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ABSTRACT

This studlr investigates the interference of three closely-spaced,

para11e1, strip footingsoncrushed silica sand. It examines the stability
of closely spaced narrow for¡ndations, such as railway ties, when subjected

to static loads.
tt tt

Three 38 nrn x 305 mm smooth-based interfering footings weïe

loaded to failure on sand in stress-controlled tests at different footing

spacings. Tests were conducted with all footings subjected to equal 1oads,

and ivith the tIVo outer footings subjected to 50% and 75eo of the middle

footing loads. The author's results for interfering'iough-baseá' footings

were supplemented by results fromanundergraduate testing pïogram. Iso-

lated 19 nrn, 58 rmn and 76 nun wide smooth footings and 3g run wide rough

footings were also tested.

The bearing capacities of the isolated footings were not signifi-
cantly influenced by the relative roughness of the footing bases. The

bearing capacity coefficient decreases by 402 as the footing width j_ncreases

from 19 nrn to 7ó nrn. For interferiag rough and snooth-based footìngs, the

footing efficiencies increase with decreasing footing spacings. They reach

a maximt¡n value of about 260% to 320% when the centre-to-centre spacing is
1.7x8 (the footing width). Higher efficiencies were obtained when the outer

footings were subjected to 50% and 75eo of the middle footing load than lvhen

all footings were subjected to equal loads. The niddle footings failed by

1ocal shear for the case where the outer footings were subjected to 50% of
the middle footing load with centre-to-centre spacìngs less than 1.7x8.

The nimerical stress-characteristic solution for interfering foot-

ings developed by Dr. J. Graham in 1979 was modified into the linear-ô solu-

tion (PLAF). The nwterical and experimental results agree qualitatively.
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CHAPTER 1

A REVIEI^/ OF T}IE STL]DY OF

PARAILEL INTERFERING STJRFAG STRIP FOOTINGS ON SAND

1.0 NIET]-IODS OF ANALYSIS

Classical limit equilibrir.un methods for the solution of

Bearing capacity problems for isolated footings on sand are based on

a) assuned trial failure surfaces b) superposition of the effects of

the dominant factors controlling bearing capacity, namely the self-

weight of the soi1, the strength parameters described by the li,lohr-

Coulomb failure criterion, the size of the footings and the effects

of a surface surcharge, Terzaghi (1943). For convenience, these

factors are often gathered into two terms, one combining self-weight

and size - the N, termrand the second reflecting the influence of the

surcharge - the NO term. Both tenns depend on the angle of shearing

Tesistance, ó.

It is formally incorrect to use the principle of superposi-

tion in this case because the system of equations describing the

problem of mpture is non-linear. The limit equilibrium method of

analysis results j¡ a more conservative value of the bearing capacity

than rigourous ni-unerical methods (Lundgren and li{ortensen, 1953 ; Hansen

and Christensen, 1969) .

Another lirnitation of this method is that calculations become

complex and laborious if the angle of shearing resistance, Q and the

uu'rit weight, y are allowed to vary within the failure zone as suggested
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by laboratory evidence (De Beer, 1970; Lorenz and Heinz, 1969; Graham

and Stuart, 1971).

However, in spite of its li:nitations the lixìit equilibrium

method is quite versatile and is frequently used for solving a wide

range of problems involving footings, passive walls and anchors in

soils.

Sokolovski (1965) presented a convenient nunerÍcal analysis

which could be used with the digital computeï to solve for the extent

and stress-levels in failure zones. The Mohr-Coulomb failure criterion

was used to define the strength of the soils. Sokolovski used a finite-
difference technique to m¡nerically integrate the set of non-linear

partial differential equations that describe the stress conditions in

a sand mass which is about to fail. This method was adapted and

improved by Graham (1968), ffid will be discussed in greater detail in

Chapter 4.

Sokolovski's solution, also lcrov,'n as the method of stress

characteristics, gives results that agree closely with conventional

limit equilibriun solutions, providing boundary conditions are specified

identically and the shape of the most-critical trial failure surface

is close to the computed failure surface, Graham (1973). The study of

interfering footings,which will be discussed later in this thesis, is

principally based on the rnethod of stress characteristics.
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1.1 SOLUTIONS FOR INTERFERING FOOTINGS

The limit equilibrirmr method was first used by Stuart (1962)

to study the problem of two parallel interfering surface footings on

sa¡d. Stuart used an assr¡ned failure mechanism that was based on

Terzaghifs solution, (Terzaghi, 1943) for isolated footings. He also

performed experinental work to study the interference of two para1lel

strip footings on fine dry sand. He used two pairs of 25 nrn x 330 mm

and 13 mn x 229 nun model footings with wooden ard polished steel bases.

The results of Stuart's experi:nental and theoretical results were

presented as a plot of efficiency (interfering footing bearing capactty/

isolated footing bearing capacity) versus spacing (centre-to-centre

spacing of the footings). The experimental yalues l/ere for¡rd to be

lower than theoretical predictions.

West and Stuart (1965) used two different methods of analysis;

namely the limit equilibrir¡n method suggested by Stuart (19ó2) and

Sokolovski's (1965) method of stress-characteristics to conìpute effi-
ciencies caused by interference. In their e>çerimental work, they used

two 44 nrn x 607 mn rough based aluminwr footings on white fine to medir¡n

Lough Neagh sand, with a average unit weight of 14.9 kN/m3. The theore-

tical and experimental results were also presented in a plot of effi-
ciency versus spacing. The theoretical efficiencies detennined by

Sokolovski's (1965) method showed closer agreement with the experi:nental

data than the values predicted by the limit equilibrit¡n method.

It4andel (1965) was the first to study the problem of a series

of three paral1el interfering strip footings on sand. Mandel presented

theoretical solutions based on the method of stress-characteristics
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for the case of the weightless soil. He made a significant contribu-

tion in identifyj-ng the s)'nrnetrical pattern of intersecting slip lines

in the failure zone along the central vertical plane in between any trvo

interfering footings.

In 1979, Dr. J. Grahan ídentified a similar s)4nnetry condi-

tion rvhi-le interacting with Dr. G.P. Raynond at Queen's tJniversity,

Kingston, ûrtario. Graham extended his improved stress-characteristic

solutions for the case of isolated footings (Graham, 1968; Graham and

Stuart, 1971) to provide solutions for the case of a series of (three

or nore) interfering surface footings on sand. Graham's solutions

were based on the trapped elastic wedge assumption for the case of

rough footings, Graham and Stuart, I97I. The authol, working under

Graham's supervision has developed a modified version of Grahamrs inter-

fering footing solution. The assunption of the trapped elastic wedge

was eliminated and the so-called linear-ô solution was used. The

linear-ô solution Tdas used by earlier investigators to study isolated

or non-interfering footings, Karaf.iath, 1969, Graham and Stuart, I97I.

These m¡nerical solutions are discussed in detail in Chapter 4. In

terms of laboratory model studies of the problem, Raymond et a1. (1977)

conducted a preliminary investigation of the interference of three

eqgally spaced 76 nm wide footings subjected to equal loads. Raymond's

work was with refeïence to the performance of railway track structures

on ba11ast.

Experimental work to study the interference of three para11e1,

strip footings on sand was r¡rdertaken by Tipper (1977) and Reid (1978)

at the llniversity of lr4anitoba. Tipper and Reid, working tnder the
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supervision of Graham, used three eqr:a11y spaced 38 nrn x 305 nrn inter-

fering footings subjected to equal loads on conÌrnerciaT grade concrete

sand. Reid also studied the i¡fluence of different load distributions

on the footings. In each load increment, the outer footíngs were

subjected to 50% of the rniddle footing 1oad.

The author working under the supervision of Grahan, tested

equally spaced 38 m"n x 305 nrn interfering footings on crushed, white

silica sand, with a grain size distribution very close to that of

standard Ottai,va sand. Tests were conducted with all footings subjected

to eqr-;al 1oads, ffid also with the two outer footings carrying 50% and

75% of the middle footing load. The author briefly investigated the

the case of three rough-based ínterfering footings. Experimental work

on the interference of three rough footings has just been completed by

Chu (1981).

Ful1 details of the experimental investigation are discussed

in the next chapter. This thesis concludes by comparing the experimen-

ta1 results with the theoretical solutions obtained froll the stress-

characteristic solutions (Chapter 4) .
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CFIAPTER 2

EXPERIMENTAT ]NVEST] GAT I ON

2.0 INTRODUCTION

The objective of the experirnental program was to study the

load carrying characteristics a series of (three or more) closely-

spaced, para11e1, strip footings on sard. The experiments \dere

designed to obtain stress-deformation plots resulting from loading

three closely-spaced, parallel, strip footings on sand to failure.

The behaviour of the middle footing was of particular interest to

this study as it represents in analytical terms any interior footing

in a series of closely spaced, parallel, strip footings.

The i¡fluence of the following variable parameters on the

bearing capacities of the three closely-spaced footings was investigated;

(a) Spacing, S/B = Centre-to-centre footing spacing/footing width.

(b) Load ratio, L = Load on outer footings/load on middle footing.

(c) Roughness of the footing bases.

The influence of footing widths on the bearing capacities of non-inter-

fering, smooth, strip footings was also studied. The unit rveight of

the sand used was kept constant in the testing program. Details of the

techniques used for controlling the density of the sand are given in a

following section. The sand used was r¡niform white angular crushed

silica sand frorn Black Island, Lake lVin¡ripeg. Its grain size lay

between sieve No. 40 and 60, and rvas very close to the specification

for standard 0ttawa sand (ASTM C778, 13). The grain size distribution
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and strength-r-init weight-pressure relationship for this sa¡rd was

obtained by Kulachok, (1980) and are shov¡r in Figures 2.I and 2.2

respectively. The testing apparatus used in this experimental investi-

gation was described by Tipper (1977) and Reid (1978) and will only be

díscussed briefly here. Further work involving rough based footings

has just been completed, Chu (1981).

2.7 TESTING EQUTPTmNT

The testilg equipment and the experimental arïangement is

shor^m in Figures 2.3 and 2.4. The three closely-spaced footings were

placed on the carefully formed surface of the sand which was contained

in a stiff-sided sand tank. The sand tank had a sqwrre cross-section

in p1an, with interior dimensions of 914 mn x 914 mm x 609 nm. Steel

tubular sections were used to reinforce the outer wa1ls of the tank

to provide rigidity against 1.ate'ra:- movement.

Three hydraulic jacks used to load the footings, were housed

in between two U-channels bolted back to back, which formed the

loading frame. The hydraulic jacks were clamped to the lorver cha:rne1

flanges. Different centre-to-centre spacings of the footings were

achieved by shifting the clamped positions of the hydraulic jacks

along the loading frame. The hydraulic jacks were driven by air

pressure which was controlled by reducìng valves and measured on

mercury nanometers.

The footing loads were measured by load ce11s and recorded

using a digital voltrneter. The dial gauges mounted on the footings

measured footing penetrations into the sand during loading.
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FTG" 2"3 General View of Test
Interfering Footings
Failure Zone

ÀrrangemenL for Three

Showing Extent of

effiffiJ

FIG" 2"4 Hydraulic ContrOls and the Mercury Manometer
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The Footings

The footings i../ere machined aþminul blocks. The three strip

footi-rrgs used in interference studies had dimensions of 38 nm x 38 nrn x

305 nm. The influence of footing widths on bearing capacities of iso-

lated smooth footings were studied using additíonal footings of dimen-

sions 76 mn x 25 rrn x 305 nmi and 19 run x 25 rmn x 305 nmr" The machined

alunini¡n finish of the footing bases were considered smooth. (The

measured angle of contact friction, 6 was found to be 14o. Stuart

(7962) used footings with polished steel bases to simulate smooth

footings. Harma (1963) used polished brass model piles) . Rough footings

were si¡ulated by gluing to the footing base a strip of sand paper of

the same dinensions as the footing base. The texture of the sand paper

was sjmilar with respect to the graín size of the testing sand, (i.e.

passing #40 sieve, retained on #60 sieve). This technique of simulating

rough footings was used previously by West and Stuart (1965), md by Ko

and Davidson (1973). The tie system, shoirn in Figure 2.3, was designed

to join the two outer footings, md cause them to settle by the same

amourt. The tie system consists of a pair of 32 nrn x 36 ¡.rn x 610 nrn

a1i¡nint¡n angle sections bolted to the footings through 37 mm x J7 mn x

32 nrn ah¡nimrn blocks at both ends.

The Load Ce11s

The load cells were nade of thin-walled aluminum cylinders

with a wall thicicress of 2.4 nm. The cylinders were attached to encl

sections by pin corurections. The top and bottom end sections were

screwed to the pistons of the hydraulic jacks and the footings respec-

tively.
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Each load cel1 was jnstnmented with eight strai¡r gages

attached around the circLunference of the outer wal1. The strain gage

configuration compensates for bending and temperature stresses. The

strain gage specifications are: lvfake: Micro-measurements,Gage Factor:

2.04 t 0.5%, Resistance: !20 t 0.3% A" The load ce1ls were calibrated

using a Baldwin Testing lvbchine and a Hewlett Packard data aqutsition

system at the Structural Engineering laboratories at the lJniversity of

lvlanitoba. The sensitivities of the load cells are:

Load Cell Sensitivity S = AVl(V.nkN)

I.027 x 10-4

0.897 x 10-4

0.897 x 10-4

Load (kN) = AVIS Vr'

1

2

3

AV

V.tn

change in output voltage in volts

load cell sensitivity

input voltage to the strain gage bridge

The output voltage of the load cells was recorded using a Hewlett

Packard digital voltmeter with a sensitivity of 0.1 mV. The bridge

input voltage Vin, supplied by a voltage regulated adapterwas 6 vo1ts.

In load ce11 3, the output voltage yersus load relationship showed a

slight deviation from linearity irr the range 0 - 0.27 kN. To account

for this non-linearity, the loads were read off a calibration curve

i¡rstead of using sensitiyity values and a¡r assuned linear load - output

voltage relationship.
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The Flydraulic System

Air pressure from a central compïessor r,ias used to control

the loads applied by the hydraulic jacks (ENERPAC, t)?e RW 53). The air

was fed to two hydraulic boosters (ENERPAC, type BI 618) through filters,
reducing valves and pressure gauges. Hydraulic fluid under pressure from

the boosters was fed to the hydraulic jacks through reducíng valves and

pressure gauges. A view of the hydraulic control panel is shov,'r-r in

Figore 2.4. The two outer hydraulic jacks were controlled by a conmon

booster and the middle hydraulic jack was controlled by an independent

booster. This systeln rvas designed to produce identical responses in the

trvo outer footings to a change in air pressure, and to a1low different

loads to be applied to the outer and middle footings. In practice, it
was found difficult to realise identical responses in the two outer

footings. The performance of the equipment r^/as improved by using the tie
system to connect the outer footings.

2.2 EXPERIT{ENTAI PROCEDIJRE

The i:nit weight of the sand was kept constant in all tests.

The average unit weight rvas found to be 16.04 t 0.1 kt'¡/*3. The sand

tank was fi11ed in layers of 51 nrn up to the 456 nun level. Each layer

contained 0.68 kN of sand, and was compacted using a stirring technique

described by Tipper (7977). A steel rod of diameter 9.5 rmn was raked

back and forth through the full depth of each Layer, 60 times j-n each

direction, at a spacing of approxìmately 15 nnn. When the tank was

fi11ed the sand surface was carefully 1eve11ed and formed to avoid

eccentric loadings on the footings and to provide a good estimate of
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the sand volune. This technique may at first sight appear rather

arbitrary, but good unit-weight control was achieved by the author.

Hama (1963) used a simj-lar technique with satisfactory results.

The experimental arrangement is shoinryl in Figure 2.3. This

shows three closely-spaced footings resting on the sand surface.

Initial air pressure of approximateLy 20 kPa was used to lower the

footings until the bases just touched the sand surface. Loads were

applied to the 38 mn arñ 76 nrn wide footings by increasing the air

pressure in increments of 6.64 kPa. For the isolated 19 mn wide

footing test, load was applied by increasing air pressure in snaller

increments of 2.ó5 kPa which tüas necessary to determine accurately the

bearing capacity. Loads were applied to all three footings at the sane

tirne. Footing penetrations were recorded after each load increment,

when the rate of penetration had slowed to an acceptable rate of about

0.01 ïun per 5 seconds. The load cel1 readings were then recorded.

The footings were loaded well past failure to permit clear

identification of the post-failure section of the stress - deformation

curye. Failure was often characterised by suddenly increased settle-

ments of the footings, wíth 1itt1e or no corresponding increase in

1oad. This was usr:a11y accompanied by a well-defined failure pattern

visible on the sand surface.

After each test the footings were removed, the sand tank

emptied, and a new sand-bed prepared for the subsequent test. The

results of the tests are presented in the following chapter.
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GI,APTER 3

EXPERIMENTAL RESULTS

3.0 INTRODUCTION

Experimental results are presented and discussed in this

chapter. Test data in the form of stress-deformation plots selected

from dífferent types of tests are presented in Figures 3.\,3.3,3.4,
3.6 and 3.7 " The renainder of the test ðata are available in Appendix

I. A sunrnary of the results from the interfering footings tests are

presented in Figure 3.5 as a plot of efficiency, n% versus spacirg,

S/8.

The results of the author's investigation on the interference

of rough footings are presented together with results from an under-

graduate testìng program which has just been completed by Chu (1981),

under the author's guidance. All tests were conducted on nediun dense

vÍrite crushed silica sand with a relative density of 60% and an average

urit weight of 16.04 tN/rs.

In the remainder of this thesis, the tests are identified as

follows;

(a) Tests Tl to T7 are snooth interfering footings tests with all
footings subjected to equal loads.

(b) Test TA1 is a smooth interfering footings test with SiB = 2.0.

The outer footings were subjected to 75eo of the middle footing load.

(c) Tests TBI to T86 are smooth interferi¡g footings tests with the

outer footings subjected to 50eo of the middle footing 1oad.
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(d) Tests TCl and TCZ are rough j¡rterfering footings tests with all
footìngs subjected to equal 1oads.

(e) Tests TD1 to TD6 are non-interfering footings tests. Snrooth footings

with widths, B = 19 ilrn, 38 nm and 76 nm were used. The rough foot-

ing had a width, B = 38 nun.

3.7 ISOI"ATED FOOTINGS

Figure 3.1 shows stress-deformation plots for isolated, 58 nm

wide snooth footings. The shapes of stress-deformation plots for iso-

lated surface footings on sand generally depend on the geometry and

size of the footing, the sand characteristics and the type, rate and

frequency of loading, Vesic (1973).

The shape of the stress-deformation plot in Figure 3.1 suggests

a mode of failure conrnonly referred to in the literature as general shear

failure. General shear failure is associated with footings on nediun

to dense sands and is characterised by a well defined failure 1oad,

beyond which the footings undergo sudden penetration into the sand nass,

with little or no corresponding ircrease in footi¡g 1oads, Vesic (lgis).
General shear failure is accompanied by significant bulging or heaving

of the sand adjacent to the footings, and a crearry defined pattern

formed around the footings by the intersection of the failure surfaces

with the sand surface. This was observed in all tests.

In this study, the ultimate load is defined as the point where

the slope of the stress/1oad versus deformation curve first reaches zero

or a steady rnininun value. This definition was reconrnended by Vesic

(1973). The ultimate load has also been defined by De Beer (1970), as
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the break point in a log-1og representation of the load-deformation

curye. This definition has not been exa¡nined in this thesis. The

bearing capacity, q is defined as the (ultinate loadfbase area of footing).

The results of 38 mm wide isolated footilg tests are tabulated belolv;

Test TDl TD2 TD3 TD4
q average Std.

(kPa) Þviation

q(kPa) 29.28 26.L 27 "2s 26"s 29.3 32.72 28.53 2.46

TABLE 3.1

The average footing penetration at failure was 0.098, where B is the

footing width. This value lies within the expected range of 0.058 to

0.158 for surface footings on sand, Vesic (L973).

The bearing capacity, e = O.SByN'O - 3.1

where N ^ is a bearing capacity coefficient which combjnes the con-
Yq

ventional Terzaghi bearing capacity coefficients N, and No, (Meyerhof,

1951; Graham and Stuart, 1971). For the average q = 28.53 kPa, Equa-

tion 3.1 gives trq = 93.6.

Kulachok, (1980) in a triaxial testing progran defined the

angle of shearing resistance, ô as a finction of the r.mit weight of

the sand, y and the value of the confining pressure, o, used in the

tests. This work accounts for the variation of 6 due to the curvature

of the lvbhr-Coulomb failure envelope for sands and is similar to

earlier work by Wu (1957) , Ðd Ladanyi (1960) in which O was defined

as a fi.nction of the relative density and the mean normal stress.

The stress-deformation plots for Tests TÐ3 and TD4 are shov¡n in
Figures 41.5 ix Appendix I.
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Kulachok's results are shov,n in Figlre 2.2.

For the case of the failure of a surface footing in sand,

the angle of shearing resistance, Q varies throughout the rupture zone

due to changes in the average stress levels and the unit weight of sand

during failure, De Beer (1970), Graharn and Pollock (1972). It is

therefore difficult to arrive at a representative value of the angle

þ to be used in the analysis of failures in sand. This issue will be

discussed in greater detail in Chapter 5.

An estjmate of the average value of S was made using the

method suggested by lvleyerhof (1950) and used by De Beer (1970).

It{eyerhof suggested that the mean nornal stress, om, along the shearing

surfaces beneath the footings is approximately 0.1q, where q is the

bearing capacity. Therefore, from the l4ohr circle,

Õ, = 6^/ (1 + sin6)Jm' a1

i{here oa is the minor principal stress. Assuning an initial value of

ö = 33.50 (from Figure 2.2), and using Equation 3.2, o, = 1.84 kPa for

q average = 28.53 kPa. From the strength-unit weight-pressure relation

for the sand shov,'n in Figure 2.2, the value of the average angle of

shearing resistance, O i.{as extrapolated on the basis of judgement for

the confining pressure, o3 = I.84 kPa and the rinit weight, Y = 16.04 kPa.

The extrapolated value of 6 was approximately 33.50. Þ Beer (1970)

justified using this :nethod to evaluate S by referring to the good cor-

relation between Meyerhofts (1950) calculated values and test results.

Kulachok (1980) used values of Q obtained from three-dimen-

sional loading conditions in a triaxial test. The loading under a
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strip footing is governed by plane-strain conditions, where the angle

of shearing resistance þ is larger. Meyerhof (1965) suggested the

enrpirical erçression

ö = (1.1 - 0.1 B/L)or - 3.2

where Q = angle of shearing resistance for plane-strain conditions and

0. = angle of shearing resistance obtaj¡red from the triaxial test. The

footings widths and lengths are B and L respectively. Using Equation

3.2, Q = 36.40, for the 38 rrn x 305 mn footings with 0, = 33.50. The

e>perimental values 0 = 36.40 *d Nyq = 93.6 agree well with the theo-

retical elastic wedge solution for isolated footíngs for D/B (depth of

penetration/footing width) = 0.1 (Graham and Stuart, I97I); (Fig. 3.3).

The elastic wedge solution corresponds to a footing base which

is adequately rough to trap the wedge of sand beneath the footing. This

suggests that the assuunption during the testing that the aluminun bases

of the footings were 'perfectly smooth' is incorrect. The friction
angle for the case of the smooth, ah-minun based footings and the rough

based footings on testing sand used by the author was measured to be

14o and 23o respectively. Snooth footings with polished steel bases

used by Stuart (7962) had a friction angle of 10o on a fine dry sand.

However, the terms "smooth" and "rough" have been retained in the

remainder of the thesis for convenience. They refer respectively to

footings with machined ah¡nim¡n bases, and to footings covered with

sandpaper as described in Chapter 2. Isolated rough footings were

studied briefly and the results are tabulated below.
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Test TD6 (Author) Chu (1981) Average q (kPa)

q(kPa) 32.63 28.0 30.32

TABLE 3.2

From Table 3.2, it seems that the range of roughness of the footing

base in these tests does not significantly influence the bearing

capacity (from Table 3.1, the bearing capacity of the smooth footing

was determined to be 28.53 t 2.46 kPa). Vesic, (1973) states that the

for¡rdation roughness has litt1e influence on bearing capacity as long

as applied loads remain vertical. From Equation 3.1, Nyq = 99.5, for

q = 30.32 kPa. This va1u" of Nyq for $ = 36.40agrees well with theore-

tical solutions presented by Graham and Stuart (1971); (Figure 3.3).

3.2 SCALE EFFECTS ON TFG BEARING CAPACITY COEFF]CTENT. N'yq

Dimensionless parameters such as N, and NrO depend on the

size of nodel footings used, Graham and Pollock (1972). This limits

the usefulness of model test parameters in predictiag failure loads in

full-scale tests under identical conditions, Graham and Stuart (1971).

Test results sr-mrnarízed in Graham and Stuart (1971) show that values

of the parameter N^.^ obtained from fu11-scale tests recorded by
Yq

lufeyerhof (1951) and De Beer (1970) are significantly lower than values

obtained from sma11 scale nodels tested under sjmilar conditions, (Fig.3.3).

Figure 3.2 shows the relationship between the parameter Nyq
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and the footing widths, B obtained from testing footìags of width B =

19 rmn, 38 mn and 76 nrn on sand of the same unit weight (Tests TD6, TDl

and TD5 respectív"1y)t. These results confirm the variation of the

parameter N^.^ with footing size as reported by Graham and Stuart (1971).,Yq
Theoretical solutions that accor¡rt for the variation of the paraneter,

\. with footing widths, B, the so-called variable - Q solution, are
ï

available (Graham and Pollock, 1972; Graham, 7973).

3.3 INTERFERING S4OOTH FOOTINGS TESTS I4/]TH ALL TTREE FOOTINGS

SUBJECTEp T0 EQUAI LOADS (T1 - T7)

Three 38 n'm x 305 mn footings were used with spacings, S/B

rangiag fron 1.56 to 5.5. Tests T1 to T7 were tests in which all three

footings were subjected to eqr-ral loads. Figure 3.4*shows tlpical

results from Tests T3 and T4 with spacìngs 2.0 and 2.5 respectively.

The stress-deformation plots show well defined failure stresses at

which the footings undergo sudden settlements.

Figure 5.5 shows results from Tests T1 and T2 with close

spacings of S/B = 1.56 and 1.7. Conparing the stress-defornation plots

shoinn in Figures 3.4 and 3.5, it is noticed that the closely spaced

footings undergo greater deformations prior to failure and fail at

higher stresses than the case when the spacìngs, S/B > 2. The mode of

failure in Tests T1 to T7 was by general shear with failure surfaces

extending to the surface, as shown in Figure 2.3.

tThe stress-deformation plots for Tests TD5 and TÐó are shown in
Figure 41.6 in Appendix I.

&

In Figures 3.4ff, footing 2 is the niddle footing: footings 1 and 3
are the outer footings.
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In Figure 3.5, results from Tests T1 (S/B = 1.56) and

TZ (S/B = 1.7) indicate a failure stresses of 54 kPa and 74 kPa

respectively for the niddle footings. This result would contradict

the suggestion that closer spaced footings always fall- at higher

stress than footings with larger spacings because of greater inter-

ference. This was also reported by Stuart, (7962) " He suggested

that at a critical close spacing, rblockingr occurs where the inter-

fering footing efficiencies are the greatest. At spacing closer than

this critical va1ue, the efficiencies of the interfering footings

decline. Further experi:nental evidence of blocking was reported by

West and Stuart, (1965) and Chu (1981).

The results from Tests T1 to T7 are presented in a plot of

Efficiency, rl versus spacing, S/B shown in Figure 3.ó. The results

are also tabulated below in Table 3.3. The Table also includes the

result from a smooth interfering footings test with S/B = 4.0 per-

formed by Chu, (1981).

S/B 1.56 t.7 2.0 2.5 3.0 4.0 4.0 (Chu) s. s

Tt% 188 259 188 r54 L26 131 119 T26

TABLE 3.3

The shape of the Efficiency versus Spacing plot shoru-r in Figure 3.6

i-s sjmilar to Stuart's (1962) and tr{est and Stuart's (1965) results

for the case of two interfering footings, ffid Tipper (L977) and Reid's

(1978) results for the case of three interferi-ng footilgs on different

sand.
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The authorts results i¡rdicate interference efficiencies of

73leo and 726% for S/B = 4.0 and 5.5 respectively. The efficiency

values for these spacings are high compared to the results reported

by Raynond (1977), for the case of three 7ó nm wide interferiag foot-

ings. Raymond reported no interference betrveen the footings at a

spacing, S/B = 5.0 (n% = 100). For the case of two irterfering foot-

ings, the results of Stuart (1962) indicate sma1l interferences

(¡ < 110%) at spacirrg, S/B = 5.0. Larger efficiency values obtained

by the author, for spacings, S/B = 4.0 and 5.5 can be attributed to

the fact the value of bearing capacity for an isolated footing, (q

isolated),used in efficiency calculations is an average va1ue. The

actual value of eisolated may vary as shom in Table 3.1.

3.4 INTERFERING SI4OOTH FOOT]NGS TESTS WITH OUI'ER FOOTINGS CARRYING

s0% 0F MIDDLE F'OOTING LOAI (TB1 - T86)

Figure 3.7 shows typical stT"ess-deformation plots from Tests

TB3 and TB4 with spacìngs, S/B = 2.0 arñ 2.5 respectively. Compared

with results for the test series T1 - T7, the stress-deformation plots

for Tests TB1 to T86 (Figures 3.6, At.S and AI.4) show that before

failure, the sand has greater compressibility, and that failure occurs

at higher stresses and deformations.

In Tests TB1 to T86, the niddle footing failed before the

outer footings. This implíes that the sand beneath the niddle footing

reaches a state of plastic equilibrirm before the sand beneath the

outer footings. The failure zones originating beneath the middre

footing are in this case r¡rable to develop ful1y towards the surface
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of the sand and are curtailed by the outer footìngs. The strength of

the sand beneath the outer footings is not yet fu11y mobilized and

possesses a Teserye resistance which postpones the fu1l development

of the central failure zone.

This case can be compared to the case of a 1,arger isolated

footing on nediun to dense sand, subjected to either a significant

surcharge or else placed at greater depth, Vesic (1973). The mode

of failure in this case has been described as local shear failure.

Figure 3.7 shorvs that the capacity of the middle footings contirues to

i¡crease after failure. There lvas no indication of the failure

surfaces extending to the surface of the sa¡rd after the middle footing

failed. In the tests series Tl to T7 a well defined failure pattem

was obseryed on the sand surface after failure as shown in Figure 2.3.

Thus, the mechanism that results in j:rcreased beari¡rg capaci-

ties of the niddle footings in Tests TB1 to T86 is probably not "inter-

ference", a term which is used to describe sjmultaneous interaction

between fu11y developed slip lines j¡ zones of plastic equilibriut

beneath all three footings (Iaandel, 19ó5; West and Stuart, 1965). In

these tests, the mechanism is probably due to the increase in the

anrbient stress levels in the zones affected by the outer footings.

The non-failing stress fields beneath the outer footings will raise

the general stress 1eve1s in the area jnto which the middle footing

failure zone is trying to extend. The increased stress levels in thj-s

area will result in higher shear strengths, which inhibit the develop-

nent of the failure zone for the niddle footing. This footing can

therefore be subjected to further loading before failure occurs.
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During incremental loading of the footings, the shear strength

is not simultaneously nobilized at aIl points in the potential failure

zone. The slip lines originate ât points where shear strength is ful1y

mobilized and gradually extend to other points, (k Beer, 1965). This

is the mechanism of progressive failure j¡ cohesionless soils and it
inplies the exi-stance of partially developed slip line fj_elds.

A test to confirm the increased bearing capacity of the middle

footing when the ratio of niddle footing load to outer footing load was

increased was done. Test TA1 (Figure 41.2 in Appendix I) was conducted

with the outer footings carrying 752 or the middle footing 1oad, with

spacing, S/B -- 2. The failure stress for the middle footing was between

the value of failure stress for the case when all footing were subjected

to equal loads (Figure 3.4) and lvhen the outer footings rvere subjected to

50% of the middle footing loads (Figure 3.7). The results of Tests TB1

to TBó and TA1 are shov¿n in an efficiency, \eo versus spacing, S/B plot in
Figure 3.6. The results of Tests TB1 to T86 are tabulated below.

S/B t. 56 r.7 2.0 2.5 3.0 4.0

^o,I l'o 297 29r 245 200 149 110

TABLE 3.4 TestsTBl toTB6, Outer Footings Subjected to
50% of Middle Footing Load

In Test TA1, (outer footings subjected to 75% of middle footing load)

an efficiency, rt% = 276 was obtained for spacing, S/B = 2.0. Evidence

of blocking is noticed in Figure 3.6 for Tests TB1 to TB6. There is
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little increase in efficiency when spacing, S/B is changed from

to 1.56.

3.5 INTERFERING ROUGFI FOOT]NGS

The problen of interference of rough footings was briefly

investigated by the author. Three equally loaded 38 rrn x 305 nrn were

used with spacings, S/B = 2.0 and 3.0 (Tests TCl and TC2 respectively).

The stress-deformation plots for Tests TCI and TCZ are shown in Figure

3.8. Results from an r-rndergraduate thesis project which has just been

completed (Chu, 1981), supplemented the author's results.

The shapes of the stress-deformation plots are generally

si¡rilar to smooth footing results. For close spacings of S/B = 1.56

and 1.7 the stress-deformation plots show the characteristic compressi-

bility of the sand beneath the middle footings similar to the case of

smooth footings (Chu, 1981).

The results of the tests conducted by Chu (1981) and the

author are presented in the plot of efficiency, n versus spacing, S/B

shown in Figure 3.6. The results are also tabulated below;

s/B 1.s6 T.7 2.0 s/B 2.0 3.0

n% 220 320 218 168 1s3 139 119 100 \% 188 124

chu (1981) Author

TABLE 3.5 Rough Interfering Footings with All Footings

Subjected to Equal Loads

r.7

4.03.02.5



34-

Fron Figure 3.ó, it is observed that footing roughness has 1ittle
influence on the efficiency for spacing, S/B > 2.0. For closer

spacings, the efficiency of rough interfering footing is greater than

that for smooth interferi:rg footings. This trend was also reported

by stuart (1962), for the case of two interferjng footíngs. stuart

used polished steel and wooden footing bases to sj¡iulate smooth and

rough based footings respectively. Blocking is also observed in

Figure 3.6. A rnaximl¡n efficiency !üas observed at spacing, s/B = r.7,
similar to the case for smooth j¡rterfering footings.

The theoretical work which has been rmdertaken is described

in the next chapter. The experimental and theoretical results are

conrpared in Chapter 5.
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GIAPTER 4

NU},IERICAL TIETHODS AND RESULTS

4.0 ]NTRODUCTTON

The solutions of bearing capacity problems in sand can be

classified into two broad classes of analysis, one based on assuned

trial failure surfaces, Ðd the second based on m¡nerical forward

integration from iorol^n borurdary conditions to unknown borindary stresses

in a field or donain in which strength properties are defined every-

where. The nurnerical methods proposed by Sokolovski (19ó5) were

adapted and improved by Graham (1968). For convenience, they will be

briefly outlíned here. Interested readers are referred to the various

publications by Graham which are listed for example in Graham (1973).

4.I T}EORY

A two dimensional soil element which is

must satisfy the equations of static equilibríum,

just about to fail

òo_/àz + ðt--_/ðx = yzxz
ðolâx+ôt /àz=0xxz - 4.r

i¡here the positive z-axis is oriented yertically dov¿nwards as shown in

Figure 4.1. The r:nit weight of the soi1, y is considered to be the only

body force. Since the soil element is just about to fai1, it must also

be in a state of plastic equilibrir¡n. The stresses in a soil elernent

in a state of plastic or lfuniting equilibrium are considered to be
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controlled by the lr{ohr-Coulonrb failure equation,

T.=c +o-tanotn - 4.2

where c = 0 for cohesionless soi1s. Figure 4.1 shows the direction

of the najor principal stress, o1 fu a tlpical soil elenent, inclined

at an angle V to the z-axis. The slip lines St and S, along rthich

failure will occur are shoi^m inclined at an angle ¡r = (n/4 - þ/2) to

the direction of o' The Mohr-circle representation of this state of

stress is shoinn in Figure 4.2. From the libhr circle,

o sinQ sinZV
v2

' md,

o

oI j = o (1 Ïsinþ cos2V)

It is convenient to express these equations

representative length, y is the tmit weight of

o and T- are dimensional real parameters. Inrr
chapter, dimensionless paranjeters will be used

tions 4.1 and 4.5 then become in dimensionless

- 4.3

i¡ dimensionless terms bY

substituting x = xr/L', z = zr/L, 6 = ÕT/yl-, r = t r/19-, where l' is a

the soil and xr, zT,

the remainder of this

in the analysis. Equa-

form,

ðo /àzz

ðo /äxx

T=

o
Xr

l=o)
L

+âtxz

+ât
xz,

o sinÖ

/âx=1

/àz=0

sin2Y

sinS cos2V)

- 4.Ia

o'(1 T - 4.3a
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Substitution of Equations 4.3a into Equations 4.1a gives

ào/àz(1+cos2V sin$) - 2osinþ(sin2V DV/àz - cosZV ðV/âx)

+ ôolðx(sin2v sino) = 1

aolax(l-cos2V sínþ) * 2osinþ(sin2V àY/àx + cos2V ðy/ðz)

+ào/âz(sin2Vsinq)=g _4.4

Equations 4"4 are statically determinate but carurot ín

general be iategrated in a closed form because they are non-linear.

closed-form solutions can be obtained for special cases with simpli-

fying assumption for example 0 = 0, or 1= 0, (l{/r., 1966; Graham, 1968).

sokolovski (1960) used a finite difference procedure to integrate

these equations and suggested using a logarithrLic transformation of

the stress variables. using the revised synbols proposed by Graham

(1968), the new variables are:

x = (1og"o) /Ztanþ

{=x+V
rì =x-Y

The new variables are substituted into Equations 4.4 and after mathe-

matical manipulation these eqi.rations reduce to the following:

dn/dz = a - ran(v-u)ãn/ðx + ðn/äx dx/dz

dE/dz = b - tan(v+p) AElAx + àE/àx dx/dz

- 4.5

l{here a = sin(v*u) /(Zosinþ cos(v-p)) and b = - sin(v-u) /(2ostnþ cos(v+p¡;
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Therefore, for any line in the physical plane with slope

dx/dz = tan(Y a U) the last two terms of Equation 4.5 are equal and

opposite;and therefore cancel. The stress field can now be described

by two families of slip lines

dnfdz = a, for slip lines S, with slope dx/dz = tan(v-u)

æd,

d{/dz = b, for slip lines 52 rüith slope dx/dz = tan(V*u)

- 4.6

From Fig. 4.2 it can be seen that the two lines through the pole having

inctinations of (\r T u) are in the directions of the slip lines St and

S, in the physical field. To obtain the stress field coordinates of

any rinlcnown point C in the domain shorrn in Figure 4. 3, the physical

and stress plane coordi¡ates (x z o V)* of two neighbouring points

A and B must be isrolnn. Rel^,riting Equation 4.6 in finite - difference

form

LE/Lz = b = -sin(V-u) /{2osín6 cos(V+p) }

Ln/ Lz = a = sin(V+p; /{Zosr:nþ cos(V-u)}

- 4.7

As a first approximation, the assr.unptions are made that the slip lines

AC and BC in Figure 4.3 are straight, md that they have directions of

(vO+u) and [VU-u) at C respectively. The slip line through A has the

gradient

Lx/Az = tan(VA+u)
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therefore

*C - *A = (zC- zptan(vo+u).

Similarly for the second slip line through B, rve have

*C - *B = (zC - tg)tan(vu-u) .

Solving for xa and z, gives

*C = *B * (zC- tg)tan(V'-u)

z'tan¡v'-u) - xB - zOtan(VO+u) * xA
z^=C-@-tan(Vn+P1 AD

f)

From Equations 4.7

6c = 6a - Qc - ta)sin(Y-p) /2oostnþ cos(Y+p)

tC = tB * (zC - ,g)sin(V+p) /Zousinþ cos(V-p)

- 4.8

From 6a and.1r, the values of oa and Ya can be computed from the

following expressions by reversing the 1og-transform

oC = 
"*P 

{tanE(E*n) }

and

Y, = 7/2(E-n).

It was assumed a little earlier that the slip lines through

A and B are straight between AC and BC, when in reality they are

curyed by gravity forces. Sokolovski (19ó5) suggested an íterative
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procedure which substitutes 0.S(Vn Ya) and 0.5(YB * VC) for YO and

VU respectively once the initial yalue of Va has been deterrníned. The

process continues until the values of Va from two successive iterations

converge to an acceptable tolerance. This is the so-ca11ed V-iteration

niethod (Graham, 1968). The solution is much improved by the additional

substituttor oo,u = 0.5(oc * oA,g) for oo and ou, and iterating until
the o values converge to a specified tolerance. This method is the

so-called 'o, v iteration' method proposed by Graham (1968). solutions

for active and passive walls, bearing capacity problems with zero sur-

charge, md deadman anchors have been presented by Graham (197J).

4.2 INTERFERING FOOTING SOLI]'|IONS USING NUMERICAI NßTHODS

The nunerical nethod discussed in the previous section i.,ùas

used for the problem of two paral1e1, rough interfering strip footings

on sand by west and stuart (1965). The resulting failure patterns

were as)ryrnetric about the centre lines of the footings. The basic

mechanism t^/as suggested by Stuart (1962) .

Experinental studies on the interference of three para11e1

strip footings on sand were undertaken by G. P. Ra1'mond et al. (L977)

at Kingston, Ontario. This study was with reference to the behaviour

of railway ties lmder static load. Numerical modelling of the problem

of three interfering para11el footings began as a result of interaction

between Raymond and Graham. A conrputer program PLAE, developed by

Graham at the llniversity of tr{anitoba in rg7g, was used to study. the

case of a series of (three or more) interfering para11e1 footings on

sand. This program, based on the ruunerical techniques discussed in
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the previous section Ì{as an extension of Grahamts work on ni¡nerical

solutions, lcrovun as the PI,AC solutions, for non-interfering footings

(Graham and Stuart, 797I).

In contrast to Stuart's solution for the case of two inter-

fering footings which results in aslrmnetric failure patterns (Stuart,

7962), the failure patterns for the case of three interfering footings

from the PLAE solutions are s)rmletrical about the centre lines of the

nLiddle footings. The general shape of the failure zones calculated

by the PIAE progran is shov,n in Figure 4.4 for the case of an isolated

footing and in Figures 4.5 a¡rd 4.6 for interfering footings. Details

of the problem formulation are given in the following section.

The PIAE prograrn assumes a trapped elastic wedge ODG beneath a

rough footing as shovn in Figure 4.5. The inclined sides of the wedge OD

andO'D'are failure planes, md intersect the footing base at an angle S

to the horizontal. The input for the interference program PIAE consists

of stress field coordinates for points along the outermost spiral O'AB for

a non-interfering footing taken from the PI,AC solution which was initially
prepared by Grahan for N, calculations (Graham and Stuart, 1971).

The PLAE program incorporates three subrouti¡res NLIPT, SYJvtr and

ENDPT. Subrouti¡re NUPT computes stress field coordinates of a nerv point

R in the domain from two previously lcrov,'r-r points P, Q as shovn in Figure

4,3. The o, V iteration operations described earlier are carried out

within the subroutine.

Subroutine SYMPT computes stïess field coordinates for points

on the vertical line of symetry EAC between two interfering footings.

The stress field coordinates for point C are calculated from A and F,
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with the condition that Va = r/2. When PIAE was originally prepared,

it was believed that this was the first time that such a symnetry con-

dition had been ídentified. It defines the interacting plastic fields

shoi.vn ìn Figure 4.5, which are caused by interference with neighbouring

footings. when this thesis was being prepared, a similar condition of

synmetry was foi.u'rd in the work described by lvlandel for weightless soils

(Xaandel, 1965).

Subroutine ENDPT computes stress field coordinates for points

along a specified bou-rdary line, such as the edge of an elastic wedge

OBD, or a footing base" The inclination of this bor:ndary to the verti-
ca1 is defjned by a general angle ß.

The input and output boundary conditions for the PIAE program

are defined below with reference to Figure 4.5.

(a) Along the spiral line AFQRB, the input consists of stress field
coordinates x, z, Õ, V, of points on the outermost spiral for a

non-interfering solution, taken from the PI,AC solution of Graham

and Stuart (1971).

(b) The stress field coordinates for points along the edge OA of the

passive zone 040' are defined in terns of dimensionless length

parameters and the corresponding dimensionless stresses. The

coordinates of points such as A, served as inputs in computations

of stress-fields beneath non-interfering footings - the PIAC

solution, Grahan and Str:art (1971). The stress fj-eld coordinates of

point A, the first point on the spiral AFQRB, in dimensionless para-

meters are x = 0E, z = EA, o = z/(l-sinþ), Y = rfT.

(c) New points on the line of slnrnetry EAC, through the zone in ptastic
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equilibriun ODC D' 0', are computed by the subroutine SYMPT.

SYMPT forces a condition such that V = r/2 for all points on EAC.

This condition ensures that the direction of the major principal

stress is horizontal everywhere along EC. The slip lines ÐCOt and

D'CO intersect at C at the statically correct angle (90 - 0).

(d) The subroutine ENDPT is used to compute stress field coordinates

of points on the edge of elastic wedge OBD. If the angle of

shearing resistance between the wedge and the soil mass, ß = ô = ó;

thenatapoint suchas B, V=u + ß, where V=r/4 - þ/2. If
6 I 0, then V = {r - ð - arc sin(sinô/sin0)}/2 + S (Graham and

Stuart, 1971). In the PLAE pïogram, 6 = 0 and for ó = 35o and

ß = -55o, Y = -27.5o. This condition forces one family of slip

lines to intersect the edge OBD of the elastic wedge with a vertical

tangency and the other fanrilyto coincidewith this edge.

The main prograln directs forward integration from points

such as A and F in Figure 4.5 to the starting s)mmetry point C on a

new spiral, through a serj-es of new points along CD, to the end point

D on a specified bourdary. After completing conputations on one spiral,

the stress distribution beneath the footing is integrated to obtain the

load Q, the bearing capacity coefficient Nr, and the centre-to-centre

spacing S/8. The program is terminated when an initially specified

m¡mber of new spiral lines such as CD has been completed.

As part of this thesis, a modífied version of the PIAE

program was developed by the author tmder Dr. Grahamrs supervision.

The program, ca11ed PIAF, eliminates the assunption of an elastic wedge

beneath the footing. The failure patterns obtained from the PI,AF
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solution are shorül in Figure 4.7 , f.or a¡r isolated footing and in

Figures 4.8 and 4.9 for interfering footings. In PLAF, the slip lines

continue up to the footing base and the friction angle between the

footing base and the soil, ô, is assuned to vary linearly from zero

at the footing centre to 0 at the footing edge. This is the so-ca11ed

"linear-ô" solution proposed by Graham and Str:art (1971) to satisfy

the slrnrnetry condition at the centre of the footing.

This solution has been used by earlier researchers for the

case of isolated footings and passive retaining wa11s. Ka-raftath (1969)

used a similar solution for circular footings with D/B (enbedded depth

to footing width ratio) = 0.5. Graham and Stuart (1971) used this

solution for an isolated surface footing. The linear-ô solution has

been used in the PI,AF program to study a series of (three or more)

interfering surface footings in sand in the manner generally similar

to that used in the PI"AE program. The iaput for PIAF consists of stress

field coordir¡ates for points along a non-interfering spiral as jn PIAE

and for points along the final radial. This data was available from

Graham's PLAC prograin for isolated footjlgs using the linear-6 solution,

Grahan and Stuart (1971).

The subroutines NUH|, SYMP a:rd ENDPT which were used in PI,AE

were retained ín PLAF with minor changes. However, significant altera-

tions were required in the main program. Extensive reprogranrning and

testing had to be undertaken to conpute the "uniquely-defined" zone

0AB beneath the footing as shov¡n in Figure 4.8, with a l-inear variation

of contact friction angle 6. Preljminary estimates had to be rnade of

the footjng half-wídth, followed by iteration r:ntil the ruriquely-defined
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S - Angle of øhearfng reefataûce for saud
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zone geometry was compatible with the ð

for the PIAF progran is shornn in Figure

variation. A flow diagram

4.10

4.3 NUTÆRICAL RESTJLTS

The PIAF output for isolated footings l,ras compared with earlier

published results for isolated footings using the PI,AC, Linear-ô solution,

Graham and Stuart (1971). The results are shown in Tab1e 4.1 (page 58).

The value of the bearing capacity coefficiena, *r, obtained by the PI,AC

solution is 4.3% greater than the value obtained by the PIAF solution

because of a sma11 difference in the assuned ô variation used in the two

solutions. The PI,AC solution assumed that ô remains constant at 6 = 0

for the first 0.058 from the edge of the footing of width, B and then

decreases linearly to zero at the footing centre, Graham and Stuart,

7977. The PI,AF solution assumed that ô decreases linearly from Q at the

footing edge to zero at the centre. The good agreement between the PI,AC

and the PIAF isolated footing solutions served as a check for the valid-

ity of PLAF progranrning.

Since only a ni¡nber of sel-ected points from the output of the

PI,AC progïam were used as input data in the PI,AF program, a test on the

sensitivity of the PLAF output to changes in input was conducted. The

mrnber of input data points was changed and additional poilts on the

same radial line were selected to serve as PI,AF input. The results,

shown in Tables 4.I and 4.2 índicate that the bearing capacity coeffi-

cient, N^, is not sensitive to sma11 changes in selecting the input
Y

data.
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No. of Points on No" of Points N

Progran Starting Radial on Spiral Y

PIAC

PLAF

PI.A"F

10

10

8

13

I3

10

8

36 40.02

13 38.38

13 38.36

TABLE 4.1 PI,AC and Li¡rear-ô (PLAF) Solutions for
Isolated Footings, ö = 55o

No. of Points No. of Points Spacìrrg r\^.
Program on Radial on Spiral S/B ï

PLAF

PI.AF

2.62 38. 88

2.62 38. 87

TABLE 4.2 Linear-ô (PI"AF) Solutions for
Interfering Footìrrgs, 0 = 35o

Figures 4.11 and 4.12 show plots of the bearing capacity

coefficient, N^., verslls the angle of shearing resistance Q, for the
Y

elastic-wedge solution, PI,AE and linear-6 solution PLAF respectively.

The dashed lines in Figures 4.10 and 4.11 represent interfering footings

with spacings S/B = 1.5, I.75 and 2.0. These lines were interpolated

using cornputed values from PIAE and PLAF outputs. The efficiency of

an interfering footing is defined as r,eo = (Interfering footing Nr)/(iso-

lated footing N".) x 100. Figures 4.I3 and 4.14 show the influence of
Y

ô and spacing S/B on the efficiency of an interfering footing, for the
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PI,AE and PI"AF solutions respectively. These theoretical results will
be discussed and compared with e>çerimental results in the next chapter.
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O-IAPTER 5

DISCUSSION OF EPERIMENTAI AND NUTßRICAI RESULTS

5.0 INTROIIJCTION

In this chapter, the nr,unerical and experimental results are

conpared. The linear-6 solution (PIÁF) for interfering footings which

was developed as part of this thesis, and the elastic wedge solution

(PLAE) for interfering footings developed by Dr. Graham in 1979, are

con.pared with e>perimental results in Figures 5.1 and 5.2. These

figures plot values of Efficiency, \% versus Spacing, S/8.

It will be shorvn shortly that the comparision is fair in a

qualitative sense. Following this, a more detailed study is made of

the assu'nptions and limitations associated with the nr¡nerical models.

This is done to explain the differences between the theoretical and

experi-rnental results .

5.1 NUMERICAL ANID EXPERI},ÍEN1'AI RESTILTS

From Figures 5.1 and 5.2, it is seen that the pLAF and the

PLAE solutions for different angles of shearing resistance, S agree

qrnlitatively with the experimental results. Figure 5.1 shows that,

based on the PLAF solution, most of the e>çerimental data correspond

to a {-value > 40o. In contrast, most of the experimental d.ata i¡
Figure 5.2 correspond to a Q-value > i5o for the pLAE solution.

The shapes of the experimental curyes in Figures 5.1 and 5.2

correspond generally to the theoretical curyes il terms of their yalues
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and extent. The PIAF solutions shown in Figure 5.1 suggest no irter-
ference at a spacing, s/B > 3.2. However, experimental evidence shows

definite interference at a spacing, s/B = 4.0 (Figure 3.5). The pLAE

solutions sholr'n irr Figure 5.2 indicate a¡r efficiency, \% = II3eo at a

spacing, s/B = 4.0, corresponding to an equivalent theoretical Q = 45o

from the analysis.

It is difficult to evaluate which of the two theoretical

solutions better represents the e>'perimental findings. The solutions

are based on the assi.unption that Q rernain constant in the failure
zone, and on other simplying assr-nnptions which will be discussed in

detail in the following section. rn reality, the angle of shearing

resistance, Q and the unit weight, \ vary throughout the failure zone

(Þ Beer, 1970; Graham and Pollock, rgTz). Therefore, it is perhaps

inappropriate to use only one value of þ to be representative of the

entire failure zone for purpose of comparision with the theoretical

solutions

However, because no other nethod of comparision is available,

the procedure outlined in section i.1 has been used for identifyì-ng

an approximate þ-value whi-ch is appropriate for the plane strain con-

ditions, and the stress Ievels in these tests. As mentioned before,

the procedure suggests that the sand in the failure zone can be

described by an average mobilized angle of shearing resistance,
1o

about 36f 0n this basis, it appeaïs that the plAE solution

a slightly better fit to the experjmental results than does the

solution.

0of
provides

PLAF

The e>perimental results for isolated footings show good
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agreement lvith the theoretical isolated footing solutions by Graham

and Stuart (1971); (Section 3.1).

The assu'nptions associated with the nunerical solutions are

critically examined in the following section.

5.2 ASSLMPTIONS MADE IN NI.]MERICAL },ÍODELS

The following assr-unptions are conmon to both the PI,AE and

the PI"AF solutions, and are connnonly nade in stress-characteristic

analysis (Grahan, f968).

1. Failure in sand occurs along directions of liniting shear

stress and j-s described by the Mohr-Coulomb failure criterion

,f = ontanÖ -4.2

where r, is the li¡riting shear stress, o' is the normal stress and ó

is the angle of shearing resistance. (0 and on are expressed in terms

of effective stresses) .

Equation 4.2 ts a lirear approxiniation of the curvilinear

Mohr-Coulonb failure envelope for sands. This approximation is valid

when stresses vary over a sma11 Tange. However, for the case of

failure zones beneath footings, the stress 1evels vary over a large

range (Graham and Stuart, IITI). This results in a corresponding

variation of the locally mobilized S in the failure zone (Grahan, Ig73).

Graham and Stuart (1971) incorporated this þ variation due

to changes i:r stress levels in their stress characteristics solution

for isolated footings. They predicted that þ varies by approxìmately

60 - 70 in the failure zone in a dense sand for a linear-ô solution.

ïn their analysis, S was taken as a dependent variable in the initial
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problem formulation. They adopted an experimental þ-pressuïe relation-
ship similar to that defined by De Beer (1965). The resultirg equations

were forward-integrated from two lcrown points in the failure zone to an

u'rtrnovunnew point inthe general manner described in section 4.2. An

iterative procedure was adopted to ensuïe that the assumed Q-values

used in new poìnt computations were compatible lvith the calculated stress

1evels at that point. These solutions are referred to as pressure-

dependent or variable-Q solutions. Further details of these solutions

are available in Graham and pollock e97z). They lead to great diffi-
culties in comparing e;perimental a¡rd theoretical results. In the pLAF

and the PIAE interfering footings solutions, the curvilineartty of the

Mohr-coulomb envelope was not considered. Hsu [1966) showed that in
simple, statically determjnate fields failure occuïs along directions

of li¡liting shear stress. His calculations were based on observed

failure.

Using sophisticated equipment, and nunerical techniques, James

and Bransby (1971) investigated the relationship between stress field
and velocíty field solutions. The observed d.isplacement fields did.

not cojncide precisely with solutions based on stress-characteristics

alone. However, Graham (197s) has shovm that in many applications,

stress-characteristic solutions predict failure loads which can be

related closely to experimental results provided care is taken in
selecting appropriate þ-values, and the boundary cond.itions are

representative.

2. The behaviour of the sand at failure is idealized as

rrigid-plasticf. That is, failure occurs after zeïo straining and

continues at constant stresses. The sand may be assuned rigid-plastic
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if the strain required to nobilize limiting shear stresses are insuffi-

cient to change the geometry or stress distribution of the cross-section,

Graham (1973). For surface footings, the settlements before failure

are often large enough to cause considerable stress changes in the

failure zone, and this results in changes i¡ the failure loads, Graham

(1973). The bearing capacrty coefficiena, Nrq can increase by 35% as a

result of footing penetrations of 0.1x8 (the footiag width) preceding

failure, Graham and Stuart (1971). This is a clear cause of discrepancy

between the theoretical predictions and the laboratory model resul-ts.

The theory used here calculated Nr-values, that is, the idealized capacity

of the footing after zero settlement, due only to self-weight stresses

in the failure zone. In contrast, the experimental failures were defined

as the capacity at rupture, which often occurred at settlements of about

0.1x8. They therefore contain a surcharge, or N'-component and are in

reality N -values.'vq

3. Failure is assuned to occur at constant volu'ne. This

means that laboratory tests should ideally be carried out in mediu'n

dense sand. In sands which are initially 1oose, and therefore compressi-

ble, large deformations and volune reductions occur before failure.

Conversely, dlTatancy occurs for the case of dense sands. The sand used

in testing was a mediur dense sand with a relative density of 60%

(Section 3.0).

4. Li:niting shear stresses are assumed to be mobilized sjmul-

taneously at aII points in the failure zones. This assunption implies

a general shear faílure as opposed to loca1 or punching shear failures

(Section 3.1). The failure modes obseryed in all isolated footings tests
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rvere general shear failures (Figures 3.1, 41.5 and A1.6). General

shear failure was also observed in most of the interfering footiags

tests (Figure 3.4). Failure in these tests were well defined with

Tupture surfaces extending to the sand surface. Failure often occurred

simultaneously in all three footings and was accompanied by signíficant

footing settlements. However, for the case of very close interfering

footings, with the outer footìngs carrying 50% of the niddle footing

load and spacings, s/B < r"7, the failure of the niddle footing was not

distinct (Figure 41"3). The failure surface did not extend to the sand

surface and failure r{as not accompanied by large settlements. This

type of failure was believed to be rocal shear failure (section 3.4).

In this case the middle footings failed before the outer footings.

The interfering footings solutions PLAF and PIAE cannot model

failures in these cases. These solutions assume general shear failure
occurring sjmultaneously in all three footings.

5. Failure occurs urder plane strain conditions. For a class

of problems wtrich includes retaining walls, stability of slopes and

strip footiags, md it is usually considered valid to assune plane strain

conditions. This is supported by observations of the extent of the

failure zones round the rnodel footings (Figure z.s), and the nature of

the interfering slip-lì:le characteristics (Figure 4.S) .

In the absence of complete understanding of the role of the

intermediate principal stress in determining þ-values at failure j:r the

models, it has been shov¡r by Kirþarrick (1957) and Bishop (1972) that

the Mohr-Coulomb failure criterion does not deviate greatly from strength-

testing data. Section 3.1 described an enrpirical correction to convert
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triaxial þ-va1ue to suitable plane strain values.

6. The sand is assr¡ned to be homogeneous and isotropic with

the angle of shearing resistance, 0 and the unit weight, y remaining

constant throughout the failure zone.

The homogeneity of the sand used for testing was ensured by

the careful placing techniques described j-n section 2.2. Holever, it
has been shor,¡r that substantial density changes occuï in the sand

beneath the footings during failure (Lorenz and Heinz, 1969). As a

result, the angle of shearing resistance, Q also varies throughout the

failure zone (De Beer, 1970). These variations in the density or Q due

to loading are not accolm.ted for in the nwrerical solutions.

5.3 LI}{ITATIONS OF THE NUMERICAL SOLUTIONS

The lfuútations of the nunerical solutions are discussed

below

1. The basic stress-fie1d solutions do not predict stïess-

deformation relationships before failure. Often, in practice, deforma-

tions are the limiting design criterion, especially for ful1-size

footings on sand.

Hor,uever, settlements are less i:nportant, Ðd capacities are

more important, when the footing width decreases (peck and Bazaraa,

1969). This work was aimed specifically at the performance of closely

spaced, relatively narrow raltway ties, an application which is parti-

cularly suitable for strength analysis. A finite element solution

using non-linear stress-strain behayiour would be required to predict

deforrnation before failure. The effort and e>çense inyolved in such
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studies would be large (Chang et al., 1gg0).

During testing of model interfering footings it was obseryed

that the two outer footings settled alternately before failure. This

was also reported by Tipper (1977).

2. The contact stress distribution on the footing base cannot

be detennined from first principles. The contact friction distribution
(ô-distribution) on the boundary must be initially specified in both

PLAE and PI,AF programs and influences the shape of the pressuïe d.istri-
bution"

The li¡rear-ô solution (PI,AF) asstunes a linear variation of the

contact friction angle, ô from zero at the footing centre to o at the

footing edge. The "fu11y-rough" solution (Graham and stuart, rgTr)
assumes that the contact friction angle is constant, ô = þ, along the

footing base. The elastic-wedge solution (pl,AE) asslmes a trapped

elastic wedge beneath the footing, and. ô = ö, along the sides of the
wedge (Graham and stuart, rgTr). This assunption is supported by

photographic evidence of the shape of failure zones, for example by

Gorbunov-Possadov (1965) .

However, both the fu11y-rough and the elastic-wedge solutíons
result in sharp vertical stïess, Ðd mobilized friction angle discon-

tinuities at the footing centre (Graham and stuart, rgTr; Figure 4.s).
The linear-ô solution results in a more continuous verti-cal stress
distribution as shov¿n in Figure 4.g, and the synrnetry condition 6 = 6

at the centre of the footing.

Morgenstern and Eisenstein (1970) have suggested that the

nobilized contact friction ang1e, ô depend.s on relative movements
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between sand and structure; on the sa:rd grain characteristics; and. on

the surface roughness of the structure. This study was for earth

retaining structures. Larger relative movements between the footing

base and the sand occur at the footing edges than at the footj¡rg centre.

Therefore, the nobilized contact friction ang1e, 6 will be greater at

the footing edges than at the centre" As a result of this, the linear-
ð assrmrption seems better than the constant ð = 0 solution used, in pLAE.

These solutions can be improved by specifying further boundary

and field conditions obtained from experimental observations. For

example, the depth of footi¡g penetration, d before failure can be

specified as a surcharge of depth, d in the nunerical prograrns. Labora-

tory information regarding changes in density during shear can also be

specified as local þ variations in the failure zone, Graham (1968).

3. At present the PI"AE and the PLUr solutions ca:rnot accot¡tt

for 0-variations due to the wide ïange of stress-levels within the

failure zone. Variable-6 solutions are available for isolated footing

solutions (Graham and Stuart, 1971) but considerable further work is
required before these solutions could be incorporated in the pl,AE and

the PI"AF progralns.

4- The PIAE and PLAF nuterical nodels cannot si:nulate pro-

gressive, loca1 or purching shear failure as defined by vesic (1973).

The solutions were formulated only for the case of general shear

failures of interferiag footings.

5. The theoretical solutions do not predict the decreasing

efficiencies l^¡hich occur as the spacings decrease below the 'blocking'
condition at S/B = 1.7 (Figure 3.5). Experimental evidence of a rnaximum
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blocking efficiency is available from the author's work, and elsewhere

(Stuart, 7962; I{est and Stuart, 1965; Chu, 1981).

In spite of these limitations, stress-characteristic solutions

agree well rvith Taboratory results for a wide range of problems including

retaining walls, deafrnan anchors and surface footings. These results

\.dere sumnarized by Graham (1973). Stress-characteristic solutions are

strongly dependent on assumed boundary and field conditions. It is

therefore inportant that these conditions closely reflect actual footing

behaviour in the laboratory or the field. The inajor advantage of the

stress-characteristic method is that it easily incorporates changes in

the bonndary and field conditions of the problem and permit study of

the influence of such changes on the bearing capacity. Such changes

carmot be easily incorporated into a conventional ljlnit equilibriu'n

analysis.
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GIAPTER 6

CONCLUSIONS AND SUGGESTIONS FOR FURI}IER RESEARGI

6.0 CONCLUSIONS

conclusions drav,n fron the experimental and theoretical
results are:

1. The bearing capacity coefficients, Nyq from the isolated
smooth and rough based strip footing tests agree well with published

theoretical results, although some judgement must be used in selecting
an appropriate þ-value for the basis of comparison.

2. The range of footing base roughnesses j¡r this stud.y did not

significantly influence the bearing capacity of vertically loaded isolated
footirrgs.

3. The experimental values of the bearing capacity coefficient,
Nro depend on the footing width, B. Nro decreases as the footjng wid,th

increases.

4. The experjmental efficiencies for interfering rough and

smooth footings increase as spacings decrease. They reach a maximrmr

value at a spacing, S/B = I.7,

5. Experimental evidence indicates higher efficiencies

when the outer footings were subjected to 50% and TS% of the middle

footing load than when all footings were subjected to equal loads.

6. For the case where the outer footings were subjected

to 50% of the niddle footing 1oad, the middre footing appeared to

fail by loca1 shear with spacings, S/B < 1.7.
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7 " There is no appreciable difference for experi:nental

efficiencies of smooth and rough interfering footiag when spacing,

S/B > 2.0. For closer spacing, higher efficiencies were obtained for
rough footings than for smooth footings.

8. The effíciencies from e>perimental interfering footings

test results agree qualitatively with the theoretical predictions.

9. rn spite of the limitations described in chapter 5, the

stress-characteristics rnethod can provid.e good results if the nathema-

tical niodelling closely simulates actual footing behaviour. This can

only be achieved by a good understa:rding of the soil-structuïe inter-
action.

6.1 SUGGESTIONS FOR NMTF{ER RESEARGI

1. The following suggestions can be adopted to Jmprove the

performance of the testíng equipment;

(a) The various components of the hydraulic system, for
example the boosters, hydraulic jacks and the valves

should be thoroughly checked and modified if necessary

in order that the load-air pressure response in the

ttüo outer footi:lgs are identical. Further study

should be undertaken regarding the advisability of
providing three totally independent hydraulic systems

for loading.

(b) A new load cell should be acquired to replace load

cell 3 which exhibits initial non-linearity in the

load-voltage relationship.
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(c) The three dial gauges t¡sed to measure footing pene-

trations should be replaced by displacement trans-

ducers. The load cel1 and displacement tt'ansducer

signals should then be processed through signal con-

ditioners a.rrd recorded automat:cally by a data-logging

system.

2" A study of the behaviour of three closely-spaced stïíp

footings subjected to dynamic, cyclic loading should be undertaken. In

particular, it would be interesting to study the deformation characteris-

tics of the sand, when subjected to various propoïtions of the static

failure loads for different loading frequencies and nunber of cycles,

3. The variable-þ solutions for isolated footings should be

extended to the PI,AE and PIAF interfering footing solutions.

4. An attempt at a more quantitative urderstanding of the

mechanics of 1ocal shear failure should be undertaken. The possibility

of modifying the available stress-characteristics solutions to study

the case where slip lines from the failure zone terminate in adjacent

elastic zones, as in the case of local shear failure, should be inves-

tigated.
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APPENDIX I

STRESS - DEFOR]VIATION PLOTS

(The following pages contain stress-deformation plots for tests
T5 to T7, TA1, TB1, TB2, TB5, TB6, TDi to TD6)
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