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ABSTRACT

The eigenvalue problem of an open-ended, dielectric loaded,
circular cylindrical resonator is investigated by the boundary value
and numerical techniques to compute the volumetric void fraction of
gas bubbles in organic oil coolants used in some modern nuclear
reactors. The resonator sensing section geometry is such that an
organic coolant (or similar material) is transported through circular
pipes acting as waveguides on both sides of the resonator section whose
diameter is enlarged by a dielectric ring. The results are showﬁ to
be in excellent agreement with experimental data for the specisl case

1 ho t1rana

when the dielectric in the enlargement is the same as the transported

. The technigue is based on the perturbation methcd and leads
to a linear shift in the resonant freguency of the sensor with a linear
change in the void fraction. It is alsc shown that when the relative
permittivity of the dielectric material in the ring exceeds that of
the transported material, the Q-factor of the resonator rises at the
expense of over-moding where higher order modes may be excited and
resonated within the narrovwer bandwidth of the desired sensing mode.

An examination of the reguirements for optimum sensitivity is done from
the compubted data and it is shown that the best sensitivity is achieved

A

when the annular ring and the coolant heve the same permitiivity.
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1. INTRODUCTION

1.1. General

Since 1941, when Enrico Fermi first was able to control the
fission process of atomic particles, there have been many advances made
in the design of nuclear reactors. Similar advances have been made in
the study of materials necessary to the construction and operation of
these reactors. A number of researchers have investigated the pro-
perties of fluid materials for use as reactor moderators and/or
coolants. Materials that have been investigated include heavy and
light water, liquid metals, various gases and organic materials.
Though the use of organic materials in this capacity was first
suggested in the United States during the Manhattan Project of the
Second World War, it was not until the early years of the 1950's
that the necessary technology and techniques were acquired to allow

for the establishment of the first test reactor using organic materials.

The first experimental reactor using this material was the
Organic Moderated Reactor Experiment (OMRE) established in 1953 by the
American Atomic Energy Commission. Tests conducted with this reactor
confirmed many of the foreseen adventages and disadvantages of organic
materials(l). The advantages included the low vapour pressure of the
organic, the non~corrosiveness of the material to the structural
hardware (eg, pipes, valves) of the reactor, and the small amount of
induced radioactivity in the organic material caused by the

bombardment of neutron particles. The most serious disadvantage



encountered was the partial decomposition of the organic material

into higher moleculsr weight polymers and lower molecular weight gases
chiefly nitrogen. This decomposition occurred when the material,

at the operating temperature of over BOOOC, was bombarded by the
nuclear particles. The resulting polymers were deposited out of

the organic material onto metal surfaces where they fouled the piping,
fuel elements, and cooling areas. The gases remained in the coolant
but were found to increase the corrosiveness and decrease the desired

cooling properties of the organic.

While the above-mentioned products of decomposition
could readily be removed from the organic coolant, no techniques
vere available to determine the concentrations of these materials
aside from subjecting a sample of the coolant tc chemicsl tests.
Accurate and immediate knowledge of the concentrations would allow
corrective measures to be taken and greatly enhance the value of the
reactor as an experimental tool. A practical method of monitoring
the rate of decomposition would therefore have to provide continuous

on-line data without disturbing the flow of the coolant.

As the organic coolant and the products of the decomposition
process are dielectric materials of various dielectric constants, it is
reasonable to assume that different concentrations of these materials
will have different dielectric constants. It is therefore suggested
that measurement of the dielectric constant of the mixture would

provide information as to the amount of decomposition.



While there are many methods of determining the dielectric
constant of a materisl or a mixture of materials (for example,
impedance bridges at low freguencies, resonant cavities and circuits
at high frequencies) none of these are suitable under the physical
conditions that are present while the reactor is operating.

Typical values of temperature and pressure of the coolant are 4o0°¢
and 400 psi respectively. Also, the condition was imposed that

the information about the mixture should be continuous and be given
in real time. These conditions imply that no method that requires
the removal of a test sample from the bulk of the coolant would be
suitable. It is apparant that the measurement system would therefore

be physically included in the cooling network of the reactor.

In this theéis a novel device as reported in (8) is applied
to the problem of determining the dielectric constant. The device
consists of an open, cylindrical cavity which is resonant in the
microwave frequency region. The cavity is connected to and is
concentric with the pipe that transports the coolant as shown in
Fig. 1. From an external cbservation the cavity will appear as

simply a stepped increase in the diameter of the pipe.

Closed form solutions for the rf fields in stepped
cylindrical waveguides have been attempted previously for various
applications in communication systems (2-%4). Ko attempt has been
made, however, to analyse these structures when a pair of such steps

are so arranged as to form a single-mode, open resonator using the

section of larger size waveguide. Nor hag there been any attempt to



Fig. 1

General view of the void fraction
monitor with a section of the
conducting wall removed to show
the dielectric annulus in the
stepped region. The arrows
indicate the flow of oil through
the monitor.



analyse such resonators as microwave sensors for the purpose of
relating the electrical parameters in real time to the physical
properties of a material flowing continuously through the smaller

size waveguide.

Open cavity resonators have been used for continuous
measurement of material characteristics previously. Thorn and
Straiton (5) and Wenger and Smetana (6) have designed and tested
such devices for the measurement of various properties of smoke and
hydrogen gas. These two resonant structures are similar in their
designs in that lengths of cylindrical pipes are used to form the
resonant section and the end sections which transport the material
and which operate below the cut-off frequency of the dominanf mode
of the resonant section. These designs, however, create an undesir-
able disturbance in the flow pattern of the fluid to be investigated.
More recently, Castle and Roberts (7) employed a design that would
give continuous méasurement data on an undisturbed flow of crude oil.
Howevér, at reasonable frequencies this method is only applicablé
to small cross-sectional flow areas of the oil. A structure of
similar external geometry to that analysed in this thesis, but not
similar internally has also been recently tested and reported by
Stuchly et al (8). The internal geometry of this structure is such
that the flow is disturbed, however, and the results can only be used
as a comparison for a special case of the sensor analysed in this

thesis.

In general the resonator should not present any impedance to



the flow of the material and particularly any sudden change in pressure
due to an abrupt difference in cross-sectional area at the step
discontinuities. This is overcome in this thesis by filling the
stepped region with a ring-shaped dielectric material such that the
crogss—section of the smaller pipe is mainbained physically, but not
electrically through the resonator section. The analysis of thé
structure is thus more complicated than for a single material resonator.
The analysis is theréfore generalized to cope with this structure

with the understanding that the relative dielectric constant can

always be set equal to that of the flowing substance whenever the ring

is not needed.

As originally suggested by Hahn (9) and subsequently extended
tc other prcblems by Bolle _(10) and Bhartia and Hamid (11) the field
configuration of the sensor is first determined for the various
regions of the sensor. The boundary conditions at the conducting
walls and the interface conditions between regions are then applied to

give the unique field solution for the total sensor.

1.2 " Relation Between Void Fraction and Dielectric Constant

To prove that the proposed method of determining the
concentration of materials formed by the decomposition of the coolant
is feasible, a mixture of two materials will be investigated. The
host material will be the organic coolant which will mske up the
greater part of the volume. The included material will be gas in
the form of small voids (bubbles) which will make up the lesser part

of the volume. To relate the concentration of the voids to the total



volume of the mixture, a ratio called the void fraction is defined

as follows:

void fraction (v) = volume of voids in the mixture (1.2.1)

total volume of the mixture

where the total volume of the mixture is the volume of the host
material plus the volume of the voids. The void fraction can vary
between 0.0 {no voids present) to 1.0 (no host material present)
although for practical considerations the void fraction will be in
the region from 0.0 to 0.1. The sensor of Fig. 1 is designed to
“allow for an accuracy of better than + 0.001 in the determination

of the void fraction in the region of practical interest.

The inclusion of a small volume of a dielectric material
in the larger volume of a second dielectric alters the field structure
present in the second matérial. This effect has been studied by
perturbation theory (12) and the results are well known. When many
small inclusions or voids are present the effect of each separate
inclusion on the field structure would be difficult if not impossible
to analyse and certainly time-consuming to compute. As an example
for a total volume of 1 cubic meter, a void fraction of only 0.0l, and
uniform voids with the fairly large radius of 1 mm would require the

analysis of approximately two and a half million perturbations.

To allow for a more practical, but possibly less rigorous
solution of the problem , the mixture can be replaced by a homogeneous
material of equivalent dielectric properties. Therefore, as the void

fraction of the mixture changes so would the dielectric properties of



the equivalent material.

_The above technigue has been substatiated both theoretically
and practically by many autﬁors (13-15). These authors have derived
relationships between the void fraction and the equivalent dielectric
constant but all are based on the following five assumptions:

1. all inclusions should be equally sized and
should be small compared to a wavelength of the

field,

2. the total void fraction should be small
(usually less than 0.1),

3. the voids should be evenly distributed
through the total volume,

L. the shapes of all the voids should be

roughly the same, and

5. if the general shape of the voids is
unsymmetrical, then the orientations will be

known.

In addition to the above assumptions, some of the relations
take into account the polarization effects between voids and belween

void and host material.

In the case of a gas-organic coolant mixture at the tempera-
ture and pressure mentioned previously, there is definite certainty
that the voids will be consistanitly small, evenly distributed, and
generally spherical. Since the sensor is designed only to operate
in the range of void fractions from C.0 to 0.05 the second assumption

is also satisfied.



I% was decided that BBttcher's formula for the effective
dielectric constant for a two material mixture would provide sufficient
accuracy for the needs of this stud&. Stuchly et al. also used
BSttcher's relation, so use of it in this study would be consistent
if a comparison is to be done for the special case described later.
This formulas takes into account of a small polarization effect and

appears to be more accurate for this mixture than some of the others.

The form of BSttcher's relation used in this investigation

is:

€m — €c - 3vem_(€c - €4 ) (1.2.2)
2qn+€a
vhere

€c is the relative dielectric constant of the coolant
€y is the relative dielectric constant of the gas voids

Em is the relative dielectric constant of the equivalent material.

For small values of void fraction (v < 0.05), BSttcher's
relation can almost exactly be approximated by a straight line. This
fact is important as it ieads to linearity of the resonant frequency =
void fraction curves presented later in this thesis. TFig. 2
shows the curves for the equivalent relative dielectric constant for

various values of ¢, with €, equal to one.
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2. - THEORETICAL ANALYSIS

2.1 Principles of Operation

Although, as mentioned previously, the principle of micro-
wave open-ended cavities has been employed for some.time to monitor
the indices of refraction of gases and the permitti&ity of liquids
and gases, the present sensor was mainly developed for monitoring
the void fraction of organic coolants used in some ﬁodern‘nuclear
reactors. Since these coolants are transported at very high
temperatures and pressures, the void fraction has ﬁo be monitored with
little uncertainty in the range of 0.0 to 0.05 for:safety end other

operational reasons.

For the selected frequency of operation, the circular
waveguides at both ends of the sensor section, formed by the coolant
piping, operate below cut-off while the sensor section is designed

to operate as a resonant cavity.

For small values.of the void fraction, %he resulting change
in the relative dielectric constant of the mixturefcaused by a
variation in void fraction is expected to remain sﬁall and along a
linear relationship (i.e., in the perturbation region). Since a
change in the dielectric constant of the mixture r;sults in a change
in the resonant frequency and Q-factor of the open;cavity it is
possible in principle to retrieve the void fraction in real time

by terminal measurements using standard technigues.
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2.2 Formalation of the Problem

Consider the open cavity resonator shown in Fig. 3 where
a circular cylindrical waveguide of radius d& is enlarged to
radius a over the axial section from z = 0 to 2 =L. The
walls are assumed perfectly conducting and the interior space is
£illed with a dielectric with voids in regions I and III and a solld
dielectric ring in region IIL. The three regions, as referred to

above, are defined as:

region T O<r<d; 0<<2m 0<z<L
region II d<r<a; O§@§2ﬂ; 0<z<L (2.2.1)
region ITI O<r<d; Ojﬁf?n; 2<0 and z>L

The structure has complete symmetry sbout the z axis in the cylindrical
co-ordinate system (r. ¢, %) and the time dependance (ert) 1s assumed

and suppressed throughout.

The concentric dielectric layers in the sensor section produce

neither pure TE nor pure TM modes, but rather a composite of the two
(16, 17). The solutions for the axial and radial components of the
magnetic field may be expanded in terms of the partial TM and TE modes

as follows:

2 2 . . ‘ o
H, :%_ (32 4 KTy uB (2.2.2)
z 2
02
- M I
H, =130 , 1 3%
r 3 Z 3roz (2.2.3)

where & is the characteristic impedance of the material
wE is the electric wave function

wM is the magnetic wave function



ik

Region I:

1\{ - S T - . H 3 A . —-
vpo= q§1 Amqgm(qu) cosmé {cosaqz + Amqslnuqu } o, m=0,1,2,...
(2.2.4)
E S ) si {coso z + B' sina 2 }, m=0.1.2
P = E B J (k r) sinmé q “mg a » mw=0,1,2,..
I g 1 "mgm g (2.2.5)
for modes that are symmetrical around z = %— we have
A};l - Br'l - 1 - cos OLqL (2.2.6)
4 e sin a L
q .
for modes that are asymmetrical around z = %‘We have
A' = RB' = ~1 - cos OLQL ( -
nd e sin a L 2.2.7)
Q
vhere k2 = k2 ¢ (2.2.8)
o I
- kaw é (2.2.9)
ko = 2n/A (2.2.10)
10 g
Hence H .= -%.B k- J (x r) sin(m¢) {cose z + B! sing z }
zI” gzl mg g m g q mq q
21
(2.2.11)

R A J{kr) {coso z + A' sina z }
o= gk [ mq% ' q ) q mq T q

+B ka J'(krf{sina z - B' cosa z J sin m¢ ,m=0,1,2,...
mg gagm g q ng q

(2.2.12)

where Jm is the Bessel function and the prime superscript above the
Bessel function denotes differentiation with respect to the total
argument.

Region II:

M @ M .
v = J RN (kr cosmé { cosB z + C' sinB z }
Y11 sgl Cms { m(’{sr> * s m( s )] ¢ DBs “ms S »

m= 0, 1,2,..... (2.2.13)
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E _ @ E . .

Yp = SEl D {Jm(ksr)4.Rms Np(ker) } sin m? {sin B2

+ D&s cos Bsz}, mZ0, 1,2, coees (2.2.1k)
2 - 12 -
where kII kb €11

= 2. @2 2.
k2w B2 (2.2.15)
211 = M1 (2.2.16)

and Nm are the Neumann functions. Hence

2 B : . .
L R {Jm(ksr) + RmSNm(kSr)} sinmg {81nBSz

+ Discosssz} (2.2.17)

= E .
B = 22 [Cms %; {Jm(ksr) + RmSNm(kSr) } {cosp z + C) sing z ]

(w}

B .
+* '
s kSBS { Jm(ksr) + RmSNA(kSr) }

—

IT

A }
{DmsSlnBsz - cosBSz ]] sinmé

Ny

(2.2.18)

Region IIT:

¢

In this section the field is composed of only TE modes.

E _ « sin mé ' , } :
Yrrp - nil Gn I knr) {cos m¢]'{cos YnZ + Gy sin v 2}
"M T 0, 12,000 (2.2.19)
. L
for modes symmetric around z = §-we have
gt = 1 - cos YnL
o sin vy L (2.2.20)
. _ L
for modes asymmetric around z = 5 we have
-1 - cos L
'z n ' : 2.2
Gn Y (2.2.21)

sin YnL
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2 = 32
where kIII kbEIII
= 12, 2
k247, (2.2.22)
2III = Jw
JOMITT . (2.2.23)
since EIII = 61 and WpgT = Wy we obtain
2 2A=A a -0
kI = kI and 2y = 2y (2.2.24)
and hence 5
- 5 sinm¢ ) .
B 1175 021 %m knJm(knr) ( cosmo ) {cosynz + 6! siny z 1
Z
I1TI -
(2.2.25)
- _ 5 ' sinmd ) .
Bor1r® “nf1 G knYnJm(knr) ( cosmo Y Usiny 2 - G cosy,z !
Z
I1T
. (2.2.26)
2.3 Application of Boundary Conditions

The field solutions for regions I, II, and IIT are general.
To specify the unique solutigm.for these regions, the appropfiate
poundary conditions must be applied. The conditions at the
conducting walls to be imposed on the magnetic and electric fields

in the three regions are given by

H, =0 at r = a (2.3.1)
1T
Er -0
II
at z = 0 and 2 = L (2.3.2)
i, -0 '
IT
Hr - EZ - 0 at r = d (203-3)
11T 111

These conditions, upon application to the appropriate

field expressions, lead to the following relations
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Moo I (x2)

ms m)‘ (2.3.)4)

E _ J'(k_a)

Rms =-nm S (2.3.5)
Né(ksa)

cr. =0 (2.3.6)

D! =0 (2.3.7)

Bg = sy (2.3.8)

L
Ji(knd) = 0 (2.3.9)

These relations are to be substituted into the expressions
(2.2.11), (2.2.12), (2.2.17), and (2.2.18). Because of the length of

these expressions, they will not be rewritten here.

2.4 Application of Interface Conditions

The interface conditions, special cases of boundary
conditions, are applied whenever two regions meet at a common boundary.
They are applied to insure that the fields do not have discontinujties

where none are allowed.

The following are the two conditions:

1) all tangential field components (Ez, E¢, Hz, He)

are equal on either side of fhe interface between regions
I and IT (i.e., at r = @; 0<¢<2n ; 0< z<L), an interface

between two different dielectrics; and
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2) all field components are equal on either
side of the interface between regions I and-III
(i.e., at z = 0 and z = L; riﬁg 0<$<2), actually an
imaginary interface where the dielectrics on either

side of the boundary are the same.

Between regions I and II the orthogonality property of
trigonometric functions is applied to the following expression resulting

from the first interface condition:

L : L
IHZ sin 2w z dz = IHZ sin g7 z dz
o lr-a * o Mlr=a
2=1,2,3,...
(2.4.1)

On substituting the appropriate field expressions, (2.4.1) vpecomes

@ B ) L
T _P;&_kq Jm(kqd) sin m3s [ {cosa z B! sine 2lsin &

1 I o 7" Pra T A e
@ D B - L
=;§l gms kS{Jm(ksd) RmSNm(de)}31n md % s1n~;g z sin &fz az

(2.4.2)

Because of the orthogonality property of the trigonometric functions
the integral on the right side of (2.4.1) is non-zero only for values

of s = $and thus the values of the constants Dm are given by

%

P k
_, mg (=)
R k,

)

e Jm(kqd)

N1

e

’ 7 ’ E 3
Hﬁ(kzd)+Rm£Nm(k2d)}
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e

q £ . : 2 1
x ((-2)" sin o L+ B! - (- s
((-1}" sin % qu'[l (-1)" co aqu }

2
P r

q L (2.4.3)

Similarly, application of the orthogonality property on the longitudinal

component of the electric field in the analogous expression

Ty
=
N
e}
O
0
b
=
=N
Qs
N
11
O =
=i
N
=
H

cos Lmz dz
L
(2.4.1)

gives the values of the constants sz

g - )
¢ =2 o4 K, I,k ,d)
LI =1 mq( 2) v

- Jm(k a)+ R, 0 (k d)

N fe-

x { (-1)% sin o L+ 4 [1 - (-1)* cos o L]} q
q mq , q

R
N
i
——~
o
=
N
o

- . - . .. . 2.4,
where Vi = Jweg and yII = JELT the characteristic admlttaéceg g%

the dielectrics

Between regions I and IIT the orthogonality property of Bessel
functions is applied to the following expression resulting from the

second interface condition:
a
- ¥
—r ) H J hmi_
a } 2 m(“a—f) rdr,
0 L:a i=1,2,3,...
(2.4.6).

where kéi satisfied the relation J;(k%i) Z 0 due to equation (2.3.9).
AR

By substituting the appropriate expressions for the longitudinal

ccmponent of the magnetic field, we obtain
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Q
1
l_.l
Ny

d
?Zo Bm 2 . k'.
=4 %2 sin mo J(kr)d (Tmi) rdar
a m g m —a‘—‘r
0

d
o) ! 1 1
= 3 it_ (EEE)Z sinmq)j‘ Jm(,ir_lj_‘,.r)Jm‘_(lin_r_i'r rdr
ol d d ‘
0
(2.k.7)

for the values of t = 1, the integral on the right is non-zero. When
the integrals are evaluated the constants Gmi Can be determined from

the expression

@© 1
6. =__ 2 E B k2 a Tk d)
= k! t
k'.2_ p2 =1 W2 Koo I (k!) (2.4.8)
2.5 Eigenvalues of the Sensor

The constants C_ , D, and G . calculated in the previous
y,. m, .om

section are used to determine the fields in the sensor. To determine

the eigenvalues (k) of the cavity, the interface conditions between

regions I and II are arranged in matrix form. As there are two wave

functions determining the field components (due to the non-existence

of pure modes), the matrix is found to be a 4 X 4 square. When the

determinant of this matrix is zero, the sensor is at resonance and

the eigenvalues and resonant frequencies can be found.

The form of the determinant is given below where the
superscript M denotes field components derived from the magnetic

wave functions and the superscript E denotes those derived from the



N
-

electric wave functions:

Ef 0 ﬂf 0
I T
- E
0 HE 0 H_
I IT
= 0 (2.5.1)
M 13
Ez oy o Ei
1 o1 ®17 1
Hg 1 i n

1 $I ¢II q)II

Equation (2.5.1) is solved numerically by varying the values of og until
a solution is found. The values of gy are related to the eigenvalues

kg by (2.2.9).
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3. - s DERIVED AND CALCULATED RESULTS

3.1 Evaluation of the Q-Factor -

Once the fields are known from the previous sections, the

Q may be determined from the following basic equation

Q@ = w x time average of energy stored in cavity (3.1.1)

energy loss per second

Since at resonance the time average of the energy stored in
the electric and magnetic fields are equal, only the energy stored in
the electric field (We) will be calculated. As the resonator is
subdivided into two regions and there are three electric field
components associated with the TE and TM modes in each region, the
expression for We’ uéing standard procedures (18), results in the

following six integrals:

W = e[+ T4 I+ T+ T+ I (3.1.2)
where
F i
I, = ] E  .E ¥ rdr dz d¢ (3.1.3)
1 ? o o ‘1 Tr
o L 4
I, = I I [ B .E % rardz d¢ (3.1.4)
0o 0 0 ?1 21
o L 4
— - ll‘
=] | ' E .E * rar dz as (3.1.5)
0o 0 o ¢1 ¢
21 L a
I, = I I§ B B *#*raad a (3.1.6)
0 04 ‘I 'II
27 L a
I = F ¢ E, . E, ¥ rdr dz d¢ (3.1.7)
0 o0 11 1T
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a
I E. .E % rdr dz d¢ (3.1.8)
d -

Using the previous results for the electric field components and
performing the integrations we obtain lengthy expressions which are

given in the Appendix.

The power dissipated (Py) in the conducting boundaries of
the resonator may be obtained from the magnetic field components

tangential to the walls as expressed by the following relation:

R
P = 4.
a3 [ 2% 2lgt 2lyt 2| (3.1.9)
where
R = V113
m {55
o 1s the conductance of the material.
27 a )
I, = [ [ H, rdr d¢ (3.1.10)
N 0 d IT| _ )
7z=0
27 a
1g = { ) H, rdr dé (3.1.11)
0o 4 TIT|__,
z=0
27 L
=] | § rdz d¢ (3.1.12)
¢} 0 ITir=a
21 L )
il | H, rdz dé (3.1.13)
0 0 IIjr=a

Using the expressions for the magnetic field components in region II
as defined previously, and by performing the integrations, lengthy
._ expressions for I, to I, are found as given in the Appendix.

7 10
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The Q was then calculated according to equation (3.1.1)
using the values of Il to IlO' The dimensions used were those given
by Stuchly et al. The results are presented in Table 1.

3.2 Numerical Results

In order to evaluate the propagation constants d@’ fhe
determinantal equation (2.5.1) was solved numerically using an IBM
System 370 digital computer at the University of Manitoba as an
exact solution was not possible in closed form. The numerical method
employed used a mesh-halving tecﬁnique to arrive at a reasonably

accurate answer while not consuming too much computing time.

To get a rbugh map of the values of the detefminant, an
iniﬁial sweep of all integral values of &q from zerc to a determined
upper value was done. Using this coarse mesh size, the zeros of the
determinantal equation could be determined as shown below and_a

range of values was determined to which mesh halving was.applied.

The zeros were described numerically by the conditions:
i) the arithmetic signs of the values A g 2nd
Asm*l(see Fig. ha) were opposite

ii) the absolute magnitude of £ was less than

the absolute magnitude of Am—l
The first condition insures that the two outer points of the.

mesh border the zero. The second condition convergence to take place

- about poles of type P2 in Fig. la where the mésh points aré such that

condition (i) is satisfied. Fig. ha is a graph showing the various

types of behavior that the value of the determinant could show. Only
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zeros of types 71 or 722 are true solutions. However, unless the
above two conditions were applied convergence also could occur at

saddle points (g) and poles of type P1 (one-sided) or P2 (two-sided).

In order to achieve convergence to an acceptable degree
of accuracy, while not allowing the computing time to become
excessive, two simultaneous conditions were imposed to allow
truncation of the convergence process before a numerically exsct solution was
found. The first condition permitted truncation when the following
relational inequality was satisfied:

(GQ)n - (aq)n—l' <8ay (3.2.1)

where (aq)nis the nth valuve of the propagation value determined,
(aq)n_l is the (n-1)th value, and §oq is the desired accuracy. It is

important to necte that o and Akn 1 will he of opposite sign as

they border a zero.

The second condition was imposed according to the ineqﬁality.
1ai] < Amin (3.2.2)
where Ai is the ith value of the determinant in (2.5.1) and Amin is
the required minimum value. These two conditions form a rectangle
about the exact value of the zero as shown in Fig. 4b. The size of
the rectangle determines the accuracy of the final answer derived

by the numerical technique.

The two conditions allow for a reduction in the computing

- time while still sllowing for an accuracy better than a specified



TABLE T
Material Contzined in Region
T I1 q

Coolant with v=0.0 Coolant with v=0.0 168.3
€r= 2.5-30.015 er= 2.5-30.015
Coolant with v=0.1 Coolant with v=0.1 168.5
e = 2.407-30.013 €= 2.407-30.013
Coolant with v=0.] Dielectric ring 177.1
&= 2.407-30.013 £ = 2.5-30.0001
Empty v= 1.0 Empty v= 1.0 3600.0
€= 1.0 €= 1.0

coolant: €= 2.5-j0.015 for no void condition
e
walls: aluminum o= 3.43x10""°

permittivities: u:~hﬂx10~7

Q-factor of the cavity For the sensing mode

Note: due to the small values of e'! the
moterials were considered to be lossless
in the computations.
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limit, As can be seen from Fig. 4b, satisfaction of one condition
does not necessarily imply immediate satisfaction of the second.”
In the numerical solution of this problem, however, the value

of Amin was specified at a sufficiently small size that both
conditions'(3.2.l) and (3.2.2) could be satisfied almost
’simultaneously. By choosing appropriate values sufficient accuracy

was achieved to allow for determination of the resonant freguency to

within the desired limits (+ 0,1 MHz)

As a first step in solving actual physical problems, the
numerical procedure was carried out for the case with L = 0.1270 m,

d = 0.0635m and a = 0.07875m with €1 = Eqp*

This special case,

with the same material in region II that is in region I, was chosen
as the results could be compared with the available experimental data
given by Stuchly et al.. The range in void frgctions was from

0.00 to 0.05 which corresponds to a range in relative dielectric con-

stants from 2.50 to roughly 2.41 from BSttcher's equation (1.2.2).

To get a goéd sample of data points the resonant frequency
was calculated for eleven points in the void fraction range given
above spaced at intervals of 0.005. The calculated values are plotted
in Figure 5. As was desired and expected, the graph of the points
is roughly a straight line. On com@arison with the exberimental
results available (shown by the crosses in the figure) the agreement
is remarkably good. The calculated standard deviation of the
difference between the experimental data and the curve derived in this

thesis is less than 0.2 MHz. The agreement of these results lends
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credance to the proposed solution and gives confidence in the
results for other cases which are not substantiated by

experimental data.

Other values for the relative permittivity of the materiel
within region II were also investigated. Three of the values used
wvere 1.5, 2.5, and L4.24 with the resulting curves presented in
Figs. 6-8. As can be seen by a comparison of the solid lines in
these figures and the dashed line, there is a reduction in the
measurement sensitivity in all cases. However, for the value 2.5
the reduction is minimal. This value is a reasonable compromise
between the desired sensitivity and the need for a solid dielectric.
‘In unshown results for values above 4.24, it is evident that the
sensitivity decreases. Therefore, as previously mentioned, the

optimal value is close to that of the flowing material.

Figures 9 and 10 are representations of the results for
sensors with varied size of outer diameter. As can be seen there is
sone increase in the sensitivity as the diameter is enlarged. Further

discussion of this material will be found in the next chapter.
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k. _ . CONCLUSION

L, Discussion of Results

Examination of the results presented in the preceding sections
shows that the agreement with experimental data for the special case

of ¢ is remarkable. The computation time required to achieve

R

- this agreement was large though not overly excessive and would lend
itself to the design of actual cavities. A large portion of the
time was taken in the determination of various Bessel functions
which had to be recalculated for every iteration as the argument
changed. As the éubprograms used were the fastest generating

available, little hope of decreasing the computation time by pursuing

a course in this direction would be expected.

The number of terms for the expansions in the determinantal
equation (2.5.1) used to achieve the specified degree of accuracy was 12 - 15.
This was in the vicinity of the range reported by Bhartia and Hamid
(11) for a mathematically similar situation based on a simpler
geometry where composite (longitudinal) modes were not present as the
cavity contained only one dielectric. Reduction in the number of
terms would reduce the number of Bessel functions that must be
calculated leading to a reduction in the computing time for each
iteration. However, a.greater number of iterations would have to bé

done and the end result, in terms of computation time, would only be

T a slight improvement. It must also be kept in mind that this would
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also result in a reduction in the resultant accuracy.

The previously-mentioned agreement with experimental data
incresses the confidence in the results for the more general cases

vhere € These results are necessary for expanding the

£
I “IT
applicaticn of the sensor to other flowing materials or mixtures
of differsnt materials where knowledge of the volumetric ratios
(or void fraction or moisture content in some applications) are
desirable and lie within the perturbation range. Foreseen
possible uses include measuring the moisture content of butter

Y

or sausages and the butterfat content of milk.

As the design specifications of the sensor required only
operation within the void fraction range from 0.0 to 0.054no previous
mention was made as to the computed behaviour of the sensor beyond
this range. However, for the sake of completeness and possible future
use, the range of computation was doubled for some cases. As was
mentioned previously, the behaviour of Bottcher's equation for small
values of void fraction was nearly linear. This behavior was evident,
in the case of the materials discussed in this thesis, up to a value
of V equal to 0.05. From Fig. 2 it can be seen that the curves began
to curve as the void fraction increased. For an oil with relative
permittivity equal to 2.5, the curvature was most noticable in the
mid-section of the graph from V equal to 0.2 to V equal to 0.7. As

the resonant frequency is dependant on the dielectric constant, as
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shown in this thesis, the resonant fregquency vs. void fraction
curves were also expected to show a non-linear behaviour in this
region. As no experimental data is available for values of void
fraction greater than 0.05, it is impossible to pass comment on the
accuracy of the technique for comparatively large values other than
to say that the demonstrated agreement for low values could be

extrapolated to higher values.

The main problem arising from the extension of this
monitoring method into the higher void fraction region is that it
is moved out of the perturbation region. The relations between
void fraction and dielectric constant are defined and most exact in
this region. However, if not as exact determination of material

quantities is required, then it is possible to use such a monitor.

Due to the curving of the resonant frequency Vvs. void fraction
curves for larger values of V the sensitivity of the monitor decreases
assuming a constant accuracy in the determination of the frequency:
This can best be illustrated by a simple example. If the slope of
the graph is 0.0025/MHz (i.e., a change of 20 MHz for a void fraction
going from 0.0 to 0.05) then with a detection uncertainty of *0.2 MHz
the uncertainty in the determination of V woulq be +0.0005. For a slope
of - cnly C.005/MHz then the corresponding uncertainty would be +0,001.
While the first answer is much better than designed for, the second

is at the upper limit of the allowed uncertainty. Because of the
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curvirg of the graph the latter value of -slope may be achieved

when the void fraction approaches 0.1. To achieve the best
possible accuracy in the determination of the void fraction from
‘actual measured resonant frequency data containing some uncertainty
it is thus desirable to have the highest possible change in resonant
frequency for a corresponding change in void fraction. This is a

consideration that the design engineer must remember.

From the results presented previously, it appears that the
highest slope was achieved for the case when there was no dielectric
. ring present. However, almost as good a result was achieved when a
dielectric of relative permittivity equal to 2.5 was inserted. The
presence of the dielectric also had the desirable effects described
in the introduction. Dielectric constants on either side of this
optimum changed not only the slope of the graph but also the

originating frequency when the void fraction was zero.

From g design point of view, the results presented suggest
that as €1y is made increasingly larger than €1 the electrical volume
of the resonator increases while the actual physical volume remains
the same; hence explaining the desirable raising of the Q-factor of
the cavity. However, this can only be done provided that the

resonator is not over-moded since the proposed perturbation is for a

single-moded cavity only.
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L.2 Further Suggestions

From the resulté presented in this tﬁesis and, to a certain
extent, from the experience drawn from the researching of this
technique, some guidelines may be given for‘the actual designing
of the monitors. Also, some suggestions for further research can
be realized. =

In order to avoid other higher-order modes from interfering
with the resulting smaller bandwidth of the desired mode; as the values
of €11 is increased; and to keep measurement problems and dielectric
losses in mind, the designer must compromise between a higher
Q-factor and lower measurement sensitivity. As can be seen in the
results given for different permittivity vélues of the dielectric ring,
the optimum value of e

is one equal to ¢ As the permittivity of

IT I’
the material in the transport region is variable and that of
the dielectric ring is constant, an optimum constant value must be

chosen. Obviously, each application requires separate computation of

these values.

The fatiOfof the inner to outer diameters was specified to be
quite large (above 0.7) for the use intended. However, this value
can be varied in other cases. As the ratio decreases the losses
through the openings also decrease and the resulting frequency

sensitivity should increase. The Q-factor would increase correspondingly.

By using a variation of the ratio to achieve an increase in the
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sensitivity would not cause over-moding as variation of the dielectric
constant would. This is due to the smaller influence of the central
transport region on the total field of the sensor. The designer
therefore has two ways of approaching the optimum design of the

nonitor.

For the direct application of the monitor to its intended
use, or to any similar use, would require more information about the
properties of available solid dielectrics. After only a cursory
examination, a few materials, such as some types of Corning glass
or some resins, were deemed to be suitable. However, due to the
severe temperature and pressure conditions present, the long-term
behaviour of these materials cannot be forecast. It is hoped that
some type of material could be found that would require replacement
only after extended periods of time to avoid unnecessary reactor

shutdowns.

While the geometry of the monitor suggested in this thesis
proved feasible, it is believed that investigation of more complex
geometries might lead to a more optimal design. The introduction
of a multi-layered shell in place of the single dielectric in region
IT or the use of a narrow airgap between the dielectric annulus and
the cylindrical walls; as investigated by Oliner (19) and Toweij and
Hamid (20) for optimum waveguide transmission and antenna design

problems; would allow the designer more leeway in the choice of

dimensions. The thickness and the choice of suitable
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dielectrics in the first suggestion are design problems beyond the
scope of this thesis. The thickness of an airgap is expected to

be critically small and would require precision machining. The use
of such geometries would only be a useful modification to the
present sensor as long as the resonant fregquency vs. void fraction
(or other desired quantity) remained linear (within._the perturbation

range of interest).

Extension of the work of this thesis to multi-material
mixtures is also deemed to be a useful area of investigation. A
study of this sort would extend the use of such a monitor many—fold.
For this type of problem, it is expected that a single measurement
of resonant frequency would not determine a unique void fraction.
Measurement of the non-dominant mode frequencies would probably
supply the necessary additionsal information. Another possible approach
would be the use of a series of open, resonant cavities operating at

different frequencies.

The problem, to a reasonable degree of accuracy, has thus been
analysed and the designer is armed with the tools in this thesis or in

(21) to achieve a suitable device for his unique application.
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EXPRESSIONS FOR Il to I10

The integrals I L to IlO as defined in section 3.1 are given

by the following expressions
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and the remaining integralé must be done numerically.
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