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The cr¡rstal structu.re of sillimanite has been refíned by 2*

dirnensÍonal l'ourier s¡mtheses. The specimen used throughout this

investigation r+as frorn \fillimantic, Connectícu.t, ÜnS.¿.u

ilccurate unit cell d.imensions l'¡ere measured. by the method.

of C, L, Christ QgSe) using a conventionaL \feissenberg ca.mera ruith

an internal standard. lhe values obtained were ao= 7"476*"003 l,
.oo

bo= ?,6663,005¿l¡ co= 5"?63J,0034. The specific gravity was measured.

on e.. Berman microba.lance and r.¡as found to be 3"240 g*" 
"*"-3 

From

the volu-me of the u.nit cell- and. the rneasu::ed densi-b¡r, the number of

formula 'units in th.e uni'i; cell of sill-imanite vas thus 4 (irtrsitl.) 
"

The 1rresence of a centre of synmetr:,/ rras ínclicated. by a siaiistica.I

analysis of the hkl data and- the space group rr¡as confirr-aed to be Fbnm,

Tr,¡o *d.imensional intensit¡r dat a r,¿ere co l-l-ected. from i'Jeis senb erg

lrhotogra:rhs using a triple fil-n pact< and- nol¡rbdenum l{-ra.diat'íon. The

intensities 'r.,¡ere neasured. by visu.al comparisoir '*'ith a standard. intensity

scale and the structu"re anrplítuôes derived. by applying tire Lorentz-

polarization factor to each reflection, The observed. stnrcture factors

lrere placed on an absolute scale by cornparison with st:trcture factor

data calcu,Lated. from previously publÍshed atr:rn-ic parameters of

sillimanite,

Using the atomic parameters of laylor (fgZg) and of fiey anð

Taylor (fg:f) a-s starting pointsu refinenent of ihe structure',,¡as mad.e

by seven successive Fo and Fo- I" syntheses along a1I three of the

principal axesi the "final R factors for 148 tu)u 57 h0{ and 63 }lr.l

reflec.i;ions being ].B.f/,, Lz,B"i" and Ll"f/o respecti-vely. The nean Si-0



l_a

bond d.Ístance is L.630 3 O,Ofk l, the nea.n tetrahed.ral ¿11-0 bond dist*

ance is L.742 3 0.0t4 li.,r¿ the mean octahedral rl,1-0 bond dis'cance is
,ô

L"916 f O,Ot3 ri. Tenperatuz'e factors are given for ea.ch atorn in each

pro jection 
"

Ä conparison is rce,de r¡¡ith the results recentLy published by

i , /-^z^\Surrrham (f963 ) s anð. possible electrostatic charge d.istributions r^¡ithin

the structrtre are d-iscussed. The tetrahedral site sizes ind.icate that

the structure ís ordered i+ith resirect to silicon and a]uminum"

Â programme for the comliutation of 2-d.i¡iensional structure

factols for sillinaníte on the T"B,I'[. ]tl620n is inclu-ded. in arl

.¿ipunenclix of this di-ssertation"
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Í$TRODUCTTOI{

This project was underteken for the purpose of instructing

the author ín the methods of crystal structure analysis by d.oing a

refinement of a relatively simple structure, ?he erperimental rrork

r,-ras done in the *-RaJ Diffraetion l,aboratory of the Geology Departraent

of the IlniversÍty of Manitobau and. it r+as thus appro.orÍate to choose a

mineral- prhich feLL into the general programme of research in that

Iaboratory" The mí¡reral chosen was sillinanite, an ah:mínosilicate of

the id.ea1 forrn:la ,{12Si05. ft r¡ae felt that this mineral would yíeId.

valuable information about the silicon-ahrminum rrord.eringrr in this

mineral and about the bond.ing fn silícates"

Ïn the d.eternination of a cornpletely unknor,,nr crystal struct-

ure it is necessary to solve the structure with no prevÍ.ous lmowledge

of the ato¡nic positíons. Horqeveru in a refinement approxi¡na.te atonic

positions have to have been determined. beforehand, ancl during the

refinement the atorns are located. more accuratefy in the unit ceLl"

For the above reesons, an unlcnorrn structure d.etermínation is more

d.ifficult and. requires more time to complete than a. refinementn By

its nature an uvrknor.rn structure detern'iinatlon is uscertain in íts oi:t-

comee while a refinement of this complexity rnay be expected to reach

completion in one ¡rêêro

She oríginal d.erir¡ation of the crystal structuïe of sílIiman-

ite r,¡as d.one by 1'{. H" Taylor (f gZS) e and later, J" S" Hey and l,f " H"

Taylor (fg:f) publÍshed a revision of the original structure wh:ich was

aore accurate, bu-t rvhich sti1l required refinement by mod.eïn Fourier

methods" ,{ search of the literature to June 1962, revealed. that no



refinement had. been published so the author began work on this struct-

ure at that time. Ilowever, in llovenber of I962u while this v¡ork i+as

in progress, an abstract of a refine¡rent of the silLimanite structu¡e

r,+as pubJ.ished by C. 1{. Brrrnham (tgeZa). Tn vier.¡ of the fact that the

present refinement had already included the accurate determination of

celI dinensions, the collection of all the intensity data for a tv¡o-

C.innensional refinement, and a nurnber of the conputations, the decision

rqas rnade to continue thÍs worlc and so prod.uce a oompletel-y independent

refinement" Fr:rthernoreu it appeared. unlikel¡' that Burnham8s fuLl.

paper would be published before the present refinement would be com-

pleted"

Atl of the )(-ray d.ata Llnat, r"ould be requ.ired for the refine-

nent r.rere collected on single-cry'stal ¡Ieissenberg photographe" lhst

of the comcutations r,rere done on an I'B"I{" 11650r¡ corryuter at Great

lJest I'ife /rssurance Cor¡lpanys !/innipeg"
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DESCRIPTÏOT{ OF TTIE STLI]],ÍÀIÙITE SPtrCN'fM.r

Sillimanite is a polymorg:h in the aluminosilicate group of

minerals of ideal formula 412Si05" The other tl+o nerbers of this

group are þranite and andalusite. The tempe:"ature-pressu-re relation-

ships between sillinanite, þanite and and.alusite have not been com-

pletely deterrnined, but sillimanite is known to be the high-tempera-

ture pol¡mrorph and is characteristic of hígh-temperature and high-

pressure netamorphic rockgu

A I¡oqttlb¿

The sillinanite specimen used. in this investigation i,ras

taken fron the mineral mu.seun at the Geology Ðepartment of the

rniversity of I'ianitoba (Í'.tseum Nu¡.ber 3994), The roclc containing

the siltimanite was found. in l'I1111*antie, Connecticntu U"S.Â, The

silli¡raníte occurs as large (up to 3 cm"), elongatedu transparent

anber crystals in a sillima.nite gneiss r*ith cluartz, feldsparu biotite

and. muscovite, Ä suitable crysta1 of sillimanite ruas broken off the

large speciuen and used. to províde material for the investigation,

3 Chenri_cal Auahrsi-g

A chemical analysis of the specimen r,¡as done on the X-ray

fluoreseence spectrometer in the Geolory Department of the Ð'niversity

of Manítoba by Mru Ko Êanrlal, The speeimen was prepared. by crushing

about 0"J grams of sillimanite to a moderately fine size, and then

visible ínpuri.ties removed under the binocular ¡aicroscope. The results

of the analysis are shovm in Tabre ï" The 1or+ total for the anarysis

may be due to absorbed. r¡ater which r,¡as not analysed, for but which may
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have been present because the finely powdered specimen was possibly

hygroscopic. The snall anount of potassir¡¡n and. correspond.ingly small

a.mounts of magnesi¡.m and. iron in the sample may be d.ue to smalI amountg

of biotíte stíll ìrresent in the handpicked sample' Hor¿ever since the

potassium analysis is so loi¡ this r+i1l not extrllaÍn the large amounts

¡63 Fe^O^ and I'hO" It has been assumed. in Table Ï in the caleu.lation¿)
of the number of metal atoms per five oïygen atoms that the nagnesia

and. ferric oxide are present in the si[inanite, trhile that present as

biotite has been neglected" Ït is unlikel;,, from thís analysis com-

pared. to analyses in Deer, llolrie and Zussman (t96Zu Vol' I)e that

anythíng is unusual about the eomposition of this sillimanite"

C Densitv and Cell Content (Z)

'Ihe specific gravities of three snal'l fraguents were deter-

mined with the aid. of the Serman specific grarrity balance, using

toluene at an average temperature of 24oc, The values for:nd for each

weree 3,234e 3"245 and 3 "24L gnf c#" The averagie specific gravity of

these fragments is 3"240 gr;/cå which lies r+ithin the raÐge listecl in

Deer¡ Howie and Zussxûân (tgøz¡ Vol. I) of 3"23-3"21 gø/cr# 
"

From the measured. d.ensity a (g*/"#), tnu volu¡ne of the unit

ceI1 V (""P)r Ävogadrots numbes N, and. the molecular r'reightu M (gy'no1e),

the nunber of formula uníts (Z) in the unit cell may be calculated using

the formula Z = ---V-x--d'-Je-N- -I{e

The volume of the unit cel] in the orthorho¡rbic system ís

simply the product of the three ce1I ed.gesr ãg b and c. the d.eternina-

tion of these values is described. in Chapter V, but they are used here
oj

to cal-calate the volume, which is 330.28 A 
"



using this value for the volume v, the above value of the

measured. density, and the nolecular r.reíght of ideal A12Si05 of L62.00

gms/nole, the celf content of sillinanite calculates to be,

-24 2i
7, = ng¿B x :-:-o-''-x 1"Wx 6,027 x l:0*1 = J$B

t62"00

Since the u¡it cell must contain an integral number of molecules or

formula r:nits, the idea.l cell content of silllmanite must fe 4 (AfrSi05) 
"

tr'trith this value for the cell content (4) e the ideal density as deter-

mined by X-ray nethods ís 3" 255 snfcri "
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SOI'E BASTC X-RAY DTFFß.J,CTTON TIIEORY

A crystall-ine subst,ance nay be defined. as one that is a regu.lar

arrangement of atons in space repeated throughout the volurne of the crys*

tal" X-radíatíon is an electroma€netic phenomenon like visible light but

of short trave-length (O .6 - 2" 5 l). ff ï-rays are d.irected. at any crystall-

ine substance they are díffracted just as visible light is diffracted by

an optieal grating" The Ínteraetion of the electric field of the T-radia-

tion r'¡Íth the electrons of the atorns produces this diffraction. The

eleetric field. sets the electrons into foreed vibrations makÍng then second.-

ary emitters of the radiation, This interaction of the incid.ent radiation

and ihe electrons causes them to scatter the original X-¡¿y wave,

There are tl¡o general techniques u-sed. in examinÍn.q crystals by

X-ray diffraction" She first is T-ray.ûoïrd.er photography which is con-

cerned. naiul¡r with the study of crysialline eompor.mds for the puryose of

ídentification and, Ín favourable cases, quantitative analysis of mirLures

although sone simple crystal structures have been solved by the use of

powder photogra.phs. The seeond includes single cr)¡stal methods t¡hich,are

used mainly for complete structr.rre determinations. The single e:ystal

nethod.s are used. for structural analyses because they yield more Ínforna-

tion about the crystar than do powder photographs. There are several

d.ifferent t¡res of single cr¡rs'brt methods that have been used. to advalrt-

age. These inelud-e oscitLation, rotation, ileissenberg and precessiotx

methods" Thís report d.escribes the interpretation of only oscíllatÍon,

rotation and. ldeissenberg photographs becau.se they are the only ones used.

in this investigation,



X-ray d.iffractíon by a erystaL can be thougbt of as reflec-

tion by sets of parallel lattice planes in a crystal (Buerger, L)42u

p" 43)" From a consideration of the positions of these reflections

fron different sets of lattice planes in the crystal one is able to

determine the geometrical nature of the lattíce and the size of the

unit cell. From the systematic absences of reflections one is able

to d.etermine, sometimes uniquelyu the space group foz" that crystal"

Finally from chenical analysis and specific gravity measurementsu the

kinds and nu¡rbers of atorns that are contained in a unit cell can be

determined"

Measurements of the intensíties of these reflections afford

much of the ínformation required to determine the atonic positions in

the unit cell" fiowever, associated with these refleetions there is not

only the magnitude of the intensity but also a ¡hase a.ngle and this

is in general, unobservable" Therefore, in order to ful}y defÍne the

nature of the rraves producing the reflections, one must caleulate the

phase angles from a structure that is essentially correct. Ït is thís

ttphase problemtr r,¡hich nakes the derivation of a crystal structure so

uncertain but at the same time so challenging'

the discovery of the diffraction of X-rays by crystals took

place in 1912 when II. von l,aue suggested that the wave-length of

X-radiation wa.s likely of the ord.er of l-0-B cm" lhus a natural crysta1l-

ine substance i¡ou1d serve as a three-dimensional d.iffraction grating

for X-rays' L,aue set dor,¡n the cond.i.tions for the diffraction of X-rays

by a three-d.imensional crystal lattice in three equations, whích require

that the path d.iffeTence betr.¡een \,raves scattered. f:¡om successive lattice

points be equ.al to a whole number of vave-lengtbs n3



a (cos do- cosd) = trÀ

- | ^ 'sß\ =n Xþ \cosPo- ca 
2

r :t ,sX) =n^Àc \cosÕo- "a )

In these three equations 4,, þ", Ío are the angles v¡hich the íncÍdent

beara makee with the three -orincipal axes, a., b and- c in the crystal

lattice" fhe direction of the C,iffracted. bean is clefined. by the angles

drl3and [, and the set of integerse rr1r n, and n, d.enotes the order of
,

the reflection, A fornal proof of these relationstrips r+hich inust be

satisfied in order that diffraction will occur, is given in Buergere

dl-942, Chapter 3) " Âlso in this refeïence it is showr that these three

conditions for diffraction are geometrically equivalent to a reflec-

tion of the X-ray beam by the lattice plane, i+hose intercepts on the

three princi;oal axes t¡oulil O* ^/,.ru 
b/nZ^nU ./nr"

Shortly after the discovery of the Ciffraction of X-rays by

crystals by von Laueu 1,1" L. 3ra€lg in 1913 suggested. a simpler inter-

pretation of this phenomonon which he erçressed Ín the now r'¡eIl knowr

Bra.gg l,a.w¡ n\= 2d sinO" This equation arose from the fact that Sragg

considered the seattered. radiatioir to be rtreflectedil from lattice planes

within the crystal" Reinforcement of one wave by another reflected

from a parallel neighbo',iring plane at a dístance d will occur r¿hen the

path rtifference betr¡een theee two r+aves is equal to a vrhole nur¡ber of

r,,rave-lengths, inê., whefl nÀ= 2d sinO røhere Åts ttre wave-length in Îu

d. the interplanar spacing in 8u and. @ is the angle in degrees betr'¡een

the crystal plane and. the incident X-ray bean" Thus Bragg showed. that

the concept of the crystal lattice as a set of parallel planes through

lattice points is extreuely useful in explaining the theorX' of diffrae-

tiono
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Coupled" níth this concept of the direet lattice, there is

also the concept of a rryeciprocal lattice'i without r,¡Ìrich the inter-

pretation of single-crystal photographs would. be very difficu.lt" The

idea of a reciprocat lattice I¡Ias introdueed' by Eward in 1921" It h¿s

no physical reality a.nd. is u.sed only in the interpretation of the

diffractíon of X-rays by crystals. Ho'wever, the direct or space lattice

d.oes have reality for it describe,g the rnanner in which g'roups of atoras

are repeated. in sÐaceo The recíprocal l-attice is sinílar in many respects

to the gnomonie projection used in the niorphotogical description of

crystal faces.

Ïn crystallographic problems it Ís convenient to represent

sets of lattice planes by their normals rather than'by the sets of

planes themseLves" fn this !¡ay the task of interpreting single-crystal

photographs is greatly simplified." The reciprocal lattice closely

cor-responds to a single-crystal photograph in that both are character-

ized. by poínts or sÐots r,¡hieh represent sets of parallel Lattice planes,

In order to construct the veciprocal lattice corresponding to a direct

or space lattice, consider a tr.¡o d.imensional projection of a prini-tive

nonoclinic space lattice along the y axis sholrn in Fig. 1" Each inter-

planar spacing dUOQ i" then consid-ered." For exaupler d001 is the per-

pendicr.rlar distance from the origin to the (OOf) plane. .4 vector 6 irO.q.

is plotted parallel to the interplanar spacing dh'.Q ttd its length is

raade proportional to the reciprocal of dfrO{, i.e.r equal to k r,¡hereffi
k is a constant of proportionalíty, !'Ihen this constructj-on is made for

eâch;olane of the direct lattice, the resulting array of poíntse one

at the end- of each vecto" 6h0.Q, consfitutes the reeiprocal lattice"
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In FÍg, I the d.írect lattice points are represented by crosses

and the reciprocal lattíce points by closed circles" The príncipal axes

of the reciprocal lattice it*g y#' anð- z'k are the d.irections from the ori-

gin nor.mal to the three principal planes of the direct unit cell (fOO),

(oro), and. (oor), lhe unit lengths of the reciprocal &*us t*, b# and c-É

are defined as equal lo k/¿ u k/a anå k/¡ res;oectívelyu Reeiprocal' t*100- i *010 ,*001

lattice efements are thus d.enoted- by the same letters as used for the

direet lattice elemenis with the addition of asteyisks'

Ðireet elements x¡ l¡ zs ãy b¡ cE 4, B ,Ú.

Reciprocal- elementu **-, y*-u zn, ào-, b*, 
"*u d*, Éou )-*"

The scale of any given reeiprocal latiice is d.ete::rnined. by the

constant of proportionality k, For a reason that l¡í11 be d.eveloped

shortly, the constant k in all X-ray v¡ork is ta.ken as À, the wave-length

of the X-radiation.

lfith this concept of the reciprocal l-attice it is now possible

to consider a geometrical interpretation of Byaggrs l,aw and the cond.i-

tions necessary for reflection by a real latticeu The eoncept of

reflection by the reciprocal ta.ttice results in a rrsphere of reflectionrl

r¿hich is shown dlagrarnmatícally in Fig. 2. This sphere of reflection

is constructed to surround the crystal which is located. at the spb.erets

centre. It gives the condition of r,rhen and. r,¡here a reflection from a

single crysta.l v¡i1l occu¡. The sphere of reflection may be d.erived. in

the following manner.

.4t point 0 in Fig. 2 let the line pp? depíct the orientation

of a set of crystal planes of spacing d. Let this set of planes be

in the proper position for a reflection of the X-rays to result" Since
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Reflected Beom

Direction

@r¡n

Fíg' 2. The d.erivation of the sphere of reflection and. the
limiting sphere" The crXrsial is at Su the centre
of the sphere of refLection anC. the origin of the
reciprocal lattice is located at the point 0"
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this is a set of crystal planes one call construct a reciproeal lattice

point to represent this set of planes by erecting a normal to the plane

and. choosing a r:nit bngth OQ = f where ( - À,r/a ana d is the inter-

pLanar spacing of this set of planes, I,et the li¡re AB represent the

path of the incident X-ray bean and the Line 0R represent the reflected

bean fron the plane ppr, The glancing angle AOp and the reflecting

angle ROpr are both designated by O u Tf pp' 1i". in the plane of

AORthen (aOp= (ROp'= Ô, AngleptOB = 9(verticallyopposite

L nop¡ and so (non = 2 O " trbon the reciprocal lattice point Q con-

struct 1.i-ne QA perpendicular to OQ to meet the prÍmary X-ray bean at A'

fhen QA w"ill be parallel to pp'and LqnO = LaOp = 0' trbom the &ia-

grane sín ¿QAo = sínå=Íu but (=À so that Ao =---&-" For a first
A0 d d si-n9

order reflection the Bragg equation nnist be L À = 2d thus AO

must equal 2" It fol-lows from this constructioa that all of the reeipro-

cal ]attiee points of tbe type Q of a1l of the direct lattice planes will

be corners of üriangles of the type AQO in vrhich ( s AQO are right angles"

Thus the locus of all points Q in one plane will be a circfe and, in three

dimensions a sphere whose ûLameten vritl be Ao = 2 and nhose radius ls'åll

therefore be 1" Although in our constructj-on the direction OR is the

clirection of the refleeted beam, one can equally choose the paralleI

direction SQ to represent the reflected ray, thus allowing one to place

the crystal at Su the centre of the sphere' Thus is deríved the l'sphu"e

ll
of reflection which for reciprocal tat.tice distances of Â/¿ *,:iff ft*v*

r¡nit radius and w-ill consíst of a sphere v¡ith the crystal at the centre,

the X-ray bean along one dianeter and the origin of the reciprocal

La.ttiee at the point where the direet X-ray beam energes from the sphere'

sin ê and
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The fÍna1 topic to be consid.ered in this chapter is the con-

cept of the'rlimiting sphere'r" lhe liniiting sphere gives one the nax-

imum nr:mber of .Ðossíble reflections afforded. b¡' a certa.in crysial using

a specifíc X-ra.diation" The crystal rotates about the point S in F1g. 2,

while the reciprocal lattice ís thought of as rotating about the point

of emergence of th-e prirmry X-ray beam fro¡n the sphere of reflection

(point 0)" lhis permits on]Jr recil::rccal la-btice points r"¡ith €(Z units

to possibly reflect" The volume containing su-ch reciprocal lattice points

is therefore contained approximately in a sphere known as the limíting

snhere with radius 2,
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OSCTLLAÎION AND ROTATTON PHOTOGRAPHS¡

CRÏSTAL ALIGÌ,I}'ENT AND CELL DIMENSÏONS

A ïntroductory Theory

It has been shown in the previous chapter that each time a

reciprocal lattice point cuts tbe sphere of reflection a ùiffracted beam

is produced along the direction SQ (Fig" 2)" In the rotating crystal

method a single crystal is plaeed in the X-ray beam with one principal

axis of the direct lattice trnrallel to the axis of rotation. A fixed

cylíndrical- film is pJ-aced around the crystal to record the diffraction

pattern, The manner j-n rvhicb the reflectíons are reeorded on the filn

can be deduced from Figs,3and.4 modified from gunn (f961 Fig" 8J)" As

shown in the last chapteru the reeiprocal lattiee rotates about the point

at r¿hich tbe primary X*ray beam emerges from tb.e sphere of reflectíont

poÍnt O on Figs, 3 and 4. A particular case is shown in Fig. 4 in l'¡hich

the ùiffracted beam is flashing out in the direction ST striJring the fil-n

at !d" The crysiaL is assumed to be rotating about the c axis with the

incident beam perpendicular to the axis of rotation" It can be seen in

tr'igs. 3 a;rrd 4 t¡.at th.e reflected beams corresponding to reciprocal lattj-ce

poi.nts in the sane plane (same value of ,0 ) wiLl all 1ie on one conical sur-

faceu The seni-verticaL angle of this cone ( þ ) U"u the sarne value for all

reflections of the sane { itt¿u* (the reeiprocal lattj-ce plane of constant

!), The base of tfuis cone is at the film, and in general- all- reflections

of the ur*u .{. index wilL lie on one straight U-ne on the film"

ft nor¡ becones necessary to determine the relationship between

the separation of these " l"yer Línes " alÌd. the rotation period of the
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alcis about vhich the crysial is ro'Lating' ''¡Jhen ihe difference betr'¡een

the path lengths of the rays scattered by neighbouring points (¿iitract-

ing centres) along this rotation axis is either zevo oT a whole number of

wave-lengthsu reínforcement occu¡s and a diffracted. beam is ;oroduced.. By

refeping to a sinrplified. díagram shou'n in Fig. 5, tlne cond.ition necessary

for diffraction to occu.r can be derived. Along the axis about rn'hich the

cr-u-stai is rotating 1et there be diffracting centres a.t points separated

by the repeat distance pu and. 1et the incídent;{-ray beam (wave-lengthÀ)

strike this row at ríght a¡gles. l'et the angle which the diffracted. beam

makes r,¡"ith the d.iffracting row bu Ó u and the path difference between

waves scattered from neighbouring diffra.ctj-ng centres be d" IUen øf n ='

cos {, The secondary scattered rùaves of r¿ave-lengt}r }. ín general

interfere r,¡ith each other destructively. For eonstructive interference

(r+avetets in phase) the path dÍfference cf nust be either zero or a r+hole

number of r+ave-lengths u

ioe"e p cos $ = " À where n=0, lu 2s )tooo.ê

For a partici;lar vafue of n, À and p in the above equationr it

follor¿s that the cosine of S must be constant" the diffracted. rays r*iIi-

thus lie on the surfaceg of two cones syrnmetrically on either sid.e of

the zero layer v¡ith the lattíce rott as the axis (f:.g' 6). Tf one then

irnagines the cr3-staf surrounded r*'ith a cylindrical fil-n that is coaxial

with the axis of rotatÍon, then these t'r¡o cones v¡ill be record.ed on the

film as two straight linese one on either sid.e of the zero layer lines'

There r,rill be tuo such lines for each value of n. Hor'¡evêrp a crX'-stal is

not a single row of d.iffracting centres but rather na.ny Ídentíca1 Farallel

rows extending in three dinensions. Therefore there is not a continuous

diffracted beam making up the surfaces of these cones but rather only
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order

O order

orde r

Fíg, 5, niagrarnmatie representation of the production of d.iffracted.
rays fron a single ror+ of d.iffracting points of repeat per-
iod p" The cond.ition necessazTr for d.iffraction is p cosó =" À

3ig" 6" Conical surfaees containing the d.iffracted beams of d.ifferent
ord.ers of reflection (r¡) from a ror¡ of d.iffraeting points
with the íncid.enf X-ray beam rrerpendicular to the row"

lnc ident

,'l'\' . .
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indivicÌua1 beams on the surfaces of these cones. The d"irectíons of these

bearns are such that the 3rag8 equation is satisfiedu and. they will pro*

d.uce series of spots lyfng on the straighf layer lines"

B A lisnnent _o_f t be CÐr st-a l-_ orr j- _G_onj_oae t_er_ Bead_

The first step in any single-crysta] study is to orient the

crystal on the lfeissenberg Goniometer head so tha.t it will rotate about

a chosen crystallogra,rrhic clirectionu usually a principal axis, Since

this investigation l.Ias a refinement and the approxirnate cell dimensions

of the crystaI r¡rere }<nown beforehandu the problem of orienting the cry-

stal. about a prineípal axis were not as d.ífficult as it would be were

the structure unl*roum' Ïn an unlqlown structure the rurit cel"l dimensions

must be chosen very carefully. If the crystal has r'¡eIl developed facesu

then a kno'*Iedge of the mortrlholo6xr wirt pernit the faírly accur:ate

orientatlon of the crystal around a lsrol.¡n axis on a refLecting goniometer"

In the present eases a suitabl-e single czystal vras cbosen by

crushing a srnall sam-ole of the sil]ímanite specimen and. selecting an

appropriate fragment und"er the binocular ¡ricroscope" [he ic].ea1 size of

the fragnrent depends u.pon íts cornposition and the radiation used" The

fraguents chosen in this study lrere no larger tiran 0 "02J cm. in any

d.ímension and r¡¡ere as nearly equidinensional as possible, Án exanina-

tion of each fragment unoer a petrographie microscope revealed that twinn-

ing r+as absent" The selectícn and rnounting procedures are discussed at

tength in Buerger (f960),

Since sillimaníte has perfect cleavage o" {OfOJ o a preliminary

a1ígnment normal- to this cleavage (about the b axis) was made using the

refleeting goniometer. This aligrrment i,¡as approrcinate but rapid. The
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gonioilteter head rrras then transferred to tr¡1s i'leissenberg unit r+ithout dis-

turbing the alignnent, Precise alignment of the crystallographic axis

i"¡ith the rotation axis r+as then achieved by a series of oscillation

photog.raphs using the methods of coruection described in ¡unn (f96Ð'

lhese oscÍllation photographs consist of double eq)osures each taken 1800

on the rdeissenberg dl:um readíng from the other" l,rihen the camera was load.ed

and- fixed. in a central posÍtion rele,tive to the X-ra.y collimater, the

czysial was oscílIated over seven and one-half degrees on either side of

a setting on the goniometer drum at i.rhich one of the rockers of the

gonioireter head was parallel to the direction of the íncident beanu so

thât it r,rould be lcnovrn to which rocker a given correctíon must be applied"

The correct er¡rosure time had to be determined. by a preliminary photo-

graph, After th:is erposl¡re had been recordedu the crystal t¡as rotated

1800 so that it woufd oscillate r+Íth the same amplitude about a position

1B0o frosr the first. The elq)osu:re time for this orientation l¡as one-thid

of the ti¡ne used for the long ex¡losure so that the d.irectÍon of the

correction nay be deter¡nined, Ân example of the setting pictures is

given in Figs" Z (¡), ("), and (d). Fig" 7 (a) is a single ex¡:osure to

show the position of the equatorial line ("ero layer). Notice tirat uhen

the crystatlographic axis is offsetu the zero Layer reflections are found.

to lie not on the equatorial line but on a currre¡ the shape of v¡hich deter-

mines the magnitude and direction of the correction. lhe natuze of the

offset of the cur.r7'e from the equatorial line is provided. by the double

erposu.ree

fhe shapes of these currres can be explained as follotss" Fig' I

shor+s diagrama,tiealty the tr'¡o possible comections that need. to be applled.

to a crystal not aligned properly" The offsets are of two t¡¡pes: (a) tne
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príncipal a,xis is offset i.n a pla:re nor.mal- to the incid.ent ¡eam an¿ (b)

the axis is offset in a plane containing the incid-ent beam" The result*

ing curves on the flattened. out fil¡i are shor^rn in Figs. e (c) anA (¿)

respectivelyu in relatíon to the equatorial Iine" In general the crystal

is offset in both these rLírections a.nd- the resultíng curve ís a combina*

tion of these two special cases (flg. g (e))" trborn such a curve it is

possible to calculate both conponents of the coryeetion"

Sefore discussing the practical method of d.etermining these

corrections a theoretícal proof of -i;he correctíons is given. Fig. 9 (a)

shohrs a d.iagranmatic sketch of the camera in cross sectíon and the posit-

ion of the sphere of reflection. .{n arbitvary recipracal plane has been

included also. Curve (c) of Fiel. I results from a d.isplacenent of the

crystallographic axis frorn the aris of rotation in a olane that is per-

,cendicular to the X-raÍ beam (chained curve in Fig. 9 (") ) . The dist-

ancs of this curve from the equ-atoria] líne is a maxinrum vrhen the

Sragg angle Ù = 45o and zero when Q = 90o* Curve (a) of Fig. B is

obtained. when the crystallographíc axis is displaced. fron the axis of

rotation in a plane containing the incident beam (curve in crosses

Fig" 9 (") ) " The reflections in this case fall on a cuïry'e v¡hose nraxi-

mum distance from the equatorial line occurs at Q = )0o.
A vertíeal section of the camera through the trvo 4Jo positions

is shor,m in Fig" g (¡)" R ís the radius of the camera and 6 is the

angle r+hich the crystallographic axis makes r+ith the axis of rotation.

Ât A = 45o the angle betl+een the equatmi¿.I line plane anô the zero-

level reciprocal plane is also 6 because the angle betr+een their normals

is6'
The sepa,r'atíon of tlne zero-Iayer line from the equatoria.l line



Cr;'s¡.1 a-xi-s offsei ín
peruendicular No X*RaY

^'l cne

Beam

lln¡cf rl e:< i s of f ser in Platr.e
n--- n^^-

COnL¿Ir:ìfil; À*:try Dvdrir'

c

d

Cur¡e resulling fro;-n si-tuatj-on in (a) on fiint

Cr:.r*re resulting from situ,¿riicn i.n (U) on flaL-r"ene'¡ fil-m

Gene::¿,J Çur-'.¡ð resul-Ì:ing f¡:crn offee?' in 'ooNh planes simriilanecul;};i

e

Fig' 8" Ðiagramatic representation of the
tv¡o cond'itions of offset in the
alignment of a crystal axis with the
rotation axis o (Reprod.uced fro¡r
¡unn (196r) r'ig. roa)

flatl,ened
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c

Sphere of reflection"

FiS" 9(a). Vertical cross seetion of camera showing sphere of reflection
and the tr¿o curr¡es resulting from the two special cases of
offset of the crystallographic axis from the rota'bion axis'

^/'. \ rrFig, 9(b) " Eorizontal cross section
45'position' Radius of. ^-asò.

of the caüera
the capera is

showing the fil¡o at the
R and the angle of offset

6
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is x (see Fig, I (")). To a first app::oximation r,¿hen the angle f, Ís

srnaII, x neasured. on the filr¡ is equal to xr the arc length on a eircLe

of radius Ru the radius of the camera (see Fig" g (t)). For this particu-

l-ar camera the radius is R = )60¡Unrm' = 9Q/n $n"

xs is the arc length subtend.ing the angle d , thus

lhen

xlmmu =

-oå = 19od-
It lf'

6o = 2x3 mmu

nq{_
180

llìIIÌ s

E 180 xl
TT

"_Tr =
90

Zxt nillro

= 2x mno on the fílm"

It ís thi.s distance 2x that is measured. from the film' At a

distance of 45 am, frorn the d.ireet beam the separatÍon of the two curves

obtained from a long and. short double exposuïè is measured' This d.is-

tance in millimeters, 2x, will be the correetion in d.egrees that must

be applied. to the rocker controlling the direction of the crystallo-

graphic axis in the plane perpendicular to the X-r¿y beam' A sjnilar

resu]-t is arrived at if one considers currru (¿), Fig, Bu which is for

an offset in a plane containing the incídent beamn

Generallyo these two kínds of eztor are combined. i'e"r the

czystal is offset in both planes, and then ít is necessary to make

corrections to both rockers. fhe separation of the curves at}= 45o

is measured on the upper and the Iol¡er halves of the filn. The la¡'ger

correetÍon to be made on one rocker is one-half the sum of these two

distances and ihe smaller correction to be mad.e on the other roclcer is

one-half the difference between these two distances. If the separation

of the ti.¡o cr¡rves is the same nagrlitud.e on the upper and. lower hal-f of

t}:e filmu then the correction requíred ís entirely in one plane and thus
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EXAMPLE 0F CORBECTIONS f0 AtIGt\Ti\'nil{T 0F A ORYST¿.L AXIS ¡,'IITH

THE Î.Oî.A.TION I"XIS USI¡IG OSCTLTJTTION SETTñIG PHOTOGRAPHS

Pho-t-qprraph ie*Fiq-e-? b)
U.oper half of film

l,ower half of film

Crystal axis in relation to

Darker line
Po_sition_ - _

left

right

rotation axis is;

Þepar-Atjoa

1"f0 mm'

J "J0 nrm.

åeparatíoê

I"0 am"

2oZ n¡¿,

(a) too far up by I.70 + 3,30 = z.f in the plane Ito x-rry beam,
2

(t) too far baek ¡ylrr?Q--:-L?ol= o,ao in the prane co,taining the
2 A*ray beam,

þper half

lol,¡er half

Crystal

(") too

of filn

of fíIn

axis in relatíon

far u;o by L0+

to

2"2

Darker line
_Pos_í_tíS,n _

Ieft

right

r"otation aris is¡

ôl
= L"6" in the plane J to X-ray bearn.

¡l
(t) too far back ¡ylz'? :--1"01 = o"6o in the prane eontaining the

¡-ran bearnn

The r:holoepea-oh in EiE,-Z-(d-) is tlre result of making this final cor¡ection

to the rockere of the goniometer head" The crystallographic axis is oriented.

exaetly along the axis of the instrument,

FhotoErauh in Fie



Jv

\
\
ì
I
I

I
I

I
,

I

l- o¡q-l- r ì

,àxi s:

i'r*;rcf ¡."

.rÞ.is;

i;oo far
back

Loo f¿lr
for,'JarC

too far"
up

ioo far
dor"¿vr

I
I{

t

t

t

o+c c+d b+c b+d
I

I
\

foo fai" back loo far back loo fa:r forwar"d ",,oq far foroiard
and up and dovnr anC up and dor'n"r

I
l
I
I

\
\

\
\
I
I

I

I
I

I
I
I
I

\
\

Fi€t" l-0u Diagranmatíc representation of all the possible curve shapes
on oscillation photographs resulting fron an offset of the
crystallographic axis from the rotation axis.



on one roc]íer, If the separation of the curv'eÊ is zero on either the

upper or lower half of the filmu then equal corrections must be applied.

to both rockers. In generalu neither reading is zero and. ihe tr,¡o read.-

ings are different, in n'hich. case different correetions luill be required

on eaeh roekero

There are only eight possible types of curve that may be

obtained. from any one settíng in r+hich the c1x'5¡allographic axís is a

few degrees offset frorL the aris of rotation" 'Ihese curves are tabulated.

in Fig:, ]0" [he first fouru (")u (¡), (c) an¿ (c)u are errors in align-

ment in one plane on1y, while the othez' four are the possible co¡ùina-

tíons of these curves. 1o give neaaing to the curves, they are oriented

such that the camera axis is horizontal, with the observer vieruing the

photograph along the direction of the incident X-ray bea.m from the X-ray

tube"

An example of these correctÍons is given in 'Iable ÏI i,¡hich

gives measurements that were mad.e on the photograph in Figs" Z (¡)

an¿ (c) u Figo Z (a) shows the result of making these corrections and

the type of oscillation photogra*oh that is obtained r,¡hen the crystaIlo-

graphic axis corresponds exactly to the axis of rotation" The exposure

tinres for all of these films r'¡ere 45 minutes for the long exposure and

15 ninutes for the short elrposureø

C Deter¡îin-atio-n-oj åha Bolafj-qn--Lerlo-d

The rotation period can be deterroined by measuring the film

in the manner shor,fic in Fig" 11, Here the film is shor¡n with the layer

lines co-rresponding to n=Ou Le 2" By knor,ring the radius of the camera

R and measuring the separatíon y of the rth 1t¡,*" li.ne from the zero
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Lî

Fig, 11, Diagrammatic representation of the detemination of
the rotation period p.from the measurement of the
separation y of the ntn 1a¡'s3 lines fron the zero
layer line"



layer line, one can determine the angle

r -1 R/
e= tan - ly 

"

From the relationship given in Section ¿1' of this cirapter, the rotation

períod then becomes

nÀ

cos tan-l */, .

ån example of such a d.eternination is given in Tabl-e ÏIÏ.

This table contains data measured. from the oscillation photograph of

sítlimanite shown as F1g. fz (a) in 'r¡hich the axís of rotatíon is a

[fOOJ and the radiation molybdenun K4. It can be seen from this tab]e

that each layer line gives one value of the zrctation period of that

pa-.rtieulaz. axÍs" Fig, 12 shor+s prints of oscillatj-on photog:raphs obtained

about each of tbe three principal axes in silliuanite, The values of

the rotation periods obtained fron these photographs areu

a =?"58î
o

b -?.?88oo

"o = 5'83 &

It was }ater for:nd that aII three values were too large by

approxinately I.4/o" The reason for this method prod,ucing inaccurate

results is due to the inaccurate loowledge of the effective camera rad.-

iuso ft lsas necessalTr to include exbra paper in the jacket to nake it

light tight. this would effectively reduce the radius of the camera

thus increasíng fhe calculated rota.tíon period " The larger the n value

of the Layer line, the more accurate the value of the rotation period.

beeause of the reduction of error in measuring the separati-on of the

tr,¡o lines"

I-
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l1i--¿€1 0 12(c). OsciLlation pìrotograph taken
about c [00] Ho/Zr radiatíon"
Rotation period = 5*83 .K.
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T,å3IE ÏÍÏ

ÐETERStrNJ|TTON 0F RCITrrTION PERTOÐ FROM

OSsIttATT0l{ PHOT0GRAPH A3OTiT 
" [rOOl

Radiationc Holybdenun K4 u À = 0"?10? l"
Radius of the camera; R = 28"65 nillimeterË"

1d

84.go

79,52

5"38

2"69

10 "650

0 "0935

0 "?tro7

7.60

2d,

Õ I oo)

76 "77

10 "88

5 "l+4

?séQO

0 "1966

1.4214

7,62

3d

g0,6CI

7),84

l'6,76

g"3g

3 "¿!186

0.2810

2,r3?L

7.59

Ild

93 "77

70 "60

23,L7

l-1,59

z"Lv?29

0 "3743

2"8429

( e)Y

5q

97 "45

66"99

30.46

15 "23

1 "8810

0 "Lþ695

3,5535

7 "57

6d Bd7qn

Right (r*")

Left (rnn,)

2 y (t*.)

y (*t")

tan S -- R-(qq¿

v (t*.)

*ou $
nÀ ril

p - e-À,Lb

l.0r.72 r07,33 115"30

62,66 57,L5 49 "30

3g,06 50 "18 66"00

L9"53 25"09 33"00

r"4669 1.1¿*18 o "9681

0"5633 0,6585 0"755?

4"264? 4.9749 5"6856

7 "57 7 "55 7,53

"o" $

Avera.€:e value of " Lioo] = ?,58 g.
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Fig'. 13 (a) shot¡s a photograph obtained while attenrptíng to

orient the erysta1 about a [fOO] This photograph lacks the synnetry

charaeteristic of orthorhonbis crystals rotated. about a principal axisu
o

and it yield.s a large value for the rotation periode 16.24 Å. (notiee

that there are very weak reflections half way betr,reen the proninent layer

lines") F"o* a lcnor.¡ledge of the lanor.rn ce}l dimensions ít is possible to

identify the lattice rovr r+itli a period of about 16"2 l" the manner in

t¡hich the approxinate value of the rotation period was found is shown in

Fig. 13 (b) r,¡tiere it can be seen that the rotation períod in this case

is likely [ZOfl which has a value of 16.15 1" 3], *easuring the angle

between [rool and Þor], (zro)s an angular eorrection was d.etermined. but

the direction of the correction cou.ld. only be determj-ned by trial and

errol. Subsequent photographs finally produeed. the one shom in Fig,

f Z (a) in which the crystal is accurately oriented around 
"[fOOl,
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fie" 13(a)" Oscill-ation photograph obtaíne$ rvhile attempting
to orij:nt the crystal about a L10g J , Rotation
aris fzofJ rotation period i.6.Tt+i,,Mo/Zr"

of the
from a

Oo= 7.476 A

4ie. r3(t). ÐetermÍnation
period [zorl
ao and co.

approxinate value of the rotation
knor"iledge of the ce1l d.ímensions

ov'' 
I

,"/ | "*
-e'./ 'øa/

'/ 9L-

'{l/ 1.,..

"v,/ | .',y t-'
)%.'9'^{ /
7Wf,--//,4

b2z



CHAPTM, V

TFil¡ T,,IEISSH}IBERG I'íEÎHOD s CELL D]}4ü]'{SIONS e

SPACI¡ GROTIF .¡ti[! INTEI{SI'IIES

4 -fntroduc 
iop.

Untft recently trþs i¡eissenberg method. uas the commonest

of the rnoving-film methods but now the precessÍon method often supple-

ments or replaces the Heissenberg. \'leissenberg photographs are dis-

torted. pictures of the reeiprocal lattiee whereas precession photographs

are und.istorted pictures of the reeiprocal lattice " The d.isad.vantage

of the precession method is the use of a fLat filn to reeord the reflect*

ione, thus }ímiting the number that may be observed."

Ït is possible to index all the reflections observed. on an

oscilla.tion photograah, and so such photographs may be used to gather

intensity d.ata, The detaiis of the technique are described in HenrÏ'e

T,ipson and ì¡Ioostur (1960) s md in Bunn (rper). The disadvanta6e of

this rnethod. lies in the number of oscillation photographs that are

requÍred to record. a.ll the reflections of one zonee say all the hkO

reflections" The interpretation of these photographs for the purpose

of ind.exing is also tedious and there is the possibilíty of ambig:.ity

ín the indexi-ng of some refl-ections"

Ït has been shor¡n in the previous chapter that i^ihen a erysta1

is rotated. a.bout a crystallographic axis in a monochromatic X-ral beam,

cones of reflections are sent out and they appea-r on the cylinclrical

film as straight rov¡s called tayer fines. If the axis of rotation is

the c axis then the centraL or equatorial layer line is made up of hkO
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refl-ectionsu the fÍrst layers on either sid.e of the central row are

the hkl an¿ hkî ror.rs, etc, 3n the v/eissenberg method.e one of these

layer lines is chosen to the exclusíon of all oihers and the reflec-

tions are spread out over the whole area of the filn" By this nethod

all of the hkO reflections can be recorded. on one phoi;ographo and all

the hk1 on another, etc. lihen each film has been interpreted. one obtains

projections of the reeiprocal lattice fron r"¡hich the correct axes, cell

dimensions, and spaee group extinctions nay be obtained..

_The eryeriraental set-up for a no¡rual-bean i{eissenberg photo-

graph Ís shor.'n díagrammatically in Fig" 14" The same general arrange-

ment of the rotating crystal method is used exeept 'chat, a. slotted. screen

is placed. betr+een the crysta1 anô the film, The normal-beam netkrod ís

cha.racterÍzed. by having the axis of the crystal rotatj.on norrnaL to the

incident X-ray beaa" The camera containing the filn transfates

coarially v¡ith the crystallog'raphic axís and. the axis of rotationu and.

s¡rnchronously with the rotatÍon of the crysta}. the slotted. screen is

adjusted to pernit the passag'e of only one of the cones of reflections"

Tn most l'Ieissenberg: camerase the arrar¡gement is such that,

as the crT.stal rotates through 1800 the canera translates p0 nm" îhus

a transl,ation of 1 r¡n" of the camera is equivalent to a 20 rotation of

the crystal. By measuring the }ateral distance betr¿een any two reflect-

ions on a film, the amount the crystal has turned beti,¡een these tr¡o

refl"ecting positions can be measured." ïn a1l systems but the hexagonal

and triclinic, the lattice planes (ftOO) an¿ (Ot<O) ar.e aL right angles

to each other. Therefore when a tr{eissenberg photograph is ta.ken about
r-lc [0011, the distance between the two ror{s on the fil¡r r,¡hieh contain
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Film

\-;';''¡
'\ ij ''\'\

\
\
I

Screen \'
\
I

I

I

I

I
,/ f-ì. / I
/ - - \-'{.-t

Fig",14" E4rerimental arrai:gement of the 
";Ieissenberg 

noving film goniometer
. for the record.ing of the equ.atorial layer by the normal beam method.

. (Reproduced from Bunn (igei) Fig, t03(;)), -

ñ.¡a8o J)e tr'Jeissenberg photograph Ó c [OOf] of the zero layer hkO reflections
taken by norroa.l bearn nethod. u.sing t'fo/-radiatioi:" Only the upper
half of the film is includ.ed"" Proroinent prinary lattice ror'rs are

shovtn by the white radiat{on streak, Prinçipa1 axial ro}/s are rrarked.
h and k ancl the festoons are also sho¡,rn on this photograph,



+¿

the different ordevs of reflection f=o¡-rl these tv;o pla.nes is

4J wn-"(=90o), Sind.lar1y, ín any crystal system the distance between

the rorn,s of reflections rron (troo) an¿ (¡*oo) is 90 nm"(=16go¡"

Due to the synchronous translati-on of the camera with the

rotation of the crystale successive reflections frorn one reciprocal

Iattice row ¡rassing through the origin fall along a straig'ht }ine

making an angle of tan-l Z = 63o26¡ v¡ith the horizontal. Reflections
I

corresponding to reciprocal lattÍce ror.¡s that a::e paral-Iel to rows

that pass through the origir! are arranged on a family of curves ealled.

festoons as nay be seen in Fig:, 15. Á rotation-translation correspond.-

ing to a,t least 1B0o is required to photograph all of the points in a

reciprocal lattice plane possible l¡ith a partieular X-radiatíon.

B Plotting the ReeipyocaL Lattice fron a tr{eissenberg Fhotograph

ln order to plot the undistorted reeiprocal lattice fron a

i'leissenberg photograph it is necessary to locate each reflectíon by

t'¡,ro coordinaies tTtat can be measured from the filn. ft is possible to

read. cartesian coordinates from the filn referred to the edges of the

fil¡o but these are not convenient as they m:st be corrected. for the

translation of the camera" A special terplate that is described in

Buerger (lgttZ¡ Chaæter 14) i* u.sed. to deternrine the necessary coord.in-

ates for plotting" fhís teniplate is shov¡n in Fig" 16 reproduced fron

Buerger (tç+2, Fig. L45). The horizontal eoor"dinate of a spot is read

from a millimeter seale placecl along the bottom of the template" This

read.ing (x) corresponds to the angle of turn or the angle of azinuth ú)

of the reciprocal lattice .ooint, Since I mm. = 20 c x i.n mn. must be

multiplíed by 2 to give ô in degrees. fhe second- coordinate (z)
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Fig" 1.6' SpeeÍal ternpLate to measu.Te x and. z coovd"inates fmm
a nomaal beain ì{eissenberg photagraph in ord"er to pre-
pare Ð. plot of tþe recirprocal latitice" x iTt tmug 1s
neas¡:red on the &orizontal scale and z in reciproca.l
lattiee usits is mea.sured on the inclíned scale"
(Reproduced. from Suerger {tg+z) Fíg" l&,5)"
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giving the polar coo-r,'dinate in reciprocal lattice uníts, is read from

the inclined edge of the template" Jn order to produce a convenient

size for the reciprccai Lattice representation it is custoroary to

mu.ltip1y z by I0n 'Ihese two coordinates and the esti¡nated intensity

(v"s"¡ s.s m.e I,r,e vowo) ""e read for each ç¿ refleetion on the

Iteissenberg photograph. ït is usuaf to start at the extreme left hand.

sid.e and read. the points successível¡r ¡vor left to ríght. For the pur-

pose of d.eternining the correct reciprocal unit celle only one half of

the filn need be reâd s

Once the read-ings have been recorded for the complete half

of the film (see îable 4) it is a símp1e matter to pLot them on polar

coordínate papero Fig, 17 shows the reci-orocal- l.attice zero-layer

(irOl) of sitlimanite for Mo I{o o rað.íation, From this figure it is

usually apparent which are the axial ro\'rs so these ma.¡r be traced back

to the fiki" All the reflections appearing on one festoon will fall

along the sane straight line in the projectionu All the :reflections

that are on one inclined. stra.ight Line on the filn (central lattice

roor) "ppear 
as a straight líne that passes through the centre of the

reciprocaL lattice projection"

c__t!g.gq_gg ihu_ Ruqtplg_""1 ü¡!"t Jgll

Once the axial ror¡s have been d.etermined fron the reciprocal

lattj-ce plotu a mesh roay be drawn that passes through alL the points"

In the case of sillirnanite v¿hich is orthorhonrbic an orthogona.l- net v¡as

drau¡n (See Figs. 1? and. 18)" Ilowever the reciprocal lattice cell

defining this nesh will not necessarily be the true reeiprocal cell

because of systematically missing reffectior:s, Therefore it is necessary
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Fig' tr?' Reeiprocar tattiee pi.ot of the hCI,{ rayez" of, sírrímanite"
The reeiproca,I a.xes are labeled xã- "d u",- T,Ë;;il;g_
used to prepare this plot are Listed ín fa.b1e lfu
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Fig. 18" Reoiproeal lattiee plo'i; of the
.silli-ri¡.nite" This i'¡as 'nsed' in

'the Plot 1s Fíg" 1? to ahoose

cetrlu

ullper h2.[ Ie:rei- of
eonju*ation 'urå.th

the reeips*ca.l i¡¡råt
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to examine uoper level tr'leissenberg' plots, usually the lst and 2nd.,

along wíth the 0 Level plot to determine the tnle cell, The plots of

the upper-level photographs are superimposed. on the zero-level$.ot so

that the true reciprocal lattice net r,¡hich inciud-es all the reflections

of all layers may be correctly chosen"

This situation occurred. in the case of sillimanite: on the

0k.t projection all reflections r^¡ith k=Zn*I are systernatically absent

but first and second.-level Heissenbergs revealed the true reeiprocal

lattice net" The reciproeal unit cell of síI1Ínanite was determined

by the above methods. A right hand rule v.¡as used. to define the positive

ends of the three princioal axes, x*¡ Í*-u and. z*" This cetl was choseR

to make 
"+ ) a* ) b* which ::esuLted ín the direct cell having the con-

ventional setting c (a (A"

Ð fndexing the ReflectÍons on trIeissenberg Photographs

Once the unit net has been chosen on a reciprocal lattíce pLot

all points can be ind.exed directl;-. One need only use the reciorueal

lattice plot in conjunction with the measured data (such as that in

lable W) to index all the reflections on a lieissenberg photograph,

This is the way in vhich the indicos hk.[. in Table IY were arrived at"

There is a second. irrethod. that is described. in Bueroe" (l94Zu

p' 280) which makes use of a rttrfsisssnberg charbil or template that can

be superirn'rrosed on the film to read the indíces of each reflection"

This temple*te has been reþroduced from BusTgev (tg4z, !'í€i, r4B) and

is sho"m as Fig' 19' Ä dot colry of the photograph, nade on tracing

papere is placed on the template ,so that the two principal axial lj-nes

such as h00 and Ë00 
"o"""spond 

rvitir the sloping left and ríght margins



1fi

Fíg, tp" Eqraå*ånc}ånation trrleissenberg
ehac+ used to index the
refleotions on the photog:aphs"
(Enlarged.. from Suerger irg+e)
Fi"g, 14€")



of the ternplate. 'Ihe refLections on the filn or dot cop¡r are then

found. to line up on or betr,¡een the lines (ttris depend-s u.pon the d.

spacing and camer¿. constants). Thus l-ines pa.rallel to ones on ihe

tem;,Iate ma¡r þs dra.lm through the spots, ea.ch line represeniing tattice

points arranged in a lattice row. iJ'hen all lattice rows of the one ty¡le

have been traced on the temofa,te, it is then shifted so that it ]ínes

up raith the second princi*oal axial tines su.ch as 00{ and 00î and the

reciproca.l lattice rows agai-n d.ram fn as before.

One system of l-ine-q is labelled, 10{, ZOn. 301,, etc", while

the other. is labelled h0] s ]n02, h03u etc. Each spot or reflection not¡

Lies at the intersection of trn'o of the above fine,s and can be indexed

accordingly" Care must be tak-en not to omit any of the accÍclentally

missing lattice roq's by observing the regu"larit¡r of the d. spacings"

E Deterrninatíon of the Space Group

'Ihe term point group symmetry implies that all s¡rmmetry

eLements nnust pass through one pointu Howeveru in considering space

Sroups there is the addecl Cegree of freedom of translation, in r,¡hich

the s¡rrunetry elements do not have to pass through a single point"

these add-itional tr"anslations result in certain modifications in the

diffraction of X-rays. Lattice centerÍng and syrnmetry operations

involving translation have the effect o,f extinguishing certain classes

of reflections " Thus a list r:f the extinctÍons of a given crystal is
characteristic of the transl-a.tion opera.tions v¡hÍch prod.uced them"

The deternrination of a space grou.p from a list of systematic-

ally absent::efrections ís given here using sillimanite as an example,



This r¿ineral was reported by T¿y1çv (fçZS) to be orthorhon'bic in

s¡'rnmetry" this has been confírmed in the present work by measuring

the separation of the principal axial lines of the i{eissenberg photo-

graphs" In all three cases the separatíons r+ere 4Jmin, corresponding

to interaxial angles of !0o, The non-equ.ality of the three axial

lengths (c ( a (b) was dernonstz'ated in rotation photogra.phs and also

from a preliminary examination of the \{eissenberg patternsu irrhich is

discussed in a later section,

Examinatíon of the reflections of type hlc[ provides infor-

mation on the type of }attice" Jn the orthorhombic systen the 1:resence

of glide planes is deterrnined- from the zones of ::eflectíons hkOe h0{

and Okf and serew arces are detected. from an exanination of the refLect-

ions of t)¡.oe h00e 0k0 a.nd 00{" The theory behind this is discussed fn

Buerger (tgl+Zu Chapter IV), This r,¡ork con:í'irned [aylort" (fgeg)

observatior.¿s that reflections isíth .0 =Zn*L k'êïe scâïce and the intensit-

ies r,¡ere ¡¡eak in comparison r,¡ith refLections having !,=Znn

Frorn the indexed l,Jeissenberg photographs the following extinct-

ions were d.etermined'

(i,tl): arr present

(rrto) s all present

(trOl) å pïesent only Ì¡ith h+l = 2n

(ot l) s present only r,¡ith k = 2n

(AOO) s present only with h = 2n

(OtO): pï'esent only r'¡ith k = 2n

(OOl) s present only r,¡ith [. = 2n

The fact that the {tt q}reflections shorved no extinction

ditions confir¡ned the fact that the lat"çíce is irrimitive (P)" The



other extj-nction conditions lead to tv¡o possible space groups a.s listed

in the Intey:national 'Îables (V61" T, L952) 'Pna}t and. Pnma (nunbers 33

and. 62 respectively) 
"

The present autirorrs choice of axes (c ( " 
( ¡) requires that

these synbols be cyclically penmrted to correspond with the observed

extínctions. the two ¡rossible space groups are thus r,¡ritten as Pbn2,

and Pbnm. The final choice betv¡een these is discussed in the folloiv-

ing sectionu

F X-ray Analysis for Centrosym.metry

The space group Pbn2, has no centre of s¡rmmetry r^,rhereas Pbnm

is centros¡rmrnetrie" Thus if it can be determined v¡hether or not,

sillimanite is centros¡rnmetrical, a choice betvreen these space groups

can be mad.e 
"

¿n analysis for centros¡mnetry in sillimanite t+as mad-e u.sing

the X-ray method devised by Eor+ells, Phillips, and Rogers (tgSo), This

is a statistica] test that maJr be applied to intensities observed. for

refl-ections of the type hkf. The presence of a centre of s¡nametry tends

to create large intensity differences from refleetíon to reflection

whereas the absence of a centre of symmetry snoothes the Íntensity dis-

tribution so that it is more u.niform. This test is not applied to

special reflections of the type hk0e h0Iu or 0k{because the zone rvhich

they represent may be centros¡'rnmetric, even though the crystal has no

centre of synrmetry"

Ttre N(Z) test of llovellss Phillips and Rogers ís described

ín Llpsç¡ and. Cochr"n (tg5g)" The reflections are dívided into several

groups according to their sin grlÀ values, The range of sÍn e/X



5+

¡]i --Á6e 20" Stereographic projection o.f the sy:nmetry
elernents of poirrt group Z/^ Z/* Z/^,
sbowing the d.ífferent multiplicities of
the reflections hkO, hOl and hP-!,
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for each groull is chosen so tha.t the i:untber of reflections contair¡e.J

ín each Clroup is approxinately the same n a.nC. th.e number of ref lect-

ions in each gr"oup is large enough to have statistical rnea-ning"

S;rstemrriically absent reflections are not inel-uded. but acci.dentally

absent reflections must be included. v¡ith zero i.ntensit;'o The ì;heory

does not apply to very lorv values of sin e/x e

In practice one cal-culates the surn of the uncorvected inten-

síties and then the average intensity <f> of that gvoupe fn the

orthorhombic system for the calcule.tíon of (l) half weight is given to

reflections such as hlcOe hO.Q and- 0k.Q" The reason for this may be seen

from Fig. 20, This is a.prÐjection of the poi.nt groìrp Zf* Zf^ Z/*"

Examples of the different types of reflections are shown as hkO s ]hAI

and. hk.[" Noti.ce tna-t the intensity of the ref]-ection frorn an hkQ. plane

ís d.ivided. into ei.ght posi-tíons v¡hi-Ie that from the hkO ai:d h0! zones

is d.ivid.ed. only into four.

Progressive fractions, Z, of the average j.ntensity are sel-ected.

and the percentages II(Z) of ttre total number of refleetions r,¡hose inten-

sities are less than or equal to the fraction Z are cal-culated." Howells

et a.l" have shown t]nat the fractions N(Z) are given b¡' 1[(Z)=1-ex-o(-Z)
T

for non centrrcs¡rmmetric crystalsu and by N(z)=s"f(+"Z)z for centro-

s¡rmmetríc crystals, urh.ere Iterfrt is a complicated error function for

rr¡hicl: vafues have been deter¡riiled." I'inally the caLculated values of

m(Z) are conpared. graphically with the theoretica.l- val-ues fo:: centro-

symmetry and for non-centrosymmetry"

Thís test vas applied to the hk4u 5k!. and. h5!. reflectioi:s of

si]Limanite, ln order to incfud-e enough reflections in each sín O /f
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40 50 60
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Fig, 21(a). Graphical repr€sentation of the results of the lT(z)
test for ceniros¡rmnetry on the Jk{ reflections of
sillirnanite. The erperimental points indicated. by
cro-cses refer tg the groups in Table V in r¡hich
reflections of { =2n+I are onitted. t'¡hereas the points

' denoted with círcles refer to the groups of 5k!
inclu-d.ing all reflections, The theoretical curve for
centrcsymmetry is indicated. as a solid ]ineu that for
non-centros¡rnnetry as a dashed line"
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Graphical representation of the results of the N(Z)
test for centros¡mmetry on t]ne ]n5I reflectiorsof
silli¡rani-be" lhe e4rerinental points are Índ.icated.
by crosses and. refer to the groups onitting the
reflections with L=Zn*I" lhe theoretical- curve for
centros¡rmmetry is indicated as a solid. line o thlat
for non-centros¡innetry as a d.ashed line"
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F¿g" zl(c) " Graphical representation of the results of the N(Z)
test for centros¡rmrnetry on the hk4 reflections of
síllimanite. The experinental points are ind.icated
by crosses, The theoretical cu-n/'e for centros¡rmmetry
is indicated. as a solid liner that for non-centro-
s¡rnrnetEy as a d.ashed. line u

40ro 3020



6o

groupe only two groups r'¡ere chosen for each of tb.e three zones of

reflections" In the course of applying this test it was found that

the groups of refleetions 5k{ anA h5,t eave values that were much too

large for the low values of Zo even for the ease of centrosymrnetry,

This uras due to the fact that reflections with f= 2n+L are very weak or

unobserved thus tending to increase the number of reflections j:r the

groups of low Z value" In order to coruect for thisu al-I reflections

tu'ith .( odd. were omitted. from the calcul-ations in 2onêa b5,{ and. 5k.( "
Details of the calculations are given in Table V which includes the

tv¡o cases for 5k{ onJ-y for comparison. Graph:ical comtru.risons with the

theoretical val-ues are reproduced. in Figs" 21 aubre" ïn all three cases

the e:qperimental curve is in reasonable agreement w:lth the theoretical

case for centrosymmetry" Thus the space group can be chosen most likely

as Pbnm.

G Determi¡ation of Accurate Unit CelI Dímensions of Sillimanite

Approximate ceII dinensions may be obtaÍned fron rotation

photographs by the methods outlined in the previous chapter" However,

sínce the j¡rteratomic distances and bond angles depend upon the values

of these ceJ-l edge lengths, it ís desirable to measure them to an

accì.uacy of one part in one thousand. There are several methods listed

ín the llterature of obtaining thÍ.s precision in measurement. Buerger

(tglÐ suggests the use of a ideissenberg "back-ruflection" camerao

larquhar and lipson (1946) employ this same technique using the oscíI1at-

ing crystal principle" Ìu'Jeiszo Cochran a¡d. Cole (fg48) describe a method

using a conventional ldeissenberg camera in whích one scans for the exact

position of high order pinacoidal refLectíons and thus aecurately

neasures P values. This is ca]-led. th.e "theta" method" C.!, Christ (f956)
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d.esclibes a methoC. for the precise d-eterrrinatíon of lattice consta.nts

of single crystals u-sing a *".Ieissenberg photograirh u.sing an inter"nal

ste.nd.ard" Jn essence the method involves the d.eterrnination of a film

correction factoru e.s a fu.nction of angle 0, by the superposition of

the por+der pattern of a stancl,ard. calibration substance on a zero-Ievel

i.'/eissenberg i:hotograirh of the single crystal in t¡hich one is interested..

Ït r,¡as this last niethcd. that r,¡as used. by the author for the determina-

tion of the eeLl dimensions of si}linani.te"

ideissenberg photographs of the zero ì"ayers (ntoe h0.Í ancl 0k{)

l./ere prepared. in the usual \{a}¡e except that the translatíon of the

camera was set so that ihere v¡oul-d- be two centimeters of unexposed. filru

on eitiier side of the r/eíssenberg pattern" The gonioroeter head contaín-

ing the crystal was then renoved. and. re;olaced by a head coniaining a

thj.n r,¡ire oi 59 grade ÂIunÍnw: (gg ,gg7/") i,l-hich r¡as used as the standard 
"

The ileisserrberg layer screen r,¡a.s replaced. by a, specíally prepa,red. screen

'¡ith a slot of I cmu width, and porn¡der patterns of the Äl_uminun r+ere

recorded on either side of the ,'ieissenberg pattern" îhe regular

]¡ieissenberg layer screen r,¡as used. to record the narrow pattern seeri

on the right hand side of Fíg. 22. Tliis is a photograFh that r.'as

obtained arou-nd [OOl] of siltinanite usin* Co Kr<,p radiation r,¡he:'eas

the por"id.er patterns l.rere recorcled. using Ni filtered Cu rad.iation"

The fÍ}ns were neasured as foll-ov,'s" First, tÌr.e /r1 powder

patterns r,iere neasured. by means of a travelling rn-i-crosco;oe to the

nearest .005 cm. Both patte-r-ns on either sid.e of the fílm r,¡ere read.

to give avera¿'e values of 0,"r="n lhe',,ieissenberg patterns were read.

in a manner i¿hich d.iffered slightl-y from the nornal ¡netÌrcd" ?he
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Fíg" 22' Zeto Lay.er ',i'eissenberg taken about c [oOf]with Cu/- and. si,rperin;oosed A1 por"rder pattern
used. as an internal stand.ard, for the d.eter*
mínation of accurate cell dinensions by the
raethod of C, l', Christ (lgS6)" The A1
pattern was recorded with Cr"/wi radiation"
The cell- d-inensions frÐm this filn are given
in Table VT"



travelLing micrcscope rras u,sed to measu-re the separatitlils of the

indexed reflections along a pr'ínciiral latiice roÍJe i.eu along the

r¡hj-te radiatj-on streab (2s1 in TabLe Vi). ïn or..der to deter¡nílre

the true sepa:"ations norrna]- to the direct beam streak (2s *r") tnu

separations of the spots were ine¿j,sured. iir this mani:er and then

correcied. for the traverse cf th.e camera by nultiplying each separa-

tion by sin 6)o26u (i" sin tan-I 2), lab1e VI conta.ins the details
ï

of the calculations made for the photograph shown in Fig" 22.

The d.etermination of the correctÍon factor for the films,

v¡hich is desig-nated k ( O ) = g th"o r./ A meã.s. rfor the calibrat-

ing' substanee irl-u-rninum, v¡as mad-e by first of all cal"cula.ting the

vafues of Al fron the ceIl ed.ge ao= I+"049kÃ as determined- l:y Sr+anson

ancl Tatge (lgSl)" Tben the ratio k ( O ) for each reflection of the

A1 po,,.der pattern iras plotted against e meas. Corrected. O values

fyom which d spacings were calcul-ated for sillj.manite were obtained.

b), rnuftiptying the value of k ( 9) r" read fron the graph (See Fig"2l)

for the corresponding va.J-ue of O measured, from'Tieíssenber:g photo-

graphs of the sillimanite crystal*

the finaf va.lues of the cell dimensíons were cafcu-l-a.ted

from the area of the film v¡hich i+as felt to be most free of errors"

This area of the fi.lm was 30o ( Ð (600" For each of ao and bo a

total of ten separate dete:rninations r,¡ere made, eight were nade for

cO. The resu-lts of these d.eterminatÍons are listed. in Table VII"

the accuracies in labl-e VII are the root mean squ¿ire deviations of

the total nr:mber of d.eterrrì.nations for each cel} di-mensiono
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Á.0Cir-RÁ.TE ÐETERI1IITLTÏOII 0F ao and bo FR01'I hkO !'EISSE]1BEF.G

The data here refer to îig" 22

2st is the separatÍon ineesured along the "¡hite radiation streak, & is the
separation nonnal to the direct bea'n streai<"

ào-

Index

200 p 105"60

d. 106.88

4oo € 1l?"84

ê( L20"60

6oo ( r3r"t6

o( I35 ^86

8oo a L4ó,Bo

c¡(r L64,39

o(¿ L64.60

1o"o.o 13 178.40 l-03"31 75.09

From this photograph, best a(fOo) = ?,1+f-6-

Br,g2 23 "68

go "62 26"26

6g,66 48"18

66 "94 5j "66

56"34 74"82

5L,69 Bþ.18

40"76 106.04

42.24 Lzz,r5

+2"00 L22,60

2r,]-46

<') ø'1')

4) "a2

4? "92

OOo0C

75.L8

94.69

t09.oB

109.48

2s(ûrn. )

20 "?2

¿1 øYt

42"oz

46 "79

O)oUO

73.t2

L0 "57

Lr.725

2r"5L

23 "96

33.4!

) ( ')7
t+?,3+5

54 "5t+

54"7t+

67,06

I0 "710

11 "BB2

2r"822

24"3t5

)) øY+V

38.203

48.t6Ll

55 " 527

55.73L

æ,36L

oo(cu)- coff
10 .50

11.61

2L.3L

4)o()

33.0t+

37 "L5
t, / /.Áfoôor

2) ")¿

53.72

,A

tlrgc¿Ð,

3,745

3,7+r

r"8725

t"8725

r"2467

1,2465

U øY)'Y)

0"9342

0,93t+3

o,7t+89

a(roo)l

7 "490

7 "+82

7 "t+90

7.Ltgo

7.4?g

7.1þ79

7 "474

? "47t+

7 "471þ

7.489
o

h
ïnd.ex

020

o¿lo

060

080

Refl" Right(mm.) rert(nrm")

f r'22"86 99"66

Þ< L24"7A 98"42

tt r3tl.Bo B?.?4

d, L3? ,46 85.06

13 L4? "70 ?4"85

c( 152.20 70 "32

t3 tLL"z6 5g,g4

4t LLt.26 52.)8

cd¿ J'l-l "26 52,L6

this photograph, ¡est a(Ofo)

2st (mm" )

2),20

¿) øQCJ

4T,06

52"40

72.85

81.88

,Lø)¿

58.88

59.L0

^
= 7,662 A

O/^ \
S \uu7

Lo "36

11 "46

21.01

23.40

)¿.))

+2 ëöJ

)1o)o

52 "78

o
d. å"

meas.

3 "B2o

3 "B2B

r"gI54

L"gL5A

L,2767

L.2?68

0 "9579
0 "9579

0.9579

¿(oro)1

7,640

7 "656

7.662

7 "660

/ ooou

7.66r
( øoo)

( øOo1

7,663

Refl. Risht(mm,) r,est(nm,) 2s!(mm.) z"(o*.) go(c") Oo!3g) a

From
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ri CCI]R,A,TE ¡}TT.I CELI, D II'.ET,TSÏONS OF ST t],trVí¡\]'TTTE

Sest values fron the three uero-]evel i,Ieissenberg photographs

"o= 2"476 * .oo3 8*'

bo= ?"666 f "005 ,1

"o= 5"763 3 .003 :t

v = 330"28 i3

4 fh.e * values listed here are the estimated standard deviations"

not the probable errors"
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L - ltfsas-u::eraen.t c-fl l,he-Jn t elrslt i*es-

"hotographs 
for intensity neâ.surenent r,¡ere ta.ken i+itir u*n*

filtered i'nlybdenun racliation by th"e lleissenberg camera using the

norma] beani methocl a-s described. in Sections É- and- B of this Chapter.

Great care l{as taken ín alignS-ng the crysta.l for these rneasu-r:ements,

The jirtensities of the ::eflections were recorded using a multiple

filn pack teeh,nio-ue to provide as wide e range of intensities as

possible in order to facih-tate the read-ing of these intensíties b;r

visu-af esti¡nation. The multiple fitm pach ccnsisted. of three sheets

of film i.nterLeaved l+ith brass foil 0"001 j-nches thick" Àlsoy to

further increase tho z'a.nge of measurable inteilsitieso a long and

short erposure of each zero-la.¡rer \,ias record.edn The tirne r:a.tÍo of

the i-ong to short e4)osu.re !¡as aplrroxinrately 4.8; the ra.tio Ta/t"

cal-culated from the films a.fter the intensities v¡ere read. was 4.48"

Si,nce at the ou-tset of this project only a 2-dimensional

refinement i¿as planned., only 2-dimensional intensity data l'¡ere recorded

ancl measured, Ti¿o sets of photographs, a long and a shor.t e:cposuïee

were recorðed, for each of the three zero Iayers, hk0e hOI and Okf,

fndexing of the iveíssenberg photogra'¡:hs r.ras accomplished. b¡r means of

l,/eissenberg charts as described in section il of this Chapter a.nd, one

chart l¡as dra.wn for ea.ch zero laver,

The intensities l¡ere aeasured by visual comparison of the

spots on the $/eissenbe="g pattern '¡Iith a stanctard. intensity scale"

This intensit¡r scal-e was prepared in the follor+ing nanner" First of

al"l" a suitably strong reflection had to be isoïai;ed-, Such a. reflect-
j.on r,¡ould be one sufficj.enily strong to give a barel¡r perceptlble

snot on the fil-n nith one osci-l-la.tíon" Starting a.t the extrerne left
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The isolation of a suitable reflection used.
to prepare ihe intensit¡r sç¿1"" The
reflection is in the eighth range reeorded,
The exposure tíme for ea,eh Tange was J
minutes and the eaüera vas moved. laterall¡r
through 3 mt" between each ex¡losureê

. ' -lr'
ìiìiiìri.iiÌt

Fig" 24"
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encl of the camera traverse the corre6ponding rea.ding on the gonio*

rneter d.rum rrras reco:¡d.ed" SuccesSive three-minute eryosures r'iith an

oscill-at'ion angle of tr.,¡elve d.egrees includ-ing a ti+o degree overlall

on either sicle of the range l{ere reeord.ed" After each erposure the

cauÞra was moved- a d.istance of three miLlimeters on the came¡:a scaLe

so ihat the patterns are alf recorded. on one filn (see film in Fig" 24) 
"

A total of sirteen overlapping ranges l'rere secord.ed and' a su'ita'ble

reflection \,¡as found. in the eíghth 1'ange" The above pÏocedure waa

a.g'ain employecL in order to isolate the ctrosen reflection using an

oscillation araplitude of two degrees on the goniorneter drum with a

one d-egree overlap betr,¡een each e4losüT'eq The camera was moved'

laterally through three mn. betvreen each erposure as before' The

reflection was found in only the eighth range of the tr'refve ranges

photographed.e and the 20 oscillation of this eighth range 1gas used

to prepare the intensity scale. Üsing a triple film pack like that

used. to coll"ect the íntensity d.ata, the intensity resulting from one

oscillatio:: of the cr1rstal was recorded.' The camera l¡as then dis*

placed. several millimeters and. the intensity resulting from two

oscillations vas record.ed, This proced.ure r'¡as continued' so that the

finalintensit¡rsealeconsistedof32spotsranginginintensityfron

one to 354. The recording of the scal-e on a triple film pack meant

bhat each filn of the \'Jeissenberg pack had its own intensíty scale"

The scale and a. Weissenberg pattern are shor+n in i?j'g" 25'

Theintensitiesl.\iere]neasuredsuccessivlyalongeachlattiee

ro1,r and the resrilis record.ed on large squa-red sheets' Both the upper

and.].oi,,,erhalvesofthefilmsI,¡ereexa.mined.andallpossiblevisrral

intensities 1{ere estimated. Ðu.e to the orthorhon'bic synrmetry of

siltinanite reflections with indj-ces .f the t¡4're h-k6 r -hkg, nlO ana
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h k 0 are all eo-uive.lent, and. thus onl;' the positive inciices h¿d to be

recor:d.ed. (trtcO, Okl, ancl h0{)r This mul-tiplicit¡r hor,;ever, allorved in

some cases a naxrmum of eight,rea.di-ir.gs to be nade for one intensi.t¡r

on one fj.lm using both uÐper and. ]or.¡ev halves of the fiTm. Ïn the case

of the axial refl-ections h00e 0k0 and 00lu at least th::ee readings of

each r+ere recorded" The best value of the intensi-ty was chosen as the

average of all the estinated values for that particu.l-ar reflection"

The short erflosure r'jeissenl:erg photographs uere used. to measure the

íntensities of only the verîr strong reflections vhich r¡ere too strcng

to be rea-d. even from the outernost film of the three fi1m pack i.lsed. to

record th.e long erposl.tre. The moderatelSr strong reflections l,rere Lised-

io put the long ai'ld short eliposures on the same:relative scale"

By measu.ring the intensities :in the above manner one obtains

valu.es for the intensi'cies r,¡hich are on a. rel-atir¡e scale. i{o attenrpt

r"as made to r¡ut the three zones on the same relative sCa,lersi"nce in

the computations each zolre (frtOu 0k1, h0[) tous to be treated as a

separate job u and because after the first calculation of structure

faetors using Îa)rlort" (fgZg) païarneteïs scale factcrs 'r¡e::e determined.

for placing the Fo¡s on an a.bsolute scale. These factors were found

to be very close to I0"

I. Derivatioo cr¡ Structure Factors from the Intei:sities

Having obtained a set of experimentally obserwed. intensities

it is clesirable to con-¡ert tlrem to a set of structure amplitudes. The

stru.cture amplitr;rd-e is the magnitud.e of the rrstructu.re factorrr uhich

is directl-)' refated to th.e kinds and ,oositions of the atours in the

unit cefl, and. so may be calcu.lated r,¡hen the struct'trre is knolrnn These

st:ucirire factors are díscussed more fu"}}y in Cþpfss VÏ.
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The anount of energy deterrnining the intensit¡' I of refLect*

ions on a l/eíssenberg pho';ograph is related. to the structure fa'ctor

F by the enpression
T = KLpÉ

r,rhere K is a proporti-onality constant, L the ioreniz factor and, p the

1:ola:rization factor"

lhe Lorentz factor takes account of the variation in obsenred

intensities d.ue to certain reffection planes remaining in a reflecting

position longer than others" This fe"ctor is de-pendent on the geornetry

of the nethod used to record the refLections" Buerger (fgeou Cha-¡.rter VII)

deaLs quantitatively with the l,orentz corrections that mu-st be a;opLied

for each single-crystal method. For the 1'"Ieissenber:g netho<l this factor

is expressecl as L = - l- rvhere f is a recíprccal- lattice coord.inate
I cosa

and thus a fi;nction of h, k and l .

the pola::ization facto:: p clepencts only on the glancing angle O

and not r:n the X-ray method employed to record the iniensities. The

intensities varXr 1¡jf,þ e due io the polarízatjon of the X-ray beam

after reflection from crystallographic planes. This factor is expressed

by the refation n = (l+cotz zO )/2,

It na¡' be seen that botìr these factors are sinple trigonornetric

funciions of A , and they are usually applied to3;ether in a single Lp

correction factor expressed- as
)

ZLp = t + cos] ?.9 -.
$cosg

-T-n solr¡ing the equation fo:: I expressed above for F2 each intensity nay

be corrected. for these two geometrical faetors by multinlyíng by 
=þ 

.
¿tÐ

These _1 values r.rere determíned g:raphically by means of the reciprocal
¿JJP
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lattice projectionsu and scales nrepared. from curves of consta,nt I_
7I'p

a.s a function of reeiprocal tattice coordinates \ancl $lublisrred by

coohran (rg¡+g)" iìefaiive valu,es of F r,,ere obtaineol by taking the

so.uare root of the values of Fz so obtaíned. for each reftection, 'r'hese

relative vaLues of F 1,¡çys pla.ced on an absolute seaLe by the methods

d.escribed. in the previous section"

Another factor r,¡hich is usual-Iy corrected. for in frrll scale

structure determi-r'rations ís absorption of the X-ra¡' bearn by th.e crystal.

'Ihis absorption depend.s upon the chenÍca-l comoositíon and" the size of

the crystal and. on the radiatíon used. It can be shov¡n by ealculations

that.for a crystal of sill.ímanite 0,25 mm. a.cross,tire a.bsorption using

nolybdent:-m X-radíatioil i s i:egl.igi'ble,

Ïn ord.er to d.istinS¡J.ish between the obserr"ed structure factors

and tliose calcuLaied fron a.tornic ;oositions, the conventional synibols

Fo and F" respectively ¿re used. throughout the rernaining chapters in

this clissertation*
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?iü] STTtITCTLB-T }'"q,CTOR
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q.e-f iy?! 1.q! _e_i t i'q -Iqgq,tl.ols

A stru-cture deterrrrination involves the eluciciation of ihe

arra.ngernent of the aiorns in a crysta,l e.nd. this is done ir¡r analyzing

the effect of the arrangement on the íntensÍties of the diffra.cted.

X-ray beams, The r.iave sca.ttered. fron each hk-( pla.ne is characterized.

b¡i a conplex quantíty, Fnk,, ca}led. the structure factor. This stmct-

uye factor can be rvritten as a function of the eoordinates of the J

atoms in the unit cell of a crystal, Thus for a oarticula.r arrengement

of atoms in a unit celln there is a, set of specific d"iffractíon \¡.ra-ves

-hk1 *

fn a stru-cti;re analysis a stru-ctu.re mod.el is p::oposedu the

validiiy of r¡hích is determined b¡' th.e eomparÍson of the structu-::e

factorse Fcg calculated for this mod.el- and. the observed structu.re

factor F^" For the nroposed. model to be the correet one the eomputed.O'

set of q, "ts must match the observed. set of F.. ¡^
rutl 

LÐ v 
':¡G vvrr vrrv uu È 

ntaf 
o n

As menti-oned. in Chapter IIT, the electrons of the atorns in a

crystal are the scattering units. Ho\n¡ever, it is mo:.e convenj.ent to

thÍnk of the scattering units in a crystal as the cherrical atons" Tf

the amplitud.e of the r,,ave scattered. by the 5th uto* in a u-nit cell ís

f . then the seattered r'ave is described in anrplitud.e and ¡hase ìr¡.
.'l r

^- iÀ r
f te"'V.¡r lrhere Q; is the oha-se angle of the r+ave referred- to the or.i.gín

dqJ

of the coordinate s¡rsf,sm" A rigorous deriva.tj-on of this i.s given i_n

Buer8er (fg¿O), Ât the maximum of the reflection fr.,f,n the plane hk,[

the resuJ-tant r'¡ave fro¡r all the J atoms in the u_nít cell- is given by
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\ /. Ár.rF.^= / f.e:rp(íqij)hk{/i-
j=I

I

!-'he phase angle 0 . ruy be eryressed as a function of the fraciiona].J
coord-inates x.. -- ^*r ' ^.* +!'^ atona Ín the unit cell¡""" -.jy Jj 4iru oj 

", 
vlrv

t-

Q_ = ztr(n". * try. +.{z*)
1euJîJ

so tilet the structr:-re factoy ean be l+ritten

T

\
F,^,-n = / f* "*p(i 2ï(hx= + kJ. + !.r,))nKx ,/ J - J "J J--

j=1

Notice that fror,r these e4pressÍ-ons the structure factor i-s

a conplex o,uantity and is in go-¡-o1'¿I ctra.racteri:¿ed. by a nagnj tu-'1e

lFr*o I a.na a phase Önf.g" The mag::itrrcle is obererva,ble by erçeri¡nental

methocls but the pha.se cannot generally be observed by present d.ay methods"

ff the scatterinü oo\{rer of one electmn is taken as unity- and

all the electrons in air atom are âsslr¡ned. to be coneentrated. at a síngle

point then the scattering poï¿er of an atom f . will be its atonic nr:¡rber

Z" HorEevers in an atom the electrons u"" rorlo¿ in a voLume and thus

the r¡¡aves scattered. fron the electrons in one aton i.¡iL1 interfere v¡ith

each o'bher, This destructive interference effect i-nc-reases v¡íth

increasing e and. this ís shorm diagra.mrnaticalty in F1g. 26 r^¡here f .

can be seen to faIl off l¡ith increasing sin O/X " i{otice that at

sin 0 /À =0 the d.iffracting rrokrer o:fl an ato¡n is ec1ual to its atomic

nurrber Z.

The expressiorr for the st:rrctu.re factor can be written in

component form as

2.2^2¡' =.[ +b
hk^l
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T¡.i -¿¿Ëo 26" Átonic scattering faetor cuïves
for si+4u .,t1+3 and. o-2" f values

taken frorn Iree*un (tg59).
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l.rhere À = / f.cos Zf(hx. + le'* +!.2,)
/ J J -J 

J

T

=-
B - ) f. sin z rÍ(rrx. + h' . +!.2 .)/ ; j "j j.
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and.

In these er,pressions all the te::rns have the nea,nings d.escribecl above"

From sj'mmetrlr ss¡side-':'ations, consid.erable simplifi.cation of tl:ese

equ,a.tíons can u-sua.ll)' be made.

For crystals having a centr:e of s¡rmrnetry which is chosen as

the origin of the coordinate s¡rsf,sn, there is no need to calcu-Iate the

sine terms because, for every atono xs yp z having o. pha-se contribution

of ô - - there is an identical atom l, fu ã with phase contr:ibution1 Kyz

- Ó"--_.-. Tirus in su,rnmation their contribu.'tj-ons are ec1u.a] in nagnitu-de
Y )i1¡Z

lrrt oppo"ite in siry e.nd so B = 0 for tbe ori-gírr at a centre cf s1n'nmetrXr"

,l fu-rther sini¡IifÍcation is aoplicable due to any further

symm-etry of the spa.ce grou-po In ann space grrou,o there are in general

m eguivalent positions" 'Ihus by taking accou-nt of these m positions

one need only calcula.te the surnmation over the structurall¡r rlifferent

atoms at one of these equ-ivalent positions a..nd the nultiplicity of

that positj-on r,¡Í11 take account of the other similar atoms at the other

equivalent positions. This process rnay be d.ernonstrated. b¡r the folfor'¡-

ing exan¡:le of the derivation of the stru.cture factor forrriulae for

the hÌ<0 planes of the space group Pbnm, The extension to the 3-

d-intensional fornulae is by no means diffi.cu.lt and 'rhe same procedu,res

used i-n this exanple are a.ppli-cab1"e to it"

To begin this derivatj,on consíder the projection on to the

plane (OOf ) of the space grou' Pbnm shor"¡n in Fig. 27, There is a. pro-

blenr encountered u,sing this ptane srol{) T882s fo:: the clerivation of the
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(X,Y )

(*-x,

iX,Y)

il

Ti,g. 2?. Projection of the s¡rnrnetry eleraents of the space gïoup
Pbnn onto the (001) prane" 'rhe prane group so formed.
is pgg in the notation of the Internationa.l- Tables for
x-rey Crysta.tlography vot. t (tgSz). The equivalent
positions have been indicated. bJr crosses and accord.ingly
labeled"
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struc+,u-v'e faetor ectuations" Jt appears from thrs figure that there a,re

only fou:'equivalent posíiions in the plane grcup, iuhich j.s in fact sou

r¡he:reas there are eig'ht equivalent rrositions in the space gr-otlp Pbnm.

'Ih:r:s is eqrlained by ihe fact tha.t the space group Pbnrn contai-ns a.

m-irror plane perpendicular to o r-¡hich j-ntr:oduces four nore eo¡:.ivalent

positions of the same values of x and y but di:flferent z. Accou-nt can

be taken of the d"oubling of the raul.tiplieities b;u considering tha"t

there are tr,¡o j-dentical atoms at each of the eo-ui.valent oositions shotçn

in the p lane grou"p of F1g" 27 " Atoms that are in special positions

srich as the origin a"nd- on the s¡n",imetry planes r'¡íIL h-ave a multiplicity

of four in Pbnrn, The z coordinates in the hkO projection make no

contributíon to the structure factor since all the dittd-i"e* ave %eroe

The rrsymmetr¡' f""tro"'u, the structure fa.ctor vj-thoui the atonic

scattering fa.ctor f;o j.s d.efíned as:-m
'_

r = L{p 
(i efl(hx. * tryi))

u-

for the hkO projection, r,ihere all terms hawe the same aeaning as beforeu

and- m is the nruttiplicity of the equivalent positions. In pla.ne group

pgg2 the equivalent positions are s xE y$ l, Í; å n *u -þ - y; and

å - *, 3ã * y* Substituting these ín the expression for the symnetry

factor anoì taking' accou¡t that in the projection of spa.ce grou.p l-bnm

there are t'wo atoms at each equivalent posítion in pg'gZ one obtainss

s = 2{ "i 
zir(r-rx"r-k¡¡), i zìi(-hx-ry). i eir(rr(å+")*r(å-y))**i z1(il(å-")+r.(*-+r))}ù = ¿le - +e - +e

=, l.i 2li(rr"n¡o¡, *i zä(hx+tcr)-_i zI(hx-iry)^til(n+t)*^-i zT(hx-ky)^iä(rr+r<).[= ¿lu - fe - *s - e +e e J

Taking out the ccllrnon ra.ctoru eiÏÎ(h+k) for the la.st two ternLs, and rnaking



BO

use cf Euleris relation *iÓ u u-iÖ = 2 cos 0 e

( 
^*r. ," \ il(h+k) .ls=4lcos2i(nx+t¡-)+e ocoszif(rrx_i.¡,)j.

Ther-e a-Je nol¡ tr,ro cases r¿hích one rnust consicÌer', h+k=Zn snfl þ+þ=ln*f.

These tr^¡o cases wil-l a.ccount for e,l} nossible r¡alues of the term

*ir-i 
(n+t) 

"

ca.se l-, h * lc = 2n and. .'. e íÎ(h't'k)= o1.
1

Then S = &{cos zÍ(rix+rry) + cos zä(rr*-ny)}.

A further red.u-ction can nolr be made bJ' applying the trigonoretric id-entity

cos (o(+/3) *cos (q-P) =z eos(cosp

t¡hich immediately reduces the erpression to

S = B cos 2if hx . cos Z'iÏky,

case 2u h * k = 2n +- I and. *iÎ(n+rç)= -1"

Then s = 4 {"os zî(r.¡+1ry)-cos zf (r,*-r.y)J.

TIsina the Íclentity cos (c(op) - "o" 
(o¿-É) = -2 sin qsínfu

thj-s case nay be erpressed as;

S = -8 sin 2 TI hx sin 2ÌÌk¡r"

For the atoms in the special positions these sane equations

are applicable except that the factor m in front of each one is 4

insteacl of B, 'i'abl-e VIIT gives a l-ist of a}] the eciuations that rvere

used in the calcu.lation of the stn¡cture factors for the three zero

levels in the space Eroup llbnm. fn orcler to facilitate comÐutingu all

the reflections r+ere divided. into the tno groups for each zero leve]

as shotm in thi-s table,
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I The. Tenrperature_ Factol

lhe problem of ther:¡lal" vib::ation in crysta] stru.ctu",re analysis

is o,rri.te compfex" In the deriv¿tj.oir of the stTl-r.c¿uu:e fa.ctor eclu.ations

it i¿as assumed that the atoms v¡ere siationary* This condition only

exists at absolu-te z-ero. Any iemperature above this causes the aioms

to víbrate in such a l..¡ay that in generalu the el-ect::on clensitJ'is

smeared. over a triaxial ellípsoid. îhus the effect of tÌrermaL motion

is to rralce the electrons occlrpy a la.rger volume than if the atoms ro'ere

a.t rest" Since the scattering factor cu¡v'es are d.erived. witir the atoms

at restr u.ndergoing no thermal vibration, then this thermal notion r,¡ill

ceu-se the f vafu-es to fa.ll off more rapidl;r r,¡ith sin A / ¡ o

An accure.te allo',.¡ance for the thernal r¡otion of the atoms is

verJr diffj-cirlt to maiçe. Ilol,¡eve:r, r;ialler (tgZZ) shrr:æd. that a fair

appro:cima.tion may be ma.de by correcting the scatter'ìng factors derived

for a.tons at rest r.¡ith a. factor

f =f er? ( -B =in20 /ft) , rrhereB isa'rtemperatureo-
factorrr. Tn the case of an unlcno"¡n struct¡.rre the ma.gr:itude of 3 ma¡r

be derived fron a statistical exaninatíon of the intensities" In the

present case values of B r,¡ere chosetr frora a strticture vefinement of

andalu.site (Burnham a.nd. Buerger 1961) r+hj-ch is a ,ool;rnorph of sillimanite

Al.Sig." Va1ues of the tem;rerature factor B are obiained. from a Iì'ourier/\.-J

refinement" Final vafues d.etermined in the p::esent refi-nement p::oved.

th¡:lt the temperature fa,ctors Ínitially chosen in this nanner were of

the righi; na.gtritu.de "

C The Co¡rpu.tation of Structure Factors

In the colirse of a crl's't al strtr-cture analysis r stru-cture

fa.ctors ¡nust be eontputed nany times" Up to the íntroduction of electronic
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digital computers these calculations as well as the Fourier summatíons

had to be done by hand on desk calculators" The tediurn of these eom-

putatÍons lead ùo ingenious methods of cutfing dor,rn the v¡ork involved,

Tables of values of cos Ziihx and sin 21rhx for varÍo¡¡s values of h and

x rúere usedu and nethods of Fourier summations were facilitated by such

devices as Beevers-Lípson strips and Patterson-Tunell strips" Hov¡ever

even l*ith the use of these Labor-saring devices many hours of calcula-

tions are sti1l involved."

l¡Iith this in mind the author decid.ed to progranne the University

of l4anitoba0s IBl4 rtl62Otf eleetronic iligital computer to perform these

calculations, The language used in programming the ttl620tt v¡as the

ttFORTIìANrt d.eveloped by IBM so that programnr-tng is greatly facÍlitated"

The progranrie vizrs fed into the machine on punched paper tape trhieh

stores it in the rrmemoryrr. Tt is ti::is prog'ramme that prouid.es the

n¿chine v¡ith the necesÉry infornatÍon to operate on the numerical data

lvhich are fed in on another paper tape. The progral¡ne pretrEred. by the

author for the IBM ttl62Otr computer is descri-bed in Appendíx II" The

conputation tine t{as approximately seven seconds per structure factor"

As a check, a few of the ausr¡ers obtained fron the computer lr¡ere ca1-

culated l*"ith the use of a desk calculator and tables of sin 2Tíhx

and. cos ?T(hx." As described in tbe next Cbapter nost of the structwe

factors were calculated on an IH4 1t65brt 5-n conjuactÍon w'ith the Fourier

calculations using programmes written and provided by Dr" F" R' Ahmed"

The diffractihg powers of the atons were taken from trbeenaa

(fg:g) and. the atons klere assuaed to be in completely ioni-zed states'

i.ê" e Sio4u A1+5 and. o-2" A graph of f,he ùiffracting powers f against



Bt+

sin O /^ for these three atons is shor,'n ín Fiå" 26, To proviC.e all
po..:sible rralues oÍ f in the I.3"1"i. nL620" lrogramneu po1¡mo,-nj-nal

eque.tions i+ere cierived for each of the three cu-rr¡es from coordinates

listed. ín irreemen (tgsg) using a ttL6zo" oïogran'n'e devefoped Ìly Ìir, R"

Graves (r'B'I'í" file jrïo 
" T,o,00l)" the pol¡monina1 is of the form

y = A + A x + A *? * ,onrn * ¿- *6o126

r¡here y is the scattering fa-ctor f and x is sin O/T " The ternperature

correction tùas then applied to the scattering factors thus obtained. for

a particu.lar plane by multiolying f i by exp(*n . uin2 ö / i.2),
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REFINM"IEI.T BY FOT]ÌI]ER }'ETHODS

¿\ ïntrod.uction

fhere are severâl standard procedures of refinement lÍsted.

in textbooks on crystal structr:re analysis" Some of these inclrrde

the nethod of least sguares initiated. by Hughes (fg+f); Sootht " 
(fg+Z)

rnethod. of steepest descents, and the Fourier series method of produ.c-

ing an ímage of the electron d,ensity in the unit cell, first suggested

by W. ll.Bragg (fgf ¡). This last metlrod of refinement v¡as used in the

present r,rork"

Àny periodic function can be represented. by an appropríate

sum of sine and cosine terms laror.nr ss ¿ Fouríer series" Since a

crystal is periodic, thát is it contains an infinitely repeating

arralr of unít ce}ls, its electron density can be represented by such

a sumn The seattering units in a crystal are the electrrrn cloi¡ds

surror:nding the nuclei of the atoms, Thus a representa-tion of the

electron density at any point in the r:nit cell nay be d.escribed. in

terms of the ançlitucles and phases of the rraves scattered fron the

crystaI. Ït has been shorm that the expression for the electron d.en-

sity f at point (XfZ) is given by the 3-dimensional Fourier equation

€(x,Y,z) =

where{(xrYrz)

r¡ ^-1 2if(hX+kY+!Z)-hk.(t_
h

1
ì,

æ
s-

U
õ

-æ

L
!,

is the electron density at the point in the unit cel1
r"¡ith coord.inates Xs't. eZ e

is the volume of the unit ce}I, and

ís the structure faetor of the r+ave from plane hk{ tn
the crystaI,

V

.ql-hk{
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z
h

F*, cos 2l(trx+rY+{z),

This expression

referred to the or"igin"

may be rewritten in terrns of a phase angle fr

f(xrvuz) = 1
v

rshere 4*l Ís the phase a.ngle of the diffracted. beam. Tf the structure

is centrosymmetric and- a centre of s¡rmmetry is chosen as originu then

the phase angle fl - ^ r.¡iLl be 0o or 1800 l"'ith respect to the centre of
hk.Q

symmetry" The expressíon will thus red.uce to g

.1) / tr ¡t n\\ \^er sL) = L
Itu hkl

-æ
Thís e:rioression for the electmn density is not as eqoli-cit

as Ít appeays. Ïn Chapter VÏ it wag shovnr that the sty"r.rcture factor

is d.escribed by a magnitude and a phase (eÍther * oy - for centros¡nrunetric

cry-stals). The magnitud.e i-s experj-nental}y observable but since the

intensity is proportional to the square of the structure factor there

is ín general no neens of observing the sign. The signs or phases of

the structure factors must therefore be calculated frorn a Ìmor.iledge

of an approrinate structure prior to the production of an eleetron

d.ensity map"

The above erpressions all deal with 3-dimensional eLectron

density maps in which the electron density is computed at specific

intervals throughout the volt¡i¡e of the unit ceII" lhe intervals that

are usually chosen are t$tror _-l_t¡.ts of the cei-I ed.ge" If the
60 120

interval chosen is }^ttt , the total nr¡nber of sanple Sroints in the
bU

4>-t/..- l- lu*n 1""- [2ií(rrx+rv+{')-%*Jk!
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a
unit cell is 60"o1 216e000. This number in general ma¡. be reduced.

due to the s¡rmetry of the particular crystalu however the nr:mber

of conputations ínvolved is still large enough to 1imÍt 3-dimensi.onaL

refinements to sections or planes through atoinic positions in the cell

r.¡here more d.etail is required..

Conplete refine¡nents of sÍmpler structures utilize the much

sinrpLer projections of the electron density" fn these scalled

Z-dínensional electron density maps the 3-dimensionaL d.istríbution of

the electron density is projected parallel to a crystallogra.ohic trans-

lation direction, Án i-mage of the crystal structure is obtained. by

a s¡mthesis of all reflections from planes parallel to the zone axis,

Thus to procìuce a map of the electron density projected. parallel to

the c axis the Fourier summation is taken over all the reflections of

the type hkO. The genera.l erqrressåon for the electmn d,ensity projected.

onto the pla.ne parallel to c can be obtained fro¡r the 3-C.inensional

e)læression and. is r+rÍtten as

f(x,v) = r
rl î

FtLo cos zä(trX+kY) ¡
hk

-aõ

where the origin ís chosen at a centre of symnetry and A" ís the area

of the projected. plane. A !'ourier synthesis of thj,s kind is commonly

called. a.n electron density or€e s¡rnthesis" In it one uses the observed

amplitudes and the signs calculated. fron a postulated. crystal stnrcture

model" Ïn the first instance generally onl}¡ the sígns of the strong

reflections are lcror'm w-ith any certai-nty so only these are used. to

calculate the first s¡mthesis. New atonic coordinates nåy then be

ded-uced fro¡r this map and the structr:re factors recalcuLated., Those

LL
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reflections for r¡ihieh the signs did not change are used. in the next

Fou::íer sSmth.esis" lhis process is camj-ed ou-i untir the signs for
all the reflections have been detezuined or d.o not change on further

snall changes in the atomic paraneters"

A modification of this method r¡as introd-uced by Cochran (fg5f).

I'his nethod is ca11ed. the Difference Fourier synthesis since the

stn¿cture factors of the Fourier ¡¡raves (Fo) are replaced by the cliffer-
ences il'o- f") as the Fourier coefficients" fhe ad.vantage of the

(o-€" s¡mthesis over the (o synthesis results from the fact ilra.t the

electron density given by a Fourier series of the obsewed stru-cture

factors, Fou differs from the tnre electron density becau.se of the use

of a finite series; i"e.u finite limits of h and. k" Also when atoms

overlaÞu the peaks of the fo synthesis ma¡z not correspond to the tnre

atomic positions, The difference s¡mthesis afford.s a much more

sensítive method. of determining temperature factors than does a €o

s¡mthesis 
"

The interpretatíon of a €o- (" map is quite sinrple, Refer-

ence to Fig" 28 (a) r¿iIl show. an id.eal sÍtuation in v¡hich the assumed

atornic coordinate d.oes not correspond. to the true coordinate. Åtoroic

positions l¡hich are correctly chosen have no accompanyÍng density

6¡'rad.ient while incorrectlJ' chosen positÍons fall on density grad.ients,

The magnitude of the eorrection is d.irectly proportional to the
\gradieiTt 4J and inversly proportional to the electron density
Or

at the centre of the nth aton ( Ç)r,, The magnitude of the correction

as deduced by Cochran (Lipson and Cochran¡ fgfi) is g:iven by

arn =$èp.1,3f)u"
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Fig" Z8(a) " Vertical seetion of the projected electron
density shot+ing the shape of Ð= f,- P" r+hen
the assumed atomic position does not agree
v¡ith the actual lrosition"

€"
,rt: \

D

Fig, zB(¡). vertical section
density shotring
n= Po- Pe i.rhen the
underestimated..

of the projected. electron
the resuLt on the shape of
temperature factor has been

(b)
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lhe direction of thís correction is upslope from the assumed position,

To use this expressione one deter.mineu òn/ ò r frcra the diffeïence

map by taking òD, ttre dífference in density between the peak marimum

and the value at the assumed position and. then divides it by the

corresponding distancee òr in lrrg"t"or", fron the assumed. position

to the peâk, ( fo)o is determined fron a €o synthesis and is the

electron density at the centre of the nth atom. lhe constant p is

determíned fron the €o *p by the equation

€at2¡rr = ( elrp \- Þr,/.o

r,,'here P, i. the electron density at a point r from the electron clen-

sity peak"

Ïnformation concerning the terperature factor for a particular

atom can also be obtaiued. fron a difference s¡mthesis. The effeet of

underestinating the temperature factor B, of an atom is to make the

assuned. peak more compact. This situation ís shor,rn in FÍg" Zg (¡)

r+here the assumed. and. actual atonic positions are the same. There

is a negative region at the atomic position and to renedy this one

must increase the temperature factor. ¿tn overestimated temperature

factor is characterized by Ç i" the neighbourhood of the ato¡nic

position being more oiffuse than €oo a::d so a positive region is pro-

duced on the €o- €" *p"

Refinement of the crysta1 st:rrcture of sillimanite was

accomplishecl by Z-dimensional Fourier methods using both Po and

f"- €" maps of the electron density projeetÍons. The process may be

described. as follora's"
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(f) Structure faetors r,¡ere calculated- from the atoníc

p;.rameters of síllimanite derived by Ta;-lor (fgZg) " The F" values

r¡ere used. to place the Fo values on an absolute scale and assign

phase angles (* o" - sígn) to then for use as coefficients j-n the

tr'ourier series" îhree €o lrojections lrere prepared. along the three

prínciple axeso

(Z) Using the atonic positions derived. from a, !-or:rier E
projection (frm, 0k.0, h0{) structure factors were calcu.lated, for all

the observed. reflections j-n the particular zorreø

(l) f.- P. maps of the three projections were prepared using:

the signs of the calcufated strr:cture factors nith the observed Fo

valu-es.

(4) fron these maps new atomic paraneters and thevnal para-

meters were d.erived. and a second set of structure factors com,outed"

(5) tne above two procedures, 2 and.3¡ vêre ca¡tied out

successively until no fr¡rther change occurred. in the signs of the F¡s'

Tb.en a final €e tup vas prepared along eaeh of the three axes and.

used. Ín conjr:nction v¡ith the Po- € e maps to estimate the accuracy

of the final atomic parameters"

B Computational Aspects

.An attenpt r.¡ag rnade to progranme the University of Manitobal s

IBI'1 tt1620tt digital com;outer to perform the Fourier s¡mthesis. The

progratnrne r,ras prepared in the trFÛRT1¡¡1tftr language and was run first of

all to calculate an hkO fo sy-nthesis, Spot checlcs on the computed

values of Po using this L620 prograrnme shov¡ed that the answers t¡ere

erroneous; also the comiruting time rras excessive" Since too much

tíme r,vas being spent in atternpting to correct ihis prograrnne e it was



abandonedu and an effÍcient and, sophisticated. Fourier series progr.e;nme

was obtained through the kindness of Dv. F" R. -{hned at the National

Research Corxicil in Ottarva" i'{it}r the a.id. of the staff a.t J,3"Ï'i"

(]¡/:-nnipeg) tni" irrogranme (eard ínput-outprit) lras run with success

on the l.Bul'f. u650'at the &reat't'lest life Àssura.nce Company (tl:.nni:oeg),

The conputing tine for each synthesis lras approximately one hou.r,

using 240 obsen¡ed structure factors and" a mesh o'f 3I x Jl grid units'

A structure factor programme for the I.8"1{" :650" was also

obtained. from Ir. Ahned at L]ne same time as the Fourier prograûuiÞe

.Àlthough the authorr s stru.cture factor llrogra.mme for tlne 1.620 l¡orked.

efficiently a great deal of time would have to have been taken to

transfer the results of these computations to card.s for input to the

6J0 Fouriey pïogranme" The author¡s 1620 programrrre which is descrÍbeð

in irppen<lix II, calculated onl¡' the structu.re factors r.rhereas the t'650"

stzucture factor F¡rogre,mne suppliedu along l.¡ith the strueture factorsu

a value of the scale factor necessalTr to place the observed. data on

the absolute scale as weII as a value of the trreliabilityrf factor R

(whích is discussed ín the next section) " Thus it r¡as decided to do

all the subsequent corr¡:utations on the I.Bufi" u650u through the

generosity of the Great l,fest Life Assurance Company"

lhe formula applicaìrle for the projection of the electron

d.ensity that is shoim in Sectlon A of this Chapter r+as not used ín

this form. [he s¡rnmetry eonditions that are contained. in t]re plane

groups of each of the projectÍons Trere applied to this fo:rnula" Ït

was these resulting fornulae sinrilar to those listed in the Ïnternational

Tab1es (Vol l. 1952) for the olane groups Þggr pmg and crnm, that r¡¡ere

used to caleulaÍ,e the electron density projeetions for the three zoneso
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,{s an e>.,amp

Áans'i trr in

sillimanite

- l¡_T

lc
f(x,v)

le, the -foru'mla for the determination of the electron

the plane group pgg, r+hich is the hkO projection in

is given as

f (H h=Zn K k=Zn I
r- rr l.-
I 
gg!) . å I> F, cos 2fhxl-E-- - lL ho / 0k II lh=Z k=2 )\

H i{ h+k=2n

+ / / Fr.r. cos ZirhX cos 2ikY/
h=l k=l

E K þ+þ=lp-l-f

- /_ L_ Fnr sin 2nhX sin 2rkY

h=l k=I

where H and, K represent the rnaximu"m limits of the values of h and k"

SinÍlar expressions were used for tire h0.{ anct 0k{ projections. The

zero term of the Fourier seríes 3(OO¡i" the total amou¡t of scatter-

ing matter in the unit ceflu i.e,, the total number of electrons ín

the u¡it cel1, r^¡hich in sillimanite is 320.

C The R Factor

The criterion used. to measure the correctness of the strrct-

u¡e at each stage of the yefinement ís the "reliability factort' or

rrresidual factorfr defíned as

x L}A /"

The value of R is a relatively sna1l percentag" ( ( I5y'o) when tlne

stru"cture is the corueet one for the obse:s¡ed datau and a large

percentagu (^) 40/") øen the structure is incorrect. The R factors

were calculated. for each projectiou folloi'ring the derívation of each
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nei{ set of atonric parameters"

included. in this ce.lculatíon.

Only the observeri reflections were

D ?he Refinement

(u) Initial S¡mtheses Startíng with Taylores (f9Zg)
Parameters

This refinement r,ras started. by using id. E. laylor¡s (fgeg)

parameters for the cal_culation of structure factors" Usíng the

calculated phases of these stmcture factors r¡¡ith the observed struct-

u::e amplitudes three {o Fourier sumnations ureïe prepared and. the result:
Íng electron densities r+ere ptotted on projections along the a, b and.

c axes. Each summation \{as eomÐuted. over an asJrmmetric part of the

unit celI so as to include at least one of each st:rrcturally dífferent

atom in the unit ceIl. The electron densitÍes r¡¡ere eomputed. at

inter"vals of 7/6}tl1 of the eell edge in all three projections and the

scale used. to plot the projection 1,¡as ü = r0 cm. contours of equal

electron density were drawn at 2"0 ufiz on each of the rnaps"

üpon examination of thefor*,o" produeed. from Taylor0s para-

meters it v¡as evident from the shapes of the pealcs and fron the

relief observed in areas that shou.ld. have been flat, that rayforis

original structure was badly ín error" Nel¡ parameters lrrere taken

from these maps and the structure factors were recalcula,ted." There

r^ras little improvement in the R factors at this stage" Tr,¡o further
cycles of refinement using Fo and ä * F" s¡mtheses were attenloted. in
trying to improve Taylorr s structure but little \,.ras accomplished..

The fo and (o* (" maps that r¡ere Þroduced in th.is SN¿ge f of the

refinernent are not included in this dissertationo
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I'ne (o ma.ps ïrere of value in calcul-ating the constant p f,or

the correction of the aton-ic paraneters in the ?o- €" *rps " r\s

shor'¡n previ.ousl¡¡u the electron densíty near the centre of an aton is

given by

f(r) = €(o) *-Þ"2

where Ér^ris the electron density at the peak maximun an¿ €r-r is thet \(J/ '\i7

electron densit¡r at a poínt r fron the atomic centre. The vafues of

p for each type of atont (Sio fr( and" 0) r¡ere calculated. from this

relationship by taking the r'¡idth at one*half the peak height as r

and solving for p = -f" f(r) / ((o) = Qp-ffi-. The values so calculated
Tz Tz

showed. ratlier a r,¡ide raageç the averages of these values lreree

a-2
Si = lp,$ li

o-2
A1 = l8"l- A

o-2
0=16"54

It shou.ld be noted here that these valu.es are substantia.lly larger

than the expected r¡alues (p=5"0, Lipson ¿¡¿ Cochran, 1953) and- a

probable e:rplanati.on is given at the end of thj-s Cha*nter. The use

of these values, hor,iever, gave fairly good results for the correct-

ions in the atomic position on subsequent €o- 4 Írâ'Ðsø

Near the end of Stage I (including the three cycles) an

oversight on the part of the author !.¡as discovered.. Ït t¡as not until

this stage that the modifj.cation of the sillimanite structure by Hey

and Taylo" (tglt) v¡as found. This point started Stage II of the

refinenent as it is referred to in later sections of the thesísu

Using Hey and. [aylor"l s pararneters nei.r stru-cture factors r+ere calculated

ancÌ a ver.v large drop l¡ R was noted for the hkO projectione but the



R factor for the OkL projectíon increased. slightly over that derived.

from the final attempt in Stae'e f , Thus it l'¡as felt that something

could be gained by u-sing both of ihese para-meters together as d_es-

cribed. in the next section of this Chapter"

The therroal parameters of the a.torrs u-sed in computÍng the

structure factors r.¡ere those fou.nd by Burnham and Buerger (fgef) in

their refínement of andalusite. ït r'¡as felt that these parameters

i'¡ere ]ikely to be close to the thernal parameters in sillimanite, d.ue

to the close :relationship of these pol¡nnorphs. irn isotropic temperat-

ure faetor for al1 the atoms in the cel-l of 0"40 r'¡as used to calcufate

the structure factors u.sing äey and Taylorrs parameters, A tist of

the variation of the temperature facto::s throughout the refinement is

given jn Table X"

(b) Sl.nttreses Starting with Parameters of Hey and.
Ta¡rlor (1931) and of Stage I"

Folloning the first attempt at refinement from the initial

fo *"p" that r¡ere Þrepared. from Taylorts (1928) parameters, Fo - l"

s¡rntheses were performed both on the nodeL proposed, by FIey and Taylor

(fg:f) and on the ner¿ set of coordinates d-erj.ved. in Stage T. Those

refleetions which observed an appreciable amplitude but calculated

very lorrr were onitted fron these syntheses sinee their sigrrs r,¡ould. be

meaningless" On i;he other hanc-| , those reflections r,¡hich obse:sred zero

but calcul-ated an appreciable amplitude were used. in these Fo - F"

s¡mtheses, Th:is was felt to be justified. because the high vafue to

l¡hich ihey calculated vrourld contribute appreci?bly to the dj-fference

maicso AlL conFutations for these stages anc'[ those follor,rÍng were "oer-

formed on the I.B"I'I" t'650t1 using the progranmes provided by Ðr" F" R,

¡rhmed 
"
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V.qRLA"t fON OF TEI',PL-|ìATLBII F.{OTORJ (B )

DLBü.IG T1ìl REFnfBmNT

Stage Ï
Burnham and.

Buevger
atom (rg¿l)

Hey and
la.,¡1or
(rÞ:r)

0 ,l+0

0"¿þ0

0.40

0 "40
0 "40
0,/+0

0 
"4.0

0,&CI

0 *40

0,40

0 "40
0 

"4CI

0 "40
0 "40

a "40
0 "40
0"4Ð
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0"¿1Æ
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o.Ihc
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M TTT TV

q+^^^ q+^*^
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vvIProjection
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Four Fo - F" s¡'ntheses i.¡ere calculated at this Stage II*

fhree s¡mtheses were performed. on the model of Stage ï along the au

b and e a.xe6e whereas only the projection along the c axis r.¡as corn*

puted fro¡n Eey and Taylort s nodel, Tn all four s¡mtheses fo- Pc

vaLues were comouted. at t/6gtn of the cell edges oï/er an as¡rinmetric

unit in the cell, fhe f6- f" ma;os assuming the model in Stage T are

shovrn in F1gs. 29 (aubrc) and the c-axis projection of €o- €" using

Hey and. Ta¡rJsrts structure is shor+n in Fíg, 30" In these and sub:

sequent maps the assr:med. positions of the atoms that r,¡ere used to

produce the rnaps are indicated by filled círcles and. the newly derived.

posÍtions are sholrn as open ci-rcles with snaller accompanying letter-

ing'

All the (o- 4 ma4s at this stage r,leïe found to have con-

sÍclerable relief, especially those assuning the ¡nod.el d-erived. from

Stagç I" A1I the atoms ercept the All at the origin v¡ere found to

lie on strong density gradients. In the c-axis projectÍon based. on

the model of Stage I (Fig" Z9 G)) troo ato¡ns, 0a and 0"r vrere found

to lie in strongly negatíve regions with no neighbouring high regions

to indicate ,nossible shifts" The coorrlina.tes of these tr,¡o atoms

proved to be bad.ly in error resurting j¡ the very large values of the

R factors for the tbree zones of refLection"

ûsing mainly the fs- €" *n" of Hey ¿¡¿ Taylor in conjunct-

íon with the other three projections of Stage IT and the e4peeted.

values of bond clistances in the sílicon and aluminu¡i tetra"hedra,

shifts r¿¡ere nade to all atoms except the aluminun T at the origin and

0d. Five of the atons were shifted. in the x/a direction and four

in the y/b directíon as shoi¡n by the open circl-es on these naps (Flg .2g) "
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F;s. 29(b),
/Ð¡
\: (* projected. along the b axis at Stage TI

of the refinenent" .oÇon'bours are drawn at equal
intervals of 2.0 u/Ã'' " Zero eontourÊ are cha.ineå
línesç negatíve eontou:.s are shown as dashed.
lines, FÍlled. círeles represent the atoriic posi-
tåons used to produee the mape open circles are
the newly d.erj.verl atomic posítÍons,
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Fig. 29(c). (o-% projeeted along the c axis at Stage II of the
refirremenfi", Contours are d.ra+m at equal j-ntervals
of 2'0 e/A* ' Zeya eontours are shor+i'¡ as chained"
lines; negative contours as dashed lines" Filled.
ciyeles represent the atonic positions used to pro_
duce the mape open cårelee are the newly derived
atomic positions,
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Fåg" 30, (n- fs pznjec'ced" along the e axi.s at Stage IÏ of tbe
refinement, The atomic positions that are shown as
closed círstes are thosJ of Hey and Tayio" (fg3;) 

"üon'Lours are óral¡n at eo.ual interrrals of 2"0 e/X wrt'Lt
the zero contolrr as , chained línæ and negative
eontours as dashed. Linesn
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lhe shifts in the xfa ð.írecbÍon for A1r, and 0O were derived. mainly

frorn the h0,( projection of (o- (." The rest of this naþ was used

mainly for tenpera.ture factor correction. The 0k{ projection indícated

by its relatively low value for 'che R factor of 25.y/" tn t perhaps

most of tlne yfb values of the"atoms r,¡ere satísfa.ctory" Contradicting'

this conclusion, howevere were the relatively high R factors of the

tv¡o hkO projections of Stage II" The reason for the relatively low

R factor for Ok-Q v¿a.s that 0" occupied a ,oosition that later proved

to be nearllr the true position of 0O' Thus tÌre calculations t¡oufd be

influenced by this fact ancl it would seem as though only 0¡ was not

in its correct positíon, The strong eleetron density high at (erlå)

on the 0k{ projection indicated that an atom should. be placed near

there, and. this presently proved. to be the true -position of 0""

lfith alt of this in mind, tr+o large shifts r¿¡ere made to the

values of yfA for 0¡ and 0" as r+ell a.s a large shift ín xf a for 0s'

New positions and. temperature factors were d,erived fronr all thís

infor¡nation, and Stage III of the refinement was ca.rríed out"

I'lith the ner¡ atomic parameters derived fron Stage ÏÏ the

stru-cture factors were recalculated. and the values of the relia,bility

(n) ractors for the three zones were hkO u 36û%; ]nols 26"8o/oa and"

0k.0, 29.0/o" The R factor for the hkO p::ojection was still larger

than that obtained fron I{ey and. Taylor¡ s parameters (la.#r) r¿¡hich

índícated. that their positions lrere still better tha.n the authorrg.

The fact that the R factor for the 0k.( zone increased slightly

suggested. that much of the ca'u.se was du.e to the y/b coorOinate shifts"

The substantial drop in R frorn the previous value of 40 ,4y'o fo, the h0,(

zone suggested that a g:reat improvement had. been nade ín tine x/a

coordinates of the atoms"
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Fo - F" s¡mtheses i,¡er"e then comiru-f,s¿ along the a, b, and c

axes as before anC. agaín prepared. by contouring at constant values of

{ o - (". These electroir densit¡r rnaps of Stage III are reproduced in

Fig. 31, aubrc. They still siio¡¡¡ed. considerable relj-ef i+ith most of

the a.toms still lying on rather strong grad.ients of electmn density

d.ifference. Holu'ever¡ the situation around. the trro atomic positions

for 05 and 0" had inproved considerably. These tv¡o a,toms no longer

lay in regions of large negative electron density but rather on

gradients from which changes in position could be caLcul-ated"

Al-1 tìre changes that were made to the atonic positions in

Stage ÏI a;opea.red. to have been in the right direction es nay be seen

from the maps at i3tage TII" (I'ig" 31). the definite improvement Ín

the coordinates for 0O ancl 0* ma-i-nly' a.ccounts for the substantial

d.ecreases in the R factors for the three zones. Hor'¡everu tÌre shifts

aiÐpear to be excessive for some atoms such as Oae Si and Â]Il. l,Jith

this ín nind, and. agaín considering the projection of (o- f" for

Eey and. Taylorrs structure, further revision of the atomic parameters

was mad.e. Ih: to this point in the refinement it 'oras felt ihat the

z/c coorð.i-nates could. not be inproved upon and so no change was mad.e

to them"

Ït in¡as obvious fronr the overcorrecting in the atomic

coorclinates by ihe u-se of Cochranrs forrnula that too large vaLu-es for

the changes in atomic position r+ere being made. Tiris uas probabLy

due to the overlappÍng of several of the atoms as uelI as some

incorrect iemperature faetors. [hus the third. revision of the atomic

parameiers l'ras ealculated by the formula but trreig'hted. arbitrarily so

that the ma6nitude of the change t¡as on the 1o¡,¡ side"
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F:g" 31(b)" (o*{* proieated along the b axÍs at Stage III
of the refinement. ,.,Çontours are clrawn at equal
íntewals of 2,0 e/F-*, Zero contours are ehained.
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tions used to produee the mapu open circles ave
the newly d.erir¡ed ato¡'de positåons*
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Fis,.3t(c)" (.-l projee'bed along the c axis at Stage TÏtr of
refinemenfiu Contours are dravrn at equal í¡rtevwaLs

. of 2,t ef"A.^ " Zero contours are shor+n as ehained

linee; negative oontou¡s as d.ashed lj.nes ' Fil"leå
. oircles represen't the atornie posíti-ons used to pro*

d.uee the ülape open oírelee are the neuly derived'
atomic positionso
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F" values were computed. again from the revised. set of

coordinates and. temperature factors d"erived. at Stege ÏÏÏ' r¡.t thÍs

stage of the refínement a very ma::ked. íritprovement in the r.¡hole

structure i"¡as noted from the large decrea.ses in the R factors. The

eomputed valu.es were ZJ.Ofo, t6,51/o anð. 23.ú, for the hkOu h0{ and.

0k,( reflections respectively,

{o-f" maps lrere prepared. along all three axes frorn the Fo-l'"

d.ata of Stage ÏI/" The same asymrnetrÍc units v¡ere u-sed. and the

surnmation intervafs vrere L/60th of the cell edge lengths as before.

The improvements in the R factor values r,¡ere reflected in the marked

decrease in relief of these latest mepso These maps are reprodu-ced

in Fig. 3Z (a), (¡), (*). The legend of re.oresentation of the atomic

shifts in these maps is sligirtly d,ifferent, but as i:eforeu closed.

circles represent the essumed atomic 1:ositions used. to produce the

ma.ps and open circles represent the new positions that were taiçen

directly fron Stage IV of the refinement" In addition shacled. circles

represent the atomic positions that were deri'¡ed from Sta6e V. tltís

nethod was adopted sinee the autlTor felt not much tøou.ld. be gained.

bJ' reprodueing the €o- f" maps prod,uced ín Stage V. It is hoped that

clarity is naintained. in this process"

.A,s ¡nay be seen from the maps in Fig" 32 of the Stage I\r,

only snall shifts were nade to the coorri-inates of the atons" I{oderate

changes were made in the values of the ternperature factors for some

of tiie atons, as shol,rn in Table l-0, Perhaps there are t'u¡o sÍgnificant

changes that should be mentioned. It had been noticed. up to this

point of the refinement that persistent highs existed at the eqrrivaLent

positi-ons (ororf), and (ou$r),) on the 0k{ projections" This sug6ested,

that 0 _ should be placed at th:is position" This change r'ras mad.ec-
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Fie" 3e(b) " (r-(* projeated along the b axís at Stage Ïtr
of the refínement. ^Çontours 

are rlra",¡n ai equal
interv"als of 2,8 .ß:' Zero eontou.rs are chained
línes; negative contours 8"rê shovrn as d'ashed
lines' Filled and open eireles have the saüÌê

meaning as on previous naps r+hereas shaded cireles
are the positions deriveet at Stage V'
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Fis" 32(c). f"-É projected along the c axis at Stage Il
of the refinement" 

,ç$ort3urs are. drarr¡n at equal
tn'cervals of 2"A e/A . Zero eontotì.rs are ghovm

as chained línes; negative eontours as dashed
lines. Filled. a,nd open oireles have the samç
raeaning as on previous maps whereas shaded
cireles are the positi.ons derived. at Stage V,
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accordíngly and an improvenent in tiris region on the { o- €c mþs

was noticed immediaiely in Stage V. Secondlye 0U was moved in the

z/c dj-rectíon on the basís of a.n indication to do so in the €"- €"
nrap of the h0{ projection Stage IV (F1g,:Z (¡)), A second. reason for

doing so 1"¡as that the bond ciistances l¡ould. be im¡:roved., i"e", the

Si-OÂ a.nO A$r-0, distances. The magnitudes of the revisions nad.e tocl l_I d_

the atomic parameters in Stage ïV r'¡ere estimated. on the basis of

previous e>'perience in earlier stages of the refi.nement"

The structu.re factors were recalculated. using the parameters

derived. from stage rv and the R factors r^¡ere found. to d.rop t,o z0.f/0,

15,0% and. L5"Tfi fo" the hkOe h0.0 ancl 0k,0 refl-ections respectively"

Q,uite substantial irnprovements r¡ere mad.e to ihe y/b parameters account-

ing for the large arop(7¿fi in the 0k( zoners R factor" Fo-f"

s¡mtheses eomputed agaín for the three principal zones of reflection

and the plotied values of fo- €" "o calcula,ted. were contoured.. The

maps of Stage V have not been incl-uded. here since the change in the¡t

i¿as not too significant. The rel-ief had improved. consid.erably and

the changes in a.tomic positions derivetl from Stage fV v¡ere essentially

correct" Ner+ and final- atomic parameter" (totit posÍtional and thernal)

r.rere derived from these maps at Stage V, The chane;es in position

ro¡ere beconing snralkand smaller as ms,y be seen from labLe IX so ít was

decid.ed. that Stage V wou-ld. represent the fínaI refinenrent.

The final atonic pararneters i,rere derived. from the niaps at

Stage V of the refinement" The structure factors ïreïe reealculated

on this basis and the final values of ilre R factor.s for ilre zones

hlçOe h0and 0kQ vere LB.!/os I2,Blå and 12.fio ".=puctíve1y. .4. tal:te

of a, comoarison of the Fo and F" val-ues a.t this fina1 sta.ee of the
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refinement is given at the end of this Section (Talle XI) " 'Ihe

va.Iues of Fo for the three zones of reflectíon hk0, h0,( anð,0Lc8

have been rnultipliecl by scale factors in order to place them on an

absolute scale and it is these I¡'I values that are listed Ín

Table XI" fhe values of these three scaLe factors are 0 '979LE

1.019þ and 0 "9609 respectively.

Soth !o- €" and. €o rnaÞs were pïepared for the three zones

over the sane ass)rnmetric units, using the same su¡uation intervals

a.s before. These maps a-rle repr"oduced in ltigures 3), arbrc and

J4, aohree respecti-¡ely. The final projections of (o*f" sholr. a

much írnprovect relief . The electron density grad.ienis near the atonic

centres are very lolr (compar"e r¿itll Fig. 29), which inOicates that the

refj-nement by 2-d.imensionaL methods is very nearl¡r corn,olete" Ðefinite

shífts are indicated. for some of the atons, namely Si and- 4113 Ín

the 0k.{ pro jectíott (in tLte y/b d.irection) ' I{ow€verg frorn past e¡qper-

ience these cha.nges r,¡oul-cl be very snall, so it was felt that they

l..'ere not signífícant" Some cha.nges in thermal parameters were also

indicated but not nad.eo Since the signs of aL1 but four of the

observed stn:cture factors Ìrad been determinecl at Stage VI no

fi:rther changes in atomic parameters r,¡ould sígnificai:tI¡' change the

f o maps and" so the refinernent r,¡as terminated." The final atomic

para.meters and temperature factors are lÍsted. in fables IX and X

respectively, It is of interest to note that there is a suggestion

of anisotropic thernal vibration for both 0" and 0¿ which uay be

seen in the final hkO projection of (o- €" (pig" 33 (c))" I{owevers

a programme to cor:lect for anistropy lras not available so no accorrnt

ro¡as talcen of this effect. Thís anistropy is che.racterized by the

posítion of the atom occupying a region of negative efectrorr density
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Fls. 33(h) ' (o-fu Projecteå along the b axís at
Stage VT of the refinement" tontours
arç^d.ravrn at equal intevrrals of F.0
*/lt, Zevo contours are chaineô lines;
negative eontours are showr as d.ashed.

lines. Filled eireles represent the
final atom-ic positíons as deternuined
in thís refinement.
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f"{-projected. along the c axis at Stage VI of
refinemerlfi" Contours are d.ra.v.'n at eop.a.I inter-vals
of 2"0 e/K. Zero contou.rs are shoi,¡n as chained.
línes; negative eontou¡s as dashed- lines" filled
cÍreles represent the final atomic positions a.s
d.etermÍned in this refínement.
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fo px"oi.cted along 'bhe b axís at Stage VT

of the refinement " ContoRfrs are d-rarøn at
equal intervaLs of 5"0 ulyt", Zero contours
are chained. lines; negative contou"rs are
shom as d"ashed. linee'

Fig" 34(b) "
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ñ¡ ^t.l \ DFig" 34(c) " lo lrojeeted along the c arris at Stage Vl of the
, Tefi¡rement* Contou-rs are d.re.i,¡n at equal intervals

of 5 "0 e/Éa " Zero cantouïs are shown as chainecl
l"inesi negative eontours as d.ashed. lines*
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accompanied. by tr,ro edjacent posiiive peaks on either sid.e"

Án error in computirg v;as cl-iscovered. after the final fo

rnaps had been prepered., ft i,¡as found tha.t the d.ifferent multiplicít-

ies of the axial reflections had not been allowed for in the cor,iputa-

tion of the Fourier series" Thus the tru-e valu.es of the electron

density rsere not comrruted ancl are not shor^¿n on any of the afore'ntentioned.

maps. This error must be less on the difference Fou::ier projeetions

the.n on the electron density projections for the folloruing neason:

ùr tfre former the corrections that would- be necessaly would be a

function of certain (Fo* F") values r.¡hich are small. nunbersu whereas

in the latter the corrections must be a function of certain Fo valueso

sorne of r,¡hich may be large"

Än Fo s¡mthesis r,¡as then conpu.ted. for the 0k.0 ref1ections,

taking account of the correct nri-r.ltip1Ícities of the axial reflectionsu

since this projectÍon sho',¡ed the greatest resolution of the atoms"

This fo map is shov¡n in Fig" 35" It can be seen by comparison with

Fj.g" 34 (") tirut the shapes and positions of the peaks have not changed

apprecia.bl¡'u but the;oealc heights have decreased., and much of the

negative regions of Fig. 3a (") has become positive" Since the

positions and shapes of the peaks did not change in this projectionu

F s¡¡ntheses ',¡ere not co¡muted. on the hkQ or h0{ reflectíons" Also

it can be seen that the atoms are not ',¡ell resolveû in either of

these projections,

A Fourier synthesis with Fo- I" values as anplÍtucles l¡as

also made using the OkI reftections, taking account of the correct

nulti;clicities of the axial reffections" Á cc¡nparison of the values

otfo- f" from this sumnation with the vafues of €o- P" that r¡ere used
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tLv6

to prepare the råp in FiS" 33 (a) shorved an alnost negligibte change

at e¿¡.ch surÌrâtion point. lherefore thís €o-% map has not been

inciu.ded. ín this dissertation, the corrected Ç raap projected along

a in conjunction with the corrected values of €o- €" for the same pro-

jection i+ere used. to assess the accure.c¡r of this refinement as dís-

cussed in Section F of this Chapter"

At thís point in tbe discussion of the electron densíty inapse

it should be noted. tlnat a particularly striking feature on the hkO

projection and the h0-0 projection persísted. throughout the refinement"

The feature on the hkO nraps (¡otft fo a::a €o- €c) r,¡as a rid.ge of peaks

parallel to the x axis in a line passing throu.gh the peaks of 0, and

0b, The persistj-ng feature on the h04 projections l,Ies a single maxi-

un:.m of electron density just to the right of 0¿ at $ c" The anomolous

peaks on the hkO p:'ojections could not be explai.ned. by the a.uthor but

it was noticed. that as the refinement progressed the maximt:r¡. valu-es

of the electron cì-ensit¡r at the peaks slor,rIy d.ecreased" The anomaly

on the hOl projection nay be e4rlained, as anisotropic therroal

víbration of 0¿u since 0¿ lies in a sligl-rt1y negative region with an

accompanying very small rnaxinum area to the left"

E Ca.lculation of Interatorcic Distances and Sond hngles

The general equation for the cafculation of a.n interatosÉc

distance from the fra.ctional coordinates of tt¡o atoms (x1fi1) ana

/\\x2, Y2, ,z) in a tríclii:ic crys'cal is given by:

2dtz
(,

= 1 \xz-

+ z (xz-

+ z (zz_

* ,d2

\2 2 |*t/ a .r 1f2

*r) (r2- v1)

,t) ("r- 1) "
vr) Gr- ^r)

)///
\L -ç, | \* 

*

Yl D'\22 zL)c

ab cos ì
na cosP

ì
bccoso(!

I
J



1l+1

o
r,¡here d12 is th"e requ"ired clistance j-n A u::Ítsu

a* b, e aïe the cell- climension" ir. iiu

ando(, 13 ,Y are the angles betu¡eerr the cell etiges,

b and. c; a and c; a and b reslrectively"

Ïf the unit cel-1 has orthogonal axes as in the i:resent orthorhombíc

casee then cosd= cosp = cosÚ = 0 and the erpressj-on si-niplifies tos

a.^={{*^- *-t 
^2 

* (y^- y-)2 uz + (" - r-)2 "2} 
å 

"12 | 2 r 2 r 2 r. ) ,

In the orti:orhombic system the e>çressioi.l for the angle

between the bonds r¡¡hich l-ink an atom at (*2V2r2) to atoms at

(*1u tr1, zr) ana (3, r, u ,r) i*
r't (r-- --\ (,,, \ -2, / \ r t.2, | ;l

cos U2=-*å-- {(xr*x2) (zj-x2) a'+ \yryz) G3-v) ¡'+ (zr-22) Gr-tr) ""1de-rde-31 - a r I * 
J

r /'\where 9, Ís the required angle and dr_r, d1^j are the bond lengths

between atoms (r) an¿ (2) a"¿ between atoms (z) an¿ (3) re"p"ctively"

This e4pression is applicable to crystals r,¡ith orthogonal axes but

cross-pvoduct terns incl-uding the interarial angles are necessary in

the general triclinic case,

li list of the bond lengths for the Si-O and. .A.l-0 tetraìredra

and. for the A1-0 octahed.ra calculated. from the final a.tomic parameters

(stage vr) is given in Table xrf" Table xrrr r-ists the interbond

angles within the tetrahedre and octaheclra as l¡el1 as angles at which

teirahedra and oetahedra are linked." All these calculations 1,¡ere

done by hand due to the sírnplicity and nurber of them,

The mean value of the S:.-O ¿ísta.nce in the silicon tetrahedron
O6

is 1"6J0.4- and the nean A1-0 distairce in the ÀI tetrahedron is L.?42 A..

The avera-"g:e valtr-e for the .{1-0 distance in the alurninun octahed-ron is
ô

I'916 Ì*" The ¡nean 0-X-0 angle ii: Sí and Ä1 teirahedra was 1¡go2t which
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is vez'y close to the eroected tetrahedral angle of 109oZBr 
"

F Assessment of the Aecuracy

The reliabili-ty factor (n) as discussed in Section C of this

chapter gives one a gene-ral indication of the orogress of a refinement.

Ilot+ever, R is not di::ectl¡r reLated to the probable errors of the d.eter-

mina.tion, and no estimation of the standard deviation of the final

pa:raneters can be obtained from ít" The a.ccuracy of this 2*d.imensiona.l

refinement of silliinanite has been determined by a nethod shoi^¡n in

lipson and Coctrran (lgSl), The stand,ard deviation ( - ("n)) of the

ato¡nic parameters I'las determined. in tl:e y tì.irection only fron the

final Okl projections oflo and (o- ("0 on the assurnption that

õ("31) = õ(yn) = OGnf , The 0k.Q ûÌaps l,rere used because the atorns

¡,rere best resolved. in thís projectíon. (See Fig" 35)

Li.oson and Cochran have reprod-u,ced tru.icksiranlit s fozmula

for the deterrnination of the stand.ard deviati.on as

o'GË) = *E-'tu"-*")1

bÄcn

for a 2-d.imensiona.l refínement, where C, is the central curvature at

the nthatom, b is the celL edge length in the y directionu A is the

area of the,orojection used to d.eterrnine õ(yrr), and f t* the summa-?
tion over all the reflections in the 1imitíng s,oheru (o" circle in a

Z-dimensional case) " Account r.¡as taken in this summation for the

orthorhonùic syrmetry of sillimanite by multiplying (Fo- F") for the

a This relation nay hold for a J-dinensional ref,inement but it is not

necessariJ-y true for a Z-dimensional refi-nement"



0k{ refleciíons by four and for ihe 0k0 reflections by twou

The above expression may be ivrítten as

( ' -"1 -r-r
õ(¡',,) = l/-èg\'l"/ ,

[\ òri ) t

as shor,¡n in Lipse¡ and. Coch:ran" In this formula, D = (a-(c end

ò Ð/ ò u is the slope ef D in the y direction on u (o- 4 *rp"

The average is talcen over the r,¡hole r:nit cell or projected. area of

the ce1I. By taking this averaS'e over the r"¡hoIe unit cellu the

cafculated. extrlerimentaL error j-ncludes errors du-e to the residual

grad.ients l¡hich might be removed. by further sma,ll shifts"

Errors other than these rand-orn errors of measurement i'¡ere

negtected" Eruors d"ue to scale of the Fo synthesis r¡'ere not considered

since the electron d.ensities were not rigid.ly required. in this project,

Series termÍnatíon errors and comlcutational- errors discussed in

l,ipson and Cochran (l-gst) and Crr.ricicshank (tg+g) have also been ignored

since their effects t¡ere assumed to be neglig"ible compared to the ran-

d.om eryors,

In assessing the accuracy of tl'ris refinement use !¡as mad.e

of both the above expressions for the stand.ard deviatíon" If these

eo,uations are written so that C. is the only denominator such asg

cr(y,,) =fMåt 'i;fln"tL n A j"t =tËu"l j co

then botlr bracketed. terms should have the same value since Cr, ís the

only variable for any particular atorn. The first bracketed. term was

evaluated. from the Fo-F" data for the 0k.? refleetions and v¡as found'
o-3 (, ----Z\ +,

to be L4,21 e .A 
- . The e4pressio" {(òl/ ò y)'l- uas evaluated.

L'-J
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over 2l+O points distributed. evenl¡, over the (o- €" mup pro jected
o-)

along a" Ïts vahr:e vas found. to be 13,24 e L gírring'good agree-

ment uith the vah¡.e rleterrni.ned bv the first method o

In o::d.er to eval-uate the standard d.eviatíon it is necessaïî¡

Ì;o detezrnine the cuz"vature for each atomu Thi-s was d.one in the ca.se

of silli.rnanite for siu Arïïu 0o and 0" u.sina the final 0k{ fo "op
(¡'i.s. 35) " The curwatru:e Crr, at an atonic centre is the same as

t x?.a t 2t( O f / \ i in the y dírection. The atoms r,rere essumed to beo uy

spherica.lly symmetrica.l , so the curvature '*¡as evalrr.ated. in several

directions across the Siu A1ïIo 0, and 0* peaks. Assuming that the
o

electron d-ensity at a point r -¿\ from the atomic centre is given by

((") = €(o) exp (-prz)

n t n / â \_ ^-?or J¿,n \ v ,/ \,, ./ = -pr-\r/ \o/

where € f^ris the observed el-ectson density at r=ou then the straight. \o,i

Line for ln ( € G)/ €qo¡) aSainst y2 has as its slope -T)" The

curvatu::e rnay be v¡ritten simply a.s

lc l= l-eo P, 'lI nl I -r '(o)l
The values of p r¡ere d.etermined. b). the aborre meihods fron a straight

lihe plot fit to the data by least squareso lIsing these values of p

and the obsewed. electron densities at the ]-,eak maxinrau the values

of the centra] curvatru'e at each atom r+ere calculated, Calcu.latÍons

of the standar:d devia.tion of error in the fine.l atomic ;oaraneters

u'ere'oerforrned. using both values of the nume::ator in these equa.tions"



The averages of these tr.¡o calcu,lations vrere u.sed. as the final resu.lt.

The following iabulation l-ists the values of (o, pr 0o and A (y)

for the a,toms Sie ÀlTT, 00. and 0^.

si

^. - ¡ e-Zt((o) \e ¿r )

/^ ìO1ø2

/^ ¿
)Y ø)

35 "0

32,6

c,,(u l-a) d (y) fil,9-2,,,o\å )

2Lþ "O

2L"2

1DL{

I4.B

3 ,000 "0

2 r523 '0

I,190.0

965,0

0.005

0,006

0 .012

0 
" 

0t¿{.

Â1tt

b

0
c

The a.verage of the tr,¡o values for 0O and 0" is 0.013 antl- this va]ue

was used. in further ca-lculations to represent the standard. deviation

in a.tornic parameters for all the oÐ¡gen ato¡its in the unit celI of

sil1i-manite "

lhese standa-rð deviations agree fai-rly closel¡, with tlrose

obtained. by 2-dimensicnal methods fron similar structu.res, for exanple

T,or,¡ and High Albite b¡r Fergusonr Traill ¿¡d Taylor (fgSg) in wirich

they report d(y) 0 = 0,018 and cf (y) Si = 0.006' There Ís perhaps

a slight underestimate on the lart of Si and Altt but it is felt that

th.ese numbers represent the true values ver¡r slssgfy.

the stand.ard. d.evie.tion of the length of a bond, A-8, betvreen

tr'¡o atoms, A- and 3, is given by the rela.tíont

Õ2(*n) = õ2(À) +õ2(B)

or by d'(À-B) = {1 O (a) r*hen the tin'o atoms are th.e

sane, The present s'bande.rd deviations of error in the aton:ic positions

of Siu /rlJ1 and Orygen r.reïe substituted into this erçression, and- the

following stairdard deviations of error in Si-Or å.11I-0, and. 0-0 d.istances
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l{ere found to be"
o

fr(s:. - o) = o"o]4 A

fl(Alrf -o) = 0"014 A

Õ''(o-o)=o.o18A
Cruickshank (fg4g) has suggested a test to determine the significance

of differences i-n bond lengths r4thich are subject to error@ If a bond

of length C ¡,'¡ith standard deviation d(C) is determined as greater than

a bond of length D r¡¡ith standard deviatioa d(D) by an amount ál tften;

if 6QlC ( r"645, the ûifference is not significantu

if 2,32? ) 6lt O ) t"645, the ùifference is possibly significant,

and if 7"ago 7 fuI A ) 2"327u the difference is significant,

In these inequalíties the qr:antity f"is gíven by

d={ctr.l n62,oùu'
This test was applied to the bonds Si-O of the silicon tetrahedronu AIII-O

of the aluminum tetrahedron and. the O-0 dístances in both of these tetrahedra"

Since the standard deviation of error is the same for each bond length of the

Si and A1r, üetrahedra, the overall stanoard. deviation, 0' o is úã (o"of+)Å

or o"o2o .i, aoa for the O-0 distances is E (o"of8) Â or 0"0255 .ã.,

For the e:amination of the differences of the bond lengths from the

mean values of the Si-O and Alrr-O distancese a different overalf standard

devia.tion dis emptoyed" This standard. deviation is given by:

t={dz (c) *cz T"^v - L- \Y/ " meanJ t

where Ó''(C) is the standard deviation of the bond length C andd'*u*o =d(Ð/r{2.

t (b is tbe overaLl standard deviation of the Si-O and A1ïI-0 distances and

N is the number of bonds involved in derÍving the mean length. ln the

present case since the standard d.eviatíons of the bond lengths in the Si

and 4111 tetrahedra r.Iere the same o the value of the overaLl standard. d.ev"iation

r,¡as the same as the above d fo" the comparison of tt¡o bonds of lengths C and

D, (i, e" , Ü = o'o2o i, )



L55

The deviation of each bond J.ength in the Si*O and AIIï-O

tetrahedra from the mean þIas determineit and. then these signifieanee

tests were applíed" ft uras found. that in the Si*O tetrahedronu the

bond length dífferences from the mean of Si-Ose Oa-Oc and. O¿-O¿r r,¡ere

significant and. the differences of Si*OU from the mean r'rere possibly

significant" In the &tI-O tetrahedron aL1 the 4111*O differences from

the mean were not significant whereas the differences of Ob4co Ot4A

and O¿-O¿' frorn the mean were al-l sÍgnificant" The difference betv¡een

the mean values for the Si-O distance and the Alrr-O distance in these

two tetrahedra is highly significant"

l'Jhen the curvatures for the different atoms in the u¡it celL

of sillima¡ife v¡ere calcuLatede it was felt that the values were

excessively Iarge. A comparison of the author0s values t¡ith the cur-

vatures for sil-icon and. oxygen obtained. by Ferguson, Traill and

TayS-or (Jgfr) in u. refinenent of low- and tr:igh-ternperature albites

revealed this to be the case" The curvatures reported in the above

paper were 3o3 eß'3 for o>rygen and. B4S eÃ^3 for silicon" Both these

values are approximately one-quarter the size of the curvatures for

orcygen and silícon obtained in this study" In order to provide an

explanation for this, a comparison was nade of the number of terms

that v¡ere used as amplitudes in the Fo s¡mtheses of both refinements,

In tb.e present work, 63 observed reflections were used to caLculate

t}re ( map projected along au ivhereas l-25 observed reflections were

used in fhe same projection in the 1or'r-al-bite refinemènt. The large

value of übe curvature in this refinement represents a high narrow

peak w'ith steep slopes on the sídes" Thus the large curvature may be

attributed. to a series termination effect due to the fewer number of

terns used in the Fouri-er sumnation.



C}IAPTER VTTT

SUI'Î'!{RY- COÏ'æARTSû}r Jtïi} }ISCUSSION 0F THE RESüITS

.át Ïntrod.uction

The crystal structure of sill-írnanåte has been refined. by

2:cimensionaL Fourier technic¡ues. Rn X-ray determÍnation of the

eentros¡rmmetric nature of sillírnanite confirms Tay1or{" (fgZg) result

that the spaee grÐup is Pbnm. fhe essentíal structural features of

si]límaníte determined by Hey and Taylor (fg¡f) have been confÍrmed

by this refinement through the agreement between 268 observed and.

calcufated stnreture factov's, although the values of the interatomie

d.ístances and interbond angles have been obtained more aecurately"

The str'r¡ctu::e of sillimanite is eharaeterized by ehains of

aluroinum oetahedra parallel to the c axís linlced. by parallel double

chains of alternatíng silicon and. aluminum tetrahed.ra formed. ínùo

4-mernbered rizrgs, lhis linkage suggests that silli¡ranite should be

plaeeci in the chain or" ino-silieate group in tire si]íeate elassifica-

tion, v¡ith the pyroxenes and. the amphiboles. J{ol¿ever the very close

stvuetural and mineralogical relationship of sil-limanite to andalusíte

and þanite probably justifÍes the customary inclusion of sil]ímanite

l,¿íth these two mÍne::a1s"

In th-is Chapter comparison is nade with the work of other

authors on sil-linaniteu but it should be pointed out that since nruch

of this work vras well u-nde:r"'ray before any of these refinements had

appeared in detail, this constitutes a completely independent refine-

ment of the strr"retr¿re" The first refinement that appeared. r¡as that

of Ð¿rrovic and. Ðavidor¡a 1L962)" ThÍs \,¡as a short note in Acta

CrysLallographica containing only the R faetor foy ?? unspecifíed

planesu the measured. density and a list of the refined atomic eoordinates.
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Burnhamrs refinement appeared in 3 d.ifíererrt publications (tg6Za,

I962b end 1963) itr t'iolr"vbet Lg62, Ðeceri,bey L962, and. i{by 1963" The

present refinement had been completeel by the tíme the full aceount

l¡ ^¡^\ "ftsurnham L963) had been publishedo but the data given in the tr,¡o

earlÍer sho:"ter publications were pu:posely ignored. ín ord.er to insure

the independence of the authorls refinement"

F_ Cell.limenslogs and Spegif_ie Ê-gqvÍ_!X

Table XIV (a) contains a list of the meesured. specifio

gravíties and cel1 dimensions of this r¡¡orks Bur.nham (fgef) and Durovic

and Davidova (t962), Surnhamrs paper contains no specifíe gravi.ty

determination r¡hereas the ceII dimensions are absent in the paper by

Ðu-rovíc a.nd l)avid.ova. There is no anpreciable dífferenee in the

speeific gravíties measured by the tr+o different authors" The diff-

erences betv¡een the tr+o sets of measured eeII dinensions are probably

significant since i;he present authorîs values are all slightty srnaller

for all- three axes than Burnhames refined values, The standard.

devíations of the authorrs valueg are not sufficiently Ìarge to includ.e

the ranges reported by 3113sþ¿¡"

C Comparison of Atomic Pararaeters

A list of the final atomic parameters in sillimanite deter*

mined in this ç¡ork is given in Table XIV (b). This table rompares

the atomic parameters d.etersríned by Taylor (fyeg)u IIey ancl faylo" (fglf)u

Burnham (tg6l) and Durovic and. Ðavídova (tgøZ) with those of the present

refínenent, Since the R factors relative to Hey and TayLorrs strueture



T,å,BI,E XTV A

C0l"fP.ÀRTS0i\T 0F SPOCI!'ïC GATIVITïES ¿lltjD

CELL DI}4E1\TSTOI{S 0F VARIOûS ¡I-U'IHORS

ThÍs 'vJork Burnham (rgge¡) D"a.nd D. (Wez)

Ifeasured
S¡. Gravity
(ä*""""-3)- 3 "z4o

o/'\ 7"476!"003" ?.4856!,aoo6ao \.lll

,o.b (¿) ? "666t.oo| T.6Z381.0oo3
o

o

" 
(rt) 5,?63t,ooj 5,?698i"oooe

o

)ø¿1Q

v (13) )jo "zB 33L"43

s The å values listed. here are the esti.mated standard deviationsr not

the probable errors"



l¡ere irrrpïoved upon in the present l,¡ork a definÍte improvement has been

mad.e to theír strr-rcture. Ðurovic and Davidova report a final R faetor

oi ?"\'ft tot 72 inde,oend.ent reflections. Since so feç¡ ,glanes were used

ín their refinement i'i; is felt that the present v,'ork i-s rnore accurate

and this is also suggested by their reported. accuraeíes of the atomie

parameters r+hieh are larger than the onee in thÍs v¡ork, The very small

vaLue of the R faetor ß"e/r) for a large number of 3-dinensional data

reported by Surnham shorEs definítely that his parameters are much more

accurate than the present authorls.

Table XfV (¡) requires an explanation of the notatÍon used

in it" [he pararneters that are subseripted by T (ofu ft,s zg) are

referred to T¿y]63îs original- setting and choice of prototype in the

unit cefl" The parameters for*oThis'r/ork'r include all of the atons

in the unit cell and the head,ing:s of the colunns give the equivalent

positions in the spâce group fünm referred. to Taylorts setting" The

parameters r,¡ith a subseript 3 are those }åsted by Surnham (f 963) "

fn ord.er to facilitate a comparison r"¡ith andalusite he has rnoved the

origin to å å 0 ín the 'Ia)'lor eell v¡hieh corresponds to a transforns:

tion of xB *xTi rg.*fr; ng ol7' The atomic parameters of
This i'/ork that correspond to the transfo¡med parameters of Bu-¡enham

have been singly under]íned, The doubly underlined parameters in

ihís Vork and Durovic and Ðavídova (WeZ) are the prototype atoms

referred to Taylorßs original setting with eoorðinates all posÍtive"

These parameters are the ones that were used. in the computations dur-

ing this refinement and they are contained in Table IX"

The largest discrepancy in atom'ic parametez"s reported by

Burnharn and the author occurs in the parameter of 0¿" Tfre difference

is 0"0104 r+hich ís most definitely significant. Ilouever there was

little indication from the (o* (. maps during thÍs refinement that
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L6J.

tU should be rqoved. ar:y further from tne (OOf) p1ane" This large

dífferenee in the posítion of 0U aceounts for ihe large differences

in interatomic distances Si-Od and 4111-0¿ ruhich are sholm in Table

XfV (c) (Next seetion)u [his dífferenee in the position of 0U is

hal-f as much again as great in distance as the difference in posÍtion

of any other atomu the largest being the X parameter of 0" (O,OO54)"

IIo definite indication of any of these d.ifferences in atomic position

r,rere indicated by the €"- €s maps so this refinement may be con-

sidered to be eomplete.

) Cornparison of Tempelat-qÏe .{?ct_o_{s

'iìhe final tenrperature factors 3 for the indiviciu-al atoms in

the three uones hk0e h0{ and 0k,( aye given ín Tab}e XI.f (e) r.rhere they

are ccmpared r.¡ith Burnbamrs (fgdf) equivalent isotropic tempera.ture

factovs. Since the present author used different tem;oerature faetore

for the atoms in the three zones they appear as anisotropie temperat-

ure factorsu whereas because of the overlapping of certain atons j-n

projection some of these d.ifferences niay not be real. The final

temperatr:re factorsu especÍal1y those in the hkO projection s ãT@

significantly different fron the isotropie ternperature factors of

Surnha¡n"

3n the final fo- €" projections (Iig. 33s asb'ne) there are

inclic¿rtions that the temperature factors could. also be inproved upono

Howe''ver <Iue to the overlapping of many of the atorasu espeeially in

the hkO and h0.0 zonesu the r+ork required. to make these changes in

terrpera.ture factor was not warranted.. It can be seen in Tab1e XfV (c)

that the best overall aEreement r¿ith Bur¡rhamr s values is obtained in



j.c)¿

Ato¡i

TÁ81,8 XTT C

CO}FÄIìÏSO}I OF TE¡]]ìEfuiTIIF.tr] FÅCTORS ¡ g{ 12,

F.]Á.L STAGE VT iV'TTiI T]]O5II OF BT]ENHÁI'i (r9Ø)

This \'lork
(projections)

hlc0 h0 f 0k I

1 "07 0 "60 0,38

1.07 0.60 o "40

L.25 0.90 0 "52

0.83 0,40 0 "58

o "73 0.63 o "53

a "87 o "95 o 
"65

o,92 o "6? 0,65

n . f - ^¡^\oyry?* \ry?Ji
\ r_soïropl-c/

vè¿)ó

0 "370

0 "339

0 "355

0"500

o,857

0 "407

A1

A-l-.*TT

VJ

Ua

%

0

0.
d.



r Á,t

ti:e 0k{ projeetion r'¡hich is probably ciue to the fact that the resol"r¿tío¡r

is best in +,hís zone, The anisotropy of 0* as reported by Burnham (1963)

is suggested. ín the present study by the va.ríation in the values of B

for this atom ín the three ;cro jections" Hor*.ever¡ differences betr¿eer¡

the values for the other atoms observed. by the autl:or are even Srea,ter

tha.n those for 0" vhereas 3uïnham obsewed no apprecj-ab1e anisotropísm

for these atoms" Therefore l"ittle reliance shouJd be placed on the

d.iffeyences in the B valueg of individual atons betr+een the three pro-

jections as a measure of anisotropisn. The }arge values of B for Sí

and Á1 in the hkO zone maJ¡ be signíficantly redueed since both of these

atons are in electron density highs on the final fo- f* ma,oso Since

û* arld 06 aro in negative eLeetrorr density regions on the hkO fo- f*

mâp a contrary increase in their ten$erature factors is índícated"

_n 9q Tpa_ql solx q r. 4nt ç-qa tqryåe .l i¡ lqlq qq _-ap_*- Il!-çgþ-o¡-4 4lgJs s

The boncl distances and. interbond, angles from the parameters

of the refinernent by Duror'íc and David.ova i+ere not calculated so no

eomparíson r"ras mad.e wíth then, since it i+as felt that nothing l¡ould.

be gaíned fron this" Table x:v (¿) gives a comparison of the inter-

atorric distances and interbond ang:les of this work uith those of

Surnhani (lgøl). The atom pairs that have asterisks fall outsid.e the

accuracy rânge of both authors" It also ean be noted that Si-0U and

AIr'--0-, d.istances díffer appreeiably fr'orn those of Burnhamrs" This
tt ñ

is due to the fact that 0U is placed farther frcur the (OOf) planes irr

3r:-rnhamr s styucture thu-s decreasing the Si-Od distance and increasing

the -41---0. distance since these 0 - atoms are related. by the mirrorIJdd.
planes. The authorls A1---0^ distence ís also nueh snaller thalrIÏ I,
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CCþÛ)IiRISO}T OF ]]dTERATCIV1TC DISÍÄi''CES ÀI'TÐ

BETI",E$T TTíIS 1,,'0RK ÀlD BUPNIíAI'í

ô
fnteratonic Distarr*uu (Ã)

Burnham (tgøl)

I"629t0"00?l

I
t,564Jo"006 f L"6Ls

ï"633*6"oobj

l "63oto " 
ol4ê

2.661J0.01g

r"7Lt2t0,0L4

TI{TJIRBOIID ,S.NG],ES

(wes)

2.60830 "oo?

^ /^^+^ ^^¿I o0/.64ç "çg ^

2"627!g,ç96

2.696l,a,oo?

1.75g30 "005

l" "?21"å0,006

I "800t0 "004

Atom Pair

si-o
â

q-å AvJ_vC

xZ Sí:0
A

This \tlork

L.622*t"0141.

L,55?*o'014 
|

x 1"6?1so,ol4j

xZ

x2

ta- te

o.- od

0 - 0_

0"- 0"tCIct

AltI- 0b

A1 It-0e

ldJ"--* 0 .¡t^

b&

Ðd

0 - 0-eû.

0.- 0"s
o. cl

s The á values for

standard deviations

2"56L!t.ALB

c l¡ç"rn n't ça6v)V-V øV¿V

^ 
/J^L^ 

^a^4oÐ))49.916

2 
" 812j0 ,018

2"9I6!t,0rB

2.7765,Q.0t8

2.82J*6 "616

2 " 
g51*o,018

L,770

2,BBg
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r"725*0"0r4f

L.? 5610" OrU.Jx2

xZ
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the bond dístanees of This ldork

(d) not the probable emors"

2"i})tg "gg7
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?.84)ig,g96

3.0?4ÉCI.00?

are the eståmated



"Lr:)3

-Ato¡n ?aír

xZ ,U--* 0
¿.4

;çf iì.1. -0"Àn)

)ç2 41. -0 "tß

u -u_ab

0 -0sab

e¡ì

O -(")-8"a -d

ob *od

0" -0"rtÕ.

2"BBJsg"619

z,t+543,o,orï

2. ??tJ0 "01"8

2"?34J0"019

^ 
/^^"f^ 

^1 
òéøOÖ\r"9 "g¡6

2"12'7!9.976

I 
" 
gt6å0 ,CI13

2 
" 
710å0,019

2 "B!JÈg "gg1

?"4343.0 "006

2.7?6!0 "At5

2,10J!9.ç95

2"6j8!6 "695

2,?03!a,tol

Bur-ntran ßgíl)
1 eress.0031

1"86180.003 

|
L"957!o.AW )

This ',¡lork

t.sz6!a"or3 
J

]"861*0.0r3 
f,

I

1.96110,0n)

xZ

xZ

L,9J.2

Õ D^ôr-ø {Va
v2

='?

x¿

åqL"gÞ"l=-djtslgË

oa:si-oe

o -si-o _
Êd

o*-si-o¿

0 "-51-9 - t{rd

^ ^lU. -}!¿rr-tlOJ-IT

0" -41*=-0 -þJJd

0c-alII-0d

0.-Al---0 - ro. Jr d.

This Ìdork

^!t^Êv ìÞ)-v ( ,L(

106o z?q

1100 510

tl¿ro q<!¿¿

tt5o tle

LO50 

"t
lo8o lzr

1140 2rt

Burnham (WAl)

ro9 '60

10?,40

lLo,50

tlL "3o

113 
" 
20

Lo5 "6o

L0? "?o

1t "¡ eo&e r @J

xZ

xZ

x2

xZ



x.2 0 -41*-0-a-Ib
qaol 4 

3

Bo" ¿1.5

r

900 56

^lRQ" [,

P,qo 2b1

900 )6

99,80

80"2c

-olL ø2

ôô ¿O()Õo)

89,90

90"Lo

L?L¿60

114., ¿{,o

x2

v,

x2

x2

x.2 ûa-,{11-0b !

^ 
¡rl 

^U Þli,.LÌ-U -Dld

^ 
¡a 

^U Þö:L IÐU - !
4¿U

0, -Â1-:0.0Jo

0. -Â1--0, r

nL(l

si-O -41=*
CJJ

s:-o _ 
*et =*d tl

u00

rt+"

ná'

/v



rol

Brirrrha.m¡s correspond.ing dista.nce. îhis is d.ue to a disagreement in

the y parameter of 0¡ and the x paraneter of 4111 betroreen the two au.thors,

The significanô d.ifferences in the values of the average interatomic

distances for tetrahedz'al- silicon and. aLuminu¡r is due mainlJ'to the

value of the a parameter of 0¿o The tabte of the cornþarison of the

bond angles aLso shov¡s these trends in the differences of the a-toniic

nnci*inu nf ô
¿Jv r'¿ usv¡r v¡ 

"d. "

F Discussíon of Electrostatic Charge Distríbution in the Siltinanite
Stmcture

There is gooC reason to believe that in silÍcate stru-ctures

the atons exist as ions and therefore Ít is orofitable to discuss

the electrostatic charge distribu.tion in tlte sillimanÍte structure"

rn an íonic structure tlie barance of the electrostatic charges may

deternine the stability of the sLructure. If one assunìes a completely

ionic character of the atorns in síltirnaníte (rir+3, si*4 ana o-2) then

ihe bond strengths of the posi'r,i.ve ions contrj.buted to the four oxygen

atoms constituting a tetrahed.ral A10U or SiOU group should. total B and.

the bond strengths contribu.ted. to the six olygens constituting an

Â106 Sroup shouJ-d fota.L J2" Care rnust be taken in drawing conclusions

from the results of applying Paul-ings Rutes (fg¿f) since it is
possibte that the Si-O bonds may possess a partial covalent characteru

In applying these rules to the silli¡nanite structure several d.ifferent

approaches are d.escribed belov¡. lhe structure was first assurred to

be fu.lly ord.ered, but with the A1r, in tr¿o possibi-e coord.i¡:ations, u

anô' 5. Tv¡o impossible sítu-ations i^¡Ìrich v¡ill be shov¡n presently,

rufe out the possibility of 4105 coordination frr Alrï. In addition,
for 4-coordinated. Ar* cases of partiar disorcler, complete clisorder,

and complete interchange of si+þ and i,l+3 betr+een the tr,¡o sites are
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e:{a.mi.ned..

Table X[ shoivs the charge d.is'bribution for 4 and J-coorc]inated

Álf1" lhe charge on the silicon atom is assumed. to be +4 and is diviclecl

a.rnong four o:ygens, r,,'herea.s the charg:e on the aruninum atoms is +j and

i'b j s divid.ed. among 4 and- 6 oq'gens for the tetrahedr¡¿ and octa.hedra

respectively"

Jt ca,n be seeir from Tabre )il that 4-coo:'d.ina.ted. Ä111 gives

perfect a.greement for the Ârrl-04 grou.ps and ilre /.rï-06 groups but an

erccess of 0"2J e on the Si*0, groups. In the ca.se of 5_coordínated.

it'I=, onJ-r tire Alrr-0, srou.l gives perfect agreement r¡hereas both the

siO,, and ¡rl-t-0/ sÎôt?ns hnvê e.roç

card-ing ihe -possibilit;r' of 5-coor"d.inated. À1r, in siliiuanite is this
poor value of the eharge balance" ,tnothez'is ihe impossible situation
ihat occurs in the -411-06 group of o:r¡rgens, Tire r"¡hole grorip has an

elccess of 0"6 electrons. Thís cannot be Ior"¡ered by disord.er consid.erat-

ions since 'bhere are no j-ons r.¡ith a positive charge less tha.n j that
could- be placed there on a statisticaL basi.s to lower the effective

charge on the 41, site. ¡lso Si is not !aror.'n to exist in six folcl

coordination. The final reason for d.iscarding the illrr-$, Eroup is the

fa.ct that the oxygen atos¡ (ou) ttrrt is the cl-osest to ar11 other ihan

the forr atoms to which it ís definitelJ¡ bonded- is Z,)4Z l ,"o, 1r111r

and this distance is approximately 1,zo Î larger than the su¡a of the

ionic radii. of A1+3 and. 0-2.

Table x[ also shor,¡s that the::e is a. local charge unbalance

on the inclividual oxygen atoms" Both 0" and. 0o have a. deficiency of
0"2J e r¿¡itile 0¿ has an excess of 0,25 e" iu'ith 0d- being present i.n
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TiúLE XU

CII:f.GE BÁL{iICES F'3R TETR/iH-JDRAI Æ{l

BÁSIÐ 0N ÀIIï-04 åSTD 0N ÂI:1_05

Ä11¡-04

rotar (d)

2,00

r.75

Loá)

2"?5

Gror¿! Total B "25

L"75

r"7 5

2.25

2.25

Group Total 8.00

1ø9U

4ðVV

LøU

t"75

2,25

4a/.)

OCTiTETJ}RAtr GROIJPS

C0OAnÏI\ürTIOiV

Group
i,a 

^4ITT-U /¿¿)
rotal (e-)

2,60

1dn.

2.10

2,10

\:pJ

v_
d.

u.f
o.

0
ë,

n
n

^

n
d.

ct

B.¿l,o

2"6A

L.60

1.60

<'aLU

2.10

Â1tt

a,

nl

0"
þ

.,\ 1*rtT* l'ì. !-D

0,
ct

rìl
u

10.00

2"60

2.60

1"60

L,60

2"I0

2,LA

Grou"trlTotal 12"00 L4, øOU
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tr.¡ice the nunrber compâred i.¡åth 0* in the imit cel-l there results an

exeess ofcharge on the Si0q tetyahedral g$ou-Ð since 0" has a nerfeet

charge balanee and 0* is not coordÍnated to Sí"

It can be shown that it ís not -possible to vary the charges

contyibuted 'i;o the tr,+o tetrahedral groups of oxygens for a gÍven

silicon-aluminum d,istribution by divíd.ing the cha.rges on the cations

in anounts that are inversly proportíonaI to the catíon-oxygen dist*

ances in the tetrahed.ra" Ïloweveru it is possib]"e to vary the eharges

on the tetrehedral gror4rs of oxygens by varying the SÍ*AI dístrÍbution

and sonte possibí1íties of this kínd. are shown in Table XVÏ. So in

atÌ;empting to provide an explanation for the charge d.istribution troro

disord.ereå structr:ves r,rere eonsideved. The results of the caleulations

are gíven in Table XVf " Thís tabl,e also shows the result oeeuríng

r+hen Sí and. lLl a.ye comlrletely interchanged in their sites" Notíce that

r',¡hen this is done the excess charge on the Sí site is changed. to the

Al=t site r,¡hereas no exceÊs charge is observed on the 41, octahedratr

síte" Jrlso throughout the different, approaches, except in the Å1TT-01

ca.see the charge distríbutÍon to the oxygens suruound.íng -Ër1.. has

yenained. nearl¡r perfeet 
"

Table ffiI along v¡ith the results of Table XV suggests tbat

the fu1ly disordered stru.cture of sill-imanite (À1^ --Si^ .) provirlesuu) u,)
the best overall charge distribution r+ith an equel e:{cess of 0 "13 e-

on each of the tetrahedral groups of oxygens. However this is con*

tradicted by the size of these ti+o tetrahedral sites. Tn thís v¡ork
o

the average Si:0 dístance is 1"630 À and the aver'age 4111-C distance
.OOOis 1.7LyZ A and Burnharn{s more accurate vaLues are L,6L5 Ã ancl L"Wti"
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respettÍvely" i'fhen these valu.es are taken 'Ínto aecount i,¡ith the values

given by Srnith (,lgS¡+a see also firnith Lg62) for the pure Si-¡ and .å1"*û

distancese 1"60É0,01 L e"nd 1,?B;!0,02 I :r.espectively, it appears that

the silicon and. aluminum atorns must be completery ordered. or nearly

so in sillima.nite*
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A?PT]}I-ÐÏX T

Pì.OCEDIRI] FOR TiTK]i,iG'I',U]SSMMESC PHOTOGF-ILI'ES

3. Zero level

Affix I'Ieissenberg scl?een in position. l{¿þs s¿ys screen setting.

and. horizontal angu-l,ay settings ere read.ing zeroo

Slid.e direct'Ì:eam trap to extrene left and clæck for emíssion of

;(-relr beamo

rReco¡d centz'al streak ín the f ilm as .follor.¡s:

(a) ptace d-i-rect beam trap to extreme left, tu.rn off X-rays and

have the brass drive pin for the carriaL?e al-igned. with the collinator"

(l) Insert camera on ca-¡riage, free caruiage fron driveu and have

camera and. carria'¿e Lo the extreme Left of its traverse,

(") fu"t on X-r'ays and immed.iately slide the camera a.nd. the carri-age

fairl¡r qu-ickly to the extyeme right and a.t once turn off the X-rays"

l,ock the carriage to the drive pinu remove the cameïa from carria€ee

replace the direct beann trap in line r¡ith the collÍnator and- return

ca.mera to the carríage making sure the camera setting is zero"

lnlake sure the circu-Iar scale piece (¿="*) is linked. to the drive

by the lock pin (as d.istinguished fro¡n the pressure pÍn) " Fix the

traverse stops for the appropriaie traverse lengths"

Start i'Ieissenberg motor and. turn on the X-raysu

B ïJnner level

t,
*o

5'

6"

1n Set the

settíng
Sa.me as

i'/eissenberg instrument at

and affix the l'Ieíssenberg

for the zero Ievel"

tlre appropria',,e horizontal angr:lar

screen in the appropriate position,
2.
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4,

L(+

Same as for the zerÐ levelø

Iock the cärriâe;e to the drive pin, remove the eamelra frorn the

ce:rriagee repla_ce the d.irect beam t:.ap at the required. settÍng

and return the camera to the caruiaere making sure the ca¡lera is
a.t its appro.oriate setting for the upper leveL"

same as for the zero leve1 noting that in general, the traverse

stops wilr be ín slightly d-ifferent position from those required.

for the zero levelu and their positions i¿ill be rletorrynirrcd ?rrr

the position of the camera and. carriage relative to the colfi¡ratoro

Same as for the zero leveI"

)o
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STRUCTURE FÁCTOR CO}PTI'IÁTTON FÛR SPÄCE

GRO1IP Phnm OIi THE I nB nluÏ" *L620'1

A programme was prepared to compute erystallographic struct-

ure factors for the space gi:o11p Pbnm on the I'B.I'{' rt1620n at the

University of }ianitoba using the simplífied cod.ing system of I*ÐR.TRÁJ{"

A. famitiarity vrith the FORTR¡III system on the part of the read.er is

assumed. ín this section*. The progranme prepared- by the author ís

admittedty sirnple and. can only be applíed to the special case of

sillímanite. Ïlowever, since it t¡as r:repared. in the coursÐ of thís

I'i,Sc Thesis, it r,¡as felt that it shou,ld be ineluded in this report"

.{ The Probiem Statement

Crystallog-raphic structure faetors of the type F(hkg¡ for

the spaee group Pbnm as required in ihe ,oresent investigation ean be

represented by the relation

',- Y tn -..-2a¡/\21!'(nr{)= I {_ fju*(-3¡sin"Otn-t
:
tU

x cos zrr(hlci * þ#)
+

X eos zî'(ky- * btk+8.)¿Lþ

X cos zf;(,îr, * Q/4),
{

Ïn this exoressÍon, the sumnation is over the j atorns in the unit

ceL1, f, ís the seattering faetor of the ithatom, B, ís the terperature

# Refereneeå General lnformation l,fanual FORTRAN, T*3"1,i, (fgef)
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fa.ctor of the jth atom, Ô is the Bragg a"ngLe of reflection from the

lat'cice planes v¡ith liiller inoices hk{ u I ttre war"e-length of the

X-radiatíon and. *j, fj and. z. are the coorcLinates of tl're ¡th atom

erpressed. as fractions of the eell ed¿ies" The factor B appl-ies only

for the case of 0¿ u.hich is the only atona in the ur:it cell that is in

the general uositÍon of the space grÐup" For all the other atoms in

special positiors the factor is 4, Since tliis was a Z-dimensional

refinement and structure factors of the type F(nu1) \¡rere not required,

this e:'lpression l"¡as nodified. slightly to calculate,,structure faetors

fay L]ne reflections of the types (mO)u (rro,Q) a.n¿ (otç{) by preparing

three senayate programmese one for each zoyrlø 0he same equatí<ln was

used. for each zone but provision v¡as mad.e for keepång one of the

Iiíller indíces constantly zero. The scattering factors f, of the

atoms ï¡ere eonputed. from a sixth d.egree pol¡nromial eryansion of the

scattering factor in terrns of sin g / N. The coeffieíents of the

terms ín these equations were obtained. by using a polynomial curve

fitting progrãrnme also run on the rrl-620'r (Vl,n, Graves, I"B"If, fiïe

nunber ?,0"001),

B Description of the P1'sg¡¿rur¡s

Ïn order to fa-cil-itate e:rplanation of this ¡rogranme refer*

enee should be rnade to the l'Lov¡ chart given ín Fig. 36" This descrip-

tion closel¡r go11ov¡s this block díagrarn so that coryelation betv¡een

the chart and the programne listed. at the end of ihis Änpendix Ís easíly

mad.e 
"

The eonstants that ¡"¡ere etored. at the be6inning of the pro-

granme were 2lTe the squa.res of the eell d.inensionsu and the coefficients



of the sixth degree poi¡rnoninals rr-sed. to caleulated the seattering
¿-lt. .r-'l D

factors for Si'ryu A1'' and 0-¿. These constants were as followsc

6 "283186

55 '89A6
¿^ ñ/ñ/
2öo(O(o

J) 6¿I¿¿

q.: *4

o qaq¿r?
/ e / / / 'r

^ a ^r'^r,âv øL))v+)

-23,j760

( ø 4)Y+L

^1 
ltñ^ /

)Lo+{))

^^ ^^/r,-)¿ov>)Lv

^ ^^/^ñy @¿.¿,o) (

tt-L ¿

9.9832+

o,952L4

î'6.gzjg

38"gg54

0 "757586

-r8"32297

6,872L8

!{ {

o*2

00 = l0 "0393

Cl = -16 "8775
/\^ // 1^^1tr4 = -Þ)oÅÕ7I

C3 * 2B7.L7B

^t, 
,,^n rôavL! = -+/:{ øLQL

t5 * 286'oza

d/ ñ^ /^^¿r./o = -(¿øo¿y)

l= AO

Â'l

.tL)

Al,4¿f

á-)

fio

BO

öl

R2

E"

34

Ð,

Jrb

<L

t4
U

The ternperature factors of the atons were read. into the con*

puter first" These were punched onto paper tape along l'¡ith the atonåe

côord-Ínates sinoe they r"rere all entered at the same plate in the pro-

granme. À1lor+ance lJes na.d.e for possible differences in terrper"ature

factors for SÍ, AlIu .[t* and. 0, OnÏy isotropíc terperature corrections

vÍere íncorporated. into thís prograÍune. The atomic coordinates for

one protot¡pe of each structural3.y different atom were enterecl sinee

the use of the general structu:'e factor equation from the International

TabLes of X-ray Crystallo#'aphy (Vol, I) al}ows for the s¡rmmetry of

the related. positions in the space g-roup Pbnmu

At this point of the prograrme, depending upon r+hich zo¡re

of structure faetors l,ras beÍng calculate¿ (fif<Oe hO-e or 0k{)s Pro-

vision was inade to lçeep one of the Uiiller fndices constantly zeroo

The example shor.¡n in the tísting at the end. of the append.ix is for

the ealculation of F'.0 so that {= O. Throughout the prôgy'ammee in

order to keep all calcu.latíons ín the floating point systernu h, k and .{

have been replaced by Pu Q, and R respectively'
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lhe indices hu k,{ are gene::ated by 'rÐ¡" statements" The

index that varies least is riesignated byttH'u wirile tlre oi:e varying

nost is desigrrated byrîKrtin the flor+ chari, This double looping:

generated, b¡r f,-o¡e trDOrr sta-tements ce.used. the eomputations of all

structure factors up to the arbitrarily íq:osed linút of sin A iX=l-"2"

The test for the limít of sin A / f was done by first calculating

sin 6 / rl. fron the indíces and. the orthorhombie spacing formulâ

1

ct-

.2 .2 2= b: + k- + " and then testing r+hether its vafue r+as ¿;reater than-..Ì,i .=i ..-/.//a* Ð* c-

L.2" If the value of sin e /X was less than 1"2, thte struciu.re fa.ctor

for that pLane l,¡as computed. but if the value rias greater than 1"2 the

eoärputations l'Iere bypassed and the "K" index incremented by I and the

test applied a.gain.

Having al::eady deternined the valne of sin Ò / 
^ 

for the

particular pJ-ane tha.t had been gene::ated. by the loopíng, the next

seetíon of the .rlrogramme cor,rpu"ted. the scattering factors for the 3

chemica.l atoms Si*4u A1+3 and 0-2" Fol]ov¡ing the evalu.ation of these

three polynomials of the sixth degree, the scattering factor values

were then corrected for the ther¡nal motion by multiplying each scatter-

ing ractor by rfu(Pig'$)2"

Using these therrnally corrected. values of the scattering

factors of the atoms the contríbution of each atom to the str-usture

factor for the particular plane r¡as ca.fculated by the equ-ation gíven

at the beginning of this appencìix. ;l.fter all contríbutions v¡ere

calculated the total structure factor lras eomputed by sumning these

sev'en terms. Fínall¡r, the índices of the plane, sin A/A, and. the

structure factor for i;hat plane were printed on the ty^oer+riter" l''Ihen
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the value of t$Eet had reached íts marimum, the computations v¡ere

stopped and- the prograane r,'ras terminated..

Duri.ng the compíIa-tion of the source progranme into machiire

language a trace feature lras incorporated into the object prograrnmeo

This factor aflol'¡ed the operator to follov¡ a complete c;lcle in the

calculation of a single structure factor so that each step was t¡rped.

and. any error in the prograruûe couLd be d.eteeted." 'TFORTR-A.II|| sub-

routines v¡ere al-so incorporated into the object p::ogranme so tha.t the

different arithmetic and trigonometric comnnnds could be executed. by

the computer.

This program¡te was run sucressfuLly for the three zones hkO,

h0{ a.nd 0k0. A representative nr:nber of strr.cture factors eomputed.

for the three uones were pheeked by hand. ealeulatíon by the authoy ancl

the computed, r¡afues l,rere found to be corvect" The computing time for'

each styuctur"e faetor was approximately seven seeonds" l[o provision

l¡as nnade to omit 'che printing of the strueture facte¡r's of the systematic-

ally extinct reflections of the space group" A typical out-put for the

hkO reflections has been included followíng the listÍng of the prograrmre

ín IÐRlRAlrT langue.ge at the end of this appendix" The atomic parameters

for this calcuJatÍon 1{ere those of Taylor (fgeg) 
"
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FLOI,T CHA!,T OF ÏBI{ ].ó20 PROGRA}4Î.{E

FOR SPACII GR,OUP

FOR STBUCTURE FÀCTOB$

Pbnm

START

Store constants
ronr r i rcrl

by Prograrnrne

Read temperature

factors of the
Atoms SieÂ11rAIIJr0

Increment
nKrr by I

Increment
nHrl by IRead fractiona-]

coo¡dinates of one

prototype of each

structurally diff erenL

Sin0 \ 1 ^ñJ // ,".)
Stmcture

factors for whic
/rs\
*o" )/ "K#u*? :'H" > "Håu*?

Conpute
scabtering
factors for

si+4 Ð+3 o-2

Correct scattering
factors with
Temperature

Factors B

PrinL He l{el
$in 0/[
F(um)

Coropute

Structure
Factors
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ss¡Sf =sFSr+ ( r,/(Ep (ss1++sullz) ) )

s1,!tl,=sFAi,* ( r 
" / ( urc (t.alr+snrlz ) ) )

szFAL=sFÂ¡-x ( 1 . / (uF (aarexslrrrz ) ) )

ssFox=sF0xx ( r 
" /(nrp (loxx-sivr lz ) ) )

x=(p+q)/+.

v=(r+q+n)/k.

z-n/4,

RRST=4" *SSFSI.;+Cgs (p1x (r,xxst+x) )

5551=cos (P1" (Q"YSI-Y) )

TTSÍ =cos (p1x- (nxzsr+z ) )

f'sf =iìRS I* ss slx-rîsI

RRA.LI =¿f . *S I FAL{-CO S (f tx- ( exXjf tt +X) )

SSaLI =cos (rr* (qxY¿tt*Y) )

Tr¿\t 1 =cos (rrx (nxzalr+z ) )

FA Ï.,} =RRA ], T'ç S SA L} +ÊTTAI1.

RR.Á,L2=4. xS2 F¡rtxCoS (eI* (ExXAt2+X) )

ssÁLz=c0s (erx (Qxverz-Y) )

ÎlÂLz=c0S (rrx(nNza Lz+z) )

ÏALZ =RRÍ.L2# S SA L2{tTÀ1,2

IügXl J+ 
" 

#S S!\)X*.cos (r f x ( rxxÒ&+X ) )

sS0xI=CoS ( rt*- I qxYe¡l -Y) )

TToXr=cOS (rtx (nx-zoxr +z ) )

trÐXt=RR0X1* SSOXI*Tt0X1

RR0X2=þ u 
x SSFICX'êCOS (rrx- (rxXOX2+X) )

ss0x2=cos (rtx (qxvoxz-Y) )

TTOX2 =C0S (l rx (n*Z O tîz+Z) )

trfIXz =RROX2I+S SOXz*-Tî OX2

p,R0x3 =4. xs sFox.}rcos (etx (r*xox3 +i() )

SS0X3 =C0S (nI* I q"'YsX3 -T) )



lRl

trox3 = cos ( r rx ( nxzo xj -, z) )

F01'J =RR0X3,+ S SgXi +çTTOX3

RROX4=6 . +TSSFOXåICSs (rt* (exXoXk+X) )

S SOX4=OOS (lrx ( qxYsX¿{,-Y) )

TTOX4=0OS (l tx ( n"zox4+z) )

trÐ X4 =RROX,+* S S 0 X4'^1T 0X4

trTjIcl=FS I +¡¡¿ Lt +FÁt 2 +F\3X1 +F0X2 +F0X3 r-F0XI+

T,-p

M=â

ltT=R
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