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Abstract

We are already familiar with (v. k. \)-difference sets and (v. k. A}-designs.
In this thesis. we will introduce a new class of difference sets and designs:
(v, k. M, Aas- .. A])-difference sets and (v. k. [\, Ag, ... . \y])-designs. We
will also introduce the concepts of singly equivalent designs and doubly equiv-
alent designs.

In Chapter 2, we will discuss some necessary conditions and nonexistence
theorems.

In Chapter 3, we will first discuss the necessary and sufficient conditions
for a (v.k. [AM. Aa. ... . Am])-designs to be a singly equivalent design. We will
prove that a J\As-equivalent (v.k,[A[, Ag:t)-difference set is a
(.t + 1,k Mg, \)-DDS. We will show that a O-equivalent (n2 — 1. n.[1.0])-
-design can be embedded into an affine plane. We will also prove that for a
O-equivalent (v, k., [A, 0]: t)-design if ¢ > 2 then the point 0 is missing from at
least one parallel class. Define u to be the number of parallel classes missing
the point 0. We have obtained that up to isomorphism {0.1} mod 4 is the
only O-equivalent (v, k.{A,0]:t)-design with u = 0. We can attain a “stan-
dard” difference set from a 0-equivalent (v, k, [A, 0]: t)-design with u > 1. We
will also prove that we can add some points to a base set of a 0-equivalent

(v, k. [A,0]:£)-design with u = 1 and get a set which generates a (¢ + 1)-



-equivalent (v, k+¢+1.[A+2,¢+1]:¢)-design ora (v, k+¢ +1, A+ 2)-design.

In Chapter 4, we will discuss doubly equivalent designs as well as the
notion of super classes. We will describe the structure of super classes and
discuss properties of doubly equivalent designs. We will extend results of
singly equivalent designs to doubly equivalent designs.

In Chapter 3, we will give an example to construct a (v. k. [A;. Ag, \3])-
-design. Some more general necessary conditions and existence theorems
than those in Elliott and Butson [12]. Ryser [35], Wei, Gao and Yang [37]
and/or Theorem 2.44 in Chapter 2 will be given. We will also show how to
construct difference sets from (. k. [A, 0])-difference sets.

Many other results will be also given.

We will include the tables of singly equivalent difference sets obtained
by computers as appendixes. We will also include a C** program to search

(¢, k. [A1, Aa])-difference sets.
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Chapter 1

Old Designs

In this Chapter, first we will quote some definitions and results of “standard”™
designs. In Chapter 2. we will define a new class of designs and try to
generalize the results on normal designs to our new designs. For more details
about the discussion of this part, one may check M. Hall [13]. In the second
part of this Chapter. we will review some existing papers on partial difference

sets, relative difference sets and near difference sets.

Definition 1.1. A (v,b, 7, k, \)-design is an arrangement of v distinct
objects a, ao,... ,a, into b blocks By, Bo, ... .By such that each block con-
tains eractly k distinct objects. each object occurs in ezactly r different blocks.

and every pair of distinct objects a;, a, occurs together in eractly A blocks.
Theorem 1.2. For a (v,b,r, k, \)-design.

bk = vr, (1.1)
and

rk—1) = Me = 1). (1.2)
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o

Definition 1.3. The incidence matrix of a (v.b.r. k. A)-design isa v x b
matriz A = [a;;] with
1 ifa,- € BJ
Cl,'J =
where a, ... .a, are the objects and B,.... . B, are the blocks.

Definition 1.4. 4 (v.b,r. k. \)-design is called a (v, k, X)-design if v = b
(and thus k =r).

Theorem 1.5. Let 4 be the incidence matriz of a (v. k. \)-design. Then

AAT =B = (k- \NT+\J
ATA=B=(k-\NI+A\J

JA=AJ=kJ
where J is the vxv matriz of all 1's.

Theorem 1.6. If a (v.k.\)-design ezists. letting n = k — \. then:
(1) if v is even. then n is a square:
(2) if v is odd. 2 = nz? + (—1)*F"Ay? has a solution in integers r. y. = not

all zero.

There are many types of constructions of (v. b, r, k. \)-designs and (v. k. A)-
-designs ([13] and {9]). One of the most interesting generalizations occurs
when the number k is replaced by a set {k;, ko, k3, ... .kn} of distinct num-
bers. The corresponding designs are referred to as pairwise balanced designs

or sometimes as linear spaces.
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These designs have been explored by many but especially by H. Hanani {14]
and R.M. Wilson [38, 39, 40]. The ultimate result was Wilson’s Asymptotic
Theorem.

In the present thesis instead of replacing k& by {ki, k2 k3.... .kn}. we
replace A by {A;,As,....An}, and we study these designs which we call
(v, k, [A1; Aas ... . Ay])-designs and use them to produce other designs.

(v, K, [A1, Aa, ... . Ap])-designs with m > 3 have very rarely been studied
in the past. In 1982, J. Sumner and A. T. Butson [36] introduced a concept
of a very special difference set with different values of \'s which was called
a generalized relative difference set. However, no properties of generalized
relative difference sets were developed in that paper. In 1992. J. Y. Xu [41]
studied relative difference sets in a finite group G = G, x Ga. Under other
names, partial difference sets, relative difference sets or near difference sets.
(v, k. [A. p])-designs have been studied. These designs come from strongly
regular graphs, quadratic residues of GF(g) (p = 1 mod 4). and (v. k. [\. 0])-
-designs. This work appears in D. Jungnickel {18]. S. L. Ma [23, 26, 27],
C. Koukouvinos and A. L. Whiteman [21, 22|, and P. A. Leonard [24].

The concept of a relative difference set was introduced by A. T. Butson [7]
in 1963. D. Jungnickel [18] has considered divisible designs, so called because
of their role as the automorphism group of cyclic (group) divisible designs.

see [9].

Definition 1.7. Given a group G of order mn containing a normal subgroup
N of order n. a divisible difference set. denoted by (m,n, k, A1, A2)-
-DDS. is a k-subset of G such that the list of differences d — d' withd # d'.

d,d’ € D, covers every element in N\{0} ezactly A, times and every element
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in G\N ezactly N\, times, where m > 1.
If Ay = 0, then the divisible difference set D is referred as a relative
difference set (of G relative to N) and is denoted by (m,n,k,A\)-RDS,

where A = Ao.

In 1966, J. E. H. Elliott and A. T. Butson [12] studied relative differ-
ence sets. They gave some existence theorems and multiplier theorems for
relative difference sets, and also showed how to construct some relative dif-
ference sets. In 1970, S. E. Payne [31] gave a nonexistence theorem for
relative difference sets. In 1974, F. Piper [32] studied relative difference sets
of a quasiregular collineation group. In 1989. D. Jungnickel [19] gave a con-
struction of a family of relative difference sets with special parameters. In
1995, K. T. Arasu, D. Jungnickel, S. L. Ma and A. Pott investigated the
existence of relative (m, 2, k, \)-RDS’s of a group H x .V relative to .V. In
1996, D. K. Ray-Chaudhuri and Q. Xiang [33], and Y. Q. Chen. D. K. Ray-
Chaudhuri and Q. Xiang [8] studied the constructions of partial difference
sets and relative difference sets using Galois rings. In 1996. C. Koukouvinos
and A. L. Whiteman (22| gave more constructions of relative difference sets.

In 1973, H. J. Ryser {35] introduced the concept of a near difference set

of type 1.

Definition 1.8. Let v > 4 be an even integer. and k. A\ positive integers.

Suppose that D = {a;,a,, ..., ar} is a set of k residues modulo v with the

v

property that for any residue a # 0, 5 (mod v), the congruence equation

a; — a; = a (mod v), a,a; € D

has ezactly A solution pairs (a;,a;) and no solution pair for the residue a =

(15
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(mod v). Then D is is called a (v, k, A)-near difference set of type 1.

Actually, a (v, k, A)-near different set of type 1 is a (m, n, k. \)-RDS with
m = %, n= 2. Although the study of relative difference sets appeared much
carlier, Ryser did not point cut the relaticnship between relative difference
sets and near difference sets of type 1. In 1993, W. D. Wei. S. Gao and
B. Yang [37] gave some nonexistence theorems, uniqueness theorems and
constructions of some near difference sets of type 1. In 1995, C. Koukouvi-
nos and A. L. Whiteman [21} studied near difference sets of another type.
giving some nonexistence theorems and showing how to construct some near
difference sets.

The present thesis mainly studies designs with a relationship we call A-
-equivalence. We also introduce the parameter «. To the best of our knowl-
edge, our approach of considering A-equivalence classes and introducing the
parameter u are new. We also extend some results of relative difference sets

and near difference sets of type 1 to our difference sets.



Chapter 2

Generalized Designs

In this Chapter, we will define a new class of designs and discuss some of its

properties.

2.1 (v,k,[A,Asy ..., Ap])-designs

Definition 2.1. A (v, b, 7, k, [A1, A2y. .. y Am])-design is an arrangement
of v distinct objects a1, as, ... ,a, into b blocks B\, B, ... . By such that each
block contains eractly k distinct objects. each object occurs in ezactly r differ-
ent blocks, and every pair of distinct objects ai,a; occurs together in ezactly
Aty Ag, .., 0T Ay blocks. while for each A\; (s = 1.2,....m). there exists at

least one pair a;,a; (I # j) appearing together in ezactly A; blocks.
Theorem 2.2. For a (v,b.r k. [M, Aa, ... . Am])-design.
bk = vr (2.1)

Proof. Since each of the b blocks contains exactly k distinct objects and since

6
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each of the v objects occurs in exactly r different blocks, counting the total

number of incidences, we obtain that bk = vr. O

Definition 2.3. The incidence matriz of a (v.b.r. k. [A. Ao, ... . Ag])-

-design is a v X b matriz A = [a;y] with

1 ifa; € Bj
a,~J=
0 ifa ¢ B,.

where ay, ... ., a, are the objects and B,, ... , B, are the blocks.

Definition 2.4. 4 (v.b r k. [A Aa.... L Ag])-design s called @
(vy &y [A1y A2+ o« y Am])-design if v=b (and thus k=r).

We now extend the third result in Theorem 1.3 to

Theorem 2.5. Let A be the incidence matric of a (v.k.[A. Aa.... . Ap])-

-design. Then
JA=AJ=kJ
where J is the vxv matriz of all 1's.
Proof. Let JA = [b;;] and AJ = [¢;;], then
b;; = the number of objects contained in the block B,

and

¢i; = the number of blocks containing the object a;.
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So,
bi; = cij = k.
Therefore,
JA=AJ=kJ
O
Definition 2.6. Let S = {ai.as.a3,... .ar} be a set of k distinct residues

mod v. We say that S is a (vyk, [A1y A2y ... y Am])-difference set if
(1) For each d Z 0 (mod v) there are ezactly A\, Aa. . ... or A\, ordered

pairs (a;, a;), where a;, a; € S, such that a; — a;, =d (mod v).

(2) For each A, (s there erists at least one

I
—
D
3
—
.

D ]

d Z 0 (mod v) such that there are ezxactly A\, ordered pairs (a;.a,). where

ai,a; € S, satisfying a; — a;, =d (mod v).

Thus the definition of a (v, k, [A1, Aa. ... Am])-difference set generalizes the
notion of a divisible difference set of Z,, in two ways: by relaxing the subgroup
condition and by allowing an arbitrary number of As. Example 3.2 in Chapter
3 is an example that a (15, 4. [1.0]: 2)-difference set is not a divisible difference

set nor a relative difference set.

Example 2.7. {0,1,2,5.10} mod 12 is a (12.5,[2,0])-difference set since

the multiset of its differences is

+1 £2 £5 10
+1 +4 =£9
+3 =8
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and £10 = F2 (mod 12), £9 = F3 (mod 12) and so on. 6 is missing from

the multiset of its differences.

Theorem 2.8. Let S = {a),0s.03,... ,a;} be a (v.k, [N, da. .. . Ag])-
-difference szet and B; be the sete: {o; + ia; + ie5 + i.....q; + i}
modv, i =0,...,v—1. Ifj<iand1 < e < m, then the following
three statements are equivalent to each other:

(1) i — j appears as a difference A, times in S;

(2) Bi and B, have A, objects in common:

(3) i and j appear together in A, blocks.

Proof. The difference of two objects a, and a, in S is { — j if and only if they
contribute one common abject to the two blocks B; and B,. So. (1) and (2)
are equivalent.

Every appearance of i—j as a difference in S contributes one appearance of

pair {, j together in a block and vice versa. So, (1) and (3) are equivalent. [3

Corollary 2.9. For a (v.k.[Ai. A, ... .An])-difference set. A\; < k for

Proof. Two sets B; and B, cannot have more that k objects in common. So.

by Theorem 2.8, the conclusion is true. a
Theorem 2.10. S = {ai,a2,a3,... .0k} is a (v.k.[Ai. Ao ... Am))-
-difference set if and only if the sets B;: {a, + i.a2 + l.a3 +i,....ax + i}

modv,i=0,...,0—1area (v.k N\, Ao .... Ap])-design.

Proof. Using the fact that statements (1) and (3) of Theorem 2.8 are equiv-

alent, it is not hard to prove this theorem. a
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Definition 2.11. Under the assumption of Theorem 2.10. the design in The-
orem 2.10 is called the (v, ky [A1, A2y... y A])-design generated by the

(vyky [A1y A2y o oo s Ar]) -difference set S and S is called a base set of
the design.

From now on, we just discuss (v.k.[Ai, A, ..., Ap|)-designs generated

by (v.k,[A1, Aa.... . Ap])-difference sets. Therefore, whenever we mention
a (v, k,{A1, Ag, ... . Am])-design, it always means a design generated by a
(v, k. [A1; Aoy ... . Am])-difference set except when we specify otherwise.

The following Definition generalizes the Definition on p 147 of M. Hall [13].

Definition 2.12. Two designs D and D’ are said to be isomorphic if there
is a one-to-one mapping o of objects and blocks of D onto those of D' satis-

fying that if x; is an object, B; is a block of D.

0:1; = I; = o(z;). an object of D',

0:B; = B = o(B,). ablock of D".
then z; € B; if and only if o(x;) € o(B;).

Definition 2.13. Two difference sets are called isomorphic if they gener-
ate isomorphic designs. We use S ~ T to denote that difference sets S and

T are isomorphic.

Theorem 2.14. If S = {a;,a9,a3,... .a;r} is a (v, k. (M. Aas oo o An—1,0])-
-difference set, then T = {a-a;,a-as,a-as,....a-ax}, where a is a positive

integer, is an (a- v. k,[A1, Ao, . .. ; Am—1, 0])-difference set.
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Proof. This theorem follows from the fact that when a # 0 we have a-a = -3

(mod a - v) if and only if & = 3 (mod v), where o, 3 are integers. a

Definition 2.15. Under the assumption of Theorem 2.14, we call the dif-

Jerence sel T in Thevremn 2.14 o multiple of S.

We extend the results on pp 134-135 in H. J. Ryser [34] to

Theorem 2.16. If S = {aj.aq,a3,....ac} s a (v. k. [A.Aaeenn  Ap])-
-difference set. then T = {a-a; + ba-ar+ba-az+b.....a-a + b}
(mod v), where a, b are integers and (a.,v) = 1. is also a

(v, k,[M, Aa,y ... . Am])-difference set and S~ T.

Proof. The first result can be derived from the fact that when (a.v) =1 we
have a-a BEla - 3 (mad v) if and only if @« = 3 (mod v). where a. .3 are

integers. It is easy to show that S ~T. a

By this theorem, normally we just consider the case of a; = 0.

2.2 Nonexistence Theorems

Definition 2.17. Let D = {ai,as, a3, ....ax} be a set of k distinct residues
mod v. We say that D is a A-difference set if any difference a, —a, appears

A or 0 times.

Example 2.18. S} = {0,1,2,5} mod 7 is a 2-difference set since the multi-

set of differences is
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*1 £2 +£5
1 4
+3,

and £5 = F2 (mod 7), =4 = F3 (mod 7) and so on.

Theorem 2.19. If S = {a;, a0, a3, ....a;} mod v is a A-difference set. then
T={a-a,a-as,a-as,..,a-ar} moda-v. wherea is a positive integer. is

also a A-difference set.

Proof. This theorem follows from the fact that when a # 0 we have a-a = a-3

(mod a - v) if and only if & = .3 (mod v). where c. . are integers. a

Definition 2.20. Under the assumption of Theoremn 2.19. we call the dif-
ference set T in Theorem 2.19 a multiple of S.

Theorem 2.21. If S = {ay,a;.a3.....ax} mod v be a \-difference set. then
T={a-a1+ba-a+b,a-az+b,....a-ar+b} mod v, where a. b are integers

and (a,v) = 1. is also a A-difference set. and T is isomorphic to S.

Proof. This theorem can be derived from the fact that when (a.v) =1 we
have a-a = a- 3 (mod v) if and only if @ = 3 (mod v), where a. 3 are

integers. O
By this theorem, normally we just consider the case of a, = 0.

Example 2.22. T; = {0,1,3,6} mod 7 and T» = {0,2,3,4} mod 7 are

2-difference sets.
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From S, in Example 2.18, by Theorem 2.21, let @ = 3 and b6 = 0. we

obtain 7. From Sy, let a = 2 and b = 0, we obtain 7.
Example 2.23. T3 = {0,1,2,4} mod 7 is a 2-difference set.
From S,, by Theorem 2.21, let a = —1 and & = 2, we obtain I3.

Corollary 2.24. If S = {a;,as,a3,....ar} mod v is a \-difference set. then

T={v-—a;.v—ayv—as..uv—a} modv is also a A-difference set.
Proof. By Theorem 2.21, let a = —1 and b = 0, we get that
T={v—a.v—ayv—a;...t —a} modv
is a A-difference set. a
Example 2.25. T, = {0.1.4.6} mod 7 is a 2-difference set.
Applying Corollary 2.24 on T}, we get T;.

Theorem 2.26. For k = 4. up to the multiple and isomorphism. there is

just one 2-difference set, which is Sy as shown in Example 2.18.

Proof. Let S = {0,a.b.c} mod v be a 2-difference set. By relabeling ele-
ments and Corollary 2.24, we can assume, without loss of generality, that
0<a<b<cand b < 5], where 3] is the largest integer which is not
greater than . Since there is a difference a coming from a - 0, the second
difference a might come from (b — 0), (¢ - 0), £(b — a), £(c — a). or
+(c — b). This leads to five cases:

Case 1. The second difference a comes from +(b — 0) = +b. Obviously.
this is impossible since first a # b and second @ # —b (mod v) because

O<a+b<u.
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Case II. The second difference a comes from +(c — 0) = +c. Sincea < ¢
so we have a + ¢ = v and the 2-difference set should be S = {0.a,b,v — a}

mod v. The multiset of its differences is

+n +h +(1n —a)
+(b—a) +(v - 2a)
+(v —a - b).

The second difference b might come from £(b — a). £(v — 2a), or
+(v — a — b) and this leads to three sub-cases:

(1) It comes from (b — a). Then sincea # 0 we have b+ (b—a) = ¢. It
follows that b = ££2 > %, which contradicts b < | ].

(2) It comes from £(v — 2a). If b = v — 2a, then v — a — b = a. which
means a appears more than two times in the multiset of differences. and
so this leads to a contradiction. If 6 + (v — 2a) = v. then b = 2a. Thus
a also appears more than two times in the multiset of differences. which is
impossible.

(3) It comes from (v —a —b). fb=v —a—-b, then 2b = v —a. We
have b = 52, Now considering the remaining difference, b — a = £(v — 2a),
we have b —a = -"—"2—35 =v-—12aor "’—’f_,ﬂ + (v — 2a) = v. For the former,
we get v — 3a = 2v — 4a. Thus v = a: impossible. For the latter. we have

v—3a=4a. Sov = 7a and b = 52 = 3a. Therefore, S = {0, a, 3a,6a} mod

7a, which is a multiple of T;.
Case III. The second difference a comes from =+(b — a). Since

a+(b—a)="b+# v, we have a = b — a, i.e., b = 2a. So the 2-difference set is
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S = {0,a,2a,c} mod v. The multiset of difference is

+a +2a *c
+a +(c —a)
T{c — 2uj

The second difference ¢ might come from +2a, £(c —a}, or £(c¢— 2a) and
this leads to three sub-cases:

(1) It comes from *2a. Since ¢ > 2a = b, we have ¢ + 2a = v. It follows
that c —a=v —3a and ¢ — 2a = v — 4a. So, (v - 3a) + (v — 4a) = v. This
leads v = 7a and ¢ = 3a. Thus S = {0. a. 2a, 3a} mod 7a, which is a multiple
of S;.

(2) Tt comes from x(c — a). If ¢ = ¢ — a. then a = 0: impossible. If

c+(c—a)=v, then2c=v+a. Thusc=2 Wehavec—2a =42 -2a =
= 38 = g or &8 4+ 20 = v. If 52 = 2q, then v — 3a = da. so

v = 7a and ¢ = 4da. We get S = {0.a,2a.4a} mod Ta. which is a multi-
ple of T5. If % + 2a = v, then v — 3a + 4a = 2v. So. v = a: contradiction.
(3) It comes from +(c — 2a). If ¢ = ¢ — 2a, then a = 0: impossible. If

c+(c—2a) = v, then 2c = v+2a. Thusc = 22, Wehavec—a =2 —q =
= 2 =2a or £+ 2a = v. In both cases, we have v = 4a. So ¢ = &2 = 3a.

We have S = {0,a,2a,3a} mod 4a, which is not a 2-difference set since a
appears more than two times in the multiset of differences.
Case TV. The second difference a comes from +(c — a}. We have

a+(c—a) =c3# v. So, a =c—a, ie, c = 2a. The 2-difference set
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should be S = {0,a,b,2a} mod v. The multiset of differences is

*a +b +2a
+(b—a) +a
+(2a - b).

The second difference b might come from +2a, £(b—a). or =(2a —b) and
this leads to three sub-cases:

(1) It comes from +2a. The only possibility is b+2a = v since b < 2a = c.
Thusb=v—2a. b—a=v—-3aand 2a—b=2a— (v —2a) =4a—v. So.
(v—38a)+(da-rv)=vorv—-—3a=4da—-v. If{v—-3a)+(da—-v)=r.
then a = v: impossible. If ¢ — 3a = 4a — v, then 2v = 7a. Let a = 2d.
where d is a positive integer. Then ¢ = 7d. Thus b = 3d and ¢ = 4d. And
S ={0,2d.3d, 4d} mod 7d, which is a multiple of T,.

(2) It comes from +(b — a). The only paossibility is 6 + (b — a) = v since
b#b—a So2b=v+a It follows that b = &2 > %, which is impossible
since b < | 5].

(3) Tt comes from =(2a — b). This will cause a = b or v = 2a = c. Both
are impossible.

Case V. The second difference a comes from £(c—»b). Since0 < c—b+a <
<c<u,wehavec—b+a#v. So,a=c-b, ie,c=a+b The 2-difference

set is S = {0.a,b,a + b} mod v. The multiset of differences is

+a +b £(a+0)
+(b—a) *b
*a.

So, (b —a) + (b+a) =v. Thus v = 2b. Since —b = b (mod 2b), b in fact

appears at least four times as a difference, which leads to a contradiction.
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This finishes our proof. a

Since S; in Example 2.18 does not miss any nonzero residue as a differ-

ence, it is not a (v, 4, [2, 0])-difference set. We have:

Corollary 2.27. There does not ezist any (v.4.[2,0])-difference set
S ={0,a,b,c} mod v. if (a.b,c,v) =1.

Similarly, but more easily, we can prove:

Theorem 2.28. There does not erist any (v.3.[2.0])-difference set
S = {0,a,b} mod v. if (a,b.v)=1.

2.3 (v.k,[M\, A; t)-designs

Definition 2.29. A4 (v.k,[\.0])-difference set S is called a (v, k, [A, 0]; t)-
-difference set if there are ezactly t distinct nonzero residues

dy,ds, ... .d; mod v such that there are no ordered pairs (a;.q,). a;.a, € S.

(v, k, [, 0]; t)-difference set is called (v, k, [A, 0]; t)-design.

satisfying a; — a; = dy,da,.... or d, (mod v). The design generated by a

Therefore, in a (v, k, [\, 0]: t)-difference set, there are exactly ¢ distinct
nonzero residues missing from the multiset of its differences while each of
the other nonzero residues appears as a difference exactly A times. ¢ + 1

corresponds to the parameter n in a (m, n, k. A1, A2)-DDS.

Example 2.30. The difference set in Ezample 2.7 is a (12.5,(2.0]:1)-
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-difference set. It generates a (12,5,[2,0]; 1)-design:

0, 1. 2, 5 10
1, 2, 3, 6, 11
2. 3 4 7.0
3, 4, 5, 8 1
4, 6, 9, 2

(@]
[+ (S]]
-1
—
e
[N (V]

=~1
fﬁ
©
o
[J]]

9. 10, 11. 2, 7
10, 11, 0, 3. 8
11, 0. 1. 4. 9

In this design. every pair of distinct residues whose difference is 6 does not
appear together in any block, while all other pairs of distinct residues appear

together twice.

The following Theorem generalizes the results in Elliott and Butson [12}.

Ryser [35], Koukouvinos and Whiteman [21], and Wei, Gao and Yang {37].
Theorem 2.31. A (v,k.[A,0]:¢t)-design has

AMe—1—-1¢) =k(k —1). (2.2)
Proof. We count the occurrences of differences of all two distinct objects
a;, a; of a base set of the (v, k, [\, 0]: t)-design in two ways:

(1) There are v — 1 — ¢ nonzero residues appearing as differences exactly

A times while the other ¢ nonzero residues do not appear:
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(2) k objects generate k(k — 1) differences. O

Lemma 2.32. Ifa (v, k,[),Q); t)-difference set exists and t is odd. then v is

even and 2 is a missing difference.

Proof. 1f a nonzero residue d is missing from the multiset of differences of
the (v, k, [\, 0]; t)-difference set, then v — d is also missing. Since ¢ is odd.
there must exist a missing difference d such that d = v — d. So. v = 2d is

even and % is a missing difference. |

We note that Lemma 2.32 implies that when ¢ = 1 a (v, k.[A.0]: 1)-
-difference set is exactly a near difference set of type 1 of Ryser [35], and
thus a (5.2, &, A)-RDS. The following Lemma appears in Ryser [33]. but in

fact it is a special case of a result of Elliot and Butson [12].

Lemma 2.33. Let 4 be the incidence matriz of a (v. k. [\, 0]: 1)-design. then

[k A - X 0 A e A
1\ k b /\ /\ 0 b /\
Lro | A kA
. 0 A kA A
A e e XA A A
Aee e 00 A A e K

Proof. Let B = AAT = (b;;)yxy- Then b;; is the inner product of the i-th
row of A with the j-th row of 4. It follows that b; counts the number of 1's

in the i-th row of A. So, b; = k. If i # j, then b;; counts the number of
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blacks containing both ¢; and a; (a; =i~ 1, a; = j~1). By Lemma 2.32, %
is the missing difference. Thus, by Theorem 2.8, we have
0 if|li—-j|=%
when i # j, b;; = li=Jl=3
A otherwise.
and this finishes the proof. a
Definition 2.34. 4 (v.k,[A;, Aa, ... . A,])-difference set S is called a

(vyky [A1y A2y e s Am]itistay oo st )-difference set if for each i
(i = 1,2,....m) there are ezactly t; nonzero residues appearing eractly A,

times in the multiset of differences of S. The (v.k,[M. Ao, ... . Am])-design
generated by a (v.k, (A, Aas. .. . Amlitioba, ... tm)-difference set is called a

(vy ky [A1s A2y o v s Am)s trat2y o ooy £ ) -design. In addition. a
(vy ky [A1y A2y v s Amm]i t)-difference set is defined to be @
(v k. A Agsens L Amli by ba, oo L b)) -difference set with tn, = t. A

(vy ky [A1y A2y oo s Ap]; t) -design can be defined sumilarly.

Example 2.35. {0.1,2.3,7} mod 10 is a (10.5.[2.4]:8.1)-difference set.

The multiset of its differences is

1 +2 £5 =7

+1 +4 +6
+3 +3
+2,

and note that £7 = F3 (mod 10), £6 = F4 (mod 10) end -5 = 5
(mod 10). We have that 5 appears four times as a difference while all other

nonzero residues appear twice as differences. This difference set generates a
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(10, 3, [2, 4]: 8, 1)-design:

[EV) — o
Lo (U~ [E] —
o - W [NV

~] O wm
[e R o B o R

(3]}
D
-1

- (U]
[@]]
[o>]

— o o) oo
(3] —

-~ o
co ~1
[aw) O oo
(W] (R
(S]] N (]

8 9
9 01 4 6.
We now generalize Theorem 2.31 in this thesis. Equation 2.1 of Elliot and

Butson [12] and Lemma 2.5 of Jungnickel {18].
Theorem 2.36. A (v, k. [\, Aoy . Am]i b1 ba, .. L t)-design has
bittat e ttm=u—1, (2.3)
and
Aty + data + -+ At = k(k = 1), (2.4)

Proof. Counting the total number of nonzero residues, we obtain the
first equality. To get the second one, we count the occurrences of
differences of all two distinct objects ¢;, a; in a base set S of the
(v, ky [Ar, Aay .o Aty by oo Lt )-design in two ways:

(1) For each i (i = 1,2,...,m) there are exactly ¢; nonzero residues
appearing exactly ); times in the multiset of differences of S. So the total is

Aty + Agta + -+ Amtm:



CHAPTER 2. GENERALIZED DESIGNS

[
(R

(2) k objects generate k(k — 1) differences. a

Lemma 2.37. Let A be the incidence matriz of a (v.k,[A, Aq: 1)-design,

then v is even and

P VU WS VIR VO W
D YR ST P S P . ¢!
_1_1,1-_ /\1 k /\1 /\1 /\‘_)
/\g /\1 k /\1 /\;_
/\1 s mme /\1 /\1 /\1 /\[
/\]_ b M 1\2 /\[ /\1 A k

Proof. The proof of this Lemma is similar to the proofs of Lemma 2.32 and

Lemma 2.33. 0
Lemma 2.38. (p 129. [13]) For v x v matrices [ and J. we have
det[(r — N+ AJ] = (r = A" (eA = A+ r). (2.5)

Lemma 2.39. (p 164, [16]) If M, N. O and P are n x n matrices which

commute in pairs, then

M N A
det = det(MP — NO).
O P
Lemma 2.40. If M is an nxn matriz and all eigenvalues of M are Ay, Ag, ... . A4,
then all eigenvalues of the matriz M +al are A\, +a, As+a.... .\, +a. where

a is a real number and [ is the n x n identity matriz.
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Proof. In the characteristic polynomial of W

det(\ — M) = ﬁ(A Y

=1

replacing A by A — a, we get the result. |

Lemma 2.41. (p 237. [30]) Let M be an m x m matriz and N be an n x n

matriz. If all eigenvalues of M are Ay, \a, ... . \n and all eigenvalues of N
are py, 4a, - .. , Un, then all mn eigenvalues of the Kronecker product M x N
are Aipi;, where i =1,2,... . mand j=1,2,....n.

Lemma 2.42. Let

/\'2 /\1 et /\[
/\ /\ A 1\
Vo= 1 2 L
MM e A

be an nxn matriz. Then all eigenvalues of M are \a— A\, ((n—1)-multiplicity)

and A + (n — 1)A.
Proof. We can get this from Lemma 2.38. a

We extend (10.2.2) on p 129 of M. Hall [13] and (2.7) on p 103 of H. J.
Ryser [34] to

Lemma 2.43. Let A be the incidence matriz of a (v, k, [M, Ag]: 1)-design and
B = AAT, then

det(B) = [(v — 2)A1 + Ag + k] (k — M) T(k — 2X + Xa)7H, (2.6)

where v > 4.
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Proof 1. In det(B), we first add all other rows to the first row and factor
[(v = 2)A1 + A2 + k] out, then subtract A; times the first row from each of

the other rows. This gives that

dei(B)
= [(U—?.)/\1+/\g+k]°
1 1 -1 1 1 1
0 k=X -~ 0 0 M—A -~ 0
0 “—,\1 O 0 /\2"’1\1
A=A 0 k- X\ 0 0
0 . R N 0 0 R

Then, add %_‘—A*} times the (§ + 1)-th column to the first column and
add %’:’%ﬁ times the 2nd row. 3rd row, ... . 3-th row to the (§ -+ 2)-th row.

(% + 3)-th row, ... . t-th row respectively. Let d = (k"\z’f_—’\r‘:’\‘““. then we
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have
det(B) = [(v—2)A + Ao +K]-
=1 1 1 1 1
0 k- 0 0 A=A\ 0
0 X — /\1 0 0 /\2 - /\]_
0 0 k- X\ 0 0
0 d 0
0 0 0 0 d
k- A o [k = Aa)(k — 2\ + M) ]2
= ! — .) 7’ 9 - 2
[(v—12) \‘+'\‘+k]k—,\l(k \t) N
= [(t=2)M + Ao+ k] (k= M)F(k =2\ + A)77h
0
Proof 2. Let M, N, O and P be Lg x 5 matrices and let
Y A
Mk A
M=P=1|"" !
Al AL k
and
Aa Ay At
I\ I\ I\
N=0 ’1 2 .1
AL A A2
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Using Lemmas 2.38 and 2.39, we can evaluate det(B) in a different way and

get the same result. O

Proof 3. Let n = 5. Then

de Ao A A A e A
/\1 /\'2 et /\]_ /\1 A'z fee /\l
/\1 /\2 4\1 /\1 )\g
B - (k - ,\,_,)[ = =\ x ngg,
/\f) I 1\1 /\g /\1 1\1
/\1 /\1 /\1 1\1 /\1
/\l /\2 /‘\1 /\1 /\'_)
where
[ /\g /\1 M /\1 ]
/\ /\’) MR /\
M= " :
AL AL oo Ay

is an n x n matrix. By Lemmas 2.41 and 2.42, since Js, has two eigen-
values 2 and 0, we have that B — (k — Ag)] has eigenvalues 2(A\y — \()
((n = 1)-multiplicity), 2[X\a + (n — 1)A1], and 0 (n-multiplicity). Thus. by
Lemma 2.40, the matrix B = M x Jaxa+(k—A2)] has eigenvalues 2(Aa—Ay)+
+(k =) = k—2\ + s ((n—1)-multiplicity), 2[Aa + (n = )M+ (k= X)) =
=(2n—2)A; + Ay + k. and 0 + (k — Ag) = k — Ao (n-multiplicity). Since the
determinant of a square matrix equals the product of all its eigenvalues, we

get det(B). a
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The following Theorem is more general than the first part of Theorem 2.1
in Ryser [35], Parts (i) and (ii) of Theorem 3.1 in Wei, Gao and Yang [37]
and a special case of Theorem 2.3 in Elliot and Butson {12]. We will show.

in Theorem 3.4, that a similar result holds in the general case.

Theorem 2.44. Assume that there exists ¢ (v.k.[A. \o|: 1)-design. then:
(1) if t =0 (mod 4), then k — 2\, + Ay is a square;
(2) if v =2 (mod 4), then k — Ay is a square.

Proof. Let B = AAT. so det(B) = det(A)det(AT) = det(4)*. Thus det(B) =
[( = 2)A, + Ay + k] (k= Aa)F(k — 2\ + \2) 77! should be a square. By (2.3),
(v, k,[A1. Ag); 1)-design is a (v, &, [A1, Ag]: v — 2.1)-design. Hence by (2.4), we
have that (v — 2J\ + M + k = k(k - 1) + k = k% If

v = 0 (mod 4), then & is even. Thus (k—\,)? is a square. So. (k=2A;+Xy) 71

should be a square. Since 5—1is odd, we have & — 2\, + A, is a square.

=1

If v = 2 (mod 4), then § - 1 is even. So. (k — 2\ + A9)37" is a square.

This implies that (k — A2)% is a square. Since ¥ is odd. k — A\, must be a

e

square. a



Chapter 3
Singly Equivalent Designs

In this Chapter, we will introduce the concept of \-equivalent designs. We
will prove that a O-equivalent (n® — 1. n.[1.0])-design can be embedded into
an affine plane. We will also prove that for a O-equivalent (v, k.[A.0]: ¢)-
-design if ¢ > 2 then the point 0 must miss at least one parallel class. Define
u to be the number of parallel classes missing the point 0. Then we can
obtain a standard difference set from a 0-equivalent (v. k. [A.0]: t)-design with
u > 1 (Theorem 3.32). We will also prove that we can add some points to
a base set of a 0-equivalent (v, k. [A,0]: t)-design with u = 1 and get a set
which generates a (t + 1)-equivalent (v, k +¢+1,[{A+ 2.t + 1]: t)-design or a
(v,k+t+1, A+ 2)-design.

3.1 Basic Concepts

Definition 3.1. In e  (v,k. [A, Ao, ... . Ap])-difference  set § =

={ai,as.a3,... .ax}. the set By = {a1 + i.aa +i.az+ (... .a + {} mod

28
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v is also denoted by l; or [i] and is called a line in the design generated by S
while an object i in the design is also called o point, where i =0,... ,v— 1.
If two lines l; and ; are the same or intersect in A, (1 < r < m) points. then
li and l; are called A--intersecting. If l; and l; are 0-intersecting, then l;

and l; are called parallel and we denote this by l; || I;.

Obviously, in a (v, k,[A, Aa, ... . Ayp])-design. the relation A.-intersection

is reflexive and symmetric. However, it is not necessarily transitive:

Example 3.2. {0,1.3.10} mod 15 is a (15.4,[1,0]: 2)-difference set: the

multiset of its differences is

xl =3 =*10
+) =
+7.

Note that both 4 and 11 are missing from the multiset of differences while
each of the other nonzero residues appears as a difference ezactly once.

The destgn generated by this difference set is:

[0 0, 1, 3, 10
L2 4 11
2. 3. 5 12
3, 4, 6, 13
[4] 4, 5 7. 14
5 6, 8 0
6, 7. 9, 1

-~J
i
—
e
[{V]
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8 9, 11, 3
9. 10, 12, 4
10, 11. 13, 3
[11] 11. 12, 14, 6
12, 13, 0. T
13, 14 1, 8
14. 0. 2, 0.

Clearly, 4] || [0] end [11] || [0]. but [4] }f [11] since they meet at the point 14.

The Example 3.2 leads us to introduce

Definition 3.3. A (v, k.[A;, As,... . Ay])-design D is called A, -equivalent
if the relation \.-intersection is an equivalence relation. In this case. if two
lines l; and l; in D are \.-intersecting, we denote this by l; o~ L. If A\, =0.
we also call a 0-equivalent design parallel equivalent.

A (v k. [M Aoy oo L Ap])-difference set S is called A, -equivalent if the
design generated by S is A.-equivalent.

A Ar-equivalent difference set or design is also called a singly equivalent

difference set or design respectively.

So, to show a design is A.-equivalent. we just need to prove that for the
design the relation \.-intersection is transitive.
In an unpublished paper, Professor N. S. Mendelsohn has obtained the

following two theorems.

Theorem 3.4. A (v.k,[A,Aa,..., Am|)-design D  generated by a
(v, k. [A1y A2y - ., Am])-difference set S is A.-equivalent (1 < r < m) if and
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only if whenever d and e appear A, times as differences of S, then d +e (or

d — e) also appears there A, times as a difference.

Proof. Let [i1], [is] and [i3] be three lines in D. Then the conclusion can be
obtained from the fellowing facts based on Thecrem 2.8:
(1) | (1] N [ia] |= Ar & ia — i) appears as a difference ), times:
) | [i2] N [} |= Ar & i3 — i2 appears as a difference ), times:
(3) | [i1] N [é3] |= Ar & i3 — i, appears as a difference ), times:
(4) e and v —e appear the same number of times as differences and notice

that dFe=d+ (v —e) (mod v). a

Theorem 3.5. 4 (v.k, [\, A\a.... . Am])-design D generated by a
(v, k. [A1 Aa, ... . Ap])-difference set S is A-equivalent (1 < r < m) if and
only if t + 1 | v and all the residues appearing \. times as differences of S

are:
a.2a.3a. ... . ta,

where t is the number of residues appearing A, times as differences of S and

a =+

t+1°

Proof. =. Assume that a is the smallest positive residue which appears A,
times as a difference of S, then, by Theorem 3.4, all the nonzero residues
which appear A, times as differences of S are . 2a, 3a, ... . Therefore lines
[a], [20], [3a], ... . [ta] and [(t + 1)a]=[0] are A.-intersecting to each other
and no other lines can be \,-intersecting to them, since atherwise & cannot
be the smallest positive residue appearing as a difference A, times. This gives
that (¢ + 1)a = v and the conclusion follows.

<«=. This is a immediate result of Theorem 3.4. O
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In this Chapter, we always denote ;5 by a.

Corollary 3.6. A \s-equivalent (v.k. [\, Aa]; t)-difference set is a
(a, t+ 1, k, /\2, AI)-DDS

Proof. Let S be a Mg-equivalent (v, k, [\, Ag);t)-difference set and
N = {0,a.2¢,3a,... .ta}. Then .V is a subgroup of G = Z,, where Z,
is the additive group of integers mod v. Since Z, is Abelian, we have that
N is a normal subgroup. By Theorem 3.3, all elements of V\{0} appear
A2 times as differences of S while all elements in G\.V appear A\, times as

differences of S. So, by Definition 1.7, S is a (.t + 1. k. As, A, )-DDS. a

When A\; =0, we have

Corollary 3.7. A 0-equivalent (v. k. [\, 0): t)-difference set is a (a. t+1. k. \)-
-RDS.

Example 3.8. {0,1,3.7} mod 15 is a (15. 4.[1.0]: 2)-difference set: the mul-

tiset of its differences is

1 X3 £7
+2 +6
+4.

Note that both 5 and 10 are missing from the multiset of differences while

each of the other nonzero residues appears as a difference ezactly once.
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By Theorem 3.5, the design generated by this difference set is 0-equivalent:

o o 1 3 7
4,

1, 2 8
2.3 5 9
3, 4. 6, 10
4 5 T, 11
5] 5 6. 8 12
6. 7. 9. 13
7.8 10, 14
8. 9. 11, 0
9. 10, 12. 1
[10] 10. 11, 13, 2
1. 12, 14, 3
12, 13, 0, 4
13, 14. 1, 3
14 0. 2 6.

Example 3.9. {0,1,2.4,7} mod 12 is a (12.5, [2.1]: 2)-difference set. The

multiset of its differences is

+1 £2 x4 +£7
1 £3 6

2 +£5

+3.

Note that £7 = F3 (mod 12), —6 = 6 (mod 12) and —4 = 8 (mod 12).

We have that both 4 and 8 appear as differences once while all other nonzero
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residues appear twice. By Theorem 3.3, the design generated by this difference

set is 1-equivalent.

Corollary 3.10. Ifa (v, k,[A1, Ao, ... . Ap]i t)-design D is \,-equivalent. then

1% 1) ifand only if i— = a6, wherea € Z and Z is the set of all integers.
Proof. This is a direct result of Theorems 2.8 and 3.5. O
Corollary 3.11. A (v.k,[M, Aa.... . Ap]: 1)-design D is \,,-equivalent.

Proof. In a similar manner to the proof of Lemma 2.32, we can see that v
must be even and the residue appearing as a difference A, times is §. By

Theorem 3.3, the conclusion follows. |

Corollary 3.12. 4 0-equivalent (v, k.[Ay, Ma.... . Aoy, 0]: 8)-design D can-

not have 1 as a missing difference of the base set S of D.

Proof. 1f S has 1 as a missing difference, by Theorem 3.4 or Theorem 3.5. D

also has 2,3.....v — 1 as missing differences, which is a contradiction. [

By Corollary 3.12, when we want to search for 0-equivalent
(tok, [As Ay .o s Ape1, 0]; t)-difference sets on a computer. we just search

those (v, k,[M, Mg, ... ; Ap—1, O t)-difference sets of form {0,1,a3,... .a}.

Corollary 3.13. No (v, k,[A, A2, ... . Am])-design D is A~ Xo-. ... and

Am-equivalent at the same time for m > 1.

Proof. Suppose 1 appears ); times (1 < i < m) as a difference of a base set
of D. Then each of 2,3,... also appears A; times as differences, which is

impaossible. a
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Theorem 3.14. If e (v,k,{A\i,Ma,... . Ap])-design D generated by a
(v, ks [Ay Aas - oo, Am])-difference set S is A.-equivalent (1 < r < m), then the
(v.ky [My A2y oo, Am])-design E generated by a -~ S (mod v) is also

Ar-equivalent, where a is any integer such that (a,v) = 1.

Proof 1. Let A = {u,...,tu} (mod v) be the set of residues which appear
Ar times as differences in the set S. Then B = {au.... .tau} (mod v) is the
set of residues which appear A, times as differences in the set a-S (mod v).
Obviously, A D B. If dau = eau (mod v), where d and e are integers. then
du = eu (mod v). Thus, 4 = B. Therefore. by Theorem 3.4 or Theorem 3.3,

E is also A.-equivalent. |
Proof 2. Since D is A,-equivalent and S ~ a-S. so E'is also A,-equivalent. []

Theorem 3.15. If there exists a As-equivalent (v, k.[A;. \ol: 5. t)-design and

A2 is odd, then t is even.

Proof. By Theorem 2.36. we have
r-1=s+t (3.1)
and
k(k = 1) = sA; + tAa. (3.2)
If t is odd, then v is even since (¢t + 1) | v. Hence, by
v=s+(t+1),

we have that s is even. Thus, by (3.2), since k(k — 1) is also even, but if Ay is

odd then ¢ is even, which is a contradiction. Therefore, ¢ has to be even. [
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3.2 Finite Planes

The following three definitions are taken from L. M. Batten and A. Beu-

telspacher [3].

Definition 3.16. A linear space is a pair S = (p, L) consisting of a set p
of elements, which are calied points, and a set L of distinguished subsets of
points, which are called lines. such that the following azioms hold:

(L1) Any two distinct points of S belong to ezactly one line of S:

(L2) Any line of S has at least two points of S:

(L3) There exist three points of S not on e common line.

Definition 3.17. An affine plane is a linear space satisfying:
(4) If a point p is not on a line L, then there is a unique line on p missing

L.

Definition 3.18. 4 projective plane is a linear space satisfying:
(P1) Any two distinct lines meet:

(P2) There ezist four points. no three of which are on a common line.

Theorem 3.19. All lines in an affine plane have the same number of points.

All lines in a projective plane also have the same number of points.

Proof. See Propositions 1.2.2 and 1.2.6 of L. M. Batten and
A. Beutelspacher (3]. 0O

Definition 3.20. An affine plane is said to be of order n if a line contains
ezactly n points.
A projective plane is said to be of order n if a line contains ezactly (n+1)

points.
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Theorem 3.21. Letn > 2. Then A is an affine plane of order n if and only

if Aisa{n®,n?+n,n+1,n,1)-design.

Proof. By Propositions 1.2.2 t0 1.2.4 of L. M. Batten and A. Beutelspacher [3]

and Definition 3.18, it is true. O

Theorem 3.22. Let n > 2. Then P is a projective plane of order n if and
only if Pisa (n®>+n+1,n+1,1)-design.

Proof. =. It follows from Propaositions 1.2.6 to 1.2.8 of L. M. Batten and A.
Beutelspacher [3] and Definition 3.16.

<. Let 4 = {a),as,a;.....a;} and B = {b),b9,b3.... .b;} be two dis-
tinct lines in a (n®> + n+1.n+ 1, 1)-design. where £ = n+ 1. If 4 || B. then
pairs a; and b; (i.j = 1.2.... . k) are in different blocks. Thus the number

of blocks
v >k2+2=(n+1)2+2=n+2n+3.

which leads to a contradiction. Therefore, AN B # @ and the axiom (P1)
holds.

Next let 4 = {a;,as2.a3,... .ar} and B = {by, ba, b3, ... .b} be two dis-
tinct lines and ar = b;. Then any three of the four points a,,as. b; and by
are not on a common line. Hence the axiom (P2) holds.

The rest is straightforward. O

The second part of the following Theorem is due to Bose {6]. Jung-

nickel [18] Theorem 4.1 gives a more general result for affine geometries.

Theorem 3.23. (1) From a (n?+n+1,n+1,1)-design, after removing one

line and all points on this line, a (n?,n®>+ n,n + 1, n,1)-design is obtained.
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(2) From a (n®,n? + n,n + 1, n, 1)-design, after removing one point and

all lines through that point, a 0-eguivalent (n*>—1, n, [1,0}])-design is obtained.

Proof. (1) See Theorem 4.3.2 of L. M. Batten [4].

{2} Let D bea (%, n®

]

+ 1,n,1)-design. After removing one point

-
IL’ 1}

-

+
P and all lines on P, we have n? — 1 lines and n® — 1 points left. Since
in the design D for every point @ different from P, there is exactly one
line through points P and @. Thus after removing all lines on P. each
point has n lines on it. The size of a line remains unchanged. Each pair of
distinct points have exactly one line or no line through them. So. we get
a (n® — 1,n,[1,0])- -design. For a proof that the (n* — 1.n.[1.0]) design is
generated by a O-equivalent (n* — 1. n.[1,0])-difference set see Theorem 4.1

of Jungnickel [18]. a

There is a natural way of embedding a 0-equivalent (n>—1, n.[1.0]) design
in an affine plane of order n due to Bose [6]. This is Part (1) of the following

Theorem.

Theorem 3.24. (1) A 0-equivalent (n* — 1, n.[1,0])-design can be embedded
into an affine plane of order n.
(2} An affine plane can be embedded into a projective plane of the same

order.

Proof. (1) Let D be a (n® — 1, n,[1.0]; ¢t)-design. By A(t —1—t) = k(k - 1),
weget (n>—1)—1—t=n(n—1). So, t =n—2. Thus

)
a=——=2"1_141
t+1 n-1 )
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We put the v = (¢ + 1)a points 0, 1, ..., v — 1 into an array of o rows:
0, o, 2au, to
1, 1+ a, 1+ 2a 1+ ta
2, 2+a 2+ 2a, 2+t
a-1, a-1l+a a-1+2a, ..., a—1+ta.

Any two points in a same row are not on a line and any two points not
on a line must be in the same row of the array. We add a new point > and
a new lines to the design: each new line contains all points in one row of the
array and the new point oc. For the new design D*, the number of lines is
b* = (n®? — 1) + o = n® + n: the number of points is ¢* = (n?> = 1) + 1 = n%
the number of lines on a point r* = n + 1 since each point in D is on exactly
one new line and the new point is on a@ = n + 1 lines: the number of points
on a line remains the same: &* = n: finally, each pair of distinct points in D*
is on exactly one line. Therefore, D* is a (n® n?+ n,n + 1. n. 1)-design and.
by Theorem 3.21. it is an affine plane of order n.

(2) See the proof of Theorem 12.3.3 of M. Hall [13]. ]

The embedding result in Part (1) of Theorem 3.24 prompted Bose [6] to

introduce the following Definition.

Definition 3.25. A 0-eguivalent (n? — 1.n,[1,0])-difference set. i.e. a
(n+1.n—1,n,1)-RDS. is called an affine difference set of order n.

Affine difference sets have also been studied by Hoffman [13].
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3.3 Parallel Classes

Definition 3.26. In ¢ 0-equivalent (v.k,[...,0]:t)-design, the set of all
lines which are parallel to the line [i] is called the parallel class ().
0-equivalence class (i) ur line class (&) (i = 0.1..... 47 —1;. We
say that a line class (i) misses ¢ point x if no line in (i) contains the point

z.

By Theorem 3.5, in a O-equivalent (v.k.[...,0]:t)-design, the class (i)
consists of [i],{i + af,[i + 2a],... .[i + ta] for each i with 0 < i < a. where
a = 7= So, in a O-equivalent (v.k.[....0]: t)-design, the lines are divided
into a parallel classes and each parallel class contains ¢ + 1 lines.

Theorem 3.27. In a 0-equivalent (v.k.[...,0]:t)-design. the point 0 is
missing from the line class {l) if and only if the point a is missing from

the line class (I +a) (mod ), where (0 < a < v).

Proof. Let 0 < a < v. The point 0 appears in the line {{] if and only if the
point a appears in the line [/ +a] (mod v). So, 0 is missing from the line /] if
and only if a is missing from the line [[ + a] (mod v). Therefore. 0 is missing
from the line class (/) if and only if a is missing from the line class {{ + a)

(mod 7). O

In a O-equivalent (v,k,[....0]:t)-design, let u be the number of line
classes from which the point 0 is missing, where u is a nonnegative inte-

ger. We have:

Lemma 3.28. For a 0-equivalent (v, k,[...,0]:t)-design, v = (k+u)(t+1).
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Proof. By the definition of a (v, &, [. .. .0]: t)-design there are k lines contain-
ing 0. Since those k lines must be in k different parallel classes, there are &
parallel classes containing 0. In addition, there are ;= line classes in total.
So, we have

—=k+u

Hence,

>4

= (k+u){t + 1).
|

By Lemma 3.28 u = a—k. alsoin a (m. n. k. A\;. A\2)-DDS. m =k +u and
as already mentioned n = ¢ + 1. Theorem 3.30 and 3.32 are due to Elliot
and Butson [12], Theorem 6.2: see also Proposition 3.1 and Example 2.4 (ii)

of Jungnickel [18].

Theorem 3.29. Ift > 2, there are no 0-equivalent (v.k.[\.0]:t)-designs
such that u = 0.

Proof. We prove this by contradiction. Assume that for ¢ > 2 there is
a (v,k,[A0];t)-design D such that u = 0. Then, by previous Lemma,
v = (k+u)(t+1) = k(t +1). Since M(v — 1 —¢) = k(k — 1), we have
Mk —1)(t+1) = k(k —1). Thus A(t+ 1) = k. So, A = 5. Meanwhile,
a=7 =k

Let S = {0,as,as,...,ax} be a base set of D. Pick i (2 < i < k) and let
[ = v—a;. Then [{] is a line which contains the point 0 and is different from [0].

Let (I] = {b1,b2,b3,... ,bc}. Since [{] meets [0], it also meets every other line
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in the parallel class {(0). Furthermore, by Theorem 2.8 [/] meets every line in
the parallel class (0) A times, but & = A(t+1) and there are t+1 disjoint lines
in (0), so every point on {!] is on some line in the parallel class (0). Since (0) =

= {[0], [a],[2q],... .[te]}, we have [l] = {0 + ti,as + trcr,... .ar + tra}

(mod v), where ¢, ta, . .. .t is a permutation of \ copies of the set {0, 1,... .t}
Accordingly,
k k t
Zb,- = Zai+,\a2i (mod v)
=1 1=2 =1
k (t+ 1)t
= ) o+ M
1=2 -
However, since §; = a; +{ (mod v) (i = 0,1.... k), where a; = 0, we
have

k k
d b = (Zm) + kI (mod ).

1=2
Hence,

(t+ 1)t
9

Ak = kl (mod v).

Since v = k(t + 1), we have

(6+ 1)t
9

-~

A = ! (modt+1).

So, t +1 | 2I. Meanwhile 2/ = 2v — 2q;. Tt follows that ¢t + 1 | 2a;,
for i = 2,3,....k. Therefore, ¢t + 1 divides 2 times every difference of S.
Since, by Corallary 3.12, 1 is one of the differences, we have ¢t + 1| 2, which

contradicts ¢t > 2. |

There is an example with t =1 and u =0:
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Example 3.30. {0,1} mod 4 is a (4,2,[1,0]; 1)-difference set: the set of its

differences is

*1.

Note that —1 = 3 (mod 4). We have that 2 is missing from the set of
differences.

This difference set generates a 0-equivalent design with u = 0:

0, 1
1. 2
2, 3
3. 0.

The following Theorem is more general than Theorem 3.1 in Wei. Gao

and Yang {37] and our proof is simpler.

Theorem 3.31. Up to isomorphism, {0.1} mod 4 is the only 0-equivalent
(v, k,[A,0]; t)-design with u = 0.

Proof. Let D be a 0O-equivalent (v, k,[A,0]: t)-design with u = 0. By The-
orem 3.29, t = 1. So, v = (k+u)(t+1) = 2k and @ = 7 = k. Since
AMv—1-t¢)=k(k—1), we have 2\(k — 1) = k(k — 1). Thus k = 2A. So
v = 4). Hence the type of D is (4A, 2\, [\, O: 1).

Let S = {0,as,a3,....ax} be a base set of D and [ = v — a;, where

2 < i < k. Similarly to the proof of Theorem 3.29, we have

AEED = mod £+ 1).
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Or
A=

= UV—-a

= 4\ - a;

a; (mod 2).

Hence, A and a; have the same parity.

If A is even, then all a;'s are even. So. 1, 3, 5, ... are missing from
the multiset of differences of S. However, by Corollary 3.12. 1 cannot be
a missing difference, which leads to a contradiction. Thus \ must be odd.
Hence a4, a3, ... .a; must be also odd. Since 1 must appear as a difference.
by Theorem 2.8, [0] and [1] have A cbjects in common. In addition. [0] and
[1] just have one even and one odd object respectively. we have A < 2. Since
Ais odd, A = 1. Thus D is a (4,2.(1,0]: 1)-design. The only possible base
sets are {0,1} and {0,3} and by Theorem 2.16 they are isomorphic to each

other since 3 - {0.1} = {0,3}. This finishes the proof. a

Theorem 3.32. For a 0-equivalent (v.k.[\.0: t)-design with u > 1. as-

sume the point Q0 is missing from the line classes {i1). (ia). .... (iy). where
0<i1 <ig<...<iy<a, then {i,is,... Iy} is an (a, u, u)-difference set.
whereu=a ~k, p= &ﬁﬁf—k—_ﬂ. In addition. u=k — A(t +1) + .

Proof. Let D be a 0O-equivalent (v, k. [\, 0]: t)-design with u > 1. with the
point 0 is missing from the line classes (i1), (i2). .... (iu). where

0 i, <ip <...< iy < a By Theorem 3.27, we have (in the follow-
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ing discussion, for each line class {a), the value a should be taken mod a):

(il)v (52)7 R (iu> miss

Q, a, 20, e, to:

(i1 + 1), (ia + 1), ceey (iu + 1) miss

1, 1+ a, 1 + 2, 1+ ta:

(i1 +2), (ia + 2), cee (iy +2) miss

2, 2+ a, 2+ 2o, 2+ ta:
(h+a-1), (bh+a-1), .... (iy + @ — 1) miss
a—1, a—1+a, a—-1+2a, ..., a—-1+ta.

By Theorem 3.27, a line class () misses a point r if and only if {{ — )
misses 0, thus {{ — =) = (i,) for some p (1 < p < u). So. two line classes (/)
and (m) (I < m) have a common missing point if and only if m—{ = +(i;—i,)
(mod ) for some p and g, where 1 < p<g<u.

Any line class contains k(¢ + 1) points. Given two line classes {{) and (m),
by Theorem 2.8 every line in (l) meets every line in {(m) in A points, thus
between them they cover k(¢ + 1)+ [k — A(t+1)](t + 1) points. Let n be the
number of common missed points, then n = v—k(t+1) =[k=A(t+1)](¢+1).
which is independent of the choice of (I) and (m).

Let T = {iy.is,...,iy}. We claim that every nonzero residue mod «

should appear the same number of times, say u times, as a difference of T.
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First, if (i), (ia)

ta, consider the class (I) where 1 <! < @ — 1. The pair of classes (0) and

.-, (iy) do not miss any points other than 0, e, 2a, . . .,
({) miss n common points. Suppose (0) and (l) both miss a point w. where
0 < w < @, then {(—w) and (! — w) both miss the point 0 and so they are
(ip) and (i,) respectively for some p and ¢q. Thus the difference [ = £(i, — i)
(mod @) appears once in T for each common missed point less than a. By
Theorem 3.5 there are 5 such points, so p = ;. Thus our claim is true in
this case.

Second, if (i), {ia),... . (i) miss a point. say z. other than 0,a. 2c.. ...
ta. then they also miss ¢ other points: r+a.r+2a.r+3a, ... .r+ta. Taker
to be the smallest positive number which is missing from (i\). (ia). ... . ({y)-
Thus 0 < r < @ Let B; = {iy + j.ia + j,... .iy + J} (mod a), where
J=0.1.....a—1. Since (i), (ia).... . ({y,) missz.r+a.r+2a.... .T + tc.
we have that (i} + (@ — 1)), {ia + (& — 1)),... .{iy + (@ — r)) also miss
0,¢,20.... . ta. So, (i1 +(a—1)),{i»+(a—1)),....{lu+(a—1)) are exactly
. {iy). Accordingly. (i), (i2)

—r.a—1,2a0—1z,... . ta—-z. Thus (i) + ), (ia + I)

the same as (i), () . (i) miss the points

yo-- . {ly + ) also miss
the points 0.a. 2a, ... .ta. Hence Bq = B;. Since r is the smallest positive
number which is missing from (i). (i2).... . (i), it is not hard to prove that
Bi=B;ifand only ifz | j — i, where i,j =0.1,... .a = 1. Meanwhile we

also have r | a. Let @ = rr, where r € N and N is the set of all natural
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numbers. Then, all the common missing points of (i;), (is),... . (i,) are:

0, «. 20v, e, Lo,

T, I +a, T+ 20, cee, T+ ta.

2z, 21+, 2r + 2a. cee s 20+ Lo

(r=1)z, (r-1l)z+a (r-l)z+2a .... (r—1)z+ta.
Therefore, in this case, we have y = ,,(;‘T"U = t-%-Ll and hence our claim is also
true. Accordingly, T = {i},ia,... . iy} is an (a. u, pu)-difference set.

Since T is an (e, u, p)-difference set. we have
pla = 1) = u(u - 1).

In addition, since k + u = @, we have u = a — k and

(@ - k)(a—k~1)
U=

a—1

If (i1),(ia),..., (i) miss a point r other than 0.a.2a.....ta.
then as we discussed earlier in this proof we have that
(ii+(a—zx)). (ia+(a—zx)).... . (iy+(a—z)) are the same as (i}). (i2).... . (ly)-
In other words, Bg and B,_; have u objects in common, which means p = u.
Thus | Bg N By |= u. So, (iy +1) = (0) = (i). However, (i1) = (0) implies

that (0) misses 0, which is impossible. Therefore, (i1), (i2) . (i,) can not
have any common missing points other than 0,q, 20, ... ,ta. Counting the
total number of points of D, whether they are covered by two line classes or

not, by Lemma 3.28 we get:

(k+u)t+1)=k(t+1)+[k—- A+ D)t +1)+pu(t+1).
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So,
u=k—ANt+1)+p.
ad

Example 3.33. {0,1,2,4.6.11,12,20,23} mod 26 is a (26.9.[3,0]:1)-

-difference set. The multiset of its differences is

1 £2 x4 X6 =11 +£12
1 +£3 £5 =10 *11 =19
+2 4 £9 £10 £18 +21
+£2 £7 8 16 =£19

5 %6 =14 =17

20 +£23

ot
[}V

+1 13 =*16
+12 +15
+3.

Note that £23 = F3 (mod 26). £22 = F4 (mod 26) and so on. We have that
13 is missing from the multiset of differences while each of other nonzero
residues appears as a difference ezactly three times. By Theorem 3.5. the

design generated by this difference set is 0-equivalent:

0] o0, 1, 2, 4, 6, 11, 12, 20, 23
1, 2, 3, 5 7, 12, 13, 21. X
2, 3, 4. 6, 8 13, 14, 22, 25
3, 4, 5, 7, 9, 14, 15, 23, O
(4y: 4, 5, 6, 8 10, 15, 16, 24, 1
(5): 5, 6 7,9, 11, 16, 17, 25, 2



CHAPTER 3. SINGLY EQUIVALENT DESIGNS 49

6, 7. 8 10
7. 8. 9, 11,
(8): 8, 9, 10, 12,
9, 10, 11, 13

(10y: 10, 11, 12, 14,

[13] 13, 14, 15 1T.

=\
(]
| ]
(%]
[[)
—
o

(10) - 23, 24, 2
24, 25, 0, 2,
L.

25, 0,

(@]
—

0 is missing from four line classes (4), (3). (8)

{0,1,4,6}, is a (13,4, 1)-difference set.

12,
13,
14,
15,
16,
17,
18,

[
.

-

o

17,

[T
.

E i

o

b

10,

18, 0. 3
19, 1, 4
20, 2, 5
21, 3, 6
22, 4. 7
23, 5, 8
24, 6, 9
23, 7. 10
0, 8 11
I, 9. 12
2, 10. 13
3. 11, 14
4, 12, 15
3, 13. 16
6, 14 17
7. 13, 18
8 16, 19
9. 17. 20
10, 18, 21
11, 19, 22

and (10). {4,5.8,10}. or
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3.4 Finding 0-equivalent Designs with u =1

Lemma 3.34. For a 0-equivalent (v, k, [A.0]: t)-design with u = 1. we have
v=(k+1)(t+1)and k= A(t+1)+1.

Proof. Since u = 1, so, by Lemma 3.28, we have v = (k + 1)(t + 1). Since
Ar—t—1)=k(k—1), wehave \k(t +1)=k(k—1). So ANt +1)=k-1.
ork=A(t+1)+1. a

For a O-equivalent (v, k,[A,0]: ¢)-design with u = 1, we have

v=[ME+1)+2 (¢ +1).

Thus.
Me+1)2+2(t+1)— v =0.
So,
-2+ A+ v
t+1 o
- Zlrvitd '/\1+I\L (since t +1 > 0).

Hence, 1+ Av should be a square. Let A2 =1+ Av. where A is a positive
integer. We have that v = # t+1 =3t k=At+1)+1=4and
A A~1. That isv=L,\'1,t+1 = %L and A | k£ — 1. Since t > 1, so,
ksl =t+1> 2. Hence, k = \g+1 (g > 2). Therefore, assuming ¢ < 100.
we get the possible values for &:

when A =1, then k2 — 1 <100, so k < 10, and

k=13,4,56,78.9,10;
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when A = 2, then k%2 — 1 < 200, and k is odd, hence
k=35,7911,13:
when A = 3, then k2 -~ 1 < 300, so
k=17,10.13,16:
when A = 4, then k? — 1 < 400. so
k=9,13,1T:
when A = 3, then k? — 1 < 500, so
k=11.16.21:
when A = 6, then k% — 1 < 600. so
k=13,19:
when A = 7. then k? — 1 < 700, so
k =15,22.

We list the tables of base sets of 0-equivalent (v. k., [A,0]: t)-designs with
u = 1 obtained by computer in the Appendix A. Lam [23] gives a table of all
k < 30 for which a (m, n.k, \)-RDS exists.

3.5 Designs Generated by 0-equivalent De-
signs with u =1

If S = {0,as,a3,-.. ,a} is a base set of a 0-equivalent (v. &, [A.0}: t)-design
with u = 1, then, since v = (k+1)(t + 1) = k(t + 1) + (¢ + 1), there are

exactly ¢ + 1 points which are not on any lines in the parallel class {0).
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Theorem 3.35. Let S = {0,as,a3,... .0} be a base set of a 0-equivalent
(v,k,[A,0]: t)-design D with u = 1, let t + 1 points which are not on any
line in the parallel class {0) be: bb + a.b+ 2a,....b+ ta. Then the set
T ={0.as,a3,... .0k, b.b+a,b+2a,....b+ ta}, obtained by adding those
t + 1 points to S, generates a (t + 1)-equivalent (v, k+t+1.[A+ 2.t +1]:t)-
-design E when A+2 # t+1; otherwise it generates a (v. k+t+1. A+2)-design
E.

Proof. Consider the differences among the “new points™ which are put into

a series:
b.b+a.b+2a.....b+ta.

We have that there are ¢ pairs of points, which are next to each other. whose
difference is +a: there are ¢t — 1 pairs of points. which have a point between
them, whose difference is +£2a: there are ¢t — 2 pairs of points. which have two
points between them, whose difference is +3a: ...: there is 1 pair of points,

that is b and b + ta. whose difference is £ta. Since
a+ta=2a+(t-1la=...=uv,
we have that each of
a, 20, 3a.... . ta

appears ¢ + 1 times as a difference in the set T.

Because D is 0-equivalent, every two points of

bb+ab+2a.....b+ta
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are on different lines of D. By the theorem assumption, points
b.b+a,b+2a,... .b+ta

are not on any of the t +1 lines in the parallel class (0). Since the number of
lines not in the parallel class {(0) is: v—(f+1) = (k+1)(¢+1)—(¢+1) = k(t+1),
which equals the total number of appearances in D of those ¢ + 1 new points,
we have that each of the lines of D not in the class (0) contains exactly one
of the new points. So all the differences of two points, one an “old point”™

and one a new point, are:
{£1,+£2,£3.... . £(v — 1)} \ {xa. £2a. 3. ... . £ta}.

Because 1+ (v—1)=2+(v—-2)=...=vanda+ta=2a+(t-l)a =

=...=uv, so, after adding new points to the set S. each number in

appears as a difference 2 extra times. Since each of them appears A times as
a difference in the set S. we have that they appear A + 2 times as differences
in the set T.
So, T = {0,a.a3,....ak.b.0 + a.b + 2a,... .b + ta} generates a

(t + 1)-equivalent (v,k + ¢t + 1,[A+ 2,¢t + 1]:t)-design Eif A +2 # ¢t + 1:
otherwise it generates a (v,k + ¢ + 1, A + 2)-design E. a
Example 3.36. S = {0,1,2,4,9} mod 12 is a (12,5, (2,0]: 1)-difference set
with u = 1 which has a unique missing difference 6, so it generates a
0-equivalent design. The parallel class {Q) contains two lines:

0 0, 1, 2. 4 9

6] 6, 7. 8 10, 3.
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There are two points not on either of those two lines in the class (0): 5
and 11. We add 5 and 11 to the set S and get T = {0,1,2,4,5,9,11}. By
Theorem 3.35, T generates a 2-equivalent (12,7, [4, 2]: 1)-design:

o o, 1. 2 4 5 9 11
1, 2. 3, 5 6 10, 0
2, 3, 4, 6, 7. 11, 1
3. 4, 3 [ 8 0 2
4 5 6, 8 9 1, 3
5, 6, v, 9, 10, 2, 4
6] 6. 7. 8 10, 11, 3. 3
78 9, 11, 0. 4 6
8, 9, 10, 0, 1, 3 7
9. 10, 11, 1. 2. 6. 8

10, 11. 0, 2. 3. 7. 9
1, 0, 1, 3. 4. 8, 10.
Example 3.37. From Ezample 3.8. we know that S = {0.1.3.7} mod 15 is
a (15,4, [1,0]: 2)-difference set with u = 1 which has two missing differences 5
and 10 and it generates a 0-equivalent design. The parallel class (0) contains
three lines:
o o 1, 3, 7
5] 5 6, 8 12
[10] 10, 11, 13. 2.
There are three points not on any line in the class (0): 4. 9 and 14. By

......

rem 3.35, since \+2=1t+1=3, T generates a (15,7, 3)-design.
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(t + 1)-equivalent (v.k + t + 1[N + 2.t + 1]:¢t)-difference sets and
(v,k + ¢t + 1,\ + 2)-difference sets which can not be acquired by adding
points to a (v, k,[1,0]; t)-difference set with u = 1 are more interesting. A
computer search might be used to obtain such difference sets. Appendix B
is a list of (¢ + 1)-equivalent (v, k +t + 1.[A + 2,t + 1]: t)-difference sets or

(v,k+t+1,A+ 2)-difference sets obtained by computer.



Chapter 4

Doubly Equivalent Designs

In this Chapter, we will introduce the concept of the doubly equivalent design
as well as the super class. We will describe the structure of super classes and
discuss properties of doubly equivalent designs. We will generalize results in

Chapter 3 to doubly equivalent designs. The main result is Theorem 4.10.

4.1 Basic Facts

A (v, k, [A1. Aay ... s Ay])-design with m > 2 can be both Aj-equivalent and

As-equivalent.

Example 4.1. {0,1,2,4.12,17} mod 21 is a (21,6,[2.1.0]:12.6.2)-
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-difference set: the multiset of its differences is

Fach of
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3.6,9.12,13.18

4 12
3 +11 =16

+10 *15
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it

appears in the multiset of differences just once and both 7 and 14 are missing

while all other nonzero residues appear twice.

By Theorem 3.5, the design generated by this difference set is both 1-

-equivalent and 0-equivalent:
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10, 11, 12, 14, 1, 6
11, 12, 13, 13, 2,

~1

[12] 12, 13, 14, 16, 3, 8
13, 14, 15, 17. 4, 9
[14] 14, 15. 16, 18, 5. 10

[15] 15, 16, 17. 19, 6, 11
16, 17, 18, 20,
17. 18. 19, 0, 8 13
[18] 18. 19, 20, 1, 9, 14
19, 20. 0, 2, 10, 13
20. 0. 1. 3. 11, 16.

-~
—
[

Definition 4.2. 4 (v, k. [Al, Aa.. .. |:s b .. )-design which is both \-
-equivalent and Aq-equivalent is celled a doubly equivalent design. A

doubly equivalent difference set is defined similarly.

Clearly, a doubly equivalent design (or difference set) is also a singly
equivalent design (or difference set respectively). In this Chapter. we always

u . U hv fvelv
denote -3 by « and ;¥ by B respectively.

Theorem 4.3. If there erists a (v.k.[A; Ao, ...]:s.t,...)-design which is
both A\\- and As-equivalent, then (s +1.t+1)=1and (s+1){t +1) ] v.

Proof. By Theorem 3.5, we have s+1|vand t +1 ]| v. Let a = ;37 and

3 = #7- Since A; # s, 2 nonzero residue cannot appear both A, and A,
times as a difference. Hence, we must have v = [a, 3], where [a. J] is the least
common multiple of @ and 3. Thus (s +1,t+1) = (£, %) = 1. Therefore,

(s+1)t+1)]v. |
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4.2 Super Classes

Definition 4.4. I'n a A-equivalent (v.k,[... . )\]:t)-design, the set C of all
lines which are A-intersecting to the line [i] is called the A-equivalence
class (i), (i =0.1.... .57 = 1). If A =0, then we just simply denoie {i)\

by (1).

Definition 4.5. Let D be a (v.k,[A1. Mo, ... i s t.... )-design which is both
M- and Ag-equivalent. A super class S containing a line [i| in D is the
Ai-equivalence class {i)x, union all the \s-equivalence classes containing a

line in (i)y,. We denote the super class S containing the line [i] by 1.

Theorem 4.6. Let D be a (v, k.[A1, Aa....]is.t.... )-design which is both
AL- and Ay-equivalent and S be a super class in D. Then the following five

statements are equivalent to each other:
(1) (4], [ia] € S:
(2) = lia] such that [iy] R (i3] and [ia] = [i3]:
(3) = [ia] such that [iy] = [is] and [ia] = [ii];
(4) iy —is =aa +b3. wherea,be Z;
(5) d| i — ia, whered = (a. 3).

Proof. Let a = 77 and 3 = 5.

(1) = (2). Since [i)].[ia] € &, there exist a,b € Z such that
iy + a3] X [ia + b3]. Thus [i] X [ia + (b — a)3]. Take iz = ir + (b —a)3.
Then [i] X [i3] and {is] = [is].
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(2) = (1). If = [43] such that [i] A [i3] and [is] ® [ia], then. by Defini-
tion 4.3, we have [i1], [is] € 1.

Therefore, (1) and (2) are equivalent. Similarly, (1) and (3) are equivalent.

(2) = (4). If [iy] N [i3] and [ia] = [i3], then i, — i3 = acv and ip — i3 = b3,
wherea, b € Z. So, i}, — is = aa — V'3 = aa + b3, where b = V.

(4) = (2). If {, — i = aa + b3, then set i3 = i{; —ax = i» + 3. Hence,
[i1] R [is] and [i] R [ig)-

Thus, (2) and (4) are equivalent.

(4) = (3). Since i; — iy =aa+b3 and d | @, 3. so. d | iy — ia.

(3) = (4). Because d = (a, 3), we have d = aya + b, 3. where a,,b, € Z.
Let i, —iy = nid, where n, € Z. Then, i, —i, = (njay)a+(nh)3 = aa+b3.
where a = n;a;, b = nib, € Z.

Accordingly, (4) and (3) are equivalent.

Therefore, all five statements are equivalent to each other. a

Corollary 4.7. Let D be a (v, k,[A1, Ao, ...]:s.t.... )-design which is both
Ai- and Ag-equivalent. Then all super classes in D constitute a partition of

all lines of D. Let S be a super class in D. Then | S |= (s + 1){t +1).

Proof. By (4) of Theorem 4.6. the relation that two lines are in the same
super class is an equivalence relation. So. all super classes in D constitute a
partition of all lines of D. Because a super class contains s+1 Ay-equivalence

classes, so, | S |= (s +1)(t +1). a

Let D be a (v,k,[A1,A2,...]:s.¢t,...)-design which is both A;- and
Ao-equivalent. Since the lines in the same A-equivalence class are in the

same super class, we see that all super classes in D constitute a partition of



CHAPTER 4. DOUBLY EQUIVALENT DESIGNS 61

all Aj-equivalence classes in D. Similarly, we also see that all super classes

in D constitute a partition of all \s-equivalence classes in D.

Theorem 4.8. Let D be a (v.k,[M, Ao, ...]: 8. ¢, ... )-design which is both
Ai- and Ay-cquivalent and d = {a, 2}, wherea = 2 and 3 = . Then

v=(s+1)(t+1)d.

Proof. By (3) of Theorem 4.6, two As-equivalent classes (i), and (j),, are
in the same super class if and only if d | { — j. So. two As-equivalent classes

in

are in the same super class if and only if their “distance” is a multiple of d.

Hence. we have exactly d super classes:

———

0,1..... d—1.

Counting the total lines of D. by Corollary 4.7, we have v = (s+1)(t+1)d. O

Although ¢ = (s + 1)(¢ + 1)d can be proved directly by Number Theory.
the above proof is from the point of view of the super classes. Meanwhile, the
equivalence relation generated by super classes is the join of two equivalence
relations: Ai- and As-equivalence. So. we can also obtain the above results

from Ring Theory.
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-difference set: the multiset of its differences is
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appears in the multiset of differences just once and 12 is missing while all

other nonzero residues appear either twice or three times.

By Theorem 3.5, the design generated by this difference set is both 1- and
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(]

9, 10, 11, 13, 15, 16. 20,

10, 11, 12, 14, 16, 17. 21, 3
11, 12, 13, 15, 17, 18, 22, 4
(12] 12, 13, 14, 16, 18. 19, 23, 5
13, 14, 15, 17, 19, 20, 0, 6
14, 15, 16, 18. 20, 21, 1, 7
15, 16, 17, 19, 21, 22, 2, 8
[16] 16, 17. 18. 20. 22, 23, 3. 9
17, 18, 19, 21. 23. 0. 4, 10
18, 19, 20, 22, 0, 1, 5 11
19, 20, 21, 23, 1, 2, 6. 12
20, 21, 22, 0, 2, 3 7. 13
21, 22, 23, 1, 3. 4, 8 14
22, 23, 0, 2, 4, 3, 9. 13
23, 0. 1, 3, 35, 6, 10, 16.
Sincea = ;7 =8 and 3 = 7 = 12, we haved = (a.3) = 4. By

Theorem 4.6, the super class 0 contains 6 lines: [0], [4]. [8]. [12], [16] and
{20]. By Theorem 4.8.

v=(s+1)(t+1)d=3-2-4 =24

Theorem 4.10. For a \;- and 0-equivalent (v, k, [\, M, 0]; r. s, t)-design D,
leta=-=and 3 ==%. Ifd =

ey =1 > 1. then u > 1. In addition.

v
(s+1)(t+1)
assurne the point 0 is missing from the parallel classes (i), (ia). .... (iu).
where 0 < i, < ia < ... < Iy < 3, then {i1, i3, ... .lu} I8 @ po-equivalent

(3, u, [p1, pal; 8)-difference set and u = k— A (t+1)+pu1, u = k=At—Aa+ps.
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Thus we have \{ — \g = p; — pa (when N\, < A\, we may write \y — \| =

= pa — py).

Proof. Since v = (s+ 1)(¢t + 1)d, by Theorem 4.8, d = (e, 3). D has d super

classes:
0,1.....d-1.

Since d > 1, we have that (0) and (d) are in the same super class while (0)
and (1) are in different super classes. So. every line in (d) meets one line in
(0) in A9 points while it meets every other line in {(0) in A; points. Every line
in (1) meets every line in (0) in A; points. If \; > A,, then there are some
points not on any lines of (0) and (1): if A\; < \,, then there are some points
not on any lines of (0) and (d). In either case, by Theorem 3.27. 0 is missing
from more than one parallel class, that is, u > 1.

Assume 0 is missing from the line classes (i), (i3), .... ({y). where
0 < i <i3<...< Iy <3 By Theorem 3.27 again. we have (in the

following discussion, for each line class (a). the value a should be taken
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mod 3):
(i1)7 (i‘l)? CRE (lu) miss
0. 3, 23. ey t3:
(iy + 1), (ia + 1), e (iy +1) miss
1, 1+ 3, 1+ 23, 1+¢t3:
(i, +2), (iy + 2), e (fy +2) miss
2, 2+ 3, 2+ 23, 2+ t3:
(hh+3-=1), (b+3-1), ..., (iy + 3—1) miss
3 -1, I—-1+3. 3-1+23 .... J—1+¢3.

By Theorem 3.27, a line class {{) misses a point r if and only if ({ — )
misses 0, thus {/ — z) = (i) for some p (1 < p < u). So. two line classes (I)
and (m) (I < m) have a common missing point if and only if m—{ = +(i;—~i,)
(mod 3) for some p and ¢, where 1 < p < ¢ < u.

Let T = {i1.i2,... . lu}. Any line class contains k(t+1) points. Given two
line classes (I) and (m) in the same super class, we have that every line in (/)
meets one line in (m) in A, points while it meets every other line in {m) in A,
points. Thus between them they cover k(t + 1) + [k — At — Xa)j(t + 1)
points. Let n be the number of common missed points, then n = v —
—k(t + 1) — [k — A\t — A2)](¢t + 1), which is independent of the choice of

(I) and (m) as far as they are in the same super class. Meanwhile, two line
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classes {l) and (m) are in the same super class if and only if d | m — [.
Notice that (s + 1)d = 3. Then, as in Theorem 3.32, we have that each of
d, 2d, ..., sd must appear the same number of times, say p, times. as a
difference of T. Similarly, each nonzero residue not in {d, 2d. ... . sd} must
appear the same number of times, say u; times, as a difference of T. There-
fore, T = {iy.ia,... .4y} is a (3, u. [y, uo): s)-difference set. By Theorem 3.5.

it is a po-equivalent difference set.

they also miss ¢ other points: r+ 3.z +23.... . r+t3. We may assume
0 < r < J. Since (i}). {ia) <(iy) miss z.r + 3,... ,r + ¢3. we have that
(i +(3—1)), (il +(3-1)) Aiy+(3—1)) alsomiss 0. 3,23, ... .t3. Thus
(Lh+(3=2x)), (ia+(3—1x)),... . (iy+(3—x)) are the same as (i}). (ia).... . (i).

In other words, if we use B; to denote the i-th block of the design generated
by T (:=0,1,...,3—1), then By and Bs_, have u objects in common. By
Theorem 2.8, 3 — r appears u times as a difference in T. If d { 3 — . then
uy = u. Thus | BgN By |= u. So, (i, + 1) = (0) = (i,). However. {i;) = (0)
implies that (0) misses 0, which is impossible. Therefore, d | 3 — z. So,
o =uandd]|z.

If At > As, then py > ps = u, which is a contradiction by Corol-
lary 2.9. Hence A\, < A;. Since us = u, we have By = Bg. Thus,
(i), (ia), .- . . (iu) alsomiss d, d+3,d+23,... ,d+t3. Similarly, they also miss
id id+ 3,id+23,...,id+t3, for i =2,3,...s. Accordingly, since d | z. all
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the common missed points of {1;), (i2),... , (i) are:
0, 3, 23, U % 2
d d+3, d+23, ..., d+1t3,
M, d+ 3 Ad+323 ., AdLt3,
sd, sd+ 3. sd+123, .... sd+t3.

Hence, counting the total number of points of D, whether they are covered

by (0) and (d) or not, by Lemma 3.28 we have

(k+u)(t+1)=k(t+1)+[k— At —NJ{t+1)+ s’fl(s+1)(t+1).

Thus

ll=k—/\1t—/\g+ﬂg.

Similarly, counting the total number of points of D, whether they are

covered by (0) and (1) or not. we obtain
u=k—/\1(t+l}+u1.

(Notice that in this case we have us = v and k — At — Ay = 0).
If (i1), (i2),...,(iy) do not have any common missed points other than
0,3,23,...,t3, then counting the total number of points of D, whether they

are covered by (0) and (d) or not, we get
(k+ru)(t+1)=k(t+1)+[k— At — MJ(E+ 1) + pa(t +1).
So,

u==k— At — o+ pa.
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Similarly, counting the total number of points of D, whether they are

covered by (0) and (1) or not, we obtain

u=k—-A{t+1)+ .

4.3 A and 0O-equivalent Designs with u =0

Theorem 4.11. Let D be a \y- and O-equivalent (v.k.[A. N2, 0]:r. s, t)-
-design withu=0. thenv =k(t+1). k=tA + A, k=s+1.r = st

Proof. Since u = 0, by Lemma 3.28. v = (k + u)(t + 1) = k(¢ + 1). Because
u = 0 again, by Theorem 4.10. we have that 4 = 1. Accordingly. a line [/]
not in the parallel class (0) meets one line in (0) in Ay paints while meeting
every other line in (0) in A\, points. Since u = 0. every point on the line [{]
should be on some line in (0) by Theorem 3.27. Thus, k = tA; + A,. Since
v=k(t+1)=(s+1)(t+1)dandd = 1, we have k = (s+1)d = s+ 1. Since
v=(s+1)(t+1)and r+s+¢t=v— 1, we have r = st. a

We can also derive k = t\; + A2 from the equalities k(k — 1) = rA; + s\,
k=s+1and r =st.

Under the assumption of Theorem 4.11. since d = 1, D just has one
superclass, which contains all the lines of D.

By Theorem 4.11, given A, A, and ¢, we can determine the values of
the other parameters v, k, r and s. Then we run a computer program to
see whether there exist any Ms- and O0-equivalent difference sets

(v, k. [A1, A2, O]i . 5, t) with u=0.
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Example 4.12. {0,1,2.4,14, 15,19, 21} mod 24 is a (24,8, (3,2,0]: 14, 7, 2)-
-difference set: the multiset of its differences is

+1 £2 £4 14 153 £19 £21

+1 £3 +£13 14 £18 20

+2 +12 £13 +£17 +19

+10 =11 +£15 =£17

1 £5 =7
+4 6
x2.

Each of
3,6.9,12.15.18.21

appears in the multiset of differences eractly twice and both 8 and 16 are
missing, while all other nonzero residues appear three times.
By Theorem 3.5, the design generated by this difference set is both

2-equivalent and 0-equivalent.

4.4 Designs Generated by A- and 0-equivalent
Designs with u =1
If S = {0,as.a3,....ax} is a base set of a A- and O0-equivalent
(v, k,[A1s Mg, - .., A2, A, 0]: £)-design with u = 1, then, since
v=(k+1)(t+1) =kt +1)+(t+1),

there are exactly ¢t + 1 points which are not on any lines in the parallel class

{0). So, we can extend Theorem 3.35 to the case of doubly equivalent designs.
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Theorem 4.13. Let S = {0,as,@3,...,a,} be a base set of a \- and 0-
equivalent (v, k,[A, Ao, ..., A2, A0 .. . 5. t)-design D withu =1, let t+1

points which ere not on any lines in the parallel class (0) be:
0,0+ a0+ 2a,....,0+ ta.

Then the set T = {0,as,03,... ,a;,0.0+ . b+ 2a,... .b+ ta}. obtained by
adding those t + 1 points to S. generates another design:

(1) if t+1 = A+ 2 for somei (1 < i < m-—2), then it generates a
(A +2)-equivalent (v, k+t+ 1. [ M +2, Ma+2,... . Apoo+2, A + 2]: 5)-design:

2) ift+1= A+ 2, then it generates a (v, k+t+ 1, [\ +2. M +2.....
Am—-a + 2, A+ 2: s + t)-design:

(3)ift+1# M +2X+2... Ao+ 2.0+ 2. then it generates a
(A+2)- and (t+1)-equivalent (v. k+t+ 1. [Ai+2, A+2,... A2 +2.04+2,
t+1];....s,t)-design.

Proof. The proof is similar to the proof of Theorem 3.35. a



Chapter 5

Some More Results

In this Chapter, we will give some more results on singly or doubly equivalent

designs.

5.1 Difference Set Constructions

An example of a (v, k.[\. Aa. A3])-design, based on a difference set, is the
following. Let m and n be distinct positive integers each greater than or
equal to 2. Consider an m-by-n chessboard whose squares are coordinatized
by the pairs (i,j), i = 0,1.....m—1: j = 0,1,... .n = 1. The design is
formed in this way: the points are all the squares (¢, j), where (i, j) € Zyp xXZ,,
and for each (i,j) € Z,; x Z, we take as a block the set of all the squares
(k, 1) such that the square (k,!) is on the same row or the same column as the
square (i,7)and (k,{) # (i,). Such a design has parameters (v, k, [A1, A2, A3])
where v =mn, k=m+n-2 A =2 ha=m-2and \3=n-2 A

second such design has the same points as the first design. however, for each

71
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(1,7} € Z;m x Z, we take as a block the set of all the squares (k,!) on the
same row or the same column as the square (i, j). For this design v = mn,
k=m+n-1, A\, =2, \a = mand A3 = n. Animportant special case is when
m and n are relatively prime. In this case we may consider the points of the
design as elements of Z,,, where the elements of Z,, x Z, are mapped into
the elements of Z,,, by mapping the generator (1,1) to 1. In this case the
first design has as a difference set m,2m.... .(n—=1)m.n,2n.... .(m - 1)n

while adjoining a 0 to this set vields a difference set for the second design.

Theorem 5.1. There erists a (n — 2)-equivalent (4n.n + 2.[2.n — 2|)-

-difference set, where (n,4) = 1.

Proof. Let m = 4. Construct the first design D in the previous example. Let
E be the image of the design D under the isomorphism o, between Z,, x Z,
and Z.,,, which maps the generator (1.1) to 1. Let the block. in D. which
consists of all the squares not equal to (1.1) but on the same row or column
as the square (1,1) be S, and let [0] = o(S), which is a block in E. Then all
blacks of E are [0],{1].... .[4n = 1].

We have that | [{]N[0] |[= n— 2 if and only if 4 | i, where 0 < i <
< 4n - 1. So, by Theorem 2.8 and Theorem 3.3, E is a (n — 2)-equivalent
(4n,n + 2,[2,n — 2])-design. A base set of E is a (n — 2)-equivalent

(4n,n + 2. [2, n — 2])-difference set. (]
Similarly, we have

Theorem 5.2. If(m,n) =1 and m, n # 4, then there exists a (m — 2)- and

(n — 2)-equivalent (mn,m + n — 2,[2, m — 2, n — 2|)-difference set.
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Let m =3 and n = 2. Based on Theorem 3.2 and the construction of the
first design in the above example, we have that {0,1,2} is a (6,3,[2.1.0])-

-difference set and it is 1- and 0-equivalent.

5.2 Some Necessary Conditions
By Lemma 2.42, we have

Lemma 5.3. All eigenvalues of the n x n matriz J of all1's are 0 ((n—1)-

-multiplicity) and n.

We now generalize Theorem 2.3 of Elliot and Butson [12] to the case of
arbitrary divisible difference sets in Z,. This also represents a generalization
of Theorem 2.44 of this thesis. Part (2) of this Theorem appears in Ko and
Ray-Chaudhuri [20], we give an alternate proof and give an explicit form for

the square.

Theorem 5.4. Assume that v is even and there erists a \,-equivalent
(v, k, [Ar, Ao): t)-design, then:

(1} if o = 7= is even, then k — (t + 1)A; + A, is a square:

+1
(2) (Corollary 2.2 [20]) if « = 7 is odd. then k — A; is a square.
Proof 1. Let S={ai,as,....,ax} be a base set of a As-equivalent

(v, k, [A1; Aa]: t)-design. Define

f(z) =z + 2% +---+ 1% (mod " - 1).
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By Theorem 3.3, we obtain:
8(z)8(x™")
= k+ME'+22+ -+ +
+{A = A Hr® + 2P + -+ 1) (mod zF — 1).
Since v is even, (—1)* = 1. Thus, setting r = —1, we have:
6%(-1)
= k+M[(-1+D)+(-1+1)+---+(-1+1)-1] +
+(Aa = A [(=1)2 + (=1)2 + - + (=1)%]
= k= A+ (A=A [(-1)%+ (=1)* + -+ (-1)"].
Hence,. if a is even, then
2(—1)=k— A +t(ha—N)=k—(t+1)\ +EXs

must be a square.

If o is odd, then ¢ is odd since v = (t + 1)a and v is even. Thus.
02(-‘1) =k- Al - (/\2 - 1\1) =k - /\2
must be a square. O

Proof 2. Let 4 be the incidence matrix of a Ag-equivalent
(v, k, [A1, Ag: t)-design and B = AAT, then by Theorem 3.5. we have that
B — (k — A\g)I is the Kronecker product of the o X o matrix

A AL e A

A A - A
M b '

At M A

e =
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and the (¢t+1)x (¢+1) matrix J. Therefore, by Lemma 2.41, Lemma 2.42 and
Lemma 3.3, all eigenvalues of the matrix B—(k— A9)7 are 0 (ta-multiplicity),
(¢t +1)(A2 — A1) ({@ = 1)-multiplicity) and (¢ + 1) [A2 + (& — 1)Ai]. Thus, by
Lemma 2.40, all eigenvalues of the matrix B = [B — (k — M| + (k — Aao)[
are 0 + (k — M) = k — Mg (ta-multiplicity), (¢ + 1){(Ada — A) + (K — Ao) =
= k — ( + 1A + t\ ((a@ — 1)multiplicity) and
(t+1) da + (a0 = DA ]+(k=da) =[v = (£ + 1)) N +tha+k = k{k—1)+k = k2.
Since the determinant of a square matrix equals the product of all its eigen-

values, we abtain:
det(B) = (k = Ag)* [k = (t + 1)\ + tho] 7 K2

Because B = AA7, det(B) must be a square. From the expression of det(B).

if @« = ;& is even, then [k — (¢t +1)\, -i—t,\g]"-1

e} must be a square since

(k — M) is a square. Because a — 1 is odd. we have that
k—(t+1)A +tAy is a square. [f @ = ;7 is odd. then k-(t+1DN+ tAg)*
is a square. Thus, (k — A2)*® must be a square. Since v = (¢ + 1)« is even. ¢

is odd. So is ta since a is odd. Therefore, £ — Ay is a square. O

Note. Let mq be the number of even elements in the base set S and m,
the number of odd elements in S. Since §2(—1) = (mg — m; )% we have that
k—(t+1DA +thy = (mg—m)?ifais even and k — Ay = (mg — my)? if @
is odd.

We can extend the above result to doubly equivalent designs:

Theorem 5.5. Assume that v is even and there erists a A2~ and A3-equivalent

(v, k, [A1, A2, As|i 7, 8, t)-design. Let a = s—;’_—l and 3 = t—:—l Then at least one

of a and 3 is even and we have:
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(1) if @ and 3 are both even, then k — (s+t+1)A; +s\y+tA3 is a square;
(2) if o is even and 3 is odd, then k — A3 + s(\a — A1) is a square;
(8) if a is odd and 3 is even. then k — Ay + t(A3 — \;) is a square.

Note. In each of the three cases of Theorem 35.5. the square equals

(mg — my)*, where my and m, are defined in the Note after Theorem 35.4.

Proof. Let S={ay,as,...,a;} be a base set of a A\~ and Az-equivalent
(v, k, [A1, Aa, As)iry s, t)-design. Since v = (s+ 1)(¢t + 1)d is even. so at least

one of a and 3 is even. Define
(z) =% + 2% + .- + 1% (mod z¥ — 1).
By Theorem 3.3, we obtain:
8(z)8(z™")
= k+ M@+ 4+ + )+
+(Aa = AT+ + -+ 1%0) +
+(M3 =A@ + 22 + -+ 1) (mod ¥ - 1).

The rest discussion is similar to Theorem 3.4. a

5.3 Constructions of New Difference Sets From

Old

The following Lemma is just a special case of Theorem 2.16.

Lemma 5.6. If S = {a;,a2,a3,....a¢} mod v is a (v.k,[A\i. Ao, ... . Am])-
-difference set, then —S = {—a,~a2, —a3,...,—ax} mod v is also a

(v, k,[A1; Mg, - - -, Am])-difference set.
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For a 0-equivalent (v, k,[...,0]: t)-design, recall that u is the number of
parallel classes from which the point 0 is missing, where u is a nonnegative
integer. For a O-equivalent (v, k,[...,0]: t)-difference set S, u is defined to
be the u in the design generated by S.

We can restate Theorem 3.32 into:

Theorem 5.7. For a 0-equivalent (v.k. [\, Q]: t)-difference set S with u > 1.
the set {0.1,... . a — 1}\[-S (mod a)] is an (e, u, u)-difference set. where

u=a—-k p= (i"—%(f—:-k:-u In addition. u =k — A(t + 1) + p.

Proof. Let S = {a;,as, a3, ... .a;} mod v. Then all lines containing the point
0 are: [—a1],[—aa},[—as), ... .[—ak] mod v. Hence all parallel classes contain-
ing the point 0 are: (—a;), (—aa).{(—ay),... .{(—a;) mod a. Therefore, the set

{i,4p,... iy} defined in Theorem 3.32is: {0,1.....a — 1}\ [~S (mod a)].
This completes the proof. a

Corollary 5.8. For a 0-equivalent (v. k,[\.0]; t)-difference set S with u > 1.
the set {0,1,... ,a — 1}\[S (mod a)] is an (@, u.u)-difference set. where
u=a-k, p="28Nak=b rooddition, u=k - Mt + 1) + .

a—1
Proof. We have
{0,1,... ., —1}\[-S (mod a)] = -{{0.1,... . — 1}\ [S (mod a)]} (mod a).

By Theorem 3.7, {0.1,... ,a—1}\[-S (mod &)] is an (e, u., u)-difference

set. Therefore, by Lemma 5.6,
{0.1,... .0 = 1}\[S (mod a)] = —{{0.1.... .a — 1}\ [-S (mod a)]} (mod «)

is also an (o, u, u)-difference set. O
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Example 5.9. {0,1,2,4,6,11,12,20,23} mod 26 in Ezample 3.33 is a
0-equivalent (26,9, [3,0]; 1)-difference set with « = 13 and u = 4. By Theo-
rem 5.7, {4,3,8,10}, or {0,1,4,6}, is a (13.4, 1)-difference set. By Corol-
lary 5.8, {3,5.8,9}. or {0.2,5,6}, is also a (13,4, 1)-difference set.

Other 0-equivalent (v.k.[A.0]:t)-difference sets with u > 1:
{0,1,9,11} (mod 14) is a (14,4,[1,0]: 1)-difference set with v = 3:
{0,1,2,4,6,7,16,17, 24,26, 29, 31, 32, 35, 36, 40} mod 42 is a
(42, 16, [6. 0]: 1)-difference set with u = 3.

Similarly to the singly equivalent case, we can restate Theorem .10 into:

Theorem 5.10. For a Xs- and O-equivalent (v.k.[M, X2, 0]:ir.s.£)-
-design D, let o = <= and 3 = 2=. Ifd =

s4+1 t+].. > 1. then, 113 > I G.n.d

(s-{»-l)u(t+1)
the set {0.1.....a — 1}\[-S (mod a)] is a py-equivalent (3. u. [u;. pal: 5)-
-difference set and u = k — M(E+ 1)+ py. u =k — Ayt — Ao+ po. Thus we

have Ay — Ao = py — po (when ) < Mo, we may write \g — A\ = o — uy).
We also have

Corollary 5.11. For a M- and O-equivalent (v, k.[A, N2, 0]:ir.s.t)-
-design D, let a = 2~ and 3 = =~. [fd =

S+1 +1° > 1. then u > 1

(s+LJv(¢+l)
and the set {0,1,..., a—1}\[S (mod )| is a us-equivalent (3. u. [py. po]: s)-

-difference set and u = k — M(t + 1)+, u =k = A\t — Ao + pa. Thus we
have A} — Ao = py — ps (when Ay < \a, we may write Ay — Ay = pa — i1).

The following Theorem was given as Theorem 3.2 in A. T. Butson [7] in
1963 and as Corollary 2.1.2 in Elliott and Butson [12] in 1966. In fact the

result of Elliot and Butson [12] is slightly stronger than this since it applies
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to arbitrary groups. Ryser [33] in 1973 and Wei, Gao and Yang [37] in 1993
obtained weaker versions of this Theorem, but did not mention that what
they had obtained was just a special case of the results in [7] and [12]. Elliot
and Butson's proof [12] is very elegant, however we provide two alternative

proofs and the first proof allows the generalization given in Theorem 3.14.

Theorem 5.12. For a 0-equivalent (v,k,[) 0]:t)-difference set S.
S (mod &) is an (e, k, A(t + 1))-difference set.

Proof 1. Let S={ai,aq,...,a;} be a O-equivalent (v.k,[A.(0]: ¢)-difference

set. By Theorem 3.3, we have:
a; #a; (mod a). Va;,a; €S (i # ).

It follows that we have that the size of S (mod «) is k. Let D and D’ be
the design generated by S or S (mod «) respectively. After taking mod «,
all lines in a parallel class in D coincide. A line [ in D meets every line in a
parallel class of D not containing [ in A points. So, a line in D’ meets every

other line of D' in A(¢ + 1) points. Therefore, by Theorem 2.8. S (mod &) is

an (a, k, A(t + 1))-difference set. a
Proof 2. Let S={a,,a,,...,a;} be a O-equivalent (v,k.[A.0]: ¢)-difference
set. Define

f(z) ="+ +--- 4+ 2% (mod 2" - 1).
By Theorem 3.5, we obtain:
6(z)8(z™")
= k+ Mzt +2¥ 4o+ 2 -

-Az® + 1% +---+2'%) (mod z° — 1).
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Thus,
8(x)8(z"")
= k+AMt+ 1)t +22+-- +1°7Y) (mod 2% - 1).
Since
a; # a; (mod «),Va;,a; € S (1 # j),
we have that S (mod @) is an (a. k, A(t + 1))-difference set. a

Example 5.13. From Ezample 5.9. by Theorem 3.3, {0,1,2,4,6,7.10,11,12}
mod 13 is a (13.9.6)-difference set.

We can extend Theorem 3.12 to the doubly equivalent case.

Theorem 5.14. For a \y- and 0-equivalent (v. k. [Ai. A2, 0]: r. 5. t)-difference
set S, let o = 5. 3= g7 andd = (a.3). Ifd = 1. then 5 (mod 3) is

a (3. k. A\t + Ag)-difference set; if d > 1. then S (mod 3) is a (At + Aa)-
-equivalent (3, k. [Ai(t + 1), At + \o)-difference set.

Proof. Asin Proof 1 of Theorem 3.12, the size of S (mod 3) is k. Let D and
D’ be the design generated by S or S {mod J3) respectively. D has d super

classes:
0,1,....d-1.

If parallel classes (i) and (j) are in the same super class, then every line in
(i) meets one line in {j) in A, points while it meets every other line in (j) in
A1 points. If parallel classes (i) and (j) are in different super classes, then

every line in ({) meets every line in (j) in A, points. If d = 1, then D just has
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one super class. So, similarly to Proof 1 of Theorem 3.12, we have that a line
in D’ meets every other line of D’ in A\t + A, points. Therefore, S (mod 3)
is an (a, k, At + Ao)-difference set. If d > 1, then similarly we have that
S (mod 3)is a (3. k. [A:(t+ 1), At + \q])-difference set. Since (i) and (j) are
in the same super class if and only if i - j = 0 (mod d). by Theorem 3.3,

S (mod 3) is (At + Ag)-equivalent. a

Example 5.15. S = {0,1,2.4.12,17} mod 21 in Ezample 4.1 is a 1- and
0-equivalent (21,6, (2,1, 0]): 12,6, 2)-difference set withd = 1. By Theorem 5.14.

since 3 = gr =15 (mod7)=1{0,1,234,
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O0-equivalent Designs with v =1

[1,0]:t)

(v, k. Example/Remark
(8, 3,[1,0}: 1) Yes | {0,1,3}
4,

(15,4, (1, 0): 2) | Yes | {0.1.3.7}

(24,5, (1,0]; 3) | Yes| {0.1,3,11,20}

(35,6, [1,0}; 4) | No | = non 0O-equivalent designs only
(48, 7. [1. 0]: 3) | Yes | {0.1,3,15.20, 38, 42}

(63,8, (1. 0]: 6) | Yes|{0,1,3,7.15,20,31,41}

(80,9, [1,0: 7) | Yes | {0,1,3,9.22,27, 34, 38.66}

(99, 10, {1, 0]; 8) | No | # non 0-equivalent designs

(120, 11, [1, 0]: 9) | Yes | {0,1,3,20,31, 35, 45, 53, 58, 74. 114}
(143, 12, [1, 0}; 10) | No | # non 0O-equivalent designs of the form
{0,1,a3,...} either

Table 1. Case of (v.k.{1,0];¢t)
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(v, k,[2,0];¢) 3 | Example/Remark

(12,5,[2,0]: 1) | Yes | {0,1,2,4,9}

(24,7, [2,0]: 2) | Yes | {0,1,2,5,7,11,14}

(40,9, 12, 01: 3) | Yes | £0,1,2,5.8,13,17,19, 26}

(60, 11, [2, 0): 4) | Yes | {0,1,3,6.10,14. 16,21, 35, 43, 44}
(84,13, [2, 0: 5) | Yes | {0.1,2,4,12,20, 25, 31,35, 38, 47, 64, 79}

Table 2. Case of (v, k,([2.0]; ¢)

(v, k,(3,0]: ¢) = | Example/Remark
(16,7, 3, 0]: 1) | Yes | {0,1.2,4,5,7,11}
(33, 10, [3. 0): 2) | No | % non 0-equivalent designs of the form
{0,1,a3,...} either
(36, 13, [3, 0]: 3) | Yes | {0,1.2.4.8.9,13,19, 21, 24. 31, 34, 40}

(83, 16, [3, 0}: 4)

Table 3. Case of (v, k.[3.0]: t)

(v,k,[4,0]:¢)

(20,9, [4.0]: 1)

Yes

Example/Remark
{0.1,2,3,5.9, 14, 16,17}

(42, 13, [4, 0]; 2)

Yes

{0,1,2,4.5,12,20,22, 25, 31, 35, 37. 38}

(72, 17, [4, 0]; 3)

Table 4. Case of (v.k,{4,0]: ¢)

33

(v,k,[5,0:¢) | =

Example/Remark

. 11, [3, 0]

Yes

—
S’

{0,1,2.3.5,7,10,11,18, 20,21}

. 16, [3, 0]; :

Yes

N
N

{0,1,2,3,5,7,11,12, 15,

23,25,26,31, 38, 44, 47}

. 21, [3, 0[;

w
~—
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Table 5. Case of (v, k,[3,0]:¢)

(v,k,[6,0];¢) = | Example/Remark
(28, 13, [6. 0]
(60, 19, [6. U];

—
A

Yes | {0,1,2,3,4,6,8,9,12,13,19, 21, 24}

5
p—

Table 6. Case of (v, k.[6,0]:¢)

(v, k.[7,0]:¢) = | Example/Remark

(32, 15, (7, 0]: 1) | No | # non O-equivalent designs of the form
{0.1,a3,...} either

(69, 22, (7, 0]: 2)

Table 7. Case of (v.k.[7.0]:¢t)
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Tables of M-equivalent Designs

(U7 k, [/\[, /\2]; tJ

Example/Remark

(8.5, (3, 2: 1) | Yes|{0.1,2,3.5}
(15, 7. 3) Yes | {0,1.2.4.5.8,10}
(24, 9, (3, 4]: 3) | Yes | {0,1,2,3.6,11, 14,18, 20}

(35, 11, [3, 3]; 4) | No |  non 5-equivalent designs of the form

{0.1,as....} either

Table 1. (¢ + 1)-equivalent (v, k + ¢ + 1, (3, ¢ + 1]: t)-difference sets

corresponding to (v, k, [1,0]: ¢)-difference sets with u =1

(v, k. [M,Agit) | = | Example/Remark
(12, 7. [4, 2: 1) | Yes | {0.1,2.3.5,6,10}

(24, 10, [4, 3]: 2) | Yes | {0.1.2,3,5,6,11,13,17, 20}
(40,13, 4) | Yes | {0,1,2,4,5,8,13,17,19, 24,26, 34}

Table 2. (¢t + 1)-equivalent (v.k + ¢ + 1, [4.t + 1]: t)-difference sets

corresponding to (v, &, 2, 0]: t)-difference sets with u =1

85
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(v,k,[3,0]; t)

L

Example/Remark

(16,9, [5, 2]: 1) | Yes | {0,1,2,3,4.6,7,11,13}

(33, 13, [3, 3]; 2) | No | 7 non 3-equivalent designs of the form

{0,1 a3, ...} either

Table 3. (¢t + 1)-equivalent (v, k + ¢t + 1.[3.¢ + 1}: ¢t)-difference sets

corresponding to (v, k, [3.0]; t)-difference sets with u =1

(v,k,[4,0]:¢) = | Example/Remark

(20. 11, (6, 2]: 1) | Yes | {0.1.2,3,5.6,7.9,14, 15,18}

(42, 16, [6, 3]: 2) | Yes | {0,1,2.3,5.6.13, 14, 21, 23, 26, 28, 32, 36. 38. 39}

Table 4. (¢ + 1)-equivalent (v, k + ¢t + 1.[6. ¢ + 1]: t)-difference sets

corresponding to (v. k, [4.0|: t)-difference sets with u =1



Appendix C

A C*™T program to search

(v, k, [A\1, Ag])-difference sets

F Rttt
// This program reads values of v, k, 1_1 and 1_2(1_1>1 2} from the key board,
// finds all (v, k, (1_1, 1_2))-difference sets {0, 1, a_3, ...} and prints

// them out with the differences which appear l1_2 times.

F e e it bt

#include <iostream.h>
#include <fstream.h>
#include <vector>

#include <algorithm>

void Check(ostream & out, vector<int>» set, vector<int> num, int v, int
k, int 11, int 12, int indx, char & flag, bool OK);

void Findout (ostream & out, vector<int> set, vector<int> num, int v,
int k, int 11, int 12, int indx, char flag, bool 0OK):;

int main()

{
ofstream fout; // open an input stream to the input file
fout.open("DS2N.txt™};// establish connection

vector<int> theVec; //set of integers to check whether is a dif set

87
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vector<int> num; //num holds the number of times each dif appears

char flag='A‘; //'A' means that difference sets have not been found
//before, otherwise flag='B"

bool OK=true; //O0K is true if the set is a dif set otherwise is false

cout<<"Input v, k, 1_1 and 1_2 (1_1>1_2):\n";
int v, k, 11, 12; //v is mod, k is the set size, 1l and 12 are #'s
//0f times a residue appears as a difference.
cin>>v>>k>>11>>12;
if (1_1<=1_2)
{
cout<<”l_1 should be bigger than 1_2!\n”";
cout<<"Input v, k, 1_1 and 1_2 (1l_1>1_2) again:\n";
int v, k, 11, 12;
}
int indx=k-1;
Findout (fout, theVec,num,v,k,11,12, indx, flag, OK) ;
fout.closel();
cout<<"\n("<<v<<", "<<k<<", ["<<ll<<", "<<l2<<"])-difference sets have been
done!\n";
return 0;

void Check(ostream & out, vector<intc> set, vector<int> num, int v, int
k, int 11, int 12, int indx, char & flag, bool CK)
{

int r=0; // r is # of times 1l appears

int s=0; // s is # of times 12 appears

for (int i=0; i<v; i++)
{
num.push_back(0);
}

for (int i=0; i<k-1; i++) //calculate all the dif's in the set and update
//dif's and num
{
for {(int j=i+l; j<=k-1; j++)
{
int difl=set{i]-set[jl];
difl+=v; //since difl was negative
num[difl] ++;
if (num{difl}>11l)
{
OK=false;
indx=1i;

else
int dif2=set([j]-set[i];

num{dif2] ++;
if (num[dif2]>11)



{
OK=false;
indx=1i;
}
}
if (!'OK)
break;
}
if (!OK)
break;
}
for (int i=1; i<v; i++) //If ic appears 11 or 12 times, update r or
//s respectively; otherwise set OK to be false
{
if ('OK}
break:;
if (num{i)==11)
T++;
else if (num[i]==12)
S++;
else
{
OK=false;
break;
}
}

OK= (0K && (r+s==v-1) && (k*{k-1l)==r*1l+s*12));//These 2 equalities
/ /should hold

if (OK) //If is a dif set
{
if (flag=='A") //1f we have not found difference set before,
//print the title
{
out<<"The ("<<v<<", "<<k<<", ["<<ll<<", "
<<l2<<"])-difference sets (0, 1, ...}:\n\n";
flag='B'; //set the flag to be 'B'
}

for(int i=0; i<k; i++) //print out the set

gut<<" “"<<set(i];
out<<"; r="<<r<<", s="<<sgs<<" \n\t\t differences:";
for(int i=1l; i<v; i++)

{
if (num([i]l==12) //If a dif appears 12 times,
out<<" "<<i<<"("<<num[i]<<"),";//then print it out
}
out<<endl;
}

}
et D

//This function calls the function "Check" to search all the
// (v, k, [1_1, 1_2))-difference sets, starting with (0, 1,..., k-1}

void Findout (ostream & out, wvector<int> set, vector<int> num, int v,
int k, int 11, int 12, int indx, char flag, bool OK)
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int fstEle=0;
bool ready=false;
for (int 1=0; i<k; i++) //initialize the set to {0, 1,..., k-1}
{
set.push_back(1i);
}
out<<endl;

while (set([2]<v-k+2} //we start with (0, 1, 2, ..., k-1} and check till
{ //7{0, 1, v-k+2,..., v-1} (exclude these 2 sets).
for {int i=0; i<k-2; i++) //start with the last element of the set
{
if (set[k-i-1]<v-i-1)
(

if (ready==false)

{

set [k-1-1]++;
for(int j=i-1; j>=0; j--) //set elements after the (k-i-1)th
//position to be 1 plus the element before
set (k-j-1]l=set[k-3j-2]+1;

}
ready=false;
Check(out, set, num, v, k, 11, 12, indx, flag, OK);
if (indx<k-1)

for (int m=indx; m>=2; m--)

{
if (set[m]<v+m-k)
{
set (m] ++;
for(int n=k-m-1; n>0; n--)
set [m+n]=set {m] +n;

indx=k-1;
ready=true;
break:

}
break;
}

}
if (set[2]!=fstEle)

{
fstEle=set[2};

cout<<fstEle<<" ";

}
1
if (flag=='A') //if no difference sets have been found
{
out<<"No ("<<v<<", "<<k<<", ["<<ll<<", "<<12<<"])-difference sets
(0, 1, ...} exist!\n\n";
}

out<<"\nkEnd of processing.\n\n\n";
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