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ABSTRACT

This thesis deals with an information theoretic approach

in obtaining the approximation of :

i) the first passage time distribution to a certain state

j for two-unit paralleled redundant systems; and

ii) The performance distribution of a single server sys-

tems,

The raison d'etre of redundancy and repair maintenance is
to improve/maintain the reliability/availability of a sys-
tem. When a operating component fails, a stand-by component
is put into operation, and a redundant configuration contin-
ue to function. Failure of an 'operating component thus
causes a stand-by component to be more susceptible to fail-
ure because the latter component is now under-load. Examples
of these two-unit paralleled redundant system can be found
in various industries (Hanley & Kumamoto, Chapter 8). Abun-
dant literature dealing with multi-unit repairable systems
is available, for example Osaki & Nakagawa (1976), Lie et.
al. (1977), and Reddy & Grosh (1984) have compiled detailed
bibliographies of papers concerning multi-unit repairable

systems. Most of the papers included in these bibliogra-




phies obtained Laplace-Stieltjes (L-S) transforms of the

quantities , such as the reliability and availability of the

system in (0,t]. In order to obtain above quantities, in-

versions of the L-S transforms are required. Generally, it

is mathematically difficult to obtaining the inversion of

these L-S transforms; therefore, approximation methods are

desirable. The objective of this thesis, in this part, 1is

to approximate the first passage time distribution of two

unit paralleled redundant systems using the Maximum Entropy

Principle (MEP) when the information is available in the

form of first (or first two) moment(s) of the repair time

distribution, It has been shown that the MEP provides a

very good approximation for first passage time distribution

for the above two unit system when the repair time distribu-

tion is either Gamma or Weibull. It has also been shown

that the percentage inaccuracy reduces to 1less than 1% as t

2 40 for the first passage time distribution.

It has been demonstrated by Shore (1982) that an approxi-

mation of a single server queueing system can be obtained

using Shannon's entropy when the information is available in

the form of the first four moments of the service time dis-

tribution. Shore's results are only applicable under light

load conditions, that is for P< 0.1, Our results are

equally applicable‘for heavy load conditions, that is 0.0 <

f< 1.0, as well as light load condition. In this thesis, we

- consider models in which we apply two other measures of en-




tropy known as Renyi's (1961) Parametric (1967). It has

been shown that Renyi's entropy consistantly provides a bet-

ter approximation to busy period distribution and waiting

distribution than those obtained using the Shannon or Para-

metric models. Parametric entropy provides a better approx-

imation than Shannon's but inferior to those obtained using

Renyi's model., Our results are obtained under the assump-

tion that the only information available is in the form of

first moment of service time distribution. This assumption

is more plausible than Shore's because the available infor-

mation rarely extend beyond the first two moments.

Finally, the concluding remarks and recommendations for

further research are provided.
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Chapter I

INTRODUCTION

A great break-through in Information Sciences was provid-

ed by Shannon (1948). He proposed

n

S = -k Z p, (x) 1np; (x)

=

as a measure of information or uncertainty for any probabil-

ity density function p; (x) .

The corresponding case for a continuous random variable x
over (0,%) and probability density function (p.d.f.) £(x) is

given as follows :
-
S = -k f £(x) 1lnf(x) dx
(4
where k is an arbitrary constant.

Jaynes (1957) while interpreting entropy, stated :

"Just as in applied statistics the crux of a problem is
often. the divising of some method of sampling that
avoids bias, our problem is that of finding a probabil-
ity assignment which avoids bias, while agreeing with
whatever information is given. The great advance pro-
vided by information theory lies in the discovery that
there is a unigue unambiguous criterion for the 'amount
of uncertainty' represented by a discrete probability
distribution, which agrees with our intuitive notions
that a broad distribution represents more uncertainty
than does a sharply peaked one, and satisfies all other
conditions which make it reasonable.".




However, the above statement of Jaynes is equally applicable

in case of continuous probability distribution.

Since the pioneering works of Shannon and Jaynes, the
concept of entropy has been applied in wide range of appli-
cations in the area of business and economics (Herni-
ter(1973), Bass(1974), KRapur, Bector & Kumar(1984), Arizo-
ni(1984), Theil(1969)), behaviour sciences (Shore(1979 a,b),
Ramakrishna(1973), Takatsuji(1975), Dyner(1984)), computer
modelling (Ferdinard(1970)), system simulation (Chan(1971)),
production line decision making (Tribus & Fitts(1968)),
stock ~market analysis (Cozzolio & Zahn (1973)), entropy
spectral analysis (Shore(1981)), insurance (Berliner &
Lev(1984)), and physical = engineering sciences (Tri-
~bus(1962)). Kapur (1983) and Tribus (1979) provided de-
tailed bibliographies dealing with this concept. The justi-
fication for the use of this concept has been provided by
several authors, such as Good (1963), Shore & Johnson

(1980), Clough (1964), Thomas (1979) and Kapur (1983),

In the present thesis, applications of entropy to the re-
pairable éystems and single server queueing systems have
been studied. The present chapter provides (i)-notations &
lsymbols, used in this thesis, (ii) wvarious definitions and
basic concepts of maximum entropy principle, (iii) an over-
view of, the problems considered in the thesis, (iv) an
overviéw of the repairable systems and single server queue-

ing systems, and (v) summary of the thesis.




1.1 NOTATIONS AND SYMBOLS

Symbols Definitions

B(t)=B(T)=B(x) Inverse function of Mill's ratio.
B'(t) First derivative of B(t).,

b; ith moment of busy period duration.
c,;i=1,2 Langrangian multipliers of Parametric
entropy.

C. D. F, Cumulative distribution function

f(x) Continuous probability density function.

fb(t) p.d.f. for busy period.
F(t) C.D.F. for waiting time.
F(t) C.D.F. for residence time.
G(z)=G(y)=G(t) Repair time distribution.
G(t) 1 - G(t)

g(s) Laplace-Stieltjes transform G(t).

g'(s) First derivative of g(s).
g''(0) Second derivative of g(s) at s=0.
Iy kth moment of service time.

Hq First passage time distribution from
i=0,1; j=0;1,2° state i to j.

Hﬁ“ Information-theoretic approximation to Hd
k=1,2; i=0,1¢ when the first k moments are specified.

hij L-S transform of H:: (x).

X




I
iniodn

k

Qig(t)

i=0,1; 3j=0,1,2.

Q125(t)
q12,(t)
R

He,

r,

{0, 1, 2, «... }

Independent identically distributed.
Arbitrary constant.
Laplace-Stieltjes Transform.

kth moment of HU around zero,

Value of Mill's ratio.,

ith moment of the system.

Maximum Entropy Principle.

ith disérete probability density func-
tion,

Probability density function

Probabilify distribution function.
Parametric measure of entropy

The probabiiity that after making a
transition into state i the process next
makes transition into state j in (0,t].
The recurrence time transition probabil-
ity for state 1 via state 2.

;J’(t)

L-S transform of Q12:(t).

1/(a-1)

L-S transform of Q

Renyi's measure of entropy of order g,

ith moment of residence service time,




Shannon's measure of entropy.

L-S transform variable.

Random variables.

Inverse value of Mill's ratio.

First moment of waiting time in queue.
Average service rate in queue,

Average arrival rate in queue.

Lagrangian multipliers of Shannon's en-
tropy.

Gamma distribution parameter

Renyi's entropy parameter.

Parametric measure parameter.

Failu:e rate of the system in state i,

Queueing system's utility factor.

Stieltjes Convolution,




1.2 DEFINITIONS AND THE BASIC CONCEPTS

This section is devoted to definitions and basic concepts

of some technical terms used in this thesis.

Cumulative distribution function (C.D.F.), F(x). It is the

probability that a component has failed by time x and is

given by :

i

F(x) prob ( X < x )

n

I £(u) du.

Survivor Function. Survivor function, ~ (x), is defined as a

probability that a component has not failed up to time x,

prob ( X > x )

F (x)

1 - F(x)

o
J £(u) du.
%

Entropy. Entropy is a measure of the uncertainty of or lack
of information about a system. Shannon (1949) provided the

following expression for the measure of entropy of a system
2

S = -k ﬁ p; (x) 1n p: (x)

where k is an arbitrary constant and P(x) = (p (x), p,(x),

soesy Dalx)) is the discrete probability distribution.




Maximum Entropy Principle (MEP).  MEP states that by

maximizing entropy subject to given constraints one can ob-
tain the wunbiased encoding of one's information concerning

the system.

Stochastic Process. A Stochastic Process is a collection of

random variables that are all defined on the same probabili-

ty space and indexed by a real parameter.

Reliability., Reliability is a probability that the system
will operate for a given time t under a given environment

and conditions.

Availability. Availability is a probability thaf the system
will be available for use (operable condition) at any arbi-

trary instant time under the given condition.

Regenerative Process. A stochastic process { ¥Y(t); t>0 } is

a regenerative process if there exist an epoch, say si, such
that the continuation of the process beyond s; is a prob-

ability replica of the process beginning at time zero.

Renewal Process. Suppose that we have a population of com-

ponents and their failure time, T, 1is a continuous random
variable with p.d.f. f(x). We start with a new component at
time zero. This component fails at time Ty. Let it be re-
placed immediately by a new component with failure-time T,.
Thenlthe second failure will occur after a total time T+Ts.

The failure-time of rth component used is T, , and the rth

failure occurs at time Sy, where




S\" = T1+T2+ounou- +T'Pt

1£f {Ty, T2, ...., T+ } are independant identically distrib-
uted (i.i.d.) random variables, all with p.d.f. £f(x), we

call this system an (ordinary) renewal process.

Poisson Process of rate N, If the above distribution is ex-

ponential with p.d.f. Aexp(-ix).

Two other processes namely modified renewal process and
equilibrium process differ slightly from the ordinary renew-

al process.

The Modified Renewal Process. The modified renewal process

is a process in which T, have p.d.f. f;(x) and T,, Ta,
csesssss have the same p.d.f; f(x). That is we have all the
conditions for an ordinary renewal process, except that the
time from the origin to the -first failure has a different

distribution from the other failute-rate.

The Eguilibrium renewal process. The equilibrium renewal

process is a modified renewal process, where T, =F (x)/u,
with F(x) being the survivor function and u being the mean

failure time.

Markovian Renewal Process (MRP)., Let the (X,Y)-process be

any two-dimensional stochastic process {(X,, Yn); néI} such

that for all i, j&S.

Pr{Y():k}:.aKFkéS, (aKZO,ZaK‘=1).




and

Pr { You= 3, Xa< X |Yo, KXoy veev, Kooty Ya= i}

= Pr {Ymi=j, X< x |Ya =i } = Qi (x) ; x 20
Let us define the functions

Uw (£) =7 1 if ¥ =k, Xo* veoee * Xpnu1 £ t, nel

0 otherwise
for k&¢I and t 2 0, and
°

€
N (t) = Z U, (t) ; kes, t20,
ne

Then the process {(N (t); k&S); t> 0} is called a Markovian

Renewal Process.

M/M/1 _Queueing System. M/M/1 is a queueing system in which

the arrival and service rate distribution are Poisson, and

the system has only one server to provides services.

M/G/1 Queueing System. M/G/1 is a queueing system in which

an arrival rate of the system is poisson distributed, ser-
vice time distribution is general, and there is only one

server available in the system.

G/G/1 Queueing System. G/G/1 is a queueing system with gen-
eral distribution of arrival and service rate and with only

one server.,




Residence Time. Residence time is the total time a customer

spends in the system.

Waiting Time. Waiting time is the interval period of time

between the arrival time and the time at which service be-

gins.

Busy Period. If the system is empty and a customer arrives
at time t;, and if t, is the next time at which the system
is empty, then the period between t; and t, is known as a

busy period of the system.

First Passagde Time, The first passage time from state i to

state j is the elapsed time from the epoch at which the pro-

cess makes a transition into state j.




1.3 MAXIMUM ENTROPY PRINCIPLE

The Maximum Entropy Principle (MEP) is based on the an-
cient role of wisdom that one should acknowlegde the 1imita—>
tions of one's knowledge, that one should use only the
knowledge one has and completely avoid any knowledge whﬁch
is not available. Therefore, according to MEP when partial
information about a random variable 1is provided, we should
choose a probability distribution which is consistent with
the given information but has otherwise maximum uncertainty

associated with it.

Generally, the available information is in the form of
moments of an associated random variable. This information
rarely extends beyond the fifst two moments (Thomas(1979)).
In other words, we wish to find a distribution that maxim-
izes the entropy of the system, subject to a set of first
moment constraints reflecting the known information about x.
This involves solving a maximization problem using one of

the following models :

1.3.1 Shannon's Entropy

S
MAX $: § = - & f(x) 1Inf(x) dx

(1035151)

subject to




(1.3.1.2)

where (a,b) are known.

1f in (1.3.1.2), r=1 and (a,b) = (0,%) then the solution

to (1.3.1.2) is given as (Appendix A) :

£(x) = 1/my; expl-x/my] , x20, m;20
(1.3.1.3)

On the other hand if in (1.3.1.2), r=2 and (a,b) = (0,»),

then (refer to Appendix B for the detail derivation) :

£(x) = A(yy,72) exp [-vix - v2x2 1
(1.3.1.4)

where

Aly1,v2) = Y(2v1) B(x)
TV 27£

<
1}

[ B'(x)]2 .
2{ B(x) m, }2

2
N
1]

(1.3.1.5)

and

B(x) is the inverse function of Mill's ratio,

- 12 -




B'(x) is the first derivative of B(x),

T 1is the value of Mill's ratio which is determined by

usings:

{mz(m1)“2} - 1= F(T)

(1.3.1.6)
where 2m2 2 m»

The selected values of F(T) and corresponding values are

provided in Table 2.16.

For the cases where 2m;2 < mz, the MEP solution does not

exist for (1.3.1.2), Dowson & Wragg (1973).

1.3.2 Renyi's Entropy

MAX s Hy = _1 in {fa £ (x) dx
b 1-a, (k) ax

subject to
b .
& x' f(x) dx = m,

i E(x) ax = 1
a
(1@3.231)




where (a,b) are known.

b
If in (1.3.2.1), r=1 , [ f(x)dx =1 and (a,b) = (0,29) then
a
solution to (1.3.2.1) is given as (Appendix G) :

1/(1_0-1)

£(x) (E + F x)

(1.3.2.2)

aq 1+ 1/R

In (1.3.2,1), as a; tends to 1, Renyi's entropy gives Shan-

non's entropy (refer to Appedix I for detail).




1.3.3 Parametric Entropy

b
MAX : B, = - [ f(x) Inf(x) dx

—~T

+ 1/(1.2 J

A,

1+ay; £(x))ln(1+a, £(x))dx -1

subject to

(1.3.3.1)

where (a,b) is known.

If r=1 in ¥1.3.3.1) and (a,b)=(0,) then the solution to

(1.3.3.1) is as follows (Appendix H) :

£(x)

exp(-ci-cox)
1 - a; exp(-cqi-cax)

(1030302)

1/m1

Ca2

exp(-cy) = _1-exp(-a,/m;)
. Q2




in (1.3.3.1), as a2 tends to 0, Parametric entropy gives

shannon's entropy (Appendix I).




1.4 OVERVIEW OF THE PROBLEMS

This thesis deals with two problems :

1) Two Unit Paralleled Redundant System.

In the study of stochastic behavior of two unit paralleled

redundant system with repair maintenance and under the as-

sumptions that (i) the failure time distribution is expo-

nential, and (ii) the repair time distribution is Gamma or

Weibull, it is of interest to know the following :

a) what 1is the mean first passage time to a certain

state j; and

b) what is the limiting probability that the process

will be in a certain state j.

where state j (j=0,1,2) corresponds to the number of units

under repair,

The method to determine the exact values of the first

passage time distribution involves the inversion of L-§

transforms as given in Nagakawa & Osaki (1975), General-

ly, the process of inversion of these L-S transforms is

cumbersome, Therefore, approximate solutions are desira-

ble. The purpose of this study is to use the Maximum En-—

tropy Principle (MEP) to obtain the approximate first pas-—

sage time distribution.




2) Single Server Queueing Systems.

In single server queueing system,

knowing the following :

i) Busy period distribution ;-

proximate value of distributions

His results are only valid for 1i

form of the first four moments of

i's model and the Parametric model

load condition ( 0.0 < P < 1,0 ).

ii) Waiting time distribution; and

iii) Residence time distribution.

Shore (1982) has provided a method to obtain the ap-

0.1 ) and also when the available information 1is in the

bution. In this thesis, we improve the results obtained

by Shore by using two other entropy measures, namely Reny-

are valid not only for light 1load but equally for heavy

one is interested in

using Shannon's entropy.

ght load conditions (pP<

the service time distri-

. The results obtained




1.5 REPAIRABLE SYSTEMS

An equipment may be wunreliable due to various reasons

such as infant mortalities, random failures, and wear-out.

High reliability of each component of an equipment does not

ensure high system reliability. There are several methods

of improving system reliability. These include (i) intro-

duction of redundancy -- which means more wunits are avail-

able for performing the system functions than required, and

(ii) repair and maintenance.

There are two major types of redundancies: paralleled re-

dundancy and stand-by redundancy. A paralleled redundant
system with n components is one in which all the components
operate simultaneously but the system operation requires at

least one operable component. System failure occurs only

when all the components fail. A stand-by redundant system

with n components is one in which the components operate one

at a time and when an operating component fails, a unit from

the spares pool is switched on.

When the cost of a single wunit is considerable and/or

when the system is required to be wused for a long period of

time, it may be worthwhile to introduce a repair facility so

that the failed units may be repaired and put back into op-

eration. In one part of this thesis, we are mainly con-

cerned with systems in which there is one repair facility
and the system is comprised of two units operating as stand-

by redundant system.




.Reddy and Grosh (1984), Srinivasan and Subramanian (1980)

have compiled detailed bibliographies of the literature

dealing with this area. Initial attempts in the study of

2-unit systems can be found in Epstein & Hosford (1960),

where they discussed a system where both the failure and re-

pair time distributions are exponential. Gavar (1963) fur-

ther generalized the results of Epstein & Hosford. He as-

sumed the failure time distribution as exponential and

repair time distribution as general. He also derived the

availability of the system wusing the supplementary variable

techniques. Gnedenko (1970) and Buzacott (1971) have dis-

cussed several variation of such a system using renewal

theoretical approach. Srinivasan (1968) and Arora (1976)

have used Markov and Renewal processes to analyse two unit

systems. Barrow & Proschan (1965) provided a summary of

many related problems and discussed the possibility of anal-
ysis of such systems. Nakagwa & Osaki (1975) obtained of

such a system using a modified regeneration point technique.

The model proposed by Nakagwa & Osaki is described as fol-

lows :

Consider a paralleled system, consisting of two identical

units and a repair facility. Both units commence operation

at time t=0. Upon failure, a wunit is taken up for repair
provided that the repair facility is free. It is assumed
that the repair facility is always open, repairs are perfect

and the repair discipline is on First Come First Serve




(FCFS) basis. If the two units fail simultaneously, there
will be a queue until the repair faéility is free. It is
also assumed that the failure rates in state k (k=0,1) are &
, and are time independent. State k, where k (k= 0,1,2)
corresponds to the nuﬁber of inoperable units, that is the

number of units under repair or waiting for repair.

Let Qﬁ (t) denotes the mass function of the probability

that after making a transition into state i, the process

next makes a transition into state i, in an amount of time

less than or equal to t.

Using the Markov Renewal Process theory (MRP), one can ob-

tain :

" Qo1(t) =1 —Iexp(—Bot)
t
Qiolt) = { exp(-B1t)dG(t)
Qi12(t) = {t31exp(—31t)a(t)dt

1 - G6(t)

G(t)

G(t) is the arbitrary repair time distribution.

However, it is important to obtain the mass function qu(t)
explicitly because state 2 is not a regeneration point and
Q21(t) depends on the previous record of how long the repair

lasted.




Let Q12:(t) be the recurrence time distribution for state 1

via state 2 which has the mass function :

-}
012:(t) = § [1 - exp{ -84t} 1aG(t)
(1.5.2)

We define the Laplace-Stieltjes (LS) transform qij(S) and
g121(s) of the mass function ¢ G (t) and Q124(t) , respec—

tively, and obtain :

Qoi(s) = Bo/(s+Bo)
(1.5.3)
dio(s) = g(s¥B1)
(1.5.4)
giz2(s8) = B4[1-g(s+B,)1[s+B,]" 1
(1.5.5)
g12:(s) = g(s) - g(s+8;)
(1.5.6)

where g(s) is the L-S transform of G(t).

Now if we define Hii(t) and lﬂ be the first-passage time
distribution and the mean first-passage time from state i to

j, ( i=0,1; j=0,1,2), respectively.
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Let H11(t) be the recurrence time distribution for state 1

and we have :

Hi1(t) = Q10(t) * Qo1(t) + Q12,(t)

Taking the L-S transform on both sides of (1,5,3), (1.5.5),

(1.5.6) and (1.5.7) :

hiq(s) = g(s) - s g( s+ B8y ) (s + By )1

(1.5.8)

The mean first-passage time l;; is obtained from h;;:(s) 3

(d/ds) hyq(s) = g'(s) -

(s+Bo)[sg'(s+B4)+ g(s+B,) - sg(Bi+s)]l{s+Bo} "2

(d/ds)hyq(s)

=11

g'(0) _‘309(31)[30]_2

]

g'(0) - g(By) Bo~!

- 14y = =-(1/u ) - g(>31)_30




19 = 1/ﬁ + 9(61)30
(1.5.9)

o .
1/u = J t dG(t), the mean repair time.
[ -]

The first-passage time distribution Hi,(t) 1is given by

the renewal eguation

Hio(t) = Qi2(t) + Qio(t) * Qo1(t) * Hya(t)

(1.5.10)
Similarly,

Hio(t) = Qio(t) + Q12,(t) * Hyo(t)

(1.5.11)

Let us consider the first passage time distribution repre-

sented by Ho, (t) (j= 0, 2), then we have
3

Hoj (t) = Qoq1(t) * H,j(t) , 3 =0, 2.

(105312.)

Taking the L-S transforms on both sides of (1.5.10) -

(1.5.12), we have

hdo(s) = Bo gls+By) .
[s+Bo1[1-g(s)+g(s+B4)]

(1.5.13)

ho2(s) = _BoBi[1-g(s+B8:)]
[8+B;] [s+Bo(1-g(s+B:))]

(1.5.14)




The mean first-passage time are

''= =4 hoo(s=0)

ds

loo

1/60 + [ u g(B,)]""

-d ho2(s=0)
ds

lo2

1/31 + [30{1"9(31)}]_1

os

(1.5.15)

(1.5.16)




1.6 SINGLE SERVER QUEUEING SYSTEMS

Since the early development of the Theory of Queues by A.
K. Erlang in the study of telephone traffic problem, queue-
ing theory has had extensive applications in industry. Kle-
inrock (1976), Meantzs (1975) studied its applications to
performance modeling and analysis of computer systems. The
concept of queueing theory has been applied in wide range of
applications in the area of Data Processing (Krell & Arimi-
no(1982)), 1Inventory (Graves(1982), Steudel(1977)), Human
behaviour (Mckeown(1979), Gillian(1979)), Business & Econom-
ics (Brown(1979), Grassmann(1979), Aadiri & Yechiali(1974)),
Simulation (Huang & Clayton(1983), Rasmussen(1984),
"Adam(1983), Iglehart & Shedler(1974)), Comput—
er (Sockut(1978)) and Scheduling (Harrison(1975a,b)).

Consider the M/M/1 queueing system in which customers ar-
rive independently with exponentially distributed interarri-
val times at an average rate from an infinite customer
pool; . they {wait in an infinite capacity gqueue; they are
served independently by a single server with exponentially

distributed service times at an average rate u; and they re-

turn to the customer pool.

The probability density function for the M/M/1 queueing
system busy period length is given as follows (Klein-

rock(1975), pp 213-214)
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£ (x) = [xJAN/ul"" expl-(AMu)x] 1,(2x /Ny )
(1.6.1)

where I{ is the modified Bessel function of the first kind

(order one).

'In the M/M/1 queueing system, the corresponding cumula-
tive distribution function of residence time is given (Kle-

inrock(1975), p 202) as :

F(x) = 1 - exp(—u(1~p)x), x>0

(1.6.2)

Similarly, the cumulative distribution function of waiting

time can be written (Kleinrock(1975), p 203) as :

F (x) = 1 - Fexp(—u(1-f)x), x>0
(1.6.3)

_ Shore(1982) proposed a method to approximate the above
distributiéns (1.5.1, 1.5.2, 1.5.3) through the use of MEP,
However, his results are only good for light load condition,
P< 0.1, As this utility factor increases, the absolute per-
centage error increases exponentially. Shore's models and

formulations can be described as follows
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©
Consider the probability density f (x) for the length of

[<4]
the busy period. 1In general, the moments b = J dx x £ (x)

can be expressed in terms of F and the service time moments

gi1r 925 ecessseer Qe For b; the explicit formula is given

as (Kleinrock(1975), p 213) :

b; = gil1-B8g:]1""

where P = 7\91

1f g1 is known, then b; can be determined. Using (1.3.1.3),

. . b
the result of the maximum entropy solution for f (x) can be

written as @

f%x) = 1/b; exp(x/b;)

(1.6.5)

where bi=m;y

(1.6.5) provides a good light-load approximation of the busy

period in the case of M/M/1 queue.

The first moment r; of the residence time probability

density can be expressed in terms of the service time moment

1

g, by




For the M/M/1 system, this reduces to

(1.6.7)

Setting ri= my;, then (1.3.1.3) gives the exact»M/M/1 solu-

tion.,

Let £"(x) be the waiting time probability density with

moments w{ . Then w; can be expressed in terms of g, and

can be written as :

W‘] = °
2(1-p)
(1.6.8)
In the M/M/1 case, it becomes
W1 = (]
u(1- p)
P (1.6.9)
Similarly, by setting wi = m; in (1.3.1.3), we can obtain :
£(x) = (u/p) (1-Plexp(=u(1-£)x/0)
| (1.6.10)




The exact M/M/1 result reported by (Kleingrock(1975), p 203)
has the same mean w;, but (1.6.10) lacks the impulse term at
x=0 that results from the finite probability that the system

is ‘'empty when a customer arrives.




1.7 SUMMARY OF THE THESIS

In Chapter 2, the approximate first passage time distri-
butions of two unit redundant repairable systems are ob-
tained using Shannon's measure of entropy. The repair time
distribution for the two unit system 1is assumed to be gamma

distributed.

Chapter 3 provides the\first passage time distribution of
two unit fepair system when the repair time distribution is
given‘by the Weibull distribution. It is shown in Chapters
2 and 3 that MEP provides a very good approximation to the

actual first passage time distribution.

~Chapter 4 deals with the single server queueihg system.
In this chapter, we generalized the results obtained by
Shore by wusing two other entropy fmodels, namely Renyi's
model and the the Parametric model. It is shown 1in this
chapter that Renyi's entropy provide a consistently a better
approximation results for busy period distribution and wait-
ing time distribution than Parametric and Shannon's entropy.
However, Shannon's entropy does lead to an exact residence
time distribution. In this chapter, we also show the rela-
tionship between the mean service time, traffic intensity
and the optimum values of parameters values a;, in the case
of Renyi's measure, and ae;, in the case of Parametric meas-
ure, for busy period distribtuion, residence time distribu-

tion and waiting time distribution.




In Chapter 5, we provide concluding remarks and recommen-

dations for further research work.




Chapter I1
TWO UNIT PARALLELED REDUNDANT SYSTEM WITH GAMMA
REPAIR TIME DISTRIBUTION.

This chapter deals with the information-theorectic ap-
proach to obtain an approximation  of guantities, such as
first passage time and mean first passage time distribution,
for two unit paralleled redundant systems. The repair time
distribution of these systems is represented by the Gamma
distribution. The results obtained by Nakagawa & Osaki
(1975), with the application of a modified Markov Renewal
Process, are compared with the ones obtained by using the
Maximum Entropy Principle.. It is proved, empirically, that
Shannon's Entropy provides a very close approximation when
the information 1is available in the form of the first two
moments of repair time distribution. The details of the
Nakagawa and Osaki models are provided in section 1.5, and
the definitions and the notations used in this chapter are

provided in. section 1.3.

2.1 THE RECURRENCE TIME FOR STATE 1 : FIRST-PASSAGE TIME
(H,,(T)) AND THE MEAN FIRST-PASSAGE TIME (L)

In this section, we consider the recurrence first passage
time and mean first passage time for state 1. The System is
in the state 1 when only one unit is operable and the other

unit is being repaired or waiting for repair,
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Using (1.5.7),

Hi1(t) = Qyo(t) * Q01(t)‘+ 0:2,(t)

(2.1,1)

Combining (2.1,1) and (1.5.1), we can obtain :

t =P
Qio(t) * Qo1(t) = j @‘F% . AC\(%S) G

-]

~ s L=
e 3

).

+

= f giﬁﬂ . d Qtj)‘

]

ut

"'ﬁo"(." =%
- L e (‘33F:} AQ(%)

(2.1.2)

Assuming the repair time distribution G(y) is represented by

Gamma, then, g(y,8,%X), can be obtained as follows :

gly,8,%x) = exp(-yeo) y¥ 1
r
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t g b Ry She [y
[Py - el 0y




let z=(B+8)y ; dz = (B,+6)dy

when y=0, z=0 ; y=t , z=(B8,+6)t
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z=(6 +8,-Bo)y
then
dz = ( & +B81-B8p)dy

and y=0, z=0; y=t , z=(8+B81-Bo)t
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We know from (1.5.2),

+
= Nﬁ\
012,(t) & ( | — e H)

]

i

j AQ,<.3\ - S

From the Gamma distribution, we have

% t
S AG.&\J)

11
Ny
(0,
L
[0
C

+ <

o [

Let vy =2z then dy=dz

if y =0, z=0; y=t, z=t

From (2.1.5) ahd (2.1.7),

(2.1,7)




o, ((3.*?9)6 X 'ﬁbﬁ (_94«{;,*,99&

- o~ -
I @ . 2 I A _ 6 - Q. Q 2
O R

H11(t) =

(Rt @)™

5t i e 5 « (gﬁe)tg} .
A i - R @1,“7.
° [ C giro) T

" - Bt (Q-\*@.“ﬁb)‘t 2 o i
- b . e , J e °. ’S 1
(B (S.“ FDBK ) rzg S

(2.1.8)

Similarly,
Hoo(t) = Qo1(t) * Hyo(t)
(20109)

Qo1(t) * Hya(t)

Ho2(t)

(2.1.10)

It is evident from (2.1.9) and (2.1.10) that the values of
Hoo(t) and Hoz(t) cannot be obtained in a closed form. Let
Hy3'(t) denote as first-passage time distribution for MEP
solution when the only information available is in the form
of the first moment (1,4') and h;:'(t) as the density of

Hy ().
From (1.3.1.3), we have

hii1(t) = 1/.].111 exp(—x/l111)
— 38 —




where 1l:1' is the mean recurrence time of state 1,

0
Hi1'(t) = Ivh111(t) dx
= 1 - exp(—t/lH‘)
(2,1.11)

Rewriting (1.5.9),
1111 = 1/L1 + 9(31) /Bo

(2.1.12)
In the above (2.1.12), we need to determine g(B;). Since

g(B4) is L-S transform of G(t); therefore,

- g(By) Ijexp(-"my) aGc(y)

00 o~ o

i

( ° L(ate) "
o, T T Ay

The above expression can be rewritten to represent the com-

plete Gammé function,
o ) R
~{ r’l’@)‘j o) N QL
T A . +0) -
(gt 3% XD < ) g 4

9(31) =

5 ¥
&f,+e)°‘

i




substituting (2.1.11) in (2.1.9),
114" = 1/u + g(84) /8o

= 1/u + (8/8,+6)%/Bo

Similarly, if the information is available in the form of
first two moments (that is 1l44' and 1:7:%2), then using MEP

the distribution f(t) is given by (refer to section 1.3.1),

Hi12(t) = Alyi,72) exp [~yix - v2x2 ]
(2.1,14)

where v;, <Y are the Langrangian multipliers and can be de-
termined through the procedure given in Appendix C, From

Appendix D we can write 1;;2 as follows :

1;42 = g'"(0) - 29'(84)/Bo
+ 2 g(B4)/(Bo)?2
(2.1.15)

By selecting any combination of values of parameters « ,
Bo, Bi1, 6 , the exact value of H{;(t), (2,.1.8), <can be de-
termined. . The corresponding approximate distributions
(Hyy'(t) and Hy:2(t)) can be determined using (2.1.9) and

(2.1.12) respectively.

The detailed steps involved in determining Hi,2(t) are given

in Appendix C.




2.2 THE FIRST-PASSAGE TIME AND THE MEAN FIRST-PASSAGE TIME
FROM STATE 0 TO STATE 2, (Hgo(X) AND Lgo)

Let Hoz' (x) represents the first passage time from state 0
to 2 in the entropy formulation when the information 1is

available in the form of first i moments.

Let lo2 represents the mean first-passage time from state O

to state 2 for Hoz (x).
From appendix E, we have:

loa' = 1/B81 + {Bol[1-g(B,)1} 1

(2.2.1)

N
i

2g"(B1)[1-Bog' (B4)1{Bo[1-g(B4) ]2} 1
+ 2/B812 + 2g'(B4)/{B:[1-g(B4) 1}
+ 2[1-Bog"' (B1)12/{Bo[1-g(B1)1}2
+ 2[1-Bog' (B4)1/{B0B:[1-g(B81) 1}

1o

(2.2,2)

Proceeding in a similar fashion as section 2.1, we can ob-

tain ¢

it

Ho21(x) 1 - exp(—t/lo;g‘)

(2.2,.3)

and

Ho22(x) = A(yq{,72) exp [~71x - vy2x2 ]

(2.2.4)




2.3 THE RECURRENCE TIME FOR STATE 0 : FIRST-PASSAGE TIME
(Hoo (X) AND MEAN FIRST-PASSSAGE TIME (Lgo).

Let Hoo'{(x) represents the first recurrence passage time of
the system for state 0 in the entropy formulation when the

information is available in the form of first i moments.

Let loo represents the mean first recurrence time for

state 0 in Hpo (x).

From Appendix F, we have

1

i

1/B80 + 1/{ug(B84)}

loo

(2.3.1)

N
i

loo

2/B02 + 2/{Boug(B,)}

+ g''(0)/g(B84) - 2[~-g'(By)=-1/ul{ulg(B)]}""
(2.3.2)

Proceeding in a similar fashion as section 2.1, we can ob-

tain :

HOO‘(X) = eXp(“t/loo1)

and

Hoo%(x) = A(yi,72) exp [-y1t - 72t2 ]
(2.3.4)




2.4 MEASURE OF ACCURACY

In this chapter, the percentage difference between the
exact distribution and its approximétion is considered as a
measure of accuracy. In case of (2.1.7) and the entropy ap-
proximation (2.1.9 and 2.1.14), the measure of accuracy is
given as follows :

DIFFi1i ={Hy1(x) - H11i(x)l100, i=1, 2, x>0,
H11(X)

t

The absolute percentage difference between results obtained,
using MEP, when the information is provided in the form of
(i) first two moments and (ii) the only first moment is giv-

en as follows :

DIFF = (Hy12(x) = H{y"(x) 1| 100, x>0
’ H112(X)

As stated in section 2.1, the exact solution of Hpo(x) and
Ho2(x) cannot be obtained. Therefore, it is assumed that
the results obtained using MEP, when first two moments are
provided, will lead to a better aproximation of the actual

distribution than when only first moment is given.

The following expression is used as a relative measure of

accuracy for Hop'(t) 3 -

DIFFOi =|Hot 2{x) - Ho 1(x) 1100, 1i=0, 2, x>0
’ ) Ho 2(x)
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2.5 RESULTS AND ACCURACY

The exact distribution for the recurrence time of state 1
has been determined using (2.1.8). Similarly, the values of
Hii'(t) and H;:2(t) are computed using (2.1.11) and

(2.1.14). The measures of accuracy given in section 2.4 are

used. Table 2.1, 2.4, 2.7, 2.10 and 2.13 provide the values
of exact distributions Hy1(t), Hy41(t), H112(t), differences

DIFF111, DIFF211 and DIFF., For various values of parameters

(a, Bo, By, ©) of Gamma distribution and 1yy' and 1;;2, the
above distribution are computed. The corresponding figures
of these tables are given in Figure 2.1, 2.4, 2.7, 2.10 and
2,13, respectively. One can observe from these tables that,
depending upon the combination of parameters, the values of
DIFF111, DIFF211 and DIFF can’become insignificant. The
percentage differences between H;;(t) and H,;;2(t) also be-
come insignificant for values of t larger than 25 (Gupta
et.al., 1985). Therefore, we suggest that the consideration
of an MEP distribution on the basis of higher order moments
may not contribute any further significant information. The
exact solution of Hpo(t), [Ho2(t)], can not be obtained;
therefore, the differences between Hpo'(t) and Hpo?2(t)
[Ho2'(t) , Ho22(t)] are considered as a measure of accuracy.
The values of these differences, for various values of t are
provided in Tables 2.2, 2.5, 2.8, 2.11 and 2.14 [2.3, 2.6,
2.9, 2.12 and 2.15]. Once again itbcan be noted from these

tables that these differences become insignificant for val-




ues of t larger than 25. We justify the application for MEP
to approximate Hoo(t) and Ho,(t) on the basis of the results
obtained for Hy:(t) as its approximations become insignifi-—
cant; therefore, we assume that the differences between
Hoo(t), Ho2(t) and their approximations would also become

insignificant for values of t larger than 25.
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RESULTS OF

Liy!
1.5

H,(t) Hiy ' (t)

0.154818
0.399576
0.603527
0.747645
0.842568
0.502905
0.940517
0.963704
0.97790S
0.986570
0.991843
0.995049
0.996995
0.998177
0.998894
0.999329
0.999593
0.999753
0.999850
0.999%09
0.999945
0.999967

. 0.999980

0.999988
0.999993
0.999995
0.999997
0.999998
0.999999
0.999999

0.283469
0.486583
0.632121
0.736403
0.811124
0.864665
0.903028
0.930517
0.950213
0.964326
0.974438
0.981684
0.986876
0.990596
0.993262
0.995172
0.996541
0.997521
0.998224
0.998727
0.999088
0.999347
0.999532
0.999665
0.999760
0.999828
0.999877
0.999912
0.999937
0.999955

Hy(t)

L2 MEAN

3.5 !

Hyy 2(t)

0.205692
0.400835
0.572427
0.712273
0.817907
0.891861
0.939849
0.968710
0.984797
0.993108
0.997087
0.998853
0.999580
0.999857
0.999955
0.999987
0.999996
0.999999
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000

Table 2.1

VARI

prrritt

83.097874
21.774679
4.737187
1.503683
3.731871
4.235209
3.3986008
3.443758
2.831816
2.254631
1.754783
1.343078
1.014961
0.759447
0.563832
0.415993)
0.305372
0.223250
0.162665
0.118194
0.085686
0.062001
0.044792
0.032318
0.023292
0.016771
0.012067
0.008676
0.006235
0.004479

DIFF211

32.860250
0.315030
$.152933
4.731179
2.926922
1.223092

0.071017°

0.519396
0.704700
0.662724
0.528725
0.382366
0.259220
0.168272
0.106160
0.065786
0.040339
0.024593
0.014350
0.003076
0.005507
0.003340
0.002026
0.001229
0.000745
0.000452
0.000274
0.000166
0.000101
0.000061

DIFr

27.4376
17.6224
9.4433
3.27¢68
0.8362
3.1453
4.0775
4.1045
3.6396
2,9846
2.3243
1.7489
1.2872
0.9348
0.6738
0.4838
0.3468
0.2484
0.1779
0.1274
0.0913
0.0654
0.0468
0.0336
0.0240
0.0172
0.0123
0.0088
0:0063
0.0045
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MEAN

1

VAR1

1

RESULTS Of THE GAMMA DISTRIBUTION MODEL ~----Hg, (t)

Ho2'(t) Ho2?(t) orrro2

6.153518
0.283469
0.393463
0.486583
0.565402
0.632121
0.688537
0.736403
0.776870
0.81112¢
0.840120
0.864665
0.885441
0.903028
0.317915s
0.9305%7
0.5¢1184¢
0.950213
0.9578S6
0.9641326
0.969803
0.974438
0.978361
0.981684
0.9844¢35
C.986876
0.958691
0.33935396
C.539204¢
0.933262

0.133918
0.252740
0.357616
0.449689
0.530095
0.5939138
0.660284
0.712149
0.756488
0.794191
0.826082
0.85231¢
0.875370
0.894063
0.909541
0.922230
0.932735
0.9412¢6
0.948146
0.953709
0.958171
0.961731
0.864556
0.966785S
0.96853%
0.969903
0.970965
0.971786
0.3724147
G.372899

Table 2.3

12.7695
10.8403

g.1122
7.5821
6.2446
5.0912
4.1116
J.2835
2.6236
2.0876
1.6709
1.3590
1.1375
0.9928
0.9123
0.88¢1
0.8377
0.9436
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Hoo'(t) Hoo2(t)
0.153518 0.133915
0.283469 0.252740
0.3393469 0.357616
0.486583 0.449683
0.565402 0.53009S
0.632121 0.5993138
0.688597 0.660284¢
0.736403 0.712149
0.776870 3.756488
0.811124 0.794191
0.840120 0.826082
0.864665 0.852914
0.885441 0.875370
0.303028 0.894063
0.917915 0.9035¢1
0.930517 0.922230
0.94118¢ 0.932735
0.950213 0.9¢1246
0.957856 0.948146
0.964326 0.953709
0.569803 0.958171
0.974438 0.9617131
0.978363 0.964556
0.98168¢ 0.966789
0.984453¢6 0.968536
0.986876 0.9659303
0.988891 0.970965
0.990596 0.971786
0.952049 0.572417
0.993262 0.972855

Table 2.2

RESULTS Of THE GAMMA DISTRIBUTION MODEL ---- Hoo (t)

Loo' Loo? Neax VAR
3 1

DIrrog

12.7695
10.8403

9.1122
7.5821
6.2446
$.0912
{.1116
3.23935
2.6236
2.0876
1.6709
1.3590
1.1375S
0.9928
0.9123
0.8841
0.8977
0.5436
1.0137
1.1009
1.18935
1.3064¢1
1.4112
1.5177
t.6212
1.7199
1.8127
1.898%
1.378t
2.0%01




3

0.015984
. 0.083453
0.187802
0.303410
0.412951
0.508321
0.587507
0.651640
0.703073
0.744347
0.777731
0.805070
0.827789
0.846954
0.863352
0.877557
0.889991
0.900966
0.910717
0.919423
0.927225
0.934236
0.940549
0.946241
0.951379
0.956020
0.960214
0.964005
0.967434
15.0 0.970535
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4.22222

0.111678
0.21088¢
0.293%011
0.377296
0.446838
0.508614
0.563491
0.612240
0.655544¢
0.694012
0.728184
0.758540
0.785506
0.809460
0.830739
0.849642
0.866434
0.881350
0.894601
0.906372
0.916828
0.926t16
0.534367
0.941697
0.948208
0.953992
0.959130
0.963695
0.967749
0.971351

Lyy2
34. 1481

0.106968
0.203047
0.289283
0.366629
0.435950
0.498033
0.553594
0.603281
0.64768¢
0.68733S
0.722717
0.754267
0.782378
0.807409
0.823679
0.849480
0.867071
0.882689
0.896544¢
0.908827
0.919708
0.9291339
0.937859
0.945390
0.952042
0.957913
0.963091
0.967655
0.971674
0.975212

MEAN VARI

2 2

H‘|(t) H”‘(t) H1|z(t)DIFF1|‘

598.706931
152.697118
59.216526
24.351763
8.206208
0.057811t
4.087748
6.046346
6.760104
6.762218
6.370625
5.7793576
5.107912
4.426903
3.777421
3.180966
2.646904
2.177220
1.769623
1.419535
1.121341
0.869147
0.657214
0.480195
0.333244
0.212045
0.112806
0.032222
0.032568
0.084031

Table 2.4

DIFF211

569.236064
143.305918

54.036719

20.835965
5.569354
2.023878
5.772448
7.421128
7.878092
7.659305
7.073638
6.310431
S.485744
4.669124
3.900208
3.19%460
2.575263
2.028615
1.556219
1.152479
0.810762
0.524169
0.285991
0.089950
0.069679
0.198033
0.299667
0.378585
0.438287
0.481817

RESULTS OF THE GAMMA DISTRIBUTION MODEL ---- Hy 4 (t)

DIre

4.21792
3.71639
3.25331
2.82730
2.43688
2.08049
1.75650
1.46326
1.19904
0.96215
0.75085
0.56342
0.39817
0.25344
0.12761
0.01910
0.07359
0.15191
0.21725
0.27090
0.31410
0.34800
0.37368
0.39213
0.40427
0.41095.
0.41294
0.41094
0.40559
0.39745
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Hoo'(t)

0.651271
0.093912
0.146060
0.18938¢2
0.231379
0.270787
0.30817¢
0.34364¢
0.177296
0.409222
0.439512
0.4682¢8
0.495¢512
0.521377
0.545316
0.569197
0.591285
0.612240
0.632120
0.€650982
0.668876
0.685853
0.701960
0.717240
0.731137
0.745491
0.758540
0.770920
0.7326€5
2.75133808

Table 2.5

Loo?

MEAN
2

Hoo2(t)

0.030152
0.06065¢
0.091438
0.122435
0.153575
0.184786
0.215998
0.2¢7137
0.278133
0.308316
0.3339416
0.169567
0.39%130¢
0.42856¢
0.457231
0.485428
0.51292¢
0.539732
0.565809
0.591117
0.515621
0.639293
0.662108
0.€840¢7
0.705095
0.725242
0.7¢4481
0.7¢€2811
0.780213¢
0.796762

REZSULTS OF THE GAMMA DISTRIBUTION MHODEL --~=

VAR!

prrroo

41.1896
39.2929
37.3974
35.5072
33.6265
31.7596
29,9105
28,0815
26.2825
24,5115
22,7743
21.0746
19.4159
17.801¢
16.2342

14.7171.

13.2526
11.8430
10.4301
9.1962
7.861¢
6.7887
5.6772
4.6273
J.64¢10
2.71563
1.8519%
1.0518
0.3t102
0.3721

RESULTS OF THE GAMMA DISTRIBUTION MODEL ---- Hq,(t)
1 2
Loz Loz MEAN VARI
11 225.2 2 2
s .

T Hoa2'(t) Hoz? (t) preroz
0.5 0.044437 0.040872 8.02320
1.0 0.086899 0.080243 7.66007
1.5 0.127475 0.118161 7.30664
2.0 0.166247 0.154672 6.96287
2.5 0.203297 0.189821 6.62868
3.0 0.238700 0.223652 6.30400
3.5 0.272529 0.256208 5.98876
.0 0.304856 0.287531 5.68287
£.5 0.3357¢46 0.317662 5.3862%
5.0 0.36526¢4 0.34664¢0 5.09879
5.5 0.3934693 0.374503 4.82039
6.0 0.420422 0.401289 4.5509¢
6.9 0.446176, 0.42703¢ €,29033
7.0 0.470787 0.45177¢ 4.03843
1.5 0.494303 0.47554¢ J.21951¢
8.0 0.5167175 0.498376 J.S6031
8.5 0.538248 0.52030¢ 3.33381
3.0 0.558767 0.541358 J. 11881
3.5 0.57837¢ 0.561571 2,.50526
10.0 0.597110 0.580970 2.70292
10.5 0.615013 0.599586 2.508135
t1.0 0.632121 0.617447 2,32138
{1.5 0.648468 0.634573 2.14188
12.0 0.664083 0.651009 1.56968
12.5 0.679016°  0.666762 1.80¢63
13.0 0.693279 0.681864¢ 1.64657
13.5 0.706909 0.696319 1.4953¢
1¢.0 0.71991) 0.710209 1.35076

té.s 0.732379 0.723497 1.21269
5.0 C.24427¢ 0.73623¢ 1.08093
Table 2.6
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Hy,(t)

0.020292
0.105293
0.235758
0.379154
0.513606
0.628822
0.722164
0.795015
0.850421
0.831783
0.922239
0.944431
0.960469
0.971986
0.980213
0.986063
0.990208
0.993136
0.995198
0.996646
0.997662
0.998372
0.998868
0.999214
0.999455

RESULTS OF THE GAMMA DISTRIBUTION MODEL ---- H, ,(t)
Liv' L,y?2 HEAN  vaAR!

1.125 1.75 1 0.5

Hyo'(t)  H,,2(t) prerin DIFF211 pIFr

0.162872 0.073998 702.621934 264.657759 54.5667
0.2993216 0.161833 184.175617 53.69823¢ 45.9143
0.413354 0.260868 75.329680 10.650710 36.8899

0.508902 0.366936 34.220241 3.222571 27.8965
0.588888 0.474843 14.657531 7.547104 19.3661
0.655846 0.579122 4.297569 7.903706 11.6985
0.711899 0.674844 1.421354 6.552523 5.2052
0.758823 0.758308 4.552436 4.617173 0.0678
0.798103 0.827437 6.152005 2.702669 3.6754
0.830987 0.881825 6.817439 1.116692 6.1178
0.858514 0.922470 6.909796 0.025081 7.4496
0.881558 0.951323 6.657173 0.729848 7.9139
0.500849 0.370779 6.207427 1.073420 7.7627
0.916998 0.983241 $.657345 1.157891 7.2239
0.930517 0.990823 5.069364 1.082416 6.4810
0.941833 0.995205 4.485505 0.927065 5.6668
0.951307 0.997610 3.928602 0.747501 4.8673
0.959238 0.998865 J. 413247 0.576823 4.1311
0.965877 0.9939486 2.946250 0.430880 3.4797
0.971434 0.9993778 2.529672 0.314241 2.9177
0.976087 0.399909 2.162541 0.225232 2.4406
0.979982 0.999964 1.842053 0.159466 2.03391
0.983242 0.999987 1.564401 0.111954 1.7030
0.985972 0.9939995 1.325327 0.078152 1.4223

0.988256 0.999998 1.120496 0.054349 1.1882
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Loo' Loo?  HEAN VARI
38.5 1 0.5
Hoo'(t) Hooz(,t)
0.043471 0.041114
0.085053 0.080646
0.124827 0.118651
0.162872 0.155184
0.199263 0.190298
0.234072 0.224043
0.267368 0.256469
0.299216 0.28762¢
0.329680 0.317554
0.358820 0.346303
0.386693 0.373915
0.413354 0.400430
0.438856 0.425891
0.463250 0.450335
0.486583 0.473800
0.508902 0.496322
0.530250 0.517937
0.550671 0.538679
0.57G20¢ 0.558581
0.588888 0.577674
0.606759 £.595988
0.62385¢ 0.613554¢
0.640205 0.630400
0.655846 0.646553
0.670807 0.662040
Table 2.8

RESULTS OF THE GAMMA DISTRIBUTION MODEL ---- Hgo (t)

DIFFO0

5.42250
5.18180
€.94771
£.72017
4.49910
€.28443
4.07609
1.87400
3.67808
3.48823
3J.30439
3.12645
2.95433
2.78793
2.62716
2.47192
2.32211
2.17764
2.03840
1.50428
1.77520
1.65103
1.55168
1.41704
1.30700

Table 2.9

RESULTS OF THE GAMMA DISTRIBUTION MODEL ---- Hoz(t)
LOZ‘ L022 MEAN VARI1
1.16667 2.27778 1 0.5

T Hez'{t) Hoz22(t) obrrro2
0.2 0.157540 0.124659 20.8712
0.4 0.290260 0.240097 17.2823
0.6 0.402072 0.345849 13.9833
0.8 0.496270 0.441691 10.9978
1.0 0.575627 0.527619 8.3401
1.2 0.642483 - 0.603834 6.0155
1.4 0.6293806 0.670709 $.0207
1.6 0.7:6256 0.728759 2.3446
1.8 0.786231 0.778609 0.9693
2.0 0.813908 0.820359 0.1262
2.2 0.348279 0.856551 0.9751
2.4 0.872181 . 0.886141 1.6007
2.6 0.892318 0.910482 2.0357
2.8 0.909262 0.920287 2.3101
3.0 0.923574 0.5946230 2.4531
3.2 0.935614 0.958326 2.4916
3.4 0.945757 0.968928 2.4499
3.6 9.954303 0.976723 2.3494
3.8 0.961502 0.982733 2.2081
4.0 0.967567 ¢.987317 2.0412
4.2 0.972676 0.990776 1.8606
i.¢ 0.976981 0.993358 1.6763
4.6 0.9906C7 3.995285 1.4948
‘.8 0.983662 $.996658 1.3212
5.0 0.98€236 0.957€¢65 t.1502




RESULTS OF THE GAMMA DISTRIBUTION MODEL ---- K, ,(t )

Liv' Lit? 4ean vart

3.31201 152.04 5 10

Hyo(t) Hiy'(t) H,,2(¢) DIFEIN DIFF211 ptrr

0.116065 0.27542t 0.242026 137.298584 108.526104 12.1250
0.162627 0.313301 0.277622 92.649702 70.71067¢ 11.3880
0.212945 0.349200 0.311925 63.985719 46.481353 10.6743
0.265070 0.383222 0.344962 44.573910 30.139719 3.9840
0.317359 0.415466 0.376757 30.913696 18.716495 9.3170
0.368520 0.446025 0.407339 21.031440 10.533891 8.6734
0.417503 0.47498S5 0.436734 13.740847 4.581068 8.0532
0.463966 0.502432 0.464969 8.230762 0.216300 7.4563
0.507219 0.528444 0.492074 4.184518 2.986006 6.8825
0.547178 0.553096 0.518075 1.081471 $.318778 6.3318
0.583812 0.576459 0.543003 - 1.259439 6.990171 $.8038
6.617200 0.598601. 0.566884 3.013449 8.152237 5.2985
0.647499 0.619585 0.589750 4.310915 8.918710 4.815¢4
0.674911 0.639473 0.611628 5.250734 9.376410 4.3543
0.699665 0.658320 0.632548 $.909185 9.592745 3.9149
0.722000 0.676183 0.652538 6.345308 9.620792 3.4968
0.742183 0.693111 0.671623 6.608045 9.502808 3.0996
0.760351 0.709155 0.689845 6.733180 9.272717 2.7229
0.776805 0.724360 0.707220 6.751458 8.957915 2.3662
0.791713 0.738770 0.723779 6.687159 8.580602 2.0291
0.805250 0.752426 0.739551 6.559882 8.158795 1.7112
0.817575 0.765363 0.754563 6.385452 7.707100 1.4118
0.828829 0.77763S5S 0.768844 6.176636 7.237329 1.1305
0.839135S 0.789260 0.782418 5.943702 6.758989 0.8668
0.848604 0.800277 0.795314 5.694877 6.279675 0.6201
15.5 0.857328 0.810718 0.807557 $.436709 5.805401 0.38939
16.0 0.865392 0.820613 0.819172 S.174372 5.340868 0.17s6
16.5 0.872666 0.829991 0.83018S 4.911916 4.889686 0.0234
17.0 0.879812 0.838879 0.840620 4.652468 4.454570 0.2076
17.5 0.886284¢ 0.847302 0.850501 4.398402 4.037430 0.3775
18.0 0.892330 0.855285 0.8598S1 4.151484 3.639310 0.5338 -
18.5 0.897988 0.862650 0.868692 3.912986 3.262399 0.6771
19.0 0.903296 0.,870020 0.877048 3.683784 2.905725 0.8078
19.5 0.908282 0.875815 0.884940 J.464437 2.569929 0.9266
20.0 0.912975 0.883255 0.892388 3.255254 2.254899 1.0340
20.5 0.917397 0.889358 0.899413 - 3.056347 1.960320 1.1306
21.0 0.921570 0.895142 0.906935 2.867677 - 1.6385718 1.2169
21.5 0.925512 0.900€2¢ 0.912273 2.689089 1.430501 1.2934
22.0 0.929239 0.905819 0.91814¢4 27520340 1.193989 1.3606
22.5 0.932767 0.910743 0.923668 2.361126 0.975437 1.4192
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23.0 0.936107 0.915409 0.928861 2.211096 0.774059 1.4695
23.5 -0.939273 0.919831 0.933740 2.069872 0.589042 1.s5121
24.0 0.942275 0.924022 0.93832% 1.937057 0.419561 1.5475
24.5 0.945122 0.92799¢ 0.942620 1.812247 0.264790 1.5760

25.0 0.947825 0.931753 0.94665C 1.695036 ¢.123906 1.5982

Table 2.10
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2.5 0.5 0.1 0.2
RESULTS OF THEZ GAMMA DISTRIBUTION MODEL ---- Hgo(t )
Loo' Loo? HEAN VAR
21.59s5 699.166 s 10
T Hoo'(t) Hoo2(t) oprrroo

n.129700 0.077271 40.4237
0.149619 0.090438 39.5545
0.169082 0.103673 18.6849
0.188099 0.116969 37.8153
0.206681 0.130320 3J6.9462
0.2248137 0.143721 36.0179
0.242579 0.157165 35.2108
0.259914 0.170646 34.3453
0.276852 0.184157 33.4818
0.293403 0.197693 32.6207
0.309575 0.211247 31.76213
0.325376 0.224812 30.9071%
0.340816 0.2381383 30.055¢4,
0.3559013 0.251952. 29.2077
0.370645 0.265514 28.3643
0.385049 0.279062 27.5256
0.399123 0.292589 26.6319
0.412875 0.306030 25.86137
0.426313 0.319558 25.041¢
0.4394¢43 0.332387 24.2252

D A

L A A T Y'Y

.

WM e @®SOSVNEG L YN NWV A & W
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- - o -

. 0.452272 0.3¢6370 ° 23.41S6
13.5 0.464808 0.359702 22.6128
14.0 0.477057 0.372976 21.8173
14.5 0.489026 0.386186 21.029¢
19.0 0.500720 0.399328 20.2494
13.5 0.512147 0.412393 19.4776
16.0 0.523313 0.425378 168.7144
16.5 0.534223 0.438276 17.9600
17.0 0.544883 0.451082 17.2148
17.5 0.555299 0.463791 16.4791
18.0 0.565477 0.676357 15.7530
15.5 0.575422 0.4868856 15.0370
19.0 0.585139 0.501282 14.3312
19.5 0.59463¢ 0.513550 13.6359
20.0 0.603912 0.525697 12.951¢
20.5 0.612977 0.531717 12.2777
21.0 0.621815 0.549607 tt.etsy !
21.s 0.630490 0.561361 10.9642
22.0 0.638947 0.5729717 10.3247
22.5 0.647210 0.584451 9.6969
23.0 0.655285 0.5957718 $.0810
23.5 0.663174¢ 0.606956 8.4772

24,0 0.670883 0.611963 7.6855
2¢.5 0.678415 0.628850 7.3061
25.0 0.685776 0.639560 6.1392

Table 2.11




RESULTS OF THE CAMMA DISTRIBUTION MODEL ---- Hoz (t)

1
Loz

2
Loz HEAN

22.5809 939.185 S

4
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15.0
5.5
16.0
16.5
17.0
17.5
18.0
18.5
19.0
19.5
20.0

20.5

21.0
21.5
22.0
22.5
23.0
23.5
2¢.0
2¢.5
25.0

Hop'(t) Hoz®(t)
0.124408 0.113761

0.143583 0.131577
0.162338 0.149080
0.180682 0.166272
0.198625 0.183160
0.216174 0.199747

0.233339 0.216037
0.250129 0.232036
0.266550 0.247747
0.282612 0.263174
0.298323 0.278323
0.313689 0.293197
0.328719 0.307800
0.343¢13 0.322137
0.3571798 0.336211
0.371862 0.350026
0.385617 0.363587
0.399072 0.376837
0.412232 0.3839961
0.425103 0.402782
0.4376313 0.415364¢

0.450007 0.427710
0.462052 0.433825
0.473832 0.451712
0.485355 0.46337¢
0.496625 0.474816
0.507649 0.48604¢1
0.518431 0.437051
0.528977 0.507852
0.539232 0.518¢46
0.5¢9381 0.528836
0.5592¢9 0.539026
0.568902 0.549020
0.578342 0.558813
0.587576 0.568429
0.596608 0.577851
0.605442 0.5870873
0.614083 0.596145
0.62253¢ 0.60502¢
0.630800 0.613728
0.638885 0.622260
0.646793 0.630623
0.654528 0.638819
0.662094 0.646852
0.663494 0.654724

Table 2,12

VARI

10

DIFF02

8.55865
8.36158
8.16712
7.9752¢4
7.78594
7.59922
7.41507
7.23348
7.05445
6.87796
6.70400
6.53258
6.36367
6.13727
6.03336
5.87194
5.71293
5.55650
5.40245
5.2508¢
5.10165
€.95487
4.81048
4.66847
4.52883
4.39152
4.25656
€.12390
3.99355
1.86548
3.73967
3.61611
349473
3.37567
3.25875
J. 14401
3J.03142
2.92097
2.8126¢
2.70641
2.60226
2.50016
2.40011%
2.3C0208
2.20605




RESULTS OF THE GAMMA DISTRIBUTION MODEL --- - H,,(¢t)

2
Lyq! Lt MEAN VARI

0.898507 1.07802. 0.806452 0.260146

T Hyo(t) Hoo'(t) Hy,2(t) prertrg DIFF211 prer
0.2 0.024486 0.199558 0.080831 714.988035 230.111270 59.4950
0.4 0.143862 0.359293 0.188948 149.748977 31.339877 47.4112
0-6 0.323626 0.487151 0.31949¢ 50.525973 1.276864 34.4159
0.8 0.504496 0.5894%4 0.461791 16.848256 8.464761 21.6632
1.0 0.65527s5 0.67141¢ 0.601811 2.462951 8.159013 10.3666
1.2 0.768588 0.736986 0.726189 ¢ 111707 5.516567  1.4651
1.4 0.848532 0.789473 0.825925  .960116 2.664189  4.6173
1.6 0.902655 0.831485 0.898123 7.884448 0.50202s 8.0143
1.8 0.938274 0.865114 0.945302 7.797365  0.749040 9.2692
2.0 0.961243 0.892031 0.973134 7.200757 1.236457  9.0919
2.2 0.975849 0.913577 0.987955  ¢.3g81297 1.240523  8.1413
2.4 0.985027 0.930824 0.995080  s5.502746 1.020505  6.9031
2.6 0.990750 0.944628 0.99817] 4.655214 0.749060 S.6681
2.8 0.994297 0.955678 0.599352 3.884034¢ 0.511443 ¢.5731
3.0 0.996487 0.964523 0.999811 3.207643 0.333558 3.6586
3.2 0.997835 0.971603 0.999947 2.628913  0.211695 2.9173
3.4 0.998664¢ 0.977270 0.999987 . 2.142298 0.132448 2.3245
3.6 0.999174 0.981806 0.939997 1.738245  0.082388 1.8528
3.8 0.999488 0.985437 0.999999 1.405820 0.051213 1.4778
4.0 0.999681 0.988343 1.000000 1.134180  0.031903 1.{79s

Table 2.13
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Loo? MEAN
44.6085 0.806452
Hoo ' (t) Hoc)z(t)
0.040153 0.037237
0.07869¢ 0.073213
0.115687 0.107964
0.151199% 0.141528
0.185277 0.17394¢1
0.217991 0.205237
0.2491391 0.235450
0.2798531 0.264614¢
0.308460 0.292761
0.336227 0.319322
0.362880 0.346129
0.388462 0.371411
0.413017 0.395737
0.436586 0.419315S
0.459209 9.44199¢
0.480924 0.463860
0.50176¢ 0.4843918
0.521772 0.505255
0.54097¢ 0.524835
0.5594¢06 0.54370¢1
Table 2.14

RESULTS OF THE GAMMA DISTRIBUTION MODEL ---- Hgogo(t)

VAR

0.260146

DIFrQO

7.26148
6.96499
6.67574
6.39368
6.11877
5.85095
5.59016
5.33634
5.08942
4.84934¢
4.61603
4.38941
4.1634¢0
3.95591
3.74888
3.54820
3.35380
3. 16558
2.9834¢
2,80729
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2
Loz

1.49524

Hoz'(t)

0.19053¢
0.344765

0.469609

0.570667
0.652469
0.718686
0.772285
0.815673
0.850793
0.879222
0.902235
0.920062
0.935941
0.9481¢56
0.95802%
0.966023
0.972137
0.8717737
0.381373
0.9854¢13

Table 2.15

MEAN

0.806452

Hozz(ﬁ)

0.151885
0.289868
0.413148
0.521472
0.61507S
0.694630
0.761118
0.815771
0.859951
0.895074
0.922535
0.943651
0.9596153
0.97143¢
0.980180
0.986428
0.990848
0.993922
0.956026
0.997442

RESULTS OF THE GAMMA DISTRIBUTION MODEL ---- Heo(t)

VAR

0.260146

DIFFO02

20.2847
15.9230
12.0229
8.620S
5.7306
3.3471
1.4458
0.0121
1.0763
1.8028
2.2500
2.4747
2.5299
2.4625
2.3125
2.1122
1.88683
1.6554
1.4305
1.2207
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Chapter III

TWO UNIT PARALLELED REDUNDANT SYSTEM WITH
WEIBULL  REPAIR TIME DISTRIBUTION.

3.1 FIRST-PASSAGE TIME DISTRIBUTION AND THE MEAN FIRST-
PASSAGE TIME OF RECURRENCE TIME FOR STATE 1, H,,(T)

AND L. '

In this chapter, we compute the first passage time dis-
tribution and mean first passage time of two unit repairable
systems when the repair is characterize by the Weibull dis-
tribution. The result obtained by Nakagawa and Osaki are
compared with the results obtained by using MEP. From

(1.3.9), we obtain the actual value of H;;(t) :

His(t) = Qi0(t) * Qo (t) + Q1é1(t)
(3.1.1)

From (2.1.1), we have

. . o
Qio(t) * Qoi(t) f \ . A.C?;U%)

-]

_ A e wWi- By
| e

.4 Gwy

(o]

and alsb from (2.1.5)
& t
Q12:(t) = So dGeuwry - g

éGM. d Gew)

0
(3.1.3)




Therefore,

k -~ o({"‘ )' t .
Q‘ﬁ Y 3 d Giw)

4+
Hy1(t) = J A(;\QU\“) | ~

(3.1.4)

Now, given a Weibull density function :

~ox &

e~ .
X . <4 )
g (x, ¢, &) = ¢. 6. X

W
o

[ N ) » e >0 X
1 (3.1.5)

& + - .
J aG(t) o . 43(
©

n
Al
0]
X
I

1 - exp(-6t"), 20, ®>0, c>0

i

(3.1.6)

which is the Weibull probability distribution function.

Now,

€ ~flt-uy- A
J e " ﬁu. d &eu)




foz B

Now, let Hi; (t) denote the MEP distribution of H;:(t) when

(3.1.8)

first i moments are provided.
From (1.2.3), we have

h11 1(1:) = 1/1111 exp(—t/ln‘)
' (3.1.9)

where 1;;' is the mean recurrent passage time of state 1.

From (1.3.11), we have

H111(t) = 1 - exp(—t/lH‘)

from (1.5,9),

1111 = 1/u+g(81)80—1
(3.1.11)

[
g(Bi) = [ exp(~B84u) dG(u)

% ¢
jo Qx\!) (- F\L&) R G = IS\

o)

B

.Qx?(“eu“) cd y

(3.1.12)

[ o]
g’ (84) “cefo'exp(-B"u)-u('- exp(-®u") du

(3.1,13)

By selecting any combination of values of parameter ¢, 8o,

By,and & the exact value of Hy1(t) can be determined. The




corresponding approximate distributions of H;;'(t) and
Hi12(t) can be determined using (2.1.9) and (2.1.12) respec-

tively.




3.2 THE FIRST-PASSAGE TIME DISTRIBUTION AND THE MEAN
FIRST-PASSAGE TIME FROM STATE 0 TQO STATE2, Hgo,(T) AND

Loos

From (2.1.3), we have :

H021(t) = 1 - exp(-t/loz1)

(3.2.1)

and from Appendix E, we have

lo2' = 1/8y + 1/{Bog(B4)}
(3,2.2)

where g(B84) is given in (3.1.5),
Again from Appendix E,
lo2? = 29" (B4)/{8:[1-g(84)1} + 2/8,2
+ 2[1-Bog" (B1)/{BoB1(1-g(B4))

+ 2g°' (B1)[1-Bog' (B/41)1/{Bo[1-g(B,) ]2}
+ 2[1-Bog' (B4)12/{Bo[1-g(B4)1}2

(3.2.3)

From chapter 2 (2.1.14),

Ho22(t) = A(y1,72) exp [-71t - va2t2 ]
(253.4)

can be determined.




3.3 'THE FIRST-PASSAGE TIME TIME DISTRIBUTION AND THE MEAN
FIRST-PASSAGE TIME FROM THE RECURRENCE STATE 0, Hoo(T)

AND Loog.

The expressions for loo' and lpo? for Weibull repair time
distributions are obtained using similar procedure as given
in section 2.3, Appendix F provides the detailed deriva-

tions.

1

loo

1/80 + 1/{ug(B81)}
(3.3.1)

N
]

2/B% + 2/{Boug(B,)}

l-00

+.g''(0)/g(B84) - 2[~g'(81)-1/ul/{ulg(B,)]12}
(3.3.2)

Using (3.3.1) and (3.3.2) in (2.3.3) and (2.3.4), respec-

tively, we can obtain Hpo'(t) and Hoo2(t).




3.4 RESULTS AND ACCURACY

Since the exact distribution for the recurrence time of

state 1 could be determined using (2.1.7), the percentage

differences between this distribution and Hqi'(t) [H;:2(t)]
for vérious values of t are considered as a measure of accu-
racy. The values of these differences with respect to Hij
1(t) and Hy¢ 2(t) are given in Tables 3.1, 3.4, 3.7. After
a relatively short time, depending upén the combination of
parameters, these differences become insignificant. Simi-
larly, the percentage differences between Hi;'(t) and
Hi12(t) become insignificant for values of t latger than 45
(Gupta et. al., 1985). Therefore, as suggested in chapter
11, the consideration of MEP distribution on the basis of

higher order moments may not contribute any further signifi-

cant information. The exact solution of Hoo(t), [Ho2(t)],
can not obtained; therefore, the difference between Hpo'(t)
and Hoo2(t) [Ho2'(t), Ho22(t)] are considered as a measure
of accuracy. The values of these differences, for various
values of t are provided in Tables 3.2, 3.5 and 3.8 [3.3,
3.6 and 3.9]. Once again, it may be noted from these tables
that these differences become insignificant for values of t
larger than 45, We justify the application of the MEP to
approximation Hgoo(t) and Ho2(t) on the basis of the results
that the differences obtained for H;;(t) and its approxima-
tions become ihsignificant for t larger than 45; therefore,
we assume the differences between Hpoo(t), Hoz2(t) and their
approximation would also become insignificant for values of

t larger than 45.
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RESULTS OF WEIDULL DISTRIBUTION, H1I

B B .

0 1 MEAN  VAR! L1t
0.5 0.3 1 1 2 4 31111
EQ6 Hit1 H112 DIFF1

0.003047 0.031632 0.026179 938.275465
0.011435 0.062263 0.051866 444.500730
0.024166 0.091926 0.077063 280.395922
0.040391 0.120650 0.101773 198.707713
0.059390 0.148465 0.126001 149.982379
0.177766 0.274888 0.240025 $4.635005

0.526475 0.552274 0.5156178 4.900393
0.82517S 0.799542 0.794456 3J.106366
0.932571 0.910250 0.923881 2.393567
0.972518 0.959816 0.975482 1.306006
0.994818 0.991945 0.998342 0.288827
0.998922 0.998385 0.999937 0.053708
0.999766 0.999676 0.999999 0.008953
0.999948  0.999935 1.000000 0.001316
0.999989 0.959987 1.000000 0.000151
0.999999 0.999999 1.,000000 0.000005
Table 3.1

RES''.TS NF WEIBULL DISTRIBUTION, HOO
B 8 c
o 1

MEAN VARI1 L001
0.3 1 1 2 4 9.33339
T HOO1 HO02 DIFFOO0
0.1 0.010657 0.008582 19.4707
6.2 0.021200 0.017115 19.2705
0.3 0.031632 0.025599 19.0712
0.4 0.041951 0.034034 18.8728
0.5 0.052461 0.042420 18.6754
1.0 0.101602 0.083617 17.7017
2.5 0.234982 0.199916 14,9226
5.0 0.414747 0.369992 10.7908
7.5 0.552271 0.511895 7.3108
10.0 0.657479 0.628012 4.4818
15.0 0.799538 0.794540 0.6252
20.0 0.882679 0.894011 1.2838
25.0 0.931338 0.949001 1.8965
30.0 0.959815 0.977135 1.8045
35.0 0.976482 0.990457 1.4312
45.0 0.991944 0.998663 0.6773
Table 3.2

RESULTS OF WEIBULL DISTRIBUTION, HO2

8 8 C  MEAN VAR1 Lo2t
0.3 1 1 2 4 5.99998
T H021 H022 DIFF02
0.1 0.016529 0.014599 11.6749
0.2 -0.032784 0.029019 11.4833
0.3 6.048771 0.043262 11.2934
0.4 0.064493 0.057331 11.1052
0.5 0.079956 0.071226 10.9187
1.0 0.153519 0.138149 10.0119
2.5 '0.340761 0.315044 7.5467
5.0 0.565403 0.541284 4.2658
7.5 0.713497 0.699703 1.9332
10.0 0.811126 0.807868 0.4016
15.0 0.917916 0.926629 0.9492
20.0 0.964327 0.974485 1.0534
25.0 0.984496 0.991928 0.7548
30.0 0.993562 0.997679 . 0.4446
35.0 0.997072 0.999394 0.2329
45.0 0.999447 0.999970 0.0522
Table 3.3

- 69 -~

7.20985
DIFF2

759.299009
353.573759
218.892051
151.972702
112.157343

35.022989

2,050745
3.722664
0.931819
0.304798
0.354213
0.101665
0.023292
0.005172
0.001150
0.000057

voo

63.112

Vo2

129.333
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RESULTS

c MEAN VART
1 1.6667 2.7778
HOO H002
0.153970 0.013355
0.030558 0.026566
0.045485 0.039634
0.060182 0.052559
0.074653 0.065345
0.143732 0.127192
0.321541 0.293025
0.539693 0.511231
0.687701 0.669639
0.788118  0.781747
0.853246 0.859095
0.902469 0.911119
0.990488 0.996590
0.997985 0.999760
Table 3.5

< MEAN VAR
1 1.6667 2.7778
HO021 H022
0.023528 0.020015
0.046503 0.039720
0.068937 0.059199
0.090844 0.078213
0.112234 0.097006
0.211872 0.186546
0.448569 0.413847
0.695924 0.676679
0.832323 0.832374
0.307538 0.918400
0.949013 0.962734
0.971884 0.984046
0.999210 0.999980
0.999927 1.000000
Table 3.6

OF WEIBULL

0 8 8 C  MEAN VAR

0.6 0.5 1 1 1.6667 2.771178
T EQ6 H111 H112

0.1 0.004189 0.040535 0.028867
0.2 0.015613 0.079427 0.057446
0.3 0.032771 0.116742 0.085717
0.4 0.054406 0.152545 0.113659
0.5 0.079470 0.186896 0.141254
1.0 0.230479 0.338862 0.273428
2.5 0.630585 0.644590 0.599237
5.0 0.905622 0.873684 0.893447
7.5 0.976066 0.955106 0.981828
10.90 0.993846 0.984044 0.998053
12.5 0.998394 0.994329 0.999871
15.0 0.999575 0.997985 0.999995
30.0 1.000000 0.999996 1.000000
40.0 1.000000 1.000000 1.000000

Table 3.4
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DISTRIBUTION, HII

Lt

2.41667
DIFF1

B867.714538
408.716352
256.236628
180.383479
135.178743
47.025351
2.220953
J.526709
2.147458
0.986259
0.407134
0.159107
0.000388
0.000000

RESULTS OF WEIBULL DISTRIBUTION, HOO

L0Oot

6.44444
DIFF00

13.2663
13.0645
12.8643
12.6657
12.4687
11.5079
8.8687
5.2739
2.6264
0.8083
0.3326
0.9584
0.6161
0.1779

RESULTS OF WEIBULL DISTRIBUTION, H02

Lo21

1.2
DIFFO02

14.9335
14,5860
14.2426
13.9033
13.5680
11.9538
7.7406
2.7654
0.0061
1.1969
1.4458
1.2513
0.0767
0.0073

vii

3.65276
DIFF2

589.167463
267.935410
161.563569
108.91005S
77.747460
18.634500
4.497124
1.344436
0.590237
0.423293
0.147909
0.041999
0.000000
0.000000

voo

33.0124

vo2

13.64
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RESULTS OF WEIBULL DISTRIBUTION, HI!t

VARI1

1.08796 1.6523

H111

0.060631
0.117587
0.171089
0.221347
0.258558
0.464992
0.790637
0.956167
0.990823
0.998079
0.999598
0.999955
0.999982
0.999996

H112
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Table 3.7

MEAN VAR1
1.08796 1.6523
HO21 H022

0.030315 0.027318
0.063585 0.054069
0.093845 0.080259
0.123127 0.105894
0.151463 0.130980
0.279985 0.24839¢
0.560100 0.527607
0.806488 0.802542
0.914874 0.927206
0.962553 0.976393
0.983527 0.993279
0.994782 . 0.999072
0.996912 0.999634
0.998598 0.999930

MEAN VAR1
1.08796 1.6523
HOO1 H002
0.031446 0.030396
0.061904 0.059902
0.091403 0.088544
0.119975 0.116345
0.147649 0.143329
0.273497 0.266780
0.550124 0.542775
0.797611 0.795640
0.908950 0.910715
0.959039 0.961870
0.981573 0.984084
0.993977 0.995492
0.996270 0.997410
0.998322 0.998991
Table 3.8

Table 3.9
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0.000082
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0.1524
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3.0443
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PARAMETERS OF WEIBULL DISTRIBUTION AND
CORRESPONDING MEAN AND VARIANCE OF THE

SYSTEM

Repair Time (1) (1) (1)

8 BO Bl C Mean Var. L‘ll Vll LOZ V02 LOO VOO

1 1 1 4 0.9064 | 0.0646 1.0923 | 0.3534 1.7286 | 2.1925 || 5.8752 | 21.9694

1 0.5 2.0 | 1.0 1.0000 | 1.0000 1.6667 | 2.3333 3.4999 10.249? ; 5.0000 - | 17.0003
0.5 | 0.3 1.0 | 1.0 || 2.0000 - | 4.0000 3.1111 | 7.2008 5.99995 29.33335; 9.3334? 63.1120
0.6 | 0.5 1.0 | 1.0 1.6667 | 2.7778 3.4167 - | 3.6528 ?E 4.20005 13.649§f§ 6.444;5 33,0124
1.0 ; 1.0 2.0? 2.0 :wb.8862 | 0.2146 L12ss | o.4847 1.81955 2.4674;3 4.6603? 14,3914
1.0 | 1.0 1.0 o.ss?gy 1.5879 . | 1.6523 1.5988 | 1.7595 : 3.0443§ 7.0931?5 3.12982 9.1781
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Chapter 1V
INFORMATION THEORETIC APPROXi MATION FOR SINGLE
SERVER QUEUEING SYSTEMS.

In this chapter, we consider gueueing systems in which
the customers arrive with independent, exponentially or gen-
erally distributed inter-arrival times at an average rate (A
) from an infinite capacity pool} they wait in an infinite
capacity queue; they are served independently by a single
server with exponentially or generally distributed service
times at an average rate u; and they return to the customer

pool.

Shore (1982) applied MEP in determining the approximate
performance distribﬁtions such as queueing length, busy
period length, numbers served during busy period and waiting
time distribution of a single server gueueing systems. He
provided the approximate values of performance distributions
under the assumption that the information is available in
the form of moments of up to 4th order, However, in most
real life situations, the information available in the form
of moments rarely extend beyond first two moments (Thomas,

1979).

Shore used Shannon's (1948) measure of entropy in obtain-

ing the approximate performance distributions. Shore's re-




sults are appropriate approximation of true results (that is
percentage error < 15%), under the assumption that the only
first moment is provided, when the traffic intensity Pr is
less than 0.1. However, as f> approaéhes 1, the percentage
error increases exponentially. In this chapter, we propose
the application of two other measures of entropy, Parametric
(Rapur, 1983) and Renyi (1963), to approximate performance
distributions of a single server gqueue system when only the
first moment is provided. These measures of entropy were
explained in‘section 1.3. We will show that the results ob-
tained by the application of these measures are consistently
better than those obtained by Shore using Shannon's entfo—
py. Furthermore, in this chapter, we will deal with the re-
lationship between the first moment and the value of the pa-
rameter a,, in the case of Renyi, and parameter az, in the
case of Parametric, under various values of traffic intensi-

tYO

4,1 SINGLE SERVER QUEUING. MODEL

In M/M/1, the p.d.f. of busy period length is given as
(Kleinrock (1975), pp 213-214) :

fb(x) = [x-JXJh]’1 expl-(A+u)x] I,(2xfX u )
(4.1.1)

The corresponding C.D.F. of residence time is given as (Kle-

inrock (1975), p202) :

Fl(x) = 1 - exp(-u(1-p)x), x>0
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(4.1.2)

Similarly, the corresponding C.D.F. of waiting time can be

written as (Rleinrock (1975), p203) :

FY(x) i - Pexp(—u(1—P)x), x>0

(4.1.3)

Using the two Renyi and Parametric measures of entropy, we

obtain approximate performance distributions and compare our
results with the results obtained by Shore (1979 a, b) for

the above three performance distributions.

Renvi's Measure

Using Equation (1.3.2.2), the p.d.f. of busy period

length is given as :

1/(1"’(11)

£(x) (B + F x)

it

-1/R
E = |(R+2) m], ; R < -2,
(R+1)




a, = 1+ 1/R

m =g1/(1—P)
(4.1.4)

The‘corresponding C.D.F. can be written as (ref to Appendix

G) :
F(x) = [1/{b (R+1}] [(a + b x)" " - a*'1; r<-2

where

o]
it

L
1/Im (R+2)/(R+1) 1
b = -a®™1/(R+1)

(4.1.5)
In M/M/1 queueing systems, the waiting time distribution can
be obtained by substituting for the value of m in (4.1.5) as
follow :
m = P/u(1-ﬁ)
(4.1.6)
Similarly, the value of m for residence time distribution

can be written as :

m o= P/A(1- f)
(4.1.7)




Parametric Measure

Using Equation (1.3.3.2), the p.d.f. of busy period

length is given as follows :

f(x) = exp(-ci-csx)
1 - ay; exp(-ci-cax)

(4.1.8)

where

C2 = 1/1'!11

exp(-cy) = _1-exp(-ay/my)
P

m = gi/(1-p)
(4.1.9)

The corresponding C.D.F. is given (ref to Appendix H) as :

F(x) = (1/az v1) [ 1n(1-a; exp(-yo-71x)) - 1n(1-a; exp(-7o) ]

where

Y = 1/m

i

Yo - 1In( [1-exp(-azv1))/a, )

(4.1,10)

Similarly, the m values given in (4.1.6) and (4.1.7) are used for
residence time distribution and waiting time-distributiony

respectively.




4.2 RESULTS

‘Using the above three models, namely Shannon's measure,
Renyi's measure and the Parametric measure, we can approxi-

mate the performance distributions a single server queueing

system when the available information is a mean value (ser-—

vice time moment), m, and traffic intensity, P.

In the case of the busy period distribution, the MEP mod-
el does not discriminate between M/M/1, M/G/1 or G/G/1
gueueing systems as shown by Shore(1979). Therefore, the
results presented in this chapter concerning the busy period
distribution are equally applicable in all the three types

of qﬁeueing systems.

Table 4.1 provides the probability density function of of
the busy period when the traffic intensity P varies from 0.1
to 0.9 and value of m (mean service time moment) varies from

0.5 to 55.

The mean percentage absolute deviation was used as the
measure of accuracy for obtaining the best fit of the ap-
proximate Qith the exact performance distribution. Table
4.1 shows for a given value of m and various values of P ’

the corresponding optimum value of parameter aj;, in the case

of Renyi's measure, and parameter a;, in the case of Para-
metric measure. Similarly, Tables 4.2 and 4.3 provide the
approximate waiting time and residence time distributions,

respectively. The values of parameter a7 and a; are the




same throughout in Table 4.1 - 4.3, However, these values
are the optimum values of the parameters a; and a3y, (re-
flecting the smallest value of mean percentage absolute de-
viation between the exact and the approximate) for busy
period distribution only. Tables 4.4 and 4.5 provide the
approximate waiting time and residence time distributions
for various values of m and p . The value of a; and a, in
Table 4.4 and 4.5 are the optimum values for waiting time
and feéidence time distributions, respectively. The purpose
of providing Table 4.2 and 4.3 is to show the level of inac-
curacy which one may have to face, should one decide to use
the same parameter values as busy period distribution for
approximating waiting time and residence time distributions.
These inaccuracies can be determined by comparing Table 4.2

and 4.3 with 4.5 and 4.4, respectively.

Figures 4.1 - 4.6 show the probability density function
of busy period for values of parameter given in Table 4.1.
Figures 4.7 - 4.12 provide the waiting time distribution for
values of m and f given in Tables 4.2 and 4.4. Similarly,
Figures 4.13 - 4.18 show the residence time distribution for

values of m and P given in Tables 4.3 and 4.5.

It can be seen in Table 4.1 and Figures 4.1 - 4.6 that
Renyi's measure of entropy provides a better approximation
to the exact distribution then did Shannon's measure as pur-
posed by Shore (1979). The approximation suggested by the

parametric model is also consistantly better than Shannon's




model but inferior to Renyi's model. In most cases, for Re-
nyi's model,  the maximum percentage difference error (the
percentage difference between exact and approximation) is
less than 10% when 0 tends to 1 (Gupta et. al, 1985), where-
as the corresponding error for Shannon's entropy goes beyond
300%. The parametric model provides the maximum percentage

diffe;ehce around 60%.

Similarly, Tables 4.2 and 4.4 and Figures 4.7 - 4.12 pro-
vide the comparison of waiting time distribution when Shan-

non's, Renyi' and Parametric model are used.

The Figures 4.7 - 4,12 show the exact waiting time dis-
tribution given in (4.1.3) and the approximate distribution

obtained :

i) when the values of parameters of the three models were

optimized for waiting time distribution and;

ii) when the values of the parameters were optimized for

busy period distribution only.

It can be seen from these figures that Renyi's quel con-—
sistently provides a better approximation than Shannon's or
parametric model. Additionally, from these figures one can
measure the amount of inaccuracy that will occur if 6ne
chooses to use the same values of parameters as used for the
Busy period distribution to determine the value of the wait-

ing time distribution.
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Tables 4.3 and 4.5 provide the approximate residence time
distribution. The corresponding values of residence time
distribution are shown in Figures 4.13 - 4.18 In the case
fo residence time distribution, Shannon's entropy leads to
the exact distribution; therefore, Renyi's and Parametric
entropy are compared with Shannon's model. In Figures 4.13

- 4,18, show the results,

i) When the values of Renyi's and Parametric models were op-

timized for the waiting time distribution and ;

’

ii) when the values of parameters were optimized for the

busy period distribution.

Again, it can be seen from these graphs that Renyi's model
consistently provides a better approximation than the Para-
metric model. Also, from these Figures 4.13 - 4.18 one can
measure the amount of inaccuracy that will occur if one
chooses to use the same value of parameters as in Busy peri-
od distribution to determine the value of residence time

distribution.

Figures‘4.20 and 4.19 show the relationship between pa-
rameters a1, in case of Renyi's model, a,, 1in case of Para-
metric model, and m for various values of traffic intensity
for the busy period distribution, respectively.  Similarly,
Figures 4.22 and 4.21 show the relationship between parame-

ters a; and a; and m for various values of traffic intensityP

for the residence time distribution and Figures 4.24 and




4.23 show the relationship for. the waiting time distribu-
tion. These figures give the optimum values for the busy
period, waiting time and residence time distributions. The
respective figures can be used to determine optimum values

of the parameters of performance distributions when the val-

ues of m and are provided.

4.3 CONCLUSION

This chapter provides the approximate performance distri-
butions of a single server queueing system when the mean
service time and traffic intensity are provided by using
three MEP models, namely Shannon's, Renyi's and Pafamatric
entropy. It is shown that Renyi's model provides a better
approximation than Shannon's or the Parametric model (except
for residence time where Shannon's model gives the exact
distribution). The relationship between the optimum values
of parameters a; and a, for busy period, residence time and

walting time distributions are provided.
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0.0000
0.2031
0.4985
0.
0
0
0
o
o]
o

Q000

.2599
. 1667
.0001
.8888

. 0000
.2461
.0742
. 0000

-0000
.2654

o]
o]
o]
0.
o]
0
0
o

1772

.0001
.8888

.0538
.0964
.0775
0.0000
0.0000
0.2696
0.
0

0

1851

.0000
.8888

~00000000

0000 0«00

-00000000

~00000-00

percentage

difference

approximation distribution.

.0003
.9516
.3386
.0086
.0192
. 1786
.2320
.2845
.8794

. 0002
. 0006
.2126
.5259
.0087
.2982
.2322
1314
.3073

.0002
.2530
. 1105
.0032

.0070
.2982
.2322
. 1073
.2180

.0552
.0985
1105
.0026
.0058
.2982
.2322
.0892
. 1519

Minimum
0.

Renyi’s measure
Max i mum

0001

0.38281

-~ 000000

- O0000000O0

OO00000+~00 00000 0=~00

.3280
.0030
. 0066

1577

. 1823

1000

L2071

0001

.0002
.2081

5132

. 0030
.2819
.2064

0458

.0133

. 0000
. 2495
.0921
.00 11

0024

.2842
.2104

0373

.9846

.0545
.0980
.0938
. 0008
.0020
.2859
.2134
.0310
.9638

Table 4.1

Average
.0251
.0580
.8647
.4766
.0070
.0068
.0316
.0159
.2492

5877

.6572
.6558

7503
5662

. 0066
.0587

0340
1723

1352
9547

L4117
.4170

. 0003
.0058
.0052
.0444

1386

.5503
. 1535
.2107
. 6452

1226

BANLONMNMOO

-

-y

DWNOO Qo omm-s-.-_a.oo

WW4+200-+00

.5870
.7309
.8756
. 1140
.2820
.0548
.0724
.2580
.5006

. 1475
.0318
.5985
.7254

.3667
.6864
.3228
.0430

8368

.5726
. 1979
.3724
.9380
.6245
.0926
.6681
.2268
. 1324

Parametric’s measure
Max imum
.0363
. 1322
.3170
.0813
.6002
.5278
.24183
.2924
.0338

NN 00«00

H20O0000+00

GO -~O000+200

L O00 O+0O0

between

Minimum
.0312
.0940
. 1360
L7734
.2498
.7228
.0484
.5085
. 3526

.5926
.6932
.7636
.8277

29139

.4840
.4919
.7098
.3483

. 1412
.8926
.5034
.5677

1598

. 3045
.9937
.4925
.9146

.5613
. 1752
.2802
.7887
.3799
.5150
.7380
.3885
.4238

exact

Average

.6013
.2010
.7984
.3922
.9803
.5584
. 1163
.6234
.8216

.7338
.4671
. 1983
.9298
.6579
.3814
.0961
.7882
.3887

.7604
.5203
.27%4
.0371

L7928
.5450
.2898
.0165
.6691

.7822
.5639
.3449
. 1249
.8032
.6785
.4478
L2021
.8852

with

Max imum

.983

:967

Shannon’s measure

Minimum
9.797

.594
.388
. 184
.877
.766
.548
.313
.007

. 865
.729
.593
.457
.319
. 180
.038
.889
.708

.878
.756
.634
.511
.388
.263
. 136
. 002
.844

. 889
.778
.667
.556
.443
.330
.215
.085
.954
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m Traffic
intensity
0.1 {1
0.5 0.2 1
0.3 1
0.4 1
0.5 {1
0.6
0.7 o
0.8 ¢
0.9 1
0.1 1
1.0 0.2
0.3 1
0.4 1
0.5 1
0.6 i
0.7 1
0.8 1
0.9
6.0 0.1 1
0.2 1
0.3 1
0.4 1
0.5 1
0.6
0.7 t
0.8
0.9 1
15.0 o0.1 1
0.2 1
0.3 1
0.4 ¢
0.5 1
0.6 1
0.7 1
0.8
0.9

aq

.0945
. 1695
.2375
.2933
.3413
.3831
.4202
.4484
L4717

.0809
. 1667
.2273
.2882
.3378
.3876
.4202
.450%5
.4762

.0809
. 1667
.2304
.2857
.3333
.37598
.4118
.4464
.4762

.0909
. 1667
.2308
.2857
.3333
.3745
.4132
.4444
.47389

NN -O00000O0

BWN—2w+~000

az

. 1000
. 2500
.4200
.5620
. 7500
.8700
. 3000
.2000
. 6000

. 1830
.4700
.6000
.0200
.4000
. 8000
.8000
.0000
.2000

Arrivail
time

DW= QOOO0O0

-

00000000 WW-000000

[eXeNeNeNeoNoRoRo o]

.0222
. 1000
.2571
.5333
. 0000
. 8000
.2667
. 4000
.2000

L0111
.0500
.1286
.2667
.5000
. 9000
.6333
. 2000
. 1000

.0018
.0083
.0214
.0444
.0833
. 1500
L2722
.5333
.3500

.0007
.0033
.0086
.0178
.0333
.0600
. 10889
.2133
.5400

Waiting Time distribution using optimum

parameters of Busy Period Distribution.

service

POAWNM 2000

-

OBAN2+0000

- 00000000

[eNeNoNeoNoNoRoNo o

T time

.2222
. 5000
.8571
.3333
. 0000
. 0000
.6667
.0000
. 0000

R RRE]
.2500
.4286
.6667
.0000
.5000
.3333
.0000
.0000

.0185 "

.0417
.0714
RRRE
. 1667
. 2500
.3889
.6667
5000

.0074
.0167
.0286
.0444
.0667
1000
. 1556
.2667
.6000

Average
.8084
.7705
.4073
.6147
.6272
.4313
. 1000
.5165
.4899

Absolute

approximation distribution.

Renyi’s measure

.4150
.7154
.8880
.5380
.3048
.3759
.0827
.8565
.5804

. 1100
.6745
.6488
.6263
.8750
.6079
.0856
.8718
.3260

.8772
.9557
.0600
.7024
.4991
. 6008
.2318
. 3969
.5985

percentage

Minimum Maximum
26.8513 97 .554%
22.6283 96.9212
17.7427 95.9621
12.3207 94.5100
6.1552 g92. 1095
0.0818 87.7115
0.2196 78.2268
0.6021 58.0435
28.6403 167.5829
50.2370 88.7743
44 .0588 98.4530
36.8631 98.0031
27.3428 97 .2505
15.7516 86.0184
0.0343 93.4360
0.2196 88.5282
3.3648 74.6168
8.6482 187.9294
88.€76€ 99 .794%
86.0336 99.7400
82.3575 99 .6609
76.9739 899.5384
68.7207 89.3361
54.8654 398 .9581
30.2177 38. 1682
0.3772 95.7560
2 BANR  1R7 1498
85.2789 899.9177
94 .0884 99 .8959
92.3830 839.8641
89.8182 99.8150
85.7001 89.7338
78.5243 99.5855
63.4345 89.2513
27 .6869 898 .3427
1.9539 113.6035

Table

difference

between

Parametric’s measure
Minimum

Average

53.
a7.

7754
7255

. 3859
.7382
.6116
.4373
.7363
.8821
.7629

.6105
.2557
.7037
.0898
.6445
.6346
.9686
.5647
. 1840

. 1310
.6722
.5518
.5810
.9523
.7248
. 7824
.5800
.3438

7.5699
.9531
.0417
.6715
. 5006
.5212
.5498
.0299
.0573

26

20.
.0126

15

9.
3.
0.
0.
0.
28.

50.
43.
37.
.6382
.0818
.8747
.6032
.0290
.9073

26
15
1

4.2 (continued)

.3940

9120

5663
3311
0874
4093
3294
5327

4115
2945
5923

L7157
.0341
.2039
.8560
.0206
.5401
.6454
.2901
.4039

.2651
.0847
.3529
.7744
. 7430
.5019
.4615
.8879
.2953

Max imum

.5751
.8248
. 6607
. 1012
.2833
L0417
.9695
.5731
. 1470

.7894
.4209
.0685
. 1610
.7640
.2913
.2523
. 1304
.2664

L7952
. 7397
.6560
.5334
.3303
.9338
. 1036
.5982
.3169

exact

Average

with

Shannon’s measure
Minimum

.9522
.5190
.7615
.5989
.9163
.5410
. 1925
.3564
.8499

.3279
. 1844
.6763
.6542
.9499
.2822
L1716
.6931

.6112

6612

.5318
.1918
.6937
.0204

1529
.0695%5
.7446
. 1487
.2474

.8173
.8757
.5429
.7354
.3439
L2229
L1742
.920%
.0621

.7012
.5612
. 1372
.3084
.8733
.4706
.3807
.8347
. 1810

.7328
.2248
.5796
.7328
.5725%
.88489
.2048
.2927
.3689

Max imum

.8047
.5370
. 1950
.7428
. 1166
. 1928
.6810
.8260
. 1837

.8956
.7583
.5846
. 3526
.0286
.5490
.7585
L2153
.867¢6

.8150
.7918
.7623
.7228
.6675
.5847
.4471
1728
.3593

.926C
.8167
.8048
.888C
.8668
.8336
.7782
.6677
.3375




G6

m

30.0

45,0

50.0

55.0

Traffic
intensity

b&nqovm;>wsaA

OO00000000 0000V EOOOO 0O0O00O0O0OO0O0 000000000
OO LD B =

©CO~NO VS WN -

WONOUTDWN -

b b b ok ek ek wh A

el R 2 I OO Ak b ek ek b ok ek

- b e A ek ok ed

.0908
. 1613
.2294
. 2857
.3333
.3752
.4115
.4444
.4738

.0808
. 1667
.2288
.2841
.3333
.3745

.4738

a;

.2000
.0000
.5000
.5000
. 0000
. 7000
. 7000
. 3000
.0000

.8000
.0000
.8000
.5000
.5000
.0000
.0000
.0000
.0000

.5000
. 5000
. 2000
. 0000
.0000
.5000
. 0000
. 0000
.0000

.0000
.8000
.5000
. 0000
. 0000
. 0000
.0000
.9000
.5000

Arrival
time

O00000000 0OOO00OOO00 0O0OO0OO000O0 000000000,

.0004
L0017
.0043
.0089
.0167
.0300
.0544

1067

.2700

.0002
.00 11
.0029
. 0058
NOARE]
.0200
.0363
L0711
. 1800

.0002
.0010
.0026
.0053
.0100
.0180

0327
0640
1620

.0002
.0009
.0023
.0048
.009 1
.0164
.0297
.0582
. 1473

Waiting Time distribution using optimum

parameters of Busy Period Distribution.

service
time

CO00000000 OO000O0OOO00 000000000 000000000

.0037
.0083
.0143
.0222
.0333
.0500

0778

.0020
.0045
.0078
L0121
.0182

0273

.0424
.0727
. 1636

Absolute

percentage

difference

approximation distribution.

Renyi’s measure

Average
L7771
.4724
.0019
.2881
. 1284
.01381
.6281
.5599
.6748

. 1822
.8674
.6584
. 1871
.3910
.8703
.9330
.5059
.8050

.2635
.0676
.7753
.3573
.6468
.3623
.6116
.8557
.3804

.3305
. 1547
.8855
.5046
.8569
.6848
.1713
. 1574
.85770

Minimum
.6061
.0146
. 1041
.7284
.5054
.4941
.2477
. 1058
L2121

o7

.3965
.9780
.3767
. 4622
.9230
.1910
.3996
.5846
.5071

.5555
. 1732
.6040
.7919
.4160
.8405
.6795
.2456
.2660

.6866
.3433
.8186
.0779
.8217
.5587
.7393
.4660
.4638

Table 4.2

Max imum -
89
.9484
.9322
. 8075
. 8668
.7916
.6311
. 1690
G871

583

.9726
.9653
.9548
.9386
.9112
.8616
.7539
. 4455
.7668

.8753
.8687
.9587
.8445
.9200
.8755
.7785
.5008
.9893

.9776
.8716
.8625
.8485
.9273
.8868
. 7986
.5462
L1715

Average
.7775
.4563
.9511
.2370
L1177
. 0495
.5785
.5301
.5223

between

Parametric’s measure

.1870

Minimum

.6069
.9837
.007S
.6344
.4965
.5866
.2818
.6553
.2953

.4061

Max

imum
. 9589
.9479
.9304
. 9055
. 8660
.7914
.6241
. 1405
.2062

L9727
.9650
.9538
.9376
.9100
.8609
.7457
.4434
.5864

.9753
.8684
.9585
.9444

.8199
.8742
.7728
.4871

.8480

.9774
.9715
.9624
.9490
.8274
.8852
L7971
.5313
.0183

Average

exact

with

Shannon’s measure
Minimum

.8978
.7623
.5888
. 3586
.0388
.5642
.7866
.2780
. 1019

.2632
4721
.0554
.8002
.6840
.3622

97.
97.
.2410
.7958
. 1785
.2695
.7906
.8664
.4287

8408
5775

.5548
L3771
. 1495
.8478
.4284
.8060
.7862
.8098
.3412

.6983
.5380
.3326
.0601
.6811
.1180
. 1940
.3976
. 3886

.8158
.6698
.4827
.2342
.8885
.3745
.5297
.8834
.2649

Max imum

99.
.9583
.8524
.9445
.8334
.8167
.8880
.8336
.6677

9630

.9753
.9722
.9683
.8630
.9556
.8445
.8260
.8890
.7782

.9778
.8750
.9714
.8667
.8600
.8500
.9334
.8001
. 8004

.9798
.8773




- 96 -~

Traffic

intensity

0.5

1.0

15.0

QSDQSDQfDQSDQ QFDQFDOSDQ(DO [eJoNoNoNeRoRoRoNeRNeNoNoNoNoNe o Ro o)

OO~NNU AW~

WONOOD WN - ODO~NOUHWN =

OO D WN -

-, ek ah ek b b A b b -,k b b b ok eh ek b b b ok ok aeh kA Ak

- b b ok ek ok b A o

aq

.0945
. 1685
.2375
. 2933
.3413
.3831
.4202
.4484
L4717

.0808
. 1667
.2273
.2882
.3378
.3876
.4202
.4505
L4762

.0808
. 1667
.2304
.2857
.3333
.3759
.4115
.4464
.4762

.0908
. 1667
.2308
.2857
.3333
.3745
.4132
.4444
.4739

[SES I oNoNoNoXNoXe]

BWN=+=-=2000

. 1000
. 2500
.4200
.5620
. 7500
.8700
. 3000
. 2000
. 6000

. 1830
.4700
. 6000
.0200
.4000
. 8000
.5000
.0000
.2000

.2000
.6000
.2000
.8000
.6300
. 0000
. 7000
. 6000
.0000

.2000
.5000
. 3000
.4500
.0000
. 7000
.5000
.5000
. 0000

parameters of Busy Period Distribution;

Arrival
time

0.

2222

0.5000

-

OAN+ 20000 VORWN-+O

[eNeNoNeNoNeoNoRoNe

d-Q(D(DC)O(DC)O

.8571
.3333
.0000
. 0000
.6667
.0000
.0000

AR RE
. 2500
.4286
.6667
.0000
. 5000
.3333
.0000
.0000

.0185
L0417
.0714
RRE
. 1667
.2500

3888
6667

. 5000

.0074
.0167
.0286
.0444
.0667
. 1000
. 1556
.2667
.6000

Service
time

OCOMOUhWNNN

PO

-

~ Q0000000 OQOUWNN -+~ =

Q(DO()O(DO(DO

.2222
. 5000
.8571
.3333
.0000
.0000
.6667
. 0000
.9999

ARRR R
.2500
.4286
.6667
.0000
.5000
.3333
.0000
.0000

1852

.2083
.2381
.2778
.3333
.4167
.5556
.8333
.6667

Absolute

percentage

approximation distribution.
Renyi’s measure

Average
2.3513
4.8283
7.7988

11.0150
14.6589
18.8472
23.7979
28.8406
34.3470

5.4687
11.6028
18. 1076
26.8797
36.6424
50.3400
62.8143
78.6307

'97.5733

9.9492
22.0967
37.1597
56.7298
82.6352

100.0000
100.0000
100.0000
100.0000

10.6345
23.7987
40.5253
62.4626
92.5272
100.0000
100.0000
100.0000
100.0000

Table

Maximum
11.3971
25.0043
43.9548
68.5472
103.1865
155.6100
245. 1163
392.2674
700.7904

10.9882
24.6893
41.0808
66.8957
102.0688
167.8118
253.8767
430.5126
900.3104

11.0810
24.9485
42.6336
66.4819
99.6677
150.8821
231.2754
413. 1055
981.9772

11.1035
24,9794
42.8227
66.5928
99.8670
149.0062
237 .5597
398.6710
903.0140

Minimum
6.0678
12.7956
21.3780
31.4057
43.8628
59.9728
82.3109
110.4450
151.7964

7.9895
17.4438
28.0973
43.6248
62.7397
93.6381
127.2918
181.2526
276.3952

10.5120
23.4964
39.8318
61.4561
80.8087
134.5236
199.6068
333.233t1
666.0767

10.8677
24 .3847
41.6630
64.5018
96. 1363
142 . 1553
223.0681
364.0736
761.5157

4,3 (continued)

Average

.9912
. 1536
.3766
.5025
. 1093
.6380
L7742
.4815
.2345

difference

.0988
. 1297
.7436
. 1085
.7288
.9446
.8703
.4281
. 1919

.5693
L0917
.3533
.8515
.8835
.0000
. 0000
. 0000
. 0000

.9594
.8757
.0808
. 1621
.8487
. 0000
.0000
.0000

between

with

exact
Parametric’s measure

Maximum Minimum
10.4594 5.9233
28.9180 15. 1991
54.7027 26.2096
81.0994 35.7477
124 .4609 48.75514
180.34 11 64.3716
328.4457 88.1877
993.6201 150.4870
1375.6378 174.3234
9.6252 7.1072
27.2788 19.1814
36.4624 25.0209
72.3267 45.4134
114.9768 65.7433
173.7150 88.8407
324.1167 132.5862
482.4740 165.6402
1103.4827 246.9946
10.6810 10.1139
25.1105 23.5611
44 .6997 41.4144
68.3062 62.3131
101.4145 90.5086
156.7521 134.8737
242 .9610 197.7812
432.1748 314.7091
1037.2468 574.9910
11.4586 11.2068
25.1444 24 .5032
43.7024 42.3728
68.1186 65.5923
101.0662 96 .3866
154 .0773 144.6124
240.4327 219.7098
436.0930 375.0735
1033.5948 753.0851

. 0000




L6

Traffic

M jntensity

30.0

45.0

50.0

55.0

CO0O000000 00000000 000000000 00000000
Pmude hna mano oo PP

QONOUDWN =

DONOAD WN -

CONOUNEWN =

PO S G

.k ok ek ok o b b ok

- A A

- ek ok h

[ SN QP (PO

aj

. 2000
. 0000
.5000
. 5000
.0000
. 7000
. 7000
. 3000
.0000

.8000
. 0000
.9000
.5000
.5000
. 0000
. 0000
.0000
.0000

.5000
.5000
.2000
.0000
. 0000
.5000
. 0000
.0000
. 0000

. 0000
. 8000
.5000
.Q000
.0000
.0000
.0000
.9000
.5000

Residence time distribution using optimum

parameters of Busy Period Distribution.

Arrivail

time

OCO00000000 00000 OE0O0 000000000 000000000

.0037
.0083
.0143
.0222
.0333
.0500
.0778

1333

.3000

.0025
.0056
.00985
.0148
.0222
.0333
.0519
.0889
. 2000

.0022
.0050
.0086
.0133
.0200
.0300

.0467

0800
1800

.0020
.0045
.0078
.0t121
.0t82
.0273
.0424
.0727
.1636

Service

time

o]

o)
0
0
o
o)
o)
0]
o]
o]
0
0
0
0
o]
0
0
0
0.
0
o)
¢]
0o
0
0O
0
0
0
0O
0
0
0
¢
0
0
0

.0370
L0417
.0476
.0556
.0667
.0833
IR RRE
. 1667
.3333

.0247
.0278
.0317
.0370
.0444
.0556
.0741
R AR R
.2222

0222

.0250
.0286
.0333
.0400
.0500
.0667
. 1000
.2000

.0202
.0227
.0260
.0303
.0364
.0455
.0606
.0909
.1818

Absolute

percentage

difference

approximation distribution.

Renyi‘s measure
Max tmum

Average
10.8712
23.2366
41.2041
64.5238
86.1676
100.0000
100.0000
100. 0000
100. 0000

10.8507
24.5934
41.7658
64.3780
97.4230
100.0000
100.0000
100.0000
100.0000

10.9664
24.9450
43.6940
65.3710
97.6766
100.0000
100.0000
100.0000
100.0000

10.9188
24.5448
43.7615
65.4876
97.8849
100.0000
100.0000
100.0000
100.0000

Table 4.3

11.
. 8001
.3530
.6297
.9336
.2507
. 3007
.3344
.0428

1078

.1089
.9931
.5398
.7654
.8556
1712
.3864
.5563
.0568

. 1089
.3104
.4318
.6446
.8601
. 1794
.4038
. 6006
.2600

.0476
.8703
.4328
.6466
.9637
. 1862
.4177
.6369
.4265

Minimum
10.9892

23.
41,
65.

o8

146.

225

5174
7758
5701
.0348
7002
.0863
.0783
.4023

.0297
.7827
.1516
.0688
.6822
.8129
.5201
. 1558
.5864

.0375
. 1273
.0618
.0054
.8126
.0535
.0137
.3978
.8503

.9831
. 7072
.0962
.0651
.9195
.2508
.4190
.4208
.2167

Average
. 8360
.5105
.7051
.4575
.4017
.0000
.0000
.0000
. 0000

between exact with
Parametric’s measure
Maximum Minimum
11.0793 10.9571
25. 1557 24.8314
46. 1508 45.4225
70. 1240 68.7774
101.1516 98.7444
150.5464 145.8204
238.5911 227.7468
416.4765 385.4486
1041.7293 865.6856
10.4449 10.3685%
25.8075 25.6822
45.5255 45,0468
68.5039 67.6318
102.5322 100.8758
150.4279 147.2396
243.4945 235.8251
401.4488 381.4666
988.4025 872.5752
11.2727 11.1977
26.2844 26.0778
45.1306 44 .7046
67.8580 67.0833
100.3796 88.9375
151.6681 148.7488
241.0012 234.2014
413.3485 384.1675
978.0227 874.0343
11.7452 11.6738
25.2421 25.0636
44 .8084 44 .4248
68.2140 67.5033
99.727%5 98.4285
152.6883 149.9967
234.9247 229.0117
416.0351 398.2638
881.7756 883.1620

.2925
.4586
.5729
L7714
.2498
.0000
.0000
. 0000
.0000

. 1230
.8725
.2824
L3177
.5187
.0000
. 0000
.0000
. 0000

.6026
.8861
.0441
.8003
. 1486
.0000
.0000
.0000
.0000
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- Traffic

WAITING TIME DISTRIBUTION

intensity

0.5

1.0

6.0

15.0

WONOUHWN -

000000000 000000000 000000000 000000000

DONONEWN -

OO~ B WN -

WONOUHWN -

-t -
[V R G G Y P S - ettt d

- b d ek od ok A b o,

aq

-
CQuataNWHLAOD® OOQ sl b

az

.5000
.0625
.2500
.5313
.0157
.0038
.5078
.2578
. 1289

.5000
.2500
. 1250
.2500
.0625
.0625
.5313
.0157
.5156

.5000
.5000
.5000
.5000
.5000
.5000
.5000
. 2500
. 7500

.5000
.5000
.5000
.5000
.5000
.5000
.5000

-5000

Arrival

-

PWW+OO00000 OHOW2+000O0

- Q00000000

OO00O0O0000O0

time

.0222
. 1000
L2571

5333

. 0000
.8000
.2667
. 4000
.2000

NeARE|
.0500
. 1286
.2667
.5000
.9000
.6333
.2000
. 1000

.0019
.0083
.0214
.0444
.0833
. 1500
L2722
.5333
. 3500

.0007
.0033
.0086
.0178
.0333
.0600

1088

.2133
.5400

Service

t ime

.2222
.5000
.8571
.3333
.0000
.0000
.6667
. 0000
.0000

11114
.2500
.4286
.6667
.0000
.5000
.3333
.0000
. 0000

OAN--0000 IMHEWN OO0

.0185
.0417
.0714
1111
1667
.2500
.38889
.6667
.5000

- 00000000

.0074
.0167
.0286
.0444
.0667
1000
1556
.2667
. 6000

[eReojeReNoNeRoNoNo!

approximation distribution.

percentage

Absolute
Renyi’s measure

Average Minimum Maximum

6.6659 0.4500 67.3476

8.8723 0. 1397 78.3963
13.82914 1.5280 85.9679
18.3524 3.1502 89.55666
22.0001 4.7121 91.3282
22.8031 5.0127 91.5535
22,1404 4.7728 90.8738
'19.5142 3.8820 88.6301
13.9979 2.3486 81.5937
6.7750 0.0773 67.9787
10.2397 0.0253 79.2832
15.4089 0.1223 88.4376
18. 1895 0. 1368 91.0214
22.2718 0.0687 92.9623
25.0886 1.0381 83.7276
25.5300 1.6719 93.6578
23.8444 1.7567 92.6338
18.7261 1.3425 88.7576
10.0702 0.0481 76 .6551
24.9884 1.6923 92.0188
35.0614 6.7301 95.2046
26.5814 0.2655 94 .3869
26.5795 0.4546 894 .5572
29.4537 0.4254 95.5689
30.8358 0.2498 95.9516
31.7163 0.1351 96. 1883
31.0320 0. 1050 95.9387
8.2351 0.07%96 67.2345
16.7773 0.2183 87.9419
41.8831 12.8778 96.2075
54.6904 25.9377 97.7038
46.0646 12.2255 97 .2452
34.6213 0.2384 96.55639
32.9198 0.2378 96 .3544
34.8973 0.0897 96.8120
34.9442 0.6652 96 .8220

Average

1
3.
8.

difference

between

Parametric’s measure
Max imum

9846
8970
1288

.6414
.7214
1717
.4327
L2191
.9891

.2595
.8935%
.2258
.3508
.2051
.0187
.9674
.8810
.9597

.8821
.3179
.3610
. 1705
.8128
.6928
.3055
.7464
.9718

.8404
.7441
. 3856
.8515
.3608
.6368
. 1275
. 1128
.8919

Table 4.4 (continued)

Minimum

.0004
.0268
.0157
.0539
.0253
.0114
.0266
.3891
.5856

0(305)0()9(30 O()Q(DO(DO(DO CO0O0000000 0O-+Q0Q000000

0287

.0661
.0430
.0208
.0003
.0348
.0285

1468

.0177

.0261
. 1156
.0989
. 1083
.2300
.2400

1462

.0904
. 1159

.7559
.0768

1074

.2024
.0181

2693

.2414
.6151
.2807

i8.
.4343
.0114
.7904
. 1007
.47189
. 2467
.0754
.8842

1208

.6697
.3268
.2450
.6130
.0602
. 1079
.4636
L7751
.0904

exact

Average

55.
.5180
50.
47.
.8163
.5410
. 1925
.3564
.8499

53

with

Shannon’s measure

9522

7615
5989

.3279
. 1944
.6763
.68542
.8499
.2822
. 1716
.6831
.6112

.6612
.0458
.2700
.2612
.8960
.9443
.9219
.6032
.6478

.8132
.5487
.21143
.7663
.15219
.2499
.7946
.0510
.8316

Minimum

28.
26.
.6937
.0204
18.

23
21

15
11

5318
1919

1529

.0695
.7446
. 1487
.2474

.8173
.8757
.5429
.7354
.3439
. 2229
. 1742
.9205
.0621

.7012
.5612
. 1372
.3084
.8733
.4706
. 3807
.8347
. 1810

.7328
.2248
.5796
.7328
.5725
.8848
.2049
.2927
.3689

Max imum

.8047
.5370
. 1950
.7428
. 1166
. 19258
.6910
.8260
. 1837

.8956
.7583
.584¢6
.3526
.0296
.5490
.7585%
.2153
.8676

.8150
.7919
.7623
.7228
.6675
.5847
L4471
.1728
.3583

.9260
.9167
.9048
.8890
.8668
.8336
.7782
.6677
.3375




Absolute percentage difference between exact with

Tranffic as as Arrival garvice approximation distribution.
m 1ntensity time time Renyi’s measure Parametric’s measure Shannon’s measure
. - Average Minimum Maximum Average Minimum Maximum Average Minimum Maximum

30.0 0.1 1.4980 g35. 5000 0.0004 0.0037 44.2028 20.9681 95.5392 6.3934 3.1307 17.4187 98.8978 97.8408 98.8630

0.2 1.4992 714 .5000 0.0017 0.0083 16.8918 0.0653 87.9939 3.3254 0.0285 17.0286 98.7623 87.5775 99.9583

0.3 1.4869 476.5000 0.0043 0.0143 42.1042 12.8244 96.2541 5.6927 0.0654 28.1616 98.5888 97.2410 99.9524

0.4 1.4838 357.5000 0.0089 0.0222 '55.1438 26.2310 97.7531 8.8253 0.1344 45.0477 98.3586 96.7958 98.9445

0.5 1.4878 284 .5000 0.0167 0.0333 67.2911 42.4619 98.6153 13.0105 0. 1559 64.5301 98.0388 96.1795 99.9334

0.6 1.4878 231.5000 0.0300° 0.0500 59.3688 28.7579 898.2695% 18.2950 0.4348 81.9154 97.5642 95.2695 99.9167

0.7 1.4878 189.5000 0.0544 0.0778 46.3808 6.4851 97.6933 24.2153 0.4724 91.0847 96.7866 93.7906 99.8890

0.8 1.4860 151.5000 0. 1067 0.1333 35.9237 0.4915 96.9730 30.0356 0.4964 95.0190 95.2790 90.9664 99.8336

0.9 1.4644 110.5000 0.2700 0.3000 39.7348 0.7324 97.5033 34.4241 0.5490 96.5241 91. 1019 83.4297 99.6677

45,0 0.1 1.4988 1376.5000 0.0002 0.0025 9.9448 0.1496 75.7663 8.1515 4.7818 19.4339 99.2632 98.5548 99.9753

0.2 1.4992 1154.5000 0.0011 0.0056 23.4315 0.0271 91.7164 3.1140 0.0806 15.9896 99.17214 98.3771 99.9722

0.3 1.4984 770.5000 0.0029 0.0085 33.3919 3.5819 95.0821 5.3315 0.1086 27.3324 89.0554 98. 14895 99.9683

0.4 1.4938 578 .5000 0.0059 0.0148 66.3755 42. 1061 98.4987 8.2727 0.0917 42.2476 98.9002 97.8478 99.9630

! 0.5 1.4878 461.5000 0.0111 0.0222 76.4969 57.3015 99.0746 12.2571 0.3114 61.1909 98.6840 97.4284 99.9556

0.6 1.4878 378.5000 0.0200 0.0333 70.7480 46,9721 98.8435 17.4296 0.0091 79.4204 98.3622 96.8060 89.8445

tg 0.7 1.4878 312.5000 0.0363 0.0519 61.2701 30.0408 98.4583 23.4703 0.1755 90.0576 97.8318 85.7862 99.9260

0.8 1.4877 252.5000 0.07 11 0.0889 43.0934 0.2730 87.7013 29.6923 0.3435 94.7672 96.7933 93.8098 99.8830

! 0.9 1.4758 188 .5000 0.1800 0.2000 40.2807 0.1357 97 .6003 34.8569 0.4108 96.5862 93.8438 88.3412 89.7782
50,0 ©0.1 1.4980 1532.5000 0.0002 0.0022 56.3060 33.4571  97.2589 8.5055 5.1344 19.7733 99.3366 98.6983 99.9778 -

0.2 1.4996 1308.5000 0.0010 0.0050 15.5343 0.0954 85.9719 3.0606 0.0810 15.6868 938.2544 98.5380 89.8750

0.3 1.4984 872.5000 0.0026 0.0086 36.6433 6.8636 95.5586 5.2422 0.1408 26.8762 99. 14914 98.3326 998.9714

0.4 1.4997 655 .5000 0.0053 0.0133 35.5105 1.7916 77.0423 8.1346 0. 1004 41.4929 99.0082 98.0601 99.9667

0.5 1.4878 523.5000 0.0100 0.0200 78.5136 60.6926  99.1668 12.0633 0.2284 60.1729 98.8141 97.6811 99.9600

0.6 1.4878 428 .5000 0.0180 0.0300 73.2447 51.1490 98.9587 17.2194 0.2441 78.0101 98.5234 97.1180 998.9500

0.7 1.4878 354.5000 0.0327 0.0467 64.5518 35.4851 98.6118 23.2784 0.0591 89.9005 98.0439 96. 1840 99.9334

0.8 1.4878 288.5000 0.0640 0.0800 47.4903 5.0348 97.9184 29.5592 0.3794 94.6367 97. 1030 94 .3976 99.8001

0.9 1.4760 215.5000 0.1620 0.1800 43.6289 0.4620 97 .8242 34.9541 0.2620 96.6233 94.4171 - 89.3896 99.8004

0.1 1.4998 1704.5000 0.0002 0.0020 8.2469 0.2377 66.0161 8.6291 5.2892 19.7788 99.3966 98.8153 99.9798

55"0 0‘2 1.4996 1464.5000 0.0008 0.0045 16.2164 0.0169 87.1158 3.0138 0.0728 15.4352 99.3219 98.6698 99.8773

0:3 1:4984 977 .5000 0.0023 0.0078 39.5747 9.9353 95.9510 5.1607 0.1075 26.3758 99.2260 98.4827 89.9740

0.4 1.4968 733.5000 0.0048 0.0121 52.8432 22,9950 97.5876 8.0131 0.1292 40.8630 99.0985 98.2342 99.9697

0.5 1.4878 586 .5000 0.0091 0.0182 80.2097 63.5839 899.2423 11.83810 0.1619 59.2708 98.9208 97.8885 899.8636

0.6 1.4878 480.5000 0.0164 0.0273 75.3484 54.7188 99.0529 17.0131 0.1038 78.3476 98.6557 97.3745 99.9546

0'7 1.4878 397.5000 0.0297 0.0424 67,3209 40.1490 98.7375 23. 1001 0.1179 89.7104 898.2181 96.5297 99.9394

0'8 1.4878 324 .5000 0.0582 0.0727 51.5385 11.7546 98 . 1068 29.4533 0.4629 94 .5730 97.3581 94.8834 89.9092

0:9f11.4816 244 .5000 0.1473 0.1636 38.7422 0.0038 87.4542 34.9644 0.6248 96.5867 94.8926 90.2649 99.8185

Table 4.4
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0'.5

1.0

6.0

15.0

Traffic

intensity

OO HhWN -

Q§)9§39f39f39 OO0O0O000000 000000000 000000000

DONOUVTDWN - DONOUTH WD

OWONOHUbH WA -

1
1
1
1
1.
1
1
1
1
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e ok ok h oh ok —h A

RESIDENCE TIME DISTRIBUTION

[ojojeRoNoRofo oo oo NeNoRoXoNoNoRo o No Yo RoNoNoRoNoRo BN oo No Yo NeNoXoNo o]

az

.0000010
.0000010
.0C000 10
.0000010
. 0000010
. 00000 10
.0000010
.0000010
. 0000010

.0000010
.0000010
.0000010
-0000010
-0000010
. 0000010
. 0000010
.0000010
.0000C 10

.0000010
.0000010
.0000010
. 0000010
.0000010
.0000010
.0000010
.0000010
.0000010

. 0000010
. 0000010
. 0000010
.00000 10
.00000 10
.0000010
.0000010
. 0000010
.0000010

Arriva)

time

WOHRWN00O0

-

fF)Qf)C)Q()C)O OBN=-2QO0QO0

000000000

L2222
.5000
.8571
.3333
.0000
.0000
.6667
.0000
.0000

RERRE
.2500
.4286

Service

time

OCOOUARWNNON

Py

200000000 QUWNN - -

[eRoReNeRoRoNeNoNe)

.2222
.5000
.8571
.3333
.0000
- 0000
.6667
.0000
.8999

AR AR
.2500
.4286
.6667
. 0000
.5000

3333

.0000
. 0000

1852

.2083
.2381
.2778
.3333
.4167
.5556
.8333
.6667

.0741°
.0833
.0952

1114
1333
1667

.2222
.3333
.6667

Absolute

approximation distribution.
Renyi’s measure
Minimum

.0210
.0210
.0210
L0211
L0211
.0211
L0211
L0211
.0215

Average
. 0093
. 0083
.0083
.0093
. 0083
. 0093
.0093
. 0094
.0097

.0287
.0287
.0287
0288
.0288
.0289
.0289
.0290
.0290

.0503
.0503
.0504
.0504
.0504
.0505
.0505
.0505
.0507

. 1072
. 1072
. 1074
. 1072

CO00000 O00000000 000000000 000000000

percentage

Max imum

.0367
.0367
.0367
.0367
.0368
.0368
.0368
.0368
.0374

O(DPFDPSDQCDO O()O(DQCDO()O QO0O0OO0O00000 0OO0OOO0OO0O000O

.0520
.0521
.0521
.0521
.0522
.0522
.0524
.0524
.0524

.0554
.0554
.0554
.0554

0555

.0555
.0555
.0556
.0558

. 1108
. 1105

1105
1106
1106
1107
1108

.1108
. 1108

OC)OC)O(DO(DQ lofeJoJooJoRoRoNolNoNoNeRoNoNoNoNoNe BN o NoRoRoXe Xo Xo Xo Ko

difference

.0396
.0396
.0387
.0397
.0397
.0398
.039¢9
.0399
.Q398

.0528
.0528
.0528
.0529
. 0529
.0530
.0530
.0530
.0532

1088

. 1088
. 1088
. 1088
. 1089
. 1080
. 1081
. 1091
. 1091

Table 4.5 (continued)

Parametric’s measure
Minimum

.0001
. 0001
.0001
.0001
.0001
.0001
. 0001
.0001
.0001

Average

.0000
. 0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000

OO00000000 000000000 0OO0O0NOOOO0O 0COOO00O0O00O0

.0000
. 0000
. 0000
. 0000
.0000
. 0000
.0000
. 0000
.0000

.0000
.0000
.0000
. 0000
.0000
.0000
.0000
.0000
.0000

.0000
.0000
. 0000
. 0000
.0000
. 0000
. 0000
.0000
. 0000

9?)9?39$)9539 9S)9530<DO(DO [eNeoNeRoReoNoNoNoNeRENoNeNoRoRoNoNoNoNe]

between

Max imum
.0001
.0001
.0001
. 0001

exact

QO0O0O000000 000000000 0O0OO0OO0O0OOOO 0OO0OO00OOO00O0

with

.0000
. 0000
.0000
. 0000
.0000
.0000
.0000
. 0000
.0000

.0000
.0000
.0000
.0000
.0000
. 0000
.0000
.0000
. 0000

. 0000
.0000
.0000
.0000
.0000
. 0000
. 0000
.0000
. Q000
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Tranffic

m intensity

30.0

45.0

50.0

55.0

OC0000000O0 00000 QOO0 O(DO()Q()O()O [oNoNoReNoNeNoRo e

QONOAW HWN = WEO~NOAELEWN - OO HWN -

WU hWN -

ah ek ok b b b o A A PO G G G -k ah b ok ek b b

b b ok ok ok ah b b b

ai

.0008
.0008
.0008
.0008
.0008
.0008
.0008
.0008
.0008

. 0009
.0008
.0009
.0008
.0008
.0009
.0009
.0008
.0009

.0010
.0010
.0010
.0010

.0010
.0010
.0010
.0010
.0010

.0011
.0011
.0011
.0011
.0011
.00 11
.0011
L0011
.0011

000000000 00000 0000 000000000 000000000

az

0000010
0000010
.0000010
.0000010
.0000010
.0000010
.0000010
.0000010
. 0000010

. 0000010
.0000010
.0000010
.Q000010
. 0000010
.0000010
.0000010
.0000010
.0000010

.0000010
.0000010
.0000010
. 0000010

.0000010
.0000010
.0000010
.0000010
.0000010

.0000010
. 0000010
. 0000010
.0000010
.0000010
.0000010
.0000010
.0000010
.0000010

Arrival
time

000000000 O0000 0000 000000000 000000000

.0037
.0083
.0143
.0222
.0333
.0500
.0778
. 1333
. 3000

.0025
.0056
.0085
.0148
.0222
.0333
.0519
.08838
.2000

.0022
.0050
.0086
.0133

.0200
.0300
.0467
.0800
. 1800

.0020
.0045
.0078
L0121
.0182
.0273
.0424
.0727
. 1636

Service
time

Q00000000 00000 0000 000000000 0O00000000

.0370
.0417
.0476
.0556
.0667
.0833
1114
. 1667
.3333

.0247
.0278
.0317
.0370
.0444
.0556
.0741
AR RRE
.2222

.0222
.0250
.0286
.0333

.0400
.0500
.0667
. 1000
.2000

.0202
.0227
.0260
.0303
.0364
. 0455
.0606
.0909
.1818

Absolute

percentage

difference

approximation distribution.

Renyi’s measure

Table 4.5

- Average Maximum
0.1202 0.1221
0.1202 0.12214
0.1202 0.1221
0.1202 0.1221%
0.1202 0.1221
0.1202 0.122¢%
0.1203 0.1222
0.1205 0.1224
0.1204 0.1223
0.1023 0.1035
0.1023 0.1036
0.1023 0.1036
0.1023 0.1036
0.1023 0. 1036
0.1023 0. 1036
0. 1025 0.1037
0.1026 0.1038
0.1028 0.1041
0. 1021 0.1033
0.1022 0.1034
0.1022 0.1034
0.1022 0.1034
0.1022 0.1034
0.1022 0.1034
0.1023 0.1035
0.1025 0.1037
0.1028 0. 1040
0.1943 0. 1959
0.1943 0.1960
0.1844 0. 1960
0.1944 0.1860
0.19844 0.1960
0. 1944 0. 1960
0.1844 0. 1960
0.1947 0.1964
0. 1951 0.1967

Minimum

000000000 00000 OO0 000000000 OO0O0O0OO0O0O0O0O

L1214
L1212
1211
L1211
1212
L1212
. 12143
. 1214
L1214

. 1029
. 1030
. 1029
. 1029
. 1029
. 1030
. 1031
. 1032
. 1035

. 1027
. 1028
. 1028
. 1028

. 1028
. 1028
. 1029
. 1031
. 1034

. 1951
. 1952
. 1952
. 1952
. 1952
. 1952
. 1952
. 1955
. 1959

between

exact

Parametric’s measure

Average
.0000
.0000
. 0000
. 0000
. 0000
.0000
.0000
.0000
. 0000

Q00000000 00000 0000 000000000 000000000

.0000
.0000
.0000
.0000
.0000
.0000
.0000
. 0000
.0000

.0000
. 0000
. 0000
. 0000

. 0000
. 0000
.0000
.0000
.0000

. 0000
. 0000
.0000
.0000
.0000
.0000
.0000
. 0000
. 0000

Q00000000 00000 OO0O0 000000000 000000000

Max imum
.0001
.0001
.0001
.0001
. 0000
. 0001
.0001
.0000
. 0000

.0001
.0001
.0001
.0001
.0001
.0001
.0001
.0001
.0000

.0003
.0002
. 0002
.0002

. 0002
.0001
.0002
.0002
.0003

.0002
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Chapter V

CONCLUDING REMARKS AND RECOMMENDATIONS FOR
FURTHER WORK.

Concluding Remarks.

In the present thesis, we have provided an MEP approach
to obtain approximate operating characteristics for two unit
paralleled redundant systems when the repair time distribu-
tion is either Gamma and Weibull. These results are ob-
tained when the only information is available in the form of
first moment (or first two moments) of repair time distribu-
tion. It has been shown that MEP provides a very good ap-

proximation to the operating characteristics of this system.

In case of single server gueueing systems, we have shown
that the wuse of Renyi's entropy in obtaining performance
distribution consistently provide better results. Our anal-
ysis assumes that the only available information is in the
form of the first moment of service time distribution. Our
results are valid for 0.0 € P < 1.0, in contrast to the re-

sults obtained by Shore which are valid only under light

load condition P < 0.1 and when the information available is

in the form of first four moments of service time distribu-

tion,




Recommendations for Further Work.

In the present thesis, the fépair time distribution
for a two unit paralleled redundant system is consid-
er to be either Weibull or Gamma. It 1is proposed
that the information theoretic approximation of oper-
ating characteristics be obtained when the repair
time distributions are such as Log-normal, Laplace
and Beta.

We have used Shannon's measure for obtaining the ap-
proximation of operating characteristics of the above
system. It is proposed that Renyi's measure and the
Parametric measure should also be applied.

This thesis deals with two unit paralleled redundant
systems. It will be interesting to obtain the ap-
proximate operating characteristics of multi-unit re-
dundant systems.

In single service queueing systems, to obtain the in-
formation—-theoretic .approximation for performance
distributions, we assumed the information is avail-
able in the form of first moment only. It is pro-
posed that the results be extended when the informa-
tion is available in the form of first two or more
moments,

In single server queueing systems, we have used three

entropy models, namely Shannnon's, Renyi's and Para-
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pur (1967) be algo used to obtained the approkimate

performance distributions, ‘Rapur's measure may give
more general results Since it ig characterized by two
bParameters ag compared to Renyi's ang Parametric
which have only one Parameter each,

In case prior information is available, then it is

sis and pProposed in 1 - § above,
It is proposeq that MEP be applied to obtain the ap-
Proximate performance distribution of multi-server

queueing systems.
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Appendix A

DERIVATION OF H;;'(X) FUNTION.

In this appendix the probability distribution H,;'(x) is
obtained using Shannon's measure of uncertainty and the only

information is available in the form of first moment.

Consider

o0
Max S : - [ f(x) 1nf(x) dx
&

(A1)
subject to

J £(x) dx = 1
-3

(a2)
00
& x f(x) dx = m,

(a3)

where m; is the known mean service time.
The Langrangian equation of above system is :

o

L(E(x), 7o, 71) = - | £(x)Inf(x) dx

) e
= (yo=1) [ £ £(x) ax -1 ] - 71[% xf(x)dx -mq]
where vo, 71 are Langrangian multipliers.

dL/df(x) = - 1 - 1nf(x) - (y0-1) - yix = 0
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In £(x) ~Yo — Y1X

£(x)

exp(-yo~71x)

Using (A2) and (A4), we have

23]

) * !
JE(x) dx = 1 = £ exp(-yo-v1x) dx

o0
1 = exp(-vo0) [ exp(-y:x) dx
-]

= vabmzxi Qigyxw)l\

(=]
[+]

-
i

= yiexp(-vo)

71 = exp{-vo)

Now, using (A3) and (A4), and get

(-] o0
‘\\\\ £ x f(x) dx = m, = [ x exp(-yo-v1x) dx
a0
mi = exp(=7o0) £ x exp(-vyix) dx
let u = x ; dv = exp(-yi1x) dx
and
du = dx s v = —y; expl(-yix)

=
#

O
expl(-vo) [, x exp(-v, x) dx

exp(-70) [-x exp(-v1 x)/v,

o
+ (1/51)‘£ exp(-v; x) dx ]
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- exp(-y0) [ exp(-v; x)/(y,)2]

my = expl-71)/7:?2
(a6)
substituting (A5) in (a6),
my = 71/712 = 1/71
or
Y1 = 1/“H
(A7)
From (A4),
£(x) = exp(-v0-71x)
= yiexp(-vix)
= (1/my) exp(—x/ﬁg)
(a8)
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Appendix B

DERIVATION OF Hy;2(X) FUNCTION,

In this appendix the probability distribution H;;2(x) is
obtained using Shannon's measure of uncertainty and the only

information is available in the form of first two moments.

Consider :

Max s 3 - ;Of(x) Inf(x) dx

(B1)
subject to
oo
J £(x) dx = 1

- (B2)

oQ
J xf(x)dx = m;y
[4]

(B3)
o .
] x2f(x)dx = my

(B4)

The Langrangian eguation of above system is :
L(f(X)y 70y 7.1y 72) = I f(x)lnf(x) dx
-}
-7
= (yo-1)[{ £(x)ax -1]

= e[ x£(x) dx - my]
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00
- 72[£ x2f(x) dx - my]

then,
dL/df(X) = - 1 - ll’lf(X) - (70‘1) - Y1X — ’)’2}{2
Inf(x) = -y0 - y1x — 72x2

£(x) = exp(-7yo-71x-72x2)

Using (B2) with (B5), we have

)

£ exp(-vo-71x-72%x2) dx = 1

or
o
1/A(y172) = | exp(-y1x-72x2)dx
(-]
where
1/A(v172) = exp(vo)

Then, (B5) can be written as :

Hi12(t) = a(yq,v2)exp(-vi1x—72x2)

Using (B6) to obtain A(vy,,v2),

it

1/B(v1,72) exp(vyo)

0 .

| exp(-yix-72%x2) dx
74

i
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0

(B5)

(B6)

(6.1)

(B7)




Since we need the distribution to be in a proper form, we
assume 7y, > 0, so that the function is a truncated normal

distribution.

Now, N -
o __(LE xl-q.—-i;-o?( + 4-8’;.".1 m
1/8(v1,72) = £ Q- Cd x o X =0
0
ot - x4 Sy |
- Q Y Q . X ) X .770
v
Let
x+y1/(27v,) = 2z dx = dz
x=0 H Z=‘71/(2‘72)
X = 2] o Z= OO
8’;1 oo ”Kag)‘ &’y
“%s o d ; Z 3y
1/A(71r")‘2) = -] o 14 S S 3
(B8)
Again, let

v222 = (1/2)y?
then
y2=2v,22 ie. y=2z J 272

z=v1/(2y,) ; then y= v://27;
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2v,dz = dy

dz = dy/[2v: oo X

K\l “&j" Q&B

4%, 2,
1/8(y1,72) = € [ﬁ; € ' {??; ” 3 - iy

NE
2 Ay
| ) RN
= AL PY [ — S Qe <y
- T

where 45(71/1272) is a standard Normal density func-

tion

and %(71/\/272) is a standard Normal distribution

function,

Therefore,

L & — T ¥ =
Af71,72) = (2 xz§L 4)(—4:;—";;) L VT qz(mx)]

= () ey - Do Frer)”

VQKQJQ L
1O (89)
or otherwise, oo
L7 ~3u>
4 Taw Yl
Uty = (26) - ) S TSy
o
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1/A(y1,72) = My /V2721//27,
where M[y:/ 2y,;] is known as Mill's ratio.

or

Alyi,v2) = /2y /Mlvi/ 272]

= /27y, B(t)

(B10)

where B(t) is the inverse function of Mill's ratio and

t=v1//273

Equating (B9) to (B10), we have

Alyi,v2) = Jay, - oty D= §-("HY|

= Jay¥ Rit)

(B10.1)
Thus, A(y1,72) is known.
Using (B10.1) and (B6.1),
exp(-vo) =/2v, B(t)
(B11)

From (B6),

exp(vo) = ] exp(-ryi1x-7.x%x2) dx

Taking derivative w.r.t. 74 3
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d &0
£ oy © [ % eperaona i

o

(R12)

M“'u“‘p\\&iv\dé \)oJrk. Q;C\Q b\& Q"? C~ %), +"\€h we l\“\Vﬂ

[ — K‘.XQ r 'xl
N d & §

o

d>x =-m,

(B3

d 5,
1r € =”[S’2‘Fcu )31

From (&11) K —H\Qreg.ore we. tan obtain

d 5, N
e € = “ [%(W] :

—_— o dor !
- v oo U] - fleay)

- —_— ¥ b T A o
= - g LB (eE) B (e =8

(R14)
u$;h3 RCi) and R(i4),
~ ¥, d r).
© AZS‘Q- :—-(lh’) %(W\(Z Y <g—*31

' B(mﬁ
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-\

= ~Rge) L&) aw)

(R\S)
Using  BUS) and BCLIZY, we have,
Rt 1
M, = Rty OF,
(B 16)
Wheve
c X\
oy,

L ¥ oo )
o (¥, %+ ¥y xt)
ji—* = S x* e dx
1 (-]

-¥,

A%o{m, MLL\H\)\A-&:'\% Lot <'des \0\6 e, we \\ave

..a‘g Al e-rb gmjc'l ~QK°+K.7C*K;_3C})

e A.K-‘L = o < &DQ = Ml

g?uc@ we have 5
-4 1
e = ) B o]

e re.gofe,‘

R -3 Tty e
e e = (21 CGOLBO) R T

=1

= - R'w) D(rw)  ax)
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{
. oL 4 By
ar & - Tav, 3y (RetH T

]

-3 ! NL'
- -2——‘? [g'(t) G2) (B(E)) R(+4) Gr

1

" |
SS (1) =
i &) Bt \BYs ]

2

—

- L . E zE%’ct)]: %':(J”J
W2y, () B(E)

(B1¢)
gu\as,t;+u41-n% C(BIR) inte (RITY,

' |
Q—b: d 'QXO =-12% "Bt 2% 37 [ Bet)]
15

{ ~ 2[RMEN™

A g“U:)%
CR(t)

' x y

I

r_R(t) 1‘_~ R'(&)
Rtt) Iy, 2, Rt)

and from CR1€),

x %”Cf)
2M5 - 2 Y. R(%)
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) | . R ()
M- M7= M~ = = 5x @)
. "
N _ B
§ A = 2 5 B(t)
O,
RCtY 1
)/; = 2 %(t) ) mll‘ &‘l
(R19)
Feom (B16), we can obtain ,
R (%)
m =
\ Rt) {2y
"‘\'\Q_rQ‘g—QfQ)
L
Lr' )]
™M - a
2 LRwy]™ 2%
A
m* - L@’ ('(?3]
- 2 TRe)Y™
Of.)
! x
v, o= f'w)]
ZEBUC) mtll
(R20)
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Su‘ms‘\‘ﬁu'\’inﬁ (RI%) {nde (B2W) , we <can

O\)'\Q.\h ,

R (4) m* Ty 1°
2 BE) m> - € 2 [Rw)

mr . g™ B () o )‘

= — . R«
m> L'ty ]?
q * - |~ B RICt)
m,* [ty 1™
(R21)

BU) R(E)
LR 3%
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It has been shown by Barrow & Cohen (1954) that the
function F(t) is a continuous and monotonicaly in-

creasing from 0 to 1 as t increases from -®to %0 ,

If 62 < m,?, we can derive a unique value of t from
(B22) and we can also determine v,, 7, by using (B8)
and (B16). Using (B10) the value of A(y:,v2) can be

determine.

If 6§2=m;2, the system gives t=%, 5,=0 and it is a de-
generate case, the truncated normal distribution re-

duces to an exponential distribution.

If €2>my2, we can not find a value of t, v:, v2; and
therefore no maximum entropy solution of the form (B7)

exists.
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Appendix C

PROCEDURE OF FINDING H;;2(X) FUNCTION.

From Appendix E, we have

141

my = 1/u + g(v1) /70

1112 = dz/dS2 h11(0)

1]

g''(0) - 2g"(v1)/v0 + 2g9(y1) /702
To obtain the Hy,2(t), we need to following procedure :

1) For given values of 1y;', 1,42 and parameters c, & r Yo,
and y: ensure that F(t) value exists. That is, it satisfies

the condition 1112 < (1111)2

2) If 1412 < (171')2 condition is satisfied, then Mill's ra-

tio (B(x)) is given by :

B(x) fz/hqz
mg/m12 -1

1112/(1441)2 - 1

The values of B(x), for a given value of x, can be determine

by using APpendix J.

Since X = 71Kk272)




and

114" = B'(x)/[B(x) {27,]
The:efore,

y2 = (1/2)[B"(x)/{B(x)1,,1}]2
and

1 = X [2v,

Therefore,

Alyy,72) ={2v, B(x)

and the value of H;;2(x) can be obtained using the following

expression

X
H112(X) = [ A(‘)’1,72)€XD(’“71X“72X2) dx
[
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Appendix D

DERIVATION OF Ly;' AND L,;?2

Fom (l-S.S),

s (
h, (Y = 30 T ss6. 3 srE0

~(S*tfé.ﬂ \:CX“‘*F’*)* Saﬁl( S+ /‘%_ﬂ

Pl MEREERR ALY

¢ S+ Pb)‘
S st
Cs+pal™
QY\A, (Dl)
A
js* LH(S\ = %/(s)

[ s Pacerpn + =94 tstpo)

T (st @.,)-[C)'(sf(;.) + %'w*r )
- 31HLS+@,)X - %(gx@‘)
- eqlesipn - 2 CsHED

.'{&Sw“(@.\ L q ¢ S+(§‘) + ﬁlqjcgwuﬁ,}]

|

- Squgwg,ﬂ] . Cg*ﬁ,)‘*
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(o) = L

] 3B
=~ a(e) +
4 e (p3)

Avd alse becauce

AL

+\f\QrL§6‘r( ,

oY,

A,

N

X,

L
A%L \'\\\(03 = "Q\\

BoLqtedi 289 2]
fe’
* g - AR
@bq
= 9oy - 28, 91p) - 2P0
Bo

L

tl
= C&Lb) -
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Appendix E

DERIVATION OF Lg2! AND Lg,?2

WQ \(\r\tw ’EYOW\ (L.5013),

W . (s) = _&L S
o (S+ B S+ [-‘»0(\~3(§1F'ﬂ
J"\‘QW{MQ,

ji“ hoals) = —E—L f(ﬁ(s (\~3(s+(s 3ﬂ

(S1p0)

. (*3'(%(%\)) — K:\ -G&L@(ﬁ‘)‘x .
-[\+(56(-3'(s+/3.3)] g
R {g, [\—%(&1'{5.)\3 )-4

% \\e,_io\ = /gb { . \f\-%(fgg\\ Q‘“‘i’(ﬁ.))
— Cl- 3(f%xﬂ'\: \—*(Sb &—3"(@.3\}% ‘
‘ {fgoi“‘iﬂf&«ﬂ}\

R A IR )
feli-gg0)
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Appendix F

DERIVATION OF Loo' AND Lgg2

We Kuow %wW\(t.§J4),

Kooks) = i“o—-* 3L )
Csy3,) \-3(%3*j(sw§‘)
i
f¥k€fe{ore j ( :

Tohocsy = -bo s
L%‘*’[S:A \.—3(3)*3(&”’%')
+ Lo '

‘{E IS esEa ] 9lesig

= (~3'C%) *QJ'QH(%.\ '3 cs+(3,)7§ :
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FEIF B + 1oy VR D= ABIY B
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Appendix G

DERIVATION OF C.D.F. OF RENYI'S ENTROPY.

In this appendix the cumulative distribution function, F
(y), 1is obtained wusing Renyi's measure of uncertainty and

the only information 1is available in the form of first mo-

ment., It 1is assumed that the given system 1is continuous

distribution over range (0, and J f(x) dx = 1.

subject to

o0

& f(x) dx = 1
fJx f(x) dx = m,

where m; is the mean service time distribution.
The Langrangian equation of above system is :
LE(x), vo, 71) =
X X, e el
1/(1=ay) [ In £ (x) dx ] = yo( [ £(x) dx - 1)

m .
- v+ J x £(x) dx - my)




where 7o, 7: are Langrangian multipliers.

‘ o, -
—C—&—E = d'ﬁc x> - o, ~ %, X = o
Agoo (= %, Soo %*‘Lm .
| (G a)
Let
N = \‘i{ ' é“‘,,(\\
‘ SD {Toadx (@ 5)

Using (G 8) in (G 4)

. we <an obtaina

<=\
N.§ (o) - °<o - °(.3Q = D ((Aé)
of,
oy~ °<b X,
3( C>0) = o TN x (&)
ek
o X
ifq = N, and T\T = Na an a chh\) \DeLow\QS
°(\“
J( (2¢) = N, o+ N, D
of, ' ‘
<y
, S—c:q = CNy 4+, x) (48)

4

U\g},\3 (G2) and (¢ 8&) we wan  obtreiin

oo

\ = 3 G mx}#‘-ék (G9)
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‘ T (au)

For (&Qu11) %o G\Q{»ine , wWe a«smw}q Yhax P <« -\

)
>

‘\'\\Qre-&cr.e , (Q\\\) Can \342 T-Q'\/\_)Ttt\'\'Q.Y\v 8. S
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Of) o
+)
n
=~ - ‘ (42
" P+ &)
Using (43) gad (G%), we havz
o .
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XN, AN, x) - dx (&13)

/1
3
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onal W= Nx nyae du = n, {x
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o © \
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n, >
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Pxry @ P o
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LQ'\' A [SUNR ?4‘5~ y —'\‘\f\efiiore N QG.\A-\ \DQQ@MQ_S
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From (G , wWe ha ve
p
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» P (& 15.1)
oY oaa
£ - )
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N wbeditutin 3

C&1L) into C&G1IS), we wan oblain !

b P+ 2
n,
(P+1) | = m,
‘1P+). (\3*\\&?*1\

-

pra T
0, :[p+\ m,] B
(@171)
us‘m3 (G12) and (§1T) in (G8) -'\\r\e_veicre, *h,

probabilidu densiby  dunekion |, fux) |, ol 4he Ren

{-\M\i—\f‘\on can be wrnmten as

P+ ] m\ 3(} .
‘3}.(“) = ErR Pyl ’

And ‘\‘\\Q‘ (OfY‘QS\Dcv\c\;n% cuamuletve \D(c\oqbihh

’%\/\‘N\C,’\"‘\DV\ )

Fx\(B\ = J gd‘(xj dx

Ez\“j) , Can b wautten as ¢

"

(6 \8)

3

= 3 Cnovonpae) . dx 5 P
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and X200 , U= n : x:j , 4N
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Appendix H

DERIVATION OF C.D.F. OF PARAMETRIC ENTROPY.

In this appendix the cumulative distribution function, F

(y), is obtained using Parametric entropy of uncertainty and
the only information 1is available in the form of first mo-
ment. It is assumed that the system given system is a con-

tinuous distribution over range (0, ).

oo

Max VP»(}_! "J ‘ECX)M&@ ADQ + :lf g (\+O(L%QK)B L\(‘+O("%Q<)) &X - \

(H1)

subject to

O

J f(x) dx = 1

(2]
J x f(x) dx = m;

where my; is the known mean service time.

The Langrangian equation of above system is :
(o)
O

LCE(X), vo, vi) = - Jo%u)\v\g‘w) dx + iw_ \DC\~D(L§L;¢))\Y\(1—°(2§(1<))(\7(

-\ - ¥, (Sjb%(x)Ax ~-1) - X:(Sj;'%ﬁ)&x~ MA

W\\'Qfg 6/¢> ) zr\ are  tha L@\J’\ ?,yo\,«/\ﬁ;o«,r\, M“\'\j?\'\{’(‘- .
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Appendix I

EXAMINING OF SHANNON'S ENTROPY AS A SPECIAL CASE
OF RENYI'S AND PARAMETRIC ENTROPY.

Renyi's Entropy L*ﬁq,\

«,

M ax H S A,\L o ST

We, want Yo 2how 4*«@*“ as X, tendg to | P

Ry, tends Fo 0 S CShannen's Ewbepy )

Pfoo_‘ 4 \
ASSqu +\f\a* g,, '&W)clx =\, V\s:rxi L’Hos?'\-xo:\ Rule )
/t:m d \‘\,(' - Am - \‘ g C") %C*)
AR A S

= = %QX) ln {-cx)
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Parametric Entropy ( Py )
kY
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S
o= JO'ECK)IV\{(X)JX + o%}_ J(\*"(;%(x))\”(l‘*dk&(")w
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Max B
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Appendix J

VALUES OF INVERSE MILL'S RATIO FUNCTION

-6.0
-5.9

| AN R I S I S|

W W W W W

'

L T R T R T

' N 1 H 1 H ' i H
(=R == NN I S N F ST S N NN VR SR )
DEEPREPEE

[ O -G T
.

L I R S S v s e .
ANQUVOANWERUANDVO AN NANDO VO NWRNAAOVO wNwDRUARANDOO

D S T R

. a0

B (Rt

0.00000001
0.00000001
0.000600002
0.00000004
0.0600600006
0.00000011
0.00000019
0.00000032
0.00000054
0.00000090
0.00000149
0.00000244
0.00000396
0.00000637
0.00001014
0.00001598
0.00002494
0.00003854
0.00005894
0.00008926
0.00013383
0.00019867
0.00029197
0.00042483
0.00061200
0.00087289
0.00123263
0.00172340
0.00238573
0.00326998
0.00443784
0.00596366
0.00793573
0.01045719
0.01364658
0.01763783
0.02257963
0.02863411
0.03597477
0.04478363
0.05524786
0.06755578
0.08189258
0.09843592
0.11735162
0.13878975
0.16288121
0.18973503
0.2194365¢
0.25204630
0.28759997
0.32610889
0.36756142
0.41192475
0.45914713

B1({B'ch)

0.00000004
0.00000006
0.00000011
0.00000020
0.00000035
0.00000059
0.00000100
0.00000168
0.00000279
0.00000458
0.00000743
0.00001195
0.00001901
0.00002994
0.00004665
0.00007193
0.00010975
0.00016570
0.00024757
0.00036599
0.00053536
0.00077483

‘0.00110956

0.00157204
0.00220357
0.00305586
0.00419248
0.00569020
0.00764002
0.01014764
0.01333321
0.01733018
0.02228302
0.02834376
0.03566733
0.04440566
0.05470095
0.06667837
0.08043867
0.09605119
0.11354805
0.13291977
0.15411305
0.17703069
0.20153399
0.22744722
0.25456398
0.28265493
0.31147625
0.34077827
0.37031371
0.39984501
0.42915054

- 0.45802932

0.48630437

(continued)
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B11(E)

0.060000021
0.00000037
0.00000065
0.00000111
0.00000188
0.00000315
0.00000523
0.00000859
0.00001396
0.00002244
0.00003568
0.00005612
0.00008731
0.00013434
0.00020444
0.00030769
0.00045795
0.00067401
0.00098087
0.00141135
0.00200773
0.00282349
0.00392502
0.00539305
0.007323%56
0.00982797
0.01303212
0.01707386
0.02209879
0.02825407
0.03568014
0.04450056
0.05481038
0.06666377
0.08006196
0.09494275
0.11117290
0.12854470
0.14677783
0.16552692
0.18439481
0.20295078
0.22075233
0.23736862
0.25240345
0.26551576
0.27643574
0.28497546
0.29103350
0.29459361
0.29571817
0.29453765
0.29123737
0.28604300
0.27920600

ren (FUTY)

0.02777778
0.02872738
0.02972651
0.03077869
0.03188774
0.03305783
0.03429352
0.03559979
0.03698214
0.03844656
0.03999968
0.04164877
0.04340188
0.04526787
0.04725657
0.04937881
0.05164664
0.05407336
0.05667372
0.05946404
0.06246236
0.06568858
0.06916461
0.07291444
0.07696430
0.08134262
0.08608009
0.039120956
0.03676581
0.10278537
0.10930602
0.11636631
0.12400490
0.13225970
0.14116699
0.15076032
0.16106942
0.17211900
0.18392760
0.19650647
0.20985861
0.22397790
0.23884858
0.25444487
0.27073100
0.28766146
0.30518167
0.32322881
0.34173303
0.36061881
0.37980644
0.39921361
0.41875704
0.43835403
0.45792387




VALUES OF INVERSE MILL'S RATIO FUNCTION

(cont inued)

/ S

T B (&¢t)) B1 (&) B11 (Rc) rey (F(T))
-0.5  0.50916043  0.51382456  0.27099012  0.47738920
-0.4  0.56188270  0.54046525  0.26165954  0.49667710
~0.3  0.61722085  0.56612783  0.25146930  0.51571998
-0.2  0.67507317  0.59073843  0.24065784  0.53445633
-0.1  0.73533174  0.61424595  0.22944194  0.55283118
0.0  0.79788455  0.63661976  0.21801360  0.57079635
0.1  0.86261747  0.65784714  0.20653869  0.58831060
0.2 0.92941584  0.67793064  0.19515698  0.60533952
0.3 0.99816596  0.69688550  0.18398316  0.62185535
0.4  1.06875616  0.71473727  0.17310866  0.63783660
0.5  1.14107776  0.73151958  0.16260389  0.65326772
0.6  1.21502575  0.74727213  0.15252072  0.66813857
0.7  1.29049933  0.76203899  0.14289499  0.68242395
0.8  1.36740226  0.77586713  0.13373897  0.69618302
0.9  1.44564309  0.78880516  0.12509372  0.70935885
1.0 1.52513526  0.80090231°  0.11693114  0.72197781
1.1 1.60579716  0.81220764  0.10925589  0.73404915
.2 1.68755201  0.82276938  0.10205698  0.74558447
1.3 1.77032782  0.83263442  0.09531919  0.75659733
1.4 1.85405719  0.84184799  0.08902427  0.76710285
1.5 1.93867715  0.85045337  0.08315183  0.77711733
1.6 2.02412897  0.85849173  0.07768024  0.78665794
1.7 2.11035791  0.86600205  0.07258716  0.79574247
1.8 2.19731301  0.87302105  0.06785013  0.80438905
1.9 2.28494690  0.87958322  0.06344689  0.81261597
2.0 2.37321552  0.88572085  0.05935572  0.82044149
2.1 2.46207793  0.89146409  0.05555560  0.82788372
2.2 2.55149613  0.89684103  0.05202644  0.83496044
2.3 2.64143481  0.90187780  0.04874907  0.84168909
2.4 2.73186118  0.90659866  0.04570541  0.84808660
2.5 2.82274478  0.91102613 ~ 0.04287841  0.85416942
2.6 2.91405733  0.91518107  0.04025210  0.85995341
2.7 3.00577256  0.91908278  0.03781155  0.86545383
2.8 3.09786606  0.92274915  0.03554287  0.87068533
2.9 3.19031512  0.92619670  0.03343313  0.87566192
3.0 3.28309863  0.92944073  0.03147034  0.88039702
3.1 3.37619697  0.93249536  0.029643341  0.88490336
3.2 3.46959184  0.93537366  0.02794207  0.88919312
3.3 3.56326624  0.93808771  0.02635684  0.89327782
3.4 3.65720430  0.94064867  0.02487896  0.89716842
3.5  3.75139124  0.94306688  0.02350036  0.90087531
3.6  3.84581326  0.94535189  0.02221360  0.90440831
3.7 3.94045749  0.94751253  0.02101182  0.90777674
3.8 4.03531191  0.94955697  0.01988872  0.91098938
3.9 4.13036529  0.95143280  0.01883846  0.91405457
4.0 4.22560711  0.95332702  0.01785569  0.91698014
4.1 4.32102755  0.95506614  0.01693549  0.91977351
4.2 4.41661740  0.95671618  0.01607329  0.92244168
4.3 4.51236803  0.95828273  0.01526493  0.92499126
4.4  4.60827137  0.95977097  0.01450653  0.92742846
4.5  4.70431981  0.96118573  0.01379455  0.92975916
4.6 4.80050624  0.96253148  0.01312570  0.93198891
4.7  4.89682398  0.96381238  0.01249697  0.93412294
4.8 4.99326672  0.96503230  0.01190556  0.93616616
4.9 5.08982856  0.96619484  0.01134891  0.93812321
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B (BLO)

5.18650393
5.28328758
5.38017457
5.47716024
5.57424019
5.67141027
5.76866656
5.86600534
5.96342312
6.06091657
6.15848256
6.25611809
6.35382020
6.45158633
6.54941402
6.64730222
6.74524511
6.84323899
6.94129806
7.03939148

B1 (B'@)

0.96730336
0.96836098
0.96937062
0.97033501
0.97125667
0.97213798
0.972398115
0.97378824
0.97456122
0.97530130
0.97601208
0.97669323
0.97734591
0.97797231
0.97857428
0.97316241
0.97971387
0.98021862
0.98079198
0.98123121

B11 (E)

0.01082462
0.01033052
0.00986455
0.00942486
0.00900972
0.00861749
0.00824665
0.00789570
0.00756361
0.00724914
0.00695171
0.00666958
0.00639554
0.00613370
0.00588682
0.00571901
0.00546372
0.00503683
0.00525541
0.00465444

VALUES OF INVERSE MILL'S RATIO FUNCTION

ren (F(TY)

0.93999851
0.94179614
0.94352011
0.94517398
0.94676113
0.94828505
0.94974908
0.95115678
0.95250950
0.95381016
0.95505773
0.95625917
0.95745821
0.95862519
0.95973797
0.96034873
0.96160388
0.96412659
0.96207781
0.96597018






