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CHAPTER 1

INTRODUCTION

1.1 LITERATI]RE REVIEI^I

The increasing use of composíte materiaLs like fibre-reínforced

composiËe and graphÍÈe-epoxy composíte in a variety of sËructural applí-

cations has generaÈed extensíve research efforts Ín the area of dynamic

behaviour of periodically lamínated medía. rn the past two decades,

varíous approxÍnaËe theorÍes and exact solutíons for wave propâgatíon in

Èhe laminated media have been proposed.

The early approxímate theory was made by specifying the behavíour

of the plate through its thickness. The most common of whích is the

Love-KÍrchhoff hypothesís [1, 2, 3]. But, when the materíal properties

differ appreciably from layer to Layer and/or when a high degree of

orthotroPy exísts in one or more layers, the valídíty of these Èheoríes

was found to be questionable 1"41. To Ímprove these approxÍmate theories,

the effect of transverse shear deformation has been íncluded. This

approach produced satisfactory results for the static analysis of thíck

laminates t5]. Later, Ne1son and Lorch [6] íntroduced a refined theory

that includes transverse shear, trânsverse normal and quadraLic terms in

the kinematic assumption.

Postma [7], Rytov [8],and hlhíte and Angona [9] then developed the

effective modul-us theory on Èhe basís of both staLíc and dynamic con-

sideration. This is the approximate elastícíty sol-uÈíons Ín r¡hÍch

attenpts were made to brídge the gap between the approxí¡nate plate

theoríes and the general theory of el-asticíty formulations, by smooÈhing

and averagíng procedures on special lanínates with perÍodic structure
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Èhrough thickness. However, Èhís nethod does not account for the effects

of the geometríc dispersíon. Therefore, an effective st,iffness method was

proposed by sun, Achenbach and Herrmann [10, 11, L2]. Thís uethod r^ras

then developed Ín more detaíl by other investigators [13, 14, 15].

Other approximate approaches that have been used extensiveLy are

the mixture theory ÎL6, L7, 18], the theory of fnteracÈing contfnuum

[19, 20], and the new quotient method l2l-, 221. Recenrly, Mengi et a1

[23] used higher order plate theory together Brith a smoothíng operatíon

to study the díspersion characterístíc of two-layer periodic laminated

media.

In addition t.o the approxímate analysis mentioned above, exact

solut.ions for rsave propagaÈing in lamÍnat,ed media have alsr¡ been preserrted

in the literaËure. Most actual analyses are based on two-dÍmensional

equatÍons where each lamínate Ís isotropÍc. The antiplane 124-261 and

plane strain [27] problems have been dealt wíth by ímposing the displace-

ment and stress continuíty conditions at the interfaces. Recently,

De1ph,et.al. [28-30] have done exËensive work in usíng Floquetrs theory

in conjunction wíth the elasticity solutíon to analyse the dispersion

charaeterístÍc for har¡nonic wave propagatíon through lanínated media.

DÍspersion relations for lamínated composítes in a three-dimensÍonal

sett,ing have been obtained by Kulkarmi and Pagano [31], where the

solution for vibration frequencies for cylindrícal bendíng has been

presented. Yamada and Nemat-Nasser t32] have also examíned the disper-

sive effecËs in layered orthotropíc elasËic composites, where the

direction of Èhe corresponding harrnonfc waves makes an arbítrary angle

with respect t,o the J-ayers.



-3-

In most of the analysis mentloned above, the lamínae were assumed to

be isotropic. The most recent ¡sork was done by Shah and Datta [33] in

¡shÍch the finite element nethod i-s presented for st.udying harmonic wave

propagation in a periodically laminated medium, where each lamina may

have anisotropic properties. However, in their work, antÍplane and pl-ane

strain motions are dealt Rríth separately. The nethod used is discussed

ín deÈaiL in Ref. t331.

T,2 PRESENT SCOPE

In this thesis, the finite element method or stiffness method pro-

posed by Shah and DaÈta [33], for the antiplane and plane strain motions,

is extended to three-dimensional problems. The method and formulat,ion

technÍque used 1s discussed ín Chapter 2. In order to assess Ëhe

accuracy of this method,numerícal results are firsÈ compared with the

results obtained by the effectÍve modulus 17J and effectíve stiffness

meËhods [11]. But fÍrst of all, the effective modulus and effective

stfffness method have to be extended to handle a three dimensional

analysis for anísotropic materíals. These will be díscussed and formu-

lated Ín Chapter 3. Numerical- results are then presented for fiber-

reinforced composíte and graphÍte-epoxy composite !üíth different layer

thicknesses. The computer programs used to assist the numerical compu-

tatÍon are lísted in Appendix H, I and J. The fírst computer program is

wrftten for the three dinensional analysis of T4rave propagation through

Laminated layers usÍng the effective modulus method. The second is for an

effectÍve stiffness analysfs whÍle Appendíx J is Èhe computer program

rrrritten to solve the same probLem using the fínite element method.



CHÄPTER 2

HAR}TONIC I,ilAVES IN A PERTODICALLY LAMINATED MEDII]M:

FTNTTE ELEMENT METHODS (F.E.M.)

2.L TNTRODUCTION

Ìn thís chapter, the behaviour of harmonic waves propagaÈing in a

periodically layered, infinite, elasÈic body is examíned. In most pre-

vious studies on the similar subject mentioned in Chapter 1, each lamína

üras assumed to be isotropic. However, in order to be more general, the

present analysis will deal with three dímensional, anisotropic lamina.

In Èhis method, an interpolation functíon is assumed for each lamína

v¡hich is characterized by a discrete number of generalízed coordínates

at the interfaces. These generalized coordÍnates are the ínterface dis-

placements and stresses, thus ensuring the conÈínuity of these quantíËies

across the boundary planes. By applying Harniltonrs príncíple t34] and

usÍng Floquetrs theory [35], the dispersíon equation ís obtaíned. The

soluËions of this equatíon yield the frequency-\rüave-number relatíonships.

In the foLlowíng, the method will be discussed in detaíl.

2.2. EQUATION OF LINEAR ELÀSTICITY

In the following, harmonic \¡/aves propagating through a períodically

layered, elastíc body of unbounded extent is considered. For the purpose

of this dÍscussion, a two-layered periodical-ly lamÍnated elastíc body,

as shorn¡n in Fí9.2.L, is considered though the method presented can be

appl-íed t,o any number of periodfcíty. Any two adjacent l-aminae in the

body then compose a uníÈ cell. Both l-arninae in the unit cell are assumed

to be homogeneous, orthorhombíc and perfecÈly bonded to contiguous
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layers. The two laminae of a typícal unÍt cel1, Cn, as shov¡n ín Fig.

have elasric consranrs (.Íi), .Í;), .{å), rt;), .jî), .jä),rÍî), .Íî)

.áå'r; ccfi+t), .Í;*t', .Íî*t', ,;t*',, .jä*t,, .jå*t, , ,Íî*tr, .Íl*t,

aáå*t)), rhicknes" (z rr(Í), , n(i+r¡) and densiríes (p(t), p(i*1)),

respectively. For a particular lamina, the relevant stress-straín

2.r,

relatÍons are
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Let U, (xr, yí, zí, t), vl (xr, yr, zi, t) (*r' Y i' t)and LI

be the cartesían components of the dÍsplacement Ín the x, y and z

dírections respectively, for the rth larirr". The strain components in

the (i)th lminr can then be expressed as

mnt represent the sËrain of
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SubsÈituting Eqs. 2.2 into Eqs, 2.L, the sÈress-displacement relation-

ships may be obtained. SubstiËution of these stress-dísplacement

relationshíps inÈo the stress equatíons of motion leads to Navier I s

equatlon of mot.ion te01. The solutíon to these Navier equaÈions give

Èhe dísplacement and stresses in each lamina. At present, no analyÈical

soluÈÍons to these Navíerrs equatÍons are available. Thus, ín thís thesis,

a finite element method is proposed to solve the problem.

2.3 TRJ,CTION AND DISPLACEMENT CONTINUITY

For a two-layered periodically laminated elastíc body, Lhe contínu-

ities of traction and displacernent aË the ínterface between tI^Io

consecutíve lamina (1) and (2) 
' and (2) and (3) are:

(2) r) (1)UZ (xr, -h ,2,

,2,

"2'

ut (x1, 'z!'t)
(2)

(2)

(2)

r)

r)

)v (x -h
2 2'

h

Vt (*r, tt(1

Wl_ (*r, t',(1

h
(r

(r
1t

r)

r)

Ë)

r)

r)

z 
J-'

zL'

zL'

wZ (xr, -h ,

,

)

)oQ)yx

6Q)yv

oQ)yz
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oQ)yx

(xz, -h

o(1)
yJ(

o(1)
vv

o(1)yz

t*r, -rr(2) , ,2, t) (xl,

{*r, -rr(2) , zz, t) (x h

r)
I

{*r, f, 
(1) 

, t)zrttzt

zLt

,2,

"3'

,3,,2,

) (2.3)

and

Y z (x2, ' zz' t) (x,, -h

(2

(1)(x
3' -h '23't)

(1) r)

(1)

h
(2

h 
(2)

h(2) ,

)uz (x2' r) =u3

=v3

)(xr, h t) = W3 (xr, -h

r) : of) (x3, h(1)(*2, ,2, '23't)
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r) È)

(x '2' t) (x ôt
J -h

(1) r)2'

Using Floquetfs theory [35], Eqs. 2.4 can be rewritten as

oQ)yv

oQ)yz

Y Z (*2,

Wz (x2,
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oQ)
vv

oQ)yz

(x
2t

(x2,

(*2. h
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"Íkyd

h(2) , ,2, t) = Vl (x1, (1)

hQ) , ,2, {*r, -f, 
(1) 

,

z;t
J

,3,= oC3)
vv

= o(3¡yz
h(2) ,

)

-h ,

(1)

-h
(1

-h
(1)

íkd
v

r) e v

(2.4)

(2.s)

uz

íkdt)e,L, v

,L,

h(2), "2't) (x t)e-h zr'

h(2) , zL'

"L'

-h

h
2)

2)

'zz't) (xl,=wl

_ _(1)_U
yx

_ _(1)_U
yv

t)

(1) r)

t)

ikd
ve

1

(x2, (xl, ) dik

d])c",,

"z'

,2,

r)

( íkd
v(*2, h , e

rnrhere k ís the Floquet wave number ín the y-dírection andv
d=2(¡,(1)+r-,(2))

By wriËing the equaËions in thís form, the stresses and dÍsplace-

ments at the interface of two consecutive laminae are automatícally

satisfied.

The dispersion equatíon for harmoníc-r¿ave propagatÍon is obtained

by using Eqs. 2.3 and 2.5. For Èwo dímensíonal isoÈropic lamÍnates,

Delph, Herrmann, andKaul [29, 30] used exact soluËions to Navierrs

equatÍons of motion together rnríth conËÍnuity conditíons and Floquet t s

theory equatÍon (2.3) and (2.5) Èo obtaÍn the exact dispersíon relarion-

shíp. For trtro dimensional anisotropíc laminates, Shah and Datta I:f 1

proposed an approximate rnethod by expressing the dísplacement componenËs

Ín each lamina ín terms of interpolatÍon functíons and then employed

Eqs, 2,3 and 2.5 to obtaÍn the approxi¡nate dispersion relatlonship, For

three dimensj.onal analysis, Yem¿da and Nemat-Nasser [32] proposed an
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approximate analysis and an approximate method called the new quotient

method for waves propagating through a layered orthotropic elastic com-

posite. In this thesis, the approach by Shah and Datta [33] has been

adopted and extended to three dímensional analysis. This method is chosen

because of its simplicity and accuracy in the two-dimensional analysis,

2.4 DISPLACE}IENT EQUATIONS

In this three dimensional analysis to obtaín the approximate dis-

persion equations, the displacements have to be defined first. The

displacement components in each lamína are expressed in terms of inter-

polatíon functions as

xi Y. ðv."]_ J (n(i)
66

âv
uu.

I
U I
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jt_

I,J . \,,T .r_J

f. )
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4

3
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(n
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(1 - n.-n.- *-t-a
i)r-r -n. + n?+'t-l-

n .3)
l-

3
a

n.]. ) ín whích I, _ vi /h(i) is the naËural

coordinate
rh

ui, vi, wi, Xi, O. and T. are the i nodal value gíven

^(i) rTvfyzIV
.T

l-
o(i)yx o(i)

vy (i)by {tr, Xr, v.,
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Similarly, irj, X¡, v3, oj, rj, VI ,r.Ir
J' {ur, o

(í)
yx

(i)
vy

tr{r, o (i)
yz

o l (í)

X

v.=h-a
where

-2rk* = I-t
2tt

^
z ^x ^z

are the wavelengths in the x and z directions,

k k, are the v¡ave n'mbers in the x and z directÍons respectively

x
k

z

respectively, and o is the círcular frequency. superscript T denotes a

transpose.

The ínËerpolation functíon fr(nr) is chosen in order to satisfy the

stress and displacement contínuity at the ínÈerface.

The cornpletederivationof Eqs. 2.6 is given in Appendix A. rn

Eqs. 2.6, if the z-component of the displacement is suppressed, the

problem is reduced to a two dímensional plane-straÍn problem simílar to
thaË outlined ln t331.

2.5 FORMULATION OF ELEMENTAL STIFFNES S Æ{D },IASS MATRICES

The poËentÍal energy and kínetic energy [34] for the (i) th lamina are

,,(í) - t [n" fn* lntt'';;í=;j I I

o o lnrt¡

i^'i* r
oo-h

2

ûJ

lkil {rr}

o y }¿v¿x¿"xy xy'

{ +o e +o t +õ nzz zz yz'yz -xz'yv

o(í){urúr+vrvr+wrw1i

c o+

dydxdz

+

(2.7 )

XXXX yy xz

J.( )

T
(í)
kín

2

1

2

(í)

where a bar over a quanÈiÈy desÍgnates the complex conjugate.

using the assumed displacement (2.6) and sul-:Èítuting ít Ínto the

potentíal and kinetic energy expressíon,equatÍons (2.7),lead to the

forms given in matríx not.at,íon as

(i)
pot

(i)

V
f- irtr.l-

['i] {r. }
¡- r Itr. J

l_

u)
2

Tkín 2 Q.e¡
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Xi' tit Xj'

[ki] and [ri] are the sríffness and mass marrices of rhe (i)rh

lamina.

{.r.,'l-{"}t
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v.,
l- j T. }TJ'

The long hand expression for (V(il -' pot
stitutÍng the stress-straín relatÍonshÍp,

valuesrínto Eqs. 2,7. This expressíon ís

(i)
pot rlîl= +{c{;)oznrr>

(i)
kinT ) can be obtained by sub-

V
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in whích n. is the natural coordinat.e.'a

i = J_l
and the prime denotes'the dÍfferentíaÈíon wíth respect to ni

The evaluations of the Íntegrals of Eq. 2.10 are shov¡n in Appendix B and

Appendíx C.

Making use of Eqs. 2.8, the expression (2.10) can be rewrÍÈËen as

-11 -

- tr.)

"J:l 
-'Íil, {'i}'t*.l ll-

I Iki]= j {;r}t

2.6 GENERAT]ON OF EIGENVALUE AI{D EIGENVECTOR PROBLEMS

= j {;r}t [r"] {,i}
where the impedance matrix ISa] is HermÍtian

Consíder an m-layer periodjcíty.

be r¿ritten as

t"*r' X*¡r' tm+1 ' o*l-1 ' w¡r+l, Tnrfl ,

= {tt' Xl' vl' 01' t1' T1' u2, X2

t*12' X*rZ' vm+2' Tm+2''*+2' T

, Y2, O2, ,2, ,rlT eíkYd

Floquetrs relatíonship (2.5)

T......W; T
m

(2. 11)

can

m*

(2.13)

2Ìr

m

where¿=I 2h (i)
(2.12)

í=l
By apprying Harnílton's PrÍnciple to (2.Lr) and rhen utilizing

FloqueËrs relation (2.L2>, the equilibrium equatíons for nod.es 1 to m

can be wrítten. After rearranging terms, these equations yíe1d the dÍs-

persíon relatíon as an algebraic eÍgenvecÈor problem,

lAr

where {
m

I {R¡}

R3ÌT =

= ^2 tBsl t*sÌ

{tr, *r, V1, or_, "1, T1, uz, x2

and t\J and Inrl are 6 m x 6 m matrÍces wírh complex-valued poly-

nomíal eLements r^rhich are functíons of material and geometríe

properties, úrave nt¡mber k*, ky and k, and frequency ûJ.
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The roots of the dispersíon rel-atíon

det tA: l
2tr¡l

(2.L4)

define a surface in frequency-!/ave-number space r¿hích is generally dis-

continuous at k, = *ä, n = l-, 2... The assembly process of Eq. 2.14 is

outlined ín Appendix D using the form of an ímpedance matrix. A detaÍled

discussÍon of the dÍsperson surface has been reported by Delph, Harrmann,

and Kaul 128,301. rr has al-so been shown by shah and Darra [33] rhar, for

a tq¡o dimensional analysis, the numerical results obtaíned by this finíte

element method are in close agreement with the exacË solutÍon for isotropic

laminates. In this study numerícal results are presented for three dimen-

sional analysís on boron-alumínium composites and graphite-epoxy composíEes.

Attentíon ís focused on Ëhe lowest Ëhree branches (sH, sv, and p) of the

díspersion curve for real ¡+ave number k (k = 4^). The reason for concen-

trating on the lowest 3 branches ís that for a st.ructural dynanic problem,

it ís the lor¿er frequencíes that cause Ëhe most severe problems. SH is the

lowest out of plane mode, SV ís the lowest transverse mode and P is the

lowest longítudinal mode propagating in any arbitrary dírection through the

lamina. SH, SV and P modes of the dispersion curve are defined in the

followíng section.

2.7 ANTIPLANE AND PLANE STRAIN }IOTIONS

The derívation of the dispersíon relatíon in this Chapter ís for the

general three-dimensional case. Hor.rever, wiÈh a símp1e nodification, the

dispersion relatÍons for anËíplane and plane sÈrain motions can be

obÈaíned. The method of obtaining these díspersíon relations will be dis-

cused in the following.
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2,7 .L AI{TIPLANE STRAIN

For the antíplane motíon, the equatíon of dísplaceurent ís gíven as
1. 1,.

i{r(xr, y., 0, t) = {fl(ti) rr_ + f2(ni) rj * t3(nr)-fr, + f4(ní)*)}
i(k x-r¡t) '44 '44

e ' x (2.15a)

where f
m

o(i)yz

Eq. 2.Isb

n.), k.û)l_ x-

, -n(i), o);

(x .t
l-

( are defined in Eq. 2.6

(x h(i), o).ta
w. = lnl-(x.r- I'a lü =wr (2.1sb)

(2.l-6)

J

I -h(í), 0); ", j = o:t) (x., h(i), 0) at a particular tíme t.

is obtained by substituting the condÍtions

U, = V. = oj:)=oj-1) = O.O into Eq. 2.6. Then, the potenrial energy andlIyx-yy
kinetic energy for the (i)Èh lamina are obtaj.ned by íntegratíng over both

the lamina thickness and the wavelength Â.

(i)
-, (i) - _l l'^"pot -r)

o

r(i)=^'fnft'kín 2J )
o-h

r (í)

(i)

(í)

t,Íi) .,(i);(i)
'yz 'yz +c (í)

55 tj}' tj}'I dx. dv .

-h

(
p i) I{-}J- dx. dv.I I r- -1

After dífferentiatíng the assumed displacemenË fíeld, its substítu-

tion into Ëhe poÈential and kinetic energy expressíon leads to forms

given Ín matríx,notatíon by

uoil' = ] {;r}r tr.rl {rr}
toÍl' = ] t;rtt [*r] {rr} (2.17)

. -Twhere trrÌ^ = {wr, Ti, ,oJ, ,j }t

[krJ and [*f] are the stíffness and mass matríces of the lamina.



If rn-layer períodicity is considered, Tloquetrs relatíon Eq. 2.5 can

-l-4-

c

ikdey

be wrítten as,

{*r*]. rrn+1 wrn+2 t*z} T
{ ,)' (2.18)w 'L'21

m
whered=I 2h

í:1

I

(i )

By applying Hamilton's PrÍncíple and using Floquetrs relaÈion, the

equílibrium equations for the nodes can be wríÈËen. These equations yíeld

the dispersion relation as an algebraic eigenvalue problem as in Eq. 2.L3.

However, for thís case,

rT
{nr} = {rr, 11, .... \r t*}'

and [A], and tBl are 2 m x 2 m mat,ríces.

The lowest frequency obtained by solving Lhe dispersíon relatíon
t)ldet ltArI - o-tn,ll = 0
lr

is the frequency of the lowest, SH rnode of t,he propagatÍng rùaves.

2.7.2 Plane Straín

SimíIarly, the dispersion relations for plane strain motion can be

obtaíned by substituting Ëhe condÍtions

rr _ ^(i) _w-:u =0intoEQ.2.6Lyz
Tt is given in the form

X,l-

^Gl
'66

âx

Y.,.J

^Gru66

1
(n

l_
ðv.

J
äv

ðx

)
l-

U

V,

u.
J

u.
l_

l_]-

_ ^í(k xrrrt)

v.v
I jc (í) ðx

22

C

^Trtu22

f (n
2 I

f.

(í)
T2

(i)
22

Õ.
-J
,t;)

(i)
I2 ðu r, (nt)ðu o

l- t_+
AU

4
)

X.' O."aIwhere u
l_
,v a

are defined ín Eq. 2.6

(n
l-
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rh
The potenÈial energy and kinetíc energy for (i) lamina become

(i)=1
pot 2

V
rÂ

.l"

, (i)n

-di)
Io'xx . 

(t)* 
o Ë 

(i)+ oxx yy yy xy t(í)l dx. dv.'xy - r- -l-

-(Í)r".kr-n

{r zI

{'2}

*, ,,n 
,i,(i)o{r)

¿tt J J. (i)
o-n

aturúr + vïVrl dx dy (2.20)

(2.2L)

l-

Following the same step as ín 2.7.L, after dífferentiating the

assumed displacemenÈ field and substitutíng ít into Ëhe potential and

kinematie energy expressíon, the form obtained is

(i) 
=pot

(i) 
=kin

{', }r

îrj lkzl

[*z ]

1
1

1

2

Tv

T

{

{ir}t

where

and

{tr, Xr, vr, oí, tj, X¡: v3 r o
.T,}

J

rhe lkz] [mrJ are the stiffness and mass matrices.

Síni1ar1y, by applying Harniltonls Principle and Floquetfs relatÍon to

a m-layer periodíciLy lamina, Èhe díspersion relatÍon can be obtained as

lAzl {nr} = ur2 tBzl {nr} (2.22)

r^rhere {nr}T = {ur, Xl .... vn, on}T

and [ArJ and [BZ] are 4 m x 4 m matrices.

hrhen k-_ = 0, ühe díspersion equation (2.22) yields 2(2 n x 2 m)x

equatíons. One of these equations is Èhe dispersíon equatíon for longi-

tiudinal (p) waves propagating in the directíon of propagating \¡raves,

wtrite the other ís for shear (SV) ¡¿aves propagatíng normal to the

dírectíon of propagating hraves.

The dispersíon relation for pl-ane strain and antiplane straÍn motion,

deríved above by Ínputíng the proper conditíons into Eq. 2.6, is Èhe same

as that derived by Shah and Datta t331.



CHAPTER 3

OTHER THEORIES ON I^IAVE PROPAGATION IN A STRATIFIED MEDIIIM

3.1 INTRODUCTION

The practical importance of laminated and fiber reinforced composiËes

has stimulated many analytícal studies of these materials. For thís kind

of lami-nated medium, Postma [7],Rytov [B] and white and Angona [9] have

computed the effective elastic constants on the basis of both static and

dynamic consideration. However, it was shov¡n in [11] that this effective

modulus theory has limited applícabilíty for wave propagation in practícal

laminates where ratio of layer stiffness is hígh. (Shear modulus of

reinforced layer/shear modulus of matrix layer = 50) Sun, Achenbach and

Herrmann lLI, 12, 13] then proposed the effective stiffness theory. These

two theoríes are based on a tr¡ro-dimensÍonal analysis performed on a

stratified medÍum consisting of alternating p1ane, parallel layers of two

homogeneous isotropic maËerials.

In this chapter, Ëhese tvro theories wíl1 be extended to accommodate

a three dimensional analysis on the medium that consísts of either isotropic

oranísotropicmaterials. The governing dispersíon equations for Lhese two

theories will be derived based on Postmars l7l presentation and Sun et alts

[11] cont.ínuum theory. The results obtained by usíng these theories r,¡j-11

be compared wíth those produced from the finiËe element method.

3.2 EFFECTIVE MODULUS METHOD

The customary approach in constructing a Èheory to describe Ehe

mechanícal behaviour of a laminated composíte consists of replacíng the
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composíte by a homogeneous and isotropic medium r¿hose material constants

are determined in terms of the geornetry and the mat.erial properties of

Lhe constituenËs of the composite. Theories of this type are termed

rreffective modulus theoriest'. In the following discussion, Postmafs 17l

approach is followed closely but his approach is extended Ëo a three

dimensíonal case r¿íth eíther isoËropíc or anísoËropíc laminae.

3.2.I Stress-Strain Retrationshíp

Fig. 3.1 shows a typical laminaÈed medium. For the purpose of this

discussion, a layered structure consistíng of alternatíng p1ane, parallel

layers of materials which can be regarded as anísotropic, is considered.

Supposing Hookets law is valid, it can be expressed in matrix form as

{o} = [c] {v} (3.r¡

where

{o}T='o o o o o o >
xx zz xyxz

Yec

yy

vv

yz

yz{v}T=.e'xx zz Y

means the normal component of the tractíon across a surface

element perpendícular to t,he x-axis etc.

= Ëhe tangenLial component parallel to the y-axís of the

traction across a surface element perpendicular to the z-axix, etc.

= l-inear dilatatÍon of line elements in the direction of the

x-axis ín the upstrained state

= decrease in angl-e bet\^reen two líne elements whích are parallel

to the y and z axes ín the unsÈrained state

is the coefficienË matrj.x consisting of material constants.

xy

and e

oxx

oyz

xx

Yyz

IC]
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It ís clear that Eq. 3.1- is the same as Eq. 2.L. If U, V and I^I are

the cartesían componeËs of the dísplacement, the strain-dísplacement

relationship shown ín Eq. 2,2 also holds for this case.

Consider novÍ a stratified mediurn consisting of a large nurnber of

alternating plane, parallel layers of tr¿o homogeneous anisotropíc

materíals for whÍch their elastÍc constanËs "." (cÍT) , ,:r), .11',

^(1) ^(1)t33 ' '44 ' ^ 
(1)t55 ' .áå)> 

'
^ 

(1)uz3 ' (.f1), ^(z
'L2

) ,:3) , ^(2)'22 '

^ 
(1)u22'

^(2)
"44 '

^(2)
"33 '

2

3

( )
C

2

aÍ3', ,[Z', respectívely. The layer thickness and density for the fírst

material ís { and p(1), for the second iÈ ts d, and p(2) , Comparing d, and d

with that defíned ín Chapte, 2,dL = 2 h(1); dZ = 2 ¡(2). I,Iith the co-

ordinate axes shown in Fig. 3.1 and consider an elementary rectangular

parallelopiped wíth faces parallel to the coordinate planes, let the

height of the paral-lelopipe be n(d, + d.r) where n is an integer, and let

the length and width be L and B respectíveI-y. To sirnplífy the problem,

the following calculaËíons are based on a unÍ-t cel1, that is n = 1.

On the face perpendicular Ëo the y-axís, a tracttor o' such that

there are no tangential componera" O*y 
^nd 

or, ís applied. Símilarly,

on the face perpendicular to the x-axis, only Èhe normal tractio"" oll)

on the layer d, and a normal tractÍon orli) "" the layer d,, are present.

On the face perpendicular to the z-axis, there wíll be normal tractÍons

o(1) 
"r,¿ 

oQ) . The normat tractions o(1) . oQ). o(1) . oQ) are suchzzzzxx-xx'zz-zz
that e(1)= e(2)= e and e(1) = eQ) -, "h"r" ,(1) is the linearxx xx xx zz zz zz xx

dÍlatation of a 1in, elemenÈ ín the dírecÈion of the x-axís ín the layers

dlr etc. ThÍs restriction holds in order to ínsure the contínuíty of the

dispLacement as a funct.ion of the radíus vector. The línear dilat,atíon

of a línear element parallel to the y-axís Ín the d, and d, layers are

2
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(1)
vy

e .r,a ,j-2) respecÈívery. rn general, t-!-1) is not equal to evv vy
For the fírst anisotropic rnedirrn, Hookets law gíves

oj:) = .Íl) '** * .Í1) 'Í1' * .Í1' ,,,XX II

.,.(t) = n(1) e + cll) e(1) _, .,(t)'yy - urz xx ¿¿ yy - "23 t*

"::> =.Írt' '** * .jl) .jï' . .áå' ,,,

(2)
vy

Hookers law for Ëhe second anisotropic layer ís obtained by replacing

the superscript (1) or the above equaËion by a superscript (2). This set

of equatíons r¿il1 be desígnated as (3.2b). If the weighed average tractions

on the faces perpendícular to the x-axis and z-axís are consídered, they

become

(3.2a¡

(3. g)

o(1)¿
xx I * o(2) ¿ 1

U
X)< dt* d2

o
t+ ðzzz

I^Ihí1e the traction on the face perpendicular to the y-axis remains as

w
By substitutíng Eqs. 3.2a ar,d 3.2b into Eq. 3.3, the equatíon

become:

t.** * drcjå)'

o(1)¿- * o(2)¿^zzLzzz
d

(dt+dz) o** tarcfl)+a rr{,1) l.** * dtc (1)
L2

(2
T2

rarcff )+a 
,cllr) rc,,

(1)
vv
(1)
vv
(1)
vv

+d

(2) 
+yv

(2)
+

vy
(2)

+
vv

* arcf?,

(

(

d +d )oI 2

d +d )2
C +d

2c

C

r arc{} )+d )1,
** * arcj|), * arr[?, rarcj|)+a ,c[!) rc,,vy

1 zz
(1)
13

(2)
13

^(2)2t23 t tarcjf )+a 
,c[| rc,,

(3. 4)

(3. s)

ldr
2

vv
dz)

Ife is defined by
vv

(d + c
1

(1)
yvdt +d

2
ee

(2)
yv

then e
vv

is the overal-l dÍlatatÍon of a línear element parallel to the
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y-axís' which contains an equal nunber of sections through the layers d,

and dr.

By substituting Eqs. 3.2a and 3.2b ínto Eq. 3.5, e(1) and e(i) can'yyw
be expressed as:

rcÍtr) - .Íl)1,** * ca + uc$) e
(1)
23

(
2

2

3
)+[c C le

^(1L
vv

)
l_ 2

lc +C l22 22

-arcf| - ,.Í|l'** * (ã + r) 't 
) '

(2) (1)
23

ã

ã c le-c2 3 zz
vv lc +c

22

lc
(2)
23

1 (2
22

ã:

d_

in whích ã i" d.rirred "s;¿ (3.6)
o2

In order to get the relation between the normal stresses and the

straíns, Ee. 3.6 is substítuted into Eq. 3.4 to obtaín

' * .Íl' t rc$) * acfr) t
(1)
L2

cl| f\,

ã +c le,

+ (u + 1) ra cf|) ,$) * "l|)
(1)
22 yv

DO
XX{ rac{1

^ 
(1)

u13

dlc

C le

+ ã I.Í1) - ,Íî) t
1

3
,t ) rctt)+ãc+

(2)
22

(2)
13 zz

(3. 7a)

D o = Ir.ct]¿)+ãr[3' r rãcf f 
)+c 

Í3', * arc{!)-cf I nr;;> -cfi) t}.,*
vv

+ (ã + r>2 ,[\) ,[lr) .yy

+ {ã nti'-rt|)r r.j!)-.jå', . racj})+cjI nr¡)*arÍ|, t:.,",

o o,, = t rãcÍå)*.Í3) r rci])+ac Í3', * 
-,rcÍ? -"Í|): r.i1>- ,[3't ],*l'' 

to'

+ { {ã+r) racilt ,Í3, * ,Í3r r[L, ] ]'vv

* { rã.á1)*.á3): rci})*ac li', - arcf!) -cl!r) f},,,
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where¡=1ã+I)tc

(d t$' . ur tÍ3)

(1)
22

+ãc (2)
22 l (3. 7c)

(3. 8a)

(3. 8b)

(3.8c)

In the same \¡ray, íf a tangential tractíon o*r t" applied Ëo the faces

perpendícular to the y-axís as shovrn in Fíg. 3,2, the following is

obtained:

+ =dldr) Y*,1

sl_nce

Therefore, o

". 
(1) _ ^(2) ",(2)t*y - "66 t*yo(1)= c!1)xy 6b

xy can be expressed as

(ã + r) .áå' ,[2'
LJ- Yxy ã ,tâ' ( 1

6

xy+c
6

SÍrni1ar1y, for the tractior ory,

(d+1) ,Í|', ,Í1"

Fínally, by applyíng a trangential force o(1) ,a, to the face

perpendícular to Ehe z-axís of the d, layer and a tangential force oQ) ta,

to the corresponding face of the d, layers and based on the fact that

yj.f) r.r". be equal t" ,:1) in order to ínsure Lhe continuity of Èhe dis-'zx

placement, it is found .tt. ojl) = .Í1) v---t o:?.) =.j?) v---. By takinszx )) 'zx' zx 5) ', zx

or* ^t the average tangential tractíon on the parallelopiped, ar* can be

expressed as

(1)
55

(2)
55

o
zy a ,Ír1' * ,Í| zy

c
U

zx (ã+r) zx

3.2.2 EffectíVe Elastic Constants

By comparíng these results wÍth Eq. 3.1, the static effective

elastíc consËants of the layered composíte are found t.o be:

ã+c
Y



-22-

fl'..fï't rcl!)*acflr> cl)
T2

C
(2)
12 l 2

dCt l cd

1
c

c

C

c

1

L2

r3

22

c
23

C
33

C

c

C

(1+d) Ic

2

+ãc (2)
22 l

(1)
22

rcf!>,1|*a.{å' ,t1,) t

2

2
cj|)*ãc

ia.ff)..f!)r lc l!>*a,l? r+ãt .Íå'-.Í3'r r.j!)-. (1).
zrJ

(2)
22

/+dc1
2

22

(2)
23

a .11' (2)
c +C c

(1)
22

lc +ãc(1)
22

(1)
33

(2)
23

tãc +C
(2)
33 rc[!)*ac[]r', - a rc[\) -rfi) f

(1)
22

(2)
22

(r+ã) tc +dc

ri* ar cjol) 
"[1'(1)

44
+ca ,Í,1'

ã.;1,

44

+
(2)
55

c

ss (ã+r)
(r + ã¡ .áå) 

"[Z)oo=ffi
(3. e)

For plane strain problems, Eqs. 3.9 reduce to the form presented by

Shah and Datta [37] whích is símilar to that lisËed in [7]. This

supports Ëhe derívatíon of the effectíve constants for three dÍmensíonal

analysís.
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3.2.3. Diêptracement Equations cìf Motíon

The equations of motion for the layered medium are defined as:

âo ou OO ,'Uxx + xy
ðy

+ xz
àz

p
2ðt

d

âx

ôoxy
ðx

ðoxz

ðo
vv

ây

ðoyz
ay

ðoyz
àz

ðozz---ñ;-
dL

ðt

ð2t^l

2,
a++

+âx +

p
2

2ðr

where U, V, and W are the displacernent components ín the x, y and, z

direction respectively.

p(1) ã + p(2) is the effective mass density
1+d

t is the tÍme

From Eqs. 3.1, 3.7r 3.8 and 3.10, the governing field equations of

motions are:

2 2

P_

d
2

=pu

(3. 1o)

(c +c
11 2 66 5 2

.ð2v - .a2w
66)ffi + (c13+css)a*þa, a

z+ õs ) u+ (c +C
21ðx ðy àz

tcuu+Er¡j,*r-tuuuj r.ur$+e oo!"r>v + (crr+coo'*tJ_.= p v

55+c13)*, + Gqtr+õzrlS,* <e

)
o

?
()

2
(õ

22
+C

44
+c

33 ,)t+=pw
ð

55
âx ðy ðz

.. n2,,
whereU=gjetc

ât-

If the dÍsplacenent equations are defÍned as:

(3. rr¡
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U = û "ik** 
+ ÍkyY + ikzz -í.uu

.,_;; íkx*iky+íkz-iotv=ve x y' z

tJ = ñ "ík** 
+ Íkyv * ík"z -iut (3.12)

where k ' k and k are the wave numbersxyz
Û, V and fi rr. amplitudes

o Ís Èhe circular frequency of the propagatíng wave,

and substituting Ëhese into Eq. 3.11, the governing field equations víl1

result in a standard eígenvalue problem which can easily be solved. In

matríx form, the equations are:

c {õr, + õrr)(ðr,, * õuo)u*n,
)-2-)k-+c--k-+c_-k-x bby 552

-')-2-'coaki *'rrol* c+,nkl
v

* c4hC
v

kkx(õuu *
_r_r-,,
csski * caqkí* cs*;(czs + '¡ìuru'

kkx

(3. 13)

(3.14a)

2.1.4 is gÍven by

(3.14b)

U

v

II

11

(c +
55

2

^)k kJ XZ

õ1

=C-
I

) ( kk )
z23

2

U

V

ÏI

0

0

p

0

p

0

p

0

0

+(¡

In compact form, it is expressed as:
,)

lArl {x.} = ur' [Br] {x.}
- . rT r- - -.7vrhere tx.J = tU V ï"Ì-

The díspersíon '-relatÍonship síiìiilãr -to Eq.

,det [[Arì - o- tBt]l = 0

3,2.4 AntiÞläne and Plane Straín Motion

Síruilar to section 2.7, the equatíons for antiplane and plane straín

moÈíons can be obtained by substiLuting the governing condítions ínto Eq.

3. 13.
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ïor antipane strain motíon,

ú=Í=0

Then, the [ArJ and [BrJ matríces of Eq. 3.14 reduces to m x m

matrix for a m-layer perÍodicíty mediurn

For plane strain moLíon,

ñ=0

Then, the [ArJ and [BrJ urarríces of Eq. 3.14 are 2 m x 2 m marrices

for an m-1ayer períodícity medium.

The defínitíon of sH, sv and P mode of propagating wave is similar

to section 2,7.

3.3. EFFECTIVE STIF}'NESS METHOD

Herrmann and Achenbach [10] have proposed a conceptually different

approach to constructing contínuum models for the dynamic analysis of

directíonally reinforced eomposítes. Instead of introducíng a represent-

atíve homogeneous medÍum by means of "effective modulir', representative

elastíc rnoduli are used for the matrix, and the elastíc and geomeËríc

properties of Ëhe reinforcíng elements are combíned ínto effective stiff*
nesses. Certain assumptions are made regarding the deformation of the

reinforcíng elements. I,'Iith Èhese assumptions and by applying a smoothing

operation, approxÍmate kinetic and straín energy densíties for the

composÍte material are obtained. Hamíltonrs princÍple is then applíed

to yield the dÍsplacement equations of moËion. The displaceurenËs:for both

the reinforcing layers and the matrix layers are expressed as linear

expan.síijn - about the nÍd-planes of the layers. In this manner, effective

stiffnesses are introduced for both the matrix layers and the reínforcing

layers. This theory ís dÍstinguished fron Èhe effective modulus theory
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primarily because bendíng, shear and extensional stíffnesses of the

reinforcing elements enter the strain energy density of the lamínated

mediurn. rn the followíng discussíon, the theory pïoposed by Herrmann

et al [10, 11] will be follor¡ed closely but Ís exrended to three-

dimensíonal- analysis and includès anísotropic materials.

3.3.1 Kinematics and Smoo thine Opêiatíon

A stratífíed medítrm consisting of a large number of alternating

plane, parallel layers of t¡¿o dífferent materials is considered (Fig. 3.3).

For a general case' the following derivation of the equations of motíon

is based on ani.sotropic mat.erial-. Símílarly, the materíal constants and

the thicknesses of the stíff reÍnforcíng layers and the soft matrix layers

are denoted by c
23',

(.rf, ,rlT fc22'
fctg ^f

'44'trÍ'f ^fu66'trÍ' d-) and!:'

(.rT, ,rT, .rT, ,rT, ,rT, .rT, ,oT, .rT, .uä, dr) respecrively.

Compared to the notaËion used in Chaprer 2, arl = aÍi', df = 2 h(í),
c*T = ajl*t), d- = 2 h(i+l). The kth paír of reinforcing and marrixul-J'm
layers r^rhose mídplane posítíons are defined by yfk .nd ytk r""p.ctively
(Fig. 3.3) are considered. The dísplacement at the mídplane of the

reinforcíng layer is denoted by

ujk {*, vfk, z, Ë) for component ín x dÍrectíon

vfk (*, yfk, z, t) for component ín y dÍrectíon

wfk
o

(x, fkv, z, t) for component ín z direction

the mÍdplane of the matrÍx layer, the superscríptFor the dísplacement at
€,E ís changed to m.

At thís poÍnt' tvJo local coordínate systems are introduced. These

two Local coordinate systems (x, tf, z) and (x, tt, z) are redefined



with axes parallel to the x, y and z axes but with origins in the mid-

planes of the reinforcÍng layer and the måtrix layer respectively

(Fie. 3. 4) .

The dísplacements in Ëhe kth reinforcíng layer (ufk, vfk, tdfk¡ 
"nd

the dísplacenents in Èhe kth matríx layer (tfk, ,flo, tfk) are expanded

ín an ínfínite series of Legendre polynominals ISZI. For the kth

reinforcíng layer, Èhe displacements are writËen as:

CI,-f
I o" (ä>

n=o t
o¿ -f

c[
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fk(x, y ¡ z¡ t)

fk

ufk =

ro{ur-) = t,

ufk
n

vfk = I n. (ä)
n=o t

vfk (x, y ¡ z¡ t)
n

ütfk I
-f.

o" tä, wrk (*, yfk, z, t)

-f.
where n"ç1

-f

n=o

) are the Legrendre polynomíals:

-Ll/2 erc.

(3.1s)

(3. 16)
-f -f.

r,Z-t = Y
1td_' d-It

E
-I

, o, (ä)
t

-f
r3(h)

t
2

P

n Ís the number of terms in the polynornial

A simílar expansion can be r¿rítÊen for the matríx layer by changing
ç

superscript r to m. ConceptuaLIy, a dísplacemenË approxímatíon can

achieve greater accuracy if a sufficíent number of terms in the series

ís retained. However, with many terms, the manipulation becomes tedÍus

and the approximatíon does not result in the desired simplication. In

thís analysis it is, therefore, stipulated that the thickresses of the

layers are sufficíently srnal1 as compared to any characcerístic length

of the deformatÍon such that only linear terms in Eq. 3.16 need be

retained. Thus the dísplacements are:



-_fk __fkU =U

-28-

(*, yfk, à, t) * tf útl
(*, yfk, z, .l * if úlk

(x, yfk, z, t¡ * îr VIU

,mk(x' Y ¡ z¡ r) + t* u|| c",

r) + i* ,þTï c",

r) + t* vi! r",

(x, y

(x, y

(x, y

fk

fk

fk

mk
v

z, t)

z' t)

z, t)

z, t)

o

vfk
o

I,Ifk
o

fk
V

and

wfk

mk
Y , Zt

mk
Y t z¡ t')

(3. 17)

(3.18)

utk = tfk

v*k = flk (x'

t^flk = t^flk

In Eqs. 3.L7

ufk, vfk .r,d

o

o

fk
2z

1

mk
Y s zs

mkY , zs t-)(x,

I,Ifk represents the dísplacernenËs at the medían plane

of the kth reinforcing layer

are t.he antísymmetric Èhickness shear deformations

o

.fkrr^ and Ú'zx
fkü1, renresents the symmetríc thíckness stretch deformation

Based on compatibility, that is, the displacements aË the interface of

the kth reinforcing and matrix layers are conÈinuous, the following

relation is obtained:

u*k (*, ytk, z, Ë) - u:k (*, yfk, z, r)

= ï. ur,i,l| c*, rrk, z, r) + + u'n úäT (*, y*k, z, r) (3.1e)

for compatibility along the y anð, z axes, uTu, uju, UlT, Uä}, are changed

inro {k, ujn, ,lll, u}} ""a 4u, "5u, v!i, vii respecrívely.

From the displacement equations, the straín energy stored in

elemenÈs of unit surface area of the kth pair of reínforcing and matrix

layers can be comput,ed.

In an anisoÈropic body, the strain energy density, in the condensed

form, can be written as:

l^
.J {or¡}l {er,}avvpot 2

vo1

i, j = x; Y; ot z (3 .20)
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where t., is the strain tensor and surmnatÍon irnplíed.IJ

The strain-displacenent relatíonship, Eqs. 2.2, sti1l holds for

this case.

rhFor the k reinforcing layer, the components of the strain tensor

can be approximated by substituting the assumed displacernent components,

Eqs. 3ì.17 Ínto Eqs, 2.2. It should be noted that the differentiatíon ín

the y-dírection should be wÍth respect to the local coordínate- of the

reinforcirrg try.r !f . I^líth this operatíon, the components of the strain

tensor are found to be:

fk
XX

fk
yv

fk
zz

fk
xy

fk
zy

fk

fk
2y

d

A"

ðV

dy
o

ð"

o

r+tll

fk
2x

û
fk

àz 2z

fk I+t' a

âxe

L

e

e

ç

U ü (3.zta¡

(3.3lb)

(3.21c)

(3.21d)

(3.21e)

(3.27f)

-+*y'ï,Ifk
o

ð

F

c

fk
yx

fk
yz

fk
ZN

fk
2x=Trr

=lru,

+|vfk+
cjx O

fk
')- +lvrk+dzo

â

ðx

a

ðz

-f
v

-f
v

,],ii)

,þii)

urk + Çfo'7tz

o

ãt

ð 23 = ãht'\-aor3 - ãîar'

1 (+
dz

d

àz
+fk

2x "ju*;'ft'llr
o

A"
e ú)

The correspondíng expressions for the strain components in the kth

matrix layer can be obtaíned by changing Ëhe superscrípt f ín Eqs. 3.2Ia-

3.zLf- to m. For easier and clearer presentatÍon, the followíng notation

ís adopted.

ð,d

ã;o1
d

3ðzô

etc.

Substítutíng relation (2.1) and expressíon (3.2La-f) ínËo the strain energy

equatlon, (Sq. 3.20) and íntegrating over the Ëhickness drr the straín

energy stored per uniË surface area of the kth reínforcÍng layer is found

to be:
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t /2

-d /2f.

r rTr r --ftoijJ tefilov

= *.fl {dr(ðlurkl2 * j af (âr,r,tl)'t * rïi. u, u;T carujk¡

. .il {arcarujkl (ã¡"jk) . # ui car,i,!}r ra, ,l,l}l}

. + ,it a, tullr' * ,5, u, þ51 car"jor

'*åu?. å .55 {dr(a3

"fklo'ðrd

= ! ,..,

unít area 2 -fdf (

* T ,ro,

"fk)o

{arurk +

G3,t'tt)21

. i riïr ]dreþtt * arvjk>' * å af ca, rtlr'\
*ï, fk

55 { Cnr,f,f| * arvtl,2|'*åu?f

* f .ff ta, c,r,l|. arujor' * i u? car.r,!|r'Ì: ß.22)

Símil-ar computation can be carried out to derive the expressíon for the

straín energy stored in an element of unit surface area of ah" kth matrÍx

layer. This expression,ui|a,can be wrítten by replacing ín Eq. 3.22 sub-

scripts and supercripts f by subscripts and superscripts m.

After the formulation of the straÍn energy densíty, the next sËep

will be the forrnulation of the kinetic energy density. The kínetic

energy of a contínuum Ís defined by

ïr.r"=åi o{ú2+ü2+rî21dv,,o1 ß.23)

vo1

Therefore, Ëhe kinetic energy per unit surface area of the kth

reínforcing layer ís obÈained as:

-fk'kín/ ûju,' . * u?
.¡f.k- 2pf (vr2x)

(ü:n)

(,i:o)

+ f ora,
2

2

+

+

ui o, (,¡,tl)'1

24

I
Z4

.3of 9f ,;þtt'

where pf ís Èhe mass densíty of the reinforcing material"

(3.24)
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M,
d_tñ--" (d-+a)rm

-mkr..
Kr_n

andrr=åulnp'

,iþt r'

rrt't!>'l

m

(3.25)

(3.27)

+d
m

+np 2

f

f. (3.26)

For the kth matrix layer, the kínetic energy per unit surface area

is obtaíned by replacing in Eq. 3.24 superscripts and subscrípts f by m.

Thís equation can then be expressed in a simílar form as Eq. 3.26

Eq. 3,24 can be expressed as

_fk l_-kin 2 ){

(dr + ) { Cr-nl )2

(dr ner(û:k)' * ,,

I-t+(ü:u)

t)2 * Tt
.ç

(w'
o

+np

úrk
o

d'ä)'z

I+p
m

d_l
2

+ (1-n) o,n (tu)t * ,o'

2*t
m

m

t

rü,Tkl2'¿x

rûïkl2¿y

)2|@ii
-t2

where I, = Tã d- (1-n) 0'n

t4ur

* v*k

Assuming that rnithin a certaín height H ín the y-dÍrectíon, there

are n reínforcing layers and n matrix layers, then the total straín and

kineËic energíes stored ín a rectangular parallelpiped of sides H, unity

and unity, of the lamínated medium are gíven by
n

(vpor)u =-!' cvf|, * S|.,i (3.28)
l_=I

and (r.. )
Kl_n

(r,:l^ + ri}-)- respecrívelyKan Kan'a (3.2e)

Based on the basíc premise of the effective stíffness theory, the

sumrnatíon over 2n discreÈe points yfk rrrd ytk r.y be approxímated by a

weighted íntegratíon over y thus,

n_r
H - .L-l-=1

). = [r_J
H

(voo.)s = I
n

(vfk
po

1
d -+dtm

fl
p

(vf
p

i=1 Pot of + ot) dy (3.30)
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).
t_

-fkJ-. .
I(r_n

(tkrn
H

=IC)

trir

+

-(x,

;nkr..
kr_n Gir" * tlr,,

m

1
+ddI

H

) dy (3.31)
I- 1 f

The superscript k has been removed on the rÍght-hand sides of Eqs.3.30

and 3.31 to indicate that ufo., So., rf,.r, rna r[r' are now defíned

for all y. By means of this "s¡noothing operation" the layered medium

has been replaced by a homogeneous contÍnuum whose strain and kinetíc

energy densitíes are functions of xr yr z and t, í.e.

uno, =ft tvfo. (x, v, z, t) + vf,or (x, v, z' t)l (:.sz)

1T..
kr_n d +df m

n
y, z, t) + tf-- (x, y, z, r)l (3.33)

Kl_n

rhe fíeld variables (u:u, uju, 
"ju, u:u, qo, o{n, ,pl}, Uî}, ,pl},

f*, f52, V||l "ni"h are thus far defíned onty on cerrain discrere

paralI-el planes, y = yfk 
"rrd 

y = ymk, have now become a functíon of y,

and hence, the superscrÍpt k can be deleted.

Now, Ëhe state of deformation ín Ëhe laminated medíum can be described

by twelve fíeld variables (u:, ut, lr:, uI, uT, 4, +l*, ,l)î*, þtr, þîr,
A'r", VTr> r¿hich are a functíon of x, y, z and t. Hor,¿ever, by observing

tr,at uj, uj, 
"j, 

and ui, uÏ, Ifl shoutd be consídered as represenring rhe

same quantíty' namely, the "gross displacementsr', the number of twelve

fíeld varíables is reduced to níne. The gross dísplacements are then

referred ro as u, v and Lt. (þt *, V\, þt r, Vir, VL", þTr) describe rhe

ttlocal deformatíons" in the reinforcing layers and matrÍx layers.

Therefore, they do not represent the same magnitude. The local

deformatíons and the gradíents of the gross displacernents are related,

however, by condítions of conÈínuíty at the Ínterfaces of the layers.

In view of Eq. 3.19'the gross displacements and the local deformations

can be wrítten as
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u(*,fk, z,t) - u(x,yfk,z,t)

V(*rytk, zrE) - v(x,yfk,z,t)

= T urrt *(*,yfk,z, r) * å u*u.î-(x,ymk, z, r)

= I orrt r(*,yfk, z,t) * å u*uär(x,ymk, z, r)

tr{(*,ytk, z,t) - I{(x,yfk,t,t) = !, orfSr(*,yfk, z,t) + ï u^Vîr(*,ytk

Noting that ymk =yrk*åt

,z rL)
(3. 34 )

(3. 3s)

(3. 36)

and assuming that the thicknesses of the layers are sufficíently small,

the difference relation, Eq. 3.34, can be replaced by a dífferential

relation between Ëhe local deformatíons and the gradients of the gross

displacements:

d+d )
m f

f.

2x

f
2y

f
'r-

l_. e ,i u,*, Y,z,Ë) = n ù

f uf*, y,z,t) = n V

f "C*, 
y,z,Ë) = n ü

(x,y, à,t) + (1-n) {,äx (x,y,z,t)

(x,y, z,E) + (1-n) ü\, G,v,r,r)

(x,y, z,t) + G-ù VT" (x,y,z,t)

The contínuíty condition Eq. 3.19 has thus been generalized to hold at

any poínt Ín Ëhe conËínur¡m. In deríving Eq. 3.36, Ëhe differences betweên

the loca1 deformatíon at yfk 
"rrd 

ytk rr" neglected because the local

deformatíons (þt *, ,li*, þt r, Vir, þt r, þTr) had origÍnally been def íned

in the domains of the reÍnforcing layers and the matrix layers.

In view of Eqs. 3.22 and 3.32, the approximate sËrain energy function

of the laminated medium may novü be writËen in terms of the derivatives of

Èhe gross displacernents and of the loca1 deformatíons and theír

derivatíves. It is expressed as

vpoË = ] {n .fr*(r-n)cil} (ðru)2 * * n u?.Ír(alqr;x)' * n rt rv\r(ðru)

+ {n cig+(l-n){3}(Ðru) (â3!Ð * * n u|rt r(âr,l,tx) G3,þt,)

* å n rlrwt r>' * n rt rþlr(43ür) * å {ncfr+cr-¡)cT3} (ð3r^r) 
2

* å n u?rt r(n rþ1,)' * t n cÍoola rv+rtrr,|' * * nalcrooa rþ5r)'
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* + {ncf r+cr-n)cis} [ â3u+ârr't]' * * naf.f rl arq,l**a, wI)'

* + n.fu t aru*,Þl*J 
t * å nalrÍuul.a r,tÍr;'

* t' cr-nlol{r(nrt*)2 + (r-n) r|rvir(ä1u)

* t' cr-n14.îrcaru|*l taru|,1 * ! rr-n> riruiì'
+ (1-n) ,irvÏ"(ð3rÐ * fcr-n>ul.ä, GsþT,)'

* f tr-nl cio t arv+,t|,t' * j.o-r> alcio<a r,t'ir>z

* t' tr-nl ul.î, t aruþa, vT"t' * ] tr-n> cfu t arv+,l]*¡ 2

* j cr-n14.äutar,/,|rl' (3.37)

SimíIarly, the approximate kínetÍc energy can be obtained from

Eqs. 3.26, 3.27 arrd 3.37 as

rkir, = T r" ù' * å tr,,¡;*,
-?mv2*' * åt*,

)2t*(úi,

* Lr t^<vir>z* ï, ," íf + L, rr<,t'

)2

5,,

5",
2

in r¡hich

1

L2

np

T2
L

+ (1-n) p

1r-n) pm

f. m

rt

I
m

)
d np

f. f
2 (3. 38)
m

3.3.2 DÍsolacêment Equa ti'ons of Motion

Thus far, only the strain and kinetic energy densiÈíes of the

medium have been derived. The next step will be the derÍvaËion of the

dísplacemenË equations of motion. ConsÍder a fíxed regular regÍon R of

the lamínated medium. Hamiltonrs princÍple for independenÈ variations of

the dependent fíeld quantíties Ín R at Èime to and t, may be writËen as

*å0.í2*|4<w '*t

LJ -'c

d
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itt
)t

o

rrl.
Kl_n

)dt+ ôwrdt = 0 (3.3e)uR r1
ô pof

t
o

where ôI^I, represents the variatíon of the work done by body forcest'
and ff;.r, tna Vlor are the total kinetic and strain energies.

(tt ir, - uoo.'dt dR = o

1.e dRpot

kindR in which dR denotes the scalar volume element.

In the absence of body forces, the varíational problem then reduces

to findíng the Euler equatíon for

vR = lupor )
R

=f'
R

-RI.
Kl-n

I
R

d

ãtst

where the Lagrangian multípliers Àr, À,

and t, and from Eq. 3.36,

(3.40)

(3.41)

and À are functíons of xr yr z
3

ô
ftt IJ]
IR

o

I

ExamÍnaËion of Eq. 3.40 reveal that there are nine field variables namely

u,v,ll, þ5.*, þî*, V|r, ,lTv, ùtr., Vir. These nine field variables can

be further reduced to six by eliminating þT*, þTr, þi, O, means of

continuity equations 3.34. Hor¿ever, Í.n order to be consistent vrith

reference [10], a more elegant method which is to introduce the

continuity conditions as subsídiary conditions through Lagrangian multí-

plier t34] is follor¿ed. The varíational problem may be redefined as

1
ô

--ã''2 - ðy

- À3s3)dt dR = 0zsz
(T,-

N IpotIN
V -À tr-À

m

t

Íu-nú

v-nu

(1-n) U

cr-n)

2x

f.
)v

2x

ð

3âv

,m
tþzy

.m
þ2,s I^I-n f

þ2, (1-n) (3 .42)
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sÍnce (ttio - vpor - À, S, - \z sz - À3 s3) depends only on the

dependent field variables and theír fírst order derivaËives, the system

of Euler equatíons may be written as:

4

I â

a , 
ð (Tk -Vp-À1sl-À252-À3 53),rwr a (rr-v -À tst-lzsz -À3s3)

= Q (3.43)
r=1 qr

In Eq. 3.43, f" represent the tr¿elve dependent variables (U, V, t, Þt*,
,mf,m,f,mþ'i*, þiy, þ'ir, þir, þ'ir, À1,À,.and Àr); {, is the spatial variables x, y,

z and the time, variable t.

s

n = 1, 2.,,6

9. = I, 2...6

1
u (3.44)

Substítution of the strain energy density, Eq. 3.37, and the kínetíc

energy density, Eq. 3.38, into Eq, 3.43 will yield a system of twelve

equatíons. A typícal computation is shov¡n in Appendix E.

Defining the quantities

Q.ør, = n tir, + (1-n) .Tr, ,

and usÍng the noËatíon

4.. U, = ð2]-J K

where ðx, = âx, ðx, = ãy, ôx, = ðz

J
ðx

1
âxTJ. /

I^I= \,I U¡U =fJ U

Qrr ðrru * Qssð¡¡u + [Qss * Qr:] ð13I{

+ n cÏ2â1u1, *,t-n).izðrüi, + a2À

Qeoâ'u * Q+¿âg¡v + ncå6'r1ú 5**

+ (1-n) tcfuarrl/L + cÏ4â3üä.] * ðrx,

Qg¡â:¡to * Qssðrrw * [Qr, * Qrg]

1 2

the Ëwelve equations are expressed as

ncfooa ¡tfr,

=p

ârg u

E

=p v (3.4s)
c

f m

c
f^+ rì CzgdgV 2y

+ (1-n)cT3a3i!
2y

+ ôzÀg =p I./ (3.46)
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1 2ndL2 Í.

l- 2

r.l ^ .f f ^

rd1tv2* * ct3d ,rþtr, * cf , arr,l, 5" * rlrurrüå*J

v5" * .írurrú|* * cfrarru,Í* * rfrn ,.rþLJ
r

Icl^a
JJ

* clrarr'i'1,:,m
1,,

'2x
^D^t55 o13

f^
66o n ,tuuþï*a n À1

3

f.

2x

T2 m
^m"l ä* * tirn rrþT, * tË,òrrþT, * tTrnr:úä*l(1-n)

râ 11
d ü

1 2nd 33L2 f

-nc lv- =rfÙ

=f

(3.47)

- (t-n)cfuarv - (r-n).äuúi_ + (1-¡)À, _ .,.m
= rr v2* (3.48)

- n.foarv - ¡ r\ovt,+ r À

{rcr-ntuj t.lrarruj, * .î:âr:vä* *

- (r-n)cfoarv - (1-n) rioþi" + (1-n) I

(3.4e)

m

'.'m
\,2, (3. 5o

f (3. sl)f 2y

(3 . s2)

(3. s3)

(3. s4)

(3. ss)

f
':f
vz"

3
_I

=I

1 2 fndL2 f 66

-nc
22

,i,rr, * n x,

c d
r
2y

qr + ,toorrrþIrr - n .fraru - n c f ^ -.
23d 3M11

f

L- - -2 --m ^ .m
17 (r-r) d' rc66dltvzy + cioarru|rt - (1-n) cfraru - (1-n) cfrarw

- (1-n) ,irri, + (1-n) À, = t* üT,

àzu - n ùå* - (r-n) üä* = o

àzu - rV|, - (r.-n),¡ä, = o

ð2"- rvt,- (1-n) þî,=o

3.3.3 Propaeatíon of Plane Ilâr¡ioníc \tIaVeS

The dísplacement equations of not,íon, Eqs. 3.44-3.55 can be used to

study the propagation of plane harmonic \^raves in an arbítrary dírection.

Assumíng that the variables of Eq. 3.44-3.55 have rhe form,

Ã"ik** + ikyy *íkrz - íkct (3.56)
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where A ís a constant arnplÍtude

k*, ky' k" are the wave numbers ín the xn y and z direction

respectively,

c is the phase velocity of the propagatíng wave and

tr) = kc = angular frequencies

Eqs. 3.44 to 3.55 can be expressed as eigenvalue-eígenvector problems.

tAl {*} - ,' tBl {*} = o (3.s7)

where {*}t = (u, v, ,, þt*, +i*, Vtr, þTr, þ5r, þTr, À1, tr2, À3,

Eq. 3.57 can be expressed as

tsPl i*] = ttAl - ru2[n]l {*} = o

The explícít form of tSPl for LhÍs problem Ís given ín Appendíx F.

SimÍlarly, the roots of this díspersíon relation

der ttAl - 12tsll

define a surface ín phase-ve1ocÍËy \rs vüave-number space. A detaíled dis-

cussíon of these díspersion curves has been reported by Sun, Achenbach

and Herrmann [11]. Their results using this effective stiffness method

will be compared wít,h those obtaíned usíng finíte element method in

Chapter 4.

3.3.4 Anripl,ane and P.trane Strain Motíon

Case 1: GovernÍng equatíon of propagation of longitudínal waves (P waves)

ín the direction of the J-ayerÍng on x-y p1ane.

For waves of Ëhis type, the fíeld variabl, s are of the form

Ãä ) exp [Ík(x-ct) ](U' ,m
þr", Bz

v
f
2y

A(AÀ
f

V,,, )
2

(3. sB)

thís

3.44-

and

All other field varíables vanish Ídentically. The substítutíon of

governing condítion Ínto the dÍsplacement equaËions of moËion, Eqs.

3.55 yíe1ds a sysÈem of four homogeneous equatíons for Ãr, Ãlr, Ãi,
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of

39

The dispersion equation is obtained by requiring that the determinarrt

the coefficients vanishes. The non-dimensional form of the dÍspersion

f. u
1 , + (1-n) ô

11 l

(3.se)

F = "/(cäo/p*)
L/2

equation obtained is given as:

[tr-n) + rìe]2 ezga - {[<r-nt + îe] [cr-n) + n ôåo + n ô

+ L2q [tr-n) + ,re] lõ5, * n ü.2¡Cr -n)l]pz

*{[n ôii + (1 - n)ôir] lcr - n) + \ õ166]\2

a L2n lutr* naizt(r - n)l tn of, + (r - n) oir) - tznz toiz - uîrl'Ì = o

2
t

where

E=kd f
o=p p

fand ô Cij

is the dimensionless phase velocity

is the dimensionless wave nurnber

is the ratio of mass densities
f.

f
l-

m

m
coo

J

mmm
$.. = C../C].J lJ 66

If the materials of both Èhe reinforced and matrix layers are fsotropic,

Eq. 3.59 degenerate Eo Eq. 63 of Ref. tlil in which UåU = y = p¡lpr. y is

the ratio of shear nodulÍ of the reinforced layer, p and the matrix layer,
f.

p.
m

Case 2: Governing equation of propagation of SV waves Ín the direcEion of

the layering on x-y plane.

For a shear wave, the nonvanishing

That is

Following

corresponding

given as:

f ield varf ables are V, Vt *, Vi* and À,r.

frn-f-m(v, üzx, þzx, Àt) = (Az, oit, oir, Br) exp [1k (x - ct)] (3.60)

the prevlously described procedure, the dispersion equation

to Ëhe system of solutions (3.60) 1n nondirnensional form is
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Icr-n) * ne]2e2Ba - {[rr-n> + ne] [cr-n) * nuãu * nof, *

+ L2 [tr-n) + ne] fcr-nlofu + n] n/tr-n)]82

+ {[cr-n) * nuåuJ tnof, + (l-n>oi]e2

+ LZq ofulft-nlÌ = o

m-2(i-rl)ôrr lE

(3.61 )

Eq. 3.61 wll degenerate to Eq. 72 of Ref. [11] if rhe marerÍals of rhe

reinforced and natrix layers are isotropic.

Case 3: Governing equation of propagation of SH waves in the direcËion of

the layering.

For SH htaves, the displacements are parallel to the z-direction while

the waves propagate in the x-direccion. The nonvanishíng field variables

are of the form

fm-f-m(V,ü27, þZr, À3) = (43, AZ3, LZ3, u3) exp [ik(x-ct)] (3.62)

Substituting of Eq. 3.62 ínto Eqs. 3.44 - 3.55 will yield two uncoupled

systems of equations, governing symmetric and antisymmetric motion,

respect,ívely. For symmetrÍc motíon, the field quantity ís represented by

w = \ exn [ik (x-ct)] (3.63)

for whfch the constanÈ phase velocity is obtained as

nof, + (r-n)ôIs
L/2

The antlsynmetríc

fm
(þ zr, !t2r, 'lr¡. = (

Then,

glven as:

[ {r-n)+ne ]e

8q.3.64 and 8q.3.66 are the same

[11] if Èhe naterlal propertfes of

isotropic.

systeü is represented by the following solutions:

( 3.64 )

(3.6s)

o (3.66)

as Eq. 75 and Eq. 77 respectívely of Ref.

g={ l(t-n) + noj Ì

the nondimensional form of the dísperslon equation obtair,ed is

22

-f -mAil, Ai' u3) exp lik (x-ct)]

{ttr-n)o!, +nofr 712 + rzq lofo + ndi+/(r-'n)lp

Èhe reinforced and matrix layers are
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For all the cases mentÍoned above, the díspersion equation can be

expressed ín uatrix form as in Eq. 3.57. But tAl and tBj are reduced to

4n x 4n for a n-layer períodicity.

For a r{ave propagatíng normal to the layering, the díspersíon equation

can be obËained ín a similar procedure by substi.tuting the governing dís-
placemenÈ conditíons into Eq. 3.44-3.55. It will not be díscussed here.

Ref. [11] provj.des a good discussíon on the procedure.

\



CHAPTER 4

NIIMERICAL RESULTS AND DISCUSSION

4.I INTRODUCTION

In this Chapter, the numerical results of several examples are pre-

senÈed and díscussed. For a two dÍmensional analysis of harmoníc waves

propagatíng in a periodícally layered, isotropic, infinite, elastic bod.y,

Shah and Datta [33] have shown that the present finite element method gÍves

excellent results when compared with the exact analysis proposed by Delph,

Herrmann and Kaul 128,29,30]. For a three dimensional analysis on the

same problem but using anisotropic material, Ref. l3z] would be a good

reference to determine the accuracy of the present analytical method out-

lined in Chaprer 2. However, at time of T,¡riting this thesís, the detailed

numerj.cal results of Ref . 132] were not received. Therefore, comparison

with their work cannot be carried out. In order to gauge the accuracy and

range of applicability of this present approach, a two-layer períod.ic

isotropic lamínated medium is considered. The numerical results obtained

by using this proposed finite element method are compared wíth those obtained

by using the effective modul-us method IChapte13.2] and the effecríve stiff-

ness method fChapter 3.3].

The second example presented considers a wave propagating through a

two-1ayer, ínfinite elastic body with anísotropic material propertíes.

The composíte chosen ís that of boron-fiber reinforced layers sand¡¿j-ched

between thin layers of aluminum. The numerical results are firsË com-

pared with that obtained by extended effectíve modulus method and the
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extended effectÍve stiffness method. Then the behaviour of the dís-

persion curves for waves propagating through thís'nedia are discussed

individually.

ïn the third example, the materíal considered is graphite-epoxy

composite. There are tr,ro Ëypes of graphite-epoxy composites consídered.

A formula, outlined in Appendix G, ís used to obtaín Lheir respectíve

material constants.

For all Èhe examples mentÍoned above, only a Ëwo-layer periodic

medium is consídered. rn order to obtain beËter results, each layer

within Èhe unit cel1 ís subdivided into "lamina" at mid-plane (Fig. 2.I),

thus creatíng a four-1ayer períodícíty. Hígher layered períodícity can

be created by furËher subdl-vidíng the lamina. However, it is shovrn in

133] that the numerical results for lower modes of wave propagatíon do

not apprecíably change by Íncreasing the number of lamina. Therefore,

only Ëhe results of four layered periodicity are presented here.

The numerícal results presented ín thís ehapter are obtained from

FORTRâì{ programs wrítten for the extended effective modulus method,

extended effective stiffness method and the finite element method. These

programs are íncluded in Appendices H, I and J.

4.2 ISOTROPIC LAMINATED MEDIIIM

The díspersíon curves for waves propagating through an ísotropic

La¡rÍnated medíum usíng the effective modulus met,hod, effective stiffness

method and the elasticíty Ëheory have been presenÈed by Sun, Anchebach and

Herrmann f11, Lzl. However, their presentatíons are based on türo dimen-

sional analysis. For an isotropic material, the numerical results obtained by

using a three dímensional analysis and those obtained usfng a two dimensional
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analysis should be identícal.

In this example, the problem ís analyzed using the sane tateríal

propertÍes and påïameÈers given in Ref. [11]. The material constants

are tabulated in Table 4.1. The non-dímensional parameters used are

defined as:
u

Y = # ratio of shear moduli
2

a-
P

c

turlo
(2)

I = k (2 h(1)) dirnensionless wave number

2 h(i) = thickness of reinforced layer

k = \^lave number

2r=T

^ 
= \^rave length of propagating wave

0 = 0G) /p(2) rario of mass densities

^(1) - r^-^{ +., aÇ -^.i-fnrnaá lorrarF., = densitY of reinforced laYer

To be consísËent wíth the results presented in Ref. [11] ' the

numerical computations are carried out for three values of Y, namely,

y = 100, 50 and 10, and for I = 0.8, 0 = 3. n Ís shor,m in Eq. 3.25.

The poísson ratio of the reinforced layer and the matrix layer are 0.3

and 0. 35, respectívelY.

Based on these material propertÍes and parameters and usíng the

effective modulus and effectíve stiffness meLhod, the curves presented

ín Ref. I11] aïe reproduced. The resulÈs obtaÍned by using the finíte

,4

U, = shear modulus of reinforced layer

U2 = shear modulus of matríx laYer

dimensionless phase velocitY

c = phase velocity of propagating wave

(2)
p t-' = density of matrix laYer
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element method based on the same material propertíes and parameters are

then plotted on rhe graphs. These graphs are shown in Fig. 4.r to Fig. 4.4

It is found Èhat the results usíng the finite element method coincide with

the results obtained by using theory of elasticity for y = 10, 50 and 100.

This proves the validity of the proposed finite element method and with

this observation, the proposed method can be applied to the analysis of

harmonÍc l^7aves propagating in anísotropic composites, wíth confídence.

4.3 FIBER_REINFORCED BORON_ALI]MINII]M COMPOSTTE

Datta and LedbeÈter [39] have computed the elastic constants for the

fiber-reinforced boron-aluminium composÍte. This composite is a heat

resistance material and is used mainly for aerospace structures such as

space shuttles. Shah and Datta then used the same elastic constants and

geometric parameters to perform a plane-strain analysís to derive the dÍs-

persion characteristics of harmonic waves propagating in the composite [33].
For analyticl purpose, the composite ís modelled as a tr¡ro-layer medium. The

fírst layer ís the boron-fiber reínforced layer wíth anisotropic material

properties whíle the second layer is the thín layer of aluminium. In the

following discussion, Èhe method outlined ín Chapter 2 ís used to determine

the dispersÍon characteristÍcs in this two-layer medium. The materÍal

constants for the fiber reinforced layer are slightly different (about 6%

smaller) than those presented in Ref. [39], and are listed in Table 4.2.

The reason for the slight dífference in values is that more experímental

works have been carríed out Èo determine the properties of the composíte.

The new set of material constants, províded by Datta, are presumably a

better representation of the composite. The parameters used Ín the dis-

cussion are:
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^ûJ(l 
- 

_

t)
s

Dimensionless frequency of q/ayes

/¡\ =. 1T*s 
zn(2\

-=i-
/ Vqv¿a-

^ 
(2)

l.l

2h(2)n=--'lT k
v

(.tt = frequency of rrraves

Dimensionless y-component of \,üave number

k, = y-component of wave number

Dímensíonless wave number

k = wave number = 4
^

Ratio of thickness of reinforced layer and

the thickness of matríx layer

2h(2)1-N k,IT

d
2h 

(1)p

0 Horizontal angle made by propagating \¡/ave

on x-z plane with respect to x-axis

Vertícal angle rnade by propagating \^7ave

wíÈh respect to x-z plane

For comparison wíth the effective modulus and the effective stiffness
nethod, a ß vs Ç plot for r¡aves propagating parallel and normal Ëo the

layerlng ís first consídered. ã ís taken to be 12.

i'or waves propagating pararlel to the rayering and along the global
x-axís (o' = 0o, 0 = 0o), Ëhe results are presented ín Ftg. 4.5. rt is shovrn

that for small wave numbers (8, < 2), the quasi-longitudinal rnode (p-wave) is
in agreement wíth the effectíve modulus and the effectíve stiffness method.

As the wave number Íncreases, the results obtained usÍng fíníte element

(i
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xnethod departs substantially from those obtained by using the other two

meËhods. This díspersive behaviour ís similar to that observed for the

isotropic case presented in Fig . 4.3. It has been summarized ín Ref . l24l

that for large y (y = 50, 100), there should be a rapíd decrease of the

phase veolocíty of the lowest longitudinal mode (P-wave). This is because

there is a shíft of the participation ín the moÈion of both reinforcing

and matríx layers to the matrix layer only. For both ísotropic and aníso-

Lropíc materials, only the finite elemenL method shows this behaviour

(Ffg. 4.3 and 4.5). As for the quasi-transverse mod.e (SV-wave), rhere is

no remarkable difference between the three meÈhods.

For waves propagatÍng normal to the layering, (cx = 0or 0 = 90o), the

results are presented in Fig.4.6. In this fígure, there is a remarkable

variation beËween the three methods, expecially for higher r¿ave number.

For ísotropic material, Ref [11] shows that Ëhe effective stiffness method

and effective modulus method is comparable to the exact method only for

small value of Ç (6 < 1) for both P-waves and SV-waves. The results are

shornm in Fig.4.4. However, the results obtained usíng fínite element

method stí11 coíncides wíth that obtaíned from the theory of elasticity.

For plane-strain analysis of a laminated boron-alumíníum composite, Ref. t:21

concluded that t.he dispersive behavíour of v/ave propagating normal to the

layering agrees wíth experímental observatíons. Thís varifíes the validíty

of the finíte element method. Ho¡¿ever, due to the lack of numerical results

ín the Lhree dimensional analysis of harmonic r¡raves propagating through aniso-

tropic medía, Fí8. 4.6 can only be sho¡¿n but can not be comapred. with those

obtaíned using Ëhe theory of elasticity.
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For the rest of the graphícal presentation ín this sectíon, the

numerical results will be presented using the material propertíes ín

Table 4.2 but the frequency of the propagatíng wave is determined, instead

of the phase velocíty. Q, the dímensionless frequency, is obtaíned by

normalizing the roots of the díspersion relation ín Eq. 2.I3.

Figs. 4.7 to 4.18 show the dispersíon curves for the lor¿est longitudi-

nal (P), lowest transverse (SV) and the lowest symmetri.c SH mode

propagating ín Ëhe x-y, y-z and x-z plane. It can be concluded thaÈ

for smal1 magnítude of f where f,. is t,he nondímensíonal r,ì/ave numberr sây

-k < 0.07, the frequency, Q, for the Ëhree modes ís directly proportíonal

to Ë. This agrees with the acÈual behavÍour as stated ín Ref. t401. One

dísadvantage of this f2 vs -k plot is that for f,, = 0, the phase velocity of

the waves cannot be determined. Comparing the 3-sets of graphs, namely

Fígs. 4.7-4.10 for !üaves on the x-y plane, Figs, 4.II-4.L4 for Ì,üaves on

tlre y-z plane andÌigs, 4.75-4. 18 for vrraves on the x-z planes, it is
observed that the l^7aves are less dispersed when they travel along the x-z

plane. Thís is due to the fact thaË they are travelling along the matrix

layer r.rhích js the homogeneous ísotropíc layer. Greater dispersíon ís
observed for the \^raves travellíng along the x-y and y-z planes because

for these two planes, the reinforcÍng layer and Èhe matríx layer are

involved. The dispersíon is t,he greatest for waves propagating normal

to thelayering (o,=0o, ó=90o oro=90o,0=90o) duetothe
maximum partícipatíon of bc;h layers in vibrating the particles.

Figs. 4.I9-4.27 are plots showing the variaËion of frequencÍes with

respect to the dírectÍons of progagaÈÍon on the plane for a particular
-k. simílar observations, as described above, are obtained.



-49-

Instead of examíning the varíation in frequencies with respect to

angular changes in the dírection of propagating vraves, the computer

program listed in Appendix J is capable of handling the analysís by

treating the y-component of the nondimensional wave number, i as a known

quantÍty. These Q vs. ñ plots are presented ín Figs. 4.28 to 4.32. The

SH mode can be easÍ1y determíned from the output. However, the longitudÍ-

nal and transverse modes cânnot be dÍstínguished. Therefore, the lowest

fíve branches, regardless of modes, are plotted. It ís observed that for

large values of t (0.s, 1.0) there is very 1itt1e varíat,ion in Ëhe

frequencies as fr changes correspondingly. Thís is due to the fact that,

for small ñ and large magnitudes ín f,, the v,¡aves are travelling along the

matríx layer only.

Símilar plots are carríed out for the CI vs f. plot for a dÍfferent ñ

and at a horizontal angle of 0o and 45o. The results of the lowest 5

branches are shown in FÍgs. 4.33 to 4.38. only the lowest out-of plane,

(SH) rnode can be ídentifÍed.

4.4 GRAPHITE-EPOXY FIBER REINFORCED COMPOSITE

In thís section, the behaviour of dispersíon curves for r^raves propa-

gating through tr^7o types of graphite-epoxy composites will be consídered.

Graphíte-epoxy composite has hígh strr;ngth and hígh electrical resistance

and it can be used as thermal insulati-on in nuclear povrer plants. Since

the material constants change when the percentage of fíbre in Ëhe composite

differ, a formula ís provÍded by Datta 1421, and is 1isËed in Appendix G,
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to calculate the material constants for the Èlro types of composites used

in this analysis. The value of ã in the formula is used as a control.
rf õ ís different, other material constants for that Eype of graphite

ePoxy composíËe can be calculated. The followíng discussion will be based

on two different values of õ, namely, when õ = 0.3 and õ = 0.66g. similar
to the second example, the composÍte is modelled to be a two layer medium.

The first layer ís the graphite fiber reinforced layer while the second

layer is the thin layer of epoxy.

4.4.I Graphite-Epoxy ComposiËe (i)

t'or c = 0.3, the materíal constants are calculated according to the

formula in Appendix G. For conveníence, these values have been tabulated

Ín Table 4.3. In Èhís secËion, two dífferent ratios of thicknesses

beËween the reinforcing layer and the matrix layer are considered. The

two ratios are

ã=4.0andã=9.0

The pararneters used in sectÍon 4.3 are used here for graphical

presentatíon. For ã = 4.0, Ëhe frequencíes are proportional to f fro*
0 to as far as 0.09 whÍch ís equivalent to a wave lengrh of 44.4 h(2)

(Fig. 4.39-4.42). rn these fígures, attemprs ro differenriate the

propagating waves into SH, SV or P modes are not carried out. Therefore,

only the lowest 3 bra.nches, ÍrrespectÍve of mode..;, are plotted. For the

lJaves travelling on each plane, only one representative direction of
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propagation \À7í11 be considered. For example, when vraves are propagating

on the x-y plane, the dírection of propagation is taken to be 45o with

respect to the x-axÍs [cl = 0o, 0 = 45']. This is shown in Fig. 4.39.

In Fig. 4.42, the arbitrâry directÍon of the propagating !üaves Ëhrough

Èhe medíum is chosen to be ât c! = 45o, 0 = 45".

Fig. 4.43 (cl = 0o), Fig. 4.44 (a = 45o) and Fig. 4.45 (cr = 90o)

shows the lowest 3 branches plot for the variatíon of frequencies wíth

respect to the value of ñ for a constant value of Ë. It is shown in

these three graphs that for f = 1.0, the frequencies of the lowest three

branches are independent of ¡. This is due Lo the fact that the \¡üaves

are propagating along Èhe epoxy layer which is the ísotropic layer.

Fig. 4.46 (a = 45o) shows the characteristíc varíation of Q with

ïespect to f. for this graphite-epoxy cornposíte.

For ã = 9.0, Figs. 4.47 to 4.50 show thar Q ís proporrional to f it
-k is smaller than 0.04. ThÍs shows that when the thickness of the rein-

forcíng layer Íncreases, greater dispersíon of the propagating waves is

observed.

Fígs. 4.51 to 4.54 axe similar plots to Figs.

Similar behavi.our Ís observed.

4.43 to 4.46 for ã = 9

4,4.2 Graphíte-Epo xy Composite (íí)

For c = 0.668, the materíal constants are calculaÈed and tabulated

in Table 4.4. Two ratios of thícknesses d = 4.0 and ã = 9.0 are

considered. The parameters used ín the graphícal presentaiions are

simílar to that of Secrion 4.4,I. Fígs. 4.55 to 4.70 plotted using

the same parameËers as ín Fígs. 4.39 to 4.54 correspondingly. The general

behaviour of the dlspersíon curves are the same as in Sectíon 4.4.L. The

only difference is that the waves are travelling r¡rith a higher frequency.
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4.5 cÖ¡,p¿nrsoN oF THE THREE METHODS:

(Effective Modulus, Effective Stiffness and Finite Element Method.)

Ïn analyzíng for the first branch of the frequency specËrum usíng

three layered tranversely Ísotropíc sphere, Fyre I4f1 compared hís results

using the finite elemenÈ method, with that obtained by the Shel1 theory.

He showed that for a soft rniddle rayer, the shel1 theory produce much

higher values than the fínite element meËhod. To verify this poínÈ,

the same materíaI properties he used have been reproduced here. They are

lísted in Table 4.5. Three types of matríx layer will be used. The

first Ëype is a very soft layer whose materíal constants are about ten

times smaller Ëhan the reinforcing layer. rt is designated as 2-i. The

material constants, for the second type designated as 2-ii, are about

half of that of the reínforcíng layer. For the third type, z-íLi, ít is
of the same material- as the reinforcíng layer. Only two-layer periodic

medíum similar Èo those in Chapter 2 and. Chapter 3 ís considered here.

ã ís taken to be 0.6 and the perÍodicíty ís equal to 4 for all three

cases. The results of the dispersion relatÍon using the effective modulus

Ichapter 3.2J, effective stíffness Ichapter 3.3] and fíniËe elemenr

[Chapter 2] method are obtained wiËh the aíd of the computer programs in

Appendix H, I and J. The phase velocíty, ß, vs wave number, 6, plots of

Ëhe results are shown ín Figs . 4.7I and 4.72.

FÍg. 4.71 shows the sv mode for r¿aves propagating along the x-axís.

It is shov¡n that when usÍng matrix layer 2-i, there is a large dÍscrepe,rcy

between the three methods. The effective stiffness method produces a

higher value than the other two methods, even for a sma1l wave nr¡mber.

This discrepency decreases when matrix layer 2-ii ís used. For matrix

layer 2-Í-Lj-, there ís no dífference in the results obtained by the three



-53-

methods. This is because for the effective modulus and effective stiffness

method, the dispersíon relatíons are formulated by applying an averaging or

smoothíng operatíon t,hrough the nedia. This operation has been díscussed in

Chapter 3. As the difference between the layer stíffnesses íncreases, it is

understandable that the first tr^ro approximate methods wí1l yíeld a result that

is farther away from the exact va1ue. Finite elemenÈ urethod is subdividíng

the media into smaller laminae wíthout averaging. the material properties of

the laminae. Interpolation functi.ons (Eq. 2.6) are used to ensure compati-

bility of t,he laminae. Therefore, it ís reasonable to assume that it should

yield a better approximaÈion to the exacÈ value. In Ref. [33], it is shown

that for ísotropic material, the present finíte element method ís in agree-

ment with the results obtained using Ëhe theory of elasEiciÈy. Therefore,

it can be concluded that the finite element method should be used instead

of the other two methods if the matrix layer is too soft when compared with

the reinforced layer (y > 10).

Fig. 4,72 shows a simílar plot but for the sH mode. The same

conclusion can be deduced.

4.6 CONCLUSION

A finite element method has been presenÈed ín this thesis for the study

of harmonic waves propagating in a layered composite medíum. This approximate

method utilizes Ëhe ínterpolation functions, saËÍsfying the continuity of

dísplacements and tractíons at the interfaces of a periodically laminated

composíte medíum, and Floquetrs theory. The formulation of the dispersion

relaÈíons is based on a Èhree-dimensional analysis of the harmoníc waves

propagating ín a períodically layered, anisotropic, ínfiníte body. However,

the method can be readily applied to any two-dímensional analysis. Tr¿o-
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dimensional analysis is applicable only to harmoníc waves Èravellíng in

isotropic or transversely anisotropic media where the plane-strain and

antiplane strain motions are not coupled. However, the composiËes for

practical applications can seldom be modified to be transversely anísotropic

materials. Therefore, the proposed three-dimc;rsional analysis should be

used. To assess the accuracy of thís proposed method, comparison to the

ef f ective modulus and the stif fness method \¡/ere carríed out. IË is shov¡n

that the finite elemenÈ yÍelds better approximatíons than the other tr¡/o

methods (Fíg. 4.1 to Fíg. 4.6). For two-dimensional analysis on isotropíc

materials, the present method yíe1ds excellent results when compareC with

that obtained by usíng rhe rheory of elasticity (Fíe. 4.1 to Fíg. 4.4).

The dispersive hehaviour of harmonic waves propagating through fiber-

reinforced boron-aluminíum composi-te and graphite epoxy composite are also

presented (Fig. 4.7 to 4.70). Both composites are modelled as a layer of

anisotropic rei-nforced material and a layer of isotropic matrix material.

Ref. [37] has shor^¡n that for the plane-strain analysis of a wave propagatíng

in fiber-reinforced boron-aluminium composite, the analytical results

obtaíned from the present finite element formulation agree with the

experimental observations .

At present an analytical solutíon for waves propagating through an

anisotropic laminate is not. available. Therefore, an approximate method

(finite element method) to solve such problems is proposed. Due to the lack

of numerical results in thL same research area in literature, it is hoped

that the results presented in thís thesis can serve as a bench mark for

further approximate theories.
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APPENDIX A

By using third degree approximation and interpolation, the functions

V- and l{- can be derived. This is done l-n order to satisfy the stressIII
and strain continulty.

Using the lnterpolaËion functions,

as:

where

Ur = ft(nr)u, + fr(\i)r2 + fg(ni)r3 + f,(nr)u4

V, = fr(ni)tt + f2(ni)t2 + fr(nr)t¡ * f¿(ni)t¿

w, = fr(ni)tt + tr(ti)tZ + fr(ni)*3 + f¿(nr)t¿

rr(nr) =|{z-hr*ni)

UI, VI and !t, can be expressed

(A-1)

-la Ii a 1. or tf (i)'

r2(nr) =le-tni-ni)

f3( nr) < t-nr-n1*nÎ>

fa( nr) 1-r-n.*n]*r'l¡

(1)

i

h
T

h
4

(

ín which l, is the vertical local coordinates with the property

(i) vI-h <y (i)
h

. ur v and rJ are functfon of x and z and are the nodal

dlsplacenents of the Í, f*I node [Fie. 2.I].

The deriviation of fr(nr), fr(nr), f3(nr), and fO(lr), is given in mos

finite element textbooks. It is also derlved in Ref. t431.

. tt(Í);
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For a partlcular lamfna, the relevant stress-strain relatfons are

(i)
6

:CK

(r)
6
vv

(i)
Õzz

(i)

(1)
6)tz

(i)
6xy

(f)
11

(i)
13

c

c

c

c

^(i)
':.2 c

(f)
exx

(f)
L2

^(fu23
(Í)
yv

c
(i)
22

(i)
\y,

(r)
Y*"

e

(r)
13

^(i)'23
(1)
33

c
(i)
zz

E

6yz
(i)
44

(i)
66 v

(Í)
xy

.Íi'

rhwhere C ls the elastÍc constânt of the (i) layer
(i)
ij

c

is the normal strain in k-k plane
(i)

ekk

(í).yrrr'is the shear strain in m-n plane.

It is known from the theory of linear elasticity that

(í
Exx

ôur
=-

ôx

(i) ôu,
t =--woy
(i) Ò"1

g =.--zz ôz

òUI+-
ôy

ôv-I*:-
Ôz

ôl.J_.I+-
ôx

) (i)
xy

(f)

ôut

ôx

ô",'

Ð-
ôu,

ò"

Y

Tyz

(i)
I zx

t"t o(í)yv
rì=-1 l_

-l.
rì=-1 ].

=O

U
(i)
yx

rn¿ o(í)yz l=-1
=T

a
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ôV

tt,"r, o(í) = .Í;'

o(í)yx

ôUI
ôx

ÒU

^(i)
'22
ôlI-rl
ã*J

+c (f)
23

òw

òz
I I

=Ç
(i)
66

+

I

I +

[r4 +

ôy

(

(

+
òz

ôI{ ôV

6
(i)
yx

Sfnilarly,

nl=+1

thus u

o(f) Iwt

(Í)
66

òu2

ôx

I

lor - c

I = xi*l

(i)
o

(Í)
44 ôyyz ðz

In order to satfsfy the stress conÈinuity at the fnterface between two

consecutive layers, the evaluatior of or*

thus

6 and o at the boundary nodesyz vv
is requÍred. I.lith reference to Ffg. 2.r, the boundary nodes are at li = -1
and na -11.

For the I (superscripr (i)) lamina and the i node

"$' l_ _ _r=.áå) lrj(-l) ", * þl. ,rli =

(1)
66 ¡"r+þt =xi

X, ðv,
.LIt3 = (^Gl - a* )
u66

4
(
xt+t
;6t66

ôv^
¿-

òxt

þ. ,Íî) ,r..rå,þ(i)
L2 o.

1n.= -1'l-

.Íå'#,1fr)u22
thus, v, (Í) ôtl 

_
L2 ôx
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"f 
ôtl

ôu ôw
2 -côx òz'¿=å[oi*r-.Íå)

"22

(r)
23

2

and
(i)
yz

3

(f)
44

('3+þr="r.6

6

n. =-1'l_

thus, w ( (i)
44

òzc

(f)
yz

IT

(Í)
44

ôt,
-\

òzt(*4 + =,ç i+1
ni=+1

4
"i+1f,rt -
"44

Òv^
lt:-lôz'

RealizÍng Èhat subscript 2 above ls referíng to the i*l node and by

letting i*l = j, the components of dísplacement equations become

U, = fr(tli) tt + tr(ni)rj + fr(nr)[
X: ôt. X.I I.

O-*t +ro(nr)tjol
66 '66

ôv.
J

ôxc

vr=r1(n1) vr+r,(n1)'j*r3rni) t.riï%-.Íå'þ -.jå'þ, ¡+r4(n1) rå ro,

lrr, = fr(ît) *t + f ,(nr)*j + fr(îir,.1fr- þ,

_,"(i)ôti _,.(i)ôti.,.,"12 ôx "23 òz ) t

+t4(nir,*3',
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APPENDIX B

In the derivation of the potenÈial and kínetic energy (see Appendix

C) several integrations Ínvolving the interpolaËion funct,Íons are con-

sidered. These integrals r¡il-l be summarized below.

(A) The evaluation of Èhe integral

symmetric maErj.x [A] , as shown:

{r} {r}T an can be given by rhe

= 9/35

= -13h/105

= 13h/105

= BnZ /tos

= a¡2 /tos

t

Att

Atg

Lzz

Ãz+

Ãg,n

-1

Atz

At¿

Azl

o:g

Aaq

1

-1

= 7B/Lo5

= 2Zh/I05

= 78/]-05

= _22]n1I05

= -6t'r2 /ro5

= 3/5

= h/10

= 3/5

= -tr/ 10

= -t2 lts

= -L/2

= h/5

= 1/2

= h/5

-n2 /rs

(B) The evaluatÍon of the integral

symmetric matrix [n] as shovm:

I

I
{r'i 1r')T an can be given by the

B
L4

23

B
33

1
(C) The evaluation of the íntegral ir]

-1
skew-symmetríc natrix [D] as sho¡"m:

utz

B

ttt

Bt¡

Bzz

Bz+

ug4

-3/ s

h/10

_h/70

qnz /ß
qn2 /s

Ll2

-ln/s

-h/s

0

0

',rtr

{r'}t ¿n can be given by the

11

13

22

24

D

D

D

D

L2

I4

23

33

D

D

D

D

D
D

34
44
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APPENDIX C

(A) The evaluation of the

r¡hose coefficients are:
*

= A1r

= -ik"A*

integral /1ru u on. can be gine by Èhe matrix tul

U U Ltz/coo

A
T2

ur r, = -to*or4At

urr, = orr/'lu

u2,7 = Azl/cøo

uz,g = - íkxl34/c66

Agg

u3,8 = ik*Ag¿lcoe

11 t

,

1

1

2t

u, ,,
u, ,,

U

664/c

7

ur,,

ur,3 = -tn*orr/tfu

1tuzrB - 2
e,ro/c

66

'3r7 
= ik*423

2
kur,,

u, 
,n

x

./c
4

u3,9 = k*o34
2

A
2 66

U
717

Azz

=-ikAx

Notes: For the

í)

11)

uB,9 = -ikxA44ur,,

24

2

66 /cøo= AOO/C

urr, = tl a
44

above coefflcients of tUl

J_

tul

J-r
Ls a .¡1snnítlan matrix

rii) the rest of the coefficients that are not listed above are

all equal to zero.

applied to all other integrals unless specified otherwise.

the evaulatfon of Èhe tntegral /1., Ur [r dn* cha-r -,,i ----nge [A]t¡ of U to

The noÈes

(B) For

¡BJ rj.

*¡(atrix [A], [B] and tDl are given in þpendix B.
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I(C) The evaluation of the integral J_, V V d¡rr can be given by the natrix

tVl where

222
= k*433 C'Z/CZZ

t
= Ík*A* CtZlCiZ

222
= k*434 ctzlczz

v

V

1

I41

1'1

=fk1, 10 x

,3 = Ík*A13 ctzlczz

,5 = k*krA33 cLzcn/c?¿z

, V

v

vrrrr = k*k

ur, 
n

ur, 
o

, ,,,

ur,

,1,

"zg/'3r5

,rrl

ut,,

ur,,

V

v

V

v

V

v

Ag

,rzlrzz
3

ctzc

clcL4 12' 22

= -ík"A* Cy/C\Z

c nlc12

= k*k"444 
'rz'zz/'î.2

.2
tr4 ctz/czz

/C'22

4/c

z4

=ik \x

13

=-ikAx

o'-

2
og¿

23 /c22

Art

At= -ik
z 223

3rg Atz
10

v
5

V
7

,, 
,g

v7, ll

= Ík*ArO C'Z/CZZ

22

v3rlr = -íkr[ro 23 22
c /c

4' o,o

4

2

2

22

\3/c 22

7 = -ik*434 ,r¡r?r,
'4,g = Az3/czz

4, 10 \4/c v4,1r = -ikrAro crrtcl,

= k*k"434 crrcrr/cl,
555

u5,9 = LkrL;3 czl/czz ; v5,ro = iktL34

7

2 2
v5, rl Ag¿

23 /c22
=þz

2 2
V

7 t2 22

v =ikA
7 ,10 x

= u?¡rs 'l¡"r,

2=k4..x44 /c

2
C

c
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ugrt Azz

v9r1r ='lkr[ro
9, 10

oz+/'zz;V

"zgl'r,
2

'rr/'ï.,44 22

urr, ,, = ulo+o 
'1,

For the evaluation of

lnJrj

The evaluaÈÍon of the

where

2k, 433

rkr|zt/c+4

lkroz3

v
10, 10

=[ /c

I4I3r3

I^I3r6

IT =d5'5 11

I4I =-fkA519 z L4

I.]5 rlz Lt,rl

integratflr"frunr, can be given by the matrix

v
10,11 44

/c
2

22

Ithe lntegral ! -1 Vf Vf d4., change tAI

, KA-L

(D)

(E)

tI.]l

of tvl to1j

3'5

319

I^I

I^1

T,J

A
1 44

= ik"\3

2
= k A^,234

44
w3, 1l

3/c

I"J =íkA /c3 rLz z 34

"r,u
,

6r6
ozt/

o5r1, = AL2

"u,, = -ik As+/ct*tr

c 
tr,r

2
c++

z
I.J

I^J

I{

2
6, 11

Azl/c+,r

2=[ A9rg 44z

ikA /c

6,I2 \4/c 44

9r11 Ík A^,z¿4

,

,

,

I,J

wg,L2
44 44

wrlr 12= ozrr/',r+wLL,LL= A22

z

wL2,Lz= A44/c244



(F) For the evaluation of the integr"f [lW' 
-r dqi, change [A]. . of tl{l ro

,1
J-1{u V' - V'U) dîi can be given by the matrix twl as(

ctzl2 ik D-^xlJ

66
ctz

33

ik* D23 
'tz/'zz 

+ fkx ov, 
"tz/"zzI

cLzlGz2c 
66)34

ctzlczz
34-k2X

too )22
cl¿:.r Ll(c

)/(czz c

-68-

T
1

23
/c

czz

/(czz cikx D

-ik Dx

D

D /c
13 66

tk D
z

ikx

¡nJ ij.
G) The evaluation of

shown

*r,, =

L12

Cni Dg¡ ctzlczz - Dtl) rr
1

lrv

UV

UV

llv

try

UV

clc23 22

ts/czz

ik D
13

-D

3

4

5

7

22

c

1

I

.D
L2

UV

1'8

1'9

1,l0

1,11

213

214

215

217

2 rLo

/CL4' 22

ot+

-D

ik

too )

, rr/,
-D

22

c

34/ 
(c

c

UV

UV

UV

66
)

33

34

66

D crrl{cn c
66

't/$zz33
-DUV

)

UV

UV

try

llv
92

D
662334z

ik2rLL
llv
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-ik D
x

-k k

2

fk D

D

x

ik
z

z

-k

ikx

-ik D C /(c
23
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D

+ik Dx23

2

,2

23

23

-tk D Tlcx 331'

2ik Dx13

33

ú/c-D

lIv

W

UV

lry

lry

lry

llv

llv

lry

UV

UV

3r3

UV

22

ctzlczz

'zg'r/"

22

34

too )

/c

/c'22

'oo)

TtDzz)

ctz Tt

crr/cr, -D
2

kx

34

* D24

Dk
zx-k

4

5

7

I

3

3

3

3

2
kxDtz

/c'22

66

34

D

,

c/c23' 22

3r9

3r 10

3, 11 34

2

2

341 
(

D

-D

4

z
k

x

tk2

8

9

7

5

5

5

7

D trtr

44

24/c

z

c

x

37

4rg

lIV

Iry

UV

W

/cc

34

D

34

23

4rg

c
22

"rz/'

7

c)
66'22

22

22

lGzz

(

-D

UV

7rg

7rg

7 ,Lo
UV

22
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lry
7 ,lL

lIV
8r9

uu8,10 =

*8,11 =

*nr, =

lry
9, 10

9r 11

tk D

44 I

"rr/'z 22

66
lGrrc

tt'zl

24

66

T-D

'4,r

'ro/'
)

ik lrczzc 
66)

/c

z

zik D
x 24

-ik D T
1

1

-1

22

U^I =-lkA
9 z T4

L rI2
A,.+/,

Tt
"zz

44

'4+

/rn
Iry

x
kxz-k

where T

(H) For the evaluation of J

1 = 1'0

and [UVl¡f ls the negarive of the conjugare of ¡UVJij

1

(VU' - UrV)d¡., set T1 = -1.0 for [UV].

44

as

(I) The evaluation of J_1 (I^IU + UW) dnf can be gÍven by the matrix tUI,Il

ulJ =-ik A llI^J At 
r.1r3 z 13 1'5

TM
6

ort/ r,r+
1 1

IM1,11 Atz lll\I

TM

I]LI

ltü]

LIIII

UI^T

219

2 rI2

3r5

317

=-ikA
z

213 ozz/'
66

UW =-l-k
z

IJI^I =[216 33

lJI,¡2,rl- ozz/c 
oo

*3,3 = 2 k*k"433

IJIù =lkAx

=ikA

2,5 = Ãt3/c66

34/ 
c 

66

66

/ (c 
44c 66)

)

3

3

6

I

zl/c+t,

= A34/ (c 
44c

= ik*413

=ikA223

=kkAxz3493
TM

z 34
l'ou ITId
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w3,1r = ik*423

*rr, = ALz

*rr, = -ik*ArO

* u,, = Az3/c 
44

ul.J
6rg =-ikA /cx 34 44

*r, n = -rkr[ro

TJW =d /c
7 rLz 24

IM =-ikA /c

III^I
3 rlz

lltl =d C
5r8 L4

Ag

*7r11 = A22

llI.J =d /c8r11 24 66

w9, 1r = ik*424

I^IV =ikI)3r4 z 33

= to*o34/'44

olrc

/

I]I^T
66

c

66

44 )I6

,

44

8'9 z 44

w8,12 = Aoo/(coqc 
oo)

*9,9 = Zk*k rloo

IJI{ ikA
9 rLz

66'

,

(J) The evaluation "t IL-t

as shown

/c
44 44

(W V'- V'ñ) d¡. can be given by the marrÍx tWVl

/rr, ;

I^IV =ikDL16 x

x

I^JV kx1r3 KD
z g¡c rzT r

I^IV 1'5 ik*'tzctz/czz

I.Iv =-kkD c lc1'9 xz 34 22

hïV =-ikDI,L2 x 34

T"IV

,3
= ZlkrD*

- (Dlr - n|r*

22tsc zf rlG

lrll = tn*'rl'rr/'r,Wvt2

' ,./t n

c )44

3

3

)44'tzlGzz'

Ttc zg/c zz)
I^IV

5
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)

wv =-kkD c
7 xz 34

w3,ro = -ikrDro/cn

WV -D 44

WV =þ /c5 13 22

t{v =ikDz,9 34/ 
c22

T.IV -D4 rLz 34

WV

/rn l^Iv

WV

=ikD
T4

=-D3, 11 L2

+1kD
23z319L2

- xz nroc

44
= 

'33't/(czzc

'zz/Gzz'

22
Tt/C-ik DWV

/c23 22

3 rLz

WV )

5r6 z 33

*5,7 = ik*Dr4c 12/czz

WV
5, 10

wv ík D
5r11 z 23

WV
5 rLz

-ík D
z

WV fkD
617 x 34

I.IV -D34/ G22c 44)6, 10

IIIV 7rg kkx z 44

wv 7,11 = Lk*Dz,rCtZ/CzZ

WV =2ikD919 24

44

zzc +tr) wv

4r6

WV 4,LI

}W

23

WV ikD
6,11 34 44

WV
L2

0

ik*D44crZTJ (C22C44)

1 z 44

4

4 = nrr/c ,,

/(c22c 44)

tlc zz/ 
c 

zz

r 1/(cc=íkDl.IV
23

" zg/rc22"

cLz/rc

c 
tzT tlczz

5'5 =2íkD
z

z

c
22 44

95
c 

zg/c zz34
Dor, - o2

-D14/C
22

23

34

z
ik/rr, *C DClC

L4 23' 22

)

/cD
4496

)z

D

-k(ozz

7

9

üIV
9, 11

C

2
c /c T

z 44 23 22 1
D )

WV
9 rLz

=-þ
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/
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DWV

zLL,Lz

/c10r11 24 22
w *o44tr /Grrr++)

t 10, 12

I,lv =2lkD c /c11r 11 x 24 23 22

hIV ikD
44

where T
1

= 1.0

and t![V] ji 1s the negatfve of the conjugate of [I{V]

c',Tr/(crzc 
¿rtr)

1l

(K) For the evaLuatlon of I ('ütl' - I.IV r) d¡, , set T, = -1 .0 f or [I+lV ] .ir
)-
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For a stïuctural problem of dynarnic nature,

{p} =

where

,)

lkl {u} - u)" tml {u}

tPÌ = member forces

[k] = eler¡ental stíffness maÈrix

ûi = circular frequency

[m] = elemental mass matrix

{U} = vector with unknown quantitíes

EquaËion D.1 can be written as

{r} - {tr.l - ,2 t*l} {u}

+S

(D-1)

(D-2)

Let f sf Íjq) = tttfrq) - ,2 trlÍ:o) r,rhere superscripr denores layer number

ftlÍ:n)is catted rhe impedance marrix.

By assemblíng these elemental matrices fSf(T], rhe following is obraÍned:

'Íï) 'll'
(1)
2T

(2)
11

ur-

u2" 
(2)

"L2

o (2)
"22"(2)"2L

o (1)
"22S

and

+S S
(3)
11

(3)
l2
(3)
22

u
3

u4

(D-3)

" 
(3)

"2r S +S (4)
11

(4)
L2

S

u3--o

S S

If the equilíbrium of joint 2 and 3 ís considered,

(4)
2T

(4)
22

(1)
2L

) * rff):",* t$)S u + ßti1

c (2)
"21

ß )

are obtaíned.

u2*
'Í1r)*'Íi):",

+S
L2

u
4

=Q (D-4)
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UsÍng Floquet!s Theory, we obtaín u

u =o2ttE
íkdy Ls a const.ant,

into Eqs. D-3 and D-4, we

3

4

trnE

where E = e

SubstiÈutíng these values of urand uO

obÈain:

S +[s

s +[s
After rearranging Eqs.

tt' .'Íl):o, * 
'Í;)(E 5) = o

tt' . 'Íi': (nur) * rÍ;) (E ,rr) = o

D-5 and D-6 can be written as

(1)
2L tl

[1', ",

(D-s)

(D-6)

ls
(1)
2T

+ EsÍt)lur+[s

* rÍi)Ju, +[s

tï, .'Íl):,2 = o

E [S
(2>
22

(2)
2L

(3)
I2+ES l12=o

Thus, by this assembry process, the same number of equations as the

number of unknornms can be obtaÍned.
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EVALUATION OF EULER EQUATION

(EQ. 3.43 OF CHAPTER 3)
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rn the effective stíffness-methód, the 12 dependent variables can be

deríved by coordÍnatÍng a system of Euler equaËions v¡hich were wrÍttên as

4 ã(r -v -À S -À S -À S )â S )
I 33I \z'z

ðd

Àgs:ìc"2"2- trrsr

o

â

dct
'T

â (ar /âq- )-s-r
kp 1 1 2 2 3 3

where F = T Vk

;0

*.V -), -Tb
1

s
= Q (E-1)

where f" represent the twelve dependenÈ variables

(u, v, 
",Vrl, VL, þtr, Vîr, þtr, þîr, À1, À2, Àg)

and q, are the spatíal variables xr yr z, and Ëíme t

(I) For f" = U, the Euler Equation become:

_âF*ã r AF .,_ðFrA r âF .,_âF
ðu ðy 'ä (äu/ðy)' Au ' àz 'a lau/az¡ r ijuðx

. d_t,t- I

'ä ( au/ âx) '

:l=1

become

1

+ r- 3Ë = o
-ðFt-

'a(au/at)ät

p

*ä = o, using the notation f = â1, ð2'
àz

â3, the equation
à

Ay

äFnrt51ftrl+Ðzrffirl+â
3 ð (ð3u) r ** 14: = o0L 

äu

d

âtt

ãw
âV

aÀ1s1 âÀ2s2

p
â ( alu) {ncfr+1r-n)cl1} (âlu) + ncrrrvrrr+ {ncfr+<1-n)cî3} â3I^I

+ (1-n) .irÚÏ,

a u) à(a u)I 1
o

f$= o
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âTt

ãG-¡r
âv-t
ãft-y')
aÀ1s1

ãGru)

ðtu

ãG'-3u)

AV
p

a (ð3u)

a),1s1

sGpt

=Q

=0

ð Àgtg

ãCru)

=Q

0

-2

ðÀ,, s,,
-1 

LL- ^1' ãGru) =Q

à: = tncfr+çr-n)clrÌ {aru+arw}

ð^2s2

ãrrF)
âÀ S

3 3

d
ðTL

ã(â u)
3

àx 
2s 2 ð).3s3

ðU ðU

ât

or

v U
aû

ðV
p

ârl

âÀ1s1

ðU
=Q

c

Then, the Euler equation becomes

The oËher 11 equatíons can be derÍved ín a similar way.

-{ncfr*ci-n)ci1} ðrru-ncfrrrüå, - {nclr*1r-n)ci3} ôrs"- (l-n).îrnruä,

-âzÀ, - tncfr+{r-n)clrÌ {ð¡¡u*â¡rw} + o"ü = o

{ncfr+cr-n)cl1} ârru * {ncfr*1r-n)clr} ðssu * { tncfr*rr-n)cirl

+tncfs+(r-n)clr:Ì nrr" + ncÍzðrü1, * rt-n).irðrúä,

+ârÀ, oü'c (E-2)
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Onitting rhe superscript (i) for tfre Ci)th lamina and defining

Q- = n cf- + (1 - n) {- where n = 1, 2...6'n nn nn
.F

Q7=r.is*11-n)cis

lspl ís a 12 x 12 Heruiti¿n-matrix whose nôn-zeïo elements are given by:

= -k*k, QS QZ

= ik*n cf,

Q5-P".2

cp"rr9

= -k2 o-x'I k2
z'1, ,-

^po1r 
3

cP
"1, I

cp"1,r0 -

SÏ,

'1,,
ik, (1 - n) ,iO

cp
"3, B

^Po3, 
9

^po4r4

=-k:or-rlor-

mik (1 *n)c
x L2

't,

z6
st

^po4,10 =

11 s

f

p
3, 12

2

)at

= -Ík
v

= -uÍ a, o^2'c

^po2r 
4

iknCx 66

ikx (1 - n) .äu

k

f

cp"2r5

Ík nc
,

ik

=ik
z

1
]-2'l

I
12''

44

n .1,

,, _ n) cä:

p
B, 11

o|-rlrJ - n cfu

20crc
^po3, 

3

d?

z

2
ûJ

c
prr.icf, +

oÏ u*u, tcf, + cfr:cp"4r6

cP"6rr2 S = _rì



-82-

ep
"5, 5

'!, ,

,0r,,

^poB, 
B

D
sb, g

2on'cx {r*ul 4l-cr-n)cäo

2oûJ'c

4 rul {, * ul ,îot - (r -n) ,î, - o" ,2

k--, k__, k_ are the components of wave number in the x, y and z-directionxyz

1=--
T2

(1-n)¿2
m {k2

L
=F- t2 Cr-n) d

" 
I{, * {rl

*u2r!rl-nc=-+na?Iu2c
L¿IX

2

m,x

f
55

J

f
66

kk

qP=
"5, l-o

cp
"7 rr2

I-2=-Tzndfl

s = -Cl - n)
p

9r11

ap
"6r6

f

m

f.

=-- I2
1 (r-n) a2

m

2

I (1 -n)T2

xk C

44

uÍ Ër * uj {r: - (r - n) to- 0. ^,
Jçf2

+ r<' ciol - n ,iz - o" ,'

C

denotes the reinforced layer

ís the matrix layer

is the materíal constants of the layer
r_J

TJ is the angular frequency

is defined in Eq. 3.25

is defíned Ín Eq. 3.38

d_
.fì=t '¡ d- + dtm

n

pc p =lOf+(1-n)g*
c
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FORMULA TO CALCULATE THE I'{ATERIAI CONSTANTS

OF GMPHITE-EPOXY FIBER-REINFORCED COMPOS]TE
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The materíal constants of graphíte-epoxy fíber-reinforced composÍte

are given as;

ctr = EL

c
13

C )t

C
44

where

+2v
=r!2 =2ul,t\

=c33 =\*urr

= V - ìr^"r "TT
1=ÞTT =j(crr-c

lr ct3

czs

23

/ì-^-t55 ="66 =uLT

The constants Er, KT, illf, Utt rrd uL, are determined from the properties

of graphite and epoxy.

Epoxy matríx is isotropic wíth propertíes denoted by subscrípt rn.

Its material properties are gÍven as:

E- = 5. 35 * 109 ¡t/ro2m

K_ = 6. 06 r. 109 U/r2m

Er.

'Lr
h
urr

ilr.t

u
m

= lateral modulus of elasticity

= Poíssionts ratio

= Bulkrs modulus

= transverse shear modulus

= lateral shear modulus

= 1.95

= 0.353

9

v
m

J 10 N/rn
2
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The graphite .fibers layer are tr4nsversely ísotropic with properrÍes

gÍven by the priued quantities,

E¿ = 2,32 * 1011 u/t2

-i =15.0 * 109 n/*2

uir = 24.0 * 109 u/t2

u,i,, = 5.02 * l-09 Nlt2

uir = 0.290

I,Jith these propertíes of graphite and epoxy, Ul,' \' ULT, l.l' and

vLT can be obtained using the followíng relations.

K
m

(1 -õ)+ãEj L
+

4c(l-c) (ui,

1

1-;
KI

Dl =
1

u'm
+c+

(1-õ) K: + õK * u'rmm

(x
m

v )2
mE- =f,LM

ULT

D

11

(1-õ)+ãvir+
c(l-c) (ui, ) (ç-Çt

m
m I

KT K
m

K
m ur) (Ki - Km)

2c + ilo') (ui, - u*)

\,u* * (r, + zp,n) [õUm + (r-") pir]

n

utt 
=

u'm

In the above relations, c ís a constant value that can be chos,,:n to

deÈermine t.he various materíal constants for dífferent types of graphite

epoxy fíber reínforced composíte. ã Ís chosen to be 0.3 and 0.668 for the

t\,Io cases of presenÈatíon mentíoned in Chapter 4. The computed material

constants are shovm in Table 4.3 and Table 4.4 respectively.

V
D

c ( +
+

lJt=,-*
u'm

r/u*u¿

1*c n-1 n*1
1-õ n-l- (n+l)
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** * ********* * ***** *** * *** * * *** **** ****** * * * ** ** * **** ** *rr * * ** *Jr

.l0. 
c

20. c
30. c
40. c
50. c
60. c
70. c
80. c
90. c

100. c
I t0. c
120. c }{oTE
r30. c
ì40. c
r50. c
r60. c
r70. c ....
t80. c

*
,t
*
*
*
,t
*

EFFECTIVE ITODUL IS I,IETHOD
PROGRA¡I¡iE D BY

JOHNNY K.T. YEO
THE UNIVERSITY OF ¡tANITOBA

DECEr'tBER, ìgg2

I NPUT DESCR I PTI ON

ANGLE CONTROL CARD - ONE CARD FOR NALFA* I{ALFA - ilUr'tBER 0F HOR TZONTAL ANGLES

OUTPUT DTSCRIPTION

*
*
*
tr

,f

,r

*
tttrt!** * ************* * **** *** ** **** ** * ********** **** * * ** * * ** ***

S:
I) ALL INPUTS ARE FOR'{AT-FRIE.
2) NLAYER, IPRINT,NKBAR,NPHI,NALFA ARE INTEGER VALUES
3) H,C,RHO,KBAR ARE REAL

rg0. c
200. c
2¡0. c
220. c
230. c
240. c
250. c
260. c
270. c
280. c
290. C

300. c
3t0. c
320. c
330. c
340. c
350. C

360. c
370. c

380. c

390. C

&00. c
410. c
420. c
430. c
440. c
&50. c
460. c
470. c
480. c
490. c
500. c
5r0. c
n0. c

530. c
540. c

550. C

560. c
570. c
580. c
590. C

600. c
6r0. c
620. c
630. c
640. c

A START CARD - ONE CARD FOR NLAYER AND IPRINT.* NLAYER - NU|{BER 0F LAYERS:t tPRtNT - NUI{BER 0F SETS OF VECTORS AS OUTPUT

ITATERIAL PROPIRTIES CARD - NLAYER OF CARDS FOR :
H (t) ,cl ì (l) ,cì2 (t) ,cì3 u) ,C22 (l) ,Cz3 (l) ,c33(t),c¡rt(t),cSS(),c66(t),RHo(i) -' -

* H(l) . LAYER THTCKNESS

't CJK(I) . I{ATERIAL CONSTANTS OF THE LAYER:t RHo ( l) - DENS tTy OF THE |{ATER tALrt | -tT0NLAYER

vERTtcAL ANGLE CARD - AS nANy CARDS AS REQUTRED FOR pHt.
* PHI (K) - VERTIcAL ANGLES IN DEGREE.* K - I T0 NpHt

c

E

G

BASIC CONTROL CARD - ONE CARO FOR NKBAR.* NKBAR - NUI,iBER 0F t{ÀVE NUT,IBER T0 BE EVATUATED

HAVE NU¡rBER CARD - AS r{ANy CARDS AS REQUtRto FoR KBAR.* KBAR (J) = VALUE OF I{AVE NUI,IBER* J-tT0NKBAR

ANGLE CONTROL CARD - ONE CARD FOR NPHI

't NPHI - NUI1BER OF VERTIcAL ANGLES

H HORIZONTAL ANGLES CARO - AS ITANY CARDS AS REQUIRED FOR ALFA.* ALFA(L) - HORtZONTAL ANGLE tN DEGRTE* L -tT0NALFA

ZETA - DIIIENSIONLESS t{AvE NU|'IBER
olt(,¡t) - PHASE VELOCtTy OF pROpAcATtNG tlAvE
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650
660
670
680

c
c ....c'
c
, tA'tPLE DATA

c ....c'
690.
700.
7r0.
720.
730.
740.
750.
760.
770.
780.
790.
8oo.
8ro.
820.
8¡0.
840.

C CARD
C CARD
c
c
C CARD

C CARD
C CARD
C CARD

C CARD
C CARD

2lA:
8:
8.0
0.5
c:
D:
E:
F:
G:
H:

2.
t.
I
0.
I
\5
ì
\5

56
t0

0.583 0.583 1.797 0.7\S t.tg1 0.526 o.S5g o.5Sg 2.53u7 0.513 0.513 t.tol 0.513 t.\ói ó.íZi ó'.ih o.zst z.toz

c
c
c

0

READ, (H (t) ,ct I (t)
c44 (t) ,c55 (

PRINI IO, HLAYER

850. c
860. c

9Zo. c **** DESLARAT¡9N ****
880. c

9?9. TNTEGER Lt,L2,L3,Nt,N2,N3
9oo . REAL*B p I , H (2) iû t'<zl 

', 
èíz Ol?to. t¡¡rji,ð*iji',¿;;i;;',¿3å?jiÌ;iåîjî,,;ilt^Í?,¡920. REAL*B xx¡¡n,xi,xxi,zl,ííi,|ti,,n(2,KBAR(20),pHt (to¡,¡¡e30. coÄpLEx*r6 rt¡,¡l,s(j,3i,Ëià'¡(3i,i;cööi:il'iii,",eù0. oiiqiii:i1i',ti,wi'r¡,el,cr,{cc,zERo

950. C

?!0. ZERo =(o.o,o.o)
?Zo. clnGG- (0.0, t.oj980. pt -t.*ATAN(r.0)
990. C

1000. c ***** ftA|l¿ L|NE pRoGRAtt *****
10t0. c

FA (lo)

t020.
ì030.
t040.

c
c
c
c
c
c

c
c
c

CALL TRAPS(99999, ggggg, ggggg,9gg99, 99999)
THIS SUBROUTINE I{ILL TRAPS ANY I{UIIBER APPROACHIilG ZERO

READ IN NU'iBER OF LAYERS

READ, }ILAYER , IPRINT

READ IN PROPERTIÊS OF EACH LAYER

050.
060.
070.
080.
090.

I t00.
il 10.
I t20.
rt30.
rt40.
r t50.
r t60.
r r70.
r t80.
I r90.
I 200.
1210.
1220.
1230.
l2¡.0 .
1250.

ilËJåìif lå,Íåì;flîJi I ;,iÍ3{Il, 
ca3 ( ),

t0 FOR|{AT (' l, ////,hox,,NEI{BER oF LAyERS _,,JX, l2/////,1x,. ILAYER PROPERÌIES *'//)
D0 20 t- I , t{LAyER

lllfll 30' l,H(l),!!l(.r),ct2(r),cr3(r),c220)
lllNT_11 ,czJQ¡,c33 (r) ,cût(il ,ói¡iii,åsãlii,nxo trlFoRnAr(' -',,LAyER-'^, 1?:?xt;¡ ;;íóie.óì,6¡ ¡-,,Gr6.9,. rCl2-'.G16.9,,9J1-,,Cl6.i,,CZi-',cl6.gl "
F0R,{AT ('0',9x,' c23:, f}g,?i, ca3:;,cîã.g,,c4ùIi,c16.9,,c55-',Gt6.9,'c66-',ct6.9,inxó_ì,ct6.g) -,

CO}'IT I NUE

30

3r

20
¡260. c
1270,
I 280.

IIBAR . H (t) /H (2)
cl IBAR-( (oalR*ç¡ I (r)+Ct I (2) ) r (C22 (r)+DBAR *c22 (Z))
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290.
300.
3ì0.
320.
330.
340.
350.
360. c
370.

390. C

380

. -DBAR*(ct2(t)-ct2(2))**2)/((ì+DBAR),r(c22(l)

. +DBAR,rc22 (2) ) )
cl2BAR- (C22 (l) *cl2 (2)+DBAR,Icl 2(t)rcç2212¡¡ ¡. (c22 (t)+DBAR'tc22 (2))
c I 3BAR- ( (DBAR*c I 3 (t) +c I 3 e) ) * (cz2( | ) +DBAR*c22 (2) ). + lc,zltzl -c23 (l) ) *DBAR* (ct2 (t) _cr2 (2) ) ), / ( (I+DBAR) * (C22 (t)+DBAR*C22 (2) ) )

C22BAR- ( (ì+DBAR) *c22{l) *.c22 (z)) / ( (czz(t)+DBARrrc22 (2) ) )c23BAR- (DBAR,rc23 ( I ) *c22 (2) +c23 e) *ç2, i I i I Z f czz iiiiõi¡iräoczz f zl I
c33BAR- ((DBAR*ca3 (t)+ca3 (2) ) * (C22 (t)+DBAR¡rc22 (2) ). -DBAR:t(c23(t)-c23e))**2¡¡

. ( (l+DBAR) 
't 

(c22 (l) +DBAR*C22 (2) ) )

!!!!Ál- (r+DBAR) *C44 (t) *c4¡ (2) / (DBARTTC¡{& (2)+c¡+4 (t) )c55BAR- (DBAR*c55 (l)+c55 (2) ) / (DBAR+l)
C66BAR- ( (l+oarn) *c66 (l) *c66 (2) ) / (DB¡R*C66 (2) +c66 (t) )

RHOBAR- (RHO (2)+DBAR*RHO (I)) / (I.+DBÁR)

NUtl - I
PRINT 40

IgRII4T ('0, ///,5x, 'THE EFFEcTIvE ,.toDULUs oF THE TI./o LAYERS
PR I NT 30, NUr,l,H (t) +H (2), C ì I BAR, C,t 2BAR, C I 38AR, C22BAR
PR tNT 3t, c23BAR, Ca3BAR,C44BAR,C55BAÁ, C6Àenn,Rxogen

I 400.
ì4t0.
l{20.
r430. c
ì 440.
r 450.
I 460.
ì470. c
ì480.
r490. c
1500. c
15r0.
ì520.
ì 530.
r540.
I 550.
1560.
1570.
r580.
ì590.
ì 600.
l6 r0.
r 620.
r630.
r 640.
r 650.
r 660.
r670.
680.
690.
700.
7 t0.
720.
730.
7\0.
750.
760.
770. C

780. c

790.
8oo.
8ì0.
820.
830.
840.
850.
860.
870.
880.
8go.
900.
9 t0.

40 ts '/)

c
c

READ, NKBAR
D0 50 Ll-t,NKBAR

READ , XBAR (L ì )
ZETA (Ll) - H (t) *xg^*,t_t,

50 c0NT I NUE
c
C ****t READ pH I lN DEGREE *¡trrrrrr
c

READ, NPHI
DO 60 L2-I,NPHI

READ, PHI (12)
60 coNT I NUE

c
c ***** READ ALFA lN DEcRtE ****r¡
c

65

75

READ, NALFA
D0 6i ¡3-¡,NALFA

READ, ALFA (13)
CONT I NUE

D0 70 Nl-I,NXBAR
PRINT 75, KBAR(NI), ZITA(Nì)
FoRt'tAT ('-' ,////, ìOX, 'KBAR -,,Fl2.g,5X,,ZETA_, ,FtZ,g//)D0 8o N2- ì , t{PH I

ANGLE - PHI (N2) *PIl¡80.
KHBAR - KBAR (N ì ) *COS (ANGLE)
YK - KBAR (N I ) 'rS tN (ANGLE)
D0 !0 NJ-I,NALFA

ROT -ALFA (N3) *p¡7¡go
XK -KHBAR*C0S (R0T)
ZK - XHBAR*StN(ROT)
pRtNT t00,pHt (N2) ,yK,ALtA (N3) ,XK,ZK
F0R|{AT (, ,,3I, 

lpll -',f8.5,3X,'ilply -',Ft0.7,3X,rALFA .r,F8.5,3X,'KAPAX .',F.l0.7, 3X,
920.

100



90-

930
940
950
960
97o
980
990

22
II

c

TKAPAZ -',F10.7)
D0 ll JJ-ì,3

D0 22 KX-1,3
A (JJ, ¡¡) -¿¡¡g
B (JJ, KK) -ZERO

CONT I NUE
CONT I NUE

XK2 - XK*XK
YK2 - YK*YK
ZK2 - ZKttZK

20
20

7o
8o

2090.
2 

,l00. 
c

2t r0.
2120.
2r30.
2r40. c
2150. A (3, t)2ì60. A(3,2)2170. A (3,3)
2r80. c
2ì90. c ****** F0R,{ULATtoN
2200. c
2210.
2220.
2230.
22hO. C

2250. C

****** FoRltuLATtoN 0t THE A ttATRlX ******

A (l, t) .-g¡ tBAR*XK2-C66BARrryK2-C55BAR*ZK2
A (,l, 2) --xK*YK't (Cl2BAR+C66BAR)
A (ì, 3) --XK*ZK¡¡ (Ct3BAR+C55BAR)

A (2, t) - ¡ 1¡,2¡
A (2, 2) --C56BAR*XK2-C22 BAR'ryK2 -c44BARrtzK2
A (2,3) --yK*zK* (c23BAR+C¡{ABAR)

2000.
2010.
2020.
2030.
2040.
2o5o.
2060.

2260.
2270.
2280.
2290.
2300.
23r0.
2320.
2330.
23t+o.
2350.
2360.
2370.
2380.
2390.
2400.
2410.
2\20.
2430.
2ù40.
2\5o.
2460.
2470.
2480.
2\90.
2500.
25r0. c
2520.
253o.
2540.
2550,
2560.

l'3)
2,3)

c
c
c

. A(
- A(

(t
Q
(3

B

B

B

--C55BAR*XK2-C44BAR*yK2-Ca3BAR*ZK2

OF B I{ATRIX

l) --RH0BAR
2) --RH0BAR
3) --RHOBAR

I J0B=ì
lA -3
IB -Jtz -3N-3
CALL E IGZC (A, IA,B, IB,N, IJOB, E IGA,E I GB,Z, IZ,I'K

, tNFER, tER)
D0 120 l{-.l,3

otrsQ (,,t) -E tGA (r{) /E tcB (r{)

9l Itt¡ -cDSQRr (onsQ (Ä) ) / (c\\ (2,) /RHo (2) ) **o .5
Ot't (,{) -0ñ (ñ) /KBAR (N ¡ )
PR tNT 125, ,{, 0t{ (t{)
FoR|{AT (r0" lx, l2,5I,2Gl6.g)

CONT I NUI
IF (IPRINT .GT. O) THEN DO

I V-ì
PRTNT t40, tv
FoR|{AT ('o' //,.lx, rt{" lox,'THE C0RRESPONDINc Z |{ATRtx,| 0F CELL ',ll,lX,tlS t'//)
D0 ltO K-l,J

PRINT 160, K, (Z(L,K),1-t,J)
FoRr,tAT (,0" t2, lx,3 (2r t0.6, ìx) )

CO}'IT I NUE

IPRINT-lPRlNT-l
END IF

\25
t20

r40

r60
t50

90
8o
70

CONT I NUE
CONT I NUE

CONT I NUE

STOP
END
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*******t**************************************r*****************
*1
* EFFECTIVI STI FFNESS I{ETHOD *
* PROGRAI{I{ED BY ** JOHNNY K.T. YEO *
* UNIVERSITY OF 

'{ANTIBA 
***

** *** ** ** * ******** ***** * ******** ****** ********* * * * t * * * ** * ****** *

I) ALL INPUTS ARE TORI{AT-FREE.
2) NLAYER, IPRINT,NKBAR,}¡PHI,I¡ALTA ARE INTEGER vALUEs
3) H,C,RHO,KBAR ARE RIAL

INPUT DESCRIPTION

START CARD - O}TE CARD FOR NLAYER AND IPRINT.

't ILAYER - NUt{BtR 0F LAYERS
* IPRINT - NUIiBER 0F SETS 0F VECTORS AS OUTPUT

,IATERIAL PROPERTIES CARD - ilLAYER OF CARDS FOR :
H (t),cl I (t),cì2 (t),cì3 (t) ,c22 (t),c23 (t) ,
c33 (t),cl{4 (t),c55 (t),c66 (t),RHo (t)

* H(l) - LAYER THICKNESS
* CJK(l) - I{ATERIAL C0NSTANTS OF THt LAYERi RHO(I) - DENSITY OF THE 

'{ATERIAL* I -ITONLAYER

BASIC CONTROL CARD - ONE CARD FOR NKBAR.
¡t NKBAR - NU|IBER 0F WAVE NU|IBER T0 BE EVALUATTD

lrAvE NU|{BER CARD - AS rlANy CARDS AS REQU|RtD FOR KBAR* KBAR (J) - VALUE 0F t{AvE NU|'IBER
* J-IT0NKBAR

AT¡GLE CONTROL CARD - ONE CARD IOR NPHI
* NPHI - NUIIBER 0F VERTTCAL ANGLES

t

G

H

TOT

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

20,
30.
40.
50.
60.
7o.
80.
90.

ì 00.
I ì0.
I 20.
I 30.
r 40.
150.
r 60.
t 70.
r 80.
190.

250
260

ES

200.
2t0.
220.
230.
240.

A

270.
280.
290.
300.
3t0.
320.
330.
340.
350.
360.
370.
380.
390.
400.
4t0.
¡{20.
430.
440.
450.
460.
470.
¡80.
490.
500.
5t0.
520,
530.
540.
550.
560.
570.
580.
590.
600.
6 t0.
620.
630.
640.

c

D

E

VERTTCAL ANGLE CARD - AS trANy CARDS AS REQU|RED FOR pHt.
* PHI (K) - VERTICAL ANGLES tN DEGREE.
* K -lT0NPH|

ANGLE CONTROL CARD . ONE CARD FOR NALFA
rr NALFA - IUIiBER 0F HORtZONTAL ANGLES

HoRTZoNTAL ANGLES CARD - AS 
'{ANy 

CARDS AS REQUTRED tOR ALFA* ALFA(L) - HORIZONTAL ANGLE tN DEGREE* L -ìTONALFA

OUTPUT DESCRIPTION

ZETA - D ll{tNS I0NLESS t AVE }lUltBER
olt(lil) - PHASE VELoCITY 0F PRoPAGATING I{AVE
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650.
660.
670.
680.
690.
700.
7 ì0.
720.
730.
740.

À:2 ì
B:
8.0 2.56 0.583 0.583
0.5 r. to7 0.573 o.573
C: I
0:0.0
t: I

tz\J
G: ì

H:l!

c
c
c
c
c
c
c
c
c
I

c
c
c
L

c
c
c
c
c
c
c
c
c

SAI{PLE DATA

CARD

CARD

1.797 0.7\5 t.797 0.526 0.559
1.107 0.573 1.to7 0.267 0.267

0.559 2.534
0.267 2.702

750
760
770.
780.
790.
8oo.
8ro.
820.
830.
840.
850.
860.
8zo '
880.
890.
900.
9t0.
920.
930.
9¡{0.
950.
960.
970.
980.
990.

1000.
t0t0.
ì020.
r030.
r 040.
r050.
r060.
I 070.
r080.
¡090.

CARD

CARD

CARD

CARD

CARD

CARD

INTEGER LI, L2,L3,NI,N2,N3
REAL'r8 Pt,t{ (2),Cì I (2),Cì2 (2),Ct3(2),C22(2),C23Q),

c33 (2) , c,{4 (2) , c55 Q) , c66 (2) , RHo (2)
REAL:t8 ETA,()F,DI'I,RHOF,RHOI,I,RHOC, I FF, II{¡I,KHBAR,. xK, xKz,ZN,ZRz,yK,KBAR (20) ,pH I (ìO) ,ALFA (to) ,ZETA (20)
c0t'tpLExnl6 A (t2, t2),8 (12,12) ,E tGA (12) ,EtcB (12) ,onilz), 

'

. 0¡1sQ(t2) ,Z(t2,12),t,K (t2,2¡{),Cu,tcc,zERo

ZERo - (0.0,0.0)
C l¡tGG- (0.0, ì .0)
Pl -4.*ATAN(1.0)

*¡trr** l,lA lN L lNt PRoGRAII ****ri
c
c
c

¡t*** DECLARATI0N ****

CALL rRApS (99999, 99999, 99999, 99999, ggggg)

THIS SUBROUTINI I{ILL TRAPS ANY NUI{BER APPROACHING ZERO

READ IN NU''IBER OF LAYERS

READ, NLAYER , IPRINT

READ IN PROPERTIES OF EACH LAYIR

READ, NKBAR
D0 50 tl.l.NXBAR

c
c
a

c
c
c

ì 100. c
ì I ì0. c
I r20. c
r ì30.
r t40.
rì50.
I t60. ìo
rr70.
r 180.
ì rg0.
.l 200.
t2r0. 30
1220.
r210. 3t
r 240.
r250. 20
t260. c
1270.
ì 280.

READ, (H(t),cil (t),ct2(t),ct3 0),CZZ(t),C23(t),ca3(t),
c44 (l) , c55U) ,c66 (t) ,RHo (l) , l-l,NLAYER)

PRINT ì0, NLAYER
FoRttAT (' l' ////,\OX,'NEI{BER 0F LAYERS -',3X, tZ/////,1X,

' LAYER PROPERT I Es 
',, / /)D0 20 l-I,XLAYER

pRtNT 30, I,H (t) ,Ct r (t),ct2 (t).ct3 (t),c22 (t)
pRt NT 3t,C23 ( | ),c33 (l), c44 (t),c55 (t),c66 ( | ),RHo (t )
FoR'{AT('-','LAYER-t ,l !,2X, t¡ -r,G'l6.9, rg1 lr',G.l6.9r

r ¡lfrr ,Gl6.g, cìJ-' ,Gl6.g, 'c22-, ,Gì6.g)
F0R'{AT (, 0 

" 
gx,' c23-,, n r r.t,' c33-,, G I 6. g, r c44-', G 16. g,

r C55-',Gì6.9, t C66-t,G16.9, r¡¡Q-',G.|6.9)
CONT I NUE
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'¡ 290 .

l 300.
r 3t0.
r 320.
I 330.
r 340.
I 350.
r 360.
I 370.
r 380.
I 390.
I 400.
'l¡{'l0.
r 420.
r,q30.
I 440.
r &50.
r 460.
r {70.
r 480.
r {90.
I 500.
r 510.
1520.
I 530.
l5¡{0.
r550.
r 560.
1570.
r 580.
I 590.
t 600.
r6r0.
r 620.
r 630.
r 640.
r 650.
I 660.
1670.
r 680.
r 690.
I 700.
r7r0.
1720.

READ, KBAR (LI)
ZETA (Lì) - H (l) *KBAR (Ll)

50 coNT I NUE

c
c ***** READ PHt lN DEGREE *****
c

READ, NPH I

D0 60 L2-t,NPHI
READ, PHI (12)

60 CONT I NUE

c
c ***** READ ALFA tN DEGREE *****
c

READ, NALFA
D0 65 L3'I,NALFA

READ, ALFA (13)6s coxrtNUE
c
c

100

75

I

D0 70 Nì-I,NKBAR
PRINT 75, KBAR(Nl), ZETA(NI)
FoR¡{AT (,-, ,////, t0X, 'KBAR -',Il].8,!X, 'ZETA -, ,F12.g//)
DO 80 Nz-I,NPHI

ANGLE - PHI (N2)*PI,/I80.
KHBAR - KBAR (NI) *COS (ANGLE)
YK - KBAR(Nl)*SlN(ANGLE)
D0 90 N3-l,NALFÁ

ROT -ALFA(N3)rtpt/t80
XK -KHBAR*C0S (R0T)
ZK - KHBAR*StN(ROT)
pRtNT ì00,pHl (N2),yK,ALtA (N3),XK,ZK
FoRl'tAT (' ',3X,rpHl -r,F8.5,3X, 'KApAy -',FlO.J,JX,rALFA -"F9.5,3X, ¡KAPAX _r,FlO.7,3X,

rKApAZ.,,Fl0.7)
D0 ìl JJ-l,12

D0 22 KK-1,ì2
A (JJ 

' 
KK) -ZER0

B (JJ, KK) -ZER0
CONT I NUE

CONT I NUE

DF - H(l)
Dlt - H (2)
ErA- DFl (DF+Dl't)
RH0F - RHO(t)
RHoll - RHo (2)
RHOC - ETA*RHOF + (I-ETA)TRHOI,I
I FF - DF*DF*RHoFr<ETA/12,O
||tr1 . Dtt*Dfr*RH0¡t* (l_ETA) /t2.0
XK2 - XI(*XK
ZKz - ZX*ZK

****** FoRttATtoN 0F A ttATRlX r*****

22
il

c
c

730.
740.
750.
760.
770.
780.
790.
8oo.
8l o.
8ao.
830.
840.
850.
860.

c
c
c

A( ì

A( |

, l)--XK2*(ETA*Ct I {i)+(t-ETA)*Ct I (2) )
-zK2* (ETA*C55 it)+ (t -ETA) *C55 (2) ), 3) .-xf(*ZK* ( (ETAâc55 ( I ) + ( ì -tTA) ,.c55 e) )

_ +(ETA*Cì3(t)+(t_ETA)*Ct3(2)))
, 8)- xx*ETA*Ct2(t)*Ctttcc
, 9). xt(* (ì.-ETA)*Ct2 (2) *Ctt{cc
, I 0) --YK*C | ,lGG

870.
880.
890.
900.
9t0.
920.

A( I
A( I
A( I

c
À ( 2, 2).-Xt(2*(ETA*C66 (t)+(t.-ETA) *C66 (2) )



930
940
950
960
970
980
990 c
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A( t, 2)--A( 2, 4)
A ( 4' 4) ¡-XK2*ETA*DF*Dt'tCl I (t),/l

-ZK2*ETA*DFrff t CSS 0) / |
A ( t, 6) --XK*ZK* (ETA*DF*DilCt3 (t

+ ETA*DF*DF*C55 (t
A ( 4, t0) --ETA

-zK2* (ETA*C44 (r)+ (l ._ETA) *c44 (2) )2, I+) - XK*ETArrc66 (t) *C trfGG
2 , 5) - xK't ( I . -ETA) *C66 (2) *C I t{cc
2, 6) - ZX*[TA*C4¡{ (|) *C lttcc
2, 7)- ZK* (I .-ETA) *C¡+4 (2) *C L{cG
2,I I)¡-YK*ClftGG

3' l)- A( l, 3)
3, 3)--XK2* (ETA*c55 (t)+ (t.-ETA) r,c5| e))

-. -ZK2rr (ETA*C33 ( I ) + ( I . -ETA) rrc33 (2) )3, 8). zK*ETA'tc23 (ì) *ctÄcc
3, 9)- ZK*(t.-ETA) *C23(2)*ct,{cc
3, I 2) --YK*C I l{GG

A

A

A

A

A

A

Á

A

A

A

2000.
20t0.
2020.
2030.
20ù0.
2050.
2060. c
2070.
2080.
2090.
2 t00.
2ì 10.
2120.
2r30. c
2r40.
2r50.
2160.
2170.
2 180.
2rg0. c

2.o
2.O
, /t2
) /12

- ETA'rc66 (l)

0)

A( 5, 2)--A( 2, 5)
A( 5, Ð --XK2* (t.-ETA) *Dn*Dr,r*cr I (2) /12,o

-zK2* (t .-tTA) *D¡rrrDñr,c55Q) /12.0_ (t ._ETA) *C66 (2)A\ 5, 7! r-xK*ZK* (t.-ErA) *or.r*onlicli'rzl+lssQ)) /ti.o - '-'
A ( 5, l0)-- (1.-ETA)

2200.
2210.
2220.
2230.
22/{O,
2250. C

2260.
2270.
2280.
2290.
2300.
23ì0. c
2320.
2330.
2340.
2350.
2360.
2370. c
2380.
2390.
2400.
24r0.
2\20.
2430. c
24/{0.
2450.
2\60.
2\70. c
2480.
2490.
2500.
2510. c
2520.
2530.
2540,
2550. c
2560, c

A( 6, 2)--A( 2, 6)
A( 6, 4)- A( 4, 6)
A ( 6, 6)'-xK2*ETA*DF*DF'tc55 (t),/tz

-zK2*ETA*DF*DF*C33 0) / 12.
A ( 6, 12) --trA

- ErA*c44 (l)

A( 7, 2)--A( 2, 7)
A( 7, Ð- A( 5, 7)
A( 7, 7)--rK2*(1.-tTA) *0fi*D¡r*C55 e) /tZ.o
. -ZR2*(r.-ETA)*D¡i*Dt¡r*cj3 e) /lZ.- (ì._ETA) *cj+l (a)A( 7,12)--(1.-ETA)

A( 8, t).-A( t, 8)
A( 8, 3)--A( 3, 8)
A ( 8, 8) r-XK2*ETA*Dt*DF*C66 (t) /lZ,

-zK2*ETA*DF*DF*C44 (t) /12. _ ETArcz2 (r)
A ( 8, I r) --ETA

A( 9, t)--A( t, g)
A( 9, 3)--A( 3, 9)
A ( 9, 9)--xK2*(1.-ETA) *Dn*Dñ*c66 (2) /tz.
. -ZK2¡t(t.-ETA)*Dn*Dt{*CA¡{ (2) /lz.- (1._ETA) *C22(2)

A ( 9, I l)-- (t.-ETA)

l)--A (
4)- r(
5)- A(

2) --A (
8). A(
9)- A(

3) --r (
6)- A(
7)- r(

0
0

A (10,
A (t0,
A (t0,

A (il,
A (il,
A(ll,

A (t2,
A (12,
A (t2,

0)
0)
0)

,t2)
, t2)
, ì2)

I
{
5

2
I
9

3
6
7

**r*** FoR'{ULAT|ON Ot THE B 
'tATRtx 

******



2570. C

2580.
2590.
2600.
26ì0.
2620.
2630.
26/{0.
2650.
2660.
2670. C

2680. c
2690. C

2700.
27 10.
2720.
2730.
27 \o.
2750.
2760.
2770.
2780.
2790.
2800.
28ì0.
2820. 125
2830. t20
2840.
2850.
2860.
2870. l40
2880.
2890.
2900.
29 r0. I 60
2920. t50
2930.
2940.
2950. c
2960. go
2970. 80
2980. 70
2990.
3000.
30IO. SENTRY

B

B

B

B

B

I
B

B

B

96

I , l) --RH0C
2, 2) --RHOC
3, 3).-RH0c
4, 4)--ltF
5' 5)--lltl
6,6)--lFF
7 ' 7) '- llt¡8, 8¡--¡¡¡
9 ' 9) -- ll{t{

I JOB- I
lA -.l2
lB -.l2
lZ -12
N -ì2
CALL EIGZC(A, IA,B, IB,N, IJOB,EIGA,EIGB,Z, IZ,WK

, INFER, IER)
D0 120 ll- I , l2

OñSQ (t{) -E tGA (t{) /E tcB (t{)

9n f 
r,tl -CDSQRT (onsQ (¡,t) ) / ( (c\\ (2) /RHo¡r) **o . 5)

0ñ (¡t) .0t{ (l{) /KBAR (N I )
PRTNT 125, Å, 0ñ(ñ)
F0R¡1AT ('0" lx, 1 2,5x, 2G¡6.9)

CONT I NUE
IF (IPRINI .GT. O) THEN DO

lV- ì
PRINT ì40, IV
F0RtlAT (,O'//, tx,,Ä,, tox, 'THE CORRESp9NDING Z trATRtXr| 0F CELL r, I l, lx,'ls :, //)
D0 ì50 K.l,l2

PRINT 160, K, (Z(L,K),1-t,t2)
FoRltAT ('0', t2, lx,6(2Fì0.6, tX) /,t+x,6(2Ft0.6,ìX))

CONT I NUE
IPRINT-tPRtNT-l

END IT

CONT I }¡UE
CONT I NUE

CONT I NUE
STOP
END
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There are trì7o main line computer programs ¡¿ritten for the finíte
element method outlined Ín chapter 2. The first program read the value
of f travellíng in any arbítrary directíon that make a horj.zonÈal angle,
o' wíth the x-axis and a verticar angre, Q, with respect Èo the x-z
plane' The components of k are calculated by taking síne and cosÍne of
the angles. The other rnain line program will read in f, and the y-
component, f, and angle, d,, it makes with respect to the x-axis ín (x-z)
plane. only the second program wíll be listed in this AppendÍx.

However, it does not cause much diffÍculties in converting one program

to the other. The procedure of modificatíon wÍlr_ be to read the

vertÍcal angle, 0, as ínput and y-component of f. is calculated by taking
the síne of angle Q.



t0. c
20. c

30. c
40. c

50. c
60. c
70. c
80. c
90. c

t00. c
ilo. c
t20. c NOTE
r30. c
t40. c
150. c
¡60. c
170. c ....,
t8o. c
rg0. c
200. c
2t0. c .....
220. c
230. c A

240. c
250. c
260. c
270. c B
280. c

**t* * * à* ***** *** * * ** * ** * * ** **** ******* ** ** * ********** ******
* HARnoNrc .'AvE pRopAcATroN ANALysrs pRocRAn I
*BY

i r,,,Jî!iiiLii'ó,'iln,,o,o i
* DECE'rBER, tgg2 *
* ** * rr*** * **** *********rt*********** * *********** ***********ol
S:

I) ALL INPUTS ARE FORIIAT-FREE EXCEPT FOR ETA.2) Np, rpRrNr.NKHBAn,x¡r_¡¡,xÈin-Âñi' i,¡iicea vALUEs3) H,c,¡¡9,¡HBAR ARE REAL

99

INPUT DESCRIPTION

290. c
300. c
310. c
320. c
330. c
340. c
350. c
360. c
370. c
380. c
390. c
400. c
4t0. c
420. c
430. c
440. c
450. c
460. c
470. c
480. c
490. c
500. c
510. c
520. c
530. c
540. c
550. c
560. c
570. c
580. c
590. c
600. c
6to. c
620. c
630. c
6[0. c

D

E

F

START CARD - ONE CARD FOR IIP AND IPRINT.

i If*,n, : XilB:å Bi !Ë+jïJ¿lll,o*, As 
'urpurI{ATERtAL pROpERttEs.gll.D _ (Np+l) 0F CARDS F0R:

. iJjìif Ï,jiirilë;Ìrl:¡¿¿iiiî;iii,å¡ r ¡,
r, H ( t) _ LAyER in l'cí<ñÈii 

.',
r, c (t) . 

UJIRIAL coñiiÃHrs oF rHE LAYER* RHo(t) - grlslrv o¡ rx¡ ¡riirnlnr* t_tT0(Np+t)
BASIC CONTROL CARD - OT¡E CARD FOR NKHBAR.* NKHBAR _ 

iyli¡1r35 
ronriõrinr I,AVE NUñBER ro BE

r{AvE },luÈrBER CARD _ AS llNl CARDS AS REQU I RED roR KHBAR.I KBAR(J)- VALUE oF I{AVE ¡jui.ãin
J_IT0NKHBAR

ANGLE CONTROL CARD - ONE CARD FOR NALFA* NALFA - NU'.IBER O¡ rrONiiOr¡rNL AilGLES

HoRlzoNrAL ANGLE CARD .:_l:_lf!y cARDs As REQUTRED FoR ALFA.,r ALFA(K)_ HoRtZoNrlr ¡¡jcl¡l-N o¡cn¡s.* K-IT0NALFA
vERrtcAr conpoNENr coNIlg!_!A!D _ oNE CARD FOR NETA* NErA . il.l1fg!R..gF v¡niicÀL'..ionpoNrNr 

oF¡{AVT NU'tBER

VERTtcAL CO',lpoNENT cAR.g-:_f! ¡nNy CARDS AS REQUTRED FOR ETA* ErA (r) - yElI t.ql! o l¡rits rõxiiss yAvr Ìtu¡rBERL _lT0 }¡ETA

roRÄAT (2Fto.7)

G

H

OUTPUT DESCRIPTION
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650. c
660. c
670. c
680. c
690. c
700. c

7r0. c
720. C

730. C

740. c
750. C

760. c

770. c

780. c
790. C

800. c
8ì0. c
820. c
830. c
840. c
850. c
860. c
870. c
880. c
8go. c
900. c

9r0. c

920. C

930. C

9l+0. C

950. C

960. c

970.
980.
990.

1000.
l0ì0.
I 020.
1030.
t040.

.56

. t07

. t07

.56

ZËTA - D lltENS IONLESS l,AvE NUIiBER

O}1 (I'I) - ANGULAR TREQUENCY OF PROPAGATING IJAVE

SAI{PLE DATA

CARD

CARD

797
797
t07
t07
797

0.583 0.583
0.583 0.583
o.573 0.573
0.573 0.573
0.583 0.583

A:À I
B:
û.0 2.56
¡..0 2
0.5 ì
0.5 I
t.0 2
C: I
D : 2.0
E: I
F:45
G: ì
H: 2

0
0
0
0
0

7\
7\
57
57

5
5
3

3

.797

.797

.107

. t07

.797

.53\

.53\

.702

.702

.53\

0.526 0.559 0.559 2

0.526 0.559 0.559 2

0.267 0.267 0.267 2

0.267 0.267 0.267 2

0.526 0.559 0.559 2745
CARD

CARD

CARD

CARD

CARD
CARD (toR¡tAT 2Flo.7)

****t(*t(*** DECLARATI0N

I NTEGER NP ì , NP2, I C2

REAL *8 H(5),cil (5),Ct2(5),Cì3(Ð,C22(Ð,CZ3(5),C336),
c¡[ (5) ,c55 $) ,c66 (5) ,RHo (5) ,ALFA (15) 

'DEPTH
REAL *8 A (4,4) ,B(4,4),D (4,4),KHBAR (¡{5),XK,ZK,Pl,KAPPA
cot{pLEx 'r 

t 6 AK (36, 36) , BK (36, 36) , CK (36, 36) , DK (36,36) ,
Añ (36, 36) , Bn (36,36) , DZ (36,36) , E I GA (36) ,
e r ce (36) , o¡tsQ (36) , 0t{ (36) , ErA (50) ,
l,K (24,48) , t, YK, Z(36,36), ClttGG' ZtRo

6
6
t

050. c
060. c
070.
080.
090.
r00. c
ìt0. c
'I 20.

col'ìt{oN,/BLK l,/ NP I , NP2, I C2
cor{r'toN/BLK2lc t t{GG, zERo
C0ÄÅ0N/BLK3/ Pr

¿g¡g- (g.Q ,0.0)
CLiGG- (0.0, I.0)
Pl-4. * ATAN(1.0)

c
c
c *r******** ,'lA lN L INE PRoGRA'{ ************
c

CALL rRAps (99999, 99999, 99999, 99999, 99999)
c
C THIS SUBROUTINE WILL TRAPS ANY NUI{BER APPROACHING ZERO

c
c **** READ tt{ NU,'IBER 0F PER toD I C ITY ****
c
C **** IPRINT IS THE NU¡iBER OI EIGINVECTORS TO BE PRINTED ****
c

REAT, NP , IPRINT
NPI- [P + I

1r30.
I t40.
ì r50.
r 160.
lr70.
Ir80.
r r90.
ì 200.
t2ì0.
ì 220.
r230.
r 240.
1250.
t260.
I 270.
t 280.
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r 290.
r 300.
310
320
330
340
350
360
370
380
390
400

c
c

llP2- NP + 2
tc2- 6 * NP2

c
C READ IN PROPIRTIES OF NP + I LAYERS.
c

ICOUNT . 6 * NP
DEPTH - 0.0
D0 l0 l-l, Np

DEPTH-DEPTH+H(t)
l0 coNTtl¡uE

*?t/2.

READ, (H (l), ct I (t),c12{t_).,c13 (t ),c22 (t),c23 (l),ca3 (t),. c44 (t) ,c55 (t) .c66 (r) ,nxo (t) , t-¡,Npt) -
PRINT 30, NP

30 FOR|AT(,1,////, ,, 4OX, 'pERlODlClTy -r, 3X, | 2/////* L, lX, ,LAYER PROPERIIES ¿,//)

xl_RHo(NP)/C55(NP)
XltULT. SQRT (x I )
D0 40 t-l, NPt
pRtNT 50, |,H (t) ,cl I (t) ,ct2 (t) ,ct3 (t) ,c22 (t)

- 
pRrNr 5t, c23(t),ca3(t),c44 (t),csi(t) :c66 ili,nro(r)50 FOR|IAT (,-,,'LAyER-t ,12,2X, 'X -',ó16.g,. rCl lo',G16.9, tg¡!r',G16.9, ,Cl!-',Gì6.9,

. r c22- 
"G 

l6.g)
5l F0R|{AT (: 9l t9x,' C23-',6tr.t,, C33-',c16.9,' C44-',cì 6.9,

'C55-',Gì6.9,' C66-,,c16.9,'RHo-;,Gt6.9)
40 CONTINUE

t4ì0.
t420.
ì130.
r 440.
I ¡r50.
l 460.
r 470.
r480.
I ¡r90.
r500.
l5r0.
r520. c
530.
540.
550.
560.
570.
580. c
590. C READ IN KAPPABAR
600. c

1610. READ, NKHBAR
1620. D0 35 J-t, NKHBAR
t630. READ, KHBAR (J)
1640. 35 CONT|NUE
r650. c
1660. C READ ALFA IN DEGREE
r670. c
1680. READ, NALFA1690. DO 37 J-t, NALFAt7oo. READ, ALFA (J)
¡710. 37 CoNTtNUE
r720. c
r730. c READ tlt ETA (KAPPAY)
r740. c
1750. READ, NETA1760. D0 !2 J-t, ¡{ETA177^0. READ 55, ETA (J)
1780. 55 FOR|{AT (2F tO.7i1790. 52 CoNT|NUE
r800. c
ì8I0. C READ, NCELL
1820. c

l!10. cALL tNFoRñ(A, B, D)
r840. c
r850. c
r860. c
ìqzo' Do 60 Lr-r, IKHBAR

!980. (APPA ¡ KHBAR(LI)
r8go. c
1900. D0 /0 L2-t, NALFA1910. AIiGLE - ALFA (L1920. XK - XHBAR (

2)rPtlt80.
L I ) *ç95 (Al¡cl_¡) rp l/z



66

930
940
950
960
970
980 c

LO2

al -_XHBAR(r_r¡*g¡N(ANGLE) tpt/2.
PR I NT 66, KAPPA, ALFA (12) , XK, ZX , rXSIN (L I )FoRtlAT ('-,//' - ' ,5X, ' KAppA*' ,¡ ¡0.É,3X, ,AXCLE -, , F 10.5,

3X, I KAPAX-r,F 10.5,3X, r KApAZ-', F 10.5,3X,, ( KAPPABAR-,,Ft0.5,3X,,)')

D0 ll JJ-t, tC2
D0 22 KK-t, tC2

AK(JJ, KK) - ZERO
8K(JJ, KK) - ZERO
CK(JJ, KK) - ZER0
DK(JJ, KK) . ZERg
Al,t (JJ , KK) - ¿6 pg
Bt'l (JJ, KK) - Z¡RO

CONT I NUE

CONT I NUE

**** F IRST FORI.I THE ITATR I CES INVOLVING UUBAR ***,r

CALL UUBAR (NP, H, CI I, C55, C66, RHO, XK,ZK, A, I, AX)

CALL UUBAR (NP, H, C I I, C55, C66, RHO, XK, ZK, A, 2, BK)

CALL ADDING (NP,AK,BK)

CALL UUBAR (NP, H, C I I, C55, C66, RHO, XK,ZK, B, 3, BK)

CALL ADD I NG (NP, AK, BK)

CALL UUBAR (NP, H, C I I, C55, C66,RHO, XK, ZK, A, 4, AI,I)

trtr*'t* THEN FoRfi THE ¡IATR I CtS INVOLVING WBAR ***¡t*

cALL VVBAR (Np, H, C I 2, C22, C23,C44, C66, RHO, XK, ZK, B, ì, BK)

CALL ADDING(XP, AK, BK)

CALL VVBAR (NP, H, C I 2, C22, C23,C44, C66, RHO, XK, ZK, A, 2, BK)

CALL ADDING(NP, AK, BK)

CALL VVBAR (Np, H, C l 2, C22, C23,Cll., C66, RHo, XK, ZK, A, 3, BK)

CALL ADDING(NE, ¡¡, 
'*'

CALL WBAR (NP, H, C I2, C22,C23,C44, C66, RHO, TK, ZK, A, &, BII)

CALL ADD I NG (NP, A¡1, BI,I)

*'t*rr FoRti THE ,{ATR I CES tNVOLV|Nc IiUBAR ***rr

cALL t{t BAR (Np, H, g33, rU&, c55, RXO, xx, zK, A, ì, BK)

CALL ADDING(NP, AK, BK)

CALL I'I{BAR (NP, H, C33, C44, C55, RHO, XK, ZK, B, 2, BK)

CALL ADDING(NP, AK, 8K)

1990.
2000.
20ì0.
2020.
2030.
2040.
2050.
2060.
2070.
2080.
2090. c
2t00. c
2r t0. c
2120.
2r30. c
2l¡+0. C

2ì50.
2160. c
2170.
2r80. c
2ì90. c
2200.
22 10. c
2220.
2230. c
2240. c
2250,
2260. c
2270. c
2280. c
2290. c
2300. c
23r0.
2320. c
2330.
2340. c
2350.
2360. c
2370.
2380. c
2390.
2400. c
24ì0.
2\20. c
2430.
2440. c
2\50.
2460. c
2&70. c
2480. c
z[go.
2500, c
25ì0.
2520, c
2530.
25¡+0. c
2550.
2560. c

22
lì



2570.
2580. c
2590.
2600. c
2610.
2620. c
2630.
26\0. c
2650. c
2660. c
2670. c
2680.
2690. c
2700.
27 10. c
2720.
2730. c
27140.
2750. c
2760. c
2770. C

2780. c
2790.
2800. c
28t0.
2820. c
2830.
2840. c
2850.
2860. c
2870. c
2880. c
2890. c
2900.
29r0. c
2920.
2930. c
2g/'0.
2950. c
2960.
2970. C

2980. c
2990. c

3000. c

30r0.
3020.
3030. c

3040.
3050.
3060.

103 -

cALL t{ì{BAR (Np, H, Ca3, C4{, c55, RHO, XX, ZK, A, 3, BK)

CALL ADD I NG (NP, AX, BK)

cALL WI{BAR (Np, l{, c33, C44, C55, RHo, XK, ZK, A, 4, Btt)

CALL ADDING (NP, Att, Bl,t)

*totlt tOR¡t THt t'tATR I CtS INVOLV tNG UVBAR D0 I NG :**t!* (UVBAR, - V,UBAR) S (VUBAR' - UTVBAR)

cALL UVBAR (Np,H,Ct 2,C22,C23,C66,xK,2K,0, l,BK)

CALL ADDING (NP, AK, BK)

CALL UVBAR (NP, H, C ì 2, C22,C23, C66,XK, ZK, D, 2, BK)

CALL ADDING(}¡P, AK, BK)

tr*:t* F 0Rl'1 THE ttATR I Ct S I NVoLV I NG |{UBAR D0 I NG :rt**rr (WUBAR + UI{BAR)

CALL ITUBAR (NP,H,Ct3,C4¡{, CS5,C66,XK,ZK,A, t,BK)

CALL ADD I NG (NP, AK, BK)

cALL ITUBAR (Np, H, C l 3, C44, C55,C66, XK,ZK, A, 2, BK)

CALL ADD I NG (NP, AK, BK)

**tr¡t F0Rt{ THE |{ATR I CES TNVOLV tNc I,IVBAR DO tNG***rf (t{vBARr - V'tBAR) I (WBAR'- t/'vBAR)

cALL I{VBAR (Np, H, C I 2, C22, C23,C44, XK, ZK, D, t, BK)

CALL ADD I NG (NP, AK, BK)

cALL ITVBAR (Np, H, C I 2, C22, C23, C44, XK, ZK, D, 2, gK)

CALL ADD I NG (NP, AK , BK)

******T TO SHIFT UP AK AND AI{ BY 6 ROIIS **t****tt*

*¡t¡tJr
trtrrt*

tt rttr¡t
**rtrl

**rtrt
***¡t

*}{P
* NP2

NP6 -6
NPSQ-6

J)
J)

R3070.
3080.
3090.
3r00.
3t t0. c

3r20. c
3r30 c
3l4rì . C

3r50. c
3ì60. c
3r70. c
3ì80. c

D0 JJ l-1, NP6
lR - I + 6
D0 4t J-1, NPSQ

AK(l' J) - AK(
At't(l' J) - Aä(

44 CONTI NUE

33 CoNTtNUE

R

*** THE FOLLOI'IING WILL FORIT THE 'DI IIATRIX (I{HICH IS PART OF THE
THE ASSEIIBLY 

'{åTRIX 
AND TO BE 

'{ODIFIED) 
rX¡ O ¡rNiNri Oi

THE X ÄATRIX IS STORED IN BK, I{HILE THAT OF THE T{ 
'IATRIX 

ìS
ST0RED tN BÄ. ***

3190.
3200. c

CALL FOR'{DD (NP, AK, A¡1, BK, BI,I)



32r0. c

3220.
3230.
3240.
3250.
3260.
3270.
3280.
3290.
3300.
33ì0. C

3320. C

3330.
3340.
3350.
3360.
3370.
3380.
3390.
3¡100. C

3¡+ 10. C

3\2o.
3¡{30.
3t40.
3\50.
3460.
3\70. c

3480.
3490.
3500.
35ì0.
3520.
3530.
35Ù0.
3550. c
3560.
3570.
3580.
3590.
3600.
36t0.
3620.
3630.
3640.
3650.
3660.
3670.
3680.
3690.
3700.
37ì0.
3720.
3730.
3740.
3750.
3760.
3770.
3780.
3790.
3800.
38 lo.

704

D0 77 J-ì, IIETA
YK-Pl /2.*ETA(J)
E - CDEXP(YK * 2. * DEPTH * Ct|tcc
D0 80 K-1, lcouNT

D0 90 L-1, ICOUNT
CK(K, L) . AK(K, L)
DK (K, L) - - ( At'l (K

COilT I NUE

CONT I NUE

E 
'ß 

BK (K, L)
L)+ E*Bt{(K,L))

+

90
8o

r00

ì05

*

tr

lJ0B - ì
lA - lC2
lB - lC2
lZ - lC2
fl r I C0UNT
CALL EIGZC (CK, IA, DK, IB, I,¡, IJOB, EIGA, EIGB, Z,

tz, lrK, INFER, IER)

PR I Nr t00, ETA (J)
tORt{AT (' - ' , 44X, I ETA -' , 3X, 2G16.9/)
PRrNT t05
F0R'{AT('0', T4, t!{'t,125, ,OI{EGA(tt) ,, T65, ,EIGA(t{),,

Tì09, 'ElcB(t't) 
"/)

D0 ìì0 tt-ì, ICOUNT
oÄSQ (l{) - E IGA (l{) / E IGB (l,t)
0t{ (t't) - CDSQRT ( o¡tsQ (¡t) )
0¡r (ñ) - 0l{ (t{) * xl{ULT
PRTNT t20, ,{, ott(t{), EtGA(t{)
FoR¡IAT(r0r, ¡x, t2, 6(5x, Gt

CONT I NUE

* 2.D0 / Pt

t20
ì t0

, E IGB (t't)
6.9) )

c
c
c
c5o4
c503
c
c
c

rF (rPRtNT .cT. O) THEN DO

D0 503 lN-l,lCOUNT
D0 504 JN-ì , I COUNT

DZ(tN,JN)-Z(tN,JN)
CONT I NUE

CONT I NUE

3820.
3830.
381¡0.

** DZ IS USTD TO CALCULATE THE 
'{OOULI 

**

I V-l
PRTNT 140, tv

140 toRt'lAT (t-t //t r,lx, ¡r{¡, ìox, rTHE CSRRESpONDtNG Z 
'{ATRtX 

OF'* r CELL ',ll,lx,rts:,//)
D0 l5l K-ì' IC0UNT

PRTNT t6t, K, (Z(L,K),1-t,tCoUNT)
t6t FORI'IAT ('0"t2,tx,6(2Fto.6,tx)/,'\x,6(2FtO.6,tX)/,

. ¡.x,6(2F t0.6,lx) /,ux,6(2t1o.6,1x) //)r5r coNTt NUE
c
C THE FOLLOI{ING SHOULD BE INCLUDED IT 

'{ORE 
THAN I UNIT CELL IS USED.

C NCELL IS THI NU,¡BER oF UNIT CELL USED
c
c
C D0 l4t |V-2,ICELL
c PRtltT t4o, tvc D0 tt2 JJ-l,tcouNTc D0 t43 xx-t,lcouNTC Z (JJ, t(|() -Z (JJ, t(K) *E
c t 43 coNT tr¡uE



3850. c
3860. ctÀ2
3870. cìÀt

105

PRINT I6I, JJ,
cor¡T tNuE

CONT I NUE

(z (LL,JJ),LL¡ì, I coUNT)

THE ABOVE PROCEDURE EVALUATES ALL THE Z TIÀTRICES OF ilCELL

THE SAITE PROCEDURE IS-TI{PLOYED TO EVALUATE THE CORRESPONDINGI{ODUII OF THESE Z ITATRICES

3880. c
3890. c
3900. c
39t0. c
3920. c
3930. c
3940. c
3950. C

3960. c
3970. c
3980. cl
3990. C

4000. c
40lo. c

70

I V-l
PRTNT 170, tv

FOR'{AT ('.-' //' I, IX, IIII, IOX,'THE CORRESPONDING,IODULI
, | ÄATRlx 0F CELL r, I I, lx, , ls .¡ //)D0 180 K-ì, I COUNT

PRTNT tg0,K. (CDABS (DZ (L,l() ),1-t, tcouNT)
toR¡rAT (,o, ,t2,5x,6 (Fì0.6,2x) l,âx,C7ito.ø,zxl t,. Bx,9lt_t0.6-,2x) /,Bx,6irto,siiii.ùl. gx,6 (F 10.6,2X) / ,gx',6 i¡ lo.o, zxii 

. .

CONT I NUE
D0 1300 lv-2,NCELL

PRTNT ì70, tv
D0 1400 JJ-t, I COUNT

D0 t500 KK-t , I COUNT
DZ (JJ, KK) -DZ (JJ, KK) ,rE

CONT I NUE

^_PRINT l90,JJ, (cDABS (DZ (LL,JJ)),11.ì, tcOuNT)
CONT I NUE

CONT I NUE
CONT I NUE

SUBROUTINE INFORIT(A, B, D)

0F zl

À020. ctgo
¡.030. C

4040.
4050.
4060.

c
cr80
c
c
c
c
c
cr500
c

4070
4080
4090.
4r00.
4r ro.
4120.
4r30.
4 I ¡{0.
Ûì50.
4t60.
4r70.
4180.
4l go.

20
30
40
50
60
70
8o
90

4200.
42t0.
\220.
4230.
42\o.

ì0.

100. c
I t0.
120. c
ì30. c

200.
2t0.
220. c
230.
2\0.

REAL fr8

*******

il400
cì3O0
c506
c
c

tpRtNT.tpRtNT_l
END IF

77 CONT I NUE
70 CONT I NUE
60 CONTINUE

STOP
END

c
c
c
c *** ****************** ** i *** ****** * ******** ** ** ** *** ******** *****c

! sUBROUT tr{E mFoR,{ *
C'*

*' c****************************************************************.c

40
50
6o

c
c
c

A(4,4), 8(4,t), D([,4)

TO FOR'i THI I{ATRICES A, B AND D

2) - 9. / 35.- 22. / lO5.--13. /1o5.
3)
4)

(t
Q
(3
({

7o
8o
90

A

A

A

A

A

A

*******
- 78.
- A(1,
- A(1,
- A(1,

t)
ì)
t)
¡)

t05

(2, 2) - 78. / lOS.(3'2)-A(2,Ð-13./1O5.
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250.
260. c
270.
280.
290. C

300.
3r0. c
320. C

330.
340.
350
360
370. c

380.
390.
400.
4t0. c
u20.
430.
440. c
450.
460. c
470. c
480.
490.
500.
5t0.
52o. c
530.
5¡+0 '
550.
560.
570. c

580.
590.
600.
6ro.
620. c

A(3, 3) . I
A(4' 3) - A

A(1, 2) - A(2, q) - - 22. / lo1.

, / 105.(3,4¡--6./105.
A (¡+, 4) - 8. / to5.

t. / to.
t. /'to.

, 3) - \. / 15.

' 3) - B(3' 4) - - l. / 15.

B(4, 4) - \. / 15.

--3./5
- 1. / 10.
- l. / 10.

B(2,2)-3./5.
B(3, 2) - B(2, 3) - -
B(¡r, 2) - B(2, 4) - -

-3./
- B(1,. B(1,
- B(t,

B

B

B

B

D (2, t)
D (2, 2)
D (2, 3)
D (2, 4)

D ({, l)
D (ù, 2)
D (4, 3)
D (1., 4)

f) - - r. / z.
2) - l. / 2.
Ð-1./5.
l)--t./5.

- D (1,
t. / z

t. / 5

2)

5.

D (t, ¡{)

D (2, ¡{)

D (3, 4)
-O.

5.
2)
3)
4)

(l
(z
(3
(4

(3
(4

B

I

D

D

D

D

D

D

D

D

(3
(3
(3
(3

, l) - - D(1, 3)

' 2) - - D(2, 3)

' 3) - 0.0D0
, 4) - - t. / t5

630.
640.
650.
660.
670.
680.
690.
700.
7t0.
720.
730.
7¡ro '
750.
760.
770.
780.
790.
8oo.
8 ì0.
E2o.
830.
840.
8so.
E60.
870.
880.

000
c

c
c
c
c
c

c
a

c
c
c

c
c

RETURN; END

C**Jr****************************t*******************
c

******
*
*SUBROUTINE UUBAR

********t*************************************************

SUBROUTINE UUBAR (NP,H,CI I,C55,C66,RHO,XK IK,AB,N,AKNA,{)

cot{¡toN,/BLKt/HPl, t¡P2, tc2
c0,rr{0N/BLK2/C I Äcc, zERO
REAL *8 H (rpl) ,cì I (Xpl) ,c55 (Npt) ,c66 (Npt) ,RHO (Npl) ,- AB(4, ù), xK, xK2, ZK, Zk2
cor{pLEX rrt6 AÍNAtt(t c2,tci), uilã, i¿l ,'coNsT ,ctñcG, ZERO

*



-LO7-

8go '
900.
9t0.
920.
930.
940.
950.
960.
970
980
990.

1000.
r0l0. gg2
r020. ggì
r030.
l0¡{0. C

ì 050.
I 060.
r070.
r 080.
r090.
I ì00.
ì ì 10.
I t20.
r r30.
l tå0.
r ì50.
I r60.
r r70.
I l8o. c

u (t, t)
u (t, 2)
u(2, ì)

c

XK2-XK*XK
ZR2 - ZK ¡r ZK
D0 t000 JJ-t, tC2

D0 1050 KK-ì, tC2
. AKNAII(JJ, KX) - ¿¡¡gt050 coNT I NUE
IOOO CONTINUE

D0 991 Ll-t, t2
D0 992 L2-t, ì2

U (L I, L2) - ZERO
CONT I NUE

CONT I NUE
D0 l0 l-1, Npl

u (l,
u (3,

AB (ì, t)
AB(r, 3) ù H(t) / c66(l)

u (1, 2)
- AB(¡, 3) * H(t) * xK * g¡¡66- u(1, 3)

u (ì,
u (ì,
u(7,
u (l 'u (8,
u(l'
u (9,
u (t,

3)
t)
4)
7)
t)
8)
ì)
9)
r)
0)

y.t?' ?! ' AB (3, 3) *.H.(t) * H(t) / c66(t) / c66(ùIf], ll --AB(3, 3¡*¡ 1¡¡*irrII*ixicinããièàLutu(3, 2) -- u(2, 3)
y.l?' ll - 

^B(2, 
3) * x (t) / c66(t)u(7, 2, - U(2, 7)

u(2, 8) - AB(3, t) * H(r) * ¡ (t) / c66(t) / c66(t)U(8, 2) - u(2, B)
u(2, 9) - - AB(3. l) * H(t) * H(t) * xK * ctncc / c66(t)u(9, 2) - - U(2, 9)

-ÂB

-AB
-U

u (3, 3)
u (3, 4)
u (3, 7)
u (7, 3)
u (3, 8)
u (8, 3)
u (3, g)
u (9, 3)

u (4,
AB (r,

u (t,
AB(1,

u (1,
- AB (t- u(l

u (r0,

l) - ZERo
2)
7)
4) * x(t) / c66ul
8)
, 4) * H (l) * XK rr g¡¡ç6
,g)
l) - ZERO

I ì90.
¡ 200.
12t0.
'l 220.
'r 230.
1240.
125O.
I 260.
lz7o.
t280. c
l 290.
r 300.
r 310.
I 320.
I 330.
r 340.
I 350.
1 360.
r370. c
1380. c
I 390.
I 400.
14t0.
I ¡t20.
r&30.
r440. c
r 450.
¡460.
1470.
tù80. c
r490.
1500. c
r5t0. c
r520. c

- AB (3,
- U (4,
- AB (2,

* H(l) * H(t) * XK2- ZERo* H(t) * xK * ctt{cc
u (3,

.ll: a)_.* H(t) * H(r) * xK * s¡¡66 / c66(t)
u (3, 8)
(3, 4) * H(t) * H(t) rr xK2(3, g)

3)
3)
3)

7)

u(7,
u(7,
u (8,
u(7,
u (9,

7)-g)-
7)-
9)'
7)-

AB (2, 2)
AB(2, !) r, H0) / c66(t)

u (7, 8)- AB(2, 4) * n(r) * ¡¡ 'r ctr{cc- u(7, g)

yl9, 8l - AB(t, 4) *.tt.(!l .r,.H(t) / c66(t) / cró0)
t19' 9¡ --AB (4, ¡)*x(r)*irrrllixicinããièàLut
u (9, 8) -- u (9, g)

u(9, 9) - AB(4, 4) * r(t) * x(r) * ¡¡1,

PRll{T, ((U(Lt,t2), Ll-t,12), L2-t,12)
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1530. c
1540.
1550.
r 560.
1570.
r580.
1590.
r600.
t6r0.
t620.
r 630.
r 640.
r650.
1660.
r670. c
r680. c
r 690. lTtt{E = I - |

00 20 J-.l, l2
lR-J+6rtlTtttE
D0 l0 K=t, ì2

tc-K+6*tTtt{E
AKNAtt(tR, tc) _ AKNAT{(lR, tc) + coNsT * u(J, K)30 CONTI NUE

20 CONT I NUE
IO CONTINUE

RETURN; ENt)

C * * * * * * * * * * * rt * * * tr * * rr * * * * * * * * * * * * * * * rr * * * * * * ****** ** * ********

IF(N.EQ.ì)THENDO
_ -CoNST 

. Cìl (t) * xK2 * H(t)
ELSE DO

IF(X.EQ.2)THENDO
CoNST - c55(t) t H(l) *ZK2

ELSE DO

IF (N .EQ. 3) THEN DO
CONSr-c66(t) /H(t)

ELSE DO

C0NST __RHo(t) * H(t)
END IF

END IF
END IF

SUBROUT INE WEAR

750
760

840.
850.
860.
870.
880.
890.
900.
910.
920.
930.
9i{0.
950.
960.
970.
980.

I 990.
2000.
20t0.
2020.
2030.
2040.
2050.
2060.
2o7o -

2080.
2090.
2t00.
2t 10.
2120,

700.
7t0.
720.
730.
7t+0,

770.
780. c

790.
8oo. c
8ì0. c
8zo. c
830. c

c
c
c

992
99ì
c

*
*

c ****** ¡t *rt* *Jr* ** ** ** * tr t* **** ** * **** *** *** * * * * * * * ** * * ***** *l
c
c

c

c

c

SUBROUT I NE VVBAR (NP, H, C 12, C22,C23,C44, C66, RHO, XK, ZK, AB, N, BKNB,,I)

co¡t¡toN,/BLKì/ NPt, NP2, tc2
C0t{lt0N,/BLK2,/ C l,tc6, ZEROREAL'r8 H(Npt),cì2_(Npl),c22(Npt),c23(Xrt),g441¡p1¡,

c66 (Npr) , RHo.(Npl)., xx, irzl zK, Lr,2, 
'is 

tai ¡lcor{pLEx *16 BxNBrl(tc2,tcz), v(i¿, rá),-'-õór¡sr, ct¡rcc, zERo

*

XK2-X
ZK2-Z

D0 1000 JJ-1, tC2
D0 ì050 KK-ì, tC2

BKNBI1(JJ, KK) . ZEROr050 coNTt NUt
IOOO CONTI NUE

XK

ZK

K*
K*

c

c

30.
40.
50.
60.

D0 991 Ll-'l, l2
D0 992 L2-ì, t2

v (Ll, L2) - ZERO
CONTI},IUE

CONT I NUI

D0 l0 l-1, Npl

v(1, r) - AB(3, 3) * H(t) * H(t) * xK2 * ct2(r) r ct2(t)

2l
2r
2t
2t
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2170.
. 2t80.

2tg0.
2200.
2210.
2220.
2230.
22\0.
2250.
2260.
2270.
2280.
2290.
2300.
23r0.
2320.
2330.
2340.
2350.
2360. c
2370. c
2380.
2390.
2400.
24ì0.
2\20.
2430.
24\0.
2\50.
2460.
2\70.
2480.
2490.
2500.
2510.
2520. c
2530.
2540.
2550.
2560.
2570.
2580.
2590.
2600.
26r0.
2620.
2630.
2640,
2650.
2660. c
2670.
2680.
2690.
2700.
27 to.
2720.
2730.
27\o.
2750.
2760,
2770. c
2780.
2790,
2800.

* . /c22(t) /c22(t)V(l, 2) - V(2, l) . ZERov(I, 3) - AB(1, 3) * fl(t) * xK * ç¡2(r) * stÄcc / c22(t)v(3, l) - - v(I, 3)v(1, 4) -AB(3, 3)*H (t)*H(t)*cl2 (r)*¡¡*s¡¡66 /czz(t) /C22(t)V({, l) --V(t, l)v(l' 5) - AB(3,3) *zK*xK*H (t)*H (t)ict2 (t)*c23 (t) /c2z (t) /czz (t)v(5, t) - v(t, 5)v(t, 7) - A8(3, 4) * H{t)_ r H(t) * xK2 * Ct2(t) * ct2(t). /c22(t) /c22(t)v(7, ì) - V(t, 7)V(.l, 8) - V(8, t) - ZERgv(t, g) - AB(2, 3) * H(t) * ¡¡ * cl2(t) * crncc / c22(t)v(9, l) - - v(1, 9)
v(1,10) - lB(3, 4) * H(t). * H(t) * xK rr ç¡2(t) * ç¡¡6n. /c22(t) /c22(t)
V(10,1) - -V(t,tO)
v(l' I l) - AB(3, 4)*zK*xK*H(r)*¡1¡¡*cr2 (r)*c23(r) /c22 (t) /c22 (t)V(ll,t) - V(l,tl)

*

*

*

v(3, 3) . AB(1, t)yfl' ll - AB(1, 3) * H(r) / c22(t)V(4, 3) . v(3, 4)
y.Í;2, 2l --AB (t, 3) *zK'rH (r) *cz3 (r)*cr¡..rrrr,,,v(5, 3) .-v(3, 5)v(3, 7) - - AB(t, A) * H(t) * xK rr ct2(t) * gilrGG,/ c22(t)v(7, 3) - - v(3, 7)v(3, 8) . v(8, 3) . ZERov(3, 9) . AB(1, 2)
v(9, 3) - v(3, 9)

YJ?:r9l - ABlr, 4) * H(t) / czz(t)v(ì0,3) . V(3, tO)

Y fl : I I I --AB ( I , 4) *zK*H ( | ) *c2 3 ( r ) *c I ¡nnr.r, , , ,v(11,3) --v(3,1t)

yfi, ll - AB(3, 3) * H(t). * H(t) / c22(t,, / c22(t)v (¡' ' 5) '-^B (3 , 3) *H ( r ) *H ( | l t ii*czi tiiii iicczcz 2 (t) /c22 (t)v (5, 4) .-V (4, 5)v(4' 7) -: AB(3, ù) * H(t) * H(t) * xK * cl2(t) * ct¡rcc.. /c22(t)/cz2(t)
v(7, &) - - V(4. 7)V({, 8) - V(8, 4)-. ZER0yfl' Pl . AB(2, 3) * H (t) / czz(t)v(9, ¡) - v(4, 9)
Yft:r9l - ^B(3, 

4) * x(r) *,r(t) / c2z(t) / c22(t)v(10,{) - v(4,t0)
v(4, I l) --AB (3,t) *H (t)r.H(r)*¿¡¡arr(r)*c¡¡nora, 

Z (t) /czz (t)v(11,4) --V(4,1t)

v (5, 5)
v (5, 7)

. AB (3,3)
- AB (3,4)

/c22 (t)
- v(5, 7)* AB (2,3)
--v (5, 9)- AB (3,4)
--v (5 , l0). AB (3,¡)
- v(5, ll

:I lll *H lll *zrz*cz3 (r¡.*62' (t) /c22(t) /c22(t)*H ( | ) *H ( I ) *Zx*xx*c r ¿ t r I,tõz¡ii i-- 
\' " v-- \,

/c22 (t)

*H ( l) rrZK'tc23 ( r) *C r^anrrrt , 
',

flH (t) *H (f ) rzx*c23 (r) *c ¡ ronrr, 2 (r) /c22 (t)

*H ( I ) rH (t) *¿x2*ç23 ( r ) *ç2, (t) /c22 (t) /c22 (t)
)

v (7, 5)
v (5, g)
v (9, 5)
v (5, l0)
v(10,5)
v (5, I ì)
v (n,5)

*
v(7,7) - lB(&, 4) * r(¡). * x(l) r xx¿ * cr2(t) * cr2(t)/ c22(t) / c22(t)v(7' 8) - V(8, 7) - ZERO



28r0.
2820.
2830.
2840.
2850.
2860.
2870. c
2880. c
2890.
2900.
2910.
2920.
2930.
2g{0. c
2950.
2960.
2970.
2980.
2990. c
3000. c
30ì0.
3020.
3030.
3040.
3050.
3060.
3070.
3080.
3090.
3 r00.
3ì10.
3ì20.
3t30.
3t40. c
3 ì50.
3t60.
3170.
3r80.
3t90.
3200.
32 10.
3220.
3230.
3240. c
3250.
3260. c

v(7' 9) - AB(2, {) 't H(t) * xK * ct2(t) * c¡tcc / c2z(t)v(9, 7) . - v(7, 9)
v(7, ì0) - AB(4, À)*H(t),rx (l)*xx*ct,{GG*cl2 (t) /c22(t) /c2z (t)v(10,7) --V(7,10)
v (7, r t) - AB ({,4) *H (t ) *H ( ¡ ) ¡,zx*xx*cl 2 (t) *c23 (r) /c22 (t) /c22 (t)V(ìì,7) - V(7,11)

-110-

v(9, 9) - AB(2, 2)

Yf?:t9l - AB(2, t) * H(t) / c22(t)V(10,9) = V(9,10)
Yl?: t ll --AB (2,4) ¡tH (l) *zK*c23 (t) *cr¡oorrrr,,,
v(11,9) --v(9,11)

yll9,l0l - AB(t, 4) .* x(t) * H (r) / czz(t) / c22(t)v (ì0, I r) --AB (4,q),rH tll *rì tjl *zxicz¡'tliic ineetczz (t) /c22 (t)v (l I, ro) --v (to, I t)
v(l r, I t)- AB ({,4) *s (r) *¡ ¡¡¡ *z.2ttc23(t),rc23 U) /c22 (t) /c22 (t)

IF(H.EQ.I)THTNDO
C0NSr - cz2(t) / H(t)

ELSE DO

II ( II .EQ. 2 ) THEN DO

_ _C0NST - c4t(t) * ZK2 ,r H(t)
ELSE DO

IF (N .EQ. 3) THEN DO

- c0NST=c66 (t) *x¡12*¡ 1¡¡
ELSE DO

c0NSr--RH0(r)*¡1'¡
END IF

IND IF
ENO IF

lTll{E - | -
D0 20 J=ì,

lR - J +
D0 30 K-

* tT ll{E
t2

I

l2
6

I,
tC=X+6årtTll.lE
BKNB|T(tR. tc) _ BKNB|I(tR, tc) + coNsT * v(J, K)30 coNTI NUE20 CONT I NUE

ìO CONTINUE

RETURN; END

3270' c*¡t*tr***tr****tt****************rttr*¡t*¡t****t**rt**rr**rtt**rr***rrrtJr¡,.
3280. c
3290. c
3300. c

*
*SUBROUT INE I{T.,IBAR

33r0. crr*rr¡t*rr*rt*rtrr*rr**t************t*******rt********rtrr*****o***onol
3320. c
3330. c

i3i3., 
suBRour I NE ¡{r.rBAR (Np, H, ca3, c44, c55,RHO, xK,zK, AB, N, cKNc,.1)

3360. c

:119. cor,U{oN/BLK l,/NP I , NP2, I C2

i:::. c0t1t }N/BLK2/C t'rcc, zEROtttu. REAL*8 f_(!lìì:ca3 (Npt) ,c44 (Npt) ,c55 (Npt) ,RHO (Npt) ,li9g. e AB o,Lj,ii.ixj:;;.tì;
iij;:, conpLEx*t6 cKNil(tc2,tlt)il{iTz,l¿l,coNsr,ct,,rcc,zERo
3430. XK2.XK¡IxK34¡10. ZR2-ZKÌ<ZK



3450
3460
3470
3480
3490
3500

. r050

. t000

.c
35t0.
3520.
3530.
35\0. 992
3550. 991
3560.
3570.
3580.
3590.
3600.
36ì0.
3620.
3630.
3640.
3650.
3660.
3670.
3680. c

3690.
3700.
37t0.
3720.
3730.
3740.
3750.
3760.
3770.
3780. c
3790.
3800.
38ì0.
3820.
3830.
3840.
3850.
3860. c
3870.
3880.
3890.
3900.
39t0.
3920. C

3930.
3940.
3950.
3960. C

3970.
3980. c
3990.
[000.
{0ì0.
¡020.
4030.
ll040.
4050.
4060.
4070.
4080.

-111-

D0 1000 JJ-ì , I C2
D0 1050 KK-ì , I C2

CKNC,{(JJ,KK) - ZERg
CONT II¡UE

CONT I NUE

D0 991 Lì-1, l2
D0 992 L2-1, 12

l{(Ll,L2) - ZER0
CONT I NUE

CONT I NUE
D0 l0 l-l,NPl

Ll(3 ,3)- AB(3,3) *ZKZj.H(r)*¡1¡¡
l{(3,5) -AB ('l,3) ¡IZK*H (t) *Ctr{cc
tr (5 ,3) --l{ (3 ,5)
l{ (3, 6) - AB (3, 3) *H ( l) *H ( l) *Zt(*c ||tcc/c4¡{ ( | )tl(6' 3)--W(3,6)
t,(3, 9)- AB (3,À) *H (l)*H (t) *zK2
u(9, 3)- lr(3, 9)
lJ (3, I l) - AB (2,3) *H (t) *ZK*CtÄcG
t{(lì,3)--}r(3,tì)
tl (3 , I 2) - AB (3, 4) *H ( | ) *H ( t ) *ZK*c Lrcc/c44 ( | )
W ( ì 2 

' 
3) '-l{ (3 , l 2)

t.l

t{
t{
t,
t
ll

$, s)
G, 6)
(6, s)
$, g)
(e, 5)
G, tr)

- AB(l,l)
- AB (t ,3)'tH ( l) /C\\ (l)- r{ (5, 6)
--AB (t,4) *H (l) *ZK*c mtcc
--lJ (5, 9)- AB (t,2)

t{(t1,5)- lJ(5,11)
H(5, r2). AB (ì,4) *H (t) /ch¡r^ (t)
|,(12,5)- !J(5,l2)

lr(6, 6)- AB (3,3) *H (t) *H(t) /c4\(t)/c44 (t)
l{ (6 , 9) .-AB (3, 4) *H ( t ) rrH ( l ) ¡.ZX*C |licc/C44 ( t )
li (9, 6) --l{ (6, 9)
r,t(6, ì
t{ (t I,
t{ (6, I
t{(12,

l) - Ag (2, 3¡ *¡ (l) /c4¡{ (l)
6). w(6, t t)
2) - AB (3,&)'tH (l)*H (l) /c4\ (t) /ct h (t)
6)- t{(6,t2)

tJ (9, 9) - AB (4 , ¡+) *H ( t ) r¡H ( t ) *¿¡t
tl (9, ¡ I ) - AB (2,4) *H ( t) *ZK*C t¡tcc
l{(11,9)--H(9,¡t)
lt (9 , I 2) - AB (4 , &) *H ( | ) *H ( | ) *ZK*c I ñGc /c4\ (t)
¡r(.l2,9)--W(9,12)

l,t(lt,ll)- AB(2,2)
lr(l I, l2) - AB (2,4) *H (t) /C44 (r)
¡r(l2,ll). t{(¡,t2)
l{ ( ì 2 , I 2) - AB (4 , 4) iH ( | ) *H (t) /chil- (t) /c\t+ (t)

rF (N .EQ. t) THEN DO

COl'lST - C33 ( t) *ZK2*H ( t)
ELSE DO

I F ()t . EQ. 2) T|{EN DO

CONST - c4¡(t)/H(l)
ELSE DO

tr (x .EQ. 3) THEN D0
CoI{ST - C55 (t) *xK2*H (t)

ELSE OO

coilsT --RHo(r)iH(|)



4090.
4100.
4r r0.
,{ 120. C

/{ì30.
{r40.
4r50.
4r60.
4ì70.
4t80.
4rgo.
4200.
42r0.
4220. c
\230.
4240.
\250.
\260.
4270.
4280.
\290.
4300.
43ì0.
\32o.
À330.
4340.
4350.
4360.
\370.
4380.
4390.
4400.
44t0.
4420.
4430.
4440.
4,!50.
å1r60.
4470.
4480. c
À{90.
¡{500.
A5ì0.
\520. 992
4530. 99t
!540. c
\550.
\560.
\570.
4580.
ù590.
4600.
46ì0.
4620. c
4630.
46q0. c
\6s0.
4660.
\670.
ù680.
4690.
{700.
17t0.
tt7ZO.

D0 991 Lì-1, I2
D0 !!2 L2-t,

uv(Lì,12)
CONT I NUE

CONT I NUE

l2
. ZERO

) THEN DO

0D0

END IF
EIID I F

IND IF

lTt,{E = t- I
D0 20 J-1, l2

lR - J + 6 rt I

D0 30 K=1, ì2
lC . K + 6
cKNCtt(tR, I

30 CONT I NUE
20 CONT I NUE
IO CONTINUE

LI2

* tT ll,lE
c) - cKNCn(IR, IC) + coNsT ,r t/(J, K)

ItET

c

c
c
c
c
c
L

c

L

c

RETURN; END

tr*tf *trt*******rt********** *tf rtrt*************:t*tr********rt**t?t**rt

SUBROUT I NE UVBAR Ï
*rtt!trrt¡t***,t**t!*n***t!*****rt****rt****rt*******tr**t!****no**o*nnnI

suBR0uT I NE UVBAR (Np, H, C 12,c22,C23,C66,xK, zK, D, N , DK I 2)c

C0¡{l'10N,/BLKI/ NPl, Np2, tC2
cot'V'toN/BLK2,/ C tncc, ztRo
REAL rfg H(Npt),ct2(Npt),c22(Npì),c23(Npl),c66(Npì),* ¡ (l{, .4) , cHs I GN, XK, xK2, zK, zK2c0¡{pLtx *t6 DKl2 (tc2,tc2), UV(i2,lzj , corusr, cil,lcc, zEROc

D0 .l000 JJ-1, tC2
D0 1050 KK=t, tC2

DKl2(JJ, KK) - 2E¡9
I 050 coNT I NUE
IOOO CONTINUE

XK2 - XK ¡t XK
ZK2-ZK*ZK
IF(N.EQ.ì

CHSIGN - I
ELSE DO

CHSIGN - -
END IF

I .0D0

D0 l0 l-ì, Npl

UV(.ì, ì) = 2. * D
Uv(1,2) - UV(2,
Uv(1,3)--D(t,
UV(3,t)--Uv(t
UV(1,4)--D(1,
Uv(q,t)--UV(t
UV(¡,5) - D(t,
UV(5, t) . UV(t,

(t, 3) * ¡1¡¡
l) - ZtRol) * cHstcN

* XK * Cl2 (l) * Cn^Gc / c22(t)

3)
3) t H(t) / C22(t)

l(*c23 (l) *H (l) *cil{cc/c22 (t)
,t)
3r r.z

5)



\730.
4740.
\750.
4760.
\7lo -

1780.
\tgo.
4800.
48t0.
4820.
4830.
4840.
4850. c
4860.
4870.
f880.
À890.
4900.
¡9t0.
{920.
49¡0.
49¡to.
4950.
À960.
\970.
lt98o.
4990. c

5000.
50t0.
5020.
5030.
5040.
5050.
5060.
5070.
5080.
5090.
5ì00.
5r r0.
5120.
5t30.
5ì¡0. c
5t50.
5t60.
5¡70.
5r80.
5190.

*

*

uv(r, 7)

uv(7, ì)
uv(t, 8)

uv(8, r)
uv (r, 9)

- D(2, 3) * X(l) * xK tr ct2(t) * ctncc / c22(t)+ D(t, {) * n(t) * xK rr cl2(t) * ct|rcc I ciztt)- UV(l, 7)- - D(3, {) * X(t) * H(l) * XX * Cl2(t) * Curcc/ c22(t) / c66(t)- uv(ì, 8)
- ( - D(3, l+) * H(t) * H(t) * XK2 rrgl2 (t) / C22(t)- D(1, 2)
- - UV(Ì, 9)- - D(r, 4) * H(t) / czz(t)
- - Uv (1,10)
- UV(l ì,1) - D(1, 4)*H(t)'IZX*C23(t)*Ct^O6rttr,,,

- ZERO
- D(1, 3) * H(t) / c66(t)- - Uv(z, 3)- D(3, l) * x(t) * H(r) * ¡¡ * ct2(t) * Cir,lcc/ c22 (t'' / c66 (t)

Uv(3, 3) - 2. * D(l
Uv(3, t) - uv({, 3)Uv(3,7)-(-D(t,
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H(l) * XK ¡t C1{GG

D(3, 4) * H(t) * H(t) rr ¡¡2(t) / c22(t)- uv(3, 7)- D(r, ù) * x(t) / c66(t)- uv(3, 8)
D(ì, 4) * H(t) * xK * C¡rcc

2. * D(2, ¡) * H(t) * xK * ct,tcc * cl2(t) / c22(t)- D(2, 2) rcHstcN
- uv(7, g)
- D(2, 4) * H(t) / C22(t)- uv (7, t0)

*

uv (2, 2)
uv (2, 3)
uv (3, 2)
uv (2, 7)

uv(9, t)
uv (r, r0)
uv(t0, t)
uv(.l,ìl)

UV (7, 7) -
UV(7, 9) -
UV(9, 7) -
Uv (7, l0) -
uv (r0,/) .

*
uv (2, 7)
UV(8, 2) - ZERg
D(2, 3) r. H(l) / c66(t)
- uv (2, g)
- D(3,4) * H(r) * H(t) / c22(t) / c66(t)- uv (2, t0)
UV(l I,2) . D (3,¡r) *H (t) *H (r) r.¿¡*ç23 (t) rrctr{Gc./

c22 (t,) /c66 (t')

uv (7, 2)
uv (2, 8)
uv(2, g)
uv (9, 2)
uv(2, r0)
uv(t0,2)
uv(2,1t)

UV(4' ¡r) -
uv (4, 7) .
UV(7' 4) -
UV (¡., 8) -
uv(8, À) -
uv(e, 9) -
uv(9, 4) -

,3)*
- ZERO

2) ) -
* ct2

UV(7, 3) -
uv(3, 8) -
uv(8, 3) '
Uv(3, 9) -

* + D(2, 3) * H(¡) * XX * Ctt{cc
uv(9, 3) - Uv(3, 9)
uv(3'10) - - D(3, 4) * ti(t) * H(t) * xK * ct,,lcc / cz2(t)
UV(10,3) - UV(3,10)
Uv (3' I l) - -o (3, 4) *x (t) *¡ 1¡¡ *zK*xt(*c23 l) /czz(t)UV(lì,3) - -UV(3,1t)

ZERO

D (2, 3) t H(t) / c22(t)- uv(¡, 7)- D(3, 4) * x(t) * H(t) / c22(t) / c66(t)- uv(4, g)

D(3, q).* H(l) * H(t) * xK * ctricc / c22(t)
uv (4, g)

uv(5, 7) - D(2,3)*H(t)*zK*c23(t)*Ctncc/c22 (t)
Uv(7, 5) . Uv(5, 7)
Uv (5, 8) --D (3,4) *H (t) tH (l) rr¿t1*s23 (r)*s¡¡6arrrz (t) /c66 (t)Uv(8, 5) - uV(5, 8)
uv (5 , 9) --D (3, 4) rH ( l ) iH ( l ) *rx*zx*cz 3 Ul /c22 (t)
Uv(9, 5) --UV(5, 9)

5200.
52r0.
5220. C

5230.
52\0.
5250.
5260.
5270.
5280.
5290. c
5300.
53ì0.
5320.
5330.
5340.
5350.
5360. c

UV(7, I l) -UV(l t,7¡ -¡ (2,4)rH(t)*Z¡*623(t)*ctr{cc/C22 (t)
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5370.
5380.
5390.
5400.
54r0. c
5420. c
5&30.
5440.
5450.
5460.
5470.
5480. c
5490.
5500.
55t0.
5520.
5530.
55/{0.
5550.
5560.

5600.
5610.
5620.

5910. 992
5920. g9l
5930. c
5940.
5950. c
5960.
5970.
5980.
5990.
6ooo.

UV(8, 8) - ZERg
yylg, t¡ - D(2, t) * x (t) / c66(t)uV(9, 8) - - Uv($, 9)uv(9,9) - 2. *D(2, \) * H(t) * xK * g¡¡66

5570
5580

IF (N .EQ. I) THEN DO
CoNST - Ct2(t) *XX * Ctt{cc

ELSE DO

C0NST - C66(t) *XK *CtnGG
END IT

tTtl{E-l-l
D0 20 J-1, 12

lR-J+6*tTtt{E
D0 30 K-1. 12

lc.K+6*lTDlE
DKl2 (tR, tC) - p¡¡2 (tR, tC) + CONST r¡ UV(J, K)30 CONT I NUE

20 CONT I NUE
l0 coNTll{uE

RETURN; END

SUBROUT I NE IJUBAR (NP, H, CI 3, C[l , C55,C66, XK, ZK, AB, N, EK I 2)

5590.
c

c
c
c

5630 . c*********t**************************************************
5640. c 

*5650. c suBRouTtNE t{uBAR Dot}¡G t,u + uu *5660. c 
YvI"s ñe - uw 

*
56 70 . crt***********************************************************
5680. c
5690. c
5700.
5710. c
5720. c
5730.
57 t+o ,

5750.
5760.
5770.
5780. c
5790.
5800.
58t0. c
5820.
5830.
5840.
5850.
5860.
5870. c
5880.
5890.
5900.

c0t{,,r0N/BLK t
cotll'toN,/BLK2
REAL 

'tB*
cor{PLEX *t6

IK2-XK*XK
ZK2 - ZK t¡ ZK

D0 1000 JJ-I, lC2
D0 1050 KK-r, tC2

- EK¡2 (JJ, KK) - ¿¡p91050 coNT I lluE
IOOO CONTINUE

D0 991 Ll-1, 12
D0 992 L2-ì, t2

t{U(Lt,L2) - ZERO
CONT I NUE

CONT I NUE

D0 l0 l-ì, llpl

Pl, NP2, tc2
IñcG, zER0

!.fNP.ll : c r l (Np t ), c44 (x¡ r ), c55 (Hp r), ç55 1¡p ¡¡,xK, xK2, ZK, ZK2, AB (,1i, 4)
EKì2 (tc2, tc2),tlu(te, ¡2¡, coNsT, ctncc, zERo

/N/c

tu(ì,
lru (3,
yu (t,
rru (5,
¡{u (r .

3) --¡rB ( I
l)--l{U(l
5)- AB (l
l)- UU(l
6)- 

^B(l

,3) *H ( t) *zt(*c tttcc
3)

t)
5)

3)rH(l) /c\4(t)



60t0.
6020.
6030.
6040.
6050.
6060.
6070.
6080. c
6090.
6ì00.
6t ro.
6r20.
6r30.
6r40.

l{U(6, ¡)- yg
l{U (l , 9¡ --¡g
ÌlU(1, ¡).-yg
t{U(t,ll)- lS
l{U (ì I, t) - t{U
llU (l . ¡2). ¡g
llu(12,1)- Hu

(8,
(9,
(8,
(l I
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,6)
,4) *H ( t) *zKrrc tr,tcc
,9)
,2)
, I l)
,4) *H ( t) /Ct+\ (t)
,12)

,2)
, 7','
,4)'tH ( t) /c66 (t)
,8)
,4) 'tH 

( l) *Xt(*C tn$c

'9)

6
6
6
6
6 190 .

rru (2,
tJU (3,
r{u (2,
HU (5,
bru (2,
t{u (6,
HU (2,
r{u (9,
r{u (2, t
¡tu(ll,
Hu (2, I
t{u(t2,

50
60
70
8o

r{u (3,
t{u (3,
r{u (5,
yu (3,
HU (6,
wu (3,
tJU (7,
rdu (3,
t{u (8,
vu (3,
HU (9,
r{u (3,
IJU (l I
tdu (3,
HU (ì2

t{u (5,

t{u
yu
t{u
t{u
t{u
HU

I'U
WU

t{u
t{u

ll--¡s (3,3) *H (t) *H (r) *zx*c ¡¡{GG/c66 (l)
2).-wu (2, 3)
5) - lB ( I , 3) *H (t) /c66 (t)
2)- ttIJ(2, 5)

!l- ¡¡ (3,3)*H (r) *¡ 1¡¡ /cu\ (t) /c66 (t)2)' l{u (2, 6)

?1.-ls (3,4) *H (l) *H (t)'rzK*clÈrcG,/c66 (t)
2) --l{U (2, 9)l)- la (e,3¡ *¡ (t) /c66 (t)
2)- t{u (2, il)
1l - AB (3,4)'tH (l) *H (t) /cur (t) /c66 (t)
2) - tru (2, l 2)

- 2.*AB (3,3) *H (t) *H (t )'rzK*XK- AB (l,3)'tH (t) *XX'rC ||icc
--l{u (3, 5)- AB (3,3) *H ( r) *¡ 1¡¡ *XK:rc tr,tcc/C4! ( | )--r{u (3, 6)
= AB (2, 3) *H ( t) 

'rZKrrC tÄcG
--htu (3, 7)- 

.19 f ¡,4ilH ( l) 
'tH 

( t) *zK*c tr{cc,/c66 ( | )--t,U (3, 8)
- 2.*AB (3,4) *H (t)'rH (t ) *ZX,tXX. tr,U (3, 9)

I I) - AB (2,3) *n (r) *¡¡*s¡¡66
, 3) --lJU (3, t 1 )
l1ì - AB (3,4) *H ( t) *H ( r) *xK*c urcc,/ct4 ( | )
,3) --Hu (3, 1 2)

6200.
621o. c
6220.
680.
62\0.
6250.
6260.
6270.
6280.
6290.
6300.
63r0.
6320.
6330.
6340.
6sso.
6360.
6370. C

6380.
6390.
6400.
64t0.
6420.
6430.
6440. c
6¡{50.
6460.
6\7o.
6480.
6\90.
6500.
65t0. c
6520.
6530.
6540.
65so.
6560.
65lo -

658o. r
6590.
6600.
66r0.
6620.
663o.
6640.

3)
5)
3)
6)
3)
7)
3)
8)
3)
9)
3)

7)- AB(l
5) - lru (5
8)- AB(ì
Ð- uU(5
9) --AB ( |
5) --HU (5

t{u (7,
r{u (5,
t{u (8,
r{u (5,
tdu (g,

lru f6, Z)- AB (2,3) *H (t) /c¡+A (t)
t{U (7 , 6) - ¡¡u (6, 7)
Iy lf, 9¡ - AB (3,4) *H ( | ) *H (t) /c4u (t) /c66 (t)llu (8, 6) . 1.¡u (6, 8)

Iy l! , 9l --AB (3 , ù) *H ( | ) *H ( I ) *xx*c I r{GG/c!4 ( | )t{U (9, 6) --lJU (6 , 9)

(7 , 9) --AB (2 , 4) *l ( r ) *¿¡*s ¡ ¡66(9, 7) --t{U (7, 9)(7,1¡). AB(2,2)
(1t,7¡- HU(7,1t)
0,tz¡- AB (2,4) *H (t) /c4q (l)
( 12,7) - lfu (7, 12)

tJU (8,
YU (lz

9).-AB (4
8) --HU (8

I l). ¡3 1,
,8) - HU (8
12). AB (4
,8) . HU (8

,¡.) *H (t) *H (t) rzx*c iltcc/c66 (r ),g)
,4) iH (t) /c66(t)
,I l)
,4) *H ( | ) t H (t) /c\\ (t) /c66 (t)
, l2)
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6650. c

'96-9. tJU(9, 9)- 2.*AB(4,4)*x(r)rH(r)*zx*xK
9919. HU (9,I l) -AB (2,t ) r.XX'tx (l) 

'rCt,{cG99q0. HU (l ì ,9) --uu (9, I r)
9!90. wu(9,t?l' 

^B(4,¡r)*H(t)*t{(t)r.xK*ctÄcc/c\\(t)l7oo, yu(ì2,9).-wuig,ll)
67r0. c

Çlzo. tF (N .EQ. ì) THEN Do
9llo. CoNST - cl3(t)*H(i)*xX*zK67&,0. ELSE D0

t7r0. CONST ¡ c55(t)¡rH(r)*xx*zr6760. END I F

671o. c
6780. c6790. tT¡{E-t-rqqoo. D0 20 J-t, t2qqto. lR-J+6*tTtÄEqq2o. Do 30 K-t, 12qq3o. tc-K+6* trt¡rE6840. 

.!f.13_(tR, ic) -'Éir'iztln, tc) + ss¡51 *wu(J, K)6850. 30 coNT I NUE6860. 20 coNT I NUE6870. to coNTtNUE
6880. c
6890. c
6900. RETURN ¡ END
6910. c
6920. c
6930 . c*****rr**************rt*****************t***********************
691.0. c *950. C SUBROUTINE I{VBAR DOING I{VBAR,-V,IIBAR ANO *6960. c
6970. C WBAR | -t'/ ' VBAR *
69ilo . crt********************r*******************rrrr**Jr************o**l
6990. C

7000. c
70r0.
7020. c
7030. c
7040.
7050.
7060.
7070.
7080.
7090. c
7t00.
7r r0.

SUBROUT I NE wvBAR (NP, H, c 12, c22,c23, c44, xK, zK, D, N, FK I 2)

cot'lt{oN,/BLK I /Xp l, l¡p2, i C2
coÄttoN,/BLK2lC t nGG, zERO

^REAL*8 H (Xpr) ,ct2 (npt) ,czz (ter¡,g23 (Npt) ,c44 1¡p¡¡,ê o (4,&) ,xK,xK2,zK,zKz
coÄptEx*t6 FXt2 (t c2, lc2),t{v(12, l2),coilsT,CiltcG,zERO

XK2.XK*XX
ZK2-ZK*ZK
D0 1000 JJ-t ¡ I C2

D0 1050 KK-t, I C2
FKl2 (JJ,KK) - ZERo

CONT I NUE
CONT I NUE

D0 991 Ll-1, l2
D0 992 L2-1, 12

l{V(Ll,L2) - ZERo
CONT I NUE

CONT I ilUE

IT (N .EQ. I) THEI¡ DO
CHSlct¡ - 1.000

ELSE DO

CHSIcN --1.0D0
END IF

7r20.
7130.
7r40.
7 t50.
7ì60.
7 t7o.
7r80.
7t90.
7200.
7210.
7220,
7230,
72/{,0,
7250.
7260,
7270.
7280.

r 050
r 000
c

992
991
c
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7290. c
7300.
73t0.
7320,
7330.
73\o.
7350.
7360.
7370.
7380.
7390. c
7t00.
74t0.
7420.
7430.
74/lo.
7U50.
7t+60.
7\70.
7ù80.
7{90.
7500.
7510.
7520.
7530.
7540.
7550.
7560. c
7570.
7580.
7590.
7600.
76ì0.
7620.
7630.
76,{0.
7650. C

766o.
7670,
7680.
7690.
7700.
77 t0.
7720.
7730.
7740.
7750.
7760.
7770.
7780. c
7790.
7800.
78r0.
7820.
7830.
78¡ro.
7850.
7860.
7870. c
7880.
7890.
7900. c
79t0.
7920.

D0 l0 l.l,NPl
ItV ( 1 , 5) - D ( 1 , 3) *H ( t ) *xK*C t 2 ( l ) *C t ¡Ocrrtr , 

' 
,

IJV(5, l)- llV(1, 5)
lrv ( 1 , 9) --D (3 , t) *H
llv(9, l)--bJV(1, 9)
tlv(l,ll)r !(l,l)*11
Hv(ll,l)- l{v(ì,ll)
t{v(1,t2)- D(3,4)*H
rJv(12,1)- l{V(1,12)

(f ) *H (l ) *xK*zK*ct2 (t) /c22 (t)

(l ) *¡¡*ç¡ 2 (r ) *c r ¡oorrr,,,,
(r ) *H ( | ) *xK*cl2 (l ) *c I ÄGc/c22 (t ) /c4tr ( | )

t{v (3, 3) -2.*D (l ,3) *H (l) *ZK*CDtcc
l{V(3, 5)- D (1, l)*CHStcN
t V (5, 3) --!lV (3, 5)
l{v (3, 6) --D ( ì , 3) *H ( l ) /c44 ( l )
l{v(6' 3¡--YY13,5¡
l{v (3, 7)--D (3,4) *H (l) *H (l)*zx*xx*cl 2 (t) /c22 (t)
lfv (7, 3) --w (3, 7)
l{V(3, 9)- D (1,¡r) *H (l) *ZK*Clñcc

+D (2' 3) *H (t ) tZK*c I ttGG
l{v(9, 3)- lrv(3, 9)
l{v (3, ì0) --D (3,4) ¡tH (l ) *H (t ) *2t1*g¡¡66 /C22 (t')
t{v (10' 3) - Hv (3, l0)
tlv (3,I l) - (-0 (l,2) ) -D (3,4) *ll (l) *H (l)'tzKz*c23 0) /cz2 (t)
Uv (ì ì,3) --l{V (3, ì ì)
t{'v (3, l2) --D (1,4) f.H (l) /c44 (l)
r{v(ì2,3¡ '-yy(3, t2)

l{v(4, 5)- D (1,3) *H(t) /c22(t)
l{v (1, 4) --YY (4 , 5¡
l{v (¡r, 9) - D (3,4) *H ( t) *H ( t) *ZKr.c tt{cc /CZ2 (t)
Iw(9, 4)- l{V(4, 9)
t{v(4, I l)- D (2,3)'tH (l) /c22 (t)
l{v(lì,4)--W(¡.,ll)
|{v (4, I 2¡ --9 (3,4) *H (l ) *H (t) /c22 ( | ) /c4{ (t )
l'V (12, ¡) --l{V (4, l2)

l{v (5, 5) - 2 . *D ( t , 3) *¿¡*¡ ( t ) *c t I'tcc*c2 3 U) /czz (t)
l{v(5, 7)- O (t,¡r) *H (t) *xK*Ct2 (t)*Ct,rcc/c2z (t)
l{v (7 , 5) - t{v (5, 7)
lrv (5' 9)- (-D (1,2) ) -D (3,4) *H (t) *H (l) *Z(2tcc230) /cz2 (t)
lJv (9 , 5) .-yy (5, 9)
Yv (5, I 0) --D ( I , ¡r) *x (t) /C22 (t)
HV ( 10, 5) --t{V (5 , I 0)
l,V (5 , r I ) . ! ( I , 4) r'H ( | ) *ZK*C | ¡rcc*C2 3 l) /C2Z U)

+D (2,3) *H ( | ) *ZKrrC ll{cc*c23 U) /C22 (t')|w(lì,5)- tlV(5,Il)
l{v (5, t 2) --D (3,4) *ZKiH ( l) rH ( l) *c23 ( l) *c lñcc,/c22 ( l) /c¡+4 (t )Hv(ì2,5). ¡ly(5,l2)

l{v(6, 7)- D(3,4)*H (l) *H(t)*¡¡*s¡2 (l)*c¡¡oorar2(t) /c\\ (t)
WV (7 , 6) - tJV (6, 7)
lJv (6, 9) . D (2,3) *H ( t) /c44 ( r)
lrv (9, 6) --lrv (6, 9)
wv(6, l0)--D (3,4) *H (t) *H (t) /cz2(t)/cù4 (t)
l{v ( l0 , 6) .-t{v (6, l0)
tlv(6, I t)- D (3,¡r) *H (l) iH (l)*ZK*c23 (t)*ctÄcc/c22 (t) /c4\ (t)
l{V('l1,6)- llv(6,11)

l{v(7, I l)- D (2,4) tH (l) tXl(*Cl2 (l)rClÄGG/c22 (t)
Yv(lì,7)- llt/(7,.l1)

llv (9, 9) - 2 . rD (2 ,4) tH ( | ) iZKrC | ,tcc
l{V (9, I l) - D (2,2) *CHStct¡



7930.
79t0.
7950.
7960. c
7970.
7980.
7990. c
8ooo.
80ro. c
8020.
8030.
8040.

l{v(11,9)--¡fv(9, ¡)
.î f?: t?l --0 (2,4) *H ( t) /ct¡. ( t)l{V(12,9).-tfv(9,12)

I-Y ll9, lll - o (2,4¡ *¡ (t) /czz (r)
tlv (l I, l0) --uV (ì0, I l)

vv (r ì, I l) - l. *p (2, 4) rH ( r ) *zx*ce3 ( t ) *c r ronrrr,,,,
IF (N .EQ. I) THEN DO

- coNsT - c23 ( t) * zK,r c t¡tGc
ELSE DO

_. _CoNST - C44(t) * ZK * Ct¡rcc
END IF

8070. c
8080.
8090.
8too.
8r to.
8r20.
8t30.
8r40.
8t50.
8ì60.
8r70. c
8r80. c
8l go.
8zoo. c
8210. c

3ÍiB : !-----************************************************rr
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lTtttE-l-l
D0 20 J-l, 12

lR-J+6*tTltlE
D0 J0 K-t, l2

lC-X+6't lTlÄE

30 ,onl|ilrt'*' lc) - ¡¡¡2 (lR, lc) + coNsr 'trrv(J, x)
20 CONTINUI
IO CONTINUE

RETURN; END

8o5o
8o6o

82ù0. c
8250. c
8260. c**********

SUBROUTINE ADDING

*** **** ******** ****** ** * * *******

*
*
*

8270. c
8280. c
8290.
8300. c
8310.
8320.
8:¡0.
8340. c

***********tr

8¡so.
8360.
8llo.
8¡go.
83g0.
8400.
84t0.
8420.
8430.
84q0.
8450.
8460.
8,,70.
8À80.
8490.
8500.
85ì0.
8520.
85¡0.
85t0.
8sso.
8590.

c
c
c

SUBROUTINE ADDING (NP, SK, ItK)

cott¡toN/BLKl,/NPt, NP2, tc2
coñr{oN/BLK2,/ c Incc, zERO
co¡rplEX *16 sK (tc2, tc2), ÄK (tc2,tc2), ctÄcc, ztRo
NP6-6*NP
lllq:6* (HP+2)
ltPsQ,'16-NPSQ_6

FIRST, ADD UP ALL THE 
'{ATRICES 

AND STORE THE RESULT IN AK

D0 ¡0 t-7, ltpsQtt6
D0 20 J-ì, NPSQ

sx(t, J) - sK(t, J) + ,rK(1, J)20 coNTt iluE
IO CONTINUE

RETURN; END

**********************************t**********

c

c
c
c
c
c
c**********
c
c
c

SUBROUTIilg FORÄDD
*
*
*
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!570. c*******************************************************
8580. c
8590. C

q600. suBRouilNE F0RI{DD (Np, AK, A¡i, BK, Bt{)8610. c
9920. cot{r{oN/BLK¡/ NPt, }¡P2, tC2qq3o. comroN/BLK2/ clnóc, zÉno 

-
8640. conpLEx *16 rxtróz,iCil, An(rc2,rc2), BK(rc2,rc2), Bñ(lc2,rc2)96s0. * ,cmtcc, zERo
8660. c
8670. Do tooo JJ-l, tc2q680. Do to5o KK-r, tC2
9690. BK(JJ, rxj . 2¡¡9
9Zoo. B¡r(JJ, rx) - ¿s¡o87r0. roSo coNTtNUE
8720. ìooo coNTtNUE
8730. c
8740. Np6-6*Np
8750. D0 tO t-ì, Np6
9lø0. Do 2o J-1, t28710. tC - J + Np6
QZAo. BK(t, J) - AK(t, tc)q79o. Br{(1, J) - mril, lði8800. 20 coNT I NUE8810. to coNTtNUE
8820. c
8810. RETURN; tND
8840. c
8850. SENTRY
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10

1.0

10

1.0

c
44

10

1.0

C::

35

4.333

C
23

15

2.333

C
22

35

4.333

c
13

15

2.333

c
72

15

2.333

ctt

35

4.333

ThÍckness

(2h (i) )

PERIODICITy = 4 ,ã,=4

C coo55 DensíËy
(i)

B

Y=lo

Y=50

Y=100

4.0

1.0

3

1

3

1.0

3.0

1.0

0

0

0

Table 4'1: Material constants of composites for dífferent ísotropic 1amína.
NorE: To achieve a -periodicity of 4, the properties of 5 layers are required as Í-nput.The fírst and second layers are subdivided ínto rwo 1;t;;" each. The flfrh layeris the same as the first sub_dívided layer.

F
l'.J
ts

50

1.0

50

1.0

50

1.0

17s

4.333

75

2.333

L75

4.333

75

2.333

75

2.3334.333

L754.0

1.0

100

1.0

100

1.0

1003s0

4.333 1.0

150

2.333

350

4.333

150

2.333

150

2.3334.333

3s04.0

1.0



PERIODICITY = 4 d=12 arj=arjotolln/r2
p is ín g/cm

c
66

0. 6019

0.6019

0.2670

0.2670

0.6019

C
55

0. 6019

0.6019

0.2670

0.2670

0.6019

c
44

0. s613

0.5613

0.2670

0.2670

0.5613

c¡g

1.8860

1. BB60

1.1070

1.1070

1 .8860

23
C

0.7634

0.7634

0.5730

0.5730

0 .7 634

22
c

1 .8860

1.8860

1.1070

1.1070

1. 8860

c
13

0.5850

0.58s0

0.5730

0.5730

0. s850

L2
C

0.5850

0.5850

0.5730

0. s730

0.5850

11
c

2.6907

2.6907

1.1070

1.1070

Thickness

h 
(i)

6.0

6.0

0.5

2.6907

0.5

6.0

Layer

1

2

3

4

Density

2.5200

2.5200

2.7020

2.7020

2.5200
5

TabIe 4.2: Materíal constants for fiber-reinforced Boron-Alumínium composite.
NOTE: 5 layer as ínput
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PERIODICITY = 4 a Units: C

p:

: * rolh/n2

8/cm

4 ij

0.0328

0.0328

0.0195

0.0195

0.0328

C
55

0.0328

0.0328

0.0195

0. 0195

0. 0328

44
c

0.0250

0.0250

0.0195

0.0195

0.0250

c
33

0. l_007

0.1007

0.0865

0.0865

0.1007

C
23

0.0507

0.0s07

o,o475

0 .047 5

0.0507

22
C

0.1007

0.1007

0.0865

0.0865

0.1007

c
13

0.0503

0.0s03

o.o475

0 .047 5

0.0503

C
L2

0.0503

0. 0503

o .047 s

o .047 5

0.0503

c
11

o .7 669

o .7 669

0.086s

0.0865

0.7669

Thickness

h 
(í)

2.0

2.0

0.5

0.5

2.0

Layer

1

66 Density

1.200

I.200

1.800

1.800

1.200

2

3

4

5

Table 4'3: Material constants for graphÍte-epoxy composite (i).
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PERIODICITy=4,ã=9 Units: C

P: g/cm

c++ css

íj : ro\/'2

CAO Denslty

L.20

L.20

1. B0

1 .80

I.20

Layer Thickness

h 
(i) czz

2313
ctt C C72 C C

1

2

3

4

5

4.50

4.s0

0.50

0.50

4.50

33

L.6073 0.0644 0.0644 o.L3s2 0.0692 0.L3g2 0.0350 0.0707 0.0707

L'6073 0.0644 0.0644 o .L3g2 0.0692 o.r3s2 0.03s0 0.o707 0.0707

0'0865 0-0475 o.0475 o.0865 0.0475 0.0865 0.0195 0.0195 0.019s

0.0865 0 .047 s o .047 5 0.086s o .047 s 0.0865 0.0195 0. 0195 0.019s

r'6073 0-0644 0.0644 o.r3g2 0.0692 0.r3g2 0.0350 0.0707 o.0707

TabTe 4.4: Material constants for graphite_epoxy composite (ii).
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PERIODICITy=4 : ã 0.6

L

l-a

aaa

Layet

2*

Thickness

zl-G)

0.6

1-.0

1.0

1.0

C C C C C c22 23 33 cq+ css coø DENSTTY

3'000 0'700 3.000 7.000 2.000 2.000 2.ooo 1.000

0.700 0.300 0.300 0.700 0.300 0.700 0.200 o.o2o 0.020 1.000

131211

1 7.000 0.300

3.850 0.300

7.000 0.300

1 ' 650 0' 700 1.650 3.850 1.100 1.010 1.010 1.000

3.000 0.700 3.000 7.000 2.000 2.000 2.000 1.000

Table 4.5: Materíal constants of transversely isotropi-c lamínae
NOTE: Same as the note ín Tab1e 4.1" Layer 2 denotes the threetypes of matrix layers to be consiåered. Only one ofthese should be used åt one conslderation.
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Fig. 2.7 Geometry of períodically laminated infinite medium.
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Typical finite lamínated medi-um showing shear stresses
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Fig. 3.2 Larnínated layers subjected to tangential traction.
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Fig. 4.2
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Phase velocity vs. r^rave number plot for the lowest anti-
symmetríc mode (sV) propagating in the dírecrion of the
layeríng.
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Lowest symmetríc P mode propagating in the direction ofthe layering.
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Fig. 4.4
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Lowest transverse (SV) and longítudinal (p) mode
propagating normal to the layeríng.

T RAN S VE RSE

{= 100

{

-¿F-

=10

LONGITUDINAL

t= 100

{=l

--ô---
-+-

;iL--_

EFF. MODULUS I'€THOD
EFF. STIFFNESS METHOD

FINITE ELEMENT METHOD
AND EXACT ANALYSIS

_ _\r

-ú--

-A-

\A

--A

-A

-d1

432I

q

f r50



Fig.4.5
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Lowest transverse (sv) and longítudinal (p) mode propagatÍngin the dírection of the layering for anisotropíc material.
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Lowest SH, SV and p mode propagating normal to Ëhe layeringfor anisotropic materíal, Cx, = 0o, ó = 90".
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Fig. 4,7 Lowest sH, sv and p mode propagating along x-y plane, ó = 0o.
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Fig. 4.8 Lowest sII, sv and p mode propagatíng along x-y plane, 0 = 30o.
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FÍg. 4.9 Lowest sH, sV and p mode propagating along x-y plane, ô = 60o
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Fig. 4.10 Lowest SH, SV and p mode propagating along x_y plane, 0 = 90o.
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Fig. 4.rr Lowest SH, sv and P mode propagating along y-z prane, ô = oo, o = 90o.
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Fig' 4'r2 Lowest sH, sV and p mode propagating along y-z plane, 0 = 30o.
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Fig' 4'73 Lowest sH, sv and p mod.e propagating along y-z prane, 0 = 60o
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Fig. 4.I4
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Lowest SH, SV and P mode propagating along y-z plane, 0 = 90".(This figure ís rhe same as Fig. 4.10)
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Lowest SH, SV and P mode propagatíng along x-z plane, û, = 0o.(fnis figure is rhe same as Fig. 4.7)
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Fíg' 4,76 Lowest sH, sV and p mode propagating along x-z plane, cx = 30o.
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Fig' 4'77 Lowest sH, sv and p mode propagating along x-z plane,'= 60o.
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Lowest SH, SV and p mode propagating along x_z plane, o = 90o.(fnis figure Ís rhe same as Fig. 4.lt)
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Fíg.4.I9 Frequency vs. vertícal angle plot for SH mode propagatÍng
on x-y p1ane.
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Fig.4,20 Frequency vs. vertical angle plot for SV mode propagating
on x-y plane.
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Fíg. 4.2I Frequency vs
x-y p1ane.
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Fig. 4.22 Frequency vs. vertícal angle plot for lowest sll mode
propagating on y-z plane.
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Fig. 4,23 Frequency vs. vertical angre plot for rowest sv mode
propagating on y-z plane.
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Fig. 4.24 frequency vs. vertícal angle plot for fowest p modepropagating on y-z plane.

3

.2

a

a

_o_

k = 0.07

k = 0.06

Ë = o.oz

k = 0.01

R=
1

0 300 600 900

Ø



-156-

Fíg. 4.25 Frequency vs. horizontal plane plot for lowest sH mode
propagatíng on x-z plane.
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Fie. 4.26

_cr
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Frequency vs. horizontal ang1e plot for lowest SV mode
propagating on x-z plane.
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Fig. 4.27 Frequency vs. horízontal angle plot for rowest p modepropagating on x-z plane.
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Fig. 4.28 Curves of constant I for ]owest SH mode, ct, = 0o.
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Fig. 4.36 uency vs. r^/ave number plot for lowest SH mode, ll = 0.0ñ = 1/rg.
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Fíg. 4.37 Lowest 5 branches for o = 45o, ñ = I/26.
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Fig. 4.39
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Lowest 3 branches for \¡rave propagating on x_y p1ane,0=0oró=45o.
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Fig. 4.40 Lowest 3 branches for r^rave propagating on y-z p1ane, o¿ = 90o, 0 = 45o.
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Fig. 4,4r Lowest 3 branches for r,üave propagatíng on x-z plane, cx, = 45o, 0 = 0o.
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Fíg. 4.46 Lowest branch for constant ¡, ü = 45o.
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Fig. 4.47 Lowest 3 branches_for v,/ave propagating on x_y p1ane,
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FÍg. 4.50 Lowest 3 branches for v¡ave propagating at o, = 45", þ = 45" iã = 9.
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Fig' 4'72 Lowest sH mode for r¿ave propagating through 3 isotpopíc rnedía with dífferenË thicknesses.
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