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In the 1970's, it was reported that there were approximately 2300 track miles of

tilnbcr railroad bridges in the United States and Canada. For short spans, they oftèr an

attr¿tctive alternative to other types of bridges, as they are economical, faster to construct,

and citsy to maintain. Current design practices do not allow an independent consideration

of the clfects of the dynamic loads in sizing the bridge components, because very little

inl'ormation is available on the subject.

Dynamic tests were carried out at two timber railroad bridge sites under the passage

of trains at speeds varying tiom 1 mph (i.e., crawl) to 50 mph. The loads at wheel-rail

intertäces, the vertical displacements and the accelerations were measured at several

local.ions on the brictge spans, the bridge approaches and the normal track sections. The

maximuni values of the dynamic load factors and the dynamic displacements factors obtained

were as ibllows:

AR'qTI} AI-T'

Dynamic Load Factor

Bridge span 1.50
Brictge approach 7.65
Normal track 1.85

FLrrther, an analytical model was employed to simulate the tesr results. The model

consistecl oI a multi-clegree-of-freedom system rvith each vehicle having bounce, pitch, and

roll movements. Two parallel chords, each having its distributccl mass lumped at cliscrete

points, were used to idealize the bridge spans. A computer program written on this basis

was u.sed to predict the loads at wheel-rail intertaces, the vertical displacements ancl the

Dynamic Displacement Factor

1.32
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accelerations at the discrete points on the spans.

The maximum predicted and measured loads at the wheel-rail interfaces were found

to be within 22ok of each other, while the value of the maximum predicted displacements

werc within 760/o on the measured net values. This discrepancy was attributed in part to

the partial continuity of the bridge spans over their supports.

Both the test results and the computer programs we¡e used to study the etfect of

the spccd and other factors on the dynamic response of open-deck and ballast-deck bridges.
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tMl
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tKl

tAl

{D}, {Ó} and {D}

: modulus of elasticity of material of beam (lb/in'?)

= moment of inertia of beam (ina)

: mass per unit length of beam (lb-sec'?/in)
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: lream dispiacement of a point at position x and time t (in)

= distance from lefi hand support of beam (in)

: time (sec)

= forcihg tïnction (lb)

= distance of mass M fiom lefi hand support of beam at time t(in)

= acceleration clue to gravity (386.4 in/sec2)

= Dirac Delta tunction

mass matrix c¡f beam having lumped masses

damping matrix of beam having lLrmped masses

stittness matrlx

matrix detìning int-luence coefÏicients for interacting forces P,

\/ectors o[ ge neralized coordinates (in), velocities (in/sec) and accelerations
(in/sec'?), respectively

vector of interacting tbrces (lb)
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{P} :

E

P

^
I

L

= modulus of elasticity of material (lb/in'z)

point load or wheel load at midspan of simple beam or wheel load (lb)

displacement under loacl P (in)

: moment of ine¡tia of one chord or a rail along horizontal axis (ina)

: span length centre to centre of bents (in)
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Dcalib.comou,crawl :

XX

: incremellt of load P (lb)

: increment in displacement A (in)

: maximum displacement measured under load P (in)

: track support stiftness, modulus of track elasticity or simply track modulus
(lb/in'z) or (lb/in/in)

measured dynamic load at wheel-rail interface (kips)

rneasured static load at wheel-rail interface (kips)

dynamic load tactor LolL"

: me¿rsured dynamic displacement under a chord of stringers or under the
rail base (mm)

measured static, computed static, or crawl speed displacement of a chord
of stringers or a rail base (mm)

= dynamic displacement factor Dd/D*rib, compu, crawrDDF

n

l:

ûb

Tn

lJn

u)d

xn

s

é

I,2,3,..., mocle oI vibration of span

tiequency of vibration tbr mode n (Hz) for n:1 it is natural or
tundamental liequency

: weight of chord per unit length (lb/in)

: acceleration due to gravity (386.4 in/sec2)

: time pcriod of decay curve atier n'h cycle (sec)

: resporlse amplitude of decay curve atìer nth cycle (rnrn), lJ' : response
amplitude of the first cycle

clamped lrequcncy o[ the chord (Hz)

response arnplitude of decay curye after lime of n* cycle t" (mm)

modal damping coettìcient

logarithmic decrement



Chapter 4

General:
v = speed of train (in/sec)

g : acceleration due to gravity (386-4 in/sec2)

t = time tbr the 1st axle of train taken to travel a distance of x (in) tiom the
lelt hand end of the bridge span (in)

Vehicles:

Subscript r, where r:7,2,...,4 used to indicate the vehicle number.
SuLr or superscript i where i:I,2,...,n* is used to indicate the wheel number.

% : scale weight of vehicle, i.e., locomotive or car (lb)

Mo, = body mass o[ vehicle r including truck frames (lb/sec'?/in)

M: : sprung mass associated with wheel i of vehicle Mo/S (lb-sec'?/in)

Mj : unsprung mass per wheel i of vehicle, i.e., half the mass of axle-set (lb-
sec'?/in)

yu,, yo,. and yo, : vertical displacement (in), velocity (in/sec) and acceleration (in/sec2) of
vehicle r, respectively.

Io, : pitch moment of inertia of vehicle r (lb/in/sec')

Qou ôou óo, : pitch moment of inertia of vehicle r (lb-in-sec'z)

Jo, : roll moment of inertia of vehicle r (lb-in-sec'z)

0o,, 0ou and á0, = roll displacement (rad), (velocity (radlsec) and acceleration (rad/sec'¡ of
vehicle r, respectively.

, Ç0, : vertical spring stillness of primary suspension per wheel of vehicle r
(lb/in)

Ç., = vertic¿ìl spring stifthess of secondary suspension per wheel of vehicle r
(lbiin)

ku, : equivalent vertical spring stiUhess per wheel o[ vehicle r (lb/in)

Ír, = one-half distance between the truck centres of vehicle r (in)

)fi1



(*, = one-half distance between the wheel base, i.e., between two wheel-axle
sets of a truck, of vehicle r (in)

= one-half distance between the wheel-rail contact points of a wheel-axle
set (in) = 1'12 (4-d,)

: distance of the centre of gravity of vehicle r to the ith wheel (in)

: distance between the last axle of a vehicle r and the first axle of the rear
vehicle, i.e., r*1 (in)

: vertical displacement (in), velocity (in/sec) and acceleration (inisec'; ol
node j due to rvheel i on segment between nodes j and j+1

: vertical displacement (in), velocity (inisec) and acceleration (inisec2) of
the wheel-rail contact point fbr the ib wheel of the rth vehicle at any time
t

= loacl at wheel-rail intertace t'or i' wheel of vehicle r (lb)

d.,

(i

(u,

uj, ùj, and üj

uJ,, ú¡,, and üj,

XXII

Fj

Bridge Span:

p

w

^,^g

I

E

5

t

{.

d

dn

df

x'

: mass density of the material of chord (lb/sec%n)

= dead rveight of track and deck material per unit lengrh (lb/in)

= gross cross-sectional are¿r of chord (in'?)

= moment of inertia of chord material (ina)

= modulus of elasticiry of chord material (lb/in'?)

: damping coetlÌcient of chord as a tïaction of the critical damping

= length of span centre to contre of bents (in)

: length of chord segment (in)

= distance centre to centre of chords (in)

: distance between right hand chord and right hand rail (in)

= distance betrveen right hand chord and left hand rail (in)

: distance if ith wheel fiom node j on segment defined by nodes j and j+l
(i")



n

ns

qi

ó

Lo"

: number of active nodes

= number of equal segments in a chord = n+l

: xiltr, ßi :'J. - xil(,, : 1 - oi

:d"id, y:l-dJd:I-y

:d,/d, ã:1-d/d=1-é

>(xll1

: computed dynamic load at wheel-rail intertäce at midpoint ot'bridge span
(tb)

DLN

Do"

D."

DDF"

Chapter 5

DDlr rs

Pu

V

A_

L." : computed static load at wheel-rail interface at midpoint of bridge span
(lb)

= computed dynamic load factor of bridge span

computed dynamic displacement at midpoint of bridge span (in)

cornputed static displacement at midpoint of bridge span (in)

dynamic displacement fäctor of bridge span

: static rvheel load (ltr)

: dynamic wheel load at speed V (lb)

: speed of vehicle (mph)

: contact area o[ wheel with diameter w (in2)
tbr rv = 33" 4.. : 0.190 in'?

w : 40" A* : 0.240 inz

: diameter of wheel (in)

: dynamic load tactors computed by methods suggested by AREA
Talbot, respectively.

.. D*

DLFAFEA, DLFrdbo, and



CONVERSION FROM ENGLISH TO SI UNTTS

Length, displacemenL translation. bounce

1 ii : 0.3048 m

Are¿r

1 in = 25.40 mm = 2-54 cm

1 fÌ2 : 0.092903 m2 : 92903 mm2
1 in2 : 645.16 nlm'z : 6.45 cmz

Volu¡ne. Section Modulus

XXIV

1 ft3 : 0.0283i6 m3

1 in3 : 16387 mm3

Nloment of Inerfia

: 304.8 mm

I fìo : 0.008631 mo : 8631000000 mmo
1 ino : 476231 mma : 4L.623 cma

lVIass

1 lb-sec'?/in

lVeight, Iiorce

1 kip
llb

28316000 mm3
1.6-387 cm3

lÌorce trer Unit Lensth. Sprins StifÏness

: 0.45359 kg

1 kip/ti
1 lb/in

Force per Unit Area. Stress. Modulus of Elasticity. Pressure

1 psf
1 psi

Nloment

: 4.44822 kN
: 4-44822 N

: 14.594 kN/m
: 0-7751N/mm

1 kip-fi
1 kip-in

: 47.880 Pa
: 6.89476 kPa = 0.006894 MPa

1-35582 kN.m
112.985 N.m



Angular Vleasure. RolI" Fitch. Yaw

1"(degree)

Velocity

1 ft/sec
1 in/sec
1'(degree)/sec

Acceleration

L ft/sec2
1 in/sec2

1"(degree)/sec'?
1.g

Frequency

: 0.0174 rad

)ow

: 0.3048 m/s
:25-40 mmls
: 0.0774 radls

1 cycle/sec

D¿¡mping CoeffTcient

1 lb-sec/in

: 0.3048 m/sz

= 25-4 mm/s2
: 0-0174 radlsz

= 9-80564 mls2

Mass Moment of Inertia (in roll, pitch, yaw)

1 lb-in-sec2

:Hz

USEFUL DAlä

Newton: tbrce that will give 1-kg mass an acceleration of 1 m/sz - N

One newton per sq. m (N/m'?) : 1 pascal

Jouie: workdone byaforceof l Noveradisplacementof 1m: J

One tbot-pound (ft-lb) : 1.356 J

= 0.1751N.s/mm

: 0-1.129 N.m/s' : 0.113 kg.m2

= 112.985 N.mm/sz : 112985 kg/mm'



1.1 GENERAL

In the seventies, it was reported [121] that there were approximately 2300 track

miles o[ timber railroad bridges in service in the United States and Canada. Although their

number has been dropping since then due to replacements in other materials and branchline

abandonments, they still represent a signiticant portion of the railroad bridge inventory.

For short spans, they offèr an attractive alternative to other types of bridges as they are

economical, faster to construct, and easy to maintain Í29, 31, 35, 84]. Current design

practices do not allow an independent consideration of the eft-ects of the dynamic loads in

sizing of the bridge components, because very little information is available on the subject.

To study the dynamic response, tests were carried out in 1986 on timber bridge

spans ¿lt two test sites using test trains consisting of a locomotive unit, two loaded hopper

cars, anil a caboose.

An analytical approach was also introduced to simulate the dynamic response of the

irridgc spans.

L-1.
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1.2 OII.ìBCTTVTS

(o)

The nlain objectives o[ this work are as follows:

To carry out dynamic tield tests on railroad timber bridges including the adjacent

bridge approaches and the track sections, under the passage of the test trains at

varying speeds. The main objectives of the experimental program are:



(i) to determine the magnitude of the dynamic loads at the wheel-rail interfaces

and vertical displacements at different locations and their comparison with

those obtained under static conditions.

(ii) to evaluate the dynamic load factors and the dynamic displacement factors

based on the measured loads at wheel-rail contact points and the measured

vertical displacements. This also includes examination of the int'luence of

speed, static wheel loads and other parameters on these factors.

t-2

(iii) to measure accelerations at the mid-points of the bridge spans to determine

the damping coeftìcients of the two deck systems using the logarithmic

decrement technique.

(iu) to compare the behaviour of the ballast-deck timber bridge span to the

open-deck bridge span and the comparison between the bridge approaches

and the track sections at the two test sites.

(b) To develop an analytical model to simulate the dynamic response of the timber

bridge spans. Based on the correlation between the measured and the predicted

quantities such as loads, displacements and accelerations, the model will be used

to detìne the behaviour of the spans under the railway loading.

(.) To use the analytical model to study the influence of different parameters such as

train speed, train consist, static wheel loads and initial conditions of motion on the

dynamic factors.

(d) To introduce recommendations tbr design considerations regarding appropriate

clynamic fàctors for use in the sizing of the timber bridge components, if warranted

by the extent of the findings of the study.



1.3

The program of this study consisted of two parts, namely, experimental and

the<¡retical. The experimental work involved field tests at two timber railroad bridge sites

using test trains running at speeds varying from 1 mph (i.e., crawl) to 50 mph.

At each site, the bridge spans, the bridge approaches, and the normal track sections

were instrumented to measure the loads at wheel-rail interfaces, the vertical displacements

and the accelerations- Each test train consisted of a locomotive unit, two open-top hopper

cars loaded with ballast, and a caboose.

The theoretical work involved the development of a mathematical model for

determining the clynamic response of timber railroad bridge spans. The data on geometrical

and material characteristics of test trains and test bridge spans were used in a computer

progr¿rm b¿rsed on the model to determine the values measured in the l'ield.

The computer program was employed to examine the int'luence of several

parameters such as speed, train consist, deck type, and low bridge approach, on the dynamic

response of timber railroad bridge spans.

SCOPB

1-3



2.L (;ENERAL

Vibrations of railroad bridges under the eff'ects of trains depend on the characteris-

tics of locomotives and cars in the trains, the characteristics of the bridge components, and

the characLeristics of the wheel-rail interlàces. The study of the dynamic response of

bridges can be traced back to the beginning of the nineteenth century, the time of erection

of early railway bridges- Since that time, numerous researchers have worked on and are

working on this problem. This chapter summarizes the literature review that pertains

primarily to the behaviour and research related to railway bridges. Bibliographies of other

publisheci literature related to briclge dynamics may also be found in papers by Huang [5i],

Fryba [36], Genin, Ginsberg and Ting [42, 706]. Ting and Yener [103], Ganga Rao [37, 3B],

Rao [87], and Gupta [45].

2-L
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2.2 EXT'ERIMEN'TäL WORK

Experimental work in the laboratory as well as in the field also commenced in the

middle o[ the nineteenth century, when a large number of railroad bridges were built. The

fìrst knorvn discussion on the dynamic et'fects of the moving loads over structures was in

the 1849 "Report of the Commissioners appointed to inquire into the Application of Iron

to Railway Structures" [122].



In 1885, the tirst dynamic tests were reported by Robinson [90]. His tests involved

thirteen railway bridges belonging to four dift'erent railroads. He found the blow resulting

from the tirst drop of the heaviest part of a locomotive, followed by repeated impulses, to

be the main cause of vibration. He suggested ways to avoid the cumulative effect of

vibration and proposed equations fbr computing the natural and loaded time periods of the

railroad brictge.

In Great Britain, the first comprehensive scientitìc attempt to investigate the

problem of impzrct in railway bridges rvas conducted by the Bridge Stress Committee [5]

under the chairmanship o[ Sir Altied Ewing in March of 1923- Their report was published

in October of 1928, and contained details of experiments on several steel bridges as well

as dealing rvith analytical rvr¡rk on the subject. Amongst many tìndings o['this investigation,

the most important were as follows:

(1) The most important dynamic ei'fects in railwaybridges are caused byeccentric tbrces

ol the balancing weights of the driving wheels of the locomotive. These florces vary

harmonicaiiy and are not increased by the train.

(2) The maximum impacl- occurred when the revolutions per second of the driving

rvheels coincided closely with the natural rate of vibration of the loaded structure.

There is, therefbre, a critical speecl for every bridge which depends on its flexibility,

the dead and live loads, and the diameter of the driving wheels of the locomotive.

(3) In short spans, i.e., less than 40 tèet, the fiequency of the pulsating tbrce (i.e.,

hammer [-¡low of clriving wheels) is too low for synchronism to occur. The eft-ect

ol the hammer blow ìs of the nature of a push, and it can almost be regarded as

'', ')



¿ì static load. At each blow. the girder detlects an amount proportional to the loads

and recovers. There is, practically speaking, no oscillation.

In long spans, 250 ft and greater, at the highest speeds, the frequency of the

pulsating load is too high tbr synchronism to occur. There may be resonance at

lower speeds, but the hammer blow is then smaller, for its intensity varies as the

square of the speed. At spans between 100 and 200 teet, synchronism will occur

at high speeds. Further, in bridges with spans from 130 to 150 feet, not only were

large oscillations set up at speeds corresponding with the natural frequency of the

loaded bridge, but oscillations of even greater amplitudes occurred at speeds well

above the critical speed.

In the United States, the first complete series of tests \¡/ere reported in 1911 by the

Committee on Impact o[ the American Railway Engineering and Maintenance of Way

Association under the direction of Turneaure [110]. The tests were conductecl on 2I plate

girder spans up to 100 ft in length and on 24 truss spans from 100 to 250 ft in length,

employing speeds trom 10 mph to 60 mph. These tests provided ample evidence of the

eff'ect of synchronous speed and the eft'ect of locomotive counterbalancing. For speeds of

less th¿tn 15 mph, impact was found to be practically zero. The main causes of impact were

unbalanced locomotive drivers, rough and uneven track, flat or irregular wheels, eccentric

wheels. rapiclity of application of loads, and dellection of beams and stringers.

In addition to the test data, the report contained an interesting discussion on the

theor¡, ol oscillations and span tiequencies. Impact values based on the data presented

were used in the design of steel rail¡oad bridges until 1935.

z--t



To obtain data on the damping coeftìcients in bridges, Hunley [52] secured static

and dynamic readings on 39 diftèrent railroad spans under about 300 diff-erent locomotives.

The detailed results ol' tests and the dynamic magnifïers and the damping coefficients

obtained under dilÏerent classes of locomotives are given in his report published by

AR.E.A. in 1935. His work did tbrm the basis for the code used between 1936 and 1948.

Thereafier, diesel locomotives were introduced eliminating the hammer blow etTect of the

steam locomotives and hence a need for two impact factors -- one t'or diesel locomotives

and thc other l'or steam locomotives.

Earlier measurements were done by means of mechanical or optical instruments

which rverc cumbersome, and simultaneous readings at dift'erent points were ditTcult to

obtain. This problem was eliminatecl with the introduction of electronic equipment and

electrical resistance gauges in the nineteen-thirties. Until that time, most of the tests were

on steel railway bridges- Later, with the development of the highway networks, interest in

experiments on highway bridges grew rapidly. Since then, many other papers [9, 15, 32, 46,

50, 68, 80, 109, I23l have appeared which discuss dynamic tests on railway and highway

bridges. These tests were carried out in the laboratory or in the tìeld, and were mainly on

steel or concrete structures.

In the late nineteen-forties, the Association of American Railroads [99, 100], at the

request o[ the A.R.E.A. Committee, conducted exploratory tests on timber railway bridge

approaches t'or the tìrst time as a part of their extensive tests on steel bridges. The

objective of the tests wa.s to determine the relationship between the railway loads and

stresses in timber trestles. The tests at each site comprised measurements of strain gauges

installed at the top and bottom of stringers at the centre, and the top of stringers at one
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end oi ¿ì span, as well as on

speeds o[ 5 to 50 mph.

Fo¡ the tests on two

(a) The recorded static stresses in stringers at the centre of the span were lower than

those calculated for a simple span, but greater than those calculated on the

assumption that stringers were fully continuous.

2-5

the individual piles of a bent under a test train operating at

(b) In one case, there was ¿ì fair agreement between the compressive and tensile

stresses, whereas in the others, the compressive stresses were higher than the tensile

stresses-

open deck spans, the results were as follows:

(.) There was a considerable variation in stresses in several stringers and timber under

the rail carrying most of the load, and

(ct) There was considerable variation in the magnitude of the total impact. Percentages

of impact tbr the stringer chord determined by the increase in the stress over the

static stress occurring at slow speed rvere between 57Vo to 35Vo.

Tests by the A.A.R. on a ballast deck consisting of longitudinal members only

(without transverse tloor planks) also indicated the same results mentioned in (a) and (c)

above. However, the maximum average value of stresses due to total impact recorded was

as high as 70.6o/a greater than the static stress.

Later, Leggett [65] reported the American Association of Railroads tests carried out

undcr the sponsorship of the A.R.E.A. Comnlittee 7--Wood Bridges and Trestles. These

tests comprised the t'ollowing:

(u) Fatigue bending tests on full-size stringers and standard block shear tests on small

clear specimens, at Purdue University Engineering Experiment Station, and



(b) Standard bending tests on small

Laboratory, Madison, Wisconsin.

The program involved two species of wood, namely, Douglas Fir and Southern Pine-

In total, twelve timber stringers 8" x L6" x 14'-6" (6 of each species) in unseasoned

condition were subjected to tàtigue bending tests using the K¡ouse-Purdue fatigue machine,

rvhich was hydraulically activated and electronically controlled. Constant repeated loads

were transmitted at one-thircl points of a 13' simple span, and the observations obtained

tiom data procured on such timber under repeated loading were as follows:

(a) When the span-depth ratio is ten or less, failure can be expected in longitudinal

shear rather than in bending.
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clear specimens at the U.S. Forest Products

(b)

(")

Tests rvere too fèw to permit the establishment of S-N curves.

Failure in horizontal shear was sudden, and occurred at locations near the centroidal

axis where the checks were usually the deepest.

The number of checks increased fiom drying during the tests.

A1'ter an initial sudden failure in horizontal shear, the deflection was approximately

doubled while the original load on the specimen was maintained.

Shear failure generally originated at the end of the span.

(d)

(")

(r)

The above tests were the tìrst, a survey was conducted which indicated no previous

record of any repeated stress experiments on timber of the size commonly used in railway

trestles and similar structures. Further tests were carried out on the railroad timber trestles

during the tìtïies by the AAR. at the request of the AR.E.A These have been reported

by Ruble [91] and Drew [27]. The main objectives of the tests were to srudy the etfect of

the duration of stress on impact, and the cumulative effect of the repetitive train loading



on the tàtigue strength of the trestles. Ruble stated that the present design of timber

railroad structures is based on static loads only and that the dynamic or impact effects

should be considered if the design of timber trestles is to be based on science. He also

commented that timber has twice the strength under suddenly applied loads as it has under

the same load applied statically. Further, the st¡ess under a suddenly applied load goes

tiom zero to a ma,ximum in about t/roo of a second, while under a high speed locomotive

it takes about 3/too of a sec:ond t'or a stress to reach a maximum, or about 30 times longer.

Drerv's [27] conclusions were as follows:

(r) The maximum live load stresses in trestle stringers can reasonably be expected to

accumulate to less than one year during their service lives rather than ten years, as

currently assumed in design.

(b) The railroad loading need not be considered "long-time loading". At least a 10

percent increase in design stresses should be permitted, but such an increase should

apply only to tìber stresses unless seasoning checks can be controlled.

(.) Fatigue tests indicate that tailure in horizontal shear can be expected during the

service life of a stringer with longitudinal checks.

A summary of additional tests on timber trestles have been reported by Magee 1721.

Some clf his conclusions were, "(1) Static and dynamic stresses and f'atigue strength of

tinrber trestles are known lìom extensive research; (2) Better inspection devices fbr

cletectìng internal delècts in timber are needed; and (3) Research has not yet developed

a sâtistììctory fìre-retardant treatment fbr timber trestles." Byer [13, 14] used the data

obtained liom a number o[ ditterent test programs on steel spans which varied in design

characteristics and distributions o[ span lengths and test speeds, and found that the test
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results clo indicate that under a given set of conditions, the distribution of impact

magnitudes can be approximated by a normal distribution and that when the conditions are

changed. impact tends to increase with increase in speed and decrease with increase in span

length.

2.3

One of the lìrst persons to work on an analytical approach to the problem of bridge

vibrati<¡ns was Willis [L22] who, in 1849 derived the difTèrential equation tbr the deflection

under a moving mass load t'or a beam of negligible mass, and gave an approximate solution.

A¡ exact solution of the equation which he tbrmulated was obtained by Stokes [97] in 1883

by means of power series. The equation as derived is of some use in the case of railway

Ioads because ol the high ratio of the loads to the weight of the bridge. The other

signitìcant contribution to the problem was made by Krylov [63] in 1905, when he obtained

a solution tbr the case of the mass of the load being negligible compared to the mass of

the bridge. This is equivalent to a constant force moving across the span. Timoshenko

[102, i05] in 1922 pointed out three major causes of vibrations in railroad bridges: The

live loacl etfect of a smoothly rolling load, the impact effect of the balance weights of the

locomotive driving wheels, and the impact eftèct due to irregularities of the track and the

tìat spots in the wheels. He examined two possible extreme cases of the live load eft'ect:

the mass of the moving load is either large or small in comparison to the mass of the

beam. Timoshenko is also credited with the solution to the problem of the efÏects of a

harmonic tbrce moving over a beam at a constant speed, an idealization of the et-fect of

counterweights on the locomotive driving wheels. From his analyses, which were based on

.I'TIEOTìETICAL WORK
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energ)' methods, he concluded that the live load effect of a smoothly running load was

always small, not exceeding 10Vo and therefore could be neglected. The impact of the

balance rveights of locomoiive driving wheels became of practical importance, especially

under conditions involving resonance. The most unfavorable condition was where resonance

could occur. For a short span bridge, this was not likely, because of so high a natural

frequenc¡'. The aciditional dynamic et'fect clue to irregularities in the track and flats on the

wheels was of importance only fbr bridge parts directly subjected to the action of moving

loads and high speed in short spans.

2-9

Krylov and Timoshenko included the effect of beam mass in the Willis equation, and

solved by using series expansion techniques. In their work, they neglected the transverse

inertia ol the moving mass particle. Based on the work of Krylov and Timoshenko, an

enormous number of approximate solutions to boundary value problems with different

types ol loading conditions and boundary conclitions were reported in the literature. Lowan

[69, 711in 1935 and Bondar [12] solved the case of moving variable loads with the aid of

Green's function- Lowan's general equation f'or displacement of a simple beam is equally

applicabie to the case of stationary loads of constant or fluctuating magnitude, and any

systcm of concentrated or continuously distributed loads which traverse the beam with

velocities rvhich are prescribed functions of time.

The problem involving both the load mass and the beam mass, being somewhat

nlore conplicated, was first examined by Saller [92] in 192I and then Jeffcott [55] in 1929,

who considered cases involving massless, light to massive unitbrm beam simply supported

and an unsprung or a sprung mass under the action of constant or fluctuating force moving

unitbrmly along the span, and also including damping. The particular integral of the basic



equation of motion he used was evaluated by a method of successive approximation. The

iterative approach used tbr solution became divergent in some cases. Different techniques

tbr solution of the equations were employed by Fryba [36], Wen [118], and Bolotin [11].

Fryba solved many cases of loadings using the method of integral transformation. Wen

anzrlyzed the response of lreams traversed by two-axle loads on the assumption that the

dynamic dellection was proportional to the static detlection due to the weight of the beam

and the loads and using the numerical solution by Newmark. Bolotin used the approximate

methocl asymptotic soiutions in quadrature.

Inglis [53] in 1934 used harmonic analysis to solve several practically important cases

of dynamics of railway briclges traversed by steam locomotives, i.e., motion of a concentrated

tbrce, sprung and unsprung nasses, and harmonic tbrces acting on a beam, etc., including

the intìuence of damping. The process of harmonic analysis which he used is based on the

assumption that any distribution of live load, concentrated or distributed, can, for the

purposes of calculating detlections, be replaced by a harmonic series of sinusoidal

distributions of load rvhich, for a simply supported beam, gives rise to a similar sinusoidal

distributicln of det'lection. His results were in excellent agreement with the experimental

tìndings of the Bridge Stress Committee [5], and were later compared by Chilver [17] with

those arrived at by Mise and Kunii [77]. The ditlèrence of analysis between Inglis and

Mise ancl Kunii is in the solution of the ditl'erential equation which in the latter case also

gives approximate solution with the aid of elliptical functions, which is a mathemarically

more precise treatntent ol the problems studied by Inglis. Inglis stated that, in short span

briclges, the damping was large and the maximum dynamic etlècts due to hammer blows

could be estimated by treating the hammer blows as static forces superimposed upon the
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corresponding axle loads, the hammer blow being computed for the highest speed

permissible.

Inglis established that the oscillations of a railway bridge are dominated almost

entirely by the "hammer-blow" et'fect of a steam locomotive; he found that for loads of

constant magnitude, moving at typical speeds, the dvnamic dellections of a railway bridge

due to oscillation are not large; tbr unifbrmly distributed advancing load, the deflection is

almost lree of oscillation and may be taken as the "static crawl deflection." These

conclusions indicate that a more critical condition may arise when a single concentrated

mass traverses a bridge; a theoretical analysis to be of practical value should take account

of the "hammer-blow" elfects of the locomotive and damping effects in the bridge.

Schallenkamp [93] in 1937 presented a rigorous solution for the case of a smoothly

rolling load which considered both the mass of the load and the mass of the bridge. He

introduced a method of using Fourier series with unknown coefficients. Although his

solution does include most of the important variables involved, it is not in a form

convenicnL tbr computation-

Up to that time, the vehicle had been idealized by a single mass point. However,

in the early 1950's, idealization of the vehicle as a sprung and unsprung mass was

attemptecl. Hillerborg [50] was first to obtain the solution of the motion of sprung masses

on a beam by means of Fourier's method, and the method of numerical ditferences.

Further advances were made possible by the arrival of digital computers. The formulation

involving Lroth the sprung and unsprung masses was solved by Looney [67] and Biggs et al.

[10] using the Inglis method. The basic assumptions made in the numerical procedures

presented by both are that the bridge is a simple beam, of which only the first or



tundamental mode of vibration is considered, and that the detlected shape of the bridge can

be approximated by a half sine wave. The methods used are essentially the same, i.e., the

diff-erential equations are written for the fundamental mode of the bridge and solved

numerically, except that Looney assumes a smoothly rolling load, whereas Biggs et al.

include the et'tect of the vehicle springing. Tung et al. [109] used Hillerborg's method.

Ting et al. [106] illustrated the kinematical relationship involved, considering the

interaction o[ a moving vehicle and bridge where the system was modelled as a Bernoulli-

Euler bcam carrying a single mass particle. The differential equation governing the

transverse displacement of the beam took the form
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where EI is the bending rigidity of the beam, m the mass per unit length of the beam, and

u(x,t) is the transverse dispiacement ol'a point on the beam at position x and time t. F(x,t)

is the reaction tbrce exerted by the mass particle on the beam. When the mass is at

position 7(t), the t'orcing tinction F(x,t) can be related to the transverse acceleration of

the particle bv Nervton's second law, yielding

d2u

F=-lv1[g+ 
- 

(q,t)" ó(*-ry)]
dt2

rvhere M_q represents the weight of the particle and ó(x) is the Dirac Delta function. Since

the particlc position ii is a time-dependent function, the explicit form of the transverse

acceleration can be-shown to be

(2-1)
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The mathematical difficulty of the solution lies in handling the delta function and

the mircd derivative on the right-hand-side of the last equation. Therefbre, the methods

of solLrtion tbund in the earlier works were based on the use of simpli$ing assumptions

which did not tully treat the kinematically coupled terms and thus were restricted to simple

boundary conditions tbr which a closed form solution could be obtained.

1'o fully treat the basic kinematical characteristics, the analysis becomes considerably

involvecl. Its mathematical complexity has been demonstrated by Stanisic et al. [95], as they

concluded that the exact analytical solution is beyond hope. Most of the existing analytical

solutions which include the beam-mass interaction were obtained by series expansion

methods or modal expansion techniques where the numerical data are computed using series

truncation procedures and usually an iterative process is necessary for including the coupling

terms. Ting et al. [106] have discussed the modal expansion technique and the integral

f'onnulation. They stated that the equations of motion obtained by the modal expansion

technique could be solved by the method of the moving f-orce approximation, the successive

iteratioir or the direct tìnite diflèrences depending on the magnitude of a certain quantity.

Similarll,, the equations of motion obtained by the integral flormulation which is based on

Grecn's lunction are discretized and could be solved by various numerical schemes.

Thc use of high speed computers has allowed signifìcant progress in research into

dynamic response of both railway and highway bridges. The vehicles as well as the bridge

components have been iclealized as multi-degree-of-freedom systems. The vehicle has been

idealized as a single axle or multiple axle system with linear or non-linear springs and
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viscous or Coulomb tiiction dash pots. Differing degrees of sophistication in idealizations

are discussed by Huang [51] and Genin et al. Í42). Similarly, the single-span bridge has

been iclealized as a "one-dimensional bridge", where the effèct of width-wise flexibility is

insignil'icant, or as a "two-dimensional bridge", where the effect of width-wise ilexibility is

signil'icirrrt. In the case of sprung vehicles crossing a bridge, discrete beam systems have

been uscd. The discretizations have included lumped masses, [8, 1,8-22], rigid bar

replaccments [32] and eigen-lunction expansions [109, 118]. For two-dimensional bridges,

the cliscretizations have been achieved by the fÌnite element method, by eigen-function

expansion U7 Al, and by finite ditferences. The two-dimensional model is used tbr simple-

span ancl continuous bridges.

The equations of motion have been derived using d'Alemberts' principle or

Lagrange:rn energy equations.

The equations o[ motion of the system, regardless of the degrees of freedom, can

be writterr as

2-1.4

in which {D}, {D} and {D} are, respectively, the generalized accelerations, velocities, and

displacements, [M] is the mass matrix, [K] is the stiftness matrix; [C] represents the viscous

damping matrix; and [A] detìnes the intluence coefïicients for interacting forces P,. The

nlatrlx [A] is determinecl by lhe location of the vehicle on bridge, and thus depends on time

and the velocity ol the vehicle. The t'orces P, depend on the generalized coordinates of the

vehicle-briclge system and their time derivatives:

P, : P,(ü, å, u, z, t)

(2.4)

(2.s)



where u and z are the generalized displacements of bridge and of vehicle, respectively, and

ú and 2 are their fìrst derivatives.

It is usually assumed that a vehicle maintains a constant speed, or some assigned

variations, as it crosses a bridge. This assumption about the vehicle-bridge system implies

that sonlc non-conservative energy from the vehicle engine must be supplied. Initial

conditions of motion of both vehicle and bridge are usually specified when a vehicle enters

a bridge.

Chu et al. [18, 1.9, 20,21.] in L978 presented a more exact analysis of the dynamic

response of a steel girder and a steel truss span under the passage of one or a series of

railrval,vehicles. He tbund that the impact factor with two vehicles was lower than that for

a single vehicle due to axle spacing. 'lhe Zo/c bridge structural damping assumed reduced

the impact fäctor only slightly. For the girder span, the maximum computed impact facto¡

rvas lou,cr than that given in the A.R.E.A. design specifications. The measured values were

also lorvcr than the maximum moment and shears in girders and axial tbrces in most of the

members in trusses.

Wiriyachai et al. [124] usecl the deterministic approach to calculate the maximum

impact ct-tects of flat wheels, bridge pier settlement, camber errors, and various track

irreguiarities on a steel truss span bridge investigated by Chu et al. They used simulation

to general rail profiles associated with various track irregularities.

Ile t'ound the two most important sources of impact to be: (1) initial vehicle

det'lection and roll; and (2) track roughness. For selected members subjected to 70 ton cars

travelling at 50 mph, the 0-25 in initial deflection and 0.02 radian initial roll of cars
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developed more than 40o/o of total impact, and specified track roughness caused 40o/o or

less impact. A smooth running train developed 3.3-1l.4Vo of the impact, and the remaining

impact was caused by flat wheels, pier settlement, and camber errors. The fast Fourier

transt'orm was applied to these profiles resulting in spectra that were the same as those

given in other findings by Garivaltis and Garg [41]. Chu, Garg and Bhatti [18] developed

a multi-degree-ot'-tieedom model t'or a freight car to account for all the significant

geometric and suspension non-linearities and studied the behaviour over the truss span

bridge used in their earlier studies.

2-t6

The tìndings of this study were that (1) greater approach irregularities produce

higher inipact factors and dynamic t'orces in bridge members; (2) impact factors in members

with lolr' static stress are high, but dynamic stress produced are low; (3) impact factors

reduce slightly due to bridge damping; and (4) the dynamic forces in the lowe¡ lateral

bracing members are lorv as compared to their allowable values.

Gesund and Young [39], Florance [34], Knowles [61], Kessel and Schlack [60]

investigated the dynamic response of beams under different loading conditions. Steele [96]

worked out the analytical dynamic response of a simply supported Euler-Bernoulli beam

with or rvithout elastic tbundation by method of images. His solution converged rapidly for

a simply supported, long beam with a high velocity, moving concentrated load. The Fourier

integrals were evaluatecl in closed form for the beam with elastic foundation. In particular,

the asymptotic resuits a solution I'or the "critical" load velocity, for which a "steady state"

solution does not exist and lbr the limiting case of intìnite load velocity, fbr which the beam

is given an initial unit'orm velocity. Tung [108] studied response of highway bridges on a

probabilistic basis. His solution gave response quantities such as the probability distribution



tbundation and the expected rate of threshold crossings of the response. His results

showed that for all practical purposes, the first few terms gave reasonably good results.

Higher accuracy could be achieved by simply taking more terms in the expansion.

Meacham and Ahlbeck [74] examineci the dynamic loads caused by wheel-rail interaction,

rail joints, car rocking and corrugated rails. They concluded that from the computer

analyscs of the dynamic loads and the manner in which various parameters of vehicle and

track structure at-tècted these loads, it was possible to decide more intelligently how to

alleviatc the high wheel-rail stresses caused by today's unique traffic and track conditions

through better track maintenance and changes in stiffness and damping trucks and track

structure itself. Dhar [40] proposed a method of analysis of the dynamic response of a

girder and a truss span under railroad vehicles. He found that in order to get the

nraximum impact, the train should occupy almost the whole span. Matsuura l73l

investigated the dynamic behaviour of bridge girders in high speed railway. He concluded

that the eft-ect oI periodic axle arrangement of a long train was a predominant factor for

producing a resonant condition in a railway bridge girder at high speeds. This condition

depencled on the input amplitude of the train and the damping factor of the girder. He

also suggested a lower limit of the bending rigidity of the girder in terms of the natural

fiequency. Bhatti [8] used the analysis approach similar to Dhar , but included the vehicle-

track-bridge interaction in both vertical and horizontal directions. Palamas [81] et al. used

a simple degree-of'-freeclom oscillator as the vehicle dynamics model and anaþzed the

system using a Rayleigh-Ritz meLhod. He found that the effect of the local surface

irregularities on the dynamic amplifìcation factor (DAF) in terms of deflections was two to

three times greater than those given in the international design codes. He commented that
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his model was an extreme idealization of a real vehicle and so the best values of DAF

should be between his results and those given in the design codes.

Other studies mainly on the steel and concrete highway bridges involve cantilever

bridges try Veletsos and Huang [1,121, plate simply supported by Yoshida and Weaver [111],

or continuous over flexible beams by Ng and Kulkarnî [77A], or multispan bridges as by

Fleming and Romualdi [32] and Louw [68]. Other researchers who carried out work on

highway bridges are Garg [40], Cantiani [15], Gupta [45], Osogoly and Agarwal [80], Wilson

[123.f and more recently, Hathout [46].

Considerable analytical work has been carried out on the study of vehicle-guideway

dynamics try investigators such as Chiu et al. [174], Wormley et al. ll25l, Richardson and

Wormley [89], Kaplan et al. [57] and Minnetyn et al. 1761.

The studies carried out on wheel-rail interaction are covered by Radford [86],

Hedrick [.18], and Hedrick et al. [49], and on the pertbrmance of the railway track and road

surtàce ¿rre covered by El-Aini [28], Raymond et al. [88], Corbin and Kangman [24], Fazio

and Corbin [30], Koof and Tyworth [62], Grassie and Cox [44] and Al-Rashid [3]. The

discussion of the above studies is beyond the scope of this review.

To the author's knowledge, predictions of the dynamic response of a timber railroad

bridge span has never been attempted before. The algorithm used in the analytical model

f'or this clissertation will tbllow the one employed by Chu et al.
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2.4 NIìCESSI'TY OF'I'IIE RESBAII.CH INROGII.AM

The AR.E.A. Manual [4] states, "the dynamic increment of load due to the effect

of speed, roll, and track irregularities is not well established for timber structures. The total



efl'ect of the atbrementioned t-actors is estimated to be less than the increase in strength

which timber exhibits tbr short cumulative duration of loading to which railroad bridges are

subjectcd in service, and is taken into consideration in the derivation of allowable working

stresses t'or design ... The live load per track consists of Cooper loading, which produces

a loacling efl'ect equivalent to that caused by the heaviest engine o. traio load expected to

be moved over the completed structure during its expected life."

The current design is based on static loads only, and in comparison to the design

of steel and concrete bridges, it does not consider any impact of the loads. Therefore, in

order to bring the design of timber bridges up to the same scientific base as the other

materials and in order to make the design more meaningful in terms of the distribution of

stresses clue to different types of loads, it is necessary that appropriate dynamic increments

(i.e., dynamic load f-actors and dynamic displacement factors, etc.) be considered in sizing

their components as well.

From the t'oregoing literature review, it is quite apparent that there is not sufficient

experimental int'ormation available, nor is there any theoretical work undertaken so far on

the subject of the dynamic response of timber railroad bridges.

The work presented in this dissertation is an attempt to determine both experimen-

tally and theoreticaliy the dynamic response including the load factors and the displacement

täctors t'or timber railroad bridge spans and to study the influence of various parameters

on such behaviour.

2-79



3.1

Railroad timber bridges [4] consist of relatively short spans, i.e., usually ranging from

10 to 15 t'eet in length, which are supported on timber bents. The bents may either be

made up of caps and piles braced together as in "pile-bents" or be made up of caps, posts

and sills braced together as in "frame-bents" and supported on wood blockings, mncrete

fbotings or on round timber piles. The longitudinal members that span between the bents

are "stringers" and a bunch of stringers under each rail of track is a "chord".

GENBRAL
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In a ballast-deck span, the stringers are floored with rvooden planks. The rails are

i'astened to track ties which are partially embedded in a layer of ballast placed between

thc ties and the planks.

In an open-deck span, the rails are tästened to bridge ties which rest directly on and

alternately tàstened to the stringers by means of lining spikes.

Both types of spans constitute a system of interconnected components such that the

stresses induced by loacls applied at the wheel-rail interfaces redistribute with a time lag

lrom the rails to the stringers.

The locomotives and the cars of the trains consist of two dual-axle trucks each. The

spacing . between the axles of the truck is such that at instances only a single axle

occupies the short spans of the bridge.



The test program in this investigation was designed to measure the loads at the

wheel-rail intertäces and the vertical displacements under each rail at the bridge ap-

proaches, at the normal track sections, and at the mid-span of the stringers of the bridges.

The accelerations were measured only at the mid-points of the spans.

The measurements taken at different locations on the rails in the field revealed the

presence of small track surface and gauge irregularities. Though no measurements were

taken on any of the wheels itself, some irregularities could be expected in the wheel

running surfaces as well. Since these irregularities were considered to be small, it is

assumed that these would not intluence the results significantly-
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3.2

One of the early etl'orts in this experimental program was to select two adequate

test sites, one with a ballast-deck bridge and another with an open-deck bridge which were

close to each other, accessible by road, and a single-storey height for ease of instrumenta-

tion. The sites chosen were approximately 25 miles north'\¡/est of Winnipeg near Grosse

Isle, Manitoba, at Mile.s 16.50 and 19.50, respectively of the Canadian National Railway's

branchline, named the Oak Point Subdivision.

SI]LECTION OF TEST SITBS

3,2.1,L 'fhe lìallast-Deck Bridse. The ballast-deck bridge, Figure 3.L, was a slough

crossing located at Mile 16.50 Oak Point Subdivision, consisting of a four-span ballast-

deck pile trestle with an overall length o145' 10" and a height of 9r-4rt. It was built in

1943 using treated Douglas Fir material. Its deck was made up of 10" x 4u x 13,-6"

3.2.L Bridf¡es



transverse planks nailed onto ten 8tt x 16'r spaced stringers (including two jack stringers)

possessing an average span length of 11,'-2y"'1. The majority of the stringers were two

spans long and alternately continuous over intermediate bents. The bents consisted of a

12" x 14r' by 14I -0t' long cap resting over five piles each, driven with a penetration

varying fiom 16t to 24, .

3.2.L.2 The Open-Deck llridqe. The open-deck bridge, Figure 3.2, was a slough

crossing at Mile 19.50 Oak Point Subdivision, consisting of a three span, open-deck pile

trestle with an overall length of 36'-5/2" and a height of 5t-4tt. It was built in 1945146

using treated Douglas Fir material. Its deck was made up of thirry-six, Brr x 8,t by 12,-

0" long bridge ties spaced at 12" centres which were renewed in 1975. The ties rested

on eight 8tt x 16" chorded stringers possessing an average span length of 11'-6/q". The

majority of the stringers were two spans long, and alternately continuous over intermediate

bents. The bents consisted ola 12" x 14" by 14t -}tt long caps supported over five piles

each, driven with a penetration of approximately 23'-

The elevation and typical cross-sections of the ballast-deck and the open-deck

bridges are shown in Figures 3-1 and 3-2, respectively.

Despite their ages, the bridges did not show any signs of deterioration, which could

have atIècted their original capacity. However, prior to the tests loose members were

shimmed and all tasteners were tightened to ensure adequate performance of all

compone nts.
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The section of the track situated immediately behind (within 15 ft. length) the

dumpwalls which provided a transition between the track and the bridge is referred to

here as a "bridge approach", or simply an "approach". The approach sections at both sites

were in good condition, and possessed a full section of gravel and pit-run material. The

approach to the open-deck bridge possessed the transition track ties.

3.2.2 Bridge Approaches
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A section of the track beyond a bridge approach (approximately 50 ft. from the

dumpwall and beyond) is ret'erred to here as a "track section".

3.2.3 Tr¿rck Sections

The alignment of the track sections at both test sites was tangent. The grade ât the

ballast-deck bridge was level, whereas at the open-deck bridge it was 0.027o rising north.

The track consisted of 85-lb. (sec. 137 Algoma Canada MRC 85 lb HF-1944) jointed

rails in lengths of 36' to 39' and7l/2" x 1.1." double-shouldered tie plates spiked to 8"

x 6,' by $ ' -Qtt long no. 2 ties spaced at approximately. 22,, centres and embedded in a

ballast section of gravel and pit run material. On the ballast-deck bridge, the ballast

section consisted of about 12" deep crushed limestone material.

The zone speed over the stretch of track covered by these tests was 30 mph with

a maxinrum weight limit of 220,000 lbs. for a 4-axle car. Therefbre, to accommodate

speeds of up to 50 mph ['or the tests, the track was upgraded. Upgrading included spot

surtàcing and track lining.



3.3 TEST TRAINS

The trains used for the tests were similar to the trains normally operated on this

line tbr hauling limestone from Steep Rock, Manitoba. Since the trains were required at

two dift'erent times, they differed in cars and their weighs. However, both trains were

made up of a GR-20 Series  -axle type diesel locomotive, two ballast-loaded open top

hopper cars and a caboose. The open-top hopper cars possessed transverse beams at

their mid-length just below their bodies which fàcilitated jacking of the cars fbr static (i.e.,

cars in stationery position) tests.

The test trains were scale weighed by thei¡ trucks (2 arJe assembly) at the local

tower scale in CN's Symington Yard before leaving for the test sites.

Figure 3.3 show the typical arrangement, dimensions, and weights of the locomotives

and cars of the two test trains. Table 3.1 gives the scale weights of locomotives and cars

tbr the test trains nos. 1 and 2. The photograph of the typical test train used in this

investigation is shorvn in Figure 3.4.
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3.4

The bridges, their approaches, and the normal track sections were instrumented to

measure the loads at wheel-rail interfaces, the vertical displacements under the rail points,

and the accelerations at mid-points of brídge spans, under the test trains moving at

ditterent speeds.

INSTRUMEN'TATION

Figures 3.5 and 3.6 show the locations of the shear-load circuits used to measure

the loads at the wheel-rail interfaces, accelerometers, and the LVDT's for the vertical

displacements at the two bridges.
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3.,l.L Loads at Wheel-Rail Interf,aces

There are several methods available for measuring the loads at wheel-rail interfaces.

ÉIowever, the method used here is based on instrumented rails which employ the vertical

load measurement circuit adapted from strain gauge pattern reported by ORE I1.,2,751.

,{s shown in Figure 3.7, eight gauges were installed at each measurement point, i.e.,

tbur on either side of the rail neutral axis- This pattern, often called a shear-load circuit,

measured the net shear dil'terential between the two gauged regions, a-b and c-d, with the

gaugc pattern placed between the rail support points (i.e., the spaces between the bridge

ties or the track ties, as the case may be), and the circuit output is directly proportional

to Lhc vertical load P as it passes between the gauges.

The influence zone of the pattern is very short, i.e., a few inches either side of the

micl-point between a-b and c-d, so that only a sample of short duration is provided from

each pzrssing wheel. The pattern has been tbund to exhibit excellent linearity and minimal

sensitivity to laleral load (cross talk) or to the lateral position of rhe vertícal load [2].

This arrangement of the strain gauges (pattern) was tested in the Structural Laboratory

of the University of Manitoba, prior to its installation in the tidld.

The shear circuits were temperature compensated using dummy gauges which were

located near the active gauges. Initial readings were also taken tbr each loading case

prior to using the same set-up for recording the measurements, which were recorded

withirr a maximum duration ol time of seventy-five seconcls for the test train at crawl

spee ci.

The electrical gauges used for the tests were Constantan Strain gauges of type

#CEA-06-250UW-350 with fully encapsulated grid and exposed copper-coated inregral



solder tabs.

The web areas of the rails were ground and polished and the strain gauges were

installed in accordance with M-M Instruction Bulletin #8-127-9 "Strain Gage Installations

with M-Bond 200 Adhesive" dated 1.979.

There were six shear circuits installed for each bridge, as shown in Figure 3.5 for

the ballast deck, and Figure 3.6 for the open-deck bridge.

an
5-I

The vertical displacements were measured at the same points as where the wheel-

rail contact loads were measured. The linear variable differential transducers (LVDT)

were installed either under the chord of stringers or under the rail bases, i.e., locations

span 53, approach A and track T for the ballast deck bridge site as given in Figure 3.5

and span 52, approach A and track T for the open deck bridge span as given in Figure

3.6. For the BDB site, an additional set of displacement gauges was provided under the

chords oL span 52.

The LVDT's used were Hewlett Packard 7 DCDT Series displacement transducers.

The ranges of the LVDT's varied between llQ"-+ and 1"-t- with accuracies varying between

-{-.001" and -t-.005".

3.'1,.2 Vertical Displacements

The core c¡f the LVDT's was connected to the moving member, and the coil was

mounted to a mechanical refèrence point in a HP 14072A Mounting Block. This

mounting set-up had provision for adjusting both the radial and ¿xial alignment between

the coil and the core. The mounting blocks were non-magnetic, using aluminum or 303

stainless steel materials.



Four-inch diameter PVC pipes were pushed into the augered holes located about

8'-6" tiom the centreline of the track below the measurement points- A two-inch

diameter steel pipe was inserted into each of the PVC pipes and driven into the ground.

The annular spaces between the pipes were kept hollow except at the top, where they

were tìlled u,ith poly-tbam rings and then covered with plastic wrappings. This type of

support system was used to prevent vibrations produced by train dynamics in the ground

from al'tecting the LVDT readings.

Details of a typical example of the support systems is given in Figures 3.8 and 3.9.

There were tbur such supports installed for the ballast-deck bridge at T, An 52 and

53 as shown in Figure 3.5 and three for the open-deck bridge at T, A, and 52 as shown

in Figure 3.6. Readings were taken with a laser instrument of the elevations at the top

ol the supports with respect to previously established bench marks on shore, under no

tratTic, as well as under trafïic conditions on the bridges. No measurable vibrations were

found to have developed in the support systems at both bridges. It was therefore assumed

that the support systems were firm and stable for the intended test purposes.

3.4.2.1 Support System for Displacement Gauges (Í-VDT).

ao
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Vibrations due to accelerations were measured using two Bruel and Kjaer 4366 type

accelerometers which were mounted to the underside of stringer chords with Thermogrip

hot melt glue using a Bostik 260 Type Electric gun. These locations are shown in Figure

3.5 as locations #S3, positions #7 and B for the ballast-deck bridge and as locations #S2,

positions #7 and 8 in Figure 3.6 tbr the open-deck bridge.

3.4.3 Accelerations



The accelerometers were connected to a pair of Bruel and Kjaer 2626 Conditioning

Amplifìers which in turn were also connected to the Data Acquisition System- A tee

electronic connector was used to allow the incoming data to be monitored also by a

Hewlett Packard HP 35824 Spectrum Analyzer during the test.

A 16-Channel Techmar Lab Master data acquisition system (D.AS-) was employed

t'or recording loads, displacements and accelerations as measured from moving test trains.

This unit possessed a conversion rate of 40 kHz, resolution of 12 bits and user selectable

16 single-ended or 8 true difterential analog inputs (ranges *5 mv, +10v) and a

programmable gain capability.

A Lab Master card hooked to an IBM-PC was used to convert the analog data into

digital data and store it on tìoppy diskettes.

3.4,4 Data Acquisition Systern
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The rate of acquisition available was 1600 readings per second, or L00 readings per

second t'or each of the sixteen channels. The above D.AS. was supplemented by:

(a) Nicolet Explorer Digital Oscilloscope: Model 204 Digitizing Rate 20 MHZ. This

unit had 2 channels and w¿rs used for selective viewing plots and storing information

on wheel-rail intertàce loads and vertical displacements during the tests.

(b) Hewlett Packard Spectrum Analyzer: Model #HP 3582A, Rate 25I<HZ equipped

rvith an X-Y Plotter. This unit had two channels and was tee-connected to the

main circuitry fbr viewing the accelerations during the tests.

An outline of the circuitry of the above set-up is shown in a block diagram

Figure 3.10. The sensitivities of the measuring devices are given on pages M-l to 3

tn

¿ìs



well as in Uppal [i11a]. This arrangement allowed simultaneous measurement on L6

channels, plus instant viewing of data on another 4 channels. In addition to the above,

an IBM-PC complete with printer and plotter was also available at the sites to obtain hard

copies of the data and various plots immediately after each test run.

The D.A.S- and other pieces of equipment were housed in a 40' long air-conditioned

truck-trailer unit which had its own 5 kWH regulated power supply. The layout of the

equipment inside the trailer and the trailer is shown in Figures 3.11' and 3.12.

During the tests, the truck-trailer unit was parked on the shoulder of Highway #6,

sorne 50-60 feet tiom the test sites. The shielded cables and their connections were kept

dry. Also to prevent problems with long cables, after the calibration tests, the cables were

Ieft undisturbed until all tests were completed.
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3.5

Tests were carried out in the tield on t\ilo dif-ferent days. Test series 1, comprising

static and dynamic tests of the ballast-deck bridge, was conducted on July 11, 1986. The

dynamic tests included runs of a full test train followed by runs of the locomotive alone

at dit'terent speeds. Test series 2 were conducted on September L6, 1986, and consisted

of similar tests o[ the open-deck bridge, and a repeat of the dynamic tests of the ballast-

deck bridge. A detailed schedule of each test se¡ies is given in Uppal [111a].

TESTS

The purpose of these tests was

tests, and secondly, to determine

3.5.1 Calibration'l'ests

trruo-fold: tìrstly, to calibrate the system for dynamic

the stiffnesses of the bridge spans, the bridge
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approaches, and the normal track sections-

For the ballast-deck bridge, the middle of one of the hopper cars (i.e., #CN

090151)'was centered over the load measurement locations one at a time, i.e., span 53,

approach A and track T in Figure 3.5. A load cell, a jack and a segmental railway car

wheel were installed between the transverse beam of the car body and the rail at each

of the two rail points, as shown in Figure 3.13- The segmental wheels were used over the

rails to simulate the actual wheel-rail contact conditions for the static situations.

The description of the load cells, jacks and jacking pumps used were as tbllows:

(a) Load Cells: (two types were used)

(i) Baldrvin HBM Load Cell, 200 kips capacity, 4" deep, and

(ii) STRAINSET Compression Flat l-oad Cell Model Fl, i00 kips capacity,3l/z'

deep. Both load cells were calibrated in the Structural Lab of the University

of Manitoba on July 9,7986.

(b) Jacls: Trvo 100 kips Enerpac Jacks Model #RLC 100 with 2 1,14" stroke, collapsed

height of 5 9116", and extended height of 7 L3116"-

(c) Pump: Enerpac Type hand pump Model #P-85, pressure rating 0 to 10,000 psi and

piston stroke of 1".

The pressure gauges were also calibrated (i.e., gauge reading in psi vs. machine load

in kips) in the Structural Laboratory of the University of Manitoba on July 9, 1986. The

test setup tbr the jacking operation are shown in Figure 3.14.

Once thc car was centered over each shear circuit location, the jack was located

between the transverse beam of the hopper car and the rails, the load was applied by

means of the Enerpac hand pump. The deflection of the rails induced voltages in shear-



load circuits, rvhich were used to calibrate the system. The applied load per rail was

raised to a maximum of 20 kips and then lowered to zero. The load per rail was also

applied gradually at each LVDT location to determine the load-deflection relationship of

the system. Atier carrying out the test at each bridge span, the procedure was repeated

at the approach and track locations.

At the open-deck bridge location, the arrangement of the calibration tests was

identical to the ballast-deck, except for the following:

(i) the car used for the calibration tests was CN #0901"59; and
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(ii) the maximum jacking load applied per rail was raised to 30 kips. This was done

to correspond to the magnitude of the maximum wheel load of the test train,

so no extrapolation for the load-displacement curve would be necessary for

tìnding the deflections at static wheel load levels.

Figure 3.14 shows the calibration test in progress.

In spite of all the preparations made for the testing date, including the test train,

the rveather on July 11, 1986 was less than ideal, in that it rained heavily and continuously

the day and night betbre the tests, as well as during the day of the tests. Consequently,

the tests of the ballast-deck bridge were conducted while the deck, bridge timber, and the

road bed were very wet. There was an unexpected amount of water under the bridges

which delayed the installation of the LVDT's and the accelerometers. The wet conditions

also resulted in malfunction of a tèw gauges.

3.5.2 Dynamic Tests



The dynamic tests were carried out tbr the ballast-deck bridge, with test train no-

1 runs at crawl speed (i.e., I mph), 5, L0, 15, 20, 30,40, and 50 mph. The measurements

of loads; displacements and accelerations were recorded and stored on floppy diskettes.

The locomotive (i.e., #CN 5516) vias uncoupled from the rest of the test train and tests

were cariied out with locomotive runs at crawl speed (i.e., 1 mph), 5, 10, 20,30, 40, ancl

50 mph, and the measurements were reco¡ded and stored on floppy diskettes.

Due to the bad weather conditions, it was decided to postpone the remaining tests

to another day.

The second series of tests took place on September 16, 1986. The weather

conditions were quite favorable at the outset. The tests commenced at the open-deck

bridge after the gauges were checked and verified the day before. Following the static

tests, the dynamic tests were carried out using test train no. 2 running at crawl speed (i.e.,

1 mph), 5, 10, 15, 20,30, 40, and 50 mph. Runs at crawl speed, 30, and 50 mph were

repeated several times to duplicate some of the data from ditferent channels on the

Nicolet Explorer Digital Oscilloscope.

No uncoupling of the locomotive was conducted for the open-deck bridge. The

same test train and truck-trailer unit were moved to the test site of the ballast-deck

bridge. The circuits of strain gauges already in place were verified. The LVDT's and

accelerometers were installed again. The calibration tests from series L were used.

The dynamic tests were repeated fbr the ballast-deck bridge using test train no.2

with runs at crawl speed (1 mph), 10, 30, and 50 mph. Similarly, a couple of additional

runs were made at 30 and 50 mph to record data from dit'ferent channels on the Nicolet

Explorer Digital Oscilloscope. The light drizzle which started falling in the rcurse of the
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tests at site 1 and aft-ected only the function of the gauges at positions #1 and 4, shown

in Figure 3.5.

For all dynamic tests, the speed of the test trains was maintained by the enginemen

in the cabin. A Decatur Ray Gun Speed Measuring Device (Model No. T1, Range I to

99 mph) was used to verily the actual test speeds. The readings from both sources corres-

ponded very well, except at speeds of 5 mph and less, for which the radar device was not

considereci to be reliable.
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3.6 TEST RESULTS

The experimental work at both sites involved twelve calibration tests (6 at each site)

and t'orty dynamic tests (24 ibr the ballast-deck site, BDB and 16 for the open-deck site,

ODB). Data on each static test was recorded on 4 channels and data on each dynamic

test on 16 channels. In addition, some of the data were also recorded on the Nicolet

Explorer Digital Oscilloscope and the HP Spectrum Analyzer. Massive data were

collected fbr the dynamic and static tests tbr both bridges. Only selected data has been

presented in the following sections.

The calibration tests of the shear-load circuits at the mid-span of the bridges, the

approaches ancl the track for both sites (i.e., BDB and ODB) are given in Figures 3.15

and 3.16, respectively. Figure 3.15 shows the load-displacement characteristics at locations

53, A and T (only left rail, i.e., channels 2, 4, and 6) of the BDB under test train no. 1.

Figure 3.16 shows the load-displacement characteristics at locations 52, A and T (average

3.6.I Calibration'fests



of the left and right rails, i.e-, channels 1 to 6) of the ODB under test rrain no.2-

The following are some of the observations based on the results of the calibration

tests:

(a) The load-displacement curves for the bridge spans were fairly linear, whereas those

tbr the approaches and the track sections were non-linear within the range of the

nleasurements-

(b) The bridge spans were stil-ter than the approaches and in turn, the approaches were

stifter than the track sections.

Since the maximum load limits used tbr the two test sites differed, some plots were

linearly extrapolated to obtain the displacements at a load of 31,.73 kipr (which

represented the weight of the heaviest wheel of the test trains). Using the values of rail

displzrcements for this load level, the values of the stitïnesses were computed, and are

given in -lable 3.2.

In comparing the values, it may be noted that the ballast deck bridge span was

stifter than the open-deck bridge span despite the fact that this span is 6" longer. This

could be attributed to the tàct that (a) the deck planks act compositely with the stringers

in carr¡,i¡g some of the load, and (b) the load had a better dispersion through ballast and

the deck plank tloor system.

The bridge approach of the open deck bridge was stift'er by approxim ately 73Vo than

that ol the ballast-deck brìdge. This could be attributed to the fact that the former

possessed transition tics.

The track sections tbr both sites had about the same stiffness.
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3.6.2 Loads at Wheel-Rail Interf'aces

The loads at the rail-wheel interfaces are transmitted across a small contact area on

the running surface, except when the wheel flange is also in contact with the rail, in which

case, a rwo-point load path does exist [2, 86]-

The loads at the wheel-rail interfaces tbr

intluenced by the tbllowing factors:

(a) the static weight of the vehicle;

(1r) the dynamic lbrces due to wheel-rail irregularities on the running surface, such as

rvheel out-ot'-roundness, wheel flats and rail joints, the presence of these adds to the

impact between wheel and rail;

(.) the dynamic l'orces such as bounce, roll, pitch and yaw generated due to suspension

system of the vehicle in motion;

the track geometry irregularities such as gauge, surface and line;(d)

(")

a railway vehicle in motion may be

the external disturbances such as wind, selt--excited hunting motions (a wheel set

rolling along a tangent track wherein the wheels banging from rail to rail, describe

a sinusoidal path called "hunting". The oscillations set up by such motion increase

depending on the conicity of wheels and the speed and decrease with an increase

in the axle loads), wheel and rail creep and flange forces; and

the speed of the vehicle.(r)

When the vehicle passes over a bridge span, the characteristics of the span and its

supports also at'lect the loads at wheel-rail intert-aces, which continuously fluctuate about

their static values. Figures 3.17 through 3.25 show typical plots of loads versus time for

the BDB for the left and right rail under the passage of test train no. 2 for speeds of 1,



30 and 50 mph. Figures 3.17 to 3.19 are for the mid-point of the briclge span 53. The

suclclcu shilt of the clatum in Figure 3.19 is mainly ilue t<¡ the inst¡umentation malfunction.

Thc results tiom the locomotive ancl car no. L were the only data usecl from this tìgure.

Figurcs 3.20 to 3.22 are load versus time plots for the bridge approach, and Figures 3.23

to 3-25 are fbr the track section t'or the DBD site. Some instrumentation problem

experiencecl in Figure 3.19 tbr the 50 mph spced is repeated in Figures 3.22 and 3.25.

Similarly, Figures 3.26 through 3.34 show typical plots of the loacls versus time of

tlre ODB site uncler the passage of test train no. 2. Figures 3.26 to 3.28 are for the micl-

poirrt o[ the briclge span 52 tbr spceds o[ 1, 30 and 50 mph. Figures 3.29 to 3.31 are l,or

the britlge approach ancl Figure s 3.32 Lo 3-34 are for the track section.

The above plots give the clynamic wheel loads for both rails which exhibit significant

v¿triations lionl their static values. T¿rl¡les 3.3 and 3.4 provide the maximum reco¡ded

loacls at wheel-rail interlàces for the two test sites. Additional information on the loacls

at wheel-rail interlaces can be tbund in Uppal [111a].
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The vertic¿rl clisplacements are int'luenced by the rnagnitude of the loads at the

whcel-rail interlaces, the stiü¡resses ancl the damping char:rcteristics of the systems that are

providcd by thc componenLs of thc briclgc sp¿ìns, anci the naturc of both the track ancl

the approach sections.

Sirlce a fair amount of variation in the clata measu¡ecl for the loads at the wheel-

rail irrtcrfirccs was observed, the rcasons o[ which were described in section 3.6.2, tbe

sanle was to bc expectcd fbr the vertical displacements.

3.6,3 Vertical I)isplacements



Figures 3.35 through 3.43 show typical plots of the vertical displacements of the lelt

ancl right rails versus time at the BDB site tbr mid-point of the bridge span 53, and span

52, ¿rncl the normal track section, rcspcctively, under thc passage of test train no. 2 at

speeds o[ 1, 30 and 50 mph. The rnaximum values of the displacements are given in

Table 3.5.

In the case of the span 53, Figures 3.35 to 3-37, tbe values of maximum displace-

ment under the left-hand chord were consistently higher than those under the right-hand

chorcl. This could be attributed to the lact that the track was accentric with respect to

the briclge span by an amount of 0.33 inch. These displacements showed little increase

r.vith increase in the speed. For span 52, Figures 3.38 to 3.40, the values of maximum

clisplaccmenl wcre rccorded only for the right-hand chord. These displacements also

shorvecl little increase with increase in the train speed.

For normal track section, Figures 3,41, to 4.43, the values of maximum displacements

uncler the left-hancl rail were higher than those under the right-hand rail, probably due

to a solt spot under the right rail. These displacements increasecl with increase in train

speed.

Similarly, Figures 3.44 through 3.52 show gpical plots of the vertical clisplacements

versus time for tlie ODB site for mid-point of bridge span 52, the bridge approach and

thc nornt¿rl tra';k scction, rcspccLívely unclcr the passagc of test train no. 2 at spcecls of

1, 30 and 50 mph. The maximum values of the displacements ar given in Table 3.6.

In the case of the span 52, Figures 3.44 to 3.47, the values of maximum displace-

menl.s l'or both chords were fbund to be fairly consistent and their average values

exhibitccl ¿rn incrcasing [rend with increase in the train speed.
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For lhe bridge approach, Figures 3.47 to 3.49, the maximum clisplacements uncler

the ri-qht-hand rail were slightly higher than those under the leftlland rail. The

clisplaccmenl.s rcduced with incrcasc in the train speed.

For the normal track section, Figures 3.50 to 3.52, the maximum displacements

undcr the left-hand rail were slightly higher than those under the right-hand rail. These

clisplacements first clecrcased with.increase in the train speed, and then increased with

increase in the train speed.

Aclclition¿rl infbrmation on the maximum values of vertical displacements ancl the

rvheels uncler which they occurred is given in Uppal [111a].
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The typical output of tlle recorded acceleration versus time for the mid-point of the

span 53 of the ballast-cleck bridge and tbr the mid-point of span 52 of the open-deck

bridge uncler tcst Lrain no. 2, at speeds of 1, 3, and 50 mph are shown in Figures 3.53 to

3.55, ancl 3.56 to 3.5tì, rcspectivcly. The maximum ancl minimum values are given in

Tables 3.7 and 3.8.

Thc tabul¿ttecl values indicated that l"he acceleration increased and their range

rvidenecl as the speecl increasecl. For the ballast deck bridge, the maximum acceleration

rangecl liom *10.08 g to -7.00 g at 50 mph as shown in Figure 3.55, but unfortunarely

lbr thc open deck briclge at a speed of 20 mph and beyond, the range exceeded the

Inc¿rsul'enìent limits of the instrumentation which was set from +10.8 g to -10.8 g as

shown in Figurcs 3.57 ancl 3.58.

3.6.4 Accelerations



3,7 AN.ALYSIS OF TEST RESULTS

3.7.1 Calibr¿tion Tests

3.7.1'.L Modulus of ElasticiW. As stated in Section 3.6.1, the load-displacement

relationship for the bridge spans at both test sites shown in Figures 3.1 and 3.2was found

to be tairly linear. Assuming the stringers of the spans to be simply supported at one end

and continuous at the other end of a two span beam, the following expression was used

to compute the modulus of elasticity of the bridge span material.
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6=(P/À).L3l(69xI)

where:

P = Load applied at mid-point of span (lbs.)

A : Deflection under load P (inches)

L = Span length (inches)

I : Moment of inertia (incheso) of one chord

The values of E were fbund to be as follows:

BD Bridge, Span 53: E = 1.48 x 10u psi

OD Bridge, Span 52: E : 1.17 x 106 psi

The actual values of E are expected to be higher than the above values, mainly

because of the following reasons:

(i) the measured deflections were the average of the two middle out of four

stringers of e¿rch chord, meaning that average detlection o[ the chord would

be smaller;

( ii)

(3.1)

the timber being wet by rain, possibly exhibited lower value of E than for

relatively dry conditions;



(iii)
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the measured deflection values may include some play in the components of

the spans; and

(iu) the actual sizes of stringers may be smaller than those used for the

computations-

The AR.E.A- manual [4] gives values for the Modulus of Elasticity, E, for different

grades of Douglas Fir which range from 1.2k106 to 1.76x106 psi.

Although the calculated values of E based on the measured load-deflection

relationship are for the bridge span and not fbr the timber material alone, they do fall

within the above range. The value of E used tbr subsequent computations in this study

is taken as 1.65x106 psi, which is close to the middle of the range and is commonly

accepted.

3.7.1.2 lrack Moduli for Bridge Approach and Normal Track Section. Within the

range of the measurements, the load-displacement curves t'or the bridge approaches and

normal track sections were non-linear, as given in Figures 3.15 and 3.16. However, the

rate of change of load versus displacement óP/ð^ was fairþ constant with the increasing

magnitude of the load. According to Talbot [98], beyond certain load levels this

relationship could be assumed linear for all tracks, despite the fact that for the weaker

tracks, it could initially behave nonJinearly. This behaviou¡ could be due to the effect

of slackness in the components of track which will become insignificant to the overall

load-displacement behaviour with increasing levels of load.

Since the values of óP/ó^ were constant near the maximum wheel load of 31.73

kips, the track moduli K for the bridge approach and normal track sections could be

calculated using the following Talbot formula [58, 98]:



where; P = Wheel load (lbs)

ør, : Detìection of rail measured under wheel load P (inches)

E = Modulus of elasticity of rail steel (psi)

I : Moment of inertia of rail section along horizontal section

(incha). For 85 lb rail : 29.49

K : Modulus of track elasticity or track support stiffness

or simply termed as track modulus (lb/in/in.)
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The calculated values based on the measurecl loads and deflections are given in

Table 3.9. It should be noted that the modulus of track at borh the BDB and the ODB

sites is similar, whereas the modulus of bridge approach for the ODB site is higher than

that lbr the BDB site. This may be attributecl to the presence of transition ties, which

assisted in better dispersion of axle load, thereby reducing the detlection of rails.

The term "modulus of track elasticify", "track support stiffness", or simply "track

modulus", is detìned [a7] as the load per unit length of rail required to depress one tie

by one unit divided by the tie spacing.

Rzril, tastening, tie, ballast, and subgrade are components that enter into the stif}ness

of the track and determine the value of the track modulus. The track modulus is not only

important in several track analysis equations, but it is also highly important as a measure

of track strength, quality, and litè.

The track modulus depends on rail weight, tie spacing, quality of ballast, and

subgrade, which exhibit a certain amount of play or looseness. The modulus, being a

(3-2)



measure of support stiffness, should be tiee of any play in the components and hence by

displacement, which is not elastic.

Railway engineering [47], Second Edition, p. 261., Table 15-1 for #85 rail, 8" x 6"

x 8'-0" ties at 22" spacings on 6" limestone on a loam and clay road bed gives a track

mociulus vaiue ol' 970 before tamping and 1080 after tamping. Although the bridge

approach and the normal track sections tested here had gravel and pitrun on a silty clay

roadbccl, the values obtained experimentalþ are somewhat lower than those quoted above.

This could be due to play in the wet track and the subgrade components.

Since the load-displacement behaviour was found to be non-linear for the track

rvithin the ran-ee of the train loads, a bi-linear analysis of the track modulus was also

attempted as suggested by Kerr and Shenton [59], and the results are given in Table 3.10.

In Table 3.10, w" may be considered as the play or the compliance factor associated

with K" and K, to be the value of the track moduli. The values of K, are significantly

highcr than the values of K obtained by the linear approach.

The linear analysis is quite valid here because of the compressible nature of the

roadbed material which is clay in this instance, as opposed to the bi-linear approach which

would be more suitable ['or the tiictional type of roadbed materials such as sand or gravel

etc., and o..," will represent the actual value of play.

3.7.2 Loads at lVheel-Rail Interf'aces

J-lJ

dynamic load täctor ot DLF is defined as the ratio of the measured load at

3.7.2.I Dvnamic I-oad Factor: DLF=LJ

whcel-rail interl-ace, Lo, at a given location (i."., the bridge span, the

bridge approach, or the normal track section) for a given speed, to the scale

L. For the purpose of this report, the



wheel in question.

Like the loads at wheel-rail intertàce Lo, the dynamic load factors DLF are

influenced by several factors mentioned in section 3.6.2.

The wheel-rail running surface irregularities (i-e., wheel-out-of-roundness, wheel flats

and rail joints, etc-) and the track geometry irregularities (i.e., wide or tight gauge, rail

being out of surl'ace and/or out of line, etc.) can produce severe impact between wheel

and rail which can occur at any position along the track and may not increase linearly with

speed [56].

In addition to the above, the other factors that influence in a sígnificant way are

the a,rle loads, the make-up and position of the axles (i.e., the spaôing and eccentricity)

and the stit'tness of the bridge/track structure. Hunting is usually pronounced in empty

cars [471.

Only the eftèct of the speed and the static axle loads is considered here.

Figures 3.59 to 3.61 shorv the plots of the dynamic load t'actors for the bridge span

53, the bridge approach and the normal track section, respectively, at the BDB site (for

lett and right rails) versus speeds ranging from 1 to 50 mph_

Similarly, Figures 3.62 to 3.64 show the plors of the dynamic load factors for the

bridge span 52, the bridge approach and the normal track section, respectively at the

ODB site (tbr leti and right rails), versus speed ranging tiom 1 to 50 mph. As indicared

in the above figures, a f'ew values of DLFs belonging mainly to the cabooses in the test

trains were founcl to be inconsistent with the rest of the experimental data. These values
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were left out of the upper and lower limit lines trends, so the envelopes in fact represent

approximately 95Vo of the actually measured values. The upper values of the DLF's for

each site are given in Table 3.11. It should be noted that in general, these factors are

fbund to increase with increase in the train speed.

The dynamic load tàctors are also related to their respective static wheel loads in

Figures 3.65 to 3.70 for the bridge spans? the bridge approach, and the normal track

sections (both rails) for both the BDB and ODB sites. The maximum values of the

DLF's by maximum static wheel loads of cars for both sites are given in Table 3.11A-

In generzrl, these factors were tbund to decrease with increase of the static wheel

loads. This demonstrates that the heavier axles such as of locomotives and cars are more

stable with respect to rolling action than the lighter axles such as of the cabooses.

lvforeover, the weights of their wheels are more evenly distributed while in motion, a

condition which helps to reduce the vibrations due to the rolling action of the

vehicles.

3.7.3 Vertical Displacements
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Figure 3.71 shows the maximum dynamic displacements versus speed of test train

No. 2 (average of L & R rails) at the mid-points of the bridge spans 53 and 52 and the

normal track section T, tbr the BDB site.

The measured values of displacements for the spans did exhibit little effect of the

increase in speed. Horvever, the displacements in the track section increased as the speed

increased-



Similarly, Figure 3.72 shows plots of the maximum dynamic displacements (average

of L & R rails) at mid-point of the bridge span 52, the bridge approach and the normal

track section, respectively t'or test site 2 versus speed of test train no. 2. The values of

displaccments of the span 52 and the normal track increased with increase in speed,

whereas the approach fluctuated somewhat without showing the real effect of speed.

3.7,3.L Dynamic Displacement Factors: DDF = Do/D.. The dynamic displacement

täctor is deÍìned as the ratio of the measured displacement at a given speed, Do, to the

static displacement, D", t-or a particular location on the bridge span, bridge approach, or

track section.

J-,o

(n)

The diflèrent rypes of DDF's used in rhis reporr are:

DDF".r¡o,ation : Do/D-,'

This is the ratio of the measured value of the maximum displacement at a given

speed of the test train, Do, and the value of the static displacement under a load

equivaient to the heaviest wheel basecl on the static calibration test, D"u,,o.

DDF"otor,"o = DoD"oro,

This is the ratio of the measured value of the maximum displacement at a given

speed of the test rrain, Do, and the value of the static displacement, computed

assuming the train to be a series of moving loads, D"o,ou.

DDF"^*, : Do/D","*,

This is the ratio of the measured value of the maximum displacement at a given

speed of the test train, Do, and the value of the displacement at crawl speed at the

.same point, D.,"*¡.

(b)

(c)



For computing the above ratios, the values of D""ljb for the bridge spans, the bridge

approaches and the track sections were determined from the relationships shown in

Figures 3.15 and 3.16. The computed displacement, D"o,o, were calculated using the

method of intluence lines considering the test train a series of moving loads, and assuming

the bridge span to be partially continuous as shown in Table 3.12, and assuming the

approaches and track sections as intinite beams on elastic foundation [58, 59]. The

maximum values ol shear, bencìing and displacements per chord of timber span are given

in Table 3.12.
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The various values of the dynamic displacement factors, DDF for mid-point of span

53 ol the BDB site under the passage of test train no. 2 were computed fbr different

speeds, and the ranges over which these values (i.e., average of both rails) varied were

as tbllor,vs:

The behaviour indicates that the dynamic displacement factors were not sensitive to speed.

o

The dynamic displacement tàctors, DDF, tbr the mid-point of span 52 and track

section of the BDB site under the passage of test train no. 2were computed tbr different

speeds- The variations in their values within the range of measurements were as folloivs:

Dd/D"díb = L.64 to 1.80

Do/D"o,ou : I.7I to 1-89, and

DaD",.*, : 0.95 to 1.01

DDF Soan S2

D/D"u¡io

D/D",u*r 0.99 to I.72*

Do/d"o'ou

't Based on reading at one rail.

Track Section

0.93 to 1.02

1.00 to 1.10

0.94 to LA4



It rvas I'ound that tbr span 52, the dynamic displacement fäctors initially (i.e., at

low speecls) decreased and then increased with an increase in the speed, wheréas for the

track section, the tactors initialþ stayed almost constant, however, increased with increase

in the speed. Figure 3.73 shows the maximum values of DDF","*, for the mid-point of

span 53. the Span 52 and the track section T at the BDB site. Similarly, the various

dynamic displacement tàctors, DDF for mid-point of span 52 of the ODB site, for te'st

train no. 2 were also computed tbr dift'erent speeds. The range by which their magnitudes

varieci over a speed of 50 mph is given below:
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It w¿ts t'ound that the dynamic displacement factors increased with an increase in the

speed. The dynamic displacement fàctor, DDF, for the approach and the track section

of the ODB site tbr ditterent speeds were plotted. The ranges over which these values

variecl were as tbllows:

DoDcalib : 2.13 to 2.80

D^lD = 2.80 to 3.68" compu
D"/D , : i.00 to 7.32' crawt

DDF

Dd,/D".,,0

Dd/D"o.p,

DoÐ",.*r

It rvas t'ound that they indicated some tluctuation at low speeds, but after that the

readings remained unat-tected by an increase in speed. However, these factors for the

track section showed an initial decrease after which their values tended to increase with

Bridge Approach

1.11 to 1.15

I.I9 to I.24

0.97 to 1.00

Normal Track Sectíon

1.04 to 1.2I

7.05 to 1.22

0.98 ro 1.13



increase in speed. Figure 3.73 shows the maximum values of DDF".* for the mid-points

o[ spans 53 and 52, and the track section T at the BDB site. Figure 3.74 shows the

maximum values of DDF",.*, tbr the mid-point of span 52, the bridge approach A and

the track section T at the ODB site.

3.7.4 Accelerations

Figures 3.53 and 3.58 show the plots of accelerations versus speeds of 1, 30, and 50

mph t'or mid-points of spans 53 and 52 t'or the tìrst and second test bridges, respectively.

The behaviour indicated that the accelerations and the range of acceleration widened as

the speed increased. For the ballast-deck bridge, the maximum acceleration ranged from

+10.08 g to -6.78 g, but unfortunately for the open-deck bridge at 20 mph and beyond,

the range exceeded the measurement limits of instrumentation which was set from *10.08

to -10.08.
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3.7.4,1 Damping in llridee Spans. The tindamental frequency of each bridge span

chord was computed using the following mathematical expression [7, 54f:

., .n2n.," : lzL, )

rvhere û : '!.,2,3,..., mode o[ vibration

L : Span length (inches)

E : Modulus of elasticity of the span marerial (lb/inchr)

I : Moment of inertia of a chord (inch.)

g : Acceleration due to gravity : 386.4 (inlsec,)

w : Weight of chord per unit length (lb/inch)

t" = Frequency of vibration for nth mode (Hz)

(3.3)



The values of "f," for the ballast and open-deck bridge spans were as follows:

Ballast deck bridge span 53:

1.. Simply supported chord
2. Chord-continuous over two or more

spans

Open deck briclge span 52:

Natural Frequenc-v
(Hzlchord)

1. Simply supported chord 34.24
2. Chord-continuous over two spans 34.16

't Values in parentheses include jack stringers
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In section 3.6-1, the behaviour of the bridge spans was observed to be linearly

elastic and the fact that in tiee vibration, the fundamental mode dominates the other

modes, the logarithmic decrement technique f6,22,85] was employed to the free vibration

portions of the accelerations versus time plots of both types of bridge spans for calculating

the damping coefficienrs, using the following relationships:

Natural Frequencv
(Hzichord)

22.37 (20.01)*
22.55 (22.8s)

(a) t = òl2n

(b) tì : l|l : atol7n

(c) é : 1ln 4n (U,ÂJ"), and

(cl) å = (tn x.,lx.)l(2wf,LT)

where l, : Natural tiequency l'or mode 1 (Hertz)

T : Period time (sec.)

øo : Damped tìequency of span (Hertz)

ð = Logarithmic decrement

(3.4)



n : 1,2,3,.-., mode of vibration

U, : Response amplitude of decay curve at first cycle (mm)

Un = Response amplitude of decay curve after nth cycles (mm)

x, = Response amplitude at time t, (sec)

xn = Response amplitude at time t. (sec)

^T 
- (r"-r1)

6 : Modal damping coetTìcient

The values of damping coetÏcients using equation (3.3) for spans 53 and 52 are given in

Tables 3.13 and 3.14, respectively.

Based on the relationships of the damping coefficients as shown in Figures 3.75 and

3.76, the tbllowing observarions could be made:

(u) The ballast-deck span had about 50Vo higher average damping coefficient than the

open-deck span.

(b) lvlore consistent values of damping coeffìcients were obtained fiom the acceleration

versus time plots tbr the open-deck span as opposed to the ballast-deck span which

u'ere fbund to be erratic. This may be due to the wet condition of span

components, particularly the ballast.

(") The damping coetÏicient did not exhibit any relationship with rhe speed of the train.

J-J I
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A multi-degree-ol'-tieedom vehicle-span system was considered tbr the analytical

model. It consisted of a marimum of four railway vehicles coupled one to another with

universal joints to simulate the test trains ol Chapter 3 (made up of a locomotive, two

open-top hopper cars loaded with ballast, and a caboose) used for the experimental work.

Each vehicle in the train was assumed to possess three degrees of freedom, namely, bounce,

roll, and pitch. The bridge span consisted of two parallel chords. Each chord was divided

into a number of equal segments and it was assumed that the distributed masses of the

track system, the deck and the chords were concentrated at discrete segment connection

points or nodes according to tributary area.

The approach used involves the following steps:

i. Formulating the equations of motion of the vehicle bodies and the equations of

GENBRAL
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Chapúer 4
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2.

motion of the bridge span chords.

Determining expressions tbr the tbrces at the wheel-rail interfaces.

Establishing the relationship berrveen displacement under a wheel and at its

ncighbouring noclal points.

4. Constructing the mass, damping and stiffness matrices for the overall dynamic system

from the above.

5. Positioning of the wheels with respect to a given segment of the chord and, using

generulízed coordinates, determining and adding contribution of the wheels to their



6.

appropriate places in the matrices of 4, above-

Re-arranging terms associated with the unknown variables in the equations of

motion of the system.

Solving the equations of motion of the overall dynamic system by means of

numerical integration.

7.

A computer program was developed, based on the proposed analytical model, and

was used to predict the loads at wheel-rail interfaces, and the vertical displacements and

accelerations at the discrete points on the spans (i.e., nodes), while traversed by a train

travelling at a constant speed.

The program was utilized to study the effect of speed and other parameters on the

dynamic response of open-deck and ballast-deck bridges.
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4.2

Each vehicle ol'the system comprises a car body supported by dual axle trucks at

each end. The body rests on the bolster centre plate with or without stops mounted on

the side frames. The analysis considers the car body as a rigid body.

The major truck conponents 156, 64, 89, 201are the n¡¡o side frames, the bolster

and the two wheel sets as shown in Figure 4.1- The wheel set has two wheels rigidly

connected by an axle which is assumed to be isolated from the truck frame by a primary

suspension system. consisting of the bearing box and the side frame, and by the llexibility

of the side tiame itself'. The only tìexibility in this connection is due to the bending of the

side liame, while damping is provided through friction of the bearing boxes sliding vertically

in their guides.

I|EHICLE I\{ODEL



The secondary suspension consists of the coil springs between bolsters and

sidetiames, friction snubbers that also act between side frames and bolsters, and friction at

the centre plate that resists rotation of the truck relative to the car body. The side f¡ames

also prevent the car body from rolling excessively.

4.2.L Assumptions

Each vehicle has been idealized as a rigid body and four axle-sets having three

degrees of tieedom corresponding to bounce, yo, pitch, þo, and roll, 00, as shown in Figure

a.2@). The two dual-axle trucks are assumed to be part of the vehicle body. The axes of

ret'erence of the vehicle body are assumed to pass through its centre of mass. The vertical

springs in the primary suspension (i.e., between the wheel-axle set and the truck frame, with

a spring constant, kro) and the secondary suspension system (i.e., between the vehicle body

and the truck tiame, with spring constant, \,) are treated as linear springs acting in series

with an equivalent spring constant \ as shown by the fbllowing relationship:
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t- _ 1,\-.1 1(;+ " )
\p \"

The damping in the suspension systems of the vehicles is small (21), and is not liable

to change signitìcantly while the vehicle traverses a short bridge span and therefore is

neglected. The eftècts of lateral or longitudinal movements in the vehicle components

resulting fiom hunting, sway or braking actions are neglectecl. The couplings between the

vehicles are assumed to be provided by universal joints so that the et'fects of the degrees-

ot'-tieedom of one vehicle are not transtèrred to another vehicle. All vehicles in a train

cross the bridge at a constant speed.

(4-1)



Assuming no damping in the suspension systems and using Newton's second law of

tnotion, the equations of motion for a vehicle with three degrees of freedom may be

expressed as tbllows:

4.2.2 Equations of Motion

Mo, io,

I
*.I- q. yl = o

l=l

4-4

lo, Qr, +

I
and Jo, ð0, * ,_I.,r, yl(*d",) : o

l-_t

where t'or vehicle r, see Figure a-2þ)

Mo,, Io, and Jo, : the body mass, the body pitch moment of inertia and the body

roll moment of inertia, respectively.

Vertical Displacement

t"

d",

: distance iiom the centre of gravity of vehicle to the ith wheel

= one-half the distance between the wheel-rail contact points of a wheel-axle

set

Pitch Displacement

q, : equivalent vertical spring stiffness per wheel of the vehicle

\ir,, Qo,, and 00, : the accelerations due to the bounce, the pitch, and the roll of the

centre of mass of the vehicle body.

Roll Displacement

where yf =
..iuh-

(4.2)

(Yo, t 4,þo, ! d"7o, - uo) and

the vertical displacement of the wheel-rail contact point for the i'h wheel of

r'h vehicle at any time t.
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The sign notation of the tbllowing quantities for different wheels of the r'h vehicle

is taken as follows:

Quantity Wheels Sign

¿"ëø, 1, to 4 +

¿),eø, 5 to 8

d"!o, Odd number +

d"Po, Even number

Also,

ot - o o for wheels 3 to 6, andLr - L1- L*,

oi - t for other wheels.t'-"tr'"u',

B), substituting for the above quantities and letting

Qø, and do, fbr bounce

yo, and 6o,: for pitch, and

tî urd Qø, : 0 for roll,

tbr a vehicle whose displacements at and about its centre of mass are chosen as the

generalized coordinates, and by rearranging the terms, F;q- g-2) can be represented in the

tbllowing decoupled matrix form:



Mo
I

0

0

0 0l
Io, ol
0 Jr, 

-l

= ,ä ç,,¿,

or simply

!l
I

r', 1+
oo, )

0l
t(, I

ad", ,|
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q,fl

lM,l{y,} + tKl{y,} = {F",}

where both [M,] and [ÇJ are diagonal matrices, {F",} is a force vector, and damping is

neglected. Similar expressions can be derived for other vehicles in the train, and the entire

train can be represented in matrix t'orm.

00
8(¿î,+(î) 0

0 &",

A timber railroad bridge [4] consists of relatively short spans supported by bents.

The spans are made up of structural members called stringers which run parallel to the

track. The stringers may be simply supported, or may be alternately continuous over the

bents and may be spaced apart or closely packecl together in a chord under each rail. The

spans are often classitìed according to the type of deck they carry, i.e., a ballast-deck or an

open-deck as shown ín Figure 4.4. In a ballast-deck, the track ties are partially embedded

in bailast which is laid between the rails and wooden tìooring planks secured to the

stringers, whereas in an open-deck the ties are laid transversely belween the rails and

stringers.

BRIDGB SPAN MODBL

Yo,

þo,

0-

(4.3)



A bridge span can be modelled as two parallel chords (i.e., beams) which are simply

supported over bents as shown in Figure 4.5- Each chord is divided into a number of equal

segments approximating the tie spacing of an open-deck. The distributed mass of the track,
,!

the deck, and the chord is considered to be lumped (or concentrated) at the segment

connections or nodes. Only a vertical degree of freedom is assigned to each node and only

the tundamental mode of vibration is considered. All displacements are assumed to be

small. The eftect of rotary inertia is neglected. The span material is assumed to possess

linear behaviour. The experimental work confirmed this to be valid within the limits of

operating loads. The span is considered to have viscous damping, which is proportional to

the velocity of vibration.

43.1 dssumptions
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span.

The bridge span is assumed to be at rest before the train of vehicles enters the

For a dynamic system possessing stitTness and viscous damping, such

chord with lumped masses, the following equations of motion are obtained

d'Alembert's principle ['],9, 23, 1,071.

lM"l{u(t)} + [D"]{ù(Ð} + IKI{u(t)} = 1F"(x,t)}

4.3.2 Equations of Motion

in rvhich

[M"] : mass matrix of the chord with "m" masses lumped at "n" nodal points. This

is a diagonal matrix

[K] : stiffness matrix of the chord. This is a symmetric matrix

AS

by

a stringer

means of

(4.4)



[D"] : equivalent viscous damping matrix of the chord

{p"(x,t)} : vector of applied nodal loads due to interaction between the moving vehicle

and the bridge span chord, and

iù(t)Ì, {ù(t)}, and {u(t)} are, respectively, the accelerations, the velocities and the

vertical displacements with respect to time at the nodal points. Similarly, the equations of

motion t'ôr the seconcl chord rvere derived and the two were combined to form the

equations of motion tbr the bridge span.

4.3.2.L Mass Matrix. Assuming that a bridge span chord is divided into ns equal

segments of /, length each and that the chord is of uniform cross-section, the mass of each

segment is given by

4-8

m: (w/g + {pX"

rvhcre w : dead weight per unit length of track and deck material

An = gross cross-sectional area of chord

p : mass density of the material of chord

t" : length of a chord segment, and

g = acceleration due to gravity

The lurnped masses of chords 1 and 2 can be expressed as

respectively, where "n" is the number of nodal points, equal

a bridge span is a diagonal matrix o[ order 2n.

4.3.2.2 StifTness Matrix. The stitïness matrix of a chord is obtained by inversion

of the tìexibility matrix, the elements of which are obtained by summation of the flexibility

intluence coefficients, \,i [231. For the simple span / shown in Figure 4.6, the flexibility

:j:i
to

2n

m, , and : ffi¡,,j,,
''' j' =n+1

D"-1. The mass matrfr tbr



4-9

coettïcient, fi,¡, represents deflection at point i (:x from L.H.S.) caused by a unit

applied at node j (=a from L.H.S.), and is given by the following expressions [101]-

f,,, : Azi(n"-j)i{2nj - (F+j")},

t,i': A¿3(n"-i)i{2ni - 1i'+j')},

where A :

n2n
Thei.lexibilitycoet1ìcientsofchords.l.and'2areexpressedas>

¿=l ¿:=tîl
respectively, the individual inversions of which give the elements of the stiffness matrices

which tbr chord 1 are Ë S,,* and, for chord 2, aÍe Ë S;,,¡,- The stiffness matrix for a

¿=l ¿: rlil
bridge span is a symmetric matrix of order 2n.

':

4.3.2.3 Damplng l4q!Ul. The damping tbr each chord was considered to be viscous

and is taken as a linear combination ol [M"] and [IÇ], i.e.

[D"] : o [M"] + ß [K], in which a and ß are arbitrary proportionality factors and

the expression satisfies the orthogonality condition. Thus, for normal modes for which

each mass undergoes harmonic motion of the same frequency, passing simultaneously

through .the equilibrium position, the above expression can be put into the following

uncoupled l'orm [23],

[D"] : Z[c't^ lM"]

6EIn.{.

fori=j

fori>j

load

(4.s)

whe re ð : damping coefficient of chords as a fraction of critical damping



ú.¡,:circular frequency for m'n mode. For m:1, it is the fundamental circular

tiequency.

The damping matrix of the bridge span is a diagonal matrix similar to the mass

matrix.

When the damping is small, it has little influence on the natural frequencies of the

system and therefore the calculation of natural l'requency assumed no damping. For a

fieely vibrating undamped chord with lumped masses [66, I07], the equations of motion may

be expressed in the following form:

4.3.3 Fundamental Frequencies of Chords
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[M"]{U} + [IÇ]{U} = 0, or simply

M"U+ÇU:0

where M" are lumped masses, and Ç are stitïnesses.

Assuming the response oi the chord to be harmonic, the displacement U(Ð can be

given as

U(t¡ : U, sin (rttt + 0)

where lJo : the shape of the chord which does not change with time

0 - the phase angle, and

Difl'erentiating Eq. 4-6 twice with respect to t to obtain accelerations and

substituting U and U into E;q. 4.6, we obtain

[K - ø'MJU, sin(art + 9) = 0 or, since sin(øt + 0) * 0

u) : the un<iamped natural tiequency.

(4.6)

(4.7\



IY¡ - ," M"]U" : 0

Now if, instead of IÇ, the flexibility matrix for the chord f" (i.e., [,,) is

multiplyíng Eq. 4.8 by (1,1ø2 f") and rearranging the terms, we get

f7lr2 | - f"M"]U" : 0

where I is an identity matrix of order n.

F;q. 4.9 is a set of homogeneous equations which

provided the determinant of the coefficient matrix vanishes.

in this .ur" i,
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Eq. 4.10 represents a characteristic-value problem, so the roots of the equation are

characteristic numbers or eigenvalues which are equal to reciprocals of the squares o[ the

natural circular frequencies of the modes. Since we are interested in the fundamental

mode, we need the largest eigenvalue, which corresponds to the smallest frequency.

þ t-Lwr.

(4.8)

known, then

-0

4.4

can have non-zero solutions

Thus, the frequency equation

The vehicle-bridge span interaction [103, 106] takes place at the wheel-rail contact

surläces (or interl-aces) as shown in Figure 4.3. The load that a wheel exerts on a rail is

a tunction of the masses and the suspension systems of the vehicle and the elastic and

\.EÉIICLB-BRIDGE SPAN INTERACTION

(4.e)

(4.10)



other characteristics of the span. These loads at the wheel-rail interfaces fluctuate

continuousþ about their static values as the vehicle moves over the bridge span.

4.4.L Assumptions

The wheels of the vehicle are assumed to remain in contact with the rails at all

times. The surfaces of the wheel treads are assumed to be smooth and round, and the

track surtäce irregularities are assumed to be negligible- The rails and bridge ties for the

open-deck and flooring planks tbr the ballast-deck are assumed to be pin-connected to the

stringers at the nodal points. There is no play in the components of the span.

Consider the ih wheel of the r'h vehicle, as shown in Figure 4.7. There are two

masses--a sprung mass (i.e., part of the vehicle body) Mi,, supported by a spring system o[

stittness \,, and the unsprung mass (i.e., the wheel and half of the axle) Mu,, which is

always in contact with the rail. Damping in the vehicle is assumed to be zero.

4.4.2 Load at the Wheel-Ilail Interface

4-1"2

The loads at the wheel-rail interfaces (or the interacting forces) F" f'or the ith wheel

are given by the t'ollowing expression [9].

Fl : (Mj, + Ml)g + hr, yl MJ, - üJ,

Rearranging the terms,

Fl : Mj,(g - ü;,) + lç, yl + lvt:, g

whcre 1,i, as before, rs

Yl : (Yo, ¡. 4 þø,1 Y", 
go, - riÅ,)

(4.1,1)

(4.12)

(4.r3)



4.-13 Relationship Between Displacements Under the ih wheel and at Íts

It is assumed that, in the deflected state, the segments of the chords between the

nodal points remain straight. Therefore, the displacement under the ith wheel, uf,, shown

in Figurc 4.8 can be expressed in terms of the nodal displacements uj, uj., t-or chord 1 (or

ri,, uj,*, f'or chord 2) using linear interpolation by the following relationship.

Neishbourinp Nodal Foints

ui, : 7(aiuj*, f ßiuj) * y(øiuj,*, + ß¡uj,)

wlrerc ot :\,, ß, : 1 -I' : r - ai(.' t.

dn dn

/:¡andV:l-l:1-r

4dr
é: O andã=1-cl =I-ô
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Diflerentiating Eq. 4.14 twice, the t-ollowing expression f'or acceleration is obtained.

üå, : 7 (a'üj*, + ß¡üj) + y (a¡üj,*1 + ßiüi,)

The substitution of Equations 4.13 and 4.15 into 4.12 yields the values of Fi.

The combined et'fects of all the wheels on the displacement and acceleration at a

given nocie j are u, and ù,, respectively.

.1.4.¡[ Efï'ect of Wheel Positions

The contributions of the e[Tèct of the i* and (i+1)th wheels on the chord segments

defined by nodes j and j+i, and j' and j'*1, are obtained assuming linear interpolation

(4.14)

(4.1,s)
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and the generalized coordinates [23, 1I4] for the rigid body masses, stiffnesses, dampings

and interaction t'orces-

Using Figure 4.8, the tbllowing wheel contributions are obtained.

4-..1.,Í.1 Generalized Masses. The expression for the generalized masses m* is given

by

m* : f *,V,?

where fl¡ : the mass of the i'n wheel : Mj, and

V,¡ : the value of the shape form at i of the detlected segment, and is here

assumed to be equal to (1 - 
[ I or ( ]'), o"p.oding upon the reference

point o[ xi

Also, as betbre let

df
1-u- 

d

df

ã:(1 -¡)=1-ó

At point k due to i'h wheel,

m; : rvr¿qr -l), , and

At node j, due to i'h rvheel,

d-
m'Í : MJ(1 - 

ä.1' tt ¡l'

Similarly, at node j', due to (i+1)ú wheel,

(4.1,6)



)
.T : MJ(l -ll. tt ]l'

Now, the effect of the i'h and the (i+l)th wheel on different nodal points of the panel is

shown:.

Direct EfI'ect on Nodes

(a) Node 'J" due to ith and (i+i)'h wheel
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m¡i : MJ (1 - ä)'(1 ]r'+ MJ (1 -f,")" {, }r'-##
ith (i+l)'h

= M:ßtT'. + Mjnzã=

: MJ(t' + B)ß''

: A (4.r7)

Similarly,

(b) Node 'J+1" due to ith and (i+1)'h wheel

m¡+r,¡+r: Mi(tt +8)ai'

:C

(c) Nocte 'J "' due to i'n and (i+1)'h wheel

rn;,¡r:M,"(yz+yz)ßtz

- ^r

(4.i8)

(4.re)
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(d) Node 'T' +1" due to iû and (i+1)'h wheel

I

ffij,+r,i,n., : M,l(lt * ð2)ai2

: C'

Efï'ect of one node on other nodes:

1. Adjacent Nodes:

(a) On node 'J" due to node 'J+1."

.Yl
ffii.i*, = Mj (; X1,- Is

: M'"o'ßt'y'+ Mja¡ß¡'F

: M',(y' + 62)aißt

:B

= ffij*t,i

- 
¿xt

dn

d)*

i*

MJ ( i:X1

(b) On node 'J "' due to node 'J'+1" and vice versa

Dj ,,j ,*r : MJ(y' + ôz)aißi

= Bt

: lTl¡'+1,i'

- ix'

(4.20)

4
d)

(i+ 1)th

(4.21)

(4.22)



2. Opposite Nodes:

(a) On node 'J" due to node "j "' and vice versa (near nodes)

ffi', = MJ (1 ä,',1,,t 
10, * t; (1 - äx$rr |,'

: M',ß''yy + M¡ß¡2éã

: M',(yy + óã)ßr'?

4-t7

(b) On node'J+L" due to node'J'*1" and vice versa (for nodes)

m¡+r,¡,+r = M',(YV * ò6)ai2

:F

' : mj' +1'i+1

3. Diagonal Nodes:

(a) On node'J" due to node'J'*1" and vice versa

: ffijt,¡

(i+1)h

r' ,+, :.MJ(äx, ä.lrl lr, îl ..t;{llrr ix}xt

= M',atßt,"y

itn

+

: Mi,Qy

:E

(4.23)

M'cr'ß'ð6

+ éã) aißi

(i+ 1)'h

(4.24)
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4.4.4.2 Generalized Stiffhesses. The expression for the

generalized stiffness k* is given by

k"=X k,(./,")' (4.26)

where k, : the equivalent spring stifÏness per wheel of vehicle r : k 
,, 

and

,1,'l : the slope of the deflected segment, and here it is assumed to be

: (1 - [l ", ({O) o"n.o,ring upon the reference point of x¡

The derivation of the wheel contributions is exactly the same as for the generalized

masses, and their values are as follows:

kr,i : &, (;/'? + 61ßtz = AL

k¡*r,¡*r : kr, (t -f B)aiz : C1

k¡,,¡, : kr,(7' + ô)ßtz = A'1

k¡ ,or,1 ,n., = \, (zt * ð2)ai2 : C'1

k,,¡rr : þrt, (Y' + 6')aißi : 81 : \*r,i

k¡,.¡,*, : \,, (y' + ð")ßi' = B'L : l1,*,,i

kj,i, : k,, (yy + ð6)ßi2 : D1 : k,,,i

\*r,; '+r : kr,(Y7 * ð6)ai2 = F1 : \'*r,i*r

and k;,¡,rr = \,, (yy + éã)aiß¡ : E1 : \,,¡*r

4.4.4.3 Generalized Forces. The expression for the rigid bodies generalized tbrces

p"' is given by

p* : 2 p, v', Ø-27)

: fiì,r,..i Jir
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where p¡ = the tbrce due to i'h wheel : (M:, + M,])g or \¿ as the case may be, and

rl,i : shape of the deflected segment as before.

1. EfÏ'ect of 'Wheel Weishts

(a) Node 'J" due to ith and (i+l)'h wheel

(M:, + M,,) e (1 i) {(i - þ
(t + ó)ßi(Ml, + Mj) g

4-19

:La

Similarly,

(b) Node 'J+1" due to i'h and (i+1)'h wheel

: (y + ð-)a¡(Ml, + M",) g

-D1: l),¿-

(c) Node '1' "

: (y + ó)ßi(Ml, + Mj) g

: A'2 and

(d) No<te ''j,+1"

: (y + é)ai(M,, + Mj) g

= B'2 and

2. litïect of Wheel Rr¡unce

df

1t - ¡)Ì

(a) On node 'J" clf bounce of i'h and (i+l)th rvheel,

dn yr df *r: 5,0_gxl? + 4,(r il(r ?
irh (i+1)'n
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dn 4 i.,: -lçr,{(1 - l) * (1 - 
d )Xl ä)

= -q, (7 + Ðß'

-G

Similaril,,

(b) Node 'T' +1" due to i'h and (i+l)'n wheel

--kr,(y+Qa' =H

(c) Node 'J "'

: -Ç, (y + ó)ß¡ = G,, and

(d) Node 'J ' + 1"

- -kr, (y + ò)al

: H'

3. Iifï'ect of Wheel Pitch

(a) On nocle'J" of pitch of i'h and (i+1)th wheel

t I ç,(t + ã)ßrl{ : +lcl¿l = N

(b) Node'J+1"

I I kr,(/ + 6)atl{: -+ lHlr; = q

(c) Node 'J "'

I I kr,(y + ó)ß¡lri : -¡ lG' lfl : N'

(d) Node 'J'+1"

I | Ç,(z t ò)atl( = t- lH'¡c¡ : q'

4. EfTêct of'Wheel lloll

(a) On node'J" of roll o[ i'h and (i+1)'h wheel,

!,lGld", =



Similarly,

(b) Node "j+1"

i lHld", =

(c) Node 'J"

llG'1d", = R', and

(ct) Node 'J'+L"

t lH' ld", = S'

5. Wheel Stiflhess Effect
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(a) In bounce

ol- :T- Ò\,

(b) In pitch

: Slir, (t?, + !2*,) : U

(c) In roll

:gÇ,d", :w

where all rvheels in a vehicle are the same, then

;rl

Mj, 
= 

Mj,' ' = M,,

and where all axles are parallel to each other, then

a' : o'" : G, and

Õi 
- 

oi+1 
-rr=r) -ß

The above contributions are added to their appropriate places in the mass, damping

and stiflness matrices of the overall dynan-ric system. The contribution of the generalized

m¿ìsses o[ one axie (i.e., ith and (i+1)th wheels) on one segment of the span (described by

nocles j and j + 1 and j ' and j , + 1) to the overall mass matrix is as follows:
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where other axles and segments are involved, their contributions would be added to their

appropriate locations in the matrix. Where the other axles and segments are involved, their

contributions would be added to their appropriate locations in the matrix

The contributions of the generalized forces of one axle (i.e., i'h and (i+1)th wheels)

on segment (described by j and j+1 and j' and j'+1) on the overall force vector is as

l'ollows:

Node
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I
I

r

Chord 1

Chord 2

Ì

t_

J

l
I
)

Yeh #1

Yeh #2

Yeh #3

Order:(2n+3t^)

Overall Force Vecton

Yeh #4



The contribution of the generalized stiffnesses of one axle (i.e., i* and (i+1)u'wheels of

vehicle #1) on one segment of the span (described by nodes j and j+1 and j' and j' +1)

to the overall stiffness matrix is as follows:

Chord 1 Chord 2

Due to ith and Due to ith and

(i+l)th rvheet (i+l)th wheel Veh #1 Yeh #2 Veh #3 Veh #4

0ø. f
a,-.0 t. .J
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f-r- , -.\_-. ;'.Á-'i ---r- . .-/'r* --,.--lì-
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O,rr, Ir I i I

Veh #-l
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rll¡l

llrl

Order = (2n + 3{car) X (2n + 3 &ar)

Overall Stiflhess Matrix



Where the other axles and segments are involved, their contributions would be added to

their appropriate locations in the vector.

4.5 OVERALL DYNAMIC SYSTEM

Each chord is divided into n, : nf 1 equal segments or n effective nodal points.

Every node is assigned one degree of freedom, namely, the vertical displacement.

Therel'clre, a bridge span possesses 2n degrees of freedom. Further, there are three degrees

of tieedom assigned to each vehicle, so a train consisting of N" number of cars has 3N"

degrees of freedom. The overall dynamic system theretbre comprises (2n + 3\) degrees

of tieedom

4.5.1 Overall Bquations of Motion

From Equations 4.3, 4.4, 4.12, and section 4-4-4, the equations of motion tbr the

ovcrall train-bridge span system may be expressed as
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LY't _ -l f-q II lvr, ll?J

where

Mo, : the mass matrlr comprising the lumped masses of chords 1 and 2 (i.e., [M"]) plus

the eft-ects of wheel masses

M, : the mass matrix comprising the car bodies (i.e., Fvf,]) in the train

Ko : the stitlness matrlx comprising wheel contributions on chord segments

Ko, = the stiffness matrlx comprising wheel contributions on chord segments : KTo

K : the stiffness matrix comprising vehicle bodies

. [-'i. ] lii +
lKlK, I
l--i-----l

Lç,1ç l
f_yl : [1 IlvJ lp, J



Co : the damping matrix comprising chords t and 2 (i.e., [D"] plus) the eff'ects of wheels

Cu : the damping matrix comprising vehicle suspension system assumed zero

Fo and F, = the vectors of force due to interaction at wheel-rail interfaces

U, U, and U and Y, Y and Y : the accelerations, velocities, and

clisplacement associated with chords ü, ú, ancl u and with vehicle body y,, y,, ancl y,,

respectively

The above equations may also be represented as
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in which [M"], [C"], and [IÇ] are, respectively, the overall matrices of mass, damping and

stittness, and {F"} is the vector of force including the effect of vehicle-bridge span

interactions. anO {ö}, {Ó}, and {D} are the vectors of acceleration, velocity, and displace-

ment, respectively, at the nodal points of the span, as well as the successive derivatives with

respect to time t t'or the vehicle motions. The sizes of the matrices and the vectors for the

overail system depend on the number of segments which a bridge span is divided into, and

the number of vehicles considered in a train. The equations of motion of the overall

system possess purely stitlness coupling terms which are composed of contributions from

individual wheel motions (i.e., bounce, pitch and roll). This is because the damping in the

suspension system is neglected. The orthogonality characteristics were used to uncouple

the stitlness matrlr.

0v[.ltö) + [C.]{D} + tKl{D} = {F"}

The equations 4.28 represent an uncoupled linear multi-degree-of-fìeedom system,

the responses of which were obtained separately in normal modes and then superimposed

to provide the overall response.

(4.28)
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,4.5.2 Location of Wheels on Chord Seqrnents

As a train or vehicle moves over a bridge span, the position of a certain wheel on

a given chord segment is identified from the first axle of the train by yr = Vt as shown in

Figure 4.9. The time t is measured from the instant that the first wheel enters the span

at a constant velocity V. Other distance relationships, yl (i for wheel and r for vehicle)

are as lbllorvs:

Vehicle No. 1

Y] :Vt:Yî

y?:yl_2(*,:y1

Yi : Yl - 2tr', : Yf, and

Y'',:Yi-2(*r-2&.,:Y?

and t'or the subsequent vehicles, i-e-,

y.l :y?.'-{uç.t,,t:f

,r3 : rr8 - )r -'4
)+ - J¡-t - -!*, - )r

y? : y?, - 2(u : yf, and

y',:y?.-2(u-2(*,=y?

The location of a rvheel is obtained by comparison of yi with j{. and (i+1)¿..

It can be seen that if all vehicles are identical, then

Í - ),3, ---

,-îLvt, - Lur"

t,, - c.,

AJso eventually,

n-n

'", - '",

= f*, and

- tv

(4.2e)

çc

(4.30)

(4.31)



4.53 Soh¡tion of the Equations of Motion of the Svstem

for the

outline

steps:

(u)

A computer program [1,1,5, 1,1.6,117] was developed to solve the equations of motion

overall dynamic system using different methods of numerical integration. The

of the procedure of analysis employed in the program is given in the following

Compute the constant parameters of the system and construct the mass and stiffness

matrices t-or each vehicle and each chord individually f43, 79, 83] as shown in

Equations 4.3 and 4.4, respectively.
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(b) Obtain the fundamental circular frequency c't., of the chords by eigenvalue analysis

[66, 1,071, assuming undamped harmonic motion with the aid of Equation 4.10. The

analysis w¿rs carried out by the power method of Mises. Choose the damping

coefticient f of the chord and construct the damping matrix of the span using

Equation 4.6.

Establish the clistance vectors from the contìguration of wheels in each vehicle and

the distances betrveen the vehicles as in Equations 4.29 and 4.30.

Choose a time step, t and calculate the position of the wheels by algebraically

adding y] = Vt to all the terms of the distance vector and determine the number

of wheels on a chord in question.

(c)

(d)

(.) For every rvheel, determine the position with respect to the chord segment it

occupies, i.e.. the distance y'. lrom node j and j+1 (or j' and j'+1 for the other

chord), as shown in Figure 4.8, and, using the general coordinates fbr mass, stifiness

and interacting force as in Equations 4.16, 4.26 and 4.27, determine the contribu-

tions of wheel position to be included to the overall mass, damping, and stitïness



(Ð Formulate the equations of motion of the overall dynamic system (i.e., Equations

a-28) by constructing the overall mass, [M,], damping, [C.], and stiffness, [IÇ]

matrices and the f'orce vectors {F,}.

(g) Solve the equations of motion tbr the overall system by using one of the following

numerical integration techniques:

(i) Newmark's ß-method, or

(ii) Houbolt's method

to tìnd the dynamic displacements, velocities and accelerations, etc., at the nodal

points.

A brief description of the above techniques is given by Rao [87] and Levy and

Wilkinson [66].

matrices and tbrce vector.
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(h) Choose the next time step t + 
^t 

and repeat the above procedure until the last axle

of the train has gone past the span.

With the aicl of Equation 4.L2, compute the wheel-rail interface loads at the nodal(i)

points.

û) Denote the maximum wheel-rail intertace load and the maximum vertical dynamic

displacement at the mid-point of the bridge span by Lo" and Do", respectively.

Assuming the mæiimum static wheel load L, is known, determine the maximum

static vertical displacement D" at rnid-point of the span by intluence lines for roìling

loads.

Compute the tbllowing täctors t'or diftèrent train speeds:

Lo
(u) Dynamic load factor, DLR : f ,rA



(b)

The computer program, written in FORTRAN IV, is quite flexible in that it can be

used for any length of span and for components having different material properties.

Though at present, no provision exists for the track irregularities, the program could be

adapted to incorporate the track line and surface irregularities by introducing initial

displacements at the nodal points.

Up to tbur vehicles are currently in a train, but the program can be expanded to

include more than t'our vehicles. Similarly, each chord is currently divided into ten equal

segments, but this number can be increased or decreased as necessary.

Initial values of displacements for ditTerent degrees of freedom can be specified

both tbr vehicles and tbr spans for predicting their influence on the dynamic response of

the system.

To illustrate the capabilities of the program, the etfect of the following parameters

was studied:

(a) train speed

(b) train consist

(.) bridge deck type

(tl) low spot at bridge approach, and

(e) damping coettìcients

The listing of the computer program is appended to this thesis.

Do"
Dynamic displacement factor, DDR : o"

4.5.4 Computer Proqram
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4.6 NUMBRtrCAL EXA.MX'LE

The numerical examples are based on span no. 3 of the ballast-deck and span no.

2 of the open-deck test bridges, as shown in Figures 3.1 and 3.2, respectively, and for which

measured data is available in Chapter 3 under test train no. 2 as shown in Figure 3.4.

The data on the spans and on the test train used as input for the computer program

are given in Tables 4.1 and 4.2.

Figures 4.10 and 4.11 show typical computed vertical displacement versus time plots

for the mid-point of span 53 of the ballast-deck and span 52 of the open-deck bridges,

respectively, for train no.2 at a speed of 30 mph. The maximum values of displacements

of 4.1,2 mm occur under axle no. 9 and of. 4.57 mm unde¡ axle no. 4, respectively.

Figures 4.12 and 4-13 show typical computed accelerations versus time plots for the

above cases. The maximum ranges of acceleration values for the ballast-deck and open-

deck spans were +0.86, -0.82 g and +1.71, -1.60 g, respectively,.

4.6.1 Bfïþct of Train Speed

Tire predicted maximum loads at wheel-rail interfaces, the predicted maximum

vertical displacements, and the predicted maximum and minimum accelerations tbr the mid-

point of the open-deck bridge span 52 and ballast-deck bridge span 53 under different

speeds of the test train no.2 are given in Table 4.3 and 4.3{ respectively. It can be noted

that the predicted values increase with increase in speed. The loads at wheel-rail intertäces

increased by an average of 27.60/o and 76.1a/o and the vertical displacements by an average

of 78.I% and 19.9% for open-deck and ballast-deck spans, respectively over a speed range

ot 1 to 50 mph.
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A comparison of the above predicted values with those obtained from the tield tests

is given in Tables 5.7, 5.8, and 5.9.

4.6.2 Effect of Train Consist

Table 4.4 shows the predicted maximum loads of wheel-rail interfaces, the predicted

m¿rximum vertical displacements, and the predicted maximum and minimum accelerations

at mid-point of the open-deck bridge span 52 under the locomotive, the locomotive and

a open-top hopper car, the locomotive and two open-top hopper cars, and the tull test

train no. 2 at 50 mph. It can be seen that as the train consist (i.e., the train make-up)

increases in length, the loads at the wheel-rail interface increase, the vertical displacements

also increase, but the accelerations do not seem to indicate any definite relationship with

the train consists.
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The displacement versus time plots for the above cases are given in Figures 4.14,

4.I5,4.16, and 4.17.

4.6,3 Efï'ect of Bridse Deck Tvoe

Table 4.5 shows a comparison of the response of the ballast-deck and the open-

deck bridge spans. The loads at wheel-rail interfaces and the vertical displacements both

increase with increase in speed. The rates of increase of loads as well as displacements are

higher in case of the open deck as opposed to the ballast deck. Similarly, the vertical

displacements of the open deck are consistently higher than those of the ballast-deck

4.6.4 Efï'ect of f-ow Snot at Ilridpe Annroach

Various initial values of bounce were used to study the effect of the low spot at the

bridge approaches. Table 4.6 shows the eft-ect o[ 0.5" to 2.0" low spot on the maximum

values of loads, ve¡tical displacements and accelerations in the open-deck span 52 under



the test train no. 2 at a speed of 50 mph. It may be noted that a 2 inch low spot increased

the load at the wheel-rail interface by 19o/o, whereas the same increased the vertical

displacement by 6I.67o.

The displacement versus time plots for the above cases are given in Figures 4.18,

4.19, 4.20 and 4.2I.

4.6.5 Eff'ect of f)amnins Coefficient

Table 4-7 shows the effect of the choice of the damping coefficient values on the

maximum vertical displacements at mid-points of bridge spans. The increase in the

percentage of damping coetlìcient results in a decrease in the value of the predicted

displacements except for the ballast-deck span, where the initial increases in the damping

coefïicients (í.e., up to [:2.5Vo) cause some increase in the displacements. Figure 4.22

shows a plot of the above values.

4.6.6 Method of Intesration

+--t-t

Table 4.8 shows the values of the maximum loads at wheel-rail interfàces, the

maximum vertical displacements, and the values of the maximum and the minimum

accelerations of the open deck bridge span 52 under test train no. 2 at 50 mph obtained

by the Newmark's ß-method and the Houbolt method. It may be noted that the values of

the loads and the displacements computed by both techniques of integration are within a

good agreement of each other.



This chapter compares the results of the static and dynamic tests for the two test

sites and how these results can be utilized for design purposes.

The assumptions made in the analytical model and their influence on the predicted

values are discussed, as well as the sources and the quality of the input data for the

computer program.

5_1

Chapter" 5

Ð[SCUS$[ON

Finally, it compares the predicted and the measured values of the loads at wheel-

rail intcrtaces, vertical displacements, and accelerations, as well as the dynamic load and

dynermic displacement factors.

5.1 UXPERIMENI},L IVORK

5.l.L Calibration Tests

On the first day ol the tests, the bridge components and track sections were wet

due to heavy rain. This had softened the ballast in the bridge deck and track sections, and

thus ¿rlfected the results such as the values of E and K calculated from the measurecl

values.

The static deilections were measured using maximum loads of 20 kips per rail at the

BDB Site and 30 kips per rail at the ODB Site. These measurements were mainly intended

t'or calibration purposes. However, the load-deflection relationships were used and

extrapolated to examine the stiftnesses, the modulí of elasticity of the bridge and the track

moduli-



The measured static displacements we¡e compared to those computed assuming

single concentrated loads at mid-points of partially continuous bridge spans as given in

Table 5.1. Although the measured static displacements were slightly higher than the

computed due to possible play in the components, they were within reasonable agreement.

The measured load-deflection cuwes were extrapolated to obtain the moduli of the

briiige approach and normal track sections assuming linear and bi-linear relationships, as

shown in Figures 3.15 and 3.16.

¿\s the track modulus for a soti track varies with the axle load, the results of the

linear analy,sis seem to be more appropriate for the nature of the roadbed of the test sites

and 1''or the limits of the load measurements in this investigation. However, if the

measurernents beyond the above mentioned limits were available indicative of a linear

relationship, a bi-linear analysis would have been more meaningful [59].

Despite the fäct that the stif'tness of the bridge approach at each test site f'ell

between that o[ the bridge span and the track section, the approach section rvas far from

being ideal as a transition, in that its behaviour was much closer to that of the track

section, as shown in Table 3.2. This is because the stiffness of the relatively short span was

about three to tbur times the stit'fness of the bridge approach, whereas the stiffness of the

bridge approach was less than one and one-half times that of the track section.

Further, the approach f'or the open-deck bridge was found to be about thirteen

percenL stiiter than tltat t'or the ballast-deck. Possible reasons for this are: one, that the

approaclt t'or the open-deck possessed transition ties, which allowed better dispersion of the

axle loac'l through the ballast, and two, that the value of the ballast may have been reduced

on account of the wet conditions.
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As a bridge approach is required to provide a smooth transition of stiftness tiom

a track section to a bridge span to reduce the impact and the associated maintenance

problems, there is a need to examine its current design with a view to further enhance its

stitlness.

The measured values of loads at wheel-rail interfaces show a fair amount of

variation even tbr tests at the same speed. The reasons for this kind of behaviour were

discussed in section 3.6.2. However, the tendency of the dynamic load factors is to increase

with increase in speed and decrease with increase in static wheel loads, as shown in Figures

3.59 to 3.64 and 3.65 to 3.70, respectively. This behaviour could be attributed amongst

other lactors discussed in Sections 3.6.2 and 3.7.2 to the fact that the lighter axles, i.e., of

thc caboose, being less stable yiclds larger values of dynamic load l'actors (DLF), compared

to the heavier axles, i.e., of the locom<¡tive and loaded cars, the masses of which lower their

tì'equencies thereby moving arvay from the forcing tiequencies. The forcing frequencies

have resulted tiom a combination of track irregularities, the train speed and other factors.

Figures 5.1 and 5.2 show the percentage of the number of the dynamic load factor

values which tèll below a given percent of the impact for the bridge span, the bridge

approacli, and the track section at the BDB site and the ODB site, respectively.

Thc percentage ol values of the dynamic load factor falling below 30%a impact are

given in Table 5.2. This indicates that over 90Vo of the recorded values possess an impact

of 30ci or less. Further, it indicates that those above 30Vo impact values generally

5.L.2 Loads at Wheel-Rail Interfaces
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belongecl to lighter wheel loads, which appeared to be less stable than the heavier wheel

loads.

5.1.2.I Dvnamic Load Factor. A comparison of two test sites, shown in Table 3.11,

indicated that although the dynamic load factors for the bridge approaches and track

sections were comparable, the DLF for the ballast deck span were higher than those

obtainecl tbr the open cleck span. This indicated that wheel impact was higher on rails with

a stit'ter span. Horvever, as mentioned in Sections 3.6.2 and 3.7.2, this is attributable to

several lactors.

The DLF tìom the measurements at a speed of 50 mph has been founcl to be as

high as I.86 lbr rail over track ties, 1.65 for rail over approach ties, and 1.49 f.or rail over

ties on the bridge span, as shown in Table 3.11. It may be noted that the maximum values

ol DLF occur under the axles of cabooses which are considerably lighter than the axles of

locomotives or loaded cars, as shown in Table 3.114.

lvloving trains produce dynamic impacts from roll, slip, nosing etc., and vibration

caused by unequal distribution of lading.

For bridge ties, A.R.E.A. Manual, chapter, 7, Paú 2, paragraph 4 [4] states "cross

ties shall be of adequate size to distribute the track load to all stress carrying stringers...".

The ret-erence does, however, suggest an approximate method of analysis for determining

the division of rail load to several stringers with different sizes and spacing of ties.

It turther states, "Each tie shall be designed to carry not less than one-third of the

ma.ximum ¿rxle load, as well as to provide sufficient stitTness to properly distribute loads to

the stringers. Ties shall be secured against bunching, and the maximum clear space

between them, on open bridges, shall be 8 in." This investigation found that DLF for



bridge ties was as high as 1.59, rfeaning the axle load may be carried by two consecutive

ties.

For track ties, currently no real method of design has been suggested. The

AR.E.A. Manual, Chapter 3, Clause 7-4.2 states "Owing to the many variables involved,

including strength of timber in its average condition in track, condition of roadbed, etc., it

is not possible to calculate a design for a tie in the sense that a bridge member is

desìgned."

No adequate way has in the past been devised to account for these effects.

However, the inclusion of speed as a factor in the impact has existed for a long time.

Talbot [47,98] has suggested that the static load be increased by 1% per mph over

a speecl of 5 mph, i.e.,
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PuÆ.:1+0.01 (V-5),or

Dl-Fr.rbot= 1 * 0.01 (V-5)

The above expression is based on 33 in. dia. wheels. Larger diameter wheels with

greater contact area impose less impact on the track and give rise to an impact factor of

t, equal to the ratio between the contact area of a 33 in. diameter wheel and that of a

wheel of different diameter, i.e.,

f, : A./A*

where 4.. :

^-rv

contact area of a 33 in. diameter wheel : 0.19 sq. in.

contact area of a wheel of different diameter. For 40 in.

0.24 sq. in.

(5.1)

(s.2)

diameter =



P" and Pu are static and dynamic rvheel loads, respectively, and

V : speed in mph

Therefore, the modified Talbot equation is

DlFruroot: 1 + 0.01 (V-5)t,

The AR.E.A. Manual, page 22-3-15 [4] applies the same procedure, but omits the

5 mph static eft-ect. The ratio is also befween the diameter D.. and D* rather than

between the contact areas.
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rvhere

P":P+oP

P = static wheel load

9:(D..xV)/(D*x100)

Theretbre,

DLFo".o:Il0

Since the locomotives and the cars used in the test trains had wheels of 40 in. and

33 in. diameters, respectively, the above expressions for the 40 in. wheels used in this

investigation would be as f'ollows:

(s.3)

DlFrabor: 1 + 7.917 x 10€(V-5)

DLF^** : 1 + 8.250 x i'¡(V)

The computed values, as well as the measured values of the DLF's are given in

Table 5.3.

(s.4)

(5.s)

(s.6)

(s-7)

(s.8)



The above values have also been shown graphically for 33" diameter and 40"

diameter rvheels in Figures 5.3 and 5.4, respectively. It may be noted that at low speeds

the measured values of the dynamic load factors, DLR are higher than the computed

values, except in case of cabooses for which they are generally higher than those computed

liom Talbot and AREA. This difference is signitìcant in that the Talbor and AREA

tbrmulae underestimate the values at low speeds and overestimate the values at high speeds.

From the findings of this investigation, the expression of Eq. 5.8 has been modified

as tbllorvs;
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These DLF's could be considered in the design of track and bridge ties as an

aliorv¿rncc to account t'or the dynamic atlècts. However, more experimental work would be

neccssary to establish such t'actors over a wide range of speeds.

S.L.2.Z Impact.

The cquittion t'or impact is:

DLFroo", : 1.13 + 5.80 x 103V

Ld
I-(i_ -1)x100

The valucs ol impact, as a percentage of static loads, L,, for the maximum values of DLF

at cii[èrcnt speeds, are given in Figures 5.5 and 5.6 ibr BDB and ODB sites, respecrively.

A majoritv of the plotted values correspond to lighter axles in case of these tests. As

mentioncd earlier in Section 3.6.2, these values are influenced by several parameters.

(s.e)

(s.10)



On the ballast-deck span 53 the vertical dísplacements were found to be

indepenclent of speed, whereas on the ballast deck span 52, the values of vertical

displacernents increased slightly with increase in speed, as shown in Figures 3.71 and 3.72,

respectively.

On the open-deck span 52, the vertical displacements showed a definite increase

rvith increase in speed, but no eff'ect was observed in the bridge approach due to increase

in speed. At both test sites in the normal track sections, the vertical displacement also

incrcased with increase in speed.

From the examination of the magnitude of the measured displacements in the bridge

spans, the bridge approaches, and the normal track sections, it became evident that they

were made up of three parts, namely,

(o) the rigid body movement comprising pìa.v in the components and settlement of the

support points under load,

5.1.3 Vertical Disnlacernenfs
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(b)

(.)

the static displacement caused by rolling loads, and

the displacement attributed to dynarnics of the load.

Theref'ore, in order to ascertain the real increase in the displacement due to

incre¿rse in the speed of the train, it is important to consider the amount of the rigid body

movement in the bridge span.

AJthough the experimental set-up was not designed to isolate the amount of the

rigid body movement, it was possible to obtain its value as the minimum value of

displacement tiom the vertical displacement versus time plots, as shown in Figure 5.7 and,

5.8- These values are summarized in Table 5.4. It is obvious that there is more rigid body



movement in the components of the open deck bridge as opposed to the ballast-deck

bridge. It may also be noted that the rigid body movement depends on the train speed,

i.e., it is higher for low speeds and lower at high speeds.

The measured displacements in the open-deck span were greater than in the ballast-

deck span, and the ratio of open to ballast deck displacements increased with increase in

specd as shown in Table 5.5.

This could be attributed to the fact that ballast in the ballast-deck provides a

cushion. thereby damping the et'tect of dynamìc loacls, in this case displaying virrually no

eftèct of speed on the displacements.

The measured values of displacements possess the elements of rigid body movement.

Consecluently, the real displacements are smaller than those measured, and accordingly the

actual bending stresses computed from them would also be lower than the values given

above.

Similarly, in the track section, the ballast and the roadbed provided a good cushion

and heary damping occurred with the consequence that the dynamic response varied

between 10 and 13 percent over that of the crawl speed.

On earlier tests [99, 100] on a bridge span of a similar configuration, it was found

that the neutral a-xes were located at approximately one-half the depth of the stringers.

This, togcLher with the f'act that the vertical displacements are proportional to the moments

gencritl"ecl in a simple span uncler moving loads, the lrendíng (including the dynamic eft.ect)

stresses wcre contputed [rclm the measured average net displacements for different train

speeds in both the ballast deck and the open deck spans. The values obtained are given

in Table 5.6.
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According to the AREA Manual, for commercial grade Douglas Fir, subject to 10

years of cumulative load duration, the allowable bending stresses and moduli of elasticity

are âs tbllows:

Service Condition Allowable Bending Stress Modulus of Elasticity

Continuously dry 1500 - 2100 psi

The values of the computed stresses based on the measured net displacements given

in Table 5.6 are generally below the above range, indicating that the actual spans still

possess significant reserve moment capacity.

It may also be observed that measured displacements under the rails of the normal

track section at the ODB Site were greater than those of the same section at the BDB

Sitc. The explanation tbr this is that the track at the BDB Site was of slightly better

quality, i.e., was stitter than that at the ODB Site, as this was also evident from the

calibration tests.

Wet
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1500 - 2100 psi

5.1.3.1 Dynamic Displacement Factor. Since the measured net loads at crawl speed

were lãirly close to those obtained statically, they were used to calculate the dynamic load

tactors, DLF. For the ballast-deck, these DLF were found to be very close to unity,

indicating that the span did not undergo measurable dynamic displacement under the test

train rvithirr the range of the measurements, as shown in Figure 3.73.

The damping of wood ancl the construction of the bridge appears to have a sig-

niticant intluence on the displacements which, in the case of the ballast deck, exhibited

virtually no response whereas in case of the open-deck span, the maximum value of DDF

was 1.32, i.e., a 32Vo increase over the crawl speed due to dynamic effects, as shown in

1.76 x 106 psi

1.60 x 106 psi



Figure 3.74.

5.L.3.2 Cycles of Vibration. For bridge spans, approaches, and normal track

sections, the displacement versus time relationships shown in Figures 3.35 to 3.52, exhibited

one till cycle of vibration per truck (a truck consists of a pair of axles, see Figure 3.3) for

the first and the last trucks, and one full cycle each for a pair of trucks for each of the

intermediate trucks of the test train, i.e., the test train produced a total of five distinct

cycles of displacement as it passed over a measurement point.

The theoretical plots of the vertical displacements for the bridge spans in Figures

4.10, 4.11, and 4.17 to 4.21 exhibited one full cycle of vibration per truck, except when the

spacing of these trucks were closer where there was one full cycle of vibration fbr a pair

of trucks, i.e., the test train produced a total of seven distinct cycles of displacement as it

passed over a measurement point.

The ditference between the experimental and the theoretical plots could be

attributed besides t'actors discussed in Sections 3.6.2 and3-7.2, to the greater stiffness of the

actual spans due to partial continuity and due to the values of the damping coefïicients

chosen f'or the analytical model.
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The peak values of displacement, given in Uppal [111a], seem to depend on

spacing of axles in a truck, spacing between consecutive trucks, the axle weights, and

train speed.

Further. it also appears that the bridge spans, the approaches, and the normal track

sections act as mechanical systems comprising rails, ties, ballast, and stringers or roadbed

where the redistribution of load from one component to another takes some time. In case

of bridge spans, this time lag at higher speeds appears to be significant in comparison

the

the



to the time needed.tbr the test train to pass over a measurement point. Consequently, in

such instances, the redistribution of load was not fully realized and the gauges were not

able to pick up the full load.

This problem occurred during test series 1 for train speeds exceeding 30 mph.

However, the problem was rectified for subsequent tests by increasing the rate of

measurements (i.e., number of measurements per second). The results of the test series

1 are not included in this dissertation.

5.f.4 Accelerations

5-r2

The acceleration measurements rvere obtained at the mid-points of the spans only.

In the ¿tbsence of a knowledge of the magnitudes of the accelerations tbr the railroad

timber bridge span, the instrumentation range was set at +-10.08 g. However, apparently,

the actual values at certain speeds exceeded the limit. Theretbre, the measured

accelerations were not used in this investigation as intended as another means of

verilìcation t'or the measured displacements.

5.2 TI{EORETICAL WORK

5.2,1 Dynamic Model

5.z.L.L Influence of Assumptions. In this investigation, several assumptions were

made to simplify the development of the theoretical model. The eft-ect of some o[ the

assumptions rvas quite evident on the predicted results, while fbr the others, it was nullitied

by their counterbalancing nature. Only the main assumptions are discussed here.

(u) The dynamic behaviour of a railway vehicle is very complex due to the number of

components involved, each of which is non-linear in nature and contribute to its



rnultiple degrees of tieedom aqd.its overall springing and damping characteristics.

For the sake of simplicity, the vehicle model assumed in the anaþis was only a

three DOF linear system with no damping. The degrees of freedom conside¡ed

were the bounce, the pitch and the roll movements because of their effect on the

vertical loads and displacements. The initial values of motion as the vehicle entered

the span were either assigned or assumed as zero-

The eltect ol the low spot at the bridge approach, which was taken as initial

vertical displacement, is shown in Figure 4-17 to 4-21 and Table 4.6.

The dispersion of wheel load in a ballast-deck span was superior to that in an open

deck span. This was because of the composite action of the deck planks and the

cushioning et'tect of the layer of ballast between the rails and the deck, whereas in

an open-deck span, the transf-er of load takes place through the bridge ties and is

nlore concentrated. Therefore, for an open-deck, the distribution of the wheel load

over a stringer chord was assumed to be parabolic rvith approximately three-quarters

ol'the stringers eftective in carrying the load and for the ballast-deck, all stringers

were considered to be effective, except the jack stringers which were too tär from

thc rails t<-r take any live loacls of trains.

5-13

(b)

Good agreement between the measured and computed values of loads at wheel-

rail interfaces ancl vertical displacements justifies this assumption.

(.) The rnass of timber bridge spans is neither uniformly distributed nor concentrated

aL any particular points. However, the model assumed the mass to be lumped at

cliscrete points. Since the spans are short, the discrete points were fairly close to

each other.



(d) The spans were assumed to be linearly elastic. This was confirmed by the

calibration tests to be valid within the working range of loads.

The model assumed that the wheels of the vehicle were always in contact with rails

and the track surface level, and gauge was pert-ect and wheel surfaces were smooth

and truly round. At higher speeds, aerodynamic conditions could develop, resulting

in momentary loss of wheel-rail contact. Further, the drop of wheels would

generate additional impact. No matter how ideal the conditions, there would al'øays

be some rail or rvheel surt'ace irregularities, however small, which would influence

the dynamic response. The effect of these is that the increase in the values of the

loads at wheel-rail intertaces and the vertical displacements with increase in the train

speed is more consistent in the case of the predicted values in comparison to the

measured values, as evident in Tables 5-7 and 5.8.

A train cclmprising a number of cars while in motion is subject to numerous internal

and external l'orces, some of which may be transtèrred from one car to another ancl

aftect the overall dynamic behaviour of the train. This may further be magnitìed

by the geometric irregularities of the running surfaces. The model did not consider

the transtèr of any of such forces from one car to another. This is evident from

the smoothness of the computed curves.

(.)
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(r)

5.2.L.2 Input Data. The choice of input data aft'ected the predicted values.

(n) The sprung and unsprung masses used in the numerical example were obtained by

scale rveighing the cars by their trucks. The spring constants and moments of inertia

l''or ditfèrent motions were assessed fiom a comparison of the published information
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on similar locomotives and cars. Therefore, the above values are, at best, estimates

of the real values.

(b) Similarly, the distributed masses, and the geometric and elastic properties of the

chords were computed tiom the available information and no attempt was made to

veri$ them by means of tests.

5,2,1,3 'fests versus Analysis

(a) There is some degree of structural continuity inhe¡ent in the way the railroad bridge

spans are constructed. Since the analytical model assumed the spans to be simply

supported, the predicted values of vertical displacements are greater than those that

rvould have been obtained with partial continuity at the end of the span as in the

case of the actual bridges tested.

(b) Experimental work indicated that the values of the vertical displacements were

cornposed ol three parts: (i) the rigid body movement due to settlement of

supports, and play in components, (ii) the static displacement, and (iii) the

clisplacemetit due to dynamic effect of the load. The predicted values were tiee

tiom any rigici body movement resulting tiom play in the components and settlement

ol the support points under load. The measured net displacements were compared

with the predicted displacements in Table 5.8.

In the analysis, no compression of the caps and piles was taken into account for the

analytical model, though such elastic def'ormations could be present as a part of the

rigid body movement in the bents of the test bridges under the train loads.

(c)



(d) The values of damping coefïìcients computed from the test data on both spans were

fbund to have a fair amount of variation. The values used for analysis were

therefbre the average values.

5.3 COMPARISON BBTWEEN EXPERIMBNTAL AND ANALYTICAL RESULTS

5.3.1 Loads aú Wheel-Rail Interfaces

The maximum value of the loads at the wheel-rail interface, as predicted by the

analytical model and as measured fìom the tests in the field under test train no. 2 at mid-

point of the spans are given in Tables 5-7 and 5-7A-

The predicted values of the maximum loads at the rvheel-rail interfaces were based

on absolutely smooth wheel ancl rail surfaces which in the case of the test bridges did have

smail irregularities. These irregularities aftècted the loads. However, in most instances, the

ditÍerence between the two was about 22o/o.

5.3.2 Vertical Disnlacements

5-16

The measured net displacement is equal to the actual measured displacement less

the dispiacement due to the rigid body movement due to the settlement of the support

points of span and play in bridge components.

The maximum values of the predicted and the measured net displacements at the

mid-points of the spans t-or the above cases are given in Tables 5.8 and 5.84

By comparison of the valu¡s, it may be noted that the maximum predicted

displacement values increase with the increase in speed. The average values are within

76a/a of ihe mcasured displacements. This was expected because of the assumption used

in the analytical model which assumed the spans to be simply supported, whereas, in actual
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[act, they were partially continuous over their supports.

Figures 5.7 and 5.8 show the comparison between the measured and predicted

displacements versus time plots for the BDB Span 53 and the ODB Span 52, respectively,

tbr test train No. 2 at 30 mph. The figures also show the rigid body movements tbr both

spans. The etfect of the semi-continuous span in the experimental plot is quite evident

tiom the simply supported span of the analytical model. It could be noted that there is a

good agreement between the measured and predicted graphs.

Table 5.10 shows the maximum values of the predicted and the measured dynamic

load factors over a speed range of 1-50 mph of test train no. 2 for the ballast deck span

53 and the open deck span 52. Table 5.11 shows the maximum values of the predicted and

the measured dynamic displacement tàctors for the same- It is evident that for the open-

deck span the predicted and the measured dynamic displacement factor are 1-20 and 1.I2

respectively, and in the case of the ballast deck span, these are 1.18 and 1.57, respectiveþ.

The predicted value in case of the open deck being lower may be attributed, among other

fäctors, to the value of the damping coetficient used for the theoretical analysis.



The investigation of the dynamic response of timber railway bridges was divided into

ern expcrimental and theoretical phase. The experimental phase involved static and dynamic

tests on two types of timber bridge spans, a ballast-deck and an open-deck. Bridge ap-

proaches, and the adjacent sections of track under the passage of test trains at diftèrent

speeds rvere also included in this investigation. The tests provided measurements of loads

at wheel-rail intertàces, vertical displacements and accelerations at several locations. The

theoretical phase involved the development of an analytical model to simulate the dynamic

response of the bridge spans. The analytical approach was also applied to study the effects

of other parameters on the dynamic behaviour of the spans, such as the effects of train

speecì, the lorv spots, and the train consist.

Based on the test results and the analytical model considered in this investigation,

S{.JIVTh/T^&RY,&ND COT{CT,USIONS
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Chapter 6

the tbllowing conclusions have been drawn:

1,. Factors such as track irregularities, wheel

hunting action of cars in trains have an

vertical displacements, and accelerations.

2. The load-detlection behaviour of the bridges is fairly linear, in contrast to the non-

linear behaviour of the bridge approaches and the normal track sections.

Thc ballast-deck bridge span is comparably stitter than the similar open deck one.

Both types of bridge span are substantially stiffer than the bridge approaches, which,

in turn, are stiffer than the normal track sections.

running surt-ace irregularities, rolling and

etÏ-ect on loads at wheel-rail interfaces,



4. Although the stiftness of the bridge approach fell ben¡¡een the stiffnesses of the

bridge span and the normal track section, its value was in fact much closer to that

of the track rather than to the bridge. In general, this means that the bridge

approaches should be stiffened to be able to act more eff'ectively as transitions.

It was also tbund that the practice of using the transition ties improves the stiftness

of the bridge approach by approximately 13Vo due to dispersion of the axle loads

through the ballast section.

5.

6. The values of track moduli f'or the normal track sections at both test sites rvere

t'airly close to each other and comparable to the values given by the other sources

tbr similar quality traclc
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7. For both types of bridge spans, the dynamic load täctors, DLF=LaIL., increase in

value with the increase of train speed. The maximum values of the measured DLF

tbr a speed of 50 mph were as follows:

BDB Site

Span 53
Approach
Track

8. The dynamic load täctors decrease with increase in the static wheel loads. For the

BDB Span 53, the maximum value of DLF decreased from 1.49 for the wheel of

the caboose to 1.15 tbr the locomotive. Similarly, t'or ODB Span 52, the maximum

value of DLF decreased tiom 1.48 t'or the wheel of the caboose to 1.30 for the

locomotive.

1..49

1.6r
1.86

9. For normal track sections, the values of DLF",.* computed from the field

measurements taken at lower speeds are generally greater than those obtained f¡om

ODB Site

Span 52
Approach
Track

1.48
1.65

t.78



the empirical relationships given by Talbot and ARE.{ Consequently, a modified

tbrm of the relationship has been suggested for DLF.

For the open deck span, the dynamic displacement factors, DDF".*,, increased with

increase in speed with a maximum value of '!..32 over the crawl speed. On the

other hand, for the ballast-deck span, speeds of up to 50 mph, did not show any

eftèct on the dynamic displacement factors.

Similarly, the dynarnic displacement factors, DD4.*n for normal track sections also

increased rvith increase in speed. Their maximum values were 1.10 for the BDB

Site and 1.13 for ODB Site, respectively.

The bending stresses in the bridge spans based on the net dynamic displacements

(i.e., the dynamic displacements less the rigid body movement) u'ere found to be

lower than the permissible values given by AREA for Douglas Fir.

Although both types of bridge spans appeared to be heavily damped, the damping

in the ballast deck was tbund to be approximately 50Vo higher than that in the

open deck span.

The analytical model was able to predíct the dynamic response of timber railroad

bridge spans. The developed computer program can be used for simply supported

spans of steel or concrete bridges as well. The program could be expanded to

include any number of vehicles in a train.

Thc analytical model, predicts that loads at wheel-rail interfaces, vertical

clisplacements, and accelerations increase with increase in speed.

The predicted values of the maximum loads at the rail-wheel interfaces, and the

maximum vertical displacements were compared to those measured in the field and

10.

11.
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12.

13.

t4.

i5.

16.



the results were as tbllows:

(a) The values of the predicted maximum loads at wheel-rail interfaces were

in agreement within 22Vo of the measured values

(b) The values of the predicted maximum ve¡tical displacements rvere in

agreement within t6Vo of the measured values-

(c) The rigid body movement in the open-deck span was more than three times

that in the ballast deck spzrn.

(d) The predicted values of the accelerations were very low compared to the

measured ones. This was because the measured values were taken f-or

stringers located directly under the rails, whereas the predicted values are

the average values tbr the chords under each rail.

(e) At a train speed of 50 mph, the predicted displacements decreased with an

increase in the percentage of damping coefficients, except the BDB Span for

which 'àt E = 2-5%, the displacement reached its peak value-

L7. For a constant speed, the maximum displacement values in both types of spans

increased with an increase in the train consist (i.e., make-up and length), as well as

rvith increase in the depth of the low spot at their ends. The maximum values o[

the predicted and measured dynamic load factors for the spans over a speed range

o[ 1 to 50 mph were tbund to be as follows:

Ballast-deck Span 53
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DLFo,"o. : 1.17 DLFr"*r,"0 = 1-05

Ooen-deck Soan 52

DLFo,"o. : 1.28 DLF."*u,ud : 1.18
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The increase in speed resulted in increase in the values of DLF. On the other

hand. the increase in the static wheel loads resulted in decrease in the values of

DLF.

i8. The maximum values of the predicted and

factors of the spans over a speed range of 1

Ballast-cleck Span 53

DDFp,.o. : 1,-20

Ooen-deck Snan 52

The increase in speed resulted in increase in the values of DDF. The increase rn

speed resulted in the decrease of the value of DDF. The differences between the

predicted and measured values are attributed, amongst other factors, to the

assumptions made in the analytical model, particularly with respect to the track line

and surtàce irregularities of simply supported spans, whereas in actual fact they are

partially continuous, the rigid body movements and the damping characteristics, etc.

DDFo,,o. = 1.18

the measured net dynamic displacement

to 50 mph were tbund to be as follows:

DDF^.*,,* : l-LZ

DDF."*rr"d = 1.57



Based on the conclusions drawn from this study, the following suggestions are made

titure research:

SUGGESTNONS F'OR. F'{JT{.]RE RESEAR.CË{

for

L.
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Chapter 7

Many railroads are now using instrumented railway vehicles to determine the

performance of their track or the track quality index These vehicles travel over the

lines and collect data on track geometry (i."., line, cross-levels, curvature,

superelevation and gauge, etc.) as well as data on the rail defects. This information

is tbr dynamic conditions only, and as such is often quite different tiom the static

conditions upon which most of the current maintenance criteria are based.

Since the track modulus still remains a basic quantity which reflects the strength

and stability of the track, research ef-forts should be directed towards determining

the relationship between the track modulus and the track quality index.

The data obtained tiom these tests does establish the qualitative trends for the

et'fects of speed as well as the effects of static wheel loads on the Dynamic Load

Factors. However, these tests are not sufficient to establish definite Dynamic Load

Factors that could be recommended for use in the design of track and bridge ties.

Consequently, more tests are necessary for establishing the quantitative et-fects of

speed and other parameters on the Dynamic Load Factors.

2.

Similar tests could also be carried out on track sections having concrete ties.

3. In the past, some research has been carried out on the influence of wheel out-of-

roundness, wheel t'lats, track surt'ace roughness and rail joints on normal track
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sections. This research could be extended to bridge spans as well as to bridge

approaches.

The measured dynamic displacements appeared to be composed of three parts:

(a) the rigid body movement,

(b) the static displacement, and

(c) the dynamic effect of the moving vehicle.

In order to obtain the true dynamic effects of a vehicle on a bridge span, the

amount of rigid body movement must be determined. The method used for

estimating the rigid body movement needs to be verified by instrumentation of bridge

to measure the relative movements of the components under the train loads.

The bridge approach, although found to be stiftèr than the normal track section,

essentially is another piece of track and, as such, was not very effective as a transition

betrveen the bridges ancl the track. Since the bridge approaches are often the

maintenance-prone areas, lurther research could be directed toward the design of a

suitable bridge approach which would provide a smooth transition as well as involving

minimal maintenance. This may require dynamic testing of approaches with varying

factors that intluence their pertbrmance, such as width and depth of ballast, size,

length and spacing of approach ties, concrete versus wood ties, and other measures

used to maintain full ballast section as well as the effect of tamping, etc.

The current study dealt primarily with the determination of the dynamic response of

che mid-point of briclge spans. These spans are supported on timber pile or frame

bents which by themselves may be subject to movement under traftic. Further, in the

majoriry of cases the spans are partially-continuous over bent supports. Therefore,

4.

5.



t'or tull appreciation of the dynamic response of the overall bridge structure, future

work should include instrumentation of the stringer chord support points, piles at cut-

off levels as well as at ground levels in order to assess the distribution of live loads

on piles.

The damping coetficients used for the analytical model were computed from the "free

vibration" portion of the acceleration versus time plots. The results obtain varied

considerably ancl therefbre the average values were used for the analytical model-

The damping coetÏìcients should be verified by obtaining them by other techniques,

such as exciting bridge spans to resonant frequencies or subjecting the spans to free

vibrations by suddenly applied impact loading.

There are several conclusions drawn tiom the tests carried out as a part of this study.

However, the number of tests and the test results are not sufficient for making

clelinite recommendations tbr the dynamic load factors and the dynamic displacement

factors which should be considered for the design of timber bridge or track

components. More tests are needed to develop quantitative values of such fäctors

ancl to cover other cases.

The analytical model used tbr this study had many simplifying assumptions which

could at'tect the results. It is suggested that the following items be considered in any

future enhancement:

7.

/ --t

8.

9.

(a) Vehicle models be moditìed to include more degrees of tieedom, as well as the

damping in the vehicle suspension system;
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(b) The bridge span model should be moditìed to include some degree of continuity

at the support points; and

(.) The program should be modified to account for the wheel and rail surface

irregularities.



(/)un
$ät¡J
ffituLLttJffi



1- Ahlbeck, D.R., Johnson, M.R., Harrison, H.C., and Tuten, J.M., "Measurement of
Wheel/Rail Load on Class 5 Track", Report No. FRA/ORD - 80/19, February 1980.

2. Ahlbeck, D.R. and Harrison, H.D., "Techniques for Measurement of Wheel-Rail
Forces", Bettelle, Columbus Laboratories, Columbus, Ohio, pp- 3l-41'-

3. Al-Rashicl, N., "A Theoretical and Experimental Study of Dynamic Highway

Loading", Ph.D. Thesis, The University of Texas at Austin, ll4ay 1970-

4. American Railway Engineering Association, "Specification for Steel Railway Bridges",

Manual t'or Railrvay Engineering, Chapters 3,7, L5, and 22, 1984-

5. Bridge Stress Committee, Report of the "Dept. of Scientitic and Industrial Research,

published under the authority of His Majesty's Stationery OfTce, London, L928.

6. Beards, C.F., "Structural Vibration Analysis - Modelling, Analysis and Damping of
Vibrating Structures", Ellis Hanvood Ltd., 1983.

1. Bleich, H.H., "Frequency Analysis of Beam and Girder Floors", ASCE Transactions,
Papcr No. 2416, October 1949, pp. 1023-1,064.

8. Bhatti, M.H., "Vertical and Lateral Dynamic Response of Railway Bridges due to
Non-Line¿rr Vehicles and Track lrregularities", Ph.D. Thesis, Illinois Institute of
Technology, Chicago, Ill., December 1982.

9. Biggs, J.lVÍ., "Introduction to Structural Dynamics", Chapter 8, McGraw Hill Book
Company, New York, L964.

10. Biggs, J.M., Suer, H.S. and Louw, J.M., "Vibration of Simple-Span Highway Bridges",

Journal ol the Structural Division, Proc. of the ASCE, March 1957, pp. 291-318.

77. Bolotin, V.V., "On Dynamic Calculations of Railway Bridges with Consideration
Given to the Mass of the Moving Load (Russian) Trudy Moskovskogo Instituta
inzhenerore zheleznodorozhnogo transporta", YoL. 76, 1952, pp. 87-107.

72. Bondar. N.G., "Dynamic Calculations of Beams Subjected to Moving Load (in
Russian)", Issledovaniya poteorii sooruzhen, Vol. 6, Stròrizdat, Moscow, 7954, pp.

17-23.

13. Byers, W.G., "Impact from Railway Loading on Steel Girder Spans", Journal of
Structural Division, ASCE, June 1970, pp. 1093-1i03.

14. Byers, W.G., "Frequency of Railway Bridge Damage", Journal of Structural
Engineering, Vol. III, No. 8, ASCE, August 1985, pp. 7635-1646.

r.[ST OF' REF'ERENCES

R-1



15. Cantieni, R., "Dynamic Load Tests on Highway Bridges in Switzerland, 60 Years
Experience of EMPA", Report No. 21L, Swiss Federal Laboratories for Materials
Testing and Research, 1983, pp. I-79.

16. Causes of Deterioration and Protective Methods for Timber -- Progress of a Sub-

Committee of the Committee on Timber Structures of the Structural Division, Proc.
of the ASCE, Vol. 84, No. ST5, September 1958, pp. 1760-1-1'760-10.

17. Chilver, 4.H., "A Note on the Mise-Kunii Theory of Bridge Vibration", Quart. J.

Mech. Appl. Math.,9 (1,956), No. 2, pp. 433-436.

1lA. Chiu, W., Smith, R., and Wormley, D.N., "Influence of Vehicle and Distributed
Guideway Dynamic Interactions", J. Dynam. Syst. Meas. Cnntrol, Trans. ASME
93(1), p.25, 1971..

18. Chu, KH., Garg, V.K, and Bhatti, M.H., "Impact in Truss Bridge due to Freight
Trains", Journal of Engineering Mechanics, ASCE, Vol. 1,L1, No. 2, February 1985,

Paper No. 19480, pp. 159-174.

19. Chu, KH., Garg, V.K., and Dhar, C-L., "Railway-Bridge Impact: Simplitìed Train
and Bridge Model", Journal of the Structural Division, Proceedings of the ASCE,
Vol. 105, No. ST9, September 1979, pp. 1823-1.844.

20. Chu, KH., Garg, V.I(, and Wang, T.L., "Impact in Railway Prestressed Concrete
Bridges", Journ. of Struct. Eng. Vol. 112, No. 5,1986, ASCE, Paper No.20602, pp.

1036-1051.

21. Chu, K.H., Garg, V.K and Wiriyachai, 4., "Dynamic Interaction of Railway Trains
and Bridges", Vehicle System Dynamics, Vol. 9, No. 4, July 1980, pp.207-236.

22. Chu, F.H. and Wang, 8.P., "Experimental Determination of Damping Materials and
Structures", Damping Applications for Vibration Control, AMD-Vo1. 38, ASME.

23. Clough, R.W. and Penzien, J., "Dynamics of Structures", Chapter 13, McGraw-Hill
Book Company,1975.

24. fürbin, J.C. and Kaut-man, W.M., "Classifying Track by Power Spectral Density",
Mechanics of Transportation Suspension Systems, AMD-Vol. 15, ASME, December
1975, pp. 1-20.

25. Craig, R-R, "Structural Dynamics -- An Introduction of Computer Methods" John
Wiley & Sons, New York, 1981.

26. Dhar, C.L., 'A Method of Computing Railway Bridge fmpact", Ph.D. Thesis, Illinois
Institute of Technology, Chicago, fil., }l4ay 1978.

R-2



R-3

27. Drew, F.P., "Load Considerations for Beams", Journal of the Structural Division,

Proceedings of the ASCE, Vol. 85, No. ST1, January 1959, pp- 113-122.

28. El-Aini, Y.M., "Effect of Foundation Stiffness on Track Buckling", Journal of Eng.

Mech. Div. of the ASCE, Vol. 102, No. EM3, June 1976, pp- 531-545.

Zg. Eslyn, W.E. and Clark, J.W., "Wood Bridges -- Decay Inspection and Control",

Agriculture Handbook No. 557, October 1979, U-S. Government Printing Office,

Washington, D.C., 24402-

30. Fazio, AE. and Corbin, J.L., "Track Quality Index for High Speed Track", Journal

o[ Transportation Engineering, January 1986, pp. 46-61'-

3I. Fish, A, "Case Studies of Timber Bridges' Problems Caused by Unit Trains", Bulletin

678 - American Railway Engineering Association, pp- 532-535.

32. Fleming, J-F- and Romualdi' J.P., "D;'namic Response of Highway Bridges", Journal

of the Structural Division, Proc. of the ASCE, Vol- 87, No. Sfi, October 1961, pp.

31-61.

33. Fr'yba, L., "Vibration o[ a Beam under the Action of a Moving Mass System", Acta

Technica Academiae Scientiarum Hangaricae, 55, 1966, No. L-2, pp.213-240.

34. Florence, AL., "Travelling Force on a Timoshenko Beam", Transactions of the

ASME, Journal of Applied Mechanics, June 1965, pp- 351-358-

35- Freas, 4.D., "Forest Sewice Research on Structural Use of Wood", Journal of
Structural Division, ASCE, Vol. 93, ST2, April 1967, pp- 97-126.

36- Fry'ba, L-, "Vibration of Solids and Structures under Moving Loads", Academia

Publishing House of the Czechoslovak Academy of Sciences, Pngue, 1972-

37. Ganga Rao, H.V.S., "Research in Vibration Anaþis of Highway Bridges", The

Shock and Vibration Digest, Vol. 16, No. 9, Sept- 1984, pp- 17-22-

38. Ganga Rao, H.V-S., and Haslebacher,m C.A, "Vibration Analysis of Highway

Bridges", The Shock and Vibration Digest, Vol. 13, No- 1, Jan. 1981, pp. 3-8-

39. Gesund, H. and Young, D., "Dynamic Response of Beams to Moving Loads", Mem.

Assoc. Intern. Ponts et Charpentes,21., L96L, pp. 95-110-

40. Garg, V.K., "Computer Models tbr Railway Vehicle Operation", Rail International,
June 1978, pp. 38i-395.



41- Garivaltis, D.S. and Barg, V.IC, "The Response of a Six-Axle Locomotive to
Random Track Input", Report No. R-312, Association of American Railroads,
Chicago, Ill., June 1978.

42. Genin, J., Ginsberg, J-H., and Ting, E.G., "Longitudinal Track-Train Dynamics: A
New Approach", Journal of Dynamic Systems, Measurement and Control, ASME,
December 1974, pp. 4ffi469-

43. Gere, J.M., and Weaver, Jr. W., "Analysis of Framed Structures", Van Nostrand
Reinhold Company, New York, 1965.

44. Grassie, S.L. and füx, S.J., "The Dynamic Response of Railway Track with
Unsupported Sleepers, "Proc- of the Inst. of Mech. Engineers, Vol- 199, No. D2,
1985, pp. 123-135.

45. Gupta, R.K "Dynamic Loading of Highway Bridges", Journal of the Engineering
Mechanics Division, Proceedings of ASCE, Vol. 106, No. EM2, April 1980, pp.377-
394.

46. Hathout, I.4., "Dynamic Response of Highway Bridges", Ph.D. Thesis, University of
Waterloo, 1982.

47. Hay, W.W., "Railroad Engineering", Second Edition, John Wiley and Sons, New
York, 1982.

48. Hedrick, J.K., "Simulation and Analysis of Rail-Vehicle Dynamics", Presented at the
Mini-Conference on Transportation, University of Michigan, Ann A¡bor, MI, April
20-22, t977.

49. Hedrick, J.I(, Billington, G.F. and Dreesbach, D.A, "Analysis, design and

Optimization of High Speed Suspension Using State Variable Techniques", Journal
of Dynamic Systems, Measurement and Control, ASMUE, June 1974, pp. 193-203.

50. Hillerborg, 4., "Dynamic Influences of Smoothly Running Loads on Simply
Supported Girders", Institute of Structural Engineering and Bridge Building, Royal
Institute of Technology, Stockholm, Sweden, 1951.

51. Huang, T., "Vibration of Bridges", Shock and Vibration Digest, Vol. 8, No. 3, March
1976, pp. 6l-76.

52. Hunley, J.8., "Impact in Steel Railway Bridges", AR.E.A- Proceedings, Vol. 37, 1,936,

p. 747.

53. Inglis, C.E., "A Mathematical Treatise on Vibration in Railway Bridges", The
University Press, Cambridge, 1934.

R-4



54. Jacobsen, L.S. and Ayres, R-S., "Engineering Vibrations with Applications to
Structures and Machinery", McGraw-Hill Book Company, Inc., New York, 1958.

55. JetTcott, H.H., "On the Vibration of Beams under the Action of Moving I-oads",

Philosophical Magazine, Vol. 8, Series 7, pP. 66-97, 1929.

56. Jenkins, H.H., Stephenson, J.E., Clayton, G.A, Moreland, G.W., and Lyon, D., "The
Etfect of Track and Vehicle Parameters on Wheel/Rail Vertical Dynamic Forces",

REJ, January 1974, pp- 2-26-

57. Kaplan, A. et al., "Train Elevated Guideway Interactions", TRW Systems Group,
Washington, D.C., 1970-

58. Kerr, 4.C., "A Method for Determining the Track Modulus Using a Locomotive or
Car on Multi-Axle Trucks", Proceedings, AR.E.A, Vol- 84, 1983-

59. Kerr, 4.D., and Shenton, H.H- III, "Railroad Track Analysis and Determination of
Parameters", University of Delaware, Dept- of Civil Engineering Research Report
CE-85-48, February 1985.

60. Kessel, P.G. and Schlack, AL., Jr., "On the Response of a Beam Subjected to a
Cyclic Moving Load", Journal of Engineering for Indust¡y, Trans. of the ASME,
November 1969, pp. 925-930-

6I. Knowles, J.K. "On the Dynamic Response of a Beam to a Randomly Moving Load",

Journal of Applied Mechanics, ASME, Paper No. 67-WA/APM-30,March, 1968, pp.

L-6.

62. Koot, R.S. and Tlworth, J.E., "Railroad Track Quality measurement by Multivariate
Statistical Analysis", Transportation Journal, Fall 1985, pp. 51-65.

63. Krylov, AN., "Mathematical Collection of Papers of Academy of Sciences", Vol. 6L,

Peterburg, 1905.

61. Law, E.H., and Cooperrider, N.IC, "A Survey of Raihvay Vehicle Dynamic
Research", Journal of Dynamic Systems, Measurements and Control, ASME, Vol.
26, No. 2, June 1974, pp. 132-1.46.

6-5. Leggett, J.L., "Investigations of Fatigue Stren,qth of Railroad Timber Bridge
Stringers", Advance Report of fümmittee 7 - Wood Bridges and Trestles, 1953, pp.

767-271..

66. Levy, S., and Wilkinson, J.P.D., "The Component Element Method in Dynamics -
- with Application to Earthquake and Vehicle Engineering", McGraw-Hill Inc., 1976.

R-5



67. Looney, C-T.G., "High Speed Computer Applied to Bridge Impact", Journal of
Struct. Div., Proc. of the ASCE, Voi. 84, No. ST5, September 1958, pp. 1'759-i-
1759-41..

68. Louw, J.M., "The Vibration of Two-Span and Simple Span Highway Bridges", The
Civil Engineer in South Africa, December 1963, pp.303-31'4.

69. Lowan, AN., "Oscillations of Beams under the Action of Moving Variable Loads",

Philosophical Magazine, Series 7, Vol. 19, 1935, pp.70&'715.

70. Licari, J-S. and Wilson, E.N., "Dynamic Response of a Beam Subjected to a Moving
Force System", Proc. Fourth U.S. Mat'l Cong. Appl. Mech., 1962, p. 4I9-

71,. Lowan, 4.N., "On Transverse Oscillations of Beams under the Action of Moving
Variable Loads", Philosophical Magazine, Series[ 7,Yol- 19, 1935, pp.708-71'5.

72. Magee, G.M., "Wood Research in the Railroad Industry", Journal of the Structural
Division, Proceedings of the ASCE, Vol. 93, No. ST2, April1967, pp. 105-120.

73. Matsuura, 4., "Dynamic Behaviour of Bridge Girder for High Speed Railway
Bridge", Japanese Railway - Quarterly Report, Vol. 20, No.2, 1979-

74. Meacham, H.C., and Ahlbeck, D.R., "A Computer Study of Dynamic Loads caused

by Vehicle-track Interaction", J.Eng. for Industry, Trans. ASME, 9L, Ser- 8, pp. 808-

816,1969.

75. "Measurements and Their Analysis in Railway Technology", Report No. 1, 5th Intl.
Colloq. OREIBVFA Railway Vehicle Tech., Vienna, Austria, Ore Colloquia, May
6-8, 1969, (Utrecht, October 1,969 AZ4IIRPIÆ).

16. Minnetyan, L., Nelson, R.8., and Mingori, D.L., "Dynamics and Optimal Design of
AGT System", Journal of the Structural Division, ASCE, Vol. L06, No. ST4, April,
1980, pp. 897-914.

77. Mise, IC, and Kunii, S., "A Theory for the Forced Vibrations of a Railway Bridge
under the Action of Moving Loads", Quart. Journ. Mech- and Applied Math., Vol.
IX, Pt. 2, 1956, pp. L95-21.1.

77 L Ng, S.F., and Kulkarni, G.G., "On the Transverse Free Vibration of Beam-Slab Type
Highway Bridges", J. Sound Vib. 2I(3), Aprîl 1972, pp- 259-261-

78. Newmark, N.M.. "A Method of Computation for Structural Dynamícs", Journal of
the Engineering Mechanics Division, Proceedings of the ASCE, Vol. 85, No. EM3,
July, 1959. pp.67-94.

79. Olsson, M., "Finite Element, Modal Coordinate Analysis of Structures Subjected to
Moving Loads", Journal of Sound and Vibration, L985, 99(1), I-12.

R-6



80. Osagaly, P. and Agarwal, A, "Vibration Study of Continuous Bridges", Ontario
Ministry of Transp. and Commun.

81. Palamas, J., Coussy, O. and Bamberger, Y., "Effects of Surface Irregularities Upon
the Dynamic Response of Bridges under Suspended Moving Loads", Journal of
Sound and Vibration, 1985, 99(2), pp.235-245.

82- Paz,M. "structural Dynamics -- Theory and Computation", Van Nostrand Reinhold
Company. New York, 1985.

83. Pestel, E-C., and Leckie, F.4., "Matrix Methods in Elasto Mechanics", McGraw-Hill
Book fümpany Inc., New York, 1963.

84. Purpee, C.M., "Pressure Preserved Wood for Permanent Structures", Jour. of Struct.
Div., Proc. of the ASCE, Vol. 84, No. ST7, Novembe¡ 1958, pp. lUI-l-1841-1.0.

85. Plunkett, R., "Measurement of Damping", a paper presented at Colloquium on
Structural Damping, held at the ASME Annual Meeting, Atlantic City, N.J., Dec.
1959, pp. 117-131..

86. Radtbrd, R.W., "WheellRail Vertical Forces in High Speed Railway Operation",
Journal of Engineering for Industry, Vol. 99, No. 4, November 1977.

87. Rao, S.S.. "Mechanical Vibrations", Addison-Wesley Publishing fümpany Inc., Don
Mills, Ontario, 1986.

88. Raymond, G.P., Lamson, S.T., and Law, J.8., "A Review of Current Track Structure
Design and Future Track Research Requirements", Canadian Institute of Guided
Ground Transport, Kingston, Report No. 83-6, August 1983.

89. Richardson, H.H. and Wormley, D.N., "Transportation VehicleÆeam Elevated
Guideway Dynamic Interactions: A State-of-the-A¡t Review", Journal of Dynamic
Systems, Measurement, and Control, ASME, Iune 1974, pp. 169-179.

90- Robinson, S.W., "Vibration of Bridges", Transactions, ASCE, Vol. 16, Paper No. 351,

February 1887, pp. 42-65.

91. Ruble, E.J., "Impact in Railroad Bridges", Proceedings, ASCE, Vol.81, Separate No.
736, Iuly 1955, pp. 736-1-736-36.

92- Saller, H., "Eint'luss bewegter Last auf Eisenbahnoberbau und Brucken", Kreidels
Verlag, Berlin, 1,921.

93. Schallenkamp, A, "Schwingungen von Tragern bei bewegten Lasten", Ingenieur -
Archiv, 8,'1,937, pp. 182-198.

R-7



94. Skeer, M.H. and Hribar, J.4., "Dynamic Response of Systems Subjected to Moving
Mass Ercitations", iournal of the Franklin Instituie, YoL.287, No. 4, April 1969, pp.
31.9-331.

95. Stanisic, M.M., Euler, J.,A- and Montgomery, S.T., "On a Theory Concerning the
Dynamic Behaviour of Structures Carrying Moving Masses", Ing.-Arch. 43(5), pp.
295,1974.

96. Steele, C.R., "The Finite Beam with a Moving l-oad", Journal of Applied Mechanics,
ASME, March 7967, pp. 11i-118.

97. Stokes, G.G., "Discussion of a Differential Equation Related to the Breaking of
Railway Bridges", Cambridge University Press, 1934.

98. "Stresses in Railroad Track - The Talbot Reports", compiled and produced by Susan

K. Chambers, American Railway Engineering Association, L980.

99- "Tests of a Ballasted Floor Wood Pile Trestle -- Southern Railway System", Advance
Report of Committee 30 -- Impact and Bridge Stresses, ARR, pp. 121-133.

100. "Tests of an Open Flood Wood Pile Trestle -- Missouri-Kansas-Texas Railroad",
Advance Report of Committee 30 -- Impact and Bridge Stresses, AAR, pp. 103-
1 05.

101. Thompson, W.T., "Vibration Theory andApplications", Prentice-Hall Inc., Englewood
Clift's, N.J., 1965.

702. Timoshenko, S.P., "On the Forced Vibrations of Bridges", Phil. Mag., 43, London,
1922.

103. Ting, E.C., and Yener, M., "Vehicle-Structure Interaction in Bridge Dynamics", The
Shock and Vibration Digest, Vol. 15, No. 12, Dec. 1983, pp. 3-9.

1,04. Timoshenko, S.P., and Young, D.H., "Vibration Problems in Engineering", 3rd Ed.,
D. Van Nostrand fü., New York, 1955.

105. Timoshenko, S-P., "Vibration of Bridges", Paper No. RR-50-9, ASME Transactions,
Vol. 49-50, Part II, 1927-28, pp. 53-61.

1,06. Ting, E.C., Genin, J. and Ginsberg, J.H., "Dynamic Interaction of Bridge Structures
and Vehicles", The Shock and Vibration Digest, YoL7, No. 11, Nov. 1975.

107. Tse, F.S., Morse, I.E., and Hinkle, R.T., "Mechanical Vibrations --Theory and
Applications", Allyn and Bacon, Inc., 1,978.

R-8



iOB. Tung, C.C., "Random Response of Highway Bridges to Vehicle Loads", Journ. of
the Engineering Mech. Div., Proc. of the ASCE, Vol. 93, No. EM5, October L967,

pp.79-94-

109. Tung, T.P., Goodman, L.E., Chen, T.Y., and Newmark, N.M., "Highway Bridge
Impact Problems", Highway Research Board Bull. No. 124, pp. 111'-134, 1955-

110. Turneaure, F.E. et al., "Report of Committee on Impact", AR.E.A Proceedings,

Vol. 12, Part 3, 191i, p. 13.

111. Yoshida, D.M. and Weaver, W., "Finite Element Analysis of Beams and Plates with
Moving Loads", Publication of Intern. Assoc. for Bridge and Structu. Engng. 31,

7971. pp. 179-195.

111a. Uppal, S., "Experimental Results of Testing Two Timber Railway Bridges", Technical
Report, Civil Engineering Department, University of Manitoba, January, 1990.

1,12. Velestos, A.S. and Haung, T., "Analysis of Dynamic Response of Highway Bridges",
Journal of the Engineering Mechanics Division, ASCE, Vol. 96, EM5, October 1970.

1,13. Verna, J.R., Graham, J.F., Jr., Shannon, J.M- and Sanders, P.H., "Timber Bridges:
Benefits and Costs", Journal of Structural Engineering, ASCE, Vol. 110, No. 7, July
i984, pp. 1563-1571..

L14. Vernon, J.8.. "Linear Vibration Theory -- Generalized Properties and Numerical
Methods;", John Wiley & Sons lnc., L967.

115. Wang, C.K., "Computer Methods in Advanced Structural Analysis", Intext
International Publishers, 1973, pp- 353-354.

L1.6- Wang, P.C., "Nume¡ical and Matrix Methods in Structural Mechanics with
Applications to Computers", John Wiley & Sons, 1966, pp.l 290-294.

L77. Weaver, W., Jr., "Computer Programs for Structural Analysis", D. Van Nostrand Co-,

lnc., Princeton, N.J., 1967.

118. Wen, R.K., "Dynamic Response of Beams Traversed by Two-Axle Loads", Journ. of
tlre Engineering Mech. div., Proc. of the ASCE, October, 1960, EM5, 7624, pp.91,-
r 11.

lI9. Wickens, AH., "The Dynamic Stability of a Simplified Four-Wheeled Railway
Vehicle Having Profiled Wheels", Int- J. Solid Structures, 1965, Vol. 1, pp. 385-406,
Pergamon Press Ltd., Great Britain.

I20. Wickens, AH., "General Aspects of Dynamics of Railway Vehicles", J. Eng. for
Industry, Trans. ASMUE, 91., Ser. 8., pp. 869-878, 1969.

R-9



121.. Williams, J.R., and Norton, ICJ., "Decay in Timber Trestles: What is the Rate of
Growth?", Railway Track and Structures Magazine, April 1976.

122. Willis, R., "The Ettects Produced by Causing Weights to Travel Over Elastic Bars",
Appendlx to the Report of fümmissioners, 1849, Published in Bariow, P.: A
Treatise on the Strength of Timber, Cast and Malleable lron, London, L851.

123. Wilson, J.F., "Model Experiments for Span-Vehicle Dynamics", Journal of Eng-
Mech. Div., Proc. of the ASCE, Vol. 103, No. EMA, August 1977, pp.701,-71,5.

I24. Wiriyachai, A, Chu, K.H., and Garg, V.K, "Bridge Impact due to Wheel and Track
Irregularities", Journal of the Engineering Mechanics Division, Proceedings of the
ASCE, Vol. 108, No. EM4, August 1982, pp. 648-666.

L25. Wormley, D.N., Garg, D.P. and Richardson, H.H., "A Comparative Study of the
Non-linear and Linear Performance of Vehicle Air Cushion Suspensions Using Bond
Graph Models", J. Dyn. Syst. Meas. and Control, Trans. ASME, 94(3),1972, p.189.

R-10



sãrffivå



Table 3.1 Scale weights of locomotives and c¿rs

Description

(a) 1'est l'rain No. I -- 11 July 1986

1. Locomotive CN #5516
2. Hopper Car CN #090151
3. Hopper Car CN #302360
4. Caboose CN #7938,1

T-1

(b) Test Train No. 2 - 16 September 1986

1.. Locomotive CN #5608
2. Hopper Car CN #090159
3. Hopper C¿r CN #09075I
4. Caboose CN #79715

Truck Weights (lbs)

Leading

724,220
101,'740
96,090
31,300

'fable ,1.2 Static clisplacemenrs and stiffnesses

Trailing

Total
Weights
(lbs)

123,560
104,700
10L,700
31,520

726,900
88,480

100,840
30,580

Location

(a) IIDIÌ Site - 'fest Train No. I

Ballast Deck Bridge Span 53
Briclge Approach
Truck Section (only LR)

(b) ODlt Site -'['est'frain No. 2

Opcn Deck Bridge Span S2
Britlgc Approach
Track Section

247,780
206,440
197,760
62,820

125,800
98,700

L03,760
30,240

252,760
187,180
2M,600

60,820

Static Deflection
mm @ load :
31.7 kips

2.40
9.78

11.64

Stiffness
kips/inch

2.68
8.58

t2.06

335.76
82.90
69.23

300.61
93.92
66.82



Table 3.3 Maximum recorded loads at wheel-rail interfaces, Lo (kips)
BDB Site - Test Train No. 2 - September 16, 1986

Spced
(mph)

7

30
50

Span 53

31.45 34.57 3r.45
31.4s 36.04 3r.73
31.13 36.00 31.73

Dyna

T-2

Table 3.4 Maximum recorded loads, at wheel-rail interfaces, Lo (kips)
ODB Site - Test Train No. 2- September 16, 1986

Approach

Stat

Spcect
(mph)

Dyna

1

30

-50

34.13
40.63
50.93

Span 52

Stat

Stat

Track

3r.73 34.62 31..73

31.45 40.7'7 31.73
3r.73 34.57 31.45

37.73
31.73
3r.73

Dyna

Dyna

35.64
38.43
43.60

Approach

Table 3.5 Maximum recorded vertical displacements, Do (mm)
BDB Site - Test Train No. 2 - September 1.6,1986

Remarks

Stat Dyna Stat

Spced
(mph)

36.43
41.26
40.00

I
30

50

Track

Span 53

31.73
31,.45

37.73

Stat

Dyna

5.22
5.46

5.39

Note: * LVDT at L.R. Span 52 did not function.

Dyna

35.30
38.43
39.2r

Remarks

4.03
4.00

4.77

Approach

Stat Dyna

4.10
4.t4

4.11

Track

tl.92
12.43

13.37

Dyna

10.1.4

9.89

T1.L2

Remarks

Test #8
Test #104,
10A, 10

Test #11.,

11A 11



Table -3.6 Maximum
¿.lf'lÞ Qi+a

Speed
(mph)

rccorded vertical displacements, Do (mm)
- Test Train No. 2 - September 16, 1986

7

30

50

Span 52

Stat

6.29 6.36 9.77
7.51 6.43 9.45

8.11 8.32 9.80

Dyna

T-3

Approach

Stat

Table 3.7 Maximum and minimum recorded accelerations (g)
BDB Site - Test Train No. 2 - Bridge Span 53

Dyna

t0.02
10.16

9.1r

Speed
(mph)

Srat

Track

13.73

13.87

15.66

7

30
50

Dyna

Maximum

læfr Rail

12.13
13.12

13.58

Remarks

+0.7,5
+4.10

Test #22AA
Test #24A1.,
#24C
Test #25B.,
#25c

Table 3.8 Maximum and minimum recorded accelerations (g)
ODB Site - Test Train No. 2 - Bridge Span 52

lvlinimum

-1.06
-4.86
-7.00

Speed
(mph)

Ma:iimum

Righr Rail

+0.08
+5.86
+3.16

I
30
50

I\4¿ximum

Left Rail

Minimum

+0.23

*

-0.13
-2.09
-4.65

Remarks

Minimum

-0.27

:i

Test
Test
Test

#8
#70A
#118

lvlaximum

Righr Rail

+0.33

Minimum

-0.38
*
*

Remarks

Test #22AA
'lest #24
Test 254
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Table 3.9 Track moclulus K (lbs/inz) - Linear approach

Location

BDB Site
ODB Site

Table 3.10 Track modulus K (Ibs/in2¡ - Bi-linear approach

Bridge Approach

944.30
1,124.38

Location

Normal Track

BDB Site
K.
wo

K1

ODB Site
K.
wo

K1

748.67
714.11

Table 3.11 Upper limits of dynamic load factors, DLF = L¿/L"

Bridge Approach

290.11
0.08

r,129.26

269.21
0.18

2425.22

Speed (mph)

(a) BDB Site - Test Train No. 2
1 7.25

10 1.29*
30 r.28*
50 1.49*

(b) ODB - Test Train No. 2

Normal Track

196.82
0.21

1,306.88

223.77
0.28

1623.10

Bridge Span 53, 52

1

5

10

1,5

z0
30
40
50

Note: * indicates incomplete information on a test train run.

Approach

r.16*
L.l9*
1.26

7.2s
L.36

r.43
1.39

1.48*

r.23
1,.L7*

1.47
1.67'"

7.77'+

1.16+

1.43
1..23*

r.23
1.40
1,.43

i.65

1.73

7.23*
1,.40

1.86*

1.11+

r.76+
1,.19

LLl+
1.28
1.59
r.45
r.78



Table 3.114 Maximum values of DLF by maximum static wheel loads of cars

(a) BDB Site - Test Train No. 2

Particulars

1.

2.

4.

Locomotive
OTH Car #1
OTH Car #2
Caboose

T-5

Heaviest Static
Wheel (kips)

3L.73
24.68
25.94
7.65

(b) ODB Site - Test Train No. 2

Span 53 Approach Track

Particulars

Maximum DLF

7.15
1.27

r.26
1.49

i.
2.

-).

4.

Locomotive
OTH Car #1
OTHCaT #2
Caboose

1.61*
L.56
r.59
1.60

't Not compatible with other values

Heaviest Static
Wheel (kips)

7.37*
1,.r9

t.24
1.86

31.73
24.68
2,5.94

7.65

Span 53 Approach Track

Maximum DLF

1.30

r.23
1.29

1.48

1.27
1.34
7.25
1.65

1,.25

r.34
1,.45

1.78
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'lable 3.12 Values of maximum shear, moment and deflection for
mid-point of a span per chord

Length
(ft-in)

Sim¡lle Span
11' -3" -14.51 +81.63
1l ' -6" -14.87 +85.53
12, -0 -1_5.55 +93.30

Continuous 'fhree Span Blidge (1'Lt -6y2",

Shear
(kips)

Moment
(ft-kips)

+74.07 +52.92

Continuous Four Span Ilridge (10 ' -0"
-16.83 -19.38

+14.11 +51.96

TEST TRAIN NO. T

-16.42

Deflection
(insxl000ÆI)

Corrtinuous Four Stran Bridge (10 r -0", 12'-0",11 t-3",

-18.00 -13.16 -1140.28

-24.18

-1,860.71,

-2012.78
-2340.6s

17, -6", 11 '-6")*
-908.87

+690.81

Simple Span
11 ' -3' -14.79
11 ' -6" -ß.16
1,21-0' -15.85

Deflectionl
(mm)

+11.54 +58.88

, 721 -0u, 11 r-3," 11 r -8il)+*

Continuous Three SDan Iìridge (11 r-6 Vz',11 t -6', 111-6f)'k

-2.68(-2.LÐ2
-2.8e(-2.32)
-3.37(.2.7t)

-1,.31

+0.99

-899.39
+529.87

Continuous Four Snan llridse

TBST TRAIN NO. 2

-76.74
+ 14.34

-1.2e(-L.04)
+0.08(+0.06)

11 r _8il):k*,:k

-1.eç1.3r)
+0.62(+0.49)

83.20
87.18
95.10

Continuous Four Srran Bridpe

+428.25

-L7.r5
+14.38

-24.62
+53.79

Notes; 1. Dellections are basecl on:

-7897.34

-2052.40
-2386.73

-i8.35
+TL.76

(1,0t-0", 12, -0", LL1-3n, LLr-8")**
-19.62

+52.58

(a) Moclulus of elasticity, E = L.65 x 106 psi
(b) Moment of inertia, I per chorcl : 10,095.04 ina without jack stringers and

= 12,616.30 ina r,vith jack stringers
Values of deflections within parentheses are with I, including jack stringers
One inch : 25.4 millimeters
* Values for midspan 'F* Values for 11 r-3" span
*** Values for 12 '-0" span

2.

3.
4.

-993.03
+703.08

(10' -0",
r4.02
58.61I

-2.73(-1..31)
-2.es(-2.36)
-3.43(-2.7s)

-1.43
+ 1.0L

-1.34(-t.07)
+0.77(+0.62)

-928.36
+536.68

Lzt -0., 11 | -3u, 11 r -gn)***
-1126.86
+436.07

-r.62(-r.30)
+0.63(+0.50)
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Table 3.13 Computed damping coefficient -

Speed
(mph)

i0
30
30
30
50
50

Damping Coefficients (Vo age)

tæft Rail

Mean f = 8.86
Std. Deviation ø :5.50

BDB Site - Span 53

5.92
3.62

10.03

4.83
10.15
18.60

Combined average E : 9.8Vo Std. Dev. o : 5.4

Righr Rail

5.28
6.57
9.65

Table 3.14 Computed Damping Coefficient - ODB Site - Span 52

Test #

13.95
19.19

9
108
108
108
118
i1B

10.9
5.7

Speecl

(mph)

10

i0
30
30
30
30
30
30
,s0

50
_50

_s0

Damping Coefficients (o/o age)

Left Rail

6.3'7

6.74
4.99
8.06
4,74
5.61
8.63
5.11

5.09
5.27

6.68
1.84

Mean Ç =

Right Rail

Std. Deviation o :L34

9.09
6.85
3.91,

5.83
3.20
7.56

Combined average E : 6.2% Std. Dev. o : 1.5

Test #

6.21

23
23

z4B
24B
24C
24C
24C
z4c
25A
25A
25A
25C

5.82
6.6r

6.45
6.r5
r.78



Tablc 4.1 Bridge span data

1. Span length, 1 (in)

2. No. of stringers per chord

-3. Eltèctive no. of stringers per

chor'ri

.+. Nonlinal size of stringcrs

(in x in)

5. Density of Douglas Fir, p

(lb/in3)

6. Weight of track and deck

pcr chord, w (lb/in)

1. Damping coeflicient as per-

centagc of critical damping, f
8. No. of segments/chord, n.

9. Cenrre to centre spacing of

chorrls, d (in)

10. Dis¿. of lst rail to near sicle

chord cl" (in)

lL. Dist. of 2nd rail to near side

chord, d, (in)

72. Modulus of elasticity of Douglas

Fir, E (lb/in'z)

Particulars

T-8

Ballast-deck Open-deck
Bridge, Span 3 Bridge, Span 2

L44.ffi

5

4

8x16

0.34722 x 70'1 0.34722 x tO'1

138.00

4

3

8x16

Notes: (i) Acceleration due to gravity, I : 386.4 inlseC

(ii) One inch : 2-5.4 mm

96.00

9.8

10

60.28

0.97

59.97

96.00

6.2

10

60.97

1.03

60.03

1.65 x 106 1.65 x 106



Table -1.2 Vehicle trains data

Test'l'rain .\..o. I CN #5516 CN #090151 CN #302360 CN #79384

1. BodY mass, M5 (lt)-sec2/in) &L25 534.27 511.80 162.58

2. Sprung mass, Mc associated 69.11 62.25 59.44 15.66

sirh c'ach rvheel (lbsecz/in)

3. Unsprung mass, M¡ associated 11.05 4.53 4.53 4.53

rlirh e¿rch wlìeel (lb-sec2/in)

4. I3Örlv pìrch momenr ol inerria. 1.98x107 1.66x107 1.66x107 0.27x707

t¡.11b-in-sec?)

5. IJ.,,l)' rolt moment of inerri¿. 1.17x106 1.28x106 1.28x106 0.24x106

J¡ llir-in-sec2)
6. \'¿nic:rl spring stitliess,4vheel, 3324.00 11020.00 11020.00 1600,00

Kr r.lb/in)

1. Ì-{:ìlL dist. between truck centers, 204.00 190.25 787.75 164.88

Ir (in)

8. Illli dist. between two rvheel-atle 54.00 34.00 34.00 34.00

sc'ls ol a truck, l1'7 (in)

9. H:rli dis¡. betrveen two u'heel-rail 29.50 29.50 29.50 29.50

¡roints of a wheel-¿xle set, dc (in)

10. Dist. Lretween last ¿de of one 0.00 738.25 82.50 118.50

vchiclc and first aile ol tbllorving

vehicle, ly (in)

Tcsf i'r,ri¡r No. 2 CN #5608 CN #090159 CN #090151 CN #79715

1. Botìv uass, M6 (lb-sec?in) 654.14 481.42 529.50 757.40

2. Sprung mass, Mc associàted 70.62 56.02 67.66 15.10

uirh e¿rch wheel (lb-scc:/in)

3. Uns¡rrung mass. Mu associated 11.05 4.53 4.53 4.53

sith e¿ch wheel (lb-sec:lin)

4. tsorlv pitch momen¡ of inertia, 1.98x107

l¿r ill'r-in-sec2)

5. Body rolt monrenr of inerria, 1.1?x106 1.28x106 1.28x106 0.2Ax1,06

J¡' 1lt'-in-sec)
6. Vertical spring stiffnessÁvheel, 3324.00 11020.00 11020.00 1600.00

K1 llMn)
1. H¡ll rlist. berwcen truck centers, 204.00 190.25 109.25 164.88

l¡ 1in)

B. F{rrll dist. between trvo rvheel-¿rle 54.00 34.00 34.00 34.00

sets o[ a truck, lij (in)

9. llrrli tiist. betrveen lrvo wheel-rail 29.50 29.50 29.50 2950

ptrints ol a rvheel-a{e set, dç (in)

10. I)i¡t. between last ¿rle o[ one 0.00 138.25 82.50 118.50

vchiclc and first ¿rle of following

vc'lticle, ly (in)

Pårticul:lrs

-t-9

l-ocomotive OTH Car OTFI C¿r C¿boose

Notes: (i) 'lhe vertical tlamping constant of vehicle(s), Cy laken as "0" lb-sec/in

(ii) Time step, 
^t, 

used was : 0.001 seconds

(iii) Source of the vehicle trains data ís CN Rail Equipment Depanment



Tablc 4.3 Etfect of train speed - Test
open-deck bridge, Span 52

(a) Predicted maximum loads at wheel-rail interfaces (kips)

Speed
(niph)

T-10

Train

I
10

30
50

Leti Rail

(tr) Prcdicted maximum vertical displacements (mm)

No.2-Mid-pointof

31.74
32.24
33.68
40.30

Right Rail Average

Spced
(nph)

3t.45
32.2r
34.31
40.33

I
10

30
50

Leti Rail

3L.59
32.22
34.00
40.32

(c) Prcdicted maximum and minimum accelerations (g)

4.40
4.49
4.56
5.20

Right Rail

Speecl

(mph)

4.42
4.46
4.57
5.22

1

10

30
50

Maximum

Average

Leti Raii

+0.19
+0.45
+7.7I
+3.10

4.4r
4.48
4.53
5.21

Minimum

-0.19
-0.43
-1.60
-3.03

Maximum

Right

+0.06
+0.46
+1..49
+3.69

Rail

Minimum

-0.05

-0.42
-r.44
-2.89
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Table 4.34 Efï-ect of train speed - Test Train No. 2
ballast-deck bridge, Span 53

(a) Predicted maximum loads at wheel-rail interfaces

Speed
(mph)

7

10

30
50

Leti Rail

(b) Predicted maximum vertical displacements (mm)

3r.78
32.15
-t-t. t I
36.47

Right Rail Average

Mid-point of

Speed
(mph)

37.25
32.76
34.94
36.68

(kips)

1

10

30

50

3't.52
31..96

34.36
36.58

Left Rail

(c) Predicted maximum and minimum accelerations (g)

3.68
3.97
4.03

4.41.

Right Rail

Speed
(mph)

3.76
4.05
4.12
4.50

1

10

30
50

Maximum

Average

Left Rail

+0.05
+0.23
+0.77
+1.52

3.72
4.01

4.07
4.46

Minimum

-0.07

-0.28

-0.82

-1.47

Maximum

Right Rail

+0.02
+0.18
+0.74
+i.68

Minimum

-0.0s
-0.17

-0.72

-i.50



Table 4.4 EtÏect of train consist - Test Train No. 2 - Mid-point of
open-deck bridge, Span 52, Speed 50 mph

(a) Predicted maximum loads at wheel-rail interfaces (kipt)

(i) Locomotive
(ii) Locomotive and
(iii.¡ Locomotive and
(iv) Locomotive, two

Caboose

Train C-onsist

T-12

(b) Predicted maximum vertical displacements (mm)

1st OTH Car
two OTH Cars
OTH Cars and

(i) Locomotive
(ii) Locomotive and 1st OTH Car
(iii) Locomotive and two OTH Cars
(iv) Locomotive, two OTH Cars and

Caboose

Left Rail Right Rail

Train Consist

46.56

49.22
45.37
40.30

(c) Predicted maximum and minimum accelerations (g)

43.3r
42.64
44.39
40.33

Average

Left Rail Right Rail

44.94
45.93

44.88
40.32

(i) Locomotive
(ii) Lrrcomotive and
(iii; Locomotivc ancl

(iv) Locomotive, two
Caboose

Train Consist

4.04
4.94
5.23

5.20

4.05
4.9r
5.21

5.22

Lst OTH Car
two OTH Cars
OTH Cars and

Average

Left Rail
Max Min

4.05
4.93
5.22
5.2r

+5.22
+6.34
+7.43
+3.70

-4.89
-5.54
-7.80
-3.03

Righr Rail
Max

+6.76
+8.04
+7.32
+3.69

-6.57
-1.0.14

-7.39
-2.89
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Tablc 4.5 Eft'ect of bridge deck type - test train No. 2
- Mid-point of Spans 53 and 52

(a) Average max. predicted loads at wheel-rail interfaces (kips)

Speed (mph)

1

10

30
50

Ballast-deck Bridge
Span 53

(b) Average max. predicted vertical displacements (mm)

31.5i
3r.96

-)4.JO
36.58

Speed (mph)

1

10

30
50

Open-deck Bridge
Span 52

Ballast-deck Bridge
Span 53

31.59
32.22
34.00
40.32

Table 4.6 Eff-ect of low spot at bridge approach
Test train No. 2 - Mid-point of open-deck bridge, span 52
- Speed 50 mph

(a) Predicted max. loads at wheel-rail interfaces (kipt)

3.72
4.0i
4.07

4.46

Open-deck Bridge
Span 52

Low Spot (inch)

0_0

0.5

1.0

1.5

2.0

4.4L

4.48
4.53
5.21

Left Rail

40.30
40.1.6

47.70

44_43

50.s9

Right Rail

40.33

41..76

42.97
44.19
45.41

Average

40.32

40.96

42.34
44.32
48.00
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(b) Predicied max. vertical displacements (mm)

Low Spot (inch)

0.0
0.5
i.0
1.5

2.0

(c) Predicted max. and minimum accelerations (g)

Left Rail

5.20
s.43
6.39
7.4L

8.25

Low Spot (inch)

Right Rail

5.22
5.45
6_41

7.49
8.s8

0.0

0.5

1.0

1.5

2.0

Table 4.7 Ettect of damping coetïcient
Test Train No. 2 - Bridge spans - Speed 50 mph

Average

Left
Max.

+3.03
+3.34
+4.58
+6.47
+8.54

5_27

5.44
6.40
7.45

8.42

Darnping
Coeflicient

Eo/"

Rail
Min.

-3.70
-4.64
-5.47

-7.75
-8.82

0.0
2.5

5.0

Right
Max.

Leti Rail Right Rail

Predicted maximum vertical displacements (mm)

+3.69
+3.34
+4.64
+6.78
+8.93

Ballast-deck span 53

Rail
Min.

6.2
7.5
9_B

4.52
4.71

4.62

10.0

12.5

15.0
20-0

-2.89
-3.78
-s.18
-7.19
-9.36

4.55

4_79

4.72

4.60
4.50

4.49
4.41.

4.35
4.24

4.50
4.41

4.40
4.32
4.25
4.1.6

Average

1.54
4.75

4.67

Left Rail Right Rail

4.55
4.45

Open-deck span 52

5.35

5.24
5.21

5.20
5.18

5.1.4

5.05
4.96

4.45

4.37
4.30
4.20

5.37

5.26
5.23

5.22
5.20

5.15

5.06
4.98

Average

s.36
5.25

5.22

5.21.

5.19

5.15

5.05

4.97



Table 4.8 Ettect of method of numerical integration
Open-deck bridge span 52 - Test train No- 2
- Speed 50 mph

(a) Maximum loads at wheel-rail interface (kips)

Method

Nervmark's-ß

Ht¡ubolt

T-15

Left Rail

(b) Maximum vertical displacements (mm)

40.30

41..1.0

Method

Right Rail

Newmark's-ß

Houbolt

40.33

40.53

Left Rail

Average

(c) lVlaximum and minimum accelerations (g)

40.32

40.81

5.20

5.1.9

Method

Right Rail

Newmark's-ß +3.70 -3.03

Houbolt +1.68 -1,.41

5.22

5.2r

Left Rail
Max. Min.

Average

5.21

5.20

Right Rail
Max. Min.

+3.69 -2.89 +3.70 -2.96

+1.68 -1.41 +1.68 -1..41.

Average
Max. Min.



Table 5.1 Measured versus computed static dísplacements

Ballast Deck Bridge
Span 53 2.40

Open Deck Bridge
Span 52 2.68

T-16

Measured Static
Displacement

(**)

Note: The above is based on:
(1) Calibration tests

(2) Static displacements assuming partially continuously supported spans
(3) For the BDB bridge, the jack stringers assumed to be

participating in carrying the train load

Table 5.2 Percent of the DLF values below 30Vo impact--Loads at wheel-rail interfaces.
BDB and ODB Sites, Test Train No. 2

Computed Static
Displacement

(**)

2.41.

?..65

Partículars

BDB Site

Bridge Span 53

Approach
Track

ODB Site

Bridge Span 52
Approach
Track

Percentage < 30Vo

97.8
80.6
92.7

94.8
96.9
92.1



Table 5.3 Comparison between the
factors, DLF

Spced 40 in.
(mph)

DLFr.rbot

Stat
I
5

10

15

20
30
40
50

^t-t7

computed and measured dynamic loa<i

1.00 1.00

1.00 1.00
1.00 1.00

1..04 1.05

1.08 i.10
1.12 1.13

r.20 1.25

1..28 1,.35

1.36 1..45

DLFAREA

1.00

1.01

1..04

1.08

1..12

1.17

t.25
r.33
T.4l

BDB Site

1.00
1.01

1.05

1.10

1..1,5

1,.20

1.30

1..40

1.50

Table 5.4 Measured rigid body movements (mm) at mid-points of bridge spans

- Test Train No. 2.

DLFM"*ur"d

1.00
1.13

i.15

i,,
r.37

Car

33 in.

Speecl
(mph)

1.00

1.11

1..19

1..24

1.24

Caboose

40 in.

1

10
20
30

50

ODB Site

Left Rail Right Rail

Ballast-deck Span 53

0.71
0.68
0.55

0.50
0.50

i.rt

i.*
1.86

33 in.

1.00 1.00

1.11 1.12

1..12 1..16

r.74 1..r9

1..12 1.17
r.13 r.28
1,.22 1.38

t.25 1..45

1.25 1..35

Car Caboose

0.73
0.70
0.55
0.51

0.45

1..17

r.59
1..42

t.7B

Average

0.72
0.69
0.55

0.50
o.47

Open-deck Span 52

Left Rail Right Rail

1.85
1.74
r.67
1.65
i.50

2.50
2.46
2.45

2.27
2.25

Average

2.18
2.t0
2.06
1.96
1.88



Table 5.5 Ratio of Measured Displacements, Open versus Ballast Deck

Speed (.ph)

Table 5.6 Average dynamic

(a) Ballast Deck Span 53

T-18

1

10
30
50

Ratio

Speed (mph) Average Net Displacement
(mm)

1.05
1.09
1.20
1.44

bending stresses (psi)

1,

10

30
50

Note: Measured static displacement by calibration test = 2.40 (mm) and the
static bending stress : 568.4 (psi)

4.63-0.72=3.91"
4.68-0.69:3.99
4.68-0.50=4.18
4.78-0.47:4.31

(b) Open Deck Span 52

Average Bending Stress
Including the

Dynamic Effect
(psi)

Speed (mph) Average Net Displacement
(m.)

1

10

30
50

926.04
944.99
989.99

1.020.78

Note: Measured static displacement by calibration test = 2.68 (mm) and the
static bending stress = 691.1i (psi)

6.33-2.I8=4.15
6.45-2.1.0:4.35
6.93-1.96:4.97
8.08-1,.88:6.22

Average Bending Stress

Including the
Dynamic Effect

(psi)

1.070.19

1121.77

1281..65

1604-00



Tablc 5.7 Maximum loads at wheel-rail intertàces (kips)
Test Train No. 2 - Midpoint of bridge spans

Speecl
(mph)

(A)
1

10

30
50

(B)
T

10

30
50

Left Rail Right Rail Average Left Rail Right Rail Average

Ilallast-deck bridge, span 53

Predicted

31.25
31.76
3J-t I
36.47

^t-79

Open-deck bridge, span 52

31.78 31.52
32.15 3t.96
34.94 34.36
36.68 36.58

31.74
32.24
33.68
40.30

Table 5.74 Ratios of maximum loads at wheel-rail interfaces (kips), DLF
- Test Train No. 2 - Midpoint of bridge spans

31..45 31..59

32.21. 32.23

34.31, 34.00
40.33 40.32

34.54

35.55
36.04
35.70

34.62
35.60

40.77

3r.20

Speecl
(mph)

Measured

(a) Iìattast-deck bridge, Span 53

34.24

35.00
36.00

33.06
34.1.8

36.04
34.57

Leti Rail Right Rail Average Left Rail Right Rail Average

1

10
30
50

Predicted L¿lL"^nt

1.00

1.02
i.0B
t.17

34.39

(b) Open-deck bridge, Span 52
1 1.00 1.00 1.00

10 1,.02 1.02 r.02
30 1.06 1.09 1.08

50 1.27 r.28 1..28

35.52
35.85

1.00 1.00

1.01 1.01

1.10 1.09
1.15 L.1.6

33.84
34.89
38.41

32.89

Measured L¿lL"^*t

1.00

1.03

1.04

1.03

1.00

1.03

i.18
0.90

1.00

1..02

1.05

1.00

1.03
1.03

L.04

1.00

1.03

7.14

0.98

1.00

1.04

1.09

1.05



Table 5.8 Maximum vertical
Test Train No. 2 -

Speecl
(mph)

(a)
1

10

30
50

(b)
1

10

30

50

T-20

displacements (mm)
Midpoint of bridge span

Ilallast-deck bridge, span 53
3.68 3.76

Left Rail Right Rail Average Left Rail Right Rail Average

Predicted

3.97
4.03
4.41

Open-deck bridge, span 52
4.40 4.42

4.05
4.r2
4.50

4.49
4.56
5.20

Note: lV[easured net displacement is equal to the actual measured displacement less

displacernent due to the rigid body movement, i.e., tightening of the components of a

span and the settlement of support points, etc. The values of the rigid body movements
are given in Table 5.4.

3.72 4.52

4.01 4.55

4.07 4.80
4.45 4-89

4.41_ 4.44
4.48 4.75

4.53 5.78
5.21 6.33

4.46
4.57
5.22

Measured Net

Table 5.84 Ratios of maximum vertical displacements (mm), DDF
Test Train No. 2 - Midpoint of bridge spans

5.5¿

3.41.

3.45
3.72

3.86
3.94
4.1.6

6.07

Speecl
(mph)

(a) Iìallast-deck Bridge, Span 53
r 1.00 1.00 1.00

10 1.08 1.08 1.08

30 1.09 1.10 1.09

50 7.20 1.20 1,.20

(b) Open-Deck llridge, Span 52
1 1.00 1.00 1.00

10 1.02 0.99 i.01
30 t.04 1.03 1.03

50 1.18 1.18 f.i8

3.92
3.98
4.13
4.31.

4.1.s

4.35
4.97
6.20

Leti Rail Right Rail Average Left Rail Right Rail Average

Predicted D¿/D",u*r Measured D/D",.*r

i.00
1.01

i.06
1.08

1.00

1..07

1.30
1.43

1.00
1.03

1,.04

1.12

1.00

1..02

1.08
1.57

1.00
L.02
1.05

1.10

1.00

1.05

1..20

1.49



't-7r

Table 5.9 Maximum and minimum accelerations (g)
Test Train No. 2 - Midpoint of bridge spans

Speed

(mph)

(a) Ballast deck-bridge, span 53
1 Max -0.08

Min +0.07
i0 Max +0.21

Min -0.24
30 Max +0.86

Min -0.82

50 Ma,x +1*37
Min -1.38

(b) Open-deck Bridge, span 52
1 Max +0.19

Min -0.19
10 Max +0.45

Min -0.43

30 Max +I-17
Min -1.60

-i0 Max +3.70
Min -3.03

Left Rail

Predicted

Righr Rail

+0.02
-0.42

+0.21
-0.25

+0.72
-0.73

+1.49
-1..43

+0.06
-0.05

+0.46
-0.42

+L.41,
-1..44

+3.69
-2.87

Left Rail

Measured

+0.75
-1.06

+4.52
-5.18

+4.10
-4.86

t(

-7.00

+0.23
-0.21.

+5.78
-3.63

:i.

*

Nore: {' _+ 10.08 g was the limit set for measurement; these
values exceeded the limit

Table 5.10 Maximum values of predicted and measured dynamic load factors, DLF -

Test train No. 2 - Speed range 1 to 50 mph

Right Rail

+0.08
-0.13

+1.11
-0.81

+5.86
-2.09

+3.16
-4.65

+0.33
-0.38

+3.07
-2.51.
*
2r

Jf

*

Location

BDB Site 1

Span 53

ODB Site 2
Span 52

Predicted DLF
: LolI-",u*,

1.16

Measured DLF
: L¿lI-.,^*t

7.28

1..02

1.14



Table 5.11 Maximum values of predicted and measured dynamic displacement
factors, DDF - Test Train No. 2 - Speecl range 1 to 50 mph

Location

BDB Site
Span 53

T-22

ODB Site
Span 52

Predicted DLF
: Do/D","*,

r.20

Measured DLF
: Dr[D",",,

1.18

1".12

1.57



a)

SBNSITTWI'IES OF MEASURING DEVICES

Test Series #1 - BDB Site - test train no. 1

Channel

I
2

4
5

6

7

B

9

10

1,1,

L2

t3
14

15

r6

Location

M.-L

53-R
53-L
A-R
A-L
T-R
T-L
53-R
53-L
S3-R
S3-L
S2-L
S2-R
A-R
A-L
T-R
T-L

Measurement

Load
Load
Load
Load
Load
Load
Accel.
Accel-
Displ.
Displ.
Displ-
Displ.
Displ.
Displ.
Displ.
Displ.

Unit

Notes: 1. For locations of gauges, refèr to Figure 3.5.

2- Channel #17 was control channel measuring time in seconds.

kipt
kips
kipt
kips
kips
kips
(t
b
ûb
mm
mm

Sensitivity
mVolt/unit

0.10E+00
0.10E+00
0.10E+00
0.108+00
0.i08+00
0.10E+00
0.13E+00
0.iiE+00
0.15E+00
0.17E+00
0.148+00
0.18E+00
0.178+00
0.248+00
0.18E+00
0.17E+00

mm
mm
mm
mm
mm
mm



b) Test Series #2 - ODB Site - test train no. 2

Channel

SBNSITTVITIES OF MBASURING DEWCES

1

2

3

4
5

6

7

8
9

10

1,1,

72

13

1.4

t5
1,6

Location

S2-R
S2-L
A-R
A-L
T.R
T-L
S2.R
S2-L
52-R
52-L

e-n
A-L
T-R
T-L

N2-2

Measurement

Load
Load
Load
Load
Load
Load
Accel.
Accel.
Displ.
Displ.

Displ.
Displ.
Displ.
Displ.

Unit

Notes: 1. For locations of gauges, refèr to Figure 3.6.

2. The channel numbers and gauge locations for the tests done
with locomotive runs were the same as for the test train
no. 1 runs.

3. Channel #17 was control channel measuring time in seconds.

kipt
kips
kipt
kips
kips
kips
ob
ob
mm
mm

Sensitivity
mVolt/unit

0.10E+00
0.10E+00
0.10E+00
0.108+00
0.108+00
0.10E+00
0.998+00
0.99E+00
0.178+00
0.14E+00

0.15E+00
0.i78+00
0.23E+00
0.18E+00

mm
mm
mm
mm



SENSITIVTTIES OF' MEASUTTING DEVICES

c) Test Series #2 - BDB Site - test train no. 2

Channel

1

2

3

4

5
6

7

8
9

10

11

12

L3

t4
15

I6

Location

53-R
53-L
52-R
52-L
T-R
T.L
-R
-L

S3-R
53-L

sz-n
52-L
T-R
T-L

Measurement

l,oad
Load
Load
Load
Load
Load
Accel.
Accel.
Displ.
Displ.

Displ.
Displ.
Displ.
Displ.

Unit

Notes: 1. For locations of gauges, refer to Figure 3.5.

2. Channel #17 was control channel measuring time in seconds.

kips
kips
kipt
kipt
kips
kips
o
¿t

ob
mm
mm

Sensitivity
mVoltiunit

0.10E+00
0.10E+00
0.108+00
0.10E+00
0.10E+00
0.10E+00
0.99E+00
0.998+00
0.148+00
0.14E+00

0.158+00
0.178+00
0.238+00
0.18E+00

mm
mm
mm
mm
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I. / /DYTI{OPN JOB
2. / /srBPt BxBc
3. ,//co.sYsIN DD
{. SJOB HATFIV
5. c
6. C

7.
8.

9.
10.
11.
72.
13.
14.

c
c

c
c
c
c
c
c

'rrrT:26HrIttPPAL'
WATFIV, SIZB:20008

8

UPPAL

PROCRAI{ NAI{E "DYTË'OPN"

THIS PROCR.A}á DETBRT{INBS THB DYNAHIC RESPONSB OF A TI}IBBB RAILROAD
BRIDGB SPAN SUBJBCTBD TO ON8 OR T'PIO FOI'R 4-á,XI,B RÁILH.AY VEHICLBS
(r.8. LOCOHOTTVES oR cARf¡) HovrNo AT A CONSTANT SPBBD.

A5-1

15. C
16. c

17. c
18. C A FOUB AXLE VBHICLB IS ID8ÄL1Z8D AS A RIOID BODY HITI{ TERSB
19. c DEGRBES OF FREEDOI{ I.8. BOUNCB, pfTCH, rrND ROLL ¡{(ffION.
20. C TH8 VBRTICAL SPEINGS A.RE TA-EtsN AS LINBÂR. VEFICLE D.A}ÍPBRS
2L. C ARB TA.EBN AS ZBRO. T'P TO FOUR YEHICLBS EAVE BBEX CONSIDBRßD
22, C IN TËE HATHBH.ATICAL HODBL.
23. C COUPLINC BBTI{BBN THA VEHICLBS ÂRA ASSIJI{BD 1O BB PROVTDBD BY
24. C UNIVBRSAL JOINTS. VBHICLBS I{AT OR }IAY NOT BB IDBNTICAI,.
25, c rHB wHBBtg oF TEE vBHrcLBs ABE Assr.rHBD To ALwAys RaH rN rx coNTAcr

VBHICLB }ÍODBL

26. C
27. c
28. c

29. c
30. c
31. c
32. C
33. c
34. c
35. c
36. c
37. c
38. c
39. c
40. c
41. C
42. c
43. c
44. c
45. c
48. c
47. c
48. c
49. c
50. c
61. c
62. c

53. C
54" C
56" c
68. c
67. C
58. c
69. c
90. c

WIÎH TFA RAII,s OF TEB TB.ACT AT ALL TI}IBS.

BRIÐCB SPAN }IODBL

A LU}IP8D Hå,SS IS A.SST'H8D FOB TEB RATLEOA¡ BRIDOE SPAN.UTEB
SPAN I3 AS8I.J}fBD 1þ BB 3I}fPLY SUPPORTBD AT ITS B}rD8.
BACE CEORD OF TE8 SPÁX IS DIVIDBD IHTO TEN BqUAL SEOHBNÎS
AND DISTRIBUÎED I{á,SS OF THB ÎAACK SYSIBII AfiD CEORD I8
COT{SIDBRED AS CONCBNÎRAÎED AT TEB SEOHBNT CONNBCTIOH POIHTS
(oR NODBSI.
OI{LÏ VBBÎICAL DBORBB OP FRBBDOI{ TS ASsIONBD TO B.ACE NODB.
ALL DISPLACBI{B}TÍ¡ ARE á,Í¡SI,,¡UBD 10 BE S}ÍALL A}¡D î88 EFFSCT OF
ROÎARY IXBRTIA A}TD NON-LTNßARITÍ OF HAÎBBIAT AI3 }TBOI,¡ TBD
IN TE3 ANAI,YsIS.

BASIS OF ANALYSIS

1. FOBÈ{I'LATB 8QUATIONS Or WriOX OF VBTICLE8 AND CEORDS OF SP.AN
As wBLL ¿i ffi.¡eeroxg FoB TE¡ iür¡tsAcrior¡ roec¡s BBTHaBNCEBß A}{D BÂTI.,A.
COHSTB¡JCT HASSTDAHPIHO,AND SÎIFFHBÍ¡8 H¡{,ÎBICBS pOA VBEfCLA
8ODTA8 AND CEOBD8 OF TAB SPAH.
- STTFFNBSS H.ATBTX OBTAI}ÍBD Br I}fYAESIOH OF FLEXTBILITT HATRIX

OF CHORD.
. FI,'NDAIÍB¡{1^AL FREQT'BHCIBA OF CEOBDS OBIAII{BD BY BTOBNVAI,T'B

SOLUTI ON AS SI'HINO FBEB .H.A,B$O}.{ IC VIBBI.AÎIOH8 .
- DAHPINO HA,rBIX FOR CEORDS IA.KEH AS PÊODT'CÎ OF DAI{PINO CO8FF.

,FI'HDAHBHIAL FRSSUBHCTES AND È{ÁAS HÂTBIX.
USING OBMBR.AL COOBDfNATSS FOR HrEgg'STIFFFBSS A}{D LOA¡' CONTRI-
B{'?I@ OF WEESI¡ Pû8IÎIO#. ÁT Â OIV$H SPAH 88CM8HT WAA AÐDED TO .

rBE OVSA.A.LL H.è88,DAPÍPIË0 AHD grxFFHE88 HÂÎEICBA AHD rO TE8

2,.

3.



61.
62.

63.
Þ{.
65.

66.
67.
68.

69.
70,
71.

c
c

c
c
c

c
c
c

c

c

4.
FORCE v8C10R¡t.
TH8 RBSULTINO BqUAIIONS OF }IOIION OF THB SYSTEI{ H3R8 INTBGR,AIBD

USING HEHHARK BBTA HBTHOD 10 OBTAIN DYNÂ¡{IC DISPLACEHßNTS,
vBlocIliBs Á¡iD ACCELBR.AIIONS.
FRol{ NO.4 ÂND THB $TATIC DISPLACBHSNTS, THB DYNA}íIC DISPLT{CB}INT

FACTOR¡¡ WBRB COMPUTBD.

5.

72. c
't3. c
74, c
15. c
?6. C
77. C
78. c
79. c
80. c
81. c
82. c
83. C
84. c
85. c
86. c
8?. c
88. c
89. c
90. c
91. c
92. C
93. c
94. C
95. c
96. C
9?. c
98. c
99. C

100. c
101. C
102. C
103. c
104. C
106. c
106. c
to?, c
108. c
109. c
110. c
111. C
112. c

ll3. c
114. C

116. C

116. c
11?. C
118. C
119. C

SYHBOLS USBD II{ PROCRAH

A5-2

CONTROL SYHBOI^9:

K{l = !; FOB RAADBR
'r(t{2 = 6; FOR PRINTBR
VALTJBS OF XXI AND ffiz HAY BB RB-ASSICNBD FOR READ/WRITE ON TAPB.

IPRNTH = l; !{ASS,STIFFNBSS'AND INìrBRT }!-ATRICBS ARB PRINTED
TPI}I = O;PRINT NODAL VALUBS,=I;PRINT TIÌ{B VALI.,BSI=2;ALSO PRINT

MATRICBS IN DTNA SUBROUTINB AND OTHBR NODÂL VALTIsS.
LCÁ3 = I; FOR ONB VBHICLE; 2, FOR TWO BTC. I,P TO FOTJR VEEICLSS
BPS = SI{â,LL HO. TO T83T WHBTHBR ANY DIAC'ONAL BLB¡{8NT IS ZBBO OR

NOT

BRIDCB SPAN SYHBOLS:

N = ÂCTIVB NO. OF NODAI, POINTS IN A CHORD
ll = NO. OF NOD¿I.L POINTS IN BOTH CHORDS = 2.8N
NP : }{9. OF CHOED SBG¡ÍBNTS ÂFFBcl8D BY WHBBL IÆADS
XPL = LBNGTE OF A SBGI{BNT OF CHORD
AG : ÇPqgg SBCTIONAL ARBA OF A CHOBD
XI : ìlOl{8HT OF INBBTIA OF A CHORD
RHO : ÈlÁ3S DENSITÍ OF HATBRIAL OF CHOBD
RO = WT. OF TRÁCX AND DBCX OF BRIDOB PBR CHORD PBR INCH
B = IÍODULUS OF BI"ASTICITT OF ÈIATBAIAL OF CHOBI)
DC = DAíPfNO CONSTANT FOR BRIDOE CHORD
NDK = TTPB OF BBfDOB DBCE; =O,FOB OPBN ¡{ND:I,FOB BALLAST
C = CBNTBB TO CBNTER DISTANCB BBT. TWO CHORDS
Dl = DISÎÂNCB OF FIBST RAIL TO NBARSIDS CEOR¡)
D2 : DISTA¡{CE OF SBCOT{D RAIL To NBARATDB CËORD

VBEICLAS SYHEOI,g:

SM1,2,3,4 : SPBIINO HASS8S ASSOCIATBD WITE BACE WEBEL OF
vEtrrcl,a Ho.lr2,3 AxD 4 BaspBcTIvBLY

ttHl ,2¡3,4 : INSPRUNO BTASSBS OF WIÍBBLS OF VßHICLBS NO.l'2,3 &. 4
XlfBl,z t3t4 = BODY IÍASSBS OF UBBICLBS NO.lr2r3 &' 4
XJJBIr2,3,4 = BODY PITCH HOIIENT OF IIIIEBTfA.S OF VBBICLBSI HO.lr2'3&4

XJ81 
' 
2, 3 r,{ : ÞDY BOI,L ¡{O+{BNT oF INBATI.AS OF vBHICLBft HO. 1 ,2,3&4

Nw : NO. OF BOLLINO WEBSLS AASOCfATBD WITE VBEICLË æDI88

XL81,2,3t4 = EA¡.f DISTANCBS BBT. TRUCE CENTBBS OF \TBHICLBS 1'?'3&4

881,2,3,d: Hå,LF DISTANCBS BBT. TWO AXLB SB18 OF VEEICLAS 1'2'3&4
BAl'2¡3,4 = HALF DISTANCB9 BB1. R.AIL-WHABL CONTACT POINTS ON O}{8

HIIEBL-AXL8 SBT FOR VBIIICLE 1,2,3 AND 4 BÎC.
NKYl,2r3,4 = \TBBTICAL SPRINO STIFFNBSSBS PBR WHBBL FOB VBg. l'2'3,

120. C Ç11,2,3,4: VBRTICAL D^AHPBßS PBA VBIIICLE 1,2,3&,4 i IA.KBN:0.
t?l. C DIST1,2¡3,â = DISTANCBS BET. LAST AXLB OF FBONT VBHICLA AND FIRST
122. c ÂxL8 0F REAR VEHTCLa BÎC.
1?3. C
L24. C HISCBLLÂ"HEOT.'8 8YHBOLS:



125. c
126. C
t27. c
128. c
129. c
130. c
131. C
t32. c
133. C
134. C

NN: 28N+3ELCAR: H+38LCAI¡ OVBR.ALL SIZB OF AOWS AND COLLJ}{NS
IH RESULTINO H.AÎRICB8 AHD VBCTORS

DT : VALUB OF BACH TIIIB INCRBI{BNT
NINC : NO. OF 1IÞlB II{CRBHANTS
O : ACCBLERATION DUE TO OR.AVITY
VBL = VBLOCITY OF VBUICLB OB TRAIN OF VBHICLBS

135.
136.

13?. c
138. C

c
c

DBSCRIPTION OF THB I}IPLTT DAÎA

139.
140.
141.
t42,

A5-3

- CARD NO. I --------FORHAT: 6(D12.6)

c
c
c
c

143. C
144. c

COLul.fNS : 0l 10 12 ;
:13 1o 24;

. :25 TO 36;

145.
146 .
147.
148 .
149 .

150 .

151 .

--CA-RD NO.

c
c
c
c
c

c

c

coLr.JüNS:01 To l2; cAR BODY ÌIASS =x}l81 ;LB-S8C882/1N
:13 TO 24; SPRING HASS ASSOCIATBD WITH EACH WHBBL:3}I1 ;LB

-SBC8 E 2,/IN
:25 TO 36; UNSPBITNG t{Âgs = HA33 OF WHEBL =uHl ;LB-S8C882,/IN
:3? TO 48; c^ÀR BoDf PIÎCH MO¡.IBNT OF INBRTIA =XLLBI;B-IN-SBCz

:{9 TO 60; C.An BODT ROLL HOIfBNT OF I}TBBTIA :XJBI;LA-IN-gECrs

|!oDULUS OF BLASTICIfi =ß ;LB,/IN882
ACCBLBRATION DUB 1O GRAVIÎY =G ;386.4IN/SBCIt2
}IA3S DBNSITY OF Ì{ATARIAL =RO ;LB-S8C882,/IN

2 -------FoR¡lAT: 6(Dr2.6) ---- SBRIBS oF 4 cA-RDs

752. c
153. c

151. c
155. c
156. c

157. c
158. c
159. c
160. c
161. c
162. c

163. c
164. c

--CARD NO.

col,tiuNs:01 TO 12; VERTICAL SpRINc STIFFNBSS pBR WHEBL =XKyl,L8IIN:13 To 24i ITALF DISTAJ{CB ABTWBBN TRUCK CBNTBn8 =XLBlrfN:25 TO 36; tLALP DIST.AI{CB BBTIüEBN Tr{O WHBEL AXLA SBTS =BBtrIN
:3? TO 48; }IALF DISTANCB BBTWBBN THo wHBELs oN oNB WHBEL

A¡LE SBT =BA1 r IN:49 TO 60; CONSTANT FOR VERTICAI, DATIPBR OF VBHICLS =CTl:61 TO ?2; DIST. BBT. LAST A:LB OF FIRST VBEICLA AND
FIRST AILB OF RBAR VBIIICLE =DI8T1,IN

3 -------FOEüAT: 6(D12.6) ----- SBRIBS oF { cARDs

165.
166.
16?.
168.
t 69.
l?0.

--CARD NO. 4 -------FOB¡{AT: lOIS

c
c
c
c
c
c

col,tÌ{Ns:

177. c
t?2. c
t73.
t7 4.
I ?5.
176 .
t77 "

I 10 5;
6 TO 10;

--CA.8.D No. 5 -------FoRHAT: (3(D12.6),1I4)

c
c
c
c
c

:11 TO 15;
:21 TO 25;

1?8. c
1?9. C

COLUHNS:oI TO 12;
:13 TO 24;
:26 TO 36¡
:37 10 40;

NO. OF ACTIVB HODAL POIHTS =N
FOB IPBNTH=I, HrISS tlATBfX, STIFFNBSS HATBIX AND
I}{YBAT HAÎRIX AR8 PRTNTBD
FOB IPTH:I, I{ATBICBS IN DY}IAL SUBBOUTINE PAINTBD
FOB LCAX:I,OllB VBHICLB AND NOT:Ir FOI,JR VßEICLBS

--CABD Ho. I -------FoRHAT: {gtd,A(Dl,¿.9)}

GBOSS SBCTIOHAL ABA.A OF CEORD :.{Q ,tfissl
LBXOTH OF CHOBD SEO}ÍBNT =ÍPL rIN
HO}f8}¡1 OF IHBRÎIÂ OF CHOED :XI ,INE84
TÍPB OF DBCE =NDE ¡=O FOB OPEN,:I FOB BÁ,LI"å87



180 .

l8l .
182.
183 .
184 .
186.

186.

t8?.
188.

189.
190.
191.
192.

c
c
c
c
c
c

c

COLI tfNS : 0l
:06
:09
: 13
226
237

c
c

c
c
c
c

10 04;
10 08;
TO 12;
TO 24;
TO 36;
TO {8;

--CARD HO. ? -------FOR¡{.A1: (6(Dr2.6l )

193. c
194. c

195. c
196. C
197. c
198. c

199. c

200. c
20L, C
202. c
203. c

204. c
205.
206 .
207 .
208.
209. C
2ro.
271 .
2r2.
213 .
2L4.
215. C
216 .
217 .
218.
219.
220.
22t.
222. C
223.
224'.
225. c
226. C

227. c
228. C
229. c

230. c
23r.

232.

233.

234.
335.
438. c
431 "

NO. OF SBOÌ{BHTS AFFBCTBD BY WHEEL [O¡{DS :NP
NO. OF EOLLIHO WH8BLS ASSOCIAÎBD WIîE EODY :NH
FO. OF lllfB IHCRBT{8NTS =NINC
VÅI,UA OF B CH 1IÈlB INCREII8NT =DT ,SBC
YBLOCITï OF VBHICLA =VBL , IN/SBC
DAI{PINO CONSÎAHT FOR TRBSÎLB SPAN(SCALAX QTY) =DC

A5-4

COLIJI.NS:01
: 13
i25

--CARD NO. I -----FoRüAT: l3zt?l

TO 12;
TO 24;
TO 36;

COLUHNS: I
:49
:9?

C/C DISÎANCB BBTWBBN THO
DISTÂNCB OF IST. RAIL 10
DISÎANCS OP zND. RAIL TO

TO 48;
TO 96;
TO 144:

}'AIN PROGRá,H

FACr(r)
FAcz(J)
FAc3(K)

IÈÍPLICII R8AL88(A-H,O-Z)
coHt{oN,/Br.ocx 1 /xlÁt{Ð I, xL.¡u{D2, ZBTA I, ZBl A2
DrlfBNSroN sB ( 30 , 30 ) , n{AsS ( 30 , 30 ) , FLBX ( 20 t20r , BS ( 20,20 )
DIHSNSIOI{ ntsâ'T{ 10, 10 ) , Fr.prl ( 1o, 10 )

CHORDS :C r IN
NBARSIDE CHORD :Dl r fN
NBARSIDB CHORD :D2 , IN

CALL TNDATA ( B, C, RIIO, H, IPRHTH, AC, XPL, Xr, NP, NH, XINC, DT, ttr8l,, DC,
lNN, KNz r ll, IPTll, LCAR, NDK, n{B l r ut{ l r SH l, XJ JB l r XJB l, X}lBz r lrÌ{2, s1{2,
2XJJBz,XJBz,fiB3,ut{3,St{3'XJJB3,rJB3,XHB4,Ln{4,S}f{,XJJB4,XJB4tXKYl,
3XLB1, BB I, BÂ 1,gYl, DrgTl, rKYz, rLBz, BB2, BA2, CY 2,Dr3T2, XNYS, XLB3, BB3,
48A3, CY3, DrSl3,XXY4 , XLB{ , BB¡1, BA4 , CY4 , DrST4 )

CALL DYN.AL ( N, NN, B, 38, IL, XI, XPL, Bl{O, I PRNTH, n'tAss, ¡rRz r HW r VBL, NP, O t
lDT, NrNC, FLBX, AO, ¡{, DC r rgrÌt,IÆAR, BS,ntSAT, FLBXr, NDK, rl{Bl ,1r}11 ,sHl '2XJJBI, XJB1 r tr!f82, t H2 r gHz, XJJBz, XJBz, Ë83, t ll3, SH3, XJJB3, XJB3,
3xlfB4 , lJÌt4 , sll¡¡ , IJJB4 , xJB4 ,
4XKTI,XLBI rBB1 rBA1 rgT1,Dr81l,nYz,XL82 .BB2,BA2,gr12,Dr3T2,
6XtrY3,XLB3,BB3,BA3,gl3,DrgTs,trY4,XLB4,BB¿I, BA4,CYA,DrST4 )

STOP
END

THIS ST.IBROUTIHB RBADS AND WRIÎB8
THB DYNAHIC ÀNA.LTSIS OF VESICLB

st BRoti'rrN8 INDATA ( B, O, BSO, N, IPRNTH, AO, TPL, XT, }{P, NW T NINC T DT T VSL, DC,

lNN,ffiz,H, rttri{, LCAS¡HDK,n{Bl rlrHl, SHl ,XJJBl ,XJB1 rF{82 ,Uþ12 r8H2,IJJB2 '
2XJB2rXl{B3,uH3rgH3rXJJB3,XJB3,AnB4rLtH4,SH4,XJJB4IrXJB4rtrKfl ,XLril ,B8l

3, BA I, CTl, DI STl, KÍ2, XLBz,BB2 rE,A?, gI 2,DLf3TZ, KY3, XLB3, BB3 r BA3' gT3'
4Dr813 rXET4 rE B4,BB4[,BA4,gT{ rDr314 )

IHPLICIT BtsALE8 ( A,-E,O-U )

ALL INPUf DAÎA NBCBSSAEY FOR

- SPAN SYSTEII



238. co+rÌ'oN,/BLÆcE t./xL"AHDl,ILAHDz,ZBTAl .2BT^2
239. C
24O. ßCEI=S
241. KÃ2=6
242. C
243. C INPUT OF OBNEEAL DAÎA
244. C
245. C 8E88 READ CAAD NO. 1 8888
246. c
247 . RBAD(EXI,lo)B,O,RO
248. 10 FORr{.aÎ(6(D12.6})
2{9. wRrlE(U2,20)
250. 20 POR¡{.AT( llfl ,11,20X.,'E88 PROIOR¡{H INPl,It DATA 888' /// ' sEs (rNITg ARB IN

251. I ÞíILLr¡áBTBRS,POINDS ÁND SBCONÀ9 UNLBSS OTIISRWTSB STATBD 888' ll
252. wRITB(KX2,30)B,O,AO
253, 30 FORI{AT(lOX,'ÈþDULUS oF BLASTICITY =',D14.6./10X"CRâVITY ="Dl4.6/1
254. 10X, 'DBNSITY :',014.6//)
255 . RHO=RO./G
256. c
257. C DATA RBLATED TO EAILHAY VEHICLB(S)
258. c
259. C 8E88 RBAL CAnD 3BBI83 NO. 2 8888
260. c
261. RBAD(EÍlr10)XHBl,tHl,glllrIJJBl,xJBl
262. RBAD(XI(1,10)rNBz,tl{2,3t12rXJJBz,XJB?
26 3 . RBAD(EX1 , lO)XlfB3,t l{3, S}13,XJJB3, NJB3
264. READ(EX1,l0)XHB4,tH¿¡,Sì{4,XJJB4,XJB4
265. WRrlB(E(2,40)nßl,tn{l,3Þt1,XJJBl,XJB1
266. WRrrB(92,{0)X}fB2,tttz,S}tz,XJJB2,XJBz
?67. WRrrE(ffi2,40)FlB3,ut{3,3}t3,IJJB3,XJB3
268. WRITE(KXz,40)XHB4,ulll,gll¡l,XJJB¡I,XJB¡I
269. 40 FORüAT(1OI,rCÂB BODY IIASS =',Dl4,61lON., 'UNSPRUNO !{ASg ="Dl4.6,/f 0X

A5-5

270.

271. 24.6/',1
2',12. C
273. C 8888 RBAD CA-RD SERIBÍ! NO. 3 8888
274. c
215. RBAD(ffi1,10)Xffil,XLBI,BB1,BA1,CYl,DrST1
2',16. RBAD(ffil,lOlxKÍz,XLBz,BB2,BA2,CY2rDr812
277, READ(KX1,10)ttrT3,XLB3,BB3,BA3,CY3,DrS13
278. READ(rß1,10)nY4,rLB{,BB4,BA4,gY¿[,DrS14
279. WRrrE(ffi2r50)rrÍ1,XL8l,BBl,BA1,CYl,DrSîl
28O . lrRrTB (K2, 50 )rtrYz,ILB?,g82,8A2, gYz , Drglz
281. HRrlE(tr2,60)XXT3,XLB3,BB3,8å3,CT3,DrST3
282. WRrrE(¡rK2,50)XET{,XLB¡',BB4,BA4,CY{,DÏSTA
2A3. 50 FORH.AI(lOX"SPBINO STIPPNBS8 =',D14.6/l0X"HLF DIST TBK CRS :',Dl4

1,' SPRUNG }ÍASS =' rDl4. 6/10X,'PITCH HOf =' rD14. 6 / LOX,'ROLL HOI = 

"Dl

284.

245.

286. 30 VBEfCLBS =',D14.6/,/)287. c
288. c coD88 POR YABIOUS O{.rI?Ur CONÎROL OPTIOHS
289. c
290. c 8888 BEAD CARD NO. 4 888E
291. c
292. BBAD(ffil ,70 )H, rPBlfrH, rI|m, LCAR
293. HBrrB(ffiz,60)N,rpB}{n{,rPm,LCAR
294. SO FORHAT( lOX, rHO OF ACf XOD ¡|f8 =' ,tI'/tOZ¡ 'IPRNTH=I;FOE PRINt =' ,1I

1.6/10X, 'HLF LEI{OT!| OF WIIBBL BASB ="D14.6/10X"gLF DIST BBT lVO wH

2BBLft =' ,Dl4.6,/10I, 'VBHICLE DAHPINO COHSÎ =' ,Dl4.6,/10X"DIST BBT TW

296.
296.
29',1 .
e98.
&g@.
300. c

16/l0Xr'IPFH=2¡FOB PBIMf HAmIcBs IN DïNAL ="115l10X,
2'Lû,AB=LTFOR O$B CÅ8 =' tlÍ6/l)

?0 FoBaAT( 1016)
H:?8N
HN=å{+3EIÆAB



301. c
302. c
303. c
304. c
305.
306.
30? .
308.

309.
310. c
311. c
3t2. c
313. C
314. c
315.
316.
3l?.
318.
319 .

320.
321 .
322.
323.
321.
325. c

A5-6

DAÎA RBLATAD 10 ÎIXBBB BRTDOB SPA.!{

8888 READ CARD ÀtO. 6 8888

REÂÐ ( EEl, 80 )Aû.¡PL,¡i ¡ I{DE
80 FoRH.Al( 3(DI2.6), tI4 )

rrRrrB ( Exz r 90 ) Ao, rpL. lr , HDE
90 FoRHAT( lOX, 'X-9BCTIONAL ÁnBA OF CEORD :',D14 ,6/tOY.r,SEO}{ENT LBNCTH

1 =',Dll!.6/10X, 'HOI OP CHORD =¡,D14.6/10X, 'TypE OF DBCK =' ,ll4//'t
DATA FOR DYNAL SUBBOTITINB

8888 RBAD CA¡D NO. 6 8888

RBAD ( XXl, 1OO ) NP, HW, NINC,DT, VBL, DC
WRITB ( }ß2, I 1O ) NP, NH, NINC, DÎ, VBL, DC

100 FORH.At( 3I{,3(DI2.8 } )
110 FORHAI(10X,'HO. OF SBCMBNTS =',I14,/1OX, 'NO OF WHBALS =',ll4l/l0X¡

.l'NO OP TIHE INC =',I14ll0X¡'VALUB OF TIMB INC ='rDl¿t.6/lOX,,VBI¡CI
2TY OF VBHICLE ="DI4.6/10X, 'DAÌ{PINO CONST OF SPAN =' ,D14.6//l

IF(LCAR.EQ. I ) Xw:8
IF(LCAR.Eq.2) NH=16
IF(LCAR.8Q.3) NH:24
IF(LCAR.Bq.{) Nw:32

326. C 8888 RBAD CA-RD NO. 7 ssss
327. c
328.
329.
330. 120 FORI{AT(10X,'CC DIST BST TWO CHORDS :,,Dl4.6,/10X, 'DIST BBT IST RAIL

331 .
332.
333.
334.
335.
336.
337.
338.
339. C
340. c

READ( EX1 , 10 )C, D1 r D2
wRrTr( Iß2, I 20 )c,Dl, D2

lA¡{D NS CHORD =',D14.6/1OX,'DIST BBT zND RåIL AND NS CHORD =,r2D14.6/ll
XLAlfDl =D1,/C
II^AHDZ= I . -XLAHDI
Zß1Al=D2/C
ZBTA,2=t. -ZBTÂl
RBÎURN
8ND

341 .
342.
343.

c
c
c

344. c
345. c
346. c
347. c
348. c
349. c
350. c
351. c
362. c
353. c
354. C
355. c
366. c
35?. c
368. c
369. c
360.
361 .
362.
363.
364.
365.
388. c

THIS SI,'BROUTINB COMPUTES lHB
BRIDGB SPAN Dt'B TO VBSICLE .

XHASS(NN,NN) : OVERALL HASS H.ATRIX OF lwo cHORDg PLUS COHTRIBUTION
OF VEHICLB BODIB8

t{ftAf(N,N):
SB(IIN,HN) : STIFFFBSS HATRIX OF C¡IOBD
FLE¡(H,H) = FLBIIBTLITY HATEIX
DAIIP(H,H) : DAHPIHO HATRIX OF CHORD ONB A}{D THO
B3(NN,NN) :
FIJ(I(N'X) = '

EIOV(N) : BIOB$VALI'A{¡ FOR ONB CEoR.D
sv(l{) : DBAD LOAD SEBÂR FORCE \rBCTOR
BÈl(H) = DBAD LoAD BBNDINO tlO¡tBNT vBcTOR
Y(NW) = DIST. OF A PARTICULAR WHBBL FBOF{ THA OBIOIN
FB(HN) : BXTERNAL FoBcB vBCToR
DBLTA(N'N) = FLBXIBILITY ÞIATRIX OF ONA CHOED

SI.ISROUTINB DTNAL ( N, }{N, E, SB, XL, XT, XPL, RHO, I PBHTH, XHASS, KÃ2, NH, VBL,
lNP, G, DIrNINC, FI.lrT,ÂOrHrDC,Irr[?{r IÆÂR, 88,n{SAT, FLBXI ,}tDKr&{B1rUHl,
2 gMl, XJJB 1 r XJB l, XHBz r VHlz, gr42, XJJBz, XJBz, IHBS, UH3 r 8H3, XJJB3, XJB3,
3XHB4, t H4, Sl{4,XJJB¿i,XJB4,
4XKf 1, XLB1, BBl, BÅ1, gÍ1, DI8r1, Wyz, rLg8, BB2, BA8, gy8, Dr8?3, MY3,
5xLB3 , BB3 ¡ BA3, Crs, Drgl3 rXKT4, XL84, EE4 , 8Â6 , Cy4, DrET4 )

DTNAHIC RB8PONSB OF RÅILROAD ÎI}ÍBßR
8PAN INTBRÁCTION



367.
368.
369.
370.
371 .
372.
3?3.

3?4.
3?5.
3?6.
377.
3 78.
379.
380.
381 .

382.
383 .
384 .
385.
386.
387.
388.
389.
390.
391.
392.
393.
394.
395.
396.
39?.
398.
399.
400.

ITIPLICIT R8AL88 (A-H, O-Z)
coüttoN,/ Bt,ocE l,/XLAHD I, XLA¡ÍD 2, ZBÎA l, ZBT A2
INTEGBR pACl ( 32 ) , FAC2 ( 32 ) , FAC3 ( 32 )
DIHENSION SB(NN,NN),XltAss(NN,NN),y( 32 )
Drt{BNSroN FLEX(tt,t{),Bs(H,H),XHSAT(N,N},FLBXI (N,N)
DI!{BNSION DA¡lp( 30, 30) ¡FR(30),SBT(30, 30),X¡'åSST( 30, 30)
DTHBNSTON Uo( 30),Vo( 30 ),AAO( 30),tru( 30),V( 30 ),AC( 30 ),US ( t8 ),DDF( 18)

Dn{BNSION 3V( 18),B}f( 18),BICV( 10) TFRBQ(20),FF( l8)
DATÂ BPS./O.ID-O{/

c
c 8û8r READ CARD S8RI3S NO. g ssss
c

100 RBAD(5, 120) (FAC1(I),I=1,32)
RBAD(5, 120) (FACZ(J),J:!, !2¡
RBAD(5, 120) (FÂc3(E),K:1,32)

120 FORtrÂTl32r2l
c
C INITIAL DISPLACEHBNT AI.¡D VELOCITY VBCTORS
c

DO 140 J=l,NN
Uo( J ) :0.

140 vo(J):0.
Uo( 20 ):+0.0008 I 10
rF(LCAR.8Q.1) co To 160
Uo( 23 ) =-0.00243?3
IF(LCAR.8Q.2) oo 1O 160
UO( 26 ) =-0.0006963
rF(LcAR.BQ.3) 00 10 160
UO( 29 ):+0.0006{44

160 CONTIHI,JB

A5-7

c
c
c

401 .
402. c
403. c
40{. c
405.
406.

HåSS HATBIX

180 CAI,L xHr,sB(NrNN,AO,trpL,BgOrffi2,IpRNTl{TH,XH.ASS,LCAB,&lflAî,lfDErg8l!

I XJJBI, XJBI, XHB2, XJJ82, XJBz, lO{83, XJJB3, XJB3, ffB¿i, XJJB¿I, XJB¡¡, O )

STIFFNBSS HÂTRIX

CALL STIPF ( N, NN, XI, E, XPL, rKz, H, SB, FLBX, I pRNTt{, DA}lp, 83, LCAB, FLBXI,
lxKYl , xLBl ,BBl , BAl , CY1 ,Ìû(Y2, XLB2, BB2 ,BA2 ,Cy2, try3, XLB3 , BB3, BA3 , Cy3 ,

407. 2xKy4,xLB4,B84,BA4,CY4)
408. c
409. DO 240 J=lrNN
4 10. FR( J ) =0.411. rF(nrA33(J,J).8Q.0.0) OO TO 2OO
412. AAO(J):FR(J)/XlrASS(J,J,
413. co To 220
414 . 200 Aåo( J ):0.
415. 220 CONTINUB
416. DO 240 E=I,NN
417. SBl(J,E)=SB(J,Ã)
418. 240 E{ASST(J,El:XHA88(J¡6)
419. c
42O. c BroB}{vAtrrES 8OLI.¡TION FOB NATUBAL FRBQUEXCIBA
421. c
422. CALL BIGBII(Fr.nyI,n{sAT,N,N,'EpS,BICV,rcR2, IPBNTH)
423. c
424. DO 280 K=lrH
425. 260 FRBQ(E):l.cDSQRî(EIcv(1))
426. 280 CONTINI'E
427. DO 300 J=l¡N
428. JJ=J+H
429. 300 FRBQ(JJ)=s¡¡q1¡¡
430. c
431. C D.A}ÍPINO HÂ18IX
432. c
433. æ 320 Ials&l
434. rc 3?0 JsX¡&l



{36.
{36.
437. c
438.
439.
440.
441 .
442.
443.
444.

445.

{46.
447.

448.

A5-8

DAHP( I, J ) :DIåSST( I, J I sPRBQ( I ) sDCs2.320
340 COHTIMT,IB

rF{NDS.BQ.0) Co
IF(NDÍ.8Q. I ) GO
GO 10 430

360 WRITE ( Kß.2,42Ol
e'O 10 /830

3?0 WRITB(H2,400)
400 FoRl{ATllldl,// 'zox,t ssss x}lNAl{rc REspoNsB oF Tr}fBER RATLRoAD BRrDc

23 ts ' //l
420 FORI{AT(IHI ,//,20X,' 8t88 DYNA.}4IC RESPONSE OF TII{B8R RAILROAD BRIDO

lB 8E88'//30X,' 888 BALL.Af¡T DßCK sss '///29x,' s8 ouTpuT Âs FoLLow

23 88 '//)
430.coNTrNu8

T=0.
XL:(N+1)8XPL
VLI :2. 8 ( XLBI+BBl ) +DIsTl
Y'u2 =2. 8 ( XLB2 +882 ) +DIS12+vL I
YL3 =2. I ( XLB3+BB3 ) +DI813+VL2
vLA=2. 8 ( XLB{+BB{ ) +DISl{+VL3
IF( LCAX. EQ. I ) XLl=vLl,/XL+1. 5
IF( LCAR. BQ. 2 ) XIT=VL2/XL+1. 5
IF( LcAÌ. 8Q. 3 ) XLT:VL3/XL+l ..5
IF(LCAR. EQ. 1 ) lLl=VL4,/XL+1. 5

START OF TII{8 INTBORATION

lB 8t88'//1OXr' sss OpBN

449.
450.
451. c
152,
453.
154.
455.
456.
457 .
458.
459.
460.
461.
462. c
463. c
464. c
465. c
466. C
46?. c
{68. c
469.
4?0.
471 .
472.
{?3. c
4?{. C
4?6. c
4?6.
417.
478.
4?9. c
480. C
481. C
482.
483. c
48{ .
485.
486.
487 ,

488. c
489.
490. c
491 .
452.
493.
494.
496.
496. C
4s1 ,
498.
499.
600.
601 .

10 360

DBCN 88t '///28X, ' 88 OUTPUT AS FOLLOW

ICOLrl¡T = DYNAHIC DI8PLÂCBI{8NT FOR CHORD
JCOIINT = STATIC DISPLåCB!{ENT FOR CHORD
HCOITNT = LOAD AT WHEBL - BAIL INTBRFACB
NU}IA 10 sET THB HRIÎB INTBRVAL A1 EYBRY 'NKN" VALUE

ICOUNT=O
JCOIJNT=0
IICOLJNT:0
NlJl{B=0

CONTRO¡¡ OF WRITB INTBBVT WHBBL-RAIL INÎBRFACE

DLTX=VELsDT
NXN:2
DLXX= 2 . 8DLTX

THB BIO TIMB I.OOP BEOINS 8EE888

DO 5040 J=1,NINC

ICOUNT: ICOT,NT+ 1

JCOUNT:JCOIJ}IT+ I
HCOUNT:ÈÍCOUNT+ 1

NUHB=HIJHB+1

rF(NrNC.8Q.1) CO TO 820

DO 520 L:IINN
FB( L) =0.
DO 520 E=lrNN
SB(L,E)=3BT(L,K)

520 XHASS ( L,E) :XHAftsl( L,8)

rF(IPTH.NB.2) GO TO 800
WEIÎ8(92 

' 
2400) (rR(K) ,E=l,NHf

DO 640 I:I¡NN
540 WBITE(&KZ, e400) (88{ ¡,K} uKa 1,H}ã }

DO 660 Iel¡HH



502. 560 WRIÎ8(8X2,24001(X|{:{SS(I,E),Ã=l,NN)
503. DO 580 I=lrNN
504. 580 wRrTE(tß.2,?,4001(DÆrp(I,E),K:t,NN)
505. 600 coNlrFr,rB
506. c
50?. 620 T:J8DT
508. E:VBL8T
509. IIL=XIIXL
510. IF(XXL.OT.XLT) 0o To 6000
511. c
5I2. C POSITIONINO OF gg88LS ON CHORD SBGP{BNTS
513. c
514. c VBHICLE NO. 1

515. c
516. Y(1):v8t¡T
517. Y(2):Y(l)
518. T(3):Y(1)-2.sBBl
519. Y({)=r(!¡
52O. Y(5)=Y(1)-2.ExLBl
521. .Y(6):Y(5)
522. Y( ? ) =Y( 1 ) -2. sBBl-2. sXLBI
523. Y(8)=Y(?)
52{. IF(LCAR.8Q.1) C,O TO 6{0
525. c
526. c VEHICLB NO. 2
527. c
528. Y(9)=Y(8)-DIST2
529. Y( 10)=Y{9)
530. Y(11)=Y(9)-2.8BBz
531. Y(12)=T(ll)
532. Y( l3):Y( 9 )-2.8xLBz
533. Y(11):Y(13)
534. Y( 15):Y( 9')-2.8882-2.8xL82
535. Y(16)=T(rs)
536. IF(LCAR.8q.2) cO TO 640
53?. c
538. C VEHTCLB NO. 3
539. c
540. Y(1?)=l(16)-DI3T3
541. Y(18)=r(tf¡
542. Y( 19 ) =f( 1? ) -2. 1BB3
543 . Y( 20 ):Y1 19 ¡
544. Y(21)=Y(1?)-2.tXLA3
545. '{1221=l(11¡
546. Y(23):f1l7l-2.8883-2.EXLB3
51?. Y(2{}=l(lt¡
548. rF(rÆAR.88.3) Co ro 640
549. C
550. c VEHICLE NO. 4
551. C
5õ2. Y l25l=Y (2q ) -DIs14
553. Y( 26 ) =r( t$ ¡
554. T(271=Y(25)-2.8884
s55. Y(28):Y(27)
566. Y( 29 ) =Y( 25 ) -2. sxLB4
557. Y(30)=l(t$¡
558. Y( 3 I ) =r( 251-2.8884-2. EXLB4
559' Y(32)=r(!1¡
560. 640 coNTrNtB
661. C
582. C NODB SBLBCTION T¡OP BECINS E8E8
663. c
564. DO 1900 JJ=lrNP
565. JI=JJ- I
566. JZ=JJ
56?. Xl=XPLEJJ
688. X2=XpLs (JJ_l )
669. Ã=l
670" c
671. c wuEBL gSLggrI@ ¡.@p BgorHS 88EE
g'12" C
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573.
5?,8.
5?5.

577,
5? 8.
579.
680.
581 .

582. C
583.
584.
586.
586.
58?.
588.
589. C
590. C
591. c
592.
693.
69,[.
595.
596.
597.
598.
599.
600.
601 .

602.
603.
604.
606. c
606. C
60?. c
608. C
609.
610.
611.
612 .
613.
611 .

615 .

616 .
61? .
618.
619.
620.
621.
622. c
823. C
624, c
625. C
626. C
627. C
828.

Do l80o JJI{= I , NV
X: -Ã
rF(8) 660,680,680
F^ñt-vr 

^61rÁ¡ ¡-Á@-P¡

FA12:ILAHD2
oo To 700
FAÎ1:ZBTA1
FÂT2:ZBTA2
CONTINT'E

660

680

?00

rF(Y(JJÈr) .01.Xl .OR.Y(JJH) .LT.X2 ) c,O TO r800
X:T(JJt{)-(JJ-1)8XPL
ALPII¡l:X,/XPL
BBTÁ= I . -ALPHA
J3:Jl+N
J4 =J2 +N

A5-10

CO¡íPUTAIION OF CONSTANTS FOR BACH IIATRIX FOR BACH TI}IB STBP

. C1:FAT28FÂ12'BBTA8B81A
C2: FAT2 8 FA12 TBBTAsALPHA
C3 :PAT1 tFAT2¡BBTA8B8lA
C4 = FATl 8 FAT2 8BßTA8ALPIIÂ
C5 : FAT2 8 FAT2 tALPE/{sALPIIA
C6 = PATl 8FÀ12 SALPHASALPEA
C? : FAT 1 t FAT 1 t BBTÂ88814
C8:FAT I I FATI 8BBTAEALPHA
C9 = FAT 1 tFAll tALPEA8ALPHII
C 1 0:FAT2 TBBTA
C I 1: FAT2 TALPHA
C I 2:F411 ¡BBÎA
C13=FATl8ALPHA

colfPUTATroH OF DTSTRTBUIrONS 10 HASS,
LoAD vBcToBft

IF( JJH. 08. 1.AND. JJlt. L8. 8 ) IKY=KYI
IF ( JJll.oB. 9.At{D. JJH.LB. l6 ) IKY=XKÍZ
IF( JJH. oB. 1?.AxD. JJll. LB. 24 ) ffY=XKY3
IF( JJH. OB. 25.AND. JJH.L8. 32) XKY=KY'[
IF( JJt{. OB. l.AND. JJH. L8. I ) ut{=[ft{l
IF ( JJt{.OB. 9.AND. JJI{.L8. 16) Utl=ul{2
IF( JJH.oB. 17.AND. JJI{.L8. 2{} lJl{=[IH3
IF( JJtt. oB. 25.ÁND. JJH.LB. 32) Ull=uH{
IF( JJH. oB. l.AND.JJll.LB.8 ) 3ll=3È{l
IF( JJH.oB. 9.AND. JJH. L8. 16) 8ll=St{2
IF( JJH.oB. l?.^ND. JJH.L8. 24 ) 3H=SH3
IF( JJH. OB. 25.AfiD. JJH. LB. 32l SH=SH4
rF(J1.8Q.0) oo 1o 900

WEBELS O${ CEORD WO. 1

629.
630.
831.
632.
633.
634.
635.
636.
83?.
638.
639.
640.
641 .
842 "843.

TIEHICLS HO. 1

STIFFNßSS I{ÂTBICES .A,ND TO

X]{¡{.SS( J1' Jl ) =Cl8 Iß+IHASS(Jl, J1 )

SB(Jl rJ1 ):Cl¡XÃY+88(Jl 'Jl )

rF(JJH.OT.8) co 10 80o

sB( J1,H+l ) =sB( J1,H+1 l-Cl08gf I
s g i ¡ r, H+ Z ! =se I .l t, rq+ Z ) + ( rtct ( JJH ) sXLB 1 +F AC2 ( JJt{ ) I BB I ) 8 ffiY I I c 1 0

sB ( J l, H+ 3 ) =38 ( J 1, H+3 ) +FAC3 ( JJ¡{ ) 8BA 1 I trYl 8C 10
SB(¡{+1, Jl ) =SB(H+l' J1 }-Clo8lKYl
ss Ì X+ Z, ¡ t i =sS i 

g+2, ¿ f ) + ( r¡Ct( JJH ) BXLB I +FAC2 ( JJH ) 8BB I ) ax-KY I Ec 1 0

8B (H+3, J1 ):sB (H+3, J1 ) +FAc3 (JJH ) sBAl EtrKYl 8c10

rF(rÆAP.BQ.r) Ao To 880

VBEICL& }Ð" ?

IF(JJH.Gt.16) GO 10 8¿0

c

c
c
c



61{. SB(Jl,Èl+¡0)=88(Jl,H+¡[)-Cl0!)ßYZ
6{5. sB(Jl,H+5):34(Jl,!l+6)+(FAcl(JJH}8XLB2+FAcz(JJH)8882)8XKYz8c10
646. SB(Jl,H+6)=88(Jl,H+6)+FAC3(JJt{)8BÁ28XXYz
Eaa d6rs^¡ tl l-oôru¡¡ ll I 

^l^ôHô9tlr ùOlnYltg¡r-OÞ1¡2YltV¡r-VlV.ÄÃ¡é

648. SB(H+5¡Jl)=$S(¡15,J1)+(FACf{JJH)sXLB2+FACz(JJ}l)8882}8XKY2ECl0
649. SB(¡{+6,J1):SB(H+6,J1)¡FAC3(JJH)ag¡Z¡XKYz8C10
650. ÌF(LCAR.88.2) OO TO 880
651. c
652. C VBHICLB NO. 3
653. C
651. 820 IF(JJH.cT.2it) OO TO 840
655. SB(Jl,l{+7)=38(Jl,}l+?)-C108XKY3
666. SB(J1,H+8)=SB(J1,H+8)+(FÂC1(JJr{)8XLB3+FACz(JJH)8883)EXEY38C10
65?. sB(J1,Èt+9)=SB(J1,H+9)+FAC3(JJI{)8BA38XKY38C10
658. sB(¡l+7,J1)=SB(l.l+7,J1)-C108XfY3
659. SB(H+8,J1):$91¡¡18,J1)+(FACl(JJn)EXLB3+FACz(JJH)8883)8}rKY38C10
660. s8(H+9,J1)=SB(lt+9,J1)+FAC3(JJÞt)8BA3EXKY38C10
661. rF(LCAR.Bq.3) C,O TO 880
662. C
663. c VBHTCLB NO. 4
664. C
665. 840 IF(JJH.01.32) C,o TO 880
666. sB(Jl,Ê{+10)=SB(Jl,H+10)-C1osKY¿l
66?. sB(Jl,H+11)=sB(J1,Èt+11)+(FACI(JJHISXLA{+FAcz(JJ}l)8884)8ffiY48c10
668. sB(J1,H+12)=38(J1,H+12)+FAC3(JJ}t)884489Y48C10
669. sB(þl+10,J1):sB(t{+10,J1)-cl0rgy4
670. sB(tl+ll,J1)=SB(ll+11,J1)+(FACI(JJH)8XLB4+FACZ(JJH)8884)89Y48C10
6?1. sB(H+12,J1):38(Èf+12,J1)+FAc3(JJH)88448}rtrY48c10
672. c
6?3. 880 coNlINrrB
674. c
675. FR(J1):FB(.r1)+c108((tl{+sHl80
676. C
611. 900 rF(Jl.BQ.0.oR.J2.BQ.Xp) 0O TO 920
678. C
6?9. XXASS(J1,J2l=C2EUì{+&{ÂSS(J1,JZ)
680. XIIASS(J2,Jl)=CZ8(]H+XHA^SS(J2,J1)
881. C
682. SB(J1,J2)=C28KT+SB(Jl,J2)
683. SB(J2,Jl)=C28KY+sB(J2,Jl)
68{. 920 IF(Jz.BQ.NP) OO Tû 1060
685.. c
686. C VßHTCLE NO. I
68?. C
688. XHASS(J2,J2)=C6sIJH+XHASS(J2'J2)
689. 8B(J2'J2l=C68ltKY+SB(J2'JA)
690. C
891. rP(JJH.OT.8) oo To 9{0
692. 3B(J2,H+1)=SB(J2'Þl+1)-C1lEKYl
693. SB(J2,H+2i=SB(J2;H+2)+(FAC1(JJH)8XL81+FAC2(JJH)8881)8ßY18C11
694. 38(J2,H+3):SB(J2'H+3)+FAC3(JJ'l'i)sBAlEgrlscll
696. 9B(H+1rJ2):$!(¡411,J4)-Cll8¡KYl
696. SB(H+2,J2)=$g(gç2'J2)+(FACl(JJH)8XLBl+FAC2(JJH)8BBl)8gY18Cl1
69?. SB(M+3,J2)=SB(H+3'J2)+FAC3(JJH)SBAlEXIçYl8C11
698. C
699. rF(LCAR.8A.1) OO TO 1040
?00. c
?01. c \rEErcLB No. 2
102. c
?03. 940 rF(JJr{.oT.16) OO 10 960
104, sB(J2rH+4)=88(J2'M+4)-cl18Kf2
?05. sB(J2,H+6):SB(J2'H+5)+(FAcl(JJH)sXLB2+FAC2(JJ¡l)8882)ErKT28c11
?06. sB(J2,H+6)=SB(J2,Pl+6)+FAC3(JJH)8BA28XKYzEC11
1O7. sB(H+4,J2):$g(ga4,J2)-Cl189Y2
?08. s8(H+5,J2)=$l(ga6,Jzl+(FAC1(JJH)sXt'Bz+FÀC?lJJH)8882)EKY28C1l
709. s8(t{+6¡J2):$g(p¡16'J?)+FAC3(JJH)sBAz8gf28c11
?10. IF(LCAR.8q.2) GO 10 1040
?11. C
Ita. c vBErsra No. 3
713. c
7L4, 980 IF(JJH.GT.A4) GO rO 980
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715.
716.
7t't.
718.
7to

720.
721 .
722. c

SB ( J2, H+7 ) :SB( J2,Ìl+I )-Cl I ¡I-Ky3
sB ( J2 

' 
Èl+8 ) =88(J2,X+8)+ (FACI (JJ¡{) sXLB3+FACz ( JJH) sBB3 ) sxKysscl IsB( J2,tt+9 ):sB(J2,H+g) +FAC3 (JJH) sBA3sXTYSrcl I

3B ( H+?, J2 ) =SB(H+?, J2 )-Cl I sxfy3
qP I l*9, J2 ) =38 (ìt+8, J2' + ( FACI ( JJH ) 8XLB3+FACz ( JJH ) sBB3 ) sXKy3 sc I I
!! ! 

¡t+9, J2 ) =SB ( Þl+9, JA I iFåcg ( JJÈl ) s BA3 srKy3 s c I IrF(LcAR.BQ.3) AO To lÕ40

723. c VBHICLE HO. 4
724. c
725.
726.
727.
728.
729.
730.
?31.
?32. c

980 rF(JJH.cT.32) ao Tû 1040
SBI J2, H+ l0 ) =SB( J2,H+10 t-Cl l8xx-yq
sB ( J2, H+ I I ) :88( J2,lt+1 I ) + ( FAC1 ( JJH ) 8XLB4+FACz ( JJÞl ) sBB4 ) srKy4scl IsB ( J2, vt+ 72 | =sB ( J2, H+ I 2 ) +FAC3 ( JJH ) 8BA{ s rKy4 sC 1 I
sB ( H+ l0, J2 ) :gl1¡¡110, J2 )-Cl 1 8u-T4
3B ( ¡{+ I 1, J2 ) :SB( H+ I l, JA ) + ( FAct ( JJÞl ) sXLB4 +FACZ ( Jfi{ ) sBB4 ) sKy{ 8C1 I
SB ( Þl+ L 2, J 2 ) =SB ( H+ I Z, JZ ) +FAC3 ( JJt{ ) s BA{ s fÄy4 sC I 1

733. 1040 coNTIlftJE
731 , c
735.
?36. c
't37.
738. c
739.
740.
'l 41. C

A5-72

1060 IF(Jl.8Q.0.oR.J3.8e.N) oo 1o 1080

XHASS ( Jl, J3 ) =C3sIJH+IHAÉ|S( Jl, J3 )
)G{ASS ( J3, Jl ) :C3stn{+I}tASg( J3, J1 )

'FR ( J2 ) :FR (J2 ) +cl1s ((,H+SH ) sO

11?. sB(J1,J3)=çlssa+sB(Jl,J3)
7-!1. sB(J3,Jl ):Çf,¡sa+sB(J3;Jr)741. 1080 IF(J3.Ee.N) oO To l3¡EO745. c
746, c WHBELS OH CEORD HO. 2747, c
7 48,
719 .
?50.
75r.
7 52.
?53.
75{.
756.
?56.
757.
758.
759.
?60.
761 .
762.
763.
784.

c
C VBHICLE NO. 1

c
ÍHASS ( J3 , J3 ) =C?Et H+XH.ASS ( J3 

' 
J3 )

SB ( J3 r J3 ) =Çf 3SY+SA( J3 | J3 )
c

rF(JJH.OT.8) GO TO 1200
SB ( J3, H+ 1 ) =SB( J3,H+1 ) -Cl28XtrY1
sB ( J3 , H+2 ) =Cl ( JJH) 8xLBl+FACz ( JJt{) EBBl ) 8ffiY18c12
sB ( J3 ,lt+3 ) =SB ( J3 rt{+3 ) +FAC3 ( JJH ) sBAl8xtrYl8Cl2
sB ( H+ I r J3 ) :$l(¡11 I, J3 )-C128XKrl
SB ( Èl+ 2, J3 ) =gB ( t{+2, J3 ) + ( FACI ( JJH ) sXLa I +FAcz ( JJ}l ) I BB I ) sxKrl 8c 1 2
sB (H+3 , J3 ) =38(ll+3, J3 ) +FAC3 { JJH ) 8BA1 8XKrl ECl 2

c
rF(IÆAR.EQ.1) OO TO 1300

c
C VBI{ICLB NO. 2

?85. c
766. 1200 rF(JJF4.o1.16) oo 1o l22O
767 . SB(J3,H+4 ):88(J3rH+¿¡)-Cl28ltryz
?68. gB(J3rH+6)=sB(J3,H+5)+(FACI.(JJH)$XLB2+FACz(JJH)sBBz'tExK'tz8ctz
?69. SB(J3,H+6)=38(J3,M+6)+FAC3(JJPI)8BA28gY28C1?
770, 3B(H+4,J3)=SB(H+¡t,JSl-cl2ExKY2
771. sB(H+6,J3)=sB(H+6,J3)+(FACI(JJH)sxLBz+FAcz(JJH)sBBzlsKfZEClz
772. 3B(H+6,J3):88(t{+6,J3)+FAC3(JJH)EBA2EXKYzEC12
773. rF(IÆAR.BQ.2) 0O TO 1300
7'I 1. c
'l 75. C VBEICLB NO. 3
7?6. C
771, 1220 rF(JJH.01.24) AO 1o 1260
778. SB(J3,t{+?}=gB(J3,H+?l-Cl28lKY3
779. sB(J3,H+8):38(J3,H+8)+(FÂCl(JJÞr)8XLB3+FAC2(JJH)8883)8g'Y38C12
?80. sB(J3,M+9)=88(J3,H+9)+FAC3(JJH)89438K138C12
?81. SB(H+? ¡J3)=$S(gç?,J31-Cl28gr3
782. sB(H+8,J3)=88(Þl+8,J9)+(FACI(JJH)8XLBS+FAC2(JJH)EBB3)sgr38o12
?83. 8B(H+8,J3):88(H+9,J31+FACs(JJr4)8ElA38Kr3EC1?
?84. IF(IÆAB.EQ.3' @ rO 1900
?89. c



786. c VBHICLE HO. 4
787. c
?88. 1260 rF(JJH.oT.32) CO 10 l3OO
?Aq an/ l1 v^tñì-eÞi t2 úri^r ^ro.w¡vsl vv, r. t ¡v, _vsl es r¡¡y¡v r_v¡úeÀa¡ t

?90. sB(J3,t{+11):sB(J3,t{+11)+(FACl(JJt{)¡Xl,g¿+FAC2(JJH)8884)sXKy4sCl2
791. sB(J3,H+12)=sB(J3,t{+l?}+FAC3(JJH)EBA4sxry{sct2
792. SB(H+10¡J3)=gg(¡1ç10,JS)-Cl2r:o(y{
?93. s8(ü+11,J3):$l(¡¡+ll,J3)+(FACl(JJH)8XLB4+FAC2(JJÞtlsBB4)8XKy4sC12
79¡{. sB(H+l2rJ3):g!1¡1a12,J3)+FÂc3(JJ}l)sBA4sxKy4sclz
?96. c
?96 . 1300 coNTIì{rJB
197. c
798. FÊ(J3)=FÊ(J3)+C12s(UH+S¡r)eo
799. c
800. 1340 IF(J2.8Q.Np.OB.J3.BQ.N) @ 10 1360
801. c
8O2. XHASS(J2,J3):C4sut{+XtlASS(J2,J3)
803 . XIIASS ( J3 , JZ ):C4sUIt+XltASS { JS , JZ )80{. c
805. ,sB(J2rJ3):Ç{¡ga+88(J2,J3)
806 . SB ( J3 , J2 ) =Qr[ sgy+SB ( J3 , J2 )80?. c
808. 1360 rF(J1.BQ.0.oR.J{.GT.H) Co 10 t380
809. c
810. ÍHASS(J1,J4)=C4s(JH+XFIASS(Jt,J4)
811. XHASS(J4,J1):C¡[stjt{+X}IASS(J4,J1)
812. c
813. 3B(J1,J{):C4aEY+gB(J1,J4)
814. SB(J4,Jl)=C¡[¡gYsSB(J4,Jl)
815. c
816. 1380 rF(J,t.OT.H) cO 10 1500
817. c
818. c VBEICLB NO. I
819. c
820 . XlrASS ( J{ , J4 ):C9gUH+XI{ASS ( J4 , J4 )
821 . SB ( J4 | J4 ) =CgsKY+88 ( J4 , J4 )
822. e
823. rF(JJ¡l .01 .8) CO 10 l{00
824. sB( J4 ,H+l ) =SB(J1,H+ I )-C13sXXy1
825. s8(J4,H+2)=SB(J4,Ìt+2)+(FÂCl(JJÈl)sXLBr+FACzlJJH)sBBl)8XEY1sCl3
826, sB(J4,H+3)=SB(J4,t{+3)+FAc3(JJM)sBAtsXKyl8ct3
827. 3B(l{+1rJ4):gg(¡1al,J4)-Cl3sfKy1
828. sB(H+2rJ4)=g!(¡12,J41+(FAcl(JJH)sxLBt+FAcz(JJÈl)8881)s&.y1rct3
829. sB(H+3,J4):sB(H+3,J4)+FAC3(JJt{)sBArsxl(ylscl3
830. 00 10 l48o
831. c
832. c VBHICLE NO. 2
833. c
834. 1400 IF(JJH.CT.l6) co To 1{40
835. sB(J4rH+4):SB(J4,H+{)-C13sKyz
t99. gB(J4rH+5)=sB(J,t,H+s)+(FAct(JJH)sx¡,Bz+FAc2(JJH)sBBz)sxgy2scl3
83?. SB(J4,H+6)=SB(J{,}l+6)+FAC3(JJÈl)sBAZs:[KyzsCL3
838. sB(Þt+{,J4):sB(M+{,J4)-ct3sKyz
839. sB(¡t+s¡J4):gl(915,J4)+(FAct(JJH)sxLBz+FAcz(JJt{)sBB2)stryzsclg
840. 3B(H+6rJ4):gg(¡4a6,J4)+FAC3(JJtt)sBA2sKy2scl3
841. IF(LCÂR.Eq.2) e'o To 1480
842. c
8{3. c VBHICLA NO. 3
84{. c
845. 1440 rF(JJH.OT.24) co ro 14so
848. SB(J4,t{+?}=SB(J4,H+?}-C13sgÏg
9ll. sB(J4,H+8)=sB(J¡[,H+81+(FAC1(JJH)8XLB3+FAC?,(JJH)8883)8Ky3sC13
848. sB(J4rH+9)=gB(J¿t,r{+9)+FAcg(JJH)sBA3sxKy3acl3
849. 8B(H+?rJ4)=38(H+?,J4)-C13sxtry3
9q0. sB(t{+8,J4}= sB(H+8¡J4}+(FAcr(JJF{}sxLB3+FAcz(JJ?f)aBB3)8trÍ3sct3
891. sB(H+9rJ4)=gg1gag,J4)+FAC3(JJH)sB.438Kf38Cl3
852. rF(LCAR.8Q.3) OO TO 1480
863. c
864. c vEsrcLS Þo. 4
866. c
858. 1460 Ip(JJH.OÎ.3?) @ ro l48o
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857.
868.
859.
860.
861 .
862.
863. c
864.
865. c
866.
86?. c
868.
869. c
870.
871 .
872. c
873.
8?4.
8?5. c

gB( J,l, ll+ l0 ) =38( J{, ¡t+ l0 ) -c13!XKy{
sB ( J4, H+ I I ) =SB{ J¡[,H+ I I ) + ( FACl ( JJH) 8XLB4+pACz ( JJH) sBB4 ) sXKy{ sCl 3
sB ( J4, ¡t+ I 2 ) =SB ( J 4,t1+ 12 ) +FAC3 ( JJll ) 8BA4 sXKy4 sC I 3
SB(lr+ I 0' J¿{ ) =38 (ll+ 10, J4 ) -C13sgY4
sB(H+ l l, J¿[ ] = sB(H+ 1 1, J{ ) + { FAC1 ( JJtt ) sXLB{+FACz ( JJ}l) sBB4 ) srxy{ scl 3
SB ( H+ 12 , J¿l ) =SB ( H+ 12 , J.{ ) +FAC3 ( JJt{ ) sBA4 sX.Ky{ sCl3

I48O CONTIHTJB

FR( J4 ) :FR( J4 ) +cl 38 ( tn{+SH ) 80

1500 IF(J2.8Q.Np.OR.J4.OT.H) CO 10 1600

XH.A8S (J2,J4 ) =C68|JH+XH,{SS ( J2, J4 )
XHASS ( J 4, J2) =C6t(Itl+TÈLASS ( J{, J2 )

SB ( J2 , J4 ) =C6 IXXY+SB ( JZ , J4 )
sB( J4, JZ ) =C6E)[KY+S8 ( J4, J2 )

A5 - 14

876. 1600 rF(J3.Ëq.N.oR.J4.oT.H) CO 10 1700
877. c
878.
879.
880. c
881 .
e82.
883. c
884. r700 coNTINlrB
885. c
886. 1800 coNTrNrrE
88?. c
888. C WHBBL SELACTION LOOP
889. c
890. 1900 coNTIlftiB
891. c
892. C NODB SELBCTION I.POP ,

893. C
89/8. IF(IPIH.HE.2) co To
896 . WRITB ( ffi2, 2000 )896. 2000 PORHAT(2X,'¡íATRICBS

XHASS ( J3 , J4 ):C8 sU}I+XHASS ( J3, J4 )
FT.ASS ( J4 , J3 ) =C88UH+XllASs (J{, J3 )

3B ( J3 , J4 ) =C8sgÏ+sB ( J3 , J4 )
SB ( J4 , J3 ) =C8tKY+SB ( J{ , J3 )

897. lcR TroH. '/,898. DO 2100 f:l,NN
899. 2100 WRITB(tIz,2400) (I}{ASS(t,Ã),Ã=1,NN)
900. DO 2200 I:lrNN
901. 2200 wRITB(92,2400)(88(I,E),8=l,HN)
902. DO 2300 I:lrHN
903. 2300 WRITB(8X2,2400) (DÁ¡rP(I,E),Ã:1,HN)
904. FRITB(ffiz,2400) (fÊ(E),K=1,I{N}
906. 2400 FoRtr.AT(2r, l0(811.4, lX)/10(811.4, lX)/10(Bll.4, lX) )906. 2600 coNlltruB
90?. c
908. C DIRBCT STBP BY STEP INTBORâÎIOÈI

BXDS ItEs

BNDS 88E8

2 500

909. c
910. c

9ll.
9t2.
913 .

AT Tfl8 BND OF B¿,CH 1IÈ{B INCRßH8NT BBFORB INTB

c
c
c

914. c
915. C N8W!'á,RK,S BETA H8ÎHOD
916. cArL INTCBl(JrDT,I{ASS,SBrFR,DAHP,HN,UO,VO,AAO,trurV,AC,Epg)
9l?. c
818. C HOUBOLT }ÍBTEOD
919. c 0ALL INTOBZ ( J rDT, þ{ASg r8B, FRTDAHP, NN, UOTVO, A.AO, ttr,Vr.AC, BpS )920. c
921. C HTLSON IIÍBTA H8T8OD
922. c CALL INÎCB3 ( J, DT rftA88 r SB, FR, D^AÞfp, NN, UO,VO,AAO, lru,VrÁ,C rEp8 )923. c
9?4. C DTXA.HIC DrsptACEHEÞfrE!, V6LæXTIE8, AHD .ACCELEBÁ?ION8
928. c

NOTE: RET{OVE 'C" FBOÞI COL. 1 oF CALL STATEHBHT FoR THB F{BTHoD
OF IHTßORATIO¡I BEINO UsBD.



926.
927 .
928.
929.
930.
931 .
932.
933.
934.
935.
936. c
937.
938.
939.
940.
941. C
942. C

IF( IPîH.8Q. I.AND.ICOTJXT.LT.NINC) OO TO 2520
IF( TCOUNT-NINC) 2610 ,2520 )2620

2520 IF(J.NB.l) OO 10 2680
wRITB ( 92, 2540 )

2540 FORHAÎI /,' 888 DTÏA}IIC DISPLACEI{BNTS,VBLOCITIBS
I tti' / /,
wRITE ( EXz ,2560 )

2560 FORllAl(5X,'TrH¡" l0x, 'DDrsp(5) 
"gx, 

'DDrsp( 1¿[) 

"gx,'AccEL(5) "lSx, tAccBL( 14) 
"8X,'DBLTIHB" 

gX,'DISTANC8" gX,'rXL RåTIO'/)
2580 IF(NUHB.LT.NEX) cO TO 2620

CONVERT DISPL. A}¡D ÂCCBL. INTO ¡I}I ÂND C RESPBCII\¡BLY
l.IU5:ljU( 5 ) 826.4
tIUl{=tIU( l4)825.4
AC5=.{Ç(5)/386.4
ACl4:AC( 14 )/386.4

943.

9,{{.
945.

946.
9{?.

A5-15

c

c
c

c
c

NOTB: RBHOVB "C' FROH THB NBXT AND THB CORRESP. STATBIIBNTS IF ÐISP.

, yBL., ACC8L. AR8 NOT RBQUIRED.

948.
949. C
950. 2600
951.
952. c

00 10 2601

953. c2601 coNTr. c
955.

wRrrB ( ffi2 , 2600 ) T, w5 , wl4 , Acs , ACl4 , J
wRrTB ( !ß2, 2600 )T, tru ( 5 ), lru ( I 4 ), AC ( 5 ), AC ( I ¡t ), J, g, UL
FORI{.AT ( 2X, Dl4 . 6, 2X, D1 4 . 6, 2X, Dl4 . 6, 2X, Dl l¡ . 6, 2X, D I 4 . 6, 2X, 15, 2X,

1D14.6,2X,D14.6 )

956. 2620 IF(Iprã.8Q.1.AìtD.rCOtrNT.LT.l{rNC) CO Tû 26{O
967. ICOLJlft=0
958. 2640 COHTTNTTE
959. c
960. 2660 IF(IPTH.N8.2) cO TO 2?80
961 .
962.
963.

IF ( ùUHB. OB. NKN ) lftjl{B:O

AND ACCBLBRÁTIONS

964.
965. c
966.
967.

c
c
c

968. 2680 rF(J.lr8.r) oO 10 2?40

STATIC DISPL.ACE}IBNTS

969.
9?0. 2?00 FoRHAT( / ,' 8IIICEI{BNTS ssa' / |

CALL STATIC(F!.ETr Þ1, EB,NN, U3,r(2 )

97r.
972. 2?20 FORHAÎ(5X, 'ÎIHBr,10Ir '3ÐISp(5) ' rgX,'gDISp( 14) ',gX,

IF(IPrH.BQ. 1.ÄND.JCO{JùT.Ll.NINC} Co TO 2680
rF( JCOUXT-HrI{C) 2780, 2680, 2680

g',t 3.
974. 2740 rF(t{u}tB.LT.HEN} OO 10 2?60
916.
9?6.
977. C
978.
9?9.
980.
981. C
982.

H'RrTB(ffi2,2?00)

HRrlB(8X2,2720}

I'D8LÎII{B" 8Xr'DISTANC8" 8X,'UL BAlrOr./)

DDF(5f:ulJ(5)/U8(6)
DDF(14):l.ru(1{¡/Us(14}

CO¡TVBRT SIAT. DIsPL. I}TTO Þß
U36:US(6)E26.4
U81{:U8( 14)8?5.4
HBrTB ( EEz, 3600 ) T, Ug6, US I 4, DDF ( 6 ), DDF ( 1 4 ), J
wBrlB (8X2, 2800 )T, U8 ( 6 ), U8 ( l4 ), DDF ( 5 ), DDF ( 1 4 ), J, U, UL
IF(HLjHB. OB.l{ãN I HU}íB=0

983. 2760 ÍF(IpTt{.BQ.l.AND.JCO{JNT.LÎ .NINC) OO TO 2?80
984. J@UNlt:O
985. 2780 Co$'TIHUE
986. C

98?.
988.
989.

c
c
c

9S0. ?800
981. c
988. c
993. c

NOTB: PLASB "C'
I}TTSAFACE

rF(IPTH.N8"8) ff) TO 6020

co¡{p{,¡lATI@ OF WEEBL - &åXL IHTBRS.ACS FO&Css

XX COL.OF TH8 HEXÎ STAIBI{BNÎ IF TEB R.AIL-HHBBL
FO8T8¡' ABE REQUIRBD.



994.
995.
996.

997.
998.
999.

1000.
1001.
1002.
1003.
1004.
1005.
1006.
1007.
1008.
1009.
1010 .
1011.
1012.
lol3.
1014 .

1015 .
1016 .
101?.
1018.
1019 .
1020.
1021 .
LO22.
1023.
1024.
1025.

1026.
to27 .
1028.

c
c,{.LL COHFOR ( N, H, NN, O, lru,.AC, rKyl, uHl, st{ I, xLB 1, BA l, fÄyz, UHz, SÈ{2,

lXL82,BA2,g,Y3'Ull3'SÈl3,XLB3,BA3']CKY4,Ul{{,Sllj¡'ILB¡I'BA4,FACI,FAC2,PAC

23, LC^R, HH, y, XpL I FF, DT, ygt,, Np, J )
c

rF( IpTl{.Bq.l.AND.ÈtCOUkT.Ll .NINC) cO TO 3O8O
rp ( HcouNT-NINC ) 5020,3080, 3080

3080 rF(J.N8.1) C'o TO 4040
!,ttrT8 ( Kxz, 4000 )

4000 FoRü^T( /,' 888 LOADS A1 HHBBL - RAIL INTBRFACES 
'ss ' /'

wRrTB(KCz,4O2Ol
4020 FORHÁÎ( 6X,'TI¡18 

" 
10Xr'CON FOR( 5 ) 

" 
9X,'CON FOR( 14 ) 

" 
9X,' WHBBL NO"

l8x,'DBLTII{B" gX,'DISTA}{CB" gX,'XXL RATIO'./)
4O4O CONTINUB

FFb=FF(S)
FF14=FP( l4)
IF(FFs.LB.0.0.At{D.FFl4.LB.0} OO TO 4080
I{RITB ( BX(z, {060 )T, FFs, FFl 4, J, vy,Ð(L

4060 FORI{ÂT( 2X, Dl 4. 6, 2X, Dl {. 6, 2X, Dl ¡[. 6, 2X, IS, ZX tDl 4 . 6,

A5-16

4 080
5 000

12X,Dl{.6)
CONTINUB
IF( lPT}I. BQ. I .AND.¡ICOT'NT. LT. NINC )
lICOUNT=0

5020 coNlINnB
5O4O CONTINIJB

c
C THE BIO TIHE LOOP BNDS 8S8E88
c

6000 BETUEN
BND

c
c

c
c
c

to29. c
1030. c
1031. c
1032. c
1033.
1034.
1035.
1036. c
1037.
1038.
1039. c
1o40. c
1041. c
LO42.
1043.
1044.
1045.
10i$6.
to41 ,
1o48. c
1049. c
1050. c
105r. c
1052. c
1053. c
1054. c
1055.
1056.
1057.
1068. c
106s. c
1060. c
1061,

THIS SUBROTJTINB CALCULATBS
SPAN INCLUDINO THB BFFBCTS

XÞIASS(NH,NN) = IIASS IIATRIX OF Tt{O CHORDS A-t{D VBIIICLB SpRUNc BODY
NI'ÍSAT(N'N) = I{ASS I{ATBIX OF OHB CHOR"D

ST BROUTINB ntASB ( N , NN, AO, XPL, R.HO, g2 , IPBNTH, H, X!ú{SS , LCAB, )[}ISAT,
I HDE, nßl, XJJB l, XJB 1, ffBz r\J JBz, XJBz, SlB3, XJJB3, XJB3, n{B¡[, XJJB¡I,
zXJB{ , O )

THPLICII RAAL 88(A-9,,O-ZI
DI}{ENSION X}I.ASS ( NN, NN), n{8A1( H, N)

INIIIAI,IZ.ATION OF HAAS HATETX

DO 10 J=l¡l{N
DO l0 E:I¡NN

10 XHA-SS(J,E) =0.
DO 20 I=lrN
DO 20 J=!r!{

20 ntSAl(I,J)=0

DISTNCTIOH BBTWEBN T1CO TYPBS OP BRIDGB DBCKS

co To 5020

È{ASS HATRIX OF Â TIHABR RAILAOAD ERIDCB
OF ¡I¡ESSBS OF \TBEICLB.

FAC = ¡ FACTOR TO ACCOITNT FOR TEB DBAD HBIGHT OF TR.A,CK AND
OF CHORD

FAC = 22.000 LB8,/fN, FoB OPEN DBCK pEB CSORD
FAC = 96.000 LB{¡,/rN, FOR BALLåST DECK pBR CHOBD
IF(NDK.Bq.0) FAC=22.000
IF( NDK. Eq. I ) FAC=96.000
IF(HDE.HE.0. AXD.NDE. N8. 1 ) FAC=ZZ "OOO

FOR¡{I'I.AÎIOil æ TIASS HATBIX OF A CEOEID

DO 40 J:l¡H



1062.
1063.
1064.
1065.
1066.
106?.
1068.
1069. C
1070. c
10?1. c
ro72. c
10?3. c
l0?4.
10?6.
1076.
1o77.
t0?8. c
1079. c
1080. c
108r.
1082.
1083.
108{.
1085. c
1086. c
1087. c
1088.
1089.
1090.
1091.
1092. c
1093. c
1094. c
1095.
1 096.
109?.
1098. c
1099.
1100.
1101.
ttoz.
1103.
1104.
I 105.
1106.
110?.
1108.
1109.
1110. c
1111. C

A5-17

fi^SS ( J, J ) = ( PACIG+AOtRllO ) sXPL
{O CONTINTJB

DO 50 J=l,N
50 ÍÈISAT( J' J ) :E'l¡tSS ( J, J )

fYl Âô -I= I - |l
JJ =J+N

6O Xll^ss ( JJ ¡ JJ ) =X!¡33 1¿, j ¡

INCLUSION OF BFFECTS OF VEHICLB BODIBS

VBHICL¡ NO. I

XHASS(t{+l 'l{+l )=nß1
ICttSs ( Èl+2, H+2 ) :XJJB I
XHASS (H+3,H+3 l =IJBl
IF ( LCAX. BQ. r ) C,O TO 80

VBHICLB NO. 2

XIIASS ( l{+{ ,l{+¡[ ) =n{B2' x¡lAss ( H+ 5, t{+5 ) =XJJB2
t¡lAss (H+6 , H+6 ) :XJB2
IF(LCAR.BQ.2) CÐ TO 80

VBHICLB NO. 3

XH.ASS (H+? , H+7 ) :nlB3
l(l{ÂSS (H+8 ¡ll+8 ):[JJg3
rHASS(¡t+9,u+9):XJB3
IF(LCAR.BQ.3) C,O 10 80

VEHICLE NO. 4

nlASS (l{+ 10, H+ l0 ):XHB4
n{A,33 (Èt+ I I,tt+ I I ) :XJJB4
XHÂSS (H+ 12, H+ I 2 ) =XJB4

80 CONTIII{IjE
IF(IPRNIH.¡r¡.1) c,o To 150
wRITB ( EEz , 90 )

90 FORI{ÁÎ( LHL, / ,30X, 'EEr }1á,3S }Íå,TRIX OF TWO CHORDS
I 888'/)
DO 100 I:lrNN

100
t20
150

tsRITB(8X2, 120 ) I, (E{ASS ( I, J), J= 1, NN)
FOR¡IAT( lX,I2, 1X,10(811.4, lX) / 10 ( Br 1.4, lx ) )
CONTINT'E
RBTIJRN
BHD

1112.

1113.
1114.

c

c
c

1116. C
I118. c
111?. c
1118. c
1119. c
1 120. c
1121. c
1t22. c
1123.
lt24 "Lt25 "1126. c
t127.
11?8.
11e0.

THIS ST,IBBOITrINB CO}IPUTAS TtrB

RÂILROA.D SPÂ$ INCLUDI}¡G TF8

SB(!IN,NH) : OV88.ALL STIFFHESS IIATRIX oF CfloRD oNE AND THo
FLEX(H,H) : FLBÍIBILITY HATBIX FOR CEOBD OlfB Al{D TwO
DB(}{X,XN) : DA.HPINO FIATBIX OF IIBBICLB
88(H'H) : INVBRTBD FLBXIBILITY H.A.TRIX
FLBXI(H'N) = HATBIX FOR STORINO HåTE,IX DBLTÅ(H,N)
DBLTA(H,H) = FLEÍIBILITY HATBTX OF Ot{B CBoRD

SIIBBOU T}{E SÎIFF ( H, HN, XI, B, PL, FFz, H, 3B r FL8X, IPRNTH, DB, BS, LÆAR,
1 FLEXI, ETl, XLB I, BB 1, BA I, Cy l, KyZ, NLB?, BB2, BA2, út 2, Kl3, xLB3, BBi,
2BA3 

' 
CY3, NKY4[, xr.n4 , BB4 , BA4 , CY4 )

IHPLICIT REÂL88 (A-B,O.Z )
DIHBHSIOS FLAX ( H, H ), 8B ( HN, HH ), DB ( NH, NN ), FL8ãI ( N, N ), 88 ( H, H )DrMffigI@ Ir8LlÂ( 9, 9)

STTFFNBSS HÂTRIX OF A CEORD OF A TIHBBR

BFFBCT OF CONSTANÎ PA-BT OF VBHICLE(S).

AND 1¡BHICLE BODY



I 130. c
I13I. C INITIALIZâÎION OF DBLTA AND FLEX ¡IÀTRICBS
1132. c
1133. DO 100 J=l,N
lll¡ M i^^ ?-r rr¡¡vl. w ¡vv a-¡td
1135. T00DBLTA(J,E)=0.
1136. DO ll0 J:lrH
ll3?. DO 110 E:lrFl
1138. r10 FLßX(J,Ã):0.
I 139. DO 120 J:l ¡HN
1l{0. DO 120 E:lrNN
11,41. 120 SB(J,Ã)=0.
1142. c
1143. XL=(N+l)sXPL
1144. CONST=1../(6.secXtaXL)
1145. C
1146. C FLBXIBILITY HÁTBIX FOR ON8 CHORD
1147. c
1148. D 1149. Do 150 E:l,N
1 1 50. A=JIXPL
1161. f:ÃsXPL
1152. B:XL-A
1153. rF(x.oT.J) 0o To 140
1154. DBLT.À(J,E)=xs(xLsxL-BsB-xsx)sBscoNsr
1155. oo To 150
1156. 140 DELTA(J,E):48(XL-X)s(XLSXL-AsA-(xL-X)s(xL-X) )scoNsT
I l5?. 150 coNTIXr,tB
1158. IF(IPBNTT{.}{8.1) cO TO l8O
I I 69. WRITE(Enz,160)
1160. 160 FoRt{.aÎ| /,,8aa PLBXIBILITy HATRIX OF ONB CHORD sss' /l
1 16l . DO l?0 I=l,N
1162. r70 wRrTE(ÃX2,250r(DBLTA(r,J),J=1,N)
r 163. 180 coNTIln B
1164. C
1165. C PLSXIBILTTI HAÎBIX FOR BOTE CHOBDS
I 166. c
116?. Do 200 J:lrH
1168. DO 200 E=lrN
1169. 200 FLAX(JrE)=DBLTA(J,E)
1170. N) 22O J:l¡N
l1?1. DO 220 E=lrN
1172. 220 FLBII(JrE)=FI'FX(¡,9¡
1173. DO 230 J:l,N
1174. JJ=J+[
l1?5. DO 230 E=l,N
1l?6. ECK=E+!{
1L77. 230 FLBX(JJ,&):FLAX{J,E)
11?8 . c
11?9. rF(IPBI{TH.HB.1) oo ro 280
1180. c
1181. C WBTTB O{,.TT FLBXIBILITY H.ATRIX FOR CHORDS
tt82. c
I 183. WRITB(92,240)
1184. 240 FoRHAll l,'a88 FLEÍTBILITT HATAIX FOR BOTH CEORDS 88s'/l
1185. DO 260 I:lrH
1186. WBITB(ÃN2,260)(FLFX(I,J),J=l,H)
1187. e60 FOB¡{ÂÎ(lx,t1(810.4,tX\/11(810..4,lX))
1188. 280 CoNIIHUB
1189. 280 coNTrNnB
1190. c
1191. C SI,IBRO{TTTHB 'IHVBBI" I}ÍYEBTS FL3XIBILITY HATRIX T¡TTP 8TIFP¡{8SS HAïBX
lr92. c
1193. cÀLL IìÍyEBl(DELÎA,¡¡,EXz,IPBNTH)
1194. c
1199. DO 300 I=l¡H
1198. DO 3OO J=l¡X
tt97. 3O0 SB(IrJ):DBLTA(I,J)
1198. DO 320 I:l¡H
1199. DO 3e0 J=l¡H
1200. 320 ¡¡¡(InJ)a8B(t,J)
1301. m 340 JatrH

A5-18



t202.
I 203.
120{.
1205.
r 206.
1207 ,
I 208.
1209.
1210.
1211.
t212.
1213.
12t4.
1215.
12r6.
t2t7 .

1218.
1219 .
t220.
1221.
1222.
1223.
1224.
1225.
1226.
L227 .

t224.
t229.
1230.
1231.
1232.
1233.
1234.
1235.
1236.
L237 .
1238.
1239.
1240.
1241.
1242.
1243.
1214.

JJ:J+X
DO 340 K=l,N
KX:K+N

3¿10 B3( JJ,KK) =83( J,Kl
DO 360 J=l,N
JJ:J+N
Do 360 K=l¡N
f,f,=f,+H

360 SB(JJ,KX)=SB(J,X)
c
c
c
c
c

ADDITION TO STIFFNBSS HATBIX OF CONST CONTNIBUTION OF VBHICLE BODY

VBHICLB NO. 1

3B(H+1 ¡H+l )=8.8XKYl
sB ( H+2 , M+2 ) =8. sXXYl s ( XLBl 8XLB1 +BBl 8BBl )

3B(H+3, H+3 ) =8. sfKYl ¡8Al 8BAl
rF(LCAR.BQ.1) OO To 380

vEHICLE NO.2

sB(M+4,!l+4 ) =8. 8fKY2
SB ( Èl+ 5, tl+ 5 ) = I . s)O(Yz s ( XLBz 8XLB2 + 882 8BB2 )
sB ( t{+ 6 , }l+ 6 ) = 8 . E rKYz I BA2 I BA2
IF(LCAR.BQ..2) co TO 380

VEEICLB NO. 3

SB(H+? 
'H+? ) =8. ErKY3

SB(Ìr+8 rl{+8 ) =8. sEçY3t (XLB38XLB3+BB3¡BB3)
SB(H+9,H+9 ) =8. 8fKY38BA38BA3
rF(LCAR.8Q.3) GO 10 380

vEHrcLE NO. 4

SB (tl+ 10 
' 

Èl+ l0 ) =8 . 8rl(Y'l
sB(H+1 1,Èt+1 I ) =8. sXKY4s (XLB4SXLB4+BB48BB4 )
3B ( lt+ 12 ¡ lt+ 12 ) =8 . 8XKY4 8BA4 8BA4

380 CONIrNUA

IF(IPRNTH.NB.1) GO TO 460
wRrTE ( Iß2 , 400 )

4OO FOR|ATIIÃL /,' 8888 OVBRÂLL STIFF HAÎBIX OF CITORDS AND VBSICLE BOD

lY 8888 '/)
DO 420 I:1rñN

420 WRITE(Bß2, 440lI, (38( I ¡ J ), J=1,!fl{)
440 FOR!{ÂT( lX, I2, lX, 10 (811.4, tX ) /rcßt I .4, lX} )
460 CONTINI.'8

CO+{PUTATION OF DAHPING HATRIX OF VEEICLE

CY : CONSTAXT FOB \TBRTICAL DAÞÍPEE OF .IIBHICLB

THB VALTJB OF CY IS AT PRE8BNT TÁKBH Â8 ZBRO

INITIALTZATION OP "DB" MATRIX

DO 480 J=lrNN
DO 480 X=l,HH

480 DB(J,E)=0.

VBEICLB NO. 1

DB(H+1rM+1)=8.89ï1
DB ( H+2 ,H+2 ) =8. scfl I (XLAI sXLaX +BBl sBBl )
DB (H+3, H+3 ):8. 8CY1 8BÂ1 8BÁ,1
IF(IÆAR.BQ.1} AO TO 600

VEEICLS NO. 2

DB(H+4,H+4):8.ECYA
DB ( H+6, H+6 ) =8. EC33 E (XLEaEELEa+EEâE&AA,

A5-19

c
c
c

c
c
c

c
c
c

I 245.
1248,
1247.
7248.
1249.
1250. c
125r. c
1262. c
1253. c
1264. c
1255. c
r256. c
t257. c
1258.
1259.
1260.
1261. c
1282. c
1263. c
1264.
1265.
1266.
1281 .
1268. c
1269. c
1??0. c
127t.
1272.



1273.
Lz'l 4 .

r275.
t276.
7277.
t218.
L279.
1280.
1281 .
t282.
1283.
128{.
1285.
1286.
1287 .
1288.
1289.
1 290.
r291.
7292.

c
c
c

DB (H+6, H+6 ) :8. tCYz 8BA2 ¡BA2
rF(LCA¡.8q.2) OO 10 500

VBHICLE NO. 3

DB ( H+? , H+? ) =8. tgT3
DB ( H+8, H+8 ) =8. tcY38 ( XL33EXLB3 +BB3 8BB3 )
DB ( H+9, H+9 ) =8. 6CY3 8BA38BA3
rF(LCAR.8Q.3) cO 10 500

VBHICLB NO. 4

DB ( H+ l0 rH+10 ) :$. gC'Y4

DB ( Èl+ I I r H+ I I ) =8. 8CY4 r ( XL84 8XLB,' +BB4 I BB4 )
DB (H+ 1 2 rH+ I 2 ) =8. 8CY48Bå48844

5OO CONTINUE
RBTIJBN
8ND

c
c
c

A5-20

1293. C
t291. C
1295. C
1296. C
1297. c
1298. c

c
c

1299. C
1300. C A(N,N) : TEB ORIOINAL HÅTBIX
1301. C N : ACTrVß NO. OF NODAL POINTS
1302. c B( N, N) : THrS HATRII Is USBD To STORB THB ORIGINAL ¡{ATRIX A(N,N)
1303. C C( N, N) : THIS I{ATRIX Is FoR lHB UNIT HATAIX AsAIFV
1304. C INDEX( N¡ N) = TEIS DOUBLBD-COLUIINBD HATRIX IS FOR K.BBPINO RBCORDS
1305. c
1306 . suBRoulltfB INVBRT(A,N,K2, TPRNTH)
130?. c
1308. IÈ{PLICIT RBALSS(A-H,O-Z}
1309. DII{BNSTOH II{DBX(10,10),A( N, N),8(lO,10),C(10,10)
1310 . c
1311. DO l0? f=t,N
1312. DO 10? J=l¡N
1313. 107 B(I¡J):.{(¡,¡¡
1314. DO 108 f:lrH
1315. 108 INDSX(r,1)=0
1316. II:0
1317. 109 AllÀt:-l.
1318. DO 110 f=lrN
1319. rF(THDBX(r,1)) 110,111,110
1320. 111 DO tl2 J=lrH
1321. rF(TNDBX(J,l)) 112,113,112
7322. 113 TEIÍP:DA.Bg(A( I , J) )
1323. IF(ÎßtP-Arr.rE! ttz,112,114
1324. 114 IROW:J
L325. ICOL:J
f 326. AllÀE:TBlfP
1327 . 1 12 CONIII{I E
1328. 1 10 CoNTIHUB
1329. c
1330. IF(ÂH,A:r) 225,115,116
1331. 116 INDU(ICOL,l )=IRow
1332. rF(rBow-rcol,) 119,118,119
1333. 119 DO 120 J=1r¡¡
1334. TBHP=A(fBOWrJ)
1336. 1348. 123 ÏE{p=A(I,ICOL)
134'l . A(IrI@Ll:O.
1348. DO 124 J=l¡N
1349. 12,4 A(I,J)=A(¡,J)-A(XCOL,JISTBHP
1360. 1?2 CONTINI'E
1391 . c
1362. co 10 108
1353. 126 ICOL=XHDffi(II,el

RBF: COÈIPUTER ¡{-ETHODS IN ÂDVANCBD
INTßXT INTBRNATIONAL PUBLISHSRS -

TEIS SI'BROUTINB IIÍìÍ8RTS TIATRIX OF
BLIHINAîION HBTHOD

STRUCTURAL ÂNALYSIS ,C.K. WANC,
1973 Pcs 353-354.

N 8 N SIZB BY GAUSS - JORDON



r354.
1 366.
1366.
136?.
1358.
1359.
1360.
1361 .
1 362.
I 363.
1364.
I 365.
I 366.
1367.
1368.
1369. c
I 370.
r3?1.
L372.
1373.
r3?4.
13?5.
1376.
t377.
1378.
13?9.
1380.
1381.
I 382.
1383.
1384.
1386.
1386. C
138?. c

1388. c
1389. C

A5-27

IROH: l[Pg¡( ICOL' I )
DO 126 I=l,N
181{P:A(I,IBOW)
A(I,IROW)=A(f'ICOL)

126 A(I'ICOL)=TBHP
II=II-l

225 rF( rI ) 125 ,t27 ,t25
12? CONlrr{r,rB

rF(IPRNTH.NB.l) 0o To 8
wRrTE ( 92, 128 )

128 FORlrAlUlOX., | 1H8 INVBRSB OF TIATRIX
DO t29 I=lrN

129 WRITB ( g2 , 106 ) I , ( A ( I , J ) , J:1 , N )106 FOEHAT( /,I3,5x,10(811.¡,lXi )8 CONTINUB

DO 130 I=l,N
DO 130 J=lrN
C(I,J)=0.
DO 130 K=lrN

f 30 C( I, J) :C( I,J) +B{ I,E) E.q,(8, J)
rF(rPRNTH.N8.1) cO 10 9
lTRITB ( g2 , 131 )

131 FORI{AT( lox, ' THB UNIÎ I'IATRIX './)
DO 132 I=lrN

132 WRITE(842, 106 ) I, (C( I ¡J),J=1,1.{)
9 CONIINI.'B

oo 10 134
115 WRrTB(Bß2,133)
133 FORü.á,T( lX, ' ZBRO PIVOÎ ' )
134 RBTURN

BND

1390.
1391.
1392.
1393.
1394.
t 395.
1396.
139?.
1398.
1399.
1400.
1401.
t402.
1403.
1,t04 .
1406.
1406.
1407.
I 408.
1 409.
1410.
1411.
1412.
1413 .
1414.
1416.
1418.
141?.
1418.
1419.
14?0.
t48t.
1.Sâ8.

')

THTS ST,rBRO{'Î1I}TB CO}IPUTBS THB BIOBN VALI'BS

c

c
SUBROUTINB 8IG8N(U,W,N,NN,DBLTA¡BIOV,TKI, IPRNTH)

I}IPLICII R8AL88 ( A-8, O-Z )
DIHBNSION E(N,N),U(X,N)
DrllENsroH A( 10, 10),ur( 10),tK( 10),TBKP( 10),BrOV( 10)

IF{IPB}¡Itr.NB.1) GO 10 55
TÍRITB(8,205)

205 FOBHAÎ( /10X, 'VBgrOR" '18rAL"5Xr 'BTCBN VALI88"5X,'BTOBN VECTOR
ls'/l

55 COHTINT'E
CA.LL HAlt{UL(U,H, A, l{,NrN }
IIO 10 H=I¡NH
DO 1 I=lrN
UE( I ):1 .
ITBY:O
Hl :H- 1

rP(H-l' 8,5,2
DO 1l 1=l¡Hl
DO 3 J=lrH
UI(J):lJ(¡,¡¡
CALL VæAÎ(UI,V, TE}{PrH rN)
CA.LL VCVC(Tnæ,UrrC,H)
cAtL vgvc ( T8HP, [tE I C8{, H )
C=@lC
CALL SCVC(C, U¡, T8HP, H)
DO S J=lrN
UI(Jl=lJE(J)-rnæ1¡¡
8=1./UI(1)
cALL SCVC(SrUrrUErht)
CALL HÂrVC(A rlrgrÎÐ{P, H, H )
EsÎ&rP( 1l

2

3

I
4
6



r423.
l{2{.
1425.
1426.
1427 .
t428.
1429.

1430.
1431.
t432.
1433.
1434.
l{35.
1436.
143?.
I 438.
1439.
r{40.
1441.
t442.
14,{ 3 .
1444.
1 4,15 .
1446.
t447 .
1 448.
1449. C

1450. c

1451 . c
1452. c
1453. c
1454. c
1455. c

1456. C
145?.
1458. C
1459.
I ¡160.
1461 .
1462.
1463.
1464.
1465.
1466.
146?.
1468.
1489.
1410. c
1471. c

1472. c
1473. c
L474. c
1475. c
1476. c

t477. c
147 8.
l4?9.
1480.
1481.
t482.
1 483.
1484.
1486. c
1486. c

L441. C

A5-22

3= I ../E
CALL SCVC(S, TBHP, UI, N )
DO 6 I=l,N
Ip(DA.B8(UI( r )-uK(I) )-DßLTA) 6,6,8

I rF(IIRY-100) 13,13,6
6 CONÎINUE

CALL Há.11/C(A, UI ,TBMP,N,N)

CALL SCVC ( B, UI , ttK, H )
Do 15 I:lrN

15 TBHP( I ) =TBÈIP( I )-UE( I )

rF(rPR¡{Tll.NB.1} OO 10 56
HBI?E(KN2,204 )H, ITRY, E, UI ( I ) ,T8¡tp( I )

204 FOR!{.AT(/,5\,2I10, 3(815.5) )
WRITB(XXz,206) (UI(I),TEHP( I ),f:2,N)

206 FOR¡|AT( 40X,2(816.5 ) )
56 CONTINI.'B

BIov(ll):1./8
DO 7 I=1rN

7.U(I,Fl):UI(I)
co To l0

13 CALL VCEQ(UI ,IJX,N)
ITRY:ITRY+ I
rF(¡{-ll 6,5,2

1O CONTINUE
RBTTJR¡\I
BND

RBAL I{ATBIX ¡IULÌIPLICATION ( CALCULATBS C:A¡B)
A(¡t'H) : INPUT AB8ÂY 'Â'
B(H,P) : TNPUT ARRAY '8,C(t{,P) : OIIIPUÌI AREAY ,C'

suBÊouTr}{8 I{ATHUL(A, B, C,È1, N, p )

II{PLICIT RBaLrS 1 ¿-g,g-¿ ¡
INÎBGER P
DIHBNSION A( H, N),B( N, p),C( ¡{, p),x( 10),y( 10),z( 1o)
DO I I=tr¡¡
DO I J=lrP
C(I,J)=0.
DO 2 I=lrH
DO 2 J=lrP
DO 2 E=t'P
C( I, J) :.4( I rE) 88(K, J) +C( I, J)
B8T'URN

RBAL HULTIPLICATTON OF ÈlATRIx WIÎE vEcTOB (CAtcULATtsS Z=AgX)
A(H,N) : INPU:I A¡8AY 'A'X(N) = fNPUT vBcToB 'x'Z(Hl = OUIPUT VBCTOB 'Z'

BNTEï HArVC(A,X, Z,H, N )
DO 5 l=1rll

5 Z(I):0.
DO 6 l=trþ
DO 6 J=tul{

I z(I)=A(I¡J)8x(J)+z( I)
RETUBS

HULÎIPLICå?I@ OF 8CÂIAB HIÎH \r8,üf0@ (CAIÆfrLArEa Y=BEBI



1488.
1489.
1490.
1491.

c
c
c
c

r{92. c
1493.
1494.
1495.
I {96.
l{9?. c
1498. C

1499. c
1500. c
l60l . c
1502. c
1503. C

1504. c

I (N ) : IHPUT v'BcTOR 'x'
3 : INPLTI SCAL-A-R 'S r

Y(N) = OUTPUT VBCTOR 'T

ENrBY SCVC(S,X,Y,N)
DO ? I:lrN

7 Y(I):SaX(I)
RBII.'RN

A5-23

HULTIPLICATION OF SCAL!ÀR wIîH HÂTRIX ( CALCULATES B=SaA)
3 = INPUT SCALAR ,g'
A(H'N) = INPUT ARRAY '4,
B(l'l,N) = OUTPUT ARRAY '8'

1505.
1506.
150?.
I 508.
1509.
1510 .
1511.

1512.
1513.
1614.
1615 .
1516.

ENTRY SCI{AÎ ( S,.A, B, l{, N )

DO I I=[,[l
DO I J=lrN

8 B(I,J)=S8A(I,J)
RETI'BN

c
c

c
c
c
c
c

1517. c
1518.
1519 .
1520.
1521.
1522.
1623. c
1624. c

1526. c
1526. c
1527. c
1528. c
1529. C

1530. c
1531.
1532.
1633.
1634.
I 635.
1636.
1537. c
r538. c

1639. c
1540. c
1641. C
L542. C

1543. c
1644.
1646.
1648.
rg4?.
x 648.
1948" c

MULTIPLICATION OF VBCTOR WITH
S : OUTPUT SCALAR
X{N) : INPUT vBcTOR
Y(H) : INPUT vBclOR

BNI'BY VCVC(X,Y,3,N)
S=0.
DO 9 I=l,N

I s=s+X(I)8Y(I)
RBT1JRN

HULTIPLICATfON OF VBCTOB WITU HATRfX ( CALCULAÎBS X=ZsA )
Z(N) : IHPUT vBcToR
A(N,N) = INPti:f ARRAY 'A'I(N) = OLTÎPUT AIPqY t¡r

VBCTOR ( CALCULåTBS S=X8Y )

BNTEY VCttAT ( Z, A, X, H, N )
Do 10 J=lrN
X(J)=0.
DO l0 E=l'H

l0 X(J)=x( J)+Z(E) 8A(K,J)
RATUEX

vEcToR
x(N) =Y(x):

suBgTIfl..rrION ( BQUATBS Y=X )
IHPUÎ VBCTOR
OLTTPUT VBCTOB

EHrtsY VCBQ(X,Y,N)
DO 13 I=1¡N

13 Y(I):x(I)
BSTUEN
EÞ{I)



1550.
r551.

1552.
i553.
155{.
1555.
1556.

c

c
c
c
c
c

1557. c
1558. C INCB = COUNT OF TIIÍB INCREHBNTS
1559. C DBLT = TI¡{8 INCRBT{BNT
1560. C XII(NNTNN) : IIASS ÞTATRIX
1561. C lß(NNTHN) : STIFFNBSS È{ATRIX
1562. C F(NN) : FORCB 1rSCTOB
1563. C Uo(NN) = INITIAL DISPLACBIIBNT vBcroR
1564. C VO{NN) = INITIAL vBLocITY vEcToR
1565. c A¡O(NN) = INITIAL ACCBLER.ATION vBcToR
1566. C W(NN) : DISPLACBIíBNT r¡ECloR
156?. C V(NN) : VBLOCIIT VECIOR
1568. C A(l{N) : ACCBLERATION VBCTOR
1569. C Xc(NN,NN) = DAHPING ¡IATRIX
1570. C f,P$ = S}IÀLL NO. TO TBST WHETHBR ANY DIAGONAL BLB}I3NÎ IS ZBRO OR NOT

1571. C UNl(NN) : SUBSTIÎUTION FOR UO(NN)
1572. c u(NN) :
15?3. c RBF(NN) =15?{. c BF(NN) = EFFBCTIVB LoAD vBcToR
15?5. c ffiB(NN,NN) =15?6. C
1577, SITBROUTINB IHTCRl(INCR,DBLT,&1t,g,F,XC,NN,UO,VO,AAOrUU,V,A,
l 678. 18PS )
15?9. c
1580. rltPLIcIl RBALSS(A-B,O-Z)
1581. DrlfBt{sroÌ{ x}l(NN,NN),g(NN,NN),F(NN),UO(NN),VO(NN),UU(NN),V(NN),
1582. 1XC(NN,¡fNl,A(NN),A.AO(NN),UN1(30),U(30),RBF(30),EF(30),EB(30,30)
1583. c
158,i. IF(INCR.CB.2) OO TO 100
1585. c
1586. C COMPUTAÎTOH OF CONSTÄ¡MS FOR INTBGRÂTION
1587. C VALI'B OF BBÎA IS TA-E.BN A3 0.25
1588. c
1589. ALPHA=.5
I 590. BBTA:. 25
1591. AO=L./ (BBTASDBLTSDBLT)
1592. A1=AÍ,PH¡{/(BBTAsDBLT)
1593. A2=1./(BBTAsDBLT)
1594. A3=(.5/BBTA)-1.
1595. A4=(ALPHA/BETA)-1.
1596. A5:.5sDBLTs( (ALPH.A/BBTA)-2. )1597. A6=DBLTS ( 1.-AIPBA)
I 598. A?=ALPH.ASDBLT
1599. c
1600. C FORHULATIOH OF EFFBCTIVB STIFFNBSS HAT.RIX
1601 . c
1602 . 100 DO 200 J= I , ¡¡¡¡1603. DO 200 E:lrNN
160{. 200 XEB(J,E)=fi(J,E)+AOs$(J,E)+AtsxC(J,K)
1605. c
1606. C COMPUTATION OF BFFBSTIVB IÆAD \TECTOR
160?. c
1608 . DO 400 J= I , tfN
1609. BBF( J):0.
1910. DO 300 Ã=l¡NN
1611. 300 REF(J)=BaF(J)+&{(J,E)8(Aoouqlg¡+Azsvo(E)+.a3sÁ.Ao(K))+xc(J,KrE
1812. r(Ar8uo(X)+A4svo{E)+ASsAAo(K) )1813. 400 BF(J)=F(J)+REF(J)
181¡[ . C
1615. C SOL|ITIOH FoA DISPIACWB$r VtsCTOA AT (ï+DELT.A f )1816. c
1617. CALL 8OLV8(HHrqKErEø,UrKP8!

RBF:INTRODUCTION TO STRUCTURAL DYNA-IIICS, J.Fl . 8ICOg, ÌiCGRAW-HILL
BOOK COHPANY - 1965.
TI{IS SUBROUTINB CARRIES OUT DIRBCT STBP BY STBP INTBCRATION BY
LINEAR ACCBLERATION USTNC N8I{TTARX'3 BBTA !{BTHOD

A5-21



1618. c
1619 . C
1620. c
r62l .
LO¿¿.

1623.
162{. C
1625. C
1626. c
1627 ,
1628.
1629.
1630.
1631 .
I 632.
1633.
1634.
1635.
1636. C
163?. c
1638. C
1639. C

1640. C
1641. C

1642. C

SOLUIIOT{ FOR V8TÆCITY AXD ACCELBRATION VBCTOR

DO 500 J=l,NH
Á I J 

' 
=AL,. I U I J 

' 
-UU( J t t -A¿ë VUI.J 

' 
-AJ4¡r¡{Ut i' ,l

500 V( J ) :vO( J )+4684.ÂO( J )+4784( J )

RBSBTTING DISPLACBI{BNT VECTORS FOR 3BCOND lITf8

DO 600 J=lrNN
UNl (J):Uo(J)
Uo(J):U(J)
vo(J):v(J)
Á.4,o(J)=A(J)

600 (ru(J):U(J)
8OO CONTIHT'B

RETUB¡¡
BND

A5-25

1643.
1644.
1645.

EBF: ÎH¡ COI{PONENT BL8}IBNÎ HBTHOD IN DIrN¿,I{ICS - LA.1rY AND WII,trINSON
- È{coBAw-HILL BOOK CO¡íPANY - 19?6 pCS 17-19
TEIS SUBROUTINB CAFRIBS OUT STBP BY STEP INTBGRAÎION USINO TEB
FINITB DIFFERBNCB BXPATSION BY I{OUBOLT TáBTHOD.

lö.{b. Li

1647. c
1648. c
1649. c
1650. c
r651. C
1652. c
1653. c
1654. c
1655. c
1656. c

1657. c
1658. c
1659. c
1660. c
1661 . C
1662. c
1663. c
1664. c
1665. c
1666.
166?.
1668. c
1669.
16?0.
16?1.
t672. c
1673.
1674. c
16?5.
7876.
tsI7 ,

16?8.
1979.
1 680.
1681.
1882.
1683.
1884.
1686.
1688. c

c
c
c

INCR : COUNT OF TIIÍB INCBB¡{BNTS
DBLT : TIHB INCRBIfiNT

XH(¡r¡r,lrlr, = iIASS ¡YAlBII
rK(NN¡NN) : STIFFNBSS MATRIX
F(NN) = FoRCB vBCToR
UO(NN) : INITIAL DISPLACEHBNT VBCÎOR
vo(NN) : INITIAL yBIOCITY VBCTOB
ÀÁO(NN) : INITIAL ACCBLBRATION trBcTOR
IIU(NN) = DISPL.ACBHANT VBCTOR
v(NN) = VBLoCITT VBCÎOR
A(NN) = ACCELERATION VBCTOR
XC ( NN, NN ) : DAIIPINO I.'ATRIX
BPS = SH.ALL NO. TO TBST WHBÍHER ANY DIACONAL BLBÈIBNT IS ZBRo OR

A1 (T+DBLTA T)

UNi(NN) : SUBSTITUTION
U(NN) =R8F(NN):
EF(NN) : BFFBCTIYE I,OAD
XKB(NN,NN) = BFFBCTIVE
N = ÂCTIVB NO OF NODAL
!l=28N
NN : H+9

suBRourrNB INTCRz( INCR,DBLT,XH,n, F,XC,NN,UO,VO,AAOTUU,V,A,
lBPS )

IÈ{PLICIT RBÂL88 (A-H,O-Z )
DrÈt3l{sroN ft ( HN, }tN ), g ( NN, NN ), F ( NN ), UO ( Nt{ ), VO ( NN ), ltr ( NN ), V ( NN ),

1XC ( NN, NN), A ( NN ), AÂO( NN ), t Nl ( 30 ), U( 30 ), RBF ( 30 ), BF ( 30 ), XEE ( 30, 30 )

rF(INCB.OB.2) CO 10 100

AO= 2. ,/ ( DBLTsDBLT )
Â1:11.,/(6.8DELT)
A2=6. / IDELTSDBLT )
A3=3. /DBLT
A4:-2. tAO
Â5=-43/2.
A6=49¡2.
A7:43/9.
DO 50 J=lrHN
lINl (J) =tþ( Jr -DBLTSYoI( J) +A.qo( J) /Áo

6o U( Jl:tlH1 ( J)+3. SDBLTavo(J,

FOR Uo(NN)

l/BCTOR
SlIFFNBSS ¡.IATRIX
POINTS



I68?. C COT{PUTÂTTON OF BFPBCTIYB SÎIFFNBSS H.ATRIX
1688. C
I 689. 100 DO 200 J: I , HN
1690" DO 200 X:I,NN
1691. 200 XXI(J,E)=ü(J,E)+AOs&l(J,E)+AtsXC(J,N)
1692. c
1693. C CO¡fPUTAIIOH OF EFFBCTI\rB FORCB VBCTOR
1694. c
1695. DO 400 J=I,NN
I 696. RBF( J ) =0.1697. DO 300 K:I,NN
1698. 300 RBF(J):REF(J)+Xt{(J,K)s(.Â2sU(E)+A4suo(K)+A68U}n (K) )+Xc(J,K)s1699. l(A3su(K)+A5suo(K)+A?s(rN1(E))
l?00. {00 EF(J):F(J)+RBF(J)
1?O1. c
I7O2. C SOLUTION DISPLACEHANT 

'ÍBCTOR AT (Î+D8LTA T)
1703. c
I7 04 , CALL SOL1¡8 ( NN , X.KB, BF, tru, BPS )
1705. c
1706. C BVALUATION OF ACCBLBRATIONS AND VBLoCITIBS AT TIÌfi (T+DBLTÁ T)t707. c
I 708. DO 500 J: I , NN
1709. A(J):Ao¡tJ(J(J)-A2sU(J)-A{sUo(J)-A6srrNt(J)
1710. 500 v(J)=Als(ru(J)-A3sU(J)-ASsuo(J)-A?srrxlaJi
1711. C
I7 12. C BBSETTINC VAL¡.'83 FOR HBXT ÎIIIB SÎBP

A5-26

1713 . c
1714 .
1?15.
1?16.
1777.
1?18.
1?19.
r720.
1721. c
t722. c
t723. c
1721. c

7725. c
1726. C
L721. c
1728. c
1729. c
l?30. c
l?31. C

L132. C
1?33. C
173¡l . c
1?35. c
t?36. c
1737. c
l?38. c
1?39. c
t?40. c
1741. C
r7 42. c
r7 43. c
t7 44. c
1?45. c

DO 600 J=I'NN
rJNl (J)=Uo(J)
UO(J):U(J)

600 U(J):UU(J)
8OO CONTINUB

RBTI,.ÍRI{
B}TD

RBF:HBCEÂXICAT VIBRAÎIONS BY S. S. RAO PP486.488 A.DDISON-W83L.RY
PI,IBLISEIHO COà{PANY.

1SI8 STIBEO{'IIXB CAREIBfI OT'T DIRACÎ STBP BT STSP INTBORATION USINO
WII,SO}I IEB'TA HBÎEOD - SHICH A.SAUHBS TBAÎ THB ACCBL3RATIOH VARTES
LINBABLY BBTHBBH ffiO IN8ÎAXT3 OF 1IH8.

INCR : COUNT OF TIMB INCRafiSNTS
DBLî = TITfB INCRBHBNT
Xt{( l{N r NN) = }{ASS MTETRIX
)ß(NN,NN) = STIFFNESS HATRIX
F(HN) = FORCE VBCTOR
Uo(NH) = TNITIAL DISPI"ACB}{BNT \IBCTOR
Vo(HX) = INITIAL VBLOCITY VBCIOB
A.AO(l{N) : INITIAL ACCBLBRATION VBCTOR
uU(ìfN) : DISPLACETÍENT VBCTOR
v(NN) : YBL.OCITY vBCToR
A(NN) = ACCBLERåTIOI¡ VBCTOR
XC(NN,NN) = DAHPfNO HATRIX
BPS : S}{ALL XO. TO 18ST WUBTUEB ANY DIÂGONAL BLB¡{BNT Is ZERO oR NOT

l ?46.
t747.
1748.
1749.
1?50.
L7 6t.
1?63.
t?s3.
L'r6Ã .

c
c
c
c
c
c

UNI(NH) : SITBSTITUIIoN FoR [¡O(HN)
U(NN) : DTSPLACE}ÍBNT A1 (I+T1ÍBÎA) INTBRVAL
RBF(Nl{} =8F(¡tx) = BFEBCTIVB LOA.D vBCToB
ffiB(HN,MN) = EFFBCtIVB 81IFFM88S HATEIX

SUBEOUIIHE INTCE3 ( rHCB, DELÎ, E{ r & r F, XC r NH, UO r VO, A-AO, lru, V, A' BP8 )
c

rHPLrCrf tsBAL88 ( A-8, O-Z )



1?55.
1756.
t7 

''.t 
.

t 7ÁO Lq-a t, ,ãrrDÉ--.
^¿_v. I I 1 ¡nô¡. où, o t uÀ!t cu¡f¡J¡,.r,

l?69. Â4:6.71(THBTSTHBT)sDBLT)
1770, A5:(DBLTTDBLT)./6.
l?71. c
1772. C INITIATION
l7?3. c
L774. 25 COr¡TINttE
l?76. DO 50 J=I,NN
1178. Fl(l)=P(t)
177?. IF(IHgR.BQ.l) Fo(J):F(J)

1771.2 IF(INCR.NB. r) Fo(J):Fl(J)
1778, RBF(J ):0.
l?79. 50 cor{TrNtr8
1780. c
I78I . C FOR}IUL.A,TIB STIFFNBSS T{ATBIX
1782. c
l?83. 100 DO 200 J=l,HN
1784. DO 200 E=I,NN
1785. 20O ffi(J,K)=ÍK(J,E)+AOsn{(J,K)+A1sXC(J,K)
1786. c
1787. C COHPUTÂTIO¡{ OF EFFBCTIVB LO?88. C
l?89. DO 100 J=trNN
1790. RBFO(J ) =0.
1791 . IIO 300 X:l , NN
r792. 300 RBX(J):&{(J,E}s (AosUO(J)+2. sAlsvo(J)+Z. sA o(J) ) +Xc(J,E) s (Als1793. lUO(J)+2.ÎVO(J)+A2sAáO(J))
1794. BBFO(J)=RBFo(J)+RBF(J)+BBX(J)
1?95. 400 BF(J):F(J)+RBFo(J)

llSi: 3 soL¡nro' FoR Drsp,,.acxrsxr vccron Ar (r+DELrÂ r)
l?98. c
1799. CALL SOLVE(NN,X¡rR,BF,U,BpS)
1800. c
1801. C SOLUTION FOR DISPL.ACBHBNT VBI.OCITY AND ACCELERATION I¡BCTORS
1802. c AT (Î+DALTA T)
1803. c
1804. DO 500 J:I,NN
1805. A(J)=43¡(U(J)-UO(J))-A{svo(J)+(1.-3.,/THBT)sAAo(J)
1806. v(J):vO(J)+0.5sDBLTs(A(J)+AåO(J) )
180?. 500 w(J)=uo(J)+DaLl8vo(J)+A5s(A(J)+2.sAAO(J))
1808. c
1809. C RESBTTINO DISPLACB}I8NT VBCTORS FOR SECOND TIIIB STBP
1810. c
181 1. DO 600 J:l rNN
1812. Uo(J):ug(J¡
1813. vo(J)=v(J)
1814. AAo(J)=A(J)
1815. F1(J):pa(¿)+(RBFo(J)-Fo(J)-RBx(J) )/THBT
1816. RBF(J):Fo(J)+THETE (Fr (J)-Fo(J) )
181?. 600 coNlrNrrB
1818. 800 CoNTINUS
1819. RBTI.IBH
1820 . BlrD
tazr. c
7822. c

DIt{8Ns IoH )c{ ( NN' t{x }, :G ( NN, NX ), F ( NN )' uo ( NN ), vo ( t{N ), w ( NN ), v ( NN ),lXC(NN,XN),Â(NN),AAO(NX), u(30),RBF(30),BF(30),xK.B(30,30)
2,R8FO( 30),FO( 30 ),'Fl ( 30),RBX( 30 )

A5-27

1823. c
1824. C
1825. c
1826. c
1827. c
1828. C
1829.
1830. c
1831 . C
1833. c
1833. c

ÎHIS SUBBOUTINB SOLVBS sBRIBs OF SIPÍULTANBOUS BQUATIONS
RBF: NUt{BRfCAt AND H¡A,TBIX I{BTEODS IN STRUCTURåL È{BCIIAI{ICS WIm
APPLICATIONS TO COHPUTBRS, p.C. HAÌ{O - JOSH HILBY e. SONS - 1966 -
PCs 290-294.

srtBBot¡Tl¡ra soLvB ( NN, A, u, v, Bps )

A(NH'NH} = COEFFICIB}T8 OF TEB T'NKXO$'N8 IN Tffi
U(HH) : CONBTAH?ÉI AT fffi BIOSï B.å,ND SII)E OF fEB
v(NH) g 888ULf OF'Tffi tHgHOsHg IN SE$JENSø

BqUAIIONS
&qrATx@8



18s1. c
1835. c
I 836. C

I 837. C
t a2a

1839.
18{0. c
1841.
1842.
1843.

A5-28

!{l{ = HUHBBR OF Bq{JATIONS
EPs = S¡I{LL NUI{BBR TO TBST WHBTHBR Âl{Y DIAOON.AL BLBHBI{T IS ZBRO

NOÎ.

fgbl t^lñ bE¡r ôô
.¡¡r!¡vÀ¡ õõäg-Olá-1)W-L t

DTHBNSTON A( 30,30),U(NN) ,V(NN)

DO 2000 I:lrNN
K=I
IF(I-NN) 1000, 1400, 1000

184{. c
1845. C TBST TO SBB WHBTHBR THE DIACONAL ELBMBNT IS ZERO OR NOT.
1816 . c
184?. 1000 rF(DABS(A(r,r) )-Bps) 1r00, llo0, l{oo
1848. c
1849. c
1850. c
1851. 1100
1852.
r853.
1854.
1855. 1200
1856. 1300
r85?. 1400
I 858.
1859. C

1860. c
r861. c

ADD SI.IBSBqUBNT 8QUÀTIONS TO THB CURABNT ONBS.

K=K+ I
IP(K.GT.NN) K=NN
U(I)=U(I)+U(K)
'Do l2oo J=lrNN
A(I,J)=A(I,J)+A(X'J)
GO TO 1000
DIV=A(1'¡¡
U(I)=u(I)/DIv

1862. Do 1500 J=lrNN
1863. 1500 A(I,J)=t'(I,J),/DIv
1864. c
1865. C RBDUCB THB T-TH BLBI'fBNT OF lHB OTHBA
1866. c
1867.
1868.
1869.

DIVIDE ALL ELBMENTS OF I-TË BQUAIIO}¡ BY Â(I,I)

l8?0. 1600 IF(lrH-I) 1700,2000,1700
l8?1. 1?00 U(lrH)=U(!0r)-U(I)IDBLT
t872.
18?3. 1800 A(Þfll,J)=A(l{H,J)-A(I,J)8DBLT
18?{. 2000 coNTINUB

DO 2000 l{l{:1 ¡ NN
DBLT=A(!lt{,I }
rF ( DABS ( DBLT ) -EpS ) 2000 , 2000 , 1600

1875.
18?6. 2500 v(J)=U(J)
1877. RBluElt
l8?8.
1879. c
1880. c

Do 1800 J:l¡NN

1881.
1882.

1883.
1884.
1885.
1886.
188?.
1888.
1889.
1890.
1891.
l89l .
1892.
I 893.
I 894.
1895.
1896.
189?.
1 898.
1899.
I 800.
1901.

DO 2500 J=lrNN

BND

c
c

THIS SI.'BROUTINB COI{PUTB{¡ STATIC DISPLACBI{BNTS - FLBXIBILITT }fBlHOD

c
c
c
c
c

SUBROUTINB STATIC(A,H,B, NN, US, KF2 )

A(t{,H} = FLBXIBILITY H.ATBIX
B(NN) = NODAL LOA-D VBCÎOR
US(t{) = DISPLAcBHENT vBcloB

IKPLICIT E3AL 88(A-E,O-Z)
DI!{BHSTON .A(H, H),B( NX),U8 (H)
DIHBHSIOH A(FI, FI),8(FH}, US (H )

DISPIIICEHENT=FLãXIBILIïY H¡4,TRIX s MODAT

DO 1 J=lrH
US(J)=0.
DO I K=lrH
Us( J) =A( J,K) EB(g) +Us( J)
co!¡TrHuB
ÊSTURS
BHD

EQUATIONS

c
c
c

TO ZBRO

LOÁ.D y8groR



l 902.
1903.

1904.
1905.
I 906.
r907.

1908.
1909.
l9l0 .

1911.
1912.
1913 .
1914 .
1915 .
l9l6 .

1917 .
1918 .
1919 .
1920.
1921.

c
c

c
c
c
c

THIS SUBROUTINB COT{PUIBS THB LOAD OR
INÎERPACB FOR ANY WHEBL(S) WHICH HAY
OF A DISTANCB OF 'DLTT' FROH A NODAL

c
SuBRourrNB coNFoR ( N' F{, NN' G' utr' Ac, xKy 1, unl, st{r, xLB l, BA 1,NKy z,tJvz,lsH2,xLBz,BAz,xEy3,lJH3,gH3,xLB3,BA3,xxi4,uN¿,sú¿,xLB4,se¿,r¡ór,iÁcz

- 2rFAC3rLCAR,NH,lrrpL,FF,DT,VgLrNp,NU)
c

IMPLICIT RBAL S8(A-H.O-ZI

A5-29

INTBOBR FACl (NrC) ,FACzINW) ,FAC3 (Nw)
DIÌ{BNSION (ru(NN),AC(NN), Y(NW)
DTHBNSION BB( 18) ,cc( 18) ,DD( l8) , pF( È{)
coHuoN /Br.ocK I /xr^AlrD 1, xLå,¡1D2, z BTA l, zBT A2

. IF(LcAn.BQ. I ) NIfLT:8
IF(LCAA.8Q.2) NHLT=16
IF(LcAA.Bq.3) HWLT:24
IF(LCAR.8Q.4) NWLT=32

INITIA.LIZT{IION OF ARRåYS

AA:0.
DO 300 E:l¡H
cc(E)=0.
DD(x)=0.
BB(K)=0.
FF(E):0.

3OO CONTIFT'B

1922,
1923.
1924.
1925.
1926.
1927 .
1928.
1929.
1930.
1931.
1932.
1933.
1934.
1935.
1936.
193?.
I 938.
1939.
19{0.
1941 .
1942.
19{3.
1944.
1945.
1946.
194?.
1948.
1949.
I 960.
1951.
1962.
1963.
1954.
1966.
1966.
1967.
1958.
1959.
1960.
1961 .
1882.
1963.
1964.
1966.
1966.
198?.
1868"
196S.

c
c
c

FORCB AT THE I{ITB8L . RAIL
FALL UNDBR THB INFLUENCB
POINT.

c
c
c

DO 1200 f=l,ltlP
Xl=fEXPL
X2:(I-1)8XpL
L=N+ I
KK: l
DO 1100 JJH=I,NH
&=-K
IF(EE) 360,400,400

35O FATl=IL.AÌ{D1
FAT2:XI^AHD2
oo m {30

400 FATI=ZFIAI
FA12=?'FIA2

430 CONTINUB
rF(y(JJH).01.X1.OR.y(JJlr) .LT.x2) Oo 10 11Oo

VBRIFICATIOI{ OF WHBBL PRASSNCE BBTWEBN TWO NODÁL POINTS

X=Y ( JJH) -I2
ÂLPEA:X/rL
BBTA: t . -ALPEÂ
C10:F41288814
Cl 1=FAlz8ALPHA
C12:FATIEBBÎA
C13:FAll8ALPE-A
rF(JJH.or.?4) 0o To 900
rF(JJH.oÎ.16) oo To ?00
rF(JJH.OÎ.8) æ 1o 500

VBHICLE NO. 1

Â.Â,= (SH1+tßl ) 80
rF(r.oT.H.oB.L.CT.r{) Go 1o 4?o
BB( I )=XKrl8 (tru(H+ I )+FACI ( JJH) srLBl st,U(H+? ) +FAC3 ( JJH) sBAl8

1W(H+3) )
cc( I ) z-reyl E (Cx lstn,( I+1 I +Closw( I ) +cxssw( L+1 ) sc138(ru( t ) )

- - - DD( r I c-t&tE {cl I sAC ( r+1 ) +atosÂc( r ) +cl38Âc( L+1 ) +ClA8AC(L ) )460 co#rIMra

c
c
c



r970. 480 CC(L)¡-gytr(cllsw(L+1)+Closw(L)+cl3sw(I+l)+cl2sw( I) )l9?1. DD(L)¡-utll¡(cllsÂc(L+l)+closAc(L)+ct3sAc(r+l)+cl2sÂc(r))
1972. 4?O CO To l0oo
l9?3. c
rr r {. v v6ñluL.¡f l,{(). Z
1975. c
l9?6. 500 ¿{A=(SHZ+|JI{Z)sO
1917. rF(r.oÎ.¡t.oR.L.OT.H) oO TO 5?O1978. BB(I)=XKy2s(tru(H+4)+FAct(JJH)sxLg2stru(H+g)+FAc3(JJt{)sBA2s
19?9. lw(r{+6) )

1990. cc(r)=-Ky28(ctlsw(I+l)+closw(I)+cl3sw(L+1)+cl28w(LD
198r. DD(r):-tJH2s(cllsac(r+r)+closAc(r)+c13sAc(L+t)+ctzsAc(¿)i
1982. 550 coNTrNtB
1993. 560 cc(L):-gr2s(cllsw(L+l )+closw(L)+c13sw( r+l ) +clzsuu( r ) )1984. DD(L)=-uH2s(cllsÂc(L+1)+closAc(L);ct3sAc(r+l)+crzsac(i)i
1985. 5?0 co To looo
1986. c
198?. c vBHrcLB NO. 3
1988. c
1989. 700 Aâ:(SÞ13+UH3)sO
1990. IF(I.GT.¡{.OR.L.CT.¡{) cO TO ??O1991. BB(I):Efy3s(tru(H+?)+FAc1(JJll)rXr,B3¡uU(H+g)+FAc3(JJlf)sBA3s
1992. rw(lt+g) )1993. cC(I):-j(Ky3¡(cl1sUU(I+t)+clOsI'ru(I)+c13suU(L+t)+ct2suU(L))
1994. DD(r)=-t¡¡13¡(cllsAc(r+l)+cl0s.Ac(r)+cl3sAc(L+1)+Ctzr¡c(1,)i
1995. 750 coNTINtrB
1996. 760 cc(L) =-rNY3s (c1 1st'ru( L+l ) +closw( L)+ct3sw( I+l ) +ctzsw( I ) )1997. DD(L)=-tr!{38(c11sAc(L+l)+c10sAc(L)+c13sAC(r+l)+c128AC(r))
1998. 7?o @ 10 1000
1999. c
2000. c vEr{IcLE NO. 4
2001. c
2OO2 . 9 00 AA= ( S¡{{ +UH4 ) sO
2003. IF(I.cÎ.N.OR.L.OT.H) cO To 9?O2oo4. BB(r):EY4s(w(tt+10)+FAc1(JJ!{)sxLB4sw(H+11)+FAcg(JJH)sBA4s
2O0s. rw(ll+lz) )2006. cc(I)=-Kr{s(cl1sw(I+1)+cl08w(I)+C13suu(L+1)+C12sW(L))
2001. DD(r):-Utt4¡(ctrr¿c(r+1)+clorAc(r)+c138Ac(L+1)+C12sAC(L))
2008. 950 CoNTIHTJB
2009. 960 cc(L)=-lctrY4s (cl lsuu(L+l )+closw(L)+c13s(ru( I+1 ) +clZsuU( I ) )2010. DD(L)=-UH4s(cltsAc(L+t)+ct0sAc(L)+c13sAc(r+l)+clZsAc(I))
2011. 9?0 co 10 1000
2012. 1000 rF( I.cT.I.OR.L.CT.t{) CO TO 10?52013. 1025 FF(I):AA+BB(I)+cc(I)+DD(I)
2014. 1050 FF(L)=A +BS(L)+cC(L)+DD(L)
2015. 1075 IF(JJH.O8.NWLT) CO TO 12002016. 1100 CoNTIHUB
20t1. 1200 coNTIHtB
2018. RAÎUBN
20 l9 . Bt¡o
2020. c
2021. s8NlBY
2022. 1.65D 6 386.40D000 347.22D-042023. 664.14D000 l1.05DOO0 ?0.?2DO0o 1.98D+O? 1.1?D+062024. 484.42D000 q.s3DOOO 56. OzDoOO 1 .66D+O? 1.28D+062026. 629.50D000 4. S3DOOO 6l .66DOOO I .66D+O? 1 . ZgD+06
2026 . 1 57 .40D000 q. S3D0OO I 5. lODOOO O.Z7D+O7 O. Z¿tD+062027. 3324.00DO00 204.OODOOO 54.OODOOO 29.5oDooo O.OOD0oO OOO.ooDOOO

2028.110?O.ooDooo 190.26D000 34.OODOOO 29.5oDOOO O.OoDOOO 138.26D000

2029.11020.00D000 190.26D000 34.ooDooo 29.5oDOOO O.0oDOOO 82.õODOOO

2030. 1600.00D000 184.88D000 34.ooDooo 29.soDOOO O.0oDOOO t 18.5oDOOO

2031. 9 0 I 4
20s2. 512.00D000 13.8oDOOO ?669.?9D000 O2033. 10 322000 0.01D-01 l?60.0oD-oo 8.eoD-02
e034 . 80. 9?DO00 10. 33D-01 600. 38rÞ01
4036. +l+t+1+l-1-t-1-1+1+1+1+t-1-1-t-1+l+t+1+x-l-1-1-X.+t+1+1+1-1-1-X-X
eo36. +l + 1-1-l +1+1-1-1+ t+ ¡,-1,-1+ 1+ 1- 1- t+1+r-1-1+X.+t-1-¡,+X+ 1- X-t + 1 + t -1-¡.
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Trock

o)Erþlge Elevofion r'

Approodr
Spon Spor¡

rg'Tryl

b) Loods

Acce I ero t ions - rccele,ffi"t"Ír8

Sheor Cir-cuits

4e
d ) Verticol Displocements

Figure 3.5

t4 #l

4l .#9

Location of shear circuits, LVDTs
bridge site

LVDT'S

and accelerometers - ballast deck
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o) Bridge Elevotiø\:

b) Loods
4

c) Accelerotions - Accélerometers

S heo? Circuits
#2

d) Verticol Displocements

Figure 3.6 Location o[ shear circuits,
bridge site

LVDTUs

LVDT's and accelerometers - open deck
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