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ASSTiìACT

The eigenva.l-ue problein of an open-ended, dieJ-ectric 1ca<Led,

cj-rcul-ar cylind.ricai ::esonator is ínvest:-ga'ced- b;r the bounciar¡- valtte

and numerical ';echnic¿ues to compute the vol-rurretric v'oid. f::action of

gas bubbles in organíc oil coolants u-sed. i.n sonte nod-eru nuclear

reaciors. The resoniitor sensing section geomeiry ís such that an

organic coolant (or simiL.ar rnateriaf ) is transported. tl:r'ou-gh circu-lar

pipes acti-ng as war.reguid.es on both sid"es c¡f the resonaLor sec-bion vtrose

diam.eter is enlargeo. by a d.ielectric ring. The results "t" sho,*.'ro

be in excell-ent agreement r¿i'ch experinental- data fort,hr: special case

lrhen ihe crieiect::j-c in the en-;-argenen'L is the safüe as ti:e'ùl'anspo;:'ceå

na-,,ef-i al 
"

. The technique is based. on the pertu-u'batiorr methcd ancl lead-s

to a linea.r s:hift irr the reson¿rn'c frequency of the sensoll l¿i'bh a linear

change in the vo'icl f.:action. ït is alsc shci¡rr that r¿hen t,he relative

permitti.rlty of the d-ietect::ic ma'¿erial- in the ring exceeds t-nat of

the tra¡rspor-r,ed material , the Q-facto:'of +;ìre l:esona'tor rises a.t tlre

expense of over-r.nod:irrg ru'here higher orcÌer modes may be excited a.¡rd

resr>natecl r¿ithin the narror.¡er band.r,rid.th of the clesired sensi-:ig moCe "

An exanin¿r+.ion of i;he rec¡u.iremen'us for optin'i.un sensi-¿ivity is done froni

the cornpu';ed- da.ta ancl it is shor,,'u thai -,he 'best serrsiti'¡i b)' i s a-chieved.

."¡hen '¡lie a.irnul-ar ring and, the cool-ani ha.vc tlLe s¿iinc i;c;'nibLivity.
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1. INTRODUCTIOJ{

l_ . l-. Gener"al

Since l9)+1 , l¡h.en Enrico Irerni fírst 1,'3-s able to control the

fissíon process of'a-tornic pariicles,'there have been nauy acivances made

in the desigrr of nu-clear reactors " Sinitar ad-vances have been made in

the study of rta-berials necessarlr'r,o the constructìon and- operation of

these reactors. A nunber of researchers have investigated the pro-

perties of fluid- materials for u-se as ïeactor mod.erators a::rd/or'

cool-ants. lvlateriats thar have been investigated iirclucle ht:avy and

ligh1r r,,ater, liqu-id- metals , various Sases and organic mater:La.ls.

Though the use of organic materials in this capacity was fi:rst

suggested- in'uhe Unite'J- S+.ates d-''rring'i;he Manha'c-''an Project of the

Second liorld- i,trar:, it r,ras not until- the early yealîs of the 1950rs

that the necessary technology and. -uecltnio.ues vere acquired to alfow

for the estabj-ish¡ent of the first test rea,ctor using organic materials.

The first experimental reacto:: using this material r'¡as the

Organic l{od.erated Reactor Experiment (OÌ'mE) established- in 1953 by the

America,n Atomic Energy Cor,rnission. Tests couclucted- r,¡ith this ::eactor

confirmed many of the foreseen adva,niages and dj-sadvantages of orgaliic

inal,erials(l-). The a.d-vanta.ges inclr.rcled. the lol+ \raæour pl'es;sure of the

organic, the ncn-corros j.veuess of the ¡naterial bo the structu::al

ha.rdl¡are (eg, p:-pes, valves) of tÌre reac'¿or, and. the sr¡all- amourrt of

ind.ucerl rad.ioac'uivi*.y in the organic rnaterial- caused- b;,r the

bombarcì:nent of neutron pa::ticì es. The mos1; seriou-s disa<iva,ntage
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encounl,ereal \"res the partial clecornilosi'i,icn of tl.e organic naterial

into higher molecula:: r.reight polymers and loi'rer roolecular lieight g¿ises

chiefly nitrogen. Thj-s d-ecornposì-tion occurred. r.¡hen -uhe materiaÌ,

at the operating tenrpera'bure of over 30OoC, vas bornbarded, þy tÌre

nuclear parti-cles. The resulting pol;noers were d.eposited. out of

the organic naieriaf onto metal sr-:-r'faces r.¡here they fouJ-ec1 the piping,

fuel- elements , and cooling areas. The gases remained in the coolant

but r.¡ere found to increase the cor'rosiveness and decrease the desireC.

cooling properties of the organic.

htrile the above-men-bior:ed produ-cts of decomposiii on

could. read.ily be removed from the organic cool.ant, no techniqueb

r¡ere avail-abl-e to d.eterrnine the concen¡rations of these materials

aside front sul:jecting a. sa.mple of t.he coolant-. 1"o che,nj"c:a,l -Lesis.

Accurra'be and ir¡mediate irnovled-ge of the concentrations r'¡oufd al-low

corrective neasì¡1es to be taken and greatly enhance the v¿rlue of the

reactor as an experimeutal toot. A practical methocl of monitoring

the rate of decornposition rsould therefore have to provid.e continuous

on-line data '^'ithout disturbing the flov of the coolant.

As the organic coolant and the prod.uc'"r,s of the decompositi.on

process are d.ielectric materials of various diel-ectric constan+.s, it is

reasonable to assr:me that different concentrabions of these ma'¿eriafs

isil"f ha.ve different d"iel-ecirj-c cons'r,ants. ft is -bherefore suggestecl

tha.t measureinent of the d-iel-ectric consta.nt of the mixture r¡oulcl

'pl:ovide inforrnation as to the a.mount of decornposi-tion.
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tr{hile there are narÐ¡ method-s of d.e'l,e::mi.níng the cliel,ecLric

cons'l,ant of a materj-al or a mj.xture of mater-jLals (for er-amp!-e,

impedance bridges at l-oi+ freo.uencies , resonan-r, cavit-,ies and- circuits

a'L high frequencies ) noue of these are su-itabie und-er the ph)'sical

conditions that alîe present r.rhi'le the reactor is operating.

Tfirica1 rral-ues of temperatr-u:e and. pressure of the cool-an'ù are )+OOOC

and- )+00 psi respectively. .AJ-so, the cond.ition r¿as j-nposed thai

the info.¡:mation about the mixture should be continuous and be given

in reaf tine. lhese conditions imply that no method tha-r, requires

the removal of a 'rest sample from tire bulh of the cool-ant l¡ould. be

suitable " lt is apparant that the meas'urernent system woufd. therefore

i:e physically includ.ed. in the cooling ne'Lr+ork of the reac'üor.

In bl¡is thesis a rror.el- de.;ice as repori--ed in (B) is arppliecl

to the problem of' d.etermining the d-ietectric constant. The device

consists of an open, cylindrical cavit¡' vhich is resonant in the

microrr'a.¡e frequency region. The cavity is connected to and- is

concentric vith 1;he pipe that transports the coofant as shor'¡n in

Fig. 1. From an external obse:rvation the cavity will appear as

sinrply a stepped. increase in the d.iameter of the pipe.

Closed- forn sofu'cíons for the t'f field-s in stepped

cylind.rical 'vraveguicles have been atiemp'ced- previously for various

ap¡rlications in communication systems (z-h). i'lo attempt has been

ma.d-e, ho¡,¡ever, to analyse these struc1,r:res t¡hen a pair of such steps

ale so arrartgecl as to forn a singie-mocle, open resonator using ihe

section of l-argersize llaveguid.e. Nor has ihere been any at'uempt to



Fie. 1

General v-ierq of the void. fraction
monitor with a section of the
cond.ucting va11 removed- to show
the d.iel-ectric annulus in the
stepped- region. The arrol^rs
ind.icate the flow of oiJ- through
the monitor.

þ



anafyse such' ïesonators as microl^rave sensols for the purpose of

relating the electrical paraneters in real time to the plrysical

properties of a lâa.terial- flowing continuously through the smaller

size waveguide

Open cavity resonators have been used for continuous

measuïement of materiaf characteristics previously. Thorn and.

Straiton (5) and \^lenger and Smetana (6) have designed and tested

such devices for the measurerûent of various properties of smoke and.

hydrogen gas. These tr,¡o resc-rnant structures are similar in their

designs in that lengths of cylind.rical pipes are used to form the

resonant section and the end sections which transport the material

and- vhich operate be'l ow the cut-off fregueucy of the dolninant mode

of the resonant section. These designso hoL,e-,,er, creatc an und-esir-

abl-e disturbance in the flow pattern of the fluid. to be investigated.

More recently, Castfe and Roberts (7) ernpfoyed a d.esign that ¡+oufd

give continuous measrlrement d.ata on an undisturbed ffor+ of crude oíl-'

Ho-nrever, at reasonable frequencies this method. is only applicable

to small cross-sectionaf flov areas of the oil. A struc'cure of

similar external geometry to that analysed in this thesis, but not

simil-ar internally has also lleen recently tested and- reported- by

Stuchty et af (8). The inte:cnal geometry of this structure is such

that the fl-ov is distulbed., houever, and the resul--ts can only be used

as a comparison for a special case of the sensor analysed. in this

thesis.

In general the resonator shoul-d. not present any impedance to
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the flow of the material and. particularl-y any sud.d.en change in pressure

due to an abrupt difference in cross-sectional area at the step

d.iscontinuities. This is overcome in this thesis by filling the

stepped. region ¡sith a ring-shaped. d-iel-ectric material such that the

cross-section of the smaller pipe is maintained physically, but not

electrically through the resonator section. The analysis of the

structu¡e is thus more complicated. than for a single material resonator.

The analysis is therefore generalized. to cope vith this structure

with the und.erstanding that the relative d.ielectric constant can

always be set equal to that of the floi+ing substance whenever the ring

is not needed.

As originally suggested by Hahn (9) and. subsequently extended.

tc other prcblens by Bolle (fO) an¿ Bhartia and. Hanid (ff) tne fiel-d

configuration of the sensor is first d.etermined. for the various

regions of the sensor. The bound.ary cond.itions at the conducting

l¡al-ls and. the interface cond.itions betl¡een regions are then applied to

give the unique field solution for the total- sensor

r.2 Rel-ation BetweenJoid- Flaction and. Dielqct:cic Constan!

To prove that the proposed. method. of d.etermining the

concentration of materials formed by the decomposition of the coolant

is feasible, a mixture of two mate::ials vill- be inves'cigated.. Tne

host material vill be the organic coolant l¡hich will make up the

greater par'c of the volume. The includ.ed material ¡¿il-l- be gas in

'bhe form of small void.s (t'ub¡Ies) vhich vill make up the lesser pa.rt

of the volume. To relate the concentration of the voids to the -r,ota1



volume of the mixture, a ratio called. the void. fraction is d.efined

as follows:

voicl fraction (v) = vofurne of voids in the mixtur€ (r. z.:-)
total volume of the mixture

vhere the total- volu:ne of ihe mixture is the vol-ume of the host

material plus the volume of the voids. The void fraction can vary

betr.,een O.O (no void.s present) to f.O (no host material present)

although for practical con,siderations the void. fraction vill- be in

the region from o.o to o.l-. The sensor of Fig. l is d.esigned to

allor¿ for an accu-racy of better than +- O.0OI in the deterrnination

of the void fractíon in the region of practical interest.

The incfusion of a smaI1 volume of a dielectric material

in the larger volurne of a second. d.ielectric al-tei's the fiel-d. sbructure

present in the second materiaf. This effect has been studied- by

perturbation theory (fe) and the results are l¡e}l knor'm. When many

smaIl :',ncl-usions or voids aïe present the effect of each separate

inclusion on the fiel-d. structure vould. be d.ifficul-t if not impossible

to analyse and- certainly time-consuming to compute. As an example

for a total- volume of t cubic meter, a void fraction of only 0.0It and

uniform void.s vith the fairly large radius of l- rol would. require the

analysis of approximately tvr¡ anC. a half nillion perturbations.

To afl-ov for a more pïactical, but possibly less rigorous

solution of the problem , the mixture can be replaced by a hornogeneous

material of equiva-l-ent d.ielectric proper:ties. Therefore, as the void'

flaction of the mixture changes so rsou.ld- the dielectric properties of
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the equival-ent material.

The above technique has been substatiated both theoretically

and. practicatly by many authors (f¡-f¡). These authors have derived

refationshíps betveen the void fraction and the equivalent dietectric

constant but all are based on the follolring five assi.mptions:

1. all incl-usions should. be equally sized- and

should. be small compared. to a wavelength of the

field,

2, the total vc,id fraction should be smal-l

(usual-ly less than 0.1),

3. the void.s shoul-d be evenly distributed.
through the total volume,

l+. the shapes of all- the voids shou-l-d- be

roughly the sa^rne, and-

,. if the general shape of the void.s is
uns¡rrnmetrical , then the orientations vil-l be

knovn.

In ad.d.ition to the above assrunptions, some of

take ínto account the polarization effects betl¡een voids

void a¡rd. host material-.

the relations

and- betveen

In the case of a éjas-organic coolant mixture at the tempera-

ture and. pressulre mentioned. 1:revì.ously, there is d.efinite certainty

that the voíd.s l¡ill be consistan-:;1y smaIl' evenly d.istributed., and-

generalÌy spherj.cal. Since the sensor is d.esigned. only to operate

in the range of void. fractions from 0.0 to 0.05 the second. assumption

is also satisfied..



It was decided. that Böttcherts foruula íor the effective

d.ielectric constant for a tl¡o material- mixture woufd provid.e sufficient

accuïacy for the need.s of this stud.y. stuchly et aI. also used

Böttcher's relationr so use of it in this study r+ould be consistent

if a conparison is to be done for the special case described later

This formula takes into accor:nt of a smaÌl polarization effect and.

appears to be more accurate for this mixture than some of the others.

The form of Böttcherrs relation used in this investigation

AS:

(t.z.z¡

where

e" is the relative d.ielectric constant of the coolant

eo is the relative dielectric constant of the gas voids

t, i" the relative d.iel-ectric constant of the equivalent material.

For small vafues of void. fraction (t . 9.05), Böttcherts

relation ""r ¿lmost exactly be approximated. bJ' a straight line. This

fact is important as it l-ead.s to linearity of the resonant frequeilcya

voj.d fraction curves present"á tat"" in this thesis. fig. 2

shol¡s the curves for the equivalent relative dielectric constant for

various values of e" vith do equal to olre

em :ec - 3ven¡t"J t" 
I\r,*" I
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2.I Principles of Operation

AJ-though, as mentioned previousl¡r, the principle of micro-

aJave open-.ended- cavities has been employed for some tine to monitor

the ind.ices of refraction of gases and- the permittivity of liquids ,

and. gases, the present sensor r¿as mainly developed. for monitoring

the void fraction of organic coolants used in some mod.ern nucfear

reactors. Since these coolants are transported- at very high

temperatures and. pressuïes, the void. fraction has to be monitored l¡ith

littl-e uncertainty in the range of 0.0 to 0.05 for safety and other

operatÍona1 reasons. 
'

:

For the sel-ected. fYequency of operation, the circu-l-ar

liaveguid.es at both end.s of the sensor seciion, formed by the ccolant

piping, operate befol¡ cut-off çhife the sensor section is d.esigned

to operate as a re,sonant cavity. 
'

l

i

For small values of the void fraction, the resulting change

in the relative d.ielectric constant of the mixture'caused by a
:

variation in void. fraction is expected. to renain small and. along a

finear relationship (i.e., in the perturbation region). Since a
i

change in the d.ielectric constant of the mixture results in a change
:

in the resonant frequency and. Q-factor of the open-cavity it is

possible in principle to retrieve the voio. fraction in real time
i

b¡r termina-l- nreasurenents using standard. techniques.
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2.2 Forlmrl-¿Lt',iou of t-,Ì-ie Probien

consicler. the open ca.¡ity resonatcr shov'n in Fig. 3 r'¡here

a circu-lar cylind,cical r"aveguide of racìius d. is enlargecl to

radius a over the axia.t seciion from z : 0 to z : L' Tìle

l¡all-s are assulnecl perfectiy conducting and. the inte::ior space is

fill-ed- r¡ith a clielecbric r.¡i'¿h voids in regions I and- IIf and a solicl

d-iel-ectric ring in region TI. The three regions, as referrec to

above, are definecl as:

regÍon r Og:d; Ot(D'â ,t; OÍ-^*

region II d<rca; O'Q'2¡,; O1z5-L Q'z't)

region ffI Otltd; 0t0:2îr; z:O and z>L

Thestr'ucturehascompletes¡-mmetryabout-ohezaxisinthecylindricaf

co-ordj-nate system (t, Q, z) and the tine depend-ancu (uj't) is assumed

and. suppressed throughou-b .

T'he concentric d.iel-ectric layers in the sensor section produce

neither pure TE nor pure Tlr{ modes, but rather a composite of the t'r+o

(f6, ft). The solutions for the axial and radial components of-bhe

magnetic field. may be expand.ed in terms of the pa::tial Tlt{ and' TE modes

as fOl I ortts :

n, = * (5t' o'l PE Q'z"z)
ÕL

H- = l- ârl,I4 o I a2.rtr
ñ- ' à ãta, (z.z.l)

l¡here â is the characterisbic inpeclance of the material

,iE i" the electric 't+ave furiction

4,I{ is the riagnei-,ic rua.ve fìrnction
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Region i:

,l,i = nla An,n ,,.,(Ln") cosrnÖ { cosctnz + Afrnsino'o- } , m=0 ,L,2,"'
(z 'z 't')

E " i- B J (t<t) sinr:rQ {cosonz+B-tnsino,nz }?^*=0,r,2,..vr q.3r -r-.ûq'rntr\qr / r+*r¡!Y ' *--"q- r¡le '1 ( z.z.;)'

for nodes that are syrnmetrical alound, 
" = * r.¡e have

^r _ Dl _ I - cos o^L
JI (z.z "6)ìno rto--1 --1 srn o L

q.

for mod.es that are as¡.mmetrical aroun d z = N rre frave

Ar =Br --1 -cosooIJ
IrrO fto 

--:--
---a

(z.z.t)

(z,z .e)

(z .z.e)

(z.z.to)

q

(a.z.n)

r¡here k?- = k2 eoI
- t-2, ^, 2

qq

t^K -'¿it/^-^o _.', ,.o

ãr= þ u,.

æcHence H -= -Ï-B x' ,l (x r) sin(mÖ) { co"o z + Bf sins. z JzI o:-L_mq q m q q mq q

,T

H"r= o_Er I A*c. 
î 

t*(ont) { cosonz t ,alosino*z }

+ B kq Jr(tr){sino¿ z -Bt "oro, I sinrn$ nrnrOrle2,...mqqqn q q. mq q

(z.z "tz)

r+here J* is the Bessel- fr.mction and. the prine superscript ;lbove: them

Bessel- function d"enotes d,ifferentiation i.'ith respect to '¿Ìre toral

argument.

Region If:
l{Vrr = 

"i, 
t*" t rrn(n"r) + glr,-(r."t) I cosmó { co:;ß"2 + cr.sinß"2 }¡

m= o',rr2 (z.z.r3)
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úÏ, = i- D*= {Jr(k=r)+ nf,= N*(k"r) } sin mt {sin ß=z
s=l_

+ Dr" cos ß", ], m = O , I, 2' ..... (Z.e.fl+)

vhere k?- = k2 e--l-Ì o l-l-

= u!+ ø2" (z.z.t>)

' îr, = jr,rulr Q.¿.16)

and. N,o are the Ner:mann fi.mctions. Hence

' "irD*" 
k3 {.r*(t"r) * nfl=mr(r".) } sirrmq { sinß"2

--,TT

+ Df cosß zÌ (2.2.lr7)
MSS

Hrrr= ãEr [c*= 4 { 'ro,(x"r) o nfl"rvro(t"") } { cosg"z + cr"sinß"2 }
r
* Dr= k=ß" { ;;(r<"r) * nfi"m;G"r) }

ã
{D, sinß z - cosß z I si¡rmó (e'z'r8)

MSSS¿'

Region III:

fn this section the field- is composed- of only TE modes '

E - 99 ^ - t. 1 ¡SlIl ltrO. r,úîrr =,,lr t* rn(knr) ,::: iË ] {cos \nz+Gfi, sin v,,z}

.m=or¡r2r.... (z.z.tg)

for mod.es symroetric around. , = * we have

Gr
tnn

1 - cos v-L
- .tr

(z.z,zo)sinvL'n

for modes asyrnmetric around. , = E ve have

(!t - -1 - eos -rtl,\J_ -

sin YnL

(z.z.z:-)
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where

s].nce

and hence

kît, =

=

z__-1II =

'III

k?-- -1LL -

k2e-*-o III

xfr+vn2

jturrr

e, and.

k! and

@2
H---= r-G ËJ(tr)LIIL fl=I lrlll n m n

=-'lrr

æH---=-I-G kyJt'rfII n;f -mn n'n m

=-,IIT

(z.z.zz)

(z.z.zz)

obtaín

(2.¿.2\)

r sinmó r .( :;riä ) { cosY,rz + G',rsinY,rz }

(2.2.25)

utrr

q-III

UI lie

uL

(r r)
n

r sinmó r .I ; I tslnY z - G-r-cosY-z i\ cosmQ '¡ ' --- 'n lnn 'n

(z.z.z6)

2.3 Appfic.tion of Bolrodary Co

The fiel-d. solutions for regions I, II, and IfI are general'

Tospecifytheuniquesoluti'*nf,ortheseregions,theappropriate

boundary conditions must be applied ' The conditions at the

conduetingwalJ.stobeimposedonthemagneticande]-ectricfield-s

in the three regions are given bY

atr--a (2. ¡. r)

atz=0andz=L (2.3.2)
H- -0L- II

:
" rrr

(e.¡.:)

Theseconditions'uponapplicationtotheappropriate

field. expressions, lead to the folloving relations

H =Q
"rr

E -0-l^.II

E -0 atr=d
'rrr -



17

F.E =-ms

J(ka)
MSN*rI

J r (k^a)mÞ
Nr (k^a)
mÞ

Cr o Q
MS

Dr = 0ns

ß^ = sT
Þ

L

Jj(qra) = o

. Íhese relations are to

(z.z.:-:-), (z.z.rz), (z.z.aT), and.

these erpressions, they i¿il-l not

be substituted, into the expressions

(Z.e.f8). Because of the length of

be rewritten here.

-MH =-MS ( e. s.l+ )

(2.s.>)

Qs.e)

(z.s.t)

(2.¡.8)

(2.=.9)

2.)+ Application of Interface Cond.itions

The interface conditions, special cases of boundary

cond-itions, are applied- r,¡henever tvo regions meet at a common borrndary.

They are applied. to insure that the fields do not have discontinuities

where none are alloved.

fhe following are the tvo cond.itions:

1) all tangential fiel-d. component" (ez, 84, Hz, HS)

are equal on either sid.e of the interface betveen regions

T and II (i... , at r = d; Oj:0:2r ; O< z.L), an interface

beti+een tr^¡o d.ifferent d.ielectrics; and
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2) all field. components are equal on either

sid.e of the interface bebween regions I and- fII
,.tl.e. ) a;t z - u and. z = L; rld; 01Ô12), actually an

imaginary interface where the d.ielectrics on either

sid.e of the boundary are the same.

Between regions I and II the orthogonal-ity property of

trigonometric functions is applied. to the following expression resulting

from the first interface condition:

L

Jn".,
0*

sin e,¡ z dz = fr, | "ir. t.tr z dz

r-d r- ,orttl"=a L

L--r1203r...
(e.l+.r)

substituting the appropriate fiel-d. expressions, (e.l+.1) becones

P B , - t. .\ . r L

nl, ä 
on t*(unu) sin nf i {"o"on, Bi,^ sin'^z }sin 'c n

b' 
-q mq q" A-¿'dz

: î þ" ks{rm(ksd) nfl"ç(r."d) lsir, *0
s=a zII

s1¡I z
L

L

T
0

s1n sin 0n -a Ao

Lo 
uo

(2.\.2)

Because of thê orthogonality property of the trigonometric functions

the integral on the ríght sid.e of (2.l+.f) is non-zero only for vafues

oÍ s = .dand. thus the values of the constants D.u are given by

D='rrim.C =--^T g=l
..r(ta)m' o

l-_Á.ts r Qro
ms_ tF,'

v"

L
2' {r;(tua) +nEuiv*(riua) }
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c t 9,'it's,' -(-- )qL

Sirnilarly, applicatioir of

contponent of t.]re eleciric

1g

{ (-r)r sin c L i.Rr I r - (-r)s cos a L] ]q Intl- q 'i

1z.t+.:)

the orl:Ïiogonali-,";' property on the i_ougitudinal

field. jn the a.nalogcu,s e>lpressiorr

9,! z dz
L

-!r-J
o

9"r
L

Li"
tr

0 "rl cos

l:: = d

z ð.2 ,rr i cos
t-lr-ü

/e )r )r\

gives the rralues

(/
m̂.Í,

of the

"ll ø

=-LV_ q=l

constants C ^ml,

-li
^*n(d)'

;r(toa ) L

Jr(Jrua)'Rlu u*(tua)

where i, = joe, 
"rrd

j, t'

Betr¿een regions I

f\:ncti ons is applied io the

second- interface condi.tion:

(-r)s cos cv ll ]q-

cliarac1 eristic
d-ielectrics

a2 - (*nlz
q.L

/e )L q\
adml-ttañces 01'

and fII the orthogonality property of Besse-L

folJ-ot.i,;-rrg expression resu-l-ting from the

(.-r)g sin o L+Ar lrq mq" q

the

the
JTT

Ju 
nr-l t' r

o -lt=¿
r- Iolni ) rclr
d'

d
-nÍu I,l "¡tiOI r

_ kr.J,lnt\-m(-¡-r / rd.l',

=d i = l-r2r3r...
(2.\.6) -

where l.-,_t- sai,:l-sfied- the relatior: J't(iit . ) -
ml- Iti 

- ltf '

By substiùu.Ling the apr::opria.te erpi:essions

ccnponent of the nagnetic fieJ-d., we obtnin

O o.ue to equation (e . 3. 9 ) "

for the longitudi-nal
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for the val-ues of

the integrals are

the expression

ma

BmO -.-=& Iç' sl-nz_o,L'

yr.2- 
^2mt

æ
ç

g=1

P G kr. c .
= L mt m-t .' san
q=l Er, d )

kr. _ kr.
(#r)rnþ4Lr)rdr

J-(k-r) ¡ (kåi. )mqmã=

iB k2 d 'r;(toa)
q=l mq q -- T- m|J (z.h.e)- 1r- -, m]-. - m- m'rq td.J

d

nQI
0

d.

'oJ t,
0

(2.\.t)

t = i, -the integral on the right is non-zero. Iffien

evaluated. the cons+.ants G*. can be d-etermined. from

2.5 Eigenvalues of the Sensor

fhe constants C*, Dq¿, and. G*, calculated. in the previous

sect:lon are used io determine the field.s in the sensor. To d.etermine

the eigenvalues (tq) of the cavity, the interface cond.iiions betlreen

regi.ons I and. II are arranged. in matrix form. As there are two w_ave

functions d.etermining the field. components (due to the non-existence

of pure modes), ttre matrix is found. to be a l+ X )+ square. ÌIhen the

d.eterminant of this matrix is zero, the sensor is at resonance and

the eigenvalues and. resonant frequencies can be found..

The form of the determinant j.s given below vhere the

superscript M denotes fiel-d components d-erived. fron the magnetic

wave f\nctions and the superscript E d.enotes those derived from the
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electric -t+a.ve functions :

El'[ o EM o

'r 'rr

oHEoIrE,T ,IT

0 (2.>.t)
ol, '1, {r, o*u'

.J''f --E -f: nTn*, no, t'*,, "o 
ra

Equation (2">.1) is solved- numericalty by varying the values of un irntit

a solution is found. The valu,es of ¡¿o are related to the eígenval-ues

Ìrn by (2.2.9).
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3. ÐER[irEE ANÐ cAtcULATED RESULTS

3.1-

Once the fiel-ds are knom from the previous sections, the

Q nay be determined from the following basic equation

' 
Q = r¡ x time average of ener€l¡ slored. in cavity (S.r.r)

energy loss per second

Since at resonance the time average of the enerry stored. in

-'he electric and. magnetic field.s are equal, only the energy stored in

the electric field. (I^I") viff be calculated.. As the resonator is

subd.ivided into tvo regions and. there are three electric field.

components associated. vith the TE and. TM mod.es in each region, the

e4pression for Wu, usíng standard procedures (fB), resul-ts in the

folllowing six integrals :

. we : e [rr+ 12+ 13+ rh+ rr+ r5J 
._ 

(s.r.z)

vherè
2¡r L d.

r1 = I J I E. .E_ * rdr dz d.Q (E.r.S)
0 0 0 -r -r
I

2n L d

. ro = I J .l Eo . Eo * rdr dz dQ (s.r.l+)
-000'T'r

2t L d- (:'r' ¡)l,=I J I n .E,r+ rdrdzdó
' o o o 91 91

2t¡ L a
rl=f J J E_ .E_ *rdrdzdQ (s.r.e)

' o 0 d 'II 'II

2rLa
r.=.l "1 J E- E- *rdrdzd.g (S.r.7¡tood.'rr'rr
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2n L a
rÁ=I I J Ea .Ea *rdrdzdQ (:.r.8)
' ô -oà qrr err

Using the pre-rious resufts for the electric field- components and.

performing the integrations ve obtain length¡r expressions vhich are

given in the Append.ix.

The power d.issipatea (eU) in the cond.ucting boundaries of

the resonator may be obtained from the magnetic fiel-d. components

tangential to the wall-s as elq)ressed. by the foll-owing relation:

Þ =R r _ T

'u - Ë 
'L 2r7+ zr1 + zrg+ 2rro J (S.r.g)

r¡here
R = ,'!fr-l-,m \T)

o is the concluctance of the material.
2tr a

r"=f JH* | rdrdQ 13.1.10)
' o d Yrrlr=o

2na
rc=I J H_ | rdrdg (s.r.n)Õ ö ä 

"tl--,^,
I ¿-v

Ztr L
ro=l J H- | rdzdþ (¡.r.rz)
' o o 'rrlr=a

2nL
tro= d { nrrrl"=r'dz dþ (3'1'13)

Using the expressions for the magnetic fie1d. components in region II

as defined previously, and. by perforning the integrations, lengthy

._. e4pressions for I, to fr' are found. as given in the Appçnd.ix.
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The Q vas then cal-culated accord.ing to equation (S.f.f )

using the values of f, to fr'. The d.imensions used. r.¡ere those given

by Stuchly et a1. The results are presented. in Tabl-e 1.

3.2 Numerical Results

ïn order to evaluate the propagation constants o,O, the

d.eterminantal equation (2.5.1) l¡as solved. nirmerically using an fBM

Systen 370 digital computer at the University of Manitoba as an

exact solution l¡as not possible in closed form. The nurnericat nethod.

enployed. used. a mesh-halving technique to arrive at a reasonably

accurate answer whil-e not consuming too much computing tine.

To get a rough map of the values of the d.eterminant, an

ini-tial- sweep of all integral values of oO from zerc to a d.etermined.

upper value i+as d.gne. Using this coarse mesh size, the zeros of the

d.eterminantal equation could. be d.etermined. as shown bel-or¿ and a

range of val-ues vas d.etermined to i+hich mesh halving vas,applied.

The zeros l¡ere d.escribed. numerically by the

i) the arith:netic signs of the values

a-." (see Fig. l+") *er" oppositem+l-'

ii ) the absotute magnitud.e of ê, *u." less than

the absolute magnitude of Am_l

The first condition insures that the tvo outer points of the

mesh bord.er the zero, The second. cond.ition convergence to take place

about poles of ty¡re P2 in Fig. \a where the nesh points are such that

condition (i) i" satisfied: Fig. l+a is a graph showing the various

ty¡res of behavior that the value of the d.eterninant cou-l-d. show. Only

cond.itions :

A' and.
m



Ér
¿-

z
H
¿-
Ê
rn
F{ti

E
F

o
f¡
aÐ
Fi
H
z()
à

I
I
!
I
I
iI
I
I

I

I

I

t
t

0

I
$

I

I

!

I
!
I
!

I

I

t
å

!

i
!

I

(os.) ( 
"q.)

6m+l

z2(où lPz
n*1â

I

I
!
I

¡

¡

I
!
I

I
¡

I

Fig' l+ a

General err.rve of the value of the
d.etenninant as a funetion of the
propagation constant

PROPAGAÎION
CONSTANl

l\)\'t



(-.j

z

H
è-

O

tda
rn

Fi

Lt,
al

rn
a
t)
(-i
Hz(,
¿.

--
I

-t\
HInln

_t_
l(
I

I

I

I

I

I

I

Fie. h¡

Graph of zero vith bounding
termination eonditions

PROPAGATION
CONSTANT

f\)
o.



c-ÌLl

zeros of types ZI oy: Z2 are true solui,ions. Ilor.¡ever , unless ilre

above tr,¡o conditions i,rere appiíed convergence afso cou]-d. occur at

sadcll-e points (s) an¿ poles of type I'l (one-sided) or PZ (tl¡o-sided).

fn order to achieve convergeuce to an acceptable clegree

of accuracy, lrhile no-b alloiving the comluting 'bime to becorne

excessive, tr,ro simul-taneous conditions vere imposed to alfoL'

truncation of the convergence process before a n'-¡nericall1' 61çr"t solution t¡as

found. The first cond-ition pernitted. 'crr.ncaiioir r+hen the follolring

rel-ational inequality vas satisf ied.:

(ot)r, - (o.a)rr-1 -ôoq

r¡here (ot)rri" the nth

( cxt)rr_1 is the (n-r)trr

i-mport,ant to no1,e +-hat

they bord.er a zero.

(s.z.r)

propagation value d.eiermined.,

6o.c1 is the d"esired accuracy. It is

A* . i,,.i.11 be of opposiï,e sign as
n--L

valu.e of the

value, and

^ ^*¡1*\ aj lt¿
n

The second cond.ition '\,¡as imposed. according to the inequality.
,l¡il < Àmin (s"z.z)

vhere Âi is the ith value of

i;he required. minimum value.

about 'r,he exact va-l-ue of the

the rectangle d-etermines the

by the numerical teclinique.

The tr¡o conclitions

time r,¡hil-e stil-l- a.lìowing for

the d.eterrninant i:r (2.5.1) and. Amin is

These tr¿o cond.itions form a. recta.ngJ-e

zero as sho.,rn in Fig. l+¡. The size of

acc,¿racy of the final ans!¡er d.erived.

allov Í'o:: a redu.ctio:r in

a^r1 accu-r'acy bet'cer than

the cornputing

a sirecifie,l
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TIiBL!] I

Material Contained in Fegion

II

Coolant vith v=0. O Coolanj.; r¡i-uh v=0. O 168 ' 3

¿ = ?-.5-jO.O15 e-- 2.5-j0.015''1 f

Coolan'¿ rril¡ v=O .1 Coolant r+ith v=0.1 16B '5
e = 2.)+Ol-jO.o13 e^^= 2.)+Cr7-¡0.01-3r"T
Coofan'b r.¡ith v=0.]. rliel-ect::ic ring I7T'I
e -- 2. l+Cl* j 0. cr3 ¿-* 2. 5.'i 0 . 0c01
r"T

hpty v= f .0 EmPt¡r v- 1. O 36OO ' O

e = 1.0 e--= l-.0rr

coolant: e = 2.r-io"Ol-5 for no void' condition
Tn-

walf s : alunrinu¡n o= 3. \3xl-0'
n

permittivj-ties : u='- I+mrlO- |

Q-fact,or of the ca.l'iby. íor ih"-!Stt$ng-n9de
> æ

Note; d.ue to tnu "*tìf values of e rr the
nl:te::ial-s vel"e considered to be lossless
in the contPuta'rious.

a
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1init, As can be seen from Fig. h¡, satisfaction of one eond-iti-on

d.oes not necessarily inply irnmed.iate satisfaction of the second.-

In the numerical solution of this problem, hor,rever, the value

of Àmin was specifieo. at a sufficiently small size that both

conditions (1.2.1) and (t.2.2) could be satisfied almost

sj¡ultaneously. By choosing appropriate values sufficient accuracy

'was achie.¡ed. to allow for d.etermination of tre resonant frequency to

within the desired. limits (t 0.1 MHz)

As a first step in solving actual physical problems, the

nu¡rerical proced.ure was carried out for the case vith L = 0.I2lO m,

d = 0.0635n and. a = 0.0787rn vith rf : rïf. This special case,

with the same material in region fI that is in region I, was chosen

as the results coul-d- be compared. with the available erçerimental data

given by Stuchly et a1.. The range in void. fraetions vas from

0.00 to O.05 which corresponds to a range in re.l-ative dielectric con-

stants from 2.50 to roughly 2.\1 fron Böttcherrs equation (t.2.2).

To get a good- sample of data points the resonant frequency

was calculated. for eleven points in the void. fraction range given

above spaced. at intervals of 0.005. The calculated values are plotted

in Fieuïe 5. As vas d.esired- and expected., the graph of the points

is roughly a straight 'line. On comparison l¡ith the er¡rerimen'i;al

results availabl-e (shov.n by the crosses in the figure ) tfre agreement

is remarkably good.. The cafcul-ated stand.ard. d.eviation of the

difference betrueen the e>;perimental d.ata and. the cu::ve derived. in this

tlrc.sis is l-ess than 0 .2 IvIIIz. Tkre agreenent of these results le:rds
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creôance to the proposed solution and. gives confid-ence in the

resuats for other cases which are not substantiated. by

experimental d.ata.

Other val-ues for the rel-ative perinittirity of the material

vithin region fI r+ere afso investigated.. Three of the va]usc ¿="¿

r¡ere 1.5r 2.5, and, l+.2)+ witn the resulting curves presented. in

Figs. 6-8. As can be seen by a comparison of the sol-ic1 lines in

these figures and. the d.asired. line, there is a reduction in the

measllrement sensitivity in all cases. However, for the value 2.5

the reduction is mininal. fhis vaiue is a reasonable compromise

between the d.esired. sensitivity and. the need for a solid. d.iel-ectric.

In rrnshovn results for values above )+.2)+, it Ís evident thai -,,he

sensitivity d.ecreases. Therefore, as previously mentioned, the

optimal value is close to that of the floving material.

Figr:res 9 and- 10 are representations of the results for

sensors l¡ith varied. size of outer diameter. As can be seen there is

some increase in the sensitivity as the d.iameter is enlarged.. tr\;rther

d.iscussion of this material will be found. in the next chapter.
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l+. CONCLUSION

h.f Discussion of Results

Ex¡mìnation of the results presented. in the preced-ing sections

shows that the agreement with experimental d.ata for the specia.l- case

of e- : a-- is remarkable. The computation time required. to achiever tt_

this agreement vas large though not overly excessive and. vould lend

itself to the d.esign of actual cavities. A large portion of the

time was taken in the d.etermination of various Bessel frinctions

l¡hich had. to be recal-cul-ated. for every iteration as the argument

changed.. As the subprograms used. vere the fastest generating

avaitable, little hope of d.ecreasing the conputation time by pursuing

a óourse in this d.irection wouJ-d. be expected.

' T'he nr:mber of terms for the expansions in the d.eterminantal

equation (2.:.f) used. to achieve the specified. d-egz'ee of accuracy r,¡as 12 - 15.

This vas in the vicinity of the range reported- by Bhartia and. Hamid.

(ff) for a mathematicalll' simil-ar situation based. on a simpler

geometry where composite (longitud.inal) mod.es lrere not present as the

cavity contqined. only one d.ielectric. Red.uetion in the number of

terms would- red.uce the m:mber of Bessel functions that must be

calculated. lead.ing to a red.uction in the computing time for each

iteration. Hovever ¡ à greater mrmber of iterations would have to be

d.one and the end. result, in terms of computation time, vould. only be

a slight improvement. rt must afso be kept in mind. that this vould.
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also result in a red.uction in the resultant accuracy.

The previously-mentioned. agreement vith experimental d.ata

incr,eases the confidence in the resufts for the more general cases

l:here tt / .Il. These :results are necessary for expand.ing the

applieaticn of the sensor to o*uher fl-o.,¡ing materials or mixtures

of d.ifferent materials where knoi.¡l-edge of the vol:metric ratios

(or void. fraction or moisture content in some applications) are

d.esirable and. Iie within the pertr.rrbation range. Foreseen

ppssible uses includ.e measttring the moisture content of butter
\

or saïsages and. -r,he butterfa.t con-t ent of ¡rilk.

As the d.esign specifications of the sensor required- only

operation within the void. fraction range from 0.0 to O.O5rno previous

mention was mad-e as to the conputed. behaviour of the sensor beyond

this range. However, for the sake of completeness and. possibl-e future

use, the range of conputation was doubled- for some cases. As was

mentioned previously, the behaviour of Bottcherrs equation for small

values of void fraction was nearly l-inear. This behavior was evident,

in the case of the material-s d.iscussed. in'this thesis ' up to a value

of V equal to O.Ol. From Fig. 2 it ean be seen that the curves began

to curve as the void fraction increased.. For an oil- with relative

perro-ittiv-ity equal to 2.!, the curvature t*'as most noticable in the

mid-section of the graph from V equal to 0.2 to V equal to 0.7. As

the resonani frequency is depend.ant on the d.ielectric constant, as
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shom in this thesis, the resonant frequency vs' void. fraction

curves r.¡ere also erpected to show a non-linear behaviour in this

region. As no experimental d,ata is avail-able for values of void

fraction greater than 0.05, it is i-mpossibl-e to pass conment on the

accuracy of the technique for comparatively large values other than

to say that the d.ernonstrated. agreement for low values could- be

extr:apolated. to higher values.

flhemainproblemarisingf;.omtheextensionofthis

monitoring method. into the higher void fraction region is that it

is moved. out of the perturbation region. The relations between

void fraction and. clielectric constant are defined- and most exact in

this region. However, if not as exact d-etermination of material

quantities is required., then it is possible to use such a monitor'

Due to the curving of the resonant frequency vs. void. fraction

cuïves for larger values of V the sensitivity of the monitor decreases

assuning a constant accuracy in the deterrnination of the 11'squency

ftris can best be illustrated. by a sinple example. Tf the slope of

the graph is O.OO15htfrIz (i.e., a change of 20 MHz for a void fraction

going from 0.0 to O.O5) then with a d.etection uncertainty of 10"2 IÍtHz

the rrncertainty in the d-etern-ination of V would. be 10.0005. For a çlope

1¡f.çnI¡, 0.00'/NlHz then the coruesponding uncertainty would' be t0'00I'

llhi1e the first anslier is much better than designed for, the second'

is at the upper linit of the afloved'.rncertainty. Because of the
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eurvir.g of the graph the latter value of 'slope may be achieved.

when the void. fraction approaches 0.1. To achieve the best

possibie accuracy in the d.eter¡nination of the void. fraction from

actual measured. resonant frequency d.ata containing some uncertainty

it is thus d-esirable to have the highest possible change in resonant

frequency for a correspond.ing change in void. fraction. Tlris is a

consideration that the design engineer must remember.

From the results presented. previously, it appears that the

highest slope was achieved for the case vhen there was no d.ielectric

ring present. However, almost as good a resuft vas achieved l¡hen a

d.ielectric of relative pezmittivity equal to 2.5 was inserted.. The

pïesence of the d.ielectric al-so haC. the desirable effects described.

in the introduction. Dielectric constants on either side of this

optimr.m changed. not only the slope of the graph but also the

origina'uing frequency when the void. fraction tras zeïo.

From a d.esign point of view, the results presented suggest

that as tïI i= mad.e increasingly larger than e, the electrical voh:me

of the resonator increases while the actual physical volirne remains

the same; hence explaining the desirable raising of the Q-factor of

the cavity. However, this can only be done provid.ed that the

resonator is not over-moded since the proposed perturbation is for a

si-ngle--mod,ed. cavj.ty only.
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\.2 Further Sugggstion:

From the results presented in this thesis and-, to a certain

extent, from the experience d.ralm from the researching of this

technique, some guid.elines may be given for the actual d.esigning

of the monitors. AJ.so, some suggestions for further research can

be rea].ized..

In ord.er to avoid. other higher-ord.er mod.es from interfering

with the resulting smal-l-er bandr,rid.th of the desired. mode; as the values

of e- is increased.; and. to keep measurement problems and dielectric

losses in nind., the designer must compromise between a hígher

Q*factor and lower measuremen'i; sensitivity. As can be seen in the

results given for d.ifferent permittivity values of the d.iel-ectric ring,

thé optimum val-ue of rfI is one equal to er. As the pernittivity of

the material in the transport region is variabfe and. that of

the d.ielectric ring is constant, an optimr:m constant value must be

chosen. Obviously, each application requires separate computation of

these values.

The ratio of the inner to outer d.iameters vas specified. to be

quite large (above O.T) tor the use intended.. Hovever, this value

can be varied in other cases. As the ratio decreases the losses

through the openings also d.ecrease and. the resulting frequency

sensitivity should. increase. The Q-factor vou1d. increase corre-spondingly.

By using a variation of the ratio to achieve an increase in the
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sensitivity r^iould. noi cause over-moding as variation of the d.ielectric

constant voul-d.. This is d.ue to the smaller influence of the central

transport region on the total fiel-d. of the sensor. The d.esigner

therefore has tr,¡o r,'ays of approaching the optimum design of the

monitor.

For the d.irect app_lication of the monitor to its intend.ed.

use, or to any simil-ar use, would. require more information about the

properties of avail-able solid. d.ielectrics. After only a cu-rsory

exa,mination, a fev materials, such as some t¡pes of Corning glass

or some resins,lJ'ere d.eemed. to be suitable. Horrever, d-ue to the

severe temperatr:re and pressure conditions present, the long-term

behaviour of these materials cannot be forecast. It is hopeC. that

some t¡rye of material could be found. that vould. require replacement

only after extend.ed- period.s of time to avoid unnecessary reactor

shutd.owns.

ii.hile the geometry of the rnonitor suggested. in this thesrs

proved. feasible, it is believed- that investigation of more complex

geometries might lead. to a more optimal d.esign. The introduction

of a mul-ti-1ayereC. shel-l in place of the single d.ielectric in region

II or the use of a narrolr ai:'gap betr,¡een the d.ielectric annulus and-

the cylindrical r+alls; as investigated by Oliner (f9) ana Tovaij and

Ha¡Tid. (eO) for optimum vaveguioe transmission and- antenna d.esign

problems; lrould. allov the d.esigner more leevay in the choice of

d.imensions. The thickness and. the choice of suitable



L3

dielectrics in the first suggestion a:'e d.esign problems beyond. the

scope of this thesis. The thickness of an aiigap is erpected. to

be critically sroal-l and. voul-d. require precision machining. The use

of such geometri.es would. only be a useful rood.ification to the

present sensor as long as the resonant frequency vs. void. fraetion

(or other desired quantity) remained. Iinear('.¡itfrin-the perturbation

range of interest).

Exbension of the work of this thesis to multi-material

mixtr:res is also deemed to be a useful area of investigation. A

study of this sort woul-d. extend. the use of such a monitor many-fold.

For thís ty¡le of problem, it is erpected that a single measurement

of resonant frequency wouJ-d not determine a unique void fraetion.

Measr¡rement of the non-dominant mode frequencies would probably

supply the necessary ad.ditional information. Another possible approach

l¡ould- be the use of a series of open, resonant cavities operating at

d.ifferent frequencies .

The problem, to a reasonable degree of accuracy, has Ëhus been

analysed and the desipgrer ís armed v¡ith the tools in this thesis or in

(21) to achieve a suiËable device for his unique application.
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Appcnclix

EXPRESSIONS FOR Il .o Il0

The integrals r, to fr' as defined in section 3.1 are given

by the fol-l-oving expressions
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