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ABSTRACT

The thesis describes an optimization of Schel ìrs design of the

corner array in order to take into account the edge diffraction,

mutual coupl ing, and off-axis positioning of the radiators, as wel I

as arb i trary corner ang I es .

lnitiaì ìy, an optimization procedure for generating partial op-

timum pattern and optimum gain has been given for each effect sepa-

rately. Analysis of the off-axis symmetrical or asymmetrical posi-

tioning of the radiators is given. The mutual coupl ing between the

radiators and between the reflector surfaces and the radiators are

investigated separately. The effect of edge diffraction on the ra-

diation characteristics is also investigated using the integral

equation formuìation and the geometrical theory of diffraction.

F i nal ìy, an exampìe is presented to i I ìustrate how al I effects

can be taken into account simultaneously in order to yield a global

optimum which satisfies specifice design characteristics. lt is

shown that for the specific case of the unequispaced corner arraY

treated by Scheì I , the resul ti ng improvements wi th respect to the

gain and main to sidelobe ratio are 2.67 dB and 2.6 dB, respec-

tiveìy.
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Chapter I

I NTRODUCT I ON

The corner reflector antenna has been extensively used for oper-

ation in the VHF and UHF radio frequency ranges. Kraus tl] and

lloul ì in [2] discussed this type of antenna and employed the image

theory to calculate the field pattern that appl ies to the case

where the flat walìs are of semi-infinite extent. As pointed out by

l,loullin, the image method appears to be applicable only for f lare

angles that are submultiples of ¡ . He is rather doubtful as to

whether the resuìts expressed as a series of Bessel functions can

be genera ì i zed to corner ref I ector apex ang ì es of arb i trary va I ue

between 0 and 2lT. Wait [¡] derived a straightforward solution for

the resultant field anywh,ere within the angìe subtended by the cor-

ner ref lector and he pointed out that l'loullin's method of images

can easily be extended to arbitrary corner angles Kìopfenstein

t4] determined the corner refìector characteristÌcs for reflectors

of arbitrary apex angles and excited by any infinitesimal dipole

source which is tangent to a circuìar cyìinder having the apex as

i ts ax i s. He used the dyad i c Greenrs funct i on for the perfect I y

conducting wedge, and the results obtained involved infinite series

of Besseì functions. Neff and Tillman [!] derived a simple expres-

sion for the field pattern in terns of infinite series of Bessel

functions. 0hba t6] considered reflector antennas finite in wall
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length and arbitrary corner angìe, using the geometrical theory of

diffraction.

|Jilson and Cottony [7],[8] gave several experimentaì radiation

patterns for corner refìector antennas having various combinations

of width and length of the reflecting surfaces, the corner angìe

being set at the value that gave a maximum gain for each assembly.

Tsai et. al. t9] anaìyzed the corner reflector both by the moment

method and the geometrical theory of diffraction . Redl ich [10]

gave an approximate soìution for the calcuìation of the radiation

pattern of an infinite corner reflector. K¡tsuregawa et. al. Ill]

investigated the offset dipole fed infinite corner reflector anten-

na. Elsherben¡ [12] gave a critical survey of the analysis of cor-

ner refìector antennas, and investigated the finite refìector an-

tenna þr¡ th offset feed using di fferent methods Elkamchouchi [ì3]

studied the two and the three dimensional cyl indrical ly-capped re-

flector antennas using image theory.

The corner reflector arraY was original ly introduced by Scheì I

[14], to obtain higher directivity and gain than the conventionaì

corner reflector. The technique used by Scheìl is to place a linear

array of dipoles (or actual ly monopoles over a ground plane)on the

bisector of the corner reflector. S¡nce the positioning of the ar'

ray elements depends upon the wavelength, the wide bandwidth fea-

ture of the corner reflector seems lost. However' if the array eìe-

ments are considered as the feed and the wal ls as the reflector,

like a parabolic reflector wíth a horn feed,then the frequency lim-

¡ tat ¡ ons of the antenna are determi ned by the des i gner's i ngenu i ty

in bui lding and positioning the feed structure.
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Schel I presented two methods of analysis. The first uses the

geometrical optics technique to obtain a solution for the field

aìong the axis of the corner reflector. The second, which is due

to Neff and Tilìman, is based on images and field from a radiat¡ng

element on the axis of the reflector This is extended to yieìd

the field from an array by manipulating the element currents' where

it is shown that the sidelobe level wi,thin the refìector may be re-

duced to any desired value. Also, the size of the aperture is

shown to correspond to that of other antennas for a given directiv-

ity. Finaì ìy, the results of the experimental measurements of the

proper t i es of tr.ro cor ner ar rays are g i ven .

The main objective of this thesis is a much more exhaust¡v.

study of the corner array in order to cover the points missed in

Scheì ìrs design. Specificaì ìy, the choice of the feed array posi-

t¡oning for highest gain of an optimum pattern of the antenna can

be done more careful ly. Also, the effect of offset positioning of

the feed elements as well as the mutuaì coupìing and edge diffrac-

tion effects need to be considered for a more refined analysis.

These four modifications to Scheì I's design lead to appreciabìe im-

provement in the resulting radiation characteristics.

ln Chapter II an extension to Scheì l's analysis for the corner

array fed by N infinitesimal dipoles will be introduced. Also, a

design procedure for the calculation of the positions is presented

on the basis of two related criteria. First, the highest gain cor-

responding to optimum pattern is denoted by optimum I Second,

the maximum gain of the antenna irrespective of the main to side-
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lobe level is denoted by optimum 2. The result of an optimization

search to caìculate the optimum design parameters corresponding to

optimum I and optimum 2 wiìl be presented. Finally, numerical re-

sults for different corner array design and result¡ng characteris-

tics wi I ì be outl ined. The radiation characteristics corresponding

to each design are tabuìated and the corresponding radiation pat-

terns are given.

ln Chapter III a more general design of the corner reflector fed

by an off-axis array will be introduced. The analysis of this cor-

ner array structure will be given in detail using image theory. A

specific design procedure of a feed array, symmetricaì with respect

to the axis of the reflector, wi I I be described. The optimum de-

sign parameters and radiation characteristics corresponding to this

case are tabulated. The corner artay corresponding to an arbi-

trary corner angìe is aìso investigated in this chapter. An exam-

pìe of a 50'corner angìe corresponding to optimum l, described in

Chapter IL is given showing the validity of the analysis and de-

sign procedure described in Chapters Il and III for arbitrary cor-

ner angles.

ln Chapter IV the mutual coupì ing effects on the radiation char-

acteristics are introduced. The method of calculating the mutual

coupling is described first for a tþro dipole array. This method is

extended to concentr i c c i rcul ar arrays generated from the appì i ca-

tion of image theory to the corner array. The current distribution

along each dipoìe in the concentric circular array is calculated

taking the effect of the mutual coupling into account. This current
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distribution is used for the calcuìation of the radiation pattern

and gain of the corner array. The design parameters corresponding

to each of the four cases introduced in Chapters II and III are

used to re-calculate the radiation characteristics with mutual

coupl i ng effects taken i nto account. The exc i tat i on currents cor-

responding to each case are modified using the Dolph Tchebyscheff

technique to generate optimum I again. Another case is introduced

for the maximum gain irrespective of the sidelobe level which shows

that mutuaì coupling is important for increasing the gain.

ln Chapte:'V the practical corner array of f inite wall ìength is

investigated. The effect of edge diffraction on the radiation pat-

tern is considered. Two methods of solution are introduced.

First, the integral equation formulation in which the feed array

consists of N I ine sources positioned anywhere between the finite

reflector wal ls. An integraì equation for the current density on

the surface of the reflector is derived. The solution of this in-

tegral equation is calculated using the moment method. The radia-

tion pattern due to the surface current density and the feed array

is evaluated showing the effect of edge diffraction. lt should be

mentioned here that the gain is calculated in Chapters II, ltI and

IV in three dimensions but in Chapter V the gain is not calcuìated

since the pattern derived is two-dimensionaì only. Second, the

geometric theory of diffraction method used by Ohba t6] is extended

to the case of the corner array. ln this method the whole space

for the example of a 6d corner angle with one feed source is sub-

divided into 22 regions. This is extended to the multi element
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feed case and the pattern is calculated in each region due to N

feed dipoles. Numerical results are given at the end of the chap-

ter showing that by increasing the reflector length the sideìobe

leveì and beamwidth decrease. This occurs up to a certain value of

the refìector length after which they increase again. The corre-

sponding value of the opt¡mum reflector length is evaluated for

each design considered.

Finaì ìy numerical results showing how a global optimum, which

includes the various factors neglected by Schel l, are presented in

Chapter VI a I ong w i th the conc I us i ons .



Chapter I I

CORNER ARRAY ANALYSIS AND DESIGN PROCEDURE

The basic structure for the analysis and design of the corner

array consists of two perfectìy conducting semi-infinite intersect-

ing sheets of corner angle equal to a submuìt¡ple ofrr' fed by an

array of N identical infinitesimal dipoles of length 2H (or mono-

poìes of length H over a ground plate) located on the bisector of

the corner angle. Fig.2.l is a schematic diagram of the corner ar-

ray under consideration and the coordinate system used, where I' is

the ampìitude of the driving current of the ith element and f is

the distance from the apex to the i3[ eìement. ln this case the

pattern will be completely derived by the image theory, and the va-

ìidity of this method for the anaìysis of the corner reflector an-

tenna is explained by lloullin t2]. ln practice, of course, the semi

infinite sheets of the ideal model are truncated to some finite ex-

tent and, ordinarily, they are made as cìose to the minimum reflec-

tor ìength as possible. The value of the mathematical model lies in

the exper imentaì ly observed fact that i t predicts the performance

of the practical antenna so long as the reflecting sheets are onìy

moderately large relative to the exciting dipoles and the farthest

spacing of the array elements from the apex. Schell [t4] discussed

this arrangement and cal led it a corner array. The present chapter

is an exhaustive treatment of the problem investigated by Schell'

7



8

P(r,erö)

I ¿I Ix
x

eq

à

Hg¿l : Slo,ben¡tlo ¿tagram of ootrtor array.



9

and a modi fied design procedure for an optimized system wi I I be

g i ven.

2.1 SCHELLIS ANALYSIS

Two methods of analysis are presented. The first uses the geo-

metr¡cal optics technique to obtain a solution for the field along

the axis of the corner reflector. The second' which is due to Neff

and Ti I lman, âìso gives the fieìd from a radiating element on the

axis of the reflector. The latter is extended to yield the field

from an array.

2..l.1 Geometrical Opt i cs Approach

The fietd pattern in a corner array is perhaps best determined

by first analyzing the simple case of a 9d corner angle and then

proceeding to the more general case.

Consider the case of a !0" refìector' consisting of two semi-in-

finite conducting pìanes at right angles to one another, âS shown

in Fig.2.2a. The incident wave suffers two reflections. The re-

sultant waves are shown graphically in Fig.2.2b. Adding these, the

total field is found to be

E" : Eo e-!Fx* Eo e+J 
p t - Eo e-JOt- Eo e+JF v (2.1)

E": 2 Eo cos(Bx) - 2 Eo eos(By) (2.2)
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(b)

Fig22: (a) laves ln a corner rofloctor of sector angle r/Z

(b) Schematic representåtlon of rafloct¡d vavæ
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tlith the above exampìe as a guide, ¡t is possible to infer the

pattern to be found within two infinite conducting planes inter-

secting at an angle of n/11 radians. This is shown in Fig.2.3 where

a ( P,Õ) coordinate system is used. The result obtained, which is

good for -t/zn<þ< n/2Ä, is

¡t
E" : (-1)M I (-1)" 

"lF 
e æds-nr/lr)

D=l

It is possible to transform this into a

order to obtain a more useful form of

done, one obtains

for l'1 even,

E:4MEzo I J(.-*Ðu(BP) cos(am+1)Mo

and f or fl odd

sum of Besseì

the equation.

(2.3)

functions in

lf th is is

(2 .4)
m-0

E,:4 j M Eoå-{-t)- J("-*r)u(Ép) cos(Zm+l)MÕ (z.s)

A number of dipoìes may noh, be placed at appropriate points f '

PrrPr.,. along the bisector of the intersecting planes, and the cur-

rents induced in these dipoles (which are proportional to the f ieìd

strength) may be summed. The total current will then have a vari-

ation of the form

I, : Ir eos(uo) + I, eos(3MÞ) + I, eos(5M0) (2 .6)

f or -¡/211<þ < r/2ì1, and wi I ì be zero f or other val ues of <Þ if the

conducting planes appear infinite to the dipoles. However, it may

be seen that ¡t is possibìe to use a number of elements in a corner
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reflector, and by appropriately adjust¡ng the currents, to obtain

an even radiation pattern wi thin the sector angle of the array.

Thus, the inherent directivity and gain of the corner reflector an-

tenna may be enhanced by several times by adding additionaì eìe-

ments, provided that the reflector surfaces are sufficiently large.

2,1 ,2 Analvsis !y Nef f And Ti I lman

Neff and Tillman have shown a method of anaìysis of the radia-

tion pattern of the corner reflector antenna for corner angles

equal to .lT/il. They used the method of images and considered the

radiation pattern of 2È1 elements equispaced on a circle of radius

p. Adj acent i mages were of oppos i te po I ar i ty prov i ded that the

originaì source element is parallel to the Z axis (i.e. Dirichlett

boundary condition). The resuìt obtained is given by

F

E o< 2 IoeÞt { I- ju('"*t) Ju(ro*r)(Bp) cos M(zn+l)Þ } tz.zl- nd)

This approach yields the fieìd from the appl ied current element'

while the previous method of Schelì found the standing wave pattern

created by an incident vúave. Now it is possible to introduce sev-

eraì radiators Ir, 7r, I. at radii î' t ' ç ' respectively' to

obtain a far field pattern of the form

E(Õ) : A, eos(MQ) + A, cos(3MÕ) * A, cos(5MQ) + (2.8)

ln this manner the directivity of the antenna may be increased'

provided that the reflector is sufficientìy large.
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2.ì.3 The Production of Low Sidelobe Beams

Obtaining radiation pattern w¡th low main to sidelobe leveì re-

quires a careful choice of the radiating elements. As an example,

consider the design of a 60o corner array with three driven elements

and 20 dB main to sidelobe leveì R within the sector. The element

currents are denoted by I,, l, and I and are located at Pr, e and

ß, respectively. Using equat¡on (2.7), the far field pattern is

given by

F(p,a) : I, [ ¡rGpJ eos(3Õ) - Jnffic,) eos(9Þ) + .l,u(FnJ eos(tso) -..+.]
+ I, I t"(Fo") cos(so) - tnpc") cos(sÕ) + trr(Fe") cos(15Þ) --.+.](2.9)
+ I, [ .lr(ÉpJ eos(3Õ) - Jn(ÉpJ cos(so)+ .ltuffinJ cos(tso) -..+.]

Qne may begin by selecting f to correspond to the first maximum

of J, (Pq ) . This makes J, (pf ) and J,, (p4 ) almost zero. Next,

one may choose f to have such a value that Js(þPr) is near its

first maximum ana J, (pfi) is nearly zero. lf these conditions are

met, Iu (PÊ) will also be very small. ln choosing f it is helpfuì

to pick a point where J,u (Ofr) is near the f irst maximum and Js (pE)

i s near I y zero. The po i nts j ust descr i bed are

FPr: 4.0 FPr: 9.9 FPr: L7.2

The field pattern is then

F(0) : I I, J.(Épr) + I. ¡.(ÉpJ ] cos(eo) - rz Js(pp,) cos(eo) 
t.,

+ I, J,u(Ée) cos(rio) (2 ' r o)

Applying the Doìph Tchebyscheff technique tl¡l for a 20 dB main to

sidelobe level beam in the sector, the foìlowing values of the cur-

rents are obtained

It=O.775 , I.=-1 .25 , Ir=,l.00
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2. ì . ¡r S i ze of Ref I ector Surf ace

ln order to complete the design it is necessary to determine the

necessary size of the reflecting surfaces. A quant¡tatve est¡mate

may be made by aPPlying geometr¡cal optics. Schell found that the

location of the source farthest from the apex must not be greater

than B, whiìe the reflector length should be greater than A, where

B/A : lan (n/?M) for even M (2.1l)

Lan(r /?M)p/ A, = -::::' 
-:' for odd M (2.12)

cos(n /2M)

and the height of the aPerture is

y:2 A tan(n/ZM) (z.l¡)

The values obtained from th¡s formulation possess sufficient accu-

racy for most occasions. However,severaì parameterS have been neg-

lected or not careful ly selected in Schel lrs desîgn. For instance'

the choice of f , Ê and € to maximize the gain of the antenna

could be done more carefully. Aìso, the effect of offset position-

ing of the feed elements as well as the mutuaì coupling and edge

diffraction effects need to be considered for a more refined analy-

sis. These four modifications to Schel lrs design are the main ob-

jectives of this thesis leading to an appreciable improvement in

the resuìting radiation characterist¡cs.
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2.2 EXTENS I ON TO SCHELL'S ANALYS I S

As an extension to Schel ìrs analysis, the radiation pattern of

the corner array illustrated in Fig.2.ì of N feed elements is con-

sidered. The feed array consists of N identical infinitesimaì di-

poles, of length 2H, located on the bi sector of the corner angle.

The f ar zone electric f ieìd, at P (r,9 , Q) , due to one element is

given by

?ju ¡tHI
4n

e-JÉr
Ea sin0 (2.t4)

r

Thus using equation (2.7) derived by Nef f and Tillman for a single

element feed, one can evaìuate the total far zone electric field as

?jo:¡,tH e-l9r sing F(0,0) (2.t5)
4r rEa

wher e

F(0,0) = 8 M"f {-t¡"u" { ä I, Jou(ÉR,sino) } cos(nMa) (2't6)

odd

Equation (2. l6) gives the far fieìd pattern of this corner array.

Also, in order to complete the design requirements, the directive

gain can be evaluated as shown next.

2.2.1 Directive Gain

The directive gain can be found in the usual way by comparing

the radiation intensity in the preferred direction to the totaì ra-

d i ated power. Thus

4 n I(0',0r)
D(grQr) :

Jt J" r(a,Õ) sin0 d0 dQ
(2. tl)
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where D is the directive power gain in the direction (ê,,ö, ),and J

is the radiation intensity in any direction (o,Õ).

For the corner refìector array excited by infinitesmal dipoles

the directive gain can be written as

n/o,ñ \ - -----a-l-":l?tl{'0-r8rli---u\v1'21't - J,þJ" I F(0,0)12 sineg d0 dO
(2.t8)

Using equation (2.ì6) in the denominator, the integration with re-

spect to<i,can be carried out expl icitly, and considerable simpl if i-

cation results due to the orthogonal ity of the trigonometric func-

tions involved in F (o,+)on the ¡ntervall-.v-,Yl.

Upon integration it is found that

4 n sinzî Ir(e (2.ì9)
D(01'01)

,1, J"/' (-1)"r¡ { Jou(Ép,sing) |2 sinso de

The integration in the denominator of (2.13) can be evaìuated nu-

mericaìly.

2.3 DESIGN OF THE CORNER ARRAY

Since our goal is to extend the original design of the corner

array, in order to take into account several effects neglected by

Schel ì, it is important to evaluate our extension using the cri-

teria employed by Schel I which is effectively the optimum array

pattern based on the Dolph Tchebyscheff technique. This optimum

will be denoted optimum I since there is another optimum, denoted

optimum 2, based on the optimum gain of corner arraY antenna. lt

t2
I
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should be emphasized that the Dolph Tchebycheff technique was not

derived to take into account the mutual coupl ing and simi lar ef-

fects. lt anticipated that the opt¡mum pattern and opt¡mum 9a¡n

correspond to different designs.

ln the fol.lowing design procedure, consider a corner array withl¡

equal to a submuìtiple oftl', and the reflector surfaces consisting

of two semi-infinite intersecting conducting sheets are fed by an

array of N infinitesimal dipoìes located on the bisector of the

corner angìe. ln this case the radiation pattern ¿¡O=T/2 is given

by.

F(r /Z,O) : 2 Ft)*t" {
n=1

I ¡*GpJ I cos(nMo)
N

x
l=l

(2 .20)
odd

This equation can be written as

Fþr/?,ø): A, eos(M0) + A? cos(BMe) * A, cos(sMÕ) +..... (2.21)

where

N

A,r: (-t)u/z È Ir ¡rGpJ

N

A, = (-1)""/, Þ, ri rr"(ÉeJ Q'22)

AN : (-t¡(zN-rluÆ È Ii Jlsn-9xGeJ

To start the design procedure, the farthest permissible spacing

of the dipoles from the apex should be specified in order to trun-

cate the series (2.71) after a specific number of terms where the

higher order Bessel functions approach zero. lt is known from tì]

that the large spacing from the apex to one feed element gives a

pattern with more than one main lobe. Also, numerical computation
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shows that as the spac¡ng of the farthest dipoles from the apex

is increased further and further the beamwidth starts to increase

and accordingly the antenna gain decreases while the pattern wiìl

have more than one main beam. For this purpose the maximum permis-

sible spacing in the design procedure is given by the imperical ex-

press i on

P-ut = [
180(2N+1)-3ú (z.zt)

À
2 ¡ ¡1,,

This equation was tested for different cases and it gives a good

limit (i.e.P^^^ ) in the design procedure. According to this limit-

ing value, the constant AN.r will be approximately equal to zero

and the series (Z.Zl) can be truncated after N terms. The con-

stants 4,, A¿, ....and 4,, can be evaluated next by the Dolph Tche-

byscheff procedure by imposing (2,21) to generate optimum I with

minimum beamwidth for the specified R. Once the values of the con-

stants A¡ are evaluated, the excitation currents I¡ can be deter-

mined from (2,22) if the element ìocations f are specif ied. ln or-

der to determine f such that the resuìting gain is maximum r^,e

consider two specific cases of equispaced and unequispaced arrays.

2.3. I Equi spaced Feed Array

VJhen the feed array is equispaced, the location of the first el-

ement from the apex ( and the d¡stance between successive elements

d shouìd be specified in order to evaluate the radiation character-

istics of the corner array. Since we search for the values of f and

d of the N elements feed array to generate optimum l, we have to
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take all possible combinations of f and d into account. ln order to

achieve this search, a computer program was designed to evaluate

the current in each element using the Dolph Tchebyscheff method for

a specific ma¡n to sidelobe level R, as well as the radiation pat-

tern and gain for each value of f and d. The constraints required

for this search are the minimum and maximum vaìues of f and d,

which are specified in the range of âo, described above. Also the

incremental changes in f and d shouìd be supplied to the program.

The gain was the objective function in this search. The idea in

using equispacing is to reduce the number of parameters in the

search procedure from N to tþJo.

2 .3. 2 Unequ i spaced Feed Array

The locations of the N elements of the array should be specified

for the evaìuation of the pattern and gain so that an optimization

procedure deal ing with N variables inherent in the objective func-

tion can be done. A routine ZXI'ìWD f rom the ll'lSL library was used

for the optimization process. This routine searches for the global

minimum or maximum of a function of N variables. An objective func-

tion and constraints on the variables under consideration should be

suppl ied external ly to this routine. Since in our problem þle want

to calculate the values of the element locations and excitation

currents which generate optimum l, the ga¡n is taken to be our ob-

jective function and the element locations are the variables. The

search routine (i.e ZXttl.JD) specif ies values for the variables w¡th-

in the constraints given to it and supplies them to the external
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function to calculate the gain. This is repeated so many times un-

til convergence to the local maximum occurs. l.Jhen the routine sup-

plies the values of the element locations to the external function,

the exc i tat i on currents are ca I cuì ated us i ng the Doì ph Tchebyscheff

technique, which is included in the externaì function, and the gain

is caìculated. The optimum values of € and the corresponding

driving currents I,. are I isted in the output. The vaìues of f and

Ii are suppì ied to another program to calculate the radiation pat-

tern and the gain for the corresponding corner array.

2.3.3 Results and Discussion

For the purpose of comparison with Schel lrs results, an exampìe

of 3-driven elements located on the bisector of a 60o corner angle

wi I I be investigated throughout. ln the fi rst case of an equi-

spaced feed array, a search routine designed to carry out the pro-

cedure described above with maximum values for f and "l taken as

2.86Àand ì.3À, and the minimum values as 0.2 Àand 0.25^, respec-

tively. The best design parameters and resulting radiation charac-

teristics obtained for this case are shown in Table 2.1. Fig.2.3

aìso shows the radiat¡on pattern of the first case compared with

that given by Scheì.l. one can see a decrease of 2.42 dB in the

main to sidelobe leveì R of the first case with respect to Schell's

calcuìations and the beamwidth is sì ightly decreased. The gain of

the first case is higher by 2.O2dB than that of Scheìì. Even in

this optimization procedure, where there is a restriction on the

element to element separation, the results obtained are much better
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than those of Scheì I indicating that the choice of element loca-

tions has significant effect on the performance of this antenna.

ln the second case of the unequispaced feed array, the element

locations and the driving currents are used to evaluate the radia-

tion pattern and gain of the corner array. The design parameters

and result¡ng radiation characteristics corresponding to this case

are shown in Table 2..l. lt is apparent that the gain in this case

is higher than that of Schel I by 2.76 dB whi le the beamwidth is

sl ightly decreased. Fig.2.4 shows a comparison of the radiation

patterns between this case and Scheì lrs case. lt is obvious that

the main to sidelobe level is lower than that of Scheìlrs case by

2.6.l dB and the position of the first null is the same as that of

Scheì I . I t should be noted from thi s case that the farthest ele-

ment from the apex is at a distance of 2.433^ which is lower than

Schel lrs design by 0.3071 . This reduction makes the antenna size

smal ìer than that of Scheì l. As can be seen from the results of

this case, there are many advantages over Schellrs design and they

are basically due to the correct manipulation of the element loca-

tions which are the most important parameter in this design proce-

dure.

For the evaluation of optimum 2 described before, one can follow

the optimization procedure described for unequispaced feed array.

This optimization procedure is repeated for different vaìues of

main to sidelobe level. The results obtained show that the gain

increases with the increase of main to sidelobe level up to a cer-

ta¡n level then decreases with further increase in the main to si-
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delobe level. Table 2.2 shows the results obtained corresponding

to this behaviour. lt is seen from this table that the maximum

value of the ga¡n is 19.958 dB and the corresponding main to side-

lobe level and beamwidth are ì6.96d8 and 9.73o , respectively. The

radiatÌon pattern corresponding to this optimum 2 is shown in

Fis.2.6.

ln this chapter, the generalized analysis and design procedure

are introduced to calcuìate the des¡gn parameters and radiat¡on

characteristics of the corner arraY. Two factors are ignored in

the above anaìysis. These are the effect of mutuaì coupì ing be-

tween elements and the effect of edge diffraction on the radiation

characteristics. These factors will be investigated in the next

chapters and the modified design leading to improvements in the ra-

d i at i on character i st i cs wi I I be presented.
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TABLE 2. I

Des i gn Parameters and Rad i at i on
Characterst i cs of D i fferent Corner Arrays

(w =60", 3-driven elements)

Schel ì Case I Case 2

Ir 0.775 .l.000 1.000

T, - r .250 -0. r 30 -0.336

I3 t.000 0.r80 0. 3oo

f/x 0.61+0 0.240 0.300

Ê/¡ t.580 r .380 1. t00

E/x 2.7\o 2.520 2.\33

Ga i n (dB) 16.92 t 8.94 19.679

R (dB) 17 .02 r 9.44 rg.6ì

B.l.J. (0e9.) r0.3l r 0.23 r0. r9
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TABLE 2.2

Des ì gn Parameters And Rad i at i on Character i st i cs of
D i fferent Corner Arrays (v =60" , 3-dr iven el ements)

R (dB) B .w.
(Deg.)

P/x Êtx P, /x Ir l2 I3 Gain
(dB)

13.7 9.2 0.323 0.950 2.52\ l.o0 -0. r 96 0.337 r9.58r

15.2\ 9.5 0.3t3 0.950 2 .489 .l.00 -0. r 92 0.255 19.857

15.6 9.53 0.300 0.950 2.480 I .00 -0. ì 71 o.221 I 9.894

16.26 9.63 0.300 0.950 2.\6\ I .00 -0. I 80 0.206 I9.94¡+

l6 .58 9.68 0.300 0.950 2.456 I .00 -0. I 83 0.t99 19.95\

ì 6.96 9.73 0. 300 0.950 2 .448 1.00 -0. I 87 0. 193 r 9.958

t7.t9 9.78 0.302 0.950 2.440 I .00 -0. l glr o.r92 I 9.948

t7 .75 9.86 0.300 0.950 2.\23 I .00 -0. ì 96 0.t80 I 9.907

18.73 r0.04 0.300 r.05r 2.\30 I .00 -o.269 o.253 ì 9.788

tg.6ì r0.r9 0.300 1. t00 2.\33 't .00 -0. 336 0.300 19.679

20.\ t 0.44 0.300 1.132 2.\36 t.00 -0.400 0.339 19.587

21.13 10.4À 0. 300 t .152 z.\37 1.00 -0.463 o.366 I 9.499

2t .79 10.55 0.305 r.r63 2.\37 ì .00 -o -5t+7 0.404 19.418

22.\l l0 .66 0.305 t. t79 2 .41+0 I .00 -o .607 o.\29 19.3\5
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Chapter I I I

OFFSET POS ITION ING OF ARRAY ELE''lENTS

A more general design of the corner array can be achieved by ma-

nipulating the positions of the feed arraY elements off the axis of

the reflector. The Proper choice of position and excitation cur-

rents of the elements may yieìd higher gain for optimum array pat-

tern. ln the following analysis and proposed design of the corner

array, the reflector angle r/' ¡s taken as a submultiple of 7r and

image theory is appì ied in the same manner as for semi-infinite

walls.

3. ì SOLUTION OF ONE OFFSET FEEO ELE''lENT- 

-

Consider the corner reflector shown in Fig.3.ìa where P is the

distance between the apex and the current element I and o< is the

off set angle. Since "r is a submuìtiple of Tl-, the application of

image theory gives a circular array as shown in Fig.2.ìb. The re-

versal of current direction upon each reflection is dispìayed byS

and Qfor currents ¡nto and out of the plane of the paper' respec-

tively.

The number of images including the original source is 2ll' where

M : n/!t M integer

-29-

(3. t)



Y

30

P(r,erÖ)

I

4\v

7

(")

.-.2'-'-'-..ff \

\

b
I

i

!
I
o
!

I

\
\.

€-.-.-.-.-V''

Fig.SJ : (a) Olfret fGd cornor reflector .

(b) Image dÍagram for offset feed.

(b)



where

The polar angle q of the ¡l! .lement

given by

Õ. : (i- t) rl, + ('1)" o

The array factor at a far point P(r,8,Ö) is given by

2M

S(o,o),II (_-1)" .jzcoS?'
i--t

i:t

ZM

(- r¡'-t I (-1)k t ru@) r.)
't'

3r

in the circular array is

(3 .2)

(3 .3)

(3 .5)

(3 .6)

(3.7)

4i=-Õ--Õi
(3 .4)

z=.FpsinO

Equation (3.3) may be expanded in a series of Bessel fuctions [.|6],

giving

2U

s(0,ô) =, I I (- t¡i-t { J"(r) * . p, (-1)u tru?) cos(Zk4,)

+zj Èo 
(-1)k Jru*r(z) cos(Zk+ t)4,]

each term of equation (3.5) may be considered separately. Let

S

S.:2

Se:2j

k:1

)

cos(2k
2M

2-..
i=l

2M
)'

i=1
(_r¡'-' I (_1)u

k=o
J ru*r(z) cos((Zk+1)4,) (3.8)
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are reduced to geometric progressions.

The first is

S

z\l

Ti:r

)'
k:1

S": 2 ¿- (-1)u truþ) {cosk(2Õ-2a-(2N-2)r/,) - cos(2Õ+?a-"Mrt,)l
k-1

(-t¡'-t .t.(z)

(-1)k t"o@)

(3.e)

(_t¡i-t{sizr(+^or)+ e-Bk(ö-ô¡)} (¡.lo)

S i nce 2i1 i s an even number, i t can be shown that

Sr: o'o

By reversing the order of summation and by using a simpìe algebraic

manipuìation, one obtains for St

quz

s2

2MI
i =.1

may now be simpì ified by summing the geometric progression, i.e

(l.l l)
sin(2kNr/)/sin(?uú)

ln equation (3..lì), 11 and k are integers and the only values of k

which give rise to nonzero terms are those for which

k : nn,/?ú , n:7,2,--- (3. t 2)

Using (3.ì2) in equation (3.1ì) leads to

s. : aMå (t¡"12j Jnn,,r(ßpsin0) sin nn(Õ,/Ù-r 1,'2 ) (3.ì3)

sin nn(a,tt¡+ 1,/2 )
The summation Srcan be carried out by the same way as for 52.

Hence the result obtained by adding S, ' S2an Sris given by

s(0,0) :(Btn / {) i (t¡^|ze l nn¡n(F osinl) sin nn(Õ/ !/+ r/2 ) 13 . r 4)

sin nn(a/!/+ 1/2 )
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Equation (3.14) gives the pattern for one offset feed element in a

corner reflector antenna within the corner angle. lt should be

mentioned here that, although equation (3.ì4) is derived from the

image theory for corner angles equal to submultiples of Tr, it can

be used for any arbitrary corner angle t4]. The only analytical

d¡fficulty in general izing equat¡on (3. l4) is that S is not equal

to zero when $ equals 21Í+Y/2 unlessn, is a submuìtipìe of7r. How-

ever since è is restricted to the range - Y/Z <Q< "Y/Z due to the

semi-infinite walls, equat¡on (3..l4) is valid and generaì for arbi-

trary corner angles.

3.2 EXTENS r0N T0 l.lULTl-ELEf{ENT FEED

The corner array geometry under consideration i s shown i n

Fig.3.2. The feed array consists of N identical infinitesimal di-

poles located anywhere between the semi-infinite reflecting wal ls.

Due to the principle of superposition, the array factor of equation

(3.14) can be extended to the case of N element feed giving

Ii Jr,r,7*(Ép,sing) sin nn(a, /!/+ 1,,/2 ) |

sin nn(Õ, t!t+ 1/2 ) 
(3 ' 15)

where f is the radial d¡stance between the apex and the ith dipole

and c{; is the offset angìe of the ith dipoìe. The far zone elec-

tric f ield at P(r,0,Þ) of an inf initesimal dipole is given by

Zjc; ¡tlHI e-jÉr
E

0 4n r sin0 (3. ì 6)
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Ftg.g.p: Dlagram of the offset poslt,lonlDg of the corner array .



where / is

I ength. I n

corner array

the permeabi I i ty of the ai r and 2H

th i s case the tota I far zone e I ectr i c

is given by

e-iÉr

35

is the dipole

fieìd from the

sin0 S(0,0) (3. I 7)
r

The infinite series in equation (3.15) is rapidìy convergent when

the farthest element spacing from the apex is kept smal ler thanfo

g iven by (2. I g)

33 DES I GN PROCEDURE

The main purpose in the fol ìowing design procedure is getting

highest gain for opt¡mum pattern. lf the maximum element spacing

from the apex is given by equation (Z.lg), then the infinite series

(3.15) can be truncated after (2N-l) terms, where N is the number

of the feed elements. The evaluation of a low main to sidelobe

level pattern using the Dolph Tchebyscheff technique can be

achieved by considering a symmetrical feed array around the axis of

the reflector. To clarify this, consider a corner array of 60"

corner angle fed by 3-driven elements. The feed array is arranged

such that it is symmetrical with respect to the axis of the reflec-

tor. ln doing so, one can choose the offset angles as 0", ì!"and
o

-15 and the distances from the apex as 4, P andf as shown in Fig.

3.3. Also the corresponding exc¡ tation currents are label led as f,

, I and f. ln this case one can write

Ziu uH
H-!o- 

4 n

ls(¡/aþ) l: { r, t"(ßor) + \/T r ;.(Én)l cos(BÕ)

+{1, Jn(Éo,) - €rJr(Én)} cos(eÕ)

+{ I, J,r(Épr) - ll t trr(Fp)} cos(150)

(3. t 8)



Equat i on (3. I 8) can be wr i tten as

ls(n '2,01 l== A, cos(d) * A, cos(sd) * A, cos(od)

where

Õ': 3Q

A,: Ir t"(For) + ,/z t Jr(Én)

Ar: Ir lnßor) - ,/Z t Jr(Én)

Ar: I, ,lrr(Éar) - ,/z t J,r(Én)

The Dol ph Tchebyscheff cond i t i ons for

el can be appl ied to equation (3.19)

ues of the A's as

A1- 1.85 Az: L437

36

(3. t 9)

(3.20)

a 20 dB main to sidelobe ìev-

givi ng the correspond i ng val -

As: 1.00 (3.2t)

Once the values of the coefficients are evaluated, the exci tation

currents I, and I can be evaluated from (3.20) if the vaìues ofP

and P are specified. ln this case an optimization search should

lead to the values of î and P at which the maximum gain occurs.

The search technique is based on specifying the values of Ç andf

and calculating the corresponding excitation currents as wel I as

the gain. By taking all possible combinations of f andF between

O and Eor, and computing the gain in each iteration, the vaìues off,

and P corresponding to the highest gain are selected.
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3 4 NUI,IER I CAL RE S ULTS

A search routine was prepared to carry out the above design pro-

cedure. The best locations and exci tation currents obtained from

the search are shown in Table J.l. Aìso the radiation characteris-

t i cs correspond i ng to these des i gn parameters are eva I uated. As

can be seen, the gain is increased by 2.ì2 dB over that of Schell.

For the radiation pattern in Fi9.3.3, one can see a decrease of

ì.31 dB in the main to sidelobe ìevel and 0.62o in the beamwidth

over the corresponding results of Schel 1.. The results obtained in

this case are not the universaì optimum, but they are the optimum

within the constraínts already specified. For the case of an arbi-

trary corner angle, the specific value off equaì to !dwas inves-

tigated througth out. The case of an unequispaced feed array along

the bisector for a !0" corner angle is also investigated numerical-

ly. The design procedure explained in chapter II is appl ied giving

the des i gn parameters and the rad i at i on character i st i cs shown i n

Table 3.2, where lI¡ I and gi denote the magnitude and phase of the

excitation current in element ¡, respectively. The results ob-

tained for this case indicate that the gain is 19.84 dB while, from

Fig.2.4 for the radiation pattern, the main to sidelobe ìevel is

20:.l3 dB and the beamwidth is 8.38o which are better than all other

cases of 6d corner arrays given in chapter II. The farthest ele-

ment from the apex in the feed array is located at 3.1 À. This is

a relatively ìarge distance and makes the antenna size larger than

the 60" corner arrays also given in chapter II. The S0" corner an-

gle shows that the above analysis and design procedure can be gen-
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the pa-eraì ized for arbitrary corner angìes and i I lustrates one of

rameters not specificaì ly emphasized by Scheì ì.
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TABLE 3. ]

Parameters and Resulting Radiation
Characteristics of the 0ffset Case (y=60")

E I ement (l) E I ement (2) E I ement (3)

I I .00 -0.60 I .00

r/x 2.35 0.3t5 2.35

d, -t5.0 0.00 ¡ 5.0

Ga i n (dB) r9.04

R (dB) t8.33

B.W. (Deg.) 9.69
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TABLE 3.2

Parameters and Resuìting Radiation
Character i st i cs of Arb i trary Corner Ang I e

Case ('V =50' 3-dr iven e ì ements)

Element (l) E I ement (2) E ì ement (3)

lr I
t.000 o.gr4 0.775

0 t78.6 92.7 -179.\

p/x I .30 I .90 3. 10

Ga i n (dB) I 9 .844

R (dB) 20.t2

B.t,. (Deg.) 8.39



Chapter IV

EFFECT OF I'IUTUAL COUPLING ON THE RADIATION
CHARACTERISTICS

4.I INTRODUCTION

ln practice, the feed array consists of a number of cyl indrical

dipoles arranged between the reflector wal ls such that the current

distribution along each dipole is modified by mutual coupl ing ef-

fects in the composite structure. ln this chapter the effect of

mutual coupl ing between the feed dipoles themselves and between

them and the reflector surface is considered.

The earì iest treatments of the cyl indrical center-driven dipole

antenna as a boundary value problem are those of King tl8] and Haì-

len [ì9] who used essential ly the retarded Potential method of

Pocklington [201. Hallen derived an integral equation for the cur-

rent distr¡bution along the dipole and solved the resuìting inte-

gral equation by a method of iteration in reciprocal powers of a

parameter which is equaì to 2 ln 2H/a, where H is the half

length of the dipole and'a'is the radius. Schelkunoff [21] pre-

sented a different treatment based on the non-uniform transmission

I ine method. His starting point was the thin biconical antenna,

which he solved as a boundary vaìue problem concentrating on the

fields rather than the current distributions. To apply the biconi-

cal antenna solution to the cylindrical case' Schelkunoff used a

-43-
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perturbation method. The conicaì boundary was cons,idered perturbed

into the cyl indrical shape and the perturbed wave functions calcu-

lated. K¡ng et. al. IZZJ used a different expansion parameter in

the iteration of Hallenrs integral equat¡on in order to achieve

more rapid convergence. This is the so called King-lliddleton ex'

pansion. The method of analysis used here for the evaluation of

the mutual coupìing was proposed by King et. al. [ì7], who used an

approximate method for solving an appropriate integral equation to

evaluate the current distribution along each dipole.

Consider the corner array shown in FiS. (4.ì), where the corner

angle is a submultiple of7f. ln this case, image theory can be ap-

pl ied giving a concentric circuìar array as shown in Fig. (4.2a) 
'

with each circuìar array containing 2l'1 elements including the

source. The i mages around the c i rcumference of each c i rcu I ar arr ay

are symmetrically positioned with respect to each other and to the

elements of the other circular arrays.

Before determination of the mutual coupl ing, the physical inter-

pretation of the mutual coupl ing is considered. Since the imaging

process of the corner array is simply muìtipìe imaging on an infi-

ni te perfectly conducting sheet ' a simple example of two dipoles

above an infinite ground plane is considered. FiS. (4.2b) is a dia-

gram of the rays incident from two sources, A and B' and the re-

f lected rays f rom the ground plane. Fig. (lr.2c) gives the equivalent

rays when the ground plane is removed and the images of A and B are

presented. From these ray diagrams r.re conclude that there is a mu-

tual coupl ing between
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ì. any source and al I other sources

2. each source and its own images

3. each source and al I images of the other sources

According to the above model, the current di str ibution along each

feed dipole is evaluated considering the various mutual coupl ing

terms.

\.2 REV I EW OF I1UTUAL COUPL I NG THEORY

To i I lustrate the method of calculating the effect of mutuaì

coupl ing, an exampìe of a two element arraY is considered. Since

the individual elements in the array may be qui te cìose to each

other, the excitation currents in them will necessarily interact.

It folìows that the amplitude and phase distribution of the current

along each element depends not onìy on the length, radius, and

driving voltage of that element, but aìso on the distribution in

the ampì i tude and phase of the currents along al ì elements in the

array.. Assuming that the eìements of the array are located along

the Z-axis, the integral equation for the magnetic vector potential

for a conducting cyl indricaì dipoìe of length 2H and radius 'a'

with its center at Z = O is given by [17]

t,:0-r/4n) _rI, r,(z') 1e-tøn|/nt) dr' (4.ì)

where

(4 .2)aR1 : z-z
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Also, from the boundary condition E.(z) = 0 on the surface P = a of

a perfectly conducting dipole, the vector potential is seen to sat-

i sfy the equat i on

(a2/ azz+B\ A"(z):0 (t .¡)

which has the solution

A,(z) : (-+in / rù (C, cos(Bz) +ce sin(B t z I)) (4 ' 4)

where C, and C. are arbitrary constants of integration. lf the

symmetry conditions

rr(-z) : rr(z) ,Ar(-z) : Ar(z) (l+ ' 5)

are imposed, then the vaìue of Ca can be obtained as

C"= (l/2) Yo (4'6)

From (4. l), (4.4) and (4.6) one can obtain

Subtracting 4Tr¡'n, (H) f rom both sides of equation (4.7) one gets

4nt"-L A,,(z) : -rI'r,(z') 1e-ßru/nt) dz'

: (-ajn/rl) (cr cos(Bz) +(L/?)v" sin(Plzl))

+np'-rÃ'(z)-A'(H)J 

, ;::;r;::r',' ":::;;'' .ir,rrvo sin(B rz r) + ul

(t' .Z)

(4 .8)

where

U -- (-in/an) _rf* I,(2,) K(H,zt) dz, (4 .9)



49

and the difference kernel is

Ko(z,z') = K(z,z') - K(H,z') (4.t0)

The constant Ct can now be expressed in terms of U and Vo by set-

ting Z = H. Since the left hand side of (t{.8) vanishes, the right

hand side can be soìved for C, to give

cr
(v o/2) sin(BH) + U

(4. t ì)

tf

cos(BH)

this value of C, is

obta i ned

substituted in (l+.8) , the following equation

rs

-"I' r,(z') Ku(z,z') dz' :(4r /rTcosFH) [(v' /2) sinl(H- lz f)

+U(cosBz-cosBH)l
(ù.t2)

The integraì equation (4..l2) for the current in a single isoìated

antenna is readi ly general ized to apply to the two identical ' par-

alìeì, and non staggered elements shown in Fig.l+.3. lt is merely

necessary to add to the vector potential on the surface of each eì-

ement the contributions by the current in the other element. Thus

for eìement l, the vector potential difference is

4r ¡t -tf A, rr(z) - A rr( H ) I : -n,f { r r,(z' ) K rro(z,z' ) +r r,(z' ) K r (z,z' )) ¿r'
(4't3¡

:(i[n/qcosBH) l(Vb/2) sinB(H-l zl) + Ur(cospz - cosBH)l

Simi larly, for element 2
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4n¡t-ltrr(z)-Arr(H)] = -¡r,f{qr(z') Kou(z,z')+r*(z')K oo,(z,z')fd,' (4. t1)

(j4n / r¡ cos ptl)l(v 
^/2) 

sin B(H - r z I )+ur(cosBz-cosp H ) l

I n these express i ons

Krru(z,z'): (e-JlRrr /Ru) - (e-lfRun /Rrrr) = Krr(z,z')- Krr(H,z') (4. I ¡)

Krru(z,zt¡ : (e-línn /Rr) - (e-Fnøt /Rr"") : Kß,(z,z')- Ko(H,z') (¡{. t6)

with

az RuH : V(H-z') "+ u'

Rlz : ,'/ (z-z')z+ bz RluH : ,/(tl-z') "+ b'
(4. I Z)

Kr, (z,z') and K.. (z,z') are obta i ned f rom the above f ormu las when

the subscripts ì and 2 are interchanged.

The two simultaneous integral equations (4.13) and (4.14) can be

reduced to a single equation ¡f the two driving voltages and the

resuìting two currents are equal in magnitude but l80" out of

phase, i.e

rr,(z):-r",(z):r,(z) (4. 't8)

thus the eguatíons again become aìike and equal to

-^I" r"(z') K^(z,z ) dz' : (i+r /ncosBH) l(vt/z) sinB(H- lzl ) (t. I g)

+ Ur(cosÉz - cosBH)]
where

vro : -- Vro : v,

Ur : (-jzl /+ù_nfBl,(z') K(H,z') dz' (4.20)
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Ku(z,z') : K(z,z') - K(H,z') (4.21)

K(z,z'): (e-lÊRu /Rrr) - (e-lPRtz /Ro) (\.22)

The soìution of the integral equation can be done using the follow-

ing approximate representation of the integral in (4.19).

For pb<1

-^IH r,çr')[(cosBRo /Rr) - (cosBRr zH/R,aH)] dz'= *o@) r,(z) (4. z¡)

: *r rr(z)

wheretlo is constant

For pb> L

-^.f' 4(r') [(cosBRrz/RE) - (cosBR,zH/Ru,H)) dz' - cosBz - cosBH (t+.21+)

For all Bb

_^IHt,(z') [(sinBR,./R,J - (sinBRo¡¡,/R''H)] dz'- cos(Bz/?) - .""ßri.l?ì

Us i ng (4.23) (4.21+) and (\ .ZÐ , equat ion (4. t 9¡ can be wr i tten as

I,(z) : IJsinp(H-lzl) + T,(cosÉz-cospH)

r r(coslz/z) - cos( PH/z))l

where Iy

m i ned.

Q.26)

, I and Tp are complex coefficients which must be deter-

The difference between the distribution function ( cospz -
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cosÊH ) and ( cosl/zpz - cosl,/zFH) is relatively unimportant in

the determination of the far fieìd provided that PH < 5Tf/\. Hence

I.(z) : IJsinB(H- tzt) + T(cosBz-cosBH)l (\.27)

Subst i tut ing (\.2.7) i n (4. I g) one obta i n

: _E!!t
?*¿n cosBH

*"(H) * (*¿xn +j úu¡) eosPH
(\.zg)

*u(H) - *uu cosBH

where

Y

*dR : **(z) ,{
z:o
z-H-\/1

pVstr/2
pH > r/2

(4 .28)

(4.30)

(.\.32)

*u*(z) : cscÉ(II-tzl)_nfH sinB(H-lz,l) Ko*(2,2,) dr, (4.3t)

úa'n: (cosBH-l)-t *"/n sinp(H- f z'l) [(cos PRft/R",)

-(cospRrr /Rrrn\ dr'

ùu,: [1-c os(pu,tz)]-t _"/n sinp(H- lz'l) Ko,(0,2 ') dz, (l*. ¡¡)

*duR: (l-cospH)-t _"/" (cospz' - cosBH) Ko*(0,2) dz' (r+.34)

*dur: [1-cos(BI1,/Z)f-r -rfn (cosBz' - cosBH) Ku,(0,2) dz' (4.35)
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which isFor each pair of real

equal to ù"r**u, wil ì

and imaginary parts, the notation ç

be used. Al so U i s def i ned as

d

u, : (-jzl/+") rJ*"(H) + T{'.(H)l (4.36)

.I'"(H) : _*/" sinB(H- lz',l) K(H,2',) dz' (t .¡Z)

*u(H) : -nf* (cosBz'- cozBiJ.) K(H,z') dz/ (4 .38)

Qnce the current distribution along each eìement is determined, the

far field pattern can be evaìuated.

4.3 CURRENT DrSTRrBUTI0N ALoNG THE FEEp DIPoLES

It is necessary to determine the current distribution along each

dipole in the concentric circular arrays shown in Fig.4.2a, so that

the radiation pattern can be evaluated. The analysis used here is

concerned exclusively with thin cyl indricaì conductors al I al igned

in the z-direction in air so that it suffices to r." only the axiaì

component of the vector potential to calcuìate the current distri-

bution along each dipole. Considering the concentric circular ar-

rays shown in Fig.lr.2a, the magnetic potential difference integral

equation for the mth element in the kth circle is given by

NzX
_--r'r r" i:l l --l

lri(¿) Ko^rr(z,z') dz'

: (4¡r,/q cospH) [ Uo^ Fo" * (Voo-Mo",'/2)]

where

(4.¡g)
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For:eosflz-cospH

M^-:sinB(FI- z)
oz

(tr.4o)

N 2\ I¡I
uo- : ,ì ,!, uk*ir=' çi''t,/ n) -rf'E Ðrtr(

z') Ko-,,(r',H) dz' (q.41)

Kn-,ro(t'' ') Kuor,,(r,r') - Ka-¡,(z,H i

: (elp&mtyR*-,,) -' (ejp&-tt4h*-,,n)
(4 .42)

Rn-r, : .,/ (z-z')'* b'"-r,

Due to circular symmetry and the simi lar arrangement of the ele-

ments around each circle, where the driving point voltages for each

circular array are equal in magnitude and have a progressive phase

shift ofTr, the current distribution of mth element on the kth cir-

cular array is

I,,-(z) : (-1¡m-t 4@) (¡+.1'3)

Also the driving point voìtages are

voi-: (-r¡--t voi (4.44)

An approx¡mate solution of the integral equation (4.39) is derived

in appendix A and the resultant current distribution is given by

r,r-,(z) : (-1¡m-t {iAi sinp(H-tzl) + B,(cospz - cosBH)} (q.trS)

where A¡ is a real coefficient when V.¡ is reaì and B¡ is generally

a complex coefficient, as described in Appendix A, and can be eval-

uated from the geometry of the arrays and the driving point voltag-
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es or currents. Once the current distribution along each dipole is

known, the radiation pattern can be evaìuated as discussed next.

4 ..b RAD I AT I ON PATTERN

The far fieìd of a dipole of ìength 2H' situated aìong z-axis

with its center at the origin' is given by

E, : (ia*t/ar) (e-t|r/r) _rl' lr(z') sl9z'æae si¡? d.z' (¡+.46)

Since the current distribution along any dipole in the concentric

circular array is given by (2.4) ' substitution for Ir(z' ) leads to

Err: (iup/ar) (r-tQr/) {jai F(0,8H) + Bi c(a,BH)} (4.42)

where

2
t'(0,8H):,----

p

cos(BH cos0) - eosBH
(4.48)

2 sinBH cos(BII cosO) - cosBH sin(BH cos0)

G(0,BH) : T
(4.,t9)

sin0 cos0

Assuming that the feed array is situated on the bisector of the

corner angle, the far field of the k1! element and the ilb circle

of the concentric circular arrays is given by

vr-- Guu/ n) (s-iqr/r) lj1.¡ F(o,BH) + Bi c(o,p")l 
- (4.50)

si9e site cos(Õ-o¡)

which can be re-written as

sin0

Eo : Eat gi9e aine cos(0-tnl (4 .51 )
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The summation of the field from all elements in the concentric cir-

cular arrays gives the total far field from the corner array within

the corner angle as

tí 2r
E, : I, I (-l)k-t t' sl9o aine coa(r-!.) þ.52)

t=l k:r

Again using mathemat¡cal identities over the Besseì and trigonome-

tric functions, equation (+,52) can be expanded in an inf inite se-

ries and the resuìt is given by

nr: (4in7r¡,) (etøt/r) 
å 

(-r)""2t,; Jo,¡1(Fprsin0)

UAi F(0,pH) + Bt c(o,ÉH)lì cos(nnÕlrt)þ'sl)

For the special case ofpH =11/2, the expression of the current dis-

tribution becomes indeterminate of the form 0/0, so that the formu-

la for the current may be rearranged as shown in appendix A.

Whi le equation (4.¡¡) gives the radiation pattern for the corner

array, the effect of the mutual coupl ing appears in the coeffi-

cients A¡ and B¡. tJhen using the values of the Iocations and

driving point currents from the design of the corner array in chap-

ter II, we get a slightly different radiation pattern and gain. ln

this case some adjustment of the driving point currents shouìd be

introduced to obtain optimum I described in chapter Ii.

For the caìculation of the coefficients A¡ and B¡ , a computer

program was prepared using the formulation described in appendix A.

Then the results for A¡ and B¡ were compared with those given in

tl7] for one circular array indicating a good agreement. Also the
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program was designed to satisfy two requirements. First when the

locations of the elements and the driving point currents are speci-

fied, the program evaluates the corresponding pattern and gain

This gives an indication about the change in the pattern and gain

when the design in chapter II is used and mutual coupl ing is in-

voìved in the solution. Second, ¡f the locations are specified,

the program includes the Dolph Tchebyscheff technique to caìculate

new driving currents at a specific main to sideìobe level (i.e op-

timum ì ) as described in chapter II. ln this case one can evaìu-

ate the required modification in the currents given in the design

of chapter II. Also the calculation of the mutuaì coupl ing coeffi-

cients A¡ and B¡ is generalized and applied to the off-axis case.

4.5 RESULTS AND DISCUSSION

Radiation patterns and gain are calculated for four cases with

the mutual coupl ing involved in the solution. Each case is treated

by two methods. First, the design parameters given in chapter Ii

and III (for optimum I ) are used for the calculation of the pat-

tern and gain taking the mutual coupl ing into account. 0f course

this no longer gives optimum I , but it gives an indication of the

effect of mutual coupl ing on t-he pattern and gain of the designs

given in the last two chapters. This method will be denoted by

method l. Second, a modification of the exciting currents is done

to generate optimum I again for each case keeping the other design

parameters as given in the last two chapters. This method will be

denoted by method 2 . The excited dipoles are assumed to be half

wave d i poì es wi th a rad i us of 0.002 À .
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Fig.4.4 gives a comparison between the radiation patterns

corresponding to method ì and method 2 for Schell's case. As can

be seen in this first case' the effect of mutual coupìing appears

in the sideìobes which increase over the case where mutuaì coupling

is neglected. The design parameters and resulting radiation char-

acteristics corresponding to the two methods are given in Tabìe

q.ì. As seen from Tabìe 4.1, a sìight change in the gain and beam-

width occurs before and after the modification of the exciting cur-

rents.

The second case is the equispaced feed atraY case described in

chapter II. The patterns for this case, for the two methods' are

shown in Fig. \.5. An increase in the first sidelobe level by l.l

dB has occurred due to mutual coupling. Very small changes in the

gain and the beamwidth due to the mutual coupling are also noted as

shown in Table 4.2. Also, the modified exciting currents are given

in Table 4.2, which show a sl ight difference in magnitudes but a

large difference in phase compared to method l. ln this case the

effect of mutual coupling on the radiation pattern is smaìl due to

the relativeìy large spacing between the feed dipoìes.

The third case under consideration is the unequispaced feed ar-

ray given in chapter II (optimum l). Here ¡t is observed that the

difference between the radiation patterns of the two methods de-

scribed above is reìatively large. As seen in Fig. l+.6, the f irst

sidelobe level is decreased by 2.3.l dB when the mutual coupling is

taken into account, whi le the nul ì to nul I width is increased by

approximately 2o. Table 4.3 gives a comparison of the designs giv-
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en in chapter II and the modified design. As can be seen, slight

modifications in the exciting currents may generate optimum I

again. From this case we conclude that the locations of the feed

array with respect to each other have a large effect when the mutu-

al coupìing is involved.

ln the fourth case, as can be seen from Fig. \.7, the radiation

patterns for the off axis case are almost exactly the same with and

without mutual coupl ing. This is due to the symmetrical arrange-

ment of the feed dipoles with respect to the axis of the refìector.

A comparison between the radiation characteristics with and without

mutual coupl ing gives 0.35 dB increase in the first sidelobe level

and the same gain and beamwidth when mutual coupling is introduced.

This case shows a negligible effect of mutual coupling on the radi-

at¡on character i stics.

Another iterative search is done to calculate the design parame-

ters which give the highest gain irrespective of the side lobe lev-

el (optimum 2) when mutual coupl ing is involved in the solution.

ln this search the locations are adjusted, as weìl as the exciting

currents. The results obtained corresponding to this optimum case

are shown in Table 4.4. Fig.4.8 gives the corresponding radiation

pattern. The gain is found to be 20.08 dB which is the highest

gain obtained for the 6d corner array. As shown in Fig.À.9, the

first sidelobe level is -24.945 dB whi le the second sidelobe leveì

is -.|3.5 dB, and the beamwidth is lO.O8". From this case we see

that the mutual coupl ing effect could be helpful in increasing the

gain of this antenna ¡f the sidelobe ìevel is not required to be

I ow.
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TABLE 4. ì

Design Parameter and Radiation
Characteristics of Schell Case ('\t'=60"

3-dr iven el ements)

Ite thod l ilerhod 2

E I ement
(r)

E I ement
(2)

E ì ement
(3)

E I ement
(ì)

E I ement
(2)

E I ement
(3)

I 0.775 1.25O
.l.000 0.935 r.450 t.000

0 0 .000 r80.0 0 .000 r4.50 179.2 0 .000

P/^ 0 .640 1.580 2.7\0 0.640 t.580 2.7\o

Ga in (dB) 16.99 t 6.88

B.w. (Deg.) 10. 33 r 0.49

R (dB) 16.59 r 8.50
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TABLE ¡{.2

Design Parameter and Radiation
Characteristics of Case I ('y'=60'3-driven

e I ements)

l¡lethod -+ I'lethod 2

E I ement
(t)

E I ement
(2)

E ì ement
(3)

E I ement
(l)

E ì ement
(2)

E I ement
(3)

It I
1.000 0.r30 0.t80 1.000 0. 133 o.r74

0 0.000 180.0 0 .000 00.00 - t 54.6 9.250

P/¡ 0.240 I .380 2.520 0.240 I .380 2 "520

Ga i n (dB) 18.93 t 8.94

B. vJ. (Deg . ) r0.r7 r0.23

R (dB) t 8.3[ ì 9.45
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TABLE 4.3

Design Parameter an
Character i st i cs of Case 2

e I ements)

d Radiation
(Y-=60" J-dr iven

l,lethod l llethod 2

E I ement
(t)

E I ement
(2)

E I ement
(3)

E ì ement
(l)

E I ement
(2)

E I ement
(3)

I t.o00 0.336 0.300 r.000 0.303 0.3ì3

0 0 .000 r80.0 0.000 00 .00 -t74.9 5.870

P/¡ 0. 3oo t. ì00 2.\33 0.300 ì. ì00 2.\33

Ga i n (dB) ì g.6l I I 9.683

s.t.l. (Des.) ì 0. b45 r0.r9

R (dB) 21.92 rg.6r



67

c¡

r¡m
1)

E
t!
3
Ð
o-

l¿J

t---
cr
-)LrJ
É

tn

cl

5 I t 3

+ (DEG. )

FIG.[.7¡ RRDIRTIgN PRTTERN FgR

CHSE 3
_ ¡{ITHSUT CSUPLING

€€ç 
'{ITH 

EOUPLING

t

I

I

I
I

I

I

0
Þ

0
i
I

---J .

i

I

Ir''

I

-t'-

I

I

I

I

--ì-

I

i

1- --- -
I

I

I

I

-t-

i
I

I

I

'I
!

!

I

I

I

I

I

.L

i

I

L

I
I

-1-

I

I

-.- í-
I

,

l.
I

i

I

-t-
I

I

f

't-
I

I

1

--r

I

I

I

I

I
I

J'
I

i
I

i
I

I

I

i

I

:l-
I

I

_,._ _l _

,L

I

I

--- - t -
i
I

I

I

¡------t-----''
:

t

__ -_-i_.---.-

l-'

f

I-- --t-
I

I

I

I

I



0
0

R
E

T
IV

E
 P

hl
E

R
 (

dB
) 5

o
0

(n

!

-l I ' i

.-
 

..-
 _

t_
-_

-
i

i I

'T
l

H F Ë
'¡

P fr
+

G
P

It'
-a

;
-{

 
rl

r-
' 

-{
 

tr
l

= C
C

tC
)

--
s 

z.
 

r

ru
T

v f,f -{ { r1
I v z. .T G :D

i I

I I
-r

I i

i I I 'f I I i

!-
-_

_

;l r-
--

--
-l

i 1
I

I I -t
. 
-

t

c, ù)

I
I I -t

-.
 

J

' i
_t

_ I I 1 t- :

i I { I --
-

__
-+

--
-.

I

I i I

1 I

-.
-.

- 
-r

 
--

-

--
-l-

--
.-

-r
ìÌ ti I

--
-r

- 
--

j

ir li I'
I ¡

'--
 -

- 
1'

I I
--

-'l
-

I
--

- 
r-

--
--

+
.-

-,
--

I l i l

I I-l-
.

I



6g

TABLE [.4

Design Parameter and Radiation
Characteristics of highest Gain Case

( y=6d J-dr iven elements)

E I ement
(t)

E I ement
(2)

E ì ement
(3)

lr I r.000 0.463 o.366

ë 0.000 ì 80.0 0. oo0

r/x 0"420 0.900 2.480

Ga i n (dB) 20 .084

B.w. (Deg.) to.2\5

R (dB) 2\.95



Chapter V

EDGE D I FFRACTI ON EFFECT

5 ì I NTRODUCTI ON

ln the preceding chapters, the soìut¡on of the corner array is

given for a semi-infinite refìector length. ln order to deal with

a practical (finite) reflector length of the corner array, the ef-

fect on the radiation characteristics of diffraction from the re-

flector edges must be taken into account.

Two methods of analysis are used for the evaluation of the far

fieìd radiat¡on pattern. First is the integral equation formulation

method, in which the far field is attributed to the feed array in

isolation in addition to the current density which is induced on

the reflector surface. ln this method the feed array is considered

as an array of infinite I ine sources positioned anywhere between

two perfectìy conducting surfaces of finite length and arbitrary

corner angle as shown in FiC.5.l. Second, the geometrical theory

of diffraction is employed for the same configuration. ln the lat-

ter method, the total space is divided into regions, as will be de-

scribed later, and the far field radiation pattern due to the

sources, as well as images of the sources and the edge images are

calculated.

7o
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5.2 r NTEGRAL EoUATT 0N FORI'IULAT I ON

From the time harmonic l'laxwelì's equations, one can derive the

homogeneous vúave equation lZlT

vzú(P) + Pz,l'(p-) :0 6.1)

where V(F) represents either the electric or the magnetic f ield and

p i s the wave number.

For the corner array considered in this chapter, there will be

no variation of !tP) in the z direction. Thus, one is concerned

with the two-dimensional Laplacian operator and a two-dimensionaì

space (x-y plane).

Referring to Fi 9.5.2 the wave equation of an infinite I ine

source of unit intensity may be expressed in terms of the Greenrs

f unct ion as tZt+¡

vzc(p,Þ') + F' G(p,Þ') : ô(p-p,) $.2)

Equation (4.2) has the weì ì known soìution

G(F,p') : (-r/+¡) ujtt(p lp- p,D 6.3)

Upon using equation (5.2) and the Greenrs second identity

"f 
(c ô*/ðn - * ôc/ôn) ds : of (ùvzc - cvzv) av G.4)

equation (5.1) can be solved for \' by muìtiplying equation (5..|)

by G and equat¡on (5.2) byn1, and subtracting. ln so doing' we get

*(p)Vzc(p,p') - G(p,p' )Vzù(p) : ù(Þ) ô(p-p' ) ß.5)
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Subst¡tut¡ng equation (5.5) into (5.4)

the Delta function, the solution of (5..l)

en by

7\

and using the property of

in two dimensions is giv-

*(Þ) : .f *(p) ôG(p,p')/a" dp'- "f 
G(p,p') Ô*(p')/an dp' ß.6)

where F,F' and C are ilìustrated in Fig.5.ì

For the transverse magnetic (Tt4) solution, the scalar function

{,(F) is associated with the E, component of the field. By an appli-

cation of l'laxwell's curl equation for F, one f inds that the tangen-

t¡aì component of the fieìd H, is as fol lows

É, : Gi/up) ô*/ôn i ts.ll

These field components may then be related to the equivaìent sur-

face current dens i t i es by:

ñi:EXñ
and (5.9)

Thus, one f i nds that,

luf(Þ) : ù(B) t
(5.e)

J(p) = (- j/"ti ô*G)/an à

Upon subst i tut i ng (5 .9) i nto (5.6) , one gets

J:âXF

!)": .f \f(Þ') a}(þ,p')/ôn dp'- i"p"f J,(Þ') G (Þ'P') dp' G. ìo)



Equation (5.9) is the general formuìa for the scattered E2

75

fieìd

due to the equivalent magnetic and electric current sources.

0n a perfectly conducting surface the total tangential E, field'

which is the sum of the incident as wel I as the scattered fieìd,

must be equal to zero, i.e,

6.l t)
r,,(p'' ) : E Ø') + ni(Þ') : o

aìso the magnetic current ñ(É) equaìs zero on the perfectìy con-

ducting surface. Applying equation (5.9) with the boundary condi-

tions described above on the refìector surface of the corner array,

one gets

r,""(p') =. - Et,(F') :( -rt"/+) f J,(Þ') Hf)(P tp-Þ'l) dl (5' 12)

¡.cflcctor

The integraì equation (5.12) is of the form of a Fredholm integraì

equation of the first kind, where the Hankel function is the kernel

of the equation and the current density J(F') is the unknown. The

incident electric field Ej is a known excitation function due to

the array of ì ine sources and is given by.

(5. I 3)
N

E"(Þ) : l. -t "/+ I, Hjz)lB lp-s:l)

Now, the solution of

the method of moments

$.12) with (5..|3) can be carried out using

12il as wi I I be shown next.
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5.2.1 Solution 0f The lnteqral Equation Formulation

The reflector length can be divided into N unequal segments. The

segments at the edges and the corner are smaller than those at the

middle of the arc length. The current density Iz þ') can be repre'

sented as

a (5. l4)

where fn is the basis function described by

f p

J fn

N

n=1
nz

ovcr Ae?
cl¡owhere

and o(nare the unknown coefficients, whi le ACn is the

I ength of the ref I ector arc. Subst i tut i ng equat i on

G.ì2), the result can be written as

I L*"] 1a,,1 = ls*l

where

1

0
) 6. t5)

njh segment

G. l4) into

(5. ì 6)

ß .17)

G. r8)

L-o : ?"t"/+) o{ Hf'\Élp--p;l) dL'

: (-u¡t /4) Âc. tl!"\p lþ--p"l)

This approximation is valid whenever the two integers m and n are

not equal. However, for the diagonal element Lnn the small argument

representation of the Hankel function is employed. This leads to

Loo : @p/a) Àc,, [1 - i (z/rr) (7 + ln(Btc^/ae)))
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( Eu I er ' s constant) . The exc i tat i on g- can be

G. 19)

Qnce the current density ís evaluated, the far field radiation pat-

tern can be evaìuated as outì ined next.

5.2"2 Radiation Pattern

The far fieìd radiation pattern F (Ô) resulting at each observa-

tion po¡nt p is the sum of the field from the current on the re-

fìector surface J and the field from the exci ted array sources.

Therefore, F (õ) can be represented as

N

B- : Ð. ?t""i4) Ij FIJ2\B lP - sjl)

f, f-"pi+) Ij Hiz\É':) ("*,,!n{*r.(p-') FIfz)(Éu) df

where Y -0.5772

evaluated from

where +

Fig.5.l.

F(0) : 6.20)

arc

is the observation angle while vj and u are shown in

For the phase terms one can assume that

v=r-s.cos(Õ-:r.)-l ---\ ' J/

u: r - p'cos(Úiz - A) ,for reflector side 1 (5.21)

Lr =. r - p'cos(Ù,/z + Q) ,for reflector side 2

Whereas, for the amplitude terms the distances v¡, and u are consid-

ered equal to r. Furthermore, considering the large argument ap-

proximation for the Hankel function, equation (5.20) may be rewrit-

ten as

N

F(Õ) : l, ?p"/a) r,lzj/nBr
ts1

s-jÉr .jÉsico"(o-2,) -@ ¡,t. / a)lff" p,

e-jÉr 1 "f J(Þ,) ¿iÛe cø|*/z-{)dl' + I J(p,) siÊo eos4*,rzt0)¿f}

reflcctor
gidel

reflætor
sideZ

6.zz)



Divid¡ng by-/2j npr e-l,í' fo, pattern normal ization, one gets

N

F(O) -- 1,.?p"/4) I, ejÉ"roo{o-7j) +(u¡^t,r+)l-t

I "f Jþ') eiíp 4*/2-r)¿l + I J(F) ¿i4n co4*/z+o)¿LÌ

78

$.23)
rcflcotor
rldo I r¡flootcr

¡ld¡ I

Equation (5.22) gives the far field radiation pattern for the cor-

ner array in the plane normal to z axis.

5.3 F ORI.IU ATION BY THE GEOI'IETR I CAL THEORY OF DIFFRACTION

Ohba's analysis t6] of the corner refìector antenna by the geo-

metrical theory of diffraction can be extended to the solution of a

corner array with finite reflector length. Fig. l.J shows a sche-

matic diagram of a singìe source, 60o corner angìe, with the images

of the source ìabelled by numbers 2 to 6 and edge images labeììed

by A| , Az, B, and Br. The entire space is divided ¡nto 22 regions

by planes which contain the dipole and edge, an image of the dipole

and edge, an edge and edge image, oi two edges. lt should be men-

tioned that the diagrams for the other sources in the feed array

can be drawn in a simiìar manner and the resuìting regions wilì be

taken into consideration. Aìso, the consideration is taken to keep

the reflector length at least equaì to twice the distance between

the apex and the farthest dipole. This makes the sequence of the

regions the same for all array sources provided that the boundary

angles are changed. The z-component of the Hertzian vector in each

reg¡on is calculated as described in t6] for one feed source.
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5.3.ì Rad i t ion Pattern

For the observation point P located in region ì, the Hertzian

vector due to one source feed in this region is given by

Tr=, lL -lz il, -14 11, -16

-' Iro + IzÂ - IBA + I4A --I5A -+.16A

-- Iro i lro Ir" J Inu -I5B + 168 $.2\)
- I uc+ I,M):I 

"*+ 
I 

^*-I5A,+-I6AP*- Ir*+ Ir*- IsBzi l4Bz-l5Bz+ I6m

tlhere Ir., is the direct wave from the dipole and the hraves ref lected

by the conducting Plate ABC and is given by

s-jPRn
f-

'R tl

Rh is the distance between the dipoìe or an image and P. Inoor Ing

denote the singly diffracted waves from the edges A or B' respec-

tively, after n reflections, and is given by

Once the Hertzian vector is evaluated'

each region can be calculated and also

corner array as shown next.

,n:1,2,.......,6

8o

the far field pattern in

extended to the case of the

$.25)

$.26)

$.27)

"-lÉRnl: --------
R,,'¡

f(T.A)
nA

where

1'oA =. É(R"A--R")

f(r) :( I/{")
"1,/+l+Írz ,-f- "-rt'¿L =.(I/z) ufrzx(r,)

x(1') - {1 c(r)- s(r)} + j[s(T')-c(r)]



8ì

C(T) and S(T) are Fresnel cosine and sine funct¡ons, and Rr^is the

distance between the dipoìe or the image and the edge plus the dis-

tance from the edge to the point P. The term fn^., or In.. is due to

the waves refìected either from the plates BC or AC after diffrac-

tion by edge A or B (i.e. reflections following the edgewaves ).

For this case the two images of the edges A and B with respect to

BC and AC, respectively, must be considered and they are ìabelled A'

and 8,. l,loreover, the images of A, and B, with respect to AC and BC

are taken into account as A, and 8.. Hence In^. or In"" is given

by

"-jÉRnne (5.28)f('l',,A2)I'm
nA2

where

'Iorz ', p(RnÂz Iìn)

and R^Az is the distance between the source or

edge image A. plus the distance between Ar and P

$.2Ð, (5.26), (5,27) into (5.24) one can set

N

T
D=1

Iì] 1F] ( -1)"- 1 .jÉs cos(Õ-(n-l)r./s) F(")

the image and the

Substituting from

$.29)

6.30)

c

where

and

t'(n) ., I - (1 i2) [X(T'"A)+ X(1',,8)+X(T',,or)+X(T,,o)]

cjÉr
F

r
6.3ì)



Equat ion (5.25)

field in region I

where

82

can be extended to g¡ve the total far electric

for all elements of the feed array, as

' Jt' )i (-r¡"-t sids,cæ(r1n-tÍ/s) t'l?"¡F)ror"r./Fl. =., I t, 
n=,

$.32)

6.33)
(ú)

F'r(n)- | - (r/2)lx(rf^)+x(r$l+ xtr$r)+ x(rgB¿)l

and where the subscript (A) refers to Ith element. ]loreover the

far fieìd in alì other regions can be evaluated by the same proce-

dure and the results are shown in appendix B.

5.\ Cor'TPUTER PRoGRA¡tS

Two computer programs were prepared to calculate the radiation

pattern using the formulation described above. For the integral

equation formulation (l.E.F) the program was designed to solve the

integral equation for the current distribution on the reflector

surface by employing the method of moments. Since in our problem

the reflector length L is reìatively long, the refìector arc was

divided into l50 ,segments. For this reason the computat¡on time

required for the evaluation of the current density is relativeìy

long , but it gives a good computational accu!'acy. once the cur-

rent distribution on the refìector surface is evaluated, the far

field radiation pattern may be calculated using equation (5.2Ð.

Another program was prepared to calculate the radiation pattern

using the geometrical theory of diffraction method (G.T.D). As de-

scribed above, the total sPace should be divided ¡nto 22 regions
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for a 60' corner angle and one source feed as shown in Fig.5.4.

However, those regions are s)rmmetricaì ly arranged around the axis

of the reflector. ln this case it is sufficient to calculate the

pattern in the regions above the axis in order to save computation

time. The space division process is included in the program for

each source of the feed array. Once the space is divided, the pat-

tern in each region may be calculated using the formulation de-

scribed in appendix B. Using A|'IDAHAL 5850 v/8 computer the compu-

tat¡on time for the G.T.D method was l3 seconds, whi le for the

I . E. F method i t was 54 seconds.

I.5 RESULTS AND DISCUSSION

The effect of edge diffraction on the radiation pattern is in-

vestigated for four different structures. First, the radiation

pattern corresponding to the design parameters in Schel I's case ,

as given in chapter II, is evaluated using both l.E.F and G.T.D

methods. Fig.5.4 gives the radiation patterns corresponding to

both methods. The largest deviation between the tþro patterns is

0.5 dB in the sidelobe region which indicates a good agreement. lt

is found that the opt¡mum main to sidelobe level occurs for a re-

flector length of 7..lÀ. The first sidelobe level is found to be

lower than the result based on image theory by 2.35 dB whiìe the

beamwidth decreases by 0.5'.

Second, for the case of an equispaced feed array the solution

by the l.E.F and the G.T.D gives the radiation patterns presented

in F i g.5.5n which shows a good agreement between both solutions.
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The first sidelobe level corresponding to this case is 1.7 dB lower

than that based on the soìution by image theory. Also the beam-

width is lower by 0.'13 than that based on image theory. The opti-

mum reflector length, corresponding to the lowest sidelobe level,

was found to be 6.7¡.

The third case considered is that of the unequispaced feed array

given in chapter TÏ. The radiation pattern corresPonding to the

design parameters given in chapter II is given in Fig.5.6 for both

the l.E.F and G.T.D methods. The first sideìobe level has the low-

est value corresponding to a reflector length of 6.8À. As can be

seen f rom F ig.5.6, the value of the f irst sidelobe level is .|.28 
dB

less than that based on image theory. Also the beamwidth is 0.2"

lower. The radiation patterns based on the two methods show good

agreement.

The fourth case examined in this chapter is the offset case de-

scribed in chapter III. The design parameters given in chapter III

are used to calculate the radiation pattern. lt is found that the

lowest main to sidelobe level occurs for a reflector length of 7.ì1.

The radiation pattern corresponding to this case , using the

l.E.F method is given in Fig.5.7. The main to sidelobe leveì is

again lower by 2.31 dB than that based on image theory whi le the

beamwidth is aìmost the same.
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Chapter Vl

coNcLUs I oNs

6. I cL0BAL oPT tttut'l

An investigation is made throughout th¡s thesis to obtain an op-

timum design of the corner array. Severaì effects on the radiation

characteristics which urere not previously considered are investi-

gated. ln each chapter one effect ¡s inserted in the calculation

of the radiation characteristics and a numericaì procedure is em-

ployed to obtain the optimum design. Since each effect is studied

separately in each chapter, the optimum designs calculated are onìy

partiaì ly optimum. I t i s therefore obvious that, al I effects

should be considered simuìtaneously in the calcuìation of the cor-

ner array characteristics" For this purpose a search program is

done, taking into account the effects of the locations as welì as

mutual coupì ing and edge diffraction. The main goal of this search

is to obtain a global opt¡mum for certain design specifications of

the corner array character i st i cs. For th i s case, the des i gn spec i -

fications are taken as the gain being higher than 19.0 dB with the

side to main lobe level less than -20 dB. Since the radiating ele-

ment locations have a significant effect on the gain and sidelobe

level, they are taken as variables in the search Program. This

search technique is illustrated in the flow chart given in appendix

C. The reflector length is fixed at 5.5 X ¡n the seareh program'

J
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and after the design parameters are calculatedr â Sl ight variation

in the ìength is done in order to obtain a more refined design.

The des i gn parameters and the rad i at i on character i st i cs obta i ned

are shown in Tabìe 6.t.

6.2 coNcLus r oNS

This thesis has confirmed the possibi lty of obtaining increased

directivity and gain of an ordinary corner reflector antenna by in-

creasing the number of sources within the refìector. The optimum

locations of the radiating elements and the appl ication of the

Doìphe Tchebyscheff technique to calculate the optimum pattern and

gain have been obtained for N radiating eìements positioned on. or

off the axis. The corner angle, which was restr¡cted by Schell to

an integral fraction of l80; has aìso been made. arbitrary to aìlow

further extension to the analysis of the corner array. The practi-

cal effects of the element to element coupling and edge diffraction

have also been studied.

For the mutual coupl ing, the current distribution along the feed

dipoles has been derived using an approximate method for solving an

appropriate integraì equation for the magnetic vector potential.

The radiation pattern has been caìculated using thi s current d¡ s-

tribution. lt has been found that the mutual coupì ing has a sig-

nificant effect on the main to sidelobe level as well as the beam-

width and gain. This effect is highly dependent on the element to

element spacing and excitation currents. For the optimum pattern,

the Dolph Tchebyscheff technique has been employed to re-calculate
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the values of the driving currents. Also for the optimum gain, the

locations are re-calculated and the main to sidelobe leveì is found

to be highly increased. lt shouìd be noted that the effect of mutu-

al coupling is beneficial in increasing the gain of the antenna ¡f

the radiating elements are correctly located.

For the edge diffraction effect, two methods are used for caì-

culating the pattern. The main effect of the edge diffraction ap-

pears in the sidelobes and the beamw¡dth. As long as the reflec-

tor length is infinite or large relative to the wavelength, the

pattern is essential ly free of sidelobes. However, ¡n practice

reflector length is finite and edge diffraction yieìds a sidelobe

outside the geometrical optics region of the antenna. lt is found

that by increasing the reflector length beyond the minimum value

caìculated by Schel l, the sidelobe level and the beamwidth fi rst

decrease and then increase again. The value of the reflector

length corresponding to the lowest sideìobe level is calculated for

each design case considered. Once an optimum refìector length is

found, the sidelobe level is actually below that corresponding to a

reflector of infinite length. This suggests that the edge diffrac-

tion may be important in decreasing the sidelobe ìeveì when the ra-

diating element locations are in specific posit¡ons. For a global

optimum design, a compromise between the gain and the sidelobe lev-

el must be specified by the designer in order to take into account

all effects. An example of this case is given in table 6..l show-

ing that design parameters may be global ly optimized with the re-

sulting radiation characteristics sti ì I in agreement vr¡th the spec-

ified values.
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It shouìd be pointed out that therglobalroptimum design is by

no means opt¡mum since effects such as the coupl ing between edges

and radiating elements has been neglected. Also it might be more

useful to base the optimum design on the wal I current distribution

rather than the far fieìd characteristics. Since the optimum cur-

rent distribution corresponding to the far field optimum was not

specifical ly calculated, the feasibi Ity of a such procedure wouìd

have to be evaluated with further research.
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TABLE 6. ì

Design Parameters and Radiation
characteristics of Optimum Design ("/=60"

,3-dr iven el ements)

E ì ement ì E ì ement 2 E I ement 3

lrl 2 .00 0.4 r 0.28

€ 0 .00 -177 .o A.o0

P/^ 0.25 r.o4 2.37

Ga i n (dB) l9. t

B.t.J. (Des.) I r .0

R (dB) 2t. t

L 
')*

5.8



Append i x A

CURRENT DISTRIBUTION ALONG THE FEED DIPOLES

The solution of the integral equation (4.39) can be achieved us-

ing the approximate method mentioned in section 4.2 The magnetic

potential difference integral equation (1.¡g) for the Kth feed di-

pole, where m equals l, can be written as

J
H rV zltt

Due to circular symmetry and simi ìar arrangement of the elements

around each circle, the current distribution along the l*l^ Oipoìe

in the i+h circle can be written as

Z Z lr,n
t=l 2-t

(z') R
le i¿¿

(z,z') ¿z'= JsI-
{c.spH [u¡. [, * !,. Yç M.r l (A.l)

(A .2)rr'r(z) = (-,)t- Iz.(z\

subst i tut i ng (4.2) i nto (4. I ) ì eads to

H

\
H

Kp'a(z,z')àz'- #rfunr* * 2. V"r.M"rlñI
LË t

where

7r,(z' ) (A.3)

(A.4)
H

uk=
L.l

and where the kernel of the integral equation is given by

Z I-r,(z') Kp' (u , Z'\ o)z'

zvt '(-t
Kr,r(2,7') =! {-r)-

L'l
Rk,o¿ (7 'z')

N_J,L
47r -

-9\-

(A .5)
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the difference kernel may be separated into its real and imaginary

parts as

Kl;¡ . K^;¿c + i Kr i"¡¡ (A . 6)

For the single element, the integraìs corresponding to those in

(¡.¡) were separated into two groups depending on the manner in

which their leading terms varied as function of z 117). one group

varies approximately as l,loz and the other as F"z . The fol lowing

functional forms for the integraìs (n.¡) are important general cri-

teria for separation:

K¡,*(z ,z') J,z' For pb,.¡ 1l (4.7)
.H

.^l t,,"'' 7r, (z\

r{

I
tt

Ir,(z') Kl¡r( z' z' ) aÅz' E-loz to. Þb,.,) J (A .8)

F"r a ll Þ lrt; (¡ . g)

(A. ì 0)

groups of integrals occur

k with i in the range ì to

H

ZÍ
H

f ( Kl,r(z,L') Åzt -8.z

The current in each element can now be expressed as two terms of

rhe form tlTl

1r,(r)=fr,G)+Ir,(z)

l,Jhen (l¡lO) is subst¡tuted ¡nto (4.3),

and ¡¡3y be expressed as fol lows for al I

N

Jnrn.tr') Kr,u(z,:_'\ Jz'=(Br) yr,r*Inr(z) -Dt,¿J=) Çora{t bi; (A.n)
-H
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Êbr, )l (4.12)T (z')t Kr,"(z,z') ¿.'= (+) *0,r" I,o(.) -D*.r,{z) Ê".

H

J î,.(z') Kt ,¡e ft,2') Jz'. (fi) ^7*,r* r,,¡(z) -Dor{z) ß". Fbt,< I (4.t3)
-H

H

f 
" 
I", t=', kl,r, ( z,z') tt' = (+) *r,u, lur(z ) -D¡, ,rtz) Lr Fbr,< I (A. I ¡{)

-H

It is assumed that the functions are defined so that the differ-

ence terms D¡.(z) are smalì enough to be negligible in a solution of

zero order. The coefficient Un¡/et) in (4.12) is the ratio of the

ampì itude of 1,, (z) to that of I,.¡ (z) . ln our problem the spacing

between the elements are sufficiently ìarge such that pb,¡ >/ ì and

onìy pb¡O< l. ln this case, when (4..l1) to (4.14) are substituted

into (n.3), the fol lowing separation into two groups of equations

may be carried out

Ir¡(z)=
jz¡Vo

Mo. (n.l¡)
"t Ú¿rc-ol ÞH

NI
i3l t( 1y.tt

.* (+)[v.r"(r - å1,) +i (Yþ,u. -i {r,ru, ¡ i,tlìBi
br idl^

j'T iJt- r (A. ì 6)

- 

la7

ncÞs Þ'ìJ

The notation vr*equal to vH.r*is used, since for identical ele-

ments all tfre Vrr.*"t" identicaì and equal to 9r*. lt follows di-

rectly from (1.15) that the leading term in Iu¡ (z) is always 11",

for each value of k. similarty trom (4.ì6) the leading term in lu,(z)

is of the form For. Hence, it is possible to set

T.,tz)=iA;42 + 8;F* (n. I Z)
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Since V*i. real, ¡t is clear f rom (4.ì5) that A; is reaì when V"¡

is reaì and from (4..l6) that B¡ is in generaì compìex. W¡th the

zero-order current formally determined, the constant U¡ may be ob-

tained from the substitution of (4.17) in (4.4) which gives

N

ur =J#; [-ln, q."t") * B¡ Yo,"tn)l (A. l8)

where

i.l

P. (H) =hiv
1.4 Kh.(H,z')dz' (A.lg)

H

^?r,it' -l t, K¡,(H,z') "lz' (A.20)

lf (4..l8) and (1.17) are substituted in (n.t5¡ and (4.16) the re-

suìt is

Ak= ¿11 Vr (A . 21)
4 Mr* cc,s pH

Z utf *n,0" cos þH - va,Jull = 1t

H

J
H

z

e; I rlr-"( rr)-

(A.22)

where k=l r2r------rN

The physical significance of the zero-order soìution is evident

from (4.2.|) and (A.22). The coefficients of the transmitting part

of the current are given by (4.21). The driving voltages generate

the expected sinusoidal distribution of current on each element.

f Vr,r"( r - 5ip) ni ( úk;¿¡ -J Pt ,au,) 
s,tl G.ÞH j
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The coefficients of the receiving part of the current are given by

(4.22). Equation (4.22) perm¡ts the prediction in each driven ele-

ment of the shifted-cosine component of the current that is due to

coupl i ng between currents d i str i buted along the el ement i tseì f and

along all other elements in the array. Equation (A.22) is a set of

I inear aìgebraic equations w¡ th N unknowns which may be solved for

B¡ in terms of A¡. The N values of the A¡ are expressed in terms

of the N driving voltages Vo¡ by (4.2.|). ln order to express

(4.22) in matrix form, let the following quantities be defined

Õ0,,, = {0,r. c.sPH - 1P,. .( 
n) (n. z¡)

Õk,"= yr,,(*) -9,.,r" cóspH (r-6;p)-J(*r,rr-Jg¡,,ru,)Ë,p c.' pH (A.24)

From (4.23) and (4.24) equation (A.22) can be written as

t +,1[ eJ = [Õ"1[Ln] (A.25)

Thus the vector {B} can be wr i tten as

I sl = [+,1-'[Õ"1[rn] (A.26)

The general ^i, 
(z) funct i ons obta i ned from the def i ni ng i ntegral s are

g' 
u"e) = \ co, pz- .-rFH i' llcu' t n,z),- cb, (H, n[ - c" pn f e 6, tz ) - ELr ( H, H)] l (^.27)

1y*,r*,.) = (s;np(H-rzli' R.[Lcr,:,( H,z) - cr,.1u'r)]s;n ÞH - tSo,Jï't)-trg;4tl.zal
, c.sprrJ

g*,rr,r) " (c.rÞ ¿ -c-sprJ'r-lttti¿,(H,z) -Cr'¡¿r(H,n)lsi^prr -

f Ëu,rl H,z) - sÈ,¿,( H. ¡rll c.s pH ]

(A.29)
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,gr,rJ") -- (c-'Fz- ..rprri'IL cr,( tl,z) -crJ rr, r)] sinfiH - fSr,lx,z) -s, rrr,nlo¡rJO.l9l

Vo,ru,,r) = (cos Pz - <Þsfsli'[fc5,a.t H,z) - ea,zr(H, ")l S,nplr

-fSr, ,'z(H3) - S¡,¿.(tr,Htl c"spHJ

û
Ji

trv
(x) = Cr. ( H, H) Srn P x - 55, ( H, H) cosPH

nPr,Jn)- C¡;(x,n, - Eui(¡r,n) c.rÞH

so,
zl/l

(n.z) =Z(-,
l,t

-JFR'e'
R,

(A.3t)

(A.32)

(n.¡¡)

(A.35)

(4.37)

zft e- t

Er (H ,z) = Z (-tf [uir , tl, nGt,z) - \

, Cu,¿ ¿n, z) =!

R.

I
-J
e

-JþR, ÞH

f'z'L

t e
+

R¿R,
2.t

cü,(H,z)= l(-,) Cb;¿

-Jl3 R"
e

_laln. tet
zn e-t H

Cos
ß¿

ñ,=

t.t

çz-z')t +
,z
bk;e ) K. -- (z* z')' a )r.¡e

Where the subscript El indicates that onìy element number ì in the

KfÀ circular array is to be included whi le the subscriptfz indi-

cates that only the effect of elements other than element number l

are to be included. For the special case of pH equal toll/2 the

expression of the current d¡str¡bution becomes indeterminate of the

form 0/0, so that the formula for the current may be rearranged as



ft,rz¡J = -&[tnl (s;^ptzt-') *le^ +,: llul a,pzfrt
t00

(A.38)

(4.39)

where

4.' = N', (H)
liu l(iu

b4¡
RtV *k,r,- g,r,r"(¡- s;t) -l ( {n,r, _Jek,ou,) ã;t (A.to)



Append i x B

FAR F I ELD RAD I ATI ON PATTERN

The whole space is divided into 22 regions as shown in Fi9,5.3.

Since the dipole is located on the bisector of the corner angle'

there is a symmetry between the regions above and below the axis.

ln this case it is sufficient to calculate the radiation pattern in

reg i ons ì to I 2. The resuì ts obta i ned for the far f i el ds pattern

are given below.

ln region 2

N6E=Tf1-.2(
E. ilrt Ln"t

-tn
) dÞtrc-s 

(4 -t"'') T )
q.)

Çtnt (8.1)

(8.2)

(B .4)

where

ln region 3

z.=*F,
where

I n reg ion l+

Z []ot.'t

' 
- u\x (r::') x ( rj'J.)jQ )

( .* x(Ï'"')I ù1 +

f (-,i-' f|vc'"(4-('-r) 
g)

ii'",. jÞs""' @ -+)ç"lr,l 
rr.ll

É*"r., = v,\xr rjíil - x( rjå') - X t rji.i J

n=l
n*3

c

LG,n.l
h+zþ

N ¡ iPsre-t(é- (n-')T\r,
)e F("

¡-l

l+ f Ct)
L= \¡

E
Ec

ln region 5

- t0t

jas.-'t+-,i,ì,\ìr.r,



6I
a=l
OJ¿

, i-' ¿Þs...s 
(+ -(n-,l +)Eil.l 

* É t,f-' d
Þs¿c¡9-tirl{) ((

F,{

t02

(8.6)

ln region 6

F.= ,å 
tt I

L
I

N

Z
ê.t

)
(r(

E-rn) = t - U.[x{rnn) + X(Tnu) * x(T;^,)]

\te) +

6L (-,) )P!¿øs(+-tn-') $)-a¡
e L(n't

t¿ i't
) +Z (-t)

izz

iBt,6s(4 - ti-r¡$ ¡

e' ' 
['i,,J{e.7¡

h-l
E
Ec

E=
E.

r n. t

where

n+2,3,1

ln region 7

6

ln

ln region 9

where

ln region l0

i-t
(-¡)

jÊS¿ c"t¿4' -t i-') F )f e Ç tit (8. r r)

F/it= ?[xfr,.t -X(Ir) -x(-[^,)J

I t;rJ

(8.8)

(8.9)

(8. t 0)

h-l QI
Frte) *

¿cs 
(ô -¿i-r) {) t0tjPl¿c-(4-$l 5L (-,) e

i-, JÊ $L
Â=lt

.L". Ëï¿l - /'sl's(* 
- +J

ã" = *'r[É, 
(-'i-' JF3¿6 

rs-rn-r,'i I 
i"t^rl

t,l* (-,)n''

I
ñr

t"t

( -,) e
¿

region I

t.¿

e) Q,

ì.t

fr*i.l =!,"tx(r:T) -x(T:'J) + X(rjli tl

(8. t 2)

(e. I 3)

E
Ec L

t-,

where

"jÞSrcë,.(+ 

-tn-')S, 
f i^, (B . l4)



fr") = rzlx(tÍ] I - x r-;l'l]

ln region ll

ln region 12

ï, t ;] (-')'-' iPSt 
o'(4-(^-'r$' 

x(rji')E.= 'u i,

r.J 65=Ir,lIC-¿ L.t -L n't

t03

(e . l5)

(B . l6)

(8. t 7)

(8. I8)

( -,)
ißs'rc-'(+ - t"-,) $) -r¿ré'-'--- 'f,r"rh-l

where

Iî''i^r = 2fxtrÍ'l t + X(lÏ'lJ
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Append i x C

FLOW CHART

YES

YES

YES

YES

fr
f.l'l-Q,N2=O
N5-0

N,lNC.,
GAIN,SL

MUTUAL COUPLING
PROGRAM

ll'l2,tt,NGAlN

pr-pr*lNC.
'N1-N1+1N1 -NAIN>G

Pt= Pt
p2=P2+lNC.

N1=1

N2-N2+1

G.T.D
PROGRAM

NSLL

L>SLL
P1= P yP 2= P2

Ps=P3*lNC.
N1=1,N2=1
N5=N3+1

N3=N

GAIN=NGAIN
SLL=NSLL
Po¡= Pt
Poz=Pz
Pos=P¡

o

SLL

Pot
Poz
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