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ABS TRACT

Tn this dissertation we have considered three probÌems

of nonparamet.ric inference, namely, (i) the estimation of

a probability density function and the mode when the sample

size N. is a random variable depending on a positivet
parameter t, (ii) the estimation of the shift between two

probabiì-ity density functions, and (iii) the estimation

of a multivariate multiple regression function. In solving

all- the three probfems we have employed the so-caIled-

kernel method of estimating a probability density function

and its derivatives.

In the first problem we have considered a situation

where the sampfe size *a is distributed as an integer

val-ued random variabfe depending on a positive parameter t.

By making suitabl-e assumpti-o.rr on the converqence of Nt as

t tends Lo infinity we have proveC, under certain regularity

condit.ions, the uniform strong consistency and the asymptoLic

normaJ-ity of the estimates of a probability density function

and the mode as t approaches infinity,

In the second problem we have considered the case

when \de have two independent random samples Xf , X 2, . - . ,Xm

and YÌ, Y 2, . . . ,Y n coming from two distributions with proba-

bilit¡r density functions f and g respectivel-y. It is



assumed that these two d.ensities differ onJ-y in locatton

and their common form is unknown Motivated by the like-

l-ihood principle, w€ have then defined an empiricaf Iike-

l-ihood equation based on the kernel- estimates of a proba-

bility density f unction and its derivatives. Lrle have

found that under certain regularity conditions, the solution

of this empirical tikel-ihood equation gives rise to an

estimate of the shift between the densities f and g, and

that the J-arge-sampJ-e properties of this estimate are the

same as the large-sample properties of the corresponding

maximum l-ikeÌihood estimate.

FinafIy, we have used the kernel- method to estimate a

multivariate mul-tiple regression function. We have proved

the uniform strong consistency of the estimated regression

function, and the joint asymptotic normality of the estimate

when this is computed at two or more distinct points.
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CHAPTER I

I NTRODUCT I ON

1.1 Kernel Estimates of a Probability Density Function

and Its Derivatives

Let XI,X2, , . . , X' be independent random varibl-es

having a common probabitity density function f and let

Ô be a real vafued Borel measurable function such that

iiùe now define f (x) bvn-

æ

Iô(w)dw r.

... (1.1)

where {a } is a sesuence of positive numbers converging ton-
zeyo as n tends to infinity. The function î- (") in ( 1.1 )

n

is said to be a kernel estimate of f(x).

Convergence properties of this estimate have been

extensively studied. \¡le only mention here the works of

Rosenblatt 132, 341 , Parzen 129), Nadaraya 126, 271.,

Bhattacharya [5], Schuster 141-l and Singh t45-l .

Multivariate analogues of the estimate in (1.1) for a

multivariate density have been considered among others by

Cacoufl-os lll, van Ryzin [53], and Epanechnikov [14].

For the one-dimensionaf case, 1et. p > 0 be an integer

and denote by t (f) the p-th order derivative of f where
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-(0)t = r. suppose

derivatives satisfy

for estimating t (r)

suggested the estimates given by

that the kernel $ and its firs¡ 1p+1)

certain regularity conditions. Then

(x), r: O,f ,...,p Bhattacharya t.5]

i(t)t*)
n r+ l-na

n

i(') (*l r+1na
n

where the kernel- K is

(v)dy

such that

r if j = r

0 if j I r,

n
I

i=1

v-Y
, (r) l-.
Q( a

n

v-Y
IK(-) ,

n

0,r, ,P t\(1

and he studied their asymptotic properties. Schuster [41 ]

also studied the asymptotic properties of the estimates

in (1.2) and obtained their rates of convergence.

Singh [ ¿S.l suggested dif f erent estimates f or

of the form given by

r = 0rI,

r(t) (*)

(r.3)

(1.4)

n
t

i=1

I
t

't -l

+ f oj*t.
-_O

hosen

l = 0rlr -.. rr-f

and later in Sinsh I a he studied further asymptotic

properties of these estimates.

Yamato 1,591 and Davies IfZ-l consiclered

of f given by

k-erne1 estim.ate

(x)
n

n
I

j=1
I
n

_ x-X.
'ó( l)

a. a.ll

which has the f ol-lowing property:

f
- x-Xln+ * Ó(r)na an

(x)



Because of this recursive property,

IJò

Yamato t Sg I caf l-ed the

estimate in (1.4) a " seouential- " estimate for a probability

density f unction. Hovr'ever, it vras not until the works of

Davies and Wegman I f : -] and Carof I I I,l that sesuenLiaf density

estirnation, in its proper sense, was investigated.

Now, suppose that the sample size is a random variable

distributed as a positive integer valued random variable

N, dependinq on a positive parameter t. On the basis oft-
xr, x 2, , XN , Srivastava t ¿gl considered an estimate of

t
f (x) similar to that

Ê r*l
N t NatN

i

N

x

i=

n (1.1) qiven by

t x-X.
otlla1N tt

(1.s)

... (1.6)

our estimate

and he studied its asymptotic properties as t approaches

infinity. He al-so attempted to prove the asyrnptotic normality

of this estimate when Nt and the seouence {X. } are not

independent. However, his proof is incorrect as Carol-l- t 8l

has pointed out.

In Chapter TI we have proposed an estimate of f(x) based

on XI,X2, . . . , XN and given by

f.. (x)
I\ t

N-
L-_I

d
l=l- l

v-Y
( rl.

a.
l

I
N.t'

I^Ie have establ ished conditions under which

given in (f.6) is

Lotical- l-y normal-

proposed an

proved its

uniformly strongly consistent and. asymp-

Fof lowing Parzen t ZS] \de have also

estimate 0 - of the mode 0 of f (x) and \,,re have
N t

strong consistency and asymptotic normality as
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t tends to infinity

Apptications of Kernel- Estimates to Statistical- Probfems

In this section we shall briefly mention some instances

where kernel- estimates for density functions and their

derivatives have been appì-ied to statistical problems.

Parzen lZg) and Nadaraya lZøl considered the problem

of estimating a mode of a univariate probability density

function. Van Rlzzin [53] and Samanta f37l considered the

estimation of a mode of a multivariate density. Murthy lzal

applied the kernel rnethod to the estimation of jumps, refia-

bility, and hazard rate. Bhattacharya I, S -l gave a sof ution

to the estimation of the Fisher inforrnation. Nadaraya I 25 ,

27), Rosenbtatt [33]. SchusLer 142), schuster and Yakowitz

[ 43:l alI considered the estimation of regression curves

and Singh and Tracy l++l considered the same problem for a

special- modef where the conditional density of Y given X

belongs to a Lebesgue exponentiaf family. In Singh LqO), ,

a wide range of problems including those in econometrics

were suggested which could be sol-ved by using the kernel-

method. Rosenbfatt [35] considered among other things a

test of independence using functionals of kernel estimates

for density functions. Ahmad and Lin l2f suggested estimates

for a vector valued bivariate faiLure rate. Aitken and

MacDonald t 3,l applied kernel--based densit.y estimates to

caLegorical data and TitteringLon t51l explored their use
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in this area.

techniques to

patients.

Copas and Fryer ifOl used kernel e st imat ion

psychiatricdetermine the suicide risks among

In this dissertation \,^¡e sha1l apply the kernel method

in estimating the shift between two densities and al-so in

estimating a multivariat.e multiple regression function.

In the next section we shall briefly discuss the problem

of estimating the shift between two densities.

1. 3 Estim.ation of the Shi f t Bet\,^/een Tv/o Densities

Let X.- ,X2r...,Xm be independent random variables

having a common probability density function f and

Yl,Y2,...,Yn be independent random variables having a

common probability density function S. Suppose that there

exists a f unction h and two real- numbers Ur_ and 0 Z such that

f (x) = h(x-Or) and s(x) h(x-0r) ...(1.7)

for all real numbers x. The number e = 0r-01 i= said to be

the shift between

Let {m } and- N'

such that *N*rN

0 < À < l_. rf h

the two densities f and g.

{n,-} be two sequences of positive integers- N'

N for each N and lim \ = À where
N-}@ N

were known, then 0, a-nd 0Z coufd be estimated

separately f rom Xl,X2r... tX^ and YlrY2,...,Yn using the
NN

method of maximum likelihood by solving for al_ and LZ in

the fol-lowing equations:

m-_
1\

5'

i=I

r,(l) (x.-tr)
h(x'rf = o (1.8)
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and

tN n(t) tY.-r^)
,)l-n

.u- h(Y.-t^) - v'
]=1 J ¿

Under certain regularity conditions on h

(1.e)

(see cramer ItI-l ,

A Z so that

to the shift 0

p.500), the above equations have solution= tln and a2*

which converge in probability to 0r_ and

+-!!)probability.N a2N - al-N conver9es r-r

Moreover, the estimate a* is asymptotically normally distri-

buted with mean 0 and vari, tìnce ñÀ(l-TlT where

æ

-trJ=l

-@

{r(1)(*)}2
f (x)

æ

-tox=l )
-@

{r.,(l) (*) }2
h (x) dx. ... (1.10)

in WaldFurther properties of the estimate tN can be found

IS¿], Lecam Ife]r ârìd chernoff l9--ì.

The nonparametric counterpart of this problem arises

when h is unknown. I{any nonparametric estimates of 0 have

been suggested in the case when h is unknown. For testing

the hypothesis Ho, 0 = O against H.: 0 > 0, i.riil-coxon t 57 1

proposed the statistic W given bV

R.l
(1.11)

where R_.,, j = l-,...,DN are the ranks of the observations
J

Yl,Y2,...,Yn in the combined orcìered arrangement of the
N

two samples X. ,X^r... f X and 
"l_,Y 2,...,Yn A large-sample

!¿*N!¿N

conf idence interval f or 0 based on the !ùil-coxon's statistic

is discussed in Lehmann [20]. Hodges and Lehmann rf5-l

n
N

I
j=]
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proposed a point estiF.ate of

Mann and Vlhitney 123 -1 (which

W) where U is given by

0 based on the statistic U of

to the statisticis equivalent

(1.12)

0 of 0 based on the Mann-

N

U-

and where

IT
i:1 j=1

I(a,b) =

The Hodges-Leh

r(x.,Y.)r-l

if b > a

otherwise.

point estimate

Iri.
mann

Whitney statistic is given by

0 - median of {Y,-X-, i = 1,...,m,,, j =lr-N
The sm.aIl-sample and Ìarge-sample properties

are discussed in Hodges and Lehmann I f S.l .

Asymptotically efficient nonparametric

by Stein t491.

van Eeden I SZ -] proposed asymptotically

estimates of 0 based on a fraction of the N

0 has been the subject of intense research in recent years.

An estimate 0., of 0 is said to be asymptotically efficient
N

if the limiting distribution of /tltf (I-À) {e.,-e} is a normal-
N

distribution with a variance which atta.ins the cramer-Rao

fower bound given by I/J where J is the Fisher information

as defined in (1. Ì0) . The existence of nonparametric

estimates of 0 having this property was first indicated

Ir...rt*Ì.

of this estirnate

estimation of

efficient rank

observations

the N observations¡rt 
' ,x , Y. r... rYm1nNN

Beran I- 4I used al-l-
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in constructing an estimate of 0 that is asymptotically

ef f icient. Weiss and l,ilo1f owitz 156) considered simuf taneous

estimation of the shift and scale parameters in the two-

sample problem and l{of f owitz [ 58 _] continued this work f or

scale parameters.

Analogous estimates for the location parameter in the

one-sample problem have been considered among others by

Stone [50] and Sacks t361.

Motivated by the maximum likelihood method for estimating

the shift 0 in the two-sample problem, Bhattacharya l0-ì

proposed a nonpararnetric estimate of 0 by first reducing

one sample to a frequency distribution over a fixed set of

class interval-s. He then defined an "empiricaf likefihood

inequality" and proved that this empirical l-ikelihood inequa-

lity has a solution (in some sense) which converges in

probability to e. He also showed that the asymptotic

efficiency of his estimate rel-ative to the maximum 1ikeli-

hood estimate is equal to the ratio of the Fisher information

in a grouped observation to the Fisher information in an

ungrouped observation.

Samanta [ ¡g ] improved the methocl. of Bhattacharya by

defining an empiricaf l-ikelihood equation using kernel

estimates of a probability density function and its Ceriva-

tives. He proved that with arbitrariJ-y high probability

this equation has a solution ô: which is consistent for 0.
N

He also proved that /NÀ (f---Ð tô1-e I has an asymptotic normal-
N
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distribution with a

and u2 (at . uZ) are

chosen in advance,

J (f)
uIru2

variance equal to r (f) where u1
uI,u2

two arbitrarily fixed real- numbers

{ r ta, ) } 2

F (ar)

u2

+l
tI

{r(1)(*)}2
f (x)

)
tf(ar))

^., 
r -------------l-u^ ' l-F(a^)

¿

...(1.13)

and ¡'(y) is the distribution function of

J^ _ (f) has the property that althoughu\'u2
it converges to J as -1 and u2 approach

tively.

f (. ) . the quantity

it is less than J

-@ and +æ respec-

In this dissertation \¡¡e have further improved the

method of Sarnanta [:g:l . Using kerne]- estimates of a pro-

bability density function and its derivative, \dê have

devised a nonparametric estimate of 0 which \^re have shown

to be asymptotically efficient Ìn Chapter TII we shalf

T of
N

using

first describe our method, then obtain an estimate

0 and proceed to study its asymptotic distribution

the theory of a two-sample U-statistic. I^le shall_ also

describe a simple computational procedure which leads to

an estimate T*, of 0 having the asymptotic propertiesN-
possessed by TN. I^ie shall then appfy our method to the

estimation of a l-ocation parameter in the one-sample problem.

In the next section we are going to discuss the

problem of estimating a mul-tivariate mul-tipIe regression

f unction using the kernel- method.
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I.4 Estimation of a Multivariate Multiple Regression

Function

,Y .) , i = 1r...rD be n
P2'

ector random variabl-e

havins the joint distri-

, r... r!'^ ) and the joint
t Y2

*Ir...rXÞ_, Yl r...rYo ).
1 - Y2

n function and the joint

(xl, ..,Xo_) by
-1

respectively. The exPecta

), denoted by n(vlx = x)
I
X and is given by the

. rx_ )r... rfr_ (x. r...,x- ) )pI p2 , P2

.. fx ) is given bypt

-1

Õ

ri

ri

ri

f

"(I

m,
l_

Let (X. .,...,x .,r.l Plt
endent observations

(x-,...,X , YL,.t Pl

n function F(xr,...

bility densitv func

note the joint dist

bility density func

...,x ) and g(xr,.pr

of Y given Xt = (*r_

es the regression o

mensional vector (m

for i = I,-..,p2,

indep

rðl
L"J

¡rrtio

proba

we de

proba

G(xr,

tion

de fin

p2-di

where

I

f

Y p

v

I

p

a

2

I

vp I
n

ut

n

xp

ao f(

ib l_o

l_o of

o

1

x

Y n

(xt

(x

m.(x-r...rx )l_ J- pl

9(xa,...,xnr)

Let ô, (V) , i = l-, . . . ,pf be pI univariate probability

density functions and tet {arr} be a sequence of positive

numbers converging to zere as n tends to infinity. Followino

Nadaraya 125, 27) and watson [55] we shaII propose a

nonparametric kernel estimate for the population regression

I: tvir(xr,.-.,*n,_r y1, - - -,yp2,ayr, - - -,urn,



, i = l-,

11"

(1.14)

))),p1 '*p^r (xr'
"¿ p1,xfunction given by

whe re

m. (x.,.l_n r

(m- (x-,
In i

ourlpr
n

,X p1

l]n '1
T Y. il

j=1 rl 
.Q,=t

,P2p1

n 0o
1,=1

(*u-*u j )a
n

n
x

j=r

:l ,

Let S be a closed set in the pt-dimensional Eucfidean

space such that -11: s (x) u > 0.xe ù

The problem of estimating the regression function when

p1 = pZ = I was considered among others by Nadaraya f,25, 27

Rosenbfatt [33], Schuster 142J, and Schuster and Yakowitz

[43]. Schuster l42l proved the asymptotic joint normality

of the estimates of the resression function at q distinct

points. For arbitrary pl and p2 1, Ahmad and Lin l fl

considered the estimation of a multiple regression function

using a recursive-type of kernel estimate for a probability

density function given in (1.4) and they proved the asymp-

totic joínt normatity of the estimates when these estimates

are computed at q distinct points in S. One of the regu-

larity conditions assumed by Ahmad and Lin l-fl is that
.l

u(lvl'l¿ = x) is a bounded function over the entiru pl

dimensional Euclidean space. This assurnption, however,

excludes very important cl-asses of reoression functions.
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Tn this dissertation we have considered the problem

of estimating a mul-tivariate mul-tipte regression function

fot the special case when ñ ñ - )Pl P2 = 2. BY assuming that

for arbitrarily smalf n ¡ O, r[ |vrlt*n:l ( -, i = L,2,

we have afso studied the asymptotic joint distribution

of the regression estimates when these estimates are

computed at two distinct points in S. We have discussed

how these results can be extended to the case when pl

and p. are ar:bitrary and the ïeqression estimates arez-
computed at q (q > 2) r1 istinct points.

1.5 Outline of the Dissertation

In the next chapter (Chapter II) v\¡e <1 iscuss the

problem of estimating a probability density function

and mode when the sarnple size is random. In Chapter III

rr¡e consider the problem of e stimating the shif t between

two densities and finalty, in Chapter IV, we examine

the problem of estimating a muftivariate mul.tipJ_e

regression function

All integrals in this dissertation wil-l- be under-

stood. to be Lebesgue integrals.
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CHAPTER T]

ESTIMATTON OF A PROBABILTTY DENSTTY FUNCTION

ÀND MODE WHEN SAMPLE SIZE IS RANDOM

2 .I Tntroduction and Surnmary

Let X,,X1r- -. ¡X_ be n independent observations of aI¿N

random variable X having the probability density function

f (x). Yamato tSg--l and Davies tfZ.l have stuclied the asymp-

totic properties of the estimate fr., (x) of f (x) given by

- - - (2-r)

where Ô (u) is a continuous probability, density function

and {a- } is a monotonicall-y decreasing seguence of positive
n

numbers converging to zero.

Tn many practicaf situations the number of observations

N, which we observe in time (0, t:l is a random variabl-e.t
For exampì-e, \,re consider the problem of estimating the

probability density function of the waiting t imes of

cust.omers at a service station and we may assume that the

number of customers Nt arriving in time (0,t] is a Poisson

random variable with parameter nt (n > 0).

Considering such problems we assume that for any

t > 0, *a is an integer valued random variabl-e. Let

. n . x-X.
f (x) = r- t a Ot-lln n a. al=1 I l
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XI,X2,X3,..., be independent observations of X having the

probabitity density function f (x) . The random variables

X1,X2,X3,... need not be independent of the random variable

Nt. rn this chapter we consider the estimate fjt) t*l of
Na

the r-th derivative r (t) (*) (r o,r,2,... ) based on

xr,x 2, ,x-- and given by,N
t

N

- (r) t -t l- , (r) ,*-Xi.f _ (x) L ------------ ó'-'(-N. N. r+1 r \ a.r r l_-1 -j l

lrlwhere ô '-' (u) is the r-th derivative of ó (u) .

If ó(u) is so chosen that ô(u) tends to 0 as u tends

to *ær then for every sample sequence f*. (x) is continuous
t

and tends to 0 as x tends to +æ. Consequently, there is a

random variable 0 such that*a

t* (o* ) : __:i:_ r* (x). .. - (2.3)
rtt

Similarly, if the probability density function f (x) is

uniformly continuous, then f (x) possesses a mode 0 defined

by

r(o) _-:i:- r(x).

We consider 0* as an estimate for 0 and \.^/e

t
that 0 is unique.

we have proverl. that under certain

the estimates r-lt) t*l in (2.2) are*a
x) strongì-y consistent an<1 the sample

mode 0 in
N t

(2 ¿\

shal-I assume

In this chapter

regularity conditions

uniformly (uniform in

(2.3) is strongly consistent (Theorems 2.I and



2.2). We have al-so shown that under certain conditions

the estimater -(r)f*-'(x), r = 0,f and 0* are asymptotically
tt

normally distributed (Theorems 2.3 and 2.4) . These four

theorems can be regarded as appropriate extensions of the

earfier results due to parzen I,Zgl, yamato ISg], and

Davies lI2f.

Some alIied work in this area has been done by

srivastava [¿g-l , Davies and tr{egman Ir3], and caroll tgl.

However, our methods are fairi-y standard, and working with

the derivative of the density functionr w€ have been able

to derive the asym.ptotic normality of the estimated mode

as well-.

2 .2 Asymptotic NormaJ-ity of f ,, 
(x) and r ( I ) (*)

I^ie note that

O 
(t ) (rr) irnply that

the set of continu

Lemma 2.I. Let K (

15.

the function ö (u) and its first derivative

following conditions:

-0 (2.s)

(2 .6)
@

_ lt< æ ãnd ll
JI

-æ

n ...(2.7)

the existence of

Let C(f) denote

be a real-valued

l¡1e as sume that
, (1) .0'-'(u) satsify the

l-im rl;il- l"Ö (") I

sup
-@<u<@

1

l"

lo 
(1) t,.l ¡

,rô 
(1) (,r)

, (r)
a (u) lau < æ

Imt
l*- |

¡rdition
S.t.lD r

-.rrl- |

y point

Co

ir

u)

( 2 . 5 ) and

0(u) | < æ.

s of f (x).

function If x e C(f) and if

Borel- measurable
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and

then for any n > 0

--.::: lrt"rl ' @

æ

/ l^(u) lau < æ

-6

lliÏ- lux(u)l = o

- r(x) 
_i lotvlll*nuolÌ = o.

suP lrr'II . @
@<tì<æ | ' I

@

i l*(u) lau < @,

-@

/ l* t,rl I 
l+îd,, < æ.

Proof. We note that if

and

then for any n > 0

The rest of the proof follows along the lines of the proof

of Theorem 1A of Parzen I 29f.

Lemma 2.2. Let 1S.r] be a sequence of functions converginçr

to a function g at a point y as n tends to infinity. Then

l:: {lJ i l*,;",1]+nr(x-y)dy
n-@n
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proof . This is a welf known resul-t in calculus.

Lemma 2.3 Let {v'^-., j = I,2,...¡rri D = I,2,3r...} be anl
uniformly bounded double array of numbers such that

nlim .f - .t- ¿ v 'J = v'n-+æ n ._, nJl=r

Let {g-} be a sequence of functions converging to a function-)

S at a point y as j tends to infinity. Then

_nIr-m rIt- I v_.g.(y)] = v9(v).n-+@ n nl-l
J=f

Proof . The proof of this lemma folfows from Lemma 2.2 in

conjunction with the inequality

_n
lt r v ,o,(v) - vq(v)l'n j=I nl-l

_n
: *.'. 1",,¡llsr{v) - s(v)l

j =l-

_n
* lstvlll* vnj - vl.

J=r

i¡Ie no\^¡ assume that for some real numbers s > l the

sequence { a_ } satisfies the foJ-Iowing condition:-n

...(2.8)

Lemma 2.4. Let 0(u) and O(l)(,rl satisfv Conditions (2.5),

(2.6), and (2.7) and the sequence { ar.} satisf y Condition

(2.8). If x e C(f), then for r = 0,I and for any n > 0

_narrm {r r ( n)s} y < @.
n-à@ n a. sl=r l
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l:: ri ;. ,3, " ï *lo 
(') ,*, I 

r+nr (x-y) dyÌ
l=r J -@ I l

y=r (x) i lo 
(') rv) l]*nuo

where

o 
(o) (rr) = ö (u) .

Proof. We Iet
a. n. sY='nl a.-)

ø.r (x) = i * lo 
('r ,*, ll+nr (x-v) dvJ -- 'i l

and

@

s (x) r (x) Í lø 
(') (y) l 

t*nuo.

we note that ttrrt ,l- for all j = L,2,...,n; n - I,2t3,...

and by Lemma 2.L

lim
-._ g-(x) = g(x).
J+- -J

An applicaLion of Lernma 2.3 completes the proof .

we assume that the estimate f(t) (*) is defined in a
n

simil-ar manner as in (2.2) , i. e. ,

-(r),. I : l ,(.).*-xi.i (x) L ----= ô ( -).
n n r+1 a.

J=r .j l

Lemrna 2.5. Let 0(u) and O(f ) (,r) satisfy Conditions (2.5),

(2.6), and (2.7), and the sesuencu { an} s-tisfy Condition

(2.8) for s - It2,3. If x e C(f), then for r = 0,1



19"

i , rrì ,2
lÏ [.,.]+2t{var(tlt) rx))}l = w rrvr I l+ 

(r) iu) l'a,,n7æ n n tr+2Y-"''

Proof - We have

,,uf *"Iu..{ r (t) (*l } -lnn

_na6I ;,_n,1+2r I I IO(r) f_glI,,(*_u)dun a. ' a. a.
l=r I -æ I l

ana^@

n j=r .j -; tj a'

By Lemma 2.L we get for r - 0.f

l:: [* / lo''',J, l2rt*-u)dul = f (x) I l+''',,,,r124,-'
n-@n-æ

and

l:: r;] I ø('' ,J,r(x-u)aul2 = l-r(x) / ö(')(u)dul2.
n-@n-Ó

An appfication of Lemma 2.4 completes the proof.
T

Remark 2.1. If a- .-', ô > 0, then for s > O
n

lim.r L-'.=. tim.l-=ô*2=ô*...*.tô. I
! \-/ ) -n-)@ tn a n-+@ ' l-+s6 ' 1+s6'

l:r I n

For a proof of this resul-t see page 46 of Korovkin I f Z l.
't

Since ;i= < t we note that for this particular choice of
1+Ô

{ arr} the asymptotic variance of f 
,., 

(x) is srnaller than the

asymptotic variance of the estimate given in Parzen 1291.

This f act was f irst observed by Yamato r 59 --l who proved

Lemma 2.5 for r - 0. However, his proof is based on the

incorrect assumption that a probability density fun.ction



continuous on (--r-) is necessarily

I{e now assume that the seouence

condition

20"

bounded.

{a } satisfies the
n

..(2.e)

(2.s) ,

saLisfy Condition

If x E C(f), then

ISgl has proved this lemma for

can be accomplished in a similar

lim nan-)@ n

Lemma 2 -6 - Let ó

(2.

(2.

for

, and (2.7)

Proo f I¡ie note that Yamato

r = 0. The proof for r 1

way. ble define for r - 0,f

(u) and ó 
(1) (,rl satisfy conditions

, and the sequence { ar, }

f or s = L,2,3 and Condition (2.9)

r=ñ'l! vt¿

(r,.1*2rr\[r(t) (*) - E{r(t) (*)}nnn

Yr*2.f (*,,_i lo(') r,r) l2a,'Ì

6)

8)

converges in distribution to a norma] random variable with

mean zero and variance

Then

wÍ') t*ll

r (t) (*)
n

Y-XI , (r) ," --i,
= -l+r q ( u. ), I = r,2,

a. l
J

nx wl=) (*)
i-r JJ-r

l_

n

,n.

to show that for some 6 > 0To prove the lemma it suffices

(see Loeve I-211, p.275)



- rtwl') (*) ] l'*6

n l+ q
{ r var(rÍt)tx))} 2

j=] r

converges to zero as n tend.s to infinity.

in (2.10) is equal to

- E{vrÍt) t*ll

Ir.l+2r {var (r (t) (x) ) } ]nn

n
x Elw!t)r*l

-j=1 l

2L.

(2.10)

Now, the expression

] I '*ô:r

By Lemma 2-5, the denominator of the

converges to

L rr-*2rr (x) i l o 
(') 

t..r) l 
2u,rlt*

as n tends to ,"rl"rar. Hence, to

to show that the numerator of the

to zere as n approaches infinity.

( see Loeve [ 21 ] , p. I55 ) \¡re have

above expression

prove the l-emma it suffices

above expression converges

Usinq the C -inequality-T

ôI+;

ô;z

^(^I*2r11-+ j
1"" | 'r; e lwÍ')(*)

j=r l

t L+2rr 1+

.2r+01"" I

-\nJ

I+2r
,l-+6 |."" 'l

[n)

6t
[; ul*j')(*llt*6]

j =1 J

- etwl') (*l]12*ôl

_ôt_L _
zt\

tr
¡:l

In{wj') (*)}12*ôt. (2.11)



Now,

I,
;;rr7ã \

l

lo 
(') rJl

J

I 
t*o l

+r (2+6 )

l '*ô t ( x-y) dy

aa

= 0.

of (2.1I), v¡e have

I+2r
l tr', Il",l

L*t
n

t r ¡lwlt)(*)
j =1 f

I
n

l

@

.t
)

-@

I

a I+:n. ¿

a.l

n
x

-t

I
a.

3

I
.6/2(na )n

f r+2r t+ I
lim l["" I ¿

n->@ lI n )
L

For the other term in

I+2r
l.r, Il."J

ñ@

;- I: lo('r,*, l2+ôr(*-v)dvl.
l=1 -æ I l

t1n

From this inequality, using Lemma 2.I and Lemma 2.2 and

Cond.ition (2 .9) \¡7e conclude that

n
{ r elwlt)(*)
j:I l

the right hand

l 
r..l

s ide

-Ut*,
r ; tn{wÍ')
j=l l

arI

(x)]lzre1

a
t--tla.

l

òl+ ;-r, -l
6/2 'n

n

ô1*=
¿a-n -1

- 6/2'n
n

n
t

j=1

r(2+ô) æ

t r*
-@l

o 
(') (*, t(*-y)u" l'*u I

l

; l i * ô 
(') 

( ;ï,r (x-v) u, l'*6:l .
d.

l=f -æ I l

From Lhis inequaì-ity \À¡e concfude in a simil-ar manner that



)",

I+2rta \Irm I n It_ln-+@[n) t; lr{w1') (*l}12*ôl
j=l r

,* A-2
ô

l) l ?ì

n (C > 0), n = L,2,3,.. ...(2.13)

Lemma 2.7. Let 0 (u) and ó 
(l) 

t,rl satisf y conditons (2.6)

This completes the proof of

i¡le now a s sume that the

{ a- } satisfy the followingn
@
lt rilulÖ(u)du < æ

-æ

Proo f .

@

I
-æ

the lemma -

function ó (u)

conditions:

ó t:r-=l f (u)c1u - r (x) 
|a,

l

and the sequence

(2-13)

exist

1n I a. < Can ì:'r I -

and (2.I2 ) and the sequence { ar_, } satisf y Condition

If for r - 0, I the first (r+1) derivatives of f (x)

and are bounded, then

+2r sup '-[t1t) r*li - f(t) (*)] = o(r,u.3*")\.-@<x<@ 
l--Ú n txl J = u (nên

Forr:-0wehave

In{rr,(x)} r(x)l

ll
tn

rl-= l;

n
x

j:1
I

a.l

æ
I

)
-@

For r = I, \,ve integrate by parts to get

le ir(1)(*) ] - r(1) t*l 
I

¡r I I i ^(r)- rn 2 J a (=)r(u)du - r(1)t*l 
I

l=r rj _@ l

= l* ;- i r(r) (*-. ju)0 (u) du - r (1) t*l | .j=l- --

f (x-a.u) ô (u)du - r(x) 
| . . . (2.14)

n
x

j=1

L+2r
n

... (2.]s)



/ r+2r __(:: ./ na I ty n -,.t){*) - e{tjt' ,x)}l

l-n{r(t) (*)}
n - f (t) (*)l

- n{r(t) (x) }l + o(r),
n

.A

r(t) (*)

wi th

.u)lIn (2.I4) and (2.15) expanding

around x to the order of . j \de

:"f l¡{r(')(*)} - r(r)-@<X<æ | - n

suÞ
- -æ<x<@

< Ca
-n

where C is a

follows from

Remark 2.2.

| ¡ 
('+r) r*l I i

f (x-a.u)
l

get for T

(x) 
|

- _(1),and r (x-a

= 0rl

n
I

j=1

(see Korovkin IfZ], p.26).

l" lo tu) au{I _'td,Jl

_nI-
LQ.nl

positive constant. The proof of the Iemma

the above observation.
-6If "r, n , O < ô < 1, then

I¿--: tr-ol on'

Thus, Condition (2.I3 ) is satisfied for this choice of {arr}

Lemma 2.8. Under the conditions of Lemmas 2.6 and 2.7, if

for r 0, l, o (1) , then

converges in distribution to

mean zero and variance \ - , -t- 2r
Proof . VIe have

{ rj') r*l
a normal- random variable

æ

r(x){ / lot') (,rt l2a,-,}.

r(t) (*) l

2r Ir(t) (*)
n

The desiredby Lemma 2.7.

Lemma 2 -6 -

3+2r
n

L+2r
n

L+2r
n

L+2r
n

L+2r
n

conclusion now follows from



2.3 Uniform Strong Consistency of the Estimates

f (")(*), s = 0,1,...,7

l¡Ie de f ine

@
- .i r.

cx (t) = I u" *f (x)dx

> 0 the foflowing

and k (u) and the

25"

(2.t6)

(2.l-7)

(2.r8)

.. (2.19)

...(2.20)

...(2.2r)

(2 .22)

and

!ùe now assume

conditions

e {a

l,rt

k (r) I "tt*O ,x) dx.

sequenc
@

r
I

J

-æ

on

]n

+1

that for some integer r

the functions a(u) , 0(u)

are satisfied.

llo{u) lau < æ

@

I l"'l lk (u) lau < æ

lr.t'll.lr.r,'tl ir l"l : l*l

I lo(=)(u) lau ( -, 11
,p r. - Y

lim
n->æ

@

T

n:l

@

t
n= l-

a-nJ _t 
- 

I
LJ]

n+ -L

l
<@. L+r.2(na )n

2 (1+r) -1nan.

I r 1l
ta a I' n+.L n'

lim na
n->æ

2 (1+r)
6

n
(2 .23)
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We note that Condition (2.J-6) implies that the first (r+1)

derivatives of f (x) are bounded and Conditon (2.L9 ) means

that Ô (u) and its first (r-l) derivatives are functions

of bounded variation on (-*,-).

Lemma 2.9. If Condition (2.12) and for some integer r > 0

Conditions (2.I6 ) tfrrough (2.23 ) are satisfied, then for

s = 0rf ,...tr

converges to zeyo with probability one as n tends to infinity.

Proof. For r = 0, the proof has been given by Davies [fZ].

The proof f or y ) l- can be accompl ished along the same l- ines

as in Davie s I f Z --l and is omitted.

Remark 2.3. If we chose 0(y) to be the standard normal

probability density function and .., r-6, O < ô < ,,+r, ,

then Condition s (2.L7) through (2.23 ) are satisfied.

2.4 Uniform Consistency of the Estimates f^! =) {*) .tnt

s = 0, I, . . . , r, and the Sample Mode 0*
t

!ùe now prove the following theorem.

Theorem 2.I. Suppose that Condition (2.J-2) and for some

positive integer r > 0 Conditions (2.16) through (2.23)

are satisfied.

(a) If for every E > 0

Nl-im ¡t t r rDl l----- - ?Tl > ej 0, 0 < ,¡T < -, ...(2.24)t->@ 'tl t I

then for s - 0,1,...,7



a'1

converges in probabitity to zero as t tends to infinity.

(b) rf
N

.lim tP{::1.] -* = n} !, o < r < -, ...(2.25)t-àæ t

then for s - O,L,...tr

converges to zero with probability one as t tends to

infínity.

Proof. For any s = 0rfr. .. tr let

and

To prove part (a) of the theorem, l-et e and r be arbitrariJ-y

smal-I positive numbers. By Lemma 2.9 \i¡e can f ind an integer

n n (e,n) such thatoo

P{vü- . I for al-l- n greater than n-} > I - n- n o-

and

-:::- ¡r,!') r*r - r (") {*) 
|-æ<x<æ I N t

r{- = -::!- ¡ rj=) t*l - r (=) t*l In -@<x<@ ' n

w,, = :"f Itj=)(*) - r(')(*)1.N -æ<x<æ I Ntt

p{lw w I . : for atr m whenever n > n } > I - n.' m+n n' ¿ o

From (2.24) we can also find t t (e,n) such that foroo
t>tl{ehave

o
rl I rPtlN, - ntl < etJ > I - n.,t



zö.

Let N: It (n-e ) ] and l¡l = [t (r+e) -l + I where Ix.l aenotesI2
the integral part of x. We no\^r choose t > ao such that

I

N. > n. Then \^/e getlo
P{vr- < e}.N

t

integer n tying between N1 and *, ]

integers m and n lying between Nt and *, ]

> l{lvr, . ï for all integers n lying between *l
tr

and NZ J

between *t and *; ]

> I - 3n.

For a proof of part (¡) of the theorem we refer to

Srivastava t)+Bl, p.80.

LIe nov recall- the definitions of the sampl-e mod.e

e", and the population mode 0 given in (Z.l) and (2.)+)
N.

l,

respectively 
"

t nrt*. I e ì lu.-ntl < et, loto.,.-*r., I . i ror some

, p{wn .7, lN.-ntl < et, lw*-vrr., I . i for al-t-

- p{lN.-ntl > et}
L_

- P{lw*-w,-, I ì Z for all integers m and n lying



to

Theorem 2.2. If the Conditions of part (b) of Theorem 2 "I
are satisfied for r = o, then the sample mode 0-- converges*a
to 0 with probability one as t tends to infinity.

Proof. The proof follows from the fact that since f(x)

is uniformly continuous with a unique mode 0, for every

e > o there is a ô > O such rhar lrt"l - f(e)l > ô

whenever l" - 0l > e.

2.5

We assume that the random variabl_e *a satisfies

Condition (2-24) - Then for every e > Ot there exists

t = t (e) such that for t > t \,ve haveoo-o

We define

*t = [rt(1-e ) ]

and

*Z = [rt(I+e)]

where ["] denotes the greatest integer function.

we note that for any 0 < E < L and t > =l ane numbers
TC

*l_ and *2 def ined above satisf y the f oll-owing inequalities:

*z - t+e z-Nt 3e
Ì'¡- 'L-2¿ and ""(2"26)I - *1 I-2e'

Asymptotic Normality of t,!t) (*),
N t

r - 0,f

e{ In. - rtl ì rte} < e.
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We define for

wÍ') t*l
)

s (x)
ITITT

and

T 0r1

I , (r)
1+r I
J

m

r {vü!t)
i-r l
J -f,

v-Y
( lr

a.l

lrl(x) - f '-'(x)l

), we

-ô ,n

this

z(x)=r

In order to study the

il:æ tr,!') t*r - r(') (*)
{ L N, I\.Et'

a specific sequence {-r, n

some positive number. Vf ith

the following 1emma.

where

Proo f.

Nr

I+2r
Nt

Nr<ncN, 'i=Nr+r i l

. . . (2.27)

. . . (2.28)

asymptotic distribution of

find it convenient to choose

='l .2.j- Ì- where ô isLtarvr...J f

choice of {a } we have
n

Lemma 2.LO. Let ö(u) and O 
(1) (,r) satisf y conditions (2.5) ,

_^n "Ì, 6 > 0. rf x e c(f),
1-j and t - 0,f , Ide have

il¿

l
?cE- , t+e.6(l+2r)

r-2. t1-2rl

stant.

nequal-ity,

(

v

)

K

and

ora

l,(lr
L

C is

By

(2 .6) ,

then f

1rlt;plz (x) > er
lr
L



?1

N^

Lt var{*Ít) t*)}
j =Nr+l l

2

1( Nr ì
- I-l' I i+2rI\a ¿

*l

N?

L "l*j') r*) l2
j =Nr+I )

2

.5l. *r l" I t+2rltt*, r

Nz

I
j:Nr+1 I+2ra.

l

@

¡1) q̂.
-@l

lo 
(') tjt I 'r (*-v) ay

l
2

ãl Nrì
ê l-l- | r+zrl

oN'r"r
fixed x e C(f) and. r = 0,1, the sequenceBy Lemm

@

{ft
q.

-æl
this re

that fo

x-y ) dy,

inequal

L and

2.I for any

(') t_Jl lrrr
l

lt and the

any0<e<

I
3

lo

SU

r

-t

it

t

l
I

I

_l

r

= I,2,...\ is bounded. Using

ies in (2.26), we now conclude
l_> 

- 
and T - 0r1

,I L

(x) ì t-r.-I t+zrlãv Nr

c (N2-Nr)

2
ã

3 e -N.,

f 
t*rl t*'

r\J

l
3

-Ce
- I-2e

, f +e. ô (1+2r)(*)
L- ¿¿
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whe re

Lemma

C is a

2.TT.

positive constant.

Let 0 (u) and ó 
(1) (.r) satisf y condition s (2.6) ,

(2 . r2)

(r+1)

O<e

*r < n

Hence,

sup
-ø( x(æ

x
j =Nr+1

sup
-æ< x< @

n
5.

j =N, +J-
tn{w Í') t*t ll - f (t) (*) 

-l
Ce

I-2e

and {a ,r-ô}, 6
n

derivatives of f (x)

< \, t > 1 rrrd ð >' fiÊ

a N.

0. ff for r - 0,f the first

exist and are bounded and if
I

1*, , then for all n such that

where C is a positive constant.

Proof. For r = 0,1 we obtain from the proof of Lemma 2.7

that for all n such that N-' ( ¡ 1 N,

t¡{wÍt) t*l} - r(t) (*)l
l

. { -::9- l¡(r+r)rvtl I- ---<Y<- |

(tZ - Nt, .*r.

n

l"lotu)duÌ{ r
j =Nr

-ì-d,Jl-f l-

-3

; rn{wÍ')
j=Nr+l l

(x)Ì - r(t)(*):l

c (N2-N1)

- 3*t

_ c (N2-Nt)
3N I

CÊ
l- -2 e

(l¡-a3+2rr\' r Nt

,*l-u(3+2r))L

L+2r



Let ö (u) and ó 
( 1) (,rl satisf y Conditions (2 . 5 )

(2.6), (2.7) and (2.i-2) and {.r, = r,-6}, ô > 0. If for

r 0, l, the first (r+1) Aerivatives of f (x) exist and are

Theorem 2.3.

Iet e (e < L)

t > t where-o
as before.

PI

bounded and if ,*j;. . O ç 1, then A=Tã t ri') (*) -r (') (*)y L nt rnt

rmal- random variable with

I ló 
(') (,r) 12a,, as t tends

)1

r(t) (*)Ì . y; N. = nJ

{r(t) (*)
n - f 

(t) (*)] < yi

{r(t) (*) - f (t) (*)] < y;

converges in distribution to a

mean zero and variance \I*Z.f(*)

to infinity.

no

Proof. The proof resembles that of Theorem 1 in Renyi [¡f]

be an arbitrarily smal1 positive number. Let

to = to (e) > ;] .r,a l-et Nt and NZ be chosen

we have for r = 0,f and y > 0

{ rd=) t*l - r (') (*) } < yl

æ

I ol-
n=I

N t

{ r (t) (*)
n

=X
I n-nt l.n.t
N. = n]t

\.

t I tttte

nl

<T- ln-rtl<nte

+

l r-n

PI

pI

N. nlt
+ e,

L+2r
Nt

I+2r
n

I+2r
n

I+2r
n

I+2r
n

PI 1¡(t) 1*¡n - f (t) (*) ] < y;



I+2r
aTN t

Hence,

lpl

_ L p[
ln-nt | <nte

N. =.tll . e.t'

ïntroducing the random variabl-e= w.( 
t) (*)

l
z (x) as defined in (2.27) , (2.28) , and

T

rve have for any n such that *t ( ¡ 1NZ

{r(t)(*) - r(t)(*)i < y;
n

34.

(2.30)

, S (x), and
ûl ,f

(2.29 ) respectively,

yî *a n.l

r (t) (*) )

- f (t) (*))J

{ rj') r*l r(t) (*) ] vl

n
x

j=Nr+1

n
t

j=Na+1
(E{w Í') t*r l

)

(rj') t*l - n{*1') t*t } I ..(2.31)

Y¡ *t J
l

t"*r_, r (x) t\Y ltnt
J aN2

+ Z (x) ¡ N.rt

tn twr(t) (*))T

j =Nr+1

r(t) (*) ] =n]

P

1+2rt* 
r-

N-
-L

t*r,r(*)
*2 .t*r. L+2r
__-N_ at N2

; tut*Í')(*)] - r(')(*))
I =Nr+1 l

l-+2 r
n
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zr(x) i Nt =J
J

: PI { rd') r*l r (t) (*) Ì
N, 1+ô ( I+2r)

,\,

CE
1-2e (x);r

{¡(t) (*)
n

Nt = tl, by Lemma 2.IL.

Hence.

I
In-nt |<nte

nlPI r (t) (*) J

: Pt t rj') r*l

1+2r
a

r(t) (*)]
N, 1+6 (f +2r)

,\,

uc

11.

Ce
I-2e

*l
Nt z r (x); lN - ntl't'

nte l

I+6 (f +2r)
pI {rj') r*l

z (x)r

{rd') r*l r(t) (*) Ì

, (') (*) Ì . y(**) 2

l*. - rTrl nte.l
t
J

I

J

1
3>e

t
+ plz

L'
(x)

I
3

rrr?
3. CÊ-

-lI-c J ' r-2e

<p[

. l+e.6(1+2r)t1-r.) t

1+ô (t+2r)
. 1+e. 2

v (:----:-)' L-¿e

CÊ+ t-r. +

by Lemma 2.10.

l+2r
n

I+2rN- afNt

I+2r*tt*,-

1+2 r-*,

*'"*1"

... (2.32)
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From (2.3I ) we get

x P[
l n-nt l.n.t

in a similar

f r.2t.-(r)vna trnn (x)

manne r

r(t) (*) Ì

r(t) (*) l

r(t) (*)] nlyi

ì pI {rd') r*l

CÊ

I+2r
a Nt

\
z (x); lu..l^'1, ntl < nte lI-2 e

(x) <e

(-ç
1_
3

ì Pt

<p[

{ rj') r*l -Ê

I
3

\-2e

ln - ntl't nte l

L-L

L-2e

- r[lN. -tTtl ì nte-l

r(t) (*) ] L-2 e

e ...(2.33)

we concfude that f or t >_ to,

(x)Ì < yl

N
1

L+2r
a *t

f -rt''t- /-r
ì Pt /*r"i*" {r['r t*)

J I -1
I
ã

ce- ,l-+e,6(1+2r)
L-2e t1-2rl

From (2.30), (2.32), and (2.33)

Pr J\"i= 1rj') r*r - , (r)
tt

I
T

- e-lpI

I
;

- e-l

f L+zr
JN r tll,

IPlz (x)
lr
L

{ rd') r*l

I
3

c

jì

Ce

*-.-1-*tt {r-!t) t*tt*r Nt
- l+e 2Ytt-rr)r(t) (*) ]

L+2r*tt*,-

I+2r*t t*r-

I+2r
a Nl

1+ô (I+2r)



aa

_1I;
5. ce'+el+:-----:-

-L-¿e
. l-+e . 6 (I+2r)
' r-2 ¿' +e

and

PI { rj') r*l
E

- f (t) (*) i < yl

CE
I-2 e

I

Similar statements hol-d for y < 0. Vùe no\^/ invoke Lemma 2.8

and the continuity of the distribution function of a normaf

random variable to compl-ete the proof of the theorem.

Remark 2-4. we note that Carofl l.8l has given a proof for

2.6 Asymptotic Normality of the Sample Mode

In this section \¡¡e study conditions under which the

Lemma 2.12 If for r = 2 the conditions of part (a) of

Theorem 2.L are satisfied and if the random variabl-e 0*
t

converges in probability to 0 as t tends to infinity, then

-(2).: -(2\fi-' (0N ) converges in probabil-ity to f '-' (e) as t tends
tt

to infinity.

Proof. We have with probability one

Ce*| -zt,

- I r+2t- n, 
J*r-*,_

the asymptotic normality of fdt) t*l , ï 0, under conditions
t

different from ours.

distribution of the sample mode U* is asymptotically normal-
t

L+2rNt-N.



. ":f_ Irj')t*t - r(2)t*ll + lr(2)rô., ) - r(2)tetl
--@<X<@,N' .N

tt

The proof foll-ows from part (a) of Theorem 2.I and the

hypothesis.

Vfe assume that { rr, ,r-6 }, 6 > 0.

Expanding rjl) te* ) around o we get
tt

r(r)re ) = rdr)tel + (0* -e)r*'',ti ) = o . ..(2.34)*a*arrrr

where l0i -Ol . l0l¡--Ol. Hence, if 0-- -0 = on(1), then'NtrNt

0: -O o (f). From (2.34) we obtain
NÞt

lrj2)rô* ) - r(2)tel 
I

tt

: lr^1'',ô* ) - ttz) tôr.r ) I

ttt

(e) =

-(1)r
N t

(o* -e)
t

0, then

lr(zl,ô*., r(2) rell

?a

. . . ( 2.3s )

2 -3 that

(0)

r-!2)re-1 )NNtt

we can concl-ude from Theorem

f3
,NA{tN t
ranclom

rf f (1)

v.f(o)

(e) converges in distribution to a normal

variabÌe with mean zero and

i lo 
(tl (n) l2a" as t tends

var]-ance

to infinity, provided

f rom Lemma 2 . L2 \^7e can. -ô, 1t.r, = n " j, 
Ë. ô < 1- similarly

conclude that

r-!2) rel ) - r(2) te) + o (r)N. N.' p'tt

provided {an ,,-ô}, o

*.'i. tÍ:'

!ùe now note that there



denominator of (2.35). Due to this difficulty we sha11

use additionaf conditions in Theorem 2.3. t{e state the

following conditions:

uö(u)du = 0

o2ó (u) du 1 -,

does not exist a sequence {a'

prove the convergence results

r(1) (e) = o; r(2) (o) < o.

lve prove the f o 1f owing

= 11 " Ì which can be used to

for the numerator and the

?q

...(2.36)

...(2.37)

(2 .38)

. ïf Conditions (2.5),

2.37), and (2.38) are

(2.16), (2.L7 ) and (2.L9)

converg:e s in distri -

@

I
-@

@

I
-æ

satisfied, and if for

Theorem 2 - 4.

(2.6), (2.7),

Y3f(e)

Proof -

theorem.
-ô. I ^ 1n J, 76

(2 .24) , (2 .36) , (

r - 2 Conditions

Let {a n

(2.r_8),

are also satisfied, then1ÇI (0* -0)

bution to a

@

/ lo
-@

tt
normal- random variable with mean zero and variance

tt' ,rr) 12a..,

as t tends to infinity.
{t(2 ) tol }2

I¡le first note

the conditions of part (a) of Theorem 2.I with r = O,L,2

that according to the hypothesis,

V'ie also note that from the uniqueness of

uniform continuity of f(x), and part (a)

the sample mode 0* converges in probability
t

to inf inity. Using Lemrna 2.L2, w€ can

(2.35) as:

are satisfied..

the mode 0, the

of Theorem 2.L,

to0asttend.s

write relation
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(0)

we no\.{ show that under the hypothesis A-1 r-11)telJrNt*a
converges in distribution to a normal_ random variable with

mean zero and variance y3f (o ) i lO 
(11 (rr) l2au as r rends

to infinity. We

implies that the

refation (2.15)

of "1 = j-'6 (+)-
f_ 3 sup

-,naì n -@<X<@

l"J*."i (o* -e)
tt

note that Condition (2.16) with r = 2

third derivative of f(x) is bounded. In

-(1)expanding f'-' (x-a.u) around x to the order
'ì

<ô<;)weqet
tt-

t.nir(1) (*)i - r(t) (*)l = o(nl-7ô)tn

= o(I).

Hence, we note that the concfusions of Lemma 2.8 and

Theorem 2.3 hold with r - 1. From relation (2.39) we have

rjr)ter
t

r(2)(e)
{r + o (r)ip

+ 0 (1) 'o (1)pp

rjr)rer
t

r(2) (o)

- .Ãl=- r.!r)torVtNN
tt

r(2) re)
o (1).

p

this computation.

N "3 f (1)
tN Ntt3Nt-N

t

The proof of the theorem norar foll-ows from
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CHAPTER ITI

EFFICTENT NONPARAMETRTC ESTIMATION

3.1

OF A SHIFT PARAMETER

The Empirical- Likelihoocl Method for Estimating a

Shift Parameter

Let XI,X2r.... and YI,Y2,.... be independent random

variabfes with probability densit.y functions f and g

respectively. Suppose there exists a probability density

function h and two real numbers 0r_ and 0, such that

f (x) = h(x-0r) and S(x) = h(x-0r)

for all- reaf numbers x. In such a case, the number

0 = e^-0. is said to be the shift between the densities¿I

f and g. Let {m*} and {n*} be sequences of positive
m

integers such that ^N*rN = fJ for each N and i]: + = À,

0<tr<1 The cfassical maximum fikefihood method of

estimating 0 on the basis of X.,X^,-..,X
I¿

when h is known consists of solving the

, Y. ,Y^,ML¿
N

eguations

,Y

r,(1)(x.-rr)
h(x. tJ = o

tN r,(r) tY.-t^)
,)l-n

h(Y._t^) u'
]=_L J ¿

If h satisfies certain regularity conditions

m
N

I
i=l

n
N

(3.r)

(3.2)

(see



L)

example, Cramer Itt-l , p.500), then equations (3.1) and

(3 .2) have sof utions al_,, and t2n converging in probability

to 0r- and 0, respectively so that a* = t2N-at* converges

in probability to the shift O. Furthermore¡ /N (tN-0)

converges in distribution to a normal random variabte

with mean zero and variance lr ÀuJ(f) where u = 1-À and J(f)

is the Fisher information defined by

r(f) I

"(")r*,,' =tN \JLl

f or al-l- real- x.

ir(1)(*)Ì' clx. . (3.3)

= orrr2r.. ---(3-4)

of positive numbers

f (x)

The nonparametric counterpart of this problem arises

when f is unknown. In this chapter we propose a method

for estimating 0 in the nonparametric set-up which first

obtains a kernel- estimate of the common density of

v v v and then the maximum l-ikelihood principle-I,-2r...r*Nu

is invoked to estimate the shift required on *I,*2....,XNÀ

in order to match them with this estimated density. In

what folf ows, we shaf I take *N NÀ ancì rN = NU and proceed

as if NÀ and NU were integers. In this \,ray v/e shal-f avoid

unnecessary complications without affecting our analysis.

By means of a Borel measurabl_e function Q and a

sequence {a--} of positive numbers converging to zero, weN'

define a kernel estimate of the r-th derivative of the

common density function of Yl_rY2,...,YNU as

. l*r
Nuañ

Let

NU/\x-Yt o(")(l) , "Õ--
J =.1 1\

{l*} be a sequence



converging to infinity

the interval (-bW,b*).

and t* be the indicator

For every t, we define

43"

function of

t,lt' ,x.+r)
fN (x. +r)

(3.s)

...(3.6)

estimating 0.

estimate of 0 in a

lrr(t) = fN ( -bN+r )

NÀ

rN (x. )

T=I

I
I

NÀ

- fN (bN+t)

and calf

L,.(t) = 0
N

the empirical likel-ihood eguation for

tr{e examine the maximum fikefihood

different \day to explain the motivation behind equation

(3.6). I4Ie have

NÀ
log h (X. -.t*)

a=I

NÀ
I ]oq h(X.+t -t- )--'--i *N *2N'

a=1

NÀ
X loo â fx.+t )-'-N'i N't=I

where for every t, gN (z+t) h (z+t-aZ*) is an estimate of

þ(z+t-0.) which is the density function of the random
¿

variables Y.-t, j = I,2,...,NU. Hence \.{e propose a method
J

of estimating 0 in tlie nonparametric set-up which first

obtains an estimate f'o (z+t) of f (z+t-0 ) based on the

Y-sample and 
i1"" 

uses the X-sample to find the vafue of

t for which I l-o9 fn, (X. +t) is maximized. This gives
i=1

the following equation:

1
NÀ

¡lÀ r-!1) tx.+t)
-Nl_

ilr f (x.+t) = o'
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However, for technicaf reasons vre

above equation. For those X,rs lying

(-bN,bN) we have used the above form

of the equation. We have then added

-f*(bN+t) to this expression to give

It wilf be shown in Theorem 3.1

of the left hand side

fN(-bN+t) and

rise to equation (3.5)

that under certain

the empirical likelihood equation

which is consistent for e.

converges in distribution (Theorem

variable with mean zero and variance

the Fisher information as defined

have modified the

in the interval

regularity conditions, with probability approaching one

as N tends

(3.6) has a

Furthe rmo re

to in f in itlz

sol-ut ion T¡l

, '/ñ (TN-o)

,3.2) to a normal random

1
Àr"(f) ' where J(f) is

in (3.3).

The estimate t* of the shift proposed here is very

difficult to compute. However, in Theorem 3.3 r¡¡e shatt

give a simple computational procedure which starts with

an easily computable first approximation and after exactly

one iteration l-eads to an estimatu ô,. of 0 having the
N

asymptotic properties possessed by TN.

The method proposed above is an irnprovement upon a

method developed by Samanta t38..ì .

We now state and discuss the reguì-arity conditions

on f , 0, and the sequence { a*} which \¡/e sha}l- ref er to as

Conditions 4.3.
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3 .2 Condit ions A. 3

Condition 3.1-: f and its first five derivatives are

Condition 3.5: There exists a strictly monotone

increasing function H such that

sup I
l" lit t (Ð < H (Y) ror al-1 Y and

H (bN+r) NL/2s .

Condition 3.6: $ and its first two derivatives are

bounded.

æ

condition 3.2: r (f ) = / t$; t"o r (x) Ì', (*) u* < æ.

^2Condition 3.3: { f"g f(x) is uniformly continuous.
dx

ææ
condirion 3.4: I t(t) (*)u* I t(')(*)u* = 0.

continuous functions of bounded

variation.

Condition 3.8: a = I -ô I - 19
N Ì ' ã ' ö ' t5o

Probabitity density functions which satisfy Conditions

3.1, 3.2, 3. 3, and 3.4 include among others the normal,

the Cauchy, the contaminated normal, and mixtures of the

Cauchy and normaJ- probability density functions.

@æ

condirion 3.7: I ø tu) du l-, I ut 0 (u) du o,
-æ -@

@
qr - I,2,3,4, and / l"'0(n) lau < æ.

-æ



Condítion 3.5 is simil-ar to that in Bhat.tacharya [ 5 ],

p.381. If we fet H(y) = /2r ey2/2, then Condition 3.5 is

satisfied íf f is the standard normal density function or

any other density function having flatter tails than the

standard normal probabitity density curve.

The kernel $ satisfying Conditions 3.6 and 3.1 can be

obtained in the f oll-owing manner. For some integer 9" >_ 0

let ern(x) = c(J-+ßr*'+ ... + ßu*2L) be a polynomial of

degree 29". v'Ie nov¡ define another kernel- xrn(x) given by

2,^
-x / ¿

eI(rU(x) = ern(x)

= c(l-+ß-*2*
-L

where the constants c ¡ ß- ,
.L

I *rn (x) dx l

and
æ
I

)x
-@

æ

sinc " I
-@

"-K2n (x) dx = O,

2r -*'/r -xedx2 -.2r+I.l( 2 ), w€ can use the

46"

-*2 /z (3.7)

to be chosen such that

...(3.8)

(3.e)

,...,ßgbY

c can be

xru (x)

is a

I
/=-v ¿'tl

^ 29".+ þ.Q.* )

-,Bg are

1

/=-v ¿'fi

for r = I,

2r +I

,L

condition in (3.9) to determine the constant" ßt

solving a set of .1. simultaneous equations. Then

chosen such that ( 3 . I ) is satisfied. The kernel

so obtained, together

continuous function of

with al-l- its derivatives,

bounded variat ion. Vle note that
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the kernels obtained in this manner possess simil-ar properties

as those suggested by Schucany and Sommers [¿O-l . For

! - 2, the kernel K2g(x) sugsested in (3.7) is given by

)
rn(x) = + (r -?*'+ *"n, *u-**/2,

and this is the kernel given in Nadaraya IZg]. By setting

ö (x) = rn (x) , \{e get a kernef function which satisf ies

Conditions 3 . 6 and 3 -7 of Conditions A. 3 .

3.3 Convergence Properties of Kernel- Estimates of a

Density Function and Its Derivatives

I{e now consider the f oll-owing l-emmas.

Lemma 3.1. Under Conditions 3. I, 3.6, and 3.1 ,

and wifl be omitted.

Lemma 3.2. Under Conditions 3.6 there exists a universaf

Proof . See Lemma 2 .2 o f Schuster t- 4I ] .

Lemma 3.3. Under Conditions 3.], 3.6, and 3.7 for

--:;:- Intrj') (")l - r(')r'-orl : c.f,-', ' - 0,r,2,

where C is a positive constant.

Proof. The proof is very similar to that in Samanta [38]

constant C such that for any N > 0 and tN > 0

nt _*:;:- ¡ rj') r"r - E{rjr) t,r i ¡ , .*l

< c exp(-2Nu.i"lt*, tv2rl

for r o,r,2 and where Þ, = 
Ï ¡r(r+1) t,r) ¡a..,,.

sufficiently large N ancl for r = O,I,2, if -1-t = o(e )*N v \eN/ t
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then

where C- and c-1 -2

Proof. we have

Hence, if

large N,

Pr :"! lr-!')r,l--æ<Z<æ I N - f (t) (r-g) t_
| ì tNJ

1 .rexp ( -czNrfr"fr'*'I

are positive constants independent of N.

for r

. :"f lr.!')t'l- -@<z<æ ' N

sup ¡- (r)
-@<z<@ ItN

R_*
a;' = o(e*)

+

:

:"! lntr-!') r'l
-@<z<@ I - N

_-l - r(=) (r-e) 
|

- etrd') r't I 
I

, then h7e obtain for al-f sufficiently

pt :"! lr-!')t'l- -@<Z<@ I N - r(t) {"-o)l ì ,xl

Í trexp(-cr*tfr"frt*2), bv Lemma

This completes the proof.

We now consider the function

- NÀ r(1)(x.+r-o)
r'ffto = # ,:. t*,*r, -oJ+-¡r-

we arso def ine "dr) t.l f r,, {t) and "fi(l) t.l

l¡le have the following lemma on the convergence to zero

or r,r(t) - rfitt) and "jt)t.l - ";(t)(.).

e N-> _l
a-

3.2.

ð

dL
r,fittt
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Lemma 3.4. Under Conditions 4.3 for every Ê > 0,

of the lemma. The proof of part (b) is similar and is

omitted. we have

t.lËi:r lr'* ro - i'[ to I

: ¡.1äÏr, lr*t-r*+t) - r(-r*+t-0) | + l.]Ëi:, lt(-r*+t-0) |

Proof. We shal1 only demonstrate the proof of part (a)

i* e*{u(bN+r)} = o,

+ l.lËi:,. It*(bN+t) - r(b*+t-o) l+ t.]äi:,_ |tø*+t-e)|

+ r.lä1:' #,iì rN(x,, rlflj;ll''r.î+r:;;''
In view of Lemma 3.3 it novü suffices to show that for any

e > 0,

lim --.-. sup ¡r*1)t'+el - r(l)(")l ,
N-+æ 

NÀPLlrl:o**r I r¡".e1 - r(") I 
t el= o'

l,l:;:.l lt*(z+o) - r(z)l' '*'

. sup lrrlt,(z+o) - r(1)trll . r*,l, l'¡**t

t'llil.' F# : H (b*+1) '

and

Tf
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then for al-I suf f iciently Iargê N,

sup ltr[t' (z+o) r(1)t"ll
l'1.¡**r l-J;dt-- r(Ð 

|

lt.lt) (z+o)-r(1) trl I¿ su-D 'N
- lz lÍb¡i*r I f* (z+0 ) 

|

l¡ trl (z) | | r* (z+o) - r (z) 
|sulf

l"l<bN+l- lf (z) llf*(z+0) |

< c e*{u{r*+r)}2.

T.f lve de f ine rn, = ----3 " 
, then" c{u{r*+r) }"

*:: e *{u (bN+l) } ilT a"Ë,o*n = o '

Hence. f or af 1 suf f icientl-y large N,

pr ,sup ¡rJ')r'*el - r(1)trll , pr
"lrl.¡**t i rN(r+Ð - r(") |'¿r

: Pt I,l:;:., lt*(z+0) - r(z) | ì c{H(bN.l)}rr

+ ntl"ll;:.r It,lt' (z+0) - r(1) r,tl : ---j -1.c{s(bN+t) }'

The proof of part (a) now f of l-ows f rom Lemma 3.3 and the

hypothesis.



51"

3.4 Consistency and Asymptotic Efficiencv of the Nonpara-

metric Estimator of the Shift Parameter

We now prove the follovring lemma.

Lemma 3.5. Under Condítions 3.2 and 3.4,

(a) Li(o) = on(r)

(b) r,i(1)tel -r(r) + on(r).

Proof. We first give the proof of part (b) of the lemma.

Let us introduce the random variabfe îN defined by

I IÀ _r(')(*.) .r(1)(*r),r_
"N NÀ ' f (x.) ' f (x.) ) "

I= -L l- l-

Us ing Condit ion s 3 .2 and 3 . 4 v¡e have

r(2)(x.,) r(1)(x,) 2
e[ a t_ t_]"1 = _J(f).aL f (xt) - t t{xr)

Hence, by Khintchne's theorem, ll¡ = -J(f) + on(t). Using

this fact, it now suffices to shorv that

il:*¡1"*(t)tu) -nNll o. Now,

nIlr,*(t) (u) - nNll

_NÀ
: "l# lrrtx.l - 1l

a=1

-NÀ1-r+ --: t l1 - r (x.)
NÀ ' N i.r= J-

= I l¡ tzl (u) lau +
I,-rI>¡r ¡- N

r(2)(x.) 
'rl-rTx¡-l

r(1) (x.) 2
fa'rlt f (x.) J r

f

r {f (1) (,r)}2

"l':o* 
r(") dt'
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The right hand side of the last equality converges to zero

as N tends to infinity. This completes the proof of

part (b). The proof of part (a) can be accomplished in a

simifar manner by letting
lr )

1 IÀ r'-'(x')
I¡N 

NÀ f (X. )I=J- A

Lemma 3.6. Under Condition 3.3 for e\rery rl ¡ O, there is

a ô- > 0 such that
_L

nt l.-;Tir, l"*(t)(.) - "*tt)tell < er-1 = r-

Proof. We have

";(t)(.) - ri(1)rer

1 NÀ 
"2= NÀ rN (xr) t+ ros f (x. +r-0 )

r_=L dt

^2J5 t"s f (xi +r-0 ) lr_e:l .
àLt r-

Due to the unif orm continuity of 4 , "n f (x) , \¡/e conctude
àx'

that for every.f > 0 there is a ô, > O such that

n2 ^2
lå los r(x-t-o) - å t"n r(x+t-el lt=el . ,Ìrät- ðt

f or al-l x whenever la-e I Í 6r.

Using this fact we have

ntl.-;Tir, l"*(r)t.) - ";'t)rer| ',rl: r-
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Lemma 3 -i . Under Conditions 3.2, 3.3 | and 3.4 for arbi-

Li(r) = rfitel + (t-o)";tt){er)

where ler-el . la-el. Let .l_ in Lemma 3.6 be less than

trarily small e > 0 and ô > 0, there exists *o = No(8,ô)

such rhar for N r *o, p[{1fi te-ol > o} n {r,ff (0+ô) < o}:l > 1-e.

llence, with probability approaching one as N tends to

infinity the equation Li (t) = O has a solution which is

consistent for e.

Proof . Expanding r,l tt) around 0 gives

J(f)
f "tta l-et the corresponding ðr_ be chosen. We sel-ect

arbitrarily small posítive numbers e, ð where ô < 6I.

rf la-el a ô, then ler-Ol . ô. Hence, by Lemma 3-6,

nrlr,*(t){er) - "i(1)tell . rrl = 1.

There fore ,

rtri(t) (r) - "? . "i(t) tur) . L;(t) (u) * tl*, 1.

. (3.t0)

By Lemma 3.5, r,ffto) and r,i(1) fel converge in probability

to zero and to -J (f ) respectiveJ-y as N tends to inf inity.

Using these f acts and the resul-t in (3.10) , v¡e conclude

that there exists *o no(erô) such that for N t No,

pr lr,fitoll¡ o2t. t and err,i(r)tor) ì.g$r .7
I{e have
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rltlr,irell , ô2] u ,"*tr)(êr) : ifllrl

: ptli,fitell 'ô2:t + err,i(t) {urr ì.!+Ar .7*i= Ê.

HencerforNtNo,

et{ lrfitet I . ð2} n r"*tr) (0r) . :$IÌll ' r-e .

Suppose t 0 + ô. For any sample point satisfying the

inequalities

li,fftoll . ô2 and "*tt){ur) . 
ufJ-,

the expression i,[ ttl = "i te I * (t-e ) "; 
tt' ,rr_) is tess than

ô2 + o tif1) if | = 0+6. Hence, r,fi tt) assumes a negative

value if t = O+ô and if 6 is chosen fess than 
"? 

similarly

for ¡r,itol | . ô2 and 
"itt) {rr) . -+1 , the expression

"ir.l = r,firel * (t-0)"itt) (0r) assumes a positive val-ue if

t = e-6 and if ô is chosen l-ess than 
"9

v'Ie now appeal- to the f act that f,fi tt) is a continuous

function of t for every sample point. Thus, for arbitrarily

smalf positive numbers e and ô, the equation r,fiftl = 0 wilI,

with a probability exceeding I-e, have a root between the

l-imits 0+6 as soon as N > N (e,6).

I^ie no\^¡ prove the following theorem.

Theorem 3.1. Under Conditions A,.3 with probability approaching

one as N tends to infinity the empirical likel-ihood equation

L* (t) = 0 has a solution T* which is consistent for e .
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Proo f . By Lemma 3.7 for arbitrarily smaIl positive numbers

e and ô there exists

It{r,ff(o-ô) > e}

n {r.l(e*ô)

N = N (e ,ô)oo

n ir,fi(o+6)

such that

-e Ìl > 1-e

whenever N t *o. And by part (a) of Lemma 3.4 for arbi-

trariJ-y smalf .l_ > 0 there exists *l_ = N, (er) such that

ñr SUP ' *el-¡tiäi:r lt*ttl - L;(t) l "11 ' 1-']

whenever N t Nl. Combining these two results, we conclude

that

et{r,fittl - e1 < LN(t) . r,ittl + .1 for atl l.-el : 1}

*> e] n {r,-_(o+6)
N

< -e]l > 1-r-rl

whenever N

ff we

the n

> N* where N* max(No,Nf ).

choose ô < 1 and al-t < 0 (hence, a-aI > 0),

e[{r,*(o-ô)

whenever N > N*

> o] n {r-*(e+ô) < o]l > 1-e-e,

lrle now appeal to the f act that 
"0., 

(a) is a continuous

function of t for every sample point. Hence, with proba-

bility greater than l-e-er, the equation L*(t) = 0 has a

root between the limits 0+ô as soon as N exceeds N*.

For any given sample size N there may be sampl-e points

for which the empirical likefihood equation LN(t) = 0 has

no solution. Tn such a case \^/e def ine TW in an arbitrary

manner. But we note that the probability of such sampJ-e

points can be made arbitrarity smal-I for al-1 sufficiently
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J-arge N. l,lith this convention, J-et tN îN (X I,X2t... , XNÀ,

Yf, Y 2t . . ., "*U 
) be a consistent solution of the equation

f,-,(t) = 0. The foflowing lemma wilf be used in the derivation
N

of the asymptotic distribution of /Ñ (TN-0).

Lemm_a 3.8. Under Conditions .A.3, íf {ôN} is a sequence of

random variables such that ôN 0 + on(1), then
tl I_L-:-.(0--) = J(f) + o (t).N N' p'

Proof. We have with probability one

l"jt)tô".1 + r(r) 
|. N N'

: l",lr) tô*) - ";(t)tô*r I + l"*tt) tô*) "*tt)ror I

+ ¡"i(1)tet + r(r)1.

Hence, for any e > 0

rflr.jr)tôrl + r(r)l > el

: Ptl"jl)tô*l - ";(r),u¡i)l'!r
+ erlr,i(t)tô*l - ";(1)toll ' !r

+ er lr,*(t) (o) * r(r) I ' !r.
Now,

n { | ôN-0 I < 1}l = f¡ bv Lemma ¡.)+(¡) an¿-the

hypothesis.

*:: rr lr,jr) rô*r - ";'t) rô*r | . ir
ì *l: rr{lr.jr)tô*r - "i(1)rô*rl . }t n {lôN-el : tl

r *l: er{¡tläir, l",lt)(.) - "*tt)tul . il



Hence,

"dr) rô*r - "i(t) rô*r o (1)
p

^2continuity of -9. f "S f (x) , it f ol-f ows
ðx'

14ann and lrlal-d I ZZI that

_*(1).^.L--'-'(0) = o (I).Np

(b) of Lemma 3.5, we have
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above observatlons.

... (3.rr)

: cl (3.12)

have the same

<1 istribution of

Using the uniform

from Theorem 2 of

_*(l).:t (u I -N N'

Final1y, by part

r,l(1) tet + r(r)

The proof of the femma

Expanding LN (TN)

L (T ) = L (0) +N'N' N'
where

I

Hence,

and re (3.11) we

f im - -ñ*; PL/N (rN-o)

o (1).
p

nov/ f ol lows f rom the

around 0 we obtain

(rN-o,",lt)ttfit

-"r:t)tril

by Theorem 3.1. Using Theorem 3.1

have for any real number C

/Ñ i,* to I

'i-u I

*
tN

I at ion

lr*-u|.
+ o (1),

t1
e

_ lim
N-l'@

we conclude that /Ñ (TN-e) and

-",1t)trfil = r(r)

It is now evident

/Ñ r,*(o)

+ o (1).
P

that the asymptotic

PI

-L(l) (r*)
N N'

limiting distribution. By Lemma 3. B we have



/ñ

/ñ

(TN-0) depends on the asymptotic distribution of

LN (e ) . We have

L*(0) = tl* + tZ*

NÀ

r=1

] - fN(bN+o)

t,Ít',x.+o)
f (x Ja

..,"*u)

fN(x.+0)-f(x.)
f(xJ

l_

every e > 0,

58"

.. (3.14)

(3.rs)

>/;l = o.

where

and

f 
N 

(xi+0 )

f (x. )
l_

ut* ut* (xr,x2, ,XNÀ, Yl'Y2,... r"*U)

1* ------
NA

vzN uzl{ (xL,x2¡ . . . r xNÀ, Y r,Y r, .

1 IÀ
NÀ i=1

Lemma 3.9. Under

lim sup
N->@ 

N^Pl- l" I .LI r- N

Now, if

r-!1) tx.+o)NL.ïN (x ' ) fN (xr+Ð t

Conditions 4.3 for

2
]

lim - - r

i;: P[/ñ lur*l > e] = o.

Proof. To prove the femma is suffices to show that

| "Tli,o 
I to:'' (x+o )

I "i!:,o I r* {x+o)

{ lrÍ1) tx+el | }t{r¡f lr* tx+el -r txt | }

{lrn(x+o) l}trt*t

- r(r) r*l | ç r,

f (x) | < e for e > 0,
N

supL-
l"iii* r(Ð : H(b¡)' and i:: e*H (b*)



tro

then

{ I r*1) rx+o I | }t{Nt I r* t*+o I -r txl | }

{ I rN (x+o ) | }tr r*l
: ce*{n(bN) l

31
14

Nl"l:L*

The proof can now be compl-eted in a simil-ar manner as in

Lemma 3 - 4.

From this lemma we conclude that t/Ñ r,* t O I and /Ñ vr*

have the same limiting distribution. I^7e shall- show that

Æ Ur_* can be expressed as a sum of a function of a two

sample U-statistic and a random variable which converges

in probability to zero. We shafl now briefly outline the

theory of a two sample U-statistic.

We 1et ri. Y.-0, i L,2,.

2I,22,... are independent random

probability density function f.

. Thren XI,X2, .. . and

variabfes with a common

For each N let

measurabfe function

...,2. Define'c

n-. = NU > s,
t\-

9,1(*t txrt... rxr, zUtz2t.

of r+s reaf variabl-e" *l-

for each N for which m =

u*(*t,x2,...,xm, 21,22,

rz be a Bore l-

,x2

*N

)
S

,x.,2

NÀ

, ,7rr2

rt n

T

ì
,z)n

*(r)t(") : 
gu(xir tX' , Z' ,Ztr l1 J2

,z )ls

.. (3.16)

where m m! nl
( r ) G:;: ' t (= ) 1,':r¡ , and the summat ion r

P

is over all- permutations (i1ri2,..-,ír) of r distinct

integers selected f r.om (L,2,. . . ,m) and over all- permutations

(jI,j2,...,j=) of s distinct integers selected from (I,2,...,n)

Let us de f ine f or each N another Borel- rneasurabl-e f unction
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s) which is symmetric in the x's9N(*Lrx2¡. -. rXrt zItzrr... rZ

and symmetric in the zt s by

øfi{xr,x2,... txrr rL,"2,
1

l.r!s! ñI

u*(Xr,X2, ..rXr, Z1rZ2t

9*(xrr'*r,
s

. rX. t
l- r

,z)n

l.
-L

r... tz

,27,22, ,z ))2

. ),l^)2

the summation 
i 

being over all permutations (iI,í2,...,ir)

of the integers (I,2,... tr) and over aII permutations

( j1, j2,...,i=) of the integers (I ,2,...,s). The random

variable UN(XI,X2¡...,X*, ZI,Z2,... rZn) defined by (3.16)

can then be written as

=1-*_*..ar. I SN(*i ,x. t-.-rx. , z- ,z- t---tz. )
( ) ( ) c l- a2 Lr lr J2 l"
rS

where (*) and (t) are the binomial- coefficients and therS
summation I extend.s over all combinations (i.,i^,...,i )

c|zr
of r distinct integers chosen from (I,2,...,m) and aIf

combinations (jl,jr,...,ir) of s distinct integers chosen

f rom (I ,2,. . . ,n) . For notational simplicity we shal-I

write u* for uN (xL,x2,...,X*, zI,z2,...,rn) . The statistic

U-. defined. in (3.16) is calfed a two sample U-statistic
N

first studied by Lehmann [19] where the function g5 does

not depend on N.

we assume that nl-øi(xl,x2,...,xr

exists for each N. This implies that

zI,z2, . . ., zs) ] also exists for each N

nl-si (xL,x2,

and we let

... rxrt
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o* = "¡ni(xf ,x 2,...,xr, zL,z2,...,zs)1.

It then folfows that

n[u*J = 0* = EISN(xlrX2,...,xr, zL,z2t...,zJl.

Let us define

n*(*r_,x2, .. rxr, zL,z2,... rr")

*,9*(xL,x2, -. - txrt rI,r2,... rzr) - eN

and for c - Or1, ...,T and d = 0r1r... rs let h*r"d (xrrx2,... txc,

zI,z2,...,zU) be the conditional- expectation of

hN(xI ,x2r...,xr, zI,z2,...,zr) given *t = xr, x, x2,..

.. t *" = *a, ,I ,I, ,Z 22,... rZd, = ,d. We def ine

Eor,.u = EIhN,cd(x L,x2,...,x", zr,z2,...,zd)12. rn particular,
_*

E*,t" v[9N(xL'x2'""xr' zr'22""'zs)f where v stands

for variance -

We now assume the following conditions:

condition 3.9(a): Ero i* E*,aO "*ists.

condition 3.9(b): Eor- = i* E*,of e*ists.

_ NÀ
Condition 3.9 (c) : + I h*,tO (xi) converges in

/Nl i=f

distribution to a normaf random

variabl-e with mean zeÍo and variance

rtro'

,Np
Condition 3.9 (d) : r X n*, Ot 

(rj ) converges in
/Nu j=l

distribution to a normal random vari-

able with'mean zero and variance 6Of.



The following result on the asymptotic

of U-- is a direct qeneralization of Lehmann
N-

and its proof is omitted.

Lemma 3.10. (a) ff for all (c,d) with the

6¿.

distribution

t s theorem

exception of

.9(a) to 3.9(d)

and Eo, positive,

to a normal random
2

SF

u çor'

(1, o) and (0, r) , EN, 
"d 

= o (Nc*d-f ) , then

22
v(/Ñ u*) = tï EN,lo + \ e N,ol + o(1) ]{t + o(1)}

(b) If further, Conditions 3

hold with at least one of the numbers 6rO

then /N (U---0--) converses in distributionNN2

variabl-e with mean O and variance ï , r_o 
+

From rel-ation ( 3. l4 ) we obtain

Nu-1ut* = l¡u uN + u¡*

where Uo¡ = U*(*t,X2,...,XNÀ, z!,22t...,ZNU)

U-statistic defined by

...(3.17)

is a two-sample

. (3.18)uol = NÀNu (Nu-I)
NÀ Nu
r x q__ (x ,2.,2, )

i=t j,k=l -N't' ) k

jlk

and

9r¡ (*t,zItz2) tó
"N

. (1)
a

(-o*-"t)
a

N

(*t-tt)
tN ( ' ')

tN

I
2-N

l
-9ã N+ r*(xr) f(xr) f (xr)

_ 1 o(o* "t)tN tN

and where

...(3.re)
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v:* = {fl¡(-b**e) - fN(bN

I. 
r^,*ut'

NÀ N¡T

rN(xi)
l-:l- l=I

+0) Ì

v _¡7
I . (1) ."' -l_)
2 a (--;-

"NN
f (x J

].

_ x.-2.t ó( 
t l)

âaaaìNNI

-l

f (xi) J

I
Nu

v_q

¿r t l)
d

N

I
a

N

bie now prove the following lemma

to zero of the random variable U3*.

Lemma 3.11. Under Conditions 4.3

... (3.20)

on the convergence

3.2L)

f (x. )
a i

/ñ v^-- = o (I).3N p'

Proof. By Conditions 3.1 and. 3.7, we have

I

rj

I<_
-/ñ

It
J

I

I
/ñ

c

1

/N

arI

r
I

"Ll

Simil-

nlr*t"t 
I

r (z-o) t lö r,'l la,' + c 
7}

where is a positive constant. Hence

rlr*r"l | = o(1)

, using Conditions 3.5 and 3.6, vre get

1 , (r) ,xi-zj,
2q ( - )

aNr
(y t N l,N"'i' r(x.) t'

* trt ,xi-zj,
N

I
2

a
N

I

"N

x.-2.
ó( t l)
'aN

<E
[r 

,.,,.,, 2+f(x.)
a r{

I
2

a
N

,l
I)f(x.)

I

c'H (b--)
< l-z * ^ I n
-aN

o(1) (*'-tr,tN
r

lr 
,,,,,.,, f(x.)

a



where c' is a positive generic constant. Hence t

"[t*;,iì

v_ry
. (ar, l- l.o(

d
N

_ x.-2.
. --l O r-f _--rl
l^ 

oN oN

l'- f (xJ
a
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---(3-22)

resufts in

NU

rN (x. )

l=j
f(x.)

.t

by Condition 3.8

irl
I
2

N

Ì
t-,.

t
I

_L
'{H (b )N'

2
a--

I\

31r

-l
r50l

),

The p

(3 .2L

the s

distr

Lemma

shal- l

c defi

3.f, 3

ident that /Ñ

distribution

six femmas vre

he U-statisti

r Condit ions

).

the

.22)

\¡¡ eV

t ing

ext

of t

Unde

(
I

o lr¡

= o (f

roof of

) and (¡

It is no

ame I imi

In the n

ibut ion

3.12.

lemma now foffows from the

ur* - Nu-1and
NU

{/N u } have- N-

study the asl/mptotic

ned by (3.18) and (3.19)

.5, 3.6, and 3.7

Proo f .

o* = oiaf + "flt"(bN) ]1.

By Fubinit s theorem and Lemma 3.1, we have

N = E[9w(xI,zI,z2)f

= r(-bN) + orafll

r (x) +o (af)b*@

+ t { I r(r)tx-aNu)ô(u)au}{z
-bN -@

- f(bN) + or"fll

= r(-bN) + otafl

]axf (x)
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b* æ of..S'l

!" t I r(1)(x-aNu)0(u)dult{$ta"
-bN -@

b

/* {r(l)(*) +'f**(x)}dx - r(bN) + or.fll
-bN

4_(s)u'f '-' (x-oaNu) ô (u) du and 0 < o, < 1.

t i r (1) 
tx-aNu) ö (u) duÌ1{$ru- 

t

{ I l¡{rl (x) laxtol"fiutr*l}J

ct"fltH (bN) Ì1,

the Cauchy-Schwarz inequalitY,

t(t) (x) lax : {r(r)}L ( -.

+

where

r* (x)

tr{e have

b
NII

_l^
"N

/

s

since by
@

II
-@

@I,
I- 4t )

+@

S imi J- arly ,

b*

I I K*(x)dxl
-bN

The proof of

tations.

Corol-1arv.

/ñe =
N

b l\'t @¡" ¡ 4-(5)j ) u'f'-'(x-aa
-b -@N

*u)0(u)dudxl < æIl
¡

4i I

the lemma no\,r follows from the above compu-

If further, Condition 3.8 is satisfied, then

o (1) .

For each N let the function t*(z) be defined by

b* -(r).t..(z)=+ t #otfrrau.N dN 
-bN 

+ \q'



Lemma 3.13.

a constant
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Under Conditions 3. I, 3.5, and 3.7 there exists

C independ.ent of N such that

t* (z) - r(1) (r)
f (z)

forall-bN<z.bn:

Proof. h7e have

bN-"
tN

I ø (t) dt
"N

"N

f ( z+a*t )

bN-"
-N

I +(t)dt
-b -zN

tN

1 c.l¡{H{r*) }2

t*(z)

tJ- zPut t
a

N

rN(z) =

t*(z) =

b
1rN

-)oN 
-bN

. Then

bN-"
tN

I
-b -z

N

r (1) (z+a*t)

tN

f (l)(=*r t)
Now, expandin N

I f ("+"NÐ

0(t)dt.

around z we get

r (1) (r)
f (z'l

a
N

+^ I
N .t-oN-"

b-z
N

a
N

Since

t(2) (z+ßa*t) r (1) tz+ßa*t)
-{

lt 
_l 

r0

where 0 < ß < 1.

f (z+ ßa*t) f (z+ ßa*t )
(t)dt
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-b-zb-zNN_<t
"N uN

\,{e conclude that for 0 < ß < l, -bN 1 7 + ßaNt < bN. The

proof of the l-emma now fol-l-ows from the hypothesis and the

above computation.

Corollary. Under Conditions 3.l-, 3.5 , 3.6, 3.J, and 3.8,

rim f (t) (")L (z\ = ------:-* f or all_ -@ < z < @.
N+æ -N '-' f (z)

The proof follows immediateJ-y since, for any z, N can be

chosen sufficiently large to satisfy the condition

-bN 1 2. b*, and the limits of integration in Lemma 3-l-3,

b-z-b-z
N --J N

- 

ancl approach +@ and -@ respectively aS N tends
â5*N *N

to infinity.

Lemma 3. t4. Under Conditions 3.1, 3.5 , 3.6, and 3.7

r (1) ,*t(a) n*,ro(*) r*(xl Ë * f(-bN) - f(bN) + n*(x)

where In* t*l | : cl."flt" (b*) Ì2 + "fit" (bN) Ì I and where c is
independent of x.

(b) h*,01(') ].*t=l * å {r(bN) - r(-bN)} + nitzl

where Initrl | : c'["fltn(bN)]*l and c' is independent of z.

Proof. By Fubini's theorem and Lemmas 3.I and 3.12 we have

h*,r-o(*) = etøff (x,zr,z2)) - oN

= utå {ør(x,za,z2) + er(x,zz,z., )}: - oN

= r(-lr) + o("i)



r(1) (x)+o(afi)
f (x)

f (x) +o taf,l 
.,- f (") r

"ft" (bN) ] l

68"

...(3.23)

+ r,o (x)

- f (bN)

T¡t¿

+ O(a-) + 0!-a- +. N' N
?.,

4

ot-ai{H{u*) }2 + "fitn(bN) }l

+ f (-b )' N' f(b*) + ot"frl + or"fi + .fr{"tl*l ]l

+ ota;{H{u*) }2 + "fit"(bN)}:t .

The proof of part (a) of the lemma is nov¡ complete.

(b) By Fubini's theorem and Lemma 3.1 we get

EIgN(xr,z,zr))

N

ó (o* ")'a
N

q

ó(r) (*-r){z _ r(x)+o(ai)r^r
v \.*,,- ---fl¡-ro*

-b---z
ô( N ) +'a

I
2

a
N

I
2

a
N

_1
tN

b
N

I
-bN

b
N

I
-bN

]l

_1
tN

--b-zt o( N ) +
tN tN o 

(r) (*-") a*
tN

oral{H(u*)
-b-zt ô(N )tN -N

oIafi{H(bN)}].

Similarly.

EISN(xI,zr,z)7

= f(-b*) + o(a f,r



- f (bN) + o(ai),

;. {r(r)(*)
-b N

d(-*** {x) }{z -

I ' ,x-2,
- 

Q t-,tN .Nì

f (Ð / o"

69"

...(3.2s)

where

x* (x)

Hence,

eIs*(x:_,zr,z))

f (bN) - f

Á.+ O(a')'N'

-t-_ ( z) +
N

(c) i]: "{n*, ro (xl)

(-bN) + o t"fl

+ otai{H(t*) }l

f(bN) - f(-bN)

_ ;t r(l) r*r , 
ó (r) a*

_L f (x) .N r\ aN'-'
N

I
= 4i I ,rnr (t) (*-craNu) 0 (u) du and o < 0 < 1.

+ otal * "i{Htl*) }-r

?-r*(z) + f (bN) - f (-bN) + of ai{H (bN) } l. ... (3.24)

Hence, using rel-ation (3.23) , (3.24) , and Lemma 3.L2, wê get

hw,ot(t) = ! "l-sN(xu,z,zr) 
+ sN(x r,zr,z)7 - eN

= - | t*trl + | rtr*l - ! r(-bN)

+ o["flt" (bN) ] l.

The proof of part (b) now f ol-lows f rom (3.25) .

Lemma 3.15. Under Conditions 4.3

(a) *:: E*, ro = r ( r)

(b) *:: 6*, or = | " ro

r(1)t*r)
f (xl) ] = J(f)



(d)

(e)

*:: n{rr*,or(rr) +1,
., Nl

/Nt tlt "N'ro

random variable with mean 0

I
= 2

70"

r(f)

in distribution to a normal

and variance J(f).

in distribution to a normal

r(f ).and variance

.N¡
(f ) -L r h* ,or(z/Nu j =f

random variable

is bounded above by

r(1) (x-)

"tl-r,*,il . rlk

. ) converoesl-

with mean 0

-(r).r¡f '-'(x) ¡ * tlk andtl f(x) | '

is finite for k = I,2

,å,o r''lìjî,1-

I
À

Proof . (a) By part (a) of Lemma 3.14 !{e have

** In*,ro(*)lk = lttlì*î'l- rork= r,2.

[Ìe then note that f or a1]- suf f iciently large N, ln*, r_O 
(*) lk

An application of the Lebesgue dominated convergence theorem

corr.pletes the proof .

(b) By the corollary of Lemma 3.13 and part (b) of Lemma

3-I4 we have

i:: In*,or(,)lk =

is bounded above by

rrf, lt{l*l .

The proof is compl-ete

theorem.

f or k L,2.

We then note that for all sufficiently large N, In*,o.trl lk

1)k for k = r,2.

by the Lebesgue dominated convergence
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(c) We note that for alf sufficiently large N,

ln*,ro{*) .{*!*, r {l+l .,.rrt{þt r

and

l-im rL /.,\ r(1) (*)-, 
- ,r(t) (*).,,

N-+@l-tN,fo(*) f (") j = t rtÐ J

An application of the Lebesgue dominated convergence theorem

completes the proof.

(d) For all sufficiently larqe N,

rr,*,or{,) Ll++' 
= + tt{!flt .'rtdl*flt ,

and

-(1).. f ' (z)- 1u' f (z) " 2

complete by the

n*,ro(x') - *,

Ntr 12
n*,to(*r) | +

r_=-L I

NÀ t-
I2ElhN,ro(*i)

I=I L

t-
I+ J(f) - 2Elh_-L-N,10

lim Th
N-tæ "N

The proof is

theorem.

(e) We have

It1Et-t-

l/uÀ

T
= nl

IL

L-N

r o1

no

NÀ
T

i=1

1

/NÀ

I
NÀ

, ro

onve rgen c e

2Ijx.)
l-

(f

J

L

N

:

f

(

in ate d

2

tt',*.
l_



Hence I

f - NÀ - NÀ r(l)t".tl'
ttm I I_ ç L tv. l_ - ]. 

I;; "Lr-t r:, n*,ro(xi) - ¡çr r:1 r(x¡

l_-. ,(r)(*r,.,-]
= r(f) + i:: €*,ro - 'llim t{¡ tv \ 

-

- ' l**- 
¡t nN,10 t^l / f (\ ) 'l

= J(f) +,r(f) - 2J(f), by part (a) and part (c)

0.

I{e concfude that

- NÀ - NÀ t(1)(*.)I ;", 1_ ;'- '--i 
+ o (1).

/ñT r:, 
n*,1-o(*i) = 

/ñT r:r t(\) -p'-'-

The proof of part (e) is complete by an application of

the central limit theorem.

(f) we have

"[-a- îu - Nu ' r(r)r''t]2
L¡* j=r n*,or('i' . Ë rl, , -tr---rl l

.[_, 
N¡-r 12 f Nu - t(L)t,'t12

Ltt ':; 
n*'o''':'J . "LË 

'l' 
+ -il+' )

.#,iî "["-,or('j)t+]
I r(1) rr-r1

E*,0,_ * å r(r) + "Ln*,or(rr) -,tzJ-l
Hence,

frim.l I N¡.r r Iu r-r(1)t'rll'
N+æ "Lr* ,1, 

n*,or(z') + t* ,1, ; - t,l-)
: | "trl 

* | "trl - | .itr), by part (b) and part (d)

= 0.
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üIe concl-ude that

rNulNu
/r'lu llr "N'01''j' /Nu ¡=r

.(f ),- ,
- I \L,I

I --=-_-?- + " (1).
2 f(z_) -p'-'-

l

theorern completes theAn appfication of the central l-imit

proo f.

Lemma 3.16. Under Conditions 4.3

(a) EN,1r =

(b) EN, 02 = , [-

vùe have EN,tl_ : E[hN,1]_(Xl_ ,zI)f2, where

n*'" (x''z') 

= ;t:ir:î *',_' ,'r"rtr.,-.tl* (xr,zr,zr))- eN.

( 44\
o l*'uJ

44r
,u)

,[*4(c) EN,r2 =

Proof. (a)

Now

ErgN (xr,zI,z2)f

_!-
I 

o (-o*-=t)
"N 

tN

I
2

a
N

* tr) ,xr_zr,
N

+ r* (xr) f (xr)
r (xr¡ *o t"fl)

f(xr)
1-t ."r¡ or

- --: Ó( -' -)
-N -N

- r H(bN)
u L- 

- 
T -----:-- T

a__ ¿NtN "fltn(bN) ]2-l
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o þ'o-'- .
l^tLN

r 22r
o l*tuJ -

oIH(bN)

=.[r,'dr']
L 'Nl

.fli 
" 
tl*l 'l

Similarly,

Hence,

EI gN (xr,z2, zr) 1

= f(-b*) + ofafl

+ r* (xr)

- f (bN) +

t(t)(xrt+o(aol)
f (xr)

o t"flr

- -)tH(bN) J-

tN

I .*1-tr.
[, - "* 

*t "*' IL'- r("f J

= r(-bN) - r(bN) + orafl)

"fit"tu*t Ì + "flt"{o*) }2-l

r 3fr
= o loot-,l

EN,rr- : o[-
44.'
7s)

(b) l,te have E*, o,

n*, 
o ,(zr' zr)

= nItr*,02(zl,z2)

nt.øfi (xr,z,,zr)7 -0
N

+ 9*("t,zr,zr)) - eN.

12 where

I
2

Now,

Ef gN (Xr,zI,r2)



'7 É,

EISN (xr,z1,z2))

t . 
-b*-t r.(-) +tN tN

t ó( 
t)

tN *Nb*l
),

-bN tN

. (1) .*-'L.0('aN f (x) idx

1 bu-'1
qJ \ 

-,,

tN -N

'[-Ì.ïii
[H ru*rlol z IL t*J

Simil-ar1y,

EISN (xr,z,zr))

Hence,

E*, o2

(c) l^ie have

Now,

9*(*t,zr,zr)

r a4r
o l*t uJ

r2¡
= ol*ttJ

El¡,r2 : nIn*,r2 (x r,zr,zr))t, where

n*,t, (*t 'zr'zr)
1
2

ô
N

I
a

N
or$roN

+ r* (xr)

jo'43'
ai *N

f (,1)

t 
ó (*'-")tN -N

f (xr)



Simiì-arly,

9,¡(*t rz2,zu)

Hence,

E*,r-,

Lemma 3.17.
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in distri-

va r i ance

/ñ u converqes
N

with mean 0 and

t 
ô (o*-tt,

aaNN

=O

=0

a
N

{s

+

(b*

t
I
I
I

L

H (bN)

2
a

N

) \21
I

-l J

{nø*t}21
_t
JIal
N

3
-N

= r[.,#]

2 3r
,5)

Under Conditions 4.3,

normal random variabfebution to a

r(f)
Àu

Proof. By Lemmas 3.15 and 3.16 the hypotheses of Lemma 3.10

are satisfied. Hence, /Ñ (uN-eN) converges in distribution

to a normal random. variable with mean zero and variance

tto , nEoa

Àu
and part (b )

Lemma 3. I8.

di s tr ibut ion

. r(f)var].ancu 
Àu

By the corollary of Lemma 3.I2 and part (a)

of Lemma 3.15 the proof now f ollotars.

Under Conditions 4.3, /Ñ L--(e) converqes in' N'

to a normal random variable with mean 0 and
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Proof. Using relation ( 3 . 13 ) we have

/ñ r,*(e) = /ñ

=/ñ

ut.o + /ñ vr*

vtl¡ + on(l), by

.Nu-1(-ñu u* + t:*)

l-7)

Lemma 3.9

+ o (1),
p by re l- at ion/ñ

(3.

/ñ u* + ñ u*.o(r) + /Ñ vr* + on(r)

/ñ u-- + o (r)o(1) + o (1)I'l pp

Lemmas 3.11 and 3.17

+ on(I), by

= /ñ u-- + o (1).Np

Another application of Lemma 3.I7 nov/ completes the proof.

Theorem 3.2. Under Conditions 4.3 with probability approaching

one as N tends to infinity the likel-ihood equation t*(t) = 0

has a solution t* which is consistent for 0. Furthermore,

the solution is asymptotically normally distributed with

mean 0 and variance ñtrh=t
Proof. The first part of the theorem is a restatement of

Theorem 3.1. For the second

reLation (3.12) it suffices

part \^re note that in view of

to obtain the asymptotic

We havedistribution of
/ñ r.*{ol

-"0:t)trffr

/Ñ i,*te)/Ñ r,*to)

-L(l) (r*)
N N'

J(f)+o (1)
p

by Ler¡,ma 3 .8



/ñ r (e)
N'

J(f) -

Another application of Lemma

78"

by Lemma 3-fB

- -. (3.26)

compfetes the proof.

r& r,*(0)
r(f)

/ñ r,*(e)

{r + o (r)}p

0 (I)o (1),pp

o (I).
p

3. lB now

J(f)

3.5 A Computationaf Method for an Asymptoticall_y Efficíent

Estimate of the Shift Parameter

The estimat. TN of the shift parameter studied in

this chapter is computationaJ-ì-y formidable. lte now outl-ine

a simple procedure leading to an estimate having the asymp-

totic properties possessed by a consistent sequence of

sofutions of the empirical l-ikelihood equation.
+

Let t* be any estimate of the shift 0 such that

T: - e o* tll - For exampJ-e, vre can take f or T: theN P/Ñ N

median of the first sampl-e subtracted from the median of

the second sample With Ti as a first approximation for a

sol-ution of the equation l,* (t) = O we get the next approxi-

mation t* going through exactly one iteration by the Newton-

Raphson method , i. €. ,

û*=ri

For the

+
T, (T:.)

N' N'
+

-L !1) ir* rN N'

estimate ôN we

(3 .27 )

have the folfowing theorem.



Theorem 3.3. Under Condítions

normally distributed with mean

Proo r . $Je first note that T*
N

we haveLemma 3.8,

_, (1)
"N J(f) + on(t)

(3.28) we get

/N tôr-o I

4.3, ô., is asymptotically'N

o and variance ñTh=)

- 0 = o_ (l). Hence, byp

1A

(3.28)

From (3.27 ) and

/ñ r,* f rfit

-L(1) (r*',
N N'

/N r, (e)+/ñ
N' tri-o)",:t)trir

where I t'rN

Hence, by

-ol . lr*
ano the r

-0) =

-e I . rhis

apptication

/Ñ r,*(o)

J(f) +

implies that

of Lemma 3.8

/ñ (ri-o) {l

+ o (1))
p

{1+o (r)p

o (r)
p

t-'- 0 + o (1)Np
we have

J(f)+o (l)
_P1

J(f )+o (1)'
p

/ñ (û*

r(f)
+ 0 (1)[1p

J(f)+o (l)
p

/ll r,*(o)

/ll r,*(0)
r(f)

LN(o)

]{r+o (1) },rp

Ir

0 (1)o (1) .+ 0 (1)o (r)pppp

by Lemma 3. l8
/N

r(f)

Another application of

+ o (I)
p

Lemma 3. I8 now compì-etes the proof .
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J.O Misceflaneous Remarks

( i ) Choice of the sequence { l* } .

The choice of the seouence {U*} requires a knowledge

of the tails of the density function. If the density

function has flatter tails than the standard normal proba-

bility density function, then b* may be chosen to be equaì-

to for all suf f icientJ-y large N. The density

functions which possess fl-atter tails than the standard

normal density function include among others the Cauchy

density function, the mixture of the standard normaf and

the Cauchy density functions. and the density function of

the random variable t with degrees of freedom I < v < æ.

(ii) Estimation of J (f)

Following Bhattacharya i5-l we propose the folfowing

estimate of J(f) given by

b
N

I-)
-bN

rt,Ít)(*) Ì2
.rtrl dx-f* (x)

The consistency of J (f)

as in Bhattacharya l- 5l.

can be proved in a s imil-ar manner

( iii) Large sample tests of hypothesis about e .

Suppose \,,re want to test the nul-1 hypothesis Ho r e = 0o

against al-ternatives on both sides. VJe have shown that

under Ho, /Ñ (TN-Oo) is asymptoticalJ-y normally distributed

with mean 0 and variance
^u.ltrl.Usingaconsistentestimate

J(f) of J(f) (see Miscel-l-aneous Remarks (ii)), \^¡e nÒw
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define the statistic

,N = {¡rlu¡trl là {ror-oo)

which is asymptotically standard normal under 
"o. 

tN can

be used as a test statistic for testing 
"o 

and the critical
. r r --l-,- 0.region Itr.il > R -(1 -;) will- have an approximate level

of significance c! for large N, where R is the standard

normal probability distribution function. In an analogous

manner we can construct a large sample confidence interval-

for the unknown parameter for a prescribed confidence

coefficient. The test statisti" .N can also be used f.or

testing the hypothesis Ho, 0 < 0o (or e > 0o) against

H,: 0 > 0^ (or e < e^). It can be shown that the asymp-roo
totic efficiency (ARE) of these tests relative to the tests

based on the maximum l-ikelihood estimate is I.

(iv) Estimation of the location parameter in the one sampl-e

probl em.

Let Wf ,sI2,...,wN be independent and identically distri-

buted random variabl-es with probability density function

h(.-v) where v is a focation parameter and h(.) is symmetric

about zeTo, i.e., h(w) = h(-w) for all w. If h were known,

then v could be estimated from WI,W2,...,rtN using the method

of maximum likelihood by solving the fol-lowing likelihood

equation:

-Nl- r --9{toq h(!{.-u)} = O.Nð-u-r
f ='L



ôa

It is well known (see Cramer [1I.], p.500) that under

certain regularity conditions on h, with probability

approaching one as N tends to infinity, the above likefi-

hood equation has a soluti *on vñ which is consistent for V.

Furtheïmore , t/F { vfi-v ) conve rge s in distribut ion to a

normal random variable with mean zeyo and variance 1

r (h)

where

The nonparameteric counterpart of this problem arises

when h is unknown. vüe def ' -N-rne *N = ttj and .N N - rir
where lll is the largest integer contained in ï since h

is symmetric it follows that the probability density function

of -Wt is h (. +v) . Then *i -Wi, i - I,2 , .. . ,ftN and

"j 
*j, j = m*+I,*N*2,...,N are independent random variables

The common probability density function of the random

variables *i, i - I,2,...,flN. is h(.+v) and the common

probability density function of the random variable" 
"j,

) = L,2, .. . , trN is h (. -v) . The shift between these two

density functions is 0 - 2v. Using the method developed

in this chapter, we define the sample empirical liketihood

equation as given in ( 3. 5 ) and concl-ucle ( see Theorems 3. t

and 3.2) that under Conditions À.3, with probability

approachíng one as N tends to infinity, this equation has
**

a sol-ution 0* which is consistent for 0. Furthermore,

{rr(1
æ

I
æ

r (h)
12l)

)

v¡

w
i
(

)

h
d.w.
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++
ì/N (0., -0 ) converges in distribution to a normal random

t\

variable with mean zero and variance =t*- From this resuIt.,J (n)

0**
it follows that the estimat. + converges in probability

ê**
- t- .'Nto the location parameter v and /N t , - v) converges in

distribution to a normal- random variable with mean 0 and

.1variance jjht. We al-so note that using the Newton-Raphson
*t(*

technique one can easily compute an estimat. 0* which,

according to Theorem 3.3, hãs itr" same asymptotic properties
**

possessed by 0*
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CHAPTER IV

NONPARA}{ETRIC ESTT¡4ATTON OF A MULTTVARTATE

MULTÏPLE REGRESSION FUNCTION

4.I Introduction and Summary

^Let (;) be a vector random variabl-e where 4 = (XI,X2,.
t

..,X_ ) and Y = (y,,y^,...,y )'. In this situation thePr r ¿ P2

expectation of Y qiven X = x defines the regression of y

on X. I^ie note that this regression is a vector function

having p2 components. In this chapter \.^/e consider the

problem of estimatinq this regression function on the basis

of a random sample of size n. For notational simplicity

v/e shall- consider the situation when pI = p2 = 2. The

asymptotic properties of our estimate can be proved under

similar conditions for arbitrary pa and p2. Let

(*r-r-'x2r' Yl1'" rr) ' (*rr'x22'Y L2'" 22) , ' ' ' , ("rr,, x2n, 
"rrr, "2r,)

be independent vecLor random variables identically distri-

buted as the vector random variable (XL,X2,y1,y2) having

the joint distribution function ¡(x1 ,x2,yy,y2) and the

joint probabilitlz density function f (xr,x2,y-.- ,y2) - We

also denote the joint distribution function and the joint

probability density function of the vector random variable

(xt, X2 ) by c (xr, x, ) and 9 (x, , x, ) respectively, and the

regression of 
"i 

on (*1,*r) by *i(*t,x2), i = I,2. Then

v¡e have
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t i yir(xr,x 2,yr,yr)dyrdyz
m.(xI,*2)

g (xr,xr) i-1)
L L'L

(a. I ì

Let ó, (V) , i : I,2 be two univariats probability densitv

functions and let {ar.r} be a Sequence of positive numbers

converging to zero as n tends to infinity. Foffowing

VJatson I SS] and Nadaraya 125 , 27) \.{e propose to estimate

the popul-ation regression function m.(x.. ,x2) by the

statisti" *ir, (xr,xr) def ined by

m, (x-,x^)
1n I 2

Theorems 4.1 and 4.2 state

the estimates *i., (xr,xr),

shown that under a set of

n x. -X. x^ -X^
r Y..ö-(-t tl)ö^(41

at -L a '2 al=r - n n
n ffi.t_ ir 0, (-i:-)0.(-*)

raza
l=.1- n n

i = !,2

(4 .2)

the asymptotic properties of

i = I,2- In Theorem 4.1 u/e have

reqularity conditions the estimates

are uniformly (uniform over a closed finite rectangle)

strongly consistent. In Theorem 4.2 we have proved that

under a second set of regularity conditions the estimates

are asymptotically jointly normally distributed. These

two theorems can be resarded as appropriate generalizations

of the earlier results due to Nadaraya f.25,21f and Schuster

r ¿.)1

4.2 Uniforrn Strong Consistency of *i.r(xrtx2) t i = L,2

In this

referred to

section the followinq conditions will be

as Conditions (A .4.2) .
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Condition 4.2.I, *i(xr,xr), i - I,2 and 9(xr,xr) are

continuous over the entire two dimensional

Eucl-idean p1ane.

Condition 4.2.22 g(xr,xr) is bounded a\¡¡ay from zeyo over

every cfosed finite rectanqle of the

Eucf idean plane .

condirion 4.2.3' tliT- v2ó, {v) = 0, i = L,2.

Condition 4.2.4, ôi (y) , i = I,2 are continuous functions

of bounded variation on (-*,-).

Condition 4.2.5: The random variables Y., i I,2 are

bounded with probability one, i. e. ,

there exist real constants, Ai, Bi,

i = i ) such that p[A. < y. < B,] I,L L'' r - r - .r

i = I,2.

Condition 4.2.6: The infinite serie= ; exp(-yna4) is'n
n=I

convergent for any y > 0.

From Conditions 4.2.3 and 4.2.4 Ì"¡e conclude that the f unctions
)

ôr(v) and v-ór(V), i - a,2 are bounded.

Let R. {(x,rx-): â.. ( x- < b,-, j = I,2}, i = L,2r r ¿ 13 - I - r_l

be two cl-osed finite rectangles in the Euclidean p1ane.

We first prove five lemmas. ülithout any loss of

generality we shalf assume that A- = 0, B- 1, i : I,2.
l_ l-

I,tre aI so d.e f ine

\f 1(xr,xr) : *i(*t,x2)9 (xr,xr)
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Lemma 4.I. Under Conditions 4.2.I,4.2.3,4.2.4, and 4.2.5,

l* ("r::r)e Rl In{if r,,(xr'xr) } - 'l'1(xr'xr) I o'

Proof. We have

' f (t I,L 2 ry 1r y 2, aytdyrdttdtz

I î i x_-X_ xr-X,: + I Iervror(#t+r<j;3t
a-æ-ænn

n

.l"f = tr, x, = Lzls(tr,t2)dttdtz

r i i, .*r-tr. .*2-t, ,

2 ) ) 0r_ (-ã-j) 02 (---:------a) ¡[vr lxr = tt,
a-æ-ænn

n

XZ = trfn (tf,tr)dttdtZ ...(4.4)

r i @ x--t- x--t^
2 ) I Or- (#) Ö r(4) Úr (x L,x2) dtr dtz'

a-æ-@nn
n

Ler ô > 0. we define M = (__ 
tlnr 

-- l!,,.(*f,*z) l. using(xl ,x2)a*t ' l
rel-ation (4.4) we qet
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("r:Ï;)eRrl u{úrr, (xr'xr) } - q/r (xr'xr) 
I

: ("r::;)e Rr. r ttliii, r.u, l'!r t"r-t'xr-tr)

- úr(xr,xr)l i i lort,,)þ2(v)lauav

Ê" lo'rlr orrlt lat'at,
annn

+M I I
r t.l'., 2r'l\'-6 / anL 

| Ô'- (tr ) Ö z(t') | at'dtz

- (xr'xr)eRr t<tl*tllt.ôÌ "1 l

ü,- (*r,*z) | i i I ó, t,,')0, (v) | auav

. + sup ,"1*"ll I o, ('r) ö, (ur) 
I6, tt"f *"lt\ìôlanÌ ' L L 

...(4.s)
+M I I

{ rtl'*'l't+ìôlan, | *r (tt) o2 (t'l lattdtz'

Let n be an arbitrary positive number. By letting n tend

to infinity we can make the sum of the last two terms in

(4.5 ) less than n/2. Then by choosing ô sufficiently smaIl

we can make the f irst term l-ess than n/2. this proves

the l- emma .

fSUPII' (*r-'xr)eRr { ttl+tllt'o}
ltÞrt*t-tf,xz-tz)l

. 2 2.(tr + tz)



n[,*r:i;)eR:- lút,',r*r'*2) - r{ú]r,(*t'*r)}l > e'l

-À^na4 -À..,u.4
< À"ê ¿ n + À.e 4 n
_-LJ

where À., i = I,2,3,4 are positive constants.
f

Proof . !{e have

úr,,(xr,xr) = + i i i oor,*, þr(2+)dHn (tr,t,y)
A _æ _æ Lì n n

wheru nr, (u,v,w) is the empirical distribution function of the

samplé (x1f , x 2I,yl_l_) , (xL2,x22, 
"l_2) 

, . . . , (*f ,,, *2r,,Yl_r,) def ined

by

89"

Lemma 4.2. Uncler Conclitions 4.2.4 and 4.2.5 \¡/e have for

âD1r e > 0

ltH (u,v,w) =: I 0(u-X".)A(v-X^.)Õ(w-Y-.)n n j=I r-l ¿J rl

where Õ(x-y) = I if y ( ¡ and vanishes otherwise. Let

H(u,v,w) be the joint distribution function of (XI,X2,Yr),

U(ulv,w) be the conditional distribution function of Xt

given (X2, YI) and H, (v, w) be the joint distribution function

of (X2,Yt).

I^Ie have

t-61

"{úrr,(x,v)} = + I I 1*01(-s)ort{rldH(u,v,w)a-@-æonn
n

ælær I I \d02(î, t / o.tryldH(ulv,w)Ìairr(v.w)
u'-t-trn-@n
n

Integrating by parts the integral in the brackets -ld

interchanging the order of integration r¡/e get



E{{.r1n(x'v) }
_@f!rt
2 J)

a-@0
n

@ó1
I r. ,= --+ /{ ll

a-@-æ0
n

*ó2(?,r i H(ulv,w)
n-@

90"

... (4.6)

... (4.8)

"dör (ï3) ]anr (v,w)
n

.u"t (v,w)t¿0f f ?,
@@

l¡.r t.t¡
2)t)a-æ-æ
n

,+ z(ïI) dH* (v,w) t6ór tï9,
nn

u the function H* (v,w) is defined byou
vw

t j ",rro lt !,t2) dH, {tr, t, ) = H (uo, v,w)

this operation with the integral in the

\,Je get

G(u,v)dôr,T,u0r(igl
nn

-.. (4-7)
H (u,v,w) dwd0, ({Jl, dör ({Il

wóz(?,"(ulv,w)
n

1 c (u,v)dó^(Y-v)dó- (*-t)¿ a '1 ann

n 
(u, v. v¡)clwdó, ({Jl) d+r (iftl

nn

I
I
0

where for fixed

H* (v,w) =
o

Repeating twice

bracket in (4.6)

u{ úr_r, (x, y) }

Similar1y,

tlar. (x, v)

I-2
a-n

1
2

a
n

@1
tl))

-@0

@æ

))
-@ -@

æ1¡
I

2)a-ø
n

æ1¡
2)

a-@
n

@@1

I IJnæ-æ0

where G_(u.v) is the empirical distribution function of
n

the random sample (*,_r,*21) , (*rr,*22) ,..., (*l_rr,*2rr) and can

be defined in a similar manner.
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Let Eg be the.C-dimensional- Euclidean space and Ët

and V2 be the variations of +I and þ2 d.efined by

@

r t-, , . rut = J ldal(u)l

i12 = / laor(v)1.

Then we have

(-r::;)e n, lúr,.,tx.'xr) - e{i!1,,(xr'xr)}l

óæsup I I
r*-lill.*- I , I IIc,'(tr't2) - c(tr't2):l

I ¿ 1 'a -æ -@n

*, -t, x., -t..,
'aoz (-ï, a0r (-;-t

-@@l- + I I{ tn,.,{rr,rr,Y) - H(tI,t2,Y))
a-@-a0

n

x^-t^ x- -t-
"dvd þr(#, aôr,#,

ul-Þz r sup: -L; tr,riiì'.", lc,.(u,v) - c(u,v) 
|

n

+ t",iill.u, ln,,{u'v'w) H(u'v'w) |1'

By ÌnvokÍng the result of Keifer and trdolfowitz If0]

we get for any E > 0

n[,*r::;)en, l't'r.t*]-'*2) - ¡{r!1r,(*l-'xr) }l' el

2

< p[. =:P. lc-(u,v) - c(u,r)l t -t"-l--1(u,v)e¡, r-n\-"' '| ,ÞtUZ



ot

Lemma 4.3. Under Conditions 4.2.I,4.2.3,4.2-4, and 4.2.5

f or al-Ì suf f iciently large n and f or any e > O,

au'
+ p[,-- -ttl - ls (u,v,w) - H(u,v,w) I t ^Å-ì- (urv,w)€E3 , n ,rr,r,

_4_4

Í Àa.-^"ti * Àru-^nt.i

where Ài, i = I,2,3,4 are positive constants.

-À^.,r4 -À.rra4
< À,e ¿ n + À^e 4 n
-J_5

where À=, i : Lt2,3,4 are cositive constants..a-

Proof. For any e > 0 we have for al-] sufficiently large n

.4_4

Í Àr-"-n"-t + À3. 
n4tu'' 

, by Lemmas 4.1 and 4.2.

Lemma 4.4. Under Conditions 4.2.I,4.2.3, and 4.2.4

*:: ("r:::)eR, ln{s.,(xr,xr)} - s(*r,*z)l o-

I,üe omit the proof which can be accomplishecl using a similar

method to that used in Lemma 4"t.

Lemma 4.5. Under Conditions 4.2.I, 4.2.3, and 4.2.4 for

all- sufficiently large n we have for any E > O

pl-. suP. 
l,trrr.,f *I,*2) - {,r(xr,x2)l > el(xf,x2)uRl

pl- sup lúrrrt*l-,*2) - q,l(xr,xr)l > e.l--(xI,x2)eR,

: Pt ("r::;)en, l.!rrrt*r,*2) - E{ûr.,(*r_,*r)}l ' }l

p[(*rilf,.*, lø,'{*r'xr) - e(xt'*z)l > e I
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<ì
- "1

n-+æ (xrrxr)

= 0, i - I

.24
^^Ê na

z .fl
22Ètrz

.."[-

where Àt and \, are positive constants.

Proof . using Lemma 4.4 we g.et for all sufficiently Iarge

- suDn' ,*r-Ì"i,.*, lø,r {" r'xr) - g (xt '*) | > el

: Pt("r::;)en, lø,.(*r,*r) - e{er,(*r,xr)}l ' }l

I r^r2r,^nlÍÀru"ei-#l
I uruz )

The last inequarity follows from Lemma I of samanta [:g].

we are now in a position to prove the forlowing theorem.

Theorem 4.L. Under Conditions (4.4.2) we have

lim supPI lm.rr(xr,xr) - m. (xr,xr) 
I

a

€R.
1

,21

Proo f . To prove the theorem it suffices to show that

"[:]: ,-r::;) e R, l*,-,,, *L,*2) - *,- (xr.xr) I = ol = t
and

tr:l: (-r::;)e R, l*r,,,xr,xr) - *2(*r,*z) I = ol = I

Since the definitions of *Ir,(*1,*2) and *2rr(*I,*2) and the

corresponding parametric functions are similar it is enough

to prove the first result.

I¡ie de f ine
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n, = ,"riir)en, lst*. '*r)l'
and

0=maxl,Lz = ("1;';;)eR, lmr(xt'*z)l'

Let e > 0 (e . Ir-) ¡e arbitrarily chosen. Using standard

comput.ations in probability theory \¡7e get

nt,*r-iÏf,.*, l*t-,',(*r'*2) - ml (xt'xr) I > el

= pt{. suP.
(*r-'*2)€Rl

. suÞn t ( *r,*lr) e R,

ütr, (*r'*2 )

-;Ç*/ - m1 (xr'xr)

n {("r::;)eR. lør'{*r'xr) - e(xr'*)l > e}l

: Pt-(".:i:) 
e n, l'!.r, t xu'xr) - *1 (*r '*2)en(xr'xr) I

> e (1,r-e).1

+ nt,*r-ìlf,.*r lvr'(xt'*r) - e(*t'*z)l > el

< pF suF
(*1,*2)en, lÚtnr*r'*2) - {.,r(xt'xr)l t 

ttu}-tl'

+ n' ,*r-lÏf ,.*, lø,' {* ,'xr) - e (x, '*z) | ' ':+:t

+ nt,*r.iif ,.*, lø'r(xt'xr) - e(*!'*2) I ' el'

)

t

)

*2

"2

*2

.'1

{

,'l

(

I

(

l-n
CT"n

c'
'n

I

I

e

eÌ

r ¡l- f suP
I TLL (xf,xZ).Rt > eJ
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We no\,^r invoke Lemmas 4. 3 and 4

exist positive constants À., i

sufficiently i-arge n

to concfude that there

I ,2 , - . . ,8 such that for

sup
PI-(*f,xr)eR,

-Àrna
< À_ e--L

l*rrr,xr,x2) - ma(xr,*z) 
I

44
-À nan-4n+ 

^^e 
+

.J

A
-^-na-bn

^_e5

> c'l

-À na
r-) ^ 

8
4
n

This inequal-ity in conjunction with the Borel--cantel_ri

femma and Condition 4.2.6 completes the proof of

Remark 4.2.I Theorem 4.I can be generafized to

the theorem.

the

p2
situation where X = (Xf,X2,-..,X* ) and y = (y,,y.,.

Pt 1' 2'
tr{hen the regression functions and their estimates are

¡L

defined in a similar manner, the theorem remains true und.er

conditions simil-ar to those mentionec before. For example,

Conditions 4-2.3 and 4-Z.6 shoufd be replaced. by,
1i- P-

Condition 4.2.7, ,tït" v r
lyl+- - Ót(v) = o, i - r,2,- -.,Pf

condition 4.2.8: The infinite serie= ; exp(-r.,.lnt,
- rln=1

is convergent for any y > 0.

4.3 Asymptotic Joint Normal- it of the Estimates

*ir, (xf 
' x2 ) ' i = I,2

we shafr investigate the asymptotic joint distribution

of our estimates f or t\,ùo distinct points.

We note that for i - Ir2

(xr, x, )\d.
J-E(Y.lxl = Xl_, xz = *2) =
9 (xr, x, )

(4.e)
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wher" 
- æ

w. (x r,*2) = I I yif ( *L,*2,y r,y r) dy 
ruo r.

f,{e no\d def ine ,o.*r-r: = r r2
v. . (x_,x^)

E(Y.Y.lX. = x-, X^ x^) ii I' 2'a j' I 1' 2 2' 9(xr,xr)

where

trj(*L,*2) = t t vivjf(xr,x2,yy,yr)dyrdy2.

The forfowing conditions wilt be referred to as conditions

(A.4.3).

Condition 4-3.1, (xl1,x2f) and (*12,*22) are two distinct

points such that 9(xrI,*2I) > O and

g(xt2'*22) > 0.

Condition 4.3.2: For arbitrarily smalt positive n,

ntlvrlt*nl . -, i = L,2.

âg(xr,X,)) â2s(xr.xr) ðw.(*f,*2)
Conoition 4.3.3, -- ðì-----]1, A* A* , , A* ,

rrsr
2â-ri (xr,xr) nrrj (xr,xr)

A* à" , AX 

-t 

i,¡,rrs i,2
rsr

exist and are bounded.

Condition 4.3.4 ' ói (y) and I Vó, {V) | are bounded and

lim r

l;li- lvor{v)l = o, i = r,2'

Condition 4. 3.5: i yöi (y) dy = O, i - L,2.

:
condition 4.3.6: I ,'0, (v) dy . -, i - I,2.

condition 4.3.7: 1ll ,,-6 = æ for 6 < 6 and l-im ,ru.6 = 0.n-)@ n n->@ n
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I,üe define for irs = I,2 and j : I,2,...,rÌ the following

random variables.

n
U (x_ ,x^ ) - X U. (x_ ,x2s)n rs ¿s j=l_ ln Is'

n
uin (*r-='*2" ) uii 

r, 
(*1=, *2= )

l=r .. (4.r0)

Ejr', = (ujn (xr-r-'*2r) ' ut jr, (*rr.*2r-) , u, jr, (*rr, *2r) ,

U. (x.^,x^^), V- (xln t¿ ¿¿ rJn L2'xzz) ' u, jr, (*r2,xrr) )'

n\?n = (ur, (xl1,x2L) , urr, (*l-l-,*21) , Vzr, (xÌ1, *2r) ,

ur, (*,- 2'*22) ' tÌ., ( *12'*22) , vz., ( *rr,*rr) )'

n\r* =a ; *

-n n j:r 
(u;n(*rr-'*2r) - g(xr-1'*2r-)' ui:r,(*r-r'*2r)

*t(*rt,*21_), tä¡r,(xar,xrr) - w2(*r1,*2f)

ulr, t *!2'*22) - s ( *r2,*22), ui¡r, (*rz,*zz)

wr(x L2,*22), uå:r, (*12,*22) - w2(*rr,xrr))' .

Then v¡e can write
*l=Z+F

-n -n -n



Í/he re

with

We

F.
-ln

I_

-n

nr
!.

-ln ,-n

n
I

j=1

t t olrt r)þ3

(v (xt r'*2r) - r --:knt urr, (*1t'xrt) Ì' w, (xrr-'x2f )

98"

(4.1r)

s - I,2-

- n{vlj.,(*rf 'x2t) }' *2(*r-r-'*2r-)

9(xa 2,*22) _ e{ulr,,"r r,xrr)},
- e{vljr,(* 12,x2r)}, w, (x 12,*22)

- n{vl jr,(* L2,*22) }) '-

al-so def ine the following matrices:

- e{vrr"t*1r-'*rt)}

wr(xL2'x22)

r^_ o I(r.,)dr,dr"l t 
I¿ r tl o 

^riL-l

Àa

C=

= ((À^..))
¿L)

) r*r' L2 2x2

^rtj

^rtj

= *2r) /s (*r_r_, *zt)

= cov("r,"jl*r_ = xL2,

I olrt lþ3(t2)drldt

g(*tr,*2=) tl_(*l_

,-(*rs'*2s) ttt(*l

, (*ts'x2s) tl-z (*t

I
t-

I

l-
L'

Ð

*z = *2r) /S (xrr,xrr)

lor o I
'Lo or]

s'x2s) wr(xls,x2s)-l

s'*2s) tlz (*r"'-r"' 
I

s'x2s) uzz(*r='"r")-l



We prove eight basic lemmas.

Lemma 4.6 . Under Conditions 4.3 .3 , 4.3.5, and 4-3.6 v;e

have for i,s I,2 and j = L,2, ,n

Expanding w.(xls-ênu,
2order of a and using
n

result.

- w. (x- ,x^ )l- l-s ¿s

*2"--.rt) around (*f",*2=) up to the

the hypothesis we get the desired

oo

4.3.6, and 4.3.7,

tends to infinity.

(i)

(ii)

Proof.

("r=,"rr)Ì - s'(*rr,*r=) I = o(a2)

We shal-I prove part (ii) of this lemma. The proof

of part (i) is similar and is omitted.

I^le have for irs = L,2

(*l=,*2r) - w. (*r-=,"2=)l

t.*IEtU.' ln

r-*lE{v..' aln

l¡{vi.' a]n

II
l¡¡

d̂
n

.f

I
2

a
n

@

I
-æ

ææ
II

-@ -@

æ@

tt))
-@ -æ

x_ -u x_ -t15 ¿SYi9t( . )Ar{ , )

nn

(u, t, Y1 r y 2) dy ldy2dudt

w.
l_

@@x--ux^-t

I _t o, (-=;) 02 (?f)w. (u,r)dudr - \d, (*,_=,*r=, 
I

i ôa (u ¡ Þ z(t) {w. (*r-=-anrl, *2r--r,r)

(x- ,x^ )]auat
-LS ¿S

Lemma 4.7. Under Conditions 4-

F
-n

3.3, 4.3.5,

in"6asnconverges to the null vector
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Proof . By Lemma 4.6 we have

o (a3)
F. = --rL (f ,r,1rl-,r,1)'.
-ln ,"n

The proof now follows from condition 4.3.7 and the fact

tha t
n

F = X F.---11 -l nj=f

Lemma 4.8. Under Conditions 4.3.3, 4.3.4,4.3.5, and

4.3.6 the following results hold for i,g,,rrs = I,2 and

j = I12r-..rn.
.)

(i) n{ui (x- rx^ )}ln l-s ¿s'

(iii) Eiu.r, (*rs,X2")uijr, (*t=,*2") Ì *i (*ts,x2s)

@@

' I I rirulo!(t)dudt + o(an)

(iv) E{u.rr(*ls.X2")uj.r(*r,,x2r)} 0(an), r I s

(v) E{v. .r, (*l s,*2=)uu jr, (*l_ï,x2r) } = o (an) , r I s

(vi) n{u-*(x,^,X._)v.--(x,--,X^ )} = O(a ), r I s.ln ts ¿s aln l_r' 2T'- n'

Proof. We shall prove part (ii) and part (v) of the lemma.

The proofs of the other parts are similar and are omitted.

= s(x,-,x.-) I lO?t,r)ö1(t)auat + 0(a )- IS ¿ ' L- '2' n

(ii) ¡{v' j., (*t s'x2=)t.q, jr, (*rs,x2s) } = tig (*r",*2")

I tolt"tølrr)dudr + o(an)



(ii) ¡{v' jn (*l ='*zr)un jn (*t"'*2=) }

= * "[","n'î,1+t+lr%f,]

l_01"

(xrr,xrr) and (*12,*22) are distinct at least one of the

quantitie= 6l' and 6r' is nonzero. !Ve shaII assume without

any l-oss of seneraJ-ity that 6lr, > O.

We have

."Li "sör,ailr, o,rallar]

- ": { I I +r(rr)öz(tz)w.(*r_"-.r,rr_,

xr"-a,.t, ) dtrat, tr 
-j t 0a (tr ) ö, (t ,) * n(*1"-t.,tr,

*2r-..,t2 ) dtaat, Ì.

Expanding tig(*l-r-.rrtf , x2s-ar.tr) and *i(*t=-.r,tl, *2r-.rrt2)

around (*1",*2") to the order of ^., and using the hypothesis,

the desired conclusion f ol_1ows.

(v) Let ð- = 
*l-2-*11 

-nu ^ 
*22-*2r

In . 02., , . Since the points

- "i" Li ",,''b*r o, t\arl
J

= t t oltt, I +lt z) ti.q, (*r-r-r.,rr-, *2r--r,r2) drrdr2



LO2.

*zt)tujnn[ v. jr, (*f t,

t-1i
" EIY
¿l

al
nL

r2ll
- a El ^ Y.ó-n I ¿ r'_L

Lt.,

Y -Y 
-''l

.6^("22 "2)l
¿al nl

(* r,'* rz) )

V-Y

iY.e,ór(-u)0,
n

*, ., -X 2 x., , -X_,-#,orrr{lr o,

*', ', -X',
(-) ó^a¿

n

I ió, (t t) þ z(r2) or (6r,r*rr) 0z (ô2n+t2)

' tig (*l_t-.r,tf , x2 l_-ant, ) dttdtz

*-v-l
,"zz "zrl

t'j

,*zt-x2.,,-1"[+ail¿n I la

v -Y, ,"12 "L.
r^9- (x, la

n

2-a n

æ{l
-@

l trn (*r1'*zr) I it ,_@ l.t r
0r- (tr)þ2(1c2)

@æ{II
@

I
)

-æ

Þ, tt t) þ z 
(t, ) w. (*rf -.r,LI,*2t_-ant2 ) dtrdtz ]

ó, (t t) þ z 
(t, )wU (xr, -arrt I,x22-ant2 ) dtaat, Ì .

Expanding t:-g (*rl_-..rtI,x21 --rrt2) around (*11,*21) and

wn (xI2-ant I,x2z-^nt2) around (*I2,*22) to the order of

and using the hypothesisr ,\¡re get

lnIv ' jr, (*t r,x2r) v.e, jr, (* tz,*zz) ll

ltru (*1r,"zr) | I I ôr (tr)ôz (t2) or- (ôr-,.,*.r)

.þr(ô2r.*.2)dt1dr2 + o (ar.)

I

f
I .'6| 'ln

2
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' Ó1 ( 6fr,+r t) þ z(ôrr.*., ) atlÌdr2

* I'is(*r L,*2r, | _j{ r* ri^ 0r tt I þ2(._2)
, _r,__*g

" Ôr (ôr_r,*tr) 0 ,(6 rn*.2) drl Ìat, + o (ar])

: I'i¿(*. r'*2.) l{ r, i:: o. tor,,*tr)}
| -l- I "f n--2-

@@

' t I +r(..)ó2 (rr)þr(6rn*t2)dtldt2

+ l"rn (*rr_,"2r) | { l.rï;ir"o, rtrl }

2--
@@

' t- t Ö, (tr)0r (6r,.+tr-)Ô, (ôr.,*t2) dtrdtz + 0 (an)

r suPt l.r_llÃr^r, ór (ôlr'+tr-)Ì'o (1)

, t suP+ t l. i;; Ö', (t', ) ]'o (1) + o (a- )
r*l-r--In/2 -L -L n

: 2t l,l:;n or (z) Ì " o (r) + o (.,.)t'l'" rn/2

. sup l- r . rt l,l :oi",r, T4 l"o1(z) I 'o (1) + o (a,,)

. r^-f ,sup lrö.l(zll.o(rl + o(a_)- '"1n l"lìôrn/2 n'

4a

Ç{¡ t,llËl"rrl"Þr(zl l'otrr + o(a,,)

0(a )"o(l) + 0(a )n

= O(a ).n
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Lemma 4-9. Under Conditions 4 - 3. 3,

any ô > 0 the following resufts hold

-l-r.)
J - LtLr

4 .3 .4, and 4 .3 .6 for

for i,s = I,2 and

,n

1^
^,tz-f o - l-+e
n

where e is any positive number for which nf-lv.l('*ô)(r+Ð)l'-r ir

is finite.

Proof. (i) We have

n{ lu jr, (*r_s, x2=) I 
2+ô i = r:*ont. lul,.,,*r",*2r)

- er urr, (*t- 
='*2= 

) ] | '*ô I '

By Minkowski's inequality and by an analysis simifar to

that in Lemma 4.8 we have

l_

te{ lujr, (*r s,*2") l'+ô-,2+ð

I

Í .r,t{r r I uî" (*.",*2r) I l'*ô}2+ð

orJlI Òtla I. n,

'i-
ta

+ {l¡rui (x- ,x^ )' ln t_s' 2s'

of - ' I .,1 + o(a )"l-ð/(z+6¡ ¡ n
( o., )

^f I I
" l-T7(z+ðtlla I\n)

1

. t 2*ô. 2+6 -)l i j

The desired conclusion f or ( i) no\¡r f oLlort¡s.
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By Minkowski's inesuality and the resufts

\de 9et

(ii) we have

lu.,*'^(*,^,*"^)12+ôÌ' a]n _LS ¿s

- n{vi. (x- ¡x^ l} l2*61.aln IS ¿S

1

{n I v. jr., (* Ls,x2=) l'+or-+ô

+ {lntvi. (x- ,x^ )' aln ts' ¿s.

a [¡{ Ivl . (x- ,x^ )n aln Is' 2s-

2+ð -r *a EI. lV., (x- ,x^ )n aln Is ¿s

in Lemma 4 .8

2+ð

E{

(¿
I

,r[{n t I ur¡r, (*, s,*2=) I I 
2+ô}2+ð

Using Hol-der's inequality we get for any

a2+ôt¡ilvi. (x, ,x^ ll2*ð]--,n ' aln Is- 2s' '

I
. t2*ô.2+ô-)l J r

I
2+ô. -2+ðj-! + O(a

x- -X- x).-X)
v.ó-(Ð)ô^(-_3È__l)

TIA¿A
n

I

". I 
(z+ô) (r+e) 

t -.,r+e
l'

- (2+6¡
=a n [",

< a (2+6)t",
-n

J
J

c

)l I+t
I

J
I

1+e

_e
(1+t)lr+,'l

I
['
lzlaL-n

Tx-
. le{or,+) ö2 (+ ) }('+o) 

{f
L-n-n

= u_(2+ô)+2e/ (t+e) re{ lv. I (r*ô) tr*.) }:ln

x- -X- x^ -X^ (2+ô)
¡{ôr,-}f, ör(:_?j-3l}

nn
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using an analysis simirar to that in Lemma 4.g and the

hypothesis we concfude that

-:*utn{ lvi jr,(*r =,x2=)12*o}l

Hence,
l

2+6.t+6
J

or-
l. 2+ô -2e / (I+e)

ll

{¡1v.. (x- rX^ )l' rln ls ¿s = or-

l"
2e

+ 0(a )
nt-

n

(l+e ¡ (2+6)

'i

The concfusion now folfows from the

Let d = (df ,d2,d3,d4,d5,d6) be

in E6. Vle define for j = Ir2r..prn

(I+e) (2+ô)

above observation.

any nonnul-l- ro\,r vector

t-
a

n

and

2+ô
TJ ln

Lemma 4-1O-

for j = L,2,

2(a) o
ln

where

2+6(rr) 0. =ln

2o=Varln
dw.--lrlr_-;-J

an

dt/,] . I 2+ô--ln I ¡

tl j
n

E{

Under Conditions 4.3.3, 4.3.4, 4.3.5, and 4.3.6

.. rn

'\/n + o(-¿)
n

matrix C is as in (4.11)

l
)c2+ô- ='"l-+E

n

_ôt+ --2
a

q

n

n

c

(
I

{q

th

0

ôwhe re d e are positive numbers for which



IO7 .

e{lvrlt'+6)(1+e)1 1*, i: r,2.

Proo f .

(i) Using the results in Lemma 4.8 r,re get

2nol = var{dw. }ln --ln
@æ

= I I olt")þ3(t)dudtrals(*rr,*2r_)

;,2+ uãrr1(xl_r,x2r) + ui"rz(*rt,*21-) * u;s(x1 2,*22)

2,c+ dãtrt (*t 2,*22) + u'uurr(*12,*22)

+ 2dLd,2w, (x1r-,*2r) + 2drd312 (*rr,*2r) 
"' (4''-2)

+ 2d,rd¡rr r(*lr,*2L) + 2d4dsrt (*.*2,*22)

+ 2ð,oduwr(*t2,*22) + 2d5d6v12(*r_r,xrr)) + o(.r,)

= dcd' + O(a ).n

The desired concf usion nov/ f oll-ows.

(ii) I,te have

_otr 
-.,'''-o?*o n{lar,l. l'*ô}Jn '--ln'

: lgl'*6"{lE¡,, 1'*o}

= lal'*ôn{u?r,(*, t,x2r) * uljr,(*lr_,x21)

22
uã jr, (xrt 'xrt) + u]r, (*;.2'*22)

22+ uí:r, (*L2,*22) + u3rn(*L2,*rr)\ 2

2+ô

: lgl'*u. uT ¡[max{u;" (*rr,*2]_) , uîi" (*1r, *2r) ,
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= lel

(*11,*2]), ul"t*Lz,*22), ulr" (*12,*22),

2+6

(*12,*rr)\) 2

2+ô
2+ô 2''- "6 - E[max{ lur.t*tf,*rr) I,*6,

lu, jr,(*r_1,*zr) l'*0, lu, jr,(*rr,*zr) l'*u ,

lurjr, (*12,*zz)12*6,

lu, jr, (*12'*z) l'*ô ] l

2+ ô

I lg I 
2+ô ' uT et lu.r, (*r- r,*2r) I '*ô

* Itrj.,(*rI,*2r) l'*ô + lurjr,(*r-r-,*rr) l'*6

I u,,, t *12,*r) l'*6 lut j., (*t-r' *rr) l'*6

lurjr,(*12'*r)12+ôl

luin(*r2'*rr) lt*6

2V:,¿fn

2v^.¿Jn

'f-
la

2el'2+ô- :--l+e

+ð-'l+l +

l tnJ 2

n

2el' by Lemma 4.9
l-+e

= 
'["

The proof of part (ii) is no\,r

Lemma 4.1I. Under Conditions

complete.

(4. 4. 3 ) for some

I >0
n

(i) lfm { r
n-)@ l=r

o?Ìln = gcg

(ii) lim
n->@

n
{r p

j =L

2+ô Ìjn = 0.
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(i) By part (i) of Lemma 4.I0 we have
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To complete the proof we have to show that the submatrices

Ol and ,2 which appear in matrix C (see relation (4.11))

are each positive definite. Due to the symmetry in the

definition it suffices to prove that the matrix Dt is

positive definite. This result fol_rows from the fact that

for any nonnull vector !, - (g,o,LL,g,2) \¡re have
I

lor.t' = 9(x, L,x2r)e[{lo *[t"t*Lz"z]21xl xt_l, 
"z = *ztl > o.

(ii) Using the results of paït (ii) of Lemma 4.10

ere have

n)
I o- =

j=l jn

{ ; p?*6}
r-a ]n
J-r-

= of.-
lz
ln

= 2+ô-
¿

a n

2e
L+e

'I
iv

+e

na

e

).1

6/2

number for which

( -, i - l12.

where e is a posit

tnlvrl(r+6) (l

We now l_et e = cr6

, I ^2+ôr _t ¿ P' ) --ln
]:I

A Á,n

ô '' 1+a6na
n

(a > 0). Then \^re have

'I
)"'

provided EI l"rl,z+ô) (J-+aô), ( -, i : r,2. By Condition s 4.3 .2
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and 4.3.7 the concl-usion wirr f olrow if we can show that

for arbitrarily smaft positive ¡ there exist o > O and

6 > 0 such thar (2+ô) (1+oô) < 3 + ¡ and * . 2 - #fo < 6.

44N)Nov¡, ; + 2 - ;-*:.< 6 if and only if qô- + 6 - f > O. weô l-+clö

consider the equation

h(ô) = oô2 + 6 - I - o.

The roots of this equation are -a#. rt is easy to

verify that the function h(ô) is strictly increasing and

positive in the interval (-1+11+4c , æ), we further note2attt

. fim .-1+'/1+4;'tnat 
o_+O t-- Zo-j = 1. Hence, f or arbitrarily smal-l_

positive.l there exist" nl > 0 such that

whenever O < cr . 11. Hence, if 0 < cx < min(ef ,n1) and

1+rl<6<l_+2er,then

(2+ô) (l+aô) < (3+2e_ ) {t * rl_ (1+2e ,) }t

= 3 + t.r- + t.í + nrt,,
and

h(ð) = o62 + ô - l- > o.

Since .I is arbitrary the proof is complete.

Lemma 4.I2. Under Conditions (A.4.3), Vn converges in

distribution to Z where Z is a six dimensional normar

random variable with mean vector 0 and covariance matrix c.

-t+/ - tl . ,r.1+4o
2a
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Proof . rt suffices to prove that the random variable g"_n

converges in distribution to lV as n tends to inf inity

(see Theorem (xi) of Rao [30], p.103) . we note that

n dV,I .

dz- - I {+i. we al-so note that the resuf ts in Lemma A.LL--n ,j=] n

enabf e us to appf y Theorem B (ii) in Loeve t2t.l , p.275, and.

to conclude that
dZ--n

,/v"t (dz )

converges in distribution to a

--n
standard normaf random variabfe. using this result and

Lemma 4. tl we have

Åù
--n 44 /v"t (dz )--n '--n'

/g.q- /v^t (dz-) /ã¡ã'

dz--n {r + o(t)}
/var (dz )--n

dz--n + 0_(r).o(r).
/v"t\z ) P

--n

The proof follows from this observation-

Lemma 4.13. Under Conditions (e.4.3) , Z* converses in-n
distribution to Z where Z ís a six dimensional- normal random

variabl-e with mean vector o and covariance matrix c.

Proo f . trde have by Lemma 4 .7
+

a-L-F-n -n -n

=Z+0¡-n -n

where 0r, converges to the zero vectoï as n tends to infinity.

The proof 'now fofl_ows from Lemma 4':T2-.

Ide now prove the following theorem.
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Theorem 4.2 - Under Conditions (A. 4 . 3 )

(n-2) L (*lrr(*ll,*21-) - mr (*l-l_, *2r), *2r., (*ll-,*21_)

- m2(*11,*2I), *lr,(*.-2,*22) - ml (*rr,*22),

*2r-, ( *L2'*22) - m2(*r2,xrr) )'

converges in distribution to z* where z* is a,four dimen-

sional normar random. variabl-e with mean vector o and

covariance matrix 
^.

Proof . vùe define

!n = (tr_rr, T 2n,T3n,T4n,T5.r,T6r,)

o - (01,02,03,04,eS'06)

where

.n-n
mrtr-r, ; .1. ui"(*r-r-, *2r), ,rr, = * .i., uir"(*1r,*2r)

l=r l=l-

.nlt-.',-ln+
'3r, =; 

llr_ 
ul¡r(*r-r-,*zr), r4n * rl, 

ulr,(*r2,*22)

l-n',ñtsr, : i ,1, 
tilr, (*r2,*22) , -6r, = * ,lr_ 

ul jr,(* 12,*22)

0t 9 (x, r,x2r) , 0, *l- (*rr,*21_) . 0: = *2 (*r r,*2L)

an g(x'2,*22), 0, = wa(xLz,x22), uu *z(*l_2,*22).

't{e al so def ine a f unction H on 
"6 

into U 4 by

H (y) (Hl (y) , n, (I) . u, (y) , Hn (v) )

where

I (Yl ,Y2,y3tYn,Yrr!U)



z: = (r,.2)L(r -o).-rt n -n

!ùe conclude using Lemma 4.1-3 in conjunction with Theorem

(iii) of Rao t:ol , p.322 (replacing ,,L by (r,.2) L) thar
n

(nu2)t("t, ) - H(o))n-n

= rrrrll*,*r_r,(*r_ r,*2r) - mt(*11, *2L), *2rr(*l_1,*2t-)

113 "

y2 y? yq y.Hr(y) = v' , ur(y) = or- , ur(I) = i, un(y) 
,

We have

*2 (*1 r,*2r) , *l_r, (*12,*22) - ml (*12,*22) ,

*2r, (* *2,*22) - m2(*..2,xrr) )'

converges in distribution to V" where z_* is a four d.imen-

sional normal random variabl-e with mean vector o and

covariance marrix HcH' where H f, In":]U'l I is rhett ,rj ))a,6

matrix of partial derivatives of the functions H. (y) ,

i = It2,3,4 with respect to their arguments evaluated.

at 9.. It is easy to verify that HCH' = 
^.

The proof of the theorem is now complete.

Remark 4.3-1- Theorem 4.2 can be generarized. to the

situation when x = (xL,x2,...,x^ )tand y = (yr,y1r...ry* )Pl .t-' 2" p2'
and the regression function e[ylx = x] is computed at q

distinct point" äg (*r_n, *2g.,...,xpr1)' , L = r,2,...,e.

rt can be shown that under certain regurarity conditions

the rimiting distribution of the estimated regression

function at these points is p2xe-variate normal-. Except
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for a multiplier the covariance matrix of this limiting

distribution is given by

At

[=
tr2

on 
i

s,_l

where

.[" = ((À"..)))L y,r) P2rP2

Àn. . = cov(Y- rY-., l* = xn) /g (xn ) , g. - r,2 r...,giLr) i' j'- :--L 
-x,

irj = I,2,...,p2-

To accompfish the proof we need to repJ-ace conditions 4.3.2

and 4.3.7 respectively by

Condition 4. 3.8: For arbitrarily smaIl positive I r

- 2+ 1 *n
E[lY I 2 '1

-L, -i, J 
( -, i - I,2,---,P2.

Condition 4.3.g, f1l r"ô @ for 6 < p- + 4 andn->@ n

p- +4lrm * 
-Lna = 0.n-)æ n
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