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ABSTRACT

Let G be a loca[y compact group and Lt(G) be its group

algebra. The foilowing results have been established. in this thesis:

1. If every continuous automorphism of the algebra LL(G)** leaves LL(G)

invaria,nt, then G is either compact or abelian.

2. If G is compact and fI is a locally compact group and if d is an algebra

isomorphism from L'(G)." onto z1(H)**, then.Fr is compact and e(Lt(G)) :
L, (H).

3' If Gl and Gz are locally compact groups, then any bipositve algebra iso-

morphism between Lt(Gt)"" and .L1(Gz)** is an isometry. This combined with a
known result implies that the orde¡ structure of. Lt (G)-. id.entifies the topologi-

cal group G in the sense that a.ny bipositive isomorphism between LL(G.)"* an¿

L'(Gr)"* results in a topologicai isomorphism between G1 and G2. This resuit also

holds when Lt(Gu)"* is repiaced. by a lefb introverted subspace of. C(G¿) containing

Co(G¿),'i : I,2, in which C(G¿) denotes boirnd.ed continuous functions on G¿ an¿

Co(G¿) is the subspace of C(G¿) consisting of the firnctions 'øanishing at infinity.

4' If G is amenable and there exists an involution on LL(G)*" extending the

natu¡al involution of. LL(G), then G is finite. rf. LL(G)** is repraced by LUC(G)"
in this assertion, then finiteness is replaced by compactness, where LUC(G) is

the space of left uniformly continuous firnctions on G. However, for every locally
compact group G' WAP(G). has an involution that extends the involution of
L'(G), in which WAP(G) is the space of weakly a.lmost periodic functions on

G.



INTRODUCTION AND HISTORY

The study of the second dual Banach algebras was initiated by R. Arens in

f+] and [f]. He showed that to every bounded bilinear map.f : X x" -- Z,

between normed spaces X, Y and Z, there are associated two bounded bilinear

maps F,G : x** x Y** -- z** extending /, where x** denotes the second dual

of X, and so on. In fact, if m e X** and n € Y**, then in the weak-star topology

of. Z*" we have F(*,rz) : tr#Iimf (ro,yfi and G(*,n) :Irlhytf @.,U8), where

(ø*) and (Aò *" nets in X and Y such that uo ---+ m and, Ap -n in the weak-star

topologies. The concept of regularity of f was also introduced in l5]; / is said to be

regular if tr' and G coincide.

When X:Y:Z and / is an algebra multiplication to which X is a Banach

algebra, then the two extensions of /, corresponding to F and G respectively,

define Banach algebra multiplications on X**, known as the first and, second, Arens

mult'ipl'ications.

P. Civin and B. Yood were the first authors who made in [12] an extensive study

of LL(G)*", the second dual algebra of the group algebra of a locally compact group,

where they also proved some results on the second. dual algebras of Banach algebras

in general. However some of the results obtained in [12] were for abelian gïoups.

This work was continued by Civin in [11] who studied the maximal lefb ideals of



Lt(G)** for the case of an abelian locally compact group G.

E.E. Granirer showed in i29] that if G is non-discrete or an infinite amenable

discrete group, then the radical of L7 (G)-. is non-separable.

In [61], N.J. Young proved that LL(G) is Arens regular if and only if G is a finite

group. That result had been proven in [12] for abelian groups. Another proof of

Young's result was later given by A. Ülger in [54].

S. Watanabe proved that LI(G) is an ideal of .01(G).. if and only if G is compact

[56],[57]. Later, M. Grosser proved this result in [30] using functional analytic

methods.

The results on the second dual algebras obtained prior to the year 197g were

surveyed in the article by J. Duncan and S.A.R. Hosseiniun 118].

Renewed interest in the second dual algebra of the group algebra L, (G) emerged

by publication of [36] by N. Isik, A. Ülger and J. Pym, where arnong other things,

it was shown that if G is a compact group, then the topological centre of. LL(G).-

is precisely LI(G).

A.T. Lau and V. Losert showed that LI(G) is the topological centre of LL(G).*,

for any locally compact group G, and as a result, L7 (G) is the algebraic centre

of. LL(G),*. when G is abeiian fa2l. In that article, they conjectured that if G

and f/ are iocaliy compact groups and 0 : .Ll(G)** -, Lr (¡/).- is an isometric

algebra isomorphism, then G and H are topologicaliy isomorphic; a conjecture

which was ans\¡/ered a,ffirmatively afterwards. As they pointed out, the conjecture

is fulfilied for the case of abelian groups G and I/, based on the fact that Lt (G)

is the algebraic centre of. LL(G).. and a resuit by J.G. wendel that the group



algebra Lt(G) identifies the topological group G 159; Theorem 5]. The conjecture

was answered in full by F. Ghahramani and Lau in [23]. In their proof, they used a

result by Lau and K. McKennon [43] that if. X¿,'i : L,2, is alefb introverted subspace

of C(G¿) containing Co(G¿), then any isometric isomorphism between the Banach

algebras Xf and Xf results in a topological isomorphism between the groups G1 and

G, (C(C) is the space of bounded continuous complex-valued functions on G and

Co(G) stands for those elements of C(G) which vanish at infinity). ffris result of

Lau and McKennon generalizes a result due to B.E. Johnson [37]. In 123] it was also

shown that if G is a compact group and á is any isometric algebra isomorphism from

Lt(G)** onto .Ll (H)"*, then 0(LL(G)) : Lt(H). This result was later improved by

Ghahramani, Lau and Losert in [26] by showing that the compactness assumption

on G is not necessary. As a special case of a more general result, Ghahramani and

Lau showed that if G and H axe compact gïoups and 0 is any continuous algebra

isomorphism from Lt(G).* onto -L1(H)*", then 0(Lr(G)) : LL(H) 1241. In that

paper, they raised the question of whether this result holds without assuming that

G and // be compact or abelian (recali that the aigebraic centre of. Lt (G).- is

L'(G) when G is abetian; therefore the result hotds if we assume that G and H are

abeiian). The main objective of chapter 2 of this thesis is to answer this question

by showing that if every continuous isomorphism from Lt(G)*" onto itself maps

Lt(G) onto LL(G), then G is compact or abelian. In chapter 2, we also show that

for compact groups G and H, any aigebra isomorphism from Lr(G)*" onto.Li(Ë1)**

maps Lt(G) onto ,L1(ø). This drops the assumption of continuity from the result

by Ghahrama^ni and Lau which was described above. Chapter L of this thesis is



devoted to preliminaries.

In conjunction with the result of [23; Theorem], we prove in chapter B that

the order structure of LL (G)* * identifies the topological group G; this work has

been inspired by the work of Kawada [39] indicating that the order structure of

Lt(G) identifies the topological group G. This result also holds for X*, where

X is a C*-subalgebra and left introverted subspace of C(G) containing C6(G) (see

Theorem 3.4.8). The method of the proof in fact shows that if ,S and T arecompact

topological semigroups, iÎ M(S) and MQ) are the corresponding measure algebras

and0 is a bipositive isomorphism fuom M(S) onto M(f), then d is an isometric

isomorphism. Finaliy in chapter 4, in part we ans\¡rer a question raised in [18] on

the existence of involutions on Lr (G)... More precisely, we show that the existence

of such involutions that extend the natural involution of LL(G) in the case of an

amenable group G is necessary (and sufficient) to have G finite. A similar result

holds when replacing L'(G).* by LUC(G). *d finiteness of G by compactness.

It is natu¡al to ask whether this result holds if we consider any left introverted

subspace X of C(G) that contains Co(G) and for which X* contains a left invariant

mea,n, rather than LUC(G). As we will see, wAp(G)-the space of weakly almost

periodic functions on G-provides an exampie of such X for which WAp(G). has

an involution that extends the natural involution of. LL(G), keeping in mind that

WAP(G). contains a lefb invariant mean for every locally compact group G.



CHAPTER I

PRELIMINARIES

This chapter is intended to discuss some basic materials needed in the subsequent

chapters, where we deal with the main objectives of this thesis. Materials in this

chapter ca.n be found in the literature and include topics from algebras, second.

duals of Banach algebras, group algebras, Banach spaces and algebras related to

locally compact groups, and some classes of groups including amenable groups, Lie

groups and etc. We will provide the proofs of some of the theorems for the sake of

completeness.

1-.1 Radical of an algebra In this manuscript, iF stands for the field of either

real or complex numbers, and the field of complex numbers is denoted by C. Let A

be an algebra over ß- and I be a left ideal of ,4.

(1) / is a modular Ieft ideal of. A if there exists u e Asuch that the set A(I-u) :

{r - ru : æ e ,4} is contained in /. such an element u is a Tight mod,ular

i,dent'ity for ,I. A modula¡ left ideal I is mari,m¿l if there is no modular left

idealJwithlçJçA

(2) An eiement r e A is Ieft (respectivety right) quas'i-,inuerti,bte if there exits

A e A such that A+n - grz (resp. rA : r+A); g is a left (right) quasi_inverse

of r. An element r e A is two-sided, quasi-invertible if it has a two-sided

quasi-inverse g/.



A representati,on of an algebra A over X is an algebra homomorphism z- : A --+

L(X), where X is a vector space over lF and, L(X) is the space of linear mappings

from x into x. A subspace M of x is i.nuariant (under n-) if r(a)(M) Ç Jl/ holds

for all ae A. Therepresentation ris'irreduci,bteif T +0 and {0} andX arethe

only invariant subspaces of X.

The proof of the following Proposition can be found in [8; secti on 24, Proposition

r4l

L.L.L Proposition. For any algebra A the followi,ng sets are id,enti,cal:

the i,ntersecti,on of the kemels of the i,rreduci,ble representations of A;

the i,ntersecti,on of the mari,mal modular teft i,d,eals of A.

L.L.2 Definition. For an algebra A, the (Jacobson) radi,cat of A is defined, to

be the set in Proposition 1.1.1, a.nd it is denoted by Rad,(A). An algebra A is

semi,si.mple if Rad(A) : {0h it is a radí,cal algebra if A: Rad,(A), which actually

means that A has no irreducible representation.

The radical Rad(A) is a two sided ideal of ,4 as it is the intersection of the kernels

of the irreducible representations. Amongst the semisimple algebras \Ã/e can iist the

space of bounded operators on a Banach space [6; Theorem 8.1.4], c*-algebras, and

the group algebras of locally compact gïoups; for the last one there witl be given a

proof subsequently.

If A is an algebra over JF, the un'it'izati,on of A is defined. to be the algebra

A x lF : {(a, a) : a Ç. A, a € lF} with addition, algebra multiplication, and scalar

(u)

(b)



multiplication defined by

(o, o) + (b, þ) : (o +.b, a + p),

(o, o)(b , p) : (ab + þa -t ab , aB),

þ(o, o): (þa,0o).

Note that A can be regarded as an ideal of ,4 x IF'via the map a * (a, 0). \Mhen

A is a Banach algebra, then A x iF is a Banach algebra with norm defined by

ll(o, o)ll : lloll f lol, in which lløll is the norm of ain A. Instead of (ø, a), we

may use the formai. sum ¿ f c or a I a, when there is no confusion. If an algebra

A has an identity element, we let Ã. : A, otherwise we let Ã : A x F. The

spectrum of an element a in a complex aigebra L is defined to be sp(ø) : {À e C :

À- a is not invertibie in Ãj. When A has no identity element, one carr show that

sp(ø) : {0} u {À e C : À t' 0 and {ø is not quasi-invertible}. The spectral rad;ius

of a e Ais r(a): sup{lÀl : À e sp(¿)}, which is acrualry equat to jgglla'll*
when .4, is a complex Banach algebra with norm ll . ll, lg; section b, Theorem g].

FYom now onr all the vector spaces and algebras are assumed to be on the field

of complex numbers unless otherwise stated.

We have the following characterization of the radicals in Banach algebras:

L.L.3 Proposition. Let A be a Banach algebra. Then a e Rad,(A) i,f and, onty

i,f r(ba) :0 for all b e A (equi.ualently r(ab) :0 Íor atl b e A).

A proof of this can be found in [8; section 25, proposition 1].

The following theorem is due to B.E. Johnson.



L.L.4 Theorem. AnA two Banach algebra norrns on a semisi,mple algebra are

equ'iualent.

See [8; section 25, Theorem g] for a proof.

1.2 Banach r4.-modules and Cohents Factorization Theorem

L.z.L Definition. Let A be a Banach algebra. A Banach space X is called a

Banach Ieft A-module if. a map (o, *) ---+ o,t from A x X into X is so defined that

(i) the mapping e, ---+ an is linear for any fixed z e X,

(ii) the mapping t ---+ o,r is linear for every frxed, a e A,

(iii) for ùI a,b € A and n e X, we have (ab)r: a(br),

(iv) there exists a constant M st¡ch rhat llazll < p¡llolllløll, for arr a e A and,

r e X.

Right Banach ,4.-modules are defined if the mapping (o, ,) -+ o,n in the above

definition is replaced by a mapping (ø , r) - na and. properties (i), (ii), (iii), and

(iv) are replaced correspondingly (p*t (iii) is reptaced by r(ab) : (ra)b). If X is

both Banach left and right ,4.-module and for aII a,b € ,4. and r €. X, the relation

(an)b : a(nb) holds, then we call X a Bo,no,ch A-b,imod,ute (or Banach two-sided.

,A-module). For instance, every Banach algebra.4. is a Banach L-bimodule.

L.2-2 Definition. Let Abe a Banach algebra and X be a Banach left, right, or

two-sided . .-module.

(1) A bounded net (ar) in A is called a bound,ed, approri,mate i,d,enti,ty for x if
respectively llarn- "ll - 0, llra, - nll - 0, or llarr- rrll + ll*o.., _zll * 0,

for all r € X.



(2) We say that ,4 has a bounded left, right, or two sided approximate identity

(for A) if it has a bounded approximate identity when regarded as a Banach

lefb, right, or a two sided ,4.-module.

The foilowing theorem is due to P.J. Cohen [13] when A : X.

L.2.3 Theorem. Let A be a Banach algebra and X be a Banach left A-module.

If A has abounded approri,mate identi,ty for X, thenfor ana n € x and, e) 0 there

o,reAe X anda€ Asuchthatr:o,U andllr-yll<u.

See i8; section 11, Theorem 10] for a proof.

1-.3 Second duals of Banach algebras

Flom now on, the dual of a Banach space X is denoted by X*.

Let A be aBanach algebra. For any / € A* anda e Awe may define a

linear functional fa on Aby (Ía,b) : (f ,ab), (b e A). one can check that

fa e /.* and ll/"ll < ll/llllrll. Now for n € r4.** we may define nf e A* by

(nl ,o) : (n, fù; ciearly we have ll"/ll < ll"llll/ll. Next for m e /.**, define

mn € A** by (^n, fl: (*, nf).We have ll*ll < ll-llllrzll, and,4.** becomes a

Banach algebra with the multiplication mn,just defined, referred to as the first (or

Ieft) Arens multi'pli,cat'ion, versus another multiplication on A** called the second

Arens multiplication, which is denoted by m.n and is d.efined successively as follows:

(*.r, f) : (n, Í.^), in which (f .*,a) : (m,a,.f), where (o.Í,b) : (f ,ba),

herein rn)n)f,a, and å are taken as above. A Banach algebra,4. is cailed. Arens

regular if. mn : rrL.n for all rn, n € A** . Let us recall that a linear map ? from a

Banach space X into a Banach space Y is called weakly compactif the weak-closure

10



of T@) in Y is weakly compact, where B denotes the unit ball of X. We have the

following theorem in connection with Arens regularity:

L.3.1 Theorem. For any Banach algebra A, the followi,ng statements are

equ'iualent:

A'is Arens regular;

for each n'L e A**, the map n è nLn,, from A** 'into ,itself, i,s continuous

w'i,th respect to wealc-star topology;

(3) for each m € A** , the map fi, r-+ 7¿.vn, from A** ,into i,tself, ,is conti,nuous ,in

wealc-star topology;

for each Í € A*, the map a r'+ f a, from A,into A*, i,s wealcly compact;

for each Í e A*, the map q-> a.f , from A,into A*,,is wealely compact.

See [18; Theorem 1] for a proof. The equivalence of (1) and ( ) will be proven in

Proposition 4.6 (see chapter 4) as part of a more general result. This equivalence

is what we essentially need in applications, in chapter B.

One can easily show that the natural embed.ding io from.4 into ,4** is an algebra

homomorphism when A** is equipped with either Arens muitiplication.

FYom novr/ on, unless otherwise stated, we always assume that the second dual

of a Banach algebra is equipped with the first Arens muitiplication. Note that

from the definition of Arens multiplication, .4.* has a Banach .A-module structure.

For a € ,4 and I e A* we wiil often use ø/ instead of i,o(a)f (that comes from

the definition of Arens multiplication); the reader observes easily that in f.act af
is nothing but a'f that was defined as part of the second Arens multiplication.

(1)

(2)

(4)

(5)

11



In the first Arens multiplication, the maps rn è mn and, rm F+ o,n-L are weak-star

continuous in ,4**, when n e A** and ø € A arc taken fixed. But, in generai,

it is not true that the map rn F-+ nm is weak-star continuous for each n e A**.

In fact, this is equivalent to A being Arens regular, by Theorem 1.3.1. Amongst

the non-regular Banach algebras are the group algebras of infinite locally compact

groups (as an example take a non-discrete abelian locaily compact group and com-

pare Proposition 7.3.2, Proposition 1.3.3, Proposition 1-.5.1, and Proposition 4.1).

For a Banach algebra A, the topologi,cal centre of A** is defined to be the set of

those n e A** for which the maps rm è nm (m e A**) are weak-star continu-

ous in ,4.**. rf. m, n e A*" and (ør) and (aò are nets in .4. such that ro ---+ rn

and yp --+ n in the weak-star topology, then rrLrL : ttp tË raAþ and. m.n :

lim lim naUþ.This establishes the foliowing result, which appeared in [18]; we needþa,

this result in Chapter 3.

L.3.2 Proposition. Let A be commutat'iue. Then A* i,s commutatiae und,er

e'ither Arens multi,pli,cati,on i,f and only i,f A is Arens regular.

A net (ø,r) in a Banach algebra L is called a weølc right approrimate i,d,enti,ty if

for each a € A, ae,1 ---+ ø in the weak topoiogy of A. The weak lefb approximate

identities can be defined similarly.

trYom now on we agïee ¡¡¿¡ -i stands for convergence in the weak-star

topology.

L.3.3 Proposition. Let A be a Banach algebra. Then A** has a ri,ght i,denti,ty E

wi,th llÐll < K, for some K ) 0, i,f and, onty i.f there eni,sts a wealc ri,ght approyimate

72



i,d,enti,ty (ar) i,n A whi,ch i,s bound,ed, by K and, o,r4 E dn A**.

See 18; section 28, Proposition 7] for a proof. The reader may consult the survey

a¡ticle [i8] for further study on this subject.

1.4 Topological groups and related Banach spaces and algebras

L. .L Definition. A topolog'ical group is a group G together with a topology

with respect to which the map (ø , A) F-+ *-LA from the topological space G x G

into G is continuous. A locally compact group is a topological group in which the

underlying topology is IocaIIy compact and Hausdorff.

The identity eiement of a group G is denoted by e.. If. ff is a normal subgroup

of.G, the quotient group of G by l/ is denoted by GIN and it is the coliection of

lefb cosets {rN : r e G} with the group operation (rN)(gN) : nAN.

L.4.2 Theorem. Let G be 0, Iocally compact group and, N be o, closed,

normal subgroup of G. Then Gf N endowed wi,th the quotient topology ,ind,uced, by

the quot'ient map ¡r : G -. G/N, r(n): nN, (n e G),,is a locally compact group.

Wi,th thi,s topology, r 'is an open nxa,p, and, furthernLore, G ,is compact i,f and, only i.f

N and Gf N are both compact.

For a proof see Theorem b.1-2, Theorem 5.2L, Theorem 5.22, Theorem b.2b,

Theorem 5.26 of [33].

I.4.3 Definition. For a topological group G we have the foilowing function

spaces:

(a) The space of all bounded continuous complex-va.lued functions on G is

denoted by C(G). Unless otherwise stated, we aJways assume that C(G)



is equipped with the topology induced by the norm llfll" : 
"sup 

l/(ø)1,

(f e CçC¡¡. For any f e CG) and n € G we definethe lefr and right

translations l" and r,by (l-Í)(A) : f(rù and (r,/)(ù : f (Aù, where

A € G. The space C(G) is an algebra with pointwise multiplication. Given

r e G, the linear functional f * f @) on a subspace x of C(G) is denoted

by 6, and called a point mass.

(b) The space containing the eiements of C(G) with compact supports is denoted

by coo(G), where the support of an f e cG) is defined. to be the closure

inGof theset {re G, f(r)*0}.
(c) Ce(G) denotes the set of those elements of C(G) that vanish at infinity.

Note that co(G) is a closed subalgebra of c(G), and coo(G) is dense in

co(G).

(d) LUC(G) is defined to be the set of all elements f of C(G) for which the

map r * bf , from G into c(G), is continuous. The elements of LUC(G)

are caiied bound,ed Ieft uni.forrnly conti,nuozs functions on G.

(e) RUC(G) is defined to be the set of a.ll elements / e C(G) for which the map

r r'+ r*Í, from G into c(G), is continuous. The elements of RUC(G) arc

called bounded ri,ght uni,formly cont'inuous functions on G. Our definition

of spaces LUC(G) and RUC(G) is different from that of IBB], where the

first one is called the space of right uniformly continuous functions and the

second one the space of lefb uniformly continuous functions. One can see

that C6(G) c t UCçG) ) RUC(G), lB3; Theorem 15.41.

(f) .d function f in c(G) is called almost period,,ic if the set o(f) :

1.4



{I*Í , r e G} has compact closure in C(G). The set of ali (continuous)

almost periodic functions on G is denoted by AP(G). Note that AP(G) can

be defined by means of right transiations, and indeed f e AP(G) if and only

if {r,f : n € G} is relativeiy compact inc(G). see [38; Theorem 18.1] in

this regard.

(S) A function I e C(G) is calied weakly almost period,i,c if the set {9(f) --

{1,Í , r e G} has compact closure in the weak topology of C(G); the set

consisting of these functions is denoted by WAP(G). Right translations,

instead of left translations, can be used to define WAP(G). We clearly

have AP(G) e Wl,eçC¡.

(h) A closed subspace X of C(G) is calied left i,ntrouerted, if it is lefb invariant

(that is I,X Ç X, for all z € X) and the function nf defined by (nf)(t) :

(n, Itfl, t e G,is in X for ail Í e X and n e X*. In this case, if m,n e

X*, one may define the product mn e X* by letting (*r, f): (m,nfr,

where f e X. Flom rhe definirion, it is clea¡ that llnlll" ( ll"llll/ll,, ro

that l(*r, /)l < l(*,"Í)l < ll-llll"llll/11", which in rurn shows |l-"ll (
ll-llll"ll, therefore X* is a Banach algebra.

The following result is known; a proof for the case of a locally compact group can

be found in [9; Corollary 1.26, Theorem 2.2L, Coroilary 8.7] or in [38; rT.rg part (c)

and Theorem 18.8]. The proof we present here is quite elementary and may have

not appeared before.

1.4.4 Proposition" If G i.s non-cornp0,ct, then Ap(G) n C0(G) : {0}.

15



Proof. Let Í € AP(G) n Co(G). Let {K} be the coilection of compact subsets

of G, ordered by upward inclusion. For each compact set .Il c G, let na e G .,, K.

choose a subnet {r"} o1{ø*} such that l*"f - g in c(G) for some g e c(G).

Given e ) 0, choose a compact set .Il such that l/(¿)l < e for t I K. Then for any

s € G, \¡/e may select a compact set .L enough large such that n" f Ks-L and,

(1) lls - l*'f ll" < e,

and hence lg(")l ( lg(s) - f @,")l+lÍ(r,s)l < 2r, which impties that s: 0; whence

f :0, from (1). n

The elements of the following theorem are known.

L.4.5 Theorem. The spl,ces LUC(G), RUC(G), Ap(G) and,wAp(G) areIeft

and ri,ght transløt'ion ,inuar,i,ant closed subalgebras of C(G). The spl,ces LUC(G),

AP(G) andWAP(G) are left i.ntrouerted,. If we o,ss'¿rn'Le that G i,s locallg compact,

then Cs(G) i,s also Ieft,introuerted and Cs(G) çWAp(G) ç LUC(G).

Proof. We only prove the last part of the assertion; the other parts can be found

in [7; Chapter 3, Lemmas b.4, 8.9 and g.B] and [BB; Lemma 1g.5]. Assume that G is

locallv compact. To show t]nat c¡(G) q wAp(G),ret (zo) be a net inG, f e co(G)

and m € C(G)-. If from a point on each øo lies in a compact subset of G, then a

subnet of. (no), for example (rfi, and an r e G can be chosen such that rp - x.

Otherwise, by considering the upwa.rd direction of compact subsets of. G, we can

find a subnet (nfi that approaches infinity. Let n be the restriction of. m to Co(G).

Then in the first case let g : I*f andnote that (*, I*uÍ) : (n,t*uÍl : @f)(*p) -
("f)@) : (m, 9), while in the second case (m, t*pf) : (n, I,uil : @f)(rp) -- 0,

16



because nl e co(G), from the left introvertedness of cs(G). so / e wAp(G),

as required. For a different approach to C6(G) çWAP(G), see [g; Corollary S.T].

Finally note that from [51; Lemma 5] and [48; Theorem Z], LUC(G) is the largest

left introverted subspace of C(G) in the sense that it contains every left introverted

subspace of C(G); therefore we have WAP(G) ç LUC(G). n

To every locally compact group G there is associated a positive measuïe À, called

left Haar rnez,su,re, which has the following properties:

(a) For every open [/ C G, we have À(I/) > 0.

(b) If .F is compact, then À(.F') < oo.

(") Àisleftinvariant,thatis À(rA):À(,4)forevery ACG andany r€ G.

(d) À is regular on the ø-algebra of À-measurable sets (in the sense of

[33; Definition 11.34]).

The positive measure À with four properties, just cited, is unique up to

a positive multiple.

See i33, page 194] for details.

For each real number p > 0, we let L' (G) denote the space of all complex-valued.

functions f on G measurable with respect to À and satisfying ["]¡p dÀ < oo; two

functions in If (G) are taken identical if they differ only on a set of measuïe zero.

Bv defining ll/llp : (/ lÍl'd,^)t/o, the space Lo(G),1 ( p ( oo, becomes a Banach

space with norm ll llo, [33; Theorem 12.s]. All of these spaces contain ce6(G) as

a dense subspace [33; Theorem 12.10]. A measurable set ,4 is calted locally null

if À(,4 n F) : 0, for eveïy compact subset F of G. The space consisting of all

bounded measurable functions is denoted by tr*(G). Two functions in ,L-(G) are

T7



assumed identical if they differ only on a locally null set. For / e. Læ (G), we may

define a norm ll/ll* in L* (G) to be the infimum of all a 2 0 for which the set

{r e G , lf @)l > o} is locally nuli. With respect to ll.ll.", L*(G) is a Banach

space. The dual Banach space of LL(G) is equal to Læ(G), where in fact each

element of L*(G) can be identified with a bounded linear functional on LL(G) via

the map .f * @¡ (f e r*çc)),ir which a¡Ø): l"hr dÀ, for atr h € zl(G). see

[33; Theorem12.18] fordetails. Itiscustomarytowrite I f ¿tfor I f d,À,,for every

measurabie function /.

1.5 Some Banach algebras related to locally compact groups

For a locally compact group G, the dual space Co(G)- is identified with M(G), the

space of regular complex Borei measures (of bounded variation) on the ø-algebra of

Borel sets; moreover M(G) becomes a Banach algebra if the product l.L* u of any

two elements ¡-r, u e M(G) is defined by

Ur*, , f) : l" Irf @y)d,¡r(r)dr(y), (¡ e Co(c)).

Lt(G) may be identified with a closed ideal of M(G) [83; Theorem 19.1g]. For

l,s e L'(G) and ú € G, we have (/ * s)(t) : I f G)s(s-1r)dÀ(s) for atmosr atl

t e G, where * denotes the multiplication in L1(G) induced from the multiplication

of M(G) [33, Theorem 20.10].

rn the sequel, we always assume that G is a locally compact group, unless

otherwise stated.

1.5.1 Proposition. The Banach algebra Lr(G) has a bound,ed, approyimate

i,d,enti,ty.

L8



Sketch of the Proof. Let P be the collection of all compact neighbourhoods

of e", ordered by inclusion, and for each K e P Iet ga be the charactristic function

of K divided by À(/r), where À is the left Haar measure. Then {g*}*.o is an

approximate identity for LL(G) that is bounded by 1. See [33; Theorem 20.15] for

details. !

For p e M(G) andhel?(G),l (p ( oo, r,¡/e may define 
^.(h) 

e Le(G)bv

-rt)dp,(s),

f33; Theorem 20.72l; and by a similar argument to the one in [BB; Theor em 22.rL],

the map À , p '-. Àr is a continuous algebra embedding from M(G) i*o B(LI(G)),

the space of bounded operators on .tr(G).

L.5.2 Proposition. The algebras M(G) and Lr(G) are semi,s,imple.

Proof. Let H : Lz(G) and let À : M(G) --+ B(H) be defined as above. To

any p e M(G), there is associated a measure É¿* € M(G) defined by (p. , g) :

[Ç@.r¡a¡r (ú), and it is routine to see that À(p.) : À(p)*, where À(p,). is the adjoint

of À(¡r) in B(H). For ¡z e Rad(M(G)), we have r(p,¡t*) : 0 and so r(À(¡;¡.e-)) : g,

since an algebra morphism reduces the spectral radii. On the other hand À(tttt*) :

À(p)À(lr). is a normal operator, accordingly llf(p)ll, : llÀ(pp.)ll : r(À(¡t¡t")) : g,

since the spectral radius of a normal operator is equal to its norm (see section 8.2).

Flom À(p) : 0 we get þ:0 and so M(G) is semisimple. A similar argument can be

furnished to prove the semisimplicity of LL(G), since ¡r* e LL(G) if t, e LL(G). n

Recall from section 1.8, that LØ(G) is an Z1(G)-bimodule.

^,(h)(t): I"nu
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1.5.3 Theorem. In the LL(G)-module structure of L*(G), we haue the follow-

'íng factori,zat'ions:

(a) LUC(G) : L*(G)LL(G);

(b) RUC (G) : LI (G)L* (G) ;

(c) Cs(G): Co(G)Lt(G) : LrG)Co(G).

See [34; 32.44] and [34; 32.45) for a Proof, or consult Theorem L2.8.

Let us see what the representations of the functions g/ € RUC(G), for

f e L*(G),p € Lt(G) are: For aíry 1þ €. LL(G), we have that

f . r
J 

(vf)@tþ(n) d,r : (pf , tþ) : (Í,,þ * el : J fAXrt' * @(t) d,t

: I I Í (t),,þ(n)ç(*-'t) d,r d,t : | | r øar(t),þ(r) d,t d,n,

which shows that (qf)(r) : Ï f (nt)p(t) dt, for alI æ € G. One may similariy show

that (f Q@) : I f (tr)e(t) dt, for r e G.

Part (a) of the following theorem is perhaps unknown in its generality; it is

known for the case X : LUC(G). Part (b) was established by F. Ghahramani and

A.T. Lau [23].

L.6.4 Theorem. Let x be a Ieft ,introuer-ted subspace of C(G) and, E be a ri,ght

i,denti,ty of Lr(G)*. wi,th llDll: t.

(u) The li,near rnl,p ,r : L* (G)" - X* , 'ind,uced, bg restri,ction, ,is an ølgebra

homomorph,ism.

(b) IÍ x : Ltlc(G), the kernel of the homomorph,ism,in part (a) ,is the sp¡,ce

of ri,ght ann'ihi,lators of the algebra Lt(G)*.. Thi,s homomorph,ism ,is an

,isometric,isomorphi,sm from ELL (G)** onto L(JC(G)..



Proof. (a) It follows from [51; Lemma b] and [48; Theorem z] that for the

localiy compact G, LUC(G) is the unique maximal lefb introverted subspace of

C(G); so that X ç LUC(G). For the moment, let us denote by no the linear map

¿'"(G). --- LUC(G)*, which is induced by restriction. For m,n €. Læ(G)* and

f e X, it is routine to see that tr(n)f : ¡r"(n)f . On the other hand, from

[40; Lemma 3], we have nf : r"(n)f , where the left hand sid,e comes from the

definition of the Arens multiplication. So (mn,f): (*,nf): (m,r(n)f):

("(*) , "(n)f) 
: (n(m)r(r) , fl, which indicates that r is an algebra homomor-

phism.

(b) An element m € LL(G).- is a right annihilator if and oniy if gm : 0

for all g € LL(G), since the Arens multipiication is weak-star continuous in the

first variable. But this is equivalent to having 0: (gm, f) : (*, fç), for all

Í e L* (G)' and this is equivaient to having rn aî annihilator of LUC(G), by

an application of Theorem 1.5.3. For m e LL(G)**, Em - m is a right anni-

hilator; so that n(Em - m) : 0 which shows that r(E) is a lefb identity for

the image of. ¡r. On the other hand the map zr. : ELl (G).. ---+ L\JC(G)* is

onto, for if. n € LUC(G). and if m is any Hahn-Banach extension of n, then

r(Em) : r(m) : n. Now we show that the map ?T- : ELt (G).. --+ L\JC(G).

is an isometry: Fbom Proposition 1.3.3, there exists a weak right approximate

identity (p.r) in Lt(G) such thar llprll

h e L*(G), (E*,h) : hm(m,hçt): tim ("(*),hpt): Iim (n(Em),hpt)

and hence lln*ll ( llz.(Eræ)ll, therefore llÛmll : lþr(Em)ll, since r(Em) is the

restriction or. Em. The map r: ELL(G).. --+ LUC(G)* is onto, for if n e Luc(G).
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and n'L is any Hahn-Banach extension of n, then r(Em) : ¡r(m) : n) as desired. n

For a left introverted subspace x of C(G) containing Co(G) we let Cy(G)L :

{m e X* : n'L(f) : 0 for all / e Co(G)}. Note that for such X, thespace M(G) is

isometrically and algebraicaliy isomorphic to a subspace of. X" via the map p, t--+ þ,

where (îr, Í): I Í@)dp(r), for all f e x; therefore we regard M(G) as a closed

subalgebra of X*. The following theorem is due to F. Ghahramani, A.T. Lau and

V. Losert [26] for the case X : LtlC(G). The proof of that article can be carried

out for any X, as verified below:

1.5.5 Theorem. Let x be a left i,ntrouer-ted subspace of C(G) conta,ini,ng Co(G).

Then Cy(G)L ,i,s a closed i,deat of X* . If p € M(G) and, m € Cy(G)L, then

llu + *¡: llpll + ll-ll . Moreouer X* : M (G) O C0 (c)r (d,i,rect sum) .

Proof. rf m € co(G)L, Í e co(G) and p e M(G), then for r € G we have

(*f)@): (m,1,Í): 0, since t,f € Co(G). Therefore mf :0 and Ce(G)r is

a lefb ideal. By Theorem 1.4.5, Co(G) is left introverted, hence rnp e Cy(G)L,

because p,f e Co(G). rf. n € x* is a Hahn-Banach extension of ¡.r, then rnn :

rnLL+m(n- pt) e co(G)r, since n- p€ co(G)L and,cs(G) is aleft ideal. sowe

haveCs(G)r atwo-sidedideal. Lete)0and he Coo(G) with lläll <lsuchthat

llpll < p'(h)+e, andthenchooseg € coo(G) with0 (g ( 1, whichtakesrhevatue

l onthesupportof ft,. Pick ke x anda €csuchthat llkll, ( 1, llzzll (rn(k)+e,

lol : 1, and

(*) It'@(k - sk)+ å)l : lp@ - sk)l + lpØ)|,

Then from llo(k -sk)+hll ( 1 and (*) we have thar lp&_ gk)l ( e. If tc, : tc-sk*h,

tt



then llk'll ( 1, and so llrnll + llpll -3e ( m(k')+ tl(h) -lp@- sk)l < l(- + tò@)1,

therefore ll-ll+ llpll < ll*+ ttll, as desired. Finally note that Cy(G)L1M(G): {0},

and for m e X* we have the decomposition vn: p,*(m-p) where ¡r is the restriction

of m to Co(G) and m - p, e Cy(G)L. This completes the proof. n

1.6 Some classes of groups.

Let G be a topological group and let B(AP(G)) be tire space of bounded operators

on AP(G). Let B(AP(G)) ue equipped with the strong operator toporogy, in

which, by definitioî, To ---+ T if T"(Í) -- T(Í), in norm, for all f e AP(G). For

r e G, let L* e B(AP(G)) be ttre left translation by *, that is, L*(Ð - hf .

Then the closure of {L* : r e G} in B(AP(G)), denoted by G", is called the

almost per'íod,i,c compact'ificati,on of. G, and it can be shown that G" is a compact

topological group and the r,r'ap q : t --+ L*-, from G into Go is a continuous

homomorphism [34; page 31].]. The homomorphism ? has a relationship with the

continuous irreducible unitary representations of G. By a representation of this

kind, we mean a (norm) continuous gïoup homomorphism zr from G into the group

of unitary operators of some L(H),.F/ a Hitbert space, such that the only closed

subspaces of rr invariant under aIIr(r), r € G, are {0} and I/. It can be shown

that AP(G) is the closure of the linea.r span of the functions of the form ø ¡-+

("(")€t, €z), where zc : G -'+ L(H) runs through continuous irreducible finite-

dimensional (dimf/ < oo) unitary representations of G, and, &,€z € f/ [34; page

312]. So it is immediate that the kernel of the morphism r + Læ-t from G into G" is

equal to the intersection ofthe kernels ofthe unitary representationsjust described.

Together with [16; I6.4.L], we have:



1.6.L Proposition. The followi,ng subgroups of a topologi,cal group G are equal:

The kernel of the morph,ism r -- Lr-, from G ,into G";

The 'intersect'ion of the kernels of the cont'inuous morphi,sms of G i,nto all

compact groups;

(3) The 'intersect'ion of the kernels of the cont'inuous 'irreduc,ible fini,te d,,imen-

s'ional uni,tary representati,ons of G.

L.6.2 Definition. A topological group G is calied møri,mally almost peTiod,'ic if.

{e"} is the subgroup described in Proposition 1.6.1.

Note that G is maximally almost periodic if and only if AP(G) separates the

points of. G, since -Lr-r : La-t in n(Ae(G)) is equivalent to having Í(r-t) :

Í(A-t) for ail f e AP(G), by the fact that AP(G) is right-translation invariant.

For a topological group G, we Iet 2I(G) denote the group of all topological group

automorphisms of G. The group of inner automorphisms of G will be d.enoted by

S(G).

1.6.3 Definition. If !8 is a subgroup of 2I(G), then G belongs to [^g/l/]¡s if

there exists aneighbourhood base,A/ for e" such that for any r eE and,V €N,
r(V) : V (the elements of ,A/ are invariant under the eÌements of lg ). If A : S(G),

instead of G e i,9/¡¡]¡g \Ã¡e say that G is a ^9/l/ group (,9/¡/ is âJl abbreviation for

"small invariant neighbourhood" ).

Note that if G is a ,911/ group and l/ a closed normal subgroup of G, then

GIN is a ^9-Il/ group as well, since the quotient map from G onto G/¡/ is open

and it sends a neighbourhood base at e" invariant under the inner automorphisms

(i)

(2)



onto a neighbourhood base at e"¡* invariant under the inner automorphisms. The

following theorem is due to P. Mitnes l4l.

L.6.4 Theorem. A locally compact group G i.s SIN i,f and, onty i,f LUC(G):

RUC(G).

The following theorem provides a link between maximally almost periodic groups

and ^9/N groups. Note that the connected component of identity in any group is a

closed normal subgroup; we denote it by G6.

1.6.5 Theorem. Let G be a locally compact group and, Gs be the (connected,)

cornponent of the i'dentity i,n G. If GlGo 'is compact, the following statements are

equ'iaalent:

(u) G ,is mani,mallg almost period,ic;

(b) G i,s a SIN group.

For a proof see [35; Corollary XII.I, page bb] or [81; Theorem 2.g].

We recall that if G is a Lie group, then G is a locally compact group in which every

point z has an open neighbourhood homeomorphic to an open set in an Euclidean

space JR.' (for the precise definition see i55]). Fbthermore Go is an open subgroup

of. G, since every r € G has a connected neighbourhood.

We have the following theorem in connection between ,91N groups and Lie

gïoups.

L.6.6 Theorem. LetE be a subgroup of u(G) conta'ini,ng s(G) . IÍ G € [,g/¡/]ls,

then euery ne'ighbourhood of es contai,ns 0, cornpl,ct E-,inao,riant subgroup N such

that G/N ,is a L,ie group.



For a proof see [31; Theorem 2.11].

Let y be a character of G (a group homomorphism from G into the unit circle)

and let X be a left invariant subspace of L* (G). An element rn e X* is said to be

lefbx-invariant if m(I,f):x@)m(/) forail / e X and r€ G; if ¡istheconstant

function 1 in this definition, rn is called left invariant. First we quote the following

proposition from 122; pages 567 and 570].

L.6.7 Proposition.

(") U0l * € LUC(G)* and n¿(t,f) : x@)m(Ð, (f € LUC(G) and, r e G)

for some complex-ualued funct'ion y on G, then y 'is a conti,nuous character

or G.

(b) # y i's a character of G and x i,s a Ieft i,nuariant subspace of L* (G) w¿th

XX : X , then an element m € X* i,s lef inuari,ant i,f and, onlg i,f the element

mx € X" ,is left y-i,nuari,ant, where ^xU) 
: m(XÐ, for f e X.

Proof. (a) The equality m(I*,f) : X@)m(/) shows that 6*m: X(r)m, r € G.

so l¡(ø)l ll-ll : ll6*mll: ll*ll, and x maps into the unit circre. on the other hand,

X@A)m - 6*affi : 6*6rm : X@)X@)rn, showing that y is a character. Now let

f e LUC(G) and r"ff) + 0. rf ro --+ r in G, then 1,. f - bf in LUC(G) and

so y(no)mj) : m(l,-f) --. m(I,f) : y(r)m(/), which shows that y(no) - X@)

and so X is continuous.

(b) For a € G we have *x(tuf) : *(XQ.ÍD : x@)m(to7f)); rherefore

*x(lnf) : x@)m(In&Ð), from which it is easily verified that m is lefb invari-

ant if a.nd only if. m* is left X-invariant. !



Let X be a subspace of L* (G) containing the constant function l- and closed

under lefb translation and compiex conjugation. An m € X* is called a lef inuariant

rnez,n on X, if it is left inva¡iant and ll*ll: m(t) :1.

1.6.8 Definition. A locally compact group G is amenabh if there exists a lefb

invariant mean on Z-(G)

Note that by [50; Theorem 4.19], the amenability of G is equivalent to the

existence of lefb invariant means on LUC(G).

If G is a compact group, then LUC(G) : C(G), so the normalized left Haar

measure mis a left invariant mean on LUC(G) and in fact it is the only left invariant

mean. On the other hand, we have the following result in the other direction.

1-.6.9 Theorem. Let G be an amenable locally compact group. If LUC(G) has

a un'ique left i,nuariant mean, then G i,s compact.

See [41] for a proof.
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CHAPTER II

THE ROLE OF COMPACT GROUPS AND LOCALLY
COMPACT ABELIAN GROUPS IN ISOMORPHISMS

BET\MEEN THE SECOND DUALS OF GROUP ALGEBRAS

This chapter provides a characterization for compact groups and locally compact

abelian groups in terms of the continuous (algebra) isomorphisms of the second duals

of group algebras.

2.L Some properties arising from compact groups and abelian locally

compact groups

Let A be a Banach algebra. For any a € A, ret pa : A ---+ A be the map b *+ ba,

and let pä* be the second adjoint of po. Then for å e A, f e ,4.* and m e A**

we have (päU),b) : (f ,bo) : (af , ö), which shows that p[(f): al; therefore

(pä-(*), f) : (m,of) - (*o, /), which in turn implies pä.(m): rna. Fbom

[19; section vI.4, Theorem 2], if x and y are Banach spaces and, T : x --> y is a

bounded linea¡ operator, then T is weakiy compact if and only if T.*(x*.) çy.
This implies that ,4 is a left ideal of A** if and only if p, is weakly compact, for

alI a e A. Simiiarly, .4 is a right ideal if, and onty if, the operator Ào : b F-+ a,þ,

is weakly compact, for all a e A. For a localry compact group G, it is known by

[56],[57], and alternatively by [80] that LL(G) is an ideal of Lt(G)** if and only if

G is compact. We include a proof of it.

z,L.L Proposition. The followi,ng statements are equi,ualent



G 'is compact.

L'(G) i,s a left i,deat of Lt(G)**.

L'(G) ,is a ri,ght i,d,eat of L'(G)**

Proof. First, let G be compact and let {tþ*} be a bounded net in LL(G). To

prove that Lt (G) is a right ideal of LL(G)**, it suffices to show that for any g in

L'(G), the net {prþ*} has a weakly convergent subnet, as explained earlier. Since

the norm bounded sets in dual Banach spaces are relatively weak-star compact,

there exists a subnet {rþ.k} of þþ"} which weak-star converges to some p, € M (G) :

C(G)". Then for any f e L* (G), we have f g e C(G), and so ti¿î(/ , plsn¡,) :

ny1v,,Þn¡,| : 0t, fd : U, çti,which shows that gtþnr ---+ gpweakly iL LL(G).

This proves the claim; a similar argument shows that LL(G) is a lefb ideal.

For the converse, assume that LL(G) is a right ideal. Let m e L7 (G).. be an

annihilator of Cs(G), Ebe a right identity for Lt (G).. with llEll : 1, and {rp,} be a

net in Lt(G) such that po\.Ð. Flom the assumption, garn e Lr(G). If f e Co(G),

then fgo € Co(G), from Theorem 1.5.3; so that 0 : (*, fpo) : (gom, Í).

Therefore gom is in LL(G) and it annihilates C6(G); whence gom : 0. Then

Em : Ttmgom : 0. By Theorem 1.b.4, the restriction of m to LUC(G) is also

zero. We have proved that arry a.nnihiiator of C6(G) is an annihilator of LUC(G);

therefore by Hahn-Banach Theorem we have Co(G): LUC(G), and from there G

must be compact, since LUC(G) contains the constant function 1. ¡

In section 1.3, for a given Banach algebra A, we defined the topological centre of

A**.

(1)

(2)

(3)



The following theorem is due to A.T. Lau and V. Losert and it characterizes the

topological centre of LL(G)**. As usual, the second Arens product of.m,n e Lr(G)**

is denoted by m.n.

2.L.2 Theorem. LetG be ø locally compact group. The followi,ng are equi,ua-

Ient:

(u) ^ 'is ,in the topolog,ical centre oÍ LL(G)**.

(b) The map n è rnn 'is wealc-star cont'inuous on the norrn bound,ed, subsets of

L'(G)**.

(c) For all n e Lt(G)**, we haue nLn: rn.n.

(d) * e LL(G).

For a proof see l42i Theorem 1]. The foilowing corollary was also announced in

t421.

2.L.3 Corollary. Let G be a locally compact group. Then

(u) The algebra'ic centres of fI(G) and Lr(G)** coi.nc,id,e.

@ ï G 'is abel'ian, the algebrai,c centre oÍ L\(G)*. is equal to Lr(G).

Proof. (a) Let g be in the algebraic centre of LL(G). Then the mappings

pe,À, : A --+ á defined bV pç(rþ) : úp and, Àr(tþ) : çrþ a¡e identical; so are

their second adjoints. As we have shown already, Oi- @) : rrtg and similarly

Àþ.(m):4ffi, for all rn e LI(G)**. Hence rp is in the algebraic centre of. Lr(G).-.

Now conversely, if n is in the algebraic centre on Lr (G)-. and, mo ---+ rn in the

weak-sta¡ topology of ¿1(G).., then ïurLo : n-Lan ---+ rnn : nnx; so that n is in the

topological centre of ¿1(G).*, namely in LL(G). Then, n is in the algebraic centre



of LL(G) too, as required.

(b) If G is abelian, then from [33; Theorem 20.24] Lt(G) is abelian. By part (a),

then the algebraic centre of. LL(G).- is equal to LL(G). n

2.L.4 Corollary. IÍ G and H are locally compact abel,ian groups and 0 ,is any

algebra i,somorph'ism from Lt(G)** onto L7(H)**, then 0(LL(G)) : Lt(H).

Proof. This foilows from part (b) of the above corollary.

An analogue of the above corollary was proved by F. Ghahramani and A.T. Lau,

in which G and H are compact groups and 0 is assumed to be continuous

12{ Theorem 2.5]. In fact, in a more general setting, they proved:

2.L.5 Proposition. Let A and B be Banach algebras that are two-si,d,ed, id,eals

'in theí'r second duals and each has a bounded approri,mate i,d,enti,tg. Then any

cont'inuous algebra i,somorph,ism from A** onto B** maps A onto B.

See [24; Lemma2.2].

We can drop the assumption of continuity from l2a; Theorem 2.5], when

dealing with compact groups. First we need two results the first of which due to

C.A. Akemann [1; Theorem 4].

2.1,.6 Theorem. Let G be compact and letT : Lr(G) --- LL(G) be a bound,ed,

I'ineør operator whi,ch commutes wi,th ri,ght translations. Then the fottowi,ng are

equ'iualent:

(1) 7 'is a compact operator;

(2) T 'is o, weakly compact operator;

(3) There erists I e LI(G) such that for o,na g e Lt(G), T(ç): Í * ç.
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2.L,7 Proposition. Let G and H be compact groups and 0 be any algebra'iso-

morph'ism from M (G) onto M (H) . Then 0 @r G)) : Lr (H) .

Proof. By TheoremL.L.4 and Proposition L.5.2, d is continuous. If g,1þ € Lt (G)

and{p'*} is a bounded sequence in M(G), then {tþ * p"} is a bounded sequence in

Lt(G), accordingly {p*lþ*p*} has a convergent subsequence by the above Theorem.

This shows that the operator p : p ---+ g * tþ * p, on M(G) , is compact. But then

the operatot u è 0(p * 1þ) * u on M(H) which is the composition of. 0, p and.

d-1, is compact. The restriction of this map to Lt(H) is compact and we are led

to existence of an f € L, (H) with 0(g * 1þ) * n : f *. 4, for aII r¡ e LL(H), by

the above Theorem 2.L.6. If 4 runs through a bounded approximate identity in

L'(H), then we set 0(9 * rþ) : f e LL(H). So 0(Lt (c) * Lr(C)) ç Lr(fI), and

so O(Lr(c)) _c Lt(H) by Theorem L.2.J, and eventuùIy 0(Lr(c)) : r,r(n),, Ay

symmetry. !

Based on the results of 122] we have:

2.L.8 Proposition. A locally compact group K i,s amenable i,f and, onty i,f

LUC(K)" has a Ieft i,d,eal of d'imens'ion !.

Proof. If /f is amenable and n is a left invariant mean on LUC(K), then for

any rn € LUC(K)* *u have that rnn: (m, L)n, where 1 is the constant function

1. In fact, for any I e LUC(K) and r e K, ("f)("): (n,hf) : (n, "f); ,o

lhat (mn, Í) : (*, nf) : (n, Íl@, 1), which implies that mn: (m, L)n. This

shows that the one-dimensional subspace generated by n is a left ideal.

Conversely, if .r is a one-dimensional lefb ideal generated by n, then for every



r e K there exists a complex number ¡(ø) such that 6*n : y(r)n. Part (a)

of Proposition 1.6.7 shows tlnat y is a continuous character of. K. The equality

6rn: X@)n indicates that n is ¡-invariant (see section 1.6). and a.n application of

Proposition 7.6.7 provides a left invariant mean on LUC(K).

2.L.9 Proposition. Let G, H be locally compact groups and let 0 be an algebra

'isomorphi,sm from L'(G).. onto LL(H)**.

If G i,s amenable, then H i,s amenable.

If G i,s compact, then H 'is compact and 0(L1(G)) : Lt(H).

If G i,s abeli,an, the H 'is amenable and ^9f¡¡.

Proof. Before proceeding with the proofs of (a) and (b), ret E and .F be right

identities of ,Ll(G).. and -Ll(¡f).., respectively, with llEll : llFll : 1. By Theorem

7.5.4, there exists an isometric algebra isomorphism from ELt(G)*. onto L\JC(G)*

induced by restriction. Since 0(E) and .F are right identities of Lt(H)**, the al-

gebras 0(E)LL(H)** and FLL(H)** are isomorphic via the map O(E)m 3 Fm

(* e L|(H)."). Combining these isomorphisms with the isomorphism between

FL|(H).. and LUC(,É/)*, we have an algebra isomorphism f rrom LUC(G). onto

LUC(H)..

(a) If G is amenable, then LUC(G)- has a left ideal 1 of dimension 1, by Propo-

sition 2.L.8. Then l(1) is a lefb ideal of LUC(H)" of dimension 1, so Ii is amenable.

(b) If G is compact, then LUC(G). : M(G) is semisimple by propositio n I.5.2.

Hence the isomorphic image of M(G) under I., namely LUC(H)-, is semisimple.

Since G is compact, the left Haar measure À on G belongs to M(G), and further-

(")

(b)

(")



more, it is lefb invariant; therefore G is amenable. By part (a), -Fl is also amenable.

We show that there exists only one left invariant mean on LUC(H), which indicates

that H is compact, by Theorem 1.6.9. So let n1 aîd n2 be two arbitrary lefb invari-

ant means on LUC(H). Then for any n-L e LUC(H)", m(nt-nr) : (m,L)(rr-nr)

by the ieft invariance of Th - rlz. Especiatly, (nr. - nr)t : 0; hence the spectral

radius of n1- n2 is zero. Flom m(nt - nr) : (m, L)(n, - nz), the spectral radius

or. m(n1- nr) is zero as well; accordingly, ,rLL - n2 is in the radical or LUC(H)*, by

Theorem 1.1.3; so that TtrL: TLz¡ as desired.

Now we show that 0(L1(G)) : ft(n): In Theorem I.5.4, let z-6 be the epi-

morphism from -Ll(G).. onto M(G). The isomorphism á maps kern", the space

of right annihilators of L'(G)**, onto kerzrr. Consid.er the induced map â :

L'(G)** I ker r" -- LL (H).. I ker r r. Therefore, frroãofr;r is an isomorphism from

M(G) onto M(H), in which ã" is the induced. isomorphism ão : LL(G)** f kerr" --

M(G). By Proposirion 2.1-.7, (fr,"ã"fr;L)(Lr(G)): L|(H).For any ót,óz e

L'(G), we let (æ*"0"+;t)@ù : ú¿ € L'(H),,i : r,2. Then the restriction of 0(þ¿)

to C(H) is tþ¿. Now we apply a method used, in the proof of 124; Lemma 2.21: The

difference 0(ó¿) - t/¿ annihilates C(I/) , so 0(þ¿) : tþ¿*r¿ for some right annihilator

r¿ in the algebra L'(H)**.But for arly Í e L@(H),both ffu and,þ2f belongto

C(H), so that (rz, f rþù: 0 : (rt, tþzÍ), which implies that þ¡2: r(þz: 0, and

from there,0(ót*óz): th*tþz e LL(H). Now an application of Theorem 1.2.8

finishes the proof.

(") H is amenable because of part (a) and the fact that any abelian group is

amenable [50; Proposition L2.2). To complete the proof we need to show that



LUC(H) : RUC(H), by Theorem L.6.4. If for example we had LUC(H) ç

RUC(H), then we could find an annihilator m of RUC(H) iL LL(H)** and / e

LUC(H) such that (^, Í) * 0, by Hahn-Banach Theorem. Write ¡ : gtþ for

some g e L*(H) and tþ e t1@¡. Then (rþ*, g) : (m, 91þ) + 0 while for any

(p e LL(H) *rd h e L*(H), (*ç, h) : (*, ph) : 0, because gh e RUC(H). So

tþm * 0 and

(*) rng :0 for all (p e Lr (H).

Let n : ?-r(m). Then for any € e Lr(G), we have á({) e L|(H), by an appri-

cation of Corollary 2.7.3. Then from (x) we have rne(Ð: 0; so that (n - n€:

0-L(me$)) : 0 . This indicates that nis a right annihilator of the algebra LL(G)**,

consequently rn is a right annihilator of LL(ä)*., a result that contradicts úm 10.

Therefore 11 is a S-Il/ group.

Following the results of Corollary 2.7.4 and [24; Theorem 2.5] , F. Ghahramani

and A.T. Lau have raised the question of whether for any locally compact groups G

and -Il and any continuous algebra isomorphism 0 : Lt(G)*. "..S" ¿1(ã).- we would

necessarily have o(LL(G)) : L'(H) (see l2 ]). The main objecrive of this chapter

is to provide a negative answer to this question (see Theorem2.2.T below).

For brevity, iet us denote by 2f the class of all tocally compact groups G for which

every continuous algebra automorphism ? | Lt(G)** -- LL(G)** maps LL(G) onto

L, (G).

2.2 Characterization of the class lf

By Coroilary 2.I.4 and Proposition 2.1.9 part (b) , it is evident that every compact
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group and every locally compact abelian group belongs to 2[. In this section we show

that any element of 2f is either abelia¡r or compact. We first prove some lemmas.

2.2.L Lemma. Let G and H be locally compact groups and T be an alge-

bra 'isomorph'ism from LUC(G). onto LUC(H)-. U f (LI(G)) : LI(H), then

r(MG)) : M(H).

Proof. Assume thatT(LL(G)) : Lt(H).Then if p, e M(G), we have T(p):

u * rn, for some u e M(H) and m e c6(H)t, by Theorem 1.5.b. Flom the

assumption, for aliry I e LL(H), f-t(ç) e LL(G), so that f-t@) * p € Lr(G).

Therefore, g* u * pm: çT(ft) : f (T-t(ò * p) e Lr(H). Hence gm is in both

M(H) and cs(H)r, and ç0m : 0. Now let {p.} b" a net in LL(II) such that

9a ---+ ó" in the weak-sta¡ topology of LUC(H)*, where e is the identity element

of H. Then m : 6"Tn : Ity paTrl :0, showing that T(M(G)) g M(H), and the

proof is complete by symmetry. n

Note that for a iocally compact group G and eiements a € G, f € LUC(G) and

n'L e LUC(G)., we have that for arry r e G, (6"f)(") : (6o,t*Í): (I*f)(a):

f(""): (r"Í)(r), which indicates that 6"f : rof , and fu¡thermore, (6om, f) :

(6", *Í) - (mf)(a) : (m, lol). So

(6om, Í) : (m, lof),

(m6o,Í):(m,r,,f).

We use these facts as \¡/e go on.



2.2.2 Lemma. Suppose that there are f e LUC(G) and a e G such that

l"Í - r"f # Co(G). Then G çU.

Proof.Choosern€LUC(G)-suchthatrn€Co(G)L,ll-ll<

(*, l"f - ,"f) + 0, by Hahn-Banach Theorem. Then (6om - m6o, Íl :

(m, hf - r"Í) I 0, which shows that 6om * m6o. Let E be a right id.en-

tity for Lt(G)** with llEll : 1, and \et r be the isometric isomorphism from

EL|(G)** onto LUC(G)., as declared in Theorem 1.b.4. Choose n e Lr (G)..

with r(En) : *. Then llø"ll ( 1. Now adjoin an identity I to the Banach algebra

Lr(G)**, as explained in the preliminary chapter, and call the resulting space B.

Define 7 : B ---+ BbyT(F): (1 - En)-1F(1,-Er).Then?maps Lt(G)*.

onto itseif, since,Ll(G).- is an ideal of B. Note that T(E) is a right identity for

L7(G)**, hence from (1 - Eflf @) : E(7 - Er) we will have T(E): E. Accord-

ingly, ? restricted to ELL(G).. is an automorphism or ELt (G)-.. If we assume

thatT(LL(G)) : Lt(G), then from Lemma 2.2.! we have (øo?o r-L)(6o): ¡.t,

for some p, e M(G), utrd therefore Lr - rnp - 6o - 6orn. Then ¡.r : áo, since

M(G) n Co(G)r : (0), and we are led to m6o : 6oTrL, which is contradictory.

Whence r (L, (c)) + L'(G). !

2.2.3 Lemma. Let G be a non-compact non-abel,ian d,iscrete group. Then

G É2r.

Proof. Let Z(G) denote the centre of the group G. Choose a e G but not in

z(G).LetH:{r € G : ro,:ar}. Thenfrisasubgroupof Gsuch thatH lG,
because of a ( Z(G). Since G is in-finite, either every coset of ,F/ is infinite or there
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axe infinitely many cosets of .Il in G. This impües that G: Iy', the complement of

H in G, is infinite, since G + H. Therefore, for any finite subset K of G, we have

thatGtKuH.

Now let 11 e G: f/, and by induction suppose that rLt . . . , rn have been chosen

such that {o*t,. . . ,arn} I {rp,. . . ,rna}: Ø. Now Iet K be the finite set

{rr,. . . ,rn} U {arp-L ).. . )o,rno,-t} u {a-rn1a,. .. ,a-Lr,'a}.

Then we pick rn+t € Gr (1lUfI). So r!¡...trn¡frn*r are distinct and furthermore

{orn,... ¡arn*L} n {r1a,... trn11a} : Ø. Thus, we have found a sequence

{rr,*",... } such that

{ort,clfr2t... } n {*ro,r2a,t... } : Ø.

Now iet / be the characteristic function of the set p : {arr,ail2,...}. Then

Uf - r"f # Co(G), since for any finite set tr Ç G there exists an index n with

rn É L and (I"f -r"f)(r^) :1. Now by Lemma 2.2.2t]rre proof is complete by

noting that since G is discrete, any bounded compiex valued function, especially /,
belongs to LUC(G). !

2.2.4 Lemma. Let N be a closed normal subgroup of a g,iuen IocaIIy compact

group G, G: G/N, and, letr : G -- G be the quoti,ent map. If F e LUC(G),

r(a),r(b) e ã are suchthatln6¡F-rnø)F É co(G), thenthere etists f e LUC(G)

wi.th I"f - ,uf É Co(G).

Proof. Let f be the composition F o r. Then f e CG). If (zr) is a net in

G which tends to the identity element of. G, then r(ro) tends to the identity of



G and so lll,. f - Íll" : llln@.)F - Fl" ---+ 0, which shows that / e LUC(G).

Since ln@)F - rne)F 4 Co(G), there exists e ) 0 such that for any compact set

k c G, rü/e can find z(ø) f k withl(I*ø>p -r^þ)F)("(")) |> e. Now for any

compactsetK Ç G, wechooseapoint "(r) #T(K) asabove. Then n( K and

l(I"l - ruf)@)l) ,, which shows that tof - ruf É CoG). n

2,2.5 Proposition. Let H be a non-compact non-abel,ian sIN group. Then

H ÉU,

Proof. Choose a,b e .F/ such that ab I ba and Iet U be a neighbourhood of

e¡¡ with aba-Lb-L É u. In Theorem 1.6.6, tet !8 : s(G) (the group of inner

automorphisms of G), and accordingly choose a compact normal subgroup N of H

suchthat N çu andHlN isaLiegroup. LetG bethegroup H/N.ThenG

is a ,911/ group since a continuous homomorphic image of a ^9.I1/ group is ,9/,n/.

By Theorem I.4.2, G is locally compact but not a compact group. Finall¡ since

aba-rb-L É N, G is non-abelian. Now we may consider the following cases (recall

that G6 is the connected component of G):

Case I. GlGo 'is compact;

Then AP(G) separates the points of G, by Theorem 1.6.5 (also see the details afber

Definition L.6.2). so, pick c,d e G with cd I d,c and g € Ap(G) with s(cd,) * g(d").

Since G is non-compact, we have AP(G)aC¡(G) : {0} (proposition r.4.4),therefore

lc7 - r"9 É co(G), as 0 + l"g - rcg e AP(G) by Theorem r.4.5. The same theorem

implies that 9 e LUC(G), *d by Lemma 2.2.4, there exist / e LUC(H) and a e H

such that l"f - r"f # Co(H); and the assertion is proved in this case, by Lemma



,,,

Case IT. GlGo i,s abel'ian but not compact:

We show that there exist rz e Cy(H)L and a € f/ with 6on * n6o, and.then Lemma

2.2.2 will complete the proof in this case: There exist r,s e G with rsr-rs-r € G6

and rsr-1s-L I e, since GlGo is abelian but G is not, where e d.enotes the identity

of G. choose h e co(Go) with h(e) I h(rsr-Ls-l), and ret {Gsr : r € ø} be the

collection of all disjoint cosets of Go in G. Any coset of Go is uniquely in the form

Gsr,for some fr euj and hence we can define a function lc onGby k(tn): h(t),

for all t e Gs and u €. u. Let (gr) b" any net in G converging to y € G, and choose

a coset Gsfr, n € ø, containing gr. Since G6ø is open, there exists a6 such that

a 2 ao implies Ua € Gor. So k(g") : h(Aoæ-L) ---+ h(yr-t) : k(g), showing that

k is continuous on G. For any compact subset K of G, choose frL¡...,frn €ø such
rL

thatK _c U Gon¿, andlet 6:lh(rsr-tr-t) -h(")1. Thenforu €ø...{21,...,nn}
i:L

wehaver(Kand

| (t,"","-,"-, k - k) (") I : lh(rsr-L s-r) - h(")l : u,

so that l,"r-rr-rk-k 4 co(G). Next we show that k e LUC(G): since h e c6(Gs),

there exists a neighbourhood V c Gs of the identity such that lh(rt) _ h(t)l ( .,

for r € 7 and t € Gs. But then for ú € Go, r € z and u e u, we have that

æt € vGo Ç Go and lk(rts) - tt(ta)l : lh(rt) - h(t)l < e. Hence k e LUC (G),

as \¡/e wanted. Fþom Lemma 2.2.4, there exist a, þ e H and / € LUC(H) such

that loBo-'p-rf - f É co(H). Therefore, we may take m € co(rr)t such that

0l (m,Ioþa-rþ-'f - f): (6opo-rB-rrm-*, f).Hence 6oBo-tB-tm f m, artd.



furthermorc if. 6o-tm f m6o-r, then Lemma 2.2.2 wot¿.Id imply that H I 2f. So we

may assume that 6o-tm: rn6a-t. Then from 6oBo-tp-tm I m we get

6o-t(6B-tm) : 6a-rp-rrn + 6p-to-tm: 6p-r6o-rm: (6B-rm)6o-r.

By ietting n - 6B-tm, we have 6o-rn f n6o-' andn e Co(H)r. Now an appiication

of Lemma 2.2.2 reveals that H # U..

Case III. GlGo ,is non-abeli,an and non-compact:

Since Go is open (recall that G is a Lie group) , G lGo is a discrete group. The proof

of Lemma 2.2.3provides g € LUC(G|Gg) *d c e GlG6witlnl"g-r"g ê Co(G/Go).

Two applications of Lemma 2.2.4 wiII then result in the existence of f e LUC(H)

and ø € "F/ with Uf - r"f # Co(H), and the proof is complete. n

2,2.6 Lemma. If G e.21., then G 'is a SIN group.

Proof. Let G €. 21. As in the proof of Proposition 2.1.g (c), we just need to

show that any annihilator m of. RUC(G) in LL(G).. is an annihilator of LUC(G)

as well. We may assume that llrnll < 1. Let B be the Banach algebra obtained

by adjoining an identity 1 to ,Ll(G)*.. Define an automorphism T : B ---+ B by

T(n) : (1+ rn)-LnQ + zn). Since Lt(G)** is an ideal of B, ? maps _Ll(G)** onto

itself. Fbom G eQI, we have r(L,(G)) : Lt(G).Let g e LL(G) and / e L*(G)

be arbitrary. Then T(p) : rþ for some tþ e Lt(G). Since rn is an annihilator of

RUC(G), we have mtþ : 0 (see the proof of proposition 2.1.9 part (c)). Fþom

T(ç) :1þ, we have <p(1 +*): (1 + m){ and, hence grn:,,þ - p e LL(G). For

anv h e co(G) we have h9 e cs(G) ç RUC(G), by Theorem 1.5.J, and therefore

0 : (m, hg) : (g*,å,), imptying that grn :0. Hence @, fç) : (gm, -f) : 0;
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so that mis an annihilator of LUC(G), since fçis atypical element of LUC(G)

by the Theorem 1.5.3. n

2.2.7 Theorem. A IocaIIy compact group G i,s i,n 2I i,f and only i,f G i,s abel'ian

or compact.

Proof. rf G e 21, then Proposition 2.2.5 and Lemma 2.2.6 show that G is

either compact or abelian. We have also remarked earlier that compact groups

and abelian locally compact groups are in 2f. n
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CHAPTER III

BIPOSITIVE ISOMORPHISMS BET\MEEN
THE SECOND DUALS OF GROUP ALGEBRAS

3.1- Discussion Hereafber, by continuity of a linear operator we mean continuity

with respect to norm topology unless we specifu otherwise. 'We also assume that

isomorphisms are algebraic and surjective.

There have been a number of results on group algebras Lt(G) and related

Banach algebras, which teil what structural or topological properties of these

algebras identify the locally compact group G. Amongst these results, which will

be revealed in more detail later, axe a theorem by Y. Kawada [39] on the bipositive

algebra isomorphisms of the group algebras L'(G), indicating that the group G

is identified via the order structure of LL(G). Following this result, J.G.Wendel

proved in [59] that a norm-decreasing algebra isomorphism from Lt (Gr) onto L|(G2)

results in a topological isomorphism between G1 and Gz. The Wendel's result was

independently proved for abelian groups Gr and Gz by H. Helson in [82], where

he also proved that this assertion hoids if T :Lt(Gr) --, LL(Gz) is an isomorphism

of norm less than 2 for abelian groups G1 and G2 and, if one of the dual groups

ôr or Gz is connected. Later, A.T. Lau and K. McKennon proved. in [43] that the

Wendel's result still holds if LL(G¿) is replaced by Xî, for left introverted subspaces

x¿ of. C(G¿) containing Co(G¿),'i:1,2. Based on this result, F. Ghahramani and

A.T. Lau proved in 123] that Xi can be replaced by Ll(G¿)**, i, : L,2. The main



objective of this chapter is to prove that the order structure of. Lt (G)-. identifies

the topological group G. (See section 3.4 ahead).

3.2 C*-algebras An involution on a complex algebra A is a mapping o. r--+ e,*

from A into itself with the following properties;

(aa*Ó)*: aa* +b*,

(ab)* - b*a*,

(o*)* : a,

for all a,b e ,4 and complex number a, where a denotes the complex conjugate

of a. A Banach algebra ,4. is called a C*-algebrø if there exists an involution * in

,4, such that llaø*ll : ll"ll', for a.ll a € A. An algebra homomorphism þ from a

C*-algebra ,4 with involution * into a C*-algebra B with involution I is called a

x-homomorphism if S@.) : ó(o)v, for all a e A. such a map d is called a

*-isomorphism if it is one-to-one and onto, and in this case A and B are said

to be x-isomorphic. Examples of C*-algebras arc L(H), the space of bounded linear

operators on a Hilbert space fl with adjoint operator taken as the invoiution, md

C(X), the space of continuous complex-vaiued functions on a compact Hausdorff

space X, in which the involution is the complex conjugation.

3.2.L Proposition. If A i.s a,n con'Lmutat'iue C* -algebra wi,th i,d,entity, then there

eri,sts ø cornpact Hausdorff spa,ce X such thøt the C*-algebras A and, C(X) are

x-'isomorphi,c.

The reader may consult [b3; Theorem 1.2.1] for a proof. The space x in this

theorem is in fact the maximal ideal space of. A, consisting of ali non-zero mul-



tiplicative linear functionals on A topologized by the restriction of the weak-star

topology of A*.

An element a of a C*-algebra .4 is called normal if. aa* : o,*o,. For such an

element, wehave ll"'ll':llaz(a*)zll : ll(aa.)'ll : ll@a*)(aa*)*ll : llaa.ll,:llolln,

indicating that llazll : lloll'. Then one may show by induction that llor" Il: llollr" ,

and from there, by taking limit, the spectral radius of a equak ll"ll. This was used

in the proof of Proposition 1.5.2.

An element a of a C*-algebra ,4. is called positive, and we write a 2 0, if sp(ø) Ç

i0, +oo) and ø* : a. A (complex) linear functional f on A is said to be positive if

Í (") > 0 for all positive a e A.

3.2.2 Proposition. Let A be a C* -algebra with i,denti,ty L and tet f be a l,inear

funct'ional on A.

(") ï f i,s bounded and ll/ll : f G), then f is pos,it'iue.

(b) # f i,s posi,tiue, then f is bounded and ll/ll : f Q).

For a proof see [16; Propositions 2.I.4 and 2.1.g].

A C.-algebra A is called a aon Neumann algebra if it is the dual space of a

Banach space X. It can be shown that X is unique; it is called the predu aI of A

(see [53; Corollary 1.13.3]).

3.2.3 Proposition. Let x be the predual of a uon Neumann algebra. If B i,s a

C" -algebra, then øny bounded li,near map from B i,nto x ,is wealcly compact.

For a proof see [2; Coroilary II.g].



3.2.4 Theorem. Let A be a C* -algebra. Then

(u) A** 'is a C* -algebrø, and A i,s Arens regular.

(b) Furtherrnore, i,f A i,s commutatiue, then A** ,is commutatiae.

Proof. (") A proof of the fact that ,4 is Arens regular can be found in

[12, Theorem 7.1]. We can apply Proposition 3.2.3 to prove this part. The proof is

probably known. One can even show that A is Arens regular in any algebra mul-

tiplication x that makes the norm of. A a Banach algebra norm: For any f e A*

and a e A,,Iet f Oo denote the element of. A* defined bV U Oa,b): (f , o,)Kb),

for ail b e A. Then o. è f O a from .4. into :4.* is a bounded linear map, therefore it

is weakly compact by Proposition 3.2.3; Theorem 1.3.1 now shows lhat A is Arens

regular with respect to x.

(b) This part follows from part (a) and Proposition I.8.2. n

Theorem 3.2.4 can be used to find a radical Banach algebra which is at the

same time Arens regular: Let A be ClO, 1-], the space of complex-valued continuous

functions on the interval [0, 1]. With pointwise multipiication and the sup-norm

llll", ,q is a C*-algebra. Define a new product * on r4, by

ff * s)(*) : [^* Í(* - t)s(t)dt (Í,g e A, n € [0, 1]).
Jo

One can easily show that ll ll., is also a Banach algebra norm with respect to x. For

arry f € ,4., we have 
¿ rimes

llæ1"<ø5wili,
showing that the spectral radius of / is zero. Sinc e (A , *) is a commutative algebra,

/ is in the radical of .4., in other words, ,4, is a radical Banach algebra. By part (a)



of the above theorem, ,4 provides an example of a radical Banach algebra which

is Arens regular. The above is a non-trivial example; of course we could let the

multiplication * be zero.

A one-to-one mapping from a C*-algebra .4 onto a C*-algebra B is said to be

bipositive if a Þ 0 whenever ó(a) ) 0, and vice versa.

3.2.6 Theorem. Let x andY be compact Hausdorff spøces and let þ : c(x) --

C(Y) be a biposi,t'iue l'inearisornorphi,sm. If þ maps the algebra i,denti,ty of C(X)

onto that of C(Y), then þ i,s an algebra'isomorphi,sm and rnoreouer there erists a

homeomorph'ism r : Y ---+ X such that þ(f) : f o r, for all f e C(X); so that þ i,s

an'isometri,c,isomorph'ism.

For a proof see 138; Corollary 3.4.8].

3.3 fsometric fsomorphisms In this section we quote in detaii some of the

results mentioned earlier in section 3.1 to have everything ready when we prove the

main results of this chapter in the next section.

3.3.1- Definition. Two topological groups G and H are said to be topologi,cally

'isomorph'ic if there exists a group isomorphism î : G ---+,Ff which is at the same

time a homeomorphism between the topological spaces G and .I/.

3.3.2 Theorem. Let x be a lef introaerted, subspace of C(G) conta,ining co(G),

where G 'is ø locally compact group. If m e x* then the following are equ,iualent:

(u) ^ 'is 'inuerti,ble and,ll-ll : ll*-rll : f .

(b) Thereeni,stne G anda€C wi,thlal:I suchthatm-e.6t:.
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Proof. Assume (a). UsingTheorem l-.5.5, write m: LL*r and m-L -uls¡

where þ¡ u e M(G) and r, s € Cs(G)t. Since Cy(G)L is an ideal in X* and

6.: þ*u * (t"t +ru irs), we have that óu : p*u, and similarly 6e: u */¿; so

thatu istheinverseof ¡-r. Butthenl:llp*/ll <llpllllrll <ll-llll*-tll :1,and

therefore llerll : lllr-tll : 1, which shows that r : 0, since ll-ll : ll¡rll+llrll. Now we

show that ¡t' is an extreme point of the closed unit bail in M (G), a¡rd this completes

the proof, since by a known result [14; chapter V, Theorem 8.4] the extreme points

are of the form a6*, lal: L,n € G. To this end, Iet p,: apt + (L - o)pr, where

0 ( ø ( 1, p:., Fz € M(G), and llptll, ll¡rrll < 1. Then 6. : aþ-LÆ+ (L- a)p-tttz,

and since ó" is an extreme point, we have that p,-1¡t2 : l.L-t pL: ó", which implies

that p,: pL : þ2, âS required.

The proof of (b):+(a) is obvious. n

Let x be a left introverted subspace of C(G), G a locaJiy compact group. A

net (rn") in X* is said to converge strictlyto m € X* if llm.g-rngll ---+ 0 for all

I e LL (G). We must explain something here that is needed in the proof of the next

iemma: Let x be a lefb introverted subspace of C(G) containing Co(G), g e Lr(G)

and g € X. The notation gg can have two meanings; one coming from the left

action of. LL(G) on L*(G) as d.efined in section 1.3, the other coming from the lefb

action of. X* on X as defined in Definition 1.4.3 part (h). It is easily verified that

these two interpretations are identical, by using the concrete representation of the

elements of. Lt (G)L* (G) which was described foltowing Theorem 1.b.8.

3.3.3 Lemma. Let x¿ be a left i.ntroaer-ted subspace of c(G¿) conta,ining co(G¿),
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(1)

(2)

'i: I,2. Let p e M(GL), llpll : I, and tet {¡,,""} be a net i,n M(G), bounded by 1,

wh'ich'conaerges strictly to ¡t € Xî. ïT : Xi --- Xi i,s an,isometric i,somorph,ism,

then T(p,o) - T(p) 'in the wealc star topology oÍ Xz* .

Proof. Let n be a cluster point of the net {T(p,")} in the weak-star topology

of. X2*. We must show that n: f Q-t). Without loss of generality, we may a,ssume

that T(¡,ro) 4 ". If I e Lt(G), then since þag + ¡.r9 and. ? is bounded,

T(p")T(ç) --, rfu,)r@).

Fhom f 0"ò 4 n and, the fact that the product in X2* is weak-star continuous in

the ieft variable, we have

r0'òT(ç) u. nr@).

Flom (1) and (2) we get ("-l(n))p : pç. Any .f € Cy(GL) can be written as

ss for some I e L1(G1) and s € Co(Gr); thus (T-r(") , l) : ((r-t(")) p, e) :

çtp, g) : 0t, /), indicating that the restriction of T-L(n) to Co(Gr) equals ¡.r.

Thenwehave r: ll¡rll ( ll"-t(")ll : ll"ll. Since r0r.){ nard. llr0"òll < 1,

ll"ll < 1 ;so llT-'(")ll : llerll :1. By decomposíngT-L(n), using Theorem 1.5.b

and applying the norm property in that theorem combined with the equality just

found, we must have ?-1(r) : ¡l; equivalently n: T(lù, as v¡e wished. !

3.3.4 Lemma. Let L be a locally conuer topolog,ical aector spt,ce and, let {ro} .,ee

be a net 'in L conuerg'ing weakly to some r e L. Then there etists a, net {aB} p.u c L

wi,th the followi,ng properti,es:

(u) aB ---+ r 'in the origi,nat topotogy of L.



Each Ap is 0, conaer combi,nati,on of the elements i,n {r.}.
For each ao e A there eri,sts þo e B such that for aII þ 2 þo, Uþ,is a conuer

combi,nati,on of the elements 'in {no}-2.".

For a proof see [L5; page 523]. In that article the net {gB} having the properties

(b) and (c) of Lemma 3.3.4 is said to be far out in {**}.

Remarks. (a') Let G¿ and X¿ be as in Lemma 3.3.3, ,i : 1,2. Let r : G1 -- Gz

be a topological isomorphism and a be a continuous character of G1. Then for

arry p e M(Gt) the map f - "lc,a(r)f (r(r))¿lt@) defines an elment of X2*.

This element of Xj' is denoted bv U(p) in Lemma 3.3.b ahead. In this way,

U , p - U(p) is a linear mapping frorr- M(Gr) into Xr..

(b) In the next lemma we need the known fact that if G is a locally compact

group (or even a locally compact topological space) and, p, e M(G) is such that

llpll : l- and p > 0, then there exists a net {p*}, each ¡to a convex combination

of point masses, such that þa --+ p in the weak-star topology of. C(G).. If the

assertion were not true, then from [52; page 30, coroliary 1], there would exist a

real-valued Í e C(G) such that (p, f) does not belong to the closure of the set

{tÍ(r) +(1 -t)Í(a): 0 ( ú < l and r,a e G}.Burthisctosureisrhectosed

interval [-ll/ll", ll/ll"] which necessarily contains (p, Í).

3.3.5 Lemma. Let G¿, x¿, i : L,2, and, T be as ,in Lemma B.B.B. If r agrees

wi,thU (defi,ned aboue) on po'int rnl,sses, thenT(M(Cr)) Ç M(Gz).

Proof. In order to prove this lemma, it suffices to show that for each p, e M(Gù

with p ) 0 and llpll : L, T(p) e M(Gz). For such a measure pwe may choose

(b)

(")



a net {p.}, each p,o a convex combination of point masses, for which ¡1o{ p,in

C(Gt)*, as explained above. Then by the fact that Lr(Gr)L*(Gr) Ç C(G),, we

have ¡.t,og ---+ l.rg weakly in LI(Gt), for each fixed g €. LL(G). So by Lemma 8.9.4,

there exists a net {uB} in M(Gt) fa¡ out ir {po}, such that

(1) up?'--, p9

in norm. For each e ) 0 and "f e C(Gt), there exists ao such that l(p"- t-;, f)l < .,

for a )- eo. Choose Bo corresponding to the net {uB} in Lemma 3.3.4. Then

l(rB- t", /)l < e, for B ),- þo, since for such B the measure up is a convex combination

of the elements i, {lro}.r-.". so uB"4 ¡tin C(Gr)-. Let n be a ciuster point of

{f 0tò} with respect to the weak-star topology of. X2*. Without loss of generalit¡

rü¡e may assume f |tr) 4 n. Then also

(2) r@fi{ n in X2*

u("Ð1u0ù in x2*

lloll : t.
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Now if we repeat the argument in Lemma 3.3.8 by considering (1) arrd (2), we wilt

have p,g : r-T@)p. Then by the proof of Lemma 3.3.3, we come up with r(p) : ,.

Next we show that n : U(p,): Flom ,p y: 
þ,t wê easily have

(3)

Since each uB is a linea¡ combination of point masses, the equality T(ufi : U@B)

holds, and this together with (2) and (3) imply that n: u(p) on X2. Let o be the

restriction of u(¡t) to cs(Gr).Then from the definition of u(¡^,.) it is clear that

(4)



On the other hand we have

(5) ll'll : r'
from T(p') : n, aîd then the norm property in Theorem 1.5.5 together with ( )

and (5) result in the equaJity n: o e M(G2), as required. n

Before'ü/e proceed with Theorem 3.3.7, we need the following known result; in a

part of the proof we use the Mackey-Arens theorem on dual pairs, a method which is

perhaps new in this application. Another way of proving part (c)=9(a) is explained

in [27; pages 136 and 137].

3.3.6 Lemma. Let G be a locally compact group and p, € M(G). Then the

followi,ng statements are equ'iualent:

@) t' e LI(G).

(b) The map r - 6, * p, (equi,ualently, the map r r--+ lt * 6*) from G 'into M(G)

'is norm cont'inuous.

(") The map * -+ 6* * p, (equi,ualently, the møp n è l.L * 6*) from G i,nto M(G)

i,s weakly cont'inuous.

Proof. (a):+(b): Let p, e LL(G). In order to show that r ,* 6* * ¡-r is con-

tinuous, we may assume þ e coo(G), since Coo(G) is norm dense in LL(G). So let

ra + r € G and choose a compact neighbourhood V of. r containing ta, d 2 ao.

Let K be the support of the function ¡.t, e C6s(G) and À be the lefb Haar measure.

Then for s € V, p,(s-tt) is non-zero only if ¿ € VK, which is a compact set (and

has finite measure). So

lló", * tr- 6,* pll: lll,_-,tr- t*-,pll < À(y/()llt*.-,tt-1,-,ullu,
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for all e 2 eo, where ll ll" denotes the sup-norm. But p is uniformly continuous; so

lló". * þ-6,*pll -50.

(c)+(a): Let (c) hold. Let P be the set of all compact neighbourhoods of the

identity element e" inG ordered by inciusion, and for each W e P iet g* be the

characteristic function of I4l divided by À(W) (À is the Haar measure). For eachm €

M(G)., there exists a compact neighbourhood i of e" such that l(m, 6r*¡t-tùl < e ,

for all r € V. The set {6** lt i n e v} is weakly compact in M(G), since

* ,-+ 6* * p is weakly continuous. Let "fo be a net in C6(G) such that ¡. lJ m in

M(G)". Then by Mackey-Arens theorem on dual pairs [52, Chapter 3, Theorem 7],

we have (Ío,6**p) 3 (*,6**¡-r) uniformly for n e t, and so there exists ao such

that l(p,ltÍo- f.)l : l(ó, * p- u, f*)l <2r, for all t €V and o 2 ao.Thenfor

a 2 ao and g: gw withW C 7 we have

l(ç* tr- þ, f.)l:l ll f,(tn)eQ)d,p,(n)d,t- (tr,/,)l:

t [ <r, hÍ,)ç(t)dt - (tr, r,)l: I I U, rtlo - r*)p(t)dtl < 2e,'J

and by taking limit on a,l(m, gw * p,- tùl ( 2., when w cv. Hence gw * lr + lf,
weakly in M(G), and by Lemma 3.3.4, p is the noïm timit of a convex combinations

of the elements in {ç**¡-r}. Then p,€ LI(G), since Lr(G) is a closed ideal of M(G).

3.3.7 Theorem. Let x¿ be a lef introaerted, subspace of C(G¿) conta,ining

Co(G¿),'i: L,2. If T : Xf -- X2* ,is an,isometTic algebra,isomorph,ism, then

(a) Gt and G2 are topologi,cally 'isomorph'ic.

(Ð r(M(cr)) : M(Gr).

(c) T(LLlcr)) : LL(Gz).



Proof. (a) For each r e Gt, both T(6*) *rd T(6,-,) have noïm one and

they are the inverses of one another. So by Theorem 3.3.2, f(6r) : a(r)6,çr¡

for some r(r) e G2 and u(r) e C with la(r)l : 1. Then r,A € G1 impiy that

u(r)u(g)6"@),@) : T(6,)T(ór) : T(6*ò : u(ry)6"(øs), from which a(r)u(g) :

a(ra) and r(r)r(ù : r(ra), and therefore ø is a character of G1 and r is a

group homomorphism from G1 into G2. Simitarly, we get a group homomorphism

i : G2 --- Gt and a character õ of Gz with 7-1(ó¿) : u(t)6iþ), for all t € Gz.

Combining 7 and ?-1, one may then observe that r is one-to-one and onto, and

furthermore i is r-1. Next we show that r is continuous: Let (z*) be a net in

G1 such that xo ---+ n € Gt. By Lemma 3.3.6, we have 6ro * g --+ 6* * p for all

g e LL(Gt). Then by Lemma 3.3.3, T(6*.) converges to T(6r) in the weak-star

topology of x[. Now let V be any open set containing z and let Í e Co(Gz) with

r(r@)): 1 and r(Ð:0 for alt t #v. Then one woutd have l(T(6,-),/)l --*

l(r(4,) , -f)1, ot equivalentty, lf (r(r*))l * r(r@)): 1, from there we must have

Í(r(".)) l0 from a point on. This indicates that r(no) € z and since v was

taken to be arbitrary, we have r(r.) -- r(r) and r is continuous. Similarl¡ r-1

is continuous, yielding that Gr and G2 are topologically isomorphic. F\rrther, note

that the reiations a(r")f (r(ro)) - a(r)f(r(r)), r(*,) -- r(r) and, f (r(r)) + 0

imply that u(x.) --+ u(r) and ø is continuous.

(b) Let U be the map ftom M(G) into X2* be defined by (U(p), il :

I u(r)f(r(r))dp,(r). Note that, by parr (u), T and, u agïee on the point masses.

Then bv Lemma 3.3.5, we must haveT(Mlcr)) Ç M(Gz); whence r(MG)):
M(Gz) by symmetry.



(c) Let (r*) be a net in Gr with zo ---+ r e Gt. For any ty' €. Lt(G2) we

have 6,6.) * tþ -- 6r@) * tþ bv Lemma 3.3.6. So 7-1(ó"(".) * ,þ) - T-L(6,6¡ *

tþ) and 6'o * T-11þ ". 6' * T-11þ. Another application of Lemma 3.3.6 implies

that T-rtþ € LL(G:). so 7-1 (rt@r)) ç LL(G¡), and the proof is comptete by

symmetry. !

Note that this theorem fails to be true if we drop the assumption that X¿ contain

Co(G¿),'i : L,2, l43l In the preliminary chapter, we defined the almost periodic

compactif.cation G" of. a topological group G (see section 1.6 for definition and

symbols used below). Now let G be a non-compact locally compact group. The

fact that {L, , r € G} is dense in G" gives rise to an isometric linear isomorphism

0 : C(G") -- AP(G), where to each f e C(G") we assign g : 0U) e Ap(G)

defined bV g(t): f (Lr-'), for aII ú e G. Then rhe adjoint 0. : Ap(G). ---+ C(G")*

is an isometric linea¡ isomorphism. But d* is in fact an algebra isomorphism: If

nz,n € AP(G)- and f ,g are as above, then for t,s e G we have (/¿9)(s): ges):

f(Lç'¡-,): f (Lr-tL,-r): It,-,f (L,-,), indicating that 0(t",_,Í) : Irg. Then

("s)(t) : (n, hs) : (n,0(t7,_,/)) : (0*@), t1,_,/) : ((d.rnùf)(Lr_,), and so

ns: e(@"(ø)f), from which

(0.(mn), f): (^r, s): (m,ns): (m,0((0.çnùf[: (0*1m¡0*@), Í),

so that

0* (mn) : 0* (m)0* (n),

as desired. Note that since G" is compact, C(G"): LUC(G ) is iefb introverted.

ôð



3.3.8 Theorem.

morph'ic:

(u) There er'ists

(b) There en'ists

an 'isometri,c ep'imorphi,sm T

an 'isometric epi,morphi,sm T

L'(G)---+ LL(H).

Lr(G)** ---+ Lt(H)**

In any of the followi,ng cz,ses G and H are topolog'icallg i,so-

Proof. In the case of part (a) we may consider the second adjoint 7** and

that will be an isometric isomorphism from L,(G)** onto LL(¡/)... So it suffices

to prove the assertion with the assumption in (b). Let E be a right identity of

L'(G)*. with llEll : 1. Then F : T(E) is a right identity for LL(H)** and has

norm one. Let 11 : nfL(G)** ---+ LUC(G). and 12 : FL7(H)** -- LUC(H)-

be the isometric isomorphisms induced by restriction. Then ,rz o T o 'rLL defines

an isometric isomorphism from LUC(G)* onto LUC(H). and an application of

Theorem 3.3.7 part (a) ends the proof. n

The following theorem states that the Banach algebra L'(G)** id.entifies the

group algebra Lt(G).It was a¡rnounced in [26].

3.3.9 Theorem. Let G and H be locally compact groups and, T be an i,sometTic

algebra,isomorph'ísm from Lr(G).. onto LL(H)"*. Thenf (LL(G)) : LL(H).

Some Remarks Part (a) of Theorem 8.8.8 is due to J.G. Wendet [b9], where

he actually proves the existence of a continuous characteï u on G, a topological

isomorphism 7 : G---+ H and apositive constant csuchthat for at|geIl(G) and

t e G, (re)(r(t)) : cu(t)ç(t).

In the proof of Lemma 3.3.5 we made a slight change to its original proof in [26].

Part (a) of Theorem 3.3.7 was proven by A.T. Lau a.nd M. McKennon in [48]. Their



proof was based on a result given in that article indicating that any p e M(G) has a

unique norm preserving extension to a bounded linear functional on C(G), a result

which was used in 126] ofben. The implication (ô) ==+ (c) in Theorem 3.3.7 is due

to B.E. Johnson [37]. Theorem 3.3.2 appeared in [26] for LUC(G) instead of x,

but their proof simply works for X as well; however we made a slightly different

approach in that proof. Part (b) of Theorem 3.3.8 is due to F. Ghahramani and

A.T. Lau [23].

3.4 Bipositive isomorphisms

3.4.L Definition.

(") A real linear space -E is called an ordered, uector space if it has an order

reiation --( (reflexive, antisymmetric, and transitive) such that for each pair

r,A € E the following two properties hold:

(aL) r ( g implies ø * z { A I z, for alI z e E.

(a2) r ( gr implies aø .-( ag, for all a ) 0.

(b) An ordered vector space .Ð is said to be a Riesz spa,ce if for each r,a e E

the supremum and infimum of the set {ø, g} exist in E. The supremum and

infimum of the set {2, y} are respectively denoted by x v a a",d r A a.

(") A Riesz space .Ð is said to be a normed, R'iesz space if there exists a norm

ll ll o" -E such that llrll < llsll holds for all r,u € E wirh l"l ( lsl, in which

løl denotes the element, rV 0 + (-z) v 0.

(d) If the norm in part (c) is complete, then -Ð is said to be a Banach lattice.

As an example of a Banach lattice \¡/e can mention the space of the rea] measures

Ðí



in M(X), where X is a locally compact Hausdorfftopological space. The supremum

and infimum of any two real measuïes p, and u are simply *(p + u -f ltr - zl) and

L0"+"-llt-"D, where l.ldenotesthetotalvariation. Anotherexampleof aBanach

Iattice is the space of real-valued functions in L'(G), where G is a tocaliy compact

group. The supremum and infimum axe the pointwise supremum and infimum.

Note that if -L is any real linea¡ space, then tr can be embedded into the complex

vector space L: L x L, via r r+ (r, 0); the scalar product in i is defined by

(a + i,B)@ , a) - (o* - þa , ay -t Br),

for real numbers a and B. The space Z is called the complexification of -L.

3.4.2 Definition. Let .Ð and f' be ordered vector spaces and, É,,É be th"it

complexifi cations, respectively.

(u) A (reat) Iinear map ? : E --+.F is called positive whenever Tr 2 0 for all

reEwithr)0.

(b) A (comptex) linea¡ map 7 t É -- F is said to be positive if the restriction of

T to E maps into.F and it is positive.If f : É -- Fis alinearisomorphism,

then ? is said to be bipositive if both ? a¡rd T-L are positive.

The following result is due to Y. Kawada [Bg].

3.4.3 Theorem. LetT : LL(G) -, LL(H) be a b,ipositiue algebra i,somorph,ism.

Then G and, H are topolog'ically i,somorphi,c.

Foilowing this resuit, J.G. Wendel showed that Kawad.a's result is equivaient

to part (a) of Theorem 3.3.8, when dealing with the field of real numbers. More



precisely, he showed in [58; Theorem 2 and Theorem 3] that if P : L'(G) --- LL(H)

is a bipositive isomorphism, then P is an isometry on the real-valued functions,

and conversely if ? : f,r(G) -- Lr(f/) is an isometric isomorphism, then there

exists a character X on .I/ such that the map P : Lr(G) ---+ LL(H) defined by

(P,ò(t) : X(t)Qò(t) (t e U and s € LI(G)) is a bipositive isomorphism.

Before proving the next theorem, we need the following known lemma:

3.4.4 Lemma. Let A and B be Banach algebras and r : A ---+ A** be the

canon'ical embed,di,ng. Then

@) ïT : A--+ B i,s a conti,nuous algebrahomomorph,ísm, thenT** : A** ---+

B** ,is an algebra homomorph,ism.

(b) # A has an identi,ty l, then r(1) i,s the i,dentitA of A**.

Proof. The proof of (a) can be found in [12; Theorem 6.1].

(b): Flom section 1.3, we know that any element of A is in the topological centre

of A**. If m e ,4.** and (zo) is a net in A such that r(no)yl * in.4**, then

n(L)m - tiån r(L)r(r*): Ity r(r*): rn. Simitarty, one can show that mn(I) : ^.

3,4.5 Lemma. Let G be a loco,Ily compact group. Then the constant function L

'in L*(G) i,s multipli,catiue on L,(G).

Proof. Let f stand for L. For g,rþ e Ll(G), we have

(Í, p*ú): ll vølø(s-lt)¡(t) d,td,s: I vød, IúG)dt: (f , e)ff,ú),

!
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which shows thaí f is multiplicative.



Our main goal in this chapter is to prove the foilowing result which does not

seem to be known already:

3.4.6 Theorem. LetT : LL(G)** -- Lr(F/).. be a b,ipos,i,tiue i,somorph'ism.

Then T i,s an ,isometry and G and H are topologi,cally 'isomorphi,c.

Proof. We divide the proof into several steps:

Step L. T i,s continuous:

By [16; corollary 2.6.4], arry rn € ¿1(G).,*, ffi â linear functional on the c*-algebra

L*(G), has a decompositionm: rnL-rrl2*i(ms-m¿) withm¿ ) 0 and ll-¿ll (

ll-ll. So we just need to show that the set .4. : {ll"(nz)ll : m 2 0, llnzll ( r} is

bounded in the real line. If .4, were unbounded, then there would exist a sequence

{*o}7, in ¿1(G)** such thar m¿ 2 0,ll*nll < 1, and,llTm¿ll * *; we could assume

llT^¿ll > i. Let t¿ be a number with ilh < to < þ. Then Df, llúo-¿ll (

D,-i, å, ro * : Dï--lt¿m¿ is a positive element of ,01(G)... If 1 denotes the

constant function 1, then for each k we have Df:, fillTm¿ll : ÐL, t¿(Tm¿, 1) :

Q(Df:rüm¿), L) < (T^, L) : llrmll. By letting k ---+ oo, we come up with

DË, t¿llTm|l < * which is absurd by Ð t¿llTm¿ll > D * : *.

By step 1, the adjoint operator T* : LL(FI)*** -- LL(G).** can be defined. By

Theorem 3.2.4 and Lemma 3.4.4 (b), the second dual of the commutative C*-algebra

L*(G) is a commutative C*-algebra with identity and there are compact Hausdorff

spaces Y and Û which yield the identifications Z-(G) : C(y) and tr-(G)** :
CQ), by Proposition 3.2.1. Simitarly L*(H): C(X) and, L*(H)** : C(î) for

some compact Hausdorff spaces x and .:t. For each p, € M(y) we denote by ¡_r the



image of ¡r under the canonical embedding M(Y) ---+ M(Y).- : ttt(i'). A similar

notation will be used for the case of X.

Step 2. If p e M(Y) and p, )- 0, then t-L > 0 in M(i'):

An application of Proposition 3.2.2 reveals that ll¡,rll : llpll : 0.t, 1) : (t",L),

where 1- is the identity of C(Y) (which is the identity of C(Y)." as wetl). So

llpll : G,, L) arrd Ê 2 0, by proposition 8.2.2.

Step 3. IÍ u 2 0 tn M(9), then there eri,sts a net (p¿) ¿, M(y) wi,th ¡-r¿ 2 0 and,

þ¿ --. u 'in the wealc-star topologg 
"Í 

Me). Furthermore we cl,n o,rrt,ngellp¿ll ( ll"ll 
'

For any f e c(i'), choose a net ig") q c(Y) with 9" 1 ¡ @, denotes the image

of g" under the canonical mapping C(f) -- Ce)). Then for any p, ) 0 in M(y),

(î", p) : 0.r, s") :Tttã :G,,Ð --(f ,Ã :(ît,T : (î1, f) : (Í, tt), in

which bar denotes the complex conjugation, and we have made use of step 2. So

g', % f . Choose a net {tt¿} i" M(Y) with ll¡-a¿ll < ll"ll and, 1i¿ { ,. For each

p e M(Y) let ¡r* € M(Y) be defined by (p*, h): fñM, for atl h e c(y).

Thenwe get (G,f) : U,tÐ: tim(g",t4): li-(lrî,9"): Iim(¡t¿,g):

li^(tî", t,¿):TF, W) :Ttîr,fr; so that æ : 0"ò.. Since the map p, r--+ ¡.t* is

clearly weak-star continuous on M(y) , we find that i6, + ,Ðf¡l: å { 0"¿ , Í) +

ktò., /)) -' *{(", f) + þ-, /)} : (" , f).By reptacin1 p¿bv lj"n+ uî) we can

assume that p,¿'s are rea.l measuïes. Now if ¡-l¿ : p{ -lt¿ is the Jordan decomposition

of tr¿, then llp¿ll : lllro+ll + llrr;ll and ll"ll: þ,L): lim(l¿¿,1) : tim(¡,t¿, 1) :
tim((ø/-, 1) - (t'o , t)) < Ii*(p/-, t-) < ä* llpl-ll < llrll, rherefore (¡tn , L) --+ 0,

lllr, ll * 0, and ro A 4 ,, * desired.

Step 4. If f > 0 tn C(X), then T* (Ð > 0 in C(í,):
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For any A e Y,6o 2 0 in M(i'), and there exists a net þ¿2 0 in M(y) with ¡_t¿{

6o,bV step 3. So ?*U)(a): (6n,f-U)) :ltm(ît¿,T-ff)): Ìim(?*(Ð, tt¿) :

lrrn(lù, Íl > 0, by step 2. Hence T.(Ð@) >0 for alt a €?,thar is T-(Ð > 0.

Step 5. If p 2 0 i,n M6'), thenT**(p,) > 0 tn M(X):

For / ) 0 in c(x), we have (7.-(p), f) : 1t,r-(f)l ) 0, by step 4; therefore

T.*(tt) ) o'

step 6. IÍ Lx denotes the constant functi,on 1, on *, thenT*(1a) zs posi,ti,ue

euerywhere as a functi,on'in Ce). Moreover, T.(rx) i,s a multipli,catiue l,inear

functi,onal on LL (G)*" :

Indeed for all a eY, by step 5, we haveT*(i")(g') : (6o, ?-(1*)) : (T**(6a) , 1*)

: llT**(6a)ll > 0, by Proposition 3.2.2 and the fact that ?** is one-to-one. To

show that ?*(1¡) is multiplicative, first note that by Lemma 8.4.4.,1¡ is nothing

but the image of the identity function of C@) : L*(H) under the canonical

mapping C(X) -- C(X); so it is multiplicative on LI(H)**, from Lemma 8.4.4;

and (7.(1x) , mn): (1.2,T(mn)) : (1* ,T(m)T(n)): (1* ,T(*))(I¡,r@¡¡:
(?.(1*) , n'L)(T*(lx) , n); so that ?*(1¡) is multiplicative.

Having done these steps, we may define a function e : C@) --- C(i,) by 0(f) :

#á3 One may norice rhat for aII s e C(i,), 0-r(s): (?-r¡* (r. ex)s). A similar

assertion to the one in step 4 shows that (?-1)* sends non-negative functions onto

non-negative functions, and therefore d is indeed a bipositive l,inear isomorphism

such that 0(L*) - Le. Then by Theorem 3.2.5, á is an algebraic isomorphism and

thereexists ahomeomorphismr , ? -- î such that0(f)@): f("@)) for all



A €9'and all f e C(X), and equivalently,

(*) r. U) (a) : 7. (1x) (a) f G (a)).

We saw in step 6 that 7.(1r) is a multiplicative linear functional on LL(G).., and

hence T. (Lx) has norm at most equal to 1. Then T. (Lx) has the sup-norm at

most 1 when regarded as arr element of CQ). Hence in (x) we have lT-(Í)(g)l <

lf î(a))l < ll/ll"' showing thatT" is norm decreasing. But then ? will be norm

decreasing, since ll".ll : ll7ll, atways. By symmetry T is norm-preserving, as

required. By Theorem 3.3.8, G and H arc topologically isomorphic. !

In step l- of the above theorem we proved that T is continuous. This fact also

follows as a special case of the following theorem:

3.4.7 Theorem. AnA posi,t'iue operator from a Banach latti,ce'into a normed,

R'iesz space i,s continuous.

For a proof see [3, Theorem I2.3].

Using Theorem 3.3.7, we ca¡r. derive some other closely related results: Let ^9 be

a semigroup endowed with a Hausdorff topology in which the semigroup operation

^9 
x ,9 -t ,S is separately continuous. In this case, we call 

^9 
a topolog,ical sem,igroup,

and furthermore if the topoiogy of ,9 is locally compact, then ,9 is cailed a locally

compact semigroup. Note that when the semigroup muitipiication makes ,S a group,

then by Ellis's theorem 120] the multiplication is jointly continuous and we are in

the situation of a localiy compact group. For a topological semigroup ,s, we can

define a lefi introverted subspace X of C(^9) the sarne way that we defined it for

a topological group (see Definition 1.4.8 (h)); for such x, x* is a Banach algebra.



If m € C(S)*, then the function rnl must be in X and hence in C(,9), where

(*Í)(") : (m , l*f), for all r € S. This means that the map a r--+ I,Í , from ,S into

C(S) is weakiy continuous. Any function with this property is calied weaklg teft

uni,forrnly cont'inuous; and the set of all such functions is denoted by WLUC(^9). So

we have X ç W LUC (S) and it can be verified that W LUC(,S) is a ieft introverted,

subspace of C(,S), and so it is the maximai one. This fact was fi.rst observed in [51,

Theorem 1].

3.4.8 Theorem. Let S¿ be a topolog'ical semi,group and X¿ be a lef introuerted,

subspace of C(S¿) whi,ch i,s closed, under conjugati,on conta,ini,ng the constant func-

t'ions, 'i : 1,2. Let T : Xi ---+ X$ be a bi,pos,iti,ue ,isomorphi,sm. Then T ,is an

'is ometric'is omorphi,sm.

Proof. Under these assumptions Xi is a C*-algebra and the proof of Theorem

3.4.8 can be carried out the same \May as that of Theorem 3.4.6. The only difference

occurs in step 6, where we used the fact that 1¡ is multiplicative on Lr(H). To

complete the proof for Theorem 3.4.8, we need to show that if 1 is the constant

function one on 
^92, 

then f. is multiplicative when considered as a linear functional on

Xä. Indeed for m,n e Xi, and ú € ,Sz rve have (rzl)(t) : (n , l¿L) : (n , L) and n1

is the constant function (n,L)L, from which (mn, 1) : (m,nL): (m,L)(n,L),

as we wished. n
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CHAPTER IV

INVOLUTIONS ON THE SUBSPACES OF ¿1(c)..

If G is a locally compact Broup, the algebra Lr(G) has a norm-preserving in-

volution. In fact, for f e LL(G),let /* be the function on G defined by,f-(*):

@tçn-l), where A is the modular function and "ba.r" stands for the compiex

conjugation. Then x is a norm-preserving involution on LL(G) (see [83; Theo-

rem 20.2] for details), which is called the natural 'inuolution. In [18; page 323],

J. Duncan and S.A.R. Hosseiniun ask whether there exists an involution on Lt(G)**

which extends the natural involution of 11(G).

We will ans\¡/er this question for the class of amenable groups, in the sequel. But

first, the following known result:

4.L Proposition. For a locally compact group G, the followi,ng statements are

equ'iuølent:

(") G i,s d'isuete.

(b) M(G) : Lt(G).

(c) I-(G) : LUC(G).

(d) ¿t (G) has an'ident'ity.

(.) It(G).'* høs an i,d,enti,ty.

Proof. See [33; Theorem 19.15] for the equivalence of (a)<a (b). M(G) has an
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identity, so (b)=+(d) follows.

The implication (d)+(e) follows from the fact that for g € ¿1(G) the

n ---+ gn (n e LL(G)..) i. weak-star to weak-star continuous and the fact

L'(G) is weak-star dense iî Lt(G)**.

(e)==+(c) follows from the argument of Lemma 4.2 beI\ow, where we essentially

prove that if L'(G)"" has a left identity, then L*(G): LUC(G).

To prove (")+(u), let ¡ be the characteristic function of the set {er}. Then

Xe Læ(G): LUC(G), soXisacontinuousfunctionand {e"} : {n eG : X@)l

0] is an open subset of G; so G is discrete. n

4.2 Lernma. If there erists an'inuoluti,on on LL(G)**, then G 'is di,screte.

Proof. Let E be aright identity ror LI(G).., and * be an involution on Lr(G).-.

Then for any m e LL(G)*., E*rn: (m*E)*: (rn*)* :,tnl,, indicating that.Ð* is

a left identity. Fbom the preceding proposition we need to show that -L-(G) :

LUC(G). If we had træ (G) + LUC(G), then by an application of rhe Hahn-

Barrach theorem, there would exists a non-zero rn e Lr (G) . . annihilatin g LU C (G) .

Fhom Theorem 1,.5.4, m is a right annihilator. So 0 : E*rn : rn, which is a

contradiction. n

when G is a discrete groupr then any point mass 6, belongs tu LL(G),

from the previous proposition. Thus for any f e L*(G), we have (/, (ó")*) :

I f @(6,).(¿) ¿t: I f Ø6;readt: f @-t) : (/ ,6,-,), indicatingthat (ó").:

ó"-r, where x stands for the natural involution on Lt(G).

Also note that if ,K is any amenable locally compact group and n is any lefb

map

that



invariant element or LUC(K)*, then for any m e LUC(K)., we have that mn :

(m , L)n, by the proof of Proposition 2.1-.8, where l- denotes the constant function

1. Moreover, it is known that LUC(K)- has a two-sided invariant mean. To see

this, Iet rnt e LUC(I{)- be a left invariant mean and define rnz € LUC(K)- by

(^r, fl : (mt, /), *h"re i@) : f (r-L), for r e /1. Then m2 is right translation

invariant. The left invariance of. my and the right invariance of. m2 are equivalent

to having 6*TrLt - Tn1 and m26, - rrL2 for all æ e. G. If we Iet m : TnrTn2,

then 6*m - rn6* - n'L; so that rn is both left and right invariarrt. Fbom the

definition of multiplication, it is easily verifi.ed that (m, 1) : 1 and mzf 2 0, for

alt / € LUC(K); then z¡¿ is a positive linear functional on LUC(K). Fbom this, rn

is a two-sided invariant mean.

In Theorem I.5.4, r'¡/e saw that for a locally compact group G, the restriction

map induces an isometric algebra isomorphism rc rrom ELl (G).. onto LUC(G).,

where E is aright identity with llEll : 1. This shows that the original multiplication

on LUC(G). (* defined in part (h) of Definition 1.4.3) is the sarne as the Arens

multiplication on LUC(G)., when LUC(G). is regarded. as a subalgebra of Lr(G)*.

via the map re. This fact was first observed in [40; Lemma 3]. Now we can proceed

with the main result of this section.

4.3 Proposition' Let G be an amenable locally compact group. Then there

erists an i,nuoluti,on on L'(G).* ertend,,ing the natural ,inuoluti,on of LI(G) i,f and,

only i,f G i,s fi,ni,te.

Froof. If G is finite, then -tl(G) is finite dimensional; hence Lr(G).* is finite
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dimensional. The sufficiency of the assertion is then ciear.

Now conversely, let * be an involution on Lt(G).* that extends the involution of

L'(G). Fbom Lemma 4.2 and Proposition 4.I, we have LUC(G)- : LL(G)*. and

the Arens multiplication on LUC(G)- is the same as the original multiplication,

as explained ea¡lier. Choose a two-sided invariant mean m in LUC(G).. Since G

is discrete, we have (ó")* : ó"-r, for aII r e G. Hence rn*6r-, : (6rm)* : yn*,

and from there, m* is right invariant. SimilarIy, m* is left invariant, and. moreover

rn* # 0, since n'L + 0. Flom the left invariance of m, rn2 : (m , l)m : m; therefore

(**)' : vn*. on the other hand, since rn* is left invariant, (**)' : (m* , L)**.

So we get m* : (m* , L)m*, and (rn* , 1) : 1, since rn" + 0. Now let n1 and. n2

be any two lefb invariant means on LUC(G) and let n : nt - TL2. Then rn*n :

(m*,L)n: zz; so n - (n*m). : ((r. ,t)^)* : trn* , where ¿ : (n* , L). Since

(u,L): (nz, 1), wehave 0: (n,1):t(m*,1) : ú. So n:0,fromn:trn*.
'We have shown that LUC(G). has a unique ieft invariant mean; therefore G is

compact by Theorem 1.6.9. Then G is finite, since it is discrete. !
Before proceeding with the next proposition, we point out here that M(G) hus

an involution extending the natural involution of Lr(G), for eveïy locally compact

group G: Indeed, for any p, e M(G), define p- € M(C) bV 0"-,1) :Tr:Í1,
where f@): f (*-t), for / e Co(G) and z € G; particulariy, (ó,)- :6,_,. Then

- defines an involution with the property required; see [83; Theorem 20.22] for

details' A part of the next proposition shows that this involution is actually the

unique involution on M(G) which extends the involution of Lr(G).

4,4 Proposition. Let G be an arnenable group. Then LUC(G)- ho,s an
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i,nuolut'ion ertend'ing the natural ,inuoluti,on of Lr(G) i,f an only i,f G i,s compact.

Proof. The suff.ciency is clear from the above, since LUC(G). : M(G) for

compact G. Conversely, assume that LUC(G). has an involution * as described

in the assertion. Let {g"} be a bounded-by-1 approximate identity for Lr(G).

Since the involution on Lt(G) is norm-preserving, {påi ir also a bounded-by-

1 approximate identity ror Lr(G). For any rn e Ltlc(G)., we have çL^ 4

m in LUC(G)-, from Theorem 1.5.3. In particular, for ¡; € M(G) and / €

Co(G), (tt. , f):lirr,(çLp*, "f) : Ii^((ttç.)* , f):n^Çp*j:ß*0r, ç,fl:

0tÃ : 0t-, .f), in which i and, p- are taken as above. This shows that the

restriction of p* to Cs(G) equals ¡z-; therefore llp.ll > llrr-ll. On the other hand,

0rç*)*: p|p* 4 t*; therefore llp.ll ( llpll, since ll|rp,).ll: lltç.ll < ll¡rll.

Flom Theorem 1.5.5, we have p* : Lr- and particularly, (á")* : ór-r. Now one can

repeat the argument of Proposition 4.3 word for word. n

The result of the preceding proposition may suggest that G is compact whenever

there is a left introverted subspace X containing C6 (G) such that X has a lefb

invariant mean and that X* has an involution extending the natural involution of

L'(G). We witl show that this is not the case for WAp(G)..

4.5 Definition. Let A be a Banach algebra. A linear functional f e A* is called

weakly almost peri,od'ic on ,4 if the map a r-+ f a from ,4. into ,4* is weakly compact.

For two eiements m,n €..4.**, we denote the second Arens product of m and n

by m.fl, ffi usual. Then we have the following known result:

4.6 Proposition. Let A be a Banach algebra and, f e. A*. Then f i,s weakly
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almost perí,od'ic on A i,f and only i,f (mn, f) : (^.n, f), Íor all m,n €. A**.

Proof. First let Í e A* be weakly almost periodic and m,n e A**. We can

assume ll-ll,ll"ll ( 1. Then choose nets (øo) and (óB) in A, both bounded by 1,

such that oo 4 m, bþ 4 n and, {f or} weakly converges to some g e A", as / is

weakly almost periodic. By using Lemma 3.3.4, we cân choose a net (c"r) far out in

(øo) for which fq - g in norm. We certainly have cryl *. Given e ) 0, there

exists 7" such that ll/c, - gll < e, for arrl2 ry.. so lþ8, 1", -9)l < €, i.e.,

(i) lþrbB , f) - þ8, s)l ( .,

for all j 2 j" and all B. Then (1) reveals that

(2)

Another time,

l(*r, f) - (", sll :ufl t'fl lþ-,bp, f) - (bB, ùl ( e.

(3) l(*.r, f) - (r, s)l :]'fl Iiml(crbB, f) - (bB, ùl ( e,

by referring to the fact that m.bB - mbB for bB e .4. By comparing (2) and (B),

we have (* . , , Í) : (*, , /). This proves half of the assertion.

conversely, ret (m. ,, f) - (*n, /) hold for all m,n € A**. Denote the map

a * f a, from r4, into.4,*, by f. Then one can show that l* : A** ---+ A* has the form

l* : n è nf. So for nz e A**, (f..(-), n) : (*, nf) : (mn, f| : (*. n, l) :

(r, f ' rn); therefore l** (*) : f . m e A*. Hence f is a weakly compact, by [1g;

Theorem 2, section VI.4]. n

We recail the definition of weakiy almost periodic functions on a locally compact

group G. The space of these functions is denoted by WAp(G), " usual. The

following theorem is implicit from [60; Lemma 6.3]. see also [b4].



Proof. Letm,neA**, f e A andø,be A. Define f e A* andm- €A**

successively by (i , ") 
:TÍ:ð and (m- , f) : @Ã

:-
(a) Ctearty f : /, therefore (m--, f): (*-, f): @, i): (*, f), which

shows rn-- : r'rl.

4.7 Theorem. Let f eC(G). Then f i,s weaklg almostperi,od,ic as afuncti,onal

on LT(G) i,f and only i,f f eWAP(G).

4.8 Lemma. Suppose that A 'is a Banach algebra uith a continuous ,inuolution

Then - has an ertens'ion to a one-to-one mapp'ing of A** onto 'itself, denoted bg

the same symbol, such that for aII m, n e A**, and d. e C, the followi,ng hold:

(u) *-- - rn;

(b) (mn)- : r¿- 'n'L-;

(c) (am + n)- : ern- I n- ;

(d) The ertensi.on of - 'is 'isometric, wheneuer - 'is 'isometri,c.

(b) we have (/a,b) : (i,"b) :Tf@j :W:õ : (o,::f ,b) :
(("-.fl ,bl, indicating that fa: (a-.f!. Then (ri,o) : (n,(o-.Ín:
(n-,o--f): U.n-,o-): (U.r-l ,o); so that ni : U."-1. Hence

((*")-, Í) : (*r, f) : (*, (Í . 
"-l) : (m*, f .n-) : (n-.n-L-,.f); ro (mn)- :

n- .n'L-. Both (c) and (d) are ciear from the definition of -. n

4.9 Corollary. If A is Arens regular and - i,s a continuous ,inuoluti,on oÍ A,

then - ertends to an 'inuolution of A*".

4.L0 Remark. Proposition 4.8 shows that when G is an infinite locally compact

group, an attempt of using "adjoints"to define an involution on Lt(G)"* is futile,
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since in this case Lr(G) is not Arens regular.

Now we prove our ciaim:

4.LL Proposition. For euery locallg compact group G, the Bønach ølgebra

WAP(G)- has a norrn-preseru'ing'inaoluti,on that ertend,s the i,naoluti,on of fL(G).

Proof. We assume f e WAP(G), TtrL,rrlz e WAP(G)*, and that foli : I,2,

n¿ is a Hahn-Banach extension of rn¿ to L*(G). one can verify that i € W AP(G)

whenever f e WAP(G), in which i@) : f@=\ Note that this / coincides

with the / defined in Lemma 4.8 if we let A: Lr(G). Note that from Theorem

1.5.5, we have i e WAp(G). For àrry rn e WAP(G)*, define rrt e WAP(G). by

Urî, f|:æ. Fbom this definition it is clear that rrî^:,trL ãrtd.llrfll : ll-ll,

since ll/ll : ll/ll. Note that if n is any Hahn-Banach extension of m to L* (G), then

(rrt, Í) : (n- , /), where n- is the image of n under the map defined in Lemma 4.8,

in which A: LL(G) is equipped with the natural involution. By Theorem 1.b.4,

n1n2 is an extension of ffLtrrLz. Therefore

((*r*rl, ¡) : ((nnz)- , Í)

: (nî .nT , f)

: (nîni , f) [by Proposition 4.6 and Theorern 4.1

: ((rn2l(rnrl, /) [by Theorem 1.5.4].

So (m1m2l: (*rl(*tl. It is also ciear that (o ,+mzl: amf imf, for any

complex number a. The ciaim in now fulfilled. n

'We recall from Proposition 1.5.2 that the left regular representation À : LL(G) ---

B (L'z (C)) is a norm-decreasing *-homomorphism.



4.L2 Proposition. Let À : LL(G) --+ B(LZ(G)) be the Ieft regular representa-

t'ion.

(u) The i,mage o/ À* * i.s a self-ad,jo'int subalgebra of the C* -algebra B ( L, (G) )-" .

(b) The lcernel of À** conta,ins the rad'ical of LL(G)...

Proof. Let m € LL(G).. and (9) be a net in LI(G) such that llp*ll < ll-ll
and. go 4 *. Let g\ be the image of go under the natural involution. Then

lleåll < llrnll, so that a subnet of @L) converges to some n e LL(G)".. We can

assume ,p|g n. By the weak-star continuity of À** we have that

liy À.. (ç.) : À**(nr)

and

lip À-. (pL) : À*. (r).

On the other hand, [53; Theorem 1.7.8] indicates that the involution in a von Neu-

mann algebra is continuous in the weak-star topology; so that À**(r) - hp À..(på)

: ly¡(e;) : tyÀ(p'). : iim (À..(p*)). : (¡..(-))., indicaring that

(.r..(-))* : À**(n); hence À.*(¿1(G)..) is self-adjoint, furthermoïe it is a subal-

gebra of B@2(G)).* from Lemma 8.4.4.

Now if we assume that m e Rad(¿t(G)..), then the spectral radius of. mnis

zeto, that is r(mn): 0. An algebra homomorphism reduces the spectral radii, so

"(À**(-)(À..(-)).) : r(mn): 0. Since À** (m)À"(m)* is a self-adjoint element

of B(Lz(G))**, *" must have À..(-) :0, a¡rd the proof is complete. n

4.L3 corollary. ,l'l kerÀ** d,enotes the lcernel oÍ À*", then LL(G).*/kerÀ..

adm'its an i,nuolut'ion.
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4.t4 Corollary. If G i,s non-d'iscrete or amenable discrete, then À** is not one-

to-one.

If it turns out that for every discrete non-amenable group G the map À** is

one-to-one, then L'(G).* wilt be semisimple for these gïoups and an old question

regrading to the radical of. LL(G).. [12] will be answered.

In relation to part (b) of Proposition 4.I2, one might ask:

Question: Is kerÀ** larger than the radical of. L7 (G)..?.

It would be interesting to know whether the problem of existence of involutions

on LL(G).,* for discrete group G is related to existence of a non-zero radical, so we

ask:

Questionz If G is discrete and .L1(G).. has an invoiution extending the natural

involution of Lr (G), then does it follow that Rad,(¿t(G)..) : (0) ?
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