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Abstract

Classical asymptotic procedures, such as confidence intervals for the mean and change-point
tests, are widely used because they are applicable under weak assumptions. Their finite-
sample performance, however, can fall short of what their asymptotic behavior suggests.
Confidence intervals may undercover for skewed or heavy-tailed data, while change-point
tests may have inflated type I errors or low power for detecting a change near the beginning
or end of a sample.

Motivated by these issues, this thesis develops nonparametric asymptotic confidence
intervals for the mean, tests for a change in the mean, and tests for changes in regression
coefficients. The proposed procedures are based on convergence in distribution of functionals
of appropriately weighted and normalized partial-sum-type processes. The central theme
is that suitable choices of functionals and weight functions can improve or better balance
finite-sample performance. Numerical studies show that the proposed confidence intervals
attain higher finite-sample coverage probabilities than the classical CLT-based interval for a
range of right-skewed distributions, and that the proposed mean-change tests achieve strong
power across all change-point locations while maintaining well-controlled type I errors. For
testing for a change in the slope or in the intercept in simple linear regression, the thesis
establishes the asymptotic theory needed to pursue similar finite-sample improvements in

the regression setting.
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Chapter 1

Introduction

1.1 Background and Motivation

The themes of this thesis lie within two closely related areas of statistics and probabil-
ity theory: invariance principles for Student processes and nonparametric change-point
analysis. Although the manuscript chapters address different inferential problems, they are
connected by a common methodological idea: using functionals of appropriately normalized
and weighted partial-sum-type processes to construct nonparametric asymptotic procedures
that aim to improve finite-sample performance relative to more classical choices of statistics.

Classical asymptotic procedures are widely used for confidence intervals and hypothe-
sis testing because they are broadly applicable and often require only weak distributional
assumptions. For example, the usual asymptotic confidence interval for the mean of inde-
pendent and identically distributed (i.i.d.) random variables (r.v.’s) is based on the Central
Limit Theorem and its Studentized form. Although this interval is asymptotically valid un-
der broad conditions, its finite-sample coverage probability may be lower than the nominal
confidence level, especially for skewed or heavy-tailed distributions.

The Functional Central Limit Theorems (FCLTSs) established by Csorgé et al. (2003)
provide weak convergence results for the Student process based on i.i.d. r.v.’s in the domain
of attraction of the normal law. When suitable functionals are applied to this process,
the resulting convergence can be used to construct functional asymptotic confidence inter-
vals (FACIs) for the mean. Earlier works by Tuzov (2014) and Martsynyuk and Tuzov
(2016) used this framework to derive FACIs based on several choices of functionals, includ-
ing supremum and integral-type functionals. Their numerical studies showed that some

of these intervals can have better finite-sample coverage probabilities than the classical



1.1. Background and Motivation

CLT-based interval, especially in settings where the latter may undercover. However, such
improvements may come at the cost of longer average interval lengths, reflecting a trade-off
between coverage accuracy and interval efficiency.

Weighted versions of the Student-process FCLT were developed by Csorgé et al. (2008)
and provide a further source of flexibility. The use of weighted Student processes for a
confidence interval construction was explored by Bhardwaj (2022), but the finite-sample
trade-off between coverage improvement and interval length remained a central issue. This
motivated the study in Chapter 2 of how the choice of a functional and weight function
affects the finite-sample performance of FACIs.

Similar finite-sample concerns arise in change-point analysis. In tests for a change in
the mean of chronologically ordered observations, a common statistic is based on the largest
absolute difference between the sample mean before and after each possible change point.
The power of such a test depends not only on the size of the change, but also on where the
change occurs in the sample. Changes near the beginning or end of the observation period
are typically harder to detect than changes near the middle.

Tests for at most one change in the mean can be formulated using functionals of nor-
malized tied-down partial-sum processes, whose weak limits under the null hypothesis are
functionals of a Brownian bridge. Weighted supremum-type tests have been studied in the
change-point literature, for example by Csorgé and Horvath (1988), Csorgé and Horvath
(1997), and Orasch and Pouliot (2004). In this setting, the weight function affects the
sensitivity of the test to changes occurring at different locations in the sample. However,
a three-way trade-off is usually observed among a test’s type I errors, power for detecting
the change near the beginning or end of the sample, and power for detecting the change in
the middle of the sample. It appears that previous works did not specifically aim to obtain
tests with better-balanced finite-sample behavior through the choice of a functional, weight
function, or both. This motivates the study in Chapter 3.

Chapter 4 extends the same nonparametric process-based perspective to regression
change-point testing. In simple linear regression, residual-based tied-down partial-sum pro-
cesses are constructed for testing changes in the slope and intercept separately. Although

related component-specific tests for at most one change in the slope or intercept have been
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studied previously, the chapter develops additional asymptotic results that provide a basis

for future finite-sample comparisons in the regression setting.

1.2 Main Contributions and Thesis Organization

The overall contribution of this thesis is the development and study of nonparametric asymp-
totic confidence intervals and change-point detection tests based on functionals of weighted
normalized partial-sum-type processes. Chapters 2 and 3 include numerical investigations
of finite-sample performance, while Chapter 4 develops asymptotic theory for regression
change-point testing.

Chapter 2 develops FACIs for the mean based on weighted Student processes. Start-
ing from existing FCLT's, the chapter considers interval constructions based on an integral
functional and a mixed functional involving both projection and integral components. It
also introduces special choices of weight functions and derives the corresponding confidence
intervals by solving the resulting inequalities in p. The finite-sample coverage probabili-
ties and expected lengths of these intervals are then compared with those of the classical
Studentized-CLT-based interval and related FACIs from earlier work.

The chapter shows that the proposed weighted-process-based intervals can have sub-
stantially improved finite-sample coverages for right-skewed distributions in the domain of
attraction of the normal law, including cases where the classical CLT-based interval sig-
nificantly undercovers. It also shows that the improved coverage is not explained only by
an increased interval length: for many right-skewed distributions, the best proposed inter-
vals have higher empirical coverage probabilities than equal-expected-length versions of the
classical interval. These results identify settings in which FACIs may be preferable to the
classical Studentized-CLT-based interval.

Chapter 3 studies nonparametric tests for an at-most-one change in the mean. The chap-
ter investigates test statistics based on supremum and integral functionals of weighted tied-
down partial-sum processes whose null limits are Brownian-bridge-based. While weighted
supremum tests of this type have been considered previously, weighted integral tests for

this mean-change problem appear not to have been systematically studied in the litera-
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ture. Through numerical comparisons, the chapter examines the effect of weight functions
on type I errors and powers across distributions with different degrees of asymmetry and
heavy-tailedness, as well as across different sample sizes, change sizes, and change-point
locations. The chapter emphasizes the finite-sample trade-off among type I error control,
power for changes near the endpoints of the sample, and power for changes near the middle
of the sample.

By choosing suitable weight functions, Chapter 3 proposes weighted supremum and in-
tegral tests that are nearly as powerful as the strongest previously studied weighted supre-
mum test, while having type I errors closer to the nominal level. The weighted integral
test is a particularly important contribution. It emerges as one of the most powerful and
well-balanced tests considered in the study, exhibiting strong power across all change-point
locations while maintaining the best controlled type I errors among the weighted supremum
and integral tests examined.

Chapter 4 extends the weighted tied-down partial-sum process framework from the
mean-change problem to simple linear regression with random design. The problems of
testing for at most one change in the slope and for at most one change in the intercept
are treated separately. For each problem, residual-based quantities are used to construct
appropriate tied-down partial-sum processes. This leads to asymptotic null distributions
for several slope-specific and intercept-specific statistics, including supremum and integral
statistics with Brownian-bridge-based limits, supremum and integral Darling—Erd&s-type
statistics, selected joint limits, and Rényi-type supremum statistics with Wiener-process
limits.

The main contribution of Chapter 4 is the development of an asymptotic framework
for these regression change-point tests. This provides the foundation needed to extend
the finite-sample ideas of Chapter 3 to tests for changes in regression coefficients. Since
Chapter 3 shows that the choice of a functional and weight function can strongly affect
the balance between power and type I error control, the asymptotic results developed in
Chapter 4 provide a solid basis for future numerical studies aimed at identifying regression
change-point tests with better-balanced finite-sample performance.

Finally, Chapter 5 summarizes the main conclusions of the thesis and discusses possible

4
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directions for future work. These include finite-sample studies for the regression tests,
further investigation of weight selection, and extensions to more general regression models.

The three manuscript chapters are connected by a common process-based approach
and a common finite-sample motivation. Each chapter uses functionals of weighted and
normalized partial-sum-type processes to construct nonparametric asymptotic procedures.
Chapters 2 and 3 directly investigate finite-sample performance in the confidence-interval
and mean-change settings. Chapter 4 builds on the weighted change-point framework of
Chapter 3 by developing corresponding residual-based tied-down partial-sum methods for
regression coefficient changes and establishing the asymptotic foundation for future finite-

sample studies.

1.3 Contributions of Authors

This sandwich thesis was made possible through the contributions of the authors of the
manuscripts included in Chapters 2, 3, and 4. Jervis Gallanosa contributed to the devel-
opment of the research, implementation of the numerical studies, formal analysis, interpre-
tation of results, and preparation of the manuscripts. He also drafted and integrated the
thesis manuscript, including the introductory and concluding chapters, and was responsible
for maintaining coherence and consistency across the thesis.

Dr. Yuliya V. Martsynyuk provided supervision, conceptual and methodological guid-
ance, and theoretical direction throughout the research. Her contributions were central to
the development of the asymptotic frameworks, the formulation of the research problems,
the writing and revising of the manuscripts of Chapters 2 and 3, and the refinement of the
manuscript of Chapter 4.

For Chapter 2, conceptualization, methodology, and supervision were provided by Y. V.
Martsynyuk. Simulation studies were conducted by S. Bhardwaj and J. Gallanosa. Formal
analysis was carried out by S. Bhardwaj, J. Gallanosa, and Y. V. Martsynyuk. Writing was
completed by J. Gallanosa and Y. V. Martsynyuk.

In Chapter 3, conceptualization and supervision were provided by Y.V. Martsynyuk.

Numerical studies, formal analysis, interpretation of results, and writing were carried out
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by J. Gallanosa and Y. V. Martsynyuk.
For Chapter 4, theoretical development, formal analysis, and writing were primarily
carried out by J. Gallanosa. Y.V. Martsynyuk provided supervision, methodology, and

conceptualization.



Chapter 2

Asymptotic Confidence Intervals
for the Mean with Increased

Finite-Sample Coverage

Probabilities



Asymptotic Confidence Intervals for the Mean
with Increased Finite-Sample Coverage
Probabilities

Shivani Bhardwaj', Jervis Gallanosa?, and Yuliya V. Martsynyuk?

!Canada Revenue Agency,
360 Main St.,
Winnipeg R3C 3Z3.

2Department of Statistics,
University of Manitoba,
Winnipeg MB R3T 2N2

The content of this chapter is based on the following publication:

Bhardwaj, S.; Gallanosa, J.; Martsynyuk, Y. V. (2025). Asymptotic Confidence Intervals
for the Mean with Increased Finite-Sample Coverage Probabilities. Mathematics 13, 3931.

https://doi.org/10.3390/math13243931



https://doi.org/10.3390/math13243931

Abstract

Abstract

We consider a Student process based on independent copies of a random variable X. If X
is in the domain of attraction of the normal law (DAN), a weighted version of the Student
process is known to follow a functional Central Limit Theorem (FCLT). Accordingly, ap-
propriate functionals of such a process converge in distribution to the same functionals of
the similarly weighted standard Wiener process. We use such a convergence for an integral
functional and derive asymptotic confidence intervals (CIs) for the mean of X. For right-
skewed distributions of X in DAN, we show that the obtained CIs have higher finite-sample
coverage probabilities than, and may be preferred over, a CI I; of the same asymptotic
confidence level 1 — « that is based on the CLT for the Student ¢-statistic, since the finite-
sample coverage probabilities of the latter CI may be lower than 1 — «. Moreover, for such
distributions, the finite-sample coverage probabilities of our best two Cls are also higher

than those of their respective equal-expected-length I; counterparts.

Keywords: weighted Student process; functional Central Limit Theorem; integral func-
tional; asymptotic confidence interval; domain of attraction of the normal law; right-skewed
distribution; Berry—Esseen bound

MSC: 60E07; 60F17; 62G15

1 Introduction

Let {X, X;,7 > 1} be a sequence of independent and identically distributed (i.i.d.) random
variables (r.v.) with an unknown population mean EX = u throughout this paper. Consider
the Student t-statistic

i1 Xi
Tn(X17 e 7X7L) = ﬁ, (1)

where s, := \/Z?ZI(XZ- —X,)2/(n—1) and X,, :=> 1, X;/n.

When 0 < VarX < oo, it is well-known that

T(X1 — s Xn — p) D N(0,1), n— oo, (2)



1. Introduction

which leads to the classical 100(1 — «)% asymptotic confidence interval (CI) for the mean

L
~ Ra/25n <= Ra)25n

IlZ: Xn— \/ﬁ 5 n+ \/7’7 )

where a € (0,1) and 2,/5 are the 1 — a/2 quantile of the standard normal distribution

(3)

N(0,1). In fact, Logan et al. (1973) extended (2) and hence validated (3) for the distribu-
tions in the domain of attraction of the normal law (DAN), where X € DAN means that
there exist constants a,, and b, > 0 such that

D1 Xi —an

; B N(0,1), n— oo (4)

Remark 1. The distributions in DAN have finite moments of order v € (0,2), while their
variances are positive, but may be infinite. Clearly, if 0 < VarX < oo, then (4) is satisfied
on account of the central limit theorem (CLT), with a, = nEX and b, = vnVarX. If
VarX = oo, then a, can also be taken as nEX, while b, = +/nlx(n), where Ix(n) is
a slowly varying function at infinity, meaning that lx(az)/lx(z) — 1, as z — oo, for
all a > 0. Moreover, in this case lx(n) is also nondecreasing and converges to oo, as
n — 0o. Consider a Pareto distribution of the first kind with the tail index o and the scale
parameter 3, denoted by Pareto(a, 3) hereafter. Pareto(2,1) with the probability density
function 237—3]1{9521} is a well-known example of a distribution in DAN with an infinite
variance. Moreover, by, in (4) can be taken as \/nlogn in this case. Clearly, if « > 2, then

Pareto(a, 1) has a finite variance and hence is also in DAN.

A Student process in D[0, 1], the space of real-valued functions on [0, 1] that are right-

continuous and have left-hand limits, is defined as follows:

[nt] X,
Ti(X X = ZH L 0<i< (5)

10



1. Introduction

where Y0 X; := 0. Thus, T/(X1,. .., X,) is a random step function on [0, 1]:
(
0, ifo<t<?i

X1
Spy/n’

e 1 2
1f5§t<ﬁ,

THXy,...,X,)

I
—~~
(=)
~

X1+ Xo+- -+ Xp

Sp/n ’
X1+ Xo o+ X

L ST ’

ift=1.

When t = 1, the Student process in (6) becomes the Student ¢-statistic of (1).
Let {W(t),0 <t < 1} denote a standard Wiener process. Theorem 1 of Csorgé et al.

(2003) extended (2) for X € DAN as follows:

X eDAN and EX=py =
W(THX ) =y X — 1) D R(W(E), n— oo, (7)

for all functionals h: D[0, 1] — R that are D-measurable and p-continuous,

where D is the o-field of subsets of D[0, 1] that is generated by the finite-dimensional subsets
of D[0, 1] and p is the sup-norm metric in DJ0, 1]. The convergence in distribution in (7) is
known as a functional Central Limit Theorem (FCLT). We also note that the functionals
to be considered in this paper are D-measurable and p-continuous.

In order to see that the CLT of (2) for the Student ¢-statistic is a special case of the
FCLT of (7) for the Student process, one reads (7) with the projection functional hq 4 (-)
with g = 1, where

h1(f(t)) = f(to), for any f(t) € D[0,1]. (8)

Tuzov (2014) and Martsynyuk and Tuzov (2016) considered several concrete functionals
as in (7) and derived respective asymptotic Cls, abbreviated as FACIs, for the mean of X
based on convergence in distribution of these functionals. The focus of these works was
to explore finite-sample properties of the obtained asymptotic Cls and compare them to

those of I of (3). Accordingly, from the comparison of the expected lengths and finite-

11
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sample coverage probabilities of these Cls, which was mostly performed numerically, it was
concluded that some of the FACIs were shorter than I, had at least as high coverage
probabilities as those of I, or both, and thus could potentially serve as alternatives to
I;. Situations in which these FACIs could be preferred over I; were not discussed in these
works.

Now, we present an FCLT for a weighted version of the Student process of (5) needed
for an introduction of the current work.

Let @ be the class of positive functions ¢(t): (0,1) — (0, 00), i.e., infs<t<1_5¢q(t) > 0 for

all 0 € (0,1/2), which are non-decreasing near 0 and non-increasing near 1. For ¢(t) € Q,

let
L o—cq?(t)/(t(1-t))
T(g,¢) = /0 g > )
Assuming that
Z(g,c) < oo for all ¢ > 0, (10)

it follows from Corollary 5 of Csorgé et al. (2008) that (7) for the weighted Student process

TH (X1 — pty. .., Xpn — p)/q([nt] /n) holds true:

X eDAN and EX=py =

t _ _
(B X gh<W(t)>7 e
«(5)

q(t)
for all functionals h: D0, 1] — R that are D-measurable and p-continuous.

(11)

Remark 2. For q(t) € Q,

Wl _ W)
q(t) w1 q(t)

(10) holds true if and only if ltifg =0 a.s. (12)

(see Theorem 3.4 of Csorgd et al. (1986)). Using (12) and Khinchine’s local law of the iter-
ated logarithm for the standard Wiener process, one can obtain examples of weight functions
in Q satisfying (10), also known as Chibisov—O’Reilly functions, by simply multiplying the

function

q1(t) == /t(1 —t)loglog(t(1 —t))~1, te (0,1), (13)

12



1. Introduction

by an appropriate function on (0,1) that converges to infinity ast ] 0 and t T 1.

Among other functionals, the convergence in distribution of (11) can be read with the

integral functional h(-) = ha(-), where

1
ha(f(1)) :/0 fA(t)dt, for any f(t) € D[0,1]. (14)

Moreover, such a convergence can also be concluded by using an Ly-approximation in prob-
ability (see Theorem 3 of Csorgé et al. (2008)), bypassing the FCLT and using a subclass

of weight functions ¢(¢) from @ that satisfy the condition

L1 —1)
/0 20 dt < oo. (15)

Thus, in particular, (11) with ho(-) holds true with the weight function

@2,a(t) == (t(1 —1¢))%, where 0 <a <0.5. (16)

The FCLT in (11) also holds true with a linear combination of the projection functional

hi4, of (8) and the integral functional hy of (14), in particular, with the following functional:

h3(f(t)) = dih10.99(f(t)) + d2ha(f(t)), forany f(t) € D[0,1], (17)

where di,ds € R.

In the present work, we derive FACIs for the mean p by using convergence in distribution
of the integral functional hy of (14) and its modification hz of (17) applied to the Student
process T (X1 — i, ..., Xpn — p)/q([nt] /n) weighted with some appropriate functions g(t).

We study, numerically, the finite-sample performance of the obtained FACIs and com-
pare it to that of the CLT-based CI I; of (3). For asymmetric distributions in DAN, the
finite-sample coverage probabilities of I; may be lower than its asymptotic confidence level
1 — a. Moreover, I; may suffer from significant undercoverage for smaller sample sizes
and more skewed distributions, especially the ones with fewer moments, while the rates of

convergence of the coverage probabilities of I; to 1 — a may be slow. We show that our

13



2. Main Results

1 — o FACIs have higher finite-sample coverage probabilities than, and may be reasonable
alternatives to, the CI Iy for right-skewed distributions in DAN, although the FACIs are

longer than I; on average.

2 Main Results

2.1 Preliminaries

In order to derive our FACIs for u from (11), the distribution function of the limiting r.v.
h (W (t)/q(t)) must either have a closed form expression or be tabulated. This is only the
case for hy (W (t)). The rest of the limiting distributions have to be tabulated by us, similarly
to the way of Tuzov (2014) and Martsynyuk and Tuzov (2016) for their functionals, which
is based on the invariance principle approach of Erdés and Kac (1946). Accordingly, since
the limiting distribution in (11) does not depend on the underlying distribution structure
of X, we estimate its quantiles by those of the respective empirical distribution of the r.v.
h(T! (X1 — p, Xo — pty..., Xpn — w)/q([nt] /n)), where the latter distribution is based on
100,000 simulated values that are each computed from an N(0,1) random sample of size
100,000.

After deriving our FACIs, we conduct a detailed numerical study of their finite-sample
coverage probabilities and expected lengths in comparison to those of the CLT-based CI Iy
of (3). The exact finite-sample coverage probabilities of the FACIs and I; are approximated
by their empirical counterparts, which are based on 10,000 random samples of size n from
a distribution of X.

In order to compare the expected length of a FACI (which is also not feasible to obtain
in general in a closed form expression) to the expected length of I, we use the ratios of the
empirical expected lengths of a FACI to that of I; from 10,000 random samples of size n.

In our simulation study, we use seven right-skewed and two symmetric distributions from
DAN with different numbers of moments: Pareto(2,1), Weibull(0.4,1), InverseNormal(7,1),
Log-logistic(2.1,1), Log-normal(0, 1.3), Frechet(2.5), Half-t(3), SymPareto(2,1), and (3).

The probability density functions for some of these distributions are provided in Table 1.

14



2. Main Results

Table 1: Probability density functions for some distributions.

Distribution Probability Density Function
Weibull(0.4,1) 0427062 250
InverseNormal(7,1) (2723) 05 (@=7)?/(982) 5 > @
Log-logistic(2.1,1) 2121+ 2272, >0
Log-normal(0,1.3)  (1.3zv2m)~! e~ *@/C203Y) 450
Frechet(2.5) 2527357 1 >0
Half-t(3) \/;T(l +22/3)72, x>0

SymPareto(2,1) lz| 73, |z >1

2.2 FACIs Based on hy and hs

Substituting h(-) = ha(+) of (14) into (11), we have the following, as n — oo:

1t 2 112
(X1 —py..., Xn— WH=(t
/ T —p - Xn = 1)) dtg/Q()dt. (18)
0 q2 (M) 0o 4 (t)
n
Since T (Xy,...,X,) is a random step function on [0, 1] as in (6), the convergence in
(18) amounts to
k
1 Ti:l (Zz 1( W2 (19)
S%’I’L2 1 q2

We consider (19) with two weight functions ¢(t) = g2,4(t) = (¢(1 —¢))® from Q with
a = 0 and 0.4, where both g2 0(¢) and ¢20.4(¢) are Chibisov-O’Reilly functions satisfying
(10) as well as (15). The cumulative distribution function of fol(WQ(t) /q*(t))dt has only
been available for ¢(t) = 1 (see Csorgé and Horvath (1981)). We retabulated the quantiles
of fo W?2(t)dt and they closely match the ones in the latter paper. We also obtained the

required quantiles of fo (W2(t)/ qg,o. 4(t))dt. All these quantiles are listed in Table 2.

Table 2: The 1 — o quantile of fO @ ))Qa dt.

a=010 =005 o=0.02

a=20 1.198 1.668 2.292
a=04 10.734 14.888 20.690

15



2. Main Results

Let a € (0,1) and define b > 0 such that P (fol Vq[f(gt)) dt < b) =1— a. It follows from

(19) that

2
i=1(Xi — )
521712Z< QZ(E) ) <b 2)1—04, n — 00. (20)

n

The quadratic inequality in g under the probability sign in (20) reads

—bn?s2 < 0. (21)

This leads to the following 1 — o FACI for p :

LEYXE  Xi D 1hYE X /D,
]2 _ 2Zk q2( ) TL 2Zk qz( ) + (22)
Witz Xibiam |

where D, is the discriminant of the quadratic function of (21):

2
vk x) e (H(EhX

k=1 n n

where D,, > 0 in all the Monte Carlo simulations of this paper. The FACI I, with
q(t) = 1 reduces to one of the FACIs obtained by Tuzov (2014) and Martsynyuk and Tuzov
(2016) from (7).

Next, we similarly derive the FACIs based on the convergence in distribution in (11)

with the Chibisov—O’Reilly weight function
g3(t) = [t(1 — )]"*[loglog(t(1 — £))~']~*? (24)
satisfying (10) and with h(-) = hs(-) of (17), with two pairs of values for (di, d2),

(0.3 - ¢3(0.99),0.7) = (0.07671255,0.7) and (0.5 - ¢3(0.99),0.5) = (0.1278543,0.5). (25)
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Accordingly, for a € (0,1) and e defined as P(hg(W(t)/q3(t)) <e) =1 — «, we have

0.¢ —M))Q
q3( )

10.99n] - n—
Pl d ifq é[099nju) 32n2 Z (

<e 2>1foz, n—o0o. (26)

Solving the quadratic inequality in g under the probability sign in (26) yields the following
1 — a FACI for u:

d15nn/n[0.99n ] 2d n— 1 kZZ, X /7 d18nn+/n[0.99n ] 2d n— 1 kzz 1 X A
QB(L?"J> +2d2 2 = Q3( ) q3(7L0 ??"J) +2d22 4 fI( ) *

2d, k 1 2122) 7 2d, k 1 q2’z2)

I3, =

(27)
where

2

n—1 k
A, = dy8pn/n [0.99n] 2 Z kY i1 Xi

+
(o) TR
1 10.99n 1 (Z X>2
n— ) n n— Y i
—ady Y e TN NS a2 ) ()

n )
=4 () q3(L097n9nj> = GG

where, for the discriminant A,,, we have A, > 0 in all the Monte Carlo simulations in the
upcoming tables, for both pairs of values for (di, dy) of (25). Our simulated values of 1 — «

quantiles e of h3(W(t)/q3(t)) can be found in Table 3.

Table 3: The 1 — o quantile of hg (W((t))) =d Z((g 33; +ds |, ! Vgg(g) dt.

a=010 a=005 a=0.02

(d1,d2) = (0.07671255,0.7) 2.414540 3.360469 4.661709
(d1,d2) = (0.12785430,0.5) 1.875837 2.652915 3.697833

Hereafter, we denote the FACIs I3, of (27) with (di,d2) = (0.07671255,0.7) and
(0.1278543,0.5) by I3 and Iy, respectively.

In Table 4, we numerically compare the finite-sample properties of I, I>, with the
weight functions ¢(t) = 1 and q(t) = (¢(1 —t))%4, I3, and I4 at the 1 — a = 0.95 asymptotic

confidence level. Table 4 lists the values of the empirical coverage probabilities 6’]\31 of I,
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2. Main Results

i = 1,3, and 4, and C/'J\DQ,Q of I 4, together with the corresponding Monte Carlo standard
errors in parentheses, all multiplied by 100%, as well as the values of 75 ; and 7;, the ratios
of the empirical expected lengths of I», and I, and I; and I, ¢ = 3 and 4. The Monte
Carlo standard errors for 75, (with both ¢(t) = 1 and ¢(t) = (t(1 — t))*4), 73, and 74 are
in the range of [0.000154, 0.000504] across all nine distributions from DAN and the sample

sizes n = 50, 100, 300, 500, and 1000.

Table 4: Comparison of Iy, I, with ¢(t) = (t(1 —t))%, I3, and I at 95% confidence level.

FACI Coverages Ratios of Average Lengths
Distribution n CPy-100% CPy,-100% (a=0) CPa,-100% (a =0.4) CP3-100% CPy-100% o4 (@=0) a4 (a=04) 73 i
50 81.41 (0.39) 83.40 (0.37) 88.49 (0.32) 88.65 (0.32) 92.05 (0.27) 1.124 1.354 1.253 1.339
100 83.74 (0.37) 85.66 (0.35) 89.51 (0.31) 89.94 (0.30) 93.16 (0.25) 1.115 1.274 1.183 1.272
Pareto(2,1) 300 87.05 (0.34) 88.75 (0.32) 91.10 (0.28) 91.83 (0.27) 94.64 (0.23) 1.109 1.187 1.115 1.196
500 88.06 (0.32) 89.18 (0.31) 91.14 (0.28) 91.81 (0.27) 94.77 (0.22) 1.108 1.157 1.094 1.174
1000 89.82 (0.30) 90.81 (0.29) 92.12 (0.27) 92.74 (0.26) 95.34 (0.21) 1.107 1.124 1.074 1.151
50  81.51 (0.39) 83.04 (0.38) 87.92 (0.33) 87.99 (0.33) 90.89 (0.29) 1124 1.354 1252 1.338
100  86.04 (0.35) 87.77 (0.33) 90.98 (0.29) 91.27 (0.28) 93.83 (0.24) 1115 1.274 1183 1.273
Weibull(0.4,1) 300 90.19 (0.30) 90.90 (0.29) 93.21 (0.25) 93.37 (0.25) 95.48 (0.21) 1.109 1.187 1115 1.196
500 91.17 (0.28) 92.03 (0.27) 93.84 (0.24) 93.82 (0.24) 95.90 (0.20) 1.108 1.157 1.095 1.174
1000 92.96 (0.26) 93.31 (0.25) 94.90 (0.22) 94.70 (0.22) 95.92 (0.20) 1.107 1.124 1074 1.151
50  82.52 (0.38) 83.97 (0.37) 88.21 (0.32) 88.38 (0.32) 90.84 (0.29) 1.124 1.354 1.253 1.338
100 87.13 (0.33) 88.26 (0.32) 91.52 (0.28) 91.88 (0.27) 94.20 (0.23) 1115 1.274 1183 1.271
InverseNormal(7,1) 300  91.80 (0.27) 92.10 (0.27) 94.58 (0.23) 94.62 (0.23) 96.02 (0.20) 1.109 1.187 1114 1.195
500 92.93 (0.26) 93.52 (0.25) 95.19 (0.21) 95.04 (0.22) 96.25 (0.19) 1.108 1.157 1.094 1.174
1000 93.78 (0.24) 94.12 (0.24) 95.60 (0.21) 95.21 (0.21) 96.15 (0.19) 1.107 1.124 1.074 1.151
50 84.44 (0.36) 86.48 (0.34) 91.34 (0.28) 9151 (0.28) 94.40 (0.23) 1124 1.354 1.253 1.339
100 87.46 (0.33) 88.93 (0.31) 92.76 (0.26) 93.11 (0.25) 95.79 (0.20) 1115 1.274 1183 1.271
Log-logistic(2.1, 1) 300 89.87 (0.30) 90.96 (0.29) 93.25 (0.25) 93.67 (0.24) 96.11 (0.19) 1.109 1187 1115 1.196
500 90.51 (0.29) 91.44 (0.28) 93.56 (0.25) 94.01 (0.24) 96.03 (0.20) 1.108 1.157 1.094 1173
1000 91.07 (0.29) 92.13 (0.27) 93.50 (0.25) 93.63 (0.24) 95.73 (0.20) 1.107 1124 1074 1151
50 85.31 (0.35) 86.86 (0.34) 91.08 (0.29) 91.30 (0.28) 93.71 (0.24) 1.124 1.354 1.253 1.339
100 87.54 (0.33) 88.64 (0.32) 92.31 (0.27) 92.41 (0.26) 94.78 (0.22) 1.115 1.274 1.183 1.272
Log-normal(0, 1.3) 300 91.70 (0.28) 92.39 (0.27) 94.64 (0.23) 94.70 (0.22) 96.19 (0.19) 1.109 1.187 1.115 1.196
500 9217 (0.27) 92.90 (0.26) 94.89 (0.22) 94.73 (0.22) 96.24 (0.19) 1.108 1.157 1.094 1.173
1000 93.25 (0.25) 93.82 (0.24) 95.35 (0.21) 95.17 (0.21) 96.43 (0.19) 1.107 1.124 1.074 1.151
50  87.93 (0.33) 89.24 (0.31) 93.45 (0.25) 93.52 (0.25) 95.64 (0.20) 1.124 1.354 1.253 1.339
100 89.61 (0.31) 90.57 (0.29) 94.10 (0.24) 94.27 (0.23) 96.36 (0.19) 1.115 1.274 1.183 1.272
Frechet(2.5) 300 91.90 (0.27) 92.13 (0.27) 94.75 (0.22) 94.82 (0.22) 96.45 (0.19) 1.109 1.187 1.114 1.196
500 92.22 (0.27) 92.91 (0.26) 94.85 (0.22) 94.94 (0.22) 96.76 (0.18) 1.108 1.157 1.094 1.173
1000 93.54 (0.25) 93.85 (0.24) 95.41 (0.21) 95.36 (0.21) 96.80 (0.18) 1.107 1.124 1.074 1.151
50 90.98 (0.29) 91.77 (0.27) 95.75 (0.20) 95.62 (0.20) 97.30 (0.16) 1.124 1.354 1.253 1.339
100 91.99 (0.27) 92.86 (0.26) 96.11 (0.19) 96.03 (0.20) 97.57 (0.15) 1115 1.274 1183 1.272
Half-t(3) 300 93.66 (0.24) 93.92 (0.24) 96.33 (0.19) 96.09 (0.19) 97.06 (0.17) 1.109 1.187 1115 1.196
500  93.89 (0.24) 94.13 (0.24) 96.08 (0.19) 95.77 (0.20) 96.78 (0.18) 1.108 1.157 1.095 1.174
1000 94.11 (0.24) 94.51 (0.23) 96.06 (0.19) 95.49 (0.21) 96.32 (0.19) 1.107 1.124 1.074 1.151
50 9512 (0.22) 95.45 (0.21) 99.10 (0.09) 98.17 (0.13) 97.86 (0.14) 1124 1.354 1253 1.339
100 9551 (0.21) 95.34 (0.21) 98.56 (0.12) 97.41 (0.16) 97.10 (0.17) 1115 1.274 1183 1.271
SymPareto(2, 1) 300 95.33 (0.21) 95.26 (0.21) 97.96 (0.14) 96.69 (0.18) 96.33 (0.19) 1.109 1187 1115 1.196
500 95.62 (0.20) 5.67 (0.20) 97.89 (0.14) 96.62 (0.18) 96.37 (0.19) 1.108 1.157 1094 1.173
1000 9535 (0.21) 5.20 (0.21) 97.12 (0.17) 96.04 (0.20) 95.96 (0.20) 1.106 1.123 1074 1.151
50 94.80 (0.22) 95.29 (0.21) 98.99 (0.10) 98.09 (0.14) 97.84 (0.15) 1.123 1.354 1.253 1.339
100 95.02 (0.22) 95.02 (0.22) 98.40 (0.13) 97.37 (0.16) 97.03 (0.17) 1.115 1.274 1.183 1.272
t(3) 300 95.11 (0.22) 95.22 (0.21) 97.77 (0.15) 96.49 (0.18) 96.14 (0.19) 1.109 1.187 1.115 1.196
500 94.85 (0.22) 95.17 (0.21) 97.25 (0.16) 95.98 (0.20) 95.96 (0.20) 1.108 1.157 1.094 1.174
1000 94.87 (0.22) 94.86 (0.22) 96.60 (0.18) 95.36 (0.21) 95.40 (0.21) 1.107 1.124 1.074 1.151
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2. Main Results

Based on Table 4, we make the following observations in Remarks 3-6.

Remark 3. All four FACIs exhibit trade-offs between their respective empirical coverage
probabilities and expected lengths. Indeed, they have mostly higher coverage probabilities
than those of Ii, while being longer than I, on average. More precisely, the ratios a4,
r3, and T4 are greater than one, being at most 1.354 for n = 50 and at most 1.151 for
n = 1000, and it appears these ratios do not depend on the distribution and decrease as
n increases. As for the empirical finite-sample coverage probabilities, 61\32,(], C/’]\Dg, and
C/'1\34 are higher than C/']\Dl, except for a small number of larger samples for (/71\3qu when
q(t) = 1. For all the asymmetric distributions, CPy-100% is lower than (1—a)100% = 95%
(more so for smaller n) and converges to 95% slowly. For the Pareto(2,1) samples, I has
the most severe undercoverage, where the rate of convergence of C/']\Dl - 100% is so slow
that for n = 1000, C/']\Dl - 100% 1is still below 95%, at 89.82%. Moreover, as seen from
Table / (for the 95% confidence level) and Tables A1 and A2 from Appendiz to Chapter
2, with similar comparisons of I, I g, I3, and Iy at the 90% and 98% confidence levels,
the four FACIs provide coverage improvements of various degree, with the most significant
one being the case of Iy, and thus may be reasonable alternatives to Iy for right-skewed
distributions. On the other hand, for the symmetric SymPareto(2,1) and t(3) distributions,
the coverage 5]31 -100% 1is very close to the asymptotic confidence level for all our sample
sizes and does not require an improvement. We note in passing that the ratios of the
empirical expected lengths T2 4, T3, and T4 obtained in Tables A1 and A2 are very similar
to the ones in Table 4, and that the corresponding Monte Carlo standard errors are in the

range of [0.000219,0.000715] in Table A1 and [0.000109,0.000359] in Table A2.

Remark 4. Various Berry—FEsseen upper bounds for

n n -1/2
E, :=sup|P ZXZ- (ZX?) <z | —-P(N(0,1) <x) (29)
r i=1 i=1

were established by a number of authors under different conditions on the sequence {X;,1 >
1} (see Section 3 of Shao and Wang (2013)). For example, assuming that X1,..., X, are

independent but not necessarily identically distributed random variables with zero means and
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finite variances, Shao (2005) proved that

By, < 6p, (30)
where
10.2 & 5 25 < 5 e o 5
0=z 2 BN xom.2) + 57 D BIXi L x<p,)) , with By =) EX.
noi=1 n =1 i=1
(31)

When {X;,i > 1} are i.i.d. random variables, the expression §, of (31) converges to zero
and becomes a uniform upper bound of the rate of convergence in the self-normalized CLT.

Assuming that {X, X;,1 > 1} are i.i.d. random variables with X € DAN and EX = 0,
and defining

by = sup{z : nz  B(X?1|x|<y) = 1}, (82)

and

On i= nP(|X| > by) +nb, " |E(XTy x5 )|+ nb "E(X P x<50); (33)

Bentkus and Gétze (1996) showed that
E, < Ady, (34)

where A is an absolute constant and Sn — 0 as n — oo.

The bounds §,, and Agn can also be used to estimate the rate of convergence in the
Studentized CLT (2) and how fast the finite-sample coverage probability CP; of the corre-
sponding CI I; of (3) converges to the asymptotic level 1 — a.

The rate of convergence in the self-normalized and Studentized CLTs, and hence that of
C/’]\Dl to 1 — «, is known to be, in general, faster for symmetric distributions and slower for
asymmetric distributions, especially when the latter have fewer moments, larger skewness,
or both (see, for example, Bentkus and Gotze (1996) and references therein). This is clearly
observed for C'P; for the symmetric SymPareto(2,1) and ¢(3) distributions from Tables

4, Al, and A2. On the other hand, the asymmetric version of SymPareto(2,1), namely
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the ordinary Pareto(2,1) distribution with an infinite variance, has the lowest CP; in
these tables and converges slowly. Similarly, for the asymmetric Half-t(3), its 51\31 is lower
compared to that of ¢(3). For the asymmetric Log-logistic(2.1,1), Frechet(2.5), and Half-
t(3) distributions, we can see from Tables 4, A1, and A2 that their respective 6’]\31 values
decrease as their numbers of finite moments decrease.

Interestingly, the behavior of the finite-sample coverage probabilities of our FACIs I3 4
closely resembles that of C/']\Dl, as evident from Tables 4, A1, and A2. Moreover, in Table
5, not only C/’ﬁl but also the four FACI coverages exhibit nearly the same ordering as
the values of §,, and &, computed for our distributions for n = 100. The orderings of the
values of 6, Sn, C/’]\Jl, 6’]\32,(1, 6’]\33, and C/’]\34 vary only slightly for other sample sizes, while
remaining in close agreement. Thus, for right-skewed distributions with larger values of d,,
(if defined) or dn, one may prefer to rely on one of the FACIs to estimate the mean p, as I

may exhibit undesirably low coverage probabilities.

Table 5: 8100, 100, and coverages C/’]\Dl, C/'I\ngq, 6’?’3, C/']\34 (-100%) for n = 100
CPy., - 100%

Distribution 6199 100 CP1-100% q(t) =1 q(t) = (t(1 — 1))+ CP3-100% CP,-100%

Pareto(2,1) NA 1.590 83.74 85.66 89.51 89.94 93.16
Weibull(0.4,1)  8.700 1.429 86.04 87.77 90.98 91.27 93.83
InverseNormal(7,1) 8.574 1.247 87.13 88.26 91.52 91.88 94.20
Log-logistic(2.1,1) 9.365 1.232 87.46 88.93 92.76 93.11 95.79
Log-normal(0,1.3) 8.310 1.138 87.54 88.64 92.31 92.41 94.78
Frechet(2.5) 8.215 0.974 89.61 90.57 94.10 94.27 96.36
Half-t(3) 7.922 0.603 91.99 92.86 96.11 96.03 97.57
SymPareto(2,1) NA 0.451 95.51 95.34 98.56 97.41 97.10
t(3) 6.186 0.328 95.02 95.02 98.40 97.37 97.03

Remark 5. Upon further inspection of Tables 4, A1, and A2, for the asymmetric distri-
butions, we conclude that the Is FACI has the finite-sample coverages that are similar to
those of I 4 with q(t) = (t(1 —1))%4, being shorter than the latter FACI on average. On the
other hand, Iy has a similar average length to that of Is, with q(t) = (t(1 —t))%4, but has
higher finite-sample coverages than the latter FACI. Thus, I3 and I, improve on I3 4 with

q(t) = (t(1 —1))°* in terms of the expected length and finite-sample coverage probability,
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respectively. In addition to Table /4, for our right-skewed distributions, we compare the 95%
confidence level I3 and Iy FACIs to their respective 17 counterparts of the same average
lengths (and thus of higher nominal levels, since the ratios of the average lengths 75 and
T4 reported in Table J are greater than one). Thus, in Table 6, for each sample size used
in Table /, we find the respective I matches for Is and Iy (so that the absolute difference
between the average lengths of the FACI and I, divided by the average length of the FACI is
less than or equal to 0.00001) and report the finite-sample coverages él\DLadj x 100% of the
thus adjusted I together with their nominal asymptotic coverages and the difference in the
finite-sample coverage between the 95% confidence level FACI and the adjusted I; CI. Both
I3 and 14 have higher coverages than their adjusted CLT-based I counterparts, especially for
smaller sample sizes and Pareto(2,1), with a few exceptions for large sample sizes where I3
and I, do not provide more overcoverage than the respective adjusted Iy Cls. Similar com-
parisons with analogous conclusions are performed for the 90% and 98% confidence level I3
and Iy FACIs with their respective equal-average-length Iy Cls in Tables A3 and A4 from

Appendiz to Chapter 2.
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2. Main Results

Table 6: Comparison of coverages CP5 - 100% of I; and CPy - 100% of I (both at 95%
confidence level) with coverages 6‘]\31@@' of equal-average-length adjusted I; counterparts

(at higher nominal levels) for right-skewed distributions.

I3 1y
Distribution N I3 C/;Pj C/'T‘?l,adj (Nominal) (C/‘T—’g - 6’7311&1]-) n 6/734 é?jl.adj (Nominal) (C/‘Th — C/'?’Ladj)
avg. len. x100% x100% x100% avg. len. x100% x100% x100%
50 1.334 88.65 87.08 (98.595) 1.57 1.426 92.05 88.59 (99.133) 3.46
100 0.966 89.94 87.82 (97.959) 2.12 1.038 93.16 89.71 (98.734) 3.45
Pareto(2,1) 300  0.614 91.83 90.20 (97.108) 1.63 0.658 94.64 91.74 (98.092) 2.90
500  0.481 91.81 90.13 (96.803) 1.68 0.516 94.77 91.84 (97.857) 2.93
1000 0.357 92.74 91.54 (96.472) 1.20 0.382 95.34 92.93 (97.591) 2.41
50 6.001 87.99 86.62 (98.590) 1.37 6.412 90.89 87.84 (99.128) 3.05
100 4.249 91.27 89.88 (97.962) 1.39 4.570 93.83 91.14 (98.738) 2.69
Weibull(0.4,1) 300  2.479 93.37 92.50 (97.109) 0.87 2.660 95.48 93.66 (98.092) 1.82
500  1.917 93.82 93.10 (96.806) 0.72 2.056 95.90 94.42 (97.856) 1.48
1000 1.355 94.70 94.42 (96.476) 0.28 1.452 95.92 95.77 (97.596) 0.15
50  11.086  88.38 87.00 (98.591) 1.38 11.845  90.84 88.02 (99.129) 2.82
100 7.857 91.88 90.55 (97.955) 1.33 8.446 94.20 91.68 (98.730) 2.52
InverseNormal(7,1) 300  4.534 94.62 93.78 (97.102) 0.84 4.864 96.02 94.89 (98.086) 1.13
500  3.469 95.04 94.52 (96.804) 0.52 3.721 96.25 95.53 (97.856) 0.72
1000 2.434 95.21 95.10 (96.472) 0.11 2.609 96.15 96.19 (97.593) —0.04
50 1.252 91.51 90.09 (98.594) 1.42 1.338 94.40 91.41 (99.132) 2.99
100 0.918 93.11 91.53 (97.955) 1.58 0.987 95.79 92.96 (98.727) 2.83
Log-logistic(2.1,1) 300 0.548 93.67 92.38 (97.109) 1.29 0.588 96.11 93.82 (98.093) 2.29
500  0.439 94.01 92.63 (96.804) 1.38 0.471 96.03 94.02 (97.855) 2.01
1000 0.319 93.63 92.84 (96.475) 0.79 0.342 95.73 94.34 (97.596) 1.39
50 2.808 91.30 89.88 (98.596) 1.42 3.001 93.71 91.06 (99.134) 2.65
100 1.962 92.41 91.31 (97.959) 1.10 2.109 94.78 92.69 (98.735) 2.09
Log-normal(0,1.3) 300  1.153 94.70 93.92 (97.107) 0.78 1.237 96.19 95.02 (98.090) 1.17
500  0.880 94.73 94.03 (96.803) 0.70 0.944 96.24 95.21 (97.854) 1.03
1000 0.626 95.17 94.74 (96.476) 0.43 0.671 96.43 96.03 (97.596) 0.40
50 0.813 93.52 92.37 (98.593) 1.15 0.869 95.64 93.50 (99.132) 2.14
100 0.564 94.27 93.29 (97.961) 0.98 0.607 96.36 94.45 (98.736) 1.91
Frechet(2.5) 300 0.330 94.82 94.09 (97.105) 0.73 0.354 96.45 95.27 (98.090) 1.18
500  0.255 94.94 94.22 (96.801) 0.72 0.274 96.76 95.35 (97.850) 1.41
1000 0.182 95.36 94.87 (96.472) 0.49 0.195 96.80 95.98 (97.592) 0.82
50 0.834 95.62 94.98 (98.596) 0.64 0.891 97.30 95.80 (99.134) 1.50
100 0.571 96.03 95.42 (97.959) 0.61 0.614 97.57 96.52 (98.735) 1.05
Half-t(3) 300  0.321 96.09 95.80 (97.109) 0.29 0.344 97.06 96.85 (98.093) 0.21
500 0.246 95.77 95.66 (96.807) 0.11 0.264 96.78 96.80 (97.858) —0.02
1000  0.172 95.49 95.65 (96.474) —0.16 0.185 96.32 96.91 (97.596) —0.59

Remark 6. As per Tables /, Al, and A2, the FACIs Iy, with q(t) = (t(1 — t))**, I3,
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3. Conclusions

and I, exhibit a more expensive, yet, in the case of right-skewed distributions with higher
d100 (if defined) or 100, potentially desirable trade-off between their finite-sample coverage
probabilities and expected lengths as compared to the FACI I, with q(t) = 1, which was
obtained from the FCLT in (7) for the unweighted Student process by Tuzov (201/) and
Martsynyuk and Tuzov (2016). Moreover, the finite-sample coverage probabilities of other
FACIs considered in these works can be seen to be significantly exceeded by those of Iz 4 with
q(t) = (t(1 —1))°4, I3, and I for our right-skewed distributions (we did not include our

computations in this regard here).

3 Conclusions

In this paper, we derived FACIs Iy 4, I3, and I for a population mean g of a distribution
in DAN by using convergence in distribution of the integral functional hy of (14) and its
modification h3 of (17), applied to the Student process T% (X1 — p, ..., Xn — p)/q([nt]/n)
weighted, respectively, with the function ¢(t) = (¢(1 —1¢))* (a = 0 and 0.4) and the function
q(t) = [t(1 —1)]%?5[loglog(t(1 — t))~1]7%5. We showed, numerically, that our 1 — a FACIs
have higher finite-sample coverage probabilities than, and may be reasonable alternatives
to, the CLT-based 1—« CI I; for right-skewed distributions in DAN, although the FACIs are
longer than I; on average by at most 1.361 for n = 50 and only at most 1.156 for n = 1000.
The obtained FACIs may be especially appealing for right-skewed distributions in DAN
with larger values of the Berry-Esseen bounds 6, of (31) (if defined) or 4,, of (33), since for
such distributions the finite-sample coverage probabilities of Iy may be lower, sometimes
significantly, than the asymptotic confidence level 1 — «, especially for smaller samples, and
may have slow convergence rates. Moreover, I, with ¢(t) = (¢(1 —t))%4, I5, and I, can be
seen to be better potential alternatives to the CLT-based CI I; than the FACIs from the
FCLT in (7) for the unweighted Student process, in particular, the I ;, FACI with ¢(t) =1
obtained in Tuzov (2014) and Martsynyuk and Tuzov (2016). Furthermore, our hg-based
FACIs, namely I3 and Iy, improve on the ho-based I, FACI with ¢(t) = (¢(1 —¢))%4 in

terms of the expected length and finite-sample coverage probability, respectively.
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Appendix to Chapter 2

Appendix to Chapter 2

Table Al: Comparison of Iy, I, with ¢(t) = (¢(1 —t))?, I3, and I4 at the 90% confidence

level.
FACI Coverages Ratios of Average Lengths
_ CPyy-100% CPyy-100% _ Pag Pag
Distribution n CPy-100% CP3 -100% CP4-100% T3 T4
a=0 a=04 a=0 a=04
50 76.62 (0.42) 77.91 (0.41 84.46 (0.36) 84.76 (0.36) 88.47 (0.32) 1.121 1.361 1.259 1.344
100  78.31 (0.41) 79.90 (0.40 85.04 (0.36) 85.80 (0.35) 89.53 (0.31) 1.111 1.280 1.189  1.280
Pareto(2,1) 300 82.15 (0.38) 83.56 (0.37 86.88 (0.34) 87.17 (0.33) 90.71 (0.29) 1.106 1.192 1.120 1.202
500 83.14 (0.37) 83.47 (0.37 86.88 (0.34) 87.26 (0.33) 90.28 (0.30) 1.104 1.162 1.100 1.179
1000 84.67 (0.36) 85.93 (0.35 87.85 (0.33) 88.24 (0.32) 91.03 (0.29) 1.104 1.129 1.079 1.156
50 77.18 (0.42) 78.20 (0.41 84.06 (0.37) 84.33 (0.36) 87.44 (0.33) 1.120 1.361 1.259 1.343
100 81.37 (0.39) 82.90 (0.38 87.86 (0.33) 88.13 (0.32) 90.54 (0.29) 1.111 1.280  1.190 1.281
Weibull(0.4,1) 300 85.61 (0.35) 85.75 (0.35) 89.68 (0.30) 89.18 (0.31) 90.82 (0.29) 1.106 1.192  1.120 1.202
500 86.56 (0.34) 87.30 (0.33) 90.22 (0.30) 89.78 (0.30) 91.30 (0.28) 1.105 1.162 1.100 1.179
1000 87.82 (0.33) 88.35 (0.32 91.11 (0.28) 90.09 (0.30) 91.17 (0.28) 1.103 1.129 1.079 1.156
50 78.44 (0.41) 79.27 (0.41 84.90 (0.36) 84.91 (0.36) 87.81 (0.33) 1.121 1.361 1.259 1.343
100  82.47 (0.38) 83.35 (0.37 88.35 (0.32) 88.20 (0.32) 90.42 (0.29) 1.111 1.280 1.189  1.279
InverseNormal(7,1) 300 86.65 (0.34) 87.16 (0.33 91.11 (0.28) 90.28 (0.30) 91.74 (0.28) 1.105 1.192 1.119 1.201
500 88.08 (0.32) 87.99 (0.33 91.94 (0.27) 90.71 (0.29) 91.64 (0.28) 1.104 1.162 1.100 1.179
1000 89.29 (0.31) 88.79 (0.32 91.92 (0.27) 90.65 (0.29) 91.10 (0.28) 1.103 1.128 1.079 1.156
50 79.73 (0.40) 80.88 (0.39 87.50 (0.33) 87.82 (0.33) 91.03 (0.29) 1.121 1.361 1.259 1.344
100 82.65 (0.38) 83.18 (0.37 88.82 (0.32) 89.19 (0.31) 92.49 (0.26) 1.112 1.280 1.189 1.279

Log-logistic(2.1,1) 300  85.16 (0.36) 85.46 (0.35) 89.35 (0.31) 89.49 (0.31) 91.94 (0.27) 1106 1192 1120 1.202

(0.41)
(0.40)
(0.37)
(0.37)
(0.35)
(0.41)
(0.38)
(0.35)
(0.33)
(0.32)
(0.41)
(0.37)
(0.33)
(0.33)
(0.32)
(0.39)
(0.37)
(0.35)
500  85.18 (0.36) 85.99 (0.35) 89.30 (0.31) 89.28 (0.31) 92.16 (0.27) 1.104 1162  1.100 1.179
1000 86.29 (0.34) 86.97 (0.34) 89.34 (0.31) 89.46 (0.31) 91.76 (0.27) 1.104 1.129  1.079 1.156
50 80.89 (0.39) 8202 (0.38) 87.69 (0.33) 87.51 (0.33) 90.64 (0.29) 1.121  1.361  1.260 1.344
100 82.77 (0.38) 83.35 (0.37) 88.79 (0.32) 88.64 (0.32) 91.34 (0.28) 1.111  1.280 1.189 1.280
Log-normal(0,1.3) 300 87.03 (0.34) 87.18 (0.33) 91.27 (0.28) 90.75 (0.29) 92.09 (0.27) 1.106 1.192 1120 1.202
500 87.21 (0.33) 87.66 (0.33) 90.93 (0.29) 90.26 (0.30) 91.97 (0.27) 1.104 1.162 1.099 1.179
1000 88.24 (0.32) 88.52 (0.32) 91.31 (0.28) 90.54 (0.29) 91.96 (0.27) 1.104 1.129 1.079 1.156
50 8270 (0.38) 84.05 (0.37) 90.40 (0.29) 90.38 (0.29) 9277 (0.26) 1.120 1.361 1.259 1.344
100 84.96 (0.36) 85.53 (0.35) 90.81 (0.20) 90.82 (0.29) 92.89 (0.26) 1.111  1.280 1.190 1.281
Frechet(2.5) 300 87.06 (0.34) 87.11 (0.34) 91.16 (0.28) 90.53 (0.29) 92.24 (0.27) 1.105 1.192 1120 1.202
500 87.58 (0.33) 87.65 (0.33) 91.18 (0.28) 90.52 (0.29) 92.41 (0.26) 1.104 1162  1.099 1.178
1000  89.03 (0.31) 88.62 (0.32) 91.45 (0.28) 91.06 (0.29) 92.28 (0.27) 1.103  1.129  1.079 1.156
50 8612 (0.35) 86.82 (0.34) 92.92 (0.26) 92.50 (0.26) 94.25 (0.23) 1.121  1.361  1.260 1.344
100 87.11 (0.34) 87.43 (0.33) 92.98 (0.26) 92.42 (0.26) 93.88 (0.24) 1.111  1.280  1.189 1.280
Half-4(3) 300 88.42 (0.32) 88.40 (0.32) 93.07 (0.25) 91.43 (0.28) 92.17 (0.27) 1.106 1.192  1.120 1.202
500 89.02 (0.31) 88.75 (0.32) 92.55 (0.26) 91.36 (0.28) 91.93 (0.27) 1.105 1.162 1.100 1.179
1000 89.35 (0.31) 89.20 (0.31) 92.25 (0.27) 91.03 (0.29) 91.65 (0.28) 1.103  1.128 1.079 1.156
50 89.94 (0.30) 90.37 (0.30) 96.95 (0.17) 95.04 (0.22) 9457 (0.23) 1.120 1.361 1.259 1.344
100 90.29 (0.30) 90.58 (0.29) 95.91 (0.20) 94.14 (0.23) 93.21 (0.25) 1.111  1.280 1.189 1.279
SymPareto(2,1) 300 9044 (0.29) 90.32 (0.30) 94.65 (0.23) 9250 (0.26) 91.75 (0.28) 1.106  1.192  1.121 1.203
500 90.53 (0.29) 90.36 (0.30) 94.14 (0.23) 92.37 (0.27) 91.77 (0.27) 1.104 1162 1.100 1.179
1000 90.11 (0.30) 90.05 (0.30) 93.35 (0.25) 91.66 (0.28) 91.15 (0.28) 1.102  1.128  1.079 1.156
50 89.63 (0.30) 89.55 (0.31) 96.62 (0.18) 94.86 (0.22) 9456 (0.23) 1.120 1.360 1.259 1.343
100 89.71 (0.30) 89.65 (0.30) 95.58 (0.21) 93.57 (0.25) 92.91 (0.26) 1.111  1.280  1.189 1.280
£(3) 300 90.08 (0.30) 90.38 (0.29) 94.38 (0.23) 92.19 (0.27) 91.68 (0.28) 1.105  1.192  1.120 1.202
500 90.13 (0.30) 90.30 (0.30) 93.62 (0.24) 91.75 (0.28) 91.28 (0.28) 1.104  1.162 1.100 1.179
1000 89.38 (0.31) 89.53 (0.31) 92.57 (0.26) 90.81 (0.29) 90.50 (0.29) 1.103  1.129  1.079 1.156
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Table A2: Comparison of Iy, I, with ¢(t) = (¢t(1 —¢))?, I3, and I4 at the 98% confidence

level.
FACI Coverages Ratios of Average Lengths
_ CPs,-100% CPsy-100% — _ Fag  Tag
Distribution n CPy -100% CP3-100% CP4-100% T3 T4
a=0 a=04 a=0 a=04

50  85.64 (0.35) 87.64 (0.33)  92.21 (0.27)  92.09 (0.27) 94.26 (0.23) 1.119  1.351  1.248 1.330
100 87.94 (0.33)  89.66 (0.30) 92.90 (0.26)  93.08 (0.25) 95.66 (0.20) 1.111 1.272 1.178  1.261
Pareto(2,1) 300 91.62 (0.28) 92.82 (0.26)  94.49 (0.23)  94.79 (0.22) 96.84 (0.17) 1.105  1.185 1.110 1.187
500 92.16 (0.27)  93.10 (0.25)  94.64 (0.23)  95.05 (0.22) 97.23 (0.16) 1.103  1.155 1.090 1.165
1000 93.73 (0.24)  94.56 (0.23) 95.56 (0.21)  95.97 (0.20) 97.77 (0.15) 1.103 1.122  1.070 1.143
50  85.42 (0.35)  87.06 (0.34) 91.02 (0.29)  90.86 (0.29) 93.03 (0.25) 1.119 1.351  1.247 1.330
100 89.94 (0.30)  91.29 (0.28)  93.73 (0.24)  93.80 (0.24) 95.87 (0.20) 1.110 1272 1178 1.262
Weibull(0.4,1) 300  93.58 (0.25)  94.56 (0.23) 96.00 (0.20)  96.04 (0.20) 97.65 (0.15)  1.105 1.185  1.110 1.187
500 94.61 (0.23) 9521 (0.21)  96.57 (0.18)  96.73 (0.18) 97.94 (0.14) 1.104 1.155 1.090 1.165
1000 96.14 (0.19)  96.44 (0.19) 97.35 (0.16)  97.40 (0.16) 98.39 (0.13)  1.103 1.122 1.070 1.143
50  86.05 (0.35) 8777 (0.33)  91.01 (0.29)  90.93 (0.29) 92.95 (0.26) 1.119  1.351  1.247 1.330
100 90.58 (0.29)  91.78 (0.27) 94.19 (0.23)  94.36 (0.23) 96.14 (0.19) 1.111 1.272 1.178 1.261
InverseNormal(7,1) 300 9475 (0.22)  95.23 (0.21)  96.65 (0.18)  96.74 (0.18) 98.04 (0.14) 1.105 1185 1110 1.187
500  95.70 (0.20)  96.40 (0.19) 97.31 (0.16)  97.38 (0.16) 98.51 (0.12) 1.104 1.155  1.090 1.165
1000 96.64 (0.18)  97.03 (0.17) 97.79 (0.15)  97.84 (0.15) 98.62 (0.12) 1.103 1.122  1.070 1.143
50  88.88 (0.31)  90.57 (0.29) 94.60 (0.23)  94.47 (0.23)  96.55 (0.18)  1.120 1.351  1.248 1.330
100 91.63 (0.28)  92.95 (0.26)  95.66 (0.20)  95.75 (0.20) 97.65 (0.15) 1.111  1.272  1.177 1.261
Log-logistic(2.1,1) 300  93.68 (0.24)  94.36 (0.23) 96.25 (0.19)  96.43 (0.19) 98.02 (0.14) 1.105 1.185  1.110 1.187
500 94.16 (0.23)  95.17 (0.21)  96.44 (0.19)  96.73 (0.18) 98.25 (0.13) 1.104  1.155 1.090 1.165
1000 94.80 (0.22)  95.40 (0.21)  96.34 (0.19)  96.58 (0.18) 97.98 (0.14) 1.103  1.122  1.070 1.143
50  88.70 (0.32)  90.59 (0.29) 93.95 (0.24)  93.94 (0.24) 95.79 (0.20) 1.119 1.351  1.248 1.331
100 91.38 (0.28)  92.40 (0.26) 94.83 (0.22)  94.97 (0.22) 96.91 (0.17) 1.111 1.272 1.178  1.262
Log-normal(0,1.3) 300  94.91 (0.22)  95.46 (0.21) 96.79 (0.18)  96.92 (0.17) 98.30 (0.13) 1.105 1.185 1.110 1.187
500  95.42 (0.21)  95.88 (0.20) 97.15 (0.17)  97.29 (0.16) 98.37 (0.13) 1.104 1.155  1.090 1.165
1000 96.40 (0.19)  96.83 (0.18)  97.68 (0.15)  97.83 (0.15) 98.78 (0.11) 1.103  1.122 1.070 1.143
50 91.41 (0.28)  92.66 (0.26)  95.83 (0.20)  95.75 (0.20) 97.38 (0.16) 1.119  1.351  1.248 1.330
100 93.37 (0.25) 94.13 (0.24)  96.52 (0.18)  96.62 (0.18) 98.17 (0.13) 1.111 1272  1.178 1.262
Frechet(2.5) 300 95.15 (0.21)  95.69 (0.20) 97.29 (0.16)  97.39 (0.16) 98.48 (0.12) 1.105 1.185  1.110 1.187
500  95.55 (0.21)  96.15 (0.19) 97.32 (0.16)  97.52 (0.16) 98.65 (0.12)  1.104 1.155 1.090 1.165
1000 96.44 (0.19)  97.04 (0.17)  97.88 (0.14)  97.86 (0.14) 98.77 (0.11) 1.103  1.122  1.070 1.143
50 94.04 (0.24)  95.09 (0.22)  97.68 (0.15)  97.62 (0.15) 98.73 (0.11) 1.120  1.351  1.248 1.331
100 9550 (0.21)  96.21 (0.19)  98.23 (0.13)  98.24 (0.13) 99.04 (0.10) 1111 1272 1178 1.262
Half-t(3) 300  96.76 (0.18)  96.97 (0.17) 98.35 (0.13)  98.27 (0.13) 98.94 (0.10) 1.105 1.185  1.110 1.187
500  97.00 (0.17)  97.09 (0.17) 98.43 (0.12)  98.26 (0.13) 98.85 (0.11) 1.104  1.155 1.090 1.165
1000 97.27 (0.16)  97.44 (0.16) 98.31 (0.13)  98.06 (0.14) 98.71 (0.11)  1.103 1.122 1.070 1.143
50 98.22 (0.13)  98.42 (0.12) 99.72 (0.05)  99.49 (0.07) 99.47 (0.07) 1.119 1.351 1.247  1.330
100 98.36 (0.13)  98.23 (0.13) 99.63 (0.06)  99.16 (0.09) 99.00 (0.10) 1.110 1.272 1177 1.261
SymPareto(2,1) 300  98.32 (0.13) 98.24 (0.13)  99.39 (0.08)  98.84 (0.11) 98.81 (0.11) 1.105 1.185 1.110 1.187
500  98.57 (0.12)  98.43 (0.12) 99.40 (0.08)  98.95 (0.10) 98.92 (0.10) 1.104 1.155  1.090 1.165
1000 98.17 (0.13)  98.06 (0.14) 99.02 (0.10)  98.43 (0.12) 98.49 (0.12) 1.102 1.122 1.070 1.143
50  97.92 (0.14)  98.15 (0.13) 99.75 (0.05)  99.45 (0.07) 99.38 (0.08) 1.119 1.351  1.247 1.330
100 98.00 (0.14)  98.03 (0.14) 99.59 (0.06)  99.10 (0.09) 99.06 (0.10) 1.110 1.272 1.178 1.261
t(3) 300  98.28 (0.13)  98.00 (0.14) 99.32 (0.08)  98.79 (0.11) 98.66 (0.11) 1.105 1.185  1.110 1.187
500  97.92 (0.14)  98.04 (0.14)  99.06 (0.10)  98.53 (0.12) 98.46 (0.12) 1.104 1.155 1.090 1.165
1000 97.95 (0.14)  98.05 (0.14)  98.88 (0.11)  98.23 (0.13) 98.24 (0.13) 1.103  1.122  1.070 1.143
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Table A3: Comparison of coverages 5]\33 -100% of I3 and C/*J\-74 -100% of I4 (both at 90%

confidence level) with coverages 6‘]\31@@' of equal-average-length adjusted I; counterparts

(at higher nominal levels) for right-skewed distributions.

I3 n
Distribution 1 " GPyor0n  Cwa P CPuw) ww o g CPuay (CPa-CPi)
len. (Nominal) -100% len. (Nominal) -100%
50  1.125 84.76 82.80 (96.169) 1.96 1.201 88.47 84.51 (97.294) 3.96
100 0.815 85.80 83.66 (94.957) 2.14 0.877 89.53 85.52 (96.477) 4.01
Pareto(2,1) 300 0.517 87.17 85.59 (93.457) 1.58 0.555 90.71 87.24 (95.194) 3.47
500  0.406 87.26 85.97 (92.947) 1.29 0.435 90.28 87.83 (94.756) 2.45
1000 0.301 88.24 87.08 (92.407) 1.16 0.322 91.03 89.14 (94.270) 1.89
50 5.061 84.33 82.92 (96.157) 1.41 5.399 87.44 84.25 (97.281) 3.19
100  3.586 88.13 86.00 (94.964) 2.13 3.860 90.54 87.94 (96.487) 2.60
Weibull(0.4,1) 300 2.090 89.18 88.70 (93.459) 0.48 2.243 90.82 90.45 (95.197) 0.37
500  1.617 89.78 89.16 (92.954) 0.62 1.734 91.30 90.94 (94.755) 0.36
1000 1.142 90.09 90.17 (92.414) —0.08 1.224 91.17 92.09 (94.283) —0.92
50 9.350 84.91 83.73 (96.160) 1.18 9.975 87.81 85.04 (97.282) 2.77
100 6.628 88.20 87.08 (94.948) 1.12 7.132 90.42 88.67 (96.464) 1.75
InverseNormal(7,1) 300  3.823 90.28 90.26 (93.443) 0.02 4.101 91.74 91.95 (95.180) —0.21
500  2.925 90.71 90.99 (92.949) —0.28 3.137 91.64 92.70 (94.755) —1.06
1000 2.052 90.65 91.45 (92.406) —0.80 2.198 91.10 93.11 (94.274) —2.01
50 1.056 87.82 85.91 (96.168) 1.91 1.127 91.03 87.52 (97.291) 3.51
100 0.774 89.19 87.39 (94.947) 1.80 0.833 92.49 89.20 (96.458) 3.29
Log-logistic(2.1,1) 300 0.462 89.49 88.43 (93.460) 1.06 0.496 91.94 90.05 (95.199) 1.89
500  0.370 89.28 88.27 (92.949) 1.01 0.397 92.16 90.20 (94.752) 1.96
1000 0.269 89.46 88.53 (92.413) 0.93 0.289 91.76 90.45 (94.281) 1.31
50  2.368 87.51 86.49 (96.174) 1.02 2.528 90.64 87.61 (97.300) 3.03
100 1.655 88.64 87.52 (94.958) 1.12 1.782 91.34 89.33 (96.480) 2.01
Log-normal(0,1.3) 300 0.972 90.75 90.18 (93.455) 0.57 1.043 92.09 91.96 (95.190) 0.13
500  0.742 90.26 90.07 (92.947) 0.19 0.796 91.97 91.89 (94.750) 0.08
1000 0.528 90.54 90.65 (92.415) —0.11 0.565 91.96 92.54 (94.281) —0.58
50 0.686 90.38 89.06 (96.164) 1.32 0.732 92.77 90.38 (97.292) 2.39
100 0.476 90.82 89.59 (94.963) 1.23 0.513 92.89 91.21 (96.483) 1.68
Frechet(2.5) 300 0.278 90.53 90.37 (93.449) 0.16 0.298 92.24 92.16 (95.190) 0.08
500 0.215 90.52 90.46 (92.941) 0.06 0.231 92.41 92.07 (94.738) 0.34
1000 0.154 91.06 91.22 (92.405) —0.16 0.164 92.28 92.84 (94.270) —0.56
50 0.703 92.50 92.17 (96.174) 0.33 0.751 94.25 93.25 (97.298) 1.00
100  0.482 92.42 91.92 (94.959) 0.50 0.518 93.88 93.64 (96.480) 0.24
Half-t(3) 300 0.271 91.43 92.09 (93.458) —0.66 0.290 92.17 93.86 (95.198) —1.69
500  0.208 91.36 91.74 (92.955) —0.38 0.223 91.93 93.67 (94.758) —1.74
1000 0.145 91.03 91.68 (92.411) —0.65 0.156 91.65 93.41 (94.280) —1.76
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Table A4: Comparison of coverages CP5 - 100% of I and CPy - 100% of I, (both at 98%

confidence level) with coverages 6‘]\31@@' of equal-average-length adjusted I; counterparts

(at higher nominal levels) for right-skewed distributions.

I3 1y
Distribution " eGP, . 100% CPrag (CP3 — CPra)  avg. TP, 100% CPyagj (CPy — CPy )
len. (Nominal) -100% len. (Nominal) -100%
50 1.576 92.09 90.68 (99.630) 1.41 1.681 94.26 91.98 (99.803) 2.28
100 1.141 93.08 91.73 (99.385) 1.35 1.222 95.66 93.02 (99.666) 2.64
Pareto(2,1) 300 0.725 94.79 93.82 (99.018) 0.97 0.776 96.84 94.84 (99.424) 2.00
500 0.569 95.05 93.76 (98.877) 1.29 0.608 97.23 95.14 (99.328) 2.09
1000  0.422 95.97 94.99 (98.719) 0.98 0.451 97.77 96.09 (99.216) 1.68
50 7.093 90.86 89.86 (99.629) 1.00 7.563 93.03 90.89 (99.802) 2.14
100  5.021 93.80 92.63 (99.386) 1.17 5.379 95.87 93.63 (99.667) 2.24
Weibull(0.4,1) 300 2.930 96.04 95.10 (99.019) 0.94 3.133 97.65 96.08 (99.425) 1.57
500  2.267 96.73 95.97 (98.878) 0.76 2.423 97.94 96.80 (99.328) 1.14
1000 1.601 97.40 96.98 (98.720) 0.42 1.711 98.39 97.68 (99.218) 0.71
50 13.104 90.93 89.83 (99.629) 1.10 13.971 92.95 90.90 (99.802) 2.05
100 9.285 94.36 93.29 (99.384) 1.07 9.943 96.14 94.30 (99.665) 1.84
InverseNormal(7,1) 300 5.360 96.74 96.17 (99.017) 0.57 5.731 98.04 96.84 (99.423) 1.20
500  4.101 97.38 96.76 (98.877) 0.62 4.384 98.51 97.47 (99.328) 1.04
1000  2.878 97.84 97.53 (98.719) 0.31 3.075 98.62 98.18 (99.217) 0.44
50 1.480 94.47 93.43 (99.630) 1.04 1.578 96.55 94.46 (99.803) 2.09
100 1.085 95.75 94.57 (99.384) 1.18 1.162 97.65 95.69 (99.664) 1.96
Log-logistic(2.1,1) 300 0.648 9643  95.42 (99.019) 1.01 0.693 98.02  96.38 (99.425) 1.64
500  0.519 96.73 95.85 (98.878) 0.88 0.555 98.25 96.84 (99.328) 1.41
1000  0.378 96.58 95.80 (98.720) 0.78 0.404 97.98 96.61 (99.218) 1.37
50 3.318 93.94 92.96 (99.630) 0.98 3.538 95.79 93.91 (99.804) 1.88
100 2.318 94.97 94.16 (99.385) 0.81 2.483 96.91 95.00 (99.666) 1.91
Log-normal(0,1.3) 300 1.363 96.92 96.39 (99.018) 0.53 1.457 98.30 97.13 (99.424) 1.17
500 1.040 97.29 96.65 (98.877) 0.64 1.112 98.37 97.43 (99.328) 0.94
1000  0.740 97.83 97.37 (98.720) 0.46 0.791 98.78 97.99 (99.218) 0.79
50 0.961 95.75 95.07 (99.629) 0.68 1.025 97.38 95.82 (99.803) 1.56
100 0.667 96.62 95.73 (99.386) 0.89 0.714 98.17 96.49 (99.667) 1.68
Frechet(2.5) 300 0.390 97.39 96.67 (99.017) 0.72 0.417 98.48 97.35 (99.424) 1.13
500  0.302 97.52 96.77 (98.876) 0.75 0.322 98.65 97.62 (99.326) 1.03
1000  0.215 97.86 97.49 (98.718) 0.37 0.230 98.77 98.03 (99.217) 0.74
50 0.985 97.62 97.05 (99.630) 0.57 1.051 98.73 97.66 (99.804) 1.07
100  0.674 98.24 97.51 (99.386) 0.73 0.722 99.04 98.26 (99.666) 0.78
Half-t(3) 300 0.379 98.27 97.96 (99.019) 0.31 0.406 98.94 98.51 (99.425) 0.43
500 0.291 98.26 98.09 (98.878) 0.17 0.311 98.85 98.69 (99.329) 0.16
1000  0.204 98.06 98.05 (98.719) 0.01 0.218 98.71 98.71 (99.218) 0.00
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Abstract

Abstract

We study numerically finite-sample power functions of nonparametric asymptotic tests for
at most one change in the mean that are based on convergence in the distribution of sup-
and integral functionals of an appropriately weighted and normalized tied-down partial sums
process. For each test, a three-way trade-off is observed among its type I errors, power for
detecting the change near the beginning or end of the sample, and power for detecting the
change in the middle of the sample. By choosing suitable weight functions of a special
form, we propose new sup- and integral tests that are shown to be nearly as powerful as the
overall most powerful sup-test in the literature, regardless of where the change occurs in the
sample. Moreover, the type I errors of the new tests are closer to the asymptotic significance
level across various distributions and are lower and converge faster for distributions that

are more asymmetric, heavy-tailed, or both.

Keywords: nonparametric asymptotic test for at most one change in the mean; weighted
tied-down partial sums process; supremum functional; integral functional; weight function

MSC: 60F17; 60F25; 62G10

1 Introduction

Let X1, Xs,...,X,, n > 1, be nondegenerate independent chronologically ordered real-
valued observables with finite means. We are to nonparametrically test the “no change in

the mean” null hypothesis

Hy: X1,Xo,..., X, is a random sample on X with z:=EX and ¢? := VarX < oo. (1)

against the “at most one change (AMOC) in the mean” alternative hypothesis

H, : there is an integer k*, 1 < k* < n, such that

EX) = =EXpr £ EXpoyy = - = EX,, (2)

where the time k* of AMOC in the mean is usually unknown.
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1. Introduction

1.1 Nonparametric Asymptotic Tests for H, vs. H4 Based on
Sup-Functionals of an Appropriately Weighted Tied-Down Partial

Sums Process

Let Sy := Zle X, k> 1. To test Hy versus Ha nonparametrically, one can compare the
sample mean Sy /k of the first k& observables with the sample mean (.5,, — Sk)/(n — k) of the
last n — k observables for all possible times k& of AMOC in the mean, 1 < k < n. Then,
when the variance o2 is known, using the standardized statistics of the differences in the

sample means,

1 1 \" Y278, S,-8S,
Talk) = (k+n—k) (k_ n—k)

_ <: <1_§>>_1/2W’ | <k<n, (3)

one may like to reject Hy in favor of H 4 for large observed values of

1
M, = — To(k)|. 4
2 i= =~ max [T, () (1)
Remark 1. If Xy,..., X, are independent normal random variables (r.v.) with a common

known variance o2, then for the likelihood ratio statistic A} obtained when the change in

the mean occurs at k* = k, we have that

1
—2log Ay, = E(Tn(k‘))2 and 1r<n’?2{n(—2logAk) = M2 (5)

Thus, one may like to reject Hy in favor of H 4 for large observed values of maxj<g<n(—2log Ag)

or, equivalently, of M,. If o* is unknown, then maxi<p<,(—2logAg) is large whenever

1
M= — T, (k
fi= o s (Tu(h) 0

is large, where Gy, == \/> 1 (Xi — Sn/n)%/n (see Section 1.4 of Csérgd and Horvdth (1997)
and Section 2 of Csérgd and Horvdth (1988) for this and a number of other parametric and

nonparametric modelings of AMOC' in the mean problems that result in the test statistics
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M, and M}.)

In order to proceed with finding nonparametric asymptotic tests for Hy vs. Ha that
would be based on M, one needs to find the asymptotic distribution of M} under Hj.

Let Sp := 0, and for n > 1, consider a tied-down partial sums process on [0, 1]

(5[(n+1)t} - [(nzil)t]sn) /vn, 0<t<1,

Zn(t) := (7)
0, t=1.
Clearly,
1 1 Zn(t
M)y = — max |T,(k)| == su [Zn ()] T (8)
Op 1<k<n On 0<t<1 ([(n+1)t] (1 B [(n+1)t]>> /
where [Zn ()] :=0 for ¢ € (0, n%rl) U7+ 1) Thus, the asymptotic behavior

n

(te2d 1Lt ) 7

of M) under Hy can be investigated via that of the sup-functional of the standardized
process |Z,(t)| as in (8).

For 0 < a < b <1, let D([a,b],R) be the space of real-valued functions on [a, b] that are
right continuous and have left-hand limits, D be the o-field of subsets of D([a,b],R) that
is generated by the finite-dimensional subsets of D([a, b],R), and p be the sup-norm metric

in D([a,b],R). Donsker’s theorem on (D([a,b],R), D, p) given Hy yields that, as n — oo,

| Z) B
T L= 012 B, T — ) ®)

where {B(t),0 < ¢t < 1} is a Brownian bridge (cf. Sections 3.3 and 3.4 of Csorgé (2002)
and Section 2 of Csorgd et al. (2004) for more details on Donsker’s theorem). However, (9)
is not a satisfactory solution for testing Hy vs. H4 since the arbitrariness of choosing the
interval (a,b) over which the supremum is taken may exclude observing possible changes in
the mean that occur “on the tails”, i.e., with k* near 1, corresponding to ¢t € (0,a), or k*
near n — 1, corresponding to ¢t € (b, 1). Moreover, one can show that, in contrast to (9), the
I.V.
1 |1 Zn ()]

— sup ——— =
On o<t<1 (t(1 —1))1/2

and hence also M in (6) converge in distribution to co as n — oo, under Hp. One solution
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to secure a nondegenerate limiting distribution while keeping supy.,.; is by reweighing
|Z,(t)| with an appropriate nonrandom function ¢(t) as in (12) below.

Let

@ be the class of positive functions ¢(t) : (0,1) — (0,00), i.e., inf g¢(¢t) >0

§<t<1-6§ (10)
for all § € (0,1/2), which are nondecreasing near 0 and nonincreasing near 1,
and put
n 1 o—cq?(t)/(t(1—t)) p 0 "
= —_—dt .
Sao)= [ g e ()

From Theorem 2.1.1 of Csorgé and Horvath (1997), which is a special case of Theorem 2.1
of Szyszkowicz (1991), on assuming that {X, X;, ¢ > 1} are i.i.d. r.v.s with 0 < VarX =

0? < 0o and that I}(g,c) < oo for ¢(t) from (10) and some, or possibly all, ¢ > 0, as n — oo,

1 Zn(t 1 k(1 ky)l/? t
V7SS 7 1( NS NV k) KR SO/ ot
Tn 0<t<1 g (@) On 1<k<n q(%) o<t<1 q(t)
Remark 2. For q(t) € Q,
B(t B(t
I&(q,c) < oo for some ¢ > 0 if and only if lim sup B < 00 and lim sup |B)] < 00 a.s.,
1o q(t) w1 q(t)
(13)
while
B()| _ .. |B()]
I} (q,¢) < oo for all ¢ > 0 if and only i hm| =lim ——— =0 a.s. 14

Equivalences of (13) and (14) are contained in Theorems 3.3 and 3.4 of Csérgd et al. (1980).
The functions q(t) € Q that satisfy (13) are called Erdés—Feller—Kolmogorov—Petrovski

(EFKP) upper-class functions of a Brownian bridge. A prototypical EFKP function is

q1(t) := /t(1 —t)loglog(t(1 — t))~1, (15)

where, hereafter, log(x) is defined as the natural logarithm of max{e,z}. On the other hand,

those functions q(t) € @ that satisfy (14) are the so-called Chibisov—O’Reilly functions.
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One can obtain examples of Chibisov—O’Reilly functions in Q by simply multiplying q1(t) in
(15) with an appropriate positive function m(t) on (0,1), so that limg g ¢ m(t) = oo and
q(t) = q1(t)m(t) remain nondecreasing near 0 and nonincreasing near 1. In this regard, in

our study, we consider weight functions q(t) of the form
_118
qp)(t) == |log (t(1—12)) " | , B <0, (16)

where q(g)(t) € Q and satisfies (14).

When testing Hy vs. H4 via (12), one rejects Hy for large observed values of the statistic

M}, where the critical values are obtained from the tabulated distribution function of the

I.V. SUpocicq | B()|/q(2).

Remark 3. The distribution of the r.v. supg.,q |B(t)|/q(t) with q(t) = qi(t) was first
tabulated in Eastwood and Eastwood (1998). The distribution of supg.;-q |B(t)|/q(t) with
other q(t) can be tabulated by approzimating it with the empirical distribution of M, that is
based on random samples of a large size n drawn from any distribution with a finite positive

variance.

The convergence in distribution in (12) also holds true with a trivial Chibisov—O’Reilly
function ¢(t) = 1 on (0,1), where the distribution of the limiting r.v. supy<;<; |B(t)| was
first tabulated in Smirnov (1948). The test based on the corresponding unweighted test
statistic M, is known to be powerful in detecting changes that occur in the middle of the
sample, i.e., with k* near [n/2], but insensitive to detecting changes that occur on the tails
of the sample with k* close to 1 or n — 1 (cf. Csérgd and Horvéath (1988)). On the other
hand, using the tests based on the weighted M, statistics may overcome this problem (cf.
Csorg6 and Horvath (1988, 1997)). However, little research has been conducted numerically
to investigate the extent to which these weighted sup-tests may have better power than their
unweighted counterpart.

The work of Orasch and Pouliot (2004) was one of the first to conduct a detailed numeri-
cal comparison of the empirical power of the tests based on the M, statistics, weighted with

some EFKP upper-class functions of a Brownian bridge, versus the M} test. Among the
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M, tests the authors of Orasch and Pouliot (2004) studied, they found that the overall most
powerful one in detecting changes both on the tails and in the middle of the sample, which
also outperforms the M! and M}]' tests, is the M;* test with one of their proposed weight
functions, a modification of the prototypical EFKP upper-class function of a Brownian

bridge ¢ (t) of (15), as follows:

t(1— )%, ift € (a,b) = (0.071,0.929),
g(t) == (17)
a(t), if t € (0,a] U [b,1).

The constants a and b in (17) were found so that the quadratic inequality ¢; (¢) < (t(1 — t))l/ 2

holds true for a < ¢t < b.

1.2 Nonparametric Asymptotic Tests for Hy vs. H4 Based on Integral
Functionals of an Appropriately Weighted Tied-Down Partial Sums

Process

In Section 1.1, we discussed sup-functionals of an appropriately weighted |Z, ()| as test
statistics for Hy vs. Hi or, equivalently, appropriately weighted mazimums in k of the
absolute values of the T, (k) statistics in (3), which originate from an intuitive idea of
comparing the sample mean Sy /k before a possible time k& of AMOC in the mean to the
sample mean (S, — S)/(n — k) after time k, for all 1 <k < n.

Another natural test statistic for Hy vs. Hy can be obtained from employing an appro-
priately weighted average of T2(k) in k or, equivalently, the integral of an appropriately
weighted Z2(t). From (ii) of Proposition 2.1.1 of Csorgd and Horvath (1997) proved via
an Lo-approximation in probability, on assuming that {X, X;,7 > 1} are i.i.d. r.v.s with a

2

finite positive variance o<, as n — 00,

n 52 J, q([(ntl)t]) n(n+1)o2 1 q( )
1 Ea-y) L [YB)
D T e /0 a0 "
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provided that ¢(t) € @ satisfies

Lia—1)
/0 @ dt < oo. (19)

When testing Hy vs. Hy via (18), one rejects Hy for large observed values of the left-
hand side r.v. L. Unlike for the test based on M, the weight function ¢(t) = (t(1 — t))/?
is an immediate candidate for the L test due to the finiteness of the integral in (19).
The distribution function of the limiting r.v. fol B2(t)dt was tabulated in Anderson and
Darling (1952), but tables for the distribution function of fol B2(t)/q(t) dt with a weight
function ¢(t) of (16) used in this work seem to be unavailable. However, one can tabulate
the distribution function of the latter r.v. the same way as that of supg_,.;|B(t)|/q(t)
described in Remark 3, via the empirical distribution of the r.v. L# on the left-hand side
of (18). It appears that the finite-sample properties of the L}-based tests have not been

studied in the literature.

1.3 Overview of the Present Work

In Section 2 of the present work, we conduct an extensive numerical study of the finite-
sample performance of the nonparametric tests for Hy vs. H4 for AMOC in the mean at
the 5% asymptotic significance level that are based on the sup- and integral functionals
of the appropriately weighted and normalized tied-down partial sums process Z,(t) of (7),
i.e., the tests based on M, in (12) and L7 in (18), with some newly proposed weight
functions q(t) = qg)(t) of the form in (16) and some previously used q(t) satisfying the
integral conditions in (13)/(14) and (19), respectively. For a variety of distributions with
finite variances and different degrees of asymmetry and heavy-tailedness, we investigate the
empirical type I errors and powers of detecting the change in the mean of the M, and L}
tests, where the change occurs due to a shift in the sample, considering various sizes and
times of the change and different sample sizes, all specified in Section 2.1 with preliminaries.

In Section 2.2, we propose new sup- and integral tests: the M%) test with the
Chibisov—OReilly weight function q(g)(t) = q—o.9)(t) of (16) and the LY test, where

q(—4)(t) can be seen to satisfy the integral condition in (19). We also consider the un-
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weighted M} and Ll tests (with ¢(t) = 1), as well as the M, test with go(t) of (17). We
compare the sup- and integral tests among each other in order to obtain one of the most
powerful and well-balanced tests, regardless of where the change occurs in the sample, which
also has well-controlled type I errors across a wide range of distributions.

In Section 2.2.1, our detailed analysis of the empirical type I errors of the sup-tests
reveals that they seem to converge overall slowly to the nominal significance level of 5%
and that the type I errors of the weighted M, tests (with ¢(t) # 1) are generally larger
for the samples from distributions that are more asymmetric, heavy-tailed, or both, while
the trend is generally the opposite for the unweighted M} and L. tests. Thus, the type I
errors of the M% and Mj2"°? tests may be undesirably larger than 5%, even for rather
large sample sizes, but the type I errors of our proposed M and LE? tests are overall
closer to 5% than those of the M, test. Notably, for more asymmetric and/or heavy-tailed
distributions, the type I errors of the LI test are lower, and approach 5% faster, than
the type I errors of the MO gogt.

In Section 2.2.2, we perform a comparative analysis of the empirical powers of the sup-
and integral tests in hand, prior to observing that all the tests become more powerful with
an increase in the sample size and change size, and with the time of change k* getting closer
towards the middle of the sample, where all the powers for k¥ = 0.50n are close to 100%
already for n = 500. Thus, the sup- and integral tests that are more sensitive to the changes
close to the beginning or end of the sample, namely, the weighted M,. and L}, tests, are more
desirable. However, for each of the tests, we observe a three-way trade-off among its type
I errors, power for detecting the change on the tails of the sample, and power for detecting
the change in the middle of the sample. We find that this trade-off may be significant for
the M,! tests, especially for the samples from the distributions that are more asymmetric,
heavy-tailed, or both. Powerful M, tests for k* near 1 or n — 1 may have undesirably large,
slowly convergent type I errors and compromised power for k* close to [n/2]. However, due
to the suitable selections of 8 for the weight function q(t) = ¢(s)(t) explained in Remark 6,
our proposed M and LE* tests have the powers comparable to that of the overall
most powerful M sup-test previously studied in the literature, both for changes on the

tails and in the middle of the sample, while the type I errors of the new tests are overall
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closer to 5%. Moreover, for the distributions that are more asymmetric, heavy-tailed, or
both, the type I errors of the M and LI tests are lower, and approach 5% faster,
than those of the M test, more so for the L test. All in all, the L~ integral test
emerges as one of the most powerful and well-balanced nonparametric asymptotic tests for
Hy vs. H4 examined in this work, exhibiting consistently high power regardless of where
the change occurs in the sample, while also maintaining the best controlled type I errors
among the weighted sup- and integral tests across a wide range of distributions.

Other variants of the MY and L% tests and some related tests are considered at the end

of Section 2.2, followed by Section 3 with the paper conclusions.

2 Main Results

2.1 Preliminaries

In order to compute the empirical power functions of the M, sup-tests and L7, integral tests,
we will first need to obtain the quantiles of supy.,.; (|B(t)|/q(t)) and fol (B%(t)/q(t)) dt,
the respective limiting r.v.s in (12) and (18). The distributions of these r.v.s have only been
tabulated or available in closed-form expressions for supy,q (|B(¢)|/q(t)) with ¢(¢) = 1 and
q(t) = q2(t) of (17), and for fol B2(t)dt. We will tabulate the quantiles of the distributions of
supg<;<1 (|B(t)|/q(t)) and fol (B?(t)/q(t)) dt, as described in Remark 3, by approximating
them with the quantiles of the respective empirical distribution functions of the r.v.s on the
left-hand sides of (12) and (18), where the latter functions are computed using m = 100,000
simulated values that are each computed from an independent Normal(0, 1) random sample

of size n = 100,000. The procedure is as follows:

1. For each replication j = 1,...,m, generate i.i.d. N(0,1) r.v.s ij), e ,XT(Lj) and define

the partial sums

k
sng):ZXZ,(J), k=1,...,n.
i=1
2. For each j, compute the sup-type statistic

1 SY — (k/n) S5
max

\/ﬁaﬁlj) 1<k<n q(%) ’

(M) =
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, : NG
where ) = \/2?1 (Xi(]) - S,(L])/n> /n.

. To obtain the quantiles of supy;q |B(t)|/q(t), use the empirical distribution function

of M} given by
1 m
~m Z {(MHD<a}>

which approximates the limiting distribution function

G(z) = p( sup 12O g;> .

o<t<1 Q(t) o

. To obtain the quantiles of fol (B2(t)/q(t)) dt, apply steps 1-3 with (M) and G, (2)

replaced respectively with

n—l (j))2

L ) —
o 221 )

(n—l—l

and

1
Hnm EZ {(Lq (J)<gg}

where the latter approximates

H(ac)zP(/Ol B;Q(g)dtgx>

For sufficiently large m and n, the closeness of Gy, p,(z) and Hy, () to G(x) and H(z) can

be seen via Proposition 3.1 of Orasch and Pouliot (2004).

Hereafter, we assume that a possible change in the mean in a sample is due to a shift,

thus replacing the hypotheses in (1) and (2) with the following ones:

Hj: Xi,...,X, are i.i.d. r.v.s with a distr. func. F(z), mean u, and variance 02 < o0,

(20)
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and

H', : there exists an integer k*, 1 < k* < n, such that Xi,..., X3+ have a
distribution function F(z) with a mean g, while independent X y1,..., X, (21)

have a distribution function F(x — A) with a mean p + A, for some A > 0,

where A is regarded throughout this paper as the size of the change in the mean.

In our simulation study, we use ten distributions with finite variances and different
numbers of moments and skewness (if applicable) listed in Table 1. We note that SymPa-
reto(2.1,1) is a symmetric counterpart of Pareto(2.1,1) with the probability density function
(PDF) of %f(—:c)ll(_oo’_l) + %f(x)]l(lpo), where f(z) is the PDF of Pareto(2.1,1), while
Half-#(3) is a one-sided version of the #(3) distribution with two times the PDF of ¢(3) over
just x > 0.

In Table 1, the distributions for an r.v. X with a mean g and finite positive variance

are listed according to their respective values of 109, where

On = nP([Y] > bn) +nby " [E(Y Lyj<p,y) |+ nby "E(Y Py i<p,y)

with Y := X —p and b, :=sup{c: nc_zE(YQ]l{|y|§C}) > 1}, (22)

where b1gp used for 1p9 has been computed numerically. Since 0 < VarX < oo, for i.i.d.

r.v.s {X, X;,7 > 1}, the following holds true:

sup
xr

< Aby, (23)

(

S (X —EX)2)Y? = ZL‘) — P(N(0,1) <)

where A is an absolute constant and ¢6,, — 0, as n — oo (see Bentkus and Gotze (1996)).
Thus, A, is both a Berry—Esseen upper bound and a uniform upper bound for the rate
of convergence in the self-normalized CLT. We note that the ordering of the distributions
according to §,, computed based on the other considered sample sizes, i.e., when n = 200
and n = 500, varies insignificantly from that based on d199. A special role of d199 values in

our study of the sup- and integral tests will soon be revealed in Section 2.2.1.
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Table 1: Distributions with their skewness (if exists), d109, and probability density functions.

Distribution Skewness {§1g990 Probability Density Function

Normal(0, 1) 0 0.16 A ™2 zeR
Exponential(1) 2 0.24 e x>0
#(3) NA  0.33 21+ %2)72, zeR
SymPareto(2.1, 1) NA 0.41 %, |z| > 1
Half-#(3) o0 0.60 L1+ %)_2, z>0
Frechet(2.5) 00 0.97 2523527 250
Inverse-Normal(7, 1) 7.94 1.25  (2ra3) 08— (@=12/(982) 4 5 ¢
Pareto(2.1,1) 00 1.46 2L a>1
Weibull(0.4, 1) 11.35 1.47 0477062 >0
Lognormal(0, 1.5) 33.47 156 (1.5zy2m) e~ @/45 450

Our investigation of the finite-sample performance of the M,! sup-tests and L7 integral
tests at the a = 5% significance level in Section 2.2 consists of studying first their empirical
type I errors in Section 2.2.1 and then their empirical powers of detecting a change in the
mean in Section 2.2.2.

For each of the ten distributions in Table 1, the empirical type I errors of the M, and
L} tests are computed as the proportions of m = 5000 independent random samples of size
n that lead to rejection of H}, where the rejection regions are based on the M, and L}
statistics exceeding the corresponding approximate 1 — v quantiles of supg,1(|B(t)|/q(t))
and fo (B2(t)/q(t)) dt. These type I errors are later reported for sample sizes of n = 100,
200, and 500. Due to the slow convergence rates in (12) and (18), we also examine type I
errors for much larger sample sizes, up to n = 10,000, with one of our figures.

To obtain the empirical powers of the M- and L}-based tests for a given distribution
function F(x) as in H{), sample size n, change point k*, and change size A, we estimate the

probabilities of rejecting H{, using the following procedure with m = 5000.

1. For each replication j = 1,...,m, generate i.i.d. r.v.s ij), e ,X,(Lj) from F(x) and
introduce the change by replacing X,g{lrl, cee ,(L]) with X(*)+1 +A,. (]) + A.
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2. Main Results

2. Compute the statistics (M) and (L%)Y) defined in the quantile computing proce-

dure for all j =1,...,m.

3. Among the m replications, compute the proportions of times when (M)@) and (L))

exceed the corresponding 1 — « critical values.

We note that the above procedure can also be used for computing the empirical type I
errors of the M, and L} tests when setting A = 0.

When the empirical powers are viewed as functions of the relative change-point location
k* /n, they are typically nearly symmetric about k*/n = 0.50, as will be illustrated in the
results to follow. Consequently, it is sufficient to focus on change points in the first half of
the sample. In our study, we therefore consider the four locations k* = 0.05n,0.15n, 0.25n,
and 0.50n for sample sizes n = 100, 200, and 500. From this point forward, we say that a
change ”on the tails” occurs if k* = 0.05n or 0.15n, while £* = 0.25n and 0.50n represent
changes ”in the middle”.

We consider two representative shift magnitudes, A = 0.500 and 0.750 in our tables,
where o is the true standard deviation of the underlying distribution. In addition, with one
of our figures, we examine how empirical powers of the M,! and L7 tests behave as functions
of A over a wider range of A, [0.500, 10].

Due to similar behavior of the empirical powers for several of the distributions, it is suf-
ficient to compare the tests using a few representative distributions, such as Normal(0, 1),
SymPareto(2.1, 1), Weibull(0.4, 1), and Lognormal(0, 1.5), with additional comparison ta-

bles for the remaining distributions included in Appendix 3.

2.2 Finite-Sample Performance of the M?- and L{-Based Tests

In this section, we investigate the finite-sample performance of our newly proposed M09
and LY tests, as well as the previously considered M%, M2, and L,ll tests.

Table 2 contains the tabulated 0.90, 0.95, and 0.98 quantiles of supy,;(|B(t)|/q(t))
and fol(BQ(t)/q(t))dt. The quantiles of supy,.1(|B(t)|/q(t)) with ¢(t) = 1 and ¢(t) = ¢2(t)
and the ones for fol B2(t)dt were retabulated and correspond closely to those produced by

Smirnov (1948), Orasch and Pouliot (2004), and Anderson and Darling (1952), respectively.
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The quantiles of supg,1 (| B(t)|/q(-0.9)(t)) and fo (t)/q(—4)(t))dt were not available be-

fore.

1 B2
Table 2: \ quantiles of sup0<t<1 q and [ ~

A quantile of supg.; “qg((tt)” A=090 A=0.95 A=0.98

q(t) =1 12209  1.3586 15171
a(t) = q_0.0)(t) 1.9277  2.1044  2.3119
q(t) = ga(t) 2.9186  3.1702  3.4629

”f]“t A=090 A=095 \=0.98

qt) =1 0.3478  0.4624  0.6248
q(t) = g (t) 3.5776  4.4467  5.6269

A quantile of |

2.2.1 Empirical Type I Errors of the M/- and L}-Based Tests

Table 3 contains the empirical type I errors of the M, and L, tests with the weight functions
as in Table 2 for the sample sizes of n = 100, 200, and 500 and the 5% asymptotic significance
level. The type I errors are tabulated for all the ten distributions listed in Table 1, where,
throughout all tables, the distributions are always ordered by their corresponding values of
0100 as in Table 1.

Table 3 shows that the empirical type I errors of the weighted M, and L}, tests (with
q(t) # 1) are generally larger for the samples from the distributions with larger correspond-
ing values of d199. However, the trend is generally the opposite for the test based on the
unweighted M} and L} statistics, where the type I errors are close to, or lower than, 5%

and generally decrease as d1gg increases.
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Table 3: The empirical type I errors (%) of the M, and L tests at the a = 5% asymptotic

significance level.

Sup-Tests Integral Tests
Distribution A T

n (1
Normall 0,1 ! . . . . .

Exponential(1)
t(3)
SymPareto(2.1, 1)
Half-¢(3)
Frechet(2.5)
Inverse-Normal(7, 1)
Pareto(2.1, 1)
Weibull(0.4, 1)
Lognormal(0, 1.5

O(

Normal(0, 1
Exponential(1)
t(3)
SymPareto(2.1,1)
Half-¢(3)
Frechet(2.5)
Inverse-Normal(7, 1)
Pareto(2.1, 1)
Weibull(0.4, 1)
Lognormal(0, 1.5

e
Normal(0, 1
Exponential(1)
t(3)
SymPareto(2.1,1)
Half-t(3)
Frechet(2.5)
Inverse-Normal(7, 1)
Pareto(2.1, 1)
Weibull(0.4, 1)
Lognormal(0, 1.5)
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The rate of convergence in the self-normalized CLT is known to be generally faster for
symmetric distributions and slower for asymmetric distributions, especially for those with
fewer moments, larger skewness, or both (see, for example, Bentkus and Gétze (1996) and
references therein). More precisely, as seen from (23), a uniform upper bound for this rate
is a multiple of §,,, which can be viewed as a single general estimator of asymmetry and
heavy-tailedness of the underlying distribution. Interestingly, the rates of convergence of
the empirical type I errors of the weighted tests based on Mg(,0,9)7 M, and LI mirror

this behavior. Thus, as seen from Table 3, the type I errors for the symmetric distributions
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t(3) and SymPareto(2.1,1) are closer to 5% and lower compared with their asymmetric
counterparts Half-t(3) and Pareto(2.1,1). Moreover, the distributions with fewer moments
often exhibit larger empirical type I errors, both among the symmetric (t(3) and Sym-
Pareto(2.1,1)) and asymmetric distributions (Half-t(3), Frechet(2.5), and Pareto(2.1,1)).
Additionally, for the distributions with a finite skewness, such as Normal(0,1), Exponen-
tial(1), Inverse-Normal(7,1), Weibull(0.4,1), and Lognormal(0,1.5), the type I errors of the
weighted tests at n = 500 are ordered according to their skewness values. Furthermore,
we find that the type I errors of the weighted tests based on Mﬁ(‘”), M, and Li=»
follow generally similar orderings to that of the values of d199 in Table 1. We note that the
orderings of &, and the empirical type I errors of these weighted tests vary somewhat for
the other sample sizes (n = 200 and 500) while still maintaining general resemblance to
each other.

The type I errors of the M and M tests may be undesirably larger than 5% as
0100 increases, but the type I errors of the M%) test are overall closer to 5%. Notably,
as seen from Table 3, for the distributions with larger d199 values, the type I errors of the
weighted LI test are lower and more controlled than the type I errors of the M09
test. For example, when n = 500, the type I error of the LYY test is 7.4% for the
Lognormal(0,1.5) distribution, which has the largest value of 199, compared with 9.1% and
13.7% for the My and M2 tests.

We complement Table 3 with Figure 1 below and thus illustrate the behavior of the

empirical type I errors as n increases up to 10,000.
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Figure 1: The empirical type I errors of the M, and L}, tests for n up to 10,000 (increments
of 200).

Figure 1 shows that the empirical type I errors of the weighted M and M2 tests
are reasonably close to 5% for the samples from the Normal(0,1), Exponential(1), and t(3)

distributions. However, for the remaining distributions, the slow convergence of the type I
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errors of the M,? test requires a sample size larger than 10,000 for the errors becoming suf-
ficiently close to 5% (at or below 7.5%). On the other hand, the type I errors of the M09
test become very close to or under 7.5% for n < 10,000. Moreover, for the distributions
with d199 values larger than that for Exponential(1), the type I errors of the MO test
are significantly lower and closer to 5% than those of the M? test. The type I errors of
the unweighted M. and L} tests are under or very close to 5% for all the distributions and
mostly all sample sizes smaller than 10,000. The type I errors of the L. test approach 5%
faster than those of the M test and weighted LI fest. Importantly, for the distributions
with larger d199 values, the type I errors of the L= integral test approach 5% quicker

than those of the M(~*% sup-test.

2.2.2 Empirical Powers of the M- and L}-Based Tests
General Trends of the Empirical Powers of the M,! and L} Tests

Before we present our tables with the empirical power values of the M, and L7 tests,
based on Figure 2, we have the following Remark 4 on an approximate symmetry of the
powers as functions of k*/n about k*/n = 0.5 and on a similarity of the behavior of the

powers across the distributions in hand.

Remark 4. Figure 2 displays the empirical powers of the sup- and integral tests as functions
of the change time k* divided by n for three of our distributions and the change size A =
0.500 at the sample size n = 200. The power of each of these tests is mearly symmetric
about k* /n = 0.50. This approzimate symmetry is analogous for the rest of the distributions
considered in this paper, other n, and A = 0.750.

This allows us to focus our comparative power study only on the performance of the
tests when the change occurs in the first half of the sample (k*/n < 0.50), and only for a
few representative distributions such as the two symmetric distributions, Normal(0,1) and
SymPareto(2.1,1), and the two skewed and heavy-tailed ones, Weibull(0.4,1) and Lognor-
mal(0,1.5).
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Figure 2: The empirical powers of the Ml and L7, tests as functions of k*/n at n = 200 and

the change size A = 0.500.

Some other general trends of the powers of the MY and LI tests are summarized in

Remark 5.

Remark 5. The bell shape of the empirical powers shown in Figure 2 for Normal(0,1),
Weibull(0.4,1), and Lognormal(0,1.5) indicates that the closer the change-point time is to
the beginning or the end of the sample, the more difficult it is to detect the change. The same
holds true for the rest of our ten distributions.

Later, we will show that the power increases with the change size A as well as with the
sample size, and that it approaches 100% fastest for the changes occurring in the middle of

the sample. Thus, for smaller sample sizes, a test may already be very sensitive in detecting
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changes in the middle, but not semsitive enough to changes occurring at k* < 0.25n or
k* > 0.75n.

For instance, as shown in Figure 2, the unweighted M} and L) tests at n = 200 and
A = 0.500 are very powerful for changes near k* = 0.50n, but not as powerful as the

weighted M,Z(_O'g), M2, and LI ests for changes on the tails.

Comparative Analysis of the Empirical Powers of the M, and L; Tests

Table 4 is a comparison table of the empirical powers at the @ = 5% asymptotic sig-
nificance level of the tests based on M}, Mz(,0,9>7 M L and LI for the change sizes
A = 0.500 and 0.750; for changes that occur at k* = 0.05n, 0.15n, 0.25n, and 0.50n; and for
the sample sizes n = 100, 200, and 500. The empirical powers are tabulated for the sam-
ples from Normal(0,1), SymPareto(2.1,1), Weibull(0.4,1), and Lognormal(0,1.5) (Tables A1l
and A2 from Appendix 3 are the corresponding tables for the remaining six distributions
of Table 1). The empirical power tables are complemented with Figure 3 with the average
empirical powers over our ten distributions of all the sup- and integral tests as functions
of the change size A, as A varies from 0.5¢0 to 1o, for k* = 0.05n,0.15n,0.25n, and 0.50n

and n = 100, 200, and 500.
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Table 4: The empirical powers for Normal(0, 1), SymPareto(2.1,1), Weibull(0.4,1), and

Lognormal(0, 1.5) for the change sizes A = 0.500 and 0.750.

k*/n Distribution A = 0500 A = 0.750

S S I A R A S I

n = 100
Normal(0,1) 3.9 47 48 56 81 4.6 8.3 94 7.4  14.4
SymPareto(2.1,1) 5.4 167 194 10.2 239 95 409  46.9 18.1 488
005 ‘Weibull(0.4,1) 21 9.6 124 7.0 156 3.6  20.1 256 125 30.3
Lognormal(0,1.5) 2.5  11.4 147 86 200 4.5 284 337 149 38.9
Normal(0,1)  12.5 _ 18.0  16.2 17.6 235 288 454 421 367 503
SymPareto(2.1,1) 49.2  66.3  64.3 545 68.1 83.0 914  90.4 839 90.8
015 ‘Weibull(0.4,1) 24.3 39.5 39.1 34.8 444 504 67.0 659 580 68.3
Lognormal(0,1.5) 34.0 51.2  49.9 43.1 53.2 61.3 76.3 751 68.0 77.0
Normal(0,1)  30.4 304  26.7 36.6 349 667 679 636 701 685
SymPareto(2.1,1) 81.1  82.4  80.6 83.2 825 948 957 953 954 954
025 Weibull(0.4,1) 504 55.2 531 574 56.6 752  79.0 77.6 79.2 78.5
Lognormal(0,1.5) 61.4 655  63.4 67.1 657 83.0 856 845 86.0 85.4
Normal(0,1)  54.7 405  37.6 59.6 444 900 81.1 798 Ol.2 797
SymPareto(2.1,1) 92.2  89.3  88.9 93.2 88.6 97.5 97.2  97.1 97.9 97.0
050 ‘Weibull(0.4,1) 69.2 63.5 63.0 734 630 882 845 842 90.1 84.1
Lognormal(0,1.5) 77.4  72.7 723 80.7 71.8 91.5 889  88.6 92.6 88.8

T
Normal(0,1) 5.6 9.8  11.0 80 147 82 231 271 125 305
SymPareto(2.1,1) 9.9  36.5  42.0 16.4 43.7 24.0 742  78.6 334 75.7
005 Weibull(0.4,1) 3.9  13.3 177 10.1 22.2 82 354 428 18.3 46.1
Lognormal(0,1.5) 4.6  20.7  26.0 12.0 29.7 11.9 481 545 234 55.3
Normal(0,1)  28.5  44.1 409 33.6 482 67.9 848 827 69.0 842
SymPareto(2.1,1) 79.6  89.4  88.6 80.7 88.7 947 971  96.9 949 97.0
015 ‘Weibull(0.4,1) 43.6  60.3 59.1 50.1 61.9 742 854 850 76.6 85.5
Lognormal(0,1.5) 53.3 68.1 674 59.6 694 79.2 881  87.6 81.8 87.6
Normal(0,1) 642 650 613 67.1 664 960 963 953 9055 953
SymPareto(2.1,1) 94.0  94.5 941 94.6 942 981 984  98.3 982 982
025 ‘Weibull(0.4,1) 71.6 75.6 73.9 754 74.8 90.8  92.8 921 922 92.1
Lognormal(0,1.5) 77.5  80.7  79.6 80.6 80.1 91.4 932 929 924 927
Normal(0,1) 8.1 79.1 775 885 77.9 998 993 993 097 987
SymPareto(2.1,1) 97.4  96.7  96.5 97.6 96.2 99.0  98.8  98.8 99.1 8.8
050 Weibull(0.4,1) 86.4 821  81.7 88.3 814 96.6 955 953 97.2 948
Lognormal(0,1.5) 88.5 86.1  86.1 89.5 85.0 958 953 952 96.4 95.0

n = 500
Normal(0,1)  10.2  29.8  34.0 13.8 35.6 21.7  69.7 748 281 71.0
SymPareto(2.1,1) 29.4  78.6  82.5 362 79.4 711 961  96.9 69.3 96.2
005 Weibull(0.4,1) 84 348 426 169 439 239 738  79.8 348 76.8
Lognormal(0,1.5) 12.4  47.4 553 21.9 551 36.2  80.5  84.6 456 82.2
Normal(0,1)  78.1  90.7  88.9 753 88.3 99.6 1000 99.9 987 99.9
SymPareto(2.1,1) 96.5 98.2  98.1 96.6 98.1 98.8  99.4  99.4 99.1  99.3
015 ‘Weibull(0.4,1) 78.6 89.2  89.2 79.3 87.9 958 982 982 955 98.0
Lognormal(0,1.5) 827 91.4  91.1 83.7 90.5 956 982 981 958 97.9
Normal(0,1)  98.3 985  98.1 97.6 97.3 100.0 100.0 100.0 100.0 100.0
SymPareto(2.1,1) 98.7  99.0  98.9 98.9 99.0 995  99.7  99.7 99.6  99.6
025 ‘Weibull(0.4,1) 94.3 957  95.1 94.6 94.6 99.1 995  99.4 99.4 99.4
Lognormal(0,1.5) 94.5 96.0 955 95.2 953 98.6  99.1  99.0 99.0 99.0
Normal(0,1)  99.9  99.7 _ 99.7 99.9 99.4 100.0 100.0 100.0 100.0 100.0
SymPareto(2.1,1) 99.4  99.4  99.3 99.5 99.2 99.7  99.7  99.7 99.7  99.6
050 ‘Weibull(0.4,1) 98.7 97.4  97.3 98.9 97.3 99.9  99.8  99.8 99.9 99.8
Lognormal(0,1.5) 98.0  97.6  97.6 98.4 97.2 99.4  99.2  99.2 99.5 99.3
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Figure 3: The empirical powers (averaged over 10 distributions) of the M, and L7 tests as

functions of the change size A.

As seen from Figure 3, there is a trade-off between the empirical power for changes on
the tails and that for changes in the middle for the M, and L7 tests. Thus, all the sup- and
integral tests have similar powers at k* = 0.25n, but the most powerful tests (the weighted
ones) in detecting changes that occur on the tails (at k* = 0.05n and k* = 0.15n) are also
the least powerful ones for detecting changes in the middle at £* = 0.50n, though when
n = 500, the powers of all the tests at k* = 0.50n are close to 100%. Thus, the weighted
sup- and integral tests are overall more preferrable over the unweighted M.} and L. tests,

where the L. test is overall more powerful than the M} test.
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2. Main Results

Our proposed M and LY tests are overall nearly as powerful for changes both
on the tails and in the middle as the most powerful test obtained in Orasch and Pouliot
(2004), the M* test, as evident from Tables 4, A1, and A2.

However, as concluded in Section 2.2.1, the slowly convergent type I errors of the M,
test may require a sample size larger than 10,000 for becoming reasonably close to 5% (at
or below 7.5%), while the type I errors of the M%) test become very close to or under
7.5% for n < 10,000. Moreover, for the distributions with 0199 values larger than that for
Exponential(1), the type I errors of the M test are significantly lower and closer to
5% than those of the M, test. Notably, the LYY test has better controlled type I errors
that, for the distributions with larger §1g99 values, are lower and approach 5% faster than
those of the Mfi““” test.

In sum, the LI integral test is one of the most powerful and well-balanced nonpara-
metric asymptotic tests for Hy vs. H4 examined in this work, exhibiting consistently high
power regardless of where the change occurs in the sample, while also maintaining the best

controlled type I errors among the weighted sup- and integral tests.

On the Selection of the Sup- and Integral-Based Tests

Remark 6. Figure J helps to explain the heuristic rationale behind selecting the weight
functions q(g) (t) for our proposed MZ“O‘Q) and LY tests. It illustrates how the empirical
powers and type I errors of the M and LY tests vary across different values of 5 on

the example of the Lognormal(0,1.5) samples and the change size A = 0.500.
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Figure 4: The empirical power vs. the empirical type I error of the M and LE® tests with
different 8 for Lognormal(0,1.5) and the change size A = 0.500. M tests: B increases
from —1.2 to —0.6 in steps of 0.05 (right to left). Ln” tests: § increases from —5 to —2
in steps of 0.25 (right to left). Highlighted disk and square: ME and LI tests.

Triangle: M, test.

For the My® tests, B increases from —1.2 to —0.6 in steps of 0.05 as we move from right
to left in the figure. When the change occurs near the beginning of the sample (k* /n = 0.05),
making B smaller increases the power, but this improvement is accompanied by larger type 1
errors. When the change occurs in the middle (k*/n = 0.50), the pattern reverses: as
B becomes smaller, the power decreases while the type I error increases. The choice of
B8 =—0.9 for our M test is simply the smallest value of B for which the type I errors
stay below 10% across all distributions for n = 100, 200, and 500, while still keeping the
power reasonably close to that of the M test (represented by the triangle in the figure),

especially on the tails.
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2. Main Results

For the integral-based Li® tests, where 8 ranges from —5 to —2 in steps of 0.25 when
reading Figure 4 from right to left, the behavior is different. The curve with the LI tests
lies to the left of that with the M® tests, reflecting that the integral tests attain similar
power with much smaller type I errors. Thus, for the integral tests, making B smaller still
improves tail sensitivity, but the resulting type I error inflation is much smaller, leading
to a more favorable trade-off between the power and type I error. We selected f = —4
for our LI test because it yields strong performance for changes on the tails. Indeed,
for Lognormal(0,1.5) at k*/n = 0.05 with A = 0.50, the LI test is more powerful than
the M test at n = 100 and 200, and nearly matches the performance of the M)* test
at n = 500, while maintaining substantially lower type I errors and very similar power in

the middle.
On Other Sup- and Integral-Based Tests

Remark 7. A different way of renormalizing |Zy(t)| while keeping supy;q s via a Dar-

ling—Erdds type of statistic

pr ._ Allogn) su |Zn ()]

On 0<tI<)1 ([(n+1)t] (1 B [(n+1)t]>>1/2

n n

— D(logn), (24)

where A(z) = (2logz)"/? and D(x) = 2logz + 0.5loglog z — 0.5log w. From Theorem 2.1.2
of Csirgé and Horvdth (1997), on assuming that Hy holds and E(X?loglog(|X|+1)) < oo,
asmn — oo,

P(MPE <4) e 27" forally € R. (25)

Similar to the M, tests, one also rejects Hy for large values of MPE when testing Ho vs. H 4
via (25). The rate of convergence in (25) is slow (cf., e.g., Berkes et al. (200/)). Indeed,
upon our own investigation of the power function of the MPF test, its type I errors are
marginally larger than those of the MO gest except for Normal(0,1) at n = 200 and
500, where they are much lower (around 0.9% and 1.1%), and for Frechet(2.5) at n = 500.
As for the empirical power of the MPE test, it is everywhere less powerful than the M}?,

MQ’(*O‘”, and Lgf“ tests.
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2. Main Results

Remark 8. From (ii) of Proposition 2.1.1 of Csérgd and Horvdth (1997), on assuming

that Hy holds and q(t) € @, for 0 < p < oo,

1 P 1 p
Lgn::% AZ®OF_ 2 / Ol Fh—— (26)
’ onJo ¢ <7[(”;1)t] > o 4q(t)

provided that

1 _ +\\p/2
[z, -

While in this work we study the Lgfﬁ)- or simply the LY pased tests, we also investigated
the finite-sample performance of the tests for change in the mean that are based on the
L(ifﬁ) and Lgfz) statistics, as per the convergence in distribution in (26) and the respective
condition on the weight function q(g) in (27). We observed that the L;]EZ) tests have type I
errors that are already at 5% for smaller samples (n < 500), even for the Lognormal(0,1.5)
distribution. However, there is no possible B such that the test based on L(ifﬁ) can achieve
the same high power as the LI test for detecting changes both on the tails and in the
middle. As for the test based on Lgfi), one can take B = —4.5 such that this test is as
powerful as the LYY test for changes at k* = 0.05n, while also gaining some more power
at k* = 0.15n, 0.25n, and 0.50n. Howewver, the type I errors of the Lg(ﬁ:“) test are larger than
those of the L= test, especially for distributions with larger §100 values. Thus, among the
Lgfﬁ) tests with p=1,2, and 3, the ones based on Lgfz) appeared to have the most favorable
and well-balanced trade-offs among their type I errors, power to detect changes on the tails,

and power to detect changes in the middle.

Remark 9. We note in passing that one can also define the sup- and integral tests for
change in the mean that are based on (12) and (18) by replacing Gy, with Gineq1) put respec-

tively under the supremum and integral, where

2 2
% <Zl§i§k (XZ - %) + Zk<i§n (Xi - %) > , 1<k<n,

5]3 .
1 Se\ 2
521951{ Xi—3) k=mn

(28)

(cf. Corollaries 2.1.1 and 2.1.3 in Csérgd and Horvdath (1997)). This is due to the pooled
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variances {5,3, 1 < k < n}p>1 constituting a weakly uniformly consistent sequence of esti-

2 e, asn — 00, maxi<g<p |02 — 02| = op(1) (c¢f. Lemma 2.1.1 in Csérgé

mators for o
and Horvdth (1997)). Large values of the corresponding test statistics, denoted by M;{ and
L here, also lead to the rejection of Hy. Csdrgd et al. (2004) suggests, based on the refer-
ences therein, that the weighted M tests (with q(t) # 1) should be more powerful than the
respective Myl tests. We compared the powers of our proposed M09 sup-test and overall
most well-balanced and powerful LI integral test with those of their Mg and LY versions.
We found that the powers of the ]\73(_0‘9) and LYY tests are somewhat higher across all
the change times k* = 0.05n, 0.15n, 0.25n, and 0.50n and for both change sizes A = 0.50c0
and 0.750, but less significantly so as the sample size increases to n = 500. However, such
gain in power comes at the cost of the larger type I errors, especially when n = 100. As the
sample size increases, the difference between the type I errors of the respective tests can be
seen to be getting smaller. Therefore, when dealing with distributions that are more asym-
metric, heavy-tailed, or both, or, more generally, with the ones having larger 6190 values, we
would not recommend using the more powerful Mg(fo'g)—based version of the MO test.
For larger sample sizes (n > 500), the LYY gest provides a viable alternative to the L=

test, since their type I error levels are then close, but the improvement in power is relatively

small.

3 Conclusions

In this paper, we investigate and numerically compare the finite-sample power functions
of the nonparametric asymptotic tests for Hy vs. H4 in (1) and (2) for AMOC change in
the mean at the 5% asymptotic significance level that are based on the sup- and integral
functionals of the appropriately weighted and normalized tied-down partial sums process
Zn(t) of (7), leading to the test statistics M,! of (12) and L7 in (18), respectively. In Ml and
L, we use some newly proposed weight functions of the form ¢(t) = q(g)(t) of (16) and some
previously used ¢(t) that satisfy conditions (13)/(14) and (19), respectively. For a variety
of distributions with finite variances (02) as in Table 1, with different degrees of asymmetry

and heavy-tailedness that can be generally estimated with a multiple of the Berry—Esseen

99



3. Conclusions

upper bound d1gp as in (22), we study the empirical type I errors and powers of detecting
the change in the mean of the M- and L{-based tests, where the change occurs due to a
shift in the sample as per (21), considering various change sizes A and change times k*,
and different sample sizes.

Both the M- and L{-based tests become more powerful with an increase in the sample
size and size A of the change in the mean. They are also more sensitive in detecting changes
in the middle of the sample (compared with the ones on the tails of the sample), reaching
the power close to 100% for k* = 0.50n already at n = 500. Thus, the M- and L}-based
tests with more power for change-point times close to the beginning and end of the sample,
namely, the weighted M, and L tests (with ¢(¢) # 1), are more desirable. However, for each
test in hand, we observe a three-way trade-off among its type I errors, power for detecting
the change on the tails of the sample, and power for detecting the change in the middle of
the sample. Nevertheless, by suitable choices of 3 for the weight function q(t) = q(g)(t), we
find the My sup-test and Lie» integral test that are nearly as sensitive in detecting
changes both on the tails and in the middle of the sample as the overall most powerful M,
test previously studied in the literature, with g2(t) of (17), while the type I errors of the
new tests are overall closer to the 5% nominal level. Moreover, for the distributions with
larger 0199 values, the type I errors of the M9 and LI tests are lower, and approach
5% faster, than those of the M, test, more so for the LI test. Thus, the LI integral
test emerges as one of the most powerful and well-balanced nonparametric asymptotic tests
for Hy vs. H 4 examined in this work, exhibiting consistently high power regardless of where
the change occurs in the sample, while also maintaining the best controlled type I errors

among the weighted sup- and integral tests across a wide range of distributions.
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Appendix to Chapter 3

Appendix to Chapter 3

Table Al: The empirical powers for Exponential(1), ¢(3), and Half-¢(3) for the change sizes
A = 0.500 and 0.750.

k*/n Distribution I Q(_OAQ): 0.500 T—7) q(_Oé) = 0.759 T=7)
M} oM, TP M2 Ll oL, Mo oM, TP M2 LY L,

n = 100
Exponential(1) 3.7 4.6 52 6.6 9.5 4.3 6.6 8.0 83 154
0.05 t(3) 3.8 7.2 84 6.2 10.6 4.6 120 143 81 180
Half-t(3) 3.2 6.5 81 6.4 106 4.1 10.5  14.0 9.0 206
Exponential(1) 12.2 187  17.1 19.0 25.4 30.7 481 449 39.5 53.1
0.15 t(3) 14.1 238 225 21.2 289 362 53.8 51.3 44.6 574

Half-t(3) 16.4 28.5 26.7 255 34.0 414 61.1 58.8 50.0 63.2
Exponential(1) 32.7 32.7 299 394 37.8 67.8 69.7 66.1 71.6 70.0

0.25 t(3) 37.0 38.0 34.8 44.4 41.7 73.7 74.5 71.8 76.0 74.1
Half-t(3) 42.9 45.7 42.6 49.7 484 76.3 78.7 76.3 79.1 779
Exponential(1) 56.1 43.6 42.0 61.3 46.8 89.2 81.1 79.7 90.7  80.2

0.50 t(3) 61.8 50.1 48.6 66.6 52.0 90.6 84.8 84.0 91.9 83.8
Half-t(3) 67.2 57.0 56.0 70.8 57.0 90.4 85.8 85.2 91.5 84.3

n = 200
Exponential(1) 5.2 7.1 9.2 7.8 14.8 7.3 21.4  26.6 12.4 32.1
0.05 t(3) 50 10.8 136 7.9 158 7.8 25.1  30.6 12.9 32.9
Half-t(3) 49 102 131 89 19.3 7.8 20.0 357 16.0 40.6
Exponential(1) 30.0  47.0  44.6 36.4 50.8 69.7 859  84.1 69.3 84.3

0.15 t(3) 31.6 488  46.0 38.1 50.4 725 864  84.8 71.0 84.9
Half-t(3)  38.6 57.1 555 454 59.3 76.8  87.7  87.1 77.3 87.7
Exponential(1) 65.8  67.8  64.4 67.4 674 953 959 953 950 952

0.25 £(3) 66.9 69.7 66.5 69.0 688 953 957 952 952 94.8
Half-t(3)  72.8 752 729 754 750 947 955  94.9 949 94.8
Exponential(1) 87.3  78.9  77.4 884 77.0 995  99.1 989 99.6 986

0.50 t(3) 875 804  79.6 884 79.1 99.0 97.9  97.8 99.0 97.7
Half-t(3)  90.1 84.9 839 90.8 835 984  97.4  97.3 985 97.0

n = 500
Exponential(1) 10.0 28.5 34.6 13.8 36.2 20.0 71.0 76.7 273 T1l.1
0.05 t(3) 10.1 30.7 36.9 15.3 36.6 22.3 71.4 76.6 29.1 724
Half-t(3) 9.7 33.8 40.9 16.6 415 235 76.1 81.4 33.1 77.0
Exponential(1) 77.1 89.9 88.5 75.6 88.0 99.2 99.8 99.8 98.3 99.7
0.15 t(3) 78.0 89.7 89.2 76.9 88.9 984 99.4 99.3 97.5 994
Half-t(3) 81.2 91.4 91.0 80.2 90.1 97.6 98.8 98.9 97.1  98.7
Exponential(1) 97.7 98.0 97.6 97.3 96.8 100.0 100.0 100.0 100.0 100.0
0.25 t(3) 97.0 97.4 97.1 96.7 96.7 99.8 99.9 99.9 99.8 99.8
Half-t(3) 96.1 97.0 96.8 96.3 96.3 99.6 99.6 99.6 99.7 99.6
Exponential(1) 99.9 99.6 99.7 99.9 99.4 100.0 100.0 100.0 100.0 100.0
0.50 t(3) 99.4 99.1 99.1 99.5 98.6 99.9 99.9 99.9 99.9 99.9
Half-t(3) 99.3 98.8 98.7 99.4 985 99.9 99.8 99.8 99.9 99.8




Appendix to Chapter 3

Table A2: The empirical powers for Frechet(2.5), Inverse-Normal(7,1), and Pareto(2.1, 1)

for the change sizes A = 0.500 and 0.750.

N L. . A = 0.500 A =0.750
k*/n Distribution ML TS e 1 LD i 009 e i LACD
n T n n 7 n T n n i
n = 100
Frechet(2.5) 3.8 8.6 10.6 8.5 16.2 5.1 21.6 27.2 13.3 33.6
0.05 Inverse-Normal(7,1) 2.0 9.3 11.9 7.1 151 3.2 7.2 21.7 115 27.9
Pareto(2.1,1) 8.0 43.5 49.6 21.2 51.7 23.6 71.8 75.9 394 75.3
Frechet(2.5) 28.5 46.3 43.8 39.0 50.5 60.7 76.7 74.9 66.1 77.8
0.15 Inverse-Normal(7,1) 21.4 34.7 34.2 32,9 40.8 45.1 62.6 60.9 54.8 65.3
Pareto(2.1,1) 74.4 85.5 84.5 78.6 85.3 89.5 94.2 94.2 90.9 94.0
Frechet(2.5) 60.4 63.9 61.6 65.5 64.5 85.2 87.5 86.1 86.8 86.3
0.25 Inverse-Normal(7,1) 46.1 50.5 48.3 54.5 52.7 729 76.4 74.5 784 76.9
Pareto(2.1,1) 88.8 91.0 90.5 90.6 90.3 95.1 96.2 95.9 96.3 96.0
Frechet(2.5) 78.0 72.8 72.2 81.2 T71.7 93.1 91.4 91.0 94.3 90.5
0.50 Inverse-Normal(7,1) 66.8 59.7 594 71.1 59.6 87.3 83.6 83.4 89.4 82.8
Pareto(2.1,1) 94.1 92.8 92.7 94.9 92.7 97.7 97.3 97.2 98.1 97.0
n = 200
Frechet(2.5) 5.3 16.9 21.5 11.0 274 10.6 47.1 53.7 21.1 54.2
0.05 Inverse-Normal(7,1) 3.8 10.6 15.1 9.5 19.3 6.7 28.4 36.5 16.6 41.8
Pareto(2.1,1) 22.6 67.1 72.6 34.3 T1.1 54.3 87.8 89.7 60.4 88.5
Frechet(2.5) 54.0 70.8 69.7 58.2 T71.1 83.6 91.6 91.1 85.0 91.8
0.15 Inverse-Normal(7,1) 37.2 55.5 54.7 45.3 57.8 71.0 84.4 83.8 74.1 84.7
Pareto(2.1,1) 88.3 93.3 93.3 89.4 93.0 95.1 97.6 97.5 95.9 97.4
Frechet(2.5) 81.8 84.3 82.7 83.5 83.1 95.0 96.0 95.7 95.8 95.7
0.25 Inverse-Normal(7,1) 68.3  71.3  69.9 72.5 71.7 91.7  93.5 927 92.8 92.7
Pareto(2.1,1) 94.9 96.1 95.8 95.7 95.6 97.9 98.5 98.4 98.4 98.4
Frechet(2.5) 92.2 89.2 88.6 93.4 89.0 98.0 97.3 97.2 98.2 97.1
0.50 Inverse-Normal(7,1) 86.3 80.9 80.4 88.3 80.0 97.6 96.2 96.1 98.1 96.0
Pareto(2.1,1) 97.2 96.9 96.8 97.8 96.9 99.1 99.0 98.9 99.3 98.8
n = 500
Frechet(2.5) 11.8 49.0 56.2 20.9 54.7 35.3 84.2 87.9 435 83.9
0.05 Inverse-Normal(7,1) 8.8 29.3 37.7 16.0 39.9 214 71.6 78.3 31.3 74.7
Pareto(2.1,1) 54.5 87.7 90.2 60.2 88.7 83.2 96.2 97.0 83.8 96.2
Frechet(2.5) 85.4 93.0 92.9 86.0 924 96.3 98.3 98.2 96.5 98.2
0.15 Inverse-Normal(7,1) 76.6 88.7 88.6 77.0 87.2 96.4 98.7 98.7 95.9 98.5
Pareto(2.1,1) 96.1 97.9 97.9 96.6 97.8 98.3 99.1 99.1 98.9 99.2
Frechet(2.5) 95.7 96.6 96.5 96.1 96.1 98.8 99.0 99.0 99.0 99.0
0.25 Inverse-Normal(7,1) 95.1 95.8 95.4 94.8 95.0 99.8 99.9 99.8 99.9 99.8
Pareto(2.1,1) 98.3 98.7 98.6 98.8 98.7 99.3 99.5 99.5 994 99.5
Frechet(2.5) 98.0 97.6 97.7 98.3 97.6 99.3 99.2 99.3 994 99.2
0.50 Inverse-Normal(7,1) 99.2 98.0 98.0 99.2 97.7 100.0 100.0 100.0 100.0 100.0
Pareto(2.1,1) 99.2 99.0 99.0 99.2 99.0 99.7 99.6 99.6 99.7 99.6
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Abstract

Abstract

This paper develops nonparametric asymptotic tests for changes in regression coefficients
in a simple linear regression model with random design. The slope-change and intercept-
change problems are treated separately, leading to scalar residual-based tied-down partial-
sum processes tailored to each component. Under the corresponding null hypotheses, these
residual processes are shown to have the same limiting behavior as the tied-down partial-sum
processes used in nonparametric mean-change testing.

The main contribution is a broad asymptotic framework for several classes of component-
specific residual-process statistics. For both the slope-change and intercept-change prob-
lems, limiting distributions are established for supremum and integral statistics with Brownian-
bridge-based limits, supremum and integral Darling-Erdds-type statistics, selected joint
limits, and Rényi-type supremum statistics with Wiener-process limits. The supremum
results connect with existing residual-based and tied-down partial-sum approaches in re-
gression change-point analysis, while the integral, joint, and Rényi-type results extend the
range of available asymptotic tools for component-specific testing.

The proposed statistics summarize the residual partial-sum path in different ways.
Supremum statistics measure the largest suitably normalized difference over possible change-
point locations, while integral statistics average deviations across the tied-down partial-sum
path. The resulting theory provides an asymptotic basis for testing slope and intercept
changes in simple linear regression and motivates future work on finite-sample performance

and applications of the proposed procedures.

1 Introduction

Detecting structural change in regression models is a central problem in change-point anal-
ysis. In many applications, the relationship between a response variable and its covariates
may not remain stable over time. This paper considers the retrospective problem of testing
whether a regression coefficient changed at an unknown time within the observed sample.
Even in simple linear regression, instability can arise through a change in the intercept, a

change in the slope, or both. These two forms of change have different interpretations. An
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1. Introduction

intercept shift corresponds to a change in the baseline level of the response, while a slope
change reflects a change in the strength or direction of the covariate-response association.
This distinction motivates procedures that can target the two components separately, rather
than relying only on omnibus tests for instability of the full regression relationship.

A substantial literature addresses structural change in linear regression models. Early
contributions include Chow (1960), who considered breaks at known times, and Brown et al.
(1975), who developed tests based on cumulative sums of recursive residuals. Subsequent
work expanded the scope to unknown break points, multiple changes, and changes in subsets
or full vectors of regression parameters. In many procedures, the main objective is to test
whether the regression relationship, or the full parameter vector, is stable. A rejection
then signals that at least one coefficient has changed, but does not by itself identify which
component is responsible.

The distinction between intercept and slope changes is important in applications where
the regression coefficients have different substantive meanings. For example, Olmo et al.
(2011) detect potential insider trading through a structural change in the intercept of an
extended capital asset pricing model. In that setting, an intercept shift represents a sudden
mean shift in abnormal returns not explained by the model’s market-risk covariates. Their
test is an intercept-change procedure based on weighted tied-down partial sums of residual-
type quantities, and is designed both to detect and to estimate the timing of an intercept
break. Similarly, Pouliot (2016) studies mutual fund performance in a regression framework
where the intercept represents abnormal returns, or alpha, and the slope coefficients measure
exposures to risk factors. In that setting, a change in alpha and a change in risk-factor
exposure have different financial interpretations. These examples illustrate why component-
specific information is useful for interpreting regression instability.

Residual-process methods form an important part of the linear regression change-point
literature. Gombay and Horvath (1994) studied tests for changes based on maxima of
least-squares residual processes, where the regressors may be fixed or random and the er-
rors are independent and identically distributed. Related ideas were extended to weakly
dependent errors with non-stochastic regressors by Gombay (2010), while Horvath and Rice

(2014) developed likelihood-based maxima-type tests. More recently, Horvath et al. (2023)
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1. Introduction

studied tests using supremum-type functionals of partial sums of weighted residuals, where
the weighted residuals are formed by multiplying fitted residuals by the regressors. These
works are generally formulated in terms of changes in the regression parameter vector, or in
a specified subset of that vector. In the one-change formulations of Gombay and Horvath
(1994), Gombay (2010), and Horvath and Rice (2014), the parameters under consideration
change at a common unknown time, while Horvath et al. (2023) allows a more general
multiple-change formulation. Nevertheless, when these approaches are viewed in simple lin-
ear regression with an unknown intercept and slope, the associated statistics assess stability
of the intercept—slope pair rather than separating the two components through scalar slope-
and intercept-specific processes.

Several works are more directly related to the component-specific statistics considered in
this work. In fixed-design simple regression, Sen (1980) introduced a least-squares change-
point process for testing a possible slope change, and Abd-Rabou and Aly (2000) compared
Kolmogorov—Smirnov, Cramér—von Mises, Anderson—Darling, and Erdés—Darling-type tests
based on this process. For structural errors-in-variables models, Martsynyuk (2021) devel-
oped nonparametric weighted tied-down partial-sum tests for separate changes in the slope
and intercept. The problem of separating intercept changes from slope changes was also
studied by Pouliot (2016), who developed marginal slope- and intercept-related supremum
statistics and combined them through a bivariate reformulation for joint and simultaneous
testing.

The present paper instead focuses on simple linear regression with random design and
on scalar residual-based tied-down partial-sum processes tailored separately to the slope-
change and intercept-change problems. For the slope-change problem, the basic quantities
are covariate-weighted residuals, or centered-covariate-weighted residuals when the intercept
is unknown. For the intercept-change problem, adjusted residuals are used instead. In
both cases, the processes have the same tied-down partial-sum structure as those used
in nonparametric mean-change testing. This connection allows several classes of mean-
change statistics to be adapted to the regression setting, including Brownian-bridge-based
supremum and integral statistics, Darling—FErdos-type supremum and integral statistics,

selected joint limit results, and Rényi-type supremum statistics with Wiener-process limits.
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2. Limit Theorems for Change-Point Analysis

Together, these results provide a broad asymptotic basis for several statistics derived from
the slope- and intercept-specific residual processes.

The inclusion of integral statistics is an important part of the paper. Supremum statis-
tics are common in change-point analysis because they measure the largest suitably nor-
malized difference between the observations before and after each possible change-point
location and naturally lead to an estimator of the change location. Integral statistics in-
stead average the accumulated deviations over the full tied-down partial-sum path. The
mean-change results of Gallanosa and Martsynyuk (2026) show that suitable weighted inte-
gral tests can have competitive finite-sample performance and may give a favorable balance
between power and type I error. This motivates the development of regression analogues of
the Brownian-bridge-based integral statistics and the integral Darling—FErd&s-type statistics
derived in this paper.

The remainder of the paper is organized as follows. Section 2 recalls the limit theorems
for weighted partial-sum processes used in the subsequent development. Section 3 develops
the residual-based statistics for testing a change in the slope and establishes their asymptotic
null distributions. Section 4 gives the corresponding statistics and results for testing a
change in the intercept. Section 5 concludes with a discussion of possible directions for

future work.

2 Limit Theorems for Change-Point Analysis

The regression statistics developed in this paper are motivated by classical nonparametric
tests for a change in the mean; see, for example, Chapter 2 of Csoérgé and Horvath (1997).
Let Z1,...,Z, be chronologically ordered independent observations with finite means. In

the at-most-one-change (AMOC) problem, one tests

Hy:EZ,=.---=FEZ, against Hpy:EBZy = =EZjx #EZpe 1 =---=EZ, (1)

for some unknown k*, 1 < k* < n.
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2. Limit Theorems for Change-Point Analysis

For a fixed k, 1 < k < n, write

1< 1 n
AR % Zzz’, Lkilm = — Z Z;.
i=1 i=k+1

The difference between the two sample means can then be written as

k n
— — n k
Zl:k_quLl:n:ik(n_k) (E Zi—— > Zi) ; (2)
i=1 i=1

so the mean-change problem is naturally associated with the centered partial sums

This leads to the following tied-down partial-sum process Z,,(t), which is the main building
block for the mean-change statistics recalled in this section and motivates the residual-based

processes used later for regression.

Definition 2.1. For random variables {Z, Z;};>1, define the tied-down partial-sum process

{Z,(t),0 <t <1},>1 by

[(n+1)t] n
1 |(n+ 1)t]
Zn(t) = i=1 i=1 (3)
0, t=1,

where Z?:1 Z; = 0.

A common approach to testing Hy against the AMOC alternative is to reject Hy for
large values of statistics based on supremum-type functionals of Z,(t), where the supre-
mum is taken over the possible change-point locations. Such statistics correspond to the
largest in absolute value before-and-after sample mean difference, and the location where
the supremum is attained can be used to estimate the time of change. Integral-type func-
tionals provide an alternative by averaging values derived from the process over the range
of possible change-point locations.

We now recall the mean-change limit theorems that will be used later. These results
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2. Limit Theorems for Change-Point Analysis

are based on weighted versions of the supremum and integral functionals of Z,,(¢). The first
two theorems, Theorems 2.1 and 2.2, involve a class of nonrandom weight functions ¢(t)
that, under appropriate conditions, allow the corresponding supremum and integral to be
taken over the whole interval (0, 1) while securing nondegenerate limiting distributions. The
choice of the weight ¢(t) also plays an important role in change-point testing, since suitable
choices can improve the power of the corresponding test, especially for changes that occur
early or late in the sample. Numerical comparisons in the mean-change setting by Orasch
and Pouliot (2004) and Gallanosa and Martsynyuk (2026) illustrate the finite-sample effects

of different choices of these weight functions.

Definition 2.2. Let Q be the class of positive functions q(t) : (0,1) — (0,00), satisfying

inf 1/2
5§;I§11—5q(t) >0 for all 6 € (0,1/2),

and such that q(t) is non-decreasing near 0 and non-increasing near 1. For q(t) € Q, define

/1 e—ca’(t)/(t(1-1))
0

Iy (g ¢) == D

dt, c>0. (4)

The integral I}(q,c) appears in the characterization of upper class functions of a Wiener

process (see, for example, Csorgd et al. (1986)).

The first mean-change result concerns the supremum functional of Z,(¢) with appro-
priate weights ¢(t) € @. Its limiting distribution is the corresponding weighted supremum

functional of a Brownian bridge.

Theorem 2.1. (Csorgd and Horvath, 1997; Theorem 2.1.1). Assume that {Z, Z;}i>1 are
i.i.d. random variables with 0 < Var(Z) < oo, and let q(t) € Q. Suppose that 1}(gq,c) < 0o

for some or possibly all ¢ > 0. Then, as n — oo,

|Zn(t)] d 1B()]
sup ———————— — sup ——, 5
o<imt G (W) ocir q(t) ®)
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2. Limit Theorems for Change-Point Analysis

where {B(t),0 <t <1} is a standard Brownian bridge and

1 ¢ 1 2
a?lzﬁz Zi—;ZZj . (6)
i=1 j=1
Remark 1. Since Z,(t) is constant on the intervals
k k+1
, i , k=0,1,...,n,
n+1 n+1

the supremum statistic in Theorem 2.1 can be written as a mazximum over the possible
change-point locations. In particular,
k k
| Z ()] Dic1 Zi =y 2o Zi

0cier ong([(n+ 1)i]/n)  12ken  /nonq(k/n)

The next mean-change result concerns integral-type functionals of Z,,(t), which can be
written as finite averages of weighted powers of the normalized tied-down partial sums over

the possible change-point locations, as shown in Remark 2.

Theorem 2.2. (Csorgé and Horvdth, 1997; Proposition 2.1.1(ii)). Assume that {Z, Z;}i>1
are i.i.d. random variables with 0 < Var(Z) < oo, let 0 < p < oo, and let q(t) € Q. Suppose

that

/Ol(t(l_t))pﬁdt<oo. (7)

q(t)

Then, as n — oo,

H(1Za®)]N LBt
/0 ( a,f > q([(”lJrnl)tJ) dti>/0 q(i) dt, (8)

where {B(t),0 <t < 1} is a standard Brownian bridge.

Remark 2. Using the same step-function representation of Z,(t), the integral statistic in
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2. Limit Theorems for Change-Point Analysis

Theorem 2.2 can be written as

k P
-1 ‘Zi:l Zi — %Z?:l Zi 1

A0S 1 1
/ 5 oy = a5 Jne /)’
0 On q <7) 1 non q

3

(9)

n

Remark 3. Weighted supremum tests for a change in the mean were studied numerically
by Orasch and Pouliot (200/), who compared several weighted sup-norm functionals and
tabulated the corresponding limiting distributions. More recently, Gallanosa and Martsynyuk
(2020) studied the finite-sample performance of weighted supremum tests more extensively
across several distributions, sample sizes, change sizes, and change-point locations. Their
results showed that weighted supremum tests can improve power for early and late changes,
but that this improvement may come with larger type I errors, especially for asymmetric or
heavy-tailed distributions.

Gallanosa and Martsynyuk (2026) also studied weighted integral tests for the mean-
change problem. Although Theorem 2.2 is stated for any 0 < p < 0o, the main finite-sample
comparison in Gallanosa and Martsynyuk (2020) focused on the case p = 2. The weighted
integral test with p = 2 had power that was competitive with the strongest weighted supremum
tests across change-point locations, while often giving better controlled type I errors. The
cases p =1 and p = 3 were also considered, but among p = 1,2,3, the case p = 2 gave the

most favorable balance between power and type I error control in that study.

The weight

()= tl-1), 0<t<l,

is an important special case because it provides the natural pointwise standardization of
the tied-down partial-sum process. This is consistent with the Brownian-bridge-based limit

in Theorem 2.1, since a standard Brownian bridge B(t) satisfies

Var(B(t)) = t(1 —t).

Thus ¢*(t) corresponds to the standard deviation of the limiting process at each fixed
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2. Limit Theorems for Change-Point Analysis

t € (0,1). However, for ¢ > 0,

1
dt
Il *,C :e—C/ —_— =X
0(q ) 0 t(l—t)

Thus, this weight does not satisfy the integral condition in Theorem 2.1, and the correspond-

ing supremum statistic does not have a nondegenerate limit. Instead, the standardized

maximum over all possible change-point locations requires Darling—Erdés-type centering

and normalization, which yields a Gumbel-type limiting distribution.

For any result involving the supremum Darling—Erdoés-type normalization, logarithms

appearing in iterated logarithms are understood under the convention

log(c) := log{max(e, c)}, c>0.

Theorem 2.3. (Csérgd and Horvdth, 1997; Theorem A.4.2). Assume that {Z, Z;}i>1 are

i.i.d. random variables with 0 < Var(Z) < co. Then, as n — oo,

k n
(2loglogn)~1/2 ( n )1/2 k P
max | ————= Zi — — Z;| = 1.
Var(Z) 1<k<n \ k(n — k) ; n ;
Moreover, if
E[Z*loglog(|Z| +1)] < o0,
then
1 n /2| k k& d
A(n)———— max | —— Zi— — Zi| — D(n) = G,
() Var(Z) 1§k<n<k(n—k)> ; n; (n)
where

1 1
A(n) = /2loglogn, D(n) =2loglogn + 3 logloglogn — 3 log T,

and G has distribution function
P(G < z) = exp(—2e™7), z € R.

The convergences in (10) and (11) remain valid when Var(Z) is replaced by 2.
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2. Limit Theorems for Change-Point Analysis

Remark 4. The convergence in Darling—Erdés-type results is known to be slow (see Berkes
et al. (2004]) for related discussion on the simulation of critical values). In the mean-
change simulations of Gallanosa and Martsynyuk (2020), the Darling—Erdds-type statistic
was found to be less powerful than the tests studied there that were constructed from the
weighted supremum and weighted integral statistics in Theorems 2.1 and 2.2 with specially

chosen weight functions.

An integral analogue of the Darling—Erdé&s-type supremum statistic is obtained by con-
sidering an LP-type functional of the tied-down partial-sum process with the endpoint weight
(t(1—1t))'*P/2, This weight plays, for integral-type functionals, a role analogous to the point-
wise standardizing weight ¢*(t) = y/t(1 —t) in the supremum case. The following result
gives the corresponding asymptotic normal limit after logarithmic centering and normaliza-
tion. It appears that the finite-sample properties of this test have not been studied in the

literature.

Theorem 2.4. (Csorgd and Horvdth, 1997; Theorem 2.1.5). Assume that {Z, Z;}i>1 are

i.i.d. random variables with 0 < Var(Z) < co. Let 1 < p < oo, and suppose that

E|Z]Y < o0 for some v > 2.

Then, as n — o0,

| ! Zn(t)IP
/ ( | Zn(1)] dt — 2m,logn i) N(0,1), (12)
0 =p

/2Cylogn [(n+1)t] <1 B L(n+1)tj))1+p/2

n n

where

my= [ lalPolz) da,
¢ is the standard normal density, and

sz/oo /OO /OO|96y!p [fo() (@, y) — d(2)9(y)] dxdydu. (13)

Here p(u) = exp(—|u|/2), and f,(x,y) denotes the bivariate normal density with mean zero,
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2. Limit Theorems for Change-Point Analysis

unit variances, and correlation coefficient p.

The preceding marginal limits can also be combined into two joint limits: one for the
supremum-based statistics in Theorems 2.1 and 2.3, and one for the integral-based statistics
in Theorems 2.2 and 2.4. In each case, a statistic with a Brownian-bridge-based limit is
paired with its corresponding Darling—Erd6s-type statistic, and the factorization of the lim-

iting distribution shows that the two component statistics are asymptotically independent.

Theorem 2.5. (Csorgé and Horvdth, 1997; Proposition 2.1.1). Let {Z,Z;}i>1 be i.i.d.

random variables with 0 < Var(Z) < oo.

(i) Let q(t) € Q, and suppose that I}(g,c) < oo for some or possibly all ¢ > 0. Assume
also that
E[Z*loglog(|Z| +1)] < o0,

Then, for all x,y € R, as n — oo,

|Zn(t)]
P{ sup — 2 <
0511 3, g (1]

Zn(t
A(n) sup 1Zn(t)] 7 n) <y
o<t<1 5, [L(n+1)t] (1 _ |_(n+1)tj>}
B
— P{ sup 1B < a:} exp(—2eY). (14)
o<t<1 q(t)
(i) Let 0 < p < oo, 1 <r < oo, and let q(t) € Q satisfy

1 2

(t(L =)/
——dt < 0. 15
/0 q(t) (15)

Assume also that

E|Z]" < o for some v > 2.
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2. Limit Theorems for Change-Point Analysis

Then, for all x,y € R, as n — oo,

P /1<|Z”(t)|>p 1 dt < z
0 On [(n+1)¢] -
o (1)

n

__t /1 | Zn @) dt —2m,logn| <y
V2C:logn | Jo -, (l_(n—i—l)tj (1 B |_(n+1)tj>)1+r/2 " -

—>P{/01‘B;Ett))’pdt§x}@(y), (16)

where ® is the standard normal distribution function, and m, and C, are defined as

in Theorem 2.4.

Remark 5. The joint limits in Theorem 2.5 can be used to construct combined test statistics
from the two component statistics appearing in each part of the theorem. For example, in
the supremum case, if Sy, denotes the weighted supremum statistic in Theorem 2.1 and D,
denotes the Darling—Erdds-type statistic in Theorem 2.3, then, for fized constants a,b, the
joint limit implies

aS? + bD, % aS? + bG,

where

B(1)]
S9:= su
0-te1 q(t)

and S? and G are independent. Similar combined statistics can be formed by taking lin-
ear combinations, maxima, or other continuous functions. The critical values for any such
combined statistic should therefore be obtained from the distribution of the corresponding
function applied to the limiting variables appearing in the joint limit, rather than by using
the marginal critical values separately. Such critical values can be approrimated numeri-
cally; see Gallanosa and Martsynyuk (2020) for an example of this type of simulation-based
approzimation for the critical values of supremum and integral statistics of the forms in

Theorems 2.1 and 2.2.

Finally, we recall a Rényi-type result for a trimmed supremum statistic. Whereas the

Darling-Erdés statistic divides by the pointwise standardizing factor {t(1 —t)}'/2 over the
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2. Limit Theorems for Change-Point Analysis

whole interval, the Rényi-type statistic below divides by ¢(1 — t), giving stronger emphasis
to values near the endpoints. The trimming excludes small neighborhoods near 0 and 1,
where this stronger endpoint weighting would otherwise dominate the statistic, but these
neighborhoods shrink as n — oco. Thus, asymptotically, the statistic still covers possible
change-point locations throughout (0,1). After the corresponding normalization, the limit

is the supremum functional of a Wiener process rather than a weighted Brownian bridge.

Theorem 2.6. (Martsynyuk, 2016; Theorem 1.1). Let {Z, Z;}i>1 be i.i.d. random variables

such that 0 < Var(Z) < oo and

E|Z|" <00 for some r > 2.

Let {dp}n>1 and {e,}n>1 be sequences of positive constants satisfying

( 1
dn<1+)<1 foralln > 1,
€n
dn, :
— < const < 1 for all sufficiently large n,
€n (17)
d, — 0, en — 0,
nd, — 00 as n — 0o.

Then, as n — oo,

d,ll/2 sup |Zn(t)] 4, sup |W(t)|, (18)

dn fen<t<1—dy G, LOFDL (1 - L‘Z””) 0<t<1

and

Zn(t
d}/Q sup 10l 4, sup |[W(t)], (19)

dn St<1—dn fen G, HOEDL (1 _ W) 0<t<1
where {W(t),0 <t <1} is a standard Wiener process.

Remark 6. Let
JU = [d", 1— dn} ;o JP = {dn, 1— d”] .

€n €n
Using the step-function representation in Remark 1, the suprema in (18) and (19) can be

written as mazxima over the indices whose intervals intersect the corresponding trimmed
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2. Limit Theorems for Change-Point Analysis

range. Namely, for j = 1,2,

k k
1Za(1)] SE zi- S, 7
sup = max — ’
D 5 e (el B k(1)

where

KO .= {k‘E{l,...,nl}: [&,:ii)mﬁj)#@}.

Remark 7. The Rényi-type limit in Theorem 2.6 provides another asymptotic framework
for supremum-type statistics. For finite-sample use, the performance of the corresponding
test depends on the choice of the trimming sequences d, and e, and suitable choices of
these sequences require separate numerical investigation. Horvdth et al. (2020) studied a
related class of Rényi-type statistics and found strong performance for changes near the
beginning or end of the sample when compared with unweighted supremum-type statistics
of the form in Theorem 2.1 with q(t) = 1, Darling—Erdds-type statistics of the form in
Theorem 2.3, and related procedures. On the other hand, the mean-change simulations of
Gallanosa and Martsynyuk (2026) indicate that tests constructed from the integral statistic
in Theorem 2.2, especially for p = 2, can have competitive power while maintaining good
type I error control. Thus, the finite-sample performance of Rényi-type tests, especially
relative to the other supremum- and integral-type procedures recalled above, remains an

open question for numerical investigation.

Remark 8. The statistics in the theorems above, stated with the full-sample variance esti-

mator o, can also be formulated with pooled sample variances. For 1 < k < n, define

(1 [& 1 oo 1 & i
He(a-1%a) + 3 (-5 S 2] | 1se<n
_ i=1 j=1 i=k+1 j=k+1
1 & 1 &
D K- B I k=n
i=1 j=1

Under the null hypothesis of no change in the mean, the sequence {5,37 1 <k <n} is weakly
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3. Testing for a Change in the Slope

uniformly consistent for the common variance, namely

~2 2
_ — 1
glggn}ok o*| =op(1),

see Lemma 2.1.1 of Csorgd and Horvdath (1997). Hence the corresponding statistics, with
on replaced by the appropriate o term inside the mazimum or integral, have the same
asymptotic null limits; see also Corollaries 2.1.1 and 2.1.8 of Csorgd and Horvdth (1997).

In the finite-sample study of Gallanosa and Martsynyuk (2026), the op-standardized
versions of the weighted supremum and integral mean-change tests had somewhat higher
power than the corresponding o,-standardized versions. However, this improvement was
accompanied by larger type I errors, especially for smaller samples. For this reason, the

regression results that follow use full-sample residual variance estimators.

The results in this section are stated for generic i.i.d. variables Z;. In the regression
setting, the role of Z; will be played by suitable residual-based quantities. The main task in
the sections that follow is to show that the corresponding residual-based tied-down partial
sums have the same limiting behavior as the generic processes recalled above, with any

additional remainder terms being asymptotically negligible.

3 Testing for a Change in the Slope

3.1 Model, residual quantities, and assumptions

We first consider the problem of testing for a possible change in the slope parameter in a
simple linear regression model with random design. Under the null hypothesis, the obser-
vations satisfy

yi = a+ Bx; + &, 1<i<n, (21)

where (y;, z;) € R%, a and 3 are real-valued parameters, and ¢; are error variables.
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3. Testing for a Change in the Slope

A possible at-most-one change in the slope is described by

prxi +ei, 1 <i <k,
Y = a+ 1<k*<n,

Boxi + &, k¥ <i<mn,
where the change point £* is unknown. The corresponding hypotheses are
Hg 21 = PBa against Hf : B1 # Po.

Let
1 @ 1 @
1= 1=

The least squares estimator of the slope in (21) is

B\ _ Y iy (xi — aTy)(yi — ag,,)
B Z?:l(xi — awy,)? ’

where

0, if « is known to be 0,
1, if « is unknown.

For the slope-change problem, define the residual-type quantities

~

v = (x; — axy) |(yi — ay,,) — B(% — afn)} , 1< <n.

The corresponding residual partial sums are

k
1
=1

(22)

(23)

(24)

(25)

where % > i1 U; = 0. These normalized partial sums are the slope-change analogues of the

tied-down partial-sum process Z,(t) in (3). The statistics below are constructed from these

residual partial sums in forms parallel to the mean-change statistics recalled in Section 2.

Under Hg , the residual partial sums can be decomposed into a leading tied-down partial-
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3. Testing for a Change in the Slope

sum term plus additional terms. For a = 0, the leading variables are Ui(o) = x;&;, while for

a =1, they are Ui(l) = (x; — Ex)e;. The corresponding leading tied-down sums are

a a k< a)
M) = Ui()—EZUi( ., 0<k<n.
i=1 i=1

)

Thus beak plays the same role as the centered partial sums that lead to the mean-change
process Z,(t) in (3), and the corresponding normalized slope process is obtained by consid-

ering n=1/2 )@

o [(n1)t) " The auxiliary results in Section 3.3 give the exact decompositions

of Zle v; and show that the residual-based statistics in the next subsection have the same
limiting distributions as the corresponding statistics formed from Mflag
The following assumptions specify the random-design framework used for the asymptotic

results. The covariates and errors are modeled through the random vectors (x;,&;), with

independence between the design variable and the regression error.

Assumption 3.1. The random vectors {(x;, ;) }i>1 are i.i.d., and x and € are independent.

Moreover,
Ee =0, 0 < Var(z) < oo, 0 < Var(e) < oo, Ez? < oo.

For the integral Darling—FErdés-type, and Rényi-type limits below, we use the following

stronger moment assumption.

Assumption 3.2. The random vectors {(z;, ;) }i>1 are i.i.d., and x and € are independent.
Moreover,

0 < Var(z) < oo, 0 < Var(e) < oo, Ee =0,

and there exists r > 2 such that

E|z*" < oo, Elel" < 0.
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3. Testing for a Change in the Slope

3.2 Main results

We now give the slope-change analogues of the mean-change limit theorems recalled in Sec-
tion 2. All statistics in this subsection are based on the same scalar residual process formed
from the quantities 7;, but different choices of functional, weighting, and normalization lead

to different limiting distributions.

3.2.1 Supremum statistic with Brownian-bridge-based limit

Theorem 3.1. Let v; be defined by (26), where B and a are defined in (24) and (25),
respectively. Assume that Assumption 3.1 holds and that Hg holds. Let q(t) € Q, and

suppose that I&(q, ¢) < 0o for some or possibly all ¢ > 0. Then, as n — oo,

‘Ef: Ui

— max — )
Ong 1<k<n \/ng(k/n)  o<t<1 q(t)

where {B(t),0 <t < 1} is a standard Brownian bridge and

2

11 ~
with =3, 9; = 0.

Remark 9. The statistic in Theorem 3.1 has a natural estimator-comparison interpretation.
For the case when o = 0, after some straightforward algebra, the partial sums Zle v; can

be written as .
k >ie a7 > a)

im1 i=1 %5

where
k n
Zi:l TiYi Bk _ Zi=k+1 TiYi
—k 2 2= —n 2
dic1 %2 Dkl T

gl = (30)

are the least squares estimators of the slope before and after a possible change point at time

k. Thus, the statistic

1 ‘Zf:l v; a1
5 B (31)
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3. Testing for a Change in the Slope

can be interpreted as the maximum, over 1 < k < n, of appropriately normalized and
weighted absolute differences between the slope estimators computed before and after k.
This estimator comparison interpretation parallels the nonparametric mean-change meth-
ods reviewed in Section 2. In the mean-change setting, large values of the mazimum of
appropriately normalized and weighted differences between sample means before and after k
indicate a change in the mean. Analogously, in the regression setting, large observed values

of (31) indicate a possible change in the slope parameter.

3.2.2 Supremum Darling—Erdds-type statistic

Theorem 3.2. Assume that Assumption 3.1 holds, that HéB holds, and that
E[e? loglog(le| 4+ 1)] < cc.

Let

W) =Vt(l—1), O0<t<l

Then, as n — oo,

! =] D(n) % G 32
Fo 1S YOy~ P T (32)

A(n)

where A(n), D(n), and G are as defined in Theorem 2.3, and 672 is defined in (28).

Remark 10. The supremum statistics in Theorems 3.1 and 3.2 are related to weighted resid-
ual methods for regression change-point testing. In particular, Horvdth et al. (2023) stud-
ted cumulative sums of weighted residuals in linear regression models, including Brownian-
bridge-based supremum statistics and Darling—Erdds-type statistics. In the simple through-
origin case a = 0, the present slope quantity reduces to v; = x;(y; — Exz), which is exactly
the scalar covariate-weighted fitted residual.

When the intercept is unknown, the relationship is no longer identical. The present

statistic uses the centered scalar quantity

Ui = (i — Tp){(Yi — Yp) — B(sz — )},
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3. Testing for a Change in the Slope

and the corresponding test statistics have scalar limits involving a single Brownian bridge.
In contrast, the weighted-residual formulation of Horvdth et al. (2023) for simple linear
regression with an unknown intercept and slope is based on the two-dimensional weighted-
residual process associated with both regression coefficients. Therefore, its limit involves
the Euclidean norm of the vector of two independent Brownian bridges. Thus, the through-
origin case coincides with the scalar covariate-weighted residual form, whereas the unknown-
intercept case gives a centered slope-specific construction whose limit involves a single Brow-
nian bridge rather than a norm of multiple Brownian bridges.

The tied-down partial-sum structure is also connected to the slope-change supremum
statistic of Martsynyuk (2021) for structural errors-in-variables models. The integral and
Rényi-type statistics developed below extend the present slope-change framework beyond the

supremum cases.

3.2.3 Integral statistic with Brownian-bridge-based limit

Theorem 3.3. Assume that Assumption 3.1 holds and that Hg holds. Let 0 < p < oo and

q(t) € Q. Suppose that

1 _ p/2
/0 “(1(1(;))) dt < o, (33)

Then, as n — oo,

Z n-l—l)tj/\ 1 P
_ / ‘ J) dti>/ |B)] dt, (34)
0 0

GngJo npi2g (iun;l)t q(t)

where {B(t),0 < t < 1} is a standard Brownian bridge and 52 is defined in (28).

3.2.4 Integral Darling—Erddés-type statistic

Theorem 3.4. Assume that Assumption 3.2 holds and that Hoﬁ holds. Let 1 < p < oo.

Then, as n — 00,

dt — 2mylogn| % N(0,1), (35)

n

1 1 ’ZL"H U5
V2C, logn 35,a/o 2 (unfm (1 _ L(n+1)tJ>)1+p/2
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3. Testing for a Change in the Slope

mp = / 2Pé() de

¢ 1s the standard normal density, and C,, is defined as in Theorem 2.4.

where

3.2.5 Joint limit theorem

The marginal limits above can also be combined into joint limits. Here “joint” refers to
paired limits of different statistics constructed from the same slope-specific residual process,
not to a joint slope—intercept testing procedure. The following result is the slope-change
analogue of Theorem 2.5. One joint limit combines the supremum-based statistics in The-
orems 3.1 and 3.2, and the other combines the integral-based statistics in Theorems 3.3

and 3.4.

Theorem 3.5. Let v; be defined by (26), where B and a are defined in (24) and (25),

respectively.

(i) Assume that Assumption 3.1 holds and that Hg holds. Let q(t) € Q, and suppose that

I& (g,¢) < 0o for some or possibly all ¢ > 0. Assume also that
E[e?loglog(le| 4+ 1)] < oo

Then, for all x,y € R, as n — oo,

‘Z’L 1 vl
a B qlh/n)

‘Zz lv'L

A(n) Ono 1Sk Vngr(k/n) ~bm =y
[B(®)] —y
— P {Os<1:1<)1 0 < x} exp(—2eY), (36)

where ¢*(t) = \/t(1 —t), and A(n), D(n), and G are as defined in Theorem 2.5.

(ii) Assume that Assumption 3.2 holds and that Hg holds. Let 0 < p < oo, let 1 < ¢ < o0,
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3. Testing for a Change in the Slope

and let q(t) € Q. Suppose that

1 _ /2
/0 (t(lq(tt))) dt < o, (37)

Then, for all x,y € R, as n — oo,

pimap
Fy57 /onp/zq(untlm)dtgx’

[(n+1) tJA
! ! /1 ‘E dt —2mylogn| <
V2Cilogn | G5 Jo nf/z(t(nﬂ)ﬂ (1_ L(n+1)tJ>>1+‘/2 Lo =Y
O
P dt<z'®
U <o (58)

where ® is the standard normal distribution function, and my and Cy are defined as
in Theorem 2.4.
3.2.6 Rényi-type weighted supremum statistic

Theorem 3.6. Assume that Assumption 3.2 holds and that Hg holds. Let {dy}n>1 and

{en}n>1 be sequences of positive constants satisfying

( 1
dn<1+)<1 foralln >1,
€n
dn .
— < const < 1 for all sufficiently large n,
en (39)
d, — 0, en — 0,
\ nd, — 00 as n — 0o.
Let
JO = (I SO = (1 - B
en ) ) n b en
Then, as n — oo,
[(n4+1)t] ~ ‘
dl/2 su ‘Z d W 4
p — sup |[W(t)], (40)
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and

d1/2
tz‘jgw A\fL(n-&-l tJ ( L(n+1)t]) N

where 6'\376 is given by (28), and {W(t),0 <t <1} is a standard Wiener process.

3.3 Proofs of the Slope-Change Results

Auxiliary results for slope-change statistics

Throughout this subsection, let

Tip = X — Qp, 1<i<n,

where a € {0, 1} is defined in (25). Then

B = Fin | (4 — aB) = Bia].  1<i<n

Lemma 3.1. We have

Consequently,

Proof. By the definition of vy,

n n
Y Ti=) Fin |:(yi —ay,) — Bgi,n}
i=1 i=1
n . n
= me(yz —ay,) - B T,
: i=1

2= TinlYj — )
_Z%n vi = ally) — S

231 Jn

=0.

Hence (43) follows, and (44) is immediate.

2 sup [W(t)],

(41)
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3. Testing for a Change in the Slope

For later use, define the leading i.i.d. term

Let

Define the corresponding normalized tied-down partial-sum process by

)
ﬁMn,L(nH)tJ’ 0<t<1,

MO(t) = (47)
0, t=1.

Finally, define

E(z?)Var(e), a=0,
02, = Var(U\”) = (48)

Var(z)Var(e), a=1.

Lemma 3.2. Under Assumption 3.1, for each a € {0,1}, the random variables {Ui(a)}izl
are i.i.d. with
EUY =0,  0<o2, < oo
Proof. CASE a =0. If a = 0, then UZ-(O) = x;&;. Since x; and ¢; are independent and
Ee =0,
EU) = Bz Ee = 0,

and

Var(Ul(O)) = E(2%¢%) = E(2?)E(e?) = E(x?)Var(e).
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3. Testing for a Change in the Slope

This quantity is finite and positive under Assumption 3.1.

CASE a=1.1If a =1, then Ui(l) = (x; — Ex)e;. Similarly,
EUY = E(z — Ex)Ee = 0,

and

Var(Ul(l)) = E[(x — Ex)?|E(c?) = Var(x)Var(e),
which is finite and positive under Assumption 3.1. ]

Lemma 3.3. Under Assumption 3.1 and Hg,
V(B = B) = Op(1). (49)

In particular,

Proof. Under Hoﬁ ,

Yi — af, = B(x; — aTp) + (g; — agp),

and therefore

~ St Tin(es — agp)

B—p== 12’@”1%2 . (50)
i=1%"in

CASE a =0. If a =0, then

iy Tii

i T

The numerator is Op(y/n) by the Central Limit Theorem, while

B-B=

1 n
—Zaz? 2 E2? > 0.
ni*l

Hence v/n(B — B) = Op(1).
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3. Testing for a Change in the Slope

CASE a=1.If a =1, then

The denominator satisfies

For the numerator, write

D (@i —Tn)(ei — ) = Y (2 — Ea)e; — (T, — Ex) ) e
=1

i=1 =1

The first term is Op(y/n) by the central limit theorem. Also,

Tp, — Ex = Op(n’1/2), Zai = Op(v/n),
i=1

so the second term is O,(1). Thus the numerator is Op(y/n), and hence V(B —p) =

also when a = 1.

Lemma 3.4. Assume that Hg holds. Then the following decompositions hold.

(i) If a =0, then

where

(ii) If a =1, then
Z@' = M,(Ll,i —Eng— Fop+ RS;C, 1<k<n,

where

Op(1)

O

(53)
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ka = (En — El’)

k k n
E & — — E il
- n -
=1 =1

and

Proof. Under H, g ,

Thus

= (8= B)T2, + Tinlei — agp).

Using >, v; = 0 from Lemma 3.1, we obtain

> i1 Tin(ei — aEy)
Z?:l %12,71

B-B=-

Substituting this into the partial sum of v; gives

i=1 i=1

k k  ~

~ ~ _ Dim1 xz2n ol _
Z v = Z .Ti’n(gi — aEn) — ni?ﬁg l’iyn(gi — aen)
= Z %i,n(si - agn) - E xi,n(gi - agn) + Rn,ka

k
=1 i=1

(2

k ~

ko >imn szn . _

RnJg = — T < =3 xi7n(€i — CLEn).
n Zi:l Tin i=1

where

CASE a =0. If a =0, then z; , = x;, and (57) gives (51) with (52).

CASE a =1.If a =1, then 7;, = z; — T,. Writing m = Exz, we have

(SCZ' — fn)(& — gn) = (l‘l — m)ei — gn(l'i — m) — (fn — m)&; + (En —

The last term is constant in 4, so its centered partial-sum contribution is zero. Therefore

(57) gives (53) with (54), (55), and (56).

O]
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Lemma 3.5. Under Assumption 3.1 and H()B,

~2 P2
n,u - Ov,a
where o7, is defined in (48).
Proof. By Lemma 3.1,
1 n
~2 1T 2
O-nﬁ)\ = n (5

Under H, g ,

b = (B — B)Z2, + Tim(ei — azn).
CASE a = 0. Then z;, = x;, and
i = (B — B)a? + wiei.

Hence

By Lemma 3.3, 37 B = o0p(1). Also,
li;zc42>1[1“,yc4<oo lix%igﬂi(x%):@
n 4 - 1 ’ n 4 - ) ’
1= 1=

and

Therefore,

PR P 1 <
=1 =1 =1

(58)
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CASE a = 1. Then z;, = x; — Ty, and

Hence

520 = (6= BV (i~ )+ 23— T e~ E)?
=1 =1
$2(8-B) D (i~ T (er — 2.
=1

First term in (60). We first note that

S (- T = 0,(1).
=1

Indeed, since

x; — Tp = (z; — Ex) — (T, — Ex),

the inequality |u — v|* < 8(|ul* + |v|*) gives

1 ¢ w8y 4, o= 1

*E i—Tn S*E i —E n — Ex)".

ni:l(:ﬂ Tn) ni:l(m x)" + 8( x)
By the WLLN,

f:(xi —Ex)* & E[(z — Ex)*] < oo,

1
n -
=1

and Z,, — Ez = 0p(1). Hence (61) holds. Since B-B= op(1), (61) gives

(5B~ D (i~ )" = 0y(1).

Second term in (60). We show that

% S (@1 — To)(es — 50)? = % S (w1 — Ea)?e? + 0,(1).
=1 3

(62)
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Since
—\2 2, =2 —
(€; —En)” =€ +E5 — 2€4En,

we have

For the first term on the right-hand side of (64), write

x; — Tp = (z; — Ex) — (T, — Ex).

Then

n

1 < _ 1 _ 1<

- Z(‘TZ —T,)%e? = - z:(xZ — Ex)%e? + (T, — Ex)2ﬁ Z €;

=1 =1 =1
n

2T — Ex) = 3 (31 — Ea)el.

n
=1

By the WLLN and independence of x and ¢,

% zn:(aﬁz — Ex)%e? & E[(z — Ex)?|E(e?) = Var(z)Var(e).
=1

Also
M 1 n

2 P 2
E E 52'—>]E5 <OO,

i=1

and
Z(wZ —Ex)e? & E(z — Ex)E(e2) = 0.
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Since T, — Ex = 0,(1), the last two terms in (65) are 0,(1). Hence

1 n
= — ) - ;i — Ex)%e? 1). 66
Z el = Yoo~ B o) (66)
For the second term on the right-hand side of (64),
PN 2
En D (@i —Tn)? = 0p(1), (67)
i=1
because g, = 0p(1) and

1 n

— Z(x, —Zn)? 5 Var(z)

n

i=1
For the third term on the right-hand side of (64), it is enough to show that
1< .
n (s —Tn)"e; = Op(1)7 (68)
i=1
since &, = 0p(1). Using x; — @, = (; — Ex) — (%), — Ex), we have
lznj(ac _ 1 " (z; — Ex)%e; + (Z, — Ex)?E
n ' 1 n (2 1 n n
i=1 =1
;- (69)

3|

By the WLLN and independence,

- Z 2e; B E[(z — Ex)?E(e) = 0,

and
fz —Ez)e; & E(z — Ex)E(e) =0
Therefore,
1 o 1 @
- D (zi — Ex)’e; = Op(1), - > (zi — Ex)e; = Oy(1)
i=1 i=1
Since
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the right-hand side of (69) is Op(1). Hence (68) holds. Consequently,

1 @ _
—~ 28— D (@i = Tn)?ei = 0p(1).
=1

Substituting (66), (67), and (70) into (64) proves (63).

Moreover, by the WLLN and independence of x and ¢,
1 n
= g (z; — Ez)%e? B E[(z — Ex)YE[e?] = Var(xz)Var(e).
n
i=1

Therefore,

Third term in (60). By Cauchy—Schwarz, (61), and (71),

n

n 1/2
26— B (i — Tl —2)| < 206 <i > (i - xn>4>
=1 1 ) =1 "
X <n Z(% — Tn)? (e 5n)2) = op(1)
i=1

This proves (58).

3.3.1 Proof of Theorem 3.1

(70)

Proof. Assume that Assumption 3.1 holds, that HOB holds, and that I}(g,c) < oo for some

or possibly all ¢ > 0.

By Lemma 3.2, the random variables {Ui(a) }i>1 are i.i.d. with

EUY =0, 0<o?, <o

v,a
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Hence, by Theorem 2.1,

1 M |B(t)]
——— max ———— — sup ———, 73
5 o X, gtk o o) (73)

where

1 & 1 &
52 (a) (a) P2
n U(a) n Z U’L'a _ E Z Uja — 0',U7a-

i=1 j=1
Also, by Lemma 3.5,
Grg ™ Toa
Therefore,
In U oy, (74)
Ono

It remains to show that the remainder terms in Lemma 3.4 are negligible after division by

vnq(k/n), uniformly over 1 < k < n.

CASE a = 0. By Lemma 3.4(i),

Zﬁi = MT(L?I)C + ng;ﬁ.
i=1

We show that ©
R,

max N D] = op(1). (75)

‘Rnk| ’Z _11‘262‘ Z 11"2_721 1’1"
axX
2% Vraei) T el 2N Vagl/n)

(76)

The first factor satisfies

|Z?: xi€i| 1 i=1Li€i
ozl BRzel o, e
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because

1 — 1 —
- E rig; o E(xe) = ExEe = 0, - E 3:22 L Ea? > 0.
i s

For the maximum in (76), Theorem 2.1 applied to {?};> gives
k2 k 2
‘Zi:l TP = i1 T

15k Jnqlk/n) = 0p(1), (78)

provided Var(z2) > 0. If Var(z?) = 0, then z7 is constant a.s., and the maximum in (78) is

identically zero. Combining (76), (77), and (78) proves (75).

By Lemma 3.4(i),

> M)+ Y}
i<hen /ng(k/n)  1sken ma(k/n)
Since (75) holds, R L is negligible after division by \/n ¢(k/n), uniformly over 1 < k < n.

Combining this with (73) and (74), Slutsky’s theorem gives

|z a . 1BO)

su
Unv 1<k<” \/>Q(k‘/n) 0<t£1 Q(t)

when a = 0.

CASE a = 1. By Lemma 3.4(ii),

k
S 0= M)~ Bug— Fop + RS
i=1
We show that
‘En k|
=0p(1
[k Vnq(k/n) = op(1); (79)
’Fn k|
=0p(1
ISk Vnq(k/n) = op(1); (80)
max |R(1k’ = 0p(1) (81)
1<k<n v/ng(k/n) — TV
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3. Testing for a Change in the Slope

The term E, ;. By (54),

k
|En k| ol >isi(zi — Ex) — £ 570 (21 — Ea)
= |&,| max

[Shon /1 q(k/n) I<k<n Jnq(k/n)

The maximum is Op(1) by Theorem 2.1 applied to {z; — Ez};>1, and

En = 0p(1).
Therefore (79) holds.
The term F), ;. By (55),
| k] - Zf:lgi - %Z?:l €
ZE, gl o R T )

The maximum is O,(1) by Theorem 2.1 applied to {€;}i>1, and
Tp — Ex = 0p(1).

Therefore (80) holds.

The term RSL. By (56),

ok
B ety Anfn
where
S = T e = )
Z?:l(xi — Tp)?
and

N S (@ 70)? — E T (- 7)?
n -— Inax .

1<k<n Vvnq(k/n)

We prove separately that
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3. Testing for a Change in the Slope

and

First,

n

1 1<
ﬁ Z(l’z — Tn)(éz — En) = E 21‘262 — Tn En-
1=

=1

By the WLLN and independence,

1 n
— Z zie; 2 E(ze) = ExFe = 0,
n

i=1
and
TnEn > ExFe =0.
Therefore,
1 n
n Z(xz —Tn) (& —En) = 0p(1)
i=1
Also,
1 n
= (@i —Tp)* B Var(z) > 0
" =1
Hence

A = ‘% iy (@i = Tp) (e — ?n)‘
' IS (20— Ta)?

= Op(l)v
which proves (82).
Next, we prove (83). Since

(z; — Tp)? = (x; — Ex)? — 2(Z,, — Bx)(2; — Ex) + (T, — Bx)?,

the third term, (Z,, — Ex)2, cancels exactly in the centered partial-sum expression:
k n

EZ@ﬁ—E@2—§§:@ﬁ—E@2:O

i=1 i=1
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3. Testing for a Change in the Slope

Therefore,

Sb (@~ Ea) - £ (@ — Eo)?|
1<k<n Vnq(k/n)

Sb (@ — o) = £ Y0 (v — Ea)|
+ 207 — Ea| max (k) ‘

(84)

The first maximum on the right-hand side of (84) is Op(1) by Theorem 2.1 applied to
{(z; — Ex)?};>1, provided Var((z — Ex)?) > 0. If Var((x — Ez)?) = 0, then (z; — Ex)?
constant a.s., and the first maximum is identically zero. The second maximum is Op(1) by

Theorem 2.1 applied to {z; — Ex};>1, and
Tp — Ex = 0p(1).

Thus the second term on the right-hand side of (84) is 0,(1), and (83) follows.
Combining (82) and (83), we obtain

1)
|Rn k

R o)~ AV = 0p(1);

which proves (81).
By Lemma 3.4(ii),

n,

k
Za = M) ~ Eny — Fup + R().

The bounds (79), (80), and (81) show that E, j, F, i, and R ,)g are negligible after division
by /nq(k/n), uniformly over 1 < k < n. Combining this with (73) and (74), Slutsky’s

theorem gives

el . s

su
Gn 12y, Vnq(k/n) 0<t1<)1 q(t)

when a = 1. This completes the proof. O
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3. Testing for a Change in the Slope

3.3.2 Proof of Theorem 3.2

Proof. Assume that the conditions of Theorem 3.2 hold and that Hg holds. Recall that

g (t) = Vt(1 —1), 0<t<l.

For a € {0, 1}, let Ui(a), Méa,z, and 072 , be defined in (45), (46), and (48). Also define

2
n

. 1 o 1=
7ivw = | UM =S U
i=1 j=1

By Lemma 3.2,

EU =0,  0<o?, < oo,

and
6-\n7U(a) £> Uv,a
Also, by Lemma 3.5,
3375 LN 057(1.

We first verify the Darling—Erd6s moment condition for the leading variables U, (@), Through-

2
out this verification, logarithms in iterated logarithms are interpreted according to the
convention stated before Theorem 2.3. Since Ez* < oo under Assumption 3.1, we have

E[2®loglog(|z| + 1)] < oo. (85)

Indeed, under the logarithm convention, loglog(|z| + 1) = o(z?) as || — oo. Hence there

exist constants R < oo and C < oo such that
2% loglog(|z| + 1) < Ca?, |z| > R.

On the other hand, 2% loglog(|=| + 1) is bounded on {|z| < R}. Therefore, by increasing C
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3. Testing for a Change in the Slope

if necessary,

z?loglog(|z| +1) < C(1 + %), x €R,
and the conclusion follows.

CASE a =0. If a =0, then Ui(o) = x;€;. Since
lze| + 1 < (Jz] + 1) (e + 1),

we have

log(|ze| + 1) < log(|z| + 1) + log(|e| + 1).

Since log(|x| +1) > 1 and log(Je| + 1) > 1 under the log convention,
log(|z] + 1) +log(le| + 1) < 2log(|x| + 1) log(|e| + 1).
Therefore,

loglog(|ze| + 1) < log{2log(|x| + 1)log(le| + 1)}

< log2 +loglog(|z| + 1) + loglog(|e| + 1).

Multiplying by 22¢? and using the independence of x and e, we obtain

E[2%e* loglog(|ze| + 1)]
< log2E(z*)E(e?) + E[2* loglog(|z| + 1)] E(¢?)

+ E(2%)E [e* loglog(|e| + 1)] < oo,
where the second term is finite by (85). Thus

IE[{Ul(O)}2 log 1og(|U1(0)| +1)| < o0.

(86)
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3. Testing for a Change in the Slope

CASE a=1.1If a =1, then Ui(l) = (x; — Ex)e;. Let m = Ex. Since
[z —m[+1 <]+ |m|+1 < (jm]+1)(jz] + 1),

we have

log(|lx — m| + 1) <log(|m|+ 1) + log(|z| + 1).

Since log(|x| + 1) > 1 under the log convention,

log(|m[ 4+ 1) +log(|z[ + 1) < {log(|m| + 1) + 1} log(|z[ 4 1).

Therefore,
loglog(|x — m| 4+ 1) <log({log(|m|+ 1) + 1}log(|z| + 1))
<log{log(|m|+ 1) + 1} + loglog(|z| + 1).
Also,
(x —m)? < 22% + 2m>.
By (87),

(z —m)?loglog(|z — m| + 1)

< (222 + 2m?) [log{log(|m| + 1) + 1} + loglog(|=| + 1)] .
The condition Ez* < oo and (85) imply

E[(z — m)*loglog(|z — m| + 1)] < oco.

Applying the product argument from the case a = 0, with x replaced by x — m, yields

E[{Ul(l)}2 log log(|U1(1)| +1)| < o0.

(88)
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3. Testing for a Change in the Slope

Hence, in both cases a = 0 and a = 1, Theorem 2.3 applies to the i.i.d. sequence {Ui(a)}izl.

Recalling the definition of MT(La,z in (46), and noting that

m*1<k/n> B <k<nn— k))l/z’

we obtain @
A(n) ! max |Mnak| — D(n) 4G (89)
G 12E2 Vg (k) |
Equivalently,
A(n) ! max M = D(n) + O,(1) (90)
e 12E% Vg (k) p(L)
To replace o, ;7 by 0,5, observe that
A(n)L max 7|M$]2’ — A(n _t max 7’MT(:]2’
On 1<k<n \/ng*(k/n) O, Ut 1<k<n \/ng*(k/n)
(a) —~
1 |Mn k’ On U(a)
=A : . —-1]. 91
() G e 15ken g (k/n) ( G > (o)

By (90), the first factor on the right-hand side of (91) is D(n) + Op(1). Thus it is enough

to prove

D(n) <3Z’U(“) - 1) = 0,(1). (92)

On, v

It remains to show that the remainder terms in Lemma 3.4 are negligible on the Darling—

Erdés scale and that (92) holds.

CASE a = 0.

By Lemma 3.4(i),

S =M +RY,  1<k<n

The remainder term Rg);{. We show that

1 Ry
A S e ey~



3. Testing for a Change in the Slope

By (52), write

where
k
> i1 Ti€i (0) k- o 2
Ano = 55 , Vii=—> xi — x
" POHE 5 mh = ; l
Then
AL ma R}
n max
Ons 1<k<n \/ng*(k/n)
2loglogn 1 1 1 «
— - = . o — €TiE;
Vn On,o %Z:‘L:l 33? vn ; o
0
X S max % (94)
V2loglogn 1<k<n /ng*(k/n)’
Now
2loglogn 1 1
——— =o0(1), — = 0,(1), —— = 0,(1),
o) 5o=0 g =0
by Lemma 3.5 and the WLLN. Also,
1 n
by the central limit theorem. Finally, by (10) in Theorem 2.3, applied to {?};>1,
0
1 v
————— max ————— = 0p(1),
V2Ioglogn 1<k<n v/nq*(k/n)
provided Var(z?) > 0. If Var(z?) = 0, then z? is constant a.s., and the maximum is

identically zero. Thus the last factor in (94) is Op(1) in either case. Therefore (93) holds.

Variance comparison. We show that

D(n) (ai’Uf” - 1) = 0,(1). (95)

108



3. Testing for a Change in the Slope

Since D(n) =< loglogn, it is enough to show that

(loglogn) (52,0, ~ 525) = 0p(1).

Indeed, both 837[](0) and 3376 converge in probability to 03’0 >0, so

and the denominator is bounded away from zero in probability.

By definition,

n n 2
5 1 0 1 0
avo =5 U - (nzw >)
=1

i=1
Also, by Lemma 3.1 and the a = 0 expansion in the proof of Lemma 3.5,
5N 5 ©1°
52:==3 [(ﬁ—ﬁ)x?—kUi } .

=1

Therefore,

N 1o (0 ol o
7o — (n 1U >> ~(B-By- Y

For the first term in (97),

2 2
1 — (0) loglogn 1 « (0)
log 1 — E U. =—— | — E U. = 1
(loglogn) (n i ) n NG i i OP( ),

=1

because n~1/2 3" Ui(o) = Op(1). For the second term,

n

(loglogn)(B — ﬂ Z log logn (\/ﬁ(ﬂ - 5))2% fo = 0p(1),

i=1

(96)

(97)
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3. Testing for a Change in the Slope

by Lemma 3.3 and the WLLN. For the third term,

(oglogn)(3 = B) Y- wtes = “E2ER (Vi3 - ) (1 Zx;?’ei) .

=1

-~

Here /n(B — ) = Op(1), and
% Zn: wie; B E(zde) = E(z%)E(e) = 0.
=1

In particular, the last sample average is Op(1). Hence the third term is op(1). Therefore

(96) holds, and hence (95) follows.

By Lemma 3.4(i),
ko~
‘Zi:l U IMT(L?% + RS)LI

1Shen g (k/n)  1%ken Vng(k/n)

The bound (93) shows that Rilo,)c is negligible on the Darling-Erdés scale, and (95) gives
the variance replacement on the D(n)-scale. Combining these facts with (89) and applying
Slutsky’s theorem gives

ko~
1 ’Zi:l Ui

G 1ken g (k/n)

— D(n) e

A(n)

when a = 0.

CASE a =1.

By Lemma 3.4(ii),

U =M~ Eup— Fup + R, 1<k<n.
=1
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3. Testing for a Change in the Slope

We first show that

1 |En k|
A ————— =o0,(1 98
(n)anv ISk vnagc(k/n) = op(1), (98)
1 | Fal
A =0,(1 99
) 2 5 Tag iy~ (59)
Aln) - il (1) (100)
Ono 1<k<n vag(k/n) PV
The term E,, ;.. By (54),
1 |En k’|
A
()7 5o 15ken v/ g+ (k/n)
_ 2loglogn 1 WorN 1 Z?:l(xi_Ex) S i1 (v — Ex)
- n Ons fhen V2loglogn 12113371 Vvng(k/n)
Here
Ve, =0y(1), T, = 0y(1),
and the last factor is O,(1) by (10) in Theorem 2.3. Since
21
oglogn N
vn
we obtain (98).
The term F,, ;. Similarly, by (55),
1 | Foo k|
Aln)—— _ Pkl
) 282, T (k)
k k n
2loglogn 1 _ 1 ’Zizl €i = Xim1 Ei
= - — Wn(T, — Ex)| - ———— max
vn Ono V2loglogn 1<k<n Vng(k/n)
Here

Vi@, — Ex) = 0y(1), 3,4 = 0,(L),

and the last factor is O,(1) by (10) in Theorem 2.3. Therefore (99) holds.
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3. Testing for a Change in the Slope

The term R('). By (56), w

where

and

Then

1<k fq (kjn)

We first show that

rite

1) _ 1)
Rn k An,an,k’

A, = E?:l(xi — Tp)(€i — En)
" Z?:l(xl — Tp)? ’
k n k
*Z _xn Z('I’L —En>2
n i=1 i=1
Wil

Antl B g (k)

An1 = Op(n~Y?) (101)
Since .
o BT - )%
’I’L,l = n 9
V(5 i (@i — Tn)?)
and
1 o
—Z(x —Ty)° = Var(z) > 0,
n =1
it is enough to show that
1 n
% (zi —Tp)(ei — &) = Op(1)
i=1
Indeed,
1 & I &
— x En) = —— Y Tig — \/NTpEn.
! S
By the Central Limit Theorem,
LS e = 0,01
—F Tig; = Up
vn i=1
Also,
Tp BBz,  /ng, = 0,(1)
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3. Testing for a Change in the Slope

SO

VT, g, = Op(1).
Thus (101) holds.

Next, we show that
Wl
L MR L S V1ogl . 102
R e (hymy ~ Op(Vioglogn) (102)
Using

(z; — Tn)? = (2 — Bx)? — 2(F,, — Ba)(z; — EBx) + (T, — Ex)?,

the third term, (Z,, — Ex)?, cancels exactly in the centered partial-sum expression. Hence

Wl [ Ee? - A (o - R
15ken g (kfm) = 1k Vrg(k/n)

iy (i —Bx) — B (2 — ECC)‘
+ 2’§n - El” max

1<k<n Vg (k/n)

(103)

By (10) in Theorem 2.3, applied to {(x; — Ex)?};>1,

SF (i —Ex)? — £ (2 - Ex)Q‘

n
max

1<k<n Vg (k/n)

= Op(+/loglogn),

if Var((x — Ex)?) > 0; otherwise the maximum is identically zero. Also, by (10) applied to

{z; — Ex}i>1,

Yoy (@i — Ea) — 370 (2 — Ea)
max - T ) - ) = Op(1/loglogn),

1<k<n

and

T, —Ex = Op(n*1/2).

Therefore the second term in (103) is o,(1), and (102) follows.
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3. Testing for a Change in the Slope

Combining (101) and (102), and using 8;1@ = 0p(1), gives

1
i max 7|R$l;€’
On5 1<k<n \/ng*(k/n)

= Op(+/loglogn) - Op(n_l/Q) - Op(y/loglogn) = O, <10g1\/c;;gn) = o0p(1).

A(n)

Thus (100) follows.

Variance comparison. It remains to prove

O-n7U(1)

D(n) < mUD _ 1) = 0p(1). (104)

On,o

Since D(n) =< loglogn, it is enough to show that

(loglogn) (520 — 525) = op(1): (105)

As before, this implication follows because both variances converge in probability to 012)71 >

0.

By definition,

n

n 2

- 1 1

UriU(l) = Z(Ui(l))Q - (n Z Ui(1)> . (106)
=1

i=1

Also, from (60),

~ 1
+2(B = B)= > (i — Fn)* (€5 — En). (107)
First, by Lemma 3.3 and (61),

(8- BP% Y (i7" = Opn”). (108)

i=1

114



3. Testing for a Change in the Slope

Second, by Cauchy-Schwarz, (61), and (71),

" 1/2
« (1 S (i — )i — gn)2> —0,(1).  (109)

28— B)= > (@i — Ta) (e — 20) = Op(n ). (110)

1 1 1
o U = 2 3 (s — B’
i=1 i=1
with
1 n
- Z(% — )" (& — gn)2
i
We prove the sharper comparison
1< 1<
- D (@i —Tn)?(ei — &) = - > (zi — Ex)’e? + Op(n~/?). (111)
=1 =1

As in the proof of (63), write

1
— 2% > (@i — Tn) e (112)
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3. Testing for a Change in the Slope

For the first term on the right-hand side of (112),

n n

1 _ 1 _ 1
" Z(wi —Tp)%; = - Z(ﬂfi — Ea)%e} + (Tn — Eﬂﬂ)Qﬁ Z ef
i=1 1=1 i=1
_ RS 2
—2(Ty — ]El‘)ﬁ z;(xz — Ex)ef. (113)
1=

Now
_ 1 — 1 &
T, — Bz = 0,(n"Y/?), - > el = 0,(1), - > (zi — Ex)e} = 0y(1)
=1 =1
Therefore,
1 « 1 —
EZ(xi —T,)%? = EZ(% — Ex)2%e2 + 0,(n"1/?). (114)
=1 i=1

For the second term on the right-hand side of (112),

LI _ _
agg 2(@—3:”)2:0};(71 1), (115)
because
1 n
= —-1/2 - N — 1
= O, L (a7 = 0401

For the third term on the right-hand side of (112), we use (68), namely
1 s
E Z(l‘z — $n) g, = Op(l).
i=1

Since &, = O,(n~1/?), we get
1 n
~28,— > (wi — Tn)’ei = Op(n'/?). 11
g n;(x Tp) i = Op(n~/7) (116)

Substituting (114), (115), and (116) into (112) proves (111).

Finally,

n 2
(i > Uf”) = Op(n™), (117)
=1

116



3. Testing for a Change in the Slope

because n~ /23" UY) = 0,(1). Combining (106), (107), (108), (110), (111), and (117),

we obtain

Therefore,

~ ~ loglogn
(loglogn) (O’iU(l) - anQﬁ> -2 270

which proves (105) and hence (104).

By Lemma 3.4(ii), the bounds (98), (99), and (100) show that E, i, F,, and RSL are
negligible on the Darling—Erdds scale. The variance comparison (104) gives the variance
replacement on the D(n)-scale. Combining these facts with (89) and applying Slutsky’s

theorem gives

koo~
Aln) = DEY D(n) % G
- _ 5
VG 1shen ug(kfn)
when a = 1.
The proof is complete. O

3.3.3 Proof of Theorem 3.3

We first record several elementary inequalities that will be used in the integral proofs below.
For0<p<1,

[lu+of” = JulP| < Jo]?. (118)

Indeed, the function

I [07 OO) - [07 OO)? f(S) =sP,

is subadditive; that is,

(s+7)P < s+ 1P, s,m > 0.

Taking s = |u| and r = |v|, and using the triangle inequality,

u+of” < (Ju] + o])” < ful” + [o]”.
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3. Testing for a Change in the Slope

Also, since u = (u + v) — v, taking s = |u + v| and r = |v| gives

ul” < (Ju+ o]+ o))" < fu+ 0" + [of”.

Hence (118) follows.

For p > 1, we will use the following consequence of the mean value theorem:

[lw + P — [ulP| < plv|(fu] + [o)P~ (119)

To see this, consider the function

whose derivative is

f'(s) = ps"".

Applying the mean value theorem to f between the nonnegative real numbers |u| and |u+v],

there exists some £ between |u| and |u + v| such that

Flu+vl) = flul) = £/ (lu+ v = |ul).

Taking absolute values and substituting f(s) = s? and f’(&) = p&P~! gives

a4+ 0P — [l = pe~" {Ju +v| = Jul|.-

By the reverse triangle inequality,

[+ o] = [ul] <o,

and, since ¢ lies between |u| and |u + v,

§ < max{ful, Ju+v[} < lu| + [v].

118



3. Testing for a Change in the Slope

Therefore,

[l +ol? = [ul?| < plo|(fu] + [o)PH,
which proves (119).

Finally, for m > 2 and 0 < p < oo,

m p m 1, 0<p<l,
doui| <Cpmd il Cpm = (120)
=1 =1

mP~L, p>1.

Indeed, for 0 < p < 1, the triangle inequality and the subadditivity of s — sP on [0, 00) give

p p
m m
> ui| < Do lwl ] <Dl
=1 j=1

For p > 1, the triangle inequality and Hélder’s inequality give

p
m m

p
Douil < (DIl Smp*liluj!p-
j=1

7=1 7j=1

Proof. Suppose that Hg holds and that ¢(t) € @ satisfies

dt < oo.

/1 (t1 — 1))/
0 q(t)

By Lemma 3.2 and Lemma 3.5,

Un,U(a) - Ov,a n,u v,a’

where 0 < 07, < 00 is defined in (48). Hence

Oy U@

2. (121)

=
On3

Since Theorem 2.2 applies to the i.i.d. sequence {Ui(a)}izl, recalling the definition of Mrgag
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3. Testing for a Change in the Slope

in (46), we have

6\5’(]@ np/2q L(nJTrLl)tJ q(t)
By (121),
a) p
1 /1 ‘Mn,L(n—H)tJ’ a 1|B(t)|Pdt
Tug o qwizg (Lol o a)
CASE a = 0.

By Lemma 3.4(i),
k

S o =MO+RY), 1<k<n
i=1

The remainder term Rfloll. We show that

‘ p

~

(0)
1 /1 ‘Rn,L(n—H)tj — o(1)
0 np/2q(t(n:rll)tj) A

p
Uan

By (52), write

where
n n k
S xiE k
—1 Licq 0) . 2
An,O— Zn ) Vk_* $1_§ Z
Z. 72 m, n
=17 i=1 i=1
First,
1 n
A = D ie1 Tiki — o(1
n,0 = 77 n 2 OP( )7
5 D1 T
because

1< 1 <
gZaﬁi@ 2, E(ze) = EzEe = 0, Hfo 2 Ea? > 0.

i=1 i=1

Next, by Theorem 2.2 applied to the sequence {22 };>1,

(0)
Voo ltnt 1))

1
/0 I dt

‘ p

= Op(1)7

p
! Mna)n 1 p
1 / ‘ L +1)tJ’ dti/ |B(t)] gt
0 ) 0

(122)

(123)

(124)

(125)

(126)
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3. Testing for a Change in the Slope

provided Var(xz?) > 0. If Var(z?) = 0, then 27 is constant a.s., and the integral in (126) is

identically zero. Since 2 = O, (1), combining (125) and (126) proves (124).
n,v p

Completion of the case a = 0.

The bound (124) gives the required integral-scale negligibility of RSZOL. It remains only to
verify that inserting this negligible remainder inside the power does not affect the limiting

integral functional. Let

[0 1 / M|
MGl o iz (L(n+1m) ’
PO / A |
mEEl s o iz (L(n+1)tj) ’
(0 (0)
Bnie g | Pt ol

v (123), IL), = O,(1), and by (124), I}, = 0,(1).

It remains to show that

0 0
IT(L,J)\4+R - I’r(l 1)\4 = 0p(1).

If 0 < p <1, applying (118) with

(0)

) U= (e

gives

If p > 1, the function s — sP is convex on [0, 00), and the subadditivity property used for

0 < p <1 fails. We therefore compare the corresponding LP norms instead. Define

N0 = (10) " 8= (1) N (1)
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3. Testing for a Change in the Slope

Minkowski’s inequality gives
(0)
Nn,M+R T 'n,M

Since N J)V[ = Op(1), it follows that

Applying (119) with

we obtain

since NT(L?])V[ = 0p(1) and NT(L?])VHR — NT(L v = 0p(1).

Thus, for all 0 < p < oo,

0 0
I?S,J)V[—i—R 17(1 ])\/[ = 0p(1).

Combining (123) with (127), and using Lemma 3.4(i), gives

‘ZL (n+1)t] 0 ‘B t
= / dt
when a = 0.
CASE a=1.
By Lemma 3.4(ii),
%= Myl = Bug = Fag + Bl 1<kh<n

=1

(127)
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3. Testing for a Change in the Slope

Since the integral functional based on Mflllz already has the desired limit by (123), it remains

to show that the three additional terms are asymptotically negligible. We first establish

their individual integral-scale negligibility:

L E
Al/ [Z 1 ”‘ dt = o,(1), (128)

1 /1 | Fo |t 1tJ|
- dt = 0,(1), (129
7o o poing (L) =P )
1) b
1 /1 ‘Rn,L(nJrl)tj‘
= = 0,(1). (130)
0'7};75 0 np/2q (L(nzl)ﬂ) P
The term E, j.
By (54),
k k n
E,.r=¢n [Z(azl —Ex) — — Z(:cl — Exz)
=1 i=1
Therefore,
L / b Bajmennl”
&T]L)ﬁf 0 np/2 (L("Jrl)tj)
‘Zunﬂm — Ez) - Lot s o g
nl" = dt.
= [Enf? ‘771;6 0 np/2q (L(n—;l)t])
Here g, = 0p(1), 0,2 = Op(1), and the integral factor is O,(1) by Theorem 2.2 applied to

{z; — Ex};>1. Hence (128) holds.

The term F, ;.

By (55),

Fpp = (Tn — Ex) [ZeZe]
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3. Testing for a Change in the Slope

Therefore,

1 / VR |

e e (g
n n n p
T — EafP = / 1 ‘Zz‘t(:lﬂ)” e — T YL e dt
= |z, — Ex| = .
G Jo o2 (LoDl

Here T, —Exz = 0,(1), 5, 2 = O,(1), and the integral factor is O,(1) by Theorem 2.2 applied
to {e;}i>1. Hence (129) holds.

The term Rflli,

By (56), write

where
>ici(mi —Tn) (i — En)
An 1--— n — \2 ’
Zi:l(xi — Tn)
and
k n k
1
W’I’(L,k)i = Z(ﬂfz J:n)2 - Z(xz ﬂfn)Z
i=1 i=1
First,
Ap1 = o0p(1). (131)
Indeed,

The numerator satisfies

1 @ 1 _
- > (@i —Tn)(ei —En) = = > wiei — Tn B = 0p(1),
i=1 ]

while

This proves (131).
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3. Testing for a Change in the Slope

Next, we show that

| n‘fq (@ﬂ) *= O (132)

Using
(x; — TH)Q = (z; — Ea:)2 — 2(%p, — Ex)(x; — Ex) + (T, — Ex)Q,

the third term, (7, — Ex)?, cancels exactly in the centered partial-sum expression. Thus
Wéllz is the sum of the two corresponding centered partial-sum terms. Hence, by (120) with

m =2,

W n
[ nlpqgtafziﬂ) :
‘ZLn—&-l t] _Ez)?— n+1 L(n+1)t] S (2; — Ex)? ‘

v/ ( L(n;l)tJ )

n n p
iGN @ - By - LU T (2~ o)
/0 p/2 (L(Lnlm>

< Cp2 dt

+ C,22P|F, — Ea? dt.  (133)

The first integral on the right-hand side of (133) is Op(1) by Theorem 2.2 applied to {(x; —
Ex)?};>1, provided Var((z —Ex)?) > 0; otherwise it is identically zero. The second integral

is Op(1) by Theorem 2.2 applied to {z; — Ex};>1, and
Tp — Ex = 0p(1).

Thus (132) holds.

Combining (131) and (132), and using o, % = O,(1), proves (130).

Completion of the case a = 1.

The bounds (128), (129), and (130) show that each of the three additional terms in Lemma 3.4(ii)
is negligible on the integral scale. We first combine these terms into a single remainder.
Define

H') ;= —Enj — Foy + RV},

n,
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3. Testing for a Change in the Slope

Then
Z Vi = ‘|‘ H(l)

By (120) with m = 3,
HW < Cois (|Bal? + Pl + R

Consequently,

—

oA, L(n+1) tJ‘
o7 /0 np/2g (LoD

/1 1B |(n41)t)|
n, 40 np/2q <7|_(n—;1)tj)

11 |Fumron]”
C dt
+ 250 /0 /2 L(n+1)tJ)

+C’3A1’ /0 nl‘?i (TL?)tJ)dtop(l)’

where the last step follows from (128), (129), and (130). Thus

)
‘Hn, L(n+1)t]

1
P / ey & = orlL):
05 J0 np/2q (%)

(134)

It remains to verify that inserting this combined remainder inside the pth power does not

affect the limiting integral functional. Let

o
n,l(n+1 tJ‘

1 1 n,
mM /0 wri2q (L) at,

1)
I(l) — 1 /1 ];In7 (n+1) tJ’
H* 0 nri2g (L(n—l—l tj)

1) (1)
O /1 ’Mn,um)tﬁH L(n+1)tj‘
n,M+H * 6'\571) 0 np/2q (W)
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3. Testing for a Change in the Slope

By (123), I1), = Op(1), and by (134), I}, = 0p(1).

It remains to show that

1 1
Toraar = Tuar = op(1).

If 0 < p <1, applying (118) with

_ ) 1)

u= M, L(n+1)t) U= Hn,[(n+1)t]’
gives

I8 = 10| < 1 = 0p(0).

If p > 1, we compare the corresponding LP norms. Define

N (1) 8= (1) W= (M)

Applying (119) with

we obtain

(Nél?ww)p - ()]
s

- N (N9, + [NV - M)

)
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3. Testing for a Change in the Slope

since NS}VI = 0p(1) and Né}l])\/HH - N(lj)v[ = op(1).

n,
Thus, for all 0 < p < oo,

1 1
17(1,1)\/1+H - Ir(L])W = op(1). (135)

Combining (123) with (135), and using Lemma 3.4(ii), gives

[(nt1)t] ~ |P
1 / D /HB(t)p
dt — dt
o np/2g (L) o alt)

=D
o-n,i}\
when a = 1. This completes the proof. O

3.3.4 Proof of Theorem 3.4

Proof. Assume that Assumption 3.2 holds and that Hg holds. Let

AL o Lot D] (1_ L(n+1)tj>'

n n

By Lemma 3.2 and Lemma 3.5,

~2

G 2 ~2
n

v,a’ n,v

p
,U(a) — O,

where 0 < 07, < 00 is defined in (48).

We first verify that Theorem 2.4 applies to the leading variables {Ui(a)}izl. By Assump-

tion 3.2, there exists r > 2 such that

E|z*" < oo, Elel" < 0.

CASE a =0. If a =0, then Ui(o) = x;¢;. By independence,

ElU" = E|ze|” = Elz|" Ele|” < co.
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3. Testing for a Change in the Slope

CASE a=1.If a=1, then Ui(l) = (v; — Ex)g;. Since E|z|*" < oo, we also have
Elx — Ez|" < co.
Therefore, by independence,
EUY|" = Elz — Ea| Ele|” < oo.

Thus, in both cases, E\Ul(a)\” < oo for some v > 2.

Hence, Theorem 2.4 applies to the i.i.d. sequence {Ui(a)}izl. Recalling the definition of
M(alz in (46), we obtain

1 1 ‘Mn (nt1 tJ’ .
2Cplogn &5[]((1) / nP/2A,, (t)1+P/2 dt —2mplogn| = N(0,1). (136)
Equivalently,
(a)
1 ! Mn SL(n+1)t] ’
ap A n}’/ZA ( )1+p/2 dt = 2mp logn —+ Op(\/@) (137)
n,U(a) n

We next replace @, ;) by 0, 5. We show that

Jn,v

J@( nU® 1) = 0,(1). (138)

For a =0, (97) gives
G2y — Ony = Op(n V%),

For a = 1, combining (106), (107), (108), (110), (111), and (117) gives
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3. Testing for a Change in the Slope

Thus, for both a =0 and a =1,
83,U(a> — 525 =0p(n"'?), (139)

Since both 337(](&) and 5375 converge in probability to ag’a > 0,

Therefore,
an U(a) —1/2
: -1=0
871,?)\ p(n )7
and (138) follows.
Since p > 1 is fixed and
T 5,y
On,v
(138) also gives
O\’
V1ogn — — 1| =0p(1). (140)
Moreover,
(a) P (a) b
1 [t ‘Mn,L(n-i-l)tj‘ gt 1 1 ‘Mn,L(n-i-l)tj‘ "
Tpp Jo nPPALOTPR Gl ) Jo nPR A (8P
~ D 1 ‘M(‘l) ‘p
_ (T ) ) ] / wlt O] gy (141)
G 57 v Jo WAL

By (137), the second factor on the right-hand side of (141) is O,(logn). Together with
(140), this gives

- / mlvtDdl gy 1 / mlmt DUl ). (142)
Viogn (675 Jo nP/2A,(t)Hr/2 Gy i Jo P20 (E)1P/2 e
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3. Testing for a Change in the Slope

Combining (136) and (142), we obtain

‘Mé?fmﬂm ‘

1 1 /1
\/2C, logn 35,6 0 nP2A,(t)1+P/2

Equivalently,

1 1 ‘MSIL n+1)t| ’
1= ) a4 = 2melosn + Oy g

CASE a = 0.

By Lemma 3.4(i),
k

Z nk+R(3€, 1<k <n.
=1

The remainder term RS)L. We show that

R
‘ n,| (n+1)t] ‘ o —p/2
= /0 PETNOETE dt = Op(n logn).

By (52), write

where
Kk
Y wic © _ ko2 2
Ano =25 V== ) z;y— Zx
B 2 n,k 1 1
Zlil :L"L n =1 i=1
First,
—1/2
An,O = Op( / )
Indeed,
A 0= 71/2 Zz 1 m'LEZ
n, - _
\/ﬁn 121 1 z
where

n n
n~1/? Zﬂli&' = 0,(1), n~! Zx? 2 Ex? > 0.
i=1

=1

dt — 2mylogn| % N(0,1).

(143)

(144)

(145)

(146)

131



3. Testing for a Change in the Slope

Next, by Theorem 2.4 applied to the sequence {x?};>1,

(0)
Vo ltn+1)t)

1
/0 nP/2An(t)1+P/2

dt = Op(logn), (147)

provided Var(x?) > 0. If Var(z?) = 0, then 2? is constant a.s., and the integral in (147) is

identically zero. Since & % = Op(1), combining (146) and (147) proves (145).

Completion of the case a = 0.

The bound (145) gives the required size of the remainder contribution on the integral
Darling—Erdds scale. It remains only to verify that inserting this remainder inside the

power changes the statistic by o,(y/logn). Let

I(O) o 1 1 Mn[n—H tJ‘ dt
n,M " 356 0 MPIZAL(t)1HP/2 7T

I 0 ’Rn [(n+1 tj’ di
nR " 856 o MP/2A, ()12 7

(0) (0)
PO /1 ‘Mn,L(n—&-l)tJ TR 1) tj‘
7 70

n,M+R "~ 371;1] nP/2 A, (t)1+P/2 dt.
By (144),
0

IT(LJ)\/I = Op(logn),
and by (145),

0

In’l)% = 0,(n"??logn)
For p > 1, (119) gives
[lu+ofP = [ul?] < plo|(ju + [o])P~"
Since
(s +r)P~t <ort (sp_l + rp_l) , s, >0,

we obtain

[l +ol? = [uf?] < p2P~" (JulP~ o] + [of?) .
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3. Testing for a Change in the Slope

Hence, with K, := p2?,

[lu+ vl — ul?] < K (Jul”~ o] + [v]”) - (148)

If p=1, (118) gives

[+ o] = Jul] < o],

and therefore

10 = I| < 1% = 0p(n™ 108 m).

n, Bl

If p > 1, then by (148) and Hélder’s inequality,

Whren =1k <16 (18) " (100) "+ o1
O

p((log n)(p_l)/p) Oy (n_l/Q(log n)l/p) + Op(n_p/2 logn)

logn _
= Op< NG > + 0, (n"P?logn). (149)
Thus, for all 1 < p < oo,
K= 1
n,M+ n
——————— = 0,(1). 150
=t = 0y(1) (150)

Combining (143) with (150), and using Lemma 3.4(i), gives

dt — 2mylogn| % N(0,1)

) ‘Z L(n+1) tJA
\/2Cplogn 0575/0 nP/2 A, (t)1+p/2
when a = 0.

CASE a = 1.

By Lemma 3.4(ii),

Z@ZMS;—En,k— nk+R() 1<k<n.
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3. Testing for a Change in the Slope

We show that

E [(n+1)¢ _
8pA/O | ul” dt = O, (n""%logn),

np/ZAn( )1+p/2

nP/2 A, (t)1+p/2

=P
Un,ﬁ

np/2An( )1+p/2

p
Un,v

The term E,, ;. By (54),

Therefore,

‘E (n+1 tJ‘ dt
‘A’rz:a 0 np/QA n(t)1HP/2

! /1 ‘Fn’t(nﬂm ‘p dt:Op(n_p/2 logn)
0

R!
_ / ’ n,| (n+1 tJ’ dt — Op(n—p/2 logn)
7 v/0

(151)

(152)

(153)

P
— Ex)
dt.

/ ’zl_(n-f'l)t o Ex) (n+1 tj ZZ 1(

|5n‘pAp
np/QAn( )1+p/2

n,v 0

Here

g0 = 0,(n"1?), 5.2 = 0,(1),

and the integral factor is Op(logn) by Theorem 2.4 applied to {z; — Ez};>;. Hence (151)

holds.

The term F), ;. By (55),

k n
Fn,k = (Tn — El’) [Z E; — % 261] .
=1

i=1
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3. Testing for a Change in the Slope

Therefore,
L | Bennl”
575 Jo WA (D)
‘ZL (n+1)t] _ _ L(n—:—ll)tj 2?21 ; p
— TRaplP
= |z, — Ex|P= Um, /0 nP/QAn(t)l"‘p/z dt.
Here

T, —Ex=0,(n"'%),  5.2=0,(1),
and the integral factor is O,(logn) by Theorem 2.4 applied to {e;};>1. Hence (152) holds.

The term RSL. By (56), write

R\ = Au WY,

where
A B Z?:l(xz —Tp) (i — En)
n,l -— n P} )
i:l(xi — Tn)
and
k n k
1 _
Wik == > (i = ) = Y (@i — Fa)”

i=1 i=1
By (101),

An = 0p(n~Y?). (154)
Recall from (120) that, for m > 2,

P
m m 1, 0O<p<l,
J=1 J=1 mP~t p> 1.

Next, we show that

(1)

1 W
|_(n+1)tj ’ _

Using
(z; — Tp)? = (2; — Bx)? — 2(%,, — Bx)(2; — Ex) + (Z,, — Bx)?,
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3. Testing for a Change in the Slope

the last term cancels exactly in the centered partial-sum expression. Hence, by (120) with

m =2,

(1)
AW () tJ’
0 MPIZA(t)1HP/2
‘Zln-&-l tJ E:B) n+1 L(n+1)t] Zz Ner Ex) ‘p
0 nP/2 A, (t )1+p/2
n n p
L[S @ - Be) - LD ST (0 — Ea)

0 nP/QAn( )1+p/2

dt

<Cpy dt

+ Cp 2P [Ty, — Exf? dt.  (156)

The first integral on the right-hand side of (156) is O,(logn) by Theorem 2.4 applied to
{(z; — Ez)?};>1, provided Var((z — Ez)?) > 0; otherwise it is identically zero. The second

integral is Op(logn) by Theorem 2.4 applied to {z; — Ex};>1, and
T, — Ex = O,(n~1/%),

Thus (155) holds. Combining (154) and (155), and using & n% = Op(1), proves (153).

Completion of the case a = 1.

The bounds (151), (152), and (153) give the required size of the additional terms on the
integral Darling—Erdos scale. It remains only to verify that inserting their combined con-

tribution inside the power changes the statistic by o,(y/logn). Define

H(llzz = n,k‘_ nk+R(1)

n,

Then, by Lemma 3.4(ii),
k

=1

By (120) with m = 3,

HOIP < Cois (1Bnl? + | Fual” + IR
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3. Testing for a Change in the Slope

Together with (151), (152), and (153), this gives

1o [E ]
n,|(n+1)t . —p/2
356/0 nP/2 A, (t)1+p/2 dt = Op(n™""logn). (157)

Let
1) p
O M|
n,M " 8575 0 np/QAn(t)1+p/2 )
(1) P
O ‘Hn,unﬂm‘
Wl TGP o AL (2T
1) (1) P
I(l) L 1 ! Mn,\_(n-i—l)tj +Hn,L(n+1)tj it
By (144),
I = Op(log n),

and by (157),
Iy(lll)q = 0,(n""?logn).

If p =1, applying (118) pointwise with

)
n,[(n+1)t ] n,[(n+1)t]”

gives

If p > 1, then by (148) and Hélder’s inequality,

1 1 H \@=D/p oy \1/p 1
v 150 < K (1) (1) 4 ot

n,

|
2
B

<1°g ”) +0,(n"??logn). (158)
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3. Testing for a Change in the Slope

Thus, for all 1 < p < oo,

1 1
Torren = Ty

Viogn

Combining (143) with (159), and using Lemma 3.4(ii), gives

= 0,(1). (159)

‘ p

n+1)t| ~
1 1! ‘Ziu:ﬁ "%, a
/ dt —2mplogn| — N(0,1)

0

V2C,logn |51 5 Jo nP/2A,(t)1HP/2
when a = 1. This completes the proof. ]
3.3.5 Proof of Theorem 3.5

Proof. We prove the two parts separately. In both parts, we first apply the corresponding
joint limit theorem to the leading i.i.d. process, then show explicitly that the residual-based
statistics are asymptotically equivalent to the corresponding leading statistics. The final

transfer to the residual-based joint limit follows from Slutsky’s theorem for random vectors.

PART (i).

By Lemma 3.2, {Ui(a)},;zl are i.i.d. with

EU =0, 0<o?

va < 0.

Moreover, the log—log moment verification in the proof of Theorem 3.2 shows that
E {Ul(a)}2 loglog(|U1(a)| + 1)] < o0;

see (85), (86), and (88).

Hence Theorem 2.5(i) applies to the i.i.d. sequence {Ui(a)}izl. Recalling the definition of
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3. Testing for a Change in the Slope

MT(Lalz in (46), define the leading statistics

Sl — o max 7|M7§a’2|
ng T O v 1sk<n /ng(k/n)’
(a)
1 | M,
D@ .— A(n)——— — " — D(n).
w = A B Ty P
Then Theorem 2.5(i) gives, for all z,y € R,
B(t) _
P{S@ <z D@ < —>P{su <a:}ex —2e7Y). 160
{ g <, DY < y} S Ty S p( ) (160)

We now transfer (160) to the residual-based statistics. Define

ko~

g 1 ‘Zi:l Ui
M4 G 1<ken \/ng(k/n)’

ko~

1 ‘Zi:ﬂ’i D

B o gy~ P

D, := A(n)

The Brownian-bridge-based supremum statistic.

First consider a = 0. By Lemma 3.4(i),

k
~ 0 0
o+
i=1
Therefore,
SF T (0)
1 i=1" 1 |Mn,k|
—— max — = max ——————
On 1<k<n \/nq(k/n) G, o 1<k<n \/nq(k/n)
~ 0 0
NP |1 |M7(l,13| L |R7(1,3€|
N an,i? 6-\n,U(O) 1<k<n \/HQ(k/n) anﬁ)\ 1<k<n \/HQ(]?/”)

The first term is 0,(1) by (73) and (74). The second term is o,(1) by (75) and 3;1} = O,(1).
Hence

Snq = S) + 0,(1). (161)
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3. Testing for a Change in the Slope

Now consider a = 1. By Lemma 3.4(ii),

Thus,

‘Z’L lvl 1 ‘ ’
Gt e Via(k/n) "~ Gy mk" ra(k/m)

3n’U(1) 1 1 max | ’
| Onp O, ) 1<k<n \fQ(k/”
+ — 1 ’En k| +— 1 |Fn k|
G 1555 ik s 5 V)

Un v 1<k<n \FQ(k/n
The first term is o,(1) by (73) and (74). The remaining three terms are o,(1) by (79), (80),
and (81), together with 87:18 = Op(1). Hence

Spa = SN +0,(1). (162)

Combining (161) and (162), we have, for both a = 0 and a = 1,

~

Sng = S{) + 0p(1). (163)

)

The supremum Darling—Erd6s-type statistic.

First consider a = 0. By Lemma 3.4(i),
k

=1
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3. Testing for a Change in the Slope

Using the triangle inequality,

‘f)n ~ p©
(0)
1 ‘Rn k|
< )
< An) G 15ken /g (k/n)
(0) (0)
1 M, 1 | M,,
+ |A(n) ok ") ?

S —_— = ma .
G 15kan N/ g (k/n) G 15hen /g (k/n)

The first term is 0,(1) by (93). The second term can be written as

0 ~
1 Myl |Fnpo
A(n)= max : — -1y,

On,Uu© 1<k<n \/ﬁq*(k/n) Ono

which is 0,(1) by (90) and (95). Hence
D, = D) +0,(1). (164)

Now consider a = 1. By Lemma 3.4(ii),

k

~ 1

Z v; = M,’(Z’llz — En,k — ka + Rﬁz}c

i=1
Therefore,

‘f)n ~pW
1 | En k] 1 | F k|
<A ’ A(n)—= )
S ANz B Tr ey T A B g (k)
1)
A - LR
A e o)
1 1
+ A(TL)L max M — A(n ! max ‘Még
37173 1<k<n v/nq*(k/n) 3n,U(1) 1<k<n \/ﬁq*(k/n) ’

The first three terms are 0,(1) by (98), (99), and (100). The last term is o,(1) by (90) and
(104). Hence

~

D, = DIV + 0,(1). (165)
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3. Testing for a Change in the Slope

Combining (164) and (165), we have, for both a =0 and a =1,

Dy = DI + 0,(1). (166)

By (163) and (166),

~

(Sngs Dn) = (S5, D) + 0,(1)

n7q ’

componentwise. Together with the leading joint convergence in (160), Slutsky’s theorem

(§n,q,ﬁn) 4, ( sup ‘B(t)’,G) ,

0<t<1 Q(t)

for random vectors gives

with the product-form limiting distribution in (160). Hence, for all xz,y € R,

P{Sn,q <z, D, < y} — IP’{ sup M < ac} exp(—2e™Y),

o<t<1 q(t)
which proves (36).

PART (ii).

Let

AL o L1 <1 -

n

|(n+1)t]
- :
By Assumption 3.2, there exists r > 2 such that

E|z*" < oo, Ele|" < oo.
As in the proof of Theorem 3.4, this implies that, for each a € {0,1},

E|U1(a)|” < o0 for some v > 2.

Therefore, Theorem 2.5(ii) applies to the i.i.d. sequence {Ui(a)}izl, with the first integral

power p and the integral Darling—Erdés power £.
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3. Testing for a Change in the Slope

Define the leading integral statistics

a) p
L(a) o 1 1 ‘Mn,\_(n-i-l)tj‘
PGP [(n+1)t] di,
T o orng (L2l
1 M
(a) 1 1 / n L(n+1 )t ‘
J = dt — 2my1
mET VaCogn |61 Jo ntPRAL ()2 melog T

Then Theorem 2.5(ii) gives, for all z,y € R,

1 p
a) <. 7@ - / [BOP .

We now transfer (167) to the residual-based statistics. Define

~ ’ZL (n+1)t]
b =5 /0 np/zq(t(nﬂ)tJ) at,

) ‘Z [(n+1)t] ~ ‘
Tnit i= dt — 2my1
. C,Togn U,fg/o N2 AN (1) /2 melogn

<

The Brownian-bridge-based integral statistic.

First consider a = 0. By Lemma 3.4(i),

k

> 6= 0+ R,
=1

The completion of the case a = 0 in the proof of Theorem 3.3 shows that inserting Rf1 L

(167)

0)

inside the power does not change the integral functional asymptotically; see (127). Hence,

(0)
~ 1 VM tJ’
Loy = o dt 1).
’ /0 np/2g (1) o)
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3. Testing for a Change in the Slope

By (121) and (122),

‘ p

(0)
1 /1 M, (1))

dt = L) + 0,(1).
0 nr/2g (L(ntll)tj) »+op(l)

~

p
O—n,’ﬁ

Therefore,
Loy =LP) +0y(1). (168)
Now consider a = 1. Define
Hle;)q =—Epp— Fox+ RS}@

Then, by Lemma 3.4(ii),

The completion of the case a = 1 in the proof of Theorem 3.3 shows that inserting Hfllz:

inside the power does not change the integral functional asymptotically; see (135). Hence,

Ln7p

1 1 ‘M(l) 1 ‘P
_ / et DI gy 4o (1),

0 nrl2g (untntj)

p
Un,'ﬁ

Again, by (121) and (122),

‘ p

(1)
1 /1 M, sy

dt = L) + 0,(1).
0 nr/2q (L(ﬁrﬁ)ﬂ) 2T orll)

~

p
Un,ﬁ

Thus,
Loy = L) + 0p(1). (169)

Combining (168) and (169), we have, for both a =0 and a =1,

Loy =LY +0,(1). (170)
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3. Testing for a Change in the Slope

The integral Darling—Erdds-type statistic.

First consider @ = 0. By Lemma 3.4(i),
Z = M) + RY).

The completion of the case a = 0 in the proof of Theorem 3.4, with p there replaced by ¢,

gives
0) ( 0)
1 1 1’Mn,L(n+1)tJ+RnLn+1tJ’ gt — 1 1 ‘Mﬂ(nﬂ)ﬂ) dt| = oy(1):
Viegn |5t 5 Jo nt2 A, (1)1 T o ntRA R T T

see (150). Hence,

1 11 ‘M(O) ‘Z
J, n,[(n+ 1)t
N 2Cylogn 356/0 nl/2 A, (t)1+4/2 mylogn| + op(1)

By (142), with the power p there replaced by ¢,

1 ‘ n L (n+1 tJ‘ (0)
T Toan aeA/o WIP2A (1)1 dt —2mglogn| = J,, ; + op(1).
Therefore,
T = T3+ 0p(1). ()
Now consider a = 1. With
Hfll]l = —Lnk — Fn,k + RS}@
Lemma 3.4(ii) gives
k
SCESTURS )
i=1

The completion of the case a = 1 in the proof of Theorem 3.4, with p there replaced by Z,
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3. Testing for a Change in the Slope

gives
(1) (1) ¢ (1) ¢
1 1 [t ‘Mn,l_(n—&-l)tj+Hn,\_(n+1)tj‘ g L 1 ‘Mn,L(n—i—l)tj‘ P N
flogn |5 Jo nt/2 A, (t)1+/2 T GE Jo nlRA (1) = op(1);
see (159). Hence,
) ¢
~ 1 1 1 ‘Mn,L(n—i—l)tj‘
Int =5, Togn ah/o WA, (i 4~ 2melogn |+ op(L).

By (142), with the power p there replaced by /¢,

‘Mﬂmﬂm ‘E

1 I
V2C;logn |t /onf/QAn(lt)l“/2

n,u

dt —2mylogn| = Jf:g + 0p(1).

Thus,
e = I3 4 0p(1). (172)

Combining (171) and (172), we have, for both a = 0 and a = 1,

e = I + 0p(1). (173)

)

By (170) and (173),
(Logps Ine) = (L, JL)) + 0p(1)

componentwise. Together with the leading joint convergence in (167), Slutsky’s theorem

for random vectors gives

(s In) (/01 |i((g|p dt,N> ,

with the product-form limiting distribution in (167). Consequently, for all z,y € R,
7 7 LB
P{Ln,p <, T < y} =By s e o)
o 4
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3. Testing for a Change in the Slope

which proves (38). The proof is complete. O

3.3.6 Proof of Theorem 3.6

Proof. Assume that Assumption 3.2 holds and that Hg holds. Let

n n

An(t) = |(n+1)t] (1 _(n+ 1)tJ> .
We prove the two convergences simultaneously by working with j € {1, 2}, where

J = [d”,1 dn} R (e [dn,l - d"] .

€n
We first apply Theorem 2.6 to the leading i.i.d. sequence {Ui(a)}izl. By Lemma 3.2,

EU =0, 0<o?

va < 00,

2

where o7 , is defined in (48). It remains only to verify the moment condition required in

Theorem 2.6.

If a = 0, then Ui(o) = x;¢;. By independence and Assumption 3.2,
EIU|" = Elze|” = Elz|" Ele|” < oo.

If a = 1, then Ui(l) = (7; — Ex)g;. Since E|z|*" < oo, we also have E|z — Ex|” < oo, and
hence

EUY|" = Elz — Ex|" Ele|” < oo.

Thus, in both cases, {Ui(a)}izl satisfies the assumptions of Theorem 2.6. Recalling the

definition of Mfla]g in (46), Theorem 2.6 gives, for j = 1,2,

d¥/? sup = allandiz 4, sup |[W(t)|. 174
1o Onu@ V1 An(t) 0§t§1| ) (174

‘ (a)
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3. Testing for a Change in the Slope

In particular,

‘ (a)

1)t
d/? sup = it = 0,(1).
") Fnu@ vV An(t) T
By Lemma 3.2 and Lemma 3.5,
O, U@ = Tpas 33,@ 5 Ug,a
Therefore,
nU 2y,
Ono
Combining (174) with (176), we obtain, for j = 1,2
‘M(a)
1)
d/? sup 4 mlnt )il d, sup |W(t)]

res TnaVnAn(t)  o<i<i

CASE a = 0.

By Lemma 3.4(i),

The remainder term Rflo,){. We show that, for j = 1,2,

‘Rn,L(nJrl)tJ ‘

1
d?— sup = 0,(1).
Un v tGJ(J) \/ﬁA ( ) !
By (52), write
0) _ (0)
Rn,k - AmoVn,k’
where .
> iy Tici © _ ks~ o2
App == , Viii=—) xi—
! > i 1‘7;? " i Z zz:;
First,
LS mE
1{0 Zi:l A

SAN)

(175)

(176)

(177)

(178)

(179)
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3. Testing for a Change in the Slope

because
lim-e&E(ze):EaBEe:O lix2£>li2‘7[,‘2>0
. i€ 5 n 4 7 .
i=1 =1
Next, by Theorem 2.6 applied to {z?};>1,

0
A2 g Ll

P —M————

= 0,(1), (180)

provided Var(z?) > 0. If Var(2?) = 0, then z? is constant a.s., and the supremum in (180)

is identically zero. Since 6\;% = Op(1), combining (179) and (180) proves (178).

Completion of the case a = 0. Using the decomposition above and the triangle inequality,

for j =1,2,
|_(n+l)t (0)
’Z ’Mn [(n+1)t]
dl/2 sup —d1/2 sup —
tEJ(J) O—nv\/ﬁA ( ) J(J) On v\/ﬁA ( )
(0)
R
<dY/?— sup 7‘ mlet DIl ,
S0 b A oW
by (178). Therefore, by (177),
[slerg
d}/? sup ' 4 sup |[W(t)]

teJ(]) Un v\/ﬁA ( ) 0<t<1
when a =0, for j =1, 2.

CASE a =1.

By Lemma 3.4(ii),

k
S 6 =M) ~ B~ Fup + R}, 1<k<n.
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3. Testing for a Change in the Slope

We show that, for j = 1,2,

1 | En, |01y
d/?— sup 2 = 0,(1), 181
Oni eyt VN Ba(t) o) (181)

|Fo ()|

1
d\/?— su = 0,(1), 182
n Un,ﬁ teJ};) \/ﬁAn(t) P( ) ( )
(1)
1 ‘Rn [(n+1)t]
d/?—— sup = 0,(1). (183)
UnvtEJ(J) \/>A () p( )

The term E, ;. By (54),

Therefore,

a2 L g Pnloe]

anﬁ tEJT(Lj) \/ﬁAn(t)

d1/2 ’ZMTLJ’_l)t ( T — Efl}') (n+1 t] Z,L 1( Ex)
sup .
Ono tEJ(J) \/ﬁAn( )

= |gn’

Here €, = 0p(1) and 3;% = Op(1). The supremum factor is Op(1) by Theorem 2.6 applied
to {x; — Ez};>;. Hence (181) holds.

The term F), ;. By (55),

k n
ka = (fn — Eﬂj) [Z E€; — % Z&Z] .
=1 =1

Therefore,

‘ZL (n+1)t g — \_(n-;l)tj Z?:l c
X
Un,v tEJ(]) \/ﬁA'ﬂ (t)
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3. Testing for a Change in the Slope

Here z,, — Ex = 0,(1) and 87:1@ = Op(1). The supremum factor is O,(1) by Theorem 2.6

applied to {¢;};>1. Hence (182) holds.

The term RSL. By (56), write

R = a0

where
A = Z?:l(ﬁi —Zn)(€i — En)
S S A
and
k k
1 _
0 E S w3 - 7
i=1 i=1
First,
Ap1 = o0p(1). (184)
Indeed,

A, = %Z?:l(mz — Tp)(€i — En)
n,l — —
% Z?:l (z; —Tp)? ’

where the numerator converges in probability to

E[(x — Ez)e] = E(xr — Exz)Ee =0,

and the denominator converges in probability to Var(z) > 0.

Next, we show that
)

d? sup M — 0.(1). 185
S A - W 1)
Using

(z; — En)2 = (z; — IE$)2 —2(zy, — Ez)(z; — Ex) + (T, — IEJ:)Q,
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3. Testing for a Change in the Slope

the last term cancels in the tied-down partial-sum expression. Therefore,

Wi
n,[(n+1)t]

sup —————
e Vi Aa(t)

Dt e 2
< /2 sup ‘Z Ex) - S (v — Ex) ’
T e N0

(n+1)t), L)t B

+2|T, — Ex|dY/? sup ’Z (z; — Ex) i (T Ex)‘.

tegy) \/ﬁAn(t)

d1/2

The first supremum is O,(1) by Theorem 2.6 applied to {(z; — Ex)?};>1, provided Var((x —
Ex)?) > 0. If Var((z — Ex)?) = 0, then this first supremum is identically zero. The second
supremum is Op,(1) by Theorem 2.6 applied to {z; — Ez};>1, and Z,, — Ex = 0p(1). This

proves (185).

Combining (184) and (185), and using &, & = Op(1), gives (183).

Completion of the case a = 1. Using the decomposition above and the triangle inequality,

for j =1, 2,
[(n+1)t] % ‘ (1) ‘
dY? sup ‘Z v SPITERN n,[(n+1)t]
e On v\/ﬁAn( ) te J(J) Tn v\/ﬁA ( )
L | En nt 1] [ Fo Lty |
< d,ll/Q/\i sup 1En[(nt D] | +d1/2 sup el
Ong ey VAa(t) Ong ey VI An(t)
1 ‘R n+1)tj‘
d1/2 sup =0,(1),
UnvtEJ(J) \/EA () P( )
by (181), (182), and (183). Therefore, by (177),
‘E (n4+1)t] ~ ‘
d? sup 9 sup |W(t)]

teg) Unv\FA ( ) 0<t<1

when a = 1, for j = 1,2. Since j = 1 and j = 2 correspond respectively to J,Sl) and JT(Lz),

(40) and (41) follow. This completes the proof. O
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4. Testing for a Change in the Intercept

4 Testing for a Change in the Intercept

4.1 Model, residual quantities, and assumptions

We next consider the problem of testing for a possible change in the intercept. Under the

null hypothesis, the observations satisfy

v = a+ Bx; + &4, 1<i<n. (186)

A possible intercept change is described by

ay + Bz + &, 1 <4 <k
Yi = 1<k <n, (187)

g+ Bx; +e;, K <i<n,

where k* is unknown. We test

H a1 = as against HY : a1 # . (188)

For the intercept-change problem, define

’(/ﬁi =Y — B.Ti, 1 S 7 S n, (189)

2

I (190)

Under HS, the tied-down partial sums of w; decompose into the tied-down partial sums
of the regression errors plus a slope-estimation remainder term. This decomposition is
made precise in the auxiliary results, and the remainder term is shown in the proofs to
be asymptotically negligible under the normalizations and functionals considered below.
Thus, the intercept-change statistics are regression analogues of the mean-change statistics

in Section 2, with the residual-based quantities w; playing the role of the observations.
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4. Testing for a Change in the Intercept

The results below use the same random-design assumptions introduced in Section 3.1,

with additional moment conditions stated when needed.

4.2 Main results

4.2.1 Supremum statistic with Brownian-bridge-based limit

Theorem 4.1. Assume that Assumption 3.1 holds and that HS holds. Let q(t) € Q, and

suppose that Iol(q, ¢) < oo for some or possibly all ¢ > 0. Then, as n — oo,

ko~ k ~

1 Dlimy Wi — 5 Do Wi d |B(t)] (191)
—— max — sup — -,
Op,i 1<k<n Vnq(k/n) o<t<1 q(1)

where {B(t),0 <t < 1} is a standard Brownian bridge and 6?2 5 is defined in (190).

Remark 11. For each k, 1 < k <mn, let

T -—%Zﬂ% Yk '_k;‘%’

and
JR— JR—
5k1=n_kzxi, ﬂkizn_kzyi-
i=k+1 i=k+1
Define
ak =7, — B, a5 = g, — B
Then
k n
.k . k(n—k) /14 -
Zwi—gz:wi:T(alf—ag). (192)
=1 =1
Thus, the statistic
ko o~ —
1 ‘Zi:l W — % > i Wi (193)
G 1ken Jnq(k/n)

can be interpreted as the mazimum, over all possible change points k, of appropriately
normalized and weighted differences between the estimated intercepts computed from the ob-
servations before and after k, using the common full-sample slope estimate B Consequently,

large observed values of (193) provide evidence against HS in favor of H{'.
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4. Testing for a Change in the Intercept

Remark 12. The statistic in Theorem /.1, which has a weighted Brownian-bridge supre-
mum limit, is connected to residual-type methods for detecting intercept changes. In partic-
ular, the intercept-change supremum statistic of Martsynyuk (2021) for structural errors-in-
variables models has a similar tied-down partial-sum structure; when the measurement-error
component in the covariate is removed, that construction reduces to a residual-based statistic
of the same general form.

The statistic is also conceptually related to the intercept-change methods of Pouliot
(2016), which were developed to distinguish changes in intercept from changes in slope.
The connection is mainly through the use of weighted tied-down partial sums of residual-
type quantities, but the statistic considered here is constructed directly from the full-sample
residual quantity w; introduced above.

The Brownian-bridge-based integral statistic, the supremum and integral Darling—FErdds-
type statistics, and the Rényi-type statistics developed below extend the present intercept-

change framework beyond the Brownian-bridge-based supremum case.

4.2.2 Supremum Darling—Erdds-type statistic

Theorem 4.2. Assume that Assumption 5.1 holds, that H§ holds, and that
E[e?loglog(le| 4+ 1)] < co.

Let

) =+tl—-1), 0<t<l.

Then, as n — oo,

A 1 ‘Zf:l W; — % Z?:1 W D a 104
(n) G 15ken Jnq(k/n) — D) = G, (194)

where A(n), D(n), and G are as defined in Theorem 2.3, and 572 ; is defined in (190).

,w
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4. Testing for a Change in the Intercept

4.2.3 Integral statistic with Brownian-bridge-based limit

Theorem 4.3. Assume that Assumption 5.1 holds and that Hg holds. Let 0 < p < oo and

q(t) € Q. Suppose that

1 o p/2
/0 (t(lq(tt))) dt < o, (195)

Then, as n — 00,

p

/ )ZLnH 4, — Lokt s g
’fL’LU O

LIB@)|P
= = $/|(Nﬁ, (196)
np/2q (%) 0

q(t)

57
where {B(t),0 <t < 1} is a standard Brownian bridge and 6?2 5 is defined in (190).

4.2.4 Integral Darling—Erdds-type statistic

Theorem 4.4. Assume that Assumption 5.2 holds and that HE holds. Let 1 < p < oo.

Then, as n — oo,

p

1 /%ZMHM@_WfMZ%@Zﬁ
V2C,logn | G2 Jo 2 (L(n+1)tJ (1 B L(n+1)tJ>>1+P/2

n

— 2my,logn LN N(0,1),

(197)

where

mp = / 2P é() de

¢ 1s the standard normal density, C), is defined as in Theorem 2./, and 337@ is defined in

(190).

The marginal limits above can also be combined into joint limits. The following result
is the intercept-change analogue of Theorem 2.5. One joint limit combines the supremum-
based statistics in Theorems 4.1 and 4.2, and the other combines the integral-based statistics

in Theorems 4.3 and 4.4.

4.2.5 Joint limit theorem

Theorem 4.5. Let @; be defined by (189), where B is defined in (24).
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4. Testing for a Change in the Intercept

(1) Assume that Assumption 3.1 holds and that H§' holds. Let q(t) € Q, and suppose that

I} (g, c) < oo for some or possibly all ¢ > 0. Assume also that
E[e?loglog(le| 4+ 1)] < oo

Then, for all x,y € R, as n — oo,

DOEETEE Doy
max <z

Unw 1<k<n \F (k/n) -
DVAEIEE Dyt

A(n) On [Tk fq (k/n) ~bm =y
[B(1)] —y
— P{gi&%q(t) < x}exp(—2e ) (198)

where ¢*(t) = \/t(1 —t), and A(n), D(n), and G are as defined in Theorem 2.5.

(11) Assume that Assumption 3.2 holds and that H§ holds. Let 0 < p < oo, let 1 < £ < o0,

and let q(t) € Q. Suppose that

/01 (t(lq_(tt)))mdt < 0. (199)

Then, for all x,y € R, as n — oo,

p

dt <z,

n 1 A n n ~
, / ]Z“ 0t g, Lt s
57 J, np/2q(\_(n+1)tj>

dt —2mylogn| <y

l
e D et > L
V2Cilogn |G, 5Jo i (un:w (1_ L(nﬂ:ll)tj))lJre/Q

—>IP’{/01 ’Bq((?)’p dtgx} B(y), (200)

where ® is the standard normal distribution function, and my and Cy are defined as

in Theorem 2.J.
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4.2.6 Rényi-type weighted supremum statistic

Theorem 4.6. Assume that Assumption 3.2 holds and that HS holds. Let {dp}n>1 and

{en}tn>1 be sequences of positive constants satisfying (17). Let

n én

JU = [d”, 1— dn} . JP = [d 1— d]
€n

Then, as n — oo,

[n+D)t) 5 LDt g0
d/? sup ’Z Wy T Dt Wi a R~ 201)
te i 5n@\/ﬁM (1—M> 0<t<1

and

Ln+1)t] = Lt Dt] g~
/2 sup ’Z Wi = TZM wj i> — 202)
" te s Gy py/miet Dl (1 — M) 0<t<1

where {W (t),0 <t < 1} is a standard Wiener process and 672  is defined in (190).

4.3 Proofs of the Intercept-Change Results

Auxiliary results for intercept-change statistics

For 1 < k < n, define

k n
o k
M%) =YY e, (203)
i=1 L
and
k k n
X = Z‘T’ —— ) . (204)
i=1 ni3
Also define

2

G2 =~ ! Z 25] . (205)

i=1

Lemma 4.1. Assume that Assumption 3.1 holds and that H§ holds. Then, for 1 <k <mn,

k
~ k ~ «a )
S @i - =Y = M) — (B~ B)Xn. (206)
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4. Testing for a Change in the Intercept

Proof. Under HY,

Yi = o+ Bx; + &, 1<i<n.
Therefore,
@ = yi — Br; = a+ e — (B — B
Hence
k E k R k
2@_712@ = ka—k;ei—(ﬁ—ﬂ);mi]
1= 1= 1= 1=

The constant intercept terms cancel, and the result follows from (203) and (204).

Lemma 4.2. Assume that Assumption 3.1 holds and that H§ holds. Then

B_ B = Op(n_1/2)v

Consequently,

By Assumption 3.1,

O

(207)
(208)

(209)

(210)

(211)

(212)
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Also,
1 & 1 &
% ;($1 —Tp)Ei = % ;($2 —Ex)e; — Vn(z, — Ex)g, = O,(1),

because E[(x — Ex)e] = 0 and /n(Z,, — Ex)z, = Op(n~'/2). Thus (207) follows from (212).

The consistency (208) follows from the law of large numbers. Next,

Therefore,

1
n

=52, 2B~ B)~ (v — )i —F) + (B - B D (i~ )

i=1 =1

The sample covariance term is O,(1), while B—pB= Op(n=Y2) and n=t S0 (z; — Tp)? =

Op(1). Hence

)

~ —1/2
Gni = One = O0p(n~'7?),

which proves (210). Combining this with (208) gives (209). Finally, (211) follows from

(208) and (209).

4.3.1 Proof of Theorem 4.1

O]

Proof. Assume that Assumption 3.1 holds and that H¢ holds. Let ¢(t) € @, and suppose

that I& (¢, c) < oo for some or possibly all ¢ > 0.

By Theorem 2.1 applied to the i.i.d. sequence {€;};>1, we have

| M B(1)|
— sup —.

—— max
One 1<k<n /ng(k/n)  o<i<1 q(t)

Using (211), (213) also gives

1 max 7‘M7(Lak)’ 4, sup 1B®I
On.i 1<k<n \/ng(k/n) ~ o<i<1 q(t)

(213)

(214)
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The slope-estimation remainder. By Lemma 4.1,

=1 =1
We show that
= ’ = 1). 215
G 1o gk~ W) (#15)
By Theorem 2.1 applied to the i.i.d. sequence {x;}i>1,
1 | X |
— ———— = 0,(1),
T 1S gty ~ OrV)
where
1 n
~ _ 2P
aix == Z(xl —Zn)? 5 Var(z) > 0.
=1
Thus

|Xn k
ek 0,(1).
R ey ~ OV

Together with 3 — 8 = op(1) and 3;1@ = Op(1), this proves (215).

Completion of the proof. By the triangle inequality and Lemma 4.1,

ko~ k -~
1 D Wi — Dy Wi 1 |M,(lak)|
G 15kon Jrq(k/n) G 1hn v/ q(k/n)
3 — X
< ’/B B| max ’ n7k’ — Op(l),

T Opag 1<k<n/nq(k/n)

by (215). Combining this with (214) gives (191). O
4.3.2 Proof of Theorem 4.2

Proof. Assume that Assumption 3.1 holds, that H§ holds, and that

E[e?loglog(le| 4 1)] < cc.
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4. Testing for a Change in the Intercept

Let ¢*(t) = \/t(1 —t). By Theorem 2.3 applied to the i.i.d. sequence {¢;};>1,

My
One 1<k<n /ng*(k/n)
Consequently,
On.e 1<k<n \/nq*(k/n) p
Replacing o, by 7, 5. We show that
(o)
1 1 ‘Mn k;|
AG e e N 218
() an,@ an,&‘ 121132(71 vng*(k/n) Op( ) (218)

Indeed,

O-n,e _ 1‘ — Op(n—l/Q)

by (210), (208), and (209). Hence the left-hand side of (218) equals

1 M%)

max ———>—— n=1/2 n — 0
e 12 Vg (g — OP D)+ Op1)) = 0 (1),

3’15—1’,4(71)

On,w

because D(n) = O(loglogn). Therefore,

Aln) 1 7|MT(“&’“)| D(n) % G 219
) o 128 g oy~ P 7 C (219)

()
n,k

The slope-estimation remainder. By Lemma 4.1, the residual partial sum differs from M

by
_(E - /8>Xn,k

(220)

We show that
|B - ﬁ| |Xn,k

A e B g k)~ D)

Since Assumption 3.1 implies

E[2?loglog(|z| + 1)] < o0,
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4. Testing for a Change in the Intercept

Theorem 2.3 applied to {z;}i>1 gives

A(”)af&fﬂm D(n) = Op(1)
Thus
Am) max —H 0 (D))

1Sk Vg (k/n)
Together with 3— 3 = Op(n~12), 5. L = 0,(1), and D(n) = O(loglogn), this proves (220).

Completion of the proof. Using the triangle inequality and Lemma 4.1,

o TREATel
F A mkx et A B )
.
Aln ) Gn 12k g (k/n) = op(1),
by (220). Combining this with (219) gives (194). O

4.3.3 Proof of Theorem 4.3

Proof. Assume that Assumption 3.1 holds and that H§ holds. Let 0 < p < o0, let ¢(t) € @,

and suppose that

L )P "
/0 q(t) =

By Theorem 2.2 applied to the i.i.d. sequence {&;}i>1,

@
Mn n 1 p
M| j dti>/ BOE 4 (221)
0

1 1
5'\71’?78 /0 np/2q (w

In particular, the left-hand side of (221) is O,(1). By (211), this also gives

M@

1 nat 1 D
1 / Mol ”‘ dti>/ [BOP 4 (222)
0 np/2q L(n—H tj 0 Q(t)
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The slope-estimation remainder. By Lemma 4.1, with k = [(n + 1)¢],

[(n+1)t]

. L(n + 1)t
Z w; — sz— nl_(n+1 (B 6) n,[(n+1)t]-
i=1
Define

1@ ‘

@ 1 / My, sy i
nM' 0 np/2g L(n+1 tj)

@ !ﬂ—ﬁ\p/ | X, (i 1)) |
0

mRIT ST o g (L(n+1)tJ)
w1 1 ‘Méa 1)t —(B-B)X, L(n-l—l)tj‘
nMER T 5T /0 np/gq (L)

By Theorem 2.2 applied to {z;}i>1,

box "
n,| (n+1)t] N
/0 np/2q (unzw) dt = Op(1).

Since B — 8 = op(1) and 7, & = O,(1), it follows that

1% = 0p(1). (223)
Also, by (222),
1%, = 0p(1). (224)

Inserting the remainder inside the power. If 0 < p < 1, then

ut o = [uf’| < JolP,  wovER

Thus, using u = M’r(L,a\_)(n-i-l)tJ and v = (5 B) X, [(n+1)t]>

(@) (@)
In M+R InM
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If p > 1, define
(@) ._ ((a) \M/P ) ()P (@ . (@) VP
Nn?[M T (InC,MM> ) Nn,aR T <In?éR> ) Nn,aM—i-R T (IT:M-FR) :
Minkowski’s inequality gives

() N
Nn JM+R n,M —

Moreover, NT(LQX/[ = Op(1) by (224), and hence NT(L?‘]\Z+R = Op(1). Therefore,

IT(L(,I]%l-‘rR - I( ‘ ((Nf&m)p - (Nﬁa&)p‘ = Op(l)-

Thus, for all 0 < p < oo,

L% — I = 0p(1). (225)
Combining (222) with (225) gives

[(n+1)t] n n+1)t n ~|P
)Z R T DL a [MIBOP
35@ 0 np/2q (%) o q(t)

This proves (196). O

4.3.4 Proof of Theorem 4.4

Proof. Assume that Assumption 3.2 holds and that H§ holds. Let 1 < p < oo, and put

(= L0 (L D),

N n n
By Theorem 2.4 applied to the i.i.d. sequence {&;}i>1,

‘Mﬁ)(nﬂm ’

1 1 /1
V2C,Togn | Gre Jo nP/2An(t)1HP/2

dt — 2mylogn| % N(0,1). (226)
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Consequently,

1 1 Mn|_n+ltJ’ dt =2 1 o) 1
577 o A,y mplogn + Op(y/logn).

(227)
Replacing 7, by 0, 5. We show that
()
1 1 /1 ’Mn,L(n—‘rl)tJ‘ g 9m 1o
—2m n
V2C,logn |G, 5 Jo P20 (t)HP/2 poB
1 1 [ ’M o +1>tJ’p
- nn dt — 2m,1 1). 22
/2C, logn 35}5/0 nPl2 A, (t)1P/2 mplogmn op(1) (228)
Indeed, the left-hand side of (228) is bounded in absolute value by
~p 1| M@ 8
1 On.e 1 1 / n,| (n+1)t] di
V/2Cy, logn 35@ Ome Jo mP2A,(t)HP/2 7
By (210), (208), and (209),
~p
In.e _ -1/2
-1]=0
Together with (227), this gives
1 _
@Op(n U2y (2m, logn 4+ O,(y/logn)} = 0,(1),
which proves (228). Hence, by (226),
1 1 1 ‘M(O?( i) )p
n,| (n+1)t d
dt — 2my, 1 N(0,1). 229
/20, Tog 1 35@/0 WA, (1)1 /2 mplogn| 5 N(0,1) (229)

The slope-estimation remainder. By Lemma 4.1, with k& = | (n + 1)¢]
[(n+1)t]

[+ 1)t] @
Wi sz Mr(L L)(nJrl —(B-B)X [ (n+1)t] -
=1
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Define

I(Oévp) — ’M L(n+1) tJ) dt
n,M * JpA 0 np/QAn( )1+p/2 ’

Je) . 1B 8P / ' Xy [
0

nR a‘f; . nP2 A, (t)1+p/2
o) p
O ’Mn,unﬂ ) = (B = B) X [(nr1ye
n,M+R " 35@ 0 np/2An( )1+p/2
By Theorem 2.4 applied to the i.i.d. sequence {z;}i>1,
bx i
n,| (n+1)¢] .
/0 el ()12 4 = Opllogn).
Since 3 — 8 = Op(n~2) and 5, L = O,(1), it follows that
1% = 0y(n"?logn). (230)
In particular,
I(aép)
—=— = 0,(1). 231
\/IOE OP( ) ( )
Also, by (229),
1% = Oy(log ). (232)

Inserting the remainder inside the power. Since p > 1, define

N = (1) N = (1) NS = (1)

Minkowski’s inequality gives

(a,p) N(@p) (a,p)
‘Nn M+R — n,M ’ < Nn,R .

By (230),
NP = 0y(n~ 2 (log ) '7),
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and by (232),
N = 0, ((log n) /7).

Thus
N 5 = 0p((logn) 7).

For nonnegative a and b, the mean value theorem gives
ja? — bP| = peP~t|a — b] < p(a+b)P~H|a —b],
for some & between a and b. Therefore,

e 180 = | (¥E) - (V)|

-1
<p (N M) N

= Op((logn)*=/7)0,,(n™"?(log n)'/7)
= 0,(n~?logn).

Consequently,

(e,p) (e.p)
Incvy]\g-l—R - Inf"]\?

=0,(1). 233
\/m Op( ) ( )
Combining (229) with (233) gives
L [ plEra- e aff

dt — 2my,logn 4 N(0,1).

V2Cylogn 35@ 0 nP/2 A, (t)1+p/2

This proves (197). O

4.3.5 Proof of Theorem 4.5

Proof. We prove the two parts separately. In both parts, the corresponding joint limit
theorem is first applied to the leading i.i.d. process {e;}i>1. The equivalences established
in the preceding proofs then transfer the leading joint limit to the residual-based statistics

by Slutsky’s theorem for random vectors.
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4. Testing for a Change in the Intercept

PART (i).

Assume that Assumption 3.1 holds and that H§ holds. Let q(t) € Q, suppose that I} (g, c) <

oo for some or possibly all ¢ > 0, and assume that
E[e* loglog(|e| 4+ 1)] < oo.

Define the leading statistics

Sla) . — ! max |MT(1’02|
M G, s 1<k<n /nq(k/n)’
(@)
1 | M, |
D = A e — D(n).
n () B gty P
By Theorem 2.5(i) applied to {g;}i>1, for all z,y € R,
B(t
P {S,(Laq) <z, D™ < y} — P{ sup 1B < x} exp(—2e~Y). (234)
' o<t<1 q(t)
Now define the residual-based statistics
ko oo noo~
Glo) . 1 ‘Zi:l Wi — % > iy Wi
ma T G iSken Jnq(k/n) ’
ko~ ~
B . 4 1 }Zi:l W; — % D iy W D
n = Az max Vg (k/n) - D).

The proof of Theorem 4.1 showed, using Lemma 4.1, (211), and (215), that
50 = 5L + 0,(1). (235)
Similarly, the proof of Theorem 4.2 showed, using Lemma 4.1, (218), and (220), that

D) = D) 4 0,(1). (236)

Thus,
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componentwise. Together with (234), Slutsky’s theorem for random vectors gives

~ ~ B
(8.57) % (s 206,

0<t<1 Q(t)

with the product-form limiting distribution in (234). Therefore, for all x,y € R,

g = B(t)| -
PS5 < g D@ < —>P{su ‘<x}e —2e™Y),
{ ng <, Dy _y} S S S xp( )

which proves (198).

PART (ii).

Assume that Assumption 3.2 holds and that Hg holds. Let 0 < p < oo, let 1 </ < oo, let
q(t) € Q, and suppose that

dt < oo.

/1 (t(1 )P
0

q(t)

Let

A o L+ <1_ {(n—irl)tj).

n n

Define the leading integral statistics

1| M@ 8

L(a) — 1 / n’L(”+1)tJ

P Gne Jo perzg (unzlm) ’

1 T L )J)Z

(a) L n,| (n+1)t _

Jn’g = AT 35,5/0 nf/QAn(t)Hf/? dt — 2mylogn
By Theorem 2.5(ii) applied to {€;}i>1, for all z,y € R,
o LB
P{Ln‘jg <, J% < y} — P {/0 | q((g)’ dt < m} B(y). (237)
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4. Testing for a Change in the Intercept

Define the residual-based integral statistics

p

[(n+1)t] & — [(nt)t] 5~
Tl . / D Y L
n,p Aﬁw 0 np/2g (L(n—i—l)tj)

dt,

¢
o 1 e - e e
= / dt — 2mylogn
0

J =
m. 2C;logn | 0! - nt2 A, (t)1H/2
The proof of Theorem 4.3 showed, using Lemma 4.1, (211), and (225), that
L) = L) + 0,(1). (238)

The proof of Theorem 4.4, with the power p there replaced by ¢, showed, using (228) and
(233), that
70 = 5% + 0p(1). (239)

Therefore,
(2o, 70) = (L8, 70) + 0p(1)
componentwise. Together with (237), Slutsky’s theorem for random vectors gives
~ o LIB(t) P
(r07) % ([ 120 ),
T o 4qt)

with the product-form limiting distribution in (237). Consequently, for all z,y € R,

p{L{s) <= ) <y} HP{/OIWdtSw}cb(y),

which proves (200). The proof is complete. O

4.3.6 Proof of Theorem 4.6

Proof. Assume that Assumption 3.2 holds and that H§ holds. Let

A1) i Lo+ 11 <1 -

n

L(n+1)tJ>_

n
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4. Testing for a Change in the Intercept

We prove the two convergences simultaneously by working with j € {1, 2}, where

J = [d”,1 dn} . J@ = [dn,l - d"] .

€n €n

By Theorem 2.6 applied to the i.i.d. sequence {€;}i>1,

()
‘ ”“"“”‘ L osup W), (240)

d1/2
teJ(]) Un 6\/ﬁA ( ) 0<t<1

In particular,
‘ ()

dY? sup L "“”“”’ —0,(1). 241
tEJB) O'ns\FA ( ) p( ) ( )

Using (211), (240) also gives

‘ (a)

d1/2 sup — mL(n Dt —> sup |W(t)|. 242
t€J8>0nw\/ﬁA() ogtlg)l’ ()l (242)

The slope-estimation remainder. By Lemma 4.1, with k = [ (n + 1)¢],

[(n+1)t] L "t 1 (©)
. a

Wi — E W; = Mn L(n+1)t) (B B) X, JL(n+1)t] -
=1

We show that, for j = 1,2,

d;/z@ sup | X, 10|

Tni ey VIAn(t) = op(1). (243)

By Theorem 2.6 applied to the i.i.d. sequence {x;}i>1,

X |
d¥? sup A} mlet DL o (1 ,
teg) On,aov/n An(t) o)

where
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Thus,

X |
d,l/Q sup } (D] _ O,(1).
ses) VI An(t) o)

Together with 3 — 8 = Op(n~Y2) and &, L = O,(1), this proves (243).

Completion of the proof. Using the triangle inequality and Lemma 4.1, for j = 1,2,

’ZL (n+1)t] b — L(n—;l)tj Z?:l ;

P

d}/? sup —dY? sup L LDt
" tEJy(L]) Un,@\/ﬁAn(t) " tEJSLj) Un,fu\\/ﬁ An(t)
- x |
< d1/2 ‘/BA B| sup ‘ n,[(n+1)¢] = o.(1 7
S e Ay W
by (243). Combining this with (242) gives
+1)t) s 1 .
J1/2 s e - 6 W (¢)|
sup — sup .
" tes® Un,ﬂ?\/ﬁAn(t) 0<t<1
Taking j = 1 gives (201), and taking j = 2 gives (202). This completes the proof. O

5 Concluding Remarks

This paper developed nonparametric asymptotic tests for changes in regression coefficients
in a simple linear regression model with random design. The slope-change and intercept-
change problems were treated separately. For each problem, a scalar residual-based tied-
down partial-sum process was constructed so that, under the corresponding null hypothesis,
the resulting statistics have the same limiting behavior as suitable functionals of the partial-
sum processes used in nonparametric mean-change testing.

The main contribution is a broad collection of asymptotic results for component-specific
residual-process statistics. For both the slope-change and intercept-change problems, we es-
tablished limiting distributions for supremum and integral statistics with Brownian-bridge-
based limits, supremum and integral Darling—Erdés-type statistics, selected joint limits,
and Rényi-type supremum statistics with Wiener-process limits. The supremum results

connect with existing residual-based and tied-down partial-sum approaches in regression
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change-point analysis, while the integral, joint, and Rényi-type results extend the range of
available component-specific asymptotic tools.

Although the slope-change and intercept-change statistics are constructed from different
residual quantities, the same general strategy is used in both cases. The residual-based
process is shown to be asymptotically equivalent to a tied-down partial-sum process to
which the mean-change limit theorems can be applied.

The results also emphasize that different choices of a functional, weight, and normal-
ization lead to different asymptotic procedures. Supremum statistics measure the largest
in absolute value suitably normalized mean difference over possible change-point locations,
while integral statistics average deviations across the tied-down partial-sum path. Darling—
FErdés-type and Rényi-type statistics use different normalizations and have different limiting
distributions. Thus, the collection of statistics developed here gives several ways to sum-
marize the same underlying residual partial-sum behavior.

The focus of this paper was asymptotic theory. A natural next step is a detailed finite-
sample study of the proposed regression tests. Such a study should compare type I error
control and power across the different statistics, sample sizes, change sizes, covariate distri-
butions, error distributions, and change-point locations. The mean-change results discussed
earlier suggest that the choice of a functional and weight can substantially affect the balance
between power and type I error, but these comparisons need to be carried out separately
for the regression residual processes.

Several extensions are possible. The joint limit results obtained here may be used to
construct combined statistics from different functionals or normalizations, although their
critical values and finite-sample behavior would require separate numerical investigation.
Another direction is to extend the present collection of limit theorems to broader regres-
sion change-point frameworks in which the intercept and slope may both change, possibly
at different times. FExisting work has developed procedures for distinguishing changes in
regression parameters, but the integral, integral Darling-Erd&s-type, joint, and Rényi-type
directions considered here suggest further asymptotic and finite-sample questions in such
settings. Extensions to multiple regression, dependent observations, heteroscedastic errors,

and other structural change settings would further broaden the applicability of the residual-
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based weighted partial-sum approach.
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Chapter 5

Discussion

1 Summary of Contributions and Novel Developments

This thesis studied nonparametric asymptotic procedures for confidence interval estimation
and change-point testing. The common methodological theme was the use of function-
als of appropriately normalized and weighted partial-sum-type processes. Although the
manuscript chapters considered different inferential problems, they were connected by the
same general idea: suitable choices of functionals and weight functions can be used to con-
struct asymptotic procedures with the aim of improving, or better balancing, finite-sample
performance.

Chapter 2 contributed to confidence interval construction for the mean. The chap-
ter developed functional asymptotic confidence intervals based on integral functionals of
weighted Student processes and compared their finite-sample coverage probabilities and ex-
pected lengths with those of the classical CLT-based interval. The proposed intervals had
substantially higher finite-sample coverages for right-skewed distributions in the domain
of attraction of the normal law, including cases where the classical interval significantly
undercovers. The results also showed that the improved coverage was not explained only
by longer intervals, since the best proposed intervals often had higher empirical coverage
probabilities than equal-expected-length versions of the classical interval.

Chapter 3 contributed to nonparametric testing for an at-most-one change in the mean.
The chapter studied weighted supremum and weighted integral statistics based on a tied-
down partial-sum process. Weighted supremum tests had been considered previously, but
weighted integral tests for this problem had not been studied to the same extent. The

numerical results showed a finite-sample trade-off among type I error control, power for
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changes near the endpoints of the sample, and power for changes near the middle of the
sample. By choosing suitable weight functions, the chapter identified weighted tests with
favorable finite-sample behavior. In particular, the weighted integral test emerged as one of
the most powerful and well-balanced tests considered, with strong power across all change-
point locations and well-controlled type I errors.

Chapter 4 contributed to regression change-point analysis by extending weighted partial-
sum methods from the mean-change problem of Chapter 3 to simple linear regression with
random design. The slope-change and intercept-change problems were treated separately.
For each problem, residual-based tied-down partial-sum processes were constructed, and
asymptotic null theory was developed for several classes of test statistics. These include
supremum and integral statistics with Brownian-bridge-based limits, supremum and integral
Darling-Erdos-type statistics, selected joint limits, and Rényi-type supremum statistics with
Wiener-process limits. The chapter provides a theoretical foundation for future finite-sample
studies of tests for changes in regression coefficients.

Taken together, these contributions show that the thesis provides more than three sep-
arate manuscript chapters. The distinct contribution of the thesis is the development and
study of a common weighted-process approach for nonparametric asymptotic inference. In
the confidence-interval problem, weighted Student processes and their functionals are used
to improve interval coverages while keeping interval lengths under consideration. In the
mean-change problem, functionals of weighted tied-down partial-sum processes are used to
balance power across change-point locations and type I error control. In the regression set-
ting, residual-based tied-down partial sums extend the mean-change approach of Chapter 3
to tests for changes in regression coefficients and provide the asymptotic foundation needed

for future numerical comparisons.

2  Overall Impact and Future Directions

The broader impact of the thesis is that it demonstrates how weight functions and function-
als can be used as practical tools for modifying the behavior of nonparametric asymptotic

procedures. In the confidence-interval setting, different weights and functionals can af-
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fect coverage probability and expected length. In the change-point testing setting, they
can affect type I error control, overall power, and how power is distributed across possible
change-point locations.

The findings also clarify important trade-offs. In confidence interval estimation, im-
proved coverage may come with longer expected length. In change-point testing, improved
sensitivity to changes near the beginning or end of the sample may affect type I error control
or power for changes near the middle of the sample. The thesis therefore suggests that there
may not be a single universally best functional or weight function. Instead, suitable choices
depend on the inferential goal and on the finite-sample properties one wishes to prioritize.

Several directions remain for future work. First, the regression change-point procedures
developed in Chapter 4 should be studied numerically. The results of Chapter 3 suggest
that the choice of a functional and weight function can play an important role in balancing
type I error control and power. Accordingly, future simulations should compare the pro-
posed regression tests with existing procedures and investigate whether similar finite-sample
improvements can be obtained for changes in regression coefficients.

Second, further work is needed on weight function selection. This thesis studies special
forms of weight functions that perform well in the settings considered, but more systematic
or data-adaptive approaches may be possible. Such methods would need to preserve the
relevant asymptotic theory while improving finite-sample performance for particular classes
of distributions or change-point alternatives.

Third, the regression framework of Chapter 4 can be extended beyond simple linear
regression with random design. Natural directions include multiple regression, dependent
observations, heteroscedastic errors, and broader structural change settings in which more
than one regression coefficient may change. These extensions would broaden the applica-
bility of the weighted partial-sum methodology developed in this thesis.

Overall, the thesis shows that suitable choices of weight functions and functionals can
be used to shape nonparametric asymptotic procedures toward more favorable finite-sample
performance. This provides a unified contribution to confidence interval estimation, mean-

change testing, and regression change-point analysis.

180



Full Bibliography

Abd-Rabou, A.-E. S.,; & Aly, E.-E. A. A. (2000). A comparison of weighted tests for a
slope change in simple regression. Biometrical Journal, 42(8), 1033—1038. https:
//doi.org/10.1002/1521-4036(200012)42:8(1033::AID-BIMJ1033)3.0.CO;2-0

Anderson, T. W., & Darling, D. A. (1952). Asymptotic theory of certain “goodness of fit”
criteria based on stochastic processes. The Annals of Mathematical Statistics, 23,
193-212. https://doi.org/10.1214 /aoms /1177729437

Bentkus, V., & Gotze, F. (1996). The berry—esseen bound for student’s statistic. The Annals
of Probability, 24 (1), 491-503. https://doi.org/10.1214/aop /1042644728

Berkes, I., Horvath, L., Huskova, M., & Steinebach, J. (2004). Applications of permutations
to the simulations of critical values. Journal of Nonparametric Statistics, 16, 197—
216. https://doi.org/10.1080,/10485250310001624747

Bhardwaj, S. (2022). Finite-sample properties and applicability of functional clt based con-
fidence intervals for a population mean [M.Sc. thesis|. University of Manitoba. http:
//hdl.handle.net/1993 /36759

Bhardwaj, S., Gallanosa, J., & Martsynyuk, Y. V. (2025). Asymptotic confidence intervals
for the mean with increased finite-sample coverage probabilities. Mathematics, 13,
3931. https://doi.org/10.3390/math13243931

Brown, R. L., Durbin, J., & Evans, J. M. (1975). Techniques for testing the constancy of
regression relationships over time. Journal of the Royal Statistical Society. Series B,
37, 149-192.

Chow, G. C. (1960). Tests of equality between sets of coefficients in two linear regressions.
Econometrica, 28(3), 591-605. https://doi.org/10.2307/1910133

Csorgé, M. (2002). A glimpse of the impact of pal erdés on probability and statistics.
Canadian Journal of Statistics, 30, 493-556. https://doi.org/10.2307/3316095

181


https://doi.org/10.1002/1521-4036(200012)42:8<1033::AID-BIMJ1033>3.0.CO;2-0
https://doi.org/10.1002/1521-4036(200012)42:8<1033::AID-BIMJ1033>3.0.CO;2-0
https://doi.org/10.1214/aoms/1177729437
https://doi.org/10.1214/aop/1042644728
https://doi.org/10.1080/10485250310001624747
http://hdl.handle.net/1993/36759
http://hdl.handle.net/1993/36759
https://doi.org/10.3390/math13243931
https://doi.org/10.2307/1910133
https://doi.org/10.2307/3316095

Full Bibliography

Csorgd, M., Csorgd, S., Horvath, L., & Mason, D. M. (1986). Weighted empirical and
quantile processes. The Annals of Probability, 14 (1), 31-85. https://doi.org/10.
1214 /a0p/1176992617

Csorgd, M., & Horvéth, L. (1988). Nonparametric methods for changepoint problems. In
Quality control and reliability (pp. 403-425, Vol. 7). Elsevier. https://doi.org/10.
1016/S0169-7161(88)07022-1

Csorgé, M., & Horvéth, L. (1997). Limit theorems in change-point analysis. Wiley.

Csorgé, M., Szyszkowicz, B., & Wang, Q. (2003). Donsker’s theorem for self-normalized
partial sums processes. The Annals of Probability, 31(3), 1228-1240. https://doi.
org/10.1214/aop/1055425777

Csorgé, M., Szyszkowicz, B., & Wang, Q. (2004). On weighted approximations and strong
limit theorems for self-normalized partial sums processes. In Asymptotic methods in
stochastics (pp. 489-521, Vol. 44). American Mathematical Society.

Csorgd, M., Szyszkowicz, B., & Wang, Q. (2008). On weighted approximations in d[0,1] with
applications to self-normalized partial sum processes. Acta Mathematica Hungarica,
121(4), 307-332. https://doi.org/10.1007/s10474-008-7216-5

Csorgé, S., & Horvéth, L. (1981). On the koziol-green model for random censorship. Biometrika,
68, 391-401. https://doi.org/10.1093 /biomet/68.2.391

Eastwood, B. J., & Eastwood, V. R. (1998). Tabulating weighted sup-norm functionals of
brownian bridges via monte carlo simulation. In Asymptotic methods in probabil-
ity and statistics (pp. 707-719). North-Holland. https://doi.org/10.1016 /B978-
044450083-0/50046-0

Erdés, P., & Kac, M. (1946). On certain limit theorems of the theory of probability. Bulletin
of the American Mathematical Society, 52, 292-302. https://doi.org/10.1090/S0002-
9904-1946-08560-2

Gallanosa, J., & Martsynyuk, Y. V. (2026). Powerful nonparametric asymptotic tests for
change in the mean with reduced type i errors. Mathematics, 14, 78. https://doi.
org/10.3390/math14010078

Gombay, E. (2010). Change detection in linear regression with time series errors. Canadian

Journal of Statistics, 38(1), 65-79. https://doi.org/10.1002/cjs.10043

182


https://doi.org/10.1214/aop/1176992617
https://doi.org/10.1214/aop/1176992617
https://doi.org/10.1016/S0169-7161(88)07022-1
https://doi.org/10.1016/S0169-7161(88)07022-1
https://doi.org/10.1214/aop/1055425777
https://doi.org/10.1214/aop/1055425777
https://doi.org/10.1007/s10474-008-7216-5
https://doi.org/10.1093/biomet/68.2.391
https://doi.org/10.1016/B978-044450083-0/50046-0
https://doi.org/10.1016/B978-044450083-0/50046-0
https://doi.org/10.1090/S0002-9904-1946-08560-2
https://doi.org/10.1090/S0002-9904-1946-08560-2
https://doi.org/10.3390/math14010078
https://doi.org/10.3390/math14010078
https://doi.org/10.1002/cjs.10043

Full Bibliography

Gombay, E., & Horvéth, L. (1994). Limit theorems for change in linear regression. Journal of
Multivariate Analysis, 48(1), 43—-69. https://doi.org/10.1016,/0047-259X(94)80004-
F

Horvéth, L., Miller, C., & Rice, G. (2020). A new class of change point test statistics
of rényi type. Journal of Business € FEconomic Statistics, 38(3), 570-579. https:
//doi.org/10.1080/07350015.2018.1537923

Horvéth, L., & Rice, G. (2014). Extensions of some classical methods in change point
analysis. TEST, 23(2), 219-255. https://doi.org/10.1007/s11749-014-0368-4

Horvath, L., Rice, G., & Zhao, Y. (2023). Testing for changes in linear models using weighted
residuals. Journal of Multivariate Analysis, 198, 105210. https://doi.org/10.1016/j.
jmva.2023.105210

Logan, B. F., Mallows, C. L., Rice, S. O., & Shepp, L. A. (1973). Limit distributions of
self-normalized sums. Annals of Probability, 1(5), 788-809. https://doi.org/10.
1214/a0p /1176996846

Martsynyuk, Y. V. (2016). Testing for change in the mean via convergence in distribution of
sup-functionals of weighted tied-down partial sums processes. Mathematical Methods
of Statistics, 25(3), 219-232. https://doi.org/10.3103/S1066530716030054

Martsynyuk, Y. V. (2021). Nonparametric detection of change in the slope and intercept
in linear structural errors-in-variables models. Statistics & Probability Letters, 169,
108957. https://doi.org/10.1016/j.spl.2020.108957

Martsynyuk, Y. V., & Tuzov, E. (2016). Exploring functional clt confidence intervals for a
population mean in the domain of attraction of the normal law. Acta Mathematica
Hungarica, 148(2), 493-508. https://doi.org/10.1007/s10474-016-0595-0

Olmo, J., Pilbeam, K., & Pouliot, W. (2011). Detecting the presence of insider trading via
structural break tests. Journal of Banking €& Finance, 35(11), 2820-2828. https:
//doi.org/10.1016/j.jbankfin.2011.03.013

Orasch, M., & Pouliot, W. (2004). Tabulating weighted sup-norm functionals used in change-
point analysis. Journal of Statistical Computation and Simulation, 74, 249-276.
https://doi.org/10.1080/0094965031000148703

183


https://doi.org/10.1016/0047-259X(94)80004-F
https://doi.org/10.1016/0047-259X(94)80004-F
https://doi.org/10.1080/07350015.2018.1537923
https://doi.org/10.1080/07350015.2018.1537923
https://doi.org/10.1007/s11749-014-0368-4
https://doi.org/10.1016/j.jmva.2023.105210
https://doi.org/10.1016/j.jmva.2023.105210
https://doi.org/10.1214/aop/1176996846
https://doi.org/10.1214/aop/1176996846
https://doi.org/10.3103/S1066530716030054
https://doi.org/10.1016/j.spl.2020.108957
https://doi.org/10.1007/s10474-016-0595-0
https://doi.org/10.1016/j.jbankfin.2011.03.013
https://doi.org/10.1016/j.jbankfin.2011.03.013
https://doi.org/10.1080/0094965031000148703

Full Bibliography

Pouliot, W. (2016). Robust tests for change in intercept and slope in linear regression models
with application to manager performance in the mutual fund industry. Economic
Modelling, 58, 523-534. https://doi.org/10.1016/j.econmod.2016.03.011

Sen, P. K. (1980). Asymptotic theory of some tests for a possible change in the regression
slope occurring at an unknown time point. Zeitschrift fiir Wahrscheinlichkeitstheorie
und Verwandte Gebiete, 52(2), 203-218. https://doi.org/10.1007/BF00531606

Shao, Q.-M. (2005). An explicit berry—esseen bound for student’s t-statistic via stein’s
method. In Stein’s method and applications (pp. 143-155, Vol. 5). Singapore Uni-
versity Press. https://doi.org/10.1142/9789812567673-0009

Shao, Q.-M., & Wang, Q. (2013). Self-normalized limit theorems: A survey. Probability
Surveys, 10, 69-93. https://doi.org/10.1214/13-PS216

Smirnov, N. (1948). Table for estimating the goodness of fit of empirical distributions. The
Annals of Mathematical Statistics, 19, 279-281. https://doi.org/10.1214 /aoms/
1177730256

Szyszkowicz, B. (1991). Weighted stochastic processes under contiguous alternatives. C. R.
Math. Rep. Acad. Sci. Canada, 13, 211-216.

Tuzov, E. (2014). Ezploring functional asymptotic confidence intervals for a population mean

[M.Sc. thesis|. University of Manitoba. http://hdl.handle.net/1993 /23426

184


https://doi.org/10.1016/j.econmod.2016.03.011
https://doi.org/10.1007/BF00531606
https://doi.org/10.1142/9789812567673_0009
https://doi.org/10.1214/13-PS216
https://doi.org/10.1214/aoms/1177730256
https://doi.org/10.1214/aoms/1177730256
http://hdl.handle.net/1993/23426

	Abstract
	Table of Contents
	List of Tables
	List of Figures
	Acknowledgements
	Introduction
	Background and Motivation
	Main Contributions and Thesis Organization
	Contributions of Authors

	Asymptotic Confidence Intervals for the Mean with Increased Finite-Sample Coverage Probabilities
	Abstract
	Introduction
	Main Results
	Preliminaries
	FACIs Based on h2 and h3

	Conclusions
	Appendix to Chapter 2
	References

	Powerful Nonparametric Asymptotic Tests for Change in the Mean with Reduced Type I Errors
	Abstract
	Introduction
	Nonparametric Asymptotic Tests for H0 vs HA Based on Sup-Functionals of an Appropriately Weighted Tied-Down Partial Sums Process
	Nonparametric Asymptotic Tests for H0 vs HA Based on Integral Functionals of an Appropriately Weighted Tied-Down Partial Sums Process
	Overview of the Present Work

	Main Results
	Preliminaries
	Finite-Sample Performance of the M n q- and L n q-Based Tests
	Empirical Type I Errors of the Mnq- and Lnq-Based Tests
	Empirical Powers of the Mnq- and Lnq-Based Tests


	Conclusions
	Appendix to Chapter 3
	References

	Nonparametric Asymptotic Tests for a Change in the Slope and Intercept in Simple Linear Regression
	Abstract
	Introduction
	Limit Theorems for Change-Point Analysis
	Testing for a Change in the Slope
	Model, residual quantities, and assumptions
	Main results
	Supremum statistic with Brownian-bridge-based limit
	Supremum Darling–Erdős-type statistic
	Integral statistic with Brownian-bridge-based limit
	Integral Darling–Erdős-type statistic
	Joint limit theorem
	Rényi-type weighted supremum statistic

	Proofs of the Slope-Change Results
	Auxiliary results for slope-change statistics
	Proof of the Brownian-bridge-based supremum theorem
	Proof of the supremum Darling–Erdos-type theorem
	Proof of the Brownian-bridge-based integral theorem
	Proof of the integral Darling–Erdos-type theorem
	Proof of the joint limit theorem
	Proof of the Renyi-type theorem


	Testing for a Change in the Intercept
	Model, residual quantities, and assumptions
	Main results
	Supremum statistic with Brownian-bridge-based limit
	Supremum Darling–Erdős-type statistic
	Integral statistic with Brownian-bridge-based limit
	Integral Darling–Erdős-type statistic
	Joint limit theorem
	Rényi-type weighted supremum statistic

	Proofs of the Intercept-Change Results
	Auxiliary results for intercept-change statistics
	Proof of the Brownian-bridge-based supremum theorem
	Proof of the supremum Darling–Erdos-type theorem
	Proof of the Brownian-bridge-based integral theorem
	Proof of the integral Darling–Erdos-type theorem
	Proof of the joint limit theorem
	Proof of the Renyi-type theorem


	Concluding Remarks
	References

	Discussion
	Summary of Contributions and Novel Developments
	Overall Impact and Future Directions

	Full Bibliography

