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ABSTRACT

This thesis deals $¡ith an information theoretic approach

in obtaining the approximation of :

í) the first passage time distribution to a certain state
j for two-unit paralleled redundant systems; and

ii) The performanee distribution of a single server sys-

tems "

The raison d'etre of redundancy and repair maintenance is

to improve/maintain the reliabil-íty/availability of a sys-

tem" When a operating component faiIs, a stand-by component

is put into operation, and a redundant configuration contin-

ue to function. Failure of an operating component thus

causes a stand-by component to be more susceptible to fait*

ure because the latÈer component is now under-Ioad" Examples

of these two-unit paralleled redundant system can be found

in various industries (Hanley & Kumamoto, Chapter 8)" Àbun-

ðant literature dealing with multi-unit repairable systems

is available, f or example Osaki ç Hakagar{a (1976) , Lie et 
"

aI" (1977), and Reddy & Grosh (1984) have compiled detailed

bibliographies of papers concerning multi-unit repairable

systems. Most of the papers included in t,hese bibliogra-
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phies obtained taplace-Stieltjes (l-S) transforms of the

quantities , such as the reliability and availability of the

system in (Ort]" In order to obtain above guantities, in-
versions of the L-S Lransforms are required. Generally, it
ís mathematically difficult to obtaining the inversion of

these t-S Lransforms; therefore, approximation methods are

desirable. The objective of this thesis, in this part, is
to approximate the first passage time distribution of two

unit paralleled redundant systems using the Maximum Entropy

Principle (unp) when the information is available in the

form of f irst (or f irst two) mornent(s) of the repair time

distribution. It has been shown that the MEP provides a

very good approximation for first passage time distribution
for the above two unit system when the repair time distribu-
tion is either Gamma or Weibull. It has also been shown

that the percentage inaccuracy reduces to less than 1eo as t

IL has been demonstrated by Shore (1982) tfrat an approxi-
mation of a single server queueing system can be obt.ained

using Shannon's entropy when the information is available in

the form of the first, four moments of the service time dis-
tríbution" Shore's results are only applicable under light
load conditions, that is for P. 0.1. Our results are

equally applicable for heavy load eonditions, that is 0.0 <

f . 1 " 0, as well as light load condition" In t,his thesis, we

consider models in whieh we apply two other measures of en-

vx



tropy known as Renyi's ( 1 961 ) Parametric (1967) . It has

been shown that Renyi's entropy consistantly provides a bet-
ter approximation to busy period distribution and waiting

distribution than those obtained using the Shannon or Para-

metric models. Parametric entropy provides a better approx-

imation than Shannon's but inferior to those obtained using

Renyi's model, Our results are obtained under the assump-

tion that the only information available is in the form of

first moment of service time distribution" This assumption

is more plausible than Shore's because the available infor-
mation rarely extend beyond the first two moments.

FinalIy, the

further research

concluding remarks and recommendations for
are provided.
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Chapter I

INTRODUCTION

À great break-through in Information Sciences was provid-

ed by Shannon (1948). He proposed

s x ,Ë, n, (x) rnp¡ (x)

asa
itv

The

over

measure of information or uncertainty for any probabil-

density function p¿ (x) .

corresponding case for a continuous random variable x

density function (p.d.f") f(x) is

9lven

( 0 ,no ) and probabi 1i ty
as follows:

Ø
c k J f(x) lnf(x) dx

a

where k is an arbitrary constant.

Jaynes (1957 ) while interpreting entropy, stated :

"Just as in applied statistics the crux of a problem is
often the divising of some method of sampling that
avoids bias, our problem is that of finding a probabil-
íty àssignment which avoids bias, while agreeing with
what,ever informatíon is given" The great advance pro-
vided by information theory lies in the discovery that
there is a unique unambiguous criterion for the tamount
of uncertaínty' represented by a discrete probability
distribution, which agrees with our intuitive notions
that a broad distribution represents more uncertainty
than does a sharply peaked one, and satísfies all other
conditions which make it reasonable.".

1



Howevero t,he above statement of Jaynes is equally applicable
in case of continuous probability distribution.

Since the pioneering works of Shannon and Jaynes, the

concept of entropy has been applied in wide range of appli-
catíons in the area of business and economics (Herni-

ter(1973l. , Bass(1974'), Kapur, Bector & Kumar(1984), Arizo-
ni(1984), Their(1969)), behaviour sciences (shore (1979 a,b),
Ramakrishna(1973) , Takatsuji (197s), Dyner(1984) ), computer

modelling (r'erdinard(1970) ), system simulation (Chan (1971)l ,

production Iine decision making (rribus & Fitts ( 1 969 ) ) ,

stock market. analysis (Cozzolio & Zahn (1973)), entropy

spectral analysis (Shore( 1 981 ) ) , insurance (nerliner &

Lev(1984) ), and physical engineering sciences (tri-

bus ( 1962) ) " Kapur ( 1 983 ) and Tribus (1979) provided de-

tailed bibliographies dealing with thís concept" The justi-
fication for the use of this concept has been provided by

several authors, such as Good ( 1 963 ) , Shore & Johnson

(1980), Clough (1964), Thomas (1979) and Kapur (1983).

In the present thesis, applications of entropy to the re-
pairable systems and single server queueing systems have

been studied" The present chapter provides (i) notations &

I,s¡mbo Is, used in this thesis, (ii) various definitions and

concepts of maximum entropy principle, (iii) ân over-

of, the probtems eonsidered in the thesis, (iv) an

bas ic

overvíew of the repairable systems and single server queue*

ing syst.ems, and (v) summary of the thesis"

2
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1.1 }rorÀtloNs AND SYMBOLS

Svmbols

s(t)=B(T)=B(x)

B'(t)
b¡

c¡; i=1 ,2

c. D. F.

f(x)
rb(t)
F*(r)
F'(r)
c(z)=c(y)=G(t)

õttl
g(s)

g'(s)
g" (0)

gK

"rl
í=0,1i j=0,112"

n,i*

k=1 ,2; i=0,1i
j=o r1 ,2.
h'j

i=0,1i j=0 ,1 ,2"

Definitions
Inverse function of MiIl's ratio"
First derivative of B(t) o

ith moment of busy period duration,
Langrangian multipliers of Parametric

entropy 
"

Cumulative distribution f unction

Continuous probability density function"
p,d"f " for busy period.

e"D"F. for waitíng time,

C"D.F" for residence time.

Repair time distribution.
1 - c(r)
Laplace-Stieltjes transform e(t),
First derivative of g(s).
Second derivative of g(s) at s=0"

kth momenL of service time"

First passage time distribution from

state i to j.

Information-theoretic approximation to H;j

when the first k moments are speeified"

t-S transform of H r (x) 
"J

3



I

i. i.d"
k

L_S

liin
J

k=1 ,2; i=0 r 1 i

j=o ,1 ,2 .

M[.]

m¡

MEP

pl (x)

p.d" f .

P. D. F.

po(À

o¡ (t)
i=0n1i j=0r112"

Qr2r(t)

{0, 1,2, ..oo }

Independent identically distributed.
Arbitrary constant.

Laplace-St ielt jes Transf orm.

kth moment of H5 around zero,

Va1ue of MilI's ratio"
ith moment of the system.

Maximum Entropy Principle
I

ith discrete probability density func-

tion.
Probabitity density function

Probability distribution function.
Parametric measure of entropy

The probabílity that after making a

transitíon into state i the process next

makes transition into state j in (0ntl"

The recurrence time transition probabil-

ity for state 1 via state 2,

t-S transf orm of O i.(t )

t-S transform of Qr2r(t).
1/(ø;1)

Renyi's measure of entropy of order q"

ith moment of residence service time,

4

a¡ (t)
Qr2r(t)
R

!L(,

ri



s Shannon's measure of entropy"

L-S transform variable"

Random variables.

Inverse value of MilI's ratio"
First moment of waíting time in queue.

Average service raLe in gueue.

Àverage arrival rate in queue.

s

tr x

T

Yl 1

u

\

't

ø

@1

Q,2

ß¿ i ßi >0;

i=0r1.

P

*

Lagrangian multipliers of Shannon's en-

tropy.

Gamma distribution parameter

Renyi's entropy parameter 
"

Parametric measure paramet,er 
"

Failure rate of the system in state i"

Queueing system's utitity factor"

StieIt jes Convolution "

5



1 "2 DEFINITIONS AND THE BASIC CONCEPTS

This section is devoted to definitions and basic

of some technical terms used in this thesis.

Cumulative distribution_f unction (C"D.F. ), F(x).
probability that a component has failed by time

given by z

n(x) = prob(xsx)

)L
J f (u) du.

o

concepts

IL is the

x and is

Srrrv i vor

probability that a

F t*l prob

1

function , F {*) , is defined as a

has not failed up to time x,

Function" Surv ivor

component.

(x>

F(x)

0o

=l
,x.

f (u) du.

gÉIeB¡l. Entropy is
of information about

following expression

a measure of the uncertainty of or lack

a sysLem. Shannon (1949) provided the

for the measure of entropy of a system

6

S k ln p¿ (x)

where k ís an arbitrary constant and P(x) = (p, (x) o pr(x) o

o o o o , pn (x) ) is the discrete probability distribution "



Maximum Entroov Principle (unp). MEP states that by

constraints one can ob-

inf ormat ion concerning

maximi zi.ng entropy

tain the unbiased

the system.

subject to given

encoding of one's

Stochastic_Process. A Stochastic Process

random variables that are all defined on

ty space and indexed by a real parameter 
"

Reliabilitv. Retiability is a

will operate for a given time

and conditions"

1S

the

a collection of

same probabili-

Àvailabilitv. Ava i labi 1i ty i s a probabi I i ty that t,he

wíIl be available for use (operable condition) at any

trary instant time under the given condition.

Bg_sene_raLb. :LVg Proc e s s 
"

a regenerative process

thaL the continuation

ability replica of the

probability that the sysLem

t under a given environment

system

arbi -

A stochastic process { Y(t); t>0 } is
if there exist an epochr say s1r such

of the process beyond sr is a prob-

process beginning at time zero.

ReDeïal. Procesg_- Suppose that we have a population of com-

ponents and their failure time, T, is a continuous random

variable with p.d.f . f (x)" We start with a nevr component at
time zero. This component fails at time Tr. Let it be re-
plaeed immediately by a ne!{ component with failure-time Tz"

Then the second faílure will occur af t,er a total time Tr+Tz "

The failure-time of rth component used ís Tr , and the rth
faílure oceurs at time Sr, where

7



S* Tr + Tz + +T+

If [Tt, lz, .ooa' Tr ] are independant identically distrib-
uted (i.i"d.) random variables, all with p.d.f , f (x), vre

call this system an (ordinary) renewal process.

Poisson Process of rate \. If the above distribution is ex-

ponential with p.d. f " \ exp(-\x) ,

Two other processes namely modified renewal process and

equilibrium process differ slightly from the ordinary renelr-

al process.

The Modified Renewal P . The modified renewal process

is a process in which Tr have p.d.f. fr (x) and T2, Ts,

.o.....o have the same p.d.f. f(x). That is we have aII the

conditions for an ordinary renewal process, except that the

time from the origin to the first failure has a different
distríbution from the other failute-rate"

The Equílibrium renewal process" The

process is a modified renewal process,

with F(x) .being the survivor functíon

failure tÍme,

Markovian Renewal Process (unp) " tet
any two-dimensional stochastic proeess

that for aII i, j eS"

Pr{Yo k ] =aK e k e s, (u*t 0n R*u* = 1)

I

equilibrium renewal

where T1 = F( xl/u,
and u being the mean

the (x,v) -process be

{(x", Yn); neI} such



and

Pr { Ynrr= j, x^ s x l"o, xo, Xn-1, Yn= i ]

Pr [Yn+ r=j, XnS x Iv^ = i ]

Let us define the functions

unK (r) 1 if Y =k, Xo* + Xn-r S t' nqI

0 otherwise

for k6I and t > 0, and

NK(r) = Ë un* (t)
n!0

; kês, t>0"

Then t,he process {(Ho(t); X eS); t> 0} is called a Markovian

Renewal Process.

MÁ{/__-l2ueueinq Svstem. t"l/u/l is a queueing system in which

the arrival and service rate distribution are Poisson, and

the system has only one server to provides services"

1"1/G /1 c)rrerre inq Svstem. M/c/1 is a queueing system in which

system is poisson distributedr sêF-

is general, and there is only one

system.

an arrival rate of the

vice time distribution
server avaílabIe in the

G/G/1 orreue inq Svstem" c/c/t i s a queueing system with gen-

serviee rate and with onlyeral distribution of arrival" and

one server "

9



Resi_de-ng_e__Ti_ne" Residence time is the total time a customer

spends in the system.

waitinq Time. Waiting time

between the arrival time and

gins 
"

1S the interval period of time

time at which service be-the

Busy Period. If the system is empty and a

and if tz is the next time at

customer arrives
which the system

Ez is known as a

at time tr,
is emptyu

busy period

then the period bet,ween tr and

of the system"

Eirs'L_Passaqe Time_, The f irst, passage time f rom state í to
sLate j is the elapsed time from the epoch at whích the pro-

cess makes a transítion into stat.e j "

10



1 .3 MAXTMTIM PY PRTNCIPLE

The Maximum Entropy Principle (upp) is based on the an-

cient role of wisdom that one should acknowlegde the limita-
t ions of one' s knowledge , that one should use only 

.ah.
knowledge one has and completely avoid any knowledge which

is not available. Therefore, according to MEP when partial
information about a random variable is providedr !r€ should

ehoose a probabíIity distribution which is consistent with

the given information but has otherwise maximum uncertainty

assoeiated with ít"

Generally, the available information is in the form of

moments of an associated random variable. This information

rarely extends beyond the first two moments (Thomas(1979)).

In other wordsr wê wish to find a distribution that maxim-

izes the entropy of the system, subject to a set of first
moment constraints reflecting the known information about x"

This involves solving a maximization problem using one of

the following models 3

1 "3"1 Shannon's Entropy

MAX;S
L

Í'" f (x) lnf (x) dxq

(1.3.1.1)

subject to

11



t
I
A

t f (x) dx = h.' I i=1 , 2, a....t tx

b
J f (x) dx
q

(1 .3.1 .2)

where (a,b) are known.

If in (1.3.1.2), r=1 and (a,b) = (0,0o) then the solution

(Appendix A) 3to (1 .3.1 .2) is given as

f(x) 1/n, exp[ -x/nt) I x)0, mr >0

(1.3.1.3)

On the other hand i f

then (refer to Appendix

in (1.3.1.2), r=2 and (a,b) =

B for the ðetail derivation)

( o,e¡ ,

f(x) A(tr,tr) exp [-zrx 7zx2 l

(1.3.1.4)

where

A(lt,lz) ,t<zîl e (x )

7t T,[ 4;

7z B' X 2

2 B x fTì 1 \2 (1.3.1.5)

B(x) is the inverse function of Mill's ratio,

12
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B'(x) is the first derivative of n(x),

T

using:

is the varue of Mirils ratio which is determined by

imz(mr)-2] 1 F (T)

(1.3.1.6)

where 2mt2 à mz

The selected values of F(T)

provided in Table 2.16.
and corresponding values are

For the cases where 2mt2

exist for (1"3.1"2), Dowson

< rIì2, the MEP solution does not

& Wragg (1973) 
"

1 "3 "2 Renvirs Entroov

MAX s Hq _1 _ In
l-d r

È en' (x) dx
JoÞf (x) ax

subjeet to

b
Iq

Jb
q

xt f (x) dx = ffi,. F i=1, 2o o..on¡ Fo

1

(1.3.2"1',)

f (x) dx

13



vrhere (a,b) are known,

b
If in (1.3.2"1), t=1 , f f (x)dx ='l and (a,b) =

sofution to (1"3"2"1) is given as (Appendix G) B

(o¡o) then

1/(1-at)
f(x) (e + F x)

(1"3 "2"2)
where

E
l' r-1/n
| (n+z) m., I

l(n+t ) J
R<

R+1
F -_ 8, _,,-

R+1

A1 1 + 1/n

In ( 1 .3 "2,1) ,

Ron's entropy

as dL1 tends to 1 , Renyi's entropy gives Shan-

( ref er t,o Appedix I f or detail ) .

14



1.3"3 Parametric EntroÞv

b
MAX i Pn I f(x) lnf(x) dx

b
+ 1/o, !(1+s, f(x))In(1+a2 f(x))ax -1q

subject to

b
Iq x' f (x) dx = md r i=1 , 2, ,r

b

I
q

f (x) dx 1

(1"3.3.1)

where (aob) is known"

If r=1 in
(1"3"3"1) is

{1"3,3.1) and (a,b)=(0,¿q) then the solution to
as follows (appendix H) :

f(x) exp(-cr-q^)L)
1 - a2 exp(-cr-czx)

(1"3.3,2)

where

C2 1/^,

1-exp (*a, /mr)exp(-e r )
8,2

15



rn (1.3"3.1)r äs

Shannon's entropy

cL2 t,ends

( appendi x

to 0,

r).
Parametric entropy gives

16



1.4 OVERVI_EI^I_OI' THE PROBLEMS

rhis thesis deals with two problems

1 ) fwo Unit paralleled Bedundant System.

In the study of stochastic behavior of two unit paralleled

redundant system with repair maintenance and under the as-

sumptions that (i) the failure time distribution is expo-

nential, and (ii) the repair time distribution is Gamma or

Weibull, it ís of interest to know the following 3

a) what

state j¡

b) what

will be

is the mean first passage time to a certain
and

is the Iimiting
in a certain state

probability that the process

j.

where

under

state j (j=0,1,2) corresponds to the number of units
repair,

The method to determine the exact values of the first
passage time distribution involves the inversion of L-S

transforms as given in Nagakawa & Osaki (1975)" General-

lyn the process of inversion of these L-S transforms is
cumbersome" Therefore, approximate solutions are desira-
ble" The purpose of this study is to use t.he Maximum En-

tropy Principle (Mgp) to obåain the approximate first pas-

sage time distribution"

17



2l Sinole Server Oueueinq Svstems"

In single server queueing system, one is interested in
knowing the following:

i ) Busy period distribution i

ii) Waiting time distribution; and

iii) Residence time distribution,

Shore (1982) has provided a method to obtain the ap-
proxímate value of distributions using shannon's entropy.
His resurts are only valid f or right l-oad conditions ( 

Ê "
0.1 ) and arso when the availabre information is in the
form of the first four moments of the service time distri-
bution" rn this thesis, we improve the resurts obtained

by Shore by using two other entropy measures, namely Reny-

i's moder and the Parametric model" The result,s obtained

are valid not only for light load but equally for heavy

Ioad condition ( 0,0 -< 10 
. 1.0 ).

18



1.5 REPAIRABLE SYSTEMS

Àn equipment may be unreliable due to various reasons

such as infant mortalities, random failures, and wear-out"

High reliability of each component of an equipment does not

ensure high system reliability. There are several methods

of improving system reliability. These include (i) intro-
duction of redundancy which means more uníts are avail-
able for performing the system functions than required, and

(íí) repair and maintenance.

There are two major types of redundancies: paralleled re-
dundancy and stand-by redundancy. A paralleled redundant

syst,em with n components is one in which aII the component,s

operate simultaneously but the system operation requires at
Ieast one operable component" System failure occurs only

when all the components faíI" A stand-by redundant system

with n components is one in which the components operate one

at a time and when an operat,ing component fails, a unit from

the spares pool is switched on.

l{hen the cost of a single unit is considerable and/or

when t,he system is requíred to be used for a long period of

time, it may be worthwhile to introduce a repair facility so

that the failed units may be repaired and put back into op-

eration" In one part of this thesis, we are mainly coR-

cerned with systems in which there is one repair facility
and the system is comprised of two units operating as stand-

by redundanL system.

19



Reddy and Grosh (1984), Srinivasan and Subramanian (1980)

have compiled detailed bibliographies of the literature
dealing with this area" Initial attempts in the study of

2-unit systems can be found in Epstein & Hosford (1950),

where they discussed a sysLem where both the failure and re-
pair tíme distributions are exponentíal. Gavar (1963) fur-
ther generalized the results of Epstein & Hosford. He as-

sumed the failure time distribution as exponential and

repair tíme distribution as general. He also derived the

availability of the system using the supplementary variable
techniques. Gnedenko (1970) and Buzacott (1971 ) have dis-
cussed several- variation of such a system using renewal-

theoretical approach" Srinivasan (1968) and Arora (19761

have used Markov and Renewal processes to analyse two unit
systems. Barrow & Proschan (1965) provided a summary of

many related problems and discussed the possibility of anal-
ysis of sueh systems. Nakagwa & Osaki (1975) obtained of

such a system using a modifie"d regeneration point technigue.

The model proposed by Nakagwa & Osakí is described as fol-
lows :

Consider a paralleled system, consisting of two identical-

units and a repair facitity. Both units commence operation

at tíme t=0, Upon failure, a unit, is taken up for repair
provided that the repair facility is freei rt is assumed

that the repair facility is always open, repairs are perfect

and the repaír discípIine ís on First Come First Serve

20



(rCrS) basis. I f the t.wo units f aiI simultaneously,
wilL be a çlueue until the repair facility is free.
also assumed that the failure rates in state k (k=0,1)

, and are time independent. State k, where k (k=

eorresponds to the number .: inoperabte units, that
number of units under repair or waiting for repair.

there

It is
are 13À

0 ,1 ,2)

is the

Let o;j (t) denotes the mass function of the probability
that after making a transition into state i, the process

next makes a transition into state j, in an amounL of time

Iess than or equal to t.

Using

t,ain

the Markov Renewal Process theory (URp), one can ob-

exp(-ßot)

Qro(t) exp(-ßrt)Ac(r)

0or(t) 1

t
t
o

t
I
o

Qrz(t) ßrexp(-ßtt)c(t)at
(1.s.1)

where

G(r) G(r)1

e(t) is the arbitrary repair time distribution"

However, it is importan! to obtain the mass function ezr(t)
explicitry because state 2 is not a regeneration point and

Qzr(t) depends on the previous reeord of how long the repair
lasted "
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Iret

via

Qr2r(t)

state 2

be the recurrence

which has the mass

time distribution for state 1

function :

t
Qr2r(t) IL1 exp{ -ßtt} ldG(r)

o

(1.5.2)

l{e define the Laplace-Stieltjes (rS)

qr 2 r (s) of the mass f unction A ij (t)

tively, and obtain :

transform

and Qr2r(t)
u 5 

(s) and

respec-

Qor(s) ßo/(s+ßo )

(1.5.3)

gro(s) g(s+ßr )

(1"5.4)

Qrz(s) ß t11-s(s+ßr ) I Is+ßr ] - 1

(1"5.s)

Çlr2r(s) g(s) g(s+ßr )

(1"5.6)

where g(s) is the L-S t,ransform of G(t),

Now if we define H¡ (t)

distribution and the mean

and lfj be the f irst-passage

first-passage time from state

t ime

ito
j, ( i=0r1; j=0,1,21 o respectívely,

22



Let Hlr(t) be the recurrence time distribution for state 1

and we have :

Hr r (L) Qro(t) * Qor(t) + Qr2r(t)
(1,5"7)

Taking the L-S transform on both sides of (1,5,3), (1"5.5),
(1.5"6) and (1.5"7) 3

hr r (s) g(s) s g(s+ßt)(s+ßo)-1

(1.s"8)

The mean first-passage time Irr is obtained from hrr(s) B

(d/ds) h' 
' 
(s) g'(s)

(s+ßo) [sg' (s+ ßt)+ g(s+ßr ) sg(ßr+s)l{s+ßo}-2

at s = 0o

(,ð/ds)hr r (s) *lrr

g'(0) ßog(ßr)[no]-z

g'(o) 9(ßt) ßo-r

9(ß t) ßo

or

Ïr r -(1/a )
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1r r 1/u + g(ßr)ßo

(1.5.9)

where

1/u = J- t dc(t), the mean repair time"
ê

The first-passage time distribution Hrz(t) is given by

the renewaL equation :

Hrz(t) Qrz(t) + Qro(t) * Qor(t) * Hrz(t)
(1.5,10)

Similarly,

Hro(t) Qro(t) + Qr2r(t) * Hro(t)
(1.5,11)

tet us

sented

coR s i der

bv Hoj (t)
the

( j=
first passage time distribution repre-

0, 2) , t,hen we have

noj (t) Qor(t) * Hr¡ (t) o) 0, 2.

(1.5.12)

Taking the L-S transforms on both sídes of ( 1 .5,1 0)

( 1 .5 .12) , we have

hoo(s) ßo q(s+ß.' )

I s+ßo ] [ 1 -g(s) +q( s+ßr ) ]
(1.5.13)

ßoßt1.1-s(s+ßr)l
s+/3¡ I Is+ßo (1*g'(s+ßr ) )

hoz(s)

24
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The mean first-passage time are ;

loo 1 -d hoo(s=0)
ds

t /ßo + u s(ß1)l-1
(1"5"15)

1o z 1 -d -hoz(s=0)
ds

1/ßt + lno{l-s(ß,)}l-'
(1"5.16)
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1 "6 SINGLE SITRVER QUEUEING SYSTEMS

Since the early development of the Theory of Queues by A.

Kn Erlang in the'study of telephone traffic problem, gueue-

ing theory has had extensive applications in industry. Kle-

inrock (1976), Meantzs (1975) studied its applications to
performance modeling and analysis of computer systems. The

concept of queueing theory has been applied in wide range of

applications in the area of Data Processing (ltrell & Arimi-
no( 1 9B2rI , rnventory (craves (1992) , steuder (1977)) , Human

behaviour (Mckeown (1979), Gillian(197'9)), Business & Econom-

ics (Brown(1979), Grassmann(1979), Adiri & yechiali (197q)),

Simulation (Huang & Clayton(1983), Rasmussen(1984),

Adam(1983), Iglehart & Shedler(1974)r, Comput-

er(Sockut(1978) ) and Scheduling (Harrison(1975a,b) ).

Consider tlne I4/m/1 queueing system in which customers ar-
rive independently with exponentially distributed interarri-
val times at an average rate from an infinite customer

I

pool; they wait in an infinite capacity queue; they are

served independently by a single server with exponentially
distributed service times at an average rate u; and they re-
turn to the customer pool,

The probability density function for the t{L/u/1 queueing

system busy period length is given as follows (nlein-

rock(1975), pp 213-2141 :
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f (x)

(1.6.1)

where Ir is the modified Bessel function of the first kind

(order one) "

In tlne u/uh queueing system, the corresponding cumula-

tive distribution function of residence time is given (nte-

inrock(1975), p 202) as :

F (x) 1 exp(-u(1-p)x),

txilÇZül-t exp[*(À+u¡)c1 r t(ZxlXu I

SimiIarly,
time can be

F (x)

(1 .6,21

the cumulative distribution
written (nteinrock(1975), p

= 1 - p**p(-u(1-f)x),
(1"6"3)

Shore(19e2) proposed a method t.o approximate the above

distributions (1,5.1, 1"5.2, 1.5.3) through the use of MEP.

However, his results are only good for light load eondition,

Po 0"1. As this utility factor increases, the absolute per-

eent,age error increases exponentially. Shore's models and

formulations ean be described as follows 3

27
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Consider the

the busY Period"

can be exPressed

probability density fb (*) for the length of

In general,

in terms of
Ê

ø
themomentsb = Jdxx f(x)

and the service time moments

the exBlicit formula is given9't,

a5

92, r 9n" For br

p 213) :(nIeínrock(1975),

br gr[1-ßgr]-t

(1"6"q,

where P Àgt

If gt is known, then br can be determined"

the result of the maximum entropy solution

written as B

Using (1.3"1,3),

for fb(*) can be

tf(x) 1/bt exp( x/ur)
(1.6"s)

Y¡here br=fItl

(1.6.5) provides a

period in the case

good light-load approximation of the busy

of YtAq/1 queue.

The first moment r1

density can be expressed

9r'by 3

of

ín

the

terms

residence time probabi 1 i ty
time momentof the service

À q, +

(1"6,6)
f1

z(t- p )
p"-x
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For the u/u/1 system, this reduces to

fr ô
\(rff ).

(1.6"7)

Setting rr= rIì1r then (1.3.1"3) gives the exact U/U/1 solu-

tion"

tet fw(x) ¡e the waiting time probability density with

moments w¡ , Then w1 can be expressed in terms of gz and

can be written as 3

Wr Qt
2(1- P )

(1.6.9)

ln tlr,e U/¡.1/1 ease, it beeomes

tl 1
p

u('1- p)
(1.6.9)

Similarly, by setting w1 = rrtr in (1;3.1.3) n vre can obtain

fw(x) ("/f) ( 1 -f)exp( -u( 1 - fl */fl

29
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The exact u/u/l result reported by (nteingrock(1975), p 203)

but (1.6.10) lacks the impulse term at

the finite probability that the system

has the

x=0 that

i s 'empty

same mean Wt r

f romresults

when a customer arrives.
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1 "7 SUMMÀRY OF THE THESIS

In Chapter 2, the approximate first passage time distri-
butions of t,wo unit, redundant repairable systems are ob-

tained using Shannon's measure of entropy. The repair time

distribution for the two unit system is assumed to be gamma

distributed.

Chapter 3 provides the first passage

two unit repair system when the repair
given by the Weibull distribution, It
2 and 3 that MEP provides a very good

actual first passage time distribut,ion"

time distribution of

time distribution is
is shown in Chapters

approximation to the

Chapter 4 deals with the single server queueing system.

In this chapterr !r€ generalized the results obtained by

Shore by using two oLher entropy fmodels, namely Renyi's

model and the the Parametric model" It is shown in this
chapter that Renyi's entropy provide a consistentty a better
approximation results for busy period distribution and wait-
ing time distribution than Parametric and Shannon's entropy"

However, Shannon's entropy does lead to an exact residence

time distribution" I'n this chapter r wê also show the rela-
tíonship between the mean service time I traffic intensity
and the optimum values of parameters values cll t in the case

of Renyi's measure, and clzt in the case of Parametric meas-

ure, for busy period dístribtuíon, residenee time distribu-
Èíon and waíting tíme distribution"
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In Chapter 5, we provide concluding remarks and recommen-

research work.dations for further
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Chapter I I

Tç{O UNTT PARALTELED REDUNDANT SYSTEM WITH GAMMA
REPAIR TIME DISTRIBUTION"

This chapLer deals with the information-theorectic ap-

proach to obtaín an approximation of quantities, such as

first passage time and mean first passage time distribution,
for two unit paralleled redundant systems. The repair time

distribution of these systems is represented by the Gamma

distribution. The results obtained by Nakagawa & Osaki

(1975), with the application of a modified Markov Renewal

Process, are compared with t,he ones obtained by using the

Maximum Entropy Principle. It is proved, empirically, that

Shannon's Entropy provides a very close approximation when

the information is avaílable in the form of the first two

moments of repair time distribution. The details of the

Nakagawa and Osaki models are provided in section 1.5, and

the definitions and the notations used in this chapter are

provided in section 1,3.

2"1 1

In this sectíon, we consider the recurrence

time and mean first passage time for state 1.

in the state 1 when only one unit is operable

unit is being repaired or waiting for repair.

33
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Using (1.5.7),

Hr r (t) Qro(t) * Qor(t) + Qr2r(t)
(2.1.1)

Combining (2"1"1) and (1,5,1), vre can obtain :

Qro(t) * Qor(t) = /- qF'*' À Gt'11' ( r * ¿rs^tt-rr,
o

I e.'É'*. Å c"r1)

J" * Ê"tt"b)'13'T 
J G.ï)

Q "1 "2')

Assuming the repair time distribution G(y) is represented by

Gamma, then, g(y,ê,4) , can be obtained as f ollows :

g(Y,0,o<) exP(-yo ) yu(-1

ß.'

Tl^.e re$r.u ,

t
é.u''. J c.,

t
d 

p'5 5o ('l
o(.

3 l e : o Å
o ô rÅ T

0
( trf

rì. t
* çP,+ o)r"r

Ò¿\_
oÀ -ì

r 
f ,+ o)n.À 

J(o+É,)\
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let z=(ßr+0)y î dz = (t31+9¡¿t

when y=0, z=0 ; y=t t 2=(ß1+6¡¡

T[..e ro$o fQ,
( ß rÈ Ð)t, ,Jr

<i

F-Ð
Ð

Þ( (.t
J"

- r,5e å GcSt E
ï /i_\ P,+o )

(p,+ o)( p,r o){ I?r
0

0
( rF\r €)t

r
T

(*l
J

tp,+ o¡4 l! ra
3

D

(2 "1 "3)
And now,

t

f
o

dP.,ê-5) 
-Ê,s

J c,5 )

t
- ßot (EJ, é. 'É'T") T J c. ..

)) f'"f^
Fot

t
d 

tf''É") 
5 l€e e r;"þ

I*-' e(. dJ ) ls,, f "

4.

0
- ßot Ie,.Ë\è( I"

--. 
( Ð+ F, -É.)q

EJ

a(-l ( te +p,- É.)* Jq
O l

(r ,. 
[3"
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ô<
(p,

I t

ls)f -Fnt
e-

t0

I

+13,-po) (

e-3
=f a*l (

ï*-'Hr r (t) e
å

ô ¿tp,-te)q \-1< \g ( Ð + (3,-p,){ r¿,
ì
¿

0

ot I d-r 6(
(É"tî

(

0

f,+el(
@ ? ì/-+ e. 1 J1 J

r"< r&, t.
o

+t
¿

ô{* I

e 1 J
o t? 5

Þ(. e- P"t
(6'r

É,- P"l 
t

1 d-r
e 1 Jt

a
(o*É,-É")^ ra.

(2.1"8)

Similarly,
Hoo(t) = Qor(t) * Hro(t)

(2"1.9)

Hoz(t) Qor(t) * Hrz(t)
(2"1"10)

It is evident from (2"1"9) and (2.1"10) that the values of

Hoo(t) and Hoz(t) cannot, be obtained in a closed form. Let

Hr r 1 (t) denote âs first-passage time distribution for MEP

solution when the only information available is in the form

of the first moment (t t t 1 ) and hr r I (t) as the densíty of

Hr r 1(t).

From (1.3"1,3), we have

1/I.,t e*p(-x/I't,t)

38
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yrhere 1r r 1 is the mean recurrence time of state 1,

Hr r 1(t) oo

Io hr r1(t) dx

exp( -t/rt t1 |1

(2.1.11)

Rewriting (1.5"9),

Irri = 1/u + g(ßt) /no

În the above Q"1"121 , we need to determine g(ßr ).
g(ßt) is r,-s transform of G(t)i therefore,

(2.1 "12)
S ince

4
9(ß1) = f"exp(-ßry) de(v)

ôo

dÊ'r, d" \n": p( {
ru. l

Þ

ô{5

- ( ß,to)q
ÔI J T,A\J

(-t
å

1rE o

The above expression ean be retrritten to represent t,he com-

plete Gamma function,
( &

s(ßr)
(â *( p,+ o) J I"*'. t p, t o)"' * 

J
æ e,É^nn)* \.4

à

â
(f,+o)q
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Substituting (2"1 .111 in Q.1 "91 ,

lrtl 1/u + g( ß tl /ßo

1/u + (0/n t+ @ la/ßo

Símilar1y, if the information is available in the form of

first two momenLs (that is lr r 1 and lr r 2), then using MEP

the distribution f(t) is given by (refer to section 1"3.1),

Hrr2(t) A(lt,tr) exp [*zrx "l zx2 l
(2.1 "14)

where 7t c "lz are t,he Langrangian multipliers and can

termíned through the procedure given in Appendix C"

Appendix D we can write Ltt2 as follows i

be de-

From

(2.1"15)

By selecting any combination of values of parameters 4 ,

ßo, ßt, ê o the exact value of Hrr(t), (2.1.8), can be de-

t,ermined. The corresponding approximate distributions
(Hr r 1 (t) and Hr r 2 (t ) ) ean be determined using (2"1 "9, and

(2 
"1 "12, respectively"

The det,ailed steps involved in determining Hr r 2 (t ) are given

in Appendix C.
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2,2 A TIME ÀND THE
F TATE

Let Hoz'(x) represents the first passage time from state 0

to 2 in the entropy formulation when the information is

available in the form of first i moments.

Let loz represents the mean first-passage time from state 0

to state 2 f.or Hoz (x) 
"

From appendix E, we have;

lozi = 1/ßt + {ßo[1-s(ßr)]]-1
(2"2"11

and

Loz2 = 29, (6r ) [1-ßog' (ß., )]{ßo[1-g(ßr )]2]-1
+ 2/ßr, + 29, (ß1)/î.6r[1-g(6i)]]

+ 211-ßog' (ß, ) 12/{ßo[1*g(ßr ) ] ]2

+ 211_ßoe' (ß.' ) l/{noßt11_g(ßr ) I }

(2 "2.2)

Proceeding in a similar fashion as section 2,1, we can ob-

tain B

Hozl(x) 1 - exp( -E/Lo zi )

(2 "2 "3)

and

Hoz2(x) A(lt,lz) exp [-zrx Tzxz ]

41
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2,3 THE 0: FI
PÀ E

Let Hoot(x) represents the first recurrence passage time of

the system for state 0 in the entropy formulation when the

information is available in the form of first i moments.

Let lo o

state 0 in
represents the mean first recurrence time for

Hoo (x) 
"

From Appendix F, vre have

Ioo 1 1 /ßo + 1/{ug( n' ) }

(2"3.1)

loo2 2/ßo' + 2/{nous(ßr)}

+ 9" (0)/g(ßt) zl-s' (ßt ) -1/ul {ulg(ßr ) I }- I

(2 "3 "2')

Proceeding ín a similar fashíon as seetion 2.1 , vre can ob-

tain 3

Hool(x) exp( -E/Loo 1 )

(2.3.3)

and

Hoo2(x) A("rr,lz) exp [-ztt 7zt2 l

(2"3"4)
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2"4 MEASURE OF ACCURACY

In this chapter,

exact distribution and

measure of accuracy"

proximation (2.1.9 and

given as follows :

IDIFFí11 =lH"(x)

the percentage difference between the

its approximation is considered as a

In case of (2.1"7) and the entropy ap-

2.1.14, , the measure of accuracy is

Hr rì (x) 1 00, i=1 , 2, x)0.

Hnl l (x) 1 00, i=0, 2, x>0

Hr r (x)

The absolute pereentage difference between results obtaíned,

using MEP' when the information is provided in the form of
(i) first two moments and (ii) the only first moment is giv-
en as follows:

DT FF H 2 x H x 1 00, x>0
Hr r x

As stated in sectíon 2.1, the exact solution of Hoo(x) and

Hoz(x) cannot be obtained, Therefore, it is assumed that
the results obtained using MEP, when first two moments are

provided, will lead Lo a better aproximation of the actual

distribution than when only first momenL is given.

The following expression is used as a relatíve measure of

aecuracy for HoLi (t) B -

DT FFO i H"i.2(x)
Hol 2(x)
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2"5 RESULTS ACCURÀCY

The exact distribution for the recurrence time of state 1

has been determined using (2.1.8). Similar1y, the values of
Hrrl(t) and Hrr2(t) are computed using (2.1.111 and

(2"1"141" The measures of accuracy given in section 2"4 are

used. Table 2"1 , 2.4, 2.7, 2"10 and 2.13 provide the values

of exact distributions Hr r (t), Hr r 1 (t), Hr r 2(t), differences
DrFFl'11 , DrFF211 and DrFF, For various varues of parameLers

(o, ßo, ßr, Þ)'of Gamma distribution and f r r 1 and lt,t2, the

above distribution are comput,ed" The corresponding figures
of these tables are given in Figure 2.1,2.4,2"7, 2.10 and

2"13, respectivery" one can observe from these tables that,
depending upon the combination ot parameters, the values of
DIFFl 1 1 , DIFF21 1 and DIFF can become ínsignificant. The

pereentage differences between Hr r (t) and Hr r 2(t) also be-

come ínsignificant for values of t larger than 25 (Gupta

et,a1., 1985)" Therefore, we suggest that the consideration
of an MEP distributíon on the basis of higher order moments

may not cont,ribute any further significant information, The

exact solution of Hoo(t), [Hor(t)], can not be obtained;

therefore, the differences between Hoo 1 (t) and Hoo2(t)

[Hozl(t) o Hozz(t)] are considered as a measure of accuracy"

The varues of these differences, for various varues of t are

provided in Tables 2.2,2"5,2.8, 2.11 and 2.14 12"3, 2.6,

2"90 2.12 and 2.15J" Once again it can be noted f rom these

tables that these dífferences become insignificant for va]-
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ues of t larger t,han 25. lrle just i f y the appl icat ion f or MEp

to approximate Hoo(t) and Hoz(t) on the basis of the results
obtained for Hrr(t) as its approximations become insignifi-
canti thereforer w€ assume that the differences between

Hoo (t ) , Ho z (t ) and their approximations would also become

insignificant for values of t larger than 25"
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t 0

I

9o ß,

RESULTS OF Hu(t)

?lþt I

t.5

Hr t I (t)

L¡ r 2 xerx

3.5 |

Hrr2(t)

VAR I

T Hrr(t)
0.I518l8
0.399s76
0.503527
0.7r76{5
0.8{2568
0.902905
0.9{05 I 7
0.96370{
0.977905
0.986570
0.99 t 8{ 3
0.9950{9
0.996995
0.998177
0.99889{
0.999329
0.999593
0.9997s3
0.9990s0
0.999909
0.9999t5
0 .999967
0.999980
0.999988
0.999993
0.99999s
0.999997
0.999998
0.999999
0.999999

Drrrl I I DIFF2II DT FT

0.5
t.0
1.5
2.0
2.5
3.0
3.5
a.0
a.5
5.0
5.5
6.0
6.5
7.0
?.5
8.0
8.5
9.0
9.5
0.0
0.5
1.0
t.5
2.0
2.5
3.0
3.5
{.0
t.5
5.0

0.283r69 0.205692
0.{86583 0.t0083s
0.632121 O.5't2127
0.736t03 0.7 12273
0.811 l2{ 0.817907
0.86{665 0.89t861
0.903028 0.9398{9
0.930s17 0.968710
0.9502 I 3 0.981797
0.96{326 0.993t08
0.97r{38 0.99708?
0.98168{ 0.9988s3
0.986876 0.999580
0.990s96 0.999857
0.993262 0.9999ss
0.995172 0.999987
0.9965{l 0.999996
0 .99752 I 0.999999
0.99822{ t.000000
0.998727 t.000000
0 .999088 I .000000
0.9993t7 1.000000
0.999s32 1.000000
0.999665 1.000000
0.999760 I .000000
0.999828 I .000000
0 .999877 I .000000
0.999912 1.000000
0.999937 1.000000
0.9999ss 1.000000

Table 2'

83.09787{
2t.77r679
r.737787
1.503583
3.731871
{.235209
3.986008
3.rr3758
2.83t616
2.25{63 I
1.75{783
I .3{ 3078
l-0t{961
0.759{{7
0.563832
0.r t5993
0.305372
0.223250
0. t 6266s
0. I l8l9{
0.0 8s 68 5
0.0 6200 I
0.0{r792
0.032318
0.023292
0.0 I 677 I
0.0 I 2067
0.008676
0.00 62 3 5
0.001 { 7 9

32.860250
0.315030
5.152933
r.73t t79
2.926922
I .223092
0.071017
0. s I 9396
0.70r700
0.662721
0.528725
0.382366
0.259220
0.168272
0.t06160
0.065786
0.0{0339
0.02rs93
0.0t{950
0.009076
0 .0 0550 7

0.0033{0
0.002026
0.001 229
0.0007r5
0.000t52
0.00027{
0.000 I 66
0.000 I 0 I
0.000051

27.1116
17.622r
9.{{33
3.2768
0.8 362
3. I {53
{.0775
{. t 0r5
3.6396
2.98{6
2.32{3
I .7{89
t -2872
0.93r8
0.6738
0.{838
0.3{68
0.2{8{
0. t 779
0. 127{
0.09 t 3
0.065{
0.0{68
0.0336
0.02{0
0.0 172
0.0123
0.0088
0:0063
0.00{5

1

46



tt ßo A'
rltl

RESULTS Of Tt{E CA}${ DISTR.IBUTIoN HODEL ---- Ho z ( t )

Lo zt Lo z2 HE^N vARl

3 t6 t I

R¿SULTS Or lHE c^lo{ DrslRrBuTfoN xoDsL ---- Hoo (t)

Loo t Loo2 HE^x vARr

3 t6 I I

1 Horr(t

0. t5l5tE
0.281{59
0.393{69
0.{86583
0 .565{ 0 2
0.632t2t
0.688597
0.716{01
0.776870
0.81I t2{
0.8{0120
0.86{66s
0.885{{t
0.903028
0.9179t5
0.9305t7
0.9{tt8{
0.9s02t1
0.957856
0.96{326
0.969803
0.97{{18
0.978161
0.98t68,¡
0.98{(9S
c.986875
0.968991
0.99C596
c.9910í0
0.933262

Ho z 
z ( s )

0.1339t5
0.2527{0
0.1s75t6
0.{r9689
0.530095
0.s99938
0-56028{
0.712t{9
0.756{88
0.79{t9l
0.826082
0.85291{
0.875370
0.89{063
0.9095{t
0.922290
0.932715
0.9{ l2{6
0.9{81{6
0.953709
0.95817 I
0.96173t
0.95{5s6
0.966785
0.968536
0.969901
0.970955
0.97!786
0 .91 21 l7
c.97.2899

Df rr02 Ho o I ( t ) Ho o 2 ( t )1 Dr rr00

È\¡
0.5
1.0
1.5
2.0
2.5
3.0
3.5
{.0
(.5
5.0
5.5
6.0
6.5
7.0

- 7.5
8.0
8.5
9.0
9.5

10.0
10.5
lt.0
I t.5
t2.0
t2.5
t3.0
tl.5
t{.0
tå.5
f s.0

12.7695
t0.8{03
9.llz2
7.582t
5.2{{6
5.0912
{.til6
l.29ls
2.6236
2.0876
t.6709
I .3590
t.1375
0.9928
0.9t23
0.88{l
0.8977
0.9{36
1.0t37
l.lc09
r. r993
l.l0{ I
l.{ll2
1.5177
1.62t2
I .7199
t.8t27
r.8999
t.976t
2.0'¿0i

0.5
t.0
t.5
2.0
2.5
1.0
1.5
{.0
{.5
5.0
5.5
6.0
6.5
7.0
7.5
8.0
8.5
9.0
9.5
0.0
0.5
1.0,l.5
2.0

1.0
l.s
{.0
{.5
5.0

0. t535t8
0.283{69
0.391{69
0.{86583
0.565{02
0.512t2t
0.688597
0.716{03
0.776870
0.8 t I l2{
0.8{0t20
0.86{665
0.885{{ I
0.903028
0.917915
0.930517
0.9{ll8{
0.9s0211
0.957856
0.96{326
0.969803
0.97{{18
0.978363
0.98168{
0.98{{96
0.985876
0.988891
0.990596
0.9920{C
0.993252

0.t139t5
0.2527{0
0.ls76 r 6
0.{{9689
0.530095
0.599938
0.66028{
0.7121{9
0.756{88
0.79{t9t
0.826082
0.85291{
0.875370
0.89{051
0.9095{l
0.922290
0.912735
0.9{t2{6
0.9(81(6
0.953709
0.958 t 7 I
0.96f731
0.96{s56
0.965785
0.968536
0.95990i
0.97095s
0.971786
0.972{17
0.972899

l2 .7 695
t0.8{03

9 .l t22
7 .58 2 I
6.2{{6
5.0912
{.llt6
3.293s
2.6236
2.0875
r.6709
f .3590
t. 1375
0.9928
0.9f21
0.88{t
0.8r77
0.9(16
t.0t37
I . r 009
r. r99i
t.l0tt
t.{l12
l.sl77
I .6212
t.7 199
t.8 t27
r . e9Bs
i .978 r

:.0-Ê.0I

Tabl e 2.3 Tabl e 2.2
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RE,SULTS OF THE GAHHA D¡S'I'RIBUTION HODEL _=.-- H, r ( t )

Lrrt Lrl2 HEAH vARl

t.22222 It.tt8l 2 2

Hrr2(t)orrr¡nr Hrr(t) Hrrr(t)
DTFF2II DT TT

0.5
t.0
l.s
2.0
2.5
3.0
3.5
t.0
r.5
5.0
5.5
6.0
6.s
7.0
7.5
ð.0
8.5
9.0
9.s

10.0

0.0 I 598 {
0.083.53
0. t87802
0.303t I 0
0.rt295t
0.50832t
0 .58 750 7
0.65 I 6t0
0.70 30 7 3
0.71t3t7
0.77773 I
0.805070
0.827789
0.8 { 695{
0.863352
0.877557
0.88999 I
0.900966
0.910717
0.9t9{23
0.921225
0.93{236
0.9{05{ 9
0.9{62{ I
0.95 t 379
0.956020
0.9602 I {
0.96{005
0.967t3{
0.9705 35

0.ilt670
0.2t088{
0. 2990 I I
0. 377296
0. {16838
0.50861t
0.563r9t
0.6t22{0
0.6555t {
0.69t0t2
0.72818{
0.7585t0
0.785506
0.809{60
0.830739
0.8t96{2
0.86613t
0.88 I 3s0
0.89t601
0. 9063 7 2
0.9t6828
0.926 I 1 6
0.93t367
0.9{ I 697
0.9t8208
0.953992
0.9s9 I 30
0.953695
0.9677t9
0.97t351

0. t06968
0.2030{7
0.289281
0.366629
0. I 35950
0. r98033
0.55359r
0.60328 I
0.6{768{
0.68733s
0.1221 11
0.75{267
0.782378
0.807(09
0.829679
0.8{9{80
0.86707t
0.882689
0.8 96 5t I
0.908827
0.9t9708
0.929339
0.937859
0.9{5390
0.9s2012
0.9579 I 3
0.96309t
0.967655
0.97t67{
0 -975212

598.70691 r

t52.697t t8
s9.2 I 6526
2{.35 t 763
8.206208
0.0578 I I
t.0877{8
6.0{63{6
6.760t0{
6 .7 622 t8
6.17062s
5.17 957 6
5. t079t2
{.{26903
t -17'Ì t2l
3. r 80966
2. 6t 690 {
2.177220
1.769623
1.rt9535
I . l2 t 3{ I
0.869t{7
0.6572t{
0. t80 I 95
0.3332{{
0.2t20{5
0. il 2806
0.032222
0.032568
0.08{03t

s69. 23606{
t{3.3059t8
s{ .0357 I 9
20.835965
5.56935{
2.0 2 t8 78
5.772r18
7..21t28
7.878092
7.65930s
7.073638
6.310{3t
5.{857{{
{ .669 I 2{
1.900208
l. I 99{60
2.57526t
2.028615
I .5s62 t 9
1.t52{79
0.810762
0.52{ I 69
0 - 28s99 I
0.0899s0
0.069679
0.198033
0 -299667
0. 378585
0. {38287
0.r818t7

r.2lt92
3.7t639
3.2533 I
2.821 30
2. r3688
2.080t 9
I .75650
l.{6126
1.1990{
0.962 I s
0.7508 5
0.56312
0.198t7
0.253{{
0. 1276 t
0.0t9t0
0.073s9
0.lst9l
0.21725
0.27090
0.3t{t0
0.3{800
0.37358
0.392t3
0.{0{27
0.{1095
0.4129{
0.r109{
0. {0559
0.397a5

0.5
1.0
t.5
2.0
2.5
3.0
3.5
{.0
4.5
5.0

Table 2.4
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R¿SULTS O? TH¿ CAHI{^ DtSIÎIBUTIOH HOD¿L -___ Ho o ( t )

Loo' Loo2 Hc^N vARr

9.s nr 2 2

R¿SULÎS OT THZ GA}rHA DISTRTEt'T¡O¡( HOO¿L

Lo z 
t Lo z? xEAx v^Rt

il 225.2 2 2

Ho r ( t )

1

0.5
t.0
t.5
2.0
2.5
1.0
1.5
1.0
(.5
5.0
5.5
1.0
t.5
?.0
t.5
t.0
¡.5
,.0
t.5

t0.0
t0.5
r t.0
it.5
t2.0
r2.5
tl.0
rl.5
l(.0
l{.5
!5.0

Ho o I ( t )

0.05t27t
0.0999 t 2
0. t{6060
0. t898(2
0.2ttt79
0.270787
0.l08tr{
0.1{36{{
0.377296
0.{09222
0.{195t2
0.{682(8
0.{955t2
0.52t377
0.5{59t6
0.559 t 97
0.59t285
0.6t22(0
0.612t20
0.650982
0.668876
0.685851
0.70 t 960
0.7t72t0
0.71t737
0.;{5(9t
0.?585{0
0.7r0910
0.7J2665
c.;i1303

Hoo2(t)
0.030t52
0.0606s{
0.09t{lE
0.122(15
0. r51575
0. r8{786
0.2 I 5998
0.2(7r17
0.278t11
0.1089t6
0.139{r6
0.169567
0.19910{
0.(1856{
0.(57291
0.{85{28
0.51292(
0.519732
0.565809
0.59 t I I 7

0.6t562r
0.619291
0.662r08
0.68{0(t
0.70509s
0.7152(2
0.7r{(81
0.762E I r

0.?80216
c.:96762

D¡ rr00 Horr(t)
0.0{{{17
0.086899
0. t27{75
0. t662{7
0.201297
0.238700
0.272529
0.10{856
0.3157{6
0.16526{
0.191{69
0.{20(22
0.{(6t76
0.{70787
0.(9{103
0.516775
0.5182{8
0.558767
0.5781;{
0.5971l0
0. 6 I 50 I l
0.612t2t
0.6(8{68
0.66(083
0.6790t6
0.691279
0. 706909
0.7r99t1
0.r12179
c.t{r271

Hor2 (t) Drrro21

,Þ
\o

rt.t896
39.2929
37.t97{
35.5072
13.626s
3 t . ?596
29.9t05
28.0815
26.26 2s
2{.5t r5
22.77 tt
21.07{6
I 9. t t 59
l7.80tt
16.2J{2
l(.7t7t
tt.2s26
I1.8{t0
10.{901
9.t962
r.96 r 9
6.7887
3.6772
| .621 9
1.6{t0
2.7t51
1.8515
| .05 t 8
0.1t0.ì
0.3¡2r

0.5
t.0
t.5
2.0
2.5
1.0
t.5
{.0
{.5
5.0
5.5
6.0
6.5
7.0
7'.5
8.0
8.5
9.0
9.5

t0.0
t0.5
I t.0
I r.5
t2.0
t2.5
u.0
rl.5
t{.0
ta.5
15. 0

0.0{0872
0.0802{3
0.tt8t6l
0. t5{672
0. r8982t
0.221652
0.255208
0.28r51t
0.1tr662
0.1{66{0
0.J7{501
0.(0r289
0.{2?03{
0.{5f77r
0.{755{r
0.r98376
0.52010{
0.5(1t58
0.56157t
0.5E0970
0.s99s86
0.617{{7
0.63t579
0.65t009
0.666762
0.68t86{
0.696119
0.7r0209
0.721{97
0.rt62?f,

8.0
7.6
7.1
6.9
6.6
6.1
5.9
5.6
5.3
5.0
{.8
{.5
{.2
r.0
1.7
1.5
l.l
l.l
z.t
2.1
2.5
2.t
z. t
t.s
t.E
l.(,
¡.{

212 0
6007
066r
6287
2868
0{00
8876
8287
8625
9879
2019
509{
9031
38{l
95 ¡ (
60I I
l38 t
t55t
0526
0292
0815
2 t l8
{ I 38
6968
0(63
{657
95i{

TabL e 2.5 TabL e 2 .6
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R¿suLTs oF THE G^HH DtsrRtBUTtoN HoDEL -___ Hr r (t)
Lrrl L,r2 HE^N vARr

t.t25 t.75 I 0.5

T Hrr(t)
0.020292
0.105293
0.215758
0.379 I 5r
0. s t 3606
0.628822
0.72216r
0.7950 I 5
0.8s0r 2 I
0.891783
o.922239
0.9{r{31
0.960{69
0.97 I 986
0.98021 3
0.986063
0.990208
0.993 I 3 6
0.99s198
0.9966{ 6
o.997 662
0.998372
0.998868
0.9992 I {
0.999{55

Hr ¡ t (t

0.162872
0.2992t6
0.{1335{
0.508902
0. s88888
0.65s8{6
0.71t899
0.758823
0.798t03
0.830987
0.8s85t{
0"88t558
0. 9008 { 9
0.9 I 6998
0.930517
0.9{1813
0.95 I 307
0.959238
0.96s877
0.971{3{
0.976087
0.979982
0"9832{2
0.985972
0.9882s6

Hrt2(t)
0.073998
0. t6t833
0. 260868
0.365936
0.r7t8t3
0.579122
0.67a8r{
0.758308
0.827{37
0.88 t 825
0.922t70
0.9st323
0.970779
0.98 32t I
0.990823
0.995205
0.9976t0
0.998865
0.999{86
0.999778
0.999909
0.99996{
0.999987
0.99999s
0.999998

DIFFI I I DTFF2II DI TT

0.2
0.{
0.6
0.8
1.0
1.2
l.r
t.6
1.8
2-0
2.2
2.1
2.6
2.8
3.0
3.2
3.{
3.6
3.8
t.0
1.2
{.{
r.6
r.8
5.0

702.52t93{
l8{.1756t7
75.329680
l{.2202{ I
tr.65753t
t.297569
l.{2135{
{.552{36
6. t52005
6.817r19
6.909796
5.6s7 I 7 3
6.207 127
5.6573{5
5.06996{
{. {85505
3.928602
3.r132{7
2.9{6250
2.529672
2.162s{ I
t.8{20s3
I .55{{0 I
1.32s327
1.t20{96

261.651759
53.69823{
I 0.6507 I 0
3.222s1 I
7.5(7t0{
7.903706
6.s52s23
{.617t73
2.702669
l. I t6692
0.02508 I
0.7298{8
1.073{20
1.15789t
1.082r15
0.927065
0.7{750 I
0.576823
0. {30880
0.31{2{l
0.225232
0.159{66
0. I I 195{
0.078t52
0.05{3{9

5{.5667
{5.9tt3
36.8899
27.8965
t9.366t
r I .698s
5.2052
0.0678
3.6751
6. I 178
7.r{96
7.9 t 39
1.7627
7 .2239
6. {810
s. 6668
r.8673
{.l3lt
3.r797
2.9177
2.{{06
2.039t
I .7030
t.4223
l. t882

Tabl-e 2.7
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R¿soLTS Or THE GAÈ+{ DI STÎI BuTIot( Hoo¿L ---- Ho o ( t ) R.ESULTS OT THg GÀ}f{A DISTRIB('TTON TrOD¿L ---- HO Z ( t )

rl¡2
¡.¿O O rro O

{.5 38.5

HEAN vAR I -tL'o 2

I . t 6667

r2uo 2

2.27778

HEAN v^R I

I 0.50.5

I Hoot(t)
0.0{3{7t
0.085053
0.12{827
0. t62872
0.199253
0.23(072
0.267368
0.2992 t 6
0.329580
0.158820
0.386693
0.{1335{
0. { 38856
0. {63250
0. (86581
0.508902
0.510250
0.550671
0.57C20{
0.588888
0.606759
0.62385{
0.6{0205
0.6558{6
0.670807

Ho o 2 ( t )

0.0{ f I l{
0.0806{6
0. il8551
0. t5518{
0. t 90298
0.22{0{3
0.256{69
0.28762{
0.3f755{
0.3{6303
0.3739t5
0.{00{30
0.{25891
0.{50315
0.{71800
0.{96322
0.517937
0.s18679
0.558s81
0.57767(
0 - s95988
0.6 f 155(
0.530{00
0.6{6551
0.6620{0

Df rr0 0 T Hozt(t) Hor2(t) DI rr0 2

(tl
J

0.2
0.{
0.6
0.8
1.0
1.2
l.{
t.6
1.8
2.0
2.2
2.r
2.6
2.8
1.0
1.2
l.{
1.6
3.8
{.0
1.2
,f.{
{.6
{.8
5.0

5 .12250
5.18r80
{.9{771
r.720t7
{ . ( 99 t 0
{.28{{l
{.07609
1.87{00
1.67808
l.{8821
1.30{19
3.126{5
2.95{ 3 3

2.78793
2.62716
2. a7 192
2.322t r

2.1776{
2.018{0
¡.90{28
t.77520
I .65 r 0l
t.5it58
l. { 170{
t.30700

0.2
0.{
0.5
0.8
t.0
f.2
l.(
t.6
1.8
2.0
2.2
2.(
2.6
2.8
1.0
l.?
3.{
1.6
1.8
{.0
r.2
{.(
{.5
{.8
5.0

0. t575{0
0.290260
o.102072
0.{96270
0.575627
0.6{2{83
0.69A806
0.7í6256
0.78623t
0.8 19908
0.a{8279
0.872t8t
0.8921t8
0.909282
0.92157{
0.9356t{
0.9{5757
0.95{l0l
0.96t502
0.967561
0.972676
0.9769e1
0.9305C7
c.98J662
0.981.215

0. t2{659
0.2{0097
0.3{58{9
0.{{1691
0.527619
0.50381{
0.570709
0.726759
0.778609
0.820959
0.856551
0.886t{l
0.9r0{62
0.930287
0.9{6230
0.9s8926
0.968928
0 .97 6723
0.9827JJ
c.9873t7
0.990775
0.991158
û.99s26s
ú.996658
0.9c7t65

20.87t2
17.2823
ll.983l
10.9978
8.3{01
6.0rs5
(.0207
2.1{(6
0.9691
0 .1282
0.975t
r .6007
2.0157
2.lr0t
2. { 5l t
2.{9t6
2.{{99
2.3{9{
2.208 I
2 .01l2
t.8605
f .6761
l.{9{8
I .l2 t 2
1 . l50E

Table 2. B TabI e 2.9



o

2"

ø 9o 0

5 0.5 0.1 0.2

REsuLTs oF THE G^¡rH^ Drsr.RrBUTroN HoDeL ____ H r r ( t )

rlsl I
r2ul I

152.0{

HSAN VARI

9.3t20t 5 t0

T Htr(t)
0" I t606s
0 . 1 6262'
0.2129{5
0.265070
0.3173s9
0.368520
0.t 17603
0.t63966
0.s07219
0.5r 7 I 78
0.s838t2
0.6 I 7200
0.6t7{99
0.57t9t I
0.69966s
0.722000
0.7r2t53
0.76035t
0.775805
0.791713
0 .805250
0.8 I 7575
0.828829
0.839t3s
0.8r860{
0.8 57 3 28
0.865392
0.872666
0.8798t2
0.88628{
0.892310
0.897988
0.903296
0. 908 28 2
0.9 I 2975
0.9t7397
0.92 I 570
0.92s5 I 2
0 - 929239
0.932767
0.936 I 07
0.939273
0.9r2275
0 -9r5122
0.947825

Hr r 1(t)
0.275t21
0. 3 t 330 t
0.3{9200
o -383222
0.{t5t66
0. { { 6025
0.{7{985
0.502{32
0.528{t{
0. ss30 96
0.576{59
0.s98601.
0.61958s
0.639{73
0.658320
0.676 I 8l
0.693 I 1 I
0.709 I 55
0. 7 2{ 360
0.738770
0.75 2 I 26
0.76s369
0.777635
0.789260
0.800277
0.8107 t 8
0.8206 I 3
0.82999t
0.838879
0.8r7302
0.85s285
0.862650
0.870020
0.8768 I 5
0.883255
0.889358
0.895 t r 2
0.900€2€
0.9058 I 9
0.9r07{3
0.9t5r09
0.9t983t
0.92{022
0.92799r
0.91 I 753

0.212026
0.217622
0.3 I I 925
0.3{{962
0.375757
0.{07339
0.r3673t
0. {6t969
0. r 920 7.
0.st8075
0.51300t
0.56688t
0.5897s0
0.6t t628
0.63 2 st I
0.652s38
0.67 I 62A
0.68 98 I 5
0.707220
o.723779
0.73955 I
0. 75{ 563
0.7688{l
0.782{ t8
0.7953 I {
0.807557
0.819t72
0.830185
0.8{0620
0.850s0 I
0.85985t
0.868692
0.8770t8
0.88{9t0
0.892388
0.899{ I 3
0.906c3s
0.912273
0.9t8II{
0.923668
0.92886t
0.9337{0
0.93832t
0.9{ 2620
0 . 9.66s0

I 37. 29858{
92.619702
63.9857 I 9
{{.5739 I 0
30.9 I 3696
21.03t{{0
t 3.7a08{7
8 -2907 62
{. t8t5t8
l.08tt7t
I .259r 39
3.013rr9
|.3t09t5
5.25073t
5.909 I I 5
6. 3r5908
6.608 0 { 5
6. 7 3 3180
6.75 I r 58
6.687 I s9
6. s5988 2
6. 3851 52
6- t76536
5.9{3702
5.691877
5.a36709
5. l7 137 2
..9il9t6
t.652{58
t.398r02
{.151{8{
3.912986
3.68 3 70 {
3.{6{r37
3.25s25{
3.0563{7
2.86761t
2.589089
2:5203t0
2.16il26
2.2 I I 096
2.0 698 7 2
I .937057
1.812247
| .69s036

I 08.526 I 0r
70.7 I 067t
{6.{8t353
30.1397t9
18.7t6{95
t0.s3389t
{ .58 I 068
0.2 I 6300
2.985006
5.3t8778
6.990 I 7 I
I .152231
I.9187t0
9.376t I 0
9. 592 7t 5
9..620792
9.5028 08
9.2'127 tt
8.9579 I 5
8.580602
8.158795
7.707 t 00
1.237329
6.7s8989
6.279675
5.805{0t
5.3{0868
{.889686
r.{5{570
{.037{90
3.639At0
3.262399
2.9057î5
2.569929
3.25{899
I .960320
I .6Ss7 I I
t.rl050t
I . I 93989
0.975{37
0.77t059
0.5890t 2
0.{t9s6l
0.26{790
0. r21906

12.t250
I I .3880
10.67{3
9.98{0
9.3t70
8.673{
8.0532
7.t563
6.8825
6.33t8
5.8038
5.2985
{.8 t 5{
r.35{3
3.91r9
3.r968
3.0996
2.7229
2.3662
2.0291
1.7112
t.til8
l. I 30s
0.8658
0.620 I
0.3899
0. I 756
0.023t
0.2076
0.3775
0.5338
r).6771
0.8078
0.9266
1.03r0
t. I 306
I.2t69
I .293{
I .3606
t.tt92
I . {695
t.sl2t
1.5{75
I - 5760
I .5982

Hrl2(t) DIrFlll DrFF2ll Dt ?r
3.0
3.5
{.0
{.5
5.0
5.5
6.0
6.s
7.0
7.5
8.0
8.5
9.0
9.5

10.0
10.5
I t.0
lt.s
I 2.0
t2.5
l3'.0
I3.s
t{.0
l{.5
15.0
15.5
6.0
6.5
7.0
7.5
8.0
8.5
9.0
9.5
0.0
0.5
t.0

t
I
I
'|

t
I
I
I
2
2
2
2
2
2
2
2
2
2
2

t.
2.
2.
3.
3.
t.
a.
5.

5
0
5
0
5
0
5
0

Table 2.10

52



c

2-

ø Po At

5 0.5 0.1 0.2

R¿SOLTs OÍ Tt{¿ c^ro{A Df sTRtsUTtOr{ }rOo¿L ____ Hoo ( c )

-ttro o

2 I .59ss
Loo2
699. I 56

H¿ÀX VAR t

5 l0

T Hoot(t)
0. I 29700
0. t{96t9
0. t69082
0. I 68099
0.20668 I
0.22{817
0.2{2579
0-2599I{
0.276852
0.291{01
0. l09s7s
0. l2sJ76
0.1.06t6
0. tss90l
0-l?06{5
0. J850{9
0.199t21
0.(t2675
0.{263tJ
0.(39({3
o . ts22t2
0.(6{808
0-(77057
0.{89026
0.500720
0.5t2t{7
0.52lltl
0.51{221
0.5((881
0.555299
0-565{77
0.575t22
0.585t19
0.59.61{
0.6019t2
0.6t29?7
o-62t815
0.610{90
0.6189(t
0.6{72t0
0.655285
0.661t7.
0.670881
0.616(!5
0.6057)6

Hool(t) DI rr00

1.0
1.5
{.0
{-5
5.0
5.5
6-0
6.5
7.0
7"5
t.0
t.5
t.0
t.5

la.0
ta-5
ll.o
tt.5
I 2.0
t2.5
I 1.0
I1.s
1..0
tr.5
t5-0
t3.5
r6.0
t 6.5
l7- 0
r7.5
tc.0
t¡.5
l9-0
|9-5
?0.0
20.5
2t.0
2t.5
22-0
22.5
2l-0
21.5
2{.0
2(.5
25.0

0.077271
0.090{ t8
0. t01671
0. I t 6969
0. I t0120
0. I { 3t2 |
0. ts7t65
0. I 706.6
0. t8{157
0. I 97691
0.2 t l2a7
0.22{6 I 2
0.2tEt6t
0.2s t 9s2
0.2655 I {
0.279062
0.292509
0. t05090
0. 3 I 95s6
o. lt298t
0.1(6370
0. Js9702
o . t'r 2916
0.166166
0-J99128
0 - { l2l9l
0.(25178
0. { l€276
0.{5t082
0-{6179t
0.r76197
0. {88896
0.50¡282
0-sIt550
0.525697
0.5177t7
0.5r9607
0-56Il6I
o .5t 29t I
0.58{(51
0.59s778
0-606956
0.6 I 7900
0-6288s0
0.6t9560

(0.r217
19.55{5
18.68.9
lr.Stsl
16.9{62
16.0779
15.2108
l{.1{51
ll.{018
t2.620 7

I I .7621
30-907t
t0.055r
29 -2017
28.J6{l
2'I -5256
26-69I9
25.8617
25.0(tt
2t -2252
21. { t 56
22 -6128
2l.Er7l
21.029{
20.2{9{
19.{776
18.7t({
I7-9600
17.21{8
t6.{79t
l5-7510
l5-0170
!(.llt2
tl.6ls9
12.951r
l2.2ttt
I r.6t5l
10.96(2
10.12{7
9.6969
s.06 l0
t.(772
t.8655
7.106t
6.7t92

Table 2 .1 1

53



q

2.

ø po þ

5 0.5 o.t 0-2

R¿suLTs oF w¿ clÈc(^ DISTRIBUTtoN ttooz,L ---- Ho r ( t)

-tlro Z

22.5809

.2Lo 2

919" t8s

HE,AN vAR I

5 l0

T

0
5
0
5
0
5
0
5
0
5
0
5
0
5
0
5
0
5
0
5
0
5
0
5
0
5
0
5
0
5
0
5
0
5
0
5
0
5
0
5
0
5
0
5
0

Horr(t) Hoz2(t) Df rFo 2

l.
l.
{.
{.
5.
5.
6.
6.
7.
t-
0-
ô.
9.
9.

t0.
10.
il.
It.
12.
l2-
tl.
ll.
l{.
l{.
15.
l5-
f6.
t6.
l7-
l7-
l8-
16.
t9.
t9-
20-
20.
21.
2t.
22.
22-
2l-
21.
2{.
l(.
25-

0. t2{{08
0.t{1581
0. t62118
0. t80682
0. t 98625
0.21617{
0 . 211 319
0.250 I 29
0.266550
0.28 26 I 2
0.296 I 2 3
0.¡t1689
0-t28719
0.lrl(19
0-157798
0.t7t862
0.1856t7
0-399072
0.rt2232
0.{25t03
0.(17691
0. (50007
0-.62052
0.{71812
0-{8s155
0.{96625
0.5076{9
0.518{lt
0.528977
0-s19292
0.5(938t
0-5592t9
0-568902
0.5781(2
0-587576
0.596608
0-605{{2
0-6t(0Bl
0.62251(
0-610800
0.618885
0.6(6791
0.65{528
0.66209{
0-669(9{

0.113761
0.t31577
0- I {9080
0. t66272
0.t81160
0.1997(7
0.2t6017
0.232036
0.2{77{7
0.261 t7{
0.278t2J
0.29t I 97
0.307800
0.122117
0.336211
0.150026
0.361587
0-176897
0.18996 I
0.(02782
0.{t516(
0.{27710
o.{19825
0..51712
0.{6117(
0.{7{816
0-{860(l
0.{97051
0.507852
0.5f8({6
0.528816
0.519026
0.5{9020
0. s588 ¡ 9
0.568{29
0.577851
0-587083
0.5961(5
0.60502(
0.611728
0-622260
0-630621
0-6lB8l9
0-6{6652
0.65r72{

8.ss865
8 - l6 t s8
8. t6712
7 -97521
7. 7859{
t .59927
7-{1507
7.233{8
7.05((5
6.87796
6.70{00
6.512 58
6.36367
6-19727
6.01336
5.8719{
5.7 1299
5 - 55650
5.{02{5
5.2508{
5.l0t6s
(.95{87
{.810{8
{.668{7
{.52881
{.19152
{.25656
{ - t 2190
l.99lss
l-865{8
1.71967
t.6t6t I
l-{9{79
1.37567
l.?5875
l.l{{01
l.0ll(2
2.92097
2.8126(
2 " 706{ I

2.60226
2.500t6
2-{001¡
2.1c208
2 " 20605

Table 2.12

54



û

.5

o ßo It
2 3.t 2 3

REsuLTs oF THE GAHH^ DrsTRrBUTtoN ¡loDEL ____ H, r (t )

Lrrl Lrr2
0.898507 I .07802

HEAN v^R I

0.260 tt60.806{52

T Hr r (t)
0.02t{86
0. tt3862
0. 323626
0.50{{96
0.655275
0. 768588
0.8{8532
0.90265s
0.93827{
0.9612{9
0.9758{9
0.985027
0. 990 750
0.991297
0.996(87
0.997835
0 " 99866{
0.999 I 7t
0. 999{ I I
0.99968 I

Hrrr(t) H,r2(t) DTFFI I ¡ DTFF2I I DT FT
0.2
0.{
0.6
0.8
1.0
1.2
l.{
1.6
t.8
2.0
2.2
2.r
2.6
2.8
3.0
1.2
3.r
3.6
3.8
r.0

0. t99ss8
0. 3s9293
0.a87t51
0. 58 91 9{
0.671{tl
0.736986
0.789{73
0.831{85
0.86511{
0.89203t
0.9t3577
0.93082{
0. 9{ { 528
0.955678
0.96{523
0.97 I 603
0.977270
0.98 I 806
0.9851 37
0.9883{3

0.08083t
0. t889{8
0.3t9{9{
0.{6t79t
0.60t8tI
0.726 I 89
0.825925
0.898 I 23
0.9{5302
0.973t3{
0.98795s
0.995080
0.998 I 7 I
0.999302
0.9998 I t
0. 9999{ 7
0. 99998 7
0.999997
0. 999999
| .000000

7 I { .98803s
I r9 .7 1897 t
50.s28973
I 6.8{8 256
2.t62951
{. I I t 707
6.960 I I 6
7.88{{t8
7.797365
7.200757
6.38t297
5.5027{6
{.6552 t I
3.88{03{
3.2076{3
2.6289t3
2 . I 12298
1.7382{s
I . {0s820
r.t3{t80

210. I I t270
3 t.339877

| .276861
8.{6t76t
8.t590t3
s.5 I 6567
2.66{ I 89
0. s020 25
0.7{90{0
t.236{57
I .2{0523
I .020505
0.7t9060
0.51.t I t 3
0.333ss8
0.2 I I 695
0.1321t8
0.082388
0.0st2t3
0.01t903

59. I 9s0
t7.tll2
3{.tt59
2t.6632
I 0.3666
l.t65t
r.6 t 73
8.0113
9.2692
9.09 I 9
8.ttt3
6. 903 I
s.668 I
{.5731
3 .6s8 6
2.917 3
2.32t5
'| .8528
1.r778
I . t 795

Table 2.13

55



o B Po A,

2.5 l.l 2 J

RESuLTS oF Tl(E cA|ft{ DIsrRf BurIoH lloDEL ---- Hoo ( t.) REsuLTs oF THE GAþ{^ DISTRIBuTIoN ¡roDeL ____ Ho z ( t )

,ttroO

{ .88025

IJo O HEÀN

0.806{52

vÀR I

0.260 t {6

rluo 2

0.9(5t62

¡2uo 2

l.{952{

HE,\N vAR I

0.260 I { 6{{.6085 0.805{52

T Hocr(t)
0.0{0.1 5l
0.07859{
0. t t5687
0. t s t r 95
0..l85277
0.21799t
0.2{939t
0.279s3t
0.308{60
0.336227
0.162880
0.198{62
0. { I 30 l7
0.{36586
0.(59:09
0. {8092{
0.50t766
0 .5217 t 2

0.5{097{
0.5s9{06

Ho o 2 ( E )

0.037237
0.073213
0.10796{
0. I { 1528
0.17i9{l
0.205237
0.215{50
0.26{51{
o .2921 6 t

0.319922
0.1{5129
0.171{ll
0.395797
0.{19315
0.{{199{
0.{63860
0.{8{938
0.505255
0.52{815
0.5{3701

Dl Fr00 ¡ Ho z I ( t )

0. t 9053{
0.3{{765
0.{59509
0.570667
0.652{69
0.7 r 8686
0.772285
0.8r5671
0.850793
0 .87 9222
0.902215
0.920062
0.9159{l
0.9{81r6
0.958026
0.956023
0,972{97
0.977717
0.98r979
0.985{tl

Ho r r ( r ) otFF02

(ti
Ol

0.2
0.{
0.6
0.8
t.0
t.2
l.{
1.6
1.8
2.0
2.2
2.{
2-6
2:8
1.0
1.2
l.{
r.6
1.8
{.0

7.26t{8
5.96{99
6.6757(
6.19358
6.11877
5.85095
5.590 l6
5.3151{
5.089(2
{.8{93{
{ . 6 r 60 3

{.18941
{.169{0
l.9s59 r

1.7{888
1.5{820
3.35380
l. t 6558
2.981{{
2.80?29

0.2
0.{
0.6
0.8
r.0
1.2
l.{
1.6
t.8
2.0
2.?

2.6
aq

1.0
3.2
l.{
1.6
3.8
{.0

0.1sr885
0.289868
0.{lll{8
0-521{72
0.615079
0.59{610
0.76t1l9
0.815771
0.8599s1
0.89507(
0.922515
0.9{ 3551
0.9s9519
0.971{9{
0.980 180
c.985{28
0.9908{8
0.993922
0.996026
0.997({2

20.28{7
15.9230
t 2 .0229
8.6205
5.7106
l.l{71
1.{(59
0.012t
1.0763
t.8029
2.2s09
2 .47 {1
2.5299
2 .1625
2.)125
2.1122
1.0869
I .655{
t. (105
t.2207

TabI e 2.1 4 Tabl-e 2.15



t0

Figure 2.3

(tl crvr rr tÀ¡Lt.¡

!t

it
:l
it
:l
:t
:l
:t
:l
:t
Ii

.J

I
,
t
!
t
I
I
I

G¡ rrrc¡! rrtrt6Err^1fd ot lot

0.

0-

0. I

rt

F igure 2 '2

c¡ltrlc^r ¡rPr.zs¿xrÀÎIo{ o? t(ó crvzx lll ÎÀllt ¡

2

!/
t

:t

it

:l
:l
:t
!
:l
j'
:l
I
Ji

I
)
t
t
l
I
I

0.F

a .i ¡2 lr

Figure 2. I

It (tl CtYEx ¡r 1À¡L.E ¡
CR^PxrC¡L ptpRtsErT^Tto.r or É

0- r 00¿10

t.

0.

!-

o.

(¡
\¡

( t)L

ll
( t)

l-l
I]

'1, {t¡



a.

a.É@ 0.

a-
3.¡

a. a.
0.x

ô-

0.ð

l. a.ã@

U]
@ ô. F 0, rl0æ

e.

',

I

0.¡. t

ô.
l,

'¿r"
F igure 2.

4 ¡flc¡! lErRErrr^?Iqf o" ræ

5 F I gure 2 . 6
c¡ ¡rrcrl. Err¡trtlrrot o? lot c¡vEr 1r lull IFlgune 2.4

(rI GfYr !r tÀ¡lJ 5

cl rHtcr¿ rr?¡tlúrf^lld ot lll (tl ctvz¡ ¡x ÎÀtl, (

¿
H

L (t)lr t
alu

II
(t) tì



t. É@0 a-re0

a. É@0

t. Fdo l.æ0 l.æ0

t. F@0 t.æ0 t. a0@0

!. t0@0 a.f.@0 a. k@0

a. r0oæ0

ur
\o a. Fæ00 a . t00000

o æ@0 c. ¿00000a. æ0æ0

0. I 0æ00
r 0. t00000t. 10@0

0. æoæ0

Flgure 2 7

GUPHIC^! r.zPRf s¿81^lIOa{ Or rl t 
(tl Ctl/¿X lX ÎU(r )

Figr'¡re 2 8

surtlc]\L ¡t"rr:JErra?Ior o? tæ(tt clvzx I¡ f^tt¿ r

F igune 2.9

ca ¡stc¡l. Rr¡trslxfÀrlo.r o? to2 ( rl cfvs t¡ Î[L¿ t

H I
( r)ÌJ

(t) H
l_ì

2(t)
H

J-l



a.

t.

a.

a.

a.

t-

n

a.

Or
o

a. tl@

o 21000

a. F

a.

a. ¡

r rl rt

Flgure 2. tO

t tO tt

Flgune 2.ll
,o

ta .1

F lgure 2. 12C¡Æi f Ct¿ l¿tu6ã1^i¡or oz ¡ tl(tl Ctv¿¡ lr lMt¿ lO
cr^ruc^! trtr¡¡ã-rrrlc o" r

-(tl 
crvs tr r^¡t¡ ll ol¡rlc^l. r-ßru¡trr t"¡Cr O¡, ro2(tl Cfvrr ¡r 1^t&¡ lt

l, Iii ( t) nr¡ t{,) ij (t)





Chapter III
TWO UNIT PARÀLLELED REDUNDANT SYSTEM WITH

WEIBULL REPAIR TIME DISTRIBUTION.

3"1 FIRST-PÀSSAqE TIME DISTRIBUTION AND THE MEAN FIRST-
PASSAGE TIME OF RECURRENCE TIME FOR STÀTE 1. HT I (T)
AND Lrr"

In this chapterr wê compute the first passage time dís-
tribution and mean first passage time of two unit repairable

systems when the repair is characteríze by the Weibult dis-
tribution, The result obtained by Nakagawa and Osaki are

compared wíth the resuLts obtained by using MEP. From

(1"3.9), we obt,ain the actual value of Hr r (t) :

Hrr(t) = Qro(L) * Qor(t) + Qr2r(t)
(3.1.1)

From (2"1"1) , we have

t
€,-F'' . { Çrq r0ro(t) * Qor(t)

o

t - ß.tt - çr) - ß. Ltg ' . åGt,'t1
o

(3"1.2)

and also from (2"1,5)
d

Qrzr(t) = \ {Gtrr)
Jo

t

I.
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Therefore,

Hr r (t)
Ì+

)
o

d C. uu) t:
* Ê"(t -u) -13, u

e I (rv.)

(3"1"4)

Now, given a Weibull density function ¡

J
o) =. C" Ð')L c-ì *ox (

€CX, (.)

Q>0, x4*0
(3.1.5)

t
I
Þ

dG ( t, ) \uJ,
c, (Ð. x c-r * €xq

e Jr

1 exp( -øt¿ ) , t)0, ê>0, c>0

(3,1.6)

whieh is the Weibull probability dístribution function.

Now,

I
t

t - (F.-
e

p.) u 'oq c

e- Fot (. e
c.- I

\^ Jo,
@

Ð

F,z ("
(3.1"7)

( aÀt (- Þr') )
- Êote J,

*r p, ^ 13n) q
Q

-€tr(
a J.{

)

Hr r (t)

c, ê
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þ, >'/ 
F" (3.1.9)

Now, let Hr r (t) denote the MEP distribution of Hr r (t) when

first i moments are provided.

From (1 .2 "3) , we have

hrr 1(t) = 1/L.t'tt e*p(-t/lr.tt)

(3.1.e)

where 1rr1 is the mean recurrent passage time of sLate 1.

From (1"3.11), we have

Hr r 1(t) 1 - exp( -E/L, ',1)

(3.1.10)

from (1.5"9),

1r r 1 1/u + g(ßr)ßo-t

(3"1.11)

and

ôo
g(ß1) = f exp(-ßru) dc(u)

Þ

^ exy (-f,u) . C. ê. \lt-'.<^1(*o uc) dq
(3.1"12)

I
o

oô

9'(ßr ) = -e Ô.f exp( -ß r u). u'. exp( - è ut ) du
o

(3.1"13)

By selectíng any e ombination of values of paramet.eF c¡

ßr¡and ê the exaet value of Hrr(t) can be determíned.

ßo,

The
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corresponding

Hrr2(t) can be

t ively.

approximate distributions of Hr r I (t) and

determíned using (2.1"g') and (2"1.12) respec-
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3.2 THE FI-3SIP__PASSAGE TIME DISTRIBUTTON AND THE MEAN
FIRST_PASSAGE TIME FRO-¡g-STA,TE O TO STATE2" HO^(T) ÀNÐ
Ln-2-_'

From (2"1"3, , we have î

Hozl(t) = 1 - exp(-t/Lozl)

(3.2.1)

and from Appendix E, we have

Iozl = 1/ß, + 1/lßog(ß1)Ì

(3 
"2 "2)

where g(ßt ) is gíven in (3"1 "s) "

Again from Àppendix E,

Loz2 = Zg, (ß1)/{ßtl1-g(ßr ) l} + Z/ß.,2

+ 211-ßog'(ß, ) /{Aoßt(1-g(ß1 ) )

+ 2s' (ßr ) [l -ßog' (ß/',)]/{ßo[1-g(ßr ) ]2]
+ 211-ßog' (ß, ) )2/{nol1-g(ßr ) ]]2

(3"2.3)

From chapLer 2 (2.1"14),

Hoz2(t) A(7t,72) exp [-rrt 7ztz ]

(2 "3.41
ean be determined"
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3.3 THE FIRST_PASSAGE TTME TTME-Ð]STRIBUTION AND THE MEAN
FTRST-PASSÀGE TIME FROM THE RECURRENCE STATE O, Hnn(T)
AND Loo "

The expressions for 1oo1 and 1oo2 for weiburr repair time

disttib.rtions are obtained using similar procedure as given

in section 2.3" Àppendix F provides the detaired deriva-
tions

Iooi = 1/ßo + 1/{ug(/3r)}

(3"3"1)

foo2 = 2/62 + 2/{ßoug(ßr)}

(3.3.2)

Using ( 3.3.1 ) and (3.3.2) in

t,ivelyr tü€ can obtain Hool(t)

(2.3.3) and (2.3.4), respec-

and Hoo2(t),
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3-.4 RE_SULTS AND ACCURACY

Since the exact distribution for the recurrence time of

state 1 could be determined using (2.1.7) , the percentage

differences between this distribution and Hrrl(t) tHrr2(t)l
for various values of t are considered as a measure of accu-

racy. The val-ues of these dif f erences with respect to Hr r

1(t) and H11 2(t) are given in Tables 3.1 , 3.4, 3.7. After

a relatively short time, depending upon the combination of

parameters, these differences become insignificant. Simi-

IarIy, the percent,age dif ferences between Hr r 1(t) and

Hrr2(t) become insignificant for values of t latger than 45

(Gupta et. â1,, 1985). Therefore, âs suggested in chapter

II, the consideration of MEP distribution on the basis of

higher order moments may not contribute any further signifi-

cant information. The exact solution of Hoo(t), Iuoz(t)],
can not obtained; therefore, the difference between Hoo 1 (t)

and Hoo2(t) [Hoz1(t), Hoz2(t)] are considered as a measure

of accuracy. The values of these differences, for various

values of t are provided in Tables 3.2, 3.5 and 3.8 [ 3.3,

3.6 and 3'-191. Once again, it may be noted f rom these tables

that these differences become insignificant for values of t

Iarger than 45. We justify the application of the MEP to

approximation Hoo(t) and Hoz(t) on the basis of the results

that the differences obtained for Hr r (t) and its approxima-

tions become insignificant for t Iarger than 45; therefore,

we assume the differences between Hoo(t), Hoz(t) and their

approximabion would also become insignificant for values of

t larger than 45.
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PARAMETERS OF WEIBIILL DISTRIBUTION AI{D
CORRESPONDING MEAI{ AND VARTAI.TCE OF fiIE

SYSTEM
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Chapter IV

TNFORI"TATTON THEORETIC APPROXTMAT]ON FOR SINGIE
SERVER QUEUEING SYSTEMS"

In this chapter¡ w€ consider queueing systems in which

the customers arrive with independent, exponentially or gen-

erally distributed inter-arrival times at an average rate (À

) from an ínfinite capacity pool; they wait in an infinite
capacity queue; they are served independently by a single

server with exponent,ially or generally distributed service

times at an average rate u; and they return to the customer

pool.

Shore (1982) applied MEP in determining the approximate

performance distributions such as queueing length, busy

period length, numbers served during busy period and waiting

time distribution of â single server queueing systems. He

provided the approximate values of performance distributions
under the assumption that the information is available in

the form of moments of up to 4th order. However, in most

real Iífe situationsn the informaLion available in the form

of moments rarely extend beyond first two moments (Thomas,

1979) 
"

Shore

íng the

used Shannon's (1948) measure of entropy in obtain-

approximate performance distributions, Shore's re-
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sults are appropriate approximation of true results (tf¡at is
percentage error <

first moment is provided, when the traffic intensity p, is
less than 0. 1 " However r âs P approaches 1 , t,he percentage

error increases exponentially, In this chapterr wê propose

t,he application of two ot,her measures of entropy, Parametríc

(napur, 1983) and Renyi (1963), to approximate performance

distributions of a single server queue system when only the

first moment is províded" These measures of entropy were

explained in section 1.3. We will show that the results ob-

taíned by the application of these measures are consistently
better than those obtained by Shore using Shannon's entro-
py. FurLhermore, in this chapterr w€ will deal with the re-
lationship between the first moment and the value of the pa-

rameter @1 t in the case of Renyi, and parametet o.z, in the

case of Parametric, under various values of traffic intensi-
ty.

4.1 STNGLE SERVER OUEUING MODEL

tn v/m/1 , the p,d

(nteinroek (1975), pp

f. of busy period length is given

213*214) z

t* JÇÃl-' exp[-(À+Lr¡:(1 r, (z*JÀî )

as

b
E (x)

(4.1.1)

The eorrespondíng e"D.F" of residence time is given as (I(le-

inroek (1975), F.202') t

r
1 exp(*u(1-p)x), x>0F (x)
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(4.1 "2)

S imi lar ly ,

written as

the corresponding

(xteinrock (1975),

C.D"F. of waiting time can be

p203 ) :

n*(x) 1 Ê.*p(-u(1-p)x), x>0

(4"1"3)

Using the two Renyi and Parametric measures of entropy,

obtain approximate performance distributions and compare

results wíth the results obtained by Shore (1979 a, b)

the above three performance distributions.

we

our

for

Renvi's Measure

Using

Iength ís
Equation ( 1 .3. 2.2) ,

given as 3

1/(1-c-t)
= (n + F x)

the p.d.f" of busy period

f(x)

where

E (n+2) m, 1-'/* R < -2"
1p+1 ) J

R+1
-__ €__--,_.

R+1
F
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@t 1 + 1/n

m = stl(1_ P )

(4 "1 "4')

The corresponding C.D"F" can be wrítten as (ref to Appendix

G):

n(x) l1/la (n+1)]l [(a + b x)
R+t R+lal R<-2

where

1/l^ (R+2)/G+1))
J.
Ra=

b _aÂn 1/(n+l)

(4.1.s)

tn u/U/1 queueing systems, the waiting time dist,ribution can

be obtained by subst,ituting for the value of m in (4"1"5) as

follow z

m = p/"(_pt

Símilarly, the value

can be written as 3

(q.1 "6,
of m for residence time distribution

m= e/ 
^ 

(1- f )

(e"1 "7')
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Parametric Measure

Using Equation

length is given

(1.3.3.2), the p.d"f" of busy period

as follows;

f(x) exp(-c r-crx)
1 &2 exp(-c I -c zx)

(4.1"8)

where

Cz 1/^,

exp(-c r ) 1 -exp (-ø, /m, I
P

m= st/(1-p )

(4 "1 "9)

The correspondíng C"D"F" is given (ref to ABpendix H) as B

F(x) (1 /az 7 t) [ tn (1-az exp( -zo-z r x ) ) ln(1-a2 exp(-7o) l

where

7t 1/n

7o = ln ( [ 1-exp (-ø2t.,) ]/az )

Símilarlyo Lhe

residenee time

respeetively"

m values given in (4.1.6) and

distríbution and waiting time

(4"1.10)

(4"1"7) are used f or

dístribution,
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4.2 RESULTS

Using the above three models, namely Shannon's measure,

Renyi's measure and the Parametric measurer w€ can approxi-

mate the performance distributions a single server queueing

system when the available information is a mean value (ser-

vice time moment), m, and traffic intensity, P.

In the case of the busy period distribution, the MEP mod-

el does not discriminate between M/M/1 , u/Ch or C/e/l
queueing systems as shown by Shore(1979\. Therefore, thè

results presented in this chapter concerning the busy period

distribution are egually appticable in all the three types

of queueing systems.

Table 4.1 provides the probability density function of of

the busy period when the traffic intensity p varies from 0.1

to 0.9 and value of m (mean service time moment) varies from

0.5 to 55.

The mean percentage absolute deviation was used as t.he

measure of accuracy for obtaining the best fit of the ap-

proximate with the exact performance distribution. TabIe

4.1 shows for a given value of m and various values of P,
the corresponding optimum vaLue of parametet elt in the case

of Renyi's measure, and parameter ez¡ in the case of Para-

metric measure. Similarfy, Tables 4.2 and 4.3 provide the

approximate waiting time and residence time distributions,
respectively. The values of parameter al and e2 are the
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same throughout in Table 4.1 4.3, However, these values

are the optimum values of the parameters cL1 and ezt (re-

flecting the smallest value of mean percentage absolute de-

viation between the exact and the approximate) for busy

period distribution only. Tab1es 4.4 and 4.5 provide the

approximate waiting time and residence time distributions
for various values of m and P. The value of cL1 and cL2 in

Table 4.4 and 4.5 are the optimum values for waiting time

and residence time distriËutions, respectively. The purpose

of providing Table 4.2 and 4.3 is to show the level of inac-

curacy which one may have to face, should one decide to use

the same parameter values as busy period distribution for

approximating waiting time and residence time distributions.
These inaccuracies can be determined by comparing Table 4.2

and 4.3 with 4.5 and 4.4, respectively.

Figures 4.1 - 4.6 show the probability density function

of busy period for values of parameter given in Table 4.1.

Figures 4.7 4.12 provide the waiting time distribution for
values of m and f given in Tables 4.2 and 4.4. Similarly,
Figures 4.13 4.18 shçw the residence time distribution for

vaLues of m and P given in Tables 4.3 and 4.5.

It can be seen in Table 4.1 and Figures 4.1 4.6 that

Renyi's measure of entropy provides a better approximation

to the exact distribution then did Shannon's measure as pur-

posed by Shore (1g7g). The äpproximation suggested by the

parametric model is also consistantì-y better than Shannon's
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model but inferior to Renyi's model. In most cases, for Re-

nyi's model, the maximum percentage difference error (ttre

percentage difference between exact and approximation) is
less than 10e" when p t,ends to 1 (Gupta et " âI, 1985 ) , where-

as the corresponding error for'shannonrs entropy goes beyond

30Oeo. The parametric model provides the maximum percentage

dif ference around 60e".

non's, Renyi' and Parametric model are used.

S imi J-ar 1y , TabIes 4 .2 and 4 .4 and

vide the comparison of waiting time

Figures 4.7 4.12 pro-

distribution when Shan-

exact waiting time dis-
approximate di str ibution

The Figures 4.7 4.12

tribution given in (4.1.3)

obtained :

i ) when the

optimized for

values of parameters of the three models vJere

waiting time distribution and;

show

and

the

the

rr)
busy

when the values of

period distribution

the parameters were

only.

optimized for

It can be seen from these figures that Renyi's model con-

sistently provides a better approximation than Shannon's or

parametric model. Àdditionally, from these figures one can

measure the amount of inaccuracy that wiIl occur if one

chooses to use the same values of parameters as used for the

Busy period distribution to determine the value of the wait-
ing time distribution.
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Tables 4.3 and 4.5 provide the approximate residence time

distribution. The corresponding values of residence time

distribution are shown in Figures 4.13 4.18 In the case

fo residence time distribution, Shannon's entropy leads to
the exact distribution; therefore, Renyi's and Parametric

entropy are compared with Shannon's model. In Figures 4.13

4. 1 8, show the results,

i ) when

t imi zed

the

for

values of Renyi's and Parametric models v¡ere op-

the waiting time distribution and ì

ii) when the values of parameters vrere optimized for the

busy period distribution.

Again, it can be seen from these graphs that Renyi's model

consistently provides a better approximation than the Para-

metric model. Àlso, from these Figures 4.13 - 4.18 one can

measure the amount of inaccuracy that wiII occur if one

chooses to use the same val-ue of parameters as in Busy peri-
od distribution to determine the value of residence time

distribution.

Figures 4.20 and 4.19 show the relationship between pa-

rameters cll t in case of Renyi t s model, clzt in case of Para-

metric model, and m for various values of traffic intensity
for the busy period distribution, respectively. SimiIarly,
Figures 4.22 and 4.21 show the relationship between parame-

ters cL1 and d2 and m for various values of traffic intensitVP

for the residence time distribution and Figures 4.24 and
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4.23 show the relationship for. the waiting time distribu-
tion. These figures give the optimum varues for the busy

period, waiting time and residence time distributions. The

respective figures can be used to determine optimum values

of the parameters of performance distributions when the vaI-
ues of m and are provided.

4.3 coNc LUSION

This chapter provides the approximate performance distri-
butions of a singre server queueing system when the mean

service time and traffic intensity are provided by using

three MEP model-s, namery shannon's, Renyi's and paramatric

entropy. It is shown that Renyi's model provides a better
approximation than shannon's or the parametric model (except

for residence time where shannon's modeL gives the exact

distribution)" The relationship between the optimum varues

of parameters cL1 and a2 for busy period, residence time and

waiting time distributions are provided.
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69.953
79 .947
89. 940

Mlnlmum
9 .797

19.594
29 . 389
39. 184
4A .977
58 . 766
68 . 548
78.313
88 . OO7

9. 865
19.729
29 . 593
39.457
49.319
59. 180
69 . o38
78 . 889
88.708

I
20
31
43
57
73
OE

120
168

o
o
1

1

1

1

3
5

10

o. 5926
o. 6932
1 .7636
o.9277
o. 9139
o. 4840
I . 4919
2.7098
5.3493

1 . 0909
t. 168 I
't.2353
1.2857

3333
37 45
4115
4444
4739

to
22
35
48
63,
81,

105,
r35,
186 .

o.0222
o. 02so
o. 0286
o. 0333
o. 0400
o. osoo
o. 0667
o. rooo
o.2000

o. 0202
o.0227
o. 0260
o. 0303
o. 0364
o. 0455
o. 0606
o. 0909
o. 18 t8

o.'t475
1.03t9
1 . 5985
o.7254
o. 3667
o. 6864
2.3228
3. 0430
L 8368

o.5,726
o.1979
1.3724
o. 9380
o.6245
r.0926
1 .6bB j
3 .2269
9. 1324

o.1412
o. 9926
t .5034
o. 5677
o. 1 599
o. 3045
o. 9937
r .4925
4.9146

o. 56 13
o. 1752
1.2902
o .7 887
o. 3799
o. s 150
o. 7390
I . 3885
4 .423A

o. oooo
o.2461
1.0742
o. oooo
o. oooo
o .2654
o. 1772
o. ooo I
o.8888

o. 0538
o. 0964
1 .0775
o. oooo
o. oooo
o. 2696
o. r85t
o. oooo
o.8888

o. o545
o. 0980
1.0938
o. ooo9
o. oo2(]
o. 2859
o.2134
o.03 10
o. 9638

o. 5503
o.153s
1.2107
o.6452
o. 1226
o. oo24
o.of37
o. o 123
o. 0935

9. 996
19.992
29 .988
39.984

-zg.3E-o
59 .976
69.972
79.968
89.964

49 . 388
59 . 263
69. f36
79 . OO2
88 .844

9.878
19.756
29.634
39.511

49
tro
69
79
88

o905
166 I
2353
2857
3333
37 45
41 15
4444
4739

12
23
38
53
69
90

114
148
205

9. 889
19.778
29.667
39 . 556

443
330
215
095
954

Table 4.1



Waltlng Tlme dlstrlbutlon uslng optlmum

parametens of Busy Perlod Distrlbutlon.

Âbsol ute percentage dl fference
approx imat ion dl stn lbut ion.

between exact with

Shannon's measure
fn

0.5

15. 0

Tnaff lc
i ntens I ty

cL1

o909
1 667
2273
2A82
3378
3876
4202
4505
4762

r . osog
1 ;1667
1 .2308
1.2A57
1 .3333
I .3745
1 .4132
1.4444
1.4739

A2

o.1000
o. 2soo
o. 4200
o. 5620
o. Tsoo
o. 9700
I . 3000
2.2000
2.6000

o. r830
o. 4700
o.6000
1 . 0200
1 .4000
1 .8000
2 .5000
3 . OOOO
4.2000

Arn i va I

time
Serv I ce

tlme
o .2222
o. sooo
o. 857 r
1 .3333
2 . OOOO
3. OOOO
4 .6667
8 . OOOO

18.OOOO

Renyt 's measure Parametr l c's measure

o.1
o.2
o.3
o.4
o.5
o.6
o.7
o.8
o.9

r . o945
1. 1695
1.2375
'L 2933
r.3413
f.3831
1 .4202
'l .44A4
I .47 17

o.0222
o. rooo
o .257 1

o. 5333
oooo
8000

Average
53.8084
4A.7705
42.4073
94.6147
24.6272
12 .4313
17 . IOOO
37.5165
8 r .4899

Mlnlmum
26.8513
22.6,243
17.7427
12 .3207
6. 1552
o. o8 18
o. 2 196
o. 602 1

28 .6403

Max I mum
97 .5545
96.9212
95.9621
94.5 100
92. lO95
87.7115
7 I .2264
58.0435

167 .5A29

7945
7 4c0
6609
5 384
336 1

958'l
I 682
7 560
I 428

Average
53.7754
47 .7255
40.3859
32.7342
22.6116
12.4373
16.7363
47 .AA21
86 .7629

Minlmum
26.3940
20.9120
l5 . o126
9. s663
3.3311
o .oa7 4
o.4093
o.3294

28.5327

Max i mum
97.5751
96.8248
95.6607
94.1012
9 I .2833
a6.o417
72.9695
a2.5731

2o8.1470

Avenage
55 .9522
53.5190
so.7615
47 .5989
43.9.l63
39.54 lO
34.',1925
27 .3564
't 7 .8499

Minlmum
28.5318
26. r919
23 .6937
21 .O204
r 8 .- 1529
r5.0695
11.7446
4.14A7
4.2474

Max i mum
97 .8047
97 . 5370
97. 1950
96 .7 424
96. 1 166
95. r92s
93.6910
90. 8260
83. 1937

1

I
ó
6

l6

6726
4000
2000

\o
È

1.0

' 6.0

1l1 71
500 66
286 60
667 52

1.OOOO 41
1.5000 23
2.3333 21
4.OOOO 4A
9.OOOO 127

o. oo74
o.o167
o. 0286
o.0444
o. 0667
o.1000
o.1556
o.2667
o.6000

89
85
78
63
27

I

o.l
o.2
o.4
o.6

5 .8000
7 .6300

10. oooo
12.7000
16.6000
23 . OOOO

o
o
o
o
o
o
o
ô
o

o.1
o.2
o.3
o.4
o.5
o.6
o.7
o.8
o.9

I

3
4
Ê

6
7
I
I

I
2
5

4
5
6
7
8
I

o.ol l1
o. osoo
o.'t 286
o. 2667
o. soöo
o.9000
1 .6333
3.2000
8.1000

o. oooT
o. oo33
o. oo86
o. o 178
o. o333
o. 0600
o.1089
o. 2133
o. 5400

4 150
7154
8890
5390
3048
3759
os27
8565
5804

5772
9557
o600
7024
499 1

6008
23 19
3969
5985

75 l6
0343
2 196
3649
6442

95.2789
94 . 0884
92. 3830

8182
700r
5243
4945
6869
9539

6 ro5
2557
7037
0899
6445
6346
9686
5647
1940

50.4115
43.2945
37 .5923
26 .6392
15.08 l8

1.A747
o. 6032
I . 0290
9.9073

84.7157
86. O34 I

95.265t
94.0847
92 . 3529
89.7744
85.7430
78.5019

4615
8879
2953

7894
4209
0685
16lO
7640
2913
2523
I 304
2664

52.8173
49 .4757
46.5429
42.7354
38.3439
33.2229
27 .1742
19.9205
I 1.0621

89.7012
88.5612
87 .1372
85. 3084
42.4733
79 .4706
7 4 .3807
65.9347
49.18rO

8956
7 593
584 6
3 526
0296
5490
7 585
2 153
8676

2370
0598
863 I
3429

50
44
36
27
15
o
o
3
I

98
98
98
97
96
93
88
74

187

77 43
4530
oo3 1

2 505
of84
4 360
5292
6 168
9294

73.3279
7 1 .1944
68 .6763
65 .6542
6t.9499
57 .2A22
51.1716
42.6931
29 .6112

71
66
6l
52
40
25
18
38

104

98
98
98
97
oq
93
86
72

't54

98
98
98
98
98
97
96
95
90

o909
I 667
2304
2A57
3 333
3759
4115
4464
4762

o. oo 19
o. oo83
o.o214
o.o444
o. o833
o.1500
o.2722
o. 5333
1 .35c)c)

99
99
99
99
99
98
98
95

1A1

99
99
99
99
99
98
98
95

134

7952
7397
6560
5334
3303
93 38
I 036
5982
3 169

99.8150
99.7919
99.7623
99 .7228
99 .6675
99.5847
99 .447 1

99. 1729
98 . 3593

r .2000
2 .6000
4.2c00

O. O IBS s4. I lOO
O.0417 92.6745
O.07 14 90.6488
o. 1111 a7.6263
o.1667 82.A750
o.2sOO 74.6079
O. 3889 59. 0856
o.6667 30.97 18
r . sooo 128.3260

88 . 87ge
86 . 0336
42.3575
76 .9739
6A.7207
54 .8654
30.2177
o.3772
I qatôfl

94.'t3to
92.6722
90.55 t8
87 .58 lO
42.9523
74.724A
59.7A24
29.5900
95.3439

94.6612
94. 0459
93. 2700
92.2612
90.8960
88 .9443
85.92 t9
80.6032
6a.6478

82. 2039
76.9560
69 . 0206
55.5401
32.6454
o.2901
o. 4039

64
2A
o

o
o
o
o
o
o
o
o
o

3 .2000
6 .5000

10. 3000
14.4sOO
19.OOOO
24.7cc0
31 .5000
4 I .5000
s7 . oooo

97
96
96
94
92
88
80
59
59

99
99
s9
oo
99
99
99
98

1.l3

9177
8 959
864 I
I r50
7 338
5855
25 13
3 427
6035

97.A132
97 .5487
97 .2113
96.7663
96.1521
95.2499
93 . 7946
91.05tO
83.9316

95.7328
95.2248
94.5796
93.7328
92.5725
90.8849
88.2049
a3 .2927
7l .3689

99 .926C
99.9167
99.9048
99 .889C
99 . 8668
99.8336
99.7782
99.6677
99. 3375

97 .5699
96 .953 1

96.0417
94.6715
92 .5006
44.5212
80. 5498
59. 0299
52 . 0573

99.9t75
99.8958
99 .8632
99.8r33
99.7322
99. 577 I
99.2449
98.2184
92 .9806

Table 4.2 (contlnued)



hlaltlng Tlme dlstrlbution uslng optlmum

parameteFs of Busy penlod Dlstrlbutton.

Renyi,s measure Panametric,s measure

Absoìute percentage difference
approx imat Jon dl str lbut ion.

between exact wi th

Shannon,s measune

Tnaff lc
m tntenslty

30. 0

45.0

| 50.0

cL1 Q2

o.1
o.2
o.3
o.4
o.5
o.6
o.7
o.8
o.9

o.I
o.2
o.3
o.4
o.5
o.6
o.7
o.8
o.9

o909
l6 13
2294
2457
aaae

3752
41 15
4444
4739

6
13
21
29
38
4A
62
81

114

o. ooo4
o. oo 17
o. oo43
o. oo89
o.o167
o. 0300
o.o544
o. 1067
o .27c0

2000
oooo
sooo
5000
oooo
7000
7000
3000
oooo

8000
oooo
9000
5000
5000
oooo
oooo
oooo
oooo

5000
sooo
2000
oooo
oooo
5000
oooo
oooo
oooo

oooo
9000
sooo
oooo
oooo
oooo
oooo
9000
5000

o. ooo2
o. ooro
o. 0026
o. oo53
o.o100
o.o180
o.0327
o. 0640
o.1620

Arnfval
t lme

Serv i ce
time

o. oo37
o. oo83
o.ot43
o.0222
o - 0333
o. osoo
o.o77a
o.1333
o. 3000

o. oo20
o. oo45
o. oo78
o.ol21
o. o 182
o.0273
o.0424
o.0727
o.1636

Average
94.7771
9A .4724
98.OO19
97.2AA1
96. t284
94.O191
89.628't
77.5599
36.6748

99.3305
99.1547
98 .8855
98.5046
97.8569
96.6848
94.17r3
a7 .1574
5r .5770

Minimum
97.606 1

97 .0146
96. tO4 I
94.7284
92.5054
88.494 I
4o.2477
58. tO58
o.2121

Max i mum

99 . 9589
99 . 9484
99. 9322
99 .9075
99. 8668
99. 79 t6
99.63 I I
99. 1690
96.6571

Avenage
98.7775
98.4563
97.951f
97.2370
96.1177
94 . 0495
89.5785
77 .5301
34.5223

Mlnimum
97.6069
96.9837
96 . OO75
94 .6344
92.4965
88 .5866
80.2818
58 .6553
o. 2953

98.406 I
97 .9639
97 .3247
96.4 107
94.A761
92.2024
86. t586
71 .3451
o.2457

6785
3388
8144
o547
8373
5055
7807
359 I
4a6a

Max i mum
99.9589
99.9479
99 .9304
99.9055
99.8660
99.7914
99 .624 1

99. 1405
96 .2062

99
99
99
99
99
99
99
99
97

9727
9650
9538
9376
9100
8609
7 457
4434
5864

Average
98 .8978
98.7623
98. 5888
98. 3586
98. 0388
97 .5642
96 . 7866
95.2790
9t. to19

Minimum
97.8408
97 .5775
97.2410
96 . 7958
96. 1795
95.2695
93. 7906
90.9664
83 .4297

Max I mum

99.9630
99 .9583
99. 9524
99.9445
99 . 9334
99.9 t67
99.8890
99.8336
99.6677

o909
1 667
2299
244 1

3 333
37 45
4115
4444
47 39

I
20
31
43

73
95

120
168

o. ooo2
o.ool I
o. oo29
o, oo59
o.o111
o. 0200
o. 0363
o.07t1
o.1800

o. oo25
o. 0056
o . oo95

99. 't822
98.9674
98.6584
98. r87 |
97.391O
95 .9703
92.9330
84 .5059
42.80sO

o .oo22 99. 2635
o.oo50 99.0676
o.0086 9A.7753
o.o133 98.3573
o.0200 97.6468
o.0300 96.3623
o.0467 93.6116
o. 0800 85.9557
o. 'r 8oc) 47 .3404

98.3965
97.9780
97 ..3767
96 .4622
94.9230
92.1910
86.3996
70. 5846
o. 507 I

5555
1732
6040
79 t9
4 160
9405
6795
2456
2660

6866
3433
I 186
0779
4217
5587
7393
4660
4638

99.9726
99.9653
99. 9548
99 .9386
99.9112
99. 86 t6
99 . 7539
99. 4455
97 . 7668

99 .9753
99 . 9687
99 .9s87
99 . 9445
99.9200
99.8755
99.7785
99.5008
97.9893

1 870
960 I
6313
I 595
3637
9676
77 21
7624
3055

2632
17 21
os54
9002
6840
3622
8318
7933
8438

9208
6557
2181
358 I

5548
377 1

I 495
4478
4244
8060

8098
44.3412

98.6983
98. 5380
98.3326
98.0601
97.68rr
97. I r80
96. 1940
94 . 3976
89 . 3896

98.8159
98 .6698
9a .4827
94.2342
97.8885
97.3745
96. 5297
94 .8834
90. 2649

99. 8890
99.7782

99
98
98

98
98
98
97
97
96
95
93

98
97
95
92
84
42

99 .2624
s9 . 0605
98 . 7699
98.3470
97.6464
96 .34 10

99
99
99
98
98
98
97
96
93

99.9753
99.9722
99 .9683
99 .9630
99.9556
99.9445
99 .92607A62

o. o 148
o.0222
o. 0333
o.05r9
o. 0889
o. 2000\o

ul

,94
98
97
97
OE

93
88
75
lo

o.1
o.2
o.3
o.4
o.5
o.6
o.7
o.8
o.s

o.1
o.2
o.3
o.4
o.5
o.6
o.7
o.8
o.9

1.0909
'| .1681
L 2353
1.2A57
I . 3333
1.3745
1.4115
1 .4444
1 .4739

1 . 0905
1 . t661
I .2353
1.2A57
l . 3333
1.3745
1.41t5
1.4444
1 .4739

to
22
35
48
63
81

105
135
186

98
98
97
96
95
92
a7
73

98 .5535
98. r597
97 .5942
96.7735
95.4197
92.9t33
a7 .5292
73.3174
5.9400

99 .9753
99.9684
99 .9585
99.944 I
99.9199
99 .8742
99 .772A
99. 487 I
97 .8480

99.3366
99.2544
99. l49l
99 . OO92
98.8141
98.5234
98 . 0439
97. rO30
94 .417 1

99.9778
99.9750
99.97'r 4
99.9667
99.9600
99. 9500
99 .9334
99.9001
99 .8004

55.0

93. 5055
8s.8596
47.3276

99, 3263
99. 1523
98.8831
98.492t
97 .863 1

96.6512
94.17 17
86 .9856
50. 7694

12
23
38
53
69
90

114
148
20s

99
oo

99
ao
99
99
99
99
98

9776
97 16
9625
94 95
9273
8868
7 986
5462
17t5

98
98
97
97
95
93
88
75
ll

99 .9798
99.9773
99.9740
99 .9697
99 .9636
99 .9546
99.9394
99 .9092
99.8 185

o. ooo2
o. ooo9
o. oo23
o. oo48
o. oo9 r
o. o t64
o. o297
o. o582
o.1473

98
98
98
97

99 .9774
99.9715
99 .9624
99.9490
99 .927 4
99.8852
99.797r
99.5313
98.Ot83

99 . 3966
99.3219
99. 2260
99. 0985

94 .8926

Tabl e 4.2



0.5

1.0

6.0

15.0

o.1000
o. 2500
o .4200
o. 5620
o. 7500
o.9700
I .3000
2.2000
2.6000

r .2000
2 .6000
4. 2000
5.8000
7 .6300

10. oooo
12.7000
16.6000
23 . OOOO

3.2000
6 .5000

10. 3000
14.4500
19.OOOO
24.7c00
3 1 .5000
4 1 .5000
57 . OOOO

Arrival
time

o.2222
o.5000
o.8s7 I
r .3333
2 . OOOO
3 . OOOO
4 .6667
I . OOOO

18.OOOO

Serv I ce
tlme

2.2222
2.5000
2.A57 1

3 .3333
4 . OOOO
5 . OOOO
6 .6667

10. oooo
19.9999

Mlnimum
6 . 0678

12.7956
21 .3790
3 L 4057
43 . 8628
59.9728
82.3109

110.4450
151.7964

@2

parameters of Busy Perlod Oistrlbutlon.
Absol ute percentage di fference between exact wi th

Panametric's measune
Average Mâx imum Mi nlmum
2 .9912 lo. 4594 5 .9233
7.1536 28.9180 15.1991

l r.3766 54.7027 26.2096
14 .5025 8 1 . 0994 35 .7477
I 8 . rO93 124 .4609 48 . 7s5 I
21.6380 190.34.l1 64-3716
25.7742 32A.4457 8A.1A77
32.4915 993.6201 150.4970
34.2345 1375.6378 174.3234

approx i mat I on dl stn I but ion
Reny i 's measunem Tnafflc e1

I ntens I tY
o.l
o.2
o.3
o.4
o.5
o.6
o.7
o.8
o.9

o.l
o.2
o.3
o.4
o.5
o.6
o.7
o.8
o.9

o.1
o.2
o.3
o.4
o.5
o.6
o.7
o.8
o.9

o
o
ô
o
o
o
o
o
o

os45
1 695
2375
293 3
34 13
383 r
4202
4444
47 17

Àverage Max I mum

2.35'l 3 11.3971
4.8283 25.OO43
7.7988 43.9548

1 t.olso 6a.5472
t4.6s89 103.1865
1A.A472 155.6100
23.7979 245. I 163
28.8406 392.2674
34 .3470 700.7904

i.0909
1.1667
1.2273
1.2A82
1 .3378
I .3876
1.4202
1 .4505
1 .4762

o909
1 667
2304
2A57
3333
3759
4115
4464
4762

o909
1 667
2 308
2A57
3333
37 45
4 132
4444
4739

o.1111
o. 2soo
o.4286
o.6667
r.oooo
1 .5000
2.3333
4 . OOOO
9 . OOOO

o.o18s
o.o417
o. 07 14
o. 11 1I
o.1667
o. 2500
o. 3889
o.6667
1 .5000

o. oo74
o. o 167
o. 0286
o.0444
o. 0667
o. rooo
o.1556
o.2667
o.6000

5.4687
I I .6029
't8. l076
26.A797
36.6424
50. 3400
62.8143
7A.6307
97 .5733

9492
0967
I 597
7294
6352
oooo
oooo
oooo
oooo

9882
6893
o808
8957
0688
8rl8
a767
5126
3l04

5 . 0988
13 . 1297
16.7436
28. 1085
37.7284
46 .9446
60. 5703
6A .42A 1

82.1919

324
4A2

t to3

1072
18 14
o209
4 134
7 433
a407
5862
6402
9946

o.1830
o. 4700
o.6000
1.0200
r .4000
I .8000
2.5000
3 . OOOO
4.2000

t.11tf
l .2500
I .4286
1 .6667
2 . OOOO
2. sooo
3 . 3333
5 . OOOO

10. oooo

7
17
2A
43
62
93

127
181
276

9895
4434
0973
6248
7 397
638 1

29 l8
2526
3952

6252
2788
4624
3267
9768
Trso
1 167
47 40
4827

7
19
25
45
65
88

132
165
246

to
24
41
66

102
167
253
430
900

I
27
Jb
72

114
173

\o
CN o.1852

o. 2083
o.238 1

o.2774
o. 3333
o .4167
o. 5556
o.8333
1 .6667

'I 1

24
42
66
oo

150
231
413
981

10
23
39
6l
90

134
'199

333
666

5 120
4e64
8319
456 I
8087
5236
6068
2331
o767

99
149
237
398
903

tt
24
42
65
96

144
2lI
375
7s3

I
22
37
56
a2

roo
100
100
too

'to
23
40
62
92

roo
100
100
100

09 10
9485
6336
48 l9
6677
882 I
2754
l055
9772

1 035
9794
a227
5928
8670
0062
5597
67 10
o'140

I
22
38
56
80

roo
100
roo
100

10
23
41
63
9l

loo
too
roo
too

5693
09 17
3533.
8515
8835
oooo
oooo
oooo
oooo

.10
25
44
68

101
't 56
242
432

1037

lt
25
43
68

tol
154
24o
436

1033

68rO
r tos
6997
3062
4145
7 521
96 lO
17 48
2464

4586
1444
7024
1 186
0662
o773
4327
0930
5948

10
23
41
62
90

134
197
314
574

'I t39
56 l l
4 144
3 l3l
5096
8737
7a12
709 I
99 10

2069
5032
372fJ
5923
3866
6124
7099
o735
o85 I

I
2
ó
4
5
6
7
I
I

o. 074 l
o. 0833
o. 0952
o.tl1l
o. 'r 333
o.1667
o.2222
o. 3333
o.6667

6345
7947
525 3
4626
5272
oooo
oooo
oooo
oooo

a677
3A47
6630
5018
I 363
| 553
068 I
0736
5 157

9594
a757
o808
't62I
94A7
oooo
oooo
oooo
oooo

1l
24
42
66

10
24
41
64
96

142
223
364
761

TabIe 4.3 (conttnuect)



Resldence tlme dlstrlbut ion uslng optlmum

parameters of Busy penlod Dlstrlbutlon.
Âbso r ute percentage d I f f erence bet\./een exact v, t th
approx.imat ion di str ibut lon.Traff I c

m fntenslty @2 Arrival
time

Senv i ce
tlme

o. 0370
o . 0417
o. 0476
o. 0556
o. 0667
o. 0833
o. r l l t
o.1667
o. 3333

o.0222
o. 02so
o. 0286
o. 0333
o. 040'0
o. osoo
o. 0667
o.1000
o. 2000

o.c202
o.0227
o. 0260
o. 0303
o.0364
o. 0455
o. 0606
o. 0909
o. 1818

Renyi's measure
cL1

30. 0

45.0

s0.0

55.0

o909
16't 3
2294
2457
3333
3752
4115
4 444
4739

6
l3
21
29
38
48
62
8l

114

o. oo37
o. oo83
o.o143
o.0222
o. 0333
o. osoo
o. 0778
o.1333
o. 3000

o. oo2s
o. 0056
o. oo95
o.o148
o.0222
o . 0333
o.05 19
o. 0889
o. 2000

Average
lo.a7 12
23.2366
41.2041
64. 5238
96. 1676

too. oooo
loo. oooo
roo. oooo
'too. oooo

to
24
41
64
97

roo
100
too
100

9507
5934
7658
3780
4230
oooo
oooo
oooo
oooo

Max i mum

11.to78
23.8001
42 .3530
66.6297
99 .9336

I 50. 2507
232.3c,07
399. 3344
906. 0428

t1
24
42
65
99

t49
232
399
907

Mlnlmum
10. 9892
23.5174
41.7758
65.570 1

98 . 0348
146.7ou^2
225 . 0863
381.0783
427.4023

o297
7927
f5t6
0688
6422
Ir29
520 1

I 558
5864

1t
25
44
66
98

147
22A
388
857

0375
127 3
06 l8
oo54
a 126
os35
o .l37

3978
8503

o.1
o.2
o.3
o.4
o.5
o.6
o.7
o.8
^o

o. 'r

o.2
o.3
o.4
o.5
o.6
o.7
o.8
o.9

o.l
o-2
v.J
o.4
o.5
o.6
o.7
o.8
o.9

2000
oooo
5000
5000
oooo
7000
7000
3000
oooo

Parametnic,s measune
Average Maxirîum Mlnimurî

to. 8360 t 1 . 0793 .to. 957 I
24 .5 lO5 25 . 1557 24 .a31444.7051 46. t508 45.4225
67 .4575 7.,j..124c 68.7774
96.4017 10.t.1516 98.7444

loo.oooo 150.5464 145.A2e,4
loo.oooo 238.59.t1 227.746A
100.oooo 416.4765 385.4486
loo.oooo 1e41.7293 865.6856

\o\¡

o909
I 667
2299
284 1

3333
37 45
4 t15
4444
4739

8
20
31
43
57
73
95

120
168

o.0247
o.o27a
o. 03l7
o. 0370
o.0444
o. 0556
o. o74 I
o. 1111
o .2222

11
24
42
65
98

146
227
387
852

to
22
35
48
63
81

105
135
186

8000
oooo
9000
5000
5000
oooo
oooo
oooo
oooo

,5000
.5000
,2000
, oooo
oooo
5000
oooo
oooo
oooo

9664
9450
6940
37 rO
6766
oooo
oooo
oooo
oooo

11
25
44
66
99

149
232
âoo
907

1089
3 J04
43t8
6446
960r
1794
4038
6006
2600

tl
26
45
67

loo
151
24 1

413
978

10
24
43
65
97

loo
roo
'too
100

10
24
43
65
97

too
100
100
roo

tt
25
44
66
97

100
100
roo
100

1t
24
44
66
97

100
roo
roo
roo

l089
993 1

5398
7654
9556
17 l2
3864
5563
0568

ro
25
44
66
99

100
too
100
too

2925
4 586
57 29
7711
249A
oooo
oooo
oooo
oooo

1230
4725
2424
3 177
5 187
oooo
oooo
oooo
oooo

6026
886 I
o44 1

8003
I 486
oooo
oooo
oooo
oooo

10
25
45
68

102
150
243
401
988

4449
9075
s255
5039
5322
4279
4945
4448
4025

2727
2444
I 306
8580
3796
668 f
ool2
3485
o227

7 452
2421
8084
2140
7275
6883
9247
o35 r
7756

to
25
45
67

loo
147
235
38 1

472

'll
26
44
67
98

148
234
394
474

3685
6822
0468
63 18
8759
2396
825 1

4666
5752

1977
077a
7046
0833
9375
7 4Aa
2014
1 675
0343

6738
0636
4244
5033
4285
9967
ol r7
2638
r 620

o.1
o.2
o.3
o.4
o.5
o.6
o.7
o.8
o.9

I . 0909
1.168f
1 .23s3
1.2A57

1 .3333
1.3745
1.4115
1 .4444
1 .4739

o.oo22
o. oo50
o. ooe6
o.or33
o. 0200
o. 0300
o. 0467
o. 0800
o.1800

1.0905
1.1661
1 .2353
1.2457
I .3333
1.3745
1.4f15
1.4444
I .4739

oooo
9000
5000
oooo
oooo
oooo
oooo
9000
5000

o. oo20
o. oo45
o. oo78
o.or2r
o.ot82
o.0273
o.0424
o.0727
o.1636

I 188
5444
7615
4876
8849
oooo
oooo
oooo
oooo

11
24
44
66
99

149
232
âoo

907

o476
8703
432A
6466
9637
1 862
4 177
6369
4265

lo
24
44
66
98

147
224
389
862

983 I
7072
0962
065 I
I 195
2509
4 190
4208
2167

12
23
38
53
69
90

1',tA
148
205

1l
25
44
68
oo

152
234
416
99 I

tl
25
44
67
98

149
229
398
893

Table 4.3



h,ÀITING TIME DISTRIBUTION

Absoìute pencentage dif f enence bet!.reen exact wl th

approx lmat ion dl stribut ion
n d1

Traff I c
I ntens I ty

1 .4A76
1.4748
1.4494
1.4124
1 .3604
I .3053
I .2395
t. t646
1.08f 5

7.5000
4.0625
2.250,0
1 . 5313
1.O157
1.OO39
o. 5078
o.2578
o. 1289

r8.5000
9.2500
6. t250
4.25c0
3 . 0625
2.0625
L 5313
t.o157
o. 5156

1 90. sooo
98.5000
6s.5000
49.5000
38 .5000
30. 5000
23.5000
't7 .2500
10.7500

@z

sooo
5000
sooo
5000
5000
sooo
5000
5000
5000

o.0222
o.1000
o .257 I
o.5333
'L OOOO
1..8000
3 .2667
6 .4000

16.2000

o.2222
o. sooo
o.857 I
1 .3333
2 . OOOO
3 . OOOO
4.6667
8 . OOOO

r8 . oooo

o.1111
o. 2500
o.4246
o.6667
r . oooo
1 .5000
2.3333
4 . OOOO
I . OOOO

o 185
04 17
o7 14
rltt
I 667
2soo
3889
6667
sooo

o. oo74
o. o 167
o. 0286
o.0444
o. 0667
o.1000
o.1556
o.2667
o.6000

I .9846
3 .8970
8. t288

I.l.6414
15.7214
12. 17 17
16 .4327
17.2191
tl.989l
2.2595
4 .9935
I .2258

12.3508
16.2051
21 .0197
20 .967 4
19.881O
I 5 .9597

L9821
4 . 3179
7. 36 tO

'l I . 1705.l5.8r28
20.6928
25 . 3055
2a .7 464
28.9718

o. ooo4
o. 0268
o. o 157
o. 0539
o. 0253
o.ol14
o. 0266
I .389 I
o. 5856

o.o2a7
o. 066 r

o. 0430
o. 0208
o. ooo3
o. o348
o. 0295
o.'t468
o.o177

I t56
o999
1083
2300
24c0
1 462
o904

o. 7559
o. 0768
o. 1074
o.2024
o. o18l
o. 2693
o .24 14
o.6 r 51
o. 2807

18. t208
35.4343
68.Orrt
8 I .7904
88. 1007
85.47 t9
89 .2467
88 . 0754
4o.8842

55 .9522
53.5 r90
50.7615
47.5989
43.9163
39.54 tO
34. 1925
27 .3564
I 7 .8499

28.53 t8
26. 1919
23. 6937
21 .0204
't 8 . 1529
15.0695
1 1 .7446
8.1487
4 .247 4

Arnlval Senvlce

t lme t lme Renyl 's measure
Average Mlnlmum Maximum
6.6659 0.4500 67.3476
4.8723 0. 1397 78.3963

13.8291 1 .5280 8s.9679
1A.3524 3. 1502 89. 5566
22.COO1 4.7121 91.32A2
22.AO31 5 ..J-127 91 . 5535
22.'1404 4 .7728 90. 8738
19.5142 3.8820 88 .630t
'I 3.9979 2.3486 81.s937

Parametnlc's measune
Âvenage Mlnlmum Maxlmum

Shannon,s measure
Average Minimum Maximum

97
ñ Ê o.lv'w o.2

o.3
o.4
o.5
o.6
o.7
o.8
o.9

94 .66
94.04
93 .27
92.26
90.89
88.94
85.92

97
97
96
96
95
93
90
83

8047
5370
I 950
7 428
l 166
1 925
69 10
8260
I 937

6333

o
o
o
o
o
o
I
3
I

1 .0 0.1
o.2
o.3
o.4
o.5
o.6
o.7
o.8
o.9

\o
@

6.0 0.1- o.2
o.3
o.4
o.5
o.6
o.7
o.8
o.9

15.0 0. I
o.2
o.3
o.4
o.5
o.6
o.7
o.8
o.9

1 .4937
1 .487 1

I .4699
I .4520
1 .4211
1.38rO
r .3306
1.2614
1. 1594

I .4996
1.4944
I .4938
1.4478
1.4A7A
1.4878
1.4A45
1 .4727
1.4420

ofll
o500
I 286
2667
5000
9000

2000
rooo

6.7750
10 .2397
1 5 .4089
18. 1895
22.27 18
25 . 0886
25.5300
23 .8444
1A.7261

o.Q773
o. o2s3
o.1223
o.1368
o. 0697
1.O381
1.6719
I .7567
1.3425

o. o48 I
I .6923
6.7301
o. 2655
o. 4546
o.4254
o.2498
o. 135 I
o. 1oso

o. 0796
o. 2 183

12.a778
25.9377
12.2255
o.2384
o. 2378
o. 0897
o. 6652

r6.6697
37.326A
60. 2450
79.6130
88 . 0602
92. 1079
92.4636
91 .7751
88 . 0904

3 193
7 453
7656
6863
r615
3918
3 197
2539
4408

73
71
68
b5
6l
57
5t
42
29

80.6032
68.6478

97 .4132
97 .54A7
97 .2113
96.7663
96. r52 I
95.2499
93. 7946
9t.oslo
83.9316

s2 .8173
49.A757
46.5429
42.7354
38.3439
33.2229
27 .1742
19.9205
I l.062r

89.7012
88.5612
a7 .1372
85 . 3084
a2.8733
79 .4706
7 4 .3807
65.9347
49. l8 10

7328
2248
5796
7328
5725
884 I
2049
2927
3689

98 .8956
98.7593
98 .5846
98.3526
98 . 0296
97 .5490
96.7585
95.2153
90. 8676

99.8r50
99.79 f9
99.7623
99.722A
99.6675
99.5847
99 .447 I
99. 1729
98 . 3593

99 .9260
99.9167
99 .9048
99 .8890
99.8668
99 .8336
99.77A2
99.6677
99.3375

67 .9787
79 .2532
88 .4376
91.02 l4
92.9623
93.7276
93 .6578
92.6338
8a.7576

3279
194 4
6763
6542
9499
2822
17 16
693 1

61 12

4984
4938
4877
4A7A
4847
4758
4638
4396
3738

76.6s51
92.Of88
95 . 2046
94 . 3869
94.5572
95 . 5689
95 . 95 't6
96. 1883
95 . 9387

l1
23
40
59
7A
88
o2
95
95

12
59
oo
t2
60
43
l9

o.ool9
o. oo83
o.o214
o.0444
o. 0833
o.1500
o .27 22
o.5333
I .3500

o. oooT
o. oo33
o. 0086
o.or78
o. 0333
o. 0600
o. lo89
o.2t33
o. 5400

o
o
o
o
o
o
o
o
o

o
o
o
o
o
o
o
o
I

3
3
6
I

14
t9
25

10.o702
24.9A84
3s.06l4
26.5814
26.5795
29.4537
30.8358
31.7163
31.0320

8 . 235'l
16.7773
41.8831
54 .6904
46 . 0646
34.6213
32.9198
34.8973
34.9442

026 r

t 159

otro4475
306
205
154
121
98
79
6l
42

67.2345
87.94 tI
96 . 2075
97. /C38
97 .2452
96.5639
96 . 3544
96.8r20
96.A220

3856
85t5
3608
6368
1275

30. r r29
32.8919

5615
7537
4066
90r3
3386
2653
't 673
2a27
2743

7 441
14
19
33
50
7l
85
92
95
96

95
94
93
92
90
88
83
71

Table {.{ (contlnuect)



ì ì::,

m

lnanff lc
I ntens I ty

At

'I .4980
't.4992
1 .4969
1 .4938
1.4A74
1.4A74
1.4A74
L 4860
1 -4644

Anrlval
tlme

Serv I ce
tlme

d2

Absoìute pencentage difference between exact with

approxlmat i on dl stnibut ion.
Renyi 's measune Parametn'i c's measure Shannon's measure

Âverage Mlnimum Maximum
30.0

45.0

50.0

55. 0

Average
44.2028
16.8918
42. 1042

'55. 1438
67.291 I
59.3688
46 .3808
35 .9237
39.7348

Itlinlmum
20. 968 I
o. 0653

12.A244
26.2310
42.4619
2A.7579
6.485 I
o.4915
o.7324

o. 1496
o.o27 1

3.58 19
42. tO6 1

57.3015
46.9721
30. 0409
o.273c
o.1357

Max i mum
9s . 5392

Average
6.3934
3.3254
s.6927
8 .8253

l3.Ol05
r8.2950
24.2153
30. 0356
34 .4241

Minimum
3. t307
o. o29s
o. o6s4
o. 1344
o.1559
o. 4348
o.4724
o. 4964
o. s490

4.7818
o. 0806
o.1086
o. 09 17
o.31 l4
o. oo9 r
o.1755
o. 3435
o.4108

Max I mum

17.4187
17 .02A6
29. t6 t6
45.O477
64.5301
81.9154
91.o847
95.Ot90
96.5241

o. ooo4
o. oo 17
o. oo43
o. oo89
o. o .l67

o. 0300
o. 0544
o. l067
o. 2700

o. ooo2
o.ool I
o. oo29
o. oo59
o.ol l1
o. 0200
o. 0363
o.07 1'l
o.1800

o. oo37
o. oo83
o. ol43
o.0222
o. 0333
o. 0500
o.o77a
o.1333
o. 3000

o. oo25
o. 0056
o. oo95
o.o148
o.0222
o. 0333
o. os 19
o. 0889
o. 2000

98 .8978
94.7623
98.5888
98.3586
98 . 0388
97 .5642
96.7866
95.2790
91. tOt9

97 .8408
97 .5775
97 .24 10
96 . 7958
96. r795
95.269s
93.7906
90.9664
a3 .4297

98.5548
98 .3771
98. 1495
97 .4478
97.42A4
96.8060
95.7862
93 .8098
aa .34 12

98 .6983
98.5380
98.3326
98 . 0601

97.6811
97. r 180
96. 1940
94 . 3976
89. 3896

99.9630
99.9583
99.9524
99.9445
99 .9334
99.9167
99 .8890
99 .8336
99.66?7

9753
9_7 22
9683
9630
9556
9445
9260
8890
7782

a7
96
97
98
98

o.l
o.2
o.3
o.4
o.5
o.6
o.7
o.8
o.9

o.1
o.2
o.3
o.4
o.5
o.6
o.7
o.8
o.9

935
714
476
357
244
231
189
151
't 10

5000
sooo
sooo
5000
5000
5000
5000
5000
5000

9939
254 1

753 I
6f53
2695

o.t
o.2
o.3
o.4
o.5
o.6
o.7
o.8
o.9

\o
\o

1 .4998
1 .4992
1.4944
1 .4938
t .4878
1.4A74
1.4A74
1.4A77
1.4758

137 6
1 154
770
578
461
378
312
252
188

5000
5000
5000
5000
5000
5000
sooo
5000
5000

sooo
5000
5000
sooo
5000

5000
5000
5000
sooo
sooo
5000
sooo
sooo
sooo

97 .6933
96 .9730
97.5033

97 . 2599
85.9719
95 . 5586
77 .0423

66.Or6f
87. r r58
95 .9510
97.5876
99 .2423
99 . 0529
98.7375
98. t068
97 .4542

l5t5
I 140
33 15
2727
257 1

4296
4703
6923
8569

8.5055
3 . 0606
5.2422
8. 1346

12.0633
17.2194

8.6291
3.Ot38
5.1607
8.O131

I l.89JO
t7.o131
23. tOOl
29 .4533
34 .96'44

1532.5000
r 308 . 5000
872 .5000
655.5000

o. ooo2
o.oo10
o. 0026
o. oos3

o. oloo
o. o .l80

o.0327
o. 0640
o.1620

o. oo22
o. ooso
o. 0086
o. o 133

o. 0200
o. 0300
o . 0467
o. 0800
o.1800

56.3060
15.5343
36 .6433
35. 5 105

33 .457 t
o. 0954
6.8636
I .79 t6

60.6926
5r. r490
35 .485 I

5 . 0348
o.462r)

o.2377
o. o 169
I .9353

22 .9950
63 .5839
54 .7149
40. r490
11 .7546
o. oo38

5. t344
o. 08 ro
o.1408
o.loo4

99.2632
99.1721
99. 0554
98 .9002
98.6840

99.3366
99.2544
99. l49t
99 . OO92

98.814I
98.5234
98 . 0439
97. rO30
94 .417 1

98.9208
98 .6557
98.218 t
97.3581
94 .8926

99 .9778
99.9750
99.9714
99 .9667

99.9600
99 .9500
99 .9334
99.9001
99.8004

9798
9773
97 40

9.9448
23.4315
33.3919
66.3755
76.4969
70.74AO
G'.t.2701
43 . 0934
40.2907

75.7663
91.7164
95.0821
98 . 4987
99 . 0746
98.8435
98.4583
97. 7013
97 .6003

I
3
5
I

12

19.4339
t5.9896
27 .3324
42.2476
61.'t909
79 .4204
90. o576
94.7672
96.5862

17
23
29
34

98 .3622
97.8318
96.7933
93.8438

oo
99
99
99

99
99
99
99
99

99
99
99

I .4980
'I .4996
'I .4984
I .4997

1 .4999
1 .4996
I .4984
r .4969
1.4a74
1 .4878
't.4878
1.4874
1.4816

19.7
l5 .6
26.4
4l .4

733
868
762
s29

1.4878
1.4A74
1.4878
'l .4474
1 .4760

523
424
354
284
215

78.5r36
73.2447
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Chapter V

CONCTUDTNG REMARKS AND RECOMMENDATIONS FOR
FURTHER WORK"

Concludinq Remarks.

rn the present thesis, we have provided an MEp approach
to obtain approximate operating characteristics for two unit
paralleled redundant systems when the repair time distribu-
tion is either Gamma and weiburl. These results are ob-
tained when the onry information is availabre in the form of
first moment (or first two moments) of repair time distribu-
tion. rt has been shown that MEp provides a very good ap-
proximation Lo the operating characteristics of this system"

rn case of single server queueing systemsr îr€ have shown

that the use of Renyi's entropy in obtaining performance

distribution consistently provide better results. our anaf-
ysis assumes Lhat the only available information is in the
form of the first moment of service time distribution. our
results are valid f or 0"0 -< lo . 1.0, in contrast to the re-
sults obtained by shore which are valid only under right
load condition P. 0"1 and when the information available is
in the form of first four moments of service time distribu-
tíon.
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Reeommen dat ions f or Furt- r Work"

1" In the present thesis, the repair time distribution
for a two unit paralleled redundant system is consid-

er to be either Weibull or Gamma. It is proposed

t.hat t.he information theoretic approximation of oper-

ating characteristics be obtained when the repair
time distributions are such as tog-normal, Laplace

and Beta "

2. we have used Shannon's measure for obtaining the,ap-
proximation of operating characteristics of the above

system. It is proposed that Renyi's measure and the

ParameLric meâsure should also be applied.
3. This thesis deal-s with two unit paralleled redundant

systems" It will be interesting to obtain the ap-

proximate operating characteristics of multi-unit re-
dundant systems"

4" In single service queueing systems, to obtain the in-
formation-theoretic approximation for performance

distributionsr wê assumed the information is avail-
able in the form of first moment only, It is pro-
posed that the results be extended when the informa-

tion is avaílabte in the form of first two or more

momenLs "

5. In single server gueueing systemsr wê have used three

entropy models, namely Shannnon's, Renyins and para-
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6

metric. It is proposed that the measure given by Xa_Bur (1961) Ue also used to obtained the approximateperformance distributions. Kapur,s measure may givemore general resurts since it is characterized by twoBarameters as compared to Renyi, s and parametríc
which have only one parameter each.
In case prior information is available¡ then it isproposed that Èhe Minimum Cross Enropy (Shore , 1gg1)concept be appried to the problems dealt in this the*sis and proposed in 1 _ S above"
rt is proposed that Ir{Ep be applied to obtain the ap-proximate performance distribution of mul_ti_serverqueueing systems.

7"
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Appendix A

DERIVAT]ON OF Hr r 1(X) FUNTION"

In this appendix the probability dístribution Hr r 1 (x) is
obtained using shannon's measure of uncertainty and the only
information is available in the form o.f first moment"

eonsider 3

MaxSs
oo

Í
Þ

f(x) lnf (x) dx

(A1 )

subject to
æ

I
ö

oo

f(x) dx 1

(az )

I x f (x)
ô

dx = flti

(ag )

where m1 is the known mean service time.

The Langrangían equation of above system is i

r(É(x), Too xtl =

( zo-1 )

L f(x)lnf(x) dx
¿o

t{f(x)dx-11
ao

7tI t xf (x)dx -mr lë

where 7ot 7t are Langrangian multipliers"

1 (zo-1)at/at (x') lnf(x)
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In f (x) -7o 'l tx

f(x) exp(-7o-7rx)

(a¿ )

using (a2) and (ee), we have

ao

I
o

f (x) dx
aa

=1 =l
è

exp(-7o-7rx) dx

oo
1 exp(-7o) { "*O(-zt*) dx

aÃP(-Ú,x)
1

âoä .o[)(-r") [ Y, o

1 Trexp(-zo)

7t exp( -7o )

(es )

Now, using (ag) and (aa), and get

æ
Ix
ö

f (x) dx Íì1
æ

= [ x exp(-?o-7rx) dx

Ill 1 exp( -To)
æ
I
ð

x exp( *7 tx) dx

Ietu=x idv exp( -7 tx) dx

and

du dx iv=-7t exp(-7rx)

fIl 1 exp( -?o ) l- x exp( -z r x) dx

exp(-7o) [-x exp(-ryr x)/t,
oo(1/t 

') { exp(-zr x) dx lI
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= exp(-7o) [ exp(-tr xl/(ttl2]

rn1 = exp(-7tl/7rz
(A6 )

substituting (eS) in (e6),

fIì1 = 'f t/lt2 = 1/1,

or

7 t = 1/^'t

(az )

From (a¿),

f(x) = exp(_7o_7rx)

= TrexP(-frx)

(1/rntl exp( -x/mt)
(as )
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Appendix B

DERTVATION OF HI I2(X) FUNCTTON"

In this appendix the probability distribution Hr r2(x) is
obtained using Shannon's measure of uncertainty and the only

information is available in the form of first two moments.

Consider 3

Max S
oo

I
Þ

f(x) lnf(x) dx

(st )

subject bo

oo

I
è

a0
j

at

ao

I
Þ

t x dx 1

ß2)

xf(x)dx lIl 1

(83)

x2f(x)dx III 2

(n¿)

The Langrangían equation of above system ís

øê

)= I
ò

f(x)lnf(x) dx

ao

(yo-1)t¿ f(x)dx -11

dD

ttl!, xf (x) dx

r(f (x), 'yot 7t, Tz
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tzl
0¿

J
o

x2f (x) dx mzl

then o

drldf ( x ) 1 lnf(x) ( ro-1 ) "l tx ^l zx2 0

lnf(x) -7o 71x 7 zx2

f(x) exp( -to-1'. tx-^tzxz)

(ss)

using (sZ) wirh (sS), vre have

dx=1fo exp (-lo-l tx-l zx2)

(na)

or

&
1/a(t tt z) f exp(-lrx-tzx2)dx

Þ

where

1/n(t tt z) exp(ro)

(6"1)

Then, (n5) ean be written as 3

Hr r 2(t) À( Z r, ?z )exp (-7 1x-7 2x2)

(nz)

Using (eg) to obtaín A(yt ,Tz),

exp( ro )
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I
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exp ( *7 12<-7 2x2 ) dx
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Since we need

aSSUme 'Y z >

distribution,

the distribution to be in a proper forms w€

¡ so that the function is a truncated normal

Î.low,

*Ç[ x'" ft ^Õ
+

Yrt . *¿tj'J
t-, t

äô

I
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4Yr jI /x(t t ¡72) x ) xz.6

- ö!

.e **
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ÀL
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x=& g= ôÕ

(r

* ò';
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y,

J \ T ) yrI/a(tt,tz)
Þ

(BB)

Àgain, let

7 zzz (1 /2) yz

then

Y2=2T zzz 1e "
y=z ,f2Ç2

z=7 t / (2t ,'l ; then y= t t /{21 z
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272d2 = dy

dz = ðy/t272
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þ (tr/ITîi) is a standard Normal densiry, func-
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Therefore,
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t/e(tt ¡72) = M[ tr/JTíî]UIr,

where M[zr / Zlil is known as MilI's ratio"

or

A(t t ,tzl = /2î1/ul,t r/ ãrS

= uEl; n(t)
(810 )

where g(t) is the inverse function of I'liII's ratio and

E=71/fiÇ

Equating (ng) to (810)¡ wê have
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/'r" ' B(t )

(810"1)

Thus o A(Tt,Tz) is known,

using (810"1) and (86.1),

exp(-7o) =ET, B(t)
(811 )

From (s6),

exp( zo )
æ
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Taking derivatíve w"r"t" 7, 3
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It has been shown by Barrow & Cohen (1954) ttrat
function f'(t) is a continuous and monotonicaly

creasing from 0 to 1 as t increases from -coto oo

the

in-

If ç2 4 ßr

GZZ ) and

and (816).

determine.

2 r ll€

we can

Using

can derive a unique

also determine 1' tt
(nlO) ttre value of

value of t from

tz by using (ne)

A(t r ,t zl can be

if 62=m12, the system gives L=4, lz=O and it is a de-
generate case, the t,runcated normaÌ distribution re-
duces to an exponential distribution.

I f 6 2t*1 'r wê can not f ind a value of t, .f t t "y 2., and

therefore no maximum entropy solution of the form (sz)

ex i sts.
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Àppendix C

PROCEDURE OF FINDING HII2(X) r'UNCrrON.

From Àppendix E, vre have

Ir,1 fIì 1 1/u + s(t t\ /to

and

Itt2 d2/ds2 h,, (o)

g" (0) 29' (t r) /to + 2s(t,) /to,

To obtain the Hr r 2(t), we need to following procedure

1) For given values of Irrl, l.¡r2 and

and 7t ensure that F(t) value exists.
the condition 1.l.l2 <

parameters ct ô t 7ot

That is, it satisfies

2) If lr.r2 <

tio (n(x) ) is given by 3

satisfied, then Mill's ra-

B(x) = C,/mt,

= mz/mt2 - 1

= Irt2/(l .r,t)2 1

The vaLues of B(x),

by using APPendix J"

for a given value of x I can be determine

Since X t t l[4]¡
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and

1r l l B'(x)/ts(x) [îlz)

Therefore,

7z (1/2)[n' (x)/tn(x)t r,r' ] I 2

and

x [627t

Therefore,

A(tr,7z) =.1-llz B(x)

and the value of Hr.,2(x) can be obtained using the following
expres s I on

I
Htr2(x) I A(tt t7z)exp( -71x-72x2) dx

o
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Àppendix D

DERIVÀTION OF LI I 1 ÀND LI T 
2
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Appendix E

DERMTION OF Lo z 1 ÀND L6 2 
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Appendix F

DERIVÀTION OF Loor ÀND Loo2
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Append i x

DERIVATION OF C.D.F. OF

G

RENYI'S ENTROPY.

In this appendix the cumulative distribut-ion function, F

(y), is obtained using Renyi's measure of uncertainty and

the only information is available in the form of first mo-

ment' rt is assumed that the given system is continuous

distribution over range (0,-¡ and J f(x) dx = 1.

x¿ A1
Max Ho,

.l ln J f (x) dx
1-a t

o

(cl )

subject to
æ

I
o

f X dx 1

(c2)

cn

I x f (x) dx =
Ò

fTì 1

(c: )

where fiì1 is the mean service time distribution"

The tangrangian equation of above system is

L(f (x), 7o, ?r)

4
I

Ò

:{, oo

1/(1-ø,) [ tn f (x) dx l 7o( I.f.(x) dx 1

ôo

I x f (x)
o

7r (

1 5.1

dx mr )



where 7o, lt are Langrangian multipliers.
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DERIVÀTION OF C

Appendix H

.D.F. OF PÀRAMETRIC ENTROPY.

':':'

In this appendix the cumurative distribution function, F

(y), is obtained using Parametric entropy of uncertainty and

the onry information is avairable in the form of first mo-

ment. It is assumed that the system given system is a con-

tinuous distriUution over range (0, ).

Max Fo(L ilc*r ,t-{c*r d >c + I
d*

^
f.,' * (,!*l) l^( t+ c.{cr">) òx \

(ul )

subject to

06

J f (x) dx

(uz )

oo

I x f (x) dx
b

1"lì 1

(u: )

whe re r"rì 1 i s the known mean se rv i ce t ime .

The Langrangian equation of above system is
o0

L(f (x), 7ot 1t) J, \cx¡ \,. t*) dx + i, \:'-a'Ço') \^ ( r-{,{ø))Jx
4(f, A

\ r" ( t
\ ¡*) À zr r) 11 tJ"* þrà*- )o
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Àppendix I

EXÀMINING OF SHANNON'S ENTROPY AS A SPECIÀL CASE
OF RENYI'S AND PÀRAMETRIC ENTROPY.

Renvi' s Entropv ( H.(, )

Ìt1o* H ""t ,a t
l" ln'.o ) J x

lt- {,
{ c-¡ dx (r,)(ì

o

We- won\ lo <ko"..-r *t"\ as (, {e-^ås {" )

H d, l¿^às fs S (Sho,..,on'* Ë^-\-o\:)
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0.459147t3

0.00000004
0.00000006
0.0000001 1

0.00000020
0.00000035
0.00000059
0.00000100
0.00000 r 6B
0.00000279
0.00000458
0.00000743
0.00001195
0.0000 1 90 1

0.00002994
0.00004665
0.00007193
0.0001097s
0.00016570
0.00024757
0.00036s99
0.00053536
0.00077483
0.00 I 1 0956
0.00157204
0.00220357
0.00305586
0.00419248
0.00569020
0.00764002
0.01014764
0.01333321
0.01733018
0.02228302
0.02834376
0.03s66733
0.04440s66
0.0547009s
0.06667837
0.08043867
0.0960sr 19
0. I 1 354805
0.13291977
0. 1541 1 305
0.17703069
0.201s3399
0 .227 4q7 22
0. 254 56398
0.28265493
0.31147625
0 -34077827
0.37031371
0.39984s01
0.42915054
o.qseozg¡z
0-{8630437

0.0000002 1

0.00000037
0.0000006s
0.000001 I I
0.00000 r 88
0.000003 1 5
0.00000523
0.00000859
0.0000 1 396
0.00002244
0.00003s68
0.00005612
0.00008731
0.000r3434
0.00020444
0.00030769
0.00045795
0.00067401
0.00098087
0.00r41135
0.00200773
0.00282349
0.00392502
0.00539305
0.00732356
0.00982797
0.01303212
0.01707386
0.02209879
0.02825407
0.03568014
0.04450056
0.05481038
0.06666377
0.08006196
0.09494275
0. 1 1 1 17290
0. 12854470
0.14677783
0. r 65s2692
0.18439481
0.20295078
0 -22075233
0 .231 36862
0.25240345
0.26s51576
0 .27 64357 4
0.28497546
0.29103350
0.294s9361
0.29571817
0.294s3765
o.2912J737
0.28604300
0 " 27920600

0.02177778
0 .0287 27 38
0.02972651
0.03077869
0.03t88774
0.03305783
0.03429352
0.03559979
0.03698214
0.038445s5
0.03999968
0.04r64877
0.04340188
0.04526787
0.04125657
0.04937881
0.0s164664
0.05407336
0.05667372
0.05946404
0.06246236
0.06568858
0.06916461
0.0729't444
0.07696430
0.08 1 34252
0.08608009
0.09 I 20956
0.0967658 1

0.10278537
0. 1 0930602
0.11636631
0. 1 2400490
0 .1 322597 0
0. 141 16699
0. 1 5076032
0.16r06942
0.1721r900
0. r I 392750
0.196s0547
0.2098586 1

0 .22397 7 90
0.238848s8
0.25444487
0.27073100
0.28766146
0.305t8167
0.32322881
0.34173303
0.36061881
0.37980644
0.3992r361
0.41875704
0.43835403
0.45792387

Àppendix J

VALUES OF INVERSE MILL'S RÀTIO F'UNCTION

nr (e'cl) sr r (B({l) ncx ( F'trt)

( cont I nued )
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VÀLUES OF INVERSE MILL'S RÀTIO FUNCTION

T s (ettr)

0. s09 1 604 3
0. s6 1 88270
0.61722085
0.675073 1 7
0.73s33174
0.79788455
0 .862617 47
0.9294 1 58{
0. 998 1 6596
1.06875616
1.14107776
1 .21502575
1 .29049933
1.36740226
1 .44564309
1 . s251 3526
1.60579716
1 .68755201
1 .77032782
.t .85405719
1 .9386771 5
2.02412897
2. 1 1 03s791
2.19731301
2.28494690
2.37321552
2.46201793
2.55149613
2.64143481
2.73t86118
2.8227 4478
2.91405733
3.00s772s6
3.09786505
3.19031512
3.28309853
3.37619697
3.469591 84
3.s6326624
3.65720430
3.75139124
3.84581326
3.94045749
4.03531191
4.1 3035529
4.225607 1 I
4.32102755
4.41661740
4.51236803
4.60827137
4.70431981
4 .80050624
4.89682398
4 .9932667 2
5.089828s6

0.51 382456
0.54046525
0.566 t 2783
0.59073843
0.61 424595
0.63661 976
0.65784714
0.67793064
0.69688sso
0.71473727
0.731519s8
0 .7 4727 21 3
0.76203899
0.77586713
0. 78880s 1 6
0.8009023 1

0.81220764
0.82276938
0.83263442
0. B4 1 84799
0.8s045337
0.858491 73
0.8660020s
0.87302105
0.87958322
0.8857208s
0.89146409
0.89684t03
0.90187780
0.90559865
0.91102513
0.91518107
0.91 908278
0 .9227 4915
0.92619670
0.92944073
0.93249s36
0.93s37366
0.93808771
0.94064867
0.94306688
0.94535189
0.9475 I 253
0.94955697
0.9s149280
0.95332702
0.95s06614
0.95671618
0 .9s82827 3
0 -95977097
0.96118s73
0.96253 1 4B
0.9638 1 238
0.96s03230
0.96619484

.21099012

.26 I 65954

.25 t 46930

.24065784

.22944194

.21801360

.20653869

. 1 9s1 5698

.r8398316

.17310866

.1 6260389

.15252072

.1 4289499

. 1 3374897

.12509372

.11693114

. r 0925589

. 1 0205698

.09531919

.08902427

.08315183

.077 68024

.07 2587 1 6

.067850 1 3

.06344689

.05935572

.05sss560

.05202644

.04874907

. 04 57054 1

.0 4287 B4 1

.04025210

.037811s5

.0355{287
0.03343313
0.03147034
0.02964341
0.02794207
0.0263s684
0.02487896
0.023s0036
0.02221360
0.02101182
0.01988872
0.01883846
0.0 1 785s69
0.01693s49
0.01607329
0.01s25493
0.0 1 4s0653
0.013794s5
0.01 31 2570
0.01249697
0.01 | 90556
0.01r34891

0.47738920
0.49667710
0.51571998
0.53445633
0.552831 r8
0. s7079635
0. s883 1 060
0.60533952
0.62 I 8s535
0.5378 3660
0.65326772
0.668 I 3857
0.6824439s
0.695 1 8302
0.70935885
0.72197781
0.7340491 5
0.74558447
0.75559733
0.7671 0285
0.77711733
0.78665794
0 .7957 4247
0.8043890s
0.81261597
0.82044149
0.82788372
0.83496044
0.84 1 68909
0.84808660
0.854 1 6942
0.8599534 1

0.8654s383
0.87068s33
0.87566192
0.88039702
0.88490336
0.88919312
0.89327782
0 .897 1 6842
0.90087531
0.90440831
o.90777674
0.91098938
0.91405457
0.91698014
0.91977351
0.92244168
0.92499126
0 .927 42846
0.9297s916
0.93 1 9BB9 |
0.93412294
0.93616616
0.93812321

nr (rJc;) nr r (e't+i) 
".n 

( ttt-rl)
-0.5
-0.4
-0. 3
-0.2
-0. I
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
'I .0
1.1
1.2
1.3
1.4
1.5
r.5
1.1
1.8
t.9
2.0
2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9
3.0
3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
4.0
4.1
4.2
4.3
4.4
{.5
4.6
4.7
4.8
4.9

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0

( cont .t nued )
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VÀLUES OF INVERSE MILL'S RÀTIO FUNCTION

T s (sL'tr) 81 (B'e)) sl r (B'(i) rcx (Fc'rt)

.:.

lt:

,il

l:l

'l:,
..:
aa

,ij
t'l
:.r:

::,..

5.0
5.1
5.2
s.3
5.4
5.5
s.6
5.7
s.8
s.9
6.0
6.1
6.2
6.3
6.4
6.5
6.6
6.7
6.8
6.9

5. r86s0393
5.28328758
5. 380 1 7457
5.477 16024
5.57424019
5 .67 14'1027
5. 75866656
5. I 660 053 4
5.96342312
6.0609 1 657
5. 1 5848256
6.2s6 1 1 809
6.3s382020
6.45158633
6.54941 402
6 .647 30222
6 .7 452451 1

6.84323899
6.94 1 29806
7.03939148

0.96730336
0.'96836098
0.96937062
0.9703350 1

0 .97 125667
0.97213798
0.97298 1 1 5
0.97378824
0 .97 456122
0.97530 1 90
0.9760 I 208
0.97669323
0.9773459 I
0.97797231
0 .978s7 428
0.97916241
0 .97 97 1 387
0.98021862
0.98079 1 9B
0.98123121

0.01082462
0.0 1 0330s2
0.00986455
0.00942486
0.00900972
0.00861749
0.0082466s
0.00789s70
0.00756361
0.00724914
0.00695 1 7 1

0.006669s8
0.006395s4
0.00613370
0.00588682
0.00s71901
0.00546372
0.00s03683
0.0052554 1

0.00465{44

0.93999851
0.9417961 4

0.94352011
0.94517398
0.94676113
0.94828505
0.94974908
0.951 1 s678
0.95250950
0.95381016
0. 955057 7 3
0.95625917
0.9574582 I
0.9s862s19
0.95973797
0.96034873
0.96160388
0.964 1 25s9
0.96207781
0.965970 1 I
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