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Abstract 

14% are already familiar with (P. k. ,\)-clifference sets and (c .  Ir. A)-designs. 

In this thesis. we will introduce a new class of difference sets and designs: 

(LI? k. [Ai, A?? .  . . . Am])-difference sets and ( u .  kt [XI.  A ? : .  . . . A,])-designs. K e  

will also introduce the concepts of çingly equivalent designs and doiibly equiv- 

alent designs. 

In Chapter 2. we will discuss some necessary conditions and nonexistence 

t heorems. 

In Chapter 3: we ail1 first disciiss the necessary and siifficient conditions 

for a ( c .  k. [AL! A?.. . . . A,])-designs to be a singly eqiiivalent design. K e  will 

prove that a X2-equivalent ( c .  k. [XI: A?]: t)-difference set is a 

(a. t + 1. k. A2: XI)-DDS. We will show that  a O-equivalent (n2 - 1. n. [l. O])- 

-design can be embedded into an affine plane. We will also prove that For a 

O-equivalent ( u o  k. [At O]: t)-design if t > 2 then the point O is missing fsom at 

least one parallel class. Define u to be the number of parallel classes niissing 

the point O. We have obtained that up to isornorphism {O. 1) rnod 4 is the 

only O-equivalent ( u :  k, [A, O]: t)-design with u = O. We can attain a %an- 

dard" difference set from a O-equivalent ( u t  kt [A: O]: t)-design with u > 1. X e  

will also prove that we can add some points to a base set of a O-equivalent 

( u :  k. [A, O]: t)-design Nith u = 1 and get a set which generates a ( t  + 1)- 



-equivalent ( u,  k + t + 2 .  [A + 2. t + 11: t )-design or a ( c .  k + t + 2.  X + ?)-design. 

In Chapter -I? we will discuss doubly equivalent designs as well as the 

notion of super classes. We will describe the structure of super classes and 

discuss properties of doubly equivalent designs. Ré  will extend results of 

singly equivalent designs to doubly equivalent designs. 

In Chapter 5, ive d l  give an example to construct a (P. k. [ A I .  X2? X 3 ] ) -  

-design. Some niore general necessary conditions and existence theorenis 

than those in Elliott and Butson [Hl. Ryser [3û], Wei. Gao and Yang [37] 

and/or Theoreni 2.44 in Chapter 2 will be given. We will also show how to 

const ruct di fference sets froni (c. k. [A. O] )-difference sets. 

Slany other results will be also given. 

We ni11 include the tables of singly eqiiivalent difference sets obtained 

by computers as appendises. We will also include a C++ program to search 

(0. k. [hi, A*])-difference sets. 
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Chapter 1 

Old Designs 

In t his Chapter, f ist  s e  will qiiote some definitions and results of "standard" 

designs. In Chapter 2. we will define a new class of desigs and try to 

generalize the results on normal designs to our new designç. For more details 

about the discussion of this part. one niay check M. Hall (131. In the second 

part of this Chapter. we twill revien some existing papers on partial difference 

sets. relative difference sets and near difference sets. 

Definition 1.1. .A (v, b, T ,  I c ,  A) -design zs a n  arrangement of c distinct 

objects al a?, . . . : a, into b bloskî BI? B?. . . . . Bb such  that each block con- 

ta ins  eractly k distinct objects. each object occurs in exactly r dzfferent blocks. 

and every pair 01 distinct objects ni? a, occurs together in exactly h blocks. 

Theorem 1.2. For a ( u :  6: r. k1 A)-design. 

and 
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Definition 1.3. The incidence mat& of a ( c :  b.  r: A. A)  -design is a a x b 

matriz A = [a i j ]  with 

where a l?  . . . . a, are the objects and BI , .  . . . Bb are the blocks. 

Definition 1.4. A ( a .  b: r. k. A)-design is called a ( v ,  k, A)-design if r = b 

(and thus k = r ) .  

Theorem 1.5. Let -4 be the incidence rnatriz of a ( c .  k .  ,\)-design. Therz 

T -4 -4 = B = jk - X ) I  t XJ. 

where J is the ux  v matrix of al! 1 'S. 

Theorem 1.6. If a ( v .  k. A)-design exists. letting n = k - X. then: 

(1) if u zs even. then n is a square: 

(2) if u is odd. i2 = nr2 + (-I)*X~? haî a solution in integers r. y. ; riot 

al1 zero. 

There are many types of constructions of ( u t  h? r: k' A)-designs and ( u .  k. A)- 

-designs ([13] and 191). One of the niost interest ing generalizat ions occurs 

when the number k is replaced by a set {kl? t2: k3,. . . km) of distinct num- 

bers. The corresponding designs are referred to as painrise balanced designs 

or sometimes as linear spaces. 



These designs have been =plored by ma- but especially by H. Hanani [14] 

and R.31. Wilson [38, 39? 401. The ultimate result was Wilson's -4symptotic 

Theorem. 

In the present thesis instead of replacing k by {kl: k2. k3.. . . . km}. we 

replace X by {Al .  A?, . . . :A,}. and we study these designs which ne  cal1 

( u ,  k, [XI: ,la!.. . . A,])-designs and use them to produce other designs. 

( E ,  k, [Ai,  A?:. . . ? A,])-designs with m 2 3 have very rarely been studied 

in the p s t .  In 1982: J. Sumner and -4. T. Butson [36] introduced a concept 

of a very special difference set with different values of A's which was called 

a generalized relative difference set. However. no properties of generalized 

relative difference sets were developed in that paper. In 1992. J. Y. S u  [-LI] 

studied relative difference sets in a finite group G = G1 x G2. Lnder other 

names, partial difference sets. relative difference sets or near difference sets. 

(o, k. [A. pl)-designs have been studied. These designs corne from st rongly 

regular graphs, quadratic residues of G F ( q )  (p E 1 niod 4). and (c. IL.  [A. O])- 

-designs. This work appears in D. Jungnickel [18]. S. L. Ma [%. 26. 271. 

C. Koukouvinos and -1. L. Whiternan [21. 221. and P. -1. Leonard [24 .  

The concept of a relative difference set \vas introduced by -1. T. Butson [il 

in 1963. D. Jungnickel [18] has considered divisible designs. so called because 

of their role as the automorphism group of cyclic (group) divisible desigs. 

see [9]. 

Definition 1.7. Giuen a group G O/ order mn containing a normal subgroup 

N of order n.  a divbible difference set. denoted by  (m, n, k, XI, X2) - 
-DDS. is a k-subset of G such that the lzst o j  dz fferences d - d' with d # d'. 

d, d E D, couew euery element in X\{O} exactly Al  tzmes and euery element 
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in G\X exactly X2 times, zuhere m > 1. 

If Xi = O ,  then the divisible diflerence set D is referred as a relative 

difference set (of G relative t o  X) and zs denoted by (na, n, k ,  A) -RDS. 

where X = X1. 

In 1966, J. E. H. ElIiott and A. T. Butson [12] studied relative differ- 

ence sets. They gave some existence theorems and multiplier theorerns for 

relative difference sets. and also showed how to construct sonie relative dif- 

ference sets. In 1970. S. E. Payne [31j gave a nonexistence theorem for 

relative difference sets. In 1971. F. Piper [30] studied relative difference sets 

of a quasiregular collineation group. In 1989. D. Jungnickel [19] gave a con- 

struction of a farnily of relative difference sets with speciai parameters. In 

1995, K. T. Arasu, D. Jungnickel. S. L. 1Ia and A. Pott inwstigated the 

existence of relative (m. 2. k. A)-RDS0s of a group H x S relative to .V. In 

1996, D. K. Ray-Chaudhuri and Q. Siang [33], and Y. Q. Chen. D. K. Raja- 

Chaudhuri and Q. Siang [8] stiidied the constriictions of partial difference 

sets and relative difference sets using Galois rings. In 1996. C. Koukouvinos 

and A. L. Whiteman [22] gave more constructions of relative difference sets. 

In 1973. H. J. Ryser [35] introduced the concept of a near difference set 

of type 1. 

Definition 1.8. Let v 1 4 be an euen integer. and k. X positive integers. 

Suppose that D = { a l $ a 2 , .  . . :ak} is a set of k residues modulo c with the 

property that for any residue a f O! $ (mod c ) .  the congruence equation 

ai - Qj  a (mod u), 4: aj E D 

has ezactly A solution pairs (ai: û j )  and no solution pair f o r  the residue a = $ 



(mod u ) .  Then D is is called a (u, k, A)-nea~  diflemnce set of type 1. 

Actually, a ( u t  k, A)-near different set of type 1 is a (m. n: k. A)-RDS with 

m = 2 '  n = 2. Although the study of relative difference sets appeared much 

earlier. Ryser did not point out thc relationship bctwccn relntirc diffcrcncc: 

sets and near difference sets of type 1. In 1993, W. D. Wei. S. Gao and 

B. Yang [37] gave some nonexistence theorems, iiniqueness theorems and 

constructions of some near difference sets of type 1. In 199;. C. Kookouvi- 

nos and -4. L. Whiteman [XI stiidied near difference sets of another type. 

giving some nonexistence theorems and shoning how to construct some near 

difference sets. 

The present thesis niainly studies designs with a relationship we cal1 A- 

-equivalence. We also introduce the paranieter u. To the best of our knowl- 

edge. our approach of considering A-equivalence classes and introdiicing the 

parameter u are new. We also extend some results of relative difference sets 

and near difference sets of type 1 to our difference sets. 



Chapter 2 

Generalized Designs 

In this Chapter? we will define a new class of designs and discttss some of its 

properties. 

Definition 2.1. A ( v ,  b, r, k, [A1, A*, . . . , hl) -design zs an arrangement 

of v distinct objects al: a?:. . . .a, into b blocks BL: B2?. . . . Ba such thut each 

block contains exactly k distinct objects. each object occvrs i n  exactly r di fer-  

ent blocks, and euery pair oJ distinct objects a, occurs together in exactly 

XI: A*:. . . y or A,,, bloclls. uhile /or each A, ( s  = 1.2'. . . . m) .  there exists ut 

least one pair ai, a, ( i  # j )  appearing together in exactly A, bloclis. 

Theorem 2.2. For a ( v ' b .  r. k' [XI: hz,. . . A,])-design. 

Proof. Since each of the b blocks contains exactly k distinct objects and since 

6 



each of the u objects occua in exactly r different blocks, counting the total 

number of incidences, we obtain that bk = w. O 

Definition 2.3. The incidence mat* O/ a ( u :  b. r: k. [A,. A?: . . . . A,]) - 
-design is tz ü A t rrratri~ -4 - [ail; with 

where a l -  . . . a, are the objects and BI .  . . . . Bb are the blocks. 

Definition2.4. .4 ( c . b l r . k . [ X L . A 2  ..... A,])-design is called a 

( w ,  k, [Xi, A*, . . . , Am]) -design ZJ u=b (and thus k=r). 

We now extend the third result in Theorem 1.5 to 

Theorem 2.5. Let -4 be the incidence rnatrix oJ a (L?. k. [AI.  A?. . . . . A,]) - 

-design. Then 

where J zs the ux  v matrix of d l 1  'S. 

ProoJ Let J.4 = [bi,] and .4J = [c,,], then 

bil = the nurnber of objects contained in the block Bj: 

and 

ci, = the number of blocks containing the object ai. 
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So, 

Therefore, 

Definition 2.6. Let S = { a l :  a?. n ~ ?  . . . . ak) be a set of k dzstirlct residves 

rnod u. W e  say tha t  S zs a (v, k, [ X i ,  X2,. . . , A,])-difference set if 

(1) For each d f O (mod u )  there are exactly XI. X2.. . . . or A ,  ordered 

pairs (ai! a,), where a,, a, E S, such that ai - a, G d (mod c ) .  

(2) For each A, ( s  = 1.2. .  . . . m).  there exists at  least one 

d f O (mod L?) such that there are ezactlg A, ordered pairs (a,. a,). urhere 

a,! a, E S.  satzsfping ai - a, d (mod c ) .  

Thus the definition of a ( c ,  k. [h l?  X2. . . . A,])-difference set generalizes the 

notion of a divisible difference set of 2, in two ways: by relasing the subgoup 

condition and by allowing an arbitrary number of As. Example 3.2 in Chapter 

3 is an evample that a (15.4. [1. O]: 2)-difference set is not a divisible difference 

set nor a relative difference set. 

Example 2.7. (0: 1.2: 3.10) mod 12 is  a (12.5: [-? O])-difference set since 

the rnultiset of its differences is 



and x10 = ~2 (mod 12). f 9 = 1 3  (mod 12)  and so on. 6 is mzssing /rom 

the rnultiset of its diDrences. 

Theorem 2.8. Let S = {al, a?: a,, . . . , ak} be a (c,  k, [ X I :  A?: . . . . A,])- 

n .  + il -diflere:m $et 2nd B, be the $et$: {ci t i: c- + i? a; + i'. . . -, J 

mod a,  i = O?. . . ? c - 1. If j < i and 1 5 e 5 m. theri the follawing 

three statements are equivalent to each other: 

(1) i - j appears as a difle~ence A, tintes i n  S:  

(2) Bi and B, have A, objects in cornmon: 

(3) i and j appear together in A, blockri. 

Proof. The difference of two objects a, and a, in S is i - j if and only if they 

contribute one cornmon object to the two blocks Bi and B,. So. (1)  and (2)  

are equivalent . 

Every appearance of i- j as a difference in S contributes one appearance of 

pair i. j together in a block and vice versa. So. (1) and (3) are equivalent. O 

Corollary 2.9. For a (u '  k.  [ A L .  A?, . . . A,])-difference set. Ai k /or 

i =  1 , 2  .... :m .  

ProoJ Two sets Bi and B, cannot have more that k objects in cornnion. So. 

by Theorem 2.8- the conclusion is true. O 

Theorem 2.10. S = {ai, al, a ~ : .  . . : a k }  is a @. k! [ X I .  A2:. . . . Am])- 

-difference set if and only if the sets Bi: {al + i. a? + it a3 + i: . . . . ak + i) 
mod u ,  i = 0:. . . u - 1 are a ( v :  kt [A1: A?:. . . . A,])-design. 

Proof. Csing the fact that statements (1) and (3) of Theorem 2.8 are equiv- 

alent? it is not hard to prove this theorern. O 



Definition 2.11. Under the assurnption of Theorern 2.10. the design in The- 

orem %. 10 2s called the (v, k, [Xi, &, . . . , Am]) -design genemted b y the 

(w, k, [Xi, A*, . . . , Xm])-difference set S and S i s  called a base set of 

the  design. 

From nom on? we jusr discuss (a. k.[X&?. . . ?A,])-designs generated 

by (o: k, [A1, A?:.. . Am])-difference sets. Therefore. whenever Ive mention 

a ( u ,  k, [Xi, X2, .  . . ! ,\,])-design, it al~vays means a design generated by a 

( v ,  k? [AI, A?, . . . A,])-difference set except when me specify ot henvise. 

The following Definition generalizes the Definition on p 14; of 11. Hall [13]. 

Definition 2.12. Two designs LI and D' are said to  be isomorphic i j there  

is a one-to-one mapping o of objects and blocks of D oiito thosa of Dt satis- 

jying that if xi is an object, B, is a block o j  D. 

I m : X, -t xi  = o(xi) .  an object of Dry 

o : B ,  +Bi =o(B,) .  a block o f D ' .  

then  xi E BJ ij and only if o(xi) E o(B,). 

Definition 2.13. Tu10 dzfference sets are called isomorphic i j  they gener- 

ate isomorphic designs. Mie use S z T to denote that dzfference sets S and 

T are isornorphic. 

Theorem 2.14. If S = {aL, a?, a ~ ,  . . . . aç}  is a (L', k? [Al: A2,. . . . hrn-1: O]) - 
-difierence set, then T = { a  -al: a - aî: a - a3,. . . a - nt}, where a is a positive 

integer, 2s an ( a  c' k, [A1, A?, . . . , ,\m-l, 01)-diffe~ence set. 



Proof. This theorern follows from the fact that when a # O we have a-CY = a - 3  

(mod a - c )  if and only if a = 3 (niod u ) :  where a: 3 are integers. Cl 

Definition 2.15. Under the assumption of Theorem 2.14, we call the di/- 

jwerrçe sel T in Thwr-etri 2.14 u multiple o/ S. 

We extend the results on pp 131-133 in H. J. Ryser [34] to 

Theorem 2.16. 11 S = {al. a?? a 3 : .  . . . a k }  i s  a ( c .  k .  [ A l t  A?'. . . . A,])- 

-difference set. then T = {a * al + b'a * a2 + 6.a * an + b.. .. .a - a k  + b )  

( m o d  c ) ,  where a ,  b are integers und (a: c )  = 1. is also a 

( u ,  kt [Ai ,  A ? ? .  . . , ,\,])-diference set and S = T .  

ProoJ The f i s t  result can be derived from the fact that when ( a .  c )  = 1 n e  

have a LY a - 3 (niod u )  if and only if a = 3 (mod c) .  where a. . j  are 

integers. It is easy to show that S 2 T .  O 

By this theorem. normally we just consider the case of al = 0. 

2.2 Nonexistence Theorems 

Definition 2.17. Let D = {ai. a?, QJ? .... nt} be a set of k distinct residues 

mod u .  We Say that D 2s a A-difference set if any dzfference a, -a, appears 

X o r  O times. 

Example 2.18. SI = {O, 1: 2: 5) mod 7 is a z-difference set since the muf t i -  

set  of dz fferences is 



and &3 r ~2 ( m o d  7),  k4 ~3 (rnod 7) and so on. 

Theorem 2.19. If S = {al! al' a3, .... ak} rnod v is a X-difference set. then 

T = ( a  - a i , a  a2,a a ~ ,  ...? n -ak) mod a c .  where a is  a positive integer. is 

also a A-di fference set. 

Proof. This theorern follows from the fact that when n f O we have n a  = no3 

(rnod a + u )  if and only if cu 3 (niod c). mhere a. .i are integers. 17 

Definition 2.20. Under the assuinptioii of Theorern 2.19. we cal1 the di/- 

ference set T in Theorem 2.19 a multiple O/ S. 

Theorem 2.21. If S = {al, a?. a3! .... ak} mod c be a h-difference set. t hen  

T = {a - a l  + b. a - a2 + b! a -  ns + b t  .... n -ak +b} rnod a ,  where a.  b are integers 

and (a,  u )  = 1. is also a A-difference set. and T is isomo~rphic to S .  

Pmof. This theorem can be derived from the fact tha t  when (a. c )  = 1 we 

have a - QI = a - 3 (rnod u )  if and only if cu = 3 (rnod u ) :  mhere a. 3 are 

integers. 

By this theorern, normally we just consider the case of a l  = 0. 

Example 2.22. Tl = {O1 1.3'6) mod 7 and T2 = {O. 3 13: 4} rnod 7 are 

2 -dzfleren ce sets. 



Frorn Si in Example 3.18. by Theorem 2.21, let a = 3 and b = O. we 

obtain Tl. From Si? let a = 2 and b = 0: we obtain T2. 

Example 2.23. T3 = {O. 1: 2: -I} rnod ï ïs a z-difference set. 

From SI? by Theorem 2.211 let a = -1 and b = 2: we obtain T3. 

Corollary 2.24. If S = {ai, a?: a% .... ab) mod c zs a A-difference set. then 

T = { u  - ni! c - a?. c - a3, ...' c - nk) mod c is also a A-diflerence set. 

Proof. By Theorem 2.21. let a = -1 and b = O? we get that 

T = { c  - a l , u - a 2 . v  -a3 ..... c - a k }  mod r 

is a X-di fference set. 

Example 2.25. T4 = {O .  1.4.6} rnod 7 zs a "difference set. 

Applying Corollary 2.24 on Tl: we get T I .  

Theorem 2.26. For k = 4. up to the rnultipie and isotnorphism. there is 

jvst one 2-difference set. which is Si as shown in Example 218. 

Pmof. Let S = {O, a. 6. c )  rnod r be a 3-difference set. By relabeling ele- 

ments and Corollary 2.24. n-e can assunie? without loss of generality, that 

O < a  < b < c and b 5 [ Y ] ?  ahere 151 - is the largest integer nhich is not 

greater than 5.  Since there is a difference a corning from a - 0. the second 

difference a might come from f ( b  - O)' &(c - O): +(b - a) .  f ( c  - a). or 

k ( c  - b ) .  This leads to five cases: 

Case 1. The second difference a cornes h m  k ( b  - 0) = &b. Obviously 

this is impossible since first a # b and second a $ -b (mod c )  because 

O < a + b < u .  



Case II. The second difference a comes from f (c - 0) = *c. Since a < c 

so we have a + c = v and the 2-difference set should be S = {O. n'b. L. - a)  

mod u. The rnukiset of its differences is 

* n  +h + ( / y  - O! 
k ( b  - a )  k(v - 2a) 

k ( u  - a  - b) .  

The second difference b might corne froni I ( b  - a ) .  + ( c  - ?a). or 

I ( c  - a - b) and this leads to t hree sub-cases: 

(1) It comes from k ( b  - a). Then since a # O Ive have b + ( b  - a )  = c .  It 

follows that b = - > which contradicts b 5 L:]. - * 

(2) It cornes froni f ( c  - 20). If b = u - 'Za. then c - a - b = a. which 

means a appears more than two tirnes in the ntultiset of differences. and 

so this leads to a contradiction. If b + ( c  - 2a) = u.  then b = ?a. Thtis 

a also appears more than two times in the multiset of differences.   hi ch is 

impossible. 

(3) It comes from f ( c  - a - b) .  If b = c - a - b. then 2b = c - a. We 

have b = 9. - Now considering the reniaining difference. b  - a = &( r - ?a). 
u-3a we have b - a = - = c - 2a or + (U - 2a) = c .  For the former. 1 .. 

we get a - 3a = 2 u  - 4a. Thus u = a: impossible. For the latter. we have 

u - 3a = da. So u = Ta and 6 = = 3a. Therefore. S = {O: a? 3a. 6 a )  mod - 
?a, which is a multiple of Tl. 

Case III. The second difference a comes frorn &(b - a). Since 

a + (6 - a )  = b  # u ,  nTe have a = b - a. Le.. b = ?a. So the 2-difference set is 



S = {O, a: 'Za, c} mod u. The multiset of difference is 

The second difference c might corne from f ?a, f ( c  - a) .  or k ( c  - ?a) and 

this Ieads to three sub-cases: 

(1) It cornes from f 2a. Since c > 2a = b. we have c + 3a = c. It foilows 

that c - a = a - 3a and c - ?a = a - 4a. So. ( c  - 3a)  + (L' - I n )  = P .  This 

leads u = ï a  and c = Sa. Thus S = {O. a. ?a. sa} mod i a .  which is a multiple 

of SI. 

(2) It cornes from &(c - a) .  If c = c - a. then a = 0: impossible. If 

c + ( c - a ) =  a,  t h e n k = c + a .  T h u s c = T .  - Wehavec-?a= 9 - 2 0  - = 

- u-3a - - u- 3a u-3a - 2a or 5 + 2a = c .  If +- = 2a. then c - 3a = -La. so 

c = ï a  and c = -la. We get S = {O.a.'2a.-la) mod i a .  which is a rnulti- 

ple of T3. If + 2n = a. then c - 3a + -la = 2 ~ .  So. c = a: contradiction. 

(3) It cornes from f (c - -a). If c = c - l a ,  then a = 0: impossible. If 
v r * h  c+(c-2a) = a: then '2c = c+Za. Thus c = F. - We haaec-n = * - a  - = 

= = 2a or $ + 2a = u.  In both cases. we have u = 4n. Sa c = = 3a. 2 - 
We have S = {O: a, ?a. 3 a }  mod -la, which is not a 2-difference set since n 

appears more than two times in the multiset of differences. 

Case TC-. The second difference a cornes from f ( c  - a). We have 

a + (c  - a) = c # o. So, a = c - a. Le.. c = ?a. The 2-difference set 



should be S = {O, a? b, ' a )  mod u. The multiset of differences is 

The second difference b might corne frorn f ?a. f ( 6  - a ) .  or *(?a - b )  and 

this leads to three sub-cases: 

(1) It cornes from H a .  The only possibility is b + k  = c since b < 2a = c. 

Thus b = c - on. b - a = c - 3a and '2a - b = 2a - ( a  - 20) = 4n - c. So. 
( U  - 3 4  i (-La - c )  = o or u - 3a = 4a - c .  If (L! - 3n) + (40  - C) = L'. 

then a = c:  impossible. If ç - 3a = -4n - o. then '2u = 7a. Let a = M. 

where d is a positive integer. Then = i d .  Thus b = 3d and c = 4d. And 

S = {O? Zd. 3d. -Id} rnod 2. which is a multiple of c. 
(2) It cornes from &(b - a ) .  The only possibility is b + ( b  - a )  = c since 

b # b - a. So 2b = u + a. Tt follows that b = y > $ which is impossible 

since b 5 L:J. 
(3) Tt comes from &(?a - 6). This will cause a = b or u = ?a = c. Both 

are impossible. 

Case V. The second difference a comes froni k (c -6 ) .  Since O < c-b+n < 

< c < L', we have c - b + a # c .  So, a = c - b, i.e., c = a + 6. The 2-difference 

set is S = {Ol a: b, a + b )  mod U. The multiset of differences is 

ka. 

appears at least four times as a digerence: 

Since -b = b (mod 2b),  b in fact 

which leads to a contradiction. 
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This finishes our proof. 

Since SI in Esample 2.18 does not miss ,y nonz ero resid 

11 

O 

ue as a differ- 

ence, it is not a ( ~ ' 4 ,  (2.01)-difference set. We have: 

Corollary 2.27. There does not e s t  any ( c .  4. [2.O])-difference set  

S =  {O,a ,b .c )  mod u .  i f ( a : b , c , u )  = 1. 

Similady, but more easily, \ire can prove: 

Theorem 2.28. There does not ex& any ( u .  3. (5.01)-difference set  

S = {O, a! b )  mod c .  If (a .  b. u )  = 1 .  

Definition 2.29. A (a t  k, [A. O])-dzfference set S is called a ( v ,  k, [A, O]; t ) -  

-difierence set iJ there are exactly t distinct nonzero residues 

dl, d l : .  . . ! dt mod u such that there are no ordereà pairs (ai. a,). ai, a, E S .  

satisfying ai - aj n d l , d 2 , .  .. . or dt (rnod u). The design generated by a 

(L?? k ,  [A, O ] :  t )-dif fwence sel zs called (v, k, [A, O]; t)-design. 

Therefore, in a ( u :  I1' [A. O]: t)-difference set? there are exactly t distinct 

nonzero residues missing From the rnultiset of its differences  hile eaeh of 

the other nonzero residues appears as a difference exactly X times. t + 1 

corresponds to the parameter n in a (m: n? k. Al: A2)-DDS. 

Example 2.30. The difference set in  Example 2.7 is a (12.3, [2. O]: 1) - 



-diference set. It generates a (1'2: 3, [2, 01: 1)-design: 

h this design. e u e y  pair o j  distinct residues .whose digerence is 6 does no t  

appear together in any block, while al1 other pairs of dis t inct  residves appear 

together twzce. 

The following Theorem generalizes the results in Elliott and Butson [I%]. 

Ryser [35], Koukouvinos and Whiteman [?Il' and Wei? Gao and Yang 1371. 

Theorem 2.31. A ( a ,  k. [A: O]: t)-design has 

Proof. We count the occurrences of differences of al1 two distinct objects 

ai, aj of a base set of the ( u t  k: [A? O]: t)-design in two Na-: 

(1) There are u - 1 - t nonzero residues appearing as differences exactly 

X times mhile the oiher t nonzero residues do not appear: 



(3) k abjects generate k(k - 1) differences. a 

Lemma 2.32. If a ( c ,  k. [&O]: t)-difference set aists and t is odd. then c 1s 

even and is a missing di fference. 

Prooj. If a nonzero residue d is missing from the niultiset of differences of 

the ( u ?  k, [At O]: t)-difference set, then c - d is also rnissing. Since r is odd. 

there must exist a missing difference d such that d = c - d. So. c = 2d is 

even and is a missing diflerence. D 

We note that Lemma 2.32 implies that when t = 1 a ( u .  k. [A.  O]: 1)- 

-difference set is exactly a near difference set of type 1 of Ryser (333. and 

thus a (& 2, k, A)-RDS. The following Lemrna appears in Ryser [SI. but in 

fact it is a special case of a result of Elliot and Biitson [l?]. 

Lemma 2.33. Let A be the incidence matriz of a (c. k .  [A. O]: 1)-design. then 

Proof. Let B = .UT = (b i j ) , , , .  Then bij is the inner product of the i-th 

row of -4 with the j-th row of -4. It follows that bi, counts the number of 1's 

in the i-th row of -4. So, bii = k. If i # j :  then bij counts the number of 



blocks containing both ai and aj (ai = i - 1: a, = j - 1). By Lenima 2.32. $ 

is the missing difference. Thus, by Theorem 2.8, we have 

O i f l i - j ( = y  
when i # j' biJ = 

X othenvise. 

and this finishes the proof. Cl 

Definition 2.34. d (c? ko [A1! A??. . . . A,])-dzfference set S is called a 

( v , ~ , [ X ~ , X ~ , . . .  ,LI; t l , t a ,  ... ,tm)-difference set ij for each i 

( i  = 1.2:. . . . m )  there are exactly t ,  nonzero residues appearirq exactly A, 

t imes  in the rnultiset O/ dzfferences o/ S. The (c. k? [h l .  A?. . . . . A,])-design 

genwated by a ( c .  k, [XI. A?:. . . . Am]: t i ,  t 2 : .  . . t,)-diference set is called a 

( v , k  [ & J 2 , - 0 b  , L ] ; t l d 2 , b . *  , L ) - d e a @ .  171 addition, u 

( v , k , [ X i , X 2 ,  ... ,Xm] ; t ) -d i f fe~ence  set zs defined to be a 

(u, k.  [ X i .  X 2 ,  . . . . A m ] :  t lr t?: . . . . Lm)-diflerence set with t ,  = t .  .4 

(v, k, [Al ,  Aa, . . . , &]; t )  -design c m  be d e f i e d  sirnilorly. 

Example 2.35. {O. 1- 2 . 5 :  i }  ~ n o d  10 is a (IO? 5 .  [2. -41: S .  1)-digerence set. 

The multiset o j  its dzfferences is 

and note that f i  = ~3 (rnod 10).  &6 r 7 4  (mod 10) and -3 = 5 

(mod 10). We have that 5 appears four t imes as a diflerence while all other 

nonzero residues appear tvice as dzfferences. This difierence set generates a 



(IO,& [?,-LI: 8,l)-design: 
0 1 7 5 7  

1 2 3 6 8  

2 3 1 1 9  

3 4 Z 8 0  

4 5 6 9 1  

5 6 4 0 . 2  

6 1 8 2 3  

7 8 9 2 4  

5 9 0 3 5  

9 0 1 4 6 .  

We now generalize Theorern 2.31 in this thesis. Equation 2.1 of Elliot and 

Butson [12] and Lemma 2.: of Jiingnickel [Ml. 

Theorem 2.36. A (u: k. [XI: A': . . . . Am]: t l t  t Z 7  . . . . tm)-desim h m  

and 

Proof. Counting the total number of nonzero residues, we obtain the 

first equality. To get the second one: we count the occurrences of 

differences of al1 two distinct objects %, aj in a base set S of the 

(v, k, . :Am]: tir t 2 , .  . . : t,)-design in ttvo ways: 

(1) For each i (i = 1,2 , .  . . y rn) there are esactly ti nonzero residues 

appearing eractly X i  times in the multiset of differences of S. So the total is 

Artr + A2t2 + * * *  + Xmtm 



(2) k objects generate k ( k  - 1) differences. O 

Lemma 2.37. Let .4 be the incidence matriz of a (L.' k. [Alt A?]: 1)-design. 

then v i s  men and 

ProoJ. The proof of this Lemma is similar :O the proofs of Lenirna 2.32 and 

Lenirna '2.33. O 

Lemma 2.38. ( p  129. [13]) For a x c rnatrices I and J. we have 

det [ ( r  - A)  I + h J ]  = ( r  - h)'-L(ch - h + r ) .  ( 2 . 5 )  

Lemma 2.39. ( p  164, (1 61) If M, N. O and P are n x n matrices which 

commut e in pairs, then 

.... Lemma 2.40. If M is an n x n  m a t e  and al1 eigetualues of M are XI: A,. 

then al2 eigenualues of the matriz M+aI are XI +a' X2+at.. . .  An +a. where 

a is a real number and 1 is the n x n identity mat&. 



Proo f. In the characteristic polynomial of 

replacing X by X - a? we get the result. O 

Lernrna 2.41. (p 237. [30]) Let A4 be an rn x rn matriz and N be an n x n 

~natriz. If aLl eigenudues oJ 11.1 are Xi ,  A?, . . . . A, and al1 eigenualues of N 

are p l ,  p?. . . . , p,, then all mn eigenvalues of the Kronecker produet .\( x .V 

are XipJ, vhere  i = I,'.. . . . m and j = l o  2 . .  . . . R .  

Lemma 2.42. Let 

be an n x n  matrir. Then aall eigenvalues o / M  are X2-Al ((n-1)-rnultiplicity) 

and X2 + ( n  - 1 ) A i .  

Proof. We can get this froni Lernrna 2.38. 

We extend (10.2.2) on p 11" of 11. Hall [13] and (3.7) on p 103 of H. J. 

Ryser [34] to 

Lemma 2.43. Let -1 be the incidence matriz  of a (ül k ,  [XI: Xz]: 1)-design and 

B = =LAT, then 



Proo f 1. In det ( B )  , we first add al1 ot her rows to the first row and factor 

[ ( a  - 2 ) X l  + A? + k] outt  then subtract AI times the first row from each of 

the other rows. This gives that 

Then, add times the ( 5  - + 1)-th column to the fiat coliirnn and 

add tirnes the 2nd row. 3rd row. . . . . +-th row to the ( 5  + ')-th row. 

( y  + 3)-th row, . . . . c-th row respectively. Let d = (k-Al )(k-2Ai +X2)  

- k - A ,  . then we 



Proof 2. Let M. O and P be q x q matrices and ' 

and 

let 
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Using Lemmas 2.38 and 0.39, we can evaluate det(B)  in a difTerent way and 

get the same result. 

Proo f 3. Let n = q. Then 

where 

is an n x n matris. By Lemmas 2.41 and 2.42? since J2,? has ttvo eigen- 

values 2 and 0: we have that B - (k - X 2 ) 1  has eigenvalues '(A2 - h i )  

((n - 1)-multiplicity), 2 [A2 + (n - 1)Xi]:  and O (n-niultiplicity). Thus. by 

Lemma 2.40, the matrix B = .I.I x J Z x 2 + ( k  -A$ has eigenvalues 2(,\2-X~) + 
+(k -A2) = k - 2Xi +A2 ((n - 1)-rnultiplicity), 2 [A2 + ( n  - 1 ) A l ]  + (k - A?) = 

= (2n - -)A1 + A2 + k. and O + (k - X2) = k - X2 (n-multiplicity). Since the 

determinant of a square matrir equals the product af al1 its eigenvalues. ive 

pet det(B). O 



The following Theorem is more general than the first part of Theorem 2.1 

in Ryser [35], Parts ( i )  and (ii) of Theorern 3.1 in Wei, Gao and Yang [37] 

and a special case of Theorem 2.3 in Elliot and Butson (121. We will show. 

in Theoreni 5-4, that a similar result holds in the general case. 

Theorem 2.44. A s s u m e  that there ezists u (c '  k. [A1. X 2 ] :  1)-design. then: 

( 1 )  if L< = O (mod 4). then k - ZX1 + hl is a square: 

(2) ii/ L' 2 (rnod 4), then k - X 2  is a square. 

Proof. Let B = .4,1T. so det (B) = det(=l)det(AT) = det(d) ' .  Thus d e t ( B )  = 

[(a - ? ) A l  + X 2  + k] (k  - h ) $ ( k  - -A1 + A2) f - l  should be a square. By ('2.3)' 

(c. k. [Al: A?]: 1)-design is a (c. kt [A1: A?]: c - 2.1)-design. Hence by (2.4). we 

have that ( u  - ?)XI + X2 ; k = k(k - 1) + k = k'. If 

u E O (mod 4): then y - is even. Thus ( k - L ) +  is a square. So. ( I ~ - ~ A ~ + A ~ ) ~ - '  

should be a square. Since - 1 is odd, we have k - ?XI + X 2  is a square. 

If o = 2 (mod 4). then + - 1 is even. So. (k  - 'XI + x ? ) $ - ~  is a square. - 
This implies that (k - A?): is a square. Since 1 is odd. k - A2 must be a 

square. O 



Chapter 3 

Singly Equivalent Designs 

In this Chapter. we will introduce the concept of ,becluiralent designs. We 

will prove that a O-equivalent (n2 - 1. n. [l. O!)-design can be embedded into 

an affine plane. We tvill also prove that for a O-equivalent (c. k. [A. O]: t ) -  

-design if t 2 2 then the point O must miss at leaçt one parallel class. Define 

u ta be the number of parallel classes missing the point O. Then we can 

obtain a standard difference set from a O-equivalent ( u .  k. [A. O]: t)-design with 

u > I (Theorem 3.32). lé will also prove that we can add sorne points to 

a base set of a O-equivalent ( u -  k. [A. O]: +design with u = 1 and get a set 

which generates a ( t  + 1)-equivalent (u. k + t + 1. [A + 2, t + I]: t)-design or a 

( u t  k + t + 1: A + ?)-design. 

3.1 Basic Concepts 

Definition 3.1. In a (c, k, [XI: A?:. . . . A,])-difference set S = 

={al, az. a3,. . . , ak}? the set Bi = {al + i. a? + i. a3 + i? . . . . a k  t i) mod 



u is ako denoted b y  li or [il and is culled a line in the design generated by S 

while an object i in the design is also culled a point, vthere i = O ,  . . . . u - 1. 

il two lines li and l j  are the same or intersect in A, ( 1  5 r 5 rn) points. then 

li and l j  are cded A,-interaecting. If 1, and 1, are O-intersecting. then li 

and I, are culled pamllel and we denote this b y  Z i  II 1 

Obviously. in a ( v :  k, [AL t  A??. . . . X,n])-design. the relation ,\,-intersection 

is reflevive and symmetric. However. it is not necessarily transitive: 

Example 3.2. (0' 1,3.  IO} mod 15 is a (1;. 4, [17 O ] :  ?)-difierence set: the 

mult iset O/ its d i  fferences zs 

Note that both 4 and 11 are missing frorn the multiset of differerices while 

eoch of the other nonzero residues appears as a difference eractly once. 

The design generuted b y this difference set is: 



Clearly, [-LI II [O] and [Il] II [O]. but [4] H [Il] since they rneet at the point 14. 

The Example 3.2 leads us to introduce 

Definition 3.3. A ( u .  k. [ A l .  A2:. . . . A,])-design D zs called &-equivalent 

i/ the relation ,\,-intersection is an equiualence relation. In this case. if tuio 

Av lines 1, and I, in D are Ar-inteîsecting, we denote this by li - 1 j .  I j  A, = 0. 

we also cal1 a O-equiualent design p a d l e l  equivalent. 

A (c. k' [Al: A':. . . . Am])-d?ff~~encë set S is called &-equivalent if the 

design generated by S is Ar-equiwaleitt. 

A A,-equiualent difference set o r  design is also called a singly equivalent 

diffe~ence a et or design respectively. 

Sol to show a design is A,-equivalent. Ive just need to prove that for the 

design the relation A,-intersection is transit ive. 

In an unpublished paper, Professor Y. S. Mendelsohn has obtained the 

following two t heorems. 

Theorem 3.4. A ( u ,  k. [XI: A?.. . - : Am])-d&jn D generated by a 

( u ,  k. [Al ,  X2: . . . : A,])-diffmence set S is A,-equivalent (1 5 r 5 m) if and 



only if whenever d and e appear A, tintes as differences O/ S ,  theri d + e (or 

d - e )  also appears there A, times as  a diflerence. 

Prou/. Let [il]: [i?] and [i3] be three lines in D. Then the conclusion can be 

obtained from the following ficts hased on Thecrem 2: 

(1) 1 [il] n [i-] 1 = A, i2 - i l  appears as a difference A, tinies: 

= X ,  o ia - il appears as a difference A, tinies: 

= A, H i 3  - i l  appears as a difference A, times: 

appear the same number of times as differences and notice 

c - e )  (niod c ) .  O 

Theorem 3.5. A (o. k, [A1: . . . . A,])-design D generated b y  a 

( u :  k.  [X i '  A2:. . . . A,])-difference set S is A,-equiualent (1 5 r 5 m )  if  and 

only if t + 1 1 a and al1 the residues appearing A, tzrnes as differences O J S 

are: 

where t zs the nurnber of residues a p p e a ~ n g  A, times as diflerences of S and 

ProoJ a. Assume that a is the smallest positive residue which appears A, 

times as a difference of St then: by Theorem 3.1. al1 the nonzero residues 

which appear A, times as differences of S are a. -a, 3al . . . . Therefore lines 

[a]: [-a]: [ 3 4 ,  ... . [ta] and [(t +l)a]=[O] are &-intemeeting to each other 

and no other lines can be A,-intersecting to them, since othenvise cr cannot 

be the smallest positive residue appearing as a difference Ar times. This gives 

that ( t  + l ) a  = u and the conclusion follows. 

+. This is a immediate result of Theorem 3.4. O 



In this Chapter, Ive always denote & by a. 

Corollary3.6. A A?-equiualent (a,k.[A1J2]:t)-difierence set is a 

(a! t + 1, k, A?: Al)-DDS. 

Proo f. Let S be a Al-equivalent ( c .  k, [XI. A2]: t)-difference set and 

N = {O, a. 2a,3a.. . . . ta).  Then .\; is a subgroup of G = 2,: where Z ,  

is the additive group of integers niod c. Since 2, is Abelian, we have that 

N is a normal subgroup. By Theorem 3.5. al1 elenients of .V\{O} appear 

X1 tirnes as differences of S while al1 elements in G\iV appear XI times as 

differences of S. So. by Definition 1.7. S is a (a. t + 1. k. X I :  Al)-DDS. O 

Corollary 3.7. .4 O-equivalent ( c .  k. [ A ,  O]: t)-diference set is a (a. t+ l .  k. A ) -  

- RDS. 

Example 3.8. { O ,  1.3.7) mod 15 is a (15.4. [l. O]: 2)-dflerence set: the mul- 

tiset of its differences zs 

Note that both Z and 10 are mzssing from the multiset o j  differmces while 

each of the other nonzero residues appears as a diflerence exactly once. 
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By Theorem 3.3, the design generated by  this dgerence set is O-equiualent: 

Example 3.9. (0' 1: 2 - 4 7 }  mod 12 is a (12.5.  [Z 11: 2)-difference set. The 

multzset of its diferences is 

Note that *'7 = ~3 (mod 12). -6 6 (rnod 12) and -4 zz 8 (mod 22). 

We have that both 4 m d  8 appear as diflerences once while all other nonrero 



residues appear twice. By Theorem 3.5. the design generated by thzs difference 

set is  1 -equiualent. 

ProoJ This is a direct resiilt of Theorems 2.8 and 3.3. O 

Corollary 3.11. A (u .  ko [ X I '  A?'. . . . &]: 1)-design D zs A,-equiualent. 

Proof. In a sirnilar rnanner to the proof of Lemma 2.3'2. ne can see that c 

must be even and the residue appearing as a difference A, times is $. - By 

Theorem 3 5  the conclusion follows. O 

Corollary 3.12. il O-equiualent @. k .  [Al X2' . . . : Xm- 1. O] : t ) -design D c m -  

not  have 1 as u missing dzffe~ence O/ the base set S of D. 

ProoJ If S has 1 as a missing difference, by Theorem 3.4 or Theoreni 3.5. D 

also has 2 , 3 , .  . . . u - 1 as missing differences. which is a contradiction. O 

By Coroliary 3.12, when we want to search for O-eqiiivaient 

( a :  k ,  [hl ,  A2, . . . A,+ O]: t)-difference sets on a cornputer. a e  just search 

those ( u ?  k, [A1: AL>, . . . , O]: t)-difference sets of form {O, 1. a3:. . . . a k ) .  

Corollary 3.13. No ( u :  k. . . .,\,])-design D is Al-. A2-. . . . and 

A,-equiualent ot the same t ime for m > 1. 

Proof. Suppose 1 appears Xi tirnes (1 5 i 5 m)  as a difference of a base set 

of D. Then each of 2,3:. . . also appears Xi  times as differences. which is 

impossible. O 



Theorem 3.14. If a ( v 7  kt [A1. A?, . . . . ,\,])-design D generated by a 

( u ,  k, [A1, XI: . . . A,])-difference set S is A,-equiualent (1 5 r 5 m).  then the 

(u:  k, [Xi, A?!. . . , A,])-design E generated by a S (rnod c )  is also 

A,-quivalent, where a is any integer such that (a, u) = 1. 

ProoJ 1. Let -4 = { u . .  . . : t u }  (mod c )  be the set of residues which appear 

A, times as differences in the set S. Then B = { a u : .  . . . tau}  (rnod c )  is the 

set of residues which appear A, tinies as differences in the set a - S (niod r ) .  

Obviously, -4 > B. If datu = eau (rnod c ) :  where d and e are integers. then 

du = eu (rnod a) .  Thus. -4 = B. Therefore. by Theorem 3.1 or Theorem 3.5. 

E is also A,-equivalent. O 

Proof 2. Since D is A,-equivalent and S a-S. so E is also A,-equivalent. Cl 

Theorem 3.15. IJ them exists a h2-equivaletit ( u .  k. [ X i .  h2]:  S. r)-design and 

X2 is odd. then t is euen. 

Prooj. By Theorern 2.36. we have 

and 

If t is odd, then c is even since ( t  + 1) 1 u. Hence, by 

we have that s is even. Thus, by (3.2): since k(k - 1) is also even. but if X 2  is 

odd then t is even, which is a contradiction. Therefore. t has t o  be even. O 



3.2 Finite Planes 

The folloning three definitions are taken from L. 11. Batten and A. Beu- 

t elspacher [3]. 

Definition 3.16. A linear space is a pair S = ( p ,  L )  consisting of a set p 

of elements. which are calied points, and a set L of  distinguished subsets of 

points, which are called lines. such that the following nn'oms hold: 

( L I )  Any two distinct points o f  S belong to exactly one lirie of S:  

(L2)  Any line O/ S has at least two points of S:  

( L 3 )  There erist three points of S not on a cornmon lzne. 

Definition 3.17. An afine plane is a linear space satisfyirig: 

(A) If a point p is not on a line L ,  then there is a unique line on p missing 

L. 

Definition 3.18. A projective plane is a linear space satisfying: 

( P I )  rlny two distinct fines rneet: 

(P2) There exist four points. no three of which are o n  a commun line. 

Theorem 3.19. A i l  fines in an afine plane have the same nurnber oJpoints. 

AI/ fines in a projective plane also have the same number of points. 

Proof. See Propositions 1.2.2 and 1.2.6 of L. M. Batten and 

A. Beutelspacher [3]. O 

Definition 3.20. An afine plane is said to be of order n if a line contains 

exactly n points. 

A projective plane is sazd to be O j order n if a line contains ezactly ( n t  1) 

points. 



Theorem 3.21. Let n 2 2. Then A i s  an a 5 n e  plane oJ order n if and only 

if A is a (n2, n2 + n7 n i 1, n: 1)-design. 

ProoJ By Propositions 1.2.2 to 1.2.4 of L. SI. Batten and -4. Beutelspacher [3] 

and Definition 3.16, it is triie. n 

Theorem 3.22. Let n 3 2. Then P zs a projective plane of order n iJ and 

only if P zs a (n2 + n + 1: n + 1'1)-design. 

Proof. *. It follows from Propositions 1.2.6 to 1.2.8 of L. 'II. Batten and -4. 

Beutelspacher [3] and Definition 3.16. 

¢=. Let -4 = {alt a?, a ~ ' .  . . . ak} and B = {bl. b?, b 3 . .  . . . b k )  be two dis- 

tinct lines in a (n2 + n + 1. n + 1.1)-design. where k = n + 1. If -4 II B. then 

pairs a, and b, (i. j = 1.2.. . . . k)  are in different blocks. Thiis the number 

of blocks 

which leads to a contradiction. Therefore. -4 n B # 0 and the asiom (Pl j 

holds. 

Yext let -4 = {al. a?, a ~ ?  . . . ak} and B = {bl, b2: b3, . . . . b k )  be two dis- 

tinct lines and ak = bk. Then any three of the four points al, a l .  b1 and b2 

are not on a common line. Hence the âuiom (P2) holds. 

The rest is straightfomard. 

The second part of the following Theorem is due to Bose [6]. Jung- 

nickel [IS] Theorem 4.1 gives a more general result for affine geometries. 

Theorem 3.23. (1) From a (n2 + n + 1: n + 1: 1)-design, after remozing one 

line and al1 poznts on thzs line, a (n2: n2 + n, n + 1: nt 1)-design is obtained. 



(2) From a (n2: n' + n, n + 1' n: 1)-design, after removing one point and 

al1 lines through that point, a O-equiualent ( n' - 1, n, [I: O])-design is obtained. 

Proof. (1) See Theorem 4.3.2 of L. 11. Batten (41. 

7 9 ( 2 )  Lct D bc a (n-, n- ; n, n i 1: n, :)-design. ;\fier r e n ~ i n g  m e  pcint 

P and al1 lines on P. we have n2 - 1 lines and n2 - 1 points left. Since 

in the design D for every point Q different from P: there is exactly one 

line through points P and Q. Thus after removing al1 lines on P. each 

point has n lines on it. The size of a line reniains unchanged. Each pair of 

distinct points have exactly one line or no line through them. So. we get 

a (n2 - I t  n. [l, O])- -design. For a proof that the (n2 - 1. n. [l. O])  design is 

generated by a O-equivalent (n' - 1. n. [l. O])-difference set see Theoreni 4.1 

of Jungnickel [18]. C7 

There is a natural way of embedding a O-equivalent ($4. n. [l. O ] )  design 

in an affine plane of order n due to Bose [6]. This is Part (1) of the Following 

Theorem. 

Theorem 3.24. (1) A O-equiualent (n2- 1. n. [1?O])-design c m  be embedded 

into an af ine  plane of order n. 

(2) An afine plane uzn be embedded into a projective plane of the same 

order. 

Proof. (1) Let D be a (n2 - 1: n, [1. O]; t)-design. By X(C - 1 - t )  = k ( k  - 1): 
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ÇVe put the u = ( t  + l ) a  points 0, 1, . . . u - 1 into an array of cu rows: 

Any two points in a same row are not on a line and any t a o  points not 

on a line must be in the same row of the array. We add a nea point x and 

a new lines to the design: each new line contains al1 points in one row of the 

array and the new point x. For the new design D'. the number of lines is 

b' = (n' - 1) + 0 = n% n: the nuniber of points is L" = (n2 - 1) + 1 = n2: 

the nurnber of lines on a point r' = n + 1 since each point in D is on exactly 

one new line and the new point is on a = n + 1 lines: the nuniber of points 

on a line remains the same: k' = n: finally. each pair of distinct points in D' 

is on esactly one line. Therefore. D' is a (n': n2 + n. n + 1. n. 1)-design and. 

by Theorern 3.21. it is an affine plane of order n. 

('1) See the proof of Theorern 12.3.3 of II .  Hall [13]. 

The embedding result in Part (1) of Theorem 3.24 prompted Bose [6] to 

introduce the following Definition. 

Definition 3.25. A O-equiuolent (n2 - 1. n, [lt O])-dzflerence set. i.e. a 

(n + 1: n - 1: n: 1)-RDS. is culled an afine difference set of OT&T n. 

Affine difference sets have also been studied by Hoffman [lj]. 
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3.3 Parallel Classes 

Definition 3.26. In a O-equiuaient ( u ,  k, [. . . O]: +design, the set o j  ail 

lines which are parallel to the line [il is called the 

O-equ-ivdence clad8 ( 6 )  u r  line clwa (i) (i = O. 

say that a line class (i) misrres n point s iJ no line in 

Z. 

parallel close (i). 
1 U 
1:. . . - -  

' t + ~  1 .  R7i  
(i) cuntazns the point 

By Theorern 3.3. in a O-ecpivalent (o.  kl [. . . O]: t)-design. the class (i) 

consists of [il, [i + a], [i + Ua],. . . . [i + tn] for each i with O 5 i < a. nhere 

a = -  ' So, in a O-equivalent ( u .  kt [. . . . O]: +design? the lines are divided 
t+1' 

into <r parallel classes and each parallel class contains t + 1 lines. 

Theorem 3.27. 111 a O-equivalent (LI' k. [. . . .O]: t)-daign. the point O is 

missing from the h e  cfass ( 1 )  2J and only if the point a is missing /rom 

the line class (1 + a) (mod *), where (O 5 a < c ) .  

Proof. Let O < a < v .  The point O appears in the line [l] if and only if the 

point a appears in the line [l +a]  (niod v ) .  So? O is missing from the line [LI if 

and only if a is missing from the line [l + a] (mod u) .  Therefore. O is missing 

from the line class (1) if and only if a is missing from the iine class (1 + a )  

(mod & ) *  0. 

In a O-equivalent ( v ?  12, [. . . , O]: t)-design, let u be t h e  nomber of line 

classes from which the point O is missing, where u is a nonnegative inte- 

ger. We have: 

Lemma 3.28. For a O-equivalent (u, k, [. . . , O]: t)-design, u = (k + u ) ( t  + 1) .  



Proof. By the definition oFa (a, k, [. . . . O]: t)-design there are k lines contain- 

ing 0. Since those k lines must be in k different parallel classest there are k 

pardlel classes containing O. In addition, there are 5 line classes in total. 

So, me have 

Hence. 

By Lernma 3.25 u = cr - k. also in a (m. n. k. XI. A?)-DDS. rn = k t ii and 

as already mentioned n = t + 1. Theorem 3.30 and 3.32 are due to Elliot 

and Butson [Hlt Theorem 6.2: see also Proposition 3.1 and Esample 2.4 ( i i )  

of Jungnickel [18]. 

Theorem 3.29. If t 2 2, there are no O-equiualent ( c .  k. [A. O]: t )  -deszgns 

such that u = 0. 

Proof. We prove this by contradiction. .Assume that for t 3 2 there is 

a ( u ,  k, [A, O]: +design D such that u = O. Then, by previous Lemma. 

u = (k + u ) ( t  + 1) = k ( t  + 1). Since X(u - 1 - t )  = k(k - 1). nTe have 

X(k  - l ) ( t  + 1) = k(k - 1). Thus X(t + 1) = k. So, X = &. Sleanwhile. 

Q r = L =  
t+l le. 

Let S = {O, a l ,  UJ, . . . . ak} be a base set of D. Pick i (2 5 i 5 k)  and let 

2 = u-ai. Then [Il is a line which contains the point O and is different Rom [O]. 

Let [ I l  = {bi: b2, bg, . . . , bk). Since [Il m e t s  [O], it also meets every other line 



in the parallel class (0). Furthermore? by Theorem 2.8 [l]  meets every line in 

the parallei clasç ( 0 )  X times, but k = X ( t  + I l  and there are t +l disjoint lines 

in (O),  so every point on [ I I  is on some line in the parallel class (O). Since (O) = 

= {[O], [al7 Pa], . . . [ta]): we have [ l ]  = {O + tLa7 al + t2a,. . . . a k  + t k n )  

(mod u) ,  where tl: t2. . . . . tk is a permutation of X copies of the set (0: 1' . . . , t ) .  

1 bi 1 ai + ,\CI C i (rnod C) 

However, since bi a, + 1 (mod u )  ( i  = O. 1.. . . . k): where al = 0: me 

have 

,\k 
( t  + 1)t 

kl (niod c ) .  
9 - 

Since c = k ( t  + 1) :  a e  have 

+ u t  r 1 (rnod t + l ) .  
3 
L 

SO, t + 1 1 21. Meanwhiie 21 = 2c - ' 2 ~ ~ .  It ~ O ~ I O W S  that t + 1 1 ?ni ,  

for i = 2 , 3 , .  . . : k. Therefore? t + 1 divides 3 times every difference of S. 

Since: by Corollary 3.12, 1 is one of the differences. we have t + 1  ( 2. nhich 

contradicts t 2 2. 0 

There is an evample with t = I and u = 0: 



Example 3.30. {O! 1 ) rnod 4 is a (4: '2: [17 O ] :  1)-diBrence set: the set of its 

differences is 

Note that -1 r 3 (mod 4). We have that 3 is missing /rom the set of 

di fferen ces. 

This diflerence set generates a O-equivalent design vith ir = 0: 

The folloming Theorem is more general than Theorem 2.1 in Wei. Gao 

and Yang [37] and our proof is sirnpler. 

Theorem 3.31. Up to zsomorphzsm. { O .  l} rnod 1 is the only O-equiualent 

(so k, [A, O ] :  t)-design with u = 0. 

Proo f. Let D be a O-equivalent ( u !  kt [A, O ] :  t)-design with u = O .  By The- 

orem 3.29? t = 1. So. u = (k + u) ( t  + 1) = 2k and cr = A t+ 1 = k. Since 

X(u - 1 - t )  = k(k - 1), we have 2X(k  - 1) = k(k - 1). Thus Il = 2X. So 

v = 4X. Hence the type of D is (4X: 2A' [XI O]: 1). 

Let S = {O.a?.aa?. . . :ak} be a base set of D and 2 = c - ai, nhere 

2 5 i 5 k. Similarly to  the proof of Theorem 3.29, we have 



Hence. X and a, have the same parity. 

If X is even. then al1 aios are even. So. 1: 3. 5:  . . . are rnissing from 

the multiset of differences of S. However? by Corollary 3.12. 1 cannot be 

a missing difference, which Ieads to a contradiction. Thus X miist be odd. 

Hence a*: a ~ ,  . . . . ak must be also odd. Since l must appear as a difference. 

by Theorem 2.8. [O] and [II have X cbjects in cornnion. In addition. [O] and 

[l] just have one even and one odd object respectively. we have X 5 2. Since 

X is odd, X = 1. Thus D is a (4: 2. [1.0]: 1)-design. The only possible base 

sets are {OJ)  and {0?3} and by Theorem 2.16 they are isomorphic to each 

other since 3 - {O. 1} = {O? 3).  This finishes the proof. O 

Theorem 3.32. For a O-equivale~it (P. k. [A. O]: t)-design with ir > 1. as- 

sume the point O is missing /rom the line classes (il). (4. . . . . (iu). where 

O 5 il < il < . . . < iu < a, then {il, il: . . . iu) is a n  (a, u: p)-diflerence set. 

( ~ - k ) ( C t - k -  1) where u = a- k, p = 0-1 . In addition. u = k - X ( t  + 1) + p. 

ProoJ Let D be a O-equivalent ( u ,  k: [A: O]: t)-design with u > 1. with the 

point O is missing from the line classes (il): (4. . . . (iu)< where 

O 5 il < i2 < . . . < iu < a. By Theorem 3.2'7: nTe have (in the loilow- 



ing discussion, for each line class (a ) :  the value a should be taken niod a) :  

(il + l ) ,  (i2 + 1). ... . (ill + 1) miss 

1, 1 + a. 1 + 20, . . .  . 1 + ta: 

( 1 1  4- 2)? (i2 + 2): . . .  . (iu + 2) miss 

9 - y 2 + a, 2 + -a7 ... . '2 + ta: 

( - 1  ( i 2 + c y -  1): ... . (i, + a - 1) miss 

a - 1: a -1+a .  a -1+%.  . . . !  a - 1 + ta. 

By Theorem 3-27. a line class (1) misses a point r if and only i f  (1 - r )  

misses O. thus (2 - xj = (i,) for some p (1 5 p < u) .  So. two line classes (1) 

and (m)  (1 < rn) have a common rnissing point if and only iFm - 1  r k(i,- i,) 

(mod a) for some p and q, where 1 5 p < q 5 u. 

Any line class contains k( t  + 1) points. Given two line classes (1)  and (m) . 
by Theorem 2.8 every line in (1 )  meets every line in (m) in X points. thus 

between them they cover k(t  + 1) + [k - X(t + l ) ] ( t  + 1)  points. Let n be the 

number of cornmon missed points? then n = v - k ( t  + 1) - [k - h(t + l ) ] ( t  + 1 ) .  

which is independent of the choice of (1) and (m). 

Let T = {il: il:. . . . iu). We claim that every nonzero residue rnod a 

should appear the same number of times. say p times. as a difference of T. 



First, if ( i l ) :  (4.. . . . (i,) do not miss any pointç other than 0: a. ?a,. . . . 
ta. consider the class ( 1 )  where 1 5 1 5 a - 1. The pair of classes (0) and 

(1) miss n common points. Suppose (0) and (1) both miss a point W .  where 

O 5 w < cr: then ( - t ~ )  and (1  - IL.) both miss the point O and so they are 

(i,) and (i,) respectively for some p and q. Thus the difference 1 r &(i, - i,) 
(mod a) appears once in T for each common rnissed point less than a. By 

Theorem 3.3 there are such points. so p = +. Thus our daim is true in 

this case, 

Second, if ( i l ) .  ( L ) .  . . . . (i,) miss a point. say x. other than 0. a. 2 0 . .  . . . 

ta. then they also miss t other pointç: r+a. x + 2 a .  x + 3 a . .  . . . x+tcr. Take x 

to be the srnallest positive nuniber nhich is missing froni (il). ( i2).  . . . . (iu). 

Thus O < x < a. Let B, = { i l  + j. i2 + j . .  . . . i, + j )  (mod a). where 

j = 0.1. . . . . cr - 1. Since ( i l ) .  (i?). . . . . (i,) miss x. x + a. x + 20..  . . . x + ta. 

ive have that ( i l  + (a - x)). (i? + ( a  - x)). . . . . ( i ,  + (a - x))  also miss 

O?a.3a.. . . .ta. So. ( i 1+(a -XI ) .  ( i 2 + ( û - I ) ) .  . . . . (&+(CL-x ) )  are exactly 

the same as ( i l ) .  (i?) : . . . . (i,). Accordingly. ( i l ) ,  (i?). . . . . ( i u )  miss the points 

-x. u - r. 2cr - x?. . . . ta - x. Thus ( i l  + x). (i2 +r).  . . . . ( i ,  + x) also miss 

the points O. a. 'la.. . . . ta. Hence Bo = Br. Since x is the smallest positive 

number which is missing from (il). (4. . . . . (iu): it is not hard to prove that 

B, = BJ if and only if x 1 j - i. where i. j = O.  1,. . . . (Y - 1. 1Ieanwhile we 

also have x 1 a. Let O = rx. where r E N and N is the set of al1 natural 



numbers. Then: dl the common missing points of (il): (4, . . . y (i,) are: 

Therefore, in this case, we have p = - = 5 and hence our clairn is also 

true. Accordingly. T = {il, i2. . . . i,} is an (a. il, p)-difference set. 

Since T is an (a, u. p)-difference set. we have 

In addition. since k + id = a, we have u = a - k and 

If (i l):  (4,. . . . (iu) miss a point x other than O. CI.%. . . . .ln. 

then as we discussed earlier in this proof ive have that 

( i l  + ( a - x ) ) ,  ( i 2 + ( a - x ) ) .  . . . . (i,+ (a-x)) are the sarne as (il). (i?). . . . . (i,) . 
In other words, Ba and Ba-, have u objects in common, which means p = u. 

Thus 1 Bo n Bi I= u. So. (i, + 1) = (O) = (il). However. (il) = (O) implies 

that (O) misses 0: which is impossible. Therefore, (il), (h ) ,  . . . . (i,) can not 

have any common missing points other than O. a, 2 ~ : .  . . ta. Counting the 

total number of points of D, whether they are covered by two line classes or 

not, by Lemma 3.28 we get: 



Example 3.33. {OJ?2.4.6.11,12720,23} mod 26 is a (26.9. [3.0]:1)- 

-diflerence set. The multiset of its dgerences is 

Note that f 23 = 7 3  (mod 26). f 32 = ~4 (rnod 26) and so on. We have that 

13 is mzssing Jrom the muftisel of diflerences while each O/ other norizero 

residves appears as a diflerence exactly three times. By Theorem 3.5. the 

design generated by thzs difirence set is O-equivafent: 

[O] 0, 1. 2: 4. 6, 11, 12, 20: 23 

1: 2, 3: 5,  7, 12: 13. '21. 24 

2 3? 4. 6: 8? 13, 14, 22. 25 

3: 4 , 7: 9: 1 15: 23, O 

( 4 )  : 4 5, 6, 8. 10: 15, 16: 2-1, 1 

( 5 )  : 5: 6, 7: 9, 1 6 17? -5? 2 



O is missing from four h e  classes (4, (5). (8) 

[0.1.4.6\, is a (13.4. l bd i f l e rence  set. 
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3.4 Finding O-equivalent Designs with u = 1 

Lemma 3.34. For a O-quivalent (q k ,  [A. O ] :  +design with ir = 1. we have 

u = (k + l ) ( t  + 1) and k = X(t + 1) +1. 

Proof. Since u = 1. sot by Lemma 3.28. we have c = (k + l ) ( t  + 1). Since 

A(c  - t - 1) = k ( k  - l ) ?  we have hk( t  + 1) = k ( k  - 1). So X ( t  + 1) = k - 1. 

or k = X(t + 1) + 1. 0 

For a O-equivalent ( c ,  k, [A? O]: +design with u = 1, we have 

Thus. 

so. 

- 2 k , / - m  
t + l  = 

'LX 

Hence? 1 + A u  should be a square. Let --12 = 1 + Au. where -4 is a positive 

- A-L = integer. We have that v = vt t + 1 - - A :  X ( t  + 1) + 1 = -4 and 

X 1 -4 - 1. That is u = F: t + 1 = 5 x and A 1 k - 1. Since t 2 1. so? - x = t + 1 2 2. Hence, k = Xq + 1 (q 2 2). Therefore, assuming c 5 100, 

we get the possible values for k: 

when A = 1. then k2 - 1 2 100. so k < 10: and 



when X = 2, then k' - 1 5 '200, and k is odd. hence 

k = 5,7,9,1I. 13: 

when X = 3, then k' - 1 5 300. so 

k = 7.10.23.26: 

when X = 4 then k' - 1 5 100. so 

k = 9,13+17: 

when X = 2. then k" 1 5 500. so 

k = l l .16 .W 

when X = 6, then k2 - 1 5 600. so 

k = 23,19: 

when X = 7. then k2 - 1 5 700. so 

k = 15.22. 

We list the tables of base sets of O-equivalent ( u .  k. [A? O]: t)-designs a i t h  

u = 1 obtained by cornputer in t h e  Appendix A. Lani [23] gives a table of al1 

k 5 50 For ah ich  a (m? n. kt A)-RDS euists. 

3.5 Designs Generat ed by O-equivalent De- 

signs with u = 1 

If S = {O! a2: QJ, . . . , ak} is a base set of a O-equivalent ( u t  k. [At O]: t)-design 

with u = 1. then. since u = (k + l ) ( t  + 1) = k ( t  + 1) + ( t  + 1). there are 

exactly t + 1 points mhich are not on any lines in the parallel class (0). 



Theorem 3.35. Let S = { O ,  a?, a3:. . . : ah) be a base set O/ a O-equiualent 

( u ,  k ,  [X,O]: t)-design D yith u = 1, let t + 1 points which are not on any 

line in the parallel class ( O )  be: b: b + a: b + ?a-.. . : b + ta. Then the set 

T = {O: a . ~ ,  a ~ ,  . . . . ak, b: b + a, b + ?a,. . . b + ta).  obtained by addzng those 

t + 1 points to S. generates a ( t  + 1)-equiudent ( u :  k + t + 1. [A + 2. t + 11: t ) -  

-design E when A+:! # t ; l ;  othenuzse it generates a ( c ?  k+t+l. A+?)-design 

E. 

ProoJ Consider the differences among the mes points' which are put into 

a series: 

We have that there are t pairs of points. rvhich are nek? to each other. whose 

difference is ka: there are t - 1 pairs of points. which have a point between 

t hem. whose difference is i J a :  there are t - 2 pairs of points. which have two 

points between them. whose difference is f 3a: . . . : there is 1 pair of points. 

that is b and b + ta .  whose difference is &ta. Since 

we have that each of 

appears t + 1 tirnes as a difference in the set T.  

Because LI is O-equivalentt every two points of 



are on different lines of D. By the theorem assumption, points 

are not on any of the t + 1 lines in the parallel class (O). Since the number of 

lines not in the parallel class (O) is: c-(t+l) = (k+ l ) ( t+ l ) - ( t+ l )  = k(t+l) .  

nhich equals the total nurnber of appearances in D of those t + 1 nem points. 

we have that each of the  lines of D not in the class (0) cantains evactly one 

of the new points. So al1 the differences of two points. one an "old point" 

and one a new point. are: 

{kl? &2?k3 . .  . . * ( u  - l )}  \ {fa. I 7 a  i3a. . . . . f ta}. 

Because l + ( c - 1 )  = 2 + ( c - 2 )  =... = a a n d a + t a = h + ( t - I ) a =  

- - . . . = u ,  so! after adding new points to the set S? each nurnber in 

{l. 2 . .  . . ' (C - 1)) \ { O :  2a. 3a.. . . . t a}  

appears as a difference 3 extra times. Since each of them appears h times as 

a difference in the set S. we have that they appear X + 2  times as differences 

in the set T. 

So. T = {O, a2, a3,. . . . ak. 6 .  b + 0' b + -a'.. . b + ta)  generates a 

(t + 1)-equivalent ( u ,  k + t + lo[X + 2 ' t  + I]:t)-design E if X + 2 # t + 1: 

othenvise it generates a (L', k + t + 1: X + ?)-design E. O 

Example 3.36. S = { O 1  1, 2, 4: 9) mod 12 is a (12? 5: [2, O ] :  1)-diference set 

with u = 1 which has a unique mzssing di&rence 6 .  so it generates a 

O-equzvalent design. The paraIlel class ( O )  contains two lines: 

[O] O, 1, 2: 4: 9 

[6] 6 ,  7, 8, IO, 3. 



There are two points not on either of those two Lines in the c l ~ s s  (0 )  : 5 

and 11. W e  add 5 and 11 to the set S and get T = { O ,  1.2,4:3,9, 11). By 

Theorem 3.35, T generates a 2-equiualent (12.7, 14, E l :  1) -design: 

Example 3.37. From Example 3.8. we know that S = { O .  1.3. T }  mod 15 is 

a (15, 4l [I? O ] :  ?)-difierence set with u = 1 which has two rnissing diferences 5 

and 10 and it generates a O-equiualeiit design. The parallel class ( O )  contains 

three lines: 

3 

[O] O, 1: 3, 1 

[5] 3, 6: 8, 12 

[IO] 10: 11: 13. 2. 

There are three points not on a n y  line in the class ( O )  : 4. 9 and 14. By 

adding these three points to  S .  we get T = (0: 1,3,4. '7: 9: 14). By Theo- 

rem 3.35, since X + 2 = t + 1 = 3, T generates a (15: 7,3)-design. 



( t  + 1)-equivalent ( E .  k + t f 1. [A + 2: t + 11: t)-difference sets and 

( u ,  k + t + 1! X + 5)-difference sets which can not be acquired by adding 

points to a (L'. k: [1, O]: t)-difference set with u = 1 are more interesting. -4 

cornputer search might be used to obtain such difference sets. Appendis B 

is a list of ( t  + 1)-equivalent (s. k + t + 1. [A + '2. t + 11: t)-difference sets or 

(c, k + t + l t  X + 3)-difference sets obtained by corn puter. 



Chapter 4 

Doubly Equivalent Designs 

In this Chapter, ae will introduce the concept of the doubly eqiiivalent design 

as well as the super class. We mil1 describe the structure of super classes and 

discuss properties of doubly equivalent designs. We will generalize results in 

Chapter 3 to doubly equivalent designs. The main result is Theorem 4.10. 

4.1 Basic Facts 

.\ ( c ?  k, [X1:X2,. . . A,])-design with rn > 2 can be both XI-equivalent and 

X2-equivalent . 

Example 4.1. {O, 1,2,1.12,17} mod '21 is a (21.6~[2.1~0]:  12-6.2)- 
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-di  fference set: the multiset of its d i  fferences is 

Each of 

appears in  the multiset of differences just once and both 7 mid 14 are missing 

while all other nonzero residves appear twice. 

By Theorem 3.5. the design genemted by  thzs diference set is both I -  

-equzualent and O-equiualent: 



Definition 4.2. .4 k. [A1.  A?. . . . 1: S. t . .  . . ) - d s i g n  whzch is both X I  - 

-equivaient and X 2  -equiualen t zs called a doubly equivalent design. .4 

doubly equivalent diffe~ence set zs defined similarly. 

Clearly. a doubly equivalent design (or difference set) is also a singly 

equivalent design (or difference set respectively). In this Chapter. \Te alnays 

denote $ by a and by /? respectively. 

Theorem 4.3. 11 there ezists a ( u .  k .  [A l :  A?: . . . 1: s' t :  . . . )-design which is 

both Xi - and A2-equiualent. then ( s  + 1. t + 1) = 1 and ( s  + l ) ( t  + 1) 1 c .  

Proof. By Theorern 3.5, ne  have s + 1 1 u and t + 1 1 c. Let a = 5 and 

9 = e. Since Al # X2:  a nonzero residue cannot appear both Al and X 2  

timeç as a difference. Hence, we rnust have u = [a: 31, where [a. 31 is the least 

common multiple of a! and 3. Thus (s + l?  t  + 1) = ($' $) = 1. Therefore. 

(S t l ) ( t  + 1) 1 U. 0 



4.2 Super Classes 

Definition 4.4. In a h-equiualent ( a o  k: [. . . . A]: t)-design, the set C O/ al1 

lines which are A-intersecting to the line [il is called the A-equivalenee 
- - - -  c l w s  jij ,  ji = U. 1.. . . ? t+l " ij. I j h = û ,  t n e n w e j u s i s i r n p i y d e 7 ~ 0 i e ~ i j ~  

b!4 (9- 

Definition 4.5. Let D be a ( c t  k' [A1' . . . 1 :  .st t .  . . . )-design which is both 

A l -  and X2-equivalent. .4 super class S containing a line [il in D is the 

X -epuivale7ice class (i) A, union al1 the X 2 -  equiualerice classes contailiing a 

n e  z ( i ) ,  We denote the super elass S containing the line [il by 1. 

Theorem 4.6. Let D be a (c. k. [ X i !  X2. . . .]: .S. t . .  . . )-design which is both 

XI- and X2-equiualent and S be a super class in D. Then the /ollovirrg fise 

statements are epiualent to each other: 

(2) 3 [i3] S U C ~  that [il] % [i3] and [i?] h [in]: 

(3) 3 [i4] such that [il] 2 [i4] and [il] 2 [i4] ; 

(4) il - i2 = aa + 63. where a: b E 2: 

(5) d 1 il - i2, where d = (a. 3 ) .  

ProoJ Let a = $ and 3 = &. 
(1) (2). Since [il]: [i?] E St there exist a. b E Z such that 

[il +a31 [ i 2 + b J ] .  Thus [il] 2 [i2+(b-491. Take is = i 2 t ( b - a ) 3 .  

Then [il] [i3] and [i2] 2 [i& 



(2) + (1). If ! [i3] such that [il] [i3] and [il] % [i3]> then. by Defini- 

tion 4.5, we have [il], [i2] E <. 
Therefore, (1) and (2) are equivalent. Similarl- (1) and (3) are equivalent. 

A2 (2) + ( 4 ) .  I f  [ i l]  2 [i3] and [i2] - [i& then il - i3 = cm and i2 - il = bf 3. 

where a. b' E Z. So. il - i2 = acr - b'3 = acr + b3' where b = 4'. 

(4) =. ( 9 ) .  If il - i2 = na + b3, then set i3 = il - aa = i2 + b3.  Hence. 

[i l]  h. [i3] and [i2] 2 [i,]. 
Thus, (2)  and (4 are equivalent. 

(4) + (5 ) .  Since il - i2 = acr + bJ and d 1 a, 3. sot d 1 il - i2. 
(S)  + (4). Because d = (0, j)! we have d = alcl + b13. where a l '  bl E 2. 

Let il - i2 = nid, where nl  E Z. Then. il - i2 = (n la l )o : i  (nlbl)3 = aa+ b 3 .  

where a  = nial, b = nlbl E 2. 

Accordingly, (4) and (5) are equ iden t .  

Therefore, al1 five statements are equivalent to each ot her. 

Corollary 4.7. Let D be a ( c .  k? [XI? X î :  . . . 1: S.  t. . . . )-design uthich ts both 

X I -  and X2-equiualent. Then al1 super classes in  D constitute a partition of 

ail lines of D. Let S be a super class in D. Then 1 S /= ( s  + l ) ( t  i 1). 

Proof. By (1) of Theorem 4.6. the relation that two lines are in the same 

super class is an equivalence relation. So. al1 super classes in D constitute a 

partition of al1 lines of D. Because a super class contains .y+ 1 h2-equivalence 

classes, so? 1 S I= (s + l ) ( t  + 1). O 

Let D be a (a, k, [Xi, X2,. . .]: s, tt . . . )-design which is both AL- and 

Arequivalent. Since the lines in the same XI-equivalence class are in the 

same super class: ive see that al1 super classes in D constitute a partition of 



all Al-equivalence classes in D. Sirnilarl~ we dso see that al1 super classes 

in D constitute a partition of al1 A?-equiïalence classes in D. 

Theorem 4.8. Let D be a ( c .  kt [,Il Y X2: . . . 1: st t o  . . . )-design which is bath 

A L -  ond A,-qulrolcnt rxd d = (c? 2). uhcrc c = - and 3 = &. TI..cr. 
SC 

L' = (S + l ) ( t  + 1)d. 

Prooj. By ( 5 )  of Theorem 4.6' tno X2-equiralent classes (Qx, and ( j ) ~ ?  are 

in the same super class if and only if d 1 i - j .  So. two A?-equivalent classes 

in 

are in the sanie siiper class if and only if their wdistancet* is a multiple of d. 

Hence. we have exactlu d  super classes: 

Counting the total lines of D. by Corollaq 4.7? we have c = ( s+l ) ( t+l )d .  O 

Although u = (s + l ) ( t  + 1)d can be proved directly by Sumber Theory. 

the above proof is froni the point of view of the super classes. lleannhile. the 

equivalence relation generated by super classes is the join of tnTo equivalence 

relations: Xi- and A2-equivalence. Su. rve can also obtain the above results 

from Ring Theory. 

Example 4.9. (0: 1 ~ 2 , 4 7 6 . 7 , 1 1 ~ l ï }  inod2.1 2s a (248: (3:" .:O]: 14.ût2. 1)- 
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-dzfference set: the multiset of its differences is 

Each of 

appears in the rnvltiset of differences just once and 12 is rnissing while al1 

other nonzero residves appear either twice or three times. 

B y  Theorem 3.5, the design genemted b y  this difierence set is 60th 1- and 

O -equiualent: 



Since CY = 5 = 8 and 3 = & = 12, we have d = ( 0 ' 3 )  = 4. By 

Theorem 4.6, the super class Ô contnins 6 fines: [O], [4]. [8]. (121, [XI and 

[20]. By Th eo rem 4.8. 

Theorem 4.10. For a A?- and O-equiualent (c: k, [AL: X2: O]: r. s: t)-design D ,  

" > 1. then u > 1. In addition. let a. = 5 and 3 = &. If d = cs+l)(t+L) 

assume the point O i s  missing from the paralle1 classes (il), (i?). . . . . (i,) , 

where O 5 il < i2 < . . . < i, < 3, then {il: i2,. . . . iu) zs a pz-equzvdent 

(5: u ,  [pli pz]: s)-dzfference set and u = k-Xl(t +l)+pi,  u = & A i t  -Xê+p2. 



Thus we have Xi - = pl - p2 (when A L  < we may vrrite A2 - A L  = 

- - P? - pl)- 

Proof. Since u = (s + I)(t + l )d l  by Theorem 4.8: d = (a, 3). D has d super 

c l ~ s e s :  

Since d > 1. m have that (0) and (d) are in the same super class while (O) 

and (1) are in different super classes. So. every line in (d) meets one line in 

(O) in X 2  points rvhile it meets every other line in (O) in XI points. Every line 

in (1) meets every line in (O) in A l  points. If XI > A?, then there are some 

points not on any lines of (0) and (1): if Xi < X 2 :  then there are sorne points 

not on any lines of (0) and (d). In either case. by Theorem 3.27. O is missing 

from more than one parallel class. that is. u > 1. 

.issume O is missing frorn the line classes (il): ( i )  . . . . (i). rrhere 

O < il c i2 < . . . c i, c 3. By Theorem 3.27 again. Ive have (in the 

folloning discussion, for each Iine class (a). the value a shoold be taken 
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mod 3): 

niiss 

t 3: 

miss 

1 + t3: 

ni iss 

2 +  tS :  

( i l  + 3 - 1 ( & + 3  - 1): ... . ( i  + 3 - 1) miss 

3 -  1. 3 - I + 3 .  3 - 1 + 2 3 !  . . . .  3 - 1  + t.3. 

By Theorem 3-27! a line class (1) misses a point r if and only if (1 - x) 

misses O? thus ( 1  - x) = (i,) for sorne p (1 5 p 5 u ) .  So. two line classes (1 )  

and (m)  (1 < m )  have a comrnon missing point if and only if m-I = f (i,- i,) 

(niod 9) for some p and q, where 1  5 p < q 5 u. 

Let T = {il? iq:. . . .lu). Any line class contains k ( t + l )  points. Given t a o  

line classes (1) and (m) in the same super class, we have that every line in ( I )  

meets one line in (m) in X2 points while it meets every other line in (m) in A L  

points. Thus between them they cover k ( t  + 1) + [k - Xlt - X2)](t + 1 )  

points. Let n be the number of cornmon missed points, then n = o - 

- k ( t  + 1) - [k - X l t  - X z ) ] ( t  + 1): which is independent of the choice of 

( 2 )  and (m) as Far as they are in the same super class. Ueanmhile, two line 



classes (1) and (m) are in the same super class if and only if d 1 m - 1. 

'lotice that  (s + I)d = 3. Then, as in Theorem 3.32, we have tha t  each of 

d, 2d, . . . sd must appear the same niimber of times. say p? tinies. as a 

difference of T. Similarl- each nonzero residue not in {d. 2d.. . . . sd) must 

appear the same number of times. Say pi  times? as a difference of T. There- 

fore. T = {i l .  i2:. . . . iu) is a (3: u. [ p l ?  p2] :  s)-difference set. By Theorem 3.5. 

it is a p2-equivalent difference set. 

IF (il), (i?), . . . . (i,) niiss a point. Say x. other than O. 3.23. . . . . t3. t hen 

they also miss t other points: r + 3. x i 23.. . . . r + t .3 .  l é  niay assunie 

O < r < 3. Since ( i l ) .  (i?):.  . . . (iu) niiss x.x + 3.. . . .x + t.3. ive have that 

(il  + ( 3  - x)) .  (i2 + (3  - 1)) . . . . . (iU + ( 3  - s)) aisa miss 0.3.23. . . . . t.3. Thiis 

( i l+ ( j -x ) ) .  ( i2+(3-1)): .  . . . ( iu+(3-r))  are the same as (il). (4. . . . . (i,). 
I n  other words. if we use B, to denote the i-th block of the design generated 

by T ( i  = 0.1.. . . . 3  - 1). then Bo and B3-, have u objects in coninion. By 

Theorem 2.8, 3 - x appears u tirnes as a difference in T. If d t .3 - x. then 

p l  = u. Thus 1 Bo fi BI I= u.  So. (i, + 1) = (0) = (il). Horvever. ( i l )  = (0) 

implies that (O) misses 0. which is inipossible. Therefore. d / .3 - r. So. 

112 = u and d 1 r. 

If XI > XI,  then pl > p2 = U. which is a contradiction by Corol- 

lary 2.9. Hence Al  < X2. Since p i  = u. we have Ba = Bd. Thus. 

( i l ) ,  (i2)> . . . (iu) also miss d, d + j .  d+23.. . . , df t .3.  Similarl. they also miss 

id. id + 3: id + 23, . . . id + t3- for i  = 2: 3. . . . S .  Accordingly, since d 1 x. al1 



the common missed points of (il): (&), . . . ! (i,) are: 

Hence, counting the total number of points of D. whether they are covered 

by (0) and (d) or not? by Lemma 3.25 we have 

Siniilarly. counting the total number of points of D? whether they are 

covered by (0) and (1) or not. we obtain 

(Xot ice that in rhis case we have p2 = u and k - Xlt - A? = 0). 

If (il): (i2)? . . . (iu) do not have any common missed points ot her t han 

O, 3,2&.  . . t3 ,  then counting the total nuniber of points of D: whether they 

are covered by (0) and (d) or not. ive get 



Similad- counting the total number of points of D. whether they are 

covered by (0) and (1) or not, we obtain 

4.3 A- and O-equivalent Designs with u = O  

Theorem 4.11. Let D be a A?- and O-equivalenl ( c .  k. [A l .  hl' O]: r. S .  t ) -  

-design with u = O. then r = k(t + 1). k = tAl + A?, k = s + 1. r = s t .  

ProoJ Since ir = 0. by Leninia 3.28. ' = (k + u ) ( f  + 1)  = k ( t  + 1) .  Because 

11 = O again, by Theorem 4.10. we have that d = 1. .Accordingly a line [l] 

not in the parallel class (0) rneets one line in (O) in X2 points nhile meeting 

every other line in (O) in XI points. Since u = 0. every point on the line [Z]  

shoiild be on some line in (O) by Theorem 3.27. Thus. k = tXl + A-. Since 

c = k ( t + l )  = ( . s + I ) ( t + l ) d a n d d = l . w e  h a v e k = ( s + I ) d = . s + 1 .  Since 

u = (s+  l ) ( t  +1) and r +  s +  t = L' - 1. we have r = st. O 

We can also derive k = tXl + X2 from the equalities k(k - 1) = rXl  + SA?, 

t = s + 1 and r = st. 

Lnder the assurnption of Theorem 4.11. since d = 1. D just has one 

superclass, which contains al1 the lines of D. 

By Theorem 4.11: given Xi: X2 and t .  we can determine the values of 

the other parameters ut k, r and S. Then we run a coniputer program to 

see whether there evist any A?- and O-equivalent difference sets 

(v :  k, [Xi, A*, O]: r2 s, t )  mith u = 0. 



Example 4.12. {O, 1: 2.4.14; 15: 19.21) mod 24 is a (24.8, [3: 2: O ] :  14: 7: 2)- 

- d e e n c e  set: the multiset of its diferences is 

1 &7 &4 k14 k l 5  id9 &21 

kl I 3  1 3  I l 4  +18 It20 

i 2  I l 2  &13 H l  4119 

I l 0  I l 1  1 I I 7  

A l  *a 5' 

&4 &6 

zt2. 

appears in the multiset of differences exactig twice and 60th 8 and 16 are 

rnissing, white al1 other noniero residues appear three times. 

By Theorem 3.5, the design generated by this diference set is buth 

2-equivalent and O-quivalent. 

4.4 Designs Generated by X- and O-equivalent 

Designs with u = 1 

If S = {O, a?: a3 ; .  . . ab} is a base set of a X- and O-equivalent 

( u :  k1 [XI, L,.. . : A,-?. A? O]: t)-design with u = 1. then. since 

there are exactly t + 1 points which are not on any lines in the  parallel class 

(O). So, me can extend Theorem 3.35 to the case of doubly equivalent designs. 



Theorem 4.13. Let S = { O ,  a2, a,, . . . : ak )  be a buse set of a X -  and 0- 

equzvalent (u, k, [A1, A?, . . . : A,+ ho O]:. . . so +design D wzth il = 1,  let t+l 

points which are not  on  any lines in the parallel class (0 )  ber 

, + + a . . .  . O +  ta!. 

Then the set T = {O. a?, a3,. . . , nk: b. b + a. b + 'a!. . . . b + ta}.  obtairted by  

addzng those t + I points to S .  generates another design: 

(1) if t + 1 = Xi  + 2 for sorne i (1 5 i 5 m - 2).  then it generates a 

(A + 2)-equiualent (o: k + t + 1, [XI + '1. X 2  + 2:. . . . + 2, A + 21: s)-design: 

(2) if t + I = X + 2. then it generates a ( c .  k + t + 1. [A1 + 2. A? + 2 . .  . . . 

Am-? + 2: A + 21: s + t)-design: 

(3) if t + 1 # hi + L X 2  + 2 .... .A,-, + 2.X + 2. then it genemtes a 

( A  t 2)- and ( t  + 1)-equzvalent ( u .  k + t + 1. [Xi + 2, h2 + 2, . . . : Am-? + 2. X + 2. 

t + 11: . . . . s: t)-design. 

Proof. The proof is similar to the proof of Theoreni 3.35. O 



Chapter 5 

Some More Results 

In this Chapter. we aiIl give some more resiilts on singiy or doubly equivalent 

designs. 

5.1 Difference Set Constructions 

An example of a ( u ,  ko [hl. XI :  &])-designo based on a difference set. is the 

Following. Let m and n be distinct positive integen each greater than or 

equal to 2. Consider an m-by-n chessboard whose squares are coordinatized 

by the pairs (i, j), i = O, 1.. . . . m - 1: j = O, 1,. . . . n - 1. The design is 

forrned in this way: the points are al1 the squares (i: j), where (i? j) E 2, x 2,: 

and for each (i, j) E 2, x Zn we take as a block the set of al1 the squares 

(kt 2 )  such that the square (k, 1)  is on the same row or the same column as  the 

square (i, j) and (k: l )  # (i, j). Such adesign has parameters ( c ?  k. [XI: Xa]) 

where u = mn, k = m + n - 2. Xi = 2: A? = rn - '2 and X3 = n - 2. -4 

second such design has the çame points as the first design. hanwer, for each 
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(i, j )  E 2, x Zn we take as a block the set of al1 the squares (k: 1 )  on the 

same row or the same colunin as the square (i: j). For this design L. = mn. 

k = m+ n- 1: Xi = 2, A? = m and X3 = n. An important special case is when 

m and n are relatively prime. In this case we may consider the points of the 

design as elenlents of Zmn where the elements of 2, x 2, are mapped into 

the elements of Z,, by mapping the generator (1? 1) to 1. In this case the 

fint design has as a difference set m. ?m.. . . . ( n  - 1)m. n.2n ... . . (m - 1)n 

while adjoining a O to this set yields a difference set For the second design. 

Theorem 5.1. There erists a ( n  - 2)-equivalent (Jn. n + 2. [-. n - 21)- 

-difference set. where ( n t  4) = 1. 

Prooj. Let m = 4. Construct the first design D in the prerious euample. Let 

E be the image of the design D under the isoniorphisni o. between 2, x Zn 

and Z,,: which niaps the generator (1.1) to 1. Let the block. in D. which 

consists of a11 the squares not equal to (1.1) but on the same romr or column 

as the square (1.1) be St and let [O] = o(S). which is a block in E. Then al1 

blocks of E are [O], (11.. . . ? [LLn - 11. 

We have that 1 [il n [O] I= n - 2 if and only if 4 1 i. where O < i 5 

< -In - 1. So, by Theorem 2.8 and Theorem 3.5. E is a (n - '2)-equivalent 

(471, n + 2? [2: n - 21)-design. A base set of E is a (n  - 2)-ecpivalent 

(In, n + 2: [2, n - '21)-difference set. 

Similarl- we have 

Theorem 5.2. If (m: n) = 1 and m? n # 4' then there erBsts a (m - 2)- and 

( n  - 2)-equzualent (mn: m + n - 2, [2: m - 2, n - '21)-digerence set. 
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Let m = 3 and n = '-2. Based on Theorem 5.2 and the construction of the 

first design in the above example, we have that {O. 1? 2) is a (6: 3: [2.1.0])- 

-difference set and it is 1- and O-equivaalent. 

5.2 Some Necessary Conditions 

By Lemma 2.42' Ive have 

Lemma 5.3. ,411 ezgenualues oj the n x n matriz J of al1 1 s are O ((n - 1)- 

-rnultipliczt y) and n. 

Vie now generalize Theoreni 2.3 of Elliot and Butson [12] to the case of 

arbitrary divisible difference sets in 2,. This also represents a generalization 

of Theorem 2-44 of this thesis. Part (2) of this Theorem appears in Ko and 

Ray-Chaudhuri [2O]: we give an alternate proof and give an explicit form for 

the square. 

Theorem 5.4. Assume that c is even and there exists a A?-equiualent 

(u'  kl [A l l  A?]: t)-design, then: 

(1) if a = = is euen. then k - ( t  + l)XI + tX2 is a square: t+ 1 

(2) (Coroollary 2.2 [20]) iJa = t+ 1 is odd. then k - A2 is a square. 

Proo f 1. Let S={ai, a?: . . . : a k )  be a base set of a A?-equivalent 

(,ut k, [Xi,  A2]: t)-design. Define 



By Theorem 3.5, we obtain: 

Since a is even, (-l)r = 1. Thus. setting x = -1. we have: 

s2(-1) 

= k + X l [ ( - i + i ) + ( - 1  + i ) + - - O + ( - l + l ) - l ] +  

+(A2 - X i )  [(-1)0 + + + ( - lp]  

= k - Xi + (A2  - AL) [(-1)0 + ( - 1 ) ? O  + - *  - + ( - I ) ' ~ ]  . 

Hence. if Q is even: then 

must be a square. 

If a is odd, then t is odd since c = ( t  + 1)a and u is even. Thus. 

must be a square. 

Proof 2. Let -4 be the incidence matrix of a X2-equivalent 

(v :  k, [Xi, X2]: t)-design and B = .-IAT7 then by Theorem 3.5. we have that 

B - (k - X p ) l  is the Kronecker product of the a x a matrix 



and the (t+ 1) x (t+ 1) matrix J. Therefore, by Lemma 2-41, Lernrna 2-42 and 

Lemrna 5.3, d l  eigenvalues of the matrix B - (k - X2)I are O (ta-rnultiplicity): 

( t  + l)(Xs - Al) ((a - 1)-multiplicity) and (t + 1) [A? + (û - l ) X &  Thus. by 

Lemma 2.40, al1 eigenvalues of the matrix B = [B - (k - X2)I]  + (k - X2)I  

are O + (k - X2) = k - A? (ta-multiplicity), (t + I ) ( X 2  - A L )  + (k - A?) = 

- - k - (t + l ) A L  + tX2 ((a - 1)-niultiplicity) and 

(t+l) [A2 + (a - l)XL]+(k-A?) = [ c  - ( t  + l)] Al+tX2+k = k(k-l)+k = k'. 

Since the determinant of a square rnatrix equals the product of al1 its eigen- 

values. we obtain: 

det(B) = (k - [k - ( t  + l)XL + t~?]"- '  k'. 

Because B = .-UTI det( B) rnust be a square. From the expression of det (B). 

if a = " is even. then [k - ( t  + 1 j X l  + tA2jQ-' must be a square since 
t+ L 

( k  - is a square. Because cr - 1 is odd. ne have that 

k-( t+l )Xl  + t X 2  i l  a square. If o! = & is odd. then [k - (t + l)X1 + tA2lu-' 

is a square. Thus. (k  - must be a square. Since L. = ( t  + l)a is even. t 

is odd. So is ta since a is odd. Therefore. k - X2 is a square. O 

'iote. Let ma be the number of even elements in the base set S and ml  

the number of odd elements in S. Since d2(-1) = (ma - ml)'. n e  have that 

k - ( t  + l ) X 1  + tA2 = (ma - mi)2 if a is even and k - X2 = (ma - ml)' if cv 

is odd. 

We can extend the above result to doubly equivalent designs: 

Theorem 5.5. Assume that u is even and there exists a A?- and As-equiualent 

(v, k, [Xi, X3]: T, S? t)-design. Let a = & and 3 = &. Then at least one 

of cu and 3 is men and we have: 





For a O-equivalent (II' kt [. . . O]: t)-design, recall that u is the number of 

parallel classes from which the point O is rnissing, where u is a nonnegatire 

integer. For a O-equivalent (,u, 1î: [. . . : O ] :  t)-difference set So u is defined to 

be the u in the design generated by S. 

We can restate Theorem 3.3'2 into: 

Theorem 5.7. For a O-equivalent (a. k. [A. O ] :  t)-dzflerence set S wzth u > 1. 

the set {O? 1:. . . : a - l)\ [-S (mod CI ) ]  is an (a: ut  p)-di 'erence set. where 
(a-k)(a-k-1) i r = c r - k , p =  

0-1 
. In addition. u = k - X(t + 1) + p.  

Proof. Let S = {al,  a2? a3, . . . : ak)  rnod a. Then al1 lines containing the point 

0 are: [-ai], [-a2]: [-a3]? . . . [-ak] rnod u.  Hence al1 parallei classes contain- 

ing the point O are: (-al) y (-a2). ( -aa)? .  . . . (-ak) niod (Y. Therefore. the set 

{il, ilo. . . i,} defined in Theorem 3.32 is: {O1  1. . . . . a - 1 )\ [-S (mod a)]. 

This completes the proof. O 

Corollary 5.8. For a O-equivalent (c. kt [A. O]: t )  -difference set S with tr > 1. 

the set {O, 1, . . . , cr - 1)\ [S ( m o d  a)] is an (a. u. &difierence set. where 
(O-k}(a-k-1) u = a - k , p =  a- t . In addition. it = k - X(t + 1) * p .  

Proof. We have 

{ O t  1,. . . .a - l}\ [-S (mod a)] = -{{O, 1,. . . , a - 1)\ [S (rnod a)]} (rnod a). 

By Theorem 5 7 ,  {O1 1: . . . ? a - l}\ [-S (rnod a)] is an (0: u: p)-difference 

set. Therefore, by Lemma 5.6? 

(0: 1,. . . - 1)\ [S (mod a)] = -{{O. 1.. . . , a  - l}\ [-S (mod a)]} (mod a) 

is also an (a: u, p)-difference set. 



Example 5.9. {O, 1,2,4: 6,11,1'1,20, '13) mod 26 in Example 3.33 is a 

O-equivalent (26! 9, [3: O]: 1)-diflerence set ufith cr = 13 and u = 4. By î b o -  

r e m  5.7, (4, 5: 8? 10). or {O: 1.4 61, is a (13.1,l)-dzfference set. By Carol- 

lary 5.8, {3,5.8: 9). or {O .  2: 5 , 6 )  s also a (13? 4: 1)-difference set. 

Other O-equivalent ( c .  k. [A. O]: t)-difference sets mith u > 1: 

(0: 1,9,11) (mod 14) is a (14.4. [1,0]: 1)-difference set nith u = 3: 

{O, 1,2,-L, 6 ,T ,  16,17? 24, '26, '19: 31, 32.35'36‘ 40} niod 4 is a 

(42. 16, [6. O]: 1)-difference set with u = 5. 

Sirnilarly to the singly eqiiivalent case, me can restate Theorem -4.10 into: 

Theorem 5.10. For a X2- and O-equiualerit (c.  k. [Al1 Al: O]: r. S.  t ) -  

> 1, then L > 1 and -design D. let cr = & and 3 = &. I j d  = cs+Li( t+L,  

the set {Ol 1.. . . .a - l}\ [-S (mod a)] zs a p2-equivalerat (3 .  u: [pI.p2]: s ) -  

-difierence set and 11 = k - X i ( t  + 1) +pl. ir = k - Ait - X2 + pz. Thus we 

have Xi - A2 = pl - p2 (when A i  < A?. we rnay write XI - X1 = p2 - pl) .  

Fie also have 

Corollary 5.11. For a X 2 -  and O-equiualent (c.k.[Xl:X.LO]:r.~.t)- 

-design LI, let a: = A and 3 = I f d  = 
~ + l  t+l ' 

" > I . t h e n u > l  
(s+L)(t+L) 

and the set {O, 1,. . . : a - 1)\ [S ( rnod a)] is a p2-equiualent (3. u. [pl: pz] :  s ) -  

-difierence set and u = k - &(t + 1) + p l ,  u = k - Ait - X 2 i  p2. Thus we 

haue AL - X2 = pl - [when hl < A?. we may write - Al = pz - pl). 

The following Theorem was given as Theorem 3.2 in A. T. Butson [il in 

1963 and as Corollary 2.1.2 in Elliott and Butson [121 in 1966. In fact the 

result of Elliot and Butson [12] is slightly stronger than this since it applies 



to arbitrary groups. Ryser [35] in 1973 and Wei, Gao and Yang [37] in 1993 

obtained weaker versions of thiç Theorem. but did not mention that rvhat 

they had obtained was just a special case of the results in [î] and [12]. Elliot 

and Butson's proof [12] is very elegant, however we provide two alternative 

proofs and the first proof allows the generalizat ion given in Theorern 5.14. 

Theorem 5.12. FOT a O-equiunlent (a'k. [A, O]: t)-difference set S. 

S (mod a) is an (a, k, X(t + 1))-dzj'erence set. 

Proo f 1. Let S={aL, al, . . . a b }  be a O-equivalent (c. k, [A. O]: t )-difference 

set. By Theoreni 3 . j 1  we have: 

a* f al (mod a). Qûj,nj E S ( i  # j). 

It lollows that we have that the size of S (rnod a) is k. Let D and Dl be 

the design generated by S or S (niod a) respectively. After taking rnod a. 

al1 lines in a parallel class in D coincide. A line 1 in D meets every line in a 

parallel class of D not containing 1 in X points. So, a line in Dl rneets every 

other line of Dl in A( t  + 1) points. Therefore. by Theoreni 2.8. S (rnod a) is 

an (a? k, X(t + 1))-difference set. 0 

Proof 2. Let S={aL, a*? . . . ak) be a O-equivalent (a: k. [A: O]: t)-difference 

set. Define 

By Theorem 3.5, we obtain: 

s ( t ) e ( ~ - ~ )  

k+X(xi  + I ? + . . . + ~ ~ - ~ )  - 

-X(xQ + xZQ + -i- xtQ) (rnod zY - 1). 
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Thus, 

Since 

Rie have t h  

O ( X ) ~ ( X - ~ )  

k + h ( t + l ) ( ~ ~ + x ~ + - + x " - ~ )  (modx" - 1 ) .  

ai $ a, (rnod a). Vai :  a, E S ( i  # j ) ,  

at S (mod a) is an (a. k, X(t + 1))-difference set. Cl 

Example 5.13. From Example 5.9. by Theorem 3.5. (0: 1. '2: 4: 6.7.10: 11.12}  

mod 13 is a (13.9.6)-dzfference set. 

We can estend Theorem 5.12 to the doubly equivalent case. 

Theorem 5.14. For a A?- and O-equivalent ( c .  k. [Xi.  X2- O]: r. S. t)-difference 

set S, let a = 5. 3 = a n d d  = (û .3 ) .  I f d  = 1. then S (mod 3 )  is 
t+ l  

a (3, k. A L t  + A2)-dgerence set; if d > 1. then S (rnod 3 )  is a ( X L t  + A?)- 

-equivalent ( 3 .  k.  [Al( t  + l ) ?  A L t  + ,\&-difference set. 

Proof. -4s in Proof 1 of Theorem 5.12, the size of S (mod 3)  is k. Let D and 

Dr be the design generated by S or S (mod 3)  respectively. D has d super 

classes: 

If parallel classes (i) and ( j )  are in the same super class? then every line in 

(i) meets one line in (j) in Xî points mhile it meets every other line in ( j )  in 

hl points. If parallel classes (i) and ( j )  are in digerent super classes. then 

every line in (i) meets every line in ( j )  in X i  points. If d = 1: then D just has 
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one super class. So, similarly to Proof 1 of Theorem 5.121 we have that a line 

in Dt meets every other line of Dt in Ai t  + X2 points. Therefore, S (mod 3) 

is an (a. k, Ait + A?)-difference set. If d > 1, then similarly we have that 

S (mod 3 )  is a (9. k. [Al ( t  + 1): A l  t + A?])-difference set. Since (i) and (j) are 

in the same super class if and only if i - j = O (rnod d). by Theorem 3.3. 

S (rnod 3 )  is (Al t i X2)-equivalent. El 

Example 5.15. S = {O1 l 1 2 . - I . 1 2 ~ l i }  mod 21 in Example 4.1 is a 1- and 

O-equivalent (21' 6, [2? 1, O]: 12,6,2)-difference set urith d = 1. By Theorem 5.14. 

since 3 = & = 7, S (mod 7) = (0: 1'2.3' -LI 5 )  is a (7: 6.5)-difference set. 



Appendix A 

O-equivalent Designs with u = 1 

1 (a,  k, [l O]; t )  1 1 Exaniple/Remark 

(8: 3. [l: O]: 1) 

( l [ l O ] : )  

( [ l 0 ] 3 )  

(33: 6, [l' O]: 4) 

1 (80, 9? [1, O]; 7) 1 kés 1 {O, 1: 3? 9 . B 1  27? 34.38.66} 1 

Yes 

Yes 

(6318.[1?O]:6) 

{O: 1: 3) 

{0.1:3.7} 

Yes 

No 

Table 1. Case of ( u :  ko 11: O]: t )  

{O1l13,11?20) 
- 

non O-equiralent designs only 

Yes 

(99, 10, [I O]: 8) 

(120, 11, [l, O]: 9) 

( 1  1 1 ,  O]: 0 )  

{0,1:377.1Z120,31141} 

' i o  

Yes 

Yo 

3 non O-equivalent designs 

{O? 1: 3, ?Ot 31,35, 45: 53,58,7-4.114} 
4 

3 non O-equivalent designs of the form 

{O, 1: a,, . . . ) either 



1 ( u t  k, [2, O]; t )  1 i 1 Exarnple/Remark 1 

1 (21: 7, [2? O]; 2) 

1 (60, 11, [2: O]: 4) 

Table 2. Case of ( o ,  k: [2, O]: t )  

(56, 13. [3? O]: 3) 

(85: 16? [3? O]: 4) 

- = Example/Rernark 

Yes {0?1 .2 ,4~5 .7~11}  

Xo 3 non O-ecpivalent designs of the form 

{O, l?  a3, . . . } eit her 

Table 3. Case of (o. k. [3: O]: t )  

1 (u, k, [4, O]: t )  ( 1 Exarnple/Remark 1 

1 (42: 13, [4. O]: 2) 

(72: 17: [4, O]; 3 )  
-- 

Table 1. Case of ( u .  k, (4, O]: t )  

( c ,  k, [j, O]; t) 1 2 1 Exarnple/Remark 1 
(24, 11, [j, O]: 1) 1 Yes 1 {O: 1,2,3,5.7: 10: 11,18, -0,21} 

(88: 21, [5, O]: 3)  1 1 1 
(51: 16, [5, O]: 9 )  Yes {071:2,3,5,7: 11: 12. 13,23,25,26.31.38,44,47) 



Table 3. Case of ( u ,  k, [5? O]: t )  

1 ( u ,  k, (6, O]; t )  1 3 1 Exarnple/Rernark 1 

Table 6. Case of ( u :  k1 [6,O]: t )  

Table 7. Case of (a .  k. (7: O]: t )  

(32, 15, [7, O]: 1) ?io $ non O-ecpivalent designs of the form 

{O. 1. aa, . . . ) eit her 



Appendix B 

Tables of A-equivalent Designs 

Table 1. ( t  + 1)-equivalent ( ~ 1 :  k + t  + 1. [3, t + II: t)-difference sets 

conesponding to ( c !  k! [l! O]: t)-difference sets with u = 1 

(35. 11. [3? 31: 4) 

1 (12, 7: [J1 O]: 1) 1 Yes 1 {O, 1, 2:3, 5? 6: 10) 1 

Table 2. (t + 1)-equivalent ( a t  k + t + 1' [4. t + II: t)-difference sets 

corresponding to (v: k, [2, O]: t)-difference sets with u = I 

No $ non 3-equivalent designs of the  form 

{Ol Il  an. . . . } either 
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1 (16, 9, [5? 21: 1) 1 Yes 1 (0: 1: ut 3' 4: 6,7: 11,131 

r 

(33, 13, [5, 31: 2) 3 non 3-equivalent designs of the forni 

1 I {O7 1: 03, . . . 6 t h X  

(ut k, [3, O]: t )  

Table 3. (t + 1)-equivalent ( u .  k + t + 1. [5 .  t + 11: t)-difference sets 

corresponding to (c, k. [3. O]: t)-difference sets wit h il = 1 

1 (20. l l?  [6, '21: 1) 1 lés 1 {O. 1'2:3: 5.6: 7.9: 1-1: 15: 18} 1 

- = 

Table 4. ( t  + 1)-equivalent ( c ,  k i t + 1. [6. t i- 11: t)-difference sets 

corresponding to ( u :  k. [4: O]: t)-difference sets with u = 1 

ExarnpIe/Rernark 



Appendix C 

A c++ program to search 

(v, k ,  [Xi, X2])-difference sets 

void  Check(ostream & out ,  voc tor<in t>  set, vec tor<in t>  num, i n t  v, i n t  
k, i n t  11, i n t  12, i n t  indx,  char & f lag,  bool OK); 

void Findout (ostream & out ,  vec to r< in t>  set, vector<int> num, int v, 
i n t  kt i n t  11, i n t  12, i n t  indx, char f lag ,  bool OK) ; 

i n t  main ( 1  
I 

ofstream fout ;  / /  open an inpu t  stream t o  the input f i l e  
fout.open("DS2N.txtR);// e s t a b l i s h  connection 

vec to r< in t>  thevec; / / s e t  of i n t e g e r s  t o  check whether is a d i f  s e t  



vectorcint> num; //num holds the number of times each dif appears 

char flag='Ae; //'A1 means that difference sets have not been found 
//before, otherwise flag='B1 

bool OK=true; //OK is true if the set is a dif set otherwise is falçe 

coutccnInput v, k, 1-1 and 1-2 (1-1>1-2) : \nn ; 
int v, k, il, 12; //v is rnod, k is the set size, 11 and 12 are # ' s  

//of times a residue appears as a difference. 
cin>>v>>k>>ll>>l2; 
if (1-1<=1-2) 

E 
cout<cnl-1 should be bigger than 1-2!\na; 
cout<cnInput v, k, 1-1 and 1-2 (1-1>1-2) again:\nn; 
int v, k, II, 12; 

int indx=k-1; 
Findout (fout, theVec,num,v, k, 11, 12, indx,flag,OK) ; 
fout. close ( ) ; 

c~utc<"\n(~c<v<c", "c<k<cW, ["<<LI<<*, n<<12<<n])-difference sets have been 
done! \rin ; 

return O; 

//----------------------------------------------------------------------- 

//This function inserts dif's and print the data of the set if it is a dif set 
//----------------------------------------------------------------------- 

void Check(ostream & out, vector<int> set, vector<int> num, i n t  v, inr 
k, int 11, int 12, int indx, char & flag, bool OK) 
{ 

int r=O; / /  r is # of tirnes II appears 
i n t  s=O; / /  s is # of rimes 12 appears 

for (int i=O; icv; i++) 
E 

num. push-back ( 0 ) ; 
1 

for (int i=O; ick-1; i++) //calculate al1 the difls in the set and update 

{ 
for 

//difls and num 

(int j=i+l; j<=k-1; j++) 
C 

int difl=set [il -set [ j 1 ; 
dif l+=v; //since d i f l  was negative 
num[difl] ++; 
if (num[difI] >ll) 

t 
OK=f alse; 
indx=i ; 

1 
else 

i n t  d i f  2=set [ j] -set [il ; 
num[dif 21 ++; 
if (num[dif21>11) 



{ 
OH=f aise; 
indx= i ; 

1 
1 

if (!OK) 
break; 

1 
if ( !OK) 

break ; 
1 

for (int i=l; icv; i++) 

{ 
if I !OK) 

break; 
if Inum[i] ==ll) 

r + i ;  
else if (num[i] ==12) 

Sc+; 

else 
E 
OK=false; 
break; 

//If it appears 11 or 12 times, update r or 
//s respectively; otherwise set OK to be false 

OK=(OK && (r+s==v-1) && (k*(k-l)==r*Ll+s*12) );//These 2 equalities 
//should hold 

if (OK) / / I f  is a dif set 
{ 
if (flag=='A') //If we have not found difference set before, 

//print the t i t l e  
{ 

out<<"The ("c<v<<", "<<k<<", ["<~11<<~, 
<<12<<"])-difference sets {O, 1, ..,):\n\nn; 
flag='Bt; //set the flag CO ne 'Bo 

1 
for(int i=O; i c k ;  i++) //print out the set 

"<<set [il ; 
outccn; r=nccr<<R, s=~<csc<~ \n\t\t differences:"; 
for(int i=l; i<v; i++) 

{ 
if (num[i] ==12) //If a dif appears 12 times, 

outccn n<<i<<"(n<cnum[i]<<"),";//then print it out 

//----------------------------------------------------------------------- 

//This function calls the function "Checkn to search al1 the 
/ / (v, k, [l-1, 1-21 ) -dif ference sets, starting with ( O ,  1, , . , , k-1) 
//----------------------------------------------------------------------- 

void Findout(ostream & out, vectorcint> set, vectorcint> num, int v, 
int k, int Il, int 12, int indx, char flag, bool OK) 



[ 
int f stEle=O ; 
bool ready=false; 
for (int i=O; i<k; i++) //initialize the set t o  {O, I,.,., k - 1 )  

{ 
set. push-back ( i ) ; 

while (set[2]<v-k+2) //we start with {O, 1, 2, ..., k-1) and check till 
{ / / { O ,  1, v-k+2, . . . ,  v-1) (exclude these 2 sets). 
for (int i = O :  i c k - 2 ;  i++) //start with the last element of the set 

if (set [k-i-l] cv-i-1) 
C 
if (ready==false) 

{ 
set [k-i-lj ++; 
for(int j=i-1;  j>=O; j - - 1  / / s e t  elements after the (k-i-11th 

//position to be 1 plus the elemenc before  
set[k-j-11 =sec[k-j-2]+1; 

1 
ready=false; 
Check (out, set, num, v ,  k, 11, 12, indx, f lag, OK) ; 
if (indxck-1) 

f o r  ( k t  rn=indx; m>=2; m--) 
{ 

if (set [ml cv+m-k) 
( 
set [ml ++; 
for (int n=k-m-1; n > O ;  n--)  

set [m+n] =set lm] cn; 
in&= k- 1; 
ready=t~e; 
break; 

break; 
1 

1 
if (set [2] ! = f s t E l e )  

E 
f stEle=set (2 1 ; 

if ( f h g = = ' ~ ' )  //if no difference sets have been found 

O U ~ < < ~ N O  (n<c~<c*, Nc<k<<nl [nc-=llccn, nc<12ccn])-difference sets 
{O, 1, ...) exist!\n\nn; 

1 
outc<"\nEnd of processing.\n\n\n"; 

1 
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