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ABSTRACT

A numerical study has been carried out to analyze the laminar
free convection heat transfer from an isothermal vertical flat plate into
a fluid. The plate height varied between 0.1 and 23.64 cm. Depending
on the temperatures of the piate and bulk fluid, the corresponding range
of the Grashof number was from 1.0 to 0.4704 x 108. In addition, several
values of the Prandtl number were attempted, ranging from 0.72, which is
an average value for air, to 12.8, which is the average value of the
Prandtl number for water in the temperature range from 0°C to 4°C. The
Boussinesq-approximated complete forms of the Navier-Stokes and energy
equations were considered, since the boundary layer approach is not valid

for cases involving low and moderate values of Grashof number.

Solutions of the steady-state and time-dependent governing
equations were attempted by using several numerical techniques. For the
steady-state case, results were obtained for Gr = 1.0 and Pr = 10.0 by
applying the "Direct Substitution Simple Explicit' (DSSE) method. The
"Simple Explicit" (SE) and the "Alternating Direction Implicit" (ADIP)
techniques, on the other hand, were modified and used in attempts to

solve for the time-dependent case, but no final results were obtained.

The results obtained for the steady-state situations illustrate
the effects of the boundary conditions and of the initial values on the
numerical solution. However, to circumvent the instability problem and

to express the real physical situation in numerical terms, a new set of
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boundary conditions, called the '"Open-control-volume Boundary Conditions",
were introduced. These new boundary conditions reduced the recirculation
of the flow, and the appearance of strong eddies near the boundaries away

from the heated plate.

When the bulk fluid was water near 4OC, uni-directional and
bi-directional convective flow patterns were predicfed. The boundaries
between these flow-patterns were investigated and determined for a bulk
temperature of 0°c. A map for the resulted convective flow regimes was
obtained. This map showed that the regimes obtained for similar studies,
but for the boundary-layer case, are not the same as those predicted in

the present work.

Two new computational techniques were introduced. The first,
referred to as the "Up-down'' technique, was introduced mainly to solve
for Laplacian and Poissonian fields. The other was referred to as the
"Temporary-nodes' grid system and computational technique. Its function

was to save computer storage and computational time.

The IBM 370/108 computer was used on computing and plotting

the results.
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CHAPTER 1

INTRODUCTION

1.1 Introduction to the Problem

Free convection flow results from the action of body forces
on a fluid element. This kiﬁd of flow has usually been considered to
be generated in a gravitational field, despite the fact that free con-
vection can also be set up by the action of other forces [Refs. 12,

( p.522), 38, 57].

Many practical applications of heat transfer by free convection,
where the gravitational field creates the body forces, can be found. For
instance, in the design of nuclear-reactor fuel elements, it is necessary
to consider their behaviour during a coolant-pump failure. Under such
circumstances, the heat may be transferred solely to the coolant by the
free convection generated by the presence of the gravitational force.

Other practical problems can be found where the body forces
are created by the presence of other fields. For instance, electric
and magnetic fields can interact with a moving electrically conducting
fluid,creating body forces. Consequently, free convection can be
observed within the boundary layers on the walls of magne tohydrodynamic
power generators [Ref. 57]. Also, in gas turbine rotor blade design,
heat is transferred through the free convective flow produced by the
action of the centrifugal force [Ref. 38].

The unusual variation of the density of water near 4°C has
motivated a number of workers [Refs. 51, 70, 77] to study free convec-

tion heat transfer from several geometric shapes to water in this
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temperature range. The most interesting point here is the bi-directional
convective flow which has been observed experimentally and has been
predicted by the numerical solution of the boundary-layer equations
[Ref. 77].

Generally speaking, free convection can be distinguished, as
far as the analytical treatment is concerned, by the interrelation of
the momentum and energy equations. The convective fluid-flow is generated
by the change in density due to the transfer of heat. Once the fluid
starts to move, convective transfer of heat will take place and this, in
turn, will affect the momentum transfer. Steady state can be achieved
when both the momentum and energy fields reach an equilibrium state.

The study of the problem of free convection heat transfer from
a vertical flat plate to fluids began in 1879 with an experimental investi-
gation by Oberback* with some analytical work. In recent years, since
1950, numerous theoretical analyses have appeared in the literature.
However, the analysis of the general case of free convection heat transfer
has rarely been carried out. Most workers have dealt with the boundary-

layer approximate formulae because of their greater simplicity.

1.2 Scope and Format of the Thesis

The aim of the present work is to solve the general and simpli-
fied forms of the Navier-Stokes and energy equations which govern the
case of heat transfer by free convection from a vertical flat plate to
liquids, with emphasis on water near 4°C. Numerical solutions for the
steady-state and time-dependent cases have been obtained using a digital

computer. Several numerical methods have been attempted to find the best

*See reference 14
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technique to achieve steady and stable temperature and velocity fields.

The formulation of the governing general equations and
Boussinesq-approximated expressions are presented, with the controlling
boundary conditions, in Chapter 2. Ten numerical methods and their
stability analyses are discussed in detail in Chapter 3 after an intro-
ductory presentation of finite-difference and iterative techniques. In
Chapter 4, two new computation techniques to improve and broaden the
range of convergence of some numerical methods are presented. The
factors which affect the stability and accuracy of the present solutions
are discussed in Chapter 5. Following some preliminary results presented
in Chapter 6, Chapter 7 includes detailed interpretation and analysis of
the results obtained. Finally, conclusions are presented in Chapter 8.

The appendices at the end of the thesis contain step-by-step
derivations of some finite-difference formulae, tables of numerical
values, and computer-programme listings for some useful numerical

subroutines.

1.3 Previous Work on Related Problems

1.3.1 Steady State Problems

Many workers have dealt with steady state free convection heat
transfer from a vertical flat plate to fluids. Most of these have
attempted to solve the approximate boundary-layer equations.

The first researcher who attacked this problem was Oberback

in 1879%. e tried to solve the general form of the governing equations

*See reference 14




4
by expressing them in series in terms of the volumetric thermal expansion

coefficient 8, Three years later, Lorenz* obtained practicable straight
forward solutions by simplifying the problem of Oberback with the intro-
duction of some sweeping assumptions. This led to results in good agree-
ment with some associated experiments on one hand, but on the other hand,
these results did not predict the variation of the heat transfer coefficient
h as a function of the dist;nce from the plate leading-edge.

A significant advance in the problem of vertical flat plate is due
to Schmidt and Beckmann [Ref. 55]. In 1930, their measurements indicated
that the boundary region may be thin compared with the plate height and
hence, as a result, the boundary layer assumption could be introduced.

In an attempt to solve Schmidt and Beckmann's resulting equations,
Pohlhausen®** introduced a. new definition of a stream function
to satisfy the continuity equation; as well as similarity parameters to
convert the relevant equations to ordinary differential equations.
Pohlhousen's theoretical solution for Pr = 0.733 was adjusted to agree
with the experimental results of Schmidt and Beckmann.

In 1939, for the same problem of vertical flate plate,

Saunders [Ref. 50] obtained further solutions for air, mercury and
water by an approximate method which did not have to fall back on
experimental data.

Touloukian, Hawkins and Jakob [Ref. 69 ] carried out some
measurements of the heat transfer coefficient h for the case of free
.convection from a 2.75 inch diameter cylinder to water and glycol.

They found that the influence of curvature was so small that the results

*See references 14 and 55
**% See reference 55



did not differ appreciably from that for vertical flat plate.

Almost all work done before 1948 has been summarized by
Jakob [Ref. 29, p. 522].

In 1953, Ostrach [Ref. 38], in collaboration with Albers,
obtained an exact numerical solution for the case of an isothermal
vertical semi-infinite flat plate. Eight values of Pr from 0.01 to
1000 were used to get solutions by means of computer. These results
confirmed those of Schmidt and Beckmann. The type of flow was found to
be dependent solely on the Grashof number. For high values of Gr, the
flow was of the boundary layer type and the problem was reduced to one
analogous to Prandtl's forced-flow model. The Prandtl number Pr, on
the other hand, was found to affect the thickness of the boundary layers.
Increasing the value of Pr appeared to reduce the thickness of the thermal
boundary layer while decreasing the value of Pr was found to thicken
both layers.

The method developed by Ostrach appeared to work well for the
case of constant heat flux if the heat transfer coefficient and Grashof
number be expressed in terms of the value of the constant heat flux, q.
This was the approach used by Sparrow and Gregg [Ref. 61] to obtain
similarity solutions for such circumstances.

Additional cases of similarity solutions were carried out by
Sparrow and Gregg [Ref. 63] and Yang [Ref, 75] for plate-temperature
variation of the form Tp - Tb = Cyn, where C 1s constant and n can be
lower or higher than zero, or zero for the isothermal case.

In many problems, the variation of the density with

temperature is not the only factor to be considered. The viscosity u




and the thermal conductivity k are also sensitive to any

temperature change. This was the problem attacked by Sparrow and

Gregg [Ref. 62] for the case of variable fluid properties in

free convection from a vertical flat plate, They showed that properties

other than B should be evaluated at the following reference temperature
Tr = Tp - 0.3? Cﬁp - Tb) , (1.1)

This has been stated as a better choice than that of the film temperature.

Schechter [Ref. 51] and Schechter and Isbin [Ref, 52] studied
the case of free convection heat transfer from an isothermal vertical
flat plate to water near 4°c, They considered the thermal expansion
coefficient B as the only temperature-dependent variable. They observed
three regions for the convective fluid flow depending on the values of
the plate and water-bulk temperatures. By varying the plate-temperature
and keeping the water-bulk temperature below 40C, they observed upwards
and downwards wmidirectional flow regions in addition to a bi-directional
flow region.

In 1972, Yuill [Ref. 77 ] considered the thermal expansion
coefficient B and the viscosity u as temperature-dependent variables for
the same problem of Schechter and Isbin. He obtained a similarity solution
by using the Runge-Kutta technique to solve the boundary layer problem.
In that effort, the results of sdme experiments carried out are in
good agreement with the numerical solutions obtained.

Previous researchers have performed solutions of not
only the boundary layer approximate equations but also the

governing  equations in ‘the "Boussinesq-approximated general



form. For instance, Yang and Jerger [ Ref. 76 ] performed

perturbation solutions for the two cases of Pr = 0.72

and 10.0. They used the boundary layer approach as a zero-order approxi-
mation to get the first-order approximate solution. Suriano, Yang and
Donlon [Ref. 66] solved the same case for extremely low Grashof numbers
by applying the perturbation technique. Their solution was limited by
the nature of the perturbation series itself as being valid only for
Gr < 1.0. ’

In 1966, Suriano and Yang [Ref. 651 solved the problem of

free convective heat transfer to liquids from vertical and horizontal

plates for a Grashof number range 0 < Gr < 69.5. They used the initialised

disturbances technique which has been adopted by Lester [Ref. 33] in his
attempt to solve the Navier-Stokes equations of fluid flow.

Free convection from a vertical flat plate and through a fluid
contained in a long horizontal cylinder of non-uniferm wall temperature
has been studied by Hellums and Churchill [Ref. 27]. After some simpli-
fication of their governing equations, their numerical solutions agreed
with some experimental data ofMartini and Churchill [Ref. 35].

Up-wind difference techniques were applied by Runchal, Spalding
and Wolfshtein [Ref. 48] to solve the elliptic equations for vorticity,
heat and mass transfer in two dimensions. The generalized case of
recirculating flows was analysed by Gosman et al. [Ref. 25].

Heat transfer by free convection in a reétangular enclosure,
between two parallel plates or cylindrical annuli, 1is of importance
here since the vertical flat plate case can be considered as an asymp-

totic situation when one of the surfaces goes to infinity, One of the



early studies of this subject was done by PQots [Ref. 42], He used
orthogonal polynomials, suggested by Batchelor [Ref. 3], to solve two
simultaneous equations governing the cases of horizontal, oblique and
vertical air iayers. He performed the computations by hand for five value
of the Rayleigh number. Eckert and Carlson [Ref. 11] used the Zehnder-Mach
interferometer to study the temperature fields in such fluid layers for
a wide range of Pr. Other solutions for the same circumstances were
obtained by different numerical methods. Elder [Ref. 15] used an
iterative technique to solve five decomposed sécondforder equations for
vorticity, velocities in the two co-ordinate directions, stream-function
and temperature. Numerical stabiiity was achieved.by imposing the con-
dition that the normal gradient of the vorticity vanishes on the hori-
zontal boundaries of the vertical cavity. This arbitrary condition, which
has no physical meaning, was claimed to affect the end regions. For a
set of fourth-order equations, De Vahl Davis [Ref. 8 ] used a similar
iterative procedure,but the vorticity was not retained as a variable.
Consequently, the vorticity boundary-conditions problem did not arise.
The same set of the fourth-order equations were solved by Rubel and
Landis [Ref. 46]. They considered an intermediate iterative step for
the computation of the final temperature, and applied an inner iterative
method to solve for the value of the stream function. The variable fluid
property problem was also attacked for such cases by Rubel and Landis
[Ref. 47]. For gases, they showed that the density variations are of
the same importance as viscosity and thermal conductivity variations.

An analytic solution of the boundary layer equations for ex-

ternal free convection flow from a sphere, with various prescribed



thermal conditions on the surface, was obtained by Chiang, Ossin and
Tien [Ref, 6] by the series expansion method. Schenk and Schenkels
[Ref. 53] studied free convection in water around melting ice spheres.
They photographed and observed the flow phenomena. Similar experimental

investigations were performed by Vanier and Tien [Ref. 71].

1.3.2 Time-dependent Problems

The time-dependent solution of the relevant equations, for
both the boundary layer and general forms, have been analysed by severai_
different numerical techniques.

An early analysis of one-dimensional free convection about.

a semi-infinite flat plate, undergoing a step fumction change in tempera-
ture, was carried out by Illingworth [Ref. 28]. The solution was ob-
tained in exponentials and error-functions, giving the velocity as a
function of position and time. Sugawara and Michiyochi [Ref. 64] treated
a step-function change in plate temperatﬁre by using a method of suc-
cessive approximation. In this method, the heat was considered to

be transferred only by conduction for the first approximation.
Dimensionless temperature and velocity distributions were given for two
times for a fluid having a Prandtl number of 1.0.

In 1958, a comprehensive'study of the transient case of free
convection from a semi-infinite vertical flat plate wés presented by
Siegel [Ref. 57] who used the integral method. The plate was subjected
to step changes in temperature and heat flux in two different trials.
Three stages of behaviour were observed: laminar pure conduction,

a transient region, and full convection. The * time required to

reach the first and final stages were stated as follows:
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The conduction regime ends at time

Cppa 4
T = 1.80 {(1.50 + Pr)/Cr}* (1.2)
and the steady convective regime is attained at a time

t = 5.24 {(0.952 + Pr)/Gr}? (1.3)

. A similar study was done by Gebhart [Ref. 22] to develop an approximate
solution for the transient behaviour associated with a constant heat
flux density at the plate. No comparable results have been presented
for the corresponding case of an isothermal plate.

A perturbation solution for vertical cellular heat transfer
was obtained by Kuo [Ref. 32]. He expanded the dependent variables in
a series of orthogonal functiqns, and expanded the coefficients of these
functions as power series in chosen perturbatidn parameters. The values
of these parameters have to be kept less than one for all finite values
of the Rayleigh number Ra. _

Fromm [Ref. 19] introduced the time-central difference tech-
nique to solve for the velocity and stream-function equations governing
two-dimension fluid flow. He studied the stability of the finite-
difference form for the vorticity equation, and, as a result, he
modified this equation by multiplying all the terms by a factor depend-
ing on the grid size, kinematic viscosity and time-iterative increment.
One year later, Fromm [Ref. 20] used this technique again to solve
the Boussinesq-approximated Navier-Stokes equations of a fluid layer
heated from below. Very recently, in 1972, this technique was
tried by Kettlcborough [Ref. 30] to solve the problem of free convec-
tion in a rectangular cavity, but he stated that it did not give

satisfactory results.
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The use of the Alternating-Direction Implicit (ADIP) method,

introduced primarily by Peaceman and Rachford [Ref, 41], was adopted
by Wilkes and Churchill [Ref. 74] in an attempt to obtain the temperature
and velocity distribution for a rectangular cavity. They solved the
initial value problem of a fluid initially at rest and suddenly subjected
to a prescribed thermal boundary condition. The ADIP method has the
advantage of yielding information on the transient conditions which
exist prior to the establishment of the steady state. On the other hand,
it has the disadvantage that the Rayleigh number must be below 75000.

A good survey on the‘stability limits and the applicability
of several numerical methods to the solution of diffusion equations has
been carried out by Barakat and Clark [Ref. 2]. In addition, they intro-
duced the Alternating-Direction Explicit (ADEP) technique to solve such
problems. Trials were done by Kettleborough to apply the ADEP to problems
like that of the present study, but it was found that the technique did
not work for this kind of equation. No matter how small the time step
was made, irregularitieé soon built up in the calculated field.

- An experimental and analytical study of transient free convec-
tion in moderate and high Prandtl number fluids was presented by MacGregor
and Emery [Ref. 34]. The effects of the Grashof and Rayleigh numbers, the
aspect ratio and variable properties were discussed. An explicit finite-
difference technique was used in conjunction with a Gauss-Seidel iterative
method for the solution of their relevant equation. Comparisons were
presented of their computed and experimental results.

In 1972, Kettleborough [Ref. 30] studied the entrance effect

on the transient laminar two-dimension heat and fluid flows between two



12

isothermal vertical parallel plates. Comparisons were done between
results using the Simple Explicit (SE) technique alone and using the
combination of the SE and ADIP procedures. Good agreement between the
two approaches was obtained.

For other geometries and dimensions, De Vahl Davis and Thomas

[Ref. 9 ] obtained a numerical solution for the cases of free convective

fluid motion in a closed annular cavity formed by two concentric isothermal

cylinders and two horizontal planes. The former case was further studied

by Thomas and De Vahl Davis [Ref. 68]. Here, a secondary flow was induced

at a critical Rayleigh mumber, causing multicellular motion. Aziz and
Churchill [Ref. 1] presented a finite difference techhique for the
numerical solution of three-dimensional free convection in an enclosure.
An alternating direction method was appiied to the solutions of the
transient parabolic equations, the energy and vorticity transport, while
a successive overrelaxation (S.0.R.) technique was used for the deter-
mination of the vorticity. Although soﬁe results were given, their
report consisted mostly'of a discussion of the various methods available
for both two and three dimensions.

The turbulent free convection boundary layer was analysed by
Eckert and Jackson [Ref. 13] for a flat plate. The main result of their
work lies in the estimation of the critical Rayleigh number. They found
that the transient regime between laminar and turbulent free convection
occurred at values of Ra between 108 and 1010, usually taken as 109
[Ref. 29, p. 529]. A similar analysis was carried out by Deardorf [Ref.

for two-dimensional convection between horizontal parallel plates. le

studied the effect of the width-height ratio on the formation of convec-

7 ]

tive plumes. The effect of replacing the rigid-surface boundary conditions
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by free-surface conditions was found to increase the heat transfer
by 190%.

From the above survey of previous related studies, it can be
seen that most progress has been made in the solution of the Boussinesq-
approximated boundary-layer equations, for both steady-state and time-
dependent free-convection heat transfer problems. This is due to the
fact that all earlier experimental investigations have been carried out
on free-convection heat transfer at high values of Grashof number Gr,
where the boundary layer exists.

It is noticeable also that some work has been done using several
' different analytical and numerical approaches to solve the free-convec-
tion Boussiﬁesq-approximated general equations. The major difficuly
in.attacking such problems lies in finding the proper way to initialize
the solution and to state adequate boundary conditions.

As a general remark, it can be said that the Direct Substitution
Simple Explicit (DSSE) method appeared to work smoothly for solving
steady-state problems. Also, the Simple Explicit (SE) and the alternating
di?ection implicit (ADIP) methods seemed to be the most promising teéh—

niques for solving the time-dependent equations.



CHAPTER 2

GOVERNING EQUATIONS

The postulates which will be applied in developing the govern-
ing equations are those pertaining to free convection heat transfer from
a smooth isothermal flat plate to water. The convective flow is generated
solely by the temperature-dependent density variation of water, in
conjunction with a gravitational field of strength g. This density
variation is a result of the heat transfer by all modes from the plate
into water.

Many textbooks* have discussed and analysed the set of formulae
governing the case considered in this report. These formulae are usually
designated as the Navier-Stokes, energy and continuity equations. These
equations can be derived for an isotropic,compressible, Mewtonian and
Stokesian fluid by considering momentum, energy and mass conservation

respectively. For two-dimensions, this yieldsv[Ref. 54, pp. 51 and 254]

! — .
o9 = x oy ) s 2y 2 @iv T (2.1-2)
D! ox! 3 ox!
A2 -yl @iy s Ly 2 @iv vy (2.1-b)
Dt oy 3 oy'
pcgz = vl uéd (2.2)
D! Dt

and

..3_9. +2(u'_a_p. +V'.§9_)+p(£+.a_\ﬁ.)

' = 0 (2.3)
3T ax! oy ax! ay"

*See references 12, 21, 29, 36, 40, 45, 54 and 56
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with the assumption that all properties except density are constant.

The left-side term in equations (2.1) and (2.2) is frequently
called the '"inertia' or ''convective' term. It presents the contribution
of the convection flow to momentum and energy transfer. For low velocity
fields, e.g. at the very first time-iterative steps, this term can be
neglected to retain the case of pure conduction heat transfer [Ref, 28].

Equation (2.2) implies neither sources nor sinks within the
control volume, and neglects the heat transfered by radiation. This
last assumption is reasonable since the temperature differences involved
in the considered case are very small,

Now, we can eliminate the pressure-gradient term in equations
(2.1-8) and (2.1-b) by differentiating the first with respect to y',
and the second 127h respect to x' and subtracting. Also, we can

introduce a dimensional vorticity function &' defined as

1 t t .
Z;‘ = ?L\I—-A- —a—li—- (2°4)
ax'  oy!
Consequently, with some lengthy algebraic manipulation, equation (2.1-a
q y y » €q C )

and (2.1-b) can be combined into one equation of the form

! J
R - 2wy - 2w
DTI -‘axl ayl

Du' 3p _Dv' 3p

= z' div V' +
i DTt Gy'  Dr' ox' (2.5)
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2.1 Simplified Dimensional and Non-dimensional Time-dependent Forms

For the case under consideration, the Boussinesq approximation
can be introduced. This is based on the assumption that (Tp - b) is
sufficiently small to (a) neglect the density variation in all terms of
equations (2.2), (2.3) and (2.5) except for the y'-direction buoyancy
term; (b) assume all transpért and thermodynamic properties (apart from
the density) to be independent of temperature; (c) neglect the compressi-
bility effect. This last assumption means that tﬁe'time*and spatial
variation of density, and as a result the pressure, can be omittedX[Ref-SB]
and (d) neglect the heat dissipation by viscous effects since the dis- |
sipation number {Refs, 23,24] is very small for water (10—4 - 10"7)
under the present circumstances.

On this base of assumptions, the continuity equation (2.3)

can be reduced to be

.a;L_l.'_"l- E-\L'— = O (206)
ox' oy

We are now in a position to introduce a new function which

satisfies equation (2.6) and includes u' and v' in one function, that

is the stream-function ', defined by
u' = '/oy' and v' = -9y'/ox' 2.7)

The stream-fumction ¢' physically represents the volumetric rate of flow
per unit length. It has the dimensions of fts/(sec. ft).
On the other hand, by applying the aforementioned assumptions,

and substituting the value -pg for the y'-direction body force Y,
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equation (2.5) will be

'
p_._.._DC - HV'ZZ;' + g.?ﬁ _a_:r.._

D' 5T ax' - 0 (2.8)

By making use of equation (A - 2) in Appendix A, we can say
that
(3p/3T)y = -ByPy (2.9)

and equation (2.8) can be written in an expanded form as

3" ' ' |
—_— u'_a.C- +V'3-C—— = gBk_B_'_I‘__‘ + \’kv'zf:' (2.10)

ot 3x! dy! ax!
Similarly, the energy equation (2.2) can also be simplified

to take the form

§.L+ u!aT + ! aT- = OLkV'ZT (2'11)

ot'! ox! - oy!

Other forms of equations (2.10), (2.11) and (2.6) can be
rephrased by introducing the definitions of the stream-function (2.7)

and the vorticity (2.4). This yields

3! ac' ! 1 t
3gt 3% By 8Tt A ggk?_T_Jrvv'Z;v (2.12)
3Tt ax' dy' ay' ax' x' X
oT , 3T 8y BT Ay = o V'iT (2.13)
¢t ox' 9Jy' dy' o'
and
0 = gt o+ vyl (2.14)

This set of equations presents the dimensional forms of the time-dependent
vorticity, temperature and stream-function formulae respectively. For

the case under consideration, these equations are associated with the
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following initial and boundary conditions:

For ' <0 ;

T = Tb and u' =v' =¢y' =¢g' =0 (2.15-a)

For t' > 0_and

at y' = + oand 0 <x' <+ ®;

u' =0, ie.dy'/oy' =0
av'/3y' =0
’ o | 2.15-b
3°T/3y'" =0 . )
at x' =+ @and - @ <y' <+«
u' =0, i.e. Pro= Cé
dv'/3x' =.0 and hence ' =0
0T/3x"' =0 (2.15-c)
at x' = 0 and -L/2 <y' <L/2 ;
’ u' = 0 therefore Y o= Ci
V' =0 and awv/axv =0
T =T (2.15-d)
p
and at x' = 0, - @ <y' <-L/2 and L/2 <y' <+ = ;
u' = 0 therefore Yt o= Ci
dv'/3x' =0 and z' =0
3T/ 3x' =0 (2.15-¢)

The physical meaning of these boundary conditions will be
discussed in Chapter 5.

It is convenient, for the sake of simplifying the numerical
solution, to non-dimensionalize the equations involved in the analysis.
To do so, we will set the plate height to be unity, and will identify

the following dimensionless parameters
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co-ordinates: x=x"'"/L, y =y"'/L (2.16-a)
vélocities .. u = u'/vk, v = v'/\)k t2.16-b)
dependent variables: Y = x,b'/\)k, L= Z;'LZ/\)k

6= - b)/C‘Tp - T (2.16-c)
and
time: 1=t v/l (2.16-d)

In addition, the variable node-Grashof number Grk will be defined as
Gr, = g 8 (T - T.) Lo/v? 2.17)
k &Pk Yp b k :
By using the dimensionless parameters of equation (2.16) and

the variable Grashof number Grk, equations (2.12) to (2.14) can respect-

ively be rephrased to take the forms

g.g%%g.;l’_, “3-33-3% s%?\ﬂe (2.19)
and . o 0 =‘\;"21p + (2.20)
Translient Convec|tion pszu‘— ) Solurce
term term sion term term
associated with the following initial and boundary conditions
For t <0 ;
B=0andu=v=9y=rg=20 (2.21-a)
For 1 > 0,and |
at y=*®and 0 <x <+ o ;
u=20 i.e. 3y/d3y =20
ovhy =0
3%6py> = 0 (2.21-b)



20

at x = +wand - © <y <+ @ ;

‘u=20 i.e. Y= C,
dv/3dx =0 therefore r=20
06/ 3x =0 (2.21-¢c)

at Xx='0'and -0,5 <y <+0,5 ;

u=0 therefore P =C1
iv =0 and z=20
®=1.0 (2.21-d)
and atx=0and - © <y <-0,5and +0.5 <y <+ =
u=190 therefore Y= C1
dv/3x =0 and =0
36/3x =0 (2.21-¢)

The similarity of the terms in equations (2.18) to (2.20) is
obvious. Consequently, one or both of equations (2.18) and (2.19) will be

considered for any numerical discussion to follow,

2.? Simplified Dimensional and Non-dimensional Steady State Forms

By steady state is meant a state of equilibrium in which the
dependent variables change solely with the spatial co-ordinates. This state
can be reached as the final situation at the end of a transient process, and
it might be either stable or unstable from the numerical point of view.

By a similar manner to that used to deriﬁe the time-dependent
set of equations, and by considering all the aforementioned assumptions
to be valid, the steady state forms of the governing equations can be
easily formulated., Here, the transient term of equations (2.12) to (2.14)

can be omitted to yield
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ax' dy' 3y' 3x’

9T 39" 3T 8y’ 0 7' 2T (2.23)

ax' dy' 3¥y' ax'
and

0 = ' + V' (2.24)

associated with the boundary conditions (2.15-b) to (2.15-e).

To formulate the non-dimensional forms of the steady state
case, the dimensionless parameters (2.16-a) to (2.16-c) and the variable
node-Grashof number,Grk, can be substituted into equations (2.22) to

(2.24) . This will yield

e b .3 3 g vz (2.25)
3X 23y oy 9X X
38 o@lﬂ .28 °§l£ = ‘ 1_.v29 (2.26)
IxX a3y Iy 9X Pr
and
0 = ¢ + V% (2.27)

associated with the set of boundary conditions (2.21-b) to (2.21-e).




CHAPTER 3

NUMERICAL CONSIDERATIONS AND STABILITY ANALYSIS

The general formulation of many physical problems involving
rates of change with respect to two or more independent variables, such
as time, length or angle, leads to a partial differential second-order

equation of the form tRef. 58]

2 2 2
aB 9 L b0 0, 9, g0, 39, fo+g = 0 (3.1)
9x2 0xady dy2 ox y

where a, b, ¢, d, e, fand g may be functions of the dependent variable ¢.
This possibility occurs frequently because such equations usually repre-
sent the mathematical form of one of the conservétion laws in physics.
Equation (3.1) is said to be elliptic when b2 - 4ac < 0, parabolic when
b% - 4ac = 0 and hyperbolic when b% - 4ac > 0.

The mathematical solution of partial differential equations
usually involves some difficulties and challenges. In order to circum-
vent these difficulties, several numerical methods have been developed.
Of these, the finite-difference methods are the most effective and

commonly used ones.

3.1 Finite-Difference Approaches

Finite-difference approaches are basic in numerous branches
of numerical analysié. Their importance lies in the ease with which
many complicated operations and functions can be discretized. Operations,
such as integration and differentiation, can then be performed not upon

continuous functions but rather, approximately, in terms of numerical

22
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values over a discrete point set. The resulting finite-difference forms

are arithmetically simple agnd can conveniently be programmed for
digital computers. |
Now, by using the symbols shown in Figure (3 - 1), the first

derivative f = df/dx at any particular point x, can be approximated

3

Figure (3 - 1) : Forward-, Backward- and Central-Differences

by the forward-difference formula as
= - (3.2)
£1 = (£, - fp/h
by the backward-difference formula as

£ = (£ - £;.)/h (3.3)

or by the central-difference formula as
fi = (fi+1 - fi—l) / 2h (3.4)

All forms (3.2) to (3.4) are explicit ones. The truncation
error (see Chapter 5) for forward- and backward—difference derivative
approximations are of the order (h), while that for the central-difference
formula is of the order (hz)

Alternatively, numerical approximate forms for the first
derivative can be expressed explicitly in terms of the values at 3, 5 or

more points on one side of the considered pivotal point i [Ref. 31 P. 660].
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The more the points considered in the formula, the higher the accuracy
and the lower the truncation error will be. The "three-point one-sided
derivative" formula is a good example to be considered. Here, the

forward and backward forms can be written as

f!
i

(—Sfi + 4fi+l - fi+2)/2h (3.5)
and

| - __.
£] = (3f; - 4, ,

+ fi_z)/ 2h (3.6)
respectively, In this case, the truncation error is of the order (hz)
(see Appendix B). |

In general, forward- and backward-difference formulae are
required to compute derivatives at the boundaries of any specified con-
trol volume. The central-difference formula is preferred and should be
used if fumction-values are available on both sides of the considered
pivotal point [Ref. 73].

The second derivative, at point i of Figure (3 - 1), can be
expressed explicitly in terms of the numerical values of the function f,
at the three points i - 1, 1 and i + 1, as

£l = (Fy - 26 + £,)/0° (3.7)

with a truncation error of the order (hz), This approximation 1s con-
sistent with the idea of fitting a second-order polynomial to three
pivotal points. Usually, we can gain some increase in accuracy by using
higher-order polynomials. For instance, as an alternative to expression

(3.7), the second derivative can be obtained for five pivotal points as
[ - - - _ . . 2
fi ( fi-Z + 16fi_1 3O£i + 16fi+1 - fi+2 )/ 12 h® (3.8)

with a truncation error of the order (h4) ( see Appendix B).
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Unfortunately, the round-off error controls the accuracy of
the expression as well. For'expressions of higher order of approximation,
the gain achieved by reducing the truncation error is quickly compen-
sated by'the loss occasioned by the increase of the round-off error.
Other formulae for numerical differentiation have been obtained
by Bickley [Ref. 4].

The most important derivative-operator in the present work is
Laplacian operator Vz. In two-dimensional Cartesian co-ordinates, it

can be expressed as

2 2
V2 = E-—-+ 2—— (3.9)
ax? Byz

Applying equation (3.7) independently in both x and y directions,

ke B By
30i,j+1 T

2 o g i
i-135 1,5 1t5,

y ’ 3 h
Lo 4

Figure (3 - 2) :The Five pivotal points for two-
dimensional operators.

and adding, the resulting expression will be

2 .
- h 3,10
f. .1 4fi,j)/“ (

2
= . . f. . . .
(" f1+1,J * “i-1,j ¥ f1,3+1 ¥ i,

in the notation of Figure (3 - 2).

Finite-difference Laplacian operators are available in many co-
ordinate systems other than the Cartesian. Tor cxample,‘Salvadori and
Baron [Ref. 49, pp. 237-252] present cylindrical and spherical co-ordinate

forms.
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Pivotal points are not always equally spaced. For such cases,
finite-difference derivative operators can be derived as well. This is
obvious since approximate polynomials can be fitted to unequally spaced
pivotal-point values. Expressions for the Laplacian operator Vz for such

cases have been presented by Salvadori and Baron [Ref. 49 pp. 231 - 234].

3.2 Iterative Technigques

The use of finite-difference formulae to solve for parabolic
and elliptic partial differential equations produces a set of linear,
or non-linear, algebraic equations. Iterative methods are usually the
most successful way to solve such set of equations. |

The first step in developing the iterative tecimiques was the
introduction of the ''relaxation methods" by Southwell [Refs.59, 60]. We
are required to solve the simultaneous algebraic equations

Af = b (3.11)
where A is a symmetric, positive and finite matrix. The aim of the
relaxation process is to examine the components of the residual, or

displacement, vector

T Y (3.12)

for the current approximate solution fk, and make successive changes
in the components of fk so that the components of the residual vector
are steadily reduced to negligible amounts.

Generally speaking, iterative procedures are to be classified
into two main categories: In one, use is made of matrix inversion
techniques as part of the iterative cycle [Ref.72 1. These are frequently
referred as 'block'" methods; other methods use only the procedure of

successive substitutions, and they arc known as ''point'" mecthods.
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Within the last category, there is a choice of several alternatives
[Refs. 16, 17, 58]. Of these, the Point-Jacobi, Gauss-Seidel and
Successive Overrelaxation (S.0.R.) methods are of interest here.

In the Point-Jacobi,method*, during each cycle of iteration,
only the values of the variables produced by the previous cycle of
iteration are used. In the- Gauss-Seidel method, the updated values
are used as soon as they become available.

The most speedy method is, in fact, the successive overrelaxation
(S.0.R.) method**. Here, at each step of iteration, the variables are
overcorrected by a factor y called the relaxation factor. The value
of this factor is often altered between successive scans of the considered
equation -set . in an attempt to speed up the rate of convergence. The
value of W at which the maximum rate of convergence occurs is called
the optimum value. The S.0.R. procedure has a definite advantage, for
some type of computer applications, over other methods in that it
requires carrying as computer memory not more than one complete set of
dependent-variable values.

Frankel [Ref. 18] carried out some computer experiments on
different numerical methods to differentiate Between their speed of
convergence. He concluded that the S.0.R. procedure would prove more
rapidly convergent and more convenient for digital computers than other

methods including the second-order Richardson method.

*This iterative method has many different other names. Of these, the
""Method of Simultaneous Displacements' and the "Richardson Iterative
Method'" [Ref. 72].

**This method is called the "Accelerated Liebmann Method" by Frankel
(1955) [Ref. 18] and many subsequent authors,
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3.3 Applicable Numerical Methods and Their Stability Analysis

Numerous methods have been devised for solving the governing
vorticity, temperature and stream-function equations. These methods
can be divided into two main classes. The first deals with the solution
for the steady state case and the other concerns the time-dependent

or transient situation.

3.3.1 Methods for the solution of the steady state equations

Several numerical methods have been applied to solving the
equations of the steady state case. The finite-difference approxi-
mations have usually been used in these methods for numerical computa-
tions. Three of these methods will be discussed here along with their

stability analysis and their applicability for our case.

3.3.1.1 Direct Substitution Simple Explicit (DSSE) Method

The DSSE method is based on the explicit finite-difference
direct representation of each term in the equation to Ee solved. For
- instance, by considering equations (2.25) and (2.26) in conjunction
with Figure (3 - 2), the values of the vorticity and dimensionless
temperature at the pivotal point 0 can be expressed explicitly in terms
of other dependent variables at the surrounding nodes 1, 2, 3 and 4

respectively as

1 1 )

- By -ty - ¥ Gy B0 - 6 (3.13)
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and
e = — e + e | + + e - ‘____ - e ]’ ‘("
0 4( 1 2 63 4) |6{(61 2)( 3 ) 4)

By initializing the entire field with suitable values as a first i
guess, the two sets of equations (3.13) and (3.14) can be easily pro-
grammed for computer solutions. The S.0.R. technique recommended by
Frankel is usually used to achieve such solutions. The main difficulty
lies in the estimation of the simultaneous optimum w - values necessary
for maximizing the convergence rate. However, it seems likely in many
such complex problems that an appreciable improvement in convergence
rate can be achieved by a suitable guess of w - values. Moreover,
approximate optimum w - values can be found by computer experiments
without great effort.

The stability of equations (3.13) and (3.14) mainly depends on the
linearity of these equations and is greatly influenced by the order of
magnitude of each term with respect to others. The convergence of the
above equations is found to be restricted by three stability conditions:
(a) The sum of the moduli of the dependent variable on the right-hand
side must be less than or equal to unity at each node of the mesh;

(b) This sum must be less than unity for at least one pivotal point;
and (c) These moduli, and the source term, must not vary too much
from one cycle of iteration to another.

The first condition is obviously satisfied for the two equations
since the sum of moduli is equal to one regardless of the node considered.
The second condition can be satisfied by considering any boundary-node

subjected to a Dirichlet boundary-condition. In this case, the sum of
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moduli is equal to zero. The third condition is already satisfied for
equation (3.14) since the source term equals zero. For equation (3.13),
it is found that to satisfy the third stability-condition, the value of
the variable node-Grashof number Grk should not exceed 100. The DSSE
method applicability for our case is therefore limited by this value

of Grk. For values of Grk > 100, the DSSE method can be applied but
previous results must be supplied as initial values to any succeeding run
with an increment value of 5 to 10 in G?k' This is what Gosman at al.
[Ref. 25, p. 128] asked about in their effort to define the "'sufficiently
small' variations.

In addition, a major factor is found to affect the convergence
of equations (3.13) and (3.14), namely, the value of the acceleration
factor w. Forsythe and Wasow [Ref. 16, p. 237] stated that there is a
certain optimum value of w, at which the convergence rate of an iterative
scheme can be maximized, for each scan of computation. This value is
usually not known prior to the solution and it may vary from one iterative
step to the next. Improper choice of this value may decrease the rate of
convergence. Omar [Ref. 37] performed computer experiments to test these
statements for simple Laplacian and Pbissonian fields. Some accelerating
values for w have been observed. At these values, the rate of convergence
was found to be fast but still slower than that corresponding to the
optimum values. However, some useful schemes exist for successivly esti-
mating the optimum relaxation factors for the solution of equations in
one dependent variable [Refs. 5, 26, 43, 44].

It is very important to emphasize at this stage that when the source
term varies significantly from one iteration to the next, causing instability,

the use of under-relaxation is highly recommended. "Under-relaxation

implies that an acceleration factor, w, between 0 and 1.0 is to be
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used to achieve smoothly oscillating convergence or even stability.
This subject was studied in 1953 by Ostrowski [Ref. z9]. As a general

rule, the vorticity equation presents the main source of instability.

Consequently, the underrelaxation process must be used here.

3.3.1.2. Up-wind Differences Method

This is a method in which the first-order differential co-
.efficients in the convective terms of equations (2.12) and (2.13) can
be replaced by finite-difference forms dependent on the direction of

flow. Gosman et al. [Ref. 25] introduced this approach
to circumvent the instability exhibited when non-linear equations
governing recirculating fields of mass and heat flows are solved.

In the present study, several trials have been carried out
applying this method to solve the governing equations of free convec-
tion. The procedure exhibited instability even for very low values
of Gry .

3.3.1.3 Initialised-Disturbances Method

In 1960, Lester [Ref. 33] developed a method for computing
the vorticity and stream-function by applying the DSSE technique on
an extended node-set including 13 neighbouring nodes. The idea of the
- solution was to assume a specific disturbance initially imposed on the
dependent variable at the considered pivotal point. This would yield
the so—calledqggy_value. By applying the DSSE form on the closest four
surrounding nodes, " other values would be obtained to be used
through the DSSE process to recalculate the value of the uependent

variable at the pivotal point. The difference between the recalculated
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and the new values is presumably fixed to be some figure. At this stage,
a correlation could be formed‘between these fixed figures and the origi-
nally guessed diturbances. Through this correlation, a new guess for
the imposed disturbance could be calculated to be added to the value of
the dependent variable for further repetitions. The same process was
applied by Suriano and Yang [Ref. 65] in an attempt to solve for the
case of free convection heat transfer from vertical .and horizontal
plates to liquids.

The first workers who analyzed the stability of this method
were Thom and Apelt [Ref. 67]. Their approach was depehdent on initial
disturbances imposed one at a time on the dependent variables of a fluid
flow problem. Later on, Lester [Ref. 33] applied Thom and Apelt's approach
but with simultaneous initial disturbances imposed on the dependent
variables. Suriano and Yang [Ref. 65] also used the same technique to
determiﬁe a convergence criterion for vorticity and temperature transport.
Despite the independent imposing of the initial diturbances on the
dependent variables, the convergence criterion derived was mathematically
complicated and had no physical meaning. However, their approach seemed to
work well for low and moderate values of Grk, up to 70.

For the present woek, it can be seen that the restrictions stated
for the usc of tae DSSE metnod for higher Grk are still valid.

In fact, the computation time is expected to be longer. No trials

were carried out to solve the equations of free convection using this
technique. The reason can be illustrated through the following analysis:
The values of Grk considered by Suriano and Yang were 0.139, 1.0 and
69.5. No predictions were stated for the applicability of their procedure

to other situations involving higher values of Grk. However,
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to get an idea about the range of usefulness of their process, let us

consider the dominant factor in their convergence criterion. For the
very first computation step, this factor, for the temperature equation,

can be reduced to be

192 < b3 Gry . Pr (40); < 320 (3.15)

Now, for h = 0.1, 46 = 0(10"1) and Pr = 10, the maximum allowable Gry

value will be 3.2 x 105. Therefbre, for laminar free convection limit,

Ra = 108, h must be 3.2 x 1072 for A9 = 001071y, or 48 should be

0(3.2 x 10-3) for h = 0.1. In both cases we need a large mesh with a small

grid size. This will worsen the accuracy and the stability of the

computation process (see Chapter 5).

3.3.2 Methods for Solving the Time-dependent Equations

According to Kuo [Ref. 32], a steady state can be defined
as the final equilibrium state between the temperature field and the
fluid flow field. If this equilibrium state is stable, it must be
reached asymptotically through the use of a time-dependent approach.
On the other hand, if it is unstable, it will be replaced by another
state which méy be numerically stable but not steady.

In the subsequent sub-sections, we will study some numerical
methods‘which are usually used for seeking the steady state by solving

the time-dependent forms of the relevant equations.
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3.3.2.1 Perturbation Techniqpe

The perturbation technique is usually used to obtain solutions
at different orders of approximations. The zero-order solution is often
that corresponding to a very idealized and simplified case. For instance,
pure conductive heat transfer can be considered as a zero-order approxi-
mation for the free convect@on case at the beginning of the fluid motion.
The first-order approximation usually gives a better representation
of the problem. Second- and higher-order solutions usually present
more accurate or more sophisticated cases.

The essence of the perturbation technique lies in the choice
of a proper perturbation parameter. For similarity solutions, the
similarity parameter is usually taken as the perturbation parameter.

In other cases, the Grashof number itself can be considered as the’
perturbation parameter.

The perturbation method camnot be used to solve our governing
set of equations. The nature of the perturbation series itself limits

the value of Gry to be less than unity [Ref. 66].

3.3.2.2 Finite-Difference Methods

The finite-difference methods used to solve the time-dependent
relevant equations can be classified into two main categories; namely,
"Explicit' and "Implicit" techniques.

For the following discussion, we shall consider equation (2.19)

in conjunction with Figure (3 - 3).
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Figure ( 3-3) : Grid system for finite-
difference formulation.

The node of interest here is (i, j). It is surrounded by four

nodes distant Ax and Ay as shown. Let n designate the nth

time-step,
therefore, n - 1 and n + 1 will stand for the preceding and the suc-

ceeding time-steps respectively.

I Explicit Methods

I.1 Simple Explicit (SE) Method

The SE method is one of the easiest and most commonly used
techniqués to solve time-dependent formulae. Here, the dependent
variable at (i, j) and time (n + 1) can be expressed explicitly in
terms of its values at the five points (i + 1, j), (1 - 1, j), (i, i),
(i, j + 1) and (i, j - 1) and present time n. Accordingly, equation (2.19)

can be rephrased to be
n+1 n - n a0 n 2 1 NP BN N I A T
G 6)/At = {(67 - 26y + 6,)/8x" + (65 - 28 + 6,)/Ly }/Pr

n_ ny.n _ 10 n_ Ny m oD N
“{(el - 62) OPS - 1P4) - (63 - 64) (U’l - wz)}/AfLXA

(3.16)




36

and for this case, stability can be achieved if

AT < {J(Sw/ax)max)l+ | 8¢/8y)max)|+ 2Pr2 4 _2Pr }—1 (3.17)
by & @) @n)?

The SE method was used successfully by MacGregor and Fmery [Ref.34 ]
to solve for the transient situation of free convection in a square
enclosure. The results obtained were in good agreement with their
experiments. In 1972, Kettleborough [Ref. 30 ] used the SE method in
conjunction with the ADIP technique (see Article II.8 in Section 3.3.2.2)
to observe analytically the entrance effect on free convection in a
rectangular cavity.

The SE method has the advantage of being simple and easy for
programming. The restriction of small At usually reauires a huge number
of time steps and represents the essential disadvantage of this method.
Another disadvantage was shown during an attempt by the author to solve
the ﬁroblem of this study by the SE method; that is, the great sensitivity
of the method to the values initialising the computation process.

Improper values caused instability and divergence no matter how small

AT was made.

I.2 Alternating-Direction Explicit (ADEP) Method

This method was introduced by Barakat and Clark [Ref. 2] to
solve diffusion equations (equations like (2.19) without the convective
term). The basic principle of this method is to assume that the value

of the dependent variable 6 at the pivotal point 0 and at the time level

n+l, 68+1, can be represented by two fumctions ag+1 and Bg+1 so that
n+l n+l n+1
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associated with the condition that o and B satisfy the original considered
diffusion equation.
By applying the finite-differences in an alternating-direction

n+l

technique [Ref. 2], dy ~ and 83+1 can be presented for numerical

computation by the following forms (see Figure (3 - 3) for notations)

n+1 n n n n+tl n+l

dy = f(ao, Oy Ozy Oy )y Oy ) (3.19)
and ,

n+1 n n+tl n+l n n

BO = f(BO, 81 s 83 s 82, 84) (3.20)

Now, ag+1 can be computed explicitly, through equation (3.19),

by marching from the point 0(1, 1) to the point at the opposite end
F(imax’ jmax) by increasing the indices i and j by wnity. Also, 88+1
can be computed explicitly, by the use of equation (3.20), by marching

in the reverse direction. As a result, 68+1

can be calculated at this
time-step (n+l) using equation (3.18).

Barakat and Clark declared that the ADEP method did not have
severe restriction on the time step and it had the simplicity of the SE
method. ﬁowever, Kettleborough [Ref. 30] tried to solve equations like

that involved in the present work but the method appeared to be unsuccessful

regardless of the value of Ar.

1.3 Central-Difference Explicit (CDEP) Method

This method was introduced by Fromm [Ref. 19] in an attempt to
achieve stability in the solution of the finite-difference form of the
vorticity equation. The essence of this method is the use of time- and
space-centered finite-differences; i.e., the dependent variable at a

time (r + AT) can be calculated in terms of the values at both T and
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(T - A7) time-steps. By applying this technique on the vorticity equa-
tion, and using velocity Valﬁes at mid-points between the mesh-nodes
(e.g. (i, j+%), (i+%,j), etc.), From developed a modified vorticity
equation to satisfy two requirements for stability, namely,
(ul+]v]) AT/ (L) < 1 (3.21)
and
v AT (L)% < 1/4 (3.22)
Conditions (3.21) and (3.22) are quite similar to the inequality (3.17)
for stability of the temperature equation'(2.19);
The CDEP method was used successfully by Fromn [Ref. 20] to
solve the equations governing free convection from a heated fluid layer.
Kettleborough [Ref. 30] attempted to apply the CDEP technique to solve
for the case of free convection in a rectangular enclosure, but the method

did not appear to give satisfactory results.

IT Implicit Methods

To circumvent the time-step restrictions stated for the stability
of the explicit methods, numerous implicit techniques have been devised.
By using these methods, the dependent variable at any time
level n+1 can be expressed explicitly in terms of the variable-values
at the neighbouring nodes at time level n, and/or implicitly at the same
time level n+l. Consequently, the use of this technique requires the
solution of a large number of simultaneous algebraic equations at each
time step. Iterative methods, such as Gauss-Seidel or Liebmann S.0.R.
methods, usually appear to be the most suitable way to solve such

simultaneous equations. On the other hand, according to
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Fromm [Ref. 19], the smaller the value of the time-step, the more rapid

the computation is. This is obvious since the speed of the computation
process depends on the speed of the iterative cycles. The closer the
first guesses, the faster the iterative cycle can be. Consequently, by

halving the time-step, one can make the first guesses much closer and the

number of steps required for convergence can be decreased by more than 50%.

Three implicit methods will be discussed below: the simple
implicit, the Crank-Nicolson, and the alternating-direction implicit

methods,

II.1 Simple Implicit (SI) Method

This is the most direct method in which the dependent variable
at the time level n+l can be expressed implicitly in terms of the values
at the surrounding nodes at the same time level.

'By applying this technique, in conjunction with Figure (3.-3),
and by assuming Ax = Ay = h, equation (2.19) can take the form

'{en+1 n+1 n+l n+1

n+l N = n+l 2
- 60)/Afr 1 tO T T 8,7 - 48 }/Pr h

Ch

: n+l n+l, .. n N, -
- {(61 - 62 )(li)3 - W4)

©T - ol - v/’ (3.23)

This equation is unconditionally stable.
The main disadvantage of the SI method is the large number of

iterations required for each time interval.
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IT1.2 Crank-Nicolson Implicit Method

According to this method, equation (2.19) can be represented

by the form

n+1

n+l
(60 -

- 98)/AT'= fomtl 4 gl g0+l 2

1 2 3 *9

468+1}/2Prh2

+

'{eQ + 0 + o + &) - 463}/2Prh2

SR G A Y I G A YA

R G Ty I CH S T SV (3.24)

Expressions like (3.24) are unconditionally stable but require
a large number of iterations for each time-step.

It should be emphasized here that the application of forms
like (3.23) and (3.24) will be unconditionally stable regardless of the
choice of the time-interval as a function of the grid size. So, condition
(3.22) is not necessary to be applied. However, the restriction on the
value of the time-interval in connection with the absolute - values of the
velocitytcomponents is still valid. This means that for the stability of the
iterative process within any time-step, a condition like (3.21) should be

satisfied.

II.3 Alternating-Direction Implicit (ADIP) Method

This method was introduced by Peaceman and Rachford [Ref. 417
in an attempt to solve elliptic and parabolic equations. Forsythe and
Wasow [Ref. 1] discussed and analysed this technique in more detail.

The process is composed of two steps to pass from the time T

to the time 1 + At, During the first step, implicit differences are
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used for the derivatives in direction x and explicit differences are
used for the y-direction derivatives. For the second step, the reverse
procedure is applied to each of the two directions.

For equation (2.19), the numerical ADIP form will be

65" - o)/ we/2)

1
n+s

et
(6] 7 - 28,

1
+%3

i

+ 6075 /pr (1)

(9131 - zegl + 07) /Pr(8y)*

+

1
n+2s

S (G e YAy

n n n
(05 - 8 0y - v5)}/4nxny (3.25)
for the first step, followed by
@ - 0wy = @ - 200 s o0 e
NG A Vo ok

n+is n+L

. 5 n je R
{(el - 62 )(11)3 - 11)4)

1

-5 - he - vy 3.26)

for the second step.
"The nurber of iterations required for each time interval is
much less than that required for any other implicit method, but still
somewhat larger than that required for any explicit technique [Ref. 18].
The ADIP method was applied by Wilkes and Churchill [Ref. 74]
to solve the governing equations of free convection in a rectangular
enclosure. The main disadvantage of this method was found to lie in the
evaluation of the vorticity at the boundaries. The vorticity values at
the boundary nodes were those calculated from the previous velocity fields.
Hence, these values were always one time interval behind the rest of the

values,
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The ADIP method was applied by the author, with some modifi-
cations, to solve the present problem, The computation sequence was
carried out in a manner such that the velocity field was updated at
each iterative step within each time-interval. More details of this

technique are given in Chapter 6.




CHAPTER &

IMPROVED COMPUTATIONAL TECHNIQUES

By computational technique we mean the path to be followed
while the numerical calculations are being carried out from one node to
the next. A good technique of computation is that which produces the
closest solution to the exact one in as few computational steps as
possible.

Generally speaking, the computation process is carried out in
two main steps. The first step usually deals with the computation
of the dependent variables at interior nodes. This can be done by
expressing the governing equations in numerical forms according to a
specific numerical method. The second step concerns the evaluation
of the dependent variables at the boundary nodes. For Dirichlet
boundary conditions, the boundary values can be directly substituted.
For Neumann or mixed boundary conditions, specific formulae should be
derived and then used. Improper formulae may initiate irregularities
and cause instability or even provoke divergence of the solution.

The most commonly used technique of computation is the
"Ordinary Technique''. Here, the procedure starts by point 1, 1) at
x =0 and y = 0 and the computations advance forward, in one node
increment in both directions, to end at point (IN, JN) at x= Xoox
and y =y .o (see Figure 4 - 1). This procedure of computation is
found to be very useful if the property being transported has a tendency
towards a specific direction. Also, it allows flexibility in choosing

43
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the origin for the numerical calculations. This choice is sometimes as

important as the method itself. In fact, improper choice of the origin
may distort the physical meaning of the results. The main disadvantage
of the ordinary technique lies in its not being fast enough to compute
symmetrical or homogeneously distributed fields.

The "Alternating-Direction''Technique' is another process for
the computation procedure. Iﬂ this technique, the procedure is carried
out for one cycle from point (1, 1) to point (IN, JN) and the following
cycle from point (IN, JN) to point (1, 1). This can be done by in-
creasing and decreasing the indices i and j by unity for each cycle
respectively. The alternating-direction technique is wuseful
in expressing some numerical explicit forms to circumvent the instability

problem in solving diffusion equations [Ref. Z].

4.1 Up-down Technique

This technique is improved and tried in the present work to
be used for Laplacian and Poissonian fields. In such fields, Dirichlet
boundary conditions, on one or more sides, present the main source of
diffusion into the field of the property being considered; for instance,
heat or mass transfer from a source of any shape to the surrounding
fluid.

To clarify this idea, the problem of a flat plate located at
i=1andJL <j <JH (see Figure 4 - 1) will be considered. If the
plate is isothermal and there is no fluid flow, equation (2.26) will
be

Ve @.1)

It
(e}
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Figure (4 - 1) Co-ordinate system at boundary condition
. for Laplacian conduction field

Expression (4.1) presents the steady state Laplacian heat-
conduction temperature field.

Applying the up-down technique, the finite-difference
computation of such field is carried out by following two steps:

The first step is embodied in the equation

ei,j = (ei,j—l + ei—l,j + ei+1’j + ei,j+1)/4.0 (4.2)

The computation process will start from point (1, 1) and end at point

(IN, JN). The second step can then be carried out by using the equation

ei,j = (ei,j+1 + ei-l,j + ei,j-l + ei+1,j)/4‘0 (4.3)

and by marching from point (1,JN) to point (IN,1).

Algebraically, there is no difference between equations (4.2)
and (4.3), but a remarkable difference exists if the sequence of comp-
utation is taken into account. As the field‘is being swept from point

(1,1) to point (IN,JN) through equation (4.2), the plate acts as a
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heat source and will diffuse, numerically, the heat into the region above

the plate. If the procedure is to be continued in an ordinary computation

technique, the~region below the plate will be swept downwards ToOwW

by row and, as a result, the convergence of the entire process will be
very poor. Alternatively, by the use of the up-down technique, the
field can be swept in the second cycle of computation from point (1,JN)
to point (IN, 1) following equation (4.3) and the heat can be diffused
faster into the region below the plate. By repeating this sequence of
computétion, the diffusion of heat over the entire field can be
achieved quickly, to a reasonable approximation, in a few steps. For
instance, if JL = 15, at least 14 steps are required to cover the region
below the plate by acceptable values. On the other hand, using the up-
down technique this can be achieved in two steps. Moreover, a reasonable
solution can be obtained in these 14 steps.

Listing (C - 1) in Appendix C presents a programme for the up-
down technique in conjunction with the S.0.R. method to solve for the

Laplacian temperature field.

4.2 Temporary-Nodes (TN) Technique

Frequently, the user of the numerical techniques is urged to
halve the grid size h or to double the mesh size to achieve certain
accuracy. At the same time, he might be limited by the availability
of large computer-storage or long computation time. For such circum-
stances, the TN technique of computation is highly recommended.

The essence of this approach lies in the way the pivotal
points are distributed over the entire mesh. By this method, computer-

storage saving can be gained by using dummy nodes for temporary

computations.
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The mesh nodes are divided into two sets of pivotal points;
coded by Round and Cross nodes. Figure (4 - 2) shows a sample of these
nodes in the proposed grid system.

Consider a mesh of size 21 x 31 for discussion. Here then,
the round nodes will occupy 11 x 16 sites, the cross nodes will occupy

10 x 15 sites, and temporary nodes a, b, ¢, d, e and f will occupy
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Figure (4 - 2) Round and Cross nodes in the Grid
System of the TN Computation technique

the vacant sites in between. By this technique, 319 nodes out of 651

- can be saved from the computer storage (49%).
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Two procedures may be applied to carry out the computations.

In the first, the computations may progress by keeping j constant and
changing the colum-index i. This technique is called horizontal sweeping.
Vertical sweeping, on the other hand, can be carried out by keeping 1
constant and changing the index of rows j.

In these two techniques, the goal of the computational proce-
dure is to evaluate simultaneously the dependent variables at each of the
(i,j)'s cross and round nodes in the same computational step.

Generally speaking, the value of any dependent variable at a
particular pivotal point can be computed by the use of the updated values
of all dependent variables at the four surrounding nodes. This is true
in all finite-difference formulae which have been derived in the present
work. On this base, if the round and cross nodes, over the whole mesh,
are initialized by suitable values, the temporary values of the dependent
variables at the nodes a,b,c,d,e and f can easily be computed by applying
the corresponding finite-difference formulae. These temporary values will
not be stored until the computational cycle is terminated, but instead,
they will be cancelled by the new temporary values which will be computed
in the next computational step. That is why this technique does not
need storage as large as that required for an ordinary grid system.

At this stage, the (i,j)'s round and cross nodes are surrounded
by four updated computed values at the temporary nodes. llence, by
substituting these temporary values into the proper finite-difference
formulae, the values of the dependent variables at the (i,j)'s round and
cross pivotal points can be computed simultaneously in the same computational

step. These updated values at the round and cross nodes have to be
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stored for the subsequent computational cycle.

To proceed further, the computational process of the dépen—
dent variables can be advanced horizontally to the (i+l,j)'s round and
cross nodes, or vertically to the (i,j+1)'s nodes. In either approach,
as it was mentioned earlier, new associating temporary values have to be
computed at new sites of the nodes a,b,c,d,e and f using the already
computed updated values of the dependent variables at the (i,j)'s round
and cross nodes.

At the end of any computational cycle, all values of the depen-
dent variables at the interior round and cross nodes would be computed
and stored, while the temporary values would be cancelled except the last
six values for the last computational step.

For the nodes in the vicinity of the boundaries, the temp-
orary values at the boundary-nodes can be substituted directly for Dirichlet
boundary conditions, or they can be taken as an arithmetic average
for Neumann boundary conditions. For other situations, formulae have to
be derived.

For the boundary nodes ( round nodes only ), a temporary value
has to be computed at a mid-way pivotal point, such as point g. This
temporary value, in turn, is to be substituted into the corresponding
finite-difference formula.

It should be mentioned here that the truncation error
of a numerical approach depends mainly on the numerical form-
ulation, and the round-off error depends on the total number
of the computational steps. On the other hand, iﬁ can be said , from

present computer experiments, that the stability of any computational
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procedure mainly depends on the mesh and grid parameters as well as the
type of equations to be solved. The grid system and computation technique
influence both the convergence rate and the accuracy of the results.

For a TN technique, in conjunction with an iterative method,
the truncation error depends on the order of approximation considered
in the Taylor's expansion used and also on the grid size. The stability
and convergence criteria are those corresponding to an ordinary grid
system, i.e., for the steady state equations (2.25), (2.26) and (2.27),

the following inequality should be satisfied [Ref. 33]
0 <hL/ {2 4 /v < 40 | (4.4

By applying the TN technique, the accuracy can be improved by
halving the grid size. This will require the same computer storage
needed for an ordinary technique with doubled grid size.

This technique has two main advantages. Nameiy
a reduction in computer memory by nearly one half can be achieved and,
an appreciable shortening of the time required for computation is obtain-
able.

The main disadvantage of the TN technique is the complexity
in the programming process.

Program-listing (C - 2), in Appendix C, presents the TN
computation technique in conjunction with the DSSE method. This sub-
routine can be used to solve the steady state equations (2.25) to (2.27)

with a value of Grk as high as 500.



CHAPTER 5

OTHER FACTORS INFLUENCING THE

COMPUTATIONAL PROCEDURE

5.1 Boundary Conditions

It is vey important to define the physical and numerical mean-
ings of the infinity-distance for boundary conditions. Physically, it means
that the boundaries are far enough from the considered region that they do
not interfere with the process. Numerically, it means that the boundary
conditions which are applied should not significantly affect the solution
or even force it to represent another physical situation.

| For the case of the vertical flat plate considered in this work,
improper representation of the infinity-distances may have an appreciable
effect which might convert the problem to the case of free convection in a
rectangular cavity. This situation was observed in some trials ( see
Chapter 6 )‘using an infinity-distance of three to six times the plate-

height. A distance of six to ten times the plate-height was found to

adequately approximate the infinity-distance and to give satisfactory results.

On the other hand, the boundary conditions which are to be imposed
on a numerical solution should be selected carefully. Inadequate assumption
of one of the boundary conditions may cause divergence or produce solutions
which are stable but do not conform to the physical problem.

In the present work, it was found that it is very difficult to
apply the boundary conditions, which were uséd previously in experimental
studies, to get the corresponding numerical solution. The reason for that

will be discussed later in this chapter, in section 5.5.1.
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Generally speaking, the boundary conditions have to satisfy

two requirements; (a) They must have a real physical meaning; and
(b) They must produce consistent results with previous theoretical or
experimental work for the same case. Despite these two requirements,
Elder [Ref. 15] introduced vorticity-boundary conditions which had no
physical meaning, and Suriano and Yang [Ref. 65] proposed contradictory
zero values for the vorticity and velocities on the boundaries at
infinity.

In the present work, several boundary conditions were attempted.
The result of these trials with some physical and numerical discussion
will be given in Chapter 6. |

The final results, presented in Chapter 7, were obtained by
applying the following boundary conditions (see Figure (5 - 1)):

a) Isothermal Rigid Wall

This condition was applied on the plate-surface facing the con-
trol volume under consideration. The plate is assumed to be isothermal
at a temperature Tp , (Qp = 1.0) for_the steady state case. For the
time-dependent solutions, the platewas assumed to be at the bulk
temperature T ,(Gb = 0) for T <0. At t = 0, the plate-surface tempera-
ture was subjected to astep change from.Tb to Tp and kept constant at Tp
thereafter. Neither functional variation in the plate-surface tempera-
ture nor constant heat flux cases were tried.

Assuming no slip on the pluate-surface and no flow into or out of

that surface, it is obvious that u = 0 and v = 0. This implies that the plate-

surface is a stream line of constant value y = C and the normal gradient

%E-= 0.The value of C was arbitrarily chosen-as 0. These assumptions
b
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also verify the existence of eddies in the vicinity of the plate surface.
The vorticity at a boundary node 0 can be computed by using the values
of the stream-function and vorticity at the closest two pivotal points
in the x-direction. The formula used is presented in detailed deriva-
tion in Appendix 'B. The use of the three-point one-sided derivative
formula, to substitute for tﬂe first derivatives, produces equation
(B.13) with a truncation error of the order (hz). Since wo =0,

equation (B.13) can be simplified to be

gy = (4 + v,)/00 % (4] - ,)/3 (5.1)

b) Surface of Symmetry or Free Surface

This condition was applied tothe boundaries at x = 0,
+0.5 <y <+8.0 and -2.0 <y <-0.5; and at x = +9, -2.0 <y <+8.0. In
this case, the velocity in the normal direction to the boundary, u, is
assumed to be zero. Physically, this means that there is no fluid
flow across the boundary which now presents a constant value stream-
line ¢ = C. The value of C was arbitrarily chosen to be zero on the left
side boundaries, and to take the computed value of ¥ at the node (IN-1,1)
for the right side boundary.

It was assumed also that there is no shear stress at such bound-
aries on the control-volume surface, i.e., 9v/@x = 0. This, with
the assumption that u =0, implies that the vorticity will be zero
according to equation (2.4).

The surfaces of symmetry were assumed to be adiabatic. The
boundary condition which satisfies this requirement is 36/3x = 0. For
the numerical solution, a three-point one-sided derivative formula is

used to compute 6 at the boundary nodes.
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¢) Non-Conducting Open-Surface

Two conditions for temperature and velocities were applied here
For temperature, there is no heat transfer by conduction in the
y-direction, i,e., 96fy = 0. Thus the heat is transferred only

by the free convective flow. The finite-difference for-

mila used to evaluate the temperature at the boundary nodes for such
surfaces is presented in detail in Appendix B, Section B.5. Equations
(B.17) and (B.18) present the forward and backward formulae to be applied
for the lower and upper boundaries respectively.

For velocities, it was assumed that the horizontal velocity u
vanishes, while the gradient of vertical velocity v; in the y-direction,
is equal to zero. That means that the fluid is crossing
the boundaries in a vertical direction with that velocity which has
been achieved at the boundary due to the action of the buoyancy force.

As a result, the normal gradient of the stream-function
vanishes, and the value of y at these boundaries can be computed by
applying the three-point one-sided derivative formula. The vorticity,
on the other hand, can be evaluated by using equation (2.4) for the

non-dimensional case.

5.2 Initial Values

The choice of the initial values is a major factor which con-
trols the speed, stability and accuracy of the numerical solution.

As a general approach, the initial values can be one of the
following possibilities:

a) Zero or Constant Valucs

These can be supplied for all nodes except those of Dirichlet

boundary conditions. For the present work, the zero-value assumption 1is
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found to be very poor for convergence especially when the expected
results are of high order of magnitude (104 - 106), The finite-
difference approximate solution revealed instability for the steady
state case regardless of the values of the relaxation factors. For
the time-dependent solution, very low values for the time increment
should be used for the first -computational steps. Consequently, zero
initial values were animproper choice to start with. However, great
improvement is achieved by assuming very low uniform initial values
for temperature, 3 X 10~4, and keeping the initial values for the
vorticity and stream-function as zeros. This is the technique by
which the final results presented in Chapter 7 were obtained.

b) Arithmetically-Averaged Values

This means that the arithmetic average of the minimm and
maximm values, stated by Dirichlet boundary conditions, can be used
to initiate the entire nodes over the control volume.

This assumption may help in solving simple problems such as
Laplacian or Poissonian fields. However, in the present complicated, non-
linear case with three dependent variables, the arithmetic average assump-
tionwas found to distort the results at the regions far from the plate.
Moreover, it provoked divergence and severe instability.

c¢) Linearly-Distributed Values

In this case, the initial values are linearly distributed
over the control volume by using the Dirichlet boundary conditions, which
might be specified in the problem, as minimum and maximum values.
For the two-dimension case considered in this thesis, the

initial values were distributed linearly by columns and by rows in two
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different attempts to achieve stability, but this technique did not help

much. Better stable procedure could be achieved by using rectangular
linear distribution but the results were not consistent with any previous

experimental work.

d) Precomputed Results of a Simplified Similar Case

This is the most efficient and highly recommended technique
to initialise a complicated problem. The computation procedure is
started by obtaining a solution for a simplified form of the governing
equations with the same boundary conditions as the main problem. This
can be carried out using one of the previous initialising techniques.
The resulting approximate solution is used thereafter as a first guess
for the required case.

Another technique is to start with the same governing equation
but for dependent variables of low order f magnitude. For instance,
results of a process for Gr = 0(1.0) can be used to initialise a
programme for Gr = 0(20.0). This, in turn, can be used to initialise

a Gr = 0(100.0) programme, and so on.

These two techniques were applied in some trials described in
Chapter 6. Some results were obtained, but they were not reasonable.

The reason for this lies in the nature of the equations governing any
free convection case. Since the momentum and heat transfer equations

are interrelated, the principle of superposition could not be applied.

5.3 Exit Criterion

The choice of the exit criterion is very critical and
important for any numerical procedure. By this criterion we mean the

parameter by which the user of the numerical techniques can judge
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the convergence and accuracy of the results. At the same time, the
criterion can be used to stop the program when it reaches a
specific value.

The frequently used criteria are the displacement vector,
displacement norm and relative displacement norm.

th

The displacement vector D at the m~ step of computation is

defined as the difference between two succesive values of f. . pro-

1,]
duced by the mﬁh and the (m - l)th steps. It can be expressed as

.D_(m) = _f_(m) - _f_(m‘l) (5.2)

The displacement norm ||D|| can be defined as

ol = /o2 (5.3)
il
DIl = % o] 5.4
or
DIl = o5 (5.5)

Any of the forms (5.3), (5.4) and (5.5) can be used successfully for a pre-
liminary check on the convergence rate. It is hoped that as the

solution proceeds, ||D]| value decreases to reach the terminating value.
Form (5.5) is very useful to find the location of maximum error.

The relative displacement norm can be defined as

DI 1/11£]] (5.6)

||| |/number of mesh nodes (5.7)
or

Il 1/11E1, - A/ HED, (5.8)

where ||f|| is the dependent variable norm defined as Zlfi[, and f.'s
i
are the updated values.
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Form (5.6) is the most commonly used one. It gives a fairly good
idea about the rate of convergence. The criterion will have a high value
where the computation procedure is started by any kind of initializing
process. As the procedure progresses, ||D|| will decrease. As a result
the criterion will decrease until it reaches the terminating value. The
smaller the value of the criterion at the terminating step, the closer the
final numerical solution will be to the exact one.

Form (5.7) gives a very good measure of the convergence rate,
but it cannot be used as an exit criterion especially 1if high accuracy
is required.

Form (5.8) is very useful in checking the convergence of a time-

dependent procedure. It is a very sensitive tool with high accuracy.

5,4“Relaxation Factor "w'

The relaxation factor is sometimes called thé 'kicking factor"
This mame is based on the function of that factor. It kicks the numerical
solution forwards or backwards to a better and more stable one by using
over-~ or under-relaxation techniques respectively. |

The over-relaxation process is usually applied in an attempt to

improve the rate of convergence. Under such circumstances, the relaxa-
tion factor is found to be at its optimum yalue. Numerous formulae
can be found for the estimation of that optimum value, but all of
these deal with one equation in one dependent variable. As a general
rule, estimated values give a good guess for wopt to start the solu-
tion with. Computer experiments carried out by Omar [Ref, 37] showed

that the exact values of w always differed from the estimated

opt
ones by 5 to 15 percent. The reason for this lies in the apparent
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difference between the idealized calculated estimates and the real valuecs
computed.

For more than one dependent variable, the analytical estimation

of is yery difficult., It is much easier in such cases to carry

wopt

out some computer experiments to find the value of wopt'
Under-relaxation is frequently used when the convergence features

severe oscillation. For such cases, a value 0 < w < 1 will help as

opt
a damping factor.

For the case studied in this work, the analytical estimation
of wopt’ for the three dependent-variable equations, was out of the question.
Alternatively, some computer experiments were carried out using values

for w's between 0.2 and 1.9. Two sets of three optimum relaxation fac-

tors for vorticity, stream function and temperature respectively have

been achieved. They are (0.82, 1.83.and 1.67) and (0.82, 1.655 and 1.47).

5.5 Errors

5.5.1 Theoretical and Idealized Assumptions Error

In comparing experimental and theoretical works, the difficulties
of duplicating in an experiment the idealized situation encountered in the
numerical treatment should be considered. These difficulties can be

sumarized as follows [Ref. 14 7:

a) The theoretical postulates state that the only motion in the fluid
is that which results from the existence of the heated surface.
In practice, convection currents ( caused by outside effects or other

parts of the apparatus) and other flow disturbances are extremely difficult

to suppress entirely.
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b) Despite the precision with which the heat input can be measured and
controlled, some usually leaks by processes other than free con-
vection. Conduction along support and leads and radiation may not be
estimated accurately.

c¢) The "infinite volume of fluid at a uniform temperature' may in fact
be a comparatively small bulk of fluid in a finite enclosure.

- d) A finite flat plate must have edges, and their shape and size is
not accounted for in'the numerical treatments.

e) It is difficult to insure that the flow of fluid and heat are sub-

stantially two-dimensional.

5.5.2 Truncation Error

The truncation error is the major error in all numerical
solutions and it is very important to be considered. This error is a
result of = ignoring higher order terms in the Taylor's
expansion used to derive all finite-difference formulae. The value of
this error depends mainly on the grid size h. It might be of the order
of h, h2 or h3 according to the order of approximation.

The truncation error cannot be made vanishingly small by any compu-
tation technique, since the method itself is an approximate one. To
get better approximations, higher order polynomials, or smaller grid
sizes can be considered in deriving the numerical formulae. In these
two cases, the required accuracy may be achieved but with more computa-
tion steps. On the other hanc, these processes are limited in their ap-
plications because another error becomes important as the number of

operations in the computation increases. This is the round-off crror.
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5.5.3 Round-off Error

Round-off error is mainly a computational error. It depends

on the way 'in which the computer reads, stores and expresses numbers.
Any mumber is rounded-off, leaving an approximate figure to be used in
computation. The larger the number Of computational steps, the larger the
accumulation of the round-off error will be.

Generally speaking, the value of the round-off error is fairly
small compared with the value of the truncation error. However, for
huge numbers of computafions, the loss in accuracy due to the accumulated
round-off error may reach an appreciable value which balances the gain

achieved by reducing the truncation error.

5.5.4 Computation-technique Error

This error can be controlled by the choice of the exit criterion,
that is, how precise the final result should be. An exact solution can
- never be achieved numerically even for an infinite number of computations.
This is obvious since the numerical formulae used have been already
approximated and a truncation error always exists.

The computation-technique error is mainly influenced by the
choice of the initial values. The closer the choice to the exact solu-
tion, the lower the value of the error. Also, this error depends on the
number of computations and the programming technique. in addition to

the numerical technique used for computation.
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5.6 Grid System

Different grid systems can be used for the computation procedurec.
The choice of any particular grid system mainly depends on the required
accuracy, the geometry of the problem and the type of the numerical
approach used.

The ordinary, equally-spaced grid system is the most commonly
used one. In such systems,the grid size h can be as high as 0.2 and as
low as the round-off error accumulation permits. Unequal  grid-spacing
in two directions can be applied. The ratio "k" between the two grid
sizes can be as high as 4. Values over 4 may cause severe instability.
This is due to the nature of the Taylor's expansion and the approximations
involved in it. Functional spacing may be used to study a required
region near the boundaries or study the entrance regions in heat transfer
problems. Two or more regions with different grid sizes cam be used when
it is required to studya particular region with some emphasis. This
approach is recommended to achieve high accuracy within this particular
region and at the same time, prevent the accumulation of the round-off

error over the entire control volume.



CHAPTER 6

RESULTS OF PRELIMINARY TRIALS OF

COMPUTATIONAL TECHNIQUES

6.1 Steady-State Solutions

The Direct Substitution Simple Explicit (DSSE) method which was
discussed in Chapter 3, Section 3.3.1, was used to solve for the steady-
state case of the present work. The results which will be presented in
this Chapter, Section 6.1.2, and in Chapter 7, had the same features of
the convergence, accuracy and reliability discussed in detail in Appendix E.
All the preliminary and final results for the steady-state and other cases,
with their numerical conditions, are summarized in Table (6-1). Detailed

discussion about each case will be done when it is necessary.

6.1.1 DSSE Method with Ordinary and TN Grid Systems (Closed-control -

volume Boundary Conditions)

6.1.1.1 General Remarks and Observations

Equations (2.25), (2.26) and 2.27) were solved by the use of the
Direct Substitution Simple Explicit (DSSE) method. The finite-difference

forms were similar to expressions (3.13) and (3.14). The resulting set of

simultaneous equations were solved by applying the Successive Over-Relaxation

(§.0.R.) technique. The boundary conditions were those corresponding to an
enclosed recirculating control volume. This means that the whole region was
enclosed by a stream line of a constant value (¢ = 0). The lower and upper

boundaries were treated as isothermal rigid walls in some trials, or as
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TABLE (6-1):

Summary of Prelininary and Final Results

Numerical Parameters Consistency with
Numerical Boundary | the present physical
technique Grid system Gr range Pr range Initial values Mech size Grid size | conditions situation
DSSE 0?8';33;7’ 1.0 to 100 0.72 to 12.8 | Zero 21x31 0.2 E.C.V.* No
: Previous results 30x53 0.2 E.C.V. No
Linearly distributed {30)(50 0.1 E.C.V. No
by colums or rectangles 31x81 0.1 E.C.V. No
Terporary- 1.0 to 500 9.0 to 12.8 Zero 16x41 + 15x40 0.1 E.C.V No
nodes (IN) Previous (TN) results
for Gr = 20 16x41 + 15x40 0.1 E.C.V. No
Previous (Ord.) results
for Gr = 100 16x41 + 15x40 0.1 E.C.V No
Ordinary Constant Constant Very low values for
(0rd.) value of 1.0 -value of 10.0 temperature and zero
values for ¢ and ¢ 91x101 0.1 0.C.V. %% Yes
Pure conduction 91x101 0.1 0.C.v. No
Ordinary Function of e, Constant Very low value for
(0rd.) -0.237 to 40.9 value of 10.0 temperature and zero
value for ¢ and ¢ 91x101 0.1 0.C.V Yes
SE Ordinary 1.0 to 8 9.0 to 10.0 Zero '31x81 0.1, 0.051, {E.C.V. No
(0rd.) 0.4704 x 10 and 0.025 0.C.V. No
Pure conduction 31x81 0.1 E.C.V. No
ADIP Ordinary Constant Constant Zero 41x81 0.1 E.C.V. No
(Ord.) value of 1.0 value of 9.0 Zero 91x101 0.1 0.C.V. No

* Enclosed Control Volume
%% Open Control Volume

99
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adiabatic free surfaces in others. At the right boundary, an isothermal
rigid wall boundary condition was applied.*

Eighty-eight running trials were carried out by applying differ-
ent initializing processes and by using different values of the relaxation
factor, w, with several mesh apd grid sizes. Also, the effects of the
sequence of computing the three dependent variables, and the procedure used
for the computational process were studied. In addition, the effects of
changing the Prandtl and Grashof numbers were investigated by computer.

The following results were obtained: |

a) By using an ordinary grid system, solutions were obtained for values

of Gr up to 100. Values of Prandtl number of 0.72, 9.0, 10.0 and 12.8 were
successfully attempted. The last value, 12.8, represents the average value
of Prandtl number for water in the temperature range of interest (between 0°c
and 4OC). For Gr > 100, instability occurred in the vorticity computational
cycle. Stable solutions were found to be achievable for such cases if
previous results were used as initial values for any subsequent trial, with
Grashof number increments of 5 or less.

b) Solutions for Grashof number up to 500 were obtained by using the DSSE
method with a Temporary-Nodes (IN) grid system. The initial values used
were either the results of a trial for Gr = 100, in which an ordinary grid
system was used, or previous results for a low Grashof number trial in which
the TN computational technique itself was used. A Grashof number increment

of 25 to 50 for two successive runs could be used in the latter case.

# See Chapter 5, Section 5.1 for the physical meaning of the boundary
conditions.
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c) When zero initial values for all dependent variables were used, the
convergence rate was found to be very slow. On the other hand, it was
observed that the rate of convergence was appreciably improved by initial-
izing the temperature field with values linearly distributed by columns
from 1.0 to 0.0, or by using rectangular linear distribution for the
stream-function in addition to column linear distribution for the tempera-
ture field. The vorticity was always initialized by/zero values in all
cases.
d) Different combinations of the relaxation factors were used with their
values lying between 0.2 and 1.0. The following results were observed:

d-1) Under-relaxation was found to be more successful for the iterative
solution of the vorticity equation. The higher order of magnitude of the
source term in such equations with respect to other terms, necessitated
the use of under-relaxation as a damping process. It was found that values
between 0.6 and 0.9 could be used successfully as under-relaxation factors.

d-2) The stability of the w—eqﬁation was found to be dependent mainly on
the stability of the r-equation. Over-relaxation was applied with values
for the over-relaxation factor, w, between 1.1 and 1.9. The choice of the
w-value for the y-equation depended on the choice of the value of w used
for the 6-equation. In fact, the value of w used for the y-equation was
foﬁnd to be always higher than that used for 6-equation.

d-3) The convergence of the temperature equation was found to be absolu-
tely stable unless the convergence of the g-equation was severely unstable.
Over-relaxation was used successfully with w-values ranging between 1.2

and 1.8, Under-relaxation of the 6-equation appeared to create instability

in the convergence of the other dependent-variables equations.
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e) Different mesh and grid sizes were used

21 x 31 with h = 0.2
30 x 53 with h = 0.2
30 x 50 with h = 0.1
31 x 81 with h = 0.1, and

16 x 41 + 15 x 40 with h

0.1 for a TN computational technique.

As a general remark, it was found that the larger the mesh size,
the better the boundary conditions at infinity were represented.
f) The best sequence of computation of the three dependent variables was
found to be 6 »~ ¢ » ¢. This was depended on the nature of the dependent-
variables equations. They were interrelated in such a way that the result-
ing updated numerical values of any variable had to be used as soon as they
became available (See equations (2.25) and (2.27)). Alternative sequences
were used, such as ¢y » 6 » ¢ and ¢ ~ ¢y ~ 6, but the rates of convergence

in both cases were found to be slower.

6.1.1.2 Results and Plots

Of all the preliminary trials which have been carried out in the
present work, two particular ones are discussed here. In spite of the fact
that they were not representing the physical situation considered in the
present work, yet they gave a good idea about the difficulties in imposing
improper boundary conditions and using inadequate distances for the boundary
conditions at infinity.

In the first trial, the stecady state equations (2.25) to (2.27)
were solved by using the DSSE method with an ordinary grid system. The

mesh size used was 30 x 50 with h = 0.1. The plate was located at a
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distance of 1.7 times the plate height away from the lower boundary. The
enclosed-control-volume boundary conditions were applied and over-relaxation
was used with w-values of 0.9, 0.9 and 1.6 for z-, y-, and 6-equations res-
pectively. The sequence of computing the dependent variables was & + ¢ - y.
A constant value of 100 was assigned for the Grashof number and the Prandtl
number was chosen to have a constant value of 9.0. Using previous results
of a Gr = 20 run, as initial values, the computational process converged
after 64 iterative steps with relative displacement norms less than 1% for
all dependent variables.

In the second trial, the DSSE technique was used with a TN grid
system. The mesh size was 31 x 81 (16 x 41 + 15 x 40) with h = 0.1. The
same values for the relaxation factors and the same sequence of computation
were used. The plate was located a distance of 3.2 times. the plate-height
from the lower boundary.

Typical stream lines produced by the DSSE method with a TN grid
technique are shown in Figure (6-1). The value of the Grashof number was
kept constant at 100, and 8 was assumed to be constant and positive. As
a result, the convective flow near the plate was fully upward.

From Figure (6-1), the effect of the enclosing boundary conditions
is noticeable. No flow is allowed to cross the constant ¢ = 0 boundaries,
and the recirculating stream-line pattern results.

The flow approaching the plate at low velocities is accelerated
by the convective heat transferred in the plate-region. In this region,
the horizontal component of velocity almost vanishes while the vertical

component of velocity reaches its maximum value. At the upper boundary,
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the fluid is forced to flow horizontally and the vertical component of
velocity vanishes. The stream-line loops are closed by downward vertical
flow at high speed near the right boundary at x = 3.0, and almost hori-
zontal flow at the y = -2 boundary. The stream-line loops have been
observed by Suriano and Yang [Ref. 65] for the vertical flat plate and all
other work done for free convection in a rectangular enclosure [e.g., see
Refs. 8, 20, 30, 34]. |

Typical vertical velocity profiles, produced by applying the DSSE
method with ordinary and TN grid systems are shown in Figure (6-2). The
velocity at the plate is zero (no-slip assumption). Aé the distance x
increases, the velocity increases until it reaches its maximum value, then
decreases passing the zero value to reach its maximum negative value and
then increases again to a prescribed zero value at the x = 3.0 boundary.
The positive and negative values of velocity correspond to the upward and
downward directions respectively.

Figure (6-2), like Figuré (6-1), shows the effects of the improper
choice of the boundary conditions and the inaccurate presentation of the
infinity-distances on the numerical solutions. By comparing each of these
two stream-line loops with those for a rectangular cavity obtained by
De Vahl Davis [Ref. 8, Figs. 2 and 7], it can be seen that the application
of these improper conditions distorted the solution to that which corres-
ponds to the case of free convection in a rectangular enclosure.

The constant-vorticity lines, shown in Figure (6-3) illustrate
the reason for the instability which characterizes the numerical approach

used to solve the vorticity equation, when improper boundary conditions
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are applied. Very strong, positive, small eddies are generated adjacent
to the plate while the bulk region is covered by large, weak, negative
eddies. Very Strong but small positive eddies are observed at the plate
edges. In this particular case, they have appreciable influence on the
entire field, since the mesh size is not large enough. In the trial which
will be discussed in Section 6.2, open boundary conditions were used to
eliminate the flow-recirculation and the eddies generated at the infinity
boundaries.

The isotherms shown in Figure (6-4) have the same shape as those
obtained by Suriano and Yang [Ref. 65] for Ra = 50. At the upper boundary,
the boundary conditions compel the high-temperature fluid to flow downward
near the right boundary. This behaviour can be clearly noticed in the
y = 0 temperature-profile shown in Figure (6-5). Close to the plate, the
temperature gradients are in fairly good agreement with those of the
boundary layer solution obtained by Ostrach [Ref. 38] for Gr = 100 and
Pr = 10. Far from the plate, the recirculated fluid at high temperature
appeared to distort the profile causing a positive temperature gradient
starting at x = 0.8. Close to the right boundary, the temperature starts
to decrease again to reach the prescribed value of zero at the boundary
itself.

The computed average Nusselt numbers® are 3.0317 and 4.2057 for
ordinary and TN grid systems respectively, with the associated numerical
parameters for each. Based on a formula stated for the boundary-layer

similarity solution of Ostrach, and derived by Gebhart [Ref. 21, p. 336],

* Derivation and formulation of the Nu expression may be found in Appendix B.
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the calculated value of Nu is 3.4827. By comparing the present results
with this boundary-layer calculated value, it can be seen that the present

values have maximum deviation of 20.7%.

6.1.2 DSSE Method with Ordinary Grid System (Open-Control-Volume Boundary

‘Conditions)

The open boundary conditions have been stated by equations (2.21-b)
and (2.21-c¢), and have been presented in Section 5.1. Under such conditions,
the fluid was supposed to flow vertically at the lower and the upper bound-
aries. As a result, the stream lines would be normal to these boundaries.
The right boundary was treated as a free surface. The other boundaries
have been treated as described in the previous trial which has been studied

in Section 6.1.1. These boundary conditions were applied for a mesh size

of 91 x 101 with h = 0.1 to solve the steady-state equations (2.25) to (2.27).

‘An over-relaxation technique was used with w-values of 0.82, 1.83 and 1.67
for ¢-, ¢-, and 6-equations respectively. The Grashof number was maintained
constant at a value of 1.0 and 8 was assumed negative. The Prandtl number
was fixed at 10.0.

For an isothemmal vertical flat plate located at a dimensionless
distance of 2.0 from the lower boundary, typical stream lines are presented
in Figure (6-6) for Gr = 1.0. It is very noticeable from this figure that
the recirculation is reduced and the fluid is flowing vertically

into and out from the control volume at the lower and the upper boundaries.

Also, it can be noticed from the constant-vorticity lines shown in Figure (6-7)

that the vorticity at the outer boundaries is completely eliminated. The only
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remaining ones are; two at the plate-edges, a large one adjacent to the
plate and a compensating core-eddy in the bulk of the fluid.

The velocity profile at y = 0.0 is shown in Figure (6-8). A
very smooth curve results with a maximum value of 0.1704 at x = 0.5 and a
minimum value of -0.05111 at x = 2.8. The results of Suriano and Yang
[Ref. 65] for Gr = 1.0 and Pr = 10.0 are also presented. A complete and
comprehensive comparison is not available since exact numerical values are
not presented in Suriano and Yang's report. However, the difference between
the influence of the open boundary conditions, suggested in the present
work, and the closed zero-vorticity boundary conditions, imposed by Suriano
and Yang on the behaviour of the solution is very obvious.

By an examination of the isotherms shown in Figure (6-9), it can
be seen that the effect of the convective flow is not strong, since the
value of Grashof number is low (Gr = 1.0). The resulting temperature
profile at y = 0.0 shown in Figure (6-10) is in good agreement with that
obtained by Suriano and Yang [Ref. 65] for the same value of Grashof and
Prandtl numbers.

The computed average Nusselt numbers are plotted against the number
of iterations in Figure (6-11). In the very first iterative steps, high
values of Nu are obtained. As the number is increased, the value of Nu
decreased rapidly until it reached an asymptotic value of 1.189 at the 104th
iterative step. This value conformed to the corresponding value of 1.107

computed by Suriano and Yang, with a relative error of 2.355%.
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6.2 Time-Dependent Solutions

6.2.1 SE Method with an Ordinary Grid System

Equations (2.18) to (2.20) were solved mumerically by the use of
the Simple Explicit (SE) finite-difference method. Fifty-three running
trials were carried out with the following variety of parameters:

a) Meshes with one or several regions were attempted, including
Equi-spaced 31 x 81 mesh with h = 0.1,
Double-spaced (k=2) two-region 31 x 81 mesh with hX = 0,05 and 0.1,
Double-spaced (k=2) three-region 31 x 81 mesh with hX = 0.025, 0.05
and 0.1, and
Quadruple-spaced (k=4) two-region and double-spaced single-region
31 x 81 mesh with hX = 0,025, 0.05 and 0.1 respectively.

From these trials, it was found that the higher the number of fine
regions, the more stable the solution would be.

7 and 0.2377 x 10”2 were tried. These

b) Time-increment values between 10
were estimated to satisfy condition (3.17) which is necessary for the con-
vergence and the stability of the procedure. The plate height was varied
between 0.1 and 23.64 cm.. The corresponding values of Grashof number

8

for Tp = 15°C and T. = 9°C were between 1.0 and 0.4 x 10°.

b
c) Many different boundary conditions were attempted, The enclosed control
volume boundary conditions gave successful results up to Gr = 1.632 x 107.
The main disadvantage of this approach was the distortion of the results in

such a way that they no longer represented the physical situation considered

in the present work. The assumption of open-control-volume boundary
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conditions, with zero initial values, was found to work well for the
present case. The main drawback was the appearance of negative values in
the temperature field when the computations were carried out for high
values of Gr (103 - 107), no matter how low the values of time-increment
were. This was found to be due to the high speed of the rate of convergence
of the y-equation. In all the trials that were carried out here, the S.O.R.
technique was used to compute the y-value at any pivotal point by direct
and simple substitution in the corresponding finite-difference formula.

- This approach was found to be inadequate. The reason for that lies in the
high velocity "'concentration' which has been observed in the vicinity of
the plate. -This concentration, in turn, created negative values for
temperatures at the nodes right in front of the plate-nodes.

No final results were obtained because of the very long computer-
time required to carry out the computations. As a conclusion of these
trials, it was found that the finite-difference formulation of the y-
equation has to be modified to include the effect of the time-increment Ar,
since the direct substitution of the value of z, which involves this effect,

did not help to eliminate the velocity concentration near the plate.

6.2.2 ADIP Method with an Ordinary Grid System

The Alternating-Direction Implicit (ADIP) method used by Wilkes
and Churchill [Ref. 74] to solve the momentum and heat transfer ecquations
governing free convection from a vertical flat plate has been modified

here by updating the ¢ boundary-values instantaneously at each iterative

step.
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The sequence of computation of the modified method was started
by solving the temperaﬁure equation for the complete computational cycle
carried out for a time period between n and n+%;. By using these updated
temperature values, the vorticity could be directly calculated for the
first iterative step, of the same computational cycle for the same time
period by applying its finite-difference formula. The computations were
performed thereafter in the same iterative step for the stream-function
and velocities fields followed by the evaluation of the dependent variables
at the boundary nodes. In any subsequent iterative step, this computational
sequence was repeated until the first time-period gzglg_was completed.
Through this technique, the updating procedure of the values of z, ¥ and
the velocities was carried out step by step to achieve the final updated
values at the end of the first time-period cycle. For the second time-
period cycle, from n+%; to n+l, the same procedure is repeated to yield
updated values for one complete time-increment cycle.

Twelve trials were carried out in an attempt to circumvent the
instability problem by using the modified sequence. Some stable steps of
computation were achieved. No final results were obtained since the
procedure needed a large number of computational steps. However, the
modified sequence appeared to be a promising technique.

A computer subroutine-listing for the modified sequence is

presented in Appendix C.



CHAPTER 7

FREE CONVECTION TO

WATER NEAR 4°C

7.1 Introduction

In all trials which were presented in Chapter 6, the volumetric
thermal expansion coefficient, B*,was assumed to be constant over the
temperature range of interest. This is why an average value for B was
used. This approach appeared to be reasonable for most fluids which
possess monotonic temperature-density relationship.

For a fluid with a non-monotonic density variation, B is not
~constant and,fur thermore, it might change its sign in the temperature
range of interest. This is the situation which occurs in bismuth, water,
antimony and gallium. In such cases, the density-temperature relation-
ship exhibits unusual behaviour. Starting from the freezing point, the
density increases as the temperature increases and, accordingly, 8 will
have a negative sign.This behaviour is continued on up to a particular
temperature at which the density reaches a maximum value and 8 will be
zero. Passing this maximum and critical point, the density starts to
decrease with the increase of temperature and, consequently, B will have
a positive sign,

The effect of this wnusual behaviour of the demsity in 1its
relation with temperature has been studied by Schechter [Ref. 51] and
Schechter and Isbin [Ref. 52] for the case of free convection heat

transfer (rom a vertical flat plate to water. Their mumerical solution

* Defined by cquation (A.2) 88
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was obtained by introducing the similarity assumptions into the boundary
layer equations governing the case. Their experimental measurements and
observations of the uni-directional and bi-directional convective flow
were in good agreement with their theoretical results.

Vanier and Tien [Ref.70] studied the effect of the maximum
density on free convection heat transfer from a vertical flat plate to
water near 4°C. They solved the boundary layer equations numerically by
forward integration. They predicted numerous convective-flow regions

covering a wide range of the plate and bulk temperatures.

In 1972, Yuill [Refs.77,78] studied the effects of the variation
of the viscosity and the density, as functions of the temperature, on the
free-convection heat transfer from a vertical isothermal flat plate to
water near 4°C. The boundary layer equations were solved numerically by
introducing the similarity assumptions. A correlation was developed and
presented for the local Nusselt number as a function of the local Grashof
and Prandtl mubers. This correlation includes a factor whose value is

dependent on the temperatures of the plate and the bulk fluid.

7.2 Physical Description of the Phenomenon

The physical phenomenon can be described by considering free
convection heat transfer from an isothermal vertical flat plate into
water at 0°C. When the plate temperature is between 0°C and 8°C the
layer of water adjacent to the plate becomes denser than the bulk of the
fluid. As a result it sinks down. For a plate temperature slightly
over 80C, the inner layer adjacent to the plate becomes lighter than the

bulk fluid, but it continues to flow downward. This is because the
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buoyancy force generated in this inner layer is not strong enough to over-
come the viscous force exerted on it by the outer layer, which is denser
than the bulk fluid and thus moves downward. When the buoyancy force of
this inner layer becomes high enough to compensate for the downward viscous
force, a zero vertical velocity gradient at the plate surface occurs. In
this particular situation, heat is transferred from the plate into the
water by conduction through the stagnant surface-film. At a particular
temperature, depending on the fluid under consideration, the inner layer
becomes light enough to move upward and as the plate temperature increases,
the upward convective flow in this layer becomes stronger and its thickness
will increase. This behaviour continues on until the plate temperature
reaches another particular value after which the flow becomes a fully

upward uni-directional one.

7.3 DPresent Results and Plots

The effect of the unusual variation of the density of water with
the temperature was studied for the case of free con;ection heat transfer
from an isothermal vertical flat plate to a bulk of water near 1°c.

The steady state governing equations, (2.25) to (2.27), were
solved by using the Direct Substitution Simple Explicit (DSSE) technique
with an ordinary grid system. Thirty-one running trials have been carried
out using a mesh size of 91 x 101 with h = 0.1. The plate-height was
0.1 cm., and the plate itself was located at a dimensionless distance
of 2.0 away from the lower boundary. Open boundary conditions similar to
those used in Section 6.1.2 were applied. Fully upward and downward uni-
directional flows were observed in the vicinity of the plate. Also, for
a particular region of both the plate and bulk temperatures, bi-directional

flow was predicted.
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Typical vertical velocity profiles fqr a bﬁlk temperature of
0°C and mumerous plate temperatures are presented in Figures (7-1) and
(7-2). Curve A of Figure (7-1) shows a typical fully downward profile
at a plate temperature of 2.0°C. Here, the velocity reached a maximum
downward value, then increased, passing its zero value and thereafter
increased to pass a maximum upward value to decrease again to reach a
very small value (0(10'4)) at the other boundary. For plate-temperatures
of 8.0°C and 9.OOC, curves B and C of Figure (7-1) show the distortion
which occurred in the fully downward flow adjacent to the plate due to
the insufficiently buoyant inner layer which was being dragged down by
the outer layer.  This is why these velbcity profiles are slightly
shifted upward very close to the plate. Curve D of Figure (7-1) presents
the boundary between the downward unidirectional flow and the bi-
directional flow. The resulting numerical value of the velocity at the
pivotal point next to the plate-node was -0.5699 x 10—4. The plate-
temperature at this boundary was 9.9597°C. However, it is important to
mention here that the similarity solution [Ref. 70,78] predicted this

boundary to be at a plate-temperature of 12.4°¢.

For plate temperatures above 9.5970C, bi-directional convective
flow was observed. Curve E of Figure (7-1) and curves F and G of Figure
(7-2) present such cases. Here, the vertical velocities close to the
plate reached comparatively high maximum values depending on the value

of the plate temperatures. It is noticed that, the positions of these
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maxima are shifted away from the plate as the dimensionless distance x
increases. At the same timé, the thickness of the buoyant layer
increases. Near the right boundary, the velocity values were very low
( 0(10_4 - 10-2) ) and they decreased as the plate temperature was
increased.

The boundary between the bi-directional and the upward uni-
directional regions, presented by curve H of Figure (7-2), was found
to occur at a plate temperature of 41.86°C. Again, it has to be mentioned
here that this boundary was predicted at a plate temperature of 26.8°C
for the boundary-layer similarity solutions [Refs. 70,78]. It has to be
emphasised, at this stage, that this boundary could not be determined
precisely. This was due to the recirculating fluid near the right bound-
ary, which existed for high values of the plate temperature. However,
two techniques were used to predict this boundary; the first was by setting
a minimum limit for the values of the velocities in the recirculating
region in the vicinity of the right boundary. For velocity-values below
this limit, the flow was assumed to be negligible. The second technique
was by considering other plate and bulk temperatures to check the
boundary. For the present work, a value of 0,5 x 10‘4 was assigned as
a sufficiently low value to determine the boundary between regions II
and III. Also, some computer runs were performed to check the limits
for the two regions by using several values of the plate and bulk temp-
eratures (see Figure (7-3)) .

Above 41.86OC, the velocity profiles were similar to those for
normal free convection described in Chapter 6, Section 6.1.2, Numerical

values for the vertical non-dimensional velocities at a bulk temperature
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of 0°C and plate temperatures of 2.0, 8.0, 9.0, 9.597, 11.0, 26.8, 35.0

and 41.86°C are presented in Tables (D-1) and (D-2) in Appendix D.

For all the aforementioned trials, the predicted free-convection
flow regions are shown in Figure (7-3). The solid boundaries are for the
present complete colution and the dashed ones are for the boundary-layer
solution obtained by Yuill [Ref. 77]. Region I stands for the fully
downward uni-directional flow. Region II presents the bi-directional

flow and Regions III and IV are for fully upward un-directional flow.

For a bulk temperature of OOC, the average Nusselt numbers were
computed for different values of the plate temperature. In connection
with Figure (7-3), an angle y can be defined as the angle between the
adiabatic line, and any line connecting the focus, at Tp = 4°¢ and
Tb = 40C, and any plate temperature. If this angle is measured and
plotted against the aVerage Nusseit number for the corresponding plate
temperature, Figure (7-4) can be obtained. From this Figure, it can be
© seen that as y increased in Region I, the value of the average Nusselt
number increased to reach a maximum value of 1.306 and then decreased to
an approximately constant value of 1.172; when the plate temperature

exceeded 9.5970C, the average Nusselt number started to increase with y.

The behaviour of the variation of the Nusselt number with the
plate temperature, shown in Figure (7-4), is close to the results obtained
by Yuill [Ref. 77, Fig. 17] at high Grashof numbers. Yuill's results,

which were obtained for a plate height of 15.0 cm., have been converted



to correspond to a plate-height of 0.1 am., which was the value used in

obtaining the present results.

Also, it can be seen that the behaviour of the variation of
Nu with the plate temperature, depended on the convective flow regions

for both solutions presented in Figure (7-4).



CHAPTER 8

CONCLUSIONS

The major objective of this work was the numerical solution
of the Boussinesq-approximated Navier-Stokes and energy equations for
free convection heat transfer from an isothermal vertical flat plate
to fluids. Emphasis was placed on the case of frée convection heat
transfer to water near 4°C from the plate.

The steady-state governing equations have been solved by using
the Direct Substitution Simple Explicit (DSSE) method. With an ordi-
nary grid systemn, solution; could be obtained for values of Grashof
number up to 100. For values of Grashof number between 100 and 500, the
DSSE method was found to be more successful if it was applied with a
Temporary-nodes (TN) grid syétem. The relaxation method was used to
solve the simultaneous algebric equations produced by the finite-
difference expressions of the vorticity, stream-function and temper-
ature . Under-relaxation was found to be most successful for the
vorticity equation while over-relaxation was found to be the most
suitable approach to the solution of the stream-function and temper-
ature equations.

The solution. of the time-dependent governing equations was
also attempted. Simple Explicit (SE) and Alternating Direction Implicit
(ADIP) techniques were tried. No final results were obtained because
of the instability in the solution of the temperature equation. It
was found that the finite-diffcrence form of the stream-function

equation should be modified to include the effect of the time-increment.
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New set of boundary conditions were introduced to circumvent
the instability problem of the numerical solution of the case studied
in this work. They were called ' the Open-Control-Volume' boundary
conditions. This set of boundary conditions helped to eliminate the
formation of eddies at the boundaries at infinity, and to forbid the

- generation of velocity " accumulation'  in the vicinity of the plate.

For the case of free convection heat transfer to water near
4OC, several regions for the convective flow were observed. For a
bulk temperature of OOC, upward and downward uni-directional flow
regions, and bi-directional region resulted for different values
of the plate temperature. The average Nusselt number variation with
both the y-angle and the plate temperature showed a very good agreement
with previous published results.

It should be mentioned that the free-surface boundary
condition, imposed on the right boundary, was supposed to present a
boundary at infinity where neither fluid-flow nor heat transfer occurred.
However, for a value of the infinity-distance of 9.0 times the plate

height, these circumstances were not satisfactorily satisfied, and it

was found that the right-boundary was still influencing the solution

and causing fluid recirculation.
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APPENDIX A

Derivation of the Node-Coefficientvof'Volumetric

‘Thermal Expansion, Bk

The density-temperature relationship is presented by

Yuill [Ref. 78] as
2 3

po/pk = 1+ DlTk + Dsz + D3Tk (A.1)
where
Py is the node-density of water at any node-temperature T,
o is the density of water at 0°¢C
(o, = 0.999551 gn/cn’)
D, is constant and equal to -0.6669167 x 10-4,10C—1,
D, is constant and equal to 0.871689 x 107>, °%c7?,
D, is constant and equal to -0.647664 x 10—7, OC'3,
and

k is subscript designating the node being considered for
computation. It should be mentioned here that the den-
sity coefficients Dl’ D, and Dg have to be used in a
temperature range of 0°C to 20°C.
The node-coefficient of volumetric thermal expansion B, on
the other hand, can generally be defined as

Bk = - (dpk/di)/pk (A.2)

Since neither (dpk/di) nor Py itself is constant, the value
of By will change, therefore, from one node to another. The rate of

change of the density with respect to temperature at any node k can
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easily be derived from their relationship formula (A-1). The resulting

form will be

2
‘ D, + 2D, T + 3D,T
&), = -p () (A:3)

7.
dr @ + DT + D,T7 + D.T°)

Equations (A.1) and (A.3) can now be substituted into equation

(A.2). By carrying some algebraic rearrangements, the equation for the
node-coefficient of volumetric expansion, 8,, can be obtained in the form

~ 2 2 3
B = () + 2D,T + 30,19/ (L + DT + D,T" + D) (A.4)

at any node by suﬁstitutaing the values of the density-coeffucient
constants Dy, D, and D3, and the temperature at that node.
According to Vanier and Tien [Ref. 70], the standard devia-
tio of the computed D-values, from the data of Dorsey [Ref. 10], was
found to be 0.54 x 107° for a temperature range of 0°% to 20°C. They also

computed the density-coefficients for a temperature range of 0°C to 35°C.
-4 o,-1

Their resulting values were: D1 = ~,6226173 x 10 c -,
D, = .807544 X 107° °c7%, and
D, = -.439592 x 1077 °¢3,

These values have a standard deviation of 0.57 x 10"S from the same
emperical data of Dorsey.

In the present work, it was found that the D-values computed
by Vanier and Tien for the temperature range of 0°C to 35°C, can
adequately be applied for a temperature range of 0°C to'420C with a

relative error of 0.00475% from the data of Dorsey.



APPENDIX B

" Derivation of Some Finite-Difference Formulae

B.1 Forward 3-point one-sided derivative formula

In connection with the notations

shown on Fig. (B-1), the value of any

. ke N Ny

function f at point 1 can be expressed, by
) ° )
the use of the Taylor's expansion, in 0 1 2
’ l X
temms of the values of the function f and
its derivatives at point 0 and the grid Fig. (B-1) : 3-points for
size h. The resulting equation will take forward formula.
‘the form
- - h2 P h3 PP y
fl—-fo‘*'hfo'*'———fo + — {3 +Oa’1) (B.l)
2! 31

with a truncation error of the order (h*) .

Similarly, the value of the function f at point 2 can be expressed,
in terms of the values of the function f and its derivatives at point 0, by
applying the Taylor's expansion in the same mammer, or by simply replacing
h by Zh in equation (B.1). Either method will yield

L 2 3
£o,= £, + 2nfg + Bl gpe w B e Lo (B.2)

2! 31
with a truncation error of the order (h*) .
The fi”-term in equations (B.1) and (B.2) can be eliminated by

multipling the former by 4 and then substituting from the Ilatter.
Also, if the £5”“-terms are neglected, an expression for the first

derivative of the function f at point 0 can be obtained in the form

fi = - ( 3fy - 4f; + fz) / Zh + O(hz) (B.S)
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Equation (B.3) presents the forward 3-point one-sided derivative

formula. The truncation error here is of the order (h?) .

B.2 Backward 3-point one-sided derivative fommula

Refering to Fig. (B.2), the :ﬁ'h-¥:— h *L
2 1 0
Taylor's expansion for f; and f, can "
easily be written in terms of the Fig (B.2) : 3-points for
function and its derivatives at point‘ backward formula .

0. By following the prescribed steps used to derive the forward formula,
the backward 3-point one-sided derivative formula can be expressed as
£ = (3fy - 4f; + £2,) / 2h + 0(h?) (B.4)

with a truncation error of the order (h?) .

B.3 5-point second-derivative formula

Consider the five points -2, -1, 0, 1 and 2 shown on Fig. (B.3)

b= bt pten e p

© © © (o] (0]
-2 -1 0 41 #2

Fig. (B.3) : 5-points for second derivative formula.

By the use of the Taylor's expansion, the function f at the two
points -1 and -2 can be expressed in terms of the values of the function

and its derivatives at the point 0 as follows

2 3 4 . 5
f1 = fo+ hes + gt e Boggee s Bggeee B e
21 31 41 51
hG
+ g7 4 O(h7) (B.5)
and 6!
2 3 4 5
f"' = f . hfﬁ + -}l‘_’fax - _}}_ faa-»’ + _}}_ fa‘»‘// . ll— faxaza
° 2 31 41 51
o faxﬂ.ana + O(hy) (B.G)
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Adding equations (B.5) and (b.6), the resulting equation will
be
-, hL’ el el [
f1 + fo1 = 2f, + h%§" + =— £ + 0(h®) (B.7)
12

By a similar manner, for points 2 and -2, the following expression

can’ be obtained

£o+ f.2 = 2f, + 4h 2" + %-g—h“fg“' + 0(h®) (B.8)

The £7°""-term can be omitted from equations (B.7) and (B.8) by
mutiplying the former by 16 and subtracting the result from the latter.

Consequently, f7” can be expressed as
£f57 = (-f_,+ 16f - 30f, + 16f; - £,) / 12h2+ O(h*) (B.9)

with a truncation error of the order of (h"). Equation (B.9) presents the

5-point second-derivative formula .

B.4 Evaluation of the vorticity at a rigid-wall boundary-node

The 3-point one-sided derivative formula, equation (B.3), can be
used to compute the vorticity £, at a pivotal boundary-point. If the notations
of Fig. (B-1) are considerd, an expression for ¢ omay be obtained in terms
of Yo, Y1, V2, L1 and»; 2 . il
The procedure can be initiated by applying the Taylor's expansion o
- to evaiuate V2 and ¥ in terms of the values of ¢ and its derivatives at
point 0. With some manipulations similar to that which are carried out in
section B.1, and by applying the rigid-wall boundary condition ( Sy-)o=0,
X

the equation

3 3
3o - 4y1 w2 = 2 (2L om2) (B.10)
' 3 ax?
can be obtained, On the other hand, the continuity equation (2.27) can be

differentiated with respect to x to yield
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3 2 :
Y L3 (¥ (8.11)
ax? dy? ox o+ ax

2
EH; ( EY_) ~+ 0, therefore, by making use of expression
ay oxX
(B.3), equation (B.11) becomes

Since, at point 0,

(9—3—‘2) = - (95;—)0= (%o-~4%1+z2)/ 2h+0®) (B.12)

ox? ax
Substituting (B.12) into (B.10) and solving for o, the result will be
Co= (3o - 42 +¥2) /h%+ (&1 -52)/3+00") (B.13)

Equation (B.13) presents the formula to be used to compute the vorticity
¢ at the rigid-wall boundary-node 0 . The truncation error in this
equation is of the order (h?) .

The backward 3-point one-sided derivative formula can be used,
on the other hand, for a similar derivation resulting in the same expres-

sion (B.13) for zo .

B.5 Evaluation of the temperature at a non-conducting boundary-node

The dimensionless steady-state temperature equation (2.26) can

be written in the form

AL { — +—1 (B.14)

1
ax dy Pr ox? dy 2
The stated boundary conditions at the boundary-node 0 of Fig.
(B-4) are
up = o and (. §:§~)o =0 (B.15)
Byz :
Therefore, when equation (B.14) is applied at point 0 it becomes

g8 .1 3% . (B.16)
3y  Pr x?
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T 4o
y
I
h X
-}- [0} (o] Q
2 0 1
b b h

Fig. (B-4) : Five point to evaluate 6,.

By the use of the 3-point one-sided derivative formula to
substitute for 96/3y, and the finite-difference formula to substitute for

5%/0x2, equation (B.16) can be manipulated to yield an expression for 8,

of the form

6o = {( 81+02)/Pr h+ ¥ (485-0,)3/{ v + -2} (B.17)
- 2 2 Prh

with a truncation error of the order (h?. Expression (B.17) presents the
forward form. The backward form can similarly be derived and the resulting
formula will be
= v 3 2
B¢ = {(61+9 2)/Prh+ — (-493+94)}/{‘-V + —} (B.18)
2 2 Pr h

with a truncation error of the order (h? .

B.6 Evaluation of the average Nusselt number Nu
\

The heat transferred through the plate-water interface,at any

of the plate-points, is governed by the equation

3T,
k (—L)o dy' =h,, (T -T, ) dy’ (B.19)
3 x! y p

The dimensionless parameters defined by equations ( 2.16-a ) and

(2.16-c ) can be introduced into equation (B.19). As a result, the
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non-dimensional form of the above equation is

x (2, @ = h, L dy (B.20)
X

The total heat transfered from the plate into water can be
obtained by integrating equation (B.20). Assuming k is constant, the
resulting form will be

+,5 30 +.,5
kS (Z)edy=L S h dy (B.21)
-.5 3 x -5 7

Now, if the convective heat transfer coefficient hy 1s assumed

to have its average value h along the plate, equation (B.21) becomes

+.5 56 —
-k (—)ody = hL (B.22)
-.5 93X .

At this stage, the average Nusselt number Nu can be expressed

T +,5
Ne = Mo Lo 38y, gy (B.23)
k -.5 3 X

The temperature gradient at the plate (365 x )o can be computéd
numerically by using the 3-point one-sided derivative finite-difference
formula. By carrying out that for all plate-pivotal points, the value of

Nu can be computed by applying Simpson's rule for numerical integration

[Ref. 31 p. 657 1 .
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C .
2T T RG T TR0 2SR AR IR TGN T R AR (T IO NT Y 42 FAGTT, T NTT
29 ZER=CLO5%(AR(T,J+1yNW)+AR(T 5 NW) 42 5AG( T JyNW) )
3007 T rye=o. ?‘*(AU(I,J+1,NF)+AR(I,J,NF)*Z *¥AGUIsJaNF)) ™ T
31 GO TO 34
327 736 THe=0, 25”(ﬁG(IpJ.RT)+AG(I-I,JyNT)+AP(I,J+1yNT)+AR(I;J}NT)TWMM““'M o

$=PR:(LAGIT y Iy NT)=AG{TI=13JyNT))*{AR(TsJ+14NF)=AR(I,JyNF))

- AR T NT Y AR Ty Ty NT ) Y ¥ (AC LTS IS NETSAGUTISIY UG NEY Y7167
33 ZER=0.254(AGHI JyNWI+AGHI=1,J NW)+AR(CT s J+ 1N +ART T, J4NW) )

) ' § T = AGHT s JsNW)I=LAGI T~ 1 Sy NWI IR (AF (T g U+ 1y NEY=AR(T s J,NFY)
$=(AR(1oJ+1 NW)=AR(TsJyNWIIX(AGIT,JsNFI=AG(TI~13JsNF))) /16,
TERGREHE (AG(I L, JINTI-AGII-1,d,NT) ) /8., ~ 7777 T

34 FYR=.26%(AG( T, JsNF)+AGITI=1,yJyNFIHARIT I+ L NFI+AR(T5J,NF)+ZEB% (H¥x2
£Y)
_ c . |
T TS T CCNDTTICONS TINTTRE VICINITY CE TTRFE R VHUS UTAND THE UPPER BOUNDARIES ™ 7
c N
e T T T T T T R (I EG VAN UANCYTLEQLINGY 6T T B - -
36 IF(I.EQ.INM} GO TO 41
37 GO 10 3%
38 40 THE=0,
o g g e g2 .
40 FYE=C.
e g e e R e -
42 41 THE=0,
o 43 AT ETR
lf" FYF 00
B TS T IR U LEQYINMY GO0 TG T3 T T e
46 GO TO 22
— S e s e e - e e
CH$$ CCMPUTATION AT THE TFMPNRARY NODF E
o
47 34 THE=0.25%(AGI T+ yNT)4ACIT 3 I NT)4AR(T+1,J+1,NT)+AR(TI+1,J,NT))

R T PR LAGITIHL W NTI-AGI Ty JoNTI )R { AR T+1 3 J+1 4y NF)=AR(L+],J,NF))
$={LP{T+ 1y d+LyNTI=AR(TI+14JyNTIIR{LACITI+1L,JoNFI=AGIL,JsNF))) /16,
A8 T T 2EE=CL25% IAGTI T+ Ly JaNW) HAGET G NWY #AP (T 4L b L NWY ARTTIEL g NWY YT T
: ¢ “CEAGUIHL y e NWI—AGI T Ja MUY IR (AP (T4 1,1 NFI=AR(TI+1,,NF))

f;(A?(T¥l}J*1}Nw):ﬁR(IilyJ}hW))*(ZG(I*Y;J;NF1~AG(r;J;NF)))/16.
FACFRMHN (AGIT+1,JyNT)=-AG(T+J4NT} ) /8B,

T a9 T T U RYE 28R IAGII A Ly J G NFIHACIT g I NFY AR (T 1 e T NE AR T4, S NFI4ZEER(
$Hx2))
T 850 7 7 3c TFUJ.EC.JIAMIGE TO 43 7 T T e T e e e e

51 GO YO 32
527743 THE=0 28 (AR T ¥ T JF I INTY AR T IV GINT V627 *AG(IoJ,NT))
53 1EF=0, .
51’ e o - F Y F o . R v e m———— o Rl e I R R amda e L i T L I i ) -
55 co TO 31 )

- e Soal — I R I

C$s$%  COMPUTATION AT THF TEMFORARY NOCE F
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C
56 22 THF=0 25X (AR(I+L,J¥1,NT)+ARCT o J+ 1 NTI+AGIT 4 J+ 1, NTI#AGIT \JoNT))
b 2 PP*((LR(I+1,]&l,NT)—Ak(I'J+1,NT))*(AG(IyJ*loNF)—AG(I:JqNF))
o TIAGL L NTI=AGUT o J NT VR CARCT+ L, J+ 1 NF)=AR (T, J+1,NF) 1)/ 16,
57 ZEF=0,25% (AR (141 ,JeLoNW) +AR (1o J+ 1 NW) #AGLT o J+ 1MW) +AG (T 5 s NY )
S UEARI AL e Ly MW ) =P (T e 1 NW) V¥ (AG (T J# L, NFI=AGIT,JoNF) ) L
S UG Ly Jr UMW) =AG UL gy NV (ARG Lo oLy NF)=ARTT 2T+ LoNE YY) /16
SHGPEHE (AC(T+1,JrL NT)=AR(T,J+1,NT)) /8,

58 FYF=o25% (AR T +1 3+ 1y NFI+AR(T 3 J+1sNFI+AGITI I+ 13 NFI+AG(T o NF) $ZEF(
$HEX2))
59 31 CONTINUE  © — e e e e
60 IF{J.E0INMANEL. L. EN.TAM) GC TG 42
&1 TIRTLEQV.CRLUUVEQLTY GO TO 48
C
T C$$s EVALUATICN OF VARIABLES AT RCUNC NORES T T T T T
c
'“62'“' 42' MbPTiAQKIfJ,NT) T T T T T T S e s e o
£3 ORW=A{ L yJ yNW)
b4 ORFZAT(T, I NF)
65 AP (T4 dyNF)=0.255(FYA$FYB4FYC+HFYCHAR (1, ,NW) ¥ (H¥%2))
EET T T AR T JyNTY=0.25% (THA+TFR+THCHTHE) T e
$-PPEULTHA-THC) S (FYR=FYD )~ (THR=THD)* (FYA=FYC))/16.
TETTTT T T AR Ty J W) 0L 25 ( ZEA+ZERYZECHZEC) T T e e

$={(ZFA~-Z2EC)*FYR=FYD)~(ZEB~ ZEC)*(FYA FYC})/16.

T$FGEHHE{ THASTHC Y78,

68 CRT={AP(T,JNT)~ORT)HRF{NT)
69 COPWE(ARP{ I, JaNW)~ORWIXRF{NW) o T
70 ORF={AR(1,J,NF)~0RF)*RF (NF)
YT T AR I A NT Y =0RTHORTT - S
72 AR, JeAW) =0RW+DRY
737 AT, 7 NFYECRETERE
74 CISPINT)=DISP(NT)+ABS(CRT)
ST T T T T DISPUNWY=CISPINW) +ARS(CRW) T
76 CISPINF)=DISP(NEY+ABS{CRF)
TTT T OSUMINT ) =SUMINT Y FARS{AR (T, 3, RTY) -
78 SUMINWI=SUM (KW +ARS{AR(T »JsNW )
79 SUMINEYSSUMINF)YFARST AR (1,0 KEYY
C .
TTTTT T CEs8E EVALUATION OF VARIABLES AT CRCSSTNODES T - ~ T
c
B0 T T 46T CCATEAG (T NT) T e N R o
81 CCW=AGIT 3 J4NW)
82 COFEAGITYUSNEYT
83 AGUI,J,NF)=C., 25F (FYE#FYF4EYRAFYA+AGIT ,J o NW)*(H¥%2) )
BGTTTTTTT UAG T S o NT) =0 28X (TRE+THFFE +THR+THAY T
$=PER(THE=THRY % (FYF=FYA)~( ThHF~ THA)* (FYE~ Fve))/xé.
CBETTTT T U AGH T s I NWY =0 285 { ZEEHZEFYZFRAZEAY T R —
$-((ZFE-Z2ER )% FYF=FYA)~{ 2EF-7FAY%{ FYE~ FYB))/lé.
$IGPEHY( TRE=-THP) /R,
86 COT=(AGIT,J,NT)~0GTI*RFINT)
87 TBOWS{AGTIT sy N ) =CCWIRRE(NWY ~ T T T
88 CGF=(AG(T4JsNF)=NCF)*RF (NF)
86 T AG(I,J ANTY=0GT+NGT T T T T T T S S e
9n GUT4Jds NW)=CCW4NGH
51 Ac(t;J:NF)incF+DGF T T
92 DISP(NTI=DISP{NTI+ABS(CGT)
C93TT  RISP N =R T S P N W A ARG (LG ) T T T e e e e e
sS4 CISPINF)I=DISP(NFI+ABSICGF)
65 T SUMINT)SSUMINTIHABSIAGLT 3 NT)Y ™™ - B o
96 SUMIAY) =SUMIAW)I +ABS(AG(T o JyNW))
TQYTTTTTTTTTTSUMAING ) =SUMIAE Y $ ARS TAGTT s NEY)
SR 5 CONTINUE
69 Tt RETURN S e e e

iog _END
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C
C
c
C FROGOAM— TSTIMG ((-3) : MAIN SURRCUTINE FOR THE MOCIFIED ADIP
C METHOD
C
>_.._..__..._..__..~.. JUEPREENS. K S - - e —— - e e e e o e e
C
C .
C L AE NATN &H%xAaDDD
C A}
C
— ¢ e e
. 1 NPIMFNSTICN /‘(CIHC]v\‘u),C‘?(QIoIOI)oSL(BI)
C ) .
2 COMMEN/CONANES/ATITLE(DT ) o ANAME(S,7) ASYMRL { &)
3 COMMON/ONUMA/MT NW NF oAU SNV S NG NQLTF, TV
4 CONMON/CREr/ INGINS TAYo AN, JL , UF JL L4 JHL
5 L LOMMON/CORINT /NNAX NPPINT, TP, FPSY,EPS2 —
6 COMMOCN/CORCP/RIOEFFL,IFURFEF PP
. 7 CC”NCK/CSFR/RF(?).PCI(E).DCZ(B),DT(B)QSUM75UMF
, 8 CCMMEN/CSODL /HLCELT ’
9 COMMOCN/CRETA/TPLATF o TRUL K ¢D1+¢D2s02,CLLG
C
L0 . e
C ok vt dedkod shkoob o Aol s v ok o o b o ot 2ok ot e o e o o o e e ot oo el ool ok otk e e o e o 2 st v ok o o o X ol ot ok K K K
c %* _ *
C * ) IMPRCVEL ALTFRAATIVE CIFECTICN INPLICIT METHCD *
C * , A.D.IP, %
C * . *
C **t*?jijij*t*#**********#***************************tﬁﬁt********t*
C
C
10 REWTIMNS
C
11 COFT=1J+DFLT /H/H/PR
12 FI=z1+DFI T/H/H
¢ ;
Cse$s REAT ALPHAMERIC INFOQRMATICN FCR HEADING,NAMES AND SYMBLES
B
13 RFAN(SE«201) ATITLE ANAVME
14 ) REAN({®,2072) ASYMAL
C e e e e '
C3$4% WRTTE PROBLENM SPFSIFICATIPNS
C .
15 WRITF(&.202) ATITLE
16 WRTITF (6,204 (Ko IANAME{ LK) oL =1,9),K=1,1E) .
17 WRITE(H,205) ROREF (IMUNEF PR, (RF(K) (K=1,3),EPS1,EPS2
C e e e e S e
CEs¢+ FFFM THF INITIAL VALUES
C
18 CALE TINTT{ININ,IV,A)
C
19 NCrUNT =0
—_— P20 b CCNTINNE . ) ' — .
. 21 TT=NCLINTY4+PCP2(NT)
2?2 WW=PCLINW)+TC2(NY)
23 Fr=CCIINF)Y+LCP2(NF)
' 24 . NCOUNT=RCOLMT +1
25 WRITF(¢20F6) NCCUNT
26 CWONTRECEO o 20TY DFLT e
&3] C .
Ce$ss TENPFRATURE SURCYCLE FCR THF FIRST HALF TIME FROM N TO N#+1/2
C .

27 CO 162 1=1¢]N
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28 £N 102 J=1.JdN
29 lO? l‘[I_._.l_,_'~'f_)~§_{3__(_l..).'\'T’ e _ _
- a0 NTTFR =0 : T
2 WPTTF (6 ,207) ASYMPL (NT)
37 ? CONTINUF
33 rC1INTY=0.
34 Sum=n,
N 35 NiTro=nTTeEn4y - - e, .
T 35 POO103 J=2 4RV T
17 £C 103 I=2.1AM
318 CFR=A(T,J,N)
39 ALT o oNCY=2(T o JoNTY/FT . )
40 AT o JeMOY=A(T s N =255 (DFLT/H/FTIA{A( T J NI H{ALT+14J,NOY=A{T~1,
) SUANCII#A (T oo NVIE{A(T o J+ 1 NTI=A(TVd=1,NT))) e ,
41 AlT o d oMYA LTy NC Y+ o SR (CELT/R/H/FRZETIRILA(T =L, JoNCY+ACT+1,J,NO)
5)*(&(I.J—lvNT1+A(I.J+19NT)—2 *A{T+,JoNTI))
47 D=(A{T JNCY=CFI%PF{AT) :
43 AT MNCY=CF4ND
44 TF(A(T.JsNCYLLT.N,.Y GO TCO 333
45 SUN=SUMHARS (AT v J.NOY) N B
46 FCLHINT)I=DC1INT) +APS(T) ,
47 103 CCNTINUF
48 CALL APUNPIALIN JNsIV.AT,NC)
49 BCLINT)=NLCLINTY/SUM , : ;
50 WRITE(&,238) NITER,NCIINT) '
51 IF{NCLINT) GTLEPSL) GO TC 2 )
C R
. C$$s FEVALUATION CF GRASHOF NUMBERS
c ‘ |
52 CC 112 J=2+JhM
5 [N 112 1=2,1NM
' s4 T=TRULK+A (T, JoNCY % (TPLATE=-TRULK) _
7 .55 TOANM=] +DIXTHD 25T T 4034 THT%T
56 TAVM=01+2.%02%T+3, *C%tT*T
57 , PCP=RCEFEE/TLAM
58 BETAP=TAM/TONM
59 INUP=7NUREF/ROP
0 FRilji)—n*(PFTAP/7hUP**2)‘(CL**B*(TP[ATF*TBULK))
61 112 CCMTINUE
&7 WRITF(E 2141 LGRI2JYod=dLJH) ‘
o
Cx¢¢¢ VOPTICITY ANC STREAM-FUNCTICN SUB-CYCLES FGR THE FIRST HALF
c CYCIE FRCM N TO N+1/2
o
63 . Lr 108 I=1eTN T T o -
Y 0C 105 J=1,.N
65 105 AUT 0o MCY=A{T s J,NY)
66 NITEP=(
67 WRITELE,21C) (ASYMBL (K oK=2,43) '
6% 4 CONTINGE B L
69 CCl1(NW)=0,
70 PCTINF) =0
71 ) SuM=(,
12 SuMr=n, .
73 NITFR=NITFR+]
14 Po ics _Jd=2.4MM .
75 oo 10s [=2.10W
76 PR=A1T,J.NC)
77 A(I.l.hF)—.?S*(P(!.l)*(ﬁFlT/H/FZ)*(A(I+le'NT)*A(I 1sJoNT))
78 AT oSN =A (T o JoNCI+AIT I NWI/FZ
79 ALTodeNQY=AlTods \C)-.?“’(PFLT/H/FZ)*(A(IquNU)*(A(I+19JeNO)~A€I-lo
. L LL A R RS N IA RS U SRS PN EY Y S NSRRI RN 3
& R0 AT o doMCIZALT yJoNCY 4 SO(TFLT/R%42/F 2% (ATT=1sd NOY$AL T #1,J,:HO))
, $+{ (T ol NWYHALT oU~1 f\W)"‘? "‘A(!qJ;f\W)H .
81 P=lAL] W JoNCY=CFISRFE{MW)

0 N

82 AlTJsNCY=CF+D

-
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813 SYM=SUM+ARS(A(T J.,NT))
_— B RCHINAY=DC YN ) ARS(CY e e e
C
C84%% STFEAM=FUNCTICN COMPLEMENTAFY CYCLE
¢
85 CE=A(ToJeNF}
8h AT odoNFI= 2585 (AT o J o NOVEHNH+A T+ 1o JoNFI+A{T-1oJ NF)+A(T 4 J+1,NF)+
e L 3MT 3= LNFY ) S S
a7 C={A(T,J NEY=CF)XRF(NF)
a9 A{TodeNFI=NF 4D '
89 SUME=SUNME+ARS(ALT,J,NE))
a0 NCLINEY=NCT (NFY+ARS(D)
St 106 CCNTINUF '
_— 92 L PCYARNEY=DC1UUINTY/SUMF — e
913 FEYINW) =NC T (NW) /SHV
G4 WPTTFE(E+211) NITFRLCCLINW),CCL(NF)
95 CALL SCUNP{ALINGING TV AW,LNC)
Sh CAMLL VFLDST(ALINsJINSIV)
57 IFINCIINW)YaGTLFEPS1.OPCOLINF).GT.EPSL) GO TC 4
(o . _
‘Ce¢4¢  TEMPFRATURE SURCYCLF FCR THE SECCNC HALF TIME FRNM N+1/2 TO N+l
C T
S8 NITFR=(C
59 WRITF (£ .209) ASYNRLINT)
100 3 CCNTINUF
101 FC2(NT) =0,
102 Sup=q,
103 NITFR=NITEP+1
104 tro10% J=2,J8M
105 L0 104 T=2.ihN
106 CF=A{l,J,NT}
1¢7 AT o e NTI=A(T o JoNCY/FT :
168 AlTodeMTY=A(T g eNTY = 255 (DELT/H/ETI% (AT, J NUY¥(A{T+1,J,NO)=A{I-1,
STdNNY Y+ AL Lo MVIE(A{Tod+ 1 NTI=ALT»J=1,NT)})
109 AT edabT) =T s JoNT )+, S%(CELT/F2%2/FT/PRIN{A{I~-1,4J,NOY+A{TI+1,J,NO}~
2L AT o NCY AT o J+ L NTYHA{T,J=1,NT))
110 C={A( 1, JWNTY=CF)%RF(AT)
111 AT J NTY=PF4n _ o L
112 TEIACTZJaNTY (TN Y ro ‘70 233
113 FC?(NT)*DC?(NT)+ABS(C)
114 IMESUNMEARSIA( T JoNT))
115 1C4 CFhTINUF
‘,6 (Al( QFU‘\M('&oY‘\'.Jf\aIV r\TvNT) M .
117 NC2ANTY=TC2(NT)/SUM A o
118 WRTITE(E,208) NITEP OO (NTY
119 IF(RC2(NT).GTLEPSLY OO TC 3
¢ )
C3$4  FVALUATICN CF GRASHOF NUMBERS |
¢
120 JEnti3 J=2.d0NM R — . : : . - .
121 re 113 [=2,1MM to
122 T=TRULKtA{T S AT E(TRLATE- TPULK)
123 TONM =1 #NLrT4+022TAT4R AR THTAT
124 TRM=L42 #5025+ #0334 TAT
125 RNP=ROREF/TONM
124 pETAP=TAM/TIONM L o = o
127 INP=ZNUREF /0P
128 CP{T J)=Ru{RETAR/ INYPRE2 ) (CL ¥ 3% (TPLATE-TRULK))
129 113 CONTINUE
130 kpr1F(6.2141(Gn(?.J),J=JL.JF)
C .
- S GEss VORTICITY AMD STPFEAM FUNCTICN SURCYCLES Fnp THE SECOND HALF TIME
@ - o FROM N+L/2 TO N+ :
€
131 NITFER=D
-1122

WRITF(6,212) (ASYPBL(K) oK=2,3) : ’
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175

FACTOR= 4BAOP (20U ) AX 8/ 4h % PR/HB*D

133 8 CONTINIE
134 ne2 (YN,
- 139 Fr’(Nc)—c. -
134 SUM=0.
127 SUMF=r,
129 NTTER=NITERS |
139 f01C7 J=2.JNV
< 140 RENATE KOS R N L A e -
141 TCFEA(T s d ol T
142 AT edoeMWY=A{ T, JoNCI/F2Z
143 AlTodoMNWI=ALT oo NU Y= 285% (NELT/H/FZ IR (ALT )y NUYR(A(T+19d,NQI=ALT~1,
SN+ LT S AVIE (AT oI+ 1 NUI=A{ToJ=1,NW)})
144 ALY odoNWI=A(T o JoNK )+ 253CC (To VI CEI T/H/FZ)IRIA(T+ Lo NTY=A{I~14.0,N
$7))
145 ALY WMWY =2 (T d N ) 4 S (NELT /R4 /6 )% ({A(T+15J ' NCI AT I=19d,NQ) =20
FRALT o Ja NIV H{A{T o+ 1 NUY 42 (T J=1,NUY )Y
146 C=(A{TodsNWI=CEIXPF(AW)
147 A{T o J e NRY=CF 4D
148 SUM=SUMFARS(A(Tsdo W) )
149 NC2(NWI=NC2INW)+ARS D) —_
C
C$$$ STPFAM FUNCTICN COMPLEMENTAPY CYCLE
150 CFR=p(T+JeNF)
151 AT doNFY= 285 (AL T o J o NV EHRH+A(T+ 15 J,NEY+A( [~ 17J'NF)+A(I.J+1vNF)+
AL Tod=1.NF))
157 C=(A(Todos NF)—FF)*PF(NF) o
153 AToJoNFI=CF+D
154 CCP2(NF)I=NC2(NF)+ARS(D)
155 SUMF=SQUYF4ARS(A( T, J,NF))
156 167 CCNTINUFE .
157 CC2(NWYI=002 (NW)/SUY
158 CC2(NEY=FCO (NF) /SUMF
159 WRTTELE,211) NITER,0C2(NW),EC2(KF)
160 - CALL AUUNILA, TN, JN LTV AY  NW)
141 CALL VELDST{A,ININ,TV)
162 TFINC2(NW) 6T FPS1.OR.CC2{NF).GT.EPSL) GO TO 5
C
C$$8 CALCULATINN 0F THF PELATIVE DISPLUACEMENT NORM RETWEEN Two
o SUCCFSSIVE TIME-STEPS
c ) N
163 CT(NT)=ABRS(FCLINTI4LC2(NTI=-TT)
164 CTINWI=ARS{TCLINWY+RC2 {NY ) —WW)
165 _OT(NF)=ARSUACLINF)+NC2(NF)=FF)
166 hPITF(é.zl’)(ASYMPl(K)vK 1+ TEY (OTUKY K=Y, TE}
o
Ct$s CHFCK MAXINUM NUMRFR CF COMPUTATICNAL STEPS
p .
167 IF{NCTUAT.EQ.NMAX) GC TC 900
C . .
- CE8%  CRFOK PRINT-CUT STEP o e s
C
168 TECINCOUNT+NPRINT=1P) /APRINT NELNMCCUNT/NPRPINT) GO TO 899
149 CALL PRINT(AGTINGINSIVeANANES],5)
170 CALL ALSLTIIN UMV, A,SL)
C 3
C$$% CHFCK FXTT CRITFRICN T ”
¢
171 8ca  C0T=n, .
177 nC 2113 k=1,3 : .
173 TF(ANT LT, NTIK)) DLT=DT(K)
—me X4 313 CCMTINUE e e e e e e
‘ C
C$4% FVALURTICN OF THF TIME-INCREMENT AS A FUNCTICN OF GOR
[ .
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176 CFLT=1,/FACTOP
177 . _TE(PRT.OT,FPS2) 6GC_TC 1 e e e e e
C , ,
Cé¢ts FINAL PRINT CUT
C
178 9GO0 CALl PRINTIAINGINS TV ANAVE]1,5)
C
CE$% __FVALUATICON (F ThE AVERAGE MUSSFLT NUMRER . —
C
179 ° CALE - NUSLT{INZINSIV.2:SL)
C
Ct¢s WFPI1TE (N YADE
G
180 uDYTC(?)(((ﬂ(I.y.K).J ToINY 4 I=1,TN) 9K=1,5) e
131 ENCFILF3 :
o
Ct&¢s  CUCH OLT FrOP FLOTS
C
182 S CC TN dse
183 332 WRITFE(A,2]16) _ L
184 444  STOP
.C .
185 2C1  FrRYAT(GA4L)
186 20?2 FCPNAT{6AG)
187 203 FOSMAT(IHL + 24X, " IT¥PROVED ALTERNATIVF DIRFCTIUA IMPLICIT METHOO IS
SUNDFER COMSTOFRATICN S /26X ! o s e ot o e o o e e e e e e o e e e
o e ———— *//1X42TA4/IH=*THE DNEPENDENT VARTIABLES
$ RFING CCNSIDFRED ARF,'//)
182 204  FOPMAT(IHOLWOX,I11,'v., 1,9%4/)
189 205 FOFMAT{LH L*THE PARAMETFERS USED IN THE SQLUTICN AREs*//s1X,
‘ $1THE REFFRENCE DFENSTTY cecscoeos s FORFF=1,E12,4/,51X,
- $'THE PEFFRFNCFE VTSCORSITY. ,:LLL,wzngFF—'.Flz 4/ 51X
f"T"F DPAN“T’ \‘!flprp a0 ¢ 00600 0Ol OO = 9F12 4/,).X1 .
- $9THF SPATIAL RCELAXATIOCN FACTORS oW RFS P F12.4/38Xy%=%,F12.4/538Xs
$'='|E].2.4"v'”“_.‘-'/l)<o
SITHE EXIT CRITEPICN occoscoeneecSPATIAL= 'E12.4/',33Xy'TI~'-'E =1 ,€12.%4
$//)
190 20¢ FPFNAT(IHI//'IX.'**x*********»***#*»x#********u4*4*¢****#*»*'/,1(, o
$9% NIJMAER .AF  THE TIMF STEP BEING DCONE =9, 13, '51/ 41X, ot oo
$EF AL AL A A A S A S A SR AN A AT R AR ARk EK V)
191 207 FOFMAT{IHO,'NTTERY, RX.Aé.LHX"(AT FIRST HALF TIME) ')
192 2C8  FrEMAT{IH T4 ,5X.F12.4)
193 . 2C9  FOPMAT(IHOW'NITERY ,BX 865X Y (AT §FCFND HALF TIME) )
R 194""" 210 FOSNATLIHOWINITER? (PXoAAGIEX,R6,05X, P (AT FIRST HALF TIiMEYY
195 211 FrovAT(IH T4 45XeE12.64,10X,F12.4)
196 212 FOSMAT(IHO'MITFR? ,8X A& 15X AE,CEX P (AT SECCND HALF TIME) ')
197 213 FOEMAT (LN o 8 koo vesieohooir o o el ob ok ob ok ook i e sk ste s o o e oot e ok o e 2o e ol o ool o o ofe sl o el
gRn ARt fIX 0 THE CIFFERENCF PETWEFN TWO SUCCFESSIVE TIME STEP AVER
GAGES i1 /0 okdh fosb ok b oo ol vl oh ot ok s sk 3 o of ot e i s o o e oo ot ke o ik oe e ok e kol sk s e ket s R ok e oK A
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APPENDIX D

Tables for Some Resulting Numerical Values

TABLE (D-1) : Vertical-Velocity Values at y=0 and T, =0

125

T,, C
x 2 8 9 9.597 11
0.1 -.20227 % - 14237} -.5976"> .5699 " 167471
0.2 -.3957"} -.3908”!} -.2689 * .1790"! .8205_2
- 0.3 -.5223"} -.6148 1 -.4903"} .3957 1 113871
0.4 -.5927"} -.79227} -.6872 1 .6039"! .3470°}
0.5 -.6190"! -.9157"} -.8416"} 778171 .57217}
0.6 -.61227" -.9866"* -.947271 L9071} .76347}
0.7 -.5817 "} -.1010 -.1005 .986471 .90897?
0.8 -.5349"} -.99427} -.1019 .1024 .1005
0.9 -.4776"} -.9460"} -.9964 "} .1015_ .1053
1.0 -.41427} -.87337} -.94337} .98107! .1058_
1.5 -.9915"2 -.3515"} -.4460"* .507571 6677
2.0 111178 10277} 473472 742772 .1069"*
2.5 .20347} .341271 .32787} .31417¢ .2655 !
3.0 217170 .40417} 415671 .41857} .413871
3.5 19177} .3698 1 .3906 * .4005”} 41627}
4.0 153171 .29827} .31937} .3303"} .35147!
4.5 .1146"} .22287} .24047} .24997! .269271
5.0 .8209"? .1580"} 17137} 1786} 19387}
5.5 .5685 2 .1080"} 117471 12267} .1336 "1
6.0 .383572 .718572 .78202 .8172°% .8924 2
6.5 .2533°2 .4680"2 .5095% .53287% .582472
7.0 .1646 2 .3006 > .327472 .342372 374272
7.5 .105272 191972 .209072 .218472 .2387 2
8.0 .6556 ° 122772 13362 .1396 2 ..15267%
8.5 .3826°° .7664"° .8530°° .873173 .9550°
9.0 .19947° .4401°7° 481173 .504373 .55497°

&

This means the number printed times 10 to the power shown as

superscript .



TABLE (D-2) : Vertical-Velocity Values at y=0 and Tb=0
T, °c
X 26.8 35 - 41.86
0.1 .4095 .6407 .8266, ,
0.2 " .6226 .9362 1172,
0.3 .6686 .9854 1212,
0.4 .6250 .9158 1123
0.5 .5259 .7968 .9880
. 0.6 L4127 .6622 .8429
0.7 .2965 .5277 .7018
0.8 .1854 .4003 .5704
0.9 .8373 1% .2831 .4503
1.0 -.641872 .1769 .3415
1.5 -.2741 .2028 -.7530° !
1.7 -.3046 .2943 -.2005
1.9 -.3020 .3537 -.3045
2.1 -.2757 .3821 -.3842
2.3 -.2352 .3819 -.4362
2.5 -.1887 .3583 -.4589
2.7 -.1425 .3183 -.4536
2.9 -.1008 _ .2692 -.4349
3.0 -.8226" 1 . 2434 -.4038
3.5 -.161871 .1258 -.2678
4.0 .132671 .493571 -.1433
4.5 .213271 116171 -.6465 !
5.0 .1986 7! .288472 -.249271
5.5 .154271 .644372 -.7936 2
6.0 .10907! .588572 -.177272
6.5 .7270 2 .429472 -.1290"*
7.0 .4679 2 .2815°2 .241378
7.5 .2956 2 .174472 124473
8.0 .187172 .107272 L1517 ¢
8.5 .120172 .7099°3 L3523 ¢
9.0 .793273 .567373 .1906 " *

* This means the number printed times 10

shown as superscript .

to the power



APPENDIX E

Convergence, Accuracy and Reliability of the Results

The stability and convergence of the iterative procedure, used
to obtain the final results, was controlled by three sets of values of
the relaxation factors for three ranges of the mumber of the iterative
steps. Figure (E-1) shows these ranges and the w-values associated with
each one for the three dependent variables. This approach of using ranges
was found to eliminate the numerical instability which was always occurring
after 80 iterative steps, and causing the appearance df negative values in
the temperature field. This is obvious in Figure (E-1) where, it can be

seen that the use of ranges improved the rate of convergence.

The accuracy of the results can be presented, on the other hand,
by the following analysis:

The results were obtained using relative displacement norms,
defined by equation (5.6), of less than 1%. For the temperature equation,
this exit criterion was reaéhed after 50 iterations and then it decreased

2 at the 1303b;iterative

smoothly until it reached a value of 0.209 x 10°
step. The vorticity equation also converged smoothly. The relative
displacement norm for this case reached a value less than 1% after 105
iterations and continued decreasing to reach a value of 0.821 x 10-2 at
the 1BOEh-terminating iterative-step. On the other hand, the convergence
of the stream-function equation was comparatiVely slower than that of the

temperature and vorticity equations. Here, at the last 30 iterative steps
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Exit-Criterion Value

w
Region 6 4 R Temperature
T  1.67 0.82 1.83 + PO
I 1.47 0.82 1.66 o Vorticity
111 1.27 0.82 1.48 . Strean-function
Gr = 1.0_, Pr = 10.0
T = 2.0°C, T,= 0°C
P b
1.0 |
0.8 _
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T - T,)

(T - Tb)/(

8 =

1.0
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Gr = 1.0 and Pr = 10.0

4+ Present
g Suriano and Yang

Note: The exact dimension
in the x-direction
is equal to 9.0 for
both cases.

Fig.

x = x'/L

(E-2): Dimensionless temperature profiles for
the present and Suriano and Yang results
for the same boundary conditions and
numerical parameters.
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the value of the relative displacement norm decreased only from 0.0112
to 0.0107. Subsequently, it was felt that more iterative steps would

be a waste of computer time.

From the above analysis of accuracy, it can be seen that the
results were obtained after a certain stage at which the computed values
had reached almost constant figures. Also, it can be seen that the

convergence was smooth without any unstable oscillations.

At this stage, the reliability of the results might be questined.

For this reason, the present DSSE approach was tested by using the same
boundary conditions and all other parameters of the solution obtained by
Suriano and Yang [Ref. 65], and comparing the results obtained. The two
temperature profiles, shown in Figure (E-2), illustrate the agreement
which was found. The average Nusselt number obtained from the present
program was 1.24, and that obtained by Suriano and Yang was 1.279, less
than 2.5% higher. The agreement between the results obtained by these

two independent programs indicates the reliability of both.



