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Abstract

The objectives of this research are:

r to present the concept of a relatively unknown electromagnetic surface called a

Circular Polarization Selective Surface (CPSS),

r to review the prior art in this area,

¡ to obtain the geometrical constraints placed on the ideal CPSS,

. to propose a new CPSS realization,

r to present numerical simulations of three difierent CPSS designs.

In the process of conducting this research, a technique based on the Generalized

Scattering Matrix (GSM) was developed for identifying the properties compatible

wiih the operation required from a planar layered structure. When this technique

was applied to the ideal reciprocal CPSS, it was found that, as far as the dominant

mode is concetned, the passive st¡ucture must be endowed with the property of 2n-

fold rotational symmetry except in the neighborhood of the normal incidence where

the property of reciprocity sufices, but cannot possibly be endowed with the property

of longitudinal reflection symmetry. Similarly, it was found that ideal linear polarizers

and ideal circular polarizers are possible only at normal incidence, regardless of their

specifrc physical implementations. Numerical simulations with the three known CPSS

designs suggested that designs obeying the geometrical constraints of the ideal CPSS

tend indeed to perform better.
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Nomenclature

Unless indicated otherwise, the following symbols have this meaning:

¿ wi¡e radius

A the unit of current, Ampere

au voltage travelling wave incident at port number¿l ¿: {7,2,3,4}
aP" the p mode voltage travelling wave incident at port

numbered u - {1,2,3,4} with p - {8., H, X,Y\
ai voltage travelling wave incident at port numbergd u: {1,2,3,4} of

the scattering matrix numbered n - {I , I I}
ar axial ratio

ar' axial ratio of the reflection beam at the geometrical optics

reflection angle

art axial ratio of the transmission beam at the geometrical optics

transmission angle

or R, axial ratio of the receiving antenna

dl'T" axial ratio of the transmitting antenna

arL axial ratio of a LHCP polarization ellipse

(rr R axial ratio of a RHCP polarization ellipse

bu voltage travelling r¿vave scattered at port numbered u : {1,2,3,4}
F" the p mode voltage travelling wave scattered at port

numbe¡ed u - {7,2,3,4} with p: {E,H,X,Y}
bi, voltage travelling \ ave scattered at port numbered z : {1,2,3,4} of

the scattering mat¡ix numbered n : {I ,I I}
Blckg indicator of Blockage

C(8, H) the scattering matrix written in terms of the whole electric fieid

of the .E and the If modes

Cil scattering coefficient of the C scattering matrix with

{p,q} - {8, fI} and {u,,u} : {1.,2,3,4}
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CP Circularly Polarized or Circular Polarization

CPSS Circular Polarization Selective Surface

cte "constant"

d inter-grid spacing, either generic or for CP polarizers

D spacing between the CP and LP polarize¡s for the LHCPSS

e.g. Latin abbreviation for meaning "for example"

ea easy axis of a LP polarizer plate

ej fa¡t axis of a retardation plate

es slow axis of a retardation plate

E electric field

E. the z component of the electric field

Ez theTM" mode, i.e. È. - n"â

-E mode the TM' mode, i.e. the E' mode

E-type mode theTM" mode where u is a transverse direction, i.e. u = {x,y}
Eo the whole electric field (phasor)

E" the whole electric field (vector)

E: the incident whole electric field

EI the reflected whole electric field

E: the transmitted whole electric field

E: the scattered whole electric field with 5 : {r, f}
Ei the transverse component of the incident electric field

Ei the transve¡se component of the reflected electric field

E: the transve¡se component of the transmitted electric field

E; the transverse component of the scattered electric field

*¡1¡ s - {r,f}
(E'.)r" the p mode whole electric freld incident at port u

with p : {8, 11} and u: {1,2,3,4}
(EÐr" the transve¡se component of the p mode electric field

incident at port ø with p - {.E,-FIi and u: {I,2,3,4}
(E:)r" the p mode whole electric field scatte¡ed at port ?,

with p - {E,H}, v - {1,2,3,4} u¡¿ 3 - {r,ú}
(Ei)r" the transverse component of the p mode electric freld scattered

at port u with p - {E,H}, u : {7,2,3,4} utr¿ s : {r,ú}
Et pcp the LHCP component of the electric fleld

Eascp the RHCP component of the electric field
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Í polarization eficiency

fi polarization efficiency of the incidence polarization ellipse

f' polarization efficiency of the reflection polarization ellipse

It polarization eficiency of the t¡ansmission polarization ellipse

Gî gain of the receiving antenna

Gt gain of the transmitting antenna

GSM Generalized Scattering Matrix

H magnetic field

H" the z component of the magnetic field

H" the TE" mode, i.e. Ê. = ø"0

-Fl mode theTE" mode, i.e. the ff'mode
f/-type mode tbe TE" mode where ø is a transverse direction, i.e. u : þ,y\
H. the whole magnetic field

H: the incident whole magnetic field

HI the reflected whole magnetic freld

H: the transmitted whole magnetic field

H: the scattered whole magnetic field with 5 - {r, f i
Hi the transverse component of the incident magnetic field

Hi the transverse component of the reflected magnetic field

H: the transverse component of the t¡ansmitted magnetic field

Hí the transverse component of the scattered magnetic field

*¡¡þ 5 : {r,f}
I identity matrix

i.e. Latin abbreviation for meaning "that is to say"

j imaginary number equal to /lT
Ë generic propagation vector

& wavenumber equal to the magnitude of Ë

k, the z component of the propagation vector ã

k: the z component of the propagation vector Ã in region 1

kZ the z component of the propagation vector E in region 2

É' incidence propagation vector

E' reflection propagation vector

É' transmission propagation vector

Ê" scattered wave propagation vector *i¡[ 5 : {r,l}
Lealcg indicato¡ of Leakage
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LL co-polarization scattered LHCP field

LLP peak value of .L-L

LL' co-poiarization scattered LHCP field of the reflection beam

LLt co-polarization scattered LHCP field of the transmission beam

LR cross-polarization scattered LHCP field

LR' cross-polarization scattered LHCP field of the reflection beam

LRt cross-polarization scattered LHCP field of the transmission beam

LHCP Left-Hand Circularly Polarized or Circular Polarization

LHCPSS Left-Hand CPSS

LP Linearly Polarized or Linear Polarization

nz the unit of length, meter

MAPLE registered trademark from Waterloo Maple Software

identifying a software package for symbolic computation

NEC-2 NumericalElectromagneticCodesoftwa¡e

p the magnitude of the polarization ratio P : psi6

pL the magnitude p for a LHCP polarization ellipse

pR the magnitude p for a RHCP polarization ellipse

P polarization ratio equal to pej6

PEC Perfect Electrical Conductor or Perfect Electrically Conducting

r observation sphere radius

R distance between the two apertures of two antennas

RL cross-polarization scattered RHCP field

RL' cross-polarization scattered RHCP field of the reflection beam

RLt cross-polarization scattered RHCP field of the transmission beam

RR co-polarization scattered RHCP field

RRP peak value of .R,B

RR' co-polarization scattered RHCP field of the reflection beam

RRt co-polarization scattered RHCP fre1d of the transmission beam

Rv voltage reflection coefficient equal to (ZL - Z.) I QL + Zo)

RI current ¡eflection coefficient equal to (2" - ZL)IØ, + ZL)

RE voltage reflection coefficient for the .Ð mode

RH voltage reflection coeficient for the fI mode

RHCP Right-Hand Circularly Polarized or Circular Polarization

RHCPSS Risht-Hand CPSS

s inter-wire spacing within a wire grid
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S(8, H) scattering matrix written in terms of the transverse electric field

components of the E and the f1 modes

S(X,Y) scattering matrix written in terms of the Cartesian coordinate

æ artd g components

Sl3 scattering coefficient of the ,9 scattering matrix with

{p,s} - {'Ð,f/} and {u,u}:17,2,3,4}
Tv voltage transmission coefficient equal to 2ZL|ØL + Z.)

TI current transmission coeficient equal to 2Z"l(2" + ZL)

TE voltage transmission coeficient for the E mode

TH voltage transmission coefficient for the 1{ mode

T E' Transverse Ðlectric mode with respect to z, i.e. È" - B.$

TEM" Transverse ElectroMagnetic mode with respect to z

T M' Transverse Magnetic mode with respect to z, i.e. È" - p.þ

t¿rncp unit vector for LHCP

ùancp unit vector for RHCP

V the unit of voltage, Volt

â unit vector in the Cartesian coordinate ¿ direction

1i unit vector in the Cartesian coo¡dinate y direction

2 unit vector in the Cartesian coordinate z direction

Zw modal wave impedance

Zi// modal wave impedance of the incidence region

Zi4, modal wave impedance of the transmission region

Zo characteristic impedance of a transmission line

Z'" characteristic impedance corresponding to the incidence region

Z: characteristic impedance corresponding to the transmission region

VSWR Voltage Standing Wave Ratio

I spherical coo¡dinate zenith angle

0 unit vector in the spherical coordinate 0 direction

eì spherical coordinate zenith angle for the incident wave

0' spherical coordinate zenith angle for the reflected wave

0t spherical coordinate zenith angle for the transmitted wave

es spherical coordinate zenith angle for the scattered wave with 5 - {r,fJ
{ spherical coordinate azimuth angle

$ unit vector in the sphericai coordinate / direction

ó' spherical coordinate azimuth angle for the incident wave
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ó' spherical coordinate azimuth angle for the ¡eflected wave

ö' spherical coordinate azimuth angle for the transmitted wave

ó" spherical coordinate azimuth angle for the scattered wave with 3 - {r, úi

öt azimuth angle identifying the direction of the fast axis of a retardation plate

ön azimuth angle identifying the direction of the wires of a wire grid

fu azimuth angle identifying the input LP polarization for obtaining LHCP

at the output of a CP polarizer

öa azimuth angle identifying the input LP polarization for obtaining RHCP

at the output of a CP polarizer

ö+ azimuth angle equal to d * 90'- 4

4 intrinsic impedance of a propagation medium

ni intrinsic impedance of the propagation medium in the incidence region

nt intrinsic impedance of the propagation medium in the transmission region

eH isequalto*1 for p-q,and to-1 for plqwithlp.,C]-_ {E,H}
tR4 polarization sense of the receiving antenna equal to *1 for RHCP

and to -1 for LHCP

eT, polarization sense of the transmitting antenna equal to *1 for RHCP

and to -1 for LHCP

e permittivity value

€1 permittivity value of the region 1

€2 permittivity value of the region 2

l-1" permeability value equal to 41t x l0-7(Hln¿)
6 the phase of the polarization ratio P - pei6

6ìj Kronecker delta function equal to t il i : j, and to 0 if i I j
I wavelength

zr the irrational number equal to 3. i4159265358979 . . .

X azimuth angle identifying the n-fold rotational symmetry plane

ç angle between ó ur.à È"

çiî angle between $t ""a 
È¡ with -Ë; parallel to the direction

corresponding to ó = {ön, öa, ö¡,}

ci angle between $t ana Ë¿ '.vith .d; perpendicular to the di¡ection

corresponding to ö: {ón,,ön,ót}
c¡Ì angle between $" ""a 

Ê; with .É," parallel to the direction

corresponding to ó: {ön,ón,ó¡,}
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ci angle between $" and Ei with E' perpendicular to the direction

corresponding lo ó : {6n., 6r, 6"¡
€ aogle between ó und É,

€s angle between $ utd. É,

€n angle between ô ur'd Ê,

€l' angle between ó ""d. 
Ê, with.Ë¿ parallel to the direction

corresponding to ö: ós

el'"' angle between ó ""d. 
È, with .d¿ pa.rallel to the di¡ection

corresponding to ó: öL

€fucr angle between $ utd. Ê, with 4 parallel to the direction

corresponding to $: $^

€ll angle between $ und Ë, with.d¿ parallel to the direction

corresponding to þ : {6n., 6^., 6 
"¡€r angle between ê,' arld É, with .d¿ perpendicular to the direction

corresponding to ö - {ös, óR., öL}
1þ til-t angle of the polarization ellipse

,þn tilt angle of the polarization ellipse for the ¡eceiving antenna

,þr tilt angle of the polarization ellipse for the transmitting antenna

ü dife¡ential tilt angle equal to tþa * tþr

ø radian frequency

1-D one dimensional

3-D three dimensional

+ "consequently"

---) "tends to" or t'goes into"

i X j the numerator o goes into the denominator d while

the denominator ö goes into the numerator c

L the phase of a complex number

V "for all"

@ "with"
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Chapter One

Concept and Prior Art

1.1 Introduction

Linear polarization selection has been used for many years in reflector antenna

design, owing to the simplicity and the ease of designing grids of straight or curved

wires, and twist reflectors. Circular polarization selection, however, has not been used

because no simple electromagnetic surface achieving such a selection has been known.

It has even been argued that such a selective surface could be realized physically! In

1976, Cornbleet [1, pp. 322-323] conjectured that the Circular Polarization Selective

Surface (CPSS) was an impossible polarizer on the basis that the corresponding Jones

polarization matrix is singular, and thus cannot be realized by any combination of

physical devices, which by virtue of their realizability have necessarily non-singular

polarization matrices, since the product of any non-singular matrices cannot yield a

singular matrix. Yet, other researchers [4, 5, 7] have put forward various designs for

the CPSS.

This research aims at proving on a theoretical basis that the reciprocal CPSS

is possible, at identifying the properties and the geometrical constraints inhe¡ent to

such a surface, and at presenting the performance of three different designs.



L.2 Concept

An ideal Left Hand Circular Polarization Selective Surface (LHCPSS) is a struc-

tu¡e that would reflect completely an impinging Left Hand Circulariy Polarized

(LHCP) electromagnetic wave and yet, would be completely transparent to an im-

pinging Right Hand Circularly Polarized (RHCP) electromagnetic wave. Similarly,

an ideal RHCPSS is a structure that would reflect completely an impinging RHCP

wave and yet, would be completely transparent to an impinging LHCP wave. Since

both LHCPSS and RHCPSS are similar in concept, only the LHCPSS is dealt with

hereafter.

Four types of LHCPSS shorvn in Figures 1.1, 1.2 and 1.3 are possible depending

on the handedness of the Circularly Polarized (CP) wave being scattered by the

structure. The first and the second type shown respectively on Figure 1.1 and 1.2

have the handedness of the reflected wave being the same as that of the incident CP

wave. The third and the fourth types shown respectively at the top and the bottom

of Figure 1.3 have the handedness of the reflected wave being opposite to that of the

incident CP wave. The reciprocity principle of electromagnetism dictates that the

operation of a reciprocal device remain unchanged upon reversing the direction of

a1l propagation vectors. Thus, only the first and the second types correspond to a

reciprocal device, a result that Tilston et al. had briefly stated in references [7] and

[8, p.3], by writing:

If a surface pa,sses one sense o{ circular polarization while reflecting the

other, by reciprocity, the polarization sense of the reflected wave must be

the same as that of the incident wave. Otherwise, the (reciprocal) surface

will reflect waves of both senses of polarization.

The type shown on Figure 1.1 is designated as symmetrical because the operation

of the st¡ucture remains the same whethe¡ the wave impinges from the left or from



the right of the structure. By analogy, the type shown at the top of Figure 1.3 is

designated as symmetrical. The type shown on Figure 1.2 is designated as asymmet-

¡ical because the operation of the structure changes depending on whether the wave

impinges from the left or from the right of the structure. By analogy, the type shown

at the bottom of Figure 1.3 is designated as asymmetrical. Although this research

focuses mainly on the reciprocal symmetrical LHCPSS, an example of the reciprocal

asymmetrical LHCPSS will be mentioned in Chapter 3. The non-¡eciprocal types are

not dealt with altogether.

The use of the reciprocity principle as well as that of symmetry properties (rota-

tional, transverse or longitudinal) is of paramount importance in assessing whether

or not a given structure is a good candidate for a prescribed operation. This research

hinges precisely on such a use. The lesson, however, was hard taught as this author's

experience exemplifies. Initially, it was thought that since one is dealing with circular

polarization, it would only be natural to use a spiral antenna as the element of the

unit cell for the reciprocal CPSS. For months, this author tried many configurations

of Archimedean spirals [3], varying the number of arms, the rate of expansion, the

number and the individual orientation of spirals in a stack configuration, but to no

avail ! Afterwards, it was realized [2] that since the winding direction of the arms of

a spiral becomes reversed as the incidence angle passes from d : 0' to 0 - 180o, an

array of spirals that would reflect, say, LHCP upon LHCP illumination from 0 = 0o

would reflect RHCP upon RHCP illumination from d - 180". Such a response, how-

ever, would correspond to the asymmet¡ical ¡ather than the symmetrical type. The

analysis presented below shows in fact that the ideal reciprocal symmetrical CPSS

must be endowed with the 2n-fold rotational symmetry except at normal incidence

where reciprocity suffices, but must not be endowed with the longitudinal reflection

symmetry.

Since one is interested in realizing the CPSS operation with a purely passive
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structure, the non-reciprocal types are not considered hereafter, thus precluding the

use of a gyrotropic medium, e.g. ferrite or plasma, Is is noted in passing that unlike

the spiral, the helix has the same handedness whether viewed from one end or the

other [47, p. 426]. This observation suggests that the helix, rather than the spiral,

antenna would seem to be the natural choice as the element of the unit cell for

the reciprocal CPSS. Unfortunateiy, the use of Pasteur's medium, i.e. an isotropic

reciprocal chiral medium, with ihe property of optical activity 147, p. 425-4261 d,oes

not produce the desired CP selectivity since a CP wave travelling along the axes of the

helices constituting the Pasteur medium is merely phase-delayed or phase-advanced

according to the handedness of the helices in relation to the handedness of the CP

wàve-



1.3 Prior Art

The technicai lite¡ature on the topic of OPSS is very scarce. This author is aware

of three diferent designs which are presented here in the chronological order. The

first design is reported in a French patent filed in 1966 by Pierrot [4] and consists

of an array of disjointed wires, each wire being 1À in overall length and bent into a

crank-like shape, with each transverse arm being 3À/4 long in the ¿ or y direction,

and the longitudinal section being )/4 long in the z direction. The very same idea was

independently rediscovered by Morin [11] more than two decades later. Morin [14] has

further modified the design by stringing many crank wires into skewed rectangular

helicesl illuminated sideway, in order to achieve a self-supporting structure.

Pierrot's design for the unit cell of a LHCPSS is shown in Figure 1.4. This design

features a great simplicity of manufacturing. The principle of operation is described as

follows. For a LHCP illumination at normal incidence, the electric field vector traces

a right handed helix about the z axis as the wave propagates in the *2 direction.

Since the iwo 3À/8 transverse arms are spaced )/4 in the z direction, the currents

induced on the transverse arms by the rotating electric field of the incident circularly

polarized plane wave add in-phase along the entire length of the wire. The 1À wire

operates then at geometrical resonance and the current distribution is sinusoidai-like

with the null at the center of the longitudinal section. The dipoles reradiate a LHCp

wave in both *2 and -2 directions. The reflected wave is thus LHCP as was the

incident wave, In the transmission region, the incident and the scattered waves add

out-of-phase to produce ideally a null field behind the structure.

For a RHCP illumination at normal incidence, the electric field vector traces a

left handed helix about the z axis as the wave propagates in the *2 direction and

thus, the currents induced on both transverse arms add out-of-phase along the entire

length of the wire. The wire is no longer operating at resonance and the resulting
tThe title of ¡efe¡ence [14] is misleading for the sttuctures are not spirals but helices.



+Ð.123A

_ju.ruu^ 
__

--o.12sL
oszsL ,/' ,

,'i

Figure 1.4: Pierrot's LHCPSS.

cur¡ent is conceptually zero so that the wire appears transparent to the incoming

wave.

The second design is reported in two American patents [5, 6] co-authored in 1984

and 1986 by two French researchers, Bossuet and Gautier. It must be pointed out,

however, that they are not the original inventors of this design. Let one define the

operation of an ideal LHCP polarizer run forward as the conversion of an input linearly

polarized (LP) wave incident on the input face of the polarizer with a polarization

corresponding to S - þ", into a LHCP wave exiting from the output face of the

polarizer, as in case a) of Figure 3.1. The operation of an ideal LHCP poiarizer run

backward corresponds to the reciprocal operation, i.e. the LHCP rvave is incident

onto the output face and the LP wave exits from the input face with the polarization

ö = óu as in case b) of Figure 3.1. The definition is similar for an ideal RHCP

polarizer except that d¿ and LHCP are replaced by /¡ and RHCP, respectively.
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Figure 1.5: The cascade polarizer LHCPSS
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The idea, depicted in Figure 1.5, consists in converting with a LHCP polarizer

run backward the incident CP wave into a LP wave whose linear polarization is then

filtered out with the usual wire grid acting as a LP polarizer. The output of the

grid is then converted with a RHCP polarizer run forward into a RHCP wave for the

symmetrical LHCPSS type, or converted with a LHCP polarizer run forward into a

LHCP wave for the asymmetrical LHCPSS type. Bossuet and Gautier reported that

the CP polarizers could consist of two parallel grids of PÐC wires with an inter-wire

separation close to )/4 within each grid. The orientation of the various plates is given

by fu: ós +.90" : /¿ such that the LP grid appears as a perfectly reflecting surface

when the input wave is LHCP, and a perfectly transparent su¡face when the input

CP wave is RHCP. In the first case, the wave is reflected back into the input LHCP

polarizer and comes out from the front face of the LHCPSS as a LHCP wave. In the

second case, the wave goes through the LP polarizer, reaches the RHCP polarizer

and comes out of the rear face of the LHCPSS as a RHCP wave. As this design shall

be treated in Chapter 3, further comments are postponed until then.

The third design, which appeared in 1988, is by Tilston et al. [8, 7, 9]. It consists of

a dipole turnstile so modified as to incorporate a À/2 transmission line within the À/4

spacing separating the two dipoles of the tu¡nstile, These researchers relied on the

use of a dielectric medium of appropriate permittivity value to make the t¡ansmission

line appear longer than the spacing between the dipoles. Chow [10] has mitigated

this design limitation by embedding the excess length of the transmission line into

the turnstile dipoles so as to allow the use of a greater range of permittivity values.

Shi and Zao [15] have analyzed Tilston's structure by the Spectral Domain Technique

and confi¡med the circular polarization selectivity of the structure. It is not clear,

however, how they accounted for the diference between the electrical length of the

transmission line and the spacing between the dipoles.

Tilston's design for the unit cell of a LHCPSS is shown in Figure 1.6. Tilston's

12
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Figure 1.6: Tilston's LHCPSS.

structure should not be construed as being merely two Pierrot's crank wires facing

one another with some dielectric between the two longitudinal sections.

The principle of operation is described in reference [7] and is repeated here for

convenience:

An incident circulariy polarized wave is reflected from such a surface

when the two orthogonal components of the wave arrive at the respective

dipoles in phase and is transmitted when the two components a¡e incident

upon the respective dipoles out of phase. The quarter wave separation

between the dipoles ensures that the two components of the circularly

poiarized wave reach the respective dipoles in phase or out of phase.

When these components arrive in phase, the two waves of equal am-

plitude and phase enter opposite ends of the transmission line causing

13



an open-circuit to appear at its mid-point, This open-circuit when trans-

formed back through the transmission line causes a sho¡t-circuit to appear

at the feed point of the dipoles. Thus, both dipoles appear as half wave

reflectors and the incident wave is reflected back.

On the other hand, if the circularity of polarization of the incident wave

is such that its two orthogonal components reach the dipoles 180 degrees

out of phase, it causes a short-circuit to appear across the mid-point of

the transmission line and hence, both dipoles appear to be open-circuited

at their feed points. The incident wave will be transmitted through the

surface in this case. Thus, a circular polarization selective surface can

be constructed which will either ¡eflect or transmit circularly polarized

radiation of any given sense of polarization.

This principle of operation implies that open-circuited dipoles are transparent, as

though they were not present. This behavior is possible only from ideal Canonical

Minimum Scatteriûg antennas (CMS) [97, 98, 99] [92, pp. 123-133]. In general, this is

only an approximation since the boundary conditions presented by the dipoles remain

always present [96]. The induced current on each dipole is not zero either, although it

is much weaker than that when the dipoles are resonant under short-ci¡cuit condition.

Tilston in reference [8] modelled the cell by a network consisting of two indepen-

dent generators to account for the voltages at the terminals of the two dipoles, two

radiation resistances, each one representing the self plus the mutual resistance arising

from the coupling between the cells of the array, and a connection network modelled

by the ABCD matrix to account for the transmission line and the reactive parts of the

dipole impedances. Under the assumption that the connection network be lossless,

reciprocal and symmetrical, Tilston obtained the requirements for the structure to

be transparent from the requirements that the currents at both ports of the connec-

tion netwo¡k be zero. This lead to the requirements that the spacing between the

T4



dipoles be an odd number of quarter-wavelengths and that the transmission line be

an integral number of half-wavelengths.

Tilston then proceeded to analyze the frequency response of the connection net-

work current for the stop-band, i.e. for the case that the two ends of the transmission

line were fed in-phase so that the surface reflected, as the frequency response of the

se¡ies combination of the transmission line open-circuited at its mid-length and the

dipole impedance. The frequency response of the dipole impedance was modelled

from the results published by Anderson for a single array of parallel dipoles laid as

per a rectangular grid. Tilston's analysis suggested that the characteristic impedance

of the transmission line had to be only a fraction of the dipole impedance in order for

the frequency bandwidth of the array with transmission lines to remain comparable to

the frequency bandwidth of the array without transmission lines. Tilston concluded

also that the choice of the characteristic impedance value for the transmission line

needed to be balanced between obtaining a good rejection for one sense of CP polar-

ization and a good transmission for the other sense of CP polarization. The results

from Tilston's frequency response analysis, however, agreed only qualitatively with

Tilston's own experimental results. These experiments showed also that, without ad-

justing the dipole length, the frequency at which the surface reflected best one sense

of CP polarization was not necessarily the frequency at which the surface transmitted

best the other sense of CP polarization.

In the appendix of the same ¡eference [8], Hurd produced a diferent and more

general analysis of the structure which he modelled as two parallel arrays of dipoles,

each dipole being loaded with the series combination of the dipole impedance (self

plus mutual impedance) for this dipole and the input impedance presented by the

transmission iine loaded at its other end by the dipole impedance (self plus mutual

impedance) for the other dipole. Since the analysis was no longer rest¡icted to the

case of the dipoles of one array being orthogonal to the dipoles of the other array,
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Hurd decomposed the incident electric field into two components, one component

being perpendicula¡ to the dipoles of one array and the other component being per-

pendicular to the dipoles of the other array. He then assumed that the scattered

wave for each component of the incident wave consisted of the summation of the field

re-¡adiated by the array of dipoles that were not perpendicular to the component

of interest, and the freld transmitted by the dipoles of the other array, perpendicu-

lar to the field component of interest, which were fed via the transmission lines by

the voltages developed across the terminals of the dipoles of the former array. Hurd

admittedly neglected second order couplings between the two arrays, namely the re-

¡adiation f¡om the dipoles of the first array illuminated by the transmitting dipoles

of the second array, as well as the re-radiation from the dipoles of the second array

illuminated by the re-radiating dipoles of the first array.

The Hertz vector for the electric field was obtained by summing the contribution

from each dipole while taking into account the periodicity of each array by including

a progressive phase shift in the expression of the current on each dipole in accordance

with Floquet's theorem. By setting to zero the electric freld parallel to each dipole,

an integral integral equation was obtained. The solution is a cur¡ent distribution that

goes to zero at the end of each dipole.

Diferent expressions with various degrees of accuracy exist in the technical lit-

erature. For the re-radiating dipoles, Hurd took example on Munk [16] and used

the symmetrical zero-order dist¡ibution of the induced current on an isolated loaded

dipole as an approximation of the distribution of the induced current on the loaded

dipole in the array. This current distribution consists of two terms, one term account-

ing for the current distribution that would exist on the unloaded, i.e. short-circuited,

dipole acting as a scatterer, and the other term accounting for the current distri-

bution that would exist on the dipole driven by an equivalent voltage source whose

numerical value would be equal to the external load value times the actual antenna
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current. For the transmitting dipoles, Hurd used the current distribution of the dipole

driven by the transmission line, which is of the same form as that for the second term

of the current distribution for the re-¡adiating dipoles. Hence, the total current on

each dipole was the sum of two currents, one for each component of the incident

field, one component corresponding to the dipoles acting as re-radiating antenna,s,

the other component corresponding to the dipoles acting as transmitting antennas.

The far-field was then computed from the Hertz vector potential.

For the c¿nonical case identified previously by Tilston for which the dipoles of one

array are orthogonal to the dipoles ofthe other array, the requirement that the surface

be transparent leads to the requirement that the dipole impedance be matched to the

input impedance of the transmission line and be equal to:

z^ *9\
TaÒ

where ¿ and å are the periods in the two transve¡se directions of the arrays. Since the

dipole impedance of an array of parallel dipoles varies significantly with the incidence

angle [16] when the array period is greater than a half-wavelength and since the cell

size is about at least a half-wavelength in width and in height, the required value for

Z¡ is mel, only over a small range of incidence angles. Hence, Hurd's analysis predicts

correctly that the performance of the surface varies significantly with the incidence

angle. Grazing lobes can also be expected for some large incidence angles since the

inter-element spacing of the arrays is greater than a half-wavelength.

For the more general case where the dipoles of one array are not orthogonal to the

dipoles of the other array, the requirements lead again to the dipole impedance being

matched to the input impedance of the transmission line, and to the transmission line

being an integral number of half-wavelengths. As a result, the value of the character-

istic impedance for the transmission line is not critical since the input impedance at

one end of a half-wavelength transmission line has the same value as the impedance

of the load connected to the other end of that transmission liie. The expression for
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the dipole impedance that provides the CPSS operation, however, turns out to be

much more complicated.

The important feature of Hurd's analysis resides in Hurd's conclusion that many

CPSS designs consisting of two arrays of resonant dipoles spaced a quarter-wavelength

apart and connected with half-wavelength transmission iines, are possible by vary-

ing the angle between the transverse orientations of the dipoles of the two arrays.

Based on Hurd's obse¡vation, this autho¡ surmises that a choice of different angle

values might be best suited for dife¡ent incidence angles. The investigation of such

a possibility, however, is left aside for future resea¡ch.
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Chapter Two

Geometrical Constraints Placed on the
Ideal CPSS

2.L Introduction

As this mathematical development is based on the use of the GSM, the first

section of this chapter is dedicated to introducing the conceptual framework and

subtleties of the GSM. In the second section, the GSM is applied to known structures

in orde¡ to validate its accuracy, and then to the CPSS structure in order to bring

out the constraints placed upon its geometry. It is shown that if the structure can

be accurately modelled by ihe GSM incorporating only the dominant mode, the

ideal reciprocal CPSS must have the 2n-fold rotational symmetry except at normal

incidence where reciprocity suffices, but cannot have the reflection symmetry about

thez=0plane.

The power of the GSM-based technique developed herein lies in the generality of

the method by treating the structure not in te¡ms of its boundary conditions but

in terms of the more general principles of reflection symmetry, rotational symmetry,

electromagnetic reciprocity and power conservation. The method is partly a synthesis

tool in that it allows to identify if a particular operation prescribed for the structure

is compatible with the various aforementioned principles since a prescribed operation

imposes various relationships between the elements of the GSM.
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This analysis does not co¡roborate cornbleet's conjecture that a structure with

a operation corresponding to that of a CPSS represents an impossible polarizer [1].

co¡nbleet's argument is based on the observation that the Jones polarization matrix

for a CPSS structure is singular, and thus cannot be realized by any combination of

physical devices, which by virtue of their ¡ealizability have necessarily non-singular

polarization matrices, since the product of any non-singular matrices cannot yield a

singular matrixl

It must be noted, however, that whereas Cornbleet's argument encompa,sses non-

reciprocal and reciprocal devices alike, the argument made in this chapter on the

basis of the GSM shows only that a reciprocal CPSS is not ruled out as being im-

possible. One can only be definite in the negative because proof that a operation

does not violate any fundamental principles of electromagnetism is not proof that the

operation exists physically, as the case for the physical existence of magnetic charges

and magnetic currents exemplifies abundantly. In the next chapter, however, it will

be proven with the GSM-based technique that the cascade polarizer design represents

an ideal CPSS at normal incidence, thereby refuting Cornbleet's conjecture.

I det(AB) = det(A) x det(B).
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2.2 Generalized Scattering Matrix

2.2.L Generalities

The formalism of the scattering wave matrix originally developed for ciosed waveg-

uides and transmission lines is phrased in terms of time harmonic (power, voltage or

current) travelling waves being incident, reflected or transmitted on a transmission

line supporting only the TEM propagation mode. Each wave in each region is in fact

a composite of all the actual waves travelling simultaneously in the same direction.

Figure 2.1 depicts the scattering matrix which reads as follows:

(;; ) 
: (';,:, ?:") (:; )

The properties of the scattering matrix are [20]:

¡ the matrix is symmetrical for reciprocal structures, i.e. S¡¡ : ,9¡;, providing

that the travelling waves in each region have been normalized with respect to

the characteristic impedance of the transmission line modelling that region.

r the matrix is unitary for lossless structures, i.e.:

f, r^,r:"0= á,, = 
{ I i::-'r;t,

where ó is the Kronecker delta function.
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In making the correspondence between the transmission line travelling waves and

the electromagnetic field plane waves, one must realize that with, say, (az: 0,at # 0),

although ål represents truly the scattered field in region 1, however, ó2 represents the

total field, not just the scattered field, in region 2. The same observation cau be made

about solving the wave propagating in 1-D, i.e. although two waves are postulated to

coexist in region 1, only one wave is postulated to exist in region 2; the final solution

is then obtained by matching the two partial solutions at the bounda¡y interface.

In modelling anisotropic surfaces, the polarization of each wave must also be taken

into account. This is done by considering the two transverse electric field components,

say the r and g components, explicitly in the matrix formulation. The scattering

matrix becomes:

/ ¿f \ ( s{,* s{,, s{,, s{,' \ / ,f \
| ,f I I rl' rl," si{ s,'," I I "i I

I ur I 
: I sî,* t,n" sî,, sl,, I I ,r I

\ ,;' / \ rí," ri" si{ sy,, ) \,y )
The unitary property still applies if the structure is lossless. The mat¡ix symmetry

still applies if the structure is reciprocal.

When the scattering wave formalism is extended to the case of open 3-D space,

i.e. free space is taken to be a waveguide of infinite t¡ansverse dimensions, the inci-

dent wave and the reflected wave ate no longer travelling always in exactly opposite

directions. In fact, at near grazing incidence (say, ái = 89'), the reflected wave travels

in nearly the same direction as that of the incident wave. Similarly, the incident wave

and the transmitted wave are no longer necessarily travelling in exactly the same

direction. Consequently, as depicted in Figure 2.2, eight rather than four waves are

now typically required to characterize the operation of the structure. These eight

waves fo¡m a complete and self-consistent set as each wave finds a counterpart in the

opposite direction. When the incidence becomes normal to the surface, waves ø1 and

¿3 merge and similarly fo¡ the other tvaves so that the set reduces to just four waves.
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Figure 2.2: Generalization of the travelling wave scattering process for arbitrary
incidence angles.

The odd-numbered waves exist in region 1 and fo¡m two ports, one port consisting

of the incident v¡ave d1 and the reflected wave å1, the other port consisting of the

incident wave ¿o and the reflected wave ó3. Similarly, the even-numbered waves exist

in region 2 and fo¡m two ports, one port consisting of the incident wave o,z and the

reflected wa,ve b2, the othe¡ port consisting of the incident wave o4 and the ¡eflected

wave å4. The relations between these various r,vaves are as follows:

Incident Reflected Transmitted

&thb2
a2 b2 bl

ashb4
a4 b4 bs

and the corresponding scattering matrix becomes:

tl')[ii'',',]tï)
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Figure 2.3: Travelling wave scattering process for arbitrary incidence angles with
relabelled incident waves.

The matrix coefficients that are equal, providing that the structure is reciprocal

and that the travelling waves have been normalized, are now:

5rr : S¡s, Szz = Saa, ,$lt : 5s¡, 5zr : ,9¡¿

Thus, one observes that the matrix for a reciprocal structure is not symmetrical.

However, it is possible to rearrange the terms so as to make the mat¡ix symmetrical.

For instance:

/¿,\ lo o ,9rr,9rz\/or\
Itl-l t o sz,s,zll". 

l

lu, l:ls..s- o o ll", I

\a/ \s., snn , o )\',)
In efect, this rearrangement corresponds to taking for port 1 the reflected wave å1

but the incident wave a3 instead of the incident r¡r'ave ø1, and relabeiling the incident

vr'aves so that port 1 corresponds to the relabelled incident r¡r'ave ¿1 and the original

reflected wave å1, and similarly fo¡ the other ports as shown in Figure 2.3. One
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obtains:

/4,\ lo o sre,s,,\/o,\
lu, I lo o,srss,nll", II l:lt,t, o o ll""llå'l
\ó./ \sn, so, o o /\',/

With this relabelling, the matrix would be possibly symmetrical without rearranging

the terms but the matrix would now appear diferent since a reflection coefficient

would have been turned into a transmission coefficient. This author finds it physically

more meaningful not to relabel the incident waves.

The polarization of each r¿vave can again be taken into account explicitly by iaking

each scattering coeficient to be a submatrix. The polarization, however, needs now

to be described in terms of ?E (or H) and TM (or .Ð) modes ¡ather than X and

Y components. Thus, the incident EM field must be first decomposed inlo a TM"

mode and a,TE" mode, and the scattered field must be decomposed into ?M" modes

a.nd TE" modes. In this development, it is convenient to take u = z where z is the

coordinate axis perpendicular to the surface of the planar st¡ucture. With respect

to the notation, it is more convenient to account for the polarization explicitly by

means of superscripts pg rather than to assign a diferent port to each polarization

combination. Thus, each port can be understood as consisting of four sub-ports,

one sub-port per possible polarization combination of the incident and the reflected

waves, i.e. (ot,bt),(ot,b'),(aH,bE),(aH,bH ). The scattering matrix becomes:

ñ cEE eEH aEE qEHv ull Ùtl ¿12 ¿12

o syr" sflH silE sflH
o sPr" sfÍ sf1"E sfr
o srlrr, sHH sH2E sHH

s",foooo
s{o,oooo
sifoooo
sfn,oooo

br

br
LE
u2

by

bg

b{
br

br

000
000
000
000

CEE eEH CEEv33 v33 u34

cHE cHH eHE

eEE cEH eEE¿43 Ð43 r44
QHE QHH QHEo43 ù43 ù44

a!
a{
af
ad

a!
a!
dl
ø{



One finds it convenient for the purpose of subsequent generalization to regroup the

terms according to:

1. the region to which they belong, as indicated below by a triple line separation

2. the polarization combination, as indicated below by a double line separation

3. the spatial direction, as indicated below by a single line separation.

One obtains:

The terms could be rearranged so as to obtain a possibly symmetrical matrix (but it

will be seen later that due to some other consideration, ^9(.E,.F1) is not symmetrical

in general, even after rearranging the terms). One would obtain (without relabelling

the waves):

o ,gfl" o sf," o sPrt o s,F{
s"F"" o sår o s.r., o s"tf o

o s{r" o ,gfl" o S{rt o S,Fr*

sIrE o sg" o s{n, o ,9#" o

0 SrFr,, 0 SrFr, 0 S"tt 0 Sff
sf"" o s"P{ o sfo" o s^T o

o sryrt o syr, o srrt o str"
sItE o s"F"' o s{n" o slnlt o

However, one finds it more convenient for futu¡e generalization to keep the various

incident waves in the same order as that of the reflected waves.

H
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LE

bl
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bF

b3

bl
q

sPi'l o llsgHl o

o lsf4Ell o lsgr
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0 l.rflËll 0 lsltH

o lsåEll o ls.e{ o Isf4Ell o ls"f
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Some structures require even more than eight waves. For instance, a grating scat-

ters the incident wave into a multitude of modes, each mode propagating in a difierent

direction. The most general formulation requires in fact an infiniie number of waves,

one wave (two if one considers also the polarization) for every possible direction, in

agreement with the principle that any spatial waveform can be decomposed into an

infinite sum of plane waves propagating in all directions. The scattering rnatrix rep-

resentation thus assigns a diferent port to waves propagating in diferent directions

in each region. The generalized scattering matrix fo¡malism 123, 24, 25, 2T , 28, Zgl

extends this representation to evanescent modes as well as to propagating modes,

but then, the unitary property of the matrix for a lossless structure no longer applies

because evanescent modes do not carry average porver on their own [23, p. bl4].

The matrix is of infinite size even for a scattere¡ with only two faces if al1 observa-

tion directions are considered. The number of spatial waves needs also to be infinite

when the scattering surface is of finite size owing to the scattered wave spreading

into a bundle of plane waves rather than remaining a single plane wave. This angular

spreading of the beam results from the spatial windowing phenomenon. The larger

the scattering surface, the smaller the angular spread. For that reason, the GSM

written in terms of plane waves is not very practical for finite size surfaces.

In concept, this formalism could be generalized to structures with more than two

faces or regions. Ultimately, if the number of faces became infinite, any arbitrarily

shaped scatterers could be modelled. In practice however, complications would arise

f¡om the overlap in the angular coverage corresponding to each face as the two regions

would no longer be necessarily mutually exclusive. Hence, a single uniform plane wave

could now illuminate simultaneously mo¡e than one face with a possibly difierent

incidence angle at each face, and the t¡ansmitted wave would no longer necessarily

represent the total wave in its corresponding region,
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For arbitrarily shaped scatterers, a better approach consists in decomposing the

scatte¡ed field into spherical rather than planar modes, and assigning a diferent port

to every diferent spherical mode [92, pp. 123-133] [99]. Modes other than spherical

ones might also be appropriate, e.g. the Inagaki modes [100, 101], the characte¡is-

tic modes [102] and the generalized characte¡istic modes [103]. The resulting GSM

defined in these references, however, is diferent from the GSM defined he¡ein since

their GSM for a transparent structure is the identity matrix whereas here, as it will

be seen later, the GSM for the free space slab is ¿ol the identity matrix. In the re-

maining part of this chapter, only planar structures with two parallel faces extending

to infinity are considered.

To each sub-port corresponds an incident voltage travelling wave and a reflected

voltage travelling wave which are made out of the transverse electric freld component

of the corresponding mode. The equivalence is based on the fact that the longitudinal

component, herein the z component, does not carry any complex power in the longi-

tudinal direction, i.e. 12. Now, with a trte TEM transmission line, the definition

of voltage and current is unique with respect to the choice of the integration path

in space, in the Faraday and the Ampere integral equations, respectively. In other

words, the Helmholtz equation reduces to the Laplace equation and the electromag-

netic field distribution is exactly the same as the superposition of the corresponding

electrostatic and magnetostatic field distributions. Consequently, the definitions of

the characteristic and the input impedances of the transmission line are also unique.

For the transmission line corresponding to aTM" or ?.Ð'mode however, this unique-

ness of the definitions of voltage, current and impedances is destroyed by the presence,

in the mode, of the longitudinal field component which ¡ow makes the voltage and

the current dependent on the choice of the integration path in space. In other words,

the Laplace equation does not apply here.
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Although no longer unique, the concepts of voltage, current and impedance re-

main nevertheless useful, providing that in using the transmission line theory and its

associated scattering matrix formalism, normalization and denormalization be made

with respect to the same definition of characteristic impedance. This definition can

be made on a pseudo-voltage/pseudo-current basis, or power/pseudo-voltage basis

or power/pseudo-current basis [21]. Alternatively, one can use the concept of wave

impedance which is defined as the ratio of the t¡ansverse components:

Zw: - q cos(o) br rM,

cos(0) for T E"

Taking the wave impedance as the characteristic impedance of the equivalent

transmission line has the physical interpretation of taking both the transverse elec-

tric and the transverse magnetic fields of the mode of interest, be it TE" or TM,,

as the electric and magnetic fields of the equivalent TEM" mode travelling on the

equivalent transmission line. The expressions I: and I come respectively from per-

forming # = -# a"d ff : -ff where.4 and F ¡efer to the magnetic and ro

the electric vector potentials, respectively (see Appendix B). It is no coincidence that

the expressions ;ft4 and 2cos(á) correspond also to the expressions for the charac-

teristic impedance of the equivalent transmission line modelling a planar dielectric

interface 122, pp. 413 & 4151, and to the expressions for the ratio $ when a uniformní

plane wave is incident onto a planar surface at an arbitrary angle with an arbitrary

polarization (see Appendix C).

One notes that the scattering matrix has half of its coeficients being zero. Fur-

thermore, when the structure is reciprocal, the use of eight waves incurs even more

redundancy since, for exampie, the relationship between the waves ø1 and å1 is the

same as that between the waves @s and ås. The use of an equivalent transmission line

whose TEM' field consists of the transverse field components of the actual TE' o¡

E, _[k - kn/r,-lt:*rt
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TM' mode makes it possible to treat the arbitrary incidence as if it were a normal

incidence since the arbitrary incidence is taken into account implicit,ly by means of

making the characteristic impedance of the equivalent transmission line Zo dependent

on di and /i upon taking Zo: Zw. Thus, the scattering matrix can remain written

in terms of just four ¡ather than eight waves so that the scattering mat¡ix formalism

of the transmission line theory can be used without modification.

Since the transmission line and the usual scattering matrix representations deal

only with the transverse components of the modes, so do the corresponding scattering

coefficients which are phrased, here, in terms of solely voltage travelling r¡vaves as:

qpq 
- 

tþ
.)'"í, : fü for al, - 0,u f o,,l - {p,q}

( Er]Ip

- @Ñ for (Ej){, : o'u * u,I: {P',q}

where.Éj : È!+ Ë'" wiih f - {z,r,f}. The superscripts i,r,t,s stand for incident,

reflected, transmitted and scattered, respectively, with s = {r,f}. The subscripts

o,t, z refer to the whole electric field, the transverse component and the z component

of the electric field, respectively. The superscripts g and p refer to the mode of the ø

and ö waves, respectively, and take on either the designation E or 11 where.E refers

to the TM" mode (i.e. -Ð' mode, i.e. È" - 8.0)., and.I/ refers to the TE" mode (i.e.

.F1' mode, i.u. È.: E"ó).

n I p -- S + Sp,l, corresponds to a co-polarization coefficient;

I p# S+ ,Sl! corresponds to a cross-polarization coeficient.

(
ff j ": u+ SIl corresponds to a reflection coefficient;

| "#"+ SIl, corresponds to a transmission coefficient.

In the present formalism, a scattering coeficient is considered to correspond to a

transmission coefficient even if both ports belong to the same region.

In order to obtain the voltage scattering coefrcients in terms of the whole electric

field rather than just the t¡ansverse electric field, the angles must also be taken into

3l



account as per Appendices A and B (see also Figure 2.4). Taking also into account

Snell's law of reflection, i.e. 0' - z. - di, there obtains for the case a1 f 0,a2 = a3 =
aq:0:

Ei:l ###h-"Å b,rM'

'i - | Ej 
ror rE.uo t4

E;:l Hffi:m:ú ro,rM"

4- | ui rotr*"" (Ej

The voltage scattering coeficients in terms of the whole electric field becomes:

/-po - @Ðl r^- /,ri\r ^ ^.. r -.Uí,", = ffi for (Ej)i : 0,u # t,,I: {p,q\

In order to ease the notation, the scattering matrix is written hereafter as a generic

2-port scattering matrix with each port being arbitrary. Owing to the earlie¡ choice

of keeping the incident waves in the same order as that of the reflected waves (and

to some other consideration which will be seen later), the resulting matrix is not

symmetrical even when the two generic ports happen to correspond to ports that are

in a possible reciprocal relationship (e.g. port 1 and port 3, or port 1 and port 4, but

not port 1 and port 2). There obtains:

/ ¿f, \ ( s"'i", s#,, s"rî,, s,";r", \ / ",", \
I ur' | : I t,'r"., t,*r,',, slr,',, slr,',, I I "g I

I bh I I sl ", s"y¿r,, s"pf,, s1ùr", I I ,f, I

\ bl, I \ .9fl,r", sfrl, sL?", slrL, J \ """, I
The above formalism is generalized by allowing ui ar,d. uj to be described more gen-

erally by a scattering angle (d", {") and an incidence angle (di, {i), respectively. Al-

though a given port was defined earlie¡ as being confrned to a given region, these



-l,, \P -?
\ -"1\,^li ei

ê* t. E¡.t. ,

Figure 2.4: Representation of the elect¡ic field vector lor lhe TM" mode for the
two cases where the incident wave originates from medium $1 (top) or
medium f2 (boiiom).
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angles are assumed more generally to take arbit¡ary values. This formalism can also

be justified on the basis that ihe use of the equivalent t¡ansmission line allows the

use of only four rather than eight rvaves, as mentioned earlier. The generic voltage

scattering coefi cient becomes:

So,f@" , ó10i, ói) : ffi# ror ar-:o,w f t;,r - \p,sj
_ (Ei)1,(0",ó") . .ñ..\: Gffi ror (Ei)1, : o,u # u,t: {r,n¡

clí(0' , ó'loi, ó¿) - for (Ej)f, :0,w * u,l: {p,n1

where Oi : " - 0i and O'r: 0i

I n = " - di, and ö" = r .* ó; -> monostatic scattering

If I d" = r - 0',, and g" : þ' + bistatic scattering

| 0" - 0t, and {3 : 4!i + forward scattering

I d": any angle, and d': any angle * general scattering

To fix ideas, the two generic ports are taken hereafte¡ as being ports 1 and 2. With

the help of Figure 2.4, the matrix C(E,H) can be obtained explicitly as follows:

(',r=',?','r-ifiii;.,*;]l ):["^i"' 
i ,"^i",,, i)tiill )

*n"r" o::f dí ifs-r\ and or-1|"-oâ irs:r]
l"-B; ifs-tt "'-ìr; irs:tJ

l:i=',î',i=T,1*li',,""*",,'),','r'r',,J 

: 
[ 

"-i"' 
i ,"*ä,,, i) tifi]l )\'í : (EÐy : (EÐl

34



( fa;l? \ / sfi' sp,, sF¡' s?i \ ( (E;)f \

I ifr i i I I äi i¡i îç if)l'ï;ii)

'"ä)liriù(i;,1:,\ (?'å:

f æ,)=lzr;

.:EH .'\EEvl1 w12

.1HH .:HEvll wt2
¡-EH .1EEw21 w22
.-HH /1H Ew21 w22

Performing the required matrix manipulations, one obtains:

/ lcos(Oi )l qEE t qEH lcos(Or,)l cEE
I lcos(oi)l"li lcos(Oi)1"11 lcos(oi)1"12
I lcos(Oi)l qäø qaa lcos(Oå)l qHE

C(ø.U\_l 1.-..."rr "tt 1 "12' I l#ffilisÎ" øh¡sf'u tt1g#tg"
\ lcos(oi)lgaø guu lcos(o',)lgHrE

Substituting for Oi and Oj, one obtains:

t <ør\
lcos(oi)1"12 I

S,Fr' Ir cø¡¡ I

lcos(ofilu22 I

s{r' )

/ lcos(gi)l qEE t qEH lcos(î'z)l qEE I cE¡J \
llcos(di)l"ll lcos(di)1v11 l¡06(rÐ1"12 @ñÐlut2 I

I lcos(airl5ar SfrH ht:!9à)gn¡ S{ru 
I

I ffiffiil+tr'' ffisY,u ffis,p," @futtsff I

\ lcos(Pitlt¡¿ garn lcostl\)l gn u S{r, )

c(8,,H) -

Applying Snell's law of reflection with the angle d defined as per Appendix A, i.e.

0'=n-di,oneobtains:

qF,E
"11

lcos(îi)l qH E
1 v1l

lcos(di )l cEE
lcos(01)lÙ27
þosßi)l gn ø

c(E,H) -
ffisY,u ffitr'r" ffisg" 1

SfrH Þ:\!àJgnø S{r'I
ffis,a,, sqf øfunsfr, I

gn n lcosgi\ gn , SrIr,r, )
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+ Ji(¿r,tr: 

I

lcos(gi)l rEH lcos(eÐl ¡.,88I " Il lcos(î'r)1" 12

nHH 1 rtHEvll 
lco-s@¡t'L2

lcos(?tz\l ¡tEH ñEE1 '¿2L "r 22

tlHH | /iHE'.,21 Eos@Ðv22

If the two generic ports correspond to reciprocal directions through the structure

in free space, one obtains:

/18 Eu11

I /1H E
l"os@l)iett
lcos(îtt)l ¡-t E E
lcos(di)1"21

I /'tHE
Eos1eiJiv21

wzlusfrn \
C{ru I

tss:1tUçgr, 
I

c{ru )

and thus:

s(8, H) -

lcos(îi)l¡'Eg r-EE1 "11 '"12
¡tHH I rtH Ev1r lì*lalJfurz

lcos(îi\l nEH îEE1 "21 '"22
/1HH 1 rtH E
"' 21 þo4rjiv zz

In the above matrices, it is understood that if the incident wave (Ej)l : 0 the

corresponding angles di =0 and dl =0so that the scattered wave (Ej)fll uf u and

the corresponding scattering elements Cflj be not afiected. When the incidence is

normal to the surface, lcos(Ai)l = 1 and thus, C(8, 11) = S(E,H). Let us recall that,

owing to the earlier choice of keeping the incident waves in the same order as that

of the reflected waves (and to some other consideration which will be seen later), the

scattering matrices C (8, H) and S(,Ð, 11) are not symmetrical in general.

( ei:"-r.i
I 'li-"-aL
1 ,;: t;

I ti= ri

lcos(di) |

1

lcos(ei) |

1

/18 Eutl
1 rtHE

lãos@iJ[vtt

crttt
I rtHE

Eo;@)lv2r
;l

(2.1)

tE.
12

H
t2
tE,

C

Ç'

C,

C,

c&
.'' Hv22
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2.2.2 Normal Incidence

Rigorously, one cannot speak of the,Ð' and 11, modes at normal incidence, i.e.

lor 0i : {0,r}, because in such a case, these modes coalesce and k2" - kZ:0 
^pp. 

,
in the denominator of the expressions for the field cômponents (see Appendix B).

Furthermore, when d: {0,2r}, the spherical coo¡dinate system has an ambiguity in

/. However, the same formalism and concepts apply if one replaces the -Ð, mode,

for which Èo : Eoê , and the H" mode, for which Ë" - E.ó, by say, the X and

the Y components of .d, respectively. The scattering coemcients with ihe Cartesian

coordinates, however, are not all identical to the corresponding scattering coefficients

with the spherical coordinates because the spherical coordinate unit vectors 0 
""d $

which are used to describe the polarization of the waves in the arbitrary i¡cidence

case, vary with position whereas the Cartesian coordinate unit vectors â and y which

are used to describe the poiarization of the waves in the normal incidence case, do

not vary with position (see Appendix A). One obtains:

(2.2)

Hence, with ó corresponding to the Kronecker delta, one obtains:

| â; - e, --+ (+â)

| ¿'= ô, = eû)
| ô, .- çe1
I ¿" = (-r)
| ât : ot --i (+ô)

I d;: d' - (+i)

I ô, -- (-å)

la - (+r)

( I t,= ár -- n 
.[ 

_
".-1 ,|lø'=ø':,J-"-' - 1 í r -- o lli" = "J :=+

-' r I{"=:i'::} :-u:2 + 1 i'0, .- 
^[1" =,] +

Iti = (-ó-+6")åf \ /sfit s,",, spp s",,tr\lap = +oI\
I uf : (-ó",+ó,¿)ål I _ I rg" sl,, sl,, sl,, ll "l : -"{ I

I ti = ç6-+6*)bl I I sf;" s,FÍ sF", sy ll "F = +oI I

\¡;': (+6",-6"t)bl / \rg" sy,, sy," sy,r)\"1 - +oï)
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-(:trj = ['i" 
-"¡u"' 

-*"]*,. 
*,,1_,,, ) t ä l

Performing

-ftil ti ;:i)t;i l
the required matrix manipulations, one obtains:

( =i'¡;sn" _#î;srrr, +rr;sff =j6s¿" ¡
I r*¡;sfiu =irs¡' =|¡¡;sfru ={us,rr' I

| =*tsn" +úsPÍ =6j¡rsPr' =#$sP{ I

\ ¡5s¿' ¡frrs¡," ¡rl*sfr" $*6;sf,f )

,9(X,y) -

Now expanding the Kronecker delta, one obtains:

í^:lt u=o ) (-tp," sf.,, s,F," sß"\
I '' \o "+, f _* s(x.y\: | -rfi' sHH cHE oHH t

1,.=i ; ;:; i= l r"u," -]"Å¡ -ì,Ë,' -|i,, I r''u

t "' lt u¡u ) \-s#" s,yr, s,Frt slr, )
Now,.9(X,Y) is symmetrical if thestructureis reciprocal [B?]. Therefore, S(E,H)

cannot be symmetrical even after normalizing the voltage travelling waves.

Hill and Cornbleet [3?] have used the voltage scattering matrix in the Cartesian

coordinate system to analyze the performance of linear polarization rotators at normal

incidence2 Amitay and Saleh [38] have used the same approach to study the

performance of linear polarization rotators under arbitrary incidence angles, by first

@adiscrepancyexistsintheexpressionforthescattering
coefficient,41a between reference [3?] and refe¡ence [1, p. B0B]. This author believes the expression
in ¡efe¡ence [37] to be the cor¡ect one.



projecting the polarization vectors onto the plane of each grid composing the rotator

and then proceeding as if the incidence were normal. Andoetal. in references [40,4i]
have proceeded conversely by projecting the grid onto the transverse plane of the

propagation vectors. Alternatively, Gimeno et al. in refe¡ence [42], Chu and Lee3

in reference [80, 81], and Chena in reference [3g] have proceeded diferently by

decomposing the waves into E-type and /l-type modes (i.e. TE and ?M modes with

respect to a transverse direction rather than to the longitudinal direction). These

approaches are most convenient for arbitrary incidence angles only when the structu¡e

under analysis is simple like a grid made of straight wires or strips. For instance, if
the incident wave is of a pure E-type or f/-type mode, the wave scattered from

a free-standing lossless metallic grid of infinite transverse dimensions is also of a

pure .Ð-type or ff-type mode, i.e. there is no coupling between the.E-type and the

fl-type modes laï, p. 2201 [44] (see also Appendix B). This absence of type-mode

coupling reduces the scattering matrix from a single 4x4 matrix to two independent

2x2 matrices since the cross-polarization coeficients written in terms of the type-

modes become all zero.

For general planar structures, however, it is preferable to use the GSM in the

spherical coordinate system because the choice of this coordinate system is the natural

choice for describing the polarization of the waves in terms of the familiar TE" anà

T M' modes whose generality is well knorvn (see Appendix B). This approach is

followed in numerous papers [23, 24, 25, 26, 27, 28, 29, 30).

3some confusion seems to lun throughout this paper. In analyzing the meander line geometry for
oblique incidence, chu and Lee use the expressions for the .E-type and ihe ll-type modes developed
by Àltschuler and Goldstone in ¡eference [43], even though this E-type mode deals with the IJ
component perpendicula¡ to y and this ff-type mode deals rvith the .E component perpendicular to
y whereas chu and Lee mean to analyze the geometry in te¡ms of the E component parallel to a
and the.Ð component perpendicular to ¿. These two decompositions are not identical for arbitrarily
oblique incidence.

'This euthor notes in passing ihat he has some se¡ious lese¡vations as to the accuracy of the
modelling shorvn in Figure 6, p. 366, since if the inductance loading approached a short-circuit as
mentioned on p. 365, the two ideal t¡ansforme¡s in Figure 4, p.365, would become nearly short-
circuited, lhereby invalidating the equivalent nelworks of Figure 6.
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2.2.3 An Example: the Planar Dielectric fnterface

To demonstrate the various aspects of the GSM framework, the example of the

planar dielectric interface is presented. The Fresnel equations for the dielectric in-

terface are most conveniently obtained from the inteipretation that the transverse

electric field of the TE" mode corresponds to a voltage travelling wave whereas the

transve¡se magnetic field of the TM" moàe corresponds to a cu¡rent travelling wave.

For the T M' mode, one obt¿ins:

ot _ Hi EII?nt) EI Zi^/ - Zh
¡! :':-- H¿ E l!n') E¿ Ztil + Zt//

_ E+ : _p _ zi, - zv _ eik: - e,ki _ ei lkll _ er lk2l
Eo Zfu + Zl/{ eikr, + €tki et lktl + et lk2l

,r,:H: _E:lGn) _(1,\ø,. _ 22i,,/' : Hi: E IGñ: \n,) 4: zl+zÇ

- 
El : (n'\r,- (t\ zzw - Jj"zt¡, - '/'1vzlt':l- 4: \î)' : \l)zç¡a=rkt+v4:jF¡¡aW

where the superindices i and f refer to the incidence and the transmission regions, re-

spectively, the superindex 1 refers to current travelling wave paramet.r", q, - yfpJ",

is the intrinsic impedance of the region I and. Zla - kt" l@et) is the wave impedance

of the region ¿ *¡i¡ ¿ - {i, l}.

Fot the T E" mode, one obtains:

¡2v-EI-EI-'" - Ei- E¡-

_EI _.pv _Zl¡,-zi.v _ki-k: _lktl-lk:l'r'" -iÇlzia:tr+kt:WTW
,rr:E: -E! _ 22Í,- E: E¡ Zl" + Z:,

_ Et" ,¡v 2Zi, 2k, 2lkil' -Zfu,+zÇ:tr+h;=W+W
where the superindex V refers to voltage travelling wave parameterc and Zl, -
@p")lkt".

z!// - zl,
Zlv + Zi"
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By substituting the region number for the superindices i and ú, the voltage scat-

tering matrix C(E,H) for the two ports that are in a reciprocal relationship through

the interface is obtained as:

c(E,H) -

"1ln?l-e,lrlletltll+ezlrll

0

z,/J?ltcll
Jlk?I+-"'Ë{

0

0

lkll-lk?l
lnll+ltZl

0

zlr)l

lE"t¡-q

z'/PJlrTl
?W{TJFT

0

e2ln)l-"Ll*?l
?lí,¡t@

0

0

zln?l

F+¡es
0

ffi#
Now, following the concepts and formalism developed in this chapter, the corre-

sponding S(8, H) matrix can be derived from an equivalent network of transmission

lines where the characteristic impedance of each transmission line corresponds to the

wave impedance of the region for the mode of interest. This approach differs slightiy

in concept from the one above in the basis on which the network equivalence is made.

In the approach above, the network equivalence is based on the field component that

characterizes the mode, i.e. E, lor the T E" mode and fI, for the ?M, mode, corre-

sponding to a voltage and to a current travelling wave, respectively; this characteristic

field component is entirely transverse. In the approach here, however, the network

equivalence is based solely on the transverse part of the electric field, and this trans-

verse part corresponds solely to a voltage travelling wave as evidenced by the ratio of

solely electric fleld variables (Ei)r"l@ÐX

Using the familiar transmission line formulae with Z. = Zw, one obtains:

,, -"Å-

( ei *t"_-rr t '-2,"- z3 I nS¡v6 -
zl+z,^ I u tL

I Li LLl
| ..2 | '.2

lor T M"

1o¡ TE'

41

eiltt"l_rtlt'2
€ilkLl+€rlkt
k'"1-lkr"

4l+lnt"l



ryv -El -
2Z:

"ffi.ffi o,ffi
4ffiw o

zl*!lu 
P¡671

zeil.rt-l: Jtn-4â*¡ lotTM'
'riitt '"

- F'ffi forrø"

o-21ull

úËrw"l o

' åHeI

M.Å# 0offi

( zror,-| -------.------.t-
I eN \rt"+€t k.

I 2k1-

lEíE
Zt" + 23

By substituting the region number for the superindices i and l, one obtains the

voltage scattering matrix S(E,H) as:

Now since one has:

lcos(r,l)l _ln)llt'¿ _k\lk:l : ^EM
lcos(ît)l - lk\l lkï - kllkTl - \ e' lk?l

and similarly:

lcos(ot)l :lk?llkT _ kl]E]: ^EÊ
lcos(?1)l - lkll lkl - kZ lkll - \ ', lk] I

s(8, H) -

thus, one has:

lcos(o\)lnnn _ ¡vlr,ll zJezJlfil
1"*@1"12 - VJøjWFffi

ze2lt!l- luFJIq
qEE

- ùrz
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lcos(ot¿)l v-nr - . f{l{:g7lk}l
Þ*ffi¡w21- 

: VTWJW+-,rF¡
z,"rli?|,- JFz¡+ZFil

- snt
This confirms the relation that was developed between the matrices C(E,H) aú.

S(E,H). Fo¡ the case of normal incidence, one has:

k- _ h^ + [ ¿ lr:l : .,/p,er-e, : t/PJ 1t'21 \ _

[ "' lfr3l :,|¡¡:*,r, : JJFirl) J 
+ s(E,H) = c(E,H)

as expected since at normal incidence one has:

lcos(of)l lcos(Ît)l
E*@I¡l: ' = p^(Bil

The matrix C(E,H) (or S(-Ð,fI) in the case of normal incidence) would not be

symmetrical even if the o¡der of the incidence waves had been changed and although

all cross-polarization scattering coefficients aÍe zero,, because the voltage travelling

waves have not been normalized and because S(8,, H) + S(X,Y).

This autho¡ notes in passing that from the above expressions, it appears that the

expressions given by Hall et al. [23, p. 513] for the transmission coefficients of a planar

dielectric interface are in error by the factor lk.lk:f+.
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2.2.4 Composite Scattering Matrix

This section presents the development of the composite scattering matrix resulting

f¡om the series combination of two scattering matrices separated by a transmission

line of length d. Such a combination is apt to model any two transverse discontinuities

separated in the longitudinal direction by a distance d where 0 < d ( co.

This development is important because an entire planar multilaye¡ structure can

be modelled by a single scattering matrix by applying successively the composite tech-

nique to any two consecutive mat¡ices modelling two consecutive planar interfaces or

layers, thereby reducing the number of scattering matrices by one with each succes-

sive application of the technique until only one mat¡ix remains. It is from this single

overall composite scattering matrix that the characteristics of a general multilayer

structure are then investigated by obtaining the const¡aints placed on the elements

of the matrix by a particular operation prescribed for the structure.

This technique extends readily to the generalized scattering matrix by taking

each element of the matrix to be a submatrix to represent the co-polarization and the

cross-polarization coefficients, with these submatrices being themselves submatrices

to represent the different spatial harmonics, either propagating or evanescent. This

format, which was adopted earlier by rearranging the terms of the matrices, lends

itself readily to generalization to any number of ports, one port per spatial direction

in each region. Consequently, this development is carried out with each scattering

element being treated as a submatrix. Figure 2.5 depicts the case under study.

One has:

(;l) = (;;,';;,) (; )

AIJ
'r 72

StrI
(;í ) (;i )(:l;)



tr
a

a

b\

Pigure 2,5: The series connection of two scattering matrices separated by a trans-
mission line of length d.

(:1,): (ä ;t )(:1,)
From simple matrix manipulations, the submatrix elements of the composite scat-

tering matrix are obtained as:

så - si, +sl,H,s{lPsll
SP2 : S{'zHzsll

sì, = slla..sí-
sì, : sll+StrlH$[,PSll

whe¡e:
P : ¿-ik'd ¡
& - (P-t-sl,PSl{)-1
H2: (P-1-S\{PS[)-1

with I representing the identity matrix.

(:;') =( ' i" " 
i., ) ( ;i, )



All these expressions, except that for Sfi, agree with those given by Cwik and Mit-

fta 124,26]1. The expression for ,91, reported in both papers as .9fl contains, however,

the same two typographical er¡ors. S| should read as being equal to S-,prHlSBro

instead of S,BTHISB*.

The composite matrix technique is readily extended to the arbitrary incidence case

by augmenting each mat¡ix to include all eight waves. There obtains with n - {I ,I I}:

/al\ (si, si, si, sin\/"1 \
lur l_lra ri. si, sin llq I

I ul l=l r;, rl, th ;T^ll ; I

\ ul / \ rl, rL sl, st^ )\,i )

(i',',\ (''i'' "-:,r.,: :lf;; I

l:l l=i ; | '':' "i.,)l':,',)
The solution is formally the same as before upon regrouping as follows:

t,: (iî) ."u t,: ftj

,H, = (p-'_sl,ps{{)l
112 - (P-1- s{lPsl)-l

"t=(ä) '"0 "'=(:î)

"*=(;ä ;ä) *o 5,,=(;i;ä)

"t': ( ?; 

";) 
-' st': ( 

"ï 

':;^)



Figure 2.6: The case of treating the principal ,¡¡aves as if they corresponded to
spatial harmonics.

and performing the obvious change of symbols, i.e. 5 in place of S , and 'l1in place

o1 H.

Alternatively, the solution remains identically the same if the eighi waves are

t¡eated as if they were spatial harmonics, since the incorporation of a higher order

mode augments also each matrix in the same way. In other words, the mathematical

computation would remain numerically the same if the eight waves were treated as

being various spatial harmonics. Figure 2.6 depicts the arbitrary case where the

principal waves ó1 and å2 would correspond to the spatial harmonics of o¡de¡ n : 0,

and the principal waves å3 and óa would correspond to the spatial ha¡monics of order

n = -2. Thirdly, this formalism can also be justified on the basis that the use of the

equivaìent transmission line allows the use of only four ¡ather than eight waves, as

mentioned earlier.

The above technique is, in principle, exact if the numbe¡ of spatial ha¡monics

is allowed to be inflnite. In practice, however, one must necessarily truncate the

matrix to a finite size, thereby introducing an approximation in the modelling of the

system. Hence, to avoid dealing with a large number of evanescent modes, many
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researchers 125,27,281 recommend not to model a plana¡ surface mounted on a

dielect¡ic slab as a series connection of the free standing structure and the dielect¡ic

slab. The number of spatial waves is also infinite when the scattering surface is

of finite size owing to the angula.r spreading of the.beam incurred by the spatial

windowing efect, as mentioned earlier. For this reason, the GSM written in terms of

plane waves is not very practical for finite size surfaces.

Most authors proceed diferently in obtaining the scattering matrix of a system.

In a first step, they transform the scattering matrix of each subsystem into a corre-

sponding transmission matrix. Then they multiply the transmission matrices of all

the subsystems to obtain the composite transmission mat¡ix of the whole system. Fi-

nally they transform this composite transmission matrix back into a scattering matrix.

Mittra et al. [26, p. 1608] report, however, that the t¡ansmission matrix approach is

sometimes numerically unstable.
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2.2.5 Principles and Notation

For notational convenience, it is assumed hereafte¡ that:

cä: cli e cll?",ó"10',ó') - c!l(e",ó"lrì,ö')

whe¡e the angle dependence is the same for both scattering coeficients, as indicated

by the context descriptor @",ó"10í,ói).

Various principles [30, 31, 32, 33, 34, 35, 36] are expressed in this section. Fig-

ure 2.7 depicts the reciprocity principle. Since the physical interpretation of enforcing

the reciprocity principle consists in reversing all propagation vectors while maintain-

ing their respective polarization, one finds with this symbolism and notational con-

vention (see Appendix A and u, o - {1,2} where 1 and 2 represents the labels of two

generic ports, each port corresponding to any direction irrespectively of the region)

that the process of reversing all propagation vectors results in:

fors:r
fors:J

for @)l:0,w t {u,u},1 - {8, 11} and where:

.1. _ Í +1 if the wave is E,-polarized \
'u 

: 
t -t if the wave is 1?'aorarized ] 

with i - {i'r't}

owing to the inversion in / incurred with the 180, rotation in / upon reversing the

di¡ection of the propagation vectors (see Figure 2.8 for an example). Hence, for the

I @)t(o',$') --+ ei,@i)!þr - o"r ¡ þ')

) (E:)'"(0',ë') --+ e!r(E'")f,(tr - 0',¡r * öt)

I tu,,,tr', r'l - {',i',:;r]i:r: -i:,îI'il

I +t ite:n
":\-t itplq
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reflected wave, one obtains:

Co,l@' , ó'10i, ói) : @nq,)@r,ór\ \¿ e|@Ð1,("-ei,"+ói)
@-,ffi1ñ /\, +(E G_0,,7t+ó\

- enCl\(tr - 0',r + ó'ln - 0,,r * þ,)
for (Ei)f, - 0,w t u,I - {8.,H}, and where:



n-e1

Figure 2.7: The depiction ol the situation corresponding a") to C#,@" , ö" l0t, /i) and
b) to Cj!@ - ei,r I giln - 0", n * d"), for both cases of s = r and s : t.
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Similarly for the transmitted wave, one obtains:

co,g@,, ó,10n, ón) - #,ffiÊ x ffi+i#,
- enClf,(tr - |i,T + ó¿ln - 7t,r * St)

for (Ei)f, = 0,w # u,I - {8.,H}. Therefore, the reciprocity principle of electromag-

netism can be expressed as:

jP,TQ", ö" Pí, öi) : ea cll,(t, - gi,, r * öilr - 0", r + ö)

Thus generally, every voltage scattering coeficient Cfj involving one and only one .F1-

polarized wave, i.e. p# q,has a"-" sign in the formulation of the reciprocity principle

because of the inversion in fr incurred with the 180o rotation in / upon reversing

the direction of the propagation vectors (see Figure 2.8 fo¡ an example). When both

w¿ves ale .F/-polarized however, the ratio of the two waves remains unaffected because

both waves incur a change of sign. This complication arises with the reciprocity

principle because in the process of reversing all propagation vectors, the electric field

components must remain the same in magnitude and in phase irrespectively of the

variation of the spherical coordinate unit vectors with the position.

The factor e¡¡ is also required for the principle of reflection symmetry, either

ttansverse or longitudinal. For the transverse reflection symmetry about a plane

y : tan(X)t, the complication consists in that although the real image of each wave

has, say, Êl : +ó+, however, the corresponding virtual image has then È; : -$-
(see Figure 2.9). Similarl¡ for the longitudinal reflection symmetry about the plane

z : 0, although the real image of each wave has, say, Èl : +â*, however, the

corresponding virtual image has then Ê:; = -ê- (see Figure 2.10).

In summary, the various principles, for both cases p = q and p f q, arc:

r Reciprocity principle of electromagnetism:

c\l(0",ö"10i,öi): escll,(n - 0',n + öilî - 0",r + ó")
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-ì a\
E!=+E 0oo

Figure 2.8: The formulation of the reciprocity principle incurs a "-', sign when-
ever one and only one of the two waves whose ratio forms the voltage
scattering coefficient is a I/-polarized wave.



I

4'A

Figure 2.9: Two waves in a transverse reflection symmetry relationship.

Figure 2.10: Two waves in a longitudinal reflection symmetry relationship.
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This expression with u : u and, p I g corresponds to that given by Whites and

Mittra in reference [30, eqn. 13].

r Longitudinal reflection symmetry about lhe z :0 plane, with u and u pertaining

to diferent regions:

, f transmission: Cf,!,(Tt,Srlli,gi) - esCll,6 - 0r,örln - 0i,ói)uJn(' I reflection: Cll(0,,ö,10i,öi) : enCll(r - 0,,ö,ln - 0r,öi)

¡ tansverse reflection symmetry about a plane gr - tan(X)a:

! cxxp"6"1e"ói) = encl,l,(o",2v - þ"10i,2y - þi)

I c#(e",ö" - x*m¡rll;,öi - x+Tnr) - 0 forp lq andm:0,,rr,f:2,....
The first expression corresponds to that given by Whites and Mittra in refer-

ence [30, eqn.27 &,28]. The second expression is a specific case of the first one

and corresponds to the expression given by Whites and Mittra in reference [30,

eqn.30].

r n-fold rotational symmetry:

c#Q",ó"lei,öt) = Cl,i,Q",ö" + (2r ln)lïi,4i + (2tr ln))

r Both reciprocity and longitudinal reflection symmetry, for transmission and

ufu:
Cll(ït, ótlïi,öi) - euCll,(tr - 0,,n + Silr - 0t.,r | þt)

: (es)'cTlþr - (n - 0'),@ + St)ln - (tr - e),(n ¡ gt))

= c!,lgì," ¡ filot,r r ór)

Both reciprocity and longitudinal reflection symmetry, for reflection and u f o:

c\l@',ö'10ì,óí) : encl"l"(" - 0i,r I þ;ltr - 0',n t þ')

- (ep),Cl!(tr - (tr - 0ì),(r + ói)1" - (n - O,),(tr + ö,))
: c!,1@ì,n + öilo',n + ö')

Adding 2n-fold rotational symmetry to the combination produces:

, I transmission: C!1,(0t,þtlli,Si) : CÍl(ei,öillt,ör)tLJt¡1' I reflection: C!f,(ï',5'10i,ö,) : C]lQi,ói10,,ö,)

54



Adding Snell's law of refraction, with d¿ = dt, to the combination produces, for

transmission ar.duf u:

cll(ot , ötlï; , ó\ - cÍl(0r ,, ötlït , ó') + cXX - gXl

r Both reciprocity and Snell's law of reflection, i.e. 0' - n - 0i and ó' = ö,,

cll9',ó'Pt,ö;) = escl,lþr - 0i,r * $iþr - 0',,r-t ö')
= euCll(ï',,r ¡ 6'l0i,r * öi)

Note: When p = q, hence when e¡¡ = fl, one might be tempted to think

that this last equality is a statement of the 2-fold rotational symmetry with

z : u. However, if one were to think that way, one would reach the conclusion

that when p - q the combination of reciprocity and Snell's law of reflection

implies the 2-fold rotational symmetry. By running the mathematical develop-

ment backward, one would also reach the startling conclusion that when p = q

the combination of the 2-fold rotational symmetry and Snell's law of ¡eflection

implies reciprocity, i.e. the startling conclusion that a passive structure would

not be reciprocal unless it has the 2-fold rotational symmetry. Such a conclu-

sion, however, would be erroneous because the statement ofthe 2-fold rotational

symmetry must also deal with the case for p f q, not just with the case for p : q

as with the last development.

Adding ihe 2n-fold ¡otational symmetry to the combination produces:

cií@"ö'10t,öt) = enCÍl(ï',ö'10',öi) + Ci:: rncll

This expression with p I q corresponds to the result given by Whites and Mittra

in ¡eference [30, eqn. 15]. The result for p: q is just an identity.

However, it must be pointed out that, for the case of normal incidence, one has

Sü, = -Si,i even if the reciprocal structure is. not endowed with the property

of 2n-fold rotational symmetry. This situation owes to the fact that reciprocity
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implies that S(X,Y) be symmetrical, and to the relationships between S(X,Y)

aú S(8,, H) given in equation (2.3). For instance, one has:

Now, it does not seem reasonable that for a reciprocal structure without the

2n-fold rotational symmetry, the transition between the relationship Cfj -
-Cl! af precisely normal incidence, and the relationship C!! I -Cj! îor |ust

a small departure from normal incidence would be abrupt. However, a smooth

transition would imply that all reciprocal structures, regardless of whether o¡

not they are endowed with the property of 2n-fold rotational symmetry, wouid

obey the relationship Cil x -Cl!" within a ce¡tain tolerance over a limited

range of incidence angles centered about the normal incidence. As it will be

shown later in the validation section, this situation is indeed the case and it

brings about an important consequence in the synthesis process treated at the

end of this section.

r The combination of reciprocity, Snell's law of refraction with 0t : 0i,, and 2n-fold

rotational symmetry produces, for transmission anð, u f u:

CIlPt,ötlïi,öi) : esCll(zr - 0i,n + Sílr - gt,n ¡ gt)

: e uCll(¡, - 0',r * þtþr - 0; ,,r ¡ Si)
: enCJIþr - 0',ö'lo - ei,ói)

Note: At this point,, one might be tempted to think that when p: q this last

equality is a statement of the longitudinal reflection symmetry. However, if one

were to think that way, one wouid reach the conclusion that when p : q the

combination of reciprocity, Snell's law of ¡efraction with dú : di, and 2-fold

rotational symmetry implies the longitudinal reflection symmetry. By running

the mathematical development backward, one would also reach the startling
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conclusion that when p - q the combination of longitudinal reflection sym-

metry, 2-fold rotational symmetry and Snell's law of ref¡action rvith A¿ = di,

implies reciprocity, i.e. the startling conciusion that a passive structure would

not be reciprocal unless it has the 2-fold rotational symmetry and the longi-

tudinal ¡eflection symmetry, Such a conclusion, however, would be erroneous

because the statement of longitudinal reflection symmetry must also deal with

the statement about reflection, i.e. z = o, not just with the statement about

transmission, i.e, u I o, as with the last development.

Adding longitudinal reflection symmetry to the combination produces:

u 4 uI cl,l,(0,,ö,10i,öi) : (e.)2cXl,(lr,ö,1r',ö,) \ _ apc : aep*'-t 
= Cll9t,ö'lgi.,öi)

This result was obtained previously by invoking the same principles but in a

different order. This result agrees also with that given by Whites and Mittra in

reference [30, eqn. 18]. It must be pointed out, however, that their development

relies on the structure being infinitely thin which condition is quite restrictive

whe¡eas the development here relies, instead, on using the combination of lon-

gitudinal reflection symmetry and Snell's law of refraction with 0t = 0¡.

For analysis purposes, these relations are very useful as it will be seen later. For

synthesis purposes, it would be equally useful to determine if the converse of these

¡elations hold, i.e. if these relations are one-to-one, However, to prove that ihe

converse holds, it is not suficient to run the mathematical developments backward.

For instance, running backwa¡d the mathematical development for the statement

Cll, = enC\l says nothing about the case for C!! wilh u f u, which case must

be dealt with for assessing whethe¡ reciprocity and 2n-fold rotational symmetry hold

individualiy. Hence mathematically, one can be definite only in the negative, i.e. only

,f CiJ + e¡¡C!! can one be sure that not all principles invoked in the development are

completely satisfied, whereas iÎ CiT - e¡1Cj!, one cannot be sure that all principles
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invoked in the development are completely satisfied.

Generally speaking, it does not seem feasible that a translucent surface could dis-

play a 2n-fo1d rotational symmetric response upon reflection but not so upon trans-

mission, since the ¡eflection and the t¡ansmission responses of a translucent structure

depend both on the constitutive parameters throughout the entire structure. For

instance, at a dielectric interface, one has:

, [{p,q}-IE,H}rot (

t {",r} - { 1,2,3,4}

Thus, if Cfj displays a 2n-fold rotational symmetry, so does Cff and vice versa.

The situation is similar for a dielectric slab since the GSM for the whole slab is the

composite matrix of the GSM for each dielectric interface and the matrix for the

t¡ansmission line modelling the homogeneous dielectric medium.

Therefore, since running backward the mathematical development for the state-

ment Cll - e aCf,! implies that the statement:

c\l@", ë"lo', ö') : cII@", ë" + nloí, þi ¡ r)

holds true for u: u and since, if this last statement holds true fot u = u, then, in

practice, it holds true for u f u as well, this author believes that, in practice,, the

statement Cll, : epCf,l is indeed sufficient for a passive structure obeying Snell's

law of reflection to be endowed with the property of 2-fold rotational symmetry.

Horvever, one must be quick to point out one exception to the above conjecture:

the reciprocal structure at no¡ma1 incidence. Indeed, it was found earlier that the

relationship Cü : -Cli with p I q is eaactly satisfied by all reciprocal structures

at normal incidence regardless of whether or not they are e¡dowed with the propetty

of 2n-fold rotational symmetry. Furthermore, in practice, this ¡elationship is also

approximatiuelg satisfied within a certain tolerance in a limited neighborhood of the

no¡mal incidence. Consequently, in practice, the above conjecture holds true only

Cí|, - 0 îorplq)
l+CilH : CHH lorulul
l+c,EE - æff,{c,"," rorulu)
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outside this neighborhood.

A similar conjecture does not hold true for the statement Cll: C!! wifh u I u

since this author knows of at least one structure for which this relationship is satisfied

in spite of the fact that the structure is not endowed with the property of longitudinal

reflection symmetry. This structure is a grating whose strips are rotated out of

the plane of the grating, and can be found in the paper by Whites and Mitt¡a in

reference [30, p. 725].

Therefore, one obtains these useful relationships:

f Snell's law of reflection ì
)l
1 .eciprocity I o tl:: ,nC!,|

[ 2-fold rotational symmetry J

with this relationship showing a double arrow (except in a limited neighborhood of

the normal incidence), and:

I Snell's law of refraction with d¿ : di ì
I t..i.,,.,.it., I" \ ---+ Cä: Cll, for u f u
I Z-fold rotational sym*"trv [ -
I reflection symmetry about the , = 0 plun" 

,,|

with this relationship showing a single rather than a double arrow.
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Validation of the Symmetry Relationships

The above relationships were confirmed by running NEC-2 simulations of various

structures endowed with various geometrical properties. Four structures, shown in

Figures 2.11 to 2.14, were investigated and the results are presented in Table 2.2.

These results show that:

c C!!,(0", ö"10;, ó;) - -Cl!(n - 0i, r * þilr - 0", n | þ") with p I q and u f u, tor

all structures owing to reciprocity.

. Cl| : -C,qf with p I q lor structures ft2 and fi4.

. Cll: +C!! with p I q and u f u lor structure S4.

Table 2.1 shows the result of performing ICP.H + CflEl for structures ffl aû. ff2

as a function of di. It is clear that both structures obey the relationship Cll æ -Cj!
with p I q in the neighborhood of normal incidence but only structure f2 obeys this

relationship for all di values.

The segmentation of these structures was as follows: 13 segments for each trans-

verse arm and 14 segments for the longitudinal section. The frequency was 7.0 GHz

and the wire radius was 0.002 rn æ 0.007À. It must be pointed out that these results

are not presented with the convention used in NEC-2 but with that used in Ap-

pendix A, i.e. the incidence propagation vector is represented as pointing outwardly

from the origin of the coordinate system. The incidence angì.e was arbitrarily chosen

as (di - 150o,di : 250'), and its reciprocal (0i = 30",ëi : 70'). The parameter

4, as defined in NEC-2, pertains to the polarization angle as the angle between the

vector "d and the unit vector +0i. This angle is counted positive in the direction

winding from +9ito +di. The transmission coefficients shown in Table 2.2 are not
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Table 2.1: The result of performing PnH + CflEl for structu¡es f 1 and f2 rvith
öi:250".

0' #1
180.0
179.9
179.8
179.7
179.6
1?9.5
179.0
178.0
177.0

176.0
i75.0
170.0
165.0
160.0
r55.0
150.0
i45.0
140.0
135.0
130.0
120.0

110.0

i00.0
90.0

2.37t -05
5.26D05
1.18F-04
1.84Ð-04
2.528 04

3.178-04
6.51E-04
1.328-03
1.98F-03
2.658-03
3.308-03
6.47Ð-03
9.348-03
1.188-02
1.378-02
1.5r8-02
1.608-02
1.628-02
1.61E-02
1.568-02
L44Ð-02
1.43E-02
1.63E-02
1.998-02

r.36Þl-04
t.368-04
..368-04
,.36804
.36804

..36Ð-04
.368-04
.29E'-04

.298-04

.358-04

.288-04

.24Ð-04

.178-04

.09804
r.9iE-05
r.47D05
.118-05
.878-05
.75Ð-05
.758-05
.658-05
.308-05
.888-05
.068-05

really transmission coeficients since these results do not include the vectorial addi-

tion of the incident field phasor. However, this addition is not relevant to the present

purpose of assessing whether o1 not Cll - Cy.
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Figure 2.11: Structu¡e $1, with no 2-fold rotational symmetry nor longitudinal re
flection symmetry.

Figure 2.12: Structure ff2, with 2-fold rotational symmetry but no longitudinal re-
flection symmetry.



Figure 2.13: Structure f3, with no 2-fold rotational symmetry but with longitudinal
reflection symmetry.

Figure 2.14: Structure S4, with both 2-fold ¡otational symmetry and longitudinal
reflection symmetry.



Table 2.2: Scattered E far-field results obtained from NEC-2 simulations for var-
ious structu¡es endowed with va¡ious symmetry properties.

# Incidence Scattered Ee þ)¿

n a" u!,!, lV/m) (v /m)
I 150

30

2bu

70

-on

0

-90

U .JU

150

30
150

30
150

30
150

250
250
70
70
70
70

zou
250

vll
ìaE Ew2l
',18 

Hu1t
,-'EHv2l
.'EEvt2
.,E Ev22
/'tEHvt2
^EH

u.uz (9bó

0.018599
0.029953
0.028787
0.018478
0.018857
0.023523
0.039378

+ t'tu.4b
-53.86
+93.30

- 138.84
-53.82
+94.43

-126.52

Uíi"
''1Ë 

Ev2l
.1HEut1
v2l
/'1HEvt2
/'1H Ew22

vt2

u.ut 4ö4v
0.023407
0.033007
0.033700
0.028812
0.02t4r1
0.033677
0.022872

-ð4.ÐU

+53.71
-170.93
-56.58
+40.92

+ 145.98
-56.64
+73.28

rou

30

¿õu

70

U

-90

0

-90

óU

150

30

150

óU

150

30

r50

2ÐU

250
250
250
70
70

70
70

Cír"
/-1EEv2l
/'1EHvtl
.,EH\'2t
.'EEv12
'.\EEv22
/-tEHvt2
.,EH

0 .033956
0.032502
0.024241
0.029367
0.032526
0.021828
0.025884
0.038351

+124.79
-112.74
+26.53

-1ô6.21
-tt2.67
+32.62

+170.85
-55.81

t'î1-
.'H Ev2l
ul1
c{t'
/1H Evt2
.'HEv22
/1H Hwt2
A:IH

u.uz+zóó
0.025895
0.052583
0.047306
0.029331
0.038224
0.047260
0.027096

-9.25
+143.76
-121.46
+13.69

+t24.23
-tzt.52
- 16.54

ó 150

30

260

70

0

-90

0

-90

ðu
150

30
150

30
150

30
150

¿ou

250
250
250
70
70

70

70

t lt-
/',EEu2t
.,EHu1l
/1EHw21
/\EEwt2
/-tEEw22
.'EHvt2
ìaE H

0.031494
0.026428
0.0t4072
0.0t02t2
0.026227

0.031642
0.013216
0.011538

+139.77
-65.37
-45.86

+127 .12
-65.38

+139.34
-65.85

+ 136.91

uä"
.\HEw27
u1l
/'1H Hv2l
'',8 Ev12
''rH 

Ev22
wt2
''1H 

H

u.ur.lÐut
0.013257
0.0052986
0.0051594
0.010152
0.014120
0.0051522
0.0053048

+r37 .37

+114.20
-47 .28
-56.90
-53.00
-46.t4
-57.09
-47 .58

IOU

30

¿ov

70

U

-90

0

-90

óU

150

30
150

30
r50
30

r50

zÐu

250
250
250
70
70
70

70

uit"
/-tEEv2l
.'EHult
r'\E Hw2l
CP,u
.'EEv22
/18 Hv12
^EH

u.u2óöð2
0.036317
0.0094048
0.013934
0.036317
0.023882
0.013934
0.0094047

+ 1lru. ö I
- 132.89

-57 .27

+52.85
- 132.89
+ 130.61
-t27 .t5
+122.74

t'ü-
r'\H Ev2l
(,1l
/'1H Hv2l
cl"'
'"H Ev22
^HHul2

U,UUV4J. UU

0.013875
0.0038481
0.00547 47
0.013875
0.0094099
0.00547 47
0.0038480

+t22.53
+53.23
-62.77

-t21.27
-t26.77

-57 .47
-t2L27
-62.77

NO'I'E: pertains to the identification numbe¡ of the structure
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2.3 GSM-based Technique

In Appendix E, structures with known operations are analyzed in order to demon-

st¡ate and to validate the GSM-based technique. These structures are the solid Perfect

Electrically Conducting (PEC) planar reflector, the free space slab, the artificially soft

or hard surfacess , the ideal LP, LHCP and RHCP polarizers. In this section, the

GSM-based technique is used to obtain the GSM for the ideal CPSS and the non-ideal

CPSS.

For all these structures, it is assumed that only the dominant mode prevails in

the far field, thereby making the scattering matrix unitary. It is assumed also that

these structures are free standing, hence, the wave impedance of a given mode is

the same in both regions surrounding the structure. Only one wave is incident onto

the structu¡e at the time. All structures have their operations phrased in terms of

incident CP waves, even though some structures could admittedly have their operation

phrased more readily in terms of incident linearly pola.rized waves. This is done

so es to demonstrate the validity of the approach in preparation for treating the

CPSS problem. Since a sign error can spell the difference between whether or not

the structure under study is endowed with one or many of the various properties

developed earlier, the mathematical development is shown as explicitly as reasonable.

The generic 2-port voltage scattering matrix notation is used instead of the full

4-port voltage scattering matrix notation. The terminology u-ness f o-ness is used

to mean that the z-wave and the u-wave belong to different regions while being

simultaneously in a possibly reciprocal relationship, i.e. if u is odd-numbe¡ed then o
sThese artificially soft and hard su¡faces a¡e meaningful surfaces to use for validation because

they display half the operation of the desired CPSS, i.e. they reflect an incident CP wave into a CP
wave with the same handedness as that of the incident CP ¡pave. It is not however a CPSS because
it displays this behavio¡ v,¡hethe¡ the incident CP wave is RECP o¡ LECP. This behavio¡ befits also
the planar array of dipole tu¡nstiles with )/4 front-ta.back thickness, illuminated by a plane wave
at normal incidence.
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is even-numbered and vice versa, such that one has:

(u = 2,u: 1),(z = 1,u : 2),(u - 4,u: 3),(u - 3,u : 4)

Only the case fo¡ o = 1 is treated explicitly. The solution for the remaining cåses are

obtained by a simple change of variables.



2.3.L Ideal CPSS

The operation consisting in reflecting an incident LHCp plane wave into a LHCp

plane wave while being perfectly transparent to an incident RHCp plane wave is

phrased as:

n @ÐY : +i(EÐI for (¿'å)l -- 0,u * o,t : {E,H}

,n"" 1{r;)fl -+i(Eå)I ¿:{1,2,2,4}
I t¿;lí = @Ð8": o u-ness f r.,-ness

11 (8")l = - j(EÐl for (¿'å)l : 0,u * o,l : {8, H}

,o" [{nÐI =@Ðl:o o= {7,2,3,4}
[ (E;)f : -i(EÐl u-ness f u-ness

Say, u : 1. One obtains:

I ro"s? - cp,'@:)? +clÍ@'"){
I t¿;1fl : cl,"(E,)? +cnlq@Ðf

Similarly, one has:

I to"sF : c"F,,(Ei)l +cnq@Ðl
I t¿;lí - c,F,E@Ð? +c,vl+@:)l
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(E:)i : +i(E:)? - (c1," + jcf,,) = +j (cpp + jc,,,,)

- (c{," + cp,r) : +j (c,Eï - cf,r)

Í t"tP - cn,@:)?+cnH@:){

I tu;1fl - cilE@Ð? +c,FlH(E)l

(E )f : + j ( EÐ? - { ii,lî =:fa.| 
i;íÀ,TÌ;,

(E){ : +j(EÐ? ==- 
{ ffili, 

::lZ*-:f;lìl;;T¡

leni:o + c,EE--¡çp,n

I t¿;li, : o =+ cf,E : -¡çgn



(E:)y : -i(E:)? - { øntr.: (c'a|-- ¡c"e") çn¡y
¡ @Ðf = (t,o'" - ic,!,') @)?

(E:)y = -j(E")l - (c{,' - jc,!,r) : -j (cn, - ¡c,e,")

- (c,0,, acp,r): -j (cp," -c,s,r)

I ønP : cn,@Ð? +cn*@:)f
I t¿;X' : cl,,@:)? + cl,H (Ei)f

( (o:)? : ("f: - jcp{) (E )?ret{ -- -¡(ø:¡? - t i";)i: i"g, _ ¡"ft,!¡'è,sr

Therefore, one obtains:

( CP, _ -iCPH I
) ;;" ",n"r, t -ì -21 - -Jvzt ( -+ CP.E : C#H

I c,tr, + cfr, : -j (cn" - cfrr) )

í crt, _ +jcpr* ì

lri," : +icl,H l+c!,,-c(,H
I cf," + cp,., : +j (cfrE - ci,r) )

Now, from the unitary property of the matrix, one has:

c rt " (c Pr' Y + c fE e {rH )- + c,FtE e rat\. + c 
"!rt 

qc,lrH ¡. - g

Substituting in this expression the various equivalences obtained above, one frnds:

lcn"l:lcn"l

Also from the unitary property of the matrix, one has:

1",','l' * l"f,"l' * l"n"l' * lc,Y,'l' = t

IenP -o =+ cflE--+icPt*

[ (¿'i)fl : o + cl,E : +icl,H



Again, substituting in this expression the various equivalences obtained above, one

frnds:

lc i," | 
: 

T - l" fl I -= I 

cfl ' I : l" {,, | 
: 

It n1 = lc "',* | 
-- lt "v,, | 

: l, y,,, 
| 
: 

T

One notes that the phases of the scattering coefficients are yet undetermined. This

means that a purely reactive surface is admissible.

From the combination of reciprocity, 2-fold rotational symmetry and Snell's law

of reflection, with u = u : 7,,p : E,s : fI, one obtains:

cn' : -c1,,'

This last equation is consistent with the equations:

{ cn" : +jc,,,, )

l t,r," : +jcLH | +cn, :-cHE
[ ",3' 

: +c1,, )

Hence, an ideal CPSS must have the 2n-fold rotational symmetry.

One also knows:

c 2E1E 
(0",, ö" lïi, ót) - - j c nE (0", ö" 10,, ór)

From the combination of reciprocity and longitudinal reflection symmetr¡ with z =

2,u = 7,p - E,S = fI, one has:

CnH e", ö"10i, ó') - c{rt (0,,n ¡ 6i10", r t ó")

From above, one also knows:

c{rE10i,,n + öilï",r + d") : -¡c,!ru(0i,r + óilï",n + ë")

From the combination of reciprocity and longitudinal reflection symmetry, with u =
2,,u : 1,,p = S = H,one has:

c,lrH lei ,r + öí10"," + d') : cflH 7e",,ztr + ó"10i,27r + öi)
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From the 2zr periodicity of the angle /, one obtains:

cflH (0" ,zr * S"l0í ,2tr + öt) : cN, (0" , ó"10i , ó;)

Consequently, pulling everything together, one obtains:

cnE e", ö"loí, ö,) - -c,!r, e", öloi, öi)

Therefore:

/1EE nHHvzt : -u2t

This last equation is inconsistent with the previously derived equation CnE - C2\H.

This means that an ideal reciprocal CPSS cannot have the longitudinal reflection

symmetry. As a further check, it is known that from the combination of reciprocity,

2-fold rotational symmetry, Snell's law of refraction with d¿ = di and longitudinal

reflection symmetry, with u : 2,o = l,p : E,q - 11, one must have:

Cl" = C{"

This last equation is inconsistent with the previously derived equations:

I cP, - -icPH l|"I
I c,tr, : -jcy,, | ---+ Cn, - -C{r"
I nnø - , /1HH I( vzl : 1-utl )

This means that an ideal reciprocal CPSS cannot have both the 2-fold rotational

symmetry and the longitudinal reflection symmetry. Since it was determined just

above that the structure has the 2-fo1d ¡otational symmetry, then the structure cannot

have the longitudinal reflection symmetry. These characteristics befit perfectly the

cascade polarizer CPSS and the Tilston CPSS but not the Pierrot CPSS which is not

2-fo1d rotationally symmetrical.

On the basis of this important finding, one might be led to believe that the Pierrot

CPSS cannot possibly achieve the performance of an ideal CPSS even for the case of

normal incidence! However, in Chapter 2, it was found that all reciprocal structures,
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regardless of whether or not they are endowed with the property of 2n-fold rotational

symmetÌy, obey the relationship Cü N -Ci!1, within a certain tolerance over a range

of incidence angles centered about the normal incidence. Therefore, many practical

CPSS designs that do not have the 2n-fold rotational symmetry might still be possible

for some range of incidence angles in a limited neighborhood of the normal incidence.

The same analysis can be repeated for the other cases of o. Finaily, one obtains

the voltage scattering matrix for the LHCPSS as:

where -4¡ = ¿iar un¿ a¡ is real valued.

The voltage scattering matrix for the RHCPSS is obtained from the voltage scat-

tering matrix for the LHCPSS by replacing all occurrences of j by -j except in the

exponents of the arbitrary phase terms A1 and A2. The voltage scattering mat¡ix for

the RHCPSS becomes:

Interestingly, it is obse¡ved that, if o1 = azr the voltage scattering matrices for the

LHCPSS and the RHCPSS become circulant matrices!

( o' -io, A2 jA, \
a(a H\-!l iA' At -¡Az A' I\r\r!'rr ) - U I A2 jA, A1 _jÆ 

|

\ -¡r, A2 jA' A, )

( e, iA, A2 -iAr\
c(E.H\=!l -ie' A1 iA' A' 

I

A2 _ ¡¡z At iA, I

\ ¡r' ¡z -jlt A')

where.Al = ¿i"r ur.¿ a¡ is real valued,



2.3.2 Non-fdeal CPSS

The operation consisting in reflecting an incident LHCP plane wave into an ellip-

tically polarized plane wave with polarization ratio P = p ei6, axial ratio ør and tilt
angle ry' (see Appendix C) while being imperfectly transparent to an incident RHCp

plane wave is phrased as:

If (E'")l : +j(4)l ror (Ej)l - 0,u I,,t: {E,H}

I fnni - pl ei6r'(8")l , = 11,2,8,4\

th",, ] ffi<""1
t l#l ='" J 

z'nessru-ness

If (E'")l : -j(E'")l tu @i)t,=0,,u#u,r-lE,Hj

lffi<paj
then j W< p.ø I 

'-{1'2'3'4}

[ (E;)fl - pp ei6n(8")f ,,-,'"., f r.'-ness

To fix ideas, the ideal LHCPSS hasp¿: pn = 1,6t -n12: -ó¿sothat Pt: +j
and P¿ - -j, thus or : 1 and ry' becomes irrelevant, and ?E -- TH : RE : RH _ 0,

Say, u : 1. One obtains:

t øn? = 1P,E(EÐ? +cPlH(E"){

I f¿;1fl : cf,"(E,")l + clIH (EÐ{

(EÐi : +i(E)F - ! rnnP : (cP'" + icP"),@ÐP'" - I @:){ : (c1' + ic,',É) øÐ?

(E:)Y : pr 
"i6"(Eâ)? * (C{,, + jcfrr) = p¡ ¿i6t (cp,t + ¡cp,r)

p¡ ei6t = a¡, I j þt :+ (rfr, - (,fi,EE + gßflH\ - -¡ (C#.- B"Cn', _""Cprr)



! tønî : cn"@'.)? +cF,H(Ei)l

I t¿;lí _ c,!,E@:)l +cilH(E:)y

(EÐi : + ¡ rø:)l * { tu-li : (,c r¡-* i c'"t').tn's?

I t¿;lí : (c{,, + jc,!',r) @Ðf

lrr;Bl< r'ßøt?l

ltø;líl < r'ltnt)il

+ lc?" +ic?Hl<rE| ",+ (c,EE + icn ) (cP," + ¡c,P,r). s (Tr),

- lcn"l' +lc,P,,l' *2 rrnas[cn,fcn,f]:* ltø;ríl s r" ltr;lf I

- lc{," + jc{,rlsT,
+ (c,lt" + icf,,) (cy,E + ic,t[) < (Tr),

- lc|,'l' + lc {,'I' r 2 rmas lc,t," tc,t,, fl

s (Tt)"

s (rH)'

Similarly, one has:

I enY : cP,'@:)? + c"F,H (E:)y

I t¿;1fl - C"F,E(E.)Ï +C"\H(E:)Ï

(E){ = -i(E:)P - [ en7 : (9n' - ic',"").@Ði
(8")y - (r,r," - jc,u,r) @:)?

(E:)Y : pn ui6"(Eå)l - (cr*r, - jcyrr) : p¡:ei6n (cn - ¡c"prr)

p¡1 ei6n=ant jþn * (c{r"-o*c,F,,"-gnc"Frr)- +i(cfrq +OncPrE
' -"*CrFr, )

I <u:¡f : cn"@:)?+cn*@:)l
I t¿:1fl - cl,E(El)l +cltq(E.)l

(EÐy : -i(E)?==- { Ë:li, 
-=f;ir'::þÀ,:?:,



ltø;Fl< a'ßnt1l

ltø;líl s a'l<ø'sil

In summary, one has:

(tir' - a¡c.,EE + Þzcrgn) -- -j (clr' - þtcPrE - ""crEH)

(t\rt - o*C"F,t - ÊnC"FrH) - +j (CNH + þrc.F,E - o*Cn")

lc,',"|" +lcn'f -z has[cPÍ1cP,").] -.< {R'),

lc Y,"1" * lc i,' l' - z I mas lc ïE (cl,' ).1 < {a, )'

l"n'l' *ltn'l' *z rmaslc,P,EQ,Ft*).1< Qry

l"{r"l' *lc,!r'l' *z tmasfc"ylEQ,Yt').1 s {r')'
Now, from the unitary property of the matrix, one has:

( c,,,'(cP,\. + cilE(cflH). + cPPQn\. + c,!la(c"!!H). :0
1 lcn l' +lcl,"l' +lc¡,ø1' +lcy,rl' - 1

I j"¿"¡' +'lcy,,ì¡ +'lcg,;¡ +'lc,t,ìf = t

Performing (2.6) + (2.7) + (2.8) + (2.9) and using the unitary property, one obtains:

- 1"P," - ic\,rls a"
+ (cn, - ¡c,",,) (cp,, - ¡cp,r¡' < (R"),

- lc1,,l' +lcf,rl" - 2 rmaslc,trfcP,ry] < (Rr)'* lrø;Hl s a,ltø'S1l

- lc{,, - icl,*ls a,
+ (cf,' - jcl,r) (cn" - jcf,r)" s (Rr)"

- l;fi"|' +lc¡1í( - z hos [cífçc,fl")-] s {a"),

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.e)

tmos lcrgg(crE*)- + c|(clr*)-] > o.s - w'

tmas lcllE (cfiv)' + c"!rq(c|,)-l < w" - o.s

,,,2 - 
(RE)'+ (R')'+ (TE)'+ (TH)'

4

(2.10)

(2.11)



One notes that the relations between the various scattering coefficients for the non-

ideal CPSS are no longer as definite as those for the ideal CPSS. The non-ideal

performance may be the result of the structure lacking the required symmetry prop-

erties or the result of the incidence angle being of-normal. This latter scenario is of

special interest, i.e. the st¡ucture has the ideal performance at normal incidence but

becomes non-ideal at off-normal incidence, as with the cascade polarizer CPSS.

Hence, assuming that the structure has the following two relations required from

the ideal LHCPSS, one has:

( rEH - /'iE E

l7'Å, - ".'ì"
t "21 v21

Substituting these ¡elations into equations (2.4) and (2.5), one obtains:

C{r' = (þ, - jo¡,) CrEE + (ar + j(þr - 1)) Cfr,

cf" = (-þ"+ jan)c"18 + ("n+ i(þa+1))c,EH

(2.r2)

(2.13)

(2.r4)

(2.15)

One observes that:

I P"-+¡ -¡ {a¿:0,0t:+1} + CflH:CnE
ì, P": -, + {o' =0,,þn: -1} + Clr, = Cr"rt

as for the ideal LHCPSS. Substituting equations (2.12) and (2.13) into equations

(2.10) and (2.11), respectively, one obtains:

t r*os lc,r,"(cP,r)- - @r + ja¡) (c,i,'tcf,"l-).] + @r. - \lcp,rl" > 0.b - wz

I t*"s lc,,ren,y + @a + jan) (cA"<c"e,,f)"1 + @n + Ðlcp,rl' < wz - 0.5

Now' rewriting 
I cr"r"(c.r'). : at* ibt

\ c"Prt(c"Prrf - azt jbz

and substituting into the above equations, one obtains:

(t + PL)bt - aLat + (Êr. - I)lcPr'l' ,- 0.b - w2

(1 - þn)b, * anaz * (9a + t)lc?,'l' < w2 - 0.5
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One observes that:

{a7 - 0, B" - ¡1} * år ) 0.5 (0.5 - W'?)

{on:0, þa: -1} + b2 < 0'5(W2 - 0.5)

In the last two equations, the equality applies only to the case W2 : 0, i.e. for the

ideal LHCPSS, since from the previous section about the ideal LHCPSS and from

and a1 :I
and ø2: Q

Hence, in general, one notes that whereas only trvo parameters of the scattering

coeficients rvere left undetermined in the case of the ideal LHCPSS, i.e. the phases

f.or C lrE and C"EE, four parameters a¡e left undetermined here, i.e. a1, b1, a2, b2,, anð,

trvo constraints are to be satisfied, i.e. equations (2.14) and (2.15). Thus, orving to

the fact that the constraints can be satisfied b¡'a large number of possibilities, it is

no longer useful to sketch the voltage scattering matlix for the non-ideal LHCPSS.

On the other hand, it may proved useful to quantify the performance of the

non-ideal CPSS by means of simple figures. The concept of polarization efficiency

seems most suited to this task. The polalization efficiency, 0 S "f < 0, indicates

the loss in the power transfer betrveen trvo antennas, the transmitting antenna (Tx)

and the receiving antenna (Rx), orving to the polarization mismatch between the trvo

antennas, One obtains:
Dî / r \2
' -l 

n I n,nt ¡pt-\+ra) v v J

where P" is the power captured by the Rx antenna, P¿ is the power radiated by the

Tx antenna, G is ihe antenna gain6 of each respective antenna, .R is the distance

separating the apertures of the trvo antennas, À is the ivavelength in the propagation

lPt'-+j +
ì. "": -j +

above one has:

f lc'"'"| =lc"o¡l:o.s I

lii|T :!',l,iT I - f ' = *t", fil",= *0 25

j áp,"1c¡,iy": at * ibt [ 
- l t = -ltï,'l' - -0'25

I c,pr"(c1rr)' : az I jbz )

6For convenience, it is assumed that each antenna is lossless and perfectly impedance matched.



medium. Appendix D presents various expressions for / according to various scenarios

for the two antennas.

In this application, one can compute / by testing each plane wave (incident,

transmitted or reflected) against a same test polarization ellipse, as if that plane

wave were generated by a fictitious Tx antenna and the test polarization ellipse were

thai for a fictitious Rx antenna. By making the test polarization ellipse to be identical

to the polarization ellipse of the incident plane wave, one can assess the performance

of the non-ideal LHCPSS by computing the polarization efficiency of the reflected

wave as:

/" : /l Rx: i,Tx= r

rvhen the incident plane u'ave is LHCP, and b5' ¿e¡¡putring the polarization efficiency

of the transmitted wave as:

/t- fl Rx: i,Tx:t

when the incident plane wave is RHCP.

For the LHCPSS, one obtains (see Appendices C and D):

arl -- arL =

ar' = arï =

ari - 1+
1

: *1,

( 
"i - 

1
IJ _ I
I

- 
J ," - 

(I+ar ù2

-l' - rr+Ø
l"¿ 0*arà2
I J _ 2TT";Ð

€är(

th"

f-
€ä*'

th*'
-1
+1

Figures 2.15 and 2.16 shorv, respectivel¡', the inver.se of the axial ratio 1/ar and

the polarization efrciency / as functions of p and ó. It is seen that whereas the peak

(t+p¿)+ l+pL+2p27cos(267)

(1+ p'ò - r+pL+2p2rcos(26¡)

(1 + eã) + \11 + ph r 2pfucos(26p)

(1 + eå) - Jr + ph * 2p'zpcos(26p1
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for the function l/ar is sharp, that for the function / is rounded, thus indicating

that the requirement on the axial ratio is not as seveÌe as one might have been led

to believe from the plot of Figure 2.15. The maximum occurs for p = 1 and ó - 90'.

The minimum is /:9.5 orving to the fact that one of the two polarization ellipses,

i.e. the incident one, is perfectl¡' circular.

The concept of polarization efficiency remains valid even if the incident plane

wave is not a pure CP wave. This suggests the development of structures even more

general than a CPSS in that even the incident plane wave could be elliptically po-

larized. The polalization eficiency rvould then also take into account the tilt of the

polalization ellipses. The range of applications for such structures, however, appeals

rather limited.

Hence, the three independent parameters, W2, Í' and /t, provides a first order

performance cha¡acterization in terms of porver solely. A more detailed characteriza-

tion requires the additional knorvledge of the independent parameters pp,6p, p7 and

ó¿, from s'hich to obtain ør¡, ,þn, ort and þ¡, In contrast, a complete cha¡acteri-

zation consists in identifying all the scatteling elements of the GSX{, hence, requires

also the knorvledge of. a1, b1, a2 and. b2, as ryell as the inequalities (2.1a) and (2.i5).
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Chapter Three

A New CPSS Realization

3.1 Concept

This chapter presents the cascade polarizer design idea that this author rediscov-

ered independently via a diferent implementation of the circular polarizers. This

author's design was inspired from a ploblem in reference [47, ploblem 8.34, p. 449],

rvhich reads as follog's:

Polarization "plojection operator". If a piece of linear polaroid with

easy axis along ô is placed in a beam of light containing a mixture of

all sorts of polarization, the polaroid absolbs all light that does not have

linear polarization along â. It has an "output" at the rear of the polar-

izer consisting of light linearly polalized a.long â. We shall call this piece

of polaroid a "projection operator". It "projects out" the ô polarization

without loss (neglecting small reflections) and delivers it at its output end.

Note that this "o projection operatol" can be run either forrvard or back-

ward; i.e., eithe¡ face of the polaroid may be used as the input end. Notv

consider a piece of circular polarizer consisting of a piece of linear polarizer

(input end) glued to a quarter-rvave plate with optic axis at 45 degrees

to the easy axis o{ the polaroid. This polarizel puts out (for example)

right-handed ìight. But it absorbs half of any right-handed light incident.
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If it is run backward, it passes incident right-handed light and absorbs

left-handed light. But when it thus passes right-handed light incident

on the quarter-wave-plate face, it delivers it out the polaroid face as lin-

early polarized light. Therefore it is ¡ot what rve are calling a polarization

projection opeÌator. Here is the problem: Invent circular polarization pro-

jection operators, one for left-handed and one for right-handed light. The

right-handed projection operator should transmit incident right-handed

light rvith no loss (neglecting small reflections) and should delivel it as

right-handed light . It should absolb left-handed light. Question: Is your

circular polarization plojection operator teversible? Can you use either

face for the input end?

The nerv CPSS realization is precisel¡' this invention, once it is realized that at

microwave fi'equencies, a grid o{ fine conducting wires acting as the linear polarizer

reflects rather than absorbs the electromagnetic wave incident upon it. By the reci-

procity theorem, the signal reflected of the glid at normal incidence traces back the

wave propagation path of the incident rvave and comes out of the input face with the

same polarization as the incident wave, hence the CPSS efrect.

To be clear, let us u'o¡k out the details of the opelation of a CPSS reflecting an

incident LHCP wave, starting rvith the operation of a quarter-t'ave plate. Figure 3.1

shows the various cases.

An incident linearly polarized wave with its polarization aligned at -45' as shorvn

in case a) has equal linearly polarized components along both -ê¡ and ê,, where the

subindices / and s refer to the fast and the slol axes, respectively, In figure 3.1,

the slab is viewed from the same side for all cases, i.e. e" points out of the page

and e¡ points upward, regaldless of the direction of plopagation. In the language

of anisotropic media, the optic axis is either the slorv or the fast axis, rvhich is here

parallel to the faces of the uniaxial slab. Since the component along -ê¡ travels at
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a group velocity larger than the component along ê", a phase difference builds up

betrveen the phases of the trvo components as the wave propagates through the slab.

The quarter-wave plate is a slab whose thickness results in a 90o phase diference. The

cases a) and f) result in a LHCP wave at the output face. By the same mechanism,

the cases c) and h) result in a RHCP wave at the output face.

One observes from comparing case a) and case h) that the CP wave produced

from a same LP wave depends on the direction of propagation of the wave. Similarly,

one observes from comparing case e) and case b) that the direction of the LP wave

produced from a same CP wave depends also on the direction of propagation of the

rvave. Such an operation, hou'ever, should not be construed as an indication that

the structure lacks longitudinal reflection symmetry. in fact, the quarter-wave plate

has longitudinal reflection symmetry since it can be regarded as the concatenation

of two identical eighth-rvave plates oriented identically. The same argument holds

also for any thickness of the plate, not just for the quarter-rvave plate, Moreover, the

uniaxial slab with its optic axis parallel to the interface has also transverse reflection

symmetÌy rvith lespect to the fast and the slorv axes.

Although the result fiom running the waves in the revelse direction could be ob-

tained directly from the reciprocity theorem, it is instructive to detail the reverse

operation of obtaining a linearly polarized rvave at the output face fi'om a circular.ly

polarized wave incident at the input face. In this case, the incident CP wave decom-

poses into two linearly polarized waves that are in time and in space quadratures.

Again, the linearly polarized component along ê¡ travels faster than that along ê,,

resulting in a phase diference built up as the wave propagates through the slab. Horv-

ever, since the trvo linearly polarized components were already in time quadrature at

the input face, the overall phase diference at the output face of the quarter-wave

plate is either 180o or 0o, tesulting in a linearly polarized output as shorvn in cases e),

b), g) and d).
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All the same results are obtained if the incident electric field .Ð;,, points in the

direction opposite to that shown in Figure 3.1, or equivalently, if both axes) e.f and

e", are reversed simultaneously. In fact, this simple model for the operation of the

uniaxial medium does not take into account the absolute phase of each component,

only the relative phase between them. Consequently, if a PEC reflector is used to

reflect the output rvave back into the slab, the 180' phase reversal introduced by the

reflector is of no consequence.

By series combination of trvo quarter-rvave plates to form a half-wave plate, one

sees that the output wave is cross-polarized rvith respect to the input rvave, i.e. the

trvo. waves are orthogonally polarized i{ linearly polarized [e.g. case a) followed by

case e)], oÌ of opposite handedness if circularly polarized [e.g. case e) followed by

case c)]. Hence the half-r'ave plate is a perfect cross-polarizer for both LP and

CP waves. N{oleover, one sees flom comparing the result of case e) follorved by

case c) with the result of case b) follorved by case h) that the polarization handedness

leversal is achieved regardless of the direction of propagation, according only to the

total distance travelled in the s1ab, In contrast, one sees that the result of case a)

follou'ed by case e) consists of a g0o, say, CCW ¡otation rvith respect to the direction

of propagation, whereas the result of case h) follorved by case d) consists of a g0,,

thus, CW rotation rvith respect to the direction of propagation. The reason that

a circulally polarized rvave has its polalization handedness Leversed independently

of the direction of propagation while the polarization r.otation of its two linearly

polarized components depends on the direction of propagation stems from the fact

that 2 x 90' CW rotation is the same as 2 x g0' CCW rotation, i.e. 180o, rvhich results

in a polarization handedness reversal. This is a strange result in that one rvould be

forced to say that the half-wave plate has longitudinal reflection symmetry in terms

of the CP rvaves but not so in terms of the LP waves. But reflection symmetry is a

purely geometrically dependent principle, independently of the nature of the rvavesl
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The solution to this dilemma lies in that the model used herein does not account for

the absolute phase of the waves, hence it is insensitive to the 180' phase difference

between the 90" CCW and the 90" CW rotations. In fact, as mentioned earlier, a

uniaxial slab whose optic axis is parallel to the interface has both the transverse and

the longitudinal reflection symmetries, regardless of its thickness.

By series connection of four quarter-wave plates to form a full-wave plate, one sees

that the output rvave is identical to the input wave, e,g. case a) followed by case e)

followed b¡' case c) followed by case g).

To obtain a CPSS, one simply uses a combination of quarter-wave plates, all

plates having the fast axis oriented in the same direction, and a linear polarization

filter, e.g. a metallic rvire or strip grid, as sho'rvn in Figure 3.2. The operation of the

structure is most easily desclibed in terms of the various cases shorvn in Figure 3.1.

Assuming that a LHCP wave is incident fi'om the left onto quarter-wave plate f1,
rve are in pÌesence of case e). The output of the plate is a LP s'ave polarized in the

direction of the rvires of the LP filtel that follou's the plate. The LP rvave is thus

reflected of the grid and back into quarter-wave plate f1 as in case f), the 180'

phase reversal introduced by the grid being of no consequence. The wave coming out

of the input face of quarter-wave plate f1 is thus LHCP, as rvas the original incident

wave. Assuming norv that a RHCP rvave is incident from the left onto quarter-wave

plate f 1, we are in presence of case g). The output of the plate is a LP wave polarized

perpendicularly to the direction of the rvires of the LP filter that follows the plate.

The LP rvave is thus transmitted, ideally without loss, through the grid and impinges

onto quarter'-wave plate ff2 as in case a). The output of this second plate is LHCP

and so one uses quarter-wave plates #3 and #a to form a half-wave plate that reverses

the handedness of the polarization, i.e case e) follot'ed by case c). In fact, since the

glid is transparent for this case, the operation of the four quarter-wave plates becomes

simply that of a full-rvave plate, i.e. no modification is made to the original CP rvave.
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Assuming that a LHCP wave is norv incident from the right onto quarter-wave

plate $4, rve are in presence of case b) follorved by case h) followed by case d). The

output of quarter-wave plate fi2 is a LP wave polarized in the direction of the rvires

of the grid. Hence, the LP wave is ¡eflected ofi the grid and back into quarter-rvave

plate 52, i.e. rve have case c) followed by case g) followed by case a). The final

output is LHCP, as rvas the originally incident wave. Assuming that a RHCP wave is

norv incident from the right onto quarter-wave pl ale ff4,we are in presence of case d)

folloived by case f) follorved by case b). The output of quarter-wave plate S2 is a

LP wave polarized perpendicularly to the direction of the wires of the grid, Hence,

the LP wave is transmitted, ideally rvithout loss, through the grid and impinges onto

quarter-rvave plate f1 as in case h). The final output is a RHCP ri'ave. Hence the

LHCPSS has been fully realized.

One notes that the RHCPSS is obtained simply by rotating the grid by t90' in its

orvn plane. One notes also that quaÌter-rvave plate f1 acts as a LHCP polarizer run

backrvard rvhereas the series combination of quarter-wave plates f2, S3 and f4 acts

as a RHCP polarizer run foru'ard, in clear agreement t'ith the cascade polarizer CPSS.

One notes also that either one of the follol'ing operations re\¡erses the handedness of

the CP polarizer:

f. interchanging the trvo axes ¿t and es;

2. rotating the plate by *90" in its oivn plane;

3. reversing the direction of normal incidence as in case h) compared to case a) of

Figure 3.1.

Thus, a quarter-wave plate LHCP polarizer is the same as a quarter-wave plate RHCP

polarizer rotated by t90o in the plane of the plate. Therefore, the quarter-rvave

plales ff2, ff3 and fi4 can be replaced by a single quarter-rvave plate that has been

rotated by t90' in the plane of the plate.
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Morin [14] in a preliminary document to the patent ofice mentions in a sentence

that a symmetrical CPSS can be achieved with a single quarter-rvave plate in place or

the three quarter-wave plates. This author concurs with Morin only if this quarter-

wave plate has its two axes interchanged or rotated by *90', as explained just above.

One notes in passing that although the design consisting of a single plate tvithout

its two axes interchanged rvould form an asymmetrical rather than a symmetrical

CPSS, it might find, nevertheless, interesting applications of its oivn. Bossuet and

Gautie¡ make reference in their patents [5, 6] to such an asymmetrical CPSS, i.e.

they shorv the trvo CP polarizers having the same handedness on both sides of the LP

polarizer. Moreover, they reported that such an idea already belonged to the pr.ior

art but they did not give a specific reference for it. N4orin [14] indicated without

giving a specific reference that such a design originated from the field of Optics. In

any case, it is conceptually simple to add a half-lvave plate or equivalently to rotate

the output CP polarizer by 190' in its orvn plane for changing the handedness of the

output CP wave in ordel to pass from the as¡'¡¡¡¡str¡içal CPSS to the symmetrical

CPSS or r.ice-versa.

Trvo majol sholtcomings of this nen' Ìealization ale its narrow bandwidth and

its non-zero reflection coefficient. The first shortcoming otves to the fact thai each

uniaxial slab only acts as a quarter-wave plate at the single frequency for tyhich the

physical thickness of the plate produces the 90' phase difference. A literature survey

[a9 to 73] was undertaken to see if some particular implementation of the uniaxial

medium could alleviate this shortcoming, e.g. perhaps shaping the proflle of the

grooves in the dielectric slab. This surveyl , horvever, was rvithout success!

Since the phase diference betrveen the trvo components of the electric field is

incurred by the total length travelled in the uniaxial medium, this author surmised

tThis author notes in passing that Figure 23-32 of¡eference [86, p. 23-26] is erroneous by omission
for the figure does not mention the presence of the conducting rvalls separating each dielectric
layers. This omission was revealed by comparison s'ith tlie original paper [56] fiom wlìich the plot
in Figure 23-32 u'as taken.
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that one rvould need to cause the efective permittivity along each one of the two axes

of the anisotropic medium to vary with frequency in such a rvay as to counter the

variation of the electric length with frequency. Since the electrical length increases

as the frequency increases for a fixed physical length, the difference in the efective

permittivity betrveen the trvo axes would need to decrease as the frequency increases.

It is usually very dificult to make a constitutive parameter depend on frequency in a

prescribed nanner. An alternative mean to achieve the same efect would be to vary

the efective propagation path length, either by varying the propagation path itself or

by varying the contribution from valious individual fixed propagation paths such that

the sum of the contributions remain unaffected rvith fi'equency. In the wake of this

latter idea, it ivas thought that the principle of the multi-step tlansformer could be

used, i.e. a series of discontinuities, each discontinuity colresponding to a particular

reflection coefficient and spaced fi'om its trvo adjacent discontinuities by a quarter

wavelength, would produce a filter characteristic ivith a low reflection value over a

prescribed bands'idth by vectorial superposition of the multiple reflections arising

from each discontinuity. This principle needs to be applied here to each one of the

trvo components .Ð¡ and -Ð, such that the vecto¡ial sum of the multiple reflections for

each one of the two components produces the requiled 90o phase difrerence o\¡er some

useful bandrvidth. This approach is not very appealing as each quarter-wave plate

rvould need to be implemented ivith multiple slabs.

The second sholtcoming orves to the fact that the intrinsic impedance of each slab

is different from that of the surrounding free space, thus resulting in an impedance

mismatch at each interface of every slab. Since the thickness of each slab does not in

general correspond to l/2, the multiple reflections do not necessarily cancel out on

axis, unless, again, each quarter-wave plate is implemented with multiple slabs that

are of such a thickness and separated by such a distance as to cause the multiple

reflections to sum to ze¡o while also providing the necessary phase diference, In fact,
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a similar approach is used for multi-layer meander-line polarizers!

The grid itself does not pose a serious design difficulty as it can be made easily

to cover a wide bandwidth. The critical operation is that of the circula¡ polarizer

achieved by the quarter-wave plates. Hence, the design would be greatly improved by

choosing another structure to play the role of tbe circular polarizers. A structure that

implements this function over a broad bandwidth rvith little impedance mismatch is

the multi-layel meander-line polarizer [74 to 86]. Bossuet and Gautier [5, 6], on

the other hand, have reported the use of two parallel wire grids rvhose inter-wire

separation within each grid rvas close to À/4, However, they did not specify the

inter-grid separation.

90



3.2 Composite GSM

First, the voltage scattering matrices for the ideal LP polarizer and the ideal

CP polarizers are obtained. Then, the voltage scattering matrix for the LHCPSS

is obtained as the composite of the voltage scattering matrix of a LHCP polarizer,

the voltage scattering matrix of the LP polarizer and the voltage scattering matrix

of the RHCP polarizer. Finally, the composite matrix is compared with the voltage

scattering matrix for the ideal LHCPSS obtained in Chapter 2.

Since it rvas found in the previous sections that the ideal LP and CP polarizers

are possible only at normal incidence, one uses the 2-port voltage scattering matrix

in Cartesian coordinates rvhich rvas obtained from the voltage scattering matrix in

spherical coordinates by reversing the sign of some voltage scattering coeficients as

per equation (2.3). One obtains for the ideal LP polarizer:

*r,",", { l= *'lj^€!,"). } *,,n €1, : ó,+sqo - ós
t c=

One obselves that the voltage scattering matrix is norv symmetrical, as expected at

normal incidence in the Caltesian coordinates, One observes also that all elements of

the antidiagonal are all one and the same, in agreement rvith reference [37, the matrix

of equation (1) being symmetrical]. For the ideal LHCP polarizer with the arbitrary

phase coefficien¡ ¿jo, the case of {fHcP - ö; + 90" - ót : -45' leads to:

( -0 - Ð"i" -eej" e + P¡eto -eeia I
sr.rx. vl _ 1 I -Qeio -(1 + P¡ei' -Qejp 0 - P)eiB 
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For the ideal RHCP polarizer with the arbitrary phase coefficient ejo, the case of

€ffncr - ó, + 90" - ón: -45" ìeads to:

.RHCP(,,Y): "'" 

[ 
_l 

i 

.l 
i )

To obtain a LHCPSS, one uses the facts that all plates are subjected to the same /t
and that fu = ón f 90' : én (see Figure 4.34). Thus, one obtains:

( ö": Ó' +e0' - 1{¡uce ì
| ón:ø'+eo"-€fP I

I on - ø'*eo" -1¡acr I *ef" : {+45',-i35'}
| øz-ó,*90'=þn I

I e¡t'" : €1HCP = -45" )

Using the commercial sJ,mbolic mathematical softrvare I4APLE developed at the

University of \4/aterloo (see Appendix F), the composite voltage scattering matrix is

computed as:

( -o, -io, A, iA, \
s(x,v) :;l-':', 

-,)', 
-'-7', 

,7',1
\ j¿, A2 jA' A' )

whe¡e Ar = ¿joi 1u1¿¡. í "' : o !2a -2k"D
I o, - þ +2a -2k"D

and D is the spacing betrveen each plate. This matrix is precisel¡' the 2-port volt-

age scattering matrix for the LHCPSS, converted from ,S(.Ð, fI) to ,9(X, Y) as per

equation (2.3). Again, the matrix is symmetrical.

To obtain a RHCPSS, one uses óL : ös- /¡ and thus {fP : {-45',+135,i. It

was confirmed that taking €LP - -45'resulted indeed in the mat¡ix for the RHCPSS.

The above development proves that, on the basis of the GSN4 analysis incorpo-

rating only the dominant mode, the ideal cascade polarizer CPSS is an ideal CPSS



at normal incidence. Thus, to the extent that LP and CP polarizers can be real-

ized physically, the CPSS can also be realized physically, It must be remarked that,

according to Cornbleet's conjecture, even the ideal LP polarizer is an impossible po-

larizer since its corresponding Jones polarization matrix is singular. This observation

is rathe¡ surprising since a grid of fine metallic ivires is known to be a very good phys-

ical realization of the ideal LP polarizer! Similarly, CP polarizers can be physically

realized with a very good performance, at least over a small frequency bandividth.

This situation suggests that Cornbleet's conjecture is not practically relevant since

the fact that the ideal operation of a device might be impossible to achieve phl'5i-

cally does not imply that a good approximation of this ideal operation might noi be

realized and used satisfactorily in practice.

That the cascade polarizel design produce a CPSS is also cleally seen from Jones

polarization matrices. A Jones polarization matrix represents the transformation be-

tween the input and the output Jones polarization vectols. A Jones polalization

vector consists of the.Ð, and -Ð, components for a rvave propagating in the *â di-

rection [48, p. 681]. Thus the Jones polarization matrix corresponds, in fact, to the

submatrix Sú(X,Y) of the GSM matrix .9(X, Y).

I r': ) = s,2(x,v) I :* )
\Eí^ ) \ti"/

Cornbleet [1, p. 300,312-313] gives the follou'ing Jones polarization matrices:

r LP polarizer with /n :6'
/o o\tt
\u 1/

r LP polarizer with de :90o
/r o\
lo o/

r LP polarizer with þ, - a45'
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r LP polarizer rvith arbitrary {n

I sin'z(þ) sin(þ,)cos({r) \f"'"'"1
\ sin(þn)cos(/r) cos2(Sn) J

From simple trigonometric identities and the substitution of the value di -= 0o

from equation (2.2) into the expression €l' : ó'+ 90o - dr, one observes that

this matrix corresponds indeed to the S1r(X, Y) sub-matrix of the LP polarizer.

This result agrees also rvith that given by Hill and Cornbleet in reference [37,

equation(2) with qt :0and[-1].

¡ CP polarizer rvith the fast axis at ö = 0o

+(r:j o )= ,,, (*, o I/2\ o r-il \o -jl
This result corresponds indeed to the S1r(X, Y) sub-matrix of the RHCP po-

lalizer rvith the arbitrary phase telm taken as eif.

r CP polarizer ivith the fast axis at ö - 90o

1 lr-j o \ _,,/+r o \
-l l=e-r-î I .l.,/2\ o l+j/ \ o +j)

This result corresponds indeed to the S12(X, Y) sub-matlix of the LHCP po-

lalizer rvith the arbitlary phase term taken as e-iå.

r CP polarizer rvith the fast axis at þ: ¡45'

', / t -.; \,l r --.1 ì{r\*¡ r )

¡ LHCPSS

rl 1-i\
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In the above, the fast axis has the same meaning as that for the uniaxial slab

treated earlier. The composite Jones polarization matrix is the product of the Jones

polarization matrices for the constituting devices in the order reverse to that in which

the devices are encountered as the wave propagates in the *2 direction. Hence, from

the above matrices and the cascade polarizer design for a LHCPSS (see Figure 4.34)

there obtains:

h(.',.i )(: T)å( l í):;(j.t )
cP@-45"

!----\,-
JonestRHCPSS

or equivalently:

t ll-j o \r/+r -r\ r /r+; o \_f - t_tØ\ o ,*¡)i(-'*')æ\ o''-i)
\-----,,----.-J \-\- !-"--

=L( r +j\
2\-j r)

-\-

JonestRHC PSS¿P@+45ô CP@oo

It is important to point out that Jones' definition of the handedness of a circularly

polarized wave is opposite to the definition used herein, i.e. Jones' definition is based

on obselving, as time goes on, the sense of rotation of the electric field vector at a

point in space while looking at the ivave in the direction opposdte to the direction of

propagation of the rvave [47, pp. 398-401], [1, pp. 293-296], [48, p. 681]. Thus, Jones'

RHCPSS corlesponds to the LHCPSS as defined herein. Similarly, from the above

matrices and the cascade polarizel design for a RHCPSS there obtains:

à(;,.í ) (å :)å ( I í) :;(.; -i 
)
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or equivalently:
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JonestLHCPSS

It must be remarked that although the simple development based on Jones po-

larization matrices is sufficient to prove that the cascade polarizer design is indeed



a CPSS, the advantage of employing the GSM-based technique over employing the

Jones polarization matrix technique, i.e. employing all four submatrices of the GSM

matrix C(E,H) lather than just the submatrix Sú(X,Y), is that, in addition to

proving that the cascade polarizer design is a CPSS, the GStr4-based technique also

identifies some geometrical constraints of the structure.
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Chapter Four

NEC-2 Simulations

It rvas seen earlier that both the Pierrot and the Tilston designs represented

impelfect CPSS designs because of some idealization of their principle of operation;

namely, the crank rvire of the Pierrot design and the open-circuited turnstile dipoles

of the Tilston design u'ere assumed to be perfectly transpalent to an incoming RHCP

rvave. It was seen earlier as well that the cascade polarizer design could not be ideal

at of-normal incidence. Hence, it is of practical interest to investigate the actual

performance of these designs.

Furthermore, the GSM-based analysis revealed that the ideal CPSS at off-normal

incidence must have the 2n-fold ¡otational symmetly, yet the Pierrot design does not

satisf¡' ¡|¡is recluilement. Hence, it would be interesting to investigate the practical

importance of the 2n-fold lotational symmetry lequirement. Of course, one acknorvl-

edges that merely satisfying the geometrical constraints of the CPSS does not suffice

to make the st¡ucture behave like a CPSS. Thus, there is no guarantee that the Tilston

design would outperform the Pierrot design on the sole basis that the Tilston design

does have the 2-fold rotational symmetry whereas the Pierrot design does not. Yet,

it would be interesting to find out whethel the Pierrot design might outperform the

Tilston design in spite of its lack of 2-fold rotational symmetry. In the same line of

thinking, it would be interesting to investigate the performance degradation incurred

o,7



by ihe Tilston design as the geometry departs increasingly away from the 2-fo1d ro-

tational symmetry, as incurred, for instance, by gradually positioning the turnstile

dipoles more asymmetrically with respect to the longitudinal axis.

Thus, this chapter presents the numerical analysis performed for the three CPSS

designs rvith the commercial softrvare NEC-2 [17] rvhose analytical formulation is

based on the Method of Moments.
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4.L Generalities

The plots of the electric field rvere obtained by post-processing the near-fleld

results obtained rvith NEC-2 so as to present the information directly in terms of the

LHCP and RHCP components ¡ather than in the NEC-2 format. It must be pointed

out that both the far-freld and the near-field results given by NEC-2 pertain to the

scattered field alone, i.e. the incident field is not vectorially added in as part of the

results. In contrast, in Chapter 2, the transmission coefficient of the scattering matrix

characterized the total rvave in the transmission region and, thus, the term "scattered"

was used there as a generic term to mean either "reflected" or "trãnsmitted", with

the understanding that the transmitted rvave included the incident wave rvhen the

direction of observation corresponded to the direction of incidence.

In terms of RHCP and LHCP uniform plane waves tlavelling in the *i direction,

a general elliptical polarization is written ivith the basis vectors tt.nucp a¡d ûtscp

as follou's:

I o^,", : h@ -iól \ --, /
ì,ûr""" : ù(o+jd) f -l

There obtains:

ê

ó

: fi(t,aace +,ûr"".) ì: fi(ûauce - a"r"r) J

E - Eo9*86ó
: (**#*) "t 

* ¡ (**#*) ",/Eo+jEó\ (Ei,-iE¿\ ^: 
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: ERHCp ûancp I Erncp ûtncp

where E,E6,Eó,Enscp,Eracp are phasors. For instance, a LHCP wave in the

direction -¡Ê has .86 = *jEe. Substituting this result into the above expressions for

Enacp and Er¡tcp, there obtains:
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and thus, indeed, the wave is purely LHCP polarized. It is noted in passing that the

symmetry properties and the composite matrix technique that were developed earlier'

fol the polarization decomposition in terms of E-wave (i.e. .Ð' mode, i.e. È" - E"þ¡

and f/-u,ave (i.e. H' mode, i.e. È" : E.ö) can be extended to the polarization

decomposition in terms of LHCP and RHCP rvaves from the knorvledge of the above

relationships linking these trvo polarization decompositions.

CP co-polarization and cross-polarization of the scattered wave are defined here

rvith respect to the CP polarization sense being the same as or opposite to the CP

polalization sense of the incident wave, respectively. Thus, LL and.R.R represent

the CP co-polarized scattered rvaves rvheleas RL anð, trA represent the CP cross-

polarized scattered rvaves. Each parameter is a phasor', i.e. tvith both a magnitude

and a phase. The first letter identifies the polarization sense of the scattered CP

component rvhereas the second lettel identifies the polarization sense of the incident

CP rvave,

For an ideal CPSS, both CP cross-polalization plots, -L-R and.R.L, should be zero

at all points of the plots. Since the field results given by NEC-2 fol the transmission

region pertained to the scattered field rather than the total field, the RHCP co-

polarization plot.R.R for Pierrot's and Tilston's LHCPSS designs should also be zero

since the structule must not scatter the incident RHCP g'ave. In contrast, the ,R.R

plot for the cascade polarizer design should not be zero in the transmission region since

upon RHCP incidence the structure did not proceed by an absence of scattering but

by a transformation of the incident polarization. Finally, the LHCP co-polarization

plot, LL,, should consist of a scattered plane wave at the specular angle of reflection,

and a scattered plane wave at the incidence angle, with a magnitude equal and a

phase opposite to the magnitude and the phase of the incident wave, respectively, so

that the transmitted wave consisting of the vectorial summation of the incident and

the scattered waves produced a zero freld value behind the array.
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With a finite array illuminated by a single uniform plane wave, horvever, the re-

flected and the transmitted rvaves no longer form single plane waves propagating in

single directions but instead, they form bundles of plane waves propagating over a

continuous range of directions centered mostly about the reflection and the trans-

mission directions for the corresponding infinite array, respectively, This angular

spreading of the beams results from the spatial windorving phenomenon. Further-

more, the transmitted wave resulting from the superposition of the scattered and the

incident waves has a zero field value only within a shadorv region of limited extent

behind the array. Far enough behind the array, diffraction around the edges of the

array causes the total field to be non-zero. In terms of the scattering phenomenon,

this result can be explained by the fact that the incident rvave is a plane wave that

propagates according to the function e-jr: "- 
.tun"r"u. the scattered rvave is a spherical

wave centered on the scatterer and propagating according to the function !I itt tft"

far-field region of the scatterer. Thus, far enough from the scatterer, i.e. for large

enough values of r, the magnitude of the scattered rvave is so small as to be negligible

in comparison with the magnitude of the incident plane wave and thus, the vectorial

summation of the scattered spherical wave and the incident plane wave produces the

same result as the incident plane wave by itself, i.e. no shadorv results in that region.

In order to ensure that the GSM for the finite array be representative of the GSM

for the infinite array, and since the transmission coeficients are defined in terms

of the total wave, not merely the scattered wave, one would have to ensure that

the results from rvhich the transmission coeficients of the GSM are computed be

obtained with the observation point lying in the shadou'region. Since, however, only

the dominant mode is of interest here, and since the NÐC-2 results pertain to the

scattered rather than the total fie1ds, the GSM coefficients can be computed either

from the far-freld results with the factor "lo' omitted as an option provided by NEC-

2, or from the near'-field results with the observation point lying in the far-field region.
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For the direction of observation corresponding to the direction of incidence, the co-

polarized transmission coeficient is computed by adding the incident wave phasor to

the scattered rvave phasor. The incident wave phasor has a magnitude of 7 Vfm for

a linear polarization or ,/2 Vlm for a circular polarization, and a phase of 0" at the

origin of the coordinate system. For all other cases, the GSM coeficients are obtained

from the scattered wave alone, i.e. without adding the incident rvave, The excitation

is either linearly polarized in the â or 3] direction at normal incidence, and in the E

(i.e. TM') or l1 (i.e. 7E') direction for arbitrary incidence, or circularly polarized.

For the sake of easing the transfer of the results from NEC-2 to the tables in this

chapter, the incidence propagation vector is taken as pointing inrvardly torvard the

origin of the coordinate system, as defined in NEC-2, for all results except those per-

taining to the GSN4 since the GSiU rvas developed in Chapter 2 with the convention of

taking all propagation vectors as pointing outwardly from the origin of the coordinate

system.

All st¡uctules are free standing, i.e. as though without dielectric support. To

take accuratel¡' into account the presence of the dielectric would requir.e a \¡r'ave so-

lution based on the dyadic Green function. NEC-2 does not have this capability.

The presence of the dielectric tends to increase the cross-polar.ization levels and the

VSWR value owing to the mismatch of the int¡insic impedances, but these efects

are only of a second order. More ser.iously, the presence of the dielectric modifies

the effective length of the transverse conductors lying on the dielectric interfaces,

and the efective length of the longitudinal section embedded in the dielectric sub-

strate. I4oreover, when the panel is manufactured by photolithography techniques,

the transverse conductors become strips rather than ci¡cular wires and thus, a current

distribution singularity arises at the edges of the strips for the current component that

is parallel to the edges. This current singularity is another difficulty u'ith which one

must contend. Therefore, the results reported here could apply only to the case of
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the dielectric support being a low loss microwave dielectric foam of a low permittivity

value.

Unless mentioned otherrvise, a wire radius of 0.002 m, i.e, æ 0.007À, was used

throughout and the obse¡vation point lied on a 4.2 m,i.e. 74\, radius sphere centered

on the scatterer. This value fo¡ the observation sphere radius was chosen as part of

a tentative design (see [13]) for a Cassegrain antenna whose subreflector was to be

made of a CPSS. As it rvill be shorvn belorv, it turns out, holever, that this value

is too small for an array of 37 cells, a better value being 30.0 r¿. The choice of the

1 GHz operating frequencS' was made on the basis of convenience,

Various indicatols were developed to characterize the plots of the scattered E freld

since all plots cannot possibly be included in this document, These indicators are:

r the reflection and the transmission beamr values lZ.L'1, IRR'1, IRL'1, ILR'1,,

lLLtl,, lRBtl, l.R.[t l and lZ.R¿|, u'here fol instance l.Ltr'l pertains to the lIIl
value at the geometrical optics reflection angle, and l.L.Ltl pertains to the l,L-Ll

value at the geometrical optics transmission angle. For the LHCPSS, the lZ.B"l

and lr?r?'l account for unrvanted blockage causing the VS\4¡R to depart from

the ideal value of 1:1 whereas l.útrrl and l.R.Lr I account for unrvanted leakage

through and around the structu¡e. This blockage and leakage are here defined

as:

where .4 is the efective surface alea2 of the octagonal arra¡' i¡ m2 and r is

lBeam values refer here to the scatte¡ed fieÌd values at the geometrical optics angles for the
¡eflection o¡ the t¡ansmission beams. When the array is small, diffraction around the edges of the
array causes these beams to be slightly shifted arvay f¡om thei¡ geometrical optics direciions [18],
but this shift ¡emains rvell rvithin ihe 5o increment used he¡ein to observe the scattering level over
an obse¡vation sphere centered on the scatterer.

zThe efrective surface a¡ea .,4 rvas not corrected by the factor cos(di) to account fo¡ the change
in the aspect profiìe of the scattering structure rvhen the incidence is off-no¡mal.

Brcks -- (lr,a,f +lRR,Ò (;)

Leaks = (l"r'l'* ln" (*^#) - rol') (;)'
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the observation sphere radius in m. Since the scattered field level tends, in the

far-field region of the array, to increase proportionally with the size of the array

and to decrease proportionally with the observation distance, the incorporation

of the factor (;)'i"to the above defrnitions is an attempt to make the values of

the indicators Blckg and.Leaftg independent of the array size or the observation

sphere radius when the observation point lies in the far-field range of the array.

The incident plane wave has a magnitude of t/2 Vlm as a result of each linear

component of the incident CP wave having a magnitude of I Vlrn.

In order to quantify the amount of energy leaking through the surface without

taking into account the energy leakirg around the surface, thus in order. to

characterize the scatterer as if it were an infinite surface, the incident plane

wave is made to behave as though it too rvere a spherical rvave with the same

dependence on r and .4 as does l.L.[t l, thus rvith a magnitu de of JtA V lm and

a phase value of 0o at the origin of the coordinate system. The complex factor

QL is a calibration parameter obtajned from computing the scattered electric

far-field of an octagonal solid PÐC plate illuminated with a LHCP rvave at the

incidence angle of intelest. Denoting by LLt" the LLt valte corresponding to

this reflecto¡ plate of area" Ao for an observation sphere Ladius ro, the factor.

Q¿ is computed as the factor that makes Leakg - 0 when the scatterer is this

reflector plate since there should be no leakage through a solid plate. Since

RLr x 0, one has:

e" - ( r/rt."-'u") * rr1 - 0 =+ qz - -'"!1." "*i*.- \ r"/ 
'/2A.

and the expression lor Lealeg becomes:

Leakq : (lnt,l" +lLL, - ( ! !2"-¡*(,-,.)) ¿¿11'l fll'" \r I | \áor /--'l/\A/
This expression becomes more approximative as the incidence becomes increas-

ingly of-normal because the term.R.Lt, as seen from the NEC-2 results, increases
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also with the incidence angle and thus, the value of Lealcg becomes increasingly

non-zero even fo¡ the reflector plate. The reflector plate is shorvn in Figure 4.1

and consists of a wire-grid 3 model based on the " same-surface-area" rule of

thumb [107, i08]. For linear polarization, this rule consists in selecting the wire

radius parallel to that polarization as ¿ : f, rvhere .L is the length of one side

of the unit cell of the mesh. Since the polarization here is circular, the mesh is

made square.

To help one grasp the meaning of these indicators, Table 4.1 presents the ex-

pected results for various types of surface. In the far-field region, the minimum

Blckg and, Leakg values ever possible ur" O (#)'. For the baseline scatterer

consisting of a structure of size and shape colresponding to an octagonal ar'-

ray of 37 cells t'ith 0.15 nz inter'-element spacing, illuminated at normal inci-

dence and observed over a 30.0 m sphere radius, the maximum Blckg value
/ .' \2

is æ 2,165 (#J ur obtained for the solid PEC reflector plate, and the maxi-

mtm Leakg value is equal to lLLt l'z (^-)' = 15.897 (-Àll)'?, as obtained when

LLt_RLT_0,

Trvo diferent segmentations were used to check on the convergence of the scat-

tered field results for the reflector plate, The first segmentation consisted

of 5 rvires per each 0.15 m side of the unit cell, thus tr - 0.030 m and

a:0.00477 m ry 0.016À for a total of 1920 segments. The second segmentation

consisted of 6 wires per each 0.15 rz side of the unit cell, thus L:0.025 m anà

3Although NEC-2 has the capability of solving either the Elect¡ic Field Integral Equation (EFIE)
or the Magnetic Field Integral Equation (MFIE), the rvire-grid model corresponding to solving the
EFIE was chosen ove¡ the patch model corresponding io solving the lt{FIE because the solution of
the MFIE is fraught rvith numerical instability problems as the thickness of the scatte¡e¡ goes dorvn
to zero [106]. Furthermore, the thin wire kernel ¡ather than the extended kernel of NEC-2 was used
he¡e even though the wire ¡adius rvas not quite smalìe¡ than or equal to 0.01). This choice owes to
the fact thai NEC-2 does not use the extended kernel for segments ending at the junction of multiple
rvires, and that here, eve¡y segment ends at a junction of trvo ¡vi¡es,
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Table 4.1: Expected results from the indicators for various types of surface.

Surface tvpe ILL,I Blckg Ledkg
boild .t,DU lellecfor plate

Free space slab
Ideal artificially soft or hard surface

Ideal LHCPSS
Ideal RHCPSS

U

0

ctel
ctel

0

cte2

0

cte2

0

cte2

U

cte3

0

0

ctes

cte1, cte2 and cfe3 are some non-zero constants

Table 4.2: Scattered E field results for trvo difierent segmentations of the octagonal
wire-grid PEC plate. The obse¡vation sphere radius is 30.0 m.

# 01

(,)
ø'
t,)

LLi
rnaø. I t/ tml phase (

5

6

U.{J U.U u. r. óozu
0.13530

+b4, /buuu
+64.73000

5

6

45.0 45.0 0 .09664

0.09613
117.4537
117.4058

5

o

30 ,0 70.0 0.11832
0.11756

i 16.5545
116.5475

f pertains to the number of rvires per each 0.15 nz side of the unit cell

¿ - 0.00398 ?n 
^r 

0.013À fo¡ a total of 2748 segments. The results shown in Ta-

ble 4.2 indicate that convergence is achieved within æ 0.770 lor the magnitude

and p 0.05o for the phase. Thus, the results fo¡ the segmentation of 5 wires per

each side of the unit cell rvere used in computing the value lor Leakg.

Table 4.3 shorvs the results in assessing the behavior of the indicatorc Blckg

and Leakg for two difierent sizes of an octagonal array made of the Pierrot

LHCPSS cells for various observation sphere radii. Ideally, the values of these

indicato¡s should remain constant in spite of the variation in the observation

distance and the array size, since the same cell type, inter-element spacing,

octagonal geometry and incidence angle lvere used for all cases in the table.

It is seen that the indicator Blckg is quite constant except for the case of 156
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.<.+
0.15 m

WIRERADruS = 0.00477 m

Figure 4.1: Octagonal solid PEC plate modelled ivith a wire mesh as per the "same-
surface-area" rule of thumb, This figure shows the case of a segmenta-
tion consisting of 5 wires per each 0.15 m side of the unit cell.



Table 4.3: Assessment of the indicators Blckg and Leale g for two difrerent sizes

of an octagonal array made of the Pierrot LHCPSS cells fol various
observation sphere radii. The inter-element spacing is 0.15 m and the
incidence is normal.

S cells T

(-)
Blckg x 70ó

r+)'
Leakg
lv\2

37

,
tt

2

8.4
30.0
42.0
84.0

4. 2t

2

2
,
2

.8518

.4362

.5619

.5620

.5558

0.187631
0.371557
0.405025
0.473680

t4066390

,'
56 2

30.0
42.0
84.0

136.0

4. 8085I1
22.4574
22.5518
22.6110
22.6133

0.202090
0.266398

0.411657
0,504890

350991

cells ivith 4.2 rn observation sphere radius, but in this case, the observation

point does not lie at all in the far-field region of the array and so, the indicator

is not expected to be constant since the assumption of the far-field behavior

$ is se','erely violated. It is also meaningful that the case of the 37 cell array

wilh 4,2 m obselvation sphere radius has the second lowest BlclcA value and a

singularly low Leakg value since the obselvation point does not lie clearly in

the far-field region of the array, although the far-freld behavior is not as severely

violated in this case as in the earlier case of the array with 156 cells and 4.2 ¡¿

observation sphere radius (see Table 4.7).

The indicator Leakg is not quite as constant as was the indicator B/cfrg although

it does single out the case of the array with 156 cells and 4.2 m observation

sphere radius. Since the reference scatteÌed field value LLt" was taken with

the reflector plate having a surface area corresponding to that of the 37 cell

arlay rvith 0.15 r¿ inter-element spacing, and rvith the observation sphere radius

being 30.0 nz, it rvould appear that the compensation scheme used in computing
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lhe Leakg values is aot very effective when the case under study departs too

much from the reference case. In fact, the compensation scheme seems to over-

compensate with respect to both,4 and r. As most simulations, however, will

pertain to the case of the 37 cell array ivith the 30.0 m observation sphere

radius, the Leakg vahtes are expected to be meaningful.

the axial ratio for the beam values, defined here as the ratio of the major axis

over the minor axis of the polarization ellipse, are obtained as:

arr :

art :

for LHCP incidence

for RHCP incidence

where the term ,/tAt: in the expression for ¿rt accounts again for the incident

wave made to look like a spherical wave rvith the same dependence on ,4. and r as

that for the phasors l.B-Rr I and lL?tl in the fa¡-fleld region of the scatterer. The

complex factol Qn is also a calibration parameter obtained from computing the

scattered electric far'-field of an octagonal LP polarizer plate illuminated with

a RHCP wave at the incidence angle of interest. Denoting respectively by RRt"

and LRl. the ,R.Rt and LRt values corresponding to this LP polarizer plate of

atea Ao for an observation sphere radius ro, the factor QR is computed as the

factor that makes:

llo. ltuo.":l:) * oo:l - l¿a:ll = oll \ 'r"/ "l r"rl
when the scatterer is this LP polarizer plate since art : æ for the transmitted

LP wave. Choosing the phase of ÇR such that:

lo, (øo"i!:) * "":l 
:lq^l*+ laall

+l¿Æ11
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i.e. choosing:

q:kro*po

where q and po are the phase angles for QR anð, RR!", respectively, there obtains:

lq'l : øn(lz,a3l - laall)

Hence, one has:

^^r_llw+,?A'l+l¿n¿ll"' - W +En;ønn
where:

,' : *7 (lr":l- laall)"it'"-rt"-"rr

Ideally, ar : 1.0, thus indicating perfectly circulal polarization.

The octagonal LP polarizer plate of surface area corresponding to the octagonal

a.rray of 37 cells rvith 0.15 m inter-element spacing is shorvn in Figure 4.2. Trvo

diferent segmentations were used to check on the convergence of the scattered

field results for this octagonal LP polarizer plate. The fir'st segmentation con-

sisted of 5 rvires pel one 0.15 m side of the unit cell, rvith Z : 0.030 nz and

a:0.00477 m ¡: 0.016À for a total of 960 segments. The second segmentation

consisted of 6 s'iles per one 0.15 ræ side of the unit cell, with L : 0.025 m

and a = 0.00398 rn = 0.013À for a total of 1374 segments. In fact, the LP

polarizel plate was obtained simply fi'om the wire-grid model of the reflector

plate by eliminating the vertical wires. The results shown in Table 4.4 indicate

that convergence is achieved within t 0.5% for the magnitude and = 0.03o for

the phase. Thus, the results for the segmentation of 5 wires per one side of the

unit cell rvere used in computing the value for ¿rt.

One sees from Table 4.4 that ILR'"| - l^R.B! | since clearly the scattered wave

must necessarily be linearly polarized. Thus, I4z :0 and ¿rt shown in Table 4.5

reduces to just:

, llÃÃ'l+ l¿Ãtll"' - lla+tèlL+ll
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0.15 m
WIRE RADruS = 0.00477 m

Figure 4.2: Octagonal LP polarizer plate made of ci¡cular wires as per the "same-
surface-area" rule of thumb. This figure shorvs the case of a segmenta-
tion consisting of 5 rvires per one 0.15 m side of the unit cell.



as though the incident wave phasor rvas not vectorially added to the scattered

wave phasor. This situation orves the choice of making the incident wave appear

to be a spherical wave so as to put both the incident and the scattered waves

on a same footing in an attempt to quantify the process of the rvave leaking

through but not around the surface.

From Table 4.5, it is seen that the two cases with the 4.2 m observation sphere

¡adius as well as the case of the array of 37 cells with lhe 8.4 m observation

sphere radius stand out for both ar' and, art. These cases correspond again to

cases where the observation point does not lie clearly in the far-field region of

the scatterer.

the peak values for the lLLl, lRRl, lRLl and lI.Rl plots. Any scattered field

value greater lhan tñ is already an indication that the observation point does

not lie clearly in the far-field region of the alra5'.
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Table 4.4: Scattered E fleld results for trvo diferent segmentations ofthe octagonal
LP polarizer plate. The observation sphere radius is 30.0 m.

# a'
(')

a'
(')

RHi LRi
mag. \l/ /m) pnase ( maq, IV lrnl Þhase (

5

6

U.U u.u 0.07481
0.07453

+63.45000
+63.45000

0.07481
0,07453

+63.45000
+63.45000

5

6

45.0 45.0 0.05039
0.05029

20.3628
20.3712

0.05036
0.05026

+130.1695
+130.1579

5

f¡

30.0 70.0 0.05782
0.05758

18.9196
18.9495

u.u5781
0.05757

+9ti.u71u5
+96.04097

S peltains to re numbel of wires per one 15 m side of the unit cell

Table 4,5: Assessment of the indicators ar" and ør¿ for trvo different sizes of an oc-
tagonal arlay made of the Pierrot LHCPSS cells for various observation
sphere radii. The inter-element spacing is 0.15 rn and the incidence is
normal.

# cells T

lnz)
ar' QT,

',
^t
8.4

30.0
42.0

84.0

1.0184
r.0093
1.0028
1.0022
1.0014

1.0:

i.0
1.0
1.0

1.0

¿48
t7,
r19

t12
r05

561 4.2

30.0
42.0

84.0
136.0

02331

1.0026

1.0014
1.0013
1.0014

1.0219
1.01i3
1.0065
1.0103
1.0098
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4.2 The Pierrot design

This section presents a numerical analysis of the Pierrot LHCPSS unit cell (see

Figure 4.3) and of an octagonal array made of identical cells (see Figures 4.4, 4.5

and 4.6). Figure 4.6 pertains to the gangbuster arÌangement which takes its name

from reference [109]. The particular gangbuster array of Figure 4.6 has 148 cranks

produced by introducing along the diagonal direction an additional 3 cranks betrveen

every two cranks of the octagonal array of Figure 4.4. Such an arrangement is possible

when the transverse arm in the foreground plane of the unit cell is orthogonal to the

tLansverse arm in the background plane of the same unit cell since, in principle, these

trvo transverse arms do not obstruct one another at normal incidence. This situation

permits to overlap the cells so as to produce a much denser array, For the gangbuster'

rvith 148 cranks, the inte¡-element spacing betrveen nearest structures rvas 0.0375 m

and so, the ivire radius had to be reduced fi'om the nominal 0.002 m down to 0.001 n¿

in older to keep adjacent structules from touching one another.

The parameters under investigation in this section were the incidence angle, the

frequency bandwidth, the cell size, the cell thickness, the number of cells and the

observation sphere radius. A total of 40 segments was used for the crank .rvire, 14

segments for the longitudinal section and 13 segments for each transverse section.

Figules 4.7 and 4.8 show the induced current (magnitude and phase) rvhen the

incident polarization is LHCP and RHCP, respectively, and the plane wave is incident

at 0i = 0o and /i : 0o onto the single crank. Figures 4.9 and 4.10 shorv, respectively,

the lLLl and l.RIl plots for a LHCP plane wave incident at 0i = 0' and þi - 0' onto

the same single crank. Is is observed that the scattered wave is purely LHCP only

foÌ d : {0',180'}. Figures 4.11 and 4.12 shorv, respectively, the lIAl and lÆAl plots

for a RHCP plane rvave incident at the same angle onto the same single crank. It is

observed readìly that the scattered field level is much reduced but not quite zero.

For of-normal incidence angles, the current distribution becomes imbalanced as
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I

Figure 4.3: Conflguration and orientation of the Pierrot LHCPSS cell for operation
at 1 GHz.

the peak current is J.arger on the t¡ansverse arm that interacts first with the incident

plane u'ave (the y transverse section corresponds to the length tr < 0.375À along

the rvile in Figures 4.13 and 4.14). The rotational asymmetry of the cell was clearly

revealed by the fact that the smallest imbalance occurred for the diagonal directions

(ó = 45',,22.o ) and the largest imbalance, for the anti-diagonal directions (/ :

135o,315o). Figures 4.13 and 4.14 shorv the induced culrent (magnitude and phase)

when the incident polarization is LHCP and RHCP, respectively, and the pJ.ane rvave

is incident at 0i = 45o and þi : 45o onto the single crank. Figures 4.75,4.76,4.77

and 4.18 show, respectively, the l.L.ú|, lRLl, lLRl and l.R.Rl plots for a plane wave

incident at 0i = 45o and þi : 45o onto the same single crank. It was observed that

the lLLl and l.RIl plots remained practically the same in shape when the frequency

was varied over a 75To range or when the incidence angle was varied rvithin the range

ei < 60". The lI.Bl and l.R.Bl plots were more sensitive to changes with respect to

fi'equency and incidence angle but their peak values remained still much smaller than
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Figure 4.4: Configuration and orientation of the octagonal array made of 37 iden-
tical Pier¡ot LHCPSS cells for operation at 7 GHz.
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Figure 4.5: Configuration and orientation of the octagonal array made of 156 iden.
tical Pierrot LHCPSS cells for operation at 1 GHz.
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Figure 4.6: Configuration and orientation of the octagonal gangbuster array made
of 148 identical Pierrot LHCPSS cells for operation at 1 GHz.

118



those of their counterparts for LHCP incidence.

The above simulations (Figure 4.19 to Figure 4.26) were repeated for an octagonal

array of 37 identical cells laid as per a square grid wiih 0.15 nr,i.e. Àf2, inter-element

spacing. The folmation of trvo pencil beams is clearly seen, It is observed also that

the CPSS effect is much stronger for the array since the ntio lLLlRRl was ry 11.9

for the octagonal array illuminated at normal incidence instead of just = 0,7 for the

single crank. It is noted, however, ihat this ratio is not equal to 37, the number of

cells.

Only 3 segments per longitudinal or transverse section fol each rvire were used in

the octagonal array so as to have the cells of all arra¡'s segmented identically rvhile

keeping the total number of segments for the largest array belorv 1500 so as not to

incur too long a CPU run time. For comparison, the shape and the peak magnitude

of the plots of the scattered electric field for the single crank remained nearly the

same fol such a coarser segmentation of the rvire as for the earlier segmentation with

40 segments (0.0279i instead of 0.02812 fol Figure 4.9 and 0.01920 instead of 0.01936

for Figure 4.10). Hence, it is believed that the scatteled electric field obtained for'

the octagonal array of 37 cells is still meaningful despite the coarsel segmentation of

each wire.

For corner incidence (0i : 45o and þi = 45'), the maxima of the beams were

slightly of the reflection a¡d the transmission angles predicted by geometrical optics

(e.g. d" = 43o instead of 45'), oiving to the frnite area of the scattering surface [18].

The reflection beam values were 0.12080 llfm and 0.08948 V/m for the normal

and the corner incidences, respectively. For comparison, the corresponding values

of LHCP reflected from a solid reflector of identical shape and surface area, ana-

lyzed with NEC-2 by wire-grid modelling (see Figure 4.1), rvere 0.13620 Vlm and

0.09664 Vlm, respectively (see Figures 4.27, 4.28, 4.29 and 4.30). Thus, the CPSS

appears less opaque than the solid PEC reflector'.
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LENGTH ALONG THE WIRE (i.)
Figure 4.7: Induced current for the crank illuminated ivith a LHCP plane wave

incident al 0i -- 0' and þi - go.
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Figure 4.9: lLLl f.or the crank, rvith d' : 0o, ö' :0o and r - 4.2 m.

Figure 4.10: l,?Il for the crank, ivith Pi : 0o, ö; -- 0' and r -- 4.2 m..
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Figure 4.11: lI-Rl fol the crank, r'ith di = 0o, ói -- 0o and r : 4.2 m.

'..:..

Figure 4.12: l.R.Rl for the crank, rvith 9i = 0o, ói = 0o and r - 4.2 m,
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Figure 4.15: lLLl for the crank, with d¿ : 45o, ói - 45o and r : 4.2 m.
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Figure 4.16: l,ÌIl for the crank, with dt - 45., öi - 45, and r = 4.2 m.
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Figure 4.1?: lLRl lor the crank, with d; - 45o, ëi :45o and r : 4.2 m.
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Figure 4.18: lÂ-Rl for the crank, with dt - 45o, öi - 45' and r = 4.2 r¡2.
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Figure 4.19: lLLl for a 37 Pierrot cell octagonal arra¡', with 0i = 0o,, di : 0o and
r = 30.0 n¿,

Figure 4.20: l.RIl for a 37 Pierrot cell octagonal array, with 0' : 0o, d' : 0o and
r = 30.0 m.
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Figule 4.21: lZ.Rl for a 37 Pierrot cell octagonal array, with 0i :0o, di :0o and
r : 30.0 nz.
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Figve 4.22: l.B.Rl for a 37 Pier¡ot cell octagonal array, rvith 0i : 0o , di : 0' an.d

r : 30.0 nz.

L27



Figure 4.23: lLLl lor a 37 Pierrot cell octagonal array, rvith 0i = 45', ói : 45o anð,

r - 30.0 m,

Figure 4.24: lÀIl for a 37 Pier¡ot cell octagonal array, with 0i :45o, öi = 45. anà
r = 30.0 m.
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Figure 4.25: lI.Rl for a 37 Pie¡rot cell octagonal array, with 0i :45o, öí = 45' and
r = 30.0 m.

Figure 4.26: l,R.Bl for a 37 Pierrot cell octagonal array, with 01 = 45o, di : 45' aqd
r - 30.0 m.
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Figure 4.27: lLLl lor the octagonal rvire-grid reflector, with di : 0o, di : 0' and
r - 30.0 n¿.

Figure 4.28: lr?Il foL the octagonal wire-grid reflector, with 0i - 0', di : 0o and
r - 30.0 m.
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Figure 4.29: lLLl fot the octagonal rvire-grid reflector, rvith 0i = 45", Ói :45o and

r = 30.0 nz.
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Figure 4.30: lr?Il for the octagonal rvire-grid reflector, rvith di = 45o, ói - 45' and
r : 30.0 m.
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Table 4.7 shows the corresponding efective surface area of the arrays. The effec-

tive surface area is computed here as the number of cells times the surface area of

each cell, thus approximating the contour of the octagonal geometry with step edges.

Tables 4.8 to 4.18 show the scattered field levels of the octagonal array with two dif-

ferent numbers of cells, two different incidence angles and three diferent observation

sphere radii.

It was observed that the lIIl and l.E.Rl plots at normal incidence,0.25 m inter-

element spacing and 4.2 r¿ observation sphere radius displayed an anomaly in that

the scattering level at d" = 0o was no longer the peak value of the plot (0.96654 vs

L.79772 lot lIIl, and 0.02374 vs 0.04282 for lÃÀl). This situation orves to the fact

that the array rvith 0.25 m inter-element spacing is so large (1.75 m radius) that

the observation point on the obsen'ation sphere rvith 4.2 m ndius can no longer be

considered to lie in the far-field region of the array. This situation is even more critical

rvhen the observation point lies at large d values in rvhich case some cells at the edge

of the array lie relatively close to the obselvation point.

The far-field region is usually taken to lie beyond the distance 2D2f À in the

direction normal to the array, ivhere D is the diameter of the array. Table 4.7 shows

the 2D2 lÀ values for the various cases at hand. The obselvation sphere radius of

84.0 m ensures that the observation point lies in the far freld region of all cells, even

for the largest array used herein. The lZ.Ll values in the Tables 4.I2,4.73,4.75

and 4.16 for the 156 cell array are now consistently from about 4 to about 5 times

larger than the corresponding l.L.Ll values for the 37 cell array. This increase is about

commensurate ivith the increase in surface area of the array, i.e. S I 4.2. It rvas

also confirmed that the scattering values at d' : 0o for the lLLl and lr?Ãl plots of all

arrays illuminated at normal incidence were again the peak values of the plots. For

the cases that the observations point lied in the far-field regions for both the 30.0 m.

and the 84.0 m observation sphere radii, the lI.| level is decreased by a factor =.20
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in accordance with the 1/r behavior of the field in the far-field region. Furthermore,

all peak values in Tables 4.11 and 4.14 are below \Æ.

In order to ensure that the observation point lies clearìy in the far-field region for

the case of the array as large as 156 cells with 0.15 r¿ inter-element spacing while also

maintaining the field levels large enough to display a ferv significant digits for the case

of the smaller array with 37 cells and 0.15 m inter-element spacing, an observation

sphere radius of 30.0 m rvas chosen for all simulations below.

When the observation point lies clearly in the far-field region of the array, it is

noted that:

r As mentioned earlier, it would appear that the compensation scheme used in

computing the Leakg values is not very efective when the case under study

departs too much from the reference case which is a scatterer of shape and

surface area corresponding to an octagonal array of 37 cells laid as peÌ a square

grid with 0.15 m inter-element spacing.

r Increasing the size of the octagonal alray by increasing the number of elements

inc¡eases ILL'l brt it does not change significantly the ratio 1trtr/ÆRl as does

a change in the inter-element spacing. This suggests that 37 cells are sufficient

to quantify accurately the CPSS operation of a design under study.

r Varying the incidence from normal to corner incidence increases the B/cftg value

and tends to decrease the Leakg value, as though the surface became denser.,

which situation might be expected from heuristica considerations.

¡ The axial ratios are seen to degrade noticeably under corne¡ incidence. Fur-

thermore, the inter-element spacing that rvas found optimal with respect to
aHeuristic arguments, horvever, can be fallacious and should not be const¡ued as proofs on their

orvn me¡it. For example, the fo¡mation of grating lobes is favo¡ed by off-normal incidence even
though the array appears visualìy inueasingly more solid as the incidence angle departs from being
normal, and even though the formation ofgrating lobes is discouraged by denser, i.e. more solid-like,
ar¡ays.
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maximizing ILL'l at normal incidence, i.e. 0.25 m, is no longer optimal at cor-

ner incidence. Moreover', the performance degradation incurred by off-normal

incidence is more severe for the the inter-element spacing optimal at normal

incidence than that for the inter-element spacing not optimal at normal inci-

dence.

This situation arises because, for the 0.25 rn inter-element spacing, there is

formation of grating lobes which causes a redistribution of the energy from the

main lobe to the grating lobes. The grating lobe formation becomes even more

troublesome as the incidence departs from normal, except for the case of the

inter-element spacing being less than or equal to a half-wavelength in which

case the entire visible region is then free of grating lobes [105, p. 44].

The axial ratios ar" and ¿rl are smallest, i.e. best, at the expected fi'equenc¡'of

L00 GH z and the expected cell thickness of À/4, although the smallest values

o1 Blckg anð. Leak.g as rvelÌ as the largest value of ILL'IRR'l are not found at

that frequency nor at that cell thickness value.

The Blckg and the art values vary much more than the Leakg and ør" values

on a percentage basis, respectively. This situation is indicative of the rveakness

of idealizing the principle of opelation as assuming that the structure is trans-

parent under RHCP illumination. Defining the operating range on the basis of

art 1 2, one obtains:

- 0.88 GHz < / < 1.035 GHz,lence the performance is asymmetrical with

respect to the nominal value of f : 1.0 GH z;

- 0.234À < cell thickness < 0.260), hence the performance is asymmetrical

r¡'ith respect to the nominal value of 0.2501.

- ei <<< 5'; hence the performance degrades very quickly as the incidence

departs from being normal.
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The performance has a complicated behavio¡ rvith respect to ái and {i. The

maximum lZ-L"l values occur for the diagonal directions, i.e. þi - 45' and

225', whereas the minimum values occur for the anti-diagonal directions, i.e.

öi = 135 and 315'. The ¿r" and art values are also better for the diagonal

directions than for the anti-diagonal directions. The case o1 0i - 45' with

ö' -- 735" stands out particularly as presenting a very poor performance.

The diagonal and anti-diagonal directions correspond precisely to those for

which the imbalance of the current induced on the wire was observed to be

minimum and maximum, respectively. Thus, a current imbalance appears to

degrade the performance of the Pierrot CPSS. This observation is consistent

with the fact that the currents induced on the transverse sections depend on the

tangential -E field component of the incident wave. Thus, the effective length of

each transverse rvire varies by diffelent amounts as the incidence angle is varied,

this situation resulting in the imbalance of induced currents.

The best choice of inter-element spacing on the basis of maximizing ILL' IRR'l

appears to be 0.25 nz but there is formation of grating lobes which situation

is undesilable. For the inter-element spacing between 0.12 m and 0.19 rn, it is

seen that \he Blckg increases and the Leakg àecteases as though the surface

appears denser as the inter-element spacing decreases, which situation might

be expected from heuristic conside¡ations. For the inte¡-element spacing larger

than 0.19 m, the Leakg value is seen to decrease but this situation might be an

artifact resulting from the compensation scheme used in computing the Leakg

value, when the case under study departs too much from the reference case.

The Blckg level dec¡eases up to a certain point as the gangbuster array becomes

denser! However, in comparing the gangbuster arraying arrangement with the

usual arraying arrangement on a squa¡e grid with )/2 inter-element spacing, it

135



is seen that the latter displays yet better values of Blckg and Leakg although

it displays also smaller l.L.L"l values for comparable ør' ard art values. For this

reason, gangbuster arrangements rvill not be considered any further. The efect

of varying the wire radius from 0.002 m down to 0.001 r¿ afects mostly only

the Blckg values. As expected from heuristic considerations, the B/c&g values

are seen to decrease as the rvire ¡adius is decreased.

o Surprisingly, the results are not all the same lot 0í : 0o as /i varies. This

situation is brought about by the fact that the phase values for the near-field

components as given by NEC-2 vary also with /i. For instance, the results for

óì : {0",135o} are presented in Table 4.6. It is seen that the phase diference

between the corresponding components of the trvo cases is precisely the phase

diference between the trvo /i values, i.e. 135'. Only the results for {i : go ¡¡n¡¡

be considered as meaningful herein.

The GSM for the octagonal arraS' ¡¡¿ds of 37 identical Pierrot LHCPSS cells with

À/2 inter-element spacing and illuminated at normal incidence rvas obtained as:

I s¡,x sxv si;" s*" \
I ovx c)'l' cl'x cYY I

s(x,Y) = I "T, "T" "l'" "i,. | =I u2l p21 u22 u22 I

I cl'x c]'l' eYX cyY t\ u21 o2t ¿22 r22 /

Table 4.6: Near-field results given by NEC-2 for trvo different /í values but the
same 9i = 0'.

ó'
lrl

E. E, 11z

xtu'lvlm xru'lvIml xru "lv lrnl
U

135

u.öÐóu

0.8530
+ r79 t6

-45.84
u.õÐðó

0.8553

-9U. /9
+44.21

0.1 705
0.1705

139. I4
-4.r4
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/ t.z+e+t - r60.32, 1.3Bg3r - 58.01' i.8444l - 89.58' 1.33331 - i¿8.02' \| 
* 4/ + 1g.gro 1.333gr + 32.05, r.8444r -rn.ur, I| 1.33331 -58.01" 1.2484t + 19.80', 1.33331 +32 

II r.8444t -39.58" 1.33331 +32.05" 1.2484t +19.80' 1.33331 -58.01" Itt
\ t.saaaz - 148.02, t.8444t - 39.58' 1.3g3gl - 58.01' 1.2484t - 160.32" )

where the incidence propagation vector rvas taken as pointing outwardly from the

origin of the coordinate system. Each scattering coeficient is described by a pair

whose first number pertains to the magnitude and second number pertains to the

phase. Surprisingly, the magnitudes are larger than 1.0 Vf m, lhe magnitude of the

linearly polarized incident plane wave! As expected, the matrix is symmetrical rvith

respect to the diagonal orving to the structure being reciprocal but surprisingly, the

matlix is also symmetrical rvith respect to the anti-diagonal. Also as expected, the

structure does not have the longitudinal reflection symmetry since one has:

I +Cr"r'- -Slr':+S{rx --C,!'rt---+Cn':-C{r'\ 
- 

n,o,''oo
I -",:,"- -sö'' - +sì;x :+clzE aQflH - -cr,' J-vuvrvxu

Nothing can be said, hou'ever', rvith respect to the 2n-fold rotational symmetry since,

as was mentioned earlier, the GSN{ of a reciprocal structure for the case of normal

incidence has S;g : ,9ff orving to reciprocity alone, regardless of whether or not the

structure is endorved rvith the property of 2n-fold rotational symmetry, i.e. one has:

I *cr"r'- +s#t' : +Siv,x - -Cfr" ---+ Cn' : -C{r' I ------* 
^oo - _rsp

\ -C,P"' : +STrl' : +q{ - +C,!rE + CF¡H : -CH.E

even though the scatterer might not be endorved with the 2-fold rotational symmetry

property. Thus, the GSM was also obtained for the case of a large departure from

normal incidence, say dt : 150o. For trvo ports that are in a reciprocal relationship,

say the port corresponding to (0; -- 150",di : 250") and the port corresponding to

(dt : 30', Ó; = 70"), the GSM rvas obtained as:

( cn, cF,* cP,, cP,, \
c(E.H\ = | tn cf" c'tt'" cf{ I:' I c,Fr' c,Frn c,FrE cFrH I

\ c,trt ç,¡,r, cflz çgn )

137



tæ

P
Þ

I 
c,

 
//"

--
'--

-'-
--

\
xo

*9
i

sr
gf

 s
hJ

X
-H

- 
* 

ag
s=

'ö
¡-

.r
tN

F
t

Ä
-.

*-
-L

,l+
eã

 
Þ

'
c.

\tO
c,

r(
Þ

9ç
r-

r

!Õ
cn

cJ
rc

¡
{ 

t'J
 

or
 

'Þ
 

(o
;io i'̂ t.r

H
H

¡-
fJ

 
!Y

 
!ì 

¡\
,

-\
rx

ä3
i

ts
<

F
_'

\f,
I 

_-
L

õ'
l--

+
H

 
¡Þ

 
c¡

 
-.

1 
or

ãs
È

s¡
!c

cn
 o

r 
o!

 
o!

c¿
 

-'¡
 

r_
 

c¡
¡ 

oo
q E

-
(D

 
:Y

 
--

j 
ts

 
q.

o
ów

t.f
C

O
(O

=
- 

¡:
 

¡J
 

--
r 

--
r

ar
 

1v
 O

o 
rÞ

 _
_r

o)
 

r\
 

F
- 

F
.-

 F
-

:-
J- ô,
-+

+
l

=
 

N
) 

-r
¡ 

N
) 

C
Þ

i.Ì
 

--
ì 

cn
 'Þ

 
-

lrO
(o

A
cr

r
.7

rÈ
O

iO
\)

{ 
T

|-
-i

oo
oc

¡r
y

iÀ
Ô

ts
c,

.lH
il-

 
¡.

. 
¡r

 
¡-

 
¡"

ã 
rr

rl
C

lÈ
|-

,Þ
cn

É
ìr

i-;
rc

ob
.{

l 
Ø

 
co

 o
) 

cÞ

È
ç 

"-
--

-,
--

--
--

--
-"

..



Table 4.7: Various statistics for the octagonal array rvith two diferent numbers of
cells and two diferent values of inter-element spacing.

Cell size
(m\

f cells Arrav diameter D !2:
À

(^)
Surface area

lm) (À) (m') (^')
0. t5

0.25

ó[
156

JI
156

1.050
2.100
1.750
3.500

J.õUZ

7.004
5.838

L 1.676

7.óþ
,O A'
20.43
81.72

u.ðJzð
3.5100
2.3125
9.7500

v.zoó
39.054
25.730

108.483

Table 4.8: Peak scattering values for octagonal arrays with two dife¡ent numbers
of Pierrot cells. The observation sphere radius is 4.2 m.

.t\ormâ

Corner

0.1 5

0.25

0.15

0.25

ó(
156
a1

156

156

156

U.ðJJ4b
2.39340
i.86955
L.79772
0.64821
2.22237
0.38118
0.54794

u. uv,)9u
0.30291
0.04744
0.04282
0.14196
0.49867
0.143i9
0.2629L

u.u /ó tò
0.1.2937

0.21083
0.30260
0.13666
0.40157
0.35027
0.55700

0.01902
0.03957
0,02169
0.04143
0.71377
0.38967
0.11564
0.18879

ð.09
7.90

45.11
4t.97
4.57
4.46
2.66
2.08
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Table 4.9: Reflection beam values for octagonal arrays with two different numbers
of Pierrot cells. The observation sphere radius is 4.2 m.

Table 4.10: Transmission beam values for octagonal arrays rvith trvo diferent num-
bers of Pierrot cells. The observation sphere radius is 4.2 m.

Incidence CelÌ size
(^)

f cells Reflection beam values

IL LI lftnl ftL LHI o,r E t cltg

L\Otmal

Corner

u,l ö

0.25

0.15

0.25

óI
156

37
156

37
156

156

u.öóó40
2.39340
1.869õ5
0.96654
0.62005
2.12620
0.34601
0.18308

u.uvð4 /
0.30290
0.04143
0.02374
0.14196
0.49867
0. i0401
0.09864

U.UU IOõ

0.02760
0.01800
0.05856
0.06376
0.20654
0.03975
0.04277

U. UUU4T'

0.00351
0.00065
0.00727
0.77377
0.38967
0.08643
0.06394

1. U 1ð4

1.0233
1.0194
f. i290
7.2292
7.2152
1.2596
1.6086

ZU.ððIð
11.8085
0.5090
0.0094

75.7100
51.5390
5.4220
0.2305

The values lot Blcko have been multin[ed bv 103

Incidence Cell size
(m\

f cells Transmission beam values

ILL &fl| fiLl lLHl AT Lealt g

-i\ orm âl

Corner

u.1Ð

0.25

0.15

0.25

ó(
156

i56

156

156

u.ðóJ40
2.39340
1.86955
0.96647
0.64821
2.22237
0.381i8
0.22588

u.uyò4ð
0.30291
0.04144
0.02379
0.14106
0.49777
0.10431
0.09583

u.uu /4c
0.02760
0.01811
0.05849

0.11169
0.38583
0.07731
0.04273

0.00117
0.00329
0.00137
0.00228
0.06176
0.20831
0.05776
0.03921

L.0248
7.0219
1.0684
7.212r
2.5576
2.4424
3.4813
2.3847

0.066391
1.35099
1.69395
1.95490

0.036702
0.444798
0.737020
1.04065
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Table 4.11: Peak scattering values for octagonal arrays lvith trvo different numbers
of Pierrot cells. The observation sphere radius is 30.0 r¿.

lncidence Cell size
(m)

f cells Peak vâlues

ILLI lltRl RL LRI ILL/RRl
I\ormal

Corner

u..t Ð

0.25

0.15

0.25

ó(
156

1ðO

156

156

2080.10

0.49236
0.29t26
i.30652
0.09344
0.40040

0.05941
0.24244

0.01359
0.05848
0.00609
0.02587
0.02020
0.08777
0.02251
0.08736

0.01073
0.01978
0.02455
0.03631
0.02106
0.06674
0.05462
0.22073

0.00263
0.00548
0.00326
0.00593
0.01632
0.06978
0.01793
0.06836

8.89
8.42

47.83
50.50
4.63
4.56
2.64
2.78



Table 4.12: Reflection beam values for octagonal arrays with two diferent ûumbers
of Pierrot cells. The observation sphere radius is 30.0 r¿.

Table 4.13: Transmission beam values for octagonal arrays with two diferent num-
bers of Pie¡rot cells. The observation sphere radius is 30.0 m.

Incidence UET SIZE

(m\
# ceus ll.eltectron beam values

ILLI IRRI IRLI ILRI o,r Blcko
alml\ or

Corne¡

0.1,5

0.25

0.15

0.25

156

156

37
156

156

0.12080
0.49236
0.29726
1.30652
0.08948
0.38352
0.05383
0.21658

0.01359
0.05848
0.00609
0.02587
0.02020
0.08777
0.01679
0.06500

0.00017
0.00065
0.00038
0.00150
0.00920
0.03947
0.00700
0.02544

0.00005
0.00019
0.00015
0.00065
0.01632
0.06978
0.01359
0.05349

1.0028
i.0026
1.0026
1.0023
r.229r
r.2294
1.2989
t.2662

21.5619
22.4574
0.5621
0.5700

78.7005
82.5518
7.0607
6.0297

The values for Blcko have been multiplied bv 103

lncidence Cell size
(*)

S cel.ls Transmission beam values
LLI wnl IHL Lfl AT Leahq

.NOT]nAI

Corner

U 10

0.25

0.15

0.25
156

ót
156

37

156

156

37

U. TZUöU

0.49229
0.29t26
1.30652
0.09344
0.40040
0.05941
0.24244

I
0.05848
0.00609
0.02587
0.02006
0.08714
0.01674
0.06492

359u. t) U. UUU 1O

0.00058
0.00037
0.00150
0.01557
0.06652
0.01143
0.04360

U. UUUUö

0.00033
0.00016
0.00072
0.00879
0.03690
0.00877
0.034J.7

1.0113
1.0534
1.057i
2.5590
2.4688

3.2002

o.01 0.377557
0.202090
0.291.437

0.699943
0.L27092
0.074540
0.682443
0.674640

t42



Table 4.14; Peak scattering values fo¡ octagonal arrays with two different numbers
of Pierrot cells. The observation sphere radius is 84.0 nz.

Corner

0.15

0,25

0.15

0.25

0.r7713
0.10380
0.48642
0.03343
0.14392
0.02L28
0.09021

0.02096
0.00216
0.00941
0.00722
0.03145
0.00807
0.03236

0.00708
0.00849
0.01316
0.00758
0.02458
0.01957
0.08138

0.00094
0.00i94
0.00117
0.00219
0.00583
0.02506
0.00642
0.02516

8.9 i
8.45

48.06
51.69
4.63
4.58
2.64
2.79



Table 4.15: Reflection beam values for octagonal arrays with two diferent numbers
of Pie¡rot cells. The observation sphere radius is 84.0 nz.

Table 4.16: Transmission beam values for octagonal arrays with trvo diferent num-
bers of Pierrot cells. The observation sphere radius is 84.0 m.

Incidence Cell size
(^\

# cells Reflection beam values

ILLI IRRI IRLI LRI AT Rlcks

l\oImal

Corner

u.1Ð

0.25

0.15

0.25

ó/
156

156

156
¡r1

156

u.u+,tzu
0.17713
0.10380
0.48642
0.03202
0.13788
0.01929
0.08070

u.uu4ðo
0.02096
0.00216
0.00941
0.00722
0.03145
0.00603
0.02410

u. uuuu.t
0.00012
0.00007
0.00030
0.00328
0.01416
0.00252
0.00952

U. UUUUZ

0.00009
0.00005
0.00025
0.00583
0.02506
0.00487
0.01980

.0014

0012

30091

1.0013
1.0014

t.2287
r.2289

t.267 4

5581.52

22.6t70
0.5533

0.5912
78.7798
83.2473
7.7277
6.4906

Tlre values lor Blckq have been multiplied by 10o

Incidence CeIl size
(m\

f cells Transmission beam values

IL LI IHftI HL LflI 0,1' Leakg

N ormal

Corner

50.

0.25

0.15

0.25

3t
156

156

ót
156

156

u.u+,5zu

0.r7773
0.10380
0.48642
0.03343
0.14392
0.02128
0.09021

U,UU4ð5

0.02096
0.00216
0.00941
0.00717
0.03123
0.00601
0.02407

U. UUUUJ

0.00012
0.00007
0.00030
0.00556
0.02381
0.00407
0.01610

U.UUU Uó

0.00011
0.00005
0.00026
0.00314
0.01323
0.00313
0.01257

1.0105
1.0103
i.0518
i.0565
2.5589
2.4699
3.1763
3.1863

u.4 / ó0ðu
0.411657
0.199406
0.168013
0.155656
0.144932
0.696687
0.680433

r44



Table 4.17: Assessment of the indicator ¿r' for va¡ious cases of an octagonal array
made of Pierrot LHCPSS cells for different values of observation sphere
radius, incidence angle and inter-element spacing. The results for the
30.0 m observation sphere radius are taken as the reference.

Incidence Cell size
(m\

f celìs ubservatlon sphere ladlus (fn ) -L;rror { 70

84.0 30.0 4.20 E4.U 4.2t)

.l\ormal

Corner

0.15

0.25

0.15

0.25

ót
i56

156

J/

156

37

156

I. UU I4
1.0013

1.0014

1.0012

r.2287
1.2289
1.3009

1.2674

I.UUZð

1.0026
i.0026
1.0023

r.2297
r.2294
1.2989

t.2ß62

l.urö+
1.0233
1.0194
i.1290
l rron
7.2152
7.2596
1.6086

-0,130
-0.120
-0.110
-0.033
-0.041

+0.154
+0.095

4U-u. +1.55ri
+2.065
+ 1.676

+12,641
+0.008
- 1.155
-3.026

+27.042

lncidence Cell size
(m)

f cells Observation sphere radius lm) llrror l7n )

E4.t) 30.0 4.20 84.0 4.20

L\ OImAI

Corne¡

u.lo

0.25

0.i5

0.25

3(
156

156

37
156

156

.0105

1.0i03
1.0518
1.0565
2.5589
2.4659
3.1763
3.1863

1.0119
i.0113
1.0534
1.0571
2.5590
2,4688
3.2002
3.2224

1.0248
1.0219
1.0684
r.2L2r
2.5576
2.4424
3.4813
2.3847

-0.138
_lì noo

-0. i52
-0.057
-0.004

+0.045
-0.747
-1.720

+1.048
J.1 A'A

+14.663
-0.055
-1.110

+8.784
-25.996

+

Table 4.18: Assessment of the indicator' ¿rr fol various cases of an octagonal atraJ'
made of Pielrot LHCPSS cells for diffelent values of obselvation sphere
radius, incidence angle and inter-element spacing. The results for the
30.0 m observation sphere radius are taken as the reference.
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Table 4.i9: Assessment of the indicator Blckg fo¡ various cases of an octagonal
array made of Pierrot LHCPSS cells for diferent values of observation
sphere radius, incidence angle and inter-element spacing, The results
for the 30.0 m observation sphere radius are taken as the reference.

lncidence uell slze
(^)

# cexs Ubservafion sÞhere radrus lm) Error (%)
E4.U JU.O 4.2U 64.0 4.2t)

Normal

Corner

u. 1Ð

0.25

0.15

0.25

156

út
156

lòl)

156

z I. ð,),f õ

22,67t0
0.5533
0,5912

78.7798
83.2473
7.L277
6.4906

21.5ii 19

22.4574
0.5621
0.5700

78.7005
82.5518
7.0607
6.0297

20. E518

11.8085
0.5090
0.0094

75.7700
51.5390
5.4220
0.230õ

-U.UJ

+0.68
- 1.57

+3.72
+0.10
+0.84
+0.94
+7.64

-ó.29
-47.42

-9.45
-98.35
-3.80

-23.2r
-96.18

The values lor Blcko have been multiolied bv 103

Table 4.20: Assessment of the indicator Lealcg for various cases of an octagonal
array made of Pierrot LHCPSS cells for diferent values of observation
sphere radius, incidence angle and inter-element spacing. The results
for the 30.0 m obselvation sphere radius are taken as the reference.

Incidence Cell size
(n¿)

f cells Observation sohere radius lm) llrror I % I

84.0 30.0 4.20 84.0 4.20

l\orma.l

Corner

u.l ò

0.25

0.15

0.25

156

37
156

156

156

0.411657
0.199406
0.168013
0.155656
0.744932
0.696687
0.680433

U JbðU 0.371557
0.202090
0.297437
0.699943
0.121092
0.0745403
0.682443
0.674640

0.0663914
1.35099
1.69395
1.95490

0.0367022
0.444798
0.731020
1.04065

+27.5
+103.7

-31.6
-76.0

+28.5
+94.4
+2.7
+0.9

-62.1

+568.5
+481..2
+179.3

-69.7

+496.7
+7.r

+54.3
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Table 4.21: ll,trrl values of the octagonal array of 37 Pierrot cells for various inci-
dences. The intel-element spacing is 0.15 nz and the observation sphere
radius is 30.0 m.

Table 4.22: lAr?l values of the octagonal array of 37 Pierrot cells for various inci-
dences. The inter-element spacing is 0.15 m and the observation sphere
radius is 30.0 m.

0'tó' 150 450 900 1.350 1800 2250 270" 3150

0o

100

750

200

300

45'
600

0.1208
0. i206
0.1184
0.1153
0.1107
0.0950
0.0675
0.0382
0.0262

0.1205

0.1i81

0.0748

0.1200

0.1199

0.0934

0.1198

0.t742

0.0978
0,0758
0.0466
0.0285

0.1208
0.1195

0.0541

0.1191

0.0730

0.119 i

0.0863

0.1202

0.0720

0.1209

0.0548

0, ló, 0, 900 i35' I EO" 225" 2700 3150

U"

10,
150

20.
30'
45.
600

75.

0.0 r3 tt

0.0159
0.0178
0.0197
0.0216
0.0262
0.0361
0.0344
0.0273

0.0154

0.0i85

0.0286

0.0141

0.0151

0,0202

0.0137

0.0i33

0.0744
0.0180
0.0187
0.0186

0.0136
0.0134

0.0112

0.0137

0.0242

0.0141

0.0204

0.0158

0.0356

0.0165

0.0490



Table 4.23: lLLe lRRel values of the octagonal array of 37 Pierrot cells for various
incidences. The inter-element spacing is 0.15 m and the observation
sphere radius is 30.0 m.

0'tó' 15' 45. 90, 1350 1800 2250 2700 315'
0,
5'

100

150

200

300

450

600

8.89
7.60
6.64
b. ði)

5.11

3.62
1.87

f.i1
0.96

7.82

6.37

2.61.

8.50

7.92

4.63

8.77

8.58

6.80
4.22
2.50
1.54

8.89
8.92

4.83

8.70

3.02

8.44

4.23

7.59

2.00

7 .32

L72
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Table 4.24: l.L.L'l reflection beam values of the octagonal array of 37 Pierrot cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0 rn.

Table 4.25: lZ.L¿l transmission beam values of the octagonal array of 37 Pierrot
cells for various incidences. The inter-element spacing is 0.15 m and
the observation sphere radius is 30.0 m.

s,tó' 0o 450 90. 13 50 1800 2250 270" 3150

100

75.
200

30,
450

600

750

0.1208
0.1195
0.1163
0.7722
0.1071
0.0911
0.0635
0.0342
0.0245

0.1197

0.1i58

0.0718

0.1200

0.1197

0.0895

0.1198

0.1.L42

0.0978
0.0737
0.0397
0.0234

0 .1 208

0.1195

0.0527

0,1191

0.0627

0.1191

0.0825

0.1193

0.0720

0.1195

0.0524

0'tó' 0, 450 90, 135' 1800 2250 2700 315'

0'

100

20.
30'

600

U,I2UE

0.1206
0.1184
0.1i53
0.1107
0.0950
0.0658
0.0345
0,0224

0.1205

0.1181

0.0740

0.1200

0.1199

0.0934

0.1187

0.1113

0.0949
0.0742
0,0416
0.0254

U.1zUE

0.1181

0.0519

0.1 183

0.0730

0. i 191

0.0863

0.1202

0.0645

0.1209

0.0534



Table 4.26: l-8.8" I reflection beam values of the octagonal array of 37 Pierrot cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0 m.

Tal>Ie 4.27: lÃÃ¿l transmission beam values of the octagonal array of 37 Pierrot
cells for various incidences. The inter-element spacing is 0.15 m. and
the observation sphele radius is 30.0 m.

0, ló, 0o 15' 900 1350 1800 225 270 315'

10'
i5.
20''
30,
450

600

75.

u. u 1úo

0.0136
0.0136
0.0139
0.0146
0.0173
0.0246
0.0256
0.0235

0.0137

0.0L44

0.0233

0.0137

0.0148

0.0202

0,0135

0.0132

0.0144
0.0180
0.0185
0.0180

u. u 1,t0

0.0134

0.0103

0.0136

0.0242

0.0138

0.0204

0.0135

0.0176

0.0134

0.0i 01

0'ló' 0, 150 450 900 180' 2250 270. 315'

5o

100

15'
20.
30'
450

60,
750

0.0136
0.0158
0.0177
0.0i96
0.0216
0.0262
0.0361

0.0344
0.0270

0.0i52

0.0184

0.0286

0.0137

0.0148

0.0201

0.0i14

0.0078

0.0075
0.0115
0.0133
0.0153

0.0136
0.0104

0.0112

0.0114

0.0113

0.0138

0.0203

0.0158

0.0356

0.0165

0.0490

150



Table 4.28: lr?tr'l reflection beam values of the octagonal array of 37 Pierrot cells
for various incidences. The inter-element spacing is 0.15 rz and the
observation sphere radius is 30.0 m,

Table 4.29: l.R.LrI transmission beam values of the octagonal array of 37 Pielrot
cells fo¡ various incidences. The intel-element spacing is 0.15 m and
the obsen'ation sphere radius is 30.0 m.

0'tó, 150 450 ono 1350 i800 2250 2700 3150

0,

10,
150

200

300

45.
60'
75.

0.0002
0.0069
0.0129
0.0180
0.0225
0.0282
0.0290
0.0168
0.0087

0,0055

0.0154

0.0299

0.0020

0.0053

0.0092

0.0056

0.0176

0.0342
0.0420
0.0299
0.0195

0.0002
0.0093

0.0576

0.0074

0.0492

0.0018

0.0157

0.0051

0.0244

0.0081

0.0104

0'lô' 0" 15' 450 900 1800 225 2700 3150

U"

10"
15'
20.
30,
45
60,
750

U.U UUZ

0.0076
0.0156
0.0239
0.0321
0.0450
0.0490
0.0282
0.0144

0.0058

0.0186

0.0414

0.0015

0.005 0

0.0156

0.0048

0.0118

0.0172
0.0193
0.0155
0.0137

U. UU UZ

0.0080

0.0108

0.0068

0.0307

0.0015

0.0089

0.0054

0.0374

0.0094

0.0593



Table 4.30: l-L-8" I reflection beam values of the octagonal array of 37 Pierrot cells
for various incidences. The inter-element spacing is 0.i5 m and the
observation sphere radius is 30.0 m.

Table 4.31: l.L.R¿l transmission beam values of the octagonal array of 37 Pierrot
cells for various incidences. The inter-element spacing is 0.15 m and
the observation sphele radius is 30.0 nz.

0'ló' 0o 15' 45. 90, 135' 180" 2250 2700 3150

0o

10"
15'
20'
300

450

600

0.000i
0.0074
0.0151

0.0230
0.0307
0.0433
n n¿oo

0.0323
0.0203

0.0057

0.0179

0.0416

0.0019

0.0060

0.0163

0.0051

0.0133

0.0211
0.0244
0.0190
0.0169

U.UUU,L

0.0081

0.0108

0.0069

0.0288

0.0019

0,0095

0.0056

0.0409

0,0093

0.0567

0'tó' 0, l5' 45. 90, 1350 1800 225. 270" 3150

U"

10,
15'
20.
300

45.
600

U. UUU 1

0.0054
0.0114
0.0176
0.0239
0.0339
0.0380
0.022s
0.0166

0.0032

0.0109

0.0260

0.00i 5

0.0040

0.0088

0.0069

0.0176

0.0274
0.0309

0.0237
0.0193

U.UUU 1

0.0081

0.0112

0.0048

0.0182

0.0015

0.0156

0.0075

0.0487

0.0093

0.0585

152



Table 4.32: or" ¡eflection beam values of the octagonal array of 37 Pierrot cells
for valious incidences. The inter-element spacing is 0.15 rz and the
observation sphere radius is 30.0 m.

0'ló' 0o I5" 450 900 1350 180' 225" 270" 315"

100

15"
20.
300

450

600

r.uuzö
1..7222

7.2487
1.3826
1.5306
1.8986
2.6822
2.9331
2.10 69

1.097

1,306

' 
A'R

1.034

1.093

t.229

1.099

1.365

2.075
3.645
7.127

11.154

1 .003

1.169

22.360

1.132

8.292

1.031

1.468

1.089

2.025

r.t4ð

r.494

Table 4.33: ¿r¿ transmission beam values of the octagonal array of 37 Pierrot cells
for various incidences. The inter-element spacing is 0.15 m and the
observation sphere radius is 30.0 rn.

0'tó' 0o 15' 45. 90, 1350 1800 2250 270. 3150

U"

5o

100

15'
20.
300

450

60.
75"

t.u1l.y
2.0497
4.8469

78,7454
20.0143
7.8367

39.9581
4.9944
4.2049

1.539

3.934

20.430

t.244

1.730

2.559

4.077

2.590

7.749
2.790
3.541
8.602

I .0 1 2

7.9r7

1000

2.462

4.231

L240

7.670

2.823

6.427

3.609

11.298

r53



Table 4.34: Blockage beam values of the octagonal array of 37 Pierrot cells for vari-
ous incidences. The inter-element spacing is 0.15 m and the observation
sphere radius is 30.0 r¿.

Table 4.35: Leakage beam values of the octagonal array of 37 Pierrot cells fo¡ vari-
ous incidences, The inter'-element spacing is 0.15 m and the observ¿tion
sphere radius is 30.0 n¿.

0,tó' 0o 150 900 1350 1800 2250 270. 3150

0'

100

15'
200

300

450

60,
750

2r.56
27.97
48.47

84.27
i35.06
253.90
361.80
797.67
r72,53

25.66

61.64

264.89

to 0.)

78.70

24.39

40.81

76.16
107.38

81.97
77.70

21.56
28.68

9< Ot

27.72

164.72

22.48

59,03

25.03

231.38

30.99

386.63

1tle values lor lt¿( t nave been m IDTEd v Itì'

0,tó' 0o 150 450 900 l3 50 1800 2250 270. 3150

0o

5o

100

15'
200

30'
450

600

750

0.3716
0.4033

0.4659

0.4777
0.42L4
0.2667
0.0450

0.3909

0.4274

0.2805

0.3773

0.3590

0.121i

0.4015

0.4282

0.3015
0.1595
0.1239
0.0299

0.4234

0.3747

0.4025

0.2308

0.3753

0. i053

0.398 7

0.3 i33

0.4246

0.7 431

t54



Table 4,36: Peak scattering values of the octagonal array of 37 Pierrot cells ivith
various cell thickness values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m.

Ue.ll thickness Peak values
TÌT¿) ( LLI RH IRLI LRI LLIRH

U.UbU

0.065
0,070

0.071
0.075
0.076
0.078
0.079

0.080
0.085
0.090

U.ZUU

0.2r7
0.233
0.234
0.250

0.254
0.260
0.264
0.267
0.284
0.300

U.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

J90,)ö

r0528
r 1355

1511

2080

2200
2397
2473
2534
2599
3247

0.0:

0.0
0.0

0.0
0.0
0.0
0.0
0.0
0.0
0.0r

0.0{

¿170

t873
r603

t552
r359

r320
1239

107

1Ð I

)960

t767

0.02722
0.01714
0.01391

0.01330
0.01073
0.01008
0.01033
0.01117
0.01222
0.01802
0.02476

0.0r772
0.01247
0.00735

0.00626
0.00263
0.00335
0.00532
0.00650

0.00768
0.01351
0.02117

4 45

5.62
7.08

7.42
8.89
9.24

10.01

r0.42
10.83

t3.12
t7.27



Table 4.37: Reflection beam values of the octagonal array of 37 Pierrot cells with
various cell thickness values. The inter-element spacing is 0,15 rn, the
incidence is normal and the observation sphere radius is 30.0 m.

Cell thickness Reflection beam values
(ml (^) LLI HHI IHLI ILHI o,T ,B lckg

0.060
0.065
0.070

0.071
0.075
0.076
0.078
0.079
0.080
0.085
0.090

0.200
0.217
0.233
0.234
0.250
0.254
0.260
0.264
0.267
0.284
0.300

0.r

0.

0.

0.

0.

0.

0.

0.

0.

0.

0..

19653

r0528
r1355

t1511
t2080
t2200
t2397
t2473
',2535

.2599

.3245

0.02170
0.01873

0.01603
0.01552

0.01359
0.01313
0.01221
0.01177
0.0i 132

0.009i0
0.00709

u.ut 375

0.01024

0.00561
0.00456
0.00017
0.00133
0.00390
0.00523
0.00657
0.01328
0.02118

u.0I378
0.01027

0.00564
0.00458
0.00005
0.00130
0.00388
0.00521
0.00655
0.01328
0.02117

,ózzz
.2r55
,1039
.0824
.0028

.0221

.0650

.0875

.1106

.2356

,3807

I f.uyõy
53.2351
33.7r36
30.5679
21.5619
20.3189
19.1700
19.3200
19.9486
30.2440
58.1728

'l'he v¿ ues lbr 1c,to have been multinlied v 10r

Table 4.38: Transmission beam values of the octagonal arÌal' of 37 Pierrot cells rvith
various cell thickness values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 m.

uell tnlckness Transmission beam values
I nx) ()) LL IAAI RL LRI dr Lea kg

0.060
0.065
0.070
0.071

0.075
0.076
0.078
0.079
0.080
0.085
0.090

2000.

0.2r7
0.233
0.234
0.250
0.254
0.260
0.264
0.267
0.284
0.300

095990.

0.10510
0.1i 353

0.11509

0. i2080
0.12r99
0.12396
0.12472
0.12534
0.12597
0.13247

0.01911
0.01763
0.01578
0.01536
0.01359
0.01312
0.01217
0.01169
0.01121

0.00895
0.00767

0.01716
0.01203
0.00629
0.00506
0.00016
0.00137
0.00404
0.00539
0.00675

0.01338
0.02097

0.01712
0.01200
0.00624
0.00502
0.00008
0.00140
0.00408
0.00543
0.00678
0.01343
0.02101

18.2308

5.2669
2.3102
i.9718
1.0119
1.2391
2.0100
2.7366
4.0660
4.9980
2.1500

0.9E307
0.78138
0.57322
0.53203

0.37156
0.33384
0.26327
0.23152
0.20258
0.10843
0.05830
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Table 4.39: Peak scattering values of the octagonal array of 37 Pierrot cells for
various frequency values. The inter-element spacing is 0.15 m, ihe
incidence is normal and the observation sphere radius is 30.0 m.

¡Ïequency
(GHz)

Peak values

ILLI HHI lHLl LHI LLIftH
0.E00

0.850
0.880
0.900
0.950
0.960

0.970
0.980
0.990
1.000
1.010

1.020
1.030
1.035
1.040
1.050
1.100
1.150
1.200

0.03910
0.05093
0.06031
0.06756
0.09210
0.09788

0.10369
0.10947
0.11514
0.12080
0.12532
0.12875
0.13098
0.13261
0.14213
0.14098
0.13375
0.11541
0.09675

0.01

0.0:

0.0:

0.01

0.0
0.0

0.0
0.0
0.0
0.0
0.0
0,0
0.0
0,0
0.0
0.0
0.01

0.01

0.01

¿885

¿442

¿2II
¿062

t706
r636

1567

1498

t 429

r359
t296
t232

r167

t136
t103
r039

)691

)365

)659

0.0

0.0
0.0
0.0
0.0
0.0

0.0
0.0
0.0
0.0

0.0
0.0
0.0
0.0
0,0
0,0
0.0
0.0.

0.0

1141

t065
r058

i056
i055
t057

t060
i065
i069
.073

.063

.072

.128

.130

-IT4
.229
.654

.809

877

0.01204

0.01019
0.00904
0.00818
0.00557
0.00495

0.00438
0.00379
0.00318
0.00263
0.0031i
0.00359
0.00437
0.00481
0.00552

0.00644
0.01086
0.01394
0.01571

1.36

2.09
2.73

3,28
5.40
5.98

6.62
7.31

8.06
8.89
9.67

10.45
11.22
11.67
12.89
13.57
19.36
3t.62
14.68
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Table 4.40: Reflection beam values of the octagonal array of 37 Pierrot cells for
various frequency values. The inter-element spacing is 0.15 rn, the
incidence is normal and the observation sphere radius is 30.0 nz.

0.800
0.850
0.880
0,900
0.950
0.960

0.970
0.980
0.990
1.000
1.010

1.020
1.030
1.035
1.040
1.050

1.100
1.150
1.200

0.(

0.(

0.(

0.(

0.(

0.(

0,:
0.:
0.

0..
0.:
0..
0.:
0.:
0,1

0.1

0.1

0.1

0.(

)3910

)5093

)6031

)6756

)9210

)9788

0369
.0946

1514

.2080

2532
2875
3098
3261
4213
4098

3371

1536
r9675

0.02885
0.02442
0.0221r
0.02062
0.01706
0.01636

0.01567
0.01498
0.01429
0.01359
0.01290
0.01221
0.01150
0.01115
0.01078
0.0i003
0.00585
0.00092
0.00539

0.00390
0.00429
0.00442
0.00433
0.00325
0.00279

0.00224
0.00158
0.00082
0.00017
0.00105

0.00208
0.00316
0.00372
0.00456
0.00569
0.01086
0.01393
0.01505

0.00397
0.00434
0.00447

0.00438
0.00327
0.00281

0.00226
0.00160
0.00083
0.00005
0.00102

0.00206
0.00313
0.00370
0.00453
0.00567
0.01086
0.01394
0.01506

1.2216
1.1842
1.1583
1.1371
1.0730
1.0586

r.0442
1.0293
i.0143
1.0028
1.0169
1.0328
1.0495
1.0578
i.0662
1.0842
r.r767
t.2747
1.3684

99,3?51
76.6616
64.0r59
39.0342
34.9149
31.08i7
27.5878
24.3838
2 i.5619
19.1721
17.2072
15.6364
15.0344
14.7672
14.0615

i4.6679
17.2301
20.7413

.643i.54

l'he values ïor Blcko have been multiplied bv 10r
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Table 4.41: Transmission beam values of the octagonal array of 37 Pierrot cells
for various frequency values. The inter-element spacing is 0.15 nu, the
incidence is normal and the observation sphere radius is 30.0 n¿.

.f requency
(GHz)

'Iiansmission beam values
LLI IHHI HL LHI o,T lJeaKg

U.öUU

0.850
0.880
0.900
0.950
0.960
0.970

0.980
0.990
1.000
1.010

1.020
1.030
1.035
1.040
1,050
1,i00
i.150
1.200

u.r

0.i

0.i

0.1

0.t

0.t

0.

0.

0.

0,

0.

0.

0.

0.

0.

0.

0.

0.

0.r

JóöU4

)5044

)6004
)6739
)9207
)9786
r0368

r0947
r1513

t2080

t2875
r3098

r3261

i4097
.3375

.1541

)9665

u.uztó(
0.02336

0.02133
0.02005
0,01691
0.01626

0.01562
0.01495
0.01428
0.01359
0.0i290
0.01221
0.01150
0.01114
0.01079
0.01010
0.00673

0.00355
0.00292

U.UU99Z

0.00830
0.00728
0.00650
0.00400
0.00334

0.00260
0.00180
0.00093
0.00016
0.00107
0.00211
0.00317
0.00372
0.00455
0.00557
0.01034
0.01351
0.01572

U.UUYõY

0.00827
0.00724
0.00646
0.00397
0.00330

0.00257
0.00176
0.00088
0.00008
0.00109
0.00214
0.00321
0.00376
0.00458
0.00559

0.01036
0.01351
0.01571

2.1317
2.0961

2.0281
1.9501
1.6130
1.5093

1.3938
1.2663
1.1306
1.0119
1.1851

r.4254
r.7729
2.0182
2.4747

3.4856
4.6966
1.7119
1.4558

r,vu too
r.725t6
1.56298
1.43486
1.00862

0.88919

0.76255
0.63310
0.50245
0.37156
0.25116
0.15492
0.09055
0.07650
0.04873
0.00498
0.33778
0.91374
1.34202
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Table 4,42: Peak scattering values of the octagonal array of 37 Pierrot cells with
diferent values of inter-element spacing. The incidence is normal and
the observation sphere radius is 30.0 r¿,

Oell size .t,eak values
ln'¿'l (À) ILLI IAÃI IRLI ILRI LL/RRI

gang*
gang*
gang
gangx

8a¡g
0.120
0.130
0.140
0,150
0.160
0.170
0.180
0.190
0.200
0.210
0.220
0.230
0.240
0.250
0.260
0.270

0.1 25

0.163
0.163

0.250
0.250
0.400
0.434
0.467
0.500
0.534
0.567
0.600
0.634

0.667
0.700
0.734
0.767
0,801

0.834

0.867
0.901

0.13033
0.12797
0.12304
0.12582
0.08546
0.09767
0.10986
0.12080
0.13050
0.14821
0.15790
0.17246
0.19078
0.21369
0.23829
0.26425
n to1 t9

0.29126
0.24006
U.l lbbt)

16i0. 0.02338
0.02134
0.02651
0.03026
0.04473
0.01839
0.01671
0.01507
0.01359
0.01246
0.01156
0.01076
0.01004

0.00941
0.00882
0.00816
0.00747
0.00682
0.00609

0.00509
0,00871

0.01280
0.01271
0.01293
0.01084
0.01179
0.01207
0.01021
0.01021
0.0i073
0.0r077
0.01229
0.01096
0.01111
0.01112
0.01259
0.01414
0.01409
0.01703
0.02459
0.04068
0.04889

0.00361
0,00329
0.00382
0,00497
0.00672
0.00407
0.00329
0.00291

0.00263
0.00227
0.00194
0.00i93
0.00 i 87

0.00224
0.00262
0.00239
0.00224
0.00286
0.00326
0,00489
0.00866

5.63
6.11
4.83
4.07
2.81

4.65
5.85
7.25
8.89

10.47
t2.82
14.68
17.18

20.27
24.23
29.20
35.38
42.69
47.83

47.16
20.27

gang pertains
qangx pertains

to the gangbuster arrangement with 0.002 m wire radius
to the eangbuster arranqement with 0.001 m wire radius
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Table 4.43: Reflection beam values of the octagonal array of 37 Pierrot cells with
diferent values of inter-element spacing. The incidence is normal and
the obsen'ation sphere radius is 30.0 nz.

Cell size Reflection beam values
(m) (À) LL RRI RL LRI ar B lckg

gang-
gangx
gang
gangx
gang
0.120
0.130
0.140
0,150
0.160
0. 170

0.180
0.190
0.200

0.210
0.220
0.230
0.240
0.250
0.260
0.270

zoU,

0. i63
0.163
0,250
0.250
0.400
0.434
0.467
0.500
0.534
0.567
0.600
0.634
0.667

0.700
0.734
0.767
0.801
0.834
0.867
0.901

0. I 3 I 6 L

0.13033
0.t2797
0.12304
0.12582
0.08õ46
0.09766
0.10986
0.12080
0. i3050
0.14821
0,15790
0.r7246
0.19078

0.21369
0.23822
0.26425
0.29105
0.29126
0.24006
0.17656

U. U ZJJö
0.02134
0.02650

0.03026
0.04473
0.0i 790

0.01643
0.01495

0.01359
0.01246
0,01156
0.01076
0.01004
0.00941

0.00882
0.008r6
0.00747
0.00682
0.00609
0.00509
0.00411

0.00017
0.00017
0.00018

0.00017
0.00019
0.00013
0.00014
0.00016

0.00017
0,00018
0.00016
0.00022
0.00023
0.00029
0.00030
0.00036
0.00037

0.00044
0.00038

0.00036
0.00022

0.00012
0.00013
0.00013
0.00009
0.00009
0.00003
0.00004
0.00004
0.00005
0.00005
0.00006
0.00007
0.00008
0.00009

0.00010
0.00011
0.00013
0.00014
0.000i5
0.00012
0.00009

1.0025
1.0026
1.0029
1.0028
1.0029
1.0032
1.0029
1.0029
1.0028
1.0027
1.0021

1.0028
1.0026
1.0031

i.0028
1.0031
1.0028
1.0030
i.0026
1.0030
1.0025

tt3.8213
53.r544
81.9775

106.900
233.532
91.3385
55.8184
34.3678
21.5619
14.0067
9.4559
6.5168
4.5687
3.27r3
2.3628
1.6789
1.1792
0.8297
0.5621

0.3356
0.1875

gang peltains to the gangbuster arrangement with 0.002 m rvire radius
gang* pertains to the gangbuster arrangement with 0.001 r¿ rvire radius
The values lor Blckg have been multipüed bv 103
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Table 4,44: Transmission beam values of the octagonal array of 37 Pierrot cells with
dife¡ent values of inter-element spacing. The incidence is normal and
the observation sphere radius is 30.0 m.

Cell size Transmission beam values
lml tÀl LL ÆrRl RLI ILRI ar Leako

gang+
gang*
gâng
gangx
gang
0.120
0.130
0. i40
0.150
0.160
0.170
0.180
0.190

0.200
0.210
0.220
0.230
0.240
0.250
0.260
0.270

0.125
0.163
0.163
0.250
0.250
0.400
0.434
0.467

0.500
0.534
0.567
0.600
0.634
0.667
0.700
0.734
0.767
0.801
0.834
0.867
0.901

0.13161
0.13033
0.12797
0.12304
0.12582
0.08456
0.09767
0.i0986
0.12080
0.13050
0.14821
0.15790
0.r7246
0.19078
0.21369
0.23829
0.26425
0.29rr2
0.29126
0.24006
0.17656

0.02338
0.02134
0.02651
0.03026
0.04473
0.01790
0.01643
0.01495
0,0i359
0.01246
0.01156
0.01076
0.01004

0.00941
0.00882
0.00816
0.00747
0.00682
0.00609
0.00509
0.00411

0.00015
0.00015
0.00015
0.000i4
0.00014
0.00011
0.00012
0.00014
0.00016
0.00017
0.00016
0.00022
0.00023

0.00029
0.00030
0.00029
0.00037
0.00038
0.00037
0.00036
0.00022

0.00002
0.00002
0.00001
0,00005
0.00006
0.00006
0.00007
0.00007
0.00008
0.00008
0.00009
0.00010
0.00010

0.00011
0.00012
0.00013
0.00015
0.00016
0.00016
0.00013
0.00009

.0017

.0017

.0009

.0036
,0025
.0071

.0088

.0098

.0119

.0136

.0162

.0181

.0207

.0242

.0284

.0337

.0405

.0484

.0534

.0521

,0469

0.04477
0.02128
0.01641

0.45031
0.42790
0.09876
0.22257
0.30227

0.37156
0.44209
0.48556
0.47380
0.47919

0.44467
0.36401
0.24013
0.12199
0.05981
0.29144
0.83805
1.25385

gang pertains to the gangbuster a.rrangement rvith 0,002 m wire radius
gang* pertains to the gangbuster arrangement q'ith 0.001 m rvire radius

r62



4.3 Comparison between the Pierrot and the Tilston de-

signs

Figures 4.31,4.32 and 4.33 show various octagonal arrays based on the Tilston

cell. Tables 4.45 \o 4.47 show the scattered electric field levels fo¡ arrays with various

cell designs. In these tables, the results pertaining to the short-circuited and open-

circuited turnstiles and to the Tilston turnstile were obtained with the length of the

turnstile dipoles being ¡v 0.451 instead of 0.50À. This choice rvas made on the basis

that a numerical analysis in which rvas varied the length of the dipoles of a single

cell demonstrated a better response for the æ 0.45) dipole. The data entered in the

tables under the designation "Tilston-C\4¡" or "Tilston-CCW" pertain to the Tilston

turnstile dipoles bent 90o clocks'ise (CW) or counter-clockrvise (CCW), respectivel5',

in the transverse plane at the mid length point of each dipole arm, This idea originates

from a paper [19] in u'hich it is reported that the scattering from short-circuited half-

wavelength dipole turnstiles is improved by bending the dipoles at the mid length

point. The best performance l'as reported to take place for a 89' bend. The data

enteled in the tables under the designation "Tilston-X" pertains to the array shotvn

in Figure 4.33.

It rvas confirmed that, as pel refeLence [tg], a surface made of short-circuited

dipole turnstiles with ,\/2 front-to-back thickness acted as a solid reflector, i.e. the

polarization sense of the reflected CP rvave rvas opposite to that of the incident CP

wave. When the front-to-back ihickness rvas reduced to ,\/4, the surface acted as an

altificially soft or hard surface, i.e. the polarization senseofthe reflected CP wave was

the same as that of the incident CP wave. Interestingly, it was found that bending

the dipoles at the mid length point did not make the surface more sensitive to the

polarization handedness suggested by the direction of the bend (i.e. CW or CC\\¡).

In fact, such a lack of sensitivity to the polarization handedness was also observed

for the spiral antenna [2]. Hori'ever, rvhen the concept of bending the dipoles was
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BACKGROUND (Z = -0.125 )'):

OUTLINE OF THE OCTAGONAL ARRAY:

Figure 4.31: Confrguration and orientation of the octagonal array made of 37 iden-
tical Tilston LHCPSS cells for operation at 1 GHz.
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OUTLINE OF THE OCTAGONAL ARRAY:

Figure 4.32: Confrguration and orientation of the octagonal array made of 37 iden-
tical Tilston-CW LHCPSS cells for operation at 1 GHz. The CC\V
version follorvs naturallv and is not shorvn.
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Figure 4.33: Configuration and orientation of the octagonal array made of 37 iden-
tical Tilston-X LHCPSS cells for operation at 1 GHz,
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applied to the crank CPSS, it rvas found that the bends degraded the performance of

the crank.

F¡om the results in the tables, it is noted that:

¡ The short-circuited turnstile has Blckg = 1.756 which value is much larger

than that for any other cell type, as expected, although it is yet not quite the

maximum value which is t 2.165 as obtained for the solid reflector. The open-

circuited turnstile has Leakg : 2.147 which value is larger than that for any

other cell type, as expected, although it is yet far from the maximum value

rvhich is equal to ILLL1 (n)'= 15.89?. The open-circuited turnstile does not

quite have Blckg - 0 as would be expected if it rvere completely transparent,

although its value is among the smallest values. Surprisingly, however, the

Tilston-CW and the Tilston-COW designs have smaller B/cfrg values at normal

incidence. The short-circuited turnstile does not quite have Lealeg : g ¿g

ri'ould be expected if it rvere completely opaque, although its value is among the

smallest values. Surprisingly, however, the Tilston design has slightly smaller

Lealcg val:ues,

¡ The results fol the open-circuited and fol the short-circuited turnstile antennas

are CP insensitive as long as both the obselvation and the excitation directions

lie in symmetr¡' planes, as expected.

o The Tilston design does indeed behave similarly to a short-circuited turnstile

for LHCP incidence, and to an open-circuited turnstile for RHCP incidence, as

expected. Although the Tilston design is not quite as transparent as the open-

circuited turnstile under RHCP illumination, horvever, it is more reflective than

the short-circuited turnstile under LHCP illumination.
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¡ The cell types designated as the Tilston-CW, the Tilston-COW and the Tilston-

X cell types offer no overall improvement over the regular Tilston design. Con-

sequentl¡ they will not be considered any further.

¡ The Tilston design outperforms the Pierrot design for all indicators at both

normal and corner incidences, except for art at corne¡ incidence. It must be

said, however, that ¿rr for the Pie¡rot design varies widely over /i so that this

exception is not meaningful. For instance, af, 0i :45o and di : 135', the

Pierrot design has arr > 1000. Judging by the Blckg anð. Leakg values for the

short-circuited and the open-circuited turnstiles so as to gauge horv significantly

better the performance of the Tilston cell compares ç'ith the performance of

the Pie¡rot cell, one sees that the diference in performance is slight for normal

incidence but is more important for corner incidence.

A numerical analysis consisting in i'alying the characteristic impedance of the

transmission line of the Tilston design revealed that the results haldly vary o\¡er

a very rvide range of characteristic impedance values (fi'om 1 to 1000 O). This is

as expected since the input impedance of a half-u'avelength transmission line is the

same as the load connected at the other end of this transmission line for any value

of characteristic impedance. According to the analysis by Tilston and to the more

detailed anal¡'sis by Hurd in reference [8], the frequency behavior', horvever, would

depend on the value of the characteristic impedance. All results shorvn herein pertain

to a value of 50 Q.

The results of the numerical analysis consisting in modifying gradually the position

of the dipoles so as to create an increasingly more asymmetrical Tilston cell are shorvn

in Tables 4.48 to 4.50. The asymmetry is created by offsetting the Tilston dipoles

b5'an equal amount in the ô and the 3] dilections. As the segment lengths varied

rvith ofsetting the dipoles rvhile keeping the feeding point on the longitudinal axis,

the segmentation was changed from 3 segments per arm to 6 segments for the longer
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arm and 2 segments for the shorter arm for the two cases of 0.040 ¡z and 0.050 m

asymmetty.

Since the requirement for the 2-fold rotational symmetry originates from the need

for the reflection coefficients to obey the relationship Cíl - -C:!" with p I q, and

since all reciprocal structures obey this relationship in the neighborhood of normal

incidence, the process of breaking increasingly more severely the 2-fold rotational

symmetry of the Tilston cell is not expected to affect very much the results at normal

incidence, provided that the asymmetry does not affect also the other relationship

needed for a CPSS, i.e. Cll : -Cjl rvith p I q and. u I u. The results of the simu-

lations shorv that only the Blckg value is afected significantly at normal incidence.

It takes an asymmetÌy level of 0.015 r¿ È 0.05À to bring the Blckg value for the

Tilston cell up to the Blckg valte for the Pierrot cell. Such a small levei of asymme-

try confirms that the 2-fold rotational symmetry requirement is not critical at normal

incidence since a radically asymmetlical design like the Pierlot cell behaves as rvell as

a slightly asymmetlical design like the above asJ'mmetr"cal Tilston ce1l. One notes,

hos'ever, an exponential rate of increase in the Btckg value rvith increasing the level

of asymmetry so that there is a limit to hotv much asymmetty can be tolerated.

The results of Tables 4.62 to 4.65 show a definite superiority of the Tilston design

over the Pierrot design at off-normal incidence angles. The range over rvhich art < 2.0

is about 0i < 75o for the Tilston design compared to di <<< 5o for the Pierrot design.

Since the relationship Ci| = -Cp,l is necessary, although not suficient, for the ideal

CPSS, it is reasonable to hope that at of-normal incidence, the 2-fold ¡otational

symmetry might be responsible for the better performance of the Tilston design over

the performance of the Pierrot design. In an attempt to assess to rvhat extent, if any,

the 2-fold rotational symmetry rvas indeed responsible fo¡ this super.iority, the 0.01õ m.

asymmetrically configuled Tilston cell, rvhich has about the same Blckg value as does

the Pier¡ot cell, rvas investigated rvith respect to the case of di - 135o, which case
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plesented by far the worst ¿rt values for the Pierrot design. The lesults a¡e shown

in Tables 4.66 to 4.68. Since the degradation in art is rather moderate and very far

from being as bad as that for the Pier¡ot design, one must conclude that the poor

performance of the Pierlot design with respect to di does not lie solely with its lack

of the 2-fold ¡otational symmetry. This author su¡mises that the poor performance

of the Pierrot design is also attributable to the presence of the longitudinal wire since

the profile of this wire becomes increasingly larger as the angle ái increases from 0'.

The longitudinal rvi¡e does not exist in the Tilston cell rvhen modelling the trans-

mission line by a non-radiating netrvork rvith NEC-2, In practice, horvevet, the actual

rvires of the transmission line, r'i'hether in bifilar or coaxial form, would present a

longitudinal section which rvould create to some extent a problem similar to that

incurred v'ith the Pierrot design. In orde¡ for the trvo wires to behave as an ideal

t¡ansmission line, the currents of one wire must be exactly equal and opposite to

that of the other rvire. If the transmission line is implemented in bifilar form, the

trvo wires must be in very close ploximity to one another so that, for all practical

intent, the radiation from one rvire be cancelled out by the radiation from the other'

rvire at all points in the volume surrounding the two rvires. If the transmission line

is implemented in coaxial folm, a balun must be used in orde¡ to avoid the current

imbalance that ivould result from only the outside u'ile being exposed to the external

fields. Either form of transmission line would incur a great increase in manufacturing

complexity over that for the Pierrot design.

Tables 4.51 to 4.77 plesent the results obtained from varying the incidence angle,

the cell thickness, the frequency and the cell size. As rvith the Pierrot design, the

axial ratios ar' ar'd art are seen to be smallest, i.e. best, at the expected frequency of

7.00 GHz and the expected cell thickness of À/4, but contrary to the Pierrot design,

the smallest values of Blckg and Leakg as rvell as the largest value of þL' I RR'I arc

also found at that cell thickness value. This observation suggests that the Tilston
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design is optimized with respect to the cell thickness. Also contrary to the case of the

Pierrot design, the axial ratio art is no longer the limiting parameter at the upper

edge of the frequency bandrvidth. The limiting parameter is norv either lLL" IRR'l
or Blckg.

As with the Pierrot design, the Blckg anð. the ¿rr values vary much more than

the Lealcg and ør' values on a percentage basis, respectively. This situation is again

indicative of the weakness of idealizing the principle of operation by assuming that

the structure is transparent under RHCP illumination. Defining the operating range

on the basis of art ! 2, one obtains:

c 0.98 GHz < / rvhich is rvorse than the value of 0.88 GHzfot the Pierrot design.

c 0.240À < cell thickness < 0.260), hence the performance is symmeirical u'ith

respect to the nominal value of 0.2501, u'ith the lower limit being no\\' worse

than the value of 0.234À obtained for the Pierlot design.

The performance has a more complicated behavior with respect to di and /t than

that for the Pierrot design, alihough as expected, this behavior is symmetrical with

respect to /i. For instance, the maximum l.L,L"l values for dt = 45o occur for the

diagonal directions, i.e. /t : 45' and 225o, whe¡eas the minimum values occur for

the anti-diagonal directions, i.e. /i : 135o and 315', but the situation is reversed

for di = 5o. The ar", but not the or¿, values are consistently better for the diagonal

directions than for the anti-diagonal directions.

The best choice of inter-element spacing on the basis of maximizing lLL, lRR,l

appears to be 0.24 m but there is formation of graiing lobes which situation is unde-

silable. For the inter-element spacing between 0.14 nz and 0.18 zn, it is seen that the

-BlcÅg increases and the Leak.g decreases as though the surface appears denser as the

inter-element spacing decreases, a situation which is expected from heuristic consid-

erations. Fol' the inter-element spacing larger than 0.18 rn, the -teøfrg value is seen
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to decrease but this situation might be an artifact resulting from the compensation

scheme used in computing lhe Leakg value, when the case under study departs too

much from the reference case.

The GSM for the octagonal array made of 37 identical Tilston LHCPSS with l/2
inter-element spacing and illuminated at normal incidence was obtained as S(X, Y) :

I t.$sqt - 15b.00" r.2lggt -74.620 r.gg4lt -gT.g3. r.z4ggt - 164.68" \tt
| 1.2499t -74.62" 1.35341 + 25.12 t.2499t +15.44. 1.9945t - 37.93" I

I r.ss+¡, - 32,9g, r.24sst +15.44. 1.J5J4t +25.rz r.24ggt -74.62 1tt
\ 1.24991 - 164.68" 1.9945t - 37.93 7.2499t - 74.62. 1.35341 - i55.00' /

where the incidence propagation vector rvas taken as pointing outwardly from the

origin of the coordinate system. Again, each scattering coefficient is described by a

pair rvhose first number pertains to the magnitude and second number pertains to the

phase. Surprisingly, the magnitudes are larger than 1.0 llf m, the magnitude of the

linearly polalized incident plane wave! As expected, the matrix is symmetrical with

respect to the diagonal oiving to the structure being reciprocal but surprisingly, the

matrix is also symmetrical rvith respect to the anti-diagonal. Also as expected, the

structure does not have the longitudinal reflection symmetry but nothing can be said

about the 2n-fold rotational symmetr¡,, by the same alguments as those invoked when

dealing ivith the GSM for the Pier¡ot design. Thus, the GSM rvas also obtained for the

case of a large departure from normai incidence, say di - 150'. For two ports that are

in a reciprocal relationship, say the port corresponding to (0i : I50o, ói :250,) and

the port corresponding to (0i :30",öi - 70'), the GSM was obtained as C(E,H) -
( t.onat + 149.60, 1.2447t +64.82
I

I r.2438t - rt5.27. 1.r295t + 17r.37.

| 1.75891 - 36.72 1.7374t - 156.94.

\ f.i062l + 0.25' 1.87991 - 99.12'

As expected, the matrix C(.E, 11) is not

the Pierrot design, the results still shorv

1]593t - 36,77" 1t070t - 179.75' \
1.1365r + 23.06, 1.87931 - 39.14' 

I

r.r884t +67.22" 1.05331 -33.37' 
I

1.05251 + 146.68' 1.33091 + 42.55. I
symmetrical, but contrary to the case of

Cl!, : -C:,í in spite of the incidence being
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markedly of-normal. It is noted also that although the two relationships Cfj : -Ci,l
anà C!!, : -Cä needed for the ideal CPSS are satisfied by the Tilston design at

this markedly off-normal incidence, the performance is not yet ideal because these

two relationships are necessary but not suficient, as seen from the GSN4 for the ideal

LHCPSS.

It is concluded that the performance of neither the Pierrot nor the Tilston CPSS

is ideal even at normal incidence. The Pierrot design is quite sensitive to variations in

both incidence angles di and {i, the best performance being achieved at no¡mal inci-

dence. The Tilston design is more tolerant rvith respect to variations of the incidence

angle but less tolerant rvith respect to variations in fi.equency or cell thickness.
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Table 4.45: Peak scattering values for octagonal arrays of 37 cells with various
cell designs and 0.15 m inter-element spacing. The observation sphere
¡adius is 30.0 m.

1\ otm rlerrol
S-C turnstile
O-C turnstile

Tilston
Tilston-CW

Tilston-CCW
Tilston-X
Reflector

0. I
0.72268
0.00941
0.12205
0.06192
0.06199
0. i0016
0.00000

2080 0.01359
0.72268
0.00941
0.01144
0.00689
0.00689
0.01069
0.00000

U.U-IU IJ
0.00636
0.00043
0.00503
0.00465
0.00463
0.00402
0.13620

U, UUZOó

0.00636
0.00043
0.00059
0.00147
0.00139
0.00056
0.13620

ð.ðv
1.00
1.00

10.67
c oo

9.00
9.37
0.00

Uorner .t,rerrot
S-C turnstile
O-C turnstile

Tilston
Tilston-CW

Tilston-CCW
Tilston-X
Reflector

0.09344
0.10160
0.00698
0.09233
0.04992
0.04995
0.0725'J.

0,00411

0.02020
0.06850
0.00676
0.00827
0.00617
0.00615
0.01302
0.00411

0.02106
0.03463
0.00301
0.01145
0.01070
0.01200
0.02492
0.09664

0.01632
0.03383
0.00328
0.00743
0.00869
0.00988
0.02237
0.09664

4.63
1.48
1.03

11.16

8.09
8.12
il.b /
1.00

Note: S-C: Short- Circuited, O-C: Open-Circuited
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Table 4.46: Reflection beam values for octagonal arrays of 37 cells rvith various
cell designs and 0.15 m inter-element spacing. The observation sphere
radius is 30.0 m.

Incidence Uell design Reflection beam values
LLI wnl IRLI Llt AT 6lcka

1\ormal .t,lerrot
S-C turnstile
O-C turnstile

Tilston
Tilston-CW

Tilston-CCW
Tilston-X
Reflector

0.12080
0.12268
0.00941
0,72205
0.05798
0.05800
0.10016
0.00000

359,0

0.12268
0.00941
0.01144
0.00440
0.00442
0.01069
0.00000

0 U.UUUT I

0.00020
0.00001
0.00016
0.00139
0.00139
0.00012
0.13620

U.UUUUO

0.00020
0.00001
0.00008
0.00147
0.00139
0.00007
0.13620

.tì0 2E

.0033

.0031

.0027

.0492

.0493

.0025

.0000

562

1756.65
r0.3257
L5.2664
2.5089
2.5010

73.3447
2165. i5

I I

UOI net rlerrot
S-C tu¡nstile
O-C turnstile

Tilston
Tilston-CW

Tilston-CCW
Tilston-X
Reflector

0.08948
0.08270
0.00494
0.0917i
0,04683
0.04642
0.07251
0.00411

0.02020
0.06779
0.0067i
0.00807
0.00340
0.00175
0.01302
0.00411

0. 00920
0.032 i 1

0.00301
0.00746
0.00884
0.01015

0.02L45
0.09664

u. u 1öiJ2

0.03210
0.0030i
0.00743
0.00869
0.00988
0.02146
0.09664

7.229L
2.2696
4.1187
1.,r777
1.4656
1.5594
1.8401
1.0888

Ið. /UUð

656.605
6.3068

14.0361
10.1564
7t.752L

1091.94
Note: S-C: Short-Circu ited, O-C: Open-Circuited. B/cÅ. values are x 103

175



'Iable 4,47: T¡ansmission beam values for octagonal arrays of 37 cells rvith various
cell designs and 0.15 r¿ inter-element spacing. The obselvation sphere
radius is 30.0 m.

Incidence Cell design Transmission beam values

ILL lßRl RL LRI o,T Leakg
AJml\ or rotPier

S-C turnstile
O-C turnstile

Tilston
Tilston-CW

Tilston-CC!\¡
Tilston-X
Reflecto¡

U. T ZUðU

0. i2268
0.00941

0.12205
0.06192
0.06199
0.10015
0.13620

0,01359
0.72268
0.00941
0.01144
0.00689
0.00689
0.01069
0.13620

0.00016
0.00016
0.00001
0.00017
0.00138
0.00124
0.00014
0.00000

0.00008
0.00016
0.00001

0.00005
0.00133
0.00 i36
0.00004
0.0 0000

1,0119
1,0025
L.0024
1.0085
t.4785
1.4923
1.0073
i.0000

0.31955
2.74669
0.23269
1.67110
7.77922
0.75177
0.00000

u,ó IðO

UOINEI rrerrot
S-C turnstile
O-C turnstile

Tilston
Tilston-CW

Tilston-CCW
Tilston-X
Reflector

0.09344
0.10160
0.00698
0.09233
0.04992
0.04995
0.07235
0.09664

0.02006
0.06850
0.00676
0.00827
0.006 i 7

0.00615
0.0 i 157

0.09664

0.01557
0.02L23
0.00224
0.00599
0.00767
0.00876
0.0221.9
0.00411

0.00879
0.02125
0.00224
0.00601
0.00859
0.00741
0.0223t
0.00411

2.559U
1.8992
1.9906
6.3407
6.0887

10.7893
3.1540
1.0888

U,IZIUV
0.09055
1.08958
0.04170
0.80846
0.83823
0.25552
0.00197

Note: S-C: Short- Circuited, O-C: Open-Circuited.
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Table 4,48: Peak scattering values for increasingly more asymmetrical Tilston cell
designs. The number of cells is 37, the inter-element spacing is 0.15 rn,
the incidence is normal and the obse¡vation sphere radius is 30.0 m,

Ofset Peak values
tmi (^) ILLI HHI HL LH ILL/HHl

0.000
0.005

0.010
0.015
0.020
0.025
0.030
0.040
0.050

0.000
0.017

0.033
0.050
0.067
0.083
0.100
u. -tóJ
0.167

0.

0.

0.

0.

0.

0.

0.

0.

0.

2205
2207

22t7
2228
2241
2249
2249

232r
2239

0.0
0.0

0.0
0.0
0.0
0.0.

0.0i
0.0t

0.0,

.144

.168

.239

.363

542
.785

)105

t208

r833

0.00503
0.00506

0.00513
0.00549
0.00586
0.00629
0.00683
0.00840
0.01006

0.00059
0.00063

0.00069
0.00085
0.00115
0.00153
0.00203

0.00354
0.00563

lu.ti7
10.45

9.86
8.97
7.94
6.86
5.82
3.84
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Table 4.49: Reflection beam values for increasingly more asymmetrical Tilston cell
designs. The number of cells is 37, the inter-element spacing is 0.15 rn,
the incidence is normal and the observation sphere radius is 30.0 n¿.

Ofset Reflection beam values
lml (r) LLI HRI IRLI LRI AT Blcks

U.UUU

0.005
0.010
0.015
0.020
0.025
0.030
0.040
0.050

U.UUU

0.017
0.033
0.050

0.067
0,083
0.100
0.133
0.167

tì.

0.

0.

0.

0,

0.

0.

0.

0.

2205
2207
2217
)rr9
2241
2249
2249
2321
2239

0.0
0.0
0.0
0.0

0.0
0.0

0.0:

0.0r

0.0,

tr44
t167
r239

r363

tú42
.785

1105

Ì208

1833

u.uuurb
0.00016
0.00016
0.00016

0.00016
0.00016
0.00016
0.00016
0.00015

U.UUUUö

0.00008
0.00008
0.00008
0.00009
0.00009
0.00009
0.00010
0.000i3

.0027

.0027

.0027

.0026

.0026

.0026

.0025

.0025

.0025

15.909
17.931
2r.672
27.759
37.206
51.719

r20.r23
272.624

26615.

The values lor Blcko have been multiplied br' 10r

Table 4.50: T¡ansmission beam values for increasingly more asymmetrical Tilston
cell designs. The number of cells is 37, the inter-element spacing is
0.15 nr., the incidence is normal and the observation sphere radius is
30.0 m.

Ofset Transmission beam values
I m.l (À.) LL IHHI ftL LH ar Leaks

0.000
0.005
0.010
0.015
0.020

0.025
0.030
0.040
0.050

0.000
0.017
0.033
0.050
0.067

0.083
0.100
0.133
0.167

u.12205
0.12207
0.t22r7
0.12228
0.12241
0.12249
0.12249
0.12321
0.12239

u.ul144
0.01168
0.01239
0,01363
0.01542

0.01785
0.02105
0.03207
0.04833

U.UUU

0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000

(

7

7

7

7

7

7

8

8

U.UUUUÐ

0.00005
0.00005
0.00005
0.00004

0.00004
0.00004
0.00003
0.00002

1.0085
1.0083
1.0077
1.0068
1.0054

i.0048
1.0040
1.0017
1.0009

0.23269
0.23321
0.23461
0.23720
0.24104
0.24589
0.25114
0.22530
0.22277



Table 4.51: l-L.Lel values of the octagonal array of 37 Tilston cells for various inci-
dences. The inter-element spacing is 0.15 nz and the observation sphere
radius is 30,0 m.

Ta.ble 4.52: l.R.Rel values of the octagonal array of 37 Tilston cells for various inci-
dences. The inter-element spacing is 0.15 r¿ and the observation sphere
radius is 30.0 m.

Table 4.53: lLLe lRRel values of the octagonal array of 37 Tilston cells for various
incidences. The inter-element spacing is 0.15 m and the obselvation
sphere radius is 30.0 m.

0,tó' 150 45. 900 1350 1800 2250 2700 3150

0o

5o

30,

600

75.

10.67
r0,77
70.74
9.55
6.19
3,09
7.44

10.73

8.39

10.70
11.00
11.31

11.16

10.82

7.51

10.77

10.67

8.65
5.02
2.66
t.43

10.83 t0.77

6.19

10.70

11.16

r0.77

5.02

10.83

4.32

0, ló 0, 150 450 900 1350 1800 2250 2700 3150

U"

5'
150

30,
450

600

75'

zz
0.7227
0.1190
0.1014
0.0761
0.0430
0.0236

0.7223

0.0803

0.1218
0.72]1.
0.1114
0.0923
0.0753
0.0477

0.1227
0.1i90
0.1015
0.0767
0.0441
0.0242

0.1234

0.0677

0.7227

0.076 i

0.1218

0.0923

0.7227

0.0767

0.7234

0.0677

0'tó' 0o 15' 45. 900 1350 1800 2250 2700 3150

U"

5o

150

30"
45.
60'

0.0114
0.0114
0.0111
0.0106
0.0123
0.0139
0.0163

0.0114

0.0096

0.0114
0.0 i 10

0.0099
0.0083
0.0070
0.0064

0.0114
0.0112
0.0117
0.0153
0.0166
0.0169

0.0114

0.0157

0.0114

0.0123

0.01i4

0.0083

0.0114

0.0153

0.0114

0.0157
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Table 4.54: l.LZ'l reflection beam values of the octagonal array of 37 Tilston cells
for various incidences. The inter-element spacing is 0,15 m and the
observation sphere radius is 30.0 m.

Table 4.55: l.LZ¿l transmission beam values of the octagonal array of 37 Tilston
cells fol various incidences. The inter-element spacing is 0.15 rn and
the observation sphere radius is 30.0 m.

0'tó' 0o L50 45" 90' I35" 1E0" 225" 270" 315"

U"

5o

ß.
300

450

60,

0.r22
0.t227
0.1190
0.1011
0.0744
0.0376
0.0215

0.7223

0.0789

0.1218
0. i211
0.1112
0.0917
0.0753
0.0356

0.t227
0. i 190

0.1015
0.0758
0.0395
0.0216

0.t234

0.0677

0.7227

0.0744

0.1218

0.0917

0.7227

0.0758

0.7234

0.0677

0'lë' 0, 150 450 900 135' 180' 2250 2700 3150

0,
5o

15'
300

450

600

u,1,221,

0.1227
0.1190
0.1014
0.0753
0.0385
0.0213

0.7223

0.0802

0. i218
0.1211
0.1114
0.0923
0.0748
0.0370

0.7227
0.1190
0.1014
0.0753
0.0385
0.0213

0.1234

0.0677

0.1227

0.0753

0.1218

0.0923

0.t227

0.0753

0.7234

0.0677
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Table 4,56: l.R.R" I reflection beam values of the octagonal array of 37 Tilston cells
for various incidences. The inter-element spacing is 0.15 m and the
obsen'ation sphere radius is 30.0 m.

Table 4.57: l.R.Rt l transmission beam values of the octagonal array of 37 Tilston
cells fol vatious incidences. The inter'-element spacing is 0.15 m and
the observation sphere radius is 30.0 m.

0, ló, 0o 150 900 1350 180' 2250 2700 3150

5o

150

30,
45.
60"
750

0.0114
0.0i 14

0.0108
0.0073
0.0031
0.0111
0.0155

0.0114

0.0031

0.0114
0.0110
0.0098
0.0081
0.0070
0.0061

0.0114
0.0112
0.0117
0.0153
0.0166
0.0168

0.01i4

0.0090

0.0114

0.0031

0.0114

0,0081

0.01i4

0.0153

0.0114

0.0090

s,tó' 0o 150 ono 1800 2250 270.

150

300

450

60,
750

0.0114
0.0114
0.0111
0.0106
0.0122
0.0139
0.0159

0.0114

0.0096

0.0114
0.0110
0.0099
0.0083
0.0069
0.0062

0.0
0.0
0.0
0.0
0.0
0.0

I4
11

06

22

39

59

0.0114

0.0154

0.0114

0.0122

0.0114

0.0083

0.0i 14

0.0L22

0.0114

0.0154

i81



Table 4.58: l.Rtr"l reflection beam values of the octagonal array of 37 Tilston cells
for various incidences. The inter-element spacing is 0.15 ¡æ and the
observation sphere radius is 30.0 r¿.

Table 4.59: l-B.t|l transmission beam values of the octagonal array of 37 Tilston
cells for various incidences. The inter-element spacing is 0.i5 nz and
the observation sphere radius is 30.0 m.

e'ló' 0o I5' 450 90, t 350 1800 225. 270. 3150

U"

5o

150

300

45.
600

U. UUUZ

0.0007
0.0051
0.0173
0.0282
0.0246
0.0188

0.0006

0.0245

0.0002
0.0014
0.0046
0.0075
0.0080
0.0073

0.0003

0.0041
0.0144
0.0239
0.0214
0.0181

0.0006

0.0266

0.0007

0.0282

0.0002

0.0075

0.0003

0.0239

0.0006

0.0266

0, ló, 0o 450 900 135' 1800 2250 2700

0o

150

300

60,
75.

U.UUU Z

0.0003
0.0043
0.0153
0.0257
0.0232
0.0190

0.0002

0.0222

0.0001
0.0010
0.0036
0.0060
0.0086
0.0064

0.0006
0.0046
0.015 5

0.0256
0.0231
0.0185

0.0006

0.0261

0.0003

0.0257

0.0001

0.0060

0.0006

0.0256

0,0006

0.0261
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Table 4.60: lZ.R"l reflection beam values of the octagonal array of 37 Tilston cells
for various incidences. The inter-element spacing is 0.15 rn and the
observation sphere radius is 30,0 m,

Table 4.61: l.L-R¿l transmission beam values of the octagonal array of 37 Tilston
cells for various incidences. The inter-element spacing is 0.15 r¿ and
the observation sphere radius is 30.0 n¿.

0'të' 0' 150 450 90, 1350 180' 225" 27íJ" 315"

U"

150

300

60,

U.UUUI

0.0005
0.0050
0.0772
0.0281
0.0246
0.0188

0.0004

0.0244

0.0001
0.0013
0.0046

0.0074
0.0080
0.0073

0.0004
0.0041
0.0145

0.0240
0.0214
0.0181

0.0005

0.0266

0.0006

0.0281

0.0001

0.0074

0.0004

0.0240

0.0005

0.0266

0'tó, 0o 150 90, 1350 180" 2250 270. 3150

0,

300

45.
600

0.000 i
0.0005
0.0045
0.0154
0.0255
0.0231
0.0185

0.0004

0,0205

0.0001
0.0010
0.0036
0.0060
0.0087
0.0064

0.0005
0.0044
0,0154

0.0257
0.0232
0.0i90

0.0006

0.0262

0.0005

0.0255

0.0001

0.0060

0.0005

0.0257

0.0006

0.0262
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Table 4.62: ¿r" reflection beam values of the octagonal array of 37 Tilston cells
for various incidences. The inter-element spacing is 0,15 m and the
observation sphere radius is 30.0 r¿.

Table 4,63: ør¿ transmission beam values of the octagonal array of 37 Tilston cells
fol various incidences, The inter-element spacing is 0.15 nz and the
observation spheÌe radius is 30.0 r¿.

0, ló, 0o 450 900 1350 180' 225. 2700 315'

0o

5o

150

300

600

1.0085
1.0918
2.3568
5.4569
2.8168
4.0191

13.7262

1.066

2,738

i.014
1.200

2.I53
6.341
8.605

77.045

1.083

2,318
5.495
2.807

3.999
L7.22r

1.101

3.864

1.092

2.877

1.014

6.341

1.083

2.807

1.101

3.864

0'lô' 0, 150 900 1800 225. 270. 3150

300

600

r.0027
1.0110
1.0898
1 A1t7

2.2796
4.7992

t4.71.49

1.010

1.898

1.004

1.024
1.087

t.777
1.238

r.574

.005

.071

.331

.923

.363

.312

1.009

I toa

1.011

2.220

1.004

7.777

1.005

L923

1.009

2.298

184



Table 4.64: Blockage beam values of the octagonal array of 37 Tilston cells for vari-
ous incidences. The inter-element spacing is 0.15 m and the obse¡vation
sphere radius is 30.0 rn.

e'tó' 0, 150 45" 90' l3 5' IEO" 225" 270. 315"

U"

5o

15'
30"
450

60,
750

10,2 (

15. i8
16.65
40.68
93,52
84.72
69.24

15.16

70.53

15.14

14.33

13.57

74.04

i3.14
10.54

15.17

16.54

40.49

94.13
85.35
71.35

15.20

92.23

15.18

93.52

15.14

t4.04

75.77

94.13

75.20

92.23

Tlre values lor Blcko have been multiolied bv 103

Table 4,65: Leakage beam values of the octagonal array of 37 Tilston cells for vari-
ous incidences. The inter-element spacing is 0.15 m. and the observation
sphere radius is 30.0 r¿.

0'lö' 150 450 900 135" 180" 2250 2700 3 i5'

15"
300

45"
60,
75"

0.2327
0.2498
0.2581
0,2165

0.1687
0.1816
0.0583

0.2534

0.1041

0.2566
0.2128
0.0940
0.0417
0.0449
0.0156

0.2498
0.2585
0.2169
0.1683
0.1814
0.0562

0.2415

0.3586

0.2498

0.168 7

0.2566

0.0417

0.2498

0.1683

0.2415

0.3586



Table 4.66: Peak scattering values of the octagonal array of 37 Tilsion cells rvith
0.015 m asymmetry. The inter-element spacing is 0.15 m and the ob-
servation sphere radius is 30.0 m.

Incidence Peak values
e,e) ó'(o ILLI IAA IRLI ILHI lLLlHHl

5.0
45.0

135.0

135.0
0.12367
0.06864

0.01361
0.0t279

U. UU7 Z9

0.03676
0.00i55
0.01893

9.U9

5.37

Table 4.67: Reflection beam values of the octagonal array of 37 Tilston cells l'ith
0.0i5 m asymmetry. The inter'-element spacing is 0.15 m and the ob-
servation sphele radius is 30.0 m.

lncidence Reflection beam values
0'P b,(o LLI ÃÀt IRLI LHI B lckg

5.0
45.0

i35.0
135.0

0.12367
0.06761

U.UIJö1
0.00863

U,UUZZO

0.03449
u.uutz.t
0.01893

r.0372
3.0830

2 t. 7809
50.4959

'I he values lot Blcko have been multiplied bv 10-

Table 4.68: Transmission beam values of the octagonal array of 37 Tilston cells
with 0.015 m asymmetry. The inter-element spacing is 0.15 m and the
obseÌvation sphere radius is 30.0 nz.

Incidence T¡ansmission beam values
0,(. ô'f ILLI IHHI IHLI ILHI AT Leaks

5.0
45.0

lóð.u
135.0

u, rz,50 t

0.06864
U.UIóOU

0.01279
tì.00 1 20

0.01860
0 00 I18

0,01855
1.1899
5.4471

U. Z.5Uöð

0.32154

186



Table 4.69: Peak scattering values of the octagonal arra)¡ of 37 Tilston cells s'ith
various cell thickness values. The inter-element spacing is 0.15 nr., the
incidence is normal and the obsen'ation sphere ladius is 30.0 m.

Cell thickness Peak values
I m.l t)) ILLI lA,c IRLI ILRI ILL/RRI

0.060
0.065
0.070
0.071
0.072
0.075
0.078
0.079
0.080
0.085
0.090

0.200
0.217
0.233
0.237
0.240
0.250
0.260
0.264
0.267
0.284
0.300

0.11943
0.12094
0.12182

0.12191
0.12199
0.12205
0.12188
0.12178

0.12165
0.12061
0.11894

0.0
0.0
0.0

0.0
0.0
0.0
0.0
0.0

0.0
0.0
0.0

195

1il b

r52
148

144
148

151

155

i93
270

0.01969
0.01321
0.00661

0.00529
0.00501

0.00503
0.00504
0.00538
0.00670
0.01328
0.01970

0,01965
0.01319
0.00659

0.00526
0.00392
0.00059
0.00408
0.0054i
0.00674
0.01331
0.01974

9.38
0.12
0.54
0.58
0.63
0.67
0.62
0.58
0.53
0.11

9.37

187



Table 4.70: Reflection beam values of the octagonal arlay of 37 Tilston cells with
various cell thickness values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 ¡¿.

Table 4.71: tansmission beam values of the octagonal arra5¡ of 37 Tilston cells
rvith various cell thickness values. The inter-element spacing is 0.15 nz,

the incidence is normal and the observation sphere radius is 30.0 m.

Cell thickness Reflection beam values

l'¡n ) (À) ILL IHHI RLI ILRI ar ts lckq

0.060
0.065
0.070
0.071
0.072
0.075
0,078

0.079
0.080
0.085
0.090

0.200
0.217

0.233
0.237
0.240
0.250
0.260
0.264
0.267
0.284

0.300

0.11919
0.12083

0.12t79
0.12190
0.12198
0.12205
0.12188
0.r2t77
0.12t62
0.12049
0.11869

0.01022
0.01080

0.01126
0.01132
0.01137
0.01i44
0.01138
0.01133
0.01127
0.01082
0.01026

0.01969
0.0132i
0.00661
0.00529
0,00396
0.00016
0.00406
0.00538
0.00670
0.01328

0.01970

0.01965
0.01319

0.00659
0.00526
0.00392
0.00008
0.00408

0.00541
0.00674
0.01331
0.01974

3951. 7

L.2456
1.1148
1.0907
1.0671
1.0027
1.0689

r.0924
1.1167
t.2477
1.3980

289757
33.9335
i9.8695
i8.1941
16.8811
15.2664
17.0667

18.3974
20.1215
34.3404
57.7579

The values for Blcle s have been multiplied ,v 10r

Cell thickness Transmission beam values
(n? ) (À) Ll IHHI RLI ILHI AT Leakg

U. UbU

0.065
0.070
0.071

0.072
0.075
0.078
0.079
0.080

0.085
0.090

U.ZUU

0.2r7
0.233
0.237
0.240
0.250
0.260
0.264
0.267
0.284
0.300

U.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

.r94ó
2094
2182
2t91
2199
2205
2188
2178
2165
206r
1894

u.u lz t ó

0.01195
0.01156
0.01152

0.01148
0.01144
0.01148
0.01151
0.01155

0.01193
0.01270

u.utò1.Ð

0.01218
0.00609
0.00486
0.00362
0.00017
0.00377
0.00499
0.00621

0.01228
0.01821

u.01817
0.01220
0.00611
0.00488
0.00365
0.00005
0.00374
0.00497
0.00620

0.01226
0.01819

5.itE45
95.7027
3.242r
2.4708
1.9314
1.0085
1.9673
2.5208

3.3146
73.0082

5.6329

U. Z 7EE6

0.25312
0.23781
0.23590
0.23449
0.23265
0.23477
0.23640
0.23823
0.25436
0.28050

188



Tab\e 4.72: Peak scattering values of the octagonal array of 37 Tilston cells for
various frequency values. The inter-element spacing is 0.15 rn, the
incidence is normal and the observation sphere radius is 30.0 rn.

Frequency
(Gu z\

Peak values

IL LI tÃAt IRLI ILRI wL/Rnl
.95

,96

.97

,98

,99

.00

,01
(\,

,03

,04

.u5

.10

,15

0.09843
0.10354
0.10882
0.1142r
0.11879
0.12205
0.12472
0.13684

0.13542
0.13602
0.13648
0.12895
0.11171

0,00408
0.00090
0.00228
0.00532
0.00836
0.01i44
0.01457
0.01781
0.02115
0.02464
0.02828
0.05022
0.08186

0.00460
0.00486
0.00509
0.00530
0.00531
0.00503
0.00654
0.00644
0.00644
0.00616
0.00598
0.01127
0.01744

0.00391
0.00322
0.00254
0.00177
0.00089
0.00059
0.00112
0.00235
0.00346
0.00461
0.00575
0.01115
0.01728

.i
115.04
47.73
21.47
14.2L

10.67
8.56
7.68
6.40
5.52
4.83
2.57

24

189



Table 4.73: Reflection beam values of the octagonal array of 37 Tilstoo cells for
various frequency values. The inter-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 rn,

.95

.96
o7

.98

.99

.00

.01

.02

.03

.04

.05

.10

.15

U.

0.

0.

0.

0.

0.

0.

0.
n

0.

U.

0.

0.

,9ö4J

0354
.0882

1420
1879

2205
2471
3684
3541

3601

3646
2895
1i71

0.00408
0.00090

0.0022r
0.00529
0.00835
0.01144
0.01457
0.01778
0.02111
0.02459
0.02823
0.05022
0.08186

U. UUó7 iJ

0.00319

0.00255
0.00180
0.00092
0.00016
0.00109
0.00231
0.00341
0.00455
0.00568
0.01064
0.01537

U.UUJTJ

0.00319
0.00254
0.00177
0.00089
0.00008
0.00112

0.00235
0.00346
0.00461
0.00575
0.01077
0.01556

i.0788
1.0636

1.0480
1.0320
1.0157
t.0027
1.0176
1.0343
1.0516
1.0692
1.0868
1.1798.
1.3191.

ó.9ÐÞ

1.390

1.406
3.779
8.394

15.266
24.432
36.093
50.356
67.516
87.879

301.870
612.7t0

I'he values lot Blckct have been multiplie bv 10'

Table 4.74: Transmission beam values of the octagonal array of 37 Tilston cells
for various frequency values. The inter'-element spacing is 0.15 m, the
incidence is normal and the observation sphere radius is 30.0 nz,

f requenc¡'

GHz)
Ilansmlsslon beam values

ILLI IHHI ßL ILHI AT IreaKg

.95

.96

.97
OQ

oo

.00

.01

.02

.03

.04

,05

,10

,15

0.09843
0.10354
0.10882
0.1r42t
0.1i879
0.t2205
0.12472
0.13684
0.13542
0.13602
0.13648
0.12891
0.11146

O.UUJ89

0.00078
0.00228
0.00532
0.00836
0.01144
0.01457
0.01781
0.02115

0.02464
0.02828
0.05009
0.08145

U.UUóYJ

0.00323
0,00249
0.00171
0.00085
0.00017
0.00103
0.002i6
0.00319

0.00428
0.00542
0.01127
0.0r744

U. UUJY T

0.00322
0.00248
0.00170
0.00085
0.00005
0.00098
0.00212
0.00315

0.00423
0.00535
0.01115
0.01728

4tt6.u14
1.642

23.942
1.941

r.228
1.009
t.145
1.271
1.349

1.415
1.467
1.ðfó
i.539

u,ózzóÐ
0.70196
0.58132
0.45707
0.33378
0.23269
0.17301
0.07167
0.01913
0.00744
0.02261
0.42027
0.95984



Table 4.75: Peak scattering values of the octagonal array of 37 Tilston cells with
diferent values of inter-element spacing. The incidence is normal and
the observation sphere radius is 30.0 m.

Oell size reak values
(rn ) ILLI IHHI HLI ILRI lLLlRRl
.740

0.15
0.16
0.17
0.18
0.19
0.20
0.21,
(\ ,,
0.23
0.24
0.25
0.26

u.40 t

0.500
0.534
0.567

0.500
0.634
0.667
0.700
0.734
0.767
0.801
0.834
0.867

0.11565
0.12205
0.13541
0.14432
0.15761
0.17388
0.19460
0.21934
0.24508
0.27033
0.28942
0.27245
0.21807

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

10

44
26

20
10

2I
25

30

43
51

b1

IJ

U.UU4öö

0.00503
0.00763
0.00764
0.00695
0.00671
0.00745
0.00841
0.00890
0,01382
0.01627
0.02280
0.03713

U. U UU9U

0.00059
0.00047
0.00055
0.00056
0.00052
0.00080
0.00094
0.00087

0.00078
0.00099
0.00110
0.00166

9.56
10.67
12.03
12.89
14.09
15.51

i7.30
19.41

2r.59
23.65
25.14
23.47
18.59

191



Table 4.76: Reflection beam values of the octagonal array of 37 Tilston cells with
diferent values of inter-element spacing. The incidence is normal and
the observation sphere radius is 30.0 m.

Cel.l size Reflection beam values
lml (À) ILLI RRI RL LRI &T B lcks

t40.

0.15
0.16

0.17
0.18
0.19
0.20
0.21

0.22
0.23
0.24
0.25
0.26

670 .4

0.500
0.534
0.567
0.500
0.634
0.667
0.700
0.734
0.767
0.801

0.834
0.867

565110.

0.12205
0.13541

0.14432
0.15761
0.17388
0.19460
0.21934
0.24508
0,27033
0.28942
0.27238
0.21807

t00i0. 2

0.01144
0.01126

0.0i120
0.01119
0.01121
0.01125
0.01130

0.01135
0.01143
0.01151
0.01161
0.01173

0.00015
0.00016
0.00018
0.00023
0.00023
0.00023
0.00030
0.00030
0.00030
0.00037
0.00037
0.00030
0.00029

0.000
0,0001

0.000i
0.000i
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000

)8
)8
ìq

)9

t0
t1

t2
t3

t4
r6

.t
-o

.2

t.0027
1.0027
1.0027
1.003i
1.0029
1.0026
i.0030
r.0027
1.0025
i.0028
1.0025
r.0022
1.0027

22.5088
15.2664
77.4247
8.8810
7.0535
5.7012
4.6748
3.8771

3.25t2
2.7571
2.3614
2.0392
r.7795

I'he values for .BLckq have been multiplied br' 10r

Table 4.77: Transmission beam values of the octagonal array of 37 Tilston cells
with diferent values of inter-element spacing. The incidence is normal
and the obselvation sphere radius is 30.0 m.

Cel stze Transmission beam values
lmi lt) LL A,ll HL LHI AT lJeakg

0.14
0.15
0.16
0.17
0.18
0.19
0.20
0.2r
ntt
0.23
0.24
0.25
0.26

0.467
0.500
0.534
0,567
0.500
0.634
0.667
0.700
0.734
0.767
0.801
0.834
0.867

0.11565
0.12205
0.13541
0.14432
0.15761

0.17388
0.19460
0.21934
0.2450t
0.27033
0.28942
0.27245
0.21807

0.01210
0.01144
0.01126
0.01120
0.01119

0.01121
0.01125
0.0i130
0.01135
0.01143

0.01i51
0.01161
0.01173

U. UUU].7

0.00017
0.00018
0.00022
0.00022
0.00023
0.00029
0.00030
0.00037
0.00037
0.00037
0.00037
0.00029

U.UUUU4

0.00005
0.00006
0.00006
0.00007

0.00008
0.00009
0.00010
0.00011

0.00013
0.00014
0.00013
0.00011

,IJTJT4

.0085

.0r02

.0108

.0122

.0137

.0157

.0179

.0202

.0225

.0243

.0227

.0181

U.U4/IU
0.23269
0.33027
0.40276
0.42920
0.41973
0.36609
0.26242
0.14044
0.05784
0.12388
0,53782
1.07106

192



4.4 The cascade polarizer design

In order to obtain with NEC-2 the boundary value solution for a specific realization

of the cascade polarizer design, each CP polarizer was realized with two parallel wire

grids whose inter-wire spacing within each grid was nearly a quarter-wavelength, as

reported by Bossuet and Gautier in their two patents [5, 6]. Such a realization was

favored over the meander line CP polarizer in order to ensure that the complete

LHCPSS structure could be simulated rvithin the maximum number of segments for

NEC-2. The LHCPSS required 2952 segments and the computation time was betrveen

6 and 7 hours on a SPARC-10 desktop computer equipped rvith about 120 MBytes

in RAN{.

The principle of operation of the CP polarizer made of trvo parallel ivire grids

illuminated b)'a normally incident plane rvave polarized at *45' to the *'ires, is as

follo*'s: The LP electric field component perpendicular to the rvires is practically un-

afected by the presence of the rviles rvhile the LP electric freld component palallel to

the u'ires is transmitted rvith some positive phase shift and with some magnitude at-

tenuation. The attenuation is countered by using two identical grids spaced )/4 along

the longitudinal dilection in order to implement the quarter-rvavelength transformer.

At the resonance frequency corresponding to the rvavenumber À, the ¡eflection is re-

duced ideally to zero and thus, the transmission loss becomes also zero. From the

analysis by Skivirzynski and Thackray cited in reference [87], the required *45o trans-

mission phase shift for the LP electric field component parallel to the wires thlough

each one of the two wire grids could be achieved rvith a wire radius ¿ : 0.005) and

an inter-wire spacing s - 0.2ù. The cumulative phase shift for the LP electric field

component parallel to the wires through the two grids rvould then amount to +90o

while that for the LP electric field perpendicular to the rvires rvould still be zero, thus

resulting in the output wave being circularly polarized.
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The mutual coupling betrveen the two parallel grids, however, causes some depar-

ture f¡om the above specifications. For instance, a numerical analysis by variation

of the parameters shorved that the minimun reflection level obtained from the two

parallel grids at normal incidence was æ 23% instead of zero, and that the corre-

sponding separation between the two grids was d t 0.375) : 0.1125 rn instead of

0.250À = 0.1500 m. It must be pointed out also that, rigorously speaking, the quarter-

wavelength transformer theory is not truly adequate for modelling the multiple grids.

Here, each grid acts as a discontinuity along the same t¡ansmission line whereas, in

the multi-step t¡ansformer theory, each discontinuity is created by a mismatch be-

tween the characteristic impedances of two different transmission lines. Consequently,

in the multi-step transformer theory, the expression

TúTztlse-i2or:rt-l r_ -.'l"-irã

given b¡' Collin in reference 120, p.225]1 becomes:

- lr * lse-i2ár: i + flr'se1'zg

because the follorving simplifications hold: 12 : -lt,Ttz: I * fz and 72t : 1a ¡t.

Hence, the composite reflection coeficient I becomes zelo when lt = ls and d =

90o. Horvever, in analyzing the series connection of the grids by the composite GSM

technique, similar simplifrcations do not hold. Using MAPLE to frnd the inter-grid

spacing required to obtain a zero value for both co-polarization and cross-polarization

reflection coefficients at normal incidence yielded no possible solution, which situation

agrees with the earlier observation that the minimum reflection level that could be

obtained by varying the inter-grid spacing was not zero bú 23%.

It must be pointed out that the NEC-2 simulations rvith the incident wave being

normally incident and polarized at 45'with respect to the rvires shows no significant

CP polarization being produced for a wide range of rvire radius and for diferent values

of inter-wire spacing. Yet, the analysis by Skwirzynski and Tachra¡' is not in doubt
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since the experimental results presented in reference [88] have shown a discrepancy

smaller than 2 d.B belween the predicted and the measured values of transmission

loss. The lack of CP polarization stems simply from the fact that NEC-2 provides

not the total field but the scattered field. Hence, the CP polarization cannot be seen

from the NEC-2 simulation results for the two wire grid CP polarizer because the

LP electric field component perpendicular to the wires does not contribute to the

scattered field.

Figure 4.34 depicts the generic configuration of the cascade polarizer LHCPSS

design, rvith ef and. es designating respectively the fast and the slorv axes of the

retardation plates, rvith e. designating the easy axis of the LP polarizer plate, and

with d¿ : ós +.90' : /¡. The orientation of the fast and the slovv axes for the LHCP

polarizel corresponds to the case e) of Figure 3.1. The orientation of the fast and the

slos' axes for the RHCP polarizer is that fol the LHCP polarizer rotated by *90o in

the plane of the polarizer.

The NEC-2 simulations rve¡'e conducted for the design depicted in Figure 4.34 for

the shape and the size corresponding to an octagonal arraJ' of 37 cells with ),12 intev

element spacing. Figure 4.35 shorvs one of the trvo octagonal plates of the LHCP

polarizer, rvith an inter'-rvire spacing s : 0.24À and a wire radius a - 0.00i5 rn.

Figure 4.36 shou's the octagonal LP polarizer plate with an inter-tvire spacing s =

0.0251\/, m and a wire radius o : 0.00281 r¿ as peÌ the " same-surface-area" rule of

thumb. Figure 4.37 shows one of the trvo octagonal plates of the RHCP poiarizer,

with an inter-wire spacing s : 0.24À and a wire radius ¿ - 0.0015 r¿.

The finite size of the scatterer brings about some concerns. The first concern

pertains to the fact that since the octagonal LP polarizer plate includes very many

wi¡es of diferent lengths, some rvires may happen to be of just the right length for

geometrical resonance. The strong mutual coupling betrveen closel)/ spaced parallel

wires, horvever, mitigates the problem by smoothing out the strong response from
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any single wiÌe over many adjacent wires, in effect trying to force all the wires to

act as a single entity. Another concern deals rvith the difference betrveen the charge

accumulation at the edges of the solid reflector plate and that at the edges of the LP

polarizer plate (i.e. the charge accumulation at the two ends of each wire in the LP

polarizer plate). Such a difference might affect the field results in a way for which

the use of a calibration factor based on the field results fo¡ a solid reflector plate of

identical shape and size might not account. Similarly, there is also the concern about

the diference between the thickness of the solid reflector plate and that of the overall

CPSS structure. This diference rvould certainly afect the field results in a rvay for

which the use of a calibration factor would not account. Thus admittedly, the use of

calibration factors fot computing the indicators Leakg and, Blckg is more heuristic

than rigolous.

Figures 4.38 to 4.41 present the results for the LP wire grid being at *45o and

Figures 4.42 to 4.45 present the results for the LP wire grid being at -45o, Clearly, the

first case corresponds to an imperfect LHCPSS rvheleas the second case corresponds to

an imperfect RHCPSS. Except for minute diferences, the plots for these trvo cases are

identical upon exchanging the LHCP and RHCP labels. This change from LHCPSS

to RHCPSS by merely rotating the LP grid by tgO' in the plane of the grid was

predicted in Chapter 3.
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Figure 4.34: Generic configulation of the cascade polarizer LHCPSS design.
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0.15 m

0.15 m

Figure 4.35: One of the two octagonal plates of the LHCP polarizer made of circular
PÐC rvires with inter-ri'ile spacing s - 0.24À within the grid and rvith
wire¡adiusø-0.005,\.
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0.15 m

Y
0.025/\7 m

WIRE RADIUS = 0.00281m

Figure 4.36: Octagonal LP polarizer plate made of circular PÐC wires as per the

" same-surface-area" rule of thumb for the cascade polarizer LHCPSS.
This figure shows the case of 6 wires inclined at *45'per each 0.15 m
side of the unit cell.



X

V/IRE RADIUS = 0.0015 m 0.15 m

Figure 4.37: One of the two octagonal plates of the RHCP polarizer made of circular
PEC wires with inter-rvire spacing s :0.24À within the grid and with
wire¡adiusø-0.005).
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Figure 4.38: lIIl of the cascade polarizer LHCPSS with s = 0.07195 m' d, -
0.7125 m', D - 0.1500 m, a = 0.0015 m,0i =0o, öi:0o, r:30.0 r¿.

Figure 4.39: lRLl of the cascade polarizer LHCPSS with s = 0.07195 rn, d -
0.7725 m,, : 0.1500 rn, a = 0.0015 m, 0i = 0o,, öi : 0',r - 30.0 m.
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Figure 4.40: lLRl of the cascade polarizer LHCPSS ivith s : 0.07795 m, d :
0.1725 m,, : 0.1500 m, a : 0.0015 m,0i = 0o, öi :0o, r : 30.0 m.

Figure 4.41: lÃÃl of the cascade polarizer LHCPSS with s : 0.07195 m, d -
0.1725 m,, : 0.1500 m, ø = 0.0015 m, 0i = 0o, ëi = 0",r - 30.0 n¿.



\.ç.ø--

Figure 4.42: lIIl of the cascade polarizer RHCPSS with s - 0.07795 m, d, =
0.1125 m,.D :0.1500 m, o = 0.0015 nr,0i = 0o, óí = 0', r :30.0 nz.

Figure 4.43: lRLl of the cascade polarizer RHCPSS with s = 0.07795,7m, d :
0.7125 m, D - 0.1500 nr, ø = 0.0015 m,0í - 0", öi = 0',f- 30.0 m.



Figure 4.44: llr?l of the cascade polarizer RHCPSS with s : 0.07L95 nz, d. -
0.7125 ttz, D - 0.1500 rn, a = 0.0015 n'r,0i :0o, ói :0o, r - 30.0 m.

Figure 4.45: l.R,Rl of the cascade polarizer RHCPSS with s : 0.07195 m, d :
0.7725 ¡n, D - 0.1500 m, ø = 0.0015 m,0i--0', ói =0o, r:30.0 n¿.



Tables 4.78 to 4,86 present the results obtained from varying the wire radius ø, the

inter-wire spacing s, the inter-grid spacing d for the CP polarizer grids, the spacing

D between the CP polarizers and the LP polarizer, the wire radius and the inter-

wire spacing for the LP polarizer. When varying the inter-wire spacing for the LP

polarizer, the wire radius was chosen as per the " same-surface-area" rule of thumb, i.e.

¿ - 0.00281 rn for the 0.0251^/2: 0,01768 n¿ inter-rvire spacing and a - 0.00338 m

for the 0.030/1Æ - 0.02121 m inter-wire spacing. A major diference between the

operation of the cascade polarizer design and that of the Pierrot or the Tilston designs

is that upon RHCP illumination, the cascade polarizer structure appears translucent

not by means of the structu¡e not scattering the incoming wave but rather by means

of a series of polarization transformation of the incoming wave, Consequently, the

result for lrlrlúl is no longer nearly zero for the cascade polarizer design as it was

for the Pierlot or the Tilston designs, and the indicator lLLelRRPl is no longer

meaningful here. Another significant diference between the results for the cascade

polarizel design and those for the Pierrot or the Tilston designs is that the values of

the indicator Blckg arc seen to be much largel here than those for the Pierrot or the

Tilston designs.

There is not a single optimum configuration for il'hich all indicators are optimum

simultaneously. Thus, the choice of the optimum configuration depends necessarily on

the requirements for the specific application at hand. The configuration corresponding

to {s - 0.07500 rn, a = 0.0008 m, d: 0.1050 m, D = 0.14 m} appears to be a good

compromise and is taken hereafter as the baseline configuration.

The results shorv that the performance is very sensitive to a variation of the inter-

grid spacing d or a variation of the frequency. This is not surprising, given the sharp

notch response of the quarter-rvavelength transformer (see reference [20, Figure 5.18,

p.2231). The effect of varying the other parameters is less important. Contrary to

the Pierrot a¡d the Tilston designs, the parameter limiting the range of operation is
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not ar¿ but ar' a.nàf or Blckg.

One notes that many values for ILL'l in Table 4.79, the largest recorded value

being 0.13828 Vf m, are slightly above the value IRL'l - 0.13620 Vlm for the solid

PEC reflector plate. This situation suggests the somewhat startling conclusion that

the cascade polarizer LHCPSS would be more opaque upon LHCP incidence than

is the solid reflector. Such a situation might not be physically impossible since the

reflector plate of a diameter of a ferv rvavelengths supports both positive and nega-

tive currents rvhose contributions to the scattered fleld superimpose constructively or

destructively depending on the observation point. If the cascade polarizer structure

supports currents of mostly one polarity as a result of a judicious choice of the period-

icity of the structure, it might become possible that the contribution to the scattered

field become stronger than that of the solid reflector for some observation points. As

to the many values for l.R.B¿ | in Table 4.80 that are rvell above the same 0.13620 Vlnz

value, this situation does not necessarily mean that the cascade polarizer LHCPSS is

either more or less transparent upon RHCP incidence than is the solid reflector since

the incident rvave must be vectoriall5' added to the scattered wave in order to obtain

the total wave in the transmission region.

The GSM for the octagonal cascade polarizer LHCPSS illuminated at norma.l

incidence is obtained as S(X, Y) -

I z.oztz t - 85.57, r.0504t - 4.29. J.rgt2t - 102.65" 1.2429t - 82.99" \
I t.o¡ot, - 4.27' 1.6nb'r 92.650 0.g*g7 t 74.14 z.rgll t - 102.64 1ttI 3.19371 - 102.64. 0.9397 t 74.14 1.6653t 92.65 r.0507 t - 4.27. Itt
\ L2429t -82.93' 3.19411- 102.65' 1.0504t -4,29o 2.0217t -85.57" )

where the incidence propagation vecto¡ is taken as pointing outrvardly from the origin

of the coordinate system. Again, each scattering coefficient is described by a pair

n'hose first number pertains to the magnitude and second number pertains to the

phase. Surprisingly, the magnitudes are larger than 1.0 l/f m, the magnitude of the

linearly polarized incident plane wave! As expected, the matrix is symmetrical rvith
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respect to the diagonal owing to the structure being reciprocal but surprisingly, the

matrix is also symmetrical rvith respect to the anti-diagonal. Also as expected, the

structu¡e does not have the longitudinal reflection symmetry but nothing can be said

about the 2n-fold rotational symmetry, by the same arguments as those invoked when

dealing with the GSM for the Pierrot design,

The results at of-no¡mal incidence are not provided as they would not be deemed

accurate because the structure is so thick compared to its transverse dimensions that

a significant portion of the edge of the structure would not be properly excited owing

to the fact that some off-normal incident ray propagating in straight line and incident

upon the edge of the structure rvould not pass through aìl the plates. This dificuliy

also arises with the Pierrot and the Tilston designs but to a much smaller extent since

the thickness in the case of these two designs is only 0.075 m : 0.25À whereas the

thickness in the case of the cascade polarizel design is 0.490 m ¡v 1.601.
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Table 4.78: Peak scattering values for the octagonal cascade polarizer LHCPSS.
The incidence is normal and r : 30.0 m.

variable Peak values
name value LLI IRR IRLI ILRI ILL /RF,

s (m) 0.07195
0.07500

0

0

4761
5066

0.21290
0.21318

0.03777
0.03629

0.03756
0.03622

0.693
0.707

¿ - 0.0015 n¿, d: 0. 725mandD-0.1500r¿
s \m) 0.07195

0.07500
0.

0.

4511

4873
0.19028
0.i8897

0.03436
0.03450

0.03439
0.03459

0.763
0.787

a - 0.0010 m, d. - 0. 725 m and D:0.1500 m
d \m)

It

t

')

0.(

0.

0.

0.

0.

0.

0.

0.

)825

t025
t050
r075

r100

:725
.150

.425

0.
n

0.

0.

0.

0.

0.

0.

4155
4843
4886
4901

4897

4873
4839
5r72

0.21210
0.21088
0.20701
0.20194
0.19580
0.18897
0.18165
0.12870

0.03i06
0.01895
0.01741
0.02225
0.02799

0.03450
0.04156
0. i3511

0.02896
0.01666
0.01731
0.02223
0.02805

0.03459
0.04157
0.13489

0.667
0.704
0.719
0.738
0.760

0.787
0.817
t.t79

s - 0.07500 r¿. a : 0.0010 m and D = 0.1500 n¿

" 
(m) 0.0005

0,0007
0.0008
0.0009
0.0010
0.00i5

0.14791
0.14813
0.14837
0.14858
0.14886
0. i5004

0.17399
0.18914
0.19566
0.20166
0.20701

0.22515

U.U

0.0
0.0
0.0
0.0
0.01

1820

r758
r698
t741
¿654

0.0r

0.0
0.0
0.0
0.0
0.0:

¿r34

1812

r679
r665
t731

¿612

U.öÐU

0.783
0.758
0.737
0.719
0.666

s = u.ulÐuu m, d = u.luðu m and r: u. ÐUU n2

D (*) 0.

0.

0.

0.

0.

300

400

500
600
700

0.15320
0.15077
0.14837
0.14633
0.14571

0.19544
0.19530
0.19566
0.19572
0.19425

0,0
0.0

0.0
0.0:
0.0:

t787
t706
r758

ì789
r569

0.01707
0.01679
0.02786
0.03558

8440.0 I u, lö4
0.772
0.758
0.748
0.750

s = 0.07500 m. a - 0.0008 m and d. - 0.1050 m

" 
(*)

')

u,uuu r

0.0008
0.0û09
0.0010

U.

0.

0.

0.

Ðu /ó
5077

5085
5091

u.löyt4
0.19530
0.20096
0.20598

U.UI(ZU
0.01706
0.01693
0.01680

u.u.t /þu
0.01707
0.01660
0.01616

u.(9t
0.772
0.751
0.733

s - 0.07500 m, d: 0.1050 m and I) - 0,1400 rn

d (^', u. _ruzÐ

0.1050
0.1075

U.

0.

0.

Ðu-tb

5077
5121

0. 1

0.19530
0.19035

9933
0.01706
0.01706

lu0U.U u. ul /Ðó

0.01707
0.01675

0.772
0.794

7530.

s - 0.07501ì m, a = 0.0008 m. and l) = 0,1400 m
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Table 4.79: Reflection beam values for the octagonal cascade polarizer LHCPSS.
The incidence is no¡mal and .r : 30,0 m.

variable t(etlectlon beam values
name value LL RRI RL LR o.r B lckg

s (m) 0.07195
0.07500

0.

0.

2522
3002

0.03755
0.03596

0.03777
0.03629

0.03756
0.03622

r.8637
t.7743 304,056

86329.

a : 0.0015 m, d:0. I25 m and D:0.i500 m

" 
(nr) 0.07195

0.07500
U.

0.

2464
2823

0.03827
0.04058

0.03436
0.03450

0.03439
0.03459

r.7614
t.7362

980
875

308.

33i
ø-0.0010m,d=0. I25 m and,lJ - 0.I5tìtì m

d \m)

',

')

u.l

0.

0.

0.

0.

0.

0.

0.

tózÐ

r025

t050
t075
r100

1.25

t150
t425

U.

0.

0.

0.

0.

0.

0.

0.1

Ló4õó

t3431
r3349

t3226
13052

12823
t2537

)4471

u.uyu4ð
0.04001
0.03553
0.03438
0.03653
0.04058
0.04488
0.02963

0.ul56l
0.01351
0.01741
0.02225
0.02799
0.03450
0.04i56
0.13511

0.01609
0.01330
0.01731
0.02223
0.02805
0.03459
0.04157
0.13489

.2618

.2236

.3000

.4045

.5460

.7362

.9916

.9891

985.110
207.495
182.255
195.607
247.544
331.875
436.837

2226.19

s : 0.07500 r¿, ø: 0.0010 m and D - 0.1500 m

o (*) 0.0005
0.0007
0.0008
0.0009
0.00i0
0.0015

0.

0.

0.

0.

0.

0.

2915
3156

3240
3301

3349
3353

0.03502
0.03303
0.03299
0.03379
0.03553
0.05476

0.01983

0.01695
0.01649
0.01665
0.01741
0.02654

0.02000
0.017r0
0.01657
0.01665
0.01731
0.02612

.3627

.2957

.2846

.2862

.3000

.4961

189.773

161.455
159.038
165.632
182.255
429.545

s : 0.07500 nr, d = 0.1050 ¡n and D: 0.1500 m

u \m) U.

0.
n

0.

0.

JUU

400
500

600

700

U.

0.

0.

0.

0.

ól-tv
3789
3240
2261
0969

U.UJYOJ

0.03910
0.03299
0.02193
0.00671

0.01447
0.00719
0.01649
0.02789
0.03569

0.01476
0.00754
0.01657
0.02786
0.03558

.2359

.i100

.2846

.5889

.9646

185.089
159.038
146.699

152.977

760208.

s:0.07500 m, a : 0.0008 m and. d - 0.1050 m

rn(a )

',

U.UUU I

0.0008
0.0009
0.0010

U.

0.

0.

0.

ó tJL
3789

3824
3828

U.UJ9JU

0.03910
0.04004
0.0421r

U.UUõOZ

0.007r9
0.00616
0.00554

U.UUðYY

0.00754
0.00645
0.00578

. _tJ4U

.1100

.0932

.0835

r ðv. o¡iz
185.089
191.933
210.822

s - 0.07500 nz, d = 0.1050 m and. D - 0.1400 m

d \m)
t,

')

U uzÐ

0.1050
0.1075

u.1ó rÐy

0.13789
0.13790

U. UóðYO

0.03910
0.04305

u.uu /õu
0.00719
0.00942

U.UUö I I
0.00754
0.00968

I,IZV I
1.1100
1.1466

-tõ4.yrÐ
185.089
227.264

s : 0.07500 rn, a : 0.0008 m anò, D - 0.1400 m

Ihe values Íor BLcko have been multiplied bv l0'
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Table 4.80: Transmission beam values for the octagonal cascade polarizer LHCPSS.
The incidence is normal and r : 30.0 nz.

variable Transmission beam values
name value LLI IRRI RLI ILRI AT Leaks

s (m) 0.07195
0.07500

0.14761
0.15066

0.21290
0.2i318

0.01321
0.00934

0.01159
0.0075i

1.1151
1.0730 0.183635

3271710.

a - 0,0015 m, d:0. I2SmandD=0.1500m
s (772J 0.07195

0.07500
0. 4511

4873
0.19028
0.18897

0.00762
0.00871

0.00531
0.00666

1.0574
i.0731

0.140728
0.163365

a:0.0010 rn,d-0. I2SmandD-0.ß00m
d (^)

t

0.t

0.

0,

0.

0.

0.

0.

0,

)825
t025
i050
t075
t100
u25
t150
1425

0.

0.

0.

0.

0.

0.

0.

0.

4155
4843
4886
4901

4897
4873
4839
5r72

0.21210
0.21088
0.20701
0.20194
0.19580
0.18897
0.18165
0.12870

0.03106
0.01895
0.01604
0.01296
0.01024

0.00871
0.00946
0.03754

0.02896
0.01666
0.01369
0.01057
0,00790

0.00666
0.00819
0.03650

i.3163
1.1716
1.1417
1.1105
1.0841
1.0731

1.0945
7.79r7

0.219042
0.r77798
0.172498
0.167671
0.164570
0.163365
0.164649
0.409137

s - 0.07500 m, ø - 0,0010 m and D - 0.1500 m

a (m)

',
t

0.0005
0.0007
0.0008
0.0009
0.0010
0.0015

0.

0.

0.

0.

0.

0.

4791
4813
4837
4858
4886
5004

0.17399
0.18914
0.19566
0.20166
0.20701
0.22515

0.01994
0.01682
0.0i6r2
0.01586
0.01604
0.02007

0.01796
0.01464
0.01379
0.01353
0.01369
0.01787

230t
1678

1517

1438

1417

t724

0.186114
0.172110
0. i70456
0.170431
0.172498
0.195710

s : U.U7500 r¡¿, d: 0.1050 m and D: 0.1500 rn

D (*)
',
t
t

0.1300
0.1400

0.1500
0.1600
0.1700

0.

0.

0,

0.

0.

5320
5077

4837

4633
4571

0

0

0

0

0

9544
9530
9566

9572
9425

0.00998
0.01312
0.0i612
0.01810
0.01849

0.0(

0.0:
0.0.
0.0:
0.01

)807

094

379

569

602

.0861

.1187

.r517

.t744

.1798

U.

0.

0.

0.

0.

ðUó04

74242
70456
59274
44706

s : 0.07500 rn, a : 0.000E m and d:0.1050 m

a (m) U.UUU /
0.0008
0.0009
0.0010

U,

0.

0.

0.

Ðu tó
5077

5085
5091

0.16914
0.19530
0.20096
0.20598

rJ.01426

0.01312
0.01228
0.01165

tì.0t2i 5
0.01094
0.01004
0.00947

ótó
1.1187
1.1052
1.0964

I.1 0.

0.

0.

0.

75046
74242
75988
79418

s - 0.07500 m, d - 0.1050 rn and l) - 0.1400 m

d \m)
0.1050
0.1075

{J. rJ25 U. I ÐU.T O

0.15077
0.15121

u. ry9óó
0.19530
0.19035

0.0150E

0.01312
0.01100

0.0I298
0.01094
0.00886

1.1187
1.0977

394 0.178971
0.r74242
0.170191

s - 0.07500 m, a : 0.0008 m and D - 0.1400 m
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Table 4.81: Peak scattering values of the octagonal cascade polarizer LHCPSS for
various wire thickness values of the LP polarizer plate. The observation
sphere radius is r - 30.0 nz and the incidence is normal.

Table 4.82: Reflection beam values of the octagonal cascade polarizel LHCPSS for
various wire thickness values of the LP polarizer plate. The obselvation
sphere radius is r : 30,0 nz and the incidence is normal.

Thickness
(m\

Peak values

IL LI HHt lfiLl ILRI LLIRRI
0.00100
0.00200
0.00281
0.00400
0.00500

0.16016
0.15403
0.15077
0.14691
0.14440

0.

0.

0.

0.

0.

9566
9544
9530
9516
9523

0.0
0.0
0.0
0.0
0.0

669

683

706

lótr
710

0.01702
0.01709
0.01707
0.01707
0.01708

0 I a

0.788
0.772
0.753
0.740

,8

0.00i 00

0.00200
0.00281
0.00400
0.00500

0.13630
0.13759
0.13789
0.13811
0. i3824

0.03923
0.03913
0.03910
0.03904
0.03892

0.00820
0.00753
0.00719
0.00682
0.00683

0.00850
0.00788
0.00754
0.00716
0.00717

1.1280
i.1157
1.1i00
1.1039
1.1040

185.958

i85.089
183.842

182.813

053188.

The values lor Blcko have been multiolied bv 103

I nlckness
( rn\

Iransmlsslon beam values
LLI HHI lHLl LH, ar Leakg

0.00100
0.00200
0.00281
0.00400

0.00500

0.

0.

0.

0.

0.

6016
5403
5077

469r
4440

0.

0.

0.

0.

0.

9566
9544
9530

9516

9523

0.0
0.0
0.0
0,0

0.0.

392
337
312
284
289

0.01168
0.01121
0.01094
0.01069
0.01078

27U

216
187

159

169

u,z¿avo (

0.187854
0.t74242
0.163339

0.159199

Table 4,83: Transmission beam values of the octagonal cascade polarizer LHCPSS
for various wile thickness values of the LP polarizer plate. The obser-
vation sphere radius is r - 30.0 r¿ and the incidence is normal.
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Table 4.84: Peak scattering values of the octagonal cascade polarizer LHCPSS for
two diferent values of the inte¡-wire spacing of the LP polarizer plate.
The observation sphere radius is r:30.0 nz and the incidence is nor-
mal.

Spacing
(m\

.t,eak values

ILLI IHHI IHLI ILHI LLIHHI
0.0 768

0.02121
u.tÐutt
0.14477

U.I VÐJU

0.19461
0.0r7uti
0.01537

0.01707
0.0r762

0.772
0.744

Table 4.85: Reflection beam values of the octagonal cascade polarizer LHCPSS for
two different values of the inter-wire spacing of the LP polarizer piate.
The observation sphele radius is r = 30.0 nz and the incidence is nor-
mal.

Spacing
(*)

Reflection beam values
LLI HHI IHLI LHI ar B Lclra

0.0 I 768

0.02Í2t
tì. 37E9

0.13426
U.UóYIU

0.03791
u.uu f -tv

0.00568

u.u0754

0.00586

1 i100
1.0883

i85.089
171.753

The values fior Blckq have been multiplied bv 10'

Table 4.86: T¡ansmission beam values of the octagonal cascade polarizer LHCPSS
for two diferent values of the inter-wire spacing of the LP polarizer
plate. The observation sphere radius is r : 30.0 r¡z and the incidence
is normal.

Spacing
(m\

Transmission beam values

ILL l,3Al RL ILRI Leaks

0.01768
0.02t21

0. i5077
0.t4477

0,19530
0.19461

0.01312
0.01348

0.01094
0.01134

1 11 87
t.1237

0.174242
0.193455
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Table 4.87: Peak scattering values of the octagonal cascade polarizer LHCPSS for
various frequency values. The observation sphere radius is r = 30.0 r¿
and the incidence is normal.

0.900
0.950

0.960
0.970
0.980
0.990
1.000
1.010
1.020
i.030
1.040
1.050
1.100

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0,

0.

0.

.0008
3672
5379
6339
6853
6085
5077

5094
5299
4149
4126
4408
4375

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

0.

U.

t3307
r6667
r8097
r 9199

¿0235

¿0038

r 9530

r9120
r8582
r7879
r7307
r6807
t402r

0,03294

0.02828
0.02645
0.02184
0.01934
0.01706
0.01787
0.01647
0.0i587
0.01802
0.0187i
0.04304

0 ,03474 0, T7

0.03349

0.02795
0.02621
0.02501
0.02103
0.01707
0.01508
0.01463
0.01534
0.01651
0.01886
0.04301

035 0.752
0.820

0.850
0.851
0.833
0.803
0.772
0.789
0.823
0.791
0.816
0.857
1.025
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Table 4.88: Reflection beam values of the octagonal cascade polarizer LHCPSS for
various frequency values. The observation sphere radius is r : 30.0 m
a.nd the incidence is normal.

.t' requency
(GH z\

Reflection beam values
LL nRl RL LRI o,r b ¿cka

U.VUU

0.950
0.960
0.970
0.980
0.990
1.000
1.0i0
1.020
1.030
1.040
1.050
1.100

U.Uðõðb

0.08064
0.07924
0.09291
0.11811
0.12894
0.13789
0.r3731
0.13102
0.12843
0.13357
0.13055
0.11411

0.0424r
0.00492
0.02042
0.03317

0.04760
0.04449
0.03910
0.03550
0.03227
0.02948
0.02953
0.03124

0.02589

0.03474
0.03294
0.02738
0.02124
0.01446
0.00643
0.00719
0.00937
0.01112
0.00956
0.01423
0.01871
0.04304

0.03517
0.03349

0.02795
0.02165
0.01453
0.00672
0.00754
0,00969
0.0 i 143

0.00982
0.01442
0.01886
0.04301

2.2838
2.3814
2.0561
1.5926
1.2789
1.1049
1, i 100

1.1465
1.1855
1.1609
1.2386
1.3346
2.27r5

437.413
148.185
151.751
194.61i
300.965
241.106
185.089
154.913
t3r.474
106.256
116.517
140.948
243.051

l'he values for Blcks ave been multiplied bv 10r

Table 4.89: T¡ansmission beam values of the octagonal cascade polarizer LHCPSS
for various frequency values. The observation sphere radius is r :
30.0 m and the incidence is normal.

Frequency
GHz\

liansmission beam values

ILL IHHI H.LI ILRI QT Leako
0.900
0.950
0.960
0.970
0.980
0.990
1.000
1.010
1.020
1.030
1.040
1.U5U

1.100

U. ]UOU8

0.13672
0.15379
0.16339
0.16853
0. i6085
0.15077
0.15094
0.15299
0.14149
0.14126
0.14408
0.14375

0.16667
0.18097
0.19199
0.20235
0.20038
0,19530
0.19i20
0.i8582
0.17879
0.17307
0.16807
0.t4021

óóu IU. 0.01427
0.03058
0.02828

0.02289
0.01535
0.00811

0.013i2
0.01417
0.01371
0.01360
0.01802
0.01858
0.03406

0.02945
0.02745
0.0220r
0.01410
0.00598
0.01094
0.01205

0.01167
0,01176
0.01631
0.01707
0.03308

3590.0 t.2275
1 LrOt

1.3576

1.2590
1.1498
1.0615
1.1187
1.1345
1.1341
1.1408
1.2081
t.2261
1.6176

0.093994
0.170313
0.194218

0.194984
0.238015
0.239320
0.r74242
0.178104
0.222137
0.212319
0.168641
0.179245
0.282352
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Chapter Five

Conclusion

5.1 Summary

This document has reported the lesearch rvork dealing with the relatively unknorvn

topic of CPSS. It was shos'n that Cornbleet's conjecture which states that an ideal

CPSS is an impossible polalizer rvas found to be false since an ide¿l CPSS of the

cascade polarizer design analyzed with the composite GSM approach yielded the

GSlt{ of lhe ideal CPSS predicted by the GSM-based technique developed herein.

This GSM-based technique yields the GSM of a device from the knorvledge of its

prescribed operation. One significant merit of this GSM-based technique consists

in identifying some geometrical constraints of the planar st¡ucture by observing the

relationships betrveen various scattering coefficients of the GSM corresponding to

this structure. These relationships rvere identified for various properties, namely the

reciprocity of electromagnetism, the 2-fold ¡otational symmetry and the longitudinal

reflection symmetry. It was found that the CPSS requires in plactice to have the 2-

fold rotational symmetry, except in the neighborhood of the normal incidence rvhere

reciprocity suffices, and requires not to have the longitudinal reflection symmetry.

This research work included also an investigation into the subtleties of the GSM

and its generalization to the case of off-normal incidence. Thus, it was found that eight

rather than four voltage travelüng waves become typically required for describing the
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operation of the planar structure at off-normal incidence.

A literature survey reveal.ed three existing CPSS designs whose principles of op-

eration were, however, somewhat idealized. Simulations with the NÐC-2 software

yielded boundary value solutions for a finite size octagonal CPSS of each one of the

three designs, and various indicators were developed to gauge the performance of

these three designs. Thus, it was found that the Tilston design ofered the best

performance, specially at off-normal incidence, but presented also the greatest com-

plications of manufacturing. These simulations suggested also that designs obeying

the 2-fold rotational symmetry required for the ideal CPSS tended indeed to present

better performance. The best performance, however, remained nevertheless disap-

pointing, this range being limited to 0i æ 15" even in the best case. Hence, more

work is needed to find a design that performs well over a wider range of incidence

angles.
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5.2 Original Contributions

The original contributions made in the course of this wo¡k are as follows:

¡ Presented a detailed description of the concepts and subtleties of the GSM, in-

cluding an expansion to arbitrary incidence angles and the relationship between

the matrices S(X, y) and S(E,H) at normal incidence;

r Developed an analysis/synthesis tool based on the GSM for studying a general

structure from the prescribed operation of the structure and from fundamental

principles, rathe¡ than from the specific boundaly conditions of the structure;

¡ Presented a formalism that homogenizes the treatment of all propagation vec-

tols, including the incident one (see Appendix A), and developed the resulting

formulation for various fundamental principles: reciprocity principle of electro-

magnetism, rotational symmetry, transverse and longitudinal reflection symme-

tries. Many results obtained by Whites and Mittra in reference [30] were thus

reproduced helein from a simpler approach. New results were also obtained.

r Pointed out the connection between the relationships betrveen valious cross-

polarization scattering coefficients and the above fundamental principles, namely:

f Snell's lau' of reflection ìtt{ reciProcitY I e Cli-eaCf,l,tt
[ 2-fold rotational symmetry J

except in the neighborhood of the normal incidence where reciprocity suffices.

f Snell's larv of refraction rvith dr : di ì
I .eciDrc,citv I{ _.. ' " } + Cll,-CX! loru+u
| z-fold rotational symmetry I

I reflection symmetry about the , - 0 plun" ,|

r Identified the voltage GSM for various structures: the ideal solid PÐC reflector,

the free space slab, the dielectric slab, the artificially hard or soft surfaces, the

ideal CPSS, the ideal LP, LHCP and RHCP polarizers.
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¡ Presented the concept of the CPSS and presented a revierv of the prior art in

the area of the CPSS;

o Refuted Cornbleet's assertion that the ideal CPSS represents an impossible

polalizer;

r Proved that ideal LP and CP polarizers are possible only at normal incidence

angle, regardless of their specific physical realizations;

r ldentified that the ideal CPSS must hai'e the 2n-fold rotational symmetry except

in a limited neighborhood of the normal incidence ivhere reciplocity sumces, but

cannot possibly have the longitudinal reflection symmetry;

r Identified performance levels for three diferent LHCPSS designs from the bound-

ary value solution provided by NEC-2; the results suggest that bettel perfor-

mances are indeed obtained with designs that obey the geometlical constlaints

of the ideal CPSS;

o Developed various indicatols to assess the performance of an infinite size scat-

tering surface from the results of a finite size scattering surface of the same

nature but with just a ferv wavelengths in size;

¡ Established the correspondence betleen Jones' polarization matrix and the

GSM;

¡ Made corrections to va¡ious papers as seen fit.
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5.3 Directions for Further Research

It is stressed that although the cascade polarizer CPSS can provide an ideal per-

formance (neglecting all losses) only at normal incidence, as a result of the LP and

CP polarìzers being themselves ideal only at normal incidence, the voltage scattering

matrix of the ideal CPSS developed from general principles in Chapter 2 does not

suggesi that the ideal CPSS need be restricted to normal incidence. Horvever, the

knorvledge of a specific geometry achieving the ideal CPSS performance for arbitra.ry

incidence angles has ¡emained elusive in the course of this work. Future work might

attempt to identify just such a specific geometry ivith ideal CPSS performance under

albitrary incidence angles. One possible approach might consist in varying the angle

betrveen the transverse orientations of the dipoles of the Tilston CPSS, as suggested

by Hurd's analysis in reference [8].

It is stlessed that, although the anal)'sis used herein was limited to the dominant

mode only, the GSi\{-based technique as developed herein can accommodate multiple

modes, evanescent as rvell as propagating. It might be useful to study the performance

under the conditions that the adjacent layers are close enough for the evanescent

modes to contribute in a significant mannel to the coupling betiveen layers. This

situation a;fords the possibility that the opelation of a particulal structure might be

so modified as to allow the stlucture to achieve an ideal CPSS performance under

some of-normal incidence conditions. This possibility, horvever, appears admittedly

remote,

Other directions for futule resea¡ch consist in investigating the performance of the

CPSS:

r with curved rather than flat sulfaces;

¡ with a point source rather than an incident plane wave;

o with a triangular rather than a square grid for the array;
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. with incorporating the efect of the dielectric substrate.

The CPSS is a relatively nerv structure rvhose realms of applications need to be

developed as well. The applications of filtering and diplexing come readily to mind.

Pierrot had patented the idea of fabricating the subreflector of the Cassegrain antenna

as a CPSS for the purpose of minimizing the blockage created by the subreflector.

Tilston mentioned the application of focal plane scanning mirror antennas for circular

polarization. Many applications based on linear polarization selection can probably

be converted over to circular polarization selection. Many neiv applications probabl¡'

await the inception of their CPSS as ivell!
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Appendix A

Notational Convention

The familiar representation of the incidence propagation vector frli as an incoming

vector is sometimes a soulce of confusion in interpreting the results of the scattered

field, specially so when the scattered field is circularly polarized. Figure A.i shows the

familiar (on the left) and the present (on the right) representations of the incidence

propagation vector.

According to Snell's laiv of reflection and refraction (for convenience, 0t = ái n'as

assumed), one has for the familiar representation:

0i :0' 0,' :0' 0t : r _ 0' 0, <V0 < 1g0o

óo=ó' ó''-rló' ót-rló' 0"<Vó<360,
and for any positive or negative values of o, y, and z, one writes, rvith the e+i'¿ time

convention, the incident, reflected and transmitted plane waves as:

Èo _ Eoe+ik(sin(0' )cos16'¡x+sinp' ¡sin(6')y+cos@')z) fii

È,' _ RE oe+ i 
k(sin(0' )cos(þ' )a+ sinQ' )sin(6' )s- cosQ' )z) þr

Ë¿ _ T E oe+ 
j k (sin(g' ) co s (þ' ) a + sin(o' ) stn(Ó' )s ¡ co s (0' ) z) þt

The scattered wave (E'" for z ì 0 and E-t for z ( 0) can thus be written in the same

form:

Êt : S E oe+j 
k(sin(O' )cos(þ' )x + sing' )sin(6' )y-cos@' )1y') fi s
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I\"--.
t\
t\

Figure 4.1: The familiar (on the left) and the present (on the right) representations

of the incident propagation vector fri.
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Horvever, with the present representation, the angles now become:

0i:r_0' 0r:0' 0r_¡r_0'
ói:¡r*ó' ó'-r*ó' ót -r*ó'

0" <v0 < 1800

0o<vd<360,

and for any positive or negative values of r, g, and e, one writes, with the e*i't time

convention, the incident, reflected and transmitted plane waves as:

-ikqin(0i ) cos(þi) ,+sin(e) sn(6i) a+cos(0i) z)

-.--.- -,-/-.- -,-: Eoe sing' -cos¿t sinat -inþt -co¿lt Et

-¡ttlsin(?') cos(þr) *sin(?') sin(þ') !+cos(?r) ,)

E,' - REoe oinlt -cosót sins' -sinêt coslt Êr

-¡rçsi.n(?t) cos(þt) c+sin(?t) sin(þt) y+cos(0t) ,)
+ 

-7-/!--J 

\-7J\-Y-/ 

-,-Ër _ T Eoe sinlt -cosét sinlt -sinst -coslt pt

which expressions are, of course, equivalent to those for the familiar representation,

as evidenced by substituting the explessions for the angles.

The advantage of the present representation is that all waves, including the in-

cident ri,ale, have the same generic form e-jr: " rvith the sign of E being taken into

account implicitly by the angles 0 and þ. This homogeneous terminology avoids a lot

of confusion when dealing with the handedness of a circularly polarized rvave. As an

added bonus, all propagation vectors fr-i, rcí,,, urLd krr, also end up having the same {.
In writing the expressions Íor Ê)i, E' and Ét in spherical coordinates, one uses the

unit vectors corresponding to the propagation vectors, e.g.:

Ei-cos(ç)li+sing)$i

where dt and $i are the spherical coordinate unit vectors for fi. In forming the ratio

of voltage travelling rvaves to obtain the voltage scattering coeficients, one must be

wary of the fact that the unit vectors for the spherical coordinate system vary with

Ei



the position whereas those for the Cartesian coordinate system do not. For instance,

in the limit that the incidence angle approaches the normal, ái -- åi but ê' -- -î'
since ôi = ô". Since rvith this convention Ë, Ë u"d &'t have the same f but not

necessarily the same d, the scattering coeficients in the spherical coordinates are not

necessarily identical to their counterparts in the Cartesian coordinates even for the

case of normal incidence (see Chapter 2),

224



Appendix B

TM and 7,Ð modes

This chapter presents the development of 7 M" and ?.E" modes from the approach

of the vector potential formalism [94] rather than from the approach of the modal

formalism [89, 90, 91] [92, pp. 235-238]. Although both approaches produce the

same expressions for the modes, they diffel in concept: in the modal formalism, the

transverse field components are considered to be the independent parameters rvhereas

in the vector potential formalism, the longitudinal field components are taken to be

the independent parameters.

The time convention e+i'¿ is taken thloughout this document. The vector poten-

tial formulation is:

tín: +v * A and E-¡:
p

_VxF'

E:
H_

EA+EF
HA+HF

-ir'|-,*-V(v',{¡- }v x F

-i,F-#v(v.F¡+¡v"Ã
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For z = z, one has:

.i--A2 ¡ì-F2
V2A + u2 ¡.reA - 0 V2F + a2 ¡.teF -- 0
çA - _-i 02A ¡F - _LôFuø - upe ôxìz "r - € ôy
p',A - --i ô2A nF - t!Q!
"Y - - 'peãiã, "v - Tèãi
n! : -j* (# * u2 ¡-,.eA) E! : o + TE'
r¡A - tIôA r+F--i ð2Fur - -Tlraî ltt : -lGãiù
TIA - _LôA rrF-_ i ô2F
"v - p ô, "y - upe 8y0z

H!:o+TM' n!:-J*(H*a2¡-,,eF)

Since one has:

lo:=o + n!-8"
\"::o + H:-H,

the uncoupling o1 lhe T M' atd T E' modes als'ays results if the electromagnetic

(EI,I) field can be decomposed into TM" and. TE" modes,, and more generally, ?Mu

(or LS M") anð, TE" (or ISE") modes. Such a decomposition, horvever, is possible

onl¡'if for Utr: {Ã,F} one has [93,94j:

" | 1t,¡,2,f,a7 if U depends on all three coordinates of the systemu: <

[ {p, d} if U is independent of the þ coordinate

where â is a an arbitra¡y constant unit vecto¡.

Norv, assuming the functional dependence of .4 and F to be of the forms:

A: Í(n,A)e-it'"' and F = g(r,,g)e-ik,"

and assuming &, to be constant with respect to ø and A,i... & - -jk", then one

obtains:

E! = -# (r-iuf + o'z pe) A + A : #i.E^
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rvhere Èl : o2 l.t€, and thus;

FA

Eî=
Hl=
Hî=
,zA¿JW _

By duality (E --+ H,H --+ -8, e - þ¡þ + e), one obtains:

F : ,Jr'þ',,H!
trlô - tr: '

rfF - k' ôH!Ltl: jGZ-=FÐ-A;

Hl = #=rÐW
ËF +uu AH!Dx î@-=FÐ-ã¡El=ffiw

FFt7þ .ú; _ De _ t¿u¿JW _ -E-I'_ _ET _ E
Therefore, ploviding lhat k" # fr,, one can write all the actual tlansverse field

components directly in terms of the actual longitudinal field components as follorving:

5" - y{r5 (r,* * rpþ)
Ea: #¡Ð (r"æ - ,p*)
H, - ¡ç¡{r5 ?"tu# + k"W)

. / ^-- \LI 
- 

I I t ,.-OL: t l^ OIlz \tty _ l(p!-[! \T-.7; r .z-ãy )

Since.Ð, and 11, belong necessarily to the same EM field structure, they travel in

unison in the same direction and at the same phase velocity. And since E, = E! aú
H, = H!,ï>oth TM" and TE" have the same eigenvalue k? - k'z. - å1. Therefore, in

a Cartesian coordinate system, the TM" and 7.Ð' modes are necessarily degenelate,

i,e. to the same eigenvalue correspond trvo eigenmodes. The development presented

k, ôE!j$|-*|) Bx
h" ôE!

j(k!-È!) ay

-ee oþf'j@=øw
*we ÔE!

j(kT-k?) ôs
EAEILEf--iÌ7-*



above shorvs also that the knorvledge of only trvo field components, namely herc E"

and H", is sufficient to obtain the knorvledge of the whole EM freld structure.

The E-type and the I/-type modes correspond to E and 11 modes taken with

respect to a transve¡se direction rather than s'ith respect to the longitudinal direction.

These type-modes stand in contrast to the ordinary E and H modes in that, at off-

normal incidence, a free-standing lossless metallic grid causes a coupling between the

oldinary E anà H modes but does not cause a coupling between the .Ð-type and

the ff-type modes, whereas a dielectric interface between two homogeneous media

does not cause a coupling between the ordinary E and H modes but does cause a

coupling between the E-type and the If-type modes (see reference [43, p. 220]). For

normal incidence, the E-type and the II-type modes reduce to the ordinary 11 and

-Ð modes, respectively (see reference [a3, p. 216]). Hence, one can expect that, for

the glid, the coupling betq'een the ordinary E anà H modes increases from zero at

normal incidence to some maximum as the incidence is increasingly of-normal, and

conversely for the dielectric interface, one can expect the coupling between the E-type

and .I/-type modes to inclease from zero at normal incidence to some maximum as the

incidence is increasingly of-normal. This author notes in passing that an important

minus sign is missing fi'om the expression for å.1; on p. 220 of reference [43] and on

p. 12 of reference [44]. Otherwise, the duality between the expressions for the -Ð-type

and the I{-type modes rvould be violated. Other papers [42, 80, 39] dealing s'ith

these type-modes shori' co¡rectly the presence of this minus sign.
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The following development deals rvith obtaining a result needed in Chapter 2.

Assuming the functional dependence of .4 and .F to be of the forms:

A - Ao¿-lE '' and tr. : Po¿-lË r'

and assuming k,, Ic, and,b" to be constant with respect to x, y and. z, i.e.:

o .-J - -.1fr" andor

then one obtains:
ç'A -"r
pA-

ÐF-DT

ÐF-
"!

from rvhich one obtains:

+apffin!

Ef I rnlt" + @f)' 1"'4: lrn¡f + çn¡ * o¡1 :

ø[ _l@{)' + tnll'l't' _4:l@Yffil ='
Hence, one obtains the desired result as:

ÊA FF"fi: l"^(e)l and "ù =,

lk,l
lro



Appendix C

'W'ave Impedance for Arbitrary Incidence

This appendix presents the wave impedance concept by forming th.e ratio E¿f H1

where the subscript ú ¡efers either to the components tangential to a planar surface

onto which a plane wave impinges at arbitrary angle with arbitrary polarization, or

more generally, to the components transverse to a prescribed direction s'hich does not

necessarily coincide with the direction of propagation of the plane wave. Figure C.1

depicts the situation and the representation in Appendix A is used. Since / is the

vector common to both the inclined and the horizontal planes, aþ is selected as the

releLence axis from which to describe the polarization by the angle ç as:

È-ø.(sáng)â+cos(c)þ)

Ê : +(sin(s-90,)d+cos(s-90")d)
: &(_cos(s)a+a"çs¡|,)

As the tangential (with respect to a plane z = cJe) component of an a.rbitrary vector

.Ã is given by:

One obtains:

Ã,-zx(Ãxe)

E, = 2x(Èx2)
- ; x (E"ls;ng)â+cos(s)f] x 2)

- E.(sin(<)l; 
" 1â "2)] + cos(<) [; , 1i ' :;])

- ø"(sin(c)12 x (cos@)$l + cos(s)[â x ,ô])

= E" (sin(c)co"(o)þ + "o'(Òö)



Similarly,
ti, - ;x(Èx2)

: z " (* fszz(s - eo,)d + cos(s - so,)i] x.:)
: E" (sin(< -90")cos(0)þ+ cos(s - 90")$)

: & (-cos(<)cos(0)þ * 
"¿n(Òó)

Therefore, the wave impedance is obtained as:

Z14t-#: m,\1..o'--À

_ ^ | s'in2(c)cos2(0)+cos2 (s): ntlaalrsa@çap6

Since the T M" mode corresponds to ç : 9go and the T E" mode corresponds to

ç = 0", the t'ave impedance reduces to:

- I r7 cos(0) for ç : 99' + T M" or .Ð" modezw: \
I nlcos(e) for ç : 0o è TE' or H' mode

The angle { is obtained as:

€ø : Ar ctan (t) = Ar ctan (cos(0)tan(<))

Similarl¡':

/ H"\ / cos(0\\
€a = Arctan t # I : Arctan(cos(O)tan(< - 90")ì : Arctan f ---'-' I

\H¿J \tan(s)/

Thus, it is seen that although Ë,. u"ð, tÍ¿ are orthogonal to one another, their corre-

sponding transverse components are not so, unless d; - {8.0 or E"$}. Fot instance:

J a:so, i
I ø=to'f +€u#€¡-90"

The angles ç and { are defined in the range {-180", +180"}. The angle ç is counted

positive rvhen rvinding CC\V about the Â axis while looking into the *Â direction.

The angle f is counted positive n'hen n'inding CCW about the 2 axis u'hile looking

into the f2 direction. Since hotverær, the angle { is defined with respect to the unit

I e, : 67.20" 
I+ { {r - 90" : -22.80" }

I e" - -17.50' ,|
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Figure C.1: Depiction of a plane rvave incident at an arbitrary angle rvith an arbi-
trary polarization.
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vector'+d, the angle { varies rvith the angle /. The direction þ: þç thal corresponds

to the angle { is obtained as (see Figure C,1):

Ó+-ö+go"-€

where the 90o accounts for the fact that the direction indicated by the unit vector

f i, OO" ahead of the direction indicated by the corresponding angle ó : cte, and

the minus sign accounts for the fact that the angles /ç and { are counted positive in

opposite directions. For instance, if the direction corresponding to {4r represents the

direction of the wires of a grid, then one obtains:

Ó+=ös +{: Ó+90"-4n

One notes also that since the value of E, depends here on cos(d), the angle ç must

change sign as the d = 90" plane is crossed for'{ to remain the same (see Figure C.2).

l\4ore generally [95, pp. 49-5i], if one has:

È - E" (si,r(c)uj6, g + cos(s1ei6* 6)

the resulting polalization is an ellipse with tilt angle ry' and axial ratio ør obtained

AS:

,þ:'= (" - Arctanf 'l -"!')))
2\ \ t-p' ))

ar=

where ry' is the angle between the major axis and the {{ axis, and is counted positive

bJ'the same convention as that fo¡ s, the axial ratio ar is defined as the ratio of the

major axis over the minor axis, thus ¿r ) 0, and the polarization ratio P is defined

as:

P : E+: 
pejó rvhere { n - lcaonkl+'- Ee '-- 

t 6:60-óe

.,e.1

(1 + p?) + \lr + p4 *2p2cos(26)

(1 + p,) - \17 + p4 I2p2cos(26)



Figure C.2: Two cases for which { is the same for trvo diferent values of 9.
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rvith the exponent in the expression for p chosen such that ør ) 0. Thus, one has:

RHCP

LHCP

whele the handedness of the CP wave is defined with respect to the *,b, i.e. *f,
di¡ection. It must be pointed out ihat this definition of the polarization sense for an

elliptically polarized wave propagating in the *É direction is the one commonly used

in Engineering and is opposite to the one commonly used in Physics [47, pp. 398-401],

[1, pp. 293-296], [48, p. 681].

Ja-{o',+tso'} 
+ o.r=æ

fr:{+oo,} + ar=;>o
=+ LP

I ó<o +
I a>o +
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Appendix D

Various Results for the Polarization
Efficiency

This appendix is meant to fix the ideas on the significance of the polarization

eficiency / by working out its value for diferent cases. The situation is depicted

in Figure D.1 rvhere it is to be noted that only the c coordinate axis for the Rx

antenna is in the same direction as the ¿/ coordinate axis for the Tx antenna. With

this arrangement, the polarization ellipse of either the Rx or the Tx antennas is

defined as if the antenna rvere transmitting and the relative angle betrveen the trvo

major axes of the two polarization ellipses is ú : tþa * ry'r. The parameter e is the

polarization sense defined rvith respect to the z and z' directions for the Rx and Tx

antennas respectively, as *1 if RHCP and -1 if LHCP, u'ith the polarization ellipse

of an antenna defined as if the antenna rvere transmitting. For a purely linea.rly

polarized antenna, e can be taken as either *1 or -1. In what follorvs, the subindices

R and T stand for the Rx and Tx antennas, respectively.

o Both the Rx and the Tx antennas are elliptically polarized, this is the general

case and the polarization efficiency / is given as (see [1, p. 305],[10a]1 ):

, _ (1+ arþ)(I+ar$)+4 eRarler arrl(7 -arfi)(l - arl)cos2'trt
J_

lThe expression for / in reference [104] is marred by misprints. The expression in reference [1] is
couect even though the definition of the axial ¡atio ar is taken the¡ein as the inverse of the definition
taken he¡ein.
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NOTE: THE SENSE OF POLARIZATION

SHOWN HERE IS THE SAME FOR

BOTH Rx AND Tx ANTENNAS

Figule D.l: Coordinate definition for the tivo arbitrarily elliptically polarized an-
tennas,

It is seen that if arn I 1 and ør7 f L, then f l 0 even if the polarization senses

of the tlvo antennas ale opposite.

¡ Both the Rx and the Tx antennas are linearly polarized, hence one has:

s,r¡1: q7r: co * ./ : (cosü)2

o Both the Rx and the Tx antennas are circularly polarized, hence one has:

I r ..... iÎ ep: ¿,arP:47r: 1 +,f : {
I U "' tt eR: -€r

¡ One antenna, say Tx, is circularly polarized and the other antenna, thus Rx, is

linearl5' polarized. Hence one has:

^- -t 
ìut r'- L 
I =* ¡ = 0'5 ""' regardless of Ü and e¡

o,rR -- æ )

¡ One antenna, say Tx, is circularly polarized and the other antenna, thus Rx, is

elliptically polarized, Hence one has:
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a1.7 :7 + Í : Gtffiffi..... regardress of ü

¡ One antenna, say Tx, is linearly polarized and the other antenna, thus Rx, is

elliptically polarized, Hence one has:

ar7 : 6 + f --0.¡ ll - :4 "o"zv) ..... regardless of e¿
\ l*arþ )

This case produces ihe dumb-bell shape of the polarization pattern.

r Both antennas are elliptically polarized and ilr is varied over 360o, thus one has:

when ü: 0o or 1g0,, f : ¡^"" -(!=l 'n grner o'T^)"

(1 + arfr) (1+ arl)

when ú : g00 0r -g0,. f : f-;- : (arnr 
-en 

et arr)2.

(I + arþ) (I + arl)

The composite axial ratio ¿rÊ? becomes:

where the sign is chosen such that arpT ) !.

It is seen from the expression îor f^." that, in order to have / : 1, one requires

simultaneously:

7. arp:6'77

2. iú : 0o or 180o

3. ep= ¿7
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This case corresponds to the elliptically co-polarized component.

Similarly, it is seen from the expression lor f^¡n that in o¡der to have / = 0,

one requires simultaneously:

7. arp : q7,

2. i! - *90"

3. ep -- -67

This case corresponds to the elliptically cross-polarized component,
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Appendix E

Validation of the GSM-based Technique

In this appendix, structures rvith knorvn operations are anal¡'zed in order to

demonstlate and to validate the GSM-based technique. These structures are the

solid Pelfect Electrical\' Conducting (PEC) planaL reflector, the free space slab, the

artificiall¡' soft ol hard sulfaces, the ideal LP, LHCP and RHCP polarizers. In Chap-

ter 2, the GSN,I-based technique rvas used to obtain the GSM for the ideal CPSS and

the non-ideal CPSS.
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8.0.1 Solid PEC Planar Reflector

The operation consisting in reflecting an incident CP plane wave into a CP plane

rvave rvhose handedness is opposite to that of the incident wave, is phrased as:

( tt :t¡¡y : +i(E")l ror (Eå)l - 0,u * u,t - {8, H}

I -,.-- I @Ðy : +i(Eå)l u - {1,2,3,4}

t '"'" I @Ðl-@Ðt"=o z-nessf u-ness

Say, o : 1. One obtains:

t rnn7 : cP,"@|)l +cnv@L)l

I f¿;1fl : c{,r(E)? +clIH(Ei){

(El){ : +i(E'^\t - [ rnnP - (c'"'"-+ ¡c!'") (E;)fl
o/1 - I @Ðl =(cY,'+¡c1')1ø¡17

(EÐl : +i(EÐ? - (c1," + ic{,r) : +i (clglg + ic\")
- (cl1' - cP,,) : +i (cnE ¡ c,,,,)

I <"ntr : )F,E(E:)? + cF,H (E¡l
t t¿;lit : c,!',"(E'")l + cilH(EL)l

(E){ : +i@t\F - [ ønF : (c"" t icíl').p3¡l
"' - ì. @å)Y - (c4'+¡cY,')1o¡P

ttø"sF -o + c,F,E:¡jc,F-,H

I t¿;lí : o + c"t'r" : +ic"!'r'

F¡om the combination of reciprocity, 2-fo1d rotational symmetry and Snell's laiv

of reflection, with u = u:7,p = E,q = H, one obtains:

.'\EE .1H E
v11 - v1l

Consequently:

(c{,' - cP,') = +i (cP,E + cltr) - c{,H : -cP,E + j2cP,H
\-,-

_,.,8H-" 11
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From above, one knorvs:

c ylE Q", ö" lor, ó;1 : ¡ ¡ c frH 10', ö" loi, ó' )

From reciprocity and reflection symmetry about the z : 0 plane with u -- 2,u :

7,p : E,Q: fI, one has:

cNH(0",ö"lo;,ó,) - c,lrr"@,," 4 6í10",r + ó")

From above, one also knols:

c{rÐpi,r + óilï",r + d") = 4¡c,ïrH(0i,n + ói10",7t + ó")

From reciprocity and reflection symmetry about the z : 0 plane with u : 2,u =

l,p:q:f/,onehas:

c{rH pi ,r + ó'10' ,n + d') : C,lrH ç0" ,nr + ö"10i ,2ir + ói)

Flor¡ the 2n periodicity of the angle { one obtains:

C{rH ç0" ,ar + ö"10i ,2¡r + öt) : C,yrH (0" , ó"10i ,, öi)

Consequently, pulling everything together, one obtains:

c rEE (0", ó"loi, ó') : -crYrH @", ó" lo', ë')

Therefore:

.1EE _ nH Hv2t - -w21

Hence:
( cn, - +icn, )

lcg - -çY,' l+crE*-c{r,
' * - t:nat II clr' _ Lrv2t )

As seen previously, this result is consistent with the st¡ucture obeying the combina-

tion of reciprocity, 2-fold rotational symmetry, longitudinal reflection symmetr.y and

Snell's larv of refraction with d¿ = di.



Norv, from the unitary property of the matrix, one has:

cP,'eP,\. +cïEeïH). +cnEeflg) +cilEçNH). -0

Substituting in this expression the various equivalences obtained above, one finds:

2Rearlc?tÐ (cP{ ).1

r\HH - /1EEv11 - -utl
cl'E : o

c rE\E - c 
"lrrÐ 

- o

Also from the unitary property of the matrix, one has:

lr,","l' *|"f,'l' *lc,','l' *lcn'\" =,

Again, substituting in this expression the various equivalences obtained above, one

finds:

lcn l: r =+ lcfl"l- r

In summary, one has:

/-'EH, nHE - /-EE - nEH - nHE - ¡¡HH - ¡v11 - u11 - v21 - v21 - v2t - u2l -u

cn' : -cI' wth lcfiEI = lci,'l = l

One notes that since:

rtEH _ nHE _ /1EH _ nHE _ ñutl =Ut1 = UZt = U27 =u

then in particular:

CliQ", ó" - x + mt¡10í, ói - v * mtr) - 0 for p I q ar.d m = 0, *7, L2,. . ..

which is a statement of the principle of reflection symmetry about the plane I :

tøn(y\x.

gn" Q,",'). + cP,* Q,",") +i (zlci,'1" + lc,"Pl' + lc1'l') = 0

{lcf,"l: lc3,"l= lcg"l= o}+



One notes that the phases of the scattering coefficients CfrE and C{rH are yet

undetermined. This means that a purely reactive anisotropic surface like a metal-

lic capacitive mesh or grid, or an array of dipole turnstiles wiih À/2 front-to-back

thickness [19] are structures befitting the desired operation. This situation is consis-

tent with the fact that only the 2-fold rotational symmetry rather than the oo-fold

rotational symmetry was invoked in the above development. In order to identify

specifically the structure as a solid reflector, i.e. a surface for which the tangential

electric freld scattered is the opposite of the tangential electric freld incident for all /
angles, one needs also to specif5':

@:)y : -(ø')I + Cl,' = -t a Ç,EE :1

The same analysis can be repeated for the other cases of u. Finally, one obtains

the voltage scattering matrix of the solid PEC planar reflector as:

(r o o o\

c(E'H)=lrtill
\o o o -tI

and thus, it is seen readily from equation (2.1) that S(E,H) - C(E,H), It is also

seen readil5' from equation (2.3) that ,9(X, y) = -1 as expected from the reversal of

a1l c and y components of the electric freld. It may seem somewhat strange that the

development invokes reflection symmetry about the z:0 plane when the surface is

a solid PEC reflector', as the two regions are completely isolated from one another.

However, since the longitudinal reflection symmetry rvas invoked only for Cll and.

since it was found afterrvards that Cftq = 0, then the use of the longitudinal reflection

symmetry was, in effect, of no consequence and the¡e is no inconsistency incurred by

invoking it.
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E.0.2 FTee Space Slab

The operation consisting in a slab being perfectly transparent to an incident CP

wave, is phrased as:

I n 1ø¡y - Li(E.)l for (Ej)l - o,u # u,¡ : {8,H}

Lnun Ie#:@Ðl =o u= {r,2,3,4}
t l. @Ði - +i(EÐI z-ness f u-ness

Say, u: 1. One obtains:

| ø"s? : cnÙ@t)l+cnï@Ðr
I tu;lí - c#E(EÐl +cll*(Ei)l

(E)i =+i@t\F -t 
tnnF =(cP"+ic'"'.)@L)?

'/r ------l 

I @ilY : (cY'ø x ¡cY,n) P¿1P

(EÐy = +i(EÐy - (c{," + jc{,r) - +¡ (c,a,E + jc7,r)

- (c"u," + c,Pr*) - +i (cn" - cf,r)

t e'si : cr"'(Ei)P +cPtH(E:){

I r;;1fl : cf,"@t)P +c#H(EÐf

(r',)f = ti (E:tP + { @Ð?--: (9?¡-* i c?',)'@Ð?
'/r - I @Ðl:(cY"+¡cY,')g¡i

I ra"sf - o =:=+ cl,E - aic,E,
I r";F-o + cf,E-aic{,,

From the combination of reciprocity, reflection symmetry about the z = 0 plane,

2-fold rotational symmetry and Snell's las' of refraction tvith P¿ : 0ì,, and, with u =

2,u = 7,p = E,q = 11, one obtains:

CrFr' = Cft"

Consequently:

(ctr" * cn') -- +i (cn, - cY,r) ----; cn, : czEE + izc,E,

-,-

.^EHLv21



From above, one knorvs:

cPlE (0" , ó"10i , ót¡ - 1¡crEH (0" , ó"10' ., ö')

From reciprocity with u = u : ltp - E,Q = 1/, one has:

c rrr, (0", ó" 10,, ö,) _ -c IrE (o - 0;, r * þí lr - 0", n ¡ þ")

From above, one also knou's:

C{r" (" - 0i, r ¡ þi ln - 0", r * 6") : aj CflH (tr - gi, r * 4ilr - 0"., n * ö")

Fronr reciprocity tvith z : u = I,p: q: H, one has:

C lr, (" - 0i, r + ó; lr - 0"., r I ö") = +C lrH (o', ó" lïi, öi )

Consequently, pulling everything together, one obtains:

c?18 (0", ö"loi, ö') = +c lr' @", ö"lo', ö' )

Therefore:

/1EE .1HHl,tl = Utt

Hence:

í cn, - +jcfiË ì
1r,t" : c{,H l-cr"r'=-clr"
' , - t;nu¿ II cfl. - Lrvlt )

As seen previously, this result is consistent ivith the structure obeying the combination

of reciprocity, 2-fold rotational symmetry and Snell'a law of reflection.

Norv, fi'om the unitary property of the matrix, one has:

c P," ç,"," )- + c flE e #H )- + c nE e fiH y + c nE e 
"\H 

). - 0

Substituting in this expression the various equivalences obtained above, one finds:

+i (lcn"l' +lc,,'l' +2lcî,H1") +.c"P,"Ql,H)" 
:cP,H(c"EEr - o

4pryr-- 
2*e,lci.Ðça*)'l
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Hence:

lc\,"l" * lcn'l' = 0 : Reat lc7"fcliyl - lc,',"|: lc,pll = o

Hence, one has:

¡-tEH _ n'''''. J cnt:o+ ClrH =CrEH '\HE ^v2t = u - { 1ti,: 1- c"" = cf" = uii- : u

( v21 - v21

Also from the unitary property of the matrix, one has:

lc?,'l' *lc{,"|' *lc,F,"l' *lc|"l" :,
Again, substituting in this expression the various equivalences obtained above, one

finds:

lc'P"l='

In summaly, one has:

Cr"r' : Clr" : CPr" : CI' : Cn' : C"lrE - o

Cr"r, = C"Fr, \i,ith lCf,El -- lC{rrl: ,

One notes that since:

nEH nHE nEH nHELtt =Utt = Uzt = Uzt =U

then in particular:

Cll(0", ó" - y ¡ mrlïí, ói : X * mlr) - 0 lot p I q and m = 0, +1, +2,.. ..

rvhich is a statement of the principle of reflection symmetry about the plane y :

tan(y)c.

One notes that the phases of the scattering coefficients C 
"FrE 

and C rHrH arc yet

undetermined. This means that a purely reactive anisotropic surface like a metallic

inductive mesh or grid is still not ruled out, as it is befitting the desiled operation.

This situation is consistent rvith the fact that only the 2-fold rotational symmetry
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rather than the oo-fold rotational symmetry was invoked in the above development.

This situation is also consistent with the fact that the slab thickness was not pre-

scribed, and thus, the phase shift incur¡ed by the propagation delay through the slab

remains necessarily undetermined. In order to identify specifically the structure as a

free space slab of thickness d, one needs also to specify:

(8")r"-"-ik'd(E1)l lor uf u+CfrE =¿-ik,d +C!r':e-ih,d

The same analysis can be repeated for the other cases of u. Finally, one obtains

the voltage scattering matrix of the free space slab of thickness d as:

(o o r o\
c(E'H):e-ik'dl i:3ålt,;;;;,/

It is seen readily from equation (2.1) that C(E,H): S(E,H).
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8.0.3 Artiffcially Soft or Hard Planar Surfaces

The operation consisting in reflecting an incident CP plane wave into a CP plane

wave whose handedness is the same as that of the incident wave, is phrased as:

I u fø:ty - +i(EÐl for (Ej)l - 0,u # u,t : {8, H}
{ . løÐi-+j(Eå)l p-{!,2,1,4}
Ithen{'
l. t@Ðl:@")8"=o z-nessf o-ness

Say, u = 1. One obtains:

t tt"s? - c?tE(E)? + cflH (E:){

I t¿;1fl : C,r,"(E")? + clIH (E:)y

(|',)i = +i(E,i\E --- t tøni = (tl" + ic.lB).@Ð?
'" -I (Ei)fl- (c¡','+ic,','¡1ø¡P

(E:)l = +j(EÐ|l - (c{,, + jc{,,) : tj (cP," + jcP,")

- (c1," + cf,') : ¡i (c,t" - cï,')

t rn"si - cnq@Ð?+cnq@:)y

I r¿;lí - c,\E(E;)? +c"4H(EÐ{

(il',){ = +j(Ei\F - [ re:lF = (c'p'" + icïl*).@Ðl
'/1 

+l 
@ÐY -(cY,"+¡c4')6¡P

t rø"sr - o =-+ c!,8 : ajc,EH

I t¿;lí:o + C"lrrE-ajC{,H

From the combination of leciprocity, 2-fold ¡otational symmetry and Snell's larv

of reflection, with ø = u = L,p : E,Q: H, one obtains:

.-EE /iH Eutt : - utt

Consequently:

(tl,' * c,t') : +j (cP," - c{',') + clt.H : cnE

-q.,_-/

0



From above, one knows:

cnø @", ó"10t, öi) - +j c llH (0", ö"10i, ó')

From reciprocity and reflection symmetry about the z : 0 plane with u = 2,u :
I,P = E,e = IJ, one has:

cn'Q",ó"10',ó') - cNE(0i,r ¡ 6i10",,r + ó")

From above, one also knows:

c {rE (0i, n + öi 10", n + d") : a j c frH @t, r I 6i 10", r + ó" )

From reciprocity and reflection symmetry about the z = 0 plane wití u = 2,,u =

7,p : q - f/, one has:

C {rH pi, r + ëì 10", iT + d") = C,F.H 10", zn + ö" lïi,27r + ói )

From the 2n periodicity of the angle / one obtains:

C {rH q0", ar ¡ þ" 10i,, 2tr + ö, ) = C rYrH (0', ó" l|i, öi )

Consequently, pulling everything together, one obtains:

cl,.' (0", ó"lo', ói) : -c fr* (0", ó" lo', ö')

Therefore:

nEE - r-H Hv21 - -w2t

Hence:
( cP, - +icPE )|"I
1cP,' - -c{,' l+cf'H:ç,ttr
l tl,, : xjc{," )

As seen previously, this result is consistent with the structure obeying the combina-

tion of reciprocity, 2-fold rotational symmetry, longitudinal reflection symmetry and

Snell's law of refraction with 0t - 0i.

250



Now, from the unitary property of the matrix, one has:

c?,"(cP,\. + jIE@,\H). + c,PlÙen\. + cnEe,lÈ). :0

Substituting in this expression the various equivalences obtained above, one finds:

cr"r'(cr'r'r - cPr'Qr'r")'+j lcr"r'l' + lc#"1') - o

j2 l,,,aglcrtra(crE+\l 

--

"1"2t I

+ Imaslcr"r"tcr"rrfl = +lcr"r"l'

At this point, many diferent designs are possible: one being a corrugated metallic

plane or a stlip grating above a grounded substlate [45, 46], another one being an

array of dipole turnstiles with À/4 front-to-back thickness [19]. Taking the first design

for expediency, the structure incorporates an infinite ground plane and thus, one has

Cl"n, : O lor u f u. Hence, there obtains:

CFr' : o + {CPr' : C{r' : o or C,FrH : cflE - o}

This author takes the second possibility since the first one seems unreasonable.

Also from the unitary property of the matrix, one has:

|"fi'l'* lcy,"l' *lcn"l' *lc"v,,l' :,
Substituting in this expression the various equivalences obtained above, one finds:

lcfi"l:'
In summary, one has:

rlEH .-HE _ nEE _ /-EH _ nHE _ nHH _ ¡urr :urr = uzt =vù : uil : uti =u

c?," : c{,' with lcf,El = lc{,,|: t

One notes that since:

rEH _ nHE _.-EH _ r'HE _ ¡vll _ul1 _ v21 _ e2l _u
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then in particular:

Cll@',ó" : y 4mtrlï¡,þi - y*mn): 0 for P I q and, m -- 0,X7,L2," "

which states the principle of reflection symmetry about the plane y : tan(y)x.

One notes that the phases of the scattering coefficients C!! are yet undetermined.

This means that a purely reactive anisotropic surface like a corrugated metallic plane

or a strip grating above a grounded substrate [45, 46] is possible.

The same analysis can be repeated for the othe¡ cases of tr rvhere, here, the opera-

tion of a solid PEC reflectol was assumed, orving to the presence of the infinite ground

plane backing the structure. Finall¡', one obtains the voltage scattering matlix of the

altificially soft or hard surface as:

lt o o o\tt
c(E.H\: I o A 0 0 

Il,here A: ejo and oisteal *alue<ì.' I o o 1 oltt\o oo-1 I
It is seen readily from equation (2.1) that C(E,H): S(E,H). Again, it may seem

somervhat strange that the development invokes reflection symmetry about the z = 0

plane when the surface incorporates an infrnite ground plane, as the ttvo regions

are completely isolated fi'om one another. Holever again, the longitudinal reflection

symmetry was invoked only for Cll and since one found afterq'ards that Cfrq - g,

then the use of the longitudinal reflection symmetry was, in effect, of no consequence

and there is no inconsistency incurred by invoking it.

252



8.0.4 Recall

From Appendix C, it is known that an arbitrarily polarized uni{orm plane wave

characterized as:

Ê" = E" (s;n(ç)á + cos(ç)$)

projects onto a plane such that one has:

tan(() - cos(O)tan(s)

where ( and ç are respectively the angle betrveen ó anà Ër, and the angle between $

and,É, (See Figure C.1). One obtains:

I @)l - E"sin(c) ì tr,)f tan(o

lrr"tf - Eocos(s) J- (EJl:t'antç)=;*ø

When it is needed to refer to a frxed direction corresponding to the angle ó - ós in

the projection plane, e.g. the direction of the wires of a grid, one uses:

€:ö+9s'-ös

Since the notation of Appendix 1 leads to öt = ó' - {¿, thus (r = 1" - {t. In other

words, there is no need to specify the nature of the rvave as fal as { is concerned.

From Appendix C, one recalls also that although ts'o directions are olthogonal in the

projection plane, e.g. $ : þn and ö = óe + 90', their corresponding vectors in the

plane whose normal lies in the direction of the propagation vector a.re not orthogonal

in general.



8.0.5 Ideal Linear Polarizer

The operation consisting in the LP polarizer reflecting an incident LP plane rvave

when -Ë, is parallel to the direction of the wires of the grid given by þ : þn, anå

in being transparent when.É¿ is perpendicular to that same direction, is depicted in

Figure Ð.1 and is phrased as:

H {## : tan(sfi + nn) :'ffiroL (Ej)l :0,u * u,t - {8,,H}

tn",, f Ífr#:tøn(sf *nr):'ffi u-{1,2,r,4}

Ifø;lf -@)n, -o u-nessf o-ness

,f ffi : tan(<'¡ + ,n) - "*!t4æ 
ror (Ei)l - 0,u t u,I: {E,H}

. l@Ðf -(r;)f -ot11€11 { , ,'",6
| @t-siï 

: tan(si + "")
rvhere (¡¡ : Ói + 90" - ös

Say, tr : 1. One obtains:

lonP =

\ rr;r{' :

(r;)fl: ffi,urr -
(EÐ{ : ffirø;lr - ("í{'+ #{#cfl") : #ffi1 (tP,'* x{#"n")

0" :,r - ei a ç{,8= - (#ffi)' ,n, - (##) ("g' + c{,*) (Ð 1)

u - 1t,2,3,4\

- 
lan (€ r )

- Zos@ u-ness 7 u-ness

and €r - {tr + 90'

cP,"@Ð? + cflH(El)l
cf,"(EÐP + cflH(EÐr

I onl : (rP,' + fficg")1ø¡¡¡
I tr:1fl = (rn' * #ffici,') røt?

I tø:ti
ì t";lf

- C*E(E)? + C"alHP;)l

= IHE(ø,.)P + cilH(EÐl
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kr

WIRE GRID

Figure 8.1: Depiction of the operation of an ideal wire grid LP polarizer.



(EÐy : ffi,,rr* { Ël; 
:=f:ir:#äÀ::::,

@:lî : o + c,EH -- -ffici," @.2)

(EÐY =o+c,!,H:-fficf,E (8.3)

Similarly, one has:

I ø""¡r : cP,"@:)?+cnv@Ð{

I tu;1fl - cfiE@i)P +c{.H(EÐf

/Ei\H - cos(li) ,r,16 ^ f <ø:lf : (cn" +,*--lr19_Lcfi")1ø;¡¡
\Do)t -îîl@Jt"ot' --- I t¿;1fl =("i,t+fficy,r)1ø¡i

(E:)? =o+c,EH: -fficn' (p.+)

(EÐ{ =o+cl,H:-fficn" (8.5)

I tølï - cn@t)?+cflH(E:){

1 r¿:u' : cl,"@:)? +c"FlH(Ei){

t 
"i\H - "o:\Ð,nirE -- | 

en? : (crt" + í:#jcqt') øÐ?
\Lo)t - ra-i]lJt"ort - \ tr;lf :(cy,t+fficy,r)1ø¡p

(E:)y : #ffi(EÐ? * (ctr'+ ##Àci,') = **-@ (cF," * t#jcf,')

0" = 0; + 
"r,' 

: (í"#)' ,*, * (#8) @n, - cn ) (E 6)

Substituting equations (E.4) and (8.5) into equation (8.1), one finds:

/-HE - 
cos(îi) n¿p - 

cos(?i) nHH 
- 

.'¡¡¡¡ 
- 

lan((¡) n'B /D ?\ttt :-ton(€tùttl :-ñm"1t ãul1 : tøn14¡,tt (f''r.,



Substituting equations (E.2)

n¡¡5 - 
cos(îì) n",

"21 - ta:n({L)"zl

and (8.3) into equation (8.6), one finds:

Now, from the unitary property of the matrix, one has:

cP," e?,' ). + cl,E @fl\" + crEE çnH ). + c#E QNH )- - 0

Substituting in this expression the various equivalences obtained above, one finds:

_ cos(îi) nHH ^ nHH _ lan((fl n"t: - *r1*" " - 
v21 tar4¡¡" zt

(#tr) H#) r"*r9f,"1-

Also fi'om the unitary property of the matrix, one has:

lc n"l' * l",T'l' * l, n"l' * lc f,"l' : t

Substituting in these expressions the va.rious equivalences obtained above'

trtEEt 1 1

l" 11 l- r------------- ', t-
/'* (,+ffi)',lt-ffi

Also from the unitary property of the matrix, one has:

1"fi"1'* lcl,'l' *\c,",'l' *lrf,'l' :,
Substituting in these expressions the valious equivalences obtained above,

(8.8)

(E.e)

one finds:

(8.10)

one finds:

(8.11)

From equations (8.10) ànd (8.11), one obtains:

co s2 70i ¡ - - t an((¡)t an (( ¡)

€r = {¡¡ t gO' + ¿o"(€ll)tan((¡) :-1 + cos(dí) - t1
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Therefore, one discovers that an ideal LP polarizer with the operation prescribed

herein is possible only at normal incidence, regardless of the actual physical imple-

mentation! Although the physical LP polarizer ¡ealized with a wire grid cannot be

ideal at off-normal incidence, the polarization of the transmitted wave is nevertheless

aìways linear, as a result of the elect¡ic field component parallel to the wires being

reflected by the grid.

Employing cos2(0i) - 1 in equation (E.10), one obtains:

lcn l:sin2({¡¡) = å,r - cos(2{¡¡))

Emplo¡'ing cos2 (0i) - 1 in equation (8.9), one obtains:

lcn'l: cos'({¡¡) = }tt * cos(2{¡¡))

From these last two explessions, one obtains the expressions for the remaining terms

u'ith cos(di) : -1 as:

CPr' : -ffiCot - -lsin(2(¡)ei"
Clr' - -,,,.1*tlr1!JC,!t - 1|sin(2{¡¡)ej"

cf,' : +HffcfiE : -à(1*cos(2{¡¡))ei"
Crt' : -ffiCr"r' : *Lsin(2€ll)eia

c{," : +##}cr"rt : +àsin(2€l)ejß

cf,H : -ff\çB,t : +å(r -cos(2€t))ejßzt ran\ÈL) .L

where a and B are real valued. One observes that, as expected, all scattering coeffi-

cients remain unchanged upon replacing €lt by €¡ + r¿ø' with n = 0,1I,*12,.. ..

One does similarly for the other cases of u = 2,3,4, being mindful of the sign

change brought about by cos(0i) rvhen u - {2,4}. One obtains the voltage scattering

matrix for the LP polarizer as:

( 0 - e¡"i" -Qej" 0 + P)eiþ -QeiP \
c( E. H\ : ll Q"i" -(1 + r¡ei" -Qeip o - P)ejP 

I' 2le*p)eta QeiP e-p)ei" ee¡" 
I

\ Ç"ro 0 - p)ei? -e"i" -(I + p)ei" J
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*h"r", f P - cos(2(Ói+90' - ¿r¡¡

lQ:sin(z(öt+90'-d,))
It is noted again that the above results are valid only at normal incidence.

Since Cll : -C\l wilh p I q, the structure has the 2-fold rotational symmetry'

since cflj(d", þ, - (ös + ng}") + m180" loi, di - (Ó, + ngo' ) + rn180') - 0 lor p f q, n =

0, +1, +2,. . . and m = 0, *1, t2,. .., the structure has the reflection symmetry about

the plane y --tan(Sn * n90")ø. Since Cff : Cll with pl q and u f u,the structure

may possibly have the longitudinal leflection symmetry. All these characte¡istics befit

perfectly the rvell knorvn wire grid LP polarizer.
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E.0.6 ldeal Circular Polarizers

There are many ways to phrase the opelationl of a CP polarizer according to

Figure 3.1.

Fo¡ 9i > 90', i.e. for u = odd-numbered, the operation of the ideal CP polarizer

with the fast axis oriented as in Figure 3.1 can be described in two ways:

1. an incident LP plane wave oriented as shorvn in case a) with E; parallel to

a prescribed di¡ection given by Ó = öt is transformed into a LHCP plane

wave, whereas an incident LP plane u'ave oriented as shown in case c) with Ëi

perpendicular to that same prescribed direction is transformed into a RHCP

plane rvave.

2. an incident LHCP plane rvave is transfolmed into a LP plane wave oriented

as shorvn in case e) u'ith Ej pelpendicular to the prescribed direction given by

þ - þ1, and an incident RHCP plane wave is transformed into a LP plane rvave

oriented as shorvn in case g) rvith E¿ parallel to that same prescribed direction'

Each way leads to a difierent set of GSM scattering coefrcients Cff. By equating these

two sets so that the CP polarizer be made to correspond to both rvays simultaneously,

one finds that all the closs-polarized coefficients reduce to zero.

llt must be pointed out that this operation is based on the wave propagating at no¡mal inci-
dence through a reta¡dation plate. The operation for a ¡etardation plate realized from a uniaxial
anisotropic slab illuminated rvith a plane rvave of arbitrary incidence and arbitrary polarization
would be different. One would require to invoke the existence of t¡vo different rays, the ordinary and

the extraordinary rays, with each ray conesponding to a difrerent polarization and travelling at a
difrerent velocity and in a diffe¡ent direction in the unia-xial slab. Thus in general, the outPut rvave

would be elliptically polarized. The case of normal incidence represents a degenerate case because

the trvo rays travel then in the same di¡ection. In this case, the ray having its polarization in the
direction of the fast axis t¡avels at one velocity rvhile the ray having its polarization in the direction
ofthe slo$'a-tis t¡avels at anothe¡ velocity, The velocity difierence betrveen the two lays accounts for
the opetation of the retardation plate and the output rvave is circularly polarized if the reta¡dation
plate has the appropriate thickness.

In contrast, the ¡eta¡dation provided by the phase shift incurred by propagation through a rvire
grid does not require to invoke the existence of trvo different rays. Nevertheless, the operation
presoibed he¡e fo¡ the ideal CP polarizer night stilÌ be physically impossible to realize because the
operation is phrased from a phenomenological point of vierv ¡ather than a physical point of vieu'.
Indeed, it will be found on the next pages that the above prescribed operation is possible only at
normal incidence regardless of horv this operation is physically realized.
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Similarly, for d; < 90", i.e. for u -- even-numbered, the operation of the ideal CP

polarizer rvith the fast axis oriented as in Figure 3.1 can be described in trvo rvays

which correspond, respectively, to the reciprocal operation of the two ways described

just above:

2.

1. an incident LHCP plane rvave is tlansformed into a LP plane wave oriented as

shown in case b) rvith .Ëj parallel to the prescribed direction given by ö = ö2,

and an incident RHCP plane rvave is transformed into a LP plane wave oriented

as shorvn in case d) with Ej perpendiculal to that same prescribed di¡ection.

an incident LP plane rvave oriented as shorvn in case f) rvith -d; perpendicular

to a prescribed direction given by ó - öL is transformed into a LHCP plane

wave, whereas an incident LP plane wave oriented as shorvn in case h) with E;

parallel to that same prescribed direction is transformed into a RHCP plane

wave.

Again, each way leads to a diferent set of GSM scattering coeficients C1"3. BV

equating these tivo sets so that the CP polalizer be made to correspond to both ways

simultaneously, one finds that all the closs-polarized coeficients reduce to zelo.

The follorving development deals n'ith obtaining the GSI\4 coeficients correspond-

ing to the four ways described above. The ordel of presentation follos's also that

above. The operation of the ideal CP polarizer corresponding to the first way is

phrased as:
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H ÍH+

th* 
{

rc EÈF

th* 
{

: ton(<¡¡ * nrr) -'ffiror (Ei)l :0,u#u,I: {E,H}

(n;){ -(Eå)P:0 ,:{1,8}

(nÐf - +¡(øÐI z-ness f t.,-ness

: tan(sr +,rrr) :'ffi ror (r';)l :o,u#u,r: {E,H}

@Ðf -@Ðf :o ,:{1,s}

(n:)l - -¡ (nå)I u-ness f tr-ness

where {1¡ : ö' * 90' - öz and €1 - (ll + 90"

For o = l, one obtains:

J ø"si = cl,"(EÐP + ctEt* (E'")l

I f¿:1fl - cfï@:)P+cTH@i)l

( E)y : ffir et r _ 
{ [;]; 

:=f:;r..N^^,;À' 
::,i,

I Fs\E - ^ 
------\ r-EE - - 

cos(?i) ¡6¡1\uo)1 - - fan({ )"ll

@Ðf -o + ClrE ---,-,*ffiC,i"

I tølï - cn"@:)!+c,\H(E:){

i f ";f 
: c{,"(EÐP + c,u,H (El)l

(EÐt : ffi,"rr -l',ï',',',: [ä-l'-,__c'äìlï,i,

(EÐy : +i(øå)î * (tY,'+ fficfr) = +i (cy," * fficn')
Similarly, one has:

t øÐi - }P,E(E)? +cflH(EÐ{

I t¡;1fl : C{,E(EI)? +cflH(EÐy
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t .i\H _ cos(Ii) t"'i\E - I @Ð? : (tn' + fficil) 1o¡p
\Do)t : 

'at4ç\"ott 
- I t¿;1fl = (clr, + ffic?r) p¡i

(E:)l:s + ePlE: -ffic,",'
(EÐY -0 + cl,E = -fficY,"

I øÐF - cn"@t)r+cn*@:)y

I t¿;lí : c{,,(E'")? +c{Í(E;)l

t ¡i¡H _ cos(li) ,airE 
- 

| tolF : (rt"r' + fficgn) p¡p
(¿oli :lll¡i\oot' 

- I t";lf =(r,n'+í:ii*cy,r)etli

(EÐy : -i(EÐi * (cy," + ##c,,,,): -i (cy: + #]cn')
In summary, one has:

cfi' - -#{itcl,' - -î,*L#}C,EH + c,",H: 0 =+ cF," = o

/-HE cos(îil r,HH coÊ(9il /-HH 
- 

r-HH = 0 + C lrE : Ov1l - - io"GllJv11 ran16¡-t tt 
- 

vtr

@Ðy - +i(n")t * (rr'* ffirn') = +i (cn" * ffirn') (E.i2)

(Eå)v = -i(EÐ? - ("r' * ffit|,) = -i (tn" * fficn')
(8.13)

Subtracting equation (E.13) from equation (8.12) ploduces:

.,,(r') (#il .äJ) c"!,H - ¡zc,EE t icos(li) (#Ð * #ø) rf,'
(E.14)

From this last equation, one obtains:

zcfiE + -,(Br) (,rr--r- + ,""h,) cån 
(E.15)

"fl":jæ/
Adding equation (8.13) to equation (8.12) produces:

zc!,' +",,(d') (,""h - rt') cflH = ¡cos1lit(dÐ - #6)r¡'
(8.i6)



Performing:

(dil - rär) (8,4) - (#Ð - ffi) t"'u,

produces:

( t 1 \¡¡¡¡ _ ,( 1 _, 1 \ "tr. 
i2"os(oí) ntn- \r,"GD - t";rc¡)çi1- - r 

\¿'"Gil)- t""l€ù)\'21 'r t;;(€tir;4¡r\'21

from which one obtains:

"r, - - 
¡#"#Hq¡*qutc!" + (¡'Ïn +-;ì.u) cF" 

(E.1?)v21 - ' (t*"-'*---)

Now, from the unitary property of the matrix, one has:

c P," çn\. + c#E (cflH )' + cF,E çf,\. + cilE Q ilH )- - 0

Substituting in this expression the various equivalences obtained above, one finds:

Acos(oi) o"otlCpE(Cp,Hl-l :
1anftil¿"t((ntL*'¡-zr r-zr ' '1

(#Ð - rtr) (l'n1' - rffigàr l',ll')
From this last equation and the various equivalences obtained above, one finds:

lc|,l' : -ffic;F?If
tnHHl2 _ tan((y)tan({¡) 1nr"1z
l"2r I - - cos\0) l" 21 

|

Hence, one has:

_tan(€ùtan(€ù :pËl=:pËI rE.i8)-*"'@i- - lc# - lcfi (L'ro;

Also from the unitary property of the matrix, one has:

I lrnl'^+ lc¡1"1" ̂ + lcp,'l' + lc,t,l' : 1

1 i",:"¡'* jcfi"l'+'1c9,ì1'+'lc7ìl' : t



Hence, there obtains these important results:

í lcn'l:lcn'l
I \tn'l=lcn"l
I cos2(0i) = -tan(f¡¡)tcn({1)

Substituting in these expressions the va¡ious equivalences obtained above, and in

particular equation (8.18), one finds:

lci,"l" + lc,P,' l' : 1 : lc n"l" + lc N'l'

Norv, one has:

€r : {¡¡ + gO" + ¿¿n(€ll)tan((¡) - -l + cosz(îi) - I

Therefore, one discovels that an ideal CP polarizer with the operation prescribed

helein is possible only at normal incidence, regardless o{ the actual physical imple-

mentation! At this point, it is helpful to sketch the generic 2-port voltage scattering

matrix for the CP polalizer according to:

í lcn'l:lcn'l I

\ lcn"l=lcn"l I
I unitar¡,propelty J

One obtains:

(ool
c(E,Ð=l 0 0 'I

I lAei", 1/T -i¿io" o 0 
I

\ ',/t -7t;" -{/¿iléz-"r+"s) g 0 I
Substituting these generic expressions into the equations (8.15) and (8.17), one ob-

tains after many algebraic manipulations:

( -^"t^, _ ^-,\ - 
(1-,4)(i"n(ir)-tân({ ))'?-'4(¿o"(€r)+r."(f ))'?-4(1-,4)-"'?(ár)

| """t"t "¿r ncos10'\1fi(-1'¡(t"'16.¡+t"n11¡¡) .

1 ###t"os(2a2-",)+ø#Ð (,".r- * ffi)"o,(",¡ -zt/Ãcos(o) -0
[ ffi"*-t-" n(2a2 - o,) + ø#Ð (;" . a;ia¡-) ,,,,1",¡ - z\/Asin(a) :0



Substituting the third last equation into the last trvo equations and forming their

ratio, one obtains:

tan(a) : tan(az) + 
::"::î:.?:"i:ete 

m:0' +1, +2,. ' '

- \ -,/ "

Substituting a2 = at * mø back into either one of the two aforementioned equations

and squaring up that expression in ordel to eliminate the presence of the square root

operator results in this quadratic expression in 14:

4(u'z+v') A" - 4(u'z+v") "A+v' - o

*n"r" f IJ : tan(€lìtan(Êt) - cos2(0;¡

] v: cos(dr) (tan(6¡¡) + tan({1))

The solution to this quadratic expression is:

,0,:!(t+---Ll
2 \ r/U2+l/2/

Furthermore:

lcos'zçli):-¿an(€rr)¿an(e'l \- / ø = å(r+sin(2{¡¡))
\ tan((1) : -tltan(€¡) J - I 1 -.A, = | (r +"in1z6¡¡¡)

Thus, the choice of the sign is not clitical since:

I a : å(r-sin(2(¡¡)) - r-A'
l t-¿ = å(r+s,n(2€il)) : A'

both choices ,A, and A' being equally valid. For notational convenience, one takes

hereafter:

/,:t0+ sin(2(¡¡))

After some more algebraic manipulations, one obtains:

CNE : ./T4"ias : ¡"ix ((-1)-"or(di)", n(2€¡)\/1 _ .4 - cos(2(l/Á)

. t ^n=a - Ç1)^cos(0t)sin(2(¡)t/. -Á - cos(2(¡)t/Á

-\ I e:"r = j etãt
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Thus, one has:

\î=Á : (-I)^cos(0t)sin(2(¡),/T=i - cos(z(y){Á ì 
-,,.,-^^^r¿ir 

_ -r
A = i(r+","12g¡¡¡) I-'-" 

LvÐ\v/--rl

Thus, it is seen that the value for ,4 is independent oL rn or cos(îi). There obtains:

(-l)-cos(d;) :ç1 ==+ I {' - "'u: o) + cos(li): -1 :=+ (-1)m:+1

I (" : o, ¿ - s) + cos(gi): +1 + (-1)n = +1

where e and o refer to even-numbered and odd-numbered waves, respectively. Sub-

stituting ei", by (-1)* eid! : +eiat and ei". by jei"t, there obtains:

í r-HE _ tfi _j¿i"" = j¿i"'1/1 _j
) "21

I CYr' : -t/"!¿i@"-"'+"s\ : ¡¡¿i"tli
Finally, one obtains the generic 2-port voltage scattering matrix for the CP polarizer

The operation of the ideal CP polarizer corresponding to the second rvay is phrased

I o o ... ...
";. 1 o oc(E.H\ - - |' '/21 Q+ +Q+ 0 0

\ iQ- *¡Q* o o

I a.=f !"i,,(2€|)
*h".", { q+ = r/l + "irr\2€¡)

I a is real valued

If (EL)Y - +i (EÐl ror (Eå)l :0,u # u,t - {E,H}

. f @'.)Y-(Ej)f-o ?,:{1,3}
then 

i ffi:tan(c¡*ntr)-*8 z-nessf u-ness

tf (ø',){ - -¡ (n:,)I nor (Ei)t, - 0,u I u,t : {8, H}

, f @:)l -(r;)f -othen 
i ffÆ:tan(s¡¡ -tntr): #3
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where (¡¡ : ó' + 90" - öL and €1 : {¡ + 90'

For o : 1, one obtains:

(E:){ : +j(EÐ11 +

(Ei)f :0
(E:)l :0

cn"@ÐP + cflH(E:){
cl,"@Ðl + c#H(E )l

| @Ð? = (c,',' + icn') @Ðl

I ru;1fl = (cr: + ic{,H) @Ðl

.1EE - : nEH

- 
vt1 - -J vtl
.1HE - :.rHH------t vtt - -Jvt7

løtP:
I t¿;lr =

t rznF - cnE@ÐP + c,EH (E¿)y

i fø;lí : c,4,8(Ei)?+cilH(Ei)l

( E)y : + j @i)? - {',Tt,',i 
=:f*-.t 

f,iíì | ;Ìì,

(EÐY : ffir"nf - (cN" + ¡c{,') : ffi @,a," + icf,")

Similarly, one has:

¡ rønP : c,",'(EÐ? +cPrH(E'")f

I t¡;1fl - cl,E@Ð?+cflH@t)l

(EÐt : -i(EÐ?- { l;;ìi 
=:f;ìr'::iÀ';?:,

(Ei)fl:0
(¿'i)fl:0 - CPr" - +jCPtH

+ efrn - +jC{rH

cf,"(E:)? + crEH(E;)l
c{,"(E;)? + c,tIE(E:)l
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(8,)y : -i@t\F - I øÐF : (9n" - ¡c"P") <ø;¡r

"' - ì @ÐY - (',n" - ic{,') @:)i

(8")y : ffitunr - (cN'- ¡c{,'): ffi@n" - jcn')

In summary, one has:

CP.E = -jcftH : +iCPrH + Çfln : 0 -+ CrE'E :0
CIE - -icflH : +iC{r' + Ç{rn = o ==+ cf'E : o

(EÐy : ffirurr - (cy,'+ ¡c{,') = ffi@,",'+ ic{,')

(EÐy : ffirurl * (cY," - ic|,'): #ffi@,1" - ¡ci,')

Upon rearranging the terms, one obtains:

(-'r'* ffi'n'): *i (-"0" * ##.,n')

(-"*" * *¡<urn') -- -,(-rr' * íiìffirn')
These equations have exactly the same form as the equations (Ð.12) and (8.13),

respectively, if the follorving substitutions are made:

( cn" * -cf,,
) cr"r' '- +cE'
I cy," ,- -c,a,"
I nnu '.'IEE( v21 - 

-f w21

Thus, proceeding exactly the same way as before, one would find correspondingly

that:

I lca"l=lcY'l
\ lrn"l--lcn"l
I cos2i0i¡ - 1

Noiv if a sketch similal to that for the development of the first way rvas adopted

here for the generic 2-port voltage scattering matrix, the same mathematical form



would not be maintained for the ensuing equations and some more mathematical

development would be needed for the rest of the problem. However, the mathematical

form does remain the same if the generic 2-port voltage scattering matrix is sketched

differently, as follorvs:

/ o o ..

I o o ..c(E'H): I- \- ' -- / 
| ,,/Á"i1""-",*"s) ,[ -i¿i"z 0

\ -tÆ -A"i"" ,Q¿i"' o

Again, proceeding exacily as before, one would obtain the

scattering matlix for the ideal CP polarizer as:

I

:J
generic 2-port voltage

c(E,H) -

Nol' equating term by term the coefficients fol the trvo GSM's corresponding

the first and the second rvays, one obtains:

jQ+ = *jQ+ + Q+ _0 ==+ €fi _ *45o

the upper and the lorver signs matching the upper and the lower signs in Q+, respec-

tively. Thus, one obtains:

and the GSM

I o o ... ...
I

ej"l 0 0
I

Jîl +.iQ* +Q. o o
I

\ -jQ* -Q* o o

I Q*:o
\q*:'/'

matrix by the first way becomes:

(o o \

c(E,H)=1":. : , rl
Io rju¡"" o o/
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and the GSI\4 matrix by the second way becomes:

/ o o ......\I;o Ic(E,H)=l*rr^, o o o I

\ 
"o 

-"joa o o/

Although both formulations are not identical, they are equivalent since it is the rela-

tionship betrveen C2F1E and C {rH that defines the operation of the LHCP polarizer, i.e.

C 
"!rH 

: ajC,EE. It becomes apparent here that the upper sign violates the initial hy-

pothesis, thus, only the lower sign is admissible, thus {¡¡ : -45'. Taking ejoo : ieiã",

the GSM matrix becomes:

The operation of the ideal CP polarizer corresponding to the third rvay is phrased

If (E'")l - +i (EÐl ror (ði)l :0,t¿ t u,I: {E,H}

. f @Ðl-(a;)f-o u-r2,4\
then 

i o*,"# 
: tan(e¡ i ntr) :'ffi z-ness f u-ness

If (EÐl - - ¡ (n'")l ror (Ei)l : 0,u # u,¡ : {8, H}

. l@Ðl-@)!-o u-{2,4}
then 

t ffi : tan(çt -l ntr) - H8 z-ness f o-ness

where f¡¡ : öi + 90' - Óz and €r : €il + 90'

For o : 2, one obtains:

lønf : cF;EøÐi+cF{@ÐY

I tu;X' : cf,,(EL)F +c#H@'")l
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(EÐy : + i (8")t - { Ë:lþ 
==f*-| 

i;'rÀ'",$,

(E:)i = ffiru"Sf * (c{," + ic.r,,) = ffi @ff + ¡cif)

J tt"sF - C"F2E(EÐF +1F"H(E)y

I t¡;lí : cl,"@:)l +cf,H(E'")Y

(E)y : +i @t \F - t rø"sF : (c"ef + ic'e"')'øl)F
')2 

-"'r 
\ @Ðl : (c,t'r" + ic,ur') to'")l

(EÐg=o + C,F"":-¡C,e{
(EÐy :0 a Ç,!la = -iC"F"'

Similarly, one has:

! en? - C,F,E(E)F +cP,H(E")y

I t¿;1fl - C,!I2E(E;)F +C{,H(EÐï

(E)y = -i(E"\F - [ tønP = (tpr - icP")'@)F
o/2 - I @Ðl - (cl,' - ¡cl,') @l)F

t Ds\H cos(0") , o,\Lo)t' n4çr-.)? - (c(," - ic{,") = ffi @i'f - icif)

I rn:lF - c,F,E(8")9 +cïf @:)y

\ tø;lí - cf,E(E)F +C{,H(E:)Y

(EÐï = -i(Ei\P - [ e"Sî = (9f'" - ic'p") ølF
o/2 + 

I @ÐY - (rY," - ic{,') P)F

(E:)F:s a C,FrÐ:+ic,pf
(EÐY -O + C,FrE:+iC,FrH

In summary, one has:

C,F2E - -jCP2H : *jC"FrH - 
Cfr, - 0 + CP|E : 0

C2!t2E - -jcrlt2H = +jC"FrH - 
C"Ar, - 0 + CfrE : 0



@Ðf : ffirtrf - (cf,' + ¡ c{,') : ffi (cf,E + icP"")

(¿';)f : ffi<u¡i - (c,t'"'-¡ci,'): ffi@P," - ¡cT)

Upon rearranging the terms, one obtains:

(-"' * #ffi"r,") : *i ('fl' - fffi'*)
(-'r'.::,#'",r): -t('r,' - *3"*)

These equations have exactly the same form as the equations (8.12) and (E.i3)'

respectively, if the follou'ing substitutions are made:

I cn" ,- +c1,, )
) tn' '- -cP,' I
| çar ,- -Clr" I

I c:,4a .- +clr' )

Thus, proceeding exactl5' the same s'ay as before, one rvould find correspondingly

that:

{ lcrl=lcr"1
I lrn'l:lcrpl
I cos'?(di) : 1

The mathematical development remains the same as in that for the first way if the

generic 2-port voltage scattering matlix is sketched diferently, as follorvs:

( o 0 -t/a¿it"'-"r+os) -uzfrltjoz )I o o -1/T-i¿io" J"A"i"' Ic(E'H):| .. ... o o I

\oo)
Again, proceeding exactly as before and recalling that, here, one has:

cos(îi) - +1 + (-1)' = +1 + 
"ioz 

:7-1¡*rj"r = çrjor



i.e. ejo" has the opposite sign to that it had in the development for the first way, one

obtains the generic 2-port voltage scattering matrix for the ideal CP polarizer as:

c(8, H)

The operation of the ideal CP polarizer corresponding to the fourth rvay is phrased

:tan(s¡¡ *nrr) - HSroL(ri)l -0,ulu,t:{E,H}
(nÐf :(a'")!:0 u-{2,4}

@# - -j(EÐI u-ness f u-ness

: tan(sr + ,ro) - ffi for (Ej)l :o,u# u,t - {E,H}

(n:)l : @"")! : 0, -- 12,4\

@# - +i(Eå)l u-ness f u-ness

rvhere (¡¡ : ói + 90" - ór and €r : €¡ + 90'

For o = 2, one obtains:

eJo

\/z

rr 
@ILì#

th.,, 
{

ttffi
th*, 

{

le* : cw@ÐF+c3*(8,)y
I t";1fl - cltE(E'.)F +c{,tl@ÐY

@)y : ffi,urr:' { Ë]; 
:=f:';..#f:ili:::,

(r'i)fl : -j(E:)P - (tl,'+ fficf,') : -j(rP + #{#cå")

t eli - c,are6¡f+ctH@Ðl
I t¿;1fl - c,rrE(E¿)F +c"F,H(E¿)l
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( E,,y _ ffi,u,r* { äli 
::f:;..*#Í;À,:::,

(E:)F =o + cf¡E : -ffictr'
(Eå)i =s + ÇflÙ : -Xffic,Y"'

Similarly, one has:

t tø"Si = c,',r'(EÐ|, +c,PrH(E'")l

I r¡;lí : c{""(E )F + c(,H (8")y

t -i\H _ cos(li),rrí.'E 
- 

| enP = (t""" + ffiryn) ,f¡¡
\t1;)' - ton(i\ootz - \ tø;tfl : (c{,t + f::|*cf"') øl¡F

(E:){ : +i@Ð? * (c,t'," + ffici"'): +i (c1," * ##}cP,')

t rø# - c,p,E(EÐ? +czPf (EÐl

t r¿;lf : c{,'(E)P +)Y,H(EÐY

(I,i\H - cos(¡i) 
'Ã'irE -* t 

tø"sF = (c* + f#jcF,',)tø'.lF
\Do)z - n,1¡¡r"'tz - \ tr':lí : (c1,, + fi#]c,,¡,,r) @'sF

(EÐF =o + cf,E -- -t#]cy
(Eå)i -o + c"lrE =-ffic":'r'

In summary, one has:

/.,88 cos(li\ r,EH cos(îil ¡-B¡1 
- 

rlEH _ 0 + C 
"FrE 

: Ow¡¡: -t";iñwzz - - 1îî\eiv22 -------r v22

/1HE cos(0,1 nHH cost'') /-HH 
- 

tlHH _ 0 _+ Clr, = Owzl : - t"l?ti"zz - -7o,4Êù\,22 ""'1' \' 22

(E:)l = -i(E:)? * (t{," + fficf,') = -t (r,u"" * ffic7,')
(E;)fl: +i(E".)P - (c{," + ##Jc{,'): +i (c,r"" + ##JcW)

These equations have exactly the same form as the equations (E.12) and (Ð.13),

respectively, if the follorving substitutions are made:

( c,Pr, * -crt| )

I tF,' ,- -cP,' I

1 tl,' ,- +cfr" (

l t{,' ,- +cfr' )



Thus, proceeding exactly

that:

would find correspondingly

Agaìn, the mathematical development remains the same if the generic 2-port voltage

scattering matrix is sketched diferently, as follows:

c(E,H) =

Again, proceeding exactly as before and recalling that, here, one has:

cos(li): -¡1 =a (-1)- = +1 + ei"' - (-I)*eiãt :4"i"t

i.e. ejo" has the opposite sign to that it had in the development for the first way, one

obtains the generic 2-polt voltage scattering matrix for the ideal CP polarizel as:

Norv equating term by term the coefficients for the trvo GSM's corresponding to

the third and the fourth ways, one obtains:

iQ+ = -iQ+ + Q+ - 0 +4¡¡ - aa5'

the upper and the lower signs matching the upper and the lower signs in Q+, respec-

tively. Thus, one obtains:

t o* -o
Iq*='/'

the same rvay as before, one

í lcn'l=lcr:l
\ ItY,'l:lcyl
I cos2(di) : 1

(o o -Q+ +8+\

c(E,H)= ä 
i,: 

i ,i. .,í. 
,J



and the GSN4 matrix by the third rvay becomes:

lo o +ieio" o \
c(E,H)=l:: : ï'l

\... o o)
and the GSM matrix by the fourth way becomes:

lo o -eia¿ o \
c(E,H)=l: : I *,;,."1

\.. ... o o )
Although both formulations are not identical, they are equivalent since it is the re-

lationship betri'een C f,f and C,lrrH that defines the operation of the LHCP polarizer,

i.e. C{rH = +jCV. It becomes apparent hele that the upper sign violates the initial

hypothesis, thus, only the los'el sign is admissible, thus again {¡¡ - -45'. Taking

"iaa = ¡ ¿ia" , the GSM matrix becomes:

c(E,H):"- 

[, t i i)
The complete folmulation of the generic 2-port voltage scattering matlix fol the

ideal LHCP polarizer becomes:

loo-¡¿i""0\
ln o "o 

.j". 1C(E,H):1",". o o o I

\o jej"" o o)
where oo and a" are real valued. It is noted again that the above results are valid

oniy at normal incidence. Thus, the matrix u'ould be symmetrical 11 eid' - i eid" .

That such is indeed the case can be argued from the fact that for the above matrix

C (8, H), the equation (2.3) implies th.at C (8, H) : S(X, y) at normal incidence.



Since S(X,Y) is reciprocal, so must also be the above matrix C(E,H). Therefore,

one obtains:

Since Cff - 0 with p f q results from having €ll : -45", i.e. since çn0 : Cl! as

much as CXi,: -Cli, nothing can be said as to whether or not the LHCP polarizer

must be endowed with the 2-fold rotational or the longitudinal reflection symmetry.

The voltage scattering matrix fol the RHCP polarizer is obtained simply by le-

placing all occuÌrences of. j by -j except in the exponent of the albitrary phase term

ej". Such a result rvould also be obtained rvith the plesent development by replacing

4¡¡ rvith 4t. One would then find €r = *45' in order to conform to the initial hy-

pothesis CLH - -jCP,E and thus, one rvould find {¡1 : -45o rvhere {¡¡ is the direction

of the input LP ri'ave required to produce an output RHCP ivave. This obselvation

is in agleement s'ith the observation made in Chapter 3 stating that an ideal RHCP

polarizer is the same as an ideal LHCP polalizer rotated *90' in the plane of the

polarizel plate. Alternatively, one could make €¡¡ correspond to the direction of the

input *'ave required to produce an output RHCP rvave and repeat the initial devel-

opment with j replaced by -j, One would again find {¡¡ - -45' in order to conform

to the initial hypothesis C{,H - -jC-P,E

c(E,H): s(x,y): "," 

[ : i I ; ) 
rvhere a is real va,ued
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Appendix F

MAPLE Results

This appendix presents a sample of ihe output results produced by the softrvare

MAPLÐ in computing the composite scattering matrix for the ideal cascade polarizer

design of a CPSS and comparing it to the scattering matrix for the ideal CPSS.

The letter " I" rvithin MAPLE stands for the imaginary number j. The angle

(kzD) refels to the electrical length of the transmission Iine modelling the propagation

meclium of thickness D betrveen any two consecutive layers. The angle (la) and (1b)

refel to the ts'o arbitlalJ' angles in the GSM for the LP polarizer'. The angle (ca)

refers to the arbitraly angle in the GSM fol each CP polarizer. The angles (sa) and

(sb) refer to the trvo arbitrary angles in the GS\4 for the ideal LHCPSS or RHCPSS.

Comparison between the GSM fol the ideal LHCPSS and the composite GSM for

the ideal cascade polarizer LHCPSS reveals that both matrices ale indeed identical

upon takins (sa) : (la) { 2 (ca) - z(kzD) and (sb) - (lb) + 2 (ca) - 2(kzD), and

similarly for the case of the RHCPSS.
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The results presented below pertain to the case with {fP : +45o '

> evalm(SS11);

'/,+ '/,2'/.L 7 '/.4 T,2'/,1
t/2 --------- - L/2 -----------

1,3 '/,s

'/,t

Iz

f,s

'/,4

> evalm(ss22);

2
r ,1,4 ./,2 

1,1
- 1/2 -----------

'/,3

cos(kzD) -

cos (1a) +

cos(kzD) +

cos (ca) +

2
f,4 12 l,t

1/2 ---------
f,z

I s 1n (kzlJ,,

I S].N (IAJ

I sin (kzD)

I sin (ca)

'/,L :=

L2 :=

'/,3 :=

'/,4 :=

2
'14 1,2'/,7

- 1/2 ---------
h'5

2
1 ,/,4 f,2 f,t

L/2 -----------
at^
/rÐ

cos(kzD) - r

cos (Ia) + I

cos(kzD) + I

cos (ca) + r

2
r '/,4 f.2 f,r

I la -----------
l'ô

'/.4 '1,2 f,I
1lõ ---------

l.')

s1D (kzD)

sin(Ia)

sin(kzD)

sin(ca)
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> evalm(SS21);

L¿
I '13 f,t
I t/2 ------
l2
I 1,2

tl2t r 7.3 '/,1
f 1lõ --------
l2

2
f'/,3 f,L

- Ll2 --------
a

'/,2

2
Ls 1,1

L/2 ------
2

'/,2'/.2

> evalm(SS12);

LL :=

'/.2:=

l,L :=

cos (Ib) + I sin(Ib)

cos(kzD) + T sin (kzD)

cos (ca) + I sin(ca)

22
'/.2 '/,1 r'/,3 '/,t

tl2 ------ 1,/2 --------
22

l,z '/.2

^lr'/,3 f,t '/,3 f,t
- 1/2 -------- t/2 ------

22
'/,2 IZ

cos(Ib) + I s in (Ib)

cos(kzD) + r sin (kzD)

cos (ca) + r sin(ca)
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The results presented below pertain to the case rvith {fP : -45o.

> evaln(SSt1);

22
L4 L2 l,L r f,4 '/,2 T,L

t/2 --------- t/2 -----------

22
r'/,4 1,2'/,1 '/,+ f,2 1,1'

L/2 ----------- L/2 -------'-
T,Z

cos(kzD) - I sin (kzD)

cos (ta) + r sin(la)

cos(kzD) + I sin (kzD)

cos (ca) + I sin(ca)

> evaln(SS22);

22
'/,4 '12'/,1 r'/,4 12 1,1.

r/2 --------- - Ll2 -----------

22
r T.4 ',/,2'/,t L4 '.1,2 f,7

- t/2 ----------- 1/2 ---------
'/.3

cos (lrzD) - I sln(l(zlJ,

cos(ra) + r sin (1a)

cos(kzD) + I sin (kzD)

cos (ca) + r sin(ca)

'/.s

f,2 :=

f,4 :=

'/,3 :=

f,4 :=
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> eval¡n(SS21);

> evaln(sS12);

f,3 f,t
L/2 ------

'l,z

2
r 7.3 '.l,t

1/2 --------
2

'/,2

z1
r L3 '/,1 l

t/2 -------- )
ZJ

'/'2

2

TS T.t
a lõ ------

f'2

'/,7 :=

'/,3:=

'/,2 :=

cos (1b) + I sin(1b)

cos(kzD) + I sin (kzD)

cos (ca) + I sin(ca)

22
'/,2 l,t r'/'3 '/'t

1/2 ------ - t/2 -----'--
22

'/.2 T,z

22
r'/,3 '/J '/,2 It

Ll2 -------- L/2 ------
22

'/,2 '/,2

cos(Ib) + r sin(Ib)

cos(kzD) + I sin (kzD)

cos(ca) + t sin (ca)
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> eval¡n(LHCPSSideal) ;

> eval¡n(RHCPSSideal) ;

- l,t - T,'/,1 '/.2 r f,2

- r f.I '/,t - T.'/,2 f,z

'/,2 -r'12 -It rf.L

1 y,2 '12 r',/,L '/,7

f,2 :=

1/2 cos(sa) + 7/2 I sin(sa)

1/2 cos(sb) + L/2 I sin(sb)

1/2 cos(sa) + 7/2 !. sin(sa)

1/2 cos(sb) + L/2 Í sin(sb)

- f,I r'/J '/,2 - r f,2

r'/.t '/,t 1 '/,2 '/,2

,/,2 1'/,2 -'/,t -rf,I
- r 1,2 '/,2 - r f.t '/,t
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