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ABSTRACT

A simple method of pole- ze'o pairing has been proposed
for the active cascade rearization of elliptic transfer
fu-nctions. This simpre method of pole- zero pairing is pro-
posed for the enhancement of overarl dynamic range.
secondry, the optimum sequencing of individuar biquads is
developed and it is demonstrated that the commonry accepted
sequencing technique does not hord in the case of elliptic
functions. This work is an extension for Lueder's method

17l .

In addition, the phase, time deray and the time domai_n

characteristics are simultaneously i-nvestigated. This aspect
has not been widery examined in the past. They are thoroughly
analyzed and compiled so that they may be compared and utilized
in fiÌter design. Final1y, detaired tables are compired for
Ap(dB) = 0.1r0.2,0.5r1.0,2.0,3.0 and r"= 1.05r1.10,1.15,I.20
I.25,1.30r1.35,I.40,I.45r1.50,I.70,2.00. This enables the
designer to in*aediatery find the appropriate network function
once the specifications are given.
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Chapter I

TNTRODUCTTON

fn the cascade realization of active networks, the giv_
en function of order n must be decomposed into a number of
biquads (for n even) or into a first order function in addi-
tion to biquads (for n odd). In decomposition, there are
the problems of pairing the pores and zeros, sequencing of
individual biguads and the gain distribution. Trrereforer wê

may optimize the decomposition process in order to enhance
an important performance measure such as the dynamic range
or sensitivity, for example.

Lueder decomposed the function and maxi_mized the dynam-
ic range of the whole network while minimizing inband loss-
es l7l, He also proposed use of a dynamic programming meth-
od to simultaneously implement gain distribution t9l.
Halfin t5l solved a similar problem taking a slightly diffe_
rent approach. tfoschytz tgl utilized the degrees of freedom
of the given problem to minimize the transmission sensitivi_
ty and suggested a second-order pole-zero pairing method.

rn this thesis we deal with the pole-zero pairing, gain
distribution and sensitivity minimization of elliptic filters
while making use of specific properties pertaining to ellip_
tic functions in general. Elliptic transfer functions have
transmi-ssion zeros at specific points on the j<l axis cf . Fig.
1(a),(b).

-1-
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A low-pass firter rearized from an elliptic transfer
function produces the magnitude characteristic which is
equal-ripple in both the passband and stopband as shown in
Fig- I (c), (d) - As a consequence, the erriptic filter is
optimal, i.e- the transition band is minimal, for a given
order n and for given ripple specifications in the passband

and stopband.

we will introduce a systematic procedure to generate an

F= (f., u ) matrix to which the pairing of poles and zeros arerJ
assigned. This will yierd a biquad which has the fl-attest
possible magnitude response. subsequently, the particular
cascading sequence which resurts in the transfer functions,
from the first input to the biquad outputs with the frattest
magnitude, will be developed for the case of elliptic trans-
fer functions with reference to the e of individual biquads.

Every pair of poles must take a pair of finite zeros
on the jo axis in order to form a low-pass notch function
due to the nature of the elriptic transfer functions.
A relatively simple method of pole- zero pairing will be

developed to improve the overall dynamic range of the realiz_
ed filter- subsequently, the gain is distributed to each
biquad in a relatively simple manner.

Furthermore, to the authorrs knowledge, the phase, time
delay and the time domain characteristics have not been

fully investigated except for a few special cases tr2-r61.
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The main objective of this thesis is to compute the
phase, group delay, unit step response and impulse response

of elliptic filters so that we may analyze and compare wi.th

those of all-poIe functions [15]. Detailed tables are

attached as appendices.
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ChaPter If

ELLIPTIC FUNCTTONS AND POLE-ZERO PAIRING

2.L Elliptic Transfer Functions

Elliptic functions, first introduced by Cauer, are ra-
tional functions of order n in which the degree of the num-

erator is equal to that of the denomÍnator for even n and

one less than that of the denomÍnator for odd n

Since poles p, and zeros ,L are tabulated in Appendix frwe

may write the function in factored form for active realiza-
tion as follows.

nlz
H(s)=K II

f 
'J =1

H(s)=K h (s)

n/2(s)=x ]Ï
f'J=1

(s- z ) ("-ä
^i .i

( s-p
*

) (s-pI t_

n-1
2

1r
I'J=1

for even n (1a)

(r¡)

)
h

1 j
)

(s-z.l t"-ä. i.1 1

n- l-T
ilh

frJ=1 ,J (")=K ;frr *
,) (s-pr)

for odd n

( s-p

!{here lnrl . r" . lrJl , and crt" is the frequency at which the

stopband begins, and to be general, the subscript.s i and j

may take on any combination from I,2,3..as shown in Fig. 1(a),

(b). For speeified passband rippl" Oo and stopband ripple A"

and stopband frequency ," as illustrated in Fig. 1 (c) , (d) , we

can refer to Tables ín Appendix I and find the order n t

poles p, and zeros 
" J.
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Subsequentlyr we write the desired function in t,he form

of (f) for active cascade realization of the individual low-

pass notch functions of the tYPe

(s-z ) (s-z ) "'+o 
2

hr, (s)=
TJ

s2¡-Pa s * 62
Qr Pl

(2)

ho (s)= --1-"*o .

z 1
G

where t)
zJ J

( s-p ) (s-p )t 1

z I and ûr lnrl,
ûJ p1 

_0pi l- lnr+pt I

2.2 Po1e-Zero Pairing

Equations (1) and (2) suggest that there could be var-

ious ways of associating a pair of zeros with a given pair

of poles. There are | ! (for even n) combinations that sug-

gest a possible optimum pairing for maximum dynamic range.

This problem will- be solved by pairing the poles and zeros

such that the magnitude of hr, (s) for frequency ûr is as flat as

possible over the filter passband. The magnj-tude of hr, (s)

and the frequency which maximizes the magnitude is obtained

as follows.

t)

lr,r, I rol ( 3a)
j

2

z
û)

2

{ {arf r - u')"+ ,t, ' ^"}'/'
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úJ
z7 )2(r ) I( I

úJ ry I lzf0otJ
a ôPl (3b)

(3c)

(4 )

,,J
tr-)2 +

p1 ry

Inr, lr"* = lr,r, l.=.

I

and

I

mlJ

Due to the nature of elriptic functions, the mininum
value in the passband lhrJlrr' occurs at the edge of the
passband, víz-, at cd = 0 or at ô = I depending on the varue
of the pole e. rn order to find the cordition for e, such

that lhi:lmrn occurs ar ûr = 0 we impose lhr: (0) l:lhr3 (r) I

from which we obtained the condition

û, p1oI 0
TJp1
úJ zJ 'H'J

It l2 rj
(0r2.-t)

z7
lt

)

Thusr wê have from (Sa¡ and (4) that

lhrJ I'r'

lhi: lmrn =

ú)

( zl r 2

ú) .'p1
lfo f

t12 1zi

(5a)

otherr¡ise (5b)

o fJ

and

[ (or'. t) 2

p1 + rlr';+
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In order to fÍnd the optimum pole-zero pairing, let
us define the flatness matrix F and its erements as foll--
ows. lve will take the case of even n without lack of
generality.

,2

2

'12"'

,L

frr

... Z

n
z

n
2

If.

where f I hrr I'r'
(c¡)

lrr' I to,l

lrr ij max

(6a)

(6b)

(6c)

lr¡

I

2

p

f fp

n
2

2L 22'" f^n,z

gn
22

Pn
2

fn, ff
I

f ll

f
2L

t.

fr

ft,

rz2

f n^
z'

n
2

,n-2

If

f

p=

f nn
22

lrrrJ 
ln

ij n
1J max

As shown in Fig. 2 the normalized magnítude ltt 1J ij

f nr,lo'"* is ptotted for various Q, for the tt¡pical cases of

n=6 and n=7. For illustrative þurposes, the special case

n

í=j v¡as chosen.
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Because the maxÍmum value of hr,ri" unity for each bi-
guad and ft, has its mLnimum in the passband such that O <

ttJ <

atness of all possible pole-zero pairings. The determinant

of the F matrix is taken and expanded into ft terms with each

term consisting of f elements. If the element of minimum

value in the k th term is greater than the minimum elements

of the (ät f) remaining terms, then the pole-zero pairings

corresponding to the subscripts of the k th term yield
maximum dynamic range

Theorem 1:

Let the poles p, be numbered beginning from the pole with
lowestQ and let the zeros be numbered beginning from the

farthest on the jor axis as shown in Fig. I (a), (b).

The optÍmum pole-zero pairing for the enhancement of the

dynamic range coincides with the term consisting of the di-
agonal elements of the flatness matrix F. Thus the el1ipt-
ic functions ma]¡ be written as

nl2
(s) = l( II

f-l

(s-zr) (s-zr)
*(s-Pr) (s-pr)

(s'z *
) (s-z )f t

(7a )

for even n

(7u¡

*

H(e) = l(
n/2

I I
n
E

hI

g-1
2

= K h II h.o r-l 1

n-1
ô

1'(s) E K+ II
8tû , -.tr- I

H (s)
(s-Pr) ("-fr¡ for odd n
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Proof:

We first examine the functions of the highest Q pole pair,

l_.e., pn.
ã

since Q¿n
z

CI rw€ use (5a) to write:
jn

2

@ 
"J/ ^rJ'

2

J

h
n
2 mfn

zJ
and h

max
{ (a2

P n
2

m

from (3b) r^¡e see, since O 1, ûJn
2

f
n
2
j

mfn

ÛJ
2 m

)2)ûJ
û)

jg
2

t)

2 )" t 2u )2)'o m
n

Pn

2

ÛJ

t /,
û) +

n9:
2

n
2

p

Noting that orn = .,n = 1, v¡e nov¡ obtain the flatness byt2 - .

is the closest to uni'ty when j = T, thereby ¡naxi-

h
jn

2 I

h (tr c*l')o,,)
zJzjn

2 max

where ú) zj
mizing the flatness. pg should be paired with zn

2

Thus

À simj-lar argument can be carried out for the remaining pol-
es.

, P1i-z
p

n7-r
p

End of proof.
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The above theorem confirms the resuÌts previousJ-y obtain-

ed tr]. This development differs from Lueder in the sense

that the F-matrix is introduced for the special case of
elripLic filter functions. The simultaneous sorution by

dynamic progranming is not appried to special functions
such as the elliptic functions[5r6].
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Chapter III
SEQUENCTNG NOTCH SECTIONS

3.1 Sequence of Low-pass Notch Type Biguads

For cascading the biquads of row-pass notch type, there
.r" |t possible sequences. The objective in this section is
to find the particular sequence of the low- pass notch type

biquads t,hat yield a decreasing sequence of fratness from

the fiiter input to the various successj-ve outputs.

Let the i th biquad be denoted by hr(s). rmplementing Theo-

rem 1r wê let j=i in (3) and (4) to rewrite.

t)f
2
z

ûJ

lr,, I tc,,t

I r/z

( 8a)

( Bb)

(8c)

{(orfi - ..2)2 + ,Ë,2 0s2}'/'

û)
¡2L
\úJ

p1
)2 (r-rt1

iim
t)û)

I

PI
zæ

.l.

1

úJ
Pof

r/z
1){

where orl is the frequency at which lhrl becomes maximum,

and ot is a criterion such that 't ef ì of , lhf lrrrro"..rr"
at, û¡ = 0.

tuZt
t) (¡)2.-!

(:::ot)u - ( Pt )')(r,-t'zt ô".-1ZL
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rn order to develop a theorem for the cascading seque-
nce of the notch type biquads, let us first, assume that the
order n is even, and further classify into two cases:

Case (a)

Case (b)

4k

4k 2

as

1 2, ...
I 2,

hn
4
-2

k

k

n

n ,

Theorem 2:

as

H (s) K

Let an elliptic function of even order n be expressed

the product of I biquads
2

n
2
I

i=1
h (s)i

where the subscript is in the order of increasing Q.

The sequence of biquads for the optimum dynamic range in

cascade realization is:

Case (a)

H (s) Kh h

ä å*'
h

i-r
h

n4*'
(9a)

( eb)

forn=4krk 2t t t

and

Case (b)

H (s) Kh hn*2' n*2
4

2

\t?*,' "#-; n"*rr*,

forn=4k

4

t

1

k l, 2,
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ProofS

Due to the low-pass notch characteristic of the biquad,

the maximum magnitude occurs in the passband, and the passband

minimum occurs at the edges, ví2., at û) = 0 or al = 1.

Let us no$¡ normalize the magnitude of each biquad as shown

in Fig. 3 wher. Qt of hr(s) is such that

Case (a)

I 2

(r0)
first group second group

and

lhtl

f + rn
4

<Q < Qoo <Q
n
z

0<
lnrlr.*

For Q, ì ar(i = f + 1, ...]t the flatness fr. is determined

by (14a) or closely approximated by (14b).

In (14b), (rp t/r"r) is srnaller than unity due to the low-pass

notch characteristic and it decreases as i increases.

. Furthermore since Q, increases as i increases, it is

obvious that the flatness ff decreases as i increases.

For Qi. oi (f = 1, 2, f)rr" r=" (15) to show that the

flatness increases with increasing Q as shown in Fig. 3 until

the maximurn flatness is attaj-ned with the Q' which is located

at the nidpoint in (10). 4

For the optimal cascading seguence, therefore, we start with

the biquad h' corresponding to Q! from the first group which

yields the mlnimum value at or=1.4

<lfor 0 < o < l. ( 11)



The next biquad in the cascade must be h_ correspon-
9+r

ding to Q- from the second group which prodtces the mini-
9+r
4

T6

is the flattest
mum at û) = 0.

It can be shown that the magnitude h
n
4

hl
i*t I

among the magnitudes of the product of any two biquads, and

the ¡ninimum value occurs at rr¡ = 0.

This in turn necessitates the choice of the next closest

biquad h- from the first group as the third biquad in the
=-Icascade.4 This process of choosing the biquads based on the

normalized magnitude of biquads versus pole Q completes the

sequence as shown in (9a).

It should also be noted that the minimum of the magnitu-

de of the product of any number of biguads occurs at the fr-
equency where the last biquad in the chain becomes minimum.

In Case (b), the midpoint Q is Q--o , and the corresponding
4

bíquad h- yields the flattest magnitude.-n-
T

Q t Qrr* 2raIL biquads produce minimum at rrl=0 and for e < en+2

Furthermore, for

n*2 and follow the same devetopmSnt
4

åt, ûJ = 1. tfe start with h

as in Case

(eb).

T
(a) to produce the optimum sequence as given by

End of roof.
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Replacing ar in (8a) by .ri of (8b) and carrying out a

straight-forward operation, we derive the maximum magnitude

lnrlr.* explicitly itt terms of the known parameters

ûJ
ZL¡

o and Q. as
P1 I

f- rrl {

lhrl,"* = [fi,

(r2)

o I

(13a)

( 13b)

otherwise

2
I

-17+rl
I

(z Iq (r)

)(r?
p1 (r _ fq.,,

The minimum value lnrfrrr,, oD the other hand, depends on the

value of Qr in comparison with threshold oi defined by (8c).

ln, lrrr, = In, to> |

û)(#)'
Pr_

ifQfìor

or
2

û) I
ln*lrrr, = lr,rctll

{{orii-1)2 +

The flatness index is now obtained as

f2
û).r-

(+1) ' )-si

I
ao?''1

Iz(t
¡
2. O.

l)

:

f.
1

lhr I'rr, 
=

Inrl'.*
(14a )

ûJ p1
TJ

ZL
(

Since Q I l, we may approximate f, bY

for 0 0.It

= I nt lrt., 
=

Inrlr"*

I
for 0. > ct,1-rt

{1
I

(14b)
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For Q 0r we use (f2) and (13b) to write
I f

1) (1 )
IT

(1s)

(t^¡2.
ZL

f,.
trþr'- e - rtrtþr'* rlå t(0,!r-r)'

ô
tPL,Q,.+

l_

When n = 10, for examPle, we write five biquads in the order

of pole Qrs to find the cascading sequence as indjcated by

encÍrcled numbers.

H (s) a K h, (s) h, (s) h, (s) hO (s) h, (s)

ê cascading
sequence

For n = 12, we have

H(s)=Khr(s) hr(s) hr(s) ho(s) . hr(s) h (s)

>"\' 0

6

!{hen n is odd, the first order function fr^= å should beo s+6t

properly treated in relation to biquads. If we place h in
o

front in the sequence as ho . h2 . hl . h3, then the mini-

mum of lhZl occurs at t) = 0 while the minimum of the produet

lho . }.zl does not occur at û) = 0 but at 0r = 1.

Thus it contradicts the optimum sequencing method proposed

in Theorem 2. On the other hand, íf we place hn as a last

entry to the seguence as hr . hr. . h3 . ho, the procedure

coincides exactly as Presented in Theorem 2. This leads to

the realization of the first order section at the last

stage of the cascade.
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&l
lU""

u

Figure 3. The no¡malized nagnitude of the biquads
in which q corresponding to nidpoint Q

exhibits the highest flatness. In case (a)
n n+2

"-î,ûdincase(b)n-ï.
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3.2 lllustrative ExamPle

Example I

Find the pole-zero pairing, cascading sequence and the

gain distribution for the optimum dynamic range realization

of the elliptic function under the specification Ao(dB)=1,

A (dB) >40 and o =I.1.s -' s

From the standard tablerwe find n=6 which yields the

pole-zero locations as shown in Fig. 1 (a).

For the purpose of confirmationr let us construct the F' matr-

ix.

"l12.970935 "z
11 .309230

,3
11.115061

-.grlðas+j .4os244
(Ql=0.8195)

f,

L\st
t:?rn f

ð3to

P2

-. 1 18730+J .874514
(Qr-3.7165 )

fz,
.29L3

fzz
.492L

tzg
,3105

-.oz\lzt+J. eee4r6
(Qr'ZO -8908 )

lEloo lllo'
f,

2îrs

The determinant of the above matrix consists of six

terms, ví2., f tt.f ,2.f33, ff¡.f ,!.f 32, f ,Z.f 23.f31, f ,r.
where f is computed bytJ

f rr'
and f tz.f zr. f3,ftr'fzl'fgzf3r'

(6c), (3c¡, and (5).
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The minimum elements in each of the six terms are

fgg E .2425, fl3 E .0610, f3l =.0540, fgZ =.1143 and

frZ = .1171. The largest among the six elements is f*
and therefore, we take the term containing f3r, i.e.,
frr'fzz'fgr'
Subsequently the three biquads are identified as

h (s) =
(s-zr) (s-zt) ¡s2+8.826455)

I (s-pr) (s-pT) (s2+o.6gottg s*0.2 66762)

hr(s) =
(s-22 ) (s-zl) (s2+L.7L4oB3)

h

(s-p2)("-pä) (s2+0.23746t s*0.778873)

(s-z ) (s-zt ) (s2+1.243362)
3(s)

3 (s-p3) (s-pä) (s2+o .o47Bs4 s*0.9 gg4o4)

The normalized magnitude of each biquad is plotted in ¡ig.2a.
Using Theorem 2, we take the first three biquads of (9b)

in the following sequence.

V^J - H (s) = K h, (s) h, (s) h, (s).ur

rn order to further enhance the dynamic range, v¡e may distrf-
bute the gain K to individual biquads as

H(s) = krhr(s) krhr(s) krhr(s).
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The optimum gain distribution among the three biquad

sections of the cascade witl be performed so as to yield
equal magnitude maxima at the output of alr intermediate

transfer functions.

Assuming max lg(j<^r) I = L and therefore, lH(jO) I = O.g9t251r

weobtainK=0.0098.
To make the maximum of the first stage equaÌ to the maximum

of the overall networkr wê determine

k

k

k,

2
- r.*lH(ja,) I

raxlhr(jor) I

= 0.2L07L2

max H (^)

I = 0.060907
roax I kzhz( jr,r) h, ( jar) | krrnax lh2 ( jo¡) hr ( jr¡) 

I

ÇÇ
= 0.762437

Another approach is possible that takes the sensitivity into
consideratj-on. By selecting a paj-r of zeros as far apart as

possible from a pair of poles, it has been shown that the
function sensítivity $hi(") can be reduced tBl.

subsequently, the dynamic range will be maxinnized

through the optimum sequencing of individual biquads and the
gain distribution. rt can be shown that the optimum seguenc-

ing remains the same ín spite of the different pore-zero
pairing adopted in the second approach.

krnax f n, tirl I

K
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Realize the erliptic fitter of the same epecifications
as in Example 1. Poles and zeros are to be paired to rnini-
mize the function sensitivity, and the biquad notch functions

are to be seguenced so as to render the maximum dynamic ra-
r,rge. lhe pole of the highest e will be paired with the fa_

rthest zeto to generate biquads different from (16¡,

h (s) =I
e2 + L.243362

s2+o.63olz9s+2.66762

h (s) =
a2 + l.7r4o83

2 s2 + 0.23746Ls + 0.779973
(I7a)

h (s)
3

s2 + 9.926455

"2 
+ o.o47854s + 0.999404

The sequencing of biquads for optimum dynamic range is con-

ducted to produce the sa.me result as in Example 1.

H(e) = krhr(s) (17b)krh, (s)krh, (e )

The gain distribution is carried out to further enhance the

dynamic range of the whole network.

k = O.2LO7L2 k = 0.459223 k
3

(17c)

= 0. I01123
2 1

À recently proposed active circuit t4l using three opera-

tional amplifiers has been ernployed to realize each low-

pass notch section in (17).



24

The cascaded circuit and Íts magnitude characteristic
are shown in Fig. 4 (a), (b), respectively. It has been

observed that other possible aequences considerably dimin-
ish the dynanic range. The cutoff frequency Ís denormalized

to 11000 Hz. Element values are listed below. Raytheon

RC4156DC type operational amplifiers are used.

Cl-C2-0.02yF

Rr=33 .512 (f¿)

Rr=Rr=9r017

R4=159,041

Rr=43 ,7 93

R6= 1 9 ,445

R7=Rg=9r017

Cr=CO=0. 02UF

R9= 1 2 ,628 (O )

Rl O=Rl l= l5 ,407

Rl2=27,498

Rrr=33,551

Rl4=7,198

=l =15,407r6

R,,=33 6 ,624 (A )

c =9. 88nF
5 6

=f, =16r 11419

R

Rtg

O=3,328 r 856
2

2
R É 159,347I

R =18r043

Rts

22

R23=R2O=I6,ll4

À1I resistance values are in ohms.
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3.3 Other Types of Elliptic Functions

A. High-pass Type Elliptic Functions

High-pass type elliptic functions are obtained from the

low-pass function through the frequency transformation ". 
! .
s

Às a consequence, the passband and the stopband are interch-
anged. The pole-zero pattern is illustrated in F.ig. 5b.

The pole-zero pairing for a biquad is

(l8)
(s ni)(s - *

Þi)

where I "il lnil which gíves the high-pass notch char-

acteristic. Thus the development analogous to the case of
Iow-pass type yields the following sequence.

H(s) = Kh; hr

þr

h I
f

hr
n h'n

4
2I

ht
þz

(r9a)
4 4

for case (a)

H(s) (leb)
4

for case (b)

B. Band-pass Type Elliptic functions
s 2 

+r.,1 
2

Às a consequence of the transformation " r 
"*f, 

,

where ô_ is the center frequency anci BW is the band-wi.dth,
o

we have the pole-zero location as shown in Fig. 5c as ilL-
ustratedforn=L2.

Khl
n+4 hå*z hå*z

": --1 

-l
44

h,i*z hå*z
2?244
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The upper hatf from the horizontar rine intersecÈing
.o = ] Ís simirar to the pore-zero pattern of the row-pass
function and the lower haIf, to the pore-zero pattern of
the high-pass function. corresponding to each nl of a low-
pass notch function, there exists the ni of the identicar e
for a high-pass notch function. The pore-zero pairing, th-
erefore, should be conducted as shown beLow.

(s-zr) ("-ä )
(20a)

b f
f (s-pr) ("-$r¡ for low-pass notch sectlon of Qi

("-ri) ("-l i)
("-ei) t"-fi¡¡

h .h, lrflr il'.l I

(2ob)
for htgh-pass notch sectlon of
fdentfcal O.'1

n (2la)
4
-l

for case (a)

(21b)

h'-
L

For optimal sequencirrg, hi should accompany hf so that
a pair of biquads, one of low-pass notch and the other of
high-pass notch, form a subsection in the cascade.

H(s) = t(

['t i] [
hh

n I
4

H(s) = K .h

[+t,þ,]fn.,*,Ir
I
n*2

4

hn+2

4

'hi2
4

-'J
(b)

I

for case
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C. Band-stop Type Etliptic Functions

As a consequence of the transformation 
" -, BW"

s2 +62
o

which is the inverse of the band-pass caser wê have the

pole-zero pattern as shown in Fig. 5d. By using the anal-
ogy ¡ we can develop the technique which results in a pair-
ing and sequencing similar to (2I) but the place of the

low-pass notch function and the high-pass notch function
is reversed.

H(s) - K lrr'.n I [r¡'
Lä äJ IT

.h
flr II

4It
hr .hn

(22a\

(22b)

I n
4

H(s) = t( hå*z'hn+2

['+.'
I

J

for case (a)

]ltr'?-']
for case (b)

. nrr*,
4

+1
4 4
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Chapter IV

PHASE AND TIME DOMÀIN CHARACTERISTICS

For convenience, the elliptic transfer functions may

be written as

H(s)

H(s)

n/2
KN

i= I

2s + c.
1

c.
L

+

b.
L

+a.s
1

s2

b.
l-

+a.s
1

+s2

t

n: even

n: odd

(23a)

(23b)

cha::acte-

respect-

frequency

parameter

0 so that

(24)

will be

oo

tabl-es

of the

(n-r)/2
]I

i= I

s
K
+s

The typical pole-zero locations and the magnitude

ristics are ill-ustrated in Fig. 1 for n=6 and n=7

ive1y.

As shown in Fig. 1 (c) and (d), the stopband

úr^ is the freguency where stopband begins. This
Þ

is used in this thesis instead of a modular angle

we may assign appropriate values for úrs.

-1
U st-n I

t)

+

in the Appendix

filter function

ripple Ao (dB) = -20 J-og Ao

reflection coefficient p.

S

Furthermo::e the passband

specified instead of the

A (dB) -10 1oe II trf¡r ':p

There are

the order

(2s)

f from which we can find

for given passband r:ipples
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Fig. 6. PoIe - zero shffcing due to variable stopband frequency rl" and
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A_ (dB) , stopband attenuation A_ (dB) and the stopband freq-P-s
uency úr . For a given passband ripple A and the order n,- s --r.i-- p

the stopband attenuation A" becomes larger as ," assumes

Iarger values. In this thesisrwe assign ar"=l.lr 2.0 to
observe the way pores and zeros shift in the complex s-plane.

As shown in Fig 6,the pole-e decreases as ," increa-
ses and the pole location converges to Chebyshev point C.

On the other hand, as A^ increases, poles shift toward the
p

jar-axis inducing higher g's. The pole on the negative re-
ar axis shifts nearer the origin and transmission zeros orì

the jar-axisron the other handrmove further away from the

origin. Their locations are independent of A values.
p

4. t Phase and Group Delay

Since all the zeros are greater than unity (cutoff fr-
equency)and are located on the jr.^r-axis, they do not affect
the passband phase characteristic of the erJ-iptic firters.
Using (23), the phase is computed as follows.

0 (t¡)
n/z
I tan

i= I
-1 a .0)

1 o
u:ûr-u

t
+ I 180

u>G

(n-t) / 2

I
í=l

a.tJI
b.-rz

1

n eve n

+ t lBOo

n : odd

(26a)

r ( 26b)

l_

*t ú) -10(r.,1) = -tan

At every frequency

will be reduced by

greater than )Gi in (23) , the phase

lBOo due to the numerator of (23).

tan
U u> /1o
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In the passband the phase linearity improves as ,,
increases and eventually it approaches that of Chebyshev

filter. As seen in Fig. 6 phase linearity improves with

increasing ûr due to lower Q values. Smaller A improves-sp
phase linearity for similar reasons. In Fig. 7 and fiq.
Srthe phase characteristics are drawn for o"=1.I, 2.0 and

for passband ripples of A =0. I and A =I.0.pp
For even order function, passive ladder realization

does not exist. The need for transformers may be elimina-

ted by modifying the function so that the function vanish-

es at s = æ. The order of the numerator is (n-2) while

that of the denominator is n. There are two kinds of pos-

sibLe transformations: one having a dent at s=0 and the

other having no attenuation at s=0. The former is cLassif-

ied as Case B and the latter as Case C. For comparison,

the original even function is called case A. These three

cases are shown in Fig. 9 for n=4 incruding the locations
of the highest Q pole. Case A is the closest to the jo-
axis , Case B and C follow in that order. phase characte-

ristics of Cases A, B and C are plotted in fig. 10 for
n=4 and n=6.

Phases of Case A and Case B are almost identical and

the linearity improves in Case C due to lower e values.

Group-delay characteristics are obtained by differentiat-
ing (26) with respect to ri. They are plotted in Fig. Il
and Fig . L2. As confirmed by the phase curves, the fl_at-

ness of the group-delay improves for larger os, smal_Ier AO
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Case A, B and C are compared in

4.2 Unit Step Response

Due to the transmission zeros at the finite points on

the jo-axis and poles of reratively high Q, the time doma-

in behavior of the etriptic filters are considerabty dif-
ferent from those of arl pore function firters such as

Butterworth or Chebyshev.

The unit step response can be expressed as fortows.

1tn/2
I+ T A

i= I

and lower order n.

t3 for n=4 and n=6

n even

50

(27 a)

(27b)
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+
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1t (n-r) / 2

I
i= I

t
cos (61

n: odd

o 2a(r) I * Are eA t + cxi )
t-o ]. ].

where (*'. )ZL

The following are observed:

Even functions exhibit non-zero values

with o^) at r=0. Their overshoots are
S

ose of odd functions.
As rr^ increases, the delay time becomess

As A_ increases, the overshoot becomesp

delay time becomes longer.
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The unit step responses are shown in Fig. 14 and FÍg. 15

for ûJ = I.Ir2.0 and A = 0.111.0. Cases A, B and C arep

plotted in Fiq. 16. Case A and Case B are almost identi-
cal.

4.3 Impulse Responses

The impurse responses are obtained by apprying the in-
verse Laplace transformation to H(s) of equation (23).

a

h(t) eo6{t)
n/2

+TB
i= I

co s (r.,t + ß.)
l_

1 t
e 2

B,E

t (2Ba)
]. 1

n : even

a,
l-

2th(r) -o t
o

(n-r) /2
I

i=1
+= B'e

o
cos (rrr t +

]. ß:)
l-

(2Bb)
l_

n : odd

characteristics similar to step resDonses have been observed
in the impulse responses. rt is worth noting that the impulse

ô(t) exists in h(t) when n is even and. for odd n, the oo

becomes small-er for increasing os. rmpurse responses are
shown in Fig. L7 and Fig. IB for o"=l.J_r 2.0 and AO=0.I, 1.0.
Cases A, B and C are compared in Fig. 19.
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Chapter V

CONCLUSION

A simpl-e method of pole-zero pairing has been proposed

for the active cascade realization of elJ-iptic functions.
The flatness matrix is introduced to advance a theorem which

leads to the maximum dlznamic range. Secondty, the problem

of sequencing the biquads of the low-pass notch type has

been solved. rt is demonstrated that the generally accepted

sequencing techniques do not hold in the case of elliptic
transfer functions.

By using the nature of the frequency transformation,
the techniques and resul-ts obtained for the low-pass case

are directly applied to the optimization of other types such

as high-pass, band-pass and band-stop el-J-iptic fil-ters.
Two examples are provided to illustrate the proposed

¡nethods. The first example is the case in which the pole-
zero pairing, biquad sequencj-ng and the gain distribution
are a]1 employed to optimize one of the most rerevant per-
formance measures, ví2. the d¡¡namic range. The second ex-
ample takes a different approach in which the pole-zero

pairing is used for sensitivity irnprovement of the indivi-
dual biquads. Subsecuentllz, the sequencing and gain dis-
tribution are conducted to enhance the dynamic range as

much as possible.
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An active notch section proposed by Moore I4l was used

in the laboratory experiment (r'ig. 4) for the second exampJ_e.

The proposed method may be extended to switched-capacitor

realization of elliptic functions using the procedures such

as the one advanced by Ericksson 1111.

The phase and group-de1a1z have been examined. The time

domain characteristics of the elliptic filters have been

analyzed and compiled for various stopband frequencies and

passband rippres. case A, B and c have also been compared

for n=4 and n=6. Al-r figures have been plotted by a VERSA-

TEC Dr200A plotter using an AMDAHL 5850 computer. fn appen-

dicesrdetaj-led tables for Ao(dB) = 0.f ,0.2,0.5r1.0,2.0,3.0
are incl-uded to make ther,n avai]able to active synthesis

designers with various t,l .
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APPENDTX I

TABLES OF TMPORTANT PARAJUETERS FOR ACTIVE REALTZATIONS

H(s)

H(s)

n/2
KIÏ

l-=1

s+ú

s2 +c

+

(n-I) / z
n

í=1

b.
l_

a.s
1

s2 +
for n: even

l-
s2

b.
l_

+a.S
1

s2

+cK
for n: odd

+
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