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CHAPTER 1

INTRODUCTION

1.1 LITERATURE REVIEW

The increasing use of composite materials like fibre~reinforced
composite and graphite-epoxy composite in a variety of structural appli-
cations has generated extensive research efforts in the area of dynamic
behaviour of periodically laminated media. In the past two decades,
various approximate theories and exact solutions for wave propagation in
the laminated media have been proposed.

The early approximate theory was made by specifying the behaviour
of the plate through its thickness. The most common of which is the
Love-Kirchhoff hypothesis [1, 2, 3]. But, when the material properties
differ appreciably from layer to layer and/or when a high degree of
orthotropy exists in one or more layers, the validity of these theories
was found to be questionable [4]. To improve these approximate theories,
the effect of transverse shear deformation has been included. This
approach produced satisfactory results for the static analysis of thick
laminates [5]. Later, Nelson and Lorch [6] introduced a refined theory
that includes transverse shear, transverse normal and quadratic terms in
the kinematic assumption.

Postma [7], Rytov [8],and White and Angona [9] then developed the
effective modulus theory on the basis of both static and dynamic con-
sideration. This is the approximate elasticity solutions in which
attempts were made to bridge the gap between the approximate plate
theories and the general theory of elasticity formulations, by smoothing

and averaging procedures on special laminates with periodic structure



through thickness. However, this method does not account for the effects
of the geometric dispersion. Therefore, an effective stiffness method was
proposed by Sun, Achenbach and Herrmann [10, 11, 12]. This method was
then developed in more detail by other investigators [13, 14, 15].

Other approximate approaches that have been used extensively are
the mixture theory [16, 17, 18], the theory of interacting continuum
[19, 20}, and the new quotient method [21, 22]. Recently, Mengi et al
[23] used higher order plate theory together with a smoothing operation
to study the dispersion characteristic of two-layer periodic laminated
media.

In addition to the approximate analysis mentioned above, exact
solutions for wave propagating in laminated media have also been presented
in the literature. Most actual analyses are based on two-dimensional
equations where each laminate is isotropic. The antiplane [24-26] and
plane strain [27] problems have been dealt with by imposing the displace-
ment and stress continuity conditions at the interfaces. Recently,
Delph.et:al.[28-30] have done extensive work in using Floquet's theory
in conjunction with the elasticity solution to analyse the dispersion
characteristic for harmonic wave propagation through laminated media.
Dispersion relations for laminated composites in a three~dimensional
setting have been obtained by Kulkarmi and Pagano [31], where the
solution for vibration frequencies for cylindrical bending has been
presented. Yamada and Nemat-Nasser [32] have also examined the disper-
sive effects in layered orthotropic elastic composites, where the
direction of the corresponding harmonic waves makes an arbitrary angle

with respect to the layers.
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In most of the analysis mentioned above, the laminae were assumed to
be isotropic. The most recent work was done by Shah and Datta [33] in
which the finite element method is presented for studying harmonic wave
propagation in a periodically laminated medium, where each lamina may
have anisotropic properties. However, in their work, antiplane and plane
strain motions are dealt with separately. The method used is discussed

in detail in Ref. [33].

1.2 PRESENT SCOPE

In this thesis, the finite element method or stiffness method pro-
posed by Shah and Datta [33], for the antiplane and plane strain motionms,
is extended to three-dimensional problems. The method and formulation
technique used is discussed in Chapter 2. 1In order to assess the
accuracy of this method, numerical results are first compared with the
results obtained by the effective modulus [7] and effective stiffness
methods [11]. But first of all, the effective modulus and effective
stiffness method have to be extended to handle a three dimensional
analysis for anisotropic materials. These will be discussed and formu-
lated in Chapter 3. Numerical results are then presented for fiber-
reinforced composite and graphite-epoxy composite with different layer
thicknesses. The computer programs used to assist the numerical compu-
tation are listed in Appendix H, I and J. The first computer program is
written for the three dimensional analysis of wave propagation through
laminated layers using the effective modulus method. The second is for an
effective stiffness analysis while Appendix J is the computer program

written to solve the same problem using the finite element method.



CHAPTER 2

HARMONIC WAVES IN A PERIODICALLY LAMINATED MEDIUM:
'FINITE ELEMENT METHODS (F.E.M.)

2.1 INTRODUCTION

In this chapter, the behaviour of harmonic waves propagating in a
periodically layered, infinite, elastic body is examined. In most pre-
vious studies on the similar subject mentioned in Chapter 1, each lamina
was assumed to be isotropic. However, in order to be more general, the
present analysis will deal with three dimensional, anisotropic lamina.

In this method, an interpolation function is assumed for each lamina
which is characterized by a discrete number of generalized coordinates

at the interfaces. These generalized coordinates are the interface dis-
placements and stresses, thus ensuring the continuity of these quantities
across the boundary planes. By applying Hamilton's principle [34] and
using Floquet's theory [35], the dispersion equation is obtained. The
solutions of this equation yield the frequency-wave-number relationships.

In the following, the method will be discussed in detail.

2.2. EQUATION OF LINEAR ELASTICITY

In the following, harmonic waves propagating through a periodically
layered, elastic body of unbounded extent is considered. For the purpose
of this discussion, a two-layered periodically laminated elastic body,
as shown in Fig.2.1, is considered though the method presented can be
applied to any number of periodicity. Any two adjacent laminae in the
body then compose a unit cell. Both laminae in the unit cell are assumed

to be homogeneous, orthorhombic and perfectly bonded to contiguous
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layers. The two laminae of a typical unit cell, C L’ @s shown in Fig. 2.1,

. (1) (1) (1) (i) (1) cd) ¢ (D
have elastic constants (C11 s 12 . 13 , sz , 23 ’ 33 s 44 s 55 s

(1) (1+1) (i+1) (i+1) (i+1) (i+1) (i+1) (i+1) (i+1)
I R R O S VR Al
éé+l)),thickness (2 h(i), 2 h(i+l)) and densities (p(i), p(i+l)),

respectively. For a particular lamina, the relevant stress~strain

relations are

(o] [ & o o (@)
XX ll 12 13 XX
(1) (1) (i) (1) (1)
Oyy 12 C22 23 0 0 0 €yy
(1) (1) (1) (1) (1)
< 0ZZ >= 13 23 33 0 0 0 < 8ZZ >
o (B 0 0 0 c, D 0 0 v (1
vz 44 yz
(1) (1) (1)
Oxz 0 0 0 0 CSS 0 xz
(1) c () (1)
o 0 0 ‘ 0 0 0 Y
\ XY J » 66-1 \EY (2.1)
(1) (i) (1)

where O represent the stress and € s Y represent the strain of
mn mn mn

the Ith (superscript (1)) lamina.
Let U; (Xi’ Yo 24 t), Vi (Xi’ Yis 2o t) and Wy (Xi’ Yis 24 t)
be the Cartesian components of the displacement in the x, y and z

. . , t . . .
directions respectively, for the I h lamina. The strain components in

the (i)th lamina can then be expressed as

NEPNIL NESNAS L@ M
XX ox, yy 9y, zz 0z,
i i i
Y(i) _ EW_]; +i\_7_1) (1) _ EYJ_I + _;_)EI Y(:'L) = _BXI +_8.I{I) (2.2)
yz dy, 9z, Yz dx, = oz, Xy ox, 0y, '
i i i i i i
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Substituting Eqs. 2.2 into Eqs. 2.1, the stress-displacement relation-
ships may be obtained. Substitution of these stress-displacement
relationships into the stress equations of motion leads to Navier's
equation of motion [36]. The solution to these Navier equations give
the displacement and stresses in each lamina. At present, no analytical
solutions to these Navier's equations are available. Thus, in this thesis,

a finite element method is proposed to solve the problem.

2.3 TRACTION AND DISPLACEMENT CONTINUITY

For a two-layered periodically laminated elastic body, the continu-
ities of traction and displacement at the interface between two
consecutive lamina (1) and (2), and (2) and (3) are:

2) 1)

R T S I A I P
v, (xz, —h(z), Zys t) = Vl (xl, h(l), Zgs t)
Wy, G 0P, 2z, 0 2w G h, 2, )
Géi)<x2’ —h(z), zZys t) % céi)(xl, h(l), zys t)
655)(x2, %, 2, 0 . 05;)(x1, a2, 0
Oéi)(xz, 0P, 2, 0 = Oéi)(xl, nD, 2, 0 (2.3)
and

U, (Xz’ h(z), Z,s t) = U3 (x3, h(l), Zgs t)
v, G b2, 0 = vy Gy 0D, a0
Wy, Gy 0P, oz, 0 =Wy Gy 0, 2 )
_oéi)(xz, n D, 2, 0 = oéi’(XS, -2, 2, 0



(2)

(2) - 3 _
Uyy (x23 h s 223 t) = OYY ( 3° h ’ Z3’ t)
O}Ei) (XZ’ h(z), 22’ t) = 0‘5(72) (X3’ "h(l), ZB’ t) (2.4)

Using Floquet's theory [35], Eqs. 2.4 can be rewritten as

U2 (xz. h(z), Zys t) = Ul (xl, —h(l), Zys t) eikyd
V, Gy P 0 = v gy @, 2, n ot
Wz (xz, h(z), Zys t) = Wl (xl, —h(l), z)s t) eikyd
Oéi)(xz, h(z), Zys t) = Géi)(xl, —h(l), z15 t) eikyd
O;s)(XZ’ h(z), Zys t) = O;;)(xl, —h(l), zy» t) eikyd
0;2)(x2, n, 2, 0 = °§i><X1”‘5(1)’ 25 1) ey (2.5)

where ky is the Floquet wave number in the y~direction and
d =201 +n®,

By writing the equations in this form, the stresses and displace~-
ments at the interface of two consecutive laminae are automatically
satisfied.

The dispersion equation for harmonic-wave propagation is obtained
by using Eqs. 2.3 and 2.5. For two dimensional isotropic laminates,
Delph, Herrmann, and Kaul [29, 30] used exact solutions to Navier's
equations of motion together with continuity conditions and Floquet's
theory equation (2.3) and (2.5) to obtain the exact dispersion relation~
ship. For two dimensional anisotropic laminates, Shah and Datta [33]
proposed an approximate method by expressing the displacement components
in each lamina in terms of interpolation functions and then employed
Eqs, 2.3 and 2.5 to obtain the approximate dispersion relationship. For

three dimensional analysis, Yamada and Nemat-Nasser [32] proposed an
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approximate analysis and an approximate method called the new quotient

method for waves propagating through a layered orthotropic elastic com-

posite.

adopted and extended to three dimensional analysis.

In this thesis, the approach by Shah and Datta [33] has been

This method is chosen

because of its simplicity and accuracy in the two~dimensional analysis.

2.4 DISPLACEMENT EQUATIONS

In this three dimensional analysis to obtain the approximate dis-

persion equations, the displacements have to be defined first.

The

displacement components in each lamina are expressed in terms of inter-

polation functions as

, h'  —

— . 3

U u, u Xy 8vl X v,
T i ] = = e £,(ny)
S0 7B c@D 1M
66 66
1 1
—— ou ow, - du ow
- (D) (D1 @) dy )y () (1) 3y
< VpEl v Vi Cop 1047 5 = Co3'ag 1090 1957010 5 Coy g ) £y (ny)
W W, W [l 8V1 T ov,
I RO el F3(n
44 b .
= itk x + k z -~ wt)
where j =1+ 1 ’ E e X Z | fA(ni)(2.6)
1 3 ¢ /
fl(ni) =% (2 -3 ni+ni)
£ () =% (@+3n, -n)
24 =5 1 ™M
(1)
_h _ _ 2 3
f3(ni> =% (1 -mng-n, + g ) |
h(i)(—l -n, + rL2+-n.3) in which n, = yi'/h(l) is the natural
£,(n.) =~ i i i i
44 4
coordinate
U.,, V., W.» Xu» O, and T, are the ith nodal value given
i i i i i i

T
by {ui, Xgs Vio Ops Wis Ti} = {UI,

S

yX b4 VI’

N
yy

(i),T
> Wi 0,00 N
7i i
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, T (1) (1) (1)

Similarl U,, X.s V.s O,, w,, T, =40, © V., o , W ag .

vs | 3* %50 Vi 990 Yy J} { I "yx 7 17 Tyy I’ Tyz }y - (D
i

kx, kz are the wave numbers in the x and z directions respectively where

k= 5=, ==, » \_, are the wavelengths in the x and z directions,
x A z A x’ 'z
respectively, and w is the circular frequency. Superscript T denotes a

transpose.

The interpolation function fm(ni) is chosen in order to satisfy the

stress and displacement continuity at the interface.

The complete derivationof Eqs. 2.6 is given in Appendix A. In
Eqs. 2.6, if the z-component of the displacement is suppressed, the

problem is reduced to a two dimensional plane-strain problem similar to

that outlined in [33].

2.5 FORMULATION OF ELEMENTAL STIFFNESS AND MASS MATRICES

The potential energy and kinetic energy [34] for the (:‘L)th lamina are

o & _ _ _ i
(i) 1 x {cs+oe+oe+0y+cy
Vpot =5 XX XX VY yy zz zz vz 'yz XZ X2z
(1)
o) o ~h =
OXnyy}dydxdz
2 Az fo n(1) :
(1) _ w” D1y 5 T 7o
Tkin = 72 PP AUl + VoV + W | dydxda (2.7)
o] —h(l)

where a bar over a quantity designates the complex conjugate.
Using the assumed displacement (2.6) and sutstituting it into the
potential and kinetic energy expression, equations (2.7), lead to the

forms given in matrix: notation as

AR AL [k;] {r,}

pot
CON FT () (e (2.8)
Kin =3 Fy i1y
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T T
where {ri} = {ui, Xi, Vi, Oi, Wi, Ti, u,, Xj’ V., 0.5 W,, T.}

J ] J J J
and [ki] and [mi] are the stiffness and mass matrices of the (i)th
lamina.
The long hand expression for (V(i) - T(
pot k

stituting the stress-strain relationship, which are functions of the nodal

;i)can be obtained by sub-

values,into Eqs. 2.7. This expression is shown as:

A A 1 1
(1) _ (1) _ xz [,(1), 2 (1) = (1) . S '
Voor ™ Tkin = "2~ 1011 Kb Uply dny + Cpp7 ik, ) UV = ViU )dn,
-1 1
(i)
1 C 1
(1), (1) [ = = 22 15
+ C13 h kxkz J (WIUI + UIwI)dni + D VIVIdni
h
-1 -1
+ My ' WV - V'¥_)d + C(ijkzh(i) ' W.W.d
23 1k, i SRS 16 PAF) 33 % 114Ny
-1 -1
+ CZZ) & whittdn, + cix ' (VW - WY_)dn
@ | iy bt g e S A 2l
h
-1 -1
1 1
(1), 2, (i) = (1), (1), 2 [~ =
+Cp kzh VIVId”i + Co. h k| J wIwIdni
1 -1

1 1
(1), (1) 5 = (1), 2 . (1) =
+ Cos’h Tk ko (WU + U W)dn, + C. .’k h U U dn,

55 »
-1 -1
1 1
(1), (1),2 [~ = 1., | =
+ 066 h k.x J VIVIdni + 066 1kx J (VIUI UIVI)dni
-1 -1
(1)
C 1 1
66 ‘T (1) 2 -
+ e J U Uzdn p;h W U U dn,
-1 -1
1 1
(1) 2 5 (1) 2 =
pih w VIVIdni pih w WIwIdn
-1 -1

(2.10)
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in which Ny is the natural coordinate.
N Y
and the prime denotes the differentiation with respect to ni.
The evaluations of the integrals of Eq. 2.10 are shown in Appendix B and
Appendix C.

Making use of Egqs. 2.8, the expression (2.10) can be rewritten as

(v;f;‘z - Tﬁi’ =5 {7} 1k - wz[mi]] {r,}

o= ol

= 1T a :
{r,}" 1571 {z } (2.11)
where the impedance matrix [Sa] is Hermitian.

2.6 GENERATION OF EIGENVALUE AND EIGENVECTOR PROBLEMS

Consider an m-layer periodicity. Floquet's relationship (2.5) can

be written as

1
{upae Xork1? Vb1 Omb1? Y1 Tmer Yme2? Xo2? Vme2? Tmeo Yoo TmeodT
T ik

= {"10 X2 Var Op0 Wpo Tye Ups Xo» Vps Oy Wys Top ey

v (1)
where d = Z 2 h (2.12)
i=1

By applying Hamilton's Principle to (2.11) and then utilizing
Floquet's relation (2.12), the equilibrium equations for nodes 1 to m
can be written. After rearranging terms, these equations yield the dis-

persion relation as an algebraic eigenvector problem,

_ 2
[A,] {R3} = w” [B,] {RB} | (2.13)
T T
where {Rg} = {ul, X1» Vi Ops Wy Tl’ Ups XgewoeeoW s Tm}
and [A3] and [33] are 6 m x 6 m matrices with complex-valued poly-
nomial elements which are functions of material and geometric

properties, wave number k#, ky and kz and frequency w.
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The roots of the dispersion relation

det |[4,] - w’[B,] (2.14)
define a surface in frequency-wave-number space which is generally dis-
continuous at ky =—p 0T 1, 2... The assembly process of Eq. 2.14 is
outlined in Appendix D using the form of an impedance matrix. A detailed
discussion of the disperson surface has been reported by Delph, Harrmann,
and Kaul [28, 30]. It has also been shown by Shah and Datta [33] that, for
a two dimensional analysis, the numerical results obtained by this finite
element method are in close agreement with the exact solution for isotropic
laminates. In this study numerical results are presented for three dimen-
sional analysis on boron-aluminium composites and graphite-epoxy composites.
Attention is focused on the lowest three branches (SH, SV, and P) of the
dispersion curve for real wave number k (k = 2%9. The reason for concen-
trating on the lowest 3 branches is that for a structural dynamic problem,
it is the lower frequencies that cause the most severe problems. SH is the
lowest out of plane mode, SV is the lowest transverse mode and P is the
lowest longitudinal mode propagating in any arbitrary direction through the

lamina. SH, SV and P modes of the dispersion curve are defined in the

following section.

2.7 ANTIPLANE AND PLANE STRAIN MOTIONS

The derivation of the dispersion relation in this Chapter is for the
general three-dimensional case. However, with a simple modification, the
dispersion relations for antiplane and plane strain motions can be
obtained. The method of obtaining these dispersion relations will be dis-

cused in the following.
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2.7.1 ANTIPLANE STRAIN

For the antiplane motion, the equation of displacement is given as

- i g
WI(xi, Yo 0, t) = {fl(ni) w, + fz(ni) v, + fB(ni)C(i) + f4(nié(i)}

T T

i(k_x~wt) b4 b4
I 4 (2.15a)
where fm(ni), kx,w are defined in Eq. 2.6
- (1) \ - (1)
w, = WI(Xi’ h s 0)3 Wj WI (xi, h , 0) (2.15b)
i i i i . .
T, < O§:)(xi, —h(l), 0); Tj = O;z) (xi, h( ), 0) at a particular time t.
Eq. 2.15b is obtained by substituting the conditions
U . =V_= O(il=0(i) = 0.0 dinto Eq. 2.6. Then, the potential energy and
I T % vy . . . ’ gy
kinetic energy for the (i)th lamina are obtained by integrating over both

the lamina thickness and the wavelength A.

@ 1 et (¢ @ s L () () sy gy

pot 2 44 sz sz 55 Yxz Yz X4y
o) ih(i)
A op (1)

2 h
(1) _w” 1) 5
Tkin == [ J i o} WIWI dxidyi (2.16)

o -h D

After differentiating the assumed displacement field, its substitu-

tion into the potential and kinetic energy expression leads to forms

given in matrix notation by

(1) 1 = T
Vpot =3 {rl} [kl] {rl}
(1) _ 1 = 4T
Tin =% {rl} [m, ] {rl}
where {rl}T = {wi, Tys vy Tj}T

(2.17)

[kl] and [ml] are the stiffness and mass matrices of the lamina.
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If m-layer periodicity is considered, Floquet's relation Eq. 2.5 can
be written as,
fw ot w T = e, T, w1
mwtl o+l w2 w2 1172 "2
m

where d = X
i=1

ey (2.18)

2 h(i)

By applying Hamilton's Principle and usjng Floquet's relation, the
equilibrium equations for the nodes can be written. These equations yield
the dispersion relation as an algebraic eigenvalue problem as in Eq. 2.13.

However, for this case,
T
Ry} = {wp, 1 veo w1
and [A], and [B] are 2 m x 2 m matrices.

The lowest frequency obtained by solving the dispersion relation

det ![Al] - wz[Bl] =0

is the frequency of the lowest SH mode of the propagating waves.

2.7.2 Plane Strain

Similarly, the dispersion relations for plane strain motion can be
obtained by substituting the conditions
o 1) _ 6
WI Gyz = 0 into Eq. 2.6

It is given in the form

{ N
(] IV T N N N | f00y)
I i b C(1) 9% C(i) %
66 66 £,(n,)
{ = etlgEen - W . R
C(l) du, @, O, ¢y’ u flE.(n))
v v v - 22 4,1 3 _ 12 _gy3i
I ‘ i i (1) ¥x, (1) (1) (1) ox,
L L Cpp0 T G Gy G2 HROY]

where ui, vi, Xi’ Oi are defined in Eq. 2.6
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The potential energy and kinetic energy for (i)th lamina become

(1)
. A ¢h { , )
y D =—1—.[ r [o E(l)+ o ey o 37 ax ay,
pot 2 Lo XX XX VAZEN A Xy 'xXy i i
o 4D
(1)
. 2 (A (h .
1) _w (1) = =
Tkin = f | o} [UIUI + VIVI] dxi dy:,L (2.20)
(1)

o ~h
Following the same step as in 2,7.1, after differentiating the
assumed displacement field and substituting it into the potential and

kinematic energy expression, the form obtained is

Véii =5 {5} Uyl {xy)

(1) _
Tkin B

=

{EZ}T [m,] {r,} (2.21)

T T
where {rz} = {ui, Xi, Vi, Ui’ uj’ Xj’ vj’ Oj}

The [k2] and [mz] are the stiffness and mass matrices.
Similarly, by applying Hamilton's Principle and Floquet's relation to
a m~layer periodicity lamina, the dispersion relation can be obtained as
2
(4,1 Ry} = 0™ [B,] {R,} (2.22)

where {R }T = {u cees V., O.}T
2 m m

1’ X1
and [A2] and [BZ] are 4 m x 4 m matrices.

When kx = 0, the dispersion equation (2.22) yields 2(2 m x 2 m)
equations. One of these equations is the dispersion equation for longi-
tiudinal (P) waves propagating in the direction of propagating waves,
while the other is for shear (SV) waves propagating normal to the
direction of propagating waves.

The dispersion relation for plane strain and antiplane strain motion,

derived above by inputing the proper conditions into Eq. 2.6, is the same

as that derived by Shah and Datta [33].



CHAPTER 3

OTHER THEORIES ON WAVE PROPAGATION IN A STRATIFIED MEDIUM

3.1 INTRODUCTION

The practical importance of laminated and fiber reinforced composites
has stimulated many analytical studies of these materials. For this kind
of laminated medium, Postma [7], Rytov [8] and white and Angona [9] have
computed the effective elastic constants on the basis of both statié and
dynamic consideration. However, it was shown in [11] that this effective
modulus theory has limited applicability for wave propagation in practical
laminates where ratio of layer stiffness is high. (Shear modulus of
reinforced layer/shear modulus of matrix layer = 50) Sun, Achenbach and
Herrmann [11, 12, 13] then proposed the effective stiffness theory. These
two theories are based on a two-dimensional analysis performed on a
stratified medium consisting of alternating plane, parallel layers of two
homogeneous isotropic materials.

In this chapter, these two theories will be extended to accommodate
a three dimensional analysis on the medium that consists of either isotropic
or anisotropic materials. The governing dispersion equations for these two
theories will be derived based on Postma's [7] presentation and Sun et al's
[11] continuum theory. The results obtained by using these theories will

be compared with those produced from the finite element method.

3.2 EFFECTIVE MODULUS METHOD

The customary approach in constructing a theory to describe the

mechanical behaviour of a laminated composite consists of replacing the
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composite by a homogeneous and isotropic medium whose material constants
are determined in terms of the geometry and the material properties of
the constituents of the composite. Theories of this type are termed
"effective modulus theories'". 1In the following discussion, Postma's [7]
approach is followed closely but his approach is extended to a three

dimensional case with either isotropic or anisotropic laminae.

3.2.1 Stress-Strain Relationship

Fig. 3.1 shows a typical laminated medium. For the purpose of this
discussion, a layered structure consisting of alternating plane, parallel
layers of materials which can be regarded as anisotropic, is considered.

Supposing Hooke's law is valid, it can be expressed in matrix form as

{o} = [c] {v} (3.1)
where
il =<o o o o o o >
XX Yy 2z Yz XZ Xy
{Y}T =< €xx Eyy Ezz sz sz ny g
Oxx means the normal component of the traction across a surface
element perpendicular to the x-axis etc.
Gyz = the tangential component parallel to the y-axis of the
traction across a surface element perpendicular to the z-axix, etc.
and Exx = linear dilatation of line elements in the direction of the
x-axis in the upstrained state
sz = decrease in angle between two line elements which are parallel

to the y and z axes in the unstrained state

[C] is the coefficient matrix consisting of material constants.
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It is clear that Eq. 3.1 is the same as Eq. 2.1. If U, V and W are
the cartesian componets of the displacement, the strain-displacement
relationship shown in Eq. 2.2 also holds for this case.

Consider now a stratified medium consisting of a large number of
alternating plane, parallel layers of two homogeneous anisotropic

1) 1) @)

materials for which their elastic constants are (Cll » 1o C13

(1L (1) (1) (1) (L, (2) (2) (2) (2) (2) (2) (2)
€37 C337s Cu”s Cos”s Cge®)s (Cyp™s Cpp%s Cp37s Coo%s Co3%s Ca3%s €y

(1)

14 C22 s

Cég), Céé)) respectively. The layer thickness and density for the first
material is<ﬁ.and p(l);for the second it is d2 and p(z). Comparingdlandd2
with that defined in Chapter 2,dl = 2 h(l); d2 = 2 h(z). With the co-
ordinate axes shown in Fig. 3.1 and consider an elementary rectangular
parallelopiped with faces parallel to the coordinate planes, let the

height of the parallelopipe be n(dl + d2) where n is an integer, and let
the length and width be L and B respectively. To simplify the problem,

the following calculations are based on a unit cell, that is n = 1.

On the face perpendicular to the y-axis, a traction ny such that

there are no tangential components Oxy and Ozy is applied. Similarly,

on the face perpendicular to the x-axis, only the normal tractions Oii)
on the layer d1 and a normal traction Oii) on the layer d2 are present.

On the face perpendicular to the z-axis, there will be normal tractions
(1) and 0(2). The normal tractions O(l), 0(2), O(l) 0(2)
zz zz XX XX zz zz
(1)
X

(l)= 6(2)= € and 8(1) = 6(2) = € where €
XX XX XX 22z ZzZ z2Z X

o) are such

s
that € is the linear

dilatation of a lin. element in the direction of the x—axis in the layers
dl’ etc. This restriction holds in order to insure the continuity of the

displacement as a function of the radius vector. The linear dilatation

of a linear element parallel to the y-axis in the dl and d2 layers are
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€<1) and 8(2) respectively. 1In general, e(l) is not equal to 8(2).
yy yy vy yy
For the first anisotropic medium, Hooke's law gives
M 2 M 1)y (1) (1)
Oxx 11 €xx + ClZ Eyy + C13 €22
(1) ey (1) (1) (1)
Oyy 12 Exx + C22 Eyy + C23 €2
M _ @ (1) (1) (1)
o 13 € + 023 > + 033 €, (3.2a)

Hooke's law for the second anisotropic layer is obtained by replacing
the superscript (1) of the above equation by a superscript (2>. This set
of equations will be designated as (3.2b). If the weighed average tractions
on the faces perpendicular to the x-axis and z-axis are considered, they

become
o(l)d + O(Z)d
xx 1 XX

g =
XX dl -+ d2
o, 4 * 0524,
[e]} = (3.3)
zZZ dl + d2

While the traction on the face perpendicular to the y-axis remains as

o]

-
By substituting Eqs. 3.2a and 3.2b into Eq. 3.3, the equation
become:
- (1) (2) (l) (L) (2) (2) (l) (2)
(dy+dp)o,, = [d1C "+ 0 My + 440007e," + dpCpptegy” + [dyCy537+d Cia e
- (1) (2) (l) (1) (2) (2) (l) (2)
(dy+dy)o o = [dyCpy "+, 0o e + 4100 e " + d,Conte " + [d)Cp37+d, 0o Je
_ (1) (2) (l) (1) (2) (2) (1) (2)
(dy+d,)0, = [d)Cr3"+d,Cra7le, + 4 Cy57e " + dyChqter m + [d1Cy57+d,Cq57 ]E
(3.4)
I1f Eyy is defined by
(1) (2)
i +d)e =d e 4q ¢ 3.5
(4 2 vy 1 yy 2 Tyy (-5

then € . is the overall dilatation of a linear element parallel to the

ZZz

ZZ

ZZ
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y—-axis, which contains an equal number of sections through the layers’dl

and d

20
1)

By substituting Eqs. 3.2a and 3.2b into Eq. 3.5, E;y 2)

and € can
vy

be expressed as:

(2) (l) (2) (2) (1)
e(l) ) [C l je <x + (d + 1)C syy + [C ]e vz
vy (1) (2)
[C + C22 d]
(2) (l) (l) (2) (1)
5(2) ) d[C le xx + (d + l)C eyy d[c 23 ]ezz
vy (l) (2)
[c 22 22 d]
— dl
in which d is defined as I (3.6)
2

In order to get the relation between the normal stresses and the

strains, Eq. 3.6 is substituted into Eq. 3.4 to obtain

L _ @2

Do {[dc(l) + c(z)] [c(l) + dC(z)] d [c;

XX 12 XX
+ (d+ 1) [d c(l) cég) ig) (1)]€yy
+ 3 [C(l) ig)] [CEZ) (l)] + [C(l) + 3 C(z)][d Cié) +C ig)]fzz
(3.7a)
(1) (2) (l) (2) (2) (l) (l) (2)
Do, = {Icy, +dc,, 11de) 1+ dlegy’=C57 10C,, ~Co0 e,

(l) c{2)

+ (d+ 1) C 22 yy

zz

+ {3 1eD-cD116@ D1 + [@eDrc@11cDric@1)e

(3.7b)

(1) (2) (l) (2) (2)_ (l) (l) (2)
Do, = {{dc +Cy53711C, +dC 1+ L[Clz Ilc, ]J xx

(1)o(2) | (2) (1)

+{@@+ ) [dejy’eyy” + cp0cy, e

23 'zz
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(1)

where D = (d + 1) [C + d (2)] (3.7¢)

In the same way, if a tangential traction Oxy is applied to the faces

perpendicular to the y-axis as shown in Fig. 3.2, the following is

obtained:
(l) (2)
(dl + d2) yX = d y + d Y
o (1) _ (1) (1) _ (2) (2)
since Oxy 66 Y C66 ny
Therefore, Oxy can be expressed as
@+ 1) ¢t P
o = 66 _ 66 Y (3.8a)
Xy 3 C(?) + C(l) Xy .
66 66
Similarly, for the traction Gzy’
= (1) .(2)
. ) (d + 1) C44 C44 Yz
zy NONNEY) Y (3.8b)
44 44

Finally, by applying a trangential force Oii) Ldl to the face

(2)

perpendicular to the z-axis of the dl layer and a tangential force Ozx Ld2

to the corresponding face of the d2 layers and based on the fact that

Yéi) must be equal to Y( ) in order to insure the continuity of the dis-
( ) 2 (D) ) _ @ .
placement, it is found that G 55 Y Ozx 55 Y By taking

sz as the average tangential traction on the parallelopiped, Ozx can be

expressed as

(1) (2)
Cs5 d + Cog
o] Y (3.8¢c)
ZX (d + l) ZX

3.2.2 Effective Elastic Constants

By comparing these results with Eq. 3.1, the static effective

elastic constants of the layered composite are found to be:
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rdc cd), (2)] [C(l) (2)] d[c(l) (Z)J

-é - ll
11 (1 + d) [c(l) + 3 cég)]
(1) (2) (l) (2)
2 [C;,7Cpy +dCy 5 Cy5” )
12 (1) D)
Cy” +d Cyy
C =
13 1+ ) [c(l) + 3 c(z)]
(1) (2)
- (1+ @) ¢y
2 e} + 3 c<2)J
(1) (2) (2) (1)
£ d Cy3° Gy *+ G5 Cyy
23 [c(l) + 3 C(z)]
aeDre@1 1cDsae® - 7 (eP-c)?
C =
33 1+ d) [c(l) + 3 c(z)]
(l) (2)
_ 1+ d ¢’ ¢
4t (D
d o2 + o
1) = (2)
_ cop) A+ cgs
35 (d + 1)
= (1) (2)
= . (1 +d) Cgp” Cgg
66 (2) (1)
d C + C
66 66 (3.9)

For plane strain problems, Eqs. 3.9 reduce to the form presented by
Shah and Datta [37] which is similar to that listed in [7]. This
supports the derivation of the effective constants for three dimensional

analysis.



3.2.3.

The equations of motion for the layered medium are defined as:

where U, V, and W are the displacement

- 23 =

Displacement Equations of Motion

4

+-

+

quz +
9y

90
Iy 4
oy

o0
A
oy

direction respectively.

From Eqgs.

p(l) 3

(2)

t is the time

3.1, 3.7, 3.8 and 3.10, the governing field equations of

motions are:

2

_ 32 _ 5 5%y 2%
(Cpy—p*Ceyt Cosy) U+ (Cp 0 ) omay + (€ 3+Cs0)55m;
9x Jy 0z
2 2 2
- - 9% = 3 o= 3% - 2w
(CoetC1075may Cog2Car 3 Chg )V + (Cy3C, 05057 =
9% 3y 3,
2 2 2 2
2y R e T R
(Cs5tC )5, + (€t 23’3 az+ (Co5—o+Cy 9 *Caq )W
ox oy dz
) ’
where U =-§—g etc
5
ot

2

2

Ple)
Xz

9z

30
Yz
9z

o0
VA4

0z

2

If the displacement equations are defined as:

2

is the effective mass density

oV

oW

components in the x, v and z

(3.10)

(3.11)
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ik x + ik y + ik z ~iwt
e x y z

U=1
V=yv elkxX + 1kyy + 1kzz -iwt

. + i . » )
W= elkxx 1kyy + 1kzz iwt (3.12)

where kX, ky and kz are the wave numbers
ﬁ, V and W are amplitudes
W is the circular frequency of the propagating wave,
and substituting these into Eq. 3.11, the governing field equations will
result in a standard eigenvalue problem which can easily be solved. 1In
matrix form, the equations are:
[ 2 2 = = = = NE

- 2 — -
Cppky + Coeky + Cosk, @, + c66)kxky (Cjq +Cso) Kk | [T

K2 4+o k2 +C kK (.. +C , kk) J V=

(Coe * Crpdleky  Cegly  Coply + Cuuk,

C23 44 Ty z
@.. + G0k k(G +3C, kK Cok? 4+ G, K2+ Tk
55 137" 2z 23 44 "y 2 55 44y 337z
i 1 [35)
p 0 0 U
+ o 0 o 0 $T)p
0 0 W 3.13
. S I (3.13)
In compact form, it is expressed as:
2
[A,] {Xi} = w” [B,] {xi}
where {xi}T = {Gvwt (3.1%a)

The dispersionirelationship similar-to Eq. 2.14 is given by

det [[A,] - w2 (8,11 = 0 (3.14b)

3.2.4 Antiplane and Plane Strain Motion

Similar to section 2.7, the equations for antiplane and plane strain
motions can be obtained by substituting the governing conditions into Eq.

3.13.
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For antipane strain motion,
U=V=0

Then, the [Al] and [BlJ matrices of Eq. 3.14 reduces tom x m
matrix for a m-layer periodicity medium

For plane strain motion,

W=0

Then, the [Al] and [Bl] matrices of Eq. 3.14 are 2 m x 2 m matrices

for an m-layer periodicity medium.

The definition of SH, SV and P mode of propagating wave is similar

to section 2.7.

3.3. [EFFECTIVE STIFFNESS METHOD

Herrmann and Achenbach [10] have proposed a conceptually different
approach to constructing continuum models for the dynamic analysis of
directionally reinforced composites. Instead of introducing a represent-
ative homogeneous medium by means of "effective moduli", representative
elastic moduli are used for the matrix, and the elastic and geometric
properties of the reinforcing elements are combined into effective stiff-
nesses. Certain assumptions are made regarding the deformation of the
reinforcing elements. With these assumptions and by applying a smoothing
operation, approximate kinetic and strain energy densities for the
composite material are obtained. Hamilton's principle is then applied
to yield the displacement equations of motion. The displacements for both
the reinforcing layers and the matrix layers are expressed as linear
expansion . about the mid-planes of the layers. In this manner, effective
stiffnesses are introduced for both the matrix layers and the reinforcing

layers. This theory is distinguished from the effective modulus theory
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primarily because bending, shear and extensional stiffnesses of the
reinforcing elements enter the strain energy density of the laminated
medium. In the following discussion, the theory proposed by Herrmann
et al [10, 11] will be followed closely but is extended to three~

dimensional analysis and includés anisotropic materials.

3.3.1 Kinematics and Smoothing Operation

A stratified medium consisting of a large number of alternating
plane, parallel layers of two different materials is considered (Fig. 3.3).
For a general case, the following derivation of the equations of motion
is based on anisotropic material. Similarly, the material constants and

the thicknesses of the stiff reinforcing layers and the soft matrix layers
f f f f £ £ f f f

are denoted by (Cll’ C12’ C13’ C22, C23, C33, 044, CSS’ C66’ df) and
m m m m m m m m m ,

(Cll’ C12’ Cl3’ C22, C23, C33, C44, C55, C66’ dm) respectively.

Compared to the notation used in Chapter 2, Ci§ = Ci;), df = 2 h(l),

. The kth pair of reinforcing and matrix

¢, = ¢, q =g (D)

ij ij

layers whose midplane positions are defined by yfk and ymk respectively
(Fig. 3.3) are considered. The displacement at the midplane of the
reinforcing layer is denoted by

fk

f . . .
Uok (x, ¥y 2z, t) for component in x direction

Vik (%, yfk, z, t) for component in y direction

Wﬁk (x, yfk, z, t) for component in z direction

For the displacement at the midplane of the matrix layer, the superscript
is changed to m,

At this point, two local coordinate systems are introduced. These

two local coordinate systems (x, §f, z) and (x, ;m, z) are redefined
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with axes parallel to the x, y and z axes but with origins in the mid-
planes of the reinforcing layer and the matrix layer respectively
(Fig. 3.4).

The displacements in the kth reinforcing layer (Ufk, ka, Wfk) and
the displacements in the kth matrix layer (Umk, mG, ka) are expanded
h

t
in an infinite series of Legendre polynominals [37]. For the k

reinforcing layer, the displacements are written as:

o =f
fk fk fk
U= ) P, (%“) Un (X, v s 2zs t)
=0Q £
o -f
fk fk fk
VE=] o PV oy sz, t)
n=o f
o -f
fk y
W = S fk fk
n_X.o Pn (df> W (x, ¥ s 2y t) (3.15)
-f
where pné%—) are the Legrendre polynomials:
f
Po(df) = 1, Pl(df) = E; s sza;) = [3(df) -11/2 etc. (3.16)

n is the number of terms in the polynomial

A similar expansion can be written for the matrix layer by changing
superscript £ to m. Conceptually, a displacement approximation can
achieve greater accuracy if a sufficient number of terms in the series
is retained. However, with many terms, the manipulation becomes tedius
and the approximation does not result in the desired simplication. 1In
this analysis it is, therefore, stipulated that the thickaesses of the
layers are sufficiently small as compared to any characteristic length
of the deformation such that only linear terms in Eq. 3.16 peed be

retained. Thus the displacements are:



= U0 (x, v, 2, £t) + vy w2x &, v, z, t)
fk fk fk ~f fk fk
A = VO (x, s Z, E) + ¥ wa (x, v°, 2z, t)
fk fk fk -f fk fk
W= WO (x, v7 7, z, t) + vy wzz (x, v 5 2, t) (3.17)
and
Umk = Ulgk (X3 ymk, Z, t) + ;m 11’)1;)12 (Xa ymks Z, t)
mG = ‘f[;lk (X’ Ymk, Z, t) + ;’m 1!};1; (X, mka Z, t)
e G, Y™, 2 0+ T @ Y™ 2 0 (3.18)
In Egs. 3.17
ng, ng and Wik represents the displacements at the median plane

of the kth reinforcing layer

wg& and wgg are the antisymmetric thickness shear deformations

wg; represents the symmetric thickness stretch deformation
Based on compatibility, that is, the displacements at the interface of
the kth reinforcing and matrix layers are continuous, the following
relation is obtained:

ngk (%, ymk, z, t) - Uik (%, yfk, z, t)

1 fk fk 1 mk mk
=3 df wa (x, v, z, t) + 5 dm wa (x, v , z, t) (3.19)
for compatibility along the y and z axes, Uzk, ng, ng, W?ﬁ, are changed
k _fk fk mk k . fk ,fk mk
; f | .
into V? , V0 s wa’ wa and Wﬁ . Wo , w2z’ L respectively.

From the displacement equations, the strain energy stored in
elements of unit surface area of the kth pair of reinforcing and matrix
layers can be computed.

In an anisotropic body, the strain energy density, in the condensed

form, can be written as:

1 T :
Voot = 2 J fogh" fegglav 4,5 =%, y, or 2 (3.20)

vol
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where eij is the strain tensor and summation implied.

The strain-displacement relationship, Egs. 2.2, still holds for
this case.

For the kth reinforcing layer, the components of the strain tensor
can be approximated by substituting the assumed displacement components,
Eqs. 3%17 into Egs. 2.2. It should be noted that the differentiation in
the y-direction should be with respect to the local coordinate” of the
reinforcing layer §f. With this operation, the components of the strain

tensor are found to be:

Eii = %E ng + 5 %g‘wﬁi (3.21a)
ei? N g%f * wg; (3.31b)
€y = %E’wik +5° %ﬁ'wﬁi (3.21c)
e eii " Wt Vet %;-w§§> (3.214)
EZS = Eig ='% (wgg +'%E Vik + 5 %;-w§§> (3.21e)
e ™ Con =3 Cag Ve T 5y Vo e e T g Vg (3.216)

, : . . th
The corresponding expressions for the strain components in the k

matrix layer can be obtained by changing the superscript f in Egs. 3.21a-~

3.21f to m. For easier and clearer presentation, the following notation

is adopted.
N _9 55 -2
81 T oox 82 T dy 83 oz
8 8 a = ——L’ etC-

13~ xoz’ %23 T Byoz
Substituting relation (2.1) and expression (3.21la-f) into the strain energy
equation; (Eq. 3.20) and integrating over the thickness df, the strain

energy stored per unit surface area of the kth reinforcing layer is found

to be:



pit / unit surface area ='% fdf/z{Oij}T{ 1J}d§f
~d /2
—'% Cf? {df(alUik)z 12 df (@ w )21 + Cfg de 11}2 (3,0 )
+ et a0 e + o3 a2 et o, viH)
+'% ng (wgk)z + C23 £ l”2 (34075
+_% Cg? {df(BBW ky2 o 1% dz (a3w§k>2}
+2 oy {df(wg e L&l o wgk)z}
+'% ng {ag (3,0, ot D W 9%+ i% df (83w2x + 1w£k)2}
+ 2ok qa, opg + a7 e 2l eI (3.22)

Similar computation can be carried out to derive the expression for the

strain energy stored in an element of unit surface area of the kth matrix
layer. This expression,V?Et,can be written by replacing in Eq. 3.22 sub-
scripts and supercripts £ by subscripts and superscripts m.

After the formulation of the strain energy density, the next step
will be the formulation of the kinetic energy density. The kinetic

energy of a continuum is defined by

_ 1 » D *2 .2
Tyin = 3 f o{U” + V7 + WiV (3.23)
vol
Therefore, the kinetic energy per unit surface area of the kth
reinforcing layer is obtained as:
fk _ 1 1 3 + £k, 2
kin/unit area ~ 2 P£lf (59" + 57 47 og (1)
1 1 3 1 £k, 2
T e 508+ 57 55 9 Pe Woy)
1 « £k, 2 1 3 fk 2
* g Pede ()7 + 57 45 pp () (3.24)

where Ps is the mass density of the reinforcing material.



d
- Cf 1.2
T n=@ +ay =159 N0 (3.25)
f m
Eq. 3.24 can be expressed as
pfk _ 1 o k2 . fk, 2
Tein = 7 @+ d) {no WD + 1. 6,0
. k. 2 s fk 2
+ e (V)T + I <w2y>
«ft 2 fk 2y
+ neg (W) ¢ W7} (3.26)

For the kth matrix layer, the kinetic energy per unit surface area
is obtained by replacing in Eq. 3.24 superscripts and subscripts £ by m.
This equation can then be expressed in a similar form as Eq. 3.26

smk, 2 mk 2

mk 1
=5 @+ d) {@m o (97 + 1 @9

kin
+ e o (397 + 1 BN’

mk 21
]

+ (=m0 (E9% 41 @0 (3.27)

N P
where Im =13 dm (1-n) P

Assuming that within a certain height H in the y-direction, there
are n reinforcing layers and n matrix layers, then the total strain and
kinetic energies stored in a rectangular parallelpiped of sides H, unity

and unity, of the laminated medium are given by

fe | gk (3.28)

(Vpot pot’i

T oedy = ]
pot H i=1

T fk mk
and k in H iZ (Tkin + kin)i respectively (3.29)
Based on the basic premise of the effective stiffness theory, the

summation over 2n discrete points yfk and ymk may be approximated by a

weighted integration over y thus,

“pot’H pot pot’i d +dm pot

n
o =3 @k eymky o f 1 of 4 v’;ot) dy  (3.30)
=1 1 £ \
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N 1 £ m
); = j ixd Tin ¥ Tge) & B03D
i f m

fk + mk
kin kin

(T

o~

(Tkin)H =.
i=1

The superscript k has been removed on the right-hand sides of Egs.3.30

m

and 3.31 to indicate that VfO Vm and T

£ .
pot® Vpot’ Tkin Kin are now defined

for all y. By means of this "smoothing operation" the layered medium
has been replaced by a homogeneous continuum whose strain and kinetic

energy densities are functions of x, y, z and t, i.e.

-1 £ m
VpOt —df+dm [Vpot (Xs Vs Z, t) + VpOt (X, Vs Zy t)] (3.32)
T, = [TE (kv oz, £) KT (%, v, 2, £)] (3.33)
kin df+dm kin * s s kin ’ s ’ .

. . fk fk _.fk _mk _mk k . fk  mk | fk
The field variables (UO s VO s Wo , Uo , Y? s W? s w2x’ w2x’ wa’
¢2§’ wgg, wgz) which are thus far defined only on certain discrete
parallel planes, y = yfk and y = ymk, have now become a function of vy,

and hence, the superscript k can be deleted.

Now, the state of deformation in the laminated medium can be described

. . f f f m m £ m  f m
by twelve field variables (Uo, Vo’ WO, Uo’ Vo’ W?, wzx, wzx, wzy, wa’
wgz, w?z) which are a function of x, y, z and t. However, by observing

that Ug, Vg, Wg, and Ug, V:, Wz should be considered as representing the

"gross displacements', the number of twelve

same quantity, namely, the
field variables is reduced to nine. The gross displacements are then
referred to as U, V and W. (ng, ng, wgy, wgy, wgz, w?z) describe the
"local deformations" in the reinforcing layers and matrix layers.
Therefore, they do not represent the same magnitude. The local
deformations and the gradients of the gross displacements are related,
however, by conditions of continuity at the interfaces of the layers.

In view of Eq. 3.19>the gross displacements and the local deformations

can be written as
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fk

U(x,ymk,z,t) - U(x,yfk,z,t) ==d W (x,y yZyt) + —'dmng(x,ymk,z,t)

1 1
2 2
mk fk 1 f fk 1. k
V(x,y ,2z,t) = V(x,y ,z,t) =3 dfwzy(x,y 22,5 t) +3 dmwgy(x,ym sZ,t)
1 1
2 2

mk fk k
W(X’y ,Z,t) _ W(X,y ’Z,t) = — dfwz (X’y ,Z,t) + dmw];z(x’ym ,Z,t)
(3.34)
, mk  fk 1
Noting that y = =y = + 3 (d +d.) (3.35)

and assuming that the thicknesses of the layers are sufficiently small,
the difference relation, Eq. 3.34, can be replaced by a differential
relation between the local deformations and the gradients of the gross
displacements:

. 9 _ f . _ m
i.e. Sy U(X’Y9Zst) =1 wzx (X,Y,Z,t) + (1-1n) wzx (X,Y,Z,t)

0 f m
5§'V(x,y,z,t) n wzy (%,y,2z,t) + (1-n) w2y (x,¥,2,t)

9 f )
§§'W(X,y,z,t) =1 wzz (X,Y,Z,t) + (1-n) W?z (XsY9zat) (3.36)

The continuity condition Eq. 3.19 has thus been generalized to hold at

any point in the continuum. In deriving Eq. 3.36, the differences betweéen
the local deformation at yfk and ymk are neglected because the local
deformations (ng, w?x’ wgy, w;y’ w;z, w;z) had originally been defined

in the domains of the reinforcing layers and the matrix layers.

In view of Egs. 3.22 and 3.32, the approximate strain energy function
of the laminated medium may now be written in terms of the derivatives of
the gross displacements and of the local deformations and their
derivatives. It is expressed as
3 {n cfra-mel o,m? + 55 0 akek @l )+ 0 cfuf o

+ {n C13+(1 IS ICROICROIEE 12 n dici3(81¢2x)(83¢2z

Vpot

1 £ f .2 £ f . .1, f. . . m 2
T3 NGy + 023w22(33w) +5 {ncypt@ n)C33} (35W)

1 l f 2 l f 2
L dfc33(3 wz n 44{3 L ndf 44 (33¥,)
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1. ¢ D s 2. 1 _.2f £ . f 2

+ 5 {nCo gt (1-n)Cyg} 135U+, W17 + 57 ndeCo 1050, +0,9, ]
1 _f .. f2, 1 _2f . f.2

+ 5 MCeeld Wby 1T + 77 ndeCyg (9,0, ]

m

+ 271+ (1"”)‘15\‘:?1(31‘1’%)2 + @y, i, (3,0
1 2. m m m 1 m m .2
+ 15 (1-n)dm013<81w2X) (3311122) + 0 (1-n)022(¢)2y)

m ,m 1 2. m m 2
+ (l—n)szlPZz(SSV) + —.’Z—Z(l_mdmCBB(aSsz)

1 m T S RN m (2
+ 5 (-mC,, [V, 17 + 55(-md €, (35%50)
1 2 m m m .2 1 . (.m m 2
+ 5y (I Co[9,0, +3,¥) 17 + 5 (1-m)Cy 19, V+b, ]
1 2.m m 2
+ 5y (1M Ce(319,) (3.37)

Similarly, the approximate kinetic energy can be obtained from

Eqs. 3.26, 3.27 and 3.37 as

Tkin = %-pc ﬁz +.%’If(¢§x)2 +.%Im(¢gx)2
+'% pc 62 +'% If(@gy)2 + %.Im(wgy)z
NGRS SXCRERT N
in which pc = npf + (1-n) pm
Ie =75 9¢ 1 0
I =53 d - e, (3.38)

3.3.2 Displacement Equations of Motion

Thus far, only the strain and kinetic energy densities of the
medium have been derived. The next step will be the derivation of the
displacement equations of motion. Consider a fixed regular region R of
the laminated medium. Hamilton's principle for independent variations of

the dependent field quantities in R at time tO and t1 may be written as
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t t
1 ,.R R 1
- + SW.dt = .
§ f (Tkin Vpot) dt f Jl 0 (3.39)
t t
o} o}
where 6Wl represents the variation of the work done by body forces
and TR. and VR are the total kinetic and strain energies.
kin pot
. R
l1.€ Vpot = VPOth

kin = T, ., dR in which dR denotes the scalar volume element.

R
™ - j
R
In the absence of body forces, the variational problem then reduces

to finding the Euler equation for

tor
1 =
§ I J (Tpsn = Vpot)dt dR = 0 (3.40)
t R
0
Examination of Eq. 3.40 reveal that there are nine field variables namely
f m - f . m f m . . .
U,V,u, w2x’ wa’ wa’ pZy’ w2z’ w2z' These nine field variables can
be further reduced to six by eliminating wm s wm s wm by means of
2x 2y 2z
continuity equations 3.34. However, in order to be consistent with
reference [10], a more elegant method which is to introduce the
continuity conditions as subsidiary conditions through Lagrangian multi-
plier [34] is followed. The variational problem may be redefined as
1
§ f j (Tkin - Vpot - KlSl - X2J2 - A383)dt dR =0 (3.41)
t R
)
where the Lagrangian multipliers %l, Xz and XB are functions of x, y, z

and t and from Eq. 3.36,
£ m
U=-ny, - @-m v,

V-n w;y - (1-n) wgy

N
Flo Flo ¢lo

W= n gl - a-n - (3.42)
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Since (Tkin -V - Al 8, - AZ S, - 3 3) depends only on the

pot

dependent field variables and their first order derivatives, the system
of Euler equations may be written as:
B(Tk—vp—klsl—AZSZ—A383) _ B(T V -A.8.-A,.S,-A,S.)

Sq B(BfS/qu) st

=0 (3.43)
In Eq. 3.43, fS represent the twelve dependent variables (U, V, W, ng,

m
wZ

z and the time, variable t.

f m f m . . : .

< wa’ w2y’ wZz’ wzz, Kl,kz\and k3), q, is the spatial variables x, vy,

Substitution of the strain energy density, Eq. 3.37, and the kinetic
energy density, Eq. 3.38, into Eq. 3.43 will yield a system of twelve
equations. A typical computation is shown in Appendix E.

Defining the quantities
£ m

Ql =7 Cln + (1-n) Cin s n=1, 2...6

n

and using the notation

5., U = 3% U /ox.ox.
k i)

15 'k
where Bxl = 9x, sz = 3y, 8x3 = 9z
U1 =T U2 =V U3 = W,

the twelve equations are expressed as

Q119119 + Q559330 + [Qgq + Q5] 315V

£ £ m p I _ -
+ 1 Clzaley + (l—n)clzalwzy + ale = P U (3.44)
£ . £ £ . . f
Q6117 + Q40337 T NCqe " b, ANC, 0405,
+ (1-n) [C66 l}J 44 3w2 1+ 9 >\2 =0, V (3.45)

Q339330 + QggdpqW + [Qgg + Q3] 975 U

£ £ W (3.46
+ N Cyqdq¥y, + (I~ n)C,? 3w2 93 b W (3.46)
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704 [C11 11wf + C§3313wzz f5813w2z C§5833"’§xJ
N CeedyV = M Cglipy + 1 M = 1; ¥y
<l ”)d [C1131 1V, + Cl3213%5, * C550505, C55333¥,]
- (Mg v - (-mICeul + (-, = 1, ¥,
_% " d [C33 33%5, * C§3313¢§x + Cf5313w2x gsallwgz]
C£483V il Ciawgz TN A = It i';gz
"%2(1'”)di [€339330, + C1321 395, + C550150, 0?581lw§z]
e - G, s Gy =1
7 & [066 11¢ 24833w§y] - CizalU - 05333w
-7 ngwg N =1 wgy
(1 n d [Cyg? lley + c44333wm ] = (-m) €],3,U = (1-n) Ch,3,W ,
- (A=) Coovp + (1) A, =1, U,
82U -n wix - @-n) ng =0
3, = n iy = (1) Vay = 0
3,0 = n wgz - (1-m) vy =0

3.3.3 Propagation of Plane Harmonic Waves

The displacement equations of motion, Egs.

(3.

(3.

(3.

(3.

(3.

(3.

(3.

47)

48)

49)

50

51)

.52)

53)

54)

55)

3.44~3.55 can be used to

study the propagation of plane harmonic waves in an arbitrary direction.

Assuming that the variables of Eq. 3.44-3.55 have the form,

o + 4 . o
Aelkxx 1kyy +1kzz i

ket

(3.56)
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where A is a constant amplitude
k ky’ k, are the wave numbers in the x, y and z direction
respectively,
¢ is the phase velocity of the propagating wave and
w = kc = angular frequencies
Egs. 3.44 to 3.55 can be expressed as eigenvalue-eigenvector problems.
(Al {x} - w® [B] {x} = 0 (3.57)

T f m f m f m
where {x}" = <U, Uy Wy Yous Yoy Yoos Byos ¥yos Wpos Ags Ay Ag>

Eq. 3.57 can be expressed as

[sP] {x} = [[a] - &®[B]] {x} = O
The explicit form of [S?] for this problem is given in Appendix F.
Similarly, the roots of this dispersion relation

det [[A] - w?[B]]
define a surface in phase-velocity vs wave-number space. A detailed dis-
cussion of these dispersion curves has been reported by Sun, Achenbach
and Herrmann [11]. Their results using this effective stiffness method
will be compared with those obtained using finite element method in

Chapter 4.

3.3.4 Antiplane and Plane Strain Motion

Case 1: Governing equation of propagation of longitudinal waves (P waves)
in the direction of the layering on x-y plane.

For waves of this type, the field variabl.s are of the form
f

2y’
All other field variables vanish identically. The substitution of this

m - —=f -m = .
U, v wzy, Xz) = (A, Azy’ A2y’ B2) exp [ik(x-ct)] (3.58)

governing condition into the displacement equations of motion, Eqs. 3.44-

3.55 yields a system of four homogeneous equations for Kl’ Zgy, Kgy and
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B2. The dispersion equation is obtained by requiring that the determinant

of the coefficients vanishes. The non-dimensional form of the dispersion

equation obtained is given as:

2 24 f f m . 2
[(1~n> + ne] EB - {[(1_n) + ne] [(l—n) + 1 666 + 1 511 + (1-7) 51115
f m 2
+ 120 [(-n) + ne] [&,, + 1 8,,/(1 -n)]}p
f m f 2
Hn oy + - me ] [-m) +ns e
f m £ m 2 . f m 12
T i[85y + myp/ A = m] [n sy + =) 8] - 12" [8), - 8,17} =
(3.59)
m 1/2 .
where B = c/(C66/pm) is the dimensionless phase velocity
g = kdf is the dimensionless wave number
6 = pf/pm is the ratio of mass densities
a s =c
an 15 - "ij' 66
ém _ Cm /Cm
ij  Tiji’ 66

If the materials of both the reinforced and matrix layers are isotropic,
f
Eq. 3.59 degenerate to Eq. 63 of Ref. [11l] in which bgg = Y = pf/pm. y is
the ratio of shear moduli of the reinforced layer, pf and the matrix layer,
L
Case 2: Governing equation of propagation of SV waves in the direction of
the layering on x-y plane.
£ m

For a shear wave, the nonvanishing field variables are V, wa’ w2x and xl.
That is

v, vl " -, A, A, B ik 3.60

v, wzxs wzx’ xl) = (AZ’ A21, 21° 1) exp | (x ct)] (3.60)

Following the previously described procedure, the dispersion equation

corresponding to the system of solutions (3.60) in nondimensional form is

given as:
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224 2
[(-n) + me]7g"8 - {[(t-m) + mo] [(1-m) + n666 + (1- n)é Lz
2
+12 [a-n) + 0] [A=n)6e, + n] n/(1=n)}p
£ £ 2
+{[=n) + ng ] [m6y, + (1-m6) JE

+ 127 526/(1-n)} =0 (3.61)
Eq. 3.61 wll degenerate to Eq. 72 of Ref. [l1] if the materials of the
reinforced and matrix layers are isotropic.
Case 3: Governing equation of propagation of SH waves in the direction of
the layering.
For SH waves, the displacements are parallel to the z—-direction while
the waves propagate in the x-direction. The nonvanishing field variables

are of the form

(W05, Vays hg) = (Ags Aggy Angy By) exp [1k(x-ct)] (3.62)
Substituting of Eq. 3.62 into Egqs. 3.44 - 3.55 will yield two uncoupled
systems of equations, governing symmetric and antisymmetric motion,
respectively. For symmetric motion, the field quantity is represented by
= 33 exp [ik (x~ct)] (3.63)
for which the constant phase velocity 1s obtained as

55 + (1- n)é

_ 55,1/2
B = [(T-7) + 18] (3.64)

The antisymmetric system is represented by the following solutions:

£ -f - -
Wyys Upys M) = (Aygs Apsy By) exp [ik (x-ct)] (3.65)

Then, the nondimensional form of the dispersion equation obtaired is
given as:
2 2 m f 2 f m -
[(A-m+neJe 8 - {[(1-1)655 +m8551E" + 121 [6,, + n6,,/(1-n)] = 0 (3.66)
Eq. 3.64 and Eq. 3.66 are the same as Eq. 75 and Eq. 77 respectively of Ref.
[11] if the material properties of the reinforced and matrix layers are

isotropic.
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For all the cases mentioned above, the dispersion equation can be
expressed in matrix form as in Eq. 3.57. But [A] and [B] are reduced to
4n x 4n for a n-layer periodicity.

For a wave propagating normal to the layering, the dispersion equation
can be obtained in a similar procedure by substituting the governing dis-
placement conditions into Eq. 3.44-3.55. It will not be discussed here.

Ref. [11] provides a good discussion on the procedure.




CHAPTER 4

NUMERICAL RESULTS AND DISCUSSION

4.1 INTRODUCTION

In this Chapter, the numerical results of several examples are pre~
sented and discussed. For a two dimensional analysis of harmonic waves
propagating in a periodically layered, isotropic, infinite, elastic body,
Shah and Datta [33] have shown that the present finite element method gives
excellent results when compared with the exact analysis proposed by Delph,
Herrmann and Kaul [28, 29, 30]. For a three dimensional analysis on the
same problem but using anisotropic material, Ref. [32] would be a good
reference to determine the accuracy of the present analytical method out-
lined in Chapter 2. However, at time of writing this thesis, the detailed
numerical results of Ref. [32] were not received. Therefore, comparison
with their work cannot be carried out. In order to gauge the accuracy and
range of applicability of this present approach, a two-layer periodic
isotropic laminated medium is considered. The numerical results obtained
by using this proposed finite element method are compared with those obtained
by using the effective modulus method [Chapter3.2] and the effective stiff-
ness method [Chapter 3.3].

The second example presented considers a wave propagating through a
two-layer, infinite elastic body with anisotropic material properties.

The composite chosen is that of boron-fiber reinforced 1ayers sandwiched
between thin layers of aluminum. The numerical results are first com-

pared with that obtained by extended effective modulus method and the
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extended effective stiffness method. Then the behaviour of the dis-
persion curves for waves propagating through this media are discussed
individually.

In the third example, the material considered is graphite-epoxy
composite. There are two types of graphite-epoxy composites considered.
A formula, outlined in Appendix G, is used to obtain their respective
material constants.

For all the examples mentioned above, only a two-layer periodic
medium is considered. In order to obtain better results, each layer
within the unit cell is subdivided into '"lamina" at mid-plane (Fig. 2.1),
thus creating a four-layer periodicity. Higher layered periodicity can
be created by further subdividing the lamina. However, it is shown in
[33] that the numerical results for lower modes of wave propagation do
not appreciably change by increasing the number of lamina. Therefore,
only the results of four layered periodicity are presented here.

The numerical results presented in this Chapter are obtained from
FORTRAN programs written for the extended effective modulus method,
extended effective stiffness method and the finite element method. These

programs are included in Appendices H, I and J.

4.2 TISOTROPIC LAMINATED MEDIUM

The dispersion curves for waves propagating through an isotropic
laminated medium using the effective modulus method, effective stiffness
method and the elasticity theory have been presented by Sun, Anchebach and
Herrmann [11, 12]. However, their presentations are based on two dimen-
sional analysis. For an isotropic material, the numerical results obtained by

using a three dimensional analysis and those obtained using a two dimensional
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analysis should be identical.

In this ekample, the problem is analyzed using the same material
properties and parameters given in Ref. [111. The material constants
are tabulated in Table 4.1. The non-dimensional parameters used are

defined as:

il
Y -t ratio of shear moduli
Hy
Wy = shear modulus of reinforced layer
Wy = shear modulus of matrix layer
B = ——L ——  dimensionless phase velocity
(u /p(z))l/2
2 ¢ = phase velocity of propagating wave
2y _ . .
P = density of matrix layer
£ =%k (2 h(l)) dimensionless wave number

2 h(l) = thickness of reinforced layer

k = wave number
_2m
A
A = wave length of propagating wave

o = p(l)/p(z)

ratio of mass densities
p(l) = density of reinforced layer

To be consistent with the results presented in Ref. [11], the
numerical computations are carried out for three values of Y, namely,
y = 100, 50 and 10, and for n = 0.8, 6 = 3. n is shown in Eq. 3.25.
The Poisson ratio of the reinforced layer and the matrix layer are 0.3
and 0.35,respectively.

Based on these material properties and parameters and using the

effective modulus and effective stiffness method, the curves presented

in Ref. [11] are reproduced. The results obtained by using the finite
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element method based on the same material properties and parameters are
then plotted on the graphs. These graphs are shown in Fig. 4.1 to Fig. 4.4,
It is found that the results using the finite element method coincide with
the results obtained by using theory of elasticity for vy = 10, 50 and 100.
This proves the validity of the proposed finite element method and with
this observation, the proposed method can be applied to the analysis of

harmonic waves propagating in anisotropic composites, with confidence.

4.3 FIBER-REINFORCED BORON-ALUMINIUM COMPOSITE

Datta and Ledbetter [39] have computed the elastic constants for the
fiber-reinforced boron-aluminium composite. This composite is a heat
resistance material and is used mainly for aerospace structures such as
space shuttles. Shah and Datta then used the same elastic constants and
geometric parameters to perform a plane~strain analysis to derive the dis-
persion characteristics of harmonic waves propagating in the composite [33].
For analyticl purpose, the composite is modelled as a two~layer medium. The
first layer is the boron-fiber reinforced layer with anisotropic material
properties while the second layer is the thin layer of aluminium. In the
following discussion, the method outlined in Chapter 2 is used to determine
the dispersion characteristics in this two-layer medium. The material
constants for the fiber reinforced layer are slightly different (about 6%
smaller) than those presented in Ref. [39], and are listed in Table 4.2.

The reason for the slight difference in values is that more experimental
works have been carried out to determine the properties of the composite.
The new set of material constants, provided by Datta, are presumably a

better representation of the composite. The parameters used in the dis-

cussion are:
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£ =:§— Dimensionless frequency of waves
i w oo V2
s 5 (2) 5 (2)

w = frequency of waves

- (2)

n = ZEV ky Dimensionless y-component of wave number
ky = y—component of wave number

- (2

k = - k Dimensionless wave number
k = wave number =,Z%

- Zh(l)

d = ) Ratio of thickness of reinforced layer and

2h

the thickness of matrix layer

o Horizontal angle made by propagating wave
on x-z plane with respect to x-axis

o] Vertical angle made by propagating wave

with respect to x-z plane

For comparison with the effective modulus and the effective stiffness
method, a B vs £ plot for waves propagating parallel and normal to the
layering is first considered. d is taken to be 12.

Yor waves propagating parallel to the layering and along the global
x-axis (o = 0°, ¢ = 0°), the results are presented in Fig. 4.5, It is shown
that for small wave numbers (£ < 2), the quasi-longitudinal mode (P-wave) is
in agreement with the effective modulus and the effective stiffness method.

As the wave number increases, the results obtained using finite element
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method departs substantially from those obtained by using the other two
methods. This dispersive behaviour is similar to that observed for the
isotropic case presented in Fig. 4.3. It has been summarized in Ref. [24]
that for large vy (y = 50, 100), there should be a rapid decrease of the
phase veolocity of the lowest longitudinal mode (P-wave). This is because
there is a shift of the participation in the motion of both reinforcing
and matrix layers to the matrix layer only. For both isotropic and aniso-
tropic materials, only the finite element method shows this behaviour
(Fig. 4.3 and 4.5). As for the quasi-transverse mode (SV-wave), there is
no remarkable difference between the three methods.

For waves propagating normal to the layering, (a = 0°, ¢ = 90°), the
results are presented in Fig. 4.6. In this figure, there is a remarkable
variation between the three methods, expecially for higher wave number.

For isotropic material, Ref [11] shows that the effective stiffness method
and effective modulus method is comparable to the exact method only for
small value of £ (& < 1) for both P-waves and SV-waves. The results are
shown in Fig. 4.4. However, the results obtained using finite element
method still coincides with thét obtained from the theory of elasticity.

For plane-strain analysis of a laminated boron-aluminium composite, Ref. [37]
concluded that the dispersive behaviour of wave propagating normal to the
layering agrees with experimental observations. This varifies the validity
of the finite element method. However, due to the lack of numerical results
in the three dimensional analysis of harmonic waves propagating through aniso;
tropic media, Fig. 4.6 can only be shown but can not be comapred with those

obtained using the theory of elasticity.
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For the rest of the graphical presentation in this section, the
numerical results will be presented using the material properties in
Table 4.2 but the frequency of the propagating wave is determined, instead
of the phase velocity. {2, the dimensionless frequency, is obtained by
normalizing the roots of the dispersion relation in Eq. 2.13.

Figs. 4.7 to 4.18 show the dispersion curves for the lowest longitudi-
nal (P), lowest transverse (SV) and the lowest symmetric SH mode
propagating in the x-y, y-z and x-z plane. It can be concluded that
for small magnitude of k where k is the nondimensional Wave)number, say
k < 0.07, the frequency, 2, for the three modes is directly proportional
to k. This agrees with fhe actual behaviour as stated in Ref. [40]. One
disadvantage of this ) vs k plot is that for k = 0, the phase velocity of
the waves cannot be determined. Comparing the 3-sets of graphs, namely
Figs. 4.7-4.10 for waves on the x-y plane, Figs. 4.11-4.14 for waves on
the y-z plane andFigs. 4.15-4,18 for waves on the x-z planes, it is
observed that the waves are less dispersed when they travel along the x-z
plane. This is due to the fact that they are travelling along the matrix
layer whichiz the homogeneous isotropic layer. Greater dispersion is
observed for the waves travelling along the x~y and y-z planes because
for these two planes, the reinforcing layer and the matrix layer are
involved. The dispersion is the greatest for waves propagating normal
to the layering (o = 0°, ¢ = 90° or o = 90°, ¢ = 90°) due to the
maximum participation of bc:h layers in vibrating the particles.

Figs. 4.19-4.27 are plots showing the variation of frequencies with
respect to the directions of progagation on the plane for a particular

k. Similar observations, as described above, are obtained.
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Instead of examining the variation in frequencies with respect to
angular changes in the direction of propagating waves, the computer
program listed in Appendix J is capable of handling the analysis by
treating the y-component of the nondimensional wave number, Nn as a known
quantity. These ) vs. N plots are presented in Figs. 4.28 to 4.32. The
SH mode can be easily determined from the output. However, the longitudi-
nal and transverse modes cannot be distinguished. Therefore, the lowest
five branches, regardless of modes, are plotted. It is observed that for
large values of k (0.5, 1.0) there is very little variation in the
frequencies as n changes correspondingly. This is due to the fact that,
for small 7 and large magnitudes in k, the waves are travelling along the
matrix layer only.

Similar plots are carried out for the § vs k plot for a different ﬁ
and at a horizontal angle of 0° and 45°. The results of the lowest 5
branches are shown in Figs. 4.33 to 4.38. Only the lowest out-of plane,

(SH) mode can be identified.

4.4 -GRAPHITE-EPOXY FIBER REINFORCED COMPOSITE

In this section, the behaviour of dispersion curves for waves propa-
gating through two types of graphite-epoxy composites will be considered.
Graphite-epoxy composite has high strragth and high electrical resistance
and it can be used as thermal insulation in nuclear power plants. Since
the material constants change when the percentage of fibre in the composite

differ, a formula is provided by Datta [42], and is listed in Appendix G,



to calculate the material constants for the two types of composites used
in this analysis. The value of ¢ in the formula is used as a control,

If ¢ is different, other material constants for that type of graphite
epoxy composite can be calculated. The following discussion will be based
on two different values of E, namely, when ¢ = 0.3 and ¢ = 0.668. Similar
to the second example, the composite is modelled to be a two layer medium.
The first layer is the graphite fiber reinforced layer while the second

layer is the thin layer of epoxy.

4.4.1 Graphite-Epoxy Composite (i)

For c = 0.3, the material constants are calculated according to the
formula in Appendix G. For convenience, these values have been tabulated
in Table 4.3. In this section, two different ratios of thicknesses
between the reinforcing layer and the matrix layer are considered. The
two ratios are

d=14.0and d = 9.0

The parameters used in Section 4.3 are used here for graphical
presentation. For d = 4.0, the frequencies are proportional to k from
0 to as far as 0.09 which is equivalent to a wave length of 44.4 h(z)
(Fig. 4.39-4.42). 1In these figures, attempts to differentiate the
propagating waves into SH, SV or P modes are not carried out. Therefore,
only the lowest 3 branches, irrespective of modes, are plotted. For the

waves travelling on each plane, only one representative direction of
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propagation will be considered. For example, when waves are propagating
on the x-y plane, the direction of propagation is taken to be 45° with
respect to the x-axis [0 = 0°, ¢ = 45°]. This is shown in Fig. 4.39.

In Fig. 4.42, the arbitrary direction of the propagating waves through
the medium is chosen to be at o = 45°, ¢ = 45°.

Fig. 4.43 (a = 0°), Fig. 4.44 (o = 45°) and Fig. 4.45 (0 = 90°)
shows the lowest 3 branches plot for the variation of frequencies with
respect to the value of ﬁ for a constant value of k. It is shown in
these three graphs that for k = 1.0, the frequencies of the lowest three
branches are independent of N. This is due to the fact that the waves
are propagating along the epoxy layer which is the isotropic layer.

Fig. 4.46 (00 = 45°) shows the characteristic variation of Q with
respect to k for this graphite~epoxy composite.

For d 9.0, Figs. 4.47 to 4.50 show that  is proportional to k if

It

k is smaller than 0.04. This shows that when the thickness of the rein-
forcing layer increases, greater dispersion of the propagating waves is
observed.

Figs. 4.51 to 4.54 are similar plots to Figs. 4.43 to 4.46 for d = 9.

Similar behaviour is observed.

4.4.2 Graphite-Epoxy Composite (ii)

For ¢ = 0.668, the material constants are calculated and tabulated
in Table 4.4. Two ratios of thicknesses d = 4.0 and d = 9.0 are
considered. The parameters used in the graphical presentacions are
similar to that of Section 4.4.1. Figs. 4.55 to 4.70 plotted using
the same parameters as in Figs. 4.39 to 4.54 correspondingly. The general
behaviour of the dispersion curves are the same as in Section 4.4.1. The

only difference is that the waves are travelling with a higher frequency.
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4.5 COMPARISON OF THE THREE METHODS:

(Effective Modulus, Effective Stiffness and Finite Element Method.)

In analyzing for the first branch of the frequency spectrum using
three layered tranversely isotropic sphere, Fyre [41] compared hig results
using the finite element method, with that obtained by the Shell theory.
He showed that for a soft middle layer, the shell theory produce much
higher values than the finite element method. To verify this point,
the same material properties he used have been reproduced here. They are
listed in Table 4.5. Three types of matrix layer will be used. The
first type is a very soft layer whose material constants are about ten
times smaller than the reinforcing layer. It is designated as 2-i. The
material constants, for the second type designated as 2-ii, are abbut
half of that of the reinforcing layer. For the third type, 2-iii, it is
of the same material as the reinforcing layer. Only two-layer periodic
medium similar to those in Chapter 2 and Chapter 3 is considered here.
d is taken to be 0.6 and the periodicity is equal to 4 for all three
cases. The results of the dispersion relation using the effective modulus
[Chapter 3.2], effective stiffness [Chapter 3.3] and finite element
[Chapter 2] method are obtained with the aid of the computer programs in
Appendix H, I and J. The phase velocity, B, vs wave number, &, plots of
the results are shown in Figs. 4.71 and 4.72.

Fig. 4.71 shows the SV mode for waves propagatingAalong the x-axis.
It is shown that when using matrix layer 2-i, there is a large discrepeacy
between the three methods. The effective stiffness method produces a
higher value than the other two methods, even for a small wave number.
This discrepency decreases when matrix layer 2-ii is used. For matrix

layer 2-iii, there is no difference in the results obtained by the three
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methods. This is because for the effective modulus and effective stiffness
method, the dispersion relations are formulated by applying an averaging or
smoothing operation through the media. This operation has been discussed in
Chapter 3. As the difference between the layer stiffnesses increases, it is
understandable that the first two approximate methods will yield a result that
is farther away from the exact value. Finite element method is subdividing
the media into smaller laminae without averaging, the material properties of
the laminae. Interpolation functions (Eq. 2.6) are used to ensure compati-
bility of the laminae. Therefore, it is reasonable to assume that it should
yield a better approximation to the exact value. In Ref.[33], it is shown
that for isotropic material, the present finite element method is in agree~
ment with the results obtained using the theory of elasticity. Therefore,
it can be concluded that the finite element method should be used instead
of the other two methods if the matrix layer is too soft when compared with
the reinforced layer (y > 10).

Fig. 4.72 shows a similar plot but for the SH mode. The same

conclusion can be deduced.

4,6 CONCLUSION

A finite element method has been presented in this thesis for the study
of harmonic waves propagating in a layered composite medium. This approximate
method utilizes the interpolation functions, satisfying the continuity of
displacements and tractions at the interfaces of a periodically laminated
composite medium, and Floquet's theory. The formulation of the dispersion
relations is based on a three-dimensional analysis of the harmonic waves
propagating in a periodically layered, anisotropic, infinite body. However,

the method can be readily applied to any two-dimensional analysis. Two-



- 54 -

dimensional analysis is applicable only to harmonic waves travelling in
isotropic or transversely anisotropic media where the plane-strain and
antiplane strain motions are not coupled. However, the composites for
practical applications can seldom be modified to be transversely anisotropic
materials. Therefore, the proposed three-dimeasional analysis should be
used. To assess the accuracy of this proposed method, comparison to the
effective modulus and the stiffness method were carried out. It is shown
that the finite element yields better approximations than the other two
methods (Fig. 4.1 to Fig. 4.6). For two-dimensional analysis on isotropic
materials, the present method yields excellent results when compared with
that obtained by using the theory of elasticity (Fig. 4.1 to Fig. 4.4).

The dispersive hehaviour of harmonic waves propagating through fiber-
reinforced boron-aluminium composite and graphite epoxy composite are also
presented (Fig. 4.7 to 4.70). Both composites are modelled as a layer of
anisotropic reinforced material and a layer of isotropic matrix material.
Ref. [37] has shown that for the plane-strain analysis of a wave propagating
in fiber-reinforced boron-aluminium composite, the analytical results
obtained from the present finite element formulation agree with the
experimental observations.

At present an analytical solution for waves propagating through an
anisotropic laminate is not available. Therefore, an approximate method
(finite element method) to solve such problems is proposed. Due to the lack
of numerical results in the same research area in literature, it is hoped
that the results presented in this thesis can serve as a bench mark for

further approximate theories.
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APPENDIX A

By using third degree approximation and interpolation, the functions

U VI and W_ can be derived. This is done in order to satisfy the stress

1’ I

and strain continuity.

Using the interpolation functions, U., V_ and WI can be expressed

I’ 1

as:

Up = £1(npuy + £(npduy + £5(n;dug + £,(n; ),

<
1

1= 51(ndvy + Ey(nydvy + £4(n vy + £,(n))v,

=
[

1= £1(ngdwy + By (ndwy + £4(n vy + £, (0w, (A-1)

1, 3

where fl(ni) = Z—(Z 3ni+ ni)
1 3

£,(ny) = 7 (2-3n, ;)

(L)
h 2.3
A (1 ng ni+ni)

[

fB(ni)
(1)
_h 2, 3
in which ny is the vertical local coordinates with the property

. . Y.
(l)< y(i) < h(l); -1 ng < 1. or n; = hz%>.

-h
u, v and w are function of x and z and are the nodal
displacements of the i, i+l node [Fig. 2.1].
The deriviation of fl(ni), fz(ni), f3(ni), and f4(ni), is given in mos

finite element textbooks. It is also derived in Ref. [43].
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For a particular lamina, the relevant stress-strain relations are

/ N\ -] N
(1) D D e
Oxx 11 12 13 XX
(1) - (1) (1) (1) (1)
So%y P = |2 Cy3 < Gy >
(1) (1) (1) (1) (1)
Oz J C13 C23 C33 €22
1 (D (W)
dyz 44 sz
€5 NN ¢ ST €5
%%z 55 Txz
@ (D @
Oky 66 ny
where C§§) is the elastic constant of the (i)th layer
(1) | .
Exk 1S the normal strain in k-k plane
(1),
Ypn 1S the shear strain in m-n plane.

It is known from the theory of linear elasticity that

. U v oU
L) ; 1) .
XX ox Xy ox Oy
. ov oW \Y
B T @) b1
yy 0y Yyz 3y Bz
. oW dU oW
1) ; 1) _ r 1
zz 0z yzx 0z 0x
let o(i)[ o, ;
Yy h=_1 1
o(l)’ X ;
yx n:..l 1
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oU v
(1) _ o @ M,
Then oo ” =C' =  t % o €23 az
o o (1) (EEE. + EEL)
VX 66 oz ox
v
SCURPY COR S 4
yz 44 oy oz

In order to satisfy the stress continuity at the interface between two

consecutive layers, the evaluation of cyx’ oyz and Uyy at the boundary nodes

is required. With reference to Fig. 2.1, the boundary nodes are at ng = -1
=”+1.
and Ny
For the I (superscript (i)) lamina and the i node
ov
(1) (L) reeoo 1
Oyx = Cgg [£3C-1) ug + =]
'f]i =
ov
(1) 1, _
=Cee [u3 * 3571 = x4
X oV
thus u3 (1) a—x——)
66
ov
(1) (1) 2
o = C [u, + ] = x.
yX o=+ 66 4 dx i+l
X ov
- i+l 2
thus u, (—=< (1) 5;—)
66
Similarly,
(1) - (i) (1) (i) ! -
% e o1y m* o V3t G35 =9
i
ou ow
_ (1) 1 (1) 1
thus, vy = (1) [og = C12" 5% = O3 57

22
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(1) (1) (1) (i> -
yy T % 2+ Caa” vy + Cos az = 0y
ni—+1
u
1 (i) (i)
Vo oD a7 G ax - €3 52 ]
22
dv
(1) (i) 1y -
and 0yz = C44 (w3 + dz ) Ti
ﬂi=‘1
T ov
i 1
thus, Wy = (C?I)- 6;—0
44
ov
(1) (1) 2
o (w, + —) = 1,
yz ni=+1 44 4 oz i+l
- Ti+1 avz)
Yy C(1) dz
44

Realizing that subscript 2 above is refering to the i+l node and by

letting i+l = j, the components of displacement equations become

X 5Vi an
I = f (n ) u, + f (n )u + f (n ) (1) 5;—] + f (n )[C(l) 5;_]
66 66
2% (@
Y1 ng) R (ngdv 5 (np ?17(0 125 ~C23 Bz M () (1)(“
22 22
ow
(i) (1)_3
12 bx C23 dz )]
Ti avi T 6Vj
Wy = £y(ng) vy + £ylngdwy + £5(np)I (D7 5 ] + £, (n, )[c(l) =]

Cis 44
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In the derivation of the potential and kinetic energy (see Appendix
C) several integrations involving the interpolation functions are con-

sidered. These integrals will be summarized below.

1
(A) The evaluation of the integral f {f} {f}T dn can be given by the
-1

symmetric matrix [A], as shown:

All =  78/105 H A, = 9/35

Ajy = 22h/105 ; A;, = -13h/105
A22 = 78/105 H A23 = 13h/105
A24 = -22h/105 5 A33 = 8h2/105
A34 = -6h2/105 5 A44 = 8h2/105

(1
(B) The evaluation of the integral J_l e E,FF dn can be given by the
symmetric matrix [B] as shown:

311 = 3/5 ; B, = -3/5

Big = h/10 ; B14 = h/10

B22 = 3/5 5 323 = ~h/10
B,, = ~-h/10 By, = 4n’/ls
334 = —h2/15 5 344 = 4h2/15

1
(C) The evaluation of the integral f {f} {qu dn can be given by the
-1

skew-symmetric matrix [D] as shown:

D, = -1/2 : D, = 1/2
Dy = h/5 ; D, = -h/5
D,, = 1/2 ; D,, = -h/5
Dy, = B/5 ; D33 = 0
D34 = —h2/15 3 D = 0

44



APPENDTIX C
EVALUATION OF THE INTEGRAL IN ENERGY EQUATION

(EQ. 2.10 OF CHAPTER 2)
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1 -
(A) The evaluation of the integral f_lU i) dni can be gine by the matrix [U]

whose coefficients are:

*
U1 "4 s Uy g = Ay3/C
Up,3 = 7ikA), s U T A,
= . = ~-jk A
U8 = A147Cs s Uye T TiRAL
U, . = A, /C . U, . = -ik A, /C’
2,2 “33' %66 ; 2,3 7 %™33 %
2
Up,7 = 423/Cg 3 Uy g = Ag,/C
U2’9 = - ikxA34/C66 ;
U, . =K A .U, . =ik A
3,3 “x 733 ’ 3,7 k™23
U3 g = tkyAq,/Cq, b Uy g = kAg,
U7,7 = 42 s Uy g = A C
Uz,9 = ~ik Ay,
U =4 Jc? s U, . = -ik A, /C
8,8 44’766 ’ 8,9~ T x"44'%66
\ |
Ug g = ky Ay

Notes: For the above coefficients of [U]
i) 1 = J -1

ii) [U] is a Hermitian matrix

1i1) the rest of the coefficients that are not listed above are
all equal to zero.
The notes applied to all other integrals unless specified otherwise.

1 -
(B) For the evaulation of the integral f—l u' u' dni change [A]ij of U to

[B] -

*Matrix [A], [B] and [D] are given in Appendix B.
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1 -
(C) The evaluation of the integral f—l vV dni, can be given by the matrix

[V] where
—kZA - ——
Vi1 T kgAg3 Cpp/Cyy 5 Yy g = dkedgg Cpy/Chy
, 2 ) 2
Vi,e = AkAg3 Co/Ch 5 Vi s = Rk Ay €15Cy3/Ch,
2 2 2
Vi, 7 TRPas Cp/Cp 3 Vg =ik Ay, Cpo/Ch,
2
Vi T kA3 Cp/Ch 5 Vg T KK Ay C12023/C
Va3 T A s Vg, T ARG,
= e . = e C
Vi s kA3 €3/Ch 5 V54 Tk Ay €127,
V3,9 T Ap s V390 T 81470
Vaqp T Tik,Ay, Cpg/Cyy s
v = A /C2 ; v = -ik_A
4,4 33/Cy ; 4,5 = "ik Ag; 23/022
— 2 - -
Vi, 7 T TikgAg, Cpp/Chy 5 V4 g = Ay3/Cy,
v - a,,/c s = ~ik_Aq, Cyy/Co
4,10 34/C2 ; 4,11 34 C23/Cyy
v = k2a,, c2./c sy =k kA Cn/C2
5,5 2833 C23/Cp 5 5,7 = KgKpB3, C15Cy3/Cyy
, 2
Vsg = kAy3 Cpa/Chy 5 Vg 1 = ik Ag, Co3/Chy
v - ks, 2 /c .
5,11  "z34 237722 ’
2 2 2 ,
V7,7 TRAL CpfCy 3 Yy g = kA, Cpy/C,
v - ik A, C./C5 5 ¥ =k k A /2
7,10 )44 “12'%22 7,11 T KeRoAus C12Cp37Cy)



Vo9 = Ay s Vg 10 T 8947y

Vo,11 = Tik,Ay, Cpg/Chy

v = A /c.? s = =ik A,, C../c>
10,10 44'C22 5 10,11 2844 C237C9

v = k%, c2./c?

11, 11 z 44 723" 722
l -
(D) For the evaluation of the integral f—l vt v dni, change [A]ij of [V] to
(8], |

1 -
(E) The evaluation of the integral f—l WW dni, can be given by the matrix

[W] where
W33 = ki A3 s Wy 5 =k A,
W36 = 1k A33/C,, 5 W39 = k§A34
3,11 T kA, s Vg1 = kAL,
"s,5 T A P Vs T A0,
Wg g = ik A, A5 11 T A,
Ws 12 = A147C,, ;
W = A /C2 ; W = -ik A, /C

6,6 "33/ 6,9 34/ C44

We,11 = A23/C44 s Wg,12 T A34/C24
W90 T kA, s W gy = ik Ay,
Wo 19 = TkA,,.7C,, ;
¥11,117 422 S V1,107 294 7C

2
W12,127 A44/Cu4
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1 -
(F) For the evaluation of the integral LIW' W' dni, change [A]ij of [W] to

[B]

13.
(G) The evaluation of jil(U V' - V'ﬁ) dni can be given by the matrix [UV] as
shown

Wip = 21k, Dy Cy/Gh,

Wya = kg Dyg Gy T,/(Cyy Cpp)

Wys = (ki D33 C19/Cy = D) Ty

W T D/,

Wys T ik, Dy C0C,

Wi,z = 3k Dyg Cpp/Ch + 1k Dy, €157C)

Wis = ik Dy, Cpp/(Cy5C¢6)0

Wy = kz D34C12/Cyy = Dy

W0 T P/Cy,

Wi T ik, Dy, Cs/Cy

W3 = Di3/C

Wo,a = D33 T1/(Cy, Cge)

Wy,s = 1k, Dgq CyqT /(Cyy Ced

Wy,7 = kg Dy, C1p/(Ch, Cp)

Wy = Dp3/Cy

Wy10 = 3,7(C, Cgf)

Wy, 1 = 1k, Dy Cya/(Cyy Ceod



3,3

3,4

3,5

UV, 5

,
3,8
3,9
3,10
3,11
4,7
4,8
4,9
o,
Ws g
Ws g
7,7

UV 8

v, 4

W10
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2 ik D
1 x 13

-ik D C
1 x 33T1/ 2

k&, P33 Cy3

2

1

T
/c22

= Dyy = ky Dy, Cpy/Cyy

—D14/C66

ik D
x 14

- D
ikx 34/c

-k k D
X z 34

/

D23 CZZ

22

C
23

/

D3,/(Cyy Cee)

D
ikx 34/C2

ikz D23 C2
-ikz D34 C
-k k D

X z 34

2 ikx D24

ik, Dyy Cpp Ty /(C

2
/

23
c
23

C12

/

/

+ ik D
X

23

c
22

3 C22

/(€256

C
22

C22

)

22 C66)

kz D C
(ky Dyy C13/€pp = Dyy) Ty

'D24/C22



W T
uv =
8,9

Wg 10 ~

W1 ~

Wo,9 =

Wo 10 =

Wo 11 =
where T1 = 1.0
and [UV]ji is the negative
(H) For the evaluation of

1

(I) The evaluation of f—l
as:

1,3

1,6

1,11

2,3

2,6

2,11

3,3

3,6

3,8

~-ik_ A
z
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C
z D24 23 C22

DZA/CG6

=D

4 T /(C,,C_)

22 66

T /(022066)

44 23
2 ikx D24

/c22

T /CZ2

-ik D44

Rk, Duy Cog

of the conjugate of [UV]iJ

f (vu' - u' V)dn , set T
-1

, = ~1.0 for [uv].

(Wﬁ + Uﬁ) dni can be given by the matrix [UW]

13 ; 1,5 11

= A413/C, ; Wie = 7ikA,
=4 ; Wy 12 = 4470,

= dk,Ay/Ce Wy 5 = A15/C

= A33/(Culeg) Wy o = 7ikAq/Ce
= Ay3/C¢¢ . Wy 12 = A347€C4C 66)
= 2 kyk,Agg 5 W3 5 = dkA

= 1k Aq5/C,, ; Wy 7 = ikAy

= kA3 Cep ; Wi g = kKA
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Wy 1 = tkehys ; Wy 1y = Ik Ay, /C,
Ws 7 =4 ; Ws g =447
W g = —ik Ay, ;

We,7 = 83/C,, 5 We g = A347(C,,C5)
W o = =ik Ay /C,, :

Wye 77k A, ; W1 T4

Uy 12 =870,

Wg g = 7tk A, /Cee ; Wg 11 = 2247C6
Wg 12 = 8447(C4,C066)

Wg g = 2k AL, ; Wy 11 = tkhy,

W 1o = Tk A,7C,,

>~

1 - - .
(J) The evaluation of f—l (W V' = V'W) dn, can be given by the matrix [WV]

as shown
WVp,3 T ReKDagCipTy /Gy s
Wy s = ik.D14C5/Ch, s Wy g = AkDaaC Ty /(o€ L)
W9 = TRGE,DP3,C15/C bWV gy = 2k D070,
Wy ,12 = THGD5,C1,57(C50C,,) ;
Wy 3 = 2ik D4 s Wy, = ik DglT/Cy,
Wy 5 = (D - kgDa3Cas/Chp) T



3,6
3,7
3,10
3,12
4,5
"a,9

4,12

6,10
7,9
7,11
9,9
9,11

9,12
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‘D13/C44

kK ,D3,C107C,

—ik D4, /Cy,

D;4/Cyy

Dy4/Cy,

ik D4, /Cyy

D3, 7(Cy0C,4)

2ik D, 4C,4/Cy,

ik Do4C,.T,/(Cy,C,,)

22 44

1k D14C15/Cyy

1,/Cy,

Lk, D)3C)3/Cy,

-ik D_ C

z 34 23/(C €44?

22 44

ik D, C../(C

x234C127(C29C44)

D3, /(CynC44)
kk,D44C10T1/Co)
ik D

x224C12/C22

ZikzD24

—kz D,,C../C..OT

(Dyy7k, Dy Cp3/Ce0)Ty

= -D,_,/C

24" 44

3,9

3,11

4,6

5,9

+ ik D_C__/C
z 14 23/ 22

6,9

6,11

WV

9,10

4,11

7,12 *

= ik D

+ ik
z 14 zD

23

- kz D..C../C

= Dyp 7k, DguC04/C,,

2
= Dyy ~ Kk, Dg,Cnq/Cy,

= D,3/C,,

= ik D_,C

22348237 (©5C 44

2244

1k, DysC1pT1/(Co9Chy)
= ik D, T,/C,,
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10,11 7 P24/C22 ; Wi0,12 = TP4sT17(C0C )
Wii,11 = 2Kk,D,,C53/Ch
Wi1,12 = 1K,D4C03T1/(CopChy)

where T1 = 1.0

and [WV]ji is the negative of the conjugate of [WV]ij.

(K) For the evaluation of fil(Vﬁ' - WV')dni, set T1 = -1.0 for [WV].
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" APPENDIX D
For a structural problem of dynamic nature,
: 2 . :
{p} = [¥] {U} - w® [m] {u} (p-1)

where '{P}

[

member forces

[k] = elemental stiffness matrix

W = circular frequency

[m] = elemental mass matrix

{U} = vector with unknown quantities
Equation D.1l can be written as

{2} = {1x] - & [m]} {u} (0-2)
Let [S]ig) = [k]gg) - wz [m]iﬁ) where superscript denotes layer number

[S](q)ls called the impedance matrix.

By assembling these elemental matrices [S](g;, the following is obtained:

™ - \
s ) [
S11 512 Y1
(l) (1) (2) (2)
So17 830 t 5177 Sy, U,
(2) (2) (3) (3)
Sp17 Spp” *t 8117 8y, { U3 F
(3) (3) (4) (4)
So1 592 511 519 Yy
. (4) (4)
) Sy17 Sy
- ) J
- —

If the equilibrium of joint 2 and 3 is considered,

(1) (1) (2) (2) _
up + 08,57 + 877 1w, + 8757 ug =0 (D-3)
and
(2) (2) (3) 3) -
s21 + [s + s Ju u, + 512 u, = 0 (D-4)

are obtained.
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Using Floquet's Theory, we obtain uy =y * F

Y T
ik d
where E = elky is a constant,

Substituting these values of u3and u, into Egs. D-3 and D-4, we

obtain:
sg7 uy + 180 + 5Py + D@ w) =0 (-5
éi) u, + [5(2) + S(3)](Eu ) + sig) (B uy) = 0 (D-6)

After rearranging Eqs. D-5 and D-6 can be written as

[S(l) + ES(2)] +[S(l) + S(z\

(o]

Ju,

@ | 5Dy o

£ [s(z) + 5(3)] L #1582 + Es

Thus, by this assembly process, the same number of equations as the

number of unknowns can be obtained.



APPENDTIX E
EVALUATION OF EULER EQUATION

(EQ. 3.43 OF CHAPTER 3)
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In the effective stiffness method, the 12 dependent variables can be
derived by coordinating a system of Euler equations which were written as

g 9 [3(Tk—vp—xlsl—xzsz-x383§_ RSN Bl i U (E-1)
ro1 99, 0 (afs/aqr) st

where fS represent the twelve dependent variables

f m f m f m
@, v, w’wZX’ 1P2x’ 11)237.’ lp2y’ w2z’ w2z’ Al’ A2’ AB)

and q. are the spatial variables x, y, z, and time t

(1) For fs = U, the Euler Equation become:
D, OF F .0 . OF . 8F 3 . OF . BF_ 3 . OF  _ OF _
5% 5(5079%) 50 T 3y 3tau/an )T 3w T 3z Seu/e )T w0t e Boumn !t 5wt O

where F = Tk - Vp - Alsl - AZSZ - A3SB

%% = 0, using the notation 5§~= 81,-53 = 82, Sg-= 83, the equation
OF OF OF 3 ,OF
become: 3, [z ] + 8, [mrem ] + 3 [mre ] + == [25] = 0
1 B(BlU) 2 3(82U) 3 8(83U) ot o~
( T
k = 0
B(BlU)
d EXE——— = ¢t +@-n)c® } (3, u) + cf vt 4 [nct +a-n)c™ JERY
1y 3(s,0) Mo 81 (9 ME127gy T INC g7 UNIC 5103
m . m
+ (1-m) Clzwzy
BAlSl ) BAZSZ ) BABSB - o
a(alu) a(alU) a(BlU)
OF _
50 = ©
"
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=0
B(BZU)
oV,
5. S acg n =0
2 | %%
Bllsl . 8%252 i 8A383 o
. 8(82U) 1 B(SZU) BCBZU)
4
E?ﬁi_ =0
B(BBU)
EXR_ f m 1
Bklsl ) 3%282 ) 8A353 o
L 8(33U) 8(83U) 8(83U)
-
oT
0 k _ K
ot < BI.J - pc u
BYP ) axlsl ) BXZSZ ) 8k383 6
U U 30 50

Then, the Euler equation becomes
f m f f f m m m
={nCy+@-mCyy b 9y 10mnCy 095 - NGy g+ (A-m)Cy 5} By gW-(-n)Cy, B vy
f m .
=34 - AnC A (I-mCy b {8,U+a, W) + 0 B =0

or
m o

f m
551 9330 + {[NC g+(1-n)C, 4]

f m f
{ncll+(1-n)cll} 8,40 + {n055+(1—n)c
+inct +a-mc®™ 1t o w + neko w4 a-md™ oyt
55 551 “13 12°172y 12°172y

(E-2)

The other 11 equations can be derived in a similar way.
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"APPENDIX F
Omitting the superscript (i) for the (i)th lamina and defining

= f - 2 —-
Q, =nc._+ @-n éﬁn where n = 1, 2...6

-f m
Q7 =71 013 + A ~-n) C13

[Sp] is a 12 x 12 Hermitian matrix whose non-zero elements are given by:

1,1 = ‘ki Q - ki Q5 - o, w?
51,3 = “kk, Q Q

SE,S = ikxn sz

sg’g = ik (1 - n) ci?

51,10 = S12),11 = 85,15 = "1k
55,2 "ki 23 kj Q- ° w?
85,4 B ikxn C£6

53,5 = ik (1 - n) 026

35’6 = ik c£4

S5,7 = ik, A -m ¢,

53,3 ~ K 05 - k. 0y - b, W
85,9 = ikz (1 -m C?3

Sp6 =" " dﬁ kK, Icf3 + C§53
sP = gP - gP -n

4,10 © 6,12 T °g,11 "
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55,5 = 7 a-m 4 I ¢l * kﬁ C5s) = (1= m) G - o, w°
S5,7 ° '% a-m e K, 10}, + 5]

55,10 = 9,12 " 89,11 = ~(L = )

%6 "2 ;”df i, Cgs + K, O] - N Chy - P U’

53,7 =;E§(1 R . Cou™ P W
Sg,s = - 1% n d Ik c£6 + k2 CLJ 52 - P, w?

53,0 =3z (L= ™ dp [k Cpg + K2 GT - (o) Gy = 0o u”
£ denotes the reinforced layer

m is the matrix layer

Cij is the material constants of the layer

kx’ k , kz are the components of wave number in the x, y and z-direction
w is the angular frequency

n is defined in Eq. 3.25 s N = m

o] is defined in Eq. 3.38 pC = npf + (1 -1n)p
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FORMULA TO CALCULATE THE MATERIAL CONSTANTS

OF GRAPHITE-EPOXY FIBER-REINFORCED COMPOSITE
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" 'APPENDIX G

The material constants of graphite~epoxy fiber-reinforced composite

are given as;

11

C13

Cy2

Co3

EL + 2 vLT C13

Clro = 2 Vpp Ky

33 ~ Kp U

(@]
[

lateral modulus of elasticity
Poission's ratio

Bulk's modulus

transverse shear modulus

lateral shear modulus

The constants EL’ KT’ ULT’ UTT and vLT are determined from the properties

of graphite and epoxy.

Epoxy matrix is isotropic with properties denoted by subscript m.

Its material properties are given as:

L]

5.35 % 10°  N/m?
6.06  * 100 N/w?
1.95 % 100 §/m?

0.353
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The graphite fibers layer are transyersely isotropic with properties

given by the primed quantities,

!
EL

Kp
.
M
1
Hpp

1
Vi

= 2,32 * 1011 N/m2
= 15.0 * 109 N/m2
= 24,0 * lO9 N/m2
= 5.02 * lO9 N/m2

0.290

With these properties of graphite and epoxy, EL’ KT’ Hpms Hoprp and

vLT can be obtained using the following relations.

Dy

U

1-c¢ c 1
" +-1_<_—+]J
m m 9
4e(l-c) (V! - Vv)
__' - ] LT m
Em (1 c) + ¢ EL + Dl
1 1
c(l-c) (v!' -v) ® "k
v (l-c) + c V! + el Bl VI S
m LT D1

- 1
_— c(Km + um) (KT Km)
—_ ' 3
m (1-8) KT + cKm + u

- _—
2e (R +u ) (Upp = W) )

= _ .
Kmum + (Km + Zum) [cum + (1-c) “TT]

1+

1
Hip /My

1’+ c(n-1)/(nt+1)

M

1 - c(n~1)/(n+l)

In the above relations, c is a constant value that can be chos'n to

determine the various material constants for different types of graphite

epoxy fiber reinforced composite. ¢ is chosen to be 0.3 and 0.668 for the

two cases of presentation mentioned in Chapter 4. The computed material

constants are shown in Table 4.3 and Table 4.4 respectively.
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10. €
20. C **************************************************************
30. ¢ * *
40. ¢ * EFFECTIVE MODULIS METHOD *
50. € * PROGRAMMED BY *
60. C * JOHNNY K.T. YEO *
70. € * THE UNIVERSITY OF MANITOBA *
80. ¢ * DECEMBER, 1982 *
90. C * *
100. € **************************************************************
110. C

120. C NOTES :

130. € 1) ALL INPUTS ARE FORMAT-FREE.

140, ¢ 2) NLAYER, IPRINT,NKBAR,NPHI ,NALFA ARE INTEGER VALUES

150. € 3) H,C,RHO,KBAR ARE REAL

160, €

1700 € vvvennnnnnnenns Cieerrrenenes Chesieaeeanes eeeen Chereanan Ceerea.
180. €

190. ¢ INPUT DESCRIPTION

200. €

210, € ...t e te et ettt ta et e ettt htenenteneenas . e

220. C

230. C A. START CARD - ONE CARD FOR NLAYER AND IPRINT.

240. ¢ % NLAYER = NUMBER OF LAYERS

250. ¢ * IPRINT = NUMBER OF SETS OF VECTORS AS OUTPUT

260. €

270. ¢ B. MATERIAL PROPERTIES CARD - NLAYER OF CARDS FOR :

280. ¢ H{1),Crr () ,c12(1),61301),c22(1),c23(1),

290. € C33(1),Chk (1) ,C55(1),C66 (1) ,RHO (1)

300. € * H(I) = LAYER THICKNESS

310. € * CJK(I) = MATERIAL CONSTANTS OF THE LAYER

320. € * RHO(1) = DENSITY OF THE MATERIAL

330. € * I =1 TO NLAYER

340, C

350. C C. BASIC CONTROL CARD - ONE CARD FOR NKBAR.

360. C * NKBAR = NUMBER OF WAVE NUMBER TO BE EVALUATED

370. ¢

380. ¢ D. WAVE NUMBER CARD - AS MANY CARDS AS REQUIRED FOR KBAR.

390. ¢ % KBAR(J)= VALUE OF WAVE NUMBER

400. ¢ * J = 1 TO NKBAR

410. ¢

420. ¢ E. ANGLE CONTROL CARD - ONE CARD FOR NPH!

430, € * NPHI = NUMBER OF VERTICAL ANGLES

h4o, €

450, ¢ F. VERTICAL ANGLE CARD - AS MANY CARDS AS REQUIRED FOR PHI.

460, € * PHI(K) = VERTICAL ANGLES IN DEGREE.

470, ¢ * K = | TO NPHI

480. ¢

490. ¢ G. ANGLE CONTROL CARD - ONE CARD FOR NALFA

500. C * NALFA = NUMBER OF HORIZONTAL ANGLES

510. ¢

520. C H. HORIZONTAL ANGLES CARD - AS MANY CARDS AS REQUIRED FOR ALFA.

530. ¢ * ALFA(L) = HORIZONTAL ANGLE IN DEGREE

540. € * L =1 TO NALFA

550. C

560. C

L L eereerteaans ettt Ceeeen

580. ¢

580. C OUTPUT DESCRIPTION

600. €

610. C R

620. ¢

630. C ZETA = DIMENSIONLESS WAVE NUMBER

640, C OM(M) = PHASE VELOCITY OF PROPAGATING WAVE



650.
660.
670.
680.
690.
700.
710.
720.
730.
740.
750.
760.
770.
780.
790.
800.
8i0.
820.
830.
840,
850.
860.
870.
880.
890.
900.
910,
920.
930.
940,
950.
960.
970.
980.
990.
1000.
1010.
1020.
1030.
1040.
1050,
1060.
1070.
1080.
1090.
1100.
1110.
1120.
1130.
1140.
1150.
1160.
1170,
1180.
1190.
1200.
1210.
1220.
1230.
1240,
1250.
1260.
1270.
1280.

nnnnnnnnnnnnnnnnnnn

OO0

sl e RN Nelel [aN=Nel

00
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......................................................................

2 1

2.56 0.583 0.583 1.797 0.745 1.797 0.526 0.553 0.559 2.534
1.107 0.573 0.573 1.107 0.573 1.107 0.267 0.267 0.267 2.702
]

0.0

1

45

1

45

......................................................................

*%%xk DECLARATION Rkkk

INTEGER L1,L2,L3,N1,N2,N3 :
REAL*S Pt.H(z).c11(2).c12(2).c13(2).c22(2),c23(2). 7

C33(2),Cbh(Z),C55(2).C66(2),RHO(2),ZETA(20)

"REAL*B KHBAR,XK.XKZ.ZK,ZKZ.YK.YKZ.KBAR(20),PHI(lO),ALFA(lO)
COMPLEX*16 A(3.3).B(3.3).£|GA(3).£|GB(3).on(s).

OMSQ(3) ,Z(3,3),WK (3,6) ,CIMGG, ZERD

ZERO =(0.0,0.0)
CIMGG={0.0,1.0)

P1

=l . XATAN (1.0)

kxkk% MAIN LINE PROGRAM kkkki

30
3
20

CALL TRAPS (99999, 99999, 99999, 99999, 99999)
THIS SUBROUTINE WILL TRAPS ANY NUMBER APPROACHING ZERO

READ IN NUMBER OF LAYERS

READ, NLAYER , IPRINT

READ IN PROPERTIES OF EACH LAYER

READ, (H(l).Cll(l).CIZ(I).513(1).C22(l).C23(l).C33(U|

Chk(l).C55(l).CG6(I).RHO(!),I-I,NLAYER)

‘PRINT 10, NLAYER
FORMAT ('1'////,k0X, 'NEMBER OF LAYERS =',3X,12/////,1X,

"LAYER PROPERTIES %'//)

DO 20 i=1,NLAYER

CONTINUE

PRINT 30, I,H(1),C11(1),C12(1),C13(1),c22 (1)
PRINT 31,C23(1),C33(1),Chh (1) ,C55(1) , €66 (1) ,RHO (1)
FORMAT ('~', 'LAYER=',12,2X,'H =',G16.8, 'C11=",616.9,

'Cl2='.616.9,'ClS-',GIG.Q.'CZZ-'.G]G.Q)

FORMAT('O'.BX,'C23-'.616.9.'C33-'.GIG.9,'Cbh-',GlG.B,

'CSS-',GIS.B.'C66-’,G)6.9.‘RHO",G!G.S)

BBAR = H (1) /H (2)
CllBAR-((DBAR*ClI(])+CII(2))*(C22(|)+DBAR*C22(2))
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"1290. . -DBAR% (C12 (1) -C12(2)) **2) / ( (1+DBAR) * (C22 (1)
1300. . +DBAR*C22 (2)))

1310. C12BAR=(C22 (1) *C12 (2) +DBARXC12 (1) %€22 (2) ) /

1320. . (C22 (1) +DBAR%C22 (2) )

1330, C13BAR=((DBAR*C13 (1) +L13(2)) % (C22 (1) +DBAR*C22 (2) )
1340, . +(C23(2)-C23 (1)) *DBAR% (C12 (1) -C12(2)))

1350. . / ((1+DBAR) * (C22 (1) +DBAR%C22 (2) ))

1360. C

1370. C228AR=((1+DBAR)*C22(l)*CZZ(Z))/((CZZ(1)+DBAR*C22(2)))
1380. C23BAR-(DBAR*C23(])*C22(2)+C23(2)*C22(l))/(C22(1)+DBAR*C22(2))
1390. C

1400. C33BAR= ((DBARXC33 (1) +C33(2)) % (C22 (1) +DBAR*C22 (2))
1410, . ~DBAR* (C23 (1) -C23(2) ) *%2) /

1420, . ((1+DBAR) * (C22 (1) +DBAR*C22 (2)) )

1430, €

1440, CthAR=(l+DBAR)*Cbk(1)*Chb(2)/(DBAR*Chb(2)+CAb(U)
1450, C55BAR= (DBARXC55 (1) +C55 (2) ) / (DBAR+1)

1460. c668AR-((1+DBAR)*c66(1)*c66(2))/(DBAR*C66(2)+C66(U)
1470. ¢

1480. RHOBAR= (RHO (2) +DBAR*RHO (1)} / (1.+DBAR)

1490. ¢

1500. C

1510. NUM =1

1520. PRINT 40

1530. 40 FORMAT ('0'///,5X,'THE EFFECTIVE MODULUS OF THE TWO LAYERS IS ')
1540, PRINT 30,NUM,H (1) +H (2) ,C11BAR, C12BAR, C13BAR, C22BAR
1550, PRINT 31, C23BAR,C33BAR,CL4BAR,C55BAR, C66BAR, RHOBAR
1560. ¢

1570. C

1580. READ, NKBAR

1590. DO 50 Li=],NKBAR

1600. READ, KBAR(L))

1610. ZETA(L1) = H(1)*KBAR (L1)

1620. 50  CONTINUE

1630, C

16L0. € **%%%x READ PH| IN DEGREE #dtk#s

1650. C

1660. READ, NPHi

1670. DO 60 L2=1,NPHI

1680, READ, PHI (L2)

1690. 60  CONTINUE

1700. C

1710. C *%xk%x READ ALFA IN DEGREE %###x

1720. €

1730. READ, NALFA

1740. DO 65 L3=1,NALFA

1750. READ, ALFA(L3)

1760. 65  CONTINUE

1770. ¢

1780. ¢

1790. DO 70 N1=1,NKBAR

1800. PRINT 75, KBAR(N1), ZETA(N1)

1810. 75 FORMAT ('~*',////,10%, 'KBAR =',F12.8,5X, ' ZETA="',F12.8//)
1820. DO 80 N2=1,NPH|

1830. ANGLE = PHi (N2) %Pi/180.

1840, KHBAR = KBAR (N1) %C0S (ANGLE)

1850. YK = KBAR (N1) *S|N (ANGLE)

1860. DO 90 N3=1,NALFA

1870. ROT =ALFA(N3)%Pi/180

1880. XK =KHBAR*COS (ROT)

1890, ZK = KHBAR%SIN (ROT)

1900, PRINT 100,PHI (N2) ,YK,ALFA (N3) , XK, ZK

1910. 100 FORMAT (' ',3X,'PHI =' F8.5,3X, 'KAPAY =',F10.7,3X,

1920. . 'ALFA =' FB.5,3X, 'KAPAX =',F10.7,3X,



1930.
1940.
1950.
1960.
1870.
1980. 22
1890. 11
2000. C

2010.
2020.
2030.
2040.

(@]

- 90 ~

'KAPAZ =',F10.7)
DO 11 Jy=1,3
DO 22 KK=1,3
A (JJ,KK) =ZERD
B (JJ,KK) =ZERO
CONT INUE
CONT INUE

XK2 = XK*XK
YK2 = YK*YK
IK2 = ZK*ZK

2050. C *kkkkk FORMULATION OF THE A MATRIX #*kkkii

2060.
2070.
2080.
2090.
2100. C
2110.
2120.
2130.
2140,
2150.
2160.
2170.
2180.
2190.
2200.
2210,
2220.
2230.
22k0.
2250.
2260.
2270.
2280.
2290.
2300.
2310,
2320.
2330.
2340.
2350,
2360.
2370.
2380. 125
2390. 120
2400.
2410,
2420,
2430. 140
2hko.
2450.
2460.
2470. 160
2480. 150
2k90.
2500.
2510. €
2520. 90
2530. 80
25k0. 70
2550.
2560.

(o]

GO0 (2]

(g N el

A(1,1) =-C11BARXXK2-C66BARXYK2-C55BARAZK 2
A(1,2) =~XKxYK% (C12BAR+C66BAR)
A(1,3) =-XK%ZK* (C13BAR+C55BAR)

A(2,1) = A(1,2)
A(2,2) =-C66BAR%XK2-C22BARXYK2-CL4BARKZK2
A{2,3) =-YK*ZK* (C23BAR+CLLBAR)

A(3,1) = A(1,3)
A(3,2) = A(2,3)
A(3,3) =-C55BARXXK2~Ch4BAR*YK2-C33BARKZK2

*kkxk% FORMULATION OF B MATRIX

B(1,1) =-RHOBAR
B(2,2) =-RHOBAR
B(3,3) =-RHOBAR

1J0B=1
1A =3
iB =3
12 =3
N =3
CALL EIGZC(A,IA,B,IB,N,1JOB,EIGA,EIGB,Z, IZ,WK
, INFER, | ER)
DO 120 M=1,3
OMSQ (M) =E IGA (M) /EIGB (M)
OM(M) =CDSQRT (OMSQ (M)) / (Chk (2) /RHO (2) ) %%0.5
OM (M) =OM (M) /KBAR (N1)
PRINT 125, M, OM(M)
FORMAT ('0',1X,12,5X,26G16.9)
CONT INUE
IF (IPRINT .GT. O) THEN DO
1v=1
PRINT 140, 1V
FORMAT ('0'//,1X,'M',10X, 'THE CORRESPONDING Z MATRIX'
' OF CELL ',11,1X,'1S :'//)
DO 150 K=1,3
PRINT 160, K, (Z(L,K),L=1,3)
FORMAT ('0',12,1X,3(2F10.6,1X))
CONT I NUE
IPRINT={PRINT-1
END IF

CONTINUE
CONT INUE

CONT INUE
sTOP
END
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10.
20.
30.
ho.
50.
60.
70.
80.
90.
100.
1i0.
120.
130.
14o.
150.
160.
170.
180.
150.
200.
210.
220.
230.
2ko.

260.
270.
280.
290.
300.
310.
320.
330.
3i0.
350.
360.
370.
380.
350.
hoo.
410.
420.
430.
Lo,
450,
460.
470.
480.
490.
500.
510.
520.
530.
540.
550.
560.
570.
580.
590.
600.
610.
620.
630.
640,

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

- 92 -

Kk ARKRIEKAIRKKKkKkKkkdkdkkkdkdikdkk ki kih ki kkikk ki

EFFECTIVE STIFFNESS METHOD
PROGRAMMED BY
JOHNNY K.T. YEO
UNIVERSITY OF MANTIBA

% % X ¥ ¥ N

*
*
*
*
*
KEKKKKKKAAKKIIKRKKKKRARKKK KRR A A Ik ok kkhhkhhhkdkdkdkkkhhkkdkdkkihirik

NOTES :
1) ALL INPUTS ARE FORMAT-FREE.
2) NLAYER, IPRINT,NKBAR,NPHI ,NALFA ARE INTEGER VALUES
3) H,C,RHO,KBAR ARE REAL

A. START CARD - ONE CARD FOR NLAYER AND IPRINT,
* NLAYER = NUMBER OF LAYERS
* |PRINT = NUMBER OFf SETS OF VECTORS AS OUTPUT

B. MATERIAL PROPERTIES CARD - NLAYER OF CARDS FOR :
H(),c1r(),c12(1),c13(),c22(1),c23(1),
€33(1),C4u(1),C55(1),C66 (1) ,RHO (1)

* H(1) = LAYER THICKNESS

* CJK(1) = MATERIAL CONSTANTS OF THE LAYER
% RHO (1) = DENSITY OF THE MATERIAL

* I = 1 TO NLAYER

C. BASIC CONTROL CARD - ONE CARD FOR NKBAR.
* NKBAR = NUMBER OF WAVE NUMBER TO BE EVALUATED

D. WAVE NUMBER CARD - AS MANY CARDS AS REQUIRED FOR KBAR.
* KBAR(J)= VALUE OF WAVE NUMBER
* J = 1 TO NKBAR

E. ANGLE CONTROL CARD - ONE CARD FOR NPHI
* NPHI = NUMBER OF VERTICAL ANGLES

F. VERTICAL ANGLE CARD - AS MANY CARDS AS REQUIRED FOR PHI.
* PHI (K) = VERTICAL ANGLES IN DEGREE.
* K = | TO NPH!

G. ANGLE CONTROL CARD - ONE CARD FOR NALFA
* NALFA = NUMBER OF HORIZONTAL ANGLES

H. HORIZONTAL ANGLES CARD - AS MANY CARDS AS REQUIRED FOR ALFA.

* ALFA(L) = HOR!ZONTAL ANGLE IN DEGREE
* L = 1 TO NALFA

D I R IR A AP AP secenen LI I I I N N I T T T N S SR P PO

OUTPUT DESCRIPTION

L I I I R R T se e

ZETA = DIMENSIONLESS WAVE NUMBER
OM (M) = PHASE VELOCITY OF PROPAGATING WAVE
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650.
660.
670.
680.
690.
700.
710,
720.
730.
740.
750.
760.
770.
780.
~790.
800.
810.
820.
830.
840.
850.
860.
870.
880. INTEGER L1,L2,L3,N1,N2,N3

890. REAL*8  PI,H(2),C11(2),C12(2),C13(2),C22(2),C23(2),

900. . €33(2) ,Chk (2) ,€55(2),C66 (2) ,RHO (2)

910. REAL%8 ETA,DF,DM,RHOF ,RHOM,RHOC, I FF, I MM, KHBAR,

920. . XK, XK2,ZK,ZK2,YK,KBAR (20) ,PH! (10) ,ALFA (10) , ZETA (20)
930. COMPLEX*16 A (12,12),B(12,12) ,EIGA(12) ,E1GB (12),0M(12),
940. . O0MSQ(12),Z2(12,12) ,WK (12,24) ,CIMGG, ZERD

950. ¢

960. ZERO =(0.0,0.0)

970. CIMGG=(0.0,1.0)

980. Pl =4, %ATAN(1.0)

......................................................................

......................................................................

.56 0.583 0.583 1.797 0.745 1.797 0.526 0.559 0.559 2
.107 0.573 0.573 1.107 0.573 1.107 0.267 0.267 0.267 2.

2
1
1

: 0.0
1
b5
1

*%k% DECLARATION *kkk

OO0 000000000
o
pod
Ford
(=]

1000. C *k*%% MAIN LINE PROGRAM kk&kx
1010.
1020. CALL TRAPS (99999, 99999, 99999, 99999, 99999)
1030. :

1040.
1050.
1060,
1070.
1080.
1090. READ, NLAYER ,{PRINT
1100.
1110,
1120.
1130. READ, (H(1),c11(1),c12(1),c13(1),c22(1),C23(1),C33(1),
1140, . Chb (1) ,c55(1),C66 (1) ,RHO (1), I=1,NLAYER)

1150. PRINT 10, NLAYER

1160. 10 FORMAT ('1'////,h0X, 'NEMBER OF LAYERS =',3X,12/////,1X,
1170. . 'LAYER PROPERTIES *!'//)

1180. DO 20 i=1,NLAYER

1190. PRINT 30, I,H(1),C11(1),C12(4),C13(1),c22 (1)

1200, PRINT 31,C23(1),C33(t),Chl(1),C55(1),C66 (1) ,RHO (1)
1210. 30 FORMAT ('=', 'LAYER=', | :,2X,'H =',616.9,'C1i=',G16.9,
1220. . 'Ci2=',616.9, C13=',616.9,'C22=',616.9)

1230. 31 FORMAT ('0',9X,'C23=',616.9,'C33="',G616.9, 'Chh=",G16.9,
1240, . 'C55=',616.9,'C66=',616.9, 'RHO=",616.9)

1250. 20  CONTINUE

1260. C

1270. READ, NKBAR

1280. DO 50 L1=],NKBAR

(e

THIS SUBROUTINE WILL TRAPS ANY NUMBER APPROACHING ZERO

READ N NUMBER OF LAYERS

s NeNeNeNeRel

oo

READ IN PROPERTIES OF EACH LAYER

(o]
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1290. READ, KBAR(L1)
1300. ZETA(L1) = H(1)*KBAR(L1)

1310. 50 CONTINUE

1320. C

1330. C *%&x% READ PH| IN DEGREE %%

1340. C

1350. READ, NPH|

1360, DO 60 L2=1,NPH|

1370. READ, PHI (L2)

1380. 60  CONTINUE

1390. C

1400, C *k%%k% READ ALFA IN DEGREE kkk##

1410, C

1420. READ, NALFA

1430, DO 65 L3=1,NALFA

1440, READ, ALFA(L3)

1450. 65  CONTINUE

1460. C

1470. C

1480. DO 70 N1=1,NKBAR

1490, PRINT 75, KBAR(N1), ZETA(N1)

1500. 75 FORMAT ('-',////,10X, 'KBAR =',F12.8,5X, 'ZETA =',F12.8//)
1510. DO 80 N2=1,NPHI

1520. ANGLE = PHI (N2) *P1/180.

1530. KHBAR = KBAR (N1) *C0S (ANGLE)

1540, YK = KBAR (N1) *SIN (ANGLE)

1550. DO 90 N3=1,NALFA

1560. ROT =ALFA (N3)*P| /180

1570. XK =KHBAR*COS (ROT)

1580. ZK = KHBARXSIN (ROT)

1590, PRINT 100,PH! (N2) ,YK,ALFA (N3) ,XK,ZK

1600. 100 FORMAT (' ',3X,'PH| =',FB.5,3X, 'KAPAY =',£10.7,3X,
1610, . *ALFA =',FB.5,3X, ' KAPAX =',F10.7,3X,
1620. . 'KAPAZ =',F10.7)

1630. DO 11 Ju=1,12

16L0. DO 22 KK=1,12

1650. A (JJ,KK) =ZERD

1660. B (JJ,KK) =ZERO

1670, 22 CONTINUE

1680. 11 CONT I NUE

1690. €

1700. C

1710. DF = H(1)

1720. DM = H(2)

1730. ETA= DF/ (DF+DM)

1740. RHOF = RHO (1)

1750. RHOM = RHO (2)

1760. RHOC = ETA%RHOF + (1-ETA) *RHOM

1770. IFF = DF%DFXRHOF%*ETA/12.0

1780. IMM = DMADMXRHOM* (1-ETA) /12.0

1790. XK2 = XKkXK

1800. ZK2 = ZK*ZK

1810. C

1820. € kxxxk%x FORMATION OF A MATRIX #kkkuk

1830. C

18k0. A( 1, 1)==XK2% (ETAXCI1/i)+ (1-ETA) *C11(2))
1850. . ~ZK2# (ETA®C5E (1) + (1-ETA) XC55 (2) )
1860. A( 1, 3)m-XKxZK* ((ETAXCS55 (1)+(1-ETA) %C55 (2))
1870. . +(ETA%XC13 (1) + (1-ETA) *C13 (2)))
1880. A( 1, B)= XKXETAXC12 (1) *CIMGG

1890. A( 1, Q)= XKx(1.~-ETA) *C12 (2) XC1MGG

1900. A{ 1,10)=-YKXCIMGG

1910. C

1920. A( 2, 2)=-XK2% (ETA%C66 (1)+ (1. -ETA) *C66 (2))



1930.
1840.
1950.
1960.
1970.
1980.
1990.
2000.
2010.
2020.
2030.
2040,
2050.
2060.
2070,
2080.
2090.
2100.
2110,
2120.
2130.
2140,
2150.
2160.
2170.
2180.
2190,
2200.
2210.
2220,
2230,
2240,
2250.
2260.
2270.
2280.
2290.
2300.
2310,
2320.
2330.
2340.
2350.
2360.
2370.
2380.
2390.
2400,
2k10.
2420.
2430,
2hko,
2450.
2460.
2470,
2480,
2490,
2500.
2510.
2520.
2530,
2540,
2550.
2560.

o
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=ZK2* (ETAXCLL (1) + (1.-ETA) *ChL (2))
A( 2, b)= XK*XETA%C66 (1) %C MGG
A( 2, 5)= XK*{1.-ETA) %C66 (2) *XC | MGG
A( 2, 6)= ZKXETAXCLL (1) %C MGG
A( 2, T)= ZK*(1.~ETA) %Chk (2) C 1 MGG
A 2,11)m=YKXC|MGE

A(3, D= a( 1, 3)

A( 3, 3)=-XK2% (ETAXC55 (1)+(1.-ETA) *C55 (2))
~ZK2% (ETA%C33 (1) + (1.-ETA) %C33 (2))

A( 3, B)= ZKXETA%C23 (1) %CIMGG

A( 3, 9)= ZK*(1.-ETA) *%C23 (2) XCIMGG

A( 3,12)=-YKXCIMGG

A( “’ 2)"‘( 29 l‘)
A( &, h)--XKZ*ETA*DF*DF*Cll(1)/12.0
~ZK2*ETAXDF&DF%C55 (1) /12.0 - ETA*C66 (1)
Al &L, 6)--XK*ZK*(ETA*DF*DF*C13(I)/|2.0
+ ETAXDFXDF*C55 (1) /12.0)
A( 4,10)=-ETA

A( 5: 2)-“A( 21 5)
A{ 5, 5)=-XK2% (1.-ETA) ADM*DM*C11 (2) /12.0
=ZK2* (1.~ETA) *DMADMXC55 (2) /12.0- (1.-ETA) %C66 (2)
A( 5, 7)=-XKXZK* (1.-ETA) *DM*DM* (C13 (2) +C55 (2)) /12.0
A( 5,10)=-{(1.-ETA)

A( 6, 2)=-A( 2, 6)

A(6, )= A( 4, 6)

A{ 6, 6)=-XK2%ETAXDF*DF*C55 (1) /12.0
~ZK2XETAXDFXDFXC33 (1) /12.0 ~ ETA*CLL (1)

A( 6,12)=-ETA

A7, 2)=-A(2, 7
A(7, 8=a(5, 7
A( 7, 7)=-XK2%(1.-ETA) XDMXDM*C55 (2) /12.0
=ZK2% (1.-ETA) *DMADM%C33 (2) /12.~ (1. ~ETA) #Chk (2)
A(7,12)=~(1.-ETA)

A(B, )=-A(1, 8

A( 8, 3)=-A( 3, 8)

A( B, 8)=-XK2*ETA*DFADFXC66 (1) /12.
~ZK2XETAXDFXDFAChL (1) /12. - ETA%C22 (1)

A( 8,11)=-ETA

A( 9, ])"A( 1, 9)

A( 9, 3)--A( 3, 9)

A( 9, 9)-‘XK2*(].“ETA)*DH*DN*CGG(Z)/IZ.
'ZKz*(].-ETA)*DH*DN*C““(2)/‘2.'(].'ETA)*C22(2)

A(9,11)==(1.-ETA)

AQ10, 1)==A( 1,10)
A(10, &)= A( 4,10)
AQ10, 5)= A( 5,10)

A1, 2)=-A( 2,11)
A(11, B)= A( 8,11)
AQ11, 9)= A( 9,11)

A(lzv 3)"‘( 3’]2)
AQ12, 6)= A( 6,12)
AQ12, D= a(7,12)

C *kkkik FORMULATION OF THE B MATRIX skkkix



2570.

2580,
2590.
2600,
2610.
2620.
2630,
2640,
2650.
2660.

2670,
2680.
2690.

e NaNel

2700.
2710.
2720.
2730.
2740.
2750.
2760.
2770.
2780.
2790.
2800.
2810.

2820.
2830.

125
120

2840,
2850.
2860.

2870.

140

2880.
2890.
2900.

2910.
2920.

160
150

2830.
2940.

2950.
2960.
2970.
2980.

c
90
80
70

2990.
3000.

3010

. SENTRY

TWDOWED WD D
SN N o
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1) =-RHOC
2) =~RHOC
3) =-RHOC
4)m-|FF
B)m-IMM
6)=-1FF
7)=-1MM
B)=-|FF
9)=-iMM

WO~ W N —

-

1JOB=1

1A
B
4
N

=12
=12
=12
=12

CALL EIGZC(A,IA.B.IB,N,lJDB.ElGA,EIGB,Z,IZ.NK

Do

» INFER, | ER)
120 M=1,12
OMSQ (M) =E 1GA (M) /E1GB (M)
OM(M)  =CDSQRT (OMSQ (M)) / ((Chk (2) /RHOM) %%0.5)
OM (M) =OM (M) /KBAR (N1)
PRINT 125, M, OM(M)
FORMAT ('0',1X,12,5X,2616.9)

CONT INUE

IF

(IPRINT .GT. 0) THEN DO
V=]
PRINT 140, 1V
FORMAT {'0'//,1X,'M', 10X, 'THE CORRESPONDING Z MATRIX'
' OF CELL ',11,1X,'1S :'//)
DO 150 K=1,12
PRINT 160, K, (Z(L.K),L=1,12)
FORMAT ('0',12,1X,6(2F10.6,1X) /,4X,6 (2F10.6,1X))
CONTINUE
IPRINT={PRINT-1

END IF

CONT INUE

CONTINUE
CONTINUE
STOP
END



APPENDTIX J

FORTRAN PROGRAM FOR THE FINITE ELEMENT METHOD
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There are two main line computer programs written for the finite
element method outlined in Chapter 2. The first program read the value
of k travelling in any arbitrary direction that make a horizontal angle,
O, with the x-~axis and a vertical angle, ¢, with respect to the x-z
plane. The components of k are calculated by taking sine and cosine of
the angles. The other main line program will read in k and the y~
component, ﬁ and angle, o, it makes with respect to the x—-axis in (x-z)
plane. Only the second program will be listed in this Appendix.
However, it does not cause much difficulties in converting one program
to the other. The procedure of modification will be to read the
vertical angle, ¢, as input and y-component of k is calculated by taking

the sine of angle ¢.
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* % % N %

HARMONIC WAVE PROPAGAT!ON ANALYS IS PROGRAM
BY

JOHNNY K.T. YEO
THE UNIVERSITY Of MANITOBA
DECEMBER, 1982

* N N N N o B

* 3¢

*
»*

NOTES :

“ecanes

sessas

uk&iiaiuinwkni&n&inknnn&in*inn%%*in%***************

b
b
A
3*
E*S

1) ALL INPUTS ARE FORMAT-FREE EXCEPT FOR ETA.
2) NP, IPRINT,NKHBAR,NALFA,NETA ARE INTEGER VALUES
3) H,C,RHO,KHBAR ARE REAL

-n..o--o--.-..-.---.---.-.----o.......o-...o--oo..-.-..-o.--.-.

START CARD - ONE CARD FOR NP AND |PRINT.
* NP = NUMBER OF PERIODICITY
% IPRINT = NUMBER OF SETS OF VECTORS AS OUTPUT

MATERIAL PROPERTIES CARD - (NP+1) OF CARDS FOR :
H(l),Cll(l).CIZ(I).C]B(l).CZZ(I),CZS(U.
633(1),chh(l),css(l).cée(l).nuo(l)

* H(I) = LAYER THICKNESS

* C(1) = MATERIAL CONSTANTS OF THE LAYER
* RHO(I) = DENSITY OF THE MATER|AL

* I = 1.T0 (NP+1)

BASIC CONTROL CARD - ONE CARD FOR NKHBAR.
* NKHBAR = NUMBER OF HORIZONTAL WAVE NUMBER TO BE
EVALUATED

WAVE NUMBER CARD - AS MANY CARDS AS REQUIRED FOR KHBAR,
* KBAR(J)= VALUE OF WAVE NUMBER
J = 1 TO NKHBAR

ANGLE CONTROL CARD - ONE CARD FOR NALFA
* NALFA = NUMBER OF HORIZONTAL ANGLES

HORIZONTAL ANGLE CARD - AS MANY CARDS AS REQUIRED FOR ALFA.
* ALFA(K)= HORIZONTAL ANGLES IN DEGREE.
* K = 1 TO NALFA

VERTICAL COMPONENT CONTROL CARD - ONE CARD FOR NETA
* NETA = NUMBER OF VERTICAL COMPONENT OF
WAVE NUMBER
VERTICAL COMPONENT CARD - AS MANY CARDS AS REQUIRED FOR ETA.
* ETA(L) = VERTICAL DIMENS|ONLESS WAVE NUMBER
L =1 TO NETA

FORMAT (2F10.7)

-.-oooo---o-o-..-o..o.-..-o..--..-.--.---a.oo-.-o--oo-¢.o-..-on

OUTPUT DESCRIPTION
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650.
660.
670.
680.
690.
700.
710.
720.
730.
740.
750.
760.
770.
780.
790.
800.
g10.
820.
830.
840.
850.
860.
870.
880.
890.
900.
910.
920.
930.
940.
950.
960.
970. INTEGER NP1, NP2, IC2

980. REAL *B  H(5),C11(5),C12(5),C13(5),C22(5),C23(5),C33(5),
9g0. . Chk (5) ,C55(5) ,C66 (5) ,RHO (5) ,ALFA (15) ,DEPTH

1000. REAL %8  A(4,4),B(4,b),D(4,4),KHBAR (45) ,XK,ZK,P] ,KAPPA
1010. COMPLEX %16 AK (36,36), BK{36,36), CK(36,36), DK(36,36),
1020. AM(36,36), BM(36,36), DZ(36,36), EIGA(36),
1030. E1GB (36), OMSQ(36), OM(36), ETA(50),

1040. WK (24,48), E, YK, Z(36,36), CIMGG, ZERO
1050. €

1060. €

1070. COMMON/BLK1/ NP1, NP2, IC2

1080. COMMON/BLK2/CIMGG, ZERO

1090. COMMON/BLK3/ Pl

1100. €

1110, €

1120. ZERO= (0.0 ,0.0)

1130. CIMGG= (0.0, 1.0)

1140, Pi=L. * ATAN(1.0)

1150.
1160.
1170,
1180.
:;gg- CALL TRAPS (99999, 99999, 99999, 99999, 99999)
1210.
1220.
1230.
1240.
1250.
1260.
1270. READ, NP , IPRINT
1280. NPi= NP + 1

......................................................................

ZETA = DIMENSIONLESS WAVE NUMBER
OM (M) = ANGULAR FREQUENCY OF PROPAGATING WAVE

......................................................................

......................................................................

.56 0.583 0.583
.56 0.583 0.583

2 1.797 0.745 1,797 0.526 0.559 0.559 2.534
2 1.797 0.745 1.797 0.526 0.559 0.559 2.53k
1.107 0.573 0.573 1.107 0.573 1.107 0.267 0.267 0.267 2.702
1.107 0.573 0.573 1.107 0.573 1.107 0.267 0.267 0.267 2.702
2.56 0.583 0.583 1.797 0.745 1.797 0.526 0.559 0.559 2.534
1
2
1
[
1

« o o s
e OWNIUI O O o0 o

CARD
CARD
CARD
CARD
CARD
CARD

.0

5
2 (FORMAT 2F10.7)

----------------------------------------------------------------------

kkhkkhkkkhsk DECLARATION kkkkkhkkhkk

OO0 0000O000000O00O0

[ I

kkkkkhhkkk MAIN LINE PROGRAM dekkkhkhkkdkkk

g NalNeNel

TH{S SUBROUTINE WiLL TRAPS ANY NUMBER APPROACHING ZERO
*k%k READ IN NUMBER OF PERIODICITY #k&%

%%k |PRINT |S THE NUMBER OF EIGENVECTORS TO BE PRINTED #&#k

OO0
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1290. NP2= NP + 2
1300. IC2= 6 * NP2

1310. ¢

1320. C READ IN PROPERTIES OF NP + 1 LAYERS.

1330. C

1340. READ, (H(I).Cll(I).C12(I).Cl3(l).CZZ(I).C23(1).C33(I).
1350. . ChL (1) ,C55(1) ,€66 (1) ,RHO (1), I=1,NP1)
1360. PRINT 30, NP

1370. 30 FORMAT('1'////' ', kOX, 'PERIODICITY =', 3X, 12/////
1380. * ' ', 1X, 'LAYER PROPERTIES :'//)

1390. C

1400, ¢

1410. X1 = RHO(NP) / €55 (NP)

1420. XMULT= SQRT (X1)

1430. DO 40 I=1, NP1

1440, PRINT 50, 1,H(1).,C11(1),C12(1),C13(1),C22 (1)
1450. PRINT 51, €23(1),C33(1),Chh(1),C55(1),C66(1),RHO (1)
1460. 50 FORMAT (*-','LAYER=',12,2X,'H =',616.9,

1470. ‘Cli=',616.9,'Cl2=',616.9,'C13="',616.9,
1480. . 1C22=',616.9)

1490. 51 FORMAT ('0',9X,'C23=',616.9,'C33=',616.9, 'Chl=',G16.9,
1500. . 'C55=",616.9,'C66="',616.9, 'RHO=",G16.9)
1510. 4O CONTINUE

1520. ¢

1530. ICOUNT = 6 % NP

1540. DEPTH = 0.0

1550. DO 10 I=1, NP

1560. DEPTH = DEPTH + H (1)

1570. 10 CONTINUE

1580. ¢

1590. C READ IN KAPPABAR

1600. C

1610. READ, NKHBAR

1620. DO 35 J=1, NKHBAR

1630. READ, KHBAR (J)

1640. 35 CONTINUE

1650. C

1660. C READ ALFA IN DEGREE

1670. ¢

1680. READ, NALFA

1690. DO 37 J=1, NALFA

1700. READ, ALFA(J)

1710. 37 CONTINUE

1720. ¢

1730. C READ iN ETA (KAPPAY)

1740. ¢

1750. READ, NETA

1760. DO 52 J=1, NETA

1770. READ 55, ETA(J)

1780. 55 FORMAT (2F10.7)

1790. 52 CONTINUE

1800. ¢

1810. ¢ READ, NCELL

1820. ¢

1830. CALL INFORM(A, B, D)

1840. ¢

1850. ¢

1860. ¢

1870. DO 60 Li=1, NKHBAR

1880. KAPPA = KHBAR(L1) * PI / 2.

1890. ¢

1900. DO 70 L2=1, NALFA

1910. ANGLE = ALFA(L2) * PI / 18Bo.

1920. XK = KHBAR (L 1) #COS (ANGLE) %P1 /2.
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1930. ZK = KHBAR (L1) *SIN (ANGLE) *P|/2.
1940, PRINT 66,KAPPA, ALFA(L2), XK, ZK +KHBAR (L1)
1950. 66 FORMAT ('-'//'~t 5X, 'KAPPA=',F10.5, 3X, 'ANGLE =',F10.5,
1960. . 3X,'KAPAX=',F10.5,3X, ‘KAPAZ=',F10.5, 3X,
1970. . ' ( KAPPABAR=',F10.5,3X,') ')

1980, ¢

1990. DO 11 JJ=1, |C2

2000. DO 22 KK=1, (2

2010. AK(JJ, KK) = ZERO

2020. BK (JJ, KK) = ZERO

2030. CK(JJ, KK) = ZERO

2040, DK (JJ, KK) = ZERO

2050. AM(JJ, KK) = ZERO

2060. BM(JJ, KK) = ZERO

2070. 22 CONT INUE

2080. N CONTINUE

2090, ¢

2100. ¢ *%%% FIRST FORM THE MATRICES INVOLVING UUBAR %%
2110. ¢

2120. CALL UUBAR(NP,H.CI1,C55,C66,RHO.XK,ZK,A,I,AK)
2130. ¢

2140, €

2150, CALL UUBAR(NP,H,C]l,C55.C66,RHD,XK,ZK,A,2,BK)
2160. C

2170, CALL ADDING (NP, AK,BK)

2180. ¢

2190. ¢

2200. CALL UUBAR (NP,H,C11,C55,C66,RHO, XK, ZK, B, 3, BK)

2210. ¢

2220. CALL ADDING (NP, AK, BK)

2230. ¢

2240, ¢

2250, CALL UUBAR(NP,H,CIl,c55.c66,RHo,XK,ZK,A,k.AM)
2260. C

2270. ¢

22B0. ¢

2290. C ik THEN FORM THE MATRICES INVOLVING VVBAR  #kikik
2300. ¢

2310. CALL vveAR(NP.H,c12.c22,czs,chb,cee,RHo,xK.zx,B,l,aK)
2320. C

2330. CALL ADDING (NP, AK, BK)

2340. ¢

2350. CALL VVBAR(NP.H.c12,c22.c23,chh.c66,RHo.xx,ZK.A.2,aK)
2360. C

2370. CALL ADDING (NP, AK, BK)

2380. ¢

2290. CALL vvaAR(NP,H,c12,c22.c23,chh,c66,RHo,XK,ZK,A.3.BK)
2400, ¢

2410, CALL ADDING (NP, AK, BK)

2420. ¢

ztzo. CALL vvaAR(NP,H.cwz,czz.c23,chh,c66,RHo,xx,zx,A,h,aM)
2440, ¢

2450. CALL ADDING (NP, AM, BM)

2460, €

2:;0. o ¥#%%k  FORM THE MATRICES INVOLVING WWBAR i+
2480. ¢

2Lg0, CALL WWBAR (NP,H,C33,Chk,C55,RHO, XK, ZK, A, 1, BK)
2500, ¢

2510, CALL ADDING (NP, AK, BK)

2520, ¢

2220. CALL waAR(NP,H.c33.chh.c55.RHo.xx.ZK,B.2.BK)
2540, ¢

2550, CALL ADDING (NP, AK, BK)

2560, ¢
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2570. CALL WWBAR (NP,H,C33,Clk,C55,RHO, XK, ZK, A, 3, BK)
2580. ¢

2590, CALL ADDING (NP, AK, BK)

2600. ¢

2610. CALL WWBAR(NP,H,C33,Ch4,C55,RHO, XK, ZK, A, L, BM)

2620. C

2630. CALL ADDING (NP, AM, BM)

2640, €

2650, € *%kk% FORM THE MATRICES INVOLVING UVBAR DOING : ksek
2660. ¢ Kk (UVBAR' - V'UBAR) & (VUBAR' - U'VBAR) Fedkksk
2670. €

2680. CALL UVBAR(NP,H,C12,C22,C23,066,XK,2ZK,D,1,BK)

2690. C

2700. CALL ADDING (NP, AK, BK)

2710. ¢

2720. CALL UVBAR(NP,H,C12,C22,C23,C66,XK,ZK,D,2,BK)

2730. ¢

27k0. CALL ADDING (NP, AK, BK)

2750. C

2760. ¢ *%%% FORM THE MATRICES INVOLVING WUBAR DOING : *3dk
2770. ¢ Kk (WUBAR + UWBAR) Kk
2780. ¢

2790. CALL WUBAR(NP,H,C13,Chk,C55,C66,XK,ZK,A,1,BK)

2800. ¢

2810. CALL ADDING (NP, AK, BK)

2820. ¢

2830. CALL WUBAR(NP,H,C13,Ch4,C55,C66,XK,ZK,A,2,BK)

2840. €

2850, CALL ADDING (NP, AK, BK)

2860. C

2870. € k%%%k FORM THE MATRICES INVOLVING WVBAR DOING *k ks
2880. ¢ Kk (WWBAR' - V'WBAR) & (VWBAR' - W'VBAR) Rk
2890. ¢

2900. CALL WVBAR(NP,H,C12,C22,C23,Chk,XK,ZK,D, 1,BK)

2910. C

2920, CALL ADDING (NP, AK, BK)

2930. C

2940, CALL WVBAR(NP,H,(12,C22,C23,Ckk,XK,2ZK,D,2,BK)

2950. €

2960, CALL ADDING (NP, AK, BK)

2970. ¢

2980. ¢

2990. C  *xkkkk%  TO SHIFT UP AK AND AM BY 6 ROWS Rk kkk Kk
3000. C

3010. NP6 =6 % NP

3020. NPSQ=6 * NP2

3030. €

3040. DO 33 I=1, NP6

3050. IR=1+6

3060. DO Lk J=1, NPSQ

3070. AK (1, J) = AK(IR, J)

3080. AM(1, J) = AM(IR, J)

3090. ki CONTINUE

3100. 33 CONTINUE

3110, C

3120. C

3130 C %% THE FOLLOWING WILL FORM THE 'D' MATRIX (WHICH IS PART OF THE
340, ¢ THE ASSEMBLY MATRIX AND TO BE MODIFIED) . THE D MATRIX OF
3150. C THE K MATRIX IS STORED IN BK, WHILE THAT OF THE M MATRIX (S
3160, ¢ STORED IN BM. x*

3170. €

3180. ¢

3190. CALL FORMDD (NP, AK, AM, BK, BM)

3200. c
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3210. C
3220. DO 77 J=1, NETA

3230. YK = Pl / 2. % ETA(J)

32k0. E = CDEXP(YK % 2. * DEPTH * CIMGG)

3250. DO BO k=1, ICOUNT

3260. DO 90 L=1, iCOUNT

3270. CK(K, L) = AK(K, L) + E * BK(K, L)

3280. DK(K, L) = ~ ( AM(K, L) + E * BM(K, L) )
3290. 90 CONT INUE

3300. 80 CONTINUE

3310. ¢

3320. €

3330. 1JOB = 1

3340. 1A = |C2

3350. IB = |C2

3360. 1Z = ic2

3370. N = |COUNT

3380. CALL EIGZC (CK, A, DK, IB, N, 1J0B, EIGA, EIGB, Z,
3390. * 1Z, WK, INFER, |ER)

3400. €

3410, ¢

3420. PRINT 100, ETA(J)

3430. 100 FORMAT ('~', LLX, 'ETA =', 3X, 2616.9/)

34L0. PRINT 105

3450. 105 FORMAT ('0', Th, *M', T25, 'OMEGA(M) ', T65, 'EIGA(M) ',
3460, * T109, 'EIGB(M)'/)

3470. C

3480. DO 110 M=1, ICOUNT

3490. OMSQ(M) = EiGA(M) / EIGB (M)

3500. OM{M) = CDSQRT( OMSQ(M) ) * 2.B0 / PI
3510, OM(M) = OM(M) * XMULT

3520. PRINT 120, M, OM(M), EIGA(M), EIGB(M)

3530. 120 FORMAT ('0', 11X, 12, 6(5X, G16.9))

3540. 110 CONTINUE

3550. €

3560. IF (IPRINT .GT. 0) THEN DO

3570. ¢ DO 503 IN=1,1COUNT

3580. ¢ DO 504 JN=1,|COUNT

3590. C DZ (IN,JIN) =Z (IN,JIN)

3600. C504 CONT I NUE

3610. €503 CONT I NUE

3620. C

3630. C *% DZ IS USED TO CALCULATE THE MODULI *x

36L40. C

3650. 1v=1

3660. PRINT 140, IV

3670. 140 FORMAT ('-'//' ',1X,'M',10X, 'THE CORRESPONDING Z MATRIX OF'
3680. * ' CELL ', 11,1X,%18 1 //)

3690. DO 151 K=1, ICOUNT

3700. PRINT 161, K, (Z(L,K),L=1, COUNT)

3710. 161 FORMAT ('0',12,1X,6(2F10.6,1X) /,4X,6(2F10.6,1X)/,
3720. . bX,6(2F10.6,1X) /,4X,6 (2F10.6,1X) //)
3730. 15} CONT INUE

3740. €

3750. C THE FOLLOWING SHOULD BE INCLUDED IF MORE THAN 1 UNIT CELL IS USED.
3760. C NCELL 1S THE NU'BER OF UNIT CELL USED

3770. C

3780. ¢

3790. ¢ DO 141 Iv=2,NCELL

3800. ¢ PRINT 140, 1V

3810. ¢ DO 142 JJ=1, ICOUNT

3820. ¢ DO 143 KK=1,)COUNT

3830. ¢ Z(JJ,KK) =Z (JJ,KK) %E

3840. Ci1h3 CONT INUE
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c PRINT 161, JJ, (Z(LL,Jd),LL=1, 1COUNT)

Cib2 CONTINUE

Ci CONT I NUE

c

c

c

C THE ABOVE PROCEDURE EVALUATES ALL THE Z MATRICES OF NCELL

c

C THE SAME PROCEDURE 1S EMPLOYED TO EVALUATE THE CORRESPONDING
MODUL! OF THESE Z MATRICES

c
o
c fv=l
o PRINT 170, 1V

C170  FORMAT('='//' ',1X,"M', 10X, 'THE CORRESPOND ING MODUL! OF 2°
c . o' MATRIX OF CELL *,11,1X,'IS :'//)

c DO 180 K=1, ICOUNT

c PRINT 190, K, (CDABS (DZ (L,K)),L=1, | COUNT)

c190 FORHAT('O',l2,5X,6(FIO.G.ZX)/.8X.6(F10.6.2X)/,

c . 8x,6(rro.6.2x)/.8x,6(F]o.s.zx)//)
c . 8x.6(Flo.e.zx)/,8x,6(rlo.6,zx))
CiB0O  CONTINUE

c DO 1300 iv=2,NCELL
c PRINT 170, 1V

c DO 1400 JJ=1, ICOUNT

o DO 1500 KK=1, ICOUNT

c DZ (JJ,KK) =DZ (JJ, KK) *E

C1500 CONTINUE

c PRINT 190,JJ,(CDABS(DZ(LL.JJ)).LL-I,ICOUNT)

. Cikoo CONT INUE

C1300 CONTINUE
€506 CONTINUE
c

¢
IPRINT=|PRINT-1
END IF
77 CONTINUE
70 CONT I NUE
60 CONTINUE
STOP
END
c
c
c
C*‘k**-‘.&n:'s.'u‘uin:;H‘i%..a..iaix-‘uza:;:-;x:'ma.1u%:&ai.‘;;‘:mi;mm'm:miii%uki%n;m
c *
c SUBROUTINE INFORM *
c *
C*#*a“ix&;&:\naniaia;xnai:\&*n;a%nuui%i*iiaxim‘mi%%nan-‘w\ik%n-’d\;;anixi
c
c
SUBROUTINE INFORM(A, B, D)
c
o
REAL*8 A (4,4), B(k,b4), D(h,k)
c
" Kkdkdkkk TO FORM THT MATRICES A, B AND D RKKKK KK
c
A{1, 1) = 78. / 105
A2, 1) = A1, 2) =9, / 35,
A3, 1) = A(1, 3) = 22, / 105,
Alh, 1) = AQ1, 4) = - 13, / 105.
o
A2, 2) = 78. / 105.
A(3, 2) = A(2, 3) = 13. / 105.
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250. Alh, 2) = A(2, &) =- 22. / 105,

260. C

270. A(3, 3) = 8. / 105,

280. Alb, 3) = A(3, 4) =~ 6. / 105,

290. C

300. Ak, &) = 8. / 105.

310. C

320. €

330. B(1, 1) =3, / 5,

340, B(2, 1) =B(1, 2) =~ 3, / 5

350. B(3, 1) = B(1, 3) =1,/ 10.

360. Bk, 1) =B(1, b) = 1. / 10

370. C

380. B(2, 2) = 3. / 5,

3900 8(31 2) = 8(29 3) =- . / 10

400. Bk, 2) =B(2, b) = - 1. /

L1o. ¢

420. B(3, 3) =4, / 15,

430, Bk, 3) =B(3, &) =~ 1, /15,

hbo. €

450, B(L, &) = 4, /15,

460. €

470. ¢

480. 0y, 1) = -1,/ 2.

490, D(1, 2) =1, / 2.

500. D(1, 3) = 1. / 5.

510. D(1, &) = -1, /5,

520. C

530. D(2, 1) = - D(1, 2)

540, D(2, 2) = 1. / 2.

550. D{(2, 3) =-1. /5

560. D(2, 4) =1, / 5,

570. C

580- 0(31 ]) - - D(]n 3)

590. D(3, 2) = - Dp{(2, 3)

600. D(3, 3) = 0.0D0

610. B(3, 4 = -1, /15

620. C

630. Dk, 1) = - p(1, &)

640, D(4, 2) =~ D(2, &)

650- D(‘h 3) = - D(Sr ")

" 660. D(k, &) = 0.0D0

670. ¢

680. RETURN; END

690. C

700. ¢

710. ¢

720. ¢

730. C

7‘;0. C‘k'kf‘.'ul.'u'u.i:uwu'n"a'sm'n“%m';:u‘miiaia%anau;iiaxiinim“iaia;‘;dmm'c**

750. ¢ *
760. ¢ SUBROUTINE UUBAR *
770. ¢ *
780. c***ﬁananx“naxaxaxunxwxxan“xux“na;a;;annxnanunnax“nnwnxxxn

790. ¢

800. ¢

glo. SUBROUTINE UUBAR (NP,H,C11,C55,C66,RH0, XK ZK,AB,N, AKNAM)
20. ¢

830. ¢

840. COMMON/BLK1/NP1, NP2, (C2

850, COMMON/BLK2/CIMGG, ZERO

860. REAL #8 H(NPI).Cll(NP]).CSS(NP!),C66(NPI).RHD(NP]).
870. * AB(L, &), XK, XK2, ZK, ZK2

88o. COMPLEX *16 AKNAM(IC2,1C2), U(12,12), CONST »CIMGG, ZERO



890.

900.

910.

920.

930.

9k0.

950.

960.

870.

980.

990.
1000.
1010.
1020.
1030.
1040,
1050.
1060,
1070.
1080.
1090.
1100.
1110,
1120.
1130.
1140.
1150.
1160,
1170.
1180.
1190.
1200.
1210.
1220.
1230.
1240,
1250.
1260.
1270.
1280.
1290.
1300.
1310.
1320.
1330.
1340.
1350.
1360.
1370.
1380.
1390.
1400.
1410,
1420,
1430.
1440,
1450,
1460.
1470.
1480.
1490,
1500,
1510.
1520.

1050
1000

992
991

s NaNg)
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XK2 = XK * XK
ZK2 = ZK * ZK
DO 1000 JJy=1, icC2
DO 1050 KK=1, 1C2
AKNAM (JJ, KK} = ZERO
CONTINUE
CONTINUE

DO 931 Li=1, 12
D0 992 L2=1, 12
U(L1,L2) = ZERO

- AB(1, 3) * H{I) % XK % CIMGG

- AB(1, &) * H(1) * XK * CINGG

CONT INUE
CONTINUE
DO 10 I=i, NP]

u(r, 1) = aB(1, 1)

U(l, 2) = aB(1, 3) % H(1) / C66 (1)

U@, 1) = u(, 2

u(r, 3) =

U(3v ]) = - U(la 3)

U(r, 4) = y@, 1) = zero

uQi, 7) = a1, 2)

u@z, 1 = u(@, 7

U1, 8 = aB(1, 4) * H(1) / €66 (1)

u@, 1) = uy(1, 8)

u(l, 9) =

U(S’ ]) L U(]l 9)

Uu(1,10) = u(10,1) = ZERO

U(2, 2) = AB(3, 3) * H(1) * H
U(2, 3) =-aB(3, 3;*H(|)*H(|)*
3

U(3, 2) - u(zv

(1) / c66(1) 7 c66(1)

XKXCIMGG/C66 (1)

(1) 7 ce6(1) 7 c66(1)

= AB(3, L) * H(1) * H(1) % XK * CIMGG / C66 (i)

AB(3, 3) * H(I) * H(I) % xk2
AB(2, 3) * H(I) % XK * CIMGG

(1) % XK * CIMGG / €66 (1)

AB(3, 4) * H(1) * H(I) * xk2

- AB(2, &) % H(I) * XK * CiMG

u(2, 7) = as(2, 3) % H{I) / c66(1)
u(7, 2) = u(z2, 7)

U2, 8) = AB(3, L) « H{I) * H

U@, 2) = u(2, 8)

U2, 9) =

U(9r 2) - - U(Zv 9)

U(3’ 3) =

U(3, 4) = U4, 3) = zERD

U3, 7) =

U, 3) = - u(s, 7

U(3, 8) = AB(3, &) % H(I) *
U(8| 3) - - U(3, 8)

U3, 9) =

U9, 3) = v, 9
UU.7)-ABQ.H

U(7, 8) = aB(2, 4) = H(I) / €66(1)
uig, 7 = wuqy, 8)

U, 9) =

U(S, 7) = - U(7v 9)

U8, 8) = AB (4, &) * H(I) % H(I) / c66(1) / clts(1)
U8, 9) =-aB (4, 4) *H (1) ®H (1) XKXC IMGG/C66 (1)

u(s, 8) =- u(8, 9)

U9, 9) = AB(4, &) * H(J) * H(I) * xK2

PRINT, ((u(L1,L2), Li=1,12), L2=1,12)
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1530. €
1540. IF { N .EQ. 1) THEN DO

1550. CONST = C11(1) * XK2 % H (1)

1560. ELSE DO

1570. IF (N .EQ. 2 ) THEN DO

1580. CONST = C55(1) * H(I) #*ZK2

1590. ELSE DO

1600, IF (N .EQ. 3) THEN DO

1610. CONST = Co66 (1) / H(I)

1620. ELSE DO

1630. CONST =-RHO (1) * H(I)

1640. END IF

1650. END IF

1660. END IF

1670. C

1680. €

1690. ITIME = | -

1700. DO 20 J=1, 12

1710. IR =J+4 6 % |TIME

1720. DO 30 k=1, 12

1730. IC = K+ 6 % ITIME

1740. AKNAM (IR, 1C) = AKNAM (IR, 1C) + CONST % u{J, K)
1750. 30 CONTINUE

1760. 20 CONT INUE

1770. 10 CONTINUE

1780. C

1790. RETURN;END

1800. €

1810, ¢

1820. ¢

1830. ¢

1840. C***nnﬁ%*nnxnnxnunnnnﬁxuuﬁxnx*%*x*ﬁn;nﬁnx;nuitnnxnxunnnxxxx
1850. ¢ *
1860, ¢ SUBROUTINE VVBAR *
1870. ¢ *
1880, Ci‘\“:‘(‘*x"nnxnxKnxnaxnxnxnﬂ**n*nnr‘(*na*xi‘sﬁnnKnﬁnuxx%;\***;\;cinnxxx
1890. ¢

1900. ¢

1910, SUBROUT INE VVBAR (NP,H,C12,C22,C23,Ckk.C66,RHO,XK.ZK,AB,N.BKNBM)
1920. C

1930. COMMON/BLK1/ NP1, NP2, IC2

1940, COMMON/BLK2/ CIMGG, ZERD

1950. REAL %8 H(NP]),CIZ(NP]),C22(NP1),C23(NP1).Cbh(NPI).
1960, * C66 (NP1), RHO(NPI), XK, XK2, ZK, ZK2, AB(4, &)
1970. COMPLEX *16  BKNBM(iC2,1C2), V(12,12), CONST, CIMGG, ZERO
1980, ¢

1990, XK2 = XK * XK

2000. ZK2 = ZK * ZK

2010. C

2020. DO 1000 JJ=1, iC2

2030, DO 1050 KK=1, |C2

2040, BKNBM (JJ, KK) = ZERD

2050. 1050 CONTINUE
2060. 1000 CONTINUE

2070. ¢
2080, DO 991 Li=1, 12

2090, DO 992 L2=1, 12
2100. V(L1,L2) = ZERO
2110, 992 CONTINUE

2120, 991  CONTINUE

2130, C

2140, DO 10 I=}, NP1

2150, ¢

2160, V{1, 1) = AB(3, 3) % H(I) * H(I) * XK2 * c12(1) * ciz2(4)



2170.
. 2180.
2190.
2200.
. 2210,
2220.
2230.
2240.
2250.
2260.
2270.
2280.
2290.
2300.
2310.
2320.
2330.
2340,
2350.
2360.
2370.
2380.
2390.
2400.
2410.
2420.
2430,
2440,
2450,
2460.
2470.
2480,
2490,
2500.
2510,
2520,
2530.
2540,
2550,
2560.
2570.
2580.
2590,
2600.
2610.
2620.
2630.
2640,
2650.
2660.
2670.
2680.
2690.
2700.
2710.
2720.
2730.
2740,
2750.
2760.
2770.
2780.
2790.
2800.

v{1, 2)
v(1, 3)
V{3, 1)
v(i,
Vs, 1
v(, 5)
v(5, 1)
v, 7

V{7, 1)
v(1, 8
v(1, 9)
v(s, 1)
v(1,10)

v(10,1)
V(1)
vaimn

v(3, 3)
V(3, b)
Vik, 3)
V(3, 5)
v(s, 3)
v(3, 7)

VQ,4)

V{5, 5)
vis, 7)

v(7, 5)
v(5, 9)
v(s, 5)
V(5,10)
v{io,5)
V(5,11)
v(ii,s)

viz, 1
V(7. 8
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/ t22(1) 7/ c22(1)
= V(2, 1) = ZERO
= AB(1, 3) X H(I) * XK % C12(1) * CIMGG / t22(1)
=-V(1, 3)

L) =AB (3, 3) #H (1) #H (1) %C12 (1) *XK*CIMGG/C22 (1) /C22 (1)

=V, &)

= A?(3,3§*ZK*XK*H(I)*H(I)*CIZ(I)*CZB(l)/CZZ(l)/C22(l)
=Vv(l, 5

= AB(3, &) * H(I1) * H(I) * XK2 * Ciz(1) x cia(1)

/ c22(1) / c22(1)
=V, 7
= V(8, 1) = ZERD
- AB(%. 3) % H(I) * XK % C12(1) * CIMGG / c22 (1)
=-Vv(1, 9)
= AB(3, L) * H(I) * H(1) % XK C12(1) * CIMGE

/ L22(1) / c22(1)
= -v{1,10)
- A?(3. ?)*ZK*XK*H(I)*H(I)*CIZ(I)*CZB(I)/CZZ(I)/CZZ(I)
= V(1,11

= AB(1, 1)

= AB(1, 3) * (1) / c22(4)

= V(3, &)

=-AB (1, 3)*ZK*H(I)*CZB(I)*CIMGG/CZZ(l)

"V(3, 5)

= ABOL, L) % H(I) * XK % C12(1) * CiMGe / c22(1)

=-Vv(@3, 7

= V(8, 3) = ZERO

= AB (1, 2)

= V(3, 9)

= AB(1, 4) % H(1) / c22(1)

= V(3,10)

=-AB (1, L) *ZKk*H (1) xC23 (1) xCI1MGG/C22 (1)
=-V(3,11) :

= AB(3, 3) * H(I) *x H(1) / c22(1) / €22 (1)

-—AB(3.3;*H(!)*H(I)*ZK*C23(I)*CIHGG/C22(I)/CZZ(I)

==y (‘h 5

=~ AB(3, &) * H(I}) % H(I) * XK * Ci2(1) * CiMGG
/ C2(1) / c22(1)

=~ Vi, 7)

= V(8, 4) = ZERD

= AB(2, 3) * H(1) / c22(1)

=V, 9)

=AB(3, k) * H(I) * H(1) / c22(1) / c22(1)

= V(4,10)

"A?(S.h;*ﬂ(l)*H(l)*ZK*C23(l)*ClMGG/C22(I)/C22(I)

=V, 1]

= AB(3.3)*H(:)*H(n)*zxz*cz3(l)*czs(l)/czz(t)/czz(l)

- AB(3.&)*H(c)*H(l)*zx*xx*c12(l)*cz3(|)
/.22 (1) /c22(1)

=V, 7

= AB(2,3)*H(l)*ZK*C23(l)*CIHGG/sz(U

=y (5 ’ 9)

= AB(B,h)*H(I)*H(!)*ZK*C23(I)*C1HGG/C22(l)/C22(l)

-y (5 ’ ]o)

- A8(3.h)*ﬂ(|)tn(l)tzxztczs(l)*czs(n)/czz(t)/czz(l)

= V(5, 11)

= AB(L, b) * H(I) % H(I) % XK2 % cr2(1) % ci2(1)
/ L22(1) / c22(1)
= V(8, 7) = ZERO



2810.
2820.
2830.
2840.
2850.
2860.
2870.
2880.
2890.
2900.
2810.
2920.
2830.
2940,
2950.
2960.
2970,
2980.
2930,
3000.
3010.
3020.
3030.
3040,
3050.
3060.
3070.
3080.
3090.
3100.
3110.
3120.
3130.
3140.
3150.
3160.
3170.
3180.
3190.
3200.
3210.
3220.
3230.

oOon

3240, C

3250.

3260. ¢

3270.
3280.
3290.
3300.
3310,
3320.
3330.
3340,
3350.
3360.
3370.
3380.
3390.
3400.
3k10.

c
c
c

C
c
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V(7, 9) = AB(2, 4) * H(I) * XK * C12(I) % CIMGG / c22(1)

V{9, 7) = -v(7, 9

V(7,10) = aB (4, BYXH (1) %4 (1) AXK*CIMGG#CT2 (1) /€22 (1) /€22 (1)
V(10,7) =-v(7,10)

vz, n) = AB(b,h)*H(!)*H(l)*ZK*XK*ClZ(I)*C23(l)/C22(I)/C22(I)
VL7 = v(7,)

V(9, 9) = AB(2, 2)
V(9,10) = AB(2, 4) * H(1) / c22(1)
v(10,9) = v(9,10)
v(9,11) -—AB(Z,&)*H(!)*ZK*C23(I)*CIMGG/C22(I)
V(11,9) =-v(9,11)
V(10,10) = AB(k, 4) * H(|) * H{D) /7 c22(1) / c22(1)
V(IO,II)--AB(L.A)*H(l)*H(I)*ZK*C23(I)*CIMGG/C22(I)/C22(l)
V(11,10)=-v(10,11) .
V(11,11)= AB(h,h)*H(I)*H(I)*ZKZ*C23(I)*C23(!)/C22(l)/C22(l)
IF { N .EQ. 1) THEN DO
CONST = C22(1) / H(1)
ELSE DO
'F (N .EQ. 2 ) THEN DO
CONST = Chis (1) % zZK2 * H (1)
ELSE DO
IF (N .EQ. 3) THEN DO
CONST=C66 (1) %XK2%H (1)
ELSE DO
CONST=-RHO (1) *H (1)
END IF
END IF
END IF
ITIME = | -
DO 20 J=1, 12
IR=J+ 6 % |TIME
DO 30 K=1, 12
IC =K+ 6 % |TIME
BKNBM (IR, IC) = BKNBM(IR, IC) + CONST # V{J, K)
30 CONTINUE
20 CONTINUE
10 CONTINUE
RETURN; END
C*****ninii&i:‘:‘&kﬁai&%&ia;‘%;‘i&ﬁ;‘;‘w'u'u'n'm%;d-u:\:‘%;‘ﬁi;‘;‘;‘nx;‘ui;‘xﬁ:‘zﬁn
*
SUBROUT INE WWBAR *
*
C*****‘ks‘ﬁ%:&a‘n“i.‘u'm;‘iw'(*a‘;kiik:'m;:‘m**-“k&k&a‘ckm‘mxnm‘nn‘m-'u'n‘mm‘ub‘mv':*i:
SUBROUT INE NNBAR(NP.H.C33.Ckh,C55,RHO,XK,ZK,AB,N,CKNCM)

C
c

3420, ¢

3430,
3440,

COMMON/BLK1/NP1,NP2, IC2
COMMON/BLK2/C I MGG, ZERO

REAL*8 H(NP]).C33(NP1),Chh(NPl),CSS(NPI),RHO(NP]),
e AB (b, L) ,XK,XK2,2ZK, ZK2

COMPLEX%16 CKNCM(tC2,1€2) ,W(12,12) ,CONST,CIMGG, ZERD

XK2=XK*XK
ZK2=ZK*ZK
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DO 1000 JJ=1,1C2

DO 1050 KK=1,1C2
CKNCM (JJ,KK) = ZERO
CONTINUE

CONTINUE

DO 991 Li=1, 12

DO 9392 L2=1, 12
W(L1,L2) = ZERO
CONTINUE

CONTINUE
DO 10 I=},NP]}

W(3 ,3)= AB(3,3)*ZK2%H (1) *H (I)

W(3 ,5) =AB(1,3) *xZK*H (1) XCIMGG

V(5 13)"“(3 ,5)

W(3, 6)= AB(3,3) %H (1) *H (1) *ZK*CIMGG/CLL (1)
N(Gp 3)"”(3. 6)

W(3, 9)= AB(3,4)*H (I)%H (1) *ZK2

W(9, 3)=W(3, 9)

W(3,11)= AB(2,3)*H (1) #ZK*C| MGG
V(”J)"”B.”)

W(3,12)= AB (3,4) %H (1) %H (1) xZKXCIMGG/Chi (1)
W(12.3)'-N(3.12)

W(5, 5)= AB(1,1)

W(5, 6)= AB(1,3)*H (1) /Ch& (1)
W(6, 5)= W(5, 6)

W(5, 9)=-AB(1,4)*H (1) *ZK*C1MGG
W(9, 5)=-W(5, 9)

W{5,11)= AB(1,2)

W(11,5)= W({5,11)

W({5,12)= AB(1,4)%H (1) /C4L (1)
W(12,5)= W(5,12)

W(6, 6)= AB(3,3)%H (1)*H (1) /Chk (1) /Ckk (1)
W(6, 9)=~AB(3,4)*H (1) %H (1) *ZK*CIMGG/Chk (1)
W(9, 6)=-W(6, 9)

W(6,11)= AB(2,3)%H (1) /Cbk (1)

W(O1,6)= W(6,11)

W(6,12)= AB(3,4)*H (1) *H (1) /Chk (1) /ChL (1)
W{12,6)= W(6,12)

W(9, 9)= AB(4,h)*H (1) *H (1) %ZK2

W(S9,11)= AB{2,k) *H (1) #ZK*C|MGG
w(11,9)=~W(9,11)

W(9,12)= AB(4,L) *H (1) %H (1) XZK*C IMGG/Chl (1)
w(‘zrg) L0 (9' ,2)

W(11,11)= AB(2,2)
W(11,12)= AB(2,4) *H (1) /Chk (1)
W(12,11)= W(11,12)

W(12,12)= AB (4, 4)*H (1) %K (1) /Cbk (1) /Clk (1)

IF (N .EQ. 1) THEN DO
CONST = £33 (1) *ZK2%H (1)
ELSE DO
IF (N .EQ. 2) THEN DO
CONST = Chk (1) /H (1)
ELSE DO
}F (N .EQ. 3) THEN DO
CONST = C55 (1) *XK2%H (1)
ELSE DO
CONST =-RHO (1) #H (1)
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4090. END IF
4100. END IF

Lo, END IF

4120. ¢

4130, ITIME = | -

ko, DO 20 u=1, 12

4150, IR=J+ 6 % ITIME

4160. DO 30 K=1, 12

4170. IC =K+ 6 % ITIME

4180, CKNCM (IR, 1C) = CKNCM(IR, IC) + CONST * W(J, K)
4190, 30 CONTINUE

4200. 20 CONTINUE

4210, 10 CONTINUE

4220, ¢

4230. ¢

4240, RETURN; END

4250, ¢

4260. ¢

4270. ¢ -

h280, C*:‘dn‘;wb‘mx%:'n'm:'n‘n‘xmnkiii;‘m*i;w'n“»2;'n'ub‘m;‘u\m‘xAk*ikv‘sﬁk%ﬁii&ii‘%*;‘i‘k*x
4290. ¢ *
4300. ¢ SUBROUTINE UVBAR *
4310. ¢ *
h320, C*':‘w'xisﬁm‘xia?i"m‘du‘m&kiii*z‘u‘sﬁ;‘n‘zi&:“w'x:‘w‘w‘u"k%nﬁw’(#n%rk%z’nmiﬁxﬁ:‘mm‘mm‘w‘w’n‘r
4330. ¢

L3ko. ¢

4350, SUBROUTINE UVBAR (NP,H,C12,C22,€23,£66, XK, ZK,D,N, DK12)
4360, ¢

4370. COMMON/BLK1/ NP1, NP2, 1C2

4380. COMMON/BLK2/ CIMGG, ZERO

4390, REAL *8 H(NPI).C12(NP1),C22(NP1),C23(NP1),C66(NPI),
4400, * D(4, b),CHSIGN, XK, XK2, ZK, ZK2

Lino. COMPLEX %16 DK12(IC2,1C2), UV(12,12), CONST, CIMGG, ZERO
4420, ¢

4430, D0 1000 JJ=1, IC2

Lhko, DO 1050 KK=1, IC2

4450, DK12(JJ, KK) = ZERO

L460. 1050 CONTINUE

L470. 1000 CONTINUE

4480, ¢

Ligo. D0 991 LI=1, 12

4500. DO 992 L2=1, 12

4510, UV(L1,L2) = ZERO

4520. 992 CONT INUE

4530. 991  CONTINUE

4540, ¢

4550, XK2 = XK * XK

4560. ZK2 = ZK * ZK

4570, IF (N .EQ. 1) THEN DO

4580. CHSIGN = 1,0D0

4590. ELSE DD

4600, CHSIGN = - 1.0D0

L610. END IF

4620. ¢

4630, DO 10 =1, NP}

46ko. ¢ _

4és0. UV(1, 1) = 2. % D(1, 3) * H(1) * XK * Ci2(1) * CIMGG / C22(1)
4660. uv(l, 2) = uv({2, 1) = ZERO

LIYOR W, 3) =~ pQ), 1) * CHSIGN

4680, (3, 1) =~ uv(1, 3

4690, (i, 4) =-p(@1, 3) *x H(1) / €22(1)

ky00. UV(k, 1) =~ uv(), &)

ino. wQ, 5 = pQ, 3) *ZK*C23 (1) *H (1) *C1MGG/C22 (1)

k720, wi(, 1) = uw(1, 5



4730.
L74o.
4750.
4760.
4770.
4780.
4790.
4800.
4810.
4820.
4830.
4840,
4850.
4860.
4870,
4880.
4890,
4900,
4910.
4920,
4930.
4940,
4950.
4960,
4970.
4980.
4990,
5000.
5010.
5020,
5030,
5040,
5050,
5060.
5070.
5080.
5090.
5100.
5110.
5120.
5130.
5140,
5150,
5160.
5170.
5180.
5190.
5200.
5210.
5220.
5230.
5240,
5250.
5260.
5270.
5280.
5290.
5300.
5310.
5320,
5330.
5340,
5350.
5360,

waQ,

uw(,
u (i,

uv (s,
uv(,

uv (s,

7

1)
8)

1)
9)

1)

uw(1,10)
uv (i0,1)
wQ,n)

uv(z,
w2,
uv (3,
w2,

uv(y,
uv (2,
uv(2,
uv (s,

uv(2,10)
uv (10,2)

uv (3,
uv (3,
uv (3,

uv (7,
uv (3,
uv (s,
uv (s,

uv (s,

uv(2,11)

3)
L)
7

3)
8)
3)
9

3)

uv (3,10)
w(10,3)
uv (3, 1)

uwvn

uv (L,
uv (4,
uv(7,
Uv (4,
uv (8,
v (4,
uv (s,

uv (s,
w(y,
uv (s,
uv (8,
uv(s,
uv (s,

u(y,
uv (7,
uv (s,

»3)

v (7,10
uv(10,7)
wiaam
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=D(2, 3) * H(I) *# XK * C12(1) * CIMGG / C22(1)
+D(1, 4) * H(I) * XK % C12(1) * CIMGG / C22(I)

= u(@, 7

= - D(3, ) *xH(I) * H(I) % XK * CI12(1) * CIMGG
/ C22(1) / c66(1)

= u(1, 8)

= (-D(3, k) *H(I) * H(1) * XK2 *xC12(1) / c22()) )
- D(1, 2)

= - uv(1, 9)

=-D(1, &) %« H() / c22(1)

= - Uv(1,10)

= UV(11,1) = D(1, A)*H(1)*ZK*C23 (1) *CIMGG/C22 (1)
= ZERO

= D(1, 3) * H(I) / C66(1)

- - UV(Z, 3)

=D(3, &) * H(I) * H(1) % XK % C12(1) * CiMGG
/ €C22(1) / c66 (1)

= Wi, 7N

= UV(B, 2) = ZERO

=D(2, 3) * H(I) / cé66(1)

= - uv(, 9

= - D(3,4) *H() *H() / C22(1) / c66(1)

= - Uv(2,10)

= UV(11,2) = D(3,b4)*H (1) *H (1) kZK*C23 (1) XCI MGG/

€22 (1) /ce66(1)

2. # D(1, 3) * H(I) * XK * CIMGG

Uv(4, 3) = ZERO

(=00, 2) ) -D(3, &) * HOU) * H(1) * XK2
* C12(1) / c22(n)

=uw(@a, 7

=D, &) * H(I) / Cc66(1)

- uv(3, 8)

D(1, &) % H(I) * XK % CIMGG

+ D(2, 3) * H(l) % XK * CIMGG

uv (3, 9)

= D(3, ) * H(I) * H(1) * XK % CIMGG / €22 (1)

uv(3,10)

= =D (3, 4)*H(1)%H (1) *ZK*XK*C23 (1) /€22 (1)

-uv(3,11)

ZERO

D(2, 3) * H(I) / c22())

- UV(‘O. 7)

= D(3, b) *HO) * H(I) / c22(1) /7 C66(1)

- Uv(s, 8)

D(3, &) * H(I) * H(I) * XK % CIMGG / €22 (1)
uv(k, 9)

= D(2,3) %H (1) *ZK*C23 (1) XCI1MGG/C22 (1)

= Uv({s5, 7)
"D(é?h)ZH(I)*H(I)*ZK*C23(I)*CIHGG/C22(I)/C66(I)
= W (5, 8

==D (3,4) ®H (1) *H (1) XK*xZK*C23 (1) /€22 (1)

=-Uv(5, 9)

2. X D(2, b) *x H(I) * XK * CINGG * Ci2(1) / C22(1)
- D(2, 2) *CHSIGN

- w7, 9)

- D(2, &) * H{) / c22(I)

- Ww(7,10)

=UV(11,7) =D(2,k)*H (1)*ZKXC23 (1) %CIMGG/C22 (1)
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5370 uv(8, 8) = zERD
5380 UV(8, 9) =p(2, &) *H(I) / €66 (1)
5390 uv(s, 8 = - uv(s, 9
5400 UV(9, 9) = 2. #D(2, 4) * H(I) * XK % CIMGG
5410. ¢
5420, ¢
5430 IF (N .EQ. 1) THEN DO
5440 CONST = C12(1) *XK * CIMGG
5450 ELSE DO
5460 CONST = C66 (1) *XK *C|IMGG
5470 END IF
5480. ¢
5490 ITIME = | -
5500 DO 20 Jy=1, 32
5510 IR=J+6 % |TIME
5520 DO 30 k=1, 12
5530 IC = K+ 6 % [TIME
5540 DK12 (IR, I1C) = DK12(IR, IC) + CONST * uv(J, K)
5550 30 CONT INUE
5560 20 CONTINUE
5570 10 CONTINUE
5580. ¢
5590 RETURN; END
5600. C
5610. €
5620. C
5630 C%**%Rkinka*iuinim‘munkinn*A;‘innﬁi**-‘\;‘%%xA%ai%nikinm\-‘ma:\u*w‘w‘(
5640, C - - *
5650. C SUBROUTINE WUBAR DOING WU + UW *
5660. C *
5670 C**%;naa:nn*-‘;iaianiua*iiix*%x&;;%mm*:m;.ii:sinAixuix*&*uiuaanm‘z
5680. ¢
5690. €
5700 SUBROUT INE wuaAR(NP.H,c13.chh.css,cee.xx.zx,Aa,N,Eklz)
5710. C
5720. C
5730 COMMON/BLK1/ NP1, NP2, IC2
5740 COMMON/BLK2/ CIMGG, ZERO
- 5750 REAL %8 H(NPI).c13(NP1),chh(NP1).C55(NP1),c66(NP1),
5760 * XK, XK2, ZK, ZK2, AB(k, &)
57;0 COMPLEX *16  EK12(1C2,1C2),WU(12,12), CONST, CIMGG, ZERD
5780
5790 XK2 = XK % XK
5800 ZK2 = ZK % ZK
5810. ¢
5820 DO 1000 Ju=1, IC2
5830 DO 1050 Kk=1, (2
5840 EK12 (JJ, KK) = ZERO
5850. 1050 CONTINUE
5860. 1000 CONTINUE
5870. ¢
5880. DO 991 Li=1, 12
5890. DO 9392 L2=1, 12
5900. WU(L1,L2) = ZERD
5910. 992 CONT INUE
5920. 991  CONTINUE
5930. ¢
5940, DO 10 (=1, NP}
5950. ¢
5960, WU (1, 3)=-AB(1,3) #H (1) XAZKACI MGG
5370. WU(3, 1)==Wu(1, 3)
5980. WU (1, 5)= AB(1,1)
5990. WU(5, )= wu(1, 5)
6000. WU(1, 6)= AB(1,3)%H (1) /Ckk (1)



6010.
6020.
6030.
6040,
6050.
6060.
6070.
6080.
6090.
6100.
6110.
6120,
6130,
6140,
6150.
6160.
6170.
6180.
6190.
6200.
6210.
6220.
6230.
6240,
6250,
6260.
6270,
6280.
6250.
6300.
6310.
6320.
6330.
6340.
6350.
6360.
6370.
6380.
6390.
6400.
6410,
6420,
6430.
6440,
6450,
6460.
6470.
6480.
6490.
6500,
6510,
6520,
6530.
6540.
6550.
6560.
6570.
6580.
6590.
6600.
6610.
6620.
6630.
6640.
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WU(6, 1= wu(1, 6)

WU(1, 9)==AB(1,L)*H (1) *ZKXC MGG
WU(9, 1)=-wu(1, 9)

WU(1,11)= AB(1,2)
WUQ(11,1)=Wwu(1,11)

WU(1,12)= AB (1,4} %H (1) /Cbk (1)
WU(12,1)= wu(1,12)

wu(2, 3)=-AB(3,3) %H (1) %H (1) *ZK*C IMGG/C66 (1)
WU (3, 2)=-wU(2, 3)

wu(2, 5)= AB(1,3) *H (1) /C66 (1)

WU (5, 2)= wu(2, 5)

WU(2, 6)= AB(3,3)*H(l)*H(l)/chA(l)/cés(l)
WU(6, 2)= wu(2, 6)

WU (2, 9)=-AB (3, 4) *H (1) *H (1) XZK*C IMGG/C66 (1)
WU(9, 2)=-wu(2, 9)

WU(2,11)= AB(2,3)*H (1) /C66 (1)

WU(11,2)= WU(2,11)

WU(2,12)= AB(3,4) %H (1) %H (1) /Ckb (1) /866 (1)
WU(12,2)= Wu(2,12)

WU (3, 3)= 2.%AB(3,3) %M (1) *H (1) xZK*XK

WU(3, 5)= AB(1,3)%H (1) #XK*C MGG

WU(5, 3)=-wu(3, 5)

WU(3, 6)= AB (3, 3) *H (1) %H (1) *XKXC IMGG/CLk (1)
wu (69 3)-'wu (3o 6)

WU (3, 7)= AB(2,3)*H (1) *ZKXC|MGG

WU(7, 3)=-wU(3, 7)

WU(3, 8)= AB (3, 4) *H (1) ®H (1) *ZK*C |MGG/C66 (1)
wu (8' 3)--wu(3v 8)

WU (3, 9)= 2.%AB(3,4) %H (1) *H (1) %ZK*XK
WU(3,11)= AB(2,3) %H (1) *XKXC | MGG
WU(11,3)==WU(3,11)

WU(3,12)= AB (3, L) %H (1) *H (1) *XKXC IMGG/Chi (1)
WU (12,3)=-WU(3,12)

WU(5, 7)= AB(1, 2)

WU(7, 5)= wu(5, 7)

WU (5, 8)= AB(1,4)%H (1) /C66 (1)
WU(8, 5)= wu(5, 8)

WU (5, 9)=-AB(1,4)*H (1) xXK*C | MGG
WU (9, 5)=-wu(5, 9)

WU (6, 7)= AB(2,3)%H (1) /cki (1)

WU(7, 6)= Wu(6, 7)

Wu(6, B)= AB(3,4) %H (1) &H (1) /Ck& (1) /C66 (1)
WU(B, 6)= wu(6, 8)

wu (s, 9)'-AB(3.h)*H(l)*H(I)*XK*CIMGG/Chh(I)
WU (9, 6)=-WU(6, 9)

WU (7, 9)==AB(2,4)*H (1) *ZKXC | MGG
wu (9 ’ 7) =~WU (7 ’ 9)

WU(7,11)= aB(2,2)

WU(11,7)= wu(7,11)

WU(7,12)= AB(2,4) *H (1) /Cki (1)
WU(12,7)= Wu(7,12)

wu (8, 9)--As(h,h)*u(4)*H(:)*zx*cxncc/cse(|)
WU(9, B)=-wuy(8, 9)

WU(8,11)= AB(2,4) #H (1) /C66 (1)

WU(11,8)= WU (8,11)

WU(8,12)= AB (4, 4) %H (1) %H (1) /Chk (1) /C66 (1)
WU(12,8)= wu(8,12)
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6650. C

6660. WU(9, 9)= 2.%AB (L, 4) *H (1) %H (1) *ZK*XK

6670. WU (9, 11) =AB (2, 4) *XK*H (1) *C | MGG

6680. WU{11,9)=~WU(9,11)

6690. WU(9,12)= AB (b b) %H (1) *H (1) XXK*C1MGG/Clk (1)

6700. WU(12,9)=-wU(9,12)

6710. ¢

6720. IF (N .EQ. 1) THEN DO

6730. CONST = C13(1)*H (1) *XK*ZK

6740, ELSE DO

6750. CONST = C55(1) *H (1) xXK*ZK

6760. END IF

6770. C

6780. ¢

6790. ITIME = | -

6800. DO 20 J=1, 12

6810. IR=J+ 6% [TIME

6820. DO 30 K=1, 12

6830. IC =K+ 6 % ITIME

6840, EK12 (IR, 1C) = EK12(IR, IC) + CONST #wU(J, K)
6850. 30 CONT I NUE

6860. 20 CONTINUE

6870. 10 CONTINUE

6880. ¢

6890. C

6900. RETURN; END

6910. C

6920. ¢

6930 . C**%ikuxnikin:u'c:‘-‘u“%in;‘ikiniaiixkkkia*iiiii%xi%kaniuﬁa%i&*inm‘n“k
6940. C *
6950. C SUBROUTINE WVBAR DOING WVBAR'~V'WBAR AND *
6960. C VWBAR' -W'VBAR *
6970. ¢ *
6980, C**iim‘.ni;\x:‘sanni»in*ii.‘mn%u:‘iﬁia*;‘x:‘k*im‘n‘mm\**.'m%i%&a‘siuii*imh‘m
6990. C

7000. €

7010. SUBROUTINE WVBAR (NP,H,C12,C22,C23, Chb, XK, ZK,D, N, FK12)
7020. ¢

7030. ¢ ,

7040. COMMON/BLK1/NP1,NP2, IC2

7050. COMMON/BLK2/CIMGG, ZERD

7060, REAL*B H(NP1) ,C12(NP1),C22 (NP1),C23 (NP1) ,Chk (NP1),
7070. -] D (4,4) ,XK,XK2,2ZK,ZK2

7080. COMPLEX*16 FK12(iC2,1C2) ,WV(12,12),CONST, CIMGG,ZERD
7080. C

7100. XK2mXK%XK

7110, ZK2=ZK*ZK

7120. DO 1000 JJ=1,1C2

7130. DO 1050 KK=1,i1C2

7140, FK12 (JJ,KK) = ZERD

7150. 1050 CONTINUE -

7160. 1000 CONTINUE

7170. ¢

7180. DO 991 Li=1, 12

7190. DO 992 L2=1, 12

7200, : WV(L1,L2) = ZERO

7210. 992 CONTINUE

7220. 991  CONTINUE

7230, €

7240, IF (N .EQ. 1) THEN DO

7250. CHSIGN = 1.0D0

7260. ELSE DO

7270. CHSIGN =-1.0D0

7280. END IF



7290. ¢
7300.
7310.
7320.
7330.
7340.
7350.
7360.
7370.
7380.
7390. C
7400.
7410,
7420.
7430.
YL
7450.
7460.
7470.
7480.
7490.
7500.
7510.
7520.
7530.
7540.
7550.
7560. C
7570.
7580.
7590.
7600.
7610.
7620.
7630.
7640,
7650. ¢
7660.
7670.
7680.
7690.
7700.
7710.
7720.
7730.
7740.
7750.
7760.
7770.
7780. ¢
7790.
7800.
7810.
7820.
7830.
7840.
7850.
7860.
7870. ¢
7880.
7890.
7900. €
7910.
7920.
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. DO 10 I=1,NP1

WV (1, B)= D(1,3)%H (1) *XK*C12 (1) *CIMGG/C22 (1)

w5, )= wv(1, 5)

WV (1, 9)=-D(3,4)%H (1) *H (1) *XK*ZK*C12 (1) /C22 (1)

W(9' ])."W(]v 9)

WV (1,11)= D(2,3) %H (1) *XK%XC12 (1) *CIMGG/C22 (1)

w{1l,)= W (1,11)

WV(1,12)= D(3,4) %H (1) *H (1) *XK%C12 (1) *CIMGG/C22 (1) /Chk (1)
wv(i2,1)= wv(1,12)

WV (3, 3)=2.%D(1,3)*H (1) XZK*C1MGG
WV (3, 5)= D{1,1) *CHSIGN
W(St 3)-"W(3, 5)
WV (3, 6)=-D(1,3)*H (1) /CLk(I)
WV ({6, 3)=-wv(3, 6)
WV (3, 7)=-D(3,4)*H (1) *H (1) *ZK*XK*C12 (1) /€22 (1)
WV (7, 3)=-wv (3, 7)
WV (3, 9)= D(1,4)%H (1) *ZK*CIMGG
+D (2, 3) *H (1) $ZKXC I MGG
WV (9, 3)= WV (3, 9)
WV (3,10)==D(3,4) *H (1) %H (1) *ZK*CIMGG/C22 (1)
WV (10,3)= WV {3,10)
WV (3,11)= (=D (1,2)) =D (3,4) %H (1) *H (1) xZK2%C23 (1) /C22 (1)
WV (11,3)=-wV(3,11)
WV (3,12)==D(1,4) *H (1) /Chk (1)
wv{12,3)=-WV(3,12)

WV (L, 5)= D(1,3)%H(1)/C22(1)

WV (5, k)=-wV (4, 5)

WV (L, 9)= D(3,4)%H (1) *H (i) *ZK*CIMGG/C22 (1)
W(go h)‘ W(“- 9)

WV {L,11)= D(2,3)%H (1} /C22(1)

WV (11,4) =WV {4,11)

WV (L, 12)=-D (3,4) %H (1) *H (1) /C22 (1) /Chk (1)
WV (12,4) =WV (4, 12)

WV (5, 5)= 2,%D(1,3) %ZK*H (1) *CIMGG*C23 (1) /C22 (1)
WV(5, 7)= D(1,4)%H (1) *XKXC12 (1) *CiMGG/C22 (1)
WV (7, 5)= W (5, 7)
WV (5, 9)= (-B{1,2))-D(3,4)%H (1) %K (1) *2K2*C23 (1) /C22 (1)
WV(9, 5)=-wv (5, 9)
WV (5,10)==D (1,4) *H (1) /C22 (1)
WV (10,5) =-Wv (5, 10)
WV (5,11)= D(7,4)%H (1) *ZK*CIMGG*C23 (1) /C22 (1)
+D (2, 3) *H (1) *ZKXCIMGGXC23 (1) /€22 (1)
WV (11,5)= wv(5,11)
WV (5,12) =~D (3,4) kZK*H (1) ®H (1) £C23 (1) XCIMGG/C22 (1) /Ckk (1)
WV (12,5)= WV (5,12)

WV (6, 7)= D(3,4)%H (1) *H (1) *XK*C12 (1) XCIMGG/C22 (1) /Chi (1)
w(7l 6)- W(6' 7)

WV(6, 9)= D(2,3)%H (1) /Chi (1)

WV (9, 6)=-wv(6, 9)

WV (6,10)==D (3,4) %H (1) *H (1) /C22 (1) /CkLi (1)

WV (10,6) =-WV (6,10)

WV(6,11)= D(3,4)%H (1) %H (1) %ZK*C23 (1) *CIMGG/C22 (1) /Chk (1)
WV (11,6)= Wv(6,11)

WV (7,11)= D(2,4) %H (1) RXK*C12 (1) XCIMGG/C22 (1)
W(”v7)' W(7vll)

WV (9, 9)= 2.%D(2,h4)%H (1) XZKXC IMGG
WV(9,11)= D(2,2) *CHSIGN
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7930- W(”,S)"“W@-”)

7940. VV(9.lZ)*-D(Z,h)*H(I)/Chh(I)
7950. WV {(12,8)=-wv (9, 12)

7960. €

7970. WV (i0,11)= D(Z,h)*H(l)/CZZ(H
7980. WV(II,IO)--NV(IO.II)

7990. ¢

8000. Wil,1)= 2.*D(2,h)*H(I)*ZK*CZS(I)*CIHGG/CZZ(H
8o10. ¢

8020. IF (N .EQ. 1) THEN DO

8030. CONST = C23(1) % zKkx CIMGG
8040, ELSE DO

8050. CONST = ChlL (1) & zZK % CIMGG
8060. END IF

8070. ¢

8080. ITIME = | -

8090. DO 20 J=1, 12

8100. IR= J+ 6 % ITIME

8110. DO 30 k=1, 12

8120. IC =K+ 6 % ITIME

8130. FK12 (IR, IC) = FK12 (iR, 1C) + CONST *WV (J, K)
8140, 30 CONTINUE

8150, 20 CONTINUE
8160. 10 CONTINUE

8190, RETURN; END

¢
c
8260. c**;aana;a;a;;;a;;ua,;n“axn;na‘aa;aax;aaaa*aaxﬁaxaﬂxa**
c
c

8290. SUBROUTINE ADDING (NP, SK, MK)

8310, COMMON/BLK1/NPT, NP2, IC2
8320, COMMON/BLK2/ CIMGG, ZERO
8330. COMPLEX *16 sk(ic2,1c2), Mk (1c2,1C2), cimes, 2ERo

8350, NP6 = 6 % NP
8360. NPSQ =6 % (NP + 2)
8370. NPSQM6 = NPSQ - 6

FIRST, ADD UP ALL THE MATRICES AND STORE THE RESULT IN AK

[aNeNel

8410, DO 10 i=7, NPSQM6
8420. DO 20 J=1, NPSQ
8430, SK(I, J) = sk(I, J) o+ MK (1, W)
8440, 20 CONT I NUE
8450, 10 CONTINUE
c

8470, RETURN; END

,,,,,,,,,

*
8550. ¢ SUBROUTINE FORMDD *
*
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8570 . C*******************************************************

8580. ¢
8590. ¢

2600. SUBROUTINE FORMDD (NP, AK, AM, BK, BM)
610. C

8620. COMMON/BLK1/ NP1, NP2, IC2

8630. COMMON/BLK2/ CIMGG, ZERO

8640, COMPLEX %16  AK(1C2,1C2), AM{IC2,IC2), BK(ic2,1C2), BM(IC2,1C2)
8650. * »CIMGG, ZERO

8660. ¢

8670. DO 1000 Jy=1, I1C2

8680. DO 1050 KK=1, IC2

8690. BK (JJ, KK) = ZERO

8700. BM(JJ, KK) = ZERD

8710. 1050 CONTINUE
8720. 1000 CONTINUE

8730. ¢

8740. NPé = 6 * NP

8750. DO 10 I=1, NP6

8760. DO 20 J=}, 12

8770. IC = J + NP6

8780. BK(l, J) = AK(l, iC)
8790. BM(1, J) = AM(1, IC)
8800. 20 CONTINUE

8810. 10 CONTINUE

8820. ¢

8830. RETURN; END

8840, ¢

8850. SENTRY



TABLES



The first and second layers a
is the same as the first sub

re subdivided into two layers each.
—-divided layer.

The fifth layer

PERIODICITY = 4 , d =
Thlc%gfss 11 €12 €13 €22 €23 €33 % | Cs5 | Cep De?i;ty

(2h*™) P

4.0 35 15 15 35 15 35 10 10 10 3.0
= 10

1.0 4.333 2.333 2.333 4,333 2.333 4,333 1.0 1.0 1.0 1.0

4.0 175 75 75 175 75 175 50 50 50 3.0
Y = 50

1.0 4,333 2.333 2.333 4,333 2.333 4,333 1.0 1.0 1.0 1.0

4.0 350 150 150 350 150 350 100 100 100 3.0
Y = 100

1.0 4,333 2.333 2.333 4,333 2.333 4.333 1.0 1.0 1.0 1.0

Table 4.1: Material constants of composites for different isotropic lamina.

NOTE: To achieve a periodicity of 4, the properties of 5 layers are required as input.
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PERIODICITY = 4 , d = 12 C.,. =cC,, * 10 y/m?
1] 1]
p is in g/cem
Layer Thl?i?ess Cll C12 C13 C22 C23 C33 C44 C55 C66 Density
h
1 6.0 2.6907 0.5850 0.5850 1.8860 0.7634 1.8860 0.5613 |0.6019 [0.6019 2.5200
2 6.0 2.6907 0.5850 0.5850 1.8860 0.7634 1.8860 0.5613 10.6019 |0.6019 2.5200
3 0.5 1.1070 0.5730 0.5730 1.1070 0.5730 1.1070 0.2670 {0.2670 [0.2670 2.7020
4 0.5 1.1070 0.5730 0.5730 1.1070 0.5730 1.1070 0.2670 [0.2670 {0.2670 2.7020
5 6.0 2.6907 0.5850 0.5850 1.8860 0.7634 1.8860 0.5613 10.6019 [0.6019 2.5200

Table 4.2: Material constants for fiber-reinforced

NOTE:

5 layer as input

Boron-Aluminium Composite.
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R lOllN/m2

PERIODICITY = 4 , d = Units: Cy5
p: g/em
i C
Layer Thl???ess €11 12 13 ) Ca3 €33 44 Cs5 Co6 Density

h
1 2.0 0.7669 0.0503 0.0503 0.1007 0.0507 0.1007 0.0250 ] 0.0328 10.0328 1.200
2 2.0 0.7669 0.0503 0.0503 0.1007 0.0507 0.1007 0.0250 ] 0.0328 |0.0328 1.200
3 0.5 0.0865 0.0475 0.0475 0.0865 0.0475 0.0865 0.0195 ] 0.0195 [0.0195 1.800
4 0.5 -0.0865 0.0475 0.0475 0.0865 0.0475 0.0865 0.0195 ] 0.0195 {0.0195 1.800
5 2.0 0.7669 0.0503 0.0503 0.1007 0.0507 0.1007 0.0250 ] 0.0328 | 0.0328 1.200

Table 4.3: Material constants for graphite-epoxy composite (i).
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lOllN/m2

PERIODICITY = 4 , § = Units: cij
p: g/cm
Thickness

Layer h(i) Cll C12 C13 C22 C23 C33 C44 C55 C66 Density
1 4.50 1.6073 0.0644 0.0644 0.1392 0.0692 0.1392 .0350 0.0707 0.0707 1.20
2 4,50 1.6073 0.0644 0.0644 0.1392 0.0692 0.1392 .0350 0.0707 0.0707 1.20
3 0.50 0.0865 0.0475 0.0475 0.0865 0.0475 0.0865 .0195 0.0195 0.0195 1.80
4 - 0.50 0.0865 0.0475 0.0475 0.0865 0.0475 0.0865 .0195 0.0195 0.0195 1.80
5 4.50 1.6073 0.0644 0.0644 0.1392 0.0692 0.1392 .0350 0.0707 0.0707 1.20

Table 4.4: Material constants for graphite-epoxy composite (ii).

%1



PERIODICITY = 4 d = 0.6
Layer TZi???ess ‘11 €12 €13 €22 €93 €33 Cus €55 €66 DENSITY
1 0.6 7.000 0.300  3.000 0.700 3.000 7.000 2,000 2.000 2.000  1.000
i 1.0 10.700 0.300 0.300 0.700  0.300 0.700  0.200 0.020 0.020  1.000
2- | ii 1.0 3.850  0.300  1.650  0.700  1.650 3.850  1.100 1.010 1.010  1.000
1ii | 1.0 7.000  0.300  3.000  0.700  3.000 7.000  2.000 2.000 2.000  1.000

Table 4.5: Material constants of transversely isotropic laminae

NOTE: Same as the note in Table 4.1. Layer 2 denotes the three
types of matrix layers to be considered. Only one of
these should be used at one consideration.

Tl
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Fig. 2.1 Geometry of periodically laminated infinite medium.
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Fig. 3.1

Typical finite laminated medium showing shear stresses
acting on the surface of the medium.
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Fig. 3.2 Laminated layers subjected to tangential traction.
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Laminated medium used for the Effective Stiffness Methoa
showing the layer properties and local coordinates.




Fig. 3.4
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Pair of reinforcing and matrix layers.
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- ——=t-—= EFFECTIVE MODULUS &
EFFECTIVE STIFFNESS

——O——FINITE ELEMENT METHOD
& EXACT ANALYSIS.

! ! ' ' [ l l 7
0 1 2 3 4 5 6 7 8
Fig. 4.1 Lowest symmetric SH mode propagating in the direction of the

layering for isotropic material.
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"Fig. 4.2 Phase velocity vs. wave number plot for the lowest anti-
symmetric mode (SV) propagating in the direction of the
layering.
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T—O—— FINITE ELEMENT METHOD &
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Fig. 4.3 Lowest symmetric P mode propagating in the direction of
the layering.
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Fig. 4.4 Lowest transverse (SV) and longitudinal (?) mode
propagating normal to the layering.
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Fig. 4.5 Lowest transverse (SV) and longitudinal (P) mode propagating
in the direction of the layering for anisotropic material.
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Fig. 4.6 Lowest SH, SV and P mode propagating normal to the layering
for anisotropic material, o = 0°, ¢ = 90°.
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Fig. 4.7 Lowest SH, SV and P mode propagating along x~y plane, ¢ = 0°.
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Fig. 4.8 Lowest SH, SV and P mode propagating along x-y plane, ¢ = 30°.
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Fig. 4.9 Lowest SH, SV and P mode propagating along x~-y plane, ¢ = 60°.
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Fig. 4.10 Lowest SH, SV and P mode propagating along x-y plane, ¢ = 90°.
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Fig. 4.11 Lowest SH, SV and P mode propagating along y-z plane, ¢ = 0°, o = 90°,
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Fig. 4.12 Lowest SH, SV and P mode propagating along y-z plane, ¢ = 30°.




- 144 -

Fig. 4.13

Lowest SH, SV and P mode propagating along y-z plane, ¢ = 60°.
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Fig. 4.14 Lowest SH, SV and P mode propagating along y-z plane, ¢ = 90°.
(This figure is the same as Fig. 4.10)
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Fig. 4.15 Lowest SH, SV and P mode propagating along x-z plane, o = 0°.
(This figure is the same as Fig. 4.7)
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Fig. 4.16

Lowest SH, SV and P mode propagating along x-z plane, o = 30°,
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Fig. 4.17 Lowest SH, SV and P mode propagating along x-z plane, o = 60°,
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Fig. 4.18 Lowest SH, SV and P mode propagating along x-z plane, o = 90°,
(This figure is the same as Fig. 4.11)
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Fig. 4.19 Frequency vs. vertical angle plot for SH mode propagating

on x-y plane.
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Fig. 4.20 Frequency vs. vertical angle plot for SV mode propagating

on x-y plane.
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Fig. 4.21 Frequency vs. vertical angle plot for P mode propagating on
x-y plane.




- 153 -

Fig. 4.22 Frequency vs. vertical angle plot for lowest SH mode

propagating on y-z plane.
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Fig. 4.23 Frequency vs. vertical angle plot for lowest SV mode

propagating on y-z plane.
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Fig. 4.24  Frequency vs. vertical angle plot for lowest P mode

propagating on y-z plane.
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Fig. 4.25 Frequency vs. horizontal plane plot for lowest SH mode

propagating on x-z plane.
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Fig. 4.26

Frequency vs. horizontal angle plot for lowest SV mode
propagating on x-z plane.
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Fig. 4.27 Frequency vs. horizontal angle plot for lowest P mode
propagating on x-z plane.
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Fig. 4.28 Curves of constant k for lowest SH mode, o = 0°,
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Fig. 4.29 Curves of constant k for lowest SH mode, o = 90°.
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Fig. 4.31 Lowest 5 branches for curves of constant k on X-y plane, o = 45°,
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Fig. 4.33 Lowest 5 branches for o = 0°, i = 0.0.
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Lowest 5 branches for o = 45°,
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Fig. 4.35 Lowest 5 branches for o = 90°, n=0.0.
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Fig. 4.36 Frequency vs. wave number plot for lowest SH mode, n = 0.0
and I = 1/13.
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Fig. 4.37 Lowest 5 branches for o = 45°, 7} = 1/26.
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Fig. 4.38 Lowest 5 branches for a = 45°, 1§ = 1/13.
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Fig. 4.39 Lowest 3 branches for wave propagating on x-y plane,
a = 0°, ¢ = 45°,

2 =

A




4 — - 171 -

Fig. 4.40 Lowest 3 branches for wave propagating on y~z plane, o = 90°, b = 45°.
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Fig. 4.41 Lowest 3 branches for wave propagating on x-z plane, o = 45°, ¢ = Q°.
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Fig. 4.42 Lowest 3 branches for wave propagating at o = 45°, ¢ = 45°,
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Fig. 4.43 Lowest 3 branches for curves of constant k, o = 0°.
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Fig. 4.44 Lowest 3 branches for curves of constant k, a = 45°,
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Fig. 4.46

1.5 1

1.0 —

0.5

- 177 -

Lowest branch for constant ﬁ, o = 45°,

0.0
0.2




- 178 -

Fig. 4.47 Lowest 3 branches for wave propagating on x~y plane,
a=0° ¢ = 45°; d = 9.
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Fig. 4.48 Towest 3 branches for wave propagating on y-z plane,
o= 90°, ¢ = 45°; d = 9,
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Fig. 4.50 Lowest 3 branches for wave propagating at a = 45°, ¢ = 45°;
d =09,
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Fig. 4.51 Lowest 3 branches for curves of constant k, o = 0.°; d = 9.
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Fig. 4.56  Lowest 3 branches for wave propagating on y-z plane, o = 90°, ¢ = 0°.
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Fig. 4.57 Lowest 3 branches for wave propagating on x-z plane, o =45°, ¢ =0°.
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Fig. 4.58 Lowest 3 branches for wave propagating at o = 45°, ¢ = 45°,
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Fig. 4.61 Lowest 3 branches for curves of constant k, o = 90°.
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Fig. 4.62. Lowest branch for constant n, o = 45°,
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Fig. 4.63 Lowest 3 branches for wave propagating on X~y plane,
a=0° ¢ = 42°; d = 9,
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Lowest 3 branches for wave propagating at y-z plane,
o = 90° ¢ = 45°; d = 9,
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Fig. 4.67 Lowest 3 branches for curves of constant k, o = 0°; d = 9.
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Fig. 4.68

Lowest 3 branches for curves of constant E, o= 45°; d =9,
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Fig. 4.69 Lowest 3 branches for curves of constant k, o = 90°; d = 9.
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Fig. 4.70 Lowest branch for constant n, o = 45°; d = 9,
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Fig. 4.71 Lowest SV mode for wave propagating through 3 isotropic media with different thicknesses.
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Lowest SH mode for wave propagating through 3 isotropic media with different thicknesses.

Fig. 4.72
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