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AESTR,ACT

The work here is concerned with the free vibration analysis of axialty non-uniform, flexible
cyiindrical storage tanks, partially filled with fluid. TÌre potential flow theory is employed to
model the fluid while the tank is formulated based on Flugge's thin shell theory. The coupled
pariial differential equations for ihis fluid-siructure interaction problem subjeci to appropriate
boundary and continuity conditions, are solved êxactly for the case of a constant thickness tank.
Using the constant thickness solution as the basis for analyzing a variable thickness tank which
is discretized into a series of constant thickness elements, a general procedure via ihe transfer
matrix approach, is suggested. Parametric studies involving a variable thickness tank whose
wall thickness is linearly-varying and an equivalent constant thickness tank are performed. The
resulting eigensolutions of natural frequencies and their associated free vibration mode shapes

clemonstrate both ihe versatility and accuracy of the proposed technique.
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CHAPTER- 1

LITER.ATUR.E SURVEY AND PR.OPOSED 'WOR.K

1.1 Introduction

Due to the popularity of circular cylindrical storage ianks for holding liquid, the dynamic chara-

teristics of these fluid-loaded structures has been extensively studied. Over the past two decades,

their effects due to the hydrodynamic fluid-structure interactions have become an active area

of engineering research. An excellent and a very thorough literature review of ihe subject is

outlined in Rammerstorfer ei. al. [1]. Boih analytical methods (Stiliman [2], Jain [3], Vetei-

sos and Yang [4], Fisher [S], Nasli et. al. [6], Parkur [7], Yamaki and Tani [8], Haro¡n and

Tayel [9], Goncalves and Batista [t0], Tedesco et. al. [11], and Gupta and Hutchinson [12, 13])

and numerical methods (Lakis and Paidoussis [14], Epstein [15], Haroun and Housner [16], Bal-

endra et. al. [17],) are widely used, with the laiter for more complex sit,uations and/or loadings.

Several experimental siudies have also been carried out (Clougli ei. al. [18, 19], Horisner and

Haroun [20], Kana [21], Manos and Clough [22], and Eberle et. al. [23]). Except for certain nu-

rnerical iechniques based on the finite element method, most of the analysis methods cleveloped

so far are valid only for tanks of constant th,ickness. But in practise, many of tlie storage ta'ks

have variable wail thickness, in an effort to achieve a better distril¡ution of strength and weight,

and sometimes to satisfy architectural and other functional requirements. The research here

is concerned wiih a free vibration analysis of an axially non-uniform, flexible cylindrical tank

pariially filled with fluid.



L.2 Literature Survey

The basic equations which describe ihe behavior of a ihin elastic shells were originally derived

by Love in 1888 [24,25]. These equations, together with the assumptions upon which ihey

are based, are commonly referred io as Love's first approximation. Love's first approximation

to ihe theory of thin elastic shelis is based upon the following postulates: i) the shell has a

small thickness compared to other dimensions, ii) the deflections of the shell are smaJi, iii) the

transverse normaL stress is negligible, and iv) normaJs to the reference surface of the shell remain

normal to it and unclergo no change in length after deformation.

The firsi assumption sets the stage for the entire theory. Indeed, as will be noted, the rest of

Love's postulates seem to be appropriate oniy to thin shells and are, therefore, consequences of

this first posiulate. The second assumption permits us to refer all derivaiions and calcula.tions

to the originai configuration of the sheil and, together with Hooke's law, assures us ihat ihe

resulting theory will be a linear elastic one. The two remaining hypotheses of the Love theory

deal with the constitutive equations of ihin elasiic shells and represent the most significant

features of ihe first approximation [26].

Love's equations can be written, afier the substituiion of the strain-displacement relations, as

following [27]:

L ¡ {u, t'1tr2,¡71s} + qj : prt,þ
ot"

(j : t,2,3) (1)

wlrere L¡ is a coupled function of displacements, g¡ is external load, p" is density of shell, and

ú, is the thickness of the shell. Setting Qj : 0 and recognizing that at a natural frequency, eveïy

point in ihe elastic system moves harmonically. We may assume that:

uj(or,az,t) : IJ j(at,or)"i" (2)



where dt,tQ2 are2 -D curvilinear surface coordinaies. All of the functions U¡(or,a2) ioget,her

constiiute a natura-l mode of vibration. Boundary condiiions can in general be written as:

Br{ut¡'t12t'Itrs} : O (3)

where k : 1,2r...rN and where -ôI is ihe iotal number of boundary conditions. Solutions of

above equations have -ly' unknown coefficients. Subsiitution of these solutions into the separate

boundary condiiions yields a homogeneous set of -l/ equations. The deierminant of these equa-

tions furnishes the so-called characteristic equation. The roots of the characteristic equation are

the natural frequencies.

An improved first order approximaiion theory for thin shells was given by J.L. Sanders in

1959 [2S]. In his theory, all strains vanish for small rigid-body motions. The dynamic counter-

part of the equations proposed for the analysis of cylinders was present,ed by Donnell in 1g38.

Donnell's formulation was based on the assumptions that the expressions for the changes in

curvature and twist of the cylinder are the same as those of a flat plate and that the effects

of the transverse shearing-stress resultant on tlie equilibriurn of forces in the circlrnferentiai

dilection are negligible [26]. This approach was also developed independently by Mus¡tari in

1938 [29]. Vlasov used the same approach to generalize for any geometry of shells, and gave

general equations similar to those of Love in 19aa [S0].

In this chapt,er, we shall briefly explain typical theories of circular cylindrical shells, thai is,

ihose developed by Donnell, Flugge and Sanders. The Donnell theory is based on the foliowing

assrrmptions:

(1) the sheli is sufÊcienily thin, i.e., t,lro 11I,t"f H << 1 (where: H is height of ihe shell),

(2) the strains 6 are sufficiently small, € << 1 and rlooke's law holds,

(3) straighi lines normal to tire undeformed middle surface remain straight and normal io the

deformed middle surface wiih their lengih unchanged,



(a) the normal stress acting in the direciion normal to the middle surface may be neglecied

in comparison with the stresses acting in the direction parallel to the middle surface,

(5) displacements U andV areinfinitesimal, whiie W is of.the same order as the shell thickness,

(6) the derivatives of.W are smaJl, but their squares and products are of ihe same order as

the strain here considered, and

(7) curvature changes are small and the influences of U and V are negligible so that ihey can

be represented by linear functions of. W only.

Donnell's iheory has a deficiency inirerent to the shallow shell approximation. It is not applicable

to the analysis of deformations of a cylinder in which the magnitude of iis in-plane displacement

is of ihe same order as that of the defleciion. The bending deformations of a long cylinder wiih

the circumfereniial'wave number n less than four is a good example [31].

The modified Flugge iheory is based on the assumptions (1)-(a) staied in the previous section

and includes the following hypoiheses:

(1) in deriving expressions for stress resultants, we retain terms with orclers up lo (t,fr6)2

from unity,

(2) the rotations are rnoderately small but the effect of their product and squares on the

mid-surface strains will be considered, and

(3) the curvature changes are small enough to allow iinearized expressions for the bending

moment.

The modified Flugge equations for the finiie deformation of the cylindrical shell represent a set

of three coupled nonlinear partial differential equations in 7, V, and W lsll.

According io the Sanders-Koiter theory for finite deformations of thin shells, the finite deforma-

tions of non-shallow shells wiih small strains and moderately small rotations are considered bui



emplìases are placed on deriving simplified basic equations through rational reasonings, rather

than ihe exact ones [32]. Thus, a set of Sanders equations for finite deformations of a circular

cylindrical shell will be more complex than thai of the Donnell theory but sornewhat simpler

than that of the modified Flugge theory. Since its generaliiy makes it directly applicable io

non-shallow shells with any geometric configuration, the theory is likely io find favour in ihe

future, especially in structurai anaiysis using the finite element meihod.

A knowledge of ihe free vibration characteristics of thin elastic shells fiIled wiih fluid is important

both to our general understanding of the fundamentals of the behavior of a shell and to ihe

practical application of such structures. In connection with ihe latter, the naiural frequencies

of sheil structures must be known in order to avoid the destructive effect of resonance with

nearby roiating or oscillaiing equipment (such as storage tanks under earthquake loading, fuel

and oxidizer tanks of missiles, launch vehicles and marine turbines, eic.).

The first papers dealing wiih vibrations of cylindrical shells containing iiquid wele published

by Lord Rayleigh [33] and Nikolai [3a]. A pioneering solution for the impulsive pressure on

harmonically excited, rigid vertical dams was developed by Westergaad in 1g33 [3b]. Hoskins

and Jacobson gave the first report on analytical and experimenta,l observations of rigid rect-

angular and cylindricai tanks under a simu-laied horizontal earthquake excitation in 1g34 [36].

An overvie\M on classical historical solutions including t,he old probìem of sloshing for a rigid

open circular channel was presented by Lamb in 19a5 [37]. Jacobson and Ayre gave the firsi

approximate solution for a rigid cylindrical tank omitting ihe modified Bessel functions [38]. in

1955, Y.Y. Yu [39] presented the general problem of free vibrations of thin cylindrical shells t]rat

is to be investigated on ihe basis of a set of diflerential equations which are derived in a similar

manner as Donnell [a0] obtainecl his equations for the bending and buckling of cylindrical shells.

At the end of ihe fifties, elasticity of the iank wall and the tank bottom and no¡linear sloshing



effects were taken into account by the spaceflight industry (eg, Schmiit [41] and Miles [42])

for development of design procedures for liquid filled shells in aerospace vehicles. The meihod

of soiuiion ihey used was the added mass concept, where the dynamically activated fluid was

represented by an additional naass attached to the tank wall. A summary of the investigations

of dynamic behavior of fuel tanks in flying objects can be found in the work of Cooper [43],

Abramson 144,451, and Rapport [46].

Recently, the field of analysis of liquid storage tank has become an active area of engineering

research. Numerous researches, both theoreiical and experimental, have been conducted on

this area. The fundamental scientific findings of these liquid-solid interaciion problems 'were

pubiished by Housner 147,48,491,, which allow one to estimate the dynamic loads of rigid tanks

resting on rigid foundations. This simple procedure is based on the easily usable response spec-

trum method developed by Biot [50] and llousner et aJ [51]. Housner splits the hydrodynamic

pressure into two parts:

(i) impuJsive pressure, caused by ihe movement of the liquid together with ihe rigicl shell,

and

(ii) convecÍive pressure, caused by ihe free surface movement (sloshing) of the liquid.

The procedure presented by Housner for estimating the overturning moment ancl the shear

forces in the tank wall was incorporated by tlie US Atomic Energy Cornmission in the TID-

7024 regulations [52]. An extended appiication of llousner's concept in ihe sense of a praciical

design rule is given by Epstein [15]. At approximately the same tirae, Bauer [53] presenied the

exact solution for all hydrodynamic effects. The classical Rayleigh-Ritz method has been used

by Linclholm, Kana and Abramson [54], Baron and Skalak [55], Arya, Thakkar and Goyal [56],

Stillman [2], Gupia and Ilut,chinson [12,13], Goncalves and Batista [10], Jain [3], and Fischer [5]

to obtain a set of equations describing the behaviour of the vibrating shell. Soluiions based



on various analytical methods v¡ere presented by Chu [57], SaJeme and Liber [58], Bauer and

Siekmann [59], Kondo [60], Parkus [7], Haroun and Tayel [9], Chiba, Yamaki and Tani [61],

Yamaki and Tani [8], Nash, Shaabran and Mouzakis [6], Tedesco, Kostem and Kalnins [11].

For closely related problems, investigations, which deal with tiie sloshing of fhe liquid in the

cylindrical shell, were conducted by Miles [62], Bauer, Hsu and 'Wang 
[63], Bauer [64] and

Bauer, Wang and Chen [65]. The parametric instablity problem under longitudinal excitalion

has been studied by Kana and Craig [66], Pih and'Wu [67], Obraztsova [68], Obraztsova and

Shklyarchuk [69] using an energy method. The soluiions utilizing the finite element method

were reported by Lakis and Paidoussis [14], Komatsu [70], Balendra; Airg, Paramasivarn and

Lee [17, 71], Haroun and Tayel 172], Fujita [73] and Shimizu, Yamamofo and Kawano [24].

The concluding list summarizes the main topics of research in recent years [1]:

ø investigation of the shell-liquid interaction problem,

ø investigation of different kinds of tank failure with respect to a three-dimensional earth-

quake excitation to find the most critical mode of iank failure,

ø invesiigations of unanchored liquid siorage ianks io find solutions for the maximum axial

membrane force in the tank wall and the maximum dynamic loads, and

e investigations of ihe dynamic siability behavior of liquid storage tanks.

1.3 Proposed Research and Future'Work

in this present work, a free vibration analysis of an axially non-uniform tank pariially filled

with liquid is presenied [75]. The tank is considered io be ciamped at the base and free at

the iop. The scope of the present investigation is not only concernecl with the frequencies and

mode shapes but also the effects of a variable thickness of the cylindrical storage tank walls



and height of ihe fluid. It is an analytical procedure, using Flugge's sheli theory [76] io model

ihe thin-walled, circular cylindrical shell and the potential flow theory for the liquid which

is assumed io be inviscid and incompressible. The shell thickness variation can be arbitrary

and the variation is restricted only to axiaJly non-uinformity. The constant thickness solution

of a pariially-filled tank is first compuied. Next, a variable thickness tank is discretized inio

elements, each of constant thickness. The results of the constant thickness shell are empioyed

for each of these elements, which are then assembled together using continuiiy condiiions. To

minimize computational effort, a transfer matrix approach is adopted. Severa^l examples are

solved to illusirate the procedure and accuracy. Reliable computer programs are developed to

calculate the natural frequencies and corresponding mode shapes.

Future research can focus on solving the following areas:

ø free vibration of cylindrical tanks filled with viscous fluid,

@ response vibration of storage tanks loaded by earthquake excitation,

e flexible ground motion modelled as a soil-liquid-shell interaction problem, and

ø vibration of tanks with confined fluid.



CHAPTER. 2

COMPUTING THE SOLUTION FOTì" CONSTANT .WALL THICKNESS

2.1 Equations of Motion

2.L"1 System Defintions

A thin, circular cylindricai tank of mean radius 16, heighi lI and an axially-varying wall thick-

ness f 
" 

as depicted in Figure 1 is studied. The tank is considered fixed to a rigid ground and filled

with stationary liquid to a height â. Its material is assumed to be homogeneous and isotropic.

The quantiiies r. d, and z denote radial, circumferential, and axial coordinates respectively whiie

U,V,W represent their corresponding displacement components of a point in the middle surface

of ihe shell"

2.L.2 Hydrodynarnic Fluid Loading

The exact mathematical procedure for describing fluid motion is extremely complex. Therefore,

the following simplifying assumptions are employed here: (1) inviscid fluid (2) incompressible

nuid (3) small displacements, velocities and slopes (4) irrotaiional flow field and (S) homogeneous

fluid. As ihe flow is assumed to be irrotational, there exists a.velocity potential / that wiil satisfy

the Laplace equation which in cylindrical coordinates is:

ô2ó,I
CJT¿

1 a2ó
-,I12 ô02 

I

q

a'ó
^o-VOz"

7ôó
-'-L

^tTOT
(4)



[*- t, ( l{on-Unifo¡:m }

Figure 1 Sheli-liquid system and coordinate system.
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The boundary condiiions for ihe florv analysis are given by:

tank bottorrL z :0, the velociiy component of liquid norma^l to the rigid base slab is zero

liquid velocity in the z-direction is zero),

At

(ot

the

the

aó
dz (Ð)

The liquid adjacent to the wall of the elastic shell r : ro ril.üst move radially at the same velocity

as the shell, i.e.

AW
-=-öt

At the free fluid surface z : It., imposing the condition that

surface, ii follows ihat (or ihe linearized liquid free surface

fluid particles must stay on ihe

be expressed in the form):

(6)
0ó
Ðr

the

may

a2ó õó
atr+nar:0 (7)

For small amplitude vibrations of the shell, one obtains the solution of Ecpation (a) i1 ihe for'r:

ó(r, 0, z,t) - p(r,0 ,, ,)"n" (8)

where ø is the natural frecluency for free vibration and p(r,0,2) is tlie ampiitude of vibration

of the fluid. Substituiing Equation (S) irrto Equation $) yields,

02o,-L
ôr2 |

02o| ¡ -ñr^ô
Oz'

7ôç , 7 ôtg
;ar-rrao,

11

(e)



Because of cyclic variation of the velocit¡, poteniial in circumference, using separation of variables

the soluiion of Equation (g) obviously has the form:

s(r, 0, z) : R(r) Z (z)cos n0 (10)

substiiuting Equation (10) into Equarlion (9) with the appropriate boundary conditions, gre

velocity potential can be expressed as:

ó(r,0,2,t) - Ð A.,,h(À,,,r)cos nlcosÀ,nzei-r (11)
ll¿:L

where 1," is ihe modified Bessel function of the first kind of order n. Consíder ihe boundary

condition given by Equation (6) and introduce a forcing function of ihe form:

W (0, z,t) - Ws(z)cos n.0 ei-t (12)

then we have:

2ia fhAn,n : 
Jr 

W6(z)cos À,nzd.z (13)

Using boundary condition Equatiott (Z) we can get:

,2 : -gÀ*tan À^h (* : Ir2rl,...) (14)

The hydrodynamic pressure in the fluid fierd p(r,0,2,t) is given by:

P(r,0,2,t) - -pfWæ (15)

I2



At r : l"6 we Ìrave:

(16)

Noie that p, is the mass density of fluid and a, À,n are the natura.l frequency and eigenvalue of

the coupled liquid-elastic system. They are related by Equation (1a). It may be observed ihat

ilre hydrodynamic pressure contains the unknown shell displacem ent Ws(z) and eigenquanti-

ties c.r, À-. This is a classical example of a fluid-structure interaction problem and to obiain

solutions, it is necessary to solve the coupled system.

co

P(ror0, zrt) : 2p¡r2 cosn|e;-t )-.
ttt =7

lo' 
,o(z)cos À,nzd.z

In(À^r6) cos À,nz

I'.(À",r s)(2 
^r,"ll 

* À- sin 2 À,"1¿)t / z

Wo(r), but to evaluate Wo(") we have

the cylindrical coordinate system are

2.L.3 Thin Shell Motion

The hydrodynamic pressure can be obtained if we know

to solve the motion of the shell. The displacements in

expressed as:

(J (0, z,t) : goQ)cos n0 ei-t

V (0 , z , t) : Vo(r)sin n,0 ei't

W (0, z,t) - W6(z)cos n0 ei-l

(i 7)

(18)

(1e)

where n denotes the number of circumferentia.l rÃ¡aves and t.,' denotes the nat,ural frequency of the

coupled liquid-solid sysiem. The tank is modelled using ihe well-kno'ü¡n Flugge shell equations.

The resulting equations of motion for a fluid-loaded tank are:

13



l#.(æxr+ fii#1,.+#.
l" a *, ô" _(1 -r)t2" ôt lgr_p,(1 -u2)ôrU :nL;*-t*ra*+Éa"ar,r) E atr:o (20)

I*uô2U l-f A2 I_u ¿2 A.2'1
-r-r---L- r1 -'"\u ltr-

2ro ô200 ' lrfi ôe, ' 2 \' ' 4r3'At, J'-

lr A _(J-u)t2" At 'l 
¡¡7_p"(r-u2)ôrV _n

Lr| A0 24rf, ô0022 ) " E AP

lu A * a3 1-u\t? A3 l-- li A (J-u\t? A3 l__t-- _J_

lrs ôz 12rs 023 24rl ô1002 ) " lr! A0 24rl ô0ô22 I ' '

It' t, , tt, A1 t, A1 fi A4 t, ôt1,,,.
Lro* nrt- na""- 6rroa"rarlr*4aæ+ 6rtar,r)"*

(21)

p"(I - u2) AzW _ (1 - uz)P ()e\
E ôtz Et, \'- )

where r,0, z are the cylindrical coordinates, f is time and the physical characteristics of the shell

are defined by the mean radius rs, wall thickness lr, density p", Young's modulus -Ð, Poisson's

ra|io u, and the hydrodynsmic pressure P.

Subsiiiuting Equations (17)-(19) into Equations (20)-(22) yields, a set of ihree coupled ordinary

differential equations in Uo , Vs, Ws:

T4



[(t + ")"1 dvo(z) _ t, dswo(z) .l " _ (r - u)t?n2l dwo(z) _ n
I 2ro ) d, 1216 d,z3 * L^ - -turt- ) -i; 

: u (23)

I s#!l*Y.l+u. &,1ry.P!+Y -#lv6e)+

[(s - u)n,tl1 d;woll _ Zwo(z\ :0L-W-J d"" 16
(24)

t2= d3Uo(z), I u (7 - u)tz,nzl dUo(z) | (B - u)ntz,l dzVs(z), n, ¡r, t .- 12^ d"t - l^ - --r4r{ ) d, + L-- ,4Fr-)- *- * 'vslz)-r

: t f,ncosÀ*z
nl:7

(25)

where:

/1 ,\ tpf\I - u- )a-- u2)a2 -I,,(À".r0 ) f h

Et, 1,,(À,-rs)(z^r,-h+ À,,, "ir*,,,h)r/t Jo 
Ws(z)cos À'nzdz (26)f^ :2
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The free vibration solution of a pariially-filled. constant thickness tank is discussed in ihis

section. Although there has been extensive investigation for the const,ant thickness tank, it

is necessary to present its soluiion method here, since it, is required for solving the variable-

ihickness iank. The procedure for the analysis of a partially-filled tank involves computing the

homogeneous solution of the differential equations in Equatio.ns (20)-(22) bV solving the empty

tank (the dry solution), obtaining the particular solution by solving the wet part of the tank

(ihe wet solution) and finally, applying appropriate boundary and continuity conditions at ihe

top and bottom and the dry pari-wet part interface of the tank. Ii should be noted that in

the formulaiion of Haroun and Tayel [9], considerable sirnplificaiions are obiained by invoking

axisymmetry which is not assumed here.

(a) T.he dry solution. For the prescribed siructural boundary conditions, the mid-surface dis-

placements of the shell is given by Equations (17)-(19). Introducing:

Uo(") : Aeo'; VoQ) - 8""'; Wo(") : C eo' (27)

in wlriclr ArB,C ate constants and a is an unknown to be determined. Subsiiiuting Equa-

tion (27) into Equaúions (23)-(25), we may drop the exponeniial factor, resulting in three ordi-

nary iinear equations for the constants A, B rC which can be expressed as,

f;:1 
i:':,':,lil 

{ll:{ l}

f on at2 a.ls I
: 

f;,r 'i',', '"',',)

(28)

Lei:

tÃl

16
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For a nontrivial solution of these equations, the determinant of the coefficent matrix is sel equal

to zero,leading to:

lÃl:0 (30 )

Equation (30) can be written as,

Ctt(o')n * C22(o2)3 + Css(o')' + Cnn(o') + Cr, : g (3i)

in which the coefficients C11 ,Cz2,CnrCn+rCs5 àte constants which depend on the frequency

a. Equation (31) is an 8¿à order polynomial in term of ø(i.e 8 roots for a). Aciually, from

Equation (31), we can see ihat is the 4th order polynomial in oz as only even powers are

present, thus the roots o2 are complex conjugate pairs. Therefore, ihe 8 roots tj (j:7r...8) are

given by:

Uo:ÐA¡eoi'. %: Ð B¡eoi'. W6:\,C¡""t' (82)
j:t j=t j=t

Since tlre constants y'., B, C are not independent, \Ã¡e can write, Aj : a¡C¡ and B j : ß¡C¡, and

ihe independent constants are reduced to C¡(j : 1...8) that is:

rr Ya¡C¡eo:'. %:Ðg¡C¡eoi". W6:lc¡""t' (BB)"o_ I
j:t j=I j=7

wlrere dj, Pj are complex numbers derived from the coefficients of. Eclua.tion (28) and expressed

expliciily in ihe form:

a¡ : (a72a2s - arsa2z)l @trdzz - anazt)

þ j : (orta2t - a¡a2s) f (attazz - atzazt)

77

(34)



Finally, ihe homogeneous soiution becomes,

8

U(0,2,¿) : Ð a¡C¡eti'cosr¿0ei-l
j:7

8

V(0,2,t) : Ð ß¡C¡e"i'sinnïeint
j=t

8

W (0, z rt) : \ C ¡ ""t' cos nïei't
i:!

(35 )

(36 )

(38)

(3e )

(37)

(b) nre wet solution. Considering the wet part of tank, the complete solution for the three

displacement components is given by

8oo
ilç0,r,¿) : tÐ ã¡Õ¡e"i '+ Ð G12 sinÀ-z]cos nïei-t

j=7 ¡tt:l

8co

i/10, r,¿) : It Þ¡Õ¡e'i ' + t Gznz cosÀ-z]si. n0ei-'
j:l ¡tt:l

8oo

w(0, z,t) - llc ¡""t' + t G37¿ cos À-z]cos n0ei-t
j=7 nt=!

(40)

in whiclr Gt,n, Gz^, G3¡n are bounded coefficients. Substitution of Equatiotts (38)-(a0) into

Equations (20)-(22) ieads io tire following relation:

):{i }

Ibrr bn årsl (
|u^ bzz ór, I J

fu' bsz årrl I
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Gz^
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Solving Ec¡uation (4i) yields, we have:

where A is ihe determinant defined by,

with mairix [B] given by,

[B]:

Gt,n : f,-(bpbrt - bßb22) I L

Gz,n : - f*lbrtbzs - bßb21) I L

Gs,n : Í,-çbrrbzz - brzb2r) I L

A:l Bl

(42)

(43)

(44)

(45)

óis I

:::l

[ órr

L::r

btz

bzz

bsz

(46)

(47)

(48)

(4e)

Let

Bt : (btrbru - bßbzz) lL

Bz: (brtbrr. - bjlbl,J)lL

Bs:(bttbzz-br2bzt)lL

and
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a

f,n: p,"ÐCiT¡* (50)
j:t

in which:

(51)

(52)

then Equations (43)-(45) become:

8

Gt* : BtP,n\C¡fi^ (bB)
1:.l-

8

Gz,n : BzP,nlC¡ri^ (54)

8

Gt,n: Bsp,n\C¡fi,- . (5b)
?: ¡

At tlris stage the solution of the wet part is solved. It remains to apply ihe boundary condiiions.

2.L.4 System Boundary Conditions

The analysis of a partially-filled tank is realized by combining the dry soluiion with the wet

solution. This is done by enforcing the necessary boundary conditions at the top and bottom

T¡n : 
fo' "","cosÀ,nzd.z

20



of the tank and compatibility at ihe interface of the dry-wet solrrtions. There are aìtogeiher 16

unknown coefiñcients in the system which are solvable from the 4 boundary conditions at each

end of ihe tank and the 8 continuity conditions at the interface. Setting the determinant of ihis

16 x 16 matrix Lo zero yields the frequency equation. The boundary conditions of the tank and

the continuiiy condiiions ai the interface are:

i) at the base z : 0:

trço,o,t):t4,o,r) : w@,0,ú) : U#Ð:o (56)

ii) at the upper rim z: H:

N,(0,H,t) : N,e(0,H,t) : M"(0,H,t) : Q,(0,H^t): g (57)

iii) at tlre interface z : h:

U(0,h,t) : U(0,h,t)

V10,lr,t) : V(0,tz,t)

w(e,h,t) : w(0,¡.,,t)

AW1e,tr,t¡ AW@,h,,t)
Ôz 0z

(58)

N,(0,h,t): N"(0,ll,t)

Ñ,e(0, lr,t) : N,p(9, h,,t)

M,(0, h,t) : M,(0,11., t)

Õ,e,h,t): e,(o,rl,t)
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u'here from shell theory, the stress resultants are clefined as,

ff,: nl u{.;r# +w))

N_o : D(7 - u) tU * !-Ut¿tzv- 
2 t0z'16ô0J

tur--Kt#.a#,

aM, 1ôM,ell - |

'e ¿ ôz 7's A0

(5e)

(60)

(61)

(62)

(63)

in which:

Etl
L<_L." - 72(r- rr)'

Et.
7-u2

For free vibration anaiysis, we use Equations (35)-(37), Equations (38)- (40) and Equations (bg)-

(62) with 16 boundary conditions and we get:

tKl{c}: {o} (64)

where:

tk):

ßrr lcn kn krro

kzt lrzz (tzs kzta

kn ksz kss ksro

*,:, ktlaz ftro¡ ¿,u,u

(65)

Ct Ct Cz

22

-t
{c} : (c1 c2

,7
c') ( 66)



The frequency equation is then obtained by requiring the

zero. That is,

determinani of the matrix [lf] to Ue

lrl:o (6 7)

To solve Equation (67) for naturaL frequencies of the coupled fluid-structure system c,.r, we not,e

Lhat Equation (67) is now expressed only in terms of ihe two eigenquaniities a, À*. The second

equation relating these iwo eigenquantities are given by Equation,(74), and this permits the

natural frequencies to be computed via an iterative procèdure. Ilaving obtained the natural

frequencies, their colresponding mod.e shapes can be easiiy calculated.

2.2 Cornputer Implementation

A computer program is available for ihe deiermination of these natural frequencies and associ-

ated mode shapes for given geometric and elastic input parameters of ihe liquid-shell system.

The program, which has been implemented on ihe PC-486, is written by using ihe Maple soft-

v/are.

2.3 Numerical Simulation

To verify a.nd clemonstrate the applicabiliiy of the proposecl method, several exarnples of cylin-

drical storage tanks wiih different fluid loading conditions are soh'ed. For the case of constani

thickness tanks where published results are readily available, a comparison of tire soluiions ob-

tained is made. Ilaving verified its accuracy, the method is then extended tc, hanclle the analysis

of the non-uniform f anks. The informaiion listed \n Table 1 is employed in ihe sirnulaiion study:

.)9
L¿



Table 7 SimuJation pararneters and material properties.

Short Tank
Tall Tank

Hfrs:Q.67
Hf16:f,.Qg

Wall Thickness Variaiion
(7€:hlü:1, (Constant Thickness)

- 5 (Linea.r Thickness)

Fluid Depth-Tank Height Variation lrlH :
(Empty Tank)

(Pariially Filled Tank)
(Completely Filled Tank)

f

I

0.0

0.4 - 0.8

1.0

Material Properties

Sieel

\Vater

In order to compare the resulis of the current analysis with the results of Haroun and Tayel [9],

the same basic data for their ianks is selected. Hence, the two distinci tank types have the

following values: fol short tanks, ro : 18.29 m (60 ft), H: 12.19 rn (40 ft) and for iall tanks,

ro :7.32 m (24.0 ft), H : 21.95 m (72 fi). The iank thickness is 2.54 cm (t in) ancl is assurned

to be filled with water. The fluid loading conditions correspond to ihree situations: an empty

tank. a completely fillecl tank and a partially-filled tank with the fluid depth to tank height

raiio. h.lH : 9.6.

Tlre natural frequency results are tabulated in Tables 2-4 for the first tirree lowest mocles.

As shown, excellent agleement with Haroun and TayeÌ is obtained even ihough cliffereni shell
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theories have l¡een used in ihe modeliing of the tank. Our formulaiion is based on Flugge's

theory while their model is derived using Novozhilov's iheory. The axial and radial displacernent

mode shapes corresponding to the fundamenta.l natural frequency are presented in Figures 2-4.

Observe that they agree almost perfectly with llaroun and Tayei's work. In cornputing the

frequencies and mode shapes, it is found ihat iypicatly, 20 iterations are required to achieve

convergence while in the series summation, the number of terrns used is 10.

Table 2 Natural frequencies of empty tanks with constant thickness.

Tank
Typ"

Mode
Number

Natural Frequency (Hz)

Tiris Siudy Haroun & Tayel [9]

Short
1

2

.)

44.40
44.70
44.76

44.40

44.77
44.77

Tail

Table 3 Natural frequencies of completely-frLhed tanks witlt constanú ú,hic/criess.

Natural Freqrrency (Hz)

1

2

J

57.72
108.89
111.01

57.72
108.97
111.04

Tank
Type

Shori

Mode
Number This Study Haroun & Tayel [9]

1

2

.)

6.16
11.69
15.03

6.27
77.77
15.10

o.lu
77.94
25.72

b. /ð
17.99
25.79

1

2

.)

Tall

25



Table 4 Natural frequencies of a partially-frlled tanks with constant thickness (hlH : 0.6).

Tank
Typ"

Mode
Number

Natrrral Frequency (Hz)

This Study Haroun & Tayel [9]

Short
I
2

J

8.71
15.34
19.57

8.74
15.39
19.64

Tall

1
.L

2

,l

10.87
25.89
34.68

10.96
25.97
34.74

This Study, o6"Haroun&Tayel[9]

1.0

{
N'0.8
CJ

O

S 0.6a
!

õ
R 0.4

õ

t< 
^to "'"z

U.U
0.0 0.5 1.0 0.0 0.5 1.0

Axial Radial

(a) sHoRT TANK

0.5 1.0 0.0 0.5 1.0

Axial Radial

(b) TALL TANK

0.0

Figure 2 Mode shapes for empty, constant thickness tanks.
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1.0

This Sludy,

1.0 0.0 0.5 r.0

0.0 0.5 1.0

Radial

@ø'Haroun&Tayel[g]

\
N o.B

Ø u.o
ã

N 0.4

õ o.z
¿-

0.0
0.0 0.5

Axial

(u)

0.0 0.5 1.0

Radial

Frgure 3

Radiai Axial

SHORT TANK (b) TALL TANK

Mode shapes for compleiely-filled. constant thickness tanks.

This Stud.y, o ø o Haroun&Tayel[g]

0.2

0.0
0.0 0.5 1.0

Axial

0.0 0.5 1.0

Axial

0.0 0.5 1.0

Radial

(a) SHORT TANK (b) TALL TANK

Figure 4 Mode shapes for partially-fllled, constant thickness tanks (hlH : 0.6).

0.0 0.5 1.0
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CHAtrTER, 3

COMPUTING THE SOLUTION FOR VAR.IABLÐ WALL THICKNESS

To formulate the variable thickness solution, the shell can be discretized into a number of

elements, each of constant thickness. The results of the consta.nt thickness shell obiained in the

plevious section are employed for each of these elements, which are then assembled together using

continuiiy conditions. Naturally, the more eiements used in the discreiization, the more accurate

will be the solution. However, if the mesh is too fine, the problem ma5, þs..me computaiionally

difficult io handle. If a shell is divided into n elements, one wouid have io be contend wittr

solving a 8n, x 8n matrix. One approach to overcome ihis difficulty is to use the transfer matrix

technique. Using the conditions of force equilibrium and continuity ai an element interface, the

transfer relaiions for forces and displacements can be derived and assembled togeiher for ihe

overall analysis.

3.1 Solution for Variable Wall Thickness for an Ernpty Tank

R.ecall displacements and stress given by Equations (35)-(37) and Ecluations (59)-(62), these

equations are expresecl as,

8

IJ(0,2,i) : I a¡C¡eoi'cosn.0ei-t
j:1

8

V(0,2,¿) : Ð Þ¡C¡e"i"sinn0eí-t
j=t

8

W (0, z,t) : I C ¡ ""t 
" cos n,0 ei-t

J:!
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Ôw (9^, z't) : i C ¡o ¡eoi " cos,oei-ii)' ¿--r
j:I

N": ot# * 
^(% 

*r,

^r^_ 
D(L-z),ôV _rtza- 

2 lðz-

M"-Kt#.e#'

7 au.__t
rs ô0)

(71 )

(i2)

(73 )

(74)

_ aM.
Qr:=-+

Oz

I
N,: DÐC¡e";"(a¡o¡ I

.i:1

a0

1

1"0

ðM,e

Using Equations (33) for the fir'st three equations and the subsequent equations become:

I
tt(z) :T a¡C¡e"i'

i:1

8

V (z) : Ð BtC ¡e"i'
j=7

8

W("): Ð C¡eoiz
J-!

0W(z)
0z

8

: \- a.¡,eo j z
,¿---J J J

(75)

( 76)

(/ f /

(78)

(7e)

lL p¡n + !-)
16 T¡
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Ec1uations (76)- (83) can

where

8

M" - KÐC¡e"i"("3
j:t

I

e": KÐC¡e"i=("] -
.i:1

be writien in a matrix form:

{Ã} : lPl{c}

[P] is a

thickness

urt2 .

- ,)
r-o

vn.Z \
^-o; l

r6

aw 
^/-c.lz

r?
M, O-\'"'/WV

(81)

(82)

(83 )

(84)

(85 )

(86)

{Ã}

IP] :t- I

and

{c} : (cl cz Us

{Ê} is called the state vecior and

stants {C}. For a shell of constant

Cs Ca C¡ Cr)' (87)

matrix relating the coefficients of unknown

the constanis Cr ,...rCe in the above equation

30

Ptt Ptz Pts

Dct 'Dc¡ T)¡c

Pst Psz Pss

Pst Pez Pss

Nro

Pts

Pze

Pse

Pse

C+

con-

can



be deiermined by using ihe boundary condiiions at the two ends. Applicaiion of these boundary

conditions yielcts eight simultaneously homogeneous equations which can be written in the form:

tPl{c}: {o} (8s)

As sholvn in Figure 5, a three-elernent discretization of the tank is adopied. The procedure is

as follows:

For element [1]

^t - - 
- .ó,tJL-LO.

{R(ro)} : fP(zo, 1", )l {Ct} (8e)

a,lz:27:

{R("t)} : lP (zt, t,,)){Ct } ( e0)

subsiitniingEquation (89) to Ec1uation (90), we obtain:

{R.("t)\ : [P(zt,t,,)]lP("r, f ,, )l-t {Ã(ro)} (91)

For element [2]

similarly,

^L - 
- 

- -oLL-¿1,

{R.("r)} : [P(zi ,t,")){C'} ( e2)

{R("t)} : lP (22,t ",)l{C'}

^+ - _ - .(Ltr a 
- 

t).

31

(e3)



l.
I

I

Figure 5 A ihree-element discretizaiion of a tapered cylindrical tank.



substiiutingEcluation (92) Lo Equation (93), we get:

{R("r)} : [P(zz,t,,)]lP(rr,t",))-' {Ã(", )} (94)

For element [3]

at z : 22'.

{R("r)\ : IP (zz, t,,,)){Ct } (e5)

al z: zs:

{R(r')} : lP (zs, t 
"")l {C' }

From Ecluations (95)-(96), we have:

(e6 )

{R.("t)} : [P(zs ,t,,)]lP(rr,t,"))-t {nQù}

and using Equations (91),(94) and (97), the final expression is:

(e 7)

{R.(rt)} :[P(zs , f ,, )]lP("r, f 
". )l-t VQy f ,, )l lP(rr, t., )l-t

lP ("r, t,,)lIP ("0, t,,)l-' { Ã(ro ) } ( e8)

Sinilarly, the same method will be carried on to rL -+ æ.In this way, I¡/e can get the following

general expression:

{R,("")\:[P(2n,1,,")]IP("--r,¿"-)]-t[P(r.-r¡t2,,_t)]lP(r.-r,t,,n_,)]-t......

lp (rr,t,")ltp(t, ,t ".)l-r lp þr,,t ",)][p 
("0, t,, )]- 

t 
{ Ã(ro )} (99)

.1.)



TIle above expression can be u'ritten as:

{R("-)}: [,9]{Ã("0)} (100)

u'here [5] is the resuitant matrix of the products of a chain of matrices. {,R(2,)} and {Ã(zs )} are

tlre staie vectors corresponding io node n and node 0 respectively. If D, are the displacement

and l7" are the forces ancl stresses, Equation (100) becomes:

D'. ì,
F," I

(i01 )

wlrere St, Sr, ,S3 ancl .9a are 4 x 4 submatrices. Using the boundary conditions at node 0 ancl

node n ihe above equations are solved. Ai the bottom of ilie tank, ihe node 0 is fixecl, therefore

all displacement would be zero. At ihe top, the node n is free, all forces/stresses would be zero.

Hence for such a case Equation (101) reduces to:

(102)

By partiiion the above matrix equation we can get:

{D-): lsr]{F 
' }

(103)

{;:} 
: 

[;: ï] {

{";"}: [;: ï] {;" }

[.9+]{F'" }
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From Equation (104) \¡/e can get the frequency equation is thus given by,

lSnl:o (105)

Solving Equation (105) yields the naturaL frequencies, from which the associated mode shapes

of the ernpty tank can be easily obtained.

3.2 Solution for Variable Wall Thickness for a Completely Filled Tank

For ihe case of a completely filled tank, $¡e can use the same precedure as before and the results

of Cirapier 2 to get the following expression (for an arbitrary element):

{Ã} : lP){c} (106)

where:

(10 7)

- - 1?C¡ C'){C} : (C, C,

lPl :

Ptt Ptz pts ñts

ñzt pzz ñzs ñze

þn ñsz ñtt þss

Frr þez ñas Øss

Ct Cn Ct Cu

(108)

and

9K()(J

(10e)



Similarly, 1ve can obtain the fina.l matrix erluation as:

{Ãt("")}: [^s] {R("0)} (110)

where [5] ;. the resultant matrix of the products of a chain of matrices. The above equation

can also be written as:

(111)

Imposing the boundary condiiions at two ends, we have the frequency equation:

lS+l:o (1 12)

Soiving Equation (i12) yields the natural flequencies, and the associated mode shapes of the

completely filled iank.

3.3 Solution for Variable 'Wall Thickness for a Partially-filled Tank

For partially-filleci tank soluiion. as shorvn in Figure 6, a six-element discretization of ihe tank is

adopied. The formulation involves specializing the results for the constant wall tank to compute

ilie clry solution, the wei solution and ihe total solution.

(a) 
"Jre 

dry solution. The empty tank solution of the previous section can be expressed as

following,

{R.(r")} :lP(2,,,f ,")]lP(t^-r,t,"-)l-tlP(t^-r,t."n_,)l[P(""_r,t,n_,)]-t ......

lP (t,-+t,t 
"^ *,)llP ("",+r,t,_+")]-t lp Q,-*\ tt,*+)lp Q,-,t "_*,))-t

{R(2,-)} (113)

Í o,- ì _ [S, S,j lD," ì
14" Í- Ls, r-J ì F"" I

36



or in matrix folm:

Í oo." I _ ltr, to"f ÍDr.- ì
l. "r,, I 

: 
l.to" tr'l l. Fo.* Í

(114)

(b) 
"åe 

wet solution. In a similar fashion, solution of the wet part using zn elements, is given

by,

{ nQ,.)} :¡F Q,-, t, -)l[F Q,- -!, t 
" ^))-t IP (" ",- r, t, ^ -,)]lP (r,, -r, t " 

* -,)] - 
t 

" . . . . .

PQr,t "")llÞQr,t,,)l-'PQr,t,,))[p(r|,,t",))-t {A('o )} (11b)

or written in matrix form:

(1 16)

(c) The total solution. Invoking continuity at the eiement interface. the toùal solution is,

{R.(r")} :[P("n,t"*))lP(2,-!tt.,n)]-'PQ.-t,t"n_)llP("--r,t"n_,)]-t ......

lP ("^+r,t,,- +r)l[P(",.*r,,t,^ +"))*t lp (",-*t tt z^¡1)][p (r*, Í,- *, )]- t

[p ("*,t "^))lÞQ^ -r,i.,^))-'lÞ Q,--r,t,^ _,))lp(r,--2,t,__ , )]-t

lÞQr,t""))[P(zy,t",)]-'lP(",,,t",)l[P(ro,t,,)]-t iE(ro)] (112)

(118)

Ai the boiiom of the tank, all displacement bounciary conclitions are zero, i.e. 0.,,0 : 0 and

at iire top, all force boundary conditions ate zero) namely, Fdrr:0. Hence, for such a case

Ecluation (118) sirnplifies to

| ñ-.^ I _ lS-, S-,j lÐ..o ì
I r-._ Í - 15,,, S.,.] I F_." I

or written in matrix form:

I 
oo,.l, _ [to, to,f [{",, S_-,1 lii-." ì.

ì "r,, I 
- Ito, tr,I 15,,, S-, I ì F*," Í

J/
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Figure 6 A six-element discreiization of a tapered cyiindrical tank.
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{D¿.^} : [so, S-, * su"S-*){F-," } (11e)

{o} : ls o,S-, + s ¿nS-n]{F-""} (120 )

From Equation (120), ihe frequency equation is thus given by,

I S¿,S-, a.9a,,9,,., | : o (121 )

Solving Equation (121) yields t,he natural frequencies, and the associated mode shapes of the

coupled fluid-elastic tank system.

3.4 Illustrative Numerical Examples and Pararnetric Study

Using the procedure formulated for ihe constant wall tank, the analysis is extended via the

transfer matrix apploach, to invesiigaie the variable wall tank. Alihough our proposed techniqrre

can handle any iypes of axial non-uniformity in the wall thickness, we will assume for ihis

simnlation, a linear thickness variation. As given in Table 1, the thickness varies from 11 :

2.54 crn (1 in) at the top, to a bottom thickness tu :Ítt. Six elemenis of constant thickness

each, are employed in the discretization of ihe tank, regardless of wheiher it is a short or tall

tank. The discretization schemes used involve 'inner' and 'outer' elements as illustrated in

Figure 7. Once again, the three fluid loading conditions corresponding to an empty tank, a

completely filled tank and a partially filled iank are anaiyzed. For ihe partially filled tank, the

fluid depth to tank height ratio h.f H assumes vafues of 0.4, 0.6 and 0.8 in our analysis. As in

th.e case of the constant ihickness solutions, convergence is achieved after 20 ileraiions. wiih the

number of terms used in the summation being 10.

39



+{ l*tt

lt

tt
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Figure 7 Inner and outer element discretization schemes.
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Tlre first three frequencies for short and tall tanks, for valying depihs of fluid ( hlH : 0.4,0.6,

0.8 ), are given in Figure 8. The frequencies of short ianks are normalized wiih respect to the

fundamenial frequency of an empty short tank whereas, for taJl tanks, they are normalized wiih

respect io ihe fundamenial frequency of an empty tall iank. As for the wall thickness, it is

normalized by definitg 6 :\ltt. From ihe figure, it is obvious that as the level of water in

the tank increases, the natural frequency decreases. This is understandable since the mass of

the fluid-stntcture system increases wiih the water level while the stnrct,ural stiffness remains

constant. Note that as the wall ihickness increases, the natnral frequencies increases and this is

consistent wiih the faci the tank is now becoming more and more stubby.

It wouid be interesiing to compare the prediction of the eigenquaniities of a variable thickness

tank wiilr those of an equivalent constant thickness tank. By equivalent,we mean choosing its

wall ihickness so that it is equal io the average thickness of ihe variable thickness tank. In our

example, the variable ihickness tank has a top thickness ú¿ : 2.54 cm (1 in) which increases

linearly io a bottom thickness of ú6 - 2tt. Thus, the wall thickness of ihe equivaleni constant

tlrickness tank is 3.81 cm (1.5 in). The frequency results are summarized in Tables 5-7 for

an empty tank, a completely-filled iank and a partially-filled tank (hlH : 0.6) respectively.

As shown, the analysis of ihe variable thickness tank is carried out using both the 'insicle'

element discreiizaiion scheme and the'outside'element discreiizaiion scheme. Since the 'inside'

element mesh produces a slightly more slender structure than the 'outside' elemeni mesh, the

frequency prediciions of the former are slightly lower than the latter. To gei a fair comparison

wiih the soiuiions of the constant wall thickness tank, the mean value of these 'inside' and

'outside'frequency results is computed. From these results, with frequency predictions under 5%

clifference, it is clear thai the equivalent constant ihickness tank is a very good approximaiion of

ihe variable ihickness tank for a linearly-varying wali thickness. One could also argue that, since
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iions of the constani thickness tank have already been checked against published results, this

excellent agreement in a way, verifies the method formulaied for analyzing a variable thickness

tank.

Table 5 -l[aúu¡al frequencies of empty, variab]e and constant thickness úanks.

Tank
T'yp"

Mode
Number

Natural Frequency (IIz)

Inside Element Outside Element Average Constant Thickness

Short
1

2

J

45.010
45.350
45.600

45.438
45.800
46.100

45.224
45.575
45.850

45.050
45.360
45.420

Tall

The axial and radial displacement mode shapes associated with the fnndamental natural fre-

qrlency for the variable and the equivalent constant thickness tanks mentioned previously are

sketched in Figr-rres 9-11. These plots correspond respectively, to the three fluid loacling condi-

tions of an empty tank, a completely-filled tank and a partially-filled tank (hlH : 0.6) for boih

short and tall tanks. Examination of these figures reveaf that in the case of the tall tank, both

iis axial and radial displacement mode shapes for the empty tank and the compleiely-filled iank

are very similar. This is not true for the short tank where its mocle shapes are quite differeni,

particularly ihe radial displacement mode shape. This observation is true for the variable thick-

ness tank, as well as the constant ihickness tank. On ihe other hand, ihe free vibration mode

shapesof ihepariially-filledtank (lrlH:0.6)asdepicted,ared.ifferentfromthoseofeitherthe

ernpty tank or the compleiely-filled tank which is expecied. Noie aJso, the very good agreement

1

2

.)

58.210
109.011
111.850

58.724
109.200
712.400

58.467
109.106
7L2.125

58.300
108.990
trr.77t
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ihat is obtained in ihe mode shapes between the variable thickness iank and ihe equivalent

constant thickness tank.

TabLe 6 Natural frequencies of completely-frLled, variable and constant thickness úanks.

Natural Frequency (Hz)
Tank
Typ"

Mode
Number Inside Elemeni Outside Element Average Constant Thickness

Short
7.000
11.750
15.695

7.511
12.746
16.100

7.455
12.248
15.898

7.120
11.980
15.540

1

2

.)

Tall

Table 7 Natural frequencies of partially-frIled, variable and constant thickness úanks (lrlH : 0.6).

Natural Frequency (Hz)

1

2

J

7.080
18.310
26.340

7.700
18.650
27.957

7.390
18.480
27.746

7.745
18.230
26.635

Tank
Typ.

Shori

Mode
Number Inside Elemenü Outside Element Average Constant Thickness

1

2

ó

9.419
15.890
20.600

9.781
16.400
20.858

9.600
16.145
20.729

9.210
15.940
20.342

Tall
1

2

.)

11.040
26.010
34.900

11.910
26.850
35.499

77.475
26.430
35.200

11.250
26.246
34.910
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CH-{PTER. 4

SUMMARY AND CONCLUSIONS

An analyiical meihod for the free vibration analysis of axialiy non-uniform cylindrical storage

tanks, pariially filled with fluid is presented. The fluid is modelled as an inviscid, incompressible

fluid governed by the potential flow theory while the tank is based on Flugge's thin shell theory.

The coupled pariiai differential equations for ihis fluid-structure interaction problem, subject

to ihe sixüeen boundary and continuity conditions, are solved exactly for the case of a constant

wall thickness tank. Using this solution as the basis for analyzing a variable wall thickness tank

which is discretized into a series of elements, each of constant thickness, a general procedure

via the transfer matrix approach, is suggested. To assess the accuracy of the constant thickness

solutions, comparison of the eigenquantities with published results is shown. Parametric studies

involving a variable thickness tank whose wall thickness is linearly-varying and an equivalent

constant wail ihickness tank are carried oui. The results demonstrate versatility and accuracy

of the proposed technique.
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,{PPENDIX I

NOMENCLATURE
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A¡,8¡,C¡ arbitrary coefficients of ihe homogeneous solution

o,ij elements of the matrix defined by Equation (29)

b;j elements of the matrix defined by Equation (a6)

Crr,...,Css coefficients of the charateristic equation given by Equation (31)

D :Et"l(I - 12)

E Young's moduius

Í.,- coefficient defined in Equation (50)

Gt,n,Gz*,Gs,n coefficients defined in ( 2)-@a)

height of tank

h, liquid depth

In modifi.ed Bessel function

K :Ef.l12(7 - 12)

k¡j elements of the matrix defined by Equation (65)

rL number of circumferential ìÃ/aves

H

P

pij

P¡¡

7"0

t, shell thickness

U,V,W shell clisplacements

coefficients defined by Equation (34)

hydrodynamic pressure

elements of the matrix defined by Eqttation (86)

elements of the matrix defined by Equation (108)

radius of tank

o¡,0i
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o

^-
Ps

Pt

ó

a

clraracteristic roots defined by Ec1uation (3i)

eigenvalues

mass densiiy of shell

mass density of fluid

liquid velocity poteniial

natural frequency of the system
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APPENDIX II

VARIOUS TERMS OF THE CHARACTER.ISTIC EQUATION
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Tlie following terrns refer to ihe characierisiic equaiion given in Equation (31):

t- (7 - u).tin.2

0

Ctt:I-,(ls-13)

Czz: Isho Í ls(/e * /ils)+ ttr + tStn +2l2hl7 - tSIu - 2hl4ls

Csr: Isln * /ro(lu +h¿s) +]i16ls +21718 +Utr +l3l'¡+zl2hla +2lzlnh -2ht4t6 -11,1,

Cn* : /tr(lu t IJs) * lrlolro + I! + 2IJ718 + lSIn * 2l2lals - lllu

Css:1716111 +Ua

where

, p"(1 - u2)a2 (7 - u)n2 ,- t? \t ._'-----:------------:- :------------!-11 I -----l-\ûr- E 2'3 \r I 
72r2o)

, n(7¡v)
" 2,0

+2
, Lt

" 72ro

- 7-u. P-l__- 'rt t ""r)
üù - 2 \, , 

4r'.,

, p-.(1 - ,rt)r' n'2"þ- E rl

61



fT¿LB: ---;,0

, (3 - u)n.t2,
þl 

- ^r 
t¿+rõ

¿2
. L-t_"72

. n2t?
¿10--^;

orõ

t _ 1 , t? , nntt, ,ttt, ps(I-rt)r'-r¡ r!' t2r[ ' r2rf; 6rt E
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APPENDIX III

EXPLICIT EXPRESSIONS FOR" THE VAR,IOUS MATRICES
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Tlre following terms refer lo ihe matrix defined by Equation (29):

2 , P"(1 - ,t)r' (7 - u)nz t2
cL!7: - ,)-2 Q+#)rJ ¿f -O LZ1'-O

n(7 + v)o
u1 , 

- 2ro

tTot , , t/ (7 - u)t2,n2 .
413 : - r2r, - t- 24ú Jo

Q'2t : -4,12

7-u. t?. ^ -n"(7-u2\u2 n2-
u'Z'¿: 

^ \. 1-,.7.¡v -T- l - - , jz+rõLró

(3 - v)nt2- _, rL
u'23 - qÀ^2rat o rfr

oß1, : Q'13

u.32 - - r¿23

t2rol rr2t2ro2 , 1 l', nnt2, ,ztZ pr\ - u2)a2 .
u/.{.{:T...'...-...'...---"'rù 12 613 ' 'r3 ' l2r[ ' r2rfi 6rt E r
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Tlre following terms refer to ihe matrix defined by Equation (46):

bn: n(7 * u)À,o

TIre following terms refer to ihe matrix defined by Equat,ion (65):

krr : ûr kn: az frta : ûs

krs:0 krro-0 frrro:0

, p"(7 - r,2)a2 r2 (7 - v)n'z ,, , tt, \ull : -----;-- - n^ - ----;---\r -Ì- il /_ú zrã I ¿7"-o

kzt:0t+lBzP^Tt* lrzr:Éa+f B2P*T*^
m=! nz:\

2ro

r _ t',^t^ rr u , (1 -u)tln2,bß: -ir^ *t-^ + ftf)x^
bzt : hn

, 1 - t,t .- t2, , 12 , , p"(7 - u2)u2 n2 .,bzz:- 2 (1 +ãú)^î+t};:-AJ

. (3 - u)nti ,, n
u23: - * t Atn- --1

¿+'t'õ rõ

ósr : -órs

hsz : -bzs

, _t'rÀln , n2tlÀ2*, r1 , t? , nnt2, n2t2" pr\-u2)a2,e33- n - 6'3 -"3-:.:'4-12'4 - 6"1 - E )
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kzg :0 ß216 - 0

oo

k'" :1+ I B3P^?1"-
rn=!

frss :0

lcq: ot

fr¿s:0

frsr:0

I;sg : (oror. * Lpr.n, + Y-)

Ézro : 0

kss:1+
oo

\-1r
r¡l:7

BsPrnTs,n

ßsro : 0

k+e: oe

/c+ro : 0

kss :0

ksro : (oro, + Lþrr,+ !-)
7"9 7"9

kos :0

rç

kol:0

Èsro : 0

li+z: oz

k+ro : o

lcsz : 0

lcaz : 0

7"0

/tos : (þtot
Q.t 77' .

-) T¡
^ dSTl'.koro:(Ésas- )

1^6

lc¡t:0 k72-0 Èze :0

fuss:o

. vnz,kis:1"í- " )ro

n IrTr2 ,
itz16:(øõ- , )

7"õ

/tsr:0 fr.r:g

1 t , trn'2o1 ,Æ89:\ør- , )'ró

co

)-- BrP^T1^sin À,nh.
ttt=!

o un.2 oe .lûsro:("d--;j)
T'-o

kss : .,ssoeh. 
å 

B1P',nTs,',sin À-å'kgr : dreoth *

bt)



lrgs : -eteo' Ä:sro : -eg¿oeh

kior : þte"'o * Ð B2P*T:,ncosÀ-å frroe : þaeo"h. p, B2p,nTs,ncosÀ,,rå

kros : -þte", kroro : -þseo"l'

frrrr : eo'h * Ð "tr,,T1¡-¿cosÀ¡nh 
krre : eo"h *Ð urr*Ts,ncosÀnh

tn=! ¡¡t:7

krrs: -eo'h krrio: -eoeh

..--
Irrzt: oteo'l¿ - t BsP,nTln À'rsinÀ-lr

m:1

co

k.:,s: oreo"t - 
P, 

BsP^Ts*À,nsinÀ,n11,

kug : -oteo' ktzta : -tîggoah

1c131 : (oro, + Lþrr.¡ L¡"",0 + )ì (BrÀ^ + LBrn + LBr)p*Tr-cos À-h
7"9 Tg T'g Tg

co

fur¡s: (oro, + L\rn¡ LS"""n + t (BrÀ*+ LBzn+ LBs)P,nTs,ncosÀ-h.
T g T'O Tg 7"ç.1

M:I

Èr¡s : -(oro, + lBrn + !)"",t' lûrsro : -(oro, + Lþrn.¡ L1"""n' 'rg 16 Tg' - r'0'

krer : (hot - 
atn' 

)"ot, - i (BzÀ,, + 
Bt' 

)p,-T1,,sin À,nh,'t"g Tsm.:l

of



7 /^ (tg 
co

/.ir{8 : (psos - 
n'1"""ñ 

- )- (BzÀ,- +,r"s ã!,

Ã,rnn: -(þtq-!!¡"o'n

8,n..
;;)f^Ts'nsin À-h'

t^ û8??': -(þeoa - Y!!!¡e""nlcrcta

^ trrl2 .

krsr : þ? -'an)e",t - t (st_+
rõ

'4)rrr*T1,ncos À^h
r6

" 
I''n,2

Itrro : -("í -' 
'i 

)""'nro

o l)n2 o 
co

Ã,ror : ("i - "#)"o'h + !trl +Tõ 
m:l

'.\'¡"""0 - i (^r,.+
'o m=l

tæ

"3+)r""n + It,ll +û.U
'o nt:I

rt2u.
. )BsPr-Tsncos À,.,-l:i

rõ

krsro: -("3-"T1¡"",r',0

n2uÀ^.
-;T-)BsP^?1"'sin )-å

n2uÀ-

-;:)BtP^Te^sin 
À- h.

,0

- . a lrn'2Tr. -,ft1616:-(øË- ; )e"""rõ

/crss : @'" -

kros : ("3 -

^ 
trr7,2 01 , ^_ ^L;r6s: -(øi - õ')e"'",0

(722)

The following terrns refer to the matrix defined by Equaúion (86):

Ptt: dreo" Pts : QBeo*'

P2t: þteo"
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^ -OtZ ñ - _ ^OgZ'l)37:c' p38:e

P+r : oteo" ...... P+e : o|eo"t

pet :'Pr\tot - 1r""" ... pae: "-?rþ*, - l)""""
p.t: K("? - frru' Pts: K(o3 - frr""""

pst : D(or", + #þ, ¡ 
L¡"",'

psi: K(ol-"\'¡"o"
Tõ

psa : D(oroe I Lþe ¡ L7""""
T¡¡ Tç¡'

pss: K("3-"997e"r' (123)

The following lerms lefer to the matrix defined by Ecluation (108):

þtt: o.7eo" + ! B1P*T1,nsinÀ-e ñrc: d,eo"'+ t B1Pr.,Ts*sin)-z

ñzt : þte"" + I B2Pn T1^cos Àn,z ñzs : þseo"". p, B2p,nTs-cos À^z

Fr, : eo'" + | Are^fr,,ncos À,nz Fr, : eo"" I L "rO^Ts*cos 
À^z

tn=7 tn:7
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co

Frs : Dl@ro. + !þu * !)"""' + )] (BrÀ,. + !n, + !pr)P,nTr-cosÀ-zl?"6 rg 4. f6 Tg

D(7_ u\-.- crt co a
þat: "t}Kþro, - l)""" - Ð. (BrÀ,- + 2)p,-rr^sinÀo,z)

M:I

- D(I - u\.. ^ cR. .- r''
þae: "#l(þro, - f rr""' - Ð- (BrÀ^ + la)p,nTsn sinÀ*zl

-L: .l

fizt : rcl("? - 3)""' - t Q'^ + !)are,-rr^cos À^zfrõ m:r 16'
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APPENDIX IV

THE COMPUTER PR,OGRAM
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PR.OGR.,{M NUCYL

Free Vibration Analysis of a Variable Thickness,

Flexible Cylindrical Tank Partially Filled with Fluid

Programed by

Jeff Daochuan Liu

Deparimeni of Mechanical & Industrial Engineering

UNIVERSITY OF MANITOBA

Winnipeg, Manitoba, Canada

May, 1992
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CONSTANT THICKNESS SOLUTION FOR PARTIALLY-FILLED TANK

material property and tanks dimension

Em = 210918i7000 Ds = 7840 Df = 1000 v = 0.3
short tank : H = 12.19 r0 = 18.29 ts = 0.0254
talltank: H =21.95 r0=7.32 rs=0.0254

waterdepth: h =0.6H

writeto(cst3fout):

eQn : =w^2*cos(la(m)*h)+9. 8 *la(m) *sin(la(m) *h) 
:

fsolve(eqn=0,1a(m)):
solutions:=":
la(m):=solutions:

L 1 : =D s 
* w nlx (l -v ^2)Æ m - ( 1 - v ) 

* (l +ts^z I (1 2* r0 ^2)) / (Z* r 0 ^2) :

Y2.=(I+v)l(2*r0):
L3:=-ts^2/(i2*r0):
¡41=(v/rO)-ts^2* ( 1 -v)/ (24*10^3) :

L5 : =0.5 * ( 1 -v)* ( 1 +tsn2 ft4*r0^2)) :

L6 : =D s 
*w n)x (l _v 

^2) /Em_ | h0n2.
LJ 7¡sn2* ç3 -v ) I (2 4* r 0 ^2) :

L8:=-Ilr0^2:
L9:=ts^2112:
L 10::-ts^21(6*10^2):
¡ 1 1 ; =( 1 /r0^2) -D s*w^ 2* (L -v ^2) lBm:

C 1 : =simplify(Ls * (L9-L3^2)) :

C2:=simplify(L5*L10+L9*(L6+L1*L5)+L7^2+L9*L2t2-2yL3*-L4*L5-L6*L3^2+2*LZ*L3*L7):
C3:=sirnplify(L5*L11+L10*(L6+L1*L5)+L7*L6*L9+2*L7*L8+LlxLlI2+LL0*L2^Z-L5*L4^2\

_2*. L3 * L 4* L6 +2*L2xL3 * Lg +2* LZ*IA*L7 ) :

C4:=simplify(L11*(L6+LixL5)+L1*L6*L10+L8^2+z*Lr*Ll*L8+L1 l*Lz^z-L6*IA^z\
+2*L2*L4*Lg):

C5 : =simplify(L 1 *L6*L 1 1 +L 1 *L8^2) :

eqn:=C i *x^8+C2t<x^6+C3 *x^4+C 4*xn2+C5 :

solve(eqn=0,x):
solutions:=":



x 1 :=solutions[ 1]:
x2:=solutions[2]:
x3:=solutions[3]:
x4:=solutions[4]:
x5:=solutions[5]:
x6:=solutions[6]:
x7:=solutions[7]:
x8:=solutions[8]:

a1:=evalc(Re(x1)):
b1:=evalc(Im(x1)):
a2:=evalc(Re(x2)):
b2:=evalc(hn(x2)):
a3:=evalc(Re(x3)):
b3:=evalc(Im(x3)):
a4:=evalc(Re(x4)):
b4:=evalc(Im(x4)):
a5:=evalc(Re(x5)):
b5:=evalc(Im(x5)):
a6:=evalc(Re(x6)):
b6:=evalc(Im(x6)):
a7:=evalc(Re(x7)):
b7:=evalc(Im(x7)):
a8:=evalc(Re(x8)):
b8:=evalc(Im(x8)):

a 1 1 ( 1 ) : =simplify(x 1 ^2+L1 ) :

a 1 1 (2) : =simpJtfy (x2^2+Ll) :

a 1 1 (3) : =simplify(x3^2+L 1 ) :

a 1 1 (4) : :sirnp ltfy (x4^2 +Ll) :

a 1 1 (5) :=simplify(x5^2+L I ) :

a 1 1 (6) : =simplify(x6^2+L1) :

a 1 1 (7) : =simphfy (x7 ^Z+Ll) :
a1 1 (8) : =simplify(x8^2+L1 ) :

a1 2( I ):=simplify(L2*x 1) :

al2(2):=stnpbf y(L2*x2):
a1 2(3):=simplify(L2*x3) :

a 1 2 (4) : =simp hfy (L2* x4) :
a1 2(5):=simplify(L2*x5) :

a1 2(6):=simplify(L2*x6) :

aI 2 (7 ) : = sn nphfy (L2* x7 ) :

a1 2(8):=simplify(L2*x8) :
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a2l(l):=-al\(I):
aZI(2):=-aI2(2):
aZl(3):=-a12(3):
a2l(4):=-al2(4):
a2l(5):=-aI2(5):
a2l(6):=-a12(6):
aZI(7):=-al2(1):
aZI(8):=-a12(8):

a 1 3 ( I ) : =simplify(L3*x 1 ^3+L4*x 1 ) :

a 1 3 (2) : =simplify (L3 * x 2n3 +L4*- x2) :
a 1 3 (3) : =simplify(L3 *x 3¡3+L4* x3) :
a 1 3 (4) : =simplify(L3*x 4^3+L4*x4) :

a 1 3 (5) :=simplify(L3*x5n3+L4*x5) :

a I 3 (6) : =simplify(L3*x6^3+L4*x6) :

a 1 3 (7) : =simplify(L3*x7 ß+L4*x7);
a1 3 (8) :=simplify(L3*x8^3+L4*x8) :

a31(1):=a13(1):
a31(2):=aI3(2):
a3 1(3):=a13 (3):
a3l(4):=al3(4):
a31 (5):=a13(5):
a31(6):=a13(6):
a3I(7):=al3(7):
a31(8):=al3(8):

a22 (I) : = stnpüfy ( L5 * x I ^2 +L6) :

a22(2):=sknphf y(L5*x2n2+L6):
a22 (3) : = srnp lify (L5 * x 3 ^2 +L6) :

a22 (4) : = sknptify ( L5 * x4 n2 +L6) :

a22 (5) : = símp lify (L5 * x 5 ^2 
+L 6) :

a22 (6) : = simp lify ( L5 * x 6 ^2 
+L6) :

a22 (7 ) : = sunplify ( L5 *x7 
^2 +L 6) :

a22 (8 ) : =simplify (L5 *x8^2+L6) :

a23 ( 1 ) : =simplify(L7*x 1 ^2+L8) :

a2 3 (2) : =simplify(L7 *x 2^2 +L8) :

a23 (3 ) : =simplify (L7 *x 
3 ^Z+LB) :

a2 3 (4) : =simplify (L7 *x 4^2+L8) :

a23 (5 ) : =simplify(L7 *x5n2+L 8) :

a23 (6 ) : =sim pltfy (L7 x x6^2+L8) :

a23 (7 ) : = simp li fy ( L7 * x 7 ^2+L8) :
a23 (8) : =simplify (L7 *x 8 ^Z+LB) :
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a32(I):=-a23(1):
a32(2):=-a23(2):
a32(3):=-a23(3):
a32(4):=-a23(4):
a32(5):=-a23(5):
a32(6):=-a23(6):
a32(7):=-a23(7):
a32(8):=-a23(8):

a33 ( 1 ) : =simplify(L9 *x I n4+L 
1 0*x 1 ^2+LI I) :

a3 3 (2) : :simplify(L9 *x2 
^4+LI0*xZn2+Ll l) :

a33 (3) : =simplify(L9*x3 n4+Ll0*x3^2+L 1 1) :

a33 (4) : =simplify(L9 *x 4^4+Ll0*x4^2+LL l) :

a33 (5) : =sirnplify(L9*x5^4+L1 0*x5 n2+Ll I) :

a33 (6) :=simplify(L9*x6^4+Ll 0xx6 n2+L7 l):
a3 3 (7) : =simplify(L9 *x7 

^4+L10*xl 
n}+Ll I) :

a33 (8) : =simplify(L9*x8^4+L 1 0*x8 ^2+LI I):

y 1 : =simplify ( (a 1 2 ( 1 ) 
* a23 (l) - al3 (1) * a22 (I)) I (at I (t)* aZZ(t) - at2(t)* a2 1 ( 1 ) ) ) :

y2:=simplify((al2(2)*a23(2)-aI3(2)*a22(2))l(al1(2)*aZZ(Z)-atZ(Z)*aLt(2))):
y3:=simplify((aI2(3)*a23(3)-a13(3)*a22(3))l(att(3)*a22(3)-a12(3)*a2t(3))):
y4:=simplify((at2(4)*a23(4)-aI3Ø)*a22(4))l(al1(4)*a22(g-at2()*aTt(4))):
y5 : = simp lify ( (a I 2 (5 ) 

* a23 (5) - aI3 (5) * a22 (5)) / (at t (5)* a22 (5) - at 2 (5)* a 2 1 ( 5 ) ) ) :

y 6 : = s i mp lify ( ( a 1 2 (6 ) 
* a23 (6) - aI 3 (6) * a22 (6)) / (al I (6) * a2z (6) - ar z (6)* a2 t (6))) :

y7:=simplif y((al2(7)*a23(7)-a13(l)*a22(7))l(att(j)*a2Z(7)-at2(7)*a2r(7))):
y 8 : =simplify ( (a 1 2 (8 ) 

* a23 (8) - aI3(8 ) 
* a22 ( S ) ) / (al I (8)* a22 ( S ) -a I 2 ( 8 ) 

* a2 1 ( 8 ) ) ) :

yi:=evalc(y1):
y2:=evalc(y?):
y3:=evalc(y3):
y4:=evaIc(y4):
y5:=evalc(y5):
y6:=evalc(y6):
y7:=evalc(y7):
y8:=evalc(y8):

z 1 : =simplify ((a 1 3 ( 1 ) 
* aZI (l) - aI I (l)* a23 (l))/(a 1 1 ( 1 ) 

* a22(l)- aIZ( I ) 
x a2 1 ( 1 ))) :

z2:=simpliry(@t3(2)*aZI(2)-a11(2)*a23(2))/(atI(2)*a22(2)-a12(z)*azI(2))):
z3:=sirnplify((a13(3)* a2l(3)-alI(3)xa23(3))/(a1 1(3)* a22(3)-a12(3)*a21(3))):
z4:=simplify((a13(4)* aTl(4)-a11(4)*a23(4))l(afiØ)*a22(4)-at2@)*a2I(4))):
z5 : =simplify((a 1 3 (s) * a21 (5) -at t (5)x a23 (5))/(a 1 1 (5)* a22(5)-al2(5)*a2 1 (5))) :

z6 : =simplify ( (a 1 3 ( 6) * aTl (6) - al 1 (6)* a23 (6))/(a 1 1 (6) * a22(6) - a12( 6 ) 
* a2 1 (6 ) ) ) :

z7:=simplify((a13(7)* a21(7)-atr(7)*a23(7))l(aIl(7)*'a22(7)-aIZ(7)*azl(7))):
z 8 : =simplify ( (a 1 3 ( 8 ) 

* a21 (8) - all (8 ) 
* a2 3 ( 8 ))/(a 1 1 (8 ) 

* a22 (8) - at2( 8 ) 
* a2 1 ( 8 ) )) :

nl/tJ



zl:=evalc(zl):
z2:=evalc(22):
z3:=evalc(23):
zL:=evaIc(24):
z5:=evalc(25):
z6:=evalc(26):
z7:=evalc(27):
z8:=evalc(28):

b I 1 (m) : =simplify(L 1 -la(m)^2) :

b 1 2(m) : =simplify(-L2*la(m)) :

b I 3 (m) : =simplify(L3 *la(m)nl -¡4*1a(m) ) :

b21(m):=b12(m):
b22 (m) : =simplify(L6-L5 *1a(m)^2) 

:

b23 (m) : =simplify (-L7 *la(m)^2+L8 
) :

b31(m):=-b13(m):
b32(m)::-b23(m):
b3 3 (m) :=simplify(L9 *la(m)^4-L 

1 0*1a1m¡n2..L 1 1 ) :

with(linalg):
b(m):=matrix([[b11(m),b12(m),b13(m)],[b2l(m),b22(m),b23(m)],[b31(m),b32(m)I

b33(m)ll):
D(m):=det(b(m)):

B 1 (m):=simplify((b 1 2(m)*b23(m)-b 13(m)*b22(m))/D(m)):
82(m):=simplify((b I 3 (m)*b2 1 (m)-b 1 I (m)*523(m))/D(m)):
B3 (m):=simplify((b 1 1 (m)*b22(m)-b 12(m)*b2 1 (m))/D(m)):

alias(I=Bessell):
I 1 (m) :=I( 1,la(m)*r0) :

12(rn) : =I(0, la(m) *r0)/2+I(2,1a(m) * ñ) I Z:
I(rn):=I1 (m)/12(m):

P(m) : =simplify(2*Df* ( 1 -vn2)*1yn2*I(m)Æm*rs* (2*la(m)^2*h+\
la(m) * sin (2 *la(m) *h))^ (t I Z)) :

T1(m):=simplify(evalf(exp(al)*(cos(b1*h)+I*sin(b1*h))*(x1*cos(la(m)*h)+\
la(m) *sin(la(m) *h))-x I) I (x1^2+la(m)^2)) :

T1(m):=evalc(T1(m)):
T2(m):=simplify(evalf(exp(a2)*(cos(b2*h)+Ix5in(b2*h))*(x2*cos(ta(m)*h)+\

la(m) * sin (la(m) *h 
) ) -x 2) / (x2^2+Ia(m)^2)) :

T2(m):=evalc(T2(m)):
T3(m):=simplify(evalf(exp(a3)x(cos(b3*h)+I*sin(b3*h))*(x3*cos(ta(rn)*h)+\

la(m) * sin (la(m) *h) 
) -x 3) / (x3 ^2+Ia(m)^2)) :

T3(m):=evalc(T3(m)):
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T4(m):=simplify(evalf(exp(a4)*(cos(b4*h)+I*sin(b4*h))*(x4*cos(la(m)*h)+\
la(m) *sin(la(m) *h))-x 4) / (x4^2+la(m)^2)) :

T4(rn) :=evalc(T4(m)) :

T5(m):=simplify(evalf(exp(a5)*(cos(b5*h)+t*sin(b5*h))*(x5*cos(la(m)*h)+\
la(m) *sin(la(m) *h))-x 5) I (x5^2+la(m)^2)) :

T5(m):=evalc(T5(m)):
T6(rn):=simplify(evalf(exp(a6)*(cos(b6*h)+I*sin(b6*h))*(x6*cos(ta(m)*h)+\

la(m) *sin(la(m) *h))-x 6) I (x6^2+la(m)^2)) :

T6(m):=evalc(T6(m)):
T7(m):=simplify(evalf(exp(a7)*(cos(b7*h)+I*sin(b7*h))*(x7*cos(la(m)*h)+\

la(m) xsin(la(m) *h))-x7 
) I G7 ^2+la(m)^2)) :

T7(m):=evalc(T7(m)):
T8(rn):=simplify(evalf(exp(a8)*(cos(b8*h)+t*sin(b8*h))*(x8*cos(la(m)*h)+\

la(m) x sin (la(m) *h) )-x 8 )/(x 8^2+la(m)^2)) :

T8(m)::evalc(T8(m)):

S 2 1 : =simptify(sum(B 2(m)*P(m) *T 1 (m),m= 1 .. 1 0)) :

S 22 :=simplify(sum(B 2 (m) *P (m) *T2(m),m= 
1 .. 1 0)) :

S 23 : =simplify(sum(82(m) xP(m)*T3 (m),m= 1 .. 1 0)) :

S 24 : =simplify(sum(B 2(m)*P(m) *T4(m),m= 1 .. 1 0)) :

S 25 :=simplify(sum(B2 (m) *P(m) *T5 (m), m= 1 .. 1 0)) :

S 26 :=simplify(sum(B 2(m) *P(m) *T6 (m),m= I .. 1 0)) :

S 27 : =simplify(sum(B 2(m) *P(m) *T7 (m),m= 1 .. 1 0)) :

S 2 8 : =simplify(sum(B 2(m) *P (m) *T8 (m), m= 1 .. 1 0)) :

S3 1 :=simplify(sum(83(m)*P(m)*T1 (m),m=1.. 10)):
S 3 2 :=simplify(sum(B 3 (m) *P (m)*T2(m), m= 1 .. 1 0)) :

S 3 3 : =si¡nplify (sum(B 3 (m) xP(m) *T3 (m),m= 1 .. 1 0)) :

S 34: =simplify(sum(B 3 (m) *P(m) *T4(m),m= I .. 1 0)) :

S 3 5 : =simplify(sum(B 3 (m) *P(m) *T5 (m), m= 1 .. 1 0)) :

S 3 6 :=simpiify(sum(B 3 (m) *P(m) *T6 (m),m= 1.. 1 0)) :

S 37 : =simplify(sum(B 3 (m) *P(m) *T7 (m),m= 1 .. 1 0)) :

S 3 8 :=simplify(sum(B3 (m)*P(m)*T8 (m),m= 1 .. 1 0)) :

S 9 1 : =simplify(sum(B 1 (m) *P(m) *T 1 (m) * sin(la(m)*h),m= 1.. 1 0) ) :

S 92 : =simplify(sum(B I (m) *P(m)*T2(m)* sin(la(m)*h),m= 1.. 1 0)) :

S93 :=simplify(sum(B 1 (m)*P(m)*T3(m)*sin(la(m)*h),m=1.. 10)):
S 94: =simplify(sum(B 1 (m)*P(m)*T4(m)*sin(la(m)*h),m= 1.. 10)):
S 95 :=simplify(sum(B 1 (m)*P(m)*T5(m)*sin(la(m)*h),m=1.. 10)):
S 96 :=simplify(sum(B 1 (m) *P(m)*T6(m)* sin(la(m)*h),m= 1.. i0)) :

S 97 : =sirnplify(sum(B 1 (m) *P(m)*T7 (m)*sin(la(m)*h),m= 1.. 10)) :

S 98 :=simplify(sum(B 1 (m)*P(m)*T8(m)*sin(la(rn)*h),m=1.. 10)):

S 10 1 :=simpiify(sum(82(m)*P(m)*T1 (m)*cos(la(m)*h),m=1.. 10)):
S 1 02:=simplify(sum(82(m)*P(m)*T2(m)xcos(la(m)*h),m= 1.. 10)) :
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S 1 03:=simplify(sum(82(m)*P(m)*T31m¡*,.os(ia(m)*h),m= 1.. 10)) :

S 1 04:=simplify(sum(82(m) *P(m) *T4(m)*cos(la(m) *h),m= 1 .. 1 0)) :

S 1 05:=simplify(sum(B2(m)*P(m)*T5(m)*cos(1a(m)*h),m=1.. l0)) :

S 1 06: =simplify(sum(B2(m)*P(m)*T6 (m)*cos(la(m) *h),m= 
1 .. 1 0)) :

S 1 07:=sirnplify(sum(82(m)*P(m)*T7(m)*cos(la(m)*h),m= 1.. 10)) :

S i08:=simplify(surn(B2(m)*P(m)*T81m¡*ros(ia(m)xh),m= 1.. 10)) :

S 1 1 1 :=simplify(sum(83(m)*P(m)*T1 (rn)*cos(la(m)*h),m=1.. 10)) :

S 1 1 2: =simpiify(sum(83 (m)*P(m)*T2(m)*cos(la(m) *h),m= 1.. 10)) :

S 1 1 3:=simplify(sum(B3(m)*P(m)*T31m¡x.os(la(m)*h),m=1.. 10)):
S 1 1 4:=simplify(sum(83(m)*P(m)*T4(m)*cos(la(m)*h),m= 1.. 10)) :

S 1 I 5 : =simplify(sum(83 (m)*P(m)xT5 1m¡x.os(la(m) *h),m= 1.. 1 0)) :

S 1 1 6:=simplify(sum(83 (m)*P(m) *T61m¡*ros(la(m) *h),m= 1.. 1 0)) :

S 1 1 7:=simplify(sum(83(m)*P(m)*T7(m)*cos(la(m)*h),rn= 1.. 10)) :

S 1 1 8 :=simplify(surn(83 (m)*P(m)*T8 1m¡*.os(la(m)*h),m= 1 .. 10)) :

S 1 2 1 :=simplify(sum(83(m)*P(m)*T1 (m)*la(m)*sin(la(m)*h),m=1.. 10)):
S 1 22:=simplify(sum(83 (m)*P(m)*T2(m)*la(m)*sin(la(m)xh),m= 1 .. 1 0)) :

S 1 23:=simplify(sum(83(m)*P(m)*T3(m)*la(m)*sin(la(m)*h),m= 1.. 1 0)):
S 1 24: =simplify(sum(83 (m)*P(m)*T4(m)*la(m)*sin(la(m) *h),m= 1.. 1 0)) :

S 1 25 :=simplify(sum(B3 (m)*P(m)*T5(m)*la(m)* sin(la(m) *h),m= 1 .. 1 0)) :

S 1 26:=simplify(sum(B3(m)*P(m)xT6(m)*la(m)*sin(la(m)*h),m=1.. 1 0)):
S 1 27 : =simplify(sum(83 (m)*P(m)*T7 (m)*la(m)*sin(la(m)*h),m= 1.. 1 0)) :

S 1 28 :=simplify(sum(B3 (m)*P(m)xT8 (m)*la(m)* sin(la(m) *h),m= 1 .. 1 0)) :

S 13 1 :=simplify(sum(P(m)*T1 (m)*cos(la(m)*h)*(B 1 (m)*ta(m)+\
v* (B 2(m)+83 (m))/r0),m: 1.. 1 0)) :

S 132:=sirnplify(sum(P(m)*T2(m)*cos(la(m)*h)*(B 1 (m)*la(m)+\
v* (B 2(m)+B 3 (m))/r0),m= 1.. 1 0)) :

S 133:=simplify(sum(P(m)*T3(m)*cos(la(m)*h)*(B 1 (m)*la(m)+\
v*(82(m)+83 (m))/r0),m= 1.. 10)) :

S 1 34:=simplify(sum(P(m)*T4(rn)*cos(la(m)*h)* (B 1 (m)*la(m)+\
v *(B 2(m)+B 3 (m))/tQ),m= 1.. I 0)) :

S 135:=simptify(sum(P(m)*T5(m)*cos(la(m)*h)*(B 1 (m)xla(m)+\
v*(B2(m)+83(m))/r0),rn= 1.. i 0)) :

S 1 36:=simplify(sum(P(m)*T6(m)*cos(la(m)*h)*(B 1 (m)*la(m)+\
v* (B 2(m)+B 3 (m))ir{),m= 1 .. I 0)) :

S 137 :=simptify(sum(P(m)*T7(m)*cos(la(m)*h)*(B 1 (m)*ta(m)+\
v*(B 2(m)+83 (m))/r0),m= 1 .. 1 0)) :

S 138 :=simplify(sum(P(m)*T8(rn)xcos(ta(m)*h)*(B 1 (m)*ta(m)+\
v *(B 2(rn)+83 (m))/r0),m= 1 .. 1 0)) :

s 141:=simplify(sum(P(m)*T1(m)*sin(la(m)*h)*(82(r¡)*la(m)+81(m)/r0),rn=1..10)):
s 142:=simpiify(sum(P(m)*T2(m)*sin(la(m)*h)*(82(m)*la(m)+B 1(m)/rO),m=1..10)):
s143:=simplify(sum(P(m)*T3(m)*sin(la(m)*h)*(82(m)*la(m)+81(m)/r0),m=1..10)):
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s 144:=simplify(sum(P(m)*T4(m)*sin(la(m)*h)*(82(m)*ta(m)+81(m)/r0),m=1..10)):
S 145:=stunplify(sum(P(rn)*T5(m)*sin(la(m)*h)*(82(r¡)*la(m)+B 1(rn)/r0),m=1..10)):
S 146:=simplify(sum(P(m)*T6(m)*sin(la(m)*h)*(82(m)*ta(m)+81(m)/rO),m=1..10)):
s i47:=simplify(sum(P(m)*T7(m)*sin(la(m)*h)*(82(m)*la(m)+B 1(m)/rO),m=1..10)):
S 148:=simplify(sum(P(m)*T8(m)*sin(la(m)*h)*(82(m)*ta(m)+81(m)/rO),m=1..10)):

S151:=simplify(sum(B3(m)*P(m)*T11m¡*"os(la(m)*h)*(la(m)^2+v/r0^2),m=1..10)):
S 152:=simplify(sum(83(m)*P(m)*T2(m)*cos(la(m)*h)*(la(m)^2+v/rfl^2),m=1..10)):
S153:=simplify(sum(83(m)*P(m)*T31m¡x"os(la(m)*h)*(la(m)^2+v/r0^2),m=1..10)):
S 154:=simplify(sum(83(m)*P(m)*T4(m)*cos(la(m)*h)*(la(m)^2+v/r0^2),m=1..10)):
S 155:=simptify(sum(B3(m)*P(m)*T5(m)*cos(ia(m)*h)*(la(m)^2+v lr{,^2),m=L.10)):
S 156:=simplify(sum(83(m)*P(m)*T6(m)*cos(la(m)*h)x (la(m)^2+v/r0^2),m=1..10)):
S157:=simplify(sum(83(m)*P(m)*T7(m)*cos(la(m)*h)*(la(m)^2+vir0^2),m=1..10)):
S158:=simplify(sum(B3(m)*P(m)*T8(m)*cos(la(m)*h)*(la(m)^2+v/r0^2),m=1..10)):

S161:=simplify(sum(83(m)*P(m)*Ti(m)*sin(ia(m)*h)*la(m)*(la(m)^2+v/r0^2)I
m=1..10)):

S 162:=simplify(sum(B3(m)*P(m)*T2(m)*sin(la(m)*h)*la(m)*(la(m)^2+v/r0^2))
m=1..10)):

S163:=stunplify(sum(83(m)*P(m)*T3(m)*sin(la(m)*h)*la(m)*(la(m)^2+v/rfl^2)I
m=1..10)):

S 164:=simpüfy(sum(B3(m)*P(m)*T4(m;*rin(la(m)*h)*la(m)*(la(m)^2+v/r0n2)I
m=1..10)):

S 165:=simplify(sum(83(m)*P(m)*T5(m)*sin(la(m)*h)*la(m)*(1a(m)^2+v/r0^2),\
m=1..10)):

S 166:=simplify(sum(B3(m)*P(m)*T61m¡*rin(la(m)*h)*la(m)*(la(m)n2+v/r0^2)I
m=l..10)):

S 167:=simplify(sum(B3(m)*P(m)*T71m¡*r¡n(ta(m)*h)*la(m)*(ta(m)^2+v/r0^2)I
rn=1..10)):

S168:=simplify(sum(B3(m)*P(m)*T8(m)*sin(la(m)*h)*la(m)*(1a(m)^2+v/r0^2))
m=l..10)):

k11:=evalf(yl):
k12:=evaIf(yZ):
k13:=evalf(y3):
k14:=evalf(y4):
k15:=evaif(y5):
k16:=evalf(y6):
k17:=evalf(y7):
k18:=evalf(y8):
k19:=0:
kl10:=0:
kl11:=0:
k112:=0:
kl13:=0:
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k114:=0:
k115:=0:
k116:=0:

k2 1 :=simplify(evaH(z 1 +S 2 1 )) :

k22 : = simplif y ( ev alf (z 2 + S 22)) :

k23 : =simplify(evalf(23 +S 23)) :

k24 : =simpl tfy (ev alf (24+S 24) ) :
k25 : =simplify(evalf(25 +S 25)) :

k26 :=simplify(evalf(26+S 26) ) :
k27 : =simplify(evaH(27 +527 )) :

k28 : =simplify(evaH(28 +S 28)) :

k29:=0:
k210:=0:
k217:=0:
kZI2:=0:
k2l3:=0:
kTl4:=0:
k2l5 =0:
k216:=0:

k3 1 :=simplify(evalf( 1 +S 3 I )) :

k3 2 : =simplify(evaH( 1 +S 3 2)) :

k3 3 : =simplify(evalf( 1 +S 33) ) :

k34:=simplify(evalf( 1 +S 34)) :

k3 5 :=simplify(evalf( 1 +S 3 5) ) :

k3 6 :=simplify(evalf( 1 +S 3 6)) :

k37 : =simplify(evalf( I +S 37)) :

k3 8 :=simplify (evalf( 1 +S 3 8) ) :

k39:=0:
k310:=0:
k3 i 1:=0:
k3l2:=0:
k313:=0:
k314:=0:
k315:=0:
k316:=0:

k4 1 : =simplify(evalf(x 1 )) :

k42 : =simplify(evalf(x2) ) :

k43 : =simplify(evalf(x3)) :

k44: =simplify (evalf(x4) ) :

k45 : =simplify(evalf(x5)) :

k46 : =simplify(evalf(x6) ) :

k47 : =simplify(evalf(x7)) :
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k48 : =simplify(evalf(x8)) :

k49:=0:
k410:=0:
k411:=0:
k4l2:=0:
k413:=0:
k4l4:=0:
k415:=0:
k416:=0:

k51:=0:
k52:=0:
k53:=0:
k54:=0:
k55:=0:
k56:=0:
k57:=0:
k58:=0:
k59 :=simplify(evaH(y 1 *x 

1 +v*z 1/r0+v/r0)) :

k5 1 0 : = simp lify (ev alf ( y 2* x2 +v * z2lr0 +v/rO) ) :

k5 1 1 : =simplify(evalf(y3*x3 +v* z3lr0+v/r0)) :

k5 1 2: =simplify(evalf(y 4* x4+v * z4/r0+v/r0)) :

k5 1 3 :=simplify(evalf(y5 *x5+v*25lr0+v/r0)) 
:

k5 1 4: =simplify(evalf(y 6* x6+v * z6lr0+v/r0)) :

k5 1 5:=simplify(evalf(yJ *x7 +v * z7lr0+v/r0)) :

k5 I 6: =simplify(evaH(y8 *x8+v*28lr0+v/r0)) 
:

k61:=0:
k62:=0:
k63:=0:
k64:=0:
k65:=0:
k66:=0:
k67:=0:
k68:=0:
k6 9 : =simpli fy (ev alf (zI*x 1 -y I /r0) ) :

k6 1 0 : =simplify(evalf(22* x2-y2/r0)) :

k6 1 1 : =simplify(evalf(23 *x3 -y3lr0) ) :

k6 1 2 : =simplify (evalf(z 4x x{-y 4 h0)) :

k6 1 3 : =simplify(evalf(25 * x5-y5/r0) ) :

k6 1 4: =simplify(evalf(26*x6-y6lr0)) :

k6 1 5 : =simphfy (ev alf(27 * x7 -y7 lr0)) :

k6 1 6: =simplify(evalf(28 *x8-y8/r0)):

k71:=0:
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k72:=0:
kJ3:=0:
k74:=0:
k75:=0:
k76:=0:
k77:=0:
k78:=0:
k79 :=simplify(evalf(x 1 ^2-v /r0^2))'
k7 I 0 :=simplify(evaH(x2^2-v /r0^2))'
k7 1 1 :=simplify(evalf(x 3^2-v lr0^2)) :

k7 1 2 :=simplify(evalf(x Qn2-y lrQ^Z)):
k71 3 :=simplify(evalf(x 5^2-v lr0^2)):
k7 I 4:=simplify(evalf(x 6^2-v /r0^2)):
k7 1 5 ::simplify(evalf(x7 ^2-v /r0^2)):
k7 1 6 :=simplify(evalf(x 8n2-v lr0^2)):

k81:=0:
k82:=0:
k83:=0:
k84:=0:
k85:=0:
k86:=0:
k87:=0:
k88:=0:
k89 :=simplify(evalf(x 1n3-v*x 1/r0^2)) :

k8 1 0 :=simplify(evalf(x2^3 -v *x2/r0^2)):

k8 1 1 :=simplify(evalf(x 3n3 -y * y3 lr0^2) ) :

k8 1 2:=simplify(evalf(x 4^3-v *x4lr0^2)) 
:

k8 1 3 :=simplify(evalf(x 5^3 -v *x5 /r0^2)) :

k8 1 4:=simplify(evalf(x 6^3-v*x6 lr0^2)) :

k8 1 5 :=simplify(evaH(x1 n3 -y * yJ /r0^2)) :

k8 1 6 :=simplify(evalf(x gn3-yx¡g/r0^2)) 
:

k9 I : =simplify(y I *evalf(exp(a1 *h) *(cos(b 1 *h)+I*sin(b 
1 *h)))+S9 

1 ) :

k92: =simphfy (y2* ev aif(exp(a2*h) *(cos(b2*h)+I*sin(b2*h)))+S 92) :

k93 :=simplify(y3 *evalf(exp(a3 *h) *(cos(b3 *h)+I* sin(b3 *h)))+S93) 
:

k94: =sirnplify(y4*evalf(exp (a4* h) *(cos(M*h)+I*sin(M*h)))+S 94) :

k95 :=simplify(y5 *evaif(exp(a5*h) *(cos(b5 *h)+I*sin(b5*h)))+S 95) :

k96:=simplify(y6*evalf(exp(a6*h) *(cos(b6xh)+I*sin(b6*h)))+S96) 
:

k97 : =simplify(y7 *evalf(exp(a7*h) *(cos(b7*h)+I*sin(b7 *h)))+S97) 
:

k98 : =simplify(y8 *evalf(exp(a8 *h) *(cos(b8 *h)+I*sin(b8 *h)))+S98) 
:

k99:=S91-k91:
k910:=S92-k92:
k911:=S93-k93:
k912:=594-k94:
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k913:=S95-k95:
k914:=S96-k96:
k915:=S97-k97:
k916:=S98-k98:

k 1 0 1 : =simphfy (21* ev alf(exp (a 1 *h) * (co s(b 1 *h)+I* sin(b 1 *h))) +s 1 0 1 ) :

k 1 02:=simprtfy (22* ev alf(exp(a2*h) * (cos(b2*h)+I*sin (b2*h)))+s 1 02) :

k1 03:=simphfy (23*ev alf(exp(a3*h)*(cos(b3*h)+I*sin(b3*h)))+S 1 03) :

k 1 04:=simprify (24* ev alf(exp(a4*h) * (cos(b4*h)+I*sin(M*h)))+S 1 04) :

k I 05: =simplify(25*evalf(exp(a5 *h) * (cos(b5*h)+I* sin(b5*h)))+s I 05) :

k 1 06:=simplify(26*evalf(exp(a6*h)*(cos(b6*h)+I*sin(b6*h)))+S 1 06) :

k 1 07:=simprtfy (27 * ev alf(exp(a7 *h) *(cos(b7 *h)+I* sin(b7 *h)))+s 
1 07) :

k1 08:=simplify(28*evalf(exp(a8 *h)*(cos(b8*h)+I*sin(b8*h)))+S 
1 08) :

k109:=S 101-k101:
k1010:=S 102-k102:
k101 1:=S 103-k103:
k1012:=S 104-k104:
k1013:=S 105-k105:
k1014:=S 106-k106:
k1015:=S 107-k107:
k1016:=S 108-k108:

k 1 1 I : =simplify(evalf(exp(a1 *h)* (cos(b 1 *h)+I*sin(b 
1 xh)))+S I I 1 ) :

k 1 1 2:=simplify(evatf(exp(a2*h)*(cos(b2xh)+I*sin(b2xh)))+S 1 1 2) :

k 1 I 3 : =simplify(evalf(exp(a3*h)* (cos(b3 *h)+I*sin(b3 xh)))+S 1 1 3) :

k 1 1 4:=simplify(evalf(exp(a4*h)* (cos(b4*h)+I*sin(M*h)))+S 1 1 a) :

k1 1 5:=simplify(evalf(exp(a5*h)*(cos(b5*h)+I*sin(b5*h)))+S 1 1 5) :

k 1 1 6::simplify(evalf(exp(a6*h)*(cos(b6*h)+I*sin(b6xh)))+S 1 1 6) :
k1 17:=simplify(evalf(exp(a7*h)*(cos(b7*h)+I*sin(b7xh)))+S I 17) :

k1 I 8:=simplify(evalf(exp(a8*h)*(cos(b8*h)+I*sin(b8*h)))+S 1 1 8) :

k1 19:=S 1 1 1-k11 1:

k1110:=S II2-k112:
k1 111:=S 113-k113:
k1 1 12:=S lI4-klI4:
kl113:=S 115-k115:
k1114:=S 116-k116:
k11 15:=S Il7-kIll:
k1116:=5118-k118:

k 1 2 1 :=simpiify(x 1 *evalf(exp(a1 *h)*(cos(b 
1 xh)+I*sin(b 

1 *h)))-S 
1 2 1) :

k 1 22:=simplify(x2*evaH(exp(a2*h)*(cos(b2*h)+I*sin(þ2*h)))-S 1 22) :

k 1 23 : =simplify(x3*evaH(exp(a3 *h)* (cos(b3*h)+I*sin(bl *h)))-s 
1 23) :

k I 24: =simplify(x4*evalf(exp(a4*h)*(cos(b4*h)+I*sin(b4*h)))-s 1 2a) :

k 1 25: =simplify(x5*evalf(exp(a5 *h)* (cos(b5*h)+I*sin(b5 *h)))-S 
1 25) :

k1 26: =simplify(x6*evalf(exp(a6*h)*(cos(b6*h)+I*sin(bs *h)))-s 
1 26) :
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k 1 27:=simplify (x7 * ev alf(exp(a7 *h)* (cos(b7*h)+I*sin (bl xh)))- s 1 27) :

k1 28:=simplify(x8*evalf(exp(a8*h)*(cos(b8*h)+I*sin(b8 xh)))-s 
1 28) :

k129:=-S IZT-hI2I:
k12i0:=-S 122-k122:
klzII =-5123-k123
kl2l2:=-5124-k124:
k1213:=-S 125-k125:
k1214:=-S 126-k126:
k1215:=-S 127-k127
kl216:=-5 128-k128:

k i 3 1 : =simptify( (y 1 *x i +v* zl /r0 +v/rO) *evaH(exp (a 1 *h) * (co s (b 1 *h)+\
I*sin(b1*h)))+S 131):

k 1 3 2 : =simp\fy ((y2*x2+v * zZ lr0 +v/rQ) *evalf(exp(a2*h) * (co s (b2*h)+\
I*sin(b2*h)))+S 132):

k 1 33 : =simplify((y3 *x3 +vx z3 lr}+v/r0)*evalf(exp(a3*h)*(cos(b3 *h)+\
I*sin(b3*h)))+S 133):

k 1 34: =simplfy ((y 4*x4+v* z4/r0+v/r0)*evalf(exp(a4*h)* (cos(M*h)+\
I*sin(b4*h)))+S 13a):

k1 35 : =simptify((y5*x5 +v* z5 /r0+v/r0)*evalf(exp(a5*h)* (cos(b5 *h)+\
I*sin(b5*h)))+S 135):

k 1 36:=simplify((y6*x6 +v* z6/r0+v/r0)*evalf(exp(a6*h)* (cos(b6*h)+\
I*sin(b6xh)))+S 136):

k 1 37 :=simphfy((y7 *x7 +v* z7 lr}+v/r0)*evalf(exp(a7*h)* (cos(b7 *h)+\
I*sin(b7xh)))+S 137):

k 1 3 8 :=simplify((y8 *x8+v*28lr0+v/r0)*evalf(exp(a8*h)* (cos(b8 xh)+\
I*sin(b8*h)))+S 138):

ki39::S 131-k131:
k1310:=S132-k132:
k131 1:=S 133-k133:
k1312:=S 134-k134:
k1313:=S 135-k135:
k1314:=S 136-k136:
k1315:=S 137-k137:
k1316:=S138-k138:

k141 :=simplify((z I *x 
1 -y1lr0)*evalf(exp(a1 *h)*(cos(b1 *h)+\

I*sin(b1xh)))+S 141):
k142:=simpþfly((22*x}-y2lrfl)*evalf (exp(a2*h)*(cos(b2*h)+\

I*sin(b2xh)))+S 1a2):
k 1 43 : =simphfy ((23*x3-y3lr0)*evalf(exp(a3xh)*(cos(b3 xh)+\

I*sin(b3xh)))+S 143):
k 1 44: =simpltfy ((24* x4-y4lr0) *evalf(exp(a4*h)* (cos(M* h)+\

I*sin(b4xh)))+S 144):
k 1 45 :=sirnplify((25 *x5-y5/r0)*evalf(exp(a5*h)*(cos(b5*h)+\
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I*sin(b5*h)))+S 145):
k 1 46:=simphfy ((26*x6-y6lr0)*eva]f(exp(a6*h)* (cos(b6*h)+\

I*sin(b6*h)))+S 1a6):
k 1 47 : = s im phf y ((27 * x7 - y7 I û) *, sy aIf (exp (a7 *h 

) 
* (c o s ( b7 * h ) +\

I*sin(b7*h)))+S 147):
k 1 48 : =simpiify((28 *x8-y8/r0)*evalf(exp(a8*h)* (cos(b8 *h)+\

I*sin(b8*h)))+S 148):
k149:=-S l4l-kl4l:
k1410:=-S 142-k142:
k141 1:=-S 143-k143:
k1412:=-S 144-k144:
k1413:=-S 145-k145:
k14i4:=-S 146-k146:
k1415:=-S 147-k147
k1416:=-S 148-k148:

k 1 5 1 : =simplify ((x I ^2- v I tO ^2)x evalf(exp (a I * h) * (co s ( b 1 * h) +\
I*sin(b1*h)))+S 151):

k 1 52 : =simp\f y ((x2^2-v /r0^2)* evalf(exp (a2*h) * (co s(b2*h)+\
I*sin(b2*h)))+S 152):

k 1 53 : =simplify((x3^2-vlr0^2)*evalf(exp (a3*h)*(cos(b3 *h)+\
I*sin(b3*h)))+S 153):

k 1 54: =simpltfy ((x4^2-v /r0^2)*. evalf(exp (a4*h) * (cos(b4*h)+\
I*sin(b4*h)))+S 15a):

k 1 55: =simplify((x5^2 -v /rO^2)* evalf(exp(a5*h)* (cos(b5 *h)+\
I*sin(b5*h)))+S 155):

k 1 56 :=simpltfy (96n2-vlr0^2)*evalf(exp(a6*h)*(cos(b6*h)+\
I*sin(b6*h)))+S 156):

k 1 5 7 : = simp \fy ((x7 
^Z 

_v I r0 ^2)* evalf ( exp ( a7 * h ) 
* (c o s ( b7 * h ) +\

I*sin(b7*h)))+S 157):
k 1 5 8 : =simplify((x8^2-v /ñ^2)* evalf(exp(a8*h)* (cos(bg *h)+\

I*sin(b8*h)))+S 158):
k 159:=-S 151-kl5 1 :

k1510:=-S 152-k152:
kl511:=-S153-k153:
k1512:=-S 154-k154:
k15i3:=-S 155-k155:
k1514:=-S 156-k156:
k15i5:=-S 157-k157
k1516:=-S 158-k158:

k1 6 1 :=simplify((x 1nl_vxxl /r0n2)*evalf(exp(a1 *h)*(cos(b 
1 
*h)+\

I*sin(b1*h)))+S 161):
k 1 62: =simptify((x2^3 -v *x2/fl^2)*evalf(exp(a2*h)* (cos(b2*h)+\

I*sin(b2*h)))+S 162):
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k 1 63 :=simpiify((x3^3-v*x3 lfin2¡*evalf(exp(a3*h)* (cos(b3 *h)+\
I*sin(b3xh)))+S 163):

k 1 64:=simplify((x4^3-v *x4lfin2¡*evalf(exp(a4*h)*(cos(b4*h)+\

I*sin(b4*h)))+S t6a):
k 1 65:=simplify((x5^3-v*x5 /fin2¡*evalf(exp(a5*h)* (cos(b5*h)+\

I*sin(b5*h)))+S 165):
k 1 66:=simplify((x6^3-vxx6 lfin)¡*evalf(exp(a6*h)*(cos(b6*h)+\

I*sin(b6*h)))+S 166):
k 1 67 : =simplify((x7^3-v *x7 lfl^Z)*evalf(exp(a7*h)* (cos(b7*h)+\

I*sin(b7*h)))+S 167):
k 1 68 : =simplify((x8^3 -v *xB /ñ^Z)*evalf(exp(ag*h)x (cos(bg *h)+\

I*sin(b8xh)))+S 168):
k169:=5 161-k161:
k1610:=S 162-k162:
k161 1:=S i63-k163:
k1612:=S 164-k164:
k1613:=S 165-k165:
k1614:=S 166-k166:
k1615:=S 167-k167:
k1616:=S 168-k168:

solve the frequencies w

with(linalg):
K:=matrix([[k11,ki2,k13,k14,k15,k16,k17,k18,k19,k1 10,k1 1 1,k1 12,k113,k114]

kl15,k1161)
1k21,k22,k23,k24,k25,k26,k27,k29,k29,k210,k211,k212,k213,k214)
k215,k2161I
[k3 1,k3 2,k 33,k3 4,k3 5,k3 6,k37,k3 g,k3 g, k3 1 0,k3 I 1,k3 12,k3 13,k3 1 4]
k315,k3161I
Lk4 7,k42,k43,k4 4,k4 5,k46,k47,k49, k4 g, k4 1 0,k4 I l,k4 7 2, k4 1 3, k4 1 4 I
k415,k4161I
[k5 1,k52,k53,k54,k55,k56,k57,k5 g,k5g,k5 

1 0,k5 1 1,k5 1 2,k5 1 3,k5 1 4]
k515,k5161)

[k6 1,k62,k 63,k64,k65,k6 6,k67,k6 g,k6 g,k6 
1 0,k6 1 1,k6 1 2,k6 1 3,k6 1 4]

k615,k6161)
fk7 r,k7 2,k7 3,k7 4,k7 5,k7 6,k7 7,k7 g,k 

7 
g,k7 r0,k7 1 l,k7 r2,k7 13, k7 1 4 I

k715,k7161I
[kg 1,kg2,kg3,kg4,kg5,kg6,kg7,kgg,kgg,kg 10,kg 1 1,kg 12,kg 13,kg 14]
k815,k8161I
[kg 1,kg2,k 93,kg 4,kg 5,kg 6,kg7,kg g,kg g,kg 

1 0,kg 1 1,kg I 2,kg 1 3,k g 1 4]
kg15,kg16lI
[k 1 0 1,k 1 02,k 1 03,k I 04,k 1 05,k 1 06,k1 07,k 1 0 g,k 1 0 g,k 1 0 1 0,k 1 0 1 1,k 1 0 1 2]
k10 1 3,k1 0 14,k1015,k10 1 6l)
lkl 1 1,kl 12,k113,k114,k1 15,k1 76,k117 ,k11g,ki 19,k1 1 10,k11 11,kl 1 12)
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A:=det(K);

kl113,k1 r14,k1115,k1 1 16lI
Lkl2I,kI22,kI23,kI24,kI25,kl26,kI27,kl2g,k72g,k12l 0,k 12 1 1, k 1 2 1 2 )
kt213,ktzl 4,kI2t 5,kl 2 1 6]}
LkI3 1,k132,kT33,k13 4,k 1 3 5,k 1 3 6,k 1 37,k 1 3 g,k 

1 3 g,k 1 3 1 0,k 1 3 1 1,k 1 3 1 2I
k13 13,k13 14,k13 15,ki3 16],\
Lkr 4r,kI 42,k1 43,k\ 4 4,kl 4 5,kr 46,k\ 47,k| 4g,kl 49,kl 410,k 1 4 1 1, k 1 4 1 2 ,\
kt 4I3,kl 41 4,k1 41 5,kl 4 1 6l I
[k 1 5 1,k 1 52,k I 53,k 1 54,k 1 55,k1 56,k 1 57,k1 5 g,k 1 5 g,k 1 5 10,k 1 5 1 1,k 1 5 1 2]
k1 5 13,k15 14,k15 15,k15 16lI
lk 1 6 1,k 1 62,kI 63,k| 64,k 1 65,k 1 66,k I 67,k 1 6 g,k 1 6 g,k 1 6 1 0,k 1 6 1 1,k i 6 1 2,\
k1 6 13,k1 6 14,k1 6 15,k16 1 6ll):

END OF FILE

88



CONSTANT TTTTCKNESS SOLUTION FOR PARTLY-FILLED TANK

natural frequency:
(mode shape)

short w =8"71 taltr w= 10.87

writeto(ms3out):

axial mode shape of partly-filled tank (wet part)

U(z):=exp(xi1-*z)*(C1*(gam1*cos(eta1*z)-del1*sin(eta1*z))+C2*(del1*\
cos(etal*z)+garnl *sin(eta1*z)))+exp(-xi1*z)*(C3*(-gam1*cos(etai-*z)-\

del 1 *sin(et aI* z))+C4*(del 1 *cos (eøI* z) - gaml *sin(etal *z)))+\
exp(xiZ*z)*(C5*(gam2*cos(eta2*z)-del2xsin(eøZ*z))+Q$*(fl e12*\
cos(eta2*z)+gam2*sin(etaL*z)))+exp(-xi2*z)*(C7*(-gam2*cos(etaZ*z)-\
del2 * sin(et a2* z))+C9x(del2*c os (e ø2* z) - garn2* sin(eta2*z))) +\
(C 1 *Pal I+CZ*P aI2+C3 *Fa I 3+C4*P aI4+C5 *Fa1 5+C6 *P aI6+C7 *Pa17+C8 *Pa1 8) :

axial mode shape of partly-filled tank (d¡y part)

u(z) :=exp(x11 *2)*(s I x(gam1 *cos(eta1 *z)-deli *sin(etal *z))+c2*(del1 *\
cos(eta I *z)+gam I *sin(etal *z)))+exp(-xi1 *z)*(c3*(-gaml *cos(eta1 *z)-\
del 1 * sin(et a1.* z)) +c4*(deiL *co 

s (e tal* z) - garnL *sin(eta1 *z))) +\
exp(xi2*z) * (c5*(gam2*cos(eta2*z)-del2*sin(eta2* z))+s(x (ds12*\
cos(etaZ*z)+gam2*sin(eta2*z)))+exp(-xi2*z)*(c7*(-gam2*cos(etaL*z)-\
del2 * sin(et a2* z))+c9*(de12*c os(e ø2* z) - garrû* sin(eta2*z))) :

radial. mode shape of partly-filled tank (wet part)

'W(z):=exp(xii*z)*(C1*sin(eta1*z)+C2*cos(eta1*z))+exp(-xi1*z)*(C3*sin(etal*z)+\

C4*cos(eta1*z))+exp(xi2*z)*(C5*sin(eta2*z)+C6*cos(eta2*z))+expftxi2x2¡*1
(C7 * sin(eta2 *z)+C8 *co 

s (eta2*z))+\
(C 1 *Pa3 1 + CZ*P a32+C3*P a33 +C4*Fa34+C5 *Pa35+C6*P a36+C7 *P a37+C8 *Pa3 8) :

radial mode shape of partly-filled tank (&y part)

w(z):=exp(xi1*z)*(c1*sin(eta1*z)+c2*cos(eta1*z))+exp(xi1*z)*(c3*sin(eta1*z)+\
c4*cos(eta1*z))+exp(x12*z)x(c5*sin(etaT*z)+c6*cos(etaT*z))+exp(-xi2x7¡*1
(c7 * sin (eta 2* z) + cB* c o s (eta2* z)) :
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interface condition

U(j):=exp(xi1 *j)*(C1 *(gam1 *cos(eta1 *j)-del1 *sin(eta1 *j))+C2*(del1 *\
cos(eta1 *j)+gam1*sin(eta1 *j)))+exp(-xii*j)*(C3*(-gaml *cos(eta1 *j)-\
deltr *sin(etal *j))+C4*(del1 *cos(etatr *j)-gam1 *sin(eta1 *j)))+\
exp(xi2*j)* (C5* (earyZ*cos(eta2*j)-de12*sin(eta2*j))+C$*(de12*\
cos(eta2 *j) +gam2* sin(eta2*j))) +exp (-xi2*j ) 

* (C7 * (-gam2*cos (eta2*j )-\
de12 * sin(eta2*j ))+C8 * (del2*cos(eta2* j) - gam2* sin(eta2*j)))+\
(C 1 *Pa 1 1 + CZ*P al2+C3*P aI3 +C *Fa14+C5*Fa1 5+C6*P aI6+C7 *P al7+C8 *Pa 1 8) :

Uj:=diff(U(j) j):

u(j):=exp(xi1 *j)*(c 1*(gaml *cos(eta1 *j)-del1 *sin(etal *j))+c2*(del1 *\
cos(eta1 *j)+gam1 *sin(etal *j)))+exp(xi1 *j)*(c3*(gaml *cos(etal *j)-\
dell *sin(eta1 *j))+c4*(del1 *cos(etal *j)-gaml *sin(etal *j)))+\
exp(xi2*j)x (c5* (ganØ*cos(eta2*j)-del2*sin(eta2*j))+c6x (de12*\
cos(eta2*.j)+gam2*sin(eta2*j)))+exp(-xi2*j)*(c7*(-gam2*cos(eta2*j)-\
del2*sin(eta2*j))+c8 *(del2*cos(eta2* j) - gam2*sin(eta2*j))) :

uj:=diff(uOj):

V(j):=exp(xi1*j)*(Ctr*(mu1 *cos(eta1 *j)-eps1 *sin(etal *j))+C2*(epsl *\
cos(eta1 *j)+mu1 *sin(eta1 *j)))+exp(xitr *j)*(C3*(-mul *cos(eta1 *j)-\
epsl *sin(etal *j))+C4*(eps1 *cos(etal *j)-mu I *sin(eta I *j)))+\
exp(xi2*j) * (C5* (mul,*cos(eta2*j)-eps2*sin (eta2*j))+C6x (ep s2*\
cos(eta2*j) +mu2* sin(eta2*j))) +exp (xi2*j ) 

* (CJ * (-mu2*cos (eta2*j)-\
eps2 * sin(eta2*j ))+C8 *(eps2*cos(eta2*j )-mu2* sin(eø2*j )))+\
(C 1 *Fa2 

1 + C2*P a22+C3*P a23 +CA*P a24+C5*Pa25+C6 *P a26+C7 *P a27 +C8*P a28) :

\tj:=difr(V()j):

v (j ) : =exp (xi I *j ) 
* (c tr 

* (mu L *co 
s (eø 1 *j ) - eps I * sin (eta I *j ) ) +c2 * (ep s I *\

cos(etal *j)+mul *sin(etal *j)))+exp(xi1 *j)*(c3*(-mu[ *cos(etal *j)-\
epsl *sin(etal *j))+c4*(epsl *cos(etatr *j)-rnu i *sin(etal *j)))+\
exp (xí2*j) * (c5 * (mu2*co s(eta2*j)-eps2*sin(eta2*j))+c6* (ep s2*\
cos(eta2*j)+mu2*sin(eta2*j)))+exp(-xi2*j)* (c7* (-mu2*cos(eta2*j)-\
eps2*sin(eta2*j))+c8 *(eps2*cos(eta2*j)-mu2*sin(eta2*j))) 

:

vj:=diff(v(j)j):

V/():=exp(xi1*j)*(C1*sin(eø1*j)+C2*cos(etal*j))+exp(-Ki1*j)*(C3*sin(etal*j)+\
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C4*cos(etal*j))+exp(xi2t'j)*(C5*sin(eta2*j)+C6*cos(eta2*j))+exp(-xi2*j)*\
(C7*sin(eta2*j)+CB *cos(era2*j))+\
(C 1 *Pa3 1 + CZ*P a32+C3 *Fa33+C 4*P a34+C5 *Pa35+C6 *P a36+C7 *Fa37+CB *Fa3 B) :

wj:=diffftVOj):
wjj:=difr(wjj):

wO:=exp(xi1*j)*(c1- *sin(etal8j)+c2*cos(etal*j))+exp(-xii*j)*(c3*sin(etal*j)+\
c4*cos(eta1*j))+exp(xi2*j)*(c5*sin(eta2*j)+c6*cos(eta2*j))+exp(-Kiz*j)*\
(c7 * sin(eta2*j)+cB *cos(eta2*j)) :

wj:=diff(w()j):
wjj:=diff(wjj):

Nj : =Uj + (mr/rO) * 0/û) +V/( ) ) :

Njtheta:=Vj-U0)/rO:
Mj : =Wjj -(mry'r0^2)*V/O :

Mjj:=diff(Mjj):
Qj:=Mjj:

nj : =uj+(mu/rO)* (v0) +w0)) :

njtheta:=vj-u(j)/r0:
mj : =wjj- (mu/r0^2) *w (j ) :
rnjj:diff(mjj):
qj:anjj:

j:=h:
U(h):=exp(xi1 *j)*(C1 *(gaml*cos(eta1 *j)-dell*sin(etal *j))+C2x(del1 *\

aos(etal- *j)+gaml*sin(etal*j)))+exp(-xi1*j)*(C3*(-gaml*cos(etal*j)-\

del1 *sin(eø1*j))+C4*1del1 *cos(etal *j)-gaml *sin(etal *j)))+\
exp(xi2*j)*(C5*(gam2*cos(eta2*j)-de12*sin(eta2*j))+CS*(fle12*\
cos(eta2*j) +gam2* sin(eta2*j))) +exp (xi2*j ) 

*(C7 * (-gam2*cos (eta2*j)-\
del2* sin(eta2 *j))+C8 * (del2*cos (e ta2* j) - gam2 * sin(eta2*j)))+\
(C 1 *Pa 1 I +CZ*P a1.2+C3*Pa13+C4*Pa14+C5*Fa1 5+C6*F al6+C7 *P al7+C8 *Pa1 8) :

V(h):=exp(xii *j)*(C1 *(mu 1*cos(etal*j)-epsl *sin(etatr*j))+C2*(eps1 *\
cos(etal *j)+mu1 *sin(eta1 *j)))+exp(-xi1 *j)*(C3*(-mu1 *cos(etal *j)-\
epsl *sin(etal *j))+C4*(epstr" *cos(etatr *j)-mu I *sin(eø1*j)))+\
exp (xi2*j) * (C5*(mu2*cos(eta2*j)-eps2*sin(eta2*j))+C6*(eps2*\
cos(eta2*j)+mu2*sin(eta2*j)))+exp(-xi2*j)* (C7 * (-mu2*cos(eta2*j)-\
eps2*sin(eta2*j))+C8*(eps2*cos(eta2*j)-mu2*sin(eta2*j)))+\
(C1*Fa21+C2*Pa22+C3*Pa23+C4*Pa24+C5*Fa25+C6*Pa26+C7*Pa27+C8*Pa28):
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V/(h):=exp(xi1*j)*(Ci*sin(eta1*j)+C2*cos(etatr*j))+exp(-xii*j)*(C3*sin(eta1*j)+\
C4*cos(eta1*j))+exp(xiz*j)*(C5*sin(etaZ*j)+C6*eos(eta2*j))+exp(-xi2*j)*\
(C7 * sin(eta2 *j) +CB *co s(eø2*j)) +\
(C 1 *Pa3 1 + C2*P a32+C3*Pa33+C4*Fa34+C5*Fa35+C6*F a36+C7 *P a37+C8 *Pa3 8) :

.:._L"
J.-¡r.
Wj:=V/j:
Nj:=Nj:
It{jtheta:=Njtheta:
Mj:=N{j:

Q:=Qi:

j::h:
u(h):=exp(xi1 *j)*(c 1 *(gaml *cos(eta1 *j)-del 1*sin(etal *j))+c2*(del1 *\

cos(eta1 *j)+gamL *sin(etal xj)))+exp(-xi1 *j)*(c3*(-gam1 *cos(etal *j)-\
dell *sin(eta1 *j))+c4*(del1 *cos(etatr *j)-gamtr *sin(etal *j)))+\
exp(xi2*j )* (c5* (gam2*cos(eø2*j )-de12* sin( etaZ* j)) +c6x (de12*\
cos(eta2*j)+gam2*sin(eta2*j)))+exp(xi2*j) *(c7 *(-gam2*cos(eta2*j)-\

de12* sin(eta2*j)) +c8 * (de12*cos(etaZ* j) - gam2x sin(eta2*j))) :

v (h) : =exp (xi 1 
*j 

) 
* (c 1 * (mu 1 *co 

s (eta I *j ) -ep s 1 * sin (eta 1 *j ) ) +c2 * (ep s 1 *\
cos(etai *j)+mu1 *sin(eta1 *j)))+exp(-xi1 *j)*(c3*(-mul *cos(etal *j)-\
epsl *sin(eta1 *j))+c4*(epsl *cos(etatr *j)-mutr *sin(otal*j)))+\
exp (xi2*j) * (c5 * (mu2*cos(eta2*j)-eps2*sin(e taZ* j))+c6*(eps2*\
cos(eta2*j)+mu2*sin(eta2*j)))+exp(xi2*j)*(c7 *(-mu2xcos(eta2*j)-\

eps2*sin(eta2*j))+c8 *(eps2*cos(eta2*j )-mu2* sin(eta2*j ))) :

w(h):=exp(xi1*j)*(c1*sin(eta1*j)+c2*cos(etatr *j))+exp(-xii*j)*(c3*sin(etal*j)+\
c4*cos(etal*j))+exp(xi2*j)*(c5*sin(eta2*j)+c6*cos(eø2*j))+exp(-xi2*j)*\
(c7 * sin(eta2*j )+cB 

*cos(eta2*j 
)) :

j::h:
wj:=wj:
nj:=nj:
njtheta:=njtheta:
mj:=rnj:
qi:=qi:

e9:=U(h)-u(h)=0:
e10:=V(h)-v(h)=6'
el l:=S/(h)-w(h)=9"
eL2:=Wj-wj=0:
e13:=Nj-nj=O:
e I 4: =Nj theta-nj theta=O :

el5:=Mj-rnj=0:
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SolutionSet=soive({e1,e2,e3,e4,e5,e6,e7,e8,e9,e10,e1 1,eIZ,e73,el4,e15 }}
{ CI,C2,C3,C4,C5,C6,C7, C 8,c 1,c 2,c3,Ç 4,a 5,c6,c7 } ) :

assign(SolutionSet):

END OF FTLE
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VARIAELE THICKNESS SOLUTION F"OR PARTI-Y-FTI-LED T,{NK

material property and tanks dimension

Em = 2IÙ91ß7AW Ds = 7840 Df = 1000 v = 0.3
short tank: ï1 = I2.I9 r0 = 18.29 ts = 0 .0254

.0254tall tank
water depth

element[1]
inside

element[2]
inside

element[3]
inside

element[4]
inside

element[5]
inside

olementf6]
inside

Lf = 21.95 r0 =7 .32 ts : 0
h =0.6F{

¡sl : (9/5)rs

ts2 = (8/5)rs

ts3 = (7/5)ts

outside

outside

outside

ts1 = 2ts

6): (9/5)ts

¡sl = (8/5)rs

15d = (7/5)rs

¡5J = (19/15)ts

ts6 = (17115)ts

ts4 = (19/15)ts outside

ts5 = (17l15)ts outside

ts6 = ts outside

rvriteto(vst3fout):

dry part: elernent[4]

L 1 : =D s * w ¡n)x (l -v ^2)Æm- ( I -v ) 
* (l +¡s 4n2 I G2* r 0 ^2)) I 

(2* r 0 ^2) :

¡2¡=(1+v)/(2*r0):
I-3:=-ts4^21G2*r0):
y4'"= (v / r})-rr4n/ * ( 1 -v) I (24* fi ̂ 3) :

L5 :=0. 5*( i -v)*( 1 +ts4^21 (4*ñ^2)) :

I-6 : =D s 
* w çn/x (l -v ^2)Æm- 1/10^2 :

I-J 2 =¡s 4n2x (3 -v ) / (24* r0 ^2) :

I-8:=-Ilr}^2:
L9:=ts4^2/L2:
Ï- L 0 : =- ts4^2 / (6* r0^2) :

¡ 1 1 ; = ( 1/10^2) -D s*rwf^Z* (L -v ^2) lBm:

C 1 L : :simpüfy (L5 * (L 9 -L3 ̂ 2)) :



C22:=simplify(L5*L10+L9*(L6+L1*L5)+W^2+L9*LZ^Z-Z*L3*L,4)¡.L5-L6,ÉL3^2+\
2*.[,2*U3*L7).

C33:=simptify(L5*Li t+L10*(L6+I-1*L5)+L1'.I-6*I-9+2*I-7*Lï+LL*L7^2+LI0*I-2^2-\
I_5 * L 4^2 _2*L3 *L 4*I_6 +2xI_2* I_3 *Lg +2*L2*L 4*I-l ) :

C44::simplify(L11*(L6+L1*L5)+n-tr *L6*Ll0+[-8n2+2*L7*L7*L8+Ltr1*I-2^2-L6*IA^2\
+2*L2*.[A*I_8):

C55 ::simplify(L1 *L6*L 1 1 +Ll *L8^2)'

eqn: =C 1 7* x^8+C22{<x^6+C33 * x^4+C4ryr.x^2+C5 5 :

solve(eqn=O,x):
solutions:=":

x1:=solutions[ 1]:
x2:=solutions[3]:
x3:=solutions[4]:
x4:=solutions[2]:
x5:=solutions[5]:
x6:=solutions[7]:
x7:=solutions[8]:
x8:=solutions[6]:

xiL :=abs(evalc(Re(xI))):
eta L : =abs (evalc(Im(x i ))) :

xi2: =abs(evalc(Re(x5))) :

eta2 : =abs (evalc (Im(x5))) :

al I (1 ):=simplify(x 1^2+L1) :

al 1 (2) : =simplify(x2^2+L i ) :

atr 1 (3):=simplify(x3^2+tr 1) :

a I 1 (4) : =simplify(x4^2+tr- I ) :

a I 1 (5) : =simplify(x5^2+tr- 1 ) :

a I 1 (6) : =simplify(x6^2+Ll) :

a 1 I (7) : =simplify(x7^2+I- I ) :

al 1 (8) :=simplify(x8^2+Li) :

a 1 2( I ) : =simplify(tr-2*x 1 ) :

a I 2 (2) : =simplify(I-2*x2) :

a I 2(3) : =simplify(T-2*x3) :

a tr 2 (4) : = simp hfy (L2* x4) :
a I 2(5) : =sirnplify(L2*x5) :

a I 2(6) : =simplify(L2*x6) :

a I 2(7) : =simplify(tr-2*x7) :

a 1 2 (8) : =simplify(i-2*x8) :

a2l(7):=-a12(1):
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aZI(2):=-a12(2):
a21(3):=-ai2(3):
aZI(4):=-aI2@):
a27(5):=-aI2(5):
a2I(6):=-aI2(6):
a2T(7):=-aI2(7):
a21(8):=-a12(8):

a1 3 ( 1 ): =simplify(tr-3*x 1^3+L4*xI) :

a 1 3 (2 ) : = simpllty þ3* x2n3 +L 4* x2) :

a1 3 (3) :=simplify(I-3*x3n3+L4*x3) :

a13 (4):=simplify(L3*x4n3+L4*x4) :

a1 3 (5):=simplify(L3*x5n3+I-4*x5) :

al 3(6):=simplify(L3*x6n3+I-4*x6) :

a1 3 (7):=simplify(I-3*x7 n3+L4*x7):

a1 3 (8):=simplify(I-3*xBn3+L4*x8) :

a31(1):=a13(1):
a3I(2):=a13(2):
a31(3):=al3(3):
a31(4):=a13(4):
a31(5):=a13(5):
a31(6):=a13(6):
a3IQ):=aL3(7):
a31(8):=aX3(8):

a22 ( 1- ) : =simplify(L5 *x I ^2+L6) :

a22 (2) : = swnp lify (tr-5 *x 2 2+I- 6) :

a22 (3) : =simplify(L5 *x3 
^2+L6) :

a22 (4) : =simplify(L5 *x4 n2+I-6) :

a22(5) : =simplify(I-5 *x5^2+I-6) :

a22 (6) := sknplify (I-5 *x 6 n2+I-6) :

a22 (7 ) : = stmplify (L5 *x7 n2 +I-6) :
a22 (8 ) : =simplify (L5 *x 

8 n2+I-6) :

a23 ( 1 ) : =simplify(n-7 *x 1^2+L8) :

a23 (2) : =simplify(tr-7 *x2^2+I-8) :

a23 (3) : =simplify(L7 *x3n2+I-8) :

a23 (4) : =simplify(I-7 *x4^2+L8) 
:

a23 (5 ) : =sirnptify (I-7 *x 5n2-, tr- 8) :

a23 (6):=sirnplify(X-7 *x6n2+I-B) :

a23 (7 ) : =simphfy (L7 xx7 n2+L8 
) :

a23 (B ) : =simplify(L7 *x8n2+n 8) :

a32(1):=-a23(I):
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a32(2):=-a23(2):
a32(3):=-a23(3):
a32(4):=-a23(4):
a32(5)::-a23(5):
a32(6):=-a23(6):
a32(7):=-a23(7):
a32(B):=-a23(8):

a3 3 ( 1 ) : =simplify(I-9 *x 1^4+I- 1 0 *x 1n2+L I L ) :

a33 (2) : =simpLtfy (L9 *x2 4+I-I0*x2^2+LI I ) :

a33 (3) : =simplify(I-9 *x3 n4+LI0*x3^2+L i 1 ) :

a3 3 (4) : =simplify(L9 *x4^4+L 
1 0 *x4^2+LI I) :

a3 3 (5) : =simplify(L9 *x5^4+L 
1 0 *x5^2+Ltr 

1 ) :

a3 3 (6) :=simplify(L9*x6n4+I-l 0 *x6 
^2+I-I I) :

a3 3 (7 ) : =simplfy (L9 * x7 n4+L l 0 *x7 
^2+I-L I) :

a33 (8):=simplify(L9*x8^4+I-10*x8 nZ+LII):

y(1):=simplify((a12(1)*a23(I)-aI3(I)*a22(1))/(a1I(I)*a22(I)-a12(1)*a21(1))):
y(2):=simprlfy((aI2(2)*a23(2)-aL3(2)*a22(2))l(aI1(2)*a22(2)-a1.2(2)*azI(2))):
y(3):=simplify((a12(3)*a23(3)-al3(3)*a22(3))/(al I(3)*a22(3)-aI2(3)*a21(3))):
y(4):=simplif y((aI2(4)*a23(4)-aI3(4)*a22(Ð)l@11(4)*a22(4)-aI2(4)*a21(a))):
y(5):=simplify((a12(5)*a23(5)-aI3(5)*a22(5))/(a11(5)*a22(5)-a1.2(5)*azI(5))):
y(6):=simplify((a12(6)*a23(6)-al3(6)*a22(6))/(a11.(6)*a22(6)-a72(6)*a21(6))):
y(7):=simphry(aI2(7)*a23(7)-al3(7)*a22(7))l(a1.1(7)*a22(7)-aI2(7)*a21(7))):
y(8):=simplify((a12(B)*a23(B)-aI3(8)"a22(8))l(aX 1(8)*a22(8)-a1.2(8)*a21(B))):

gaml :=abs(evalc(Re(y( 1 )))) :

del I : =abs(evalc(Im(y( 1 )))) :

gam2 : =abs(evalc(Re(y(5)))) :

del2 : =abs(evalc(Im(y(5)))) :

z(1):=simplify((a13(1)*aZI(I)-a11(L)*a23(1))/(a11,(1)*a22(I)-aI2(L)*a21(1))):
z(2):=simplify((a13(2)*a2I(2)-aII(2)*a23(2))/(aIL(z)*a22(2)-al2(2)*a2rQ\):
z(3):=simplify((a13(3)*a21(3)-a1l(3)*a23(3))l@lI(3)*a22(3)-al2(3)*a21(3))):
z(4):=sirnplify((ai3(4)*a27(4)-aII(4)*a23(Ð)l@Iï(Ð*a22(4)-a72(4)*a2l(4))):
z(5):=simplify((a13(5)*a2I(5)-alt(5)*a23(5))/(aIL(S)*a22(5)-al2(5)8a21(5))):
z(6):=simplify((a13(6)*a2I(6)-a11(6)*a23(6))l(aII(6)*a22(6)-a72(6)*a21(6))):
z(7):=simplify((ax3(7)*a21(7)-a1.1(7)*a23(7))l@II(7)*a22(7)-aI2(7)*a21(7))):
z(8):=simplify((a13(8)*a21(8)-a11(8)"a23(8))/(a11(8)*a22(8)-al2(8)*a21(8))):

mu I :=abs(evalc(Re(z(I)))) :

eps 1 : =abs(evalc(Im(z( t )))) :

mu2 : =abs(evalc(Re(z(5)) )) :

ep s2: =ab s (evaic (Im(z(5) ) )) :
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U(z) : =exp (xi 1 * z) * (C 1 * ( gam 1 * c o s (eta L * z)- del 1 * sin (eta I* z)) +CZ* (del 1 *\
cos(eta1. *z)+gam1*sin (etal*z)))+exp(-xi1*z)*(C3*(-gaml*cos(etal*z)-\
del 1 *sin(et aI* z))+C4*(dell *cos (etal* z)- gam 1 

*sin(efa1 *z)))+\
exp(xiZ*z)x(C5*(gam2*cos(eta2*z)-de12*sin(eta2*z))+ÇS*(de12*\
cos(eta2*z)+gam2*sin(eta2*z)))+exp(-xi2*z)*(C7*(-gam2*cos(era2*z)-\
de12*sin(eta2*z))+C$*(del2*cos(etaT*z)-gam}*sin(eta?*z))):

Uz:=diff(U(z),2):

V(z):=exp(xi1 *z)*(C | *(mu 1 *cos(eta1 *z)-eps1 *sin(eral*z))+C2*(eps I *\
cos(etal *z)+mu 

1 *sin(eta1 *z)))+exp(-xi1 *z)*(C3*(-mu1 *cos(eta1*z)-\
eps 1 *sin(e øI* z))+C4*(eps 1 *cos(eta1 *z)-mu 

1 *sin(eta1 *z)))+\
exp(xi2*z) *(C5 *(mu2*cos(eta2*z)-eps2*sin (etaT* z))+C6* (eps2*\
eos(eta2*z)+mu2*sin(eta2*z)))+exp(-xt2*z)*(C7*(-mu2*cos(eta2*z)-\
eps2*sin(eø2*z))+Cï*(eps2*cos(etaZ*z)-rnu}*stn(eta2*z))):

Vz:=diff(V(z),2):

W(z):=exp(xi1*z)*(C1*sin(etal*z)+C2*eos(etal*z))+exp(xi1*z)*(C3*sin(eta1*z)+\
C4*cos(etal*z))+exp(xt2*z)*(C.5*stn(etaTxz)+C6*cos(etaT*z))+exp(-xi2*7)x1
(C7 *sin(eta2* z)+C9* cos(eta2*z)) :

V/z:=diff(W(z),2):
Wzz;=dtffCü/z,z):

Nz: =Uz+(v1r0) * (V(z)+W(z)) :

Nztheta:=Vz-W(z)lr0:
IÃz:=W zz-(v/r0^2) *V/(z) :

I:vIzz".=diff(Mz,z):

Qz:=WIzz:

e1:=U(z)=0:
e2:=V(z)=0:
e3"=W(z)=0:
e4:=Wz=0:
e5:=Nz=0:
e6:=Nztheta=O:
e7:=Mz=0:
9$;=Qz=O:
z:=(1iltr5)*F{:

with(linalg):
p$ ;=genman'ix([e1,e2, e3,e4,e5,e6,e7,e8],[C l,CZ,C3,C4,C5,C6,C7,C8]);

/,-- L -
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eL:={J(z)=0:
e2:,=Y(z)=A:
e3:='W(z)=0'
e4:=Wz=0:
e5:=Nz=0:
e6:=Nztheta=O:
e7:=}i4:z=O:

9g;=Qz=O:
z:=(315)*Il:

with(linalg):
p/ ;=genmatrix([e 1,e2,e3,e4,e5,e6,e7,e8],IC 1, C2,C3,C4,C5,C6,C7,C8] ) :

P7i:=inverse(F7);

dry part: element[5]

L"_L"

I- 1 : =D s * w çn)x (l -v ^2)Æ m- ( I -v ) 
* ( I +t s 5 n2l G2* r0 ^2)) / (Z* r 0 ^2) :

Y22=(I+v)/(2*r0):
X-3:=-ts5^2 /(L2*r0):
¡4 ; =(v/r0) -tt 5nl * ( I -v) I (24* r{^3) :

ï.5 : =0. 5*( 1 -v) *( I +ts5n2/ @*ñ^2)) :

T-6 : =D s 
* w ¡n/* (l -v ^2) l[m- 1 / fi ̂ 2.

I-7 : =ts 5 ^2* (3 -v ) I (24x r 0 ^2) :

I-E:=- 1/10^2:
I-9:=ts5^2112:
LL0:=-ts5^2/(6\0^2):
¡ 1 1 ; =( l/r0^2) -Ds*wf 2* (I -v ^2) lfiyrrl

e1:=U(z)=O:
eZ:=Y(z)=0:
e3'=W(z)=0:
e4:='Wz=O:
e5:=Nz=O:
e6::Nztheta=O:
e7:=Mz=O:
e8:-Qz=0:
z:=(13/15)*F{:

with(linalg):
pf Q;=genmatr.ix(fel,e2,e3,e4,e5,e6,e7,e8],[C1,,C2,C3,C4,C5,C6,C7,C8]);
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L._L"

e1:=U(z)=0:
e2:=Y(z)=0:
e3:=W(z)=O:
e4:=Wz=0:
e5:=Nz=O:
e6:=Nztheta=O:
e7:=};[z=O:
e8:-Qz=O:
¿;=(11/15)*FI:

with(linalg):
p Ç ¡ = genmatrix( [e 1,e2,e3,e4,e5,e6, e7, e 8], I C I,C2,C3,C4, C5, C6, C7, C8 ] ) :

F9i:=inverse(P9);

dry part: element[6]

L.- /- "

X- 1 : =D s * w ¡n/* (l -v n2)Æ m- ( 1 -v ) 
* (L +æ 6n2 ¡ Q2* r0 n2) / (Z* r0 ^2) :

Y21=(I+v)/(2*r0):
L3:=-ts6^2/(I2*r0):
¡4 ; =(v/rO) -rt 5nl* ( 1 -v) / (24* t{^3) :

I-5 : =0. 5 * ( 1 -v) * ( 1 +ts6 
^2 I 

(A*fi ̂ 2)) :

ï_ 6 : =D s 
* w ¡n)* (l _v 

^2) lEm- I / tÐ ^2 :

l-J 1 =¡s Sn2* (3 -v ) / (24* r0 ^2) :

T-B:=-1lr0^2:
L9'=ts6^2/1.2:
I- 1 0 : =-ts6^ 2 I (6* r0 ^2) :

¡ 1 1 ;=(1/10^2)-Ds*wf^2*( I -v^2)Æm:

e1:=LJ(z)=O:
e2:=V(z)=0:
e3'=V/(z)=0:
e4:=V'/z=Q:
e5:=Nz=O:
e6:=Nztheta=O:
e7:=Mz:O:
e8:-Qz=0:
z:=1*H:

withQinalg):
p I I ; = g enm atrix(fel,e2,e3,e4,e 5,e6, e7, e 8 ], I C 1,C2,C3,C4, C5, C 6, C7, C 8 ] ) ;
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e1:=U(z)=û:
e2:=V(z)=0:
e3:=W(z)=O:
e4:=Wz=0:
e5:=Nz=0:
e6:=Nztheta=O:
e7:=}dz=O:
sg;=Qz=0:
z:=(13/15)*F{:

with(linalg):
P11:=genmatrix([e1,e2 ,e3,e4,e5,e6,e7,e8],[C1,C2,C3,C4,C5,C6,C7,C8]):

F1 1i:=inverse(P11);

wet part: element[l]

L"_L"

h1:=0"2*F{:
eqn:=wf^2*cos(la(m)*h 1)+9. 8*la(m)*sin(la(m)*h 1) :

fsolve(eqn=0,1a.(m)) :

solutions:=":
la(m):=solutions:

ï- 1 : =D s * w çn/x (l -v ^2)Æm- ( I -v ) * ( i +t s t n27 
U,2* r t ^Z)) I (Z* rA ^2) :

Y2i=(I+v)l(2*r0):
tr-3:=-ts 1^2/(12*r0):
¡4;=(vlrO)-rr 1nf, *( I -v) I (24*fl^3) :

L5 :=0.5*( 1 -v) *( 1 +ts trn2l @*rû^2)):
ï-6 : =D s 

* w çn/* (l -v ^2) lBm- I / fl ̂ 2 :

n_J ."=¡s 1n2* e _v 
) I (2 4* r0 ^2) :

l-8:=-1lr0^2:
L9:=tsl^21L2:
I- 1 0 : =-ts L^ 2l (6* r0^2) :

¡ 1 1 ;=( 1/r0^2)-Ds>k\¡/f^2*( X-vn2)/py¡'

C tr 1 : =simplify(I-5 * (L 9 -L3 ̂ 2)) :

C22 : =simplify (L5 *L 
1 0 +L9 * (L6+LI$L5) +L7 ^Z+Lg 

*I:Z^2-Z*L3*L4*I-5-\
I-6* Iß n2+2*L2*L3* Ll ) :

C33:=simplify(L5*Llt*t16r'(L6+Li*L5)+LL*L6*L9+2*L7*Lï+LI*L7I2+LI0*L2^2-\
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[_58I-4 2_2*L3*nA*L6+2xX-2xI_3*I_g+2*L2xt 4*W ):
C44 : =simplify (L 1 1 * (L6+L 1 *L5) +L 1 *L6 *L l A +[-Bn2+2*L 1 *L7 *L8 +LI 7*I-Zr2-L6 * t 4^2\

+2*L2*L4*L8):
C55 :=simplify(L1 *I-6 xtr- tr 1 +L 1 *L8^2) :

eqn: =C 1 I*x^8+C22>kx^6+C3 3 {< x!4+C44* x^2+C5 5 :

solve(eqn=0,x):
solutions:=":

x1:=solutions[ 1]:
x2:=solutions[3]:
x3:=solutions[4]:
x4:=solutions[2]:
x5:=solutions[5]:
x6:=solutions[7]:
x7:=solutions[8]:
x8:=solutions[6]:

xiL :=abs(evalc(Re(x1))):
etal. : =abs (evalc(Im(x 1 ) )) :

xi2:=abs(evalc(Re(x5))) :

eta2 : =abs (evalc(Im(x5))) :

al 1 ( I ):=simplify(x 1^2+L1) :

a 1 tr (2) : :simplify(x2^2+L1 
) :

a X I (3) : =simplify(x3^2+I- I ) :

al 1 (4) : =simpHfy(x4^2+L 1) :

a 1 I (5) : =simplify(x5^2+I-l) :

a 1 1 (6) : =simplify(x6^2+L 1 ) :

a X 1 (7) : =simphfy (x7 ^2+I-I) :

a 1 1 (8) : =simplify(x8^2+I- 1 ) :

ai2(i):=simplify(L2*x 1):
a 1 2 (2 ) : =simp ltfy (L2* x2) :
aJ. 2(3) :=simplify(tr 2*x3) :

a 1 2 (4) : =simplify(I-2*x4) :

a 1 2(5) : =simplify([.2*x5) :

a I 2(6) : =simplify(I-2*x6) :

a 1. 2 (7 ) : =simpltfy (L2* x7 ) :

a 1 2(8) : =simplify(L2*x8) :

a27(I):=-anQ):
aZI(2):=-a12(2):
a¿.[(J):=-a t4J):
a27(4):=-a12(4):

r02



a2I(5):=-aL2(5):
a27(6):=-aI2(6):
a21(7):=-aI2(7):
a27(8):=-ai2(8):

ai 3 ( 1 ) : =simplify(L3*x 1^3+L4*x 1) :

a 1 3 (2) : =simplify (L3 *x 2ß +L4* x2) :
a1 3 (3):=simplify(L3*x3n3+L4*x3) :

a 1 3 (4) : =simplify (I-3 *x 4¡3 +L4* x4) :
a1 3 (5) :=simplify(I-3*x5n3+I-4*x5) :

a 1 3 (6) : =simplify(I-3*x6n3+L4*x6) :

a 1 3 (7) :=simplify(L3*x7 n3+L4*x7) :

a1 3(8):=simplify(L3*x8n3+L4*x8) :

a31(1):=a13(1):
a31(2):=aI3(2):
a31(3):=a13(3):
a3I(4):=a13(4):
a31(5):=a13(5):
a31(6):=al3(6):
a31(7):=a13(7):
a31(8):=a13(8):

a22 ( I ) : =simplify (I-5 *x I n 2+I-6) :
a22 (2) : =simplify (tr 5 *x 2 n2 +I-6) :
a22 (3) : = srnplify (L5 *x 3 ^2+I-6) :

a22(4) : =simplify(I-5 *x4 n2+n-6) :
a22 (5) : =simplify (L5 *x5 

^2+I-6) :

a22 (6) : =simplify(I-5 *x6 n2+T-6) :

a22 (7 ) : =strnplify (I-5 *x7 n2+\,6) :

a22(8 ) : =simptify(I-5 *x8^2+L6) 
:

a23 ( 1 ) : =simplify(L7 *x 
1 
n2+I-B) 

:

a23 (2) : = sLmplify (I-7 *x 2n2+LB) :
a23 (3 ) : =simplify(I-7 *x3n2+L8) 

:

a23 (4) : =simpbfy (L7 *x4n2+L 8) :

a23 (5) : =simplify(I-7 *x5n2+I-8) 
:

a23 (6):=simplify(I-7*x6n2+I-8) :

a23 (7 ) : =siinpltfy (W * x7 n2+I-8) :

a23 (8 ) : =simplify(L7 *x8n2+L8) 
:

a32(I):=-a23(I):
a32(2):=-a23(2):
aJ ¿\J ):=-a¿J\J ):
a32(4):=-a23(4):
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a32(5)::-a23(5):
a32(6):=-a23(6):
a32(7)::-a23(7):
a32(B):=-a23(8):

a3 3 ( 1 ) : =simplify(L9*x 1 
n4+L 1 0 *x 1 nZ+LI 7) :

a3 3 (2) : =simplify(L9 *x2 
^4+L70*x2n2+I-7 l) :

a33 (3):=simplify(L9*x3^4+L10*x3 IZ+I-I L):
a3 3 (4) : =simplify(L9*x4 ^4+LI0*x4n2+L i i ) :
a33 (5) : =sirnplify(L9 *x5^4+tr-1 0 *x5n2+L1 I ) :

a3 3 (6) : =simplify(I-9 *x6^4+L 
1 0*x6n2+I- 1 1) :

a33 (7) :=simplify(I-9*x7 n4+L70*x7 2+L1 1) :

a33 (8):=simplify(tr 9*x8n4+L10*x8 n2+LII):

y 1 : =simplify ( (a I 2 ( I ) 
* a23 (I) - aI3 (1) * a22 (L)) I (aï I (1)* aLz (I) - alz (I)* a2 I ( 1 ) ) ) :

y2:=simplify((aI2(2)*a23(2)-aI3(2)*a22(2))/(aII(2)*a22(2)-aL2(2)*a2I(Z))):
y3:=simplify((aI2(3)*a23(3)-al3(3)*a22(3))/(a1,1(3)*a2Z(3)-aIZ(3)*a21(3))):
y4:=simplify((aI2(4)*a23(4)-a73(4)*a22@))/(aII(4)*a22(4)-aD@)*a21(4))):
y5 : = simplify ( (a 1 2 (5 ) 

* a23 (5) - aI3 (5) * a22 (5)) / (aI I (5)* a22 (5) - aIZ (5) * a 2 1 ( 5 ) ) ) :

y6:=simplify((aL2(6)*a23(6)-aI3(6)*a22(6))/(aII(6)*a2z(6)-a12(6)*a2i(6))):
y7:=simplify((a12(7)*a23(7)-aI3(7)*a22(7))/(a1.1(7)*aLz(7)-aIZ(1)*a2J.(7))):
y 8 : = simplify ( (a 1 2 ( 8 ) 

* a23 (8) - aI3( 8 ) 
* a22 ( 8 ) ) / (aI I (8) * a22 (B) - atã (8) * a 2 1 ( 8 ) )) :

gam 1 : =abs(evalc(Re(y1 ))) :

dell :=abs(evalcQm(y l))) :

garn2: =abs(evalc (R e(y5))) :

de12 :=abs(evalc (Im(y5))) :

zl:=simplify((a13(1)* a21,(I)-aI1(1)xa23(1))/(a11(1)* a22(1)-aIZ(t)*a21(1))):
z2:=simplify((a13(2)* a2I(2)-aII(2)*a23(2))l(all(Z)*a22(2)-a1,2(Z)*a2I(2))):
z3:=simplify((a13(3)*a21(3)-a11(3)*a23(3)) l@II(3)*a22(3)-at2(3)*aZt(3))):
z4 : = simp lify ( (a 1 3 (4) * aZI (4) - a1. 1 (4)* a23 (4))/(a I 1 (a) * a22 (4) - aI2 (4) * a2 I @))) :

z5 :=simplify((al 3 (5) * aZI(S)-aLI (5) "a23 (5)) I @1.1(5)* a22(5)-alz(5)xa2 1 (5))) :

z6:=simplify((a13(6)* a2|(6)-a1.1(6)*a23(6))/(a11(6)* a22(6)-a72(6)*a21(6))):
z7:=simplify((a13(7)* aZIQ)-aI1(7)*a23(7))/(aII(7)*a22(7)-atz(j)*a2L(7))):
z8 : =simplify ( (a 1 3 ( 8 ) 

* a2 I (8 ) - a 1 i (8 ) 
* a23 ( I ))/(a i 1 (8 ) 

* a2 z(8) - aLz(B)* a2 1 ( 8 ) )) :

rnu 1 : =abs (evalc (Re(z 1 ))) :

eps 1 ::abs(evalc(Im(z i ))) :

mu2 : =abs (evalc (R.e(25))) :

eps2 : =abs(evalc(Im(25))) ;

b I i (m) : =simplify(I-tr -la(m)^2) :

b 1 2(m) : =simplify(-L2*la(m)) :

b 13(m):=simplify(L3*ta(m)^3-L4*la(m)):
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b21(m):=b12(m):
b22 (m) :=simplify (L6 -L5 *1a(m)^2) :

b23 (m) :=simplify(-L7 *1a(m)^2+L8) 
:

b31(m):=-bi3(m):
b32(m):=-b23(m):
b3 3 (m) :=simplify(L9*la(m)^4-I-1 0*la(ni)n2aï-n n ) :

with(linalg):
b(m):=man'ix([[b11(m),b12(m),b13(m)],[bTl(m),b22(m),b23(m)],[b31(m),b32(m)]

b33(m)ll):
D(m):=det(b(m)):

ts 1 (m):=simplify((b I 2(m) *b23 (m)-b i 3(m)*b22(m))/D(m)) :

B 2 (m) : =simplify ((b I 3 (m) *b2 1 (m) -b I I (m) *b23 (m) )/D (m) ) :

ts3 (m):=simplify((b 1 1 (m) *b22(m) -b72(m)*621 (m))/D(m)) :

alias(I=Bessell):
I1 (m) :=tr( 1,la(m)*r0) :

12 (m) : =I(0,La(m)* r0) / 2+I(2,1a(m) * ñ) / Z:

I(m):=I1(m)/I2(m):

P(m):=simplify(2*Df* (1 -v^2)*wf^2*I(m)Æm*.¿r 1 *(2*la(m)^2*h1 +\
la(m)*sin(2*ia(m)*h I ))^( 1/2)) :

f I (m) :=simplify(int(exp(xi I *z) *sin(etaL *z)*cos(la(m)*z),2=O..hl 
)) :

f2(m) :=simplify(int(exp(xi1 *z)*cos(etal *z)*eos(Ia(m) *z),2=0..h 1)) :

f3(m):=simplify(int(exp(-xi1 *¿¡*tin(etal *z)*cos(la(m)*z),2=0..h1 
)) :

f4(m) :=simplify(int(expCxi I *7;*ros(etaX *z)*cos(la(m) *z),2=0..h 1 )) :

f5(m) :=simplify(int(exp (xi2 *z) *sin (eta2* z)* cos(la(m) *z),2=O..h 
1 )) :

f6(m) : =simpiify(int(exp(xi2*z)*cos (eø2* z)* cos(la(m) *z),2=0..h 1 )) :
f7 (m) : =simplify(int(exp(-xi2*7¡ * ri n(eta2* z)* cos(la(m) *z),2=0..h 

1 )) :

f 8 (m) : =sirnplify (int (exp (-xtz* 7¡ * 

" 
o s(eta2* z)* co s (a(m) * z), 2=0. . h 1 ) ) :

Fatr 1 :=simplify(sum(sin(1a(m)*z)*ts i (m)*P(m)*fl (m),m=1.. 10))
Fan 2:=simplify(sum(sin(la(m)*z)*B 1 (m) *P(m)*f2(m),m=1.. 10))
Fal 3 :=simplify(sum(sin(1a(m)*z)*B i (m)*F(m)*ß (m),m=1.. 1 0))
Fal4:=simpüfy(sum(sin(la(m)*z)*E 1 (m) *F(m)*f4(m),m=1.. 

1 0))
Fa1 5 :=simplify(sum(sin(la(m)*z)*E i (m)*F(m)*f5(m),m=i.. i0))
Fal 6:=simplify(sum(sin(la(m)*z)*B 1 (m) *F(m)*f6(m),m=1.. l0))
Fa17 :=simplify(sum(sin(la(m)*z)*B i (m)*F(m)*f/(m),m=i .. 1 0))
Fal I :=simplify(sum(sin(la(m)*z)*B I (m) *F(m)*f8 (m),m=1.. 1 0))

Pa21 :=simplify(sum(cos(la(m) *z)*B2(m) *P(m)*fl (m),m= 1.. 10))
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P a22:=simplify(sum(cos(la(m) *z) *82(m) *P(m)*f,2(m),m= 1." 1 0))
Pa23 :=simplify(sum(cos(la(m) *z) *82(m)*P(ne)*ß (m),m= 1.. i 0))
Pa24:=simplify(sum(cos(la(m) *z) *82(m) *P(m)*f4(m),m= 1.. 10))
Fa25 :=simplify(sum(cos(la(m)*z) *82(m)*P(m)*f5(m),m= 1.. 1 0))
Fa26 ::simplify(sum(cos(la(m) *z)*82(m) *F(m)*f6(m),m=1.. 10))
F a27 :=simplify(sum(cos(la(m) *z)*ts2(m) *P(m)*fZ(m),m= 1.. 10))
Pa28 :=simplify(sum(cos(la(m)*z) *82(m)*P(m)*f8 (m),m= 1.. 1 0))

Pa3 1 :=simplify(sum(cos(la(m) *z)*83 (m) *F(m)*fl (m),m= 1. " l0))
Fa32:=simplify(sum(cos(la(m)*z) *83 (m)*F(m)*f2(m),m:1.. i 0))
Fa33 :=simplify(sum(cos(la(m) *z)*ts3 (m) *F(m)*f3 (rn),m= 1.. l0))
Pa34:=simplify(sum(cos(la(m)*z) *83 (m)*F(m)*f4(m),m=1 

"" 1 0))
Fa35 :=simplify(sum(cos(la(m) *z)*83 (m) *P(m)*f5(m),m= 1.. 10))
Fa36:=simplify(sum(cos(la(m)*z) *83 (rn)*P(m)*f6(m),m= 1.. 1 0))
Pa37 : =simplify(sum(cos(la(m) *z)*83 (rn) *P(m)*fl/(m),m=1.. 10))
Fa38 :=simplify(sum(cos(la(m)*z) *83 (m) *P(m)*f8 (m),m= 1.. 1 0))

U(z):=exp(xi1 *z)*(C1 *(gaml *cos(etal *z)-del1 *sin(eral *z))+C2*(del1 *\
cos(etal *z)+gam1 *sin(eta1 *z)))+exp(-xitr*z)*(C3*(-gam 

1 *cos(eta1*z)-\
del 1 *sin(etaI* z))+CA*(del 1 *cos(etal *z)-gam1 xsin(eta1 *z)))+\
exp (xt?* z)* (C5 * (gam2*cos(eta2 *z) -de12*si n(eta?* z)) +ÇS* (de12 *\
cos(etaZ* z)+gam2*sin (eta2* z)))+exp (-xi2*z) * (C7 * (-gam2*cos (eta2*z)-\
del2*sin(et a2* z))+C9* (del2*cos (etaT* z)- gam2*sin(eta2*z))) +\
(C 1 *Fal 1 + C2*PaL2+C3 *Pal 3+C 4*P aI4+C5*Pal 5+C6 *P aI6+C7 *Pa1 7+C8 *Pa1 B) :

Uz:=diff(U(z),2):

V(z):=exp(xi1 *z)*(C1 *(mu I *cos(etal*z)-epsl *sin(etal *z))+C2*(epsl *\
cos(eta1 *z)+mul *sin(etal *z)))+exp(-xi1 *z)*(C3*(-mu I *cos(etatr*z)-\
eps 1 *sin(etai *z))+C4*(epsl *cos(etal *z)-mu1 *sin(etal *z)))+\
exp(xi2*z) * (C5*(mu2*cos(eta2*z)-eps2*sin (eta}* z))+C6*(eps2*\
co s(etaL* z)+mu2 *sin (eta2x z)))+exp (-xi2*z)* (C7 * (-mu2*cos(eta2*z)-\
eps2*sin(e ø2* z)) +C8* (eps2*cos (eta2*z)-mu Z* sin(eta2*z))) +\
( C 1 * Fa2 1 + C2*P a22+ C3 *P a23 +C4*P aZ 4 + C5 *F a2 5 + C6 * P a2 6 + C7 *P a27 + C}*p a28) :

Vz:=diff(V(z),2):

W(z):=exp(xi1*z)*(C1*sin(etal*z)+C2*cos(etal*z))+exp(-xi1*z)*(C3*sin(etal*z)+\
c4*cos(eta1*z))+exp(xi2*z)*(c5*sin(eta2*z)+c6*cos(etaz*z))+exp(-xi2*¿¡*1
(C7 * sin(eta2*z)+CB xcos (eta2 *z))+\
(C i *Pa3 

1 + C2*P a32+C3*Fa33+C 4*F a34+C5 *Pa35+C6 *P a36+C7 *Pa37+CB *pa3 8) :

Wz:=diff(W(z),2):
V/zz:=diff(Wz,z):
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Nz: =Uz*(v/rO) * (V(z)+V/(z)) :

Nztheta:=Vz-U(z)/r0:
Nïz : =W zz- (v / r 0 ^2)*W (z) :

Mzz:=diff(Mz,z):
Qz:=It/Izz:

e1:={.J(z)=0:
e2:=V(z)=0:
e3:='W.(z)=0:
e :=Wz=0:
e5:=Nz:0:
e6:=Nztheta=O:
e7:=N{z=0:
eB:-Qz=O:
z:=(1/S)*EI

with(linalg):
P2 :- genman'ix ( [e 1, e2, e3,e4,e 5,e6,e7, e B], [C i,CZ,C3,C4,C5, C6,C7, C g 

] ) ;

e1:=U(z)=0:
e2:=V(z)=0:
e3'=V/(z)=0:
e4:=V/z=O:
e5:=Nz=0:
e6:=Nztheta=O:
e7:=N4z=0:
sg;=Qz=0:
L"-IJ.

with(linalg):
p I ; =genmatrix ( [e 1,e 2, e3,e4,e5,e6,e7, e B], [C X,CZ,C3,C4, C5, C6, C7, C g 

] ) :
Fli:=inverse(FX);

wet part: element[2]

la(m):='la(m)':
L"_L"

h2:=0.4*FI:
eqn : =wf^2 *cos (la(m) *h2) +9. 8 *la(m) * sin(la(m) *h2) :

fsolve(eqn=0,1a(m)):
solutions:=":
la(m):=solutions:
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I- 1 : =D s * w ¡n/* (l -v ^2)Æ m- ( 1 -v ) 
* (I +ts2n2 ¡ g2* r A ni.)) 

I (2* r 0 ^2) :
y2.=(I+v)/(Z*r0):
L3:=-ts2^2/(L2*r0):
y 4 1 = (v / r 0) -tt2n2x (tr -v) / (24* fl ̂ 3) :

L5' =0. 5 * ( 1 -v) * ( 1 +ts2 ^2/ (4* ñ^2)) :

ï-6 : =D s 
*w ¡n)* (! -v ^Z) /Em- | lfl nZ.

L7 : -ts?^Z* (3 _v 
) / (24* r0 ^Z) :

L8:=-Ur}^2:
L9:=ts2 2/I2:
I- 1 0 : =-ts2n2l (6*10^2) :

L 1 1 :=(1/r0^2)-Ds*wf^2* (l-vn}) Æm"

e1:=U(z)=O:
e2:=V(z)=0:
e3:=V/(z)=0:
e4:=V/z=O:
e5:=Nz=O:
e6:=Nztheta=O:
e7:=}{z-0:
e8:-Qz=0:
z:=(2/5)*þI:

with(iinalg):
P4 : - genmatrix([e 1, e2, e3,e4,e5,e6,e7, eB], I C 1,C2,C3,C4,C5, C6, C7, C g 

] ) ;

e1:=U(z)=0:
e2:=V(z)=0:
e3:=V/(z)=0:
e4:=Wz=0:
e5:=Nz=0:
e6:=Nztheta=0:
e7:=Mz=0:
sg;=Qz=0:
z::(1/5)*F{:

wirh(linalg):
pl 

: :gsnm ahix ( [e 1,e2, e3,e4,e5,e6,e7, eB ], [C 1,C2,C3,C4,C5, C6, C7, C g] 
) :

F3i:=inverse(P3);

wet part: element[3]

la(m):='la(m)':
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t-.- L "

h3:=0.6*F{:
eqn:=wf^2*cos(la(m¡*h3)+9. 8*la(m)*sin(la(m)*h3) :

fsolve(eqn:0,1a(m)):
solutions:=":
1a(m):=solutions:

L 1 : =D s 
* w ¡n)* (l -v ^2)Æ m- ( 1 - v ) 

* (tr_ +t$ nZ 
¡ G2* fi ̂2)) / (Z* r 0 ^Z) :1-21=(1+v)/(2*r0):

I-3:=-ts3^2/(I2*r0):
¡-4i=(v /r})-m3n2x( 1 -v) I (24*ñ^3) :

L5'=0.5 * ( i -v) * ( I +ts3n2/ (A*fi^Z)) :

L6 : =Ds*w¡n)* (l -v ^2) /Em- I lfl^Z:
L7 : -ts3 ̂ 2* (3 -v ) / (24* r0 n2) :
L8:=-1l¡0^2:
L9:=ts3^2/L2:
Ï- 1 0 : =-ts3^ 2/ (6* r0^2) :

¡1 1 ;=(1/r0^2)-Ds*wf^2* (7-v ̂ 2) lByy:;

e1:=U(z)=O:
eZ:=Y(z)=0:
e3:=W(z)=O:
e4:=Wz=0:
e5:=Nz=0:
e6:=Nztheta=0:
e7:=lúz=0:
eg;=ez=01
z:=(3/5)*F{:

with(linalg):
p$ 

; = genmah'ix ([e 1, e2, e3,e4,e5,e6,e1, eB], [C 1,CZ,Ci,C4,C5, C6, C7, C B] ) ;

e1:={.J(z)=0:
e2:=V(z)=0:
e3:=W(z)=O:
e4:='Wz=O:
e5:=Nz=0:
e6:=Nztheta=0:
e7:=Mz=0:
çg;=Qz=O:
z:=(215)*H:

with(linalg):
P5 : -genmatrix( [e tr,e2 

" e3,e4,e5,e6, e7, e g], [C X,CZ,C3,C4,C5, C6, C7, C g] 
) :

F5i:=inverse(F5);
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S : =multrpl y (P I 2,p I H,p 1 0, pgi, p B,p 7 i,p 6,p Si, F4, F 3 i, F 2, p 1 i) ;K:=submatrix(S,5." 8,5.. B) ;

A:=det(K);

END OF'FTLE
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VARIABLE THICKNESS SOLUTION FOR PARTLY-FILLED TANK

(MODE SHAPE)

natural frequency:

shorttank w=9.419 w=9.7g1
talltank w=11.040 w=11.910

writeto(vms3out):

axial mode shape for parrly_filled tank (dry part)

u(z) : =exp (xi I *z) * (C 1 * (gam 1 *co s(era 1 *z) -der I * sin( etar * z)) +c2 * (det 1 *\cos(etal *z)+gam 
1 *si n(etar* z)))+exp(-xi 1 *z)*(c3*(-gam 

I *cos(eta1 *z)-\
d el 1 * sin (et aI* zl.) +e4*(del 1 * c o s (e tal * z) _ gaml * sinlàät * z) ) ) +\
exp(xi2*z)*(C5*!e.am2*cos(eta2*z)_del2;sin(eø2*)))r+C6*(de12*\
cos(eta2*z)+gam2*sin(etaz*z)))+exp(-xi2* ,¡içcl*ç-'ram2xcos(e ta2*z)_\
de12* sin (et a2* z)) +cgx(der2 *c os(e ø2* z) - gamz* sin(eiaz* z¡¡¡ :

radial mode shape for partly_filled tank (dry part)

v/(z):=exp(xi1*z)*(c1*sin(eta1x z)+cT*cos(eta1*z))+exp(-xi1xz)x(c3*sin(etal xz)+\
c4*cos(etal *z))+exp(xi2*z)*(cs*sin(era2xz¡+co*cäie 

tu2*z))+exp(-xi2*7)x1
(C7 *sin (eta2* z)+CB* cos(eta2*z)) :

axial mode shape for partly_filled tank (wet part)

u(z) : =exp(xi 1 *z) * (c 1 * (gam 1 *cos(era 
1 *z) -del 1 * sin(era r * z)) +c2* çdel 1 *\

co s (eta 1 *z) +guT 1 
T1n 

(eta 1 *z) 
)) +exp (-xi 1 xz) x 1il * 1-gí.n t *.o, 

leta 1 *z)_\
del 1 * sin (et al * z)) +C4* (det 1 * c o s (era. * z) _ ga,n t i sin (àäi* r¡ ¡¡ *fexp(xlz*z)*(C5*lgamL*cos(eta2*z)_den4inçeøzx))¡+C6*(det2*\
cos(eta2*z)+gam2\in(g1a2*ò))+exp(-xi2*z¡içcl*ç-'gum?*cos(era2*z)_\
del2* sin (et a2* z)) +Cg*(det2*cos (e taz* z) - ganû; sin 1àåã*r¡¡¡ +r(c 1 *Pa 1 I +cZ*P a72+c 3 *Pa I 3 + c4xP ar 41c.5 *pa 

1 i +c6 *p ar 6 +c7 *pa 
1 7+c g *pa I g 

) :

rudial mode shape for partly_filled rank (wer part)
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W(z):=exp(xi1*z)*(C1*sin(eta1*z)+CZ*cos(etal*z))+exp(-xi1*z)*(C3*sin(eta1*z)+\
c4*cos(eta1*z))+exp(x12*z)*(C5*sin(etaz*'z)+c6*cos(e ta2*z))+exo(-xi2*7;x1
(C7 x sin (eta2*' z)+C8* cos(era2*z))+\
(C 1 *Pa3 

1 + C2*P a32+C3*P a33 + C4*P a3 4+C5 *Pa3 5 + C 6 *p a3 6 + C7 *p a3 7 + C g *pa3 g 
) :

s 1 5 :=det(submatrix(S, 1.. 1,5..5)) :

s 1 6:=det(submatrix(S, 1.. 1,6.. 6)) :

s i 7 :=det(submatrix(S, 1 ..1,7 ..7)) :

s 1 8 :=det(submatrix(S, 1.. 1, 8.. 8)) :

s25 :=det(submatrix(S,2 ..2,5..5)):
s26 : =det(submatrix(S,2 ..2,6..6)) :

s27 : =det(submatrix(S,2 ..2,7 ..7)) :

s28 : =det(submatrix(S,2..2, 8.. 8)) :

s35 : =det(submatrix(S,3..3,5..5)) :

s36 :=det(submatrix(S,3 ..3,6..6)) :

s37 :=det(submatrix(S,3 ..3,7 ..7 )) :

s3 8 :=det(submatrix(S,3..3,8.. 8)) :

s45 : =det(submatrix(S,4..4,5.. 5)) :

s46 : =det(submatrix(S,4 ..4,6..6)) :

s47 : =det(submatrix(S,4 ..4,7 ..7)) :

s48 : =det(submatrix(S,4..4, 8.. 8)) :

s55 :=det(submatrix(S,5..5,5.. 5)) :

s56 :=det(submatrix(S,5..5,6.. 6)) :

s57 : =det(submatrix(S,5 ..5,7 ..7)) :

s58 :=det(submatrix(S,5..5,8.. 8)) :

s65 : =det(submatrix(S,6.. 6,5..5)) :

s66 :=det(submatrix(S,6..6,6.. 6)) :

s67 : =det(subrnatrix(S,6 ..6,7 ..7)) :

s6 8 :=clet(subrnatrix(S,6..6, 8.. 8)) :

s75 :=det(submatrix(S,7..7,5.. 5)) :

s76 : =det(submanix(S,7 ..7,6..6)) :

s77 : =det(submatrix(S,7 ..7,7 ..7 )) :
s7 8 :=det(submatrix(S,7..7, 8.. 8)) :

solve forces for node 0

L._ L.

QzO:=1:

e5 : =s55*NzO+s56*Nztheta0+s57*MzO+s58=0 :

e6 :=s65*NzO+s66*NzthetaO+s67*Mz0+s6 g=0 :

e7 :=s75 *Nz0+s76*Nztheta0+s77*Mz0+s7 g=0:
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SolutionSet:=solve({ e5,e6,e7 }, { NzO,NzthetaO,MzO });
assign(SolutionSer);

use the results of node 0 to get the displacements for node 6

Uz6 : =simplify(s 1 5*Nz0+s 1 6*Nztheta0+s 1 7 *Mz0+s 
1 g*ezO);

Vz6 : =simplify(s25 *Nz0+s26*Nz theta} + s27 *Mz0+s2 g * ezO) ;
V/26:=simplify(s35"N20+s36 *Nztheta0+s37 *Mz0+s3 g *ezO);
DWz6 : =simplify(s45 *Nz0+s46 *Nz theta0+s4j*Mz0+s4 g iezO) 

;

solve the displacements and forces for node 5

z:='z':

P65: =multiply(P 1 2,P 1 1 i) :

R5 :=vector (lU z5,Y z5,Wz5,D'Wz5,Nz5,Nztheta5,Mz5,ez5] 
) :

Vec5 :=multiply(P65,R5) :

MA5 :=maffix(8, 1,Vec5) :

e1 :=det(submatrix(M45, 1 .. 1, 1.. 1 ) )=IJ z6:
e2: =det(submatrix(MA 5,2..2,1..I))=y z6:
e3 :=det(submatrix(MA 5,3..3,7..1 ))=Wz6 :

e4: =det(submatrix(MA 5,4..4,I..1 ))=DWz6 :

e5 : =det(submatrix(M45,5..5, 1.. I ))=0:
e6:=det(submatrix(M45,6..6, 1.. 1 ))=0:
e7 :=det(submatrix(MA 5,7 ..7,1..1 ))=0:
e8 :=det(submatrix(M45,8..8, 1.. 1 ))=0:

solutionSet:=solve({ e r,e2,e3,e4,e5,e6,e7 ,eB},{IJz5,yz5,wz5,DWz5,Nz5,Nztheta5}
Mz5,ez5));

assign(SolutionSet);

use the results of node 5 to get the displacements and forces for node 4

z:=tz''.

P54:=multiply(P 1 0,P9i) :

R4 : =v e ctor ([U z4,Y z4,W z4,DW 24, Nz4, Nzth eta4,Mz4,ez4]) :

Vec4 : =multiply(P54,R4) :

MA4:=matrix(8, 1,Vec4):

e1 :=det(submatrix(M44, 1.. 1, 1.. 1 ) )=IJ z5:
e2: =det(submatrix(MA 4,2..2,1..I))=y z5 :

e3 :=det(submatrix(MA 4,3..3,L. 1 ))=Wz5 :

e4:=det(submatrix(MA 4,4..4,1 .. 1 ))=py¿r5.
e5 :=det(submatrix(M44,5..5, 1.. 1 ))=Nz5 :
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e6 : =det(submatrix(MA 4,6..6,I ..1 ) )=Nztheta5 :

e7 :=det(submatrix(MA 4,7 ..7,I..I))=Mz5:
e8 :=det(submatrix(M44,8..8, 1.. I )¡=Qz5:

solutionset:=solve({ e r,e2,e3,e4,e5,e6,e7 ,eB},lrJz4,yz4,wz4,DWz4,Nz4,Nztheta4}
Mz ,Qzfl);

assign(SolutionSet);

use the results of node 4 to get the displacements and forces for node 3

-._t-t.L._ L.

P43 :=rnultiply(P8,P7i) :

R3:=vector(lUz3,Yz3,Wz3,DWz3,Nz3,Nztheta3,Mz3,ez3l):
Vec3 :=multiply(P43,R3) :

MA3 :=matrix(8, 1, Vec3) :

e1 :=det(submatrix(M43, 1.. 1, 1.. 1 ))=IJ z4:
e2 :=det(submatrix(MA 3,2..2,1..1))=Y z4:
e3 : =det(submatrix(MA 3,3..3,1 ..1 ))=Wz4:
e4: =det(submatrix(MA 3,4..4,I..1 ))=DWz4:
e5 :=det(submatrix(M43,5..5, 1.. 1 ))=Nz4:
e6 : =det(submatrix(MA 3,6..6,1..1))=Nztheta4:
e7 : =det(submatrix(MA 3,7 ..7,1 ..I))=Mz :

e8 :=det(submatrix(M43,8.. 8, 1.. 1 ) ¡=Qz4:

SolutionSet:=solve({e 1,e2,e3,e4,e5,e6,e7 ,eB},{IJz3,yz3,Wz3,DWz3,Nz3,Nztheta3}
Mz3,Qz3));

assign(SolutionSet);

use the results of node 3 to get the displacements and forces for node 2

L._L.

P32 : =multiply(P6,P5i) :

R2:=vector(lUz2,Yz2,WzZ,DWz2,Nz2,Nztheta2,MzL,ez}]):
Vec2 :=multiply(P32,R2) :

MA2:=matrix(8, 1,Vec2) :

e 1 : =det(submatrix(MA 2,I. 1,1..1 ))=Uz3 :

e2 :=det(submatrix(M42,2..2,I..1))=Y z3 :

e3 : =det(submatrix(MA 2,3..3,1..1 ))=Wz3 :

e4: =det(submatrix(MA 2,4..4,1.. 1 ))=þy¿r3.
e5 :=det(submatrix(M42,5..5,1..I))=Nz3 :

e6 : =det(submatrix (MA 2,6..6,1 ..1))=Nztheta3 :

e7 : =det(submatix(MA 2,7 ..j,7.. 1 ))=Mz3 :

e8 : =det(submatrix(M42,8.. 8, 1.. 1 )¡=ez3 :
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SolutionSet:=solve({e 1,e2,e3,e4,e5,e6,e7 ,eB},{TJz2,yzZ,Wz2,DWz2,Nz2,Nztheta2}
Mz2,Qz2|);

assign(SolutionSet);

use the results of node 2 to getthe displacements and forces for node 1

L._ L.

P2 1 :=multipty(P4,P3i) :

R 1 : =vector (lU zl,Y zl,Wz 1, DWz l, Nz 1, Nzth etaT,MzI,ezll) :

Vecl :=multiply(P21,R1):
MA 1 :=rnatrix(8, l,Vec 1) :

e1 :=det(submatrix(MA 1, 1.. 1, 1.. 1)) =IJ z2:
e2:=det(submatrix(MA 1,2..2,1..1))=Y zZ:
e3 : =det(submaÍix(MA I,3..3,L .. I))=W zZ:
e4:=det(submatrix(MA 1,4..4,1 ..1))=DWz2:
e5 : =det(submatrix(MA 1,5..5, 1.. 1 ))=Nz2:
e6:=det(submatrix(MA 1,6..6, 1.. 1))=Nztheta2:
e7 : =det(submatrix(MA 1,7 ..7,1..1))=Mz2:
e8 : =det(submatrix(MA 1,8.. 8, 1.. 1 )) =Qz2:

solutionSet:=solve({e r,e2,e3,e4,e5,e6,e7 ,e8},{rJzr,yzl,wz1,DWz1,Nz1,Nztheta1}
Mz1,Qz1));

assign(SolutionSet);

solve coefficents of element [1]

L._L.

el:=U(z)=Uzl:
eZ:=Y(z)=Yzl:
e3:=W(z)=Wz1:
e4:=Wz=DVy'z1:
e5:=Nz=Nz1:
e6 : =Nztheta=Nztheta I :

e7:=Mz=}y4zll.
sg.=Qz=Qz1:
71=(l/5)*H:

SolutionSet:=solve({eI,e2,e3,e4,e5,e6,e7,e8i,{Cl,CZ,C3,C4,C5,C6,C7,Cg});
assign(SolutionSet);

solve coefficents of element [2]

L._L.
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C1:='C1':
C2;='C2';
C3:='C3':
C4'.='C4':
C5:='C5':
C6:='C6':
C7;='CJ':
C8:='C8':

eL:=U(z)=Uz2:
eZ:=Y(z)=Yz2:
e3:='W(z)=Wz2:
e4;=Wz=DWz2:.
e5:=Nz=Nz2:
e6 :=Nztheta:Nztheta2 :

e7=Mz=Mz2;
sgl=Qz=Qz2:
z:=(2/5)*H:

SolutionSet:=solve({e 1,e2,e3,e4,e5,e6,e"7 ,e8},{ C1,C2,C3,C4,C5,C6,C7,C8 });
assign(SolutionSet);

solve coefficents of element [3]

z:='z':
C1:='C1':
C2:='C2':
C3:='C3':
C4:='C4':
C5:='C5':
C6:='C6':
CJ;='C7':
C8:='C8':

el:=U(z)=Uz3:
eZ:=Y(z)=Yz3:
e3:=W(z)=Wz3:
e4:=Wz-DWz3:.
e5:=Nz=Nz3:
e6 : =Nztheta=Nztheta3 :

eJ:=Mz=Mz3:
s3.=Qz=ez3:
z:=(315)*H:

SolutionSet:=solve({ e I,e2,e3,e4,e5,e6,e7,e8 }, {C1,C2,C3,C4,C5,C6,C7,C8 });
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assign(SolutionSet);

solve coefficents of element [4]

z:=tzt'.

C1:='C1':
C2:='C2';
^^LJ:= LJ :

C4:='C4';
C5:='C5':
C6:='C6':
CJ;='CJ';
C8:='C8':

el:=U(z)=Uz4:
eZ:=Y(z)=Yz4:
e3:='W(z)=Wz4:
e4:=Wz=DWz4:-
e5:=Nz=Nz4:
e6 : =Nztheta=Nztheta4:
e7:=Mz=Mz ;

sS.=Qz=Qz4:
z:=(lIlI5)*H:

SolutionSet:=solve({e I,e2,e3,e4,e5,e6,e'l ,e8},{ C1,C2,C3,C4,C5,C6,C7,C8 });
assign(SoiutionSet);

solve coefficents of element [5]

L._ L.

C1:='C1':
C2;='C2':
C3:='C3':
C4:='C4':
C5:='C5':
C6:='C6':
C7'.='C7';
C8:='C8':

el:=U(z)=Uz5:
e2:=Y(z)=Yz5:
e3:='W(z)='Wz5:
e4;=Wz=DWz5:.
e5:=Nz=Nz5:
e6 : =Nztheta=Nztheta5 :
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eJ:=Mz=MzS;
eg.=Qz=Qz5:
71=(131T5)*H:

SolutionSet:=solve({e 1,e2,e3,e4,e5,e6,e7 ,e81,{CI,C2,C3,C4,C5,C6,C7,C8 });
assign(SolutionSet);

solve coefficents of element [6]

L._L.

C1:='C1':
C2:='C2':
C3:='C3':
C4;='C4':
C5:='C5':
C6:='C6':
C7:='CJ':
C8:='C8':

eI:=U(z)=Uz6;
eZ:=Y(z)=Yz6:
e3:=W(z)=Wz6:
e4:=Wz=DWz6:
e5:=Nz=0:
e6:=Nztheta=0:
eJ:=}ylz=0'.
e8:-Qz=O:
z:=H:

SolutionSet:=solve({ e 1,e2,e3,e4,e5,e6,e7 ,e8},{ C1,C2,C3,C4,C5,C6,C7,C8 });
assign(SolutionSet);

END OF FILE
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