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ABSTRACT

| This thesis discusses the various techniques
of obtaining the sensitivity of network due to a parae
meter change. The idea of'sensititivity‘is extended to
approximate a change in algiven network function when
the change in some parameter is known, Various well
established techniques are compared and their merits
discussed. A new view is presented by use of thfee
dimensional plots to disucss sensitivities in the real

.. frequency domain,
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LIST OF SYMBOLS

Chapter II
2.1 o ‘2¢s) — General Network impedance function
S15Spe -+ S5~ 2eros of the above network function
{2z — change at a branch impedance.
Ap - residue of the partial fraction
| expansion of the reciprocal
of netWork impedance function at‘
the zero in question. |
2.2 | a flcjun;' A general network function in the
| real frequency domain.
w - radian frequency.

‘ el-)e?_ .- "en'

G (s) -

tolerances of elemental values of
network,

Numerator of H(jw).

Denominator of H(jw).

actual deviation of elemental:

values at a network,

Function of a complex variable.,

magnitude of A
phase of A.

the voltage gain of a networke



Chapter III

3.1

3,2

vii

S - Sensitivity of network with
respect to a variable K.
Tes, %) - Network function.
K - parameter of the network function,
ACs)+ KB -numerator of T(s).
C (8) + K Ves)-denominator of T(s). -
X elemental value of network,
‘H¢s,x)- general form of both numerator
‘v" and denominator onT(s)x).
G- polynominal of H(s;x) not contain-
ing x.
“pes) - polynominal of H(s,x) containing
x with x factored from it.
G - the gain as defined for root locus

by W. Ro, Evans6.

Py B~ general pole and zero locations.
S - sensitivity of pole with respe0£

| to X |
3 - the constant appearing in front
of T(s) when T(s) is factored

form.



viii.

V- sum of tree admittance products
of a network. v
W (1,2)- sum of two tree admittance
products.
31312322~ open circuit impedance parameters

of a two-p rt network.

3.3 W~ is the closed loop gain of system
| ' with negative feedback and an
open loop gain of Go
Jﬁj ~  residue of W at pole location
S = Sj. |
C:‘,_ () - voltage gain of a network,
f ~ superscript, meaning farads.
£ ~ superscript, meaning ohms.
H - superscript, meaning henryse.
TT®~ product of pole vectors in the |
| _ S plahe to pole in qu,e.s'tion.‘
'TF,Z:*pro;duct of zero vector in the
s plane to pole in qﬁestion.
YY) Y - ‘the short circuit admittance.

 parameters of a two port network.
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X o~ nominal value of the element X.

AYX. - small change in the elemental
value of x

AA the change in the arguement of

X to A X.

¥



X,

. Chapter v
4.1 |  HQw~ network i}‘unction
| {4l - magnitude of H(jw)
¢ij); arguement of H(Jjw)
3,‘):“ - sensitivity of |H(jw)l due to
a change in x
é—f - sensitivity of qﬂ due ﬁo a
change in x
H(R)- a resistive network function.
oxRd - numerator of H(R) |
c+Rd - denominator of H(R).
Foy iy f, - complex variable function of w

used to describe H(jw,x)

Chapter V
F - a differentiable function

AF ~ a small change in F due to AXx,
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Chapter I

INTRODUCTION AND MOTIVATION

Many articles papers and theses in syhthesis
. are written to realize required network functions and
time response phenomena. These give rise to many
methods of designing filters, compensators, and other
passive network devices. However, few articles describe
the difficulties in realizing these networks in practice..
One of the problems that'arises is inherent
error which occurs in the ﬁanufacture of inductors,
capacitors, and resiétors. For example, the most common
types of resistors vary as much as 10% or 20% of their
nominal values. Three questions immediately arise from
the use of such circuit elements:

1) What will be the resultant response of a network
with elements which are not exactly those specified by
the designer? What happens to the‘response when the
value of a resistor, inductor or capacitor is 10% or

20% in error from the specified value?
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. 2) How accurate must we choose certain elements
in a network? Some may have more effect on the desired
response than others. Can certain elements be allowed

to be chosen less carefully than others?

3) Which synthesis technique is the best to use
in order to realize a desired response? There are many
synthesis techniques devised today so that the designer

.is able to choose from two or more hetworks.' In man-
ufacturing it may‘be advaﬁtageous from an economic‘point-

of view to use several more elements which need to be
less exact than a simple network which needs very exact
values. |

Thué'the purpose of this thesis is to present
techniques already in use to énswer the above,qﬁestions"
and to propose some new ideas on this matter. The éhért-'
comings of theltechniques are illustrated by use of

- examples. | RN

Chapter II deals with some of the eariiest
techniques devéloped. Tﬁese have many obvious short-
comings. Chapter III uses techﬁiques developed in the
field of Control Systems and spécializes these for
linear, time-invariaht, passive, lumped; finite, and
bilateral:networks. This chapter'deals‘with network
functions in the complex frequency.dOmain. Chapter

IV is an,attempt to solve problems in the real fre-
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quency domain by a direct approach. Chapter V extends
the idea of sensitivity discussed in the preceding
two chapters to more than one element. The author
1also wishes to present the different techniques establ-
ished in various papers in such é mahner that it can be.

of use to the reader,
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Chapter II
EARLY CONTRIBUTIONS

2,1 Displacement of Zeros Dué to Incremental

Parameter Changes

Probably the earliest contributioﬁ to'this
problem was made by A, Papoulis in 1955.1 The
'following is a review of his work to show the develop-
ment of this field as well as the need fof research
in this area, |
| | Consider an impedance fﬁnctioﬁ Z(s) with
zZeros at. %‘,s?,-'-—- Spttt t Sa

l.ee Z(S) = o eessess (2.1.1)

S=sSp ’

If we now add d=z¢s) in any branch, the zeros

- of the impedance function will move to the new positions

at s¥,sf . ..o sK

Since the zeros of the network are also the
~ roots of the determinant of the system these new zeros
canxbe found by considering the impedance or the admittq‘-
ance looking in at this}point where d z(s) is added.
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Thus we can write

ZLS)"" C’r‘%(‘i) = O . YXXXXx; (2.1.2)

5=’--3»_,3,z'k

Assume now that zero in question is of multiplicity
Then, ' o

(3*%J%N
Z (S)

:A_&—\—{—TO ...;'oooo- (2-103)
S:SZ" - :

We have from (2.1;2)

— & z(g)

1

¥ E(g) -..;oooo' (201‘1") .

S =35 S=S%

Frqm thié we can write the folloWing' relationships:

._S“‘Q) V SE(S.«@ ﬁgg}e "S&) ceeo0ooce (20106)

<'54<_‘>
Define_:, ) = r-g'i’:(S) (S— 9&3“ .ooooﬁooo (2.107)

% (3)

}Sﬁpe'rscripts indicate reference numbers in the Bibliography
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Then F (5‘-{%\ :—(;.z (S_k) A,‘o( XXX XXX (20108)
Fisy = %: has a singularity of order w
s) ‘
at S = S»& ®

Thus F(si will have no singularity at this

- point since the factors contributing to this singularity
have been cancelled. F(s) will therefore be analytic
in some region around s=¢ _4;0 ‘ |

| Thus if s;° is close to S, then F(s¥) can

be expanded in a Taylor series about 5S4, as follows:
F(Sj;) = F(S&_) ~ FICS—k) (g-(:k-—sk){--'- eacesco (2.1.9)

CIf (s¥ ~s,) is sufficiently small then the

following approximation can be made:

Foshy & Fosy Ceeveres (2.1,10)
so0 that
(Sz-—-g’&) :V {E(S> A"k ev0000e (201011)
A & 1s the residue of the partial fraction
expansion of 1 at S=Sye

Z:cs\
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| Equation (2.1.11) thus becomes very useful

in determining the initial direction of motion of zeros
By incremental changes in parameters. However it has

a drawback because of tedious calculations necessary
for the residue of each zerc. Another short-coming is
that this technique allows variations only in the small |
‘and shows onl& the initial direction of movement of

zeros due to parameter changes.
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2.2 Bounds on Frequexicy Response of a Network

The following development was done as an
application to networks by W. C. Yengst2~based on ‘
work done by B. R. Myer33 in Control Systems in 1959,
It enables one to work out‘the.maximum and minimum
bounds on ' (jw) due to many simultaneous changes in

' parameters of a network., | | ‘

Let us consider‘a network where the element

values differ at most from those required by the

amounts & P €aqe Then the network function

1WCay
can be written as

HLs)el.)ez_""E’;\,) = P (S)el? eZ)' - e"\\ ©ccevoce (202.1)
. : : th)e‘)ez>-.e“)

= P05 +E e Rs) *’E eceg Pey “’*"....... (2.2.2)

s.~,,5

QO(S')’*‘E e Q(S)""Zeb eé L&C§)+..
where the PS and Q's are polynom:mal in § .

From My_ers' Theoreml' we have

Pliwe e, e )= RGe + 77 e Prw) +Z;. e &% w)
. XY _ ‘

..\...Q.nf- 7‘ te“’ez) k-: QV\EPL&;""V\ LSW} eovecoo (20203)
Lbs‘k 1" ,

where the e'@,)3 are real numbers.
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For a specified W= Wo, P(Swo)e\)"'e“\falls
“in the interior of the polygon of P calculated at

the extreme values of

ep mx & For Lz

If there are ‘n e;s there will be 2™ extreme values

of the polygone.
For example consider AL_\w y€1,%:) with only two

variables. We must plot AL)wo3e€,ye.)

~ plane for the extreme values of

b) e\ :'—-—Ci N ‘ ez :'_ (5.—,_
c) & = & , | Ry = —Oq

Fige 22,1

in the complex

Re A
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Here we can pick out for this example
: I A LS‘O)\ mon  and | q)m‘ws »

Thus for a ratio of two polynominals as in
the' case of network functions, the maximum and minimum

limits may be found.

| 1e€e . ]H(jw)‘m(u(':- lpLSw)\ may ' scccece (20201&)
[QGW| min

‘Hkiw)\ M = \p(jw‘)\ Myn eeedese (26245)
‘QLAW)\ max

‘Similarly for the phase of H(jw)= Cb“(‘gw)' “

B39 ™ Pp Uiae = Pg L) i~ smoeese (2:2:6)

q_)_“qw\'“fn: d?P ST “‘q)c.s %) max ¢ seeceese (2.2.7)

. ‘Although this seems like a good approach to
obtaining errors in network response, it has the follow-

ing short-comings:

1) The calculations are laborious for any more
than two simultaneous variations. Also they must be done

for each frequency separately.
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2) The maximum and minimum values certainly
enclose the limits but in some cases are poor guides
since in some cases, these limits seem to be quite
large. The following example will illustrate this
poiht:- | | ‘ _

Consider the voltage gain of the following

circuit:

Ka
li .
| ¢,
R\gln VZ
Fige 242626
G L‘\U)) - __\_(_E (W) = 4 2 2 devavee YT
Vi 3 (Rz:*'\)*“.i“{Rz.Cz. '

The nominal values for R, and C, are:
Re= 0.5 ofims , C. =1 PRarad

This gives

q (%) — - S+ 2 ' : ’.oee'.;- (20209)
' a+3 '
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and the following Bode plot

#:6 Z 3 ;,&hﬁfuy-

[}

WQ’T al i

Fige 20243

Using the technique described on pages 8 - 10
and varying R, and (, by 10%, the data was plotted

in E‘igure 202.40

‘ \m o

Figo 202 oll'

C - Required curve

A,B ~€Bounds given from data.

_ The percentage error increases with frequency
hence beconming quite large for wWy4. This is due to
the fact that the polygon becomes larger with increasing

i‘requenc:jr.i This gives safe limits in which the result-
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.ing gain is to occur but from figure 2.2.k wé see that
this does not give a measure of the magnitude of the
actual error, We notice that for high}frequencies,<22;
shunts out R, and the gain becomes unity,‘independ-

ent of any errors in Ror Cz, =
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Chapter III

SENSITIVITY BY ROQT LOCUS METHODS :
3.1 General

Bode” has defined the term sensitivity as:

To 3(T®)  23T/7 Ceeees (3u1.1)
TN KY T ek -
where T (s) is‘the network function and K is a variable
- parameter in the system. It coﬂld be almost any para-
meter such as capacitance, resistance, temperature, etc.

Bode has shdwn that network functions can be

written in general as follows:

Ter= _AG) + K B sossece (3e1e2)
Cery + K D)

where A, B, C and D are polynomials in¢. The proof °

can be simplified somewhat if we let K be an element
4va1ue in the circuit such as resistance, inductance,

or capacitance,
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Proof':

: he+w0kk
o ‘

& Figo 30101

Te) is a ratio of tree.admittance or impedance -
products or of the compliments of the trees considered.
Since X either appears once in a tree or not at all and,
since these produkts are summed, ‘X is never raised to
ény power higher than one. Separating the numerator and :
denominator into two parts and factoring out the x we

obtain the form.

T(.SS: 'A(S) +. ')(_B(S\ . : 6000000 (30103)
Cis) + X Do) - o

The following analysis will examine the effect
on the poles and zeros of the netﬁprk function'TCQ by
varying X . The results of this analysis are useful since
many synthesis specifications require prescribed polei
zero configurations. |

We note that both the numerator and denominator |

are of the form

H(s,x\ = cg,cg) +j<,4o¢s\ " seeseee (3elek)
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By examining the roots of Hs,x)=0 we can determine the

poles and zeros of Tw) using ~x as a variable parameter.

. i'e;.%..(.$7+'xa P($)=—O eceocse e (3.1.5)
or e -_12(52 — ..__( ' ooooooo'(Boloé)v

‘ c%c%)

Equation (3.1.6) is the familiar root locus as formulated

6 with G= % pLs) . Many -
s

‘methods have been established to facilitate the plottlng
of the locus of G==/-

in detail by W. R, Evans"
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3.2 Pole and Zéro Sensitivity by Root Locus

In géneral we can write
., . M ' ’ ! .
T = % T, se ) . eessese (342.1)

T 8+ pl)

" noting that “Ei>ﬁhand 4~ may be functions of the

parameter X o

i

CaT L AT A L T | 2.2)
— i = W O eececdoo0 0202
Sy e = | | (3 )

MT:%?+ZWCST%L>~Z—;A‘CS+/P°'> e0o00000 (3-203)

’ A o . M l N
R T RO Y (302.4)
ow %’ a\% - 3,-‘_,%2’ lt. %%—P; deoeooaod o (]
Sa=% 2%, 3T X AR TR . (3.2.5)
g G I T osam v ST e ‘

we now define zero sensitivity as

Z. -1
CSx =X

= ’9‘——:%—2:— . 0ceeeeoeo (30206)
3% A | T

i.e. the changé of zero location per relative parameter

variation and define pole sensitivity as

. SJPE:—_ X, Q':E c: —_ 3 :p ; 000000 (30207)
'so that |

T m S :
S% _— 3"{2’\'\.%: + . EV ._.z Sf ) X EREXE] (3.208)

A dwx STEL = S+ pl
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| Before we apply these definitions let us
consider the following theorem which will allow us to
find certain pole zero sensitivities by inspection.
Theorem7
If there is a single element of value x
connecting two otherwise separate parts of a network,
then the sensitivity of the roots of the polynomial
“\/8 of the overall network with respect to the x is

ZeIr'0s

- Proof:

]
r
LY

R | Fige 3421
- x must appear in all the trees of the network.

- The sum of tree admittance products can be written as

\/'—-—')‘— \/\/ (t|2>)

‘where W({l,2) is the sum of the 2-tree admittance products

" not containing x.



; E 317.:31\ = W\Q)il‘(\() . W\'Z_‘Q\"Z_LY) s00c000 (3.2.10)

19,

- Roots of W(ipare roots of K.

o o Roots of V are independent of X,

Thus for a network of the type shown in

‘ Eigul"e 3.202
B ]

X _Z

Q

©

L) x, XZ

2!
O

Fige 30262

the -poles of o Y and 3y ATe independent of X,

and X since

. 5\\: Wi,i‘ (\(\ v. o.ool-oo.o (30209)

T W

and -

5\

V Y)

—5'7'2‘ : \/\)7")7"' k\/) | ' 000060080 (3.2011)
v ) | |

.. _;-\
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Another typical example is the bridged =T
network of Figure 3.2.3

. ' — X4
i °o ‘// \0

e | l . Y
Fige 36236

_ Here the poles of the 3. parameters are
independent of_k3 , since here)%sis the only linking
element in the\neﬁwdrk.

Thié theorem may be applied to any of the
hetwork'function that has a Vv product in the numerator
“or denominator. This theorem saves labour in finding

the pole or zero sensitivities.
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3.3 Sensitivity of Zeros
. We have defined the sensitivity of zeros as

S,)C:l":‘ = &E{, 00 c0000 (30301)
'335/
Let us use a more general symbol, namely S; to let the
: §
notation include both pole and zero sensitivity.

o
R
2
i
(174
v
)
o
)
c-

sescsce (36342)

The root locus of both numerator and

denominator is defined by

Ry =g % pOI=o cessess (3.3.3)
56 that
} . Yty j : ,
S : , ;
CS“)(_J :&\3%———/—%‘2{—— EEXERR RN (3030"1})
. ;VVSSS

everywhere aiong the'root locus, where Sy} 1s position
of the roots along the locus. From equations (3.3.3) and

- (3e304) we obtain

S)(‘_SS: __ - X kDCS) | ! 900060060 (30305).
,. c&!(g) rxoplesy

s= 33
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where the prime notation denotes the first derivative

with respect to 8§ .

If we now consider a function

\A/:: .__J&C . eoo0vco0
L4+ G '

where
G =% ek /%cs)
then - |
‘ x Plo _ xqp
P+ Naﬂv%:' gt P

The residue of W for s=5§ i.e..gsis given by

o0 0000

WS =

Q,S" it P | 'l coo00000
e ‘ 4
C%"‘\")C‘ N ‘3’:3:\
thus ' .
33 .
S'x’ = "*%S 60ce00e

(3.3.6)

(34347)

(3.3.8)

(3.3.9)

This method of finding pole-zero sensitivity

shall be referred to as the residue-method of pole-zero

~sensitivity in later discussions,

The following example will help to illustrate

some of the development previously introduced.

Let us assume that the following ciréuit'has‘

~been synthesized for a voltage transfer function.
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O
—AN——] .
_ Vi _
+ L | +
V, CRE SN
o —0
Fige 3.3.1,
Then the voltage gain is :
qu):—_ \/0 el R“S‘ ‘ ' - : occoooQ (303.10)
| -V, 394l +Rs (5+3) |
If the nominal value of R = | ohm,
ch) - = > ' = S 'YEXEXXKX] (303.11)
R=t GCe? rbsil - (BEIRAWNSF )

If we consider the denominator of G as H we obtain

HCS‘R)z%S.g.\ -\-RS(Q%’{'B\ . vcoevcve (303012)
and Gy = x P = ROCbs+ 3)
) 3l

2 R s LS+ ) ceevons (343413)
(3«&- \(-5)

!
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The root locus for & is shown in Figure 3.3.2.

Ju

S SRV [2R] g-
i/z_ 'y3 : ,
Fig. 30312

We notice that the root locus could be calibrated
in R and that the roots of H could be examined for
various values of R .

If we let R be equal to one ohm,
then

Hisy= (s+1sals+.2n) ceveens (3.3.14)

This gives the location of the poles of Wig) as shown in
Figure 3.3.3. | |

5»:.

A3 &

p Y2

: 3% < S iy
-.189 "',500 e il

.

Figo 36363
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. The sensitivity of the pole at s:;~;zn' is given by

~-240 ' ’ g g

S = whean = _2[%%]’
'_:_.; ..—.2_ ir.'l.\l [_jj»?_o" ,'2_80‘ - A 6000000 (303015)
' L'.E-zs 1T

 For more complicated & graphical means

could be used and tools such as a 'Spirule' may be

employed..
| - The sensitivity of the pole at $=-789 is
~ given by
~.7%9 ) .
%R = _%-,vgq = =21 T #
- T W

'l . ° . N o /,/"
— =2 {789 (180° 289 (130 =G esssoe (3.3.16)
~ . 578 [ig0o°

Suppose we.allow to change by 10%, then

. the approximate change of pole position are calculated

~as follows:

{

' ~y “c ' . ;‘ ‘
s AR
APL SR‘ ] ®90 0 00680 (303017)

=
thus . '
A\P"ZL‘Q‘ ’ZEh\’(.lo :'02&k @O0 00 GO (303.18)

and
&\\“D_n%%-g ."6%0&\(-%0 __—:_.OTCKS XEEXEX (303019)
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From‘the previous example the follbwing
obs‘ervations are made:

1) The pole furthest to the left is more sensitive
to a change in R than the one on the right. This result
allows us to compare the effect on specific poles or zeros
and enables us to design u’cilizling sensitivities where in
some cases it may be necessary to have some poles or zeros

may be compared with variations in other element values.

2) C—'t(.S\ = ‘__L'_%_\_E — "‘:&1‘ : eecsvsocee (3.3.20) _
Y Y ‘ -
Noting that
“’81\ = L:'L ) | 0co0000 0 (3.3.21)

" we see that the output is shorted in finding (%) . There-
fore the numerator is independent of R (or any shunt

elements) .

3) A change in R causes a corresponding change

“in gain. - A \

L) The locus has to be calibrated for different

values of R.
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3.4 Evaluation of Sy without Evaluation of X Itself.

The pole sensitivity may be exvressed as

S = 2R Al AP ceeeses (3ok1)
AX T AX ) A '
X % 3% '
Assuming we have a root locus of PES) —.-x of some shape
c(,cs) ,

as shown in E‘.‘:Lgure 3eltels )
. , @

Fig. BQLPol
suppose we wish to find the pole sensitivity as the

lo,cations marked (<) without evaluating X correspond-
ing to ‘chese pole 1ocatlons.

Allow p; to move at a perpendicular small
diétanée from the root locu_s of APl

Eor a particular point on the root locus such

as ¥, the following equation is satisfied,

L" L):: ——-7(4;. ) | 006000600 (304.2)
F Lpo) | ' |
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where X, is a real number.
For the new point

?(Pi‘hb/@h)x-—<%o’f&%) 9eeeese (3014'03)
TRy + A i) |

If we examine the % plane of the above equation we fird

: ¥*
that Ax leaves X, perpendicularly due %o conformality .

(see figure 3.4.2)

i.e. /\gw\,‘)ﬁ

. —> Re %
Fige 3elke?
. simce A = '3{.\0&'- Yo  essecse (Bekek)
Theh | , . e | '
A= m‘/‘;m , covcoes (3eke5)

Substituting equation (3.4.5) into (3.4.1) we obtain

CSPE Api= oAbl eeeees (30k6)

I8 1A
J—ﬂ d ;

See appendix for proof.
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where &K is the angle of ¢ at new location of the pole.
Equation (3.4.6) allows us to establish a

graphical procedure for evaluating the pole sensitivity.
We move p; by a known distance Ap;s The angle :

of %% at this new locatlon can be calculated in the

follow1ng manner
Y = —-‘-E (:SX_' A . \ 000000‘01(30h07)

/7(»-— T—'-VZ Z\QD\Q \/QC,‘HW'S +o P““A-P\,
_Z}.Lé_e\"o \/QCJ‘&"CY‘S +o p""A?L ee0v000 (3 1+ 8)

and CAK == Z._’)_('_ 4 ' es o000 (3 l+09)

Finally having api and A« we substitute into

P“'_ AN pL ' o ecavooe (3011'910)

Sy =
3 AL
Let us consider the same example done
- previously.

o : " . +
v e
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.Recall that

————

é';(.ﬁ)—_: vc, (S) —_ RS evvoeoe (3.1}011)
v, A+l + Rs (63+3) B

Where the root locus of the denominator of G(s) 1is shown

in Figure (3.4.4) ' Qe

Fige 3ok

suppose that a pole is needed at «= -, 21\ o

proceeding by the graphical method to determine Sa

o L P /.
~ we obtain: S5 = AN
AR

where A?_k is the angle of X o
AL =TT 4 2 Lz_ev-o vectors - Zlg_o‘e. Vecdors
for Ap. let us choose it be -+ y o9

A= Tl & tan’ 205 —(Tr-tan" :0% ‘)_~ an! 08
. P AL K Ry

= V44 vradians
~2iV  AJ

SoSgt & =105 ean
_} \ad
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This result compares favorably with thaﬁ
obtained by the residue method. Although it is an
approximation it 1s less laborious since the root

locus does not have to be calibrated. This feature
allows a circuit designer to move certain poles and

zeros in order to find a less sensitive position.
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3.5 Response Due to Pole Changes in the Réal

AFrequency. Domain

" Let us plot on a Bode diagram the effect of
- pole changes for a 10% increase in R using the
" previous example where R had the value of one ohm.,

This gives (%) the pole-zero configuration

~of Figure 3.5.1 : dns ‘
% % & J Res
Fige 3.5.1

Using the values of sensitivity as obtained

by the residue method of pole-zero sensitivity viz.

-, 20

gR ‘:?.,7.\‘ 'E R X NN X (30501)

and . . .
84 ‘ o .

Sg =183 cevens (3.5.2)

we obtain the pole-zero configuration of Gim (o) shown

“in Figure (3.5.2).
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5 w A (. @1 S
""‘.7‘0 . v “'c‘qo
where = v ) | _ Figo 30502
' :EQMSS):: _Lig ceresss (3.5.3)

(4. 90Y(g+ 10)

—_—

Bode plots of §(» and -C:};\(s) are illustrated in
Figure (3.5.3).

=)

{ oq1G|

( Oq (qn\ ] —
L LB

(TP

N

obi
\rz,

Fige 36543

From the new pole position we can compare the

frequency responses due to an increase in K « Since

many synthesis specifications are given in terms of -such
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diagrams (Bode plots) this may be a desirable result.
The following chapter will try to obtain this same

“result more directly.
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Chapter IV

SENSITIVITY OF NETWORK FUNCTIONS IN THE
REAL FREQUENCY DOMAIN

| Lol Generél

The following development is considered to
be original. Although it offers no simple method for
calculating sénsitivity and error, it does give a différ-
ent‘point'of view and is useful in certain special cases
which are discussed. For some simple circuits, quick
direct answefs are obtainable in the real frequency
domain; | | |

Assume we have a network function e

sheiw o |
R wy ._l\—\gwle“\ } iHle5¢ vosoess (lolel)

Let us now consider the sensitivity function -
H Y
S,\ e - % ln HW)
dx

= % A [ w VML 4+ 6)
Ar

XEEXXEN} (lp.i.Z) :

XN -] (h.l¢3)

_,-OL“Q’V\’[HL“’O\\ ..g..:\ .é.’..‘ﬁ._. 0000000 (ll—olol-lﬂ)
ddw % sl

H-L},w‘) ' Li R '
S'\ S,)SHE .-{—.:& S‘%é ' o0 eooe (4.105)
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A knowledge of‘Séﬁx‘usually implies a knowledge of S $

since we can write

a 8 FK‘ A .
chi)._.____wl_ © S):, (j\ d% . 0000 ee (1&0106)
LLEES - ’ .

provided the function is non-minimum phase.

. ‘|d) Cb
Thus the phase sensitivity S, = ¢ may be found fram
P M v ve- S |

the magnitude sensitivity

.l.:'“ —_—:d’Q’V\, !Ht a{,ﬂm‘x, eceoves (holo?)

Using the definition for magnitude sensitivity

G

% — ’A,Q/V\, \ H‘-SW\\ ' AR R RN N (h—alog)
D ® ' '
| HL{we
‘'we note that for any particular W., Si {wol is the

slope of l&%pgm>\ versus X on a 1og—log plot.

‘Thus for all W we construct a three dimensional plot
. ) LW 0w
as shown in Figure (4.1l.1l) and Sk tyun | defines surface,

SiﬂgA

‘ - >-,Q¢.3c

Fige Lelel
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This reduces to a two dimensional problem
for any particular value of X say %“.. In general
this may be difficult to apply but there are a few

special cases which are noteworthy.

Case (1)

"Registance Only" Networks

This case is the simplest of all to analyze
since the general form of the network function is mot = -
a function of w ., "Resistance only" networks arise
in the design and analysis of attenuator pads and

potentiometer networks. For the resistance only case

H((R.): Q. + R b 0900000 (14-0109)
J C _FZ a , ‘
where a,b ,c¢ and d are constanise.

 We now plot It versus 4w R with the help of
asymptotic lines as sketched in Figure (4.1.2)

'MHA\-

i b
- 4

> I R

Fige Lele2
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The sensitivity of the network is given

in Figure (L.1.3)

I Fige Lele3

> In R

R 23 -
In this case, M 1is most sensitive to changes .

in R in the range Q& R« S{'

- Case (2)
®Reactance Only" Networks
The general form of a network function is
HZS\:‘_‘_ i\tg) g X Bcs) . o-oo-oo. (hololO)

Ces) + %X D
and it is well known that only even or odd powers of

may be present in the numerator and denominator. Thus:

M) = f 2"__3:__*':_t> voesees (hololl)
XA o

where ¥$) @; and ,82 are functions of we $Qis
imaginary and &, and ﬁa_are real. For a particular

frequency w, we plot asymptotes of %+beo;x) on a log-log
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plot as shown in Figure (L.l.4)

Lo L Hiaoh

e A X

Fige holok
. For all ) this defines a surface. To find

the sensitivity, we merely take the slope. - In three

dimensions we have the shape illustrated in Figure (4.1.5)

-

WO,

Fige Leleb

By choosing a nominal value for X , we obtain

~the sensitivity of {Rl as a function of frequency.

The following example will illustrate the

method for reactive networks:
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,:\h

NEIY

\4‘_ | C=12F }Zéy" . §? 

Fige Lol.6

The voltage gain for the network in Figure (4.1.6) is
- given by

B — o S
;..\./.Z'Z.. G[(&U)): ch ‘.....n'(lp.l.lZ)‘
v o ogwe T -
hionad ‘ - .-._L \ OO OO0 (h—ololB) ‘
"C_‘fqmo'\: R - cevenee (hololk)
: W _ = . ' '
o C o

asymptotes of'\zgl .

Can ,éwu(:

Fige Lole7
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Plotting the sensitivity of \ZT{"\ with respect to W

we obtain the plot of Figure (4.1.8)

T
— e
A
w» L C
?ig. lole8

For a nominal value of (=72 farads we obtain

the sketch of\E‘igure (Lele9)

Gl

{ e —-‘-—-......_.

The example illustrates that sensitivity of

the gain increases with frequency. It should be noted

that at the poles of the network function, sensitivity

has very little meaning since it deals with the

.o . VG . 3 N
infinitesimal. S%GY does not exist at w='% , This
2

problem can be overcome by dealing with the reciprocal

of the network function. Thelogarithmic derivative

Fig. 1-&0109 '
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therefore exists at this point since it is now a zero

of the function.

Case (3)
‘General
The network function
HGwo = £ Gw (‘“* £ (e } Ceeeseee (hel.15)
' K4 R (W) _

may be rewritten in the form

Huwm (®Ret, ﬂ&&)(%:iﬁﬁgﬁg eevene (helo16)
A 2ty ) |

Special cases arise when either the real or
imaginary parts of ¥ and $§}are zero. These can be
handled easily by asymptotic approximations, To
illustrate such a case, let us consider the voltage
gain of the network of Figure (4.1.10).

C=1f -
R v
| Aan— .
’ ~+ ' : -0, , . ‘
xO T g v

—

‘ Fig. lp.l.lO
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_ L2 |
ioeo' QVZLS@):_\_{_—& (iw):c + /\)U\) ) QQ0c e 66 (h‘?lol?)

We plot for a particular

13

for | Gl

i
3 | , i’ LM&C
Fige Leloll
Siﬁce sensitivity is the slvope on a log-log
plot we obtain the sensitivity of \E-,I as function of

log C as shown in Figure (4.1.12)
A

SﬁGux\

> Lot G

Mz-_ 4 fﬂ%l
Ls w . .
- Figo Ll—ololz

If we choose C to equal 1 farad we obtain the

sensitivity as a function of frequency (Figure (4.1.13)).
A '

Gl
‘ sc/il

e — ——

- Lo

Fige Lol.13
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In general, sensitivity calculations are nov
this simple. It may be necessary to use a digital
computer to obtain the sensitivity of the magnitude -
of a network function. The following approach may be

useful for such an analysis:

We have in general

Hz.pb’ _05___"‘__\?_1,’ - ’x'(“@i&s‘\ *‘:\_ §W\£\ . $D YEXXEXX] (14»02018)
%t Raky £f Pk,

now,

H = IQDI{(’K + Qﬁ;;\l +- LQW\LI)L coceves (lelel9)
Vo(x e R ) (b )™ |

and ,,0,\,\((4[:—_-_ ,O,Wl&\ 4—.‘?_:%&(7(4—@1-‘:‘\14.(% "{“iylj |

. = QL - 4 Nz
Z%DXT o (b 2] \j eeeeces (Lele20)
albl = dto] v 4 [ x>+ 2x Rk +\8NT ]

-Laa [y 2y R By 18 T, eeeeeee (Balo21)

g

2
So that
bt » - |
f’x-‘ - Q,Q/\/\J\H\ — s ) "Q/V\ ‘H‘ 000c 0000 (14'01022)
= x2 42 R B T2 B R oiee (hele23)
A I R N X N A

‘ —— \ 9000000 (11'0102‘?) )
I B W AV
xR ERRa % Y4 2K

1
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We have thus obtained the sensitivity directly
as a function of ¢ without plotting it first with

respect to a variable % .

Let us now examine the example considered

before. ' }|C=f(
’ {

—r——

\Y <> R=0.5"" é I :/Z

| ‘Fige Lolollk
The voltage of network shown in Figure (bololl) is

given by

— 2/: s g R
_C'?kz_ﬁsm\"-:—.,y}(_Sm) = C+ /Qw 'oqo.oooo' (Z&-IQZS)

Vi C+ 3lyw

Here we have -

Sl = e, M= P

x=C=1 Ravrad
and Q. & = @\LQL’;O
. Utilizing equation (4olo.24) we can write the sensitivity
of {Hl as a function of C and “ as

S‘C}“iz "-—"’g‘—""—" - e i P0O0ROOO (Ll'01326)
{4 4/“\/.)?' : VoA o\{w'q_
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A \ 2
gc, —_— erL - ——-(-{—O-—-——‘_-i:— 'Y EER R A (401027)
G 4w Gaw

A plot of the sensitivity of each term iﬁ equation (4.1.26)

is shown in Figure (L.l.15)

=
Gzl |-
Se

Figo 401.15

. . 1@ X
Subtracting these two curves we obtain Se 7 as in

Figure (4.1.16)

.,_.....__.____.._.___;_.____

\Ga.
s
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To obtain the phase sensitivity we solve

the integral

o ¢ .
- S}_‘ (u)
Sewr=L ] ‘t;‘:?“ oy

evessca (Lela29)

-—

4 : 4 L eeseese (hele30)
TTS;{A(-\-%'L)(%-w OU% g(ﬁ.*—% (UQL w()i% '

Performing a partial fraction expansion we obtain

Ay ® S
4+ wt A +g 4w e
1%14..4. % 2 'Lés~u_\ %

)

c-,u%_ﬂug witq doy (4._1.31)
Py %f\.&\

) 0 BN

ST, i&‘::‘ﬁ{ o~

m(avwt) [Te yeed S 2o YW

N

&

! W,
T(qvﬂo) -».»%qu OQ% S‘ %lf'ci '\'S W cevovee (1+01032)

-l
We now proceed to take the Cauchy principal

part in the following manner:
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e

<
,2@721,:‘_“&_]- .
¢ . e ~Fo
-+ \.07‘ vQA/‘VV\-

2.
. € S

-\ - '
iy :Q’“% “‘”” o

= | R B (44
™ (A B) [ Lyte)

& ~r R0

\ e e
SSRN E Y O - RN T v b D T
TC (G4w?) L"M 2 ‘% i e e=ra 3 * —;é:- -6
. e ' »
+ wL,QM\A(— \& ) ] ’ eecoeceo (h—oloBB)
B R ) -

= Zef T Ty —L
T (4epust) ( *‘)

— B (-:\- j\ ‘@goeovov 00 (hochLp)
T (A4w?) 2 -
Faw® qrwr

00000 Q (h’.lOBs)

Plotting the terms of equation (4.1l.35) we obtain Figure
(helol7)

Fige Lolol?7
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Subtracting these curves, we find the resultant phase

sensitivity yields the following result as given in

Figure (4.1.18)

s i amae e v e e e v e e e —m — ot — o———c— o owm—— — —

Fige Lelol8
d & (uy analyticallye.

Jdnc

Thus we have obtained Sgﬁz.

For a more complicated circuit, digital means may be

necessary.
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Chapter V

MULTIPARAMETER SENSITIVITY

Sensitivity allows us to make apprbximate
calculations to predict the behaviour of networks

due to element changes.,

icee = —— _ eoecasee ‘ ol
CREY i/ neees (5.1)

so that _Z_E‘__L:% (S.:: )( [}‘»'\(«) » @cc0o0ecco (5.2)
k - F . R '

"If A% and AF are sufficiently small, goéd results are
obtained, | |

We notice that.g% can be interpreted as the
percent Qhange inx aﬁd that‘ﬁég as the pércent change

in the function.

For variations of more than one parameter,

o F = ' |
\-:: SX-[ A.Y-g - g'xq_ AX?—“‘"’ 000080 (503)
= Y *2

Synthesis techniques to minimize multi-
parameter sensitivity are discussed by S. C. Leege His

objective is quite different from this thesis since the
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author tries to develop new synthesis techniques by

comparison of sensitivity onlye.
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Chapter VI
OBSERVATIONS AND CONCLUSIONS

411 of thé‘techniques discussed have their
limits in predicting the overall response due to
parameter changes. Bach method does have its own merits
and gives different information. Thus the desigher may
choose the method or methods which give the most inform-‘

ation as well as those which facilitate calculation.

The first method discussed (that of Papoulis)
gives the initial direction of motion of poles and zeros
due to parameter changes. The second method in Chapter I
gives a bound on the frequency response and may possibly
give better answers to some problems than in the example
cited, This example was chosen to show the short
comings of this method. |

The methods of Chapter IiI are probably the
best for finding sensitivity and lend well to the use .
of graphical techniques which give limited accﬁracy.

The root locus in general may be difficult to plot
precisely. - A ®Spirule® or other root locus plotting

- devices would be a valuable asset in obtaining
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.sensitivities of wvarious network functionse.

Chapter IV discusses a direct procedure for
calculating the approximate frequency res?onse change
due to parameter changes. It has two édvantages:
firstly, it offers a visual aid for discussing
sensitivity as a three dimensional plot, and secoﬁdly
the two special cases of resistive and reactive nete
works facilitate calculation of the new frequency

responsee.
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Appendix

THE CONFORMALITY OF THE FUNCTION £LL = ¢,

Cé__t’a)

We have the locus of all points in the
| plane for which %wx for all values of X o |
We must show that at some po:.nt s=p; for %, in the
range oL Xq L« that the mapping from the s plane
into the =« plane is conformal in some small neighe--

- bourhood of .p. , that is . +apie

 Proof:
From complex variables, it is well known that

if % is an analytic function and é%g(.%)%*o in some
region R , then the mapping is conformal.
~ Since - and G are polynomials in s, _UL "[g)
exists at all points except Ck;o (pole on the root locus). |
We also require that ¢ _‘_\_(:P_)&o in some
region R .

i.e.%(ﬁ%]: og\_go%— 4oq A O

This means that q- must remain finite (cannot

be at a pole on the root locus) and that Dé.xp‘ e y(sc\%‘
|
S R
" The only way this can occur is if p=o or if p and %are
 constants. However this is the trivial case, If P=0°

‘this implies that we cannot be at a zero on the root locus.
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Therefore the mapping is conformal anywhere

along the root locus except at the end points.
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