. Regarding the numerical solution of the macroscopic momentum

equations, the author lecommends the following for future investigation:
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1.

,

To gain an insight into the rôle of certain geometric parameters of porous

media (such as the curvature and branching of flow channels, and the het-

erogeneity of a medium), a more general model should be introduced in the

numerical simulation of pore flow;

Fol a more genelal geometlic model, the information at the micloscopic level

can be employed to verify: (i) if the àverage theorem is quantitatively collect;

(ii) how the average values are distributed within the REV; (iii) if the gladient

of average quantities is negligible in the mac¡oscopic momentum equation in a

Iength dimension of the REV. One direct application of the above comparison

is the deletion of nondominant terms in the macroscopic govelning equations.

Although order of magnitude analyses h¿ve been widely used in the study

of polous media flow, this quantitative analysis undoubtedly plovides a more

sound basis for the scale assumptions.

The dispersion term, < ú¡Lt ¡ >J , and the interfacial integral terms in the

macroscopic equation will not equal to zelo in general. Their relative magni-

tudes and cor¡elations with the geometlic ploperties and averaged variables

can be quantitatively achieved through a systematic numelical experiment.

ó.
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APPtrNDIX A
AVERAGING OF THE VISCOUS

;

. TERM

According to the averaging rule (3.9), the averaging of the viscous term in Equation

(3.13)is

02u, , ô .ôu'.< W\>':< r\u¡)>'
A / ôu¡,\ 1. | /ôu¡\:ã", (.' ur'' )* øwJo,"\ur)*4"'e¡)dA+ ('4'1)

: ôu; ,7 Aó+. aryr'oa;,
:

The frrst term on RIIS of Equation (A'.1) can also be wlitten as

#,? H,') :&l-* * h I^,"f i cos(n' ej) ^. uf #)
1 Ô2<u¡>l 1ut)l A2ö . ô<u>J t ÔÖ

. 
: 

axJaxj * ó axjal.¡* axu 6ax"-
i < u,>Í ôö ôó--T ah ôh

(A.2)

The integral term in Equation (A'.2) vanishes due to the no-slip condition.
:

: The third term on RHS of Equation (,A'.1) can be expressed in the fo¡m

j

' . Yrt!2L:lu'=i:t' nLI u,cos(n,ej) dA+<"'j>r !!]y:y-ary- öãxr-l ôxr 'Qvuro," s axj)óaxi

_lo.u,rt *<,¡>J ôöl!a0
I ôx¡ ó axj) ö axj

(á.3)
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Substituting Equations (4.2) and (A..3) into Equation (,4..1), one may flnally have

- ô'u, ,,1 _ô'1u, >l _ 1 [ (0u¿\< ô,ñ'' : a"ph * øuoJn,"\r)cos(n'ei)dA (A.4\
,1u¿)J A2ó ^Ô<u,>iI Ôó- q ôxþ&-' ô& ó ah'



APPENDIX B
ANALYSIS OF THE DISPtrRSION
TERM

After averaging the microscopic momentum equation (3.12), a dispersion term,

atry9j't 
,is obtained, where u¿ denote the fluid velocity. In the following, a deriva-o^i

tion will be given for this term to clalify some confusion that exists in the analysis

of nonlinear flow.

It is noted that each component of pú,¿ú,¡ is continuous in [/¡ and generally

has a continuous gradient inside U¡ and ou the boundary of U¡. By applying the

definition of the average and the Gauss's theolem fol the fluid phase within [/¿,

one may obtain

'w#-.':+1,,99P0"
rl: 
WJo,,(Pu¡ú'¡)cos(n'e¡)d'A 

(B'1)

lt* 
w I o,,þu¡u¡) 

cos(n, e¡) dA'

Ou the other hand, according to the averaging rule (3.9), the LHS of Equation

(8.1) can also be expressed in the form

, 0(pù¡ù¡) - , ô< pù¡ú¡ >I
- 0r¡ ' ôX¡

1l
+ ,, I þú¡ú¡)cos(n,ei)d,A (8.2)

v¡ J.t¡

, < píLiuj >l Aó-óôx,
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The combination of Equations (8.1) and (8.2) gives

From Equation (B.3), it is evídent that the dispersion term depends not only on

the macroscopic properties, but also on the local flow conditions. In other words,

the macroscopic change ¡ate of < pit¡tt¡ >Í is closely related to the net flrx o1. pt4ú,¡

through the palt of the surface bounding [/6 that intersects only the fluid phase,

per unit volume of the fluid phase.

To be more specific, the relation, ú¿: u¿ - 1u¡ )f , may be substituted into

the integral telm of Equation (8.3):

0< ptt';ú; 21 7 t
Ë 

: 
w Jo,,þu;ú¡)cos(n'e¡).A

_ < pír¿ú¡ >! ôó

ó ðx¡'

O< Puiui >r P I

Ë 
: 

'' Jo"uíuiæs(n'ei)d'A
1u, )l f- î Jo,,Pu¡cos(n'e¡)dA
o1u;)l I

-'-tút J 
^ 

r ru 
icos(n'' e i) dA

(8.3)

(8.4)

.':tld I o,,"o"(o,.,) 
oo

< piliíLj >l Aó

ö ôx¡'

For simplicity, the fluid phase has been assumed incomplessible in the derivation

of Equation (8.4). Physically, the frrst term leplesents the net momentum flux

of unit volume of the fluid phase inside of [/¿ through A¡¡ d:ue to the microscopic

movement. The second integral represents the uet mass flow rate ovel the boundary

of [4. Fol steady flow, it equals to zero. The third term replesents the momentum

flux of the microscopic flow due to the average movement. The fou¡th integlal

of Equation (B. ) is the projective areas of .4¡¡ on the X; directions, and the



whole term represents the momentum flux of the average movement. The last

term is associated with the heterogeneity of the porous media. For a homogeneous

medium, this term equals to zero.

It is inte¡esting to reduce the genelal expression (8.4) into a special form

for the case of macroscopically one-dimensional flow through a homogeneous

medium:
d< ú¡ítt >Í P [ .. .. ^-^¡,- ^dx'--L 

: 
'' 

Jo,,uíuicos(n'ei) 
dA

(8.5)

* P < u¡ 7J-< q >t 
[ "os(n,e) 

d,A,VÍ J t,,
where z1 is the component of the microsco¡>ic fluid velocity in the e1 direction; X is

the only macroscopic coordinate in the present c¿se and is oliented in the di¡ection

of e1. For an unifolm average flow through a homogeneous medium, the integrals

in Equation (E}.5) may not necessarily be equal to zero, thus the dispelsiou telm

arises.

þ 1ut )J f- T J^,,uicos(n'er)d'A
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APPENDIX C
DERIVATION OF THE PR,ESSURE

TERM

By applying the definition of the average and the Gauss's theorem for the fluid

phase, one may have

.9?-,r:1 [ (9L\0,- ar,' - ö%lv, \ô''/*'
: 1- t pcos(n,e¿) dA++ [ pcos(n,e¡)d.A 

(c'1)

öVt J ¡,"' óvt J t,¡'

On the othel hand, according to the avelagiug lule (3.9), the LHS of Equation

(C.1) can also be expressed in the fo¡m

,ôp -¡_ ô<p>i 1 r .<p>r aó t-'.)\. 
ñ,,

The combi¡ration of Equations (C.1) and (C.Z) gives

*#: #ulo,,'*'(n'e¡)dA-ti# (c'3)

For the periodic diverging-convelging RUC in Figule 3.3, Equation (C.3) be-

comes
d<P>Í : + t Ttcos(n,e¡)dAôX ôvt J 4t'

elrI l -.: -t, ¡ pcosp,e¡)d,Al (C'4)
QL lAt J,rt' I

:9 /4" - 4'¡
d\ L )

where Po and P"o ale the mean pÌessrues on the exit aud entrance, respectively.
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APPENDIX D

THE ITERATIVE COtrFFICIENTS

The corresponding coefficients cr, cz, cï c4, c¿ and sou¡ce term s¿,¡ in the successive

substitution formula (5.16) for each of the variables, Q*, tþr and pr,

O*- Equation

"' 
: T.r;6+rr-;) lrt * ø"".t''' n*i'')'

"" 
: T,':¡rå¡æ;) lþ, 

* <ou "r t'''^'l*''¡]'

"B 
: 

^,:,;I;;+ ^,i.jlfr 
* <^"* - jt',,o':,,]'

c4: 
^r*¿+ñt;Jlrt*ø"* 

- l)n,,¡'i,*,] , 
(D.1)

s¿,i:0.,

^ 
: T.î;",rlft n øu'rl''¡(a"i*''¡- l";'l] +

. *#î_,1fr * <o^* - j).,¡(t ;, *,- o,i,)l -
/ Re¿u' 1 \
\. ' 

-t¿),.,
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ry'*- Equation

p*- Equation

2

"t 
: 

A"i*rr.(Arir. + Aql*rr)'
2

"': Lr',ÁArîj + Arïrj)'
1 f" ^.irlca: 

a,4,,+r(A'.r,, +Ar,',J l"- ,f, )'
I I Ât'i ''' 

'ì

"o: LrilLr-,j + Ar'ift) r 
- ;-l '

s¿,¡ : ri,t0i,t,

lo -' Ati'*' - ati'l
"" - An¡,,L.r;*r,i ' Lri.,L,ri,,*, l' ' ,i,¡ 

J

(D.2)

(r.3)

CI:

c2=

1 l^ A'irl
"' 

: 
A4u.*ilatrr. + 

^t-"J l'- ,1, )'
1 l, _ a'i;.,'l

"n: A'',,llri+ Lürt) l"* ,i, )'| 
¡ ì../r.¡\. -"î,¡'fs¡,j : -2l(v'),,¡(US,,t - (U")¡,¡(v,)¡,¡. äl ,

2 1 l^,¡.i,,*'-A.ir'l_-L _

^: A"rr4*-*r, * ,-t"--r^1:,r.*, ltt ,i, )'

L*i*r,¡ (L*|¡ -l Aøi*,,- )'
2

Ã4,¡Ãc;/ +ãr¿il'
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where

trl \. . - 
( arî,,uî*r,, 

- 
L,tî+t.¡ai-t,¡\ -- ati*,,; - ati;,,-

vslzi - Aøi, * azi*,,, \ aro'_,,, L*i.¡ ) ' L.x¡,,a.xi*r., "t,i'

(Lt") ¿,¡ : *;*-, ( "-t*f ^t#") * oftffi 
,:,,,

tv\.. - 1 (L'î','i',*, - 
at,l¡,,'i¡ ,\ - ati¡*t - Âti¡,,*

\'11"r - Lri.,-t Lri,,,, \ oro-,r*, Lri,¡ ) L.ri,,a.r!,,*, "i'i'

trr \. . - ( ari,,ui*r., ati.,,;ri ,,¡\ - Lri*r,j - L*î,j 
".*(tr¡'li'i: Ã4FTr,r*,j 1-ar,,-,r. 

- --Ari )t L*-,j\*-urj '"n'j'



APPENDIX E

UNCEHTAINTY IN REYNOLDS

NUMBER

The computing equation for Reynolds numbe¡ is

- ptl¿d 4rntle¿:-: ,, (E.l)
IL 7t lld

where riz is the mass flow rate thi'ough the pipe. Er¡ol estimates for measured

quantities in Equation (E.1) are:

diameter of the pipe: ff : *r.on, (20 to l)

mass flow rate: L4 : +O.O1ZA, Q0 to 7)

dynamic viscosity: 44 : *o.ooos. (20 to 1)

The overall unceltainty in detelmining Reynolds number may be estimated by

A.Rea -*l( m ane¿¿r¡t\z,( d Aae¿Ad\'- ( p ôn"o!p\'l'/'
R"d:=l\n" aa n ) -\nu u d,)-\R"r-ôt' t" ))

: + [(+0.0126)2 + (+0.04)2 + (+0.0068)'?] 
L/2 : 10.042 (20 to r)
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