RECIPROCAL
CIRCULAR POLARIZATION SELECTIVE SURFACES

By

Jasmin E. Roy

A THESIS
SUBMITTED TO THE FACULTY OF GRADUATE STUDIES
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR THE DEGREE OF

Doctor of Philosophy

Department of Electrical and Computer Engineering
University of Manitoba

Winnipeg, Manitoba

(© Copyright by Jasmin E. Roy December 1995.




L R

Acquisitions and

Bibliothégue nationale
du Canada

Direction des acquisitions et

Bibliographic Services Branch  des services bibliographigues

395 Wellington Street
Ottawa, Ontario
K1A ON4 K1A ON4

The author has granted an
irrevocable non-exclusive licence
allowing the National Library of
Canada to reproduce, loan,
distribute or sell copies of
his/her thesis by any means and
in any form or format, making
this thesis available to interested
persons.

The author retains ownership of
the copyright in his/her thesis.
Neither the thesis nor substantial
extracts from it may be printed or
otherwise reproduced without
his/her permission.

305, rue Wellington
Ottawa (Ontario)

Your file Voire rélérence

Our file  Nolre référence

L’auteur a accordé une licence
irrévocable et non exclusive
permettant a la Bibliothéque
nationale du Canada de
reproduire, préter, distribuer ou
vendre des copies de sa thése
de quelque maniere et sous
quelque forme que ce soit pour
mettre des exemplaires de cette
thése a la disposition des
personnes intéressées.

L’auteur conserve la propriété du
droit d’auteur qui protége sa
thése. Ni la thése ni des extraits
substantiels de celle-ci ne
doivent étre imprimés ou
autrement reproduits sans son
autorisation.

ISBN 0-612-13488-1

Canada



Fd
Nom JASMIN EMILE ROY

Dissertation Abslracts Infernational et Masters Abstracts International sont organisés en catégories de sujets.
Veuillez s.v.p. choisir le sujet qui décrit le mieux votre thése et inscrivez le code numérique approprié dans Vespace

réservé ci-dessous.

ENGINEERING, ELECTRONICS AND ELECTRICAL ol sl als UMI
SWET CODE DE SUJET
Catégories par sujefs
HUMANITES ET SCIENCES SOCIALES
gﬁmumuﬂous ETLES ARTSO729 heduhﬁn .- gggg FEE%OL%%[;E{EE RELIGION T
itecture . athé
gﬁuxm... ggg; g:sique 32123 E};!iiosophie.......... - ...0422
ibliothécono ientation et igion
Cinbma o 0900  Philosophio de Fducation ... 0998 Sansralites . 0318
Communication verbale .. 0459 YHQUR eeeesrsrecrsirnerenssnsnanennrees Clergd ... 0319
mmunicatons ........ ...0708 Programmes d'dtudes ot Eiudes bibliques . 0321
Danse .......cemec ...0378 SNSAIGNEMENt.vvcrsisssessesnsnes Histoire des ro!igions . 0320 Evropéenne.
Histoire de I'art ....0377 Psychologie .. .. Philosophie de ka religion Moyen-orientale
Jﬁumalisme gi'ﬂ Ssgences ....... i 8;;? Théokogie ..o rereemersicamrmnirsessnens ﬂm:méglcaim&......

U1 LT BTN ionces sociales .......... - ie, Ausiralie ot Ocbania....
Scierﬂ:es de linformation ...........0723 Sociologl'a do Féducation...........0340 SCIENCES SOCIALES Histoire des sciences..................
ThEIE ceerverervenrerrerseresesererssnsnees 0455 Technokgie .eermmrecrresscernree s G710 Anllm ie 0324 ﬁmrﬁm
. p chdologio ...ovwmsnresannns anification urbaine et
(E;DUCA?OH sis LANGUE, LITTERATURE ET gi:nliure!!e gggg " régio D —

Enbralites ..covvei e reninans ique .. . cience polilique
Adminishation o514  LINGLISTIGUE DO oo 0398 Gy al1Es ovrvrscererrsn 0615

................................ ..0273 Economie Administration publique ....... 0617
Collages communavtaires ..0275 Génbralitas ........ccorreererrrenens 0501 Dreit et relations
COMMBITE .evvvvpsrasiineses ..0688 Commerce-Alfaires. ...0505 . jnternationales...................0616
Lconomie domestique .. ... 0278 Economie agricola ... ..0503 Socto!f:gje .
Education permanente . ....0516 Litérature Economiae dv travail ..0510 GEnoralits ..oouvverreerenrnnnnn 0626
Ed ual"iun prégcq!uira . .0518 Ganérdlités SRUTOPOTUURURUORT 0 7. ¢ ) FII'KII"RCBS ............... ...0508 Aide'el biel:l'&l‘fo social ........ 0630
Ec ucation sa:;ﬂmr'aoé!.... gg?g Ancionnes .. o294 Histoire . 82?]9 Crén:bni?logle eih
nseignement agricole. Comparée .. " 0295 . 8 e . ablissement
Enseignement bilingue odizeale . 0297 Ctudes américain ..0323 péaitentigires ... 0627
E mul :ulture:_nd 85312 Modome . " 0298 !:uue;? l gigg gemgmlm._..: .;..........0938
Ensaignement indust Africaine . " 0316 tudes Foministes v indivi
nseignemant primaire. 0524 Aminicaine 0591 Folklore .. 0358 , da la famille ......c.............0628
Enseignement professiol 0747 b - " Gaographi 0366 Etudes des relations
Enseignement religieux ... 0527 : Géronlologi 0351 interethniques ot
Enseignement secondaire ..0533 Gestion des aff des relafions raciales ....... 0631
gnwignemem spécial ...... g;ﬁg Einérah' és ... gi} 2 Structure of dé ent
nseignement supérieur ... . : ministration 11 SO
Eya!u%!ion ....... ..0288 Lo amaricaine 9312 aAnquUes ......... ...0770 Théorie et méthodes
Fovmators s srsdgnanis 0% Moyenorienide.I0NIE  Compleni OB e en 0629
Histoire de J'éducation ..... ...0520 S - Histoire -
Langues of liHarature .............0279 Slave ot est-evropdenne .......0314 Hisloire gen&eale ................ 0578
SCIENCES ET INGENIERIE
SCIENCES PHYSIQUES Biomédicale ... 0541

SCIENCES BIOLOGIQUES T 0372

Agricultvre Géophysique .0373

Génbralités Hydrologis .
roncmie. ... indralogie 411
imentation ef Océanograph 415
climentaire . Paléobolanique 345
Paléos ] 426

tation des pé
l;ax :g]enma:’;pf?umges “
Physioloato vasstale | SCIENCES DE LA SANTE ET DE
Syvicullvre et faune T L’ENVIRONNEMENT
 Jechnologie du bos............. Economie domestique ....wrurvven. 0386
Biokgie, i Sciences de {'environnement ...... 0768
Geliel:“_eaf- ......................... Scienc'es‘delic_l santéd 0566
- » NPy - Ganetu T8% suviienciraannssisansnnnn
Biclogis [Statstiques} . Administeation des hipilaux .. 0769
nga“' molecuiatre ., imentation et nuinifion 570
amque - . Udlob iB 300
Cellvle .... imioths 992
Ecologis - Donfisteric 567
nlomologie : 758
oo 1o Ensignement 329
Microbiolgia e —
Neyrobogie ... Médecine du travail ot
P eancgr tharapi
ysiclogie
Radiation ........

Sdenca vélérinaire .

Biopzl'?o' 1L TN
ysique
Gendraliles .iimeecrncnsonnas

SCIENCES DE LA TERRE
Bioatochim

imie

370 Soins nfimiers. .
Toxicologio vwrvricseceneerens

Sciences Pures

Genéraliles ...0485
Biochimie ......... ... 487
Chimie agricole ... ..0749
Chimie analytiqus ... ..0
Chimie minérale ...... ..0488
Chimie nucléaire ..... .0738
Chimie organique.......
Chimie pharmacevlique ....... 0491
Physique -...cceeeeeecenmne 0494
Polymre. ..
Radiation ..... .
Mathémaliques .......ccevrerurensn. 0405
Physique

Gondraitis ....vveeirieinrense 0605
Acoustique .....ooicerernnenenes 0986
Aslronomie et

astophysique ......ee.... 0606
Electroniqua et élaciricilé ...... 0607
Fluides et plasma. ..0759
Métgorologie 0608

ique ..0752
Particules (P!
nucléaire) . g;zg
ique atomi .
Ph{;gua daTeto 511
ique molaculaire .. 609

ysique malocy

Physique nuclaaire ...

Radialion .........
Statistiques
Sciences Appliqués Et
Technologie
Informalique v cisnnenes 0984
Ingénierie

Ganralites ...oovrrrrssrnrn 0537

Mécanique appliquée.......

mique ...0348
Canditonnement

{Emballage) ..0549

Genie aérospatial 0538

Génie chimique
Génie civil ...
Génie électro

Génie mécanique
Génie nucléaire ..

Ingénieria des systdmes........0790
f?\%:gnique navsﬁ ..... ...0547
Métdllurgie ............... .

Science des malériaux
Techniqre du pétrole ...........
Technique minidre .............
Techniques sanitaires of

municipales ... coreernes
Technokogie hydravlique ......

Gaolechnalogi woveerrer.romeeerns

Malisres plastiques
ec
Recherche opérationnelle ..

ogie) .......oceerreunins

Texdiles et fissus {Technologie) ...

Ganralit8s voneeniiinovererniiinnn 0621

Personnalité ... 0625
P:yl hobi Sia ...... .. 0349
Psychologie clinique .oeveecerrnnns 0622
Psychologie du comporiement ....0384
Psychologie du développement...0620
Psychologie axpérimentdle ......... 0423
Psychologie industrislle .0624
Psychologie physiclogique .........
Psychologie socidle ...

Psychometrie .....




RECIPROCAL CIRCULAR POLARIZATION

SELECTIVE SURFACES

BY

JASMIN E. ROY

A Thesis submitted to the Faculty of Graduate Studies of the University of Manitoba
in partial fulfillment of the requirements of the degree of

DOCTOR OF PHILOSOPHY

© 1995

Permission has been granted to the LIBRARY OF THE UNIVERSITY OF MANITOBA
to lend or sell copies of this thesis, to the NATIONAL LIBRARY OF CANADA to
microfilm this thesis and to lend or sell copies of the film, and LIBRARY
MICROFILMS to publish an abstract of this thesis.

The author reserves other publication rights, and neither the thesis nor extensive
extracts from it may be printed or other-wise reproduced without the author’s written
permission.



.

A ma mere,

une femme stmple et généreuse
qut atme la vie el ses gens.




Abstract

The objectives of this research are:

to present the concept of a relatively unknown electromagnetic surface called a

Circular Polarization Selective Surface (CPSS),

to review the prior art in this area,

to obtain the geometrical constraints placed on the ideal CPSS,
e to propose a new CPSS realization,

to present numerical simulations of three different CPSS designs.

In the process of conducting this research, a technique based on the Generalized
Scattering Matrix (GSM) was developed for identifying the properties compatible
with the operation required from a planar layered structure. When this technique
was applied to the ideal reciprocal CPSS, it was found that, as far as the dominant
mode is concerned, the passive structure must be endowed with the property of 2n-
fold rotational symmetry except in the neighborhood of the normal incidence where
the property of reciprocity suffices, but cannot possibly be endowed with the property
of longitudinal reflection symmetry. Similarly, it was found that ideal linear polarizers
and ideal circular polarizers are possible only at normal incidence, regardless of their
specific physical implementations. Numerical simulations with the three known CPSS
designs suggested that designs obeying the geometrical constraints of the ideal CPSS

tend indeed to perform better.



Table of Contents

Abstract i
Table of Contents ii
List of Tables v
List of Figures xvi
Nomenclature xxit
Acknowledgments 1
Chapter 1. Concept and Prior Art 2
1.1 Introduction . . . . . . . . . . . .. e 2
1.2 Concept . . . . . o it i e e 3
1.3 Prior Art . . . . . e e 9
Chapter 2. Geometrical Constraints Placed on the Ideal CPSS 19
2.1 Imtroduction . . . . . . . . . . . . L 19
2.2  Generalized Scattering Matrix . . . . . .. ... ... .. ..., 21
2.2.1 Generalities . . . . . . ... L e 21

2.2.2 Normallncidence . . . . . . .. .. .. ... ... ... 37

2.2.3 An Example: the Planar Dielectric Interface . . . . . . . . .. 40

2.2.4 Composite Scattering Matrix . . ... ... . ... .. .... 44

i



2.2.5 Principles and Notation . . .. .. .. ... ... ... ....
2.3 GSM-based Technique . . ... .. .. . ... ... ...
23.1 Ideal CPSS . . . . .. . . ... .
232 NonlIdeal CPSS. . ... ... . . . ... ... . ..

Chapter 3. A New CPSS Realization
3.1 Concept . . . . . . . . e e
3.2 Composite GSM . . . . . . . . . e

Chapter 4. NEC-2 Simulations
4.1 Generalities . . . . .. .. L e
4.2 The Pierrot design . . . . ... ... ... o oo
4.3 Comparison between the Pierrot and the Tilston designs . . . . . ..

4.4 'The cascade polarizer design . . . . . . .. .. ... .. oL

Chapter 5. Conclusion
5.1 Summary . ... . e e e e e e e
5.2 Original Contributions . . . . . .. .. ... ... .. .. .. ... ..

5.3 Directions for Further Research . . . . .. .. ... ... ... ....
Appendix A. Notational Convention
Appendix B. TM and TE modes
Appendix C. Wave Impedance for Arbitrary Incidence
Appendix D. Various Results for the Polarization Efficiency

Appendix E. Validation of the GSM-based Technique
E.0.1 Solid PEC Planar Reflector . . . ... ... ... ... ....
E.0.2 FreeSpaceSlab . . . .. .. .. .. ... o

il

215
215
217
219

221

225

230

236



E.0.3 Artificially Soft or Hard Planar Surfaces . . . ... ... ... 249

E.04 Recall . .. .. . e 253
E.0.5 1Ideal Linear Polarizer . . . . . . . . . . . .. .. ... ..... 254
E.0.6 Ideal Circular Polarizers . . . . . . . . . . . v . . v . ... 260
Appendix F. MAPLE Results 279
REFERENCES 285

iv



2.1

2.2

4.1
4.2

4.3

4.4

4.5

4.6

4.7

List of Tables

The result of performing |CEH + CEP| for structures #1 and #2 with
G =250° . e
Scattered F far-field results obtained from NEC-2 simulations for var-
tous structures endowed with various symmetry properties. . .. ..
Expected results from the indicators for various types of surface.
Scattered E field results for two different segmentations of the octago-
nal wire-grid PEC plate. The observation sphere radius is 30.0 m.
Assessment of the indicators Blckg and Leakg for two different sizes
of an octagonal array made of the Pierrot LHCPSS cells for various
observation sphere radii. The inter-element spacing is 0.15 m and the
incidenceisnormal. . .. ... L. L L oL
Scattered E field results for two different segmentations of the octago-
nal LP polarizer plate. The observation sphere radius is 30.0 m.
Assessment of the indicators ar™ and ar! for two different sizes of an oc-
tagonal array made of the Pierrot LHCPSS cells for various observation
sphere radii. The inter-element spacing is 0.15 m and the incidence is
normal. . .. .. e
Near-field results given by NEC-2 for two different ¢' values but the
same 0 = 0°. . . ...
Various statistics for the octagonal array with two different numbers

of cells and two different values of inter-element spacing. . . . .. ..

61

106

106

108

113

136




4.8

4.9

4.10

4.11

4.12

4.13

4.14

4.15

4.16

4.17

4.18

Peak scattering values for octagonal arrays with two different numbers
of Pierrot cells. The observation sphere radiusis 4.2m. ... .. ..
Reflection beam values for octagonal arrays with two different numbers
of Pierrot cells. The observation sphere radiusis4.2m. .. ... ..
Transmission beam values for octagonal arrays with two different num-
bers of Pierrot cells. The observation sphere radius is 4.2 m.

Peak scattering values for octagonal arrays with two different numbers
of Pierrot cells. The observation sphere radiusis 300 m. . . . .. ..
Reflection beam values for octagonal arrays with two different numbers
of Pierrot cells. The observation sphere radius is 30.0 m. . .. .. ..
Transmission beam values for octagonal arrays with two different num-
bers of Pierrot cells. The observation sphere radius is 30.0 m.

Peak scattering values for octagonal arrays with two different numbers
of Pierrot cells. The observation sphere radius is 84.0m. . . . .. ..
Reflection beam values for octagonal arrays with two different numbers
of Pierrot cells. The observation sphere radius is 84.0 m.
Transmission beam values for octagonal arrays with two different num-
bers of Pierrot cells. The observation sphere radius is 84.0 m.
Assessment of the indicator ar”™ for various cases of an octagonal array
made of Pierrot LHCPSS cells for different values of observation sphere
radius, incidence angle and inter-element spacing. The results for the
30.0 m observation sphere radius are taken as the reference.
Assessment of the indicator ar' for various cases of an octagonal array
made of Pierrot LHCPSS cells for different values of observation sphere
radius, incidence angle and inter-element spacing. The results for the

30.0 m observation sphere radius are taken as the reference. . . . . .

Vi

140

142

144

144

145



4.19

4.20

4.21

4.22

4.23

4.24

4.25

4.26

Assessment of the indicator Blckg for various cases of an octagonal
array made of Pierrot LHCPSS cells for different values of observation
sphere radius, incidence angle and inter-element spacing. The results
for the 30.0 m observation sphere radius are taken as the reference.

Assessment of the indicator Leakg for various cases of an octagonal
array made of Pierrot LHCPSS cells for different values of observation
sphere radius, incidence angle and inter-element spacing. The results
for the 30.0 m observation sphere radius are taken as the reference.

| LLP| values of the octagonal array of 37 Pierrot cells for various inci-
dences. The inter-element spacing is 0.15 m and the observation sphere
radiusis 30.0m. . . . . . . L e
| RR?| values of the octagonal array of 37 Pierrot cells for various inci-
dences. The inter-element spacing is 0.15 m and the observation sphere
radius1s 30.0m. . . . . . Lo
|LL? [ RR?| values of the octagonal array of 37 Pierrot cells for various
incidences. The inter-element spacing is 0.15 m and the observation
sphereradius s 30.0 m. . . . . . . . . ... ... .o
|LL"| reflection beam values of the octagonal array of 37 Pierrot cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radins is 300 m. . .. .. ... ... .. ... ..
|LL!| transmission beam values of the octagonal array of 37 Pierrot
cells for various incidences. The inter-element spacing is 0.15 m and
the observation sphere radiusis 30.0m. . . . ... ... ... .. ..
|RR"| reflection beam values of the octagonal array of 37 Pierrot cells
for various incidences. The inter-element spacing is 0.15 m and the

observation sphere radius is 30.0 m. . . ... .. ... ... ... ..

vil

146

146



4.27

4.28

4.29

4.30

4.31

4.32

4.33

4.34

4.35

| RR!| transmission beam values of the octagonal array of 37 Pierrot
cells for various incidences. The inter-element spacing is 0.15 m and
the observation sphere radiusis 30.0m. . .. ... .. ... ... ..
|RL"| reflection beam values of the octagonal array of 37 Pierrot cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0 m. . ... .. ... .. ... ....
|RL| transmission beam values of the octagonal array of 37 Pierrot
cells for various incidences. The inter-element spacing is 0.15 m and
the observation sphere radiusis 30.0 m. . .. ... .. ... ... ..
|LR"| reflection beam values of the octagonal array of 37 Pierrot cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radiusis 30.0 m. . . ... ... ... .. ... ..
|LR| transmission beam values of the octagonal array of 37 Pierrot
cells for various incidences. The inter-element spacing is 0.15 m and
the observation sphere radius is 30.0m. . . ... ... ... ... ..
ar” reflection beam values of the octagonal array of 37 Pierrot cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius s 30.0 m. . . . . .. .. ... .. ... ..
ar® transmission beam values of the octagonal array of 37 Pierrot cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0m. . . ... ... ... ... ...
Blockage beam values of the octagonal array of 37 Pierrot cells for
various incidences. The inter-element spacing is 0.15 m and the obser-
vation sphere radius is 30.0 m. . . . . .. .. ... L.
Leakage beam values of the octagonal array of 37 Pierrot cells for vari-
ous incidences. The inter-element spacing is 0.15 m and the observation

sphere radius s 30.0m. . ... ... ... ..... e

viii

151

152

153



4.36

4.37

4.38

4.39

4.40

4.41

4.42

4.43

4.44

Peak scattering values of the octagonal array of 37 Pierrot cells with
various cell thickness values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m.

Reflection beam values of the octagonal array of 37 Pierrot cells with
various cell thickness values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m.

Transmission beam values of the octagonal array of 37 Pierrot cells with
various cell thickness values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius 1s 30.0 m.

Peak scattering values of the octagonal array of 37 Pierrot cells for
various frequency values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m.

Reflection beam values of the octagonal array of 37 Pierrot cells for
various frequency values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m.

Transmission beam values of the octagonal array of 37 Pierrot cells
for various frequency values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m.

Peak scattering values of the octagonal array of 37 Pierrot cells with
different values of inter-element spacing. The incidence is normal and
the observation sphere radins is 30.0m. . .. .. .. ... ... ...
Reflection beam values of the octagonal array of 37 Pierrot cells with
different values of inter-element spacing. The incidence is normal and
the observation sphere radius is 30.0 m. . . . . .. ... ... .. ..
Transmission beam values of the octagonal array of 37 Pierrot cells
with different values of inter-element spacing. The incidence is normal

and the observation sphere radius s 30.0m. . . . . . . ... ... ..

ix

155

156

156

157

158

159

160

161



4.45

4.46

4.47

4.48

4.49

4.50

4.51

4.52

Peak scattering values for octagonal arrays of 37 cells with various
cell designs and 0.15 m inter-element spacing. The observation sphere
radius1s30.0 m. . . . . . L. e
Reflection beam values for octagonal arrays of 37 cells with various
cell designs and 0.15 m inter-element spacing. The observation sphere
radiusis 30.0 m. . . . . . . L. e
Transmission beam values for octagonal arrays of 37 cells with various
cell designs and 0.15 m inter-element spacing. The observation sphere
radiusis 30.0 m. . . . . ...
Peak scattering values for increasingly more asymmetrical Tilston cell
designs. The number of cells i1s 37, the inter-element spacing 1s 0.15 m,
the incidence is normal and the observation sphere radius is 30.0 m.

Reflection beam values for increasingly more asymmetrical Tilston cell
designs. The number of cells is 37, the inter-element spacing is 0.15 m,
the incidence is normal and the observation sphere radius is 30.0 m.

Transmission beam values for increasingly more asymmetrical Tilston
cell designs. The number of cells is 37, the inter-element spacing is
0.15 m, the incidence is normal and the observation sphere radius is
30.0m. . . e e
|LLP| values of the octagonal array of 37 Tilston cells for various inci-
dences. The inter-element spacing is 0.15 m and the observation sphere
radiusis 30.0 m. . . . ..o
| RRP| values of the octagonal array of 37 Tilston cells for various inci-
dences. The inter-element spacing is 0.15 m and the observation sphere

radius is 30.0 m. . . . .. e e e e e e

174

175

176

177

178

178

179




4.53

4.54

4.55

4.56

4.57

4.58

4.59

4.60

4.61

|LL? /| RR?| values of the octagonal array of 37 Tilston cells for various
incidences. The inter-element spacing is 0.15 m and the observation
sphereradius is 30.0 m. . . . .. ... .. ... ... ... . ...
|LL7| reflection beam values of the octagonal array of 37 Tilston cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is30.0 m. . . ... ... ... ... ....
|LLY| transmission beam values of the octagonal array of 37 Tilston
cells for various incidences. The inter-element spacing is 0.15 m and
the observation sphere radius s 30.0 m. . . . ... ... ... . ...
| RR"| reflection beam values of the octagonal array of 37 Tilston cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0 m. . . . . . ... .. .. ... ...
|RR!| transmission beam values of the octagonal array of 37 Tilston
cells for various incidences. The inter-element spacing is 0.15 m and
the observation sphere radius s 30.0m. . .. ... .. .. ......
|RL"| reflection beam values of the octagonal array of 37 Tilston cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0 m. . . . .. ... ... ... ....
|RL!| transmission beam values of the octagonal array of 37 Tilston
cells for various incidences. The inter-element spacing is 0.15 m and
the observation sphere radiusis30.0 m. . .. ... ... ... ....
|LR"| reflection beam values of the octagonal array of 37 Tilston cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius 1s30.0m. . .. .. .. ... ... ... ..
|LR’| transmission beam values of the octagonal array of 37 Tilston
cells for various incidences. The inter-element spacing is 0.15 m and

the observation sphere radius is 30.0m. . ... ... ... ... ...

X1

179

180

180

182



4.62

4.63

4.64

4.65

4.66

4.67

4.68

4.69

4.70

ar” reflection beam values of the octagonal array of 37 Tilston cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius 18 30.0m. . . . .. ... ...,
ar® transmission beam values of the octagonal array of 37 Tilston cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0m. . . . .. ... ... .. ...
Blockage beam values of the octagonal array of 37 Tilston cells for
various incidences. The inter-element spacing is 0.15 m and the obser-
vation sphere radiusis 30.0 m. . . . . .. .. . L.
Leakage beam values of the octagonal array of 37 Tilston cells for vari-
ous incidences. The inter-element spacing is 0.15 m and the observation
sphereradius1s30.0m. . . . . . . ... ... oL
Peak scattering values of the octagonal array of 37 Tilston cells with
0.015 m asymmetry. The inter-element spacing is 0.15 m and the
observation sphere radius is30.0 m. . . . .. ... ...,
Reflection beam values of the octagonal array of 37 Tilston cells with
0.015 m asymmetry. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0m. . . . .. ... ...
Transmission beam values of the octagonal array of 37 Tilston cells
with 0.015 m asymmetry. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0m. . . .. ... ... .. .o
Peak scattering values of the octagonal array of 37 Tilston cells with
various cell thickness values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m.

Reflection beam values of the octagonal array of 37 Tilston cells with
various cell thickness values. The inter-element spacing is 0.15 m, the

incidence is normal and the observation sphere radius is 30.0 m.

xii

185

186

186

186

187

188




4.71

4.72

4.73

4.74

4.75

4.76

4.77

4.78

4.79

4.80

Transmission beam values of the octagonal array of 37 Tilston cells with
various cell thickness values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 36.0 m. . . 188
Peak scattering values of the octagonal array of 37 Tilston cells for
various frequency values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m. .. 189
Reflection beam values of the octagonal array of 37 Tilston cells for
various frequency values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m. . . 190
Transmission beam values of the octagonal array of 37 Tilston cells
for various frequency values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m. . . 190
Peak scattering values of the octagonal array of 37 Tilston cells with
different values of inter-element spacing. The incidence is normal and
the observation sphere radiusis 30.0 m. . . . . .. .. .. ... ... 191
Reflection beam values of the octagonal array of 37 Tilston cells with
different values of inter-element spacing. The incidence is normal and
the observation sphere radius is30.0m. . . . ... .. .. ... ... 192
Transmission beam values of the octagonal array of 37 Tilston cells

with different values of inter-element spacing. The incidence is normal

and the observation sphere radiusis 30.0m. . ... ... ... ..., 192
Peak scattering values for the octagonal cascade polarizer LHCPSS.
The incidence is normal and »=30.0m. . . . . .. ... ... .... 208
Reflection beam values for the octagonal cascade polarizer LHCPSS.
The incidenceis normal and » =300 m. . . . . .. .. ... ... .. 209
Transmission beam values for the octagonal cascade polarizer LHCPSS.

The incidenceisnormaland r =300m. . . . . ..., ... .. .... 210

X1ii



4.81

4.82

4.83

4.84

4.85

4.86

4.87

4.88

Peak scattering values of the octagonal cascade polarizer LHCPSS for
various wire thickness values of the LP polarizer plate. The observation
sphere radius is r = 30.0 m and the incidence is normal. . . . .. ..
Reflection beam values of the octagonal cascade polarizer LHCPSS for
various wire thickness values of the LP polarizer plate. The observation
sphere radius is r = 30.0 m and the incidence is normal. . . . .. ..
Transmission beam values of the octagonal cascade polarizer LHCPSS
for various wire thickness values of the LP polarizer plate. The obser-
vation sphere radius is r = 30.0 m and the incidence is normal.

Peak scattering values of the octagonal cascade polarizer LHCPSS for
two different values of the inter-wire spacing of the LP polarizer plate.
The observation sphere radius is » = 30.0 m and the incidence is nor-
mal. .. e e
Reflection beam values of the octagonal cascade polarizer LHCPSS
for two different values of the inter-wire spacing of the LP polarizer
plate. The observation sphere radius is r = 30.0 m and the incidence
ismormal. . . . .. L. L e e
Transmission beam values of the octagonal cascade polarizer LHCPSS
for two different values of the inter-wire spacing of the LP polarizer
plate. The observation sphere radius is r = 30.0 m and the incidence
ismormal. . . . . ... L e e
Peak scattering values of the octagonal cascade polarizer LHCPSS for
various frequency values. The observation sphere radius is r = 30.0 m
and the incidenceisnormal. . . . .. ... Lo Lo oL
Reflection beam values of the octagonal cascade polarizer LHCPSS for
various frequency values. The observation sphere radius is r = 30.0 m

and the incidenceis normal. . . . . . . . . . . . .. ..

Xiv

211

211

211

212

212

212

213



4.89 Transmission beam values of the octagonal cascade polarizer LHCPSS
for various frequency values. The observation sphere radius is » =

30.0 m and the incidenceisnormal. . .. .. ... .. .. ... ...

XV



1.1
1.2
1.3

1.4
1.5
1.6

2.1

2.2

2.3

2.4

2.5

2.6

List of Figures

The depiction of the operation of the reciprocal symmetrical LHCPSS.

The depiction of the operation of the reciprocal asymmetrical LHCPSS.

Two types of non-reciprocal LHCPSS: symmetrical (top) and asym-

metrical (bottom). . . .. ... L

Pierrot’s LHCPSS. . . . . . .. ... . ..
The cascade polarizer LHCPSS . . .. ... ... ... ........
Tilston’s LHCPSS. . . . . . . . . .
Two-port scattering matrix (top) and 1-D wave propagation problem
(bottom). . . . . . . e e
Generalization of the travelling wave scattering process for arbitrary
incidence angles. . . . . . ... . e
Travelling wave scattering process for arbitrary incidence angles with
relabelled incident waves. . . . .. ... L
Representation of the electric field vector for the TM* mode for the
two cases where the incident wave originates from medium #1 (top)
or medium #2 (bottom). . .. .. ... L
The series connection of two scattering matrices separated by a trans-
mission lineof lengthd. . . .. ... ... ... . 0 0.
The case of treating the principal waves as if they corresponded to

spatial harmonics. . . . . .. ... ... L

Xvi

3
6



2.7

2.8

2.9

2.10

2.11

2.12

2.13

2.14

2.15

2.16

3.1

3.2
4.1

4.2

4.3

The depiction of the situation corresponding a) to C?%(8°, #°|0°, ') and

b) to C®(x — 0', 7 + ¢'|x — 0°,w + ¢°), for both cases of s = r and s = ¢.

?." sign when-

The formulation of the reciprocity principle incurs a
ever one and only one of the two waves whose ratio forms the voltage
scattering coefhcient is a H-polarized wave. . . .. ... ... .. ..
Two waves in a transverse reflection symmetry relationship. . . . . .
Two waves in a longitudinal reflection symmetry relationship.
Structure #1, with no 2-fold rotational symmetry nor longitudinal re-
flection symmetry. . . . . ... .. oL
Structure #2, with 2-fold rotational symmetry but no longitudinal
reflection symmetry. . . . . .. .. L o
Structure #3, with no 2-fold rotational symmetry but with longitudinal
reflection symmetry. . . . . .. . . .. L L L. oo
Structure #4, with both 2-fold rotational symmetry and longitudinal
reflection symmetry. . . . . ... Lo
The inverse of the axial ratio, i.e. 1/ar, as a function of p and §.

The polarization efficiency f as a functionof pand . . . .. .. ..
The various cases for the operation of a quarter-wave plate. . . . . .
A new CPSS realization. . .. ... ... ... ... ... ...
Octagonal solid PEC plate modelled with a wire mesh as per the "same-
surface-area” rule of thumb. This figure shows the case of a segmenta-
tion consisting of 5 wires per each 0.15 m side of the unit cell.
Octagonal LP polarizer plate made of circular wires as per the "same-
surface-area” rule of thumb. This figure shows the case of a segmenta-
tion consisting of 5 wires per one 0.15 m side of the unit cell.

Configuration and orientation of the Pierrot LHCPSS cell for operation

xvil

50

52

53

53

62

62

63

63

79

79

82
86

107

111

115



4.4

4.5

4.6

4.7

4.8

4.9

4.10

4.11

4.12

4.13

4.14

4.15

4.16

4.17

4.18

4.19

4.20

Configuration and orientation of the octagonal array made of 37 iden-
tical Pierrot LHCPSS cells for operation at 1 GHz. . . ... ... .. 116
Configuration and orientation of the octagonal array made of 156 iden-
tical Pierrot LHCPSS cells for operation at 1 GHz. . . . ... .. .. 117
Configuration and orientation of the octagonal gangbuster array made
of 148 identical Pierrot LHCPSS cells for operation at 1 GHz. .. .. 118
Induced current for the crank illuminated with a LHCP plane wave
incident at @ =0%and ¢* =0° . ... .. ... ... .. ... ..., 120

Induced current for the crank illuminated with a RHCP plane wave

incident at ¢ =0%and ¢*  =0° .. .. .. ... ... .. ... 120
|LL| for the crank, with 6" =0°, ¢ =0°and r =4.2m. . ...... 121
|RL] for the crank, with ' =0°, ¢' =0°and r=42m. . ...... 121
|LR] for the crank, with ## =0°, ¢’ =0°and r =42m. ... .. .. 122
|RR| for the crank, with ¢ =0°, ¢ =0°and r =4.2m. ... .. .. 122

Induced current for the crank illuminated with a LHCP plane wave
incident at 8" =45° and ¢ =45°. .. . ... ... ... .. 123

Induced current for the crank illuminated with a RHCP plane wave

incident at §* =45° and ¢* =45°. .. ... ... ... ... ... .. 123
|LL| for the crank, with §' = 45°, ¢' =45°and r =4.2m. . ... .. 124
|RL| for the crank, with ' = 45°, ¢ =45° andr =4.2m. . ... .. 124
|LR| for the crank, with ' = 45°, ¢' =45° and r =4.2m. .. ... . 125
|RR] for the crank, with 8' =45°, ¢' =45°and r=42m. . ... .. 125

|LL| for a 37 Pierrot cell octagonal array, with 8 = 0°, ¢' = 0° and

xviil



4.21

4.24

4.25

4.26

4.27

4.28

4.29

4.30

4.31

4.32

4.33

|LR| for a 37 Pierrot cell octagonal array, with 8 = 0°, ¢ = 0° and
r=300m. . ...
|RR| for a 37 Pierrot cell octagonal array, with 8* = 0°, ¢' = 0° and
r=300m. ... ... e
|LL] for a 37 Pierrot cell octagonal array, with 6 = 45°, ¢' = 45° and
r=300m. .. ...
|RL| for a 37 Pierrot cell octagonal array, with § = 45°, ¢' = 45° and
r=30.0m. .. ... e
|LR] for a 37 Pierrot cell octagonal array, with 8 = 45°, ¢' = 45° and
r=30.0m. .. .. .. ..
|RR| for a 37 Pierrot cell octagonal array, with 8 = 45°, ¢' = 45° and
r=300m. ... . ... e
|LL| for the octagonal wire-grid reflector, with 6 = 0°, ¢' = 0° and
r=30.0m. .. ...
|RL| for the octagonal wire-grid reflector, with #' = 0°, ¢' = 0° and
r=300m. . . .. e
|LL| for the octagonal wire-grid reflector, with 6 = 45°, ¢' = 45° and
r=30.0m. .. ...
|RL| for the octagonal wire-grid reflector, with & = 45°, ¢' = 45° and
r=30.0m. . . ...
Configuration and orientation of the octagonal array made of 37 iden-

tical Tilston LHCPSS cells for operation at 1 GHz. . . .. ... ...
Configuration and orientation of the octagonal array made of 37 iden-
tical Tilston-CW LHCPSS cells for operation at 1 GHz. The CCW
version follows naturally and is not shown. . ... . ... ... ...

Configuration and orientation of the octagonal array made of 37 iden-

tical Tilston-X LHCPSS cells for operation at 1 GHz. .. ... ...

Xix



4.34
4.35

4.36

4.37

4.38

4.39

4.40

4.41

4.42

4.43

4.44

4.45

Generic configuration of the cascade polarizer LHCPSS design.

One of the two octagonal plates of the LHCP polarizer made of circular
PEC wires with inter-wire spacing s = 0.24X within the grid and with
wire radius @ = 0.005X. . . . . ...
Octagonal LP polarizer plate made of circular PEC wires as per the
"same-surface-area” rule of thumb for the cascade polarizer LHCPSS.
This figure shows the case of 6 wires inclined at +45° per each 0.15 m
sideof theunitcell. . .. ... .. ... . o oL
One of the two octagonal plates of the RHCP polarizer made of circular
PEC wires with inter-wire spacing s = 0.24X within the grid and with
wire radius ¢ = 0.005A. . . .. ..o L oo
|LL} of the cascade polarizer LHCPSS with s = 0.07195 m, d =
0.1125 m, D = 0.1500 m, ¢ = 0.0015 m, §' = 0°, ¢' = 0°, r = 30.0 m.
|RL| of the cascade polarizer LHCPSS with s = 0.07195 m, d =
0.1125 m, D = 0.1500 m, a = 0.0015 m, ' = 0°, ¢' = 0°, r = 30.0 m.
ILR| of the cascade polarizer LHCPSS with s = 0.07195 m, d =
0.1125 m, D = 0.1500 m, a = 0.0015 m, §' = 0°, ¢* = 0°, r = 30.0 m.
|RR| of the cascade polarizer LHCPSS with s = 0.07195 m, d =
0.1125 m, D = 0.1500 m, a = 0.0015 m, 6 = 0°, ¢' = 0°, r = 30.0 m.
|LL| of the cascade polarizer RHCPSS with s = 0.07195 m, d =
0.1125 m, D = 0.1500 m, a = 0.0015 m, & = 0°, ¢' = 0°, » = 30.0 m.
|RL| of the cascade polarizer RHCPSS with s = 0.07195 m, d =
0.1125 m, D = 0.1500 m, ¢ = 0.0015 m, §' = 0°, ¢’ = 0°, r = 30.0 m.
|LR| of the cascade polarizer RHCPSS with s = 0.07195 m, d =
0.1125 m, D = 0.1500 m, ¢ = U.Gﬁ15 m, 0 =0° ¢ =0° r = 30.0 m.
|RR| of the cascade polarizer RHCPSS with s = 0.07195 m, d =
0.1125 m, D = 0.1500 m, a = 0.0015 m, §' = 0°, ¢* = 0°, r = 30.0 m.

XX

197

198

199

201

201

202

202

203

203

204

204



Al

C.1

C.2
D.1

E.1

The familiar (on the left) and the present (on the right) representations
of the incident propagation vector B
Depiction of a plane wave incident at an arbitrary angle with an arbi-
trary polarization. . ... ... .. ... ..., e e e
Two cases for which ¢ is the same for two different values of 8.

Coordinate definition for the two arbitrarily elliptically polarized an-
TENNAS. .« v v v v e e e e e e e e e e e e e e e e e

Depiction of the operation of an ideal wire grid LP polarizer.

xXi



Nomenclature

Unless indicated otherwise, the following symbols have this meaning:

a
A
Qy

P
ay

e

ar

ar

ar

arpe

Blckg
C(E,H)

Pq
C’u.u

wire radius

the unit of current, Ampere

voltage travelling wave incident at port numbered v = {1, 2, 3,4}
the p mode voltage travelling wave incident at port

numbered v = {1,2,3,4} with p = {E, H, X, Y}

voltage travelling wave incident at port numbered v = {1,2,3,4} of
the scattering matrix numbered n = {I, 11}

axial ratio

axial ratio of the reflection beam at the geometrical optics
reflection angle

axial ratio of the transmission beam at the geometrical optics
transmission angle

axial ratio of the receiving antenna

axial ratio of the transmitting antenna

axial ratio of a LHCP polarization ellipse

axial ratio of a RHCP polarization ellipse

voltage travelling wave scattered at port numbered © = {1,2,3,4}
the p mode voltage travelling wave scattered at port

numbered v = {1,2,3,4} with p={E, H, X,Y}

voltage travelling wave scattered at port numbered u = {1,2,3,4} of
the scattering matrix numbered n = {I, 11}

indicator of Blockage

the scattering matrix written in terms of the whole electric field
of the F and the H modes

scattering coefficient of the (' scattering matrix with

{p,q} ={E,H} and {u,v} ={1,2,3,4}

xx11



CPp
CPSS

cte

E mode
E-type mode
E,

E,
E;

ET‘

2

Et

0%
E;
14
12
£;

Circularly Polarized or Circular Polarization

Circular Polarization Selective Surface

?constant”

inter-grid spacing, either generic or for CP polarizers
spacing between the CP and LP polarizers for the LHCPSS
Latin abbreviation for meaning ”"for example”

easy axis of a LP polarizer plate

fast axis of a retardation plate

slow axis of a retardation plate

electric field

the z component of the electric field

the TM?* mode, i.e. E':, = Eoé

the TM* mode, i.e. the E* mode

the TM" mode where u is a transverse direction, i.e. ©v = {z,y}
the whole electric field (phasor)

the whole electric field (vector)

the incident whole electric field

the reflected whole electric field

the transmitted whole electric field

the scattered whole electric field with s = {r,¢}

the transverse component of the incident electric field
the transverse component of the reflected electric field
the transverse component of the transmitted electric field
the transverse component of the scattered electric field
with s = {r,t}

the p mode whole electric field incident at port u

with p= {E,H} and u = {1, 2,3,4}

the transverse component of the p mode electric field
incident at port u with p = {E, H} and u = {1,2,3,4}
the p mode whole electric field scattered at port u

with p={E, H}, u = {1,2,3,4} and s = {r,t}

the transverse component of the p mode electric field scattered
at port v with p={E,H}, v = {1,2,3,4} and s = {r, ¢}

the LHCP component of the electric field -

the RHCP component of the electric field

xxiii



f polarization efficiency

f polarization efliciency of the incidence polarization ellipse

ft polarization efficiency of the reflection polarization ellipse

f polarization efficiency of the transmission polarization ellipse

GT gain of the receiving antenna

G* gain of the transmitting antenna

GSM (Generalized Scattering Matrix

H magnetic field

H, the z component of the magnetic field

H* the TE” mode, i.e. E, = E,¢

H mode the TE* mode, i.e. the H? mode

H-type mode the TE* mode where u is a transverse direction, i.e. © = {z,y}

H, the whole magnetic field

Hi the incident whole magnetic field

H? the reflected whole magnetic field

ot the transmitted whole magnetic field

H: the scattered whole magnetic field with s = {r, ¢}

H; the transverse component of the incident magnetic field

H] the transverse component of the reflected magnetic field

H} the transverse component of the transmitted magnetic field

H; the transverse component of the scattered magnetic field
with s = {r, ¢}

I identity matrix

ie. Latin abbreviation for meaning “that is to say”

7 imaginary number equal to /=1

k generic propagation vector

k wavenumber equal to the magnitude of k

k, the z component of the propagation vector k

k} the z component of the propagation vector k in region 1

k2 the z component of the propagation vector k in region 2

ki incidence propagation vector

B reflection propagation vector

i transmission propagation vector

ke scattered wave propagation vector with s = {r, ¢}

Leakg indicator of Leakage |

XX1v




LL
LLr
LLT
LIt
LR
LR’
LR
LHCP
LHCPSS
LP

m

MAPLE

NEC-2

br
PR

PEC

RL
RLT
RL!
RR
RRP
RRT
RR!
RY

RI

RE
RH
RHCP
RHCPSS

S

co-polarization scattered LHCP field

peak value of LL

co-polarization scattered LHCP field of the reflection beam
co-polarization scattered LHCP field of the transmission beam
cross-polarization scattered LHCP field

cross-polarization scattered LHCP field of the reflection beam
cross-polarization scattered LHCP field of the transmission beam
Left-Hand Circularly Polarized or Circular Polarization
Left-Hand CPSS

Linearly Polarized or Linear Polarization

the unit of length, meter

registered trademark from Waterloo Maple Software
identifying a software package for symbolic computation
Numerical Electromagnetic Code software
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Chapter One

Concept and Prior Art

1.1 Introduction

Linear polarization selection has been used for many years in reflector antenna
design, owing to the simplicity and the ease of designing grids of straight or curved
wires, and twist reflectors. Circular polarization selection, however, has not been used
because no simple eleciromagnetic surface achieving such a selection has been known.
It has even been argued that such a selective surface could be realized physically! In
1976, Cornbleet [1, pp. 322-323] conjectured that the Circular Polarization Selective
Surface (CPSS) was an impossible polarizer on the basis that the corresponding Jones
polarization matrix is singular, and thus cannot be realized by any combination of
physical devices, which by virtue of their realizability have necessarily non-singular
polarization matrices, since the product of any non-singular matrices cannot yield a
singular matrix. Yet, other researchers [4, 5, 7] have put forward various designs for
the CPSS.

This research aims at proving on a theoretical basis that the reciprocal CPSS
is possible, at identifying the properties and the geometrical constraints inherent to

such a surface, and at presenting the performance of three different designs.




1.2 Concept

An ideal Left Hand Circular Polarization Selective Surface (LHCPSS) is a struc-
ture that would reflect completely an impinging Left Hand Circularly Polarized
(LHCP) electromagnetic wave and yet, would be completely transparent to an im-
pinging Right Hand Circularly Polarized (RHCP) electromagnetic wave. Similarly,
an ideal RHCPSS is a structure that would reflect completely an impinging RHCP
wave and yet, would be completely transparent to an impinging LHCP wave. Since
both LHCPSS and RHCPSS are similar in concept, only the LHCPSS is dealt with
hereafter.

Four types of LHCPSS shown in Figures 1.1, 1.2 and 1.3 are possible depending
on the handedness of the Circularly Polarized (CP) wave being scattered by the
structure. The first and the second type shown respectively on Figure 1.1 and 1.2
have the handedness of the reflected wave being the same as that of the incident CP
wave. The third and the fourth types shown respectively at the top and the bottom
of Figure 1.3 have the handedness of the reflected wave being opposite to that of the
incident CP wave. The reciprocity principle of electromagnetism dictates that the
operation of a reciprocal device remain unchanged upon reversing the direction of
all propagation vectors. Thus, only the first and the second types correspond to a
reciprocal device, a result that Tilston et al. had briefly stated in references [7] and

[8, p. 3], by writing:

If a surface passes one sense of circular polarization while reflecting the
other, by reciprocity, the polarization sense of the reflected wave must be
the same as that of the incident wave. Otherwise, the (reciprocal) surface

will reflect waves of both senses of polarization.

The type shown on Figure 1.1 is designated as symmetrical because the operation

of the structure remains the same whether the wave impinges from the left or from



the right of the structure. By analogy, the type shown at the top of Figure 1.3 is
designated as symmetrical. The type shown on Figure 1.2 is designated as asymmet-
rical because the operation of the structure changes depending on whether the wave
impinges from the left or from the right of the structure. By analogy, the type shown
at the bottom of Figure 1.3 is designated as asymmetrical. Although this research
focuses mainly on the reciprocal symmetrical LHCPSS, an example of the reciprocal
asymmetrical LHCPSS will be mentioned in Chapter 3. The non-reciprocal types are
not dealt with altogether.

The use of the reciprocity principle as well as that of symmetry properties (rota-
tional, transverse or longitudinal) is of paramount importance in assessing whether
or not a given structure is a good candidate for a prescribed operation. This research
hinges precisely on such a use. The lesson, however, was hard taught as this author’s
experience exemplifies. Initially, it was thought that since one is dealing with circular
polarization, it would only be natural to use a spiral antenna as the element of the
unit cell for the reciprocal CPSS. For months, this author tried many configurations
of Archimedean spirals [3], varying the number of arms, the rate of expansion, the
number and the individual orientation of spirals in a stack configuration, but to no
avail! Afterwards, it was realized [2] that since the winding direction of the arms of
a spiral becomes reversed as the incidence angle passes from 8 = 0° to § = 180°, an
array of spirals that would reflect, say, LHCP upon LHCP illumination from 8 = (0°
would reflect RHCP upon RHCP illumination from § = 180°. Such a response, how-
ever, would correspond to the asymmetrical rather than the symmetrical type. The
analysis presented below shows in fact that the ideal reciprocal symmetrical CPSS
must be endowed with the 2n-fold rotational symmetry except at normal incidence
where reciprocity suffices, but must not be endowed with the longitudinal reflection
symmetry.

Since one is interested in realizing the CPSS operation with a purely passive



Figure 1.1: The depiction of the operation of the reciprocal symmetrical LHCPSS.



Figure 1.2: The depiction of the operation of the reciprocal asymmetrical LHCPSS.



Figure 1.3: Two types of non-reciprocal LHCPSS: symmetrical (top) and asym-
metrical (bottom).



structure, the non-reciprocal types are not considered hereafter, thus precluding the
use of a gyrotropic medium, e.g. ferrite or plasma. Is is noted in passing that unlike
the spiral, the helix has the same handedness whether viewed from one end or the
other [47, p. 426]. This observation suggests that the helix, rather than the spiral,
antenna would seem to be the natural choice as the element of the unit cell for
the reciprocal CPSS. Unfortunately, the use of Pasteur’s medium, i.e. an isotropic
reciprocal chiral medium, with the property of optical activity [47, p. 425-426] does
not produce the desired CP selectivity since a CP wave travelling along the axes of the
helices constituting the Pasteur medium is merely phase-delayed or phase-advanced
according to the handedness of the helices in relation to the handedness of the CP

wave.




1.3 Prior Art

The technical literature on the topic of CPSS is very scarce. This author is aware
of three different designs which are presented here in the chronological order. The
first design is reported in a French patent filed in 1966 by Pierrot [4] and consists
of an array of disjointed wires, each wire being 1) in overall length and bent into a
crank-like shape, with each transverse arm being 3)/4 long in the z or y direction,
and the longitudinal section being A/4 long in the z direction. The very same idea was
independently rediscovered by Morin {11] more than two decades later. Morin [14] has
further modified the design by stringing many crank wires into skewed rectangular

! illuminated sideway, in order to achieve a self-supporting structure.

helices

Pierrot’s design for the unit cell of a LHCPSS is shown in Figure 1.4. This design
features a great simplicity of manufacturing. The principle of operation is described as
follows. For a LHCP illumination at normal incidence, the electric field vector traces
a right handed helix about the z axis as the wave propagates in the +# direction.
Since the two 3A/8 transverse arms are spaced A/4 in the z direction, the currents
induced on the transverse arms by the rotating electric field of the incident circularly
polarized plane wave add in-phase along the entire length of the wire. The 1) wire
operates then at geometrical resonance and the current distribution is sinusoidal-like
with the null at the center of the longitudinal section. The dipoles reradiate a LHCP
wave in both +Z% and —% directions. The reflected wave is thus LHCP as was the
incident wave. In the transmission region, the incident and the scattered waves add
out-of-phase to produce ideally a null field behind the structure.

For a RHCP illumination at normal incidence, the electric field vector traces a
left handed helix about the z axis as the wave propagates in the +3 direction and
thus, the currents induced on both transverse arms add out-of-phase along the entire

length of the wire. The wire is no longer operating at resonance and the resulting

The title of reference [14] is misleading for the structures are not spirals but helices.



Figure 1.4: Pierrot’s LHCPSS.

current is conceptually zero so that the wire appears transparent to the incoming
wave.

The second design is reported in two American patents [5, 6] co-authored in 1984
and 1986 by two French researchers, Bossuet and Gautier. It must be pointed out,
however, that they are not the original inventors of this design. Let one define the
operation of an ideal LHCP polarizer run forward as the conversion of an input linearly
polarized (LP) wave incident on the input face of the polarizer with a polarization
corresponding to ¢ = ¢, into a LHCP wave exiting from the output face of the
polarizer, as in case a) of Figure 3.1. The operation of an ideal LHCP polarizer run
backward corresponds to the reciprocal operation, i.e. the LHCP wave is incident
onto the output face and the LP wave exits from the input face with the polarization
¢ = ¢, as in case b) of Figure 3.1. The definition is similar for an ideal RHCP

polarizer except that ¢, and LHCP are replaced by ¢r and RHCP, respectively.
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Figure 1.5: The cascade polarizer LHCPSS
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The idea, depicted in Figure 1.5, consists in converting with a LHCP polarizer
run backward the incident CP wave into a LP wave whose linear polarization is then
filtered out with the usual wire grid acting as a LP polarizer. The output of the
grid is then converted with a RHCP polarizer run forward into a RHCP wave for the
symmetrical LHCPSS type, or converted with a LHCP polarizer run forward into a
LHCP wave for the asymmetrical LHCPSS type. Bossuet and Gautier reported that
the CP polarizers could consist of two parallel grids of PEC wires with an inter-wire
separation close to A/4 within each grid. The orientation of the various plates is given
by ¢r = ¢, £90° = ¢ such that the LP grid appears as a perfectly reflecting surface
when the input wave is LHCP, and a perfectly transparent surface when the input
CP wave is RHCP. In the first case, the wave is reflected back into the input LHCP
polarizer and comes out from the front face of the LHCPSS as a LHCP wave. In the
second case, the wave goes through the LP polarizer, reaches the RHCP polarizer
and comes out of the rear face of the LHCPSS as a RHCP wave. As this design shall
be treated in Chapter 3, further comments are postponed until then.

The third design, which appeared in 1988, is by Tilston et al. [8, 7, 9]. It consists of
a dipole turnstile so modified as to incorporate a A/2 transmission line within the \/4
spacing separating the two dipoles of the turnstile. These researchers relied on the
use of a dielectric medium of appropriate permittivity value to make the transmission
line appear longer than the spacing between the dipoles. Chow [10] has mitigated
this design limitation by embedding the excess length of the transmission line into
the turnstile dipoles so as to allow the use of a greater range of permittivity values.
Shi and Zao [15] have analyzed Tilston’s structure by the Spectral Domain Technique
and confirmed the circular polarization selectivity of the structure. It is not clear,
however, how they accounted for the difference between the electrical length of the
transmission line and the spacing between the dipoles.

Tilston’s design for the unit cell of a LHCPSS is shown in Figure 1.6. Tilston’s
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structure should not be construed as being merely two Pierrot’s crank wires facing
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Figure 1.6: Tilston’s LHCPSS.

one another with some dielectric between the two longitudinal sections.

"The principle of operation is described in reference [7] and is repeated here for

convenience:

An incident circularly polarized wave is reflected from such a surface
when the two orthogonal components of the wave arrive at the respective
dipoles in phase and is transmitted when the two components are incident
upon the respective dipoles out of phase. The quarter wave separation

between the dipoles ensures that the two components of the circularly

polarized wave reach the respective dipoles in phase or out of phase.

When these components arrive in phase, the two waves of equal am-

plitude and phase enter opposite ends of the transmission line causing

13




an open-circuit to appear at its mid-point. This open-circuit when trans-
formed back through the transmission line causes a short-circuit to appear
at the feed point of the dipoles. Thus, both dipoles appear as half wave
reflectors and the incident wave is reflected back.

On the other hand, if the circularity of polarization of the incident wave
is such that its two orthogonal components reach the dipoles 180 degrees
out of phase, it causes a short-circuit to appear across the mid-point of
the transmission line and hence, both dipoles appear to be open-circuited
at their feed points. The incident wave will be transmitted through the
surface in this case. Thus, a circular polarization selective surface can
be constructed which will either reflect or transmit circularly polarized

radiation of any given sense of polarization.

This principle of operation implies that open-circuited dipoles are transparent, as
though they were not present. This behavior is possible only from ideal Canonical
Minimum Scattering antennas (CMS) [97, 98, 99] [92, pp. 123-133]. In general, this is
only an approximation since the boundary conditions presented by the dipoles remain
always present [96]. The induced current on each dipole is not zero either, although it
is much weaker than that when the dipoles are resonant under short-circuit condition.

Tilston in reference [8] modelled the cell by a network consisting of two indepen-
dent generators to account for the voltages at the terminals of the two dipoles, two
radiation resistances, each one representing the self plus the mutual resistance arising
from the coupling between the cells of the array, and a connection network modelled
by the ABCD matrix to account for the transmission line and the reactive parts of the
dipole impedances. Under the assumption that the connection network be lossless,
reciprocal and symmetrical, Tilston obtained the requirements for the structure to
be transparent from the requirements that the currents at both ports of the connec-

tion network be zero. This lead to the requirements that the spacing between the
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dipoles be an odd number of quarter-wavelengths and that the transmission line be
an integral number of half-wavelengths.

Tilston then proceeded to analyze the frequency response of the connection net-
work current for the stop-band, i.e. for the case that the two ends of the transmission
line were fed in-phase so that the surface reflected, as the frequency response of the
series combination of the transmission line open-circuited at its mid-length and the
dipole impedance. The frequency response of the dipole impedance was modelled
from the results published by Anderson for a single array of parallel dipoles laid as
per a rectangular grid. Tilston’s analysis suggested that the characteristic impedance
of the transmission line had to be only a fraction of the dipole impedance in order for
the frequency bandwidth of the array with transmission lines to remain comparable to
the frequency bandwidth of the array without transmission lines. Tilston concluded
also that the choice of the characteristic impedance value for the transmission line
needed to be balanced between obtaining a good rejection for one sense of CP polar-
ization and a good transmission for the other sense of CP polarization. The results
from Tilston’s frequency response analysis, however, agreed only qualitatively with
Tilston’s own experimental results. These experiments showed also that, without ad-
justing the dipole length, the frequency at which the surface reflected best one sense
of CP polarization was not necessarily the frequency at which the surface transmitted
best the other sense of CP polarization.

In the appendix of the same reference [8), Hurd produced a different and more
general analysis of the structure which he modelled as two parallel arrays of dipoles,
each dipole being loaded with the series combination of the dipole impedance (self
plus mutual impedance) for this dipole and the input impedance presented by the
transmission line loaded at its other end by the dipole impedance (self plus mutual
impedance) for the other dipole. Since the analysis was no longer restricted to the

case of the dipoles of one array being orthogonal to the dipoles of the other array,
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Hurd decomposed the incident electric field into two components, one component
being perpendicular to the dipoles of one array and the other component being per-
pendicular to the dipoles of the other array. He then assumed that the scattered
wave for each component of the incident wave consisted of the summation of the field
re-radiated by the array of dipoles that were not perpendicular to the component
of interest, and the field transmitted by the dipoles of the other array, perpendicu-
lar to the field component of interest, which were fed via the transmission lines by
the voltages developed across the terminals of the dipoles of the former array. Hurd
admittedly neglected second order couplings between the two arrays, namely the re-
radiation from the dipoles of the first array illuminated by the transmitting dipoles
of the second array, as well as the re-radiation from the dipoles of the second array
illuminated by the re-radiating dipoles of the first array.

The Hertz vector for the electric field was obtained by summing the contribution
from each dipole while taking into account the periodicity of each array by including
a progressive phase shift in the expression of the current on each dipole in accordance
with Floquet’s theorem. By setting to zero the electric field parallel to each dipole,
an integral integral equation was obtained. The solution is a current distribution that
goes to zero at the end of each dipole.

Different expressions with various degrees of accuracy exist in the technical lit-
erature. For the re-radiating dipoles, Hurd took example on Munk [16] and used
the symmetrical zero-order distribution of the induced current on an isclated loaded
dipole as an approximation of the distribution of the induced current on the loaded
dipole in the array. This current distribution consists of two terms, one term account-
ing for the current distribution that would exist on the unloaded, i.e. short-circuited,
dipole acting as a scatterer, and the other term accounting for the current distri-
bution that would exist on the dipole driven by an equivalent voltage source whose

numerical value would be equal to the external load value times the actual antenna
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current. For the transmitting dipoles, Hurd used the current distribution of the dipole
driven by the transmission line, which is of the same form as that for the second term
of the current distribution for the re-radiating dipoles. Hence, the total current on
each dipole was the sum of two currents, one for each component of the incident
field, one component corresponding to the dipoles acting as re-radiating antennas,
the other component corresponding to the dipoles acting as transmitting antennas.
The far-field was then computed from the Hertz vector potential.

For the canonical case identified previously by Tilston for which the dipoles of one
array are orthogonal to the dipoles of the other array, the requirement that the surface
be transparent leads to the requirement that the dipole impedance be matched to the

input impedance of the transmission line and be equal to:

2
L4~ 6—;?%5

where @ and b are the periods in the two transverse directions of the arrays. Since the
dipole impedance of an array of parallel dipoles varies significantly with the incidence
angle [16] when the array period is greater than a half-wavelength and since the cell
size is about at least a half-wavelength in width and in height, the required value for
Z 4 1s met only over a small range of incidence angles. Hence, Hurd’s analysis predicts
correctly that the performance of the surface varies significantly with the incidence
angle. Grazing lobes can also be expected for some large incidence angles since the
inter-element spacing of the arrays is greater than a half-wavelength.

For the more general case where the dipoles of one array are not orthogonal to the
dipoles of the other array, the requirements lead again to the dipole impedance being
matched to the input impedance of the transmission line, and to the transmission line
being an integral number of half-wavelengths. As a result, the value of the character-
istic impedance for the transmission line is not critical since the input impedance at

one end of a half-wavelength transmission line has the same value as the impedance

of the load connected to the other end of that transmission line. The expression for
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the dipole impedance that provides the CPSS operation, however, turns out to be
much more complicated.

The important feature of Hurd’s analysis resides in Hurd’s conclusion that many
CPSS designs consisting of two arrays of resonant dipoles spaced a quarter-wavelength
apart and connected with half-wavelength transmission lines, are possible by vary-
ing the angle between the transverse orientations of the dipoles of the two arrays.
Based on Hurd’s observation, this author surmises that a choice of different angle
values might be best suited for different incidence angles. The investigation of such

a possibility, however, is left aside for future research.
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Chapter Two

Geometrical Constraints Placed on the

Ideal CPSS

2.1 Introduction

As this mathematical development is based on the use of the GSM, the first
section of this chapter is dedicated to introducing the conceptual framework and
subtleties of the GSM. In the second section, the GSM is applied to known structures
in order to validate its accuracy, and then to the CPSS structure in order to bring
out the constraints placed upon its geometry. It is shown that if the structure can
be accurately modelled by the GSM incorporating only the dominant mode, the
ideal reciprocal CPSS must have the 2n-fold rotational symmetry except at normal
incidence where reciprocity suffices, but cannot have the reflection symmetry about
the z = 0 plane.

The power of the GSM-based technique developed herein lies in the generality of
the method by treating the structure not in terms of its boundary conditions but
in terms of the more general principles of reflection symmetry, rotational symmetry,
electromagnetic reciprocity and power conservation. The method is partly a synthesis
tool in that it allows to identify if a particular operation prescribed for the structure
is compatible with the various aforementioned principles since a prescribed operation

imposes various relationships between the elements of the GSM.
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This analysis does not corroborate Cornbleet’s conjecture that a structure with
a operation corresponding to that of a CPSS represents an impossible polarizer [1].
Cornbleet’s argument is based on the observation that the Jones polarization matrix
for a CPSS structure is singular, and thus cannot be realized by any combination of
physical devices, which by virtue of their realizability have necessarily non-singular
polarization matrices, since the product of any non-singular matrices cannot yield a
singular matrix! .

It must be noted, however, that whereas Cornbleet’s argument encompasses non-
reciprocal and reciprocal devices alike, the argument made in this chapter on the
basis of the GSM shows only that a reciprocal CPSS is not ruled out as being im-
possible. One can only be definite in the negative because proof that a operation
does not violate any fundamental principles of electromagnetism is not proof that the
operation exists physically, as the case for the physical existence of magnetic charges
and magnetic currents exemplifies abundantly. In the next chapter, however, it will
be proven with the GSM-based technique that the cascade polarizer design represents

an ideal CPSS at normal incidence, thereby refuting Cornbleet’s conjecture.

ldet(AB) = det(A) x det(B).
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2.2 Generalized Scattering Matrix

2.2.1 Generalities

The formalism of the scattering wave matrix originally developed for closed waveg-
uides and transmission lines is phrased in terms of time harmonic (power, voltage or
current) travelling waves being incident, reflected or transmitted on a transmission
line supporting only the TEM propagation mode. Each wave in each region is in fact
a composite of all the actual waves travelling simultaneously in the same direction.

Figure 2.1 depicts the scattering matrix which reads as follows:
by _ S Sz a1
b, Sa1 S22 ag

The properties of the scattering matrix are [20]:

e the matrix is symmetrical for reciprocal structures, i.e. S;; = Sj;, providing
that the travelling waves in each region have been normalized with respect to

the characteristic impedance of the transmission line modelling that region.

o the matrix is unitary for lossless structures, i.e.:

2 N 1 fori=j
Z SmiSmj = 5ij = , .
m=1 0 foris#j

where ¢ is the Kronecker delta function.
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In making the correspondence between the transmission line travelling waves and
the electromagnetic field plane waves, one must realize that with, say, (a2 = 0,a; # 0),
although b, represents truly the scattered field in region 1, however, b, represents the
total field, not just the scattered field, in region 2. The same observation can be made
about solving the wave propagating in 1-D, i.e. although two waves are postulated to
coexist in region 1, only one wave is postulated to exist in region 2; the final solution
is then obtained by matching the two partial solutions at the boundary interface.

In modelling anisotropic surfaces, the polarization of each wave must also be taken
into account. This is done by considering the two transverse electric field components,
say the 2 and y components, explicitly in the matrix formulation. The scattering

matrix becomes:

B\ SEE SR s sp (o
|| S s s sy || o
X || SEX SEKY SEX SEY || of
)\ S s s sy ) \a

The unitary property still applies if the structure is lossless. The matrix symmetry
still applies if the structure is reciprocal.

When the scattering wave formalism is extended to the case of open 3-D space,
i.e. free space is taken to be a waveguide of infinite transverse dimensions, the inci-
dent wave and the reflected wave are no longer travelling always in exactly opposite
directions. In fact, at near grazing incidence (say, §' = 89°), the reflected wave travels
in nearly the same direction as that of the incident wave. Similarly, the incident wave
and the transmitted wave are no longer necessarily travelling in exactly the same
direction. Consequently, as depicted in Figure 2.2, eight rather than four waves are
now typically required to characterize the operation of the structure. These eight
waves form a complete and self-consistent set as each wave finds a counterpart in the
opposite direction. When the incidence becomes normal to the surface, waves a; and

a3 merge and similarly for the other waves so that the set reduces to just four waves.
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Figure 2.2: Generalization of the travelling wave scattering process for arbitrary
incidence angles.

The odd-numbered waves exist in region 1 and form two ports, one port consisting
of the incident wave a; and the reflected wave b;, the other port consisting of the
incident wave as and the reflected wave b3. Similarly, the even-numbered waves exist
in region 2 and form two ports, one port consisting of the incident wave a5 and the
reflected wave by, the other port consisting of the incident wave as and the reflected

wave by. The relations between these various waves are as follows:

Incident Reflected Transmitted

ay bl b2

ag bg b1

as b3 b4

7] by bs

and the corresponding scattering matrix becomes:

bl 511 812 0 ] ay
b2 _ 521 522 0 0 2]
ba 0 0 533 Sa4 a3
by 0 0 Siz Sis ay
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Figure 2.3: Travelling wave scattering process for arbitrary incidence angles with
relabelled incident waves.

The matrix coefficients that are equal, providing that the structure is reciprocal

and that the travelling waves have been normalized, are now:

Sll = S33a 522 = 5449 SI2 = 543: 521 = 834

Thus, one observes that the matrix for a reciprocal structure is not symmetrical.
However, it is possible to rearrange the terms so as to make the matrix symmetrical.

For instance:

b 0 0 Su S\ { a3
b2 | 0 0 Sy Sy a4
bs | | Sis S 0 0 o
by Si3 Seqe 00 a;

In effect, this rearrangement corresponds to taking for port 1 the reflected wave b;
but the incident wave as instead of the incident wave a;, and relabelling the incident
waves so that port 1 corresponds to the relabelled incident wave a; and the original

reflected wave b;, and similarly for the other ports as shown in Figure 2.3. One
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obtains:

by 6 0 S35 Su ay
b | 0 0 Sy Sy as
bs | | Sa S 0 0 as
by Sian S¢ 00 a4

With this relabelling, the matrix would be possibly symmetrical without rearranging
the terms but the matrix would now appear different since a reflection coefficient
would have been turned into a transmission coeflicient. This author finds it physically
more meaningful not to relabel the incident waves.

The polarization of each wave can again be taken into account explicitly by taking
each scattering coefficient to be a submatrix. The polarization, however, needs now
to be described in terms of TE (or H) and TM (or E) modes rather than X and
Y components. Thus, the incident EM field must be first decomposed into a T M*
mode and a T E* mode, and the scattered field must be decomposed into 7"M* modes
and TE* modes. In this development, it is convenient to take u = z where z is the
coordinate axis perpendicular to the surface of the planar structure. With respect
to the notation, it is more convenient to account for the polarization explicitly by
means of superscripts pg rather than to assign a different port to each polarization
combination. Thus, each port can be understood as consisting of four sub-ports,
one sub-port per possible polarization combination of the incident and the reflected

waves, i.e. (a®,bF), (aB,b7),(a¥, "), (a??,bT). The scattering matrix becomes:

(8 [ 0 0 0 0 SEE GEW GEE GEH\ [ 4E )
b 0 0 0 0 SHE GHH gGHE gHH af
b 0 0 0 0 SEf SEH SEE GEH af
7| 0 0 0 0 SHE GHH gHE GHH all
VE | | SEF SEH GEE GEH o g o ¢ aF
bt SEE SHH GHE GHH g 0 0 0 all
bE SEE gEH GQEE GQEH 0 0 0 af

\ of |\ SHF SHE SHE SHEH g 0 0 0 J\af)
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One finds it convenient for the purpose of subsequent generalization to regroup the

terms according to:
1. the region to which they belong, as indicated below by a triple line separation
2. the polarization combination, as indicated below by a double line separation

3. the spatial direction, as indicated below by a single line separation.

One obtains:

(o2 \ [ sEE| o |lsEE| o [lsEE| o sEr| o \ [ aF )
bE 0 {1 SEE| o |SEY|l o |SEE| o |SEH a¥f
b SHEL 0 || SHEH o (iSHE) o ||SHH| ¢ af!
o | 0 tSEPN o 1SEAN o 1SEEN o |SHE || off
BF | | SEE| 0 ySEF| 0 ||SEF| 0 |SEF| 0 “aE
i 0 ISEPHl o |SEFll o ISEF| o |SEH a¥
bi SHE, 0 [[SHH) o |[SEE{ 0 |[SEE| 0 afl
\bf ) 0 [SEEL o [SEFN o |SEE| o |SHH ] \af /

The terms could be rearranged so as to obtain a possibly symmetrical matrix (but it
will be seen later that due to some other consideration, S(E, H) is not symmetrical

in general, even after rearranging the terms). One would obtain (without relabelling

the waves):

(#\ ([ 0 SEE o SEH o0 SEE o SEA\ [ oF )
bE SEE 0 SEM o SEE o SEH oF
b 0 SEF o0 SsHH o SHE ¢ GHH al
i | | SEE 0 SEF 0 SHE o SHE g af
¥ | | o SEF o SEF o SEF o SEH af
bE SEE 0 SEH 0 SEE o SEH g o
bH 0 SEE o SHH ¢ GHE ¢ gHH al

\ b \ SEF 0 SHH o SHE ¢ SHE )\ o )

However, one finds it more convenient for future generalization to keep the various

incident waves in the same order as that of the reflected waves.
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Some structures require even more than eight waves. For instance, a grating scat-
ters the incident wave into a multitude of modes, each mode propagating in a different
direction. The most general formulation requires in fact an infinite number of waves,
one wave (two if one considers also the polarization) for every possible direction, in
agreement with the principle that any spatial waveform can be decomposed into an
infinite sum of plane waves propagating in all directions. The scattering matrix rep-
resentation thus assigns a different port to waves propagating in different directions
in each region. The generalized scattering matrix formalism [23, 24, 25, 27, 28, 29]
extends this representation to evanescent modes as well as to propagating modes,
but then, the unitary property of the matrix for a lossless structure no longer applies
because evanescent modes do not carry average power on their own [23, p. 514].

The matrix is of infinite size even for a scatterer with only two faces if all observa-
tion directions are considered. The number of spatial waves needs also to be infinite
when the scattering surface is of finite size owing to the scattered wave spreading
into a bundle of plane waves rather than remaining a single plane wave. This angular
spreading of the beam results from the spatial windowing phenomenon. The larger
the scattering surface, the smaller the angular spread. For that reason, the GSM
written in terms of plane waves is not very practical for finite size surfaces.

In concept, this formalism could be generalized to structures with more than two
faces or regions. Ultimately, if the number of faces became infinite, any arbitrarily
shaped scatterers could be modelled. In practice however, complications would arise
from the overlap in the angular coverage corresponding to each face as the two regions
would no longer be necessarily mutually exclusive. Hence, a single uniform plane wave
could now illuminate simultaneously more than one face with a possibly different
incidence angle at each face, and the transmitted wave would no longer necessarily

represent the total wave in its corresponding region.
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For arbitrarily shaped scatterers, a better approach consists in decomposing the
scattered field into spherical rather than planar modes, and assigning a different port
to every different spherical mode [92, pp. 123-133] [99]. Modes other than spherical
ones might also be appropriate, e.g. the Inagaki modes [100, 101], the characteris-
tic modes [102] and the generalized characteristic modes [103]. The resulting GSM
defined in these references, however, is different from the GSM defined herein since
their GSM for a transparent structure is the identity matrix whereas here, as it will
be seen later, the GSM for the free space slab is not the identity matrix. In the re-
maining part of this chapter, only planar structures with two parallel faces extending
to infinity are considered.

To each sub-port corresponds an incident voltage travelling wave and a reflected
voltage travelling wave which are made out of the transverse electric field component
of the corresponding mode. The equivalence is based on the fact that the longitudinal
component, herein the z component, does not carry any complex power in the longi-
tudinal direction, i.e. £2. Now, with a true TEM transmission line, the definition
of voltage and current is unique with respect to the choice of the integration path
in space, in the Faraday and the Ampere integral equations, respectively. In other
words, the Helmholtz equation reduces to the Laplace equation and the electromag-
netic field distribution is exactly the same as the superposition of the corresponding
electrostatic and magnetostatic field distributions. Consequently, the definitions of
the characteristic and the input impedances of the transmission line are also unique.
For the transmission line corresponding to a TM* or T E* mode however, this unique-
ness of the definitions of voltage, current and impedances is destroyed by the presence,
in the mode, of the longitudinal field component which now makes the voltage and
the current dependent on the choice of the integration path in space. In other words,

the Laplace equation does not apply here.
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Although no longer unique, the concepts of voltage, current and impedance re-
main nevertheless useful, providing that in using the transmission line theory and its
associated scattering matrix formalism, normalization and denormalization be made
with respect to the same definition of characteristic impedance. This definition can
be made on a pseudo-voltage/pseudo-current basis, or power/pseudo-voltage basis
or power/pseudo-current basis [21}. Alternatively, one can use the concept of wave

impedance which is defined as the ratio of the transverse components:

E, E = kp = pcos(f) for T

ZW - e = o
H we ko, 1 .
t P St B ) for TE

Taking the wave impedance as the characteristic impedance of the equivalent
transmission line has the physical interpretation of taking both the transverse elec-
tric and the transverse magnetic fields of the mode of interest, be it TE* or TM?,
as the electric and magnetic fields of the equivalent TEM? mode travelling on the

equivalent transmission line. The expressions f‘; and %# come respectively from per-
z

. A EA F EF .
forming %ﬁ = — 5% and g% = —4F where A and F' refer to the magnetic and to
Yy T Yy T

the electric vector potentials, respectively (see Appendix B). It is no coincidence that
the expressions ;5;’7@ and 7cos(#) correspond also to the expressions for the charac-
teristic impedance of the equivalent transmission line modelling a planar dielectric
interface [22, pp. 413 & 415], and to the expressions for the ratio % when a uniform
plane wave is incident onto a planar surface at an arbitrary angle with an arbitrary
polarization (see Appendix C).

One notes that the scattering matrix has half of its coefficients being zero. Fur-
thermore, when the structure is reciprocal, the use of eight waves incurs even more
redundancy since, for example, the relationship between the waves a; and b, is the

same as that between the waves a3 and b3. The use of an equivalent transmission line

whose T'EM? field consists of the transverse field componenté of the actual TE* or
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T'M? mode makes it possible to treat the arbitrary incidence as if it were a normal
incidence since the arbitrary incidence is taken into account implicitly by means of
making the characteristic impedance of the equivalent transmission line Z, dependent
on ¢ and ¢' upon taking Z, = Zw. Thus, the scattering matrix can remain written
in terms of just four rather than eight waves so that the scattering matrix formalism
of the transmission line theory can be used without modification.

Since the transmission line and the usual scattering matrix representations deal
only with the transverse components of the modes, so do the corresponding scattering

coefficients which are phrased, here, in terms of solely voltage travelling waves as:

41
S,Eg = E%L fora&:O,w#v,I:{p,q}
P

S
= Gof for (L =0,wfvl=(pg)

where Eé = Ei + E',i with [ = {¢,7,t}. The superscripts ¢, r,%, s stand for incident,
reflected, transmitted and scattered, respectively, with s = {r,t}. The subscripts
0,1, z refer to the whole electric field, the transverse component and the z component
of the electric field, respectively. The superscripts ¢ and p refer to the mode of the a
and b waves, respectively, and take on either the designation £ or H where E refers
to the TM* mode (i.e. E* mode, i.e. E, = E,0), and H refers to the TE* mode (i.e.
H? mode, i.e. E, = qug)

" { p = g ==> S corresponds to a co-polarization coefficient;

p # q¢ => SP? corresponds to a cross-polarization coefficient.

I { © = v = S corresponds to a reflection coeflicient;

u # v ==> SP? corresponds to a transmission coefficient.

In the present formalism, a scattering coefficient is considered to correspond to a
transmission coefficient even if both ports belong to the same region.
In order to obtain the voltage scattering coefficients in terms of the whole electric

field rather than just the transverse electric field, the angles must also be taken into
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account as per Appendices A and B (see also Figure 2.4). Taking also into account

Snell’s law of reflection, i.e. 6" = 7 — @', there obtains for the case a; # 0,a; = a3z =

ay = 0
Er/|cos(9r)| ET
A A 1l — i z
EO — ) E}/|cos(m—6%)] i for TM
I r
? E’i{ for TE?
Ei/|cos(7r—9t)| Icos(ﬂi)| Et
t 4 ) _ E} 2
E‘(‘)‘ = E;/ICOS(W_Hz)I ICOS(Bt)I Etz for TM
;T {
Eg Et' for TE*

12
The voltage scattering coefficients in terms of the whole electric field becomes:

Es p
cre = %— for (Ei)L = 0, # 0,1 = {q)

In order to ease the notation, the scattering matrix is written hereafter as a generic
2-port scattering matrix with each port being arbitrary. Owing to the earlier choice
of keeping the incident waves in the same order as that of the reflected waves (and
to some other consideration which will be seen later), the resulting matrix is not
symmetrical even when the two generic ports happen to correspond to ports that are
in a possible reciprocal relationship (e.g. port 1 and port 3, or port 1 and port 4, but

not port 1 and port 2). There obtains:

bfl Sﬁﬁ)l Sﬁ{{rl Sﬁiz Sﬁgz auE1
bqu _ Sﬁ§1 Sﬁ,Hvz 55,’”3,2 Sfli{z aﬁ
bfz S:IEZE)I szﬁa Sgiz szﬁjz auEz
b St S St SEM, )\ df

The above formalism is generalized by allowing u; and v; to be described more gen-
erally by a scattering angle (8°,4°) and an incidence angle (¢°, ¢), respectively. Al-

though a given port was defined earlier as being confined to a given region, these
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Figure 2.4: Representation of the electric field vector for the TM? mode for the

two cases where the incident wave originates from medium #1 (top) or
medium #2 (bottom).
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angles are assumed more generally to take arbitrary values. This formalism can also

be justified on the basis that the use of the equivalent transmission line allows the

use of only four rather than eight waves, as mentioned earlier. The generic voltage

scattering coefficient becomes:

553(93,¢3|92,¢2) _ bE(0%,8°)

2 I —
a%(@’,qﬂ‘) for ¢y, = 0,w # v,l = {p,q}

_ (BP0

Epfes o F=0vtni=ing

. . S\Prpns A4S
Cri(6°,¢°16,6") = TGS for (5 = 0w 0,1= (p.g)

6 =7 —0' and ¢° = 7 + ¢ =
n 6°* =7 — 6, and ¢° = ¢ —
6° = ¢, and ¢* = ¢* =

#° = any angle, and ¢° = any angle =

monostatic scattering
bistatic scattering
forward scattering

general scattering

To fix ideas, the two generic ports are taken hereafter as being ports 1 and 2. With

the help of Figure 2.4, the matrix C(F, H) can be obtained explicitly as follows:

o= (B)Y = (E)flcos(3)| lcos(®)] 00 0 (E)T
o= (BT = (B _ 0 1 0 0 || (&)
0 = (B} = (E)7lcos(03)] 0 0 jeos(®3)] O || (£5)7
b o= (B = (E) 60 0 1 (B3

83 if s = -0; ifs=
where ®f={ ! fs T} and @§={Trr o ifs T}

af = (E)Y = (E;)f|cos(0))] lcos(®])] 0 0 (B9
o = (B)f = (E) _ o 1 0 0ff (&)
ai = (E)F = (E)7lcos(0)] 0 0 Jeos(®3)] O || (E)7
o = (B)f = (B 0 o 0o 1/\(E)
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(E)Y SiF sut SEF
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(E3)5 it ot CpF
ey ) \ope cpr ops

Performing the required matrix manipulations, one obtains:

et’
[ esen St

cosa@‘i ) S g E
C(B, H) = et
21

cos(01)
fcos @‘i | QHE
\ 1 521

cos(©3)

1 EH
feos(@] 011

S
|cos(@ S
SHH

Substituting for @; and Of, one obtains:

cos{6}
( cos%@fg SiElE

[coslg G ”S{{E
C(E, H) = s
21

cos(61)
s( 03
e i

cos(#3)

Applying Snell’s law of reflection with the angle 8 defined as per Appendix A, i.e.

6" = 7 — 6, one obtains:

C(E,H) =

icos! B’i ||
feos(95)[ 21

\

( SEE
lcos(8i)] o HE
1 Sll
SEE
|cos!9'i | oHE
591

1
Teos (@]
SHH
!cos (83 S
SHH

——GEH
Syt

ICOS(B' )l

1 EH
Teos@)] 021
HH
521
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S (EF

SHH (BT

S5 (E)Y

SEH (EHf

CHH (EF

CfiH (EDH

cE? (E.)§

Ci (Ef
0| oEE

EEZE@E; Sl? |cos( @’)|S

lcos(©)| oHE

COSI 512 S

cos(0)| oEE

cos(gg) 522 |cos(@’ S

lcos(©)] cHE

COSl 522 S /
) oEE 1

S TS

[cos(6)| aH E HH

S5ASh Sia
8)| oEE 1 E

oSBTt
(8] cHE H

COSl 522 S )

]cosgﬁ‘zl S
{cos( 0‘)|
|cos( 92' 'ISHE
1 12
EE
522
cos( Gzi | QHE
1 522

SEH \
S 12

1008(9‘ )

1 EH
feas B 022
HH

Sy /




{ EE  lcos(8t EH |eos(8t EE  |cos(6t EH
CBF len@lopn o0l opp ool o

fcos(8)]
HE HH HH
— S(E, H) = Taa@ 1l Ch" et Cff
’ ;]cos(g ng )| C |c051! 65 HcEH : C2E2’E ]&51@5)_[02%1{
\ |cos(6’ CHE C2l mcgE C2H2'H}

If the two generic ports correspond to reciprocal directions through the structure

in free space, one obtains:

6 =7 — 0}
0 =7~ 6%
g = ot
0% = 8}
and thus:
( CEE  leosl0l)l oEn CEP leosCl o \
HE HE HH
S(E, H) — |cos(8')jc , C |cos(9’)|C . 012
C cosi 1! CEH C ]coslg ]} CQE:?H
\ [cos C C'21 |COS(9:)|C CQ%H J

(2.1)

In the above matrices, it is understood that if the incident wave (E:)? = 0 the
corresponding angles 8, = 0 and #% = 0 so that the scattered wave (E2)?|u # v and
the corresponding scattering elements CP? be not affected. When the incidence is
normal to the surface, |cos(6})| = 1 and thus, C(E, H) = S(E, H). Let us recall that,
owing to the earlier choice of keeping the incident waves in the same order as that
of the reflected waves (and to some other consideration which will be seen later), the

scattering matrices C(F, H) and S(E, H) are not symmetrical in general.
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2.2.2 Normal Incidence

Rigorously, one cannot speak of the £* and H? modes at normal incidence, i.e.
for §* = {0, 7}, because in such a case, these modes coalesce and kI — k? = 0 appear
in the denominator of the expressions for the field components (see Appendix B).
Furthermore, when & = {0, 7}, the spherical coordinate system has an ambiguity in
¢. However, the same formalism and concepts apply if one replaces the £* mode,
for which E, = E,§, and the H* mode, for which £, = E,¢, by say, the X and
the Y components of E", respectively. The scattering coefficients with the Cartesian
coordinates, however, are not all identical to the corresponding scattering coefficients
with the spherical coordinates because the spherical coordinate unit vectors 8 and ¢
which are used to describe the polarization of the waves in the arbitrary incidence
case, vary with position whereas the Cartesian coordinate unit vectors # and ¢ which
are used to describe the polarization of the waves in the normal incidence case, do

not vary with position (see Appendix A). One obtains:

__Bt — ’R'} {9i=ét - (+§:) \
— n. A

—+0} :{éira(_;a)
= 7 ¢ = (-9)

( (

It
iy
it

i
T'

4 f » (2.2)
=0 0 §i =9t (-{—:ﬁ)
—qSt = 0 = q;i:ést = (+9)
v=2 = | .
{ - 7 } { & — (=)
\ L ¢ = o & = (+9) J
Hence, with § corresponding to the Kronecker delta, one obtains:
B = (=6 +8u)bf S SH S ST\ [(of = 4df
B = (=Sa 808 | | sHE sHE smE gmn || oo gy
0 = (<6t | | B spt SEF sE || of = +af
B = (+6s — bu)b} SHE GHH GHE GHH |\ oH _ 4.¥
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bE ~8sr + bay 0 0 0 b¥

bl 0 —65r + 8 0 0 Y
- =

b 0 0 ~butbe O bX
bl 0 0 0 +6, — by by

af 1 000 aff

aff -1 00 a¥

= g |~ X

a; 10 a;y

af 0 0 1 al

Performing the required matrix manipulations, one obtains:

EH EE
( _631' +6.st S —6sr+§st S _6sr+6sf S “ésr +6st S
S(X Y) — "6ar+6st S _631' +5.st S ""6ar+6at S _6sr+6st S
0| L SEF _=L_gEH __L_gEE __1_gmn
- sr+65t ‘—5ar+6at "6sr+6st 12 —63r+6st
—1 EH 1 EH
\ +6sr""6sl S +6sr"“§st Sl]‘ +6sr'_6st S ‘i‘fssr"‘ést 812

Now expanding the Kronecker delta, one obtains:

5 { 1 u=uyp _SEE  gEH SEE  GEH

0 u#v —SHE  GHH  GHE  GHH
= 5(X,Y) = (2.3)

5., = { 0 u=w SEE —SEH —SEE —SEH

1 uvw —SpF  GHH  GHE  GgHH

Now, S(X,Y) is symmetrfca.l if the structure is reciprocal [37). Therefore, S(E, H)
cannot be symmetrical even after normalizing the voltage travelling waves.

Hill and Cornbleet {37] have used the voltage scattering matrix in the Cartesian
coordinate system to analyze the performance of linear polarization rotators at normal
incidence? . Amitay and Saleh [38] have used the same approach to study the

performance of linear polarization rotators under arbitrary incidence angles, by first

ZThis author notes in passing that a discrepancy exists in the expression for the scattermg
coefficient A4 between reference [37] and reference [1, p. 303]. This author believes the expression
in reference [37] to be the correct one.
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projecting the polarization vectors onto the plane of each grid composing the rotator
and then proceeding as if the incidence were normal. Ando et al. in references [40, 41]
have proceeded conversely by projecting the grid onto the transverse plane of the
propagation vectors. Alternatively, Gimeno et al. in reference [42], Chu and Lee?

in reference [80, 81], and Chen* in reference [39] have proceeded differently by
decomposing the waves into E-type and H-type modes (i.e. TE and T'M modes with
respect to a fransverse direction rather than to the longitudinal direction). These
approaches are most convenient for arbitrary incidence angles only when the structure
under analysis is simple like a grid made of straight wires or strips. For instance, if
the incident wave is of a pure E-type or H-type mode, the wave scattered from
a free-standing lossless metallic grid of infinite transverse dimensions is also of a
pure E-type or H-type mode, i.e. there is no coupling between the E-type and the
H-type modes [43, p. 220] [44] (see also Appendix B). This absence of type-mode
coupling reduces the scattering matrix from a single 4x4 matrix to two independent
2x2 matrices since the cross-polarization coefficients written in terms of the type-
modes become all zero.

For general planar structures, however, it is preferable to use the GSM in the
spherical coordinate system because the choice of this coordinate system is the natural
choice for describing the polarization of the waves in terms of the familiar TE* and
T'M* modes whose generality is well known (see Appendix B). This approach is
followed in numerous papers [23, 24, 25, 26, 27, 28, 29, 30].

3Some confusion seems to run throughout this paper. In analyzing the meander line geometry for
oblique incidence, Chu and Lee use the expressions for the E-type and the H-type modes developed
by Altschuler and Goldstone in reference [43], even though this E-type mode deals with the H
component perpendicular to y and this H-type mode deals with the E component perpendicular to
y whereas Chu and Lee mean to analyze the geometry in terms of the E component parallel to z
and the F component perpendicular to z. These two decompositions are not identical for arbitrarily
obligue incidence.

4This author notes in passing that he has some serious reservations as to the accuracy of the
modelling shown in Figure 6, p. 366, since if the inductance loading approached a short-circuit as
mentioned on p. 365, the two ideal transformers in Figure 4, p. 365, would become nearly short-
circuited, thereby invalidating the equivalent networks of Figure 6.
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2.2.3 An Example: the Planar Dielectric Interface

To demonstrate the various aspects of the GSM framework, the example of the
planar dielectric interface is presented. The Fresnel equations for the dielectric in-
terface are most conveniently obtained from the interpretation that the transverse
electric field of the T'E? mode corresponds to a voltage travelling wave whereas the
transverse magnetic field of the T M?* mode corresponds to a current travelling wave.

For the TM* mode, one obtains:

_H_B/(n) B Zy -2

Rl =2 "0 — Do _ 2w T 4w

H, E/(+n') Bl Zy +ZY
B ZIZV——Z{:,V I O Lo ol LA
Ei Ly + Zyy R+ etkl e |k 4 etk

b E B (5B o7
H,  E[(+n') \n') Bl Zy+Z
E,_(n T _ "\ 2Zy _ Veet2k! _ _Vele2 k)
n' W) L+ Zw €k tetkl |k 4+ et R

where the superindices ¢ and ¢ refer to the incidence and the transmission regions, re-
spectively, the superindex I refers to current travelling wave parameters, ' = \/m
is the intrinsic impedance of the region ! and Z};, = k! /(we') is the wave impedance
of the region { with [ = {7,t}.

For the T'E* mode, one obtains:

_E _E_ 2y -2y

RY = Zo -t _ .
Ei T Ei T Zh + Zi

B o By —Ziy K-k k|- K]
=B T T, TR R BT
TV:.E_«i:Eit_:__zZ_{iV___

Ei "B Zb + Ziy
E! 971 ok 2|k
:}——o_:Tvz W.‘—-"‘ - 2 = T Z
B T+ 2y Rk TR R

where the superindex V refers to voltage travelling wave parameters and Z}, =

(w#O)/ki-
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By substituting the region number for the superindices ¢ and ¢, the voltage scat-
tering matrix C(E, H) for the two ports that are in a reciprocal relationship through
the interface is obtained as:

G |

0 2v 52511k3| 0
61|k§[+52|k}.l e2| k1|4l |k2
kL —|&2 2|2
0 kli+|%2 0 kLl +|k2
C(E’ H) — 2‘\/6162lk;| 0 e?|kL|—el| k2
[R2ve?]e]] e Y
0 2|kl 0 k2| —|&L
1 2 2 1
\ kz + kz kz + kz /

Now, following the concepts and formalism developed in this chapter, the corre-
sponding S(F, H) matrix can be derived from an equivalent network of transmission
lines where the characteristic impedance of each transmission line corresponds to the
wave impedance of the region for the mode of interest. This approach differs slightly
in concept from the one above in the basis on which the network equivalence is made.
In the approach above, the network equivalence is based on the field component that
characterizes the mode, i.e. E, for the TE* mode and H, for the T M? mode, corre-
sponding to a voltage and to a current travelling wave, respectively; this characteristic
field component is entirely transverse. In the approach here, however, the network
equivalence is based solely on the transverse part of the electric field, and this trans-
verse part corresponds solely to a voltage travelling wave as evidenced by the ratio of
solely electric field variables (E$)2/(E!)q.

Using the familiar transmission line formulae with Z, = Zy, one obtains:

eikt—etki _ ekt|—¢!|kl .
i K for TM

_E _Z;—Z, | FEA T e

Ei 7t 4 7 Ei_pt ki |-kt
t Np—Fhy . 1 | 2
0 0 Ew] = IR for TE
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2kl 25i|k§|
t t . z = - - for TM*
TV — E; _ 27, _ ekt +elkl e’lkﬁlfaﬂk;l o
Ei 7t 7 2k 2|k
1 0 0 e = - 2
Ak T+ for TE

By substituting the region number for the superindices ¢ and ¢, one obtains the

voltage scattering matrix S(E, H) as

€1|kg|“€2lk;| 0 2¢2| k]| 0 )
ellk§]+621k},| e 52|k§i+ellk§| -
S(E. H) = 0 kz+k§ 0 k;+2k§
(B H) =1 T I
el|k2|+e2[k]| 1 e2|kL|+el 2] .
2 kz kz B kz
SRR - U 5 )

Now since one has:

lcos(8D)| _ |ki| /Ry _ R2|EY |2k}
ICOS(W)I K2 /K2 R IR2] - e[k
and similarly:
lcos(89)] _ [K2| /k2 _ ko k2] _ |t |k2
lcos(01)| [k} /L~ k2[EL| T Ne? |kl
thus, one has:
[cos(ﬁt])l EE __ kil 2ve k2
1603(9§)|Cl2 = \/7{?}52|k1|+51]k2|
. 252 kl
= T

— QEF
— 512
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|cos(9f2)|OEE _ \/—er 2vele?|kl|
fcos(6%)) 21— k1 1|k2|+52fk1|

. 2¢! k2
- ellkgli—a?lk}l
_ SEP

This confirms the relation that was developed between the matrices C(E, H) and

S(E, H). For the case of normal incidence, one has:

2k1 —_ / 01 2 o201 ]{,‘2
kz:ko=> 5]2 W/ HoE E Eelzl :>S(E,H)EC(E,H)
o k2] = Vel = VR [k

as expected since at normal incidence one has:

cos(89)] _ . _ |eos(B})
cos(@) ~  Jeos(8)

The matrix C(E, H) (or S(£, H) in the case of normal incidence) would not be
symmetrical even if the order of the incidence waves had been changed and although
all cross-polarization scattering coeflicients are zero, because the voltage travelling
waves have not been normalized and because S(E, H) # S(X,Y).

This author notes in passing that from the above expressions, it appears that the
expressions given by Hall et al. [23, p. 513} for the transmission coefficients of a planar

1
dielectric interface are in error by the factor |k2/k! Ii‘*.
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2.2.4 Composite Scattering Matrix

This section presents the development of the composite scattering matrix resulting
from the series combination of two scattering matrices separated by a transmission
line of length d. Such a combination is apt to model any two transverse discontinuities
separated in the loﬁgitudina,l direction by a distance d where 0 < d < co.

This development is important because an entire planar multilayer structure can
be modelled by a single scattering matrix by applying successively the composite tech-
nique to any two consecutive matrices modelling two consecutive planar interfaces or
layers, thereby reducing the number of scattering matrices by one with each succes-
sive application of the technique until only one matrix remains. It is from this single
overall composite scattering matrix that the characteristics of a general multilayer
structure are then investigated by obtaining the constraints placed on the elements
of the matrix by a particular operation prescribed for the structure.

This technique extends readily to the generalized scattering matrix by taking
each element of the matrix to be a submatrix to represent the co-polarization and the
cross-polarization coefficients, with these submatrices being themselves submatrices
to represent the different spatial harmonics, either propagating or evanescent. This
format, which was adopted earlier by rearranging the terms of the matrices, lends
itself readily to generalization to any number of ports, one port per spatial direction
in each region. Consequently, this development is carried out with each scattering

element being treated as a submatrix. Figure 2.5 depicis the case under study.
(b{)___(sla ng) (f)
b S S as
o\ _(s4 s [ o
o )\ siosi )\ el
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Figure 2.5: The series connection of two scattering matrices separated by a trans-
mission line of length d.
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From simple matrix manipulations, the submatrix elements of the composite scat-

tering matrix are obtained as:

Sﬁ = S{1+S{2H2S{1IPS2II
SE = SLH,SIH
S%;l = SiI{HI‘Sgl
S3 = Sy +SHHISLPS]
where:
P = eikd]
H = (P~ - SLPSH)
Hy = (P7'—S{{PSh)™

with [ representing the identity matrix.
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All these expressions, except that for S3;, agree with those given by Cwik and Mit-
tra [24, 26]. The expression for S3; reported in both papers as S~ contains, however,
the same two typographical errors. S should read as being equal to Sz, H; S5«
instead of S, H1Sg,4-

The composite matrix technique is readily extended to the arbitrary incidence case

by augmenting each matrix to include all eight waves. There obtains with n = {I,1T}:

by St ST Sfe STy ay

b3 _ S5 5% S3 Sy a3

b3 Sy 5% S5 Siy a3

A Si S Sk S ay
a{I g~ ikzd 0 0 0 bé
al! 0 e 7kad 0 0 bt
a | | o0 0 et bl
d 0 0 0 ewd )\ pH

The solution is formally the same as before upon regrouping as follows:
b b
L= and f3 =
() e =)

and o =

51,11:(5;3 st) i 1,12:(5;2 )
S5 S S5 53

S3y S5, )
St Sk

and S =
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1
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n=+1 n=t+1

Figure 2.6: The case of treating the principal waves as if they corresponded to
spatial harmonics.

and performing the obvious change of symbols, i.e. § in place of S, and H in place
of H.

Alternatively, the solution remains identically the same if the eight waves are
treated as if they were spatial harmonics, since the incorporation of a higher order
mode augments also each matrix in the same way. In other words, the mathematical
computation would remain numerically the same if the eight waves were treated as
being various spatial harmonics. Figure 2.6 depicts the arbitrary case where the
principal waves b; and b; would correspond to the spatial harmonics of order n = 0,
and the principal waves b3 and by would correspond to the spatial harmonics of order
n = —2. Thirdly, this formalism can also be justified on the basis that the use of the
equivalent transmission line allows the use of only four rather than eight waves, as
mentioned earlier.

The above technique is, in principle, exact if the number of spatial harmonics
is allowed to be infinite. In practice, however, one must necessarily truncate the
matrix to a finite size, thereby introducing an approximation in the modelling of the

system. Hence, to avoid dealing with a large number of evanescent modes, many
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researchers [25, 27, 28] recommend not to model a planar surface mounted on a
dielectric slab as a series connection of the free standing structure and the dielectric
slab. The number of spatial waves is also infinite when the scattering surface is
of finite size owing to the angular spreading of the beam incurred by the spatial
windowing effect, as mentioned earlier. For this reason, the GSM written in terms of
plane waves is not very practical for finite size surfaces.

Most authors proceed differently in obtaining the scattering matrix of a system.
In a first step, they transform the scattering matrix of each subsystem into a corre-
sponding transmission matrix. Then they multiply the transmission matrices of all
the subsystems to obtain the composite transmission matrix of the whole system. Fi-
nally they transform this composite transmission matrix back into a scattering matrix.
Mittra et al. [26, p. 1608] report, however, that the transmission matrix approach is

sometimes numerically unstable.
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2.2.5 Principles and Notation

For notational convenience, it is assumed hereafter that:
Chi = Ciff <= CLi(6°,8°16°, ¢') = C}(0°, 8°16", 6)
where the angle dependence is the same for both scattering coefficients, as indicated
by the context descriptor (6%, ¢*|6°, 4°).

Various principles [30, 31, 32, 33, 34, 35, 36} are expressed in this section. Fig-
ure 2.7 depicts the reciprocity principle. Since the physical interpretation of enforcing
the reciprocity principle consists in reversing all propagation vectors while maintain-
ing their respective polarization, one finds with this symbolism and notational con-
vention (see Appendix A and u,v = {1,2} where 1 and 2 represents the labels of two
generic ports, each port corresponding to any direction irrespectively of the region)

that the process of reversing all propagation vectors results in:
(BN, ¢7) — e (E)(n — 8,7+ ¢)
(B8, ¢") — & (En(n— 8,7+ ¢)

(B, 4) e (ENI(r — 8, m+¢) fors=r
o € (EDI(m— 0,7 +¢') fors=t

for (E!),, = 0,w # {u,v},l = {E, H} and where:

| { +1 if the wave is E*-polarized
y =

} with [ = {z,r,¢}

—1 if the wave is H*-polarized

owing to the inversion in c;S incurred with the 180° rotation in ¢ upon reversing the
direction of the propagation vectors (see Figure 2.8 for an example). Hence, for the

reflected wave, one obtains:

Cr(gr, 7100, ) = RO \p GBI n—tim+)

(Ez gz ¢z EV(Ez P(ﬂ, 6T, w+¢")
= egC®(r — 6", + ¢'|lm — 0", 7w + ¢7)
for (E)., = 0,w # v,l = {E, H}, and where:

+1 ifp=gq
ey = ’
-1 ifp#gq
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Figure 2.7: The depiction of the situation corresponding a) to C24(8*, ¢°|¢%, ¢') and
b) to C#(r — 6", w + ¢*|m — 6%, w + ¢°), for both cases of s = r and s = ¢.
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Similarly for the transmitted wave, one obtains:

t atlpi 4y . (BOR(EL4 € (B (r -6 1+ 4%
GO, 610 ¢) = Gl X e

= egC%®(mw — ', + ¢ |lm — 0, + o)

for (E)!, = 0,w # u,! = {E, H}. Therefore, the reciprocity principle of electromag-

netism can be expressed as:
CI0°,8°10°, ¢') = euCB(m — 0w + ¢ilm — 6%, 7 + ¢°)

Thus generally, every voltage scattering coefficient C?¢ involving one and only one H-

”-" sign in the formulation of the reciprocity principle

polarized wave, i.e. p # ¢, has a
because of the inversion in (;g incurred with the 180° rotation in ¢ upon reversing
the direction of the propagation vectors (see Figure 2.8 for an example). When both
waves are f-polarized however, the ratio of the two waves remains unaffected because
both waves incur a change of sign. This complication arises with the reciprocity
principle because in the process of reversing all propagation vectors, the electric field

components must remain the same in magnitude and in phase irrespectively of the

variation of the spherical coordinate unit vectors with the position.

The factor eg is also required for the principle of reflection symmetry, either
transverse or longitudinal. For the transverse reflection symmetry about a plane
y = tan(x)z, the complication consists in that although the real image of each wave
has, say, Eg' = +$+, however, the corresponding virtual image has then E’; = —¢~
(see Figure 2.9). Similarly, for the longitudinal reflection symmetry about the plane
z = 0, although the real image of each wave has, say, E’j = -I—é*‘, however, the
corresponding virtual image has then E‘E =—4- (see Figure 2.10).

In summary, the various principles, for both cases p = ¢ and p # ¢, are:

o Reciprocity principle of electromagnetism:

CL(0°,8°10,6") = cnCiE(m — 0,7 + ¢i|m — 6°, 7w + ¢°)
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scattering coefficient is a H-polarized wave.
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Figure 2.10: Two waves in a longitudinal reflection symmetry relationship.
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This expression with © = v and p # ¢ corresponds to that given by Whites and

Mittra in reference [30, eqn. 13].

Longitudinal reflection symmetry about the z = 0 plane, with « and v pertaining

to different regions: _
y transmission: CZI(6',¢Y|0°,¢') = exCPYm — 6, ¢t|m — 6%, ¢)
uF# v o o
reflection: Cr(e, 97108, ¢") = exCPi(m — 07, ¢"|x — 0, ¢)

Transverse reflection symmetry about a plane y = tan(x)z:

CLi0°, 6°10°, ') = enC23(6°,2x — ¢°[0", 2x — ¢')
Cr6°,¢° = x+mm|¢',¢' = x+mr)=0for p£qgand m =0,+1,42,....
The first expression corresponds to that given by Whites and Mittra in refer-

ence [30, eqn. 27 & 28]. The second expression is a specific case of the first one
and corresponds to the expression given by Whites and Mittra in reference [30,

eqn. 30].

n-fold rotational symmetry:
CEi(0°, ¢°|6°, &') = CEI(6°, ¢° + (27 /n) |6, &' + (27 /n))

Both reciprocity and longitudinal reflection symmetry, for transmission and

u # v
Cri(0",¢'10',¢") = euC(r — 65,7 + ¢'lw — 6%, w + ¢*)
= (en)’CH(r — (7 = ), (7 + §) |7 — (7 — "), (x + ¢))
= CZ(0, 7+ ¢'16', 7 + ¢")
Both reciprocity and longitudinal reflection symmetry, for reflection and u # v:
CP6™, ¢710',¢") = eygC®(w — 6,7+ ¢'lm — 07,7 + ¢")
= (en)’C(m ~ (1 = 0'), (7 + ¢)|m — (7 — 07), (7 + ¢7))
= CHO,m+ ¢, 7+ ¢7)
Adding 2n-fold rotational symmetry to the combination produces:
transmission: CEI(8', 4'16°, ¢') = C®(¢,$'|0%, ¢")
uF# v ] o
reflection: Cra(07,¢716",¢') = C2(6", 407, ¢7)
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Adding Snell’s law of refraction, with 8" = @', to the combination produces, for

transmission and u # v:
CL0", 410, ¢') = CL(6", 416", ¢') = CHE = CZ

Both reciprocity and Snell’s law of reflection, i.e. " = 7 — @' and ¢" = '
Cra(07, 471", 4") = egCP(m — 6,7+ ¢'|m — 0", 7 + &)
= egCRO", 7+ ¢"|0', 7 + &)

Note: When p = ¢, hence when ¢y = +1, one might be tempted to think
that this last equality is a statement of the 2-fold rotational symmetry with
u = v. However, if one were to think that way, one would reach the conclusion
that when p = ¢ the combination of reciprocity and Snell’s law of reflection
implies the 2-fold rotational symmetry. By running the mathematical develop-
ment backward, one would also reach the startling conclusion that when p = ¢
the combination of the 2-fold rotational symmetry and Snell’s law of reflection
implies reciprocity, i.e. the startling conclusion that a passive structure would
not be reciprocal unless it has the 2-fold rotational symmetry. Such a conclu-
sion, however, would be erroneous because the statement of the 2-fold rotational
symmetry must also deal with the case for p # ¢, not just with the case for p = ¢

as with the last development.

Adding the 2n-fold rotational symmetry to the combination produces:
Cr(or,¢'16',¢") = enCZ(07,4716",¢') = Chi = enCH
This expression with p # g corresponds to the result given by Whites and Mittra

in reference [30, eqn. 15]. The result for p = ¢ is just an identity.

However, it must be pointed out that, for the case of normal incidence, one has
St = —S even if the reciprocal structure is not endowed with the property

of 2n-fold rotational symmetry. This situation owes to the fact that reciprocity
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implies that S(X,Y’) be symmetrical, and to the relationships between S(X,Y)
and S(E, H) given in equation (2.3). For instance, one has:

S(X,Y) is symmetrical = S{¥ = ¥ X
SEY = +GEH = SFH = . GHE

equation (2.3) = {
S}/IX —_ —S{{E

Now, it does not seem reasonable that for a reciprocal structure without the
2n-fold rotational symmetry, the transition between the relationship C?¢ =
—C7F at precisely normal incidence, and the relationship C?¢ # —(C% for just
a small departure from normal incidence would be abrupt. However, a smooth
transition would imply that all reciprocal structures, regardless of whether or
not they are endowed with the property of 2n-fold rotational symmetry, would
obey the relationship CP! ~ —C% within a certain tolerance over a limited
range of incidence angles centered about the normal incidence. As it will be
shown later in the validation section, this situation is indeed the case and it
brings about an important consequence in the synthesis process treated at the

end of this section.

The combination of reciprocity, Snell’s law of refraction with §! = §*, and 2n-fold
rotational symmetry produces, for transmission and u # v:
CL0',¢10%,¢") = enClf(r — 0, m+ ¢ilm — 0,7 + )
= egCl(r — 6,7 + ¢t|m — 0, 7 + ¢')
= egCli(r — 0", ¢'|r - 6", ¢')
Note: At this point, one might be tempted to think that when p = ¢ this last
equality is a statement of the longitudinal reflection symmetry. However, if one
were to think that way, one would reach the conclusion that when p = ¢ the
combination of reciprocity, Snell’s law of refraction with #* = 6%, and 2-fold
rotational symmetry implies the longitudinal reflection symmetry. By running

the mathematical development backward, one would also reach the startling
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conclusion that when p = ¢ the combination of longitudinal reflection sym-
metry, 2-fold rotational symmetry and Snell’s law of refraction with 6t = ',
implies reciprocity, i.e. the startling conclusion that a passive structure would
not be reciprocal unless it has the 2-fold rotational symmetry and the longi-
tudinal reflection symmetry. Such a conclusion, however, would be erroneous
because the statement of longitudinal reflection symmetry must also deal with
the statement about reflection, i.e. u = v, not just with the statement about

transmission, i.e. u # v, as with the last development.

Adding longitudinal reflection symmetry to the combination produces:

{053(9‘,¢‘I9‘,¢") = (en)?C(0%, §[6%, &)

uFt v o = CP = C%
= CI(0", 416", ¢")

This result was obtained previously by invoking the same principles but in a
different order. This result agrees also with that given by Whites and Mittra in
reference [30, eqn. 18]. It must be pointed out, however, that their development
relies on the structure being infinitely thin which condition is quite restrictive
whereas the development here relies, instead, on using the combination of lon-

gitudinal reflection symmetry and Snell’s law of refraction with 6! = '

For analysis purposes, these relations are very useful as it will be seen later. For
synthesis purposes, it would be equally useful to determine if the converse of these
relations hold, i.e. if these relations are one-to-one. However, to prove that the
converse holds, it is not sufficient to run the mathematical developments backward.
For instance, running backward the mathematical development for the statement
Cr! = egCgP says nothing about the case for CP? with u # v, which case must
be dealt with for assessing whether reciprocity and 2n-fold rotational symmetry hold
individually. Hence mathematically, one can be definite only in the negative, i.e. only
if CF7 # egC¥P can one be sure that not all principles invoked in the development are

completely satisfied, whereas if CP? = €5 C%, one cannot be sure that all principles

vyl
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invoked in the development are completely satisfied.

Generally speaking, it does not seem feasible that a translucent surface could dis-
play a 2n-fold rotational symmetric response upon reflection but not so upon trans-
mission, since the reflection and the transmission responses of a translucent structure
depend both on the constitutive parameters throughout the entire structure. For

instance, at a dielectric interface, one has:

{p,q} = {E,H}

1+ CHH — CHHE f
oru#v (w,v} = {1,2,3,4)

uy

cz =0 for p# g
for {

1+CEF = %%%E{%%%C;EE for u # v
Thus, if CPP displays a 2n-fold rotational symmetry, so does CP? and vice versa.
The situation is similar for a dielectric slab since the GSM for the whole slab is the
composite matrix of the GSM for each dielectric interface and the matrix for the
transmission line modelling the homogeneous dielectric medium.

Therefore, since running backward the mathematical development for the state-

ment CPJ = egC¥ implies that the statement:
CLi0°, ¢°10", ¢') = CLi(6°,¢° + 7|6, 6" + )

holds true for v = v and since, if this last statement holds true for v = v, then, in
practice, it holds true for u # v as well, this author believes that, in practice, the
statement C?? = egC¥ is indeed sufficient for a passive structure obeying Snell’s
law of reflection to be endowed with the property of 2-fold rotational symmetry.
However, one must be quick to point out one exception to the above conjecture:
the reciprocal structure at normal incidence. Indeed, it was found earlier that the
relationship CP! = —C% with p # ¢ is ezactly satisfied by all reciprocal structures
at normal incidence regardless of whether or not they are endowed with the property
of 2n-fold rotational symmetry. Furthermore, in practice, this relationship is also
approzimatively satisfied within a certain tolerance in a limited neighborhood of the

normal incidence. Consequently, in practice, the above conjecture holds true only
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outside this neighborhood.

A similar conjecture does not hold true for the statement C?? = C% with u # v
since this author knows of at least one structure for which this relationship is satisfied
in spite of the fact that the structure is not endowed with the property of longitudinal
reflection symmetry. This structure is a grating whose strips are rotated out of
the plane of the grating, and can be found in the paper by Whites and Mittra in
reference [30, p. 725].

Therefore, one obtains these useful relationships:

Snell’s law of reflection
reciprocity = (P =¢eyCw
2-fold rotational symmetry
with this relationship showing a double arrow (except in a limited neighborhood of
the normal incidence), and:

Snell’s law of refraction with 8t = &

reciprocit
. P Y = (M =(C% foruz#wv
2-fold rotational symmetry

reflection symmetry about the z = 0 plane

with this relationship showing a single rather than a double arrow.
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Validation of the Symmetry Relationships

The above relationships were confirmed by running NEC-2 simulations of various
structures endowed with various geometrical properties. Four structures, shown in
Figures 2.11 to 2.14, were investigated and the results are presented in Table 2.2.

These results show that:

o (PG, ¢s|9",¢") = —C®(r ~ 0,7 + ¢'|m — 6°,m+ ¢°) with p # ¢ and u # v, for

all structures owing to reciprocity.
o (P! = —C with p # q for structures #2 and #4.
o (P = +C% with p # g and u # v for structure #4.

Table 2.1 shows the result of performing |CE# + CHE| for structures #1 and #2
as a function of 6. It is clear that both structures obey the relationship C?? s —C9P
with p # g in the neighborhood of normal incidence but only structure #2 obeys this
relationship for all §* values.

The segmentation of these structures was as follows: 13 segments for each trans-
verse arm and 14 segments for the longitudinal section. The frequency was 1.0 GHz
and the wire radius was 0.002 m = 0.007A. It must be pointed out that these results
are not presented with the convention used in NEC-2 but with that used in Ap-
pendix A, i.e. the incidence propagation vector is represented as pointing outwardly
from the origin of the coordinate system. The incidence angle was arbitrarily chosen
as (0° = 150°,¢' = 250°), and its reciprocal (§' = 30°,4' = 70°). The parameter
7, as defined in NEC-2, pertains to the polarization angle as the angle between the
vector £ and the unit vector +8. This angle is counted positive in the direction

winding from +6% to +¢§". The transmission coeflicients shown in Table 2.2 are not
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Table 2.1: The result of performing |CEF + CHE| for structures #1 and #2 with
¢ = 250°,

Lo [ #1 [ #2 ]
180.0 {| 2.37E-05 | 1.36E-04
179.9 I 5.26E-05 | 1.36E-04
179.8 || 1.18E-04 | 1.36E-04
179.7 || 1.84E-04 | 1.36E-04
179.6 || 2.52E-04 | 1.36E-04
179.5 || 3.17E-04 | 1.36E-04
179.0 || 6.51E-04 | 1.36E-04
178.0 {| 1.32E-03 | 1.29E-04
177.0 | 1.98E-03 | 1.29E-04
176.0 || 2.65E-03 | 1.35E-04
175.0 || 3.30E-03 | 1.28E-04
170.0 || 6.47E-03 | 1.24E-04
165.0 || 9.34E-03 | 1.17E-04
160.0 §§ 1.18E-02 | 1.09E-04
155.0 || 1.37E-02 | 9.91E-05
150.0 || 1.51E-02 | 8.47E-05
145.0 || 1.60E-02 | 7.11E-05
140.0 || 1.62E-02 | 5.87E-05
135.0 || 1.61E-02 | 4.75E-05
130.0 || 1.56E-02 | 3.75E-05
120.0 || 1.44E-02 | 2.65E-05
110.0 || 1.43E-02 | 2.30E-05
100.0 || 1.63E-02 | 2.88E-05
90.0 || 1.99E-02 | 4.06E-05

really transmission coeflicients since these results do not include the vectorial addi-
tion of the incident field phasor. However, this addition is not relevant to the present

purpose of assessing whether or not C2? = C9P,
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Figure 2.11: Structure #1, with no 2-fold rotational symmetry nor longitudinal re-
flection symmetry.

Figure 2.12: Structure #2, with 2-fold rotational symmetry but no longitudinal re-
flection symmetry.
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Figure 2.13: Structure #3, with no 2-fold rotational symmetry but with longitudinal
reflection symmetry.
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Figure 2.14: Structure #4, with both 2-fold rotational symmetry and longitudinal
reflection symmetry.
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Table 2.2: Scattered E far-field results obtained from NEC-2 simulations for var-
tous structures endowed with various symmetry properties.

# Incidence Scattered Ey By
0" | ¢ | n |6 | ¢ || CBL T (V/m) ) Cel (V/m) )
11150 | 250 | O | 30 {250 || CEE | 0.027953 | +170.45 | CHE | 0.014849 | -84.50
» | ® | 150 | 250 || C5E | 0.018599 | -53.86 | CHE | 0.023407 | +53.71
N > 1-90 | 30 | 250 || CEH | 0.020053 | +93.30 | CHH | 0.033007 | -170.93
S » f 1150 | 250 || CEH | 0.028787 | -138.84 | CHH | 0.033700 | -56.58
1 30 70| 0 30| 70 Jj CEF | 0.018478 | -53.82 | CEE | 0.028812 | +40.92
N > | 1150 | 70 f CEF | 0.018857 | 4+94.43 | CHF | 0.021411 | +145.98
S > |-90 | 30 | 70 || CEF [ 0.023523 | -126.52 | CHHE | 0.033677 | -56.64
S » » [ 150 | 70 || C£F | 0.039378 +2.53 | CHH | 0.022872 | +73.28
2 1150 [ 250 | O | 30 | 250 || CEE | 0.033956 | +124.79 | CEE | 0.024238 | -153.27
> » | ? | 150 | 250 || CHF | 0.032502 | -112.74 | CEF | 0.025895 -9.25
Tl " 190 | 30 | 250 || CEM | 0.024241 | +426.53 | CEH | 0.052583 | +143.76
S » | 7 1150 | 250 || CEH | 0.029367 | -166.21 | CHH | 0.047306 | -121.46
1 307 70| 0} 30| 70§ CEF | 0.032526 | -112.67 | CHE | 0.029331 | +13.69
LT | 7 | 180 | 70 || CEF | 0.021828 | +32.62 | CHEE | 0.038224 | +124.23
K ? |90 30| 70 || CET | 0.025884 | 4+170.85 | CHH | 0.047260 | -121.52
> P | 2 | 1504 70 || CEF | 0.038351 | -55.81 | CZH | 0.027096 | -16.54
3 | 150 | 250 0| 30 | 250 || CEE | 0.031494 | 4+139.77 | CEE | 0.011507 | +137.37
>l 7| | 150 | 250 || C5F | 0.026428 | -65.37 | CEE | 0.013257 | +114.20
0" | [-90 | 30| 250 | CE¥ | 0.014072 | -45.86 | CHH | 0.0052986 | -47.28
S | 7 | 150 | 250 §| CEH | 0.010212 | 4+127.12 | CHH | 0.0051594 | -56.90
18 { 70| 0} 30| 70 ) CEF |0.026227 | -65.38 | CHE | 0.010152 | -53.00
N > | | 160 | 70 | CEF | 0.031642 | +139.34 | CHF | 0.014120 | -46.14
K > |-90 | 30 | 70 || CEF [ 0.018216 | -65.85 [ CHF | 0.0051522 | -57.09
i » » 1150 | 70 || CEF | 0.011538 | +136.91 | CEF | 0.0053048 | -47.58
4 1150 | 250 | O | 30 [ 250 || CE&F | 0.023882 | +130.61 | CHF [ 0.0094100 | +122.53

N 7oL 1150 1 250 |f CEP | 0.036317 | -132.89 | CHE | 0.013875 | +53.23
o ” [-90 | 30 | 250 || CEH | 0.0094048 | -57.27 | CHH | 0.0038481 | -62.77
N 7| 1150 | 250 || CEH | 0.013934 | +52.85 | CHH | 0.0054747 | -121.27
> 13| 70 0f 30| 70 || CEF | 0.036317 | -132.89 | CHE | 0.013875 | -126.77
N |7 {180 70 || CEF | 0.023882 | +130.61 | CHF | 0.0094099 | -57.47

” » * |-90| 30| 70 | CEF | 0.013934 | -127.15 CHEH | 0.0054747 | -121.27
Y ? " > [ 150 | 70 || CEF | 0.0094047 | +122.74 CHH | 0.0038480 | -62.77
NOTE: # pertains to the identification number of the structure
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2.3 GSM-based Technique

In Appendix E, structures with known operations are analyzed in order to demon-
strate and to validate the GSM-based technique. These structures are the solid Perfect
Electrically Conducting (PEC) planar reflector, the free space slab, the artificially soft
or hard surfaces® |, the ideal LP, LHCP and RHCP polarizers. In this section, the
GSM-based technique is used to obtain the GSM for the ideal CPSS and the non-ideal
CPSS.

For all these structures, it is assumed that only the dominant mode prevails in
the far field, thereby making the scattering matrix unitary. It is assumed also that
these structures are free standing, hence, the wave impedance of a given mode is
the same in both regions surrounding the structure. Only one wave is incident onto
the structure at the time. All structures have their operations phrased in terms of
incident CP waves, even though some structures could admittedly have their operation
phrased more readily in terms of incident linearly polarized waves. This is done
so as to demonstrate the validity of the approach in preparation for treating the
CPSS problem. Since a sign error can spell the difference between whether or not
the structure under study is endowed with one or many of the various properties
developed earlier, the mathematical development is shown as explicitly as reasonable.

The generic 2-port voltage scattering matrix notation is used instead of the full
4-port voltage scattering matrix notation. The terminology u-ness # v-ness is used
to mean that the u-wave and the v-wave belong to different regions while being

simultaneously in a possibly reciprocal relationship, i.e. if u is odd-numbered then v

SThese artificially soft and hard surfaces are meaningful surfaces to use for validation because
they display half the operation of the desired CPSS, i.e. they reflect an incident CP wave into a CP
wave with the same handeduness as that of the incident CP wave. It is not however a CPSS because
it displays this behavior whether the incident CP wave is RHCP or LHCP. This behavior befits also
the planar array of dipole turnstiles with A/4 front-to-back thickness, illuminated by a plane wave
at normal incidence.
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is even-numbered and vice versa, such that one has:
(u=2,0=1){(u=1Lv=2),(u=4,0v=3),(u=3,v=14)

Only the case for v = 1 is treated explicitly. The solution for the remaining cases are

obtained by a simple change of variables.
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2.3.1 Ideal CPSS

The operation consisting in reflecting an incident LHCP plane wave into a LHCP
plane wave while being perfectly transparent to an incident RHCP plane wave is

phrased as:

I (E7)) = +i(E))y for (EY), = 0,u #v,1 = {E, H}
then 4 (Bl =+i(ED)] v ={1,2,3,4)
(E5E = (E5)E =0 wu-ness # v-ness
If (E:J)TIJ{ = "J(E;)f for (E:,)L =0,u#vl= {E,H}
then 1 (BN = (BT =0 v={1,2,3,4}
en
(E3F = —j(E5E  w-ness # v-ness

.

Say, v = 1. One obtains:

(E3)Y = CEP(EDE + CEF(EHF
(B = CEB(EHT + CHE(EHH
(EVF = +5(B)F — { ()P = (CR +iCE") (B)F
’ ° (B = (CHE + jCHF) (Ei)F
(B = +i(B)Y = (CHF +iCHH) = +j (CEF + jCEH)
= (CHE+ CEF) = +j (CEF - CHH)

{(Es);ﬁ = CEB(E)F 4 CEH(E)H

(B = CHPE(EDT + CRF(EDY

(E3)F = (CEE + jCEH) (EYF
(BOY = (CHE + jCH7) (E)P

0

(B = 45(B)F {

{ (B3)f =0 = CEE=_jCEH
(B3 =0 = CHE = _jcHH

Similarly, one has:

{(E:)-;f = CEE(E:E + CEA(EHH
(E5¥ = CHE(E)E + CHE(Ei)H
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(B3)F = (CEP — jCBF) (BF
(EY = (CHE - jCHT) (Ei)E

0

(B = —i(B)F — {

(B = —§(B)F = (CHE—jCE¥) = —j (CEF ~ jCEY)
= (CHE+CE") = —j (CEP - CHH)
(E2)F = CEE(BLF 4+ CEH(EI)H
(B9 = CHE(E)E 4 CHH(Ei)H

(B2)P = (CEE - jCEF) (E)Y

iNH _ s pinE
(Eo)l - J(Eo)l = { (Eg){f — (CﬁE —]C{{H) (E;)ig

{ (E5)f =0 = CFEF=4jCEH
(B =0 = CHE= 4jCcHH

Therefore, one obtains:

CF = —jofy
. EFE HH
CgE = “JC{{H = (" = C121
CHE 4+ CEH = —j(CEF - CEH)
Cri” = +iCH"
. EE HH
CHE = +JC1}{H = (" = Ch

CHE + CET = +;j (CEF - CHH)

Now, from the unitary property of the matrix, one has:
CHE(CHT) + CRE(CHT) + PGy + CRE(CF) =0
Substituting in this expression the various equivalences obtained above, one finds:
o - B
Also from the unitary property of the matrix, one has:
]CﬁE!2 + |C{;’E|2 + |C§"}"‘3]2 + ]CﬁEF =1
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Again, substituting in this expression the various equivalences obtained above, one

finds:

o] = = 8] = e8] = o = e8| = o= et - o] -

One notes that the phases of the scattering coefficients are yet undetermined. This
means that a purely reactive surface is admissible.
From the combination of reciprocity, 2-fold rotational symmetry and Snell’s law

of reflection, with u = v = 1,p = E,q = H, one obtains:
GIEIH — —CgE

This last equation is consistent with the equations:
CRP = +icy?
CHP = +iCfi" = O = -Cff"
CHF = +CHH

Hence, an ideal CPSS must have the 2n-fold rotational symmetry.

One also knows:
CRE(O°, 8°10",6') = —1C17 (6, 4°16°, 1)
From the combination of reciprocity and longitudinal reflection symmetry, with u =
2,v=1,p=FE,q= H, one has:
Ca (07,816, 6') = CiiB(0' 7w + §'16°, 7 + ¢°)
From above, one also knows:
CoB(0,m + ¢'10°,m + ¢°) = —jCEH (9 7 + ¢°16°, 7 + ¢°)

From the combination of reciprocity and longitudinal reflection symmetry, with u =

2,v=1,p=q = H, one has:

CHP (0, 7+ ¢'10°, 7 + ¢°) = CHH(6°, 27 + ¢°|0%, 27 + &)
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From the 27 periodicity of the angle ¢, one obtains:
CHE(0°,27 + ¢°16", 27 + ¢') = CEH(9°, ¢°|6, $")
Consequently, pulling everything together, one obtains:
CéElE(HS, ¢3I9i, ¢:) — __02}{}!(95’ ¢s|9£, ¢:)
Therefore:
CZEIE —__ 02}.11 H
This last equation is inconsistent with the previously derived equation C£Z = CH#,
This means that an ideal reciprocal CPSS cannot have the longitudinal reflection
symmetry. As a further check, it is known that from the combination of reciprocity,

2-fold rotational symmetry, Snell’s law of refraction with 6* = #* and longitudinal

reflection symmetry, with u = 2,v = 1,p = E,¢ = H, one must have:
CEH — gHE

This last equation is inconsistent with the previously derived equations:

CEF = —jCEH

. EH HE
CRF = —jCEH } = Ci" = -Cj
CEE = +CHH

This means that an ideal reciprocal CPSS cannot have both the 2-fold rotational
symmetry and the longitudinal reflection symmetry. Since it was determined just
above that the structure has the 2-fold rotational symmetry, then the structure cannot
have the longitudinal reflection symmetry. These characteristics befit perfectly the
cascade polarizer CPSS and the Tilston CPSS but not the Pierrot CPSS which is not
2-fold rotationally symmetrical.

On the basis of this important finding, one might be led to believe that the Pierrot
CPSS cannot possibly achieve the performance of an ideal CPSS even for the case of

normal incidence! However, in Chapter 2, it was found that all reciprocal structures,
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regardless of whether or not they are endowed with the property of 2r-fold rotational
symmetry, obey the relationship CP? ~ —Cg within a certain tolerance over a range
of incidence angles centered about the normal incidence. Therefore, many practical
CPSS designs that do not have the 2n-fold rotational symmetry might still be possible
for some range of incidence angles in a limited neighborhood of the normal incidence.
The same analysis can be repeated for the other cases of v. Finally, one obtains
the voltage scattering matrix for the LHCPSS as:

Al —j Al A2 A%

1 JA? Al —;A? A?

A? A2 Al —j4A!

—jA? A? jAY Al

where A = e/t and ¢ is real valued.

The voltage scattering matrix for the RHCPSS is obtained from the voltage scat-
tering matrix for the LHCPSS by replacing all occurrences of j by —j except in the
exponents of the arbitrary phase terms A' and A% The voltage scattering matrix for
the RHCPSS becomes:

Al j Al AZ _ } A2

1| —jA? AY jA? A?
A2 _ j A? Al J Al

JA? A? —j Al Al

where A' = €/ and q is real valued.

Interestingly, it is observed that, if a; = s, the voltage scattering matrices for the

LHCPSS and the RHCPSS become circulant matrices!
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2.3.2 Non-Ideal CPSS

The operation consisting in reflecting an incident LHCP plane wave into an ellip-
tically polarized plane wave with polarization ratio P = p e, axial ratio ar and tilt
angle ¢ (see Appendix C) while being imperfectly transparent to an incident RHCP

plane wave is phrased as:

( If (Eé)f = +](Eg)f for (E}), = 0,u £ v,l= {E,H}
((EH =pp &L(EE o= (1,2,3,4)
(E5)d H
then ¢ Jem < 1
(Eg)f . u-ness # v-ness
@] =7
) . \ oJu .
I (EDE = —§(E)E tor (B). = 0,u # 0,1 = {B, H)
’ (Eg '{r{ < RH
(B —
s\ E v=1{1,2,3,4}
then | gz)gj < RE
\ (Ej)uH = PR ejéR(Eg)f U-ness # v-ness

To fix ideas, the ideal LHCPSS has py, = pr = 1, 6, = 7/2 = —6p so that P, = +j
and Pr = ~j, thus ar =1 and ¢ becomes irrelevant, and 7% = TH = RE = RH = 0.

Say, v = 1. One obtains:

{ (E2)f = CEE(E)E 4 CEH(Ei)H
(EY = CHE(E)F 4 CHH(EHH
(Ei)H - +J(E:)E — { (Eg)f; = (ClElE + JCEH) (E;)f;
o/1 = o/1 . .
(B = (CHE + jCHF) (Bi)F
(B = po e (B)Y = (CHE + jCHH) = py, o (CEE + jCEH)
—j (CH" - BLCEP

pre® =ap+jf = (CHF—oyCEF + BLOBY) = 21 CE)
L1
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7 = CRP(E) + CE(ENY
i = CHP(E) + CRH(ENY

(B = +5(BIYE = { (E)F = (CR° +iCHF) (B)F
i (B = (CHE + jCHH) (Ei)F

([(B2)| < T |(Ei)?] CEE + jCEM| < TP

(CEE + jCEM) (CEE + jCEH)" < (TP

CEP[ + |cEP[ + 2 Imag [CEP(CERY] < (TP
(Bo)Y| < T |(Ei)E|

CHE +j02her| < TH

(CHE + jCEH) (CHE + jCHA) < (T7)

CH|" + [CEA[ + 2 Imag [CHE(CHAY] < (TH)?

3B < TH|(EDY]

el

Similarly, one has:

{ (B)Y = CiP(EDT + CEH(EDY
¥ = CHP(E)F + CHH(ENHY
_ ] Es B _ CEE . 'OEH Ei E
(BN = —j(B)Y = { ( ‘;)i, ( e 2;”)( ‘:.)IE
(E3); = (021 - 303 )(Eo)l
(B)Y = pr =(EF = (CHP — jCHT) = pp e#x (CEF ~ jCEH)
PR 636}2 = ap +.718R R— (C{-{E _ Q’RC2E1E - ﬁRCgH) — J ( 2;H JBR 21
—O.’RC21 )
(E5)Y = CHP(EDT + CEF(EDF
(B = CHP(EDF + CRH(EDHY
(E5)Y = (CEP - jCEF) (Ei)¥

(B = —i(B)E — { O (B,
1 1 (B = (CHF - jCHF) (Ei)F
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(B5)P| < RP|(BP| = |CEF - jCEH| < R®
= (OFE — jCBY) (CBF - jCB") < (hE?
= |CEP[" + |CEH[" - 2 Imag [CEE(CEFY] < (REY?
V(B < RT|EDE| = |(E)¥| < BT |(E)?]
= |CfiF - jCHF| < R¥
= (Ol - jCEY) (CHP - jCEHY" < (RY)?
| = C{{Elz + IC{’{le — 2 Imag [CﬁE(CgH)*] < (RF)?
In summary, one has:
(CHP — arCEP + BLCET) = —j (C¥ - BLOEF — o, CEH) (2.4)
(CHP — arCEP — BrCET) = +j (CHH + BrCEF - apCEF) (2.5)
|CEE|" + |CEP[ 2 Imag [CEP(CEFY] < (REY? (2.6)
|CEE" + |CEA[ — 2 Imag [CEE(CHTY] < (RM)? (2.7)
(CER[ + |cBH] + 2 Imag [CEP(CEHY] < (1) (2.8)
|CHE[ + |CF|" +2 Imag [CHE(CEFY] < (772 (2.9)

Now, from the unitary property of the matrix, one has:
CEE(CHT ) + CHE(CHF) + CHP(CRT ) + CRE(CHT)Y = 0
2 2 2 2
|CEP|" + |CHE| +|CEE|" + |chE| =1
2 2 2 2
|+ |on [+ [oBH] + et =1
Performing (2.6) + (2.7) + (2.8) + (2.9) and using the unitary property, one obtains:

Imag [CEF(CER) + CEE(CHFY] > 05— W? (2.10)

I'mag [CEE(CER Y + CHE(CHMYy] < WP - 05 (2.11)

where:
o _ (BP)? 4 (RF)? + (TP)" 4 (TH)?

v 4
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One notes that the relations between the various scattering coefficients for the non-
ideal CPSS are no longer as definite as those for the ideal CPSS. The non-ideal
performance may be the result of the structure lacking the required symmetry prop-
erties or the result of the incidence angle being off-normal. This latter scenario is of
special interest, i.e. the structure has the ideal performance at normal incidence but
becomes non-ideal at off-normal incidence, as with the cascade polarizer CPSS.

Hence, assuming that the structure has the following two relations required from
the ideal LHCPSS, one has:
CSH — __CIP{E
CZ;EI‘H — _Czhle

Substituting these relations into equations (2.4) and (2.5), one obtains:
Ch" = (Br = jar) CFF + (o + (B — 1)) CEH (2.12)

Ci = (=Br+jar) CEE + (an + j(Br+ 1)) CE¥ (2.13)
One observes that:

Po=+4j = {ap=0,f =41} = CHH =CEE
Pp=—-j = {ap=0,r=-1} = CHH = (CEE

as for the ideal LHCPSS. Substituting equations (2.12) and (2.13) into equations

(2.10) and (2.11), respectively, one obtains:

. x 2
Imag [CEP(CEF)” ~ (B + jou) (CEE(CER)) | + (B — ) [CEH] 2 05-w?
. 2
Imag [CEE(CEH)* + (Br + jon) (C’;ﬁE(CﬁH)*) |+ (Br+1) lCﬁHI < W?2-05
Now, rewriting;
CHACHy = a+ib
CRP(CHT) = atjb
and substituting into the above equations, one obtains:
EH|? 2
(L+BL)b — avar + (B — 1) |CE " >05-w (2.14)
EH|? 2
(1= Br)bs + aray + (Br + 1) |CE7| < W2 - 0.5 (2.15)
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One observes that:

P = +; = {CfL = O,ﬁL = -i—l} == b > 05(05 - WZ)

In the last two equations, the equality applies only to the case W? = 0, i.e. for the
ideal LHCPSS, since from the previous section about the ideal LHCPSS and from

above one has:

CEF| = |cEF| =05 )
CEF = 4+jCEH
CRE = —jCRH =
{ CEE(CEF) = a1 + jby
CRE(CHT) = a2 + jby

b=+ |CEH[ = +0.25 and ;=0
by = — |C£H =025 and ap, =10

Hence, in general, one notes that whereas only two parameters of the scattering
coefficients were left undetermined in the case of the ideal LHCPSS, i.e. the phases
for CEF and CEF, four parameters are left undetermined here, i.e. a1, by, as, by, and
two constraints are to be satisfied, i.e. equations (2.14) and (2.15). Thus, owing to
the fact that the constraints can be satisfied by a large number of possibilities, it is
no longer useful to sketch the voltage scattering matrix for the non-ideal LHCPSS.

On the other hand, it may proved useful to quantify the performance of the
non-ideal CPSS by means of simple figures. The concept of polarization efficiency
seems most suited to this task. The polarization efficiency, 0 < f < 0, indicates
the loss in the power transfer between two antennas, the transmitting antenna (Tx)

and the receiving antenna (Rx), owing to the polarization mismatch between the two

Pr AN L
‘ﬁ“(m)GGf

antennas. One obtains:

where P7 is the power captured by the Rx antenna, P! is the power radiated by the
Tx antenna, G is the antenna gain® of each respective antenna, R is the distance

separating the apertures of the two antennas, A is the wavelength in the propagation

For convenience, it is assumed that each antenna is lossless and perfectly impedance matched.
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medium. Appendix D presents various expressions for f according to various scenarios
for the two antennas.

In this application, one can compute f by testing each plane wave (incident,
transmitted or reflected) against a same test polarization ellipse, as if that plane
wave were generated by a fictitious Tx antenna and the test polarization ellipse were
that for a fictitious Rx antenna. By making the test polarization ellipse to be identical
to the polarization ellipse of the incident plane wave, one can assess the performance
of the non-ideal LHCPSS by computing the polarization efficiency of the reflected

wave as:

ff= flRx=1, Tx=r

when the incident plane wave is LHCP, and by computing the polarization efficiency

of the transmitted wave as:
f'= f|Rx=1, Tx=t

when the incident plane wave is RHCP.
For the LHCPSS, one obtains (see Appendices C and D):

(1+73) + /1 + P} + 2p} cos(26.)
(1+p}) — /1 + p} + 2p} cos(261)

ar’ = arp =

(1+ ph) + /1 + ph + 2phcos(26R)
(1+p%) = /1 + ph + 2pkcos(26R)

ar' = arg =

A

. . r . \
i J— — (1+eTy ery arpy)® t -
ar l=f 2 (T+ard,) f 1 2
r _—  (l+arg
‘ eﬁx = —1, E%X = —1 ( I = 2 (1+4ar$)
t t t _ (ltarp)?
| epx =+, ep =41 j ST ey

Figures 2.15 and 2.16 show, respectively, the inverse of the axial ratio 1/ar and

the polarization efficiency f as functions of p and §. It is seen that whereas the peak
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for the function 1/ar is sharp, that for the function f is rounded, thus indicating
that the requirement on the axial ratio is not as severe as one might have been led
to believe from the plot of Figure 2.15. The maximum occurs for p = 1 and é = 90°.
The minimum is f = 0.5 owing to the fact that one of the two polarization ellipses,
i.e. the incident one, is perfectly circular.

The concept of polarization efficiency remains valid even if the incident plane
wave is not a pure CP wave. This suggests the development of structures even more
general than a CPSS in that even the incident plane wave could be elliptically po-
larized. The polarization efficiency would then also take into account the tilt of the
polarization ellipses. The range of applications for such structures, however, appears
rather limited.

Hence, the three independent parameters, W?2, f™ and f*, provides a first order
performance characterization in terms of power solely. A more detailed characteriza-
tion requires the additional knowledge of the independent parameters pgr, ég, pr and
61, from which to obtain arg, ¥g, ar; and ¥y. In contrast, a complete characteri-
zation consists in identifying all the scattering elements of the GSM, hence, requires

also the knowledge of a1, b1, ap and by, as well as the inequalities (2.14) and (2.15).
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Figure 2.16: The polarization efficiency f as a function of p and §.
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Chapter Three

A New CPSS Realization

3.1 Concept

This chapter presents the cascade polarizer design idea that this author rediscov-
ered independently via a different implementation of the circular polarizers. This
author’s design was inspired from a problem in reference [47, problem 8.34, p. 449],

which reads as follows:

Polarization "projection operator”. If a piece of linear polaroid with
easy axis along & is placed in a beam of light containing a mixture of
all sorts of polarization, the polaroid absorbs all light that does not have
linear polarization along #. It has an "output” at the rear of the polar-
izer consisting of light linearly polarized along #. We shall call this piece
of polaroid a "projection operator”. It "projects out” the & polarization
without loss (neglecting small reflections) and delivers it at its output end.
Note that this ”& projection operator” can be run either forward or back-
ward; i.e., either face of the polaroid may be used as the input end. Now
consider a piece of circular polarizer consisting of a piece of linear polarizer
(input end) glued to a quarter-wave plate with optic axis at 45 degrees
to the easy axis of the polaroid. This polarizer puts out (for example)

right-handed light. But it absorbs half of any right-handed light incident.
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If it is run backward, it passes incident right-handed light and absorbs
left-handed light. But when it thus passes right-handed light incident
on the quarter-wave-plate face, it delivers it out the polaroid face as lin-
early polarized light. Therefore it is not what we are calling a polarization
projection operator. Here is the problem: Invent circular polarization pro-
jection operators, one for left-handed and one for right-handed light. The
right-handed projection operator should transmit incident right-handed
light with no loss (neglecting small reflections) and should deliver it as
right-handed light . It should absorb left-handed light. Question: Is your
circular polarization projection operator reversible? Can you use either

face for the input end?

The new CPSS realization is precisely this invention, once it is realized that at
microwave frequencies, a grid of fine conducting wires acting as the linear polarizer
reflects rather than absorbs the electromagnetic wave incident upon it. By the reci-
procity theorem, the signal reflected off the grid at normal incidence traces back the
wave propagation path of the incident wave and comes out of the input face with the
same polarization as the incident wave, hence the CPSS effect.

To be clear, let us work out the details of the operation of a CPSS reflecting an
incident LHCP wave, starting with the operation of a quarter-wave plate. Figure 3.1
shows the various cases.

An incident linearly polarized wave with its polarization aligned at —45° as shown
in case a) has equal linearly polarized components along both —€; and é,, where the
subindices f and s refer to the fast and the slow axes, respectively. In figure 3.1,
the slab is viewed from the same side for all cases, i.e. e, points out of the page
and e; points upward, regardless of the direction of propagation. In the language
of anisotropic media, the optic axis is either the slow or the fast axis, which is here

parallel to the faces of the uniaxial slab. Since the component along —é; travels at
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Figure 3.1: The various cases for the operation of a quarter-wave plate.
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a group velocity larger than the component along é;, a phase difference builds up
between the phases of the two components as the wave propagates through the slab.
The quarter-wave plate is a slab whose thickness results in a 90° phase difference. The
cases a) and f) result in a LHCP wave at the output face. By the same mechanism,
the cases c) and h) result in a RHCP wave at the output face.

One observes from comparing case a) and case h) that the CP wave produced
from a same LP wave depends on the direction of propagation of the wave. Similarly,
one observes from comparing case e) and case b) that the direction of the LP wave
produced from a same CP wave depends also on the direction of propagation of the
wave. Such an operation, however, should not be construed as an indication that
the structure lacks longitudinal reflection symmetry. In fact, the quarter-wave plate
has longitudinal reflection symmetry since it can be regarded as the concatenation
of two identical eighth-wave plates oriented identically. The same argument holds
also for any thickness of the plate, not just for the quarter-wave plate. Moreover, the
uniaxial slab with its optic axis parallel to the interface has also transverse reflection
symmetry with respect to the fast and the slow axes.

Although the result from running the waves in the reverse direction could be ob-
tained directly from the reciprocity theorem, it is instructive to detail the reverse
operation of obtaining a linearly polarized wave at the output face from a circularly
polarized wave incident at the input face. In this case, the incident CP wave decom-
poses 1nto two linearly polarized waves that are in time and in space quadratures.
Again, the linearly polarized component along €; travels faster than that along é;,
resulting in a phase difference built up as the wave propagates through the slab. How-
ever, since the two linearly polarized components were already in time quadrature at
the input face, the overall phase difference at the output face of the quarter-wave

plate is either 180° or 0°, resulting in a linearly polarized output as shown in cases e),

b), g) and d).
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All the same results are obtained if the incident electric field E;, points in the
direction opposite to that shown in Figure 3.1, or equivalently, if both axes, e; and
es, are reversed simultaneously. In fact, this simple model for the operation of the
uniaxial medium does not take into account the absolute phase of each component,
only the relative phase between them. Consequently, if a PEC reflector is used to
reflect the output wave back into the slab, the 180° phase reversal introduced by the
reflector is of no consequence.

By series combination of two quarter-wave plates to form a half-wave plate, one
sees that the output wave is cross-polarized with respect to the input wave, i.e. the
two. waves are orthogonally polarized if linearly polarized [e.g. case a) followed by
case e)], or of opposite handedness if circularly polarized [e.g. case e) followed by
case c)]. Hence the half-wave plate is a perfect cross-polarizer for both LP and
CP waves. Moreover, one sees from comparing the result of case e) followed by
case c) with the result of case b) followed by case h) that the polarization handedness
reversal is achieved regardless of the direction of propagation, according only to the
total distance travelled in the slab. In contrast, one sees that the result of case a)
followed by case e) consists of a 90°, say, CCW rotation with respect to the direction
of propagation, whereas the result of case h) followed by case d) consists of a 90°,
thus, CW rotation with respect to the direction of propagation. The reason that
a circularly polarized wave has its polarization handedness reversed independently
of the direction of propagation while the polarization rotation of its two linearly
polarized components depends on the direction of propagation stems from the fact
that 2 x90° CW rotation is the same as 2 x 90° CCW rotation, i.e. 180?, which results
in a polarization handedness reversal. This is a strange result in that one would be
forced to say that the half-wave plate has longitudinal reflection symmetry in terms
of the CP waves but not so in terms of the LP waves. But reflection symmetry is a

purely geometrically dependent principle, independently of the nature of the waves!
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The solution to this dilemma lies in that the model used herein does not account for
the absolute phase of the waves, hence it is insensitive to the 180° phase difference
between the 90° CCW and the 90° CW rotations. In fact, as mentioned earlier, a
uniaxial slab whose optic axis is parallel to the interface has both the transverse and
the longitudinal reflection symmetries, regardless of its thickness.

By series connection of four quarter-wave plates to form a full-wave plate, one sees
that the output wave is identical to the input wave, e.g. case a) followed by case e)
followed by case c) followed by case g).

To obtain a CPSS, one simply uses a combination of quarter-wave plates, all
plates having the fast axis oriented in the same direction, and a linear polarization
filter, e.g. a metallic wire or strip grid, as shown in Figure 3.2. The operation of the
structure is most easily described in terms of the various cases shown in Figure 3.1.
Assuming that a LHCP wave is incident from the left onto quarter-wave plate #1,
we are in presence of case €). The output of the plate is a LP wave polarized in the
direction of the wires of the LP filter that follows the plate. The LP wave is thus
reflected off the grid and back into quarter-wave plate #1 as in case f), the 180°
phase reversal introduced by the grid being of no consequence. The wave coming out
of the input face of quarter-wave plate #1 is thus LHCP, as was the original incident
wave. Assuming now that a RHCP wave is incident from the left onto quarter-wave
plate #1, we are in presence of case g). The output of the plate is a LP wave polarized
perpendicularly to the direction of the wires of the LP filter that follows the plate.
The LP wave is thus transmitted, ideally without loss, through the grid and impinges
onto quarter-wave plate #2 as in case a). The output of this second plate is LHCP
and so one uses quarter-wave plates #3 and #4 to form a half-wave plate that reverses
the handedness of the polarization, i.e case e) followed by case ¢). In fact, since the
grid is transparent for this case, the operation of the four quarter-wave plates becomes

simply that of a full-wave plate, i.e. no modification is made to the original CP wave.
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Figure 3.2: A new CPSS realization.
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Assuming that a LHCP wave is now incident from the right onto quarter-wave
plate #4, we are in presence of case b) followed by case h) followed by case d). The
output of quarter-wave plate #2 is a LP wave polarized in the direction of the wires
of the grid. Hence, the LP wave is reflected off the grid and back into quarter-wave
plate #2, i.e. we have case c) followed by case g) followed by case a). The final
output is LHCP, as was the originally incident wave. Assuming that a RHCP wave is
now incident from the right onto quarter-wave plate #4, we are in presence of case d)
followed by case f) followed by case b). The output of quarter-wave plate #2 is a
LP wave polarized perpendicularly to the direction of the wires of the grid. Hence,
the LP wave is transmitted, ideally without loss, through the grid and impinges onto
quarter-wave plate #1 as in case h). The final output is a RHCP wave. Hence the
LHCPSS has been fully realized.

One notes that the RHCPSS is obtained simply by rotating the grid by £90° in its
own plane. One notes also that quarter-wave plate #1 acts as a LHCP polarizer run
backward whereas the series combination of quarter-wave plates #2, #3 and #4 acts
as a RHCP polarizer run forward, in clear agreement with the cascade polarizer CPSS.
One notes also that either one of the following operations reverses the handedness of

the CP polarizer:
1. interchanging the two axes e; and e;
2. rotating the plate by £90° in its own plane;

3. reversing the direction of normal incidence as in case h) compared to case a) of

Figure 3.1.

Thus, a quarter-wave plate LHCP polarizer is the same as a quarter-wave plate RHCP
polarizer rotated by £90° in the plane of the plate. Therefore, the quarter-wave
plates #2, #3 and #4 can be replaced by a single quarter-wave plate that has been
rotated by £90° in the plane of the plate.
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Morin [14] in a preliminary document to the patent office mentions in a sentence
that a symmetrical CPSS can be achieved with a single quarter-wave plate in place or
the three quarter-wave plates. This author concurs with Morin only if this quarter-
wave plate has its two axes interchanged or rotated by £+90°, as explained just above.

One notes in passing that although the design consisting of a single plate without
its two axes interchanged would form an asymmetrical rather than a symmetrical
CPSS, it might find, nevertheless, interesting applications of its own. Bossuet and
Gautier make reference in their patents [5, 6] to such an asymmetrical CPSS, i.e.
they show the two CP polarizers having the same handedness on both sides of the LP
polarizer. Moreover, they reported that such an idea already belonged to the prior
art but they did not give a specific reference for it. Morin [14] indicated without
giving a specific reference that such a design originated from the field of Optics. In
any case, it 1s conceptually simple to add a half-wave plate or equivalently to rotate
the output CP polarizer by +90° in its own plane for changing the handedness of the
output CP wave in order to pass from the asymmetrical CPSS to the symmetrical
CPSS or vice-versa.

Two major shortcomings of this new realization are its narrow bandwidth and
its non-zero reflection coefficient. The first shortcoming owes to the fact that each
uniaxial slab only acts as a quarter-wave plate at the single frequency for which the
physical thickness of the plate produces the 90° phase difference. A literature survey
[49 to 73] was undertaken to see if some particular implementation of the uniaxial
medium could alleviate this shortcoming, e.g. perhaps shaping the profile of the
grooves in the dielectric slab. This survey! , however, was without success!

Since the phase difference between the two components of the electric field is

incurred by the total length travelled in the uniaxial medium, this author surmised

1This author notes in passing that Figure 23-32 of reference (86, p. 23-26] is erroneous by omission
for the figure does not mention the presence of the conducting walls separating each dielectric
layers. This omission was revealed by comparison with the original paper [56] from which the plot
in Figure 23-32 was taken.
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that one would need to cause the effective permittivity along each one of the two axes
of the anisotropic medium to vary with frequency in such a way as to counter the
variation of the electric length with frequency. Since the electrical length increases
as the frequency increases for a fixed physical length, the difference in the effective
permittivity between the two axes would need to decrease as the frequency increases.
It is usually very difficult to make a constitutive parameter depend on frequency in a
prescribed manner. An alternative mean to achieve the same effect would be to vary
the effective propagation path length, either by varying the propagation path itself or
by varying the contribution from various individual fixed propagation paths such that
the sum of the contributions remain unaffected with frequency. In the wake of this
latter idea, it was thought that the principle of the multi-step transformer could be
used, i.e. a series of discontinuities, each discontinuity corresponding to a particular
reflection coefficient and spaced from its two adjacent discontinuities by a quarter
wavelength, would produce a filter characteristic with a low reflection value over a
prescribed bandwidth by vectorial superposition of the multiple reflections arising
from each discontinuity. This principle needs to be applied here to each one of the
two components £y and E; such that the vectorial sum of the multiple reflections for
each one of the two components produces the required 90¢ phase difference over some
useful bandwidth. This approach is not very appealing as each quarter-wave plate
would need to be implemented with multiple slabs.

The second shortcoming owes to the fact that the intrinsic impedance of each slab
is different from that of the surrounding free space, thus resulting in an impedance
mismatch at each interface of every slab. Since the thickness of each slab does not in
general correspond to A/2, the multiple reflections do not necessarily cancel out on
axis, unless, again, each quarter-wave plate is implemented with multiple slabs that
are of such a thickness and separated by such a distance as to cause the multiple

reflections to sum to zero while also providing the necessary phase difference. In fact,
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a similar approach is used for multi-layer meander-line polarizers!

The grid itself does not pose a serious design difficulty as it can be made easily
to cover a wide bandwidth. The critical operation is that of the circular polarizer
achieved by the quarter-wave plates. Hence, the design would be greatly improved by
choosing another structure to play the role of the circular polarizers. A structure that
implements this function over a broad bandwidth with little impedance mismatch is
the multi-layer meander-line polarizer [74 to 86]. Bossuet and Gautier [3, 6], on
the other hand, have reported the use of two parallel wire grids whose inter-wire
separation within each grid was close to A/4. However, they did not specify the

inter-grid separation.
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3.2 Composite GSM

First, the voltage scattering matrices for the ideal LP polarizer and the ideal
CP polarizers are obtained. Then, the voltage scattering matrix for the LHCPSS
is obtained as the composite of the voltage scattering matrix of a LHCP polarizer,
the voltage scattering matrix of the LP polarizer and the voltage scattering matrix
of the RHCP polarizer. Finally, the composite matrix is compared with the voltage
scattering matrix for the ideal LHCPSS obtained in Chapter 2.

Since 1t was found in the previous sections that the ideal LP and CP polarizers
are possible only at normal incidence, one uses the 2-port voltage scattering matrix
in Cartesian coordinates which was obtained from the voltage scattering matrix in
spherical coordinates by reversing the sign of some voltage scattering coeflicients as

per equation (2.3). One obtains for the ideal LP polarizer:

—(1 — P)ei® — Qe (1+ P)e’? —Qe?b
LP(y vy _ L ~Qe*  —(1+ Pl Qe (1 - P)e’f
STAY) = 21 (1+ P —Qe? —(1 = P)ei™ —Qel
—Qei? (1 — P)es? —Qel® —(1 4+ P)ei>

where: F= cos(2§ﬁ"°)
| @ = sin(2¢fP)

One observes that the voltage scattering matrix is now symmetrical, as expected at

} with {I‘?’P = ¢' +90° — ¢,

normal incidence in the Cartesian coordinates. One observes also that all elements of
the antidiagonal are all one and the same, in agreement with reference [37, the matrix
of equation (1) being symmetrical]. For the ideal LHCP polarizer with the arbitrary

phase coefficient ¢/, the case of {{#°F = ¢* 4 90° — @1, = —45° leads to:

0 0 +1 0

sueP(x yy=ege| 0 0 0
+1 0 o0 0

0 +; 0 0
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For the ideal RHCP polarizer with the arbitrary phase coefficient €2, the case of
§§HC‘D = ¢ + 90° — pp = —45° leads to:

6 0 +1 O
. 0 -
SRHCP(X ¥ = ¢fo J
+1 0 0 0
0 -5 0 0

To obtain a LHCPSS, one uses the facts that all plates are subjected to the same ¢*

and that ¢; = ¢, £ 90° = ¢ (see Figure 4.34). Thus, one obtains:

~

r QSL — qsi + g0° — gﬁHCP
Gg = Qsi + 90° — gﬁp
§ $r = ¢’ 4900 — RHCP b == &iF = {+45°, ~135°}

¢L = ¢g £90° = ¢r
| Eﬁ,HC’P — Eﬁ%HC‘P — _450

Using the commercial symbolic mathematical software MAPLE developed at the
University of Waterloo (see Appendix F), the composite voltage scattering matrix is

computed as:
— Al —-jAl A2 jA2
1] —jar Al A2 A2
sx =5 7, S T
2 A2 —j A2 — At jAl
JA? A AT Al
: = 2a — 2k, D
where A! = e/ with:{ otz
Qg = ﬁ + 2a — QkZ_D
and D is the spacing between each plate. This matrix is precisely the 2-port volt-
age scattering matrix for the LHCPSS, converted from S(F, H) to S(X,Y) as per
equation (2.3). Again, the matrix is symmetrical.
To obtain a RHCPSS, one uses ¢, = ¢, = ¢r and thus fi‘g’P = {—45°,+135°}. It
was confirmed that taking ¢¥F = —45° resulted indeed in the matrix for the RHCPSS.

The above development proves that, on the basis of the GSM analysis incorpo-

rating only the dominant mode, the ideal cascade polarizer CPSS is an ideal CPSS
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at normal incidence. Thus, to the extent that LP and CP polarizers can be real-
ized physically, the CPSS can also be realized physically. It must be remarked that,
according to Cornbleet’s conjecture, even the ideal LP polarizer is an impossible po-
larizer since its corresponding Jones polarization matrix is singular. This observation
is rather surprising since a grid of fine metallic wires is known to be a very good phys-
ical realization of the ideal LP polarizer! Similarly, CP polarizers can be physically
realized with a very good performance, at least over a small frequency bandwidth.
This situation suggests that Cornbleet’s conjecture is not practically relevant since
the fact that the ideal operation of a device might be impossible to achieve physi-
cally does not imply that a good approximation of this ideal operation might not be
realized and used satisfactorily in practice.

That the cascade polarizer design produce a CPSS is also clearly seen from Jones
polarization matrices. A Jones polarization matrix represents the transformation be-
tween the input and the output Jones polarization vectors. A Jones polarization
vector consists of the E; and E, components for a wave propagating in the +2 di-

rection [48, p. 681]. Thus the Jones polarization matrix corresponds, in fact, to the

submatrix S12(X,Y) of the GSM matrix S{X,Y).

Eout Ei'n
F ol =Sux,y)| e
B Eir

Cornbleet (1, p. 300, 312-313] gives the following Jones polarization matrices:

(07)
(o)
(o ™)

93

o LP polarizer with ¢, = 0°

o LP polarizer with ¢, = 90°

e LP polarizer with ¢, = +45°




LP polarizer with arbitrary ¢,

( sin?(¢,) sin(¢g)cos(¢g))
sin{pg)cos(dg) cos?(¢y)

From simple trigonometric identities and the substitution of the value ¢' = 0°
from equation (2.2) into the expression £[” = ¢* + 90° — 4, one observes that
this matrix corresponds indeed to the S;2(X,Y’) sub-matrix of the LP polarizer.
This result agrees also with that given by Hill and Cornbleet in reference [37,
equation(2) with Ty =0 and T, = 1].

CP polarizer with the fast axis at ¢ = 0°

L1450 ) _ e f41 0
VZ\ 01— 0 —j

This result corresponds indeed to the S;2(X,Y’) sub-matrix of the RHCP po-

larizer with the arbitrary phase term taken as e/%.
CP polarizer with the fast axis at ¢ = 90°

1 {1-5 0 410
— = e ‘1
V2 0 14 0 4+

This result corresponds indeed to the S1,(X,Y) sub-matrix of the LHCP po-

larizer with the arbitrary phase term taken as e=7%.

CP polarizer with the fast axis at ¢ = £45°

11 %
V21 15 1

LHCPSS

RHCPSS




In the above, the fast axis has the same meaning as that for the uniaxial slab
treated earlier. The composite Jones polarization matrix is the product of the Jones
polarization matrices for the constituting devices in the order reverse to that in which
the devices are encountered as the wave propagates in the +2 direction. Hence, from
the above matrices and the cascade polarizer design for a LHCPSS (see Figure 4.34)
there obtains:

1145 00y 1 /( 1 =) 1( 1 45
Vel4 1/ o1 )vel— 1) 2\ 1

- - -

CP@t450 LP@0° CPG—450 Jones' RHCPSS

or equivalently:

1 (1-5 6 Yif+1 =1\ 1 (145 0 \ 1( 1 4
VZA 0 145 /2\ -1 +1/Vv2\ 0 1-5) 2\ -5 1

—

CPG+900 LP@+45° cPaoe Jones' RHCPSS

It is important to point out that Jones’ definition of the handedness of a circularly
polarized wave is opposite to the definition used herein, i.e. Jones’ definition is based
on observing, as time goes on, the sense of rotation of the electric field vector at a
point in space while looking at the wave in the direction opposite to the direction of
propagation of the wave [47, pp. 398-401], [1, pp. 293-296], [48, p. 681]. Thus, Jones’
RHCPSS corresponds to the LHCPSS as defined herein. Similarly, from the above
matrices and the cascade polarizer design for a RHCPSS there obtains:

1 1 +j 1 0Y 1 1 —j) _1 1 —j
Ve\l+i 1/\oo)vey—; 1) 24 1

o N ~ -

CP@+450 LP@+90° CP@—d45° OT +135° Jones' LHCPSS

or equivalently:

1 1-7 O 1741 +1Y) 1 1+3 O 1 1 —j5
V2L o0 145 /2041 41 /v20 0 1-57 2\ 4 1

- -\ J/ ~

CP@+90° O —90° LP@-45° cPage Jones' LHCPSS
It must be remarked that although the simple development based on Jones po-

larization matrices is sufficient to prove that the cascade polarizer design is indeed
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a CPSS, the advantage of employing the GSM-based technique over employing the
Jones polarization matrix technique, i.e. employing all four submatrices of the GSM
matrix C(E,H) rather than just the submatrix Si2(X,Y), is that, in addition to
proving that the cascade polarizer design is a CPSS, the GSM-based technique also

identifies some geometrical constraints of the structure.
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Chapter Four

NEC-2 Simulations

It was seen earlier that both the Pierrot and the Tilston designs represented
imperfect CPSS designs because of some idealization of their principle of operation;
namely, the crank wire of the Pierrot design and the open-circuited turnstile dipoles
of the Tilston design were assumed to be perfectly transparent to an incoming RHCP
wave. It was seen earlier as well that the cascade polarizer design could not be ideal
at off-normal incidence. Hence, it is of practical interest to investigate the actual
performance of these designs.

Furthermore, the GSM-based analysis revealed that the ideal CPSS at off-normal
incidence must have the 2n-fold rotational symmetry, yet the Pierrot design does not
satisfy this requirement. Hence, it would be interesting to investigate the practical
importance of the 2n-fold rotational symmetry requirement. Of course, one acknowl-
edges that merely satisfying the geometrical constraints of the CPSS does not suffice
to make the structure behave like a CPSS. Thus, there is no guarantee that the Tilston
design would outperform the Pierrot design on the sole basis that the Tilston design
does have the 2-fold rotational symmetry whereas the Pierrot design does not. Yet,
it would be interesting to find out whether the Pierrot design might outperform the
Tilston design in spite of its lack of 2-fold rotational symmetry. In the same line of

thinking, it would be interesting to investigate the performance degradation incurred
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by the Tilston design as the geometry departs increasingly away from the 2-fold ro-
tational symmetry, as incurred, for instance, by gradually positioning the turnstile
dipoles more asymmetrically with respect to the longitudinal axis.

Thus, this chapter presents the numerical analysis performed for the three CPSS
designs with the commercial software NEC-2 {17] whose analytical formulation is

based on the Method of Moments.
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4.1 Generalities

The plots of the electric field were obtained by post-processing the near-field
results obtained with NEC-2 so as to present the information directly in terms of the
LHCP and RHCP components rather than in the NEC-2 format. It must be pointed
out that both the far-field and the near-field results given by NEC-2 pertain to the
scattered field alone, i.e. the incident field is not vectorially added in as part of the
results. In contrast, in Chapter 2, the transmission coefficient of the scattering matrix
characterized the total wave in the transmission region and, thus, the term ”scattered”
was used there as a generic term to mean either "reflected” or "transmitted”, with
the understanding that the transmitted wave included the incident wave when the
direction of observation corresponded to the direction of incidence.

In terms of RHCP and LHCP uniform plane waves travelling in the +# direction,
a general elliptical polarization is written with the basis vectors #pgycp and firpcp
as follows:

traCP = —\15(@-—3&) . § = (trucp + tLHCP)
Urgcp = —\}—5 ] = -L(@pycp — tryce)

-
!
Sk S

There obtains:
E = Egé +E¢q£
UpHCPTULHCP - (UpHCP—ULHCP
5 ) Bo+J ( V2 ) By

_ {EptiEs\ A Eg—jE¢, ~
= (*"—ﬁ )uRHCP + (——\/5 ULHCP

Erpcp trucp Y ErLgcp ULHCP

where E, Ey, Ey, Erpcp, Erncp are phasors. For instance, a LHCP wave in the
direction +7 has Fy = +jFEy. Substituting this result into the above expressions for

Enpcep and Epgep, there obtains:

Ergep = (EB:/%E") = V2E;
Epncp = ( 73 ) = 0

E¢=+jE9=:>{
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and thus, indeed, the wave is purely LHCP polarized. It is noted in passing that the
symmetry properties and the composite matrix technique that were developed earlier
for the polarization decomposition in terms of E-wave (i.e. E* mode, i.e. E = Eoé)
and H-wave (i.e. H* mode, ie. E, = E,$) can be extended to the polarization
decomposition in terms of LHCP and RHCP waves from the knowledge of the above
relationships linking these two polarization decompositions.

CP co-polarization and cross-polarization of the scattered wave are defined here
with respect to the CP polarization sense being the same as or opposite to the CP
polarization sense of the incident wave, respectively. Thus, LL and RR represent
the CP co-polarized scattered waves whereas RL and LR represent the CP cross-
polarized scattered waves. Each parameter is a phasor, i.e. with both a magnitude
and a phase. The first letter identifies the polarization sense of the scattered CP
component whereas the second letter identifies the polarization sense of the incident
CP wave.

For an ideal CPSS, both CP cross-polarization plots, LR and RL, should be zero
at all points of the plots. Since the field results given by NEC-2 for the transmission
region pertained to the scattered field rather than the total field, the RHCP co-
polarization plot RR for Pierrot’s and Tilston’s LHCPSS designs should also be zero
since the structure must not scatter the incident RHCP wave. In contrast, the RR
plot for the cascade polarizer design should not be zero in the transmission region since
upon RHCP incidence the structure did not proceed by an absence of scattering but
by a transformation of the incident polarization. Finally, the LHCP co-polarization
plot, LL, should consist of a scattered plane wave at the specular angle of reflection,
and a scattered plane wave at the incidence angle, with a magnitude equal and a
phase opposite to the magnitude and the phase of the incident wave, respectively, so
that the transmitted wave consisting of the vectorial summation of the incident and

the scattered waves produced a zero field value behind the array.
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With a finite array illuminated by a single uniform plane wave, however, the re-
flected and the transmitted waves no longer form single plane waves propagating in
single directions but instead, they form bundles of plane waves propagating over a
continuous range of directions centered mostly about the reflection and the trans-
mission directions for the corresponding infinite array, respectively. This angular
spreading of the beams results from the spatial windowing phenomenon. Further-
more, the transmitted wave resulting from the superposition of the scattered and the
incident waves has a zero field value only within a shadow region of limited extent
behind the array. Far enough behind the array, diffraction around the edges of the
array causes the total field to be non-zero. In terms of the scattering phenomenon,
this result can be explained by the fact that the incident wave is a plane wave that

propagates according to the function e=3%7 whereas the scattered wave is a spherical

ekt

wave centered on the scatterer and propagating according to the function in the

far-field region of the scatterer. Thus, far enough from the scatterer, i.e. for large
enough values of r, the magnitude of the scattered wave is so small as to be negligible
in comparison with the magnitude of the incident plane wave and thus, the vectorial
summation of the scattered spherical wave and the incident plane wave produces the
same result as the incident plane wave by itself, i.e. no shadow results in that region.

In order to ensure that the GSM for the finite array be representative of the GSM
for the infinite array, and since the transmission coeflicients are defined in terms
of the total wave, not merely the scattered wave, one would have to ensure that
the results from which the transmission coeflicients of the GSM are computed be
obtained with the observation point lying in the shadow region. Since, however, only

the dominant mode is of interest here, and since the NEC-2 results pertain to the

scattered rather than the total fields, the GSM coefficients can be computed either

kr

from the far-field results with the factor £<— omitted as an option provided by NEC-

2, or from the near-field results with the observation point lying in the far-field region.

101



For the direction of observation corresponding to the direction of incidence, the co-
polarized transmission coeflicient is computed by adding the incident wave phasor to
the scattered wave phasor. The incident wave phasor has a magnitude of 1 V/m for
a linear polarization or /2 V/m for a circular polarization, and a phase of 0° at the
origin of the coordinate system. For all other cases, the GSM coefficients are obtained
from the scattered wave alone, i.e. without adding the incident wave. The excitation
is either linearly polarized in the & or # direction at normal incidence, and in the £
(i.e. TM*) or H (i.e. TE?) direction for arbitrary incidence, or circularly polarized.

For the sake of easing the transfer of the results from NEC-2 to the tables in this
chapter, the incidence propagation vector is taken as pointing inwardly toward the
origin of the coordinate system, as defined in NEC-2, for all results except those per-
taining to the GSM since the GSM was developed in Chapter 2 with the convention of
taking all propagation vectors as pointing outwardly from the origin of the coordinate
system.

All structures are free standing, i.e. as though without dielectric support. To
take accurately into account the presence of the dielectric would require a wave so-
lution based on the dyadic Green function. NEC-2 does not have this capability.
The presence of the dielectric tends to increase the cross-polarization levels and the
VSWR value owing to the mismatch of the intrinsic impedances, but these effects
are only of a second order. More seriously, the presence of the dielectric modifies
the effective length of the transverse conductors lying on the dielectric interfaces,
and the effective length of the longitudinal section embedded in the dielectric sub-
strate. Moreover, when the panel is manufactured by photolithography techniques,
the transverse conductors become strips rather than circular wires and thus, a current
distribution singularity arises at the edges of the strips for the current component that
is parallel to the edges. This current singularity is another difficulty with which one

must contend. Therefore, the results reported here could apply only to the case of
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the dielectric support being a low loss microwave dielectric foam of a low permittivity
value.

Unless mentioned otherwise, a wire radius of 0.002 m, i.e. ~ 0.007X, was used
throughout and the observation point lied on a 4.2 m, i.e. 14, radius sphere centered
on the scatterer. This value for the observation sphere radius was chosen as part of
a tentative design (see [13]) for a Cassegrain antenna whose subreflector was to be
made of a CPSS. As it will be shown below, it turns out, however, that this value
is too small for an array of 37 cells, a better value being 30.0 m. The choice of the
1 GHz operating frequency was made on the basis of convenience.

Various indicators were developed to characterize the plots of the scattered E field

since all plots cannot possibly be included in this document. These indicators are:

o the reflection and the transmission beam! values [LL7}|, |RR"|, |RL"|, |LR"},
[LLY, |RRY, |RL!| and |LR!|, where for instance |LL"| pertains to the |LL]|
value at the geometrical optics reflection angle, and |LL?| pertains to the |LL|
value at the geometrical optics transmission angle. For the LHCPSS, the |LR"]
and |RR’"| account for unwanted blockage causing the VSWR to depart from
the ideal value of 1:1 whereas |LL!| and [RL!| account for unwanted leakage
through and around the structure. This blockage and leakage are here defined
as:

Blekg = (|LE'[* + |RR'?) (%)2

e—jkr

Leakg = (]RL*]2+ Qr (\/iA )+LLt

)G

of the octagonal array in m? and r is

7

where A is the effective surface area?

1Beam values refer here to the scattered field values at the geometrical optics angles for the
reflection or the transmission beams. When the array is small, diffraction around the edges of the
array causes these beams to be slightly shifted away from their geometrical optics directions [18],
but this shift remains well within the 5 increment used herein to observe the scattering level over
an observation sphere centered on the scatterer.

2The effective surface area A was not corrected by the factor cos(6') to account for the change
in the aspect profile of the scattering structure when the incidence is off-normal.
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the observation sphere radius in m. Since the scattered field level tends, in the
far-field region of the array, to increase proportionally with the size of the array
and to decrease proportionally with the observation distance, the incorporation
of the factor (i)z into the above definitions is an attempt to make the values of
the indicators Blckg and Leakg independent of the array size or the observation
sphere radius when the observation point lies in the far-field range of the array.
The incident plane wave has a magnitude of /2 V/m as a result of each linear

component of the incident CP wave having a magnitude of 1 V/m.

In order to quantify the amount of energy leaking through the surface without
taking into account the energy leaking around the surface, thus in order to
characterize the scatterer as if it were an infinite surface, the incident plane
wave is made to behave as though it too were a spherical wave with the same
dependence on r and A as does [LL!|, thus with a magnitude of v/24 V/m and
a phase value of 0° at the origin of the coordinate system. The complex factor
@ is a calibration parameter obtained from computing the scattered electric
far-field of an octagonal solid PEC plate illuminated with a LHCP wave at the
incidence angle of interest. Denoting by LL! the LL* value corresponding to
this reflector plate of area A, for an observation sphere radius r,, the factor
Q¥ is computed as the factor that makes Leakg = 0 when the scatterer is this
reflector plate since there should be no leakage through a solid plate. Since
RL! = 0, one has:

Q= (\/EAO

—jkro
e ? )+LL2=0:>QL=_E£%e+jkro

V24,

T

and the expression for Leakg becomes:

Leakg = (|RLt,2 + ’LLIE — (Aiize"jk(’_"’)) LL

o T

2 ( y )2
A
This expression becomes more approximative as the incidence becomes increas-

ingly off-normal because the term RL?, as seen from the NEC-2 results, increases
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also with the incidence angle and thus, the value of Leakg becomes increasingly
non-zero even for the reflector plate. The reflector plate is shown in Figure 4.1
and consists of a wire-grid ® model based on the ”same-surface-area” rule of
thumb [107, 108]. For linear polarization, this rule consists in selecting the wire
radius parallel to that polarization as ¢ = 21;; where L is the length of one side
of the unit cell of the mesh. Since the polarization here is circular, the mesh is

made square.

To help one grasp the meaning of these indicators, Table 4.1 presents the ex-
pected results for various types of surface. In the far-field region, the minimum
Blckg and Leakg values ever possible are 0 (?-7%)2 For the baseline scatterer
consisting of a structure of size and shape corresponding to an octagonal ar-
ray of 37 cells with 0.15 m inter-element spacing, illuminated at normal inci-
dence and observed over a 30.0 m sphere radius, the maximum Blckg value
is = 2.165 (%)2 as obtained for the solid PEC reflector plate, and the maxi-
mum Leakg value is equal to |LLY|? (i";)g = 15.897 (—n%)z, as obtained when

LLt= RL' = 0.

Two different segmentations were used to check on the convergence of the scat-
tered field results for the reflector plate. The first segmentation consisted
of 5 wires per each 0.15 m side of the unit cell, thus L = 0.030 m and
a = 0.00477 m ~ 0.016 for a total of 1920 segments. The second segmentation

consisted of 6 wires per each 0.15 m side of the unit cell, thus L = 0.025 m and

3Although NEC-2 has the capability of solving either the Electric Field Integral Equation (EFIE)
or the Magnetic Field Integral Equation (MFIE), the wire-grid model corresponding to solving the
EFIE was chosen over the patch model corresponding to solving the MFIE because the solution of
the MFIE is fraught with numerical instability problems as the thickness of the scatterer goes down
to zero [106). Furthermore, the thin wire kernel rather than the extended kernel of NEC-2 was used
here even though the wire radius was not quite smaller than or equal to 0.01X. This choice owes to
the fact that NEC-2 does not use the extended kernel for segments ending at the junction of multiple
wires, and that here, every segment ends at a junction of two wires.
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Table 4.1: Expected results from the indicators for various types of surface.

Surface type |LL"| | Blckg | Leakg
Solid PEC reflector plate 0 cleg 0
Free space slab g 0 ctes
Ideal artificially soft or hard surface || cte; cteg 0
Ideal LHCPSS ctey 0 0
Ideal RHCPSS 0 ctey ctes
ctey, ctey and ctes are some non-zero constants

Table 4.2: Scattered E field results for two different segmentations of the octagonal
wire-grid PEC plate. The observation sphere radius is 30.0 m.

#|0 | & LL,
(°) | °) || mag. (V/m) phase (°)
5 00| 0.0 0.13620 +64.75000
6| 7 K 0.13530 +64.73000
5 | 45.0 | 45.0 0.09664 -117.4537
6| 7 i 0.09613 -117.4058
51300 70.0 0.11832 -116.5545
6| ” ” 0.11756 -116.5475
# pertains to the number of wires per each 0.15 m side of the unit cell

a = 0.00398 m = 0.013X for a total of 2748 segments. The results shown in Ta-
ble 4.2 indicate that convergence is achieved within ~ 0.7% for the magnitude
and ~ 0.05° for the phase. Thus, the results for the segmentation of 5 wires per

each side of the unit cell were used in computing the value for Leakg.

Table 4.3 shows the results in assessing the behavior of the indicators Blckg
and Leakg for two different sizes of an octagonal array made of the Pierrot
LHCPSS cells for various observation sphere radii. Ideally, the values of these
indicators should remain constant in spite of the variation in the observation
distance and the array size, since the same cell type, inter-element spacing,

octagonal geometry and incidence angle were used for all cases in the table.

It is seen that the indicator Blckg is quite constant except for the case of 156
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Figure 4.1: Octagonal solid PEC plate modelled with a wire mesh as per the "same-
surface-area” rule of thumb. This figure shows the case of a segmenta-
tion consisting of 5 wires per each 0.15 m side of the unit cell.
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Table 4.3: Assessment of the indicators Blckg and Leakg for two different sizes

of an octagonal array made of the Pierrot LHCPSS cells for various
observation sphere radii. The inter-element spacing is 0.15 m and the
incidence is normal.

# cells r Bleckg x 10° | Leakyg
2 2
m) | @) | ()
37 4.2 20.8518 0.0663914
7 8.4 21.4362 0.187631
” 30.0 21.5619 0.371557
” 42.0 21.5620 0.405025
” 84.0 21.5558 0.473680
156 4.2 11.8085 1.35099
? 30.0 22.4574 0.202090
” 42.0 22.5518 0.266398
" 84.0 22.6110 0.411657
” 136.0 22.6133 0.504890

cells with 4.2 m observation sphere radius, but in this case, the observation
point does not lie at all in the far-field region of the array and so, the indicator

is not expected to be constant since the assumption of the far-field behavior

e_:kr is severely violated. It is also meaningful that the case of the 37 cell array
with 4.2 m observation sphere radius has the second lowest Blckg value and a
singularly low Leakg value since the observation point does not lie clearly in
the far-field region of the array, although the far-field behavior is not as severely

violated in this case as in the earlier case of the array with 156 cells and 4.2 m

observation sphere radius (see Table 4.7).

The indicator Leakg is not quite as constant as was the indicator Blckg although
it does single out the case of the array with 156 cells and 4.2 m observation
sphere radius. Since the reference scattered field value LL! was taken with
the reflector plate having a surface area corresponding to that of the 37 cell
array with 0.15 m inter-element spacing, and with the observation sphere radius

being 30.0 m, it would appear that the compensation scheme used in computing

108




the Leakg values is not very effective when the case under study departs too
much from the reference case. In fact, the compensation scheme seems to over-
compensate with respect to both A and r. As most simulations, however, will
pertain to the case of the 37 cell array with the 30.0 m observation sphere

radius, the Leakg values are expected to be meaningful.

the axial ratio for the beam values, defined here as the ratio of the major axis
over the minor axis of the polarization ellipse, are obtained as:

P

r r
ar’ = girlﬂii’"u for LHCP incidence
iy
ar =4y QR&/TZA—E / ’)+Rﬁt{+|LRf]‘
ar” = Ik for RHCP incidence
HQR(\/EA———E ; )+RRt’—|LRf|i

where the term ﬁAE:%’f— in the expression for ar accounts again for the incident
wave made to look like a spherical wave with the same dependence on A and r as
that for the phasors |RR!| and |LR!| in the far-field region of the scatterer. The
complex factor @7 is also a calibration parameter obtained from computing the
scattered electric far-field of an octagonal LP polarizer plate illuminated with
a RHCP wave at the incidence angle of interest. Denoting respectively by RR!
and LR! the RR' and LR' values corresponding to this LP polarizer plate of

area A, for an observation sphere radius r,, the factor QF is computed as the

when the scatterer is this LP polarizer plate since ar? = oo for the transmitted

factor that makes:

e"'jkfo

— || =0

QF (\/iAo ) + RR!

To

LP wave. Choosing the phase of Q¥ such that:

e"jkro

= [ 2 e

To

QR (\/ﬁAa ) + RR!
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i.e. choosing:
q=kro+ po

where ¢ and p, are the phase angles for Q' and RR!, respectively, there obtains:

)

(or

— |RR!

Rl _ _To
2= V24,
Hence, one has:
oW+ RR + LR
~ ||W 4 RRt| — |LE||

where:
Ar,
W= A, (

o T

LR

- | RR! D )
Ideally, ar = 1.0, thus indicating perfectly circular polarization.

The octagonal LP polarizer plate of surface area corresponding to the octagonal
array of 37 cells with 0.15 m inter-element spacing is shown in Figure 4.2. Two
different segmentations were used to check on the convergence of the scattered
field results for this octagonal LP polarizer plate. The first segmentation con-
sisted of 5 wires per one 0.15 m side of the unit cell, with L = 0.030 m and
a = 0.00477 m =~ 0.016A for a total of 960 segments. The second segmentation
consisted of 6 wires per one 0.15 m side of the unit cell, with L = 0.025 m
and ¢ = 0.00398 m =~ 0.013) for a total of 1374 segments. In fact, the LP
polarizer plate was obtained simply from the wire-grid model of the reflector
plate by eliminating the vertical wires. The results shown in Table 4.4 indicate
that convergence is achieved within = 0.5% for the magnitude and =~ 0.03° for
the phase. Thus, the results for the segmentation of 5 wires per one side of the

unit cell were used in computing the value for ar®.

One sees from Table 4.4 that |LR!| = |RR!| since clearly the scattered wave
must necessarily be linearly polarized. Thus, W = 0 and ar? shown in Table 4.5

reduces to just:
o IR+ LR
|| R — |LR]|
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Figure 4.2: Octagonal LP polarizer plate made of circular wires as per the "same-
surface-area” rule of thumb. This figure shows the case of a segmenta-
tion consisting of 5 wires per one 0.15 m side of the unit cell.
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as though the incident wave phasor was not vectorially added to the scattered
wave phasor. This situation owes the choice of making the incident wave appear
to be a spherical wave so as to put both the incident and the scattered waves
on a same footing in an attempt to quantify the process of the wave leaking

through but not around the surface.

From Table 4.5, it is seen that the two cases with the 4.2 m observation sphere
radius as well as the case of the array of 37 cells with the 8.4 m observation
sphere radius stand out for both ar” and ar!. These cases correspond again to
cases where the observation point does not lie clearly in the far-field region of

the scatterer.

the peak values for the |LL|, |RR|, |RL| and |LR| plots. Any scattered field
value greater than /2 is already an indication that the observation point does

not lie clearly in the far-field region of the array.
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Table 4.4: Scattered E field results for two different segmentations of the octagonal
LP polarizer plate. The observation sphere radius is 30.0 m.

T T RR LR

() | () |'mag. (V/m) | phase () | mag. (V/m) | phase (°)
5 0.0 6.0 0.07481 +63.45000 0.07481 +63.45000
6 ’ ? 0.07453 +63.45000 0.07453 +63.45000
5 | 45.0 | 45.0 0.05039 -120.3628 0.05036 +130.1695
i) ? » 0.05029 -120.3712 0.05026 +130.1579
5 130.0170.0 0.05782 -118.9196 0.05781 +96.07105
6
z

” " 0.05758 -118.9495 0.05757 +96.04097
pertains to the number of wires per one 0.15 m side of the unit cell

Table 4.5: Assessment of the indicators ar” and ar? for two different sizes of an oc-
tagonal array made of the Pierrot LHCPSS cells for various observation
sphere radii. The inter-element spacing is 0.15 m and the incidence is

normal.
# cells r ar’ art
(m)
37 4.2 || 1.0184 | 1.0248
" 8.4 | 1.0093 | 1.0172

" 30.0 || 1.0028 | 1.0119
" 42.0 || 1.0022 | 1.0112
g 84.0 || 1.0014 | 1.0105
156 4.2 | 1.0233 | 1.0219
K 30.0 || 1.0026 | 1.0113
" 42.0 j 1.0014 | 1.0065
» 84.0 I 1.0013 | 1.0103
" 136.0 || 1.0014 | 1.0098
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4.2 The Pierrot design

This section presents a numerical analysis of the Pierrot LHCPSS unit cell (see
Figure 4.3) and of an octagonal array made of identical cells (see Figures 4.4, 4.5
and 4.6). Figure 4.6 pertains to the gangbuster arrangement which takes its name
from reference {109]. The particular gangbuster array of Figure 4.6 has 148 cranks
produced by introducing along the diagonal direction an additional 3 cranks between
every two cranks of the octagonal array of Figure 4.4. Such an arrangement is possible
when the transverse arm in the foreground plane of the unit cell is orthogonal to the
transverse arm in the background plane of the same unit cell since, in principle, these
two transverse arms do not obstruct one another at normal incidence. This situation
permits to overlap the cells so as to produce a much denser array. For the gangbuster
with 148 cranks, the inter-element spacing between nearest structures was 0.0375 m
and so, the wire radius had to be reduced from the nominal 0.002 m down to 0.001 m
in order to keep adjacent structures from touching one another.

The parameters under investigation in this section were the incidence angle, the
frequency bandwidth, the cell size, the cell thickness, the number of cells and the
observation sphere radius. A total of 40 segments was used for the crank wire, 14
segments for the longitudinal section and 13 segments for each transverse section.

Figures 4.7 and 4.8 show the induced current (magnitude and phase) when the
incident polarization is LHCP and RHCP, respectively, and the plane wave is incident
at 6° = 0° and ¢' = 0° onto the single crank. Figures 4.9 and 4.10 show, respectively,
the |LL| and [RL} plots for a LHCP plane wave incident at #* = 0° and ¢' = 0° onto
the same single crank. Is is observed that the scattered wave is purely LHCP only
for 8 = {0°,180°}. Figures 4.11 and 4.12 show, respectively, the |LR| and |RR| plots
for a RHCP plane wave incident at the same angle onto the same single crank. It is
observed readily that the scattered field level is much reduced but not quite zero.

For off-normal incidence angles, the current distribution becomes imbalanced as
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’ All dimensions are in meter.
X The wire radius is 0.002 m.

Figure 4.3: Configuration and orientation of the Pierrot LHCPSS cell for operation
at 1 GHz.

the peak current is larger on the transverse arm that interacts first with the incident
plane wave (the y transverse section corresponds to the length L < 0.375\ along
the wire in Figures 4.13 and 4.14). The rotational asymmetry of the cell was clearly
revealed by the fact that the smallest imbalance occurred for the diagonal directions
(¢ = 45°,225°) and the largest imbalance, for the anti-diagonal directions (¢ =
135°,315°). Figures 4.13 and 4.14 show the induced current (magnitude and phase)
when the incident polarization is LHCP and RHCP, respectively, and the plane wave
is incident at #' = 45° and ¢' = 45° onto the single crank. Figures 4.15, 4.16, 4.17
and 4.18 show, respectively, the |LL|, |RL|, |LR| and |RR)| plots for a plane wave
incident at §' = 45° and ¢ = 45° onto the same single crank. It was observed that
the |LL| and |RL| plots remained practically the same in shape when the frequency
was varied over a 15% range or when the incidence angle was varied within the range
6" < 60°. The |LR| and |RR)] plots were more sensitive to changes with respect to

frequency and incidence angle but their peak values remained still much smaller than

115




1
|
PRTE .
N R N -
I U NS S N A
CELL SIZE: 05Ax 05A
FOREGROUND (Z = +0.125 A):
BACKGROUND (Z=-0.125}): =~==-=----
OUTLINE OF THE OCTAGONAL ARRAY:  *ecccscncce.

Figure 4.4: Configuration and orientation of the octagonal array made of 37 iden-
tical Pierrot LHCPSS cells for operation at 1 GHz.
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tical Pierrot LHCPSS cells for operation at 1 GHz.

Figure 4.5: Configuration and orientation of the octagonal array made of 156 iden-
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Figure 4.6: Configuration and orientation of the octagonal gangbuster array made
of 148 identical Pierrot LHCPSS cells for operation at 1 GHz.
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those of their counterparts for LHCP incidence.

The above simulations (Figure 4.19 to Figure 4.26) were repeated for an octagonal
array of 37 identical cells laid as per a square grid with 0.15 m, i.e. A/2, inter-element
spacing. The formation of two pencil beams is clearly seen. It is observed also that
the CPSS effect is much stronger for the array since the ratio |[LL/RR| was ~ 11.9
for the octagonal array illuminated at normal incidence instead of just & 0.7 for the
single crank. It is noted, however, that this ratio is not equal to 37, the number of
cells.

Only 3 segments per longitudinal or transverse section for each wire were used in
the octagonal array so as to have the cells of all arrays segmented identically while
keeping the total number of segments for the largest array below 1500 so as not to
incur too long a CPU run time. For comparison, the shape and the peak magnitude
of the plots of the scattered electric field for the single crank remained nearly the
same for such a coarser segmentation of the wire as for the earlier segmentation with
40 segments (0.02791 instead of 0.02812 for Figure 4.9 and 0.01920 instead of 0.01936
for Figure 4.10). Hence, it is believed that the scattered electric field obtained for
the octagonal array of 37 cells is still meaningful despite the coarser segmentation of
each wire.

For corner incidence (§' = 45° and ¢' = 45°), the maxima of the beams were
slightly off the reflection and the transmission angles predicted by geometrical optics
(e.g. 07 = 43° instead of 45°), owing to the finite area of the scattering surface [18].

The reflection beam values were 0.12080 V/m and 0.08948 V/m for the normal
and the corner incidences, respectively. For comparison, the corresponding values
of LHCP reflected from a solid reflector of identical shape and surface area, ana-
lyzed with NEC-2 by wire-grid modelling (see Figure 4.1), were 0.13620 V/m and
0.09664 V/m, respectively (see Figures 4.27, 4.28, 4.29 and 4.30). Thus, the CPSS

appears less opaque than the solid PEC reflector.
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Figure 4.7: Induced current for the crank illuminated with a LHCP plane wave
incident at #* = 0° and ¢' = 0°.
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Figure 4.8: Induced current for the crank illuminated with a RHCP plane wave
incident at 8 = 0° and ¢' = 0°.
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Figure 4.9: |LL| for the crank, with ! =0°, ¢' =0° and r = 4.2 m

Figure 4.10: |RL| for the crank, with #

0°, ¢ =0° and r = 4.2 m.
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Figure 4.13: Induced current for the crank illuminated with a LHCP plane wave
incident at §" = 45° and ¢’ = 45°.
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Figure 4.14: Induced current for the crank illuminated with a RHCP plane wave
incident at 6" = 45° and ¢*' = 45°.
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r = 30.0 m.
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Figure 4.22: |RR)| for a 37 Pierrot cell octagonal array, with ' = 0°, ¢ = 0° and
r = 30.0 m.
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Figure 4.24: |RL| for a 37 Pierrot cell octagonal array, with ' = 45°, ¢' = 45° and
r = 30.0 m.
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Table 4.7 shows the corresponding effective surface area of the arrays. The effec-
tive surface area is computed here as the number of cells times the surface area of
each cell, thus approximating the contour of the octagonal geometry with step edges.
Tables 4.8 to 4.18 show the scattered field levels of the octagonal array with two dif-
ferent numbers of cells, two different incidence angles and three different observation
sphere radii.

It was observed that the |LL| and |RR| plots at normal incidence, 0.25 m inter-
element spacing and 4.2 m observation sphere radius displayed an anomaly in that
the scattering level at 8° = 0° was no longer the peak value of the plot (0.96654 vs
1.79772 for |LL|, and 0.02374 vs 0.04282 for |RR|). This situation owes to the fact
that the array with 0.25 m inter-element spacing is so large (1.75 m radius) that
the observation point on the observation sphere with 4.2 m radius can no longer be
considered to lie in the far-field region of the array. This situation is even more critical
when the observation point lies at large § values in which case some cells at the edge
of the array lie relatively close to the observation point.

The far-field region is usually taken to lie beyond the distance 2D?/X in the
direction normal to the array, where D is the diameter of the array. Table 4.7 shows
the 2D%/) values for the various cases at hand. The observation sphere radius of
84.0 m ensures that the observation point lies in the far field region of all cells, even
for the largest array used herein. The |LL| values in the Tables 4.12, 4.13, 4.15
and 4.16 for the 156 cell array are now consistently from about 4 to about 5 times
larger than the corresponding |LL| values for the 37 cell array. This increase is about
commensurate with the increase in surface area of the array, i.e. 13%76 ~ 4.2. It was
also confirmed that the scattering values at §° = 0° for the |LL| and |RR]| plots of all
arrays illuminated at normal incidence were again the peak values of the plots. For
the cases that the observations point lied in the far-field regions for both the 30.0 m

and the 84.0 m observation sphere radii, the |LL| level is decreased by a factor = 20
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in accordance with the 1/r behavior of the field in the far-field region. Furthermore,
all peak values in Tables 4.11 and 4.14 are below v/2.

In order to ensure that the observation point lies clearly in the far-field region for
the case of the array as large as 156 cells with 0.15 m inter-element spacing while also
maintaining the field levels large enough to display a few significant digits for the case
of the smaller array with 37 cells and 0.15 m inter-element spacing, an observation
sphere radius of 30.0 m was chosen for all simulations below.

When the observation point lies clearly in the far-field region of the array, it is

noted that:

e As mentioned earlier, it would appear that the compensation scheme used in
computing the Leakg values is not very effective when the case under study
departs too much from the reference case which is a scatterer of shape and
surface area corresponding to an octagonal array of 37 cells laid as per a square

grid with 0.15 m inter-element spacing.

e Increasing the size of the octagonal array by increasing the number of elements
increases |LL"| but it does not change significantly the ratio |[LL/RR| as does
a change in the inter-element spacing. This suggests that 37 cells are sufficient

to quantify accurately the CPSS operation of a design under study.

e Varying the incidence from normal to corner incidence increases the Blckg value
and tends to decrease the Leakg value, as though the surface became denser,

which situation might be expected from heuristic* considerations.

e The axial ratios are seen to degrade noticeably under corner incidence. Fur-

thermore, the inter-element spacing that was found optimal with respect to

“Heuristic arguments, however, can be fallacious and should not be construed as proofs on their
own merit. For example, the formation of grating lobes is favored by off-normal incidence even
though the array appears visually increasingly more solid as the incidence angle departs from being
normal, and even though the formation of grating lobes is discouraged by denser, i.e. more solid-like,
arrays.
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maximizing |LL7| at normal incidence, i.e. 0.25 m, is no longer optimal at cor-
ner incidence. Moreover, the performance degradation incurred by off-normal
incidence is more severe for the the inter-element spacing optimal at normal
incidence than that for the inter-element spacing not optimal at normal inci-

dence.

This situation arises because, for the 0.25 m inter-element spacing, there is
formation of grating lobes which causes a redistribution of the energy from the
main lobe to the grating lobes. The grating lobe formation becomes even more
troublesome as the incidence departs from normal, except for the case of the
inter-element spacing being less than or equal to a half-wavelength in which

case the entire visible region is then free of grating lobes [105, p. 44].

The axial ratios ar™ and ar! are smallest, 1.e. best, at the expected frequency of
1.00 GH=z and the expected cell thickness of A/4, although the smallest values
of Blckg and Leakg as well as the largest value of |[LL"/RR"| are not found at

that frequency nor at that cell thickness value.

The Blckg and the ar? values vary much more than the Leakg and ar™ values
on a percentage basis, respectively. This situation is indicative of the weakness
of idealizing the principle of operation as assuming that the structure is trans-
parent under RHCP illumination. Defining the operating range on the basis of

art < 2, one obtains:
— 0.88 GHz < f < 1.035 GHz, hence the performance is asymmetrical with
respect to the nominal value of f = 1.0 GHz;

— 0.234) < cell thickness < 0.260X, hence the performance is asymmetrical

with respect to the nominal value of 0.230\.

— § <<< 5° hence the performance degrades very quickly as the incidence

departs from being normal.
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¢ The performance has a complicated behavior with respect to 8 and ¢'. The
maximum |LL"| values occur for the diagonal directions, i.e. ¢' = 45° and
225°, whereas the minimum values occur for the anti-diagonal directions, i.e.
¢' = 135° and 315°. The ar™ and ar' values are also better for the diagonal
directions than for the anti-diagonal directions. The case of # = 45° with

¢ = 135° stands out particularly as presenting a very poor performance.

The diagonal and anti-diagonal directions correspond precisely to those for
which the imbalance of the current induced on the wire was observed to be
minimum and maximum, respectively. Thus, a current imbalance appears to
degrade the performance of the Pierrot CPSS. This observation is consistent
with the fact that the currents induced on the transverse sections depend on the
tangential E field component of the incident wave. Thus, the effective length of
each transverse wire varies by different amounts as the incidence angle is varied,

this situation resulting in the imbalance of induced currents.

o The best choice of inter-element spacing on the basis of maximizing |LL"/RR"|
appears to be 0.25 m but there is formation of grating lobes which situation
is undesirable. For the inter-element spacing between 0.12 m and 0.19 m, it is
seen that the Blckg increases and the Leaky decreases as though the surface
appears denser as the inter-element spacing decreases, which situation might
be expected from heuristic considerations. For the inter-element spacing larger
than 0.19 m, the Leakg value is seen to decrease but this situation might be an
artifact resulting from the compensation scheme used in computing the Leakg

value, when the case under study departs too much from the reference case.

o The Blckg level decreases up to a certain point as the gangbuster array becomes
denser! However, in comparing the gangbuster arraying arrangement with the

usual arraying arrangement on a square grid with A/2 inter-element spacing, it
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is seen that the latter displays yet better values of Blckg and Leakg although
it displays also smaller |LL7| values for comparable ar”™ and ar! values. For this
reason, gangbuster arrangements will not be considered any further. The effect
of varying the wire radius from 0.002 m down to 0.001 m affects mostly only
the Blckg values. As expected from heuristic considerations, the Blckg values

are seen to decrease as the wire radius is decreased.

o Surprisingly, the results are not all the same for #' = 0° as ¢' varies. This
situation is brought about by the fact that the phase values for the near-field
components as given by NEC-2 vary also with ¢/. For instance, the results for
#' = {0°,135°} are presented in Table 4.6. It is seen that the phase difference
between the corresponding components of the two cases is precisely the phase
difference between the two ¢' values, i.e. 135°. Only the results for ¢* = 0° will

be considered as meaningful herein.

The GSM for the octagonal array made of 37 identical Pierrot LHCPSS cells with

A/2 inter-element spacing and illuminated at normal incidence was obtained as:

XX XY CoXX coXY
Sll Sll 312 512
VX VY VX Yy
S(X Y) _ Sii St 513 Si _
’ - XX XY XX xvy |
Syt ST St Sa

YX YY Y X YY
SZI 521 522 522

Table 4.6: Near-field results given by NEC-2 for two different ¢* values but the
same §' = (°.

& E, E, E,

() [XOVm) [ ) [ <10 (V/m) () | x105(V/m) |_ ()

0 0.8530 +179.16 0.8553 -00.79 0.1705 -139.14
135 0.8530 -45.84 0.8553 +44.21 0.1705 -4.14
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1.2484/ — 160.32° 1.3333/ — 58.01° 1.8444/ —39.58° 1.3333/ — 148.07°
1.3333/ —58.01° 1.2484/ +19.80° 1.3333/ +32.05° 1.8444/ - 39.38°
1.8444/ — 39.58° 1.3333/ +32.05° 1.2484/ +19.80° 1.3333/ — 58.01°
1.3333/ — 148.07° 1.8444/ —39.58° 1.3333/ —58.01° 1.2484/ — 160.32°

where the incidence propagation vector was taken as pointing outwardly from the
origin of the coordinate system. Each scattering coefficient is described by a pair
whose first number pertains to the magnitude and second number pertains to the
phase. Surprisingly, the magnitudes are larger than 1.0 V/m, the magnitude of the
linearly polarized incident plane wave! As expected, the matrix is symmetrical with
respect to the diagonal owing to the structure being reciprocal but surprisingly, the
matrix is also symmetrical with respect to the anti-diagonal. Also as expected, the

structure does not have the longitudinal reflection symmetry since one has:

v

{ +OEH = —SXY = 4 S}X = ~CHP = CE¥ = —CHF } N
_CEH = _gXY = 4 SYX — LCHF — CEF = _CHF w 7 P
Nothing can be said, however, with respect to the 2n-fold rotational symmetry since,
as was mentioned earlier, the GSM of a reciprocal structure for the case of normal
incidence has S? = S9% owing to reciprocity alone, regardless of whether or not the
structure is endowed with the property of 2n-fold rotational symmetry, i.e. one has:

+CBH = 18KV = +SYX = —CHF = CEH = —C}{"
~CB = +S5 = +SY* = +C}fF — CH' = ~CIfF

} — C =%
even though the scatterer might not be endowed with the 2-fold rotational symmetry
property. Thus, the GSM was also obtained for the case of a large departure from
normal incidence, say §' = 150°. For two ports that are in a reciprocal relationship,
say the port corresponding to (8 = 150°, ¢ = 250°) and the port corresponding to
(61 = 30°, ¢ = 70°), the GSM was obtained as:
CEE CEH CEF (CEH
cmn - | CEF onT g o |
, = =
CEE CEH (CEF (CEH

HE HH HE HH
021 C21 C22 C22
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1.2801/ + 153.39°
0.7198/ — 103.54°
1.4486/ —31.56°
0.97037/ + 31.02°

As expected, the matrix C(F, H) is not symmetrical. Clearly now, one has CP? # CgF

and C¥#3 £ —-C2.

1.2214/ + 69.68°
1.3486/ + 173.63°
12299/ — 154.61°
2.0226/ —45.57°
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1.3977, — 31.52°
1.19747 + 24.40°
0.7228/ + 75.96°
0.9312/ + 127.04°

0.9201/ — 150.03°
1.9533/ — 44.86°
1.6001/ —17.48° °
1.0060/ —46.18°




Table 4.7: Various statistics for the octagonal array with two different numbers of
cells and two different values of inter-element spacing.

Cell size | # cells | Array diameter D 21—;3 Surface area
(m) m) | (Y (m) [ (m?) | (X%)
0.15 37 1.050 3.502 7.36 | 0.8325 | 9.263

” 156 2.100 7.004 29.42 | 3.5100 | 39.054
0.25 37 1.750 5.838 20.43 | 2.3125 | 25.730
" 156 || 3.500 11.676 | 81.72 | 9.7500 | 108.483

Table 4.8: Peak scattering values for octagonal arrays with two different numbers
of Pierrot cells. The observation sphere radius is 4.2 m.

Incidence | Cell size | # cells Peak values
(m) |LL| ] |RR| ] |RL] | |LR| | [LL/RR|
Normal 0.15 37 0.83346 | 0.09590 | 0.07375 | 0.01902 8.69
» ” 156 2.39340 | 0.30291 | 0.12937 | 0.03957 7.90
” 0.25 37 1.86955 | 0.04144 | 0.21083 | 0.02169 45.11
» ” 156 1.79772 | 0.04282 | 0.30260 | 0.04143 41.97
Corner 0.15 37 0.64821 | 0.14196 | 0.13666 ;§ 0.11377 4.57
" » 156 2.22237 | 0.49867 | 0.40157 | 0.38967 4.46
» 0.25 37 0.38118 | 0.14319 | 0.35027 | 0.11564 2.66
» ” 156 0.54794 | 0.26291 | 0.55700 | 0.18879 2.08

139



Table 4.9: Reflection beam values for octagonal arrays with two different numbers

of Pierrot cells. The observation sphere radius is 4.2 m.

Incidence | Cell size | # cells Reflection beam values

(m) |LL| ] |RR] | |RL| ] | LR} | ar I Blckg

Normal 0.15 37 0.83346 | 0.09547 | 0.00758 | 0.00046 | 1.0184 | 20.8518
" ? 156 2.39340 | 0.30290 | 0.02760 | 0.00351 | 1.0233 | 11.8085

” 0.25 37 1.86955 | 0.04143 | 0.61800 | 0.00065 | 1.0194 i 0.5090

? ” 156 0.96654 | 0.02374 | 0.05856 | 0.00127 | 1.1290 | 0.0094
Corner 0.15 37 0.62005 | 0.14196 | 0.06376 | 0.11377 | 1.2292 | 75.7100
» » 156 2.12620 | 0.49867 | 0.20654 | 0.38967 | 1.2152 | 51.5390

» 0.25 37 0.34601 | 0.10401 | 0.03975 | 0.08643 | 1.2596 | 5.4220

” ” 156 0.18308 | 0.09864 | 0.04271 | 0.06394 | 1.6086 | 0.2305

The values for Blckg have been multiplied by 10°

Table 4.10: Transmission beam values for octagonal arrays with two different num-
bers of Pierrot cells. The observation sphere radius is 4.2 m.

Incidence | Cell size | # cells Transmission beam values
(m) |[LL] | [RR| | |RL| | [LR] ] ar | Leakg
Normal 0.15 37 0.83346 | 0.09548 | 0.00745 | 0.00117 | 1.0248 | 0.066391
» ? 156 2.39340 | 0.30291 | 0.02760 | ¢.00329 | 1.0219 | 1.35099
" 0.25 37 1.86955 | 0.04144 | 0.01811 | 0.00137 | 1.0684 | 1.69395
» ? 1566 0.96647 § 0.02379 | 0.05849 | 0.00228 | 1.2121 | 1.95490
Corner 0.15 37 0.64821 | 0.14106 | 0.11169 { 0.06176 | 2.5576 | 0.036702
” " 156 2.22237 | 0.49717 | 0.38583 | 0.20831 | 2.4424 | 0.444798
? 0.25 37 0.38118 | 0.10431 | 0.07731 | 0.05776 | 3.4813 | 0.731020
” " 156 0.22588 | 0.09583 | 0.04273 | 0.03921 | 2.3847 | 1.04065
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Table 4.11: Peak scattering values for octagonal arrays with two different numbers
of Pierrot cells. The observation sphere radius is 30.0 m.

Incidence | Cell size | # cells Peak values
(m) |LL]| j |RR| | |RL| | |LR] [ |LL/RR)
Normal 0.15 37 0.12080 ; 0.01359 | 0.01073 | 0.00263 8.89
” ? 156 0.49236 | 0.05848 | 0.01978 | 0.00548 8.42
” 0.25 37 0.29126 | 0.00609 | 0.02459 | 0.00326 47.83
» P 156 1.30652 | 0.62587 | 0.03631 { 0.00593 50.50
Corner 0.15 37 0.09344 | 0.02020 | 0.02106 ; 0.01632 4.63
" » 156 0.40040 | 0.08777 | 0.06674 | 0.06978 4.56
» 0.25 37 0.05941 | 0.02251 | 0.05462 | 0.01793 2.64
” " 156 0.24244 | 0.08736 | 0.22073 | 0.06836 2.78
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Table 4.12: Reflection beam values for octagonal arrays with two different numbers
of Pierrot cells. The observation sphere radius is 30.0 m.

Incidence | Cell size | # cells Reflection beam values

(m) [LL] | |RR] | |RI] |LR| ar | Blckg

Normal 0.15 37 0.12080 | 0.01359 { 0.00017 | 0.00005 | 1.0028 | 21.5619
» " 156 0.49236 | 0.05848 | 0.00065 | 0.06019 | 1.0026 | 22.4574

? 0.25 37 0.29126 | 0.00609 | 0.00038 { 0.00015 | 1.0026 | 0.5621

» ” 156 1.30652 | 0.02587 | 0.00150 | 0.00065 | 1.0023 | 0.5700
Corner 0.15 37 0.08948 | 0.02020 | 0.00920 | 0.01632 | 1.2291 | 78.7005
? » 156 0.38352 | 0.08777 | 0.03947 | 0.06978 | 1.2294 | 82,5518

” 0.25 37 0.05383 | 0.01679 | 0.00700 | 0.01359 | 1.2989 | 7.0607

» » 156 0.21658 | 0.06500 | 0.02544 | 0.05349 | 1.2662 | 6.0297

The values for Blckg have been multiplied by 103

Table 4.13: Transmission beam values for octagonal arrays with two different num-
bers of Pierrot cells. The observation sphere radius is 30.0 m.

Incidence | Cell size | # cells Transmission beam values
(m) |LL] | |RE| | |RL| |LR| ] ar | Leakg
Normal 0.15 37 0.12080 | 0.01359 | 0.00016 | 0.00008 | 1.0119 | 0.371557
» n 156 0.49229 | 0.05848 | 0.00058 | 0.00033 { 1.0113 | 0.202090
» 0.25 37 0.29126 | 0.00609 | 0.00037 | 0.00016 | 1.0534 | 0.291437
” » 156 1.30652 | 0.02587 | 0.00150 { 0.00072 | 1.0571 | 0.699943
Corner 0.15 37 0.09344 | 0.02006 | 0.01557 | 0.00879 | 2.5590 | 0.121092
» ? 156 (0.40040 | 0.08714 | 0.06652 | 0.03690 | 2.4688 | 0.074540
” 0.25 37 0.05941 | 0.01674 | 0.01143 | 0.00877 | 3.2002 | 0.682443
» » 156 0.24244 1 0.06492 | 0.04360 | 0.03417 | 3.2224 | 0.674640
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Table 4.14: Peak scattering values for octagonal arrays with two different numbers
of Pierrot cells. The observation sphere radius is 84.0 m.

Incidence | Cell size | # cells Peak values
(m) |LL} ] |RE| | |[RL] | |LR] | |LL/RR)|
Normal 0.15 37 0.04320 | 0.00485 | 0.00384 | 0.060094 8.91
” » 156 0.17713 | 0.02096 | 0.00708 | 0.00194 8.45
» 0.25 37 0.10380 | 0.00216 | 0.00849 | 0.00117 48.06
" ” 156 0.48642 | 0.00941 | 0.01316 | 0.00219 51.69
Corner 0.15 37 0.03343 | 0.00722 | 0.00758 | 0.00583 4.63
i ” 156 0.14392 | 0.03145 | 0.02458 | 0.02506 4.58
» 0.25 37 0.02128 | 0.00807 | 0.01957 | 0.00642 2.64
» ” 156 0.09021 | 0.03236 | 0.08138 | 0.02516 2.79
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Table 4.15: Reflection beam values for octagonal arrays with two different numbers
of Pierrot cells. The observation sphere radius is 84.0 m.

Incidence | Cell size | # cells Reflection beam values
(m) |[LZ] | |RR| | [RL] | |LR| | ar | Blckg
Normal 0.15 37 0.04320 | 0.00485 | 0.00003 | 0.00002 | 1.0014 | 21.5558
” " 156 0.17713 | 0.02096 | 0.00012 | 0.00009 | 1.0013 | 22.6110
» 0.25 37 0.10380 } 0.00216 | 0.00007 | 0.00005 | 1.0014 | 0.5533
” ” 156 0.48642 | 0.00941 | 0.00030 | 0.00025 | 1.0012 | 0.5912
Corner 0.15 37 0.03202 | 0.00722 | 0.00328 | 0.00583 | 1.2287 | 78.7798
” " 156 0.13788 | 0.03145 | 0.01416 | 0.02506 | 1.2289 | 83.2473
” 0.25 37 0.01929 | 0.00603 | 0.00252 | 0.00487 } 1.3009 | 7.1271
” ” 156 0.08070 | 0.02410 | 0.00952 | 0.01980 ; 1.2674 | 6.4906

The values for Blckg have been multiplied by 10°

Table 4.16: Transmission beam values for octagonal arrays with two different num-
bers of Pierrot cells. The observation sphere radius is 84.0 m.

Incidence : Cell size | # cells Transmission beam values
(m) |IZL| | |RR| | |RL] | |LRl | ar | Leakg
Normal 0.15 37 0.04320 | 0.00485 | 0.00003 | 0.00003 | 1.0105 | 0.473680
» » 156 0.17713 | 0.02096 | 0.00012 | 0.00011 | 1.0103 | 0.411657
” 0.25 37 0.10380 | 0.00216 | 0.00007 | 6.00005 | 1.0518 | 0.199406
” » 156 0.48642 | 0.00941 | 6.00030 | 0.00026 | 1.0565 | 0.168013
Corner 0.15 37 0.03343 | 0.00717 | 0.60556 | 0.00314 | 2.5589 | 0.155656
” ” 156 0.14392 | 0.03123 | 0.02381 | 0.01323 | 2.4699 | 0.144932
” 0.25 37 0.02128 | 0.00601 | 0.00407 | 0.00313 | 3.1763 | 0.696687
” ” 156 0.09021 | 0.02407 | 0.01610 | 0.01257 | 3.1863 | 0.680433
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Table 4.17: Assessment of the indicator ar” for various cases of an octagonal array
made of Pierrot LHCPSS cells for different values of observation sphere
radius, incidence angle and inter-element spacing. The results for the

30.0 m observation sphere radius are taken as the reference.

Incidence | Cell size | # cells | Observation sphere radius (m) Error (%)
(m) 840 | 300 |  4.20 840 | 4.20

Normal 0.15 37 1.0014 | 1.0028 1.0184 -(.140 +1.556
" ” 156 1.0013 | 1.0026 1.0233 -0.130 | +2.065
7 0.25 37 1.0014 | 1.0026 1.0194 -0.120 | +1.676
" 7 156 1.0012 | 1.0023 1.1290 -0.110 | +12.641
Corner 0.15 37 1.2287 | 1.2291 1.2292 -0.033 | +40.008
” ” 156 1.2289 | 1.2294 1.2152 -0.041 -1.155
» 0.25 37 1.3009 | 1.2989 1.2596 +0.154 | -3.026
" " 156 1.2674 | 1.2662 1.6086 +0.095 | +27.042

Table 4.18: Assessment of the indicator er! for various cases of an octagonal array
made of Pierrot LHCPSS cells for different values of observation sphere
radius, incidence angle and inter-element spacing. The results for the

30.0 m observation sphere radius are taken as the reference.

Incidence | Cell size | # cells || Observation sphere radius (m) Error (%)
(m) 84.0 | 300 |  4.20 84.0 | 4.20

Normal 0.15 37 1.0105 | 1.0119 1.0248 -0.138 | +41.275
" " 156 1.0103 | 1.0113 1.0219 -0.099 | 41.048
” 0.25 37 1.0518 | 1.0534 1.0684 -0.152 | +1.424
» ” 156 1.0565 | 1.0571 1.2121 -0.057 | +14.663
Corner 0.15 37 2.5589 | 2.5590 2.5576 -0.004 | -0.055
" » 156 2.4699 | 2.4688 2.4424 +0.0645 | -1.110
” 0.25 37 3.1763 | 3.2002 3.4813 -0.747 | +8.784
” 7 156 3.1863 | 3.2224 2.3847 -1.120 | -25.996

145




Table 4.19: Assessment of the indicator Blckg for various cases of an octagonal

array made of Pierrot LHCPSS cells for different values of observation
sphere radius, incidence angle and inter-element spacing. The results
for the 30.0 m observation sphere radius are taken as the reference.

Incidence | Cell size | # cells || Observation sphere radius (m) Error (%)
(m) 84.0 f 30.0 { 4.20 84.0 | 4.20
Normal 0.15 37 21.5558 | 21.5619 1 20.8518 -0.03 | -3.29
” ? 156 22.6110 | 22.4574 11.8085 +0.68 | -47.42
” 0.25 37 0.5533 | 0.5621 0.5090 -1.57 | -9.45
” ” 156 0.5912 | 0.5700 0.0094 +3.72 1 -98.35
Corner 0.15 37 78.7798 | 78.7005 75.7100 +0.10 | -3.80
» " 156 83.2473 | 82.5518 51.5390 +0.84 | -37.57
» 0.25 37 7.1271 | 7.0607 5.4220 +0.94 [ -23.21
? ” 156 6.4906 | 6.0297 0.2305 +7.64 | -96.18
The values for Blckg have been multiplied by 10°

Table 4.20: Assessment of the indicator Leakg for various cases of an octagonal

array made of Pierrot LHCPSS cells for different values of observation
sphere radius, incidence angle and inter-element spacing. The results
for the 30.0 m observation sphere radius are taken as the reference.

Incidence | Cell size | # cells || Observation sphere radius (m) Error (%)
(m) 840 | 300 | 4.20 84.0 | 4.20

Normal 0.15 37 0.473680 | 0.371557 | 0.0663914 || +27.5 -82.1
” " 156 0.411657 | 0.202090 | 1.35099 +103.7 | +568.5
" 0.25 37 0.199406 | 0.291437 | 1.69395 -31.6 | +481.2
” " 156 0.168013 | 0.699943 | 1.95490 -76.0 | +179.3
Corner 0.15 37 0.155656 | 0.121092 | 0.0367022 || +28.5 | -69.7
" " 156 0.144932 { 0.0745403 | 0.444798 +94.4 | +496.7
§ 0.25 37 0.696687 | 0.682443 | 0.731020 +2.1 +7.1
” " 156 0.680433 | 0.674640 | 1.04065 +0.9 | +54.3
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Table 4.21: |LLP| values of the octagonal array of 37 Pierrot cells for various inci-
dences. The inter-element spacing is 0.15 m and the observation sphere
radius is 30.0 m.

|60 ] 6] 00 ] 15° | 45° [ 90° ] 135° [ 180° [ 225° | 270° | 315° |
0° 0.1208 0.1208

5° 0.1206 | 0.1205 | 0.1200 | 0.1198 | 0.1195 | 0.1191 | 0.1191 | 0.1202 | 0.1209
10° 0.1184

15° 0.1153 | 0.1181 | 0.1199 | 0.1142

20° 0.1107

30° 0.0950 0.0978

45° 0.0675 | 0.0748 | 0.0934 | 0.0758 | 0.0541 | 0.0730 | 0.0863 | 0.0720 | 0.0548
60° 0.0382 0.0466

75 0.0262 0.0285

Table 4.22: |RRP| values of the octagonal array of 37 Pierrot cells for various inci-
dences. The inter-element spacing is 0.15 m and the observation sphere
radius is 30.0 m.

|

[# | ¢ ] 0° | 15° [ 45° | 90° | 135 | 180° | 225° [ 270° [ 315°
0° 0.0136 0.0136

5° 0.0159 | 0.0154 | 0.0141 | 0.0137 | 0.0134 | 0.0137 | 0.0141 | 0.0158 | 0.0165
10° 0.0178

15° 0.0197 | 0.0185 | 0.0151 | 0.0133

20° 0.0216

30° 0.0262 0.0144

45° 0.0361 | 0.0286 | 0.0202 | 0.0180 | 0.0112 | 0.0242 | 0.0204 | 0.0356 | 0.0490
60° 0.0344 0.0187

75° 0.0273 0.0186
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Table 4.23: |LL?/RR?| values of the octagonal array of 37 Pierrot cells for various
incidences. The inter-element spacing is 0.15 m and the observation
sphere radius is 30.0 m.

160 | o' ]| 0° ] 15° [ 45° [ 90° [ 135° | 180° [ 225° [ 270° [ 315° |

0° 8.89 8.89

5° 7.60 7.82| 850 | 877 8.92| 870 | 844 | 759 | 7.32
10° 6.64

15° 585 | 6371 7.92| 8.58

20° 5.11

30° 3.62 6.80

45° 1.87 | 261 | 4.63| 422 483 3.02| 423 | 2.00| 1.12
60° 1.11 2.50

75 0.96 1.54
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Table 4.24: |LL"| reflection beam values of the octagonal array of 37 Pierrot cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0 m.

[67 ] ¢ 0° | 15° | 452 | 90° [ 135° [ 180° [ 225° [ 270° [ 315° |
0° 0.1208 0.1208
5° 0.1195 | 0.1197 | 0.1200 | 0.1198 | 0.1195 | 0.1191 | 0.1191 | 0.1193 | 0.1195
10° 0.1163
15° 0.1122 | 0.1158 | 0.1197 | 0.1142
20° 0.1071
30° 0.0911 0.0978
45° 0.0635 | 0.0718 | 0.0895 | 0.0737 | 0.0527 | 0.0627 | 0.0825 | 0.0720 | 0.0524
60° 0.0342 0.0397
75° 0.0245 0.0234

Table 4.25: [LL!| transmission beam values of the octagonal array of 37 Pierrot
cells for various incidences. The inter-element spacing is 0.15 m and
the observation sphere radius is 30.0 m.

[6 | ¢ 0° | 15° | 45° | 90° | 135° | 180° [ 225° | 270° | 315° |

0° 0.1208 0.1208

5° 0.1206 | 0.1205 | 0.1200 | 0.1187 | 0.1181 { 0.1183 | 0.1191 | 0.1202 | 0.1209
10° 0.1184

15° 0.1153 { 0.1181 | 0.1199 | 0.1113

20° 0.1107

30° 0.0950 0.0949

45° 0.0658 | 0.0740 | 0.0934 | 0.0742 | 0.0519 | 0.0730 | 0.0863 | 0.0645 | 0.0534
60° 0.0345 0.0416

75° 0.0224 0.0254
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Table 4.26: |RR"| reflection beam values of the octagonal array of 37 Pierrot cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0 m.

[67 ] ¢ 0° [ 15° [ 45° [ 90° | 135° | 180° | 225° | 270° [ 315° |
0° 0.0136 0.0136

5° 0.0136 | 0.0137 { 0.0137 | 0.0135 | 0.0134 | 0.0136 | 0.0138 | 0.0135 | 0.0134
10° 0.0136

15° 0.0139 | 0.0144 | 0.0148 | 0.0132

20° 0.0146

30° 0.0173 0.0144

45° 0.0246 | 0.0233 | 0.0202 | 0.0180 | 0.0103 | 0.0242 | 0.0204 | 0.0176 | 0.0101
60° 0.0256 0.0185

75° 0.0235 0.0180

Table 4.27: |RR!| transmission beam values of the octagonal array of 37 Pierrot
cells for various incidences. The inter-element spacing is 0.15 m and
the observation sphere radius is 30.0 m.

(6 | ¢ 0° ] 15° [ 45° | 90° [ 135° | 180° [ 225° | 270° | 315° |
0° 0.0136 0.0136

50 0.0158 | 0.0152 | 0.0137 | 0.0114 | 0.0104 | 0.0114 | 0.0138 | 0.0158 | 0.0165
10° 0.0177

15° 0.0196 | 0.0184 | 0.0148 | 0.0078

20° 0.0216

30° 0.0262 0.0075

450 0.0361 | 0.0286 | 0.0201 | 0.0115 | 0.0112 | 0.0113 | 0.0203 | 0.0356 | 0.0490
60° 0.0344 0.0133

750 0.0270 0.0153
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Table 4.28: |RL"| reflection beam values of the octagonal array of 37 Pierrot cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0 m.

(6 | ¢ ] 0 | 15° [ 45° | 90° | 135° | 180° [ 225° [ 270° | 315° |
0° 0.0002 0.0002

5° 0.0069 | 0.0055 | 0.0020 | 0.0056 | 0.0093 | 0.0074 | 0.0018 | 0.0051 | 0.0081
10° 0.0129

15° 0.0180 | 0.0154 | 0.0053 | 0.0176

20° 0.0225

30° 0.0282 0.0342

45° 0.0290 | 0.0299 | 0.0092 | 0.0420 | 0.0576 | 0.0492 | 0.0157 | 0.0244 | 0.0104
60° 0.0168 0.0299

750 0.0087 0.0195

Table 4.29: |RL!| transmission beam values of the octagonal array of 37 Pierrot
cells for various incidences. The inter-element spacing is 0.15 m and

the observation sphere radius is 30.0 m.

|6 | ¢ | 0o | 152 | 45° | 90° [ 135° | 180° | 225° | 270° | 315° |
0° 0.0002 0.0002

5 0.0076 | 0.0058 | 0.0015 | 0.0048 | 0.0080 | 0.0068 | 0.0015 | 0.0054 | 0.0094
10° 0.0156

15° 0.0239 | 0.0186 | 0.0050 | 0.0118

20° 0.0321

30° 0.0450 0.0172

45° 0.0490 | 0.0414 | 0.0156 | 0.0193 | 0.0108 | 0.0307 | 0.0089 | 0.0374 | 0.0593
60° 0.0282 0.0155

75° 0.0144 0.0137
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Table 4.30: |LR"| reflection beam values of the octagonal array of 37 Pierrot cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0 m.

16 | ¢ 0o ]| 15° | 45° | 90° | 135° | 180° | 225° | 270° | 315° |

g 0.0001 0.0001

5° 0.0074 | 0.0057 | 0.0019 | 0.0051 | 0.0081 | 0.0069 | 0.0019 | 0.0056 | 0.0093
10° 0.0151

15° 0.0230 | 0.0179 | 0.0060 | G.0133

20° 0.0307

36° 0.0433 0.0211

45° 0.0499 | 0.0416 | 0.0163 | 0.0244 | 0.0108 | 0.0288 | 0.0095 | 0.0409 | 0.0567
60° 0.0323 0.0190

75° 0.0203 0.0169

Table 4.31: |LR!| transmission beam values of the octagonal array of 37 Pierrot
cells for various incidences. The inter-element spacing is 0.15 m and
the observation sphere radius is 30.0 m.

|6 | ¢ ] 0° | 15° | 45° | 90° | 135° | 180° | 225° [ 270° | 315° |
0° 0.0001 0.0001

50 0.0054 | 0.0032 | 0.0015 | 0.0069 | 0.0081 | 0.0048 | 0.0015 | 0.0075 | 0.0093
10° 0.0114

15° 0.0176 | 0.0109 | 0.0040 | 0.0176

20° 0.0239

30° 0.0339 0.0274

45° 0.0380 | 0.0260 | 0.0088 | 0.0309 | 0.0112 | 0.0182 | 0.0156 | 0.0487 | 0.0585
60° 0.0229 0.0237

75° 0.0166 0.0193
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Table 4.32: ar” reflection beam values of the octagonal array of 37 Pierrot cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0 m.

|6 | ¢ ] 0° ] 15° [ 45° | 90° [ 135° | 180° | 225° [ 270° | 315° |

0 1.0028 1.003

5° 1.1222 | 1.097 | 1.034 | 1.099 | 1.169 | 1.132 ] 1.031 | 1.089 | 1.145
10° 1.2487

15° 1.3826 | 1.306 | 1.093 | 1.365

20° 1.53306

30° 1.8986 2.075

45° 2.6822 | 2.426 | 1.229 ; 3.645 | 22.360 | 8.292 | 1.468 | 2.025 | 1.494
60° 2.9331 7.127

75° 2.1069 11.154

Table 4.33: ar! transmission beam values of the octagonal array of 37 Pierrot cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0 m.

10 | ¢ | 0° | 15° [ 45° | 90° | 135° | 180° | 225° | 270° [ 315° |
0° 1.0119 1.012
5° 2.0497 | 1.539 | 1.244 | 4.017 | 7.917 | 2.462 | 1.240 | 2.823 | 3.609
10° 4.8469
15° 18.7454 | 3.934 | 1.730 | 2.590
20° 20.0143
30° 7.8367 1.749
45° 39.9581 | 20.430 | 2.559 | 2.190 | > 1000 | 4.231 | 7.670 | 6.427 | 11.298
60° 4.9944 3.541
75° 4.2049 8.602
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Table 4.34: Blockage beam values of the octagonal array of 37 Pierrot cells for vari-
ous incidences. The inter-element spacing is 0.15 m and the observation
sphere radius is 30.0 m.

(6 | ¢ ] o0° | 15° | 45° | 90° [ 135° | 180° | 225° | 270° | 315° |
0° 21.56 21.56
5o 27.97 | 25.66 | 22.45 | 24.39 | 28.68 | 27.12 | 22.48 ] 25.03 | 30.99
10° 48.47
15° 84.27 | 61.64 | 29.92 | 40.81
20° 135.06
30° 253.90 76.16
45° 361.80 | 264.89 | 78.70 ! 107.38 | 25.92 | 164.72 | 59.03 | 231.38 | 386.63
60° 197.67 81.97
75° 112.53 71.10
The values for Blckg have been multiplied by 103

Table 4.35: Leakage beam values of the octagonal array of 37 Pierrot cells for vari-
ous incidences. The inter-element spacing is 0.15 m and the observation
sphere radius is 30.0 m.

|6 | ¢ | 0o | 15° | 45° | 90° [ 135° | 180° | 225° | 270° [ 315° |

0° 0.3716

5° 0.4033 | 0.3909 | 0.3773 | 0.4015 | 0.4234 { 0.4025 | 0.3753 | 0.3987 | 0.4246
10°

15° 0.4659 | 0.4274 | 0.3590 | 0.4282

20°

30° 0.4777 0.3015

45° 0.4214 | 0.2805 | 0.1211 | 0.1595 | 0.3747 | 0.2308 | 0.1053 | 0.3133 | 0.7431
60° 0.2667 0.1239

75° 0.0450 0.0299
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Table 4.36: Peak scattering values of the octagonal array of 37 Pierrot cells with
various cell thickness values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m.

Cell thickness Peak values

(m) | (A) |LL] | | RR] ] |RL| [ |LR| [ |LL/RE)|
0.060 | 0.200 | 0.09653 | 0.02170 § 0.02122 | 0.01712 4.45
0.065 ] 0.217 4§ 0.10528 | 0.01873 ] 0.01714 | 0.01247 5.62
0.070 | 0.233 i 0.11355 | 0.01603 ; 0.01391 | 0.00735 7.08
0.071 | 0.234 | 0.11511 | 0.01552 | 0.01330 | 0.00626 7.42
0.075 | 0.250 || 0.12080 | 0.01359 | 0.01073 | 0.00263 8.89
0.076 | 0.254 | 0.12200 | 0.01320 | 0.01008 | 0.00335 9.24
0.078 | 0.260 || 0.12397 { 0.01239 | 0.01033 | 0.00532 10.01
0.079 | 0.264 || 0.12473 | 0.01197 | 0.01117 | 0.00650 10.42
0.080 | 0.267 || 0.12534 | 0.01157 | 0.01222 | 0.00768 10.83
0.085 ] 0.284 |l 0.12599 | 0.00960 | 0.01802 | 0.01351 13.12
0.090 { 0.300 || 0.13247 | 0.00767 | 0.02476 | 0.02117 17.27
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Table 4.37: Reflection beamn values of the octagonal array of 37 Pierrot cells with
various cell thickness values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m.

Cell thickness Reflection beam values

(m) | (V) |LL] | |[RR| | |RL] | |LR] | ar | Blckg
0.060 | 0.200 | 0.09653 | 0.02170 | 0.01375 | 0.01378 | 1.3222 | 77.0989
0.065 | 0.217 || 0.10528 | 0.01873 | 0.01024 | 0.01027 | 1.2155 | 53.2351
0.070 ; 0.233 | 0.11355 | 0.01603 | 0.00561 | 0.00564 | 1.1039 | 33.7136
0.071 | 0.234 | 0.11511 | 0.01552 | 0.00456 | 0.00458 | 1.0824 | 30.5679
0.075 | 0.250 || 0.12080 { 0.01359 | 0.00017 | 0.00005 | 1.0028 | 21.5619
0.076 | 0.254 | 0.12200 | 0.01313 | 0.00133 | 0.00130 | 1.0221 | 20.3189
0.078 | 0.260 | 0.12397 | 0.01221 | 0.00390 | 0.00388 | 1.0650 | 19.1700
0.079 | 0.264 | 0.12473 | 0.01177 | 0.00523 | 0.00521 | 1.0875 | 19.3200
0.080 | 0.267 | 0.12535 | 0.01132 | 0.00657 | 0.00655 | 1.1106 | 19.9486
0.085 | 0.284 || 0.12599 | 0.00910 | 0.01328 | 0.01328 | 1.2356 { 30.2440
0.090 | 0.300 § 0.13245 | 0.00709 | 0.02118 | 0.02117 | 1.3807 | 58.1728
The values for Blckg have been multiplied by 103

Table 4.38: Transmission beam values of the octagonal array of 37 Pierrot cells with
various cell thickness values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m.

Cell thickness Transmission beam values

(m) | (A) |LL| I |RE| ] |RL| | (LR] | ar | Leakyg
0.060 | 0.200 | 0.09599 | 0.01911 | 0.01716 | 0.01712 | 18.2308 | 0.98307
0.065 | 0.217 || 0.10510 | 0.01763 | 0.01203 { 0.01200 | 5.2669 | 0.78138
0.070 | 0.233 || 0.11353 | 0.01578 | 0.00629 | 0.00624 | 2.3102 | 0.57322
0.071 | 0.234 { 0.11509 | 0.01536 | 0.00506 | 0.00502 | 1.9718 | 0.53203
0.075 | 0.250 § 0.12080 | 0.01359 { 0.00016 | 0.00008 { 1.0119 | 0.37156
0.076 | 0.254 | 0.12199 | 0.01312 { 0.00137 | 0.00140 | 1.2391 | 0.33384
0.078 | 0.260 | 0.12396 | 0.01217 | 0.00404 | 0.00408 | 2.0100 | 0.26327
0.079 | 0.264 || 0.12472 ; 0.01169 | 0.00539 | 0.00543 | 2.7366 | 0.23152
0.080 | 0.267 || 0.12534 | 0.01121 | 0.00675 | 0.00678 | 4.0660 | 0.20258
0.085 | 0.284 || 0.12597 | 0.00895 | 0.01338 | 0.01343 | 4.9980 | 0.10843
0.090 | 0.300 | 0.13247 | 0.00767 | 0.02097 { 0.02101 | 2.1500 | 0.05830
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Table 4.39: Peak scattering values of the octagonal array of 37 Pierrot cells for
various frequency values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m.

Frequency Peak values
(GHz) |LL| | [RR] ] {RL] ] |LR)| | |[LL/RR)|
0.800 0.03910 | 0.02885 { 0.01141 | 0.01204 1.36
0.850 0.05093 | 0.02442 § 0.01065 | 0.01019 2.09
0.880 0.06031 | 0.02211 } 0.01058 | 0.00904 2.73
0.900 0.06756 | 0.02062 | 0.01056 | 0.00818 3.28
0.950 0.09210 | 0.01706 { 0.01055 | 0.00557 5.40
0.960 0.09788 | 0.01636 { 0.01057 | 0.00495 5.98
0.970 0.10369 | 0.01567 { 0.01060 | 0.00438 6.62
0.980 0.10947 | 0.01498 { 0.01065 | 0.00379 7.31
0.990 0.11514 | 0.01429  0.01069 | 0.00318 8.06
1.000 0.12080 | 0.01359 { 0.01073 | 0.00263 8.89
1.010 0.12532 | 0.01296 | 0.01063 | 0.00311 9.67
1.020 0.12875 | 0.01232 | 0.01072 | 0.00359 10.45
1.030 0.13098 | 0.01167 | 0.01128 | 0.00437 11.22
1.035 0.13261 | 0.01136 | 0.01130 | 0.00481 11.67
1.040 0.14213 | 0.01103 | 0.01114 | 0.00552 12.89
1.050 0.14098 | 0.01039 | 0.01229 | 0.00644 13.57
1.100 0.13375 | 0.00691 | 0.01654 | 0.01086 19.36
1.150 0.11541 | 0.00365 | 0.01809 | 0.01394 31.62
1.200 0.09675 | 0.00659 | 0.01877 | 0.01571 14.68
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Table 4.40: Reflection beam values of the octagonal array of 37 Pierrot cells for
various frequency values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m.

Frequency Reflection beam values

(GH=z) ILL] | |[RR| | |RL] | |LR| | ar | Blckg

0.800 0.03910 | 0.02885 | 0.063%0 | 0.00397 | 1.2216 | 154.643

0.850 0.05093 | 0.02442 | 0.00429 | 0.00434 | 1.1842 | 99.3751
0.850 0.06031 | 0.02211 | 0.00442 | 0.00447 | 1.1583 | 76.6616
0.900 0.06756 | 0.02062 | 0.00433 | 0.00438 | 1.1371 { 64.0159
0.950 0.09210 { 0.01706 | 0.00325 | 0.00327 | 1.0730 | 39.0342
0.960 0.09788 1 0.01636 | 0.00279 | 0.00281 | 1.0586 | 34.9149
0.970 0.10369 | 0.01567 | 0.00224 | 0.00226 | 1.0442 | 31.0817
$.980 0.10946 | 0.01498 | 0.00158 | 0.00160 | 1.0293 | 27.5878
0.990 0.11514 | 0.01429 | 0.00082 | 0.00083 | 1.0143 | 24.3838
1.000 0.12080 | 0.01359 | 0.00017 | 0.00005 | 1.0028 | 21.5619
1.010 0.12532 | 0.01290 | 0.00105 { 0.00102 | 1.0169 | 19.1721
1.020 (0.12875 | 0.01221 | 0.00208 | 0.00206 | 1.0328 | 17.2072
1.030 0.13098 | 0.01150 | 0.00316 | 0.00313 | 1.0495 | 15.6364
1.035 0.13261 | 0.01115 | 6.00372 | 0.00370 | 1.0578 | 15.0344
1.040 0.14213 | 0.01078 ; 0.00456 | 0.00453 | 1.0662 | 14.7672
1.050 0.14098 | 0.01003 | 0.00569 | 0.00567 | 1.0842 | 14.0615
1.100 0.13371 | 0.00585 | 0.01086 | 0.01086 | 1.1767 | 14.6679
1.150 0.11536 | 0.00092 | 0.01393 | 0.01394 | 1.2747 | 17.2301
1.200 0.09675 | 0.00539 | 0.01505 | 0.01506 | 1.3684 | 20.7413

The values for Blckg have been multiplied by 103
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Table 4.41: Transmission beam values of the octagonal array of 37 Pierrot cells
for various frequency values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m.

Frequency Transmission beam values
(GHz) IZL] | |RR] | |RL] | |LR] | ar | Leaky
0.800 0.03804 | 0.02737 | 0.00992 | 0.00989 | 2.1317 | 1.90766
0.850 0.05044 | 0.02336 | 0.00830 ; 0.00827 | 2.0961 | 1.72516
0.880 0.06004 | 0.02133 | 0.00728 | 0.00724 | 2.0281 | 1.56298
0.900 0.06739 | 0.02005 | 0.00650 | 0.00646 | 1.9501 | 1.43486
0.950 0.09207 | 0.01691 | 0.00400 | 0.00397 | 1.6130 | 1.00862
0.960 0.09786 | 0.01626 | 0.00334 | 0.00330 | 1.5093 | 0.88919
0.970 0.10368 | 0.01562 | 0.00260 | 0.00257 | 1.3938 | 0.76255
0.980 0.10947 | 0.01495 | 0.00180 | 0.00176 | 1.2663 | 0.63310
0.990 0.11513 | 0.01428 | 0.00093 | 0.00088 | 1.1306 | 0.50245
1.000 0.12080 { 0.01359 | 0.00016 | 0.00008 | 1.0119 | 0.37156
1.010 0.12532 | 0.01290 | 0.00107 | 0.00109 | 1.1851 | 0.25116
1.020 0.12875 | 0.01221 | 0.00211 | 0.00214 | 1.4254 | 0.15492
1.030 0.13098 | 0.01150 | 0.00317 | 0.00321 | 1.7729 | 0.09055
1.035 0.13261 | 0.01114 | 0.00372 | 0.00376 | 2.0182 | 0.07650
1.040 0.14213 | 0.01079 | 0.00455 | 0.00458 | 2.4747 | 0.04873
1.050 0.14097 | 0.01010 | 0.00557 | 0.00559 | 3.4856 | 0.00498
1.100 0.13375 | 0.00673 { 0.01034 | 0.01036 | 4.6966 | 0.33778
1.150 0.11541 | 0.00355 | 0.01351 | 0.01351 | 1.7119 | 0.91374
1.200 0.09665 | 0.00292 | 0.01572 | 0.01571 | 1.4558 | 1.34202
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Table 4.42: Peak scattering values of the octagonal array of 37 Pierrot cells with
different values of inter-element spacing. The incidence is normal and
the observation sphere radius is 30.0 m.

Cell size Peak values
(m) [ (0 [ ILL] | [RR] | [RL] | |LR[ | |LL/RR|
gang® | 0.125 || 0.13161 | 0.02338 | 0.01280 | 0.00361 5.63
gang™ | 0.163 || 0.13033 | 0.02134 | 0.01271 | 0.00329 6.11
gang | 0.163 || 0.12797 | 0.02651 | 0.01293 | 0.00382 4.83
gang™® | 0.250 || 0.12304 | 0.03026 | 0.01084 | 0.00497 4.07
gang | 0.250 || 0.12582 | 0.04473 | 0.01179 | 0.00672 2.81
0.120 | 0.400 || 0.08546 | 0.01839 | 0.01207 | 0.00407 4.65
0.130 | 0.434 |} 0.09767 | 0.01671 | 0.01021 | 0.00329 5.85
0.140 | 0.467 |} 0.10986 | 0.01507 | 0.01021 | 0.00291 7.29
0.150 | 0.500 § 0.12080 | 0.01359 | 0.01073 | 0.00263 8.89
0.160 | 0.534 || 0.13050 | 0.01246 { 0.01077 | 0.00227 10.47
0.170 | 0.567 || 0.14821 | 0.01156 | 0.01229 | 0.00194 12.82
0.180 | 0.600 || 0.15790 | 0.01076 | 0.01096 | 0.00193 14.68
0.190 | 0.634 || 0.17246 | 0.01004 | 0.01111 { 0.00187 17.18
0.200 | 0.667 || 0.19078 { 0.00941 | 0.01112 | 0.00224 20.27
0.210 | 0.700 i 0.21369 | 0.00882 | 0.01259 | 0.00262 24.23
0.220 | 0.734 || 0.23829 | 0.00816 | 0.01414 | 0.00239 29.20
0.230 | 0.767 || 0.26425 | 0.00747 | 0.01409 | 0.00224 35.38
0.240 | 0.801 || 0.29112 | 0.00682 | 0.01703 | 0.00286 42.69
0.250 | 0.834 || 0.29126 | 0.00609 | 0.02459 | 0.00326 47.83
0.260 | 0.867 }i 0.24006 | 0.00509 | 0.04068 | 0.00489 47.16
0.270 | 0.901 # 0.17656 | 0.00871 | 0.04889 | 0.00866 20.27
gang pertains to the gangbuster arrangement with 0.002 m wire radius
gang™ pertains to the gangbuster arrangement with 0.001 m wire radius
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Table 4.43: Reflection beam values of the octagonal array of 37 Pierrot cells with
different values of inter-element spacing. The incidence is normal and
the observation sphere radius is 30.0 m.

Cell size Reflection beam values
(m) | (A) ILL] | |RR| | |RL] | |LR| | ar | Blckg

gang™ | 0.125 || 0.13161 | 0.02338 | 0.00017 | 0.00012 | 1.0025 | 63.8213
gang™ | 0.163 || 0.13033 | 0.02134 | 0.00017 | 0.00013 | 1.0026 | 53.1544
gang | 0.163 || 0.12797 | 0.02650 | 0.00018 | 0.00013 | 1.0029 | 81.9775
gang™ | 0.250 || 0.12304 | 0.03026 | 0.00017 | 0.00009 | 1.0028 | 106.900
gang | 0.250 || 0.12582 | 0.04473 | 0.00019 | 0.00009 | 1.0029 | 233.532
0.120 | 0.400 |1 0.08546 | 0.01790 | 0.00013 | 0.00003 | 1.0032 | 91.3385
0.130 | 0.434 || 0.09766 | 0.01643 | 0.00014 | 0.00004 | 1.0029 | 55.8184
0.140 | 0.467 || 0.10986 | 0.01495 | 0.00016 | 0.00004 | 1.0029 | 34.3678
0.150 | 0.500 i 0.12080 | 0.01359 | 0.00017 | 0.00005 | 1.0028 | 21.5619
0.160 | 0.534 || 0.13050 | 0.01246 | 0.00018 | 0.00005 | 1.0027 | 14.0067
0.170 | 0.567 || 0.14821 | 0.01156 | 0.00016 | 0.00006 | 1.0021 | 9.4559
0.180 | 0.600 || 0.15790 | 0.01076 | 0.00022 | 0.00007 | 1.0028 | 6.5168
0.190 | 0.634 || 0.17246 | 0.01004 | 0.00023 | 0.00008 | 1.0026 | 4.5687
0.200 | 0.667 || 0.19078 | 0.00941 | 0.00029 | 0.00009 | 1.0031 | 3.2713
0.210 | 0.700 || 0.21369 | 0.00882 | 0.00030 | 0.00010 | 1.0028 | 2.3628
0.220 | 0.734 § 0.23822 | 0.00816 | 0.00036 | 0.00011 | 1.0031 | 1.6789
0.230 | 0.767 || 0.26425 | 0.00747 | 0.00037 | 0.00013 | 1.0028 | 1.1792
0.240 | 0.801 || 0.29105 | 0.00682 | 0.00044 | 0.00014 | 1.0030 | 0.8297
0.250 { 0.834 |} 0.28126 | 0.00609 | 0.00038 | 0.00015 | 1.0026 | 0.5621
0.260 | 0.867 || 0.24006 | 0.00509 | 0.00036 ] 0.00012 | 1.0030 | 0.3356
0.270 | 0.901 || 0.17656 | 0.00411 | 0.00022 | 0.00009 | 1.0025 | 0.1875
gang pertains to the gangbuster arrangement with 0.002 m wire radius
gang™ pertains to the gangbuster arrangement with 0.001 m wire radius
The values for Blckg have been multiplied by 103
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Table 4.44: Transmission beam values of the octagonal array of 37 Pierrot cells with
different values of inter-element spacing. The incidence is normal and
the observation sphere radius is 30.0 m.

Cell size

Transmission beam values

(m)

[ ()

[LI] | IRE| | IRLL | [LA] |

ar

| Leakg

gang™
gang™
gang

gang®
gang

0.120
0.130
0.140
0.150
0.160
0.170
0.180
0.190
0.200
0.210
0.220
0.230
0.240
0.250
0.260
0.270

0.125
0.163
0.163
0.250
0.250
0.400
0.434
0.467
0.500
0.534
0.567
0.600
0.634
0.667
0.700
0.734
0.767
0.801
0.834
0.867
0.901

0.13161
0.13033
0.12797
0.12304
0.12582
0.08456
0.09767
0.10986
0.12080
0.13050
0.14821
0.15790
0.17246
0.19078
0.21369
0.23829
0.26425
0.29112
0.29126
0.24006
0.17656

0.02338
0.02134
0.02651
0.03026
0.04473
0.01790
0.01643
0.01495
0.01359
0.01246
0.01156
0.01076
0.01004
0.00941
0.00882
0.00816
0.00747
0.00682
0.00609
0.00509
0.00411

0.00015
0.00015
0.00015
0.00014
0.00014
0.00011
0.00012
0.00014
0.00016
0.00017
0.00016
0.00022
0.00023
0.00029
0.00030
0.00029
0.00037
0.00038
0.00037
0.00036
0.00022

0.00002
0.00002
0.00001
0.00005
0.00006
0.00006
0.00007
0.00007
0.00008
0.00008
0.00009
0.00010
0.00010
0.00011
0.00012
0.00013
0.00015
0.00016
0.00016
0.00013
0.00009

1.0017
1.0017
1.0009
1.0036
1.0025
1.0071
1.0088
1.0098
1.0119
1.0136
1.0162
1.0181
1.0207
1.0242
1.0284
1.0337
1.0405
1.0484
1.0534
1.0521
1.0469

0.04477
0.02128
0.01641
0.45031
0.42790
0.09876
0.22257
0.30227
0.37156
0.44209
0.48556
0.47380
0.47919
0.44467
0.36401
0.24013
0.12199
0.05981
0.29144
0.83805
1.25385

gang pertains to the gangbuster arrangement with 0.002 m wire radius
gang™ pertains to the gangbuster arrangement with 0.001 m wire radius
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4.3 Comparison between the Pierrot and the Tilston de-

signs

Figures 4.31, 4.32 and 4.33 show various octagonal arrays based on the Tilston
cell. Tables 4.45 to 4.47 show the scattered electric field levels for arrays with various
cell designs. In these tables, the results pertaining to the short-circuited and open-
circuited turnstiles and to the Tilston turnstile were obtained with the length of the
turnstile dipoles being =& 0.45A instead of 0.50A. This choice was made on the basis
that a numerical analysis in which was varied the length of the dipoles of a single
cell demonstrated a better response for the & 0.45) dipole. The data entered in the
tables under the designation ”Tilston-CW” or *Tilston-CCW?” pertain to the Tilston
turnstile dipoles bent 90° clockwise (CW) or counter-clockwise (CCW), respectively,
in the transverse plane at the mid length point of each dipole arm. This idea originates
from a paper [19] in which it is reported that the scattering from short-circuited half-
wavelength dipole turnstiles is improved by bending the dipoles at the mid length
point. The best performance was reported to take place for a 89° bend. The data
entered in the tables under the designation ”Tilston-X” pertains to the array shown
in Figure 4.33.

It was confirmed that, as per reference [19], a surface made of short-circuited
dipole turnstiles with A/2 front-to-back thickness acted as a solid reflector, i.e. the
polarization sense of the reflected CP wave was opposite to that of the incident CP
wave. When the front-to-back thickness was reduced to A/4, the surface acted as an
artificially soft or hard surface, i.e. the polarization sense of the reflected CP wave was
the same as that of the incident CP wave. Interestingly, it was found that bending
the dipoles at the mid length point did not make the surface more sensitive to the
polarization handedness suggested by the direction of the bend (i.e. CW or CCW).
In fact, such a lack of sensitivity to the polarization handedness was also observed

for the spiral antenna [2]. However, when the concept of bending the dipoles was
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Figure 4.31: Configuration and orientation of the octagonal array made of 37 iden-
tical Tilston LHCPSS cells for operation at 1 GHz.
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Figure 4.32: Configuration and orientation of the octagonal array made of 37 iden-
tical Tilston-CW LHCPSS cells for operation at 1 GHz. The CCW
version follows naturally and is not shown.
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Figure 4.33: Configuration and orientation of the octagonal array made of 37 iden-
tical Tilston-X LHCPSS cells for operation at 1 GHz.
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applied to the crank CPSS, it was found that the bends degraded the performance of

the crank.

From the results in the tables, it is noted that:

¢ The short-circuited turnstile has Blckg = 1.756 which value is much larger
than that for any other cell type, as expected, although it is yet not quite the
maximum value which is & 2.165 as obtained for the solid reflector. The open-
circuited turnstile has Leakg = 2.147 which value is larger than that for any
other cell type, as expected, although it is yet far from the maximum value
which is equal to |LL!|? (ﬁ‘i)z = 15.897. The open-circuited turnstile does not
quite have Blckg = 0 as would be expected if it were completely transparent,
although its value is among the smallest values. Surprisingly, however, the
Tilston-CW and the Tilston-CCW designs have smaller Blckg values at normal
incidence. The short-circuited turnstile does not quite have Leakg = 0 as
would be expected if it were completely opaque, although its value is among the
smallest values. Surprisingly, however, the Tilston design has slightly smaller

Leakg values.

¢ The results for the open-circuited and for the short-circuited turnstile antennas
are CP insensitive as long as both the observation and the excitation directions

lie in symmetry planes, as expected.

e The Tilston design does indeed behave similarly to a short-circuited turnstile
for LHCP incidence, and to an open-circuited turnstile for RHCP incidence, as
expected. Although the Tilston design is not quite as transparent as the open-
circuited turnstile under RHCP illumination, however, it is more reflective than

the short-circuited turnstile under LHCP illumination.
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o The cell types designated as thé Tilston-CW, the Tilston-CCW and the Tilston-
X cell types offer no overall improvement over the regular Tilston design. Con-

sequently, they will not be considered any further.

o The Tilston design outperforms the Pierrot design for all indicators at both
normal and corner incidences, except for ar® at corner incidence. It must be
said, however, that art for the Pierrot design varies widely over ¢' so that this
exception is not meaningful. For instance, at @ = 45° and ¢' = 135°, the
Pierrot design has ar® > 1000. Judging by the Blckg and Leakg values for the
short-circuited and the open-circuited turnstiles so as to gauge how significantly
better the performance of the Tilston cell compares with the performance of
the Pierrot cell, one sees that the difference in performance is slight for normal

incidence but is more important for corner incidence.

A numerical analysis consisting in varying the characteristic impedance of the
transmission line of the Tilston design revealed that the results hardly vary over
a very wide range of characteristic impedance values (from 1 to 1000 ). This is
as expected since the input impedance of a half-wavelength transmission line is the
same as the load connected at the other end of this transmission line for any value
of characteristic impedance. According to the analysis by Tilston and to the more
detailed analysis by Hurd in reference (8], the frequency behavior, however, would
depend on the value of the characteristic impedance. All results shown herein pertain
to a value of 50 (2.

The results of the numerical analysis consisting in modifying gradually the position
of the dipoles so as to create an increasingly more asymmetrical Tilston cell are shown
in Tables 4.48 to 4.50. The asymmetry is created by offsetting the Tilston dipoles
by an equal amount in the & and the g directions. As the segment lengths varied
with offsetting the dipoles while keeping the feeding point on the longitudinal axis,

the segmentation was changed from 3 segments per arm to 6 segments for the longer
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arm and 2 segments for the shorter arm for the two cases of 0.040 m and 0.050 m
asymimetry.

Since the requirement for the 2-fold rotational symmetry originates from the need
for the reflection coeflicients to obey the relationship CP? = —C% with p # ¢, and
since all reciprocal structures obey this relationship in the neighborhood of normal
incidence, the process of breaking increasingly more severely the 2-fold rotational
symmetry of the Tilston cell is not expected to affect very much the results at normal
incidence, provided that the asymmetry does not affect also the other relationship
needed for a CPSS, i.e. CP9 = —C% with p # g and u # v. The results of the simu-
lations show that only the Blckg value is affected significantly at normal incidence.
It takes an asymmetry level of 0.015 m = 0.05\ to bring the Blckg value for the
Tilston cell up to the Blckg value for the Pierrot cell. Such a small level of asymme-
try confirms that the 2-fold rotational symmetry requirement is not critical at normal
incidence since a radically asymmetrical design like the Pierrot cell behaves as well as
a slightly asymmetrical design like the above asymmetrical Tilston cell. One notes,
however, an exponential rate of increase in the Blckg value with increasing the level
of asymmetry so that there is a limit to how much asymmetry can be tolerated.

The results of Tables 4.62 to 4.65 show a definite superiority of the Tilston design
over the Pierrot design at off-normal incidence angles. The range over which art < 2.0
is about 6" < 15° for the Tilston design compared to 8 <<< 5 for the Pierrot design.
Since the relationship C?? = —(CP?? is necessary, although not sufficient, for the ideal
CPSS, it is reasonable to hope that at off-normal incidence, the 2-fold rotational
symmetry might be responsible for the better performance of the Tilston design over
the performance of the Pierrot design. In an attempt to assess to what extent, if any,
the 2-fold rotational symmetry was indeed responsible for this superiority, the 0.015 m
asymmetrically configured Tilston cell, which has about the same Blckg value as does

the Pierrot cell, was investigated with respect to the case of ¢' = 135°, which case
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presented by far the worst ar® values for the Pierrot design. The results are shown
in Tables 4.66 to 4.68. Since the degradation in ar! is rather moderate and very far
from being as bad as that for the Pierrot design, one must conclude that the poor
performance of the Pierrot design with respect to # does not lie solely with its lack
of the 2-fold rotational symmetry. This author surmises that the poor performance
of the Pierrot design is also attributable to the presence of the longitudinal wire since
the profile of this wire becomes increasingly larger as the angle #' increases from 0°.

The longitudinal wire does not exist in the Tilston cell when modelling the trans-
mission line by a non-radiating network with NEC-2. In practice, however, the actual
wires of the transmission line, whether in bifilar or coaxial form, would present a
longitudinal section which would create to some extent a problem similar to that
incurred with the Pierrot design. In order for the two wires to behave as an ideal
transmission line, the currents of one wire must be exactly equal and opposite to
that of the other wire. If the transmission line is implemented in bifilar form, the
two wires must be in very close proximity to one another so that, for all practical
intent, the radiation from one wire be cancelled out by the radiation from the other
wire at all points in the volume surrounding the two wires. If the transmission line
is implemented in coaxial form, a balun must be used in order to avoid the current
imbalance that would result from only the outside wire being exposed to the external
fields. Either form of transmission line would incur a great increase in manufacturing
complexity over that for the Pierrot design.

Tables 4.51 to 4.77 present the results obtained from varying the incidence angle,
the cell thickness, the frequency and the cell size. As with the Pierrot design, the
axial ratios ar” and ar' are seen to be smallest, i.e. best, at the expected frequency of
1.00 GHz and the expected cell thickness of A/4, but contrary to the Pierrot design,
the smallest values of Bleckg and Leakg as well as the largest value of |[LL"/RR"| are

also found at that cell thickness value. This observation suggests that the Tilston
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design is optimized with respect to the cell thickness. Also contrary to the case of the
Pierrot design, the axial ratio art is no longer the limiting parameter at the upper
edge of the frequency bandwidth. The limiting parameter is now either [LL"/RR"|
or Blckg.

As with the Pierrot design, the Blckg and the ar! values vary much more than
the Leakg and ar™ values on a percentage basis, respectively. This situation is again
indicative of the weakness of idealizing the principle of operation by assuming that
the structure is transparent under RHCP illumination. Defining the operating range

on the basis of ar! < 2, one obtains:
e 0.98 GHz < f which is worse than the value of 0.88 GHz for the Pierrot design.

o 0.240) < cell thickness < 0.260A, hence the performance is symmetrical with
respect to the nominal value of 0.250), with the lower limit being now worse

than the value of 0.234) obtained for the Pierrot design.

The performance has a more complicated behavior with respect to §' and ¢ than
that for the Pierrot design, although as expected, this behavior is symmetrical with
respect to ¢. For instance, the maximum |LL"| values for # = 45° occur for the
diagonal directions, i.e. ¢' = 45° and 225°, whereas the minimum values occur for
the anti-diagonal directions, i.e. ¢' = 135° and 315°, but the situation is reversed
for 8" = 5°. The ar”, but not the ar?, values are consistently better for the diagonal
directions than for the anti-diagonal directions.

The best choice of inter-element spacing on the basis of maximizing |LL"/RR"|
appears to be 0.24 m but there is formation of grating lobes which situation is unde-
sirable. For the inter-element spacing between 0.14 m and 0.18 m, it is seen that the
Blckg increases and the Leakg decreases as though the surface appears denser as the
inter-element spacing decreases, a situation which is expected from heuristic consid-

erations. For the inter-element spacing larger than 0.18 m, the Leakg value is seen
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to decrease but this situation might be an artifact resulting from the compensation
scheme used in computing the Leakg value, when the case under study departs too
much from the reference case.

The GSM for the octagonal array made of 37 identical Tilston LHCPSS with A/2
inter-element spacing and illuminated at normal incidence was obtained as §(X,Y) =
1.3534/ — 155.00° 1.2499/ — 74.62° 1.9945/ —37.93° 1.2499/ — 164.68°
1.2499/ —74.62° 1.3534/ +25.12° 1.2499/ + 15.44° 1.9945/ - 37.93°

1.9945/ —37.93° 1.2499/ +15.44° 1.3534/ +25.12° 1.2499/ — 74.62°
1.2499/ — 164.68° 1.9945/ —37.93° 1.2499/ — 74.62° 1.3534/ — 155.00°

where the incidence propagation vector was taken as pointing outwardly from the
origin of the coordinate system. Again, each scattering coefficient is described by a
pair whose first number pertains to the magnitude and second number pertains to the
phase. Surprisingly, the magnitudes are larger than 1.0 V/m, the magnitude of the
linearly polarized incident plane wave! As expected, the matrix is symmetrical with
respect to the diagonal owing to the structure being reciprocal but surprisingly, the
matrix is also symmetrical with respect to the anti-diagonal. Also as expected, the
structure does not have the longitudinal reflection symmetry but nothing can be said
about the 2n-fold rotational symmetry, by the same arguments as those invoked when
dealing with the GSM for the Pierrot design. Thus, the GSM was also obtained for the
case of a large departure from normal incidence, say ' = 150°. For two ports that are
in a reciprocal relationship, say the port corresponding to (6 = 150°, ¢/ = 250°) and
the port corresponding to (8 = 30°, ¢ = 70°), the GSM was obtained as C(E, H) =
1.0156Z + 149.60° 1.2447/ +64.82° 1.7593/ — 36.71° 1.1070/ — 179.75°
1.2438/ — 115.21° 1.1295/ +171.37° 1.1365/ + 23.06° 1.8793/ — 39.14°

1.7589/ —36.72° 1.1374/ — 156.94° 1.1884/ +67.22° 1.0533/ — 33.37°
1.1062/ 4 0.25° 1.8799/ —39.12° 1.0525/ + 146.68° 1.3309/ + 42.55°

As expected, the matrix C(E, H) is not symmetrical, but contrary to the case of

the Pierrot design, the results still show C?? = —C?2” in spite of the incidence being
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markedly off-normal. It is noted also that although the two relationships CP¢ = —C3P
and CF7 = —C% needed for the ideal CPSS are satisfied by the Tilston design at
this markedly off-normal incidence, the performance is not yet ideal because these
two relationships are necessary but not sufficient, as seen from the GSM for the ideal
LHCPSS.

It is concluded that the performance of neither the Pierrot nor the Tilston CPSS
is ideal even at normal incidence. The Pierrot design is quite sensitive to variations in
both incidence angles §' and ¢, the best performance being achieved at normal inci-
dence. The Tilston design is more tolerant with respect to variations of the incidence

angle but less tolerant with respect to variations in frequency or cell thickness.
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Table 4.45: Peak scattering values for octagonal arrays of 37 cells with various
cell designs and 0.15 m inter-element spacing. The observation sphere
radius is 30.0 m.

Incidence | Cell design Peak values
[LL] | |RR| | |RL] | |LR| ||LL/RR]
Normal Pierrot 0.12080 | 0.01359 { 0.01073 | 0.00263 8.89

" S-C turnstile || 0.12268 | 0.12268 | 0.00636 | 0.00636 1.00
? O-C turnstile || 0.00941 | 0.00941 | 0.00043 | 0.00043 1.00
? Tilston 0.12205 | 0.01144 | 0.00503 | 0.00059 10.67
? Tilston-CW || 0.06192 | 0.00689 | 0.00465 | 0.00147 8.99
Y Tilston-CCW || 0.06199 | 0.00689 | 0.00463 | 0.00139 9.00
» Tilston-X 0.10016 | 0.01069 | 0.00402 | 0.00056 9.37
" Reflector 0.00000 | 0.00000 | 0.13620 | 0.13620 0.00

Corner Pierrot 0.09344 | 0.02020 | 0.02106 | 0.01632 4.63
” S-C turnstile || 0.10160 | 0.06850 | 0.03463 | 0.03383 1.48
” O-C turnstile || 0.00698 | 0.00676 | 0.00301 | 0.00328 1.03
7 Tilston 0.09233 | 0.00827 | 0.01145 | 0.00743 11.16
" Tilston-CW || 0.04992 | 0.00617 | 0.01070 | 0.00869 8.09

" Tilston-CCW || 0.04995 | 0.00615 | 0.01200 | 0.00988 8.12

” Tilston-X 0.07251 | 0.01302 | 0.02492 | 0.02231 5.57

” Reflector 0.00411 | 0.00411 | 0.09664 | 0.09664 1.00
Note: S-C: Short-Circuited, 0-C: Open-Circuited.
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Table 4.46: Reflection beam values for octagonal arrays of 37 cells with various
cell designs and 0.15 m inter-element spacing. The observation sphere
radius is 30.0 m.

Incidence | Cell design Reflection beam values
|ZL] | [RR| | |RL| | |LR] | ar | Blckg
Normal Pierrot 0.12080 | 0.01359 | 0.00017 | 0.00005 | 1.0028 | 21.5619

7 S-C turnstile || 0.12268 | 0.12268 | 0.00020 | 0.00020 | 1.0033 | 1756.65
” O-C turnstile || 0.00941 | 0.00941 | 0.00001 | 0.00001 | 1.0031 | 10.3257
” Tilston 0.12205 | 0.01144 | 0.00016 | 0.00008 | 1.0027 | 15.2664
? Tilston-CW || 0.05798 | 0.00440 | 0.00139 | 0.00147 | 1.0492 | 2.5089
” Tilston-CCW || 0.05800 | 0.00442 | 0.00139 | 0.00139 | 1.0493 | 2.5010
" Tilston-X 0.10016 | 0.01069 | 0.00012 | 0.00007 | 1.0025 | 13.3447

” Reflector 0.00000 | 0.00000 | 0.13620 | 0.13620 { 1.0000 { 2165.15
Corner Pierrot 0.08948 | 0.02020 | 0.00920 | 0.01632 | 1.2291 | 78.7005
” S5-C turnstile || 0.08270 | 0.06779 | 0.03211 | 0.03210 | 2.2696 | 656.605

" O-C turnstile || 0.00494 | 0.00671 | 0.00301 | 0.00301 | 4.1187 | 6.3068

” Tilston 0.09171 | 0.00807 | 0.00746 | 0.00743 | 1.1771 | 14.0361

” Tilston-CW || 0.04683 | 0.00340 | 0.00884 | 0.00869 | 1.4656 | 10.1564

" Tilston-CCW || 0.04642 | 0.00175 { 0.01015 | 0.00988 | 1.5594 | 11.7521

" Tilston-X 0.07251 | 0.01302 | 0.02145 | 0.02146 | 1.8401 | 73.5237

” Reflector 0.00411 | 0.00411 | 0.09664 | 0.09664 | 1.0888 { 1091.94
Note: S-C: Short-Circuited, O-C: Open-Circuited. Blckg values are x10°
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Table 4.47: Transmission beam values for octagonal arrays of 37 cells with various
cell designs and 0.15 m inter-element spacing. The observation sphere
radius is 30.0 m.

Incidence | Cell design Transmission beam values
[LL] | |RR| | |RL] | ILR] | ar | Leakg
Normal Pierrot 0.12080 | 0.01359 | 0.00016 | 0.00008 | 1.0119 | 0.37156

7 S-C turnstile || 0.12268 | 0.12268 ; 0.00016 ; 0.00016 | 1.0025 | 0.31955
" O-C turnstile || 0.00941 | 0.00941 | 0.00001 | 0.00001 | 1.0024 | 2.14669
” Tilston 0.12205 ; 0.01144 | 0.00017 | 0.00005 | 1.0085 | 0.23269

” Tilston-CW || 0.06192 | 0.00689 | 0.00138 | 0.00133 | 1.4785 | 1.67110
” Tilston-CCW | 0.06199 | 0.00689 | 0.00124 | 0.00136 | 1.4923 | 1.71922
7 Tilston-X 0.10015 | 0.01069 | 0.00014 | 0.00004 | 1.0073 | 0.75117
7 Reflector 0.13620 | 0.13620 | 0.00000 | 0.00000 { 1.0000 | 0.00000
Corner Pierrot 0.09344 | 0.02006 | 0.01557 | 0.00879 | 2.5590 | 0.12109

” 5-C turnstile || 0.10160 | 0.06850 | 0.02123 | 0.02125 | 1.8992 | 0.090535
” O-C turnstile || 0.00698 | 0.00676 | 0.00224 | 0.00224 | 1.9906 | 1.08958
” Tilston 0.09233 | 0.00827 | 0.00599 ; 0.00601 | 6.3407 | 0.04170
” Tilston-CW || 0.04992 | 0.00617 | 0.00767 | 0.00859 | 6.0887 | 0.80846

? Tilston-CCW || 0.04995 | 0.00615 | 0.00876 | 0.00741 { 10.7893 | 0.83823
? Tilston-X 0.07235 | 0.01157 | 0.02219 | 0.02231 | 3.1540 | 0.25552
" Reflector 0.09664 | 0.09664 | 0.00411 | 0.00411 | 1.0888 | 0.00197

Note: S-C: Short-Circuited, O-C: Open-Circuited.
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Table 4.48: Peak scattering values for increasingly more asymmetrical Tilston cell
designs. The number of cells is 37, the inter-element spacing is 0.15 m,
the incidence is normal and the observation sphere radius is 30.0 m.

Offset Peak values
(m) ] (M) |LL]| | |RE] | |RL| [ |LR| I [LL/RR]
0.000 | 0.000 |} 0.12205 | 0.01144 | 0.00503 | 0.00059 10.67
0.005 | 0.017 || 0.12207 | 0.01168 | 0.00506 | 0.00063 10.45
0.010 | 0.033 || 0.12217 | 0.01239 | 0.00513 | 0.00069 9.86
0.015 | 0.050 || 0.12228 | 0.01363 | 0.00549 | 0.00085 8.97
0.020 | 0.067 || 0.12241 | 0.01542 | 0.00586 | 0.00115 7.94
0.025 | 0.083 || 0.12249 | 0.01785 | 0.00629 | 0.00153 6.86
0.030 | 0.100 § 0.12249 | 0.02105 | 0.00683 | 0.00203 5.82
0.040 | 0.133 {} 0.12321 | 6.03208 { 0.00840 | 0.00354 3.84
0.050 | 0.167 || 0.12239 | 0.04833 | 0.01006 | 0.00563 2.53
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Table 4.49: Reflection beam values for increasingly more asymmetrical Tilston cell
designs. The number of cells is 37, the inter-element spacing is 0.15 m,
the incidence is normal and the observation sphere radius is 30.0 m.

Offset Reflection beam values

(m) | (N [ IZZ] | |RR| | [RL[ | [LR] | ar [ Blckg
0.000 | 0.000 || 0.12205 | 0.01144 | 0.00016 | 0.00008 | 1.0027 | 15.266
0.005 | 0.017 || 0.12207 | 0.01167 | 0.00016 | 0.00008 | 1.0027 | 15.909
0.010 | 0.033 || 0.12217 | 0.01239 | 0.00016 | 0.00008 | 1.0027 | 17.931
0.015 | 0.050 || 0.12228 | 0.01363 | 0.00016 | 0.00008 | 1.0026 | 21.672
0.020 | 0.067 || 0.12241 | 0.01542 | 0.00016 | 0.00009 | 1.0026 | 27.759
0.025 | 0.083 || 0.12249 ¢ 0.01785 | 0.00016 | 0.00009 | 1.0026 | 37.206
0.030 | 0.100 || 0.12249 | 0.02105 | 0.00016 | 0.00009 | 1.0025 | 51.719
0.040 | 0.133 || 0.12321 | 0.03208 | 0.00016 | 0.00010 | 1.0025 | 120.123
0.050 | 0.167 || 0.12239 | 0.04833 | 0.00015 | 0.00013 | 1.0025 | 272.624
The values for Blckg have been multiplied by 103

Table 4.50: Transmission beam values for increasingly more asymmetrical Tilston
cell designs. The number of cells is 37, the inter-element spacing is
0.15 m, the incidence is normal and the observation sphere radius is
30.0 m.

Offset Transmission beam values
(m) | (N) |ILL| | |RR| | |RL] | |LR] | ar | Leakg
0.000 | 0.000 || 0.12205 | 0.01144 | 0.00017 | 0.00005 | 1.0085 | 0.23269
0.005 | 0.017 || 0.12207 { 0.01168 | 0.00017 | 0.00005 | 1.0083 | 0.23321
0.010 | 0.033 || 0.12217 | 0.01239 | 0.00017 | 0.00005 | 1.0077 | 0.23461
0.015 | 0.050 || 0.12228 | 0.01363 | 0.00017 | 0.00005 | 1.0068 | 0.23720
0.020 | 0.067 § 0.12241 | 0.01542 | 0.00017 | 0.00004 | 1.0054 | 0.24104
0.025 | 0.083 || 0.12249 | 0.01785 { 0.00017 | 0.00004 | 1.0048 | 0.24589
0.030 | 0.100 || 0.12249 | 0.02105 | 0.00017 | 0.00004 | 1.0040 ; 0.25114
0.040 | 0.133 || 0.12321 | 0.03207 | 0.00018 | 0.00003 | 1.0017 | 0.22530
0.050  0.167 || 0.12239 | 0.04833 | 0.00018 | 0.00002 | 1.0009 | 0.22271
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Table 4.51: |LLP| values of the octagonal array of 37 Tilston cells for various inci-
dences. The inter-element spacing is 0.15 m and the observation sphere
radius is 30.0 m.

|6 | ¢ ] 0o | 15 | 45° [ 90° | 135° | 180° | 225° | 270° | 315° |

0° 0.1221

5° 0.1227 | 0.1223 | 0.1218 | 0.1227 ¢ 0.1234 | 0.1227 { 0.1218 | 0.1227 | 0.1234
15° 0.1190 0.1211 | 0.1190

30° 0.1014 0.1114 | 0.1015

45° 0.0761 | 0.0803 | 0.0923 | 0.0767 | 0.0677 | 0.0761 | 0.0923 | 0.0767 | 0.0677
60° 0.0430 0.0753 | 0.0441

75° 0.0236 0.0477 | 0.0242

Table 4.52: |RRP| values of the octagonal array of 37 Tilston cells for various inci-
dences. The inter-element spacing is 0.15 m and the observation sphere
radius is 30.0 m.

18 | ¢ || 0° | 15° | 45° | 90° [ 135° | 180° | 225° [ 270° | 315° |
0° 0.0114

5 0.0114 | 0.0114 | 0.0114 | 0.0114 | 0.0114 | 0.0114 | 0.0114 | 0.0114 | 0.0114
15° 0.0111 0.0110 | 0.0112

30° 0.0106 0.0099 | 0.0117

45° 0.0123 | 0.0096 | 0.0083 | 0.0153 | 0.0157 | 0.0123 | 0.0083 | 0.0153 | 0.0157
60° 0.0139 0.0070 | 0.0166

75° 0.0163 0.0064 | 0.0169

Table 4.53: |LL?/RR?| values of the octagonal array of 37 Tilston cells for various
incidences. The inter-element spacing is 0.15 m and the observation
sphere radius is 30.0 m.

[¢ | ¢ || 0° | 15° [ 45° | 90° | 135° | 180° | 225° | 270° | 315° |

0 10.67

5¢ 10.77 | 10.73 | 10.70 | 10.77 | 10.83 | 10.77 { 10.70 | 10.77 | 10.83
15° 10.74 11.00 | 10.67

30° 9.55 11.31} 8.65

45° 6.19 | 8.39 | 11.16 | 5.02 | 4.32 | 6.19 | 11.16 | 5.02 | 4.32
60° 3.09 10.82 | 2.66

75° 1.44 7.51 | 1.43
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Table 4.54: [LLT| reflection beam values of the octagonal array of 37 Tilston cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0 m.

1& | ¢ | 0° | 15° ] 45° | 90° | 135° | 180° | 225° | 270° | 315° |
0° 0.1221

5° 0.1227 | 0.1223 | 0.1218 | 0.1227 | 0.1234 | 0.1227 | 0.1218 | 0.1227 | 0.1234
15° 0.1190 0.1211 | 0.1190

30° 0.1011 0.1112 | 0.1015

45° 0.0744 | 0.0789 | 0.0917 | 0.0758 | 0.0677 | 0.0744 | 0.0917 | 0.0758 | 0.0677
60° 0.0376 0.0753 | 0.0395

75° 0.0215 0.0356 | 0.0216

Table 4.55: [LL!| transmission beam values of the octagonal array of 37 Tilston
cells for various incidences. The inter-element spacing is 0.15 m and

the observation sphere radius is 30.0 m.

|6 1 ¢ [ 0° | 15° ] 45° | 90° [ 135° | 180° [ 225° | 270° | 315° |
0° 0.1221

5° 0.1227 | 0.1223 | 0.1218 | 0.1227 | 0.1234 | 0.1227 | 0.1218 | 0.1227 | 0.1234
15¢ 0.1190 0.1211 | 0.1190

30° 0.1014 0.1114 | 0.1014

45° 0.0753 | 0.0802 | 0.0923 | 0.0753 | 0.0677 | 0.0753 | 0.0923 | 0.0753 | 0.0677
60° 0.0385 0.0748 | 0.0385

75° 0.0213 0.0370 | 0.0213
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Table 4.56: |RR"| reflection beam values of the octagonal array of 37 Tilston cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0 m.

|6 | o] 0° [ 15° [ 45° [ 90° [ 135° [ 180° [ 225° | 270° | 315° |

0° 0.0114

50 0.0114 | 0.0114 | 0.0114 | 0.0114 | 0.0114 | 0.0114 | 0.0114 | 0.0114 | 0.0114
15° 0.0108 0.0110 | 0.0112

30° 0.0073 0.0098 | 0.0117

45° 0.0031 | 0.0031 | 0.0081 | 0.0153 | 0.0090 | 0.0031 | 0.0081 | 0.0153 | 0.0090
60° 0.0111 0.0070 | 0.0166

75° 0.0155 0.0061 | 0.0168

Table 4.57: |RR!| transmission beam values of the octagonal array of 37 Tilston
cells for various incidences. The inter-element spacing is 0.15 m and
the observation sphere radius is 30.0 m.

(6 | ¢ 00 | 15° | 45° | 90° [ 135° | 180° | 225° [ 270° | 315° |

0° 0.0114

5° 0.0114 | 0.0114 | 0.0114 | 0.0114 | 0.0114 | 0.0114 | 0.0114 | 0.0114 | 0.0114
15¢ 0.0111 0.0110 | 0.0111

30° 0.0106 0.0099 | 0.0106

45° 0.0122 | 0.0096 { 0.0083 | 0.0122 | 0.0154 | 0.0122 | 0.0083 | 0.0122 | 0.0154
60°¢ 0.0139 0.0069 | 0.0139

75° 0.0159 0.0062 | 0.0159
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Table 4.58: |RLT| reflection beam values of the octagonal array of 37 Tilston cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0 m.

Lo | ¢ ] 0° | 15° | 45° T 90° [ 135° [ 180° | 225° | 270° | 315° |

0° 0.0002

5° 0.0007 | 0.0006 { 0.0002 | 0.0003 | 0.0006 | 0.0007 | 0.0002 | 0.0003 | 0.0006
15° 0.0051 0.0014 | 0.0041

30° 0.0173 0.0046 | 0.0144

45° 0.0282 | 0.0245 | 0.0075 | 0.0239 | 0.0266 ; 0.0282 | 0.0075 | 0.0239 | 0.0266
60° 0.0246 0.0080 | 0.0214

75° 0.0188 0.0073 | 0.0181

Table 4.59: |RL!| transmission beam values of the octagonal array of 37 Tilston
cells for various incidences. The inter-element spacing is 0.15 m and
the observation sphere radius is 30.0 m.

|6 [ ¢ ]| 0° ] 15° [ 45° ] 90° [ 135° [ 180° | 225° | 270° | 315° |

0° 0.0002

5° 0.0003 | 0.0002 | 0.0001 | 0.0006 | 0.0006 | 0.0003 | 0.0001 | 0.0006 | 0.0006
15° 0.0043 0.0010 | 0.0046

30° 0.0153 0.0036 | 0.0155

45° 0.0257 | 0.0222 | 0.0060 | 0.0256 | 0.0261 | 0.0257 | 0.0060 { 0.0256 | 0.0261
60° 0.0232 0.0086 | 0.0231

75° 0.0190 0.0064 | 0.0185
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Table 4.60: |LR"| reflection beam values of the octagonal array of 37 Tilston cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0 m.

|6 | ¢ ] o0° ] 15° | 45° | 90° | 135° | 180° [ 225° | 270° | 315° |

0° 0.0001

5° 0.0005 | 0.0004 | 0.0001 | 0.0004 | 0.0005 | 0.0006 | 0.0001 ; 0.0004 | 0.0005
15° 0.0050 0.0013 | 0.0041

30° 0.0172 0.0046 | 0.0145

45° 0.0281 | 0.0244 | 0.0074 | 0.0240 | 0.0266 | 0.0281 | 0.0074 | 0.0240 | 0.0266
60° 0.0246 0.0080 | 0.0214

75° 0.0188 0.0073 | 0.0181

Table 4.61: |LR!| transmission beam values of the octagonal array of 37 Tilston
cells for various incidences. The inter-element spacing is 0.15 m and
the observation sphere radius is 30.0 m.

168 | o' [ 0° [ 15° | 45° | 90° [ 135° | 180° [ 225° | 270° | 315° |

0° 0.0001

5° 0.0005 | 0.0004 | 0.0001 | 0.0005 | 0.0006 } 0.0005 | 0.0001 | 0.0005 | 0.0006
15° 0.0045 0.0010 | 0.0044

30°¢ 0.0154 0.0036 | 0.0154

43° 0.0255 | 0.0205 | 0.0060 | 0.0257 | 0.0262 | 0.0255 | 0.0060 | 0.0257 | 0.0262
60° 0.0231 0.0087 | 0.0232

75° 0.0185 0.0064 | 0.0190
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Table 4.62: ar™ reflection beam values of the octagonal array of 37 Tilston cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0 m.

16 | ¢ ] 0o ] 150 ] 45° [ 90° [ 135° | 180° | 225° | 270° | 315° |

0° 1.0027

a° 1.0110 | 1.010 | 1.004 | 1.005 | 1.009 | 1.011 | 1.004 | 1.005 | 1.009
15° 1.0898 1.024 | 1.071

30° 1.4127 1.087 | 1.331

45° 22196 | 1.898 | 1.177 | 1.923 | 2.298 | 2.220 | 1.177 | 1.923 | 2.298
60° 4.7992 1.238 | 3.363

75° 14.7149 1.614  11.312

Table 4.63: ar! transmission beam values of the octagonal array of 37 Tilston cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0 m.

16 | ¢ 0o | 15° | 45° | 90° | 135° [ 180° | 225° | 270° | 315° |

0° 1.0085

59 1.0918 | 1.066 | 1.014 | 1.083 | 1.101 | 1.092 | 1.014 | 1.083 | 1.101
15¢ 2.3568 1,200 | 2.318

30° 5.4569 2.153 | 5.495

45° 2.8168 | 2.738 | 6.341 | 2.807 { 3.864 | 2.817 | 6.341 | 2.807 | 3.864
60° 4.0191 8.605 | 3.999

75° 13.1262 77.045 | 11.221
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Table 4.64: Blockage beam values of the octagonal array of 37 Tilston cells for vari-
ous incidences. The inter-element spacing is 0.15 m and the observation
sphere radius is 30.0 m.

L6 | ¢ || 0o | 15° | 45° [ 90° [ 135° | 180° [ 225° | 270° [ 315° |

0° 15.27

5° 15,18 | 15.16 § 15.14 | 15.17 | 15.20 | 15.18 | 15.14 | 15.17 | 15.20
15° 16.65 14.33 1 16.54

30° 40.68 13.57 | 40.49

45° 93.52 | 70.53 | 14.04 | 94.13 | 92.23 | 93.52 | 14.04 | 94.13 | 92.23
60° 84.72 13.14 | 85.35

75° 69.24 10.54 | 71.35

The values for Blckg have been multiplied by 103

Table 4.65: Leakage beam values of the octagonal array of 37 Tilston cells for vari-
ous incidences. The inter-element spacing is 0.15 m and the observation
sphere radius is 30.0 m.

|68 | ¢ o0° | 15° [ 45° [ 90° | 135° | 180° | 225° | 270° | 315° |
0° 0.2327

5 0.2498 | 0.2534 | 0.2566 | 0.2498 | 0.2415 | 0.2498 | 0.2566 | 0.2498 | 0.2415
15° 0.2581 0.2128 | 0.2585

30° 0.2165 0.0940 | 0.2169

45° 0.1687 | 0.1041 | 0.0417 | 0.1683 | 0.3586 | 0.1687 | 0.0417 | 0.1683 | 0.3586
60° 0.1816 0.0449 | 0.1814

75° 0.0583 0.0156 | 0.0562
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Table 4.66: Peak scattering values of the octagonal array of 37 Tilston cells with
0.015 m asymmetry. The inter-element spacing is .15 m and the ob-
servation sphere radius is 30.0 m.

Incidence Peak values

6'c) | ') | _IZL] | [RR| | |RL] | |LR| |I|LL/RR]
5.0 | 135.0 || 0.12367 | 0.01361 | 0.00729 | 0.00155 9.09
45.0 | 135.0 || 0.06864 | 0.01279 | 0.03676 | 0.01893 5.37

Table 4.67: Reflection beam values of the octagonal array of 37 Tilston cells with
0.015 m asymmetry. The inter-element spacing is 0.15 m and the ob-
servation sphere radius is 30.0 m.

Reflection beam values

|LL] | |RR| | [RL| | |LR] |

5.0 | 135.0 || 0.12367 | 0.01361 | 0.00226 | 0.00121

45.0 | 135.0 || 0.06761 | 0.00863 | 0.03449 | 0.01893
The values for Blckg have been multiplied by 103

Incidence

9:‘(0) | éi(a)

[ Blckg
21.7809
50.4959

ar

1.0372
3.0830

Table 4.68: Transmission beam values of the octagonal array of 37 Tilston cells
with 0.015 m asymmetry. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0 m.

Transmission beam values

|ILL| | |RR| | [RL] | |LR] |

Incidence

0'(°) | ¢'(°)

| Leakg

ar

5.0 | 135.0
45.0 | 135.0

0.12367
0.06864

0.01360
0.01279

0.00120
0.01860

0.00118
0.01855

1.1899
5.4471

0.25088
0.32154
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Table 4.69: Peak scattering values of the octagonal array of 37 Tilston cells with
various cell thickness values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m.

Cell thickness

Peak values

(m) |

(A)

ILL] | [RR| | [RL] | |LE] ||LL/RR]

0.060
0.065
0.070
0.071
0.072
0.075
0.078
0.079
0.080
0.085
0.090

0.200
0.217
0.233
0.237
0.240
0.250
0.260
0.264
0.267
0.284
0.300

0.11943
0.12094
0.12182
0.12191
0.12199
0.12205
0.12188
0.12178
0.12165
0.12061
0.11894

0.01273
0.01195
0.01156
0.01152
0.01148
0.01144
0.01148
0.01151
0.01155
0.01193
0.01270

0.01969
0.01321
0.00661
0.00529
0.00501
0.00503
0.00504
0.00538
0.00670
0.01328

0.01970

0.01965
0.01319
0.00659
0.00526
0.00392
0.00059
0.00408
0.00541
0.00674
0.01331
0.01974

9.38
10.12
10.54
10.58
10.63
10.67
10.62
10.58
10.53
10.11

9.37
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Table 4.70: Reflection beam values of the octagonal array of 37 Tilston cells with
various cell thickness values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m.

Cell thickness Reflection beam values

(m) | (}) |[LL] | |RR| | [RL| | [LR| | ar | Blckg
0.060 | 0.200 |l 0.11919 | 0.01022 | 0.01969 | 0.01965 | 1.3957 | 57.2897
0.065 | 0.217 || 0.12083 | 0.01080 | 0.01321 | 0.01319 | 1.2456 | 33.9335
0.070 | 0.233 || 0.12179 | 0.01126 | 0.00661 | 0.00659 | 1.1148 | 19.8695
0.071 | 0.237 {{ 0.12190 | 0.01132 | 0.00529 | 0.00526 | 1.0907 | 18.1941
0.072 | 0.240 { 0.12198 | 0.01137 | 0.00396 | 0.00392 | 1.0671 | 16.8811
0.075 | 0.250 }} 0.12205 | 0.01144 | 0.00016 | 0.00008 | 1.0027 | 15.2664
0.078 | 0.260 |} 0.12188 | 0.01138 | 0.00406 | 0.00408 | 1.0689 | 17.0667
0.079 | 0.264 | 0.12177 | 0.01133 | 0.00538 | 0.00541 | 1.0924 | 18.3974
0.080 | 0.267 { 0.12162 | 0.01127 | 0.00670 | 0.00674 | 1.1167 | 20.1215
0.085 | 0.284 |} 0.12049 | 0.01082 | 0.01328 | 0.01331 | 1.2477 | 34.3404
0.090 | 0.300 | 0.11869 | 0.01026 | 0.01970 | 0.01974 | 1.3980 | 57.7579
The values for Blckg have been multiplied by 10°

Table 4.71: Transmission beam values of the octagonal array of 37 Tilston cells
with various cell thickness values. The inter-element spacing is 0.15 m,
the incidence is normal and the observation sphere radius is 30.0 m.

Cell thickness Transmission beam values

(m) | (X) (LL]| | |RR| | |RL| | |LR] { ar | Leakg
0.060 | 0.200 || 0.11943 | 0.01273 | 0.01815 | 0.01817 | 5.6845 | 0.27836
0.065 | 0.217 || 0.12094 | 0.01195 | 0.01218 | 0.01220 | 95.7027 | 0.25312
0.070 | 0.233 || 0.12182 | 0.01156 | 0.00609 | 0.00611 | 3.2421 | 0.23781
0.071 | 0.237 || 0.12191 | 0.01152 | 0.00486 | 0.00488 | 2.4708 | 0.23590
0.072 | 0.240 | 0.12199 | 0.01148 | 0.00362 | 0.00365 | 1.9314 | 0.23449
0.075 | 0.250 || 0.12205 | 0.01144 | 0.00017 | 0.00005 | 1.0085 | 0.23269
0.078 | 0.260 || 0.12188 | 0.01148 | 0.00377 | 0.00374 | 1.9673 | 0.23477
0.079 | 0.264 || 0.12178 | 0.01151 | 0.00499 | 0.00497 | 2.5208 | 0.23640
0.080 | 0.267 | 0.12165 | 0.01155 | 0.00621 | 0.00620 | 3.3146 | 0.23823
0.085 | 0.284 | 0.12061 | 0.01193 | 0.01228 | 0.01226 | 73.0082 | 0.25436
0.090 | 0.300 || 0.11894 | 0.01270 | 0.01821 | 0.01819 | 5.6329 | 0.28050
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Table 4.72: Peak scattering values of the octagonal array of 37 Tilston cells for
various frequency values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m.

Frequency Peak values
(GH=z) [LL] | |RR| | |RL] | |LR| ||LL/RR]
0.95 0.09843 | 0.00408 | 0.00460 | 0.00391 24.13
0.96 0.10354 | 0.00090 | 0.00486 | 0.00322 | 115.04
0.97 0.10882 | 0.00228 | 0.00509 : 0.00254 47.73
0.98 0.11421 | 0.00532 | 0.00530 | 0.00177 21.47
0.99 0.11879 | 0.00836 | 6.00531 | 0.00089 14.21
1.00 0.12205 | 0.01144 | 0.00503 | 0.00059 10.67
1.01 0.12472 | 0.01457 | 0.00654 | 0.00112 8.56
1.02 0.13684 | 0.01781 | 0.00644 | 0.00235 7.68
1.03 0.13542 | 0.02115 | 0.00644 | 0.00346 6.40
1.04 0.13602 | 0.02464 | 0.00616 | 0.00461 5.52
1.05 0.13648 | 0.02828 | 0.00598 | 0.00575 4.83
1.10 0.12895 | 0.05022 | 0.01127 | 0.01115 2.57
1.15 0.11171 1 0.08186 | 0.01744 | 0.01728 1.37
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Table 4.73: Reflection beam values of the octagonal array of 37 Tilston cells for
various frequency values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m.

Frequency Reflection beam values
(GHz) |LL]| [ |RR]| | |RL] | |LR| | ar | Blckg
0.95 0.09843 | 0.00408 | 0.00373 | 0.00373 | 1.0788 3.955
0.96 0.10354 | 0.00090 | 0.00319 | 0.00319 | 1.0636 1.390
0.97 0.10882 | 0.00221 | 0.00255 | 0.00254 | 1.0480 1.406
0.98 0.11420 | 0.00529 | 0.00180 | 0.00177 | 1.0320 3.779
0.99 0.11879 | 0.00835 | 0.00092 | 0.00089 | 1.0157 8.394
1.00 0.12205 | 0.01144 | 0.00016 | 0.00008 | 1.0027 | 15.266
1.01 0.12471 | 0.01457 | 0.00109 | 0.00112 | 1.0176 | 24.432
1.02 0.13684 | 0.01778 | 0.00231 | 0.00235 | 1.0343 | 36.093
1.03 0.13541 | 0.02111 { 0.00341 | 0.00346 | 1.0516 | 50.356
1.04 0.13601 | 0.02459 | 0.00455 | 0.00461 | 1.0692 | 67.516
1.05 0.13646 | 0.02823 | 0.00568 | 0.00575 | 1.0868 | 87.879
1.10 0.12895 | 0.05022 | 0.01064 | 0.01077 | 1.1798. | 301.870
1.15 0.11171 | 0.08186 | 0.01537 | 0.01556 | 1.3191. | 612.710
The values for Blckg have been multiplied by 103

Table 4.74: Transmission beam values of the octagonal array of 37 Tilston cells
for various frequency values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m.

Frequency Transmission beam values
(GH:z) IZL] | |RR| | |RL] | |LR] | ar | Leakg
0.95 0.09843 | 0.00389 ; 0.00393 | 0.00391 | 466.014 | 0.82285
0.96 0.10354 | 0.00078 | 0.00323 | 0.00322 1.642 | 0.70196
0.97 0.10882 | 0.00228 | 0.00249 | 0.00248 | 23.942 | 0.58132
0.98 0.11421 | 0.00532 | 0.00171 | 0.00170 1.941 | 0.45707
0.99 0.11879 | 0.00836 | 0.00085 | 0.00085 1.228 | 0.33378
1.00 0.12205 | 0.01144 | 0.00017 | 0.00005 1.009 | 0.23269
1.01 0.12472 | 0.01457 | 0.00103 | 0.00098 1.145 | 0.17301
1.02 0.13684 | 0.01781 | 0.00216 | 0.00212 1.271 | 0.07167
1.03 0.13542 | 0.02115 { 0.00319 | 0.00315 1.349 § 0.01913
1.04 0.13602 | 0.02464 | 0.00428 | 0.00423 1.415 | 0.00744
1.05 0.13648 | 0.02828 | 0.00542 | 0.00535 1.467 | 0.02261
1.10 0.12891 | 0.05009 | 0.01127 | 0.01115 1.573 | 0.42027
1.15 0.11146 | 0.08145 | 0.01744 | 0.01728 1.539 | 0.95984
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Table 4.75: Peak scattering values of the octagonal array of 37 Tilston cells with
different values of inter-element spacing. The incidence is normal and
the observation sphere radius is 30.0 m.

Cell size Peak values
(m) ] (A) |LL| | |RE| | |RL| | |LR| | |LL/RR|
0.14 { 0.467 || 0.11565 | 0.01210 | 0.00488 | 0.00090 9.56
0.15 | 0.500 || 0.12205 | 0.01144 | 0.00503 | 0.00059 10.67
0.16 | 0.534 || 0.13541 § 0.01126 | 0.00763 | 0.00047 12.03
0.17 | 0.567 || 0.14432 | 0.01120 | 0.60764 | 0.00055 12.89
0.18 | 0.500 || 6.15761 | 0.01119 | 0.00695 | 0.00056 14.09
0.19 | 0.634 || 0.17388 | 0.01121 | 0.00671 | 0.00052 15.51
0.20 | 0.667 || 0.19460 | 0.01125 ] 0.00745 | 0.00080 17.30
0.21 | 0.700 § 0.21934 | 0.01130 | 0.00841 | 0.00094 19.41
0.22 | 0.734 § 0.24508 | 0.01135 | 0.00890 | 0.00087 21.59
0.23 | 0.767 || 0.27033 | 0.01143 | 0.01382 | 0.00078 23.65
0.24 | 0.801 || 0.28942 | 0.01151 | 0.01627 | 0.00099 25.14
0.25 | 0.834 || 0.27245 | 0.01161 | 0.02280 | 0.00110 23.47
0.26 { 0.867 || 0.21807 | 0.01173 | 0.03713 | 0.00166 18.59
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Table 4.76: Reflection beam values of the octagonal array of 37 Tilston cells with
different values of inter-element spacing. The incidence is normal and
the observation sphere radius is 30.0 m.

Cell size Reflection beam values

(m) | (A |ILL| | |RR| | [RL] | |LR] | ar | Blckg
0.14 | 0.467 || 0.11565 | 0.01210 | 0.00015 | 0.00008 | 1.0027 | 22.5088
0.15 | 0.500 || 0.12205 | 0.01144 | 0.00016 | 0.00008 | 1.0027 | 15.2664
0.16 | 0.534 || 0.13541 | 0.01126 | 0.00018 | 0.00009 | 1.0027 | 11.4241
0.17 | 0.567 || 0.14432 | 0.01120 | 0.00023 | 0.00009 | 1.0031 | 8.8810
0.18 | 0.500 i 0.15761 | 0.01119 | 0.00023 | 0.00010 | 1.0029 | 7.0535
0.19 | 0.634 |} 0.17388 | 0.01121 | 0.00023 | 0.00011 | 1.0026 | 5.7012
0.20 | 0.667 || 0.19460 | 0.01125 | 0.00030 | 0.00012 | 1.0030 | 4.6748
0.21 | 0.700 || 0.21934 | 0.01130 | 0.00030 | 0.00013 | 1.0027 | 3.8771
0.22 | 0.734 || 0.24508 | 0.01135 | 0.00030 | 0.00014 | 1.0025 | 3.2512
0.23 | 0.767 || 0.27033 | 0.01143 | 0.00037 | 0.00016 | 1.0028 | 2.7571
0.24 | 0.801 || 0.28942 | 0.01151 | 0.00037 | 0.00017 | 1.0025 | 2.3614
0.25 { 0.834 || 0.27238 | 0.01161 | 0.00030 | 0.00016 | 1.0022 | 2.0392
0.26 | 0.867 || 0.21807 | 0.01173 | 0.00029 | 0.00012 | 1.0027 | 1.7795
The values for Blickg have been multiplied by 102

Table 4.77: Transmission beam values of the octagonal array of 37 Tilston cells
with different values of inter-element spacing. The incidence is normal
and the observation sphere radius is 30.0 m.

Cell size Transmission beam values
(m) | (M) [LL| | |RR| I |RL| | [LR| | ar | Leakg
0.14 | 0.467 || 0.11565 | 0.01210 | 0.00017 | 0.00004 | 1.0074 | 0.04710
0.15 | 0.500 || 0.12205 | 0.01144 | 0.00017 | 0.00005 | 1.0085 | 0.23269
0.16 | 0.534 i 0.13541 | 0.01126 | 0.00018 | 0.00006 | 1.0102 | 0.33027
0.17 | 0.567 || 0.14432 | 0.01120 | 0.00022 | 0.00006 | 1.0108 | 0.40276
0.18 | 0.500 || 0.15761 | 0.01119 { 0.00022 | 0.00007 | 1.0122 | 0.42920
0.19 | 0.634 || 0.17388 | 0.01121 | 0.00023 | 0.00008 | 1.0137 | 0.41973
0.20 | 0.667 || 0.19460 | 0.01125 | 0.00029 | 0.00009 | 1.0157 | 0.36609
0.21 { 0.700 || 0.21934 | 0.01130 | 0.00030 | 0.00010 | 1.0179 | 0.26242
0.22 | 0.734 || 0.24501 | 0.01135 | 0.00037 | 0.00011 | 1.0202 | 0.14044
0.23 | 0.767 || 0.27033 | 0.01143 | 0.00037 | 0.00013 | 1.0225 | 0.05784
0.24 | 0.801 || 0.28942 | 0.01151 | 0.00037 | 0.00014 | 1.0243 | 0.12388
0.25 ] 0.834 || 0.27245 | 0.01161 | 0.00037 | 0.00013 | 1.0227 | 0.53782
0.26 | 0.867 { 0.21807 | 0.01173 | 0.00029 | 0.00011 | 1.0181 | 1.07106
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4.4 The cascade polarizer design

In order to obtain with NEC-2 the boundary value solution for a specific realization
of the cascade polarizer design, each CP polarizer was realized with two parallel wire
grids whose inter-wire spacing within each grid was nearly a quarter-wavelength, as
reported by Bossuet and Gautier in their two patents [5, 6]. Such a realization was
favored over the meander line CP polarizer in order to ensure that the complete
LHCPSS structure could be simulated within the maximum number of segments for
NEC-2. The LHCPSS required 2952 segments and the computation time was between
6 and 7 hours on a SPARC-10 desktop computer equipped with about 120 MBytes
in RAM.

The principle of operation of the CP polarizer made of two parallel wire grids
illuminated by a normally incident plane wave polarized at +45° to the wires, is as
follows: The LP electric field component perpendicular to the wires is practically un-
affected by the presence of the wires while the LP electric field component parallel to
the wires is transmitted with some positive phase shift and with some magnitude at-
tenuation. The attenuation is countered by using two identical grids spaced A/4 along
the longitudinal direction in order to implement the quarter-wavelength transformer.
At the resonance frequency corresponding to the wavenumber A, the reflection is re-
duced ideally to zero and thus, the transmission loss becomes also zero. From the
analysis by Skwirzynski and Thackray cited in reference [87], the required +45° trans-
mission phase shift for the LP electric field component parallel to the wires through
each one of the two wire grids could be achieved with a wire radius @ = 0.005) and
an inter-wire spacing s = 0.24\. The cumulative phase shift for the LP electric field
component parallel to the wires through the two grids would then amount to +90°
while that for the LP electric field perpendicular to the wires would still be zero, thus

resulting in the output wave being circularly polarized.
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The mutual coupling between the two parallel grids, however, causes some depar-
ture from the above specifications. For instance, a numerical analysis by variation
of the parameters showed that the minimum reflection level obtained from the two
parallel grids at normal incidence was & 23% instead of zero, and that the corre-
sponding separation between the two grids was d & 0.375) = 0.1125 m instead of
0.250A = 0.1500 m. It must be pointed out also that, rigorously speaking, the quarter-
wavelength transformer theory is not truly adequate for modelling the multiple grids.
Here, each grid acts as a discontinuity along the same transmission line whereas, in
the multi-step transformer theory, each discontinuity is created by a mismatch be-
tween the characteristic impedances of two different transmission lines. Consequently,

in the multi-step transformer theory, the expression

T12T5T5e7%
r=ry+- —=-——
1+ 1— Fgrge_ﬂa
given by Collin in reference [20, p. 225] becomes:

_ '+ P38—j29
14D [gemi2f

because the following simplifications hold: I'; = —I'y, Tio = 1+ I'; and 75, = 1 4+ 1.
Hence, the composite reflection coefficient I' becomes zero when I'y = I'; and 8 =
90°. However, in analyzing the series connection of the grids by the composite GSM
technique, similar simplifications do not hold. Using MAPLE to find the inter-grid
spacing required to obtain a zero value for both co-polarization and cross-polarization
reflection coefficients at normal incidence yielded no possible solution, which situation
agrees with the earlier observation that the minimum reflection level that could be
obtained by varying the inter-grid spacing was not zero but 23%.

It must be pointed out that the NEC-2 simulations with the incident wave being
normally incident and polarized at 45° with respect to the wires shows no significant
CP polarization being produced for a wide range of wire radius and for different values

of inter-wire spacing. Yet, the analysis by Skwirzynski and Tachray is not in doubt
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since the experimental results presented in reference [88] have shown a discrepancy
smaller than 2 dB between the predicted and the measured values of transmission
loss. The lack of CP polarization stems simply from the fact that NEC-2 provides
not the total field but the scattered field. Hence, the CP polarization cannot be seen
from the NEC-2 simulation results for the two wire grid CP polarizer because the
LP electric field component perpendicular to the wires does not contribute to the
scattered field.

Figure 4.34 depicts the generic configuration of the cascade polarizer LHCPSS
design, with e; and e, designating respectively the fast and the slow axes of the
retardation plates, with e, designating the easy axis of the LP polarizer plate, and
with ¢r, = ¢, £90° = ¢g. The orientation of the fast and the slow axes for the LHCP
polarizer corresponds to the case e} of Figure 3.1. The orientation of the fast and the
slow axes for the RHCP polarizer is that for the LHCP polarizer rotated by £90° in
the plane of the polarizer.

The NEC-2 simulations were conducted for the design depicted in Figure 4.34 for
the shape and the size corresponding to an octagonal array of 37 cells with A/2 inter-
element spacing. Figure 4.35 shows one of the two octagonal plates of the LIICP
polarizer, with an inter-wire spacing s = 0.24X and a wire radius ¢ = 0.0015 m.
Figure 4.36 shows the octagonal LP polarizer plate with an inter-wire spacing s =
0.025/+/2 m and a wire radius a = 0.00281 m as per the "same-surface-area” rule of
thumb. Figure 4.37 shows one of the two octagonal plates of the RHCP polarizer,
with an inter-wire spacing s = 0.24X and a wire radius ¢ = 0.0015 m.

The finite size of the scatterer brings about some concerns. The first concern
pertains to the fact that since the octagonal LP polarizer plate includes very many
wires of different lengths, some wires may happen to be of just the right length for
geometrical resonance. The strong mutual coupling between closely spaced parallel

wires, however, mitigates the problem by smoothing out the strong response from
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any single wire over many adjacent wires, in effect trying to force all the wires to
act as a single entity. Another concern deals with the difference between the charge
accumulation at the edges of the solid reflector plate and that at the edges of the LP
polarizer plate (i.e. the charge accumulation at the two ends of each wire in the LP
polarizer plate). Such a difference might affect the field results in a way for which
the use of a calibration factor based on the field results for a solid reflector plate of
identical shape and size might not account. Similarly, there is also the concern about
the difference between the thickness of the solid reflector plate and that of the overall
CPSS structure. This difference would certainly affect the field results in a way for
which the use of a calibration factor would not account. Thus admittedly, the use of
calibration factors for computing the indicators Leakg and Blckg is more heuristic
than rigorous.

Figures 4.38 to 4.41 present the results for the LP wire grid being at +45° and
Figures 4.42 to 4.45 present the results for the LP wire grid being at —45°. Clearly, the
first case corresponds to an imperfect LHCPSS whereas the second case corresponds to
an imperfect RHCPSS. Except for minute differences, the plots for these two cases are
identical upon exchanging the LHCP and RHCP labels. This change from LHCPSS
to RHCPSS by merely rotating the LP grid by £90° in the plane of the grid was

predicted in Chapter 3.
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RHCP POLARIZER

LP POLARIZER

LHCP POLARIZER

Figure 4.34: Generic configuration of the cascade polarizer LHCPSS design.
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1
0.07195m§ 0.15m
WIRE RADIUS =0.0015 m 0.15m

Figure 4.35: One of the two octagonal plates of the LHCP polarizer made of circular
PEC wires with inter-wire spacing s = 0.24A within the grid and with
wire radius @ = 0.005.
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0.025/N2 m

WIRE RADIUS =0.00281 m

Figure 4.36: Octagonal LP polarizer plate made of circular PEC wires as per the
"same-surface-area” rule of thumb for the cascade polarizer LHCPSS.
This figure shows the case of 6 wires inclined at +45° per each 0.15 m
side of the unit cell.
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Figure 4.37: One of the two octagonal plates of the RHCP polarizer made of circular
PEC wires with inter-wire spacing s = 0.24X within the grid and with
wire radius ¢ = 0.005A.
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Figure 4.38: |LL}] of the cascade polarizer LHCPSS with s = 0.07195 m, d
0.1125 m, D = 0.1500 m, a = 0.0015 m, 6 = 0°, ¢* = 0°, r = 30.0 m.
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Figure 4.39: |RL| of the cascade polarizer LHCPSS with s = 0.07195 m, d =
0.1125 m, D = 0.1500 m, a = 0.0015 m, & = 0°, ¢ = 0°, r = 30.0 m.
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Figure 4.40: |LR| of the cascade polarizer LHCPSS with s = 0.07195 m, d =
0.1125 m, D = 0.1500 m, @ = 0.0015 m, 8 = 0°, & = 0°, r = 36.0 m.

Figure 4.41: |RR| of the cascade polarizer LHCPSS with s = 0.07195 m, d =
0.1125 m, D = 0.1500 m, @ = 0.0015 m, §' = 0°, ¢' = 0°, r = 30.0 m.
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Figure 4.42: |LL] of the cascade polarizer RHCPSS with s = 0.07195 m, d =
0.1125 m, D = 0.1500 m, a = 0.0015 m, 8! = 0, ¢' = 0°, r = 30.0 m.
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Figure 4.43: |RL| of the cascade polarizer RHCPSS with s = 0.07195.m, d =
0.1125 m, D = 0.1500 m, a = 0.0015 m, §' = 0°, ¢’ = 0°, r = 30.0 m.

203



S R N
T e
< (T A
) J ,![lll;.///////,"r/,, -
AN, S
/”"’//ﬁl}’if"(”/?/'w////////”’/////m A
ol = o
el 27 o
s sl S "
gl [0
L NS | Lol
Y /A

Figure 4.44: |LR| of the cascade polarizer RHCPSS with s = 0.07195 m, d =
0.1125 m, D = 0.1500 m, a = 0.0015 m, ' = 0°, ¢' = 0°, r = 30.0 m.
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Figure 4.45: |RR| of the cascade polarizer RHCPSS with s = 0.07195 m, d =

0.1125 m, D = 0.1500 m, a = 0.0015 m, 6 = 0°, ¢' = 0°, r = 30.0 m.
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Tables 4.78 to 4.86 present the results obtained from varying the wire radius e, the
inter-wire spacing s, the inter-grid spacing d for the CP polarizer grids, the spacing
D between the CP polarizers and the LP polarizer, the wire radius and the inter-
wire spacing for the LP polarizer. When varying the inter-wire spacing for the LP
polarizer, the wire radius was chosen as per the "same-surface-area” rule of thumb, i.e.
a = 0.00281 m for the 0.025/+/2 = 0.01768 m inter-wire spacing and a = 0.00338 m
for the 0.030/4/2 = 0.02121 m inter-wire spacing. A major difference between the
operation of the cascade polarizer design and that of the Pierrot or the Tilston designs
is that upon RHCP illumination, the cascade polarizer structure appears translucent
not by means of the structure not scattering the incoming wave but rather by means
of a series of polarization transformation of the incoming wave. Consequently, the
result for |RR'| is no longer nearly zero for the cascade polarizer design as it was
for the Pierrot or the Tilston designs, and the indicator |LL?/RR?| is no longer
meaningful here. Another significant difference between the results for the cascade
polarizer design and those for the Pierrot or the Tilston designs is that the values of
the indicator Blckg are seen to be much larger here than those for the Pierrot or the
Tilston designs.

There is not a single optimum configuration for which all indicators are optimum
simultaneously. Thus, the choice of the optimum configuration depends necessarily on
the requirements for the specific application at hand. The configuration corresponding
to {s = 0.07500 m, ¢ = 0.0008 m, d = 0.1050 m, D = 0.14 m} appears to be a good
compromise and is taken hereafter as the baseline configuration.

The results show that the performance is very sensitive to a variation of the inter-
grid spacing d or a variation of the frequency. This is not surprising, given the sharp
notch response of the quarter-wavelength transformer (see reference [20, Figure 5.18,
p. 223]). The effect of varying the other parameters is less important. Contrary to

the Pierrot and the Tilston designs, the parameter limiting the range of operation is
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not ar! but ar” and/or Blckg.

One notes that many values for |LL7| in Table 4.79, the largest recorded value
being 0.13828 V/m, are slightly above the value |RL"| = 0.13620 V/m for the solid
PEC reflector plate. This situation suggests the somewhat startling conclusion that
the cascade polarizer LHCPSS would be more opaque upon LHCP incidence than
is the solid reflector. Such a situation might not be physically impossible since the
reflector plate of a diameter of a few wavelengths supports both positive and nega-
tive currents whose contributions to the scattered field superimpose constructively or
destructively depending on the observation point. If the cascade polarizer structure
supports currents of mostly one polarity as a result of a judicious choice of the period-
icity of the structure, it might become possible that the contribution to the scattered
field become stronger than that of the solid reflector for some observation points. As
to the many values for |RR!| in Table 4.80 that are well above the same 0.13620 V/m
value, this situation does not necessarily mean that the cascade polarizer LHCPSS is
either more or less transparent upon RHCP incidence than is the solid reflector since
the incident wave must be vectorially added to the scattered wave in order to obtain
the total wave in the transmission region.

The GSM for the octagonal cascade polarizer LHCPSS illuminated at normal
incidence is obtained as S(X,Y) =

2.0217/ —85.57° 1.05047/ —4.29° 3.1942/ — 102.65° 1.2429/ — 82.93°

1.05074 —4.27°  1.6653/ 92.65° 0.9397,/ T74.14° 3.1937/ — 102.64°

3.1937/ — 102.64° 0.9397/ T74.14° 1.6653/ 92.65° 1.0507/ —4.27°
1.2429/ —82.93° 3.1941/ —102.65° 1.0504/ —4.29° 2.0217/ — 85.57°

where the incidence propagation vector is taken as pointing outwardly from the origin
of the coordinate system. Again, each scattering coefficient is described by a pair
whose first number pertains to the magnitude and second number pertains to the
phase. Surprisingly, the magnitudes are larger than 1.0 V/m, the magnitude of the

linearly polarized incident plane wave! As expected, the matrix is symmetrical with
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respect to the diagonal owing to the structure being reciprocal but surprisingly, the
matrix is also symmetrical with respect to the anti-diagonal. Also as expected, the
structure does not have the longitudinal reflection symmetry but nothing can be said
about the 2n-fold rotational symmetry, by the same arguments as those invoked when
dealing with the GSM for the Pierrot design.

The results at off-normal incidence are not provided as they would not be deemed
accurate because the structure is so thick compared to its transverse dimensions that
a significant portion of the edge of the structure would not be properly excited owing
to the fact that some off-normal incident ray propagating in straight line and incident
upon the edge of the structure would not pass through all the plates. This difficulty
also arises with the Pierrot and the Tilston designs but to a much smaller extent since
the thickness in the case of these two designs is only 0.075 m = 0.25)\ whereas the

thickness in the case of the cascade polarizer design is 0.490 m &~ 1.60).
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Table 4.78: Peak scattering values for the octagonal cascade polarizer LHCPSS.

The incidence is normal and » = 30.0 m.

variable Peak values

name | value ILL] | |RR| | |RL| | [LR| ||LL/RR]

s (m) | 0.07195 || 0.14761 | 0.21290 | 0.03777 | 0.03756 0.693
” 0.07500 || 0.15066 | 0.21318 | 0.03629 | 0.03622 0.707

a = 0.0015 m, d=0.1125 m and D = 0.1500 m

s (m) | 0.07195 || 0.14511 | 0.19028 | 0.03436 | 0.03439 0.763
” 0.07500 || 0.14873 | 0.18897 | 0.03450 | 0.03459 0.787

¢ = 0.0010 m, d =0.1125 m and D = 0.1500 m

d (m) | 0.0825 || 0.14155 | 0.21210 | 0.03106 | 0.02896 0.667
” 0.1025 j} 0.14843 | 0.21088 { 0.01895 | 0.01666 0.704
? 0.1050 || 0.14886 | 0.20701 | 0.01741 | 0.01731 0.719
7 0.1075 || 0.14901 | 0.20194 | 0.02225 | 0.02223 0.738
? 0.1100 | 0.14897 | 0.19580 | 0.02799 | 0.02805 0.760
” 0.1125 | 0.14873 | 0.18897 | 0.03450 | 0.03459 0.787
” 0.1150 || 0.14839 | 0.18165 | 0.04156 | 0.04157 (0.817
” 0.1425 | 0.15172 | 0.12870 | 0.13511 | 0.13489 1.179

s = 0.07500 m, ¢ = 0.0010 m and D = 0.1500 m

a (m) | 0.0005 | 0.14791 | 0.17399 | 0.01994 | 0.02134 0.850
? 0.0007 | 0.14813 | 0.18914 | 0.01820 | 0.01812 0.783
” 0.0008 || 0.14837 | 0.19566 | 0.01758 | 0.01679 0.758
” 0.0009 || 0.14858 | 0.20166 | 0.01698 | 0.01665 0.737
" 0.0010 { 0.14886 | 0.20701 { 0.01741 | 0.01731 0.719
? 0.0015 § 0.15004 | 0.22515 | 0.02654 | 0.02612 0.666

s = 0.07500 m, d = 0.1050 m and D = 0.1500 m

D (m) | 0.1300 || 0.15320 | 0.19544 | 0.01787 | 0.01844 0.784
” 0.1400 | 0.15077 | 0.19530 | 0.01706 | 0.01707 0.772
? 0.1500 || 0.14837 | 0.19566 | 0.01758 | 0.01679 0.758
” 0.1600 || 0.14633 | 0.19572 | 0.02789 | 0.02786 0.748
» 0.1700 || 0.14571 | 0.19425 | 0.03569 | 0.03558 0.750

s = 0.07500 m, ¢ = 0.0008 m and d = 0.1050 m

a (m) | 0.0007 | 0.15073 | 0.18914 | 0.01720 | 0.01760 0.797
? 0.0008 | 0.15077 | 0.19530 { 0.01706 | 0.01707 0.772
” 0.0009 | 0.15085 | 0.20096 | 0.01693 | 0.01660 0.751
? 0.0010 § 0.15091 | 0.20598 | 0.01680 | 0.01616 0.733

s = 0.07500 m, d = 0.1050 m and D = 0.1400 m

d (m) | 0.1025 | 0.15016 | 0.19933 | 0.01706 | 0.01753 0.753
” 0.1050 | 0.15077 | 0.19530 | 0.01706 | 0.01707 0.772
? 0.1075 | 0.15121 § 0.19035 | 0.01706 | 0.01675 0.794

s = 0.07500 m, ¢ = 0.0008 m and D = 0.1400 m
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Table 4.79: Reflection beam values for the octagonal cascade polarizer LHCPSS.
The incidence is normal and + = 30.0 m.

variable Reflection beam values

name | value ILL] | |RR| | [RLl | ILR| | ar | Blckg

s (m) | 0.07195 i 0.12522 | 0.03755 | 0.03777 | 0.03756 } 1.8637 | 329.186
” 0.07500 § 0.13002 | 0.03596 | 0.03629 | 0.03622 | 1.7743 | 304.056

a=0.0015 m,d=0.1125 m and D = 0.1500 m

s (m) | 0.07195 || 0.12464 | 0.03827 | 0.03436 | 0.03439 | 1.7614 | 308.980
? 0.07500 || 0.12823 | 0.04058 | 0.03450 | 0.03459 | 1.7362 | 331.875

a=0.0010 m, d =0.1125 m and D = 0.1500 m

d (m) | 0.0825 | 0.13483 | 0.09045 | 0.01561 | 0.01609 | 1.2618 | 985.110
? 0.1025 || 0.13431 ; 0.04001 | 0.01351 | 6.01330 { 1.2236 | 207.495
? 0.1050 || 0.13349 { 0.03553 | 0.01741 | 0.01731 | 1.3000 | 182.255
» 0.1075 || 0.13226 | 0.03438 | 0.02225 | 0.02223 | 1.4045 | 195.607
” 0.1100 || 0.13052 | 0.03653 | 0.02799 | 0.02805 | 1.5460 | 247.544
” 0.1125 || 0.12823 | 0.04058 | 0.03450 | 0.03459 | 1.7362 | 331.875
” 0.1150 || 0.12537 | 0.04488 | 0.04156 | 0.04157 | 1.9916 | 436.837
” 0.1425 || 0.04471 | 0.02963 | 0.13511 | 0.13489 | 1.9891 | 2226.19

s = 0.07500 m, @ = 0.0010 m and D = 0.1500 m

a (m) | 0.0005 || 0.12915 | 0.03502 { 0.01983 | 0.02000 | 1.3627 | 189.773
7 0.0007 || 0.13156 | 0.03303 | 0.01695 | 0.01710 | 1.2957 | 161.455
” 0.0008 || 0.13240 | 0.03299 | 0.01649 | 0.01657 | 1.2846 | 159.038
” 0.0009 || 0.13301 | 0.03379 | 0.01665 | 0.01665 | 1.2862 | 165.632
” 0.0010 || 0.13349 | 0.03553 | 0.01741 | 0.01731 | 1.3000 | 182.255
7 0.0015 || 0.13353 | 0.05476 | 0.02654 | 0.02612 { 1.4961 | 429.545

s = 0.07500 m, d = 0.1050 m and D = 0.1500 m

D (m) | 0.1300 || 0.13719 | 0.03963 | 0.01447 | 0.01476 | 1.2359 | 208.760
» 0.1400 |{ 0.13789 | 0.03910 | 0.00719 | 0.00754 | 1.1100 | 185.089
” 0.1500 || 0.13240 | 0.03299 | 0.01649 | 0.01657 | 1.2846 | 159.038
” 0.1600 || 0.12261 | 0.02193 | 0.02789 | 0.02786 | 1.5889 | 146.699
” 0.1700 || 0.10969 | 0.00671 | 0.03569 | 0.03558 | 1.9646 | 152.977

s = 0.07500 m, a = 0.0008 m and d = 0.1050 m

a (m) | 0.0007 || 0.13731 | 0.03930 | 0.00862 | 0.00899 | 1.1340 | 189.682
» 0.0008 || 0.13789 | 0.03910 | 0.00719 | 0.00754 | 1.1100 | 185.089
» 0.0009 | 0.13824 | 0.04004 | 0.00616 | 0.00645 | 1.0932 | 191.933
” 0.0010 | 0.13828 | 0.04211 | 0.00554 | 0.00578 | 1.0835 | 210.822

s = 0.07500 m, d = 0.1050 m and D = 0.1400 m

d (m) | 0.1025 | 0.13759 | 0.03896 | 0.00780 | 0.00817 | 1.1201 | 184.915
» 0.1050 | 0.13789 | 0.03910 | 0.00719 | 0.00754 | 1.1100 | 185.089
» 0.1075 | 0.13790 | 0.04305 | 0.00942 | 0.00968 | 1.1466 | 227.264

s = 0.07500 m, @ = 0.0008 m and D = 0.1400 m

[ The values for Blckg have been multiplied by 103
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Table 4.80: Transmission beam values for the octagonal cascade polarizer LHCPSS.
The incidence is normal and » = 30.0 m.

variable Transmission beam values
name | value [LL] | |RR] | |RL] | |LR| | ar | Leakg
s (m) | 0.07195 || 0.14761 | 0.21290 | 0.01321 | 0.01159 | 1.1151 | 0.171327
" 0.07500 || 0.15066 | 0.21318 | 0.00934 | 0.00751 | 1.0730 | 0.183635
a = 0.0015 m, d =0.1125 m and D = 0.1500 m

s {m) | 0.07195 | 0.14511 | 0.19028 | 0.00762 | 0.00531 | 1.0574 | 0.140728
" 0.07500 | 0.14873 | 0.18897 | 0.00871 | 0.00666 | 1.0731 | 0.163365
a = 0.0010 m, d = 0.1125 m and D = 0.1500 m

d (m) | 0.0825 || 0.14155 | 0.21210 | 0.03106 | 0.02896 | 1.3163 | 0.219042
" 0.1025 || 0.14843 | 0.21088 | 0.01895 { 0.01666 | 1.1716 | 0.177798
" 0.1050 || 0.14886 | 0.20701 | 0.01604 | 0.01369 | 1.1417 | 0.172498
” 0.1075 || 0.14901 | 0.20194 | 0.01296 | 0.01057 | 1.1105 | 0.167671
? 0.1100 | 0.14897 | 0.19580 | 0.01024 | 0.00790 | 1.0841 | 0.164570
” 0.1125 } 0.14873 | 0.18897 | 0.00871 | 0.00666 | 1.0731 | 0.163365
? 0.1150 || 0.14839 | 0.18165 | 0.00946 | 0.00819 | 1.0945 | 0.164649
" 0.1425 | 0.15172 | 0.12870 | 0.03754 | 0.03650 | 1.7917 | 0.409137
s = 0.07500 m, @ = 0.0010 m and D = 0.1500 m

a (m) | 0.0005 | 0.14791 | 0.17399 | 0.01994 | 0.01796 | 1.2301 | 0.186114
K 0.0007 | 0.14813 | 0.18914 | 0.01682 | 0.01464 | 1.1678 | 0.172110
7 0.0008 || 0.14837 | 0.19566 | 0.01612 | 0.01379 | 1.1517 | 0.170456
K 0.0009 || 0.14858 | 0.20166 | 0.01386 | 0.01353 | 1.1438 | 0.170431
" 0.0010 | 0.14886 | 0.20701 | 0.01604 | 0.01369 | 1.1417 | 0.172498
" 0.0015 || 0.15004 | 0.22515 | 0.02007 | 0.01787 | 1.1724 | 0.195710
s = 0.07500 m, d = 0.1050 m and D = 0.1500 m

D (m) | 0.1300 || 0.15320 | 0.19544 | 0.00998 | 0.00807 | 1.0861 | 0.180364
? 0.1400 | 6.15077 | 0.19530 | 0.01312 { 0.01094 | 1.1187 | 0.174242
Y 0.1500 {f 0.14837 | 0.19566 | 0.01612 | 0.01379 | 1.1517 | 0.170456
" 0.1600 || 0.14633 | 0.19572 | 0.01810 | 0.01569 | 1.1744 | 0.159274
7 0.1700 | 0.14571 | 0.19425 | 0.01849 | 0.01602 | 1.1798 | 0.144706
s = 0.07500 m, ¢ = 0.0008 m and d = 0.1050 m

a (m) | 0.0007 | 0.15073 | 0.18914 | 0.01426 | 0.01215 | 1.1373 | 0.175046
7 0.0008 || 0.15077 | 0.19530 | 0.01312 | 0.01094 | 1.1187 | 0.174242
" 0.0009 || 0.15085 | 0.20096 ; 0.01228 | 0.01004 | 1.1052 | 0.175988
" 0.0010 | 0.15091 | 0.20598 | 0.01165 | 0.00947 | 1.0964 | 0.179418
s = 0.07500 m, d = 0.1050 m and D = 0.1400 m
d (m) | 0.1025 | 0.15016 { 0.19933 | 0.01508 | 0.01298 | 1.1394 | 0.178971
» 0.1050 || 0.15077 | 0.19530 | 0.01312 | 0.01094 | 1.1187 | 0.174242
» 0.1075 || 0.15121 | 0.19035 | 0.01100 } 0.00886 | 1.0977 | 0.170191
5 = 0.07500 m, a = 0.0008 m and D = 0.1400 m
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Table 4.81: Peak scattering values of the octagonal cascade polarizer LHCPSS for
various wire thickness values of the LP polarizer plate. The observation
sphere radius is r = 30.0 m and the incidence is normal.

Thickness Peak values
() |LL| [ |RE)| | |RL] | |LR| ] |LL/RR|
0.00100 || 0.16016 | 0.19566 | 0.01669 | 0.01702 0.819
0.00200 || 0.15403 | 0.19544 | 0.01683 | 0.01709 0.788
0.00281 0.15077 | 0.19530 | 0.01706 | 0.01707 0.772
0.00400 || 0.14691 | 0.19516 | 0.01736 | 0.01707 0.753
0.00500 0.14440 | 0.19523 | 0.01710 | 0.01708 0.740

Table 4.82: Reflection beam values of the octagonal cascade polarizer LHCPSS for
various wire thickness values of the LP polarizer plate. The observation
sphere radius is » = 30.0 m and the incidence is normal.

Thickness Reflection beam values
(m) |LL] | |RR{ | |RL] | |LR| | ar | Blckg
0.00100 || 0.13630 | 0.03923 | 0.00820 | 0.00850 | 1.1280 | 188.053
0.00200 |} 0.13759 | 0.03913 | 0.00753 | 0.00788 | 1.1157 | 185.958
0.00281 4§ 0.13789 | 0.03910 | 0.00719 | 0.00754 | 1.1100 | 185.089
0.00400 } 0.13811 | 0.03904 | 0.00682 | 0.00716 | 1.1039 | 183.842
0.00500 § 0.13824 | 0.03892 | 0.00683 | 0.00717 | 1.1040 | 182.813
The values for Blckg have been multiplied by 103

Table 4.83: Transmission beam values of the octagonal cascade polarizer LHCPSS
for various wire thickness values of the LP polarizer plate. The obser-
vation sphere radius is r = 30.0 m and the incidence is normal.

Thickness Transmission beam values
(m) |ILL] | |RR| | |RL] | |LR| | ar | Leakg
0.00100 | 0.16016 | 0.19566 { 0.01392 | 0.01168 | 1.1270 | 0.226967
0.00200 | 0.15403 | 0.19544 | 0.01337 | 0.01121 | 1.1216 | 0.187854
0.00281 0.15077 | 0.19530 | 0.01312 | 0.01094 | 1.1187 | 0.174242
0.00400 { 0.14691 | 0.19516 | 0.01284 | 0.01069 | 1.1159 | 0.163339
0.00500 1§ 0.14440 | 0.19523 | 0.01289 | 0.01078 | 1.1169 | 0.159199
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Table 4.84: Peak scattering values of the octagonal cascade polarizer LHCPSS for
two different values of the inter-wire spacing of the LP polarizer plate.
The observation sphere radius is r = 30.0 m and the incidence is nor-

mal.
Spacing Peak values
(m) IZL} | [RR| | |RL| | |LR| ||LL/RR]

0.01768 || 0.15077 | 0.19530 | 0.01706 | 0.01707 0.772
0.02121 || 0.14477 | 0.19461 | 0.01537 | 0.01762 0.744

Table 4.85: Reflection beam values of the octagonal cascade polarizer LHCPSS for
two different values of the inter-wire spacing of the LP polarizer plate.
The observation sphere radius is r = 30.0 m and the incidence is nor-

mal.
Spacing Reflection beam values
(m) [LL] | [RR| | |RL] | |LR] | ar | Blckg

0.01768 || 0.13789 | 0.03910 | 0.00719 | 0.00754 | 1.1100 | 185.089
0.02121 || 0.13426 | 0.03791 | 0.00568 | 0.00586 | 1.0883 | 171.753
The values for Blckg have been multiplied by 103

Table 4.86: Transmission beam values of the octagonal cascade polarizer LHCPSS
for two different values of the inter-wire spacing of the LP polarizer
plate. The observation sphere radius is * = 30.0 m and the incidence

is normal.
Spacing Transmission beam values
(m) [LL] | |[RR] | |RL] | [LR| | ar | Leaky

0.01768 || 0.15077 | 0.19530 | 0.01312 | 0.01094 | 1.1187 | 0.174242
0.02121 || 0.14477 | 0.19461 | 0.01348 | 0.01134 | 1.1237 | 0.193455
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Table 4.87: Peak scattering values of the octagonal cascade polarizer LHCPSS for
various frequency values. The observation sphere radius is r = 30.0 m
and the incidence is normal.

Frequency Peak values
(GHz) \LL] | [RR[ | [RL| | |LR] ||LL/RR|
0.900 0.10008 | 0.13307 | 0.03474 | 0.03517 0.752
0.950 0.13672 | 0.16667 | 0.03294 | 0.03349 0.820
0.960 0.15379 | 0.18097 | 0.02828 | 0.02795 0.850
0.970 0.16339 | 0.19199 | 0.02645 | 0.02621 0.851
0.980 0.16853 | 0.20235 | 0.02184 | 0.02501 0.833
0.990 0.16085 | 0.20038 | 0.01934 | 0.02103 0.803
1.000 0.15077 { 0.19530 | 0.01706 | 0.01707 0.772
1.010 0.15094 | 0.19120 | 0.01787 | 0.01508 0.789
1.020 0.15299 | 0.18582 | 0.01647 | 0.01463 0.823
1.030 0.14149 | 0.17879 | 0.01587 | 0.01534 0.791
1.040 0.14126 | 0.17307 | 0.01802 | 0.01651 0.816
1.050 0.14408 | 0.16807 | 0.01871 | 0.01886 0.857
1.100 0.14375 | 0.14021 | 0.04304 | 0.04301 1.025
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Table 4.88: Reflection beam values of the octagonal cascade polarizer LHCPSS for
various frequency values. The observation sphere radius is r = 30.0 m
and the incidence is normal.

Frequency Reflection beam values
(GHz) |ILL| | |RR| | |RL] | |LR] | ar | Blckg
0.960 0.08885 | 0.04241 | 0.03474 | 0.03517 | 2.2838 | 437.413
0.950 0.08064 | 0.00492 | 0.03294 | 0.03349 | 2.3814 | 148.185
(.960 0.07924 | 0.02042 | 6.02738 | 0.02795 { 2.0561 | 151.751
0.970 0.09291 | 0.03317 | 0.02124 | 0.02165 | 1.5926 | 194.611
0.980 0.11811 | 0.04760 | 0.01446 | 0.01453 | 1.2789 | 300.965
0.990 0.12894 | 0.04449 | 0.00643 | 0.00672 | 1.1049 | 241.106
1.000 0.13789 | 0.03910 | 0.00719 | 0.00754 | 1.1100 | 185.089
1.010 0.13731 | 0.03550 | 0.00937 | 0.00969 | 1.1465 | 154.913
1.020 0.13102 { 0.03227 | 0.01112 | 0.01143 | 1.1855 | 131.474
1.030 0.12843 | 0.02948 | 0.00956 | 0.00982 | 1.1609 | 106.256
1.040 0.13357 | 0.02953 | 0.01423 | 0.01442 | 1.2386 | 116.517
1.050 0.13055 | 0.03124 | 0.01871 | 0.01886 | 1.3346 | 140.948
1.100 0.11411 | 0.02589 | 0.04304 | 0.04301 | 2.2115 | 243.051

The values for Blckg have been multiplied by 10°

Table 4.89: Transmission beam values of the octagonal cascade polarizer LHCPSS
for various frequency values. The observation sphere radius is r =
30.0 m and the incidence is normal.

Frequency Transmission beam values

(GHz) [LL] | |RR] | |RL]| | ILR] | ar | Leakyg

0.900 0.10008 | 0.13307 | 0.01427 | 0.01359 | 1.2275 | 0.093994
0.950 0.13672 | 0.16667 | 0.03058 ; 0.02945 | 1.4292 | 0.170313
0.960 0.15379 | 0.18097 | 0.02828 | 0.02745 | 1.3576 | 0.194218
0.970 0.16339 | 0.19199 | 0.02289 | 0.02201 | 1.2590 | 0.194984
0.980 0.16853 | 0.20235 | 0.01535 | 0.01410 | 1.1498 | 0.238015
0.990 0.16085 | 0.20038 | 0.00811 | 0.00598 | 1.0615 | 0.239320
1.000 0.15077 | 0.19530 | 0.01312 | 0.01094 | 1.1187 | 0.174242
1.010 0.15094 | 0.19120 | 0.01417 | 0.01205 | 1.1345 { 0.178104
1.020 0.15299 | 0.18582 | 0.01371 | 0.01167 | 1.1341 | 0.222137
1.030 0.14149 | 0.17879 | 0.01360 | 0.01176 | 1.1408 | 0.212319
1.040 0.14126 | 0.17307 | 0.01802 | 0.01631 | 1.2081 | 0.168641
1.050 0.14408 | 0.16807 | 0.01858 | 0.01707 | 1.2261 | 0.179245
1.100 0.14375 | 0.14021 | 0.03406 | 0.03308 | 1.6176 | 0.282352
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Chapter Five

Conclusion

5.1 Summary

This document has reported the research work dealing with the relatively unknown
topic of CPSS. It was shown that Cornbleet’s conjecture which states that an ideal
CPSS is an impossible polarizer was found to be false since an ideal CPSS of the
cascade polarizer design analyzed with the composite GSM approach yielded the
GSM of the ideal CPSS predicted by the GSM-based technique developed herein.
This GSM-based technique yields the GSM of a device from the knowledge of its
prescribed operation. One significant merit of this GSM-based technique consists
in identifying some geometrical constraints of the planar structure by observing the
relationships between various scattering coefficients of the GSM corresponding to
this structure. These relationships were identified for various properties, namely the
reciprocity of electromagnetism, the 2-fold rotational symmetry and the longitudinal
reflection symmetry. It was found that the CPSS requires in practice to have the 2-
fold rotational symmetry, except in the neighborhood of the normal incidence where
reciprocity suffices, and requires not to have the longitudinal reflection symmetry.

This research work included also an investigation into the subtleties of the GSM
and its generalization to the case of off-normal incidence. Thus, it was found that eight

rather than four voltage travelling waves become typically required for describing the

215




operation of the planar structure at off-normal incidence.

A literature survey revealed three existing CPSS designs whose principles of op-
eration were, however, somewhat idealized. Simulations with the NEC-2 software
yielded boundary value solutions for a finite size octagonal CPSS of each one of the
three designs, and various indicators were developed to gauge the performance of
these three designs. Thus, it was found that the Tilston design offered the best
performance, specially at off-normal incidence, but presented also the greatest com-
plications of manufacturing. These simulations suggested also that designs obeying
the 2-fold rotational symmetry required for the ideal CPSS tended indeed to present
better performance. The best performance, however, remained nevertheless disap-
pointing, this range being limited to #* = 15° even in the best case. Hence, more
work is needed to find a design that performs well over a wider range of incidence

angles.
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5.2 Original Contributions

The original contributions made in the course of this work are as follows:

o Presented a detailed description of the concepts and subtleties of the GSM, in-
cluding an expansion to arbitrary incidence angles and the relationship between

the matrices S(X,Y) and S(E, H) at normal incidence;

e Developed an analysis/synthesis tool based on the GSM for studying a general
structure from the prescribed operation of the structure and from fundamental

principles, rather than from the specific boundary conditions of the structure;

¢ Presented a formalism that homogenizes the treatment of all propagation vec-
tors, including the incident one {see Appendix A), and developed the resulting
formulation for various fundamental principles: reciprocity principle of electro-
magnetism, rotational symmetry, transverse and longitudinal reflection symme-
tries. Many results obtained by Whites and Mittra in reference [30] were thus

reproduced herein from a simpler approach. New results were also obtained.

e Pointed out the connection between the relationships between various cross-
polarization scattering coefficients and the above fundamental principles, namely:

Snell’s law of reflection
reciprocity & (P =eygCPr
2-fold rotational symmetry
except in the neighborhood of the normal incidence where reciprocity suffices.

Snell’s law of refraction with #¢ = 6

reciprocit
) P Y = (M =C%® foru#v
2-fold rotational symmetry

reflection symmetry about the z = 0 plane

e Identified the voltage GSM for various structures: the ideal solid PEC reflector,
the free space slab, the dielectric slab, the artificially hard or soft surfaces, the

ideal CPSS, the ideal LP, LHCP and RHCP polarizers.
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Presented the concept of the CPSS and presented a review of the prior art in

the area of the CPSS;

Refuted Cornbleet’s assertion that the ideal CPSS represents an impossible

polarizer;

Proved that ideal LP and CP polarizers are possible only at normal incidence

angle, regardless of their specific physical realizations;

Identified that the ideal CPSS must have the 2n-fold rotational symmetry except
in a limited neighborhood of the normal incidence where reciprocity suffices, but

cannot possibly have the longitudinal reflection symmetry;

Identified performance levels for three different LHCPSS designs from the bound-
ary value solution provided by NEC-2; the results suggest that better perfor-
mances are indeed obtained with designs that obey the geometrical constraints

of the ideal CPSS;

Developed various indicators to assess the performance of an infinite size scat-
tering surface from the results of a finite size scattering surface of the same

nature but with just a few wavelengths in size;

Established the correspondence between Jones’ polarization matrix and the

GSM;

Made corrections to various papers as seen fit.
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5.3 Directions for Further Research

It is stressed that although the cascade polarizer CPSS can provide an ideal per-
formance (neglecting all losses) only at normal incidence, as a result of the LP and
CP polarizers being themselves ideal only at normal incidence, the voltage scattering
matrix of the ideal CPSS developed from general principles in Chapter 2 does not
suggest that the ideal CPSS need be restricted to normal incidence. However, the
knowledge of a specific geometry achieving the ideal CPSS performance for arbitrary
incidence angles has remained elusive in the course of this work. Future work might
attempt to identify just such a specific geometry with ideal CPSS performance under
arbitrary incidence angles. One possible approach might consist in varying the angle
between the transverse orientations of the dipoles of the Tilston CPSS, as suggested
by Hurd’s analysis in reference [8].

It is stressed that, although the analysis used herein was limited to the dominant
mode only, the GSM-based technique as developed herein can accommodate multiple
modes, evanescent as well as propagating. It might be useful to study the performance
under the conditions that the adjacent layers are close enough for the evanescent
modes to contribute in a significant manner to the coupling between layers. This
situation affords the possibility that the operation of a particular structure might be
so modified as to allow the structure to achieve an ideal CPSS performance under
some off-normal incidence conditions. This possibility, however, appears admittedly
remote.

Other directions for future research consist in investigating the performance of the

CPSS:
e with curved rather than flat surfaces;
e with a point source rather than an incident plane wave;

e with a triangular rather than a square grid for the array;
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e with incorporating the effect of the dielectric substrate.

The CPSS is a relatively new structure whose realms of applications need to be
developed as well. The applications of filtering and diplexing come readily to mind.
Pierrot had patented the idea of fabricating the subreflector of the Cassegrain antenna
as a CPSS for the purpose of minimizing the blockage created by the subreflector.
Tilston mentioned the application of focal plane scanning mirror antennas for circular
polarization. Many applications based on linear polarization selection can probably
be converted over to circular polarization selection. Many new applications probably

await the inception of their CPSS as well!
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Appendix A

Notational Convention

The familiar representation of the incidence propagation vector k' as an incoming
vector is sometimes a source of confusion in interpreting the results of the scattered
field, specially so when the scattered field is circularly polarized. Figure A.1 shows the
familiar (on the left) and the present (on the right) representations of the incidence
propagation vector.

According to Snell’s law of reflection and refraction (for convenience, #! = ¢ was
assumed ), one has for the familiar representation:

=0 6"=6 ¢'=x—-6  0°<V0<180°
di=¢ $'=m+¢ P=r+¢ 0°<Ve<360°
and for any positive or negative values of z, y, and z, one writes, with the et time

convention, the incident, reflected and transmitted plane waves as:

Eoe+jk(sin(9’)cos(¢’)x+sin(9’)sin(¢’)y+cos(8')z)Ei

o
I

Br = REOe-i-jk(sin(B’)cos(qu)x+sin(9’)sin(gb’)y—cos(t?f)z)Er

~

Et = TEOe+jk(sin(6’)cos(él)a:-{-sin(ﬂl)sin(q&l)y—i-cos(ﬁ’)z)Et

The scattered wave (E’ for z > 0 and Et for z < 0) can thus be written in the same

form:

—

Es = SEoe+jk(sin(9’)cos(él)a:—}-sz'n((?’)sin(éf)y—cos(ﬁ’)|z|)E!s
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Figure A.1: The familiar (on the left) and the present (on the right) representations
of the incident propagation vector ki.
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However, with the present representation, the angles now become:
O =n—6 or =6 Bl=n—6 0° < V6 < 180°
pi=m+¢ ' =m+¢ P=n+¢ 0°<Ve<360°

and for any positive or negative values of z, y, and z, one writes, with the e*7“t time

convention, the incident, reflected and transmitted plane waves as:

—k(sin(0?) cos(¢') z+5in(8°) sin(¢t) y+cos(6?) 2)
o S st e, et s, et e, it e, st

: ! / gt Y ' a4
— i - — — 2
Ez E e sinf cosg sind sing cosh E

-

~ik(sin(0") cos(P”) z+sin(07) sin(@") y+cos(6") =)
- S e ~ N et n

Er= RE,e sing’ —cosg’ sind’ —sing’ cost’ ETr

—jk(sin(0") cos(¢") v+sin(0") sin(@") y+cos(6) »)
- | SO SR S S ) S N S S N S .
Ei — TEoe sing’ —cos«,ﬁ’ sing’ —al'nn,‘a’ —cosd’ Et

which expressions are, of course, equivalent to those for the familiar representation,
as evidenced by substituting the expressions for the angles.

The advantage of the present representation is that all waves, including the in-
cident wave, have the same generic form e~3*¥ with the sign of i being taken into
account implicitly by the angles § and ¢. This homogeneous terminology avoids a lot
of confusion when dealing with the handedness of a circularly polarized wave. As an
added bonus, all propagation vectors ki , k7, and Et , also end up having the same ¢.

In writing the expressions for £, £ and E* in spherical coordinates, one uses the

unit vectors corresponding to the propagation vectors, e.g.:

AL ~ .

E' = cos()f + sin(s)'

where § and ¢ are the spherical coordinate unit vectors for &'. In forming the ratio
of voltage travelling waves to obtain the voltage scattering coeflicients, one must be

wary of the fact that the unit vectors for the spherical coordinate system vary with
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the position whereas those for the Cartesian coordinate system do not. For instance,
in the limit that the incidence angle approaches the normal, 6 — 3 but 7 — —&”
since £ = &". Since with this convention l;', ¥ and £t have the same g?i but not
necessarily the same 8, the scattering coefficients in the spherical coordinates are not
necessarily identical to their counterparts in the Cartesian coordinates even for the

case of normal incidence (see Chapter 2).
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Appendix B

TM and TE modes

This chapter presents the development of TM* and T E* modes from the approach
of the vector potential formalism {94] rather than from the approach of the modal
formalism [89, 90, 91] {92, pp. 235-238]. Although both approaches produce the
same expressions for the modes, they differ in concept: in the modal formalism, the
transverse field components are considered to be the independent parameters whereas
in the vector potential formalism, the longitudinal field components are taken to be
the independent parameters.

The time convention et/ is taken throughout this document. The vector poten-

tial formulation is:

H;aA:_]_VxA and §F=_VXF
7 €
—3 . - nd _ . — . - i —
E = BA+EF = —jud-LV(V A) -1V xF
H = HA+HF = —jwF - LV(V-F)+1vx4
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For u = z, one has:

A=Az F=Fz
VA + w?ucA =0 ViF +w?ueF =0
B - -k 2 B =
B} = L. 57, Ej =+:%
Bf=—_L (94 +wped) EF =0=TE?

A _ 184 Fo_ | 8 F
HY =45y Hy = — 5z oaos
= - L H =45

p Oz wye Oydz

HA=0= TM? HF = — L (55 + w?uceF)

Since one has:
Ef =0 = EA=E,
HA=0 = HF =H,
the uncoupling of the T'AM~* and TE? modes always results if the electromagnetic
(EM) field can be decomposed into TM* and T E* modes, and more generally, T M*
(or LSM*) and TE" (or LSE") modes. Such a decomposition, however, is possible
only if for Uti = {A, F'} one has [93, 94]:

. z,9,%,7,a} i U depends on all three coordinates of the system
U= .
{p, ¢} if U/ is independent of the ¢ coordinate

where a is a an arbitrary constant unit vector.

Now, assuming the functional dependence of A and F to be of the forms:

A= f(z,y)e™* and F=g(z,y)e**

and assuming k, to be constant with respect to = and y, i.e. % = —jk,, then one
obtains:

- 7 732 2 JWHE 4

z LU,LLE (( J 7—) +w#£) kg__kg z
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where k% = w?ue, and thus:

A L, OEZ
E:z: = j(k2-k2y Oz

A _ kL, OEf
B = smemy ey

A _ __—we OE?
HY = smw oy

A +we OE#
Hy T j(k2-k2) Ox
A _ EA By

W = HaiT THET

By duality (F — H,H — —FE,e — p, ¢ — €), one obtains:

JWHE
=
Ty
F _ k, 8Hf
H = s e
F _ k, 8HF
Hy = smimy ey
EF = 4wy OHF
= T
EF _ —w 3Hf
y J(kZ-k2) a.'IJF
F _ Ef _ _Ey _ wp
Ziy = gr=-gr=r,

Therefore, providing that k, # k., one can write all the actual transverse field

components directly in terms of the actual longitudinal field components as following:

E,
E,
H
H,

8

) (’“ aa +“’“65§Z)

JkZ= LZ)( g ay ~ wpS
k2 P)( —we o e 4 kO

T (“L‘*”E +L26£)

Since E, and H, belong necessarily to the same EM field structure, they travel in

unison in the same direction and at the same phase velocity. And since E, = E# and

H, = HF, both TM* and TE? have the same eigenvalue k2 = k? — k2. Therefore, in

a Cartesian coordinate system, the TM* and T E* modes are necessarily degenerate,

l.e. to the same eigenvalue correspond two eigenmodes. The development presented
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above shows also that the knowledge of only two field components, namely here E,
and H,, is sufficient to obtain the knowledge of the whole EM field structure.

The E-type and the H-type modes correspond to F and H modes taken with
respect to a transverse direction rather than with respect to the longitudinal direction.
These type-modes stand in contrast to the ordinary £ and H modes in that, at off-
normal incidence, a free-standing lossless metallic grid causes a coupling between the
ordinary E and H modes but does not cause a coupling between the E-type and
the H-type modes, whereas a dielectric interface between two homogeneous media
does not cause a coupling between the ordinary £ and H modes but does cause a
coupling between the E-type and the H-type modes (see reference [43, p. 220]). For
normal incidence, the E-type and the H-type modes reduce to the ordinary H and
E modes, respectively (see reference [43, p. 216]). Hence, one can expect that, for
the grid, the coupling between the ordinary F and H modes increases from zero at
normal incidence to some maximum as the incidence is increasingly off-normal, and
conversely for the dielectric interface, one can expect the coupling between the E-type
and H-type modes to increase from zero at normal incidence to some maximum as the
incidence is increasingly off-normal. This author notes in passing that an important
minus sign is missing from the expression for k., on p. 220 of reference [43] and on
p. 12 of reference [44]. Otherwise, the duality between the expressions for the F-type
and the H-type modes would be violated. Other papers [42, 80, 39] dealing with

these type-modes show correctly the presence of this minus sign.
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The following development deals with obtaining a result needed in Chapter 2.

Assuming the functional dependence of A and F to be of the forms:
A=A " and F = Fe™*7

and assuming k;, k, and k, to be constant with respect to z, y and z, i.e.:

—a%z—jka, and %:—-jky and %z—jkz
then one obtains:
Bl = —gtimb:
Bf = —wppttmHT
E = twngtmHY

from which one obtains:

2 2 1/2
Bf | (B +(E]) _ k]
By (B8 + (B + (B4

1

EF

Hence, one obtains the desired result as:

EF  [(BFY? +(EFY]"
(EF) + (EF)?

Ef EF
E;:Icos(B)l and E}

(2]

=1
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Appendix C

Wave Impedance for Arbitrary Incidence

This appendix presents the wave impedance concept by forming the ratio E,/H,
where the subscript ¢ refers either to the components tangential to a planar surface
onto which a plane wave impinges at arbitrary angle with arbitrary polarization, or
more generally, to the components transverse to a prescribed direction which does not
necessarily coincide with the direction of propagation of the plane wave. Figure C.1
depicts the situation and the representation in Appendix A is used. Since ¢ is the
vector common to both the inclined and the horizontal planes, +ng5 is selected as the

reference axis from which to describe the polarization by the angle ¢ as:

E=E, (sm(g)é + cos(g)q@)

g = Ee (sin(g — 900)9 + cos(s — 90°)¢3)
= & (—cos(§)9+55n(§)¢g)

As the tangential (with respect to a plane z = cte) component of an arbitrary vector

G

A is given by:

One obtains:

—

By = :x(Ex3)
z X
E, (sin(s) [£ x (0 x )] +

= E, (sin(g)cos(f?)ﬁ + cos(s) )
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Similarly,

H = 2x(Hx3)
Zx (%9 [sin(q — 90°)6 + cos(s — 90°)¢A5] X é)
= Eﬂ—° (sm(g — 90%)cos(8)p + cos{s — 90°) A)

Ex (—cos(c)cos(8)p + sin(<)3)

Therefore, the wave impedance is obtained as:

2 2
Zyw =B = VIt
Hy H2+-H

_ sin?(c)cos?(0)+cos?(s)

= 7 c0s2(¢)cos?(0)+sin?(s)

Since the TM* mode corresponds to ¢ = 90° and the TE* mode corresponds to

¢ = 0°, the wave impedance reduces to:

P cos(8) for ¢ =90° = TM? or F* mode
"7\ njcos(8) forc=0° = TE* or H* mode

The angle £ is obtained as:

£ = Arctan (&) = Arctan (cos(8)tan(s))
Ey

Similarly:

) H)\ anony cos(0)
£y = Arctan (E) = Arctan (cos(0)tan(s - 90°)) = Arctan (tan-(§))

Thus, it is seen that although E; and H i are orthogonal to one another, their corre-

sponding transverse components are not so, unless Ei = {E,8 or E,¢}. For instance:

b _ 300 (e = 67.20°
{ ¢:700 }:» (e —90° = —22.80° ; == &y # &g — 90°
B &y = —17.50°

The angles ¢ and ¢ are defined in the range {—180°, +180°}. The angle ¢ is counted
positive when winding CCW about the & axis while looking into the +k direction.
The angle £ is counted positive when winding CCW about the 2 axis while looking

into the +2 direction. Since however, the angle ¢ is defined with respect to the unit
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Figure C.1: Depiction of a plane wave incident at an arbitrary angle with an arbi-
trary polarization.



vector +@, the angle ¢ varies with the angle ¢. The direction ¢ = ¢4 that corresponds

to the angle ¢ is obtained as (see Figure C.1):
$p=¢+90°—¢

where the 90° accounts for the fact that the direction indicated by the unit vector
g; is 90° ahead of the direction indicated by the corresponding angle ¢ = cte, and
the minus sign accounts for the fact that the angles ¢4 and ¢ are counted positive in
opposite directions. For instance, if the direction corresponding to ¢4 represents the

direction of the wires of a grid, then one obtains:
S = ¢y => € =¢+90° - ¢,
One notes also that since the value of E, depends here on cos(§), the angle ¢ must

change sign as the 8 = 90° plane is crossed for ¢ to remain the same (see Figure C.2).

More generally [95, pp. 49-51], if one has:
E= E, (sin.(g)ej‘sﬂé + cos(g)ej‘s*f’gg)

the resulting polarization is an ellipse with tilt angle ¥» and axial ratio ar obtained

Y= % (ﬂ’ — Arctan (g%;p))

(14 p?) + \/1 + p* + 2p2cos(26)
(1+p%) - \/l + p? + 2p2cos(26)

as;

ar =

where 1 is the angle between the major axis and the +¢ axis, and is counted positive
by the same convention as that for ¢, the axial ratio ar is defined as the ratio of the
major axis over the minor axis, thus ar > 0, and the polarization ratio P is defined

h p= [co:,‘a:nt,(c)]il

P= Ly = pe’® where
E 6 =44 — by

6
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Figure C.2: Two cases for which £ is the same for two different values of 8.
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with the exponent in the expression for p chosen such that ar > 0. Thus, one has:

§={0°,+180°} = ar=oc0 = LP
{5<0 —s RHCP

§ = {£90°} = ar =
6>0 = LHCP

1>
» 2

where the handedness of the CP wave is defined with respect to the +k, ie. +7,
direction. It must be pointed out that this definition of the polarization sense for an
elliptically polarized wave propagating in the +7 direction is the one commonly used
in Engineering and is opposite to the one commonly used in Physics [47, pp. 398-401],
[1, pp. 293-296], [48, p. 681].
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Appendix D

Various Results for the Polarization

Efficiency

This appendix is meant to fix the ideas on the significance of the polarization
efficiency f by working out its value for different cases. The situation is depicted
in Figure D.1 where 1t is to be noted that only the = coordinate axis for the Rx
antenna is in the same direction as the 2’ coordinate axis for the Tx antenna. With
this arrangement, the polarization ellipse of either the Rx or the Tx antennas is
defined as if the antenna were transmitting and the relative angle between the two
major axes of the two polarization ellipses is ¥ = 1p + 7. The parameter € is the
polarization sense defined with respect to the z and z’ directions for the Rx and Tx
antennas respectively, as +1 if RHCP and -1 if LHCP, with the polarization ellipse
of an antenna defined as if the antenna were transmitting. For a purely linearly
polarized antenna, € can be taken as either +1 or -1. In what follows, the subindices

R and T stand for the Rx and Tx antennas, respectively.

e Both the Rx and the Tx antennas are elliptically polarized, this is the general

case and the polarization efficiency f is given as (see [1, p. 305],[104]* ):

e (1+ark)(1+ard) +4 er arg er arr + (1 — ark)(1 — ard)cos2¥
h 2(1 4+ ar®)(1 + ar?)

1The expression for f in reference [104] is marred by misprints. The expression in reference [1] is
correct even though the definition of the axial ratio ar is taken therein as the inverse of the definition
taken herein.
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Rx

NOTE: THE SENSE OF POLARIZATION
SHOWN HERE IS THE SAME FOR
BOTH Rx AND Tx ANTENNAS

Figure D.1: Coordinate definition for the two arbitrarily elliptically polarized an-

tennas.

It is seen that if arp # 1 and ary # 1, then f # 0 even if the polarization senses

of the two antennas are opposite.

e Both the Rx and the Tx antennas are linearly polarized, hence one has:

o Both the Rx and the Tx antennas are circularly polarized, hence one has:
arR=aTT=1:>f={

¢ One antenna, say Tx, is circularly polarized and the other antenna, thus Rx, is

linearly polarized. Hence one has:

arp =1

arg = 00

e One antenna, say Tx, is circularly polarized and the other antenna, thus Rx, is

arp = ary = 00 = [ = (cos¥)?

-

0. ifeg=—ep

0.5 ... regardless of ¥ and ep

elliptically polarized. Hence one has:
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_ __ (14-e7 ep ar 2
arp=1==f = ( Q{I—EJZT%)R) ..... regardless of W

¢ One antenna, say Tx, is linearly polarized and the other antenna, thus Rx, 1s

elliptically polarized. Hence one has:

o2
arr=oc0 = f=0.5 (1 - i T Z:g 6052@) ..... regardless of eg
This case produces the dumb-bell shape of the polarization pattern.

e Both antennas are elliptically polarized and ¥ is varied over 360°, thus one has:

(14 €gr arg e arr)?

when ¥ = 0° or 180°, f = frae = (1+arg) (1 +arg)

(arr + €r €T ary)?

when ¥ = 90° or —90°, f = fain = (14 arg) (14 ar?)

The composite axial ratio argr becomes:

. _ fmaz (1+‘5R arp €r m’T)
argr ==+ Jfmin + arptep €T arr

where the sign is chosen such that argr > 1.

It is seen from the expression for f,,.. that, in order to have f = 1, one requires

simultaneously:

1. arg = ary
2. ¥ = 0° or 180°

3. ER = €T
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This case corresponds to the elliptically co-polarized component.

Similarly, it is seen from the expression for fu, that in order to have f = 0,

one requires simultaneously:

1. arg = ary
2. U = +£90°

3. ER = —€T

This case corresponds to the elliptically cross-polarized component.
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Appendix E

Validation of the GSM-based Technique

In this appendix, structures with known operations are analyzed in order to
demonstrate and to validate the GSM-based technique. These structures are the
solid Perfect Electrically Conducting (PEC) planar reflector, the free space slab, the
artificially soft or hard surfaces, the ideal LP, LHCP and RHCP polarizers. In Chap-
ter 2, the GSM-based technique was used to obtain the GSM for the ideal CPSS and
the non-ideal CPSS.
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E.0.1 Solid PEC Planar Reflector

The operation consisting in reflecting an incident CP plane wave into a CP plane

wave whose handedness is opposite to that of the incident wave, is phrased as:

If () = £j(E;)y for (E;), = 0,u # v,1={E, H}

L[ B =EEE v ={1,2,3,4)
(EH = (E$)2 =0 wu-ness # v-ness

Say, v = 1. One obtains:

= CHP(E)Y + CHF(EDY

E
1
i = CREEN + CRAEN

o

(E)¥ = (CEF £ jCEY) (E)F

(B = +i(F)F — { CRY) (B
' : (E)f = (CHE  jCHY) (E)F

(EsY = Fj(B)P = (CHF % jCHF) = 55 (CEF £ jCEF)
= (CHF - CEF) = 55 (CEE + Cfif)

(ESYf = CRP(EDY + M (EDY
(B = CHE(EN + CHHEDY
(E7)

OF = (CEF + jCEF) (E)F
(E2)

E
(BN = £5(E)f = { 2 _ .
' ' ¥ = (CHE + jCRH) (E)¥

=0 = CEF=7,CEY
0 = CiF =507

From the combination of reciprocity, 2-fold rotational symmetry and Snell’s law
of reflection, with u = v =1,p = F,¢q = H, one obtains:

EH _ HE
Cii’ =—-Ch

Consequently:

(CHE - CEF) = %5 (CEF + CHY) = CHF = —CEF ¥ jocE!

-

_2CiElH
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From above, one knows:
CP(0°, %16, ¢) = FCRT (6%, 4°16°, ¢°)

From reciprocity and reflection symmetry about the 2 = 0 plane with u = 2,v =

1,p=FE,q = H, one has:
CEH(ps, 810°, &) = CHE(0 7 + ¢|6°, 7 + 4°)
From above, one also knows:
CHRE(E' 7+ 616°, 7+ ¢°) = FCRT (0, 7 + ¢16°, 7 + ¢°)

From reciprocity and reflection symmetry about the z = 0 plane with v = 2,v =

1,p = ¢ = H, one has:
CHE(O',m + ¢16°, 7 + ¢°) = CHH(6°, 27 + ¢°16', 2 + ¢')
From the 27 periodicity of the angle ¢ one obtains:
CHI(#, 27 + 16", 27 + ¢) = CH(8°, 716", )
Consequently, pulling everything together, one obtains:

CgE(HS,QSSIGi, é:) — ___CgH(Gs’ qsslgi,qsz’)

Therefore:
EE _ HH
Cy™ =—-Cy
Hence:
EH  NEE
C21 = ij'czi
EE _ HH EH __ ~HE
Czl - "021 :>021 —021

CRY = jCRF
As seen previously, this result is consistent with the structure obeying the combina-

tion of reciprocity, 2-fold rotational symmetry, longitudinal reflection symmetry and

Snell’s law of refraction with 8t = ¢".
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Now, from the unitary property of the matrix, one has:
CEP(CHE) + CHE(CHTY + CRF(CHT )y + CP(Ci) = 0
Substituting in this expression the various equivalences obtained above, one finds:

. 2 2 2
CEF(CEPy + CEF(CEF)* %5 (2|c;";”] +|cEE| + |c” )=0

2Real[CEE(CEH)*]

C{{H — _ClEl‘E
(| = efF| = foir| =} = § et =0
CEH = CHE =

Also from the unitary property of the matrix, one has:
lcE2[ + o] + [ogE[ + |eaml =1

Again, substituting in this expression the various equivalences obtained above, one
finds:

|CEE| = 1= |ciif| =1
In summary, one has:
EH _ ~HE _ ~EE _ nEH _ ~HE _ ~HH _
Cri7 =0~ =0y =0y =C0;" =057 =0
CEE = —CH* with |CEE| = |cH¥| =1

One notes that since:

CEF = CHF = CBF = CHF =0
then in particular:
CPUO*, ¢° = x + mr|6',¢' = x + mm) =0 for p# g and m = 0,£1,42,....
which is a statement of the principle of reflection symmetry about the plane y =

tan(x)ez.
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One notes that the phases of the scattering coefficients CEF and C{I¥ are yet
undetermined. This means that a purely reactive anisotropic surface like a metal-
lic capacitive mesh or grid, or an array of dipole turnstiles with A/2 front-to-back
thickness [19] are structures befitting the desired operation. This situation is consis-
tent with the fact that only the 2-fold rotational symmetry rather than the co-fold
rotational symmetry was invoked in the above development. In order to identify
specifically the structure as a solid reflector, i.e. a surface for which the tangential
electric field scattered is the opposite of the tangential electric field incident for all ¢

angles, one needs also to specify:
(B =~(E)] =i =-1=CfF =1

The same analysis can be repeated for the other cases of v. Finally, one obtains

the voltage scattering matrix of the solid PEC planar reflector as:

1 00 0

0 -1 0 0
C(E,H) = 0 01

0 0 -1

and thus, it is seen readily from equation (2.1) that S(E,H) = C(E,H). It is also
seen readily from equation (2.3) that S(X,Y) = —I as expected from the reversal of
all z and y components of the electric field. It may seem somewhat strange that the
development invokes reflection symmetry about the z = 0 plane when the surface is
a solid PEC reflector, as the two regions are completely isolated from one another.
However, since the longitudinal reflection symmetry was invoked only for C%] and
since it was found afterwards that C37 = 0, then the use of the longitudinal reflection

symmetry was, in effect, of no consequence and there is no inconsistency incurred by

invoking it.
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E.0.2 Free Space Slab

The operation consisting in a slab being perfectly transparent to an incident CP
wave, is phrased as:

I (EH = +i(E)P for (Ei), = 0,u # v,l = {E, H}

L[ B = (E)E =0 v={1,2,3,4)
en
(BT = 45(E3)E  u-ness # v-ness

Say, v = 1. One obtains:

~ CEE(E)E + CRY(B)Y

] ]

K
2
§ = CHEENT + CHP(EDT

(Es)F = (CEE & jOEH) (EDF

E
(B = 4B — { : CRY) (B
' ' (Es)¥ = (CHF £ jCHH) (E)F
(B = £j(E)F = (CHF £ jCHY) = % (CEPF £ jCEF)
= (CHE + CEH) = +j (CEF — CHiH)
= CEP(E)F + CEH(ENT

] o/l

k
1
¢ o= CHEEEE+ CEEE

(o]

(E3)F = (CEF £ jCEH) (Ei)F

o

ENY = £j(E)Y = '
( )1 J( )l { (Es){?f — (C{{E + ngH) (E:))f;

(E5)f =0 = CfF =FjCF"
(EDf =0 = Cfi" =5jCH7
From the combination of reciprocity, reflection symmetry about the z = 0 plane,

2-fold rotational symmetry and Snell’s law of refraction with 8t = ¢, and with u =

2,v=1,p=FE,q= H, one obtains:
CinH — CQF{E
Consequently:

(CHP + CEM) = £j (CEF - CBH) = CH" = CEF + j2CEH

-

2CEH
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From above, one knows:
CEE(E°, ¢°10°, ') = FICHF (0%, ¢°10", &)

From reciprocity with u = v = 1,p = F,qg = H, one has:

CEH(6°,4°10",¢') = —CHE(z — 0,7 + ¢'|m — 0°, 7 + ¢°)
From above, one also knows:

CHE(r — 0, r + ¢'|n — 0°, 7 + ¢°) = FjCRH(x — 0,7 + §i|7m — 6°, 7 + ¢°)

From reciprocity with u = v = 1,p = ¢ = H, one has:

CHH(z — 0 7 + &'|r — 6°, 7 + ¢°) = +CHH (0, 4°|0', ¢")
Consequently, pulling everything together, one obtains:

CﬁE(GS,¢S|9i,¢i) — +C{11'H(93,¢s|05’¢i)

Therefore:
EE HH
Cn = 011
Hence:
EH _ - ~NEE
C'11 = Cn
EH HE
CiEIE = CgH :’Cu =_Cu

CHF = £iCHF
As seen previously, this result is consistent with the structure obeying the combination

of reciprocity, 2-fold rotational symmetry and Snell’a law of reflection.

Now, from the unitary property of the matrix, one has:
CHACHT) + CRE(CHT) + CRP(CRT)y + G (G =0
Substituting in this expression the various equivalences obtained above, one finds:

] 2 2 2 i §
%5 (|cEe[ + [ +2|cB|") + CEP(CRTy + CRI(CEPy =0

-

2Real| CEE(CEH
2(|cgE [ +|oga ) lohe ek
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Hence:

[CE5[" + |cEH| = 0 = Real [CEP(CETY]| = |CEF| = |cE#| =0
Hence, one has:

CEF = 0 = CH{¥ = CEY = CHF = 0

CEA =) = {
1 CHH = CEF

Also from the unitary property of the matrix, one has:
EE|? HE|? EE|? HE|? _
[CEP[ + |ef® + |ege] + fent®| =1
Again, substituting in this expression the various equivalences obtained above, one
finds:
CEE| =1
In summary, one has:
EH HE EE HH _ ~EH _ ~HE _
Ch =0 "=0"=01" =0y =037 =0
CEF = Cfi7 with |CEF| = |cHF| =1
One notes that since:
EH HE EH HE
Ciim =07 =0"=Cy"=0
then in particular:

CPUB%,¢° = x + mn|f',¢' = x + mm) = 0 for p # g and m = 0,%1,42,. ...

which is a statement of the principle of reflection symmetry about the plane y =
tan(x)e.

One notes that the phases of the scattering coefficients C&F and CH¥ are yet
undetermined. This means that a purely reactive anisotropic surface like a metallic
inductive mesh or grid is still not ruled out, as it is befitting the desired operation.

This situation is consistent with the fact that only the 2-fold rotational symmetry
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rather than the oo-fold rotational symmetry was invoked in the above development.
This situation is also consistent with the fact that the slab thickness was not pre-
scribed, and thus, the phase shift incurred by the propagation delay through the slab
remains necessarily undetermined. In order to identify specifically the structure as a

free space slab of thickness d, one needs also to specify:
(E;)z = e_ijd(Ei)ﬂ for % v = CgElE = ¢~ Fhed — CgH = g dkad

The same analysis can be repeated for the other cases of v. Finally, one obtains

the voltage scattering matrix of the free space slab of thickness d as:

0010
, 0 001
C(E,H) = e~k
1000
0100
It is seen readily from equation (2.1) that C'(E, H) = S(E, H).
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E.0.3 Artificially Soft or Hard Planar Surfaces

The operation consisting in reflecting an incident CP plane wave into a CP plane

wave whose handedness is the same as that of the incident wave, is phrased as:

If (B5)y = £i(E;)g for (E}), = 0,u # v, 1= {E, H}

then (BT =i (BT v=1{1,2,3,4}
(E)H = (E3)F =0 u-ness # v-ness

Say, v = 1. One obtains:

= CHP(EDY + CRF (B0
= CP(E)Y + CRA(E)Y

=] =]

(ES)F = (CEP + jCEH) (E)F

BV = 45(E)E = { 0 _

(Bolt' = 5B { (E)¥ = (CHE + jCHH) (Ei)F

(B = 2j(E)F = (CHF+£jCHH) = +5 (CEF £ jCEY)
= (CHP+CEF) = 45 (CEF - CHH)

(B)F = CHMEDT + CRM(E)Y
(EDF = CHE(E)T + CHI(EDT

o o

(E3)F = (CEF + jCEH) (Ei)F
(B = (CHE + jCEY) (EDE

o4

(B = +i(B)F — {

(EDF =0 = CFF =087
(EDF =0 = CjF =F5CH7

From the combination of reciprocity, 2-fold rotational symmetry and Snell’s law

of reflection, with v = v = 1,p = FE,q = H, one obtains:
CIEIH — _CiEITE

Consequently:

(CHP + CEF) = +j (CEF - CH¥) = CJH = CEE
| R —
0
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From above, one knows:
EE(Gs ¢s]9: Cbt) — EH(gs ¢s|9: (}51)

From reciprocity and reflection symmetry about the z = 0 plane with v = 2,v =

1,p = F,q= H, one has:
C'(60°,9°16°, ') = Coi™ (0, m + ¢16°,m + ¢°)
From above, one also knows:
CiP(0'm + ¢10%, 7+ ¢°) = F5 O3 (6", m + ¢'16%, 7 + &)

From reciprocity and reflection symmetry about the z = 0 plane with v = 2,v =

1,p = ¢ = H, one has:
CHH(0,x + §10°, 7 + 6°) = CHH(0°, 2 + 8°16°, 27 + )
From the 27 periodicity of the angle ¢ one obtains:
CHY (6%, 2m + ¢°16°, 27 + ¢') = CLL7 (6%, ¢°16°, &)
Consequently, pulling everything together, one obtains:

EE(GS ¢s|9: Qél) _ _C;{H(gs,éswi}éi)

Therefore:
EE _ HH
Co” =-Cy
Hence:
CHH = £jCEF
EH _ ~HE
CiF = —CHE” = Cy =Cyn
CHH = £jCHE

As seen previously, this result is consistent with the structure obeying the combina-
tion of reciprocity, 2-fold rotational symmetry, longitudinal reflection symmetry and

Snell’s law of refraction with #f = 8-
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Now, from the unitary property of the matrix, one has:
CEP(CRTY + CRE(CHT) + CRB(CRT Y + CRE(CRF) =0

Substituting in this expression the various equivalences obtained above, one finds:

_ .. 2 2
CBB(CER Y — CEM(CERy =5 (|cB[ + |efi#[') = o

- ~

Jj2 Imag[ciElE(CiE].H ’] zlcEEl’z
21

. 2

== Imag [CEE(C{?H)*} =+ ICflE’
At this point, many different designs are possible: one being a corrugated metallic
plane or a strip grating above a grounded substrate [45, 46], another one being an
array of dipole turnstiles with A/4 front-to-back thickness [19]. Taking the first design

for expediency, the structure incorporates an infinite ground plane and thus, one has

CP? = 0 for u # v. Hence, there obtains:
CEP = 0= {CEP = CHF =0 or CE¥ = CHE = 0}

This author takes the second possibility since the first one seems unreasonable.

Also from the unitary property of the matrix, one has:
(CEP[ + [cBE] + |oBE + [ci| =1
Substituting in this expression the various equivalences obtained above, one finds:
CEE =1
In summary, one has:
CEH — OHE _ GEE _ GEH _ GHE _ GHH _ g
CHF = CHF with |CEP| = |cfi¥| =1

One notes that since:

EH _ ~HE _ ~EH _ ~HE _
O =0 =0y =07 =0
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then in particular:
CP6°,¢° = x + mn|f,¢' = x + mr)=0for p# gand m =0,£1,42,.. ..

which states the principle of reflection symmetry about the plane y = tan(x)z.

One notes that the phases of the scattering coefficients CF? are yet undetermined.
This means that a purely reactive anisotropic surface like a corrugated metallic plane
or a strip grating above a grounded substrate [45, 46) is possible.

The same analysis can be repeated for the other cases of v where, here, the opera-
tion of a solid PEC reflector was assumed, owing to the presence of the infinite ground
plane backing the structure. Finally, one obtains the voltage scattering matrix of the

artificially soft or hard surface as:

A 00 O
0 A0 :

C(E,H) = 0 01 where A = ¢’* and « is real valued.
0 0 0 -1

It is seen readily from equation (2.1) that C(E,H) = S(E, H). Again, it may seem
somewhat strange that the development invokes reflection symmetry about the z = 0
plane when the surface incorporates an infinite ground plane, as the two regions
are completely isolated from one another. However again, the longitudinal reflection
symmetry was invoked only for C3} and since one found afterwards that C}{ = 0,
then the use of the longitudinal reflection symmetry was, in effect, of no consequence

and there is no inconsistency incurred by invoking it.
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E.0.4 Recall

From Appendix C, it is known that an arbitrarily polarized uniform plane wave

characterized as:

E,=E, (sm(g)é + cos(g)qhﬁ)

projects onto a plane such that one has:
tan(€) = cos(f)tan(s)

where € and ¢ are respectively the angle between q3 and Et, and the angle between g%

and E, (See Figure C.1). One obtains:

(EBo)y = Eosin(s) (E.)? — tan _ tan(§)
{ (E.)f = E,cos(s) }=> = tan(s) = cos(8)

When it is needed to refer to a fixed direction corresponding to the angle ¢ = ¢, in

the projection plane, e.g. the direction of the wires of a grid, one uses:
§=¢+90° - ¢

Since the notation of Appendix 1 leads to ¢' = ¢" = ¢, thus ' = ¢ = ¢'. In other
words, there is no need to specify the nature of the wave as far as £ is concerned.
From Appendix C, one recalls also that although two directions are orthogonal in the
projection plane, e.g. ¢ = ¢, and ¢ = ¢, £ 90°, their corresponding vectors in the
plane whose normal lies in the direction of the propagation vector are not orthogonal

in general.
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E.0.5 Ideal Linear Polarizer

The operation consisting in the LP polarizer reflecting an incident LP plane wave
when E, is parallel to the direction of the wires of the grid given by ¢ = ¢,, and

in being transparent when E, is perpendicular to that same direction, is depicted in

Figure E.1 and is phrased as:

an(§) )

If%))—than(gﬁ—l-nﬁ):i St for (B = 0,u o,1= {E, H)
then %ﬁg = tan(sf +nr)= Z—?:((% v={1,2,3,4}
(E)H = (EE =0 u-ness # v-ness

_Q_? = tan( qL +nr) = %J{)—)for (B, = 0,u#v,0={B, I}
(B (B$E =0 v={1,2,3,4}
(%i)fé an (el +nm) = DU ness 2 voness

where £ = ¢' +90° — ¢, and &L = £90°

Say, v = 1. One obtains:

(B)F = CEE(B)F + CEF(EDY
(B)f = CHE(E)F + CHP(EDY

(Ej)f — (ClEiE cos{6') CEH) (El)E

- cos(8') tan(€))
(E) = () ;
tan(§) (B:)f = (cfie + ot ) (58

s\H __ cos(8%) HE cos(85) ~HH Y __ cos(8*) EE cos(0') ~EH
(B9Y = s (Bf = (Ol + o) = 23 (ohF + saighony)

S— g — HE _ _ cos(8') ’ EH _ cos(8') HH
0°=nm— 6 = CH (tan(g”)) CE (t(m({ﬁ)) (CEE+CHE)  (Ba)

y = CRF(ENT + CHI(ENT
qu = C’21 (Eo)l C’21 ( o){{

254



>

WIRE GRID

Figure E.1: Depiction of the operation of an ideal wire grid LP polarizer.
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oy _ 0 e [ (B = (OB + o8 ()E
/1 — o/l cos(8' ;
tan(g)) (Bo)f = (CHE + g R ) (BT
SNE _ en _ _tanl§)) ~eE E.9
(B =0=Cy" = cos(0) Ca (E.2)
tan(§))
sYH _ HH _ _ I/ ~HE E
(Eg): =0=Cy cos(0Y) Ca (E.3)

Similarly, one has:

{ (E5)E = CEE(E)E + CEH(E)E
(B = CHE(E)F + CHH(EH

(B = <o) e, | (BT = (CR + Extey O ) (B)Y
ol tan(Ey) 7 (B2)F = (CHP + &) ol (B)E

o fan(gL) ~ 11

(B)E =0 = ¢ = 1) oo

cos(0?) ! (E-4)
(B =0— ofif = - cs (E:5)

{ (E2F = CEE(E)EF+ CEH(E)Y
H — CHE(E)E 4+ CEH(EDH

; 5 _ cos(6t i
(BY = cos(8") (BE — { (E)F = (C2E1E + mn_((g;)) C'gH) (Eo)lE
tan(é) Bo) = (CHP + ey ORF) (BYF

(Eg)g = %(Eﬁ)g = (C{{E + MCHH) = cos(6°) (C;,JElE + cos(8} CEH)

tan{¢,) 21 tan{¢1} tan{€,) 21

an(éy)

Substituting equations (E.4) and (E.5) into equation (E.1), one finds:

g5 = Hi I cHE _ (COS(ei) )2 CEH + ( cos(ﬂi)) (CEE _ CHH) (E 6)
- 21 tan(fl) 21 ¢ 21 21 .

HE _ _ cos(0') pp _ cos(8') pu

11 tan(E) 1 = tan(g) M :;C{{H_tan(ﬁi)czg (E)

- ta.n(§||) H
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Substituting equations (E.2) and {E.3) into equation (E.6), one finds:

wg _ cos(0%) pp_ cos(8') pp wr _ _ tan(§)) ~pE
C - tan(EJ_) 21 tan(éii) C121 Cr21 - tan(fl) C'21 (ES)

Now, from the unitary property of the matrix, one has:
CEE(CETY + CRE(CHM) + CRP(CR Y + CRP (G = 0

Substituting in this expression the various equivalences obtained above, one finds:

o8] -

cos(8') 2
_(tan@i)) 1+(mn<€")>2 CEE| (B9
tan(§y)/ | 1 & (;",f(‘ﬁ?))

Also from the unitary property of the matrix, one has:

o]+ cE[ +|cEE[ + el =1

Substituting in these expressions the various equivalences obtained above, one finds:

ICEP| = — (E.10)
\/1+(:::gz;)) =

Also from the unitary property of the matrix, one has:

e+ o+ o + g =1

Substituting in these expressions the various equivalences obtained above, one finds:

o] = (1) (e) ( ) (E-11)
tan(é an(€y) {tan(&L
\/ cos(B ) +1 \/tan(fn tan({)) 1)

From equations (E.10) and (E.11), one obtains:

cos? (%) = —tan(§)tan(éL)

Now, one has:

£L = § £90° = tan(§))tan(é{L) = -1 = cos(ﬁi) = +1
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Therefore, one discovers that an ideal LP polarizer with the operation prescribed
herein is possible only at normal incidence, regardless of the actual physical imple-
mentation! Although the physical LP polarizer realized with a wire grid cannot be
ideal at off-normal incidence, the polarization of the transmitted wave is nevertheless
always linear, as a result of the electric field component parallel to the wires being
reflected by the grid.

Employing cos?(#') = 1 in equation (E.10), one obtains:
|CEE| = sin’(g) = %(1 — cos(2€)))

Employing cos?(#') = 1 in equation (E.9), one obtains:
[CEF| = cos™(€y) = 51+ cos(26))

From these last two expressions, one obtains the expressions for the remaining terms

with cos(8') = —1 as:

(CET = —GHCRE = —jein(2f)e”
CHF = —ZECE = +isin2f)e™

| CHF = +EHCRE = —J(1+ cos(2g))e”
CEH = —%’%%)C:ﬁE = +1sin(2¢))e’®
CH® = +imeyORY = +jsin(2)e”

| CHF = —ZELCEE = 41(1 - cos(2§)))e”

where o and f are real valued. One observes that, as expected, all scattering coeffi-
cients remain unchanged upon replacing & by §; + nx with n = 0,41, £2,....

One does similarly for the other cases of v = 2,3,4, being mindful of the sign
change brought about by cos(#') when v = {2,4}. One obtains the voltage scattering

matrix for the LP polarizer as:

(1 — P)e’™ —Qe’® (14 P)ei? — Qe
C(E, H) = 1 Qe —(1+4 Pe?®  —Qel? (1 — P)e?
’ 21 (14 P)es? Qe? (1 - P)e’® Qel™
Qe (1— P)ef —Qe*  —(1+ P)ei®
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{ P = cos(2(¢' +90° — ¢,))

where: ) .

Q = sin(2(¢* + 90° — ¢,))

It is noted again that the above results are valid only at normal incidence.

Since CP? = —C% with p # ¢, the structure has the 2-fold rotational symmetry.
Since CP(8°, ¢° = (¢g+n9{]°)+m180°|9", ¢ = (¢,+n90°)+m180°) = Oforp # ¢, n =
0,4£1,42,...and m = 0,£1,+£2,..., the structure has the reflection symmetry about
the plane y = tan(¢, + n90°)z. Since C?! = C% with p # ¢ and u # v, the structure
may possibly have the longitudinal reflection symmetry. All these characteristics befit

perfectly the well known wire grid LP polarizer.
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E.0.6 Ideal Circular Polarizers

There are many ways to phrase the operation! of a CP polarizer according to
Figure 3.1.
For 67 > 90°, i.e. for v = odd-numbered, the operation of the ideal CP polarizer

with the fast axis oriented as in Figure 3.1 can be described in two ways:

1. an incident LP plane wave oriented as shown in case a) with Ei parallel to
a prescribed direction given by ¢ = ¢ is transformed into a LHCP plane
wave, whereas an incident LP plane wave oriented as shown in case c¢) with E;
perpendicular to that same prescribed direction is transformed into a RHCP

plane wave.

2. an incident LHCP plane wave is transformed into a LP plane wave oriented
as shown in case e) with E§ perpendicular to the prescribed direction given by
¢ = ¢1, and an incident RHCP plane wave is transformed into a LP plane wave

oriented as shown in case g) with E! parallel to that same prescribed direction.

Each way leads to a different set of GSM scattering coeflicients C%{. By equating these
two sets so that the CP polarizer be made to correspond to both ways simultaneously,

one finds that all the cross-polarized coeflicients reduce to zero.

1Tt must be pointed out that this operation is based on the wave propagating at normal inci-
dence through a retardation plate. The operation for a retardation plate realized from a uniaxial
anisotropic slab illuminated with a plane wave of arbitrary incidence and arbitrary polarization
would be different. One would require to invoke the existence of two different rays, the ordinary and
the extraordinary rays, with each ray corresponding to a different polarization and fravelling at a
different velocity and in a different direction in the uniaxial slab. Thus in general, the output wave
would be elliptically polarized. The case of normal incidence represents a degenerate case because
the two rays travel then in the same direction. In this case, the ray having its polarization in the
direction of the fast axis travels at one velocity while the ray having its polarization in the direction
of the slow axis travels at another velocity. The velocity difference between the two rays accounts for
the operation of the retardation plate and the output wave is circularly polarized if the retardation
plate has the appropriate thickness.

In contrast, the retardation provided by the phase shift incurred by propagation through a wire
grid does not require to invoke the existence of two different rays. Nevertheless, the operation
prescribed here for the ideal CP polarizer might still be physically impossible to realize because the
operation is phrased from a phenomenological point of view rather than a physical point of view.
Indeed, it will be found on the next pages that the above prescribed operation is possible only at
normal incidence regardless of how this operation is physically realized.
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Similarly, for 8 < 90°, i.e. for v = even-numbered, the operation of the ideal CP
polarizer with the fast axis oriented as in Figure 3.1 can be described in two ways
which correspond, respectively, to the reciprocal operation of the two ways described

just above:

1. an incident LHCP plane wave is transformed into a LP plane wave oriented as
shown in case b) with E! parallel to the prescribed direction given by ¢ = ¢y,
and an incident RHCP plane wave is transformed into a LP plane wave oriented

as shown in case d) with E{ perpendicular to that same prescribed direction.

2. an incident LP plane wave oriented as shown in case f) with E} perpendicular
to a prescribed direction given by ¢ = ¢y, is transformed into a LHCP plane
wave, whereas an incident LP plane wave oriented as shown in case h) with E
parallel to that same prescribed direction is transformed into a RHCP plane

wave,

Again, each way leads to a different set of GSM scattering coefficients C¥%. By
equating these two sets so that the CP polarizer be made to correspond to both ways
simultaneously, one finds that all the cross-polarized coeflicients reduce to zero.

The following development deals with obtaining the GSM coefficients correspond-
ing to the four ways described above. The order of presentation follows also that
above. The operation of the ideal CP polarizer corresponding to the first way 1s

phrased as:
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' tan(§y)

for (E;):_t =0,u #v,l= {EaH}

If——i?—y;—tan gn—]-n?r):m
(BHE =0 v=1{1,3
= -3 ( ) u-ness 7 v-ness
) zE n )
If(—gﬁ,v an_-i—n?r):%%)lf (Y = 0,u # v,1 = {E, H}
ES H _ ES E:0 v=1{1,3
then | (Eod = (EQ: : {1,3)
; ( ) =~—j(E§)u u-ness # v-ness
where = ¢ +90° — ¢ and £, = § £ 90°

For v = 1, one obtains:

(E)E = CEE(EDT + CEH(EDY
(B = CHE(EDP + CHH(ED
. sYE EFE cos(ﬁ") EH VB
iyt = <0 e | F = (OFF + i oR" ) ()
o/l T 7] cos l
tan(@) (B = (OB + S CHY ) (B
(B)F =0 = CEF=-Zficn!
(B =0 = CHF = —z8)chn
{(E:)f = CEE(E)Y + CER(E)
(E)f = CHE(EDE + CEH(EDY
. s\E _ EE 4 cos(8') ~"EH iWE
(B = cos(t‘S")(Ei)lEz> (Bl = (CZI ‘}‘mﬂ(g")c )(Eo)l
T tan() (B = (CHP + 2@ cpr) (E)F
() = +i(B)f = (CHP+ 28ofm) = +j (CFF + 2opy)
Similarly, one has:
{(ES)F = CEP(E)F + CEH(E)Y
(E)f = CHE(EDE + CEH(E)Y
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iy = 20 iy {(E;;E=(01%E+;°:{§1’,0ﬁff) (B

0/l = 0/1 s cos{f* i
tan(€L) (Bl = (CHF + B OfiF) (EDF
s cos(8*
(EsYf =0 = CEF= ___“n((&) CEH
s cos(6*
(B =0 = CHF = - ZABChY

= CEE(BP + CE(E)!

[« o

E
2
¥ o= CHF(EDF + G (EDY

(B)f = (CRP + gy CRY) (B)Y
() = (CHP + 24EhCH7) (EDF

tan(€L)

Bt = 22 e — |

(EF = —j(B)] = (CHE + ZUELCHR) = —j (CEP + g CHY)

In summary, one has:

CEE = —cos@) OFH — _ cosll) OEH — CEH = ) = CEF =0

taﬂ({u) 1 tan(EJT) 11
& os(6*
CHE = — a8 ol = _ ot ot o 0 — CIF =0

(EF = 4j(E)F = (cﬁ% cos (0 )CHH) = 4 (CZE;E 4 cost )Cle) (E.12)

tan(g) tan({)
S\NH _ __:rps\E e, c0s(0) mn _ | ~EE cos(0') gm
(Eo)2 - j(Eo)2 = (021 + tan(ﬁl)czl ) ==1 (C21 + tan(gL)Cﬂ
(E.13)
Subtracting equation (E.13) from equation (E.12) produces:
cos(0) Lo CHH = j9CEE 4 jcos(8') ! + ! CEH
tan(§))  tan(éy)) 7 “ tan(§)) ~ tan(és)) "
(E.14)
From this last equation, one obtains:
2CEE 4 cos(8') ( L~ 4 — ) CEH
C{’{H = ten{g)) * tan{{.) (B.15)

cos(t") (tanl(e") - mnim)

Adding equation (E.13) to equation (E.12) produces:

HE i 1 1 L 11
2o *“’S(‘”(mn(éw+tan(a))cg!{”“’s(“(tan(ﬁu) tan(m)cﬁff
(E.16)
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Performing:

(tanl(fls) ’ fant&)) (214 = (tanl(«fn) - tani&)) (519

produces:

— 1 _ 1 HE _ 1 1 EE j2cos(8) EH
(ffm(fn) tﬂm(fi)) G = J(tan(€||)+tan(€i)) iz +tan(€||)tan(€¢) a

from which one obtains:

2 =7 }
(icm(f") o tan(E_L))

Now, from the unitary property of the matrix, one has:

__cos(0) _uEH ( b )CEE
oHE _ e tan(y) " ten{€s) ) 72 (E.17)

CEE(CEH) + CHE(C ) + CzEI?E(CiElH)* + CﬁE(C’ﬁH)* =0

Substituting in this expression the various equivalences obtained above, one finds:

4cos(0') EE( EH\x| _
tan.(fn)ta.n(fJ_)Real [021 (Ca) ] =

1 1 EE|? cos?(6) o 2)
(tan(fii) tan(¢ J.)) (|C21 ] * tan(§y)tan(éL) |C?1

From this last equation and the various equivalences obtained above, one finds:

]CHE? cos?(6') |
2 tan (§)tan(€L)
a2 tan{§tan(éL) | gE
IC“ l T cos?(8Y) |C21 ’
Hence, one has:
tan({;;)tan 1) IC ICEH (E.18)
cos?(#) |CHF | IC l

Also from the unitary property of the matrix, one has:

fl
—

oz + |cnE| + |cge| + ||
oz + |cxE| + [ogr] +|esr| = 1
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Substituting in these expressions the various equivalences obtained above, and in

particular equation (E.18), one finds:
2 2 2 2
oRF[ + e[ =1 = |ea[ +|en”
Hence, there obtains these important results:
[CE?| = |cH?
[CR7| = [oR®
cos?(0) = —tan(§))tan(£L)

Now, one has:
£L =& £90° = tan(§))tan({L) = -1 => cosz(ﬁi) =1

Therefore, one discovers that an ideal CP polarizer with the operation prescribed
herein is possible only at normal incidence, regardless of the actual physical imple-
mentation! At this point, it is helpful to sketch the generic 2-port voltage scattering
matrix for the CP polarizer according to:

g - e

(7| = |ox®

unitary property
One obtains:

0 0
0 0 v e
N V1 = Aeio 0 0
VI = Aef®s =/ Aeilea—cates) g

C(E, H) =

Substituting these generic expressions into the equations (E.15) and (E.17), one ob-
tains after many algebraic manipulations:

(1—A)(tan(eL)—tan(gy) ) ~A(tan(€ L) +ian(g) ) —4(1- A)cos? (6)
4cos(6Y)+/ A(1-A) (mn(f_l_)+tan(£|;))

Qﬂcosz(ﬂi! 2A-1 o'
ftm(ﬁu)m“(h)608(2&’2 —a)+ ( \/l)ff:( : tanl(gn) + tan%{l) cos(az) — 2V Acos(ay) = 0

2V Acos?(6* . 2A-1)cos(6* . .
tan(fnc)?fzn{(fl)s”"(gaz —ay) + \/1)-.A( ) tanl(Eu) + sy ) sinlaz) - 2v/ Asin{a;) = 0

cos{a) — ag) =
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Substituting the third last equation into the last two equations and forming their

ratio, one obtains:

tan(a;) = tan(a2) = a3 = oy + mm where m = 0,£1,+£2,...
= el = (-1)meI™

Substituting a; = a; + mm back into either one of the two aforementioned equations
and squaring up that expression in order to eliminate the presence of the square root

operator results in this quadratic expression in A:
s(UP 4+ V) A -4 (U2 4+ V) A+ V=0

where { U = tan(§))tan(£L) — cos?(6)
V = cos(#') (ta.n({”) + tan(&))

The solution to this quadratic expression is:

1 U
A= (12 lrr)

Furthermore:

{ cos?(07) = —tan(§)tan(€L) } . { A =3
tan(€L) = —1/tan(§))) 1-A = 3

Thus, the choice of the sign is not critical since:

{ A = 1(1-sin(2g)) = 1-A
1-A = L(1+sin(2g) = A

both choices A and A’ being equally valid. For notational convenience, one takes

hereafter:

1 .
A= 3 (1 + sm(?f”))
After some more algebraic manipulations, one obtains:
CHE = \/1 — Aei™s = jeim ((—l)mcos(ﬂi)sin(Qﬁii)\/l —A - cos(2§[|)\/._A)
_ { VI—A = (=1)mcos(6)sin(2y)v/T = A — cos(26))VA

ejQS - j ejal
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Thus, one has:

VI—A = (—1)"cos(#)sin(2£)) V1 = A — cos(26)VA

~1)"cos(#) = F1
A = 1(1%sin(2g) }::>( Jreosl?) ==

Thus, it is seen that the value for A is independent of m or cos(8'). There obtains:

: =, v =0) = cos(#) = -1 = (—-1)" = £1
(—1)"cos(6) = F1 == (u=e, v =0) = cos( _) (1)

(v =0, v = e) = cos(#') = +1 = (—1)™ = Fl
where e and o refer to even-numbered and odd-numbered waves, respectively. Sub-
stituting e/°2 by (—1)"ei = £e®t and €723 by je?™1, there obtains:

CHE = /1— Aei™ = jeio/1 - A
C{{H = —\/Zej((-’Q"a!‘f‘aa) — :Fjejﬂl\/z

Finally, one obtains the generic 2-port voltage scattering matrix for the CP polarizer

as:

0 0

_ el 0 0

'=VE| @t 207 0 o

\ JQF Fj@* 0 0
Q= = /T % sin(28)

where: § QF = /1 F sin(2¢))

o 1s real valued

C(E,H

The operation of the ideal CP polarizer corresponding to the second way is phrased

as.

s\E an
((gg))ig — tan (§L + nﬁ) = %BE—E—%SL)) u-ness # v-ness

(B = (BS)F =0 v=1{1,3)

tan(§)|)
(Es)"}u{)) = tan((n +nr) = cos(gﬂ) w-ness # v-ness

)
{ (B =(E5F =0 v={1,3)
)

267



where ) = ¢' +90° — ¢ and £ = £ 90°

For v = 1, one obtains:

{ (B)f = CEP(EDE + CEP(B)Y
7= CHF(EDY + CHI(EDT
E\E = (CEFE JCOEHY (ENOE
(Ej){{=+j(Es)E=;>{ ( o)}{ ( 1}11E+J' 1}1”2( o.)IE
(BT = (Cn +7Ci )(E:))l
(B =0 = CfF=—jCf
(BN =0 = Cfff =—jCfi7

1
= CHE(B)E + CHH(B)Y

1

{ (E5)f = CEF(EDY + CRA(EDT
H
2 7}

= (CEF +jCRY) (E)F

1

- - (E3)¥
ENT = +j(ENf = ° _
(Eoh J(Eoh { H = (ng +jC{{H) (Ei)E

(E2)

1

om _ cos(8°) .k HE | omEy _ €08(8Y) ¢ mR | . EE
(E5)y = tan({;_)(E")z = (Cn +iCh ) = tan(€y) (Czl +7Cx )

Similarly, one has:

(B)F = CEPLEE + CHY(B)Y
(B = CHP(E)F +CHA(EN!

0 e/1

(B2 = _i(E)F — { (B5)F = (CEF — jCET) (E)F
(E) = (CHE - jCHY) (EDF

(B =0 = Cff =+jCH"

E
1
(B =0 = Cfif=+jCf{"

o/l

(B3 = CHP(E)T + CHEI(EDT
(E2)f = CRP(E)Y + CRI(EDY
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(B = _j(B)F = { (E5)f = (CFF — jCRY) (B)Y
i 7 (B = (CHE — jCHH) (Ei)P

sH_COS(g) s HH cos(6') EE _
(B = ey (B = (CHF —ion") = ey (G —9Ci")

In summary, one has:

CEP = —jCEH = 4jCEH — CEH = 0 = CEF =0
CHE = —jCHE = 4jCHH — CHH = 0= C}i® =0

(Es)H — 603(95) (Es) (C -[-]C ) _ cos(ﬂi) (0251‘}3 'i'jcgEiH)

0/2 tan _L) 0
)

(¢ (
cos(6* . cos(§' .
()Y = o B0)f = (CHF - JO") = o (CE — iCE)

Upon rearranging the terms, one obtains:

003(95) EEY _ .| _HH cos(0") gy
( CHFE Ly ”)C =45 | -Ci7 + - Cy

(¢
cos(8?) o g . cos(0) g
(—C{{E * tan(fL)CflE) - (_021 " tan(fL)CnH)

These equations have exactly the same form as the equations (E.12) and (E.13),

respectively, if the following substitutions are made:

CzEl‘E — __C{ul{H
CQ%H o +CQE1'H
CEE ~ _CHE
anlfH — +C2EIE

Thus, proceeding exactly the same way as before, one would find correspondingly

that:
c57| = |
- |
cos*(6') =1

Now if a sketch similar to that for the development of the first way was adopted

here for the generic 2-port voltage scattering matrix, the same mathematical form

269



would not be maintained for the ensuing equations and some more mathematical
development would be needed for the rest of the problem. However, the mathematical
form does remain the same if the generic 2-port voltage scattering matrix is sketched

differently, as follows:

0 0
0 0 N
VAgilez—atas) /T fefez (0 0
—/1— Aei®s V. Aere 0 0

Again, proceeding exactly as before, one would obtain the generic 2-port voltage

C(E, H) =

scattering matrix for the ideal CP polarizer as:

0 0 ..o
el 0 0 L
=72 | it 707 0 o0
—jQF -Q* 0 0

C(E,H

Now equating term by term the coefficients for the two GSM’s corresponding to

the first and the second ways, one obtains:
JQF = —jQF = QF =0 = §) = +45°

the upper and the lower signs matching the upper and the lower signs in @, respec-

tively. Thus, one obtains:

F=0
Lo

and the GSM matrix by the first way becomes:

0 0

0 .
C(E1 H) = eJ-O'a g 0 0

0 Fjei* 0
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and the GSM matrix by the second way becomes:

0 0
0 0

Fjeiee 0 0 0
0 I (R

C(E,H) =

Although both formulations are not identical, they are equivalent since it is the rela-
tionship between CEE and CHH that defines the operation of the LHCP polarizer, i.e.
CHH = £jCEE. It becomes apparent here that the upper sign violates the initial hy-
pothesis, thus, only the lower sign is admissible, thus £ = —45°. Taking el = jei%a,

the GSM matrix becomes:

C(E,H) = &

o = O O
AEC O e S - N e 4

The operation of the ideal CP polarizer corresponding to the third way is phrased

((Eg)uH = tan (Q‘_j_ + TM‘T) = Z::Egj;)) u-ness # v-ness

' If (E;)f = +j (Eg)f for (Ei), = 0,u #v,l={E,H}
b | (Bo = (E2)y =0 v={2,4)
then (E'S)E — ( n ) . ta.n({”)
) I—EJOS)TU% = tan(s| nwT) = cos(0°) u-ness # v-ness
If (BDH = —j(BL)Y for (B, = 0,u#v,1 = {E, H}
{ (B = (E)E = 0= (2.4

where § = ¢' +90° — ¢;, and £y = §£90°

For v = 2, one obtains:

(E)Y = CHE(EDF + CHI(EDY
(EDY = CHP(EDY + CHA(ED]
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(B0 — iy — | EOE = (CBF +508") (BF
o o2 ()P = (CBE + jCHY) (Bi)E

s\H __ cos(6°) : _ cos(#) ( ~gE | . EH
(Ea)itlT - tan(ﬁn) (Eo)f; = (CgE"'JCgH) - tan(fn) (012 +.7012 )

{ (E9YE = CEE(E)E + CEH(ENY
(EH = CHE(EDE + CRH(EDY
B = (B s | EOE = (CB" +C8) (BL)g

o o (B)Y = (CHE + iCHT) (B)E

(B5)f =0 = CRF=—jCi7

(B} =0 = C5iF =—jChF

Similarly, one has:

0/2
= CHE(EDF + CRH(E)Y

o

{(Ez)‘f = CEE(E))E + CEH(EDY
H
1

0/2

(B = _j(B)F = { (Bo)F = (CEP - iCRY) (E)f
o o (Be)i = (CHE - §CHF) (Ef

— s\E HE _ ;HHY _ cos(6') EE _ ;rEH
1 = tan(ﬁi)(EO)l = (CIZ jC ) - tan(fl) (012 3012 )

(EF = CEP(EDT + OB
(B = CHP(E)F + CRM(E)Y

[}

0/2

NH i miyE (E3)§ = (CEP — jCBF) (B
(B); = —j(E); = { (Ej)f _ (C{gE _ngH) (E;)‘E

(B =0 = CFF =+jC3"
(E)Y =0 = CfF =+jCHY

2 =
In summary, one has:

CEF = —jCEH = +jCEF —= CEH = 0= CEF =0
CHE = —jCH¥ = +jCHH = CJF = 0= C}iF = 0
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(et = 2 BF — (CI +JCH) = ool (B -+ 1O
(B = ;:;Egi))(E)f — (CHF - joRH) = tc‘:((g )) (CEE - jCEH)
Upon rearranging the terms, one obtains:
ot ) - -t
(ot damemyer®) = =3 (ot - gy o)

These equations have exactly the same form as the equations (E.12) and (E.13),

respectively, if the following substitutions are made:

C%H — “ClEzH
CHE  _CHF
CEE  4CEF

Thus, proceeding exactly the same way as before, one would find correspondingly

that:
o = oz
|- s
cos?(0) = 1

The mathematical development remains the same as in that for the first way if the

generic 2-port voltage scattering matrix is sketched differently, as follows:

0 0 _\/zej(ag—al-‘l-aa) _mejaz
0 0 —/T=Aeles VAei
0 0
0 0

C(E, H) =

Again, proceeding exactly as before and recalling that, here, one has:

605(95) =4] = (__1)m =F] = el — (__1)mejor1 — :Fejaz
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i.e. €72 has the opposite sign to that it had in the development for the first way, one

obtains the generic 2-port voltage scattering matrix for the ideal CP polarizer as:
[0 0 +jQ* FQF )
e | 0 0 —jQF QF
C(E,H) = < jeT Q
V2| ...... 0 0

\ e e 0 0 )

The operation of the ideal CP polarizer corresponding to the fourth way is phrased

If K—Q—(g:;? = tan(cn + n7r) = %%%) for (E}), = 0,u #£v,l={E,H}
o [ B = (E)E =0 e=
) (Ej)f = —J (ES)E u-ness # v-ness
£

If (—% =tan(s, +nr)= tanfél) o (EiY. = 0,u# v,l={E, H}

(Ed) cos(8")
(B3)y = (BS) =0 v=124
then ° 5
(Eg)u = +j (E(‘j)u u-ness # v-ness

where §|| = (}5i +90°—-¢r and &, = E” + 90°

For v = 2, one obtains:
{ (Ef = CEE(EDE +CEUENY
(B = CHE(E)E + CHE(EDY
(B)F = (CBF + igdony) (B8
(B} = (CHP + S8 ol ) (E)F

(B = ~j(B)F = (CHP+ zieyen) = —j (cBF + zseny)

(B3 = CRP(EDY + CHUEN]
(B = CHEE(EDY + CEN(EDY

o
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(Bo)F = (CEF + el ) (B
() = (CHE + SN CHP ) (B)E

tan

0

s _ cos(ft
(EO)JZLI =0 = C%E - -t‘mggli)) O%H

(B)F =0 = CEF=-20CRY

Similarly, one has:
CEE(EDT + CHI (B
= CHE(E)T + ORI (EDY

N,

e

b

Ow Ot

e N’

=i~
!

(i = 250 iy { (B = (CBF + ffeh OB (B)F
o 0/2 cos(§} i
T ten(t) (EF = (CHP + Se CHY) (BOE

(B = +i(EE = (CHE+ ZUWLCHH) = +j (CEE + 2 CEF)
E = CEE(E)E +CEH(E)Y

H = CHE(E)E + CHH(E)Y

{ (E)E = (CEF + S5 CHF ) (EDF

(Es)Y = (CHF + ZLclif) (E)¥

(B =0 = CEF = —Z{e)OR”

s(8
(B =0 = CfF=-giflcn”

In summary, one has:

cos(f os(f
cos(8' cos{8*
CHE-——. 3 EH))CHH_ ; (( ))CHH:>CHH_O=>CHE_O

(Bo)f = ~j(B)F = (CHP + seboltt) = —j (CBF + gy cBr)

()Y = +i(B)F = (CHE + e CBF) =+ (CBP + e oY)
These equations have exactly the same form as the equations (E.12) and (E.13),

respectively, if the following substitutions are made:

CﬁE — _ClEz;E
CiE{H — —ClEgH
Crf‘{E — _i_CgE
CHH — +CfH
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Thus, proceeding exactly the same way as before, one would find correspondingly

that:
o - o
ci”| = |cf
cos?(#) =1

Again, the mathematical development remains the same if the generic 2-port voltage

scattering matrix is sketched differently, as follows:

0 0 —VAen —/1— Aei
0 0 +/1-— Aeios — Aej(az—&1+as)
0 0
0 0

C(E,H) =

Again, proceeding exactly as before and recalling that, here, one has:
cos(0) = +1 = (—1)" = Fl = /2 = (—-1)"/™ = Tel™

i.e. €72 has the opposite sign to that it had in the development for the first way, one

obtains the generic 2-port voltage scattering matrix for the ideal CP polarizer as:

0 0 -@* FQF

) el 0 0 jQF +5Q*
V2| ...... 0 0

0 0

C(E,H

Now equating term by term the coefficients for the two GSM’s corresponding to

the third and the fourth ways, one obtains:
JOF = —jQF = QF =0 = § = £45°

the upper and the lower signs matching the upper and the lower signs in Q*, respec-

Q¥ =0
Q* =2
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and the GSM matrix by the third way becomes:

0 0 jei* 0

0 O 0 eloe
0 0
0 0

C(E,H) =

and the GSM matrix by the fourth way becomes:

0 0 ~—efod 0

0 0 0 +jeia
0 0
0 0

C(E,H) =

Although both formulations are not identical, they are equivalent since it is the re-
lationship between CEF and C{i¥ that defines the operation of the LHCP polarizer,
i.e. CHH = $CEE. Tt becomes apparent here that the upper sign violates the initial
hypothesis, thus, only the lower sign is admissible, thus again § = —45°. Taking

e7%d = jei*c the GSM matrix becomes:

0 0 -5 0
. 0 1
C(E,H) =€ 0
0 0
0 0

The complete formulation of the generic 2-port voltage scattering matrix for the

ideal LHCP polarizer becomes:

0 0 —jel* 0

0 0 0 gl
g% 0 0 0

0 jeioe 0 0

C(E,H) =

where a, and o, are real valued. It is noted again that the above results are valid
only at normal incidence. Thus, the matrix would be symmetrical if €% = jei®e.

That such is indeed the case can be argued from the fact that for the above matrix

C(E, H), the equation (2.3) implies that C(E, H) = S(X,Y) at normal incidence.
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Since S(X,Y) is reciprocal, so must also be the above matrix C(E, H). Therefore,

one obtains:

0010
N 1000 j :
C(E,H)=5(X,Y)=¢" where « is real valued.
1000
6 5 00
Since CP? = 0 with p # ¢ results from having § = —45°, i.e. since CE = C{f as
much as CP? = —C%, nothing can be said as to whether or not the LHCP polarizer

must be endowed with the 2-fold rotational or the longitudinal reflection symmetry.

The voltage scattering matrix for the RHCP polarizer is obtained simply by re-
placing all occurrences of j by —j except in the exponent of the arbitrary phase term
ef®. Such a result would also be obtained with the present development by replacing
£ with £1. One would then find {; = +45° in order to conform to the initial hy-
pothesis CH = —3jCEF and thus, one would find §; = —45° where §| is the direction
of the input LP wave required to produce an output RHCP wave. This observation
is in agreement with the observation made in Chapter 3 stating that an ideal RHCP
polarizer is the same as an ideal LHCP polarizer rotated £90° in the plane of the
polarizer plate. Alternatively, one could make £ correspond to the direction of the
input wave required to produce an output RHCP wave and repeat the initial devel-
opment with j replaced by —j. One would again find { = —45° in order to conform

to the initial hypothesis CHH# = —jCEE,
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Appendix F

MAPLE Results

This appendix presents a sample of the output results produced by the software
MAPLE in computing the composite scattering matrix for the ideal cascade polarizer
design of a CPSS and comparing it to the scattering matrix for the ideal CPSS.

The letter ”I” within MAPLE stands for the imaginary number j. The angle
(kzD) refers to the electrical length of the transmission line modelling the propagation
medium of thickness D between any two consecutive layers. The angle (la} and (lb)
refer to the two arbitrary angles in the GSM for the LP polarizer. The angle (ca)
refers to the arbitrary angle in the GSM for each CP polarizer. The angles (sa) and
(sb) refer to the two arbitrary angles in the GSM for the ideal LHCPSS or RHCPSS.

Comparison between the GSM for the ideal LHCPSS and the composite GSM for
the ideal cascade polarizer LHCPSS reveals that both matrices are indeed identical
upon taking (sa) = (la) + 2 (ca) - 2(kzD) and (sb) = (Ib) + 2 (ca) - 2(kzD), and
similarly for the case of the RHCPSS.
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The results presented below pertain to the case with fﬁ‘P = +45°,

> evalm(SSi1);

[ B e s I et it e 3 I o |

%1 :=
%2 =
%3 =

e =

> evalm(SS22);

%1 :=
%2 :=
%3 =

%4 :=

rererererrrr

2

X VA

cos (kzD)
cos(la)
cos(kzD)

cos{ca)

cos(kzD)
cos{la)
cos(kzD)

cos{ca)

2

]

I%4 %2 %]

sin(kzD)
sin(la)
sin(kzD)

sin(ca)

2
1% %421

sin(kzD)
sin(la)
sin(kzD)

sin(ca)

]
]




> evalm(SS21i);

%L o
%2

%3

> evalm(8S12);

%1 .
%2

%3

e Wt B o W W Mt W B B o N e g |

[mn ¥ e R uaer S o K o ¥ oun o 8 pnie B N |

2 2
%3 it I %3
1/2 -=---- - 1/2 ==------
2
w2 n2
2 2
I%3 U1 W%
1/2 -=-----= 1/2 -—----
2 2
¥: %2

cos(1b) + I sin(1lb)
cos(kzD) + I sin(kzD)

cos(ca) + I sin(ca)

2
%3 %1 I
1/2 —===-- 1/2 =====---
2
%2
2
I%3 %1 %3
- 1/2 ==-==m-- 1/2 -==—--
2
%2

cos(1lb) + I sin(1lb)
cos(kzD) + I sin(kzD)

cos{ca) + I sin(ca)
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The results presented below pertain to the case with {f¥ = —45°.

> evalm(SSil);

[ 2 2 ]
[ W %2 %1 I% 2%t ]
[ - 1/2 =====m=m- 1/2 -—-————=emm- ]
[ %3 %3 ]
[ ]
[ 2 2 ]
[ I% %2 %1 %a %2 %1 ]
[ 1/2 -===--=--=- 1/2 —====--=-- ]
[ %3 %3 ]
%1 := - cos(kzD) - I sin(kzD)
%2 = cos(la) + I sin(la)
%3 = cos(kzD) + I sin(kzD)
44 = cos(ca) + I sin(ca)
> evalm(S522);
[ 2 2 ]
[ % %2 I Y4 Y2 %11
[ - 1/2 —===--mm- - 1/2 =mmmmmmmm ]
[ %3 %3 1
[ ]
[ 2 2 ]
[ I% %2 %1 % %2 %]
[ - 1/2 ==mmmmmemm 1/2 ==mmmmmmm ]
L %3 %3 ]
AR cos(kzD) - I sin(kzD)
%2 = cos(la) + I sin(la)
W3 = cos(kzD) + I sin(kzD)
%4 = cos(ca) + I sin(ca)
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> evalm(SS21);

L 2 2 ]
L %3 I%3 %11
[ 1/2 ------ 1/2 ===-==-- ]
[ 2 2 ]
L %2 %2 ]
L ]
{ 2 2 ]
L I4%3 Ui ¥a Y1 ]
[ - 1/2 —====--- 1/2 ------
[ 2 2 ]
[ %2 %2 ]

o= cos(lb) + I sin(1lb)

%2 = cos{kzD) + I sin(kzD)

%3 = cos{ca) + I sin(ca)

> evalm(S8812);
£ 2 2 ]
[ %3 %1 I%3 %1 ]
[ 1/2 ------ - 1/2 —==----- ]
[ 2 2 ]
[ %2 %2 ]
[ ]
[ 2 2 ]
[ I%3 Y1 %3 %1 ]
[ 1/2 -------- 1/2 =====- ]
[ 2 2 ]
L w2 %2 ]

o= cos(1b) + I sin(l®)

%2 = cos(kzD) + I sin(kzD)

W3 = cos(ca) + I sin(ca)
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> evalm(LHCPSSideal);

[ -# - I % %2 I %2
E -I% %1 - I %2 %2
E h2 - I17%2 - M I%
E I%2 %2 I%1 w1
W= 1/2 cos(sa) + 1/2 I sin(sa)
%2 = 1/2 cos(sb) + 1/2 I sin(sb)

> evalm(RHCPSSideal);

[ -4 I 2 - I 2
E I% %1 I %2 %2
% h2 I %2 -9 - I
E - I %2 2 -1 %1 %1
hl o= 1/2 cos(sa) + 1/2 I sin(sa)
%2 = 1/2 cos(sb) + 1/2 I sin(sb)

284



[1)

2]

3]

[6)

(8]

REFERENCES

S. Cornbleet, Microwave Optics: the optics of microwave antenna design, Aca-

demic Press, 1976.

J.E. Roy and L. Shafai, ”Scattering Properties of Archimedean Spirals”, Proc.
ANTEM’92, Winnipeg, Canada, Aug. 1992, paper 540-545.

R. G. Corzine and J. A. Mosko, Four-Arm Spiral Antennas, Artech House, 1990,

ISBN 0-89006-348-6.

R. Pierrot, "Eléments résonants en polarization circulaire et réflecteur semi-
transparent composé de ces éléments”, French Republic Patent# 89.609,

No. 1.512.598, Dec. 30, 1966.

P. Bossuet and F. Gautier, ”Electromagnetic Wave Spatial Filter with Circular
Polarization”, USA Patent# 4,652,891, March 24, 1987.

P. Bossuet and F. Gautier, ”Electromagnetic Wave Spatial Filter with Circu-
lar Polarization and a Cassegrain Antenna Comprising Such a Filter”, USA

Patent# 4,728,961, March 1, 1988,

W.V. Tilston, T. Tralman and S.M. Khanna, ”A Polarization Selective Surface
for Circular Polarization”, Proc. IEEE AP-Symposium, 1988, Vol. II, pp. 762-
765.

W.V. Tilston, C. Cannon, Y. Sabourin and A. Hurd, A Polarization Selective

285



Surface for Circular Polarization, DREO Contract# 25V84-00198, Til-tek, Fi-

nal Report, March 30 ,1986.

[9] D.A. Tilston and J. Towne, Development of a 15 GHz Circular Polarization

Selective Surface, DREO Contract# W7714-8-5651/01-SV, Final Report.

[10] Y.L. Chow, Analytical Study of the Circular Polarization Selective Surfaces

- 7.75 and 15 GHz, DREO Contract# W7714-8-5652/01-SS, Final Report,

March 1990.

[11] G.A. Morin, "A Simple Circular Polarization Selective Surface (CPSS)”, Proc.
IEEE AP-Symposium, 1990, pp. 100-101.

[12] J.E.Roy, G.A. Morin and L. Shafai, " Performance of a Simple Circular Polariza-
tion Selective Surface”, Proc. Canadian Conference on Electrical and Computer

Engineering, Sept. 1991, Vol. 11, paper 38.4.1 .

[13] J.E. Roy, J. Shaker and L. Shafai, Theoretical Study of a Circularly Polarized

Symmetric Cassegrain Antenna Using a CPSS Subreflector,

DREO Contract# W7714-8-9439/01-SS, Final Report, 1992.

[14] G.A. Morin, "Circular Polarization Selective Surfaces Made of Resonant Spi-

rals”, private communication.

[15] Wei-min Shi and Ming-gui Zhao, ”Calculation of Circular Polarization Selective

Structure”, Proc. ISAE’93, pp. 345-348.

[16] B.A. Munk, R.G. Kouyoumjian and L. Peters JR., "Reflection Properties of
Periodic Surfaces of Loaded Dipoles”, IEEE Trans. AP, Vol. AP-19, No. 5,
Sept. 1971, pp. 612-617.

[17] G.J. Burke and A.J. Poggio, Numerical Electromagnetic Code (NEC)

286



(18]

[19]

[20]

[21]

[22]

23]

[24]

[26]

-Method of Moments, Naval Electronic Systems Command, Technical Docu-

ment 116, Part I: Program Description-Theory, Part 1I: Program Description-
Code, Part III: User’s Manual, Revised on 2 Jan. 1980.

R.L. Haupt and M. Cote, ”Snell’s Law Applied to Finite Surfaces”, IEEE Trans.
AP, Vol. AP-41, No. 2, Febr. 1994, pp. 227-230.

H. Nakano, A. Yoshizawa, and J. Yamauchi, ”Characteristics of a Crossed-
Wire Scatterer Without a Junction Point for an Incident Wave of Circular

Polarization”, IFEE Trans. AP, AP-33, 1985, pp. 409-415.

R.E. Collin, Foundation of Microwave Engineering, McGraw-Hill, 1966,

pp. 170-179.

J.L. Altman, Microwave Circuits, Van Nostrand, 1964, pp. 39.

D.K. Cheng, Field and Wave Electromagnetics, Second Ed., Addison-Wesley

Pub., 1989.

R.C. Hall, R. Mittra and K.M. Mitzner, ”Analysis of Multilayered Periodic
Structures Using Generalized Scattering Matrix Theory”, IEEE Trans. AP,
Vol. 36, No. 4, April 1988, pp. 511-517.

T. Cwik and R. Mittra, "The Cascade Connection of Planar Periodic Surfaces
and Lossy Dielectric Layers to Form an Arbitrary Periodic Screen”, IEEE Trans.
AP, Vol. 35, No. 12, December 1987, pp. 1397-1405.

T. Cwik and R. Mittra, ”Correction to "The Cascade Connection of Planar
Periodic Surfaces and Lossy Dielectric Layers to Form an Arbitrary Periodic

Screen”, IEEE Trans. AP, Vol. 36, No. 9, September 1988, pp. 1335.

R. Mittra, C.H. Chan and T. Cwik, ”Techniques for Analyzing Frequency Se-
lective Surfaces - A Review”, Proc. IEEE, Vol. 76, No. 12, December 1988,

287



[27]

[30]

[31]

[32]

[33}

[35]

pp. 1593-1615.

T.R. Schimert, A.J. Brouns, C.H. Chan and R. Mittra, "Investigation of
Millimeter-Wave Scattering from Frequency Selective Surfaces”, IEEE-MTT,
Vol. 39, No. 2, February 1991, pp. 315-322.

S. Contu and R. Tascone, "Scattering From Passive Arrays In Plane Stratified

Regions”, Electromagnetics, No. 5, 1985, pp. 285-306.

R.E. Jorgenson and R. Mittra, ”Oblique Scattering from Lossy Strip Structures
with One-Dimensional Periodicity”, IEEE Trans. AP, Vol. 38, No. 2, February
1990, pp. 212-219.

K.W. Whites and R. Mittra, "Scattered Field Properties of Symmetric Periodic
Structures”, IEEE Trans. AP, Vol. 42, No. 5, May 1994, pp. 722-727.

G.M. Whitman and F. Schwering, ”Reciprocity Identity for Periodic Surface
Scattering”, IEEE Trans. AP, Vol. 27, No. 2, March 1979, pp. 252-254.

T. Cwik and R. Mittra, ”Scattered from General Periodic Screens”, Eleciro-

magnetics, No. 5, 1985, pp. 263-283.

A. Mackay, ”Proof of Polarization Independence and Nonexistence of Crosspolar
Terms for Targets Presenting n-fold (n > 2) Rotational Symmetry with Special
Reference to Frequency-Selective Surfaces”, Electronics Letters, Vol. 25, No. 24,

November 1989, pp. 1624-1625.

G.E. Heath, "Bistatic Scattering Reflection Asymmetry, Polarization Rever-
sal Asymmetry, and Polarization Reversal Reflection Symmetry”, IEEE Trans.

AP, Vol. 29, No. 3, May 1981, pp. 429-434.

C.E. Baum and H.N. Kritikos, ”Symmetry in Electromagnetics”, Physics Notes,
Note 2, December 1990, pp. 1-70.

288



[36]

37]

[38]

[39]

[40]

(44]

H. Mott, Antennas for Radar and Communications: A Polarimetric Approach,

John Wiley & Sons, 1992, Chapter 6.

N. Hill and S. Cornbleet, ”Microwave Transmission Through a Series of Inclined

Gratings”, Proc. IEE, Vol. 120, No. 4, April 1973, pp. 407-412.

N. Amitay and A.A.M. Saleh, "Broad-Band Wide-Angle Quasi-Optical Polar-
ization Rotators”, IEEE Trans. AP, Vol. 31, No. 1, January 1983, pp. 73-76.

M.H. Chen, ”Design Formulas for a Quasi-Optical Diplexer or Multiplexer”,
IEEE Trans. MTT, Vol. MTT-28, No. 4, April 1980, pp. 363-368.

M. Ando, A. Kondo and K. Kagoshima, ”Scattering of an arbitrary wave by
a thin strip grating reflector”, IEE Proc., Vol. 133 Pt. H, No. 3, June 1986,

pp. 203-208.

M. Ando and K. Takei, "Reflection and Transmission Coefficients of a Thin
Strip Grating for Antenna Application”, IEEE Trans. AP, Vol. AP-135, No. 4,
April 1987, pp. 367-371.

B. Gimeno, J.L. Cruz, E.A. Navarro and V. Such, "A Polarizer Rotator System
for Three-Dimensional Oblique Incidence”, IEEE Trans. AP, Vol. 42, No. 7,
July 1994, pp. 912-919.

H.M. Altschuler and L.O. Goldstone, ”On Network Representations of Certain
Obstacles in Waveguide Regions”, IRE Trans. on Microw. and Techn., April
1859, pp. 213-221.

H.M. Altschuler and L.O. Goldstone, A Class of Alternative Modal

Representations for Uniform Waveguide Regions, Research Report R-557, PIB-

485 for Air Force Cambridge Research Center, Contract AF-19(604)-2031,
February 27, 1957.

289



[45] Per-Simon Kildal, ” Artificially Soft and Hard Surfaces in Electromagnetics”,
IEEE Trans. AP, Vol. 38, No. 10, October 1990, pp. 1537-1544.

[46] J.A. Aas, "Plane-Wave Reflection Properties of Two Artificially Hard Surfaces”,
IEEE Trans. AP, Vol. 39, No. 5, May 1991, pp. 651-656.

[47] F.S. Crawford Jr., Berkeley Physics Course: Waves, Vol. 3, McGraw-Hill, 1968.

[48] R.C. Jones, "A New Calculus for the Treatment of Optical System. Part VIL
Properties of the N-matrices”, J. Opt. Soc. Am., Vol. 38, No. 8, Aug. 1948,
pp- 671-685.

[49] R.E. Collin and J. Brown, "The Design of Quarter-Wave Matching Layers for
Dielectric Surfaces”, Monograph No. 149 R, Sept. 1955, pp. 153-158.

[50] E.M.T. Jones, T. Morita and S.B. Cohn, "Measured Performance of Matched
Dielectric Lenses”, IRE Trans. AP, Vol 4, Jan. 1956, pp. 31-33.

[51] T. Morita and S.B. Cohn, "Microwave Lens Matching by Simulated Quarter-
Wave Transformers”, IRE Trans. AP, Vol 4, Jan. 1956, pp. 33-39.

[52] R.E. Collin, "Reflection and Transmission at a Slotted Dielectric Interface”,

Can. J. Phys., Vol 34, 1956, pp. 308-411.

[53] R.E. Collin, A Simple Anisotropic Dielectric Medium”, IRE Trans. MTT.,
April 1958, pp. 206-209.

[54] R.E. Collin, Correction to A Simple Anisotropic Dielectric Medium”, IRE
Trans. MTT., Oct. 1958, pp. 414.

[55] R.E. Collin, "Properties of Slotted Dielectric Interfaces”, IRE Trans. Ant.
Prop., Jan. 1964, pp. 62-73.

290



[56]

[57]

[58]

[59]

[61]

[62]

[63]

[64]

H.S. Kirschbaum and S. Chen, "A Method of Producing Broad-Band Circu-
lar Polarization Employing an Anisotropic Dielectric”, IRE Trans. MTT, July
1957, pp. 199-203.

M. Born and E. Wolf, Principles of Optics, Pergamon Press Inc., 1959, pp. 702-

704,

R. Petit, Electromagnetic Theory of Gratings, Springer-Verlag Berlin Heidel-

berg, 1980

R. Magnusson and T.K. Gaylord, ”Diffraction efficiencies of thin phase gratings
with arbitrary grating shape”, J. Opt. Soc. Am., Vol. 68, No. 6, June 1968,
pp. 806-809.

M.G. Moharam and T.K. Gaylord, ”Chain-matrix analysis of arbitrary-
thickness dielectric reflection gratings”, J. Opt. Soc. Am., Vol. 72, No. 2, Feb.
1982, pp. 187-190.

S.L. Chuang and J.A. Kong, ”Wave scattering from a periodic dielectric surface
for a general angle of incidence”, Radio Science, Vol. 17, No. 3, May 1982,
pp. 545-557.

M.K. Moaveni, "Plane Wave Diffraction by Dielectric Gratings, Finite-
Difference Formulation”, IEEE Trans. AP, Vol 37, No. 8, Aug. 1989, pp. 1026-
1031.

L.R. Lewis and A. Hessel, ”Propagation Characteristics of Periodic Arrays of
Dielectric Slabs”, IRE Trans. MTT, Vol MTT-19, No. 3, March 1971, pp. 276-
286.

D.G. Bodnar and H.L. Basset, ” Analysis of an Anisotropic Dielectric Radome”,

IRE Trans. AP, Nov. 1975, pp. 841-846.

291



[65] R.Padman, ”Reflection and Cross-Polarization Properties of Grooved Dielectric

Panels”, IRE Trans. AP, Vol AP-26, No. 5, Sept. 1978, pp. 741-743.

[66] S.R.Seshadri, "Reflection and Transmission Coefficients of a Periodic Dielectric

Slab”, Proc. IEEE, Vol 66, No. 6, June 1978, pp. 699-700.

[67) H.L. Bertoni, L-H.S. Cheo and T. Tamir, ”Frequency-Selective Reflection and
Transmission by a Periodic Dielectric Layer”, IEEE Trans. AP, Vol 37, No. 1,
Jan. 1989, pp. 78-83.

[68] R. Magnusson, S.S. Wang, T.D. Black and A. Sohn, "Resonance Properties of
Dielectric Waveguide Gratings: Theory and Experiments at 4-18 GHz", IEEE
Trans. AP, Vol 42, No. 4, Apr. 1994, pp. 567-569.

[69] W.T. Pinello, R. Lee and A.C. Cangellaris, "Finite Element Modeling of
Electromagnetic Wave Interactions with Periodic Dielectric Structures”, IEEE

Trans. MTT, Vol. 42, No. 12, Dec. 1994, pp. 2294-2301.

[70) R.E. Collin, Field Theory of Guided Waves, McGraw-Hill, 1960, Chapter 12.

[71] R.E. Collin and F.J. Zucker, Antenna Theory, part II, McGraw-Hill, 1969,

Chapter 18 by J. Brown.

[72] R.S. Elliott, Antenna Theory and Design, Prentice-Hall, 1981, pp. 538-545.

[73] D.S. Lerner, ”A Wave Polarization Converter for Circular Polarization”, IEEE

Trans. AP, Jan. 1965, pp. 3-T7.

[74] A.J.Lait, "Broadband Circular Polarisers”, The Marconi Review, Second Quar-
ter, 1969, pp. 159-184.

[75] L. Young, L.A. Robinson and C.A. Hacking, "Meander-Line Polarizer”, I[EEE
Trans. AP, May 1973, pp. 376-378.

292



[76]

[77]

[78]

[79]

[80]

(81]

[82]

[83]

K.A.J. Warren, "A Planar Antenna Circular Polarization Converter Utiliz-
ing Printed Circuit Technology”, The Marconi Review, Third Quarter, 1980,
pp. 177-184.

P. Poey and P-L. Guigue, "Determination of the Current Distribution on an
Infinite Periodic Structure of Thin-Metallic Wires”, IEEE Trans. AP, Vol. AP-
32, No. 1, Jan. 1984, pp. 93-95.

P. Poey and P-L. Guigue, ”Determination of the Current Distribution on a Bidi-
mensional Infinite Periodic Structure of Thin Metallic Wires Using the Method
of the Singular Integral Equation”, IEEE Trans. AP, Vol. AP-35, No. 2, Febr.
1987, pp. 221-224.

C. Terret, J.R. Levrel and K. Mahdjoubi, "Susceptance Computation of a
Meander-Line Polarizer Layer”, IEEE Trans. AP, Vol. AP-32, No. 9, Sept.
1984, pp. 1007-1011.

Ruey-Shi Chu and Kuan-Min Lee, ”Analytical Model of a Multilayered
Meander-Line Polarizer Plate with Normal and Oblique Plane-Wave Incidence”,

IEEE Trans. AP, Vol. AP-35, No. 6, June 1987, pp. 652-661.

Ruey-Shi Chu and Kuan-Min Lee, Correction to » Analytical Model of a Mul-
tilayered Meander-Line Polarizer Plate with Normal and Oblique Plane-Wave
Incidence”, IEEE Trans. AP, Vol. AP-36, No. 7, July 1988, pp. 1041.

E. Orleansky, C. Samson and M. Havkin, "A Broadband Meanderline Twistre-
flector for the Inverse Cassegrain Antenna”, Microwave Journal, Oct. 1987,

pp. 185-192.

E.A. Parker, A.N.A. El Sheikh and A.C. de C. Lima, ”Convoluted frequency-
selective array elements derived from linear and crossed dipoles”, IEE Proc.-H,

Vol. 140, No. 5, Oct. 1993, pp. 378-380.

293



[84] Te-Kao Wu, "Meander-Line Polarizer for Arbitrary Rotation of Linear Polar-
ization”, IEEE Microw. and Guided Wave Letters, Vol. 4, No. 6, June 1994,
pp. 199-201.

[85] A.D. Shatrow, A.D. Chuprin and A.N. Sinov, "Constructing the Phase Con-
verters Consisting of Arbitrary Number of Translucent Surfaces”, JEEE Trans.

AP, Vol. 43, No. 1, Jan. 1995, pp. 109-113.

[86] R.C. Johnson, Antenna Engineering Handbook, Third Ed., McGraw-Hill, 1993,

pp. 23:25-23:28, 46:10-46:14.

i87) J.K. Skwirzynski and J.C. Thackray, " Transmission of Electromagnetic Waves
Through Wire Gratings (theory)”, The Marconi Review, Second Quarter, 1959,
pp. 77-90.

[88] E.G.A. Goodall and J.A.C. Jackson, " Transmission of Electromagnetic Waves
Through Wire Gratings (experimental)”, The Marconi Review, Second Quarter,
1959, pp. 91-98.

[89] N. Marcuvitz and J. Schwinger, "On the Representation of the Electric and
Magnetic Fields Produced by Currents and Discontinuities in Wave Guides.

1*”, J. Applied Physics, Vol. 22, No. 6, June 1951, pp. 806-819.

[90] N. Marcuvitz, Waveguide Handbook, McGraw-Hill, 1951, pp. 3-7.

[91] L.B. Felsen and N. Marcuvitz, Radiation and Scattering of Waves, Prentice-

Hall, 1973, pp. 185-192.

[92] R.E. Collin and F.J. Zucker, Antenna Theory, part II, McGraw-Hill, 1969.

[93) D.C. Stinson, Intermediate Mathematics of Electromagnetics, Prentice-Hall,

1976, pp. 159, 255-257.

294



[94]

[95]

[96]

[97]

(98]

[100]

[101]

(102]

[103]

R.F. Harrington, Time-Harmonic Electromagnetic Fields, McGraw-Hill, 1961,

pp. 129-132,

C.A. Balanis, Antenna Theory, Analysis and Design, John Wiley & Sons, 1982.

Y. Zhang, K. Hirasawa and K. Fujimoto, "Opened Parasitic Elements Nearby
a Driven Dipole”, IEEE Trans. AP, Vol. AP-34, No. 5, May 1986, pp. 711-713.

W.K. Khan and H. Kurss, "Minimum-Scattering Antennas”, IEEE Trans. AP,
Vol. AP-13, No. 9, Sept. 1965, pp. 671-675.

W. Wasylkiwskyj and W.K. Khan, "Theory of Mutual Coupling Among
Minimum-Scattering Antennas”, [EEE Trans. AP, Vol. AP-18, No. 2,
Febr. 1970, pp. 204-216.

P.G. Rogers, ” Application of the Minimum Scattering Antenna Theory to Mis-
matched Antennas”, IEEE Trans. AP, Vol. AP-34, No. 10, Oct. 1986, pp. 1223-
1228.

D.M. Pozar, ”Antenna Synthesis and Optimization Using Weighted Inagaki
Modes”, IEEE Trans. AP, Vol. AP-32, No. 2, Feb. 1986, pp. 159-165.

D.M. Pozar, Corrections to ”Antenna Synthesis and Optimization Using
Weighted Inagaki Modes”, IEEE Trans. AP, Vol. AP-35, No. 6, June 1987,

p. 742.

R.J. Garbacz and R.H. Turpin, "A Generalized Expansion for Radiated and
Scattered fields”, IEEE Trans. AP, Vol. AP-19, No. 5, May 1971, pp. 348-358.

D. Liu, R.J. Garbacz and D.M. Pozar, ”Antenna Synthesis and Optimization
Using Generalized Characteristic Modes”, IEFE Trans. AP, Vol. AP-38, No. 6,
June 1990, pp. 862-868.

295



[104]

[105)

[106]

[107)

[108]

[109)

M.L. Kales, *Part III - Elliptically Polarized Waves and Antennas”, Proc. IRE,
Vol. 39, pp. 544-549, May 1951.

N. Amitay, V. Galindo and C.P. Wu, Theory and Analysis of Phased Array

Antennas, Wiley-Interscience, 1972.

R. Mittra, Y. Rahmat-Samii, D.V. Jamnejad and W.A. Davis, ”A new look at
the thin-plate scattering problem”, Radio Science, Vol. 8, No. 10, Oct. 1973,
pp- 869-875.

C.W. Trueman and S.J. Kubina, "RCS of Fundamental Scatterers in the HF
Band by Wire-Grid Modelling”, Canadian Conference on FElectrical and Com-

puter Engineering, Ottawa, Sept. 3-6, 1990, pp. 54.3.1-54.3.4 .

X.H. Yang, L. Shafai and A. Sebak, ”A Comparison Study on Wire-Grid Model
and Point Matching Technique with Subdomain Basis Functions”, Proc. AN-
TEM’92, Winnipeg, Canada, Aug. 5-7, 1992, pp. 656-661.

S.W. Schneider and B.A. Munk, ”The Scattering Properties of "Super Dense”
Arrays of Dipoles”, IEEE Trans. AP, Vol. AP-42, No. 2, April 1994, pp. 463-
472.

296



